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1. Introduction
In this lecture we will address the fundamental question of Can we predict the future? Admittedly this is one of the
most important questions we could ever ask. Whole industries (including for example gambling, and insurance),
not to mention many major religions, owe their very existence in part to attempts to answer this very question.
So, I ask again, is it possible for us to predict the future? Hands up for your thoughts on this.
In one sense there is an easy to answer. For a human being it is very likely that for most practical purposes we
can predict 0ne second into the future. Much of what we see around us doesn’t change much, if at all, over a
period of one second. A computer model of the weather, or of the climate, or of a city, would have little difficultly
predicting the behaviour over the next second with high accuracy. However, for a sub atomic particle one second
is a very long time indeed over which a great deal can happen. Computer models of particles and molecules
typically operate over very short time-scales and find it hard to predict for such a long time as a second. If I was
to ask, can we predict what is going to happen in an hours’ time, again we could be pretty sure of the answer. I
expect that those of you who are at this lecture will still (I hope) be here, and that the world hasn’t ended. London
will still be here and, although we will have aged slightly, our bodies will function much the same as they did an
hour ago. If we now extend this to a day we can still predict some things quite well. For example, with 70%
probability the weather tomorrow will be the same as today. This is called the persistence forecast and any weather
forecast has to be better than this to be deemed useful. It takes a surprising amount of careful computation to do
better than this, and I will return to this in my next lecture. The trains will probably run to the same time-table
and my house will still be there. However other things may have changed much more, for example the stock
market can crash in a day and a violent storm can arrive. The further we go into the future the harder it is to say
anything with certainly. For example, reliable weather forecasts are usually impossible after a period of about ten
days, and no one can predict what the economy will look like in a year. Indeed, as the great Danish physicist Niels
Bohr said, “It is hard to predict anything, especially about the future.”
Notably Niels Bohr was one of the fathers of quantum theory (see an earlier lecture) which has uncertainty at a
sub-atomic level, built into its very fabric.
Central to our understanding of how well we can predict things, is explaining how the same things can change
(and the associated level of risk associated with such changes). Often change is slow, as we have seen in the case
of the weather. (In fact, if you live in certain parts of the world then the weather can seem to be the same every
day).

Similar slow change is seen in evolutionary systems in biology, or in geology. Sometimes change is expectedly fast,
such as in a volcanic eruption, or a 200m hurdles race. Both are, in a sense, predictable events. What is much
harder to predict are sudden changes (also called tipping points or black swan
events) which arise when a seemingly stable (one might say boring) system
changes suddenly and catastrophically. This might arise through the action of a
significant external cause, such as the extinction of the dinosaurs, 65 Million
years ago, by an asteroid. However, it can also arise of its own accord when the
accumulation of small causes suddenly leads to a very large and possibly
irreversible change. Traditionally this is thought of as the straw which broke the
camel’s back.
Examples of this sort of behaviour occur in nature such as an avalanche, in engineering such as a power cut, or in
human history, such as the very rapid chain of events, which led to the start of the First World War. We are
possibly seeing a similar type of behaviour with the current changes to our climate (and maybe even with Brexit)
Insurance companies would love to have good answers to the question of whether we can predict sudden change.
However, this seems to be philosophically the contradictory question of Can we predict the Unpredictable?
Well, in this lecture, and the following lectures of this series I’m going to have to have a go using mathematics in
an attempt not just to predict the future, but also to see how predictable the future can be, how small changes
now will affect things in the future, and whether we are likely to see things going on more or less as they are now,
or instead will change suddenly. The key to this is the mathematical theory of Dynamical Systems [1] part of which
is the celebrated Chaos Theory and also the Theory of Tipping Points [10]. Loosely described, dynamical systems
theory is the explanation of how things can change, the sort of behaviour that they have in the long term (stable
states) and how these states themselves change and evolve (sometimes suddenly) as the parameters in the system
alter. I will attempt to give a description of this theory and give some short examples of its various applications as
well as discussing its limitations. In later lectures we will look in much more detail at its applications to such
difficult questions as climate change and the future of our cities.
2. What is science, and can it predict the future?
2.1 Overview
Closely linked to the question as the beginning of the lecture is the related question Is the universe completely random,
or does it have some order and pattern to it? Hands up again please. In earlier generations the answer might have been
that nature was essentially random, unpredictable, and subject to the whim of irrational deities. However, we now
have a better answer. Indeed it is very clear that nature does underlying patterns behind it, and it was the realisation
that this was the case, which started humanity on its modern course and led to the scientific revolution. It is
precisely these patterns, which are what scientists study. In fact, I would strongly argue that
Science is defined to be the search for, and understanding of, the patterns that underlie the universe.
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We will see presently that it is mathematic, which not only underlies these patterns themselves, but also gives us
a way of describing them.
It is useful at this stage to give some examples of the sort of patterns that we see.
My first example is the snow flake, of which two are illustrated below. It is immediately clear from this picture
that whilst the two snowflakes are different in many ways, each of them has a marked, and precise six-fold symmetry.
(In a lesson to a school one day I asked what all snowflakes have in common. A splendid student remarked was
what they had in common was that they were all different. The resulting laughter made it very hard to continue the lesson
sensibly.)

