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Introduction
In the 500th year since the birth of Thomas Gresham in 1519 it is an interesting exercise to ask if I was around
then (OK I’m not quite that old) what would I say had happened mathematically in the last 500 years. The
answer is not a lot. In Europe almost nothing new had been discovered since the Greeks. The great advances in
Arabic mathematics had largely stopped at least 500 years before, and in China before then. Only in India had
much been going on, including significant advances in algebra and trigonometry. However, almost none of these
discoveries were known to Thomas Gresham’s contemporaries in the West. In contrast the last 500 years have
seen an explosion in mathematical discovery, with the pace of discovery increasing in the 21st Century. The start
of this rapid acceleration started in Thomas Gresham’s lifetime and has continued almost uninterrupted till the
present day. In particular we can see the time of Thomas Gresham as being the birth both of modern algebra
and also calculus, both of which dominate modern mathematics. It is thus very fitting that I can give a talk about
500 years of mathematics, as I think we can say with some justification that we are celebrating the 500th
anniversary not only of the birth of Thomas Gresham but also of the birth of modern mathematics.
In this talk I will try to survey what in my opinion are the really great mathematical achievements of the last 500
years. I apologise immediately that (despite my title of Professor of Geometry) I will put a lot of emphasis on
applications of mathematics. There are two reasons for this, firstly it is my own area of expertise to apply maths
to the real world, secondly I firmly believe that there is no real distinction between ‘pure’ and ‘applied’
mathematics, or indeed even ‘statistics’, in that the creative ideas which have to be developed to solve real world
problems lead to great mathematical ideas, which when abstracted and developed have many more applications.
Now in the 21st Century, with the explosion of ideas around big data and machine learning, I see even less need
for this artificial distinction.
There are two ways to do a historical survey of mathematics. One is to take each year and to look at what
happened then and the mathematicians involved with it. This approach has already been taken in the excellent
book [1] written by two former Gresham Professors of Geometry, and I urge you all to read this. I will instead
take a different approach in which we will follow four key mathematical ideas, which had their origins close to
the birth of Gresham, and see how they have developed since. (Sorry that it is only four, but the lecture is only
one hour long! I have had to leave out many great areas of maths as a result. Apologies for this) I will show, as
well, how the interplay of ideas from one area of mathematics to another, and then beyond, has led to some of
the greatest advances in mathematics that we have witnessed in these 500 years. (As I said in my last lecture,
mathematics is, and should be taught as, a set of evolving and interconnected ideas.) I will try to indicate, in
what of course is a hugely biased way, those bits of the mathematical journey, which I think are the most
important. This journey will take us to the present day, which I am convinced is a Golden Age of Mathematics. I will
then speculate wildly about where we are heading next, very much aware that anything I say is almost certainly
going to be wrong.
Algebra, complex numbers and number theory
If any event can be said to have marked the watershed between the mathematics of the classical times and
modern mathematics it is the solution of the cubic equation. Not only was the solution of the cubic important in

its own right as a piece of mathematics, it also gave the mathematicians of the time confidence that they could
do new mathematics, beyond that done by the Greeks. The mathematics of algebra that started with the solution
of the cubic, came to a climax at the end of the 20th Century with the resolution of Fermat’s Last Theorem by
Andrew Wiles.
The quadratic equation has been known since ancient times and typically takes the form

The solution of the quadratic equation is important in determining areas. Its solution, involving square roots,
was first found in part by the Babylonians, and in its final form in the 500s in India. The quadratic equation is a
polynomial equation of second order. If we increase the order to three then we get the cubic equation

This equation is important in calculating volumes, and because of its importance it was studied again by the
Babylonians. Unlike the quadratic equation they did not have a general solution, however (in a remarkable
anticipation of modern mathematical methods) they produced tables from which an approximate solution could
be derived. Neither the Greeks or the mathematicians that came after them were able to derive an algebraic
solution, although mathematicians such as Omar Khayyam found a geometric solution. So, things remained
until the 1520’s, just after the birth of Thomas Gresham. In this decade Scipione del Ferro found a general
method of solving cubics of the form.

This method was passed on to his student Fior. At about the same time Tartaglia (AKA the stammerer) found a
solution to cubics of the above type and also of the form

Tartaglia’s solution went as follows. Let u and v satisfy the equations

This implies that both u and v satisfy a quadratic equation, which is then soluble.
If
Then

So, we can find x satisfying the equation

by finding the cube roots of u and v.

