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Abstract. Low-frequency flexural resonances in complex engineering piping systems pose se-

vere threats to structural integrity. Traditional passive vibration control methods often require 

substantial parasitic mass, violating the stringent lightweight constraints in modern aerospace 

and transit applications. To overcome this fundamental bottleneck, this work proposes a novel 

inertial amplification metastructure absorber. By leveraging a meticulously designed kinematic 

topology, the mechanism geometrically amplifies a minimal physical mass into a massive ap-

parent inertia under ungrounded boundary conditions. To achieve absolute suppression of the 

global maximum amplitude, an 𝐻∞ norm optimization driven by the particle swarm optimiza-

tion algorithm is conducted. The evolutionary process reveals the underlying physics of the 

inertial mechanism, demonstrating that minimizing the non-amplifiable top dead mass is im-

perative for maximizing the kinetic energy absorption capacity. The analytical model is thor-

oughly validated through three-dimensional finite element analysis. For a representative flexi-

ble pipe system, the proposed absorber operates under an extreme lightweight constraint with 

a mass ratio of approximately 0.5%, yet it successfully generates an apparent inertia that is 

more than four times its own physical mass. Acting as a highly efficient localized energy sink, 

the mechanism achieves a 46.5% reduction in the global maximum steady-state amplitude and 

exhibits rapid transient energy dissipation. This study provides a new paradigm for extreme 

lightweight vibration mitigation in complex engineering structures. 
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1 INTRODUCTION 

Modern engineering structures across a wide range of fields, such as aerospace, shipbuilding, 

and energy-chemical industries, are highly susceptible to low-frequency resonances induced by 

complex external excitation environments [1, 2]. Such low-frequency, large-amplitude dynamic 

responses not only accelerate structural fatigue evolution but can also directly trigger cata-

strophic system failures. When suppressing these low-frequency resonances, traditional tuned 

mass dampers (TMDs) are constrained by the physical laws of classical dynamic natural fre-

quencies, necessitating the introduction of substantial parasitic mass [3, 4]. This conservative 

design, which incurs a severe mass penalty for vibration mitigation performance, severely de-

teriorates the static load-bearing environment of the primary structure and fundamentally con-

tradicts the core development demands for extreme structural lightweighting in high-end equip-

ment manufacturing. 

In recent years, phononic crystals [5] and elastic metamaterials [6] have provided a revolu-

tionary theoretical framework for low-frequency vibration mitigation and wave bandgap design, 

owing to their extraordinary wave-dynamic manipulation properties. Particularly, metastruc-

tures based on local resonance mechanisms can achieve effective attenuation of low-frequency 

elastic waves at sub-wavelength scales [7]. To further overcome the reliance of low-frequency 

locally resonant structures on large physical masses, inertial amplification (IA) metamaterials 

[8, 9] have gradually become a focal point at the forefront of mechanics. Through the kinematic 

coupling mechanisms of internal macroscopic or microscopic geometric configurations, IA 

metastructures can provide a virtual apparent mass hundreds of times greater than their actual 

physical weight. However, the physical installation of most existing classic IA structures, which 

are typically based on rack-and-pinion or ball-screw mechanisms, relies heavily on an abso-

lutely stationary, external grounded reference point. For continuum structures with massive 

spatial spans and complex boundary conditions—such as beams, cables, and industrial piping—

finding a reliable grounded anchor point in extreme deformation regions (e.g., mid-spans) often 

lacks feasibility in practical engineering layouts [10, 11]. Consequently, developing a structural 

IA vibration mitigation system that is entirely attached to the primary structure without the need 

for external grounding has emerged as a critical scientific challenge in the current field of light-

weight vibration control for metamaterials. 

