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Abstract. Fatigue monitoring and remaining fatigue life estimation of structures using out-
put-only vibration measurements has recently garnered increasing attention, producing ad-
vances in theoretical, numerical and experimental studies of this phenomenon. The 
methodology presented in this paper combines methods for estimating stress time histories at 
the entire body of the structure with fatigue damage accumulation techniques for multiaxial 
stress state. A novel sequential Bayesian method is employed to estimate both input and state 
in the modal space and to reconstruct the full-field time-history response in the physical space 
using output-only vibration measurements. Stress and strain time histories at the finite ele-
ment level are obtained by using a linear relationship with nodal displacements. Estimated 
stresses are then used to find the critical plane where the maximum fatigue damage is ex-
pected and the shear stress time histories are resolved on this plane. Shear stress cycles are 
counted by means of the Rainflow Counting Method, and a Modified Wöhler Curve Method is 
applied to estimate the fatigue damage, whereby normal and shear stress effects are account-
ed for. This procedure is capable of tackling inherent complexities found in real world appli-
cations, such as the multiaxiality of the applied loads and of the resulting stress state. A finite 
element model of a wind turbine tower was constructed based on reference specifications 
available from the National Renewable Energy Laboratory and used to illustrate the method 
presented herein. The results obtained demonstrate the applicability of the methodology as an 
efficient way to monitor fatigue damage accumulation in the entire body of a steel structure.
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1 INTRODUCTION 

Fatigue damage accumulation in ductile materials does not always produce identifiable in-
dicators of damage. Thus, it is important to develop monitoring methods that would enable to 
diagnose the fatigue state of a metallic structure and to predict the location(s) where high fa-
tigue damage is most likely to accumulate, as well as the remaining fatigue lifetime of the 
structure, based on output only vibration measurements. 

The work by Papadimitriou et al. [1] was the first to promote the use of output-only vibra-
tion measurements to estimate fatigue damage accumulation. It introduced the idea of using a 
Kalman filter to estimate the stress responses of a metallic structure subjected to stationary 
stochastic loads, thereby estimating the remaining fatigue lifetime. Nevertheless, this ap-
proach and subsequent ones [2]–[4] developed to handle non-stationary unknown excitations, 
considered uniaxial fatigue damage. The present work expands on this idea and applies tech-
niques capable of handling multiaxial stress states. 

Thereupon model reduction techniques have been introduced and used in conjunction with 
SHM methods, e.g., modal decomposition-expansion was employed by Maes et al. [5] to re-
construct the dynamic strain response of an offshore wind turbine tower; Tchemodanova et al. 
demonstrated in [6] the use of a substructure approach to estimate remaining fatigue lifetime 
of a section of a rollercoaster; Eftekhar Azam et al. proposed the use of a Dual Kalman in 
modal space, allowing the use of a modally truncated model [7]. 

The purpose of this work is to propose a methodology to monitor fatigue damage accumu-
lation on a structural system or its components when subjected to input or interface loads that 
are unknown. The present work expands on ideas presented in [3], [8] for response recon-
struction and fatigue estimation in linear components of structural systems and applies tech-
niques capable of handling multiaxial stress fields. Moreover, it benefits from the latest 
advances accomplished in the area of joint input-state estimation [7], [9]–[12], adopting a 
novel sequential Bayesian approach to reconstruct the full-field dynamic responses using 
sparse output-only measurements. 

The organization of this work is as follows. In Section 2, we present pertinent mathemati-
cal formulations for the strain/stress response reconstruction of the entire structure by means 
of the novel sequential Bayesian filtering technique presented in Section 3. In Section 4, we 
outline the formulations for the full-field multiaxial fatigue damage accumulation. Section 5 
shows an illustrative example of the application of the proposed methodology on a FE model 
of a land-based wind turbine tower structure subjected to wind loads. Lastly, conclusions are 
put forth in Section 6. 