We are so used to this phenomenon that we may never stop to wonder at it. (A good scientist/mathematician
should never lose their sense of wonder!) But what is going on here is truly remarkable. The snowflake is formed by
water droplets freezing high up in the atmosphere. These droplets are in turn made up of tiny molecules which
are (relatively) huge distances from each other. However, the molecules in one part of the snowflake seem to
know exactly what those one sixth of a turn away are doing, and behave in the same way! Here we see a high
degree of pattern and regularity. The reason being that the laws of thermodynamics have a six-fold symmetry built
into them, and these laws acting on the molecules (which themselves have a high degree of symmetry) lead to
snowflake shapes with low energy which inherit this symmetry and pattern.
Highly organised patterns are seen everywhere in nature such in the arrangement of atoms in a crystal, the folding
of rocks, and the shapes of waves in water, sand and in the sky. We also see patterns in biology ranging from the
symmetry and regularity of the coats of many animals to the structure and organisation of a beehive. Above all
(literally) we see order and pattern in the motion of the stars and planets, and it was unlocking this which led to
the modern world. For example, it is possible to predict, with incredible precision, the time and location of a solar
eclipse. (Although it with some irony that we cannot predict the weather with the same precision, so that when
many people went to Cornwall to witness the total solar eclipse in 1999 they were disappointed to find that it was
completely overcast at the time.) It was the predictability of the heavens, which allowed agriculture to flourish, as
the position of the Sun in the sky told the early farmers when to plant their crops and when to expect the harvest.
2.2 The great discoveries of Galileo and Newton.
As remarked earlier, it was the true start of science when people began to recognise that these patterns existed
and tried to understand them, and then use them to predict the future. One of the first of the true modern scientists
was Galileo Galilei of Pisa (1564-1642) pictured below.
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Galileo is one of my favourite scientists for a number of reasons. We share the same
birthday (but not on the same year!), and I admire him both for his scientific insights,
and his incredible courage in pursuing these in the face of extreme opposition.
Galileo made significant discoveries in kinematics of motion, and in astronomy (using
the newly invented telescope), as well as studying the strength of materials. Many of
his discoveries were made in Padua where he taught geometry, mechanics and
astronomy from 1592. According to Asimov [2], ‘It was after accidentally attending
a lecture on geometry, he talked his reluctant father into letting him study mathematics
and natural philosophy instead of medicine’. (One wonders what other effects
lectures on geometry might have!) However, it was before then in 1581, when he was
still studying medicine, that he noticed a swinging chandelier in the cathedral in Pisa.
What impressed him about this was that as it swung in larger and smaller arcs due to
the effects of air currents the chandelier took the same amount of time to swing back and forth, no matter how far it was
swinging. Below is one of the chandeliers at Pisa Cathedral

