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PREFACE 

This volume contains the full-length papers presented in the 6th International Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering (COMPDYN 2017) 

that was held on June 15-17, 2017 on the Island of Rhodes, Greece.  

COMPDYN 2017, one of the thematic Conferences of the European Community on Computational 

Methods in Applied Sciences (ECCOMAS), is a Special Interest Conference of the International 

Association for Computational Mechanics (IACM) and has been promoted by the European 

Committee on Computational Solid and Structural Mechanics (ECCSM) of ECCOMAS. The purpose 

of the Conference is to bring together the scientific communities of Computational Mechanics, 

Structural Dynamics and Earthquake Engineering in an effort to facilitate the exchange of ideas in 

topics of mutual interests and to serve as a platform for establishing links between research 

groups with complementary activities. The communities of Structural Dynamics and Earthquake 

Engineering will benefit from this interaction, acquainting them with advanced computational 

methods and software tools which can highly assist in tackling complex problems in 

dynamic/seismic analysis and design, while also giving the Computational Mechanics community 

the opportunity to become more familiar with very important application areas of great social 

interest. The COMPDYN 2017 Conference is supported by the National Technical University of 

Athens (NTUA), the European Association for Structural Dynamics (EASD), the European 

Association for Earthquake Engineering (EAEE), the Greek Association for Computational 

Mechanics (GRACM), the Hellenic Society for Earthquake Engineering (ETAM). 

The editors of this volume would like to thank all authors for their contributions. Special thanks go 

to the colleagues who contributed to the organization of the Minisymposia and to the reviewers 

who, with their work, contributed to the scientific quality of this e-book.  

M. Papadrakakis 

National Technical University of Athens, Greece 

M. Fragiadakis  

National Technical University of Athens, Greece 
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Abstract. This paper contains an investigation of the influence of the varying axial force and 
of Secondary Torsion Moment Deformation Effects (STMDE) on the deformations of thin-
walled beams due to torsional warping. The investigation is based on second-order torsional 
warping theory of doubly symmetric thin-walled open and closed cross-sections. The axial 
force resulting from the torsional stiffness of the beams is considered by means of second-
order torsional warping theory. The solutions of the underlying differential equations are 
used for setting up relations needed in the framework of the transfer matrix method. These 
relations permit consideration of both static and dynamic action. On the basis of these 
relations, the local finite element equations of twisted beams are established. The numerical 
investigation consists of modal analysis of thin-walled beams with open I and rectangular 
hollow cross-sections. The results are compared with finite element solutions obtained with 
standard solid and beam finite elements. 
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1 INTRODUCTION 

Recent research results have shown that for elastostatic non-uniform torsion of beams with 
closed cross-sections the influence of the Secondary Torsion-Moment Deformation-Effect 
(STMDE) is particularly significant. On the other hand, the influence of the STMDE by non-
uniform elastostatic torsion of the open thin-walled sections is not significant. A broad 
comprehensive overview of the literature dealing with the issue of non-uniform torsion of thin-
walled beams can be found, for example, in [1] and [2]. Thin-walled beam structures are 
frequently exposed to dynamic loads. Commercial FEM codes enable modal and transient 
analysis by 3D finite beam elements without and with consideration of warping [3]-[5]. For 
torsion, very often an improved Saint-Venant theory is used and special mass matrices are 
considered. In general, the bicurvature is chosen as an additional warping degree of freedom, 
and the STMDE is not considered (ref. [5] is an exception). The beam element in [4] can be 
used with a lumped or a consistent mass matrix. The consistent mass matrix includes warping 
effects, but does not include the effect of shear deformations. For standard beam elements, the 
consistent mass matrix is based on reference [6], with the exception of additional terms arising 
from the warping constant I .For the warping element, lumped masses for the warping degree 

of freedom (bicurvature) are defined in [7]. As stated in [4], for solid and closed thin-walled 
sections, standard finite beam elements can be used without significant error. However, for 
open thin-walled sections, warping finite beam elements should be used. In [5], however, the 
warping finite beam element is recommended only for use for open thin-walled section beams. 
In [8], a boundary element method is developed for the non-uniform torsional vibration problem 
of doubly symmetric constant cross-sections, accounting for non-uniform warping and 
secondary torsional shear deformation-effects. Dynamic analysis of 3D beam elements, 
restrained at their edges and subjected to arbitrarily distributed dynamic loading is described in 
[9]. In [10], an elastic non-uniform torsion analysis of simply or multiply connected cylindrical 
bars with arbitrary cross-sections accounts for the effect of geometric non-linearity in the 
framework of the boundary-element method. In [11], the effect of rotary and warping inertia is 
considered. Nonlinear torsional vibrations of thin-walled beams, exhibiting primary and 
secondary warping, are investigated in [12]. A solution for the vibrations of Timoshenko beams 
by the isogeometric approach is presented in [13]. Warping effects, however, are not considered. 
In [14], geometrically non-linear free and forced vibrations of beams with non-symmetrical 
cross-sections are investigated by the Saint-Venant theory of torsion. Axial-torsional vibrations 
of rotating pretwisted thin-walled composite box beams, exhibiting primary and secondary 
warping, are investigated in [15]. A formulation of a 3D beam element for computation of 
transversal and warping eigenmodes is presented in [16]. In [17], a new 3D finite element for 
geometrically nonlinear analysis of beams, made of Functionally Graded Material (FGM) with 
transversally varying material properties, is presented. The warping displacements are 
accurately predicted. In [1], the influence of torsional warping of open and closed cross-sections 
of twisted beams, made of materials with constant material properties, on their eigenvibrations 
is investigated, considering the secondary deformations due to the angle of twist. Since the 
bicurvature cannot be used in the constraint equations, see. e.g. [4], it was logical to consider 
the part of the first derivative of the angle of twist, caused by the bimoment, as the warping 
degree of freedom [18] also for modal analysis. The results from modal analysis, concerning 
non-uniform and uniform torsion of beams with open cross-sections, have shown large 
differences of the eigenfrequencies. This has corroborated the well-known fact that warping 
must be taken into account also for modal analysis of beams with open cross-sections, subjected 
to torsion. It was also verified that the STMDE does not play a significant role in modal torsion 
analysis of beams with open cross-sections. On the other hand, the torsional eigenfrequencies, 
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obtained in case of consideration of STMDE, are very close to the ones obtained by 3D solid 
finite elements. In contrast to open cross-sections, the influence of warping (with or without 
STMDE) on the non-uniform torsional eigenfrequencies of beams with rectangular hollow 
cross-sections is not significant. The best agreement of results obtained by solid finite elements 
and by the method proposed in [1] (both for the Saint-Venant and the warping beam solutions) 
is obviously achieved for the first torsional eigenfrequency. For the higher modes, the 
difference between corresponding results increases especially for short beams. Some higher 
torsional eigenmodes, calculated by means of solid finite elements, contain deformations of the 
sidewalls of the beams. This effect cannot be considered in a straightforward manner by finite 
beam elements with restrained and unrestrained warping. As shown in [19], all eigenfrequencies 
calculated by solid finite elements agree very well with results obtained by experimental 
measurements. Other very recent aspects in the area of numerical solutions of non-uniform 
torsion are treated in [20]-[24]. Finally, in [2], a boundary element solution is developed for 
dynamic analysis, considering warping of beams with arbitrary cross-sections, including shear 
lag effects due to both flexure and torsion. High accuracy of the results in comparison to the 
ones obtained by solid finite element solution is obtained. However, in the solid model, the 
distortion effect of the cross-section was restrained. A common feature of the above cited 
articles is disregard of the effect of the variable axial force on torsional warping.  
In this paper, the work reported in [1] is extended to uniform and non-uniform torsional analysis 
of beams with a variable axial force. The differential equations of beams with such an axial 
force are formulated for Saint-Venant and non-uniform torsional deformations, including 
inertial line moments. In non-uniform torsion, the part of the bicurvature, caused by the 
bimoment, is taken into account as the warping degree of freedom, and the STMDE is also 
considered. A general semi-analytical solution of the differential equation is presented and the 
transfer matrix relation is established, from which the finite element equations for beam 
elements with two nodes are derived. Omitting the external load, the FEM equation for the 
torsional natural free vibrations is obtained. The numerical investigation deals with torsional 
modal analysis of thin-walled beams with I cross-sections and rectangular hollow cross-
sections. The obtained results are compared with the ones from commercial FEM codes. The 
effect of the axial force is evaluated.  

 

2 EQUATIONS OF NONUNIFORM TORSION WITH EFECT OF STMDE AND 
VARIABLE AXIAL FORCE 

According to the theory of second-order torsional warping, the axial forces affect the torsional 
stiffness TGI , where G is the shear modulus and IT is the torsion constant. Basically, 

compression results in a decrease and traction in an increase of the torsional stiffness TGI of 

the beam. This situation may be considered by an additional stiffness pN i2 (e.g. [25]) for doubly 

symmetric cross-sections, where N is the known axial force, acting at the center point of the 

cross-section, and p Pi I A denotes the radius of gyration and PI is the polar moment of 

area. In case of a variable axial force ( ) ( )IIN x N x , the corresponding variable torsional 

stiffness is obtained as * ( ) ( )II
T T pGI x GI N x i  2 , where the term ( )II

pN x i2 denotes the so-

called geometric stiffness. Representing a load, the axial force ( )N x appears in the respective 
term of the differential equation for the displacement in the longitudinal direction. The variable 

axial force ( )IIN x  appears in the homogeneous part of the differential equation for the angle 
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of twist. The variation of the known axial force ( )IIN x accounts for the stiffening or softening 
of the torsional stiffness in the framework of the second-order torsional warping theory. For 
doubly symmetric cross-sections, the torsional deformations are decoupled from the bending 
deformations and the longitudinal deformations. For this case, the differential equation for the 
angle of twist will be presented in this Chapter. 
 

 
Figure 1: Second-order torsional warping theory: axial force, torsional moments and angles of twist. 

Figure 1 refers to the second-order torsional warping theory. It shows the axial force ( )IIN x , 

the torsional moment ( )TM x as the sum of the primary torsional moment, ( ),TpM x  and the 

secondary torsional moment, ( )TsM x , and the bimoment ( )M x . Figure 1 also shows the angle 

of twist, ( )x , corresponding to ( )TpM x . It represents the sum of the angle of twist, resulting 

from the primary deformation, ( )M x  , and the secondary deformation ( )S x  .  

 
Figure 2: Second-order torsional warping theory: static load and moments and static equivalent of the respective 

dynamic load, acting on an infinitesimal beam element. 

Figure 2 illustrates an infinitesimal element of the beam. It is loaded by the torsional line 

moment ( )pI x  2  and the line bimoment ( ),MI x   2  where I stands for the warping 

constant. These loads represent the static equivalent of the respective dynamic action. The static 
loads are the warping moment per unit length, m , the torsional moment per unit length, Tm  

and the axial force per unit length, n. After some mathematical manipulation, a linear 
differential equation of 4th order for angle of twist according the second-order warping theory 
is obtained (its derivation is detailed given in our article [34]): 
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The above differential equation, with variable coefficients   k x , k ,  0 4 , can formally be 

written as 

 ( ) ''''( ) ( ) '''( ) ( ) ''( ) ( ) '( ) ( ) ( ) ( ),Lx x x x x x x x x x x              4 3 2 1 0  (2) 

where  L x  is the polynomial distributed load [34]. In case of a constant torsional stiffness 

( *( )II
T TN x GI GI  0 ), equation (1) belongs to the category of non-uniform torsion (first-

order torsional warping theory, e.g. [1]). Equation (1) represents the mathematical formulation 
of the second-order torsional warping theory with consideration of the secondary torsion-
moment deformation-effect (e.g. [25]). 

Neglecting this effect by setting TsGI   , and setting I  0 , equation (1) degenerates to the 

respective relation in the framework of Saint-Venant torsion, including the effect of the variable 
axial force, which results in the geometric stiffness. Thus, 

 * *( ) ( ) ( ) ( ).T T p TGI x GI x I x m x        2  (3) 

The general semi-analytical solution of the differential equation (2) can be found as follows 
[27]: 

 
max

,( ) ( ) ( ) ( ) ( ) ( ),i i i

s

L
s

i s sx b x b x b x b x xb     


       42 3
0

0 1  (4) 

where ( )b x0 , ( )b x1 , ( )b x2 , ( )b x3 ,…, ( )sb x4 , s ,max s > 0 , denote the transfer functions 

[27] and i , i ,  i  , i  represent the integration constants, referring to the starting point i. 

After some mathematical manipulations, the solution of (4) can be found: 
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In equation (5), ( )xB  is a matrix, containing the solution functions of the homogeneous 
differential equation and particular solution functions of the inhomogeneous part of the 
differential equation and their first three derivatives at x. ( )xψ  is a vector, containing the angle 

of twist and its first three derivatives at x, and ψi is a vector, obtained by specialization of ( )xψ

and its first three derivatives for the starting point i. The solution functions are calculated 
numerically by means of the algorithm published in [27]. 
In addition, by the approach described in [34], the transfer matrix method relation 
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 (6) 

is obtained, where ( )xZ  is the “static vector”, Zi  is the static vector at the starting point i and

 ( )xiF x is the transfer matrix [34].  

By neglecting the secondary torsion-moment deformation-effect and setting the warping 
constant equal to zero, equation (6) degenerates to the relation for Saint-Venant torsion, 
including the influence of the variable axial force, resulting in a geometric stiffness. This gives 
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3 FINITE BEAM ELEMENT EQUATION OBTAINED FROM THE TRANSFER 
MATRIX METHOD RELATION 

 
Figure 3 illustrates the beam element. It is loaded by the inertial torsional line moment

( ) ( )px I x  2  and the inertial line bimoment ( ) ( )Mx I x   2 , the torsional line moment 

Tm x   and the torsional warping line moment m x   per unit length, where I stands for the 

warping constant. These line moments represent the static equivalent of the respective dynamic 
action.  
 

 
Figure 3: Positive orientation of the axial force, the torsional moments, and the rotation angles  

at the element nodes for the transfer matrix method and the finite element method. 
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The kinematic and kinetic variables at node i are denoted by the index i in (6) and in Figure 3. 
By setting Lx   in (6), the dependence of the nodal variables at node j on the nodal variables 
at node i is obtained. Then, using appropriate mathematical operations, the local finite element 
equations for the second-order torsional warping theory read as follows (considering the 
definition of a positive coordinate system in the framework of the finite element method, 
resulting in T ,i T ,iM M  , ,i ,iM M   , M ,i M ,i     and M , j M , j    ): 

 

i, , , , ,T ,i

M ,i, , , , ,,i

j, , , , ,T , j

M , j, , , , ,, j

K K K K KM

K K K K KM
.

K K K K KM

K K K K KM











  



1 1 1 2 1 3 1 4 1 5

2 1 2 2 2 3 2 4 2 5

3 1 3 2 3 3 3 4 3 5

4 1 4 2 4 3 4 4 4 5

 (8) 

The local finite element matrix K in (8) contains the linear and the geometric stiffness matrix 
and the consistent mass matrix. 
By neglecting the secondary torsion-moment deformation-effect and by the setting warping 
constant equal to zero, equation (8) degenerates to the relations for Saint-Venant torsion, 
including the influence of the variable axial force, resulting in a geometric stiffness. This gives 
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 (9) 

 

4 NUMERICAL INVESTIGATION 

The finite element relations were implemented into the software MATHEMATICA [28]. The 
numerical investigation includes torsional modal analyses of thin-walled beams under usual 
boundary conditions. Results of elastostatic analysis are presented in [34]. 

4.1 Torsional modal analyses of a beam with I cross-section, subjected to an axial load 

The length of the beam, L, is 1.0, 1.5, 2.0, 2.5 and 3.0 m. The cross-section is the one of a 
HEB-500 [29]. In Table 1 and Table 2, the material properties and the cross-sectional 
parameters, respectively, are listed. The cantilever and clamped beam is considered. The Saint-
Venant torsional and warping eigenfrequencies, and the radius of gyration, are calculated for 

the beam for a variable axial force ( )IIN x , given as follows: 

II ( ) ( )xx xN n L  ,  xn  [ , ], kN m 3000 3000    (10) 
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The calculation of the eigenfrequencies according to the second-order torsional warping 
theory with STMDE consists of the following steps: At first, the transfer matrix  ( )xi xF , see 

equation (6), is specialized for L and for the nodes a and b (see Figure 4). 

 
Figure 4: Cantilever beam with an I cross-section: a) system, axial line load, b) cross-section. 

For modal analysis the influence of the load vector in the transfer matrix ( ) ba x LF  is equal 

to zero. Taking the boundary conditions, given in equation (11), into account, the reduced 
system of two homogeneous algebraic equations is obtained. They represent an eigenvalue 
problem. The circular natural frequencies jω , j , , ,  1 2 follow from the zeros of the 

determinant of the reduced system of equations. An iterative method was used to find these 
zeros [1]. The natural frequencies j jf / ω  2 , j , , , 1 2 are computed subsequently. In the 

same way, the calculation of the eigenfrequencies according to Saint-Venant torsion, including 
the influence of the variable axial-force effect is carried out. 
The above algorithm was implemented into the software MATHEMATICA [28]. In this 
Subchapter, the results of the numerical experiments are presented and compared with the ones 
obtained by means of the available commercial software. 

 
Material properties 

Young’s modulus  E   721 10 kN/m² 
Poisson’s ratio v = 0.3  

Shear modulus   . G  78 0769 10  kN/m² 

Mass density = 7.85 t/m³	

Table 1: Material properties. 

 

Cross-sectional parameters [29] 
Cross-sectional area A   4239 10  m² 

Shear area in the y - direction . yA   4140 27 10  m² 

Shear area in the z - direction  .zA   465 77 10  m²  

Second moment of area about the y-axis  yI   8107200 10  m4 
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Second moment of area about the z-axis  zI   812620 10  m4 

Polar moment of area  p y zI =I +I   8119820 10  m4 

Radius of gyration  .pi =  222 41 10  m 

Torsion constant .TI
  8538 4 10  m4 

Secondary torsion constant . TsI   877974 4 10  m4 

Warping constant  I
  127017700 10  m6 

Table 2: Cross-sectional parameters [29]. 

The following boundary conditions for cantilever beam (Figure 4) are applied: 

a) Saint-Venant torsional vibrations: 

  ( ) ,axx    0 0 , . ( )T T bx L
M x M   0  (11) 

b) Warping vibrations: 

  ,, , ( ) ( )Mx xa M ax x   
    0 00 0  

  , ,, .( ) ( )b T T bx Lx L
M x M M x M      0 0  (12) 

Table 3 contains a comparison of the results for the first three torsional eigenfrequencies, 
obtained by the proposed method (Saint-Venant torsion and second-order torsional warping 
theory with STMDE), with corresponding results, obtained by the computer programs ANSYS 
[3], RSTAB [30], and RFEM [33] for the beam length L = 2.5 m. The computational models 
for the proposed method (Saint-Venant and warping torsion) consisted of only one finite beam 
element. Alternatively, 100 beam elements of RSTAB [30] were used for Saint-Venant modal 
analysis. This element does not allow consideration of a variable axial force. A very fine mesh, 
consisting of 16 080 3D-SOLID186 finite elements was used in the analysis by ANSYS [3], 
and 100 2D and 3D-Solid elements were used in the analysis RFEM [33]. The variation of the 
axial force in the 3D and 2D-Solid model was considered by applying mechanically consistent 
forces to the nodes of the elements. 
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n f1 42.35 ------- 39.32 41.02 41.39 

f2 217.03 ------- 215.99 213.67 213.24 

f3 543.14 ------- 549.22 552.14 550.76 
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n f1 44.28 ------- 41.38 42.90 42.63 

f2 219.12 ------- 217.93 215.56 214.49 

f3 545.52 ------- 551.56 554.32 552.34 

n x
=

 0
 0 S
ai

nt
-

V
en

an
t 

to
rs

io
n f1 21.50 21.50 ------- ------- ------- 

f2 64.51 64.51 ------- ------- ------- 
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n f1 45.21 ------- 42.37 43.81 43.26 

f2 220.16 ------- 218.89 216.56 215.24 

f3 546.70 ------- 552.78 555.81 553.49 
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n f1 23.55 21.50 ------- ------- ------- 

f2 69.07 64.51 ------- ------- ------- 

f3 114.90 107.54 ------- ------- ------- 
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n f1 46.12 ------- 43.34 44.69 43.83 

f2 221.19 ------- 217.53 219.87 215.72 

f3 547.88 ------- 553.89 556.49 553.91 

n x
=

 2
00

0 S
ai

nt
-

V
en

an
t 

to
rs

io
n f1 25.38 21.50 ------- ------- ------- 

f2 73.16 64.51 ------- ------- ------- 
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n f1 47.02 ------- 44.28 45.56 44.42 

f2 222.22 ------- 218.51 220.84 216.33 

f3 549.05 ------- 555.05 557.58 554.70 
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n f1 27.06 21.50 ------- ------- ------- 

f2 76.89 64.51 ------- ------- ------- 

f3 127.54 107.54 ------- ------- ------- 
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n f1 47.89 ------- 45.21 46.41 44.96 

f2 223.24 ------- 219.48 221.81 216.93 

f3 550.22 ------- 556.21 558.66 555.48 

Table 3: Comparison of the results for the eigenfrequencies obtained by the proposed method, [30], [33], with 
corresponding results, obtained by [3] for a cantilever beam with an I cross-section and a variable axial force. 
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Figure 5: Comparison of the cantilever beam eigenfrequencies for L = 2.5 m. 

As shown in Table 3 and Figure 5, the eigenfrequencies obtained by the proposed second-order 
torsional warping elements agree very well with the ones obtained with 3D-Solid elements. As 
expected, the Saint Venant solution (with and without the axial force effect) gave incorrect 
results. Analogous to the situation for bending vibrations, axial tension in addition to torsion 
results in an increase and axial compression in addition to torsion in a decrease of the torsional 
eigenfrequencies. 

 

Figure 6: Dependence of the 1st eigenfrequency on the beam length for the cantilever beam that is calculated by 
the proposed method. 

 

Figure 7: Dependence of the 1st eigenfrequency on the beam length for the clamped beam that is calculated by 
the proposed method. 
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In Figure 6 and 7, the 1st eigenfrequecy is shown for considered supports, beam lengths and the 
varying axial force, calculated by the proposed method. As expected, an increase of the beam 
length decreases the torsional warping eigenfrequencies. The greatest impact of the varying 
axial force on the eigenfrequency is by the cantilever beam. Similar results are also obtained 
for natural frequencies of higher order. 

4.2 Torsional modal analyses of a cantilever beam with rectangular hollow cross-section, 
subjected to an axial load 

The length of the beam, L, is 2.5 m. The material properties and the cross-sectional parameters 
are listed in Table 1 and Table 4, respectively. The modal analyses are performed for the beam 

for the following axial force: II ( ) ( )xx xN n L  for nx = 0 and ±1000 kN/m. 

 
Figure 8: Cantilever beam with rectangular hollow cross-section: a) system, axial load, b) cross-section. 

 

Cross-sectional parameters [29] 

Cross-sectional area A   4116 10  m² 

Shear area in the y - direction  .yA   425 26 10  m² 

Shear area in the z - direction  .zA   471 59 10  m²  

Second moment of area about the y-axis  yI   824358 10  m4 

Second moment of area about the z-axis  zI   88198 10  m4 

Polar moment of area  p y zI =I +I   832557 10  m4 

Radius of gyration  .pi =  216 75 10  m 

Torsion constant .TI
  818933 8 10  m4 

Secondary torsion constant  .TsI   81953 6 10  m4 

Warping constant  I
  12157782 10  m6 

Warping-ordinate at the corner points  .R
  263 879 10  m2 

Table 4: Cross-sectional parameters [29]. 
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Following torsional modal analyses have been performed by: 

- proposed method (PM) - with only one finite element (FE) 

- SOLID186 [3] -13920 FE 

- BEAM188 [3] (warping restrained - WR) - number of 100 FE 

- BEAM188 [3] (warping unrestrained - WU) - number of 100 FE 

As show the analyses results in Table 5, the varying axial force has not influenced the 
eigefrequencies significantly. In opposite to open cross-section, the radius of gyration is much 
smaller for the rectangular hollow cross section (see Table 4), so by the axial force, the second 
order torsional stiffness *

TGI  is influenced negligible comparing to the Saint-Venant torsion 

stiffness TGI . By larger axial force the buckling stability can be violated or the maximal 
strength limit can be exceeded in the considered case. It is also shown in Table 5 that the 
eigenfrequencies obtained by the standard beam finite elements (including also our new beam 
finite element) differ significantly from the ones obtained by the 3D solid finite elements (which 
is assumed as a benchmark solution). This fact relates with distortion of the closed thin-walled 
cross-section. 

nx [kNm-1] fj [Hz] PM SOLID186 
BEAM188 

WR 
BEAM188 

WU 

- 1 000 

f1 245.7 312.9 250.4 246.5 

f2 738.5 837.4 754.2 739.9 

f3 1234.3 1480.0 1265.4 1233.4 

0 

f1 246.1 313.0 250.8 246.9 

f2 739.3 837.8 754.9 740.6 

f3 1235.7 1480.0 1266.6 1234.6 

+1 000 

f1 246.5 313.3 251.1 247.2 

f2 740.2 839.5 755.6 741.4 

f3 1237.1 1481.0 1267.6 1235.8 

Table 5: Eigenfrequencies of the cantilever beam with rectangular hollow cross-section. 

4.3 Torsional modal analyses of a cantilever beam with rectangular hollow cross-section, 
subjected to a constant axial load. 

A cantilever beam with rectangular hollow cross-section (Figure 9) is subjected to various 
constant axial force. The length of the beam is L = 0.4 m. The material properties and the cross-
sectional parameters are listed in Table 1 and Table 6, respectively. 
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Figure 9: Cantilever beam with rectangular hollow cross-section: 

 

Cross-sectional parameters [29] 

Cross-sectional area .A   30 116 10  m² 

Shear area in the y - direction . yA   30 02526 10  m² 

Shear area in the z - direction . zA   30 07159 10  m²  

Second moment of area about the y-axis . yI   70 24358 10  m4 

Second moment of area about the z-axis . zI   80 8198 10  m4 

Polar moment of area . p y zI =I +I   70 32557 10  m4 

Radius of gyration  .pi =  316 75 10  m 

Torsion constant .TI
  80 189338 10  m4 

Secondary torsion constant . TsI   80 19536 10  m4 

Warping constant . I
  131 57782 10  m6 

Warping-ordinate at the corner points  .R
  663 879 10  m2 

Table 6: Cross-sectional parameters [29]. 

Similarly to the previous example, the torsional modal analyses have been performed. The 
constant axial force is denoted by NII. Obtained results shown in Table 7 can be evaluated by 
the same way, as is done in the subchapter 4.2.  
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NII [kN] fj [Hz] PM SOLID186 
BEAM188 

WR 
BEAM18 

WU 

 10 

f1 1544.6 2301.2 1556.5 1541.5 

f2 4637.4 5492.4 4676.3 4624.8 

f2 7740.2 - 7816.1 7709.3 

0 

f1 1546.0 2303.9 1557.9 1542.9 

f2 4641.58 5495.3 4980.5 4629.0 

f3 7747.2 - 7823.0 7716.2 

+ 10 

f1 1547.4 2305.8 1559.3 1544.3 

f2 4645.8 5498.4 4684.6 4633.2 

f3 7754.2 - 7829.9 7723.2 

+ 20 

f1 1548.8 2307.3 1560.7 1545.6 

f2 4650.0 5501.7 4688.8 4637.3 

f3 7761.2 - 7836.8 7730.1 

+ 30 

f1 1550.2 2308.5 1562.1 1547.0 

f2 4654.2 5505.3 4692.9 4641.5 

f3 7768.2 - 7843.7 7737.1 

+ 40 

f1 1551.64 2309.7 1563.5 1548.4 

f2 4658.43 5509.2 4697.1 4645.6 

f3 7775.2 - 7850.5 7744.0 

Table 7: Eigenfrequencies of the cantilever beam with rectangular hollow cross-section. 

5 CONCLUSIONS  

In this paper, the differential equation for the torsional deformation of a beam, subjected to 
variable axial forces, was formulated for Saint-Venant and non-uniform torsional deformations, 
including inertial line moments. The influence of the axial force on the torsional stiffness of the 
thin-walled beam was considered according to second-order torsional warping theory. For non-
uniform torsion, the part of the bicurvature, caused by the bimoment, was taken into account as 
the warping degree of freedom, and the STMDE was also considered. A general semi-analytical 
solution of the differential equation was presented and the transfer matrix relation was 
established. Based on the relations of the transfer matrix method, a straight finite beam element 
with two nodes was derived. Omitting the external load, the relationship for the torsional free 
vibrations was obtained in the framework of the FEM. The numerical investigation involves 
torsional modal analysis of thin-walled beams with I cross-sections and rectangular hollow 
cross-sections. It was shown for I cross-section beam that the tensile axial forces result in a 
significant increase of the eigenfrequencies, whereas compressive axial forces lead to their 
decrease. On the other hand, the effect of axial force on the torsional eigenfrequencies is not 
significant by the rectangular hollow cross-sections beams. It was also shown by the rectangular 
hollow cross-sections that the eigenfrequencies obtained by the standard beam finite elements 
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as well by our new beam finite element differ significantly from the ones obtained by the 
SOLID186 finite element (which is assumed as a benchmark solution). This fact relates with 
distortion of the rectangular hollow thin-walled cross-sections. This is not considered in the 
beam finite elements used in our calculations. 
The main novelties of the present contribution are: 
 consideration of a variable axial force and of the STMDE in the differential equation for 

non-uniform torsion of thin-walled beams with open and closed cross-sections according to 
the theory of second-order torsional warping; 

 formulation of the equations needed for the transfer matrix method and the FEM for 
elastostatic and modal analysis of non-uniformly twisted beams according to this theory; 

 application of the presented new finite element equations for second order torsional warping 
modal analysis of thin-walled beams and comparison of the results with the ones computed 
with the help of commercial FEM codes. 
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Abstract. In this paper, a higher order beam theory is employed for local buckling analysis 
of beams of arbitrarily shaped, homogeneous cross-section, taking into account warping and 
distortional phenomena due to shear, flexure and torsion. The beam is subjected to arbitrary 
axial, transverse and/or torsional concentrated or distributed load, while its edges are 
restrained by the most general linear boundary conditions. The analysis consists of two stages. 
In the first stage, where the Boundary Element Method is employed, a cross sectional analysis 
is performed based on the so-called sequential equilibrium scheme establishing the possible 
in-plane (distortion) and out-of-plane (warping) deformation patterns of the cross section. In 
the second stage, where the Finite Element Method is employed, the extracted deformation 
patterns are included in the buckling analysis multiplied by respective independent 
parameters expressing their contribution to the beam deformation. The four rigid body 
displacements of the cross section together with the aforementioned independent parameters 
consist the degrees of freedom of the beam. The finite element equations are formulated with 
respect to the displacements and the independent warping and distortional parameters. The 
buckling load is calculated and compared with beam and 3d solid analysis results in order to 
validate the method and demonstrate its efficiency and accuracy. 
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1 INTRODUCTION 
In most cases in the analysis of beam-like structures, Euler – Bernoulli beam theory 

assumptions are adopted, while in the case of non-negligible shear deformation effect, these 
assumptions are relaxed by using Timoshenko beam theory. However, both theories maintain 
the assumptions that plane cross sections remain plane (no out-of-plane deformation) and that 
their shape does not change after deformation (no in-plane deformation). In order to take into 
account shear lag effects in the context of a beam theory, the inclusion of non-uniform 
warping is necessary, relaxing the assumption of plane cross section. The shear flow 
associated with non-uniform warping leads also to in plane deformation of the cross section, 
relaxing the assumption that the cross section shape does not change after deformation. For 
this purpose the so-called higher order beam theories have been developed taking into account 
shear lag [1] and distortional (in-plane deformation) effects [2].  

Elastic stability of beams is one of the most important criteria in the design of structures. In 
this paper, a higher order beam theory is employed for local buckling analysis [3] of beams of 
arbitrarily shaped, homogeneous cross-section [4], taking into account warping and 
distortional phenomena due to shear, flexure and torsion. The beam is subjected to arbitrary 
axial, transverse and/or torsional concentrated or distributed load, while its edges are 
restrained by the most general linear boundary conditions. The analysis consists of two stages. 
In the first stage, where the Boundary Element Method (BEM) is employed, a cross sectional 
analysis is performed based on the so-called sequential equilibrium scheme establishing the 
possible in-plane (distortion) and out-of-plane (warping) deformation patterns of the cross 
section [4]. In the second stage, where the Finite Element Method (FEM) is employed, the 
extracted deformation patterns are included in the buckling analysis multiplied by respective 
independent parameters expressing their contribution to the beam deformation. The four rigid 
body displacements of the cross section together with the aforementioned independent 
parameters consist the degrees of freedom of the beam. The finite element equations are 
formulated with respect to the displacements and the independent warping and distortional 
parameters. The buckling load is calculated and compared with beam and 3d solid analysis 
results in order to validate the method and demonstrate its efficiency and accuracy. 

The essential features and novel aspects of the proposed formulation compared with 
previous ones are summarized as follows. 
i) It takes into account distortional effects (due to shear, flexure and torsion) in local buckling 

analysis of non-symmetric, prismatic beams.  
ii) It performs buckling (global and local) analysis based on a higher-order beam theory that is 

of increased interest due to its important advantages over refined approaches such as 3-D 
solutions. 

iii) The influence of Poisson ratio is taken into account in the buckling analysis of beams. 
iv) The beam is supported by the most general linear boundary conditions including elastic 

support or restraint. 

2 STATEMENT OF THE PROBLEM 

2.1 Displacement, strain and stress components 
Let us consider a prismatic beam of length L  (Figure 1a), of constant arbitrary cross-

section Α . The cross section consists of a homogeneous material, with modulus of elasticity 
E  and poisson ratio ν , occupying the two-dimensional multiply connected region Ω  of the 

,y z  plane (Figure 1b) and is bounded by the jΓ ( )1,2,...,j K=  boundary curves, which are 
piecewise smooth, i.e. they may have a finite number of corners. In Figure 1b CYZ  is the 
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coordinate system through the cross section’s centroid C , while Cy , Cz  are its coordinates 
with respect to Syz  principal shear system of axes through the cross section’s shear center S .  

The beam can be supported by the most general linear boundary conditions and is 
subjected to the combined action of the arbitrarily distributed or concentrated axial loading 

( )xp X  along X  direction, transverse loading ( )yp x  and ( )zp x  along the y , z  directions, 

respectively, twisting moment ( )xm x  along x  direction, bending moments ( )P
Ym x , ( )P

Zm x  
along Y , Z  directions, respectively, as well as bending ( )S

Y
m x

ϕ
, ( )S

Z
m x

ϕ
 and primary and 

secondary torsional ( )P
x

m x
ϕ

, ( )S
x

m x
ϕ

 warping moments, and higher moments ( )P
Dxm x , ( )S

Dxm x , 

( )P
DYm x , ( )S

DYm x , ( )P
DZm x , ( )S

DZm x  which in what follows will be referred to as distortional 
moments. The displacement field is considered consisting of two parts i.e. the rigid body part 
and end the effects part (warping and distortional effects). Under the aforementioned loading 
and assuming that there is an event that causes instability to the beam, the displacement field 
of the beamwith respect to the Syz  system of axes at the buckled configuration is given as 
 

 
( ) ( )



( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

Primary WarpingRigid Body Motion

Secondary Warping

, , , , ,

, , ,

P P P P P P
Y Y Z Z x x

S S S S S S
Y Y Z Z x x

u x y z u x x y z x y z x y z

x y z x y z x y z

η φ η φ η φ

η φ η φ η φ

= + + + +

+ + +





 (1a) 

 

 

( ) ( ) ( )( ) ( )( )( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

Rigid Body Motion

Primary Distortion (component along Y axis)

Secondr

, , sin - 1- cos

, ,  ,  

, ,  ,  

x x

P P P P P P
Y Y Z Z x x

S S S S S S
Y Y Z Z x x

v x y z v x z x y x

v y z z x v y z z x v y z z x

v y z z x v y z z x v y z z x

θ θ= − ⋅ ⋅ +

+ + + +

+ + +





ay Distortion (component along Y axis)


 (1b) 

 

 

( ) ( ) ( )( ) ( )( )( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

Rigid Body Motion

Primary Distortion (component along Z axis)

Sec

, , sin 1- cos

, ,  ,  

, ,  ,  

x x

P P P P P P
Y Y Z Z x x

S S S S S S
Y Y Z Z x x

w x y z w x y x z x

w y z z x w y z z x w y z z x x

w y z z x w y z z x w y z z x x

θ θ= + ⋅ − ⋅

+ + +

+ + +





ondray Distortion (component along Z axis)


 (1c) 

 
where  
 

 ( ),P
Y y z Zφ = −  (1d) 

 ( ),P y z YφΖ = −  (1e) 
 
and 
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L 

C: Centroid 
S: Shear center 

 
(a) 
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K
jj=

Γ = Γ


 

 

Ω 

1Γ  C 

y 

z 

Y 

Z 

zC 

yC 
r q P= −  

n 

S 
KΓ  

 
 
 
 
 

(b) 
Figure 1: Prismatic beam under loading (a) with a homogeneous cross section of arbitrary shape occupying the 

two dimensional region Ω (b). 

 
 ( ) ( ) ( )( ) ( ) ( )( )( )sin cos= P

Y Y Z x Y xx x x x xη θ θ θ θ θ= − − ⋅ + ⋅   (1f) 

 ( ) ( ) ( )( ) ( ) ( )( )cos sinP
Z Z Z x Y xx x x x xη θ θ θ θ θ= = ⋅ − ⋅   (1g) 

 ( ) ( )P P
Y Yx xθ η=           ( ) ( )P P

Z Zx xθ η=             ( ) ( )P P
x xx xη η=  (1h,i,j) 

 ( ) ( )S S
Y Yx xη η=           ( ) ( )S S

Z Zx xη η=            ( ) ( )S S
x xx xη η=  (1k,l,m) 

 
where u , v , w  are the axial and transverse beam displacement components with respect to 
the Sxyz  system of axes. Moreover, ( )v x , ( )w x  describe the deflection of the center of twist 

S , while ( )u x  denotes the “average” axial displacement of the cross section. ( )j
i xη  

( , ,i Y Z x=  and ,j P S= ) are the independent warping parameters introduced to describe the 
nonuniform distribution of primary ( j P= ) or secondary ( j S= ) warping due to bending 
about Y ( i Y=  ) or Z  ( i Z= ) axis or due to torsion about x  axis ( i x= ). ( )j

iz x  ( , ,i Y Z x=  
and ,j P S= ) are the independent distortional parameters introduced to describe the 
nonuniform distribution of primary ( j P= ) or secondary ( j S= ) distortion due to bending 
about Y ( i Y=  ) or Z  ( i Z= ) or due to torsion about x  axis ( i x= ). ( )P xηΥ and ( )P

Z xη  are 

related with the respective bending rotations ( )Y xθ , ( )Z xθ  due to bending about the Y , 

Z axes, according to Eqs. (1f-g). For generality purposes ( )Y xθ , ( )Z xθ  will be referred as 

( ) ( ),P P
Y Zx xη η  (Eqs. (1h,i)) and the rest of independent warping parameters i.e. ( )j

i xη  

( ( )P
x xη  and ( )j

i xη  for , ,i Y Z x=  and j S= ) will be referred as ( )j
i xη (Eqs. (1j-m)) . Despite 

the fact that ( )P xηΥ and ( )P
Z xη  are basically rigid body rotations, they are referred as primary 

independent warping parameters, for generality purposes, because they correspond to P
Yz  and 
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P
Zz  which are the primary independent distortional parameters introduced to describe the 

nonuniform distribution of primary flexural distortion due to bending about the centroidal Y , 
Z axes. ( ),j

i y zφ  ( , ,i Y Z x=  and ,j P S= ) are the primary ( j P= ) or secondary ( j S= ) 
warping functions related with shear due to bending about Y ( i Y=  ) or Z  ( i Z= ) axis or 
torsion about x  axis ( i x= ). ( ),j

iv y z  ( , ,i Y Z x=  and ,j P S= ) are the primary ( j P= ) or 
secondary ( j S= ) components of distortional functions along Y  axis related with shear due 
to bending about Y ( i Y=  ) or Z  ( i Z= ) axis or torsion about x  axis ( i x= ). ( ),j

iw y z  
( , ,i Y Z x=  and ,j P S= ) are the primary ( j P= ) or secondary ( j S= ) components of 
distortional functions along Z  axis related with shear due to bending about Y ( i Y=  ) or Z  
( i Z= ) axis or torsion about x  axis ( i x= ). It holds that CZ z z= − , CY y y= − . 

Substituting Eqs.(1a)-(1c) in the non-linear (Green) strain-displacement relations  
 

 
2 2 21

2xx
u u v w
x x x x

ε
 ∂ ∂ ∂ ∂     = + + +      ∂ ∂ ∂ ∂       

 (2a) 

 
2 2 2

1
2yy

u u v w
y y y y

ε
      ∂ ∂ ∂ ∂

= + + +      ∂ ∂ ∂ ∂       
 (2b) 

 
2 2 21

2zz
u u v w
z z z z

ε
 ∂ ∂ ∂ ∂     = + + +      ∂ ∂ ∂ ∂       

 (2c) 

 xy
u v u u v v w w
y x y x y x y x

γ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 (2d) 

 xz
w u u u v v w w
x z z x z x z x

γ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 (2e) 

 yz
v w u u v v w w
z y y z y z y z

γ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 (2f) 

 

(
2u u

x x
∂ ∂  << ∂ ∂ 

,
2

u u
y y

 ∂ ∂
<< ∂ ∂ 

, 
2u u

z z
∂ ∂  << ∂ ∂ 

, u u u u
x y x y

 ∂ ∂ ∂ ∂  << +  ∂ ∂ ∂ ∂  
, 

u u u u
x z x z

∂ ∂ ∂ ∂   << +  ∂ ∂ ∂ ∂  
, u u u u

y z y z
 ∂ ∂ ∂ ∂  << +  ∂ ∂ ∂ ∂  

i.e. the terms 
2u

x
∂ 

 ∂ 
,

2
u
y

 ∂
 ∂ 

, 
2u

z
∂ 

 ∂ 
, 

u u
x z

∂ ∂  
  ∂ ∂  

, u u
x y

 ∂ ∂ 
  ∂ ∂  

, and u u
y z

 ∂ ∂ 
  ∂ ∂  

 have been neglected as considered to be small 

compared with the linear and the rest of the non-linear terms) the strain resultants are given as 
 

 
6 171 171 16 1

ε D E
× ××

= ⋅  (3a) 

 
where ε

T

xx yy yy xy xz yzε ε ε ε ε ε =   is the strain vector which has been written as a 

product of two matrices, one ( ( ), , , , , ,D D j j j
i i iy z Y Z v wϕ=  where , ,i Y Z x=  and ,j P S= ) 

that contains expressions which are functions of the cross sectional coordinates, the warping 
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functions and the components of distortional functions and another ( ( ),,Ε Ε d d x= ) that 
contains expressions which are functions of the displacements and their derivatives, where 
dT = ( )u x , ( )v x , ( )w x , ( )x xθ , ( )P

Y xη , ( )P
Z xη , ( )P

x xη , ( )S
Y xη , ( )S

Z xη , ( )S
x xη , ( )P

Yz x , 

( )P
Zz x , ( )P

xz x , ( )S
Yz x , ( )S

Zz x , ( ) TS
xz x  ) is the displacement vector. ( ),i

⋅  denotes 
differentiation with respect to i . 

Considering strains to be small, employing the second Piola-Kirchhoff stress tensor, the 
stress components are defined in terms of the strain ones as 
 

 

2 0 0 0
2 0 0 0

2 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

xx xx

yy yy

zz zz

xy xy

xz xz

yz yz

S G
S G
S G
S G
S G
S G

ελ λ λ
ελ λ λ
ελ λ λ
γ
γ
γ

+    
    +    
   +    =    
    
    
    
       

 (4) 

 
or 
 

 
6 1 6 16 6

Material× ××
=S K ε  (5) 

 
where ( )( )2 1G E ν= + and ( ) ( )( )1 1 2E vλ ν ν= + −  are the shear modulus and the Lamé 
coefficient of the material, respectively. After the substitution of Eqs.(3) in Eqs.(5) the stress 
vector can be written as 
 

 
6 171 171 16 1 6 6

Material × ×× ×
= ⋅ ⋅S K D E  (6) 

2.2 Principle of virtual work 
According to principle of virtual work 

 
 U Wδ δ=   (7) 

 
where Uδ  and Wδ are the virtual work of the internal and external actions of the beam 
respectively.  

2.3 Virtual work of internal actions 
The virtual work of the internal actions of beam is given as 

 

 ( ) ( )1 6 6 1
ε Sxx xx yy yy zz zz xy xy xz xz yz yz

V V

U S S S S S S dV dVδ δε δε δε δγ δγ δγ δ Τ

× ×
= + + + + + = ⋅∫ ∫   (8) 

 
where V  is the volume of the beam. Substituting Eqs. (3) and (6) in Eq. (8) the expression of 
the virtual work of the internal actions can be written as 
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,171 1 171 11 171 171 171 16 1 171 17116 1,0 0 171 16 171 16
1 171

, 171 11 16 171 1711 16 ,0
16 171 16 171

1 171

E EE C E d d C E
d d

E Ed d C E
d d

L L

x
x

L

x
x

U dx dx

d

δ δ δ δ

δ δ

Τ

Τ

× ×× × × ××
× ×

×

ΤΤ
Τ Τ

×× ××
× ×

×

 
∂ ∂ = ⋅ ⋅ = ⋅ + ⋅ ⋅ ⋅ ∂ ∂ 

 

 
 ∂ ∂  = ⋅ + ⋅ ⋅ ⋅   ∂ ∂    

 

∫ ∫

∫ 171 1171 1711 320
32 171

1 171

Ed C E
d

L

tot
tot

x dxδ
Τ

Τ

×××
×

×

 
 ∂ = ⋅ ⋅ ⋅  ∂  

 
∫

  (9a) 

 
where 
 

 
171 6 6 171171 171 6 6

Material dΤ

× ×× ×Ω

= ⋅ ⋅ Ω∫C D K D     and     
16 1

32 1 ,
16 1

d
d dtot

x

×

×
×

 
 =
 
 

 (9b) 

 

C is a matrix that contains the non-linear geometric constants of the cross section of the beam. 

2.4 Virtual work of external actions 
The virtual work of the external actions of beam is given as 

 

 

( ) ( ) ,1 3 3 1 3 1
,

1 3

3 11 32
32 3

u uu t d d t
d d

ud t
d

x y z x
xF F F

tot
totF

W t u t v t w dF dF dF

dF

δ δ δ δ δ δ δ

δ

Τ

Τ

× × ×

×

Τ

Τ

××
×

 
 ∂ ∂ = + + = ⋅ = + ⋅  ∂ ∂  

 
 

 ∂ = ⋅ ⋅  ∂  
 

∫ ∫ ∫

∫

  (10) 

 

where t  is the vector applied on the lateral surface of the beam including end cross sections, 
denoted by F . After some algebraic manipulations the virtual work of the external actions 
can be written as 
 

 

0

1 321 3 10
32 3

0
00

3 1 3 11 32 1 320
32 3 32 3

ud t
d

u ud t d t
d d

j

L

L K

tot j
j tot j

L
tot totx x Lx x L

tot tot
x x L

W ds dx

d d

δ δ

δ δ

Τ

Τ

×= ×Γ
×

Τ Τ

Τ Τ
= == =

× ×× ×Ω Ω= =
× ×

  
  ∂ = ⋅ ⋅   ∂     

   
      ∂ ∂

+ ⋅ ⋅ Ω + ⋅ ⋅ Ω      ∂ ∂      
   

∑∫ ∫

∫ ∫

 (11) 

2.5 Warping and distortional functions 

The calculation of the ( ),j
i y zφ  ( , ,i Y Z x=  and ,j P S= ) warping functions and ( ),j

iv y z  

and ( ),j
iw y z  ( , ,i Y Z x=  and ,j P S= ) components of distortional functions that have been 
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employed in section 2.1 are obtained after solving corresponding boundary value problems, 
formulated exploiting the local equilibrium equations and the corresponding boundary 
conditions according to a sequential equilibrium scheme as presented in [4] employing the 
Boundary Element Method. More specifically, in order to compute the involved warping and 
distortional functions, local equilibrium is sequentially fulfilled by introducing additional 
warping and distortional functions, so as to equilibrate non-equilibrated stress residuals [4]. 
According to sequential equilibrium scheme in each equilibrium stage three deformation 
modes are added (two due bending about Y  and Z  axes and one due to torsion about x  axis) 
each of which includes one warping and one distortional function [4]. So the number of 
degrees of freedom of each node is 
 

 ( )4 2 3dofs stagesN N= + ⋅ ⋅  (12) 
 
where stagesN  is the number of equilibrium stages that participate in the model. The 
displacement field that includes up to secondary deformation modes, expressed by Eqs. (1), 
corresponds to 2stagesN =  and 16dofsN = . If tertiary deformations modes are taken into 
account it will be 3stagesN =  and 22dofsN =  etc.  

3 NUMERICAL SOLUTION 

3.1 Shape functions and nodal displacements 
According to the proposed analysis, the local buckling problem of homogeneous beams 

taking into account warping and distortional phenomena due to shear, flexure and torsion is 
numerically solved employing the Finite Element Method (FEM). According to this method, 
the displacement components ( )id x  for 1...16i =  (of the displacement vector d ) are 
expressed as a function of nodal displacements and shape functions. An element with two 
nodes at 0x =  and x L=  has been employed, where L  is the length of the element and the 
origin of the coordinate system is at its left end. As a result, the aforementioned displacement 
components are expressed in terms of nodal displacements as 
 

 ( ) ( ) ( )1 1 2 2i i id x f x d f x d= ⋅ + ⋅  (13a) 
 
where 1 2,i id d  are the nodal displacements of the id  displacement component at nodes 1 
( 0x = ) and 2 ( x L= ) respectively, while the shape functions ( )1f x , ( )2f x  are given by the 
expressions 
 

 ( )1 1 xf x
L

= −                      ( )2
xf x
L

=  (13b,c,e) 

 
that have been calculated in order to hold that 1i id d=  at 0x =  and 2i id d=  at x L= . Thus, 
the vector of nodal displacements is defined as 
 

 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

q P P P S S S P P P S S S
x Y Z x Y Z x Y Z x Y Z x

TP P P S S S P P P S S S
x Y Z x Y Z x Y Z x Y Z x

u v w z z z z z z

u v w z z z z z z

θ η η η η η η

θ η η η η η η

= 



 (14) 
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or 
 

[
]

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
T

q q q q q q q q q q q q q q q q

q q q q q q q q q q q q q q q q

=q  (15) 

 
and the displacement vector can be written as 
 

 
16 3216 1 32 1

d f q
×× ×

= ⋅   (16a) 

 
where  
 

 

( )
( )

( )

( )
( )

( )

1 2

1 2

16 32

1 2
16 16 16 16

0 0 0 0
0 0 0 0

0 0 0 0

f
x

x x

f x f x
f x f x

f x f x

 
 
 

=  
 
 
  

 

 

       

 

 (16b) 

3.2 Principle of virtual work 
Combining Eqs. (7), (9a) and (11) and substituting Eqs. (16a) the principle of virtual work 

is written as 
 

 
32 11 32 1 3232 1

q f q Psδ δΤ Τ

×× ××
=   (17) 

 
or 
 

 
32 132 1

f Ps ××
=   (18) 

 
where fs  and P  are the elastic forces and the load vector respectively. 

3.3 Elastic forces  
Substituting Eqs. (16a) in Eq. (9a) the expression of the virtual work of the internal actions 

can be written as 
 

 
32 171 171 1171 1711 32 0

q Z C E
L

U dxδ δ Τ Τ

× ×××
= ⋅ ⋅∫  (19a) 

where  
 

 
171 32 32 32

171 32

EZ f
d tot

tot
× ×

×

∂
=

∂
 and 

16 32

32 32 ,
16 32

f
f ftot

x

×

×
×

 
 =
 
 

 (19b) 

 
So the developing elastic forces are evaluated as 
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32 171 171 1171 17132 1 0

f Z C E
L

s dxΤ

× ×××
= ⋅ ⋅∫  (20) 

3.4 Load vector  
Substituting Eqs. (16a) in Eq. (11) the expression of the virtual work of the external actions 

can be written as 
 

0

0
001 32 1 32 1 321 32 3 3 1 3 1 3 10 32 3 32 3

Left end ( 0) Right end ( )Lateral Surface

L
j

L K
L

j j x x Lx x L
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= =
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∑∫ ∫ ∫ ∫q H t q H t q H t

  





 (21a) 

 
where  
 

 
3 32 32 32

3 32

uH f
d tot

tot
× ×

×

∂
=

∂
 (21b) 

 
or  
 

 0
1 32 32 1 1 32 1 32 32 132 10

q p q P q P
L

LW dxδ δ δ δΤ Τ Τ

× × × × ××
= + +∫  (22a) 

 
where 
 

 
32 1 1 32 3 3 1

p H t
j

K

j j
j

dsΤ

× = × ×Γ

   = ⋅    
∑ ∫       

0

0
0

32 3 3 132 1 0

P H t
x

dΤ

× ×× =Ω

 = ⋅ Ω 
 ∫       

32 1 32 3 3 1
P H t

L

L
L

x L

dΤ

× × × =Ω

 = ⋅ Ω 
 ∫  (22b,c,d) 

 
p  is the distributed load vector over the length of the beam while 0P and PL  are the 
concentrated loads applied at the left ( 0x = ) and at the right ( x L= ) end of the beam, 
respectively. So the load vector is evaluated as 
 

 032 1 32 1 32 132 10

P p P P
L

Ldx
× × ××

= + +∫  (23) 

 

3.5 Element stiffness matrix 
Eqs. (18), that have to be solved, can be written as 

 
 

32 1 32 132 1
f P 0s × ××

− =   (24) 

 
or  
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32 32 32 132 1
K q 0δ
× ××

=   (25) 

 
where K  is the total stiffness matrix of the element that is calculated employing the 
expression 
 

 
32 32

32 32 32 32

f PK
q q
s

×

× ×

∂ ∂
= −

∂ ∂
 (26) 

 
after the substitution of Eqs.(20), (22b-d) and (23) the stiffness matrix is obtained as 
 

 
32 32 32 3232 32

f PK K K
s× ××

= −  (27a) 

 
where 
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171 1171 1 171 171
CE C E

×× ×
= ⋅  (27b) 

 
The stiffness matrix can be written as 
 

 
32 32 32 32 32 32
K K Klin nl× × ×

= +  (28) 

 
where K lin (the linear part) can be calculated by substituting q 0=  in Eqs. (27) and Knl (the 
nonlinear part) by Eqs. (27) as K K Knl lin= −  and after substituting ( ) 2cos 1 2x xθ θ= −  and 

( ) 3sin 6x x xθ θ θ= −  and preserving non-linear terms up to 1st order. 

3.6 Total stiffness matrix and buckling criterion 
Separating the beam in N  elements, employing the direct stiffness method and taking into 

account the boundary conditions of the beam, the total system of equations is formulated as 
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 ( )KK q 0tot
n

tot tot
lin lλ δ+ ⋅ =  (29) 

 
The buckling load is calculated by the solution of the generalized eigenvalue problem of Eqs. 
(29) where K tot

lin  is the linear stiffness matrix of the beam and K tot
nl  is calculated for 0q q=  

which is calculated by the solution of the linear problem 
 

 1
0q K Plin lin

−= ⋅  (30) 
 
where Plin  is calculated by substituting q 0= in Eqs. (23). The eigenvalues λ  represent the 
load factor that multiply Plin  and leads beam to buckle. So load vector that causes buckling is 
 

 P Pcr linλ= ⋅  (31) 
 
and the eigenvectors qtot

crδ  are the corresponding modeshapes. 

4 NUMERICAL EXAMPLE 
In order to investigate the influence of distortional phenomenon in linear buckling analysis 

of beams, a numerical example drawn from the literature [5, 6] is examined. Closed cross 
section cantilever beams (Figure 2a), for length varying from 5.0L m=  to 40.0L m= , with a 
homogeneous ( 6 210 /E kN m= , 0.25ν = ) rectangular cross section (Figure 2b) have been 
analysed. More specifically, the buckling load has been calculated employing Distortional 
Beam Theory (present study) for varying number of degrees of freedom of each node ( dofsN  ) 
with 40 FE and is compared with the corresponding results according to Generalized Warping 
Beam Theory (GWBT) with 41 FE (takes into account shear lag both due to flexure and 
torsion, distortion is not taken into account) [5], Euler - Bernoulli Beam Theory including 
primary torsional warping (E/BBT) employing 41 FE [5], Timoshenko Beam Theory taking 
into account primary torsional warping (TBT) employing 50 FE [5], Solid FEM without 
diaphragms (w/out d.) [5] and solid FEM with diaphragms (with d.) [5]. In this example in the 
Solid FEM with d. model rigid diaphragms in each set of nodes having the same longitudinal 
coordinate have been employed, pointing out that the diaphragms are designed so as each set 
of nodes has the same translation and rotation in the cross section plane, corresponding to that 
cross section maintains its shape at the transverse directions during deformation (distortion is 
not taken into account –assumption of E/EBT, TBT, GWBT). In both solid FEM models 1200 
solid FE per meter of length have been employed [5]. The aforementioned results are 
compared with those calculated by Wang and Li [6] which calculated the buckling loads of 
thin walled members taking into account shear lag effect (distortion is not taken into account). 
Figure 2c shows the aforementioned buckling loads.  

The discrepancies between Solid FEM with d. and Solid FEM w/out d. as well as those 
between GWBT and DBT for 34dofsN =  show that for the lengths where the two solutions are 
different local buckling is dominant. Comparing DBT results with   those  obtained  by  Solid  
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L  

end 1 end 2 
Pcr  

 
 
 
 
 

(a) 

 

4.2m 
C≡S 

 

Z≡z 
 

Y≡y 
 

2.2m 

0.2m 

0.2m 

             (b) 

       (c) 
 

Figure 2: Boundary conditions and loading (a), cross section (b) and buckling loads of beams of numerical 
example as obtained from E/BBT [5], TBT[5], GWBT [5], Solid FEM with and without diaphragms [5], 
Wang and Li [6] and DBT (present study) for various Ndofs(c). 
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    (a)   (b) 

 

(c) (d) 
Figure 3: Modeshape for 5L m=  (a, b) and 10L m=  (c, d) as calculated by DBT (present study) for 34dofsN =  

and Solid FEM without diaphragms, respectively. 

 
FEM w/out d. it is obvious that as the dofsN  increases DBT results approach Solid FEM w/out 
d. solution. Especially for dofsN  equal to 34 and 40 the results are almost the same, so can be 
concluded that DBT (proposed method) convergences and that for sufficient dofsN  DBT can 
give as accurate results as Solid FEM w/out d. even in cases of short lengths (e.g. 

Beam Length 1.19
longest side of the cross section

=  for 5L m= ) where local buckling dominates (Figure 

3a,b). The buckling load calculated from DBT for 34dofsN = , solid FEM w/out d. and solid 

FEM with d. for 5L m=  is  P =15,224.01kNDBT
cr ,  / .P =16,030.75kNSolid FEM w out d

cr  and   

.P =93,440.91kNSolid FEM with d
cr    respectively.   So   it   holds   

/ .

/ .
P P 5%

P

DBT Solid FEM w out d
cr cr

Solid FEM w out d
cr

−
= −   and  
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(a)  

(b) 

 

(c) 
(d) 

(e) 
(f) 

Figure 4: Modeshape for 20L m=  (a, b), 30L m=  (c, d) and 40L m= (e, f) as calculated by DBT (present 
study) for 34dofsN =  and Solid FEM without diaphragms, respectively. 
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. / .

/ .
P P 482%

P

Solid FEM with d Solid FEM w out d
cr cr

Solid FEM w out d
cr

−
= . From these comparisons is apparent the great 

importance of the distortional phenomenon in buckling analysis of beams. 
Figure 3 presents the buckling modeshapes for 5L m=  (Figure 3a,b) and 10L m=  (Figure 

3 c,d) as calculated by DBT for 34dofsN =  and Solid FEM without diaphragms, respectively. 
It is obvious that these modeshapes correspond to local buckling which is consistent with the 
fact that the buckling loads of GWBT and DBT for 34dofsN =  are not the same. Comparing 
DBT with solid FEM w/out d. results can be concluded that the respective modeshapes are not 
identical, as expected, because in present DBT model warping and distortional degrees of 
freedom related with axial loading are not included. This will be accomplished in a future 
research effort. 

Figure 4 presents the buckling modeshapes for 20L m=  (Figure 4a,b), 30L m=  (Figure 
4c,d) and 40L m=  (Figure 4e,f) as calculated by DBT for 34dofsN =  and Solid FEM without 
diaphragms, respectively. It is obvious that these modeshapes correspond to global buckling, 
which is consistent with the fact that the buckling loads of GWBT and DBT for 34dofsN =  are 
approximately the same. Comparing DBT with solid FEM w/out d. results can be concluded 
that the respective modeshapes are identical. 

5 CONCLUSIONS  
In this paper, the a higher order beam element is employed for local buckling analysis of 

beams of arbitrarily shaped, homogeneous cross-section, taking into account warping and 
distortional phenomena due to shear, flexure and torsion. The beam is subjected to arbitrary 
axial, transverse and/or torsional concentrated or distributed load, while its edges are 
restrained by the most general linear boundary conditions. The main conclusions that can be 
drawn from this investigation are as follows: 
• Distortional phenomenon has great influence in the calculation of the linear buckling load. 

• Local buckling is dominant for small values of Beam Length
longest side of the cross section  so 

distortional phenomenon is needed to be taken into account in buckling analysis of beam 
members. 

• DBT (proposed method) convergences for increasing dofsN . 
• For sufficient dofsN  DBT can give as accurate results as Solid FEM w/out d. even in cases 

of short lengths where local buckling dominates. 
• The inclusion of warping and distortional degrees of freedom related with axial loading is 

considered as necessary in order to calculate the right modeshapes in cases where local 
buckling is dominant. This will be accomplished in a future research effort. 
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Abstract. In this paper a novel design methodology for seismic isolation of bridges is presented 

employing the KDamper passive system and the Harmony Search (HS) optimization algorithm. 

The implementation of the KDamper concept to the absorption of seismic excitation of bridge 

structures requires the solution of a linear dynamic problem during which the basic parameters 

of KDamper design must be predefined. As this selection appears to be a quite complex proce-

dure, the need for an optimization process is of paramount importance. In our work, an emerg-

ing metaheuristic algorithm, the Harmony Search algorithm, which has been successfully 

applied to several engineering problems, is employed to obtain optimum design parameters for 

a typical bridge structure under seismic excitation. The optimal solution is obtained for a set 

of 5 earthquake excitation records using as objective function the Root Mean Square of the 

displacement ratio. Comparative results of the dynamic response between the initial and the 

isolated structure are presented to verify the effectiveness, validity and reliability of the pro-

posed design method.  
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1 INTRODUCTION 

During the last decades, seismic isolation of bridges has gained more and more territory in 

the domain of antiseismic design of structures. Its basic principle, the reduction of the seismic 

forces that are imposed to a bridge due to an earthquake, appears to be in contrast with older 

antiseismic techniques promoting the increase of a structure’s bearing capacity to sustain dy-

namic loads. Consequently, seismic isolation methods lead to more economic structures that 

simultaneously demonstrate better dynamic response to seismic excitations. In practice, seismic 

isolation of bridges is achieved through the implementation of special devices and configura-

tions that decouple the deck from the substructure. Thus, the total structure’s stiffness is reduced 

whereas its eigenperiod is increased, resulting in the transition of the descending branch at the 

design spectrum of accelerations. In this category of devices, elastomeric bearings, lead-rubber 

bearings, roller bearings and other similar layouts enlist. Latest research on this topic follows 

two separate directions: a) the introduction of an additional mass into the structure, providing 

an extra inertia force (Tuned Mass Dampers - TMD), and b) the implementation of negative 

stiffness elements (“Quazi Zero Stiffness” Oscillators – QZS).  

First applied by Frahm [1], TMDs have been frequently used to absorb vibrations of sky-

scrapers under earthquake and wind loading [2-4], following the optimal design theory pro-

posed by Den Hartog [5]. Taipei 101 Tower (101 stories, 504 m) in Taiwan [6], one of the 

tallest building worldwide, is a characteristic example of TMD implementation. The use of 

TMDs has been recently included in studies concerning vibration absorption in seismic or other 

forms of excitation of bridge structures [7]. In order to transfer a large amount of the structural 

vibrating energy to the TMD, its natural frequency is tuned in resonance with the fundamental 

frequency of the primary structure. This energy is then dissipated by damping. Besides their 

effectiveness, TMDs present two main disadvantages: a) they are susceptible even to slight 

changes of environmental or other external parameters that can disturb the tuning and thus, they 

reduce the device’s performance [8], and b) they require a large oscillating mass, to achieve the 

desired vibration reduction, rendering their construction and placement procedure rather diffi-

cult. 

On the other hand, negative stiffness elements gain their place in modern seismic isolation 

techniques, proving themselves as a promising alternative to conventional ones. True negative 

stiffness is defined as a force that assists motion instead of opposing it as in the case of a positive 

stiffness spring. First introduced in the pioneer publication of Molyneaux [9], as well as in the 

milestone developments of Platus [10]. The central concept of these approaches is to signifi-

cantly reduce the stiffness of the isolator and consequently to reduce the natural frequency of 

the system even at almost zero levels, as in Carella et al. [11], regularly called “Quazi Zero 

Stiffness” (QZS) oscillators. After the initial comprehensive review by Ibrahim [12], many re-

searchers have demonstrated the effectiveness of such devices, (see e.g. [13]), by introducing a 

new structural modification approach for the seismic protection of structures with an adaptive 

passive negative stiffness device, showing that the implementation of such device in structures 

would result in decreased dynamic forces on them. The negative stiffness behaviour is primarily 

achieved by special mechanical designs involving conventional positive stiffness pre-stressed 

elastic mechanical elements, such as post-buckled beams, plates, shells and pre-compressed 

springs, arranged in appropriate geometrical configurations. Some interesting designs are de-

scribed in [14-15], whereas in [16-22] numerous applications of QZS in seismic isolation can 

be found. However, QZS oscillators suffer from their fundamental requirement for a drastic 

reduction of the total structural stiffness to almost negligible levels, which limits the static load 

capacity of such structures. 
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Combining the beneficial characteristics of both aforementioned typed of seismic isolation 

device, a novel passive vibration isolation and damping configuration is introduced, based on 

the KDamper concept introduced by Antoniadis et al. [23]. The proposed device incorporates a 

negative stiffness element, which can exhibit extraordinary damping properties, without the 

drawbacks of TMDs or QZS oscillators. The KDamper is designed to present the same overall 

(static) stiffness as a traditional reference original oscillator. However, it differs from both the 

original SDoF oscillator, as well as from the known negative stiffness oscillators, due to the 

appropriate redistribution of the individual stiffness elements and the reallocation of the damp-

ing. Even though negative stiffness elements usually demonstrate an unstable behavior, the pro-

posed device is designed to be statically and dynamically stable. The presence of an additional 

mass also serves in mitigating the effects of a vibrating load, operating as an energy dissipation 

mechanism similarly to the additional mass of the TMDs. However, the KDamper overcomes 

the sensitivity problems of TMDs as the tuning is mainly controlled by the negative stiffness 

element’s parameters. Once such a system is designed according to the approach proposed in 

[23], it is shown to exhibit an extraordinary damping behaviour. A first approach to the imple-

mentation of the KDamper concept for the seismic isolation of a typical bridge can be found in 

[24].  

In this paper, an effort to find the optimum design parameters of such a device, taking into 

account general aspects of contemporary seismic isolation techniques, will be presented. For 

the optimization process, harmony search algorithm (HS), a novel metaheuristic algorithm, is 

adopted. First proposed by Geem et al. [25] in 2001, HS can handle problems with both discrete 

and continuous variables [26,27] and is characterized by the distinguishing features of algo-

rithm simplicity and search efficiency. Not being a hill-climbing algorithm, the probability of 

becoming entrapped to a local optimum is significantly reduced. Moreover, it uses a stochastic 

random search instead of a gradient search, as other metaheuristic algorithms do, gaining in 

simplicity. Stochastic derivatives are useful for a number of scientific and engineering problems 

where mathematical derivatives cannot be calculated or easily treated [28] and also serve to the 

reduction of the required number of iterations. The aforementioned advantages render HS suit-

able for various optimization problems including the traveling salesman problem [25], optimi-

zation of data classification systems [29], pipe network design [30] and generalized orienteering 

problem [31]. As far as structural problems are concerned, HS has been successfully applied to 

the optimum design of truss structures [32], steel sway frames [33] and grillage systems [34]. 

Recently, HS has been employed for the optimum design of the implementation of TMDs to 

multistory buildings [35, 36]. 

In the test case considered, the optimum design and implementation of the KDamper concept 

in a typical single-pier concrete bridge is examined. The device’s parameters are optimized 

under five, commonly used in relevant literature, seismic excitation records with different fre-

quential content, using the Root Mean Square (RMS) of deck’s displacement weighted ratio 

(displacement of the deck of the isolated over displacement of the deck of the initial structure) 

as an objective function. Finally, comparative results of the dynamic response between the ini-

tial and the isolated structure are presented to verify the validity and reliability of the proposed 

design method. 

 

2 SEISMIC ISOLATION AND KDAMPER ANALYSIS MODEL 

In this section, the motive to design the optimal parameters of a KDamper device with re-

spect to general aspects and regulations of current seismic isolation methods and techniques, is 

described. 
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2.1 Basic Seismic Isolation Principles  

The basic principle in seismic isolation of bridges is the increase of the structure’s eigenper-

iod, in view of the transition to the descending branch of the response spectrum of accelerations 

(Fig. 1a). However, excessively high values of the eigenperiod could result in an undesirable 

increase of the structure’s displacements due to the different shape of the response spectrum in 

terms of displacements, as it can be derived from Fig. 1b. Even though the implication of damp-

ers seems a rather effective choice, it is not always a feasible one, as relatively high values of 

damping are usually required. An optimum compromise of the acceleration and the displace-

ment, within an acceptable range of the period creates an area that provides possible solutions 

avoiding the negative effects described previously. This area is called design window and its 

lower and upper bounds are shown in Fig. 2. 

 

 
 

 
 

(a) (b) 

Figure 1: Response spectra of (a) accelerations and (b) displacements. 

 

 
 

Figure 2: Conceptual illustration of the design window for isolation systems. 
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More specifically, the left boundary of the design window is imposed by the necessity to 

reduce accelerations and depends generally on the site (margin between the branch of constant 

accelerations and the descending one). It is roughly estimated to be equal to 2 seconds. Con-

cerning the right-side boundary of the design window, this cannot be defined as easily as the 

left one, as it is relevant to the displacement performance requirements of each structure. The 

upper limit of the design window is thus depending on each structure’s functionality, security 

and implementation demands. In light of the above, the need to introduce an optimization pro-

cedure for an efficient design of a seismic isolation system is inherently apparent. 

 

2.2 The KDamper concept 

As it was also mentioned in the introduction, the KDamper is a novel passive vibration ab-

sorption and damping concept, exploiting the advantageous characteristics of both TMDs and 

negative stiffness elements. Fig. 3 presents the basic layout of the proposed seismic isolation 

configuration, where 
Nk  denotes the algebraic value of negative stiffness. The device is de-

signed to minimize the response  x t  of a SDoF system of mass 
sm  and static stiffness 

ok  to a 

base excitation  Gx t . The SDoF system may be undamped or have a low initial damping ratio. 

As it can be observed from Fig. 3, an additional mass, 
Dm  is added inside the device, creating 

a second hidden degree of freedom. 
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Figure 3: Schematic representation of the considered vibration absorption concept. 

 

Further information on the equations of motion, the detailed design, the realization of the 

negative stiffness element and a possible implementation of a such a device into a bridge struc-

ture can be found in Sapountzakis et al. [24]. However, some useful remarks are also noted 

hereafter. 

The device’s performance depends on the parameters,  ,  , and 
D  designated by the fol-

lowing equations [24] 

 D

s

m

m
   (1) 
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where D  represents the equivalent damping ratio of the additional artificial damper with con-

stant Dc . 

Based on these parameters, all the other constants of the KDamper elements are defined. 

Limitations are imposed in order the device to be economical and easy to place, regarding each 

structure’s specific requirements and demands. Caution concerning the maximum allowable 

displacement of both DoFs (internal and external) has to be also taken into account. Analytical 

description of the relevant restrictions will be given later in this paper. 

Due to the nature of these parameters and their effect on the device performance along with 

the imposed limitations, proposing an accurate optimization procedure is of paramount im-

portance to facilitate the implementation of the KDamper concept.  

 

2.3 Test case considered 

(a) 

 
 

(b) 

         
 
 

 Figure 4: Schematic representation of the bridge considered. (a) Longitudinal section, (b) Transverse 

section. 
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A typical single-pier concrete bridge of mass 729.3sm   tn with two spans of 25m each and 

conventional bearings is considered. The deck is 9.50m wide. A schematic representation of 

the bridge is given in Fig. 4. The damping factor of the system is equal to  314.3443sc   kNs/m, 

corresponding to reinforced concrete’s damping ratio, 5%s  . Five conventional 

ALGABLOC NB 400x500/99/71 bearings are used, two above of each abutment and one above 

the pier, with a horizontal stiffness of 2730bk   kN/m for each one of them. The total structural 

stiffness is 5 2730 13650ok x   kN/m, and the natural period of the structure is calculated as 

follows 

 2 1.45secs
s

o

m
T

k
   (4) 

As an initial approach, the pier is considered to be stiff enough to be neglected and the total 

structural stiffness is equal to the horizontal stiffness of the bearings.  

The bridge is subjected to five different seismic excitation records, commonly used in anti-

seismic design literature (El Centro, Tabas, Leukada, Northridge, Kobe). 

 

3 HARMONY SEARCH ALGORITHM AND OPTIMIZATION PROCESS 

In this section, the HS metaheuristic algorithm is briefly described, and a detailed example 

of the proposed optimization procedure is also presented. 

3.1 HS algorithm  

Although, a detailed description of the HS algorithm can be found in [30] and [35-37], the 

four basic steps of the algorithm are the following: 

Step 1: Initialization of the HS Memory matrix (HM). HM matrix contains vectors repre-

senting possible solutions to the examined optimization problem. The initial HM matrix is cre-

ated using randomly generated solutions. For an n-dimension problem, HM has the form 

 

1 1 1

1 2

2 2 2

1 2

1 2

, ,...,

, ,...,

.

.

.

, ,...,

n

n

HMS HMS HMS

n

x x x

x x x

HM

x x x

 
 
 
 

  
 
 
 
  

 (5) 

where 1 1 1

1 2, ,..., nx x x    1,2,...,i HMS  is a solution candidate. HMS is typically set to values 

between 50 and 100. The value of the objective function is calculated for every solution vector 

of the HM matrix. 

Step 2: Improvisation of a 1 2, ,..., nx x x   
 

 new solution from the HM. Each one of the com-

ponents of this new solution, jx  , is obtained based on the Harmony Memory Considering Rate 

(HMCR), which is defined as the probability of selecting a component from the HM members. 

1 – HMCR is, therefore, the probability of generating a new component randomly. If jx   is 
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chosen from the HM matrix, it is further mutated according to the Pitching Adjusting Rate 

(PAR), that determines the probability of a candidate from the HM to be mutated. 

Step 3: Update of the HM matrix. The value of the objective function of the new solution, 

obtained in Step 2, is calculated and compared to the ones that correspond to the original HM 

matrix vectors. If it results in a better fitness than that of the worst member in the HM, it will 

replace that one. In the typical case of a minimization optimization process, the new solution 

replaces a member of the HM matrix, only if that member has a bigger value of objective func-

tion than the new one. If there are more than one members in the HM with larger values of the 

objective function that the new solution, the one with the higher value is replaced. Otherwise, 

the new solution is eliminated and HM matrix remains intact. 

Step 4: Repetition of Steps 2 and 3 until a preset termination criterion is met. A commonly 

used termination criterion is the maximum number of total iterations. 

The flowchart of the proposed HS algorithm is presented in Fig. 5. 

 

 
 

Figure 5: Flowchart of the proposed HS algorithm. 

 

3.2 KDamper concept optimization process  

As it is also stated previously in this paper, in order to optimally design and implement the 

KDamper concept into a bridge structure, Harmony Search algorithm is employed. Following 

the procedure and flowchart presented above, the features of the examined optimization prob-

lems can be derived. 
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Starting from the design variables, whose value shall be optimized, the three parameters that 

control the device’s performance  ,  , and D  are selected.  

Secondly, the limits of the design variables are determined. Their choice lies on safety, sta-

bility and manufacturing parameters that need to be taken into account. These parameters may 

differ from structure to structure, however, as far as bridges are concerned, the limits presented 

below provide satisfying results at most cases.  

 

     
D  

min 0.01 2.234 0.01 

max 0.05 2.831 0.70 

 

Table 1: Variable design limits. 

In Table 1 the lower and upper limits of the three design variables are indicated. Regarding 

the ratios   and D , their values are upper limited due to manufacturing reasons, so as for the 

system to be economic and the device to be easy to construct and place. The limits of the third 

design variable,  , are dictated by the basic stability requirement of the KDamper. The latter 

is introduced in the KDamper design methodology in order to avoid excessive values of the 

negative stiffness element that could disturb the static stability of the whole system. The desired 

stability is ensured by the implication of the static stability margin,  . More information on   

and its relation with the other design parameters and especially with   can be found in Sapoun-

tzakis et al. [24]. Primary numerical examples indicate that values of   between 20% and 30% 

are acceptable. Consequently, 
max  and 

min  are calculated through a Goal Seek command 

with the condition that  is equal to 20% and 30% respectively. 

Concerning the parameters inherently involved in the HS algorithm, values commonly found 

in relative literature are adopted (Table 2). The same holds for the termination criterion, as the 

maximum number of iterations is pre-selected.  

 

HMS HMCR PAR 

75 0.5 0.1 

 

Table 2: Values of the HS algorithm parameters. 

Aimed to find the optimum solution for all 5 excitations to which the considered bridge is 

subjected, the Root Mean Square (RMS) of the displacement ratio (deck displacement of the 

isolated structure over the deck displacement of the initial structure) is selected as the objective 

function, that needs to be minimized. 

Finally, the constraints of the examined optimization problem are defined. In order for the 

design to be compatible with the mechanical configuration proposed in [24], the constant of the 

negative stiffness element should not exceed the value of 1872.1 kN and the displacement of 

the internal DOF should be lower than 70 cm. The last constraint prevents the maximum deck 

relative acceleration of the new structure to exceed the maximum deck relative acceleration of 

the initial one. 

 

45



Panagiota G. Syrimi, Evangelos J. Sapountzakis, George C. Tsiatas and Ioannis A. Antoniadis 

4 NUMERICAL RESULTS 

In Table 3, the optimum values of the design variables, obtained through the HD optimiza-

tion procedures are presented. Comparative results between the initial and the isolated structure 

for each earthquake excitation are presented in Figures 6-10, in terms of deck absolute acceler-

ations and relative displacements. Their maximum values are also depicted in Table 4. 

 

    
D  

0.0488 2.7274 0.6041 

 

Table 3: Optimum values of the design variables. 
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Figure 6: Comparative results between the initial and the isolated system under El Centro earthquake (a) abso-

lute accelerations in m/s2 ( max 2.79KDa  , max 4.41SDoFa  ) and (b) relative displacements in m 

( max 0.10KDu  , max 0.23SDoFu  ). 
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Figure 7: Comparative results between the initial and the isolated system under Tabas earthquake (a) absolute 

accelerations in m/s2 ( max 8.47KDa  , max 5.72SDoFa  ) and (b) relative displacements in m 

( max 0.18KDu  , max 0.30SDoFu  ). 
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Figure 8: Comparative results between the initial and the isolated system under Leukada earthquake (a) abso-

lute accelerations in m/s2 ( max 2.66KDa  , max 5.58SDoFa  ) and (b) relative displacements in m 

( max 0.06KDu  , max 0.29SDoFu  ). 
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Figure 9: Comparative results between the initial and the isolated system under Northridge earthquake (a) ab-

solute accelerations in m/s2 ( max 7.02KDa  , max 9.39SDoFa  ) and (b) relative displacements in m 

( max 0.28KDu  , max 0.50SDoFu  ). 
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Figure 10: Comparative results between the initial and the isolated system under Kobe earthquake (a) absolute 

accelerations in m/s2 ( max 7.73KDa  , max 11.30SDoFa  ) and (b) relative displacements in m 

( max 0.29KDu  , max 0.60SDoFu  ). 

 

 SDoF system Isolated system 

 a (m/s2) us (m) a (m/s2) us (m) 

El Centro 5.17 (4.41) 0.23 3.08 (2.79) 0.10 

Tabas 10.20 (5.72) 0.30 9.46 (8.47) 0.18 

Leukada 7.54 (5.58) 0.29 3.96 (2.66) 0.06 

Northridge 8.59 (9.39) 0.50 7.28 (7.02) 0.28 

Kobe 8.36 (11.30) 0.60 8.27 (7.73) 0.29 

 

Table 4: Deck accelerations and relative displacements of both the isolated and the initial SDoF structure. (The 

numbers in the parenthesis represent the maximum value of absolute accelerations). 

Finally, the damping ratio of the isolated structure is estimated after subjecting the isolated 

structure to free vibration with initial conditions, following the equation  

 
 

  2

2
ln

1

s

s

u t

u t T





 
 

  
 (6) 

where T  is the time between two consecutive peaks of the dynamic response of the system and 

su  is the deck relative displacement. The new value of the damping ratio is given in Table 5 

together with the eigenperiod of the isolated structure.  

 

 T (sec) ζ (%) 

Initial system 1.45 5 

Isolated system 2.20 21 

 

Table 5: Dynamic eigenfeatures of both initial and isolated structures. 
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5 CONCLUSIONS  

• The isolated system demonstrates an improved dynamic behavior for all considered exci-

tations. More precisely, the reduction of the deck’s relative displacement almost reaches 

50 %. 

• The implementation of the KDamper concept, results in extraordinary high values of 

damping, which consequently yields reduced displacements, and lower values of relative 

acceleration.  

• The optimization process is robust, providing accurate and realistic results. 

• The employment of the HS algorithm facilitates the implementation of the KDamper con-

cept, rendering the system an easy, accessible, accurate and reliable tool for future engi-

neers. 
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Abstract. A novel passive vibration isolation and damping concept is implemented to wind 

turbine towers in order to minimize their response, under wind or seismic loads. This concept, 

called KDamper, constitutes a combination of the classic Tunned Mass Damper isolation sys-

tem (TMD) with negative stiffness elements. The formulation of the linear and non-liner dy-

namic problem is a prerequisite. A parametric study is performed to determine the optimal 

parameters of the KDamper which degradate the response. For this scope, the calculation 

process of the aerodynamic load that exerts along the tower of the wind turbine is described. 

A comparison with a non-isolated wind turbine, as long as with a TMD isolated wind turbine 

indicates that KDamper is a promising isolation system, offering numerous advantages, such 

as increased damping and simple technological implementations.   
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1 INTRODUCTION 

As wind power continues its rapid growth worldwide, wind farms are likely to comprise a 

significant portion of the total production of wind energy, and may even become a sizable 

contributor to the total electricity production in some countries. The high quality wind re-

source and the proximity to load centers make wind energy a compelling proposition. A criti-

cal factor in the design of wind turbines is their dynamic response, due to wind loads and 

seismic excitations. A way to extend the feasibility of the wind turbine towers is by means of 

structural control, in which external devises are installed in order to reduce the dynamic re-

sponse. For structural control of fixed wind turbines, resonant damping is the concept most 

widely used by the industry, and it is also the damping concept that has received the most at-

tention in the literature. Installation of a resonant damper like a Tuned Mass Damper (TMD) 

have been shown to degradate the response of the wind turbine. In order to be effective, a res-

onant damper like a TMD should be installed where the absolute motion of the targeted vibra-

tion mode is large, wich is at the top of the tower or inside the nacelle.  

The Tuned Mass Damper (TMD) has a long history, already more than 100 years. The 

TMD concept was first applied by (Frahm, 1909 [8]). A theory for the TMD was presented 

later in the paper by (Ormondroyd and Den Hartog, 1928 [16]) . A detailed discussion of op-

timal tuning and damping parameters appears in (Den Hartog, 1956 [5]). Since then, numer-

ous applications of various forms of TMDs have been reported. Some recent examples 

include vibration absorption in seismic or other forms of excitation of structures (Debnath et 

al., 2015 [4]), wind and wave excitation in wind turbines by and torsional vibrations in rotat-

ing and reciprocating machines by (Mayet and Ulbrich, 2015 [14]). TMDs are available in 

various physical forms, including solids, liquids, or even active implementations (Younespour 

and Ghaffarzadeh, 2015 [22]). The essential limitation of the TMD is that a large oscillating 

mass is required in order to achieve significant vibration reduction. Among others, this has 

prohibited the usage of TMDs in the automotive or aerospace sector. 

A parallel direction to the various TMD approaches is the concept of introducing negative 

stiffness elements (or ’anti-springs’) for vibration isolation. This concept has also a long his-

tory, being first introduced in the pioneering publication of (Molyneaux, 1957 [15]), as well 

as in the milestone developments of (Platus, 1999 [17]). The central concept of these ap-

proaches is to significantly reduce the stiffness of the isolator and consequently to reduce the 

natural frequency of the system even at almost zero levels (Carella et al., 2007 [2]), being thus 

called “Quazi Zero Stiffness” (QZS) oscillators. In this way, the transmissibility of the system 

for all operating frequencies above the natural frequency is reduced, resulting to enhanced 

vibration isolation. An initial comprehensive review of such designs can be found in (Ibrahim, 

2008 [10]). However, Quazi Zero Stiffness (QZS) oscillators suffer from their fundamental 

requirement for a drastic reduction of the stiffness of the structure almost to negligible levels, 

which limits the static load capacity of such structures. 

A novel passive vibration isolation and damping concept, KDamper is proposed in Antoni-

adis et al. [1] incorporating negative stiffness elements in the classical Tuned Mass Damper 

isolation system (TMD), which can exhibit extraordinary damping properties, without pre-

senting the drawbacks of the traditional linear oscillator, or of the ’zero-stiffness’ designs. 

This oscillator is designed to present the same overall (static) stiffness as a traditional refer-

ence original oscillator. However, it differs both from the original SDoF oscillator, as well as 

from the known negative stiffness oscillators, by appropriately redistributing the individual 

stiffness elements and by reallocating the damping. The KDamper always indicates better iso-

lation properties than a TMD damper with the same additional mass. Instead of increasing the 

additional mass, the vibration isolation capability of the KDamper can be increased by in-
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creasing the value of the negative stiffness element. Although the proposed oscillator incorpo-

rates a negative stiffness element, it is designed to be both statically and dynamically stable. 

Once such a system is designed according to the approach proposed in (Antoniadis et al., 

2015 [1]), it is shown to exhibit an extraordinary damping behaviour. 

2 GENERAL CONCEPT FOR LINEAR DAMPERS 

Figure 1 presents the basic layout of the fundamental vibration isolation and damping con-

cepts to be considered. They are all designed to minimize the response x(t) of an undamped 

SDoF system of mass m and static stiffness k of to a base excitation of xG(t). 

The concept of the QZS oscillator, presented in Figure 1.a, is to add a negative stiffness el-

ement kN in parallel to the original stiffness k of the system, so that the overall stiffness of the 

system becomes lower than the original stiffness of the system.         
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Figure 1: Schematic presentation of the considered vibration absorption concepts (a) Quasi-Zero Stiffness (QZS) 

oscillator, (b) Tunned Mass Damper(TMD), (c) KDamper. 

However, this limits the static loading capacity of the structure, which may result to un-

solvable problems, especially for vertical vibration isolation.  

Figure 1.c presents the fundamental concept of the KDamper. Similarly to the QZS oscilla-

tor, it uses a negative stiffness element kN. However, contrary to the QZS oscillator, the first 

basic requirement of the KDamper is that the overall static stiffness of the system is main-

tained: 

 k
kk

kk
k

NP

NP
R 


 (1) 

In this way, the KDamper can overcome the fundamental disadvantage of the QZS oscilla-

tor. Compared to the TMD damper, the KDamper uses an additional negative stiffness ele-

ment kN, which connects the additional mass also to the base. Thus, the equation of motion of 

the KDamper becomes: 

GDSPSRDSDS mauukukuucum  )()(        (2) 

GDDNDSPDSDDD amukuukuucum  )()(  (3) 

or equivalently: 
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GDDNDDSRS ammukumukum )(   (4) 

GDDNDSPDSDDD amukuukuucum  )()(  (5) 

Assuming a harmonic excitation in the form of: 

)exp()( tjAta GG  (6) 

and a steady state response of: 

)exp(
~

)( tjUtu SS  (7) 

)exp(
~

)( tjUtu DD  (8) 

the equations of motion (Eq. 4-5) of the TMD become: 
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~

)
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~2  (10) 

or equivalently: 

