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Abstract. This paper investigates the dynamic characteristics and vibration transmission be-
haviour of harmonically forced oscillators coupled via an inerter-based joint. The inerter is a
recently proposed passive mechanical element that can be used for vibration suppression pur-
pose. The coupled oscillators represent simplified models for the dominant modes of engineer-
ing structures such as beams and plates, while the inerter-based joint serves as the vibration
transmission path between the two subsystems. The effects of the inerter on the level of vibration
transmission are examined for enhanced design of suppression devices. The steady-state dy-
namic responses of the oscillators and vibration power flow between them are derived analyt-
ically. Vibration transmission between the two subsystems is evaluated by both the force
transmissibility and time-averaged vibration power flow transmission. It is shown that the use
of the inerter in the joint can reduce force and vibration power flow transmission over a large
band of excitation frequencies. It is found that the addition of the inerter can also introduce
anti-resonances in the frequency-response curves and in the curves of the force transmissibility,
where the vibration transmission can be suppressed at specific excitation frequencies. It is
shown that force transmissibility reduces at low frequencies and tends to an asymptotic value
as the excitation frequency decreases. These findings provide a better understanding of the
effects of inerters in the joint on vibration transmission and benefit future designs of mechanical
joints of coupled structures for vibration mitigation purpose.
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1 INTRODUCTION

There has been a growing demand for high performance vibration control devices that
change the vibration transmission behaviour of dynamical systems to meet specific require-
ments [1]. Some work considers the use of metamaterials for vibration suppression purpose [2-
6]. Recently, a passive mechanical element, the inerter, which can be used to provide inertial
coupling such as to modify the dynamic behaviour was proposed [7]. The forces applied to the
two terminals of the inerter are proportional to the relative accelerations of the two ends, 1.e.,
F, = b(Vl — Vz), where Fj, is the coupling inertial force, b is an intrinsic parameter of the in-

erter named inertance, V; and V, are the accelerations of the two terminals. Since the introduc-
tion of the inerter concept, it has been applied to aircraft landing gear shimmy suppression [8],
vehicle suspension systems [9] and building vibration control system [10]. Some studies have
also been reported on the performance of inerter-based single degree-of-freedom (DOF) vibra-
tion isolators [11], dual-stage isolator [12] and nonlinear inerter-based isolator [13].

In many mechanical systems and engineering structures, subsystems are connected via me-
chanical or structural joints, the design of which is important to reduce vibration transmission
between different parts of the integrated system. For the evaluation of vibration transmission
level, the force transmissibility and time-averaged vibration power flow quantities may be used.
Vibration power flow analysis (PFA) method is a widely accepted tool to characterize the dy-
namic behaviour of coupled systems and complex structures [14]. Various PFA approaches
have been developed to investigate linear vibration control systems. The power flow character-
istics of single-DOF inerter-based isolators [11] and two-DOF inerter-based isolators [ 12] were
also investigated. In recent years, this dynamic analysis approach has been developed to inves-
tigate vibration power flow in nonlinear vibration isolation systems [15], in oscillators coupled
with a nonlinear interface[16], in coupled nonlinear oscillators [17], nonlinear systems with
bilinear stiffness and bilinear damping [18] and in impact oscillator systems [19]. It is accord-
ingly beneficial to examine the effects of inerters from a vibration power flow viewpoint for
enhanced designs of inerter-based vibration suppression systems.

This paper investigates the influence of introducing the inerter to a mechanical joint on vi-
bration transmission between coupled oscillators. The steady-state response amplitude, force
transmissibility and vibration power flow quantities are obtained. The remaining content of the
paper is organized as follows. In Section 2, the coupled oscillator system will be briefly intro-
duced and modelled. Then the force transmissibility of the system will be derived in Section 3.
The vibration power flow variables and maximum kinetic energies of the system will be for-
mulated in Section 4. Conclusions are drawn in at the end of the paper.

2 THE COUPLING OSCILLATORS MODEL

In this section, the effects of including an inerter in the joint of coupled oscillators on the
dynamics and vibration transmission behaviour are investigated. Figure 1 provides a schematic
presentation of the model comprising two subsystems coupled with a mechanical joint charac-
terized by an inerter with inertance b and a spring with stiffness coefficient k,. Subsystem one
is a single-DOF system consisting of a mass m, subject to an external harmonic excitation of
amplitude f, with frequency w, a viscous damper of damping coefficient c¢;, and a linear spring
with stiffness coefficient k;. Subsystem two is another single-DOF system having mass m,, a
viscous damper with damping coefficient c¢,, and a linear spring with stiffness coefficient k. It
is assumed that the masses both move horizontally without frictions and their static equilibrium
positions, where x; = x, = 0 and the springs are unstretched, are taking as the reference. The
dynamic governing equations of the system could be written as
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my Xy + Xy + koxy + fy +ko(x —x3) = foeiwt: (1a)
myXy + CpXp + koxy — f — ko(x — x2) =0, (1b)