He timed it at the time with his pulse and checked it later with careful experiments at home with the pendulums
of equal length but with different sizes of swings. This was an astonishing observation! Galileo had shown that
the swing time of a pendulum did not depend upon where it was, or on its position, or even the time of the day.
All that mattered was its length. Thus the swing of the pendulum was predictable. (One hundred years later this
observation led Christiaan Huygens to develop an accurate pendulum clock.)
What Galileo did not know at the time was why this was true, and this had to wait for another great scientist. Isaac
Newton (1643-1727) was born just after Galileo died, and partly building on Galileo’s work, went on to transform
our understanding of the universe. He did this both through his discovery of many of the laws which lay behind
the patterns of the universe, and (just as significantly) for his invention (along with various others) of the
mathematical technique of calculus, which gives us the essential tool to understand and exploit these laws. Chief
amongst these discoveries were those of the three laws of motion, which gave a clear description of how a moving
body would behave. These laws could in turn be expressed in mathematical terms, particularly as differential equations
which gave a precise mathematical description of how they would evolve in time. (Differential equations play a
central role in the theory of dynamical systems which we will look at presently.) One application of this theory is
to the motion of the swinging pendulum, described above. To see how this work, consider the pendulum pictured
below, which has length l, mass m and has an angle (Greek theta) to the vertical. Let’s suppose that this is acted
on by a constant gravitational force (mg) together with a small retarding force proportional to (mk) which
combines the effects of friction and air resistance. The resulting differential equation for the motion is then

In general, this nonlinear ordinary differential equation is hard to solve (to solve it exactly requires the use of
Elliptic integrals and other mathematical machinery). However, if k is small (low air resistance) and the angle of
swing is also small, then it has the exact solution
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This solution predicts that the pendulum swings to and fro with an amplitude A, and with a period

which is independent of the size of the swing. This agrees completely with Galileo’s observation. (The acceleration due
to gravity is given in SI units as g = 9.81 ms^{-2}. Amusingly, if we take a one metre long pendulum so that l =
1m, then T = 2.00607, so that the time for half a swing (i.e.. from end to end once) is almost exactly one second. Is
this mere coincidence?)
The key to the success of this approach is that Newton took his rules of motion, turned them into mathematics
and then used the mathematical solution to predict the future behaviour of the system, including giving a precise
estimate for the period of its motion. This gives an idea for a general approach to understanding the Universe
which goes something like the following:
•
•
•

Write down the mathematical equations describing a physical system
Solve the equations
Using your solution, predict the future

This is a truly ground-breaking idea. Its invention was perhaps the greatest moment in science ever.
2.3 Laplace’s bold prediction
Does this approach work? Well given the right conditions it works incredibly well and is very much in use today.
Indeed most of modern engineering makes use of this idea to build the technology that we take for granted.
An early example of its success came after the discovery of the planet Uranus by
Herschel in 1781. Following its discovery, the orbit of Uranus was computed using
Newton’s theory of Gravitation. This had been applied to the other planets and
perfect agreement had been found between its predictions and the positions of the
planets over very long times. It therefore came as a shock to the astronomers to
find that there was a small deviation between the predictions of Newton’s theory
and the position of Uranus. However, the same astronomers were completely
confident that Newton’s theory could exactly predict the orbits of the planets. So
what had gone wrong? Two mathematicians, John Couch Adams in England and
Urbain le Verrier in France, reasoned that the explanation was that there was
another planet which was pulling Uranus out of its orbit. Again using Newton’s theories, they could accurately
predict the location of this unknown planet. When the German astronomer Galle pointed his telescope in the
right direction in 1846 the planet was there as predicted. We now call this planet Neptune (see below). By looking
at the patterns of the universe, converting them to mathematics and solving the equations, it was possible to
predict the existence of something which had never been seen before!
This great triumph gave mathematicians confidence that they could predict many other phenomena, and to a large
extent they were right. An early example of this was using mathematical formulae to predict the tides to high
precision (using an early computer). Later in 1860 John Clerk Maxwell, by formulating Faradays laws of electricity
and magnetism as mathematical equations, and then solving them, was able to predict the existence of
electromagnetic radiation many years before it was found experimentally by Hertz. The modern methods of
weather prediction work by taking today’s weather and then seeing how it evolves by solving the Navier-Stokes
equations for atmospheric motion coupled to the equations of thermodynamics. These are given by
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The complexity of these equations mean that they have to be solved by a (super) computer, however this can now
be done accurately enough to predict tomorrow’s weather with high accuracy.
It was felt in the 19th century that as the universe was made up of atoms, and the atoms obeyed Newton’s laws,
then their motion could be predicted with high accuracy and for a long time. This led the celebrated French
mathematician Pierre Simon Laplace (see below) in 1814 to make the following bold statement:
We may regard the present state of the universe as the effect of its past and the cause of its future. An
intellect which at a certain moment would know all forces that set nature in motion, and all positions
of all items of which nature is composed, if this intellect were also vast enough to submit these data to
analysis, it would embrace in a single formula the movements of the greatest bodies of the universe and
those of the tiniest atom; for such an intellect nothing would be uncertain and the future just like the
past would be present before its eyes.
This intellect is often called ‘Laplace’s Demon’ [3]. It seems to be able to know the
future exactly, and there seems also to be no chance, unpredictability or of free will.