Addressing the dual constraints of spatial layout and physical mass [12, 13], this paper pro-

poses an ungrounded rhombus inertial amplification metastructure absorber, aiming to achieve 

highly efficient low-frequency resonance suppression in continuum structures under stringent 

mass limits. This metastructure system utilizes a purely geometric rigid linkage network to 

transform the minuscule longitudinal vibrations of the primary structure into drastic transverse 

motions of the laterally cross-coupled masses. This mechanism realizes an order-of-magnitude 

surge in the system's apparent inertia without relying on any external reference coordinate sys-

tem. This deep coupling of asymmetric internal mass distribution and spatial geometric ampli-

fication thoroughly decouples the tuning frequency of the vibration mitigation system from the 

true physical dead weight, providing a novel mechanical architecture for achieving extreme 

low-frequency vibration suppression under ungrounded conditions. 

This work aims to reveal the underlying kinematic principles of this ungrounded inertial 

metastructure and explore its performance limits under extreme lightweight objectives. First, a 

rigorous analytical model of the rhombus absorber unit is established based on Lagrange's dy-

namic equations to elucidate its intrinsic anti-resonance tuning mechanism. Subsequently, tak-

ing the low-frequency vibration of a typical industrial piping system as a representative engi-

neering case, a swarm intelligence heuristic algorithm is introduced to perform a global param-

eter optimization for the metastructure under a strict total physical weight constraint. Finally, 
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three-dimensional continuum finite element harmonic sweep analysis is conducted to precisely 

validate the accuracy of the purely theoretical analytical model, as well as the outstanding effi-

cacy of this lightweight metastructure in achieving absolute global peak suppression in real 

engineering continua. 

2 KINEMATIC DESIGN AND DYNAMIC MODELING  

2.1 Conceptual Design of the Ungrounded IAM Absorber  

Aiming to address the low-frequency vibration mitigation of continuum structures under 

ungrounded conditions, this paper proposes a rhombus inertial amplification metastructure 

(IAM) absorber that is entirely attached to the primary structure without the need for external 

fixed reference points. The coupled system can be abstracted as a two-degree-of-freedom (2-

DOF) dynamic model. It is assumed that the primary structure possesses an equivalent modal 

mass 𝑀 and an equivalent modal stiffness 𝐾 corresponding to its fundamental flexural vibra-

tion mode. The proposed ungrounded inertial mechanism is directly mounted at the location of 

maximum antinode amplitude of the primary structure via a single attachment point. The 3D 

conceptual schematic and the corresponding dynamic model of the proposed ungrounded iner-

tial metastructure are illustrated in Figure 1(a). 

This mechanism comprises four massless rigid links articulated to form a rhombus kinematic 

network. A linear tuning spring, with a stiffness denoted as 𝑘𝑎, is configured in parallel along 

the internal longitudinal diagonal of the rhombus linkage. To activate the inertial amplification 

effect, an asymmetric mass distribution strategy is implemented at the critical nodes of the 

rhombus mechanism. Specifically, a lumped mass, denoted as 𝑚𝑡, is positioned at the top vertex 

node of the mechanism. Meanwhile, two cross-coupled lateral masses, each denoted as 𝑚𝑠, are 

symmetrically distributed at the left and right horizontal expansion nodes of the rhombus link-

age. 

 

Figure 1: Design and Modeling. (a) 3D conceptual schematic of the ungrounded inertial metastructure. (b) Corre-

sponding dynamic model and kinematic relationships. 

2.2 Kinematic Analysis and Lagrangian Formulation  

To establish the dynamic equations of the two-degree-of-freedom (2-DOF) system, the ab-

solute longitudinal displacement of the primary structure and that of the absorber's top mass are 

defined as 𝑥1 and 𝑥2, respectively. The geometric configuration of the rhombus linkage mech-

anism dictates its internal kinematic amplification relationship. Based on the assumption of 

small-amplitude vibrations, the relative longitudinal deformation between the primary structure 

and the top mass is expressed as 𝑥2−𝑥1. Constrained by the rigid links, the absolute motion 

velocity of the lateral nodes is synthesized from two mutually orthogonal components. The 

longitudinal translational velocity component equals the arithmetic mean of the velocities of 

the upper and lower nodes, given by 0.5(𝑥1̇ + 𝑥2̇). The transverse ejection velocity component 

(a)

Main structural unitMain structural unit

(b)
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is proportional to the relative longitudinal deformation velocity, with the proportionality con-

stant being the amplification factor, denoted as 𝛼. Under the specific geometric design of this 

structure, the kinematic amplification factor remains constant at 𝛼 = 2 . Consequently, the 

square of the absolute velocity of the lateral mass 𝑚𝑠  can be formulated as the sum of the 

squares of its longitudinal and transverse velocity components. 