The following story of the solution of the cubic showed high drama. Tartaglia hid his formula in the form of a
poem. However, he did engage in a problem-solving competition with Fior, which he proceeded to win. After
some persuasion he revealed his solution to Cardano who he swore to secrecy. However, when Cardano learned

of the earlier result from Fior then he revealed Tartaglia’s method. This was published in the seminal book on
algebra, the Ars Magna which he published in 1545. Tartaglia was furious about this and never forgave Cardano.
The solution of the cubic remains important today. For example, in computer graphics many curves and other
shapes are approximated by cubic equations. The solution of these then allows us to work out when these
curves intersect.
The solution of the cubic led to a number of important developments. The most obvious of these was the
question of whether polynomial equations of higher order could be solved. This question was quickly resolved,
in the positive, for the quartic equation (of fourth order). But remained open for the general quintic equation of
the form

Attempts to solve the quintic by means of extracting square, cube, fourth and fifth roots all failed. It wasn’t until
the 19th Century that it was proved first by Abel and then later, and in more generality, by Galois that there were
quintic polynomials which could not be solved in this way. The proof involved looking for symmetries satisfied
by the different roots. Galois developed this idea to a study of the general symmetries satisfied by sets of
operations. This subject is now called group theory and it is essential to our understanding of symmetry in many
areas of science. Group theory is vital in chemistry, art and even in folk dancing. A highlight of my
undergraduate career at Cambridge was the announcement in 1981 that all possible groups had been classified,
see [2]. This result was one of the most important mathematical discoveries of the 20th Century (and the proof
was so long that it occupied hundreds of papers and books).
Another important consequence of solving the cubic equation was an understanding of the importance of
complex numbers. We can trace the story of numbers by looking at how we solve different mathematical
problems.
To solve the problem: x + 2 = 3, we only need the natural numbers 1,2,3,4,5… If we look at problems of the
form x + 3 = 2 then we need more numbers called the integers -2, -1, 0,1 2,3 … To solve the problem 3 x = 2 we
need to introduce even more new numbers called Rational numbers (or fractions) such as 2/3, ¾, 11/7 etc. It was
realised in the time of the Greeks that these numbers had to be extended further to allow the solution of the
quadratic equations

This led to the ‘invention’ of the real numbers such a sqrt(2) and sqrt(3).
Here the history of mathematics takes an interesting turn. The Greeks (and probably the Babylonians before
them) knew that numbers such a sqrt(2) had to exist for geometrical reasons (sqrt(2) is the length of the diagonal
of the unit square for example, but had difficulties fitting them into the ‘gaps’ in the system of rational numbers.
It wasn’t until the 19th Century, when the notion of the limit of a sequence was put onto a firm foundation, that
mathematicians became completely happy with using real numbers.
However, when solving the cubic equation, the real numbers were still not adequate as there was no solution to
equations such as

as both positive and negative numbers when squared always gave a positive answer. To ‘solve’ this a whole set
of new numbers were introduced, which were the imaginary numbers such as the number i which satisfies the
equation

If a and b are real numbers, then

x = a + i b is called a complex number.

An example of a problem that needs to be solved using complex numbers is the quadratic equation

Which has solutions x = -2 + i and x = -2 - i
Complex numbers were regarded with great suspicion in the time of Thomas Gresham. It was accepted that
they existed, but it was not thought that they could be useful in sensible calculations. This changed with further
studies of the cubic equation. In the later 1500s, the mathematicians Bombelli and Cardano (remember him)
applied Tartaglia’s method to solve the cubic and f0und that the quadratic equation for u and v had complex
solutions with non-zero imaginary parts. However, when finding x the imaginary parts cancelled out to give a
real solution. It was this discovery which made the use of complex numbers ‘respectable’.
Since then, the use of complex numbers in all calculations has become a completely indispensible part of all
mathematical calculations and have extremely important applications in physics (for example in the description
of waves and quantum behaviour) and in engineering where they describe vibrations and also alternating current
power systems.
In the 19th Century Gauss showed, in what is now known as the Fundamental Theorem of Algebra that all
polynomial equations (including the cubic and the quintic) had solutions which could be expressed as complex
numbers. This meant that the search for new numbers to solve polynomials could stop with complex numbers.
However, it didn’t mean that mathematicians should stop inventing new number systems. Indeed, far from it!
For example, the quaternions, which are an extension of complex numbers, were developed by Hamilton in the
19th Century, and are now finding major uses in computer graphics.
Perhaps the most important early discoveries about complex numbers were made in the 18th Century by Euler
who showed that they were closely linked to trigonometric functions. Personally, I find this quite remarkable.
Trigonometry is all to do with angles, triangles and shapes made up of triangles. On the other hand, we have just
seen that complex numbers arise in the quite different problem of the solution of polynomial equations. It is
links like this that make mathematics surprising and mysterious and are one of the factors behind its great
power.
Looking at the way that quantities grew under compound interest, Euler introduced the number (often called
Euler’s number) defined by

It can be shown that
The
quite
remarkable discovery that Euler then made was the identity below which links, e, i and the trigonometric
functions:

I regard this (and I’m not alone) as the single most important formula in the whole of mathematics. It has
unlimited applications from geometry and computer graphics on one hand, to the study of waves and
differential equations on the other.
Returning now to the cubic equation, which started this section off. The study of surfaces which are the
solutions of cubic and other polynomial equations led directly to the mathematical field of algebraic geometry.
As well as being an important subject in its own right, algebraic geometry is also very important in computer
graphics, image processing and image recognition, all of which are linked to computer aided design, machine
learning and artificial intelligence. Algebraic geometry also played an essential in the resolution of Fermat’s Last
Theorem. This celebrated problem was ‘introduced’ in 1637 by Fermat 1601-1665 not long after the foundation
of Gresham College. It stated that there were no integer solutions a,b,c, if n > 2, to the equation