3. Where does it all go wrong?
3.1 Unpredictability in nature
It is hard to equate Laplace’s bold prediction and the existence of his demon with the world that we observe
around us. Perhaps for the human condition, this is no bad thing Despite the work of Newton described above,
much of the world really does appear to be unpredictable. Examples occur everywhere from the behaviour of the
FTSE index (see below), to that of my dog. Indeed human behaviour is inherently unpredictable, and we are able
(in defiance of Laplace’s demon) to be able to exercise free will.

Unpredictably also occurs in the physical world. I said earlier, the weather is unpredictable after ten days, despite
the existence of the Navier-Stokes equations and its short-term predictability. Similarly, climatic phenomena are
also very difficult to predict. A good example of this is the El Nino Southern Oscillation (ENSO) phenomenon
in which we see a rapid warming of the Southern Atlantic Ocean roughly once every four years. A plot of the
Southern Ocean temperature is given below. Whilst there is a rough periodicity of four years to the ENSO, the
plot below of the sea surface temperature (which it is believed is mainly caused by large scale ocean circulation
patterns) is anything but regular.
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Seemingly erratic behaviour can also be observed in brain wave patterns as measured by an EEG. These are shown
below.

So, unpredictability really does seem to be all around us. However, this seems in contradiction to the ordered
universe predicted by Laplace. With the success of Newton’s laws in predicting the future in some cases we are
thus led to ask the following question:
Does the unpredictability we see in many cases in nature, arise because nature really is complex and unexplainable
Or
Can seemingly unpredictable behaviour arise from systems governed by Newton’s laws?
3.2 Chaos and the double pendulum
We will try to answer this question by looking at a relatively simple system, which, without question, is governed
by Newton’s laws of motion. This is the double pendulum which is an extension of the simple pendulum studied by
Galileo. A double pendulum is two pendulums coupled together, in much the same way that our leg has two bones
coupled by the knee joint, each of which is free to move independently under the action of gravity. A schematic
of the double pendulum is shown below.
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What could be simpler. This system has only two moving parts (the top and bottom parts of the pendulum), each
of which has a position and an angular velocity. It has thus only four degrees of freedom. This is far fewer than
the weather, which has billions of degrees of freedom. However, like the weather the double pendulum can have
remarkable complex behaviour. It has three distinct types of motion. If the top and bottom parts of the pendulum
are pulled together a small amount to one side, then they will continue to swing in phase (see left figure below) in
a regular manner, just like the simple pendulum. In contrast, if the two pieces are pulled in small opposite
directions and released then they will continue to move in opposite directions. This out of phase (see right figure
below), but periodic motion will continue indefinitely.