GDDNDSRS AmmUkUmUkUm )(
~~~~ 22   (11) 

GDDNDSPDSDDD AmUkUUkUUcjUm 
~

)
~~

()
~~

(
~2  (12) 

A careful examination of Eq. (11-12) reveals that the amplitude FMD of the inertia force of 

the additional mass and the amplitude FN  of the negative stiffness force: 

DDMD UmF
~2 (13) 

0
~

 DNN UkF (14) 

are exactly in phase, due to the negative value of kN. Thus, the KDamper essentially consists 

an indirect approach to increase the inertia effect of the additional mass mD without however 

increasing directly the mass mD itself. Moreover, it should be noticed that the value of FMD

depends on the frequency, while the value of FN is constant in the entire frequency range, a 

fact which is of importance for low frequency vibration isolation. 

3 THEORY AND MODELING 

The wind turbine tower is modeled as an assemblage of beam elements with sway degrees 

of freedom considered to be the dynamic degrees of freedom. The theoretical development is 

based on the assumption that the cross-sectional dimension within the element remains the 

same, i.e. prismatic beam element. Additional assumptions made for the analytical formula-

tion are: (i) the wind turbine tower is considered to remain within the elastic limit under the 

earthquake excitation and/or the aerodynamic loads; (ii) the system is subjected to a single 

horizontal (uni-directional) component of the earthquake ground motion; and (iii) the effects 

of soil-structure-interaction (SSI) are not taken into consideration. 

3.1 Mathematical modeling of wind turbine tower 

Figure 2(a–f) shows the lumped mass model of the wind turbine tower, placement of the 

TMDs and the KDamper and the degrees of freedom considered in the study. The governing 

equations of motion for the wind turbine tower installed with the STMD at the top and in-
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stalled with the d-TMDs and the KDamper are obtained by considering the equilibrium of 

forces at the location of each degree of freedom as follows. 

           S S S S S S S gM x C x K x M r x    (15) 

          S S S S S SM x C x K x P   (16) 

where  SM ,  SC  and  SK   are the mass, damping, and stiffness matrices of the wind tur-

bine tower, respectively of order    N n N n   . Here, N indicates degrees of freedom

(DOF) for the wind turbine tower and n indicates DOF for the STMD, 2TMDs or KDamper. 

Further,    1 2 3 1 1, x , x ,..., x , x ,X ,...,X
T

S N N nx x  ,  sx  and  sx  are the unknown relative 

nodal displacement, velocity, and acceleration vectors, respectively. The earthquake ground 

acceleration is represented by gx  and  r  is the vector of influence coefficients. The modal

frequencies and mode shapes of the wind turbine tower without control systems are deter-

mined by solving the Eigen value problem. A TMD is placed where the mode shape ampli-

tude of the wind turbine tower is the largest/larger in a particular mode and is tuned to the 

corresponding modal frequency. Not more than one TMD is placed at a location, and the 

stiffness (ki) and damping (ci) parameters of the TMDs (i = 1. . .n) are calculated based on the 

modal frequencies. For the TMDs and the KDamper, the mass matrix is of order 

   N n N n    as follows:
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where  N N N
M


shows the mass matrix for the chimney and  n n n

m


 indicates the mass matrix 

of the TMDs. In Eq. (17), for obtaining mass matrix corresponding to the STMD n = 1 is con-

sidered. The condensed stiffness matrix  N N N
K


 is corresponding to the sway degrees of 

freedom taken as the dynamic DOF. The damping matrix  N N N
C


 is not explicitly known but 

is obtained with the help of the Rayleigh’s approach using same damping ratio in all modes. 

The stiffness matrix,  N N N
K


and damping matrix,   N N N

C


are expressed corresponding to 

the degrees of freedom associated with the TMDs or the KDamper. For the wind turbine tow-

er installed with the STMD, 2TMDs or KDamper stiffness and damping are inputs in the ge-

neric stiffness matrix  SK  and damping matrix  SC  as follows. 
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The coupled differential equations of motion (Eq. (15-16)) for the wind turbine tower in-

stalled with TMD(s) or KDamper are thus derived and solved using Newmark’s integration 

method. 

(a)                     (b)               (c)                   (d)                        (e)                       (f)  

Figure 2: Details of the wind turbine tower (a) with no-control, i.e. uncontrolled, (b) schematic diagram of 

TMD and section A-A, (c) lumped mass idealization for wind turbine tower installed with, (d) single TMD, (e) 2 

TMDs, and (f) KDamper. 

Figure 3: Modeshapes of wind turbine tower with fixed support. 
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3.2 Designing and placement of resonant dampers 

Test case 1: Uncontrolled wind turbine tower. 

Test case 2(a): Single TMD placed on top of wind turbine tower. 

The deciding criterion for the use of the single TMD is the control of the first modal re-

sponse. The frequency of the TMD is calculated as  

1

f





(20) 

Where the tuning frequency ratio is 1f  . Here,   and 1  respectively are the frequency 

of the TMD and the first natural frequency of the wind turbine tower before controlling. The 

effectiveness of the TMD installed on a wind turbine tower depends on mass ratio, 

/t tm M  , where tm  is the mass of the TMD, 
1

N

t i

i

M M


  is the mass of the wind turbine 

tower and iM  are the lumped masses of the wind turbine tower. 

The stiffness k  is used for adjusting the frequency of the TMD such that 

2k m (21) 

The damping c  of the TMD is calculated as follows 

2 Dc m         (22) 

where D  is the damping ratio of the TMD. 

Test case 2(b): Pendulum placed at the top of wind turbine tower. 

The procedure is the same with the single TMD placed on top of wind turbine tower, with 

the difference for the calculation of the stiffness Kpend  (Eq. (23)). 

cosT mg   
sinxT T 

2 4

cos sinx

u u
T mg mg

L L
 

   
     

   

cos 1, sin / Lu     

, /x linearT mgu L

Figure 4: Simple Pendulum assuming linear behavior. 
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/x
pend

T
K mg L

u


 
 (23) 

Test case 3: 2TMDs placed according to the 2 first modal shapes. 

This time the goal is to control the first 2 modal responses of the wind turbine tower. The 

frequency of each TMD is calculated as: 

i
i

i

f





   i=1,2 (24) 

where all (i=1,2) tuning frequency ratios are, 1if  . Here, i  and i  respectively are the 

frequencies of the TMD and natural frequencies of the wind turbine tower before controlling. 

The effectiveness of the TMD installed on a chimney depends on mass ratio, /t tm M  , 

where 
2

1

t i

i

m m


  is te total mass of the TMDs,
1

N

t i

i

M M


 is the mass of the wind turbine

tower, im  and iM  are the lumped masses of the TMDs and wind turbine tower, respectively. 

Thus, the mass of the TMDs is calculated by t tm M . The masses of the TMDs, 

1 2( , )im diag m m  are taken equal. Mass ( im ) used for each TMD unit is calculated as follows. 

2

t
i

m
m     i=1,2 (25) 

 The stiffness (ki) is used for adjusting the frequency of each TMD unit such that 

2

i ik m      i=1,2 (26) 

The damping ratio 1 2( )D     of the TMDs is kept the same and the damping (c )i of 

the TMDs is calculated as follows. 

2i D i ic m      i=1,2 (27)

Test case 4: Single KDamper placed on top of the wind turbine tower. 

The optimal design approach for the parameters of the KDamper controlling a single de-

gree of freedom system, follows exactly the corresponding steps as in Den Hartog (1956). The 

first step is for the user to define the parameters   and   as follows:  

D sm m      (28) 

N

e N

k

k k
  


(29) 

where sm  is the system’s mass and Dm  is the additional mass of the KDamper, as shown in 

Figure 1.c. The mass ratio  , is selected arbitrarily. The bigger the value of   and conse-

quently the value of Dm , the better the results of the system’s response. However, when ap-

plying to structures where the value of sm  is extremely big, an optimal choice between the 

desired effects on structure’s response and the ability to construct the device should be found. 

In terms of the parameter , further explanation on how to choose the right value is given 

later in this paper. Once   and   are chosen, frequency ratio   is defined as 
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D o      (30) 

o o sk m             (31) 

D D Dk m   (32) 

where Dk  is equal to e Nk k  for the KDamper. 

For each set of the parameters  ,   the optimum value of   is 

 , C B             (33) 

Coefficients C  and B  are calculated according to Table 1 and Equations (34-37). 

A2i A0i B0i C2i C0i D2i D0i 

i=ρ 0 1+(1+κ)μ  0 -[1+(1+κ)2μ] 0 0 κ2μ 

i=ρ -1 0 1+μ -1 -1 -(1+μ) 1 

Table 1: Values of coefficients riA , riB , riC  and riD  for r = 2 or 0. 

     0 20 2 00 2 00 0 20 0 20 2 00 20AB A D D A A D D A B C C B D      
      
 

       (34) 

   2 20 20 2 0 00 20 20 00 02 2BB A D A D B D A D B D                           (35) 

A BB B B           (36) 

   00 20 20 00 00 20 20 20 20 00 002C A D A D B C D A D B D                (37) 

Consequently, the values of the KDamper’s parameters finally result as: 

2N
N

o

k

k
    (38) 

  21e
e

o

k

k
     (39) 

  21 1R
R

o

k

k
       (40) 

D sm m         (41) 

 2D D e N Dc k k m    (42) 

The increase of the value of   is upper limited by a value of max . As it is observed in 

Figure 5.a, when   reaches max  the frequency ratio   tends to infinity. However, increasing 

  has a number of implications in the design of the KDamper. First, high stiffness values re-

sult, as presented in Figure 6. 
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Figure 5: Variation of the   and   KDamper parameters. (a) on the value of D o   . (b) on the static 

stability margin  . 

0 2 4 6 8 10 12
-1.6

-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

κ

κ
N

μ=0.01

μ=0.02

μ=0.05

0 2 4 6 8 10 12
0

0.5

1

1.5

2

κ

κ
P

μ=0.01

μ=0.02

μ=0.05

0 2 4 6 8 10 12
0

2

4

6

8

10

12

κ

κ
R

μ=0.01

μ=0.02

μ=0.05

(a) (b) (c) 

Figure 6: Increase of the values of KDamper’s stiffness elements by increasing  . (a) N , (b) e , (c) R .

Moreover, increasing the stiffness and especially Nk , may endanger the static stability of 

the system. Although Nk  is selected according to Eq. (29) to ensure the static stability, varia-

tions of Nk  result in practice due to various reasons, such as temperature variations, manufac-

turing tolerances, or non-linear behavior, since almost all negative stiffness designs result 

from unstable non-linear systems. Consequently, an increase of the absolute value of Nk  by a 

factor   may lead to a new value of NLk  where the structure becomes unstable. 

 0 1e NL R e
R NL N

e NL R e

k k k k
k k k

k k k k
      

 
(43) 

Substitution of Eq. (38,39,40) into Eq. (43) leads to the following estimate for the static 

stability margin   

 
2 2

1

1 1


  


  
  

(44) 

Figure 5.b presents the variation of   over   and  . As it can be observed from Eq. (44) 

and Figure 5.b, the increase of the negative stiffness of the system is upper bounded by the 

static stability limit of the structure, where   tends to zero. In practice, the value of max  can 

be calculated by a Goal Seek command with the condition that   is equal to zero.  

In this paper due to the fact that the system does not consist of  a single degree of freedom, the 

parameters of the KDamper are  calculated numerically. 
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4 NUMERICAL STUDY ON WIND TURBINE TOWER 

A wind turbine tower of variable tubular cross section ( 8 22.1 10 /E kN m  , 

38.5 /tn m  , 0.3  , 7 28.0769 10 /G kN m  , 120l m ) supporting the NREL baseline 

5-MW nacelle and rotor (3 blades of length 61.5blr m ) [18] is examined. The radius and the 

thickness of the tubular cross section vary linearly along the tower length according to the di-

mensions. In order to take into account the inertial forces applied by the mechanical parts (na-

celle, rotor and blades), an additional concentrated mass 403.22topm tn  [18] is added at the 

top of the tower. The tower is considered to be clamped at its base and is subjected to the 

seismic excitations of JMA(1995) and TABAS and to the time-dependent horizontal force 

( )NF t  at its top due to the wind.  

       (a)                                                                    (b) 

Figure 7: JMA(1995) (a) and TABAS (b) excitation motion accelerograms. 

Moreover, the force ( )NF t  can be obtained by the following relation 

21
(r, t) ( ) ( )( ( ))

2
N air N blF C r c r V t (45) 

where 3 31.225 10 /air tn m    is the air density and ( )NC r  is the coefficient computed by 

the corresponding lift ( )LC r  and drag ( )DC r  coefficients. The values of the latter coefficients 

depend on the airfoil characteristics of the blades and their distribution with respect to the 

“angle of attack” of the wind velocity ( )V t  vector passing through the blade profile can be 

retrieved from [12]. It is noted that ( )V t  is assumed to have a uniform spatial distribution 

over the actuator disc. ( )blc r  is the chord of the blade profile varying along the blade length r, 

the distribution of which is obtained from [18],[12]. In order to evaluate ( )NC r , the classical 

Blade Element Momentum theory [9] is employed with an assumption of constant angular 

velocity of the blades 12.1bl rpm  [12]. Subsequently, breaking  ( )V t  down into a mean 

component mV  and a fluctuating component ( )V t , the corresponding mean and fluctuating 

components of ( )NF t  can be obtained as 

21
( ) ( )

2
Nm air N bl mF C r c r V (46) 
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21
( , ) ( ) ( )(2 ( ) ( ) )

2
N air N bl mF r t C r c r V V t V t                                  (47) 

In this application the mean velocity is 27 / secmV m .Moreover, in order to take into ac-

count the wind velocity fluctuation at the altitude of 120l m , an artificial velocity time his-

tory is generated following the regulations of EC1, part1.4 [3] and applying the procedure 

presented in [21] with a standard deviation 3.3 / secm  . After having established (r, t)NF , 

the total concentrated force exerted on the top of the tower can be computed as 

0
( ) 3 ( , )

blr

N NF t F r t dr        (48) 

     (a)          (b) 

Figure 8: (a) Time history of the total Force ( )NF t  applied at the top of the tower and (b) basic velocity bV  at 

the altitude of 10 m. 

4.1 Numerical results 

Test case 1: uncontrolled wind turbine tower 

The critical factor for the design of the wind turbine is the deflection at the top of the wind 

turbine tower. In Figure 9 are presented the transfer functions for the displacement at the top 

of the wind turbine tower for base excitation and input force at the top of the tower respective-

ly. 

       (a)                                                                            (b) 

Figure 9: Transfer function for the displacement at the top of the wind turbine tower due to (a) base excitation, 

and (b) excitation at top. 
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The Fourier transformations for the seismic excitation of JMA (1995) and TABAS and for 

the time-dependent horizontal force ( )NF t  at its top due to the wind, are formulated so the 

main frequencies that are applied to the wind turbine can be determined. 

 (a)  (b) 

(c) 

Figure 10: Fourier Transformation for (a) the seismic excitation of JMA (1995), (b) the seismic excitation of 

TABAS, and (c) for the time-dependent horizontal force ( )NF t . 

(a) (b) 
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(c) 

Figure 11: Dynamic response of the top of the wind turbine tower, displacement in (m), for (a) JMA (1995) 

seismic excitation ( max 0.3682topu m ) , (b) TABAS seismic excitation ( max 0.9607topu m ) and

(c) the force ( )NF t due to the wind ( max 1.436topu m ). 

(a) (b) 

(c) 

Figure 12: Dynamic response of the top of the wind turbine tower, acceleration in (m/sec2), for (a) JMA 

(1995) seismic excitation (
2max 7.2802 / sectopa m ), (b) TABAS seismic excitation 

(
2max 8.9502 / sectopa m ) and (c) the force ( )NF t due to the wind (

2max 3.2665 / sectopa m ). 
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Test case 2: Single TMD placed on top of wind turbine tower – linear pendulum 

Given that the TMD is tuned with the first natural frequency before control, the only pa-

rameter of the TMD is the mass ratio μ, the damping ratio is taken ζ=15%.  

(a)  (b) 

(c) 

Figure 13: Variation of the maximum displacement at the top of the wind turbine tower on the mass ratio μ for (a) 

seismic excitation of JMA (1995), (b) seismic excitation of TABAS, and (c) the force ( )NF t due to the wind. 

For each of these excitations a verification is made, in order to verify that the tuning of the 

TMD with the first natural frequency is optimum. A constant mass ratio of 10% and a damp-

ing ratio of 15% are taken and the only parameter is Kd. Figure 14 shows the maximum dis-

placement at the top of the wind turbine tower in relation to Kd. 
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 (a)   (b) 

(c) 

Figure 14: Variation of the maximum displacement at the top of the wind turbine tower on the stiffness k of 

the TMD. 

Given that 1 1.9924 / secrad   the expected value for k is 2

1 454.3 /tk M kN m   .It 

is observed that the minimum displacement of the top is around the value 450 kN/m. 

Figure 15 showns the Transfer function for the wind turbine tower controlled with a TMD 

with a mass ratio of 10% and a damping ratio of 15%. 

(a)                                                                  (b) 

Figure 15: Transfer function for the displacement at the top of the wind turbine tower, controlled with a TMD, 

due to (a) base excitation, and (b) excitation at top 
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Furthermore, a critical factor for the design of the wind turbine tower controlled with a 

TMD, is the relative displacement between the TMD and the top of the wind turbine tower for 

constructional reasons. The maximum displacement that the TMD can have, is 3,87/2=1.935 

m. 

(a)  (b) 

(c) 

Figure 16: Variation of the maximum relative displacement of the TMD and the top of the wind turbine tower 

on the mass ratio μ. 

In Table 2 are presented the optimum results after the implementation of a tuned TMD 

with a mass ratio of 10% and a damping ratio of 15%.  

Excitation        max ( )topu m  2max ( / sec )topa m max ( )relativeTMDu m  

JMA (1995) 0.3273 11.9731 0.3807 

TABAS 0.6408 11.7115 1.0029 

( )NF t  1.2783 3.2665 0.8421 

Table 2: Results after the implementation of a TMD of a mass ratio of 10% and a damping ratio of 15%. 

The implementation of the TMD leads to a new system with reduced displacements along 

the tower of the wind turbine and higher damping ratio. In order to calculate the exact value 

of the new damping ratio, the isolated system is subjected to a free vibration with initial con-

ditions, which in this case are according to the first modal eigenform of the wind turbine tow-

er before control with the initial condition of the TMD equal to the initial condition at the top 
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of the wind turbine tower. More specifically, the value of the new damping ratio is calculated 

as: 

2

( ) 2
ln

( ) 1

top

top

u t

u t T





 
 

   

(49) 

where T is the time between two consecutive peaks of the dynamic response of the system, as 

shown in Figure 17. The new damping ratio of the system equals to 15.68%. 

Figure 17: Dynamic response of the isolated system, with the TMD, to a free vibration with initial conditions. 

Test case 3: 2 TMDs placed according to the 2 first modal shapes 

Following the procedure that is presented in 3.2 the unknown parameter is the mass ratio μ, 

the damping ratio ζ is taken 15%. Again, beside the maximum displacement at the top of the 

wind turbine tower, a critical factor for the design of the wind turbine tower controlled with 

2TMDs, is the relative displacements between the TMDs and the degree of freedom of the 

wind turbine tower that is relative with the respective TMD, for constructional reasons. The 

maximum displacement that can have a TMD is 3,87/2=1.935 m. 

 (a)  (b) 
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(c) 

Figure 18: Variation of (a) the maximum displacement at the top of the wind turbine tower, (b) the maximum 

relative displacement of the TMD1, and (c) the maximum relative displacement of the TMD2 on the mass ratio μ 

for the seismic excitation of JMA (1995). 

(a)  (b) 

(c) 

Figure 19: Variation of (a) the maximum displacement at the top of the wind turbine tower, (b) the maximum 

relative displacement of the TMD1, and (c) the maximum relative displacement of the TMD2 on the mass ratio μ 

for the seismic excitation of TABAS. 
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     (a)     (b) 

(c) 

Figure 20: Variation of (a) the maximum displacement at the top of the wind turbine tower, (b) the maximum 

relative displacement of the TMD1, and (c) the maximum relative displacement of the TMD2 on the mass ratio μ 

for the force ( )NF t due to the wind. 

In Figure 21 is shown the Transfer function for the wind turbine tower with 2TMDs con-

trolling the first 2 natural frequencies of the wind turbine tower before control, with a mass 

ratio of 10% and a damping ratio of 15%. 

     (a)                                                                                  (b) 

Figure 21: Transfer functions for the displacement at the top of the wind turbine tower, controlled with 2TMDs, 

due to (a) base excitation, and (b) excitation at top. 
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In Table 3 are the optimum results after the implementation of 2TMDs that control the first 

2 natural frequencies of the wind turbine tower before control, with a mass ratio of 10% and a 

damping ratio of 15%.  

Excitation max ( )topu m  2max ( / sec )topa m
1

max ( )relativeTMDu m  
2

max ( )relativeTMDu m  

JMA (1995) 0.3264 9.3866 0.4389 0.1124 

TABAS 0.7471 10.4754 1.2580 0.0894 

( )NF t  1.3515 3.2665 1.0183 0.0131 

Table 3: Results after the implementation of  2TMDs of a mass ratio of 10% and a damping ratio of 15%. 

In order to calculate the exact value of the new damping ratio, the isolated system, with the 

2 TMDs, is subjected to a free vibration with initial conditions, which in this case are accord-

ing to the first modal eigenform of the wind turbine tower before control, with the initial con-

ditions of the degrees of freedom of the TMDs to be equal to the respective degrees of 

freedom of the wind turbine tower which are related. More specifically, the value of the new 

damping ratio is calculated as in Eq.(48), where T is the time between two consecutive peaks 

of the dynamic response of the system, as shown in Figure 22 . The new damping ratio of the 

system equals to 10.86%. 

Figure 22: Dynamic response of the isolated system, with the 2TMDs, to a free vibration with initial conditions. 
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Test case 4: Single KDamper placed on top of the wind turbine tower 

The mass ratio, the damping ratio and the stiffness kP have the value 10%, 15% and 454.6 

kN/m (as in test case 2 with 10% mass ratio) respectively. 

  (a)    (b) 

(c) 

Figure 23: Variation of the maximum displacement at the top of the wind turbine tower on the negative stiff-

ness element kN. 

     (a)    (b) 
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(c) 

Figure 24: Variation of the maximum relative displacement of the KDamper and the top of the wind turbine 

tower on the negative stiffness element kN. 

In Figure 25 the Transfer functions are shown, for the wind turbine tower controlled with a 

KDamper with a mass ratio of 10%,a damping ratio of 15%, kP=454.6  kN/m and a negative 

stiffness element of -200 kN/m. 

(a)        (b) 

Figure 25: Transfer functions for the displacement at the top of the wind turbine tower, controlled a KDamper, 

due to (a) base excitation, and (b) excitation at top. 

In Table the optimum results after the implementation of a KDamper, are presented, with a 

mass ratio of 10%, a damping ratio of 15%, kP=454.6  kN/m and a negative stiffness element 

of -200 kN/m. 

Excitation        max ( )topu m  2max ( / sec )topa m max ( )relativeKDamperu m  

JMA (1995) 0.2991 11.9553 0.4530 

TABAS 0.5539 11.7323 1.2560 

( )NF t  1.3074 3.2665 2.1393 

 Table 4: Results after the implementation of a KDamper of a mass ratio of 10%, a damping ratio of 15%, 

kP=454.6  kN/m and a negative stiffness element of -200 kN/m. 
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The implementation of the KDamper leads to a new system with reduced displacements 

along the tower of the wind turbine and higher damping ratio. In order to calculate the value 

of the new damping ratio, the isolated system is subjected to a free vibration with initial con-

ditions, which in this case are according to the first modal eigenform of the wind turbine tow-

er before control, with the initial condition of the KDamper equal to the initial condition at the 

top of the wind turbine tower. However, the new damping ratio of the system cannot be calcu-

lated as in the previous Test cases, due to the fact that the maximum values of the response 

(Figure 26), for a free vibration with initial conditions, does not follow an exponential distri-

bution. 

Figure 26: Dynamic response of the isolated system, with the KDamper, to a free vibration with initial conditions. 

Finally, the static stability margin ε is calculated as in 3.2 (Test case 4). With the installed 

parameters that are presented in 4.1 (Test case 4), the value for the static stability margin is 

1.0283 or 102.83%. 

4.2 Comparison of the top displacement 

In Table 5, the maximum displacement of the top of the wind turbine tower is presented, 

for each excitation and test case respectively, as well as the reduction percentage in relation to 

the top displacement of the uncontrolled wind turbine. 

Test case        
JMA (1995) TABAS ( )NF t  

Uncontrolled 0.3682 m 0.9607 m 1.436 m 

Single TMD 0.3273 m 0.6408 m 1.2783 m 

Reduction  11.10 % 33.29 % 10.98 % 

2 TMDs 0.3264 m 0.7471 m 1.3515 m 

Reduction  11.35 % 22.23 % 5.88 % 

Single KDamper 0.2991 m 0.5539 m 1.3074 m 

Reduction  18.77 % 42.34 8.95 % 

Table 5: maximum top displacement for each test case respectively. 
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5 CONCLUSIONS 

The KDamper concept can provide a realistic alternative to the existing vibration isolation 

systems used for the design of wind turbines. The implementation of the KDamper leads to a 

drastic reduction of the wind turbines dynamic response, in most cases even greater than that 

of the TMD, offering high damping properties at the same time. The reliability and simplicity 

of the system are also advantages that render the devise suitable for various technological im-

plementations. Moreover, the inherent non-linear nature of the negative stiffness force can be 

exploited to offer further potential advantages of the KDamper concept, such as robustness, 

broadband response and energy sinks.  
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Abstract. Bell towers are structures that are of particular interest regarding their dynamic 
and earthquake response, which has been the subject of research in the past. A large number 
of bell towers with dimensions much larger than the ones examined here are located in nu-
merous cities in Italy and around the world. This paper deals with in-situ measurements as 
means of system identification of two bell-towers located in the island of Kefalonia, Greece 
which was subjected during the winter of 2014 in an intensive earthquake sequence. The 
height of both these bell towers is approximately 21.5m; they are made of reinforced concrete 
with a hollow cross-section. Their dynamic characteristics of these bell towers were meas-
ured in-situ through a series of free vibration tests that were performed following the earth-
quake sequence. Subsequently their dynamic response was numerically simulated employing 
a 3-D elastic numerical simulation shell elements. The foundation was included in the nu-
merical model assumed to be a mass-less concrete block that is formed by mass-less horizon-
tal slabs and vertical slabs. A number of linear horizontal and vertical links are also 
employed aimed at representing the resistance of the soil surrounding the foundation block.. 
Following a successful numerical simulation of the measured dynamic response for both bell 
towers, predictions of the forcing levels for these two bell towers were obtained. Towards this 
objective all the available information obtained by the in-situ measurements was utilized to-
gether with the measurements of the ground acceleration during the most damaging 3rd Feb-
ruary 2014 earthquake event, as mentioned before. Next, use was made of these predictions in 
order to discuss the observed performance. In this discussion, the influence of the structure-
foundation-soil interaction is also considered.  
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1  INTRODUCTION 

Bell towers are structures that are of particular interest regarding their dynamic and earth-
quake response, which has been the subject of research in the past. A large number of bell 
towers with dimensions much larger than the ones examined here are located in numerous cit-
ies in Italy and elsewhere. The largest percentage of these bell towers is built by stone or brick 
masonry. In many cases earthquake activity constitutes the major cause of serious damage for 
bell towers that many times leads to partial or total collapse (see [21], Manos and Kozikopou-
los 2015).  Consequently, there is a major international concern for the stability of numerous 
bell towers. This resulted to significant international research effort that includes in-situ moni-
toring of the response of bell towers on a temporary basis, like the one attempted here,  or 
more sophisticated and on a permanent basis ([4, 6, 7, 8, 9, 12, 13, 14, 15, 16, 17, 18, 20]). 
Foundation problems for bell towers are evident in many case the most celebrated being 
Pisa’s grand bell tower in Italy, that is quoted as a major medieval engineering error.  There-
fore, the soil flexibility is also an area of research interest for these structures especially when 
their dynamic and earthquake response is under investigation [5, 16, 17, 18, 20, 21, 22]. 

The purpose of this paper is to study the seismic performance of relatively new bell towers. 
Towards this the following procedure will be employed. First, a limited discussion will be 
presented in order to demonstrate the seismic performance of these structures in the island of 
Kefalonia, which is located in the most seismically active region of Greece. Next, two of 
these bell towers, namely the bell tower of Agios Gerasimos at Lixouri [21] and the bell tower 
of Theotokos at Chavriata, are selected for further in-depth study. Both structures are made of 
reinforced concrete and are distinct for the following reasons.  

1) They represent the highest of the various bell towers that were considered.
2) They have been built after the destructive earthquake sequence of 1953 that heavily dam-
aged a number of the old bell towers in the island. Moreover, they have been built according 
to relatively new design and construction practices after another damaging sequence of 1983, 
replacing in this way older bell towers that sustained seismic damage.  
3) Both structures are quite close to locations where the ground acceleration during the most
damaging 3rd February 2014 earthquake event was recorded. This enables response predic-
tions on the basis of these recorded seismic ground motions.   
4) Both structures are near to locations where other types of structural systems developed me-
dium to heavy damage. 

For these two structures the in depth study consist of the following stages: 
1a) Obtain measurement of their geometry in-situ together with observations of their actual 
performance during the damaging event together with observations of nearby damaged struc-
tures. 
2a) Obtain the fundamental dynamic properties for both structures from specific in-situ inves-
tigations that were conducted for this purpose. 
3a) Obtain predictions of the forcing levels for these two bell towers. Towards this objective 
all the available information from stages 1a and 2a was utilized together with the measure-
ments of the ground acceleration during the most damaging 3rd February 2014 earthquake 
event, as mentioned before. 
4a) Use these predictions in order to discuss the observed performance. In this discussion, the 
influence of the structure-foundation-soil interaction is also considered. 
5a) Finally, draw certain general conclusions from this investigation 

79



G.C. Manos and E. Kozikopoulos 

2 IN-SITU OBSERVATIONS OF THE EARTHQUAKE RESPONSE OF BELL 
TOWERS IN KEFALONIA 

The island of Kefalonia, together with the nearby islands of Zakinthos, Leykatha and 
Ithaka (the birth place of the Homeric hero Ulysses), belongs to a seismic zone of Greece with 
the highest design ground acceleration equal to 0.36g, where g is the acceleration of gravity. 
This is shown in figure 1 which depicts the seismic zoning map of Greece, together with the 
urban areas that were subjected to damaging earthquake sequences during the last 70 years 
that are in chronological order Argostoli (1953), Volos (1955), Thessaloniki (1978), Almiros 
(1980), Kalamata (1986), Pyrgos (1993), Kozani (1995), Aigio (1995), Athens (1999), 
Lixouri (2014). A description of the consequences of this earthquake activity is given by 
Manos [19] as well as by a number of publications [1, 2].  

 Figure 1. Seismic zoning map of Greece together with the urban areas that were damaged by earthquake ac-
tivity during the last seventy (70) years. 

A brief description of the consequences of the latest earthquake activity in the island of 
Kefalonia during 2014 together with considerable seismological and engineering information 
is included in the relevant report prepared under the auspices of the Earthquake Engineering 
Research Institute [1]. Furthermore, a numerical study of the seismic performance of Chris-
tian Churches that were damaged considerably by the 3rd of February 2014 Kefalonia earth-
quake is included in the work by Manos and coworkers together with a study of a R/C 
structure as well as the Bell tower of Agios Gerasimos.  The reader is referred to these publi-
cations and only essential information is repeated here. 
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Figure 2. Total destruction of buildings during the Kefalonia 1953 earthquake. 

Figure 3. Areal view of Argostoli Kefalonia prior to the 1953 earthquake. 

The earthquake of 1953 was of 7.3 Magnitude on the Richter scale and subjected to intense 
shaking the islands of Kefalonia, Ithaka and Zakinthos causing widespread destructions and 
human loss of 467 people. Following this earthquake a large number of people fled these is-
lands, despite the recovery efforts. Argostoli, the capital city of Kefalonia, had the appearance 
of a heavily bombed city during World War II, as can be seen in figure 2. In comparison, fig-
ure 3 was taken before the 1953 earthquake. In this figure the location of a number of bell 
towers is also visible, indicated with red circles in order to facilitate the reader. It seems that 
the majority of these structures sustained considerable damage. It is indicative that the Greek 
Post Organization issued that year two stamps one of which depicts the collapse of a bell 
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tower, as is shown in figure 4. In line with this stamp is the partial collapse of the bell tower at 
the village of Kourouklata during the recent 2014 earthquake sequence, shown in figure 5. 
The other stamp, shown in figure 6, depicts the moved earth together with the rubbles result-
ing from this movement together with the map of Kefalonia in the background. Indeed, due to 
the geological formations of this island the 1953 earthquake as well as the most recent one 
(2014) was accompanied with the loss of stability of slopes as well as soft soil formations, the 
most spectacular being the one at the Lixouri harbour (figure 5).  

Figure 4. Stamp issued in 
1953 by the Greek Post Or-
ganization 

Figure 5. Partial collapse of the bell tower at the village of Kourouklata dur-
ing the recent 2014 earthquake sequence 

Figure 6.  Stamp issued in 1953 
by the Greek Post Organization 

Figure 7. The embankment at the Lixouri harbour after the 2014 earthquake 
sequence. 

82



G.C. Manos and E. Kozikopoulos 

Table 1. Historical seismicity as is compiled by Papazachos and Papazachou 2003. 

Date of occurrence 
Magnitude in 

Richter  
Location that suf-

fered 

Maximum 
Mercali In-
tensity 

Spring, 1469 7.2 Kefalonia ΙΧ 
30-9-1636 7.2 Kefalonia ΙΧ 

16-July-1638 6.4 Kefalonia VII 
24-August-1658 7.0 Kefalonia IX 
28-August-1714 6.4 Kefalonia VIII 

23-June-1741 6.4 Lixouri VIII 
13-June-1759 6.3 Argostoli VIII 
24-July-1766 7.0 Kefalonia IX 
22-July-1767 7.2 Kefalonia X 

14-March-1862 6.5 Argostoli IX 
4-February-1867 7.4 Kefalonia X 
24-January-1912 6.8 Kefalonia X 
27-January-1915 6.6 Ithaka IX 
7-August-1915 6.7 Ithaka IX 
12-August-1953 7.2 Kefalonia X 

17-September-1972 6.3 Kefalonia VII 
17-January-1983 7.0 Kefalonia VI 

Table 2.  Description of Seismic Intensity by the Modified Mercali Scale 
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2.1 Bell towers in Kefalonia today. 

From a survey of the bell towers in the cities of Argostoli, Lixouri and some of the villages 
that have been affected by the 2014 earthquake sequence the following picture emerges con-
cerning the bell towers that exist today. 

In the first category are 3-D structures with a symmetric cross-section in plan and rather 
slender in height (figures 8a to 8j). Most of these bell towers are relatively new. That means 
that they have been built after the destructive earthquake of 1953. They are mainly R/C struc-
tures of relatively similar morphological feature. The main variable seems to be their height, 
as can be seen in figures 8a to 8j (from 12m to 21.5m). A number of them are tapered in 
height (figures 8a, 8c, 8e, 8f, 8g) whereas for a number of them their cross section remains 
constant along the height (figures 8b, 8d, 8h, 8i). A number of these bell towers are detached, 
that means that they are not connected to any adjacent structure all along their height (figures 
8a, 8b, 8c, 8d, 8h) whereas a number of them are connected to the neighbouring church thus 
making their earthquake response more complex.  The only one of these bell towers that was 
damaged is the one depicted in figure 8j. The damage of this bell tower is not part of the pre-
sent study. 

a) Ag. Gerasimos
Lixouri 21.5m 

measured 
Detached, 

b) Panagia, Havri-
ata 21.5m meas-

ured 
Detached, 

c) Ag. Spiridon
Argostoli 14m es-

timated 
Detached, 

d) Archagelos
Argostoli 12m esti-

mated 
Detached 

e) Evagelistria Ar-
gostoli 19m esti-
mated Connected 

to the church 

f) Ag. Eleftherios
Argostoli Estimated 
19m Partially con-

nected to the church 

g) Ag. Nikolaos
Argostoli Esti-
mated 19m Par-

tially connected to 
the church 

h) Mazarakata 12m
estimated 
Detached 

i) Pantokratoros
Lixouri, Estimated 
15m       Connected 

to the church 

j) Ag. Ioanis
Kourouklata 

Estimated 19m. 
Partially connected 
to the church 

Figure 8. Bell towers with a symmetric cross section in plan and rather slender in height. 

In the second category are bell towers that have a rather planar geometry; that is they are 
much stiffer in one horizontal direction than in the other one, as depicted in figures 9 and 10. 
The one shown in figure 9c has been severely affected by the 1953 earthquake sequence, 
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whereas the rest have been damaged by the recent 2014 earthquake sequence with a variable 
level of severity (figures 9a, 9b, 9d, 9e). The bottom story of the 9d bell tower was repaired 
with R/C jacketing in 2015.  

- 

a) Agia Thekla 2014, Bottom story connected to the
church. The very top collapsed and the columns of the 
2nd story heavily damaged 

b) Panagia, Argostoli 2014. Bottom story partially
connected to the church, Slight damage at the top 
right corner 

c) Panagia Evaggelistria, Kastro. Top part collapsed 1953.
Bottom story heavily damaged. Detached 

d) Kecgrionos Monastery 2014, Lixouri.
Bottom story damaged. Partially connected 

in-plane to neigbouring wall.  

e) Ag. Marina Soulari, A stiff stone-masonry bell tower was constructed after 1953 partially connected in-
plane with the west peripheral wall of the church. This was totally destroyed after the 2014 earthquake se-
quence.   
 Figure 9. Damaged planar bell towers. 
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a) Valianou, A relatively flexible low 
height bell tower was built after 1953 
partially connected in-plane with the 
west peripheral wall of the church. 

 
b) Ag. Sofia Mantzavinata. De-
tached with no damage. Nearby 
stone masonry Basilica with 
extensive damage. 

 
c) Ag. Spiridon Mantzavinata. 
Detached with no damage. 
Nearby stone masonry Basil-
ica with extensive damage. 

Figure 10. Relatively low-height planar bell towers with no damage.  
 

 

 
 
 
 
 

 
a) Bell towers with a symmetric cross section in plan 
and rather slender in height. 

b)  Relatively low-height planar bell towers 

Figure 11. Cross sections where typical damage patterns are observed 
 

     In figure 11 certain horizontal cross-sections are indicated for both types of bell towers 
where typical damage patterns are observed. The main underlying cause for the development 
of such typical forms of damage can be due either to in-plane or out-of-plane states of stress. 
Because seismic actions have a random orientation that continuously changes during a strong 
earthquake event the in-plane and out-of-plane states of stress are usually combined. However, 
their distinction is useful as it serves in understanding the observed consequences in a less 
complex way. As is shown in figure 11a and 11b in both structures the chosen cross section 
represent locations that large amplitude states of stress (in-plane or out-of-plane) are expected 
to occur combined at the same locations with relatively small resistance due to the geometric 
characteristics of these cross-sections (presence of openings) or material characteristics (soil-
foundation contact surface).  Due to the way the mass is distributed in both types of bell tow-
ers, the presence of the bells as well as the basic structural formation that is of a cantilever 
type one expects that the horizontal components of a strong earthquake motion will cause a 
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distribution of shear and bending moment demands that will increase as one considers hori-
zontal cross-sections that are located from the top to the bottom of a bell tower. Based on this 
the cross-section of bell towers decrease in dimensions as one moves from bottom to the top, 
as is the case for the bell tower of Agios Gerasimos at Lixouri (figures 11a and 8a) as well as 
the bell towers shown in figures 8e, 8f, 8g. This of course holds when modes of vibration of a 
displacement form that increase from bottom to the top dominate the dynamic response of 
these structures during a given seismic event. On the contrary, this is not the case for higher 
order modes of vibration that in certain cases may have a considerable effect on the upper 
structural parts of these bell towers. For both types of bell towers with the horizontal cross 
sections designated as a-a the possibility of damage developing at the soil-foundation contact 
surface is indicated where both the shear and the overturning moment amplitudes are expected 
to attain their maximum values from the horizontal excitation of a seismic event. Damage to 
the upper relatively weak in the out-of-plane direction parts is indicated by cross-section e-e 
of the planar type (figure 11b and figures 9a, 9b and 9c). The possible damage indicated by 
cross-sections d-d for both types (figures 11a and 11b) can result from either in-plane and /or 
out-of-plane states of stress demands (figures 8j, 9a, 9c). Another possible source of damage 
springs from the interaction between a bell tower and the adjacent church when these two 
structures are not detached with properly designed seismic gaps. This is the case of the low-
height stiff bell tower that is shown in figure 9e.  

 

  
a) The bell tower of Agios Gerasimos at Lixouri. b) The bell tower of Theotokos at Havriata 
Figure 12. Two bell towers that were subjected to pull-out excitations 

3 IN-SITU MEASUREMENT OF THE DYNAMIC RESPONSE OF THE BELL 
TOWER  AT HAVRIATA 

The dynamic characteristics of this bell tower were measured in-situ through a series of 
pull-out excitations tests (see Manos et al, [20]), which were performed on 10th October, 2015, 
approximately twenty (20) months after the damaging earthquake sequence of 3rd of February 
2014. This type of excitation that was also employed for the bell tower of Agios Gerasimos at 
Lixouri [21], namely pull-out excitation (see figures 12a and 12b), was produced from a sud-
den sadden rupture of a high strength wire, which was part of a relatively flexible steel cable. 
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This steel cable was attached externally at the North concrete wall of the bell tower, at a 
height of approximately 14m from the ground. The other side of this cable was attached at a 
rigid weight lying at the ground surface, which was located at a distance of approximately 
30m from the North side of this bell tower, as indicated in figures 13 and 14. As can be seen 
in these figures the direction North-South represents the main axis of the employed pull-out 
excitation. 

 
Figure 13. Pull-out excitation for the Havriata bell tower. The red line indicates the flexible steel cable. 
 

 
Figure 14. Pull-out excitation for the Havriata bell tower. The flexible steel cable is also indicated. 

 
The level of this pull-out excitation was capable of producing horizontal vibrations by ex-

citing mainly the horizontal translational eigen-modes of this bell tower. This dynamic re-
sponse could be capture by the employed tri-axial velocity sensors with a sensitivity of 
0.001mm/sec and a data acquisition system with a sampling frequency of 400Hz. The velocity 

East 

West 

South North 
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response measurements were made by securing the velocity sensors at 5 levels along the 
height of the bell tower.  This is depicted in figure 15 whereby for each level the vertical dis-
tance from level 0 is also indicated e.g. at 0.80m (level 1), 3.84m (level 2), 6.78m (level 3), 
9.83m (level 4), 12.88m (level 5). Due to major difficulties in accessing levels higher than 
level 5, no attempt was made to place velocity sensors higher than level 5. Level 0 represents 
the top surface of the reinforced concrete block with a thickness of 0.5m end plan dimensions 
9m x 9m. There is a layer of well compacted gravel with a thickness of at least 0.5m below 
this reinforced concrete block. 

 
Figure 15. The basic dimensions of the Havriata bell tower together with the location of the five levels where 

the velocity sensors were attached. 
 
All the obtained data were subsequently studied both in the time and frequency domain 

through available FFT software. Figure 16 depicts the variation of the measured North-South 
(x-x) and East-West (y-y) peak velocity response along the height of the Havriata tower, as 
obtained from the pull-out tests. Two complete test sequences were performed and the plotted 
values represent the average of the measured response during these two sequences at the same 
location. These plotted values are the peak values of the measured velocity response. As can 
be seen in this figure, the measured peak velocity response in the North-South direction (exci-
tation axis) is larger, as expected, from the peak East-West velocity response and it occurs 
almost at the initiation (0.1625sec from starting time) of the used pull-out excitation. The 
East-west measured peak velocity response is considerably smaller than the peak North-South 
velocity response and it occurs at a later stage (1.4425sec). The studied bell tower is almost 
symmetric in the two horizontal directions (North-South x-x and East-West y-y). Moreover, 
as already stated, the excitation axis is along the North-South direction. The development of 
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the East-West translational response must be attributed to the fact that, as will be shown in 
this section as well as section 4, which deals with the numerical simulation, both the 1st 
North-South and 2nd East-West translational eigen-modes of this bell tower have very similar 
eigen-frequency values. 

 Pull-out Vibration Tests of Havriata Bell Tower 8-10-2015 
Peak velocity response measured at North-South and East-West 
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Figure 16. Variation of the peak velocity response along the height of the Havriata bell tower. 
 

Pull-out Vibration Tests of Bell Tower At Havriata 8-10-2015 
1st Eigen-mode N-S x-x 4.59Hz,  2nd Eigen-mode E-W y-y 4.639Hz
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Figure 17.  FFT velocity response amplitudes along the height of the Havriata bell tower for the main eigen-

frequencies. 
 
From the analysis of the measured velocity response in the frequency domain the main ei-

gen-frequency values were obtained equal to 4.59Hz for the N-S (x-x) and 4.639Hz for the E-
W (y-y) directions, respectively. These frequency values, as will be explained, correspond to 
the 1st and 2nd horizontal translational modes. This is concluded from the same frequency 
analysis by selecting and plotting along the height in figure 17 the FFT amplitudes that corre-

90



G.C. Manos and E. Kozikopoulos 

 

spond to these frequency values, as obtained from the measured vibration response along the 
height of the bell tower at each one of the five (5) selected levels. The plotted in figure 17 
FFT amplitude variation along the bell tower height for these specific eigen-frequency values 
are normalized, thus representing the mode shapes of the two N-S and E-W eigen-modes. As 
can be seen in this figure, the resulting mode shapes have an almost linear variation along the 
height from level 0 to level 5 thus representing the translational horizontal mode-shapes of the 
bell tower in the N-S (x-x) and E-W (y-y) directions.  

 

4 NUMERICAL SIMULATION OF THE  DYNAMIC RESPONSE OF THE 
HAVRIATA BELL TOWER  

 
The dynamic response of this bell tower was numerically simulated employing a linear 

elastic dynamic analysis utilizing shell elements assumed to be of reinforced concrete as an 
isotropic material with a  Young’s Modulus equal to E=10000MPa and typical to reinforced 
concrete. The bells were assumed to weight 500kg. They were simulated with a steel beam 
that was placed at the right location and height where the actual steel beam supporting the 
bells is located. A mass and weight multiplier was used for this beam to account for the extra 
mass and weight of the bells. The geometry and thickness of the external walls, the slabs and 
the top vault of this bell tower were included in this numerical simulation.  

  
a) Foundation block simply-supported b) Foundation block supported with 3-D links 

Figure 18. 3-D numerical simulation of the Havriata bell tower 
 
The foundation was assumed to be a mass-less concrete block of total thickness equal to 

1m that was numerically formed by the following parts: 
- Two mass-less and stiff horizontal slabs with a thickness 0.45m were located one at 

zero (0) level and the other at a depth of 1.0m from zero (0) level. These slabs represent the 
upper and lower horizontal planes of the foundation concrete block. In addition, four mass-
less and stiff vertical slabs having a thickness 1.0m were also added. Two of these slabs were 
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placed at the x-z plane and the other two at the y-z plane of the numerical model. These verti-
cal slabs represent the peripheral vertical planes of the foundation block facing the East-West 
(x-z plane) and the North-South (y-z plane) directions. In this way the foundation block was 
formed that represents in itself a very rigid part of the whole structure. In order to approxi-
mate the possibility of a flexible interface between this foundation block and the surrounding 
soil volume two types of boundary conditions were introduced in this numerical model. In the 
first case all the points of the bottom slab of this foundation block were simply supported 
whereas in the second case all these points were connected to the supporting media with 3 di-
rectional linear springs with a stiffness equal to 5000000KN/m, a value that corresponds to a 
very stiff soil (see also Manos and Kozikopoulos [21]).  

 

Pull-out Vibration Tests of Bell Tower at Havriata 8-10-2015 
1st Eigen-mode x-x 4.59Hz,  2nd Eigen-mode 4.639Hz
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Figure 19. Comparison of measured and predicted dynamic characteristics of the Havriata bell tower. 
 
In figure 19 the numerically predicted N-S / E-W eigen-frequencies values and eigen-mode 
shapes (SAP Mode-1) are compared with the corresponding measurements (N-S x-x and E-
W y-y). Only the numerical results for the x-x 1st mode are plotted in this figure because 
the corresponding results for the second y-y mode are almost identical, due to the geomet-
ric symmetry of this bell tower. The plotted eigen-mode shape is limited to that part of the 
bell tower where measurements of its dynamic response were obtained from the in-situ 
campaign, as already described, from level 0 to level 5. As can be seen in this figure rea-
sonably good agreement can be seen between both the measured and numerically predicted 
eigen-mode shape as well as the eigen frequency values. The numerical results obtained 
from the simply supported foundation block are almost identical to the corresponding re-
sults obtained from the numerical model whereby the foundation block is supported by 3-D 
stiff links (5000000KN/m), as already described. Thus, in the case of the Havriata bell 
tower it was not necessary to employ less stiff 3-D links at the soil foundation interface in 
order to reach a reasonably good agreement between measured and numerically predicted 
dynamic response characteristics for this structure. On this point the it is important to un-
derline that in the case of the bell tower of Agios Gerasimos at Lixouri [21], whereby the 
authors followed and identical methodology for in-situ measurements and numerical simu-
lation, it was necessary in-order to reach such a reasonable degree of agreement between 
measured and predicted dynamic response to use 3-D links with a stiffness value equal to 
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21000KN/m. The obvious conclusion is that in the case of the Havriata bell tower the 
flexibility of the surrounding soil volume exercised much less influence on its dynamic re-
sponse than in the case of the Agios Gerasimos at Lixouri bell tower. This observation is in 
good agreement with the overall picture of the two locations as the Havriata bell tower is 
located at the top of a hill whereas the Agios Gerasimos bell tower is located at a close dis-
tance from the harbor almost at sea level. However, it must also be underlined that this 
conclusion is based on in-situ dynamic response measurements generated from relatively 
very low level excitations and it should not be extended to the very intense excitation that 
both structures were subjected to during the earthquake sequence of 3rd February, 2014. On 
the contrary, as will be described in the following, both structures were subjected to very 
intense earthquake excitations during the 3rd of February 2014 seismic event [1]. 
 

  
Figure 20a. The earth fill embankment 
at the harbor immediately after the 
seismic event of 3rd February 2014 

Figure 20b. The failure of the retaining wall and the backfill at the 
South side of The Theotokos church of Havriata (see also figure 13).  

 
 Figure 20a depicts the failure of the earth fill embankment at the harbor of Lixouri due 
to  the seismic event of 3rd February, 2014. The bell tower of Agios Gerasimos is located 
to a close distance (400m) from this harbor site [21, 22]. Similarly, figure 20b shows the 
failure of the retaining wall and the backfill at the South side of the Theotokos church of 
Havriata, at a distance of less than 50mm from the bell tower (see figure 13). Moreover, 
the church of Theotikos of Havriata developed also significant structural damage. These 
observations represent visual evidence of the severity of the ground motion of this seismic 
event. In addition, both in Lixouri as well as in Havriata the seismic excitation was re-
corded [1, 21, 22], by strong motion accelerographs located at close distance from either 
bell tower (approximately 300m). From the North-South (N-S) and East-West (E-W) hori-
zontal components of the Havriata record of the 3rd of February seismic event the response 
spectra curves of figure 21 were derived. These are inelastic constant ductility response 
spectra curves and  were derived assuming a damping ratio value ξ=5% and two ductility 
ratio values either μ=1.5 or μ=3.0. In the same figure, the design spectra curves derived us-
ing the EuroCode 8 [23] design provisions (Type-1 and Type-2) assuming soil category D, 
ground design acceleration ag=0.36g (g being the acceleration of gravity), importance fac-
tor equal to γ=1 and response modification factor equal to q=3. Finally, the accelera-
tion/force levels as were provided by the old Greek Seismic Code (prior to 1983) are also 
indicated [11]. The new Greek seismic code acceleration/force levels are similar to the 
ones specified by EuroCode 8 and are not included in this plot [23]. 
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Figure 21. Design and Response spectra curves for the 3rd of February earthquake sequence as recorded at a 

close distance from the Havriata bell tower. 
 
The same procedure was followed for the Lixouri record of the 3rd of February 2014 seis-

mic event. The relevant response and design spectra curves are shown in figure 22.  The 
measured in-situ eigen-period of the 1st translational mode for the Havriata and the Agios 
Gerasimos-Lixouri bell towers is   also plotted in figures 21 and 22, respectively. 
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Figure 22. Design and Response spectra curves for the 3rd of February earthquake sequence as recorded at a 

close distance from the Agios Gerasimos bell tower at Lixouri. 
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It must be underlined that the Havriata bell tower was design and constructed well after 
1996, when the provisions of the new Greek seismic code became mandatory. The adopted in 
the case of Agios Gerasimos bell tower design acceleration/force levels for its seismic design 
could not be ascertained up to now. However, in this case from eye witness reports the foun-
dation block in the case of Agios Gerasimos bell tower was much thicker and as such was in-
cluded in the numerical simulation.  

 Studying the response and design spectra curves of figures 21 and 22 in connection to the 
measured in-situ eigen-period of the 1st translational mode for the Havriata and the Agios 
Gerasimos-Lixouri bell towers, that is expected to generate the largest part of the earthquake 
response for both structures the following observations can be made. 

 
a) The 1st eigen-period value for both structures corresponds to the period range with the 

relatively large spectral values. 
b) The presence of the relatively flexible soil in the case of the Agios Gerasimos results 

in a larger eigen-period value (0.425sec) than the corresponding eigen-period value for the 
Havriata bell tower (0.220sec). 

c) The presence of the flexible soil in the case of the Lixouri also influenced the seismic 
ground motion as can be seen when the response spectral curves of figure 22 (Lixouri ground 
motion record) are compared with the corresponding response spectral curves of figure 21 
(Havriata ground motion record). Thus, it can be seen that in the case of the Havriata ground 
motion the period range with the largest spectral values is from 0.15sec to 0.4sec whereas in 
the case of the Lixouri ground motion record this period range was sifted to 0.3sec to 0.6sec. 
This influence of the soil flexibility is to be expected for both the structural dynamic response 
as well as for the frequency content of the ground motion. 

d) The combination of the above observations b and c together with observation a lead to 
the conclusion that both structures were subjected to significant seismic forces. A preliminary 
estimate of these forces can be derived, based on the design and spectral acceleration values 
that correspond to the value of the dominant 1st translational eigen period for either tower is as 
follows.  

e) On the basis of the EuroCode design spectra curves a preliminary estimate of the seis-
mic forces is that of 40% to 50% of the tower weight. This estimate is based on the hypothesis 
that the assumed response modification factor value (q=3) is a realistic assumption. On the 
basis of the inelastic constant ductility response spectra curves (assuming μ=3), a preliminary 
estimate of the seismic forces is that of 60% to 80% of the tower weight. These force levels 
are considerably larger than the corresponding forces levels based on the old Greek seismic 
code provisions. On the contrary, these seismic forces levels are considerably smaller than the 
preliminary estimates based on the response spectra curves derived from the actual recordings 
of the seismic ground motion at either Havriata or Lixouri. 

f) These preliminary seismic force estimates are based on assumed values for the re-
sponse modification factor (q) or the ductility (μ) equal to 3. However, this assumption is 
based on the development of plastic structural response that is also accompanied with perma-
nent structural damage that could not be observed in either structure. Therefore, either the pre-
liminary estimate of the seismic forces should be based on smaller q and μ values (e.g. μ=1.5) 
or a different plastic energy mechanism should be adopted as the one leading to the reduction 
of the seismic forces that developed in either structure. 

g) Assuming a ductility value μ=1.5 for the Havriata bell tower leads to a preliminary es-
timate of the seismic forces equal to 140% of the tower weight, a  relatively quite large value. 
Similarly, assuming a ductility value μ=1.5 for the Agios Gerasimos at Lixouri bell tower 
leads to a preliminary estimate of the seismic forces equal to 80% to 100% of the tower 

95



G.C. Manos and E. Kozikopoulos 

weight, again a  relatively large value. In the later case, the large foundation bock and the 
flexible soil may have contributed to the reduction of the actual seismic forced to somehow 
moderate levels, thus contributing to the stable performance of this bell tower. The same 
mechanism is also expected to influence the earthquake response of the Havriata bell tower. 
In this case the final stable performance was also the result of a relatively resent design and 
construction based on the provisions of the new Greek seismic code, as already mentioned. A 
more detailed evaluation of the earthquake response of these bell towers is necessary in order 
to quantify the validity of these observations. 

Pull-out Vibration Tests of Bell Tower at Havriata 8-10-2015 
1st Eigen-mode x-x 4.59Hz,  2nd Eigen-mode 4.639Hz
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Figure 23. Comparison of measured and predicted dynamic characteristics of the Havriata bell tower. 

  
a) Theotokos bell tower at Havriata.  
Translational mode  N-S (x-x)  
T=0.220sec, f=4.54Hz, (stiff soil) 

b) Agios Gerasimos bell tower at Lixouri.  
Translational mode  N-S (x-x)  
T=0.425sec, f=2.35Hz, (medium soil) 

Figure 24. Comparison of translational eigen-modes and eigen-frequensies of the Thetokos bell tower at 
Havriata and the Agios Gerasimos bell tower at Lixouri. 

 
In figure 23, the mode-shape of the 1st translational eigen-mode of the Havriata bell tower 

is shown, as predicted numerically for the full height of this bell tower (from level 0 to the 
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top). In figure 24a and 24b, the mode shapes of the 1st translational eigen-mode for the Havri-
ata and the Agios Gerasimos bell towers are depicted, respectively. As can be seen in these 
figures, the flexible soil in the case of the Agios Gerasimos bell tower leads to a increase in 
the flexibility of the whole structure. On the contrary, the stiff soil in the case of the Havriata 
bell tower results to a relatively stiff structure and leads to a more pronounced response of its 
upper part which is relatively more flexible than its lower part. 

 

5 CONCLUSIONS  

 Reasonably good agreement was obtained between both the measured and numerically 
predicted eigen-mode shape as well as the eigen frequency values for the Havriata bell 
tower. 

 It was demonstrated by the in-situ measurements of the dynamic response of the Havriata 
as well of the Agios Gerasimos bell tower that the foundation deformability is a signifi-
cant parameter that must be taken into account in order for the numerical response pre-
dictions to have any realism. 

 On the basis of the EuroCode design spectra curves a preliminary estimate of the seismic 
forces is that of 40% to 50% of the tower weight. This estimate is based on the hypothe-
sis that the assumed response modification factor value (q=3) is a realistic assumption. 
On the basis of the inelastic constant ductility response spectra curves (assuming μ=3), a 
preliminary estimate of the seismic forces is that of 60% to 80% of the tower weight. 
These force levels are considerably larger than the corresponding forces levels based on 
the old Greek seismic code provisions. On the contrary, these seismic forces levels are 
considerably smaller than the preliminary estimates based on the response spectra curves 
derived from the actual recordings of the seismic ground motion at either Havriata or 
Lixouri. 

 These preliminary seismic force estimates are based on assumed values for the response 
modification factor (q) or the ductility (μ) equal to 3. However, this assumption is based 
on the development of plastic structural response that is also accompanied with perma-
nent structural damage that could not be observed in either structure. Therefore, either the 
preliminary estimate of the seismic forces should be based on smaller q and μ values (e.g. 
μ=1.5) or a different plastic energy mechanism should be adopted as the one leading to 
the reduction of the seismic forces that developed in either structure. 

 Assuming a ductility value μ=1.5 for the Havriata bell tower leads to a preliminary esti-
mate of the seismic forces equal to 140% of the tower weight, a  relatively quite large 
value. Similarly, assuming a ductility value μ=1.5 for the Agios Gerasimos at Lixouri 
bell tower leads to a preliminary estimate of the seismic forces equal to 80% to 100% of 
the tower weight, again a  relatively large value. In the later case, the large foundation 
bock and the flexible soil may have contributed to the reduction of the actual seismic 
forced to somehow moderate levels, thus contributing to the stable performance of this 
bell tower. The same mechanism is also expected to influence the earthquake response of 
the Havriata bell tower. In this case the final stable performance was also the result of a 
relatively resent design and construction based on the provisions of the new Greek seis-
mic code, as already mentioned. A more detailed evaluation of the earthquake response 
of these bell towers is necessary in order to quantify the validity of these observations. 
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 In situ measurements like the ones presented here are very important to be able to iden-
tify sources that may significantly influence the dynamic and earthquake response of 
civil engineering structures. They may also serve the purpose to help formulate a realistic 
numerical model by properly incorporating such influences in order to yield realistic pre-
dictions of the dynamic and earthquake response of the examined structure. 
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Abstract. The in-plane behaviour of one-bay single-story reinforced concrete (R/C) frames, 
retrofitted by jacketing of their columns together with a cast-in-place encased R/C panel, was 
studied numerically when subjected to cyclic seismic-type horizontal loading. The influence of 
such an encased R/C panel is examined, when it is connected with the surrounding frame with 
or without steel ties. From preliminary numerical results is concluded that an encased panel 
results in a considerable increase of the stiffness and the bearing capacity of such a system, 
especially when steel ties are present at the interface. The presence of steel ties moderates the 
amplitude of the forces transferred at the narrow column-to-beam joint regions in a direction 
normal to the interface through the contact/gap mechanism; thus it, mitigates the possibility 
of crushing the encased panel and/or parts of the columns or beams at these regions. Thus, an 
encased R/C panel  connected by the appropriate steel ties with the surrounding R/C frame, 
has a beneficial effect on the seismic behaviour of this type of structural system. Experiments 
were performed in order to quantify the behaviour of such steel tie connections at the inter-
face under a stress field similar to the one that develops at this part of the encasement during 
seismic type loading. Such measured behaviour is in agreement with the assumptions made 
concerning the behavioural characteristics of these steel ties in the preliminary numerical 
analysis. Next, simple and advanced numerical simulations of the tested connection detail are 
also examined in an effort to validate numerical tools that can serve the purpose to quantify 
such a transfer of forces for connection details that can be used in design. It was concluded 
that the described advanced numerical simulation is a quite valid numerical approach.  
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1 INTRODUCTION 

Many multi-story reinforced concrete (R/C) structures, built in seismic regions, have their 
ground floor designed to function as a parking space. Therefore, the bays of the R/C frames at 
this level are left without masonry infills whereas all the stories above have their correspond-
ing bays of the R/C frames infilled with external masonry walls or with internal masonry par-
titions (figures 1a and 1b). It was demonstrated by extensive past research ([1]) that the 
dynamic and earthquake behaviour of such structures, having a relatively flexible ground 
floor (soft story) and stiff upper stories, results in increased demands on the structural ele-
ments of the ground floor. This is due to the interaction of the masonry infills with the sur-
rounding R/C frames that contributes to a substantial increase of the story stiffness of these 
upper stories compared to the story stiffness of the ground floor ([1], [2], [3]).  

Figure 1a. Plan of the “soft story” of the “Pyrgos 
Hardas” building [1]. 

Figure 1b. Temporary shoring of the damaged “soft 
story” of the “Pyrgos Hardas” building [1]. 

Figure 1c. Heavily damaged columns at the soft 
story Athens 1999 [1]. 

Figure 1d. Temporary shoring by encasing the columns 
and filling the bay with steel diagonals [1]. 

This, in turn, leads to structural damage (figure 1c), unless the structural R/C elements at the 
ground floor are properly designed [1, 2, 3, 4, 5]. As this behaviour was not well understood 
in the past, there are many structures with such a soft storey that were designed and con-
structed with their R/C structural elements now in need of upgrading their capacity. Figures 
1b and 1d depict temporary shoring schemes using either wooden or steel structural elements. 
These temporary shoring schemes serve primarily to secure the transfer of the gravitational 
forces at the “soft story” level despite the damaged columns or shear walls thus safeguarding 
against partial or total collapse. At the same time with the encasement of the damaged col-
umns themselves (figure 1d) as well as with filling the bay within two columns with wooden 
or steel diagonals (figures 1b or 1d, respectively), aim to increase the stiffness at the resisting 
capacity of the soft story to the shear forces generated by the seismic action. Such temporary 
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shoring schemes should be deployed as soon as possible as their contribution can be critical in 
ensuring the structural stability of such damaged building in the aftermath of a strong earth-
quake main shock that is usually followed by a series of quite strong aftershocks. This contri-
bution of the depicted in figures 1b and 1d temporary shoring schemes can be enhanced even 
further by retrofitting schemes, which will replace the temporary shoring and will increase the 
stiffness and the resistance of the “soft story” becoming a permanent part of the structural sys-
tem. Such a retrofitting scheme is studied here. It can be easily applied to such a soft ground 
floor of multi-storey R/C structures [4, 5, 6, 7, and 8]. Initially, a retrofitting effort usually 
consists of repairing and strengthening the structural elements at the soft ground floor by:  

- R/C jacketing of the existing R/C columns at the ground floor level (figure 2a). 

- R/C jacketing of the existing R/C beams at the ground floor level.  

With the jacketing of these ground floor structural elements, a certain increase in their 
strength and ductility is expected to be achieved. The current Greek guidelines for retrofitting 
reinforced concrete buildings [8], also provides for the addition of an R/C panel that can be 
added as an encasement, filling the space between the jacketed columns and beams (figure 2b). 

Figure 2a. Damaged columns at the soft story being 
strengthened with R.C. jacketing 

Figure 2b. Damaged columns at the soft ground floor 
being encased with a R/C panel filling up the bay. 

In the relevant provisions of these guidelines [8] the designer is provided with a number of 
distinct choices. In the present investigation the following choices will be studied: 

a. The encased R/C panel is not structurally connected to the surrounding R/C structural ele-
ments within (columns or beam). Alternatively, a limited connection is described between the 
R/C panel and the upper/lower horizontal frame interface. 

b. The encased R/C panel is constructed together with a connection with the surrounding R/C
structural elements strengthened by jacketing within a bay (columns or beam), utilizing steel 
ties. In this case, the thickness of the encased R/C panel is smaller than the width of the beams 
that form the encased bay. 

2 PRELIMINARY NUMERICAL SIMULATION 

The numerical study that is presented in this section was limited to examining a single-storey 
one-bay R/C frame (figure 3) formed by two columns (left and right) and two beams (top and 
bottom). The over-all frame dimensions, chosen arbitrarily, were: The length between the mid 
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axes of the two columns equal to 6m. The height between the mid-axes of the top and bottom 
beams equal to 3m. The cross section of the columns 340mm x 340mm; that of the top beam 
300mm x 600mm and that of the bottom beam with large flexural stiffness representing a 
rather stiff foundation. The numerical model included three non-linear springs located at all 
the joints between the columns and the beams either at the top and bottom of each column or 
at the left and right side of each beam, whereas the region representing the actual beam-
column joint was assumed non-deformable. These non-linear springs were provided with tri-
linear moment-rotation proper-ties thus representing the possibility of plastic hinges forming 
there. The properties of these moment-rotation springs were derived considering typical rein-
forcing details for the columns and beams for such structural elements at the ground floor; an 
axial force level for each column equal to 510 KN, representing the axial force for a building 
with three more stories above the ground floor where the examined single-storey one bay R/C 
sub-assembly is assumed to be located. In this way, only the flexural non-linear behaviour 
scenario, by the formation of the plastic hinges is considered, excluding any shear non-linear 
behaviour of the R/C structural members. In this preliminary numerical simulation, the behav-
iour of the encased R/C panel itself was considered to be elastic. A subsequent numerical 
simulation considered the possibility of non-linear behaviour of the encased R/C panel itself. 
The properties of these moment-rotation springs were derived considering typical reinforcing 
details for the columns and beams for such structural elements at the ground floor as well as 
an axial force level for the columns equal to 510 KN, representing the axial force level for a 
building with three more stories above the ground floor where the examined single-storey one 
bay R/C sub-assembly is assumed to be located. The thickness of the encased R/C panel was 
assumed to be equal to 150mm constructed with a material having Young’s modulus equal to 
E=7GPa to account for a level of pre-cracking. 

 

 

Figure 3. Single-story one bay R/C frame with the encased R/C panel 

2.1. Numerical models. 

The following three alternative numerical models are examined ([6], [7]). 

a) The first numerical model was that without any encasement (“bare model”).  

b) In the previous “bare model” an encased R/C panel is added having a 150mm thickness. 
This panel was connected to the surrounding frame with non-linear link elements, which rep-

510KN 

510KN 

Horizontal 
Force 
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resent the contact/gap mechanism between the encased panel and the surrounding frame. 
Through this mechanism only forces normal to the interface are transferred between the en-
cased panel and the surrounding frame ([6], [7]). This is denoted as “encased model b”.  

c) Again to the “bare model” an encased R/C panel is added having a 150mm thickness. 
However, this time the panel was connected to the surrounding frame with two distinct types 
of non-linear link elements each one representing a distinct force transfer mechanism ([6], 
[7]). The first type of link represents again the contact/gap mechanism between the R/C panel 
and the surrounding frame, as explained before. The second type of connection between the 
R/C encasement panel and the surrounding frame represents an additional force transfer 
mechanism that simulates the presence of a steel metal tie. This second type of link was as-
sumed to have an elasto-plastic behaviour in its longitudinal direction, representative of a 
steel reinforcing bar with a diameter of 12mm and a yield stress of 500MPa. Similar elasto-
plastic behaviour was also assumed in the tangential direction representing such tangential 
behaviour of a 12mm diameter tie. Towards the quantification of such tangential behaviour of 
a steel tie, a sequence of tests was conducted that will be briefly described in section 4. The 
results that are presented here correspond to an encased R/C panel that is connected with the 
surrounding columns and beams with both the contact/gap and the steel metal ties mecha-
nisms. The behaviour of the following three distinct models was studied that included an en-
casement of an R/C panel within the one-storey one bay R/C frame. This is denoted as “en-
cased model c”.  

2.2. Numerical results 

All numerical models were subjected to a horizontal incremental force in a direction coincid-
ing with the mid-axis of the top beam (figure 3) in a “push - over” type of loading. The fol-
lowing non-linear mechanisms were considered: 

-The possibility of developing plastic hinges at the top and bottom of the columns as well as 
at the left and right edge of the top beam. 

-The possibility to triggering the contact/gap mechanism at the interface between the encased 
panel and the surrounding R/C frame in the direction normal to the interface between the en-
cased panel and the surrounding R/C structural elements (either top/bottom beam or 
lefty/right column). 

-The possibility of the steel ties connecting the encased panel with the top and bottom beam 
and the left and right column behaving in an elasto-plastic way both in a direction normal as 
well as tangential to the interface. 

These non-linear mechanisms were not extended to include the R/C panel itself at this pre-
liminary numerical analysis. Such a non-linear behaviour was included in a subsequent simu-
lation. The numerical results include: a) the variation of the applied horizontal force against 
the corresponding displacement, b) the deformed shape of the single-storey one bay frame 
with or without the encasement at the maximum deformation level at the end of the “push – 
over” loading sequence, c) the variation of the forces that develop at the interface between the 
encased panel and the surrounding R/C frame. 
Figures 4a and 4b depict the numerically predicted behaviour for the “bare model”.  The non-
linearity in the curve representing the variation of the applied horizontal force at the axis of 
the top beam against the corresponding displacement, as depicted in figure 4a, is quite evident 
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when the horizontal displacement exceeds the value of 15mm. When the top beam horizontal 
displacement level reaches the maximum amplitude of 24.5mm, plastic hinges develop at the 
critical locations of the beams and columns, as depicted in figure 4b. The maximum ampli-
tude of the horizontal force at that level is 174KN which represents the bearing capacity of the 
bare frame whereas its initial stiffness is approximately 10KN/mm. The above frame per-
formance is dominated by flexure, a fact that presumes that all structural elements are pro-
vided with the appropriate shear resistance. 

 
Figure 4a. Horizontal force - Horizontal 

displacement  “bare frame response 

 
Figure 4b. The studied “bare frame” single-storey one bay R/C 
frame without  the encased R/C panel 

 
Figures 5a and 5b depict the numerically predicted behaviour for the “encased model b”.  The 
non-linear trend in the curve representing  the variation of the a applied horizontal force at the 
axis of the top beam against the corresponding displacement, as depicted in figure 5a, is quite 
evident when the horizontal displacement level exceeds the value of 10mm.  
 

Figure 5a. Horizontal force-displacement  
“encased model b” response 

 

 
 
Figure 5b. “encased model b” A single-storey one bay R/C frame 
with  the encased R/C panel connected with contact/gap non-linear 
links 

These non-linear trends are less pronounced here than for the bare frame model. When the top 
beam horizontal displacement level reaches the maximum amplitude of 19.92mm, the corre-
sponding maximum amplitude of the horizontal force at that level is 1950KN (figure 5b). If 
this force level is compared to the bearing capacity of the bare frame it, represents an eight (8) 
times increase. A fifteen (15) times increase, compared to the “bare frame model”, can also be 
observed studying the variation in the stiffness. For the “encased model b” its stiffness 
reaches the level of 150KN/mm.  Figures 6a, 6b, 7a and 7b represent the transfer of forces at 
the interface between the encased panel and the surrounding frame through the contact/gap 
mechanism alone [6, 7]. As shown, this transfer takes place at the corners of the encased panel 
where it contacts the left/right columns (figures 7a and 7b) and the beam/foundation (figures 
6a and 6b) near the region of column-to-beam joints whereas a large part of the interface is 
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free of forces due to the gap that forms at the interface at these locations. It can also be seen 
that these contact forces in a direction normal to the interface reach relatively large amplitude 
in these narrow column-to-beam joints regions. Such high amplitude forces are expected to 
introduce additional non-linear mechanisms such as crushing of the encased panel and/or 
parts of the columns or beams at these regions. These additional mechanisms are not included 
in this preliminary numerical simulation. 

  
Figure 6a. Transfer of forces normal to the interface 
between the encased panel and the top beam from the 
simulation of the encased model b. 

Figure 6b. Transfer of forces normal to the interface be-
tween the encased panel and the foundation from the 
simulation of the encased model b. 

 

  
Figure 7a. Transfer of forces normal to the interface 
between the encased panel and the left column from 
the simulation of the encased model b. 

Figure 7b. Transfer of forces normal to the interface 
between the encased panel and the right column from 
the simulation of the encased model b. 

 
Figures 8a and 8b depict the numerically predicted behaviour for the “encased model c”.  The 
non-linear trend in the curve representing  the variation of the a applied horizontal force at the 
axis of the top beam against the corresponding displacement, as depicted in figure 8a, is quite 
evident when the horizontal displacement level exceeds the value of 7.5mm. When the top 
beam horizontal displacement level reaches the maximum amplitude of 24.95mm the corre-
sponding maximum amplitude of the horizontal force at that level is 4880KN. Apart from the 
contact/gap mechanism, the presence of steel ties between the encased panel and the sur-
rounding frame both at the top and bottom beam as well as the left and right columns further 
augments the increase in the bearing capacity and the stiffness. The stiffness reaches the value 
of 300KN/mm, that represents a thirty (30) times increase compared with the stiffness of the 
“bare mode”. Figures 6a and 6b represent the transfer of forces at the interface between the 
encased panel and the surrounding frame through the top beam steel ties whereas figures 9 
depict the transfer of forces through the ties that are located at the left and right columns. As 
can be seen, the transfer takes place partly through the steel ties that are located at the inter-
face between the encased panel and the surrounding frame in a direction parallel to the inter-
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face between the encased panel and the surrounding frame left and right columns (figures 10c 
and 10d)  and the beam/foundation (figures 9b). Due to the non-linear properties assumed for 
the links representing the steel times the maximum force that can be transferred through each 
one of this link has an upper limit equal to 60KN. 

.  
Figure 8a. Horizontal force - displacement  

“encased model c”  

 
 
Figure 8b. The “encased model c” single-storey one bay R/C 
frame with  the encased R/C panel 

 

 
Figure 9a. Transfer of forces normal to the interface 
between the encased panel and the top beam from 
the simulation of the encased model c 

Figure 9b. Transfer of forces parallel to the interface be-
tween the encased panel and the top beam from the simu-
lation of the encased model c 

  

   
Figure 10a. Transfer of 
forces normal to the 
interface between the 
encased panel and the 
left column from the 
simulation of the en-
cased model c 

Figure 10b. Transfer of 
forces normal to the inter-
face between the encased 
panel and the right col-
umn from the simulation 
of the encased model c 

Figure 10c. Transfer of 
forces parallel to the inter-
face between the encased 
panel and the left column 
from the simulation of the 
encased model c 

Figure 10d. Transfer of 
forces parallel to the inter-
face between the encased 
panel and the right col-
umn from the simulation 
of the encased model c 

The contact/gap mechanism when companied with the steel ties mechanism helps also to 
transfer forces in a direction normal to the interface between the encased panel and the sur-
rounding frame. In figure 9a the forces transferred between the encased panel and the top 
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beam in a direction normal to the interface are depicted. As can be seen the ties help to trans-
fer a limited amount of tensile forces at the right side of the beam; this was not possible when 
the steel ties were not present (see figure 6a). The compression forces transferred in this case 
are concentrated again at the left corner of the beam. This time the compressive zone is again 
narrow with high amplitude (see figures 9a and 6a). The same can also be observed when ex-
amining the transfer of forces between the encased panel and the left and right columns in a 
direction normal to the interface as can be seen by examining figures 7a and 7b (model only 
with contact/gap mechanism) and figures 10 and 10b (model with contact/gap and metal ties 
mechanisms). The relative increase in the maximum amplitude values for the compressive 
forces between “numerical model b” (only contact/gap mechanism) and “numerical model c” 
contact/gap and metal ties mechanisms) should be seen taking into account that in the later 
case the horizontal force amplitude is 2.5 times larger than the corresponding amplitude for 
the former case.  

From the preceded preliminary numerical analysis, the encasement of the R/C panel within 
the single-storey one bay R/C frame resulted in a significant increase of the stiffness and the 
bearing capacity of the studied system. Moreover, the placement of steel ties apart from in-
creasing the stiffness and the bearing capacity also resulted in moderating the amplitude of the 
forces that are transferred at the narrow column-to-beam joints regions in a direction normal 
to the interface through the contact/gap mechanism. Such moderation in the amplitude of the 
transferred forces at the interface will mitigate the possibility of crushing of the encased panel 
and/or parts of the columns or beams at these regions. It can also be concluded that the pres-
ence of steel ties in the interface between the encased R/C panel and the surrounding R/C 
frame has an overall beneficial effect on the behaviour of this type of structural system to 
seismic type loading. As shown in the preliminary numerical study when there are steel ties in 
such an interface these ties will transfer forces in a direction normal and parallel to the inter-
face simultaneously. The level of these forces may vary in amplitude as well as in direction 
during the loading of the structure in a cyclic seismic type of loading. An experimental inves-
tigation was carried out with its main objective to study the mechanism of the transfer of such 
forces at the interface in such a way that this mechanism can be described both in terms of 
bearing capacity at a limit-state level linked with failure modes that are expected to appear. A 
summary of this study is presented in the next section. It must be underlined that in the pre-
liminary numerical analysis, apart from the non-linear mechanisms that were used to numeri-
cally simulate the transfer of forces at the interface between the encased panel and the 
surrounding frame as well as the simulation of the flexural plastic hinges at predetermined 
locations at the ends of the columns and beams the possibility of non-linear behaviour of the 
encased panel itself, although very significant, was ignored at present. 

3 EXPERIMENTAL SEQUENCE  

Summary results will be presented in this session from an extensive experimental sequence 
which aimed to study the interaction between metal ties at the interface between the encased 
R/C panel and the surrounding frame [7]. As described in the introduction, as a first step the 
structural members of the R/C frame would be jacketed (figure 2a) and then the encased panel 
will be constructed within the bay of this strengthened R/C frame either with or without metal 
ties (see section 2). Figure 10a depicts the sketch of such an encased R/C frame with columns 
and beams having jackets before the placement of the encased R/C panel. In this figure, sec-
tions of this encasement is also shown between the R/C panel and either the left/right column 
or the top/bottom beam. Figure 10b shows also this connection detail for the left column. It 
can be easily seen that this detail can also represent the connection between the encased panel 
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with the right column (180 deg. rotation) or with the top and bottom beams (90 deg. or 270 
deg. rotation, respectively (figures 11a and 11b). The dimensions shown in figure 10b are the 
ones selected to be used to construct the specimens to be tested at the laboratory. These di-
mensions represent an R/C member of relatively small dimensions.  As already explained, 
such a specimen represents a portion of an R/C encased panel (200mm thick) connected with 
a portion of a column/beam of the surrounding frame with or without the use of steel ties. 
When steel ties are used they are embedded at the mid-plane of the panel and are anchored to 
the mass of the old concrete of the column (220mm by 220mm), which is also retro-fitted 
with a jacket 60mm thick. Both the jacket and the R/C encased panel are indicated in a differ-
ent color in figure 10b in order to differentiate the new concrete from the existing column (old 
concrete). This specimen was loaded as indicated in figure 11b, 11c and 11d. A load was ap-
plied normal to the interface (horizontal in figures 11b, 11c and 11d) whereas at the same time 
an additional load was applied in a direction parallel to the interface (vertical in figures 11b, 
11c and 11d). This connection detail is studied with a specimen having a height of 540mm, 
with the encasement being 260mm high. This limitation was introduced in order to confine 
the examination in the connection with a metal tie and control the forces to be transferred. 

 
Figure 11a. Sketch of an encased R/C panel 
and frame having columns and beams with 
jackets 

 
Figure 11b. Specimen of a portion of an en-
cased R/C panel and the jacketed column 

 
Figure 11c. Loading arrangement of a portion 
of encased R/C panel and the jacketed column 

 
Figure 11d. Loading arrangement of a por-
tion of encased R/C panel and the jacketed 
column 

The load which was applied parallel to the interface was varied in time in a manner consisting 
of three sinusoidal cycles of constant amplitude with a frequency 0.1Hz. The load that was 
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applied normal to the interface was either kept constant at a predetermined level (tension or 
compression) or it was also varied in the same way as the load applied parallel to the interface. 
This type of combined loading was thought to represent the transfer of forces at such an inter-
face with the presence of steel ties, as was found by the preliminary numerical analysis de-
scribed in a summary form in section 2. The total loading sequence per specimen consisted of 
a series of such cycles with continuously increasing amplitude till the failure of the specimen. 
This type of combined cyclic loading is believed to be adequately representative of the stress 
field that is expected to develop at this part of the encasement from the transfer of forces be-
tween the encased R/C panel and the surrounding frame. Such forces will arise from the seis-
mic response of a multi-story R/C structure and it is assumed that will subject an encased R/C 
frame mainly to this type of in-plane loads, ignoring the forces that would result in the out-of-
plane direction of this encased R/C frame. 

 
Figure 12a. Measured Load-displacement cyclic re-
sponse in direction parallel to the interface 

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 12b. Deformed shape of the steel ties at 
the final stage of loading sequence. 

 
Figure 12a depicts such measured response for one of the specimens, with 4 steel ties of 
12mm diameter. In this figure, the load applied in the direction parallel to the interface is plot-
ted in the ordinates whereas the measured resulting sliding displacement at the interface be-
tween the portion of the panel and the jacketed column is plotted at the abscissa of this figure.  
Instrumentation was provided to measure the variation of the applied loads as well as the de-
formation of the specimen during such a loading sequence. Due to the stress field arising at 
the vicinity of this interface when the previously described combined loading is applied, the 
expected modes of failure include a shearing pattern for the concrete volume neighbouring the 
steel ties accompanied by a local deformation of the steel ties themselves. The amplitude of 
the applied force parallel to the interface was gradually increased in cyclic manner. This is 
consistent with a variation of the horizontal forces resulting from seismic actions.   
As can be seen in figure 12a, the measured response reveals three stages in the performance of 
such a steel-tie connection. Up to a relatively small cyclic displacement level, of the order of 
1.0mm, the measured response is almost linear elastic. Then, increasing the displacement/load 
amplitude the maximum capacity of the connection is reached. The sliding deformations at 
the interface are relatively small including a portion of remaining plastic deformations. Fi-
nally, these plastic deformations increase substantially accompanied by a significant drop in 
the bearing capacity. Excessive cracking of the interface occurs that reveals the deformed 
shape of the steel ties, as they are shown in figure 12b after the end of the test and the destruc-
tion of the specimen. The measured response of this steel tie connection at the interface, in a 
direction parallel to the interface, under a combined loading representative of the stress field 
that is expected to develop at this part of the encasement, is up to a point in agreement with 
the assumptions made in the preliminary numerical simulation presented in section 2.  
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Encased connection with no metal ties
Specimen Bare 18 
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Figure 13a. Measured Load-displacement cyclic response in 
direction parallel to the interface 

 
 

  

 
Figure 13b. 
Broken interface 
at the end of test 
for specimen 18 
without metal 
ties 
 
 
 
Figure 13c. Bro-
ken interface at 
the end of test 
for specimen 18 
without metal 
ties 

 
Figure 13a depicts the measured response for one of the specimens without any steel ties. The 
observed state of the interface at the end of this test is depicted in figures 13b and 13c. Again, 
the load applied in the direction parallel to the interface is plotted in the ordinates whereas the 
measured resulting sliding displacement at the interface between the portion of the panel and 
the jacketed column is plotted at the abscissa in this figure.  By comparing the load-
displacement response of figure 13a with the corresponding load-displacement response of 
figure 12a the contribution of the presence of the steel ties can be clearly identified. The ob-
tained bearing capacity with the four 12mm diameter steel ties is approximately seven (7) 
times larger than where the ties are not there. This maximum capacity without the ties is ob-
served for very small amplitude sliding displacement. This sliding displacement amplitude is 
less than 20% of the corresponding displacement amplitude that the maximum capacity was 
observed when the steel ties were in place. Furthermore, the degradation of the bearing capac-
ity when the sliding displacement amplitude is increased is far more pronounced without the 
steel ties than when the steel ties are present. This simple comparison demonstrates the impor-
tance of the presence of the steel ties in transferring the combined forces at the interface be-
tween the encased R/C panel and the jacketed columns or beams of the surrounding R/C 
frame. A next important step is to be able to quantify such a transfer of forces for connection 
details that can be used in design. This is done in the following section whereby a numerical 
simulation of the tested connection detail is examined in an effort to validate simple numeri-
cal tools that can serve such a purpose. 
 
 

4 NUMERICAL SIMULATION OF THE STUDIED CONNECTION DETAIL 

 
In what follows a simple numerical simulation of the tested connection detail is examined [7]. 
The geometry of this detail is the one shown in figures 11b and 11c.  

4.1. Non-linear interaction of the steel ties with the interface of the encased panel and 
the column 

As can be seen in figure 13b the interface is introduced as a line separating completely the 
R/C encased panel from the jacketed column that are simulated by 2-D linear elastic finite 
elements.  
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Figure 14a. 3-D Finite element representation of the 
tested connection. 

Figure 14b. 2-D Finite element representation of the 
tested connection. The placement of the steel ties is 
indicated 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

A). Magnified displaced shape.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
b). σxx stress distribution  (F=100KN) 

 
c). σzz stress distribution  (F=100KN) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
d). τxz stress distribution  (F=100KN) 

Figure 15. Displacement and stress distribution of the interaction between the R/C encased panel and the R/C 
jacketed column when subjected to 100KN force parallel to the interface. R/C encased panel free to displace x-x 
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The load parallel to the interface is applied with a 20mm eccentricity in the same way that 
was applied during testing. A number of contact/gap elements were used to connect the R/C 
encased panel with the R/C jacketed column at the upper part of the interface, as shown in 
figure 14b. The R/C jacketed column was supported in its upper and lower part with fixed 
boundary conditions thus replicating the actual support conditions of the tested specimens 
(see figures 11c and 11d). Two distinct cases were examined with reference to the R/C en-
cased panel possibility to displace in the x-x direction. In the first case the R/C encased panel 
was left free to displace in this direction whereas in the second case this displacement free-
dom of the R/C encased panel was restrained. The applied load was introduced in a step-by-
step manner. The resulting displacement and stress distribution is depicted in figures 15a to 
15d for the case when the R/C encased panel can displace in the x-x direction whereas figures 
16a to 16d depict the displacement and stress distribution when the encased panel is restrained 
in the x-x direction.  Both these figures depict the displacement and stress state of stress when 
the force parallel to the interface reaches the amplitude of 100KN 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

a). Magnified displaced shape.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
b). σxx stress distribution  (F=100KN) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c). σzz stress distribution  (F=100KN) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
d). τxz stress distribution  (F=100KN) 

Figure 16. Displacement and stress distribution of the interaction between the R/C encased panel and the R/C 
jacketed column when subjected to 100KN force parallel to the interface. R/C encased panel restrained to 
displace x-x 
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The connection of these two parts is accomplished by non-linear links representing two steel 
ties having a diameter of 12mm and a yield stress of 500MPa. They are located as shown in 
figure 14b. These two non-linear links at the interface are connected to linear frame elements 
representing the same steel ties extending to either side of the interface within the R/C en-
cased panel and the R/C jacketed column, as also indicated in the same figure. 
As can be seen in both these figures the presence of the steel ties results in a considerable 
stress concentration of these parts of the concrete volume that are neighbouring the steel ties. 
Therefore, in order to predict realistically the bearing capacity of such a connection it is nec-
essary to numerically simulate not only non-linear interaction of the steel ties with the inter-
face but also the non-linear interaction of these steel ties with the concrete volume that they 
are embedded to. This is briefly described in the next session. 

4.2. Non-linear interaction of the steel ties with the interface as well as with the volume 
of concrete of the encased panel and the column 

In this numerical simulation effort a more complex model was developed [7]. This was a 3-D 
representation of the problem at hand. The interface was simulated with a contact area and the 
metal ties with 3-D rods that were embedded in the 3-D finite element mesh in an exact geo-
metric representation of the actual specimen with four (4) steel ties having a diameter of 
12mm each. Due to symmetry with respect to the y-z plane only one half (1/2) of the speci-
men was numerically simulated. This is shown in figure 17. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 17. 3-D numerical simulation of the connection between the R/C encased panel and the R/C jacketed col-
umn with four (4) steel ties having a diameter of 12mm each. 
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The material low adopted for the steel ties was elasto-plastic with isotropic post-yield includ-
ing true stress - logarithmic plastic strain. This material law was based on the measured be-
haviour if steel specimens identical to the used steel ties which were tested under axial tension.  
Similar procedure was followed for the reinforcing bars included in the R/C encased panel 
and jacketed column despite the fact that these bars were not stressed beyond the elastic range. 
For the concrete damaged plasticity model was adopted (Abaqus [9]). An analytical descrip-
tion of this material model is given by Malm (2009) [11] and Mercan et al. 2010 [12].  The 
Young’s modulus and the compressive concrete stress-strain behaviour were again based on 
measurements obtained from uni-axial compression of concrete cylinders that were con-
structed with the same mix and at the same time with the tested specimens of section 2. Based 
on these measurements the Poisson’s ratio is equal to 0.15 and the tensile strength (fctm), ac-
cording to ΕΝ 1992-1-1 [10], is equal to 2.2 MPa.  
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 18. The formation of the cracked concrete region neigbouring the interface (observed and predicted). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 19. The observed and the numerically predicted deformation and stress patterns of the steel ties in the 
region neighbouring the interface. 
 
At the right part of figure 18 the cracked concrete region reigbouring the interface is depicted 
when the applied force results in a sliding displacement equal to 4mm. At the left side of the 
same figure the observed cracked concrete region near the interface is also shown for similar 
amplitude of the sliding displacement (see figure 12a). As can be seen in figure 18 the nu-
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merical prediction is a realistic simulation of the observed behaviour of the concrete volume 
in the region neighbouring the interface.  
At the right part of figure 19 the numerically predicted deformation and stress patterns of the 
steel ties in the region neighbouring the interface is depicted when the sliding displacement 
reached the maximum amplitude (larger than 10mm). At the left part of the same figure the 
observed deformed steel ties at the end of the test are also shown (see also figure 12b). As can 
be seen in figure 19, the predicted steel tie deformation/stress pattern is a realistic simulation 
of the observed behaviour of the steel ties in the region neighbouring the interface. This is 
also shown by figures 20a and 20b.  
  

 

 

 

 

Figure 20a. Propagation of the cracked (plastified) 
concrete at the region neigbouring the interface to-
gether with the deformed shape of the steel ties 

Figure 20b. Spreading of the cracked (plastified) con-
crete at the region neighboring the interface 

 
In figure 21 the measured envelope curve of the variation of the applied force parallel to the 
interface versus the resulting sliding displacement is plotted together with the corresponding 
numerically predicted force-displacement response. As can be seen in this figure the measured 
load-displacement response of the examined connection is reasonably well predicted by the 
described numerical simulation.  

Specimen with 4 steel ties of 12mm diameter Φ12       
Applied force parallel to the interface. Eccentricity=20mm
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Figure 21. Measured and predicted applied force parallel to the interface versus sliding displacement response 
  
The maximum predicted bearing capacity value is approximately 20% smaller than the corre-
sponding measured value. Moreover, the measured response appears to have a stiffer behav-
iour till it reaches its maximum resistance than the predicted response. Despite this 
discrepancy, the predicted behaviour for both the initial stiff part (for sliding displacement 
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amplitudes smaller than 0.5mm) as well as for the plastic part (for sliding displacement ampli-
tudes larger than 3mm) agree quite well with the measures response of the tested specimen. 
Based on the above discussion between predicted and observed response it can be concluded 
that the described in this section numerical simulation is a quite valid numerical approach that 
can be further utilized towards quantifying the transfer of forces for connections details that 
are studied in the present work in order to be used in design. 
 

5   CONCLUSIONS 

• This numerical study examines the influence on the in-plane behaviour of one-bay single-
storey reinforced concrete (R/C) frame arising from the presence of an encased R/C panel 
with or without steel ties. 
• From the preliminary numerical analysis results it can be concluded that such an encasement 
results in a considerable increase of the stiffness and the bearing capacity of the studied sys-
tem, especially when steel ties are present at the interface. Moreover, the placement of steel 
ties also moderates the amplitude of the forces that are transferred at the narrow column-to-
beam joints regions in a direction normal to the interface through the contact/gap mechanism, 
and consequently, mitigate the possibility of crushing of the encased panel and/or parts of the 
columns or beams at these regions.  
• Thus, it can be concluded that an encased R/C panel, connected with the appropriate steel 
ties to the surrounding R/C frame, has an overall beneficial effect on the behaviour of this 
type of structural system to seismic type loading  
• An experimental sequence was also performed in order to quantify the behaviour of such 
steel tie connections at the interface under a stress field that is expected to develop at this part 
of the encasement during seismic type loading. Such measured behaviour, is in agreement 
with the assumptions made concerning the behavioural characteristics of these steel ties in the 
preliminary numerical analysis. 
• A more advanced numerical simulation was also examined that includes the plastification of 
the steel ties as well as that of the concrete volume utilizing the capabilities of the damaged 
plasticity model of the commercial software Abaqus. It was demonstrated that the predicted 
plastic strain and deformation patterns for the steel ties and the concrete in the regions 
neighbouring the interface were a realistic representation of the corresponding observed be-
haviour. Moreover, the predicted applied force parallel to the interface versus the sliding dis-
placement response agrees reasonably well with the measured response in terms of stiffness, 
maximum bearing capacity and plastified sliding deformations. 
• Based on the above discussion between predicted and observed response it can be concluded 
that the described advanced numerical simulation is a quite valid numerical approach that can 
be further utilized towards quantifying the transfer of forces for connections details that are 
studied in the present work in order to be used in design. 
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Abstract. Shear strengthening of reinforced concrete (R/C) T-Beams can be achieved by open 
hoop FRP strips applied externally as transverse reinforcement. Unless these FRP strips are 
anchored the transfer of tensile forces developing in these strips relies solely on the interface 
between the FRP sheet and the concrete contact surface.  In this case, the delamination (de-
bonding) mode of failure of these FRP strips is very likely to occur, disrupting the effective-
ness of such a shear strengthening scheme.  Consequently, there is need to study both this 
debonding mode of failure as well as various forms of effective anchoring. For this purpose a 
number of special unit T-Beam R/C specimens were fabricated employing open hoop FRP 
strips with or without anchoring. One type of anchoring that was tested is based on a novel 
anchoring device. It was demonstrated that an anchoring scheme devised by the authors can 
provide the necessary satisfactory transfer of forces between the FRP strip and the concrete 
volume of the R/C T-Beam. This used testing arrangement was also numerically simulated 
employing the exact properties of the materials which were used in the experimental sequence. 
Two different types of numerical models were studied. The first was without any anchoring 
device whereas the second the novel anchoring device that was employed during testing was 
simulated in detail.   It can be demonstrated that the used numerical simulation predicts in a 
satisfactory way both the bearing capacity as well as the mode of failure that was observed in 
the test specimens with or without the anchoring device. 
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1  INTRODUCTION 

Many reinforced concrete (R/C) structural members need strengthening either because they 
were built according to old code provisions and do not meet the current design requirements, 
or because they are damaged after extreme events such as a strong earthquake sequence and 
they are in need of repair and strengthening (figure 1, [4]). When such a strengthening scheme 
uses externally bonded FRP layers [1] one of the basic problems is the successful transfer of 
tensile forces between these polymer sheets and the concrete parts of the structure in order to 
exploit their high tensile capacity [8] (figure 2). Frequently, it is necessary to introduce an ap-
propriate anchoring scheme in order to prevent premature FRP strip debonding failure in or-
der to exploit successfully the high levels of tensile forces that these FRP layers can withstand 
and thus meet the strengthening design requirements for the structural members under consid-
eration ([3], [5], [6], [7]). There is a real necessity to develop reliable anchoring details that 
can accompany such repair and strengthening schemes of R/C structural elements employing 
multi-layer FRP strips in such a way that the FRP parts together with their anchoring detail 
can provide a feasible and safe solution for such an application. Specific experimental inves-
tigations have been conducted to study this FRP strip debonding type of failure and to inves-
tigate means for improvement.  

 
 
 
 
 
 
 
 
 
 

 

Fig. 1. Damage of T-Beam at the joint with the 
nearby column (6th story building, Aharnes, 

Athens earthquake 1995) [4]. 

   Fig. 2. Flexural and shear retrofitting of a R/C T-Beam by 
applying FRP strips attached externally on the concrete sur-

face. Need of anchors for the effective force transfer [8]. 

 

2 TESTED ANCHORING SCHEMES UNDER MONOTONIC LOAD UTILIZING 
THE UNIT T-BEAM SPECIMENS 

2.1 Experimental setup 

Figures 3a to 3d depict the same R/C unit T-Beam specimens that were used during this study. 
All these specimens have as a basis the same prototype R/C T-Beam shown in figures 4a, 11b, 
12a and 12b. All these unit T-Beam specimens represent a slice with a width of approximately 
250mm of this double reinforced prototype R/C T-Beam with the same cross-section, materi-
als and structural details. This prototype beam, shown in figures 4a, 11b, 12a and 12b was de-
signed and constructed to be deficient in terms of shear strength thus to be in need of shear 
strengthening. This shear strengthening was applied by attaching externally open hoop CFRP 
strips as shown schematically in figures 3b, 3c and 3d (see also figure 12b).  Apart from the 
three shear strengthening schemes shown in figures 3b, 3c and 3d additional alternative shear 
strengthening schemes employing open hoop carbon FRP (CFRP) and steel FRP (SFRP) 
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strips were also studied. However, due to space limitations, only the behaviour of shear 
strengthening schemes linked with the ones shown by figures 3b, 3c and 3d are reported here. 
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Fig. 3a. R/C T-Beam 
without an FRP strip 

Fig. 3b. R/C T-Beam 
with an open hoop FRP 
strip simply attached. 

Fig. 3c. Open hoop FRP 
strip  anchored with a 
mechanical anchor. 

Fig. 3d. Open hoop FRP 
strip  anchored with an 
FRP anchor. 

In all these shear strengthening schemes, shown in figures 3b to 3d, open hoop CFRP strips 
were employed in an effort not to break the reinforced slab of the T-Beam, apart from drilling 
relatively small diameter holes. In the first scheme the open hoop CFRP strip was simply at-
tached at the sides and bottom of the R/C T-Beam, as shown in figure 3b, leaving the R/C slab 
undisturbed [2, 11, 12]. Alternatively in the second scheme, the open hoop CFRP strip was 
again attached at the sides of the T-Beam also employing side mechanical anchors devised by 
the authors [3], in the way shown in figure 3c. Finally, in the last scheme (figure 3d), before 
attaching the open hoop CFRP strip at the sides and bottom of the R/C T-Beam, as was done 
before (figures 3b and 3c), a CFRP anchor rope, which was specially provided by the FRP 
suppliers [10], was inserted from the top of the slab through 16mm diameter holes that were 
drilled for this purpose, as shown in figure 3d. After this CFRP anchor rope is placed in posi-
tion through these holes its fibers are spread out at the sides of the T-Beam in such a way that 
this rope becomes flat and obtains a considerable width in order to be attached to the open 
hoop CFRP strip placed from the bottom of the T-Beam (figure 3d). Epoxy resin is used to 
both fill the fibers of this CFRP anchor rope as well as to attach these spread rope fibers to the 
fibers of the open hoop CFRP strip. 

 
 

Fig. 4a. Prototype R/C T-Beam 
tested with or without external 
CFRP strips as shear reinforce-
ment. 

Fig. 4b. R/C units T-
Beam with a CFRP 
strip being axially 
loaded. 

Fig. 4c. Central placement of the CFRP 
open hoop strip on the R/C unit T-Beam.  
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The performance of these three shear strengthening schemes depicted in figures 3b, 3c and 3d 
were initially investigated using the unit T-Beam testing arrangement shown in figures 4b and 
4c. As already stated, all these unit T-Beam specimens represent a slice of 250mm width of a 
double reinforced prototype R/C T-Beam with the same cross-section. The experimental set-
up for testing these unit T-Beam specimens is shown in figures 4b and 5. 
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Fig. 5. Testing three different open hoop CFRP strips employing unit T-Beam loading arrangement. 

As can bee seen in these figures, each specimen, after the CFRP strip was set in approxi-
mately seven days after its attachment, was loaded axially (figures 4b and 5). Instrumentation 
was provided to monitor the variation of the applied axial load as well as the deformation of 
the attached CFRP strip in order to record its state of stress as well as the slip of the CFRP 
from the surface where it was bonded to the volume of the concrete. Four strain gauges (s.g.1 
to s.g.4 in figure 5) were put in place, two at each side of the CFRP strip, as indicated in fig-
ures 4c and 5. These strain gauges were placed at the axis of symmetry of each strip/specimen 
at two heights along the bonded surface as shown in these figures. In addition, two displace-
ment transducers were also placed at the axis of symmetry of each specimen in order to record 
the relative vertical (slip) displacement between the CFRP strip and the underlying concrete 
surface of the unit T-Beam specimen, which for this level of axial load was considered to be 
in itself almost non-deformable. Under such axial loading, reproducing in this way the state of 
stress of open hoop FRP strips applied in prototype T-Beams as external shear reinforcement, 
the following limit states were expected to occur.  

a) The debonding of the FRP from the concrete surface. This is commonly observed for 
strain/stress levels of the FRP strip relatively well below the limits given by the manufacturers 
of the FRP materials. The strain/stress levels accompanying this debonding mode of failure 
continually decrease when one increases the layers of the FRP strip, and consequently its 
thickness and cross-sectional area, rendering such layer increase totally ineffective unless it is 
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combined with some type of anchoring. This type of failure is depicted in figure 6a as ob-
served during the current investigation (see also figure 12b). 

b) From the preceding discussion it becomes obvious that the debonding mode of failure 
prevails in almost all cases where an open hoop FRP strip is simply attached without any an-
choring. However, the effective anchoring of such an open hoop FRP strip is not easy. Thus 
the second category of modes of failure includes limit states in which the final debonding and 
failure of the FRP strip is a result of the interaction between the FRP strip and the used an-
choring scheme.  In many cases, the employed anchoring scheme is insufficient to withstand 
the level of axial force that the FRP strip can withstand by itself in ideal axial tension condi-
tions leading to either local failure of parts of the anchoring scheme or local failure of the FRP 
strip in areas neighbouring the anchor or both. Again, the increase of the layers of the FRP 
strip, and consequently of its thickness and cross-sectional area, results in a corresponding 
increase in the demands on the various parts of the anchoring scheme leading them to partial 
successive failure. This type of failure is depicted in figure 6b as was observed during the cur-
rent investigation for an anchoring scheme that proved ineffective and is not reported further 
in this paper. 

c) The final mode of failure is a form of tensile failure of the FRP strip. The closer this tensile 
failure resembles an ideal symmetric axial tensile failure of the FRP strip the higher the axial 
strain/stress levels that would develop thus resulting in a higher exploitation of the capabili-
ties of the FRP material. This desirable FRP strip performance is observed when the used an-
choring scheme is effective in inhibiting any asymmetric local deformation patterns for the 
axial tensile force levels that correspond to such relatively high strain/stress levels of FRP 
strip. The final limit state condition is that of the fracture of the FRP strip that is obviously 
preceded by its debonding. This type of failure is depicted in figure 6c as observed during the 
current investigation for the anchoring scheme of figure 3c which proved to be effective in 
withstanding the level of forces that developed at the FRP strip up to its tensile fracture. 
Again, the effectiveness of an anchoring scheme is directly linked with the corresponding 
number of layers of the FRP strip that it tries to anchor. For a given effective anchoring 
scheme linked with an FRP strip having a given number of layers, a successive increase in the 
numbers of layers will eventually lead to the failure of the anchoring scheme, unless it is 
properly redesigned. 

   

Fig. 6a. Debonding mode 
of failure 

Fig. 6b. Failure of the anchoring 
scheme accompanied with debonding 

Fig. 6c. Tensile failure of the FRP strip 
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2.2 Measured response of unit T-Beams employing open hoop CFRP strips with no 
anchors 

Figures 7a and 7b depict the measured displacement and CFRP strain response versus the ap-
plied axial load, respectively, as was recorded for a unit T-Beam specimen, named CSN1, that 
had a single layer CFRP strip simply attached without the use of any anchoring device (Fig-
ures 3b, 4c and 5). As can be seen in figure 7a the slip-deformation starts at the side that is 
recorded by LVDT1 for a relatively lower value of the applied axial load than for the corre-
sponding slip that is recorded by LVDT2. The strains of the FRP strip at this side (LVDT1) 
are recorded by strain gauges s.g.1 and s.g.2 whereas for the side where the slip is recorded by 
LVDT2 the corresponding strain gauges are s.g.3 and s.g.4. Strain gauges s.g.1 and s.g.3 are 
near the bottom fiber of the T-Beam whereas strain gauges s.g.2 and s.g.4 are at the end of the 
FRP strip near the slab of the T-Beam cross-section. As can be seen from figure 7b strain 
gauges s.g.1 and s.g.3, which are located near the bottom fiber of the T-Beam, start recording 
considerable axial strains for relatively lower values of applied axial load than strain gauges 
s.g.2 and s.g.4, which record considerable strains when the bond- slip has reached levels near 
the limit-state that is next followed by the maximum load and subsequently the debonding 
mode of failure. Utilizing all these strain measurements together with the CFRP cross-section 
and the measured Young’s modulus of the CFRP material, which was obtained from inde-
pendent special tensile tests, an indirect axial load value is found that is also plotted in figure 
7a against the LVDT1 measured slip displacement. As can be seen, reasonably good agree-
ment is observed between the axial load value as measured directly through the load cell and 
the corresponding axial load value found indirectly through these axial CFRP strain meas-
urements.  
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

Fig. 7a. Measured slip displacements. Specimen CSN1 Fig. 7b. Measured FRP strip axial strains.  

2.2. Measured response from unit T-Beams with CFRP strips employed anchors 

Figures 8a and 8b depict the measured slip displacement and CFRP strain response versus the 
applied axial load, respectively, as was recorded for a unit T-Beam specimen, named CSP2s, 
that had a two-layer CFRP strip attached with the use of the anchoring scheme of Figure 3c 
(see also figures 4c and 5, [3]). The results plotted in figures 8a and 8b were obtained from a 
third loading sequence applied to this unit T-Beam specimen being preceded by two similar 
loading sequences.  During the 1st loading sequence the maximum axial load value was equal 
to 85KN; during the 2nd loading sequence the maximum axial load reached the value of 
95KN. Finally, during the 3rd loading sequence the maximum axial load reached approxi-
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mately 115KN and was accompanied by the fracture of the CFRP strip.  Further results from 
the 1st and 2nd loading sequences are not shown here. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 8a. Measured slip displacements. Specimen CSP2s Fig. 8b. Measured FRP strip axial strains. 

As was done before for specimen CSN1, utilizing all the relevant strain measurements, the 
CFRP cross-section and the measured Young’s modulus of the CFRP material indirect axial 
load values were found that are also plotted in figure 8a. One of these indirect axial load val-
ues is based on the FRP strip strain measurements near the bottom of the T-beam (s.g.1 and 
s.g.3) and is plotted against the LVDT1 measured slip displacement.  The second indirect ax-
ial load value is based on the FRP strip strain measurements near the slab of the T-Beam 
(s.g.2 and s.g.4) and is plotted against the LVDT2 measured slip displacement. As can be seen 
in figure 8a reasonably good agreement can be observed between the axial load value meas-
ured directly through the load cell and the indirect load values based on these axial strain 
measurements of the CFRP strip. The maximum indirect load values based on either the bot-
tom or the top T-Beam locations are quite close to each other as well as to the direct axial load 
value. This fact supports the previously mentioned hypothesis which states that at the limit 
state the debonding of the CFRP strip has already occurred; the total axial force is resisted 
during this limit state only by the anchors. The measured CFRP strip strain values linked with 
the debonding, listed in Table 1, also support this hypothesis.  As can be seen in figure 8b, the 
maximum strains, measured by s.g.1 and s.g.2, reach values of 10000μstrains. The variation 
of these measured strains with the applied axial load is almost linear. Moreover, these meas-
ured strain values are almost the same for all four locations; this indicates again that the CFRP 
strip is debonded during the first two loading sequences and the transfer of the axial force dur-
ing the third and final loading sequence is achieved solely through the used anchors. Because 
of the high values of the measured CFRP axial strains and the fact that the employed CFRP 
strip had two layers, the maximum amplitude of the applied axial force reached a maximum 
level of 114.71KN. This is almost three times the corresponding maximum axial load value 
for single layer specimen CSN1 that did not employ any anchor and failed by debonding. This 
large increase of the transferred axial load could be achieved through the employed anchoring 
scheme that performed in a very satisfactory way resulting in axial strains for the CFRP strip 
that are considerably closer to the maximum material strain values given by the manufacturer 
(ideally 18000μstrains) or observed during the specified axial tensile test performed at the la-
boratory to obtain the material properties (10000μstrains). For both specimens CSN1 and 
CSP2s the bond surface of the concrete volume was not treated in any special way apart from 
being thoroughly cleaned. The present investigation was supplemented with two more speci-
mens. The first specimen is named CRN1 and was identical to CSN1; the second specimen is 
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named CRP2s and was identical to CRP2s. The only difference introduced between these spe-
cimens is that for specimens CRN1 and CRP2s the bond surface of the concrete volume was 
treated by a special hammer in order to become rough as well as being thoroughly cleaned. 
The obtained summary results of all these four specimens are listed in table 1. As can be seen 
from the relevant axial strain and axial load values listed in table 1, the special treatment of 
the bond surface, as expected, resulted in a considerable increase in the level of the maximum 
axial load that can be transferred from the CFRP strip to the concrete volume through the 
bond surface. On the contrary, in the case of employing the efficient anchoring scheme of fig-
ure 3c the influence of the bond surface was immaterial. As explained before, this is because 
when an efficient anchoring scheme is employed the transfer of axial force at the limit state is 
achieved solely through the used anchoring scheme with the debonding already occurring at a 
preceding stage without affecting the CFRP strip’s final performance. 
 
Table 1. Results of unit T-Beam specimens with open hoop CFRP strips with and without the use of 
anchors. 

 
Specimen Code Name 

Axial Load (kN) 
Linked with the FRP strip 

debonding 

 

Maximum 
measured 

Axial 
Load 
(kN) 

Maximum 
measured FRP 

strip axial 
strain values 

s.g.1-3 
(μstrain) 

s.g.1-2 s.g.3-4 

Failure mode / 
Axial load (kN) 

resulting from the 
measured FRP 

axial strains 

CSN1* single CFRP 
layer without anchor 

27,94 5670 27,19 20,47 
Debonding / 

34.17 
CRN1** single CFRP 
layer without anchor 

42,67 7114 36,13 33,60 
Debonding / 

42.87 
CSP2s* CFRP with 

two layers and anchor-
ing of figure 3c 

113,0 9518 27,07 34,21 
Fracture of FRP / 

114.71 

CRP2s** CFRP with 
two layers and anchor-

ing of figure 3c 
102,7 8689 41,68 37,86 

Fracture of FRP / 
104.72 

  Each CFRP layer had a thickness of 0.131mm, a width of 100mm and a Young’s modulus equal to 234GPa.      

* No special treatment of the bond surface apart from careful cleaning.                                                               

 **     The bond surface was made rough with a special hammer. 

 

2.3   Response from unit T-Beams with open hoop CFRP strips employing CFRP anchor 
ropes 

In this section the measured response was obtained from the last anchoring scheme being in-
vestigated (figure 9a, [10]). This time, before attaching the open hoop CFRP strip at the sides 
and bottom of the R/C beam, a CFRP anchor rope is inserted from the top through 16mm di-
ameter holes that are drilled in the R/C slab of the T-Beam for this purpose. The effective 
cross-sectional area of this CFRP rope is equal to 33.1mm2 and the Young’s modulus equal to 
240GPa. After this CFRP anchor rope has been placed in position through these holes its fi-
bers are spread at the sides of the beam in a way that this rope becomes flat and obtains a con-
siderable width in order to be attached to the single layer open hoop CFRP strip (with an 
effective cross-sectional area of 13.1mm2), which is put in place from the bottom of the T-
Beam. Epoxy resin is used to both fill the fibers of this CFRP rope as well as to attach these 
spread rope fibers to the fibers of the open hoop CFRP strip. This anchoring scheme was stud-
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ied in two different ways. First one anchor rope was used with its axis located at the mid-axis 
of the width of the open hoop CFRP strip (specimens with the code name SW600C/1 No1, 
No2 and No3, Table 2). Alternatively, two such anchor ropes were placed side-by side along 
the width of the open hoop CFRP strip (specimens with the code name SW600C/2 No1, No2, 
No3 and No4, Table 2). 

120
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m
m

75

360 mm

120 120
 

 
 

Fig. 9a. R/C T-Beam with an at-
tached open hoop FRP strip  an-
chored with an FRP anchor 

Fig. 9b. Mode of failure of speci-
men SW600C/1 No 1. Fracture of 
the CFRP rope. 

Fig. 9c. Mode of failure of speci-
men SW600C/1 No 1. Fracture of 
the CFRP rope. 

As can be seen in table 2, when one CFRP rope was used in the anchoring scheme of 
the 1 layer open hoop CFRP strip the observed failure was mainly at this anchor rope (see 
figure 9b). On the contrary, when two CFRP anchor ropes were used to anchor the open hoop 
CFRP strips their tensile capacity led to an effective anchoring scheme leading the tensile 
fracture of the single layer CFRP strip (figure 9c).  As can be seen from the obtained axial 
load response listed in table 2, when one CFRP anchor rope is used the standard deviation of 
the obtained values is 4.538KN from an average axial load value of 66.12KN (6.9%). When 
the same processing is employed for the measured response of the specimens with two CFRP 
anchor ropes then the standard deviation of the obtained axial load response values, listed in 
table 2, is 19.576KN from an average axial load value of 86.12KN (22.7%). Consequently, 
due to this relatively large standard deviation value for the observed measured axial load 
when two CFRP anchor ropes are employed, it can be concluded that a reduced reliability can 
be expected in achieving the desired shear capacity when employing a relatively large number 
of anchor ropes. Moreover, it can also be concluded that this technique is in need of further 
research. In order to have a direct measurement of the tensile capacity of either the CFRP strip 
itself or the CFRP anchor rope when in position extra unit T-Beam specimens were con-
structed whereby the CFRP strip (specimens ref-1 and ref-2, figures 10a and 10b) and the 
CFRP rope (specimens SWFX No1, No2 and No3, figures 10c and 10d) were accommodated 
in a close hoop formation and were subjected to the same loading arrangement depicted in 
figure 5.  The obtained results are listed in table 3. As can be seen from the axial load re-
sponse, listed in table 3, the standard deviation of the obtained values for the closed hoop 
CFRP anchor rope is 4.208KN from an average axial load value of 70.787KN (5.9%) whereas 
for the closed hoop CFRP strip the standard deviation is 18.427KN from an average axial load 
value of 85.63KN ( 21.52%). Even with this degree of uncertainty, the obtained mode of fail-
ure of the open hoop CFRP strip specimens (85.63KN) having one CFRP anchor rope 
(70.78KN), whereby the fracture of the anchor rope was observed (Table 2 and figure 9b), is 
partly explained. Similarly, the obtained mode of failure of the open hoop CFRP strip speci-
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mens (85.63KN) having two CFRP anchor ropes (upper limit =2*70.78KN), whereby the 
fracture of the CFRP strip was observed (Table 2 and figure 9c), can again be partly explained. 

 

 
Table 2. Measured tensile capacity of open hoop CFRP strips anchored with CFRP ropes.  
 

Code name of 
Specimen 

Total 
Measured 
axial load 

(KN) 

1 layer CFRP 
strip        

Cross-section 
Area  

A1=33.1mm2 

CFRP An-
chor Rope 

Cross-section 
Area  

A2=28.0mm2 

Measured 
strain aver-
age from 

both sides of 
the CFRP 

strip 
(μstrain) 

 
Mode of failure 

SW600C/1 No 1 60.88 Open hoop 1 rope 3900 Fracture of anchor 
rope at upper cor-

ner 

SW600C/1 No 2 68.76 Open hoop 1 rope 4400 Delamination of 
FRP strips from 

anchor 

SW600C/1 No 3 68.72 Open hoop 1 rope 4400 Fracture of anchor 
rope at upper cor-

ner 

SW600C/2 No 1 79.46 Open hoop 2 ropes  5200 Fracture of FRP 
strip 

SW600C/2 No 2 97.18 Open hoop 2 ropes  6400 Fracture of FRP 
strip 

SW600C/2 No 3 61.86 Open hoop 2 ropes  4200 Fracture of FRP 
strip 

SW600C/2 No 4 105.98 Open hoop 2 ropes  5300 Fracture of FRP 
strip 

 
  

 

  

 

Fig. 10a. Unit T-Beam 
specimens CFRP strip 
Ref-1 and Ref-2.  

Fig. 10b. Failure mode 
of specimen CFRP strip 
Ref-1 

Fig. 10c. Unit T-Beam speci-
mens CFRP Rope SWFX No1, 
No2 and No3 

Fig. 10d. Failure 
mode of specimen 
CFRP Rope SWFX  
No 2 
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Table 3. Measured tensile capacity of either closed hoop CFRP strips or closed hoop CFRP anchor  
ropes.  

Code name of 
Specimen 

Total 
Measured 
axial load 

(KN) 

1 layer CFRP 
strip        

Cross-section 
Area  

A1=33.1mm2 

CFRP An-
chor Rope 

Cross-section 
Area  

A2=28.0mm2 

Measured 
strain aver-
age from 

both sides of 
the CFRP 

strip (μstrain) 

 
Mode of failure 

CFRP Strip Ref-1 98.66 Closed hoop No 6600 Fracture of FRP 
strip 

CFRP Strip Ref-2 72.60 Closed hoop No 5100 Fracture of FRP 
strip 

CFRP Rope 
SWFX  No 1 

69.08 - Closed hoop 
anchor rope 

- Fracture of an-
chor rope 

CFRP Rope 
SWFX  No 2 

75.58 - Closed hoop 
anchor rope 

- Fracture of an-
chor rope 

CFRP Rope 
SWFX  No 3 

67.70 - Closed hoop 
anchor rope 

- Fracture of an-
chor rope 

 

 

 

 

Fig.  11a. Loading arrangement for the prototype T-
Beam Fig. 11b. Structural details of the T-Beam 

3 PROTOTYPE R/C T-BEAM IN NEED OF SHEAR STRENGTHENING. 

In this section two of the shear strengthening schemes that were studied before using unit T-
Beam specimens are applied to a prototype R/C T-Beam. This T-Beam was designed and con-
structed to be in need of shear strengthening. Its clear span was equal to 2700mm and was 
subjected to a four-point bending loading arrangement, as depicted in figure 11a. The applied 
total vertical load was measured by a load cell and the vertical deflections were recorded near 
mid-span by two displacement transducers. The central vertical load was applied through a 
stiff steel girder at two points located 900mm from the two end vertical supports. This T-
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Beam had longitudinal reinforcement of 6 reinforcing bars of 20mm diameter that were 
placed near the top and bottom fiber of the beam (3 at the top and 3 at the bottom, as shown in 
figure 11b). These steel re-bars had nominal yield stress equal to 500MPa and actual yield 
stress 531MPa.  The concrete compressive strength was found to be equal to 23MPa. The left 
and right parts of this beam, between the East and West supports and the loading points, has 
no transverse steel reinforcement intentionally so that the shear mode of failure would prevail. 
The central part of the beam between the loading points had closed steel stirrups with a di-
ameter of 8mm placed every 70mm intervals in order to prohibit the premature compressive 
failure of this part of the beam from flexure (figure 11b). Initially, this T-Beam specimen was 
loaded at its virgin state till the shear limit-state was reached with the appearance of shear 
cracking patterns at the East and West parts (figure 12a) for a maximum shear force value 
equal to 57.39KN. Next, a shear strengthening scheme was applied by employing the external 
application of open hoop CFRP strips. At the West part four (4) 3-layer open hoop CFRP 
strips were employed (figure 12b) having 0.131mm thickness, 100mm width and spaced at 
200mm intervals measured form their center line. These West part CFRP strips employed the 
anchor scheme of figure 3c. At the East part four (4) 1-layer open hoop CFRP strips were em-
ployed instead without any anchors (figure 3b) having 0.131mm thickness and 100mm width 
and similarly spaced at 200mm intervals measured form their center line. This was done in 
order to study the debonding mode of failure for the CFRP strips attached at this part. The 
same loading arrangement was used that this time resulted, as expected, in the debonding 
mode of failure of the West side unanchored CFRP strips as shown in figure 13 for a shear 
force equal to 166.77KN. This shear force value is more than three times larger than the shear 
capacity of the un-strengthened virgin T-Beam.  The variation of the applied shear force ver-
sus the vertical deflection of the virgin and the strengthened with this 1st shear strengthening 
scheme T-Beam is depicted in figure 14. It is important to underline that the West part of this 
T-Beam, although subjected to the same shear force level as the East part, did not show signs 
of any distress. This is due to the presence of the effective anchors that accompanied the open 
hoop CFRP strips at this location. The design of this FRP anchoring scheme was facilitated by 
special designed software [6] as well as valid numerical simulations [9]. Next, the same T-
Beam is currently being tested with the CFRP anchor scheme shown in figures 3d and 9a. 

 

Fig. 12a. Virgin T-Beam that reached a shear limit state under four-point bending 
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Fig. 12b. T-Beam with the 1st shear strengthening scheme under four-point bending (see also figures 3b and 3c). 

 

 

 

 

 

 

 

 

 

 

Fig. 13. Debonding of the open hoop CFRP strips 
at the East part of the T-Beam 

Fig. 14. Variation of the applied shear force versus the ver-
tical deflection of the virgin and the strengthened T-Beam 

 

4 NUMERICAL SIMULATION 

The general purpose FE software ABAQUS (Hibbitt et al. [13]) was employed to generate FE 
models to simulate numerically the structural response of the previously described unit con-
crete T-beams strengthened with externally attached FRP sheets. The generated models were 
validated against the respective experimental results. The aim of this part of the study is to 
generate reliable FE models that can be utilized to enhance the understanding of the funda-
mental structural response of the FRP shear strengthening scheme of R/C beams with and 
without anchorage devices and hence optimize the  anchorage device design (see Manos et al. 
2014, [9]). 
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Fig. 15a. Numerical model of unit T-beam with anchored FRP 
sheets 

Fig. 15b. Detail of the numerical model of the 
anchored FRP sheets 

4.1 Modeling assumptions 

The mean measured specimen geometries were utilized to simulate the test specimens. The 
full 3D geometry of the unit T-beam concrete volume and the steel plates employed for the 
anchorage of the FRP was modeled with 3-D brick-type F.E. elements, whilst the FRP sheets 
were idealized as planar F.E. elements and their actual thickness was utilized as a section 
property (see figures 15a and 15b). The bolts were assumed cylindrical with a diameter equal 
to the equivalent diameter corresponding to the net bolt area (i.e. the threaded part of the bolts 
was not explicitly modeled). A further idealization pertinent to the bolt assembly simulation is 
the assumption that the bolt hole diameter of the steel plate is equal to the assumed bolt di-
ameter (i.e. the clearance has not been accounted for). 
The load was applied incrementally as prescribed displace-
ment on a steel semi-cylindrical block that was placed within 
the FRP sheets, which formed a loop of the same geometry at 
the lower part of each specimen (see figure 5).  During testing 
the load was applied at this steel semi-cylindrical block trough 
a test machine and was measured by a load cell, as shown in 
figure 5. In the numerical simulation, the loading was applied 
iteratively utilizing a smooth amplitude curve available in 
ABAQUS. Restraint of the structure in the direction of the 
prescribed displacement was provided by fixing the upper sur-
face of the numerical model of the unit T-beam as shown in 
figure 16. A dynamic explicit analysis was performed. 

 

 

 

 

 

 

 

Fig. 16. T-Beam loading and 
boundary conditions  

The sum of the reaction forces in the y direction yields a reaction Ry that corresponds to the 
total applied load. The contact between the various parts of the model (steel bolts, steel plates 
and concrete volume) was explicitly modeled and a friction coefficient equal to 0.3 was as-
sumed for tangential contact behaviour except for the contact between the concrete beam and 
the loading/reaction plates which was assumed frictionless. Moreover, in order to reduce 
computational cost, the actual detail of the steel rod of the anchoring device through which 
load is transferred from the FRP strips to the concrete volume through the steel plate was 
somewhat simplified; towards this end, the displacements of the FRP’s edge were constrained 
to be equal to the respective displacements of the steel plate’s mid plane for the numerical re-
presentation of the anchoring device. The interface between the FRP and the concrete was si-
mulated as a cohesive zone endowed with a suitable traction separation response. More details 
can be found in the work by Manos et al. The present numerical investigation dealt with both 
with the case of unanchored FRP sheets (see detail in figure 3b) as well as with the case whe-
reby the FRP sheets were anchored at the sides of the unit T-beam (see detail in figure 3c). In 
the former case, the numerical simulation of the anchor steel plate and bolts were obviously 
omitted and the numerical behaviour was dictated from the bonding / debonding of the FRP 
sheets from the sides of the unit T-beam, as is explained in the following. 
 

4.2 Numerical simulation of the unanchored FRP strips 

When investigating numerically the behaviour of the FRP strips simply bonded on the sides of 
the unit T-beam specimen without anchors it becomes apparent that such a behaviour is gov-
erned by the mechanical properties that are assigned to the specific contact surface between 
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the FRP sheet and the two sides of the unit T-beam.  As already mentioned the interface be-
tween the FRP sheet and the concrete volume was simulated as a cohesive zone endowed with 
a suitable traction separation response. The tested specimens of the unit T-beams without an-
chor bolts had contact surfaces of two different types. The first type belongs to those unit T-
beam specimens left with a relatively “smooth” surface, as resulted from the removal of the 
formwork without any further treatment before the FRP strips were bonded with the help of 
the resin. The second type belongs to those unit T-beam specimens where this contact surface 
was roughened with the help of a special hammer (“rough”).  It was necessary to assign a dif-
ferent value of shear strength to the cohesive elements that simulated numerically this bond 
contact area between the FRP sheets and the unit T-beam sides. This was done in the follow-
ing way. From previous research on the debonding of FRP strips from concrete surface  it was 
recommended to adopt as shear strength of this contact interface the tensile strength of the 
concrete volume. This is because the shear strength of the resin has a much higher value than 
the tensile strength of the concrete. Thus, the actual debonding mode of failure materializes as 
a tensile failure of a concrete layer just beneath this contact interface. This recommendation is 
adopted by design procedures [ ] and it will also be followed here. For the tested unit T-beam 
specimens the average compressive strength of the concrete was found equal to 20MPa 
through compression tests of four concrete cylinders, 300mm high with 150mm diameter, 
which were cast with the same mix and at the same time as the unit T-beam specimens. The 
tensile strength was not determined through testing but is derived indirectly from this com-
pressive strength, following procedures that are well established from past research. The Brit-
ish Code of practice BS 8007:1987 recommends the following expression for obtaining the 
tensile concrete strength ft: 
 
ft = 0.12 * (f’

c)^
0.7        (Eq. 1) 

 
f’

c in this expression is the cubic compressive strength (in megapascals). 
It is also established from past research that the cylindrical compressive strength fc

  is ap-
proximately equal to 85% of the cubic compressive strength f’

c .  Based on these the direct 
tensile strength of the unit T-beam concrete is found equal to 1.11MPa 
 
Alternatively, the following expression is also recommended: 
 
sft = k *  (fc)^

0.7  (Eq. 2) 
 

sft represents the tensile splitting strength. The coefficient k takes values in the range from 0.2 
to 0.3);  fc is the compressive strength determined from cylinders ( in megapascals). 
Based on Eq. 2 as well as on the relationship between the direct tensile strength and the ten-
sile splitting strength (ft = 0.7 * sft ) the resulting values for the direct tensile strength for the 
tested unit T-beam specimens is found equal to 1.14MPa or 1.71MPa, for k values equal to 
either 0.2 or 0.3, respectively.  

All the obtained results for the direct tension strength of the concrete and consequently 
the shear strength of the contact interface are listed in the following table 4. In the same table 
the shear strength values that result in the best approximation of the measured unit T-beam 
capacity when these values are assigned as shear strength values of the cohesive elements 
employed in the numerical simulation, as previously described. This is done for both the 
“smooth”  as well as the “rough” contact interface unit T-beam specimens.   
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Table 4. Direct tensile strength of unit T-beam concrete  and shear strength assigned as to the cohesive elements 
of the numerical simulation 
Direct tensile strength of unit T-beam concrete  (MPa) shear strength assigned as to the cohesive elements of 

the numerical simulation (MPa) 

Eq. 1 Eq. 2  k=0.2 Eq. 2  k=0.3 “smooth”  contact surface “rough” contact surface 

1.11 1.14 1.71 0.6 1.5 

 
As can be seen from the values listed in table 4, the shear strength value assigned to the cohe-
sive elements of ‘rough’ specimens numerical simulation is well within the range of concrete 
tensile strength values obtained as described before. On the contrary, the shear strength value 
assigned to the cohesive elements of ‘smooth’ specimens numerical simulation is much 
smaller; consequently, if the numerical prediction of the behaviour of the ‘smooth’ specimens  
would have been based on the tensile strength values of either Eq. 1 or Eq. 2 it would have 
resulted to approximately two (2) or three (3) times larger capacities for these smooth speci-
mens than the ones measured. From these findings the following important conclusions can be 
drawn: 

1. It is non-conservative to base the estimate of the bearing capacity of bonded FRP 
strips on concrete surface on the direct tensile strength of concrete, unless the contact 
surface of the concrete is properly treated prior to bonding the  FRP strips. 

2. Because the debonding mode of failure leads to a brittle respond is wiser to adopt a 
higher value of safety factor than it is the case of anchored FRP strips. 

Comparison of the measured behaviour of a unit T-beam with FRP 
strips witout anchors with numerical predictions 
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Fig. 16. Comparison of the measured capacity of a unit T-beam specimen with FRP strips being simply bonded 
without anchors with numerical predictions 
 
Figure 16 depicts the numerically predicted load displacement response of a unit T-beam spe-
cimen without anchors with either “smooth” or “rough” contact surface. In the same figure the 
values of the bearing capacity measured during testing of the corresponding specimens is also 
indicated. These numerical predictions were obtained assigning shear strength values listed in 
table 4, as already discussed. 
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In figure 17 the numerically predicted state of stress (MPa) for the FRP strip, for the cohesive 
interface and for the concrete block are shown. This is done for two time steps of the loading 
process. The first that is depicted in the upper row of this figure represents the state of stress 