Fermat proved this for the case of n = 4 and claimed to have a proof for the general case. The cubic case of n =
3 was proved by Euler, and much effort has been put into solving it. This had led to a lot of great maths on the
way, including the whole subject of (algebraic) number theory. The final resolution in 1995 by Andrew Wiles
(ably assisted by Richard Taylor), was a triumph of over 400 years of mathematical effort on a single problem.
See [7] for an excellent account.
Mechanics, Calculus and differential equations.
As well as seeing a revolution in algebra, the times of Thomas Gresham, and shortly after, saw huge advances in
our understanding of the mechanics of the way that that the world worked, and the mathematical description of
this. Solving the problems raised by the latter, led directly to the invention of calculus, and the mathematical
developments that this led to. Personally, I think that calculus is the greatest invention of the human mind, both
for its intellectual power and also for the incredible range of applications that it has. It is impossible to conceive
of the modern world without the invention of calculus.
Two events mark the start of this revolution.
The first was a (literal) revolution in kinematics namely the study of how things move. This first occurred 30 years
after the birth of Gresham with the publication in 1543 by Copernicus of De Revolutionibus Orbium Coelestium. In
this book he advanced that theory that the (then) six known planets orbited around the Sun on circles, rather
than around the Earth. This theory not only greatly simplified the earlier theory given by Ptolemy (which
decomposed the planetary orbits into epicycles on epicycles on cycles) but explained phenomena (such as the
appearance in the sky of Mercury and Venus). There were various (small) problems with this theory. Firstly, it
ran against common sense, as no one could feel themselves moving around the Secondly, it had significant
theological problems, which led to Galileo being put on trial by the Inquisition. Thirdly, and damagingly, the
predictions of the planetary positions in Copernican theory were not as accurate as the earlier theory. There is an
interesting reason for this, which echoes the modern revolution in machine learning. One way to predict the
behaviour of a system is to have an algorithmic procedure with many free constants. You then tune the values
of the constants so that the outputs from the algorithm fit the measured data. The result is an algorithm with
excellent predictive power, but which gives little insight into the real behaviour of the system it is simulating.
The Ptolemaic description of the Solar System was an excellent early example of exactly this approach to
modelling the Universe.
The salvation of the Copernican model came in around 1610 with the publication by Kepler of his celebrated
Three Laws of Motion. Kepler was the student of the astronomer Tycho Brahe. As well as being an astronomer
Kepler was also an excellent mathematician who made important advances in the study of polyhedral and the
stacking of spheres. In his three laws Kepler stated that
1. The planets all moved around the Sun in an elliptical orbit with the Sun at one focus.

2. The planets swept out equal areas in equal times (know known to be equivalent to the
conservation of angular momentum).
3. The square of the planet’s period of motion is directly proportional to the cube of the semi-major
axis of its ellipse.
Rule number one illustrates both a lucky fluke and an important mathematical principle. The ellipse is an
example of a curve called a conic section which was discovered 2000 years before Kepler by the Greek
mathematician Appolonius. The conic sections were then studied purely for their own sake until Kepler came
along. It was (almost) a pure fluke that exactly these curves turned out to be the possible orbits of the planets and
is another indication of the mysterious connections that occur all the time in mathematics and its applications.
Kepler’s laws fitted the observations perfectly and gave a much simpler description of the workings of the solar
system than the Ptolemaic model. Its predictions also agreed with the observations that Galileo made using a
telescope. So much so that they led to the universal adoption of the helicontric model of the Solar system, and
the state of modern science.
The second big event was the discovery of the laws of mechanics.
Whilst kinematics describes the way things move, it is mechanics which explains why they move as they do. An
early pioneer of mechanics was Galileo, who was one of the first to realise that particles falling under the action
of the Earth’s gravitational attraction moved a parabolic path (another example of a conic section). Galieo also
realised that all inertial frames were equivalent, so that if a physical experiment was conducted in one frame moving
at a constant velocity relative to another, then the laws of physics would be the same in both frames. (This was
demonstrated in Galileo’s time by dropping balls from the masts of moving ships.) Galileo died in 1642, and in
the following year Newton was born. It was Newton in the Principia in 1692 [3] that formulated the three laws
of mechanics that related the action of Forces to the motion of a particle.
1. Any particle not acted on by an unbalanced force moves at a constant velocity in an inertial frame.
2. If an unbalanced force F acts on a body of mass m then its acceleration a is given by
F=ma
3. For every action there is an equal an opposite reaction.

In the Principia, Newton also introduced the Universal Theory of Gravitation that the force F between two
bodies of mass M and m at locations x and y was given by

His principle of mechanics, Newton was able to derive all of Kepler’s laws of kinematics, giving the latter a firm
theoretical foundation. In keeping with the Greek tradition, in the Principia Newton presented, and proved, all
of his results in the language of geometry. However, he had derived them first using the methods of calculus.