𝑣𝑠
2 = 4(𝑥̇2 − 𝑥̇1)2 + 0.25(𝑥̇1 + 𝑥̇2)2 (1) 

Based on the aforementioned kinematic analysis, the total kinetic energy 𝑇 of the entire sys-

tem is collectively composed of the primary structure, the top mass, and the two lateral masses, 

which can be expressed as: 

𝑇 =
1

2
𝑀𝑥̇1

2 +
1

2
𝑚𝑡𝑥̇2

2 + 𝑚𝑠𝑣𝑠
2 (2) 

By substituting the velocity expressions of the lateral masses and collecting like terms, the 

total kinetic energy 𝑇 can be recast into a standard quadratic matrix form. 

𝑇 =
1

2
(𝑀 + 8.5𝑚𝑠)𝑥̇1

2 +
1

2
(𝑚𝑡 + 8.5𝑚𝑠)𝑥̇2

2 − 7.5𝑚𝑠𝑥̇1𝑥̇2 (3) 

The total potential energy 𝑈 of the system is formulated by the elastic strain energy of both 

the primary structure's equivalent spring and the tuning spring. 

𝑈 =
1

2
𝐾𝑥1

2 +
1

2
𝑘𝑎(𝑥2 − 𝑥1)2 (4) 

By substituting the total kinetic and potential energies into Lagrange's equations for a con-

servative system, the matrix equations of motion for undamped free vibration can be derived. 

[𝑀] [
𝑥̈1

𝑥̈2
] + [𝐾] [

𝑥1

𝑥2
] = [

0
0

] (5) 

The global mass matrix [𝑀] and the stiffness matrix [𝐾] of the system are respectively ex-

panded into the following algebraic forms: 

[𝑀] = [
𝑀 + 8.5𝑚𝑠 −7.5𝑚𝑠

−7.5𝑚𝑠 𝑚𝑡 + 8.5𝑚𝑠
] (6) 

[𝐾] = [
𝐾 + 𝑘𝑎 −𝑘𝑎

−𝑘𝑎 𝑘𝑎
] 

The diagonal elements of the mass matrix reveal that the lateral physical masses 𝑚𝑠 induce 

a substantial apparent inertial amplification effect. Furthermore, the off-diagonal cross-cou-

pling terms −7.5𝑚𝑠 constitute the fundamental physical mechanism governing internal energy 

transfer and the ultimate suppression of the global resonance peak. 

2.3 Eigenvalue Analysis and Anti-resonance Tuning Mechanism  

The resonant frequencies and anti-resonance characteristics of the system can be obtained 

by solving the eigenvalue problem of the aforementioned dynamic matrices. By subjecting the 

primary structure to a harmonic excitation at frequency 𝑓 and setting its longitudinal displace-

ment 𝑥1 to zero, the local anti-resonance frequency of the absorber subsystem can be analyti-

cally derived. At this specific frequency, the localized inertial force generated by the absorber 

perfectly counteracts the external excitation, thereby achieving highly efficient vibration miti-

gation for the primary structure. The analytical expression for the anti-resonance frequency 
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𝑓𝑣𝑎𝑙𝑙𝑒𝑦  is fundamentally governed by the tuning spring stiffness and the equivalent apparent 

inertial mass of the absorber. 

𝑓𝑣𝑎𝑙𝑙𝑒𝑦 =
1

2𝜋
√

𝑘𝑎

𝑚𝑡 + 8.5𝑚𝑠

(7) 

By solving the undamped eigenvalue equation of the system |𝑲 − 𝜔2𝑴| = 0, the two natu-

ral resonant frequencies can be further obtained, which correspond to the lower-bound fre-

quency on the left and the upper-bound frequency on the right of the vibration suppression band. 