at the beginning of the loading sequence whereas the lower row corresponds to the state of 
stress near the completion (80%) of the loading process before the maximum load is reached. 
The far left part of this figure represents the state of stress of the FRP strip whereas the mid 
part that of the cohesive interface. The far right part of this figure represents the state of stress 
of the concrete block. As can be seen figure 17, an increase in the amplitude of the load re-
sults in the spreading of the stressed part of the FRP strip from the bottom to the top. The 
same trend can also be seen developing at the cohesive interface as well as at the concrete 
block. The final development of this process results in partial debonding of the FRP strip from 
the lower part of the concrete block and the concentration of the transfer of force to its upper 
part through mainly the upper part of the cohesive interface and the corresponding volume of 
the concrete block, with the FRP strip almost uniformly stressed along its height. This devel-
opment has as its final stage the complete debonding of the FRP strip and the failure in the 
transfer of force from the FRP to the concrete block. This numerical process is in good 
agreement with measurements and observations during tests (see figure 7b). 

 
Fig. 17. State of stress for the FRP strip, the cohesive interface and the concrete block when the FRP strip is 
simply bonded to the unit T-beam.  
 

4.3 Numerical simulation of the anchored FRP strips 

This time apart from the numerical simulation of the cohesive interface the actual anchoring 
detail that was employed in specimens shown in figure 3c was numerically simulated. This 
was done by numerically simulating the steel anchor bolts, the corresponding holes in the 
concrete volume as well as the steel plate that these bolts were attached to together with the 
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upper part of the FRP strip. The same loading sequence and support conditions described be-
fore were also employed here. Figure 18, depicts the comparison of the measured capacity of 
a unit T-beam specimen with FRP strips with and without anchors with the corresponding 
numerical predictions. As can be seen in this figure, the numerical predicted capacity is in 
good agreement with the corresponding measured maximum value. Moreover, it can also be 
seen that the numerically predicted behaviour simulates successfully the observed increase in 
deformation capability of such a connection as the brittle debonding mode of failure is 
avoided; instead, the prevailing mode of failure is either the fracture of the FRP strip or the 
failure of parts of the anchoring scheme itself (see section 2.2).  Figure 19 depicts the state of 
stress for the FRP strip during the loading process. The upper far left part of this figure is at 
the beginning of the loading sequence whereas the lower far right part is at the end of the 
loading sequence when the maximum capacity of this connection was reached.  

Comparison of the measured behaviour of a unit T-beam with 
FRP strips with and without anchors with numerical predictions 
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Fig. 18. Comparison of the measured capacity of a unit T-beam specimen with FRP strips with and without an-
chors with numerical predictions 
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Fig. 19. State of stress Fig. 19. State of stress for the FRP strip during the loading process.  
 
The plots in between these two far parts in figure 19 depict the state of stress of the FRP in 
consecutive stages from the beginning till the end of the loading process, as they were pre-
dicted from the employed numerical simulation. Figure 20, depicts the state of stress of the 
concrete block for a unit T-beam specimen having the FRP strip anchored following the fash-
ion in portraying the loading sequence which was previously described for figure 19. As can 
be seen in the upper part of figure 19, the FRP strip transfers initially its force to the concrete 
volume through the cohesive interface utilizing the bond mechanism, as described in section 
4.2. The same is also observed at the upper part of figure 20. When this bond capacity is ex-
ceeded the debonding failure occurs. From this stage onwards the transfer of force relies sole-
ly on the successful anchoring system as can be seen in the lower parts of figures 19 and 20. 
This mechanism has been studied in section 2.3. and has been investigated in detail in previ-
ous publications. From these numerical predictions it is demonstrated that the employed nu-
merical simulation was successful realistic approximations of the studied transfer of force 
mechanisms from the FRP strip to the concrete block including both the bond and the achor-
ing mechanisms. 
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Fig. 19. State of stress for the concrete block of the unit T-beam during the loading process when the FRP strip is 
anchored.  
 

5 CONCLUSIONS 

 
1. The behaviour of anchoring techniques for carbon open hoop FRP strips utilized as external 
shear reinforcement for R/C T-Beams was studied experimentally employing the relatively 
simple loading arrangement of “unit T-Beam” specimens. It was demonstrated that the an-
choring scheme devised by the authors [3] can provide the required satisfactory transfer of 
forces between the FRP strip and the concrete volume of the T-Beam.  
2. The special treatment of the bond surface resulted, as expected, in a considerable increase 
in the level of the maximum axial load that can be transferred from the unanchored CFRP 
strip to the concrete volume through the bond surface. On the contrary, in the case of employ-
ing the efficient anchoring scheme, devised by the authors, the influence of the bond surface 
is immaterial. This is because in this case the transfer of tensile forces between the FRP strip 
and the concrete volume of the T-Beam at limit state is achieved solely through the used an-
choring scheme. The debonding of the FRP strip already occurs at a preceding stage. 
3. The applicability of the anchoring scheme devised by the authors to successfully inhibit the 
debonding mode of failure for such open hoop CFRP strips employed in shear strengthening 
of R/C T-Beams was further demonstrated in the laboratory employing for this purpose a pro-
totype R/C T-Beam specimen. An alternative anchoring scheme [10] that was investigated 
also seems promising.  
4. The numerical simulation of the behaviour of FRP strips simply bonded to the concrete sur-
face of the unit T-beam specimens was successful to predict the state of stress that develops at  
the FRP strip, at the cohesive interface and at the concrete block during the various stages of 
the loading sequence, as they were observed during testing, till the debonding failure. From 
the comparison of the numerical predictions with the measured capacity it can be concluded 
that tt is non-conservative to base the estimate of the bearing capacity of bonded FRP strips 
on concrete surface on the direct tensile strength of concrete, unless the contact surface of the 
concrete is properly treated prior to bonding the  FRP strips. Moreover, because the debond-
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ing mode of failure leads to a brittle respond is wiser to adopt a higher value of safety factor 
than it is the case of anchored FRP strips. 
5. From the presented numerical predictions it is demonstrated that the employed numerical 
simulation was successful in obtaining realistic approximations of the developing transfer of 
force mechanisms from the FRP strip to the concrete block including both the bond and the 
anchoring mechanisms. 
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Abstract. Masonry infills within multi-story reinforced concrete (R/C) framed structures 
were damaged to a considerable extend during past strong earthquake activity.  The realism 
of numerically simulating the cyclic earthquake-type behaviour of masonry infilled R/C 
frames was studied extensively in the past by comparing numerical predictions with results 
from a series of pseudo-dynamic tests on masonry infilled R/C frame specimens. An advanced 
non-linear 2-D numerical simulation was validated which can realistically capture the in-
plane hysteretic behaviour of reinforced concrete (R/C) frames with masonry infills when 
subjected to combined in-plane vertical and cyclic seismic-type horizontal load. Observations 
of failure modes for R/C infilled frames with columns under-designed in shear have shown 
that, when subjected to earthquake loads, the development of shear failure for the columns is 
an additional realistic scenario. The advanced non-linear 2-D numerical simulation is 
extended here to include both flexural and shear modes of failure for the R/C columns 
resulting from the interaction of the masonry infill with the R/C frame.  A macro-model have 
been adopted for the numerical simulation of the masonry infill that retains the non-linear 
behaviour of the masonry infill itself as well as the non-linear behaviour at the contact area 
between the masonry-infill and the surrounding frame. Next, the effectiveness of a micro-
modeling numerical approach is also examined for simulating the behaviour of masonry infill 
within a R/C frame when different types of openings are present in the masonry infill. The 
results from three framed masonry infill specimens that were tested under horizontal cyclic 
loading at have been also utilized for the validation of this micro-modeling approach. Both 
simulation strategies were quite successful in predicting the observed response in terms of 
stiffness, strength, and modes of failure for either the masonry or the R/C frame 

142



George C. Manos and Vassilios Soulis 

1 INTRODUCTION 

     The interaction of the masonry infills and the surrounding frame has been a subject of 
research for quite some time. This problem is of practical significance when this type of 
structural assemblages, e.g. masonry infills and surrounding frames made of either reinforced 
concrete (R/C) or steel, are subjected to in-plane seismic forces. In this case the presence of 
the infill changes dramatically the overall in-plane stiffness and resistance of the R/C frame. 
This is the case till the masonry infill fails, being usually relatively weak ([1]).  
An extensive experimental and numerical study ([2], [3], [4], [5], [6], [9], [10], [11]) was 
carried out at the laboratory of Strength of Materials and Structures, Aristotle University, in 
an effort to examine the in-plane seismic behaviour of infilled R/C frames. It was shown that 
the stiffness and strength of the examined masonry infilled, single-story R/C frames was 
significantly influenced by the following non-linear mechanisms:    
a) The non-linear flexural behaviour of the R/C frame (plastic hinges).  
b) The non-linear mechanisms that develop at the interface between the R/C frame and the 
masonry infill.   
c) The level of non-linear deformations that develop within the masonry infill itself. 
    Apart from the plastic hinges that develop at the ends of the R/C beam and columns, shear 
failure of under-designed columns was also observed. This is the rational for extending the 2-
D advanced non-linear numerical approach to include the shear limit state for the R/C 
columns at predefined locations. In order to validate this development the experimental study 
conducted by Sariyiannis [12] was utilized. In his study a number of one-storey one-bay 1/3 
scaled infilled frames were subjected as was done in similar studies to combined loading; that 
is the application of constant amplitude axial forces at the columns and horizontal seismic 
type cyclic force at the level of the beam. Nine repaired infilled frames and two repaired bare 
frames were examined in this study. These specimens resulted by repairing the damaged  R/C 
frames, tested previously by Stylianides [7], and by rebuilding new stronger masonry infills 
[12]. In a number of these repaired specimens tested by Sariyiannis [12] the shear sliding of 
the infill along a horizontal mid-height mortar joint or the corner crushing of the masonry 
infill was accompanied by the shear failure of the adjacent R/C columns. Two of these 
masonry infilled frame specimens, namely F1NR and F8NR, failed as a result of corner 
crushing of the infill and shear failure of the column [12].  
    Stavridis [13], carried out an experimental study of quasi-static tests with single-bay, 
single-story, masonry-infilled, non-ductile RC frames, which were scaled sub-assemblages of 
a prototype structure. These tested specimens were 2/3-scaled models of characteristic frames 
of a prototype building with design details representative of those used in the construction 
practice in California during the 1920’s [13]. Two of these specimens (referred to as CU1 and 
CU2) were single-story, single bay masonry infilled frames that were tested with quasi-static 
cyclic loads [9]. A third specimen represented a three storey frame with two bays; this was 
tested on a shaking table at UCSD [13]. After reaching the peak load, specimen CU1 
developed diagonal shear cracks in the concrete columns as an extension of the dominant 
cracks in the masonry infill. The same failure pattern was reported for the CU2 specimen with 
a window opening. Again, one of the columns in the CU2 specimen had a major shear crack 
which developed close to mid-height of the column. Koutromanos et al. [14], demonstrated 
the ability of a proposed nonlinear finite element model to capture the response of masonry-
infilled reinforced concrete frames under cyclic loads. Diffused cracking and crushing in 
concrete and masonry are simulated by a smeared-crack continuum model, while dominant 
cracks as well as masonry mortar joints are modeled with the cohesive crack interface model.  
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Penava, Sigmund, Kozar [15], studied various non-linear FEM modeling techniques for 
numerical simulation of framed-masonry structures under cyclic loading. Numerical results 
are validated utilizing experimental results of framed masonry specimens with or without 
openings. Penava et.al [16] tested 10 framed-masonry specimens of 1:2:5 scale. These test 
specimens were divided into three groups. The first group consisted of four R/C imfilled 
frames with an unconfined opening, e.g. a door or window, either in the center of the infill or 
offset from the center. The specimens of the second group had a vertical tie element around 
the opening. The third group consisted of two R/C infilled frames, one without an opening 
and one “bare” reinforced concrete frame. Penava et al. [15] proposed a micro-model 
numerical approach and calibrated the assigned numerical parameters in order to obtain the 
best correlation between experimental and numerical results. The concrete parts were 
simulated employing plane stress elements. For the reinforced concrete frame (Columns and 
lintel) were modeled adopting the fracture-plastic constitutive law, known as the Non-Lin-
Cementitious material model. The longitudinal and transverse steel reinforcement of the 
reinforced concrete frame were modeled utilizing truss elements. In their numerical 
simulation Panava et al. [15] followed a micro-modeling approach whereby the masonry units 
and the mortar-masonry interface were considered separately and, in this way, it was possible 
to capture the sequenced failure of the masonry infill wall and to avoid modeling of the 
mortar. In this micro-modeling approach the smeared crack method has been adopted for the 
modeling the behaviour of the masonry units. For each material, the most appropriate 
constitutive law capable of describing its structural behaviour was used. The contact between 
the masonry units, as well as between the masonry units and the frame (the mortar in the 
physical model), was described by the interface material model. This model is based on the 
Mohr–Coulomb criterion with tension cut-off and requires the determination of the initial 
elastic normal and shear stiffness. Penava et al. [15] showed that the best correlation between 
the numerical and experimental results was achieved when they combined measured material 
data, with the addition of a cohesion hardening-softening function for bed joints to take into 
account the mortar interlocking within the hollow part of the masonry unit.  
A numerical micro-model was proposed by Lourenco and Rots [17] for masonry wall piers 
under combination of horizontal and vertical loads. In their simulation the masonry units were 
expanded by the masonry mortar thickness leaving all the non-linear behavior concentrated in 
the interface between units. In this current investigation the micro-model proposed for the 
masonry infill by Soulis [10] was utilized and validated against the experimental and 
numerical results of the frame masonry specimens tested by Penava et.al [16]. The measured 
material properties as obtained by normative tests by Penava et.al [16] were used in this case.  
Differences and similarities between the micro-model proposed by either Penava et al. [15] or 
by Manos and Souljs are discussed in section. Shear failure of the frame columns’ was not 
observed in the frame specimens tested by Penava et.al [16]. Therefore, the possible shear 
failure of column frame members is not simulated for these frames as was done for the frames 
tested by Sariyiannis [12], and Stavridis [13].  
 
2. DESCRIPTION OF THE TESTED MASONRY-INFILLED R/C FRAMES  
 
   The macro-modeling numerical approach is first used to numerically simulate the measured 
behaviour of three masonry infilled frames; namely specimen F8NR, tested by Saryiannis 
[12], and specimens CU1, CU2, tested by Stavridis [13]. This numerical simulation includes 
the development of flexural plastic hinges and/or shear limit state at the surrounding R/C 
columns.  The micro-modelling numerical approach is then used to numerically simulate the 
measured behaviour of specimens G1, GI2, GII2 [16]. Brief information on these selected 
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masonry infilled R/C specimens is given in table 1 and figures 1 and 2. Tables 2, 3 and 4 list 
the relevant mechanical properties. For all these specimens the numerical response predictions 
are compared with the corresponding experimental results. The influence exerted by the 
interface mortar joint between the masonry infill and the surrounding frame was examined in 
detail by Thauampteh [11] and Soulis [10].  

Frame 

Code 
name 

Vertical 
load on 

Columns 
(KN) 

Technical description of 
masonry infill  

Masonry 
Infill 

thickness 
(mm) 

Technical description of 
the interface between 

frame and infill 

Longitudinal 
reinforcement 

ratio (ρ) 

F8NR 
Repaired 
[12] 

80 Infill with mortar O 
reinforced with 
reinforced plaster, 
without transverse 
reinforcement  

83 mortar O thickness 10mm 
The reinforced plaster is in 
contact with the 
surrounding frame  

 1.01% 

CU1[13] 156 Infill with mortar N 95 mortar N thickness 10mm 1.00% 

CU2[13] 156 Infill with mortar N 95 mortar N thickness 10mm 1.00% 

GII2 [16] 365 Infill with mortar M5 120 mortar M5 thickness 
10mm 

2.00% 

GI1 [16] 365 Infill with central door 
and mortar M5 

120 mortar M5 thickness 
10mm 

2.00% 

GI2 [16] 365 Infill with central 
window and mortar M5 

120 mortar M5 thickness 
10mm 

2.00% 

Table 1 Outline of all specimens for the 1st , 2nd and 3rd group of specimens 
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Figure 1. Masonry infilled R/C frame F8NR specimen and 
design details [12]. 

Figure 2. Masonry infilled R/C frame CU1 
specimen and design details [13]. 

Penava et. al [16] tested ten masonry infilled frame specimens of scale 1:2,5. The 
experimental behaviour of these masonry infilled frames under cyclic horizontal load was 
employed by Penava et. al [16] to calibrate their numerical model. Three of these masonry 
infilled frames, namely GI2, GI1, GII2, are studied currently towards validating the numerical 
simulation of masonry infilled frames applying the micro-modelling strategy proposed here 
and compare it with the micro-modelling approach proposed by Penava et. al [15, 16]. Brief 
information on these selected specimens GI2, GI1, GII2 is given in table 1 and figures 3 and 
4. The mechanical properties of the reinforcement, masonry units and mortar joints are shown 
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in tables 2, 3, 5, 6, 7. Normative tests have been realized by Penava et al. [16] in a way similar 
to the one employed by Manos et al. [3] did to obtain the material properties. This was very 
useful in defining the mechanical properties assumed in these numerical simulations [3], [15].     

 

 

 

Figure 3. Bare R/C frame specimen and design details [16]. Figure 4. Masonry infilled R/C frames specimen 
and design details [16]. 

 
 
Masonry infill  

Compressive 
strength of 
masonry 
(N/mm2) 

Shear strength 
of masonry 
diagonal 
compression 
(N/mm2) 

Compres. 
strength of 
masonry 
units 
(N/mm2) 

Compres. 
strength of 
concrete 
(N/mm2) 

Compres. 
strength 
of mortar 
cylinders 
(N/mm2) 

Compress. 
strength of 
cement plaster 
(N/mm2) 

Reinforced infill F8NR [12] 
Infill with mortar O, 
reinforced with 
reinforced plaster 
without transverse 
reinforcement 

2.12 0.64 (corner 
crushing) 

5.50 25.9 2.7 11.3 

Virgin infill CU1, CU2 [13] 
Infill with mortar N 24.3  49 29,5 9.2  

Virgin infill GI1, GI2, GII2 [16] 
Infill GI1, GI2, GII2   2.80 58   

Table 2: Strengths of masonry infills and concrete used in the specimens [12],[13], [16] 

 
Α/α Yield stress 

fsy (N/mm2) 
Ultimate strength 
 fsu   (N/mm2) 

Strain at yield 
εsy (%) 

Strain at ultimate 
stress εsu (%) 

Young Modulus 
(N/mm2) 

Reinforced infill F8NR [12] 
Φ5.5  348 457 0.174 18.0 2Χ105 

Φ2.7stirrups  271 395 0.135 19.0 2Χ105 
Virgin infill CU1[13] 

Φ#5 15.9mm 472 752 - 9.0  

Φ#2 6.4mm stirrups  431 472 - 13.0  
Virgin infill GI1, GI2, GII2 [16] 

Φ10 550 650 1.0  2,1Χ105 

Φ6stirrups  550 650 1.0  2,1Χ105 

 
Table 3: Tensile strength of the reinforcement used in the specimens [12],[13],[16] 
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A/a Simulation of 
joint interface 
between frame 
and infill 

E  

Young 
Modulus 

(N/mm2) 

G  

Shear 
Modulus 

(N/mm2) 

fk Measured 
Compressive 
Strength of 
mortar 
(N/mm2) 

ftn Assumed 
Tensile Strength 
of mortar 
(N/mm2)  
(as % of fc) 

το Local 
bond shear 
strength of 
mortar 
(Ν/mm2) 

μ  
friction 
coeffici
ent  

1 O mortar F8NR 540 234 2.70 0.27(10%) 0.31 0.58 
2 N mortar CU1 1350 587 9,00 0.50  0.90 
3 N mortar CU2 810 352  0,40  0.90 

Table 4:  Mechanical properties of the mortar joint located between the infill and the surrounding frame 
 (mortar type H, N) [12], [13] 

 
Initial masonry 
units properties 
adopted by 
Penava, Sigmund, 
Kozar[16] 

Young 
Modulus 
parallel to 
head joints 
(N/mm2) 

Young 
Modulus 
parallel to 
bed joints 
(N/mm2) 

Tensile 
strength of 
masonry 
units parallel 
to head 
joints 
(N/mm2) 

Compres. 
strength of 
masonry units 
parallel to 
head joints 
(N/mm2) 

Strain at 
ultimate 
compress
ive 
strength 
εc 

Compres. 
strength of 
masonry 
units parallel 
to bed joints 
(N/mm2) 

Infill GI1, GI2, 
GII2 

5650 850 1,8 17.5 1.358 
x10-3 

2.80 

Table 5:  Mechanical properties of the mortar units used by Penava et al [16] 
 

Initial properties of 
bed joint adopted by 
Penava et.al [16] 

Young 
Modulus 

(N/mm2) 

Shear 
Modulus 

(N/mm2) 

Compressive 
Strength of 
mortar 
(N/mm2) 

Tensile 
Strength of 
mortar 
(N/mm2)  

Local bond 
shear strength 
of mortar 
(Ν/mm2) 

Friction 
coeffici
ent  

M5 mortar  5650 2570 2.70 0.2 0.35 0.24 
Table 6:  Mechanical properties of the mortar bed joints used by Penava et al [16] 

 
Simulation of head joint for masonry infilled R/C frames GI1, GI2, GII2 

Initial properties of 
head joint adopted by 
Penava, Sigmund, 
Kozar[16] 

Young 
Modulus 

(N/mm2) 

Shear 
Modulus 

(N/mm2) 

Compressive 
Strength of 
mortar 
(N/mm2) 

Tensile 
Strength of 
mortar 
(N/mm2)  

Local bond 
shear strength 
of mortar 
(Ν/mm2) 

Friction 
coeffici
ent  

M5 mortar  850 386 2.70 0.2 1,05 * 0.24 
*Cohesion hardening –softening function 

Table 7:  Mechanical properties of the mortar head joints used by Penava et al [16] 
 

3    THE NUMERICAL SIMULATION OF THE BEHAVIOUR OF SINGLE-STORY 
SINGLE-BAY MASONRY-INFILLED R/C FRAMES 

3.1 Numerical simulations of single story masonry infilled R/C frames 

   An extensive study on various numerical simulations of the behaviour observed for masonry 
infilled R/C one-bay one-storey frame specimens tested by Stylianides [7], Valiasis [8], Yasin 
[9], and by Thauampteh [11] was included in [10] together with an extensive validation 
process, utilizing the results of numerous experimental studies ([3], [7], [8], [9], [11]). Two 
different modelling strategies are applied here for the numerical simulation of the masonry 
infill, namely, a macro-modelling and a micro-modelling strategy. In macro-modelling 
strategy the masonry infills are simulated as plane stress elements with homogenised, single 
material properties (figure 5a). In micro-modelling strategy the constituents of the masonry 
infill are simulated separately (mortar bed, head joints, and masonry units, figure 5b), and 
different mechanical properties are assigned in each of these numerical representations. These 
two different numerical approaches were validated as described below: 
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a) The macro-modelling strategy was adopted for the simulation of the masonry infills of 
masonry infilled frame specimens F8NR and CU1, CU2 (figure 6a). 

b) The micro-modelling strategy was adopted for the simulation of the masonry infills of 
masonry infilled frame specimens GI1, GI2, GII2 (figure 6b). This was partly dictated by the 
information on the material mechanical characteristics, which in this case were given for the 
masonry units and the mortar and not for the masonry that was built by these materials [16]. 

Single material law for the masonry infillMortar Head
Joints

tmhj

Mortar bed
Joints

tmbj

tmbj

Masonry Unit  Joints
tmuj tmuj

 

Masonry Unit

Mortar Head
Joints

tmhj

Mortar bed
Joints

tmbj

tmbj

Masonry Unit  Joints
tmuj tmuj

Masonry Unit Joints

Mortar Head
Joints

Mortar
bed
Joints

 
Figure 5a. Masonry infill simulation with macro-
modelling strategy 

Figure 5b. Masonry infill simulation with micro-
modelling strategy 

 

X

Y

Z

 
Figure 6a) Non-linear macro-model of a single-bay 

single-storey masonry infilled R/C frame  
b) Non-linear micro-model of a single-bay single-

storey masonry infilled R/C frame  

 
For case a) an extension  of the numerical simulation proposed by Soulis [10] was applied for 
specimens F8NR and CU1, CU2 capable of numerically simulating the formation of shear 
limit state in pre-defined locations along the height of the columns. The features of this 
numerical simulation are presented in figure 6a and in more detail in figures 7 and 8. These 
features are the same as the ones proposed by Manos, Soulis & Thauampteh before ([2], [3]) 
with the addition of the possibility of shear limit state at predetermined locations along the 
height of the R/C columns of the single storey R/C frame.  In figure 6a, these non-linear 
mechanisms are denoted as:  (1) corresponding to the non-linear behaviour of the masonry 
infill itself adopting a macro-model in this case, (2) the infill-beam interaction at the contact 
region, (3) the infill-column interaction at the contact region (4) the formation of a plastic 
hinge at the end of a beam, (5) the formation of a plastic hinge at the top or bottom of a 
column and finally (6) the formation of a shear limit state along the height of a column. These 
non-linear mechanisms are also depicted in some detail in figure 7 (non-linear mechanisms 
(1), (2), (3) and (4) and in figure 8 (non-linear mechanisms (5) and (6)).The modified Von 
Mises failure criterion with a softening post elastic behaviour was assumed for the masonry 
infills (1) adopting the macro-model.  
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For case b) the non-linear numerical simulation of the masonry infill frame specimens GI1, 
GI2, GII2 includes the same mechanisms (1), (2), (3), (4), (5) described above except the 
shear limit state of columns (6) as this failure mechanism was not observed during testing of 
these specimens. However, the prediction of shear failure on column elements can be 
incorporated in this case, if desired. In figures 9, 10, 11 the numerical simulation of masonry 
infilled frames GI1, GI2, GII2 is depicted.  

 
Figure 7. Details of the non-linear numerical simulation for the infill, the interface between infill and R/C frame 

and for the plastic hinge in the R/C beam. 

 
Figure 8. Details of the non-linear numerical simulation for the plastic hinge in the R/C column and for the shear 

limit state also at the column. 

All these non-linear mechanisms are numerically simulated with a combination of rigid zones 
and non-linear joint elements (figures 7 and 8) with properties based on the geometric data, 
the material properties of the constituent materials (masonry, mortar, concrete, longitudinal 
steel) and the relevant structural detailing. Each one of the numerical simulations of the 
specific non-linear mechanisms (1) to (5) has been validated separately by Soulis [10] and 
Manos ([2], [3]) utilising relevant laboratory measurements obtained by Thauampteh [11].  
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Figure 9. Non-linear micromodel 

of a single-bay single-storey 
masonry infilled R/C frame 
GII2 

Figure 10. Non-linear micromodel 
of a single-bay single-storey 
masonry infilled R/C frame 
GI1 

Figure 11. Non-linear micromodel of 
a single-bay single-storey 
masonry infilled R/C frame GI2 

The additional shear limit state non-linear mechanism, represented by detail (6) in figure 6a, 
is numerically approximated again by a combination of rigid zones and non-linear joint 
elements with properties based again on the geometric data of the column cross section, the 
material properties of the constituent materials (concrete, transverse steel), and the relevant 
structural detailing. The shear limit state was obtained by calculating the shear capacity for a 
column cross-section as specified by equations 1, 2 and 3. The location of these non-linear 
shear limit state zones is based on observed behaviour and accumulated experience for each 
given case. For the studied specimens three predefined locations along the height of each 
column were selected capable of developing this shear limit state. Two of these locations are 
at the ends (top and bottom) of each column in serial sequence with the non-linear mechanism 
simulating the flexural plastic hinges in these locations. An additional shear limit state 
mechanism was also placed at mid-height of each R/C column. Two elasto-plastic non-linear 
2-D joint elements are used to simulate the shear post-elastic behaviour of a given R/C 
column cross section by considering also the corresponding column transverse reinforcement 
(figure 6a and detail No 6 in figure 8).  

     Vu =Vc +Vs      (1) 

• Shear resisted by the concrete part of the cross section Vc 

• Shear resisted by the transverse steel reinforcement  Vs 

For normal weight concrete,                                             

     (2) 

                                  (3) 
fc   =cylindrical compressive strength of 
concrete 
b = width of member 
Pu = axial force normal to cross section 

Ag   =gross cross sectional area of concrete 

Asv = area of transverse steel reinforcement 
expected to be effective in resisting the 
expected shear mode of failure 
d = Effective depth of member 
sυ = spacing of stirrups 
fyh= yield stress of stirrups 
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As per ACI 318:2008 [18] the total shear Vu resisted (107KN) by the column’s cross 
section is composed by two parts; the shear resisted by the concrete and the shear resisted by 
the reinforcement. As already mentioned, the properties of these non-linear 2-D joint elements 
are specified utilizing the given structural details and equations 1 to 3. Independent numerical 
tests were carried out employing simple structural problems in order to verify that this way of 
simulating numerically the shear limit state mechanism responds in the expected way. Next, 
this numerical approach was applied to the infilled frame specimens F8NR, CU1 and CU2 . 

3.2. Differences and Similarities of the Micro-Modelling Strategies 

In what follows, the main differences and similarities in the modeling strategies as adopted by 
either Manos and Soulis or Penava et al. [15] are presented. It must be pointed out that in this 
discussion the features, the applicability and the validity of the results of the macro-modeling 
approach is not included, as it was presented in a number of past publication ([2], [3]).  It 
should be underline the macro-modeling technique is generally simpler and less demanding in 
terms of computational cost. As was debated by Manos et al [2] even the simpler macro-
modeling approach is in need of further simplification in order to numerically simulate multi-
story R/C framed structures with masonry infills: 

Reinforced concrete frame 
a) Penava et.al [15] utilizes instead plane elements to simulate the concrete volume. The 
non-linear behavior of the concrete was simulated adopting the fracture-plastic constitutive 
law which was assumed to be valid through all parts of the surrounding frame.  
b) Truss elements are used to model the longitudinal and transversal reinforcements in 
the numerical simulation by Penava et al. [15].  In addition,  Penava et al. [15] assumed that 
the transverse reinforcement bar closest to the joint had to be moved further away from the 
joint edge, while its area was increased by about 100 times in order to prevent unrealistic 
tension softening. The combination of the numerical simulation of the concrete, as described 
in item a), with the longitudinal/transverse reinforcement is for general application, provided 
that the outcome can be checked for its realism in a qualitative and quantitative manner.  
c) The modelling strategy adopted by Soulis [10] utilizes linear elements for the 
simulation of the surrounding R/C frame. The flexural nonlinear behaviour of this frame is 
concentrated on predefined positions where plastic hinge formation is numerically simulated. 
A series of non-linear joint elements are mobilized to model this plastic hinge formation. This 
was extensively validated by Manos and Soulis [3, 10]. In this way, there is no distinct 
numerical simulation of the concrete volume and the longitudinal or transverse reinforcement 
separetely. A similar approach is adopted for simulating the shear limit-state of the R/C 
columns. Again, a series of link elements are mobilized to numerically approximate shear 
limit-state at predetermined locations. This approach is of no general application as it requires 
engineering judgment for selecting the location for placing the non-linear mechanisms (a 
appropriate combination of non-linear links that is calibrated to have the desired non-linear 
properties) that will numerically simulate either the flexural or the shear limit state.  
d) As already mentioned, the numerical simulation adopted by Manos and Soulis does 
not deal to simulate separately longitudinal and/or transverse reinforcement. Instead, the 
flexural and shear limit states are numerically simulated at predetermined locations. These 
flexural and shear limit states are derived/calibrated from well validated experimental and 
analytical data and formulae combined with the relevant construction details and material 
properties of the given R/C cross sections. 
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 Masonry infill 
a)  Both modeling strategies for the masonry infill utilize the micro-modeling technique. 
Masonry units and the mortar-masonry interface were considered separately.  The mortar 
between masonry units was not modeled either in the numerical simulation of Pevana et al. or 
the numerical simulation proposed by Manos and Soulis. The masonry units are modeled as 
elastic plane stress elements with a non-linear joint interface in their centre in an effort to 
describe their quasi-brittle behaviour. This was done manually by introducing series of joint 
elements in the centre of a masonry unit element. Penava et al. [15] incorporated the SBeta 
material model that introduces automatically a rotated crack inside the simulation of plane 
masonry unit.  
b) The contact between the masonry units, as well as between the masonry units and the 
surrounding frame was described with non-linear joint elements by Soulis [10] and with non-
linear interface elements by Penava et. Al [11]. These elements combine the Mohr-Coulomb 
failure criterion with a tension cut-off in both strategies. The bed and head joints were 
modeled adopting the mechanical properties defined by Penava et.al [15]. Normal and 
tangential stiffness of the bed joints in Soulis model [10] were calculated using the modulus 
of elasticity, the shear modulus and the poison ratio as measured by Penava et.al [15]. The 
mortal interlocking in the hollow clay masonry units was simulated in both numerical 
simulations applying the cohesion-hardening-softening function as proposed by Penava et.al 
[15]. 

Joint interface between masonry infill and surrounding frame. 
a) Non-linear joint elements used for the simulation of the interface between the masonry 
units and the surrounding frame in the investigation carried out by Manos and Soulis. The 
same mechanical properties that were used for the simulation of bed and head joints were also 
used for the simulation of the interface between masonry units and the surrounding frame. 
This selection was mutual for both models that were proposed by the two research groups 
(Manos and Soulis, and Penava et al. [11]).  
b) The non-linear behaviour of joint elements in the interface between the masonry infill 
and the surrounding frame were based on the Mohr-Coulomb criterion with tension cut off.  

 

3.3. Validation of the macro-modeling numerical simulations 

   Figures 12a, 12b and 12c depict a comparison between the predicted behaviour by the 
macro-modeling approach, in terms of envelope curves resulting from a monotonic type of 
loading, and the corresponding envelope curves resulting from the relevant experiments on 
the masonry infilled frame specimens F8NR and CU1, CU2.  

The damage pattern of the masonry infills observed during the tests and the  numerically-
predicted non-linear limit state  is presented for frames F8NR (figures 13a and 13b), CU1 
(figures 14a and 14b) and CU2 (figures 15a and 15b). The observed damage patterns of the 
masonry infills were well approximated by the proposed numerical simulation. The damage 
pattern of the tested F8NR masonry infilled R/C frame consisted of corner crushing of the 
reinforced masonry infill corners in the R/C column and beam joint and a shear cracking in 
top right column (figure 13a). 
Reasonably good agreement can be seen in the damage pattern predicted numerically except 
that shear limit state is observed both in the top left and the bottom right column (figure 13b).  
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Horizontal Load-Horizontal displacement diagram 
reinforced masonry infilled R/C frame F8NR
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Figure 12a: Comparison of envelope curves for masonry 
infilled model frame F8NR 

Horizontal Load-Horizontal displacement diagram 
masonry infilled R/C frame CU1

0

100

200

300

400

500

600

700

800

900

1000

0,00 2,00 4,00 6,00 8,00 10,00 12,00 14,00 16,00 18,00 20,00
Horizontal Displacement (mm)

H
or

iz
on

ta
l L

oa
d 

(K
N

)

Experimental behaviour

Numerical behaviour

Figure 12b: Comparison of envelope curves for 
masonry infilled model frame CU1 
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Figure 12c: Comparison of envelope curves for masonry infilled model frame CU2 

 

 

 

a) Damage pattern [8] b) Limit state numerical simulation (denoted with *) 

Figures 13 a) Damage pattern of masonry infill observed experimentally for infilled frame F8NR, b) Damage 
pattern(x) predicted numerically by the macro-modeling approach 
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The damage pattern that was observed for masonry infilled frame CU1 includes 
diagonal/sliding cracks in the infill panels and shear cracks on the top left column and shear 
cracks in the bottom right column for the experimentally tested specimen (figure 14a). The 
same limit state pattern was predicted numerically as shown in figure 14b.  For the masonry 
infilled panel with one opening in specimen CU2 the sequence of limit states included 
successively (figure 15a) : a) Infill to frame separation b)  diagonal cracks of the infill at the 
window corners c) shear crack in top left column , and d) diagonal crack in the right bottom 
masonry pier and shear crack mid-height of the right column. The same limit state pattern was 
predicted numerically (figure 15b). Further validation is included in [3] and [10]. 
 

 

 

a) Damage pattern [9] b) Limit state numerical simulation (denored with *) 

Figures 14 a) Damage pattern of masonry infill observed experimentally for infilled frame CU1, b) Damage 
pattern(x) predicted numerically by the macro-modeling approach 

 

a) Damage pattern [9] b) Limit state numerical simulation (denored with *) 

Figure 15 a) Damage pattern of masonry infill observed experimentally for infilled frame CU2, b) Damage 
pattern(x) predicted numerically by the macro-modeling approach 

3.4. Validation of the micro-modeling numerical simulations 

The comparison between the predicted behaviour, in terms of envelope curves resulting from 
a monotonic type of loading by the micro-modeling numerical simulation of the current study, 
the numerical simulation proposed by Penava et al. [15] and the corresponding envelope 
curves resulting from the relevant experiments of the masonry infilled frame specimens GII2, 
GI1 and GI2 is depicted in figure 16 a, 16b, 16c. In the case of masonry infilled frame with a 
central window opening GI2 (figure 16c), all numerical simulations underestimate the level of 
horizontal load that is obtained experimentally in the range of horizontal beam displacements 
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from 2mm to 6mm. For the other two specimens (GII2 and GI1) reasonably good agreement 
was obtained between all the numerical predictions and observed response. 

One-story Single-bay Infilled R/C frame without 
openings tested at Osijek
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One-story Single-bay Infilled R/C frame with one 
door openings tested at Osijek
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Figure 16 a) Comparison of envelope curves for 
masonry infilled model frame GII2 

Fig. 16b) Comparison of envelope curves for masonry 
infilled model frame with central door opening GI1  

One-story Single-bay Infilled R/C frame with one 
window openings tested at Osijek
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Figure 16c) Comparison of envelope curves for 
masonry infilled model frame with central window 
opening GI2 

 
The damage patterns as observed 
experimentally are compared with the damage 
patterns predicted by the micro-modeling 
numerical simulations proposed by the authors 
in the current study and by Penava et.al [15].   
In figure 17a), the damage pattern observed  
for the masonry infill frame GII2 without any 
opening is compared with the ones predicted 
numerically  by Manos and Soulis micro-
modeling (figure 17b) and Penava et.al [15] 
(figure17c). The same comparison is repeated 
in figures 18a, 18b and 18c for the specimen 
GI1 with a door opening and in figures 19a, 
19b and 19c for the specimen with one window 
opening.  

The main characteristic in the observed damage in all three specimens is the diagonal failure 
of masonry infills and masonry piers. However, both micro-modelling numerical simulations 
show a wide distribution of failures that is not in full agreement with the observed damage.  
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Figures 17 a) Damage pattern of 
masonry infill observed experimentally 
for infilled frame GII2 

b) Damage pattern(x) predicted 
numerically by Penava et.al [15] 
(micro-modelling) 

c) Damage pattern(x) predicted 
numerically by Manos and Soulis 
micro-modeling approach 

 

  
 

 
Figures 18 a) Damage pattern of 
masonry infill observed experimentally 
for infilled frame GI1 

b) Damage pattern(x) predicted 
numerically by Penava et.al [15] 
(micro-modelling) 

c) Damage pattern(x) predicted 
numerically by Manos and Soulis 
micro-modeling approach 

  

 

 
 

Figures 19 a) Damage pattern of 
masonry infill observed experimentally 
for infilled frame GI2 

b) Damage pattern(x) predicted 
numerically by Penava et.al [15] 
(micro-modelling) 

c) Damage pattern(x) predicted 
numerically by Manos and Soulis 
macro-modeling approach 
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4 CONCLUSIONS 

 
1. The strength and the monotonic load-displacement behaviour observed during the 

experiments of Sariyiannis [12] and Stavridis [13] on single-storey one-bay masonry-
infilled R/C frames are successfully predicted by the proposed macro-modeling 
numerical simulation that includes both flexural and shear limit-states at predetermined 
locations for the R/C frame. 

2. The proposed numerical simulation represents in a reasonable way the most important 
influences that the interface between masonry infill and the surrounding frame could 
exert on the monotonic behaviour of such structural assemblies in terms of stiffness, 
strength, modes of failure, as demonstrated from the observed behaviour. 

3. The development of a shear limit state at the predetermined positions of columns of the 
surrounding R/C frame observed during the experiments as well as the damage patterns 
for the masonry infill, in terms of crack propagation are also successfully predicted. 

4. The strength and the monotonic load-displacement behaviour observed during the 
experiments of Penava et.al [15] on single-storey one-bay masonry-infilled R/C frames 
including openings in their infills, are satisfactorily predicted by the micro-modeling 
numerical simulation proposed by Manos and Soulis in the current study. However, 
there is a discrepancy in the case of masonry infilled R/C frame with central window 
opening (GI2), where the horizontal bearing strength measured numerically is 
underestimated by the numerical simulation proposed. 

5. In the current study the micro-modeling approach of Manos and Sulis was applied for 
the simulation of the masonry infills including openings tested by Penava et.al [15]. 
The differences and similarities with the micro-modeling technique adopted by Penava 
et.al [15] are commented and discussed. Both micro-modeling simulations predict 
common results in terms of the horizontal load -horizontal displacement curves and the 
predicted damage patterns.  

6. The damage patterns predicted by this micro-modeling numerical simulation are in 
agreement with the damage patterns observed experimentally by Penava et.al [15]. 
However, both micro-modelling numerical simulations show a wide distribution of 
failures that is not in full agreement with the observed damage. 

7. It must be pointed out that in this discussion the features, the applicability and the 
validity of the results of the macro-modeling approach are not included, as it was 
presented in a number of past publications ([2], [3]).  It should be underline the macro-
modeling technique is generally simpler and less demanding in terms of computational 
cost. As was debated by Manos et al [2] even the simpler macro-modeling approach is 
in need of further simplification in order to numerically simulate multi-story R/C 
framed structures with masonry infills. 
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Abstract. The suspended roof of the Stavros Niarchos Cultural Center (SNCC) at Athens-
Greece is studied. This roof with dimensions approximately 100m x 100m is suspended by 30 
suspension units composed of springs and dampers. Each suspension unit is formed by four 
spring, two dampers as sliding rigid core all linked with a 3-D rigid steel frame. Each sus-
pension unit is supported on the top of a slender hollow steel column approximately 20m 
height, which in its turn is supported on the top rigid reinforced concrete slab of the SNCC 
base-isolated main building. All these columns bear the loads of the suspended roof that is a 
hollow reinforced concrete deck with internal webs. The characteristics of the large SNCC 
suspended roof are briefly presented and discussed together with the functioning of the sus-
pension units of this roof. The effectiveness of the base isolation system for the main building 
of the SNCC is examined by simplified numerical models. A brief description is next presented 
of the experimental sequence whereby all the components of a prototype suspension unit 
(springs and dampers) as well as the suspension unit itself were subjected to extreme loading 
conditions, as required by the design loads. The measured response of the individual compo-
nents of the tested suspension units formed the basis to apply numerical simulations aimed to 
numerically predict the observed behaviour. First, the measured performance of the individ-
ual springs and dampers forming each suspension unit is numerically simulated. Next, the 
measured performance of one suspension unit is also numerically simulated. Good agreement 
was obtained by this numerical simulation effort between measured and predicted behaviour 
for the tested suspension unit.  
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1 INTRODUCTION 

This paper presents first a summary of experimental procedures that were utilized to measure 
at the laboratory environment the basic components of a suspension system. This system was 
designed and utilized in the suspended roof that was built at the top of the building complex 
of the “Stavros Niarchos Foundation Cultural Center” that was recently constructed in Athens, 
Greece, which is designated in the following as SNCC ([2], [3], [4], [5], [6]). The whole 
SNCC project was completed by the Impregilio-Terna joint venture. Figure 1 depicts the sus-
pended roof on top of the main building of the SNCC, which is in-plan approximately 87m by 
75m and weights approximately 480 000KN. It is based on a system of inverted pendulum 
bearing on the base foundation mat that is supported through numerous piles.  

 

 

 

 

 

 

 

 

 

Figure 1. The Stavros Niarchos Cultural Center. The main building is supported on a base isolation system 
formed by inverted pendulum bearings. The suspended roof supported on slender hollow steel columns. 

 

 

     

 

 

 
Figure 2. The base isolation system of the Stavros Niarchos Cultural Center main building formed by inverted 
pendulum bearings. 
 
The base of each one of thirty slender hollow steel columns is fixed at the thick top-story slab 
of the SNCC main building. These steel columns are of a varying cross section and they have 
at their narrowest part an internal diameter equal to 340mm and a thickness equal to 32mm. 
They rise at a height of approximately 20m to support the suspended roof through a suspen-
sion system, which will be described in section 3. This suspension roof covers an area of 
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10000m2 in plan. Its weight is approximately 51000KN and is supported only on these thirty 
slender hollow steel columns. The main building together with the suspended roof is protected 
against horizontal seismic forces by the base isolation system. Moreover, the suspended roof 
is further protected both from the action of the vertical seismic forces as well as from the wind 
forces through the suspension system that provides controlled movements of the whole roof in 
the vertical direction. Section 2 includes a study of the effectiveness of the base isolation sys-
tem through summary results from simplified numerical analyses that were performed for this 
purpose. Selected information on the basic components of the suspension units that form the 
suspensions system is presented in section 3. This is accompanied with relevant results from 
an experimental campaign conducted at the Laboratory of Strength of Materials and Struc-
tures of Aristotle University that had as an objective to verify the performance of one proto-
type suspension unit and its components. Finally, section 4 presents selected results from the 
numerical simulation of this prototype suspension unit and its components. It must be under-
lined here that all the information included here is approximate and qualitative and it does not 
represent the data and the methods used in the design of this important structural system. 

2.  NUMERICAL STUDY OF THE SNCC BASE ISOLATION SYSTEM  

2.1. Simplified Numerical Analysis of the Suspended Roof and the SNCC Main Building 

In this numerical study the SNCC main building is simulated as a hollow rigid box, as the ob-
jective of this study is to examine the isolation system and its interaction with the hollow steel 
columns and the suspended roof [2]. Three different numerical models are examined by vary-
ing the foundation conditions of the main building as well as the presence or not of diagonal 
stiffeners at the bays that are formed between neighbouring hollow steel columns that support 
the suspended roof (see figure 1). In the first case the foundation is considered as being fixed 
to the underlying soil. This case is numerically simulated by constraining all the nodes of the 
bottom slab of the rigid box simulating the main building to have zero displacements in all 
three directions (ux = uy = uz = 0). In this case there are no diagonal stiffeners at the bays that 
are formed between neighbouring hollow steel columns that support the suspended roof. In 
the second model the foundation support conditions remain the same; however, this time di-
agonal stiffeners are added at the bays that are formed between neighbouring hollow steel 
columns that support the suspended roof (see figure 1). Finally, the third model includes the 
diagonal stiffeners; moreover, all the nodes of the bottom slab of the rigid box simulating the 
main building are connected with the underlying soil with linear springs, simulating in this 
way the base isolation system. The stiffness values of these springs in the two horizontal di-
rections (x, y) are adjusted in such a way as the resulting two first translational eigen-modes 
of vibration have eigen-period values approximately equal to 2.59 sec. These were the eigen-
period values of the SNCC complex with the actual base isolation system that was installed 
(figure 2). Initially, a frequency analysis was performed with all these three numerical models. 
The results are included in figure 3, 4, 5 for models 1, 2 and 3, respectively. The following 
observations can be made on the basis of the results of this frequency analysis. Model 1 in-
cludes the following two basic parts. a) The suspended roof together with the hollow steel 
columns without diagonals, which represents a very flexible system in the two horizontal di-
rections.  b) The rigid building box constrained at its base, which represents a very stiff sys-
tem. The eigen-frequency analysis reveals that for the two first eigen-modes the suspended 
roof with the hollow steel columns vibrates along the two horizontal diagonals simultaneously 
in the two horizontal directions (x and y) with a relatively very large eigen-period value equal  
to 5.93sec (figure 3). The modal mass participation values for these two first eigen-modes 
represent again the vibration only of the suspended roof.  
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Figure 3. Eigen-periods and modal participating mass ratio values for numerical model 1.  

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Eigen-periods and modal participating mass ratio values for numerical model 2.  

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Eigen-periods and modal participating mass ratio values for numerical model 3.  

 
The rigid box representing the main building does not participate in the vibration of any of the 
next 10 higher modes for this first model. The 5th eigen-mode of this model represents the 
vertical mode of vibration of the suspended roof. However, this numerical solution does not 

StepNum Period UX UY UZ SumUX SumUY SumUZ

Unitless Sec Uni tless Unitles s Unitless Uni tles s Uni tles s Unitless

1 2,592443 1 1,216E-08 3,288E-20 1 1,2E-08 3,288E-20 1,672E-13

2 2,59187 1,216E-08 1 2,979E-20 1 1 6,267E-20 1,363E-05

3 0,732706 3,263E-20 2,963E-20 1 1 1 1

4 0,506959 0,00017 6,587E-17 0 1 1 1 2,413E-15

5 0,480833 1,288E-17 0,0001365 0 1 1 1

6 0,375689 1,177E-17 9,242E-20 0 1 1 1 5,935E-19

7 0,120253 3,375E-12 0 0 1 1 1

8 0,115644 0 0 6,966E-05 1 1 1

9 0,107696 0 4,188E-11 0 1 1 1

10 0,057831 0 0 0 1 1 1

11 0,042985 0 0 9,072E-10 1 1 1

12 0,038985 0 0 1,035E-09 1 1 1

TABLE:  Modal Participating Mass Ratios - ΠΡΟΣΟΜΟΙΩΜΑ 3Base isolation + Diagonals 

StepNum Period UX UY UZ SumUX SumUY SumUZ

Unitless Sec Uni tles s Uni tless Uni tles s Unitless Unitless Unitles s

1 5,932031 0,05893 0,04078 0 0,05893 0,04078 0

2 5,932016 0,04078 0,05893 0 0,09971 0,09971 0

3 5,59712 2,06E-11 4,94E-11 0 0,09971 0,09971 0

4 0,13791 2,34E-07 0 5,00E-20 0,09971 0,09971 5,00E-20

5 0,136256 0 0 0,1 0,09971 0,09971 0,1

6 0,121378 0 2,26E-07 0 0,09971 0,09971 0,1

7 0,059623 8,61E-20 8,22E-20 3,35E-19 0,09971 0,09971 0,1

8 0,043742 0 0 0,00006343 0,09971 0,09971 0,1

9 0,039248 1,84E-19 1,46E-19 0,00004355 0,09971 0,09971 0,1

10 0,025882 6,83E-19 1,33E-08 3,93E-18 0,09971 0,09971 0,1

11 0,025868 4,03E-09 1,25E-19 0 0,09971 0,09971 0,1

12 0,015489 8,30E-19 3,20E-11 5,78E-18 0,09971 0,09971 0,1

TABLE:  Modal Participating Mass Ratios – ΠΡΟΣΟΜΟΙΩΜΑ 1Fixed foundation  

StepNum Period UX UY UZ SumUX SumUY

Unitless Sec Unitless Unitless Unitless Uni tless Uni tless

1 1,622769 0,09971 3,54E-13 0 0,09971 3,54E-13

2 1,544535 3,54E-13 0,09971 0 0,09971 0,09971

3 1,161845 3,89E-15 3,16E-17 0 0,09971 0,09971

4 0,135744 4,46E-08 0 8,98E-20 0,09972 0,09971

5 0,134558 0 0 0,1 0,09972 0,09971

6 0,119725 0 1,70E-08 0 0,09972 0,09971

7 0,059436 5,88E-20 1,35E-19 3,42E-19 0,09972 0,09971

8 0,043664 4,70E-20 1,01E-20 0,00006386 0,09972 0,09971

9 0,039222 5,95E-19 1,71E-19 0,00004887 0,09972 0,09971

10 0,02587 0 1,97E-08 0 0,09972 0,09971

11 0,025852 7,99E-10 0 5,27E-20 0,09972 0,09971

12 0,015487 8,74E-18 7,74E-11 1,58E-17 0,09972 0,09971

TABLE:  Modal Participating Mass Ratios – ΠΡΟΣΟΜΟΙΩΜΑ 2Fixed foundation + Diagonals 
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include the actual suspension system. Thus, the eigen-period value for this vertical translation 
mode equal to 0.136sec results from the axial stiffness / flexibility of the slender hollow steel 
columns that support in this model the suspended roof. This is a fictitious case that will be 
altered drastically with the introduction of the suspension system, as will be discussed in what 
follows. The introduction of the diagonal stiffeners at the bays that are formed between 
neighbouring hollow steel columns that support the suspended roof (see figure 1 and 4) results 
in a considerable stiffening effect of the part that includes the suspended roof the hollow steel 
columns and the diagonal stiffeners. Despite this stiffening effect, the two first eigen-modes 
represent again the horizontal vibration of the suspended roof with the hollow steel columns 
and the diagonals along the two horizontal directions (x and y) with eigen-period values equal  
to 1.622 sec and 1.545sec for the x-x and y-y horizontal directions, respectively (figure 4). 
The modal mass participation values for these two first eigen-modes represent again the vibra-
tion only of the suspended roof.  The 5th mode represents again the vertical vibration of the 
suspended roof that remains almost unaltered. The introduction of the linear flexible 3-D links, 
simulating the base isolation system, resulted in three first modes whereby the suspended roof 
with the hollow steel columns vibrate in unison with the rigid box representing the main 
building. This can be seen from the values attained in this case by the modal mass participa-
tion ratio values for the first three modes that for this model is approximately 1.0. The pres-
ence of the base isolation system results in the desired increase flexibility of the total system 
with eigen-period values for the first two horizontal translational modes equal to 2.592sec. 
The vertical vibration eigen-mode becomes also more flexible than the previous two models 
with an eigen-period value equal to 0.733sec. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 5. Map of Athens indicating the location of the epicenter of the 1999 main earthquake together with the 

locations of the SNCC and the site where the ground acceleration was recorded [7]. 
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2.1.1. Approximate earthquake response of suspended roof and the SNCC main building. 
The 3 models described before were subjected to a three component ground acceleration. For 
this purpose the ground acceleration recorded during the Athens 1999 earthquake sequence 
was employed. Figure 5 depicts a map of Athens, Greece indicating the location of the epicen-
ter of the 1999 main earthquake together with the locations of the SNCC together with the 
location of the site where the ground acceleration was recorded (KEDE record V2, [7]). As 
can be seen from this figure the distance of the SNCC from the epicenter is approximately 
21km whereas the distance of the SNCC from the site where the ground acceleration was re-
corded (KEDE) is 3.65km. The proximity of the SNCC to the site where the ground accelera-
tion was recorded (KEDE) and its distance from the epicenter are arguments supporting the 
use of this recorded ground acceleration without any modifications in this preliminary analy-
sis. The two horizontal components together with the vertical component were employed as 
input motion in this numerical analysis. The orientation of the axes (x and y) of the building 
relatively to the orientation of the horizontal components of the recorded ground acceleration 
was ignored at this preliminary numerical analysis. Thus, one horizontal component of this 
recode was applied without any modification to the x-x axis of the main building and the 
other to the y-y axis. The obtained absolute displacement response is shown in figures 6, 7 
and 8.  Figure 6 depicts the variation of the absolute horizontal displacement response at the 
top of the suspended roof along the direction x-x as it was obtained from model 1 (fixed base 
without diagonals), model 2 (fixed base with diagonals) and model 3 (base isolation with di-
agonals). 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6. Absolute horizontal displacement response at the top of the suspended roof for models 1, 2 and 3. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7. Absolute horizontal displacement response at the top of the SNCC main building for models 1, 2 and 3. 
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Figure 7 depicts the variation of the absolute horizontal displacement response at the top of 
the SNCC main building along the direction x-x as it was obtained from model 1 (fixed base 
without diagonals), model 2 (fixed base with diagonals) and model 3 (base isolation with di-
agonals) whereas figure 8 shows the corresponding relative horizontal displacement response 
between the top of the SNCC main building and the top of the suspended roof. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. Relative horizontal displacement response at between the top of the SNCC main building and the sus-

pended roof for models 1, 2 and 3. 
 

As can be seen by comparing figures 6, 7, and 8 the base isolation is effective in minimizing 
the relative horizontal displacement response between the top of the building and the sus-
pended roof. The presence of the base isolation results in amplifying the horizontal displace-
ment response at the top of the SNCC main building which moves almost in unison with its 
base (figure 7).  In this way both the hollow steel columns with the diagonals as well as the 
various connections of these columns with the suspended roof (through the suspension system) 
are subjected to much lesser horizontal displacement and resulting levels of stress demands 
than is the case when the base isolation is not in place. These observations are based on the 
previously described simplified numerical analyses employing the said Athens 1999 ground 
acceleration record. Consequently, their nature is mainly qualitative; however, it is expected 
to have a general validity.  
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9. Absolute vertical displacement response at the top of the suspended roof for models 1, 2 and 3. 
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Figure 9 depicts the variation of the absolute vertical displacement response at the top of the 
suspended roof along the direction z-z as it was obtained from model 1 (fixed base without 
diagonals), model 2 (fixed base with diagonals) and model 3 (base isolation with diagonals). 
As can be seen, the presence of the base isolation is expected to introduce a vertical displace-
ment response of the SNCC building to flexibility of the isolators in the vertical direction. 
However, the relative vertical response between the suspended roof and the top of the SNCC 
building is not portrayed by this analysis which presumed for all three models that the con-
nection between the top of the hollow steel columns and that of the suspended roof is rigid. 
This interaction in the vertical direction is further examined when the suspension system is 
introduced for connecting the suspended roof with the hollow steel columns.  
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 10. A sketch of the hollow suspended roof with the suspension units that are hosted within the spaces of 

the hollow roof.  

  
Figure 11a. Reinforcement of the pre-cast parts of the hollow 

roof 
Figure 11b. One corner part of the aerodynamically 
shaped hollow roof.  

3.  DESCRIPTION OF THE SUSPENSION SYSTEM  

Figure 10 is a sketch of the suspended roof that covers the top of the SNCC main building be-
ing supported by thirty (30) hollow steel columns as already described. At the top of each 
column a suspension unit is fixes, as it is schematically shown in figure 10 ([2], [3], [4], [5], 
[6]). Each unit is hosted within the spacing of the aerodynamically shaped hollow roof which 
is made of many pre-cast parts that are lifted and assembled in situ on top of the columns be-

Each suspension unit is invisible placed within 
the hollow roof which is shaped aerodynamically 

The suspension system consists of 30 suspension units. Each 
suspension unit is supported by a hollow steel column 

Suspension 
Unit 
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ing supported by a form-work. Each of these pre-cast parts was constructed with numerous 
small diameter reinforcing bars together with high strength  ferro-cement as shown in figures 
11a and 11b. The finished suspended roof of the SNCC is depicted in figure 12.  

 
Figure 12. The finished suspended roof at the top of the SNCC main building. 

  3.1. Composition of each suspension unit.  

Each suspension unit is formed by a 3-D polygonal steel rigid frame with dimensions in plan 
approximately 4m x 4m. This steel frame is depicted in figure 13 as it rests on top of the 
strong reaction frame of the laboratory of Strength of Materials and Structures of Aristotle 
University. Its external perimeter is approximately a square formed by strong steel girders that 
are strengthened even more at the four corners where the connection with the suspended roof 
is established. In the central part of the suspension unit an octagonal steel sub-frame is formed 
that is rigidly connected to the strong peripheral steel square frame. This octagonal frame ex-
tends both above and below the horizontal plane that is formed by the central lines of the pe-
ripheral square sub-frame steel girders. The external part of this octagonal frame can be seen 
in figures 13 and 14.  

 
Figure 13. The 3-D polygonal steel rigid frame of a suspen-

sion unit. The 4 strong corners of this frame that represent 

the connection areas to the hollow suspended roof are also 

visible.  

Figure 14. The rigid steel core with the sliding 

pads. This core slides within a polygonal rigid 

frame that is also visible at the center of figure 

13.   
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In the internal sides of this octagonal steel frame sliding surfaces of cylindrical shape are rig-
idly attached thus forming a cylindrical surface that can house tightly a sliding core as shown 
in figure 14. This sliding core is also provided with special sliding parts to ensure a stable ver-
tical sliding of the core within the octagonal steel sub-frame. The special sliding pads ensure a 
coefficient of friction below 2%. Figures 15 and 16 depict a typical suspension unit being as-
sembled for testing at the laboratory of Strength of Materials and Structures of Aristotle Uni-
versity ([3], [4], [5]). Four springs are then placed to connect the four corners of the square 
peripheral rigid frame with the four top corners of the sliding core, as depicted in figure 15. 
Furthermore, two dampers are place to also connect the top of the sliding core with the square 
peripheral rigid frame. All the connections of these springs and dampers, at one end to the 
sliding core and at the other end to the peripheral square rigid frame, are made with cylindri-
cal hinges having a horizontal axis. In this way the completed suspension unit is formed con-
sisting of four springs, two dampers, a 3-D rigid steel frame.  In the central part of this 3-D 
rigid frame a vertical cylinder is formed to house the core that is designed to slide freely in the 
vertical direction. The bottom part of this sliding core is rigidly connected to the top of the 
corresponding slender hollow steel column that is supported to the top strong slab of the 
SNCC main building (see figures 1, 10 and 12). Figures 13, 14, 15 and 16 depict the assem-
bling process of all the described parts which were transported at the laboratory premises for 
testing. After numerous tests they were again disassembled and transported at the construction 
side to be hoisted to become part of the suspension roof system. 

 
Figure 15.  Four springs connecting the four top corners of 

the sliding core to the four corners of the 3-D square steel 

rigid frame of a suspension unit.  

Figure 16.  A damper that connects the top of 

the sliding core with the perimeter of the  3-D 

octagonal steel rigid frame of a suspension unit  

 

In this way the roof is suspended to the sliding core and in turn to the hollow steel columns 
through these springs and dampers, which can be extended or contracted from an initial equi-
librium condition depending on the variation of the vertical load demand that is transferred 
upon them from the roof. These springs are always in tension, as they have been extended 
from their smallest length condition to meet the demand of the dead load imposed on them 
when the suspended roof was gradually freed from the temporary formwork, which was sup-
porting it during construction. This is shown in the central part of figure 17. The roof has to 
withstand extra vertical loads directed down-wards (e.g. snow etc.). This is shown in the left 
part of figure 17. In this case, the springs are further extended developing larger tensile forces 
than the one for the equilibrium dead load condition. Finally, the roof has to withstand verti-
cal loads directed upwards (e.g. wind, earthquake etc.). This is again shown in the right part of 

Spring 

Damper 
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figure 17. The springs in this case are contracted developing smaller tensile forces than the 
ones for the equilibrium dead load condition. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 17. The basic functioning of one suspension unit as part of the suspended roof. 
 

During the experimental sequence the tested suspension units were supported at the four cor-
ners of the square rigid steel sub-frame constraining all the movements at these locations 
along the two horizontal axes (x, y) as well as the vertical axis (z). In order to replicate the 
function of the suspension unit that was described before the bottom part of the sliding core 
was connected to a vertical hydraulic jack supported by a strong reaction floor. This jack was 
capable to subject the sliding core at this bottom location to vertical upward forces that were 
sufficient to displace the sliding core (billet) upwards thus forcing the four springs and damp-
ers also to be extended. In this way, the springs develop the relevant tensile forces that equili-
brate the vertical load applied by the hydraulic jack. This is depicted in figure 18.  
 
 
         

 
 
 
 
 
 
 
 

 

 

      

 
Figure 18. The basic functioning of one suspension unit during the experimental sequence.  
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4.  EXPERIMENTAL SEQUENCE 

The objectives of the experimental sequence are briefly described here ([3], [4] and [5]). A 
first task was to test individually each one of the four springs forming a suspension unit. This 
was done by subjecting each individual spring to numerous tests whereby its extension cov-
ered all its prescribed working range. Details on the loading arrangement of each individual 
spring are included in the previously published work by Manos et al. [3]. Figure 19a depicts 
the fitting of one of these springs at the loading frame whereas figure 19b shows the measured 
axial load-displacement response of one of these springs as it was measured at Aristotle Uni-
versity together with discrete measurements provided by the manufacturer. As can be seen the 
load-displacement response of this spring exhibits a slightly non-linear behaviour that is also 
accompanied by a hysteretic loop.  
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Figure 19a. Spring being fitted at the loading frame Figure 19b. Axial load-displacement response of a spring 

 
Next, each one of the employed dampers was also tested. These dampers had to undergo also 
numerous tests with main variable the velocity of the applied imposed axial displacement. 
This was achieved by employing a variety of imposed sinusoidal or triangular displacement 
time histories with variable amplitude and frequency.  

 
Figure 20.  The suspension device CHA Type-4 being supported at the strong reaction frame (brown and yel-

low colour) together with the hydraulic jack installed in a way to apply the required vertical load at the center of 
the billet (sliding core).  
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After the performance of each spring and damper was measured individually the sus-
pension unit was assembled and it was subjected to the previously described loading sequence 
(see figures 18 and 20). With this laboratory loading arrangement (figures 18 and 20) the ba-
sic loading functions of the prototype suspension device in-situ (section 3) was simulated in 
laboratory conditions. Two suspension devices were tried; the first on that was designated as 
CHA Type-4 and the 2nd one that was designated as CHA Type-1. A considerable number of 
tests were performed for each suspension device varying the following parameters: 

 
a1) The inclusion during testing in the device of the relevant two dampers. Thus the same 
tests were repeated with and without the two dampers. 
 
b1) The simultaneous application at the low part of the billet a certain level of horizontal load, 
as shown in figure 20, in order to check the performance of the device when apart from the 
upward and downward displacement each device was subjected to a certain level of bending 
moment with a tendency to create a rotation φ1 of the billet relative to the surrounding hollow 
steel cylinder, as is shown in figure 21. This horizontal load was applied through an additional 
horizontal hydraulic jack at the lowest part of the billet, as shown in figure 21. For each tests 
the level of horizontal load was kept constant whereas the level of vertical load and vertical 
displacement of the billet varied from the minimum to the maximum levels (section 3). For 
every vertical load variation two different levels of horizontal load (H) was checked, either 
horizontal load equal to zero (H=0) or horizontal load equal to H=400KN for CHA Type-4 or 
H=280KN for CHA Type-2. This combination of vertical and horizontal forces has been ap-
plied for all structural formations (with or without dampers).  

 
Figure 21. Imposed rotation of the billet relative to the hollow steel cylinder of the horizontal frame through the 

application of the appropriate horizontal load. 
 

c1) The vertical load (V) / vertical billet (δv) displacement that was applied through the verti-
cal hydraulic jack was applied in two different ways. First, this vertical displacement was ap-
plied in a continuous non-stop manner from the minimum to the maximum level and then 
after a brief stop back to the minimum level. Secondly, the vertical load (V) / vertical billet 
(δv) displacement was applied in 20mm vertical displacement intervals from the minimum to 
the maximum level and then after a brief stop back to the minimum level again in 20mm ver-
tical displacement intervals.  
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The above parametric variation in the way the vertical load (V) / vertical billet (δv) 
displacement was applied was tried in combination with the variation of the previous two pa-
rameters; that is with or without the two dampers and with or without the horizontal H. This 
parametric variation was done together with the requirement to check the repeatability of the 
observed performance for each combination by performing at least three identical tests for 
each combination. This resulted in a large number of tests and in a similar large number of 
corresponding measurements.  

4.1.  Instrumentation scheme and test results 

In order to measure the response of the various parts of the tested prototype suspen-
sion device specimens at the laboratory a number of load and displacement sensors were at-
tached on the specimens that were continuously recording during testing. The vertical and the 
horizontal load were measured at the location where they were applied at the bottom of the 
billet level (figure 21). Moreover, the vertical displacement of the sliding billet relatively to 
the surrounding hollow cylinder (and the horizontal steel frame) was measured with three ver-
tical displacement sensors that were fixed at the upper billet level (figure 3). The rotation of 
the billet relatively to the hollow steel cylinder was measured in two independent ways. First, 
by the differences recorded in the measurement of the vertical displacement of the billet rela-
tively to the surrounding hollow steel cylinder as these vertical displacement sensors were 
fixed in three different places at the periphery of the billet’s upper level. Secondly, by install-
ing horizontal displacement transducers that measured the horizontal displacement of the bil-
let relative to the hollow steel cylinder in two perpendicular directions at both the bottom 
billet level as well as at the top billet level, the rotational response of the billet was found. 
Apart from this instrumentation that is very essential to understand and describe the important 
behavioral characteristics of the performance of the CHA specimens additional instrumenta-
tion was also provided in order to check the proper operation of the experimental facility es-
pecially that of the supporting reaction frame. For this purpose, additional displacement 
transducers were installed in order to ensure that the CHA specimens were practically fixed at 
their four supports; in addition, strain gauges were also installed on the pre-stressing bars in 
order to get the proper warning in the case of an accidental overstress of these pre-stressing 
rods in transferring the forces that developed on the suspension device during testing. 
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Figure 22a. Axial load-displacement response of 
suspension unit Type-4 without dampers. Only ver-
tical load is applied.  

Figure 22b. Axial load- rotation of the billet response of 
suspension unit Type-4 without dampers. Only vertical 
load is applied. 

 
Figure 22a depicts the axial load-displacement response of suspension unit Type-4 without 
dampers when it is subjected to only vertical load. The vertical load was applied from an ini-
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tial condition with the springs being fully contracted and the billet being in its lowest possible 
location. The vertical load was applied upwards and was accompanied by an upward sliding 
vertical displacement of the billet. This movement of the billet, as explained in section three 
caused a corresponding extension of the four springs and a consequent tension that equili-
brated the applied vertical load. The maximum vertical load that was applied during the test 
shown in figure 22a on the suspension unit was equal to 2712.5KN and it was accompanied 
by an upward vertical movement of the sliding billet having a maximum values equal to 
222.83mm.  When this maximum displacement/load was reached it was sustained for some-
time and the load was slowly released allowing the suspension unit to return to its original 
unloaded condition. Each load/unload cycle at this stage of testing was performed with a rate 
ranging from 0.7mm/sec till 2.0mm/sec. As can be seen in figure 22a the load-displacement 
response of this suspension unit exhibits again a slightly non-linear behaviour that is also ac-
companied by a hysteretic loop as it was already pointed out based on the measured behaviour 
of the individual springs. Figure 22b shows the rotational response of the billet when it is slid-
ing within the cylindrical sliding surface of the 3-D rigid steel frame of the suspension unit 
(see section 3), when this unit is subjected to only vertical load during testing. Based on the 
measured rotational response of the billet during the application of the vertical loading in its 
full range it was demonstrated that the movement of the billet is almost vertical without any 
significant rotation that could inhibit its smooth sliding.  
 

Comparison of meaured and nuperically predicted P-d 
response of a Type-4 spring 
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Figure 23. Measured and predicted axial load-displacement response of a spring 

5. NUMERICAL SIMULATION OF THE OBSERVED PERFORMANCE  

In this section summary results will be presented from a numerical simulation of the behav-
iour of the suspension unit. Initially this numerical simulation will be confined on the behav-
iour of the individual spring. Based on the success of this individual spring numerical 
simulation the behaviour of the suspension unit will be numerically simulated next ([2], [5]). 

5.1.  Numerical simulation of the measured performance for an individual spring.    

The numerical simulation of the observed spring behaviour (see figure 19b) is attempted em-
ploying a multi-linear elastic spring combined with two 3-D non-linear springs which follow 
a plasticity constitutive low defined by the user. The non-linear analysis is a step-by-step time 
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history analysis that employed two different time integration schemes that are included in the 
used software package. The obtained results are depicted in figure 23 whereby the predicted 
spring axial load versus axial displacement response is compared with the corresponding 
measured behaviour. As can be seen in this figure good agreement can be obtained between 
observed and predicted spring response. Moreover, the results obtained from the two different 
integration schemes are very similar.  
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Figure 24a. Measured and predicted axial load-displacement re-

sponse of suspension unit Type-4.  
Figure 24b. Numerical model of sus-
pension unit Type-4 

5.2. Numerical simulation of the measured performance for suspension unit Type-4.    

Following the successful numerical simulation of the individual Type-4 spring the numerical 
simulation effort was extended to the Type 4 suspension unit. The numerical model repro-
duced exactly the geometry of all the parts of this suspension unit as well as of the reaction 
frame and strong floor that supported this unit at the laboratory and was used to apply the ver-
tical load. This is shown in figure 24b. Each of the four springs was numerically simulated in 
exactly the same way that was described in section 5.1. Moreover, the numerical model in-
cluded a simulation of the octagonal rigid frame at the central part of the suspension unit as 
well as the rigid core. Contact link elements were utilized to numerically reproduce the sliding 
of the billet relatively to the internal cylindrical surface of the octagonal frame.  
Because the displacement of the springs due to the vertical sliding movement of the billet was 
not only axial an adjustment of the constitutive law for the multi-linear spring was introduced 
by multiplying the corresponding multi-linear law of the individual spring by 1.4. As can be 
seen in figure 24a good agreement can be seen between the numerically predicted and the 
measured response for a suspension unit Type-4 without dampers subjected only to vertical 
load. In an alternative numerical simulation the option of non-linear analysis with large dis-
placements was applied [1]. The numerical simulation was again for the same suspension unit 
Type-4 without dampers and only when vertical load was applied. The obtained response is 
depicted in figure 25. As can be seen with the utilization of the large displacement option that 
is available in this option resulted in a suspension unit response prediction through the non-
linear time-history analysis that is in good agreement with the measured response without the 
need of any adjustment, as described before. 
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Suspension unit Type-4  without dampers 
subjected to only vertical load 
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Figure 25. Measured and predicted axial load-displacement response of suspension unit Type-4 utilizing the 

large displacements option [1]. 
 

6. CONCLUSIONS   

- The characteristics of the large suspension roof of the Stavros Niarchos Cultural 
Center are briefly presented and discussed together with the functioning of the suspension 
units that form the suspension system of this roof  
- The effectiveness of base isolation system for the main building of the cultural center 
is examined by simplified numerical models. It is demonstrated that the base isolation is 
effective in minimizing the relative horizontal displacement response between the top of the 
building and the suspended roof. The presence of the base isolation results in amplifying the 
horizontal displacement response at the top of the SNCC main building which move almost in 
unison with its base.  In this way both the hollow steel columns with the diagonals as well as 
the various connections of these columns with the suspended roof (through the suspension 
system) are subjected to much lesser horizontal displacement and resulting levels of stress 
demands than is the case when the base isolation is not in place. These observations are based 
on simplified numerical analyses employing the Athens 1996 ground acceleration record. 
Consequently, their nature is mainly qualitative; however, it is expected to have a general 
validity. 
- A brief description is next presented of the extensive experimental sequence whereby 
all the components of a prototype suspension unit (springs and dampers) as well as the 
suspension unit itself were subjected to extreme loading conditions, as required by the design 
loads. It was shown that the load-displacement response of this suspension unit exhibits non-
linear behaviour that is also accompanied by a hysteretic loop similar to the measured 
behaviour of the individual springs. Moreover, based on the measured rotational response of 
the sliding core of this suspension unit (billet) during the application of the vertical loading in 
its full range it was demonstrated that the movement of this (billet) is almost vertical without 
any significant rotation that could inhibit its smooth sliding. 
- The measured response of the individual components of the tested suspension units 
formed the basis to apply numerical simulations aimed to numerically predict the observed 
behaviour. This was tried first for the springs and then for the suspension unit. Good 
agreement could be obtained between the numerically predicted and the measured response 
for a suspension unit Type-4 without dampers subjected only to vertical load. When the 
option of large displacement non-linear time history analysis was utilized it was not necessary 
to adjust the properties of the multi-linear links employed to simulate the behaviour of the 

176



individual springs. Otherwise, an adjustment of the relevant constitutive law was necessary 
using a multiplier equal to 1.4.  
- All the finding of the experimental sequence were employed to make necessary 
corrections of the construction process in order to safeguard the desired performance of such 
an important and structural project.  
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Abstract. The cyclic response of steel beam-to-column connections under a cyclic sinusoidal 
loading history was studied. The experimental investigation included a number of full-scale 
specimens having a cross section of IPE240 or IPE300 and a height of 1.0m. This part of the 
specimen was rigidly connected to a much stiffer steel beam thus representing a steel beam-
to-column connection under investigation. Instrumentation was provided to record both the 
applied moment as well as the deformation of the specimen in the region of the connection in 
terms of plastic hinge rotation.  Simple steel coupons were taken from these T-beam speci-
mens after testing having the shape of an orthogonal prism. The cross-section of these cou-
pons was 6.2mm x 8.0mm and their height equal to 16.5mm. Each coupon was extended at 
either end to a much larger and thicker part enabling its attachment to the loading ring which 
consisted of a dynamic actuator capable to apply the desired  cyclic load with a sinusoidal 
distribution having a given amplitude and frequency. A number of such simple steel coupons 
were tested and their response is presented and discussed having as main variable the nature 
of the load (monotonic or cyclic) and the variation of the loading frequency. From the ob-
served behaviour it can be concluded that an increase in the strain rate results in an increase 
of the stress values beyond the yield. Next, a numerical study is performed in an effort to 
simulate the observed behaviour of these simple steel coupons. It can be concluded that the 
combined constitutive law can be quite successful in yielding realistic prediction of the cyclic 
response provided the appropriate values of the parameters defining this constitutive law are 
predetermined for the strain rate at hand. The numerical predictions employing the isotropic 
hardening constitutive law do not achieve the same degree of agreement with the observed 
behaviour, especially when the comparison is made on the cyclic response results. However, 
this type of numerical simulation is generically sensitive to the variation of the strain rate ef-
fect through the option of the dynamic increase factor (DIF). 
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1 INTRODUCTION 

Steel frame structures are commonly used in seismic areas because of their excellence on 
seismic resistance. This type of structures are usually composed of moment resistant frames 
whereby the performance of beam-to-column connections are of particular importance espe-
cially when these structures are subjected to strong earthquake ground motions [1, 2, 5]. Usu-
ally these connections undergo large moment reversals during the earthquake excitation, thus 
it is important to exhibit stable plastic flexural response in order to provide dissipative capa-
bility, without the development of undesired damage patterns, and in this way prevent any 
kind of local or global instability. However, two recent earthquakes, in Northridge, California 
1994 and Kobe Japan 1995, revealed the vulnerability of this type of construction. Premature 
cracks were observed at welded connections of steel beam-to-column joints leading to brittle 
failure without prior warning (obvious yielding) at the area around the weld.  Such a failure 
mode or the development of local buckling, when beam-to-column connections undergo low-
cycle fatigue seismic-type of loading, is of particular research interest [3, 4, 9 and 18].   

The fatigue life of steel beam-to-column joints depends on the amplitude of the imposed 
loading cycles and the hysteretic behavior of the constituent material that is linked with the 
amplitude and rate of the developing plastic strains. In order to investigate the fatigue life of 
steel beam-to-column joints several fatigue testing investigations have been proposed leading 
to tests that can be categorized in two groups. Testing regimes in which the elastic strain am-
plitude is higher than the plastic strain amplitude and testing regimes in which the plastic 
strain dominates. The first type of tests is generally referred as high cycle fatigue (HCF); the-
se tests typically involve more than 106 cycles to cause failure. The second type of tests is 
named low cycle fatigue (LCF) test and the number of cycles to failure generally ranges from 
102 to 104 cycles and this is usually employed for testing the seismic performance of steel 
beam-to-column joints [6, 7, 8, 12, 13, 19]. 

 In a previous investigation by Manos, Nalmpantidou and Anastasiadis ([16]) the per-
formance of steel beam-to-column joints was studied first by examining steel beam-to-column 
welded joint specimens at the laboratory subjecting them to cyclic seismic-type low-cycle fa-
tigue loading and then by numerically simulating the observed performance of the same 
specimens. Similar studies have been performed in the past by other researchers. Despite the 
fact that many similar experiments have been performed in the past [6, 8], this investigation 
provided at first hand all the information required for the numerical analyses. That is, the ex-
act geometric and material characteristics of the specimens as well as specific information on 
the type of loading conditions and on the measured response. The numerical simulation was 
performed utilizing a commercial software package that is thought to be suitable to simulate 
the observed response and the non-linearity that developed and included large plastic strains 
and local instabilities.  

One parameter that was found to be of significance in this investigation was the definition 
of the material characteristic of the steel T-beam specimens that were investigated ([10], [14], 
[16] and [18]). The T-beam specimens were tested under cyclic load with the frequency of 
this loading being one of the variables that was studied. For this reason it was necessary to 
study the material properties in light of the fact that the imposed cyclic loading was not of the 
constant slow-rate monotonic type that usually characterizes the material properties of steel 
structural elements. For this purpose the following experimental sequence was carried out. 
From each of the tested steel T-beams a number of coupon samples were taken, as is de-
scribed in section 2. These samples were tested in axial tension/compression under cyclic 
loading with the frequency of the loading being one of the main variables. In addition, apart 
from these samples being tested by cyclic load additional samples of the same T-beam speci-
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mens were tested applying the tension in a monotonic way. From all these tests results were 
obtained that shed some light on the influence of the nature of loading (cyclic or monotonic) 
as well as on the frequency of this loading. Summary results of this experimental sequence are 
presented and discussed in section 3. The numerical analysis of the observed performance is 
presented in section 4. The ABAQUS commercial software package was utilized for this pur-
pose.  

2 MATERIALS AND EXPERIMENTAL SETUP 

The coupon samples for the tests aiming for the material characterization were taken by 
removing parts of the flanges of the previously tested T-beam specimens. The testing of these 
T-beam specimens is described in the work by Manos et al. (2015 [16]) and is not repeated 
here. These removed flange parts were from sections of the T-beam specimens that were away 
from the plastic hinge locations, which developed during the T-beam tests ([16]). These T-
beam specimens after the removal of the flange parts for forming the coupons for axial cy-
clic/monotonic tests are depicted in figures 1a and 1b. 

Figure 1a. T-beam 9 specimen after the removal of 
parts of the flanges. 

Figure 1b. T-beam 10 specimen after the removal of 
parts of the flanges. 

Figure 2a. Coupon 6R1-6 (6.7mm x 6.7mm, ℓ =16mm) Figure 2a. Coupon 6R1-5  (7.95mm x 7.80,  ℓ =16mm) 

The coupons to be tested were formed by machining the parts removed from the flanges, 
as shown in figures 2a and 2b. These coupons had a narrow central part of relatively small 
cross section. This narrow central part was of small length (ℓ =16mm) and it was this part that 
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was designed to provide the necessary information for the material characterization. This nar-
row central part was extended to two wide parts. Through these two larger parts the coupon 
was attached to the loading reaction frame. These top and bottom wide parts were provided 
with holes in order their attachment to the loading reaction frame to approximate pinned sup-
port conditions (see figures 2a, 2b, 3a and 3b). In figure 3b part of the reaction frame is also 
shown. At the top and bottom of the coupon in figures 3a and 3b steel brackets are employed 
to attach the coupon sample using cylindrical pins. These brackets are in turn firmly attached 
to the reaction loading frame. At the top bracket a load cell is also attached that monitors the 
variation of the applied axial load. 

Figure 3a. Coupon 6R1-5  (7.95mm x 
7.80, ℓ =16mm) 

Figure 3b. Coupon 6R1-3    (8.3mm x 7.4mm, ℓ =16mm) 

Figure 4a. Coupon 9R1-2 (6.2mm 
x 8.0mm, ℓ =16.5mm) 

Figure 4b. Dimensions of the 
coupon Figure 4c. Dimensions of the coupon 

The cross section of the narrow part remained constant all along its 16mm length. Its di-
mensions (x, y) were accurately measured (figures 4b and 4c). Moreover, strain gauges were 
attached at the middle of all the sides of this rectangular prismatic narrow part. These strain 
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gauges were placed in the longitudinal direction of this steel prismatic part in order to meas-
ure the variation of the axial strain that developed during the variation of the axial load. The 
dimensions of the cross section of this narrow part combined with its length dictated almost 
uniform tension / compression conditions prohibiting the development of any distortions from 
local buckling, especially when large plastic strains developed in this narrow central part. 
Through the readings of the strain gauges the eccentricity of the axial load application could 
be checked and controlled. 

3 OBSERVED PERFORMANCE AND CORRESPONDING MEASUREMENTS.  

As already mentioned, one of the main variables of this investigation was the nature of 
loading, being either cyclic or monotonic. The second variable was the frequency of the cyclic 
loading or the rate that the monotonic loading was applied, as will be indicated in what fol-
lows. 

3.1 Monotonic loading 

In what follows a summary of results are presented obtained when the tested specimens 
were subjected to monotonic axial tensile load. When these results are presented the code 
name of the T-beam of their origin is indicated together with the characterization of the ap-
plied load in terms of loading rate (slow or fast). In figure 5a the axial stress versus axial 
strain response is shown from two coupons taken from T-Beam 9R1; one of them was tested 
with slow strain rate whereas the other one with fast strain rate. As can be seen from this fig-
ure, this variation of the strain rate during the monotonic application of the applied load re-
sulted in a significant change in the yield stress value as well as in the plasticized part of the 
response beyond the yield point. In figure 5b the axial stress versus axial strain response is 
shown from two coupons both of them tested with slow strain rate; one of them was taken 
from T-Beam 9R1 whereas the other one from T-beam 10R1. As can be seen from this figure 
the obtained response from these two coupons is rather similar.  In general, the increase of the 
strain rate from slow to fast results in an increase in the yield stress as well as in the stress 
values beyond the yield point. 
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Figure 5a. Coupons taken from T-Beam 9R1 tested 
with slow and fast strain rate 

Figure 5b. Coupons taken from T-Beam 9R1 and T-
beam 10R1 both tested with slow strain rate 

3.2 Cyclic loading 

In figure 6 the obtained axial stress versus axial strain response is shown as it was measured 
from a coupon taken from T-beam 8R1 specimen and subjected to a number of cyclic loading 
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tests. The strain rate during all these tests was rather fast as it resulted from the application of 
the axial tensile / compressive load from a sinusoidal variation having a frequency of 2.0Hz.  
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Figure 6a. Cyclic response with axial load varying in a 
sinusoidal way with a frequency of 2.0Hz. 
Coupon taken from T-Beam 8R1 tested with a rather fast 
strain rate 

Figure 6b. Cyclic response with axial load varying in 
a sinusoidal way with a frequency of 0.1Hz. Coupon 
taken from T-Beam 9R1 tested with a moderately 
fast strain rate 
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Figure 7. Cyclic response when axial load is varying in a sinusoidal way with frequency values in the range from 

0.01Hz to 1.0Hz. Coupons taken from T-Beam 6R1 tested with slow as well as with fast strain rate 
 

In figure 6a the cyclic response of a coupon taken from T-Beam 8R1 is shown. This response 
resulted by applying the axial load in a sinusoidal way with a frequency of 2.0Hz thus produc-
ing a rather fast strain rate. In figure 6b the cyclic response of a coupon taken from T-Beam 
9R1 is shown. This response resulted by applying the axial load in a sinusoidal way with a 
frequency of 0.1HzHz thus producing a moderately fast strain rate.  In figure 7 the cyclic re-
sponse of a coupon taken from T-Beam 6R1 is shown. This response resulted by applying the 
axial load in a sinusoidal way with a frequency that is varying in the range from 0.01Hz till 
1.0Hz.  The response obtained during the test whereby the cyclic load was varied with a fre-
quency equal to 0.01Hz is considered as a rather slow strain rate test whereas the one with a 
frequency equal to 0.1Hz as a rather moderately fast strain rate test. Finally, the response ob-
tained during the test whereby the cyclic load was varied with a frequency equal to 1.0Hz is 
considered as a rather fast strain rate test.  As can be seen from these figures (6a, 6b, and 7) 
the yield point can be hardly distinguished from the obtained axial stress versus axial strain 
response. However, as can be seen in figure 7, the variation of the strain rate during the cyclic 
application of the applied load resulted in a significant change in the plasticized part of the 
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response beyond yield as it was also observed in figure 5a for the monotonic application of 
the load.  It can be concluded from both figures 5a and 7 that the increase in the strain rate 
results in a noticeable increase both at the yield stress as well as at the stress values beyond 
the yield point for strain values larger that the yield strain. 
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Figure 8. Monotonic / cyclic axial stress - strain response. The cyclic axial load is varying in a sinusoidal way 

with frequency value equal to 2.0Hz (T-beam 9R1). Monotonic response from coupons taken from T-Beam 9R1 
and 10R1 tested either with slow or with fast strain rate 

 
In figure 8 the axial stress versus axial strain response is shown from four coupons; three of 
them are taken from T-Beam 9R1 and one of them is taken from T-beam 10R1. Coupon 9R1 
was tested with a cyclic loading frequency equal to 2.0Hz (Tests 1, 4, 5) producing a rather 
fast strain rate. Two coupons from the same T-beam 9R1 were tested by applying the tensile 
load in a monotonic way; on of them with a slow strain rate (INSTRON static 9R1-5) and the 
other one with a fast strain rate (INSTRON quick 9R1-5).  Finally, the fourth specimen was 
taken from T-beam 10R1 and was tested by applying monotonic load with a slow strain rate 
(INSTRON static 10R1-3). The two main observations that were made before can also be seen 
in this figure.  
a) An increase in the strain rate during the monotonic application of the load resulted in an 
increase in the yield stress value as well as in the stress values of the plasticized part of the 
response beyond the yield point.  
b) The observed axial stress versus axial strain response from different coupons subjected 
to the same slow strain rate monotonic load is quite similar. 
c) The application of the cyclic load with slow, moderately fast or rather fast strain rate 
resulted in axial stress versus axial strain response whereby the yield point is hardly distin-
guishable. Thus the strain rate effect can be clearly seen. 
d) The application of the cyclic load with slow, moderately fast or rather fast strain rate 
resulted in axial stress versus axial strain response that has stress values beyond the yield 
point that exhibit a noticeable increase with the increase in the strain rate. 
e) From the limited results presented here the effect of the cyclic nature of the loading re-
sults in a more pronounced increase of the stress values with the increase in the strain rate 
than when the load is applied in a monotonic way. 
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4 NUMERICAL SIMULATION OF THE TENSION AND CYCLIC TESTS  

4.1 Numerical modeling. 

  As mentioned in section 2 simple specimens having the shape of an orthogonal prism 
were taken from the flanges and were applied to monotonic tension or / and to cyclic tensile / 
compressive load with a sinusoidal time variation having a given amplitude and frequency. A 
number of such simple specimens were tested and their results are presented and discussed in 
section 3 having as main variable the variation of the loading frequency and the nature of the 
loading (monotonic or cyclic). In order to simulate numerically the behavior of these speci-
mens a numerical study was performed utilizing the commercial software package ABAQUS 
[11].  

The orthogonal prism of the experimental sequence (figure 9a), which was represented 
through the finite element 2-D mesh, is shown in figures 9b. The prism was considered to be 
represented with absolute fixity conditions in the numerical simulation on the top side 
whereas on the bottom side either the monotonic or the cyclic load was applied. The other two 
sides were left unconstrained. However, the rigid body in-plane as well as the out-of-plane 
horizontal displacement response was also constrained.  

 

 

 

 
 
 
 

Figure 9a. The tested coupon and the orthogonal steel 
prism which was numerically simulated, as shown in 
figure 9b (see also figures 4a, 4b and 4c ) 

Figure 9b. The ABAQUS numerical simulation of the 
orthogonal steel prism of the tested coupon (see figure 
9a and figures 4a, 4b and 4c) 

 
In order to simulate the variation of the load in time as either fast or slow monotonic load 

or as cyclic load with varying sinusoidal cyclic frequency, the displacement control option 
was utilized whereby an imposed displacement was defined as a function of time and dis-
placement amplitude, as shown in figures 10a to 10d. Dynamic implicit analyses were in-
order for this software to take into account the different load frequencies. Following the load 
variation that was applied during testing the numerical analyses were also performed with 
monotonic load (with either slow or fast strain rate) and with cyclic load (again with either 
slow, moderate or fast strain rate, figures 10a to 10d). The imposed displacement variation 
was introduced to the software in tabular form to identical with the one that was applied to the 
corresponding specimen during the experimental sequence. The adopted discretization 

Part of the 
coupon 
which was 
numerically 
simulated 

Top boundary that was constrained 

Bottom boundary where either the mono-
tonic or the cyclic load was applied 
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scheme (figure 9b) is believed to be considerably fine in an effort to capture numerically the 
observed behavior. 

 

 
a) Imposed displacement  versus time for specimen 

9R1-5 (slow strain rate) 

 
b) Imposed displacement  versus time for specimen 9R1-5 
(fast strain rate) 

 
c) Variation in time of the imposed cyclic displacement 
for specimen 9R1-1 (0.1Hz) 

 
d) Variation in time of the imposed cyclic displacement 
for specimen 9R1-3 (2.0Hz) 

Figure 10. Time variation of the imposed displacement either monotonic or cyclic during the various numeri-
cal analyses 

4.2 Material modeling 

In the framework of the numerical investigation a parametric study was conducted that fo-
cused on the way the steel material properties were introduced in the numerical simulation. 
Two different approaches were tried. According to the first approach the measured tensile 
steel properties were modified accordingly in order to be introduced in the numerical simula-
tion through the ABAQUS combined hardening material constitutive law whereas in the sec-
ond approach the measured properties were introduced in the numerical simulation through 
the ABAQUS isotropic hardening constitutive law together with an option to account for dif-
ferent strain rates. There are several ways in this commercial software package [11] to define 
a combined hardening material constitutive law in order to capture the cyclic response of a 
specimen. In this study the combined hardening constitutive law is defined through the values 
that are given to certain relevant parameters. These parameters are a) σ0, the yield stress at 
zero equivalent plastic strain, b) C1 and γ (material constants). Values for these parameters 
were taken from the work of Nip et al. [17]. Nip at al. followed a certain experimental process 
whereby these parameters were defined in an explicit way through measurements obtained 
from tests of steel samples, similar to the ones presented in sections 2 and 3. The values that 
were found by Nip et al. [17] were utilized in the parametric study that was performed in the 
present work.  
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The second material constitutive material law that was employed through this commercial 
software [11] is denoted as isotropic hardening together with an option to account for differ-
ent strain rates. The isotropic hardening constitutive law was defined by true stress-true strain 
data from the monotonic axial tension test of specimen 9R1-5 with slow strain rate (figure 8). 
In order to define the strain rate effect the use of a dynamic increase factor (DIF) was utilized 
based on the work of Malvar and Crawford [15]. Values for DIF were calculate and intro-
duced as input in tabular form in terms of a ratio of the yield stress versus the equivalent plas-
tic strain rate to be used in the particular case being analyzed. The work of  Malvar and 
Crawford [15] is based on numerous experimental data from a literature review on the effects 
of strain rates on the properties of steel reinforcing bars for reinforced concrete structural ele-
ments. The dynamic increase factor (DIF) is the amplification by DIF of the value a certain 
mechanical property (yield stress or maximum stress) has under low strain rate loading condi-
tions (static) to another condition whereby because of the nature of loading (dynamic) the 
strain rate has a larger value than before. A relationship is proposed by Malvar and Crawford 
([15]) that  a DIF value can be derived for a given strain rate increase and thus evaluate 
through this DIF the corresponding for this increased strain rate amplified yield and ultimate 
stress values. This formulation is valid for bars with yield stresses between 290 and 710 MPa 
and for strain rates between 10-4 sec-1 and 225 sec-1. Figure 11 depicts the variation of DIF 
with the variation of the strain rate. This approach was presently followed use as reference 
control properties the yield stress found for the slow rate monotonic axial tension test with 
coupon 9R1-5 (see figure 8). 

 

 
Figure 11. Dynamic increase factor which have been considered for the numerical investigation  
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Figure 12. Numerical simulation of a monotonic load test with the combined hardening constitutive law.  It is 

applied for coupons 9R1-5 undergoing either slow strain rate or fast strain rate loading.  
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4.3  Numerical results for monotonic axial tensile load cases 

Figure 12 shows the axial stress – axial strain monotonic tensile response obtained from 
the numerical analysis of coupon 9R1-5 loaded under slow strain rate conditions and coupon 
9R-5 loaded under fast strain rate conditions. The constitutive law in both analyses is that of 
the combined hardening. It can be easily seen that, through this type of constitutive law, the 
obtained response is insensitive to the change of the strain rate, despite the fact that this was 
introduced through the input imposed displacement variation in time whereby in the first case 
the loading sequence lasted 200seconds whereas in the later case the same loading sequence 
only 2.5 seconds, as is indicated in figure 12. The obtained response for both cases is almost 
identical apart from the fact that the numerical simulation for the fast strain rate condition re-
sults in certain numerical instabilities, as is pointed out in figure 12.   
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Figure 13a. Numerical axial stress-strain response with 
isotropic hardening and DIF for coupons 9R1-5 sub-
jected to either slow or fast strain rate monotonic load. 

Figure 13b. Numerical axial stress-strain response with 
isotropic hardening and DIF for coupons 9R1-5 and 
10R1-3 subjected to either slow or fast strain rate 
monotonic load. 

 
Figure 13a depicts the axial stress-strain numerical response employing isotropic hardening 

constitutive low together with the DIF options for coupons 9R1-5 submitted to monotonic 
tension load with either slow (duration of loading 700 seconds) or fast strain rate (duration of 
loading 2.5 seconds). As can be seen, the numerical simulation is quite sensitive to the effect 
of the strain rate variation. Moreover, the numerical response agrees quite well with the ob-
served response for strain values smaller than 6000 micro-strains. The same comparison is 
included in figure 13b this time for strain values up to 40000 micro-strains. In figure 13b the 
observed behaviour of coupon 10R1-3 is also included. Again it can be seen that the numeri-
cal simulation including the isotropic hardening with the DIF option is sensitive to the strain 
rate variation. In the case of the slow strain rate there is a certain discrepancy between pre-
dicted and observed stress values for strains larger than 10000 micro-strains and smaller than 
20000 micro-strains. Similarly, in the case of the fast strain rate there is again a certain dis-
crepancy between predicted and observed stress values for strains larger than 6000 micro-
strains and smaller than 25000 micro-strains. 

In figure 14a depicts the axial stress-strain numerical response employing combined hard-
ening constitutive low for coupons 9R1-5 submitted to monotonic tension load with slow 
strain rate conditions (duration of loading 700 seconds). From trial and error reasonably good 
agreement between numerical predictions and measured response was achieved for yield 
stress equal to 320MPa and material parameters C1=4300 and γ1=40, as indicated in this fig-
ure. In Similarly, figure 14a depicts the axial stress-strain numerical response employing com-
bined hardening constitutive low for coupons 9R1-5 submitted to monotonic tension load with 
fast strain rate conditions (duration of loading 700 seconds). From trial and error, reasonably 
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good agreement between numerical predictions and measured response was achieved for yield 
stress equal to 370MPa and material parameters C1=6000 and γ1=40, as indicated in this fig-
ure.  From the above numerical study it can be concluded that if such material characteristics 
defining the combined constitutive law were available for a given strain rate condition (as is 
the case here) then it is reasonable to expect that the same numerical simulation employing 
this material constitutive law could also be successful in simulating the behaviour of more 
complex structural elements under loading introducing similar strain rate conditions.  

 

0
50

100

150
200
250
300

350
400
450

0 5000 10000 15000 20000

Axial Strain (microstrains)

A
xi

al
 S

tr
es

s 
(M

p
a)

 E= 210GPa
10R1-3 Slow strain rate
9R1-5 Slow strain rate
Dyanamic Analysis Time=700sec 

Monotonic Tensile Tests Specimen 9R1-5,10R1-3 and
 Numerical Simulation with Combined hardening

DA Yield 320MPa C1=4300  γ1=40

Monotonic Tensile Tests Specimen 9R1-5, and 
Numerical Simulation with Combined hardening

0
50

100
150
200
250
300
350
400
450
500

0 10000 20000 30000 40000 50000

Axial Strain (microstrains)

A
xi

al
 S

tr
es

s 
(M

p
a)

 E= 210GPa
9R1-5 Fast strain reate
Dyanamic Analysis Time=2.5sec
9R1-5 Slow strain rate

DA Yield 370MPa C1=6000 γ1=40

 
Figure 14a. Monotonic axial tension numerical simula-
tion with combined hardening constitutive law for cou-
pon 9R1-5 with slow strain rate loading.   

Figure 14b. Monotonic axial tension numerical simula-
tion with combined hardening constitutive law for cou-
pon 9R1-5 with fast strain rate loading.   

4.4 Numerical results for cyclic axial tension / compression load cases 

In this section the same approach that was tried in section 4.3 for the monotonic load cases 
is applied here for the cyclic load cases. Figure 15 depicts the axial stress-strain numerical 
response employing isotropic hardening constitutive low together with the DIF options for 
coupons 9R1-5 submitted to cyclic tension / compression load resulting in a fast strain rate 
condition (variation in time of the sinusoidal cyclic load equal to 2.0Hz). As can be seen in 
this figure, the numerical predictions overestimate both the observed yield and strength values. 
Moreover, the predicted hysteretic loops are rather of a square than of an elliptical shape that 
is exhibited by the measured hysteretic response.   
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Figure 15. Axial stress-strain numerical response employing isotropic hardening constitutive low together 

with the DIF options for coupons 9R1-5 submitted to cyclic tension / compression load resulting in a fast strain 
rate condition  
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Figure 16 depicts the axial stress-strain numerical response employing combined hardening 
constitutive low for coupons 9R1-5 submitted to cyclic tension / compression load resulting in 
a fast strain rate condition (variation in time of the sinusoidal cyclic load equal to 2.0Hz). 
From trial and error, reasonably good agreement between numerical predictions and measured 
response was achieved for yield stress value equal to 370MPa and material parameters 
C1=6000 and γ1=40, as indicated in this figure.  The values of these parameters are the same 
as the ones employed in the numerical simulation of the monotonic case of figure 14b. It 
should be noted that the parameter C1 was assigned a value C1=4300 in the monotonic load 
with slow strain rate case (figure 14a). The agreement between predicted and measured cyclic 
response achieved by the numerical analysis employing yield stress value equal to 370MPa 
and material parameters C1=6000 and γ1=40, is quite good, as can be seen in figure 16. This 
good agreement applies both to the measured and predicted yield and ultimate stress values as 
well as to the shape of the hysteretic loops (figure 16).  
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Figure 16. Axial stress-strain numerical response employing combined hardening constitutive low for cou-

pons 9R1-5 submitted to cyclic tension / compression load resulting in a fast strain rate condition  
 

From the above numerical study it can again be concluded that the combined constitutive law 
is quite successful in yielding realistic prediction of the cyclic response; however, in order to 
be sensitive to the strain rate effect the appropriate values of the parameters defining this con-
stitutive law (such as σ0, the yield stress at zero equivalent plastic strain, and C1 and γ the ma-
terial constants) must be somehow be predetermined for the strain rate at hand. In this case, 
the numerical simulation employing the same material constitutive law is reasonable to be-
lieve that it would also be successful in simulating the behaviour of more complex structural 
elements for loading introducing similar strain rate conditions. 
On the contrary, the numerical predictions employing the isotropic hardening constitutive law 
do not achieve the same degree of agreement with the observed behaviour, especially when 
the comparison is made on the cyclic response results. However, this type of numerical simu-
lation including the isotropic hardening constitutive law is sensitive to the variation of the 
strain rate effect through the option of the dynamic increase factor (DIF). Thus, in this case 
this predetermining of the appropriate values of the material parameters is not necessary. 
 

5 CONCLUSIONS  

- An extensive experimental sequence was conducted testing relatively small dimension 
coupons to axial monotonic or cyclic loading with a variety of strain rate conditions. 
These coupons were formed from steel parts taken from the flanges of T-beam steel 
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section that were previously tested to destruction by cyclic seismic-type loading. The 
current study is an extension of the previous research in an effort to first quantify the 
strain rate effect in a controlled way and next to be able to effectively simulated utiliz-
ing existing numerical tools. From the current investigation the following findings 
could be stated. 

- An increase in the strain rate during the monotonic application of the load resulted in 
an increase in the yield stress value as well as in the stress values of the plasticized 
part of the response beyond the yield point.  

- The application of the cyclic load with slow, moderately fast or rather fast strain rate 
resulted in axial stress versus axial strain response whereby the yield point is hardly 
distinguishable. Thus the strain rate effect can be clearly seen. 

- The application of the cyclic load with slow, moderately fast or rather fast strain rate 
resulted in axial stress versus axial strain response that has stress values beyond the 
yield point that exhibit a noticeable increase with the increase in the strain rate. 

- From the subsequent numerical study it can be concluded that the combined constitu-
tive law is quite successful in yielding realistic prediction of the cyclic response; how-
ever, in order to be sensitive to the strain rate effect the appropriate values of the 
parameters defining this constitutive law (such as σ0, the yield stress at zero equivalent 
plastic strain, and C1 and γ the material constants) must be somehow be predetermined 
for the strain rate at hand. In this case, the numerical simulation employing the same 
material constitutive law is reasonable to believe that it would also be successful in 
simulating the behaviour of more complex structural elements for loading introducing 
similar strain rate conditions. 

- On the contrary, the numerical predictions employing the isotropic hardening constitu-
tive law do not achieve the same degree of agreement with the observed behaviour, 
especially when the comparison is made on the cyclic response results. However, this 
type of numerical simulation including the isotropic hardening constitutive law is sen-
sitive to the variation of the strain rate effect through the option of the dynamic in-
crease factor (DIF). Thus, in this case this predetermining of the appropriate values of 
the material parameters is not necessary. 

- Both the experimental and the numerical part of this study are still under way; thus the 
above conclusions should be considered as preliminary. 
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Abstract. Stone masonry bridges are studied as part of the built cultural heritage, utilizing 
in-situ measurements in order to identify their dynamic characteristics in terms of eigen-
frequencies, eigen-modes and damping properties. Such information is a valuable basis for 
building realistic numerical simulations of the structural behaviour of such bridges as well as 
for their structural health monitoring. Such simplified numerical analyses yielded numerical 
predictions of bridge deformations and stresses that are useful in understanding the structural 
behaviour and the structural damage potential for such masonry structures. The structural 
performance of Plaka bridge that collapsed due to flooding in February 2015 was examined 
when subjected to the gravitational forces combined with either simplified flooding loads or a 
design earthquake. Moreover, the structural damage that this bridge sustained during an ex-
plosion in 1944, was also examined combined with the flooding loads. It is shown that the 
flexibility of the foundation, amplified by long or short term erosion of the bridge-footings, 
results in a more detrimental response for the Plaka bridge, in terms of tensile stress fields, 
than the applied simplified flooding loads. The obtained numerical predictions demonstrate 
that the structural damaged sustained by this bridge during the 1944 explosion leads to a 
dominant tensile stress field at the regions of the main and secondary arches on top of the 
mid-pier. These predicted peak tensile stress values are well beyond the stone masonry 
strength. Consequently, they could well have contributed towards the 2nd of February 2015 
collapse. Finally, simplified numerical simulations of the earthquake vulnerability for the 
Plaka bridge indicate that had this bridge not collapsed from flooding the design earthquake 
would have most probably led to its structural damage and its partial collapse. 
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1  INTRODUCTION 

In what follows selective results are presented from an extensive study, which focused on 
old stone masonry bridges that are located mainly in the prefectures of Western Macedonia 
and Ipiros in Greece ([1], [2] , [3] and [27]). These bridges are examples of outstanding stone-
masonry construction that was dominant for a long period in these parts of Greece. The old 
stone masonry bridges that survive today have been built during the 18th and 19th century. 
They were used to connect villages located in rough mountainous terrain bridging currents 
that could be quite turbulent during part of the year. This type of transporting people, animals 
and goods was accomplished using a relatively narrow deck with width varying from 2.0m to 
3.0m. On the contrary, their size spans from 8m to 40m when a single arch is employed 
(Konitsa) or over 70m for multi-arch structures. More information on the geometry, construc-
tion characteristics and mechanical properties of the employed materials are given by Manos 
et al. (2016) [1]. Today, these structures have retain but only a small part of this primary func-
tion, as new roads and bridges have been built to facilitate the contemporary transportation 
needs. Despite this fact they have recently attracted considerable attention as cultural heritage 
structures together with an effort to become parts of a network of mountain trails. Because a 
number of people use these structures as visitors a conservation effort was also initiated for 
their maintenance. Our study has also partly such an objective. That is to obtain information 
through in-situ instrumentation and measurements on the vibration characteristics of these 
structures at a given time in a health monitoring framework, as described in section 2. In addi-
tion, these in-situ measurements are complemented with a numerical investigation that has as 
first target to form realistic numerical simulations of such old stone masonry structures. 
Moreover, to employ next such realistic numerical simulations in order to assess the behav-
iour of these old stone masonry bridges to a combination of loads that include accidental ac-
tions, such as forces generated from earthquakes or flooding.   

Figure 1. Instrumentation used in the old stone masonry bridge of Tsipiani on 12th December, 2015. 
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2 IN-SITU MEASUREMENTS OF THE DYNAMIC CHARACTERISTICS OF THE 
STUDIED STONE BRIDGES. 

In measuring the dynamic response of all the studied stone bridges two types of excitation 
were mobilized. The first, namely ambient excitation, mobilized the wind, despite the varia-
tion of the wind velocity in amplitude and orientation during the various tests. Due to the to-
pography of the areas where these stone bridge are located, usually a relatively narrow gorge, 
the orientation of the wind resulted in a considerable component perpendicular to the longitu-
dinal bridge axis.  This fact combined with the resistance offered to this wind component by 
the façade of each bridge produced sufficient excitation source resulting in small amplitude 
vibrations that could be recorded by the employed instrumentation. For this purpose, the em-
ployed SysCom tri-axial velocity sensors had a sensitivity of 0.001mm/sec and a SysCom da-
ta acquisition system with a sampling frequency of 400Hz (see figure 1).  

All the obtained data were subsequently studied in the frequency domain through available 
FFT software [1], [4], [5]. This wind orientation relative to the geometry of each bridge struc-
ture coupled with the bridge stiffness properties could excite mainly the 1st symmetric out-of-
plane eigen-modes. The variability of the wind orientation could also excite, although to a 
lesser extend, some of the other in-plane and out-of-plane eigen-modes. This process will be 
presented for the old masonry bridge of Tsipiani depicted in figure 2.  

Figure 2. The studied old stone masonry bridge of Tsipiani on 12th December, 2015. 

2.1 Wind excitation for the old masonry bridge of Tsipiani 

The basic geometry and the outline of the structural formation of this stone masonry bridge is 
depicted in figure 3. The locations of the velocity sensors are also shown together with the 
notation used for the coordinate system. As can be seen in this figure the clear span of the 
main central arch is 26m with a height from the water surface to the top of the deck approxi-
mately 13.65m. The main arch is supported on the left side on a rock formation whereas on 
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the right side the main central arch is supported on a number of secondary arches. The direc-
tion that the wind excited this bridge is also indicated. As can be seen, due to the flexibility of 
these stone masonry bridges, the direction of the river flow and the formation of the gorges 
that are crossed, the wind excites these structures mainly in the out-of-plane (Vx) direction. 
Figure 4 depicts the out-of-plane velocity response of Tsipianis Bridge due to wind excitation, 
as it was recorded on 12th December 2015 from a sensor placed at the mid-span of the main 
central arch. Figure 5 depicts the fast Fourier transform (FFT) diagram in terms of FFT ampli-
tude and frequency values (Hz) for the measured out-of-plane response of this bridge due to 
the wind excitation, shown in figure 4. The dominant frequency (having the maximum ampli-
tude) in this FFT diagram has a value of 3.369Hz. As will be discussed in the next session 
(2.2) this dominant frequency represents the eigen frequency for the symmetric out-of-plane 
eigen-mode for this structure.  

Fig. 3 Tsipianis Bridge, wind excitation 

Tsipiani Stone Masonry Bridge, Wind Excitation, 
In-situ measurements 12-12-2015
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Fig. 4  Out-of-plane velocity response at mid-span of Tsipianis Bridge from wind excitation 
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Tsipiani Stone Masonry Bridge, Wind Excitation, 
In-situ measurements 12-12-2015
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Fig. 5. Fast Fourier Transform diagram of the out-of-plane velocity response at mid-span of Tsipianis Bridge 
from wind excitation (shown in figure 4).  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. Tsipianis Bridge, drop weight excitation 

2.2 Drop weight excitation for the old masonry bridge of Tsipiani 

The second type of excitation that was employed, namely vertical in-plane excitation, was 
produced from a sudden drop of a weight on the deck (figure 6) of the stone masonry bridge 
[1], [6], [7]. This weight was of the order of approximately 2.0KN that was dropped from a 
relatively small height of 100mm, so as to avoid even the slightest damage to the stone sur-
face of the deck of each bridge. Again the level of this second type of excitation was capable 
of producing mainly vertical vibrations and exciting the in-plane eigen-modes of each struc-
ture structures that could be capture by the employed SysCom tri-axial velocity sensors with a 
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sensitivity of 0.001mm/sec and a SysCom data acquisition system with a sampling frequency 
of 400Hz (see figure 1). All the obtained data were subsequently studied in the frequency do-
main through available FFT software. In figures 7a, 7c and 7e the velocity measurements are 
depicted along the three axes (Vx, x-x horizontal out-of-plane, Vy, y-y horizontal in-plane 
and Vz, in-plane z-z vertical) as they were recorded during a typical sampling with the drop 
weight excitation. In figure 7b, 7d and 7f the corresponding plots of the fast Fourier trans-
forms in terms of FFT amplitudes of these velocity response measurements (Vx, x-x horizon-
tal out-of-plane, Vy, y-y horizontal in-plane and Vz, in-plane z-z vertical) are shown.  

  

Tsipiani Stone Masonry Bridge, Drop Weight 
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Tsipiani Stone Masonry Bridge, Drop Weight 
Excitation, In-situ measurements 12-12-2015
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Figure 7a, 7c and 7e.  Measured velocity response at 
mid-span of Tsipiani bridge 

Figure 7b, 7d and 7f. FFT plots of the measured ve-
locity response at mid-span of Tsipiani bridge 

 
 

Measurements from drop weight excitation were repeated many times. Moreover, the ve-
locity response was measured at by placing the sensors at three locations, as shown in figure 3 
(left sensor, mid sensor, right sensor). Figures 7a to 7f represent the response at the mid-span 
of the main central arch of the Tsipiani bridge as recorded by mid-sensor during  a drop 
weight test with the code name MIDLJ016, denoting that the drop weight was applied also at 
the mid-span location of this bridge. During subsequent tests the drop weight was also applied 
at locations near either the left sensor or the right sensor. From all these tests an effort was 
made to deduce the most significant eigen-modes and eigen frequencies for this structure, 

199



G.C. Manos, E. Kozikopoulos and N. Simos 

which are listed in table 1. In the 1st row of this table 1 the values of the eigen-frequencies of 
the main in-plane eigen-modes are listed whereas  the eigen-frequencies of the main out-of-
plane eigen-modes are listed in the 2nd row of this table.  

Table 1. Measured eigen-frequencies for four stone masonry bridges 
Measured eigen-frequencies (Hz) for the Tsipiani Bridge. 

In-Plane 1st Asymmetric 
6.934Hz 

2nd Symmetric 
8.549Hz 

3rd Symmetric 
14.209Hz 

Out-of 
Plane 

1st Symmetric 3.320Hz 2nd Asymmetric 
6.348Hz 

3rd Symmetric 
12.207Hz 

As can be seen, the drop weight excitation could produce at the dominant frequencies vi-
brations at least one order of magnitude larger than the wind excitation. From these measure-
ments an attempt was also made to obtain an estimate of the damping ratio for the dominant 
in-plane and out-of-plane frequencies. As is depicted in figure 5, the 1st symmetric out-of-
plane vibration (x-x) that is excited by the wind has an eigen-frequency value equal to 
3.369Hz whereas, as depicted in figures 7a and 7b for the drop weight excitation, the eigen-
frequency value for this 1st  symmetric out-of-plane mode is equal to 3.320Hz.  An estimate of 
the damping ratio value equal to 1.5% was found for this 1st symmetric out-of-plane (x-x) ei-
gen-mode, obtained from the measured  mid-span out-of-plane response for Tsipiani bridge 
(see figure 8). 

Figure 8. Estimate of damping ratio for the 1st symmetric out-of-plane eigen-mode. 

Similarly, an estimate of the damping ratio value equal to 4.6% was found for the 2nd non-
symmetric in-plane eigen-mode, obtained from the measured  mid-span in-plane (z-z)  re-
sponse for Tsipiani bridge (see figure 9). It is interesting to see that the damping ratio for the 
1st out-of-plane symmetric eigen-mode is noticeably smaller than the corresponding value for 
the 2nd symmetric in-plane eigen-mode.  The eigen-mode shapes and eigen-frequencies that 

Damping ratio =1.5% 
Frequency =3.32Hz 

Time (sec) 

Vx 

Out-of-plane Velocity response Vx (mm/sec) from 
drop weight recorded at mid-span  at Tsipiani bridge 
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were deduced from all the in-situ measurements for the Tsipani stone masonry bridge are de-
picted in figure 10. 

 
Figure 9. Estimate of damping ratio for the 2nd symmetric in-plane eigen-mode. 
 
 

 
Figure 10. Eigen-modes and eigen-frequencies for Tsipiani stone masonry bridge deduced from all the in-situ 
measurements.  
 

Damping ratio =4.6% 
Frequency =8.5Hz 

Time (sec) 

Vz  

In-plane Velocity response Vz (mm/sec) from drop 
weight recorded at mid-span  at Tsipiani bridge 
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3 NUMERICAL SIMULATION OF THE VIBRATORY EIGEN-MODES FOR 
TSIPIANI BRIDGE 

In this section the eigen-frequencies and eigen-modes of Tsipiani stone masonry bridge will 
be predicted through a numerical simulation process. Initially, this numerical simulation will 
be based on elastic behaviour, assuming the stone masonry as an orthotropic continuous me-
dium and limiting the numerical model at approximately the interface between the end abut-
ments and the rocky river banks thus introducing boundaries at these locations [10]. For 
simplicity purposes, the bulk of these numerical simulations is made in the 3-D domain repre-
senting the bridge structure with its mid-surface employing thick shell finite elements [11]. 
The various main parts of this stone masonry bridge, that is the primary and the secondary 
arches, the abutments, the deck, the mandrel walls and the parapets were simulated in such a 
way that narrow contact surfaces could be introduced between them, representing in this way 
a different “softer” medium. All available information, measured during the in-situ campaign, 
on the geometry of each one of these parts was used in building up these numerical simula-
tions. The mechanical property values obtained from the stone and mortar sample tests were 
utilized (see Manos et al. (2016) [1]). Moreover, there is important information that is needed 
in order to form with some realism the boundary conditions at the river bed and banks [11]. 
The lack of specific studies towards clarifying in a systematic way all these uncertainties 
represents a serious limitation in the numerical simulation process.  

The approximation adopted in this study is a process of back simulation [6], [7]. That is, 
adopting values for these unknown mechanical stone masonry properties, respecting at the 
same time all the measured geometric details, that result in reasonably good agreement be-
tween the measured and predicted in this way eigen-frequency values. Following this ap-
proximate process two distinct cases of boundary conditions were introduced. In one series of 
numerical simulations all the boundaries, either at the river bed or the river banks, were con-
sidered as being fixed in these 3-D numerical simulations. This is denoted in the predicted 
eigen-frequency values in figures 11a to 11h where this is denoted as fixed boundary condi-
tions.  Alternatively, the rotational degrees of freedom were released all along the locations 
where the abutments are supported at the river banks thus excluding the footings. This is de-
noted in the predicted eigen-frequency values in figures 12a to 12h as pinned boundary condi-
tions. It was observed from this sensitivity analysis that was performed by Manos et al. (2016) 
for a number of stone masonry bridges that this variation in the boundary conditions approxi-
mation influences, as expected, the out-of-plane and not the in-plane stiffness of the studied 
stone masonry bridges. Moreover, for the Tsipianis Bridge whereby the main central arch is 
supported at the North end in adjacent arches rather than in a rocky river bank this influence 
of the variation of the boundary conditions, as expected, is again less pronounced. The value 
of the corresponding measured eigen-frequency values is also presented in figures 11a to 11h 
and 12a to 12h within brackets in blue bold print next to the numerically predicted value. As 
can be seen from this comparison, through this back analysis procedure reasonably good 
agreement is reached between the numerically predicted eigen-frequency values with the ones 
deduced from the in-situ measurements. Moreover, from this comparison it can also be seen 
that the fixed boundaries yield better agreement between predicted and measured eigen-
frequency values for the out-of-plane response eigen-modes than when pinned boundaries are 
employed. As already commented, the change in boundary conditions does not influence the 
in-plane response eigen-mode predicted values.  
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Old masonry bridge of Tsipiani:  Fixed boundary conditions 

 
a) 1st out-of-plane symmetric f=3.32Hz (3.32Hz)  

b) 1st in-plane asymmetric f=7.106Hz (6.93Hz) 

 
c)2nd out-of-plane asymmetric f=6.26Hz (6.35Hz)  

 

d) 2nd  in-plane symmetric f=10.03Hz  (8.59Hz) 

 
e) 3rd out-of-plane symmetric f=10.01Hz (12.21Hz) f) 3rd in-plane symmetric f=12.74Hz (14.21Hz) 

 
g) 4th out-of-plane asymmetric f=13.95Hz (19.87Hz) h) 4th in-plane asymmetric f=15.333Hz 

Figures 11a, c, e, g. Out-of-plane eigen-modes for fixed 
boundaries. Tsipiani stone masonry bridge 

Figures 11b, d, f, h. In-plane eigen-modes for fixed 
boundaries. Tsipiani stone masonry bridge 
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Old masonry bridge of Tsipiani:  Pinned boundary conditions 

a) 1st out-of-plane symmetric f=3.09Hz (3.32Hz) 

 
b) 1st in-plane asymmetric f=7.106Hz (6.93Hz) 

c)2nd out-of-plane asymmetric f=5.73Hz (6.35Hz)  
 

 

d) 2nd  in-plane symmetric f=10.03Hz  (8.59Hz) 

 
e) 3rd out-of-plane symmetric f=9.25Hz (12.21Hz) 

f) 3rd in-plane symmetric f=12.74Hz (14.21Hz) 

 
g) 4th out-of-plane asymmetric f=13.43Hz (19.87Hz) 

h) 4th in-plane asymmetric f=15.333Hz 

Figures 12a, c, e, g. Out-of-plane eigen-modes for pinned 
boundaries. Tsipiani stone masonry bridge 

Figures 12b, d, f, h. In-plane eigen-modes for pinned-
boundaries. Tsipiani stone masonry bridge 
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4 SIMPLIFIED NUMERICAL SIMULATION OF THE SEISMIC BEHAVIOUR OF 
THE PLAKA BRIDGE. 

This section includes results of a series of numerical simulations of the Plaka bridge when 
it is subjected to a combination of actions that include the dead weight (D) combined with ac-
cidental forces. This bridge replaced an older bridge at the same place that collapsed from 
flooding of Aracthos river in 1860. The first attempt in rebuilding this collapsed bridge also 
collapsed in 1863 during the opening day. The Plaka bridge depicted in figure 13, one of the 
most spectacular stone masonry bridges was built in 1866 by the chief mason Kostas Mpekas 
and survived till January 2015 despite the structural damage that suffered during the World 
War II. It collapsed on the 2nd of February 2015 again from flooding of Arachtos river (figures 
14 and 15). The span of the main central arch was equal to 40m rising at a height of 20m. The 
total length of this bridge was over 60m and the width of the deck at mid-span of the central 
arch 3.20m As can be seen in figure 13, a secondary arch is constructed at the right side of the 
main arch resulting in a mid-pier that is founded on the river bed. Moreover, a large arch-
shape opening is present at the left abutment with its foundation being also partly supported 
on the river bed. The presence of these two openings (right secondary arch and the left relief)  
was not sufficient to protect the structure from the forces caused by this recent flooding.   

 
Figure 13. The Plaka stone masonry bridge prior to its collapse on 2nd  February 2015. 
 
.Because almost all the stone masonry bridges in Greece have been built mostly for relatively 
light live load levels resulting from the crossing of pedestrians or animal flocks their struc-
tural vulnerability due to traffic conditions is not an issue. Instead, seismic forces or flooding 
of the narrow gorge currents that these bridges cross are causes of structural damage that may 
lead to collapse, as demonstrated from the Plaka bridge (see figures 14a, 14b, 15a, and 15b). 
Apart from the hydro-dynamic loads that a stone masonry bridge is subjected to from a 
flooded current, one of the main sources of distress that may lead to partial or total collapse is 
the deformability of the foundation. This seems to be the case for the mid-right pier of Plaka 
bridge as depicted in figure 15b. The present investigation is three-fold. Initially, with a first 
numerical simulation attempt the dynamic characteristics of this bridge will be studied in 
terms of eigen modes and eigen-frequencies, as was done for the Tsipiani brisge. Unfortu-
nately, no direct comparison between predicted and measured values can be performed this 
time due to the collapse of the Plaka bridge. However, the same assumptions that were fol-
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lowed before in the numerical simulation of the Tsipiani bridge as well as of a number of 
other stone masonry bridges (see Manos et al. (2016) [1], will also be adopted here. Conse-
quently, it is believed that this will provide sufficient validity to this type of numerical simula-
tion because of the good agreement between measurements and predictions that was achieved 
in all the other cases that were numerically simulated in this way.  

 

 

 

 

 

 

 

Figure 14a. Flooding of 
river Arachtos on 2nd Feb-
ruary 2015 

Figure 14b. The collapsed Plaka bridge during the visit of December 2015. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure  15a.  View of the Plaka bridge after the collapse from the West bank. 
Note the total destruction of the mid-pier (see also figure 7d). December 2015. 

Figure 15b.  Close up of the total 
destruction of the mid-pier of Plaka 
bridge (see also figure 7d). 

 
Next, through a simplified numerical simulation the flooding and the structural damage from 
the 1944 explosion are studied by numerically simulating the state of stress of the bridge for 
these loading conditions. Finally, an additional numerical simulation will try to study the state 
of stress in the case that this bridge, before its collapse, was subjected to a design earthquake  

4.1 Dynamic characteristics of the Plaka stone masonry bridge. 

The same type of numerical simulation that was described in section 3 will also be followed 
here. More information on the material properties are given by Manos et al. (2016) [1]. Two 
distinct cases of boundary conditions for the abutments were also studied here as was done for 
the Tsipiani bridge, namely fixed and pinned boundary conditions. The obtained numerical 
predictions of the eigen-modes and eigen frequencies for the Plaka bridge are depicted in fig-
ure 16 for both cases of boundary conditions. Due to the size of this bridge as well as because 
of the presence of the left and right secondary arches the 1st symmetric out-of-plane eigen-
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mode has relatively low eigen-frequency values equal to 2.068Hz and 1.896Hz, for the fixed 
and pinned boundaries, respectively. This is also true for the higher order out-of-plane eigen 
modes.  This is a clear indication of the flexibility of this bridge, mainly in the out-of-plane 
direction which is also the direction of loading during river flooding as well as from the hori-
zontal component of an earthquake excitation in a direction perpendicular to the longitudinal 
(y-y) axis of this bridge. 
 
Out-of-plane 
modes 

Fixed -Thick / Modal shape  Fixed-Pinned -Thick / Modal shape 

1st OOP Symmetric 
Fixed Numer.  = 
 2.068Hz 
Pinned Numer. =  
1.896Hz 
  

 

2nd OOP Asymmet-
ric 
Fixed Numer.  =  
3.994Hz 
Pinned Numer. = 
 3.458Hz 
 

  

3rd OOP Symmetric 
Fixed Numer.  =  
6.351Hz 
Pinned Numer. =  
5.519Hz 
   

In-plane modes   
1st IP Asymmetric 
 
Fixed Numer.  = 
 5.583Hz 
Pinned Numer. =  
5.583Hz 
 

  
2nd IP Symmetric 
 
Fixed Numer.  =  
6.573Hz 
Pinned Numer. =  
6.573Hz 
 

  
Figure 16. Numerical eigen-frequency values  and thencorresponding eigen-modes for the Plaka Bridge.  

4.2 Simplified numerical simulation of the Plaka stone masonry bridge for flooding 
conditions. 

     In this section the results of a simplified numerical simulation of the Plaka bridge under 
flooding conditions are presented. Towards this objective the numerical simulation discussed 
in the previous section 4.1. is utilized on the assumption that it constitutes a realistic numeri-
cal approximation. The behaviour of the Plaka bridge is examined for two loading conditions. 
The first loading condition is that of the gravity forces.  
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The second loading condition is the one that combines the gravity forces with the simplified 
flooding loads. In the present study, due to lack of data that can ascertain the velocity of the 
flow of the river at the bridge and the maximum level of the water during the 2nd of February 
flooding no attempt was made to estimate the distribution of the hydrodynamic pressures on 
these parts of the Plaka bridge that was submerged in the flooded river (see figure 14a). As 
can be seen also in figure 17 the flow of the river, even after the collapse of the Plaka bridge, 
is quite turbulent and flows on top of the left opening. In contrast, we can observed how this 
turbulent flow have subsided the week following the collapse, with the remains of the mid-
pier in the for-ground of figure 18. 

 

 

 

 

 

 

 

 

 

Figure 17. Collapse of Plaka bridge from the 2nd of February, 2015 flooding 

Figure 18. Collapse of Plaka bridge from the 2nd 
of February, 2015 flooding 

 
Figure 19. Simplified distribution of the hydrodynamic 
loads. 

   Figure 19 depicts with blue colour the simplified representation of the flooding load 
adopted in the present study as being applied in the lower part of the middle pier and the right 
abutment. This load was applied as a uniformly distributed pressure acting in these parts of 
the bridge from the level of the river-bed to foundation of the mid-pier interface till the low 
rim of the right opening. The amplitude of this pressure was equal to 0.04MPa. deduced from 
maximum velocity of the flow deduced from an assumed height differential that generated 
this flooding event. These flooding forces were assumed to be static in nature ignoring any 
dynamic fluid-structure interaction. In light of the nature of these assumptions it can be ar-
gued that the used static load to approximate the hydrodynamic forces underestimates the ac-
tual effect that the severe 2nd of February flooding had on the Plaka bridge.  This investigation, 
apart from considering in the described simplified way the hydrodynamic loads on the Plaka 
bridge, attempted to also study the deformability of the foundation of the mid-pier, which is 
believed to be of significance [26]. 
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Non-deformable foundation of mid-

pier 
 

 
 
Maximum vertical deflection mid-
span=-7.21mm 
 
  

 
Minimum compressive stress =  -1.0MPa 

Mid-pier supported by links with 
variable stiffness from 100KN/mm 

to 30KN/mm 

 
 
Max vert. deflection main arch 
above mid-pier (right) =-14.20mm 
with horizontal displ. 2.4mm in y-y 
 

 
Minimum compressive stress =  -1.4MPa 

Mid-pier supported by links with 
variable stiffness  from 20KN/mm  

to 15KN/mm 

 
Max vert. deflection main arch 
above mid-pier (right) =-20.40mm 
with horizontal displ. 3.8mm in y-y 
  

Minimum compressive stress =  -2.0MPa 
Figure 20.  Variation of minimum compressive stresses with the deformability of the mid-pier. Only Gravity Forces 

The support condition of the mid-pier foundation, which as already described lies in the river 
bed, could also be influenced from erosion due to the river flow in the long term as well as in 
the short term during the strong and turbulent flow prior to the collapse of 2nd February 2015. 
In order to examine this parameter in the framework of the current simplified numerical in-