Finally, but most interestingly, if we give the pendulum a large
swing, then instead of periodic motion, the double pendulum
will continue to move in a most erratic and seemingly random
manner. An illustration of this is given below. In this picture a
light is attached to the lowest part of the double pendulum and
a picture of the motion of this recorded over time. Not only is
the motion extremely complex and hard to predict, if the
pendulum is set off again as close as possible to the same
position as before, then after a very short time it will move in a
completely different way. Such a pendulum seems to defy the
predictability we observed earlier and would be a poor
timekeeper! We call this motion chaotic.
It might be possible to argue that chaotic motion appears to be random because the double pendulum is simply
responding to random air currents. However this is not the case. To show this we can follow Newton’s procedure
by writing down the equations of motion of the pendulum and then solving them. If
and
are the
respective angles to the vertical of the upper and lower parts of the pendulum which have respective masses m1
and m2 and respective lengths l1 and l2, then the motion of each part of the pendulum (in the absence of air
resistance and friction) can be completely described by the following pair of coupled nonlinear second order ordinary
differential equations:
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(This system can be derived by calculating the Lagrangian of the coupled system and applying Lagrange’s equations
of motion.) If the angles are small then this system can be approximated by a linear one, which can be solved
exactly and predicts the in phase and out of phase behaviour described above. In contrast if the angles are larger,
then the system must be solved numerically on a computer (if you have access to the computer language Python
then this is very easy to do). Remarkably the computer simulation gives qualitatively exactly the same behaviour
as the physical system (which is reassuring). In particular they give both the regular behaviour for small swings
and the chaotic equation for larger swings. Now, the equations above are firmly based on Newton’s laws of
motion, so chaotic behaviour really does exist as a solution of Newton’s equations.
There are other types of pendulums, which display similar behaviour to the double pendulum. A beautiful example
is the chaotic water pendulum which can be found in St Mary Redcliffe Church in Bristol. Water running down
the horizontal arm of the pendulum combined with the action of gravity causes the pendulum to swing in an
erratic and unpredictable manner. This combination of science and mystery makes this a suitable object for
contemplation in a church.

From this point onwards I will define chaotic behaviour as follows:
Chaotic motion is complex, irregular and otherwise unpredictable behaviour which arises from a ‘simple’ system which can be exactly
described by ‘simple’ mathematical laws.
One of the key features of chaotic motion is sensitivity to initial conditions. This occurs when two states which are
very close to each other initially evolve in very different ways. In the popular press this is often called the Butterfly
Effect. This term was coined by E. Lorenz in the 1960’s [6]. Lorenz was one of the pioneers of ‘chaos theory’ and
he remarked that if the weather was chaotic then the flap of a butterfly’s wings in Brazil could cause a hurricane
in Europe. (We now know that whilst the weather is almost certainly chaotic in the sense described above, that
perturbations have to be much larger than a butterfly to make any significant difference. In essence the butterfly
would have to have wings about 1km across to cause any real effect.) The idea of the butterfly effect has certainly
caught the public imagination. The idea of even tiny changes leading to huge effects in the future seems to resonate
with some of our perceptions of how the universe might work. Many books and even a film [4] have been written
about it, and a remarkably prescient early story about it was written in [5] before Lorenz had even coined the
phrase. In a sense the butterfly effect allows us to make sense of Laplace’s demon. The demon in question would
have to know the positions of all of the particles to infinite precision to be able to make any predictions at all.
Furthermore the inherent microscopic randomness ever present due to the action of quantum effects (see my
previous lecture on The Quantum Mathematician) will be immediately amplified by the butterfly effect to make long
term predictability quite impossible.
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Chaotic behaviour in the manner described above can be demonstrated to exist in many other physical systems.
One of my favourite examples is chaotic billiards. Imagine a billiard ball bouncing around a table, so that when it
comes into contact with the edge of the table it reflects from in it the same way that light would reflect from a
mirror. The resulting pattern of bounces from a stadium shaped billiard table is given below:

The observed pattern of motion is highly complex, and yet, like the double pendulum, it arises from very simple
laws of motion. This problem has very practical application in optics (to find light illumination patterns), acoustics
and also in high frequency WiFi. In the latter example the lines in the above picture correspond to rays of
electromagnetic radiation. The very complex picture above means that it is remarkably hard to predict the strength
of WiFi coverage inside a domestic room.
Truly chaotic behaviour is everywhere. Now let’s have a look at some of the theory behind it
4. Chaos theory and the theory of dynamical systems
4.1 Overview, and the Lorenz system
The modern term chaos (and chaos theory) arose from the 1963 paper by E. Lorenz [6]. Lorenz was trying to
study the motion of the atmosphere, in particular by looking at convection. By making a significant number of
simplifications he reduced the system to three ordinary differential equations. (Note that whilst the equations for
the double pendulum are exact, the Lorenz system is only an approximation). These were given by what is now
known as the Lorenz Equations, and have the form

Before the 1960’s it would have been impossible to solve this system accurately. However, the 1960s saw the first
use of fast digital computers, which could solve differential equations using (for example) the Runge-Kutta
algorithm. Lorenz applied this to the equations above and was remarkably surprised. Rather than the periodic
behaviour he was expecting the solutions of the Lorenz equations behaved in an erratic manner. He termed this
behaviour chaos. Significantly he felt that it reproduced the erratic and turbulent behaviour observed in the
atmosphere itself. (In this he was wrong, whilst the motion of the atmosphere is chaotic in a sense, it is not
described in any meaningful way by the Lorenz equations.

10

A plot of the evolution of x(t) using a fixed set of the parameters (of meteorological significance) is given below.
This plot shows the chaotic behaviour with a complex trajectory as time increases. In this plot two slightly different
initial conditions for x(0) are taken. Whilst the two trajectories are close up to a time t = 24, they differ significantly
after this time.

A plot of x(t) and y(t) together is more revealing. In this case the points (x,y) move around an (appropriately)
butterfly shaped set. This set is called a strange attractor because it attracts all trajectories but is neither periodic or a
fixed point. Although the points more around the attractor in a chaotic manner, the shape of the attractor is itself
well defined. Here we see the organisation which is at the heart of chaotic systems. The strange attractor itself
has a fine structure and is an example of a fractal set.

The discovery of chaos in the 1960s caused a sensation and led to an explosion both of research and also of
articles in the popular press and a huge amount of hype (only some of which was justified). The celebrated book
by James Gleick [7] made the discovery almost look like a murder mystery! More scientific, but equally readable
accounts of chaos theory and its implications can be found in Stewart [8] or Strogatz [1].
However, the existence chaotic dynamics had been discovered rather earlier, and the credit for its discovery is
largely due to the great French mathematician Henri Poincare illustrated below.
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Poincare was at the time investigating the stability of the solar system. It was well known
(as we have already seen) that if a single planet moves around the Sun, then its motion is
periodic and can be predicted exactly using Newton’s laws. However, Poincare was able
to show that a system of three bodies of similar mass and moving under gravitational
attraction only would move in an irregular orbit. For more details of this see my
November 2017 Gresham lecture on Maths Goes Into Space. We now recognise this as just
another example of chaotic motion.

4.2 The logistic maps and its implications
It is hard to see how the chaotic behaviour in the Lorenz system arises, so we will look at a simpler system, which
has similar behaviour and can be studied in much more detail. This is the celebrated Logistic Map. Let’s suppose
that we want to predict the population of (say) a town from one year to next. This is a subject of great interest to
a town planner who has to work out (for example) how many schools to build to meet a need in five or ten years
time. To make this precise we will let x(n) be the population of the town in the year n, with n=0 set to be the
current year at which point we know the town’s population x(0).
A simple model of population growth was proposed in 1798 by Malthus in his essay On the principles of population.
Malthus postulated that in any one year a fixed proportion of the population would be born, and an equally fixed
proportion would die. This meant that the population in year n+1 would be proportional to the population in the
year n, or in mathematical form