The spectral span between these two resonant frequencies defines the effective vibration sup-

pression bandgap of the absorber. The analytical results reveal that the bandgap width is inti-

mately correlated with the internal asymmetric mass distribution mechanism. This insight pro-

vides a robust theoretical underpinning for the subsequent global optimization of lightweight 

extremes under stringent mass constraints. 

3 𝑯∞ DYNAMIC PARAMETER OPTIMIZATION VIA PARTICLE SWARM 

ALGORITHM  

Following the construction of the kinematic relationships and the dynamic impedance matrix 

for the ungrounded inertial metastructure, the vibration suppression performance is strictly gov-

erned by the internal mass distribution and stiffness tuning. To meet the lightweight require-

ments of complex engineering structures, this study employs the 𝐻∞ optimal control theory to 

pursue the absolute minimization and suppression of the global maximum amplitude of the 

primary structure under stringent total mass constraints. 

3.1 Min-Max Objective Function and Physical Boundary Constraints  

The 𝐻∞ norm optimization for structural vibration control is essentially the minimization of 

the worst-case resonance response that the system may encounter across the entire frequency 

spectrum. According to the classical fixed-point theory, the optimal boundary for global vibra-

tion suppression is achieved when the two adjacent resonant peaks of the steady-state ampli-

tude-frequency response curve reach an iso-amplitude state. To this end, this study constructs 

an objective function 𝐹𝑜𝑏𝑗 centered on the Min-Max criterion, aiming to identify the optimal 

dynamic parameter matrix 𝑿 = [𝑚𝒔, 𝑚𝒕, 𝑘𝒂] that minimizes the global maximum displacement 

response of the primary structure. The objective function is formulated as 𝐹𝑜𝑏𝑗(𝑿) =

min(max𝜔|𝑋1(𝜔, 𝑿)|), where 𝑋1(𝜔, 𝑿) represents the steady-state displacement transfer func-

tion of the primary structure. 

During the parameter optimization process, the system is subjected to dual constraints de-

rived from physical manufacturability and lightweighting objectives. First, the total physical 

mass of the metastructure is restricted to 25𝑘𝑔, satisfying the condition 2𝑚𝑠 + 𝑚𝑡 ≤ 25𝑘𝑔. 

Second, as the top mass 𝑚𝑡 serves as the load-bearing base for the tuning spring and the artic-

ulation pivot for the linkages, its physical manufacturing lower bound is set to 𝑚𝑡 ≥ 0.5𝑘𝑔 to 

ensure the structural integrity and stiffness of the overall assembly under high-frequency exci-

tation. Furthermore, the tuning spring stiffness 𝑘𝑎 is constrained within [𝐾𝑚𝑖𝑛, 𝐾𝑚𝑎𝑥] to com-

prehensively cover the required tuning workspace around the target resonance frequency. The 

resulting 𝐻∞ optimized frequency response and the evolutionary trajectories of the functional 

and dead masses are presented in Figure 2, reflecting the convergence of the equivalent apparent 

mass. 
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Figure 2: Optimization and Evolution. (a) Optimized frequency response function (FRF). (b) 

Convergence of equivalent apparent mass during the optimization process. (c) Evolutionary 

trajectories of the active and static masses. 

3.2 Implementation of Parameter Optimization via Particle Swarm Algorithm 

Due to the presence of cross-coupling terms in the dynamic matrices of the ungrounded in-

erter system, the objective function exhibits highly non-convex characteristics within the three-

dimensional parameter space. Consequently, traditional gradient-based analytical methods are 

prone to stagnate in local minima. To overcome this, this section introduces the Particle Swarm 

Optimization (PSO) algorithm to implement a global search for the optimal parameters. 