vestigation the following approach was used. Three different stiffness conditions were exam-
ined in order to simulate the deformability of the mid-pier foundation. This was achieved 
employing 3-D linear springs to connect in the vertical direction the lower level of the mid-
pier foundation with underlying medium, which was assumed to be non-deformable.  The 
stiffness of these springs in the horizontal direction was assumed to be infinite. In the first 
case these spring were assigned with a very large axial stiffness value in the vertical direction, 
thus representing a non-deformable mid-pier foundation. In the second case these springs 
were provided with a stiffness value in the vertical direction varying from 100KN/mm at the 
left end corner of this mid-pier foundation to a relatively low value (30KN/mm) at the right 
end corner, which is located further inwards in the river. Finally, in the third case the flexibil-
ity of the mid-pier foundation was increased even further assigning axial stiffness values in 
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the vertical direction equal to 40KN/mm for the left end corner spring and equal to 7KN/mm 
for the right end corner spring. For the springs lying in between their axial stiffness in the ver-
tical direction was set equal to values varying linearly with distance between the previously 
mentioned values.  

Non-deformable foundation of mid-
pier 

 

 
 
Maximum vertical deflection mid-
span=-7.21mm 
 

Maximum tensile stress =  0.1MPa 
Mid-pier supported by links with 

variable stiffness from 100KN/mm 
to 30KN/mm 

 
 
Max vert. deflection main arch 
above mid-pier (right) =-14.20mm 
with horizontal displ. 2.4mm in y-y 
  

Maximum tensile stress =  0.7MPa 
Mid-pier supported by links with 

variable stiffness  from 20KN/mm  
to 15KN/mm 

 
Max vert. deflection main arch 
above mid-pier (right) =-20.40mm 
with horizontal displ. 3.8mm in y-y 
  

Maximum tensile stress =  2.0MPa 
    Figure 21.  Variation of maximum tensile stresses with the deformability of the mid-pier. Only Gravity Forces 

    Figures 20 and 21 show the deformation patterns of the Plaka bridge together with either 
the minimum compressive or the maximum tensile stresses, respectively. This is done when 
the structure is subjected to gravity forces. In figures 22 and 23, this is done when the gravity 
forces are applied together with the simplified flooding loads, as described before. In all these 
figures the deformation patterns and the stress distribution plots are given in each figure for 
the three specific cases of the mid-pier foundation flexibility, as explained before; that is a) 
for non-deformable foundation, b) for a relatively stiff foundation and finally c) for a rela-
tively flexible foundation. In cases b) and c) the flexibility of the foundation is introduced in a 
variable fashion along the foundation width in a way that attempts to numerically simulate 
long and short term erosion of the foundation at this location. 
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Non-deformable foundation of mid-pier 
 

 
 
Maximum vertical deflection mid-
span=-7.35mm with horizontal displ. 
0.95mm in x-x (river flow) 
  

 
Minimum compressive stress =  -1.1MPa 

Mid-pier supported by links with vari-
able stiffness from 100KN/mm to 

30KN/mm 

 
Max vert. deflection main arch above 
mid-pier (right) =-14.10mm with hori-
zontal displ. 2.8mm in y-y, and 0.87mm 
hor. displ. (out-of-plane, x-x direction, 
flow of river) 
 

 
Minimum compressive stress =  -1.8MPa 

Mid-pier supported by links with vari-
able stiffness  from 40KN/mm  to 

7KN/mm 

 
Max vert. deflection main arch above 
mid-pier (right) =-19.40mm with hori-
zontal displ. 3.6mm in y-y, and 0.85mm 
hor. displ. (out-of-plane, x-x direction, 
flow of river) 

 
Minimum compressive stress =  -2.2MPa 

Figure 22.  Variation of maximum compressive stresses with the deformability of the mid-pier. Gravity Forces to-
gether with hydrodynamic loads. 

    The obtained Plaka bridge deformation and stress (tensile as well as compressive) response 
in figures 21, 22 and 23, where the variation of the mid-pier foundation flexibility was intro-
duced together with the simplified flooding loads, can be studied in a comparative way. 
Through the plotted peak deformation and stress values it can be observed that the flexibility of 
the foundation results in more detrimental response for the Plaka bridge than the applied flood-
ing loadings. This is apparent from the larger values in terms of deformations and tensile 
stresses, where the mid-pier joins the main arch and the secondary right arch, due to the flexi-
bility of the foundation rather that from the application of the flooding loads. This could be at-
tributed to the simplified way in terms of amplitude, distribution and frequency content that the 
flooding loads were applied to the Plaka bridge. The peak tensile stress takes a value equal to 
0.1MPa (top right of figures 21,22 and 23) when its foundation is non-deformable. For the case 
of quite flexible foundation conditions the tensile stress field at either the left or right mid-pier 
regions results in peak values equal to 2.5MPa and 0.43MPa, respectively (bottom left of figure 
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23). These values are well beyond the tensile strength of stone masonry, thus signifying poten-
tial structural damage. The deformation peak value is 7.35mm (out-of-plane) against 19.4mm 
for the for the non-deformable and deformable foundation cases, respectively. 

Non-deformable foundation of mid-pier 
 

 
 
Maximum vertical deflection mid-
span=-7.35mm with horizontal displ. 
0.95mm in x-x (river flow) 
   

Maximum tensile stress =  0.1MPa 
Mid-pier supported by links with vari-

able stiffness from 100KN/mm to 
30KN/mm 

 
Max vert. deflection main arch above 
mid-pier (right) =-14.10mm with hori-
zontal displ. 2.8mm in y-y, and 0.87mm 
hor. displ. (out-of-plane, x-x direction, 
flow of river) 

 
Maximum tensile stress =  1.0MPa 

 
 
 
 

Mid-pier supported by links with vari-
able stiffness  from 40KN/mm  to 

7KN/mm 
 

 
 
Max vert. deflection main arch above 
mid-pier (right) =-19.40mm with hori-
zontal displ. 3.6mm in y-y, and 0.85mm 
hor. displ. (out-of-plane, x-x direction, 
flow of river) 

 
Maximum tensile stress =  2.5MPa 

 
Maximum tensile stress =  0.43MPa at right side of main arch 

Figure 23.  Variation of maximum tensile stresses with the deformability of the mid-pier. Gravity Forces together with 
hydrodynamic loads. 
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4.3 Simplified numerical simulation of the damage that Plaka stone masonry bridge 
sustained from an explosion. 

An additional part of this numerical study attempted to study the effect that the main arch 
of Plaka bridge sustained structural damage during an explosion that occurred in 1944, shown 
in some detail at the top of figure 24a. The numerical model of the bridge with the most flexi-
ble foundation conditions of the mid-pier was extended to simulate this structural damage at 
the region of the primary arch of the central main arch. 

 

 
 

Mid-pier supported by links with variable stiffness  
from 40KN/mm  to 7KN/mm 

Damage part of big arch simulated with mem-
brane and bending stiffness values 10% of the 

original values 

 
Max vert. deflection main arch above mid-pier 
(right) =-21.95mm with horizontal displ. 4.5mm 
in y-y, and 0.87mm hor. displ. (out-of-plane, x-x 
direction, flow of river) 

 

 
Maximum tensile stress =  2.579MPa at the left side of the 
mid-pier 

 

 
Maximum tensile stress =  0.764MPa at  the damaged region 

located at the right side of main arch  

 
1st symmetric out-of-plane eigen-mode f=1.769Hz 

 

 
2nd  asymmetric out-of-plane eigen-mode 

f=3.24Hz 

 

 
1st   asymmetric in-plane eigen-mode f=3.913Hz 

Figure 24. Numerical simulation of the effect of the damage from the 1944 explosion 

   

1944 Explosion 

213



G.C. Manos, E. Kozikopoulos and N. Simos  

   This was done by introducing to the damaged region of the primary central arch finite ele-
ments with bending and membrane stiffness values equal to 10% of the corresponding values 
used in the same model without the simulation of this damage.  The obtained tensile stress peak 
response is depicted in the top right side of figure 24. By comparing the tensile response of fig-
ure 24 with that of figure 23, it can be concluded that this type of simulating the damage re-
sulted in a 79% increase of the maximum tensile stress in a the region of the main arch that 
coincides with the damaged region (from 0.43MPa to 0.769MPa), located at the right side on 
the top of the mid-pier. It must be pointed out that some years after the explosion the damaged 
part was repaired with poured in place reinforced concrete. However, the effectiveness of this 
repair after a long period till the collapse of February 2105 is disputable. In the bottom of fig-
ure 24 the eigen-frequency values for the first two out-of-plane eigen-modes and the first in-
plane eigen-mode are shown. By comparing these values with the corresponding values shown 
in figure 16 for the non-damaged structure with a non-deformable mid-pier foundation it can 
be seen that both the introduced damage and the mid-pier foundation flexibility reduces con-
siderably the stiffness of the Plaka bridge both in the out-of-plane as well as in the in-plane di-
rection. Whether this stiffness reduction coupled with the resulting values of the eigen-
frequencies results in an amplification of the fluid-structure interaction for the 2nd of February 
2015 flooding is a subject of further investigation. 

4.4 Simplified numerical simulation of the Plaka stone masonry bridge for design 
earthquake conditions. 

The seismic forces were defined by making use of the current definition of the seismic 
forces by EURO-Code 8 [12]. Towards this horizontal and vertical design spectral curves 
were derived based on the horizontal design ground acceleration. This value, as it is defined 
by the zoning map of the current Seismic Code of Greece, is equal to 0.24g (g the acceleration 
of gravity) for the location of the Plaka bridge [13], [14]. Furthermore, it is assumed that the 
soil conditions belong to category A because of the rocky site where this bridge is founded, 
that the importance and foundation coefficients have values equal to one (1.0), the damping 
ratio is considered equal to 5% and the behaviour factor is equal to 1.5 (unreinforced ma-
sonry). The design acceleration spectral curves obtained in this way are depicted in figures 
26a and 25b for the horizontal and vertical direction, respectively. In these two figures (25a 
and 25b) the eigen-period range of the first twelve eigen-modes is also indicated (ranging be-
tween the low and the high modal period, see also figure 16). More details of the magnitude 
of the seismic forces generated at the Plaka bridge by these design response spectra are given 
by Manos et al (2016) [1].  

  
 
 
 
 
 
 
 
 
 
 
 

Figure 25a. Horizontal spectral curves for type-1 
Euro-Code to be applied in Plaka Bridge.  

Figure 25b. Vertical spectral curves for type-1 
Euro-Code to be applied in Plaka Bridge. 
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It must be pointed out that the flexibility of the foundation that was taken into account in 
the previous section was not considered here. Thus, the results to be presented and discussed 
in figures 26 and 27 were obtained for non-deformable mid-pier foundation. Moreover, the 
results were found from the combination of the gravity forces acting together with the seismic 
forces, as they resulted from the design spectra of figures 25a and 25b and a dynamic spectral 
analysis. 

 
The deformed shape of the Plaka bridge for 

the design earthquake is shown in figure 26. 
As can be seen, the out-of-plane horizontal 
response attains large values at the crest of the 
main central arch. The peak value at mid-span 
(U1=51.87m) is 50 times larger than the cor-
responding value that was found when the 
bridge was subjected to gravity loads and 
flooding forces. The peak value at mid-span 
in the vertical direction (U3=23mm) is of 
similar amplitude to the one found when the 
bridge was subjected to gravity loads and 
flooding forces (see figures 22 and 23). 

 
Fig. 26.  Deformed shape of the Plaka bridge for 

the design earthquake. U1=-51.87mm (out-of-plane, 
hor. x-x), U2=3.4mm (in-plane hor. y-y), U3=-23.0 
(in-plane ver. z-z). 

 
a) For loads Dead + EuroCode RS (u1+ u2 + u3) 

Comb 1. max S22 = 3.40MPa (Envelope Top face / Bottom 
face) 

 
b) For loads Dead + EuroCode RS (u1+ u2 + u3) 

Comb 1. min S22 = -4.9MPa (Envelope Top face / Bottom face) 

 
c) For loads Dead + EuroCode RS (u1+ u2 + u3) 

Comb 1.  max S11= 5.73MPa (Envelope Top face / Bottom 
face) 

 
d) For loads Dead + EuroCode RS (u1+ u2 + u3) 

Comb1.  min S11= -6.14MPa (Envelope Top face / Bottom face 

Figure 27. State of stress through the distribution of  stresses S11 and S22 for Plaka Bridge when subjected to gravity forces 
and seismic action. 
 

The distribution of the maximum tensile and the minimum compressive stresses (S11 
and S22) when the Plaka stone masonry bridge is subjected to gravity forces combined with 
the design earthquake, as defined before, are depicted in figures 27a to 27b.  As can be seen 
from figures 27a and 27c the peak maximum tensile stress field develops at the crest of the 
main central arch (S11=5.73MPa) as well at the foot of the mid-pier (S22=3.40MPa, at the 
inner side). Similarly, the peak minimum compressive stress field develops again at the crest 
o the main central arch (S11=-6.14MPa) as well as at the foot of the mid-pier (S22=-4.9MPa). 
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These peak compressive values are well below the compressive strength of the stone masonry. 
On the contrary the peak tensile values are many times above the tensile strength of the stone 
masonry thus indicating the severe potential structural damage of the Plaka bridge from the 
design earthquake. The most vulnerable parts of the bridge, as obtained from the location of 
the peak tensile stress concentration, is a wide area at the crest of the main central arch of the 
bridge as well as the mid-pier internal side footing. 

 

5 CONCLUSIONS 

1. Stone masonry construction has a long tradition in many places worldwide. Stone masonry 
bridges built many centuries ago are one such example. Despite the rigidity and resilience of 
stone masonry bridges they are in need of maintenance in order to preserve them as part of the 
built cultural heritage. Towards this end in-situ measurement campaigns were conducted on a 
number of stone masonry bridges in order to identify their dynamic characteristics in terms of 
eigen-frequencies, eigen-modes and damping properties. This information is believed to rep-
resent a valuable basis for building realistic numerical simulations of the structural behaviour 
of such bridges as well as for their structural health monitoring. 
 
2. The simplified numerical analyses yielded numerical predictions of bridge deformations 
and stresses that are useful in understanding the structural behaviour and the structural dam-
age potential for such masonry structures. The structural performance of Plaka bridge that col-
lapsed due to flooding in February 2015 was also studied. The structural behaviour of this 
bridge was examined when subjected to the gravitational forces combined with either simpli-
fied flooding loads or a design earthquake. Moreover, the structural damage that this bridge 
sustained during an explosion in 1944, was also examined together with the flooding loads.  
 
3. As shown from the numerical predictions, the flexibility of the foundation, which may be 
partly attributed to long or short term erosion of the bridge footings, results in more detrimen-
tal response for the Plaka bridge than the applied simplified flooding loads. However, this 
may be due to the fact that the current investigation ignored any dynamic effects from fluid-
structure interaction. The obtained numerical predictions from the numerical simulation of the 
structural damaged sustained by this bridge during the 1944 explosion leads to a dominant 
tensile stress field at the regions of the main and secondary arches on top of the mid-pier. 
These predicted peak tensile stress values are well beyond the stone masonry strength. Conse-
quently, they could well have contributed towards the 2nd of February 2015 collapse.  
 
4. The peak tensile values predicted when design seismic forces were applied for the Plaka 
bridge are many times above the tensile strength of the stone masonry thus indicating the se-
vere potential structural damage for this old stone masonry bridge from the design earthquake. 
The most vulnerable parts of the bridge, as obtained from the location of the peak tensile 
stress concentration, is a wide area at the crest of the main central arch of the bridge as well as 
the mid-pier internal side footing. Thus, these earthquake vulnerability predictions for the 
Plaka bridge indicate that had the bridge not collapsed from flooding the design earthquake 
would have led to its structural damage and its partial collapse.  
 
5. The integrity of the stone masonry in various parts of the bridge is an additional mainte-
nance issue of considerable importance.  Intervention recommendations for such bridge or 
attempts to rebuilt, as is the case for the Plaka bridge, should include clauses for applying pre-
paratory actions of measurements and analyses like the ones included here together with es-
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tablished principles that govern a major retrofitting / maintenance effort for cultural heritage 
together with effective retrofitting / maintenance techniques that are proven to be durable.  
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Abstract. Wind turbines are renewable energy sources that are continuously increasing in 
numbers and seize. The main structural part, which is the tall tower and its foundation sup-
porting the turbine, is designed to withstand a variety of load combinations. These include the 
gravitational forces together with a variety of loads that are transferred from the turbine to 
the tall supporting tower depending on the wind direction and intensity and on the operative 
condition of the turbine. Such a wind turbine supporting tower made of steel and being sup-
ported on a reinforced concrete (R/C) foundation is studied numerically here. Initially, the 
Thrust and Torque transmitted from the wind turbine blades to the steel tower are obtained 
through either a commercial software or a software developed by the authors. Next, the nu-
merical simulation of the steel tower and its R/C foundation is formed, with or without flexible 
soil conditions, and its dynamic characteristics are presented and discussed. Finally, these 
numerical models are subjected to specific combinations of gravitational forces and airflow 
as well as extreme conditions linked with circuit breakdown, restart and an assumed design 
earthquake for Greece. The obtained results, in terms of stress and deformation of the critical 
elements of the steel tower and its R/C foundation, are presented and discussed. 
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1 INTRODUCTION 

Wind turbines are renewable energy sources that are continuously increasing in numbers and 
seize (figure 1a). The main structural part, which is the tall tower and its foundation support-
ing the turbine, is designed to withstand a variety of load combinations [1], [4], [14]. These 
include the gravitational forces together with a variety of loads that are transferred from the 
turbine to the tall supporting tower depending on the wind direction and intensity and on the 
operative condition of the turbine. Wind turbines operate under challenging loading regimes 
(Burton et al., 2001, [2]) the effects of which could diminish their structural integrity leading 
to significant remediation costs and the potential for structural damage, which is the focus of 
the present study. The most stressed parts of the structural system of a wind turbine are the 
ones of the steel tower near its connection to the concrete foundation as well as the foundation 
itself (figure 1b) [13]. This is due to the fact that the forces generated for the various extreme 
loading conditions from the operation of the wind turbine combined with extreme loading 
conditions from natural hazards (e.g. seismic events for onshore wind turbines) result in a re-
gime of maximum overturning moment, shear force and axial force for this location of a wind 
turbine. The structural performance could also be susceptible to damage in cases of faulty 
construction or poor maintenance.  

Figure 1a. A wind turbine Figure 1b. The schematics of the connection of the 
steel tower with the concrete foundation. 

There is a variety of detailing that the construction industry deals with this issue of connecting 
the steel tower of a wind turbine with the concrete foundation (Figures 2a and 2b). The main 
aim of the present study is, on the one hand, to understand the operation of a wind turbine and, 
on the other hand, the quantification of the forces transmitted from the blades of a wide tur-
bine to the vertical pillar which supports them. The next main objective is to study the static 
and dynamic behaviour of wind turbine/pylon/foundation for critical load combinations. As 
described above, the main region of interest is the connection of the steel tower to the founda-
tion and the foundation itself.  Towards this objective the following steps are followed: 
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- Initially, the main parameters that affect the Thrust and the Torque of a horizontal axis 
wind turbine with rotating blades are being presented. These Thrust and Torque are then 
transmitted to the vertical pylon.  

- Next, a software program is developed in order to calculate the magnitude of the Thrust 
and Torque that are transmitted from the blades to the vertical steel tower. This software 
is based on a relatively simplified theory and small number of parameters, including the 
geometry of the blades of the turbine and the flow of the wind. This is combined with the 
utilization of a commercial software that supports numerous parameters for the same pur-
pose, i.e. the calculation of Thrust and Torque transmitted from the blades to the vertical 
steel tower. The results of the in-house simplified software are compared are compared 
with the outcome of the commercial software. 

Finally, using the outcome of the previous step the loads to be applied on a wind turbine dur-
ing the various operating conditions, as specified by relevant design provisions, were com-
bined with design seismic scenario. For these load combinations the dynamic and seismic 
behaviour of an 87.6 steel tower based on a concrete foundation was investigated employing 
3-D linear elastic numerical simulations. The results of these numerical simulations is pre-
sented and discussed here.   

Figure 2a. Connection detail of a wind turbine steel 
tower with its concrete foundation  

Figure 2a. Construction of the concrete foundation of a 
wind turbine steel tower. 

2 LOADING CONDITIONS 

In order to define the forces transmitted by the wind turbine to the steel tower use was made 
two different approaches were followed. The first was a simplified approach that is based on 
the blade theory ([3], [5]. Each blade of a wind turbine is divided in a number of chords (i) 
located at a distance (ri) from the axis of the rotor of the wind turbine (figure 3).  
For each chord the lift force (Li) and the drag 
force (Di) are calculated for a given wind ve-
locity and a given rotational speed of the ro-
tor of the wind turbine.  The sum of the lift 
and drag forces for each blade of a wind tur-
bine results in the rotor thrust and the rotor 
torque. These are the resultant forces trans-
mitted through the connection of the wind 
turbine rotor to the steel tower.  

 

Figure 3. Lift and drag forces at a chord. 
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In obtaining these generalized forces through the first approach an in-house software was de-
veloped. The second approach in obtaining the thrust and torque transmitted from the rotor of 
a wind turbine to the steel tower is through a specialized software (FAST [6, 7, 8, 9, 10]). 
This software requires a large the input information for the characteristics of the wind as well 
as those of the wind turbine.  In the framework of the present study it was applied for an on-
shore NREL 5 MW wind turbine that all the required information was available. Figure 4a 
depicts the time history of the rotor thrust for a wind velocity equal to 10m/sec and a rotor 
revolutionary speed equal to 12.1 rpm. Figure 4b presents a comparison between the rotor 
thrust obtained by FAST and that obtained by the in-house software for wind velocity 
13.4m/sec and rotor revolutionary sped 12.1 rpm. 

Figure 4a Rotor Thrust (FAST) 
Figure 4b Comparison of Rotor Trust obtained by 

 FAST and by the in-house software 

Next, for the NREL 5.0 MW Base Wind Turbine (Onshore) [6, 7, 8, 9, 10] the following load-
ing scenario were also examined.  They include various cases of power production as well as 
cases of start up and shutdown (Start up wind velocity Vin= 3 m/s maximum operating wind 
velocity Vout= 25 m/s). All the cases that were considered are listed in Table 1. Each case inn 
this table is denoted with a code name, e.g. LC 5.1 for the emergency shutdown, which will 
be followed throughout this manuscript. For each one of the considered scenario of table 1 the 
rotor  thrust and torque were obtained by FAST software. They are depicted in figure 5. The 
maximum and minimum values for the rotor thrust and torque for all time histories depicted 
in figure 5, as resulted from the FAST software, are listed in table 2. Use of these maximum 
and minimum values was made in the subsequent numerical analysis of the steel tower and 
the concrete foundation of the examined wind turbine. 

Table 1. Various start up, operation and shutdown scenario for a wind turbine 

Wind Velocity 13.4m/sec 
Rotational Sped 12.1rpm 

NREL 5.0 MW Base Wind Turbine (Onshore) 
Wind Turbine NREL 5.0 MW (Onshore) Start up 
to Operating at 12.1rpm  -   Wind velocity 10m/s
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Rotor Thrust Load Case 6.4 Parked
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Figure 5. Rotor thrust and torque obtained by FAST for an onshore NREL 5 MW wind turbine 

As can be seen in figure 5 and table 2 the most demanding load cases in terms of rotor thrust 
and torque amplitudes is the emergency shutdown (LC 5.1) and the parked (LC 6.4). Figures 
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6 depict basic geometric information of the steel tower and the foundation which was made 
use of in the subsequent numerical analysis (dimensions in meter). Finally, figure 7 depicts 
the design spectra (Type-1 and Type-2) based on the provisions of EuroCode-8 [11]. 

Table 2. Maximum and minimum values of all the start up, operation and shutdown scenario for a wind turbine 
considered in this study. 

Figure 6. Basic geometry of the examined steel tower and concrete foundation of a wind turbine 

These design spectra curves were derived for design ground acceleration equal to 0.36g (g the 
acceleration of gravity), which is the design acceleration for seismic zone III of Greece, repre-
senting the zone with the more intense earthquake activity. Moreover, the design spectra 
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curves were also based on relatively flexible soil conditions (Soil Category D), Finally, the 
value for response modification coefficient (q) was set equal to 1 (representing elastic re-
sponse). This was due to the fact that the steel tower is a cantilever type structural system with 
a considerable mass (the rotor and the blades of the wind turbine) located at the upper part of 
the structure 

Figure 7. Design spectra based on the provisions of EuroCode-8. 

3   NUMERICAL ANALYSIS 

Based on the geometry of the studied wind turbine (NREL 5.0 MW Baseline Wind Turbine 
(Onshore) [10]),  depicted in figure 6, the following numerical models were formed (figures 8 
and 9). 

3.1  Numerical models 

Figure 8a. Model 1. Figure 8b. Model 2.1 Figure 8c. Model 2.2 and model 2.3. 
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In model 1, the steel tower with  the rotor and the blades but without the foundation is nu-
merically simulated. The steel tower is fixed at the base. In model 2.1, 2.2 and 2.3 the rotor 
and the blades are not simulated explicitly; instead, they are replaced by concentrated mass 
and mass moment of inertia, which are placed at the top of the steel tower. In this model, the 
foundation is also represented. Both the steel tower and the concrete foundation are repre-
sented with shell elements with the actual thickness of the various parts of either the steel 
tower or the concrete foundation. These shell elements were placed at the mid-surface of ei-
ther the steel tower and the concrete foundation.  The shell elements of the steel tower and the 
foundation were rigidly connected at their intersection, which was simplified as being a circu-
lar line at the base of the steel tower. In model 2.1 all the nodes of the shell elements repre-
senting the foundation were fixed (figure 8b). In models 2.2 and 2.3, all the nodes of the 
foundation shell elements were supported to the underlying soil medium  with 3-D link ele-
ments. In model 2.2 the axial stiffness of these links elements was set to be very large 
(1000KN/mm) whereas a finite stiffness value equal to 10KN/mm was assigned to these links 
(Model 2.3, figure 8c). In a series of alternative numerical models (Models 3), the foundation 
was not directly linked to the steel tower at the base as was done for numerical models 2.1, 
2.2 and 2.3. This time the foundation was extended at 1.92m height from the base at the junc-
tion with the steel tower with a series of rigid frames spaced at equal intervals. There are 
eighty (80) such rigid frame placed in two co-centric circles with forty rigid frames at each 
circle, as depicted in figure 9a. The steel tower is placed within the frames of these two co-
centric circles as shown in figure 9b. The connection between the steel tower and the founda-
tion is accomplished by connecting the steel tower with these rigid frames through only a se-
ries of 3-D links spaced at equal intervals along the height of the rigid frames (figure 9b). The 
orientation of these links is horizontal. The stiffness of these links is initially very large in all 
three directions (model 3.1, with the foundation links being also rigid). Next, the axial stiff-
ness (connecting the steel frame to the foundation through the rigid frames) is given a finite 
value equal to 10KN/mm. In this way a flexible connection between the foundation and the 
steel tower is introduced. 

Figure 9a. Foundation of Models 3.  Figure 9b. Foundation of Models 3. 

3.2  Eigen-frequency analysis 

Initially, an eigen-frequency analysis was performed by employing all the previously de-
scribed numerical models (models 1, 2 and 3). The results are depicted in figures 10a and 10b 
for model 1 and in figures 11a and 11b for models 2 and 3. In these figures the eigen-period 
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values (Tux , Tuy) in two orthogonal directions x-x and y-y are listed together with the corre-
sponding modal mass participation ratio values (mux  muy). In figures 10a and 11a the 1st trans-
lational eigen-modes (x-x and y-y) are shown whereas in figures 10b and 11b the 2nd 
translational eigen-modes (x-x and y-y) are depited. 

Figure 10a. Model 1, 1st x-x and y-y Translational modes   Figure 10a. Model 1, 2nd x-x and y-y Translational modes 
Tux1=3.55sec mux=69.95%, Tuy1=3.53sec muy=70.57%     Tux2=0.544sec mux=9.81%, Tuy2=0.475sec muy=11.38% 

Model 2.1&3.1 
Tux1=3.424sec   mux=69.33% 
Tuy1=3.422sec   muy=69.33% 

Model 2.2&3.2 
Tux1=3.425sec   mux=70.38% 
Tuy1=3.424sec   muy=70.37% 

Model 2.3&3.3 
Tux1=3.466sec   mux=72.34% 
Tuy1=3.465sec   muy=72.33% 

Model 2.1&3.1 
Tux1=0.370sec   mux=10.135% 
Tuy1=0.370sec   muy=10.136% 

Model 2.2&3.2 
Tux1=0.370sec   mux=9.70% 
Tuy1=0.370sec   muy=9.70% 

Model 2.3&3.3 
Tux1=0.378sec   mux=13.275% 
Tuy1=0.378sec   muy=13.272% 

Figure 11a. 1st x-x and y-y Translational modes Figure 11b. 2nd x-x and y-y Translational modes 

Due to the symmetry of the studied structure along the horizontal axes (x-x or y-y) the 1st and 
2nd eigen-modes and eigen periods along those two horizontal exes are very similar to each 
other. Moreover, the introduction of flexibility at the foundation-soil interface or/and at the 
steel tower foundation interconnection introduces little differences in the values of the rele-
vant eigen-periods and the corresponding modal mass participation ratios. These eigen-period 
values have been plotted in figure 7 in order to see the relevance of these eigen-period values 
with the used in this study design-spectra.  
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3.3   Numerical Results 

Summary results will presented and discussed in this section as they were obtained from the 
various numerical models presented in section 3.1. Moreover, the presented results are se-
lected from those load cases (see section 2 and tables 1 and 2) that the wind turbine response 
is reaching limit (maximum or minimum) values. In figure 12 the maximum values at the top 
of the steel tower are plotted, as obtained from the various numerical models. At the left part 
of this figure the wind turbine normal operation (Wpprod) is combined with the  dead load (G) 
together with the extreme seismic loads (0.3Ex1+Ey1). At the right part of the same figure, 
the parked wind turbine (1.35Wparked) is combined with the dead load (0.90G). As can be 
seen the later combination results in larger values (1.2m) of horizontal displacements at the 
top of the steel tower than for the former load combination 

Figure 12.  Maximum horizontal displacements at the top of the steel tower 

Figure 13.  Axial S22 stress distribution at the base of the steel tower 

In figure 13 the axial S22 stresses near the base of the steel tower are plotted as they are dis-
tributed around the base circumfarance. This distribution is plotted for four different load 
cases; that is a) 1.35G+1.35Wparked, b) 0.90G+1.35Wparked, c) G+0.3Ex1+Ey1+Wpprod 
(Maximum) and d) G+0.3Ex1+Ey1+Wpprod (Minimum). As can be seen in this figure, load 
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cases a) 1.35G+1.35Wparked, b) 0.90G+1.35Wparked result in the maximum axial tensile 
(320MPa) and in the minimum axial compressive stress (-369) value. 

Figure 14. Distribution of bending moments near the intersection of the steel tower with the concrete foundation. 
Rigid foundation-soil interface (Model 2.2) 

Figure 15. Distribution of bending moments near the intersection of the steel tower with the concrete foundation. 
Flexible foundation-soil interface (Model 2.3) 

In figure 14 the distribution of the bending moment M22 are plotted as they were obtained 
from numerical model 2.2 (rigid foundation interface). Again this distribution is obtained for 
load combinations a)1.35G+1.35Wparked and b) 0.90G+1.35Wparked and they represent 
bending moment values that develop at the intersection of the steel tower with the concrete 
foundation. As can be seen in these plots, the maximum and negative bending moment value 
is 1620KNm and -1510KNm, respectively, which is below the allowable limit. The distribu-
tion of the bending moment M22 is plotted again in figure 15. This time, however, a flexibil-
ity is introduced at the interface between the concrete foundation and the soil, as described in 
section 3.1. As can be seen by comparing the obtained  limit bending moment values in figure 
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15 and 14, this flexibility resulted in a significant increase in the value of the bending moment 
for the concrete foundation near the intersection with the steel tower. This time, the maximum 
and negative bending moment value is 3729KNm and -6522KNm, respectively, which is be-
yond the allowable limit. 

Figure 16. Deflection of the foundation 

In figure 16 the deflections that develop at the foundation are plotted, as they were obtained 
for numerical models with a rigid foundation-soil interface (models 2.2 and 3.2) or with a 
flexible interface (models 2.3 and 3.3). These concrete foundation deflections were derived by 
considering the load case 1.35G + 1.35 Wparked. In the upper part of figure 16 the deflections 
that are plotted represent the rigid interface where at the bottom of the same figure the deflec-
tions are for the flexible interface.  As  can be seen from this comparison, the introduced 
flexibility results in much larger values for the obtained deflections that lead part of the foun-
dation to tend to uplift in the top left hand side of its periphery by 1.13mm.  

4  CONCLUSIONS 

1. The main objective of this work is to study the static and dynamic behaviour of wind
turbine/pylon/foundation for critical load combinations. The main region of interest is
the connection of the steel tower to the foundation and the foundation itself.

2. A software program is developed in order to calculate the magnitude of the Thrust and
Torque that are transmitted from the blades to the vertical steel tower. This software is
based on a relatively simplified theory and small number of parameters, including the
geometry of the blades of the turbine and the flow of the wind. This is combined with
the utilization of commercial software that supports numerous parameters for the cal-
culation of Thrust and Torque transmitted from the blades to the vertical steel tower.
The results of the in-house simplified software are in reasonable good agreement com-
pared with the outcome of the commercial software.
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3. A variety of numerical models were formed in order to investigate the influence of the
flexibility of the interface between the concrete foundation and the soil as well as the
flexibility of the intersection of the steel tower with the concrete foundation. The in-
troduction of flexibility at the foundation-soil interface or/and at the steel tower foun-
dation interconnection introduces little differences in the values of the relevant eigen-
periods and the corresponding modal mass participation ratios.

4. The load combination that includes 90% of the gravity forces together with 135% of
the forces produced by the wind when the wind turbine is parked results in the largest
values (1.2m) of horizontal displacements at the top of the steel tower.  Again the load
combination of the gravity forces with the wind power when the wind turbine is
parked results in the largest (compressive and tensile) axial stress values at the base of
the steel tower.

5. Introducing a flexible interface between the concrete foundation and the underlying
soil results in considerable increase of the bending moment values near the interesec-
tion of the steel tower with the foundation that are larger than the relevant allowable
limit. Moreover, this flexibility also results in a considerable increase in the values of
the deflection of the concrete foundation that leads part of this foundation to tend to
uplift at its periphery.
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Abstract. In this work, we present two sub-categories of models for reproducing the mechan-
ical response of high damping rubber bearings, which is a base isolation system that is com-
monly used for buildings in seismically-prone regions of the EU. These are the trilinear 
models that have evolved from the more standard group of bilinear models. These trilinear 
models are built by combining linear and nonlinear elastic springs, as well as sliders, while 
the connectivity of these elements can be either in series or in parallel, which yields the two 
basic sub-categories of first type and second types. The best fit with experimentally obtained 
results involving time-harmonic tests on a commercial high damping base isolator at shear 
amplitudes up to 200% is achieved by the trilinear hysteretic system of the first type. Future 
extensions to bi-directional horizontal motion and to time-varying vertical loads is currently 
under consideration. 
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1 INTRODUCTION 

High damping rubber bearings (HDRB) have been used for seismic isolation of structures 
worldwide since the 1980’s. Given the highly nonlinear material behavior of these devices, no 
single mathematical model can capture every aspect of their dynamic response [1]. Issues and 
uncertainties involved in the characterization of their mechanical behavior are coupled bidi-
rectional horizontal motion, coupling of vertical and horizontal motion, strength and stiffness 
degradation during cyclic loading, and variation in critical buckling load capacity due to lat-
eral displacements. Elementary mechanical models for base isolators comprise (a) a spring to 
model the elastic response, (b) a plastic slider for time-independent plasticity and (c) a dash-
pot for viscosity [2]. The simplest model to describe the time-independent plasticity is the bi-
linear hysteretic model (BHM), which has been used for decades now and combines springs 
with a plastic slider. In addition to the BHM, smooth hysteretic models have been developed 
[3]. Furthermore, there exist two basic BHM sub-formulations [1,4]. However, materials like 
high damping rubber bearings (HDRB) exhibit hardening behavior at large strain amplitudes. 
In order to account for this effect, an extension of the BHM was developed as the trilinear 
hysteretic model (THM) [5,6]. Apart from use for the simulation of the shear behavior of 
HDRB, the THM has been used also for single, double and triple friction pendulums, as well 
as for partition anti-seismic wall elements [7,8]. The present work investigates two possible 
variations of the THM that account for either hardening or softening behavior and highlights 
their differences. To this end, a set of cyclic shear tests on a spare HDRB specimen from the 
Solarino, Italy building base isolation project [9] are used to validate and subsequently com-
pare these models in terms of their accuracy. 

2 MECHANICAL FORMULATION FOR QUASI-LINEAR HYSTERETIC MODEL 

As an extension of BHM to THM, we have the THM1 and THM2 variations in Figs. 1 and 
2, respectively [1,6]. More specifically, the parent element BHM1 of THM1 that consists of a 
linear elastic spring of stiffness 1m

ek  (element 1) connected in series with a parallel system, i.e., 

a plastic slider with characteristic force 1m
sf  (element 2) and a linear elastic spring of stiffness 

1
1

m
hk  (element 3), is modified by replacing element 3 with a trilinear elastic spring. The param-

eters now needed to describe this trilinear elastic spring (element 3) are the stiffnesses 
1

1
m
hk , 1

2
m
hk and the characteristic displacement 1m

cu . A positive displacement 1m
cu denotes change of 

slope in the spring from 1
1

m
hk  to 1

2
m
hk  and vice-versa for positive displacements 1m

hu  , while a 

negative displacement 1m
cu  denotes the change of slope between 1

1
m
hk  and 1

2
m
hk , for negative 

displacements 1m
hu . In the case of THM2, this new three-parameter trilinear spring (element 3) 

has stiffnesses 2
1

m
hk , 2

2
m
hk  characteristic displacement 2m

cu . As in the previous case, a positive 

displacement 2m
cu denotes change of slope in the spring from 2

1
m
hk to 2

2
m
hk  and vice-versa for 

positive displacements u , while a negative displacement 2m
cu denotes the change of slope 

between 2
1

m
hk  and 2

2
m
hk  for negative displacements u . The relationships established between 

the parameters of the mathematical model (
0 1 2, , , ,y yhk k k u u ) and those used for the corre-

sponding mechanical ( 1 2, , , ,e h h c sk k k u f ) one are presented in Table 1 for both THM. Further-

more, the relationships between the mechanical parameters of the two systems are presented 
in Table 2, the compatibility equations are presented in Table 3, the equilibrium equations in 
Table 4 and finally the constitutive equations in Table 5. In the mathematical model, stiffness 

0k  corresponds to the elastic phases, stiffness 1k  corresponds to plastic phase 2, and stiffness  
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Model THM1 THM2 
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1 2e h hk k k   
 

  

2
0 1 0 2

0

0 1 0 2

2k k k k
k

k k k k

 

 
 01k  

 

Table 1: Relationships between mechanical and mathematical parameters for THM 
 

THM1 1m
ek  1

1
m
hk  1

2
m
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sf  1m
cu  
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2
2

1 2 2
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m
m e
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k
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k k
 

2
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2 2 2
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m
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k
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2
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k
f
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2 2 2
2 1

2 2

m m m
m e h s
c m m

e e

k k f
u

k k


  

 

Table 2: Relationships between the mechanical parameters of THM1 and THM2 
 

Model THM1 THM2 
u  1 1m m

e hu u  2 2m m
e hu u  

 

Table 3: Compatibility equations for the THM 
 

Model THM1 THM2 
f  1 2 3e e ef f f   1 3 2 3e e e ef f f f    

 

Table 4: Equilibrium equations for the THM 
 

Model THM1 THM2 

1ef  1 1m m
e ek u   2 2 2

1
m m m
e h ek k u  

2ef  0hu    1 1sgnm m
s hf u   2 2sgnm m

s hf u  

2ef  0hu   1 3e ef f  1ef  

3ef  *
h cu u  1 1

1
m m
h hk u  2

1
m
hk u  

3ef  *
h cu u      1 1 1 1 1 1

1 2 sgnm m m m m m
h c h h c hk u k u u u       2 2 2 2

1 2 sgnm m m m
h c h ck u k u u u   

 

Table 5: Constitutive equations for the THM 
* For THM2 replace *

hu  with u  

 

Model THM1 THM2 

hau   1 1 1 1 1
2 1

1 1
2

m m m m m
e a s c h h

m m
e h

k u f u k k

k k

  


 

2

2 2
1

m
s

a m m
e h

f
u

k k



 

dW  1 14 m m
s haf u  2 24 m m

s haf u  
 

Table 6: Energy dissipation over a cycle of amplitude au  for the THM1 and THM2 
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2k  corresponds to plastic phases 1 and 3 (see Figs. 1 and 2). In the case of THM2, there is an 

additional additional elastic phase described by stiffness 01k  (see Figs. 2(e)).  The yield dis-

placement is denoted as yu , the second yield displacement is denoted as yhu , the yield force 

at yhu  is denoted as yhF , while the characteristic strength at zero displacement is denoted as 

Q  and finally the yield force at 
yu  is denoted as yF .  The differences between these two sub-

categories of models are as follows: 
 

 
 

Figure 1: Trilinear hysteretic model labeled THM1 

 
(a) THM1 exhibits three plastic phases (1,2,3) and one elastic phase with slope equal to 

1
0

m
ek k , see Fig. 1. On the other hand, THM2 also exhibits three plastic phases (1,2,3) and 

two elastic phases according to the displacement amplitude. 

(b) The change of slope in the THM2 plastic phases occurs at displacement yhu  for 0u   and 

at yhu  for 0u  . In THM1, the change of slope in the plastic phases occurs at displacement 
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yhu  for 0u   and at yhu  for 0u   during the loading ( 0uu  ), and at displacements 

2yh yu u  for 0u   and at 2 y yhu u  for 0u   during the unloading phases ( 0uu  ).  

(c) The dissipated energy over a cycle of amplitude au  is denoted as dW  in both THMs and 

presented in Table 6, where hau  denotes the displacement hu  at displacement amplitude equal 

to au . In order to have a dissipative system, hau  and subsequently dW  need to be positive.  

 

 
 

Figure 2: Trilinear hysteretic model labeled THM2 

 
We assume that the energy dissipated in the THM1 is t

dW  at amplitude au  , and is larger 

than the dissipated energy in the BHM1 ( b
dW ): 

 

 1 1 1 1 1 1 1
2 1

1 1 1 1
2 1

m m m m m m m
e a s c h ht b e a s

d d m m m m
e h e h

k u f u k k k u f
W W

k k k k

   
  

 
    (1) 

 
 
 

238



Athanasios A. Markou and George D. Manolis 

 
 

 

Note that for the bilinear case 1 1
1 2

m m
h hk k  and 

1 1
1

1 1
1

m m
m e a s
ha m m

e h

k u f
u

k k





. For THM1 to account for 

larger dissipated energy than the BHM1, the following inequalities must be satisfied in terms 
of the mechanical and mathematical parameters, respectively: 

 

    1 1 1 1 1 1 1
2 1 1 0m m m m m m m

h h e a c s h ck k k u u f k u       (2) 

 

  1 2 0a yhk k u u    (3) 

 
For all THM 

a yhu u , implying that term (
a yhu u ) is positive. For THM1 to account for 

larger energy dissipation as compared to BHM1, the inequality 
1 2k k must also be satisfied. 

This last inequality shows that the THM1 can dissipate larger amounts of energy in compari-
son with the BHM1, but only for softening cases (

1 2k k ). In the case of hardening (
1 2k k ), 

the energy in THM1 decreases as compared to BHM1. This outcome can be explained physi-
cally, by realizing that the dissipation of all systems is related only to element 2, namely the 
plastic slider. As element 3 of THM1 becomes stiffer in the case of hardening, it allows for 
smaller displacements hu  in the plastic slider and therefore the dissipation of the system de-

creases. The opposite is true for the softening case.  
It is also of interest to point out that each of the components of the THM2 is a particular 

case of the THM1 formulation. More specifically, THM1 can be simplified to a trilinear elas-
tic spring for 1 0m

sf   and 1 1 1
1 2,m m m

e h hk k k  in terms of mechanical parameters, and in terms of 

mathematical ones with 0yu  and 0 1 2,k k k , see Fig. 3(a). In this case, element 1 of THM1 

will be extremely stiff to account for any deformation and will be neglected, while element 2 
will not account for any dissipation ( 1 0m

sf  ) and will also be neglected, so the system will 

behave linearly. The relation between mechanical and mathematical parameters (by taking 

into account that 0 0 0 1

0 1 0 2 0

1
k k k k

k k k k k



 
   , see Table 1) is the following: 1

1 1
m
hk k , 

1
2 2

m
hk k  and 1m

c yhu u , which results to a three-parameter system. Let us finally consider the 

stiffness of element 3 of the THM1 to be zero, namely 1 1
1 2 0m m

h hk k   and in mathematical 

terms 1 2 0k k  , see Fig. 3(b). In this case, the THM1 will behave like any elastoplastic el-

ement and the relation between mechanical and mathematical parameters will be 1
0

m
ek k  and 

1
0

m
s yf k u

 (see Table 1), which results in a two-parameter system. 

 

3 PARAMETER IDENTIFICATION USING HDRB CYCLIC SHEAR TESTS 

In this section, the third cycle of a set of cyclic shear tests that were conducted on a com-
mercial HDRB isolator from the Solarino project at the University of Basilicata in Italy [9] 
were used for the parameter identification using either THM1 or THM2. The geometrical 
characteristics of the HDRB are given in Table 7. The cyclic shear tests were conducted under 

239



Athanasios A. Markou and George D. Manolis 

a compressive stress of 6 MPa and at a frequency 0.5 Hz , for ten different strain amplitudes 

varying from 0.05  to 2  . In parallel, cyclic tests at different strain amplitudes ( 1.20   

and 2.00  ) at variable frequencies (from 0.006 Hz  to 0.83 Hz ) were implemented to in-

vestigate the effect of rate-dependence of the bearings. The tests showed that the HRDB isola-
tor can be assumed rate-independent in this range of frequencies.  
 

 
 

Figure 3: Simplifications of THM1: (a) a trilinear elastic spring and  
(b) an elastoplastic element 

 

External diameter (mm ) 500 
Diameter of steel plates D (mm)  490 

Thickness of steel plates (mm) 3 
Number of rubber layers  12 

Rubber layer thickness riT (mm) 8 

Total rubber thickness rT (mm) 96 

Cross section area rA (mm2) 188574.10 

Total height (mm) 169 
Primary shape factor 1S  15.31 

Secondary shape factor 2S  5.10 
 

Table 7: Geometrical characteristics of the HDRB isolator 
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Next, two different rate-independent parallel models are used to describe the cyclic shear 
tests, one being the THM1 and the other THM2. The identification procedure that was used 
for the definition of the parameters is the CMA-ES algorithm [10]. In Table 8, the identified 
mathematical parameters of the THM1 system are presented along with the corresponding 

mechanical formulations. The identification error 2e is defined as follows: 
 

10
0 02

1 0 0

,

,

i i i i

i i i

F F F F
e

F F

 


 
 (4) 

 

where 0iF and iF are the measured and computed force vectors at ten different strain ampli-

tudes, and ,A B  is the inner vector product. Nine THM1 components are connected in paral-

lel to describe the shear behavior of the HRDB, but some of them represent simplified 
versions of THM1, see Fig. 3. Specifically, we have the trilinear elastic spring (components 1, 
2 and 3) and the elastoplastic element (components 8 and 9). 

We note that the trilinear elastic springs (components 1, 2 and 3) are hardening springs   
( 2 1k k ) accounting for the hardening behavior of the device at higher strain amplitudes, see 

Fig. 4(a). On the other hand, components 4, 5, 6 and 7 give softening behavior ( 2 1k k ), 

while in all of these cases 
2k is negative, see Figs. 4(b-e). These four components are respon-

sible for describing the increase of dissipated energy as the strain amplitude increases. This 
combination provides a better description of the behavior during the loading ( 0uu  ) and un-
loading ( 0uu  ) paths. Additionally, elastoplastic elements (components 8 and 9) describe 
the energy dissipation for small strain amplitudes due to their small yield displacement yu , 

see Fig. 4(f). Finally, Fig. 5 gives a better representation of the comparison of the THM1 sys-
tem with the experimental results at each level of strain amplitude separately, and clearly 
shows an almost perfect fit between simulated and recorded curves. 

The total number of parameters for the THM1 system is 33 and the identification error is 

rather small at 2 2.50%e  . Six THM2 components are connected in parallel to describe the 
shear behaviour of the HDRB experiment, and the identified mathematical parameters are 
presented in Table 9, along with the corresponding mechanical formulations. Component 1 
has softening behavior ( 2 1k k ), while the remaining components show hardening behavior 

( 2 1k k ), see Table 9. Components 1 and 2 have a small yield displacement yu and describe 

energy dissipation for small strain amplitudes, where the rest of the components remain in the 
elastic range. In Fig. 6, the overall behavior of the THM2 system is compared with experi-
mental data. The comparison shows that the system fails to describe the larger energy dissipa-
tion at larger strain amplitudes. The total number of parameters of the THM2 system is 30, 

and the identification error is 2 5.00%e  , namely twice that of the THM1 system. Additional 
THM2 components did not help improve the fitting between experimental and simulated 
curves, meaning that six THM2 is the limit for this case. In closing, more details on the mod-
elling approach for the THM1 can be found in Ref. [9], where the THM1 is solved analytical-
ly for the case of the single degree of freedom systems. Ongoing work aims to develop 
numerical implementation for the case of multi-degree of freedom systems. For the case of 
THM2, the system can be solved by using Newmark’s method combined with Newton-
Raphson iterations. 
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No. Component 
0k  

 kN mm  
1k  

 kN mm  
2k  

 kN mm  
yu  

 mm  
yhu  

 mm  

1 

 

1 2,k k
(1) 0.283532 0.489882 0(2) 64.809 

2 

 

1 2,k k
(1) 0.000282 0.905635 0(2) 136.491 

3 

 

1 2,k k
(1) 0.000246 0.877611 0(2) 108.657 

4 

 

0.863754 0.402485 -0.792654 7.146 125.542 

5 

 

0.157047 0.000238 -0.285050 43.938 151.692 

6 

 

0.172839 0.000547 -0.271989 18.760 80.117 

7 

 

0.056183 0.044945 -0.006864 3.331 21.299 

8 

 

3.225241 0(3) 0(3) 0.597 -(4) 

9 

 

67.445070 0(3) 0(3) 0.041 -(4) 

 2e  2.50 % 
 

Table 8: Mechanical system using the THM1 model components (33 parameters) 

(1)A very large value of 
0 1 2,k k k  corresponds to a stiff elastic spring and is neglected. 

(2)THM1 becomes a trilinear elastic spring for 0yu  . 
(3) THM1 becomes an elastoplastic element for 

1 2 0k k  . 

(4)Because 
1 2 0k k  , 

yhu does not denote any change of stiffness, it is inconsequential. 

 

4 CONCLUSIONS 

Two extensions of the well-known BHM are introduced for modelling hardening and sof-
tening effects observed in base isolators. More specifically, THM1 exhibits three plastic phas-
es and one elastic phase, while THM2 exhibits three plastic phases and two elastic phases. 
The change of slope in the plastic phases during unloading ( 0uu  ), does not occur at the 
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same displacement level for either model. Furthermore, the dissipated energy per cycle of 
amplitude au  decreases in the case of hardening and increases in the case of softening for the 

THM1 model, while in THM2 model the dissipated energy remains constant. A set of cyclic 
shear tests on an existing HDRB under a wide range of strain amplitudes shows that the shear 
behaviour observed can be described by a parallel system, which comprises only one type of 
component, namely the THM1 with identification error 2 2.50%e  . On the other hand, a par-
allel-type THM2 model fails in describe the behaviour of the HDRB since it does not account 
for increasing energy dissipation at larger amplitudes (the identification error here is 

2 5.00%e  ).  Compared to THM2, THM1 has the following advantages: (a) It accounts for 
larger energy dissipation at larger strain amplitudes; (b) it better describes the behaviour ob-
served during the loading ( 0uu  ) and unloading ( 0uu  ) paths in the HDRB; and (c) 
through a proper choice of parameters, can be reduced to simpler models, namely a trilinear 
elastic spring and an elastoplastic element.  
 
 

No. Component 
0k  

 kN mm  
1k  

 kN mm  
2k  

 kN mm  
yu  

 mm  
yhu  

 mm  

1 

 

3.316369 0.097634 0.066989 0.604 34.120 

2 

 

67.826800 0.034459 0.242161 0.041 181.563 

3 

 

0.583996 0.082570 0.258475 7.945 102.741 

4 

 

0.360200 0.159367 0.287472 128.456 139.534 

5 

 

0.315248 0.115504 0.225922 20.728 99.702 

6 

 

0.142166 0.010595 0.325443 43.731 162.318 

 2e  5.00% 
 

Table 9: Parallel mechanical system using the THM2 model (30 parameters) 
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Figure 4: Force-displacement curves of each separate component of the THM1 model 
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Figure 5: Identification of force-displacement curves of THM1 model using the 3rd cycle of harmonic tests at 10 
strain amplitudes, frequency 0.5 Hz, compressive stress 6 MPa (black color: numerical simulations; red color: 

experimental data) 
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Figure 6: (a) THM2 force-displacement curves; (b) comparisons with experimental data 
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Abstract. This work presents a numerical macro-element model able to simulate the dynamic 

response of an innovative ductile and highly dissipative bracket for assembling of cross-

laminated timber structures. This bracket resists to both tensile and shear forces and has been 

conceived to realize all the seismic-resistant joints of the building with a unique type of con-

nection able to maximize the seismic capacity of the entire structure. The main issue of these 

kinds of connection is the reliability of numerical models in reproducing the coupled tension-

shear behaviour and dissipative capacity with reduced computational effort, so as to simulate 

the non-linear response of complex buildings. With this aim, a numerical macro-element 

model was developed within the finite-element framework OpenSees using an assembly of lin-

ear beams and plastic hinges capable of simulating the complete tension-shear strength do-

main of the connection. The macro-element model was calibrated referring to the results from 

quasi-static cyclic-loading tests of the connector performed in pure shear and pure tension. 

The coupled tension-shear behaviour of the macro-element model was then validated on the 

results from independent numerical simulations performed using detailed 3D models with sol-

id finite elements, including material and geometric non-linearity. Obtained results demon-

strate that the developed macro-element model is able to describe accurately the hysteretic 

behaviour of the bracket with a very low computational effort. Therefore, it can be conven-

iently adopted to simulate the seismic response of complex structures. 
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1 INTRODUCTION 

Cross-laminated timber (CLT) has become a widespread material to realize multi-storey 

buildings. This precast system combines multiple layers of timber boards to realize large mas-

sive timber panels, which are fastened together and to foundation to build rapidly also com-

plex structures. The in-plane stiffness and strength of the panels together with the reduced 

weight of the material and the potential ductility of the joints make CLT a valuable technique 

in high-seismicity areas.  

In the last decade, the seismic performance of CLT structures has been experimentally and 

numerically studied (e.g., [1]-[7]) and the results confirmed that the cyclic behaviour of metal 

connections has a key-role in the seismic behaviour of the building. The traditional seismic-

resistant connections, known as angle brackets and hold-downs, are composed of punched and 

cold-formed thin steel plates fastened to the panel with nails or screws. These brackets were 

conceived to withstand purely shear or tensile loads respectively. Actually, they may be sub-

jected to coupled shear-tensile loading conditions which, in some cases, might involve antici-

pated brittle failures [8]. Resistant domains in terms of forces to design such connections are 

available in technical data provided by the connection producers (i.e., European Technical 

Approval ETA). Moreover, experimental campaigns were recently performed to build the 

domains not only in terms of forces but also displacements [9]. Based on strength domains 

according to ETA or to experimental evidences, advanced numerical models have been devel-

oped to simulate the coupled shear-tension behaviour of these connections ([10], [11]) and to 

analyse the behaviour of entire buildings [12]. 

An innovative high-dissipative connection system (X-bracket [13]) has been recently de-

veloped with the aim of optimizing the seismic response of CLT structures in terms of dissi-

pative and ductility capacities. This element works both in tension and shear allowing to use a 

unique type of connection to realize all the seismic-resistant joints of the building. Moreover, 

this device assures a well-defined mechanical response (i.e., strength, stiffness, yielding limit 

and failure condition) both in shear and tension and its coupled shear-tensile response and 

strength domain can be easily predictable with detailed finite-element models [14]. These 

characteristics make more reliable the application of the capacity design rules required by cur-

rent seismic design codes [15], with obvious implication in a more reliable energy dissipation 

capacity of the building. 

Starting from available experimental and numerical results, a macro-element model (MEM) 

of the X-bracket was developed within the finite-element framework OpenSees [16] with the 

aim of reducing the computational effort in the simulation of the response of entire shear 

walls and also complex structures. The MEM was calibrated referring to the results from qua-

si-static cyclic-loading tests, performed in pure shear and pure tension. Then, the coupled ten-

sion-shear behaviour was validated on the results from independent numerical simulations 

performed using a detailed 3D model with solid finite elements, including material and geo-

metric non-linearity. Finally, simulations of cyclic-loading tests of CLT shear walls were per-

formed obtaining a close agreement with experimental results. 

2 OVERVIEW OF DESIGN AND TESTING OF THE X-BRACKET 

The shape and dimensions of the X-bracket were obtained from parametric numerical 

analyses to optimize ductility and dissipative capacity both in shear and tension, guarantying 

at the same time sufficient strength and high elastic stiffness. A further condition of the para-

metric design was the possibility of realizing multiple brackets with a single laser cutting of a 

flat steel sheet, in order to minimize the production refuses and costs. Such parametric design 

resulted in the original “X” shape in Figure 1a: the lateral displacement capacity is mainly due 
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to the plastic shear deformation of the web, whereas the axial displacement capacity is mainly 

due to the bending deformation of the four arms. The dimensions of the X-bracket can be 

scaled proportionally to obtain different strength and displacement levels. 70 different combi-

nations of the geometrical parameters were considered with the aim to obtain displacement 

capacity not less than 30 mm, high ductility class according to EN1998 - Eurocode 8 [15] and 

resistance comparable to the traditional connectors for CLT buildings [17].  

The X-brackets can be used as panel-to-foundation, panel-to-panel and floor-to-wall joints. 

To realize a rigid anchoring to the CLT panel, calibrated steel bolts can be used, interposing 

between the bracket and the panel a simple thin steel plate fastened with screws to CLT, so as 

to employ the embedment strength of steel and to comply with the capacity design. Such de-

tail will be presented in a forthcoming work, to demonstrate its effectiveness. 

Quasi-static cyclic-loading tests of the latest prototype were performed according to EN 

12512 [18]. The same symmetric test setup presented in [13] was realized, anchoring a couple 

of X-brackets to a rigid steel frame. Three tests were performed in shear and three in tension, 

therefore, twelve brackets were tested. Obtained results show that the proposed connector is 

characterized by very high ductility due to high displacement capacity and high elastic stiff-

ness. The combination of them confers to the building a rigid behaviour with low damage for 

low-intensity earthquakes, whereas the high displacement capacity and the plastic behaviour 

are exploitable by high-intensity seismic shocks. 

3 NUMERICAL MODELS OF THE X-BRACKET 

3.1 Detailed 3D model 

The mechanical performances of the X-bracket subjected to monotonic, cyclic, coupled 

and uncoupled loading conditions were evaluated numerically with a 3D Finite-Element (FE) 

model implemented into ANSYS Workbench [19]. The X-bracket was modelled with 

SOLID187 tetrahedral elements in order to include non-linear geometrical analysis and to ac-

count for possible buckling phenomenon (Figure 1b-c). Minimum element size of 4mm was 

adjusted according to the curvature radius of the edges and to the zones characterized by high 

accumulation of plastic strains. Compression-only boundary conditions were added on one 

side to simulate the presence of the CLT panel.  

   

(a) (b) (c) 

Figure 1: (a) detailed model of the X-bracket; (b) out of plane buckling during tension unloading at high dis-

placements; (c) out of plane buckling during shear loading. 

To obtain an accurate reproduction of test results, the mechanical properties of a S450JR 

steel grade were implemented using a Ramberg-Osgood elastoplastic material model [20] 

based on results from tensile tests of the material used to realize the specimens. A kinematic 

hardening model was chosen to reproduce the hysteretic behaviour of the steel connector. 
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This model demonstrated to predict very accurately the experimental results; therefore, it 

was used to evaluate the coupled tension-shear behaviour of the X-bracket and the resulting 

domain in terms of strength and displacements. Finally, cyclic-loading tests of entire shear 

walls were simulated to have a direct comparison with the usage of traditional connections. It 

is worth noting that this model allows an optimal prediction of the actual mechanical behav-

iour of the X-bracket. However, the high computational effort demonstrated during the simu-

lation of the shear-wall behaviour, makes this modelling strategy not particularly effective to 

simulate the response of entire buildings with time-history analyses and led to the need of de-

veloping a simplified but accurate MEM. 

3.2 Macro-Element Model 

A simplified numerical model was implemented in the research-oriented numerical code 

OpenSees [16] with the aim to perform dynamic analyses with low computational effort. It is 

therefore suitable to perform complex building models characterized by several non-linear 

elements, without neglecting the coupled shear-tensile response of all the brackets. The main 

idea was to simplify the X-bracket’s shape with a MEM composed by few sub-elements with 

specific mechanical parameters according to the available material models in the OpenSees 

library. Figure 2 shows a superposition of the outline of the X-bracket and the 6-node MEM 

composed by a set of five beam elements connecting the two lower fixing points of the brack-

ets, with the 2 upper ones. The beams are reciprocally connected with elastoplastic hinges. 

According to Figure 2, the conceptual model is composed by: 

 six nodes: nodes 1 to 4 have the actual spacing of the X-bracket’s fixing points; nodes 5 

and 6 connect the vertical web to the horizontal arms; 

 four elastic beam elements representing the X-bracket’s arms, having a plastic hinge ele-

ment at one end responsible for the inelastic response of the bracket subjected to shear 

and/or tension and calibrated through a moment/curvature relationship (red hinges in Fig-

ure 2); 

 one vertical beam element representing the web of the X-bracket, which connects the four 

horizontal arms (flanges) and has a plastic hinge element at both ends, responsible for the 

inelastic response of the bracket subjected to shear and calibrated through a mo-

ment/curvature relationship (green hinges in Figure 2); 

Beam elements and plastic hinge elements were modelled exploiting beamWithHinges ele-

ments [21], which consider plasticity to be concentrated over a specified length from the end 

nodes. A Hysteretic material model was applied to the hinges to simulate the actual hysteretic 

response of the X-bracket. As evidenced above, the X-bracket is characterized by a buckling 

phenomenon of the web during the unloading phase (Figure 1b) for high vertical displace-

ments. This phenomenon results in a reduction of unloading stiffness when the web is com-

pressed. A column element, working only in compression (element 12 of Figure 2), was 

therefore added between nodes 5 and 6 to simulate the secant stiffness acting in the unloading 

phase. 

It is worth noting that the plastic hinge elements of the beam elements representing the X-

bracket’s arms (red hinges in Figure 2) work both when the bracket is subjected to shear and 

to tension. Therefore, such hinges allow the model to reproduce the actual shear/tensile cou-

pled behaviour of the X-bracket, provided that an accurate calibration is made according to 

results from experimental tests and from simulations with the detailed 3D model. 
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Figure 2: Macro-element model 

4 NUMERICAL SIMULATIONS OF CLT SHEAR WALLS 

The shear-tensile interaction of the connections at the base of a CLT shear wall is strictly 

correlated to their number and position, to the panel aspect ratio (e.g., large panels have a pre-

dominant sliding behaviour whereas narrow panels have a predominant rocking behaviour) 

and to vertical loads. Numerical non-linear static analyses were conducted to simulate cyclic-

loading tests of three shear walls, characterized by different aspect ratio and number and posi-

tion of the X-brackets: a 85mm thick CLT panel with dimensions of 295 x 295mm anchored 

with one bracket at each corner (Wall A, Figure 3a); a CLT panel with same dimensions and 

an additional X-bracket placed in the middle (Wall B); a larger panel with dimensions of 590 

x 295mm (aspect ratio equal to 2:1) with three equally spaced X-brackets (Wall C). The simu-

lations were performed using both the detailed 3D model and the MEM. Displacement-driven 

cyclic-loading procedure according to EN 12512 [18] was followed applying a horizontal dis-

placement to the top edge of the wall and assuming a yielding horizontal displacement Vy,est 

equal to 10mm. 

4.1 Detailed 3D model 

The same detailed model of the X-bracket described in section 3.1 was employed in the 

analyses of the shear walls. The CLT panels were modelled into ANSYS Workbench [19] 

with 2D shell elements with an orthotropic material model. The minimum mesh size was 

about 10 times the connection mesh size (Figure 3b). Constraint equations were also adopted 

to simulate the cylindrical joint between panel and brackets at the fastening points, to allow 

the brackets’ arms to rotate and dissipate energy. Frictionless contact elements were also add-

ed to simulate the foundation of the wall. 

4.2 Simplified model 

Simplified models of the three shear walls were implemented into OpenSees [16] using 4-

node quadrilateral element (ShellMITC4) (Figure 3c). According to the detailed model, the 

mesh size was chosen to balance speed and accuracy with the same orthotropic material mod-

el properties. The concrete curb was modelled including compression-only truss elements 

fixed to the nodes of the panel base. Each bracket, modelled with the described MEM, was 

connected to the mesh of the wall by using equalDOF commands, resulting in a multi-point 

constraint among chosen nodes. In detail, nodes 1 and 2 of each bracket (Figure 2) were con-

nected to two panel nodes at their actual position.  
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(a) (b) (c) 

Figure 3: (a) Wall A geometry; (b) discretization of the detailed model; (c) discretization of the simplified model. 

4.3 Results 

The direct comparison between detailed and simplified model in terms of base shear force 

vs. top displacement curves for each wall in Figure 4 evidences clearly that there is a good 

agreement between the two modelling strategies. This evidence demonstrates that the devel-

oped MEM is adequate to simulate the seismic response of entire cross-laminated timber 

shear walls. The studied walls presented different failure mechanisms, and brackets were sub-

jected to different ratios between shear and tensile forces. Nevertheless, the MEM has adapted 

very well to the different responses, demonstrating that it is able to take into account correctly 

the strength domain of the connection. The CPU time was reduced of more than one hundred 

times demonstrating the high computational effectiveness of the model and the possibility of 

extending the analyses to more complex structures. 

   

(a) (b) (c) 

Figure 4: Comparison between detailed and simplified models in terms of base shear force vs. top displacement 

curves. (a) Wall A; (b) Wall B; (c) Wall C. 

5 CONCLUSIONS  

In this work a simplified numerical model able to reproduce the non-linear coupled behav-

iour of a dissipative connection device optimized for CLT structures has been analysed and 

validated through experimental tests. 

The detailed 3D numerical model, originally developed for the optimal design of the 

bracket, has been replaced with a more computationally efficient model in order to extend 

simulations to entire CLT shear walls and possibly complete structures. The simplified model 

makes use of elastic beam elements coupled with elastic-plastic hinges. It was calibrated 

through experimental pure shear and pure tensile cyclic tests. Then, the model has been used 
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to simulate the seismic response of three CLT shear walls anchored to the foundation with the 

innovative connectors. 

The results showed that the macro-element model is able to simulate elastic and post-

elastic stiffness of the connector, as well as its complete hysteretic response and dissipative 

capacity even for high displacements. The reliability in simulating the coupled shear-tension 

response of the connector has been confirmed by the comparison between the detailed and the 

simplified model of the entire shear walls in terms of force-displacement results. These out-

comes proved that the chosen strategy is suitable to extend the seismic analyses to entire CLT 

structures. 
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Abstract. This paper studies the dynamic and earthquake behavior of an industrial complex 
that is located in Aharnai-Athens and was subjected to the strong ground motion of the Ath-
ens 1999 Earthquake. This industrial complex is mainly composed of a large industrial hall 
and an adjacent office building. The columns, beams, roof girders and roof trusses of the in-
dustrial hall are all pre-cast reinforced / pre-stress concrete structural elements. This pre-
cast structural system is complemented with shear walls in both horizontal directions in the 
perimeter of the industrial hall which were cast in place and connected to the pre-cast struc-
tural columns. All the pre-cast beams are simply supported and connected to the pre-cast col-
umns through metal anchor bars and/or extended ties. The foundation is also formed by pre-
cast pocket elements and ground beams which are interconnected between with cast in-place 
parts. The office building is a three-storey structure with a basement that is separated from 
the industrial hall with a construction joint. The foundation and the columns of this building 
are cast in place whereas part of the beams and all the slabs are pre-cast and are joined with 
the columns through metal extended ties and cast in-place concrete. This industrial complex 
is located at the epicentral area of the Athens 1999 earthquake which caused considerable 
destruction to industrial and residential buildings located in the vicinity of the industrial 
complex that is examined here. The structural damage observed in this industrial complex 
was the dislocation of a heavy pre-cast girder at the façade of the office building as well as 
cracking of the horizontal beams at the locations where they joined the columns. On the con-
trary, no dislocation of the pre-cast girders could be seen at the industrial hall which per-
formed rather satisfactorily with minor signs of distress. These two distinct structural systems 
were numerically simulated in an effort to study their dynamic and earthquake response and 
correlate it with the observed performance. The present investigation demonstrated that the 
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use of pre-cast reinforced concrete members, when properly designed and detailed, can be 
employed with confidence in seismic regions.  

1 INTRODUCTION 

This paper studies the behaviour of an industrial complex, formed by an industrial hall and an 
office building. They were partly constructed employing reinforced/pre-stressed concrete pre-
cast structural members. This type of structures are characterized by relatively large spans and 
flexible connections between the vertical and the horizontal structural elements (e.g. between 
columns and girders). Their main advantage of pre-cast construction is the relatively short 
construction time when compared with traditional cast in-situ reinforced/pre-stressed concrete 
structures.  However, such pre-cast systems exhibited in the past unsatisfactory performance 
when subjected to intense seismic excitations.  This unsatisfactory performance is mainly due 
to the capacity of the flexible connections between the vertical and the horizontal pre-cast 
structural elements, as depicted in figures 1a to 1d; that is these connections fail to withstand 
the displacement and strength demands imposed on them by strong seismic actions 

a)  b) 

  c)                             d)    
Figure 1. Unsatisfatcory performance of pre-cast industrial buildings due the displacement and strength limita-
tions of the flexible connections between the vertical and the horizontal structural elements.  

    In the following sections the dynamic and earthquake behavior of an industrial complex is 
presented that is located in Aharnai-Athens and was subjected to the strong ground motion of 
the Athens 1999 Earthquake. The industrial hall is 77,24m x 24,75m in plan with 7,47m 
height from ground level to the level of the horizontal beams that support the roof and a 
height of 6,15m from the foundation to the ground floor that forms the space of the basement. 
The columns, beams, roof girders and roof trusses of this industrial hall are all pre-cast rein-
forced / pre-stress concrete structural elements. This structural system is complemented with 
shear walls in both horizontal directions in the perimeter of the industrial hall which were cast 
in-place and connected to the pre-cast structural columns. All the pre-cast beams are simply 
supported and connected to the pre-cast columns through metal anchor bars and/or extended 
ties. Its foundation is also formed by pre-cast pocket elements and ground beams that are in-
terconnected with cast in-place parts. The office building is a three story structure with a base-
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ment. It is separated from the industrial hall with a construction joint. The foundation and the 
columns of this office building are cast in place whereas part of the beams and all the slabs 
are pre-cast and are joined with the columns through metal extended ties and cast in-place 
concrete. This industrial complex is located at the epicentral area of the Athens 1999 earth-
quake which caused considerable destruction to other industrial buildings located in the vicin-
ity (see figure 2 and reference [1]) as well as to many residential buildings. 

 Figure 2. Partial or total collapse of industrial buildings during the Athens, Greece 1999 Earthquake 

     This industrial was under construction during the Athens, Greece Earthquake, as can be 
seen from figure 3 taken a few days after this seismic sequence that occurred on the 7th of 
September 1999. The ground acceleration that was recorded near the center of Athens by an 
instrument located 16km to the South of the epicentral region (ATH-3, Odos Pireos, with the 
yellow pin and the code name ΚΕΔΕ in Figure 3) had peak values equal to 2586mm/sec2 in 
the longitudinal horizontal direction, 2972mm/sec2 in the transverse horizontal direction and 
1537mm/sec2 in the vertical direction. The epicenter of the 1999 earthquake is also indicated 
in figure 3 together with the exact location of the studied building complex (yellow pin with 
the code name ALUMIL).  

Figure 3. The map of Athens together with the epicenter, the instrument location and the studied building. 
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    Based on the recording of the ground motion with the largest values of the peak ground ac-
celeration for the ΚΕΔΕ location (record Katagrafi V2), the elastic and inelastic (ductility μ=3) 
response spectra curves were obtained as shown in figure 4 (left). In the same figure, the cor-
responding design spectra, Type-1 and Type-2 according to EuroCode-8 provisions for soil B 
response modification coefficient q=3 and importance factor 1, based on the design ground 
acceleration for Athens equal to 0.16g are also plotted (g = the acceleration of gravity = 
981cm/sec2).  As can be seen in these figures, despite the reduction in the spectral response 
acceleration values by the assumed ductility value (μ=3 to correspond with the assumed re-
sponse modification coefficient value q=3), the derived inelastic response spectral accelera-
tion values for the horizontal components of the Athens ground motion are approximately 1.5 
to 2.0 times larger than the design spectra acceleration values in the period range 0 to 0.3sec. 
For period values larger than 0.3sec the inelastic response spectra acceleration values are ap-
proximately of the same amplitude as the corresponding design spectra acceleration values. 
This fact indicates the severity of the ground motion and the magnitude of the seismic forces. 
As already mentioned, the studied building is close to the epicentral region and it is reason-
able to expect the level of seismic forces to be even higher than those resulting for the design 
spectral curves of figure 4 (right). 
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Figure 4. Elastic and inelastic response spectra curves for the KEΔΕ V2 record of ground acceleration during the 
Athens 7th of September earthquake sequence together with design spectra.   

Figures 5 and 6. Dislocation of a heavy pre-cast girder (B6) at the façade of the office building 

The most significant structural damage sustained by this industrial complex was as follows: 
a) The dislocation of a heavy pre-cast girder at the façade of the office building (see figures 5
and 6). This girder lost the support at its two ends and fell to the ground (figure 6). In the 
same location but in the transverse direction the pre-cast girders that formed the 3-D frame 

Collapsed pre-cast girder 
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system had signs of distress in their ends that were cracked without, however, loosing their 
support from the columns below (figure 7).  
b) There was additional sign of distress to the bottom of one of the shear walls at the perime-
ter of the main industrial hall (figure 8). 
c) Wide cracking at the supports of certain horizontal pre-cast girders that formed the roofing
system of the main industrial hall. This visible cracking developed at the locations where 
these girders joined the supporting columns. Despite this visible damage none of these girders 
lost their supports from the adjacent columns (figure 9).  

 Figure 7. Cracking of pre-cast girder at its left support.  Figure 8. Cracking of shear wall T7 

Figure 9. Cracking of the horizontal pre-cast girders that formed the roofing system of the main industrial hall. 

a)  b) 
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Figure 10. a) Arial view of the industrial complex (2013), b) main office building entrance. 
Industrial hall is marked with red and with blue the office and show room area. 

2 DESCRIPTION OF THE STRUCTURAL SYSTEM 

The total built area is 5.659,13 m2 and it includes the 2 story industrial hall and the 3 story of-
fice building with its basement and show room area (see figure 10). The framing system of 
these two structures, without the office area partition walls and other non-bearing elements 
such as claddings, glass panel e.tc., was constructed during 1998 and 1999, just before the Sep-
tember 1999 earthquake. The building owner is Alumil S.A. having as main activity the pro-
duction of aluminum profiles. The main structural members are pre-cast and pre-stressed 
elements, which were produced at Preconstructa S.A.,  Kilkis Greece, located 450km North of 
Athens and 50km North of Thessaloniki, and then transported to the building site. 

Site limits  ,  Kifissos riverbed 
        point-1 abs. altitude 192 m(road),    point 2 abs. altitude 185 mm(river) 

 (1st and 2nd part of the 2-story Industrial hall)   (office area 3-story and show room) 
Figure11.  Building location at the site (gray box) 

Figures 11 and 12 depict the layout of the industrial complex in plan and cross-section, respec-
tively. As can be seen in figure 11, the Kifissos river bed is located at the left side of the built 
area whereas the right side of the built area, which represents the office building façade, faces 
the Tatoiou street. In order to build the foundation, a considerable volume of soil was exca-
vated, as depicted in figure 12. 
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2.1 Structural system of the Industrial Hall 

It is a 2-story structure and is constructed from R/C prefabricated and pre-stressed as well as 
cast in place structural elements. The dimension of each story in plan is 77.24 m x 24.75 m. 
The total area of the industrial hall is 2x1.911.44=3822.88 m2.  

Figure12.  Section along the site showing the area that was excavated. The gray boxes denote the building. 

-The axis grid is 6,30 m x 8,10 m for the low level (ground floor) and 6,30 m x 24,17 m for the 
second high level (1st story). The framing system in the transverse direction is a 3 bay frame 
for the ground floor and a 2 bay frame for the 1st floor. 
- Over the foundation level the structure is divided in two similar parts using a construction gap 
of 50 mm in width. Part of the building is below the ground level. The access to each level is 
done directly from the surrounding area of the site.   
-The total height of the industrial hall is 15,43 m. The ground floor height is 6,15 m from slab 
to slab. For the second level (1ststory) the clear height under the roof girders is 7,47 m (fig. 13). 
-There are two bridge crane lines, one for each level with a crane capacity 30 KN for each line. 
For the ground floor the crane span is 7,08m from beam to beam (central bay), while for the 1st 
story the crane span is 23,02 m. 
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Figure. 13 Typical section of the industrial hall. 

-The foundation is constructed using precast pocket elements and precast ground beams. The 
elements are jointed together using cast in place concrete. A cast in place R/C mat is con-
structed under the pocket foundation elements. These elements have also extended ties at the 
bottom surface, which were used for their connection to the concrete mat, as well as for an-
chor bars at the vertical faces. The large altitude difference (7,0 m) between the main road 
(Tatoiou) and the river bed dictated the foundation level, which is located approximately 1,00 
m. above the river bed (figure 12). In this way the stability of the foundation was ensured.

-The lateral rigidity of the building is achieved by combining pre-cast R/C columns and cast 
in place shear walls. The pre-cast columns at the perimeter of the industrial hall have been 
produced in the factory as a monolithic construction, having the full two-story height with a 
total length of 15,55 m. The columns cross section is 500x800mm (figure 14) for the perime-
ter axis and 500x700mmfor the inner axis. 

- Shear walls constructed with cast in place reinforced concrete (R/C) were placed at the pe-
rimeter of the industrial hall in both horizontal directions. They are jointed with the precast 
columns using ties protruded from the columns. There are eight shear walls four in each main 
axis direction. The width of each shear wall is 250 mm. The length of the each shear wall, in 
the major axis is 4000 mm, including the column dimension (figure 15). The height of shear 
walls with main axis parallel to the building longitudinal direction is 11,00 m while the shear 
walls parallel to the transverse direction are extended from the bottom to the top of the ground 
floor minus the precast beam height (figure 20).  

- The 1st story floor is constructed form precast beams and single or double “Tee” precast ba-
sic slab elements [5]. The main beams are elements, having a cross-section of 500x800 mm 
(width x height). Each beam has extended ties (close looped bars) at the top, d=10 mm every 
150 or 200 mm, embedded in the beam section. The double “tee” precast slab has a width of 
2500 mm and its length is 6100 m. The single “tee” slab is of half the width of the double 
‘tee’ slab. The basic slab section has a thickness of approximately 55 mm. After the place-
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ment of the beams and slabs at their final position a R.C. top layer is cast in place with a 
thickness of 150 mm is added. Thus the total slab thickness is 55+150=205 mm. 

-  The roof is constructed from pre-cast pre-stressed structural elements. The main girders are 
tapered of double “tee” double slope shape (figure 13). Their maximum height is 1900 mm 
and the minimum  height is 700 mm. Their length of all these girders is the same equal to 
24104 mm. The roof slab is constructed using “omega” pre-cast pre-stressed elements, having 
a length of 6260 mm a width of 1990 mm and a height of 300 mm. It is of open thin wall sec-
tion 50 mm thick The transverse roof beams are a “H” shaped pre-cast pre-stressed beams. 
The “H” beam height and width is 500 mm having a  length of 6280 mm ( figure 13). 

- All the pre-stressed girders and beams are produced in horizontal beds. The main reinforce-
ment is low relaxation wire strands directly bonded to the concrete and anchored using open 
anchor grips. 

- All these beams and girders function as simply supported structural elements. Their connec-
tion to their supporting columns is achieved using dowels (steel rods) embedded and extended 
from the precast columns. The roof girders are supported at the top of the columns using a 
“Π” shaped “nest” formation.  

Figure 14 typical 500x800x15550 mm column reinforcement for industrial hall building (shop drawings). 
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fig.15 precast column 500/800 and cast in place shear walls reinforcement (industrial hall-ground floor-T1). 

2.2 Structural system of the Office building 

-This is a 3-story structure with a basement. In its front part there is a sun room (show room) 
which is covered with glass panels. The total height of the office building is 12,32 m and that 
of the sun room area 11,18 m (fig.16). A structural gap of 60 mm width separates the office 
building from the industrial hall. The dimensions of the office building in plan is 16,00 x 
25,00 m and those of the sun room 9,45 x 25,00 m. The total area is 4x16,00x25,00 + 
9,45x25,00 = 1.836,25 m2. The axis grid is variable from 7,50m to 9,50m for the x axis and 
from 4,80m to 7,40m for the y axis. For the sun room the y axis grid is 4,80m up to 
2x7,40=14,80 m. The roof is flat for either the office building or the sun room area. Over the 
central sun room area there is a double slope roof made from glass panels. 
-The office area is constructed using pre-cast and cast in place R/C members. Those precast 
members are : double ”tee”  basic slab elements for each floor level, 4 columns of the sun 
room with its pocket foundation elements and the ground beams, double ”tee” pre-stressed 
elements  on the roof of the sun room. 
-The cast in place members are the foundation of the office building, the columns, the floor 
beams and the shear walls (SW). A core wall is used for the elevator shaft. 
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figure16 Section of the office building area. 

-The foundation level for the office area is of the same altitude as that of the industrial hall. It 
is constructed using a continuous footing grid (fig.17). The perimeter of the basement is 
formed by R/C walls 250 mm thick. 

figure 17 Office building foundation level. The part inside the box is founded 5,50 m above 
the foundation level of the building. 

-The framing system for the office building (figure 18) is a combination of beams columns 
and shear walls. The shear walls are located in the perimeter of the structure except for the 
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elevator shaft core wall. Each wall has a thickness of 250 mm and length of 2,00 m. The col-
umn dimensions are 500x500 mm (figure 19) , 750x500 mm and 800x500 mm.  

figure 18 office and sun room framing system as constructed before the earthquake. 

figure 19  column C11 basement 

3. NUMERICAL MODELING OF THE STRUCTURE

3.1 Design Loads – Construction Materials Properties 
The gravitational load values were according to the general actions on structures of the 

Greek National Code. The live loads applied on the structure were a uniform load of 7,5 
KN/m2 for the industrial hall 1st level slab and 2,0 KN/m2 for the building area for all stories 
except the roof. For both buildings the roof load was taken 0,65 KN/m2.  Dead load values 
and other partitions weight such as brick walls e.tc. were defined according to the above men-
tioned code. The moving crane load for the industrial hall was on both levels 30 KN. 

 The seismic loads were according to Greek National Code edition 1995 as follows: 
- A=0,16g ( seismic region I according to EAK [9] ) 
- importance factor γi= 1,00 
- foundation coefficient θ=1,0 for the industrial hall, 0,90 for the office building. 
- soil category B 
- characteristic spectrum period T1/T20,15/0,60 sec. for the constant value branch 

of the code design spectrum. 
- q factor = 1,80 (≈2,5x75%) for industrial hall and 3,50 for office building. 
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- soil allowable strength 250 KN/m2, ks=45.000 KN/m3. 
- Ψ2 = 0,80 for the industrial hall and 0,30 for the office building. 
The concrete quality for the precast elements is: 
- Girders and  beams in general C30/37. 
- “omega” roof elements for industrial hall C35/45.  
-   double “tee” basic slab elements , columns, pocket found. elements C20/25. 
-   ground beams C16/20, gladding concrete walls for the industrial hall C30/37. 
The topping on the double “tee” elements was C20/25. For the rest cast in place R/C 
elements the concrete class was C16/20 class. The reinforcing bars for the precast 
elements were S500 class with yield stress equal to 500MPa. For the office building 
reinforcement was S400 class with yield stress equal to 400MPa. The wire strands 
were of S1630/1860 low relaxation class [3],[4]. 

3.2 Industrial Hall 

For the purpose of the gravitational loads analysis each member was provided with its 
gravitational load according to its actual geometrical properties. The pre-cast pre-stressed 
beams and “omega” elements were analyzed as simply supported members. The method used 
is that of limited pre-stressing. The pre-stress losses due to elastic shortening, creep of con-
crete, relaxation of steel, losses at anchors and due to thermal treatment were taken into ac-
count [7]. Each double”tee” basic slab with the topping was also analyzed as simple supported 
member in order to carry the live load of 7,50 KN/m2.   

For the purpose of the seismic analysis the industrial hall modeling is made using the 
RSA-PRO software [10]. The computer model includes linear members for the columns, gird-
ers and beams and FE shell elements for the shear walls and the 1st level slab members as can 
be seen in figures 20 and 22.  

a)  b)
Figure 20.  Computer modeling of one part of the industrial hall, a) physical model, b) numerical model with 

linear frame elements for the columns and girder. 2D planar finite elements were employed for the shear walls. 
The horizontal diaphragms are indicated by the symbol X and are assumed as planar non-deformable areas. 
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a)    b) 
Figure 21.  a) double “tee” floor element,  b) “H” shaped roof beam. 

The double slope double “tee” roof girder was modeled as an “I“ tapered member. The 
“omega” elements were taken by using an orthogonal member having the same cross section 
area and weight as the real one. The 1st floor beams are of orthogonal section 500x800 mm. 
The “H” shaped roof beam was modeled as the actual one by using existing computer linear 
member (figure 21). Pinned support conditions were chosen for the simply supported pre-cast 
beam elements. The continuous footing beams and the pocket foundation elements are sup-
ported on elastic ground springs using a mean soil coefficient ks = 45.000 KN/m3 (medium 
stiffness clay). The floor slabs are assumed to constitute a diaphragm (no mesh generation 
was made here).  

The translation modes obtained from the modal analysis are shown in figure 23. The 
eigen-period values for the lateral translational modes along the two main axis x, y range be-
tween 0,85sec. and 1,04 sec. The 1st mode is the one in the y-y axis (transverse direction) 
while the 2nd mode is the one in the x-x axis (longitudinal direction). The analysis investigated 
a) the influence of the rigidity of the roof diaphragm from no diaphragm to the rigid one and b)
the influence of the stiffness of the perimeter pre-cast concrete walls (t=160 mm) assumed to 
act as pinned supported panels (fig.22). This fundamentals period value range is shown in fig-
ure 26 with respect to the elastic spectrum of the 1999 earthquake. Note that the value of the 
response modification factor used in deriving these response spectral curves was equal to 
q=1.8. 

figure 22 perimeter wall pre-cast elements as shell elements 
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 1st later. translational mode x-x  2nd later.  translational mode y-y 

fig. 23 fundamental translational modes in y-y and x-x direction (modal displacements values and frequencies). 

3.3. Office Building 

The foundation elements are spread footings, continuous footings with elastic ground springs 
(Ks=45.000 KN/m3) and ground beams. The basement walls and the upper structure shear 
walls are modeled using shell elements. The floor slabs are assumed to form rigid diaphragms 
for each level (fig. 24). The pre-cast roof beams of the sun room have releases at both ends in 
order to achieve the simple support conditions, which allows rotation about x, y, z axis and 
restrain the displacement in x, y axis. 

The translation modes as obtained from the modal analysis are shown in fig. 25. The eigen-
period values for the lateral translational modes along the two main axis x, y range between 
0.52sec. and 0.65 sec. The 1st mode is the one in the x-x axis (longitudinal direction) while the 
2nd mode is the one in the y-y axis (transverse direction). This fundamentals period value 
range is shown in fig. 27 with respect to the elastic spectrum of the 1999 earthquake. Note 
that the value of the response modification factor used in deriving these response spectral 
curves was equal to q=3.5. 

a)   b) 
Figure 24.  Computer modeling of one part of the industrial hall, a) physical model, b)numerical model with lin-
ear frame elements for the columns and girder. 2D planar finite elements were employed for the shear walls. The 

horizontal diaphragms are indicated by the symbol X and are assumed as planar non-deformable areas. 

f=0.96Hz f=1.14Hz 
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 1st later. translational mode x-x  2nd later.  translational mode y-y 

fig. 25 fundamental translational modes in x-x and y-y direction. 

3.4. Deriving the levels of the seismic forces. 

Based on the preceding numerical simulation of the industrial hall and the office building the 
eigen-frequency (period) values were obtained for the main translational (x-x and y-y) eigen-
modes that mobilize the largest part of the total mass for both structures. In order to show the 
level of forces that was employed in the subsequent analysis the following procedure is 
adopted. First, the design EuroCode-8 design spectra that were previously derived in figure 4 
for response modification coefficient (q) equal to three (3) now they are derived again. First 
for the industrial hall for a value q=1.8. This reduced value is dictated from the pre-cast nature 
of its main-girders and the cantilever-type bending deformation of the vertical columns. On 
the contrary, a value of the response modification coefficient equal to 3.5 is adopted, because 
in this case the structural system that resists the seismic forces is a mixed 3-D frame and shear 
wall system. Similarly, for the industrial hall the inelastic response spectral acceleration 
curves (longitudinal and transverse) are calculated for a ductility factor equal to 1.8 (μ=1.8), 
whereas for the office building this value is set equal to 3.5, thus being in line with the corre-
sponding values for the response modification factor (q). In this way the inelastic response 
acceleration and design spectra curves are derived and plotted in figures 26 and 27 for the in-
dustrial hall and the office building, respectively. The relevant eigen-period values for the two 
main translational eigen-modes (x-x and y-y) are also plotted in the same figures. 

Industrial Hall eigen-periods plotted with Athens 1999 Eq. 
acceleration Inelastic Spectra and Desisgn Spectra
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figure 26 response spectra for the industrial hall. 

f=1.53Hz f=1.72Hz 
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Figure 26 shows that the industrial hall fundamental translational eigen-periods 1st for y-y and 
2nd for x-x direction, are out of the range of the maximum ground acceleration. Also the ac-
celeration values from the earthquake seems to be equal or minor from the one used for the 
analysis. The spectrum values for soil category B according to the EAK period 1995 National 
Code are approximately the same with the acceleration values derived from the Athens 1999 
earthquake. 

Office Building eigen-periods plotted with Athens 1999 Eq. 
acceleration Inelastic Spectra and Desisgn Spectra
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figure 27 response spectra for the office building. 

For the office building (figure 27) the range of fundamental translational eigen-periods 1st for 
x-x and 2nd for y-y direction, are out of the range of the maximum ground acceleration. For 
this period range the derived earthquake spectrum acceleration are equal or greater from the 
one used for the analysis.  

Figure 28. Building location in relation with the most heavily damaged areas [2]. 
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4. OBSERVED BEHAVIOR OF THE STRUCTURE

The location of the office building is shown in figures 3 and 28 in relation to the most heavily 
damaged areas of the 1999 Athens earthquake. The numerical analysis of the accelerograms 
during the 1999 Athens earthquake has shown that the seismic intensity exhibit a great disper-
sion [2]. Due to the different geological conditions both low and high numerical values have 
been observed for the engineering parameters e.g., PGA varied form 0.085g to 0,511g. For the 
region of Aharnai, where this industrial complex is located. the estimated PGA was equal to 
0,46g.   

It must be pointed out that after the earthquake (2003) the seismic design ground acceleration 
was officially increased by the Ministry of the Environment from 0,16g to 0,24g for areas 
where most damaged structures were located  e.g.  Aharnai, Ano Liosia e.t.c. 

As already mentioned, the studied industrial complex sustained structural damage mainly to 
the office building while the industrial hall had only minor structural damage. 

4.1 Industrial hall 

For a limited number of industrial hall roof girders cracking and spalling of the con-
crete at the bottom of the cross section near the supports was observed and also inclination 
from the vertical position for the non-bearing gladding precast concrete walls at the end part 
of the industrial hall facing the Kifissos river (figures 9, 29). All the precast girders remained 
in their positions inside the upper precast column “nest” and no dowel damage was observed 
at their supports. The ground floor level had no damaged structural elements. 

a) b) 
figure 29 Steel girders used to support on its vertical position the gladding concrete walls after the earthquake 

from outside and inside of the hall. 

4.2 Office building 

The office building damages concentrated mainly on the beams located at the perime-
ter of this building for the 1st  2nd and 3rd floor as well as on a number of  ground floor shear 
walls (at their bottom toe) as shown in figures 5, 6, 7, 8, 30, 31, 32. 
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fig. 30 Shear wall T7 at ground floor level and cross-section view at the damaged area. 

figure 31 cracking of the ground floor ceiling B3 beam 250x550mm at distance ≈ 1,10m from joint B3-T7 

figure 32 cracking at the beam-wall joint (B9-T6) at the 3rd floor level. (B9 250x550mm, stirrups Φ8/110 mm), 
 corbel extended from wall, supporting the precast “tee” slab, not properly constructed. 

5. ANALYSIS OF THE OBSERVED BEHAVIOR

The analysis of the observed behavior for the office building structure is conducted using the 
EAK-95 and EC8 type-1 designed spectrum. For the EC8 design spectrum the seismic coeffi-
cient values used are a=0,16g and 0,24g.  For the Industrial hall the designed spectrum accel-
eration values derived using q=1,80 (qp≈Kp x q) according to the Greek Precast Code 
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recommendation. The derived spectrum acceleration values for the fundamental translation 
eigen-period are approximately the same for either EAK or EC8 as depicted in figure 33. Also 
the response spectrum values of the Athens 1999 earthquake as depicted from figure 26 are in 
the same value range. This is compared with the minor damage level observed for the Indus-
trial hall. For this reason the analysis is concentrated mainly to the office building. 

fig. 33 Industrial hall design spectrum according to National Code EAK-95 and EC8-type1 before and after the 
revision of the seismic coefficient from 0,16g to 0,24g for Aharnai region at year 2003.  

fig. 34 Office building design spectrum according to National Code EAK-95 and EC8-type1 before and after the 
revision of the seismic coefficient from 0,16g to 0,24g for Aharnai region at year 2003.  

The office building structure was analyzed using q=3,5 . According to the EC8 [8],[13] the 
percentage (nv) of shear forces resisted by the shear walls is equal to 0,88 which lies within 
the range 0,65 and 1,00. Therefore, the structural system can be considered as a shear walls 
type. The relevant relationships and the assumed value for the q factor (equal to 3,5) result in 
the following, which also applies to the seismic analysis according to the EAK 1995 edition: 

qo=3*(au/a1),      (au/a1=1,2)  and  Kw=(0,5<(1+ao))/3<1) [6],[8]. 

1st x-x eigen-period 
1st y-y eigen period 

1st y-y eigen-period 
1st x-x eigen period 
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Selected results from such seismic analysis of the office building are presented in what fol-
lows, focusing on structural elements which sustained structural damage. These elements are 
a) The shear wall named T7 depicted in figures 8,30 , b) The beam B3 element at ground floor
ceiling (fig.31) , c) The beam B9 at the same vertical position at the building roof (fig.32) and 
d) The precast girder named B6 on the sun room façade (figs. 5 and 6).

a) Shear wall T7    Figures 35, 36 and 37 present the maximum bending moment dia-
gram, bending moment capacity and maximum shear force diagram, respectively.

a)   b)

Table 1 max. and min values of the above diagrams along the major shear wall axis 

Figure 35 max. bending mom. of shear wall T7 at ground level a)EAK ag=0,16 b) EC8 
ag=0,16g (office build.) , Med = 3.261,40 KNm << Mrdmax.=3.261 KNm.

Figure 36 Shear wall T7 ,M-N interaction and moment-curvature diagram (EC8-95ag=0,16g). 
Mz major axis. 

Shear Wall T7 
Max, min bending mom. 

My(1) (kNm) 
ag=0,16 EAK 

My(2) (kNm) 
ag=0,16-EC8 

My(3) (kNm) 
ag=0,24-EC8 

Μy(2)/Μy(1) 
My(3)/My(1) 

max My  1157,10 1426,63 2129,60 1,23 1,84 

Min My -1119,31 -1388,84 -2091,81 1,24 1,87 
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a)  b)  

Table 2 max. and min values of the above diagrams along the major shear wall axis 

(EAK-95, Vcd = 760 KN, Vrd3=740 KN), (EC2,8 edge column Ved = 246 KN, Vrds=189 KN). 
figure 37 max. shear forces of shear wall T7 at ground level a)EAK ag=0,16 b) EC8 ag=0,16g 

(office build.), cr = Vcd/Vrds = 1,30 > 1,00 for EC8-0,16g. 

The bending capacity of the shear wall as designed and constructed is adequate to withstand 
the maximum bending moment demands as derived from this analysis (figures 35, 36). How-
ever, this is not the case for the shear capacity of this wall (figure37, table 2). Using the EC8 
type-1 spectrum values the shear capacity for shear wall T7 is exceeded by the corresponding 
shear demand by approximately 30%. The corresponding design and capacity values for the 
given geometry and reinforcement of the cross section are derived using the Tol-Raf software 
[11]. 

b),c) Beams B3 and B9. 

  a)   b)

figure 38 max shear force of beam B3 at ground level and B9 at roof  a)EAK ag=0,16 
b) EC8 ag=0,16 (office building)

Shear Wall T7 
Max. min Shear forces 

Vy(1) (kNm) 
ag=0,16 EAK 

Vy(2) (kNm) 
ag=0,16-EC8 

Vy(3) (kNm) 
ag=0,24-EC8 

Vy(2)/Vy(1) 
Vy(3)/Vy(1) 

Max. Vy 282,86 339,27 489,36 1,20 1,73 

Min Vy -205,43 -261,84 -411,92 1,27 2,00 

Crv = Ved/Vrd Vcd/Vrd3≈1,0 Ved/Vrds=1,3 -----  ----- 
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Table 3 max, min values of shear force and bending moments of the above diagram 

a)  b)  

figure 39 Bending moments and shear forces envelops (design loads/capacity)  
for B3 ground floor beam , a)EAK-95(a=0,16g) and  b)EC8 (Type-1, a=0,16g), 

Cr(Med/Mrd)=1,16>1,00  - Cr(Ved/Vrds)≈1,00. 

Beam B3 / Shear 
Force 

Vz(1) (kN) 
ag=0,16 EAK 

Vz(2) (kN) 
ag=0,16-EC8 

Vz(3) (kN) 
ag=0,24-EC8 

Vz(2)Vz/(1) 
Vz(3)/Vz(1) 

Max,min Vz 65,34 74,40 98,01 1,14 1,50 

Beam B3 / Bending 
Moment 

My(1) (kNm) 
ag=0,16 EAK 

My(2) (kNm) 
ag=0,16-EC8 

My(3) (kNm) 
ag=0,24-EC8 

My(2)/My(1) 
My(3)/My(1) 

Max. My 
Min. My 

62,60 
-90.28 

80,59 
-108,09 

127,45 
-154,46 

1,28 
1,20 

2,03 
1,71 

Beam B9 / Shear 
Force 

Vz(1) (kN) 
ag=0,16 EAK 

Vz(2) (kN) 
ag=0,16-EC8 

Vz(3) (kN) 
ag=0,24-EC8 

Vz(2)/Vz(1) 
Vz(3)/Vz(1) 

Max. min. Vz 35,20 42,06 59,93 1,42 1,70 

Beam B9 / Bending 
Moment 

My(1) (kN) 
ag=0,16 EAK 

My(2) (kN) 
ag=0,16-EC8 

My(3) (kN) 
ag=0,24-EC8 

My(2)/My(1) 
My(3)/My(
1) 

Max. My 
Min. My 

55,12 
-60,68 

68,76 
-74,29 

104,37 
-109,34 

1,25 
1,22 

1,89 
1,80 
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        a)       b) 

fig.40 Bending moments and shear forces envelops (design loads/capacity) roof beam B9 , 
a)EAK-95(a=0,16g) and  b)EC8(Type-1, a=0,16g), Cr(Med/Mrd)=1,50 - Cr(Ved/Vrds)≈1,20

d) precast beam B6 connection to C6.

       Fx=51,78 KN,EAK(a=0,16g)             Fx=60,87 KN,EC8(a=0,16g)               Fx=86,57KN,EC8(a=0,24g) 
figure 41 Precast shear force at beam column dowel for beam/column  B6 – C8 connection (sun room ceiling). 

 BEAM - COLUMN DOWEL CONNECTION
COLUMN AAK6

CONCRETE STEEL
C 20 B 500 C

γc  = 1,5 γs   = 1,15
fcd = 13,3 N/mm2 fyd  = 434,8 N/mm2

COLUMN DIMENSIONS

dx  = 0,8 m
dy  = 0,5 m

Support Area

hx  = 0,3 m
hy  = 0,3 m
e    = 0,25 m

ELASTOMERIC-PIECE
SPEBA SERIES 3120 (σd = 15 N/mm2)
ax  = 250 mm
ay  = 250 mm
t     = 20 mm
N   = 938 KN

APPLIED LOADS

Νsd = 68,68 KN
Vsd = 60,87 KN

Aco

Ac1

Nsd

Ft

Fs

Fs2

Fr

2/3 x hx

hx

1. Check for condrete upper face compression
(0) = failure
(1)  = o.k.

ef    = 42 mm
b*    = 250 mm
a*    = 167 mm
Aco  = 41.667 mm2
Ac1    = 65.000 mm2
FRdu= 694 KN > Νsd = 68,68 KN O.K.
FRdu1= 1.833 KN > FRdu= 694 KN

2. Check for dowel capacity B 500
(0) = failure fyd   = 434,8 N/mm2
(1)  = o.k.

dowel  d    = 28 mm 1 τεμ. 
δ   = 1,04
c1  = 140,0 mm  >=< 84 mm
c2 = 130,0 mm  >=< 140 mm
Du,d = 56,6 KN < Vsd  = 60,87 KN FAILURE

figure 42 dowel capacity for the steel rod connection B6 and C6 [12]. 
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From the preceding selected analysis results for the office building it can be concluded that: 

      Shear Wall T7 
- The bending moment capacity of shear wall T7 is larger than the corresponding 

demands even the ones resulting from the maximum spectrum values, employing 
seismic design ground acceleration a= 0,24g, as can be seen from figures 35,36. 

- The shear capacity of wall T7 is exceeded by the shear force demands obtained us-
ing the spectrum values of EC-8 type-1 Crv=1.30 (figure 37 table 2) and employ-
ing seismic design ground acceleration equal to 0,16g, which is quite close to the 
recorded spectral acceleration of Athens 1999 earthquake. 

Beams B3 and B9 
- The B3 beam bending moment capacity is exceeded by the demands obtained us-

ing the EC8-type1 spectrum values having a capacity ratio Crm=1,16>1,00 (fig-
ures 39), while the shear force capacity is approximately equal to 1,00. This seems 
to comply with the observed behavior of a cracked section for this beam at the 
critical region end (figure 31). 

- The B9 bending moment and shear force capacity is exceeded by 50% and 20% by 
the corresponding bending moment and shear force demands, respectively (figures 
40). 

Beam B6 (sun room ceiling) 
- The pre-cast beam B6 at the roof of the office building (figs. 5, 6) was the only one 

that was constructed without a “nest” connection at the top of the precast column. 
The force applied to the dowel (d=28 mm as build), as resulted from the analysis 
using EC8-type1 design spectra  and seismic design ground acceleration 0.16g 
(60.87KN), exceeds the capacity (56.6KN) of the steel rod (figure 42). As already 
mentioned, this beam was not supported by a “Π” shaped “nest” whereas the roof 
girders of the industrial hall were supported by such “Π” shaped “nests”. Thus, it 
can be concluded, on the basis of this analysis and the relevant observations, that 
the “nested” connection of the girders to the columns exhibited up to a point satis-
factory performance for this intense earthquake ground motion. On the contrary, 
the performance of the beam-to-column connection that did not employ these “Π” 
shaped “nests” was unsatisfactory and should be avoided figures 5,6). 

6. CONCLUSIONS

a. The Industrial hall having the fundamental eigen-period outside the peak design
spectrum values and using a conservative value for the q factor equal to 1,80,  according to 
the Greek Precast R/C Building Code recommendations, has shown a rather satisfactory be-
havior during the Athens 1999 earthquake. The use of “Π” shaped “nests” for the connection 
of the main roof precast-prestressed girders with the supporting columns prevented them from 
dislocating or overturning.  Moreover, the use of such a connection reduced the forces sus-
tained by the dowels at this connection detail leading to a satisfactory performance for the 
level of forces generated from this earthquake sequence. On the contrary, the absence of such 
a “nested” connection for the office façade girder B6 caused the dislocation and overturning 
after the dowel failure. From the observed unsatisfactory performance of the beam-to-column 
connection that did not employ these “Π” shaped “nests” it can be concluded that such con-
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nection detail should not be used in seismic regions. The used seismic analysis was capable at 
predicting this type of dowel failure.  

b. The employed numerical analysis for the office building structure resulted in bend-
ing moment and shear force demands for the critical structural elements that when compared 
with their corresponding bending moment and shear force capacities are well in agreement 
with the observed behaviour of these structural elements during the Athens 1999 earthquake. 
Using the EC8 type-1 spectrum values, which was shown to be closer to the Athens 1999 
earthquake acceleration response spectra,  the shear force capacity of the shear wall T7 is ex-
ceeded, while the bending moment capacity is greater the corresponding demand. 

c) The value for the  q factor equal to 3,5, which was used in the seismic design of the
office building, proved to be a non-conservative on the basis of the observed structural dam-
age that this structure sustained during the Athens 1999 earthquake. Although the moment 
ductility ratio μθ=4,2 is achieved based on the outcome of the seismic analysis, the shear ca-
pacity deficiency seem to governs the behavior of the shear walls  thus producing a rather 
non-ductile performance. 

d) The revision of the seismic code that resulted in an increase of the seismic design
ground acceleration by 50% (from 0,16g to 0,24g) for the region that sustained considerable 
structural damage during the Athens 1999 earthquake (2003) seems to be in the right direc-
tion.   

e) The present investigation demonstrated that the use of pre-cast reinforced concrete
members, when properly designed and detailed, can be employed with confidence in seismic 
regions. Towards this end the composition of the structural system, utilizing shear walls with 
the appropriate bending moment and shear capacities, as well as effective interconnections of 
the pre-cast structural elements and the cast in-place structural members are the key factors 
for a safe structural performance.  
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Abstract. Common construction practice of cast in-place piers in reinforced concrete bridges 

presents limitations due to high construction and post-earthquake rehabilitation cost. The lat-

ter can become extensive due to the potential development of plastic hinges at the top and bot-

tom of the piers. Another issue that arises due to the large pier stiffness in cast in-place piers 

is the accommodation of in-service deformations without the development of any plastic de-

formations that require rehabilitation works, as well. Therefore, alternative solutions that 

avoid permanent deformations on piers, reduce seismic demand and develop elastic seismic 

and in-service bridge response have been investigated in the last years. The present paper to 

address this issue studies, experimentally and analytically, the use of precast piers either full-

height or segmental and proposes a hybrid precast pier system. In the novel approach the 

connection of the prefabricated segments with the foundation at the pier’s base and the deck 

at the pier’s top is achieved with unbonded conventional steel reinforcement. The piers are 

not expected to develop cracking except from the top and base interfaces due to rocking re-

sponse. In this way, precast piers can accommodate bending deformations from seismic and 

in-service demand. A benchmark three span R/C Bridge was used for the investigation. Three 

1/3 scale pier specimens with precast hollow sections were experimentally tested and com-

pared regarding their flexural response and stiffness. The experimental results were then used 

in an analytical application on a finite element model of the Benchmark Bridge and time his-

tory analysis was conducted to evaluate the bridge seismic response. It is evident from the 

analytical and experimental outcomes that the different methods that were studied control the 

flexural stiffness of piers, develop improved seismic response and have positive effects on the 

economy and constructability of R/C bridges. 
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1 INTRODUCTION 

Bridge construction practice of cast in place piers is the most common method worldwide 

for the construction of concrete bridges that have monolithic connections between deck and 

piers. However, there are some limitations regarding the use of the current construction prac-

tice.  One concern is the high cost of using scaffolding, in terms of complexity, workman ef-

forts and time-intensiveness, when used in elevating heights. In particular, when the pier 

height is larger than 10m cast in place piers are not economically feasible [1]. Furthermore, 

the resulting monolithic connections in the cast in-place practice, arise an issue of high reha-

bilitation costs due to the potential development of plastic deformations at the top and bottom 

of the piers, either under in-service or seismic loading according to Eurocode provisions, [2]. 

The widely used isolation devices between deck and piers, recommended also in Eurocode 

[2], cannot be a panacea since although they accommodate the latter issue with the develop-

ment of elastic deformations, are considered quite expensive, especially regarding the re-

quired maintenance costs. Therefore, it is essential to investigate novel ways to mitigate the 

stated problem. 

In the last decades, pier prefabrication which is a feasible alternative to cast in place prac-

tice, is more and more used in bridge construction, [3]. However, precast of bridge substruc-

tures is still not used widely and most precast pier construction is limited to bridges that 

involve isolation devices for the support of the deck on piers. In most precast pier applica-

tions, moment connections between piers and pile caps at the bottom and piers and beam caps 

at the top are developed, [4]. Recently, there have been, some scientific efforts for creating 

hybrid precast pier systems, [5] for altering pier top and bottom connections, but they haven’t 

yet been incorporated in practice due to the lack of extensive investigation of these pier types 

and the lack of any design specifications and design tools. More specifically, in Hieber [3] it 

is stated that solid circular precast piers can be used in combination with longitudinal unbond-

ed tendons and conventional steel reinforcement. In such cases, the pier rotation caused from 

relative seismic lateral movements is accommodated through the rocking response of the gap 

openings at the interfaces near the top and bottom of the pier and the tendons can provide re-

centering forces to the system. However, important considerations regarding the use of pre-

stress is the increased axial load that is induced in the system and the protection of the pre-

stressing steel from corrosion throughout the structure’s design life. 

It is noteworthy that rocking piers on foundations have been widely investigated by the sci-

entific community and not limited to prefabricated pier applications. Some researchers have 

indicated that the rocking itself can act as a form of isolation mechanism. Mander and Cheng 

[6] introduced rocking frames as an alternative design concept of bridges. Several studies 

have been conducted based on the response of rocking frames. Makris and Vassiliou [7] and 

DeJong and Dimitrakopoulos [8] revisited the seismic response of the freestanding rocking 

frames. Various systems, not limited to prefabricated piers, that combine the use of re-

centering, such as prestress steel tendons and energy dissipation devices with rocking re-

sponse have been proposed for both buildings [9] and bridges [10]–[13].  

On the light of the above, the present paper proposes a hybrid precast pier rocking system 

with unbonded conventional reinforcement as a novel approach to pier prefabrication. The 
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steel reinforcement is placed longitudinally in circular hollow cross sections and is not bond-

ed from the concrete except from the areas of the anchorage length. Conventional reinforce-

ment instead of prestress steel was preferred to avoid high axial load values on piers and to 

overcome corrosion issues with the use of stainless steel rebars. The investigation was held 

for circular hollow cross sections, while most of the previous precast pier systems [5] used 

solid. Circular hollow cross sections have the advantage of reduced weight that makes transfer 

and erection of pier segments easier and more economic and rapid, are common for bridges 

with large heights and have the same mechanical behavior in all directions. Research studies 

that have been conducted regarding the structural response of hollow cross sections [14] and 

issues like confinement [15], were taken into account for the configuration of the reinforce-

ment in the pier cross section. Additionally, the response of bridges with precast full-height or 

segmental piers was studied, as well, aiming at further enhancing scientific knowledge for 

prefabricated piers. The investigation was conducted experimentally and analytically and a 

three-span R/C concrete Bridge was used as Benchmark for both parts of the study. The ulti-

mate target regarding the bridge application was to achieve with the proposed precast piers a 

significant reduction in the seismic actions in a way similar to seismic isolation. Three 1/3 

scale pier specimens with precast hollow sections were experimentally tested and compared 

regarding their flexural response and stiffness. The experimental results were then used in an 

analytical application on a finite element model of the Benchmark Bridge and time history 

analysis was conducted to evaluate the bridge seismic response. From the analytical and ex-

perimental outcomes, it became evident that the different types of piers that were studied have 

improved seismic response and have positive effects on the economy and constructability of 

R/C bridges. 

2 RESEARCH SIGNIFICANCE AND DESCRIPTION OF THE PROPOSED 

SYSTEM 

The proposed herein precast pier system originates from the need to satisfy the following 

requirements of the compliance criteria of current bridge practice, with an emphasis on con-

structability, economy, aseismic and serviceability response: a) Construction of piers is a de-

manding issue, especially for large heights which often require large cross sections, as well. 

The common cast in place construction practice with a moving scaffolding through the pier 

height, which is expensive and difficult to apply, tends to result in piers of low quality. By the 

proposed pier system, constructability issues are eliminated as precast solutions can increase 

quality and speed the construction of piers. Regarding the arising issue of the transfer of pre-

cast piers from production to the site, it is possible to be treated with a piece by piece transfer 

and an appropriate segment connection during erection process [16]. b) Accordingly, from an 

economic perspective, the industrial production of pier segments can lower the construction 

cost drastically. c) Regarding seismic response of bridges, often there is the need to avoid 

plastic hinges or vary the stiffness of piers to address seismic requirements, while it is essen-

tial at all times to keep the same pier dimensions due to aesthetic reasons. The common prac-

tice is to lower the flexural stiffness of piers with the use of isolation devices, which, however, 

are expensive with respect to supply and maintenance. The proposed system aims to alter the 

flexural stiffness of piers, lengthen the fundamental period of bridges and reduce seismic ac-

tions on piers. It is actually a way to introduce in bridge systems seismic isolation characteris-

tics. The intervention can be more evident in the shorter-stiffer piers, especially in long 
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bridges that present large differences in pier heights; piers in the middle are usually higher 

than those at the end spans due to topographic reasons. In these bridges, variance in pier stiff-

ness affects even the regularity of bridges, which results in the reduction of the behavior fac-

tor of bridges according to Eurocode 8- Part 2 [17], while the novel precast pier system can 

reduce the stiffness of short piers and transform irregular systems to regular. d)Serviceability 

issues that arise in shorter piers due to their large stiffness can be accommodated, as well. It is 

noted that in the context of this study the analytical investigation is limited to seismic re-

sponse.  

Therefore, the proposed hybrid precast pier system aims to answer the question of control-

ling seismic and in-service response in a constructible and economic way. The proposed sys-

tem includes the use of precast piers. The piers can be either of full height or segmental. The 

ability to use precast piers and, especially, segments, is based on a former study of the authors 

[16] and on the experimental study herein.  The precast piers are introduced in bridges with-

out creating moment connections at the top and bottom of the pier. At these positions gaps are 

developed between pier- deck and pier-foundation interfaces.  The connections between the 

precast concrete columns and cap-beam are achieved with longitudinal conventional steel re-

inforcement that is not bonded to the pier’s concrete. In the present study, it is a novel ap-

proach to use conventional steel reinforcement instead of prestressed tendons that are used in 

common practice. The steel reinforcement is anchored with the appropriate length and un-

bonded through the full pier height with the use of plastic sheets or ducts and located around 

the external diameter of the pier. The system is applicable for a variety of cast-in-place con-

crete foundation types and deck cross sections. Herein the investigation is limited to connec-

tions with box girder decks and pile-cap foundations. Figure 1 shows a sketch of the hybrid 

pier supported on a pile-cap foundation and the unbonded conventional longitudinal rein-

forcement.  

 
 

Figure 1: Schematic figure of the proposed hybrid pier system 
 

The precast piers are designed so that, as the pier sways during a seismic event or deforms 

under in-service temperature loading, the unbonded conventional reinforcement is stretched 

and the rotation caused from the relative lateral movement between the cap-beam and the 

foundation is accommodated through one gap opening at the interfaces near the top and bot-

tom of the pier. The piers develop a rocking response and, therefore, the lateral deformations 
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are a result of rigid column rotation, not plastic deformation of materials within the plastic 

end region at the highest moment demand area and crack growth is avoided in the piers.  

Since cracks are expected to develop at the contact interfaces at the top and bottom of piers, it 

is advised to use stainless steel reinforcement to avoid corrosion. The unbonded conventional 

reinforcement is designed so that the rebars do not yield. By remaining elastic, the bars do not 

provide any energy dissipation, but they do provide a re-centering ability. The re-centering 

ability causes the hybrid pier to have small residual displacements after an earthquake. The 

unbonded reinforcement does not yield because the increase in strain as the frame sways is 

distributed over the length of the entire bar. In Figure 2, the mechanism that receives the 

seismic forces is prsented. The seismic shear is received from a diagonal strut from the con-

crete cross section and from the horizontal forces of the rebars under tension. The equations 

governing the response are shown in Eq (1)-(3). The flexural stiffness of piers is significantly 

reduced. Although energy dissipation mechanisms are disabled in this system the reduction in 

the pier flexural stiffness, elongates the fundamental period of the structure, giving to the sys-

tem seismic isolation characteristics, which results in a large reduction of the seismic forces. 

The resulting stiffness will be further investigated in the experimental study.  

 
Figure 2: Polygon of seismic forces in the proposed pier 
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Where V: Shear seismic force, Vc: Shear force from concrete strut , Vs: Shear force from 

the unbounded longitudinal reinforcement, T: tension force, Ast: area of the steel reinforce-

ment cross section, σs: steel stress, Es: steel elastic modulus, ε= steel deformation and L= pier 

height. 

The system allows the proportion of the unbonded reinforcement and the reduction of flex-

ural stiffness of piers to be selected on the basis of the required response for providing an in-

creased re-centering ability and not allowing maximum displacements to reach high values. It 

is noteworthy that seismic displacements can be further reduced through the use of a steel re-

strainer mechanism in the deck of the bridge that has been proposed by the authors in previ-

ous studies. [18], [19]. 

3 EXPERIMENTAL STUDY  

3.1 Aim of the experimental study 

The purpose of the experimental investigation is the response of precast piers in full height, 

in segments and with the proposed precast pier system. Three types of specimens were tested 

and the experimental research focused on the evaluation of the resulting stiffness of the pre-

cast pier specimens. The experimental study also compared the response of a full height pre-

cast pier specimen and a segmental pier specimen, which is considered critical for the pier 

seismic response.  

3.2 Description of specimens 

The specimens were developed based on the dimensions of the piers of a three-span mono-

lithic bridge of Egnatia Motorway in a 1/3 scale, which is described in 4.1. The bridge piers 

have a solid circular cross section of 1.80m diameter and are 9m high. (Fig.8). A hollow cross 

section of the specimens was selected to lower construction cost with 0.60m external diameter 

and a height of 3m. The three precast concrete specimens that were investigated are shown in 

Table 1. The class of the concrete was C30/37. The yield stress of the steel rebars used for the 

longitudinal and transverse reinforcement was considered equal to 500MPa. 

 

Name Description Dimensions Height 

SP1 Precast Pier Segments 
Hollow cross section dex-

ter=0.60m, dinner=0.30m 

3m 

SP2 Precast Pier Full Height >> 3m 

SP3 
Precast Pier with unbond-

ed conventional steel rein-
>> 

3m 
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forcement 
 

Table 1: Example of the construction of one table 

 

More specifically, the first specimen represents a pier constructed segmentally and accord-

ing to a construction method (SP1) that is proposed and described in detail in a previous re-

search work of two of the authors of the paper [16]. SP1 consists of two segments; each 

segment is a hollow circular column with a thickness of 5 cm. The inner column has a diame-

ter of 30 cm and the outer column 60 cm. Each segment has a height of 1.75 m. The gap be-

tween the two columns is casted in-place and has a thickness of 5cm, as well. The second 

specimen represents a pier constructed according to the current pier precast practice in full-

height (SP2). Similarly the construction process is described in detail in [16]. SP2 has a height 

of 3.5 m and the thickness of the hollow cross-section is equal to 15 cm. The reinforcement of 

SP2 is placed at the same position as in case of SP1 but its length is equal to 3.5 m, in contra-

ry with SP1, in which the longitudinal reinforcement consists of 1.50 m rebars as shown in 

Fig. 3. The third specimen was developed as a single segment pier, as SP2, with the same ge-

ometry and outer longitudinal reinforcement of 56Ø8 that were anchored at the ends of the 

specimen with the appropriate anchorage length. Former research on hollow circular cross 

sections [14], [15] was taken into account and the inner longitudinal reinforcement was not 

considered to contribute in the pier response. The cross section and elevation of the specimens 

are shown in Figure 3. The difference of SP3 lies in the absence of the bonding of the steel 

reinforcement with the concrete in the central part of the specimen which can be avoided dur-

ing the pour of concrete with the use of pvc sheet protection. The transverse reinforcement in 

all three cases consists of two coils, an internal coil of Ø8/60 mm and an external coil of 

Ø8/50 mm.  

  
                                                                  (a)                                    (b) 

 
(c) 

 

Figure 3: a) Specimen 1- cross section, b) Specimen 1- elevation b) Specimen 3-cross section 
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3.3 Test Set up and Results 

The experiment was conducted in the Laboratory of Experimental Strength of Materials 

and Structures, Department of Civil Engineering, Aristotle University of Thessaloniki. The 

preparation of SP1 and SP2 specimens that were tested took place at ARMOS precast factory. 

Regarding the first two specimens that have moment connections at the pier top and bottom it 

should be noted that although piers are not simply supported components, fixity is very diffi-

cult to achieve in the laboratory. Thus, it was decided to test each specimen as a simply sup-

ported beam, which is a common practice, and then convert the results to fixed conditions, 

which represent reality. Each specimen was supported at their ends and was subjected to an 

incrementally applied point load in their mid-length (Fig. 4) in two diametrically opposed di-

rections until their yield point, which was circa 500 - 600 kN, as the ultimate load capacity 

had already been calculated at about 50tn.  

 

 
 

Figure 4: Loading of specimen SP1 in Laboratory. 

 

Deflection at mid-length of the specimens was recorded by the use of an analog displace-

ment sensor. The test set up model is presented in Figure 5. The results obtained from the ex-

perimental study of the first two experiments are shown in Figure 6. The x-axis represents the 

deflections at the mid length of the specimen and the y-axis the load applied. It can be ob-

served that the two slopes at the state of Stage II (cracked section) are similar, which means 

that the specimen of the segmental case (SP1) approaches the behavior of the full-height spec-

imen (SP2) and that the specimens have similar flexural stiffness. 

 

 
 

Figure 5: Experimental set up 
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Figure 6: Load – Deflection (at mid-length) experimental results. 

 

The third experiment was conducted analytically “on paper”, a term that was introduced by 

Professor Tasios of NTUA. The specimen was considered as simply supported at the ends and 

was subjected, similarly, to an incrementally applied point load at the mid-length of the spec-

imen. No axial load was applied on the specimens. The load deflection relationship was calcu-

lated according to Eq. (3) for incrementally applied load to the yield point of the 

reinforcement. The load P is calculated as a function P(u) of the deflection u at the mid length 

of the specimen. The proposed hybrid precast pier system is expected to develop elastic re-

sponse, therefore, the results beyond yield point are out of the scope of the present study. The 

values of the required parameters for the experiment “on paper” are shown in Table 2.  

 

Parameter Value 

D (m) 0.60 

Ast (cm
2
) 28.20 

H (m) 3.00 

Es (GPa) 200 

εsy (%) 2.17 

uy (m) 0.10 
 

Table 2: SP3 parametric values 
 

In Figure 7a the flexural stiffness of the specimens is presented. Since the response of the 

first two specimens was quite similar, the mean effective flexural stiffness of the first two 

specimens was calculated and compared with the effective flexural stiffness of the third spec-

imen SP3. The effective stiffness can be calculated as a linear approximation of the force-

deflection relationship, a process followed by Eurocode specifications [20], Fig 7b, as well. It 

is observed that the effective stiffness is tremendously reduced when compared to the stiffness 

of the first two specimens. The ratio of the effective flexural stiffness of SP1 and the mean of 

SP1 and SP2 is equal to 0.13. The reduced flexural stiffness can be used as means of trans-

forming structural systems to seismically isolated without introducing any isolation devices. 

The ratio of the effective flexural stiffness of the specimens to the uncracked pier flexural 

stiffness is shown in Figure 7c. It is noteworthy the cracked stiffness of State II for a regular 

pier is analytically calculated equal to 37% of the uncracked stiffness and the stiffness of the 

specimens SP1 and SP2 presents low difference to that value.  
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                                             (a)                                                                                     (b) 

 
                                                                                      (c) 

 

Figure 7: a) Effective stiffness diagrams, P/u at the mid length of the simply-supported specimens, b) Fig.6.2 

Eurocode 8-Part2, c) ratio of the calculated flexural stiffness to the uncracked stiffness 

 

4 ANALYTICAL STUDY 

The results from the experimental study were used in an analytical case study to evaluate 

the effectiveness of the proposed precast pier application on the seismic response of bridges. 

4.1 Description of the Benchmark Bridge 

The Benchmark Bridge that was used in both analytical and experimental study is a mono-

lithic three span pre-stressed R/C bridge. The end spans are 45.10m, the middle is 45.60m and 

the total length is 135.80m. The deck is a concrete box section, connected to the piers mono-

lithically, and is supported on the abutments by low friction sliding bearings. The piers are 

circular and are founded on 3x3 pile groups. The bridge’s abutments are seat-type and have 

transverse seismic links-stoppers. The bridge is founded on ground type B and the area is in 

seismic zone I, [21].  
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Figure 8: 3-D Benchmark Bridge Model 

 

Figure 9: a) M-φ curve, b) Abutment P-Y curve, c) Sliding Bearing 

A 3-D finite element bridge model, Fig. 8, was generated in the analysis software Open-

Sees,[22] accounting for abutment-embankment interaction. Bridge components were mod-

eled as frame elements with material nonlinearities. The section analysis for the benchmark 

bridge, Fig 9(a), for the assignment of concentrated plasticity (hinges) at the top and bottom 

of piers was performed with AnySection v4.0.6, [23]. The foundation springs were provided 

by the geotechnical report. The passive resistance of the abutments due to embankment mobi-

lization was simulated according to Shamsabadi guidelines [24] and the HyperbolicGap com-

pression material was used in OpenSees, Fig 9(b). The sliding bearings were modeled as 

shown in Fig 9(c). 

4.2 Application of the proposed precast piers 

The results obtained from the experimental test can be used in the case study, since the 

specimens were created based on a 1/3 scale to the Benchmark Bridge. Three different bridge 

pier cases are investigated analytically. The first is the benchmark bridge (B), the second the 

bridge with precast pier with hollow circular sections and conventional reinforcement, as SP1-

SP2,(PR2) and the third with the hybrid precast pier system which has the same cross section 

and unbonded longitudinal reinforcement through the height of the piers (PR3). The dimen-

sions of the piers in the two latter cases are: 1.8m outer diameter and 0.35m thickness. The 

concrete class is C30/37. The unbonded reinforcement is introduced in the outer coil of the 

pier. The advantage of using hollow cross sections lies in the reduction of the weight of con-

crete cross sections and the reduction of their cost of transfer consecutively. The flexural 

stiffness of the precast piers derived from the experimental results is used. Eigen analysis of 

the three structural systems resulted in the following plot, Figure 10a which depicts a signifi-

cant elongation of the fundamental period of the PR3.  
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Figure 10: a) Fundamental period of the systems, b) Eurocode spectrum for 0.16g 

Figure 10b includes the elastic spectrum according to Eurocode 8 for the bridge. It is even 

more evident from this plot that the fundamental period of the system increases that much that 

the proposed system can be characterized as a type of seismic isolation. The structure is shift-

ed to the right of the spectrum which reduces the seismic actions significantly. Time history 

analysis was performed with seven artificial accelerograms compatible to Eurocode 8 spec-

trum for 0.16g , Zone I. In Figure 11a the maximum pier top displacements from the time his-

tory analysis are presented. It is observed that there is a substantial increase to the maximum 

seismic displacement, but it is not increased to an extent that it cannot be accommodated by 

the bearings at the abutments or with a slight increase of the end joints of the bridge. On the 

other hand, the seismic actions on bridges are remarkably low for the proposed pier system 

which depicts that the bridge will develop elastic response under the design earthquake load-

ing. The seismic moments are more than 60% lower the yielding pier moment at the pier base. 

 

 

  
                                      (a)                                                                                           (b)  

 

Figure 11: a) Maximum seismic displacements, b) Maximum seismic actions at the piers 
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Figure 12: Steel Rebar Seismic Deformation in PR3 

Finally, the deformation of the unbonded longitudinal reinforcement is investigated to en-

sure that the steel reinforcement is elastic and able to provide the bridge with the re-centering 

forces. In Figure 12, it is shown that the maximum seismic steel bar deformation is signifi-

cantly lower in comparison to the yielding deformation of the steel bar. 

5 CONCLUSIONS  

The present study proposes a novel hybrid precast pier system with stiffness control features 

the addresses most of the various compliance criteria in current bridge practice. Experimental 

and analytical investigation was conducted to three different types of precast piers to gain fur-

ther knowledge in the response of precast piers and to validate the proposed method. The con-

clusions derived by the present study are stated in the following paragraphs:  

 The experimental study has shown that precast piers either with single elements in full 

height or in segments can have a reliable response, as the calculated stiffness from the 

experiments does not differ significantly from the analytically calculated stiffness of 

State II (cracked) and the analytical results depicted similar behavior to the cast in  

place piers. 

 The proposed hybrid precast pier system uses conventional steel reinforcement un-

bonded through the pier height. The investigation showed that the system can be effec-

tive without the use of prestressed tendons, which is the current practice. In this way, 

the large axial load that is induced in the bridge system from the tendons and prestress 

tendons corrosion issues can be avoided. 

 Regarding the analytical study, it is observed that the fundamental period of the struc-

ture is lengthened to an extent that the proposed system can be characterized as a 

seismic isolation mechanism that is achieved without the use of isolation devices. 

Therefore, it can be characterized as an economic system when considering the con-

struction and maintenance cost of the isolation devices that can be avoided.  

 The seismic response of bridges is also improved through the reduction of seismic ac-

tions on piers to the level of their capacity. Furthermore, the post-earthquake required 

rehabilitation works are minor as cracks on pier webs are avoided and re-centering 

forces are developed to return the system to initial position. The system is expected to 

develop linear elastic behavior and the seismic actions are reduced around 60%.   

 Constructability criteria are highly met, as it is possible to use precast pier cross sec-

tions which can be erected without difficulties at the site. Finally, serviceability re-

quirements could be addressed by the controlled reduction of pier stiffness, as well, 

although analytical investigation was not included in the scope of the present study.  
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Abstract. This paper presents results from an experimental and numerical investigation that 
was initiated from the failure of a complex scaffolding 3-D frame that was used at the con-
struction site of a highway bridge overpass in Greece. This   3-D complex scaffolding frame 
was erected utilizing typical scaffolding units used by the construction industry in Greece 
made of steel tubular cross-sections. The tested scaffolding unit specimens were the same as 
the commercial units that were used in the failed 3-D scaffolding structure. A typical scaffold-
ing unit consists of two towers 2.5 m high and 1.2 m wide, joined together by diagonal brac-
ing. Two such prototype scaffolding units were tested by subjecting them to gradually 
increased compressive load up to failure. The tested specimens were were loaded vertically in 
compression. A special fixture was introduced at the top level so as to introduce a relatively 
flexible horizontal restraint to the tested scaffolding unit at this level and to ensure the verti-
cal application of the load. Moreover, an effort was made to partly investigate the influence 
of the support conditions of the tested scaffolding units at the laboratory in order to examine 
the effect of such an influence on the response of the 3-D complex scaffolding structure in-situ. 
Finally, results from a non-linear inelastic numerical analysis, aimed to predict the behavior 
of the tested scaffolding units, are also presented.  The obtained measured response is pre-
sented and discussed in terms of measured load-deformation response curves and observed 
modes of buckling failure. It can be seen from these results that realistic modes of failure 
were obtained by the adopted testing arrangement. Moreover, by comparing the obtained 
during testing bearing capacity and modes of failure with the corresponding results obtained 
from the non-linear inelastic numerical analysis reasonably good agreement could be 
reached. This supports the validity of the utilized numerical simulation. 
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1 INTRODUCTION 

The majority of construction operations involve the use of scaffolding systems to support 
loads from activities that take place during construction (fresh concrete placement, workers, 
formwork, etc.). The construction phase of a project is commonly the period where structural 
failures due to scaffolding occur. The scaffolding must be able to withstand the superstructure 
and horizontal loads as well as the additional hydraulic pressure of fresh cement ([1], [2], [3]). 
It takes at least ten hours or more for the concrete to harden before it can carry its own weight. 
Before that, it relies on the scaffolding to hold it in place (figure 1a). From statistical data it 
can be concluded that a large part (50%) of human accidents in the construction industry are 
due to some type of scaffolding failure (figure 1b). 

Figure 1a. Bridge overpass construction [4]  Figure 1b Penang second bridge collapse, in Malaysia, June 2013 [4] 

 Considerable attention is given in constructing 
in-situ the 3-D scaffolding support system by 
properly connecting the scaffolding units fol-
