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Using one-dimensional analysis models such as a beam-based model can be efficient in the early-
stage design because of their simplicity and analysis efficiency. Despite these advantages, they 

have not been much explored in the vehicle industry because of their poor accuracy. This is mainly 

because conventional one-dimensional models using the Euler-Bernoulli or Timoshenko beams 

considering only six sectional rigid-body modes are incapable to represent stiffness weakening 

caused by complex deformations due to distortion and warping which cannot be ignored in thin-
walled beam members forming a vehicle frame. To account for these complex deformations, a 

beam model should be capable to represent higher-order sectional modes in addition to the 

sectional rigid-body modes. In the case of straight beams, the resulting higher-order beam analysis 

is found to predict nearly as accurate results as obtained by refined plate-based analysis. However, 

it has remained to be difficult to obtain satisfactory results using a higher-order beam theory for 

a vehicle frame having a number of beam-joints because the exact field matching conditions for 
the higher-order modes at a joint are difficult to establish for beams of arbitrarily-shaped cross-

sections. This difficulty comes from the fact that the higher-order modes generate no stress 

resultant over the beam cross-section, making the coordinate transformation matrix commonly 

used for the sectional rigid-body modes invalid for the case of the higher-order modes. Here, we 

newly propose an approach to define the joint condition for a one-dimensional higher-order beam 
model that is applicable to the higher-order modes as well as the sectional rigid-body modes. To 

confirm the validity of the proposed method, several numerical case studies are examined, 

including static and modal analyses of a simplified vehicle frame made of beams of various c ross-

sections. 
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1. Introduction 

The use of a one-dimensional model is efficient to analyse frame structures because of simplic ity 
of its modeling process and mathematical expression. However, conventional one-dimensional 
models based on the Euler-Bernoulli beam theory or the Timoshenko beam theory incorrectly 

evaluate the stiffness, since they cannot express detailed deformations like cross-section distortion. 
To overcome the inaccuracy of the conventional beam theories, many approaches have been 
developed since Vlasov proposed the inclusion of higher-order modes in addition to the six 
conventional cross-section modes, {Ux, Uy, Uz, θx, θy, θz} [1]. Due to the consideration of higher-order 

modes, detailed behaviors of a beam can be captured by a higher-order beam theory leading to the 
accurate analyses of both displacement and stress fields [2, 3]. 

Although the use of higher-order modes improves the accuracy of one-dimensional analyses, they 
also make it difficult to define the coupling relations among their cross-section deformation shapes 

at a joint in which multiple beams are connected. For example, for the joint in Fig. 1, the coupling 
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relation for the six conventional rigid-body cross-section modes can be simply defined using a 
coordinate transformation matrix for the joint angle ϕ because their directions are defined on the 
cross-section as illustrated in Fig. 2(a). However, this transformation matrix is not applicable if 

higher-order mode as in Fig. 2(b) are also considered in a beam theory. 
 

 
Figure 1: One-dimensional model of a beam structure. 

 
To define coupling relations among higher-order modes, many attempts have been made. Jang 

and Kim [4] proposed a cross-sectional displacement continuity condition at a joint. They introduced 
a virtual section that is referred to as the joint section to define the displacements at a joint. Then they 

defined the mode coupling relations by minimizing the mismatches of displacements on the joint 
section. If the minimization is applied, the mode coupling relations can be described in terms of a 
square matrix relating the field variables in two adjacent beams meeting a joint. Although this 
approach was found to effective for various cross-sections, their approach is appropriate mainly for 

two-beam joints; since the minimization process becomes complicated when three or more beams are 
connected. Towards this direction, efforts using the Generalized Beam Theory (GBT) were made to 
deal with beam structures made of multiple beams [5]. While the approach in [5] yielded accurate 
results, it appears to be most effective in open-sectioned thin-walled beams but requires some further 

efforts to be effective for more complicated structures, for example, vehicle frames, as it requires 
additional considerations for different cross-sections and connections. Our approach presented is, on 
the other hand, consistently applicable for general cases while it can employ as many higher-order 
modes as desired.  

 

 
Figure 2: Cross-section modes of a box beam: (a) torsional rotation mode and (b) distortion 

mode. 