Here a is the constant of proportionality. This is an example of a discrete dynamical system in which we have a rule
to advance the system from one generation to the next. In this case Malthus’ model has the simple and predictable
solution given by:

If a < 1 then the population decreases, if a = 1 it stays the same, and if a > 1 it grows without bound, so called
Malthusian growth. Malthus himself recognised that such behaviour was unrealistic, and that the population would
eventually run out of resources and then start to decline. One way to do this is to introduce an upper limit M to
the population to account for the effect of limited resources, and then to modify the Malthusian model to give

If we scale x(n) by M, so that the maximum population is 1, and rescale a to r we arrive at the famous Logistic
Map model for population growth:

This system only has an exact solution in the two cases of r = 0 and r = 4. We will look at the case of r = 4
shortly, but we can ask how the system behaves as a changes. Note that this discrete dynamical system can be
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studied very easily is you have access to a programmable pocket calculator or to ExCel. I recommend that you
take x(0) = ½ , program the above function in, and simply iterate forward.
The result that you get depends critically on the value taken
by the growth rate r.
The plot for r = 2.5 is given below. From a random initial
start the system evolves to a fixed final state, or a fixed point,
which is the solution of the equation x = 2.5 x(1 – x) so
that x = 0.6

Such a final state is very predictable, and would be a town planners dream and it exists for 1 < r < 3. When r = 3
something remarkable happens. The fixed point becomes unstable and is replaced by a two-cycle in which the
population varies between two different values. (This is rather like a boom-bust phenomenon in economics and
is reminiscent of the out of phase response of the double pendulum). A picture of the two-cycle for r = 3.2 is
given below (left)

If we increase r further to r = 3.55, this picture changes again, and the two-cycle is replaced by a 4-cycle, in which
x varies between four values as can be seen above (right).
Increasing r leads to ever more complex behaviour, and for r > 3.56995 most values of r give chaotic behaviour.
An example of this when is given below
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It is worth reminding ourselves that this complex picture is obtained from the iterations of a very simple quadratic
map.
We can study the case of r = 4 in some detail. Suppose that we set

Then some simple trigonometry shows us that

We can deduce from this that

and hence that

Here we can see why we get chaos. Small changes in x are approximately doubled at each iteration, but the cosine
function stops these from becoming unbounded, leading instead to random looking behaviour.
A complete picture of the behaviour of the logistic map for 2.4 < r < 4 is given by the ‘bifurcation diagram’ below,
which plots the values of the final state of x(n) as a function of r. In this figure we can clearly see the single fixed
point for r < 3, the period doubling to a two-cycle at r – 3, and the chaotic behaviour for r > 3.56995. There is
also a stable 3-cycle around the value of r = 3.828. Much mathematical effort has been put into understanding this
diagram in detail!

4.3 Dynamical systems theory
We have looked at a number of examples of complex dynamics including the double pendulum, the Lorenz
equations and the Logistic Map. All of them seem to have similar types of behaviour. The mathematical theory of
14