lowing a semi-empirical conservative scaffold-
ing construction approach. This approach is 
usually conservative, especially when the sup-
ported parts are not extremely heavy and the 
scaffolding is founded on firm non-deformable 
soil. However, one cannot exclude uncertain-
ties relevant to either the weight amplitude of 
the supported members or/and the scaffolding 
system boundary conditions. 

Figure 2. Scaffolding collapse on 14 October 2015 of 
Grayston bridge being constructed over the M1 in 
Sandton, South Africa [4].  

Scaffolding failures [4] are usually due to overweight or support displacements when the sup-
ports of the scaffolding are founded on deformable media. In this case, unless stringent pre-
cautionary measures are taken, displacements of these scaffolding supports can influence 
significantly the transfer of loads and result in load transfer redistribution and overstressing of 
certain parts of the 3-D scaffolding structure. Such force redistribution and over-stressing can 
lead to large plastic deformations on various parts of the 3-D scaffolding structure and trigger 
partial or total collapse. Bridge collapses during construction, like the ones depicted in figures 
1b, 2 and 3, demonstrates the importance of a conservative estimation of the load bearing ca-

298



G.C. Manos, V. Soulis, A. Nalmpantidou, V. Kourtidis 

pacity of scaffolding as well as of stringent supervision of the construction of such 3-D scaf-
folding structures, especially when is founded on deformable media.  

Figure 4. Bridge collapse on 24th November 1999 at the 5th Km of Paiania-Markopoulo new highway at Attiki 
Odos due to scaffolding failure 

This paper’s objective is to identify the load bearing capacity, and the modes of failure of a 
typical frame scaffolding used for construction practices in Greece. This is done through an 
experimental analysis, which took place in the Laboratory of Strength of Materials, in the De-
partment of Civil Engineering, at Aristotle University of Thessaloniki. Moreover, a comple-
mentary numerical analysis was also carried out. A numerical investigation of a scaffolding 
structure was conducted by Peng et al. ([6], 1996) by examining through a computer simula-
tion the behaviour of a three storey scaffolding representing actual construction practices. The 
numerical results show good agreement with the measurements of the behaviour obtained ex-
perimentally. The same authors ([7], 1996) simplify this numerical simulation in order to 
study the collapse of multi-bay scaffold systems; they present a simplified numerical treat-
ment, and provide practical tools, such as guidelines and checklists, to ensure the safety of 
scaffold systems during construction. Weesner, and Jones ([8], 2001), studied experimentally 
and numerically the load bearing capacity of frame scaffolding. Four different types of frame 
scaffolding systems were tested experimentally, while commercially available software, capa-
ble of performing eigen-buckling and geometrically nonlinear analysis, was utilized to predict 
the ultimate load- carrying capacity of each scaffolding frame separately and compare the 
numerical predictions with the obtained measured values.  In the present study, the behaviour 
of simple approximately 1000mm long tubular members, cut from typical scaffolding units, is 
first presented. The behaviour of these tubular members is studied numerically as well as by 
testing them when subjected to axial compression in the laboratory. Moreover, a 3-D scaffold-
ing structure that is formed by two planar scaffolding tubular frames with all the connecting 
features is also examined when subjected to axial compression. This 3-D scaffolding structure 
is a typical scaffolding unit that formed the complex 3-D scaffolding structure that supported 
in-situ and failed during the construction of the bridge over-pass of figure 3.  This typical 
scaffolding unit is tested under vertical compression in the laboratory up to failure. Next, its 
behaviour is also numerically simulated and compared to the measured response. 
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2 SIMPLE TUBULAR SECTIONS 

Two tubular member specimens made of mild steel were tested. Initially they were of the 
same length, approximately 990mm. However, the first specimen was supported in such a 
way in the loading apparatus that its end supports should be considered as being fixed where-
as the second specimen was provided in its end with two steel spherical supports. In this way 
its actual length was extended to be equal to 1080mm. The fixed tubular member cross-
section had a mid-diameter equal to 45.5mm and a wall thickness equal to 2.5mm. The tubu-
lar member circular cross-section had a mid-diameter equal to 26mm and a wall thickness 
equal to 2.0mm. Figures 4a and 4b depict the fixed and pinned scaffolding tubular members 
when subjected to axial compression at the Laboratory of Strength of Materials and Structures 
of Aristotle University. The applied axial load together with the vertical displacement of the 
tubular member was monitored during testing 

Figure 4a. Fixed scaffolding tubular member.  Figure 4b. Pinned scaffolding tubular member 

Tensile test of coupon taken from the scaffolding tubular 
member that was tested in compression with fixed ends. 
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Tensile test of coupon taken from the scaffolding tubular 
member that was tested in compression with fixed ends. 
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Figure 5a. Tensile coupon taken from fixed specimen.     Figure 5b. Tensile coupon taken from fixed specimen. 

     The behaviour of these scaffolding tubular members under axial compression was also 
simulated numerically. This was done by a 3-D numerical simulation where all the geometri-
cal features for these tubular members were exactly portrayed. At the same time the mechani-
cal properties of the steel that these tubular members were made of was also exactly 
represented. Towards this end appropriate coupons for defining the material properties 
through an axial tensile test were taken from the same tubular members. The results of these 
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tensile tests, in terms of axial tensile stress-axial tensile strain diagram, together with the 
stress-strain values of particular significance (Linear limit, yield stress, ultimate stress) and 
the value of the Young’s Modulus (E) are given in figures 5a, 5b and 6a, 6b for the fixed and 
pinned tubular member, respectively. These measured tensile steel properties were used in the 
numerical simulation through the ABAQUS software [11]. As can be seen in figures 5a and 
6a the measured stress-strain diagram was approximated very closely by the stress-strain law 
that was used as input in this software. Figures 5b and 6b depict a comparison between the 
strain-stress law denoted as Material 1 and Material 2 that were used as input for the Abaqus 
software in simulating numerically the behaviour of the fixed and pinned scaffolding tubular 
members, respectively. As can be seen in these figures (5b and 6b) Material 1 follows more 
closely the measured stress-strain diagram than Material 2, which assigns a yield strain ac-
cording to the measured yield stress and Young’s Modulus. 

Tensile test of coupon taken from the scaffolding tubular 
member that was tested in compression with pinned ends.  
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Figure 6a. Tensile coupon taken from pinned specimen.   Figure 6b. Tensile coupon taken from pinned specimen.   
 
Based on the above Material 1 and Material 2 stress (σ) strain (ε) diagrams that were derived 
from the corresponding measured tensile coupon behaviour taken from either the fixed or the 
pinned scaffolding tubular members the true stress (σt) against the true strain (εt) diagram 
were derived as they are utilized by the Abaqus software [11] (G.C. Manos et al. 2015, [13]).  
These Material 1 and Material 2 the true stress (σt) against the plastic strain (εp) diagrams are 
depicted in figures 7a and 7b for the scaffolding tubular fixed or pinned members, respec-
tively. These diagrams were based on the definition of true stress (σt) and true strain (εt), 
which is given by the following relationships 1 to 3 (where the εy yield strain): 
 
σt = σ ( 1 + ε)          (1).                     εt= ln ( 1 + ε)         (2).                     εp= εt -  εy               (3).        
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Figure 7a. True stress-strain diagram for fixed specimen.  Figure 7b. True stress-strain diagram for pinned specimen.                           
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Based on the above information that was used as input for the steel stress-strain properties 
that were utilized by the Abaqus software the numerical simulation of the scaffolding tubular 
members, either with fixed or with pinned ends, was carried out when they were subjected to 
vertical axial load.  

Static compression test of cylindrical tube used in 
scaffolding fixed at its ends. Thickness 2.5mm  
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Figure 8a. Numerical and experimental behaviour of the fixed scaffolding tubular member under axial compres-
sion 

Static compression test of cylindrical tube used in 
scaffolding fixed at its ends. Thickness 2.5mm  
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Figure 8b. Numerical and experimental behaviour of the fixed scaffolding tubular member under axial compres-
sion 

The obtained numerical predictions of the behaviour of the tested scaffolding tubular mem-
bers with fixed ends subjected to axial compression is depicted in figures 8a and 8b. Figure 8b 
is similar to figure 8a with a different scale for abscissas. The predicted load-displacement 
response, depicted in figure 8a, is obtained first when the axial load is applied centrally with 
zero eccentricity (ev=0) and secondly when the value of this eccentricity is ev =5.0mm; this is 
done employing either Material 1 or Material 2. These eccentricity values were determined 
following the relevant provisions of [5, 9, 10]. In the same plots the axial compression behav-
iour, measured during testing, is also plotted. In figure 8b, the sensitivity of the predicted re-
sponse is studied by varying the employed eccentricity value. When Material 1 is employed 
this variation ranges from 5mm to 0.05mm whereas when Material 2 is employed this varia-
tion ranges from 5mm to 1mm. The measured and numerically predicted bearing capacity 
values are also listed in Table 1. As can be seen in figure 8a, the ideal zero eccentricity condi-
tion results in overestimating considerably the bearing capacity in axial compression of the 
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examined fixed tubular member by 43.3%.  Moreover, the predicted limit behaviour in this 
case is the axi-symmetrical wrinkling and bulging of the thin wall near the two ends (see fig-
ure 10a). This is not in agreement with the observed bucking mode of failure (figure 10b). 
Moreover, as can be seen in figure 8b, the resulting bearing capacity is more sensitive to the 
value of the adopted eccentricity (ev) for Material 2 than for Material 1. For Material 2 and for 
eccentricity ev=1.0mm a very good agreement between the predicted and the measured axial 
load bearing capacity is obtained (see also table 1).  

Static compression test of cylindrical tube used in 
scaffolding pinned at its ends. Thickness 2.0mm  
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Figure 9a. Numerical and experimental behaviour of the pinned scaffolding tubular member under axial com-
pression 
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Figure 9b. Numerical and experimental behaviour of the pinned scaffolding tubular member under axial com-
pression 

The obtained numerical predictions of the behaviour of the tested scaffolding tubular mem-
bers with pinned ends subjected to axial compression is depicted in figures 9a and 9b. Figure 
9b is similar to figure 9a with a different scale for abscissas. In figure 9a The predicted load-
displacement response, which is depicted in figure 9a, is obtained first when the axial load is 
applied centrally with zero eccentricity (ev=0) and secondly when the value of this eccentric-
ity is ev=5.4mm. This is done employing either Material 1 or Material 2. These eccentricity 
values were determined following the relevant provisions of [5, 9, 10]. In the same plots the 
axial compression behaviour, measured during testing, is also plotted. In figure 9b, the sensi-
tivity of the predicted response is studied again by varying the employed eccentricity value 
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(ev). When either Material 1 or Material 2 is employed this variation ranges from ev equal 
from 5.4mm to 2.0mm. The measured and numerically predicted bearing capacity values are 
also listed in Table 1. As can be seen in figure 9a, ideal conditions with zero eccentricity (ev 
=0)condition result again in overestimating considerably the bearing capacity in axial com-
pression of the examined fixed tubular member by 52.9%.  Moreover, the predicted limit be-
haviour in this case is the axi-symmetrical wrinkling and bulging of the thin wall of the 
tubular member near the two ends (see figure 10a). This is not in agreement with the observed 
bucking mode of failure (figure 10c). In addition, as can be seen in figure 9b, the resulting 
bearing capacity is less sensitive to the value of the adopted eccentricity (ev) for Material 1 
than for Material 2. For Material 2 and for eccentricity ev =2.0mm a very good agreement be-
tween the predicted and the measured axial load capacity is obtained (see also table 1).  

Figures 10a Zero eccentricity.  10b. Buckling of fixed end specimen 10c. Eccentricity  ev =5.0mm

Table 1. The measured and numerically predicted bearing capacity in axial compression of the tested scaffolding 
tubular members 

Specimen Numerical Prediction Bearing 
Capacity (KN) 

ev =0

Numerical Prediction Bearing Capac-
ity (KN) 
ev >0

Measured       
Bearing Capacity (KN) 

Fixed 
Ends 

191.06 Mat 1 or Mat 2 
99.43KN for ev =4.95mm Mat 1

106.30KN for ev =2.50mm Mat 1
109.96KN for ev =1.00mm Mat 1

114.97KN for ev =0.50mm Mat 1

133.62KN for ev =1.00mm Mat 2

111.63KN for ev =4.95mm Mat 2

133.29 

Pinned 
Ends 

111.55KN 
58.45KN for ev =5.40mm Mat 1

64.83KN for ev =2.00mm Mat 1

63.25KN for ev =5.40mm Mat 2

73.07KN for ev =2.00mm Mat 2

72.95 

For both the examined specimens (fixed or pinned) when the eccentricity values are 
based on the relevant provisions of [5], the numerically predicted bearing capacity is underes-
timated when compared with the measured bearing capacity (by 25.4% for the fixed end 
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specimen and by 21.3% for the pinned end specimen). At the same time, the predicted load-
displacement response and mode of failure are in good agreement with the response of these 
specimens observed during testing. Moreover, adopting Material 2 (see figures 5a, 5b, 6a, 6b, 
7a, 7b) instead of Material 2 yields better agreement between predicted and measured axial 
load bearing capacity. In addition, by adopting Material 2 the numerical simulation becomes 
more sensitive to the variation of the employed eccentricity value (ev) than by adopting Mate-
rial 1.  Finally, based on the obtained numerical predictions it can be concluded that the stud-
ied numerical simulation procedure is a realistic approximation of the observed performance, 
in terms of load-displacement response and mode of failure of the tested scaffolding tubular 
members. The discrepancy observed between the predicted and observed bearing capacity 
values should be seen from the point of view that this underestimate is a reasonable additional 
safety feature. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 11.  a) North view of experimental configuration. b) Section of experimental specimen   

3 A 3-D SCAFFOLDING STRUCTURE UNIT – MEASURED PERFORMANCE  

3.1 Description of the Used Loading Arrangement 

The behaviour of a metal scaffolding, typical in Greek-practice, was examined under central 
vertical compression.  The tested specimens were assembled by two towers 2.5m high and 1.2 
m wide, joined together by x-bracing. The final specimen was 1500 mm long (Direction E-W), 
1200 wide (Direction N-S) and 2500 mm high. The investigation was carried out at the Labo-
ratory of Strength of Materials of Aristotle University of Thessaloniki (figures 11a and 11b).  
Two specimens of identical dimensions and manufacturing details were examined. The tested 
specimens were compressed centrally utilizing two vertical actuators of maximum capacity 
196.2 KN each. These actuators were connected to a strong metal reaction frame. The sup-
porting level of the scaffolding frame was located at the top of a strong RC reaction floor. At 
the top of the scaffolding frame, two 1.8m long top steel beams were spanning on top of each 
scaffolding tower (North-South direction) and formed the “upper part of the loading arrange-
ment” (figure 11b). These beams were loaded symmetrically at mid-span, in such a way as to 
transfer the vertical load equally to the four legs of the scaffolding frame. This was achieved 

FR1 FR2

NORTH VIEW

1.25
21

CablesCables

Wooden Beam

2.5m

EAST WEST
2 top

D

L
U

FR1 FR4

SECTION

1 4
1.25

0.15
5

0.70

0.85
5

0.80

1.20m

SOUTHNORTH

U : Upper part of the loading arrangement
L : Lower part of the loading arrangement
D : Diagonal Cables

305



by loading, through the two hydraulic actuators, a cross steel beam spanning between the top 
steel beams at mid-span (figures 11a and 11b). These top steel beams were also connected 
with two strong wooden planks spanning in the East-West direction, so as to form a relatively 
flexible upper horizontal support level. However, in order to prohibit excessive horizontal 
movements at the horizontal plane of applying the vertical loads, the cross steel beam was tied 
at its two ends by two diagonal cables. These cables were pre-stressed by a certain small force 
level after the whole loading arrangement has been checked for its symmetry and its plumber-
ness prior to applying the load. This cross steel beam thus, was forming the “lower part of the 
loading arrangement” (figure11b). The actuators directly in contact with this cross beam ex-
erted the compressive force to the scaffolding. This “lower part of the loading arrangement” 
was supported by two vertical hangers on the “upper part of the loading arrangement”. The 
vertical hangers were assembled by a group of four vertical steel rods, and metal plates, that 
transferred the loads in a simply-supported way.  

The overall specimen’s behaviour, regarding its stability, was monitored by recording 
the load of each of the two actuators, and therefore the total load applied on the specimen, as 
well as the horizontal displacements of each of the four legs of the specimen. The horizontal 
displacements, were recorded at mid-height of the scaffolding’s legs (1250mm from the base), 
as well as at the “upper part of the loading arrangement” for the 2nd specimen. (2600mm 
from the base), (see figures 12a, 12b, 13a, 13b).  

Figure 12.  Loading arrangement for the scaffolding under central compression. 

Figure 13. a) Plan of transducers position in scaffolds mid-height A-A. b) Plan of transducers position in scaf-
folds top level B-B. 
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3.2 Description of the Experimental Sequence and Observed Behaviour  

During the experimental sequence a vertical compressive load was applied to the system, as 
described, at constant rate (figure 14). Successful tests were considered when the two actua-
tors remained vertical through out the duration of the experiment. The load and the displace-
ments were recorded by a multi-channel data acquisition system. The pre-buckling and post-
buckling behaviour of the 3–D scaffolding unit, was recorded during four different tests. The 
first specimen was tested during Tests 1, 2, 3. For all these tests the scaffolding screw jack 
bases were in direct contact with the concrete slab. The second specimen was tested in the 
fourth test. In this case the scaffolding screw jack bases were resting on wooden planks that 
were placed on top of the concrete slab. The summary test results are depicted in figure 15. 
The performed tests are described in some detail in the following text. 
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Figure 14. 3-D Scaffolding unit at the loading frame          Figure 15. Test results from Central Compression 
 
Test No1: This test was a preliminary elastic test where the maximum recorded total load was 
equal to 150 KN. This test represents a reference initial elastic test. 
  
Test No2: This was a buckling test, whereby the loading was stopped almost as soon as the 
buckling of specimen was initiated. During this test, the maximum load that was recorded was 
equal to 255.06 KN. The horizontal displacement at mid height of the scaffolding legs exhib-
ited a large increase at this stage. In order to plot the results in a summary form the total verti-
cal load was obtained by the sum of the load applied by each actuator. In any case, the two 
actuators applied almost identical forces to the specimen. Moreover, an average value was 
obtained from the recorded horizontal displacement at mid- height (figure 15). This value was 
found by averaging all four recorded horizontal displacements at mid height in the East –West 
direction. This direction was chosen because the development of the buckling mode was most 
pronounced in this direction. The halting of load increase at this stage, was immediately fol-
lowed by the removal of all compression from the specimen.  The measured behaviour is de-
picted by the curve test 2 in figure 15. The horizontal displacements were more pronounced 
for legs 1 and 2 than for legs 3 and 4 (see figure 16a). 
 
Test No3: The third test was a repeat buckling test again of specimen 1, which developed 
permanent deformations during test 2. Two additional instruments were placed at the upper 
part of the loading arrangement to monitor the East-West horizontal displacements at this lev-
el (figure 13b). During this test, this specimen developed large permanent plastic deforma-
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tions that in the form of the predominant bucking mode (figure 16b). The maximum load this 
time was somewhat lower (215.82KN) than the one recorded during Test 2. The described 
before buckling mode (East to West) became more pronounced. The same vertical legs 1 and 
2, which developed plastic deformations before, developed further permanent out-of plane 
deformations. Permanent deformations were also observed at the attachments between the top 
steel beams and the wooden planks. The cross bracings at the North and South elevations did 
not develop any visible sign of distress. Permanent deformations also developed at the scaf-
folding screw jack bases, which were in direct contact with the reinforced concrete strong 
floor slab. 
 
Test No4: In this test, the behaviour of the second specimen was examined. During this test 
the load was applied continuously even beyond the stage where the maximum buckling load 
developed. Again the dominance of the East to West buckling mode was clearly observed. 
The maximum load, reached this time was approximately 215.82KN. This specimen devel-
oped large plastic deformations that led this specimen to form its bucking mode. The ob-
served behaviour for specimen 2 during test 4 was very similar to the one observed during test 
3 for the previous specimen 1. This time the screw jack bases did not developed any distress. 
Instead, the wooden inserts that were placed between these bases and the concrete slab exhib-
ited, during to their flexibility, large permanent deformations. Despite the large horizontal 
permanent displacement of the vertical legs (mainly for legs 1 and 2) the cross bracings 
(North and South elevations) did not develop any visible sign of distress. Typical buckling 
mode shapes of tested specimens 1 and 2 can be seen in figures 16a and 16b. 

    
Figure 16a. Buckling shape of 1st specimen                         Figure 16b. Buckling shape of 2nd specimen   

4 A 3-D SCAFFOLDING STRUCTURE UNIT – NUMERICAL SIMULATION  

A three-dimensional F.E numerical simulation of the scaffolding 3-D unit, the members of the 
loading arrangement, and the restraining system was formed aiming to predict the behaviour 
of the tested scaffolding unit. Two kinds of analysis were conducted to predict the bearing 
capacity of the scaffolding; that is first an eigen-buckling analysis and secondly a geometri-
cally non-linear, material linear analysis [12]. In the case of the geometrically non -linear, ma-
terial linear analysis, a small vertical eccentricity from the initially perfectly plumb position 
was introduced to the model in the East-West direction to establish the ultimate bearing ca-
pacity. The solution method utilized in performing the geometrically non-linear analysis was 
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the total Lagrangian method. Three dimensional thin beam elements were utilized to model 
the scaffolding 3-D unit. In addition, three-dimensional thick beam elements were used to 
model the cross bracing members and the diagonal cables in order to introduce special end 
releases at their edges. Thick beams were also used to model the upper & lower parts of the 
loading arrangement together with the vertical hangers. The numerical model was simply 
supported at the bottom parts of its four legs. The diagonal cables and braces were also as-
sumed to be pin- connected at both ends. A preliminary sensitivity analysis took place to ver-
ify the influence of certain parameters of the support conditions and of the lower and upper 
part of the loading arrangement. This preliminary analysis demonstrated that the numerical 
simulation at the connections between the top steel beams, the top wooden planks, the hangers, 
and the lower cross beam at the described in section 3.1 loading arrangement had an influence 
on the numerically predicted bearing capacity. The following five distinct cases for the nu-
merical simulation of these connections is presented and discussed below (see also figure 17).   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 17.          a) Case 1 modeling                                   b) Case 3 modeling          

 
Case 1: In this case the vertical hangers are assumed to be fixed at the upper part of the load-
ing arrangement and pinned at the lower part of loading arrangement. The top wooden planks 
are assumed to be rigidly connected to the upper part of the loading arrangement at their ends. 
The predicted behaviour is depicted by curve Case 1 in figure 18. 
 
Case 2: This is identical to case 1 but in this case the vertical hangers are assumed to be 
pinned at both their ends at the upper and lower part of the loading arrangement. The Case 2 
curve describes the overall vertical-load-horizontal displacement response. 
 
Case 3: This is identical to case1 but both the top wooden planks are assumed to be pinned 
connected to the upper part of loading arrangement. The predicted behaviour is depicted by 
curve Case 3 in figure 18. 
 
Case 4: This case is identical to case1 but the vertical hangers are assumed to be pinned at 
both their ends at the upper and lower part of the loading arrangement. The top wooden 
planks are assumed to be pinned connected to the upper part of loading arrangement. The pre-
dicted behaviour is depicted by curve Case 4 in figure 18.  
 
Case 5: This is an additional analysis with the numerical model having the same simulation of 
the loading arrangement as Case 3. This time, however, the stiffness values of the various 
members found at the end of the eigen-value buckling solution of Case 3 were adopted here 
through a restart option of the used software. The objective here was to simulate the sequence 
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of testing between Test 2 and Test 3, as described in section 3.2, whereby the load was re-
moved at the end of Test 2 when buckling was initiated and re-applied to the deformed struc-
ture at the beginning of Test 3. The predicted behaviour is shown  in figure 18 (curve Case 5).   
 
The obtained numerical predictions of the "Total Axial Vertical Load" versus the "Average 
out-of-plane Horizontal Displacement" numerically simulated response of the various exam-
ined connections are depicted in figure 18.  As it becomes obvious from figure 17, the ob-
tained axial load predicted capacity of the scaffolding 3-D unit is significantly influenced by 
the way the various connections were numerically simulated. This numerical investigation 
indicates that these connections of the scaffolding units in order to form the total 3-D scaf-
folding assembly will also bear a significant influence on the capacity of the whole structure.  
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Figure 18. Test results from Central Compression 

 
Table 2   Table 3  
Experimental bearing capacity and 
modes of failure 

 Numerical bearing capacity and modes of  
Failure 

 

Experi-
mental 
results 

 Model  Eigen- 
Buckling  
Analysis 

Geometric 
Nonlinear 
analysis 

Average Horizontal Displacements  and 
Rotations at  start of Buckling 

Test 
Number 

Max 
Total 
Load 
(KN) 

Mode of  
Buckling 
Failure 

  Total 
Load 
(KN) 

Max Total 
Load (KN) 

Start of 
Buckling  

Top 
Height 
(mm) 

Mid 
Height 
(mm) 

Θz Rota-
tions at 
Top-
height 

Mode of 
Buckling 
Failure 

Test1 150.00 Elastic 
Behaviour 

 Case1 389.98 390.00 387.50 20.20 64.27 -0.1 East-
West 

Test2 261.70 Predomi-
nant West-
East 

 Case2 335.64 336.60 329.84 22.89 59.30 -0.085 East-
West 

Test3 231.50 Predomi-
nant West-
East 

 Case3 248.61 271.17 271.14 -1.69 18.22 -0.89 East-
West 

Test4 212.20 Predomi-
nant East-
West 

 Case4 179.90 189.66 189.65 -1.15 20.22 -1.315 East-
West 

    Case5  218.116 212.63 -24.62 97.375 -7.543 East-
West 

 
In tables 2 and 3, the maximum compressive load values are listed, either as applied during 
the experimental sequence or as obtained from numerical investigation. The buckling load 
levels, as obtained from the eigen-buckling analysis, are also listed. The primary mode of 
failure as observed in each case is also noted. 
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4.1 Comparison of Observed and Numerically Predicted Behaviour  

In what follows the numerically predicted behaviour, which was obtained as described before, 
is compared with the observed behaviour. This comparison is three-fold. First, the measured 
bearing capacity under compression of the tested 3-D scaffolding unit is compared with the 
numerically predicted bearing capacity. This is done by comparing the relevant values listed 
in Tables 2 and 3. Secondly, this comparison effort is supplemented by comparing the nu-
merically obtained "Total Axial Vertical Load" versus "Average out-of-plane Horizontal Dis-
placement" response with the corresponding measured response. This is done in figure 19. 
Finally, this comparison is finalized by comparing the observed and the predicted buckling 
failure modes. This is done in tables 2 and 3 as well as by comparing the numerically pre-
dicted deformation patterns for maximum vertical load in figures 20a and 20b with the ob-
served buckling shapes of the tested 3-D scaffolding units shown in figures 16a and 16b. 
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Figure 19. Measured and numerically predicted "Axial Load versus Horizontal out-of-plane displacement" re-
sponse.  
 
 
 
 
 

 

 

 

 

 

 

Figure 20 a) Primary buckling mode for Case 1. b) Primary buckling mode for Case 3 
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As can be seen from this comparison Case 1 is a rather stiffer simulation than either the ob-
served behaviour or the response obtained from the rest of the numerical simulations (Cases 2, 
3, 4 and 5). When buckling is initiated, the values of the top and mid-height average dis-
placements of Case 1 model are lower than the ones obtained for Case 2 model (22.89 mm 
and 59.30mm for Case 1 as compared to 20.20mm and 64.27mm for Case 2). At the same 
time, the obtained for Case 1 bearing capacity value is the highest of all the numerical predic-
tions (387.50KN). As listed in table 3, Case 2 model is also stiffer that the ones corresponding 
to Case 3, 4 or 5 models. Thus, it was demonstrated that the top wooden planks, when they 
are rigidly connected with the rest of the steel scaffolding frame, provide enough rotational 
restrain to result in a significant increase of the total bearing capacity. On the other hand, Case 
3 and Case 4 numerical simulations allow wooden planks to rotate free about their z-axis at 
their ends. Both these cases, experience smaller top and mid-height horizontal displacements, 
but higher rotations at the top of scaffolding’s leg as shown in table 3. They result in rela-
tively lower values for the numerically predicted bearing capacity than the corresponding val-
ues predicted Case 1 and Case 2. Cases 1, 2, 3 and 4 numerical simulations exhibit the same 
buckling mode that has the form of large out-of-plane horizontal displacements from East to 
West leading to buckling instability and failure. However, Cases 1 and 3, whereby the hangers 
are modeled as rigidly connected members with the upper loading arrangement show higher 
stiffness than Cases 2 and 4. The Case 5 numerical simulation develops larger values for the 
out-of-plane horizontal displacements response, both at mid-height and at the top, than the 
corresponding values for Case 1 to 4 numerical models. Despite these large out-of-plane hori-
zontal displacements Case 5 numerical model predicts larger value for the bearing capacity 
than Case 4 numerical model (218.116KN compared to 189.66KN, see table 3). The response, 
which was predicted for Case 5 numerical simulation, is also more flexible than the corre-
sponding response predicted by numerical simulations Case 3 and 4.  
The measured response during Test 2, which achieved the largest bearing capacity value 
(261.70KN), agrees quite well with the corresponding numerical predictions of Case 3 
(248.61KN from the eigen-buckling analysis and 271.17KN form the geometrical non-linear 
analysis).  
Comparing Test 2 with Test 4 it can be seen that a 20% higher buckling load was achieved 
during Test 2 than Test 4. These two tests were performed with identical specimens differing 
only at the type of support they utilized at their screw jack bases supporting the four legs of 
the 3-D scaffolding unit. For Test 4 the supports of the four legs of the scaffolding unit were 
resting on wooden planks thus representing more flexible supports than the corresponding 
support conditions that materialize for Tests 1, 2 and 3. This can be further verified by the fact 
that the steel screw jack bases during Test 4 were not permanently deformed whereas during 
Test 2, where the screw jack bases were in direct contact with the concrete slab, permanent 
deformation occurred at these steel bases. This fact indicates that a high degree of restrain was 
present during Tests 2 and 3 rather than in Test 4. Therefore a departure from the pinned end 
condition should be assumed for Tests 2 and 3 whereas for Test 4 the pinned end support 
conditions can be accepted as a realistic assumption.  
The behaviour obtained by the rest of the examined numerical models also demonstrate the 
effect of the restrains either at the top of the 3-D scaffolding unit exercised by the wooden 
planks or from the support of the four legs at the base. The less flexible the support conditions 
at the base of the 3-D scaffolding unit or/and the stiffer the restrain exercised by the wooden 
planks at the top of the 3-D scaffolding unit result in higher bearing capacity values for the 3-
D scaffolding unit when subjected to compressive loads.  
From this discussion it can be concluded that such an extensive parametric numerical investi-
gation complemented by the corresponding testing sequence can unfold the sensitivity of the 

312



G.C. Manos, V. Soulis, A. Nalmpantidou, V. Kourtidis 

bearing capacity of the examined 3-D scaffolding unit to the restrain conditions either at the 
top or at the bottom leg supports. It can also be concluded that when these top-restrain or bot-
tom support flexibility conditions can be realistically modeled then the resulting numerical 
predictions, in terms of bearing capacity values, load-displacement response and failure 
modes, are well in agreement with the observed behaviour. In this way, such investigation can 
be seen as a process in validating numerical tools so that these tools can be subsequently util-
ized with confidence for the design of scaffolding structures.   
 

5 CONCLUSIONS  

 
1. Simple or complex scaffolding units were studied first by subjecting them to axial 

compression and then by non-linear numerical simulations utilizing commercial soft-
ware. 

2. It was demonstrated both from the extensive parametric numerical investigation com-
plemented by the corresponding testing sequence that the bearing capacity of the ex-
amined 3-D scaffolding unit was influenced significantly by the restrain conditions 
either at the top or/and at the bottom leg supports.  

3. Therefore, it can be concluded that when these top-restrain or bottom support flexibil-
ity conditions can be realistically modeled then the resulting numerical predictions, in 
terms of bearing capacity values, load-displacement response and failure modes, are 
well in agreement with the observed behaviour.  

4. In this way, such investigation can be seen as a process in validating numerical tools 
so that these tools can be subsequently utilized with confidence for the design of scaf-
folding structures.   
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Abstract. Two cases are examined: The first one examines the possibility of attaining a  

monolithic connection between deck and piers, in order to avoid using elastomeric bearings 

and obtain a continuous frame ductile system. The second one examines an innovative       

prefabrication proposal which, instead of using conventional simply supported precast      

prestressed beams, uses bilateral precast prestressed cantilevers, leaving gaps of order of 

10m at the spans between the cantilevers, which are filled with cast in situ concrete by using 

suspended formwork in a next construction phase. In this second case the wall-type abutments 

are connected monolithically with the ends of the deck and are utilized as seismic stoppers. 

The experimental survey included five test specimens, through which the performance of the  

monolithic connections of the deck to the piers at the support positions is examined. The two 

proposals were applied as alternative solutions for the superstructure of real bridges. The 

first one was applied on a bridge of the PATHE motorway which has 5 spans and a total 

length of 177.5m, while the second one was applied as alternative solution on a bridge of a 

motorway in Crete with a length of 400m, which was designed according to the cantilever 

construction method. 

315



Ioannis K. Papaefthymiou, Ilias C. Papadopoulos, Dimitrios K. Pesios and Ioannis A. Tegos 

1 INTRODUCTION 

The utilization of prefabrication in the construction of bridges lies in the construction of 

prefabricated beams, which are used as simply supported members seated at the ends of every 

span, the length of which typically ranges from 30 to 40m. The construction process is known: 

First the construction of the piers is completed, then the bearings are placed on the pier heads, 

afterwards the simply supported beams are placed by means of two cranes or a gantry crane 

(carroponte) and finally the construction of the deck is completed with the in situ concreting 

of the deck slab, through which the forming of a single static system is accomplished. Multi-

span simply supported bridges with a superstructure consisting of precast prestressed concrete 

beams or steel beams (composite deck) have flourished since 1950. During the 60s and 70s 

the needs for rapid expansion of the national road networks in combination with the require-

ments for rapid construction, led to the great increase in the number of these bridges interna-

tionally.  

The above described system apart from its advantages has also drawbacks, which are      

related to the basic requirements, the fulfillment of which is associated with the respective 

compliance criteria, which in this case are economy, aesthetics, earthquake resistance and du-

rability [1]. 

The bearings and the expansion joints are two types of accessories, that are absolutely  

necessary for the serviceability of the structural system of a prefabricated bridge, burden   

significantly on the one hand the construction cost and on the other the maintenance cost of 

these projects, having as a result that the second one can sometimes reach the level of        

construction cost [2]. Furthermore, the non-economicity comes from the forced recourse to 

the inevitably, due to the construction way, series of simply supported spans and the           

resignation from attaining an integral system, through which a significant relief in moments at 

the spans would be achieved through the utilization of the supports. The impacts, besides 

economy, extend to the aesthetics, as the height of the beams cross sections could be reduced 

due to the desired continuity of the system. However the aesthetics is extensively negatively 

affected by two other necessary concessions that are related to the construction process that is 

applied until today. The first one lies in the fact that the prefabricated beams are seated on the 

pier heads and not embedded over their entire height in them. The second one lies in the   

necessary selection of an unattractive large width for the pier heads in the order of 3m, in   

order to attain a safe seating for the simply supported beams, that are situated on both sides of 

the pier head, and leave room for the visit during the periodic inspections of critical positions 

in the project life time. 

Regarding earthquake resistance, although it is possible to attain a seismic isolated system 

with the current practice, this is accomplished with the consumption of huge volume of     

bearings [3], which actually, due to the inevitable premature aging, should be replaced several 

times during the project life, a fact that harms the durability of the system and increases the 

long-term cost of the bridge. Regarding prefabricated bridges that have earthquake resistance 

requirements [4,5], the single deck slab gave to the static system the advantage of the single 

disc, which through connecting all spans, enabled management of the bridge superstructure as 

a single mass and made the problem of earthquake oscillation of the system statically defined. 

Consequently the use of elastomeric bearings as a means of seismic insolation was made    

feasible due to their ability to increase the eigenperiod of the system to any desired value, so 

as to obtain a drastic reduction of inertial seismic actions for the benefit of the piers. It is   

noted that due to the seismic isolation the value of behaviour factor is taken q = 1, which im-

plies a more conservative design for the webs and the foundations of the piers. 
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   Apart from the seismic isolated system, which is covered by special regulations [6,7], 

there is the ductile system, resulting for prefabricated bridges by using appropriate stoppers, 

placed on the pier heads (cap beams) of the piers, which serve the functional needs of the   

superstructure, and are activated during the seismic excitation of the system [3]. The resulting 

ductile system enables the drastic reduction of inertial seismic actions and also allows a    

drastic reduction in the volume of elastomeric bearings, whose thickness in this case is       

determined by serviceability criteria. In another ductile system, characterized as similar to the 

above described system, if suitable conditions exist (adjacent tall piers), the superstructure can 

be connected to two or more consecutive piers through hinge (the superstructure is wedged in 

stoppers) so the longitudinal inertial earthquake actions are undertaken by these piers, while at 

the rest of the piers the superstructure is supported on sliding bearings [8]. It is noted that 

there is a quasi-asymmetry regarding the functional requirements between longitudinal and 

transverse direction of the system, since the longitudinal direction is threatened by in-service 

constraint movements and therefore there is a demand for difficult constructional measures to 

prevent them, in contrast to the transverse which is untouched. Also there is a problem of 

compromising functional and seismic requirements in the longitudinal direction, which are 

normally conflicting, namely everything that favors the one hurts the other. In the current  

bibliography, one can read that the elimination of end joints is not currently feasible and    

certainly, while it solves ideally the seismic problem of the difficult longitudinal direction, 

however loads the functional problem of the same direction with onerous requirements, which 

are hardly manageable. One form of an immovable abutment is depicted in Figure 1 [9]. 

 

                          
 

                                                (a)                                                                                              (b) 

Figure 1: Form of an immovable abutment with two internal struts: (a) Plan view (b) Section A-A. 

However, despite these drawbacks the prefabricated bridges have two important             

advantages. The first one is that they enable the construction of superstructures at a great 

height above the ground and they give solutions when the construction of scaffold is          

impossible or unprofitable. The height of 10m is considered practically as such a limit. The 

second one is that they enable the rapid construction of the deck compared with the cast in 

situ construction. Therefore, it was natural for the research of the last decades to seek to     

eliminate the disadvantages and benefit from the advantages of these bridges. The efforts 

which have sought and achieved in the first phase the continuity of the deck at its supports are 

mentioned as main improvements [10,11,12]. In this way it is possible to achieve savings of 

about the half volume of the bearings [13,14,15] and significantly reduce the moments at 

spans and thus the required prestressing of precast beams, thanks to the activation of supports 
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for a part of the loads (pavement, sidewalks, live loads). Regarding the earthquake resistance 

problem the resulting system continues to operate as a floating deck on bearings and thus has 

to be treated with the rules of seismic isolation. 

   Subsequent efforts of research seeks the monolithic connection of the deck to the piers. 

In this way it is achieved both the elimination of the bearings, except from the end seating  

positions of the deck on the abutments, and the release from the need to implement behavior 

factor q = 1 as the resulting system can function as a ductile one [16]. However the resulting 

benefits in economy, durability, aesthetics and earthquake resistance are accompanied by the 

introduction of a difficult problem regarding functionality. More specifically the attained 

monolithic connection affects dramatically the functionality as piers obstruct the contraction 

and expansion of the deck and are subject to functional stresses due to intense restraints. Thus 

the need arises for the removal or mitigation of the effects of monolithic connection and this 

can be treated with the use of flexible (of decreased stiffness) piers [17,18]. Also the mono-

lithic connection of the resulting system is negatively affected at the seating positions of 

simply supported precast beams, as for the exerted loads on deck after the attainment of  

monolithic connection, the hindered by monolithic connection rotations of the beams in their 

seating positions should be examined experimentally regarding the occurrence of undesirable 

effects in the resulting continuous span. 

The attainment of a real monolithic connection, and not a quasi-monolithic connection that 

is provided by the continuous deck slab, has been a target for many years and various pro-

posals have been made for its realization [19]. The expected advantages can be summarized as 

follows: a) The additional permanent and live loads of the superstructure are carried by the 

continuous system in a more economical way since the supports are also activated to bear 

these loads and b) Elimination of the two rows of support bearings in the positions of the piers 

and their limitation to a single row, namely saving 50% of them [20]. Certainly the acquired 

static system is characterized by a series of drawbacks, such as the ‘‘submersing’’ continuity 

tendons (Figure 2), the impossibility of mutating the system into a ductile one and others. 

 

 
 

Figure 2: An indicative proposal to connect prefabricated elements in order to restore deck continuity in the posi-

tions of the piers [21]. 

Ensuring a monolithic connection of the deck to the piers is a challenge that is worth pur-

suing since it enlarges by far the advantages of a simply continuous deck. Mentioning from 

many only a few, the elimination of all bearings in the positions of the piers and the mutation 

of the system into a ductile one. Certainly the acquisition of these two main advantages that 

favor the earthquake resistance, the economy and the durability of the bridge, implies dealing 

with the functional problems that require certain measures, such as reducing the stiffness of 

the piers and in combination with taking measures to ensure the regularity of the system 
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against earthquake. It is noted that the potential to improve the regularity is an important    

advantage, since this may result in a significant reduction of inertial seismic actions and pro-

vide a more economical solution for the piers and their foundations which are the structural 

parts that are designed, based on the critical seismic loads combination. 

Two proposals of scalable monolithic connection at bridges, where the prefabrication is 

exploited, are examined in this paper. In the first case that is examined in the present paper, 

one proposal ensuring monolithic connection of the deck to the piers is examined experimen-

tally and analytically, avoiding even the handicap of submersing tendons, since the support 

positions of the mutated seismic system are conventionally reinforced. Measures to meet     

emerging functional problems in the longitudinal direction of the bridge are also proposed, so 

that the proposal for the monolithic connection is made feasible in applications. Besides, the 

possibility of gaining additionally an aesthetic advantage was examined, since it is known that 

the type of bridges under consideration suffers from an aesthetic point of view [22]. 

In the second case that is examined in the present paper, a new type of management of the 

problem of deck shaping using precast beams is proposed. The result is closer to the desired 

monolithic connection and the proposed solution could be described as hybrid as the use of 

the cast in situ deck section is extended and is not limited to the construction of the deck slab, 

but further extends to the beams of the central regions of spans. Significant advantages are 

also achieved concerning the aesthetics and the economy and the resulting monolithic       

connection is clearly improved because now concerns all loads and has eliminated most     

disadvantages mentioned above, which are related to the attainment of monolithic connection 

in the positions above the piers. It is noted that the proposed utilization of prefabrication can 

substantially increase the length of the spans, which with the existing practice reaches up to 

40m. 

2 DESCRIPTION OF THE FIRST PROPOSAL 

The variations involved in the proposed construction process, which results in a monolithic 

connection, are significant. In this case the prefabricated beams are not seated on the pier 

heads of the piers, but embedded in them, since they are placed to their final position at the 

phase when the pier heads are concreted only at the lower flange and for a thickness (height) 

of approximately 15-20cm, where the bottom reinforcement and the bottom part of the       

stirrups are incorporated, which are expected to serve as suspension reinforcement. As it is 

obvious, in order for the precast beams to be seated on the pier heads-cantilevers, scaffold of 

heavy type must be erected for the temporary support of these cantilevers, that is feasible 

thanks to the foundation pile cap of the pier concerned (Figure 3). For the transverse support 

of the necessary metal scaffold, the web of the pier is utilized. The seating depth of each pre-

fabricated beam is around 1m. This involves the selection of the pier head width greater than 

2m. The gap that is left between the fronts of the respective beams is selected in the range of 

20-30cm. After the beams placement, follows as before the placement of the precast deck 

slabs, and then the upper reinforcement of the deck slab, of the pier head and of the deck sup-

porting reinforcement, for which conventional reinforcement and not prestressed is selected, 

are placed. The embedding concreting follows as before, which is advisable to begin from the 

middle of every span and be directed towards the corresponding piers, whose pier heads 

should be concreted last, so that the necessary rotations at the seating points of the prefabri-

cated beams have taken place before the concreting of the pier heads. 
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Figure 3: Metallic formwork for the support of the pier head during concreting. 

   It is noted that any objections: a) about the mechanical response of the system of          

respective beams which after the in situ concreting will be required to operate as continuous, 

will be treated according to Regina Probationum (Queen of Evidence), namely the experiment 

and b) about the possibility in a continuous system of beams that the reinforcement at the 

spans is prestressed, while the corresponding reinforcement at the supports is conventional, it 

is emphasized that this is feasible and does not create any regulatory problem. It is also re-

called that the self weight of the superstructure is around 60% of all gravity loads and there-

fore the formed continuous system needs to carry only the remaining percentage of these 

loads, namely the largest percentage of loads is carried by a series of simply supported       

systems, namely by the prefabricated beams. 

It is recommended for the proposed construction method that the length of the end spans 

should be 80% -90% of the length of the intermediate spans, as the beams of the end spans are 

seated at the abutments on elastomeric bearings and thus the benefit from the reduction of the 

moments due to the continuity of the system is smaller for these spans than for the intermedi-

ate spans where the beams are connected at both ends monolithically to the piers. 

3 EXPERIMENTAL RESEARCH  

It is obvious that the critical area of the mechanical behavior of which, the acceptance of 

this proposal for a monolithical system depends on, is the area where the connection of the 

beams of both sides takes place at the piers heads. Therefore and because each analytical es-

timation and evidence may not be convincing, it is imperative to conduct experimental re-

search in order to verify the mechanical response of this area under conditions of bending 

stress. The question arises if the connection of the respective beams that is attempted within 

the pier head of the piers, behaves as originally monolithic or not. 

   The experimental survey included five test specimens. More specifically, the experi-

mental program included two beams test specimens originally monolithic and three test   

specimens which were constructed each one from two sections of semi-beams that were 

joined in retrospect, under conditions that represent the construction process proposed in the 

frame of this paper. The examined test specimens represent the static subset of the actual deck 

between the symmetrical, as to support, zero-points of moments of the proposed continuous 
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system, located on both sides of the support on the pier. It is noted that in the support position, 

where the support reaction of the pier exists, there is a maximum support moment. This static 

subset located, as it was said, between the zero-points of moments, may be modeled as a 

simply supported system loaded with a single force in the middle, which represents the       

reaction exerted on the pier.  

The five specimens of the experimental research are divided into two groups. The first 

group included one beam test specimen originally monolithic (single beam) and two test  

specimens which were constructed each one from two sections of semi-beams, that were 

joined in retrospect (composite beams). The second group included one beam test specimen 

originally monolithic (single beam) and one test specimen constructed from two sections of 

semi-beams that were joined in retrospect (composite beam). The specimens of the first group 

had a cross section with a height of 40cm, while the specimens of the second group had a 

height of 60cm, 50% greater than the first. The reason we examined the problem in two     

versions, was to determine the possible influence of geometrical data of the problem on the 

mechanical behavior in the connection area of the respective beams. The width of the cross 

sections of the examined beams was constant and equal to 20cm. For the first group, the range 

of the joint left between the two half-beams was examined as a parameter, which in one case 

was 10cm and in the other case was 1cm. It is worth noting that there was a joint of 10cm in 

both groups, to allow comparison between the results of the two groups. The reinforcement of 

the beams is depicted in Figure 4 and the loading setup of specimens is depicted in Figure 5. 

The concrete category of the beams was C30/37 (B35). The specimens that were constructed 

from two semi-beams and subsequently connected include in their central area as well a     

section of expanded width which represents the effective section of the pier head of the pier, 

on which the respective beams are seated (Figure 6). This choice was made in order to        

examine the problem more realistically. The length of the test specimens of the first group 

was equal to 3m and the corresponding static span equal to 2.7m, while the length of the test 

specimens of the second group was equal to 4m and the corresponding static span equal to 3m. 

 

 
                                                                                      (a)                                                                                               

 

 
 

                                                                              (b) 

Figure 4: (a) Single beam  reinforcement of the second group of specimens. (b) Composite beam reinforcement 

of  the second group of specimens. 
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                                         (a)                                                                           (b)            

                Figure 5: (a) Loading setup of specimens of the first group. (b) Loading setup of specimens of the  

second group. 

            

Figure 6: Composite beam with a section of expanded width. 

The concreting of the two single test-beams took place at once, both lengthwise and 

heightwise of the section, while the concreting of the rest three was made in two phases: in 

the first phase the respective pairs of semi-beams were not concreted throughout their height, 

but 10cm of the cross section height at the upper flange were left without being concreted, so 

that there is a complete correspondence with the actual concreting situation of the bridge deck. 

The stirrups, the geometry of which is adapted to the full height of the cross sections, extend 

in this gap of concreting. After the hardening of the concrete of the semi-beams, they are 

placed in the corresponding formwork so that there is, in the middle of it, the gap of 10cm or 

1cm mentioned above. The placement of bending reinforcement follows, which is continuous 

for the two semi-beams and same as this of the respective single test beams, which were   

concreted at once. Then the remaining height of 10cm and the gap of 10cm or 1cm between 

the semi-beams are concreted, the lower section of which gap, which is related to the bending 

compression zone of the single beam, is filled with non-shrinking cement mortar of superior 

quality. 

   After the maturity of concrete, the specimens were subjected to a single load applied into 

the midst of the beams. Simultaneously with the increasing monotonic loading, the deflections 

were measured in the middle of the beams, so that the corresponding load-deformation       

diagrams are drawn (Figure 7). At the same time the images of cracking of the specimens due 

to bending were recorded at different stages of loading (Figure 8). It must be noted that strong 
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reinforcement with stirrups versus shear was placed so that there are no symptoms of shear 

failure (capacity design). 

 

   
                                          (a)                                                                                       (b)            

Figure7: (a) Load-deflection diagram for the first group of specimens. (b) Load-deflection diagram for the     

second group of specimens. 

      
                                          (a)                                                                                    (b)            

   Figure 8: (a) Compression zone fracture of the single beam of the first group of specimens. (b) Compression 

zone fracture of the composite beam of the first group of specimens. 

From the resultant load-deformation curves both for the single specimens concreted at once 

and secondly for the respective specimens concreted in phases, it can be clearly concluded 

that the mechanical behavior is the same and therefore the proposal can be considered as reli-

able, since the gradual attainment of a monolithic connection in the positions where the pre-

fabricated beams are seated presents no side effects and has the same behavior as if the 

monolithic property came from a cast in situ case, without using prefabricated parts [23]. 

 

4 APPLICATION OF THE FIRST PROPOSAL IN A STUDY VARIATION OF A 

PREFABRICATED BRIDGE  

The “reference” bridge, with the technical code Τ8, extends from CH.17+375.22 to CH. 

17+552.78 of the right branch in the subsection Ag. Marina–Raches of the PATHE Motorway 

(Figure 9). 
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Figure 9: Project location (Agia Marina – Raches). 

4.1 Description of the “Reference” Bridge 

According to the Design of Road Works, the axis of the right branch of the motorway is in 

plan view on a circular arc with a radius R=3,000m at the bridge location, while the road red 

line is at an upper height of 20m above the natural ground, meeting with a small skew angle a 

valley on the northern outskirts of Stylida town plan. The superstructure is formed by pre-

stressed precast concrete beams. The end spans are 34.75m long, while the three intermediate 

spans are 36m long. The bridge has 5 spans and has a total length of 177.5m (Figure 10). 

   The superstructure is formed by 6 T-beams, with a height of 2m, at axial distances of 

2.5m and a concrete deck slab cast in situ over the precast beams top flanges of 25cm in 

thickness, having a total height of 2.25m and a total width of 14.2m (Figure 11a). The deck 

slab is composed by precast slabs 10cm thick, supported at the top flange of the beams, and a 

cast in situ slab 15cm thick, having a total thickness of 25cm and forming together with the 

beams, the final deck cross section. The weight of the prefabricated beams is 72.6tn, their   

tendons are prestressed in a prestressing bed in direct bond with concrete and in a single phase. 

The prestressing tendons are composed by 40 and 46, for the end and the intermediate beams 

respectively, straight wires with a nominal diameter of 0.6”, namely having each one a cross 

section of 139mm
2
.  

   The slight curvature in plan view of the deck is formed by the cantilevers of the cast in 

situ sidewalks beyond the end beam, 42-47cm wide towards one side and 48-53cm towards 

the other side. The concreting of that area of the sidewalks, despite its limited width,          

presupposes the use of, resistance to bending, welded reinforcement cages in a lattice form 

(Gittertrager or trallici) at adjacent prefabricated slabs, so that this section is concreted      

supported at these cages, also presupposing the use of prefabricated parts for external surfaces. 

   The pier has the form of one-column pier of hollow circular cross section, having an    

exterior diameter of 3m and an interior diameter of 2m, namely is 0.5m thick (Figure 11b). 

The column heads are connected with a pier head, shaped anvil, 3.5m wide, leaving a gap of 

1m between the fronts of the respective beams for the case that a carroponte mechanism is 

used for the placement of the beams.  

   The simply supported superstructures are connected over the piers with a connection slab 

(connection flange) in order to eliminate the intermediate joints, namely their procurement, 

installation and maintenance costs in combination with the improvement in comfort feeling 

during the traffic of vehicles. Elastomeric expansion joints of type ALGAFLEX T200 AS are 

installed only at the abutments, while the ability to visit the interior of the pier columns is en-

sured through a manhole with an opening 0.80 x 0.80m at the upper surface of the pier head. 

The precast beams are supported at the piers on circular elastomeric bearings of type 
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ALGABLOC NBC4, while similar bearings are installed between the deck and the earthquake 

resistant stoppers.  

   The concrete category of the deck and the piers is C30/37 (B35), the category of steel re-

inforcement is S500s and the category of the prestressing wires is 1570/1770. 

 

 

Figure 10: Longitudinal section of the bridge. 

      
 

                                                               (a)                                                                                    (b)            

Figure 11: (a) Bridge typical support section. (b) Pier cross section. 

4.2 Redesigned bridge 

For the redesign of the existing bridge, the proposed construction method keeps, from the 

conventional construction method, the prefabricated beams and slabs, but differs radically 

from it at the piers, where the prefabricated beams, instead of seating on elastomeric bearings, 

are embedded in the pier heads. The aim of this embedment is to accomplish the continuity of 

the static system, at least for a substantial proportion of the functional loads (additional    

permanent and live loads), and improve the seismic behavior of piers. According to this pro-

posal, the deck is not monolithically connected to the abutments, but is seated on proper   

bearings and the seismic displacements are selectively controlled through seismic links   

(stoppers).  The two intermediate beams, out of 6 beams of the bridge cross section, are seated 

directly on the piers, without needing support during their construction. 
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   The proposed construction method is as follows: 

• The precast/prestressed beams and the precast slabs are constructed on the ground. 

• The piers whose stiffness must be drastically reduced, can not obviously maintain the 

hollow circular cross section of the piers of the reference bridge. Therefore they 

should have a hollow rectangular cross section, that is particularly suitable for ‘’play-

ing’’ with the stiffness (Figure 12): 

a) If the pier height is big (e.g. greater than 20m), then the hollow cross section can be 

maintained complete. 

b) If the pier height is medium (from 15-20m), then the hollow section is seperated   

into two blades and two small walls. 

c) If the pier height is small (smaller than 15m), then the two small transverse walls 

can be divided in half. In this case where the pier heights are about 15m, the second (b) 

choice has been made. The piers are constructed at first stage with cast in situ concrete 

and have adequate width for the seating of the prefabricated beams. The top section of 

the pier is constructed as a single section together with a part of the pier head.  

• The precast I-beams are placed in their final position by crane and are seated on the 

bottom part of the pier head (about 20cm above the bottom formwork). 

• The in situ concreting of the pier head follows, embedding parallely the prefabricated 

beams, in order to accomplish a fully monolithic connection of the precast beams of 

the deck to the piers. The concreting can reach up to the deck slab.  

• Subsequently, the precast slabs are placed on the precast beams and the compression 

reinforcement of both the cast in situ deck slab and the beams is placed. 

 

 

Figure 12: Cross section of the pier (a) for height greater than 20m (b) for height between 15 and 20m (c) for 

height smaller than 15m. 

The main features of this method are the large width of the pier head and the need for using 

metallic formwork, that is based on the pier foundation, for the temporary support of the 

beams. The rigid connection of the precast beams to the pier head is ensured by placing sus-

pension reinforcement (stirrups) on each side of the beams. 

   Of course, there is a need for proper reinforcement of the monolithic node, in order to 

avoid congestion of reinforcement. As it becomes evident from the following drawing (Figure 

13a), conventional reinforcement and not prestressed is chosen at the supports. Τhe section of 

the pier head is given in Figure 13b). 

   The program SAP 2000 v 17.1.1 [24] was used for the analysis. 
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                                                                                           (a)    

                                                                                  

 
                                                                           (b)   

             Figure 13: (a) Longitudinal section at the pier. (b) Cross section A-A at the pier. 

4.3 Dimensioning of the pier head 

The pier head is the structural element that transfers the loads of the superstructure to the 

piers. It has a compact rectangular cross section, a constant width of 2.4m and a height of 

2.45m (together with the deck slab). In essence, there are two cantilevers on either side of the 

pier, that end up to it.  

   The process of determining the internal forces is as follows: the loading of the beam due 

to its self weight and furthermore the loads that carries one cantilever (due to symmetry) in 

the positions of P1 and P2 beams (concentrated load), that result from the analysis of the     

superstructure for a span, are taken into account. The concentrated loads are obviously multi-

plied by two, since two spans correspond to each pier head [25].  

Based on what has been said above and loading one-sidedly the deck of the bridge, (putting 

the vehicle in the nearest position to the sidewalk), in order to have the most unfavorable situ-

ation for section loads, the corresponding loads, due to concurrent beams, are calculated. The 

most unfavorable – one-sided loading of the deck due to traffic loads is given in Figure 14 

[26]. 
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Figure 14: Characteristic position of the most unfavorable loading. 

The load from the self weight of the pier head and the single loads from the beams are  

given in Figure 15. 

 

                                   
(a)                                                                                                  (b)       

Figure 15: (a) Load from the self weight of the pier head. (b) Single loads from the beams. 

   The design moment is: Μsd = 21,010kNm for the ultimate limit state in bending. 

   The required reinforcement  is: As,req= 230 cm
2
. 

   Consequently the bending reinforcement at the pier head is 48Φ25 (2X24 Φ25/100 - 

As,prov = 235.5 cm
2
). 

Simultaneously 32Φ25 (2X16 Φ25/150) are placed at the bottom flange not only as mon-

tage reinforcement, but also as reinforcement for the containment of creeping deformations of 

the cantilevers, since as it is known, the existence of strong compression reinforcement       

reduces significantly the influence of creep. 

The precast beams are seated on the pier head creating an additional strain. This additional 

weight is imposed in the bottom flange of the pier head and is accompanied by the risk of 

yielding reinforcement of the bottom flange and destruction of the existing reinforcement 

cover. For these reasons suspension reinforcement (stirrups) must be placed at the seating po-

sitions of the precast beams, in order to ‘’transfer’’ this strain towards the upper sidewall of 

the beam and avoid the risks.  

 Then the required suspension reinforcement is calculated: 

• At the seating position of beam 1: asw,req = 64.4 cm
2
. 

• At the seating position of beam 2: asw,req = 86.9 cm
2
. 
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   Finally stirrups Φ14/150 of 16 legs are placed as suspension reinforcement per cross sec-

tion in two cross sections left and two right with a distance of the two positions between them 

15cm → asw,prov = 98.6 cm
2
 . 

  The shear check position is at a distance d from the support for the ultimate limit state in 

shear. The design shear at the specific point is: VEd = 3,329 kN 

A) Check of the compressive diagonal:  

VRd max = 27,000kN> 3,329 kN = VEd 

So it has been proved that the compressive diagonal has sufficient strength.  

B) Shear reinforcements: 

The required shear reinforcement is calculated: asw,req= 29.2 cm
2
/m. Stirrups Φ14/300 of 16 

legs are placed as shear reinforcement in all areas  → asw,prov= 98.6cm
2
/ m. 

   The chosen reinforcement of the pier head is depicted in Fig. 16, 17. 

 

 

Figure 16: Pier head cross section. 

                 
 

      (a)                                                                              (b)       

Figure 17: (a) Deck longitudinal section A-A. (b) Reinforcement detail at the upper flange of the pier head. 

Regarding the reinforcement needs of the pier head, it is worth mentioning that in case of 

difficulty to meet the functional criterion relating to the allowable range of cracking, there are 
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alternatives to improve the situation, either by reducing the cantilevers length through        

increasing the cross section length of the underlying pier, or even resorting to the solution of 

prestressing, that will lead to the decongestion of the situation. It is noted that any applied  

pretensioning does not have the disadvantages of ‘‘submersing’’ tendons since the anchorages 

are constructed ‘‘normally’’ at the fronts of the cantilevers ends. 

5 CONCLUSIONS FROM THE FIRST PROPOSAL 

In this paper a variation in utilizing prefabricated beams was examined, both experimental-

ly as well as analytically, rather than seated on bearings at the pier heads, but as embedded at 

their end sections in the pier heads and simultaneously eliminating the bearings, which are 

placed only at the end supports of the bridge on the abutments. The functional problems,    

particularly that of the shrinkage of the deck, were dealt with by using rectangular hollow  

sections for the piers, seperated into two blades and two small walls, in order to drastically 

increase their flexural flexibility, that is absolutely required because of the great length of this 

kind of bridges and the lack of bearings on piers. 

   In this paper a PATHE bridge was utilized and was redesigned, based on the above inter-

ventions in its load bearing structure, with the main objective to examine the feasibility or not 

of their integration in its structural system. The main conclusions of this examination are the 

following: 

1. The durability of the resulting system is much greater due to the elimination, but also the 

removing of the need for periodical replacement of the much greater volume of bearings, 

which are used in the conventional method. 

2. The economy is greater for the proposed system because of the abolishment of bearings 

at piers, the continuity of the system for a large proportion of the loads and thanks to a drastic 

reduction of the prestressing reinforcement. 

3. The aesthetics is better due to the embedment of the beams into the pier heads and the 

potential reduction in the height of the beams of the superstructure. 

4. The safety of the resulting system not only is not smaller than that of the conventional 

method, but because of the frame function of the bridge, results greater. 

5. The functionality which, as it is known, is negatively affected by the monolithical con-

nection, is manageable. 

6 DESCRIPTION OF THE SECOND PROPOSAL 

6.1 Construction of the bilateral cantilevers of the superstructure and placement of   

them on the pier heads  

Under the proposed construction process, instead of simply supported precast beams, inte-

gral and balanced bilateral precast cantilevers with a cross section of variable height are con-

structed, which are going to be seated on the pier heads with a seating length equal to the 

width of the cross section of the pier heads (Figure 18). They have variable sections regarding 

both the width and height (Figure 19). 
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Figure 18: Longitudinal section of the bridge. 

 

Figure 19: Typical sections of the precast bilateral cantilevers. 

The number of these precast bilateral cantilevers (PBC) per span may follow the rules  

governing the conventional prefabrication. Namely, for a distance between each other ranging 

from 2.5 to 3m, there are 4 to 6 precast bilateral cantilevers. Regarding the width and the 

length of the bilateral cantilevers, respective selection criteria may be considered, for the 

width both the desired efficiency of the compression zone at the supports of the continuous 

system and the anchoring requirements of prestressing tendons, which are at the upper flange 

of these prefabricated members, and, for the length, with given the possibility of using sec-

tions of variable height and width, a considerable length of the cantilevers on both sides may 

be achieved, if the weight of 1,000KN, which is considered as the economic weight for lifting 

by two cranes, is taken as a criterion. Otherwise, a carroponte mechanism is used for their 

placement. E.g. for a width of 0.75m and for a height of 2.7m at the beginning of the cantile-

ver, at the support position, and of 0.80m at the end of the cantilever, cantilever length of 

about 20m and a total length of the prefabricated part of the order of 40m can be achieved. 

This means that, if one considers that the central part of the span is of the order of 10m, there 

is a possibility of achieving spans with a length over 50m. This is of great importance, as it 

expands greatly the possibilities of prefabrication applications by exceeding the limit of 40m, 

that is regarded as a boundary for the length of the span in the conventional construction 

method. This is made feasible due to: 1. the double tee sections of the precast members (in-

stead of the rectangular of the conventional prefabrication), 2. the variable sections (instead of 

the classic ones), 3. the monolithic result which creates moments at the supports (instead of 

the simply supported system).  

After the placement of the precast members on the hollow web of the pier and the bilateral 

cantilevers-pier heads, follows the concreting of the deck slab which refers to the area of PBC, 

together with the completion of the concreting of the pier head, for which preceded, even be-

fore placing the PBC, part of its bottom flange, about 20cm thick, where the bottom compres-

sion reinforcement of its seating cantilevers and the bottom part of the stirrups, which 
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undertake shear forces and suspend the reactions of the gravity loads transferred by PBC, are 

incorporated (Figure 20). Regarding the concreting process after the  placement of PBC, it is 

noted that the placement of the necessary precast deck slabs 7 or 8cm thick, where the bottom 

reinforcement of the deck slab is incorporated, precedes, then follows, after obtaining a work 

floor, the placement of the upper reinforcement of this slab and the conventional longitudinal 

supporting reinforcement of the superstructure, which is calculated in a next phase in addition 

to prestressing tendons, and follows the concreting of the remaining thickness of the seating 

cantilevers, along with the deck slab up to the ends of the PBC. It should be noted that the 

placement of the precast deck slabs and the concreting should take place respecting strictly 

the symmetry of imposing loads on the sensitive against topple t-shaped static system, the 

from the ground temporary support of which is impracticable and costly because of the gener-

ally big height of the piers. The attainment of a monolithic behavior of the connection of the 

bilateral cantilevers is ensured: a) through the provision of a large central hole in the PBC in 

their supporting area, with which the continuity at the pier heads is achieved and through ap-

propriate longitudinal reinforcement (with respect to the pier heads), it can be considered that 

the pier heads function as integral and b) thanks to the intermediate sections between the pre-

cast bilateral cantilevers, the integral deck slab and the suitable geometry of the sidewalls of 

the precast bilateral cantilevers, situated within the pier heads, which are easily formed during 

their concreting locally in their central region by means of corrugated metal sheets, whereby 

the relative rotation between the precast bilateral cantilevers and the effective parts of the  

hollow webs of the pier for the longitudinal direction of the system is prevented.  Regarding 

the earthquake, since the effective cross-sectional width of the pier at the top is reduced be-

cause of the inactive flexural areas, which are created by the presence of the precast bilateral 

cantilevers, supplementary reinforcement must be placed bilaterally in the upper region of the 

hollow web, so that the flexural bearing capacities up and down are equal, and the zero-point 

of the moments is in the middle of the height, as the web of the pier behaves as restrained at 

both ends between the lower pile cap and the upper deck.  

As regards the criterion for determining the exerted straight pretensioning at the top flange 

of the PBC, this is selected initially to satisfy the requirement of zero deflections of the canti-

levers not only for the self weight of PBC, but also for the subsequently concreted deck slab 

in the position of the cantilevers. In other words, the prestressing moment should be equated 

with the moment of the gravity loads in this construction phase at the beginning of the canti-

levers. It should however be noted that the resulting prestressing tendons may be increased in 

the dimensioning phase of the complete system and for its most unfavorable loading with 

permanent and live loads [27]. 

 

 

Figure 20: Construction of   pier heads-cantilevers. 
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6.2 Construction of the abutments 

The selection of the variable cross-section of the superstructure for economic reasons, in 

combination with corresponding aesthetic reasons, requires the construction of a new type of 

abutment, on which the end of the superstructure will not simply be seated but will be re-

strained in it, so that the intended variability of the cross-section may be extended at the end 

spans too. This is difficult and things become more difficult as the use of prefabrication also 

at the end spans of the bridge requires adjustments because conditions vary radically with re-

spect to those of the piers. The main difference lies in the fact that the PBC can not be sym-

metric, as in the case of piers, therefore support of the cantilever that is on the side of the 

bridge would be required for their seating on the wall-type web of the abutment.  This support 

is not considered easy to be constructed although generally in the areas of the abutments there 

is a small distance between the superstructure and the ground. So, three solutions for the con-

struction of the abutments are proposed and examined, which have limitations, advantages 

and disadvantages. 

Solution 1 

If the conditions of the relief of the area permit it and the length of the end part of the su-

perstructure is not big, the cast in situ construction of the system consisting of the abutment 

and the semi-cantilever of the deck is feasible, instead of the precast semi-cantilevers of the 

abutments. This solution is the easier one. 

Solution 2 

Precast non-symmetric semi-cantilevers are used, which are simply supported at cast in 

situ abutments. This solution does not abandon the prefabrication, but it sets two limitations:  

1. The precast parts should be placed at abutments with a wall-type web. 2. A system of longi-

tudinal bar (cable) is foreseen for each beam, at a significant distance from the wall-type 

abutment on the side of the embankment, so that the tilting moments of these non-symmetric 

parts can be undertaken. The lever arm should be about 3m. 

Solution 3 

This case mainly concerns bridges in areas of high seismicity. The wall-type web of the 

abutment, on which the end part of the superstructure is seated, can also be used as a seismic 

stopper. Measures to meet emerging functional problems should be taken, so that the proposal 

is made feasible in applications. There are two distinct cases depending on the height of the 

abutments. In case of abutments of great height, the wall-type web of the abutment is     

seperated into two blades, in order to decrease the stiffness of the abutments in the longitudi-

nal direction. The distance of the blades must be adequate for the seating of the precast non-

symmetric cantilevers. In case of short abutments, which is the usual case, the separation of 

the wall-type web of the abutment into two blades would not solve the functional problem. So, 

the wall-type web of the abutments is not embedded in the pile cap, but is seated on the pile 

cap on bearings which are placed not at the upper flange of the pile cap, but at the bottom of a 

grooving, with appropriate depth and width, so that the sides of the grooving function as bi-

lateral stoppers in case of an earthquake and simultaneously allow through the existing gaps 

the functional movements of the superstructure. 
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Figure 21: Wall-type web of the abutments which is seated on the pile cap on bearings, placed at the bottom of a 

grooving. 

6.3 Construction of the central parts of the spans  

The cast in situ central parts of each span are concreted with the use of suspended form-

works. The formworks are suspended at the ends of the opposite cantilevers. This occurs  

simultaneously at every span but only along one ‘line’ of PBC (Figure 22a). The procedure 

must be very strict because of the sensitivity to non-symmetric loadings of the gradually con-

structed system. After the hardening of the concrete of the first ‘line’, the suspended form-

works are removed and are placed at the next line. On this way the final system is completed 

(Figure 22b). 

 
                                                                                   (a)                                                                               

 
                                                                                   (b)                                                                               

Figure 22: Consecutive construction of the central parts of the spans. 

The formworks are dimensioned, for economy reasons, to undertake their self-weight and 

the weight of the concreted beam and not the weight of the deck slab, that will be concreted 
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afterwards. The dimensions of a formwork, appropriate for a 10m long central span, are 

shown in figure 23. 

 

 

Figure 23: Typical suspended formwork. 

6.4 Construction of the deck slab  

After the concreting of the pier heads, in which the precast beams are embedded, and the 

construction of the central parts of the spans, follows the construction of the deck slab. In this 

point it must be noticed that the compression reinforcement of the supports has been already 

placed and concreted with the pier heads-cantilevers. At first, precast slabs are placed bridg-

ing the gap between two ‘lines’ of bilateral cantilevers. Then precast slabs are placed in the 

next ‘lines’. The procedure is the same with the one followed for the central parts of the spans 

and is also strict. Finally, the cast in situ part of the deck slab is concreted. The precast slabs 

have a thickness of 8-10cm and the whole deck slab of 25-30cm generally. The concreting of 

the cast in situ part of the deck slab follows the same procedure with the central parts of the 

spans and the precast slabs. 

6.5 Summary of the construction procedure 

The construction procedure consists of ten steps: 

1. Construction of the webs of the piers. 

2. The random construction procedure for the superstructure is not allowed. 

3. Construction of the lower flange, 0.2m thick, of the bilateral cantilevers of the pier heads, 

which are transversal in relation to the webs of the piers, on which the precast bilateral canti-

levers will be placed.  

4. Placement of PBC on the pier heads and concreting of the bilateral cantilevers of the 

pier heads up to the upper flange of PBC. Specifically for the abutments, there are three alter-

native solutions: a) the preferred cast in situ solution, under limitations, b) the use of cables in 

order to undertake the moments of the non-symmetric cantilevers, c) the simply support 

choice for the superstructure, characterized by earthquake resistance and aesthetic handicap. 
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5. Placement of suspended formworks along one ‘line’ of PBC and concreting of the 10m 

long central parts of the spans. 

6. Removal of the formworks and placement of them along the next ‘line’ of PBC and con-

creting of this ‘line’and so on for all the lines of PBC. 

7. Placement of the precast slabs consecutively, in the same way as above . 

8. Placement of the upper, longitudinal and transversal reinforcement of the deck slab and 

of the upper longitudinal reinforcement at the supports and the bilateral cantilevers of the pier 

heads. 

9. Concreting of the upper flange of the pier heads-cantilevers. 

10. Concreting of the cast in situ part of the deck slab, following the procedure of consecu-

tive lines as by PBC (4 and 5).   

7 CASE STUDY FOR THE SECOND PROPOSAL 

The bridge which will be used as a case study is the C4 bridge of Northern Road Axis of 

Crete. According to the real study, the bridge will be constructed with the cantilever method. 

Modifying the study according to the new proposed method, the bridge has 11 spans (the in-

termediate spans are 46m long and the end spans are 22m long) and a total length of 458m. 

The precast bilateral cantilevers have a length of 36m which leads to a 10m long cast in situ 

central part of each span. These cantilevers have a double tee section, a height of 2.7m at the 

beginning of the cantilever, at the support position, and of 0.80m at the end of the cantilever. 

The upper and bottom flange of the cantilevers are 0.75m wide, and their web is 0.25m wide. 

Six precast cantilevers are placed on each pier with a distance of 2.3m between each other. 

The deck slab has a thickness of 30cm. The prestressing tendons of the precast cantilevers are 

at the upper flange and are prestressed in a prestressing bed in direct bond with concrete. They 

are composed by 40 straight wires having each one a cross section of  A=1,39cm
2
. The rede-

signed bridge is depicted in figure 24. 

 
(a)                                                                               

 
(b) 

Figure 24: (a) Horizontal section and (b) Longitudinal section of the redesigned bridge. 

Two issues will be investigated: 

1. The function of the abutments which are seated at the pile cap on bearings which are 

placed not at the upper flange of the pile cap but at the bottom of a grooving, with appropriate 

depth and width, so that the sides of the grooving function as bilateral stoppers (Figure 21).  
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2. The regularity of the integral bridge, in relation to the piers which have variable height 

and whose sections should be altered. 

7.1      Abutments seated on bearings and restrained between stoppers 

In functional mode the abutments can move on the bearings as there are foreseen gaps 

equal to the functional movements between the abutments and the stoppers (Figure 21). So, in 

the functional model the abutments will be simulated with their bearings. In seismic mode, 

where the movements will be larger, the abutments will hit to the stoppers, although they need 

to traverse the distance of the gap. So, in the seismic model the abutments will be simulated 

with hinges (simulating the stoppers) but with reduced stiffness due to the gaps. The final 

stiffness of the abutments at this simulation can be calculated by using the following figure 25 

from EC8-2.  

 

Figure 25: Stiffness of the abutments traversing a gap. 

, where:  

s = Slack of the link. 

dy = Yield deflection of supporting element. 

A = Stiffness of the bearing. 

B = Stiffness of supporting element. 

C = Linear approximation of the curve. 

At first, the stiffness of the abutments as sections is calculated. They have a 13.25*1.00 

section and 2Φ20/80 reinforcement in the primary direction. The stiffness is calculated from 

the following equations: 

Jeff = 0.08*Jun +Jcr (EC8) 

                                                          Jcr= My/(Ec*φy) 

        Ec*Jeff = ν*Mrd / φy (EC8)                                                                             

                                                      Ec*Jeff = 300*Μrd,h*d                                                      (1) 

 

The programs Fagus– 4, Section designer, KSU – RC were used for the sections analysis. 

 

Finally, the stiffness of the abutment is Jeff = 40% * Jun, namely equal to the 40% of the 

stiffness of the uncracked section. 

The abutments are embedded in the superstructure and simply supported on bearings. So, 

they function in seismic mode as inverted cantilever. The embedding type can be considered 

as one from the following three depicted in figure 26.   
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Figure 26: Types of abutments embedding. 

The stiffness of the system abutment – bearing is calculated equal to 9% of the total 

uncracked stiffness of the section. According to the seismic analysis, the abutments do not fail 

and they undertake 26-30% of the total shear force of the bridge in the longitudinal direction, 

depending on the piers section. The abutments are also checked under functional loads for the 

avoidance of cracks. 

 

7.2     Variable sections of piers changing the regularity of the bridge 

The final result of this construction method is an integral bridge. So, the piers should have 

similar stiffness in order to avoid the failure of the short piers because of the big shear force 

that they will have to undertake otherwise. In this point, it must be noted that this problem 

does not exist in the conventional prefabrication due to the bearings at the pier heads.        

Furthermore, the short piers must have reduced stiffness, comparing with the tall ones, so that 

we have a regular or ‘almost’ regular bridge. In this case study the reduction of the stiffness is 

achieved by dividing the hollow section of the tall piers in half (case 1), or seperating the sec-

tion into two blades (case 2) (Figure 27).  This leads to an aesthetic result comparing with the 

case of piers with totally different dimensions. 

 
                                (a)                                                       (b)                                                 (c)              

Figure 27: Sections of piers: (a) tall piers, (b), (c) short piers. 

The bridge has totally 10 piers. In the following table 1 the section of each pier for the two 

cases is given. 
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    case 1 case 2 

pier height section section 

A1 5 rectangular rectangular 

M1 12 hollow with joints blades 

M2 17 hollow  hollow  

M3 22 hollow  hollow  

M4 23 hollow  hollow  

M5 26 hollow  hollow  

M6 27 hollow  hollow  

M7 22 hollow  hollow  

M8 20 hollow  hollow  

M9 13 hollow with joints blades 

M10 12 hollow with joints blades 

A2 5 rectangular rectangular 
 

Table 1: Piers sections for the two cases. 

The bridge is characterized as regular if ρ≤ρ0=2, where:  max
0

min

r

r
   ,                                (2) 

where: ri is a dimensionless coefficient calculated for each pier: 
,

,

*
Ed i

i

Rd i

M
r q

M
                       (3)             

                                                                                                       

Furthermore, the piers which undertake shear force smaller than the 20% of the total shear 

force in the direction under consideration, can be excluded from the control. This last excep-

tion from the control is always true in this case study, because of the large number of the piers. 

So, the spirit of the code was interpreted and only the piers which undertake too small shear 

force comparing with the rest were excepted . 

In case 1 the bridge was considered as irregular and in case 2 as regular. The reasons for 

this are: 

1.  The hollow sections with joints have moment of inertia equal to the 11,3% of the hol-

low section in the longitudinal direction. In the transverse direction it has the same moment of 

inertia with the hollow section.  

2. The blade sections have moment of inertia equal to the 1,9% of the hollow sections in 

the longitudinal direction, and 57,7% of moment of inertia of hollow sections in the transverse 

direction. 

8 CONCLUSIONS FROM THE SECOND PROPOSAL 

A new method of prefabrication is described and applied in this paper concerning the su-

perstructures of bridges and not only. Compared to the conventional one, it has significant 

advantages, that are gained after a number of difficult constructional and functional problems 

have been resolved. The most important conclusions from the analytical investigation of the 

problem can be summarized as follows: 

1. The proposal has undoubted innovation features in the implementation of Prefabrication. 

2. By applying the proposed method, superstructures of bridges at any height from the 

ground can be constructed. 
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3. It leads to a monolithic result and relieves Prefabrication from the till nowadays abso-

lutely necessary use of bearings and this implies not only a reduced bridge construction cost 

but also a reduced maintenance cost. 

4. It makes possible to increase the length of the bridge spans, which from 40m, that is 

considered as a limit for the conventional prefabrication, can exceed 50m, resulting in savings 

in the number of piers. 

5. Allows the adjustment of the section height of the bridge superstructure to the existing 

strain induced by gravity loads, and this, besides economy, has an important impact on the 

aesthetics of the result as well as on its integration into the environment, taking into account 

that the proposal concerns generally viaduct and ravine bridges. 

6. It is free from the unattractive seating of the superstructure on the upper flange of the 

pier heads, as the precast beams are embedded over their entire height in the pier heads. 

7. Allows the application of prestressing bed for the precast cantilevers resulting in saving 

in anchorages, which are the most expensive part of prestressing applications. 

8. It allows applications of full, limited and partial pretension, and in any case is accompa-

nied by significant savings in prestressing steel. 

9. There are three variants examined for the support of the superstructure at the abutments 

which are accompanied by corresponding constructional, aesthetic and earthquake resistance 

advantages. In particular, the earthquake resistance advantage consists in the function of the 

wall-type web of the abutment as a seismic stopper. This utilization of the wall-type web as a 

stopper has significant advantages, such as the containment of seismic displacements and the 

resulting relief of the piers, which undertake the inertial seismic actions. 

10. The accomplished monolithic result of the system enables a better and more economi-

cal treatment of the earthquake, as it is mainly dealt with by ductility, reduces seismic dis-

placements and hence the impact of the critical for tall bridges PΔ -effect. 

11. Allows the functional problems arising from the monolithic result to be handled in a 

flexible way, as it exploits the division of the generally hollow sections of the pier. 

 

9 GENERAL CONCLUSIONS  

Two proposals of scalable monolithic connection at bridges, where the prefabrication is 

exploited, were examined in this paper. In the first case, prefabricated beams with a length 

equal to the length of the span are utilized, while in the second, which is the peak point of this 

research, prefabricated static subsets of bilateral cantilevers of variable section height are used, 

which are afterwards completed with cast in situ sections, concreted with suspended at the 

cantilevers formwork. The second proposal is far superior, regarding all the evaluation criteria. 

From the comparison of the two cases that were applied in two cases of bridges of high re-

quirements, the following conclusions were reached: 

1. The resulting material consumption economy in the second case is particularly striking, 

since gross calculations have shown that only 2/3 of these materials (concrete, conventional 

reinforcement and prestressing steel) are required compared to the first proposal. 

2. From the second proposal, a controlled and substantial reduction in stiffness, on the one 

hand of the piers and on the other of the superstructure, is resulting, with beneficial effects: a) 

for the functionality of the system and in particular in mitigating the intensity caused by the 

constraints due to the expansion and contraction of the deck, and due to any differential set-

tlements of piers and b) the resulting flexibility of the overall system increases the     

eigenperiod, resulting in drastic reduction of inertia seismic actions, which relieves besides 

piers, their foundations significantly as well.   
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3. The resulting aesthetics in the second case is clearly improved thanks to the curvature of 

the bottom flange, which reminds the traditional geometries of mountain bridges, which uti-

lized the arch and the bow to undertake the loads at spans of great length. 

4. The near to zero cost of bearings and expansion joints eliminates the additional mainte-

nance costs, which as a rule are usually accompanied by the shutdown of traffic on the bridge, 

during the replacement of these accessories. 

5. The use of specially shaped abutments as stoppers relieves the piers, that are the struc-

tural elements, that undertake most of the seismic strain, thus ensuring the earthquake re-

sistance of the bridge with minimal cost. 

It is concluded from the foregoing that the second proposal obviously outclasses both the 

first one and the corresponding, till nowadays applied, proposals for prefabricated bridges. 

   
Acknowledgments The authors would like to express their special thanks to METESYSM S.A. for the deci-

sion to provide the final design of the bridges used in the present study. 
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Abstract. The present study deals with the validation of a numerical model that can 

approximate the flexural behavior of corroded reinforced concrete beams patch repaired and 

strengthened with carbon fiber reinforced polymer (CFRP). Six reinforced concrete beams 

were corroded under an accelerated corrosion technique to low and medium corrosion levels 

respectively. Two beams were used as control, while the remaining four were patch repaired 

and strengthened with externally bonded reinforcement (EBR) and near surface mounted 

reinforcement (NSM) with equivalent axial rigidity. After repairing the concrete substrate and 

subsequent bonding of the CFRP reinforcement, the beams were tested to failure under four-

point loading. The developed 3D finite element models take into account the different 

mechanical properties and detailing of corroded bars and of the mortar patch as well as of 

the existing concrete – mortar patch interface and of the NSM or EBR FRP – mortar patch 

interface. The FE analyses may reproduce the observed modes of failure including crushing 

of the concrete after steel yielding and debonding of CFRP. The analytical load-deflection 

curves compare well with the experimental flexural behavior of the corroded RC beams patch 

repaired and strengthened with EBR and NSM CFRP laminates.  
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1 INTRODUCTION 

A lot of research has been conducted to assess damaged reinforced concrete structures 

affected by corrosion of steel reinforcement. The damage is caused by the reduction of cross-

sectional area of the steel and reduction of its strain at failure and bond to concrete as well as 

concrete cracking in the RC elements and leads to early failure of structures [1-3]. Externally 

bonded carbon fiber reinforced polymer (CFRP) reinforcements (EBR) constitute effective 

structural strengthening solutions for existing RC structures. However, the maximum FRP 

tensile stress that can be utilized according to this technique is limited by the bond 

performance between FRP systems and concrete substrate. Near surface mounted (NSM) 

technique is also used for strengthening deteriorated structures, where thin laminates or bars 

are installed into slits opened in the concrete cover. The NSM strengthened members can be 

more ductile than EBR strengthened members and fail at much higher FRP strains [4,5]. Not 

much information is available on steel corroded and FRP repaired RC beams, especially on 

the efficiency of FRP strengthening applied on repaired substrate. 

Although an extensive experimental research has been conducted on the application of 

FRP systems for the flexural strengthening of RC elements, numerical analyses are of a great 

importance to evaluate the influence of the crucial design parameters on the strengthening 

efficiency. Numerical investigations of FRP strengthened RC members, focused on EBR 

technique, have been conducted in parallel to the experimental work. Many researchers 

simulated the behavior of RC members strengthened in flexure with externally bonded FRPs 

assuming perfect bond between concrete-epoxy and epoxy-FRP interface [6,7]. A few 

researchers considered the debonding effects in FE modeling of EBR strengthened RC beam 

[8-10]. The behavior of NSM CFRP strengthened structures using 2D or 3D numerical 

models have been investigated by [11] assuming perfect bond conditions (no slip). In this case 

the FRP debonding failure cannot be predicted. Finite element modeling of NSM CFRP 

strengthened members considering debonding is very limited [12,13]. The development of a 

FE model of RC members strengthened with FRP materials considering the nonlinear 

behavior of constituent materials and FRP-epoxy-concrete interfaces is required to reproduce 

the failure mechanisms of strengthened members.  

The cohesive zone model approach is one of the most commonly used tools to investigate 

interfacial debonding. This approach assumes that a cohesive damage zone or softening 

plasticity develops near the crack tip. Camata et al. [14] investigated the bond failure 

mechanism of FRP laminates glued to concrete and found that the nonlinear fracture 

mechanics model follows very closely the experimentally observed cracking sequence. Pham 

et al. [15] used nonlinear fracture mechanics to study bond between CFRP and concrete and 

showed that the interface crack model can represent successfully bond behavior. Arduini et al. 

[16] presented a FE study of end cover separation in FRP-strengthened RC beams in which a 

perfect bond was assumed between FRP and concrete as well as between steel and concrete, 

where a good agreement was observed between the predicted and experimental load-

deflection curves. Yang et al. [17] used a discrete crack model based on linear elastic fracture 

mechanics for the concrete and the bond-slip behavior between steel and concrete in order to 

simulate the failure of strengthened beams. Their model required a re-meshing process which 

is time consuming. Neale et al. [18] presented nonlinear finite element modeling of RC 

members externally strengthened with FRPs and shown that with appropriate constitutive 

models for the FRP/concrete interfaces, the numerical predictions agree well with the 

experimental measurements in terms of load-deflection relationships and failure modes. 

Almassri et al. [19] used FE models of corroded RC beams strengthened with a NSM CFRP 

rod assuming full bond between FRP and concrete and could capture well the load capacity 
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and the failure modes. A 3D FE model was used by Rezazadeh et al. [20] to simulate 

strengthened beams with CFRP profiles, which was capable of simulating the nonlinear 

behavior of the materials and both interfaces between concrete-epoxy and epoxy-CFRP. The 

ultimate shear capacity and the experimental modes of failure including diagonal concrete 

cracking and debonding of the FRP strips could be predicted well by the numerical simulation 

of Manos et al [21]. 

The present study investigates experimentally and analytically the flexural behavior of 

corroded RC beams patch repaired and strengthened with CFRP laminates with EBR and 

NSM techniques. 3D models have been developed in ABAQUS to investigate the specific 

mode of failure of non-strengthened and strengthened beams. The numerical analyses could 

predict with satisfactory accuracy the experimental load-deflection behavior, the ultimate 

capacity of the beams as well as the observed failure modes including debonding of CFRP 

laminate and debonding at the epoxy-CFRP NSM strips interface.  

 

2 EXPERIMENTAL INVESTIGATION 

2.1 Beam tests  

A total of 7 RC beams with a width of 150 mm, a height of 300 mm and a length of 2300 

mm were tested in the Reinforced Concrete Laboratory of D.U.Th. Beam RC-N was a 

reference beam with no corrosion, while the remaining six beams were subjected to an 

accelerated corrosion technique at low and medium corrosion levels. Beam RC-COR1 was the 

control corroded beam at low corrosion level, while RC-COR1S1 and RC-COR1S2 were 

corroded beams repaired and strengthened with EBR and NSM carbon FRP systems 

respectively. At medium corrosion level the control beam was named RC-COR2, while the 

repaired and strengthened with EBR and NSM CFRP was named RC-COR2S1 and RC-

COR2S2 respectively. All beams had three tensile ribbed rebars of 12 mm diameter, two 10 

mm diameter ribbed bars in compression, stirrups of 8 mm diameter spaced at 150 mm (with 

50 mm spacing at the support) and 20 mm clear concrete cover. The typical geometry and 

reinforcement of beams are shown in figure 1. 

 

Figure 1: Beam geometry and reinforcement details of test specimens. 

 

2.2 Materials 

The average maximum compression stress on cylindrical concrete specimens was 34.6 

MPa, the elastic modulus 32300 MPa and the tensile strength was 2.2 MPa after 28 days. The 

tensile strength, measured using the splitting test, was 2.2 MPa. Tensile tests on steel were 
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also executed and the yield strength was measured equal to 552.2 MPa, while the ultimate 

strength 652.5MPa.  

After removal of cracked concrete, corroded rebars were treated with corrosion inhibitor 

for reinforced concrete and an epoxy-cement and anti-corrosive bonding primer. Substrate 

repair was realized with polymer modified cementitious repair mortar having compressive 

strength of 50 MPa at 28 days. Table 1 shows the mechanical characteristics of CFRP 

laminate, CFRP NSM plates and U-CFRP sheets for shear strengthening. Epoxy resin was 

used for the bonding of CFRP laminate having flexural strength of 90 MPa, tensile strength of 

30 MPa and elastic modulus of 11200 MPa. The epoxy resin for the bonding of CFRP plates 

into slits, filling the grooves in NSM technique and for UCFRP sheets had tensile strength of 

30 MPa and elastic modulus of 4500 MPa.  

 

 

Material 
Width 

(mm) 

Thickness 

(mm) 

Young’s 

Modulus 

(GPa) 

Ultimate 

stress 

(MPa) 

Ultimate 

strain 

(‰) 

CFRP laminate  50 1.2 165 3100 17 

CFRP NSM plates 10 3 165 3100 17 

U-CFRP sheets  50 0.167 230 4000 17 

Table 1: Characteristics of CFRP materials. 

 

2.3 Accelerated Corrosion Process 

The accelerated corrosion process included beams placed inside a tank which contained 

industrial salt solution NaCl of 3% concentration and then subjected to wet-dry cycles for 

better physical representation of the natural corrosion process (total of 8 weeks for low 

corrosion level and 16 weeks for medium corrosion level). The beams were also subjected to 

constant electric current. The current was only applied during the wetting period. Corroded 

tensile rebars were extracted from beams after testing, were cleaned of rust and weighed 

according to ASTM-G1 90 standard [22]. The gravimetric mass loss for low corrosion level 

was measured equal to mgrav,low=7.56%, while for medium corrosion level mgrav,med=15.48%. 

2.4 Repair Technique 

The damaged concrete cover was removed to the level of the tensile steel reinforcement 

along the whole length of the beams. The exposed corroded steel bars were cleaned and 

corrosion products were removed by mechanical means. Corrosion inhibitor was applied with 

a brush and then an epoxy-cementitious bond agent layer to the repair zones. Finally, the 

polymer modified cementitious mortar was applied by patching technique to form 20 mm 

cover.  

Beams RC-COR1S1 and RC-COR2S1 were strengthened in flexure with CFRP laminate 

on the tensile bottom. Beams RC-COR1S2 and RC-COR2S2 received two CFRP NSM plates 

inserted into the mortar cover grooves at the tension side, having equal axial rigidity with 

EBR FRP laminate. In order to prevent shear failure, each shear span was strengthened with 

eight U-shaped CFRP strips of 50 mm width and in two layers spaced at 50 mm (figure 1). 
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2.5 Summary of the observed behavior and modes of failure 

Detailed mapping of corrosion-induced crack patterns and of their widths were also 

recorded at the end of each corrosion cycle. A main longitudinal crack was formed at the 

tensile bottom of each corroded beam, running parallel to the middle tensile rebar and on the 

front and back sides. These cracks increased their width as corrosion came along and at the 

end of the last corrosion cycle the maximum width of the bottom face was measured equal to 

0.35 mm for low corrosion level and equal to approximately 0.90 mm for medium corrosion 

level.  

All specimens were subjected to four- point monotonic loading up to failure. The load was 

applied using a 500 kN actuator through a spreader steel beam to the specimen (Figure 1). 

The failure mode for non corroded RC-N and corroded RC-COR1 beams was flexural by 

yielding of tensile steel bars, followed by crashing of concrete at the compression zone. 

Corroded beam RC-COR2 had the two external corroded tensile bars fractured before 

concrete crushing. The yield load of beam RC-COR1 was about 5.55% lower than that of the 

uncorroded beam RC-N and of beam RC-COR2 was about 20.58% lower than RC-N and 

16.17% lower than RC-COR1. The maximum bearing load of RC-COR1 was around 4 % 

lower than reference beam RC-N and of beam RC-COR2 was about 14.58% lower than RC-N 

and 11.15% lower than RC-COR1. A slight increase in the deflection capacity of 2.45% for 

the corroded beam RC-COR1 and a decrease of 15.47% for RC-COR2 were recorded 

compared to non-corroded RC-N. The load-midspan deflection curves of beams at low and 

medium corrosion level are shown in figure 2(a) and 2(b) respectively. 

  
                                  (a)                                                                                   (b) 

Figure 2: Load-deflection curves of tested beams. 

For patch repaired and strengthened corroded beams at low corrosion level RC-COR1S1 

and RC-COR1S2, the failure mode was debonding of the flexural CFRP laminate for the first 

and debonding at the epoxy-CFRP strips interface and localized splitting of the epoxy cover 

for the second, after yielding of the tensile steel reinforcement. Then, intermediate debonding 

between the old concrete and repaired mortar layer followed and finally the compressive 

concrete zone crushed. The yield load of RC-COR1S1 was 8.4% higher than the non corroded 

RC-N and 14.4% more than the corroded unstrengthened beam RC-COR1. The maximum 

load was 22.1% higher than that of RC-N and 27.1% than RC-COR1 at 17 mm deflection. 

RC-COR1S2 beam yielded at a load 6.2% higher than RC-N and 12% higher compared to 

RC-COR1. The ultimate load at debonding of the NSM strengthened beam was 18.2% higher 

compared to the EBR strengthened beam, 44.4% higher than RC-N and 50.2% higher than 

RC-COR1 at 24.1 mm deflection.  

347



For patch repaired and strengthened corroded beams at medium corrosion level RC-

COR2S1 and RC-COR21S2, the failure mode was debonding of the flexural CFRP laminate 

for the first and debonding in the form of concrete cover separation for the second, after 

yielding of the tensile steel reinforcement. At excessive deflections rupture of two of the 

corroded tensile bars occurred before concrete crushing. Intermediate debonding between the 

old concrete and repaired mortar layer was also noticed. The yield load of RC-COR2S1 was 

3.3% higher than the non corroded RC-N and 30.1% more than the corroded unstrengthened 

beam RC-COR2. The maximum load of RC-COR2S1 was 46.8% higher than that of RC-N 

and 71.9% than that of RC-COR2 at 25.3 mm deflection. RC-COR2S2 beam yielded at a load 

3.9% higher compared to RC-N and 30.9% higher compared to RC-COR2. The ultimate load 

at debonding of NSM strengthened beam was 6.1% lower compared to the EBR strengthened 

beam, 37.8% higher than RC-N and 61.3% higher than RC-COR2 at 21.03 mm deflection. 

Despite the higher mass loss of beams at medium corrosion level, the CFRP laminate 

developed higher strain at debonding, resulting in higher maximum bearing load of the beam. 

Figure 3 shows corroded beams at medium corrosion level, patch repaired and strengthened 

with CFRP materials after failure. 

 

 
(a) 

 
(b) 

Figure 3: Beam RC-COR2S1 (a) and beam RC-COR2S2 (b) after failure. 

 

3 NUMERICAL ANALYSIS 

3.1 Modeling assumptions  

This paper utilizes a 3D finite element (FE) approach that takes into account the nonlinear 

behavior of the used materials and the CFRP-epoxy adhesive and concrete-epoxy adhesive 

interfaces capacity using software ABAQUS [23]. The models adopt eight-node 3D solid 

elements for concrete, patch repair substrate, the interface between these two concretes and 

epoxy adhesive. The CFRP NSM strips, laminates and U-CFRP sheets were idealized as 

linear 4-noded shell elements and were tied to their respective elements. The longitudinal 

reinforcing bars and the steel stirrups were discretized with linear two-node truss elements 

embedded in the concrete region. A refined mesh was applied on the whole model with a 

mesh size of 25 mm. The loading and support conditions were simulated according to the 

characteristics of the experimental setup and the load was applied using displacement control. 

The nonlinear analysis has been conducted using the explicit dynamics solver 

ABAQUS/EXPLICIT. Figure 4 shows the skeleton and mesh of the FE models. 
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Figure 4: Skeleton and mesh of the FRP U-wraps of the FE Models. 

3.2 Material modeling 

Concrete Damage Plasticity (CDP) model was adopted to simulate the concrete’s nonlinear 

behavior that is linear isotropic elasticity in combination with isotropic tensile and 

compressive plasticity. The CDP model considers two main damage mechanisms of the 

concrete: cracking formation and propagation in tension and elasto-plasticity in compression. 

The essential parameters of the CDP model (dilation angle ψ, plastic potential eccentricity e, 

stress ratio fbo/fco the ratio between the compressive strength in bi- and uni-compression stress 

fbo and fco respectively, shape of the loading surface Kc and viscosity parameter V) were 

estimated based on the recommended range of values given by ABAQUS manual [23] and 

Kmiecik and Kaminski [24]. A post failure stress-strain relationship for concrete subjected to 

tension which accounts for tension stiffening strain softening and reinforcement interaction 

with concrete was used. The uniaxial behavior of the uncracked concrete in tension was 

assumed to be linear up to the concrete tensile strength σto=fct. Under uniaxial compression 

the response is linear until the σco=0.40fcc of the concrete compressive strength and the 

concrete nonlinear stress-strain relationship was obtained according to recommendations of 

EN 1992-1-1[25] using stresses, inelastic strain and damage properties. In the plastic regime 

the response is characterized by stress hardening followed by strain softening beyond the 

ultimate stress σcu=fcc. Poisson’s ratio was assumed equal to 0.2.  

An elasto-plastic model was adopted for the truss elements to simulate the behavior of the 

steel reinforcement. The elasto-plastic curves were specified from tensile tests, whilst 

Poisson’s ratio was assumed equal to 0.3. The tensile behavior of the CFRP reinforcement 

was assumed linear elastic up to the ultimate tensile strength. 

The adhesive epoxy resin layer was modeled as a cohesive zone endowed with a traction-

separation response to reproduce the debonding of the CFRP strip from the concrete. A mixed 

mode of debonding comprising stress-separation and shear stress-slip was used to simulate the 

concrete-epoxy resin interface, as well as the interface between the old and repaired concrete, 

while the shear stress slip was used to simulate the CFRP-epoxy resin interface Damage 

evaluation was defined in terms of fracture energy with linear softening. The normal tensile 

stress and tensile fracture energy of the concrete-epoxy interface was limited to the tensile 

strength and fracture energy of the concrete and the maximum shear stress and shear fracture 

energy was adopted from the model by [26]. The maximum shear stress of CFRP -epoxy resin 

interface and the shear fracture energy was estimated by the area under the proposed shear 

stress-slip curve [27]. The initial elastic stiffness for all three modes of debonding was set 

according to Turon et al. [28].  

 

3.3 Results of Finite Element Analysis 

To assess the predictive performance of the described numerical model, the obtained load 

versus mid-span deflection response was compared with the experimentally recorded ones. 

For the non corroded beam RC-N, a slight increase of 1% in the yielding load and a decrease 

steel reinforcement 

U-CFRP wraps resin/CFRP laminate resin/CFRP NSM strip 
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of 5.1% in the ultimate load were recorded for the FE model with respect to the experimental 

one, while the analysis was terminated at 80 mm deflection at concrete crushing. For the 

corroded beams, the steel mass loss measured experimentally and the stress-strain values for 

steel were adopted from the tensile tests of non corroded steel coupons. For corroded beam 

RC-COR1 the analytical yield load was 1% lower than the experimental one, while the 

ultimate load was 7.2% lower. Corroded beam RC-COR2 presented yield load almost equal 

and ultimate load around 10% lower than the corresponding experimental values. The 

analytical ultimate deflection for both beams is in good agreement with experiments. Flexural 

failure mode was also observed in FE models by yielding of the tensile reinforcement 

followed by crushing of the concrete in compression zone. 

 The failure modes of corroded strengthened beams at the maximum load carrying capacity 

were numerically predicted in accordance with the experimental. Figure 5 indicates a good 

predictive performance with small deviations with respect to the maximum load and its 

corresponding deflection. The analytical ultimate load for strengthened beam at low corrosion 

level RC-COR1S1 was 1.5% lower, while for beam RC-COR1S2 was 2.9% higher that the 

experimental ones. For beam RC-COR2S2 at medium corrosion level with NSM 

strengthening, the analytical ultimate load was at approximately 5% higher than the 

experimental one. The prevailing failure mode of the beam at maximum load was predicted 

well by the analysis (debonding at the epoxy-CFRP strips interface). For strengthened beam 

RC-COR2S1 at medium corrosion level, the analytical ultimate load was quite lower than the 

experimental. In fact, the experiments suggest that the CFRP laminate developed much higher 

tensile strain prior to debonding, attributed to the anchoring through U-CFRP wraps (placed 

for shear strengthening). Thus, in order to predict the experimental behavior of beam RC-

COR2S1, a much higher strength at the interface between the old and the patch-repaired 

mortar and the epoxy-resin material should be considered. Further experimental and analytical 

investigation should be conducted in this field.  

 

 
                                  (a)                                                                                   (b) 

Figure 5:Experimental vs FE model load-deflection curves of tested beams. 

 

4 CONCLUSIONS 

This study investigated the structural performance of beams with corroded steel bars at low 

or medium level, after their patch repair and CFRP-EBR or NSM strengthening. All repaired 

beams presented increased load carrying capacity with respect to the non corroded beam, even 

at medium corrosion level for the tensile reinforcement. Both EBR and NSM techniques may 

repair efficiently RC structures with corroded steel bars provided that the damaged concrete 
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cover is replaced with suitable mortar patch. Developed 3D FE models were used to 

reproduce the experimental performance. For non-corroded beam and for reference corroded 

beams the P-d results and the flexural failure mode by yielding of the tensile reinforcement 

followed by crushing of the concrete in compression zone were captured well from the FE 

models. The good performance of the numerical analysis is also demonstrated by comparing 

the experimentally and analytically predicted ultimate flexural capacity for all strengthened 

corroded beams. The prevailing failure modes of debonding of CFRP laminate and debonding 

at the epoxy-CFRP strips interface of the beams at maximum load were predicted well by the 

analysis in most of the cases.  
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Abstract. There is a great need to develop innovative devices for the absorption of dynamic-

seismic loads. The present study focuses on the development of such a passive mitigation steel 
device. The evaluation of the proposed innovative device occurred through experimental and 
numerical investigations. In this study the passive mitigation device is referred as CAR1. It 

comprises of three distinguished parts; the external cylindrical ring, the internal prismatic 
holder and several superimposed blades that are responsible for the transfer of forces be-

tween the aforementioned 2 parts. CAR1 is utilized for strengthening either existing or new 
steel structures or existing R/C structures. By using CAR1, the beam–column frames can be 
easily and safely strengthened at many predefined levels according to the demands of the 

seismic loads imposed by international norms and codes. The mechanism of the energy ab-
sorption is developed on the superimposed blades through both yielding of steel as well as 
friction. The number and dimensions of the superimposed blades, their elastoplastic proper-

ties as well as the friction coefficient at their interface, define the equivalent nonlinear consti-
tutive law of the proposed device. A device with prototype dimensions was fabricated and 

investigated both numerically and experimentally under cyclic loading conditions. The nu-
merical analyses conducted utilizing the FE software ABAQUS. The experimental sequences 
occurred at the premises of Laboratory for Strength of Materials and Structures of Aristotle 

University of Thessaloniki. The investigated variables are the geometry of blades and the 
number of cycles of the loading sequence. The obtained results revealed the overall mechani-

cal behavior of CAR1. It was proven that the innovative proposed steel device CAR1 is an a l-
ternative system for calibrating and mitigating the seismic loads developed to a structure 
during an earthquake. 
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1 INTRODUCTION 

The presented study focuses on the braced frames protection. Balendra et al. [1, 2] proposed a 

new fuse element, with high stiffness and suitable ductility, as knee braced frames in order to 
prevent buckling. Franco et al [3] presented a new yielding damper based on plastic properties 
of the metals. In another study, Papadopoulos P. in 2012 proposed a new metal frictional de-

vice, the capacity of a restricted rotation around the horizontal axis perpendicular to the vert i-
cal frame plane, in order to increase the seismic capacity of multi-storey planar reinforced 

concrete (r/c) frames [4]. Another way to protect braced frames is by using buckling re-
strained braced frames, as it has the same load deformation behavior in both compression and 
tension and higher energy absorption capacity with easy adjustability of both stiffness and 

strength [5, 6]. In addition, many researchers have proposed the use of post tensioning tech-
nology, in braced frames or in moment resisting frames, for residual drift reduction. A post-

tensioned (PT) technique, which applies high-strength steel tendons to compress different 
structural members together, has been demonstrated to be effective in eliminating residual de-
formations of structures in cyclic loading [7, 8, 9].  

In this present paper, an innovative passive mitigation steel device, mentioned as CAR1, for 
seismic strengthening of existing and new buildings, which was recently developed at the La-

boratory of Experimental Strength of Materials and Structures of Aristotle University of 
Thessaloniki, is studied experimentally. Its effectiveness has been numerically verified [10, 
11, 12]. The aim of the present study is to numerically replicate the experimentally obtained 

results in order to create a reliable tool for the simulation of the hysteretic behavior of the de-
vice CAR1 so as to identify the key parameters controlling the response of the CAR1 device. 
The investigated variables are the geometry of the blades, the velocity and the number of the 

cycles of the loading sequence. The obtained results depicted the overall behaviour of CAR1 
with respect to the absorbed seismic energy, and whether or not it will break during the cycle 

loading. 
 

2 DESCRIPTION OF THE INNOVATIVE MITIGATION DEVICE 

The innovative passive mitigation steel device has the codename CAR1 and belongs to the 
passive energy dissipation system, as it doesn’t require external power to generate system 

control forces. The device has variable behaviour in different levels of displacement. It has 
been designed so that could be locked at preselected level of displacement, offering in this 
way an extra safety reserve against strong earthquake. This device proposed by Papadopoulos 

et al. [10], it consists of 4 main elements, as illustrated in Figure 1. The exterior tube, the inte-
rior shaft, five groups of superimposed blades and the restraint bolt. The relevant movement 

between the exterior tube (Element A) and the interior shaft (Element B) is carried out by an 
elastoplastic flexural deformation of the superimposed blades that connect crosswise eleme nts 
A and B. The number and the dimensions of superimposed blades as well as their elastoplastic 

properties define the constitutive law of the diagonal bars on an axial load. Due to the possi-
bility of the device to enter the interior shaft into the exterior tube and also to leave the one 

from the other, the device is capable to receive part or all the horizontal floor relative dis-
placement. There is also a provision for a restraint bolt (stoppage bolt). This bolt is made of 
high yield steel, and can slide inactively through an appropriately selected oval hole at ele-

ment B. As a result, the activation of this bolt is carried out at a “second time” and it allows 
the desired plastic deformations of the superimposed steel blades to take place. The activation 

of the stoppage bolt allows the transfer of an additional axial load from elements A to element 
B of the device. An appropriate configuration / geometry in the area of the stoppage bolt (oval 
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hole) eliminate any additional compression forces on the diagonal e lements and allow only 
tensional forces to be developed (dc>dt). The study of the restraint bold was not priority of this 

paper.  

 

 

Figure 1. The proposed steel device CAR1. 

 

The device CAR1 can be used on new or existing structures, on steel or R/C structures and 
can easily be adapted to the particular demands of structures. However, it can be installed in a 

variety of ways which include using them in single or cruciate diagonal braces.  
 

The advantages of the proposed device are distinguished bellow: 

a. By the use of the proposed device the load carrying capacity of the strengthened frame 
is increased by a constant, predefined, level through simultaneously friction and yield.  

b. Also by the use of the restraint bold a supplemental strength and stiffness is provided 
after a predefined level of deformation, only in the tensile braces. When the restraint 

bold is activated, the device is locked, offering thus additional stiffness/resistance, 
control of the axial forces in the diagonal steel braces and limitatio n of the structure's 
displacement.  

c. The strengthening level can be easily adjusted and changed during the years of exis-
tence and operation of structures. This can be achieved by replacing the superimposed 

blades with others (different material, thickness, friction).  

 

CAR1

Provision 
for the 
restraint 
bold 

Group of 
superimposed 
blades
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3 EXPERIMENTAL SET UP 

3.1 Material properties 

A standard test has been carried out in order to establish the basic material properties of the 
superimposed blades (Figure 2) [13]. These experimentally derived material properties were 
utilized in the subsequent numerical study. The grade of the steel of the blades was S235. The 

experimentaly derived Young’s modulus E, Yield Stress σy and maximum Stress σu are re-
ported in Table 1. 

 

 

Figure 2.Standard experimental test to establish the material properties of steel blades.  

 

 

mass density [g/cm
3
] 7.80 

yield strength [MPa] 220.00 

Young’s modulus  [GPa] 210.00 
Poisson’s ratio 0.3 

Table 1. Main physical and mechanical properties of the steel superimposed blades.  

 

3.2 Device CAR1 set up  

A full-scale device was fabricated and experimentally investigated under cyclic loading. 

The experimental sequences, as it previous mentioned,  were conducted at the premises of 
Laboratory for Strength of Materials and Structures of Aristotle University of Thessaloniki.  
The specimen details of the experiment are depicted in Figure. 3. The load of the actuator  

was controlled with a 100kN capacity load cell under displacement control. Two Linear Vari-
able Differential Transformers (LVDT) were positioned at each side of the longitudinal axis 

of the device CAR1, which measure the relative movement of the interior shaft to the exterior 
tube. All data was recorded and stored in a digital data system via a computer.  The present 
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experiments were conducted with two group of superimposed blades (for material properties 
see §3.1.).  

 

 

Figure 3.Spaciment details of the experimental sequences.  

 

Quasi-static cyclic tests were carried out in order to ascertain the behaviour of the proposed 

novel device CAR1 toward the absorbed seismic energy. Totally two groups of experimental 
sequences have been conducted. For both sequences, two group of superimposed steel blades 

were tested. The first group of tests consists of 5 rectangular steel blades, each 4mm thick, 
while the second consists of 4 rectangular steel blades with thickness equal to 5mm. 

The first group of experiments (5x4mm blades) was executed with two different loading 

rates. The first sequence is a monotonic loading with target load equal to 80kN with a rate of 
18kN/minute equivalent to relevant displacements 13mm, while the second sequence is 60-

cycle displacement control test with target displacement that varies from 0.5 mm up to 11 mm 
and with a rate of 3mm/minute (Figure 4). The tests of the second group were performed simi-
larly with two different loading protocols. The first loading sequence is a monotonic load-

control test with target load equal to 60kN and a rate of 14kN/minute equivalent to relevant 
displacements 13mm, while second sequence is a 50-cycle displacement control test with tar-

get displacement starting from 0.5 mm up to 9 mm and a rate of 3mm/minute (Figure 5). 
Figure 4 shows the hysteresis loops that emerged from the experimental sequences of the 

first group. (5x4mm blades) The monotonic sequence is indicated with a black line, while the 

cyclic loading with a green line. The area within a hysteresis loop is equivalent to the amount 
of seismic energy that the device is dissipating. It is observed that the shape and consistency 
of the hysteresis loops remain constant during the repeated cycles, which proves that the de-

vice CAR1 is effective to dissipate seismic energy whereas it will not break during the repeat-
ed cycle loading. The proposed device CAR1 dissipated energy due to (i) the plastic strain of 

the superimposed blades during the cyclic loading sequence and (ii) due to the sliding-friction 
mechanism that is developed in the interface between the 5 superimposed blades 
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Figure 4. Hysteresis loops of the CAR1 device with2 group of rectangular steel blades  with thickness equal to 

5mm. 

Figure 5 presents the hysteresis loops that emerged from the experimental sequences of the 
second group. (4x5mm blades) Similarly to the previous groups of tests, the monotonic se-
quence is indicated with a black line, while the cyclic loading with a green line. The area 

within a hysteresis loop is equivalent to the amount of seismic energy that the device is dissi-
pating. It is observed that the shape and consistency of the hysteresis loops remain constant 

during the repeated cycles, which proves that the device CAR1 is effective to dissipate seis-
mic energy whereas it will not break during the repeated cycle loading. The comparison be-
tween the monotonic loading and the cycling loading shows that the monotonic loading is 

capable of reproducing the inelastic response of the cycling loading.  
 

 

Figure 5. Hysteresis loops of the CAR1 device with 2 group of rectangular steel blades  with thickness equal to 

4mm. 

The resulting monotonic curves are almost following the peak load values of the cyclic 

hysteresis curves for both configurations depicted in Figs 4 and 5. From both figures it is de-
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rived that the monotonic curve follows the envelope of the cyclic response of each device. 
Therefore, the monotonic loading curve can be reliably used to assess the stiffness and 

strength of the proposed device.  
 

4 FE MODELING  

The general purpose FE software ABAQUS was employed to generate FE models to simu-
late numerically the behavior of the device CAR1. It was selected to use an explicit dynamic 

solver because this allows the definition of very general contact conditions for complicated 
contact problems, without generating numerical difficulties. The explicit dynamics analysis 
procedure is based upon the implementation of an explicit integration rule together with the 

use of diagonal (“lumped”) element mass matrices.  
To the comparison with the Standard, the explicit dynamic solver is computationally inef-

ficient for quasi-static problems if real time is used, because the time needed to finish an ana l-
ysis is proportional to its duration. However, it is often possible to scale the real time to a very 
small time period if the response of the structure remains basically static. According to class i-

cal dynamic theory, when a dynamic system is subjected to a linearly rising load, its response 
can be approximately treated as static if the duration of the loading stage is  large compared to 

the natural period of the system. For solving this problem, check the ratio of kinetic to internal 
energy can be used to check if the structure has failed and the analysis is continuing simply as 
dynamic motion. It is stated in the ABAQUS/Explicit manual that the procedure is quasi-

static if the ratio of the kinetic energy to the internal energy is less than 2%. Any responses 
which have an energy ratio larger than this should be treated as dynamic and removed from 
the results. 

Several simulations were conducted to identify the best meshing. For the explicit method, 
blades and interior shaft are meshed using 3D reduced integration solid element C3D8R 

(eight-node bricks), while exterior tube is meshed using 3D solid element C3D4 (four-node 
tetrahedron) available in ABAQUS. The final mesh has 8126 elements and it resulted in a so-
lution that correlated with the experimental results. The uniaxial stress–strain relation of the 

blades, exterior tube and interior shaft are modeled as elastic with Young’s modulus (Es) and 
Poisson’s ratio (v) of which typical values are 200 GPa and 0.3, respectively. Plastic behavior 

are defined in a tabular form, including yield stress and corresponding plastic strain.  
The surface-to-surface contact formulation technique with small sliding between the con-

tacting surfaces was chosen. The contact definition includes the specification of two surfaces, 

one acting as the ‘‘master’’ surface and the other as the ‘‘slave’’ surface. The contact algo-
rithm searches whether the nodes of the slave surface are in contact with the nodes of the mas-

ter surface and enforces contact conditions in an average sense over a region of slave nodes 
using a Lagrange multiplier formulation. A friction coefficient equal to 0.2 [14] was assumed 
between the contacting surfaces.  

5 COMPARISON BETWEEN EXPERIMENTAL AND NUMERICAL RESULTS 

Fig. 6 plots - Force versus Relevant Displacement by the FEM analyses along with the ex-

perimental hysteresis of the two sequences. Green lines illustrate hysteresis loops of experi-
ments, while red lines show hysteresis loops of the Finite Element Models. The FEM 
predicted values for the load and displacement are in very good agreement with the corre-

sponding experimental ones. The comparisons between the FEM analyses and the experi-
ments show that the proposed FEM model is capable of reproducing the inelastic response of 

the CAR1 device. Therefore, it is a reliable tool for the simulation of the hysteretic behavior 
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of the CAR1 device and can be used in further studies in order to investigate the effect of var-
ious parameters. In addition, the monotonic loading curve (experimental or numerical) can be 

reliably used to assess the stiffness and strength of the proposed device. 

 

Figure 6.  Comparison of the experimental and the numerical force–displacement hysteresis of the device CAR1 

with2 group of rectangular steel blades  with thickness equal to 5mm. 

 

6 CONCLUSIONS  

In the current study, an innovative device (CAR1) for the seismic upgrade of existing and 
new, either steel or R/C buildings, has been recently experimentally investigated and devel-
oped at the premises of Laboratory of Experimental Strength for Materials and Structures of 

Aristotle University of Thessaloniki. 
 

Based on the findings of the present investigation, the following conclusions are drawn:  
 

1) Device CAR1 is a reliable passive energy dissipation device, which can be used in 

new or existing structures and minimize the probability of structural failure against 
almost any external load. Based on the shape and consistency of the hysteresis loops 

obtained from the tests, it showed that the overall behaviour is remaining constant un-
der the repeated cyclic loading sequence. In addition the proposed device is not fail-
ing. The device CAR1 dissipated energy due to (i) the plastic strain of the 

superimposed blades during the cyclic loading sequence and (ii) due to the friction 
forces. 

 
2) The developed non-linear FEM models can be reliably used to assess the behaviour of 

the proposed anti-seismic steel device CAR1, since they are capable to track down the 

hysteretic behaviour and predict the deformed shape of the device with a good accu-
racy. 

 
3) The comparison between the monotonic loading and the cycling loading shows that 

the monotonic loading is capable of reproducing the inelastic response of the cycling 
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loading. Therefore, the monotonic loading curve can be reliably used to assess the 
stiffness and strength of the proposed device.  
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Abstract. Several researchers propose placing diagonal reinforcing bars at the base of the 

wall to treat the shear slip, while others have suggested various ways to address this problem 

associated with the halting of the effects incurred by the through-crack in the base of the wall 

during recycling of loading. An indicative proposal of the bibliography is using large diame-

ter reinforcement bars in the web of the wall as vertical reinforcements, so that through the 

dowel action of these bars to be able to better control the shear action. The two aforemen-

tioned proposals, while adequately address the phenomenon of shear slip, present significant 

disadvantages: The use of diagonal reinforcement is very difficult to be constructed, because 

of the density of existing reinforcement in the base of the walls, which involves compromising 

good concrete condensation. Also, the use of large diameter vertical reinforcement along the 

length of the whole wall section, including its web, leads to a strongly uneconomical solution. 

This works examines a solution without the aforementioned side effects. Innovation of the pre-

sent work is the fact that it positions stoppers in combination with the use of conventional re-

inforcing bars at positions of the critical zones of the walls, in order to further prevent the 

expected slip along the through-crack in the base of the rigidly supported wall. The work is 

mainly experimental and includes investigation of the seismic mechanical properties of a wall 

specimen with conventional reinforcement according to EC8. This study presents the investi-

gation on the effect of the shear span as resistance parameter, on the design of concrete inter-

faces. In the first part of the study the shear transfer between concrete interfaces, in which the 

value of the shear span is equal to zero, is investigated. The experimental investigation is ex-

tended to include values of the shear span greater than zero. These values are usually ob-

served at bridge seismic stoppers. The experimental results presented in this study are used to 

derive an analytical expression of the resistance of bridge seismic stoppers. 
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1 INTRODUCTION 

The structural components of low slenderness with longitudinal reinforcement and com-

mon ties exhibit great weaknesses, especially under cyclic loading of large deformations. It 

becomes evident that the thickening of the ties removes the risk of failure by fracturing or 

shearing. However, experimental investigations in the US and elsewhere [1], have demon-

strated that when the axial load is tensile or has zero or low compressive value,  

in structural components which are subjected to shear stress of alternating sign, it is not possi-

ble to prevent the failure of in-plane shear along sections, which do not intersect with ties in-

dependent of how dense they are placed. This fact has as a consequence the rapid reduction of 

strength, of rigidity and of energy absorption capacity when the loading is cyclic of high in-

tensity. 

Fig. 1 gives successive states of a structural component, which is ensured against the risk 

of rupture using dense-placed ties. Fig. 1a shows the characteristic image of a wide flexural-

shear crack. After the reversal of the sign of the shear, a moment will be required in order to 

close the flexural crack which has opened in the state (a). This moment is sufficient to open 

bending crack on the opposite side of the column, so we have the situation (b), in which the 

crack is wide. In this state of the structural component with the wide crack, the shear is ob-

tained by the interlocking of the aggregates at flexural crack and the bolt actions in reinforce-

ment. Certainly, this situation can be created for small axial loads and strong tie 

reinforcements even at columns. 

It is known [2] that a column during an earthquake has not constant axial load. Particularly, 

this happens to the case of high-rise buildings, in which strong overturning moments are gen-

erated. As a result, there is a strong fluctuation of the axial load, especially for the perimeter 

columns. 

As a consequence, it is possible in various phases of the earthquake to coexist large shear 

loads with small axial loads. In the same phase of the earthquake that was occurred the wide 

crack (b), the moment increases, the wide crack closes and a compressive zone in the end sec-

tion is created, which was under tensile loading (c) in phase (a). 

After several rounds of large movements for the structural element, the longitudinal rein-

forcement acquire large permanent extensions which broaden the wide crack and the contribu-

tion of bolt actions in sustaining shear gradually increases, as shown in case (d). 

It is obvious that in this state, the structural element has lost a big part of its initial shear 

capacity, because the enlargement of the wide crack has removed the interlocking of the ag-

gregates. Furthermore, shear is resisted only by the bolt action, because with the absence of 

compressive zone, the net mechanism cannot work and the ties are left inactive. 

 

 

Figure 1: Destruction of plastic hinges due to cyclic loading that causes wide cracking at end sections. 
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Walls and frames usually used as protection systems against earthquakes in concrete build-

ings with usual height. The wall systems offer advantages in seismic design and their effec-

tiveness has been tested in several occasions. 

Due to their high bending resistance, a few walls in a building are enough to resist all hori-

zontal seismic actions, simplifying and reducing section sizes of the other structural compo-

nents, which can be quasi designed only for gravity loads. Surely, along with these benefits, 

problems concerning foundation and proper allocation of the walls in the design of spatial 

systems may arise. 

Concerning the foundation problems, the axial load at the wall base has usually large ec-

centricity, due to the high overturning moment. Due to the inefficiency of individual footings, 

special foundations are often required, e.g. slab foundations. 

Great emphasis should be given to their ductility during wall design. The walls are charac-

terized by large inelastic deformation and by dissipation of energy of a plastic hinge formed at 

their base. This privilege requires high local ductility, which the usual design does not always 

ensure. The estimation of the real ductility requires the estimation of the plastic hinge height. 

The choice of this parameter is important not only for wall shaping but also because it has a 

direct impact on the estimation of the wall response. The estimation of the plastic hinge height 

is still an open problem, because the results of experiments are currently very few. 

Since the early 1960s, a number of experimental tests were performed in a reduced scale 

shear wall of low slenderness with shear span ranging from 0.5 to 2.5. Review of these exper-

imental tests until 1990 can be found in the references [3]. More recent experimental pro-

