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Topology optimization is used to design multifunctional sandwich panels that fulfill multiple func-
tional constraints. The purpose is to expand the methodology for multifunctional design in early
stages of the vehicle design process, to allow for design of multifunctional vehicle systems that
can replace multiple subsystems and reduce the total mass of the vehicle. The focus of the re-
search is the inclusion of dynamic behaviour into the topology optimization framework. The case
study for this research is a train cabin sandwich structure, with the functional requirements being
the structural and acoustic properties of the structure. The core of the sandwich panel is the design
domain of the optimization . The problem is modelled and solved as a mass minimization topol-
ogy optimization problem with the structural requirements being translated into constraints on
the static response of the structure and the acoustic requirements being translated into constraints
on the response when subjected to time-harmonic loads. The topology optimization problem is
solved using the Topology Optimization of Binary Structures (TOBS) method.
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1. Introduction

Sandwich structures with distinct face and core materials play a major part in many engineering
applications because of their high bending stiffness to weight ratio. They also offer excellent oppor-
tunities to customize the structure according to the specific application. The material and thickness of
the faces and core are natural choices as design parameters when optimizing the sandwich structure
according to the specific demands. A lot of research has been done in this area [1, 2]. However these
studies often have some assumptions on the macroscopic core topology, it is either solid or has some
predefined topological pattern, such as honeycomb. This restricts the freedom of the engineer to find
solutions to the problems though some studies have been made regarding the topology of the core in
sandwich structures.

The problems that have been treated can be divided into two categories. The first cetegory is static
problems that have been treated in [3] and [5]. In [3], the minimum compliance problem is studied
for a sandwich beam with a periodic core topology using the Bidirectional evolutionary structural
optimization (BESO) method. The same type of problem is solved in [5], but using a morphable
moving components (MMC) method, which uses the size and placement of a number of discrete
struts in the core as design variables.

The other category of problems are time-harmonic where the dynamic properties of sandwich
beams are studied. The fundamental resonance frequency is maximized for a sandwich with a peri-
odic core topology in [4] using the BESO method. In [6], the authors instead focus on minimizing
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and maximizing the dynamic compliance of sandwich structures with graded core materials using a
moving isosurface threshold (MIST) method.

Most of the research so far has been focused on minimizing or maximizing some type of physi-
cal response of the structure, such as compliance, eigenfrequencies etc with some constraint on the
ammount of volume or mass in the structure. From a lightweight structures perspective, it is more in-
teresting to instead minimize the mass of a structure subjected to constraints on the physical response.
In [7] the mass of a multifunctional sandwich panel is minimized subjected to constraints on the static
compliance, fundamental resonance frequency and fundamental buckling load.

The work in this paper seeks to extend the optimization schemes used in [7]. The focus of the
presented work is the mass minimization of a sandwich beam subjected to constraints on static and
time-harmonic response using the topology optimization of binary structures (TOBS) method [8].
The proposed method is demonstrated on an example problem of a sandwich beam. The effects of a
core material much weaker than the face sheets is also studied and discussed.

2. Problem description

The response of an elastic, histerically damped structure to static or time-harmonic loading is
governed by the finite element equation

(K− ω2M)u = f (1)

where K is the global damped stiffness matrix, ω is the frequency of excitation, M is the global
mass matrix, u is the vector of nodal displacements and f is the vector of nodal loads. If the load is
static then ω = 0. The damping is assumed to be independent of excitation frequency and the damped
stiffness matrix is given by the following equation.

K = (1 + iη)K0

{
η = η0 for ω > 0

η = 0 for ω = 0
(2)

where K0 is the undamped global stiffness matrix, η is the structural loss factor and η0 is the
prescribed constant value of η.

The topology optimization problem is formulated as follows

min m(x)

s.t. gj(x) ≤ ḡj

xi ∈ {0, 1}
(3)

Here m is the mass of the structure, gj is the jth constraint function, ḡj is the jth constraint value
and x is the vector of design variables, where 0 means that the element is not present in the design and
1 means that the element is present, and xi being the ith element of x. The problem is a non-linear
integer program that is very hard to solve.