2 MATHEMATICAL FORMULATION FOR STRAIN/STRESS ESTIMATION 

2.1 System and observation models 

The dynamical response of a linear time-invariant system can be described through New-
ton’s second law of motion: 

where , are the mass, damping and stiffness matrices, re-
spectively;  is the number of degrees-of-freedom; , is the dynamic force vec-
tor comprised of  independent components;  is a matrix characterizing the 
spatial distribution of external forces; ,  and  are the 

1179



Victor Flores Terrazas, Omid Sedehi, Lambros S. Katafygiotis, Costas Papadimitriou 

acceleration, velocity, and displacement responses, respectively. When the vibration response 
is transformed into a truncated modal space, the following equation of motion is obtained [9]: 

 

where  is the truncated modal matrix whose columns are filled with  mass-
normalized mode shape vectors;  is the response in the reduced modal space; 

 and  are two diagonal matrices with  and  entries, respec-
tively;  and  are, correspondingly, the modal damping ratio and modal frequency of the 
ith dynamical mode. This equation can be written in the state-space form as follows: 

 

where  is the state vector;  and  are the system and feedthrough
matrices, computed as: 

 

When the responses are discretized in  intervals and the variation of input forces is con-
sidered to be constant over each interval, the following stochastic state-space model is ob-
tained in the discrete-time: 

 

where  and  are the discrete-time system and feedthrough ma-
trices;  is the state vector at ;  is the process noise modeled 
as a Gaussian White Noise (GWN) process. 

In a similar manner, the observed output quantities of interest can be written as a function 
of the state vector and the input forces leading to [7]: 

 

where  is a vector containing the observed quantities at discrete time , com-
prised by strains , displacements , velocities , and accel-
erations ; the matrices  and  are selection matrices consisting of 0’s 
and 1’s used to extract the observed DOF;  is a matrix returning local strains from nodal dis-
placements;  is observation noise considered to be GWN. 

3 BAYESIAN ESTIMATION OF INPUT AND STATE 

We build our method upon the foregoing state-space formulations and the sequential 
Bayesian method developed in [11], [13]. The reader is referred to [13] for detailed nomencla-
ture and mathematical formulations. This implementation allows estimating the system state 
and input in real-time based on a limited number of output-only measurements. Another ad-
vantage of this novel algorithm is its robust capability to update the process and observation 
noise covariance matrices in an online manner. On the other hand, a caveat to this method is 
that, similar to other Kalman-type filters, some initial parameters need to be fine-tuned to 
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achieve best results; for the sequential Bayesian filter, these parameters are the initial covari-
ance matrices. A good starting point to calibrate the filter is to set the initial state and input 
covariance matrices equal to identity matrices scaled by a very small number. A more accu-
rate, albeit laborious approach to selecting appropriate initial noise parameters, is to consider 
different orders of magnitude for the elements the initial estimates for the covariance matrices, 
in accordance to the modal response quantities (displacement, velocity, acceleration) to which 
the element corresponds [14]. 

4 FATIGUE ASSESSMENT 

4.1 Maximum Variance Method for locating the critical plane 

The so-called critical plane approaches are based on the assumption that fatigue life is 
mainly dependent on cracks developing along shear planes or tensile planes [15]. Thus, the 
maximum fatigue damage experienced in an element can be expected to occur at such orienta-
tion. To find such orientation, we adopt the use of the Maximum Variance Method (MVM) 
proposed by Susmel et al. [16]. This method assumes that the critical plane lies along the di-
rection which is anticipated to have the maximum shear stress variation; the rationale stems 
from the definition of the statistical variance, which measures how much the signal deviates 
from the mean. Since fatigue damage is caused by cyclic loading, the variance can be an ap-
propriate measure to identify the plane where the signal presents the largest variation range. 
Therefore, the damage is expected to be the greatest at the aforementioned plane. The ad-
vantage of this method lies in that, once the critical plane is found, the shear stress signals can 
be readily resolved along this orientation by a simple stress transformation.  