Subsystem one Inerter-based joint Subsystem two

Figure 1: A schematic representation of the coupled oscillator coupled with an inerter-based joint.

where f, = b(X; — x3), m;,¢; and k; (i = 1,2) are the masses, damping coefficients and
spring stiffness coefficients respectively. x;, X, and X, (i = 1, 2) represent the displacements,
velocities and accelerations respectively. To facilitate later derivations of the response and vi-
bration transmission, the following parameters are introduced

k k _m m X X k k
f—l w; = /mz k=T K= =Ty =6 =10
2 1 0 0 1 1

PR R S R,
52 = ZmZa)z om0 Kyl _w1T ®1

$1= 2mla)1

where w, and w, are the undamped natural frequencies of thee subsystems one and two, u is
the mass ratio, [, is the characteristic length, X; and X, are the nondimensional displacements
of m; and m,, y is stiffness ratio of the springs, &; and &, are damping ratios, A is nondimen-
sional inertance ratio, F,, is nondimensional force amplitude, 2 is the dimensionless excitation
frequency and t is the dimensionless time. Thus, Eq. (1a) and (1b) can be rearranged into the
following nondimensional form

X! 428X+ X, + Fp + 8(X; — X,) = Fpe?, (2a)
X3+ 26X5 4+ Xy = 2 Fp =S (X = X3) = 0, (2b)

where F, = A(X{' — X3). By introducing X; = X,e'¥*, X, = Y,e¥*, Eq. (2) can be trans-
formed as

—0%Xy + 25, X0iQ + X + A(02%Yy — 22X,) + 65Xy — Vo) = Fy, (3a)
—02yYy + 2&,yY5iQ + yYy, — A(0%Y, — 0%X,y) — §(X, — Y,) = 0. (3b)

The response amplitudes may be written in the non-dimensional form
=, (42)

1+2&,i0- !22——!22+y
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Figure 2 shows the influence of adding the inerter to the mechanical joint on the the response
amplitudes of the oscillator masses. Four different values of inertance ratio with 4 = 0, 0.5, 1
and 2 are selected and the corresponding results are shown by solid, dashed, dash-dot and dot-
ted lines. The other parameters are set as & = &, = 0.02,y = 1,8 = 1, F, = 1. In the figure,
X =|Xy| and Y = |Y;|, denoting the response amplitudes of masses m; and m,, respectively.
When the inerter is not included in the joint, two resonant peaks are observed in each curve of
X and Y, one of which moves to the lower frequency range with the increase of inertance ratio
A. However, the other peak remains at the same frequency when the inertance ratio A changes.
The anti-peak in Figure 2(a) also moves to low frequency range with the increase of inertance
ratio A. When A = 1, two peaks in Figure 2(a) become close with an anti-peak at 2 = 1, which
indicates the benefit of using inerter for vibration suppression at high frequencies. In Figure
2(b), the addition of inerter introduces an anti-peak in each curve, which can be used to reduce
vibration level of mass m, at a prescribed excitation frequency.
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Figure 2: Response amplitude of (a) mass m, and (b) mass m, (§; =&, =0.02,y =6 =F, = 1).

3 FORCE TRANSMISSIBILITY

The force transmissibility has been widely used to evaluate the level of vibration transmis-
sion between different subsystems of an integrated structure. It is used here to access the per-
formance of inerter-based mechanical joint in reducing the force transmission. For the current
system, the force transmitted to the second mass can be expressed as

Fe=F,+6X; —X3) = AX{ — X))+ 06Xy —X2) = Ftoeim- (5)
As the fore transmissibility is defined as the ratio between the amplitude of the transmitted force
and that of the external force, we have

Fro
Fo

TR =

(Xo = Yo)|- (6)

Figure 3 shows the force transmissibility characteristics of the system with parameters set as
& =& =0.02,y =6 = F, = 1. The figure shows that the use of inerter introduces an anti-
peak in each curve, which moves to lower frequency range with the increase of the inertance
ratio A. Figure 3 shows that with the use of inerter in the joint, the force transmissibility TR

_ |6—,mz
= |
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remains smaller than 1 in a large range of excitation frequencies. This characteristic can be used
to reduce the transmitted force at low excitation frequencies.
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Figure 3: Force transmissibility between oscillators coupled with an inerter-based joint (§; = &, = 0.02,y =