2. Proposed joint condition 

The proposed joint condition is inspired by some earlier studies; as in the GBT [5], displacement 
and rotation continuities at the connection points are taken into account, and the definition of the joint 

section as proposed by Jang and Kim [4] is used. Here, we newly propose some approaches to 
overcome some difficulties in using these techniques for complicated beam-joint structures. First, a 
consistent rationale to set the connection points for general cases is proposed – as shown in Fig. 3, 
the connection points are set to be located at the cross-section corners and at the joint axis. This 

rationale can be applied consistently to beams of any cross-sectional shape. At each connection point 
on the midline along the cross-section wall, the continuities in three dimensional displacements and 
rotations are imposed. Second, additional displacements on a joint section are taken into account. 
Because the cross-section of a beam is normal to the beam axis, the beam section and the joint section 
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do not match in general, as can be seen in Fig. 3. Therefore, displacements on the joint section should 
be carefully assessed to be able to accurately match the field quantities at a joint. The additional 
displacements on the joint section are calculated by using the rotations of the beam section, allowing 

the correct evaluation of displacements at the joint. The merit of the proposed method is that it can 
be applied “consistently” to beam structures of any cross-sectional shapes.  

 

 
Figure 3: Proposed joint condition for a beam structure in Fig. 1. 

3. Numerical examples 

For the verification of the proposed joint matching condition, two numerical problems are 
considered. In Section 3.1, an L-type joint structure shown in Fig. 4, which was dealt with in Ref. [6], 
is analysed for varying joint angles. In Section 3.2, static and modal analyses are conducted for a 

simplified vehicle frame that is composed of various shapes of beams. All results obtained by the 
proposed beam-based matching method are compared with those by shell finite elements (ABAQUS 
S8R elements). The same material properties are used for all examples; E = 200 GPa, ν = 0.3 and ρ = 
7850 kg/m3. 

3.1 L-type joint structure with rectangular section 

An L-type joint structure shown in Fig. 4 is considered. One end of the structure is fixed while 

the other end is assumed to be rigidly constrained and subjected to a vertical force. The static analyses 
were carried out for several joint angles (ϕ=30°, 60°, 90°). 

 

 
Figure 4: L-type joint structure with a rectangular section subjected to a vertical force. 

 
The static analysis results by the shell elements, the Timoshenko beam theory, those in Ref. [6] 

and those by the proposed approach are compared in Fig. 5. Figure 5 shows that the results by [6] and 

the proposed approach agree with the shell results consistently for the joint angle, while the 
Timoshenko beam results do not. 
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Figure 5: Analysis results of the problem in Fig. 4 for ϕ=30°, 60°, and 90°. 

3.2 Simplified vehicle frame 

Figures 6(a) and 6(b) show a simplified vehicle frame and its one-dimensional model, respectively. 
The frame is fixed at two rear points and subjected to torsional forces at two points in the front. The 
beam sections in which forces are applied are assumed to be rigid.  

 

 
Figure 6: (a) A simplified vehicle frame and (b) its one-dimensional model. 

 

While the detailed results here are skipped, it was found that the deformed shape by the proposed 
approach matches well with that by the shell elements, while the Timoshenko beam results are too 
stiff. Specifically, the difference in the vertical displacement at point A in Fig. 6(b), one of the loading 
points, is calculated as 0.4% for the proposed approach and 45.5% for the Timoshenko beam theory, 

compared to the shell finite element result. Also, the proposed approach gives accurate results in the 
free vibration analysis of the vehicle frame. The eigenfrequencies are compared in Table 1. 
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Table 1: Natural frequencies (Hz) of the vehicle frame in Fig. 6. 
 

Mode # 1 2 3 

Motion Torsion Pulling Bending 

Shell 31.15 38.97 51.77 

Timoshenko 52.44 67.39 69.92 

Proposed 32.19 39.76 52.24 

4. Conclusion 

While a one-dimensional higher-order beam analysis is preferred for fast and efficient analysis, it 
is known to be difficult to find field matching conditions at a joint of multiple thin-walled beams of 
possibly different cross-sections, especially closed cross-sectioned beams, when higher-order cross-
section modes are included. Although many earlier attempts were made to define the coupling 

relations of the higher-order modes, they were limited only to specific joint types or cross-section 
types. To overcome these limitations, a new joint condition was proposed based on the continuit ies 
at the connection points. The validity of accuracy by the proposed methods was checked using 
numerical examples including the static and vibration analyses of a simplified vehicle frame.  
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