In my opinion the invention of calculus was the single greatest mathematical event of all time, and
certainly since the birth of Thomas Gresham. Indeed, I regard it as the single most important creation
of the human mind.
Calculus is the study of how things change. It's two fundamental concepts are those of the derivative, or slope,
of a curve, and the inverse, which is the integral, or the area under a curve.

In particular, the derivative of a function f(x) is the limit, as h tends to zero, of

(*)

With integration being the inverse operation given by
(**)

If we take the cubic equation of the last section, namely

then the slope is given by

and the integral (area) by

where C is an (arbitrary) constant.
By analysing the motion of the planets using calculus Newton was able to show how Kepler’s laws arose directly
from the law of gravitation. We now teach exactly this approach to A-level students.
Like many great ideas, calculus wasn’t invented by one person. Many of its basic concepts were derived before
Newton by Wallis, Descartes, Fermat, and Kepler as well as mathematicians in India. At the same time as
Newton the key ideas, were independently discovered by Leibnitz in Hannover (as well as many other very
important mathematical results). Crucially Leibnitz (pictured below on the right, with Newton on the left)
expressed his ideas in an algebraic form and introduced the modern notation used in doing calculations. This
made it much easier to use the ideas of calculus than Newton’s geometrical notation and led to rapid advances in
calculus in continental Europe. It also led to a schism between English and European mathematicians which
shows us that Brexit is nothing new.

A major leader in the subsequent development of calculus was (of course) Euler (below).

Euler both established fundamental results in the theory of calculus, but also found important new applications
for it. Euler’s first key result was a solution of the Basel problem, which was to find the sum of the reciprocals
of the square numbers. The result he obtained was quite remarkable and took the form

Note the appearance of the number pi in this result. When Euler established this result (through a mixture of
numerical calculations and analysis) it was a largely theoretical exercise. However, it now plays a very important
result in the subject of Fourier series, which express periodic functions as infinite sums of sines and cosines. For
example, the saw tooth function, which arises frequently as a signal in electronics, is given by

and the Basel problem sum arises naturally in calculating the energy of this signal.
Newton and Leibnitz derived the calculus by looking how functions changes if a single variable such as time
changes. Euler extended this to look at how a function changes if a whole function of variables changes. One
example of this is to find the shape of a curve, which minimises the time taken for a ball to roll down it.
Another is to find the shape of a soap bubble which minimises its energy. This idea called the calculus of variations.
Using this it is possible to show that the ‘quickest’ curve is a cycloid, and the shape with the minimum area is the
sphere. This idea of Euler’s, extended by the French mathematician Lagrange (below) in 1788, now lies at the
heart of practically all of physics and engineering.

To implement this the Lagrangian of a system is formed (which is often the difference between its kinetic and
potential energies). The minimisation of this, using the techniques of the calculus of variations, then leads to a
system of differential equations, the solution of which then describes the motion of the system. Originally
introduced by Lagrange to study problems in mechanics, much the same approach is use in the quantum
theoretic Standard Model of fundamental particles, including the Higgs Boson.
Another field which benefits from this approach, and was also introduced by Euler, is fluid mechanics. It was
Euler that introduced what are now known as the Euler Equations, see below, in which u(x,t) is the fluid
velocity and P(x,t) is the pressure

We now solve the Euler equations every day to forecast the weather, and (as I showed in an earlier lecture) to
predict the future of our climate.
Analysis
As a diversion, although Newton, Leibnitz and Euler were all very happy with using calculus, and its
applications were practically unlimited, there were a number of concerns about its fundamental definition. For
differential calculus, these largely revolved around the issues of taking the limit as h tends to zero in the equation
(*) (and at a more fundamental level in the definition of what it means to be a real number). These issues were
not really resolved until the 19th century when the notions of a limit and infinity were put onto a firm basis, by
mathematicians such as Cauchy. Far from being a technical exercise, this led to the development of the subject
of analysis, which has had far reaching consequences. One of these is complex analysis which is the systematic

study of the properties of the functions of a complex variable. Not only is this a fascinating subject in its own
right, it also has important applications in number theory (especially the distribution of the prime numbers),
fluid mechanics, Fourier analysis, signal processing, numerical analysis, computer graphics, and any branch of
mathematics, physics and engineering which requires the evaluation of integrals. A centre-piece of complex
analysis is Cuachy’s celebrated Residue Theorem, which states that if C is a closed contour in the complex plane,
f(z) is a function with poles at a_j inside C and Res(f,a_j) is the residual of f at these poles, then

This reduces the problem of doing integrals (always hard at school when you meet it for the first time) to the
much simpler problem of evaluating sums. Using this theorem, it is then possible to evaluate tough integrals
such as:

Differential Equations
These are very much my field of research. Since they were invented by Newton in the 17th Century and then
developed by Laplace in the 18th, differential equations have come to be recognised as simply the best way to
describe the way that the real world works. I am of course biased, but I see the development of techniques to
solve differential equations as amongst the most important mathematical developments since the time of
Gresham. Two of these we have already described, namely polynomials, complex analysis. As a first example
consider the linear second order differential equation

If a trial solution of the form
equation, then lambda must satisfy

(where A is an arbitrary constant) is substituted into this
the quadratic equation

which we have already see has solutions

Substituting back, we then have that

Combining these and then using the relation that Euler derived we get the general solution as

Such behaviour is seen in the decaying oscillations of the small swings of a damped pendulum.