During the execution of the algorithm, each virtual particle represents a potential configura-

tion of the metastructure's mass and stiffness. Driven by the Lagrangian dynamic model, the 

particle swarm evaluates the fitness value—defined as the global peak resonance amplitude of 

the system. Each particle updates its search velocity and spatial coordinates based on its indi-

vidual historical best position 𝑃𝑏𝑒𝑠𝑡 and the global historical best position 𝐺𝑏𝑒𝑠𝑡. The update 

laws for velocity and position are formulated as: 

𝑣𝑖
𝑡+1 = 𝑤𝑣𝑖

𝑡 + 𝑐1𝑟1(𝑃𝑏𝑒𝑠𝑡 − 𝑥𝑖
𝑡) + 𝑐2𝑟2(𝐺𝑏𝑒𝑠𝑡 − 𝑥𝑖

𝑡) (8) 
𝑥𝑖

𝑡+1 = 𝑥𝑖
𝑡 + 𝑣𝑖

𝑡+1 

The computation terminates when the algorithm reaches the maximum number of iterations 

or when the convergence error of the global optimum falls below a predefined tolerance, at 

which point the global optimal physical parameter matrix is output. 

3.3 Optimization Results and Mass Evolution Analysis 

By integrating the theoretical model into the PSO algorithm for iterative computation, clear 

parameter evolutionary trajectories and global optimal solutions are obtained. A monotonic 

convergence trend is observed throughout the evolution process: as iterations progress, the al-

gorithm asymptotically pushes the flanking mass 𝑚𝑠 toward the upper bound of the total mass 

constraint, while simultaneously suppressing the top mass 𝑚𝑡 to its lower physical manufactur-

ing limit of 0.5𝑘𝑔. 

This evolutionary outcome aligns perfectly with the underlying kinematic essence of inertial 

amplification. Within the system’s equivalent mass mapping matrix, the axial motion of the top 

mass 𝑚𝑡 lacks any geometric amplification effect. Given a fixed total mass budget, any increase 

in the proportion of 𝑚𝑡 inevitably curtails the mass quota available for kinematic amplification. 

Consequently, in the optimal trade-off to achieve 𝐻∞ suppression, the PSO algorithm makes a 

deliberate physical decision to minimize the top mass while maximizing the flanking masses. 

(a) (b) (c)
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Ultimately, the global optimal parameters identified by the algorithm are: tuning stiffness 

𝑘𝑎 = 𝑁/𝑚, single-side flanking mass 𝑚𝑠 = 12.25 𝑘𝑔, and top mass 𝑚𝑡 = 0.5 𝑘𝑔. In this ex-

treme state, facilitated by the specific geometric inclination angles, the minuscule added phys-

ical mass activates a substantial apparent inertia of up to 104.6 𝑘𝑔. While maintaining struc-

tural stability, this optimal parameter matrix transforms the absorber into a targeted energy sink 

within the designated frequency band, providing the parametric foundation for achieving the 

ultimate suppression of the primary structure's global resonance. 

4 COMPARATIVE PERFORMANCE EVALUATION  

Following the completion of the dynamic parameter optimization for the ungrounded inertial 

metastructure, this chapter aims to validate the accuracy of the analytical model through three-

dimensional finite element analysis (FEA). Furthermore, a comprehensive evaluation is con-

ducted to assess the performance of the proposed structure in terms of frequency-domain peak 

suppression and time-domain energy dissipation under stringent lightweighting constraints. 

4.1 Frequency-Domain Validation of the Analytical Model 

To verify the accuracy of the analytical model for the ungrounded inerter system, this study 

first constructed a three-dimensional solid model of an industrial piping primary structure using 

the ANSYS finite element platform. Modal analysis results indicate that the fundamental flex-

ural resonance frequency of the uncontrolled pipe is precisely anchored at 48.8𝐻𝑧, with an 

extracted equivalent modal mass as high as 4800 𝑘𝑔. These substantial baseline physical pa-

rameters constitute the stringent boundary conditions for the subsequent vibration suppression 

design; specifically, the proposed metastructure must operate effectively under a lightweight 

constraint of only approximately 0.5% (25 𝑘𝑔) of the primary structure's mass. 

