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Abstract. With the increases in train speed in recent decades, it is important to define the 
track-ground critical velocity to prevent high track dynamic amplification. This is affected by 
wave propagation in the soil layers and track supporting the moving load. Therefore, this pa-
per investigates the important variables that influence the critical velocity and dynamic am-
plification based on three case studies of track-ground dynamic problems, which are: the 
presence of low stiffness soil layer, track shakedown and soil improvement. Three modelling 
strategies (analytical, hybrid analytical-numerical and 2.5D numerical) are used to analyse 
the different track-soil problems. The findings provide a better understanding of critical ve-
locity and dynamic amplification. These are useful when considering a new track-ground de-
sign or improving the existing railway lines.
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1 INTRODUCTION
In recent decades, global railway transportations put a great effort into providing the ser-

vice with higher train capacity and faster journey time; thus, the increase of operational train 
speed is required. This can bring the problems to engineering practice when the increased 
train speed approaches to the critical velocity of the track-ground system. By definition, the 
critical velocity is the minimum threshold speed of the moving and non-oscillating load that 
wave commences propagation within the supporting track-ground ( [1], [2], [3],[4], [5]).

At critical velocity, high levels of dynamic track-ground amplification occur and lead to 
the accelerated track degradation, including the elevated ground-borne vibration in the free-
field ([6], [7]). These phenomena are undesirable on the railway line because they directly 
concern the safety risk and require the various expensive and advanced solutions to remediate 
[8]. To prevent such negative impacts, it is essential to define the influential variables related 
to track-ground dynamics issues, in particular, critical velocity and dynamic amplification. 
This is because the behaviour and response of track-ground dynamics can become more sig-
nificant when experiencing high-speed moving load [9].

Existing railway standards for high-speed track attempt to consider the track behaviour and 
using a basic function of static response and speed to calculate dynamic response [10]. How-
ever, this concept is insufficient to achieve an accurate assessment of the complexity of wave 
propagation within track and soil because of the variety of track types and ground conditions.

Several models have been developed and proposed in the literature, aimed to investigate 
the dynamic track behaviour due to the moving load. Basically, [11] used analytical methods 
to model the problem by considering the moving load over an elastodynamic medium. With 
this approach, the dispersion characteristics of track and ground can be analysed, and the crit-
ical velocity can also be derived from the dispersion curves ([12],[13]). Better than the pure 
analytical simulation, the problem has been modelled semi-analytically ([14],[15]) where the 
analytical methods are applied for only track structure whereas the 3D soil is simulated using 
the Green’s functions in terms of wavenumber-frequency domain [16]. These simulations are 
useful to achieve a better understanding of the relationship between moving speed and dy-
namic displacement amplification while the computation requirements are relatively low. 
However, when the track structures are more complex, they are still unable to overcome those 
limitations and complexities.

Alternatively, the 2.5D model has been developed which assumed the track as an invariant 
structure in the direction of train passage. With this simulation, the number of degrees of free-
dom are reduced by discretising the track into 2D slices and then capture the response in 3D
using a transform ([6],[17],[18], [19],[20]). This is beneficial because it is capable of analys-
ing a relatively complex track and soil conditions, with much lower run times compared to 3D 
model [21]. For the non-repetitive geometry (for example, transition zones or singular de-
fects), 3D modelling has become an attractive alternative, presenting with a series of brick 
elements for individual track-ground components. Thus, ensuring the more accurate results in 
stress and strain field ([22], [23],[24],[25]).

In this paper, the effect of track-soil problems (a presence of low-stiffness soil layer, track 
shakedown and soil improvement) on dynamic track-soil behaviour, particularly, dynamic 
amplification and critical velocity will be investigated and analysed. Due to the complexity of 
such problems, track and soil geometry can be considered repetitive. Therefore, an analytical, 
semi-analytical and 2.5D numerical model are sufficient to perform the analysis above. The 
remaining sections of this paper are arranged in order as follow. In section 2, three modelling 
approaches are described. The modelling analysis of three track-soil problems will be present-
ed in section 3. 

2719



P. Chumyen, D.P. Connolly, K. Dong, P.A. Costa, P.J. Soares and P.K. Woodward

2 MODELLING STRATEGIES
In this paper, three different approaches have been developed individually to analyse each 

problem. The detail of each modelling strategy is described as follows.
Strategy 1 (Analytical): As outlined in [13], analytical expressions are used to compute the 

dispersion relationship between track and ground. Once the dispersion curves have been plot-
ted, the critical velocity can be identified. For example, the track and soil dispersion curve in 
terms of wavenumber and phase velocity, as shown in Figure 1, derived from the concrete 
slab track model with two-layered soil support. Both sub-figures point out that the critical ve-
locity occurs at the intersection point between track and soil dispersion line. For phase veloci-
ty, it is straightforward to read to critical velocity, whereas the calculation is required for 
wavenumber representation, using the frequency divided by wavenumber.

