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Abstract. In recent years, metamaterials are increasingly used in the field of vibration miti-
gation due to the unique potential these offer. Periodic placement of appropriately designed
resonators, the so-called unit cells, has been shown to arrest the propagation of vibration
within a specific frequency range, thus resulting in formation of a bandgap. In rendering
metastructures efficient, the breadth of the bandgap should be maximized, while for applica-
tion in structures, it is also necessary to shift the lower limit of the gap to lower frequencies.
One potential solution to this direction is the use of nonlinearity at the unit cell scale. In this
direction, the current study investigates finite lattice configurations, which consist of impact
damper unit cells. The effectiveness of impact dampers in vibration attenuation has been suc-
cessfully illustrated in limited degree of freedom systems, and is here extended for use in the
metastructure sense, i.e., for multiple degree of freedom systems. For this purpose, a one di-
mensional lattice of a finite number of unit cells is considered. In order to study and better
asses the behaviour of the configuration, variable parameters are taken into account, includ-
ing the number of unit cells, stiffness and mass ratio, while a comparison to a conventional
linear oscillator is further offered. For the evaluation of the system performance, several cri-
teria are utilized, including the oscillation amplitude as well as the energy absorption from
the primary system as a result of the individual impacts. The obtained results clearly indicate
the ability of impact-based meta-structures to successfully contribute to vibration mitigation
under appropriate design.
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1 INTRODUCTION

In recent years, attention has turned to resilience of large-scale civil structures under dy-
namic loading, and in particular under seismic excitation. In addressing this challenge, the
research community has focused on the development of vibration mitigation systems, which
are able to ensure structural safety, by minimizing the effects of the excitation onto the struc-
ture.

Mitigation of engineering vibration has been widely dealt using linear, passive or active
methods. As for the first, several concepts have been developed, among which some take ad-
vantage of the favorable effects that increased damping can offer [1, 2, 4], while others influ-
ence the nature of the system’s dynamic response by introducing secondary devices, which
are attached to the main system. Some of the common practices of such methods include oil
dampers [5], friction dissipaters [3], tuned mass dampers [8]-[11], as well as tuned liquid
dampers [12]. A major disadvantage of such devices, however, lies in the narrow range of
frequencies within which their contribution is beneficial. Indeed, there exist frequency regions
where the existence of passive devices can even affect the dynamic response in a negative
way, as for example in the case of tuned mass dampers. On the other hand, the active control
schemes overcome the former difficulties by offering the ability to adapt to diverse loading
situations [6, 7, 13, 14]. Nonetheless, considerable disadvantages to such an active approach
pertain to the significantly higher costs and the continuous need for maintenance.

A novel idea, which has recently been exploited for civil engineering applications, is based
on the concept of metamaterials [17]-[26]. These are configurations, characterized by extraor-
dinary filtering properties, attained as a result of diversified mechanisms, such as their micro-
scopic geometry, periodic arrangement, etc [27]. Appropriately designed resonators, the so-
called unit cells, have been shown to arrest the propagation of vibration within a specific fre-
quency range [15]-[16], this resulting in formation of a “bandgap”. In rendering metastruc-
tures efficient, the breadth of the bandgap should be maximized, while for application in
structures, it is also necessary to shift the lower limit of the gap to lower frequencies. One po-
tential solution to this direction is the use of nonlinearity at the unit cell scale. In this direction,
following the work of Dertimanis et al. [28], the current study investigates finite lattice con-
figurations, which consist of impact damper unit cells. The effectiveness of impact dampers in
vibration attenuation has been successfully illustrated in limited degree of freedom systems
[29], and is here extended for use in the metastructure sense, i.e., for multiple degree of free-
dom systems. The general term used for nonlinear attachments to the primary system is non-
linear energy sinks (NES). Extended research has been carried out regarding several types of
NES, including impact dampers [29, 34, 35]. The dynamics of impact phenomena has been
investigated in multiple studies [36]-[38]. Significant contribution in the subject of impact
dampers has been made in the work of Masri and colleagues on impact dampers, regarding
their general motion [30], their stability analysis [31], as well as their dynamic response to
random excitation [32]. There is also high relevance between impact dampers and particle
dampers, the latter being investigated in the work of Lu et al. [33].

2 META-DAMPER

2.1  Unit cell

The idea of the meta-impactor is inspired by the beneficial effect that a single impact
damper can have on a structure, under dynamic loading [29]. The unit cell consists of a rigid
container of mass m, containing a laterally unconstrained mass u, free to impact on the respec-
tive bounds (Figure 1).
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The nonlinearity in the response results from the contact between the container and the in-
ner mass at the time instances where the relative displacement of the two equals to the free
clearance D/2. This leads to the outcome of impact realizations, which introduce a highly non-
linear behaviour. Furthermore, since the interaction between the two masses results in sudden
changes in their velocity, the phenomenon of impact can be classified as non-smooth.
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Figure 1: Impact damper unit cell.

