


Thomas Gresham

Born in 1519



1519 marks the division between ancient and modern 
mathematics 



1.  The cubic equation and the rise of algebra

Quadratic equation

Solution

Cubic equation   ... Solution?



Let

1520s       Scipione del Ferro 

u,v satisfy a quadratic equation



Therefore  x  solves the cubic



Cardano Tartaglia



Next step … solve the quintic equation

Niels Abel 
1802-1829



Galois Theory

Evariste 
Galois

1811-1832



Solution of the classical problems of the Greeks



Modular forms and error correcting codes



Group theory and symmetry



J H Conway



Complex Numbers

Formula for the quadratic equation involves a square root 

Problems if this involves taking the square root of a negative 
number.   

Need to introduce a new imaginary number  i



Solutions:        Complex numbers

x = -2 + i        x = -2 - i

Complex numbers treated with great suspicion until Bombelli 
and Cardano showed that they could be used to solve the cubic

Now they play a central role in all of mathematics, science and 
engineering



1800s:  C F Gauss proved that ALL polynomial equations 
could be solved using complex numbers



Euler found a fundamental link between complex numbers and 
trigonometric functions







Fermat’s last theorem

This was stated in 1637 by Fermat:

The equation

Has no solutions in integers   a,b,c if    n >2

n = 4:    Proved by Fermat

n =3:  (cubic case) Proved by Euler



Efforts to prove it led

•To a lot of new mathematics including Algebraic Number 
Theory and the Modularity Theorem

•A certain notoriety for the problem (and a Star Trek episode) 

Finally proved in 1995 by Andrew Wiles and Richard Taylor 



2. Mechanics, Calculus and Differential Equations

The time of Thomas Gresham also marks a fundamental 
change in our understanding of the mechanics of the 
universe and of the mathematics needed to study this

Act 1:  Kinematics

1543  Copernicus publishes the heliocentric theory:

The Earth and planets orbit the Sun on circles

(1519 .. He also formulated Gresham’s law)



1610:  Kepler’s laws of kinematics

K1:  Planets move around the Sun in an elliptical 
orbit with the Sun at one focus.

K2:  Planets sweep out equal areas in equal 
times; conservation of angular momentum.

K3:  The square of a planet’s period of motion is 
directly proportional to the cube of the semi-major 
axis of its ellipse.

Perfectly describe planetary motion



Act 2:  Dynamics

Laws behind the motion were discovered by Galileo (1564-1642) 
and Newton  (1643-1727)



Newton’s law of the force between two gravitating 
bodies

Using this law and the calculus Newton was able to derive all 
of the Kepler’s laws from first principles
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In my opinion the invention of 
calculus was the single greatest 
mathematical event of all time, 
and certainly since the birth of 
Thomas Gresham 

Indeed I regard it as the single 
most important creation of the 
human mind



Calculus is the study of how things change

It's two fundamental concepts are the derivative, or slope, of a 
curve, and the inverse, which is the integral, or the area under a 
curve



Derivative

Inverse

Example



Invented independently by Newton and Leibnitz, drawing 
on the work of many European and Indian mathematicians



Euler extended Calculus to look at functions which 
changed in both time and space.

Introduced the idea of partial differential equations

Famous example:  The Euler Equations which are still 
used to help to predict the weather and the climate



Ordinary and partial differential
equations are possibly the most
powerful tool that we have for
studying problems in physics,
engineering and biology

They were introduced by Newton, but we still have great 
problems solving them



Most common:  linear second order ordinary differential 
equations eg:

Solve by assuming solutions of the form 

Substituting this gives the 
quadratic equation

With solutions



More complex differential equations can be studied by solving 
the cubic equation (again)

Damped 
Harmonic 
Motion

Hence

or



Most important differential equations are nonlinear

Eg. The Pendulum Equation

After 400 years of trying we still can’t find exact solutions to 
most of these!

Usually have to find approximate solutions by computer



Poincare:  Geometrical theory of differential equations

Very powerful:  Led directly to chaos theory

Emmy Noether (1918) combined differential equations with 
group theory to give stunning results!



3. Matrices and Linear algebra

In my opinion one of the most useful (but not the most 
glamorous) pieces of mathematics developed since Thomas 
Gresham.

Used to solve differential equations and in many other 
applications including Google and the Brexit debate

Example problem:

I was 32 years when my daughter was born.
Our combined ages now total 86. How old are we? 



My age                    =   x

My daughter’s age   =   y

x  - y    =  32

x  +  y    =  86

Solution 1: (Direct method)

Add:        2x = 118          so    x = 59

Subtract  2y = 54            so    y = 27



A is a 2x2 matrix. Matrix equations are very useful in geometry
as they represent transformations of the plane.

If A is a 3x3 matrix they represent transformations of space to 
itself and are used in computer graphics to perform animations.

If A is a 4x4 matrix they can represent transformations of space-
time and this forms the basis of the theory of special relativity.

Solution 2:   Matrix representation (19th Century Cayley)



General solution

In our problem



Matrix inversion is used for solving problems with billions of 
unknowns arising in a huge number of applications 

Eg. the internet, weather and climate forecasting, aircraft design,
astronomy, chemical engineering, civil engineering, medical
imaging, drug design, power system generation, politics,
insurance, water management, economics, quantum physics, oil
prospecting and the planning of factory production.