In the TOBS method, the problem in Eq. (3) is linearized using a first-order Taylor approximation,
giving the new integer linear program (ILP)

min ∆m(∆x) =
∂m

∂x
∆x

s.t. ∆gj(x) =
∂gj
∂x

∆x ≤ ḡj − gj(x)

∆xi ∈ {0− xi, 1− xi}

(4)

which is then solved in every iteration of the optimization. The ∆m and ∆gj are the change in mass
and constraint functions caused by the change ∆x in the design variables according to the linear
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approximation. The design is then updated according to

xk+1 = xk + ∆xk (5)

where k is the number of the current iteration.
The constraints are relaxed according to

∆gj(x) ≤ ∆̄gj (6)

where ∆̄gj is given by

∆̄gj =


−εjgj(x) if (1− εj)gj(x) > ḡj

ḡj − gj(x) if (1− εj)gj(x) ≤ ḡj ≤ (1 + εj)gj(x)

εjgj(x) if (1 + εj)gj(x) < ḡj

(7)

Here εj is some small number set by the user. This is to ensure that the ILP has feasible solutions,
otherwise problems could arise where the ILP demands such a large change in the constraint functions
that the problem becomes infeasible. The relaxation means that only small changes in the constraints
are aimed for in every iteration.

A neighbourhood constraint is also used to limit how much the design can change in each iteration,
this is formulated as ∑

xi∈solid

∆xi ≥ −εrN and
∑

xi∈void

∆xi ≤ εaN (8)

where εr and εa are the maximum ratio of elements allowed to be removed and added in each iteration
and N is the total number of elements in the design domain.

The objective function is the mass of the sandwich structure, this can be formulated as

m = mfaces +
n∑

i=1

m
(e)
i xi (9)

where mfaces is the mass of the faces, n is the number of elements in the sandwich core and m(e)
i is

the mass of the ith element.
The static constraint function is the static compliance

Cstat = fTstatustat (10)

while the dynamic constraint function is the dynamic compliance

Cdyn = |fTdynudyn| (11)

In order to formulate the linearized ILP, the sensitivities of the objective and constraints are
needed.

The sensitivity analysis is identical to the one used for the soft-kill BESO method [9]. The material
properties are interpolated according to the scheme suggested in [10] in order to avoid artificial modes
in the low-density regions. The interpolation is

E(xi) = Es

(
xmin − xpmin

1− xpmin

(1− xpi ) + xpi

)
ρ(xi) = ρsxi

(12)

where E is the elastic modulus, ρ is the density, Es is the elastic modulus of a solid element, ρs is
the density of a solid element, xi is the relative density of element i, xmin is the minimum value on xi
and p is the penalty exponent.
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Based on Eqs. (1), (2) and (9)-(12), the sensitivities can be derived as

∂m

∂xi
= m

(e)
i (13)

∂Cstat

∂xi
= −uT

stat,i

(
1− xmin

1− xpmin

pxp−1i K(s,i)

)
ustat,i (14)

∂Cdyn

∂xi
=

1

|fTdynudyn|
Re(−uT

dyn,i

(
1− xmin

1− xpmin

pxp−1i K(s,i) − ω2M(s,i)

)
udyn,i(fTdynudyn)∗) (15)

where K(s,i) is the stiffness matrix of element i if the material is solid, M(s,i) is the mass matrix of
element i if the element is solid, fdyn and fstat are the loads from the static and dynamic load cases
and udyn and ustat are the nodal displacement vectors from the static and dynamic load cases. The ∗
stands for the complex conjugate. The ILP is then solved using a branch-and-cut method [11].

3. Example problem

The optimization is demonstrated on the example problem illustrated in Fig. 1. It is a beam with
the dimensions 1x0.2x0.05 m. Both face sheets are 5 mm thick and the core is 190 mm thick. The
beam is clamped at both ends and is subjected to a uniform pressure acting on the middle 0.2 m
of the top face sheet. The beam is discretized into 200x40 4-node plane stress elements. The top
and bottom layers of elements constitute the face sheets and are exempt from the optimization, the
material properties of these elements can also be different from the properties of the other elements
in order to allow for different face sheet and core materials.

Figure 1: Example problem, the 0.05 m thickness is out of the plane in the image.

Three beams with different material combinations were considered in the optimization, all of
them have a face sheet material with mechanical properties similar to glass fiber reinforced polymer
(GFRP). The core materials considered have properties similar to GFRP, polylactide (PLA), often
used in additive manufacturing, and a structural polymer foam, see Table 1. The face sheets are
assumed to have damping coefficient 0.001 and the core materials are assumed to have damping
coefficient 0.02. The different material combinations are chosen to illustrate how the difference in
material properties between the face sheets and core affect the results of the optimization. The starting
topology is the full design domain for each optimization.