Upon characterizing the dynamic features of the primary structure, the global optimal phys-

ical parameter matrix—obtained via the Particle Swarm Optimization (PSO) algorithm—was 

assigned to the 3D solid model of the inertial metastructure. A steady-state harmonic forced 

vibration was then applied to the coupled system. By extracting the FEA frequency sweep data 

and comparing it with the theoretical analytical solutions, it can be observed that the two steady-

state amplitude-frequency response curves achieve excellent agreement across the entire obser-

vation band. This high-fidelity frequency-domain alignment not only validates the absolute ri-

gor of extracting equivalent apparent inertia via the Lagrangian method and constructing the 

ungrounded impedance matrix, but also demonstrates that the proposed structure can accurately 

replicate the theoretically predicted dynamic behavior under realistic physical boundaries. The 

fundamental modal characterization of the uncontrolled pipe and the high-fidelity alignment 

between analytical predictions and FEA simulations are shown in Figure 3. 

 

Figure 3: System Characterization and Model Validation. (a) Fundamental flexural mode shape and FRF of the 

uncontrolled pipe. (b) Comparison between analytical predictions and FEA simulation results. 

45 50 55
10−5

10−4

10−3

V
ib

ra
ti
o
n
 a

m
p
lit

u
d
e
 /
 m

Frequency / Hz

 Sim.   Ana. 

48.8Hz

(b)

40 45 50 55 60 65 70 75 80
10−6

10−5

10−4

10−3

V
ib

ra
ti
o
n
 a

m
p
lit

u
d
e
 /
 m

Frequency / Hz

 Pipe48.8Hz

(a)

First bending mode

411



Lanhe XU, Julien BROCAIL, Amine MEHEL, Kuotian LI and Bing LI 

 

4.2 Performance of Ultimate Suppression for Global Peak Respons 

The core evaluation metric for frequency-domain response lies in the absolute reduction of 

the global maximum resonance amplitude. For the uncontrolled piping system, the peak dis-

placement extracted at the target resonance frequency of 48.8𝐻𝑧 reaches an absolute magni-

tude of 9.41 × 10−4𝑚. Such a high-risk stress response is highly susceptible to inducing struc-

tural fatigue during engineering service. Upon integrating the inertial metastructure—with a 

total mass of only 25 𝑘𝑔—the global maximum steady-state response of the system across the 

entire frequency band is forcibly suppressed to 5.03 × 10−4𝑚, representing a drastic absolute 

reduction of up to 46.5% (see Figure 4(a)). 

Under ungrounded boundary conditions, constrained by the minuscule top mass 𝑚𝑡, the sys-

tem does not exhibit a significant shift in its dynamic poles. However, the substantial apparent 

inertia of up to 104.6 𝑘𝑔 acts as a highly efficient localized energy sink within an extremely 

narrow engineering bandwidth. This dynamic mechanism—which circumvents the traditional 

reliance on large masses for bandgap broadening and instead implements a local Min-Max am-

plitude flattening—perfectly fulfills the engineering objectives of 𝐻∞ norm optimization. This 

data intuitively demonstrates that the proposed rhombus metastructure can achieve the ultimate 

suppression of the primary structure's global extreme displacements at a minimal physical cost. 

 

Figure 4: Performance Assessment. (a) Comparison of FRFs with and without the metastructure (46.5% peak 

reduction). (b) Transient displacement responses under 48.8 Hz harmonic excitation. 

4.3 Transient Time-Domain Response and Energy Dissipation Characteristics 

To comprehensively evaluate the energy absorption performance and dynamic robustness of 

the inertial metastructure under complex transient impacts, this section further conducts a time-

domain transient dynamic analysis. First, a harmonic excitation load is applied to the system at 

the target resonance frequency of 48.8𝐻𝑧. The results indicate that the displacement response 

of the uncontrolled primary structure diverges rapidly and maintains a long-term presence 

within a high-risk amplitude range. In contrast, for the piping system equipped with the inertial 

metastructure, following a minimal initial startup period, the substantial equivalent apparent 

inertia intervenes rapidly and powerfully extracts kinetic energy from the primary structure. 