Lastly, it should be noted that by applying the MVM, the critical plane and its correspond-
ing shear stress are obtained. The latter is a unidimensional parameter, so a cycle counting 
method, such as the Rainflow Counting Method (RCM), can be used directly with the re-
solved shear stress signal.  

4.2 Modified Wöhler Curve Method for fatigue assessment 

In addition to the MVM described above, Susmel et al. [17] formulated the so-called Modi-
fied Wöhler Curve Method (MWCM) to be used as a companion method. The motivation be-
hind this method is that the MVM and subsequent cycle counting is based on shear stresses 
resolved along the critical plane; however, this stress signal alone may fail to account for the 
multiaxiality of the actual stress state. As such, a modification in the SN-Curve is introduced 
to account for the level of multiaxiality by considering the stress normal to the critical plane. 
Ultimately, a modified fatigue lifetime curve is obtained. 

For brevity, the detailed formulations of the MWCM are omitted in this paper. The reader 
is thus referred to [17], [18] for a comprehensive explanation of this method and an illustra-
tive example. 

4.3 Fatigue damage accumulation 

The last step in the fatigue assessment framework is to use the data generated throughout 
and to calculate the accumulated damage in the whole structure. The damage accumulation 
model used herein is the linear Palmgren-Miner’s rule, which states that the linear fatigue ac-
cumulation damage  is found by [19], [20]: 
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where j is the number of different amplitude levels found through RCM;  is the number of 
counted cycles at a given amplitude level, and  is the number of cycles to failure at ampli-
tude level i, found directly in the constructed MWC. 

Once the appropriate SN-Curve has been obtained from the MWCM, and the RCM has 
been applied to the time history of the shear stress relative to the critical plane, this infor-
mation can then be used to compute the accumulated fatigue damage for each element in the 
finite element model of the structure. The procedure is repeated for every finite element in the 
discretized model. The final product is a full-field damage accumulation map. 

5 NUMERICAL EXAMPLE 

A reference land-based wind turbine tower model was used in this study. Physical and ma-
terial specifications were obtained from the National Renewable Energy Laboratory (NREL) 
[21], from which a finite element model (FEM) was constructed. For simplicity, the dynamic 
response of the rotor nacelle assembly (RNA) was modelled by an equivalent system of forces 
at the RNA-tower interface, as shown schematically in Figure 1. The model was constructed 
using four-node shell elements, where at each node, 6 DOF are considered; the varying shell 
thickness was modeled using the NREL specifications. This type of element was selected due 
to the type of problem at hand: the structure is, geometrically, a hollow tube constructed by a 
comparatively thin sheet of steel. The tower model was discretized into 2444 elements, with 
2455 nodes, for a total 14,730 degrees of freedom. The elements can be assumed to be in 
plane strain, which allows performing a reduced order analysis. This assumption also impacts 
the cost of multiaxial fatigue computations, since the problem reduces to a biaxial problem. 
Nevertheless, the principles applied still hold for triaxial fatigue computations. 

Figure 1. Equivalent system of forces at the RNA-tower interface. 

1182



Victor Flores Terrazas, Omid Sedehi, Lambros S. Katafygiotis, Costas Papadimitriou 

The wind turbine simulation software FAST [22] was employed using the aforementioned 
tower model specifications. A simulation of 8 s was conducted, recreating operational wind 
conditions and loads on a tower model with the aforementioned specifications. The time his-
tory of the force transmitted through the RNA-tower interface was extracted. The obtained 
signal time history was subsequently used in the numerical analysis as the system input.  

Structural matrices were obtained from the FE model shown in Figure 2, and a modal anal-
ysis was performed to obtain the corresponding natural frequencies and mode shape vectors. 
The dominating dynamic forces at the RNA interface pertaining to the wind loads and rotation 
dynamics were recorded as 2 concentrated loads and 2 concentrated moments, and frequency 
analysis was carried out on the input channels. Based on the frequency content of the input, 
we realized that the first 3 modes predominantly contribute to the system dynamical responses. 
The natural frequencies are reported in Table 1. 