Figure 1: Dispersion relation (a) Wavenumber (b) Phase Velocity

Strategy 2 (Semi-analytical): The track and soil are modelled separately using different 
methods. An analytical approach is applied to model the track while the ground is modelled 
using the thin-layer element method (TLM). The thin-layer element and Green’s function of 
soil are used to compute the equivalent soil stiffness in the wavenumber-frequency domain, 
and such stiffness is then used within a track model to compute the coupled track-ground re-
sponse, as shown in Figure 2 [26].

Figure 2: Track-ground interface of a semi-analytical model

Strategy 3 (2.5D numerical): The 2D geometry of track and soil structure are defined using 
eight-node quadratic finite elements and solving in the frequency domain Absorbing bounda-
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ries are created to alleviate the reflection at boundaries, as presented in Figure 3, and the 
transform is then used to capture the 3D response ([18],[27]).

Figure 3: Simplified model of 2.5D modelling method

3 MODELLING ANALYSIS

3.1 Modelling parameters
To generate less complicated models and simulations, only slab track is used throughout 

this paper, with the properties as shown in Table 1. For the soil properties, Young’s modulus 
is varied in each section depending upon the purpose of informing discussion, and the Pois-
son’s ratio and density are constant at 0.35 and 2000 kg/m3 respectively. Regarding the anal-
ysis layout, the soil problem with low stiffness magnitude are presented first, followed by the 
track shakedown, and remediation solutions for soil are given in the last section.

Component Properties Value

Rail Bending stiffness (Nm2) 1.29x107

Mass (kg/m) 120
Railpad Stiffness (N/m) 5x108

Damping (Ns/m) 2.5x105

Slab Height of slab (m) 0.35
Young's modulus (MPa) 30,000
Half-track width (m) 1.25
Density (kg/m3) 2500
Table 1: Track material properties

3.2 Low stiffness soil layers
In general, the stiffness of soil stratum increases with depth because of the historical earth 

pressure. An example of dispersion curves for the typical soil layers, which the upper layer 
contains low stiffness soil (30, 75 and 100 MPa) overlying high stiffness soil (150 MPa) are 
illustrated in Figure 4(a). It is seen that the soil phase velocity is relatively low when the small 
magnitude of soil stiffness occurs. In contrast, with the natural processes [28] or localised soil 
improvement [26], the low-stiffness layers can arise below the top surface zones, possibly 
causing an increase in soil phase velocity. To illustrate the effect of this scenario on track and 
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earthwork design, the example of an upper layered soil with 100 MPA stiffness and 6m depth 
overlying an infinite thickness of soil layer with 50 MPA stiffness is generated. The result of 
the relationship between train speed and maximum rail displacement is shown in Figure 4(b).
It is seen that two peaks occur at similar speeds to the shear wave velocities of two different 
soil layers. The first peak can be defined as critical velocity which the elastodynamic wave 
energy commences propagating in low-stiffness layers and the train moving speed is located 
at the second peak with the highest dynamic amplification. Apart from the theoretical impact, 
it also affects the engineering practice because the expensive and advanced solutions are re-
quired for soil improvement.

Figure 4 : A presence of low stiffness soil layer: (a) dispersion curves when low-stiffness overlying high-
stiffness, (b) Maximum rail displacement curve when low-stiffness underlying high-stiffness

3.3 Track shakedown
With the repeated passages of moving train, track deformations can be both elastic and 

plastic. Its response can be classified into three main stages: elastic, elastic shakedown, cyclic 
plasticity and ratcheting depending on moving train loading as presented in Figure 5
([29],[30],[31] ).

Figure 5: Elastic- Perfectly Plastic behaviour during cyclic loading

For the early stage of elastic, this happens when the train loading is low and does not ex-
ceed the elastic yield limit. The permanent track settlement does not appear because the track 
behaviour is fully elastic with no accumulated strain.

The more adverse stage is elastic shakedown. When train loading is high and exceeds the 
elastic yield limit for initial train passages, the track will settle with the short period and then 
return to elastic. The additional train passages at the same loading have no significant impact 
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on the permanent settlement unless the train loading increase. The reason is that the total 
stress field (resulting from the combination between the accumulated remaining stress during 
the initial load cycles, incremental stress from train loading and at-rest stress field) does not 
affect the yield limit.

The last stage is cyclic plasticity and ratcheting, which is the most critical scenario because 
the permanent strains occur during each train passage due to the very high train loading ex-
ceeding the elastic limit. Such strains, then, induce the instability of track permanent defor-
mation, leading to the increased permanent settlement and ultimate failure.

Regarding the stage of track deformations above, it points out that the elastic shakedown 
stage plays an important role in track failure because the failure will occur when train loading 
equal or exceed the elastic shakedown limit. The influential factor for defining this limit are 
the material properties of track & subgrade, loading aspects (for example, speed and geometry)
and level of track dynamic during train passages. To investigate the relationship between the 
elastic shakedown limit and train speed, an example of the homogenous ground with Young’s 
modulus of 71 MPA and varying friction angle, ϕ = 20˚-35 ˚ are created [32]. The results are 
plotted, as presented in Figure 6. It is seen that the elastic shakedown limit tends to decrease 
when the train speed increase for all varying friction angles and the minimum value of shake-
down limit can be found at critical speed of 116 m/s. Therefore, the track failure can occur at 
equal to higher than this speed. However, the analysis above is based on a single moving load, 
and if considering full train geometries, the shakedown limit will likely be reduced.