The first effective algorithm Gaussian Elimination was devised in 
the 19th century

Modern algorithms eg. the Conjugate Gradient Algorithm and the 
Multigrid method are hard at work solving many of the day to day 
problems faced by our society



4. The rise of the algorithms

The main way that maths impacts our lives is through the use of 
(computer) algorithms:

Google, internet, mobile phones, Amazon, dating websites, ..

First algorithms were developed to find good approximations to 
the solutions of polynomial equations (Babylonians)
eg. Cubic, or Quadratic, such as



If   x is an approximation to the solution 

Then a better approximation is

1.000000000000000

1.500000000000000

1.416666666666667

1.414215686274510

1.414213562374690

1.414213562373095   

Series of successive 
approximations:



Eg. Cubic

Newton 
Iteration

More generally 
want to solve

Newton’s method



Other important algorithms:

Runge-Kutta method to solve differential equations

Fast Fourier Transform (FFT) to evaluate a Fourier series

Kalman Filter to update a system as information is received

Google Page Rank  Based on linear algebra, 
to search a website

Implemented on computers designed around algorithms from 
mathematical logic [Babbage, Lovelace, Turing, Von Neumann]



So .. Are we currently living in a mathematical 
golden age?

I would strongly argue that the answer to this question is

YES

Firstly: we are seeing of lot of activity in mathematics
which is leading both to the solution of many long
standing problems (such as Fermat’s last theorem and
also the Poincare conjecture) and the posing of many
new and challenging questions



Secondly: the fusion of mathematics, computers, and data
allows mathematicians to tackle problems of huge complexity,
and to be truly experimental and creative in the way that they
investigate very hard problems.

Thirdly: the applications of mathematics are growing
exponentially. Areas of maths considered very pure until
recently, are now finding huge applications

I see very exciting times ahead for mathematics, provided (as I
said in my last lecture) that we can encourage (and teach)
enough young people to either become mathematicians or use
mathematics in their lives and work



Where is mathematics going next?

1900: David Hilbert described 23 problems. Solving these then 
dictated the course of much of 20th Century maths

Who of us would not be glad to lift the veil behind which the future lies hidden: 
to cast a glance at the next advances of our science and of the secrets of its 
development during future centuries?



2000: Clay Institute published a similar list of challenges 
for the 21st century .. The 7 Millennium Problems

1.  The Poincare Hypothesis   (solved by Perleman)

2. P vs. NP

3. Hodge conjecture

4. Riemann Hypothesis

5. Yang-Mill existence and mass gap

6. Navier-Stokes existence and smoothness

7.  Birch and Swinnerton-Dyer conjecture



Problem 4: The Riemann Hypothesis

Zeta function

Linked to the 
primes by Euler

Euler use this to show

Which implies



1859: Riemann studied the zeta function in depth and 
deduced many more properties about prime numbers  

Relied on the ‘Riemann Hypothesis’  that:

The non-trivial  values of z = x + iy  for which zeta(z) = 0,  all 
fall on the line x = 1/2



Still unproven!

Solving it would tell us a lot about prime numbers

‘Simpler question’    Find the value of 



P6. Navier-Stokes: existence and smoothness

To forecast weather and climate, and to design aircraft 
you need to solve the Navier-Stokes equations

Problem  Not only are these very hard to solve, even by a 
fast computer, we are not even sure if they always have a 
solution!



The problem is that the solutions might become infinite in 
a finite time making the equations invalid

This is closely linked to the problem of turbulence

Studied by da Vinci   1452-1519



A HUGE amount of mathematical effort is being devoted 
to studying the Navier-Stokes equations for both 
theoretical and practical purposes

Applications: Meteorology, astronomy, aerospace, power 
generation, food production, car design, insurance, drug 
design, cardiology, irrigation, sewage, water supply, 
architecture, transport, …

BUT  we seem no closer to a solution 



Problem 2:  P  vs NP

This is a problem about how hard it is to solve a problem

Hugely important in computer science

Size of a problem  N:  Number of digits needed to pose 
the problem

Order of a problem:  Number of operations needed to 
solve it.



Eg 1. Two numbers with N digits. 

It takes order             operations to multiply them

Call this a polynomial time or P problem   

Basically EASY  eg. Matrix factorisation

Eg 2. Number with N digits

It takes order                  operations to factorise it

Call this exponential time.

Basically HARD  … banking security relies on this. 



Eg. 3    Jigsaw with N pieces

Takes  N!  Operations (exponential time) to solve it.

But it can be checked very quickly in polynomial time

Call such problems   NP



If we can show P = NP we can solve almost anything, 
from cryptography to economics, and from planning an airline 
to solving Sudoku.  

Many years of searching have not yielded a solution to any 
NP problems so most mathematicians suspect that none of 
these problems can be solved quickly

This, however, has never been proven and remains a huge 
challenge

Is an NP problem soluble in polynomial time?



Who at the time of Thomas Gresham would have 
foreseen what the solution of the cubic equation 
would lead to. 

Similarly, who knows what the solution of any of the 
above problems will lead to

But of course the most interesting mathematical 
problems are those that we don’t yet know about!  

There are bound to be vast numbers of these!



Minkowski .. The last laugh?
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