grams have been developed with similar elements and failure mechanisms have been studied. 

Experimental results on the behavior of full-scale walls are even rarer. 

 

 

Figure 2: Stress state of internal basement shear wall under seismic loading. 

 

All available results have shown that the inelastic response of normal walls, with values of 

relative shear span greater than 2, are characterized by deflections in the base of the wall. As a 

result, a plastic hinge is formed in the base of the wall and dominates the structural resistance 

and ductility. 

Recent full-scale experimental tests showed that the ductility capacity depends on the ca-

pacity of the base plastic hinge to resist to the shear force for avoiding a brittle shear failure. 

This failure prevents the development of the full flexural deformation capacity. Moreover, 
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Bachman stressed the need for adequate ductility of steel reinforcement to allow the inelastic 

deformation to extend beyond the concrete cracks and so (to allow) the development of an 

adequate rotation of plastic hinge. 

The risk of shear slip in the base of the walls was investigated and was shown the benefi-

cial effect of the diagonal reinforcement in the critical region. The diagonal reinforcement 

showed that it can be very effective in ensuring shear resistance and in eliminating or reduc-

ing the shear slip, limiting the “sting” (pinching) of hysteretic loops and strengthening the 

performance of walls against stresses of alternating sign in terms of seismic energy consump-

tion. 

Additionally, the influence of longitudinal and transverse reinforcement was investigated. 

Particularly, it is recognized that the increased axial load reduces the "pinching" and unwant-

ed slips, while the amount of transverse reinforcement is not a determining factor in the be-

havior of the walls and is not sufficient to prevent premature shear failure which is derived 

from slipping. 

The longitudinal reinforcement located primarily in the end portions of the wall section 

was shown that it is insufficient to control the slip, and until a level of displacement ductility 

around μΔ=4, a sufficient capacity of shear resistance against the slip appears to grow from 

the combination of bolt action of longitudinal reinforcement and of friction to the compressive 

zone of concrete. 

Paulay et al showed that the grid vertical reinforcement and the geometrical ratio of the 

sides of wall sections are critical parameters of shear slip during the inelastic seismic response, 

and gave a detailed description of the phenomenon under loading of alternating sign. 

A research program concerning the ductility of full scale walls having large values of rela-

tive shear span took place a few years ago at the University of Brescia, in Italy. The obvious 

goal of the program was to achieve an experimental validation of the walls’ high ductility ca-

pacity which is a result from theoretical analyses. 

In the framework of the present study, the problem of slip prevention at the base of the 

wall is dealt, as the title implies, experimentally and analytically, by placing the appropriate 

stoppers in contact on either side of the effective dimension. In particular, the following are 

investigated: (a) The problem of designing the stoppers and (b) the crucial question if the 

wide crack occurs at the base of the wall or at the faces of the stoppers. The criticality of the 

second problem examined is obvious, because if the wide crack takes place at the faces of the-

se stoppers, their presence is unnecessary. The answer can only be given from the “regina 

probationum”, namely the experiment. 

2 EXPERIMENTAL INVESTIGATION 

2.1 Experimental investigation on the problem of the position of the through crack 

2.1.1. Research significance 

This phase of experiments seeks to draw conclusions regarding the position of the through 

crack. This examination takes place through the experimental investigation of mechanical be-

havior of a wall under alternating loading sign. 

2.1.2. Test specimens (description, construction) 

The present experimental program comprises a test specimen. The specimen, the scale of 

which is 1:2.5, has dimensions 200 x 600 x 4000 mm. It should be noted that the specimen, as 

a substitute of a reinforced concrete wall, corresponds to a double wall section 100 x 600 mm, 

365



Theodoros Chrysanidis, Sevasti Tegou, Ioannis Tegos and Sofia Spyridonidou 

since the width of 200 mm is not associated with the scale 1:2.5. The particular choice for the 

width of the test specimen was intended to prevent possible distortion phenomena outside the 

deformation plane during loading procedure. This sample represents a conventionally rein-

forced wall. 

2.1.3. Test specimens (characteristics) 

The shape and reinforcement of conventionally reinforced specimen is shown in Fig. 3. 

 

Figure 3: Shape and reinforcement of a conventionally reinforced wall. 

2.1.4. Test setup 

The test of mechanical behavior of this study took place using the loading machine of 6000 

kN, which is located at the Laboratory of Experimental Strength of Materials and Structures at 

Aristotle University of Thessaloniki (Fig. 4). The application of the vertical load at the 

midspan of the specimens took place via a metal plate of 3cm thickness and dimensions 20 x 

20 cm (Fig. 5). The measurement of deflections in the middle of the specimen took place us-

ing a digital meter having the ability to measure deflections up to 100 mm. 

 

  

Figure 4: Loading test setup. Figure 5: Sketch of loading test setup 
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2.1.5. Analysis of experimental results 

Fig. 6 shows failure mode of specimen. 

 

Figure 6: Cracking after failure. 

 

 

Figure 7: Load-Deflection diagram. 

2.1.6. Conclusions 

The main conclusions of this research phase can be formulated as follows: 

1. There were very encouraging results in terms of available ductility when these stop-

pers are used. This is illustrated through the absence of “pinching” to the experi-

mental hysteresis loops obtained by loading of alternating sign. 

2. The wide crack at the base of this substitute wall din not occur as expected at the faces 

of the rigid plate interposed between the piston head and the upper flange of loadable 

beam, despite the presence of stoppers, which in this experiment are simulated by in-

terposed metal plate. However, despite its strong presence, the wall ductility re-

mained intact without "pinching". 

3. Despite the non alteration of the loops and the absence of "pinch", the cause of failure 

was the breakage of reinforcement. This fact that justified Bachman’s concerns 

caused impression and shook currently existing assurances to the high ductility of 

steel used nowadays in Greece. 
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2.2 Resistance of stoppers 

2.2.1. Introduction 

The problem of stoppers appears mainly at bridges. Shear failure is one of the failure 

modes of R/C structures which mechanism is much different from the flexural one, as this 

type follows a formation of diagonal cracks. In general, it is a brittle failure compared with 

the flexural tension one. Shear failure is related to the shear span, which constitutes an im-

portant design parameter of concrete members. As it is known if the shear span-effective 

depth ratio (a/d) is large, diagonal tension failure occur, but when it is small, shear compres-

sion failure occurs. For the case of so-called deep beam the aforementioned ratio a/d is very 

small (a/d<1) the tied-arched shear resisting mechanism is formed as a compression strut 

jointing the loading and the support points.  

The behavior of structural members of low slenderness subjected to antisymmetrical flex-

ural distress and shear with or without axial force is characterized by two distinguished limits. 

The upper limit consists the case of the bending with axial force while the lower limit is the 

case of the interface shear transfer.  

Concrete corbels are also a typical example of structural members of low slenderness. In 

this case the ratio of shear to span depths is often less than 1.0 [1]. The analysis and design of 

these corbels and other non-flexural members, like deep beams and pile caps becomes diffi-

cult with ordinary flexure theory. Different empirical approaches have been used for the de-

sign of such non-flexural members [2]. 

Bridge seismic stoppers [3] constitute a typical example of short corbels. These structural 

members are typically reinforced concrete blocks provided at the head of the piers and are 

used to protect bearing vulnerability mainly in the transverse direction of the bridge. However, 

current Codes [3] allow the use of the aforementioned seismic stoppers also in the longitudi-

nal direction in order to reduce the seismic displacements of the deck and to prevent the un-

seating of the deck’s beams. Bridge stoppers have usually small dimensions and usually 

receive the impact seismic forces of the adjacent beams.  

Longitudinal seismic stoppers usually remain inactive during design earthquake [3, 4]. 

However in cases that they are used in combination with elastomeric bearings that have been 

designed according to the capacity design procedure, they should be designed by using the 

capacity design strengths of the pier. The aforementioned design procedure leads to large 

strength demands and disproportional stoppers’ dimensions. The proper reinforcement of the 

stopper is the indicated method to maximize the strength of the stopper as the increase of the 

stoppers’ dimensions is restricted. The dimensioning of these members usually follows the 

codes’ provisions about short corbels in which the shear distance is between 1 and 0.5. How-

ever seismic stoppers fall in the category of ultra short corbels in which the value of the pre-

vious ratio is lower than 0.5 and for this reason the improvement of the reinforcement of these 

members is necessary. The aim of this phase of study is to propose proper reinforcement ar-

rangements which maximize the resistance of the stoppers and simultaneously characterized 

by construction simplicity.  

2.2.2. Shear span equal to zero 

In the first part of this phase of study, the shear transfer between concrete interfaces in 

which the value of the shear span is equal to zero is investigated. The effect of the following 

parameters on the shear resistance of the interface is investigated: (1) Reinforcement ratio 

(7.5%, 2.5%, 0.5%, 0%), (2) roughness of the interface (smooth, rough and monolithic con-
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nection). Three groups of specimens had been constructed according to the roughness of the 

interface. The specimens are cubic (200mm x 200mm x 200mm) (Fig. 8).  

The construction of the specimens includes two stages in order to achieve the creation of 

the construction joint. The first stage includes the construction of the middle 1/3 part of each 

specimen. Punched metallic plates of thickness less than 1mm were used for the hold of the 

reinforcement bars at the predefined position and the division of the form into three parts. A 

part of expanded polystyrene of thickness of 5mm was placed in the middle 1/3 of the speci-

men before the construction, in order to achieve the construction of the “legs” of the specimen. 

After the hardening of the middle part of the specimen, the metallic plates were removed and 

the construction of the other two parts of the specimens was followed. Between the two con-

struction stages the careful treatment of the interfaces (e.g. use of hammer and chisel in the 

case of the rough interfaces) have been interposed. 

The machine of uni-axial loading of the Laboratory of Experimental Strength of Materials 

and Structures of Aristotle University of Thessaloniki was used for the loading of the speci-

mens (Fig. 9). A metallic plate of thickness 1cm was placed at the middle part of each speci-

men for the accomplishment of the uniform distribution. Each interface receives the half 

loading of the machine. All specimens were subjected to cycling loading. The value of the 

step of the loading was variable. 

During the loading, measurements of the crack width as well as the relevant displacement 

of the interfaces were recorded (Fig. 8). These measurements were taken at the middle of the 

construction joint.  Figs. 10, 11, 12 present the experimental results for the specimens whose 

reinforcement ratio was 2.5%. These specimens are considered the most representative of the 

investigation. The analytical strengths of the specimens calculated according to the codes pro-

visions [5-8] are also marked at the same diagrams. 

  

Figure 8: Loading setup. Figure 9: Loading setup. 

 

369



Theodoros Chrysanidis, Sevasti Tegou, Ioannis Tegos and Sofia Spyridonidou 

0

200

400

600

800

1000

1200

0.00 0.75 1.50 2.25 3.00 3.75 4.50

P
 (

k
N

)

relevant displacement s(mm)

DIN-FACHBERICHT

ρ=2.5%Smooth interface

w=0.3mm

EC 2-FIB MC 2010

CEB MC 90

0

200

400

600

800

1000

1200

0 0.1 0.2 0.3 0.4

P
 (

k
N

)

crack width w (mm)

DIN-FACHBERICHT

ρ=2.5%Smooth interface

w=0.3mm

EC 2-FIB MC 2010

CEB MC 90

 

Figure 10: (a) Loading-Relevant displacement diagram, (b) Loading-crack width diagram (smooth interface, 

ρ=2.5%). 
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Figure 11: (a) Loading-Relevant displacement diagram, (b) Loading-crack width diagram (rough interface, 

ρ=2.5%). 
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Figure 12: (a) Loading-Relevant displacement diagram, (b) Loading-crack width diagram (monolithic connec-

tion, ρ=2.5%). 
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2.2.3. Shear span < 0.5 

The experimental investigation was extended to include values of the shear span greater 

than one. In this part of the study reinforcement layouts for seismic stoppers is proposed. The 

proposed reinforcement layout consists of opened stirrups uniformly arranged in plan. This 

reinforcement has the advantage of the full activation in contrary to the conventional single 

bars. 

In order to maximize the specimens’ resistance, the use of thick reinforcement bars is nec-

essary. The bend radius of the bars in these cases should be about 15Ø. The need of increase 

of the number of the legs of the stirrups leads to the second reinforcement arrangement (Fig. 

13b). The third complex reinforcement arrangement consists of inclined bars (Fig. 13c), and is 

most proper for the case of cyclic loading. The aforementioned reinforcement arrangements 

are analytically and experimentally investigated. 

 

Figure 13: Proposed reinforcement layouts. 

2.2.4. Experimental investigation of the proposed reinforcement layouts 

The aim of the experimental investigation is the determination of the strengths of the spec-

imens which have been dimensioned according to the proposal of this phase of study. The ge-

ometry of the specimens and the concrete class (C25/30) is the same for all of the specimens. 

The main parameters examined in this study are: (a) the reinforcement ratio ρ, i.e. the total 

area of the bars to the area of the cross-section of the specimen, (b) The diameter of the bars 

(Ø4mm and Ø8mm), (c) the morphology of the bars (inclined or vertical legs). Fig. 14 illus-

trates a typical section of the specimens as well as the loading setup. Table 1 presents the 

main characteristics of the constructed specimens. Figure 15 presents indicative results of the 

investigation.  
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Figure 14: Loading setup. 
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Figure 15: Load – displacement diagram for two specimens of the investigation (SPEC 3 and SPEC 7). 

 

Specimen Reinforcement Layout (according to Fig. 13) 

SPEC 1 Unreinforced - 
SPEC 2 12Ø4 a 
SPEC 3 24Ø4 a 
SPEC 4 12Ø4 b 
SPEC 5 18Ø8 b 
SPEC 6 12Ø8 a 
SPEC 7 12Ø4+2Ø8(INCLINED) a, c 
SPEC 8 12Ø8+4Ø8(INCLINED) a, c 
SPEC 9 6Ø8 c 

SPEC 10 10Ø8 c 
SPEC 11 12Ø4 a 

 

Table 1: Characteristics of the specimens. 

2.3 Effective section of stoppers 

2.3.1. Modes of failure 

 Specimen 1: Continuous loading 

Specimen 1 failed at 64 tn and presented few cracks at points where cantilever and web are 

jointed. 
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Figure 16: Failure mode (Specimen 1). Figure 17: Failure mode (Specimen 1). 

 

 Specimen 2: Partial loading 
Specimen 2 failed at 34 tn and presented explosive failure in loading enforcement point 

(1/3 of length) and slight spalling at the cantilever ends. 

  

Figure 18: Failure mode (Specimen 2). Figure 19: Failure mode (Specimen 2). 

 

 Specimen 3: Continuous loading 
Specimen 3 failed at 44 tn and displayed a similar failure mode to specimen 1 showing 

slight cracking at the joint web-cantilever. 
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Figure 20: Failure mode (Specimen 3). Figure 21: Failure mode (Specimen 3). 

 

 Specimen 4: Partial loading 
Specimen 4 failed at 26 tn presenting total destruction of the concrete at points where the 

web joints to the cantilever. 

  

Figure 22: Failure mode (Specimen 4). Figure 23: Failure mode (Specimen 4). 

2.3.2. Analysis of results 

The results for each specimen are given to the following Fig. 24. 
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Figure 24: Load-Displacement diagram for all test specimens. 

3 ANALYTICAL INVESTIGATION 

3.1 Analytical investigation on the resistance of stoppers 

The seismic stopper illustrated at Fig. 25 is used as the reference case of the investigation. 

The loading is applied across the short direction of the specimen. In this direction, the rein-

forcements are divided in two groups. The first group is referred to the distance h1 and the 

second one to the distance h2. The reinforcements of the first group are activated when the 

angle θ of the compression strut takes the maximum value. The angle θ corresponding to the 

second group of reinforcements is smaller than the previous one.  According to Eurocode 2 

the cotangent of the angle θ of the compression strut must be greater than 1 but smaller than 

2.5 (22
o
 < θ <45

o
). A conservative value of the angle θ=45

ο
 is considered in this study.  

As a result, the shear resistance of the reinforcements consists of two parts, according to 

Fig. 25. 

                                           
    1

1 tans yd
hbV a fx y      (1) 

                                      

2
1 0.5 tans yd

b h
V a f

x y
     

    (2) 

The sum of V1 and V2 gives the total shear resistance of the stoppers’ reinforcements. 

                        
1 2 (1 0.5 tan )v

tot s yd

a
V V V A f

h
       

    (3) 

In the previous equation, As is the total reinforcement area of the stopper.  
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The shear resistance of an ultra short member with inclined reinforcement bars is calculat-

ed according to Eq. 4 (Fig. 26). In this equation θ1 is the angle between the inclined bar and 

the longitudinal axis of the member. Furthermore tanθ2=0.5h/αv. 

                     1 1 2 2(tan 2 sin )tot yd s sV f a a            (4) 

 

 

Figure 25: Corbel’s characteristics and arrangement of reinforcement in plan. 

 

 

Figure 26: Features of short corbels with an arrangement of inclined reinforcement bars. 

 

The previous equations are used for the dimensioning of the active seismic stoppers. The 

capacity design effects used as design action effects and an overstrength factor equal to 1.35 

is used in order to determine the design shear action. The capacity design shear action is equal 

to 401.7 kN. Supposing that the reinforcement ratio ρ of the stopper is equal to 1.0% and by 

applying Eq. (3), it is derived that the required cross-section of the stopper is 0.185 m
2
. 

Fig. 27 presents the comparison between theoretical and experimental results. 
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Figure 27: Comparison of analytical and experimental strengths of specimens. 

3.2 Analytical investigation on the effective section of stoppers 

The value of the associated effective width is function of the value of the shear span. Based 

on the experimental results, the following expressions for the desired effective width were 

obtained: 

beff =( 1 + λ ∙ α ) ∙ bo      (5) 

where: 

bo : Loading width 

α: Shear span 

λ: Factor experimentally determined for different reinforcement arrangements (λ=1.2 for 

short cantilevers with 0.5 < α < 1, λ=1.6 for ultra short cantilevers with α < 0.5) 

4 CONCLUSIONS 

In the framework of the present study, the problem of slip prevention at the base of the 

wall is dealt, experimentally and analytically, by placing the appropriate stoppers in contact 

on either side of the effective dimension. In particular, the following were investigated: (a) 

The problem of designing the stoppers and (b) the crucial question if the wide crack occurs at 

the base of the wall or at the faces of the stoppers. 

The main conclusions of the analytical and the experimental investigation regarding the 

position of the wide slip crack are: 

1. The need for this research paper comes from the unsatisfactory until today way of ad-

dressing the likelihood of occurrence of a through-crack in the base of the construc-

tion walls. In the present context, stoppers were used to prevent slipping, which 

dramatically threatens the ductility of the structural member. The results were very 

encouraging as to the position of the wide crack, which does not take place at the 

faces of the stoppers used, as it was initially expected. 

The experimental investigation on the effect of the shear span as resistance parameter was 

presented also in this study. The main conclusions of this phase of study are summarized in 

the following: 

Shear span equal to 0: 
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1. The investigation showed that the experimental shear resistance is, in general, greater 

than the one calculated according to Eurocode 2 provisions, due to the upper limit of 

the compression of the concrete. Din Fachbericht overestimates the shear resistance 

due to the absence of the previous upper limit. 

2. The experimental investigation proved the necessity of the presence of the upper limit 

of the resistance, as the strength of specimens with multiple reinforcement ratio was 

similar to the strength of specimens with lower reinforcement ratio.  

Shear span <0.5: 

1. The reinforcement layout consisting of vertical bars uniformly arranged in the cross-

section of the specimen was proved to be very effective. 

2. The reinforcement layout consisting of inclined bars has the advantage of the con-

struction simplicity and is more effective for members subjected to cyclic loading. 

3. The analytical strengths calculated according to the expressions proposed in this study 

are quite close to the experimentally calculated strengths. 

4. The angle θ of the compression strut is suggested to be considered equal to 45o.  

The analytical and experimental investigation on the effective width of stoppers led to the 

following results: 

1. The price of the effective width of stoppers depends on the value of shear span. 

2. A certain formula for calculating the effective width is derived. 
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Abstract. Structures constructed with materials from earth have attracted the interest of 

modern building designers because of many advantages that this old methodology is offering. 

The healthy internal climate and the low environmental footprint are the most significant ad-

vantages. In addition, there is an important asset of traditional earth block buildings in rural 

towns that need retrofitting to continue serving as houses. To this direction, externally bonded 

fiber meshes by using soil-based renderings, could provide a compatible and reversible meth-

od of strengthening. The experimental investigation of this study is focusing on constructing 

masonry wallet specimens with stabilized and compressed earth blocks and testing them un-

der combined constant vertical with cycling horizontal loading, strengthened with and with-

out externally bonded fiber meshes. Physio-mechanical characteristics of earth blocks have 

been determined. Two types of fiber meshes were used: glass fibers and stainless steel fibers. 

The bond between wall and fibers was achieved with soil-based renderings and a limited 

number of dowels (18) symmetrically embedded to the masonry with soil-based grout. Finally, 

three model walls were constructed and tested under horizontal cyclic loading sequence to-

gether with vertical normal stress of 1,1Mpa. The results showed that the strengthening meth-

odology that was utilized was efficient and almost doubled the bearing capacity of the wall. 

Summarizing, it could be said that the use of earth blocks for construction purposes is a 

promising alternative methodology. The utilized strengthening technique proved to be effi-

cient. 
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1 INTRODUCTION 

Structures constructed with materials from earth constitute one of the largest ensembles of 

world architectural heritage. In Europe and in our case, in Greek rural towns, there is an im-

portant stock of traditional earth block buildings. Nowadays, most of them are in need of im-

mediate restoration, due to extended damages, and retrofitting in order to keep their use as 

dwellings or introduce other compatible uses. Τhe most common reason, why most of them 

have been abandoned from their owners is their vulnerability against earthquake and other 

physical phenomena, in contrast with other contemporary building materials, such us rein-

forced concrete. There are many researchers through time [1, 2, 3, 4, 5] who identify the typi-

cal pathology of such structures, which mainly derives from their low load bearing capacity 

while also from water and moisture action against earth material. On the other hand, studies 

over time [1, 6, 7] mention numerous advantages of building with earth. Low environmental 

footprint and the healthy internal climate are the most significant. During the last decades of 

the 20
th

 century, earth-based material structures have attracted the interest of modern building 

designers, who reconsider this old methodology and are willing to revive it, in the light of bi-

oclimatic architecture. However, they seem to be hesitant due to safety and functionality chal-

lenges. To this direction, optimization of earth building techniques via contemporary 

knowledge and technology is under request.  

Different ways of producing new, more resistant earth building materials, via modifying 

earth’s physio-mechanical properties, have already been examined by many researchers 

[8,9,10,11]. While, others have already conducted studies on alternative ways to improve the 

load bearing capacity of the whole earth structure [12, 13, 14, 15, 16, 17]. Both aspects have 

been subjects of studies at the Laboratory of Building Materials A.U.Th., with a special focus 

on compatible methods and materials restoring and further strengthening of historic earth 

block masonries [18, 1, 19, 20]. Those studies are reaching to the following two basic out-

comes that are setting the base for the present paper. The first outcome concerns the use of 

stabilized-compressed earth blocks, which is preferable, rather than the traditional ones. The 

second outcome shows that strengthening of earth block masonry with externally bonded fiber 

meshes in synergy with soil-based rendering can be totally achieved. Both methods are effi-

cient, compatible and reversible when in request of retrofitting historic earth block masonries.  

This experimental research contributes to the further investigation of the efficiency of 

strengthening masonry specimens, constructed with stabilized and compressed earth blocks, 

with externally bonded fiber meshes, while also to the determination of an efficient way of 

applying the meshes to the masonry substrate, taking into account the prior experience [21, 22, 

20]. 

2 EXPERIMENTAL PART 

In this study, three masonry wallets were built with the use of stabilized-compressed self-

produced earth blocks and soil-based bed mortar. One of the three wallets remained un-

strengthened (T1: reference specimen), while the two others were strengthened with two types 

of fiber meshes (FRP); stainless steel fibers (T2: SRP specimen) and glass fibers (T3: GFRP 

specimen). In order to evaluate the seismic behavior of the masonry specimens, all three of 

them were tested to displacement controlled cyclic horizontal loading, under constant vertical 

compressive loading. The tests took place at the Laboratory of Experimental Strength of Ma-

terials and Structures of A.U.Th., using the available equipment. 
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2.1 Materials and Production 

2.1.1. Earth blocks and wallets production 

The materials used for the stabilized-compressed self-produced earth blocks were chosen 

after several laboratory tests. Specifically, after the analysis of the available clayey soil it was 

decided to stabilize it with the use of sand, cement and fly ash in appropriate ratio. The manu-

facture of the necessary amount of earth blocks was carried out in TECHNOBETON S.A. fa-

cilities, in a semi-automated way, using the laboratory-dictated recipe and following specific 

directions for the production, curing and drying conditions. Regarding the compression pro-

cedure, a hydraulic manual press was used, together with a custom-made mould designed by 

the research team. The exact composition and some mechanical characteristics of the pro-

duced earth block units of 19x9x8 cm
3
 are given in Table 1. 

Composition σf (MPa) σc (MPa) 

soil 74%+sand 10%+cement 8%+ 

fly ash 8% by mass 
2,24 8,44 

Table 1: Composition and mechanical characteristics of stabilized-compressed earth blocks. 

The materials used for the joint mortar of the wallet specimens were selected on the basis 

of two criteria: the compatibility with the earth blocks’ mixture and the speed of its hardening. 

In Table 2 are presented the exact composition and the main characteristics of the mortar used 

in each specimen. It should be mentioned that the difference of the mortar’s quality between 

the three wallets is a result of the manual and partial preparation of the materials during the 

constructional procedure. Every sub-mixture gave rectangular samples of 4x4x16cm
3 

that 

were tested in order to determine the flexural strength (σf) of the mortars. The compressive 

strength (σc) was tested in the sub-segments of the rectangular samples, after the completion 

of the flexural test. Both tests held on after almost 20 days of curing.  

Composition Mortar ID 
Water/Dry 

material 

Expansion 

(cm) 
σf (MPa) σc (MPa) 

soil 63%+sand 10%+ 

cement 27% by mass 

K1 0,360 20,83 1,61 10,07 

K2 0,355 20,50 1,73 5,33 

K3 0,350 21,55 1,72 6,63 

Table 2: Composition and mechanical characteristics of joint mortar. 

The wallet specimens (80x78x9) cm
3
 were built in the facilities of the Laboratory of Build-

ing Materials A.U.Th. by the research team. Their geometry can be described as single-wythe 

wallets, with 8 courses of earth blocks. Each course consists of 4 blocks arranged in a centric 

bonding. The thickness of mortar joints was about 1-1,5cm. 

An estimation of the compressive strength of each wallet specimen was attempted, consid-

ering the mechanical characteristics of the wallets’ individual materials and their geometry. 

The estimation was made according to Eurocode 6 expression about the calculation of the 

characteristic compressive strength (1), although it refers to other type of masonries except for 

the earth block ones, since there is no specific regulatory framework.  

The equation of Eurocode 6 [23] is the following: 

fck = K x fb
0.65

x fm
0.25

 (1) 

where fb = normalized compressive strength of the masonry unit and fm= mean compressive 

strength of the masonry mortar.  
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To convert the compressive strength of the masonry unit (σc) to normalized compressive 

strength (fb), it is multiplied by a factor which value was defined equal to 0,730.  

The calculations and the results of the characteristic compressive strength of each specimen 

are shown in Table 3.  

 

 

 

 

 

Table 3: Calculation of characteristic compressive strength of specimens according to Eurocode 6. 

2.1.2. Reinforcement materials 

Regarding the reinforcement materials, two types of fiber meshes (FRP) were used; a bidi-

rectional glass fibers mesh (GFRP) and a unidirectional stainless steel fiber mesh (SRP). 

Their technical characteristics are presented in Table 4.  

Mesh type 

 

Direction 

 

Size 

(mm) 

Tensile 

force 

(kN/m) 

Elongation 

at failure  

(%) 

Young 

modulus 

(GPa) 

Weight 

Density  

(kg/m2 ) 

GFRP/FT  
horizontal (weft) 18,1x14,3 77 4,1 80 0,36 

vertical (warp) 18,1x14,3 76 3,45 80 0,36 

SRP/GST main 5,5x5,5 235 >1,5 190 0,67 

Table 4: Technical characteristics of fiber meshes [amended from Papayianni et al, 2016]. 

For the fixation of the meshes on the two wallets and the coating of all three, stabilized, 

soil-based mortar was used (Table 5).  The selection of the renderings’ mixture was guided by 

the requirement of good adhesion between the rendering and the substratum, without disrupt-

ing the moisture movement through the masonry’s body, while also by the need for adequate 

workability of the mortar. 

Composition Water/Dry material 

soil 70% + cement 30% + 

super plasticizer RHEOBUILD1-2 1% by mass 
0,42 

Table 5: Composition and water/dry material ratio of coating mortar. 

The same mixture was also used for grouting, with the difference that the soil was further 

sieved in order to assure the grout’s fluidity.  

2.2 Experimental Tests of earth-block wallets 

2.2.1. Strengthening technique 

The strengthening technique included the application of fiber meshes in both sides of the 

two wallets (T2, T3). Regarding the fixation of the meshes, they were, at first, adhered to the 

wallets by soil-based coating mortar, and right after that, they got mechanically anchored to 

them by stainless steel bars of 4 mm diameter together with stainless steel washers and nuts, 

as described in Figure 1. 

Specimen 

code 

 

K factor 

 

fm 

(MPa) 

fb 

(MPa) 

fck 

(MPa) 

T1  0,55 10,40 6,16 3,96 

T2 0,55 5,25 6,16 3,23 

T3 0,55 6,92 6,16 3,51 

382



Ioanna Papayianni, Christina Batsouka, and Konstantinos Katakalos 

 

 

Figure 1: Mechanical anchorage applied on a wall section [20]. 

More especially, at first, a number of 18 holes of 6mm diameter were drilled symmetrically 

on the wallets to position the dowels (Figure 2). In order to develop sufficient adhesion be-

tween the rendering and the substratum, wetting the wallets’ surfaces with highly diluted coat-

ing mortar, and drenching took place. A first layer of rendering was applied via a masonry 

trowel. Afterwards, the meshes were placed manually, via soft pressure against the rendered 

wallets. The procedure was completed after the necessary layering of the rendering, in order 

to reach 1,5cm thickness on each side. At last, grout was injected into the holes of the walls, 

where the stainless-steel bars were placed, with the use of a syringe. After hardening of the 

grout the stainless-steel washers and nuts were applied and the anchorage process was com-

pleted. 

 

Figure 2: Wallets geometry and symmetrically drilled holes for the anchor. 

It should be noted that the reference specimen (T1) was only coated with the coating mor-

tar on both sides, following the same procedure, except the meshes application. 

2.2.2. Experimental apparatus and test procedure 

The shear strength tests of the wallets under in-plane cyclic horizontal load with combined 

constant vertical pressure was held at the Laboratory of Experimental Strength of Materials 

and Structures of A.U.Th, with the use of a steel framework. The wallets had to be mounted 

on a custom-made base with metal corners to be assured against horizontal sliding. The spec-

imen was placed centrally to the engine load axis (Figure 3).  
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Figure 3: Steel framework and test pattern used for shear strength testing

The test pattern consisted of a) hydraulic jacks and load cells applyi

izontal loading, b) a roller mechanism placed on the top of the 

transducers (LVDT) for the measurement of displacements (Figure 4).

Figure 4: Experimental apparatus and test 

Pre-compression under 8KN compressive axial force was applied to the 

ing the horizontal cyclic loading sequence 

sponding to vertical normal stress of 1,1Mpa.

The horizontal bearing loads and displacements of the tested 

ed via a data acquisition system. Curves representing the branches of loading and u

of the successive cycles came as a result. Figure 5 

both the positive and negative horizontal load (

(mm) of each wallet. The shear strength test results have been compiled in Table 
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Steel framework and test pattern used for shear strength testing. 

The test pattern consisted of a) hydraulic jacks and load cells applying the vertical and 

loading, b) a roller mechanism placed on the top of the wallet and, c) five electrical 

transducers (LVDT) for the measurement of displacements (Figure 4). 

Experimental apparatus and test pattern used for shear strength testing.

compression under 8KN compressive axial force was applied to the wallet

horizontal cyclic loading sequence the compressive force was increased te

stress of 1,1Mpa. 

bearing loads and displacements of the tested specimens were being recor

ed via a data acquisition system. Curves representing the branches of loading and u

as a result. Figure 5 presents the envelope curves that illustrate

horizontal load (KN) in relation to the horizontal displacements

. The shear strength test results have been compiled in Table 

ng the vertical and hor-

and, c) five electrical 

 

. 

wallets, while dur-

was increased tenfold, corre-

were being record-

ed via a data acquisition system. Curves representing the branches of loading and unloading 

presents the envelope curves that illustrate 

) in relation to the horizontal displacements 

. The shear strength test results have been compiled in Table 6. 
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Figure 5: Horizontal Load/Horizontal Displacement envelope curves

Specimen code Fmax (KN)

Τ1  39,0 

Τ2 58,2 

Τ3 42,4 

Table 6: Shear strength test results: horizontal load (F

2.3 Results 

Results were obtained through

pretation of the horizontal load/horizontal displacement curves

leads to outcomes related to the strength, the displacement capacity and the energy absorption 

of each wallet. 

2.3.1. Mode of Failure of tested 

The failure mode observations were implemented after the 

and/or the fiber meshes from the 

sults.  

Regarding the general failure mode of both specimens T1 (reference specimen) and T3 

(GFRP specimen) the observations

failure mechanism. The mode and the succession of the cracks correspond to 

sponse of masonries subjected to plate shear.

More especially, on the reference specimen

base corner on the one side and, 

other side. At last, diagonal shear 

ment of the rendering from the wallet

shown in Figure 6, one side of the specimen 

agonal direction, while in the rest of the specimen’s body a

with vertical or slightly diagonal direction
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Load/Horizontal Displacement envelope curves of all three specimens

Fmax (KN) Fmin (KN) Max strain (mm) Min strain (mm)

-38,0 11,0 -11,0 

-50,6 11,4 -14,1 

-49,5 17,0 -16,5 

orizontal load (F max, min) and displacement capacity (max

were obtained through the evaluation of each wallet’s failure mode and 

pretation of the horizontal load/horizontal displacement curves. The following 

leads to outcomes related to the strength, the displacement capacity and the energy absorption 

Mode of Failure of tested wallet specimens 

The failure mode observations were implemented after the deposition of the renderings 

and/or the fiber meshes from the wallets’ surfaces, in order to increase the accuracy of the r

Regarding the general failure mode of both specimens T1 (reference specimen) and T3 

(GFRP specimen) the observations were quite similar, showing a complex shear and 

failure mechanism. The mode and the succession of the cracks correspond to the

of masonries subjected to plate shear. 

the reference specimen (T1) cracking started from the co

afterwards, tension cracks were observed in the mi

shear cracks appeared in both directions, causing partial detac

wallet’s surface and, further, joint and masonry unit failure

one side of the specimen suffered more severe cracking and mostly in d

in the rest of the specimen’s body appeared smaller and short

with vertical or slightly diagonal direction. 

 

of all three specimens. 

Min strain (mm) 

ax, min strain). 

’s failure mode and the inter-

The following interpretation 

leads to outcomes related to the strength, the displacement capacity and the energy absorption 

deposition of the renderings 

s’ surfaces, in order to increase the accuracy of the re-

Regarding the general failure mode of both specimens T1 (reference specimen) and T3 

, showing a complex shear and tensile 

the typical re-

started from the compressed 

in the middle of the 

cracks appeared in both directions, causing partial detach-

joint and masonry unit failure. As 

vere cracking and mostly in di-

smaller and shorter cracks 
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Figure 6: Failure mode of specimen T1

(right). Cracks are marked with red (severe 

Regarding specimen (T3) the GFRP reinforcement was evaluated as successful. 

pathology that the masonry developed

joint failure, local failure of some blocks

tween the middle and the base of the 

formation of the glass fiber mesh

contributed to the reduction of the crack

had similarities to the unstrengthened 

The failure mode of T2 specimen showed that the lower half part of the 

the greater expansion. The same 

thus should be further examined. 

 

Figure 7: Failure mode of specimen T3 

(right). Cracks are marked with red (severe cracking/detachments) and blue (slighter/superficial cracking) color.

Expansion noticed at the lower half part of the wallet

It is also important to be mentioned that the 

dering from the wallet’s body was easy, since both materials were turned into a block, causing 

minor harm to the substratum (Figure 8).
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Failure mode of specimen T1 during the test completion (left) and after the rendering’s deposition 

severe cracking/detachments) and blue (slighter/superficial 

Regarding specimen (T3) the GFRP reinforcement was evaluated as successful. 

developed during the loading were cracking caused mainly by 

some blocks, and detachment of the rendering along

and the base of the wallet. In the same zone and between the a

formation of the glass fiber mesh appeared, as shown in Figure 7. The mesh’s presence 

reduction of the cracks’ number and width, although the cracking progress 

unstrengthened specimen’s.  

The failure mode of T2 specimen showed that the lower half part of the wallet

n. The same observation has been referred by other researc

 

    

Failure mode of specimen T3 during the test completion (left) and after the rendering’s deposition 

red (severe cracking/detachments) and blue (slighter/superficial cracking) color.

Expansion noticed at the lower half part of the wallet (middle). 

It is also important to be mentioned that the deposition of the glass fiber mesh and the re

’s body was easy, since both materials were turned into a block, causing 

minor harm to the substratum (Figure 8). 

 

rendering’s deposition 

 cracking) color. 

Regarding specimen (T3) the GFRP reinforcement was evaluated as successful. The main 

caused mainly by 

along the zone be-

. In the same zone and between the anchors, de-

, as shown in Figure 7. The mesh’s presence 

cracking progress 

wallet manifested 

by other researchers [20] and 

 

during the test completion (left) and after the rendering’s deposition 

red (severe cracking/detachments) and blue (slighter/superficial cracking) color. 

of the glass fiber mesh and the ren-

’s body was easy, since both materials were turned into a block, causing 
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Figure 8: Deposition of the GFRP mesh together with the rendering, as a block, from the 

As regards the last wallet (T3) which 

mode could not be determined because of

to a constructional flaw that was related to the renderings 

interrupted before any typical appearance of pathology, except of a local cracking and d

tachment of the rendering on the upper corner of the 

Figure 9: Local pathology of the upper cor

2.3.2. Strength of tested 

The comparison between the envelope curves of 

differences concerning their mechanical and 

pacity of the GFRP specimen (T3) app

reference specimen. As regard to the SRP specimen (T2), it presented increased streng

least at a rate of 49,2%. However, d

mum horizontal load for specimen T2 

only to the “lower limit” of its strength. As a result, the actual rate of l

supposed to be even higher. As expected, the use of the SRP mesh present

than the GFRP mesh, due to the better mechanical characteristics of the first one.
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Deposition of the GFRP mesh together with the rendering, as a block, from the wallet

(T3) which was strengthened with the SRP mesh, the failure 

because of an unexpected interruption of the experiment, due 

a constructional flaw that was related to the renderings application. The experiment was 

interrupted before any typical appearance of pathology, except of a local cracking and d

tachment of the rendering on the upper corner of the wallet, as shown in Figure 9.

 

Local pathology of the upper corner of the wallet after the experiment’s unexpected 

Strength of tested wallet specimens 

between the envelope curves of each specimen concluded to significant 

mechanical and flexural characteristics.  The horizo

pacity of the GFRP specimen (T3) appeared increased at a rate of 26,9% in compa

men. As regard to the SRP specimen (T2), it presented increased streng

However, due to the experiment’s interruption, the recor

for specimen T2 did not correspond to the wallet’s load 

its strength. As a result, the actual rate of load capac

As expected, the use of the SRP mesh presented higher efficiency 

than the GFRP mesh, due to the better mechanical characteristics of the first one.

 

wallet’s body. 

with the SRP mesh, the failure 

of the experiment, due 

application. The experiment was 

interrupted before any typical appearance of pathology, except of a local cracking and de-

, as shown in Figure 9. 

unexpected interruption 

concluded to significant 

horizontal load ca-

9% in comparison to the 

men. As regard to the SRP specimen (T2), it presented increased strength at 

the recorded maxi-

load capacity, but 

city increase is 

higher efficiency 

than the GFRP mesh, due to the better mechanical characteristics of the first one. 
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2.3.3. Displacements of tested wallet specimens 

Regarding the horizontal displacement capacity of each wallet, the GFRP mesh (T3 speci-

men) contributed to a significant upgrade of a rate of 54,5% in comparison to the unstrength-

ened wallet. The SRP mesh increased the displacement capacity of the wallet specimen at 

least at a rate of 28,2%, although this rate does not represent the maximum possible displace-

ment, due to the premature specimen’s failure. 

2.3.4. Energy absorption of tested wallet specimens 

The energy absorption that took place during the shear strength testing of the wallets were 

graphically estimated, by use of the envelope curves. For both strengthened specimen, T3 and 

T2, there was a spectacular increase of energy absorption, at a rate of 70,1% and 50,0% re-

spectively. 

3 CONCLUSIONS 

• With appropriate stabilization of the soil, the production of compressed earth blocks of 

mean compression strength of 8,44 MPa, i.e. normalized compression strength (Eurocode 

6) of 6,16 MPa, was attained. 

• The production of earth block wallets of a theoretical, calculated with the use of 

Eurocode 6 expressions, characteristic compressive strength of 3,57 MPa was attained. 

This strength value can be considered as comparable to the strength values of bricklaying 

masonries.  

• During the shear strength test of wallet specimens under combined in-plane horizontal 

cyclic loading together with vertical constant compressive loading, it was proven that the 

strengthening technique of earth block masonries with attached SRP or GFRP meshes in 

both sides, which are fixed by soil-based renderings and local stainless steel anchors, is 

an efficient strengthening technique. 

• The horizontal load bearing capacity of the strengthened specimens was increased more 

than 49%,compared to the unstrengthened one. An upgrade was, also, noted in horizontal 

displacement capacity, reaching the rate of 54,5%. Finally, the energy absorption during 

the shear test increased over 70%.  

• It is an absolute prerequisite to establish a specific regulatory framework, which will al-

low the evaluation of the mechanical behavior of earth block masonries and will propose 

appropriate strengthening techniques for the increase of their load bearing capacity. The 

existence of such a regulatory framework is necessary both for retrofitting old earth block 

masonries and for constructing new safe earth-based buildings. The results of this re-

search could be of use to the development of technological expertise related to the 

strengthening of earth block walls by using fiber meshes.   
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Abstract.  The Rolling-Ball Rubber-Layer (RBRL) system was developed to enable seismic 
isolation of low-mass structures, such as works of art or special equipment, and is very versa-
tile, a great range of equivalent natural frequencies and coefficients of damping being 
achievable through the independent choice of the system parameters. The paper presents new 
results from a previous campaign of shaking-table tests (PSTRBIS ECOEST 2 Project, 1999), 
related to a superstructure model consisting of two concrete slabs separated by four M16 
studs 500mm long, which give a first mode fixed-base response at about 2.5 Hz. In particular, 
attention is given not only to the global behaviour of the system, which includes the steady-
state rolling, but also to its small-deflections behaviour, influenced by the creation of pits in 
the rubber layer due to its viscoelastic properties. These experimental results are compared to 
those obtained from numerical simulations, conducted in OpenSees, using a FE fixed-base 
model previously calibrated using other shaking-table tests performed at fixed-base. These 
comparisons, isolated (test) versus fixed (model) case, are presented in terms of peak values 
of acceleration and inter-storey drift, time-history accelerations and displacements and by 
means of response spectra ratios for both the slabs, and show the effectiveness of the system 
not only at large displacement but also for small deflections if compared with an equivalent 
sliding isolation system. Attention is here restricted to uniaxial behaviour. Finally, some con-
siderations are made regarding a possible characteristic frequency of roll-out of the balls 
from their initial pits. 
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1 INTRODUCTION 

The rolling-ball rubber-layer isolation (RBRL) system was developed at TARRC to enable 
isolation of low-mass (< 10 t) structures. The system comprises RBRL bearings and rubber 
recentering springs; these may be combined in single packages as shown in Figure 1 [1].  

The principal device components and their functions are: 
- steel rolling balls system – enables support of gravity loads and accommodation of large 
horizontal displacements; 
- rubber-layer tracks – provide appropriate energy dissipation capacity and adequate re-
sistance for horizontal non-seismic actions; 
- rubber springs – provide recentering function and system stiffness in steady-state rolling 
phase. 

Previous studies [1, 2, 3, 4] have shown that the RBRL system has three key types of be-
haviour, differentiated according to the magnitude of the displacements relative to the ground. 

1) Inside-pit behaviour. For small displacements, up to ~5mm, the system has nonlinear 
force–displacement characteristics, with high damping and relatively high stiffness, albeit the 
stiffness declining rapidly as the displacement amplitude is increased (Figure 2a). In this re-
gime, the behaviour is dominated by the continued location of the balls within a viscoelastic 
depression, or pit, formed during the long period under static load in the absence of seismic 
excitation. This compliance and damping at small deflections has the great advantage of both 
changing the mode shape and suppressing excitation of the vibration modes of the isolated 
structure even for small seismic intensities, as tentatively shown by Donà et al. [5, 6]. This 
behaviour contrasts with that of a sliding system, which presents a very high and predomi-
nantly elastic stiffness, bordering on rigidity, for small excitations. The springs have little in-
fluence in this regime, because their stiffness is negligible compared to that associated with 
the pits. 

2) Fuse behaviour. If a characteristic threshold horizontal force is applied, for example by a 
sufficiently large ground acceleration, the balls will escape from the locality of the viscoelas-
tic depressions, and roll with an approximately constant opposing resistance, significantly 
lower than the characteristic threshold force. In this regime, the system behaves like a me-
chanical fuse, the force applied to the superstructure being truncated at the value of the char-
acteristic peak, or threshold, force. This behaviour is akin to that of a sliding system subjected 
to moderate excitations, but with the additional feature that there is a memory effect of the 
viscoelastic depressions that tends quite strongly to recapture the rolling balls in their initial 
reference configuration, as can be observed in Figure 2b in the displacement range 5 to 15 
mm. The displacement time-history of the isolated structure therefore exhibits periods of 
small displacement with occasional larger excursions, while the force time-history is clipped 
at the characteristic threshold force. The spring stiffness plays a crucial recentering role after 
the large excursions, but the associated nominal natural frequency is not a significant design 
parameter for this regime. 

3) Steady-state rolling behaviour. For strong excitations with many fluctuations (as op-
posed to a discrete pulse), continuous free rolling will be induced, as shown in Figure 2c. In 
this regime, for displacements greater than 15mm, the recentering rubber springs provide a 
well-defined natural frequency of isolation that need not be significantly amplitude dependent 
and can be designed to have any value. The equivalent linear damping level is determined 
predominantly by the rubber tracks, and for low design frequencies can be very high if desired 
[1], whereas for high frequency systems it may be necessary to use high damping rubber for 
the springs. The system thus behaves like a classical linear isolation system, but enables a 
wide margin for choice of natural frequency and damping ratio. 
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Figure 1: Combined package of RBRL bearing and recentering springs as used for PSTRBIS ECOEST 2 project. 
 

a) b) c) 
Figure 2: Figure 2. a), b), c) Rolling friction-displacement (µ-Disp) loops, representative of the behaviour types 
of the RBRL system without springs. Rubber tracks 2mm thick of type A - Young’s modulus E=1.14MPa; ball 

radius R=12.5mm; stress parameter W(=load per ball)/ER2=1.2; dwell time under load 25 hours; sinusoidal tests 
at 1Hz frequency.  

 
The rolling friction–displacement (μ–disp) loops of Figure 2, in which μ is the horizontal 

resistance divided by the vertical load, derive from the parametric experimentation conducted 
at TARRC in 2014 [3]: the choice to not consider the springs in these tests was to better focus 
on the effect of the pits on the small-deflection behaviour of the system. 

Extensive experimental studies of this system were undertaken by TARRC and collaborat-
ing research centres in the period 1993–1999 [in order 7, 8, 4, 9, 10, 2], but a more compre-
hensive test and numerical characterization, a design method and a time-domain model for the 
simulation of the unidirectional behaviour of the same are more recent [1, 3]. 

Among the experimental studies, the project ‘Parametric Seismic Tests of Rolling Ball Iso-
lation System’ (PSTRBIS) funded in 1999 under the European Commission Earthquake and 
Shaking Tables 2 Programme (ECOEST 2), indicated in the following as the ECOEST 2 pro-
ject, involved 34 shaking table tests of an isolation system comprising four RBRL devices; 
large amounts of data were gathered from this project, but only a summary of the findings 
with a few highlights has so far appeared in the literature [2]. 
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This paper presents new experimental evidences from the ECOEST 2 project, related to 
both the behaviours of the system at small and large deflections, i.e. considering the “inside-
pit” and the “steady-state rolling” behaviours respectively (see Figure 2). For this purpose, the 
experimental results are compared to those obtained from numerical simulations, conducted in 
OpenSees, using a fixed-base FE model previously calibrated using other shaking-table tests 
performed at fixed-base. These comparisons, between the isolated case studies (test) and the 
related fixed-base FE model (non-isolated), are presented in terms of peak values of accelera-
tion and inter-storey drift (between the two slabs), time-history accelerations and displace-
ment and through response spectra ratios for both the slabs, showing the effectiveness of the 
system. Attention is here restricted to uniaxial behaviour. 

Finally, some considerations are made regarding a possible characteristic frequency of roll-
out of the balls from their viscoelastic pits, which could be useful for developing a procedure 
to assess the transition from the inside-pit behaviour to the free rolling one, once the seismic 
input is provided.  

2 CALIBRATION OF THE FE MODEL WITH FIXED BASE  

2.1   Presentation of the ECOEST 2 shaking-table tests and the FE Model  

The model superstructure in the ECOEST 2 project [2] consisted of two concrete slabs 
which could either be clamped together (Mass Down configuration) or separated by four M16 
studs 500 mm long, as in Figure 3a), to give a first mode fixed base response at ~2.5 Hz 
(Mass Up configuration). Both the configurations, isolated on the RBRL system, were sub-
jected to a range of acceleration time histories in one, two or three directions. The results rec-
orded (see Figure 3a) consist of relative displacements, between the bottom slab and the 
shaking table and between the two slabs, and of absolute accelerations of table, bottom slab 
and top slab. 

In this paper, further results from the uniaxial tests with the Mass Up configuration are pre-
sented and compared to those from numerical simulations of the related “fixed-base” case; for 
this purpose, a Finite Element (FE) model (Figure 3b) was developed in OpenSees and cali-
brated through some other shaking-table tests performed on the Mass Up configuration with-
out base isolation (i.e. fixed to the table).  

 

 

OPENSEES FIXED-BASE MODEL: 
 

 
 

    m0 (slab_B) = 0.945 ton 
    m1 (slab_T) = 0.575 ton 
    h0 = 100 mm 
    h1 = 800 mm 

a) b) 
Figure 3: a) Mass Up configuration with indication of transducers (A = accelerations; D = displacements), from 

ECOEST 2 project. b) Relative fixed-base FE model analyzed in OpenSees for comparisons. 
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a) 

 
b) 

Figure 4: a) Acceleration and b) displacement response spectra of the ground motion selected for the tests with 
Mass Up configuration, as recorded at the table (ζ = 5%). 

 
The earthquakes considered (Figure 4) were: Northridge-PCKC, Tolmezzo, Faial, EC8(05) 

and EC8(02), for tests with base isolation, while only EC8(02) for the fixed-base tests. Artifi-
cial records were used for EC(02) and EC(05) earthquakes, according to Eurocode 8 (Soil 
type B, ζ = 5%, peak ground acceleration 0.3g): (02) and (05) mean that the original records 
were applied with low frequency cut-offs of 0.2 and 0.5 Hz respectively because of the maxi-
mum displacement limitation of the table (±100 mm). For each case, the original record with a 
given peak ground accelerations (PGA0) was scaled to different PGA levels through the pa-
rameter k[dB] = 20∙log∙(PGA/PGA0) to vary the seismic intensity. 

Finally, the low damping rubber, type A [1, 2], was used for both top and bottom rolling 
tracks of the devices in all the tests here considered, except for the earthquake EC8(02) where 
the devices presented one layer of rubber A and one of high damping rubber B [2]. 

2.2   Stiffness of the structural model measured during tests    

The first step to calibrate the FE model (of Figure 3b) was the calculation of the total stiff-
ness of the studs (Kstuds), for horizontal displacements, directly from the test results, knowing 
the absolute accelerations of both the slabs (and so their inertial forces) and the relative dis-
placement between them at the same instant. 

Figure 5 presents, for some tests, the actual value of Kstuds calculated for the entire duration 
of the test, for negative and positive relative displacements between the slabs. Besides observ-
ing a not very stable value of Kstuds for small drift values, which is negligible for our purposes 
and seems reasonable considering the calculation method, it is also possible to note a slight 
difference between the values at positive and negative relative displacements; thus, after cal-
culating an average value of Kstuds for both the positive and negative drifts separately, disre-
garding the results for small drifts, we got the final Kstuds value for each test as average of the 
previous values.  

Table 1 reports all the results for Kstuds obtained by all the tests performed at fixed-base. 
The reduction of the studs’ horizontal stiffness with increase in the seismic intensity of the 

test is probably due to some losses of the interlocking condition in the connection between 
studs and slabs, because of the high seismic excitation of the masses in the absence of base 
isolation. 

For the calibration of the damping ratio ξ of the FE model (see next section), each test was 
simulated considering its specific mean value of Kstuds while, for the subsequent comparisons 
between the results from tests with the RBRL system and those from the fixed-base FE model, 
the mean value 141 N/mm of the first fixed-base test was used for the following reasons: the 
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drifts obtained with this test (k=-15dB) are the closest to those registered in the tests with base 
isolation and, also, the tests with RBRL system were performed before those at fixed base. 

 
Test: k = – 15 dB  

a) 
 

b) 
Test: k = – 9 dB 

c) 
 

d) 
Test: k = – 6 dB 

e) 
 

f) 
Figure 5: Stiffness Kstuds of the studs calculated for different tests at fixed-base with earthquake EC8(02) (k=-

15dB, -9dB, -6dB), for negative (a, c, e) and positive (b, d, f) displacements. 
 
 

 Tests  Kstuds 
k [dB] at negative drift at positive drift mean 
-15 dB 152 130 141 
-12 dB 149 124 136 
-9 dB 138 120 129 
-7 dB 123 115 119 
-6 dB 110 118 114 

 
Table 1: Stiffness Kstuds of the studs from all the tests at fixed-base, with earthquake EC8(02). 
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2.3  Calibration of the damping ratio for the FE Model 

Considering the simple one-degree-of-freedom model of Figure 3b and the horizontal stiff-
nesses between the slabs reported in Table 1, the calibration of the damping ratio was per-
formed so as to obtain the best fit between the experimental and numerical peak values of 
acceleration, of the upper slab, and drift between the slabs, as shown in Figure 6.  

It has been found that a value of ξ=2.3% allows all the tests performed at fixed base to be 
fitted reasonably well and is also an appropriate value for steel structures. 

Figure 7 compares the test and numerical results for the acceleration (of the upper slab) 
and drift (between the two slabs) time histories, for two different tests. Finally, Figure 8 re-
ports comparisons for all the tests in terms of acceleration and displacement spectra, obtained 
from the previous time series.  

Figures from 6 to 8 prove the effectiveness of the FE model in predicting the dynamic be-
haviour of the model superstructure tested in ECOEST 2 project, as well as its appropriate-
ness to be used as a comparison reference to study the performance of the RBRL isolation 
system. 

 

 
a) 

 
b) 

Figure 6: Prediction of the FE model using a damping ratio of 2.3% and comparison with the fixed-base tests 
results, in terms of peak values: (a) acceleration of the upper slab; (b) drift between the slabs. 

 
Test: k = – 9 dB 

 
a) 

 
b) 

397



Marco Donà, Alan H. Muhr, Giovanni Tecchio, Simone Salvia and Claudio Modena 

 

Test: k = – 6 dB 

 
c) 

 
d) 

Figure 7: Comparison between numerical and test results in terms of acceleration (a, c) and drift (b, d) time 
series, for two tests: EC8(02), k  = -9dB and k = -6dB. 

 
Acceleration spectra – Fixed base 

 
a) 

 
b) 

Displacement spectra – Fixed base 

 
c) 

 
d) 

Figure 8: Comparison between numerical and test results in terms of acceleration (a, b) and displacement (c, 
d) spectra, for all the fixed-base tests. 
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3 SMALL-DEFLECTION BEHAVIOUR PERFORMANCE – INSIDE PIT 

3.1   Identification of the balls roll-out event  

To investigate the small-deflection (“inside-pit”) behaviour of the RBRL system, the time 
histories registered during the tests were truncated such that the steady-state rolling of the 
balls did not occur, but they merely rocked in the “pits” formed in the rubber tracks due to 
rubber creep and static load; the maximum displacement of the lower slab (relative to the ta-
ble) for this to be so was taken to be 5 mm.  

Figure 9 presents, for some tests, the table accelerations up to the moment in which the 
lower slab reached 5 mm of displacement and the related force-displacement loop: the as-
sumption of 5 mm is thus appropriate to capture approximately the threshold of roll-out of the 
balls from their pits. 

 
Tolmezzo, k=-12dB 

 
a) 

 
b) 

Tolmezzo, k=-6dB 

 
c) 

 
d) 

Tolmezzo, k=+3dB 

 
e) 

 
f) 

Figure 9: (Left) Table acceleration time series for the first seconds of some tests, with indication of the balls 
roll-out moment and of the peak acceleration before this moment; (right) related force-displacement loops. 
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These plots also allow to understand that the increase of seismic intensity not directly im-
plies an increase of the peak acceleration for the oscillation of the balls inside the pits, be-
cause the roll-out event of the balls could be quite different due to the high non-linearity of 
the rocking phenomenon inside the pits (compare the plots of Figure 9 related to the test 
“Tolmezzo, k=-12dB” with those of the other tests: k=-6dB, k=+3dB).  

3.2   Peaks of acceleration and drift: isolated versus non-isolated case    

To evaluate the performance of the RBRL system, regarding its “inside-pit” behaviour, the 
previous calibrated FE model was used to carry out Time-History analyses up to the roll-out 
of the balls from their pits, with the aim of simulating the behaviour of the model structure 
with fixed base and to compare it to that with base isolation (from test results). 

This comparison is quite interesting considering also that the fixed-base case could repre-
sents the behaviour of an equivalent sliding isolation system for excitations insufficient to 
overcome the static friction. 

The measured table accelerations, rather than the command time histories, were used in the 
OpenSees simulations as seismic input to make the comparison as correct as possible. 

The parameters compared in the graphs of Figures 10 are: 
- for the real isolated system: 
Acc. [g] - table: accelerations of the shaking table; 
Acc. [g] - slab_B:  accelerations of the bottom slab; 
Acc. [g] - slab_T: accelerations of the top slab; 
Drift [%] - Isolated:  drift ratio between the slabs (relative displacement divided by height); 
- for the fixed-base numerical model: 
Acc. [g]-slab_T-Fixed: accelerations of the top slab; 
Drift [%] - Fixed: drift ratio between the slabs. 

For a better comprehension, in Figure 10 are also reported some labels indicating the type 
of test, through the parameter k[dB], related to those results. 

For all the earthquakes analysed, the conclusions are the same: the compliance and damp-
ing at small deflections of the RBRL system have the great advantage of both changing the 
mode shape and suppressing excitation of the vibration modes of the isolated structure even 
for small seismic intensities, in contrast to the case of sliding bearings below their threshold 
force. For example, looking at the results of the case Northridge_PCKC (Figure 10c), it is 
possible to note that in case of fixed base and for peak accelerations at the table of 0.1 to 
0.15g, the maximum accelerations at the top slab could be in the range 0.25 to 0.35g, due to 
resonance effects inside the structure: acceleration like these could be dangerous for many 
works of art; using the RBRL system, instead, these peak accelerations are greatly reduced to 
between 0.05 and 0.08g. In general, the maximum accelerations measured for both the masses, 
during the rocking of the balls inside the pits, are less than 0.1g.   

The apparent inconsistency of some numerical results, which show a non-linear trend for 
the top slab acceleration as for the Tolmezzo earthquake, was previously explained looking at 
Figure 9: in particular, from Figure 9a) it is possible to note that roll-out for the test “Tolmez-
zo, k=-12dB” is postponed by about 1s if compared to the other tests of Tolmezzo; this also 
has consequences for the related force-displacement plot (Figure 9b), which presents a big 
loop without many vibrations inside the pit, unlike the other cases. 

 
 
  
 

400



Marco Donà, Alan H. Muhr, Giovanni Tecchio, Simone Salvia and Claudio Modena 

 

Tolmezzo 

 
a) 

 
b) 

Northridge_PCKC 

 
c) 

 
d) 

Faial Azzorre 

 
e) 

 
f) 

   Figure 10: Peak accelerations (left) and drifts (right) for all the tests of Tolmezzo, Northridge_PCKC, Faial 
Azzorre: “inside-pit” behaviour of the isolated structure (test results) compared to that of the equivalent fixed-

base structure (numerical results). 
 

3.3   Acceleration and displacement time-history: isolated versus non-isolated case   

In this last section about the performance of the RBRL system at small deflections, some 
acceleration and drift time series are presented up to the roll-out of the balls from their pits, in 
particular for two tests of Northridge: k=-6 dB and k=0 dB (see Figure 11). 

This representation shows more clearly the effectiveness of the RBRL system when the 
balls rock inside the pits. Furthermore, it is possible to note a rapid and sudden increase in the 
values of the numerical results (from the FE model) in the last part of these time series: this is 
obviously due to quakes of higher intensities, which from that moment will bring the RBRL 
system to behave like a classic isolation system, involving the steady-state rolling. 
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Northridge_PCKC, k=-6dB 

 
a) 

 
b) 

Northridge_PCKC, k=0dB 

 
c) 

 
d) 

Figure 11: Acceleration (left) and drift (right) time series, up to the roll-out of the balls from their pits, for the 
tests of Northridge, k=-6, 0 dB: comparison between isolated (Test) and non-isolated (FE Model) case. 

 

4 LARGE-DEFLECTION BEHAVIOUR PERFORMANCE – OVERALL  

4.1   Peaks of acceleration and drift: isolated versus non-isolated case   

To evaluate the overall performance of the RBRL system, the previous fixed base FE mod-
el was used to carry out Time-History analyses providing, as seismic input, the entire acceler-
ogram for the various earthquakes analysed. The measured table accelerations, rather than the 
command time histories, were used in the OpenSees simulations also in this study, so that to 
make the comparison as correct as possible. 

Therefore, this comparison presents the performance of the RBRL system when it behaves 
like a classic isolation system, with a well define damping ratio and period of isolation. 

The parameters compared in the graphs of Figures 12 are the same as already presented in 
Figure 10, with the only difference being that the numerical results (fixed-base model) are in-
dicated as labels over the various plots, because of their higher values. 

The comparisons in Figure 12 clearly show the great effectiveness of the RBRL system 
when the balls are induced to roll freely outside the pit. In general, the use of this isolation 
system keeps the maximum accelerations close to 0.1g for the bottom slab and below 0.15g 
for the top slab, except for the test of Tolmezzo with the highest seismic intensity (k=+5dB) 
for which the accelerations slightly exceed these values; at the same time, the maximum drift 
values are also strongly reduced by using the RBRL system, always remaining below 1%. 
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Tolmezzo 

 
a) 

 
b) 

Northridge_PCKC 

 
c) 

 
d) 

Faial Azzorre 

 
e) 

 
f) 

Figure 12: Peak accelerations (left) and drifts (right) for all the tests of Tolmezzo, Northridge_PCKC, Faial 
Azzorre: overall behaviour of the isolated structure compared to that of the equivalent fixed-base structure.  

4.2   Response spectra ratio between isolate and non-isolated case    

A simple measure of the effectiveness of an isolation system is the ratio between the peak 
acceleration values of the isolated and non-isolated structure, with values of this parameter 
lower than one meaning acceleration reduction. 

Values of this ratio were evaluated as a function of the structural frequency and are dis-
played in Figure 13 for all the tests performed for the earthquake of Tolmezzo and Faial Az-
zorre. For structural frequencies higher than 0.5 Hz, the isolation system proved to be 
effective for the cases where k ≥ 0 dB, with growing efficacy with increasing seismic intensity; 
for the tests with smaller seismic intensities, where k < 0 dB, the system is still effective but 
with lower performance and above about 1 Hz: this is due to the fact that the accelerations 
provided to the table in these tests are small or very small if compared to the other tests with k 
≥ 0 dB and thus, even if the absolute accelerations on the isolated structure are still very low, 
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the response spectra ratio between isolated and non-isolated structure is higher. Finally, the 
efficacy of the system is even more evident looking at the response spectra ratio for the top 
slab (see Figure 13 b and d). 

Figure 14 reports the Fourier transform for the bottom slab acceleration, comparing the in-
side-pit and overall analyses. From these results, a possible characteristic frequency for the 
roll-out of the balls from their pits may be identified in the range 3 to 4 Hz. These results are 
also consistent with those of Figure 13 where, especially for the bottom slab, it is possible to 
note a reduction in the system efficacy for this range of frequency. However, this does not 
represent a real problem considering that the cases which are more affected by the phenome-
non of balls roll-out are those with smaller seismic intensities (k < 0 dB); in fact, as already 
explained before, even if the efficacy of the RBRL system is lower in these cases, the absolute  

 
Tolmezzo 

 
a) 

 
b) 

Faial Azzorre 

 
c) 

 
d) 

Figure 13: Response spectra ratio between isolated and non-isolated structure for the tests of Tolmezzo and Faial 
Azzorre: (left) bottom slab, (right) top slab. 

 

 
a) 

 
b) 

Figure 14: Fourier transform for the bottom slab acceleration: comparison of inside-pit and overall analysis. 
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accelerations inside the isolated structure are still relatively small. Furthermore, most of the 
museum items, considering their classic anchoring systems and their small masses, have vi-
bration frequencies which are generally much greater than 3 or 4 Hz (as will be discussed 
more in detail in a later publication).          
Finally, the identification of a “roll-out frequency” could be useful in determining an assess-
ment method to evaluate whether, for a given earthquake, the RBRL system will work in 
small (inside-pit) or large (free rolling) deflections. 

5 CONCLUSIONS  

 The paper presented new experimental evidences on the RBRL system behaviour from a 
previous campaign of shaking-table tests (PSTRBIS ECOEST 2 Project, 1999), related to 
a superstructure model consisting of two concrete slabs separated by four M16 studs 
500mm long, which give a first mode fixed-base response at about 2.5 Hz. 

  To assess the behaviour of the RBRL system, a fixed-base FE model was calibrated (in 
OpenSees) through some shaking-table tests performed without base isolation; the FE 
model was then implemented in Time-History analyses to compare the behaviour of the 
isolated structure (from tests) to that of the related non-isolated structure (FE simulation). 

 The RBRL isolation system proved to be effective at small deflection (balls rocking in-
side the pits), performing better than an equivalent sliding isolation system that, for small 
seismic intensities and up to the threshold force (due to the static friction), behaves like a 
fixed base. In general, the peak acceleration for both the slabs of the superstructure mod-
el, during the rocking of the balls inside the pits, was found to be smaller than 0.1g.     

 A good performance of the system was also demonstrated for the steady-state rolling be-
haviour, i.e. when it behaves like a classic isolation system with a well define damping 
ratio and period of isolation. In general, using the RBRL system, the peak accelerations 
could be contained around 0.1g for the bottom slab and below 0.15g for the top slab. 

 A characteristic frequency for the roll-out of the balls from the pits was identify to be in 
the range 3 to 4 Hz. 
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ABSTRACT 

The influence of the subsurface soil structure and in particular its fundamental frequency on the evolution 

of the spatial coherence of ground motion, a measure of importance in high sensitivity accelerator 

facilities such as synchrotrons and linear colliders, is studied based on extensive field measurements of 

micro-seismic activity and numerical analysis of wave propagation in layered media.  

Specifically, the evolution of the micro-seismic activity at the surface of the NSLS II site consisting of 

~600m deep formation of silt, clay, sand and sandy gravels over bedrock with a water table interface near 

the surface has been assessed over an extensive period of daily and seasonal variations. Along with the 

micro-seismic amplitudes and spectra, coherence measurements were made both at the said site and other 

sites around the world where stability sensitive synchrotrons were being constructed.  

Observed characteristic behavior of the spatial coherence was explored using two- and three-dimensional, 

numerical models representing the site were field measurements were conducted.  The field data indicated 

loss of coherence even at small separation distances attributed to the resonant frequency of the deposit. 

This elaborate study was conducted in an effort to understand the impact of the soil layer (s) as well as the 

spatial variation of soil properties on coherence and help explain the observed behavior. Results of the 

field study on micro-seismic background which includes natural and cultural noise (ocean wave action 

and man-made sources) and of the analytical/numerical effort aiming to predict the coherence spatial 

evolution will be presented.  
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1. Introduction

Next generation synchrotrons and liner colliders require extreme stability of the accelerator lattice to 

minimize beam jitter and emittance growth. Stability goals for these accelerators of a few nanometers for 

synchrotrons [1] and sub-nanometer for next generation linear colliders require a full understanding of the 

ground vibration, its dominant contributing sources and their frequency range and most importantly the 

spatial variation of ground motion over the footprint of the accelerator measured in terms of coherence. 

The influence of the subsurface soil structure and in particular its resonant frequency on the evolution of 

the spatial coherence of ground motion has been studied extensively for a synchrotron accelerator based 

on extensive field measurements of micro-seismic activity and novel numerical analysis of wave 

propagation in layered media. Specifically, the evolution of the micro-seismic activity at the ground 

surface of the site of the National Synchrotron Light Source II (NSLS II) consisting of ~600m deep 

formation of silt, clay, sand and sandy gravels over bedrock with a water table interface near the surface 

has been assessed over an extensive period of daily and seasonal variations. 

Observed loss of spatial coherence even at short distances, a feature attributed to the resonant frequency 

of the soil layer, was explored using two- and three-dimensional, numerical models representing the site 

were field measurements were conducted.  This comprehensive study was conducted in an effort to 

understand the impact of the soil layer (s) as well as the spatial variation of soil properties on coherence 

and help explain the observed behavior. Results of the field study on micro-seismic background which 

includes natural and cultural noise (ocean wave action and man-made sources) and of the 

analytical/numerical effort aiming to predict the coherence spatial evolution will be presented. 

Takeda et al [7] studied power spectral densities and coherence functions for ground motions are studied 

for the next generation electron-positron linear collider to assess the impact of incoherent ground motion 

on the spatially varying movement of the lattice elements leading to beam jitter, destruction of the straight 

trajectory and emittance growth of the two colliding electron beams. Observed in [7] is that the spectrum 

of the ground motion can characteristically be divided into two frequency ranges, the high 

frequency range (>1 Hz) dominated by cultural (man-made) noises and low frequency range 

(< 1 Hz) linked to natural ground motion which in turn has strong dependence on the given site. 

 C. Collette et al [8] analyzed a set of micro-seismic measurements at the LHC tunnel at CERN 

in an effort to develop a numerical model that will adapt to the accelerator lattice for machine 

alignment and potentially the mechanical stabilization of the quadrupoles. 

Subsurface characteristics based on H/V spectra of ambient vibrations have been deduced by models 

developed by Nakamura [4]. Hobiger et al. [5] employed a random decrement technique to determine 

Rayleigh wave Ellipticity using a single station recordings of ambient noise and over a wide frequency 

range on the premise that the Rayleigh wave ellipticity is linked to dynamic properties of the substructure 

such as shear wave velocity or fundamental frequency. While information around the resonant frequency 

of the substructure can be deduced from the H/V spectra (Nakamura, 1989) in [5] ellipticity is deduced by 

eliminating all wave types, except for Rayleigh waves,  

The significance of stochasticity in the characteristics of the surface layers of a given site to the resulting 

spatial variation of seismic ground motions and the seismic ground strains has been investigated by Zerva 

& Harada [6]. Their study revealed that the spatial coherence of the motions on the ground surface is 

similar to that of the incident motion at the bedrock-layer interface except at the predominant frequency 

of the layer, where it decreases considerably. The present study focuses primarily on the effects of the 

layer predominant frequency on the loss of coherence. 
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Kanda [9] analyzed spatial coherency and amplitude characteristics of ground motions using a two-

dimensional finite element model while considering a layered medium with irregular interfaces. The 

analytical results showed that the interface irregularities between layers spatially change the frequency 

characteristics of ground motions on the soil surface. 

Reported in this paper are (a) the results of the multi-year NSLS II site microseismic activity 

characterization, including the layer structure, (b) the experience from other similar sites using 

measurements made by the team as well as results of other independent studies, (c) relevant theoretical 

studies that provide confirmation to the field observations made through the campaign and in particular 

the spatial coherence and finally (e) the results of a novel numerical model developed to address wave 

propagation at the NSLS II site and the ability of the model to predict coherence loss.  

2. Primary Study Site Description

Detailed descriptions of the geologic units comprising Long Island are provided in Williams (1976); 

Figure 3 shows that Paleozoic-age crystalline bedrock underlies Long Island at depths to several hundred 

meters. Consolidated sedimentary strata overlie the bedrock surface. The depth of the soil overburden at 

the site is approximately 1550 feet beneath the NSLS II site and consists of relatively dense gravels and 

sands interspersed with stiff clays and sandy clays. Based on the approximately 1 on 55 southeast slope of 

the bedrock, it is safe to assume that the local site consists of horizontal deposits overlaying the bedrock. 

Shear wave velocity measurements made [4] indicate a uniform to slightly increasing shear wave velocity 

with depth. Velocities varied from 860 feet per second (fps) to 1,180 fps. The average shear wave velocity 

from 34 tests was 975 fps [3]. Depths to water table from vary between 28 and37 feet below ground 

surface. 

Figure 1: Geographical location of the site studied (left) and NSLS II synchrotron requiring extreme 

stability and spatial coherence (right)  

An extensive monitoring of the NSLS II site spanning over several years had been undertaken. The 

microseismic activity at the site and its implications to the extreme stability required by the synchrotron 

begun prior to its construction and during the conceptual design of the project in an effort to assess the 

appropriateness of the particular site to host such a critical facility. The site microseismic activity 

monitoring continued through the construction and commission of the synchrotron now in full operation. 

A pair of GÜRALP CMG-3TDE seismometers interfaced with the SCREAM system, a set of Wilcoxon 

high sensitivity accelerometers interfaced with a data recording/FFT analyzer RION-S78 were used in the 

field study.    
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Figure 2: Transverse sections showing detailed stratigraphy beneath the NSLS II Synchrotron [after 2] 

Figure 3: Power spectral densities of microseismic activity (natural and cultural noise) recorded at the 

NSLS II site  

Power spectral densities of the microseismic (ambient) vibration as well as coherence measurements were 

performed during the multi-year campaign. The relations below define correlation and coherence.  By 

defining the cross-spectral density as 

      ∫       
 

  

         

The normalized power spectral density is defined as 

        
      

√           

The real part of        represents the correlation and the module the coherence. 

Shown in Figure 3 are excerpt power spectral densities recorded at the NSLS II site delineating the effects 

of ocean wave activity, the response of the site soil layer (vertical and horizontal resonances) and the 

highway traffic. It should be noted that the multi-layered structure above the bedrock works as a wave 

guide with limited attenuation of ground motion. 
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Using Ellipticity to unravel NSLS II site substrate characteristics 

It is important in this effort to identify the resonant frequency of the ~600m layer beneath the site 

and quantify its impact on the spatial variability of the motion at the surface (i.e. coherence) 

which in turn is paramount importance to the optimal performance of the synchrotron. We relied 

on the extensive data collected at the site to deduce the soil layer characteristics and in particular 

the relation between the horizontal and vertical components of the motion at any given 

monitoring station. Specifically, the spectral ration H/V, according to (Nakamura, [4]) calculates the 

ratio between the horizontal and the vertical spectrum of ambient vibrations recorded on a single three-

component seismic sensor by:  

H/V( f ) = √(│EW(f)│
2
 + │NS(f)│

2
) /(√2│ZZ(f)│) 

where EW( f ), NS( f ) and ZZ( f ) are the spectra of the east–west, north–south and vertical displacements 

of the sensor. In the above relation both Rayleigh and Love waves contribute to the H/V spectrum. 

Figure 4: Average Fourier spectra of surface ground motion recorded on the undisturbed site. Quiet 

period (left) and noisy period (right) 

Figure 5: Ellipticity generated using averaging of 3600s record segments of recorded surface ground 

displacements using a single station recording system. The invariant location of the characteristic 

ellipticity peak over long periods reveals the resonant frequency of the substrate layer. 
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Figure 4 depicts Fourier spectra (average) recorded at the un-disturbed NSLS II site showing the effect of 

cultural noise. Figure 5 plots the ellipticity deduced from measurements made at single stations over long 

periods. The characteristic peak at ~0.4 Hz defines the resonant frequency of the soil deposit. Coherence 

and correlation functions governing the undisturbed NSLS II site are depicted in Figures 6-10. Important 

to note is the characteristic loss of coherence near the resonant frequency of the soil layer even at short 

distances. This observation is explored further both in terms of experience from other studies (including 

theoretical studies [6]) as well as simulations of wave propagation and attenuation at the NSLS II site. 

Figure 6: Recorded coherence on the undisturbed site and identification of site-wide ambient frequencies. 

Figure 7: Auto and cross-correlation of recordings on the undisturbed site (station separation 40m) 

Figure 8: Coherence measurements made in the undisturbed site (quiet period and prior to the 

construction of the NSLS II synchrotron. 
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Figure 9: Coherence measurements made as a function of distance from a distinct large source 

operating on the proximity of NSLS II with 4.25 Hz dominant frequency 

Figure 10: Filtering effects on recorded coherence by floating slabs on the NSLS II site. On the 

experimental floor of the NSLS II ring (left) and at the high-sensitivity Nanoprobe beamline (right) 

Coherence/Substrate Resonant Frequency Relation at SIRIUS Synchrotron site, Brazil 

Extensive site measurements at the undisturbed site of the LNLS Laboratory in Campinas, Brazil 

considered for the currently under construction SIRIUS synchrotron (Figure 11a) were performed in 

2009. Free-field measurements of coherence are depicted in Figure 11b indicating a loss of coherence 

above 1 Hz (~2.7 Hz) in contrast to similar coherence loss which in turned occurred below 1 Hz and at 

the resonant frequency of the soil layer at NSLS II site. Ellipticity deduced from single station ground 

motion recordings at the undisturbed SIRIUS site (Simos, 2009) were deduced based on H/V technique 

and are shown in Figure 12a. The ellipticity trace reveals the resonant frequency of the SIRIUS site at 

~2.7 Hz (along with the existence of a second peak at ~90 Hz attributed to a surface layer effect at the 
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measurement location). Figure 12b depicts the correlation between the measured coherence and ellipticity 

at the undisturbed SIRIUS site. Measurements conducted at the prepared site for the SIRIUS synchrotron 

construction via a geophysical study in 2015 by an independent group [ ] confirmed the H/V relation as 

seen in Figure 13. It should be pointed out that measurements made in 2009 on the undisturbed site were 

at different locations than those of the 2015 campaign o the prepared site. 

The filtering effect of a “floating” slab supporting a high sensitivity transmission electron microscope 

(TEM) at the LNLS facility is shown in Figure 14 clearly showing minimal impact on coherence at short 

distances due to the small geometrical size of the slab. As in the case of the NSLS II site the recorded data 

summarized in Figures 11-14 confirm the effect of soil column resonance on the coherence recorded at 

the surface. 

Figure 11: Overview of the SIRIUS Synchrotron (left) and coherence measurements (Simos et al., 2009) 

on the undisturbed site 

Figure 12: Measured ellipticity at left (Simos, 2009) and correlation with recorded coherence at Sirius 

Synchrotron 

Figure 15 depicts coherence spectra measured at the PETRA ring and HERA tunnel at DESY facility 

(Germany). The loss of coherence at the HERA accelerator tunnel at relatively short distances (0m and 

most prominently at 40m) further confirms the effect the local site characteristics have on spatial 

coherence. 
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Figure 13: H/V measurements (SIRIUS Geophysical Study, 2015 [11]) of the prepared site in agreement 

with the recorded ellipticity of Figure 12 (Simos, 2009) 

Figure 14: Filtering effects on coherence by a fully isolated (floating) slab on the LNLS site, Brazil 

(Simos, 2009) 

Figure 15: Coherence spectra measured at the PETRA ring and HERA tunnel at DESY [11] 
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Figure 16: Variation of the total spatial coherence (incident motion and layer stochasticity) with 

frequency at separation distances of 40 and 100m (after Zerva & Harada [6]) 

The overall coherence (incident motion coherence and layer stochasticity) in the spatial variation 

of the surface motions discussed in [6] is presented in Fig. 16 for two separating distances (40m 

and 100m). As noted in [6] the overall shape of the total coherence is controlled by that of the 

incident motion (solid line); the layer stochasticity results in a decrease in the correlation close to 

the mean value of the natural frequency of the layer. The latter statement is of paramount 

importance to the present study which aims to evaluate the influence of the site on spatial 

coherence both through a multi-year field campaign and state-of-the-art numerical analyses. 

4. Numerical Studies at NSLS II Site

Using the capabilities of the LS-DYNA computer code [14] a three-dimensional finite element model 

discretized into several million finite elements capable of propagating waves through its mesh with 

frequencies up to 100 Hz was formulated and used in (a) an eigen analysis that confirmed the resonant 

frequencies of the site and (b) a wave propagation analysis that accounted for both distinct and random 

sources. The subsurface for this reported analysis phase accounted for the water table interface at 30 feet 

depth beneath the ground surface. Stochastic treatment of the soil in the distinct layers from the surface to 

the bedrock is not included/reported in this paper (on-going). The spatial variability of the soil properties 

generated via the latest geotechnical study for the top 100 feet is accounted for in a stochastic model and 

its impact on the ground surface microseismic motion will be reported in the future. In addition to the 3-D 

model an effectively 2-D model with finer discretization than the 3-D counterpart was also generated and 

used to deduce the layer resonant frequencies.  

In the 3-D model the presence of the nearby highway was modeled and accounted for by introducing 

pavement excitations based on actual measurements of random heavy traffic. Figure 17 depicts Fourier 

spectra of actual recordings made at the edge of the highway pavement. A large source (Chilled Water 

Facility) operating currently in the vicinity of the NSLS II accelerator with dominant forcing frequency at 

4.25 Hz felt throughout the site also accounted for as deterministic noise source.  

Given that the ultimate objective was to predict the response of the accelerator ring which has been 

designed to be a “floating” slab in the form of a disk on the ground surface (~300m diameter) and fully 
detached from the superstructure, the detailed FE model of the accelerator structure was included in the 

model. The RC concrete ring structure was assumed to be bonded to the engineered sand being supported 

on. The NSLS II ring structure along with the highway and the deterministic 4.25 Hz source are shown in 

the top view of the 3-D model in Figure 18. 
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The eigen analyses based on both the 3-D and 2-D models deduced a vertical resonant frequency of the 

soil layer between 0.39-0.44 Hz depending on the assumption of shear wave velocities in the distinct 

layers. This finding is in agreement with the resonant frequency of the site deduced based on extensive 

ellipticity measurements (Figure 5) thus providing a good benchmark for the models and the subsequent 

analyses.    

Shown in Figure 18 is the top view of the 3D model that includes the NSLS II “floating” ring structure, 

the on-site deterministic large source with a 4.25 Hz dominant frequency and the proxime heavy traffic 

highway (~1 mile from the NSLS II ring).  Figure 19 depicts snapshots of the propagation of the waves 

from the two sources (random and deterministic). Clearly shown in Fig. 19 is the interaction of the waves 

with the NSLS II ring and the filtering that is expected to take place (frequencies >1 Hz with 1 Hz 

representing the threshold of ring interaction based on its geometrical parameters). 

Most relevant to this study numerical results are depicted in Figures 22-24 which present model generated 

coherence values at the NSLS II site and the NSLS II ring structure. The coherence in the numerical 

studies was computed using an assemble of time histories from the ground response assuming that the 

process is stationary and based on the relations reported earlier and the use of a specially designed 

.processing code 

Specifically, Figure 22 shows predicted coherence in the free field which captures the basic 

characteristics of recorded coherence especially near the resonant frequency of the subsurface which is 

captured by the numerical model. Similar prediction is shown in Figure 23 where the numerically 

evaluated coherence is in the experimental floor of the NSLS II ring structure and subject to ground 

motion filtering by the structure. Comparison of the predicted coherence by the model in the vicinity of 

the large deterministic source is shown in Figure 24 where it is observed that the model captures the main 

coherence features. 

Figure 17: Fourier spectra of recorded highway pavement motion used as input to emulate random 

excitation  

417



Figure 18: Top view of the 3-D FE model used in the NSLS II ground vibration study including the 

NSLS II ring structure, the nearby (~1 mile) heavy traffic highway and the 4.25 Hz on-site source 

Figure 19: Snapshots of wave propagation and their interaction with the NSLS II ring structure 
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Figure 20: Filtering of ground motion by the NSLS II ring structure. Measurements (left) and model 

prediction (right) 

Figure 21: NSLS II site cross section and wave propagation and reflection from the bedrock. 
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Figure 22: Predicted coherence by the 3D model generated for the NSLS II site under the 

action of random (highway) and deterministic sources (coherence in free field) 

Figure 23: Predicted coherence by the 3D model generated for the NSLS II site under the 

action of random (highway) and deterministic sources (NSLS II experimental floor) 

Figure 24: Comparison of predicted and measured coherence in the NSLS II site free field 

near the large deterministic source 
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SUMMARY 

In an effort to design the next generation NSLS II synchrotron so that the stringent stability 

criteria required by such sensitive facility can be met, a multi-year microseismic activity 

campaign had been undertaken. The field study was complemented by a novel numerical 

simulation of wave propagation and attenuation. This study focusses primarily on the coherence 

of ground motion exhibited by the NSLS II site which represents a key parameter in the 

performance of the synchrotron operation where the electron beam jitter and subsequently the 

emittance growth must remain extremely low. Incoherent ground motion at the lattice supports in 

the ring will inevitably cause growth of the beam emittance. 

The results of the multi-faceted, multi-year campaign revealed loss of coherence in the vicinity 

of the resonant frequency of the soil layer where the NSLS II synchrotron is supported. The 

findings, which were also confirmed with measurements at other similar synchrotron facilities 

around the world, are in full agreement with coherence behavior predicted by theoretical studies. 

A large scale numerical model generated to study wave propagation and attenuation at the NSLS 

II site as well as the response of the synchrotron ring structure also revealed the characteristic 

behavior of coherence loss near the resonant layer frequency.  
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Abstract  
 

The collapse of the historic Plaka Stone Bridge due to extreme flooding and in particular the pinpointing 

of the causes or possibly weak structural points that led to the structural failure is studied using high 

fidelity, three-dimensional non-linear numerical analysis and sensitivity studies. Specifically, the potential 

of a number of postulated scenarios in initiating failure and leading to the eventual collapse of the bridge 

are explored aided by sensitivity analyses relying on non-linear finite element modelling and is 

augmented by actual material properties of the structural elements deduced from laboratory tests 

following the collapse (i.e. stone and mortar). Presented in detail is the scenario which appears to closely 

replicate the mode of actual bridge failure observed (damage extend and debris distribution) and deemed 

by the authors to be most likely sequence of events that occurred. This scenario postulates the 

undermining of the central pier by support or shear section failure leading to large deformation and 

displacements on the lower part of the pier eventually leading to shear failure of the primary arch. Based 

on the failure mode predicted by simulation and corroborated with observed damage the vulnerability of 

the Plaka Bridge to this “beyond design basis event” even for an uncompromised structure is assessed by 

asking the question whether any preventive maintenance and upkeep could have saved this particular 

bridge or that its collapse was beyond human intervention.  

 

Keywords: stone arch bridge; non-linear finite element analysis, section contacts, collapse 

 

1.  Introduction 
   

Masonry arch bridges are an integral component of the heritage of cultures worldwide reflecting unique 

engineering techniques developed over the centuries starting from the Roman period and often 

characterizing the particular region where they are located. Variations in style and construction materials 

used, typically mortar and stone, help break down larger provinces into even smaller geographical 

regions, often groups of villages, which over the centuries adopted own unique styles depending on 

availability and access to construction materials. While in Roman times, for example, grand multi-arch 

bridges with economic and strategic importance were constructed under the orders of the empire, in rural, 
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isolated communities, masonry stone bridges were constructed to serve local communities by utilizing 

construction materials from the immediate vicinity and therefore allowing the construction techniques to 

evolve and adopt to the quality of the available raw materials.  

 

Plaka Bridge is an example of a bridge style developed in the Epirus province of north-western Greece, a 

mountainous region across with hundreds of stone bridges throughout of various styles representing 

localities and influenced by the availability of stone material. The bridge is at juncture of two renowned 

regions of stone construction known as Mastorohoria (villages of the stone masters) where magnificent 

stone structures were constructed with even poor stone quality and mortar and Zagori, a region rich in 

stone bridges constructed with higher quality and uniformity stone and mortar material. The Plaka Bridge, 

build in 1860s is influenced by both regions. 

 

Because of age, neglect and compounded with often poor quality restoration works that were performed 

on these important monuments over the years, there is an urgent need to evaluate their current structural 

health state, identify structural degradation and locations of distress and perform appropriate restoration 

based on sound engineering assessment.  

 

The recent collapse of the historic, renowned stone arch bridge of Plaka from extreme flooding and 

debris
[1],[2]

 prompting questions of either (a) negligence in failing to address structural degradation or (b) 

urgent need to consider “beyond design basis events” for these structures (at least beyond what had been 

historically observed up to the time of construction) heightened awareness. It is not only the scientific 

challenges that the study of these non-linearly behaving structures present but also the need to identify the 

structural deficiencies and apply the most appropriate restoration. 

 

In the last couple of decades experimental and numerical studies on masonry stone bridges have been 

performed to address both the ageing as well as the impact of vehicle or rail traffic both of which were not 

accounted for in the original construction. T. Akoi and co-workers [3] studied the Rakanji Bridge in 

Japan. Most relevant in this study is the fact that study conducted both stone and mortar tests establishing 

a good basis of analysis and material properties. Both micro-tremor measurement by ambient vibrations 

and acceleration by traffic vibrations were measured. Laboratory tests on similar materials to those of the 

bridge were conducted to establish the Young’s modulus and compressive strength of the stone and the 

mortar. A number of historic stone arched bridges around Japan were studied by J. Kiyono and his co-

workers [4]. In their all numerical study the dynamic behavior of several stone arched bridges were 

simulated using the 3-dimentional Distinct Element Method. Actual earthquake ground motions observed 

during the 1995 Hyogo-ken Nanbu earthquake were used in their study in conjunction with impulse 

waves to determine the modal characteristics and their collapse potential. B. Sevim and co-workers [5] 

conducted studies of arch bridges in Turkey where ambient vibration data were utilized to calibrate 

numerical models which subsequently were used to conduct linear earthquake analyses and assess the 

behavior of the bridges resulting from the excitation by the 1992 Erzincan Earthquake and address the 

importance of the model calibration process guided by actual field data. Numerical studies on the seismic 

behavior of the Konitsa Bridge (on the Aoos River near the city of Konitsa) which was build based on 

same principles and around the same time with Plaka Bridge were recently performed [6].  Addressing the 

effectiveness of restoration methodologies and options such as reinforcing concrete and/or pre-stressed 

steel jacket were evaluated base on numerical analysis. 

 

Numerical studies of bridges and other stone and concrete structures of historical value have been 

performed in [8-12]. In these studies numerical techniques addressing the interaction of mortar and stone 

blocks or block-block non-linear contact were also explored. Specifically, B. O. Caglayan and co-workers 

[8] integrated a 3-D finite element analysis with in-situ acceleration measurements to study a long 

concrete arch bridge located in an earthquake-prone region of Turkey. Their calibrated bridge model was 

generated based on test results and numerical analysis was used in the structural capacity and 
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vulnerability assessment of the bridge structure. G.A. Drosopoulos [9] and co-workers studied the 

ultimate failure load of stone arch bridges based on 2-D, plane strain finite element analysis which 

included interfaces, simulation of cracks, unilateral friction contacts and the implementation of a path-

following technique to estimate the ultimate load. Studies of other important masonry stone structures 

throughout Greece and relevant data bases are presented in [10-12].  Roman bridges are discussed in [13] 

and stone masonry bridges around Greece in [14-15]. 

  

The primary objective of this study is to identify, via a high fidelity numerical simulation representing the 

Plaka Bridge as a 3-D structure non-linear system and as close to its pre-collapse geometry as possible as 

well as acquiring representative structural material properties by testing elements of the structure itself, 

the most probable scenario of a “weak link” on the structure that led to its collapse during the “beyond 

design basis event”. The underlying driver is, by corroborating the simulated collapse with actual 

evidence from the post-collapsed bridge, to hopefully identify the most-likely “weak link” and use the 

study as a guide/recommendation during the rebuilding phase of the bridge.  

 

 While a number of different scenarios of “weak links” in the structure were explored, the scenario of the 

of the undermining of the central pier structural integrity and in particular the experiencing of large 

displacements due to flood-induced degradation of its support on the river bed is presented in detail in this 

paper. This scenario and the subsequent collapse process was shown to be closest to the post-collapse 

field observations. 

 

2.  Plaka Bridge Location and Structural Characteristics 
 

2.1 Location and Structural Details 

 

The Plaka Bridge depicted in figure 13, one of the most spectacular stone masonry bridges was built in 

1866 by the chief mason Kostas Mpekas and survived till January 2015 despite the structural damage that 

suffered during the World War II. It collapsed on the 2nd of February 2015 again from flooding of 

Arachtos River (Figures 14 and 15). The span of the main central arch was equal to 40m rising at a height 

of 20m. The total length of this bridge was over 60m and the width of the deck at mid-span of the central 

arch 3.20m.  

 

As can be seen in Figure 3, a secondary arch is constructed at the right side of the main arch resulting in a 

mid-pier that is founded on the river bed. Moreover, a large arch shape opening is present at the left 

abutment with its foundation being also partly supported on the river bed. The presence of these two 

openings (right secondary arch and the left relief) was apparently insufficient to relieve the pressure load 

and protect the structure from the forces caused by this unprecedented flood. 

 

What is important to note that updates of the original bridge shown in Figure 1 (left) introduced a more 

substantial parapet which add significant load to the structure which becomes top-heavy. It is a practice 

that has affected numerous such stone bridges without the consequences have been assessed properly.  

 

Also to be noted in Figure 2 are the ties (or keys) that have been introduced on the primary arch only with 

a specific pattern. Reference to this point will be made later in the analysis. 
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Figure 1: Original Plaka Bridge structure (left) at the beginning of the 20

th
 century and the bridge 

condition following bombardment during World War II (right). Notice the updated parapet on the right. 

 

  

Figure 2: The Plaka Bridge prior to its collapse. Sown on the right is the location of the central pier (on 

the river bed) and its geometrical shape relative to the flow for assessing hydrodynamic forces. 

Designated as A-A and B-B are the failure surfaces/sections shown in Figure 3. 

  

Figure 3: Post-collapse Plaka Bridge. Figure on the left provides some reference regarding the free 

stream velocity as well as the differential of water level between the upstream and downstream faces of 

the central pier. Shown on the right are the locations of the central pier segments/arch segments which 

LHS 

RHS 
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appear to have landed almost upstream and against the flow providing evidence that the bridge was not 

toppled over by the flow but rather collapsed in a more complicated manner. 

 (a) 

  
(b)    (c) 

Figure 4: Overview and details of the collapsed Plaka Bridge. 

 
3.  Material properties and Laboratory Tests 
 

Construction material properties for the Plaka Bridge and other similar structures are expected to vary 

from region to region due to the inherent variability in the physical properties of the natural materials 

used from the immediate locality. Such variability will impact primarily the mortar used (composition, 

weathering, mechanical properties, etc.).  

 

A laboratory testing sequence was performed with the objective to identify the mechanical characteristics 

of the basic materials representative of the materials employed to build stone masonry bridges in the 

general area. For this purpose, stone samples were selected from the vicinity of the collapsed Plaka 

Bridge and analyzed. Most importantly, it was facilitated that a mortar sample from the collapsed Plaka 

Bridge be taken to the laboratory for testing. From both the stone and mortar samples collected in-situ it 

was possible to form specimens of regular prismatic geometry. These specimens were subjected to either 

axial compression or four-point bending tests. For the compression tests the loaded surfaces of the prisms 

were properly cupped. Figure 6 depicts typical loading arrangements employed for the compression 

(stone and mortar specimens) tests employed for the Plaka Bridge samples. The applied load was 

measured through a load cell and the deformation of the tested specimens was measured employing a 

combination of displacement sensors as well as a number of strain gauges. These measurements were 

continuously recorded with a sampling frequency of 10Hz. Through these measurements, the mechanical 

characteristics of the tested specimens were obtained in terms of compressive strength, flexural tensile 

strength, Young’s modulus of elasticity and Poisson’s ratio. The obtained values of these mechanical 

parameters are listed in Tables 1-3. 
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Figure 5: Plaka Bridge arch cross section exposed following the bridge collapse due to flooding 

 

      

Figure 6: Testing in compression stone samples (left) and mortar samples (right) from Plaka Bridge 
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4.  Finite element-based Simulation of Collapse of Plaka Bridge 

Mechanical property values obtained from the stone and mortar sample tests revealed the following: The 

Young’s modulus of the stone samples in axial compression has a value exceeding 40GPa whereas they 

yield a much less stiff behavior in flexure. It is well known that the complex tri-axial behavior of masonry 

cannot be easily approximated from the mechanical behavior of its constituents. For the studied stone 

masonry bridges this becomes even more difficult considering the various construction stages, the 

variability of the materials employed to form the distinct parts during these construction stages and the 

interconnection and contact conditions between the various parts formed during these construction stages 

(abutments, primary and secondary arch, deck, parapets, mandrel walls). Moreover, there is important 

information that is needed in order to form with some realism the boundary conditions at the river bed and 

bank. The lack of specific studies towards clarifying in a systematic way all these uncertainties represents 

a serious limitation in the numerical simulation process.  

 

To enable damage/collapse of the Plaka Bridge associated with large deformations and separation of 

individual elements or whole sections a non-linear, 3D finite element model was developed and utilized. 

The nonlinearities introduced in the model captured both the material behavior and the interfaces between 

the different sections of the bridge (i.e. contact surfaces between primary and secondary arches, primary 

and secondary arch ends and foundation blocks, mandrel walls and secondary arch, etc.). Surface-to-

surface and nodes-to-surface contact non-linear relations with possibility of separation were introduced at 

the interfaces between the various parts. Normal to the interface stresses and shear stresses (or forces in 

the case of nodes-to-surface contact) form the failure envelope governed by the relation 

 

               [
                 

     
]
 

 [
      

     
]
 

                                     

 

With σnormal and τshear being the normal and shear stresses at the interface. This aims to represent the 

behavior and failure characteristics of the mortar between the parts. Following failure at the interface the 

parts will continue to be in contact acted upon compressive loads and will move apart under tensile loads.  

 

The elements within each section utilized to discretize the volume are distinct and represented stone and 

mortar in a single element, in other words no block-to-block contact was implemented for the Plaka 

Bridge for this study due to the size of the problem and the excessive computational cost. Alternatively, 

mortar-stone was represented by “hybrid” element behavior in an effort to account for the role the mortar 

plays on the response of the structure and in particular when parts of the structure are experiencing 

tension and mortar representing the weakest link in the structure. The mortar-stone material was assumed 

to behave like “pseudo-concrete” according to the Winfrith model
 [16]

. It is controlled by compressive and 

tensile strength as well as fracture energy and aggregate size. The compressive strength is considered to 

be controlled by the stone portion of the hybrid element (30 MPa) and the tensile strength by that of the 

mortar. The range of the tensile strength assumed in this study for the different sections of the Plaka 

Bridge is 0.25-2.1 MPa. The fracture energy (FE) assumed in the analysis dissipated in the opening of a 

tension crack was FE=80 N/m. Upon formation of a tension crack no tensile load can be transferred 

across the crack faces. An additional failure criterion controlling the detachment of elements from the 

structure was introduced based on pressure (negative in tension). This criterion is used to simulate the 

behavior of mortar in the hybrid element which is considered to fail when the negative pressure exceeds a 

critical value. The pressure threshold assumed in the study was 1.1 MPa. 
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Figure 7: Global FEM representation of the Plaka Bridge (upstream side) at left and section details of the 

central pier.  

 

Figure 7 depicts the modeled Plaka Bridge in 3-D along with details of the different sections that made up 

the structure. Interface (contact) conditions such as the one above control the structural continuity. These 

contact interfaces and their failure are controlled by the mortar between the distinct elements. Several 

failure conditions are available and have been explored in the study. The uncertainties surrounding the 

state of the mortar and its failure behavior can only be treated, however, with sensitivity studies that are 

computationally costly. While individual stones comprising the various parts of the bridge (arches, pier, 

walls, etc.) are not used but rather the combined behavior of the stone and mortar making the finite 

element mesh (tensile failure controlled by mortar), the distinct parts of the bridge were made out of 

different segments between which contact conditions (or mortar behavior) control the deformation or 

failure. Experience has shown (including the Plaka Bridge) that these structures fail in large sections 

rather individual stones and so the adopted assumption is realistic. For example, the primary arch was 

represented by twelve (12) different segments connected together with each connection or interface 

capable of failing or separating under shear or tension (assumed failure criteria for mortar).  

 

Details of the refined FE mesh used to represent the Plaka Bridge are shown in Figure 8.The general finite 

element mesh-generation software True-Grid [17] and non-linear analysis software LS-DYNA [16] 

(capable of analyzing static, modal, and earthquake loadings) were employed.  

 

 
Figure 8:  Numerical discretization of the Plaka Bridge into finite elements 

LHS 

RHS 
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4.1 Hydrodynamic Loads 
 

To estimate the hydrodynamic forces on the bridge pier a flow velocity of 8 m/sec has been assumed. The 

Reynold’s number R applicable for the pier hydrodynamic forces is ~4.9 10
7
. Based on this estimate of R 

it is expected that a boundary layer around the pier will form with the flow (free stream approach 

velocity) separating at the corners of the pier. Drag forces in the direction of the flow and lift forces acting 

vertically upwards (combination of buoyancy force VOLsubmerged_PIER * ρ)   

 

 
Figure 9: Plaka Bridge schematic and orientation of pier loads 

 

Figure 9 shows characteristics of flow around a bluff body for a high Reynolds number.  Vo is the free 

stream velocity,  Po is  the  free  stream  mean  dynamic  pressure,  FD the drag  force  on  the  body, and 

FL the lift force on the body.   

 

                            
              

  

 

Where            
 is the hydrostatic force on the upstream face of the pier,                

 is the 

hydrostatic force on the downstream face and FD is the drag force 

      

 

 
     

   

Where CD is the drag coefficient (~2.0 for the present case), Ar is the reference area (m
2
),   is the fluid 

density (Kg/m
3
) and Vo the reference flow velocity (m/s). The FHy_upstream = w·hcentr· Aprojected (and similarly 

the downstream counterpart) is based on the specific weight of water (9, 810 N/m
3
), the distance from the 

free surface to the area centroid (hcentr) and the projected submerged area normal to the direction of the 

flow.  

                 

 

      

 

 
     

  

CL is assumed to be ~0.81. 

 

Impact forces generated by moving boulders and impacting the pier have not been considered. Such 

impact forced can be significant.  

 

431



4.2 Plaka Bridge Gravity Analysis 
 

Using only gravity loads the Plaka Bridge was analyzed during the first phase of the two-step process. 

The gravity analysis is a quasi-static one where the structure stabilizes with the help of artificially high 

global damping. Following the numerical stabilization the phase II was initiated with the application of 

the hydrodynamic loads using the restart capabilities of the adopted code (LS-DYNA). Figure 10 depicts 

the boundary conditions for the gravity analysis. Specifically, the bottoms of the central pier as well as the 

two abutments were assumed fixed on competent rock. 

 

 
Figure 10: Plaka Bridge boundary conditions for GRAVITY analysis 

 

 

 
Figure 11: Stress distributions for the Plaka Bridge under gravity load. Vertical stress (top) and principal 

stress (bottom) 

 

The gravity analysis revealed areas of distress as shown in Figure 12 as well as a confirmation of the need 

for special ties used in the primary arch. 
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Figure 12: von Mises stresses in Plaka Bridge under gravity load. Important to note is the identification 

of locations exhibiting high von Mises stresses. 

 

(a) 

  
Figure 13: Horizontal stress distribution in the two arches (primary and secondary). The special ties 

(keys) shown in (a) tend to confirm the need to mitigate forces acting on the primary arch. No such keys 

are apparently necessary for the secondary arch (as also shown in (a)). 
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4.3 Plaka Bridge 3D Failure Analysis 
 

Hydrodynamic forces (drag and lift) were distributed on the surfaces up to the level shown in Figure 9. 

Negative pressure was also assumed (for conservatism) on the downstream face of the central pier. 

For the base of the pier, which was assumed to be founded on rock), during Phase II failure conditions 

were introduced that allowed the bottom of the pier to displace following when the failure conditions with 

the increasing hydrodynamic loads is met. The hydrodynamic loads built up to the maximum flow 

assumed and then remained steady. Fixed boundary conditions were assumed for the abutments during 

Phase II (gravity + flow loads). It was assumed that the river bed was scoured by the flow, exposing the 

central pier to water flow and pressure all the way to the assumed basement rock. 

 

Shown in Figures 14 and 15 are the early stages of the large deformations exhibited by the Plaka Bridge 

due to the flood loads. In Figure 14, the separation of large segments of the RHS of the primary arch is 

observed as the upper structure begins to move in the direction of the flow. Figure 15 (left) a zone of high 

shear stresses are shown on the LHS of the primary arch and near where the arch structure actually 

separated from the left abutment (see Figure 3). Figure 15 (right) depicts the large deformation 

experienced by the lower part of the central pier. While in the postulated failure scenario the base of the 

pier was intentionally undermined, segments above the base block also begin to move downstream. 

 

 
Figure 14: Initiation of collapse with section separation on the primary arch (RHS) 

  
Figure 15: Maximum shear stress profile on the LHS section of the primary arch 
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The deformation of the primary arch in the early stages of the postulated collapse scenario is shown in 

Figure 16. Specifically, the evolution of the displacements at locations on the LHS of the arch is shown in 

Fig. 16 (left). Important to note is the fluctuation of the direction of the arch movement between positive 

(direction of flow) and negative (upstream). The large displacements of the central pier blocks are also 

shown in Fig. 16 (right). The rapid fracture occurring in the LHS of the primary arch is depicted in 

Figures 17 (a-d). Figure 17a depicts the high shear stresses developed on the downstream side of the 

location and Figure 17b the opening of arch. Important to note is the failure at the location is initiated on 

the downstream side which indicates that the apex section of the arch exhibits the tendency to move 

against the flow. 

 
Figure 16: Deformation of the bridge in the early stages of failure 

 

 

 
Figure 17: Snapshots of the sudden failure predicted on the LHS of the bridge arch 
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Figure 18 depicts maximum shear stress distribution during the early stages of the predicted arch failure 

(location A). Shown is the section (location B) where high shear stresses also develop. Location B 

represents the RHS location where the right abutment separated from the failed part of the bridge (see 

Section B-B of Figure 2 and Figure 3).  

 
Figure 18: Maximum shear stress profile on the LHS section of the primary arch 

 

  
Figure 19: Locations (left) and predicted displacements of the main arch during collapse 

 

The predicted swaying of the arch during the collapse process is clearly depicted in Figure 19 (right) with 

changes from positive to negative territories of the displacement in the direction of the flow.  

 

Shown in Figures 20 and 21 are stages of the collapse of the Plaka Bridge and the mode of failure of 

different parts of the bridge that can be used to compare with actual bridge collapse. Two very important 

observations are made: First, is the predicted mode of failure of the blocks comprising the central pier 

(Figs. 20d and 21b). This tends to support the observations of the failure in large blocks shown in the 

photographs of Figures 3 and 4. Second important observation is the rupture surface on the LHS of the 

arch where it meets the left wall, a location which very close coincides with the actual failure surface 

(photos of Fig. 3 and 4). 
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Figure 20: Evolution of collapse (pier) and identification of locations of arch separation. 

  

Figure 21: Identification of the location of complete section separation on the LHS of the arch structure 

(primary + secondary) during the later stages and start of complete collapse. The failure section predicted 

closely traces the location of the observed failure of the actual bridge (Figure 3). 

 

The state of the structure just prior to the complete collapse and the displacement profile on the LHS of 

the arch structure where the failure surface has been observed is shown in Figure 22. The displacement 

indicator up/dn implies displacement in the direction of the flow (dn) and opposite to the flow (up). 

Delineated is the segment of the secondary arch repaired after the World War II bombing using concrete, 
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a detail accounted for in the finite element analysis as a potentially influencing parameter when designing 

failure scenarios. 

 

 
Figure 22: State of damaged Plaka Bridge prior to total collapse and arch deformation profile 

5.  Summary and Conclusions 

A 3D, non-linear finite element representation of the Plaka Bridge was utilized to analyze its February 2, 

2015 collapse from unprecedented floods. The two-phase analysis assessed the structure prior to its 

collapse under gravity loads and simulated a flood load scenario to identify the most-likely cause of the 

collapse. The structural characteristics and geometry were all accounted for in the numerical 

representation of the bridge. Material properties for the local stone and the mortar used were deduced 

from laboratory tests made on actual materials retrieved from the collapsed bridge.  

 

Several scenarios encompassing uncertainties that existed regarding (a) the structural health of bridge 

prior to the collapse (weakened sections of the arch structure), (b) the conditions at the base of the central 

pier (competent rock or gravel) and (c) the flow water level were postulated and analyzed. The scenario of 

the degraded central pier base support (equivalent to the scenario of a weakened pier section above the 

base) is presented in detail in this paper. This scenario was deemed to be the most likely that has triggered 

the failure based on the numerical analysis results that seem to corroborate the post failure available 

evidence. Key, post collapse evidence is summarized in the photographs of Figure 23. Specifically, the 

following important observations are made based on Figure 23: 

 

 The failure at section A (LHS) appears to have occurred suddenly (as it is evident from the smooth 

failure surface of the primary and secondary arches).  

 A second important point at A (shown in Fig. 23 middle) is the failure surface of the parapet and 

filling wall. This indicates that the arch section at the LHS location actually separated and fell 

upstream. 

 Figure 23 (right) depicts the orientation of a large segment of the RHS arch structure and wall that 

was supported by the central pier. The toppling of this large block in the opposite direction than the 

flow indicates significant rotation resulted from the large displacement of the pier blocks below in the 

direction of the flood flow. 

 

The numerical analysis and the failure scenario postulated and presented in detail tend to support and 

corroborate the above evidence regarding the triggering of the collapse and the most-likely cause. It is 

therefore assessed by the authors, based on the post-collapse evidence and the simulated scenario results, 
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that the likely cause was the undermining by the flood (scouring of the river bed and hydrodynamic loads) 

of the central pier.  

  

  

Figure 23: Photographic evidence of Plaka Bridge collapse 

 

In addressing the question whether the collapse was preventable through better engineering interventions 

and maintenance, or that the historic Plaka Bridge was doomed facing this “beyond design basis event” 

the latter seems to be the most appropriate answer. No maintenance of the superstructure could have 

prevented its collapse. 

 

The limitation exhibited by the structural materials in enabling the spanning of the river bed with a single 

arch, forced the builders to use the central pier which was founded on the river bed. Serious uncertainties 

exist regarding the competence of the foundation and the depth. The combination of the removal of earth 

pressure on the pier base due to the excessive flood waters and the undermining of the pier support 

combined with high hydrodynamic loads is believed to be the likely cause of collapse stemming from the 

location of the central pier. It is the recommendation of the authors that during the reconstruction of the 

bridge, the exploration of the subsurface and the presence (or not) of competent rock beneath the river bed 

be fully assessed.  
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Abstract. Unreinforced masonry made of stone and low strength mortar has been used for cen-
turies in forming the structural system of old type buildings as well as monumental structures 
(such as churches etc.) The behaviour of this type of structural systems that survive today, when 
subjected to the combined gravitational loads and seismic actions, is still of interest. In this 
framework, the present work tries to evaluate the limit-state in-plane behavior of stone masonry 
vertical structural elements. Initially, the behaviour of vertical specimens constructed of stone 
masonry is presented as observed through a sequence of laboratory tests. These specimens were 
constructed employing relatively weak mortar that resembles the mortar employed in old-type 
stone masonry construction. The in-plane loading that was used subjected these specimens to 
simultaneously vertical and horizontal loads. The possibilities offered by non-linear inelastic 
numerical analyses as means for examining the performance of such un-reinforced stone ma-
sonry vertical structural elements is next examined. Numerical simulation results are presented 
making use of such non-linear inelastic numerical analyses that are applied to the vertical stone 
masonry specimens that were tested in the laboratory. Through the comparison of the obtained 
numerical predictions with the observed behaviour the validity of the numerical approach is dis-
cussed.  
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1. INTRODUCTION 
 
During the last thirty years various parts of Greece have been subjected to a number of damaging 
earthquakes [15] ranging from Ms=5.2 to Ms=7.2 on the Richter scale. Some of these events, not 
necessarily the most intense, occurred near urban areas (Manos [7] and [14]). One of the most 
demanding tasks for counteracting the consequences of all these seismic events was the effort to 
ensure the structural integrity of old masonry construction, which in many cases they sustained 
considerable damage as can be seen in figure 1a (Manos et al. [5], [6], [7], [8], [10], [12], [13], 
[14]). In many cases the observed damage to the stone masonry is amplified by the foundation 
deformability depicted in figure 1b (Manos et al. [9], [11]). Laboratory testing of masonry struc-
tures has utilized in the past complex means such as earthquake simulators [3]. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 1a. Stone masonry heavily damaged by the 1995 
Kozani earthquake  

Figure 1b. Stone masonry heavily damaged by the 
foundation deformability 

In the present study the behaviour of old-type stone masonry construction is initially exam-
ined utilizing the triplet test. This is a relatively simple and well known test for contemporary 
masonry construction using regular masonry units of prismatic shape with planar sides [1].  Dur-
ing this test a small masonry specimen is constructed employing three masonry units and two 
horizontal mortar joints, as shown in figures 2a and 2b. A vertical load is first applied whereby 
the two horizontal mortar joints are subjected to an axial normal stress (σn) that remains at an al-
most constant amplitude throughout the duration of the test. Next, the horizontal load is gradu-
ally applied (figures 2a and 2b) in a way to produce the desired shear-type loading to the 
horizontal mortar joints leading eventually to sliding failure between the stones and the mortar 
joints.  

Masonry Unit

Masonry Unit

Masonry Unit

Mortar Joint

Mortar Joint

Normal Load

Horizontal Load

Mortar - Masonry Unit 
interface

Mortar - Masonry Unit 
interface

Line of symmetry

  
Figure 2a. Test arrangement for a triplet test Figure 2b. Triplet test performed in the laboratory with 

natural stones of regular rectangular shape with planar sides    
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This vertical and horizontal loading applied simultaneously in the way described before creates a 
stress field for the tested masonry specimen that resembles in this simplified form the stress field 
in a vertical masonry structural element when apart from the gravitational forces is also subjected 
to horizontal seismic loads ([2], [16]). Use will be made of this simplified loading arrangement 
to examine the shear strength of old-type stone masonry construction. 

2     SIMPLE TESTS FOR OBTAINING THE SHEAR STENGTH OF STONE 
MASONRY CONSTRUCTION  

A more complex extension of the triplet test described in the introduction was attempted by 
building four short stone masonry specimens with dimensions in plan approximately 350mm x 
250mm and a height approximately 280mm.  These specimens were built with stones of ap-
proximately 60MPa compressive strength and mortar of average compressive strength approxi-
mately equal to 2.0MPa. The used stones were irregular in shape. These specimens were built in 
such a way so as to form an irregular mortar surface approximately at the mid-height of each 
specimen. The lower half part of each specimen was rigidly supported to the reaction frame (fig-
ure 3, left part blue arrows) whereas the upper half part of each specimen was connected through 
a metal section to the horizontal electronically controlled servo-actuator in order to be subjected 
in this way to the horizontal load (figure 3, right part, pink arrows). At the same time, the top 
side of each specimen was made planar and horizontal in order to host two planar thick steel 
plates that were separated with a group of sliding cylinders. The vertical load was first applied 
through a vertical jack placed on top of a load cell that was supported by the top of these two 
sliding steel plates. The sliding cylinders ensured that the bottom steel plate could slide relatively 
to the top steel plate with a low friction (coefficient of friction smaller than 4%).  

     
 
 
 
 
   
 
 
 
 

 
Figure 3. Short stone masonry specimens subjected simultaneously to horizontal and vertical load. The lower 

half was rigidly supported to the reaction frame (left figure) whereas the top part was loaded horizontally (right fig-
ure). 

In this way, when the horizontal load was applied after the vertical load the top sliding plate 
offered very small resistance to the horizontal deformation of the tested specimen, which resisted 
in this way almost all the horizontal load. Moreover, the way the test specimen was constructed, 
supported and loaded horizontally the mortar mid-surface was forced to reach a limit-state slid-
ing mode of failure, as will be shown in the following. All specimens were built and all tests 
were conducted at the laboratory of Strength of Materials and Structures of Aristotle University. 
The composition of the lime mortar was that of old relatively weak mortars [14]. 

Vertical Jack 

Vertical 
Load Cell 

Specimen 

Vertical Jack 

Vertical 
Load Cell 

Specimen 
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Stone masonry 1 (350mm 260mm height=280mm)  

Test 2  Normal stress  σ = 0.43 - 0.54 Mpa 
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Stone masonry 2 (360mm x 220mm height=280mm) 
Test 3   Normal σ = 0.49 - 0.63 Mpa 
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Stone masonry 3 (400mm x 240mm height=280m 
Test 1 Normal σ = 0.41 - 0.50 Mpa 
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                                                                       f) Spec. 3 

         Stone masonry 4 (350mm x 270mm height=280mm)   
      Test 2 Normal σ = 0.18 - 0.25 Mpa   

0.00

0.05

0.10

0.15

0.20

0.00 0.02 0.04 0.06 0.08 0.10

Shear Strain  

S
h

ea
r 

S
tr

es
s

 
(M

p
a)

0.1

0.2

0.3

0.4

0.5

N
o

rm
al

 S
tr

es
s 

(M
P

a)

Shear stress

Normal Stress

g) 

   
 
 
 
 
 
 
 
                                                                           
                                                                          h) Spec. 4 

Figure 4. Obtained shear stress limit state and corresponding mode of failure of the four short stone masonry speci-
mens.  

The objective of this experimental set-up was designed in an effort to obtain the maximum 
shear stress at a limit state which represented the sliding failure of the mid mortar surface  of 
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each short stone masonry specimen for a given normal stress regime. For this purpose the varia-
tion of the amplitude of the vertical and horizontal load was monitored continuously throughout 
the test. The average shear and normal stress regime was obtained by dividing the horizontal and 
vertical load by the horizontal cross-section of each specimen, assuming a uniform normal and 
shear stress distribution. Moreover, the horizontal displacement of the upper half part of the short 
stone masonry specimen relative to the lower rigidly supported part was also monitored by a set 
of displacement transducers throughout the test. An approximation of the corresponding shear 
strain regime was obtained by dividing this horizontal displacement by the free height of the 
tested specimen. The obtained normal and shear stress variation for each specimen is plotted in 
figures 4a, 4c, 4e and 4g against the corresponding shear strain variation. The obtained in each 
case mode of failure is depicted in figures 4b, 4d, 4f and 4h. As can be seen in all cases the slid-
ing mode of failure was the one that developed in all four specimens. Moreover, in all four tests, 
depicted in figures 4a, 4c, 4e and 4g, the vertical load was not exactly constant throughout the 
test, but exhibited a variation which is recorded, with its range (minimum and maximum values) 
also listed in these figures together with the dimensions of each specimen. From all these meas-
urements a Mohr Coulomb sliding shear failure criterion was derived (Equation 1); it describes 
the shear strength of the tested stone masonry as a linear function of the applied normal stress.  

Mohr Coulomb sliding shear failure criterion fv = fvo + 0.45 σn   (1) 

Where: σn  = the compressive stress normal to the sliding surface  

fvo = 0.12 Mpa.     The shear strength for zero normal stress.  

The shear strength values predicted according to the above Mohr Coulomb failure criterion 
are listed in Table 1 for each one of the tested specimens. In the same table the observed shear 
strength is also listed as well as the ratio between measured and predicted shear strength values. 
As can be seen these ratio values are close to unity a fact that demonstrates the validity of the 
Mohr Coulomb failure criterion derived in the way described above.  

 
Table 1. Summary of test results and the corresponding Mohr Coulomb failure criterion. 

 Normal 
Stress σn  
( Mpa ) 

Predicted  
fv = fvo + 0.45 σ 

( Mpa ) 

Measured value  
fv 

( Mpa ) 

Ratio  
Measured fv / 
 Predicted fv 

Specimen 1   0.53 0.359 0.396 1.103 
Specimen 2 0.61 0.395 0.41 1.038 
Specimen 3 0.46 0.327 0.305 0.933 
Specimen 4a 0.30 0.255 0.20 0.784 
Specimen 4b 0.54 0.363 0.375 1.033 

Following these initial samples, another sequence of tests was performed aimed at quantify-
ing the Mohr-Coulomb failure envelope representing old stone masonry that was used to con-
struct five (5) vertical stone masonry wall specimens, as shown in figure 5a.  These wall 
specimens are of the same dimensions (length equal to  ℓ =1500 mm height h=1400 mm and 
thickness t= 500 mm) and were built at the Laboratory of Strength of Materials and Structures of 
Aristotle University employing the same stone masons (figure 5a). All these wall specimens 
were built with the same natural stones provided by a quarry near Tsotili at the prefecture of Ko-
zani. The compressive cubic strength of these stones was found to be equal to approximately 
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60MPa. Four different mortars (M1, M2, M3 and M4) were used for building each one of these 
all of them resembling mortars used in traditional stone masonry. The compressive strength of 
these four mortars is listed in table 2, as was found from cubic specimens tested eight (8) months 
after casting. As can be seen in this table M1 is a relatively weak mortar whereas M2 and M4 are 
relatively strong. Together with these vertical wall specimens a number of new short pier speci-
mens were also built with dimensions in plan 500mm x 500mm and a height of 300mm (figure 
5b). These new short piers were built by the same masons that built the larger vertical walls of 
figure 5a employing the same materials and the same construction technique. Each one of these 
short piers is characterized with the name of the mortar that was used (M1, M2, M3 and M4).  

 
Table 2. Summary of compressive strength of the mortars used in the stone masonry construction. 

Eight (8) months old M1 M2 M3 M4 
Cubic compressive 

strength 0.34(Mpa) 3.04(Mpa) 1.44(Mpa) 2.87(Mpa) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 5a. Vertical stone masonry wall specimens with a length equal 
to l=1500 mm height h=1400 mm and thickness t= 500 mm. 

Figure 5b. Short piers with dimensions in 
plan 500mm x 500mm 
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Figure 6. Cyclic horizontal load sequence with the simultaneous application of vertical load for the new short 

pier specimens. 
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Short Pier Μ1(500mm x 500mm height 280mm) Test 3 
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Short Pier Μ2 (500mm x 500mm height 280mm) Test 1 
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Short Pier Μ3 (500mm x 500mm height 280mm) Test 2 
Normal stress σn=0.20Mpa, actual σn=0.25Mpa
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Figure 7. Short stone masonry specimens subjected simultaneously to horizontal and vertical load. Shear stress ver-
sus shear strain cyclic response for the short pier specimens M1, M2 and M3. 

These new short piers were tested in the same way as described before (figure 7a and figure 
3). They were built in a way capable of forming a sliding mortar surface at approximately the 
mid-height of each specimen (figure 5b). The upper half of each of these short pier specimens 
was connected to the hydraulic servo-actuator in such a way as to be subjected to cyclic horizon-
tal load simultaneously with approximately constant vertical compressive load.  Similarly, the 
lower half of each specimen was connected to the rigid frame in a way as to be able to sustain 
this simultaneous loading sequence. The frequency of the cyclic horizontal loading was kept 
constant equal to 0.1Hz throughout this loading sequence of the short piers. The level of vertical 
load was varied from test to test. Figures 8a to 8e depict the observed response in terms of aver-
age shear stress against the corresponding shear strain. In each one of these figures the variation 
of the average normal stress is also indicated.  

Figures 7b, 7c and 7d depict the observed shear stress versus shear strain cyclic response for 
the short pier specimen M1 for various levels of compressive normal stress whereas figures 7e 
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and 7f depict the observed shear stress versus shear strain cyclic response for the short pier 
specimens M2 and M3, respectively. Based on the obtained cyclic horizontal load response re-
sults of the new short pier specimens the Mohr Coulomb sliding shear failure criterion takes the 
following form: 

fv = fvo + μ σn   (2) 

Where: μ = the dynamic friction coefficient = 0.5932 

σn  = the compressive stress normal to the sliding surface  

fvo = The shear strength for zero normal stress 

fvo = 0.0474MPa for specimen M 

fvo = 0.070MPa for specimens M2 and M3.  

 

3 NUMERICAL SIMULATIONS  

   
Two different modeling strategies are applied here for the numerical simulation of the stone 

masonry, namely, a macro-modeling and a micro-modeling strategy. In macro-modeling strategy 
the stone masonry is simulated as plane stress elements with homogenised, single material prop-
erties (figure 8a). In micro-modeling strategy the constituents of the masonry infill are simulated 
separately (mortar joints, and masonry units, figure 8b), and different mechanical properties are 
assigned in each of these numerical representations as will be explained in the following. 
 

Single material law for the masonry infillMortar Head
Joints

tmhj

Mortar bed
Joints

tmbj

tmbj

Masonry Unit  Joints
tmuj tmuj

 

Masonry Unit

Mortar Head
Joints

tmhj

Mortar bed
Joints

tmbj

tmbj

Masonry Unit  Joints
tmuj tmuj

Masonry Unit Joints

Mortar Head
Joints

Mortar
bed
Joints

 
Figure 8a. Masonry infill simulation with macro-
modeling strategy  

Figure 8b. Masonry infill simulation with micro-
modeling strategy 

 

3.1.Numerical simulation of the triplet test for short stone masonry piers.  

3.1.1. Macro-modeling approach. 
In figures 9 to 16 the numerical simulation of the behaviour of the short pier and its loading con-
ditions, described in section 2, is depicted utilizing the ABAQUS commercial software package 
[4]. Figures 9 and 10 show the used finite element mesh and the loading and support conditions 
that resemble the actual loading and support conditions of the short pier test sequence as de-
scribed in section 2. The deformable part of the mesh in figure 9 is the one designated with blue 
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colour whereas the non-deformable part is designated with white colour. The numerical predic-
tion of the bearing capacity of this pier in terms of shear stress is shown in figure 11 and it com-
pares quite well (figure 16) with the measured maximum shear capacity (figure 12) that was 
observed during the cyclic test for this short pier (see also figure 7). Figure 13 shows the pre-
dicted by the non-linear inelastic analyses plastic strains of the deformable part; the observed 
damage pattern for the short pier is shown in figure 14. As can be seen good agreement can be 
observed. Finally, figure 15 depicts the distribution of the principal tensile stresses that compares 
well both with the plastic strain distribution and the observed damage. 

 

 
Figure 9. Fixing the low part of the short pier 
numerical simulation in the same way that the 
actual test specimen was supported. 

 
Figure 10. Fixing of the low part of the numerical simulation of 
the short pier in the same way that the actual test specimen was 
supported together with the application of uniform compression 
at the upper boundary equal to 0.16MPa. 

Short pier under uniform compression
 of 0.16MPa and shear, Simulation of Test 2
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Figure 11. Numerical prediction of the mono-
tonic response  of the short pier in terms of 
shear stress (τ) /shear strain (γ) with simulta-
neous normal compressive stress 0.16MPa 

Shear cyclic response (τ-γ ) for stone masonry 
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Figure 12. Measured cyclic response of the short pier in terms 
of shear stress and shear strain when it is simultaneously com-
pressed with a normal stress equal to 0.16MPa 

Figure 13. Distribution of predicted plastic strains Figure 14. Observed damage pattern 
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Shear cyclic response (τ-γ ) for stone masonry short  
pier. Lime mortar M1. Test 2
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Figure 15. Distribution of tensile principal stresses at maximum 

load 
Figure 16. Measured and predicted cyclic 
response of the short pier 

 
3.1.2. Micro-modeling approach. 
Initially, a parametric study was conducted simulating numerically the triplet set ,described in 