If we take a more complicated (third order) linear differential equation such as

then again substituting a possible solution of the form
satisfies the cubic equation

we can solve this provided that lambda

bringing us back to the cubic equation that we started the lecture with.
The key to the solution of these two equations is their linearity. The method of solution described above fails
when the differential equations become nonlinear. As an example, the equation for large oscillations of a
damped pendulum is given by the nonlinear ordinary differential equation

This equation, despite looking simple, is phenomenally hard to solve exactly. The analytical expressions involved
complicated new types of (elliptic) functions and are so complex as to be unusable. Two techniques can be used
to gain insight into the behaviour, even if we can’t solve it exactly. The first is to study the solution using
geometry. This technique was pioneered at the end of the 19th Century by the French mathematician Poincare,
who introduced the concept of the phase plane. Below we see Poincare on the left and the phase plane for the
differential equation on the right (in which x is plotted on the x-axis and dx/dt on the y-axis). The phase plane
shows the pendulum swing form side to side for a time before settling down.

The geometrical approach turned out to be very powerful and led to the theory of dynamical systems for solving
differential equations. One of the outcomes of this is the modern theory of chaos, which I talked about in a
previous lecture, and plays an important role in giving limits on how far we can predict into the future.
The second way to solve differential equations is to make use of powerful computer algorithms to solve them
approximately to any desired level of accuracy. Such methods not only give great insight but have enormous
predictive power and use most of the mathematical ideas I have, and will, describe in this lecture.
Matrices and linear algebra
If I was to be asked what the most useful piece of mathematics is to have been developed since the time of
Thomas Gresham I would certainly say linear algebra. Whilst not as glamorous, or indeed as well known to the
general public, as (say) Fermat’s last theorem, I would strongly argue that linear algebra forms the mathematical
bed rock of much of engineering, commerce, physics, and even quantum theory. Without linear algebra we
would not be able to fly, predict the economy, forecast the weather, run a factory, or even go shopping. Linear
algebra calculations form the majority of the calculations that are made every day by computers all over the
world. Linear algebra is the powerhouse behind the Internet in general, and Google in particular. However, it is
almost unknown to the general public, and certainly lacks the glamour of other areas of mathematics. I think
that this is deeply unfair, and in fact I believe that it should be taught in all A-level mathematics courses. The
lack of appreciation of linear algebra was highlighted to me by a letter to the Times criticising maths in general,
but in particular asking the question of how many politicians need to know how to solve simultaneous equations
(a branch of linear algebra). I replied robustly in a published letter, explaining that any MP trying to work out
which way to vote in the Brexit Debate would need a working knowledge of exactly this area of mathematics.
Linear algebra has its roots in problems studied at the time of Gresham involving equations in more than one
variable. The cubic (and quadratic) equations are both problems to solve involving the single variable x. What
happens if we have two variables x and y. To give an example, I am 32 years older than my daughter. Our
combined ages total 86. How old are we both? I will let you think about this for a short while.
To answer this question, let my age be x and that of my daughter be y. Then we have
x – y = 32

and

x + y = 86.

We now want to solve this system of simultaneous linear equations to find x and y.
One way to do this is to add the two equations together and also to subtract them from each other. This gives
2 x = 118

and

2 y = 54.

From this we get that x = 54 and y = 27.
You can find (recreational) puzzles just like this in many books and newspapers. See for example [4]
Whilst the trick above has worked to solve this problem, it is hard to generalise to problems with more
unknowns. To do this we need to make use of matrices and linear algebra. The mathematics behind these
problems was developed in the 19th Century by Cayley who was considering linear maps from one set of
numbers to another. The above problem is an example of this. If we set a = x – y and b = x + y then this
gives a map from the first pair (x,y) to the second pair (a,b). Cayley represented this as a matrix equation taking
the form

where

Here A is a 2x2 matrix. Matrix equations of this form are very useful in geometry as they represent
transformations of the plane. If A is a 3x3 matrix they represent transformations of space to itself and exactly
these sort of matrix equations are used in computer graphics to perform animations. If A is a 4x4 matrix they
can represent transformations of space-time, and this forms the basis of the theory of special relativity.
The solution to the problem above is given by

where is the inverse of the matrix A. For our example

Exactly the same approach can be used for solving problems with billions of unknowns. These arise in a huge
number of applications, including the use of the internet, weather and climate forecasting, aircraft design,
astronomy, chemical engineering, civil engineering, medical imaging, drug design, power system generation,
politics (to work out voting patterns), insurance calculations, water management, economics, quantum physics,
oil prospecting and the planning of factory production. It is estimated that the solution of such linear systems
occupies the majority of scientific computer time around the world. It is thus essential that it is done as
efficiently as possible. The first effective algorithm Gaussian Elimination was devised by Gauss in the 19th century.
Modern algorithms for matrix inversion, such as the Conjugate Gradient Algorithm and the Multigrid method
are hard at work solving many of the day to day problems faced by our society.
A closely related problem is the eigenvalue problem of finding the
quadratic equation