3.1 Changes in fundamental resonance frequency during optimization with a static
constraint

First, the three beams were optimized with a single constraint on the static compliance. The
fundamental resonance frequency was tracked during the optimization in order to investigate how the
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Table 1: Mechanical properties of the different materials.

Material Density [kg/m3] Young’s Modulus [GPa] Poisson’s Ratio [-]

GFRP 1800 20 0.27

PLA 1200 4 0.3

Foam 100 0.13 0.3

fundamental eigenfrequency behaves during a static optimization for the different combinations of
face sheet and core materials. The static compliance constraint for each of the beams can be seen
in Table 2 and the result can be seen in Fig. 2, where the fundamental eigenfrequency is plotted
as a function of optimization iteration for the different beams. The starting topology was the fully
populated design domain. A solid GFRP beam is also included in order to investigate if the non-
removable face sheets have a large impact on the first eigenfrequency.

Figure 2: Fundamental eigenfrequency as a function of iterations for an optimization with only the
static compliance constraint.

3.2 Optimization of multifunctional sandwich beams subjected to static and dynamic
constraints

The different sandwich beams were then optimized with constraints on both the static and the
dynamic compliance. The constraints and the excitation frequencies for each of the beams can be
found in Table 2, the different resonance frequencies were selected so that they were below the fun-
damental resonance frequency for each of the beams, based on Fig. 2. The resulting topologies can
be seen in Fig. 3. The mass, static compliance and dynamic compliance can be seen plotted against
the optimization iterations for the GFRP/foam and GFRP/GFRP beams in Fig. 4. The optimization
parameters for all beams are εj = 0.01 for all constraints and εa = εr = 0.04.

4. Results and Discussion

In Fig. 2 it is seen that the beam with a foam core behaves differently during optimization com-
pared to the other beams. For the beams with GFRP and PLA cores and the non sandwich GFRP
beam, the eigenfrequency is increased during the 30-40 first iterations and then slowly starts to de-
crease until it reaches roughly the same value as it had at the full design domain. Although the
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Table 2: Constraints and excitation frequencies for the different beams

Core material Static compliance
constraint [Nm]

Dynamic compliance
constraint [Nm]

Excitation frequency
[Hz]

GFRP 0.02 0.06 520

PLA 0.08 0.2 320

Foam 1 1.5 160

(a) GFRP/Foam.

(b) GFRP/PLA.

(c) GFRP/GFRP.

Figure 3: Final topologies for the different core materials.

sandwich beam with GFRP core has a slightly lower eigenfrequency than the non-sandwich beam,
the overal beaviour is still similar. This is in agreement with [12], where it was shown that maximizing
the static compliance usually correlates to a high fundamental resonance frequency.

The foam core sandwich beam instead has a small increase in the first eigenfrequency during the
first few iterations and then decreases rapidly until it reaches a much lower value than it had at the
full design domain, in contrast to the behaviour of the other beams. The results seem to imply that if
the core material is much weaker and lighter than the face sheet material, the fundamental resonance
frequency will decrease no matter what elements are removed. The results in Fig. 4 also support
this. For the GFRP sandwich beam, both the static and dynamic compliance constraints are active at
the solution, as is seen in Figs. 4d and 4f. But for the foam core sandwich beam, only the dynamic
compliance constraint is active, see Fig. 4c and 4e. This means that the optimizer cannot find a way
to reduce the dynamic compliance even at the cost of a higher static compliance, which in turn means
that the fundamental resonance can not be increased any more and pushed further from the exciting
frequency through element removal.

This highlights some of the difficulties in setting the constraints and choosing a start topology for
the optimization. In this work the excitation frequency is chosen so as to be below the fundamental
resonance even for the beam with only a static constraint. However, if the exciting frequency of
the foam beam is a little higher, say 200 Hz, it would be below the fundamental resonance of the
fully populated design domain, but above the fundamental frequency of the statically optimized foam
beam. Starting the optimization from these two starting topologies could result in very different
solutions, as one solution would strive to push the fundamental resonance as far up as possible and
would be governed by the dynamic compliance constraint. The other solution would attempt to lower
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(a) Mass (objective) of the GFRP/foam beam. (b) Mass (objective) of the GFRP/GFRP beam.