2.2 Nonlinear lattice

The goals lies in shielding a target structure via coupling with the metamaterial configura-
tion. The initial oscillator was a single degree of freedom system of mass M, stiffness K and
damping C. The concept of the current work is based on the consecutive arrangement of im-
pact damper unit cells. The resonators are connected elastically to each other with stiffness Kk,
as well as to the protected mass on one end, and to a fixed support on the other, while damp-
ing C is also applied (Figure 2). In order to better assess the response of the system, excluding
misleading effects from complicated input time histories, a harmonic excitation force
F(t)=Asin(2xft) was selected.
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Figure 2: Nonlinear lattice.

2.3 Governing equations

The system is considered to comprise a linear behavior outside the impact events, so it can
be described as a conventional, linear multiple degree of freedom system during those in-
stances. It should be mentioned that there is no assumption regarding the number of impacts
per cycle at the steady state.
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The equations of motion for the first unit cell can be formulated as:
mX, (t) + X, (t) + kx, (t) + c[X, (t) — X, (t)] + K[ X, (1) — X, (t)] =0
13, =0, [x®)-y,®]<D/2
In the same pattern, the equations of motion for the i-th unit cell, i =2,...,N —1, are:
mX. (t) +c[ X (t) — X._, ()] + K[ X () — %, ()] +c[X (1) — X, (D] + K[ X (1) — %, (t)]=0
w1y () =0, |x®) -y t)|<D/2
For the last (N-th) unit cell the equations of motion are:
MK, (£) + C[ X, (1) = Xy, ()] + K[ X, (1) = Xy_, (D] + C[X,, (1) = X ()] + K[ X, (1) = X ()] =0
49, ®=0, |x, V)~ y,(®]<D/2
whereas, for the primary structure they are formed as:

MX (t) +CLX (t) = X, (O] + KIX (1) =X, (D] = F (1) 4

(1)

2)

3)

Under the assumption of a sufficiently small duration of impact, it is further reasonable to
consider that the post-impact displacement remains unaffected, opposite to the post impact
velocities, which are altered discontinuously. In order to determine the latter, the coefficient
of restitution r, related to the energy loss at every impact, is introduced [29]. Therefore, the
additional equations describing the individual impacts can be defined as:

v o
X =X

. Q)
Yi =Y

X"y
r=—t (6)

X —Y
where the coefficient of restitution ranges between 0 < r <1, zero representing purely plas-

tic and unity perfectly elastic impacts [29]. Moreover, the conservation of momentum applies,
which indicates:

MX' + uy =My + py; (7)

Use of Egs. 6, 7, results in the calculation of post impact velocities for the i-th unit cell.
Mg\ X | | i+ pyy
e (8)
L =1y —IrX; +1Y,

In order to solve the system of differential equations, the system is brought into a nonlinear
state space form as:

2.4 Simulation

Z(t) = g(z(t), F (1)), where
. . . . LT )
Z:[X15X1’y17y1| |XN’XN9yN’yN|X’X]

Subsequently, the derivatives of z for the first unit cell are calculated as:
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21(t) =1z (t)
2,(t)= ——Z /(0 ——Z (- [Z (H)-z (t)]——[Z O —-z,(1)] (10)
z,(t) =z, (t)
2,)=0, |z,—-z,|]<D/2
Similarly, for the the i-th unit cell, i =2,...,N —1, these are:
24(i—1)+1 1= ZyGi-n2 (t)
, k
Z4(i—1)+2(t)= m[ 4(i-1)+1 (t) Z4(| 2)+1(t)] [ 4(i- 1)+2(t) Z4(| 2)+2(t)]
k
_5[240-1)“ (t) Zyin (t)] [ 4(i-1)+2 (t) Zyisn (t)] (1 1)
Z'4(i—1)+3 0= Zy(ic1yea ®
z4(i-1)+4(t) =0, Zyinn ~ e[ < D/2
and for the last (N-th) unit cell, these are respectively obtained as:
Z4N—3(t) = Z4N—2(t)
. k C
Zyn-a ®= _E[Z4N—3 - Zyn—g (O] _H[Zm—z - Zyn—s (]
K C
__[Z4N—3 (t) ~Zyns (t)] __[Z4N—2 (t) LN (t)] (12)
m m
Zyn- ()= AN 9
2,y () =0, 4N-3 T Z4N—1| <D/2
while for the linear oscillator are:
Z4N+1(t) = Z4N+2(t)
(13)

Z4N+2 = %[Zm—s t- Zina (®] +%[Z4N—2 - Zins2 O]+ ﬁ F (1)

The post impact velocities are computed as:
{m :U} 4(i-1)+1 mZ;(i—l)H T MLy 00 (14)
1 -1 ZZ(|—1)+2 rz;(i—l)ﬂ + rZ4(| 1)+2
3 ANALYSIS

The behaviour of the system was studied parametrically, calculating its response for each
set of parameters. The analysis was performed using a MATLAB® environment, with integra-
tion carried out by means of the ode45 function (AbsTol=eps, ReTol=eps®?), Refine=4 and
MaxStep=0.001/sqrt(K/M), eps corresponding to the machine precision epsilon). Moreover,
an event function is used, checking the condition [xi(t) — yi(t)] = D/2 for all unit cells. If at least
one impact is detected, Eqns. 5, 8 are deployed for the calculation of post impact displace-
ments and velocities.
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The properties of the linear oscillator were chosen as M=1kg, fa=1Hz and (,=2%, while
the harmonic excitation was chosen as F(t)=sin(2xt), with a unit amplitude and an excitation
frequency matching the natural frequency of the linear oscillator. Furthermore, the coefficient
of restitution is set constant at r=0.6, the clearance is set at D=0.1m and the damping between
unit cells is set at c=0, throughout all parametric studies.