Figure 2: Finite element model of NREL's 5MW land-based wind turbine tower: a) base state, b) first mode, 
c) second mode, d) third mode.

Mode Frequency (Hz) 
1 0.8761 
2 4.1737 
3 10.395 

Table 1: Finite element model natural frequencies. 

The observation model was constructed from a limited number of output measurements; 
the discussion of stability of an Augmented Kalman Filter (AKF) presented by Lourens et al. 
[10] pointed out that ill-conditioning in the joint input-state estimator might increase depend-
ing on the sensor placement. Additionally, Maes et al. [23] suggested that the number of sen-
sors should at least be equal to the number of forces to be identified. Thus, 2 biaxial 
acceleration and 4 strain responses were treated as the observed quantities. One set of collo-
cated sensors, comprising 1 acceleration and 2 strain observations, was placed at a height of 
86.9 m. from the ground, i.e. in the near-vicinity of the load application point; a similar sec-
ond set of sensors was placed at a height of 63.5 m. from the ground. Figure 3 shows the loca-
tions of the response observations. Noise was introduced to the measurements as 1% of the 
root-mean-square deviation found in the observed channels, i.e. strains and accelerations. 
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A dynamic simulation of the first 8 s of operation was conducted. The structure is initially 
at rest, and the equivalent force system is applied at the beginning of the simulation. The mo-
dally-reduced state was estimated using the sequential Bayesian filter, and the full-field sys-
tem response was reconstructed from the state and input estimation. The stress state time 
history at the finite element level is computed from a linear relationship between displace-
ments and stresses under static loading cases. Consequently, accuracy in the estimation of 
nodal displacements is prescribed. Figures 4-5 show the acceleration and displacement, and 
stress responses, respectively, of an unmeasured near the base of the tower, i.e. a location far 
from the observations. The response estimates show agreement between the real and estimat-
ed responses. Notably, the estimated displacement responses were highly accurate. The stress 
and strain fields, however, do not display the same level of accuracy; thus, deviations from 
the real response in the displacement field are amplified in the corresponding stress field. 

Figure 3: Measurement locations: a) accelerations, b) strains. 

Figure 4: Real vs. estimated acceleration and displacement at unmeasured location near the tower base. 
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Figure 5: Real vs. estimated responses at unmeasured location near the tower base. 

The next step is to identify the critical plane for each finite element by applying the MVM. 
Figure 6 shows the real and estimated shear stresses resolved along the critical plane. Consid-
ering that the shear stress transformation is a function of the stress state, it is evident that the 
error in the critical plane shear stress depends greatly on the accuracy of the stress tensor es-
timate. The normal stresses  and  are markedly influenced by the drift in the response 
estimations. The critical plane shear stress time histories are used to compute the stress ampli-
tude range and the number of cycles at each amplitude range by means of the RCM. 

Figure 6: Shear stress resolved along the critical plane. 

Lastly, a Modified Wöhler Curve and the linear Palmgren-Miner’s rule are applied to com-
pute the accumulated fatigue damage at each finite element. A full-field damage accumulation 
map and the resulting error are shown in Figures 7-8. The error in the fatigue damage estima-
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tion is caused by the deviations in the critical plane shear stress: the error is carried over to the 
cycle counting, and thence to the damage accumulation computation. 

Figure 7: Full-field fatigue damage accumulation. 

Figure 8: Damage estimation error. 

6 CONCLUSION 

A framework for computing full-field fatigue damage accumulation from a limited number 
of output-only measurements was presented. The proposed methodology promises real-world 
applicability on a variety of structures under unknown excitations, provided the proper cali-
bration of the estimation algorithm is exercised, and an optimal observation location configu-
ration is implemented. Its capability to efficiently produce a full-field fatigue map from 
limited measurements makes it a powerful tool for monitoring fatigue accumulation in wind 
turbine tower structures.  
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