(c) Static compliance for the GFRP/foam beam,
the red line is the constraint.

(d) Static compliance for the GFRP/GFRP beam,
the red line is the constraint.

(e) Dynamic compliance for the GFRP/foam
beam, the red line is the constraint.

(f) Dynamic compliance for the GFRP/GFRP
beam, the red line is the constraint.

Figure 4: Objective function and constraints for the GFRP/foam and GFRP/GFRP beams during the
optimization.

the fundamental resonance which, according to Fig. 2, correlates to the purely static optimization.
This solution could be governed by the static compliance constraint or by both constraints.

Another thing no notice is that the resulting topologies of the PLA and GFRP core sandwich
beams have roughly the same topological layout, they have structural members in roughly the same
places, while the foam beam has a very different topology. This seems reasonable, as the difference in
material properties between core and face sheet material is far smaller for the GFRP and PLA beams
than for the foam beam. The topologies also seem reasonable, because according to beam theory, the
core in the GFRP and PLA beams should carry a large part of the bending moment in the beam, since
the difference between core and face sheet material is small. Looking at Fig. 3b and 3c, the core
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reinforces the face sheets where the bending moment is large and is concentrated around the center
line of the beam cross section at the inflexion points where there is no bending moment.

The foam beam core should instead, according to beam theory, mainly carry the shear force in the
beam, because of the weak core. From 3a this seem to be the case, as the structural members in the
beam are at an angle of about 45◦, which is known to give high shear stiffness.

5. Conclusions

Multifunctional sandwich structures subjected to static and dynamic compliance constraints have
been mass minimized using the TOBS method. The effects of differences in material properties
between face sheets and core have been investigated and the potential difficulties caused by these
differences have been discussed.

Acknowledgments

The authors would like to thank the Centre for ECO2 Vehicle Design, which is funded by the
Swedish Innovation Agency Vinnova (Grant Number 2016-05195).

References

1. D. Wennberg, S. Stichel, P. Wennhage, Optimization of Sandwich Panels for the Load Carrying Structure of
High-Speed Rail Vehicles, International Journal of Aerospace and Lightweight Structures 2 (2012) 19–40.

2. C.J. Cameron, P. Wennhage, P . Göransson., Structural-acoustic Design of a Multi-functional Sandwich
Panel in an Automotive Context, Journal of Sandwich Structures and Materials 12 (2012) 684–708.

3. X. Huang, Y.M. Xie, Optimal design of periodic structures using evolutionary structural optimization,
Structural and multidisciplinary optimization 36 (2008) 597–606.

4. Z.H. Zuo, X. Huang, Y.M. Xie, Optimal Topoligical Design of Periodic Structures for Natural Frequencies,
Journal of structural engineering 137 (2011) 1229–1240.

5. S. Chu, L. Gao, M. Xiao, H. Li, Design of sandwich panels with truss cores using explicit topology opti-
mization, Composite Structures 210 (2019) 892–905.

6. M. Alfouneh, J. Ji, Q. Luo, Optimal design of multi-cellular cores for sandwich panels under harmonic
loading, Composite Structures 248 (2020).

7. C. Cameron, E. Lind, P. Wennhage, P. Göransson, On the balancing of structural and acoustic performance
of a sandwich panel based on topology, property and size optimization, Journal of Sound and Vibration
248 (2014) 2677–2698.

8. R. Sivapuram, R. Picelli, Topology optimization of binary structures using Integer Linear Programming,
Finite Elements in Analysis and Design 139 (2018) 49–61.

9. Y.M. Xie, X. Huang, Bi-directional evolutionary topology optimization of of continuum structures with
one or multiple materials, Computational Mechanics 43 (2009) 393–401.

10. X. Huang, Y.M. Xie, Evolutionary topology optimization of vibrating structures for natural frequencies,
Computers and Structures 88 (2010) 357–364.

11. M. Conforti, G. Cornuéjols, G. Zambeli, Integer Programming, Springer Berlin Heidelberg, 2014, pp.
5–16.

12. C.S. Jog, Topology design of structures subjected to periodic loading, Journal of Sound and Vibration 253
(2002) 687–709.


	Introduction
	Problem description
	Example problem
	Changes in fundamental resonance frequency during optimization with a static constraint
	Optimization of multifunctional sandwich beams subjected to static and dynamic constraints

	Results and Discussion
	Conclusions