section 1 (figure 2a), which consists of three stone masonry units and two horizontal mortar 
joints, as shown in figure 17.  In one numerical model the mortar joint was simulated with one 
layer of finite element in its thickness (figure 17a) whereas in an alternative numerical model 
(17b) two layers of finite elements were employed in the thickness of the horizontal mortar joint. 
Moreover, a friction layer was introduced in every contact surface between the mortar joint and 
the stone as indicated in figure 17c. In the numerical models depicted in figures 17a and 17b 
there are four such friction layers. The mechanical properties of the stone are dictated by its 
Young’s modulus and Poisson’s ratio (E= 30GPa, ν=0.13) and is assumed to remain elastic. The 
non-linear plastic behaviour is assumed to occur in the mortar joints, which is believed to be a 
realistic assumption for practical purposes. This non-linear numerical simulation can capture 
both the friction-sliding response between the mortar joint and the stone as well as the plastifica-
tion of the mortar joint itself. 
 

   
a) One (1) element per thick-
ness of the mortar joint  

b) Two (2) element per thick-
ness of the mortar joint 

c) Friction interface between the mortar joint and 
the mesh representing the stone 

Figure 17. Micro-modeling of the triplet test. 
 
A number of parametric numerical studies were performed to ensure the realism of this numeri-
cal simulation. The parameters that were employed were a) the friction characteristics of the fric-
tion layers, b) the mortar characteristics in terms of compression and tensile behaviour of the 
mortar joint and c) the dilatancy of the mortar joint through the dilation angle. In all these nu-
merical tests the normal pressure was kept constant equal to 3.0MPa. 
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Initially, a variation of the friction coefficient was studied (μ from 0.75 to 2.0), keeping the dila-
tion angle constant (dilation angle = 5) and assigning constant mortar strength characteristics 
(tensile strength = 0.9MPa).  
 

Micro-Modeling Numerical Simulation of Triplet  
Thickness of each mortar joint=10mm. 

Normal pressure=3.0MPa, Dilation Ang. 5
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Figure 18. Triplet shear stress – shear strain monotonic load response. Variation of the friction coefficient. 

 

 
 
 
 
 
 
 
 
 
                                                                  
a) 

 
 
 
 
 
 
 
 
 
 
b) 

 
 
 
 
 
 
 
 
 
 
c) 

 
 
 
 
 
 
 
 
 
d) 
 

Figure 19. Plastic strain of the mortar joints for various values of friction coefficient for the friction layers 

 

μ=0.75 

μ=0.75 μ=0.80 

μ=1.0 μ=1.50 
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Figure 18 depicts the shear stress – shear strain response as resulted from a horizontal loading 
that increases in a monotonic way. Figure 19 depicts the plastic strains that develop at the mortar 
joints at the end of the monotonic load sequence (shear strain=0.27%) for various values of fric-
tion coefficient for the friction layers (μ=0.75, μ=0.80, μ=1.0, μ=1.5). As can be seen in figure 
18, the increase in the value of the friction coefficient (μ) from 0.75 to 1.5 resulted, as expected, 
in an increase in the corresponding shear strength value. However, this increase also resulted in a 
gradual increase of the plastification of the mortar joint. This can also be seen in figure 19. In 
figure 19a (μ = 0.75), the sliding of the mortar joint to stone interface is most predominant re-
sponse with the plastification of the mortar joint itself being less significant than the sliding re-
sponse. On the contrary, in figure 19d (μ = 1.50) the plastification of the mortar joint becomes 
more significant than the sliding response. This is also demonstrated by comparing the shear 
stress – shear strain response curve for 19d for μ = 1.50 in figure 18 with the corresponding re-
sponse for μ = 2.00. This is due to the fact that the increase in the friction coefficient resulted in 
prohibiting the sliding and thus the response is dominated by the plastification of the mortar joint, 
which has already reached its limit strength. This is the reason that only very small increase in 
the shear strength can be seen when the value of the friction coefficient becomes equal to 2.0 in-
stead of 1.5 in figure 18. 

Micro-modeling Numerical Simulation of Triplet 
Thickness of each mortar joint=10mm. 

Normal pressure=3.0MPa, friction coef. μ=1.0
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Figure 20. Triplet shear stress – shear strain monotonic load response. Variation of the dilation angle. 

 
Next, a variation of the dilation angle was studied (dilation angle from 0.1 to 40), keeping the 

friction coefficient constant (μ = 1.0) and assigning again constant mortar strength characteristics 
(tensile strength = 0.9MPa). The obtained triplet shear stress – shear strain monotonic load re-
sponse is shown in figure 20. As can be seen, the increase in the value of the dilation angle re-
sults in an increase in the value of the shear strength. Moreover, the increase in the value of the 
dilation angle also results in a more “smooth” response. 

In order to examine the micro-modeling approach even further, the numerical study was ex-
tended to include the cyclic nature of the horizontal loading. As described in section 2, this was 
investigated during testing of the new short pier specimens (see figures 6 and 7). The triplet nu-
merical model with one finite element to represent the mortar joint and with a friction coefficient 
value μ=2.0 subjected to 3.0MPa normal stress was employed in all cases of this study keeping 
the tensile strength of the mortar the same (0.9MPa). In figure 21 the cyclic response is com-
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pared to the monotonic response when the analysis was performed in single precision in both 
cases. Next, the following alterations were also studied. First to the previous numerical model 
with one finite element representing the mortar joint a double precision numerical analysis was 
performed. This did not result in any noticeable variation in the predicted triplet shear stress – 
shear strain cyclic load response. Secondly, apart from the double precision of the analysis the 
mortar joint was numerically modeled with two elements in its thickness. The model with two 
elements in the mortar joint thickness could not be solved in single precision. As can be seen in 
figure 21, the introduction of two elements for the mortar together with the double precision in 
the solution algorithm resulted in a noticeable variation of the predicted triplet shear stress – 
shear strain cyclic response.   

 

Micro-modeling Numerical Simulation of Triplet 
Thickness of each mortar joint=10mm. 

Normal pres.=3.0MPa, Dilation Ang. 36, friction coef. μ=2 
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Figure 21. Triplet shear stress – shear strain cyclic load response. Variation of precision of the solution. 
 

3.2.  Macro-modeling numerical simulation of a vertical stone masonry pier.  

A stone masonry almost “square” pier is examined next having a length equal to ℓ=1500 mm, 
a height equal to h=1400 mm and a thickness equal to t= 500 mm, thus a length over height ratio 
(ℓ/h) equal to 1.071 (quite close to 1.0). This square pier specimen was built at the laboratory of 
Strength of Materials and Structures of Aristotle University with the same stones and mortar that 
were used to construct the new short pier specimen presented before (figure 5a, section 2). This 
square pier specimen was subjected to a uniform compression equal to approximately 0.12Mpa 
at its upper boundary, by applying twin vertical forces on a rigid steel beam resting at the top of 
this specimen as is shown in figures 22a and 22b. The horizontal load was next applied, as is also 
shown in figures 22a and 22b. This horizontal load results from the imposed horizontal dis-
placement at the upper boundary which reaches a value equal to 10mm at the final stages.   

Figure 22a depicts the experimental set up showing the resulting horizontal load at the top of 
the stone masonry pier whereas figure 22b is the corresponding numerical simulation. More in-
formation on the loading arrangement is provided by Manos (2016). Figures 15a and 15b depict 
the variation of the shear stress versus the shear strain (blue line). The horizontal load was ap-
plied in a cyclic low-frequency seismic-type manner. 
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In figures 23a and 23b the variation of the compressive axial stress normal to the bed-joint is 
also plotted (pink line using the far right axis with the negative values). As can be seen in figure 
23a, the maximum shear stress was equal to 0.09MPa for Test 6. For this test the corresponding 
average axial stress value was equal to -0.16MPa (the minus sign indicates compression) exhibit-
ing a relatively small variation around this value during cyclic loading. On the contrary, the 
variation of the axial stress during cyclic test 7 reached a value equal to -0.26MPa that corre-
sponded to a shear stress value equal to 0.15MPa. At the reverse cycle, the axial stress value was 
equal to -0.12MPa when the corresponding shear stress value was equal to 0.09MPa, as was the 
case for test 6. 

 
  

 
Figure 22a. Stone masonry wall specimen S1M1. 
Loading arrangement being utilized. 

Figure 22b. Numerical simulation of the loading ar-
rangement for wall specimen S1M1. 

Stone masonry wall S1M1
Vertical preloading 49KN + 49KN Test 6 
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Stone masonry wall S1M1
Vertical preloading 49KN + 49KN Test 7 
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Figure 23a. Variation of the measured shear / axial 
stress versus the shear strain. Test 6. 

Figure 23a. Variation of the measured shear / axial stress 
versus the shear strain. Test 7. 

 
The measured variation of horizontal load (Η) versus horizontal displacement (δ) at the top of the 
specimen for tests 6 and 7 is depicted in figure 16. In the same figure the numerical predictions 
are also plotted as resulting from the non-linear numerical simulation. As can be seen, the com-
parison between predicted and observed Η-δ response is reasonably good for Test 6. For test 7 
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there is a distinct difference between observed and predicted response when the horizontal load 
attains negative values. This is attributed to the variation of the vertical load at this stage of the 
experiment that reached much higher absolute values, as already mentioned before on the basis 
of figure 22b. This was not accounted for up to now in the numerical simulation that kept con-
stant throughout the vertical load at each location. Additional numerical simulations are required 
to account for the observed vertical load variation. The numerically predicted horizontal defor-
mation pattern resulting from the non-linear simulation is depicted in figure 24; this deformation 
pattern is for the maximum horizontal load equal to 57.71KN, which was reached for horizontal 
displacement at the top of the pier equal to δ=1.85mm. 

 

Stone masonry wall S1M1
Vertical preloading 49KN + 49KN 
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Figure 24. Variation of the horizontal load versus the hori-
zontal displacement at the top. Tests 6, 7 together with nu-
merical predictions. 

Figure 25. Numerically predicted horizontal defor-
mations for the stone masonry specimen. Maximum 
value at top 1.85mm.  

Figure 25. Diagonal cracks that developed in the stone 
masonry specimen S1M1. 

Figure 26. Distribution of numerically predicted plastic 
strains for H = 43,41 KN  Ux = 6,58 mm 

 
Figure 25 depicts the damage patterns in the form of wide diagonal cracks that were formed in 
this stone masonry wall specimen (S1M1) and were photographed after the end of Test 7. Figure 
26 depicts the distribution of the plastic strains that developed in the non-linear numerical simu-
lation when the horizontal load dropped for the first time from its maximum value to 49.96KN 
and horizontal displacement at the top of the pier reached a value equal to δ=2.4mm. As can be 
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seen, the formation of the observed diagonal crack pattern is to a certain extend predicted by the 
non-linear numerical simulation.  
 

4 CONCLUSIONS  

 The importance of employing realistic limit-state criteria to be utilized in assessing the bear-
ing capacities of unreinforced stone masonry structural elements is studied together with a 
summary presentation of relatively simple laboratory testing that can be employed for this 
purpose. 

 The possibilities offered by non-linear inelastic numerical analyses as alternative means for 
examining the performance of unreinforced stone masonry structural elements is briefly pre-
sented. In addition, numerical simulation results are also presented, which were obtained 
from such  non-linear inelastic numerical analyses. The objective here is to numerically 
simulate the performance of masonry specimens that were subjected to relatively simple 
laboratory testing. Successful predictions of the observed performance are means to increase 
the confidence in these numerical tools before employing them in more complex structural 
formations. 

 For this purpose use is made of experimental set-ups employing relatively simple stone ma-
sonry specimens of prototype dimensions which were constructed with materials resembling 
old stone masonry. These specimens were subjected to in-plane combined compression, 
shear and flexure in such a way as to develop stress fields that are similar to the state of 
stress prototype stone masonry structural elements develop during combined gravitational 
forces and seismic actions. The obtained measured behaviour from these tests is then util-
ized to validate the employed non-linear numerical simulations.  

 As was demonstrated from these comparisons a realistic estimate was obtained of the ob-
served seismic type behaviour by these non-linear numerical simulations. Following further 
validation these non-linear simulations will next be employed in more complex structural 
components. 
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Abstract. Smart material has the ability to convert energy between two distinct physical do-

mains.  Piezoelectric material are an example of this material, the vibration-based energy har-

vesting using piezoelectric elements is possible by exploring the direct effect, where the 

piezoelectric material is able to convert mechanical in to electrical energy. This application 

can be very useful for applications in powering small electronic devices. The energy harvesting 

system presented in this work is a magnetoelastic structure that consists of a ferromagnetic 

cantilevered beam with two permanent magnets, one located in the free end of the beam and 

the other at a vertical distance d from the beam free end. In order to use this device as a 

piezelectric power generator, two piezoceramic layers are attached to the root of the cantilever 

and a bimorph generator is obtained. The piezomagnetoelastic structure is subjected to a com-

bination of harmonic and random excitations. The parameter Noise-to-Signal Ratio (NSR) is 

used in order to quantify different combinations of the forcing terms. A method to evaluate the 

harvested energy and the performance of the piezomagnetoelastic structure is proposed. The 

method is applicable both to deterministic and to non-deterministic signals and is based on the 

Power Spectral Density (PSD) of the input, dimensionless force, and the output signal, dimen-

sionless electrical voltage. Numerical simulations are carried out identifying better combina-

tions of harmonic and random excitations for energy harvesting purposes. 
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1 INTRODUCTION 

Smart material are capable to convert energy between two distinct physical domains. The 

piezoelectric material are smart material that, due to the atomic configuration, convert mechan-

ical energy into electric energy and vice-versa. The direct effect of a piezoelectric material is 

when a mechanical energy is converted into electrical energy, while the inverse effect is when 

electrical energy is converted into mechanical energy.  Typically, the piezoelectric material can 

act as a sensor and actuator exploring, respectively, direct and inverse effects. Another appli-

cation associated with the direct effect is energy harvesting from mechanical vibration. 

Some devices were developed with the aim of harvesting environment vibration energy us-

ing piezoelectric materials. Some researches focused on harvesting the energy available in hu-

man walk movement. In this context, [1,2] investigated a system that can be used in backpack, 

and Shenck [3] proposed a device to use in shoes. Sohn [4] proposed a device to harvest energy 

from the blood pressure variation. The electrical coupling of the piezoelectric system is a point 

that has been investigated [5]. 

Several proposed devices are linear and considers harmonic excitation. In this case, it is 

required an excitation in a resonance frequency, as can be seen in the work of Roundy and 

Zhang [6]. When the system is excited in a frequency slightly different from the resonance 

frequency, however, the electrical response is drastically reduced. Thereby some work focus on 

obtaining a broadband energy harvester by using nonlinearities. Mann [7] suggested a bistable 

system with magnetic interaction, a system with a nonlinear damping was proposed by Tehrani 

[8], while Litak [9] proposed an inverted beam with a tip mass.  

Some researches focus on the influence of a random excitation in energy harvesting using 

nonlinear systems. Litak [10] verified that a bistable structure has a stochastic resonance when 

excited with a white noise excitation. De Paula [11] experimentally investigated the system 

when subjected to a random excitation and showed some remarkable points, comparing the 

linear, nonlinear monostable and nonlinear bistable configuration. The energy harvested is big-

ger in the nonlinear bistable configuration and when oscillate around the both stable equilibrium 

points. In addition, Ferrari [12] presented a study with the nonlinear system under random ex-

citation that show that for bistable system the RMS voltage is bigger than the monostable con-

figuration. 

In real problems, it is usual to have presence of noise in a harmonic excitation. This work 

presents an analyzes of a bistable piezomagnetoelastic structure under combined harmonic and 

random excitations. Energy harvesting and system performance are evaluated by a proposed 

method based on Power Spectral Density (PSD), that uses information of input (mechanical 

excitation) and output (voltage).  

2 PIEZOMAGNETOELASTIC STRUCTURE 

The studied energy harvesting system is based on a magnetoelastic structure, first investi-

gated by Moon and Holmes [13]. Figure 1 presents a schematic representation of the structure 

that consists of a ferromagnetic cantilevered beam with two permanent magnets, one located in 

the free end of the beam and the other at a vertical distance d from free end, due to the magnets 

the system present a nonlinear configuration.  Erturk [14] adapted the system in order to use the 

device as a piezoelectric power generator by attaching two piezoceramic layers to the root of 

the cantilever beam. Thus, a bimorph generator is obtained and the system can harvest the en-

ergy of an environment under vibration conditions. This work considers a base excitation, with 

combined harmonic and random motions. 
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Figure 1: Schematic representation of the piezomagnetoelastic structure. 

The system has two degree of freedom, one mechanical and one electrical. Thus, the equa-

tions of motion present electro-mechanical coupling. The system is governed by Eqs. (1) and 

(2). 

�̈� + 2𝜁�̇� −
1

2
 𝑥(1 − 𝑥2 ) − 𝜒𝑣 = 𝐹(𝑡), (1) 

�̇� + 𝜆𝑣 + 𝜅�̇� = 0, (2) 

where 𝑥 is the dimensionless tip displacement of the beam in the transverse direction, 𝑣 is the 

dimensionless voltage across the load resistance. The constant ζ is the mechanical damping 

ratio, χ is the dimensionless piezoelectric coupling term in the mechanical equation, κ is the 

dimensionless piezoelectric coupling term in the electrical circuit equation, and λ is the recip-

rocal of the dimensionless time constant (𝜆 ∝ 1/𝑅𝐿𝐶𝑃  where 𝑅𝐿 is the load resistance and 𝐶𝑃is 

the equivalent capacitance of the piezoceramic layers).  

The values of the parameters are considered as the same as in Erturk [14] :𝜁 = 0.01, 𝜒 =
0.05, 𝜅 = 0.5 and 𝜆 = 0.05. By considering these parameters, the equilibrium points, obtained 

from Eqs. (1) and (2), are two stable spiral points located at (𝑥, �̇�, 𝑣) = (±1,0,0) and one un-

stable saddle point located at (𝑥, �̇�, 𝑣) = (0,0,0). 𝐹(𝑡) is the system excitation and consists in 

a combination of harmonic and random signals. For the harmonic excitation contribution it is 

considered 𝐹(𝑡) = 𝑓0cos (𝜔𝑡), where 𝑓0 is the dimensionless excitation due to base accelera-

tion (𝑓0 ∝ 𝛺2𝑋0 where 𝑋0is the dimensionless base displacement amplitude), and for the ran-

dom excitation contribution it is considered 𝐹(𝑡 ) = 𝑁(𝜎, �̅�), that is a Gaussian white noise 

with mean value �̅� and standard-deviation σ. The total excitation is shown in Eq. (3).  

𝐹(𝑡) = 𝑓0 cos(𝜔𝑡) + 𝑁(𝜎, �̅�)  (3) 

In order to measure different combinations of the random and harmonic excitations it is es-

tablished the parameter Noise to Signal Ratio (NSR), shown in Eq. (4). 

𝑁𝑆𝑅 =
𝜎

𝑓0
   (4) 
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3 METHOD TO EVALUATE HAVESTED ENERGY AND SYSTEM 

PERFORMANCE 

To evaluate the harvested energy and system performance we propose the analysis based on 

the Power Spectral Density (PSD). The PDS, defined in Eq. (6), is the distribution of power in 

frequency domain. 

�̂�(𝜔) =  ∫ 𝑒−2𝜋𝑖𝜔𝑡𝑥(𝑡)𝑑𝑡 
∞

−∞
  (5) 

𝑃𝑆𝐷 =  |�̂�(𝜔)|2  (6) 

where �̂�(𝜔) is the Fourier Transform. The PSD is calculated using a periodogram approach and 

Hanning windowing [15]. The area under the curve of PSD is defined in this work as Power of 

the Signal (PS). PS of excitation (𝑃𝑆𝑓) and voltage (𝑃𝑆𝑣) are estimated and it is established the 

ratio, r, of 𝑃𝑆𝑣 and 𝑃𝑆𝑓 as a parameter to measure the performance of the system. 

𝑟 =
∫ 𝑃𝑆𝐷𝑣(𝜔)𝑑𝜔

𝜔
0

∫ 𝑃𝑆𝐷𝑓(𝜔)𝑑𝜔
𝜔

0

=
𝑃𝑆𝑣

𝑃𝑆𝑓
 , 

(7) 

The bigger the value of the ratio 𝑟, the larger the area under the PSD of electrical response 

when compared to the mechanical input. Moreover, the value of 𝑃𝑆𝐷𝑣 is related to electrical 

output. Thus, 𝑃𝑆𝑣 and 𝑟 are parameters used to indicate system performance for different dy-

namical behavior. The quantities 𝑣(𝑡) and 𝐹(𝑡) are dimensionless, so the 𝑃𝑆𝑣 and 𝑃𝑆𝑓 can be 

compared directly. The parameter 𝑃𝑆𝑣 is used to quantify the energy harvesting and the param-

eter 𝑟 is used to evaluate system performance. It is important to highlight that the proposed 

method is appropriate for both deterministic and non-deterministic signals. 

4 DYNAMICAL ANALYSIS  

The dynamical analysis presented in this section verify different combinations of harmonic 

and random excitations and considers different values of forcing amplitude and frequency. The 

analysis begins for predominant harmonic excitation, thus, small NSR. The value of NSR is 

increased until it is considered the random excitation becomes predominant.  

4.1 Varying the forcing amplitude  

To construct the bifurcation diagrams presented in Figure 2 two coexisting behaviors are 

considered at 𝑓0 = 0.083 and 𝜔 = 0.8, identified when there is no noise (NSR=0). Pink points 

are related to a period-1 response obtained with initial conditions [𝑥(0), �̇�(0), 𝑣(0)] = [1,1,0], 
while black points are related to a chaotic behavior obtained with initial condition 

[𝑥(0), �̇�(0), 𝑣(0)] = [1,0,0] . Note that this forcing amplitude is in the middle of the bifurca-

tion diagram. From these two reference behaviors, forcing amplitude is increased and decreased 

and plotted together in the diagram. Thus, 4 procedures are together in the same figure. From 

Figure 2 (a) to Figure 2 (f) NSR is continuously increased so that the influence of the random 

excitation, in an initially pure harmonically excited system, can be analyzed. 

Figure 2 (a) presents a pure harmonically excited system (NSR=0). It can be observed that 

the period-1 orbit keep stable for a large range of forcing amplitude. From black point, one can 

observe two regions that indicates a chaotic response and a periodic window, with a period-5 

orbit. For 𝑓0 bigger than approximately 0.11 only one period-1 orbit is stable (the same identi-

fied from the pink points), while for values smaller than around 0.78 two period-1 orbit coexists. 
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When NRS is increased to 0.05, the region related to the period-5 orbit is replaced by a 

chaotic behavior, as shown in Figure 2 (b). This is the main difference in the global behavior 

of the system when compared to the situation when NSR=0. 

Figure 2 (c) shows the response to NSR=0.3. Note that pink points now fill a bigger region 

in the bifurcation region, this happens because the Poincaré section has a dispersion of the 

points but the qualitatively response in phase space is the same. From black point, we observe 

the chaotic behavior region is enlarged. 

 
(a) 𝑁𝑆𝑅 = 0 

 

(b) 𝑁𝑆𝑅 = 0.05 

 

(c)  𝑁𝑆𝑅 = 0.30 

 

(d)  𝑁𝑆𝑅 = 1 

 

(e) 𝑁𝑆𝑅 = 2 

 

(f) 𝑁𝑆𝑅 = 5 

 

Figure 2 Bifurcation Diagram for different levels of combination of forcing and varying the amplitude. 
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With NSR=1, system response changes considerably. For values of 𝑓0 < 0.04, bifurcation 

diagram identifies two coexistent behaviors that are symmetric, in both of them the tip of the 

beam oscillates around only one stable equilibrium point. For higher values of f0 system oscil-

lates around both stable equilibrium point and there is coexistence of behaviors.  

The coexistence of behavior disappears when 𝑁𝑆𝑅 =  2, as seen in the Figure 2 (e). At this 

point just two behaviors are observed, for smaller values of forcing amplitude system oscillates 

around only one stable equilibrium point, while for higher amplitudes the response fill all phase 

space. Due to the presence of noise, Poincaré section does not present lamellar structure for any 

forcing amplitude. For 5, the same kind of behavior is observed in all range of analyzed forcing 

amplitude, as shown in Figure 2 (f). Thus, we assume random excitation is predominant. 

4.2 Varying the forcing frequency 

In this section a similar analysis presented for forcing amplitude variation is carried on, now 

considering variation of forcing frequency, 𝜔. In the bifurcation diagrams presented in Figure 

3 pink points are related to a period-1 response obtained with initial conditions 

[𝑥(0), �̇�(0), 𝑣(0)] = [1,1,0], while black points are related to a chaotic behavior obtained with 

initial condition [𝑥(0), �̇�(0), 𝑣(0)] = [1,0,0] at 𝑓0 = 0.083 and 𝜔 = 0.8. From these two co-

existing attractors, the forcing frequency is increased and decreased. This 4 procedures are plot-

ted together in each diagram. 

For 𝑁𝑆𝑅 = 0, the same reference bifurcation diagram shown in Figure 2(a) is presented in 

Figure 3 (a). 

 
(a) 𝑁𝑆𝑅 = 0 

 

(b) 𝑁𝑆𝑅 = 0.30  

 

(c) 𝑁𝑆𝑅 = 1  

 

(d) 𝑁𝑆𝑅 = 5 

 

Figure 3. Bifurcation Diagram for different levels of combination of forcing and varying the frequency. 
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Increasing NSR to 0.3, as presented in Figure 3 (b), considerable changes occur. For 𝜔 <
0.5, behaviors related to pink and black points consist of oscillations around just one equilib-

rium point. Note that there are two coexisting attractors, one has Poincaré section points around 

x=-1 and the other around x=1. For 𝜔 > 0.5, we observe similar behavior to the one presented 

in Figura 2(c), pink points represents a dispersion of the points in a response that oscillates 

around both stable equilibrium points, while black points are related to chaotic behavior. Even 

with the presence of noise, the Poincaré section presents a lamellar structure. 

For 𝑁𝑆𝑅 = 1, shown in Figure 3 (c), the coexistence of behavior disappears, and two distinct 

behaviors are presented. For smaller values of forcing excitation all Poincaré section is filled 

with no pattern, as well as the phase space. For higher values of f0 system oscillates around both 

stable equilibrium point always with big oscillation amplitudes. This behavior will be explored 

in the next section. In Figure 3 (d), for NSR=5, we assume random excitation is predominant 

as in the case presented in Figure 2(f). 

5 ENERGY HARVESTING AND PERFORMANCE ANALYSIS 

This section aims to analyze the harvested energy and the performance of the piezomagne-

toelastic system. From all responses presented in the section 4, five reference responses (iden-

tified when NSR = 0) are chosen: period-1 orbit oscillating around both stable equilibrium 

points, another period-1 orbit oscillating around both stable equilibrium points, period-1 orbit 

oscillating around only one stable equilibrium point, and chaotic. The dynamic evolution of 

these reference orbits are analyzed when NSR is increased. 

The analysis of the first case, period-1 orbit oscillating around two stable equilibrium point, 

is exhibited in the Figure 4. This response is obtained with 𝑓0 = 1.4 and 𝜔 = 0.1. Figure 4(a) 

and (b) presents values of PS and r, respectively, when NSR is increased from 0 to 3. Figure 4 

(a) also illustrates the kind of behavior presented by the system in phase space (blue) together 

with Poincaré section (pink). Note that the reference response occurs until NSR=1 and, after a 

transition region (hatched), a different type of behavior is obtained, where phase space is all 

filled. It is important to highlight that the presented phase spaces and Poincaré sections are 

obtained for fixed values of NSR, however, each one is used to represent the qualitative behav-

ior presented by the system in a range of NSR. Note that the first region (0 < NSR < 1) is more 

appropriated to harvest energy due to higher value of 𝑃𝑆𝑣. Moreover, by considering value of 

r, the performance of the system is better for smaller values of NSR. 
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 (a) 

 
(b) 

 
 

Figure 4. System behavior when NSR is increased from 0 to 3 by considering the first reference orbit. (a) 

PSf, PSv and qualitative response of the system; (b) r. 

The same analysis presented in Figure 4 is now carried out for the second reference situation, 

another period-1 orbit oscillating around just one stable equilibrium point, as presented in Fig-

ure 5. Harmonic forcing parameters are 𝑓0 = 0.1 and 𝜔 = 0.8. By comparing Figures 4 and 5, 

note that the first reference orbit has better performance and is more suitable for energy har-

vesting than this second orbit. This can be explained by higher oscillations amplitudes of the 

first reference orbit. From Figure 5, observe that the first region is better for energy harvesting, 

𝑃𝑆𝑣, and presents the best performance, 𝑟. In the interval of 𝑁𝑆𝑅 = 0.3 to 𝑁𝑆𝑅 = 0.5 emerge 

a behavior that oscillate around just one equilibrium point, that is not convenient for energy 

harvesting purpose. For 𝑁𝑆𝑅 > 0.7 the system oscillates without any pattern, filling all phase 

space. 
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(a) 

 
(b) 

 

Figure 5. System behavior when NSR is increased from 0 to 300% by considering the second reference orbit. 

(a) PSf, PSv and qualitative response of the system; (b) r. 

 
Figure 6 presents the analysis for the third reference orbit. Harmonic forcing parameters are 

𝑓0 = 0.063 and 𝜔 = 0.8. Note that the initial behavior is not appropriate to harvest energy, 

presenting the lowest 𝑃𝑆𝑣  and 𝑟  of reference orbits. When 𝑁𝑆𝑅 = 0.5 system response 

changes, increasing the harvested energy and system performance. For this case the perfor-

mance 𝑟 achieves the best value when 𝑁𝑆𝑅 = 1.  

 
(a)  

 
(b) 

 

Figure 6. System behavior when NSR is increased from 0 to 3 by considering the third reference orbit. (a) 

𝑃𝑆𝑓, 𝑃𝑆𝑣 and qualitative response of the system; (b) r. 
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Figure 7 presents the evolution for the last reference case, a chaotic response. Harmonic 

excitation parameters are 𝑓0 = 0.083 and 𝜔 = 0.8. By increasing 𝑁𝑆𝑅, after a transition region 

(hatched), system presents a response that oscillates around both stable equilibrium points with 

large amplitudes. This behavior presents the best performance and harvested energy as can be 

observed by values of 𝑃𝑆𝑣 and 𝑟. For values of 𝑁𝑆𝑅 >  2, a different behavior is observed. By 

comparing this response with the chaotic one, the value of 𝑃𝑆𝑣 is bigger but with a smaller 𝑟, 

once more mechanical energy is provided to the system as the noise increases. 

 
(a) 

 
(b) 

 

Figure 7. System behavior when NSR is increased from 0 to 3 by considering the fourth reference orbit. (a) 𝑃𝑆𝑓, 

𝑃𝑆𝑣 and qualitative response of the system; (b) r. 

 

6 CONCLUSIONS  

In this work a nonlinear model for a piezomagnetoelastic structure is presented. System re-

sponse is evaluated for a combination of harmonic and random excitations considering a bista-

ble configuration. A richness dynamical response is observed.  

After evaluating the global dynamical behavior for different harmonic forcing parameters 

and different values of NSR, four reference orbit (chosen when NSR=0) are chosen. Beginning 

from these orbits, the harvested energy and system performance are evaluated when NSR is 

increased. The increase of NSR promotes qualitative changes in system response and more 

suitable responses for energy harvesting proposes are identified. The better behavior occurs 

when the tip of the beam oscillates around both stable equilibrium points with the largest oscil-

lation amplitude for the biggest period of time. Moreover, proper combination of harmonic 

forcing parameters and NSR lead to the this desired behavior. 
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The present work shows many aspects concerning the use of the wave methodology for the response
computation of periodic structures, through the use of substructures and single cells. Applying Floquet
principle, continuity of displacements and equilibrium of forces at the interface, an eigenvalue problem,
whose solutions are the waves propagation constants and wavemodes, is defined. With the use of
single cells, thus a double periodicity, the dispersion curves of the waveguide under investigation
are obtained and a validation of the results is performed with analytic ones, both for isotropic and
composite material. Two different approaches are presented, instead, for computing the forced response
of stiffened structures, through substructures of the whole periodic structure. The first one, dealing with
the condensed-to-boundaries dynamic stiffness matrix, proved to drastically reduce the problem size in
terms of degrees of freedom, with respect to more mature techniques such as the classic FEM. Moreover
it proved to be the most controllable one. The other approach presented deals with waves propagation
and reflection in the structure. However it suffers more numerical conditioning and requires a proper
choice of the reflection matrices to the boundaries, which has been one of the most delicate passages of
the whole work, as the effects of the direct excitation. However this last approach can deal with the
response and loads applied on any inner point. The results show a good agreement with numerical
classic-FEM except for damping needed to be trimmed for perfect agreement . The drastic reduction of
DoF is evident, even more when the number of repetitive substructures is high and the substructures
itself is modelled in order to get the lowest number of DoF at the boundaries.

1 Introduction
One of the most used and appealing methods for solving problem concerning the dynamics of
continuous structures is the finite element method (FEM). Typically used for modal/dynamic-
response applications, this method enhances the operator to obtain information about the vibrational
level from the model of the whole structure in every frequency range. However, in many engineering
applications, high frequency vibrations become significant, in particular where sound transmission
and loading have to be considered, such as in the cases, for example, of the transmission loss
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evaluation of a panel or structure response due to aeroacoustic excitation produced by a launcher on
its own structure.

The continous research on new and better performing techniques, in therms of computational
cost, is addressed to the computational cost itself getting soon unaffodable, as soon as the frequency
of analysis increases, even with modern CPU power.

Moreover, the development of new models is complicated because of the wide frequency range
of interest. In the Low Frequency range the response exhibits isolated modal resonances and it has
local characteristics, like spatial response peculiarities or constraint effects on the global response.
In this case the deterministic techniques is still the preferred one. At High Frequencies the response
is diffuse and does not present specific resonances. The averaged response in any point is all
we need to describe it. On the other hand the Mid Frequencies are a transition zone, for which
well-established prediction techniques are not yet available.

The Wave Finite Element Method, which candidates itself to be a feasible approach to overcome
such issues, uses the Periodic Structure Theory [1] to re-built a spatially distrubuted response with
the analysis of a single element or cell.

Periodic structures, very common in engeneering fields, are supposed to be constituted by a set
of identical elementary cell, repeated along one or two directions. The Wave and Finite Element
Method allows to investigate only one cell of the structure, modelled through FE.

Once the cell characteristic are obtained, the entire method is based on a post-processing which
leads, to one or more eigenvalue problems.

The research in this peculiar field is very intense nowadays. The potentiality of WFE is
thrilling and it may give to modern industry a toll which could enable to overcome actual bareers of
computational cost.

2 Theoretical Background
A wave can be described as a disturbance that travels through a medium, transporting energy (or
informations) from its source location to others, without matter flux. A medium is intended as a
material that carries the wave, and it should be considered as a collection of particles capable to
interact with each other [5].

2.1 Bloch-Floquet Principle

A plane free wave that propagates along a structure is assumed to take the form of a Bloch wave.
Bloch’s theorem represents a generalisation, in solid–state physics, of the Floquet’s theorem for
1–dimensional problem. A Bloch wave is a wavefunction valid for a particle in a periodic media,
whose wavebasis is of the type of eq.1. Bloch showed how electron wave functions in a crystals
have a basis consisting entirely of Bloch wave energy eigenstates. This reflect in periodic structures
to exhibit pass–bands and stop–bands, in that each disturbance can propagate freely only in specific
frequency ranges, otherwise they decay with distance [4]. Generally the number of propagation
surfaces equals the number of degrees of freedom at each node of the structure considered. However
some so called "branches" are an artifact of the FE discretization, but this will be investigated later.

{ψr } = e−iβr {ur } (1)

Where r is the distance vector, β is the propagation constant, ur is a spatially periodic function.
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Figure 1 Rectangular Panel and its modelled periodic cell

The field at a certain point is related to that at distance S by a complex function, frequency
dependent. In an infinite periodic media the fields at w and w + S must differ only by a constant
attenuation and phase shift [11].

Lets consider a rectangular panel [Fig.1] with Lx, Ly its dimensions and h its thickness. A
periodic segment of the panel with dimensions dx and dy is modelled using FE. No displacement
field is supposed, as in SFEM, and the cell matrix can be obtained through extraction from common
FE commercial software. The entries for each Degree of Freedom (DoF), of every node laying on
the same edge of the segment, say edges 1, 2, 3 and 4, are placed in the mass and stiffness matrices
so that the vector of displacements can be written as [9]: {q} = {q1 q2 q3 q4}.

The time-harmonic equation of motion of the segment assuming uniform and structural damping
for all the DoF can be written as

[K (1 − ηi) − ω2M]{q} = {F} (2)

Where η is the structural damping coefficient, ω is the angular frequency and F the vector of
the nodal forces [9]. It is important to remind that damping can be introduced also with a specific
matrix, not merely as structural one. Different damping model can be used, but then, the dynamic
stiffness matrix, can always be written as:



D11 D12 D13 D14
D21 D22 D23 D24
D31 D32 D33 D34
D41 D42 D43 D44






q1

q2

q3

q4




=




F1

F2

F3

F4




So using the Floquet theory, or Bloch’s theorem, for a rectangular segment and assuming a
time-harmonic response, the displacements and forces of each edge can be written, as before, as a
function of a single edge/corner displacement and forces [9]. Taking edge 1 (see Fig. 1) as the edge
of reference we have:

{q2} = λX {q1} {q3} = λY {q1} {q4} = λXλY {q1} (3)

{F2} = λX {F1} {F3} = λY {F1} {F4} = λXλY {F1} (4)
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q1
q2
q3
q4




=




I
λXI
λYI

λXλYI




{
q1
}

Since equilibrium requires that the sum of the nodal forces at each node is zero, we have

{
I λ−1

X I λ−1
Y I λ−1

X λ−1
Y I

}



F1
F2
F3
F4




= 0

With λ j = e−iµ j∆ j , where µ is the propagation constant and ∆j the distance in "j" direction
between reference an target cell.

2.2 Periodicity Conditions: Single Cell Scale

The approach which will be presented is often used for the analysis of dispersion properties of
cells, as will be in next sections. As for classic FEM, the dynamic stiffness matrix of eq.2 is a NxN
matrix, were N is the number of the total DOF of the cell. Substituting periodicity conditions in
eq.2, we obtain a reduced matrix of size "n", equal to the reference side, in this case corner "1".

{
I λ−1

X I λ−1
Y I λ−1

X λ−1
Y I

}
D




I
λXI
λYI

λXλYI




{
q1
}
= 0

[Kr − ω
2Mr ]{q} = Dr {q} = 0 (5)

2.3 The Eigenvalue Problem

Using eq.5 and exploiting all the therms, it is possible to write the problem in this form:

[(D11 + D22 + D33 + D44)λXλY+

(D12 + D34)λ2
XλY+

(D13 + D24)λXλ2
Y + D32λ

2
X + D23λ

2
Y+

(D21 + D43)λY + (D31 + D42)λX+

D14λ
2
Xλ

2
Y + D41] {q} = 0

(6)

Considering the transpose of equation 6 divided by λYλX , it can be proved that the solutions
come in pairs involving (λY, λX) and (λ−1

Y , λ
−1
X ) for a given real frequency ω. These of course

represent the same disturbance propagating in the four directions ±ϑ, π ±ϑ [4].

Equations 6 gives eigenproblems relating λY, λX and ω, whose solutions give FE estimates of
the wave modes and dispersion relations for the continuous structure. Three different algebraic
eigenvalue problems are possible since the problem is three parametric. If (µx ) and (µx ) are
assigned and real, a linear eigenvalue problem results in ω for propagating waves. If the frequency
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ω and wavenumber are given, the other one is extracted. This is the case of an incident wave on
a boundary, whose trace wavenumber is known. In this case the problem becomes a quadratic
eigenproblem with twice the solutions.

When the frequency and ϑ are prescribed the problem might become a trascendental eigenvalue
problem [4].

2.4 Periodicity Conditions: Substructure Scale

The description ofwaves travelling in a periodic structure is achieved by considering the eigenproblem
which derives from imposing the Floquet’s conditions to a cell or a substructure, whose stiffness
and mass matrices can be gathered from classic FE models.

Starting from the DSM problem of a partial assemble of cells, reordering the DoFs so that
internal, left and right nodes’s degrees of freedom are properly separated in the following way, we
can move to the transfer matrix.



Dll Dlr Dli

Drl Drr Dri

Dil Dir Dii






qL
qR
qI



=




FL

FR

0




Eliminating internal degrees of freedom (I) we get our base-work equation, as previously
described.

[
DLL DLR

DRL DRR

] 


qL

qR



=



FL

FR




With:

DBB = DBB − DBiD−1
ii DiB (7)

Where B stands for cell boundary, left or rigth.
Imposing continuity of displacements and equilibrium of forces at the interface between adjacent

cell S and (S+1), and putting all in a matrix form we can get the Transfer Matrix, T. It relates the
nodal displacements and forces (evaluated on the left side) between two adjacent substructures.

[
T
]
=

[
−D−1

LRDLL D−1
LR

−DRL + DRRD−1
LRDLL −DRRD−1

LR

]

It has been shown [12] that the eigenvalues of the transfer matrix occur in reciprocal pairs
as , λ+j = 1/ λ−j corresponding to pairs of positive (+) and negative (-) going waves, respectively.
Associated with these eigenvalues are the positive and negative going right eigenvectors φ−j and φ

+
j

respectively, which will also be referred to as wavemodes [12]. Every wavemode can be partitioned
into a sub-vector of DoFs and internal forces/moments.

Positive waves are characterized by |λ+j | < 1, which means that if the wave propagates its
amplitude must decrease in travelling. If |λ+j | = 1 then the time average power transmission in the
positive direction is evaluated to select the positive and negative going waves[12]. With that, one
can group the wavemodes as

Φ
+
q =

[ [
φ+1,q

] [
φ+n,q

] ]
Ψ
+
q =

[ [
ψ+1,q

]T [
ψ+n,q

]T ] (8)
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A transformation between the physical domain, where the system’s behaviour is described in
terms of q and f , and the wave domain, where the behaviour is described in terms of waves of
amplitudes Q+ ans Q− travelling in the positive and negative directions is derived through these
matrices [12].

Lets now consider a structure made by N substructures assembled with a 1D periodicity and
subjected to arbitrary boundary conditions on its left and right ends. Expanding the vectors of
displacements/rotations and forces/moments, on the left or right boundary of a substructure s, using
wave bases [10], we get:

qsL = Φ
+
qµ

s−1Q+ + Φ−qµN+1−sQ−

−fsL = Φ
+
f µ

s−1Q+ + Φ−f µ
N+1−sQ−

(9)

Where Q are the wave amplitudes at the left and right ends of the whole periodic structure, and
µ is a diagonal matrix of the positive propagating eigenvalues.

2.5 Condensed Dynamic Stiffness Matrix of a Periodic Structure

Denoting Ds as the dynamic stiffness matrix of the periodic structure which is condensed on its left
and the right ends, the dynamic equilibrium equation of the periodic structure can be written as

Ds




q1
L

qN
R



=



F1
L

FN
R




Considering Eq.9, the wave-base expansion can be re-formulated in matrix form.




q1
L

qN
R



=

[
Φ+q Φ−qµ

N

Φ+qµ
N Φ−q

] 


Q+

Q−






F1
L

FN
R



=



−Φ+f −Φ−f µ
N

Φ+f µ
N Φ−f






Q+

Q−



To derive the condensed dynamic stiffness matrix Ds of the periodic structure. As it turns out,
the vectors of wave amplitudes Q can be expressed in this form:




Q+

Q−


=

[
I (Φ+q )−1Φ−qµ

N

(Φ−q )−1Φ+qµ
N I

]−1 [(Φ+q )−1 0
0 (Φ−q )−1

] 


q1
L

qN
R




The version perorted is the one of Silva, [10], which proposes to make left multiply to avoid
ill-conditioning of matrices, as explained by Mencik [16].

Finally the condensed dynamic stiffness matrix of the whole structure can be derived combining
previous equations.

Ds =



−Φ+f −Φ−f µ
N

Φ+f µ
N Φ−f



[
I (Φ+q )−1Φ−qµ

N

(Φ−q )−1Φ+qµ
N I

]−1 [(Φ+q )−1 0
0 (Φ−q )−1

]

2.6 The Model Reduction

The proper selection of propagating waves can be done considering the imaginary part of the
propagating contant of each wavemode. The criteria used are to be chosen case by case. In the
present work the criteria used can be summarized in the following way, considering j as a tolerance
parameter:
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Figure 2 Waves in a finite structure excited by point load [5]

imag |k iLi | < j (10)

Physically this means considering the contribution, to structural response, of the only propagating
or close-to propagating waves. At each frequency step, when and if new wavemodes cut-on, these
are included in the propagating matrix.

In this case the problem has to take a different form since most of the matrices we were inverting
before suddenly became rectangular. This is the case of the Φq, f which are now DoF x m, where
m is the number of selected wavemodes.

The boundary conditions can then be reformulated:

[
I (Φs+f )PΦs−f µ

N
s

(Φs−q )PΦs+qµ
N
s I

] [
I 0
0 µ−Ns

] 


Q+1
Q−1



=



−(Φs+f )PF0

(Φs−q )Pq0




Where the sign P above the matrices indicates the pseudo-inverse. This is the case of a
Neumann-to-Dirichlet problem.

3 Forced Vibrations for Inner Points Excitation
The following section will deal with a variant of the previous approach which can be more flexible
in dealing with the inner-point excitation. We can write the continuity of displacements and the
equilibrium of the force at the excitation point using the wave-base expansion, from which we can
rewrite the equilibrium equations in matrix form.

[
Φs+q −Φs−q
Φs+f −Φs−f

] 


e+

e−


=



0
f ext




The inversion of the above left-hand side matrix can lead to numerical errors since it could be
ill-conditioned, especially for complicated structures. A solution to avoid this kind of problem is
exploiting the orthogonality of the left and right eigenvectors, premultiplying by the matrix of left
eigenvectors properly rearranged to get to the following form [5] [14].




e+

e−


=



Ψs+f f ext
−Ψs−f f ext




This, of course, requires a left-eigenvalue problem to be solved too.
The wave amplitudes e−,+ are the amplitudes of the directly excited waves. These move in both

the sides of the now uni-dimensionalised problem. Fig 2 can be used as illustrative reference.
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3.1 Waves at Boundaries

Waves incident upon discontinuities and boundaries are partially reflected, transmitted and absorbed.
Instead, in the case of elastic boundary conditions, an incident wave is only reflected, without any
transmission [5].

Considering a generic wave of amplitude h+ travelling in the medium, we can model the
reflection and the subsequent opposite-going wave amplitude, h−, with the use of reflection matrices
at boundaries.

Considering also R as the matrix of reflection coefficients, which depends on the type of
constraint, the wave problem at the boundaries can be expressed as h− = Rh−. Each boundary
condition can always be expressed in the form [5]: Af + Bq = 0.

Substituting the wave base expansion for forces and displacements:

Rright = −
(AΦs−f + BΦs−q

)−1 (AΦs+f + BΦs+q
)

Rle f t = −
(AΦs+f + BΦs+q

)−1 (AΦs−f + BΦs−q
) (11)

Where the matrices A and B are dependent on the type of constrain, as said. In the case of
force-free boundaries, for example, A = I and B = 0.

3.2 Waves Propagation

Moving in the medium, the amplitude of all the waves changes, depending on the distance and the
wave characteristics itself.

Their variations can be derived by applying the definition of propagation constant. For instance,
if the waveguide has n wave components, the waves amplitudes at two points a distance x apart are
given by [5]: h+ = Tr s+, where Tr is the wave propagation matrix. It can be expressed as:

Tr(x) = diag
(
e−ik1x, e−ik2x, . . . , e−iknx

)
(12)

All the elements of the wave propagation matrix have a magnitude less or equal to the unity, by
definition.

3.3 Waves Superposition for Response Computation

Once the amplitudes of directly excited are known, we can calculate the waves amplitudes at a given
response point by considering the excitation, reflection and propagation relations.

Using again Fig 2 as reference we can evaluate the amplitude of waves in the reference point.
Using the reflection relations at the boundaries and considering the propagating matrices, then, the
wave amplitudes at excitation point are ( [5] is suggested for more detailed passages):

a+ =
[I − Tr(xexc)Rle f tTr(L)RrightTr(L − xexc)

]−1 [e+ + Tr(xexc)Rle f tTr(xexc)e−
]

(13)

a− =
[I−Tr(L−xexc)RrightTr(L)Rle f tTr(xexc)

]−1 [e−+Tr(L−xexc)RrightTr(L−xexc)e+
]
−e−
(14)
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The adopted approach allows numerical stability. In fact, the above solutions arewell-conditioned
because the matrices being inverted are diagonally dominant and the element of the wave propagation
matrices are less than or equal to the unity [5].

The response in the reception point can be then calculated applying the propagation relations.
For example, if the response point is over the excitation one:

Q+ = Tr(xresp − xexc)a+

Q− = Tr(L − xresp)RrightTr(L − xresp)Q+
(15)

4 Numerical Models

4.1 Dispersion curves for 2D waveguides

The eigenvalue problem, as said, is a three-parametric one. Main interest has been placed on
quadratic eigenvalue problem, especially for the cases of curved waveguides. In this kind of
eigenproblem, in fact, one wavenumber, i.e. in x direction, is given. In the case of cylinders we also
know the wavenumber around the circumference. Hence equation 6 becomes a quadratic eigenvalue
problem in ky , for which there are 2n solutions:

[A2λ
2
Y + A1λY + A0] {q1} = 0 (16)

The WFE method can be applied also to curved and doubly curved waveguides. A small
rectangular shell or solid element is taken and, as shown in Fig. 3, it is supposed to subtend a small
angle Lα. In the FE method, curved structures are approximated by piece–wise–flat surfaces.

Figure 3 Singly and Doubly curved panel modelled within the current approach [15]

As in the case of flat waveguides, the DOFs of the cell are arranged in the following way: {q}
= {q1 q2 q3 q4}. Before applying the periodicity condition, the local coordinates must be
rotated to model the curvature of the panel [4][9]. For example, the DOFs of node 2 and 4 should
be transformed to global coordinates by a rotation through an angle Lα as shown in Fig.3. Again, to
model the other curvature, a rotation of the DOFs of node 3 and 4, with angle Lβ is performed.

A transformation matrix r is defined and assembled in a block diagonal matrix , R, produced by
a repeated pattern of the former. It is intended to be done for each curvature.

Following the scheme in Fig. 3 we can define these matrices for direction a and c.
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Ra,c =



ra,c 0 . . . 0
0 ra,c . . . 0
...

...

0 . . . ra,c


Finally, the Mass and Stiffness matrices are obtained as:

M = RT
cRT

aM f latRcRa

K = RT
cRT

aK f latRcRa

(17)

The ring frequency For curved panels the ring frequency is defined as the frequency at which
one longitudinal wavelength equals the cylinder perimeter, or bettere, the frequency at which the
wavelength becomes so small that it cannot be aware of the curvature itself.

ωR =
1
R

√
E

ρ(1 − ν2)
(18)

This frequency plays an important role in indicating the frequency range for which the curvature
effects are important. Further aspects can be explored in [4].

Singly and Doubly Curved Panels Since the phase change of a wave as it propagates around
a circumference (closed structure) must be a multiple of 2π, the circumferential wavenumber can
only take the discrete values kα = n (n = 0, 1, 2, . . .) which defines the order n of the wave mode
[4][9]. The modes n are independent and can be analysed separately.

λcirc = e−inLcir c .dir ./R (19)

Using the same material described in previous sections and SOLID45 properties, the disperision
curves are calculated for thin curved shell-like structures. The radii of curvature are in figure
description. The two radii towards directions a and c are equal to 1.5m. The dispersion curves
obtained in both cases of singly and doubly curved panel are then compared.

It is possible to see how the behaviour of the curved panel is completely different from the one
of the flat plate only before the ring frequency is reached. The it behaves asymptotically as the flat
one.

The cut-on frequency of the first wave changes from about 500 Hz to 600 Hz. This change
shows the effect of the geometry parameters on the longitudinal propagation characteristics [15].
It is also observed that the flexural wavenumber for the doubly curved panel below the transition
frequency is greater that the one of the singly curved panel, as in the case of Chronopoulos [15].

Laminated Panel The dispersion curves of a laminated panel are calculated through a WFE
approach. In this case a first agreement with analic wavenumbers has been obtained. Then,
increasing frequency, new wavenumbers appear, which can not be extracted with CLPT (Classical
Laminate Plate Theory). A comparison is here presented for a layup lamination as described below.
The analytical model used is the one described in [6]
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Figure 4 Dispersion curves of the singly and doubly curved panel; R = 1.5 m; n = 0; WFEM results sc = (.b),
dc = (.m), Analytic (-) Fexural (b), Shear (r) and Longitudinal (g) waves for flat panel

Figure 5 WFEM results with SOLID45 (om) compared with analitic dispersion curves. Analytic (-) Fexural
(b), Shear (r) and Longitudinal (g) waves

Ex Ey Gxy νxy Layup

125 GPa 12.5 GPa 6.89 GPa 0.38 [0, 90,+45,−45, 0]sym

It is possible to see how in Fig.5, which is calculated using a solid cell, new wavemodes arise at
a certain frequency, around 300 KHz, which can not be computed using classic CLPT.

This is caused by the wavelength, at that frequency, becoming close to the thickness of the plate.
The plate indeed becomes thick and new waveforms arise when the frequency limit is reached and
overtaken.

4.2 Forced Response: Stiffened Cylinder Bay

In the case of the stiffened cylinder bay the approach followed is similar. In this case much attention
had to be focused on node numbering in order to avoid numerical issues.

The number of chosen consecutive substructures is 35, with forces applied on two consecutive
nodes; one on the skin and the other in correspondence of a stiffener. The same base geometry as in
the previous cylinder, was used for this case.
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Figure 6 Finite Element model of the whole stiffened cylinder bay

Figure 7 Mobility amplitude of a node for the stiffened cylinder bay - VX

A strong reduction of the problem size, in therms of DoF is achieved, passing from 8988 to 516
degrees of freedom.

The results are in good agreement with FEM ones, whose model can be seen in Fig.6

4.3 Forced Response: Fuselage Bay Model

In the following case a doubly stiffened cylinder bay, as in the case of a simple fuselage bay, will be
investigated. Frames and stiffeners will be used to recreate the fuselage. The skins will be modelled
using the composite material used for dispersion curves in previous chapter, while the frames and
the stiffeners are in aluminium.

A 7.2m long Fuselage-like structure, with a 4m diameter, is analysed. Stiffeners are modelled
using beam properties and frames and skins with shell ones. Of course the latter ones are of different
material and thickness: laminated graphite-epoxy for the skins and aluminium for the frames.

The problem size reduces to 480DoF instead of 24226, with a reduction of 98%.

Figure 8 Finite Element model of the Fuselage Substructure and whole structure
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Figure 9 Mobility amplitude of a node, in the case of inner point load - VY

The theoretic approach used is the one presented at the end of previous section, with simply-
supported boundary conditions at the end.

The Wave model provides an overall accurate response. Again the reduced computational
cost allowed to drastically reduce the problem size in therms of degrees of freedom to deal with.
Working on the same machine and the same software there is no doubt the WFEM would allow a
sensible time saving.

5 Conclusions and Future Works
The present work has shown many aspect concerning the use of the wave methodology for the
response computation of period structures, through the use of substructures, thus forcing a 1D
periodicity.

Two different approaches have been presented for computing the forced response of 2D
waveguides, whose assemble represents a repetitive substructure of the whole periodic structure.
The first one, dealing with the condensed dynamic stiffness matrix, proved to be the most controllable
one, which is a very appreciated quality. The method, anyway, has some limits, especially in
excitation localization.

The other approach presented suffers more numerical issues and requires a proper selection of
the waves in computing the response. However it has not the same limits as the first one and can
deal with loads applied on inner points.

The results show a good agreement with numerical classic-FEM and analytic one, for the case
of dispersion curves, except for damping, whose modelling and relation with dissipative classic
models, requires deeper research. The drastic reduction of DoF is evident, even more when the
number of repetitive substructures is high and the cell itself is modelled in order to get the lowest
number of DoF at the boundaries.

Numerical issues too, can be managed through a problem reformulation for well conditioning.
Most of times, numerical problems arising after the eigenvalue problem are caused by a wrong
waves selection, which must be chosen with a criteria slightly different in each case.

Despite a more complicated approach and tricky numerical issues, the advantages provided
by the present approach, especially in mid-frequency, are far superior and justify all the research
moving in this direction.

Dealing with 2D periodicity, thus using a single cells instead of a substructure, is an actual
challenge which could enable a total breakthrough in dynamic analysis of structures, especially for
vibro-acoustic response.
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Abstract. A wave-based numerical approach is proposed for modeling periodic structures

with cyclic symmetry. Wave modes which travel around the circumferential direction of those

structures are calculated with the wave finite element method. Emphasis is placed on building

the matrices of dynamic flexibility modes of the periodic structures by considering unit forces

which are successively applied to the degrees of freedom of their boundaries. As it turns out,

the matrices of dynamic flexibility modes may be quickly computed, leading the way to efficient

domain decomposition techniques to analyze assemblies made up of several periodic structures.

484



J.-M. Mencik

1 INTRODUCTION

Periodic structures with cyclic symmetry are mechanical components which are frequently

encountered in the aeronautic industry in the design of turbines. The finite element (FE) method

[1] and the theory of cyclic symmetry [2] are well known approaches for modeling those sys-

tems. However, both suffer from limitations, which concern: (i) the numerical cost involved

when assembling and inverting large-sized sparse matrices in an FE model; (ii) the lack of ac-

curacy due to the fact that the coupling effects between the harmonic modes of two connected

periodic structures are not taken into account in the theory of cyclic symmetry. The present

paper aims at proposing an alternative approach which circumvents those issues.

In this paper, a wave-based numerical approach is proposed for computing the matrices of

dynamic flexibility modes of periodic structures with cyclic symmetry. The strategy consists

in analyzing the dynamic response of a structure when unit forces are successively applied

to the boundary degrees of freedom (DOFs), e.g., those located on the inner circumferential

boundary. Such an analysis may be quickly achieved using the wave finite element (WFE)

method by considering the wave modes which travel around the circumferential direction of the

structure. The matrices of dynamic flexibility modes of several periodic structures provide an

efficient means to undertake domain decomposition analysis.

The WFE method is nothing else but a transfer matrix method which, once combined with the

Bloch theorem, provides wave modes which propagate along periodic structures, i.e., structures

composed of identical substructures along a straight or circumferential direction (see [3, 4, 5, 6,

7, 8, 9, 10, 11]). The WFE method has been further used to describe the dynamic response of

periodic structures. The strategy consists in expanding the vectors of displacements and forces

of a structure on a vector basis of wave modes, and using periodicity assumption to derive small

matrix systems which can be solved efficiently (see [12, 13, 14, 15, 16, 17]).

One main limitation of the WFE method, however, is that the excitations are supposed to

be confined to the structure ends. The present work aims at tackling this problem within the

specific scope of periodic structures with cyclic symmetry whose circumferential boundaries

are subject to excitations. This leads the way to the analysis of assemblies made up of several

periodic structures which may be thus connected around their circumferential boundaries.

The rest of the paper is organized as follows. The FE modeling of a periodic structure with

cyclic symmetry is presented in Section 2.1. The WFE method is presented in Sections 2.2 and

2.3 with a view to computing the wave modes and assessing the forced response of the struc-

ture. The derivation of the matrix of dynamic flexibility modes is carried out in Section 2.4.

The domain decomposition technique which uses the concept of matrices of dynamic flexibility

modes of several periodic structures is proposed in Section 2.5. Numerical experiments are

finally brought in Section 3, which concern the study of one single periodic structure as well as

the study of an assembly made up of two periodic structures with different periodicity patterns.

Also, comparisons with the FE method and the theory of cyclic symmetry are carried out.

2 THEORY

2.1 Problem description

The FE mesh of a periodic structure with cyclic symmetry, composed of identical substruc-

tures, is shown in Figure 1. Denote as D = −ω2M + (1 + iη)K the dynamic stiffness matrix

of a substructure, with ω the angular frequency, M the mass matrix, K the stiffness matrix, η
the loss factor and i the unit imaginary number. As it turns out, the dynamic equilibrium matrix
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equation of the substructure is given by:

[
DΓΓ DΓI

DIΓ DII

] [
qΓ

qI

]
=

[
FΓ

FI

]
, (1)

where q and F are vectors of nodal displacements and nodal forces, respectively, while sub-

scripts Γ and I refer to interface DOFs and internal DOFs, respectively (see Figure 1).

Figure 1: Periodic structure with one substructure excited by a unit force applied to one boundary DOF (the

boundary of the substructure is here considered as being the bottom side).

Consider a substructure which is excited by a unit force on one of its boundary DOFs — say,

DOF i — as shown in Figure 1. The boundary DOFs of the substructure are to be understood

like those where coupling with other structural components may occur. Here, the vector of

boundary forces of the substructure is defined as

FB = [0 · · · 0 1
︸︷︷︸

i

0 · · · 0]T . (2)

Notice that the boundary DOFs may represent subparts of the interface and internal DOFs, as

shown in Figure 1. Thus, by considering the vector of boundary forces FB, Eq. (1) may be

rewritten as follows: [
DΓΓ DΓI

DIΓ DII

] [
qΓ

qI

]
=

[
FΓ + LΓBFB

LIBFB

]
, (3)

where LΓB and LIB are Boolean localization matrices, and FΓ is the vector of coupling forces

between substructures. By condensing the dynamic equilibrium equation (3) of the excited

substructure w.r.t. the interface DOFs, this yields:

D∗qΓ = FΓ + (LΓB −DΓID
−1
II LIB)FB, (4)

where D∗ = DΓΓ−DΓID
−1
II DIΓ is the condensed dynamic stiffness matrix of the substructure.

Notice that, for a non-excited substructure (FB = 0), Eq. (4) gives:

D∗qΓ = FΓ. (5)

Eq. (5) is the starting point of the WFE method which will be developed hereafter.
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2.2 WFE method

Consider a periodic structure with a rotational periodicity of 2∆θ as shown in Figure 2,

and denote as (k) (k = 1, 2, . . .) the coupling interfaces between the substructures. Also, as-

sume that the substructures are free of excitation sources other than coupling forces between

substructures.

Figure 2: FE mesh of a periodic structure with a rotational periodicity of 2∆θ (left), and FE mesh of a substructure

(right).

Consider a substructure which is enclosed between two interfaces (k) and (k + 1) as shown

in Figure 2, and denote as Γ− and Γ+ the parts of the boundary of the substructure which match

the interfaces (k) and (k + 1), respectively. Also, assume that Γ− and Γ+ are meshed in the

same way with the same number n of DOFs. In this case, the matrix D∗ and the vectors qΓ and

FΓ occurring in Eq. (5) may be expressed as:

D∗ =

[
D∗

Γ
−
Γ
−

D∗
Γ
−
Γ+

D∗
Γ+Γ

−

D∗
Γ+Γ+

]
, qΓ =

[
q
(k)
Γ
−

q
(k+1)
Γ+

]
, FΓ =

[
F

(k)
Γ
−

F
(k+1)
Γ+

]
, (6)

where D∗
Γ
−
Γ
−

, D∗
Γ
−
Γ+

, D∗
Γ+Γ

−

and D∗
Γ+Γ+

are square matrices of same size n × n. Also, q
(k)
Γ
−

,

q
(k+1)
Γ+

, F
(k)
Γ
−

and F
(k+1)
Γ+

are vectors of same size n× 1.

Eq. (5) is usually expressed in cartesian coordinates. However, within the framework of

rotational periodicity, it has to be expressed in cylindrical coordinates, as follows:

D̂∗q̂Γ = F̂Γ, (7)

where

D̂∗ = HD∗HT , q̂Γ = HqΓ , F̂Γ = HFΓ, (8)

H =

[
(In/3 ⊗ T−∆θ) 0

0 (In/3 ⊗ T∆θ)

]
. (9)

Here, T∆θ and T−∆θ are two 3 × 3 orthogonal transformation matrices to link the unit vectors

in cylindrical coordinates — say, (er, eθ, ez) — to the unit vectors in cartesian coordinates

(ex, ey, ez) when θ = ∆θ and θ = −∆θ, respectively. Here, assumption is made that each node

of the FE mesh of the substructure is modeled with 3 DOFs, and that the axis θ = 0 corresponds
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to the mid-plane (say, (y, z)) of the substructure. Also, in Eq. (9), ⊗ denotes the Kronecker

product and n/3 is the number of nodes on each interface Γ+ or Γ−.

Eq. (7) may be rewritten in state vector form, as follows [18]:

[
q̂
(k+1)
Γ+

F̂
(k+1)
Γ+

]
= Ŝ

[
q̂
(k)
Γ
−

−F̂
(k)
Γ
−

]
= Ŝ

[
q̂
(k)
Γ+

F̂
(k)
Γ+

]
, (10)

where Ŝ is a 2n× 2n symplectic matrix [18, 19], given by

Ŝ =

[
−D̂∗−1

Γ
−
Γ+
D̂∗

Γ
−
Γ
−

−D̂∗−1
Γ
−
Γ+

D̂∗
Γ+Γ

−

− D̂∗
Γ+Γ+

D̂∗−1
Γ
−
Γ+
D̂∗

Γ
−
Γ
−

−D̂∗
Γ+Γ+

D̂∗−1
Γ
−
Γ+

]
. (11)

To derive the last term in Eq. (10), the coupling conditions between two substructures have

been considered, i.e., q̂
(k)
Γ
−

= q̂
(k)
Γ+

and −F̂
(k)
Γ
−

= F̂
(k)
Γ+

[20].

The transfer matrix between the substructures is given by Ŝ, see Eq. (10). Its eigenvalues

and eigenvectors are denoted as µj and φj , respectively, and are referred to as the wave modes

of the periodic structure. The eigenvalues µj have the meaning of wave parameters defined so

that µj = exp(−iβj2∆θ) where βj are circumferential wave numbers. Also, the eigenvectors

φj denote vectors of wave shapes, which can be further partitioned as φj = [φT
qj φ

T
Fj]

T , where

φqj and φFj are n× 1 vectors of displacement and force components.

Since the matrix Ŝ is symplectic, its eigenvalues come in pairs as µj and 1/µj . Also, since

damping is taken into account in the modeling of the substructures, one has |µj| 6= 1. As a

rule of thumb, the eigensolutions of the matrix Ŝ may be classified into n positive-going wave

modes (µj,φj) — i.e., those traveling around the positive circumferential direction — defined

so that |µj| < 1, and n negative-going wave modes (µ⋆
j ,φ

⋆
j) defined so that µ⋆

j = 1/µj , i.e.

|µ⋆
j | > 1.

2.3 Forced response

Consider a periodic structure with cyclic symmetry composed of N substructures (see Figure

1), and N interfaces (k), with one excited substructure and other N − 1 non-excited substruc-

tures. Assume, for the sake of clarity, that the excited substructure is enclosed between the

interfaces (N) and (1), and let us rewrite Eq. (4) in cylindrical coordinates, as follows:

D̂∗

[
q̂
(N)
Γ
−

q̂
(1)
Γ+

]
=

[
F̂

(N)
Γ
−

F̂
(1)
Γ+

]
+H(LΓB −DΓID

−1
II LIB)FB. (12)

Within the WFE framework, the vectors q̂
(1)
Γ
−

, q̂
(N)
Γ+

, F̂
(1)
Γ
−

and F̂
(N)
Γ+

in Eq. (12) are to be expressed

in terms of wave modes as follows [20]:

q̂
(N)
Γ
−

= Φqµ
N−1Q+Φ⋆

qQ
⋆ , q̂

(1)
Γ+

= ΦqQ+Φ⋆
qµ

N−1Q⋆, (13)

−F̂
(N)
Γ
−

= ΦFµ
N−1Q+Φ⋆

FQ
⋆ , F̂

(1)
Γ+

= ΦFQ+Φ⋆
Fµ

N−1Q⋆, (14)

where Φq = [φq1 · · ·φqn], Φ
⋆
q = [φ⋆

q1 · · ·φ
⋆
qn], ΦF = [φF1 · · ·φFn] and Φ⋆

F = [φ⋆
F1 · · ·φ

⋆
Fn] are

n × n matrices of wave shapes. Also, µ = diag{µj}j is the n × n diagonal matrix of the
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eigenvalues of Ŝ that concern the positive-going wave modes, i.e., those for which |µj| < 1.

Finally, Q = Q(1) and Q⋆ = Q⋆(N) are n × 1 vectors of wave amplitudes, expressed at the

“right” and “left” sides of the excited substructure, see Figure 3.

Figure 3: Vectors of wave amplitudes Q(1), Q⋆(1), Q(N) and Q⋆(N) at the coupling interfaces of the excited

substructure.

Eq. (12) leads to

D̂∗

[
Φqµ

N−1 Φ⋆
q

Φq Φ⋆
qµ

N−1

] [
Q

Q⋆

]
=

[
−ΦFµ

N−1 −Φ⋆
F

ΦF Φ⋆
Fµ

N−1

] [
Q

Q⋆

]
+H(LΓB −DΓID

−1
II LIB)FB.

(15)

Eq. (15) may be further simplified to give:

(D̂∗Ψq −ΨF)

[
0 In − µN

In − µN 0

] [
Q

Q⋆

]
= H(LΓB −DΓID

−1
II LIB)FB, (16)

where

Ψq =

[
Φ⋆

q 0

0 Φq

]
, ΨF =

[
−Φ⋆

F 0

0 ΦF

]
. (17)

To derive Eq. (16), the following properties of wave modes, which result from the eigenproblem

(10), have been considered:

D̂∗

[
Φq

Φqµ

]
=

[
−ΦF

ΦFµ

]
, D̂∗

[
Φ⋆

qµ

Φ⋆
q

]
=

[
−Φ⋆

Fµ

Φ⋆
F

]
. (18)

Solving Eq. (16) yields the vectors of wave amplitudes Q and Q⋆, i.e.:
[
Q

Q⋆

]
=

[
0 (In − µN)−1

(In − µN)−1 0

]
(D̂∗Ψq −ΨF)

−1H(LΓB −DΓID
−1
II LIB)FB. (19)

The determination of the vectors of nodal displacements and nodal forces on the coupling inter-

faces, between the substructures, follows as:

q̂
(k)
Γ+

= q̂
(k)
Γ
−

= Φqµ
k−1Q+Φ⋆

qµ
N−kQ⋆, (20)

F̂
(k)
Γ+

= −F̂
(k)
Γ
−

= ΦFµ
k−1Q+Φ⋆

Fµ
N−kQ⋆. (21)
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2.4 Dynamic flexibility modes

Recall that the periodic structure under concern is made up of N substructures with one

excited substructure — i.e., the one enclosed between the interfaces (N) and (1) (see Figure

3) —, the other being free of external excitations. The displacement vector of a non-excited

substructure enclosed between two interfaces (k) and (k+1) (k = 1, · · · , N − 1), expressed in

its local cartesian frame, is given by:

[
qΓ

qI

]
=

[
I2n

−D−1
II DIΓ

]
qΓ =

[
I2n

−D−1
II DIΓ

] [
q
(k)
Γ
−

q
(k+1)
Γ+

]
. (22)

In this case, the displacement vector for the internal DOFs is given by qI = −D−1
II DIΓqΓ, as a

consequence of Eq. (1) when FI = 0. From Eqs. (8) and (20), Eq. (22) leads to

[
qΓ

qI

]
=

[
I2n

−D−1
II DIΓ

]
HT

[
Φqµ

k−1 Φ⋆
qµ

N−k

Φqµ
k Φ⋆

qµ
N−k−1

] [
Q

Q⋆

]
. (23)

In the same way as Eq. (23), the displacement vector of the excited substructure, for the inter-

face and internal DOFs, may be expressed as:

[
qΓ

qI

]
=

[
I2n

−D−1
II DIΓ

]
HT

[
Φqµ

N−1 Φ⋆
q

Φq Φ⋆
qµ

N−1

] [
Q

Q⋆

]
+

[
0

D−1
II LIB

]
FB. (24)

Let us define as q(k) the displacement vector that concerns the interface DOFs on Γ− and the

internal DOFs of a substructure enclosed between two arbitrary interfaces (k) and (k + 1)
(k = 1, · · · , N , with (N + 1) = (1)), as follows:

q(k) =

[
q
(k)
Γ
−

q
(k)
I

]
. (25)

q(k) is simply obtained either from Eq. (23) or Eq. (24) by removing the second row block

which is related to the interface DOFs on Γ+. The size of the vector q(k) is (n + nI) × 1,

where n is the number of DOFs on Γ− and nI is the number of internal DOFs. In this way,

by considering all the displacement vectors q(k) of the substructures, the whole displacement

vector of the periodic structure may be simply built.

Notice that the displacement vectors q(k) of the substructures are to be expressed in the global

cartesian coordinate system of the periodic structure. As a whole, the displacement vector of

the periodic structure may be built as follows:

q =
N∑

k=1

L(k)T (I(n+nI)/3 ⊗Rk
2∆θ)q

(k) =




(I(n+nI)/3 ⊗R2∆θ)q
(1)

(I(n+nI)/3 ⊗R2
2∆θ)q

(2)

...

(I(n+nI)/3 ⊗RN
2∆θ)q

(N)


 , (26)

where L(k) are Boolean localization matrices and R2∆θ is a rotation matrix defined so that

RN
2∆θ = I3.

For each state of excitation i for which one boundary DOF i of a substructure is excited by a

unit force (see Figure 3), there corresponds a so-called dynamic flexibility mode qi = χi which
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is given by Eq. (26). In fact, there are as many dynamic flexibility modes as the number of

boundary DOFs of the structure. To determine all the dynamic flexibility modes of the whole

periodic structure, all the states of excitations of an excited substructure should be analyzed, but

not only since all the substructures have to be scanned as well.

Assume, as was previously made, that the excited substructure is the one enclosed between

the interfaces (N) and (1). Hence, a matrix of dynamic flexibility modes may be formulated

which concerns the different states of excitations for the boundary DOFs of the substructure

(see Figure 4), as follows:

X(N) = [χ
(N)
1 χ

(N)
2 · · · ]. (27)

As a result, the displacement vector of the periodic structure which results from an arbitrary

vector of boundary forces F
(N)
B applied to the substructure enclosed between the interfaces (N)

and (1), is given by:

q = X(N)F
(N)
B . (28)

Figure 4: Illustration of the states of excitations which need to be considered for each substructure to determine

the dynamic flexibility modes of the periodic structure.

Concerning an excited substructure enclosed between two arbitrary interfaces (k) and (k +
1). The matrix of dynamic flexibility modes can be simply derived from X(N) through cyclic

permutation, as follows:

q → (InT/3 ⊗Rk
2∆θ)P

(k)q = (InT/3 ⊗Rk
2∆θ)




(I(n+nI)/3 ⊗RN−k+1
2∆θ )q(N−k+1)

...

(I(n+nI)/3 ⊗RN
2∆θ)q

(N)

(I(n+nI)/3 ⊗R2∆θ)q
(1)

...

(I(n+nI)/3 ⊗RN−k
2∆θ )q

(N−k)




, (29)

where nT is the number of DOFs of the whole periodic structure. Also, the vector of boundary

forces of the substructure should be expressed as follows:

F
(k)
B = (InB/3 ⊗Rk

2∆θ)
TF

(N)
B , (30)
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where nB is the number of boundary DOFs of each substructure with the exception of those on

Γ+. Eqs. (29) and (30) yield the following matrix of dynamic flexibility modes:

X(k) = (InT/3 ⊗Rk
2∆θ)P

(k)X(N)(InB/3 ⊗Rk
2∆θ). (31)

Hence, the matrix of dynamic flexibility modes of the whole periodic structure may be written

as:

X = [X(1)X(2) · · ·X(N)]. (32)

2.5 Domain decomposition

Consider, for the sake of simplicity, two periodic structures 1 and 2 which are connected

to each other as shown in Figure 5. Also, assume that the FE meshes of the structures are

compatible across the coupling interface, i.e., regarding the boundary DOFs where the structures

are coupled together.

Figure 5: FE meshes of two periodic structures which are connected to each other and which are subject to external

forces on their boundaries.

Denote as λ the vector of coupling forces and denote as FB1 and FB2 the vectors of external

forces which may be considered on the boundaries of the periodic structures 1 and 2, respec-

tively. Hence, the vectors of boundary forces may be defined as FB1 + LT
B1λ and FB2 − LT

B2λ

(Figure 5) where LB1 and LB2 are Boolean matrices which localize the coupling DOFs among

the boundary DOFs of the periodic structures 1 and 2, respectively.

By considering the matrices of dynamic flexibility modes of the periodic structures — namely,

X1 and X2 —, the displacement vectors of the periodic structures — namely, q1 and q2 — may

be expressed as follows:

q1 = X1(FB1 + LT
B1λ) , q2 = X2(FB2 − LT

B2λ). (33)

On the other hand, the kinematic constraints on the coupling interface are given by:

L1q1 − L2q2 = 0, (34)

where L1 and L2 are Boolean matrices to localize the coupling DOFs among all the DOFs of

the structures 1 and 2, respectively. Eqs. (33) and (34) lead to the following matrix equation:


I 0 −X1L

T
B1

0 I X2L
T
B2

L1 −L2 0





q1

q2

λ


 =



X1FB1

X2FB2

0


 . (35)
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Solving Eq. (35) yields:

λ = −(L1X1L
T
B1 + L2X2L

T
B2)

−1(L1X1FB1 − L2X2FB2). (36)

The displacement vectors of the periodic structures follow from Eq. (33), i.e.:

q1 = X1(FB1 + LT
B1λ) , q2 = X2(FB2 − LT

B2λ). (37)

The analysis of assemblies made up of three of more periodic structures can be achieved through

simple adaptations of the proposed strategy.

3 NUMERICAL RESULTS

3.1 Single periodic structure

Consider first a single periodic structure as shown in Figure 6, with N = 36 substructures.

Each substructure is meshed using four node tetrahedral elements, with three translational DOFs

per node, leading to 3786 DOFs and n = 84 DOFs on each substructure interface (either Γ+ or

Γ−). The boundary DOFs of the periodic structure, i.e., where external excitations may occur,

are those located on the inner circumferential surface (see Figure 6). The boundary DOFs which

are considered to model the substructures (see Section 2.4) are highlighted in red spots in Figure

6.

The material properties of the periodic structure are: density of 7800 kg/m3, Young’s modu-

lus of 2.1 × 1011 Pa, Poisson’s ratio of 0.3 and loss factor of 5 × 10−3. The periodic structure

is excited by means of four pairs of point forces acting along the circumferential direction, at

θ = 0o, θ = 90o, θ = 180o and θ = 270o on the inner circumferential boundary as shown in

Figure 6.

Here, the magnitude of the transverse displacement (x−direction) of a given substructure

is analyzed at one measurement point as shown in Figure 6. Hence, the frequency response

function (FRF) of the periodic structure is analyzed which is done by considering a frequency

band of [0 Hz , 2500 Hz], say, by considering a sample of 500 discrete frequencies which are

equally spaced with a frequency step of 5 Hz.

3.1.1 Comparison with the FE method

The FRFs of the periodic structure which are issued from the FE method and the proposed

approach are shown in Figure 7. Both FRFs have been calculated using MATLAB R© and the

same processor (Intel R© CoreTM i7-3720QM). Notice that the condensed dynamic stiffness ma-

trices of the substructures (see after Eq. (4)) have been considered when implementing the

proposed approach and the FE method. Recall that the condensed dynamic stiffness matrices of

the substructures are identical, i.e., only one condensed dynamic stiffness matrix of a substruc-

ture needs to be computed.

Regarding Figure 7, it is seen that the solution issued from the proposed approach is in

perfect agreement with the FE method. In fact, the mean relative error between the two FRFs

may be assessed as < |qmesWFE − qmesFE |/|qmesFE | >f , where qmes is the measured displacement and

< • >f represents the average over the frequency domain. Here, it is about 7 × 10−6%, say,

very small.
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Figure 6: Periodic structure with 36 substructures (left), and FE mesh of a substructure (right); (red spots) boundary

DOFs of the substructures.

In terms of CPU times, it appears that the FE method works better than the proposed ap-

proach, i.e., 3300 s against 4800 s to compute the FRF. The apparent efficiency of the FE method

lies in the fact that a moderate number of substructures, i.e., N = 36, have been considered to

model the periodic structure. In this case, the computational cost involved for assembling those

36 substructures, with the FE method, is not excessive. The computational burden of the FE

method is likely to increase as soon as the number of substructures increases, as well as the

number of periodic structures involved (see next subsection).
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Figure 7: FRF of the periodic structure with 36 substructures: (black solid line) FE method; (pink dots) proposed

approach.

3.1.2 Comparison with the theory of cyclic symmetry

Also, the theory of cyclic symmetry is considered. It involves considering a discrete Fourier

transform [2] of the dynamic stiffness matrix of the periodic structure, and reducing it accord-

ingly to obtain a set of small uncoupled matrix systems (see [2, 21] for further details). The FRF

issued from the theory of cyclic symmetry is displayed in Figure 8 along with the FE solution. It

is seen that the two solutions perfectly match to each other. In this case, the mean relative error,
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say < |qmesCYC − qmesFE |/|qmesFE | >f , is about 13× 10−6%, i.e., it is of the same order as the proposed

approach. The CPU times involved in the theory of cyclic symmetry is about 2200 s, i.e., it is

small compared to the proposed approach. Here again, the efficiency of the proposed approach

is questionable. Keep in mind, however, that the theory of cyclic symmetry may suffer from a

lack of accuracy for modeling assemblies made up of several periodic structures, as explained

in Introduction (Section 1). This is not the case with the proposed approach which is a priori

exact, as explained in the next subsection.
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Figure 8: FRF of the periodic structure with 36 substructures: (black solid line) FE method; (blue dots) theory of

cyclic symmetry.

3.2 Two periodic structures

Consider now the case where the previous periodic structure is coupled on part of its bound-

ary with a second periodic structure with 60 substructures as shown in Figure 9. The material

properties of the second periodic structure are similar to those of the previous one. Concerning

this second periodic structure, 1746 DOFs and 117 DOFs are respectively used to mesh each

substructure and each interface. The two periodic structures are coupled on twelve nodes which

are periodically distributed around their inner circumferential surfaces as shown in Figure 9 in

red dashed lines, where the continuity of the displacements about the x, y and z directions is

assumed.

3.2.1 Comparison with the FE method

The FRFs of the structural assembly are shown in Figure 10. Again, the accuracy of the pro-

posed approach can be highlighted without any ambiguity, the mean relative error between the

two FRFs being 0.4%. Also, in this case, the computational efficiency of the proposed method

is better than the FE method, i.e., 7700 s against 15, 500 s to compute the FRF of the whole

structure. This means 50% time saving in benefit of the proposed approach. The computational

burden of the FE method is mainly due to the computation of the dynamic stiffness matrix of the

whole structure, which requires one to (i) build the dynamic stiffness matrices of the periodic

structures, separately, from the condensed dynamic stiffness matrices of the substructures, and
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Figure 9: Assembly made up of two periodic structures with 36 and 60 substructures, respectively (left), and FE

mesh of a substructure composing the periodic structure with 60 substructures (right).

(ii) assemble these by considering the displacement compatibility conditions at the coupling

nodes. In comparison, the proposed approach involves building matrices of dynamic flexibility

modes, which is quickly done by considering the periodic nature of the structures; notice that

this task is almost insensitive to the number of substructures considered. Also, the matrices of

dynamic flexibility modes are rectangular matrices whose column size is not excessive, i.e., the

construction of the matrix system (35) can be quickly achieved.
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Figure 10: FRF of the assembly made up of a periodic structure with 36 substructures and a periodic structure with

60 substructures : (black solid line) FE method; (pink dots) proposed approach.

3.2.2 Comparison with the theory of cyclic symmetry

Again, the theory of cyclic symmetry may be considered. Its application to the study of

coupled structures is not so straightforward however, and requires the assumption that the cou-

pling effects between the so-called harmonic modes of the periodic structures are not taken into

account (see [2, 22] for further details). The related FRF is shown in Figure 11 along with the

FE solution. It is seen that the theory of cyclic symmetry suffers from a lack of accuracy above
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1000 Hz. In fact, the mean relative error is 12.6% which appears to be 30 times greater than

the proposed approach. The computational cost of the theory of cyclic symmetry still remains

interesting even compared to the proposed approach, i.e., 3600 s. However, the theory of cyclic

symmetry is much less efficient than the proposed approach. As it turns out, the potentiality of

the theory of cyclic symmetry to tackle more complex problems, i.e., assemblies made up of

several periodic structures, is jeopardized, i.e., large errors are expected when calculating the

dynamic response of such systems. This is not the case with the proposed approach which is a

priori exact. Indeed, the full wave mode basis of each periodic structure, which is issued from

the WFE method, is taken into account to build the matrix of dynamic flexibility modes. In other

words, no assumption regarding (wave mode) basis reduction is made when implementing the

proposed approach. The considered wave bases, for the two periodic structures, are complete

in the sense that they exactly describe their displacement and force vectors.
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Figure 11: FRF of the assembly made up of a periodic structure with 36 substructures and a periodic structure with

60 substructures : (black solid line) FE method; (blue dots) theory of cyclic symmetry.

4 CONCLUSIONS

A wave-based numerical approach has been proposed for modeling periodic structures with

cyclic symmetry, and assemblies made up of those structures. In the present framework, the

WFE method has been considered to compute the wave modes of periodic structures with cyclic

symmetry. The wave modes constitute an efficient means to build the matrices of dynamic

flexibility modes of the structures. The modeling of assemblies made up of several periodic

structures involves considering a matrix problem of small size whose resolution can be quickly

achieved. Numerical experiments have been proposed which clearly highlight the potentiality

of the proposed approach to handle complex systems made up of several periodic structures, but

also, other structural components which are not necessarily periodic.
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Abstract. The free wave characteristics, i.e. propagation constants and free waves, character-
ize the dynamic behaviour of periodic structures. For this reason, they may therefore provide a
viable alternative to modal characteristics for finite element model updating. The sensitivities
of the free wave characteristics to model parameters are required when using a gradient-based
optimization algorithm for model updating. This paper investigates the sensitivity of the free
wave characteristics to the model parameters. In this paper, an analytical expression of the sen-
sitivities is derived and verified by comparison to results obtained by finite differences in a case
study. The resulting sensitivities are compared to those of the modal characteristics to check
their use in finite element model updating. In the case considered, the sensitivities of free wave
characteristics are higher than those of the corresponding modal characteristics, indicating
that free wave characteristics may be an alternative for model updating.
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1 INTRODUCTION

Modal characteristics, i.e. natural frequencies and mode shapes, are generally used as the
data features in vibration-based updating of finite element models of civil engineering struc-
tures [1]. In the model updating process, unknown or poorly known parameters are determined
by minimizing a least-squares cost function. The minimization problem is usually solved by
a gradient-based optimization algorithm, requiring the sensitivities of the modal characteristics
to the updating parameters. These sensitivities are also used in damage detection and optimal
sensor placement for parameter estimation [2].

For periodic structures, the free wave characteristics, i.e. propagation constants and free
waves, can be used as an alternative to represent the dynamic behaviour of the structure [3].
Therefore it might be possible to use free wave characteristics, instead of modal characteristics,
as data features in model updating of periodic structures.

This paper investigates the sensitivity of the free wave characteristics to model parameters.
The free wave characteristics are calculated from the solution of an eigenvalue problem. The
derivatives of eigenvalues and eigenvectors have been extensively studied [4, 5, 6]. An ana-
lytical expression of the sensitivities is derived following Nelson’s method [5, 6], which is an
adjoint method. The expressions are verified by comparison to results obtained by finite differ-
ences in a case study considering an infinite periodic frame structure. The resulting sensitivities
are compared to those of the modal characteristics to check their use in finite element model
updating.

2 FREE WAVE CHARACTERISTICS

Figure 1a shows an example of a repetitive frame structure, consisting of identical repetitive
units shown in figure 1b. The unit contains the internal DOFs (Ω) and the interface DOFs (ΓL,
ΓR) which are coupled with the adjacent units. The free wave characteristics can be calculated
by analyzing a single unit [3].

x

y
z

Ω

ΓL

ΓR

(a) (b)

Figure 1: (a) An infinite repetitive frame structure, (b) a repetitive unit.

The equation of motion of one unit in the frequency domain is:



F̂L

0
F̂R


 =



DLL DLi DLR

DiL Dii DiR

DRL DRi DRR





ûL

ûi

ûR


 (1)

whereD is the dynamic stiffness matrix,̂F is the force acting on the unit andu is the displace-
ment. Subscripts i, L and R represent DOFs atΩ, ΓL andΓR respectively.̂FL andF̂R are forces
transferred at the interfaces. For the calculation of the free wave characteristics, there are no
external forces acting on the internal DOFsΩ.
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The equation of motion can be written in a reduced form by considering the DOFs atΓL and
ΓR only:

[
F̂L

F̂R

]
=

[
DLL DLR

DRL DRR

] [
ûL

ûR

]
(2)

where
DLL = DLL −DLiD

−1
ii DiL (3a)

DLR = DLR −DLiD
−1
ii DiR (3b)

DRL = DRL −DRiD
−1
ii DiL (3c)

DRR = DRR −DRiD
−1
ii DiR (3d)

The propagation constants and free wave vectors are obtain by solving the following eigen-
value problem:

[DLRe
2µ + (DLL + DRR)e

µ + DRL]{ûL} = 0 (4)

nc pairs of free waves are obtained withnc the number of the coupling DOFs. Each pair
contains one positive going free wave (ψpk) and one identical but negative going free wave
(ψnk), characterized by a negative (µpk) and a positive propagation constant (µnk = −µpk),
respectively. The subscriptsp andn represents positive going and negative going free waves,
andk denotes thekth pair of free waves.

3 SENSITIVITIES OF THE FREE WAVE CHARACTERISTICS

Following the method of Nelson [5, 6], the first derivatives of the eigenvalues and eigen-
vectors are calculated. For simplification, the eigenvalue problem in equation (4) is written as:

[Aλ2 +Bλ+C]ψ = 0 (5)

whereA = DLR, B = DLL + DRR, C = DRL andλ = eµ.
The first derivatives of the eigenvalues and eigenvectors are calculated for the non-self-

adjoint case [6], which is briefly introduced as follows. Thekth positive going free wave (λpk,
ψpk) is used to demonstrate the procedure.

For thekth left (φpk) and right (ψpk) eigenvector, the eigenvalue problems are written as:

[Aλ2
pk +Bλpk +C]ψpk = 0 (6a)

φT
pk[Aλ2

pk +Bλpk +C] = 0 (6b)

The eigenvectors are normalized following equations (7a) and (7b):

φT
pk(2λpkA+B)ψpk = 1 (7a)

{φpk}j = {ψpk}j (7b)

where the subscriptj denotes thejth element in the eigenvector,j is preferably chosen as the
location where both the left and the right eigenvector have a large magnitude. Equation (8) also
holds:

{
∂ψpk

∂θ
}j = {

∂φpk

∂θ
}j (8)
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By differentiating equation (6a) with respect to the model parameterθ, the following equa-
tion is obtained:

(λ2
pk

∂A

∂θ
+ λpk

∂B

∂θ
+

∂C

∂θ
)ψpk + (2λpkA+B)ψpk

∂λpk

∂θ
+ (λ2

pkA+ λpkB+C)
∂ψpk

∂θ
= 0 (9)

Premultiplied byφT
pk, equation (9) becomes:

φT
pk(λ

2
pk

∂A

∂θ
+λpk

∂B

∂θ
+
∂C

∂θ
)ψpk+φ

T
pk(2λpkA+B)ψpk

∂λpk

∂θ
+φT

pk(λ
2
pkA+λpkB+C)

∂ψpk

∂θ
= 0

(10)
where the third term is equal to 0 andφT

pk(2λpkA+B)ψpk in the second term is equal to 1 due
to the normalization.

The first derivative of the eigenvalue is calculated from equation (10):

∂λpk

∂θ
= −φT

pk(λ
2
pk

∂A

∂θ
+ λpk

∂B

∂θ
+

∂C

∂θ
)ψpk (11)

The calculation requires the sensitivities of matricesA, B andC:

∂A

∂θ
=

∂DLR

∂θ
−

∂DLi

∂θ
D−1

ii DiR +DLiD
−1
ii

∂Dii

∂θ
D−1

ii DiR −DLiD
−1
ii

∂DiR

∂θ
(12)

∂B

∂θ
=

∂DLL

∂θ
−

∂DLi

∂θ
D−1

ii DiL +DLiD
−1
ii

∂Dii

∂θ
D−1

ii DiL −DLiD
−1
ii

∂DiL

∂θ

+
∂DRR

∂θ
−

∂DRi

∂θ
D−1

ii DiR +DRiD
−1
ii

∂Dii

∂θ
D−1

ii DiR −DRiD
−1
ii

∂DiR

∂θ
(13)

∂C

∂θ
=

∂DRL

∂θ
−

∂DRi

∂θ
D−1

ii DiL +DRiD
−1
ii

∂Dii

∂θ
D−1

ii DiL −DRiD
−1
ii

∂DiL

∂θ
(14)

The first derivative of the eigenvectors are calculated as the sum of the particular and the
homogeneous solution:

∂ψpk

∂θ
= xpk + cpkψpk (15a)

∂φpk

∂θ
= ypk + dpkφpk (15b)

wherexpk, ypk, cpk anddpk are to be determined.xpk is calculated from equation (16) by
substituting equation (15a) into equation (9) and making thelth element inxpk equal to 0. l
is preferably taken as the location whereψpk has the largest magnitude.ypk is calculated in a
similar way.

(λ2
pkA+ λpkB+C)xpk = −(λ2

pk

∂A

∂θ
+ λpk

∂B

∂θ
+

∂C

∂θ
)ψpk − (2λpkA+B)ψpk

∂λpk

∂θ
(16)

By differentiating equation (7a), equation (17) is obtained.

φT
pk(2λpkA+B)

∂ψpk

∂θ
+

∂φT
pk

∂θ
(2λpkA+B)ψpk + φ

T
pk(2A

∂λpk

∂θ
+ 2λpk

∂A

∂θ
+

∂B

∂θ
)ψpk = 0

(17)
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An equation forcpk and dpk are obtained by substituting equations (15a) and (15b) into
equation (17):

cpk+dpk = −φT
pk(2λpkA+B)xpk−yT

pk(2λpkA+B)ψpk−φ
T
pk(2A

∂λpk

∂θ
+2λpk

∂A

∂θ
+
∂B

∂θ
)ψpk

(18)
Another equation forcpk and dpk are obtained by substituting thejth element in equa-

tion (15a) and equation (15b) into equations (7b) and (8):

(cpk − dpk){ψpk}j = {ypk}j − {xpk}j (19)

cpk anddpk are calculated from these two equations.
Introducingxpk, ypk, cpk anddpk in equations (15a) and (15b), the derivatives of the eigen-

vectors can be calculated.

4 APPLICATION

The modal characteristics are calculated for the repetitive frame structure with 6 bays (fig-
ure 2a). The structure consists of concrete slabs, beams and columns. The floor of one bay has a
dimension of5 m× 5 m and a thickness of0.15 m. The beams and columns have a rectangular
section of0.2 m × 0.5 m and0.35 m × 0.35 m, respectively. The story height is 3 m. The
concrete has a elastic modulus ofE = 35 × 109 N/m2 and a density ofρ = 2500 kg/m3.
The structure is analyzed using StaBIL, a finite element toolbox in MATLAB developed by the
Structural Mechanics Section of KU Leuven [7]. The finite element mesh is shown in figure 2b.
The modes in the frequency range of14.0 Hz - 15.3 Hz are plotted in figure 3. In this frequency
range, clustered vertical bending modes with closely spaced natural frequencies and similar
wavelengths occur [8].

The free wave characteristics in the infinite frame structure are calculated from the repetitive
unit shown in figure 1b at15.15 Hz, which is the8th natural frequency of the 6-bay structure.
The sensitivities of the free waves at this frequency will be compared to those of the8th mode.

In the absence of damping, there are three pairs of non-decaying waves at this frequency,
while the other waves are decaying. Figure 4a-4c illustrates the three positive going non-
decaying waves for a finite part of the infinite structure, including a longitudinal wave, a lateral
bending wave and a vertical bending wave. As an example, three of the positive going decaying
waves are shown in figure 4d-4f, including one vertical bending wave, one lateral bending wave
and one local floor bending wave.

x

y
z

x

y
z

Ω

ΓL

ΓR

(a) (b)

Figure 2: (a) The 6-bay repetitive frame structure, (b) the mesh of one unit.
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(a) mode 4, 14.13 Hz (b) mode 5, 14.24 Hz (c) mode 6, 14.52 Hz
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(d) mode 7, 14.87 Hz (e) mode 8, 15.15 Hz (f) mode 9, 15.23 Hz

Figure 3: The modes in the frequency range of 14.0 Hz - 15.3 Hz.

(a)µp1 = −0.1227i (b) µp2 = −0.6243i (c) µp3 = −1.8097i

(d) µp4 = −0.4523 + 3.1416i (e)µp5 = 0.5730 (f) µp6 = −2.0203 + 3.1416i

Figure 4: The free waves at 15.15 Hz.

The model parameterθ is taken as a scale factor for the elastic modulusE for the slab
(Eslab = θE). The sensitivities of the free waves at15.15 Hz to the parameterθ are calculated
based on the analytical expressions and compared with those obtained using finite difference
method. The sensitivities of the propagation constants and those of the free wave vectors are
shown in table 1 and figure 5, respectively. The analytical expressions and the finite differ-
ence method give nearly identical results. From table 1, it is found that the sensitivities of the
propagation constants for free wave 3 and free wave 4 are larger than those for the other free
waves.

Wave 1 Wave 2 Wave 3 Wave 4 Wave 5 Wave 6

µp −0.1227i −0.6243i −1.8097i −0.4523 + πi 0.5730 −2.0203 + πi

∂µp

∂θ
(analytical) 0.0499i 0.1085i 7.8967i −11.5718 0.0681 −0.2008

∂µp

∂θ
(finite difference) 0.0499i 0.1085i 7.8967i −11.5718 0.0681 −0.2008

Table 1: The sensitivities of the propagation constants at 15.15 Hz.
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(a)
∂ψp1

∂θ
(b)

∂ψp2

∂θ
(c)

∂ψp3

∂θ

(d)
∂ψp4

∂θ
(e)

∂ψp5

∂θ
(f)

∂ψp6

∂θ
Figure 5: The sensitivities of the free waves at 15.15 Hz obtained from the analytical expressions (red) and the
finite difference method (green).

In order to have a physical understanding of how sensitive a free wave is to the parameterθ,
the changes in the free wave characteristics are studied for a small perturbation onθ. With a
small perturbation onθ, the changes in the propagation constants and the free wave vectors are
approximately written as:

∆µpk ≈
∂µpk

∂θ
∆θ (20a)

∆ψpk ≈
∂ψpk

∂θ
∆θ (20b)

The changes of the free waves are plotted in figure 6 and compared to the free waves for a
perturbation∆θ = 0.1, corresponding to a 10% increase in the elastic modulus of the slab. The
same scale is used for the changes (∆ψpk) and the corresponding free waves (ψpk). It can be
seen that free wave 3 and free wave 4 are much more sensitive toθ than the other free waves.
The changes in the propagation constants of free wave 3 and free wave 4 are also larger than
those of the other free waves. The elastic modulus of the slabs has a larger influence on these
two free waves as they involve vertical bending of the floor.

(a)∆ψp1 (∆µp1 = 0.0050i) (b)∆ψp2 (∆µp2 = 0.0109i) (c) ∆ψp3 (∆µp3 = 0.7897i)

(d)∆ψp4 (∆µp4 = 1.1572) (e)∆ψp5 (∆µp5 = 0.0068) (f) ∆ψp6 (∆µp6 = 0.0201)

Figure 6: The changes (red) in the corresponding free waves (blue) at 15.15 Hz with∆θ = 0.1.
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The vertical bending mode shape at15.15 Hz and the changes in this mode shape with
∆θ = 0.1 are plotted in figure 7. The change in the8th natural frequency is∆f = 0.4 Hz
relative tof = 15.15 Hz. Compared to the3rd and4th free wave, which also involve vertical
bending of the floor, the mode shape is less sensitive to the parameterθ.

Figure 7: The changes (red) in the corresponding mode shape (blue) at 15.15 Hz with∆θ = 0.1.

5 CONCLUSIONS

The analytical expressions of the sensitivities of the free wave characteristics are derived. In
the case of the frame structure considered, the free wave characteristics are found to be more
sensitive than the modal characteristics. This suggests that the free wave characteristics may be
a viable alternative to the modal characteristics for finite element model updating.
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Abstract. The paper is concerned with application of the Floquet theory for analysis of wave 

propagation in periodic in polar coordinates elastic structures. Although analysis of the peri-

odicity effects in structures periodic in Cartesian coordinates is a well-established research 

subject, much less attention has been paid so far to vibroisolation in a membrane or a plate 

loaded by a point force or by a force distributed on the circle. The cancellation of the energy 

transfer in such a case may be achieved by employing periodicity of circular strips co-centric 

with the circle, where the driving force is applied. The paper addresses the similarities and 

differences in performance of infinite and finite structures periodic in Cartesian and polar 

coordinates.
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1 INTRODUCTION 

The periodicity effects are well-known and understood for a waveguide in Cartesian coor-

dinates regardless its dimension. The underlying theory customarily referred to as the Floquet 

theory (or the Floquet theorem) relies on the translational invariance of the problem formula-

tion for an infinite periodic structure.  

In practice it is also of interest to consider periodic structures in other coordinate systems. 

Specifically, a compact source of vibrations (e.g., an operating pump) may be installed at a 

relatively large and flexible plate (e.g., a ship’s deck). To avoid transmission of the structure-

borne sound, a sequence of co-centric circular strips with alternating properties may be de-

ployed with the point, where a pump is mounted, as the centre. It is natural to use polar coor-

dinates to describe the wave propagation in such a structure. It is also plausible to expect that 

the destructive interference of transmitted and reflected waves produces the stop band effect 

as is known for a ‘chessboard’-type periodic structure. Obviously, in the far-field zone, this 

effect must asymptotically match the predictions obtained for Cartesian coordinates.  Howev-

er, the applicability of ‘straightforward’ periodicity conditions in the near-field, i.e., in the rel-

ative vicinity of the origin of the polar coordinates needs verification.  This verification 

constitutes the main research goal of this article. The case-study is concerned with circularly 

periodic elastic membrane. The location of pass and stop bands is compared with the power 

flow analysis for an infinite membrane with a periodic insert and with the distribution of ei-

genfrequencies of finite structures composed of several periodicity cells.        

2 ANALYSIS OF THE AXISYMMETRIC WAVE IN A CIRCULARLY PERIODIC 

MEMBRANE 

In a one-dimensional case, the Helmholtz equation, which describes time-harmonic plane 

wave propagation in an acoustic duct, or in an elastic string, or in an elastic rod, is the sim-

plest model to formulate the Floquet theory for periodic structure composed of continuous 

constituents. This equation converted to polar coordinates and specialized for the axisymmet-

ric case describes time harmonic propagation of the cylindrical wave of dilatation in an elastic 

layer under plane strain conditions, or in a membrane under constant uniform tension, and is 

perfectly suited for analysis of periodicity effects in this system of coordinates.  It should also 

be noted that the Helmholtz equation in the axisymmetric case describes propagation of the 

cylindrical wave of anti-plane shear deformation in an elastic layer. All results obtained in this 

Section for the axisymmetric wave in a circularly periodic membrane, therefore, are fully ap-

plicable for the other problems listed above. 

2.1 The power flow in an infinite periodic membrane with finite number of periodicity 

cells 

We consider a circularly periodic membrane shown on Figure 1: 

 
Figure 1: A circularly periodic elastic layer 
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Periodic membrane is considered in a way that allows to compare results with Cartesian 

coordinates case and as periodicity parameter equal radial length of pieces with respect to co-

ordinate r  is taken as shown on Fig.2 The “black” and “white” segments have different densi-

ties and lengths, but exposed to the same uniform tension. The following dimensionless 

parameters are used in this work: 

 2 2
1 1

1 1

; ;
l c

k l
l c

γ σ= = = Ω   (1) 

In any application, a finite number of periodicity cells may be deployed to reduce power 

flow. In order to obtain basic understanding of waveguide properties of circularly periodic 

membrane, it is expedient to consider a forcing problem for an infinite structure with a finite 

number of circular inserts.  Schematically, it can be illustrated as shown in Figure 2: 

 
Figure 2: Scheme for energy flow 

 

The convenient measure to characterize the effect of vibro-isolation is the insertion losses 

(IL), defined as  10

0

( ) 10log ( )nE
Il n

E
= , where 0E  is the power flow in an infinite uniform 

membrane, and 
n

E  is the power flow under same excitation conditions in the membrane with 

n  consequent equally spaced inserts, or periodicity cells.   

We begin with solving the forcing problem for a circularly periodic membrane. In Carte-

sian coordinates, the position of the excitation force may be chosen arbitrarily. In polar coor-

dinates, the distance from the origin of coordinates to the circle, where the excitation force is 

applied, is the independent parameter.  In Figure 2, it is designated as 0R  and it is scaled with 

the length of the segment 1.  

The energy flow (in order to obtain non-trivial power flow, the unit force is applied ax-

isymmetrically at 0 1r R= + )  throughout an arbitrary circular contour, co-centric with the 

loaded circle of the membrane, is found as: 

 *( ) 2 Re(( ( )) ( ))
2

E r r iu r u rπ
Ω

′= − − ⋅   (2) 

where *
u  is complex conjugated value of u .  

As in the case of the axial vibration, it is expedient to plot the frequency-dependence of the 

energy flow. By these means, the zones, where the energy propagation is strongly attenuated 

can be clearly seen. Also, as shown in [1] certain number of symmetrical cell are required in 

order to see stop-bands, where the attenuation level is sensitive to this number. For illustrative 

matters, here the 1/10 part of insertion loss is plotted (the Floquet zones for Cartesian coordi-

nates are taken from [2], Fig.2): 
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Figure 3: Insertion losses for five(red), ten(orange), fifteen(blue) twenty(green) periodicity cells compared to an 

axial Floquet zones. 

 

These results suggest that the periodicity-induced attenuation exists for the cylindrical 

waves and that the positions of pass and stop bands determined for a structure periodic in Car-

tesian coordinates match very accurately positions of the high IL frequency bands. It is also 

seen that the dependence of attenuation levels upon the amount of periodicity cells is virtually 

the same as for a periodic structure in Cartesian coordinates. These results are hardly surpris-

ing. The increase in amount of periodicity cells means that the distance from the origin of co-

ordinates to any added cell grows, and so the geometry of the polar system becomes very 

close to the Cartesian one. The same holds true then the amount of periodicity cells is kept 

constant, but the distance from the origin of coordinate system to the periodic insert grows.  

However, the ‘far-field’ analysis of wave propagation in periodic structures in polar coor-

dinates is not of much value both from the practical and from the theoretical points of view. 

Theoretically, the only point of interest is the convergence rate, while in any application the 

practical purpose is to reduce transmission of the vibro-acoustic energy as close to the source 

as possible.      

2.2 Floquet theory approximations 

The analysis of propagation of free waves in the structure shown in Fig.2 is relatively sim-

ple, because each of its components supports only one cylindrical wave, which propagates at 

any frequency. Therefore, various means, including the transfer matrix method, may be suc-

cessfully used. 

In order to derive the characteristic equation, we consider three adjacent components of a 

periodic layer located as shown in Fig.1 Since Bessel ( )Y r function contains singularity at 

point 0r =  , we consider any periodicity cell except for the one containing the origin of coor-

dinates. Therefore, the left boundary of the first component of a periodicity cell is shifted on a 

distance 0R  from the origin of coordinates, 0r =  .  

First, the interfacial conditions between adjacent components are formulated. They repre-

sent the continuity of displacements and balance of forces at the interface: 

 
1 0 2 0 2 0 3 0

1 0 2 0 2 0 3 0

(1 ) (1 ) ((1 ) ) ((1 ) )

(1 ) (1 ) ((1 ) ) ((1 ) )

u R u R u R u R

u R u R u R u R

γ γ

γ γ

+ = + + + = + +

′ ′ ′ ′+ = + + + = + +
  (3) 

In Cartesian coordinates, the Floquet theorem (with constΛ = ) is used for displacements, 

and this condition may certainly be formulated in polar coordinates: 

 1 0 3 0( ) ((1 ) )u R u Rγ= Λ + +   (4) 
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However, the parameter Λ  must in this case feature the dependence on the radial coordi-

nate 0( )RΛ = Λ .  Then differentiation of Eq.4 with respect to 0R  gives:   

 1 0 3 0 3 0( ) ((1 ) ) ((1 ) )u R u R u Rγ γ′ ′ ′= Λ + + + Λ + +   (5) 

In Cartesian coordinates, the condition 0′Λ =  holds true and equations Eq.3- Eq.5 are in-

variant to the magnitude of 0R  because the general solutions have the exponential form. Then 

the canonical formulation of periodicity conditions is recovered. 

In what follows, we explore several approximate formulations of the Floquet theory in po-

lar coordinates Equations Eq.3- Eq.5 represent system of six homogenous linear algebraic 

equations. In order to find non-trivial solution, the condition ( , ) 0D Λ Ω =  must be fulfilled, 

where  ( , )D Λ Ω  is the determinant of the system Eq.3-Eq.5. In this case Floquet polynomial 

has a structure: 

 2

1 0 0 0( , ) ( , ) ( , )D a R a RΛ Ω = Λ + Ω Λ + Ω   (6) 

Coefficients 0( , )
i

a R Ω  are cumbersome combinations of Bessel functions and, therefore, 

not presented here. It should be emphasized, that, even if Λ  is assumed to be constant, the 

end result still has dependence on 0R .  

Obviously, transformation from Cartesian to polar coordinates means that the cylindrical 

waves are considered instead of the plane ones. Therefore, the ‘natural’ decay of the cylindri-

cal wave in a homogeneous membrane needs to be accounted for.  In Cartesian coordinates 

for a homogeneous membrane (i.e., when 1σ = ) we obtain the periodicity parameter (system 

analogous to Eq.3- Eq.5 is used) in the simple form: 

 exp( (1 ))
cartesian

i γΛ = ± Ω +   (7) 

This formula gives the limit for the values of Λ  for a uniform membrane considered in po-

lar coordinates when 0R → ∞ . 

To assess Λ  for a uniform membrane in the far field, the single term approximation of a 

Bessel function of large argument may be used: 

 

2 1
( ) cos( ) ( )

2 4

2 1
( ) sin( ) ( )

2 4

m

m

m
Y z z O

z z

m
J z z O

z z

π π

π

π π

π

≈ − − +

≈ − − +

  (8) 

With approximation Eq.8 substituted into Eq.3- Eq.5 periodicity parameter for a homoge-

nous membrane in polar coordinates has a form: 

 0 0

0 0

2 2
exp( (1 ))

1 1

approx

polar cartesian

R R
i

R R

γ γ
γ

+ + + +
Λ = ± Ω + = Λ

+ +
  (9) 

Since Eq.9 is valid for both "all white" and "all black" homogenous membranes, it can be 

used in periodic membrane. This formula now features the dependence of  Λ  upon 0R , which 

is, however, approximate and tends to  the correct limit when 0R → ∞ .  

Periodicity conditions for such a membrane with Eq.9 can be rewritten now following the 

Cartesian pattern: 
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 0
1 0 3 0

0

1
( ) ((1 ) )cart

R
u R u R

R

γ
γ

+ +
= Λ + +   (10) 

Thus, after differentiation with respect to 0R , we obtain: 

 0 0
1 0 3 0 3 0

0 0

1 1
( ) ((1 ) ) ( ) ((1 ) )cart cart

R R
u R u R u R

R R

γ γ
γ γ

+ + + +
′ ′ ′= Λ + + + Λ + +   (11) 

Interfacial Eq.3 and periodicity Eq.10-Eq.11 conditions form a new system with the deter-

minant 
0

(1) ( , )RD Λ Ω , which is the second-order polynomial in cartΛ  . Solutions of the equation 

0

(1) ( , ) 0RD Λ Ω =  can now be plotted as shown in Figure 4: 

 

 
Figure 4: Approximation 

0

(1)

RD   of Floquet zones of a membrane for 0 0.1,0.15,0.2,1R =  

(red,green,brown,orange dashed)  

 

The approximation (1)D  predicts the spurious stop band at zero frequency, because the se-

ries Eq.8 are not applicable for Bessel functions of a small argument. This spurious stop band 

vanishes at 0 0.14349R > . The value 0 0.14349R ≈  is the first zero of discriminant of poly-

nomial 
0

(1) ( , )RD Λ Ω  in Λ , and it may be considered as the limit of applicability of the approx-

imation 
0

(1)

RD . 

Refined approximation can be written as: 

 
2

2

2 1 1
( ) (cos( ) sin( )) ( )

2 4 8 2 4

2 1 1
( ) (sin( ) ) cos( )) ( )

2 4 4 8 2 4

m

m

m m
Y z z z O

z z z

m m
J z z z O

z z z

π π π π

π

π π π π π

π

≈ − − − − − +

≈ − − − − − − +

  (12) 

Procedure of obtaining the periodicity coefficient for a homogenous membrane in this case 

is the same as before, and this coefficient acquires the form: 

 (2)

0 0 1 0( )exp( (1 ), ,) ( )(1 ) exp( (1 ))polar c R i c R iγ γ γΩ ΩΛ = Ω + + + Ω Ω +   (13) 

where: 
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00
0 0 3/2 2 2

0 0 0

3/20
0 2 2

0 0

1

3(1 ) 11
( )

(64 (1 ) 3)

1 8
( ) ( )

64
,

( ) 3

,

1

RR
c R

R R R

R
R

R
c

R

γ γγ

γ

γ

γ

+ + ++ +
= −

Ω + + −

+ +
=

Ω + +
Ω

−

Ω

  (14) 

The term 0 0( , ) exp( (1 ))c R i γΩ Ω +  should be treated as in previous case. For brevity, the 

term 1 0( )(1 ) exp( (1 ))c R iγ γ+ Ω Ω +   may be omitted as a higher-order one in the series expan-

sion with respect to Ω .  Then the periodicity conditions with Eq.4-Eq.5 are rewritten follow-

ing the pattern, described above as: 

 

1 0 0 3 0

0
1 0 0 3

0

0
0 0 3 0

0

( ) ( ) ((1 ) )

( )
( ) ( ) ((1 ) ) ((1 ) )

,

,
,

cart

cart cart

c

c
c

u R R u R

R
u R R u R u R

R

γ

γ γ

= Λ + +

∂
′ ′= Λ + +

Ω
+ Λ + +

∂

Ω

Ω
  (15) 

Interfacial Eq.3 and periodicity Eq.15 conditions give the determinant
0

(2) ( , )RD Λ Ω , which is 

again the second-order polynomial in cartΛ . Solutions of the equation 
0

(2) ( , ) 0RD Λ Ω =  can now 

be plotted as shown in Figure 5: 

 

 
Figure 5: Approximation 

0

(2)

RD  of Floquet zones of a membrane for 0 2,5,10R =  (red, green, brown, dashed) 

 

Although the authentic stop bands are found more accurately, introduction of an additional 

term in Bessel function approximation introduces singular points with respect to frequency Ω  

in the very low frequency range. These singularities do not have any physical meaning and, as 

the spurious stop band in the previous case, are present in the frequency range, where the se-

ries Eq.12 are invalid.  

That limits the range of applicability of approximations Eq.8 and Eq.12 in the low frequen-

cy region. Nevertheless, both approximations give same results as the frequency grows. 

Therefore, it is concluded, that further work on formulation of periodicity conditions in the 

near field should be done. 

2.3 Finite structures 

Every finite periodic structure can be considered as series of 'unit' symmetrical periodicity 

cells. Such a periodicity cell is shown in Figure 6: 
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Figure 6: Symmetrical periodicity cell 

 

In order to find eigenfrequencies interfacial conditions should be stated: 

 

1 0 2 0

1 0 2 0

2 0 3 0

2 0 3 0

(1 ) (1 )

(1 ) (1 )

(1 ) (1 )

(1 ) (1 )

u R u R

u R u R

u R u R

u R u R

γ γ

γ γ

+ = +

′ ′+ = +

+ + = + +

′ ′+ + = + +

  (16) 

The two types of boundary conditions are considered (see [1-2] for details): 

 
1 0

3 0

(1/ 2 ) 0

(3 / 2 ) 0

u R

u Rγ

+ =

+ + =
  (17) 

 
1 0

3 0

(1/ 2 ) 0

(3 / 2 ) 0

u R

u Rγ

′ + =

′ + + =
  (18) 

Equations Eq.16-Eq.17 defines eigenfrequency problem with “fixed” ends or A-type 

boundary conditions, equations Eq.16 and Eq.18 defines problem with “free” ends or B-type 

boundary conditions (the terminology for these conditions follows Mead [2]). Roots, obvious-

ly, can be found only numerically, since no inverse of the Bessel function exists.  

As proven in [1] for Cartesian coordinates, eigenfrequencies of symmetrical periodicity 

cell are placed on stop-band boundaries. With this formulation in polar coordinates, eigenfre-

quencies at the low-frequency range are slightly dependent on parameter 0R , therefore we can 

talk about this property only approximately: 

 
Figure 7: First eigenfrequency of single symmetric periodicity cells (red – eigenfrequencies of "fixed" problem, 

green – "free") and stop-band boundaries (blue) 

 

As in the axial case, all eigenfrequencies of a structure, which consists of more than one 

periodicity cell appears in pass bands. Similarly, all eigenfrequencies of a structure consisting 

of a given amount of periodicity cells are contained in the spectrum of a structure with larger 

amount of these cells. 

 

 
Figure 8: Eigenfrequency of structure with 5 symmetrical periodicity cells ( 0 10R = ) 
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It should be emphasized that these property are found for any periodic structure regardless 

a value of the parameter 0R . 

As seen, solutions of the membrane equation for structures, periodic in polar coordinates, 

have the properties, similar to the solutions in Cartesian coordinates. Furthermore, the Floquet 

theory with some adjustments can be used in polar coordinates. This constituted the on-going 

research work of the authors. 

 

3 CONCLUSIONS  

• The extension of the classical Floquet theory to the structures periodic in polar co-

ordinates is done for a representative example of propagation of axisymmetric cy-

lindrical waves in a periodic membrane. The frequency ranges, where power flow 

is suppressed, are identified and compared with their counterparts for the structure 

in Cartesian coordinates.  

• The alternative formulations of periodicity conditions for polar coordinates are used 

to assess location of pass- and stop-bands and the results are discussed.  

• The relation between eigenfrequencies of finite periodic structures and frequencies 

separating pass- and stop-bands known from classical Floquet theory is shown to be 

asymptotically valid in polar coordinates. 
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Abstract. Vibrations of a thin elastic beam-strip are studied. A beam is made of an anisotropic
material heterogeneous in the thickness direction. The 1D model of second-order accuracy is
delivered by using asymptotic expansions in powers of the relative beam thickness. A special
attention is paid to the slanted anisotropy with 6 elastic modules. A spectrum of bending vibra-
tions in the case of simply supported ends of a beam is constructed. Forced vibrations under
action of a harmonic and a random excitations are studied. In the last case, the root-mean-
square of deflections are found in dependence of a type of excitation.
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1 INTRODUCTION

In this work vibrations of a thin elastic beam (strip) made of an anisotropic material het-
erogeneous in the thickness direction are studied. The 1D model of second-order accuracy
is put forwards using asymptotic expansions in powers of the relative beam thickness. A lot
of investigations are devoted to obtaining approximate equations describing beams, plates and
shells deformations. For homogeneous isotropic material the well-known Kirchhoff–Love and
Timoshenko–Reissner models may be used. For anisotropic materials with a general anisotropy
(with 21 elastic modules) the additional difficulties arise [1, 2, 3, 4, 5]. The more exact equations
of second-order accuracy for beams and plates made of a transversely isotropic heterogeneous
(or multi-layered) material were constructed in [6, 7, 8, 9]. In the case of the general anisotropy
the construction of models of second-order accuracy is more difficult. In [10] such a model for
an infinite long-waved beam vibrations and waves was constructed.

In the present paper the same problem is solved for a beam with finite length and simply
supported edges. Forced harmonic and random vibrations are studied. The effects of general
anisotropy are discussed.

2 THE MAIN EQUATIONS AND ASSUMPTIONS

A linear plane dynamic problem for a multi-layered anisotropic beam-strip of constant thick-
ness h and length L is studied. A system of equations is as follows:

∂ σ11

∂x
+

∂ σ13

∂z
− ρ

∂2u

∂t2
+ f1(x, z, t) = 0,

∂ σ13

∂x
+

∂ σ33

∂z
− ρ

∂2w

∂t2
+ f3(x, z, t) = 0, (1)

where x, z are the Cartesian co-ordinates (0 ≤ x ≤ L, 0 ≤ z ≤ h), t is the time, σij are
the stresses, f1, f3 are the projections of the external body load intensity, u(x, z, t), w(x, z, t)
are the deflection projections on the x- and z-directions, respectively, ρ = ρ(z) is the material
density (Fig. 1).

h

L

x, u

z, w

0

Figure 1: A beam.

The planes z = 0 and z = h are free, that leads to the boundary conditions

σ13(x, z, t) = σ33(x, z, t) = 0, z = 0, h. (2)

In the case of general anisotropy, the elasticity relations read as

σ11 = E11ε11 +H1ε13 + E13ε33,

σ13 = H1ε11 +G13ε13 +H3ε33,

σ33 = E13ε11 +H3ε13 + E33ε33,

E =


E11 H1 E13

H1 G13 H3

E13 H3 E33

 , (3)

ε11 =
∂u

∂x
, ε13 =

∂u

∂z
+

∂w

∂x
, ε33 =

∂w

∂z
, (4)
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where εij are the strains.
Assume that the modules of elasticity in Eqs. (3) and the density ρ are independent of x, but

they may depend on z. Therefore, the multilayered beams and the beams made of functionally
graded material are not excluded from consideration. The matrix E is supposed to be positively
definite.

From Eqs. (3) we have

ε33 = c3σ33 − cνε11 − c1ε13,

ε13 = −chε11 + cgσ13 − c1σ33,

σ11 = c0ε11 + chσ13 + cνσ33,

(5)

where

c0 = E11 −
E2

13G13 − 2H1H3E13 +H2
1E33

∆1

=
∆

∆1

> 0, ∆1 = G13E33 −H2
3 > 0,

c3=
G13

∆1

, c1=
H3

∆1

, ch=
E33H1 − E13H3

∆1

, cν=
E13G13 −H1H3

∆1

, cg=
E33

∆1

,

(6)

and ∆ > 0 is the determinant of the matrix E.
The main unknowns in Eqs. (1), (3) are w, u, σ13, σ33. According to Eqs. (5) they satisfy the

system:

∂w

∂z
= −cν

∂u

∂x
− c1σ13 + c3σ33,

∂u

∂z
= −∂w

∂x
− ch

∂u

∂x
+ cgσ13 − c1σ33,

∂σ13

∂z
= −c0

∂2u

∂x2
− ch

∂σ13

∂x
− cν

∂σ33

∂x
+ ρ

∂2u

∂t2
− f1(x, z, t),

∂σ33

∂z
= −∂σ13

∂x
+ ρ

∂2w

∂t2
− f3(x, z, t).

(7)

We introduce the dimensionless variables (with the hat-sign):

{u,w, z} = h{û, ŵ, ẑ}, {σij, Eij, G13, Hi, c0} = E0{σ̂ij, Êij, Ĝ13, Ĥi, ĉ0},

x = Lx̂, {c1, c3, cg} =
1

E0

{ĉ1, ĉ3, ĉg}, ρ = ρ0ρ̂, t = T t̂, µ =
h

L
,

{f1, f3}=
E0

h
{f̂1, f̂3}, E0=

1

h

∫ h

0
c0(z)dz, ρ0=

1

h

∫ h

0
ρ(z)dz, T =

√
ρ0L

4

E0h2
.

(8)

Here, E0, ρ0 are the average values of the equivalent longitudinal stresses c0 and of material
density. The dimensionless time t̂ is introduced so that the minimal natural frequency is of the
order of unity, µ is the small thickness parameter. Further we omit the hat-sign.

In particular, for a beam made of an orthotropic material in the dimensionless notation we
get:

H1 = H3 = 0, c1 = ch = 0, c0 = E11 −
E2

13

E33

, cg =
1

G13

, cν =
E13

E33

, c3 =
1

E33

(9)
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and for an isotropic material:

c0 =
E

E0(1− ν2)
, cg =

2(1 + ν)E0

E
, cν =

ν

1− ν
, c3 =

E0(1− 2ν)(1 + ν)

E(1− ν)
, (10)

where E(z), ν(z) are, respectively, the Young modulus and the Poisson ratio.
If H1 ̸= 0 and/or H3 ̸= 0, we have the slanted anisotropy with c1 ̸= 0 and/or ch ̸= 0. In the

opposite case the material is orthotropic or isotropic.

In the dimensionless variables the boundary-value problem (7), (2) is written as:

∂w

∂z
= −µcν

∂u

∂x
− c1σ13 + c3σ33,

∂u

∂z
= −µ

∂w

∂x
− µch

∂u

∂x
+ cgσ13 − c1σ33,

∂σ13

∂z
= −µ2c0

∂2u

∂x2
− µch

∂σ13

∂x
− µcν

∂σ33

∂x
+ µ4ρ

∂2u

∂t2
− f1 ≡ Z1

∂σ33

∂z
= −µ

∂σ13

∂x
+ µ4ρ

∂2w

∂t2
− f3 ≡ Z2,

σ13(x, z, t) = σ33(x, z, t) = 0, z = 0, 1.

(11)

The right-hand sides of Eqs. (11) are small — this is why the asymptotic expansions to
construct the solution may be applied.

3 THE ASYMPTOTIC SOLUTION OF THE PROBLEM (11)

We assume that the plate is under action of the normal external pressure applied to the plane
z = 0. Then in Eqs. (11)

f1(x, z, t) = 0, f3(x, z, t) = F3(t)δ(z), (12)

where δ(z) is the Dirac delta function, and F3(t) is independent of x.
We assume that for low-frequency transversal vibrations the deflection w is of the order of

unity, and the differentiation in x and t does not change the orders of the unknown functions in
Eqs. (11). Then the orders of the unknown functions are as follows:

w = O(1), u = O(µ), σ13 = O(µ3), σ33 = O(µ4), (13)

with F3 = O(µ4).
We seek the solution of Eqs. (11) as a formal asymptotic series:

w(x, z, t, µ) = w(0)(x, z, t) + µw(1)(x, z, t) + µ2w(2)(x, z, t),

u(x, z, t, µ) = µ
(
u(0)(x, z, t) + µu(1)(x, z, t) + µ2u(2)(x, z, t)

)
,

σ13(x, z, t, µ) = µ3
(
σ
(0)
13 (x, z, t) + µσ

(1)
13 (x, z, t) + µ2σ

(2)
13 (x, z, t)

)
,

σ33(x, z, t, µ) = µ4
(
σ
(0)
33 (x, z, t) + µσ

(1)
33 (x, z, t) + µ2σ

(2)
33 (x, z, t)

)
.

(14)

Further we shall content ourselves only with the first three terms of these series.
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The integration in z of the two first equations (11) introduces arbitrary functions wn(x, t), un(x, t), n =
0, 1, 2, and equations for these functions follow from the compatibility conditions of the rest two
equations (11) and the boundary conditions σ13 = σ13 = 0 at z = 0, 1:

⟨Zk(z)⟩ = 0, k = 1, 2, ⟨Y ⟩ =
∫ 1

0
Y (z) dz, (15)

where ⟨Y ⟩ is the averaging operator in the thickness direction. In particular, the relations ⟨c0⟩ =
1 and ⟨ρ⟩ = 1 are valid.

For shortness, we introduce the integral operator I(X) =
∫ z
0 Xdz. For any functions X(z)

and Y (z), we have

⟨I(X)⟩ = ⟨X⟩ − ⟨zX⟩ , ⟨XI(Y )⟩+ ⟨Y I(X)⟩ = ⟨X⟩ ⟨Y ⟩ . (16)

The zero approximation. According to the first of equations (11) the function w(0)(x, z, t)
does not depend on z, w(0)(x, z, t) = w0(x, t). Then we find consequently

u(0) = u0(x, t) + z∗
∂w0

∂x
, z∗ = a− z, a = ⟨c0z⟩ , σ

(0)
13 = −I(c0z∗)

∂3w0

∂x3
, (17)

D
∂4w0

∂x4
= −∂2w0

∂t2
+ F3(t), D = ⟨I(c0z∗)⟩ =

⟨
c0z

2
∗

⟩
,

∂2u0

∂x2
= 0, (18)

σ
(0)
33 = I(I(c0z∗))

∂4w0

∂x4
+ I(ρ)

∂2w0

∂t2
− F3(t), (19)

where a is the neutral lower co-ordinate, D is the dimensionless bending stiffness, u0 is the
horizontal deflection of the neutral layer. Equation (18) may be obtained in the frames of the
Kirchhoff–Love Hypotheses with the corresponding value of the equivalent longitudinal stiff-
ness c0 (see (6)).

The zero and the second approximations coincide with those obtained in [7] - [9] for a trans-
versely isotropic plate, because at ch = c1 = 0 the both problems are described by the same
Eqs. (11).

For the slanted anisotropy in the first approximation again we have w(1) = w1(x, t), where
w1 are independent of z, and

u(1) = u1(x, t) + z∗
∂w1

∂x
− I(ch)

∂u0

∂x
− I(chz∗)

∂2w0

∂x2
. (20)

The arbitrary functions u1 and w1 may be found from the compatibility conditions (15); they
satisfy equations

∂2u1

∂x2
= U1

∂4w0

∂x4
=

U1

D

(
F3 −

∂2w0

∂t2

)
, U1 = ⟨c0I(chz∗) + chI(c0z∗)⟩ ,

D
∂4w1

∂x4
+

∂2w1

∂t2
= 0.

(21)

Thus, we find σ
(1)
13 and σ

(1)
33 . For the orthotropic beam U1 = 0, the first approximation identically

vanishing.
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In the second approximation

w(2) = w2 − I(cν)
∂u0

∂x
− I(cνz∗)

∂2w0

∂x2
,

u(2) = u2 + z∗
∂w2

∂x
− I(ch)

∂u1

∂x
− I(chz∗)

∂2w1

∂x2
+

(II(cνz∗) + I(chI(chz∗))− I(cgI(c0z∗)))
∂3w0

∂x3
.

(22)

As before, we find equations for the functions u2 and w2 from Eqs. (15):

∂2u2

∂x2
=

∂2u0

∂t2
− U1

D

∂2w1

∂t2
− U2

D

∂3w0

∂x∂t2
,

D
∂4w2

∂x4
= −∂2w2

∂t2
− W2

D

∂4w0

∂x2∂t2
+ (aρ − a)

∂3u0

∂t2∂x
, aρ = ⟨zρ⟩ .

(23)

According to the expansions (14) and Eqs. (18), (21) and (22) we get the equations of second-
order accuracy for the functions u(x, t) = µu0 +µ2u1 +µ3u2 and w(x, t) = w0 +µw1 +µ2w2:

∂2u

∂x2
= µ2∂

2u

∂t2
− µ2U1

D

∂2w

∂t2
− µ3U2

D

∂3w

∂x∂t2
+ µ2U1

D
F3, (24)

D
∂4w

∂x4
= −∂2w

∂t2
+ F3 − µ2W2

D

∂4w

∂x2∂t2
+ µ(aρ − a)

∂3u

∂t2∂x
. (25)

Here u(x, t) is the horizontal deflection of a point from the neutral line z = a, and w(x, t) is the
vertical deflection from the line z = 0.

In the zero approximation it is possible to study the longitudinal and bending vibrations
separately. In the first approximation (for slanted anisotropy with U1 ̸= 0) the longitudinal
vibrations depend on the bending ones. In the second approximation Eqs. (24) and (25) in the
general case are connected with each other. But for aρ = a Eq.(24) may be solved separately.
Here z = aρ is the co-ordinate of the beam center of gravity.

The coefficients U2 and W2 in Eqs. (24) and (25) are very complicated functions of beam
parameters, and are presented in [10]. For a homogeneous material, we get

D =
1

12
, a =

1

2
, U1 =

ch
6
, U2 =

c2h + cg − cν
24

, W2 = − 1

144
− 3cg − cν + c2h

360
. (26)

Calculations [10] show that Eqs. (24), (25) give a more exact result compared with the zero
and with the first approximations especially in the cases when the orders of elastic modules in
(3) differ from each other.

4 THE BOUNDARY CONDITIONS AND THE NATURAL FREQUENCIES

Let the boundary conditions

w(x, z) = 0, σ11(x, z) = 0 at all z ∈ [0, 1] and x = 0, 1 (27)

be given. Replacing the condition σ11 = 0 by the two conditions ⟨σ11⟩ = 0 and ⟨z∗σ11⟩ = 0 we
obtain the conditions

∂u

∂x
= 0, w = 0,

∂2w

∂x2
= 0 at x = 0, 1. (28)
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Dividing variables,

u(x, t) = u(x)eiωt, w(x, t) = w(x)eiωt, F3(t) = F 0
3 e

iωt, i =
√
−1 (29)

Equations (24), (25) read as:

d2u

dx2
+ µ2ω2u = µ2ω2b1w − µ3ω2b2

dw

dx
+ µ2b1F

0
3 , (30)

D
d4w

dx4
− ω2w = F 0

3 − µ2ω2b3
d2w

dx2
− µω2b4

du

dx
(31)

with

b1 =
U1

D
, b2 = −U2

D
, b3 = −W2

D
> 0, b4 = aρ − a.

Here the coefficients b1; b2, b3, and b4 describe the effects of slanted anisotropy, of non-classic
transversal (mainly, shear) deformations, and of the difference between the neutral layer and the
center of gravity position.

At F 0
3 = 0 equations (30), (31), and (28) describe the boundary-value problem for the lower

part of the free vibrations spectrum. With b4 = 0 Eq. (30) and (31) give the bending part of the
spectrum

w(x) = wn(x) = sinnπx, ω2
n =

D(nπ)4

1 + µ2(nπ)2b3
,

un(x) =
µ2ω2

nb1(sinnπx− vn(x))− µ3ω2
nb2nπ cosnπx

p2n − (nπ)2
, n = 1, 2, . . . ,

vn(x) = nπp−1
n (cos pnx(cot pn − (−1)n) + sin pnx), pn = µωn,

(32)

where vn(x) is the solution to the homogeneous equation (30). From Eq. (32) it follows that
the bending vibrations are accompanied by small longitudinal deflections u, and in the case of
slanted anisotropy (b1 ̸= 0) the order of u is larger. With b4 ̸= 0 the more complicated formulas
close to (32) have place.

If pn ≈ nπ the special consideration is necessary. In this case the “internal resonance”
appears at which the bending frequency is close to the longitudinal one. For small enough
numbers n (such that (µnπ)2(D − b3) < 1) the internal resonance does not appear.

5 THE FORCED HARMONIC AND RANDOM VIBRATIONS

The forced stable vibrations under tge action of the harmonic excitation F3(t) = F 0
3 e

iωt are
described by Eqs. (30), (31), and (28). The solution may be written as:

u(x, t, ω) = su(x, ω)e
iωt, w(x, t, ω) = sw(x, ω)e

iωt. (33)

The functions su(x, ω) and sw(x, ω) go off to infinity at ω → ωn where ωn are the natural
frequencies. To get finite amplitudes it is necessary to place constraints.

The simplest way consists in the replacing the elastic material by a visco-elastic one with the
complex modules. If we assume that all modules Ejk, G13, Hji in the matrix (3) are changed
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by (1+ iγ)Ejk, (1+ iγ)G13, (1+ iγ)Hj with the same small dimensionless coefficient γ, then
Eqs. (30), (31) read as:

(1 + iγ)
d2u

dx2
+ µ2ω2u = µ2ω2b1w − µ3ω2b2

dw

dx
+ µ2b1F

0
3 ,

(1 + iγ)D
d4w

dx4
− ω2w = F 0

3 − µ2ω2b3
d2w

dx2
− µω2b4

du

dx
.

(34)

Instead of Eqs. (33) we get the bounded solution

u(x, t, ω) = Re(su(x, ω)e
iωt), w(x, t, ω) = Re(sw(x, ω)e

iωt), (35)

where su and sw are solutions of Eqs. (34).

Let now F3(t) be the random stationary process with spectral density SF (ω). Then for a fixed
x the processes u(x, t), w(x, t) are also stationary with spectral densities

Su(x, ω) = |su(x, ω)|2SF (ω), Sw(x, ω) = |sw(x, ω)|2SF (ω) (36)

with the same su and sw. There are various characteristics of the processes u(x, t), w(x, t). For
example, the root-mean-squares

σ2
u(x) =

∫ ∞

−∞
Su(x, ω)dω, σ2

w(x) =
∫ ∞

−∞
Sw(x, ω)dω. (37)

6 NUMERICAL EXAMPLE

Consider a soft isotropic homogeneous material (matrix) uniformly reinforced by a system
of hard straight fibres, at angle α with the x-axis. After averaging we get a material with slanted
anisotropy (Fig. 2).

1

0
1

x

z
a

Figure 2: A reinforced beam.

For the elastic modules in (3) the following relations are valid [11]:

E11 =
E(1− δ)

1− ν2
+ Enδ cos

4 α, E13 =
Eν(1− δ)

1− ν2
+ Enδ sin

2 α cos2 α,

E33 =
E(1− δ)

1− ν2
+ Enδ sin

4 α, G13 =
E(1− δ)

2(1 + ν)
+ Enδ sin

2 α cos2 α,

H1 = Enδ sinα cos3 α, H3 = Enδ sin
2 α cosα,

(38)

where E and ν are, respectively, the Young modulus and the Poisson ratio of a matrix, En is the
Young modulus of fibers, δ is the part of volume occupied by fibers.

We accept the following dimensionless parameters:

ν = 0.3, En/E = 1000, δ = 0.1, ρ = 1, α = π/18, µ = 0.05, γ = 0.1. (39)
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The material is homogeneous, therefore b4 = 0, and from Eqs. (6), (8), (26) we find the coeffi-
cients in Eqs. (30), (31):

b1 = 9.95, b2 = −13.82, b3 = 1.24. (40)

Equation (32) gives the first bending frequencies

ω1 = 2.81, ω2 = 10.76, ω3 = 22.71, ω4 = 32.35, ω5 = 53.62, . . .

The even modes are not exited in the studied case when F3 does not depend on x.

6.338

0.5 1

6.332

u1

x

0.5

0.5

1

1 w1

x
0

0.5

-0.004

0.004

1

u1

x
0

a b c

Figure 3: Eigen-functions w1(x), u1(x), and u1(x) at b1 = 0.

Let us discuss the first eigen-functions (32). The function w1(x) is an ordinary sine (see Fig.
3(a) ). The function u1 is a solution of Eq. (30) at ω = ω1, w = sin πx and F 0

3 = 0. To satisfy
boundary conditions

du

dx
= 0 at x = 0, x = 1 (41)

it is necessary to add a solution v1(x) of the homogeneous equation d2u
dx2 + µ2ω2

1u = 0. As a
result we get the function (32) u1(x) which is large compared with w1(x) and almost constant
(see Fig. 3(b) ). If we put b1 = 0 (an orthotropic material) then u1(x) becomes very small (see
Fig. 3(c) ). Also the function u1(x) is small if one or two conditions (41) be replaced by u = 0.

The functions sw(x, ω) and su(x, ω) may be written in terms of the Fourier expansions:

sw(x, ω) =
∑

n=1,3,...

4 sinnπx

Dn5π4(ω2
n(1 + iγ)− ω2)

,

su(x, ω) =
∑

n=1,3,...

4 (µ2ω2
nb1(sinnπx− vn(x))− µ3ω2

nb2nπ cosnπx)

Dn5π4(ω2
n(1 + iγ)− ω2)((1 + iγ)p2n − (nπ)2)

.

(42)

Only the first terms of these series are essential because the second terms are 35 times smaller.
We consider a random stationary excitation F (t) with unit dispersion and spectral density

SF (ω) =
1

π

2α(α2 + β2)

(ω2 − α2 − β2)2 + 4α2ω2
, α = 0.2β. (43)

The function SF (ω) has a maximum at ω ≈ β. At β = 1 the function SF (ω) is shown in Fig.
4(a). In Fig. 4(b) and in Fig. 4(c) the root-mean-squares σu(β) and σw(β) of the deflections of
the point x = 1/2 calculated by Eqs. (36) and (37) are shown.

The functions σu(β) and σw(β) have a maximum at β close to ω1 = 2.81 namely a resonance
at random excitation also has place. As for the eigen-functions, the inequality σu(β) > σw(β)
is valid.
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1
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Figure 4: The spectral density of excitation SF (ω) at β = 1, and the root-mean-squares σu(β) and σw(β) of the
deflections of the point x = 1/2.

7 CONCLUSIONS

Vibrations of a thin elastic beam-strip made of an anisotropic material are studied. The 1D
model of second-order accuracy is delivered. A special attention is paid to the slanted anisotropy
with 6 elastic modules. The main peculiarity is that in the case of slanted anisotropy the beam
with simply supported edges has very large horizontal deflections at a vertical excitation.
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Abstract. Pipe installations are widely used in many industrial applications, particularly in 
oil, water, natural gas distribution and chemical industry. Although there are many different 
constructions according to the specific application, these pipes often consists of synthetic 
rubber which covers reinforced wires wound along helical lines around an inner synthetic 
rubber tube. Theoretical understanding of wave propagation in these pipes, and in particular 
dispersion curves and wave–modes, provides information about the dynamic behaviour and 
stress state of the structure, and it is essential in many applications such as transmission of 
structure–borne sound, statistical energy analysis, shock response, non-destructive-testing 
and structural-health-monitoring. In this paper wave characteristics in pipes with helical pat-
terns are studied. In particular wave propagation in cylindrical structural with helical ortho-
tropic characteristics are investigated and some interesting characteristics of wave 
propagating in these structure are showed and discussed. Two different approaches, the Wave 
Finite Element method and an analytical model of a thin helically orthotropic cylindrical 
shell, are used and results are compared. Both methods are very efficient in terms of compu-
tational cost, theoretical understanding of the wave characteristics and utilisation of the 
model for optimisation procedures, where the model is reconfigured for each new set of pa-
rameters. 
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1 INTRODUCTION 

Pipelines are essential parts in many engineering applications, particularly in oil, water, 
natural gas distribution and chemistry industry, they are also the main components of the hu-
man cardiovascular system. The simulation of  their dynamic behaviour and the diagnosis of 
their structural health conditions is thus of great importance for safety, economic, and envi-
ronmental reasons.  

The prediction and optimisation of the vibro-acoustic behaviour of such structures re-
quires good and low-cost numerical models. However, most of these pipe models shows ani-
sotropic properties and complicated construction, e.g. hard rubber reinforced pipes, and 
standard approaches are not able to grasp their dynamics. Standard analytical or numerical 
approaches in fact have limits in the mid and high frequency range, both in terms of computa-
tional cost and in terms of utilisation of the model for optimisation procedures, where the 
model have to be reconfigured for each new set of parameters. Moreover, most of the struc-
tural health monitoring techniques requires the knowledge and understanding of wave propa-
gating in such structures up to very high frequency.  

Wave propagation in helical waveguides has been a subject of interest since long time 
ago, e.g. [1], and many original and interesting studies and applications can be found in the 
literature. Due to difficulties in solving partial differential equations for helical structures, in 
recent years there has been an increased interest in numerical methods for the analysis of 
wave propagation in helical waveguides, in particular due to developments in structural health 
monitoring techniques. Dispersion curves in helical springs were obtained in [2] applying an 
asymptotic analysis and the dominant balance method. Natural frequencies in helical spring 
were calculated in [3] using a dynamic stiffness method, while vibrations were studied in [4] 
applying a pseudo-spectral method and in [5] using the Boundary Integral Method. Several 
numerical methods based on Finite Element discretization have been also proposed, each one 
showing some advantages or disadvantages with respect to the other. Vibrations of helical 
springs with non-uniform ends were studied in [6] using a hybrid Wave Finite Element meth-
od. In [7] a Semi Analytical Finite Element method, based on translational invariance of 
curved waveguides, was presented, while in [8] dispersion curves were obtained based on the 
Scaled Boundary Finite Element method.  

This paper describes the investigation of wave propagation characteristics in pipes with 
helical patterns. Wave characteristics are obtained by means of an analytical method and a 
Wave Finite Element (WFE) method. The latter is an extension of the WFE approach for 2D 
waveguides [9,10] to structures showing a helical pattern. In the first part of the paper the ap-
proaches are illustrated. The second part deals with a numerical example and the influence of 
the helical orthotropic is investigated. Properties of waves propagating in cylindrical helical 
structures are discussed, in particular concerning spinning waves.  

2 THE ANALYTICAL MODEL OF A THIN HELICALLY ORTHOTROPIC 
ELASTIC CYLINDRICAL SHELL AND THE SPINNING WAVES  

Wave propagation in elastic cylindrical shells has been studied in numerous publications. 
The vast majority of those are concerned with shells made of an isotropic material. Ortho-
tropic shells have been considered in much fewer publications and the principal directions of 
tensor of elastic constants are customarily taken as coinciding with the cylindrical system of 
coordinates. It has been shown that all qualitative features of dispersion curves known for iso-
tropic shells are preserved with some quantitative changes in magnitudes of cut-on frequen-
cies, which, obviously, become dependent upon the ratio of elastic moduli in principal 
directions.  
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The technology of manufacturing of elastic pipes (cylindrical shells) for some technical 
applications, however, is such that the principal directions of the tensor of elastic constants 
are turned at a certain angle φ  to the cylindrical system of coordinates. This angle is kept 
constant along the length of a pipe so that fibres in a ply are helically wounded at the cylindri-
cal surface. Often, an orthotropic cylindrical shell is made of many plies and the pitch angle 
for consecutive plies is switched to opposite. By these means, the principal directions of elas-
tic properties become aliened to the cylindrical coordinate system. In the cases, when an odd 
number of plies is used and this number is small, the pitch angle affects the waveguide prop-
erties of such a shell. 

The analytical model of a helically orthotropic cylindrical shell has been obtained in the 
framework of the general shell theory. It is a trivial task to formulate components of defor-
mation, forces and moments in principal directions of the tensor of elastic constants and trans-
form those to the cylindrical coordinates ( )θ,,rx . Then the forces and moments are 
substituted to equations of motion to yield the governing equations of wave motion in an infi-
nite cylindrical shell with helical orthotropy in the cylindrical coordinates ( )θ,,rx . These 
equations have been derived by means of the symbolic manipulator Mathematica. They are 
very cumbersome, and, therefore, not presented here. However, it has been checked analyti-
cally that setting 0φ =  gives conventional equations for the orthotropic shell, while setting 
elastic constant to those of an isotropic material gives canonical equations for an isotropic 
shell for any value of φ . The system of differential equations derived as just have been ex-
plained allows solution in the form  

 
( ) ( )
( ) ( )
( ) ( )

, exp

, exp

, exp

x

r

u x U ikx im

v x U ikx im

w x U ikx im
θ

θ θ

θ θ

θ θ

= +

= +

= +

  (1) 

Substitution of this equation into the governing equations and equating to zero the determi-
nant of the system of linear algebraic equations with respect to the amplitudes ( )rx UUU ,, θ   
yields the dispersion equation in the polynomial form. The polynomial is of the sixth order in 
the frequency parameter and of the eighth order in wavenumber. As soon as 0φ ≠  it contains 
both the even and the odd powers of a wavenumber, that suggests the difference between 
characteristics of waves traveling along the shell in opposite directions. It should also be not-
ed that the conventional solution ansatz, which describes waves travelling without rotation 
along the axis of an orthotropic shell, i.e., 

 
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

, exp cos

, exp sin

, exp cos

x

r

u x U ikx m

v x U ikx m

w x U ikx m
θ

θ θ

θ θ

θ θ

=

=

=

  (2) 

does not allow separation of trigonometric functions in the governing equations. This separa-
tion is recovered, when either the elastic parameters describe the isotropic shell, or 0φ = . 
Therefore, we conclude that standing in the circumferential direction waves cannot propagate 
in an orthotropic cylindrical shell with 0φ ≠ . The waveguide properties of the shell are dif-
ferent in positive and negative directions of its axis provided that rotation is the same.   
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It can also be seen that there is the symmetry with respect to this plane between the dispersion 
curves for φ  and φ− . This is readily explained by the simple observation that the waves trav-
elling in the positive direction of the x-axis and rotating clockwise are identical to the waves 
travelling in the negative direction of the x-axis and rotating anticlockwise. 

3 2D WAVE FINITE ELEMENT FORMULATION FOR STRUCTURES WITH 
HELICAL PATTERNS  

The WFE formulation for axisymmetric structures [10,11] can be applied to predict the wave 
characteristic of structures with helical geometry. As an example a helically reinforced pipe is 
considered as in Figure 2(a), but the approach presented here can be equally applied to any 
other curved panels with helical orthotropy. For this structure, an arbitrary periodic segment is 
a skew segment as shown in Figure 2(b,c), which forms a parallelogram in the (y,x) plane with 
one side parallel to the y-axis and another parallel to the direction x' at an angle φ  to the x di-
rection. The segment has arbitrary lengths Ly and Lx and subtends a small angle Lα . Here x 
corresponds to the circumferential direction while y and z correspond to the axial and radial 
directions in the local coordinates, φ  denotes the lay angle of the helix, R is the main radius 
while h is the pipe thickness. The curved segment in Figure 2(b) can be discretised using ei-
ther shell or solid elements and then the local coordinates are rotated through a transformation 
matrix as in standard FE procedures. As an example, Figure 2(d) shows a schematic represen-
tation of the FE model of the segment realised using 8-noded elements. 
 
 

 

 
 

Figure 2: (a) schematic representation of a pipe with a helical pattern; (b) small periodic 
shew segment of the pipe; (c,d) FE mesh with super-node numbering. 

 

a) b) 

c) d) 
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All the degrees of freedom (DOFs) of the FE model are then partitioned in a column 
vector 1 2 3 4 5 6     

TT T T T T T =  q q q q q q q as in Figure 2(d), where the superscript T denotes the trans-

pose and where  jq  is the vector of the nodal DOFs of all the element nodes through the 
thickness. A similar expression is used given for the nodal forces f . The FE governing equa-
tion of motion the segment of 2(d)  is 2ω − = K M q f . Typically the FE model is realsied 
using commercial FE packages and therefore the mass and stiffness matrices are obtained 
from commercial FE software.  

The structure is considered arbitrary periodic in the y and x' directions, therefore the 
propagation of a free wave can be obtained from the modified propagation constants 

 ' tan ;   ;x x x y x y y yk L k L k Lµ φ µ= + =   (3) 

where xk  and yk  are the projections of the wavenumber k  in the circumferential and axial 
directions. Equation (3) refers to the general case of curved panels so that xk  can in principle 
attain any value. However, if the geometry is cylindrical the phase change of a wave as it 
propagates around the circumference must be a multiple of 2π  and the propagation constants 
then become 

 ' tan ;   ;x x y x y y yn L R k L k Lµ φ µ= + =   (4) 

where 0,1,2,3...n =   is the circumferential mode order [2]. The nodal DOFs are then related 
by the periodicity conditions in matrix form to give 

 1 ' '

5 '

;   ;
T

x y x y
R R

x

λ λ λ λ
λ

   
= Λ Λ =   

   

q I I I I 0 0
q

q 0 0 0 0 I I
  (5) 

where ( ) ( )' 'exp ;   expx yx yi iλ λµ µ= =− − . In the absence of external excitation, equilibrium 
conditions of the segment can be rearranged in matrix form as  

 
1 1 1 1

1 ' '
1

5 '

0;   ;
T

x y x y
L L

x

λ λ λ λ
λ

− − − −

−

  
Λ = Λ =   

   

f I I I I 0 0

f 0 0 0 0 I I
  (6) 

Substituting Equations (5) and (6) into the equation of motion, the mass and stiffness matrices 
are then reduced as  

 ;    ;L R L R= Λ Λ = Λ ΛM M K K   (7) 

and the equations of free wave motion are therefore reduced to the WFE eigenvalue problem 

 ( ) ( ) 12
' '

5

, ,x y x yµ ω µµ µ− =
       

q
K M 0

q
  (8) 

The eigenproblem in Equation (8) involves the three parameters 'xµ , yµ  and ω  and it takes 
various forms as discussed in [1]. However, typically these can be recast as a linear eigenval-
ue problem, which has been found the more robust and computationally convenient formula-
tion. In this case the WFE eigenproblem reduces to a quadratic polynomial eigenvalue 
problem which is then linearised to a standard linear problem.  
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4 NUMERCAL RESULTS AND DISCUSSION 

In this section complex dispersion curves of a cylindrical structure having helical orthotropic 