This forces the global vibration envelope to decay rapidly and converge within an extremely 

low steady-state safety displacement threshold (see Figure 4(b)). 

To further verify the operational stability of the system at critical nodal points across the 

frequency spectrum, this study extracted the transient time-domain response curves at three 

characteristic frequencies: the left-hand derivative resonant peak, the anti-resonance valley, and 

the right-hand derivative resonant peak. At these three extreme frequency points (see Figure 5), 

which are most susceptible to inducing dynamic instability, the metastructure consistently ex-

hibits exceptionally stable and rapid energy dissipation characteristics. Regardless of the exci-

tation frequency shifting within the effective control bandwidth, the system shows no signs of 

high-frequency beating oscillations or divergent loss of control. These time-domain matrix data 
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thoroughly validate that the ungrounded inertial metastructure, while achieving Min-Max sup-

pression in the frequency domain, simultaneously possesses superior transient energy dissipa-

tion capabilities. 

 

Figure 5: Transient Stability at Characteristic Frequencies. 

5 CONCLUSION  

Addressing the challenge of low-frequency vibration control in complex engineering piping 

systems under stringent lightweighting constraints, this study proposes and validates an un-

grounded rhombus inertial metastructure absorber. Through rigorous kinematic derivation, heu-

ristic algorithm optimization, and three-dimensional finite element simulations, we have sys-

tematically demonstrated the feasibility and superior performance of this structure in achieving 

ultimate suppression of the primary structure's global resonance amplitude with minimal added 

mass. 

First, this study established a dynamic analytical model of the metastructure based on the 

Lagrange energy method, which unveiled the underlying physical mechanisms of the un-

grounded inerter system. Under the strict constraint of a total added mass not exceeding 25 𝑘𝑔, 

the Particle Swarm Optimization (PSO) algorithm was employed to implement an 𝐻∞ optimal 

control strategy. The parameter evolutionary results demonstrate that by minimizing the top 

mass—which lacks geometric amplification—and maximizing the flanking masses, the algo-

rithm successfully leverages specific geometric inclination angles to activate a substantial 

equivalent apparent inertia of up to 104.6 𝑘𝑔. This parametric configuration maintains a narrow 

engineering bandwidth while constructing a highly efficient localized core for energy dissipa-

tion. Second, the three-dimensional finite element simulation results achieve high-fidelity 

alignment with the theoretical analytical solutions across the entire frequency spectrum, veri-

fying the absolute accuracy of the dynamic modeling. For the primary piping structure with a 

fundamental flexural resonance frequency near 48.8𝐻𝑧, the designed inertial metastructure—

with a minimal mass ratio of only approximately 0.5%—achieved a radical absolute reduction 

of 46.5% in the system's global maximum steady-state response, without inducing significant 

shifts in the macroscopic poles. Furthermore, the transient time-domain dynamic analysis con-

firms that the structure exhibits rapid vibration energy extraction and robust dynamic stability 

at both the target resonance and critical characteristic frequencies, perfectly fulfilling the engi-

neering objective of vibration suppression under extreme lightweighting conditions. 

Finally, although this study achieves exceptional Min-Max suppression of peak amplitudes 

under stringent mass boundaries, the purely linear ungrounded mechanism imposes an intrinsic 

constitutive limitation on the absolute bandwidth of the system's bandgap. Future research will 

focus on integrating nonlinear restoring force elements into the inertial amplification network. 

By exploring nonlinear bifurcation and resonance peak shifting effects, we aim to overcome 

the inter-peak repulsion bottleneck inherent in linear dynamic matrices. The objective is to 
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maintain extreme structural lightweighting while achieving broadband low-frequency vibration 

attenuation for complex wideband excitation environments, thereby providing a higher-order 

theoretical paradigm for the structural dynamic design of next-generation aerospace and rail 

transit equipment. 
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