solution of the (large scale)

where A is a matrix, e is a vector and lambda is a scalar. Originally introduced by Cayley in the context of
geometry, an application was quickly found to the solution of systems of ordinary differential equation. In the
context of engineering the values of lambda might correspond to the resonant frequencies of a structure
represented by such equations. In physics to the vibrational modes of a molecule. Perhaps of most relevance to
the modern world, the Google Page Rank algorithm, solves this exactly equation (with billions of unknowns) to
search the Internet to find a website relevant to any given topic. The efficiency of modern algorithms to do this
means that such a search takes a few seconds at most.
The Rise of The Algorithms
In my opinion one of the most powerful ways that we see mathematics in the real world is in its use in computer
algorithms. I will talk about this a lot more in my forthcoming lecture on the future of computing, but it is so
important to the growth of mathematics over the last 500 years, that I feel that I must mention it in the current
lecture.
The word Algorithm comes from the name of the Arabic mathematician Al-Khwarizmi and describes a process
for giving the solution to a problem. In the modern age algorithms have obtained both a good reputation for
their use in, for example, Google and Amazon, and also notoriety when they are used in dating websites of to
select applicants for a job.

In fact, one of the earliest algorithms was used to find solutions to such problems as the polynomial equations I
described at the beginning of this lecture. For example, suppose that we want to solve the quadratic equation
x^2 = 2 but don’t know the value of the square root of 2. Then we need to develop an algorithm to find it. Such
an algorithm was developed by the Babylonians who reasoned that if x was a good guess for the square root of
2, then a better guess would be

If you apply this rule several times, feeding the last guess into this expression each time, and starting with a
guess of 1, then the successive values which you obtain are
1.000000000000000
1.500000000000000
1.416666666666667
1.414215686274510
1.414213562374690
1.414213562373095
1.414213562373095
These values are clearly quickly getting closer and closer to the true value of

Newton generalized this idea, so that if you want to find the solution to the equation f(x) = 0 and x_n is a guess,
then a better guess is given by

If you repeat this, then the values of x_n will usually rapidly approach the solution of the original problem. This
algorithm is now called Newton’s method. It (and its generalisations) is still widely used to solve many different
problems. For example it has no problems finding numerical solutions to the cubic equation

For which the algorithm gives

Extensive mathematical work has led to many powerful algorithms to solve other types of problem. Of course,
none of these would be of much use were it not for the development of computers by such mathematicians as
Babbage, Lovelace, Turing and von Neumann (and I will return to this in a later lecture).
One example of such algorithms are computer methods for solving differential equations (this is exactly my
subject of research) including methods developed by Euler and Runge-Kutta for solving ordinary differential
equations, and the modern Finite Element and Spectral methods for partial differential equation used, for
example, in numerical weather forecasting.

Virtually the whole of the modern electronics industry, especially those parts related to signals, music and video,
relies heavily on the Fast Fourier Transform algorithm (FFT) which was invented first by Gauss in the 1800sand
then reinvented, and put on a digital computer, by Cooley and Tukey in 1965. The FFT allows a signal to be
decomposed into the harmonics that make it up, and it has limitless applications. It is truly a case of a piece of
mathematics that led to a whole industry.
Another area where algorithms are vital is in making predictions of the future consistent with current and past
observations. Your mobile phone and GPS navigation devices, aircraft and train control systems, not to mention
the utility companies, economists, and weather forecasters, all rely heavily on such algorithms. Key amongst
these is the Kalman Filter which systematically updates an estimate of the state of a system with incoming data,
and even includes an estimate of the accuracy of that estimate. Without the Kalman filter we would not have got
to the moon, nor would any modern control system work. The Kalman filter makes a series of ‘best estimates’
of the state of the system to the incoming data, and in doing so makes heavy use of Bayes Theorem, which was
developed by Bayes, a clergyman, in the 19th Century in the course of his work on conditional probability.
Simply put, if P(A) is the probability of an event A and P(A|B) is the probability of the event A given that we
know that event B has happened then

Bayes theorem lies at the heart of most of modern statistics, and has applications in such far reaching areas as
forensic science and insurance. If there was ever to be a definitive list of the ten most important mathematical
theorems of all time, I am sure that Bayes Theorem would be on it.
Are we in a mathematical Golden Age?
I would strongly argue that the answer to this question is YES. I have a number of reasons for saying this.
Firstly, we are seeing of lot of energy and activity in mathematics which is leading both to the solution of many
long-standing problems (such as Fermat’s last theorem and also the Poincare conjecture) and the posing of
many new and challenging questions (see the next section). Secondly, the fusion of mathematics and computers
(not to mention mathematics and data) allows mathematicians to tackle problems of huge complexity, and to be
truly experimental and creative in the way that they investigate very hard problems. Computer experiments often
lead the way in showing what is out there, leading to very exciting further investigations. My own field of
differential equations has been completely transformed by this approach. Thirdly, the applications of
mathematics (driven in no small part by the availability of this computing power) are growing exponentially.
Areas of math considered very pure until recently, are now finding huge applications, two examples being
number theory and graph theory. This list is of applications going to grow at an increasing rate over the next few
years. I can see very exciting times ahead for mathematics, provided (as I said in my last lecture) that we can
encourage (and teach) enough young people to either become mathematicians or use mathematics in their lives
and work.