4 VIBRATION POWER FLOW ANALYSIS

In this section, the vibration transmission behaviour of the inerter-based coupled oscillator
system is examined from the perspective of vibration power and energy. The non-dimensional
instantaneous input power of the system is the product of the excitation force and the corre-
sponding velocity of the mass

Py, = Fpe'¥X], (7
where X is the non-dimensional velocity of the mass m;, which can be expressed as
X =i0X,e'. (8)

Thus, the non-dimensional steady-state time-averaged input power over an excitation cycle is
= 1 T 1 fy s
Pin =2 [ Py dT = > Re{Fy " X,i0}, 9)

where Re indicates the real part of a complex value and * denotes the complex conjugate. Based
on Eq. (4b), the input power for the system can be expressed as

iQ
142&,i0-02 102 . (10)
T—5A02%-6)
1+2$2iﬂ—92—7ﬂz+7

= 1
P = 5 |F¢|Re
142&,i0-02

The corresponding time-averaged transmitted power P, to mass m, is
P, =1 fT’O"” P, dt = ~Re{F,y"Yif2}, (11)

The power transmission ratio R, to mass m, may be defined as the ratio between the time-av-
eraged transmitted power P; and the time-averaged input power P;,

R, = <t (12)

As the velocity amplitude of mass m, in the steady-state motion is X2, the non-dimensional
maximum kinetic energy of mass m; in the steady-state motion is
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1
Kmax = X202, (13)

Based on those formulas, Figure 4 investigates the effects of introducing an inerter-based
coupled oscillator on the power flow behaviour. The system parameter values are set as §; =
&, =0.02,y = 6 = Fy = 1, the same as those used in Figure 2. Two peaks can be observed in
each curve of P;,, and P;, Figure 4(a) shows that the use of inerter moves the second peak of
P;, to the low-frequency range with the increase of inertance ratio A, but corresponding peak
value changes little. The first peak frequency and value of P;,, remain almost the same despite
of the variations of the inertance ratio A. The effect of inerter on the time-averaged input power
Py, is relatively small at low and high excitation frequencies. Figure 4(b) shows that the addi-
tion of inerter introduces an anti-peak in the curve of time-averaged transmitted power P,. The
first peak in P, is little affected by the changes of A. The second peak of P, moves to low fre-
quency range with the increase of inertance ratio 4, but the corresponding peak value remains
almost the same. Figure 4(c) plots the variations of the maximum kinetic energy of mass m. It
shows that for the mechanical joint with inerter, the anti-peak as well as the second peak in the
curve without inerter move to the low-frequency range. When 4 = 1, two peaks and one anti-
peak merge together as one peak with a higher peak value. This indicates the system in this case
is beneficial at high frequencies. The effect of the inerter is little when the frequency is low.
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Figure 4: Power flow behaviour of oscillators coupled with an inerter. (a) Time-averaged input power (b) time-
averaged transmitted power (c) maximum kinetic energy and (d) power transmission ratio
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Figure 4(d) illustrates the influence of inerter in the joint on vibration transmission in terms of
the power transmission ratio R;. An anti-peak is introduced in the curve of R;, and the peak of
the curve moves to the low-frequency range with the increase of inertance ratio A. When 1 = 1,
there is a local minimum point. This characteristic shows the benefits of adding the inerter to
the joint at specific excitation frequencies. When (2 is small, the effect of inerter is little, and
there is an increase of power transmission ratio R; with the increase of inertance ratio A in high
frequency range.

5 CONCLUSIONS

The dynamics and performance of an inerter-based mechanical joint between coupled oscil-
lators were investigated in this paper. The force transmissibility and vibration power flow char-
acteristics of the system were examined to evaluate the effects of the inclusion of inerter on the
suppression of vibration transmission. It was shown that a larger inertance value leads to a shift
of response peaks of the two masses to the low-frequency range. Adding the inerter to the joint
results in increases in the force transmission at high excitation frequencies but less time-aver-
aged input power and lower maximum kinetic energy of one of the subsystems. It was found
that the inclusion of inerters can provide benefits to vibration mitigation by creating a large
frequency band where the force transmissibility and power transmission ratio are relatively low.
By properly setting the inertance value, anti-peaks may be created in curves of force transmis-
sibility and power transmission ratio so that their values can be substantially reduced. Based on
this property, vibration transmission between the two coupled oscillators can be greatly sup-
pressed at pre-determined excitation frequencies. Asymptotic behaviour of force transmission
and power transmission was found when the excitation frequency extends to high frequencies.
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