(nonlinear) dynamical systems gives a way of understanding all of this. A dynamical system is simply one which
evolves in time and is described by a state vector x(t). This can either be a function of continuous time (as in the
double pendulum or the Lorenz equations), or of discrete time as in the Logistic Map. Usually a dynamical system
depends on many other parameters. In such a dynamical system there will be an initial state x(0). This is then
allowed to evolve. Typically, the motion has a transient phase, which is dominated by the initial state, and then
after a longer time patterns begin to emerge. Much of dynamical systems theory is an attempt to classify these
long-term evolutionary states and also to understand their stability. As the parameters in the dynamical system
vary so the long-term states change. A state can be created, it can disappear, it can lose its stability, or it can change
into a different state. We have seen all of this happen in the case of the logistic map. Typical long-term behaviours
include fixed points (as in the case of r < 3), periodic motions (as in the case of r = 3.2 and also for the simple
pendulum), quasi-periodic motions (a combination of periodic motions, seen for example in the tides), and of
course chaotic motion. The transitions between these states can be shown to take a limited number of forms, and
have been studied in great detail. They are explained by ‘bifurcation theory’ (which is a development of
‘catastrophe theory’ which was very much in vogue in the 1970s.) The bifurcation diagram for the Logistic map
above displays many of these features, including the celebrated ‘period-doubling route to chaos’. An excellent
account of this theory is given in Drazin’s book [9]. Rather than trying to describe all of this theory, I will look at
a particularly important example which helps us in the understanding of predictability.
5. Tipping points where things change quickly
In the introduction to this lecture I talked about the example of the straw which broke the camel’s back. What is
happening in this case is that the camel (or rather its back) is the solution of a dynamical system, which has as a
parameter the amount of straw on its back. For small amounts of straw the camel’s back is a stable fixed point of
this dynamical system. However at a critical value of the loading parameter the fixed point becomes unstable and
the effect of this is that the camel’s back breaks. What we have seen here is a tipping point where a small change in
the parameters governing the system leads to a large irreversible change in the resulting state of that system. As part
of our ability to predict the behaviour of such systems we need to be able to identify whether they are close to, or
maybe have even passed through, a tipping point. Electrical engineers trying to avoid a power cut due to an
overloading of the power supply network, are acutely interested in such tipping points (and you can read about
this in my lecture The Energetic Mathematician.) Studying tipping points is also of huge importance to our ability to
predict the future climate. I will look at this topic in depth in my next lecture on the mathematics behind climate
change.
From the perspective of dynamical systems theory, the simplest model for a tipping point comes from the
quadratic ordinary differential equation:

Here x would represent the back of the camel and r the load on the back. If r < 0 this continuous dynamical
system has two fixed points at

Of these x_ is stable and attracts nearby points, whilst x+ is unstable. In this case x- would represent the stable
camel back. However, if the load is increased so that r > 0 then there are no fixed points and x increases without
bound. This is akin to the rapid change that we see when we break the back of the camel.
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I will return to the implications of this for climate change in the next lecture. If you are interested have a look at
Gladwell’s book [10].
6. Is chaos theory useful?
Y0u bet it is! Many mathematical theories start out as being seemingly abstract and of no possible use, and then
later become central to science and technology. Dynamical systems theory, including chaos theory is a very good
example of this. Whilst Lorenz’s work in the 1960s was largely theoretical, it was quickly realised that many physical
systems, such as the double pendulum, really did behave chaotically. Many other important systems are now
understood to be chaotic. These include the weather (over periods of about two weeks), car exhausts, car
suspensions, tubes in a boiler, power supply systems, friction brakes, climate change (see next lecture), solar
coronal mass emissions, WiFi, EEG signals, ECG signals and the motion of the asteroids to name just a few
examples. Chaos theory allows us to understand, measure and, in some cases, control, the uncertain behaviour
that such chaotic systems generally exhibit. We now appreciate that chaotic behaviour is part of the natural scheme
of things for anything governed by complex, nonlinear, deterministic processes. A case in point is the asteroids.
Rather than having simple orbits, many of them have highly complex orbits. It is vital that we understand this as
otherwise we may not be able to predict when or if an asteroid may hit the Earth, wiping out all life in the process.
Thus chaos theory is of critical importance in saving the human race! In a rather less terrifying application, chaos
theory, and to be precise the theory of fractals [8], is playing an increasingly useful role in computer graphics. We
have seen in the example of the Logistic Map, how a simple rule can generate a graph with great complexity. If
we apply the same process to (two-dimensional) pictures, it is possible for a simple rule acting on a twodimensional (phase) space to generate a picture of remarkable complexity. As there are hints that nature uses
similar processes, the patterns so produced often look very realistic. As an example, here is the Barnsley Fern
Fractal, which has been produced by exactly this process.

It has been my privilege to work in this field most of my career. I regard chaos theory as a vital way of
understanding the world with almost limitless applications. In the next lecture we will see how this helps in
predicting the future of our climate.

© Professor Chris Budd, 2018
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