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A diffusion problem is typically constructed out of 2 parts

Å An equilibrium or balance part
ï E.g. mass balance, energy balance etc.

ẗ▲ Ὢ

Å A constitutive part
ï E.g. relation between heat flux and a temperature gradient

▲ Ë ‌

Merge the 2 parts and you get:

ẗË ‌ Ὢ

ËЎ‌ Ὢ

Structure of a diffusion problem
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Special interpolation polynomials: Edge polynomials

In [1] interpolation polynomials are derived,
which are based on integrated line values

‍ ‚ ὄὩ‚ ὄ ‍‚Ὠ‚

Ὡ‚
ὨὬ‚

Ὠ‚
Ὡ‚

ρ ὪέὶὭ Ὧ
π ὪέὶὭ Ὧ

Ὤ: Lagrange polynomials
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[1]: GerritsmaM.: Edge Functions for Spectral Element Methods
Selected Papers from the ICOSAHOM '09. Springer, 2011



Special interpolation polynomials: Edge polynomials
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Interpolation in 3D -> tensor products
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Differentiation

Å Say we have the approximation:

‌ ‚ ‌Ὤ‚

Å We choose to approximate the derivative by:

Ὠ‌ ‚

Ὠ‚

Ὠ‌ ‚
Ὠ‚

Ὠ‚Ὡ‚

Å This reducesto (first fundamental theorem of calculus):

Ὠ‌ ‚

Ὠ‚
‌ ‌ Ὡ‚
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Divergence
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ẗ▲
‬ή ‚ȟ‚ȟ‚

‬‚

‬ή ‚ȟ‚ȟ‚
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Ὠiv
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Divergence ςIncidence matrix
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The discrete balance equation
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ẗ▲ Ὢ

This is written by:

ὗȟȟ ὗ ȟȟ ὗȟȟ ὗȟ ȟ ὗȟȟ ὗȟȟ Ὡ‚ Ὡ‚ Ὡ ‚ ὊȟȟὩ‚ Ὡ‚ Ὡ ‚

They share common interpolation polynomials:

ὗȟȟ ὗ ȟȟ ὗȟȟ ὗȟ ȟ ὗȟȟ ὗȟȟ Ὂȟȟ Ὡ‚Ὡ‚ Ὡ ‚ π

This implies:

ὗȟȟ ὗ ȟȟ ὗȟȟ ὗȟ ȟ ὗȟȟ ὗȟȟ Ὂȟȟ π

Exact balance equation for our mesh



Putting together the system of equations
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Å Problem: More unknowns than equations

Å I fix this when I discretize the constitutive equation
▲ Ë ‌

ÅWeigh with ▲ and integrate over domain
ρ

Ὧ
▲ȟ▲ ▲ȟ‌ ẗ▲ȟ‌ ▲ȟ‌

Å Choose same amount of discrete points for ‌ as number of elements

Å Square system of equations

Transpose of the divergence in the
balance equations



Putting together the system of equations
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Å.ŀƭŀƴŎŜ Ŝǉǳŀǘƛƻƴ Ҍ ŎƻƴǎǘƛǘǳǘƛǾŜ Ŝǉǳŀǘƛƻƴ Ҧ {ǉǳŀǊŜ ǎȅǎǘŜƳ ƻŦ Ŝǉǳŀǘƛƻƴǎ

╔ ȟ

╔ ȟ╥
ρ

Ὧ
╗ ║

Potential boundary conditions 
weakly enforced

Flux boundary conditions 
strongly enforced

Å Multiply balance equation with ╥Ҧ Symmetric system of equations

╥╔ ȟ

╔ ȟ╥
ρ

Ὧ
╗

╥

║



Complex geometry
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Å Mapping will only affect the matrices with expansion polynomials and not the incidence 
matrices

Å I.e. mapping will not affect the mimicking property of the balance equation

╔ ȟ ╔ ȟ



Test case
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Å Choose potential field
Å Calculate ▲and Ὢ
Å Apply as boundary conditions

Å Solve on different meshes
Å Refine mesh
Å Mesh size Ὤ ᴽ

Å Evaluate in ρππρππpoints 
in each element

Å Plot the maximum value in 
the entire domain

Error of the Potential (‌ ‰)

Residual of balance equation (Ὑ ẗ▲ Ὢ )