Figure 6: The relationship between train speed and elastic shakedown limit

3.4 Soil improvement
As mentioned in section 3.2, sandwiched low stiffness layers can cause the multiple dy-

namic amplification factor (DAF) peak generation and significant stiffness contrast. This is 
challenging to find out the reasonable solutions that can increase the soil stiffness while the 
cost is needed to be optimised. Therefore, in this section, two main solutions will be consid-
ered and discussed.

Soil replacement
This is the fundamental practice to improve the soil stiffness by replacing the 

existing softer soil with the stiffer soil throughout the localised layer. The challenging 
tasks are to determine the optimisation between the magnitude of stiffness improve-
ment and replacement depth, with respect to construction cost. 

To illustrate this, the example of an original homogenous half-space soil with 
the stiffness of 45 MPa is created. Then, the soil is locally stiffened by varying five
discrete depths (1 to 5 m) and three stiffer magnitudes (100, 200 and 300 MPa). After 
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simulating the model, the results of all variation cases are plotted, as shown in Figure 7.
It is seen that the improvement depth and stiffness magnitude have a non-linear rela-
tionship with track deflection. When considering the improvement depth of 1 m, only 
300 MPa of stiffness results in lower rail displacement compared with the benchmark 
case with no improvement (see the dashed line in Figure 7). The reasons are that the 
train speed is higher than the critical velocity of the original soil, including the in-
creased stiffness shifts the DAF peak closer to train speed [26].

Apart from at 1 m depth above, it is seen that the lower deflections occur when 
the stiffness magnitude increase. Interestingly, the complex relationships between im-
provement depth and magnitude stiffness are found at a different level of deflections. 
For example, 1 m of 300 MPa improvement presents a similar displacement as 2m of 
100 MPa, as well as 2 m of 300 MPa and 5 m of 100 MPa. Therefore, to maximise per-
formance and minimise cost, different combinations of both variables are essential to 
be considered.

Figure 7: Soil replacement optimisation considering improvement depth and stiffness magnitude

Discrete soil stiffening
In contrast with soil replacement, soil can be stiffened discretely by either plac-

ing stone columns or performing jet grouting. To investigate the performance of both 
methods, two-layered soil models are created with the thickness of 4 m and 102 MPa of 
stiffness for the upper layer while the infinite depth of lower layer is modelled with 468 
MPa. Then, nine stone columns with diameter of 0.8 m and a stiffness of 160 MPa 
were placed at the top layers with 1.6 m of spacing while the jet grouting was per-
formed at five locations at 3.48 m of spacing in top layer with 0.7 m of diameter and 
stiffness of 1 GPa for another model as shown in Figure 8.
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Figure 8 : Discrete soil stiffening model (a) stone column, (b) jet grouting

The results of dynamic amplification for both methods, including the non-
improvement case (considered as benchmark case) are plotted, as shown in Figure 9.
Such curves from two methods have been normalised as regard to the static displace-
ment of the benchmark. When considering dynamic amplification aspect, using stone 
column and jet grouting provides a benefit of 12% and 39% respectively compared to
the benchmark. Besides, both methods also offer an advantage on critical velocity, 7% 
when using stone column and 22% for jet grouting. However, these benefit can be af-
fected if the quantity, dimension and stiffness of stone column and jet grouting are 
changed. Therefore, these three variables above are required to consider when optimis-
ing cost and performance of these two methods.

Figure 9: Normalised rail displacement curve when using a stone column and jet grouting

4 CONCLUSION
This paper aims to analyse the dynamic behaviour due to various track and soil problems

which involve low-stiffness soil layers, track shakedown and soil improvement. Three types 
of modelling strategies which consist of analytical, semi-analytical and 2.5D numerical model
are developed individually to simulate an example for each problem.

The analysis shows that the presence of sandwiched low stiffness layers can result in a 
higher level of complexity of soil wave dispersion, with respect to critical velocity. For track 
shakedown issue, it is found that the elastic shakedown limit is considered as an important 
factor for the likelihood of track failure due to train loading. Besides, the shakedown limit is 
highly sensitive when train speed increase. Soil improvement is also examined with two re-
mediation solutions which are soil replacement and discrete soil stiffening. For soil replace-
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ment, an improvement depth and stiffness magnitude of replacing soil are essential variables 
for optimisation of the cost and performance. The relationship between these two variables 
and track deflection are both non-linear. Lastly, the stone column and jet grouting are consid-
ered as discrete soil stiffening method. Two solutions can increase the critical velocity and 
reduce the dynamic amplification, while jet grouting has a more significant impact on such 
parameters compared to the stone column. 
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