Where next
At the start of the 20th Century, at the International Congress of Mathematicians in Paris, the great German
mathematician David Hilbert (1862-1943) gave an address which contained 23 problems for mathematicians to
work on for the next 100 years or so. In introducing these he said (and I very much echo this for today’s
lecture): “Who of us would not be glad to lift the veil behind which the future lies hidden: to cast a glance at the
next advances of our science and of the secrets of its development during future centuries?”
Hilbert displayed remarkable prescience in identifying a set of problems, which would, in turn, lead to very
significant mathematical advances over the century. One of these problems was Fermat’s last Theorem, which as
I have already said, was solved completely at the end of the 20th Century. To mark the start of the 21st Century
the Clay Institute launched a set of seven Millennium Problems, which they hoped would have a similar impact
on 21st Century mathematics and beyond. It is useful when thinking what mathematics will be like for the next
500 years to start with these. It is just possible that they will have the same impact on this future time as the
solution of the cubic had in the time of Thomas Gresham. You can find more details in [5]
In the order that they were presented, the Millennium Problems are:
1. The Poincare Hypothesis
2. P vs. NP
3. Hodge conjecture
4. Riemann Hypothesis
5. Yang-Mill existence and mass gap
6. Navier-Stokes existence and smoothness
7. Birch and Swinnerton-Dyer conjecture
Of these the Poincare Hypothesis, which is a question in topology, was solved by Perelman in 2003. To date all
of the others remain unsolved. I will now talk about three of them in what I (although who am I to judge)
perceive as their order of difficulty/likelihood of being solved in the near future.
The Riemann Hypothesis
One of these problems was 8th on the list that Hilbert gave, namely the Riemann Hypothesis. This is a problem
in complex analysis, which also has important applications in number theory and to our understanding of prime
numbers. This then has links to cryptography.
The problem which started this talk was that of finding the roots, ie. the zeros, of the cubic polynomial function.
To do this we then needed to develop the theory of complex numbers, The Riemann Zeta function is also a
function of the complex number z, and the Riemann hypothesis is also concerned with finding its zeros. If the
real part of z is greater than one then the zeta function has the form

and it can then be extended to other complex numbers. Euler showed that the zeta function can also be
expressed as a product over the prime numbers p as

This link between the primes and the sum gives remarkable insights into the prime numbers. One immediate
deduction is that

Not only does this show that there are an infinite number of prime numbers, but that the nth prime number
cannot be (much) greater than n log(n).
It is possible to get much better estimates for the nth prime number, and the distribution of the primes overall,
by studying deeper properties of the zeta function. This problem was studied in great depth by Riemann who
showed that key to understanding the prime numbers was understanding in turn the location of those zeros of
the zeta function. Riemann (below) is regarded as one of the greatest mathematicians of all time and made
contributions in nearly all areas of maths. Tragically he died at the early age of 40.

To state the Riemann Hypothesis, we have to extend the definition of the zeta
function so that z can be a complex number of the form
z=x+iy
The Riemann hypothesis which he formulated in a seminal paper in 1859, states that
The non-trivial values of z for which zeta(z) = 0, all fall on the line y = ½.
There is a lot of computer evidence to support this. In particular thousands of zeros have been found and they
all lie on the line y = ½. But so far no one has managed to prove it despite an immense effort. It may not even
be true. However, if we could prove it, we would know a lot more about the prime numbers.
Efforts to prove the Riemann hypothesis continue apace and will continue to dominate mathematics until it is
resolved. One reason for this is that it has important links to many other areas of mathematics, including
random matrices (a matrix with random element) which are in turn lined to problems in quantum theory and
communication.
I have a hunch that the Riemann hypothesis will be established soon one way or the other. I may well be wrong
of course, but the rapid progress on it is being made and many new ideas are being brought to bear on the
problem, together with a systematic attack by computer. This all gives me hope that a solution cannot be far off.
But maybe in 500 years time we will still be none the wiser. See [6] for an excellent account of this problem.
A related, simpler, but still unsolved question, is to find an exact expression for zeta(3) namely

We know that this number is finite and irrational, but what is its value? Answers please.