In order to better asses the effect of each parameter given to the system, parametric anal-
yses were performed. Varying mass (m/M, u/m) and stiffness (K/K) ratios were taken into con-
sideration, in the range of 0.01<m/M <1.00, 0.10< x/m <1.00 and 10< K/k <100 respectively.

The response of each system is calculated for the first 10 seconds. For the evaluation of the
system’s performance, several criteria are utilized, including the oscillation amplitude, maxi-
mum absolute acceleration, as well as the energy absorption from the primary system as a re-
sult of the individual impacts. The latter is calculated as the ratio between the total energy
dissipation, resulting from all individual impacts, and the total energy inserted to the system
by the external excitation [29].

N-1

Y[ el% () k., (P dr+ Y Ap
0 p=1

Edis ()= = T (15)
j F(r)X(r)dt

where Ap is the amount of energy dissipation at the p-th impact, p=1,..., Pt and P is the
number of impacts at any unit cell up to time t. Since in the current investigation ¢=0, the first
part of the numerator is excluded.
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Figure 3: Energy absorption at 1 Hz for N=1 for varying mass and stiffness.
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Figure 4: Energy absorption at 1 Hz for N=2 for varying mass and stiffness.
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Figure 5: Energy absorption at 1 Hz for N=5 for varying mass and stiffness.
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Figure 6: Energy absorption at 1 Hz for N=10 for varying mass and stiffness.

In Figs. 3-6 the results of energy absorption are presented. It is evident that for lower val-
ues of external mass ratio m/M the behavior of the system is dominated by the stiffness ratio.
In those cases, the variation of the internal mass ratio x/m does not significantly affect the en-
ergy absorption. As the external mass ratio increases, the importance is shifted towards the
internal mass ratio as well, while for m/M=1, the internal mass ratio has the principal influ-
ence. As the number of unit cells increases, in combination with high values of external mass
ratio, the amount of dissipated energy tends to become uniform and unaffected from the varia-
tion of the number of unit cells, as it can be inferred from Figs. 5, 6 for m/M=1.

Additional parametric analyses were carried out investigating the influence of the variation
in the excitation frequency. For this purpose, the system’s parameters were set to m/M=1,
1#/m=0.1 and K/k=10. The simulation time is increased to 50s and the maximum absolute dis-
placement and acceleration of the last 40s were recorded for the primary structure. Through-
out these analyses, the excitation frequency varies between 0.1< f/ f, <4.0.
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Figure 7: Maximum absolute displacement of the primary structure as a function of the applied frequency ratio.
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Figure 8: Maximum absolute acceleration of the primary structure as a function of the applied frequency ratio.

As inferred from Figs. 7, 8, a substantial mitigation of the dynamic load effect on the struc-
ture is observed for frequency ratios between 0.7 and 1.2. Considering that the damping be-
tween unit cells is set to zero, there is an amplification of the system’s response in regions
away from the resonance frequency. Moreover, it is observed that an increase in the number
of unit cells does not have a notable effect on the attenuation properties of the configuration,
especially in higher excitation frequencies. However, a distinctive peak at f / f,=0.2 is indicat-
ed for N=1, which is not transferred to lattices with higher unit cell number.

4 CONCLUSIONS

The current study investigates the behavior of a highly nonlinear solution for attenuation of
mechanical vibrations. The influence of critical parameters of the system was inspected, in-
cluding mass and stiffness, number of unit cells, as well as excitation frequency. It is observed
that high values of the external mass ratio m/M, as well as of the internal mass ratio x/m, af-
fect positively the system’s vibration mitigation capabilities. Regarding the stiffness ratio, its
influence is significant for lower values of the external mass ratio, while for higher values of
the latter the amount of energy absorption is less affected by stiffness. The number of unit
cells consisting the lattice does not seem to affect the behaviour of the system for high excita-
tion frequencies, while for frequency ratio below unity there are some discrepancies in the
behaviour of the system, the most notable being that of the single unit cell attachment. Further
investigation is being performed by the authors in exploring this observation, which addition-
ally requires consideration of the free clearance dimension. Moreover, the configuration is
able to reduce the dynamic load effect within a frequency range centered around the reso-
nance of the primary system, while some unfavourable effects were observed at adjacent fre-
quencies. The results clearly indicate the effectiveness of the system under specific conditions,
while it is also implied that proper adjustment of the metamaterial to specific structures can be
challenging.
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