The Navier-Stokes Equations
In a previous lecture I talked about using mathematics to help to predict the future of the climate. To do this we
need to predict the motion of the atmosphere and the oceans. The full equations of motion of both were an
extension of the Euler equations we have seen earlier and discovered by Navier and Stokes in the 19th Century.
They are partial differential equation which take the following form

Versions of the Navier-Stokes equations are solved every 6 hours to forecast the weather, and more complex
versions are used to forecast the climate. However, there is one big problem to doing this. We don't know if the
equations have a solution at all. That is after over 100 years of trying. This matter, as we can’t guarantee that if we
compute a solution it actually means anything at all. And this has significant implications on our ability to
predict the weather and the climate with any real confidence.
When faced with the
equation we saw earlier that we had to ‘invent’ complex numbers to
find the solution. Can we do the same again here? Unfortunately, the answer is no. What is going wrong is that
the solutions of the Navier-Stokes equations may become singular, meaning that they take infinite values, which
have nothing to do with physical reality. Or to be more accurate, the equations break down at the point where
singularities form. Far from being just a technical question, this breakdown is intimately related to the
phenomenon of turbulence in which energy in a fluid is transferred from large scale motion into small scale
eddies. This leads to a huge complexity in fluid motion, which is very hard to predict, even with the use of super
computers. The extraordinary complexity of turbulence was recognised as long ago as da Vinci who drew
pictures of it, see below. (In a nice twist to our story, da Vinci died the year 1519 in which Gresham was born).

It is difficult to forecast the weather well, and hence predict the climate, without a good knowledge of
turbulence. This also applies to many other processes which involve fluid mechanics, including blood flow in
the heart. Many, many mathematicians have tried and failed to gain an understanding of it, and a fundamental
barrier, is knowing whether the underlying equations of fluids have a solution in the first place. If anyone could
solve this problem, it would lead to a huge advance in our understanding of the natural world. However, I do
not expect one soon, although slow progress is being made.
The P vs NP problem
It is very likely, in my opinion, that the (immediate) future of mathematics (and along with this, the future of
algorithms) will be dominated by this problem. It is a problem about how hard it is to solve problems. As
described above, we now mainly solve problems on a computer. The size of a problem is often denoted by N
which is the number of binary digits (bits) needed to pose it. For example, if I want to multiply two m digit
binary numbers then the size of the problem is N = 2m. The complexity of the problem is how long it takes to
solve it. In the case of multiplication, the complexity is simply N^2. This is a polynomial function of N and we
say that such a problem is solvable in polynomial time or P. Another example is the matrix inversion problem

we looked at earlier. If A is an NxN matrix then the complexity of finding the inverse of A using the Gaussian
Elimination algorithm is N^3.
Polynomial time problems are easy to solve. The opposite are exponential time problems in which the time to
solve them is proportional to 2^N (or another exponential of N). An example of this would be factorising an N
digit number. Such a number has size 2^N. To factor it we have to test all of the possible factors up to its square
root or 2^(N/2). If N is large this is an impossibly hard problem (without a quantum computer) and its
difficulty lies at the heart of our modern computer security systems. However, one feature of the above problem
which makes it a bit more tractable, is that although it takes a long time to generate the factors, it is easy to
check whether the factors we have got are correct. All that needs to be done is to multiply them together.
A similar problem is the so-called party problem illustrated below

In this you have to decide which of your many friends you wish to invite to your birthday party. The main issue
being that you want all of them to get on. If you have N friends then it takes exponential time to go through all
of the possible parties, but only polynomial time to check each possible party. One way to ‘solve’ the party
problem is then to formulate a series of (carefully chosen) guesses and to then check each of these. Another
classic example of this is the game of Sudoku, where it is easy to check if the answer is right, but hard to find the
answer. Other examples include scheduling a production process, school timetabling, the travelling salesperson
problem and the knapsack problem of fitting oddly shapes objects into a box.
To summarise, a problem is P if it is quickly solvable, and NP if it is quickly checkable. The P vs NP problem
asks simply whether a problem, which can be checked in polynomial time can also be solved in polynomial time.
The precise statement of the P versus NP problem was introduced in 1971 by Stephen Cook in the paper The
complexity of theorem proving procedures and is considered to be the most important open problem in mathematical
computer science. It has been shown that many of the problems in NP have the extra property that a fast
solution to any one of them could be used to build a quick solution to any other problem in NP. This property
is called NP-completeness.. A subtle version of this is whether any problem which can be checked in
polynomial can be solved with a high probability in polynomial time. There is quite a lot of empirical evidence
for this and this is the basis of many stochastic algorithms for solving such problems.
Put simply, if we can solve the P vs NP, we can solve almost anything, from cryptography to economics, and
from planning an airline to solving Sudoku. Many years of searching have not yielded a solution to any NP
problems so most mathematicians suspect that none of these problems can be solved quickly. This, however,
has never been proven. I’m not sure if we will get an answer anytime soon.
I have listed a number of problems, which I think will keep mathematicians going for many years to come.
There are many more, both in pure maths and applied. Even a proper understanding of friction would be an
advance. Personally, I see an exciting future in which mathematics and computers work closely together, with
new mathematics leading to new applications and new applications to new mathematics.
Who at the time of Thomas Gresham would have foreseen what the solution of the cubic equation would lead
to. Similarly, who knows what the solution of any of the above problems will lead to.

But of course, the most interesting mathematical problems are those that we don’t yet know about! There are
bound to be vast numbers of these.
Or is there any real issue? In the Minkowski view of we all exist in space-time, and so the future and the past
are all simply out there in some higher dimensional space. Our future is there already.
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