material properties are showed and discussed. A pipe with thickness to mean radius 05.0=
R
h

 

and 3y

x

E
E

=  is considered. To apply the WFE approach, the FE model of a small periodic 

segment of the pipe of length 0.002x xL L= = mm is discretised using 5 solid elements; this 
model allows to obtain accurate results up to high frequency. The frequency here is normal-

ised with respect to ( )2
1

1
x

xy

E
R ρ υ

Ω =
 − 

 while the axial wavenumber is normalized 

with respect to the mean radius R.  
In Figure 3, the 3D dispersion diagrams obtained with the analytical solution as in 

Equation (1) are plotted, while Figure 4 shows the comparison between the complex disper-
sion curves of an orthotropic cylinder with  00φ =  and 030φ =  obtained using the WFE ap-
proach. First and second circumferential mode are shown in Figure 4 as an example. 
Comparison between the analytical and WFE numerical results has shown very good agree-
ment although some discrepancies at high frequency are due to the differences in the models: 
shell theory used for the analytical model and FE solid elements used for the WFE approach. 

 
 

 

Figure 3: 3D complex dispersion curves of an helical orthotropic cylinder: 30oφ =  black lines; 30oφ = −  
blue lines. 

 
Figures 3 and 4 show clearly that the helical orthotropy introduces non symmetry with respect 
to the plane ( )( )0,0Im =Ω=k  and that the waveguide properties of the shell are different in 
positive and negative directions of its axis, provided that rotation is the same. 
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Figure 4: Comparison between the complex dispersion curves of an orthotropic cylinder with helical and axial 
orthotropy. 030φ = : (a) n=1; (b) n=2; 00φ = : (c) n=1; (d) n=2. Real wavenumber: black thick line; imaginary  

wavenumber: blue thick line; complex wavenumbers: green line (real part) and magenta line (imaginary part).  
 
These considerations can be seen if the behavior of the curves in Figure 4(a) and 4(b), 

with 030φ = , are compared with those in Figure 4(c) and 4(d) for 0oφ = : waves propagating 
in the positive or negative directions have different wavenumber, phase velocity, and group 
velocity for the case  30oφ = , while they show the same characteristics when 0oφ = as typi-
cally expected. In particular, when 30oφ =  it can be seen that waves spinning clockwise have 
different properties from those spinning anti-clockwise. On the other hand, Figure 3 shows 
also that there is the symmetry with respect to the plane ( )( )0,0Im =Ω=k  between the dis-
persion curves for 30oφ =  and the dispersion curves for 30oφ = − . 

4 CONCLUSIONS 

In this work wave characteristics in cylindrical waveguides with helical patterns are stud-
ied. Dispersion diagrams for thin cylindrical helically orthotropic shell are obtained using an 
analytical approach and a WFE method. Comparison between the analytical and WFE numer-
ical results has shown very good agreement although at high frequency some discrepancies 
are due to shell theory used for the analytical model. Both methods are very efficient in terms 
of computational cost, theoretical understanding of the wave characteristics and utilisation of 

a) b) 

c) d) 
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the model for optimisation procedures, where the model is reconfigured for each new set of 
parameters. It is shown that the symmetry in location of dispersion curves for orthotropic 
shells is broken as soon as the angle between the principal directions of anisotropy and the 
cylindrical coordinates becomes non-zero. This results is of practical significance in view of 
possibilities to control power flow by tailoring the pitch angle of helical anisotropy. This issue 
is related to inspection of the mode shapes and to construction of Green's matrices. These 
tasks constitute the subjects of on-going work of the authors.  

REFERENCES  

[1] D. Pearson, Dynamic behaviour of helical springs. The Shock and Vibration Digest, 20, 
3-9, 1988.  

[2] S. Sorokin, Linear dynamics of elastic helical springs: Asymptotic analysis of wave 
propagation. Proceeding of the Royal Society A: Mathematical, Physical and Engineer-
ing Sciences, 465, 1513–1537, 2009. 

[3] J. Lee, D.J. Thompson, Dynamic stiffness formulation, free vibration and wave motion 
of helical springs. Journal of Sound and Vibration, 239, 297-320, 2001. 

[4] J. Lee, Free vibration analysis of cylindrical helical springs by the pseudospectral meth-
od. Journal of Sound and Vibration, 302, 185-196, 2007. 

[5] S. Sorokin, The Green's matrix and the boundary integral equations for analysis of time 
-harmonic dynamics of elastic helical springs. Journal of the Acoustical Society of 
America, 129, 1315-1323, 2011. 

[6] J. M. Renno, B. R. Mace, Vibration modelling of helical springs with non-uniform ends. 
Journal of Sound and Vibration, 331, 2809-2823, 2012. 

[7] F. Treyssede, Elastic waves in helical waveguides. Wave Motion, 45,  457–470, 2008.  
[8] Y. Liu, Q. Han, C. Li, H. Huang, Numerical investigation of dispersion relations for 

helical waveguides using the Scaled Boundary Finite Element method. Journal of 
Sound and Vibration, 333, 1991-2002, 2014. 

[9] B. R. Mace and E. Manconi, Modelling wave propagation in two-dimensional structures 
using finite element analysis. Journal of Sound and Vibration, 318, 884 - 902, 2008. 

[10] E. Manconi and B. R. Mace, Wave characterization of cylindrical and curved panels us-
ing a finite element method. Journal of the Acoustical Society of America, 125, 154-163, 
2009. 

[11] E. Manconi, B.R. Mace, R. Garziera, The loss-factor of pre-stressed laminated curved 
panels and cylinders using a wave and finite element method. Journal of Sound and Vi-
bration, 332, 1704-1711, 2013. 

536



COMPDYN 2017 
6th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, M. Fragiadakis (eds.) 

Rhodes Island, Greece, 15–17 June 2017 

EFFICIENCY OF NEARLY PERIODIC STRUCTURES FOR 
MITIGATION OF GROUND VIBRATION 

Lars V. Andersen1, Andrew Peplow2, and P. Bucinskas1 

1 Department of Civil Engineering, Aalborg University 
Thomas Manns Vej 23, DK-9220 Aalborg East, Denmark 

e-mail: {la,pbu}@civil.aau.dk 

2 Department of Natural Sciences and Public Health, CSSH, Zayed University  
P.O. Box 144534, Abu Dhabi, United Arabic Emirates 

Andrew.Peplow@zu.ac.ae 

Keywords: Wave propagation, wave-impeding block, WIB, layered soil, insertion loss. 

Abstract. Periodic structures are known to produce passbands and stopbands for propagation 
of vibration energy within the frequency domain. Sources vibrating harmonically at a frequency 
within a passband can lead to propagation of energy through propagating modes over long 
distances. However, sources vibrating at a frequency within a stopband excite only nearfields 
in the form of attenuating and evanescent modes, and the energy decays with distance. The 
decay phenomena are due to destructive interference of waves reflected and scattered by inter-
faces or obstacles placed periodically within or between the repeated cells of the structure. For 
a truly periodic structure, the vibration level within a stopband goes toward zero after infinitely 
many repetitions of the cell. For example, employing a two-dimensional model, Andersen [1] 
found that stopbands for ground vibration in the low-frequency range can be introduced by 
periodic inclusions or changes to the ground surface geometry. 

However, for vibration mitigation in the context of real civil-engineering problems related to 
ground-borne noise from railways, for example, the excitation is not strictly harmonic and a 
steady state of the response is usually not achieved. Further, only a limited number of repeti-
tions of wave impedance blocks or barriers can be made in practice, and in three dimensions, 
the inclusions have finite extent in the direction orthogonal to the array. Similarly to the work 
by Andersen et al. [2], this paper addresses the question whether repeated structures of nearly 
periodic nature can be used to mitigate vibrations caused by non-stationary sources. For this 
purpose, wave impedance blocks with finite numbers of repetitions are compared to their truly 
periodic counterparts. Firstly, a two-dimensional study is conducted with focus on studying the 
nature of wave modes in a periodic array of wave impeding blocks. Secondly, three-dimensional 
analysis is performed in the frequency domain, focusing on the insertion loss provided by in-
creasing numbers of repetitions of blocks with different height and embedment. Finally, the 
insertion loss provided by nearly periodic structures is examined, and the mitigation efficiency 
of wave-impeding-block arrays is quantified in the case of transient loads.
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1 INTRODUCTION 

Ground vibration from traffic, construction work and rotating machinery cause annoyance 
to people living near railways, roads, construction sites, factories and workshops. Therefore, 
many researchers have proposed mitigation of vibration by various methods, including trenches, 
barriers and wave-impeding blocks (WIBs). Barriers can be made of materials that are either 
soft and light or stiff and heavy relatively to the soil. The governing principle is in any case to 
produce a mechanical-impedance mismatch between the barrier material and the soil, leading 
to reflection rather than transmission of energy. A wave-impeding block can be placed on the 
ground surface in which case it mainly contributes by its mass, or it can be embedded in the 
ground, adding stiffness to the soil. 

Warburton et al. [3] performed one of the earliest studies of the harmonic response of a single 
heavy mass placed on the surface of an elastic half-space. The efficiency of such masses for 
mitigation of harmonic vibration from traffic was studied by Krylov [4]. Recently, Dijckmans 
et al. [5] introduced the idea of placing an array of heavy masses along a railway track in order 
to mitigate vibration. The solution was found to have a significant effect. 

Peplow et al. [6] introduced the idea of embedding a rigid block in the soil below a source 
in order to mitigate ground vibration by stiffening the soil. This so-called wave-impeding block 
(WIB) was found to have a significant impact on wave propagation in a layered ground, de-
pending on the properties of the soil. More recently, a similar study was performed by Peplow 
and Finnveden [7], but this time based on a wave-based finite-element formulation. Takemiya 
[8] studied WIBs formed by piles placed in a honeycomb pattern around the foundation for a 
pylon supporting a railway bridge. The chosen WIB geometry was found advantageous in terms 
of mitigating waves in the considered frequency range. Along the same line, Masoumi et al. [9] 
demonstrated the efficiency of wave-impeding blocks regarding the mitigation of ground vi-
bration from railway traffic. They applied a numerical model validated by experimental work. 

Andersen and Nielsen [10] conducted a study of ground vibration from a moving force on a 
railway track, employing a coupled finite-element/boundary-element (FE/BE) model. They an-
alysed various vibration mitigation methods, including soil stiffening under the rail and trenches 
or barriers along the track. Andersen and Liingaard [11] performed a detailed study of vibration 
barriers formed by one or more sheet pile walls. Especially, the influence of barrier position 
and inclination was analysed using a two-dimensional FE/BE model. Their work was followed 
up by Andersen and Augustesen [12] who used a three-dimensional FE/BE model to study the 
efficiency of inclined, embedded barriers placed along a railway. They concluded that inclined 
barriers might perform better than vertical barriers when a concrete lid needs to be placed on 
top to prevent people or water from entering the trench. A further study of optimization of wave 
barriers was performed by van Hoorickx et al. [13]. 

Instead of relying on the screening effect of a single barrier or the scattering provided by a 
single WIB, the possibly destructive interference caused by repeated inclusions can be utilized. 
Mead [14] studied the effect of periodicity in a structure, finding that bandgaps occur in certain 
frequency ranges depending on the mechanical properties of the materials and the geometry of 
the cell which is repeated along the periodic array. Based on this idea, Andersen [1] proposed 
the inclusion of periodic structures in the ground to mitigate vibration. Using a two-dimensional 
FE model and Floquet theory, he demonstrated that stopbands are produced by arrays of WIBs 
or ground surface changes in the form of small hills and valleys repeated in a periodic manner. 
Persson et al. [15] also studied the concept of ground-surface landscaping to mitigate vibration. 
Finally, Andersen et al. [2] conducted a number of small-scale experiments and FE analyses 
with the aim to quantify the insertion loss provided by placing one or more blocks on or in the 
ground within the transmission path between a source and a receiver. 
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The present paper follows the idea of placing an array of rigid blocks within the propagation 
path between a source and a receiver point located on the ground surface. Section 2 presents 
the methodology applied for analysis of wave propagation in the layered soil. Two approaches 
are described: a two-dimensional (2D) model of a truly periodic array of wave impeding blocks 
(WIBs), and a three-dimensional (3D) model of a finite WIB array. The results of the 2D model 
are presented in Section 3 with focus on studying mitigation efficiency of the WIB array, 
whereas Section 4 presents the results of analyses performed with the 3D model for stationary 
and transient loads. Finally, the main conclusions are given in Section 5. 

2 METHODOLOGY 

Wave propagation in soil with two layers overlying bedrock has been analysed by two meth-
ods, especially regarding the efficiency of an array of WIBs in mitigating ground vibration. The 
first model is 2D, assuming the WIB array to be infinite and with each block having an infinite 
extent in the direction out of the plane. Here a periodic model based on Floquet transformation 
has been applied with the purpose of identifying passbands and stopbands for travelling waves, 
and furthermore a quantification has been made regarding the number of attenuating and eva-
nescent modes that have a decay rate with distance below a certain threshold. This leads to a 
quantification of the number of modes that are present in the plane-wave-propagation problem 
with various configurations of the WIB array, and to a qualitative assessment of the mitigation 
efficiency. The second model is three-dimensional (3D) and employs Green’s function for wave 
propagation in a stratum. This model has been utilized for analysis of the insertion loss (IL) 
provided by inclusion of arrays with few or more WIBs placed with constant or nearly constant 
centre-to-centre distance, providing a nearly periodic array. Whereas all other studies have been 
done in the frequency domain, a final study is reported in which the transient response to a pulse 
load has been analysed in order to assess the effects of WIBs for different numbers of blocks. 

2.1 Finite-element model of a periodic structure 

The starting point for analysis of wave propagation in the periodic 2D layered soil–WIB 
system is the stiffness matrix  and the mass matrix  for a reference cell. With reference to 
Figure 1, Cell 0 has been modelled, and the effect of having infinitely many repetitions of cells 
along the WIB array has been obtained by boundary conditions based on Floquet periodicity. 
In frequency domain, this leads to a set of equations that can be solved in order to determine 
the number of propagating, attenuated and evanescent wave modes in the periodic system.  

Two possibilities exist: 1) Real-valued discrete wavenumbers, , are defined, and for each 
value of , a first-order eigenvalue problem is obtained in terms of the angular frequency ; 
2) discrete values of  are defined, leading to a second-order eigenvalue problem in terms of 

. Approach number 1 is only useful to identify propagating wave modes, whereas the second 
approach identifies all wave modes, i.e. propagating as well as attenuated or evanescent modes. 
Approach number 2 is therefore considered here. 

Introducing  and  as the reduced vectors storing the nodal degrees of freedom and nodal 
forces, respectively, at the left (L) and right (R) boundaries of the reference cell, the governing 
equation for wave propagation in the FE model can be expressed as: 

 
,        ,        ,        , (1)

where  is the reduced dynamic stiffness matrix obtained by condensing the full dynamic stiff-
ness matrix  which accounts for all degrees of freedom at all nodes on the bound-
ary of the cell as well as inside the cell. It should be noted that all quantities in Eq. (1) depend 
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on , i.e. , etc., and that the vectors belonging to the left and right boundaries of 
the cell have equal length, given that the nodes must be placed at the same vertical position to 
allow a periodic coupling in the format 

 exp i ,        exp i . (2)

Here i √ 1,   is the wavenumber,  is the width of the cell (see Figure 1), and  is 
the so-called propagation constant which is in general complex. Propagating modes are identi-
fied by having real-valued wavenumbers and a propagation constants defined by | | 1. 

In the present analyses, the commercial finite-element (FE) code ABAQUS 6.14 [16] has 
been employed to calculate the matrices  and  for reference cells with different configura-
tions of the WIB. Details regarding material properties are given in Sections 2.4 and 3. Assum-
ing plane strain, quadrilateral elements with eight nodes and quadratic interpolation of the 
displacement field are employed, using reduced integration of the stresses. A mesh size of 1.0 m 
has been used everywhere in the plane FE model, which provides an accurate discretization of 
the waves within the frequency range 0–25 Hz. The remaining part of the analysis, i.e. intro-
duction of the periodicity conditions (2) and solution of the eigenvalue problem in terms of the 
propagation constant , has been performed in Matlab. 

As a note, the wave propagation pattern related to a dynamic load applied over a finite area 
on the surface of the ground is in essence three-dimensional. Hence, the obvious choice for 
analysis of mitigation related to a periodic array of WIBs would be a 3D FE model. However, 
when periodicity only occurs in one direction, namely in the direction of the WIB array, the 
periodicity conditions should only be implemented at the “ends” of the reference cell, whereas 
transmitting boundary conditions should be applied on the “sides” of the 3D reference cell. This 
may be in the form of, for example, dashpots providing low reflection as suggested by Lysmer 
and Kuhlemeyer [17], or by implementation of Perfectly Matched Layers (PMLs) as suggested 
by Chew and Liu [18]. However, such absorbing boundary conditions provide dissipation 
equivalent of geometrical dissipation in an unbounded domain. Therefore, all waves in a 3D 
model of a one-dimensional WIB array become attenuated, making it difficult to assess the 
efficiency of the WIBs. Hence, the 2D model has been utilized in this paper. 

 
Figure 1: Periodic placement of WIBs into layered soil. 

2.2 Semi-analytical model based on Green’s function for a stratum 

Consider a viscoelastic stratum overlying bedrock. All interfaces as well as the fixed base 
and free surface are horizontal, and the material in each layer is homogeneous. With these sim-
plifications, the displacement , , ,  at the spatial point , ,  and time  are related to 
the traction , , ,  applied at the point , ,  and time  by the Green’s function 

, , , , . Hence, the total response at , ,  can be determined as 

h2

h1

Cell 0 Cell 1Cell 1– Cell 2Cell –2

h3
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 , , , , , , , 	 

 ⋅ , , , 	 , (3)

The Green’s function for a stratum cannot be found analytically in the space–time domain, 
and the quadruple convolution over time and space is computationally inefficient. Therefore, 
the idea is instead to formulate the problem in horizontal wavenumber–frequency domain: 

 , , , , , , , , , , , (4)

where , , , , , , , , and , , , ,  are the triple Fourier transforms 
of the displacement, traction and Green’s function, respectively. The Green’s function for a 
stratum formulated in horizontal wavenumber–frequency domain can be determined analyti-
cally. To do this, a 6 6 transfer matrices is first established for each soil layer (or sublayer) 
as proposed by Haskell [19] and Thompson [20]. With reference to Figure 2, the transfer matrix 
for layer j relates the three displacement components and the three traction components at the 
top interface j0 to those at the bottom interface j1. Due to continuity of the displacements and 
equilibrium of the stresses across the interfaces, it follows that a transfer matrix for the entire 
ground can be found be simple multiplication of the layer transfer matrices. This method was 
utilized, for example, by Sheng et al. [21] for analysis of railways. 

 
Figure 2: Strata analysed by semi-analytical model. 

2.3 Computation model of wave impedance blocks embedded in a stratum 

Based on the Green’s function , , , ,  for layered soil, Andersen and Clausen [22] 
formulated an efficient method for analysis of rigid footings placed on the surface of the ground. 
This method has been extended to analysis of rigid bodies embedded in the soil. As suggested 
by Andersen [23] and Bucinskas et al. [24], structure–soil–structure interaction between  
rigid bodies can be expressed in terms of the impedance matrix , 

 

,        

,

,

⋮
,

,        

,

,

⋮
,

, (5)

where , , 	 , 	 , 	 , 	 , 	 , , 1,2,… , , are vectors with the six dis-
placement and rotation degrees of freedom of the rigid bodies, and the corresponding forces 
and moments are stored in the vectors , , 	 , 	 , 	 , 	 , 	 , . 
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To obtain the matrix , the rigid bodies are discretized into a number of so-called soil-
structure-interaction points. The Green’s function provides the influence from one point to itself 
and every other point, and it can thus be used to derive a flexibility matrix for the system. This 
matrix is inverted and post multiplied by a matrix with the displacement of associated with each 
individual rigid-body mode . The Green’s function can finally be used to calculate dis-
placements at observation points placed, for example, on the surface of the ground. 

2.4 Definition of soil properties and wave-impedance-block arrays 

A stratum with two layers of soil overlying bedrock has been analysed. Material properties 
and layer depths are listed in Table 1. In the 2D models, the WIBs consist of an elastic material, 
the properties of which are also listed in the table, whereas the WIBs are considered rigid blocks 
with the same mass density within the 3D model based on the transfer-matrix method. 

The efficiency of a WIB array regarding vibration mitigation and formation of bandgaps in 
various frequency ranges depends on the distance between individual WIBs as well as the num-
ber of WIBs. Andersen [1] studied numerous configurations regarding the width of the refer-
ence cell, , but in the present work the study will be confined to w1 = 18 m. Further, in the 
3D models, the length of the WIBs has as well been taken as 18 m, and the WIBs all have a 
width of w2 = 2 m. The load is applied on a rigid massless plate with dimensions 18×2 m2 placed 
on the ground surface. Figure 3 shows example results of the 3D model for a harmonic load 
applied at the frequency 6 Hz and for an array consisting of six 2 m high WIBs placed equidis-
tantly and embedded 2 m into the ground. The total length of the model is 180 m, and the ver-
tical cut goes 20 m into the ground. The presence of the layer interface at 10 m depth is clear. 

 
Material Depth (m) Young’s modulus (MPa) Poisson’s ratio (-) Mass density (kg/m3) Loss factor (-) 

Soft topsoil 10 50 0.48 2000 0.020 

Stiff subsoil 20 500 0.45 2200 0.020 

Stiff WIB  5000 0.20 2400  

Table 1: Properties of the soil and the stiff WIB. 

 
Figure 3: Example results for layered half-space subjected to a harmonic load applied at 6 Hz on a rigid (red) 

plate and with six rigid (green) 2 m high blocks embedded 2 m into the soil. The ground surface and a  
vertical cut through the centre line of the array are illustrated. Dark blue and bright yellow shades  

indicate negative and positive vertical displacements, respectively. 
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3 TWO-DIMENSIONAL ANALYSIS OF INFINITE PERIODIC WIB ARRAY 

Often, dispersion diagrams are plotted to obtain a visual representation of the wave modes. 
A dispersion diagram may provide an overview of the number of waves that propagate in the 
structure or medium, but information about attenuated or evanescent modes is lost. As proposed 
by Andersen [1], a count of different modes occurring at a various frequencies can be presented 
by a “skyline plot”. Using this type of diagram, Figure 4 shows the results obtained for periodic 
2D models of a WIB array with different configurations. Only modes with imaginary parts of 
the wavenumber smaller than 1.0 m–1, i.e. small degree of attenuation, have been included. 

 

 

 

 

 
Figure 4: Number of evanescent, attenuating and propagating modes in two-dimensional models of two-layered 

soil with different depths of a 2 m wide WIB placed periodically at a centre-to-centre distance of 18 m. 
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Although only modes with low attenuation have been included, it is clear from Figure 4 that 
the sum of attenuating and evanescent modes dominates the transmission of vibration energy 
in the first case with soil only—especially at low frequencies. Above the cut-on frequency, 
about 2 Hz, the number of propagating modes constitutes about one-quarter of all transmission 
modes. An increase from a single propagating mode at 2 Hz to 10 propagating modes at 20 Hz 
is observed with a similar linearly increasing trend for the lowly damped attenuating and eva-
nescent modes. Importantly, above the cut-on frequency propagating modes (and hence propa-
gating energy) exist for all frequencies in the reference case where no WIBs are present. 

The three lower subfigures of Figure 4 show the effect on the modal propagation due to the 
inclusion of an increasing sized obstacle. The obstacle lies just under the surface and increases 
in depth from 2 m to 8 m. At 8 m depth, the obstacle is 2 m from the interface between the two 
layers. It is immediately clear that a stopband appears close to 5 Hz, which then shifts slightly 
and increases in width as the object inclusions increase in size. An additional stopband occurs 
around 6 Hz, and it can be observed that few attenuated modes are present near 8 Hz. This 
provides the general picture that mitigation of vibration in the frequency range from about 4 to 
8 Hz may be achieved by the periodic WIB array. Further stopbands appear at 10 Hz, 12 Hz 
and 16 Hz for the 8 m deep inclusion. Overall, the stopbands evolve gradually. Thus, with in-
creasing embedment depth and height of the blocks, fewer propagating modes and lightly 
damped attenuated modes exist—also outside the stopbands. This suggests that even an array 
that does not lead to true stopbands (in the sense that no waves at all propagate) may still be 
effective regarding vibration mitigation. 

4 THREE-DIMENSIONAL ANALYSIS OF FINITE WIB ARRAYS 

This study concerns finite arrays of WIBs that are either placed on the ground surface or 
embedded within the stratum. The soil is layered as outlined in Table 1 and as mentioned in 
Section 2.4, the WIBs are rigid blocks with a width of 18 m in the transverse direction and a 
length of 2 m in the longitudinal direction, i.e. along the array. Unless defined otherwise, the 
WIBs are placed equidistantly with a centre-to-centre distance of 18 m as within the 2D model 
analysed in Section 3. The objective is to demonstrate the effectiveness of WIBs in 3D along 
the ground surface at certain frequencies, and as function of frequency at certain receiver points. 

4.1 Results for WIB arrays with a block height of 2 m and different embedment 

Arrays of 2, 4 or 6 WIBs with a block height of 2 m are considered. The blocks are either 
resting on the ground surface or embedded 2 m or 4 m into the soil. In the latter configuration, 
the WIBs are thus fully buried with 2 m of soil over the blocks. For each embedment depth, the 
insertion loss (IL) is calculated at frequencies up to 25 Hz and for distances up to 125 m from 
the load, which covers practical ranges receiver distances for vibrations from rail traffic. 

For each case, results are presented for the three frequencies 5 Hz, 10 Hz and 20 Hz for all 
positions along the centre line of the array on the ground surface up to 125 m from the load. 
Further, results are presented at frequencies up to 25 Hz at three receiver positions: 45 m, 81 m 
and 117 m. When first studied, large oscillations in the response were observed as result of 
small changes in frequency or position. Plotting the raw results at a single frequency or position 
may therefore provide misleading judgement of the overall mitigation effects. Hence, in the 
results shown for single receiver positions, the vertical magnitude of displacements has been 
averaged over 9 points along the centre line of the array. The distance between the points is 1 m 
and the receiver point (e.g. x = 45 m) is placed in the middle. This way, the ground surface is 
analysed over an area that may represent the footprint of a typical building. Likewise, result 
presented for single frequencies have been averaged over a range of frequencies ±1 Hz. 
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Figure 5 and Figure 6 show the IL achieved with different arrays of 2 m high blocks placed 
on the ground surface, whereas Figure 7 and Figure 8 show similar results for 2 m high blocks 
embedded fully, i.e. to a depth of 2 m. Finally, Figure 9 and Figure 10 show the IL obtained 
with arrays of 2 m high blocks embedded 4 m into the ground. As a general trend, the WIB 
arrays provide positive IL, and there is a clear effect of changing the embedment depth or add-
ing more WIBs to the array. The introduction of a rigid block effectively modifies the layer 
depth and stiffness properties over a finite portion of the ground, although blocks up to 107 m 
from the load are studied here, so it could be said to represent an approximate global variation 
in space. Hence, the modification of the layered ground below the surface would raise the cut-
on frequency and thereby modify the vibration response at certain frequencies. 

 
Figure 5. Insertion loss as function of position for 2 m high WIBs embedded 0 m into a two-layer stratum.  

Full lines (──) indicate results at 5 Hz; dashed lines (─  ─) indicate results at 10 Hz;  
dotted lines (∙∙∙∙∙∙) indicate results at 20 Hz. 

 
Figure 6: Insertion loss as function of frequency for 2 m high WIBs embedded 0 m into a two-layer stratum.  

Full lines (──) indicate results at x = 117 m; dashed lines (─  ─) indicate results at x = 81 m;  
dotted lines (∙∙∙∙∙∙) indicate results at x = 45 m. 

According to Figure 5 and Figure 6, the blocks placed on the ground surface provide an IL 
of about 10–15 dB at frequencies higher than 10 Hz. Especially, there are signs of stopband 
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behaviour as the number of blocks is increased, from 2 to 4 to 6 blocks, near 9 Hz and again 
near 12 Hz. The waviness of the IL is due to the patterns of destructive interference beyond the 
block locations. Below 4 Hz, close to cut-on, the effect of the blocks is marginal. However, at 
intermediate frequencies between 4 Hz and 8 Hz (where the wide stopband was detected in the 
periodic 2D array of embedded WIBs) the blocks on the ground surface have a poor effect, 
leading to increasingly negative IL with increasing numbers of blocks. Obviously, this effect 
must be avoided, given the intention of mitigating rather than amplifying the vibration. 

In Figure 7 and Figure 8, the blocks are submerged into the upper soil layer by 2 m. This 
changes the IL completely at low frequencies compared the previous case with blocks placed 
on the ground surface. Thus, with the blocks embedded just below the surface, the effect on the 
reduction of vibration is clear. The modification of modal wave propagation is clearly seen, and 
an IL of more than 10 dB occurs in the frequency range from 4 Hz to 8 Hz when all six blocks 
are present. Further, as expected, the addition of more blocks leads to increasing IL. 

 
Figure 7: Insertion loss as function of position for 2 m high WIBs embedded 2 m into a two-layer stratum.  

Full lines (──) indicate results at 5 Hz; dashed lines (─  ─) indicate results at 10 Hz;  
dotted lines (∙∙∙∙∙∙) indicate results at 20 Hz. 

 
Figure 8: Insertion loss as function of frequency for 2 m high WIBs embedded 2 m into a two-layer stratum.  

Full lines (──) indicate results at x = 117 m; dashed lines (─  ─) indicate results at x = 81 m;  
dotted lines (∙∙∙∙∙∙) indicate results at x = 45 m. 
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Referring to Figure 9 and Figure 10, the WIB arrays with the 2 m high blocks embedded 4 m 
into the soil have a performance equal to the WIB arrays with 2 m embedment depth. However, 
interesting differences occur. Compared to the IL reported in Figure 5, Figure 9 shows a much 
lower IL at the frequency 20 Hz for positions around 20–60 m. Here, there is a large degree of 
similarity between the cases with blocks on the ground surface (Figure 5) or embedded two 
metres (Figure 7), but a completely different behaviour occurs with the WIBs embedment four 
metres into the ground (Figure 9). However, at positions beyond 60 m, the WIB array with 4 m 
embedment provides the better alternative with positive IL at all positions and frequencies. By 
contrast, the blocks on the surface lead to negative IL for all positions in the range at low fre-
quencies (see results at 5 Hz in Figure 5), and negative IL is observed at 20 Hz right in front of 
the WIBs embedded 2 m into the ground (see Figure 7). 

 
Figure 9: Insertion loss as function of position for 2 m high WIBs embedded 4 m into a two-layer stratum.  

Full lines (──) indicate results at 5 Hz; dashed lines (─  ─) indicate results at 10 Hz;  
dotted lines (∙∙∙∙∙∙) indicate results at 20 Hz. 

 
Figure 10: Insertion loss as function of frequency for 2 m high WIBs embedded 4 m into a two-layer stratum.  

Full lines (──) indicate results at x = 117 m; dashed lines (─  ─) indicate results at x = 81 m;  
dotted lines (∙∙∙∙∙∙) indicate results at x = 45 m. 
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4.2 Insertion loss for WIB arrays with block height 4 m and different embedment 

In this section, arrays of 2, 4 or 6 WIBs with a block height of 4 m are considered. The blocks 
are again resting on the ground surface, partially embedded to 2 m depth, or fully embedded to 
a depth of 4 m. The IL obtained for the different configurations are presented in Figures 11–16. 
Firstly, compared to the previous case with 2 m high blocks, a greater IL is observed in most 
cases. For the cases with four or six 4 m high blocks fully embedded in the ground, Figure 16 
shows an IL of more than 15 dB at x = 117 m in the frequency range 4–8 Hz, and Figure 15 
shows a similar IL at 20 Hz for some positions in the range 20–50 m. 

 
Figure 11: Insertion loss as function of position for 4 m high WIBs embedded 0 m into a two-layer stratum.  

Full lines (──) indicate results at 5 Hz; dashed lines (─  ─) indicate results at 10 Hz;  
dotted lines (∙∙∙∙∙∙) indicate results at 20 Hz. 

 
Figure 12: Insertion loss as function of frequency for 4 m high WIBs embedded 0 m into a two-layer stratum.  

Full lines (──) indicate results at x = 117 m; dashed lines (─  ─) indicate results at x = 81 m;  
dotted lines (∙∙∙∙∙∙) indicate results at x = 45 m. 

Comparing Figure 6 to Figure 12, it can be observed that the taller blocks have much 
stronger influence on the vibration at frequencies below 4 Hz than the lower blocks. Especially, 
variations of about ±4 dB occur around 4 Hz for the block height of 4 m, indicating presence 
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of a resonance frequency related to block motion. For the 2 m high WIBs, negative IL occurred 
at x = 117 m in the entire frequency range from 4 Hz to 8 Hz. This is not the case with the WIB 
height 4 m. In continuation of this, the taller WIBs provide less negative IL for all positions in 
the range 60–125 m compared with the lower WIBs (see Figure 5 and Figure 11). 

As a deviation from the general trend, a comparison of Figure 7 and Figure 8 with Figure 13 
and Figure 14 reveals that the 4 m high blocks embedded 2 m into the soil provide a smaller IL 
than the 2 m high blocks embedded to the same depth. This is in particular the case at positions 
around x = 45 m and at frequencies above 20 Hz. Figure 14 clearly shows stopband behaviour 
at x = 117 m for the frequencies 6 Hz, 8 Hz and 10 Hz. These frequencies were also identified 
as stopbands in the 2D model of the infinite periodic array, or as frequencies at which few 
propagating and attenuating modes exist when WIBs of large size are present. 

 
Figure 13: Insertion loss as function of position for 4 m high WIBs embedded 2 m into a two-layer stratum.  

Full lines (──) indicate results at 5 Hz; dashed lines (─  ─) indicate results at 10 Hz;  
dotted lines (∙∙∙∙∙∙) indicate results at 20 Hz. 

 
Figure 14: Insertion loss as function of frequency for 4 m high WIBs embedded 2 m into a two-layer stratum.  

Full lines (──) indicate results at x = 117 m; dashed lines (─  ─) indicate results at x = 81 m;  
dotted lines (∙∙∙∙∙∙) indicate results at x = 45 m. 
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Figure 15: Insertion loss as function of position for 4 m high WIBs embedded 4 m into a two-layer stratum.  

Full lines (──) indicate results at 5 Hz; dashed lines (─  ─) indicate results at 10 Hz;  
dotted lines (∙∙∙∙∙∙) indicate results at 20 Hz. 

 
Figure 16: Insertion loss as function of frequency for 4 m high WIBs embedded 4 m into a two-layer stratum.  

Full lines (──) indicate results at x = 117 m; dashed lines (─  ─) indicate results at x = 81 m;  
dotted lines (∙∙∙∙∙∙) indicate results at x = 45 m. 

Finally, the WIB arrays with 4 m high blocks fully embedded in the ground provide higher 
IL than any other configuration tested in the present analyses. The IL of 15 dB reported by 
Figure 15 and Figure 16 is significant and demonstrates that this type of solution can be very 
effective in mitigating vibration from, for example, railways. Remarkably, the effect is high in 
the frequency range from 4–8 Hz, where most other mitigation concepts, e.g. single trenches or 
wave barriers, fail to provide much reduction in vibration level. 

When comparing the configurations with block height 4 m to those with block height 2 m, 
one idea is to look at cases with the same embedment depth. However, it may be more mean-
ingful to compare cases, in which the WIBs are fully embedded to a depth matching their height. 
In accordance with this idea, it can be observed that the WIB arrays with embedment depth and 
block height both equal to 4 m (Figure 15 and Figure 16) provide insertion losses that are in 
most aspects similar to, but higher than those achieved with embedment depth and block height 
both equal to 2 m (Figure 7 and Figure 8). With these configurations, no part of the WIBs stick 
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out of the ground, but since the blocks go all the way to the ground surface, short surface waves 
(at high frequencies) cannot pass above the WIBs. This comes in addition to the full influence 
of the rigid blocks towards increasing the stiffness of the ground. Thus, when the blocks are 
exactly fully embedded, they have two features: 1) they serve as wave barriers at high frequen-
cies; 2) they add stiffness preventing wave propagation at low frequencies. 

4.3 Influence of variations in the distances between WIBs 

A periodic structure, in this case the array of WIBs, may produce stopbands as an effect of 
negative interference of waves. In order to analyse to what extent the mitigation efficiency of 
the array diminishes when the WIBs are not placed equidistantly, six configurations with small 
perturbations of the WIB positions are compared with a reference case in which four WIBs are 
placed repeatedly with a centre-to-centre distance of 18 m. The positions of the four WIBs in 
the reference case and each of the six variations are given in Table 2. 

 
 WIB 1 [m] WIB 2 [m] WIB 3 [m] WIB 4 [m] 

Reference case 18.0 36.0 54.0 72.0 

Variation 1 16.5 34.0 52.5 72.0 

Variation 2 16.5 36.0 53.5 72.0 

Variation 3 17.5 35.0 53.5 72.0 

Variation 4 17.5 36.0 53.5 72.0 

Variation 5 17.0 34.0 53.0 72.0 

Variation 6 16.5 36.0 53.0 72.0 

Table 2: Positions of WIBs in reference case and in variations 1–6. 

Figure 17 shows the IL as function of position along the WIB arrays defined by Table 2. In 
all cases, the WIBs are 2 m high and embedded 2 m into the ground and the figure shows results 
obtained at the frequencies 5, 10 and 20 Hz. Clearly, at the lower frequencies little difference 
occurs due to the changes in positions of individual WIBs. Beyond the last WIB, i.e. at positions 
greater than 72 m, the insertion losses at 5 Hz are close to being identical for the reference case 
and all six variations. At 10 Hz, the differences are below 1 dB behind the last WIB, but at 
20 Hz, differences up to about 5 dB occur. However, the general impression is that small vari-
ations in the positions of the individual blocks, as defined in Table 2, will not lead to significant 
changes in the overall performance of the WIB array. However, before a general conclusion 
can be drawn in this regard, the IL at more frequencies must be analysed.  

Figure 18 shows insertion losses for the reference case and the six variations of the WIB 
array as function of the frequency at three positions. Note that the positions x = 117 m and 
x = 81 m are both behind the last WIB which is placed at the position 72 m in all cases. Clearly, 
at all three positions the IL is influenced very little at frequencies up to 9 Hz, meaning that the 
stopband developing in the frequency range from about 5 to 9 Hz is unaffected by small pertur-
bations in the WIB positions. At frequencies higher than 10 Hz, some differences occur in the 
IL related to the various configurations of the WIB array. The IL differs as much as 7 dB in the 
frequency range from 20 to 25 Hz—especially at the position x = 45 m. Here, the reference case 
with equidistant positions of the blocks provide the higher IL, while variations 1 and 2 (where 
the first block is placed at 16.5 m instead of 18.0 m) provide the smaller IL. However, beyond 
the WIB array, i.e. at the positions x = 117 m and x = 81 m, the differences are slightly smaller. 
Here absolute differences of about 3–5 dB occur, but this time the reference case provides an 
IL that is lower than most of the variation. Since the IL for these combinations of positions and 
frequencies are generally less than 10 dB, a difference of 3–5 dB may be considered important. 
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This leads to the conclusion that the positions of the individual WIBs in an array should be 
optimized to provide a good solution in a wider frequency range and that placing the blocks 
equidistantly is not necessarily an advantage. 

 
Figure 17: Insertion loss as function of position for 2 m high WIBs in alternative configurations embedded 2 m 

into a two-layer stratum. Full lines (──) indicate results at 5 Hz; dashed lines (─  ─)  
indicate results at 10 Hz; dotted lines (∙∙∙∙∙∙) indicate results at 20 Hz. 

 
Figure 18: Insertion loss as function of frequency for 2 m high WIBs in alternative configurations embedded 2 m 

into a two-layer stratum. Full lines (──) indicate results at x = 117 m; dashed lines (─  ─)  
indicate results at x = 81 m; dotted lines (∙∙∙∙∙∙) indicate results at x = 45 m. 

4.4 Efficiency of WIB arrays for transient loading 

Intuitively, if an array of WIBs effectively mitigates harmonic waves in the frequency range, 
mitigation should also occur for transient loads with similar frequency content. To test this, a 
Ricker wavelet with a magnitude of 1.0 N and centre frequency 10 Hz and centre time 0 s has 
been applied on the rigid plate. The analysis has been performed by discrete Fourier transfor-
mation of the Ricker pulse, based on a sampling rate of 150 Hz and the time range from –5.0 s 
to 5.0 s, i.e. with 1501 time steps. The response has been evaluated in frequency domain by 
application of the semi-analytical model described in Sections 2.2–2.3 for the 301 discrete fre-
quencies up to 30 Hz, and zero padding has been applied before inverse Fourier transformation 
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back to time domain. Figure 19 contains five snapshots of the ground surface at the times 0.1, 
0.2, 0.4, 0.8 and 1.6 s, clearly showing the wave front of the surface wave propagating along 
the surface. Especially, at the instants 0.4 and 0.8 s, the wave pattern becomes more complex 
due to reflections of waves at the layer interface and scattering by the WIBs. 

 
Figure 19: Response of ground surface and array with six (green) WIBs to a Ricker wavelet applied with centre 
frequency 10 Hz and centre time 0 s on the rigid (red) plate. The snapshots are shown (from top to bottom) for 

the times 0.1, 0.2, 0.4, 0.8 and 1.6 s, i.e. after 1, 2, 4, 8 and 16 periods associated with the centre frequency. 

Figure 20 shows the time histories of the Ricker wavelet and the resulting vertical ground-
surface displacements for a reference case with no WIBs embedded in the ground (only soil). 
The displacement have all been normalized by the reference displacement 100 pm. This means 
that the actual displacement that would occur for a pulse with magnitude 10 kN would be about 
1 μm at a distance of 45 m away from the loaded rigid plate. The delay in first arrivals at the 
three positions x = 45 m, x = 81 m and x = 117 m can be seen clearly. Further, the first wave to 
arrive travels via the stiffer sublayer and has significantly smaller amplitude than the next wave 
which propagates along the surface of the softer layer. An interesting observation can be made 
regarding the response at the position x = 117 m. Here the vibration decays slowly with time 
and the period of the vibrations is approximately 0.21 s, i.e. about twice the centre frequency 
of the Ricker wavelet. This indicates that resonance in the stratum rather than the exact shape 
of the load signal dominates the behaviour at large distances from the load. 
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Figure 20: Ricker wavelet applied at x = 0 m with centre frequency 10 Hz and displacements at  

three observation points, normalized with respect to a reference displacement of 100 pm,  
for reference case with no wave impeding blocks placed in the ground. 

 
Figure 21: Ricker wavelet applied at x = 0 m with centre frequency 10 Hz and displacements at  

three observation points, normalized with respect to a reference displacement of 100 pm,  
for case with an array of six wave impeding blocks embedded 2 m into the ground. 

Next, Figure 21 shows the Ricker wavelet and the resulting vertical ground-surface displace-
ments for the case with six WIBs embedded in the ground, i.e. the case illustrated in Figure 19. 
Compared to the displacement response in the reference case without WIBs (see Figure 20), 
smaller vibration levels are observed—especially at the position x = 117 m beyond the WIB 
array. Figure 22 illustrates the response at this position for different numbers of WIBs in the 
array including the reference case (only soil) with no blocks. Again, the Ricker wavelet has 
been included to visualize the delay in time between application of the load and first arrival of 
the waves. The effect of the WIB array is clear and the vibration response becomes smaller with 
every addition of more blocks. This can as well be observed in Figure 23, showing the Fourier 
spectra of the Ricker wavelet and the four time-series of vertical displacements at x = 117 m. 
Especially, great reduction occurs in the frequency range from 4–8 Hz and around 13 Hz, 
matching well with the observation made regarding the IL related to the steady state. Further, 
the spectrum for the Ricker wavelet shows that the excitation contains no significant energy at 
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frequencies above 25 Hz (note that the tail of the spectrum decreases monotonically). This jus-
tifies the calculation procedure in which the response has only been calculated by the semi-
analytical model for frequencies up to 30 Hz.  

 
Figure 22: Ricker wavelet applied at x = 0 m with centre frequency 10 Hz and displacements 

at x = 117 m, normalized with respect to a reference displacement of 100 pm. 

 
Figure 23: Fourier coefficients of a unit Ricker wavelet applied at x = 0 m with centre frequency 10 Hz,  

normalized with respect to a reference load of 1 mN, and Fourier coefficients of displacements  
at x = 117 m, normalized with respect to a reference displacement of 0.1 pm. 

5 CONCLUSIONS 

Wave impeding blocks (WIBs) have been proposed as a method of reducing low-frequency 
ground vibration. A model, which uses the Green’s function transfer-matrix technique, has been 
implemented for three-dimensional analysis of WIB arrays placed on the surface of or embed-
ded within two-layered strata. The model consisted of a 10 m deep sand layer over a 20 m deep 
till layer on bedrock, and the WIBs were modelled as rigid blocks. To characterise the onset of 
modal wave propagation, a 2D finite-element model was adopted from ABAQUS. Employing 
Floquet periodicity conditions to a reference cell, allowed us to analyse the behaviour of an 
infinite structure including a periodic array of WIBs situated within the upper stratum. 
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Various configurations of finite WIB arrays have been analysed in 3D. The 2D model has 
been used for comparison to identify whether vibration mitigation occurs in the 3D model 
within the frequency ranges where the infinite periodic WIB array produced stopbands. Hence, 
the article has presented a number of characteristics related to WIBs in periodic and nearly 
periodic arrays embedded within or placed on the surface of stratified media: 

 A WIB can be used to affect the wave-propagation behaviour of layered media signifi-
cantly. A “source-free” two-dimensional analysis verifies the existence of stopbands in 
which no propagating wave modes occur.   

 The frequency range that can be controlled by this technique is low enough to be useful 
for the control of the vibration phenomenon at low frequency associated with surface-run-
ning freight trains, for example. 

 The phenomenon of stopband behaviour is particularly useful for designing a “vibration 
mitigation device” consisting of a periodic linear array of masses. Reductions up to 30 dB 
were observed when the WIBs were placed just under the ground surface.   

 It has been shown that periodic arrays of WIBs submerged just under the ground surface 
exhibit consistently high mitigation capabilities. Smaller blocks sitting at the ground sur-
face may produce negative insertion loss in the low-frequency range, and submerging the 
blocks further into the ground produces lower insertion loss at higher frequencies. 

 The importance of having equidistantly placed WIBs to produce a finite periodic structure 
was examined. Somewhat surprisingly, slight variations in individual positions of WIBs in 
an array could be advantageous over a broad frequency range, compared to an “exact” 
periodic array. Moreover, it was found that the large insertion losses exhibited by an exact 
periodic array is not lost by slight variations of block locations. Up to variations to one 
block width, the advantageous insertion loss due to the array were still evident. 

 Time-domain solutions are essential in providing true evidence of mitigation—especially 
if modelling short-term vehicle pass-bys from trucks or trains. The semi-analytical model 
proves to be a versatile method since the model produces time-domain solutions at receiv-
ers in relatively short time. The results prove that for very short-term time intervals, in the 
mid-term, the vibration response can increase at receiver positions. This effect is short-
lived but dominated by a general monotonic reduction in displacement as the number of 
blocks increases. 

Further analysis includes: 

 A suitable source-free methodology to describe a “reduction” in energy propagation in a 
half-space for both 2D and 3D problems not unlike the Floquet periodicity principle. 

 A 3D analysis for the relative number of propagating wave modes in layered media. 

 Optimisation of the positions of individual WIBs in non-periodic arrays to maximize the 
insertion loss in a broad frequency range. 
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Abstract. Small free low-frequency vibrations of a thin elastic cylindrical shell stiffened by
the rings with T-shaped cross-section are analyzed. The narrow rings are considered as cir-
cular beams. The wide rings are treated as annular plates stiffened at one edge by a circular
beam. In the both cases problem is reduced to solution of the eigenvalue problem for systems
of linear differential equations containing a small parameter. By means of various asymptotic
approaches simple approximate formulas for the low frequencies are obtained. These formulas
are used for the evaluation of optimal parameters corresponding to the maximal fundamental
frequency of the ring-stiffened shell with a given mass.
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1 INTRODUCTION

Ring-stiffened cylindrical shells are widely applied in engineering. Often the rings with
rectangular or T-shape cross-sections are used ([1], [2]). The vibrations of the shell stiffened
by the rings with rectangular cross-sections are sufficiently well studied e.g. in [3], [4], [5] and
[6]. In this paper the shell stiffened by rings with T-shape cross-sections is considered. In many
cases the use of the rings with T-shape cross-sections instead of the rings with rectangular cross-
sections allows to increase the low frequencies of a ring-stiffened shell without the increase in
its weight.

Differential equations describing vibrations of a thin shells contain the dimensionless shell
thickness as a small parameter. By means of asymptotic approaches ([7], [8], [9]) complex
eigenvalue problems of the stiffened shells theory can be transformed into problems which
have simple analytical solutions.

If the width of the rings is sufficiently small the typical vibration mode is similar to the
vibration mode of the shell without rings, and the shell surface is covered by a series of pits
stretched along the generatrix of the cylinder. In this case, considering the rings as circular
beams, it is possible to seek solutions as a sum of slowly varying functions and boundary layers
near shell edges and stiffened parallels. In the first approximation one get eigenvalue problem
describing also vibrations of a beam stiffened by springs. If the rings are identical and uniformly
arranged along the shell then a solution of the last problem can be obtained in a closed form by
means of a homogenization procedure ([6]).

If the width of a ring grows, the low frequencies increase until the typical vibration mode
will be replaced with the axisymmetric vibration mode localized on the surface of the ring while
the cylindrical shell itself does not actually deform. At the further increase in width of a ring
the low frequencies decrease ([10]). The beam model can not be used for studying vibrations
of the wide ring. The ring with T-shape cross-section may be considered as an annular plate
stiffened by a circular beam with the rectangular cross-section. An asymptotic analyze shows
that the couple vibration problem for the cylindrical shell joined with the annular plate in the
first approximation reduce to the eigenvalue problem describing vibrations of the plate. In
assumption that the ratio of the plate width to the radius of its inner edge is small, a simple
approximate equation for the low frequencies is obtained.

2 BASIC EQUATIONS

Consider the low-frequency free vibrations of a thin circular cylindrical shell stiffened bynr

identical rings at the parallelss = si, wheres ∈ [0, l] is the dimensionless coordinate in the
longitudinal directions,i = 1, 2, . . . nr (see Fig. 1). The radiusR of the cylindrical shell is

w
(2)

w
(3)

w
(4)

w
(6)

w
(5)

w
(1)

1s s s s s0 l2 3 4 5

Figure 1: Ring-stiffened cylindrical shell.
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takenas the characteristic size.
After the separation of variables the non-dimensional equations describing free vibrations of

a cylindrical shell can be written in the following form

T ′
1 + mS + λu = 0, S ′ −mT2 + Q2 + λv = 0,

Q′
1 + mQ2 − T2 + λw = 0, Q1 = M ′

1 + 2mH, Q2 = −mM2,
T1 = ε1 + νε2, T2 = ε2 + νε1, S = (1− ν)(v′ −mu)/2,

M1 = µ4(ϑ′1 + νmϑ2), M2 = µ4(mϑ2 + νϑ′1), H = µ4(1− ν)ϑ′2,
ε1 = u′, ε2 = mv + w, ϑ1 = −w′, ϑ2 = mw + v.

(1)

where (′) denotes the derivative with respect to the longitudinal coordinates, m is the circum-
ferential wave number,u, v, w are the components of the displacement,λ = σρω2R2E−1 is
the frequency parameter,σ = 1 − ν2, ν is Poisson’s ratio,E is Young’s modulus,ρ is the
mass density,ω is the vibration frequency,T1, T2, S, Q1, Q2, M1, M2, H are the dimensionless
stress-resultants and stress-couples,ϑ1 andϑ2 are the angles of rotation of the normal,µ is the
small parameter,µ4 = h2/12, h is the dimensionless shell thickness.

We denote asy(j) the solutions of equations (1) in the intervalss ∈ [sj−1, sj], j = 1, 2, . . . n,
n = nr + 1. These solutions satisfy 8 boundary conditions on the shell edgess = 0 ands = l
and8nr continuity conditions on the parallelss = si, i = 1, 2, . . . , nr.

3 FIRST APPROXIMATION FOR NARROW RINGS

Assume that the width of the rings is sufficiently small. Then the lowest eigenvaluesλ ∼
µ2 corresponds to the large circumferential wave numberm ∼ µ−1/2 and we seek unknown
functions in equations (1) as

y(j)(s) = y
(j)
0 (s) +

4∑

k=1

D
(j)
k Y

(j)
k (s), s ∈ [si−j, sj], j = 1, 2, . . . , n. (2)

Herey
(j)
0 are slowly varying functions,D(j)

k are arbitrary constants. The edge effect functions
Y

(j)
k , are localized in a small neighborhoods of the parallelss0, s1,. . . ,sn.

The equations of the first approximation are

d4w
(j)
0

ds4
− α4w

(j)
0 = 0, σα4 = m4λ− µ4m8, j = 1, 2, . . . , n. (3)

System of equations (3) has the order4n and its solutions can not satisfy all8n boundary
conditions of the initial eigenvalue problem. The problem of the extracting the boundary con-
ditions for equations (3) out of the boundary conditions for equations (1) is discussed in [9].

The solutions of equations (3) must satisfy4nr continuity conditions on the parallelss = si:

w
(i)
0 = w

(i+1)
0 , w

(i)
0
′ = w

(i+1)
0

′, w
(i)
0
′′ = w

(i+1)
0

′′, w
(i)
0
′′′ − w

(i+1)
0

′′′ = −cw
(i+1)
0 ,

c = m8I/h,
(4)

whereI is the dimensionless moment of inertia of a ring cross-section. The boundary conditions
for equations (3) at the freely supported shell edges have the form

w
(1)
0 (0) = w

(1)
0
′′(0) = w

(n)
0 (l) = w

(n)
0

′′(l) = 0. (5)
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Theeigenvalue problem (3–5) also describe the flexural vibrations of the simply supported
beam, stiffened bynr identical springs of the stiffnessc at the pointss = si.

From the second formula (3) it follows that the approximate values of the frequency param-
eterλ are

λk(m) = σα4
k(m)/m4 + µ4m4, k = 1, 2, . . . ,

where0 < α1 ≤ α2 ≤ · · · are eigenvalues of the eigenvalue problem (3–5). The minimal
frequency parameterλ1, corresponding to the fundamental frequencyω1, can be obtained by
the formula

λ1 = min
m

[σα4
1(m)/m4 + µ4m4]. (6)

Assume that rings are uniformly arranged, i. e.si = il/n, the number of ringsnr is large
and the stiffnessc of rings is small. In this case one can use the homogenization method [6] for
the approximate evaluation of the eigenvaluesαk. Instead of the eigenvalue problem (3–5) we
will solve the equivalent problem for the equation

d4w

ds4
+ cw

nr∑

i=1

δ(s− si) = α4w (7)

with the boundary conditions (5). Hereδ(z) is Dirac’s delta function. In the new variables
s = xl andw = ŵl equation (7) is

d4ŵ

dx4
+ ĉnŵ

nr∑

i=1

δ(ξ − i) = κŵ, (8)

whereĉ = cl3, κ = (αl)4, andξ = nx. Boundary conditions (5) take the form

ŵ =
d2ŵ

dx2
= 0, x = 0, x = 1. (9)

Assuming thatn À 1 andĉn ∼ 1, we seek the solution of equation (8) as

ŵ(x, ξ) = w0(x, ξ) + n−4w4(x, ξ) + · · · , κ = κ0 + n−4κ4 + · · · , (10)

wherewi(x, ξ) = wi(x, ξ + 1) and, since,

<
∂kwi

∂ξk
>=

∫ ξ+1

ξ

∂kwi

∂ξk
dξ = 0, i = 0, 4, . . . , k = 1, 2, . . .

The operator< · > is called the homogenization operator. The application of this operator to
both parts of an equation is called the homogenization of the equation.

Substituting (10) into (8), we obtain the equations

∂4w0

∂ξ4
= 0,

∂4w4

∂ξ4
+

∂4w0

∂x4
+ ĉn

n∑

i=1

δ(ξ − i)w0 = κ0w0. (11)

From the first of equations (11) it follows that

∂3w0

∂ξ3
= v3(x), v3(x) =< v3(x) >=<

∂3w0

∂ξ3
>= 0.
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A furtherintegration followed by a homogenization gives

∂2w0

∂ξ2
= v2(x) = 0,

∂w0

∂ξ
= v1(x) = 0, w0(x, ξ) = v0(x).

After the homogenization of the second of equations (11) we get

d4v0

dx4
+ ĉnv0 = κ0v0. (12)

Theboundary conditions for equation (12) are

v0 =
d2v0

dx2
= 0, x = 0, x = 1. (13)

Eigenvalue problem (12), (13) describes the vibrations of a simply supported beam on an
elastic base and has the solutionsv0k = sin(kπx),

κ0k = (kπ)4 + ĉn, k = 1, 2, . . . (14)

Although formula (14) is derived forn À 1 andĉ ∼ 1/n ¿ 1, they provide good approxima-
tions for the exact values ofκ1 even forn = 2 (for one ring) and for a sufficiently large stiffness
ĉ (see [6]). It follows from (14) that

α4
k =

κk

l4
=

π4k4

l4
+

cn

l
=

π4k4

l4
+

ηµ4m8

σ
, η =

σcn

m8µ4l
=

σnI

µ4hl
. (15)

Therelative ring stiffnessη is proportional to the ratioDr/D, whereDr = EI is the bending
stiffness of the ring andD = Eh3/(12σ) is the bending stiffness of the shell.

Substituting (15) into (6) we get the following approximate formula

λ∗1(η) = λ∗1(0)
√

1 + η (16)

whereλ∗1(η) andλ∗1(0) = 2
√

σµ2π2/l2 arethe approximate values of frequency parameters for
the ring-stiffened and non-stiffened cylindrical shells accordingly.

The lowest frequency parameterλ1, corresponding to fundamental frequency, is the impor-
tant characteristics of a shell. For a non-stiffened cylindrical shell the approximate value of
λ1 can be found by the formulaλ1 ' λ∗1(0). However, for the ring-stiffened cylindrical shell
relationλ1 ' λ∗1(η) is valid only if the relative ring stiffnessη is not to large, because eigen-
value problem (3-5) in casesj = jl/n has stiffness-independent solutionsw0 = sin(nπs/l),
α0 = πn/l. Corresponding to this solution the minimal stiffness-independent eigenvalue is
λ∗n(0) = n2λ∗1(0).

The root of the equationλ∗1(η) = λ∗n(0) is η∗ = n4 − 1. If η ≤ η∗ thenλ∗1(η) ≤ λ∗n(0) else
λ∗1(η) > λ∗n(0). Therefore, for ring-stiffened shell

λ1(η) '




λ∗1(0)
√

1 + η), 0 ≤ η ≤ η∗,

n2λ∗1(0), η > η∗.
(17)
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4 OPTIMAL DESIGN

We suppose that the massMs of a ring-stiffened simply supported cylindrical shell is given
and seek the optimal parameters for which its fundamental vibrations frequencyω1 has the
largest value.

The fundamental vibration frequencyω0 of the unstiffened simply supported cylindrical shell
of the thicknessh0 and lengthl can be found by the approximate formula

ω2
0 =

Eλ1(0)

σρR2
=

Eh0π
2

√
3σρR2l2

. (18)

Themass of the unstiffened shellM0 = 2πρlh0R
3. Assume thatMs = M0. The values of the

ring-stiffened shell parameters for which the ratiof = ω1/ω0 attains its maximum are called its
optimal values.

The approximate values of optimal parameters for the cylindrical shell stiffened by the rings
with rectangular cross-sections are obtained in [6]. Consider the cylindrical shell stiffened by
the rings with T-shaped cross-sections. The dimensionless sizes of the T-shaped cross-sections
are shown in Fig. 2.

1

a

a

b

b1

h

bp

Figure2: T-shaped cross-sections of the ring.

The mass of a cylindrical shell stiffened by the rings with the T-shaped cross-sections is
Ms = 2πR3ρ(hl + nrS), whereS = a2k(ka + kb − kakb) is the area of the ring cross-section,
k = b/a, ka = a1/a, kb = b1/b. If ka = 1 or kb = 1 then the cross-section is the rectangle and
S = a2k. It follows from the conditionMs = M0 that

z = 1− Aa2, A =
nrk(ka + kb − kakb)

lh0

, (19)

wherez = h/h0, h is the thickness of the ring-stiffened shell.
Using formula (17) we obtain

f 2 =
ω2

1

ω2
0

=





z
√

1 + η), 0 ≤ η ≤ η∗,

zn2, η > η∗,
(20)

The moment of inertia of T-shaped cross-section with respect to the generatrix of the cylinder
is

I = a4k3[1 + (1− ka)(1− kb)
3]/3.

Taking into account that

η =
12σnI

h3l
=

Ba4

z3
=

B(1− z)2

A2z3
, B =

4σnk3[1 + (1− ka)(1− kb)
3]

h3
0l

, (21)
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from relation(20) we obtain

f 2(z) =

{
zn2, z ≤ z∗,

z
√

1 + γ(z − 1)2/z3, z > z∗,

whereγ = B/A2 andz∗ ∈ (0, 1) is the root of the cubic equation

g(z) = z3 − q(z − 1)2 = 0, q = γ/η∗. (22)

By virtue of the inequalitiesg(1) = 1 > 0 andg(0) = −q < 0 the functiong(z) has at least
one root in the interval (0,1). This root is unique, since

g′ = dg/dz = 3z2 − 2q(z − 1) > 0 for z ∈ [0, 1].

As was to be proved in [6] for the small values ofh0

f ∗ = max
0<z<1

f(z) = f(z∗) = n
√

z∗, (23)

andtheoptimal values of the parametersz anda arez∗ anda∗ =
√

(1− z∗)/A.
Let l = 4, h0 = 0.01, ν = 0.3. The values ofz∗, a∗ andf ∗ for various numbers of rings

nr are given in Table 1. In left and right parts of the table are listed the results for the rings
with square cross-section (k = 1, ka = 1) und T-shaped cross-section (k = 1, ka = kb = 0.2)
correspondingly. From Table 1 it follows that the replacement of the rings with the square cross-

k = 1, ka = kb = 1 k = 1, ka = kb = 0.2
nr

z∗ a∗ f ∗ z∗ a∗ f ∗

1 0.935 0.0510 1.934 0.968 0.0596 1.968
2 0.805 0.0625 2.691 0.893 0.0771 2.835
4 0.537 0.0680 3.667 0.687 0.0932 4.145
6 0.363 0.0652 4.218 0.507 0.0955 4.985
10 0.192 0.0586 4.826 0.292 0.0887 5.947

Table1: Values of optimal parametersz∗, a∗ and ratiof∗ vs. number of ringsnr.

sections to the rings with the T-shaped cross-sections leads to an increase in the fundamental
frequency of the stiffened shell without the increase in its mass. For ten rings this increase
reaches 23%.

Using formulas (19), (21) and (22) we obtain

A = A1k, A1 > 0, B = B1k
3, B1 > 0, q =

B

η∗A2
=

B1k

η∗A2
1

,
dq

dk
=

B1

η∗A2
1

> 0,

dq

dz
=

z2(3− z)

(1− z)3
> 0.

Therefore,
df ∗

dk
=

n

2
√

z

dz

dk
=

n

2
√

z

dz

dq

dq

dk
> 0,

andthefunctionf ∗(k) increases withk. However, for large values ofk formula (23) is not valid
because a wide ring must be considered as an annular plate.
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5 FIRST APPROXIMATION FOR WIDE RINGS

We consider the wide rings with T-shaped cross-section as annular plates of the thickness
hp = a1 and the widthbp = b − b1 stiffened at one edge by a circular beam. The beam has the
rectangular cross-section of the sizesa andb1 (see Fig. 2).

The results presented in [10] show that the low-frequency vibrations of the cylindrical shell
stiffened by annular plates are axisymmetric, i.e.m = 0. The equations

T ′
1 + λu = 0, Q′

1 − T2 + λw = 0, Q1 = M ′
1,

T1 = u′ + νw, T2 = w + νu′, M1 = µ4ϑ′, ϑ1 = −w′,
(24)

describing axisymmetric vibrations of a cylindrical shell are obtained from equations (1).
The non-dimensional equations

(spQ1p)
′ + λspwp = 0, spQ1p = (spM1p)

′ −M2p,
spM1p = h2

p(spϑ
′
1p + νϑ1p)/12, spM2p = h2

p(ϑ1p + νspϑ
′
1p)/12, ϑ1p = −w′

p

(25)

(spT1p)
′ − T2p + λspup = 0, spT1p = spu

′
p + νup, spT2p = up + νspu

′
p, (26)

describe the axisymmetric vibrations of the annular plate. Here (′) denotes the derivative with
respect to the radial coordinatesp ∈ [1, 1 + bp], wp andup are the components of the displace-
ment,Q1p, T1p, T2p andM1p, M2p are the dimensionless stress-resultant and the stress-couples,
ϑ1p is the angle of rotation.

For the simply supported shell

u′ = w = w′′ = 0, x = 0, x = l. (27)

At the parallels = si the following 9 continuity conditions have to be satisfied

w(i) = w(i+1) = −u(i)
p , u(i) = u(i+1) = w(i)

p , ϑ(i) = ϑ(i+1) = ϑ(i)
p ,

h(T
(i+1)
1 − T

(i)
1 ) = hpQ

(i)
1p , h(M

(i+1)
1 −M

(i)
1 ) = hpM

(i)
1p , h(Q

(i+1)
1 −Q

(i)
1 ) = −hpT

(i)
1p ,

(28)
whereu(i)

p , w(i)
p , ϑ(i)

p , . . . are the solutions of equations (25) and (26) for the plate located on
parallel with the coordinates = si. At the outer plate edgesp = 1 + bp, stiffened by circular
beam, following 3 conditions should be fulfilled

T
(i)
1p = ab1w

(i)
p , M

(i)
1p = cbw

(i)
p
′, Q

(i)
1p = 0, cb =

σa3b1

h3
p

, (29)

wherecb is therelative stiffness of the beam.
We assume thathp ∼ h, λ ∼ h2

p and seek the solutions of equation (24) in the form (2). In

the first approximationw(j)
0 = u

(j)
0 = u(i)

p = 0 and the eigenvalue problem (24–29) reduced to
the solution of equation (25) with the boundary conditions

wp = ϑ1p = 0, sp = 1, M1p = cbw
′
p Q1p = 0, sp = 1 + bp. (30)

Assume that the plate is narrow, i.e.bp ¿ 1. Replacing variables = 1+ bpx in the equations
(25) and neglecting small terms leads to the approximate equation (see [11])

d4w

dx4
− β4w = 0, x ∈ [0, 1], (31)
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whereβ4 = 12b4
pλ/h2

p. The solution of equation (31) has the form

w = C1 sin βx + C2 cos βx + C3 sinh βx + C4 cosh βx. (32)

Instead boundary conditions (30) we obtain the approximate boundary conditions

w = w′ = 0, x = 0, w′′ + cbw
′ = 0, w′′′ = 0, x = 1, (33)

Substituting solution (32) into boundary conditions (33) we get four linear homogeneous
algebraic equations for unknownsC1, C2, C3 andC4. This system of equations has nontrivial
solutions if its characteristic determinantDβ) is equal to zero, i. e.

D(β) = cosh β cos β + 1 + cb(cosh β sin β + sinh β cos β) = 0. (34)

The minimal frequency parameterλ1, corresponding to fundamental frequencyω1, can be found
by following approximate formula

λ1 =
hpβ

4
1

12b4
p

=
hpβ

4
1

12(b− b1)4
. (35)

whereβ1 is theminimal positive root of equation (34). The values of the rootβ1 vs. the relative
stiffness of the beamcb are plotted in Fig. 3. The parameterβ1 and frequency parameterλ1

2.2

2.1

1.9

0.5 1.5 2.01.0

β
1

cb

Figure3: The rootβ1 of equation (34) dependent on the stiffness of the beamcb.

increase with the beam stiffnesscb.
According to formula (35), which is valid in the case of wide rings, the minimal frequency

parameterλ1 decreases when the the rings widthb increases, while for narrow ringsλ1 increases
with b.

Let us compare the fundamental frequenciesωT
1 andωR

1 of the wide rings with T-shaped and
rectangular cross-sections, assuming that the rings have equal width and mass. Suppose that
the dimensionless sizes of T-shaped and rectangular cross-sections area = 0.05, b1 = 0.01,
bT
p = 0.1, hT

p = 0.1 andbR
p = bT

p + b1 = 0.11, hR
p = (hT

p bT
p + ab1)/b

R = 0.0136 accordingly.
The last approximate formula follows from the equality of the ring masses.

ThencT = σa3b1/(h
T
p )3 = 1.138, βT

1 = 2.16, cR = 0, βR
1 = 1.87 and by virtue of the

formula (35) we obtain

λT
1

λR
1

=
hT

p

hR
p

(βT
1 bR

P )4

(βR
1 bT

p )4
= 1.91,

ωT
1

ωR
1

=

√√√√λT
1

λR
1

= 1.38.
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6 CONCLUSIONS

Freelow-frequency vibrations of a thin cylindrical shell stiffened by the rings with T-shaped
cross-section was analyzed. To obtain simple approximate formulas for the lower frequencies
a combination of asymptotic method have been used. The optimal parameters corresponding to
the maximal fundamental frequency of the shell with given mass was evaluated. It was shown
that the replacement of the rings with the rectangular cross-section to the rings with the T-shaped
cross-section leads to increase in the fundamental frequency of the ring-stiffened shell without
the increase in its mass.
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Abstract. Multi-layer elastomeric bearings are used as common means of isolation with a 
large number of applications over the last 20 years in infrastructure assets. In this regard, 
seismic isolation is one of the most promising design philosophies for protecting structures 
against the catastrophic effects of earthquakes. Isolated bridges should be  designed to re-
spond with minimal or no damage (i.e. essentially elastic behavior). Additionally, in isolated 
bridges seismically induced damage is expected to be concentrated within the isolators, which 
are designed to be easily replaced. Thus, isolated bridges are resilient structures as their de-
sign is aligned to the principles of resilience, i.e. low-damage and quick restoration. Elasto-
meric bearings can be subjected to large axial loads and /shear displacements during strong 
earthquakes, which may also induce buckling effects. The recent Forcellini and Kelly (2014) 
model for elastomeric bearings allows to take into account large deformation response of a 
bearing when buckling occurs. 
This paper aims to identify the accuracy of  this theory using experimental results and de-
tailed numerical simulations carried out on ABAQUS. The finite element (FE) model has been 
reproduced with a layered system able to represent the alternating steel and rubber layers 
and the bolted connections. The presented FE model can be used as a powerful tool for pre-
dicting the non-linear behaviors registered during the lab tests. This study will provide new 
insights useful to designers, engineers and consultants. 
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1 INTRODUCTION 

Multi-layer elastomeric bearings have been extensively employed for pier and abutment 
protection against earthquakes ([1], [2], [3] and [4]). In this regard, base isolation decouples 
the structure from the ground by intentionally concentrating seismic energy dissipation within 
the isolation system. Isolated bridges are designed to respond with minimal or no damage (i.e. 
essentially elastic behavior). Additionally, in isolated bridges seismically induced damage is 
expected to be concentrated in the isolators, which are designed to be easily replaced. Gener-
ally, the bearings are used in the case of compression and somewhere in presence of shear 
forces. Therefore, it is necessary to have an in-depth knowledge of the behavior of such de-
vices under these loading conditions ([5] and [6]). In this regard, elastomeric bearings can be 
subjected to large axial loads and lateral/shear displacements during strong earthquakes, 
which may also induce buckling effects. The [8] model is used to illustrate the influence of 
large deformations on the interaction between horizontal and vertical loads and assessing the 
post-buckling behavior of these bearings. In particular, the previous study was conducted with 
the aim to extend the original linear theory of multilayered elastomeric bearings by replacing 
the differential equations by the algebraic ones. The model has been recently performed in 
order to study some applications, [4]. In this background, this paper aims to verify this theory 
using experimental results and detailed numerical simulations on ABAQUS. Initially, test re-
sults are taken by the ones carried out at University of Surrey. These results have been com-
pared with the developed theory. Secondly, numerical simulations have been performed by 
applying ABAQUS in order to validate both the laboratories tests and the theory. In particular, 
the actual state of mechanical computations allows to investigate non-linear behaviors with 
sophisticated numerical tools ([9] and [10]). The finite element (FE) model has been repro-
duced with a layered system able to represent the alternating steel and rubber layers and the 
bolted connections. Therefore, the paper aims to assess the theory potentialities in performing 
non-linear behavior of the elastomeric bearings. In particular, as shown by [11], the rotation 
experienced by the top and the bottom support can significantly influence the lateral behavior 
and cannot be neglected. In particular, the original theory has been modified in order to take 
into account G reduction and the rotation. The proposed modifications will be developed in 
order to provide new design considerations for designers, engineers and consultants all over 
the world. 

2 CASE STUDY 

In this paper, the multilayer elastomeric bearing has been taken from the ones tested experi-
mentally at University of Surrey and numerically in recent research [7, 10] shown in Figure 1 
and Table 1, where the geometry of the reference bearing is described in details.  
The circular steel-laminated elastomeric bearing consists of thirty layers of a hyperelastic ma-
terial with 4 mm thickness each, alternating with twenty-nine steel shims with thickness of 3.1 
mm each. At the top and bottom of the isolator there are two anchor plates with 28 mm thick-
ness each. The total thickness of the benchmark bearing is 265.9mm. The diameter of the 
elastomeric layers and the steel shims is 700 mm and the one of the anchor plates is 1000mm. 
There is a hole, at the centre of the reference bearing, with a diameter of 15mm. 
The bottom anchor plate of the model is fixed. Shear displacement of 450mm and simultane-
ous axial pressure is imposed to the top anchor plate of the bearing. Initially, the bearing was 
subjected to one full cycle of shear corresponding to a shear strain of 375%, thus the shear 
displacement is 450 mm. Figure 2 shows the results as detailed in [6]. 
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Figure 1. (a) 3D view and (b) vertical section of the benchmark steel-laminated elastomeric bearing 

Table 1. Geometry of the reference bearing [7] 
notation (unit) Value 

diameter of the elastomer Dr (mm) 700 
diameter of the anchor plate DAP (mm) 1000 
diameter of the hole Dh (mm) 15 
area of the elastomer layer Ab (mm2) 384845 
total height of the bearing T (mm) 265.9 
elastomer layer thickness tr(mm) 4 
number of elastomeric layers nr 30 
total elastomer thickness Tr (mm) 120 
single steel shim thickness ts(mm) 3.1 
number of steel shims ns 29 
total steel shim thickness Ts(mm) 89.9 
single anchor plate thickness tAP(mm) 28 
number of anchor plates nAP 2 
total anchor plate thickness AP (mm) 56 

Figure 2. Response of the reference steel-laminated elastomeric bearing for variable axial loads (shear 
strain 375%) for one cycle of loading [7] 
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3 THEORETICAL MODEL 

The two-spring model (shown in Fig. 3) consists of two rigid elements in the shape of 
tees, connected by moment springs across hinges at the top and bottom and by shear springs 
and frictionless rollers at mid-height, [8]. The deformation variables shown are the shear dis-
placement (s), the relative rotation (θ) and the horizontal displacement (v). The vertical load is 
P while the horizontal load at the top of the column is F. The kinematic at the top of the col-
umn is thus calculated following the formulation by [8]. 

Fig. 4 shows the results in terms of s/h, v/h, δ/h, θ for variable values of the axial load 
(2MPa and 14 MPa), as calculated by the theoretical model. It is possible to see s/h and v/h 
are not extremely sensitive to  the values of p. In particular, the axial load affects the stiffness 
that decreases with increasing axial load, as shown in [9].   
Fig. 5 shows the shear force – displacement relationship for variable values of the axial load 
(2MPa and 14 MPa), as calculated by the theoretical model (red line), in relationship with the 
ones predicted by the numerical simulation (blue line) [7]. It is possible to see that the dis-
placements increase linearly with the lateral shear force.  

Figure 3 – Two-spring model [8] 

4 SENSITIVTY ANALYSIS 

In order to model the non-linear behavior, a sensitivity analysis has been performed on 
two important parameters. First of all, the shear modulus G in order to take into the reduction 
of the stiffness when the shear strain increases. The second parameter that has been studied is 
the top support rotation. It has been introduced in order to assess how its influence on the lat-
eral behavior.  

4.1 G modulus 

G reduction when the shear strain increases has been investigated in several research, 
such as [12]. In this research, the model used in [13] was modified by using an instantaneous 
apparent shear modulus as a function of the shear strain obtained from the tests results they 
performed. In order to consider non-linear effects, [13] proposed a nonlinear formulation for 
G calibrated from the laboratory results and varying the horizontal tangential stiffness, as 
principal variable. In this paper, G has been varied by considering the loading conditions. In 
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particular, both the shear force (F) and the axial pressure (p) have been introduced inside a 
formulation: 

( ) init

p

G
F

FpG ⋅























⋅−=
100

2

100
1.01, (1) 

Equation (1) leads to linear curves in cases of very low axial load (for example in case 
of p= 2 MPa). Figure 6 shows the comparison between the numerical simulation outputs (blue 
line, [7]), the theoretic model [8] (with constant G, in red) and the modified G (with equation 
1, in green). It is shown that the theoretical approach and the numerical results improves when 
equation (1) is implemented inside the theory. This happens particularly in case of bigger val-
ues of p (such as 14 MPa). The model even with the formulation for considering the variation 
of G does not allow to consider conditions of unloading. 

Figure 4 – Two-spring model results in terms of s/h, v/h, δ/h, θ 
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Figure 5 – Shear force-displacement curve  (axial load: 2 MPa and 14 MPa [7]) following [8] 

Figure 6 – Shear force-displacement: comparison between the numerical simulation outputs (blue line, 
[7]), the theoretic model [8] (constant G) and the modified G (with equation (1)) for axial load: 2 MPa 
and 14 MPa. 

4.2 Rotation 

Following the approach  shown by [11], the rotation experienced by the top and the 
bottom support may influence significantly the lateral behavior and hence this should not be 
neglected. In this regard, the original formulation [8] has been modified by introducing the 
applied rotation at the top end plate (named α and positive if the same sense as θ) inside the 
previous formulation: 

)cos()sin( αθαθ +⋅++⋅= shv  (2) 

[ ] )()cos()sin(])cos([ αθαθαθλαθ +=+⋅++⋅⋅++⋅ fpp (3) 

Where: 

SE PP

P
p = ; 

SE PP

F
f = ; 

E

S

P

P
=2λ (usually between 0.001 and 0.05) (4) 

and: 

2

2

h

IE
P S

E

⋅⋅= π
    ( SEI bending stiffness) (5) 

sS AGP ⋅= ( SGA effective shear stiffness)  (6) 
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Figure 7 and 8 show the effects of introducing rotation of the top support. In particular, 
Figure 7 shows the results when α is set to increase linearly with the horizontal shear force. 
Several values of initial rotation have been considered: 0.5, 1.0, 1.5 and 2.0 rad and named 
LIN-0.5; LIN-1; LIN-1.5; LIN-2). The results show that the first part of the curve fits with 
the experimental ones. 

Figure 8 shows the comparison between the original theory (blue line), the previous 
LIN-1.5 case (black line) and the results when α is set to increase with a bi-linear behavior 
(red line). In particular, the red line shows that if after the plateau the rotation is maintained 
constant (elastic – perfectly plastic behavior), the two curves reach a proper agreement.  

The model does not allow to consider conditions of unloading as well. 
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Figure 7 – Shear force-displacement curve (axial load: 14 MPa [7]): following [8] and linear rotation 
(initial: 0.5, 1.0, 1.5, 2.0) of top support. 
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Figure 8 – Shear force-displacement curve (axial load: 14 MPa [7]): following [8], linear (initial rota-
tion: 1.5 rad) and bilinear rotation of top support. 
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5 CONCLUSION 

The paper aimed to apply the theoretical approach [8] in order propose a new model 
able to improve the description of non-linear behaviour of the bearings. In this regard, two 
important parameters have been varied and implemented inside the original formulation. First, 
a formulation that allow to vary G has been proposed. Secondly, the effect of rotation of the 
supports have been considered. The non-linear behavior shown in in numerical simulations [7, 
10] was reproduced with two sensitivity analyses. The results show how a more developed
model needs to include both the reduction of G and the effect of the rotation. Future compari-
sons on more bearings need to be considered.    
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Abstract. A performance-based design procedure is presented herein for seismically isolated 

bridges equipped with nonlinear viscous dampers (VDs). Accounting for multiple performance 

objectives, the proposed method initially identifies the critical hazard level and ‘near-optimal’ 

alternatives of the isolation system in terms of both economy and performance, based on the 

inelastic response of a single-degree-of-freedom system. By incorporating nonlinear response 

history analysis (NLRHA) of the multi-degree-of-freedom (MDOF) system in a number of suc-

cessive design steps that correspond to different performance levels (PLs), it subsequently leads 

(in a non-iterative way) to a refinement of the initial design solution through the control of a 

broad range of material strains and deformations. The efficiency of the proposed design meth-

odology is demonstrated by applying it to an actual bridge that was previously designed for 

ductile behaviour. Assessment of the design using NLRHA for spectrum-compatible motions 

indicates that the introduction of nonlinearity in viscous dampers can effectively reduce their 

size (i.e. reduced damper force demand) without significantly affecting the overall bridge re-

sponse. Furthermore, enhanced seismic performance and cost reduction in the substructure 

design emerge, thus, rendering base-isolation an appealing design alternative. 
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1 INTRODUCTION 

Viscous fluid damper (VD) devices employed in passive energy dissipation schemes as a 

means of mitigating seismic risk in structures are now well established; initially conceived as 

shock and vibration control units for military and aerospace technology purposes, their use was 

extended to civil structures in the early 1990s, gaining quickly widespread acceptance. Several 

methodologies have been proposed with regard to the seismic design of buildings equipped 

with VDs [1] varying from relatively simple to highly sophisticated ones; however, integrated 

design approaches addressing bridges equipped with both passive isolation and energy dissipa-

tion devices while aiming at a predefined structural response under a specific or, preferably, 

under multiple seismic hazard levels within a practical design context, have been fairly scarce 

and essentially based on linear equivalent-static/dynamic analysis (e.g. [2]). To estimate the 

peak inelastic response, such procedures usually employ equivalent linearisation techniques 

based on effective properties (i.e. stiffness and damping associated with maximum displace-

ments); apart from the apparent requirement for iterative structural analysis, other related defi-

ciencies may also arise, such as the inaccurate estimation of inelastic response due to the 

introduction of the ill-defined (i.e. non-physical) ‘effective’ isolation period [3] and the ‘equiv-

alent’ damping ratio [4], the unreliable estimation of relative velocity required for the calcula-

tion of peak damper forces [5], and the inconsistent treatment of systems with non-classical (or 

non-proportional) damping matrices [4, 5]. 

In view of the previous considerations, the present study attempts to extend an existing rig-

orous performance-based design methodology for seismically isolated bridges [6] with a view 

to addressing nonlinear VDs, i.e. a feature of major importance in practical design due to the 

ability of nonlinear VDs to provide an effective line of defence against excessive damper forces 

caused by large velocity ground motions [7]. The suggested approach, called ‘Deformation-

Based Design’ (Def-BD), originates from previous work presented by the authors on the seis-

mic design of buildings [8] and bridges [9] relying on hysteretic energy dissipation through 

ductile behaviour. Def-BD in the form presented herein involves explicit design for multiple 

PLs and a broad range of design parameters, while providing the required tools for a direct 

comparative evaluation, at the early stages of design, of alternative isolation schemes that may 

consist of isolation and supplementary linear (LVD) or non-linear (NLVD) viscous damper 

devices, as well as combinations thereof. Detailed steps of the proposed Def-BD methodology 

and required modifications with regard to [6], aiming at considering the effect of nonlinearity 

of VDs, are presented in §2. Its efficiency is subsequently explored (§3) by applying it to an 

actual concrete bridge previously studied by the authors in the case of ‘ductile pier’ [9] and 

isolated [6] bridges. The suggested procedure and the resulting designs for two different isola-

tion schemes focusing on the use of linear or non-linear VDs are then evaluated in the light of 

NLRHA using suites of natural and artificial spectrum-compatible motions. A comparison 

among the different designs, with emphasis on both economy and structural performance, is 

finally presented. 

2 PROPOSED DEFORMATION-BASED DESIGN PROCEDURE 

The target performance sought in Def-BD of seismically isolated bridges can be described 

with reference to member (e.g. pier and isolator) limit states and the associated seismic actions. 

For common bridges, a ‘frequent’ earthquake event (denoted EQII and having a return period 

Tr=50-200yrs, see [9] for EQI, not used herein) is associated with the ‘operationality’ limit state 

of isolators corresponding to non-disrupted service of the bridge, a ‘rare’ earthquake (EQIII: 

Tr=500-2500yrs) with quasi-elastic response of piers and minimal damage in the isolators with-

out significant disruption of service, and a ‘maximum considered’ earthquake (EQIV: 
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Tr~2500yrs) with ultimate response of isolators, limited inelastic response of piers, and limited 

service of the bridge. The range of Tr coupled with each PL should be seen as indicative of the 

widely varying requirements prescribed in different codes for common bridges [9]; modifica-

tion of the level of performance requirements and/or of Tr should be in order in the case of 

bridges of higher or lower importance. The target objectives are also in line with code specifi-

cations (e.g. [10]) regarding the necessity of limiting the inelastic response of the substructure, 

aiming at the proper performance of the isolation system, since it has been demonstrated [11], 

[12] that when inelastic action develops, the effectiveness of the isolation system may be re-

duced, resulting in larger deformation demands in the isolated structure. In the light of the pre-

vious consideration, controlled inelastic response of the piers (e.g. associated with spalling of 

concrete cover) is allowed only under EQIV. It is also noted, that a strict approach would require 

analysis of the seismically isolated bridge for three different PLs and two different sets of me-

chanical (i.e. lower bound (LB) and upper bound (UB) design properties (DPs)) of isolators and 

dampers, i.e. in total, six different sets of NLRHAs, each set consisting of seven (or more) pairs 

or triplets of accelerograms in an appropriate orientation. The following scheme reduces the 

required sets to three (i.e. one per each PL), noting however, that performing the ‘full set’ of 

analyses will in any case minimise the associated cost of the adopted isolation solution. For the 

sake of completeness all steps of the procedure (including those that are essentially the same 

with [6]) are summarized in the following. 

2.1  Step 1: Preliminary design 

Preliminary design in this step aims at the identification of the critical (in terms of economy 

and performance) PL and at a first ‘near-optimal’ estimation of the basic parameters of the 

isolation system, namely, its strength (v̅0), post-elastic stiffness (kp) or isolation period (Tp), and 

damping ratio (ξ). v̅0 represents the ratio of V0/(mg), where V0 is the shear capacity of the isola-

tion system at zero displacement, m the isolated mass and g the acceleration of gravity. The 

‘near-optimal’ isolation solution is defined herein as the one that results in ‘near-minimum’ 

peak total acceleration (Ü0) of the superstructure while keeping within allowable limits the peak 

relative displacements (u0) of the isolation system and the deformations of the substructure [13]; 

different approaches can be explored by duly exercising engineering judgement.  

Both objectives of the preliminary design can be investigated either on the basis of an elastic 

(e.g. response spectrum) analysis by introducing an iterative equivalent-linearisation technique, 

similar to code-based approaches (e.g. [10]), or on the basis of ‘design equations’ that can pro-

vide direct estimates of u0, Ü0 as a function of ξ, η (i.e. strength normalised to seismic intensity 

[6]), and Tp, under different PLs associated with (code-based) target spectra of common fre-

quency content but different intensity. The latter approach [6, 14], apart from being compatible 

with the framework of the ‘deformation-based design’ method (Def-BD) [9] has also the po-

tential to deal with certain pitfalls of equivalent linearisation procedures (§1). To this end, ‘de-

sign equations’ in the form of Eqs. (1, 2), simplified in Table 1 for the case of elastomer-based 

isolators, were developed [6] by fitting a linear regression model to the normalised response of 

an isolated SDOF system under a suite of 10 artificial records generated [15] to fit a target 

spectrum with a frequency content corresponding to ground type ‘C’ [16] (Fig. 1). In general, 

‘design equations’ can be extracted for code-prescribed target spectra and provided as ready-

to-use tools. Although development of regression models is required in cases wherein spectra 

of different frequency content are adopted, the procedure can be easily automated based on a 

relatively small number of NLRHAs under spectrum compatible records. Strictly, the data of 

Table 1 refer to linear VDs; pending a future publication on the investigation of the effect of 

nonlinearity of VDs on the ‘design equations’, Eqs. (1, 2) are used herein to predict also the 

response of systems equipped with NLVDs, investigating their efficiency for a case study in §3.  
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Table 1: Definition of ‘design equations’ for ground type C [16]. 

 

Figure 1: Spectral matching of the scaled median (‘GM’) response acceleration (left) and displacement (right) 

spectrum to the target spectrum (PGA of 0.21g) for a suite of artificial (‘Art’) recordings. 

u0 and Ü0 inelastic spectra for the adopted EQIII and EQIV seismic intensities are first es-

tablished by plotting Eq. (1) in a u0-, Ü0 vs v̅0 format (Fig. 2), facilitating the identification of 

isolation schemes (ξ, v̅0, Tp) with a ‘near-optimal’ performance under different earthquake in-

tensities, and systems consisting of different isolation and energy dissipation devices. The 

above near-optimal selections for a given ξ are characterised by a constant value of η (i.e. the 

near-optimal η is independent of the seismic intensity) but in general correspond to different 

‘actual’ isolation schemes due to the variation of v̅0 (see Eq. (2) and optimal selections denoted 

with blue in Fig. 2). Fig. 2, in agreement with other studies [17], indicates that when an isolated 

structural system designed for optimal performance under a ‘rare’ event (denoted as optEQIII) 

is subjected to stronger ground motions (e.g. EQIV), it results in suboptimal u0 response com-

pared to the displacement response of a system optimised for the increased hazard intensity (i.e. 

optEQIV). On the other hand, increased Ü0 (and hence base shear) are obtained in the case of 

the optEQIV system when the latter is subjected to shorter return period events (e.g. EQIII). In 

design terms, the previous observation may be translated into an increased cost of isolators in 

the first case and an increased cost of reinforcing steel in the concrete piers in the second. In 

view of the previous remark, the decision on the reference hazard level to be used, or else, the 

earthquake intensity under which the isolation and energy dissipation system is near-optimally 

selected (i.e. EQIII or EQIV) should be made cautiously considering the divergence from opti-

mal response (when the selected system is subjected to a different PL and/or different DPs) and 

Case R Int β γ δ ε ζ κ λ μ ν

η =0 u 0 5.245 -0.428 - - - - - -1.194 0.797 -0.443
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the relevant effect on economy and performance. It is noted that the variability of mechanical 

properties can be easily assessed provided that the relevant input (i.e. ξ, v̅0, Tp corresponding to 

LB- or UB-DP) is used in Eq. (1). 

 
 v̅0 v̅0 

Figure 2: Direct peak response estimation of SDOF systems (m, ξ, Tp=3.0s, a=1.0) optimally designed (in blue) 

under EQIII (i.e. optEQIII) (left) and EQIV (i.e. optEQIV) (right), and corresponding response of optEQIII un-

der EQIV (in red). 

Eq. (1) and inelastic spectra in Fig. 2 can be also used in systems equipped with NLVDs by 

introducing an energy-equivalence approach [18]; the damping coefficients associated with vis-

cous damping originating from elastomer-based isolators (ce) and VDs (cd) can be expressed by 

Eqs. (3, 4) where the equivalent viscous damping ratio ξd is used to describe the energy dissi-

pation capacity of energy-equivalent VDs, the parameter a their nonlinearity ranging between 

zero (pure friction damping) and 1.0 (linear viscous damping), Γ(·) the gamma function, and 

ωp the isolation frequency associated with kp and Tp. u0, required for the calculation of cd when 

a≠1.0, is defined herein as the peak displacement of the SDOF with an energy-equivalent linear 

VD of ξ=ξe+ξd and a=1. 
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By approximating the response of a NLVD with an energy-equivalent LVD, Eq. (1) can 

provide direct estimates of response for systems of the same ξ but different a. However, since 

cd depends on u0, an iterative application of Eq. (1) will be required whenever the response of 

a near-optimal system is sought under a PL and/or design properties other than those used for 

its selection. The procedure is summarised as follows: 

i. u0 and Ü0 response estimates of a near-optimally selected system (ξ, v̅0, Tp, and a<1) under 

the reference event are directly calculated from Eq. (1) assuming a=1; 

ii. Assuming ξe=0.05 (in the case of elastomer-based isolators) and ξd=ξ−ξe, ce and cd are cal-

culated under the reference event using Eq. (3) and u0 from Step (i); 

iii. ce, cd, v̅0, Tp are subsequently modified to account (if required) for the variability of DPs of 

devices, otherwise they remain constant (i.e. corresponding to specific devices); 

iv. η and ξ=ξe+ξd are calculated under the different PL and/or design properties by re-arranging 

Eqs. (2 & 3). Supposing that a<1.0, calculation of ξ requires the definition of an energy-
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equivalent linear system which in turn will provide the unknown u0 under the updated PL 

and/or DPs. An initial estimate of ξ can be derived from Eq. (3) by assuming a=1, thus 

uncoupling the above calculation from the displacement response; 

v. Substituting ξ, η (from Step iv) and Tp (from Step iii) in Eq. (1) provides an initial estimate 

for u0 and Ü0 under the different PL and/or design properties.  

vi. Once u0 has been determined, Steps (iv) & (v) are repeated until all relevant design quan-

tities (i.e. ξ, u0 and Ü0) have practically stabilised. 

In cases of a=1.0, Step (vi) will be redundant (i.e. no iterations required, as in [6]), whereas the 

decision on the adopted reference event will have no effect on the system’s optimal response in 

the special case of a=1.0 and η=0, due to the system’s inherent linearity. The selection of a 

system with a ‘near-optimal’ performance may also encompass additional design constraints, 

such as, a target Tp, a maximum value of ξ or v̅0, and a target u0, accounting for both economy 

and market availability of the selected dampers, isolators, and expansion/contraction joints. 

Note also that the decision on the type of devices required to materialise the selected system 

will normally follow the selection of ξ, η, Τp, apart from the case when specific restrictions 

apply. An example of the above procedure is presented in §3. 

Selecting an isolation and energy dissipation system will result in a first estimation of the 

geometrical and mechanical (LB, UB) properties of devices to be used in subsequent steps, so 

long as, ξ, η, and Τp, of the selected system are properly distributed to a sufficient number of 

units located at the piers and abutments, accounting for the weight distribution of the deck to 

the substructure, and aiming at the minimisation of the eccentricity between the centre of stiff-

ness of the substructure-isolation system and the centre of mass of the supported deck to miti-

gate torsional effects. Uniformity of the stiffness of piers with different height can be achieved 

to some extent by tailoring the isolator properties so that the bearing stiffness counterbalances 

the difference in pier stiffness [19]. Notwithstanding the importance of the previous factors, 

reliability and cost issues will normally dictate the above distribution, e.g. selection of two 

isolators per pier/abutment is the most reliable and cost-effective design solution in the case of 

box girder section decks [20], while identical devices are preferable in small-to-moderate 

bridges since the cost for testing of devices is minimised. It is worth noting that the constraint 

of maintaining classical normal modes (i.e. distribution of damping constants proportional to 

the lateral stiffness of the substructure) does not apply here due to the use of NLRHA, hence, 

optimal distributions of dampers may be explored [7].  

Distribution of properties of the selected isolation system and determination of LB/UB-DPs 

of devices will also provide an estimate of the pier strength required to ensure the target perfor-

mance under the selected reference event, i.e. quasi-elastic response of piers under EQIII or 

controlled inelastic response under EQIV. Regarding the second case, the strength at the pier 

ends should be established to retain the effectiveness of the isolation system under an ‘extreme’ 

event through proper consideration of the range within which the inelastic deformations should 

fall (associated with the degree of damage allowed under EQIV). To meet this objective, the 

procedure described in Step 1 of Def-BD for ‘ductile pier’ bridges [9], used to ensure that the 

bridge remains operational during and after EQII, can be fully implemented herein under EQIV 

without requiring an elastic analysis; pier column forces and chord rotations can be estimated 

from the maximum shear transferred through the isolator to the pier top and a proper estimation 

of the pier equivalent cantilever height (heq). The reader is referred to [9] for further details on 

the calculation of reduced design moments that are directly related to allowable deformations. 

In case the longitudinal reinforcement demand (ρl) is found to be less than the minimum re-

quirement, reduction of cross sections is in order. An issue deserving some further consideration 

is that convergence of response quantities derived from Eq. (8) and the MDOF analysis in the 

following steps, depends on the substructure’s stiffness (potentially involving limited inelastic 
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response) and inertial characteristics that are ignored in Step 1. Consideration of the latter pa-

rameters is deemed superfluous at this stage since subsequent steps of the method involve 

NLRHA of a detailed model of the bridge. 

2.2  Step 2: ‘Operationality’ verifications 

During this step a partially inelastic model (PIM) of the structure is set up, wherein hysteretic 

isolators and dampers are modelled as yielding and dashpot elements, respectively, with me-

chanical properties as defined in Step 1 based either on LB-DPs or UB-DPs or on both, as 

described in the following. In the same model, the remaining parts of the bridge are modelled 

as elastic members. The flexural stiffness of prestressed concrete deck elements is calculated 

assuming uncracked deck sections while reinforced concrete pier column stiffness should cor-

respond either to yield (e.g. moment M vs curvature φ analysis of sections based on ρl estimated 

in Step 1) or to the gross section; pier stiffness under EQII is expected to have a minor effect 

on isolator deformations used in the following verifications. NLRHA of the PIM also requires 

the definition of a suite of ground motions, which, in a design context, should be compatible 

with the selected design spectrum. Selection and scaling of input motions can be performed 

according to the procedures described in [9]. The selected earthquake motions will be used for 

both this step and the following ones, and they should be properly scaled to the level associated 

with the PL considered; alternatively, different suites of motions can be established for each PL 

based on different selection criteria and shape of target spectra in a more refined approach that 

is expected to be more essential in the case of bridges of higher importance. 

Verifications under the EQII event should be carried out in terms of both ‘operationality’ 

and ‘structural performance’ of the bridge, hence, design criteria in this PL should ensure both 

‘full’ service of the bridge (i.e. no closure) and ‘negligible’ (or preferably no-) damage of the 

isolation and energy dissipation devices. The ‘operationality’ requirement can be satisfied by 

providing an adequate restoring capability, a design strategy common in most codes, by dictat-

ing the presence of devices that can inherently apply re-centring forces to the superstructure, 

thus preventing substantial residual displacements (ures) after the seismic event and accumula-

tion of displacements during a sequence of seismic events or under ground motion containing 

pulses, while allowing the prediction of displacement demand with less uncertainty [20]. The 

restoring capability should be assessed on the basis of design charts (e.g. [21, 22]) derived from 

statistical analysis of responses from a large number of NLRHAs since the absence of ures in 

NLRHA results under few (e.g. 3–10) horizontal pairs of spectrum-compatible records is not 

always indicative of sufficient restoring capability. 

In view of the previous remarks, the isolation system design should aim at ‘full’ service of 

the bridge at this PL (i.e. near-zero ures) and at ‘limited’ service at the PL associated with EQIII. 

Engineering judgement will be required at this stage in defining allowable ures values associated 

with the ‘closure/non-closure’ state of the bridge [6], noting that the capability of bilinear iso-

lation systems is expected on average to be relatively lower for seismic motions involving 

small-to-moderate displacements and UB-DPs. A more stringent (‘force-based’) ‘operationality’ 

criterion under EQII can be the limitation of the isolation base shear below V0 assuming UB-

DPs; this will ensure zero ures of the deck in the case of sliding bearings, and thus, ‘full’ ser-

viceability of the bridge, but is more difficult to apply in lead rubber bearings due to the actual 

gradual transition from the elastic to the inelastic range of response (i.e. uncertainty with regard 

to the definition of the yield displacement uy); nevertheless, the previous criterion can be applied 

by conservatively estimating uy. Considering the requirement for ‘negligible’ damage of isola-

tors, an upper limit of deformation (combined with an appropriate safety factor) corresponding 

to the yielding of the steel shims (e.g. shear strains due to lateral deformation γq lower than 1.0 

[23]) should be applied in the case of elastomer-based isolators and LB-DPs. 
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Use of UB- or LB-DPs of devices during the analysis in this step, should be in order for the 

verification of ‘force-based’ (including restoring capability) or ‘deformation-based’ operation-

ality criteria, respectively. In the (common) case wherein both types of criteria are involved, 

analysis should be based either on UB- or LB-DPs depending on the most critical one (see §3). 

Verifications associated with mechanical properties not accounted for in the analysis should be 

conducted using conservative estimates of the demand implicitly related to analysis results 

through proper modification factors; the latter can be calculated as the ratio of the relevant 

UB/LB design quantities derived from Eq. (1). Alternatively, the designer may opt to apply 

consecutively UB- and LB-DPs, in this and the following PLs, to ensure a minimum cost of the 

adopted isolation solution. If the adopted performance criteria are not satisfied, mechanical 

properties of devices should be modified without performing additional NLRHAs; conformity 

to the requirements of Step 1 (i.e. performance under the reference event) can be evaluated 

using Eq. (1). When the required modifications in this step do not satisfy the target performance 

set in Step 1, alternative (probably less economical) design options can be explored, such as 

adding sacrificial devices that can restrain the relative movement of the deck to the piers for the 

relatively low shear forces under EQII. In any case, operationality verifications at this step are 

not expected to be critical for piers, as the latter are designed for responding quasi-elastically 

up to the next PL. 

2.3  Step 3: ‘Minimal damage’ verifications 

During analysis in this step, the PIM of Step 2 should be used with pier stiffness correspond-

ing to yield and UB-DPs of devices (as modified in Step 2). Verifications under a ‘rare’ event 

should ensure that the extent of damage is such that the bridge can be easily repaired after the 

earthquake without any significant disruption of service. Regarding the isolation system, the 

previous requirement can be expressed as an adequate restoring capability allowing for ures that 

can result in a ‘brief’ closure of the bridge, and ‘minimal’ damage in the isolators (e.g. γq=1~1.5), 

both evaluated according to the previous step. Required modifications of the isolator mechani-

cal properties should be evaluated based on the requirements of Steps 1 and 2; some additional 

control over the restoring capability requirements can be gained through the adjustment of the 

substructure stiffness (increase of pier stiffness will normally increase the relative deformation 

of the isolation system). The performance sought for the substructure at this PL refers to essen-

tially elastic response of piers. When design for flexure is carried out in terms of design values 

of material strength (hence using commonly available design aids), pier moment and shears 

derived from analysis (based on mean values of strength) should be properly reduced similarly 

to Def-BD of ‘ductile-pier’ bridges [9]. The final ρl ratio should be selected by adopting the 

highest demand derived from Steps 1 and 3. 

2.4  Step 4: ‘Life-safety’ verifications 

Verification of deformations in both the isolation system and the substructure under EQIV 

constitutes the primary objective in this step. Adoption of LB-DPs during analysis, followed by 

an explicit calculation of the deformation demand in the isolation system, or adoption of UB-

DPs, that will provide an accurate estimation of the deformations in the substructure, should be 

selected in accordance with the available capacity of substructure members and devices and the 

estimated response from Eq. (1). For example, if the estimated displacement demand of the 

isolators from Step 1 is close to the capacity of the devices selected in subsequent steps, it is 

preferable to adopt LB-DPs during the analysis under EQIV with a view to assessing accurately 

(through analysis) the deformation demand in the isolation system and implicitly (through mod-

ification factors) the pier deformation demand. The designer may also opt for analysing the 
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isolated bridge under both LB- and UB-DPs, ensuring that neither the devices nor the substruc-

ture members (piers) are overdesigned. In any case, pier strength and stiffness should be calcu-

lated from M-φ analysis using the ρl ratios determined in Step 3.  

Verification of the ‘near-optimal’ performance sought in Step 1 and subsequently modified 

in Steps 2, 3 is of particular importance for the isolation system; the deformation capacity of 

isolation and energy dissipation devices should be checked for ultimate deformations (also ac-

counting for residual displacements [22] so that the isolation system can sustain possible after-

shocks), uplift, and stability. With regard to the piers, it should be verified that the deformation 

demand is consistent with the limit state values allowing for controlled inelastic response of 

piers under EQIV calculated using section analysis; detailing of piers for confinement, anchor-

ages and lap splices, should be carried out with due consideration of the expected level of ine-

lasticity [9]. Moreover, shear design of piers should be carried out for EQIV and UB-DPs. 

Finally, in case the characteristics of the selected isolation devices deviate from those of typical 

devices provided by the manufacturer, checking of stresses in reinforcing shims (internal plates) 

and design of end plates should also be performed during this step (e.g. [20]) 

3 CASE STUDY 

To evaluate the efficiency of the proposed procedure, a 3-span bridge of total length L=99m 

was investigated (Fig. 3); the 10m wide prestressed concrete box girder deck has a 7% longitu-

dinal slope and it is supported by two single-column piers of cylindrical section and heights of 

5.9 and 7.9m. The deck rests on piers and abutments through isolators allowing movement of 

the deck in any direction. The bridge lies on firm soil and both piers and abutments have surface 

foundations (footings). The selected structure is similar to the T7 Overpass previously used by 

the authors as a case study of Def-BD for bridges of ductile behaviour [9]. Apart from the 

modification of the pier-to-deck connection (i.e. monolithic in T7), the clear height of the piers 

is reduced herein to accommodate the pier cap (height of 1.5m). For the sake of consistency 

and with a view to enabling a meaningful comparison with T7, certain design parameters were 

defined in line with [9]. In particular, EQIII was associated with the EC8 ‘Type 1’ elastic spec-

trum (Tr=475 yrs) for a PGA of 0.21g, ground type ‘C’, and assuming the corner period marking 

the transition from the velocity-sensitive to the displacement-sensitive region of the target spec-

trum equal to TD=4.0s (i.e. compatible with ‘design equations’ of Table 1 and in line with recent 

research findings [24]), whereas EQII and EQIV were selected as half and twice the spectrum 

of EQIII, respectively. Furthermore, the output of the Def-BD methodology in [9] regarding 

the geometry of the piers (i.e. D=1.2m) was used as a starting point, focusing on the transverse 

response of the bridge and ignoring SSI effects. Response-history analysis was carried out using 

Ruaumoko 3D [25]. 

Figure 3: Configuration and modelling of studied bridge. 
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The focus in the following is on the design and assessment of two different isolation schemes 

that are representative of just a few of the available options and design criteria that can be 

explored; the adopted schemes are only differentiated with respect to the incorporation of linear 

or non-linear VDs, aiming at the investigation of the effect of nonlinearity of dampers (the 

reader should refer to [6] for additional isolation configurations). The efficiency of the adopted 

schemes within the examples of this study is evaluated using both approaches with regard to 

the variability of design properties of devices during design (i.e. ‘reduced’ and ‘full’ set of 

analyses according to §2); at the assessment stage safety checks are always performed for the 

element forces and displacement demands resulting from each possible combination of design 

properties (LB, UB) and PL. 

Within Step 1, Eqs. (1, 2) were used to plot inelastic spectra in the form of Fig. 4 correspond-

ing to different levels of seismic action (EQIII, EQIV) and an isolated deck mass (m) of 2545tn; 

similar spectra can be plotted for different combinations of ξ, η, Tp, and PGA representing dif-

ferent isolation schemes under various PLs. In Fig. 4, the Ü(opt) curve represents a visualisation 

of the design criterion of minimum Ü0 per Tp, while u(opt) indicates the corresponding relative 

displacements of the isolation system. It should be noted that the abrupt change in the slope of 

the u0, Ü0 curves is due to the regression model adopted during the formulation of the ‘design 

equations’; further refinement of the estimates requires the use of higher-order models that is 

deemed redundant since divergence from analysis results is evident only in the case of short 

isolation periods that are of little interest in bridge isolation applications. In Table 2, the esti-

mated peak response of three alternative isolation schemes is presented, denoting with blue the 

response that corresponds to the reference event associated herein with LB-DPs and used to 

select the isolation scheme (i.e. EQIII in the upper part and EQIV in the lower part of the table), 

and with black, the corresponding response under a different PL, all derived from Eqs. (1, 2) 

according to the procedure described in §2.1. Response estimates are also provided for UB-DPs 

expected to yield the critical response quantities for the substructure elements; assumptions 

used in the calculation of DPs are provided later in this example. 

v̅0 v̅0

Figure 4: Peak relative displacements (u0) (solid), total accelerations (Ü0) (dashed), optimal peak total accelera-

tions (Üopt) and corresponding relative displacements (uopt) of deck under EQIII (left) and EQIV (right) pre-

dicted from ‘design equations’ (ξ=0.25). Dotted acceleration curves (right) represent NLRHA results. 

Considering the last two columns of Table 2 where non-optimal responses are compared 

with their optimal counterparts, it is seen that when an isolated system with Tp=3.0s and opti-

mally selected v̅0 under EQIII (No. 1.1) is subjected to EQIV, it develops higher u0 (~41% for 

LB-DPs) and lower Ü0 (~6% for UB-DPs) demand compared to the response of a system de-

signed with the same ξ and Tp, but with v̅0 aiming at the minimisation of Ü0 under EQIV (No. 

1.2). On the other hand, an optEQIV system subjected to EQIII and UBDPs, develops ~39% 
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smaller u0 (expected to have an adverse effect on the restoring capability) and ~24% larger Ü0 

demand compared to the optEQIII system. The decision on the reference event has no effect on 

a system of η=0 and a=1.0 (strictly, not optimally selected according to Fig. 4) due to its inher-

ent linearity (No. 2.1, 2.2) in contrast to the case wherein nonlinearity in supplemental damping 

is introduced (a=0.2 in No. 3.1, 3.2). In fact, implementation of the iterative procedure de-

scribed in §2.1 required to predict the response of a system with a<1.0 under PLs and/or DPs 

that are different from those used during its selection (in which case the response is assumed 

equal to that of a=1.0) yields smaller u0 (~25%) and Ü0 (~17%) when EQIV is set as the refer-

ence event. 

Table 2: Comparison of peak responses among SDOF systems optimised for different earthquake intensities 

In general, the adopted approach should be based on the evaluation of data in the form of 

Table 2 for different isolation schemes accounting for both economy and market availability of 

materials and devices. Herein, EQIV was set as the reference event and two different isolation 

schemes characterised by ξ=0.25, v̅0 =0, and Tp=2.5s were investigated; the first materialised 

by low damping rubber bearings (LDRBs) and LVDs (No. 2.2 in Table 2), and the second by 

the combined use of LDRBs and non-linear VDs with a=0.2 (No. 3.2). The schemes were se-

lected on the grounds that the distributed base shear (mÜ0) to the piers results in pier reinforce-

ment ρl larger than the minimum required while keeping u0 of the deck below the maximum 

displacement obtained during the design of the bridge for ductile behaviour [9]. 

The required characteristics of isolation devices were defined by considering the properties 

of the isolation schemes in Table 2 under the reference event associated with LB-DPs. Due to 

the relatively small length of the studied bridge it was deemed appropriate to use 8 identical 

isolators (i.e. 2 per abutment/pier) and 4 identical VDs (i.e. 1 per abutment/pier); it is recalled 

that only the transverse response is addressed herein (normally, VDs will also be provided in 

the longitudinal direction). The diameter of the isolators (Db) was defined assuming an allowa-

ble vertical stress σv,max=12MPa, while the required kp=4π2m/Tp
2 of the isolation system was 

evenly distributed to all isolators (kbp=kp/8=2007 kN/m) providing the required height of the 

elastomer as tR=πGDb
2/(4kbp), where G is the shear modulus of the elastomer. By adopting a LB 

T p  (s) ξ η u (m) Ü (m/s
2
) ξ η u (m) Ü (m/s

2
) Δu (%) ΔÜ (%)

LB 0.022 3.00 0.05 0.45 0.129 0.77 0.05 0.23 0.363 1.69 40.9 9.6

UB 0.049 2.49 0.05 1.01 0.072 0.98 0.05 0.51 0.216 1.84 49.2 -6.2

LB 0.001 2.50 0.25 0.01 0.120 0.89 0.25 0.01 0.240 1.78 0.0 0.0

UB 0.001 2.07 0.27 0.01 0.092 1.01 0.27 0.01 0.183 2.03 0.0 0.0

LB 0.001 2.50 0.25 0.01 0.120 0.89 0.15 0.01 0.302 2.07 26.1 16.5

UB 0.001 2.07 0.29 0.01 0.089 0.99 0.17 0.01 0.227 2.37 27.4 19.5

LB 0.044 3.00 0.05 0.90 0.086 0.83 0.05 0.45 0.258 1.54 -33.5 7.7

UB 0.098 2.49 0.05 2.02 0.044 1.22 0.05 1.01 0.145 1.97 -38.8 23.6

LB 0.001 2.50 0.25 0.01 0.120 0.89 0.25 0.01 0.240 1.78 0.0 0.0

UB 0.001 2.07 0.27 0.01 0.092 1.01 0.27 0.01 0.183 2.03 0.0 0.0

LB 0.001 2.50 0.49 0.01 0.090 0.74 0.25 0.01 0.240 1.78 -24.8 -17.2

UB 0.001 2.07 0.59 0.01 0.066 0.80 0.29 0.01 0.178 1.98 -25.7 -19.4

LDRBs+LVDs (a =1)

2.2

LDRBs+NLVDs (a =0.2)

3.2

opt EQIV (4)EQIII (3)opt EQIV [(3) - (1)] / (1)

1.2

3.1

No. DP
opt EQIII opt EQIII (1) EQIV (2) [(2) - (4)] / (4)

1.1

(a =1)

2.1

(a =0.2)

0v
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value of GLB=0.77MPa [10], Db=0.75m and tR=0.165m were specified. Assuming that ξe=5% 

is provided by the elastomer of LDRBs (ce=4πmξe/Tp), the LB damping coefficient of LVDs 

was defined by considering ξd= 20% and equating the energy/cycle of the 4 dampers to the 

energy/cycle of the single damper as cd,LB=(4πmξd/Tp)/4=639 kN/(m/s) (i.e. per damper). In the 

case of NLVDs, substituting u0=0.240 (Table 2) and a=0.2 in Eq. (3) resulted in cd,LB=355 

kN/(m/s)0.2. UB-DPs were calculated based on the previous properties of devices and 

GUB=1.12MPa [10], cd,UB=1.35cd,LB (i.e. ±15% variability of the nominal cd). 

Shear forces per abutment and pier (Vi) shown in Step 1 of Table 3 were calculated according 

to Eq. (5) below that assumes a rigid horizontal movement of the deck and accounts for both 

the elastic and hysteretic part (if any) of the isolator (1st term), and the damping forces due to 

the elastomer of the isolators and the VDs (2nd term). In the same equation nb represents the 

number of isolators per pier and abutment (i.e. 2) and np,abt the total number of bridge piers and 

abutments (i.e. 4). Use of UB shear forces along with estimated values for heq of pier columns 

(based on preliminary analysis) within the procedure described in [9] provided an estimate for 

the required pier strength associated with an allowable ‘serviceability’-related concrete strain 

(i.e. 3.5~4.0‰). Table 3 summarises the adopted reinforcement ratio ρl and the corresponding 

pier yield moments (My) defined through Μ-φ analysis carried out using RCCOLA.NET [26] 

and considering a minimum transverse mechanical reinforcement ratio (ρw) for limited ductile 

bridges [10]. A reduction of ρl demand in the piers of the bridge equipped with NLVDs con-

sistent with the minor reduction of the base shear (~2%) was observed. 

     4

0, , 0 0, , 0 ,1
    i b b i bp i b b i bp i p abti

V n V k u mU n V k u n  (5) 

In Step 2, eligible records were selected from the PEER NGA-West2 database [27] exclud-

ing records containing long velocity pulses. The preliminary search criteria used were moment 

magnitude of Mw=6.5~7, closest distance to the ruptured area Rrup=20~40 km, and average shear 

wave velocity Vs,30=180~360 m/s (ground type C) [16]. The sample of eligible events was fur-

ther constrained by assessing the similarity of spectra of the selected records to the target spec-

trum over the period range of (0.2~1.5)Teff [10] quantified by the mean-squared-error (MSE) of 

the differences between the spectral accelerations (Sa) of the record and the target spectrum 

(http://ngawest2.berkeley.edu/). A suite of 7 eligible pairs of records was finally selected re-

sulting in the spectral matching depicted in Fig. 5 for EQIII. Using the H2 components [27], 

each record was initially scaled to minimise MSE by applying a local (i.e. record-specific) scal-

ing factor SFi. Subsequently, the ensemble spectrum was scaled by a global SF=1.15 so that it 

was not lower than 0.9 times the target spectrum over the period range of interest [9], [16]. 

 

Figure 10: Spectral matching of the scaled median (GM) response acceleration (left) and displacement (right) 

spectrum to the EQIII (PGA of 0.21g) target spectrum for a suite of natural recordings. 
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A PIM of the structure was subsequently set up; the strength and stiffness of pier columns 

were modelled using the modified Takeda hysteresis model (α=0.5, β=0) whereas elastic 

springs were used to model LDRBs [25], in line with the output of Step 1. The system damping 

matrix was assembled from the damping matrices of the different subsystems [5]; a tangent 

stiffness proportional damping matrix [28] was adopted for the structural members of the bridge, 

whereas dashpot members were used to model viscous damping resulting from the elastomer 

of isolators and VDs. NLRHAs were performed under the selected suite of records scaled to 

the intensity corresponding to EQII (Step 2) and subsequently to EQIII (Step 3); results repre-

senting the mean response are given in Table 3. ‘Operationality’ and ‘minimal-damage’ verifi-

cations included specific limits for γq (=u0/tR) of LDRBs. Due to the linear response of isolators, 

the restoring capability was not checked and LB-DPs were adopted under EQII, allowing for 

an explicit (LB-E) calculation of deformations and strains of the isolation system. Analyses for 

both schemes under EQIII were based on UB-DPs facilitating an explicit (UB-E) calculation of 

pier moment demand but requiring an implicit calculation of LB deformations (LB-I) that are 

critical in checking γq. Modification factors equal to u0,LB/u0,UB=0.120/0.092 and 0.090/0.066 

(see Table 2; EQIII) in the case of the LVD and NLVD schemes, respectively, were used to 

implicitly estimate LB deformations from UB analysis results. Although not required by the 

suggested procedure, γq calculated by explicitly considering LB-DPs (LB-E) are also provided 

in Table 3 (in grey). None of the isolation system verifications were found to be critical in Steps 

2, 3; similarly, pier strength requirements under EQIII were lower than those of Step 1 (more 

so in the case of the LVD scheme), hence, it was deemed appropriate to proceed to Step 4 

without further modifications. 

Analysis under EQIV in Step 4 was carried out in both schemes for UB-DPs, enabling an 

explicit calculation and verification of the response in the substructure, since during the selec-

tion of bearings in Step 1, kbp and Db (related to σv,max) rather than limit state strains were found 

to control tR. Shear design yielded the transverse reinforcement ρw ratios in piers depicted in 

Table 3 while the curvature ductility demand (μφ) in pier sections was found somewhat lower 

than the values (μφ,ls) corresponding to εcu=3.5-4.0‰, thus verifying the target performance set 

in Step 1 for controlled inelastic response of the substructure. Transverse reinforcement require-

ments were essentially the same in both schemes resulting in identical steel ratios. UB-DPs 

were also used to check tensile stresses (σt) in isolators [29], while verifications of bearing 

strains due to vertical compression (γc) and lateral deformations (γq), along with bearing stabil-

ity (defined as the ratio of the buckling load under compression and lateral deformation Pꞌcr to 

the peak compressive force Nb,max per bearing) [20], required an implicit estimation of isolator 

deformations; modification factors (see Table 2; EQIV) equal to 0.240/0.183 (LVD scheme) 

and 0.240/0.178 (NLVD scheme) were employed in this step. 

Isolator strains and stability requirements lay within the adopted limits in both schemes, 

nevertheless, isolator deformations in the NLVD case were somewhat reduced. The uplift cri-

terion was the most critical especially in the NLVD case where the tensile stresses were found 

close to the stress corresponding to cavitation [29], noting though, that σt included in Table 3 

represent the peak (rather than the mean) response recorded during NLRHAs. Attention should 

be also drawn to the fact that an attempt to reduce tR aiming to match more closely the strain 

limits of Table 3 is obstructed by σv,max (i.e. a reduction of tR requires a reduction of Db to obtain 

a target kbp) which does not pose a strict limitation nor is it a code requirement (inasmuch as 

total strains γtot lie within allowable limits) but it is considered good common practice and is 

typically recommended by manufacturers. The required force capacity of LVDs and NLVDs 

(Nd,max) was estimated in this step as 652 and 455 kN, respectively, corresponding to a reduction 

of ~30% due to the introduction of a=0.2; the designer may choose to use more than one damp-

ers per abutment/pier location in order to reduce Nd,max without affecting analysis results. 
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Table 3: Comparative evaluation of Def-BD for two different isolation schemes. 

Assessment of the designs was carried out to evaluate the efficiency of the proposed proce-

dure for the three different PLs and the considered range of DP of devices (i.e. LB, UB), ac-

counting for all possible combinations of isolator properties and PLs. Since the primary 

objective of the assessment was the study of the transverse response of the bridge under a seis-

mic excitation that matches as closely as feasible the ‘design excitation’ (i.e. the design spec-

trum), NLRHAs were performed for the suite of artificial records (Fig. 1) used to develop the 

‘design equations’ (Fig. 1), scaled to correspond to the considered PL. The strength and stiffness 

of pier columns was also updated based on M-φ analyses accounting for the final detailing of 

pier critical sections. In Table 3, selected results are provided (denoted as Step A) for the two 

alternative isolation schemes. Regarding the reliability of the design procedure, the design was 

found safe, in that it satisfied the design criteria associated with each PL; in general, the demand 

derived from assessment was very close to that derived at the design stage despite the adoption 

of different suites of records. It is worth noting that the implicit approach, although more con-

servative (as it ought to be), does not necessarily result in overdesigning members and devices. 

Furthermore, the fairly close match of deformations derived from design/assessment with those 

of Step 1, indicates the minor effect of the substructure on the peak response and the efficiency 

Step EQ Response DP Abt1 Pier1 Pier 2 Abt 2 Abt1 Pier1 Pier 2 Abt 2

u  (m) 0.240 0.240 0.240 0.240 0.240 0.240 0.240 0.240

V  (kN) 1132 1132 1132 1132 1132 1132 1132 1132

u  (m) 0.183 0.183 0.183 0.183 0.178 0.178 0.178 0.178

V  (kN) 1289 1289 1289 1289 1261 1261 1261 1261

ρ l  (‰) - 4.71 10.08 - - 4.37 9.41 - > 2.5

M y  (kNm) - 4016 4922 - - 3955 4813 -

2 II γ q  (%) LB-E 35 34 33 36 33 27 19 21 < 100

LB-I 75 73 70 78 62 57 51 63

LB-E 69 68 65 71 56 52 47 53

M y  (kNm) UB-E - 2917 3250 - - 3056 3453 -

UB-E 0.190 0.177 0.166 0.198 0.182 0.163 0.146 0.182

LB-I 0.249 0.232 0.218 0.259 0.245 0.220 0.196 0.245

γ q  (%) 151 140 132 157 149 133 119 148 < 250

γ c  (%) 91 213 212 99 92 208 203 98

γ tot  (%) 241 354 344 256 241 341 322 246 < 700

P' cr /N b,max 6.57 2.79 2.81 6.01 6.46 2.86 2.94 6.08 > 1.10

u  (m) LB-E 0.229 0.220 0.212 0.236 0.221 0.205 0.195 0.225

σ t  (MPa) 1.29 - - 1.55 1.66 - - 2.00 < 2.2 (2G )

N d , max (kN) 633 608 571 652 453 449 447 455

V  (kN) 1399 1230 1172 1449 1432 1232 1174 1447

ρ w  (‰) - 6.67 6.3 - - 6.67 6.3 - > 5.15

μ φ - 4.09 3.20 - - 3.99 3.26 -

μ φ,ls - ≤ 4.4-5.1 ≤ 3.6-4.1 - - ≤ 4.5-5.1 ≤ 3.7-4.2 - ε cu ≤ 3.5-4.0‰

II γ q  (%) LB-E 37 36 34 38 23 18 13 19 < 100

III γ q  (%) LB-E 73 72 69 76 53 48 43 49 100-150

u  (m) 0.242 0.232 0.224 0.250 0.221 0.210 0.200 0.225

γ tot  (%) 226 348 345 238 209 323 318 217 < 700

P' cr /N b,max 7.48 2.87 2.84 6.84 7.94 3.04 3.02 7.35 > 1.10

σ t  (MPa) 0.97 - - 1.20 0.74 - - 0.96 < 2.2 (2G )

N d , max (kN) 570 561 532 591 437 436 434 440

V  (kN) 1391 1230 1172 1447 1320 1175 1125 1401

μ φ - 4.20 3.20 - - 3.84 2.95 -

μ φ,ls - ≤ 4.4-5.0 ≤ 3.5-4.0 - - ≤ 4.5-5.1 ≤ 3.6-4.1 - ε cu ≤ 3.5-4.0‰

A

IV

LB-E

UB-E

3 III
γ q  (%) 100-150

4 IV

u  (m)

LB-I

UB-E

1 IV

LB

UB

Scheme LDRBs + LVDs (a =1.0) LDRBs + NLVDs (a =0.2) Design 

Criterion
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of Eq. (1) in predicting the response of a system equipped with NLVDs (at least in the case 

considered in this study); discrepancies are also attributed to minor deck torsional effects, the 

elimination of which would require devices of different properties at each pier and abutment 

location, an approach not justified in small-to-moderate bridges. Shear forces (explicitly calcu-

lated) were close to the values obtained during design and Step 1. 

In summary, both systems exhibited similar performance satisfying all adopted design crite-

ria under the studied PLs with the NLVD scheme resulting in relatively lower isolator and deck 

displacement demand, lower reinforcement ρl ratios in piers (~7%), and lower damper force 

demand (~30%) while additionally providing a safeguard mechanism against excessive struc-

tural velocities by limiting the peak damper forces through their nonlinear force-velocity rela-

tionship. Last but not least, both isolation schemes resulted in reductions in pier ρl (32% in the 

LVD and 37% in the NLVD scheme) and ρw (43%) within critical regions compared to the 

design of the T7 Overpass (i.e. ‘ductile’ pier response [9]), indicating that higher performance 

objectives adopted in isolated bridges do not necessarily result in higher initial cost of substruc-

ture design when the isolation system is quasi-optimally selected. 

4 CONCLUSIONS 

A deformation-based design procedure for seismically isolated bridges was extended herein 

to address nonlinear VDs aiming at efficient structural design for multiple PLs, through the 

control of a broad range of design parameters and the aid of rigorous analysis. A key issue in 

this extension was the introduction of an iterative application of the ‘design equation’ used to 

estimate the inelastic demand during the identification of the critical PL as opposed to the case 

of LVDs wherein no iterations were required. In any case, no iterative structural analysis is 

needed in contrast to equivalent linearisation approaches based on effective properties. Further 

issues addressed involved the realisation of the selected scheme through base isolation and en-

ergy dissipation devices accounting for the variability of their DPs and the proper consideration 

of the intended plastic mechanism of the substructure under the relevant PLs. The validity of 

the procedure was investigated by applying it to the transverse direction (biaxial excitation is 

currently under investigation) of a bridge previously used by the authors to develop the Def-

BD method for ‘ductile pier’ bridges.  

The following conclusions were drawn from the above investigations: 

 ‘Life-safety’ verifications under EQIV governed in general the bridge design in both isola-

tion schemes considered. More specifically, uplift considerations and allowable vertical 

stresses were found to control the characteristics of the isolators, while the requirement for 

controlled inelastic response and shear design governed ρl and ρw reinforcement ratios in 

piers, respectively. Assessment of the design by NLRHA using suites of records closely 

matching the design spectrum associated with each PL, revealed that the suggested proce-

dure predicted well the structural response while resulting in safe design, in the sense of 

respecting the adopted design criteria. 

 The introduction of nonlinearity in VDs can effectively reduce their size and set an upper 

limit in damper force demand without significantly affecting the overall bridge response; a 

relatively lower seismic demand resulted for the bridge type and seismic scenario considered 

herein. In addition, both LVD and NLVD schemes resulted in lower pier reinforcement ra-

tios compared to the design for ductile response, indicating that cost reductions in substruc-

ture design of optimally selected isolation systems may be able to compensate for the initial 

cost of the isolation system, thus rendering base-isolation an appealing design alternative. 

 NLRHAs of the selected system indicated a minor effect of the nonlinearity of VDs on the 

peak relative displacements of the isolators and the total accelerations of the superstructure, 
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allowing for Eq. (1, 2) to provide reliable estimates of inelastic demand. A more thorough 

investigation on the effect of nonlinearity of VDs on the ‘design equations’ is currently under 

investigation. 

REFERENCES  

[1] M. Palermo, S. Silvestri, L. Landi, G. Gasparini, T. Trombetti, Peak velocities estimation 

for a direct five-step design procedure of inter-storey viscous dampers. Bulletin of Earth-

quake Engineering, 14, 599-619, 2016. 

[2] D. Cardone, M. Dolce, G. Palermo, Direct displacement-based design of seismically iso-

lated bridges. Bulletin of Earthquake Engineering, 7, 391-410, 2009. 

[3] N. Makris, G. Kampas, The engineering merit of the "effective period" of bilinear isola-

tion systems. Earthquakes and Structures 4: 397-428, 2013. 

[4] P. Franchin, G. Monti, P.E. Pinto, On the accuracy of simplified methods for the analysis 

of isolated bridges. Earthquake Engineering & Structural Dynamics 30: 363–382, 2001. 

[5] A.K. Chopra, Dynamics of Structures: Theory and Applications to Earthquake Engineer-

ing, 4th Edition. Prentice Hall, 2012. 

[6] K.I. Gkatzogias, A.J. Kappos, Deformation-based design of seismically isolated concrete 

bridges. 16th World Conference on Earthquake Engineering (WCEE), Santiago, Chile, 

January 9-13, 2017. 

[7] C. Christopoulos, A. Filiatrault, Principles of Passive Supplemental Damping and Seis-

mic Isolation. IUSS Press, 2006. 

[8] A.J. Kappos, S. Stefanidou, A deformation-based seismic design method for 3D R/C ir-

regular buildings using inelastic dynamic analysis. Bulletin of Earthquake Engineering, 

8, 875-895, 2010. 

[9] K.I. Gkatzogias, A.J. Kappos, Deformation-based seismic design of concrete bridges. 

Earthquakes & Structures, 9, 1045-1067, 2015. 

[10] CEN, Eurocode 8: Design of Structures for Earthquake Resistance - Part 2: Bridges. 

CEN, Brussels, Belgium, 2005. 

[11] M.C. Constantinou, J.K. Quarshie, Response Modification Factors for Seismically Iso-

lated Bridges. MCEER, NY, USA, Report 98-0014, 1998. 

[12] M.F. Vassiliou, A. Tsiavos, B. Stojadinović, Dynamics of inelastic base-isolated struc-

tures subjected to analytical pulse ground motions. Earthquake Engineering & Structural 

Dynamics, 42, 2043–2060, 2013. 

[13] J.A. Inaudi, J.M. Kelly, Optimum damping in linear isolation systems. Earthquake Engi-

neering & Structural Dynamics, 22, 583–598, 1993. 

[14] K.L. Ryan, A.K. Chopra, Estimation of seismic demands on isolators based on nonlinear 

analysis. Journal of Structural Engineering, 130, 392-402, 2004. 

[15] Seismosoft, SeismoArtif - A Computer Program for Generation of Artificial Accelero-

grams. [www.seismosoft.com], 2016. 

593

http://www.seismosoft.com/


Konstantinos I. Gkatzogias, and Andreas J. Kappos 

[16] CEN, Eurocode 8: Design of Structures for Earthquake Resistance - Part 1: General 

Rules, Seismic Actions and Rules for Buildings. CEN, Brussels, Belgium, 2004. 

[17] J.C. Ramallo, E.A. Johnson, B.F. Spencer, ‘Smart’ base isolation systems. Journal of En-

gineering Mechanics, 122, 1088-1099, 2002. 

[18] W-H Lin, A.K. Chopra AK, Earthquake response of elastic SDF systems with non-linear 

fluid viscous dampers. Earthquake Engineering & Structural Dynamics 31, 1623–1642, 

2002. 

[19] M.N. Fardis, B. Kolias, A. Pecker, Designer’s Guide to Eurocode 8: Design of Bridges 

for Earthquake Resistance EN 1998-2. ICE Publishing, 2012. 

[20] M.C. Constantinou, I. Kalpakidis, A. Filiatrault, R.A. Ecker Lay, LRFD-Based Analysis 

and Design Procedures for Bridge Bearings and Seismic Isolators. MCEER, NY, USA, 

Report 11-0004, 2011. 

[21] C.P. Katsaras, T.B. Panagiotakos, B. Kolias, Restoring capability of bilinear hysteretic 

seismic isolation systems. Earthquake Engineering & Structural Dynamics, 37, 557–575, 

2008. 

[22] D. Cardone, G. Gesualdi, P. Brancato, Restoring capability of friction pendulum seismic 

isolation systems. Bulletin of Earthquake Engineering, 13, 2449-2480, 2015. 

[23] A. Mori, P.J. Moss, A.J. Carr, N. Cooke, Behaviour of laminated elastomeric bearings. 

Structural Engineering & Mechanics, 5, 451-469, 1997. 

[24] G. Weatherill, H. Crowley, L. Danciu, Preliminary Reference Euro-Mediterranean Seis-

mic Hazard Zonation. Deliverable 2.7, SHARE Project, 2013. 

[25] A.J. Carr, Ruaumoko 3D: Inelastic Dynamic Analysis Program. University of Canterbury, 

New Zealand, 2004. 

[26] A.J. Kappos, G. Panagopoulos, RCCOLA.NET - A Program for the Inelastic Analysis of 

Reinforced Concrete Cross Sections. Aristotle University of Thessaloniki, Greece, 2011. 

[27] D.T. Ancheta et al., PEER NGA-West 2 Database. PEER, CA, USA, Report 2013/03, 

2013. 

[28] D. Pant, A. Wijeyewickrema, M. ElGawady, Appropriate viscous damping for nonlinear 

time-history analysis of base-isolated reinforced concrete buildings. Earthquake Engi-

neering & Structural Dynamics, 42, 2321–2339, 2013. 

[29] CEN, Antiseismic devices (EN15129). CEN, Brussels, Belgium, 2009. 

594



COMPDYN 2017 
6th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, M. Fragiadakis (eds.) 

Rhodes Island, Greece, 15–17 June 2017 

SEISMIC CAPACITY AND DEMAND ASSESSMENT IN BRIDGE-
SPECIFIC FRAGILITY ANALYSIS 

Sotiria P. Stefanidou1 and Andreas J. Kappos2 

1 Department of Civil Engineering, Aristotle University  
Thessaloniki, 54124, Greece 
e-mail: ssotiria@civil.auth.gr 

2 Department of Civil Engineering, City, University of London 
London EC1V OHB, UK 

e-mail: Andreas.Kappos.1@city.ac.uk 

Keywords: Bridges, Seismic Demand, Fragility Curves, Nonlinear Analysis 

Abstract. During the last three decades, a large number of analytical methodologies have been de-
veloped for the seismic assessment of bridges and the derivation of bridge fragility curves. However, 
recently, the research focus has shifted on the derivation of bridge-specific fragility curves, recogniz-
ing the effect of different geometry, structural system, component and soil properties, on the seismic 
assessment results. In this context, a new, component-based methodology for the derivation of bridge-
specific fragility curves has been proposed by the authors, with a view to overcoming the inherent dif-
ficulties in assessing all bridges of a road network and the drawbacks of existing methodologies, 
which propose usage of the same group of fragility curves for bridges classified within the same cate-
gory. Therefore, the main issue addressed in this paper is to analytically determine capacity and de-
mand in bridge-specific fragility analysis in the frame of the methodology previously proposed by the 
authors, aiming at application to realistically sized bridge stocks. Capacity (resistance) is calculated 
individually for each critical component with the aid of inelastic pushover analysis, quantifying dam-
age in displacement terms based on the capacity curve and the correlation of global to local damage. 
Bridge piers, abutments and bearings are considered as the (seismically) critical components of a 
bridge system; piers of different types and characteristics, and different types of abutments and bear-
ings are analysed and included in a database that provides case-specific limit state thresholds of com-
ponent capacity. The effect of component parameters on limit state thresholds is therefore assessed, 
highlighting the differences according to the limit state and component considered. Demand is also 
calculated for each component using either inelastic response-history or elastic dynamic analysis, de-
pending on the application scale (single bridge vs bridge stock), while uncertainties in both capacity 
and demand are quantified. Case-specific capacity and demand estimations using the proposed meth-
odology are given here for three bridges having different structural systems, and the derived bridge-
specific fragility curves are compared with fragility curves for all bridges classified within the same 
category, to assess the degree of over- or under- estimation of the probability of damage when generic 
bridge classes are used.   
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1 INTRODUCTION 

Reliability of road systems and their components, exposed to multiple natural hazards is on 
the frontline of engineering research during the last three decades, since possible damage to 
critical components is strongly related to important direct and indirect economic losses. 
Bridges are considered to be the most critical component of urban and interurban transporta-
tion systems, ensuring mobility and intercity connection after an earthquake event. Therefore, 
numerous methods have been developed for the assessment of seismic vulnerability of bridges, 
mainly in the context of developing fragility curves. 

Seismic fragility is the quantification of the probability that bridge damage will exceed a 
specific limit state threshold for a given level of earthquake intensity. Fragility curves are de-
rived for different limit states and levels of earthquake intensity and can be used for pre-
earthquake retrofit prioritization. The majority of the methodologies available in the literature 
for the derivation of fragility curves are analytical, since earthquake damage data available to 
derive empirical bridge fragility curves is sparse. A great number of analytical methodologies 
is available in the literature (Table 1), and can be classified with regard to consideration of 
multiple components ([1], [2], [3], [4], [5], [6]), or only the most critical one (piers) in fragili-
ty analysis, the estimation of component or system capacity (limit state thresholds) and seis-
mic demand (analysis method used), the uncertainty treatment and the probabilistic model 
used. In particular, regarding component capacity, either local ([5], [6], [7]), or global ([8], [9]) 
engineering demand parameters are used, whereas quantification of damage, namely the limit 
state thresholds, is commonly based on experimental results ([10], [11], [12]). Regarding the 
calculation of seismic demand, different analysis methods have been put forward, namely ine-
lastic static (pushover) analysis (e.g. [3], [4]), modal response spectrum method (e.g. [1], 
[12]??), and nonlinear response-history analysis ([13], [14]). The maximum likelihood meth-
od [15] or the probabilistic seismic demand model ([2], [16]) have been used for the calcula-
tion of fragility curves.  

The variability in capacity and demand estimation in the frame of analytical methodologies 
for the derivation of fragility curves is depicted in Table 1. The main drawback of the existing 
methodologies is that capacity (limit state threshold) estimation is commonly based on exper-
imental results ignoring the effect of structure-specific parameters like pier type, geometry, 
material, and reinforcement properties on results, whereas advanced analysis tools are pro-
posed for the estimation of seismic demand, increasing the computational cost when applied 
to large bridge inventories. A new, component based methodology for the derivation of 
bridge-specific fragility curves has been recently proposed by the authors [17], having a broad 
application range (the method is independent of the structural system and the bridge proper-
ties), and being feasible to be applied to realistically sized bridge stocks. The main issue ad-
dressed in this paper is to analytically determine the capacity of multiple bridge components, 
providing component-specific limit state thresholds and closed-form equations for their quan-
tification, while the effect of different pier type and properties on local and global engineering 
demand parameters is assessed and discussed. Moreover, the estimation of seismic demand 
from the analysis of a detailed or simplified model depending on the application scale (single 
bridge or bridge stocks) in the frame of bridge-specific analysis is presented and discussed. 
Finally, bridge-specific fragility curves derived for three bridges are compared with fragility 
curves for the corresponding generic bridges, to assess the degree of over- or under- estima-
tion of the probability of damage when generic bridge classes are used.   
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Research Group  
 

Capacity Seismic Demand 
Engineering 
Demand Pa-
rameter 

Limit State thresholds 
Structural 
model 

Seismic 
Input 

Analy-
sis 
Method 

1. Avşar et al. (2011) 

Piers: φ 
Beams: φ, Vu 

Bearings: δ 
[3 LS] 

Piers: Priestley et al., 
(1996),  Erduran & Yakut, 
(2004) 
Bearings: FHWA, (2006) 

3D DM 
25 accel. 
(no scal-
ing) 

NRHA 

2. Banerjee & 
Shinozuka (2007) 

Piers: μθ [5 LS] 
 

Dutta, (1999) 3D DM 
3 × 20 
accel. 

NRHA &
CSM 

3. Cardone, Perrone, & 
Dolce (2007),  
Cardone (2013) 

Piers: δ 
Bearings: δ 

Abutments: δ 
[5 LS] 

Piers: δy & δu  
Bearings: γ (%) 
Konstantinidis et al. (2008) 
Abutments: δgap & δu  

MDOF→SD
OF, Adaptive 
Pushover 

Spec-
trum 

CSM  
(adap-
tive) 

4. Choi et al. (2004) 
Piers: μφ 
Bearings: δ 

[5 LS] 

Piers: Dutta, (1999) 
Bearings: Experiments 

3D DM 
100 syn-
thetic 
accel. 

NRHA 

5. Crowley et al. 
(2011), Tsionis & 
Fardis (2012) 

Piers: θ 
Bearings: δ 

[2 LS] 

Piers: θy & θu Biskinis & 
Fardis, (2010a, b) 
Bearings: Bousias et al. 
2007 

SDOF(Long), 
Beam with 
springs 
(Trans) 

EC8 
elastic 
spectrum 

Equiva-
lent Stat-
ic 

6. De Felice & 
Giannini (2010) 

Piers: θ 
[2 LS] 

θy & θu Metamodels 
2 ×4 
accel. 

NRHA -
RSM 

7. Dukes (2013) 

Piers: μφ 
Bearings: δ 

Abutments: δ 
[4 LS] 

Piers: Dutta, (1999) 
Bearings - Abutments: 
Caltrans (2010) 

Metamodels  
3 ×40 
accel. 

NRHA -
RSM 

8. Elnashai et al. 
(2004) 

Piers: δ δy & δu (Pushover Curve) 3D DM 
7accel. 
(scaled) 

NRHA 

9. Ghosh et al. (2013) 

Piers: μφ 
Bearings: δ 

Abutments: δ 
[4 LS] 

Nielson & DesRoches 
(2007) 

Metamodels 
24 accel. 
(Wen&
Wu) 

NRHA -
RSM 

10. Hwang et al., 
(2001) 

Piers: C/D factors 
or μδ 
[5 LS] 

Piers: δy & δu 3D DM 
100 acc. 
synthetic 

NRHA 

11. Karim & 
Yamazaki (2001,2003) 

DI=(μδ+βμh)/μu 
(Park-Ang) 
[5 LS] 

DI=0.00~1.00 SDOF 
250 ac-
cel. 

Nonline-
ar Stat-
ic/NRHA

12. Mackie & 
Stojadinović (2004) 

Drift (%) Berry & Eberhard (2003) 3D DM 80 accel. NRHA 

13. Mander & Basöz 
(1999) 

Piers: δ/h (%) 
Bearings: δ 

[5 LS] 
Dutta, (1999) SDOF 

Elastic 
spectrum 

CSM 

14. Moschonas et al. 
(2008) 

Bridge: δ [5 LS] 
[5 LS] 

Piers: δy & δu (Pushover 
curve) 
Bearings: δ (γ %) 

3D DM 
Elastic 
spectrum 

CSM 

15. Nielson & 
DesRoches (2007a, b) 

Piers: μφ 
Bearings: δ 

Abutments: δ 
[4 LS] 

Piers: HAZUS (1997), 
FHWA (2006) 
Bearings, Abutments : Choi 
(2004) 

3D DM 
48 accel. 
(3 bins) 

NRHA 

16. Ramanathan, 
(2012) 

Piers: μφ 
Bearings: δ 

Abutments: δ 
[4 LS] 

Piers: Berry & Eberhard 
(2003), 
Bearings, Abutments : 
Caltrans (2010) 

3D DM 
320 ac-
cel. (4 
bins) 

NRHA 

17. Shinozuka et al. 
Piers: μδ 
[3 LS] 

1.0 ≤ μδ  ≤ 2.0 3D DM 80 accel. NRHA 
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(2000) 

18. Tavares et al., 
(2012) 

Piers: μφ 
Bearings: δ 

Abutments: δ 
[4 LS] 

HAZUS (1997) 3D DM 
Synthet-
ic Accel. 

NRHA 

19. Yi et al.   (2007) 
Piers: μφ 
Bearings: δ 

Choi (2004) 2D Model 60 accel. NRHA 

20. Zhong et al. (2012) 
Piers: Drift (%) 
 

Probabilistic model (closed 
form relationship) 

3D DM 
Elastic 
spectrum 

CSM 

*   3D DM: 3D Detailed Model, NRHA: Nonlinear Response History Analysis CSM: Capacity Spec-
trum Method 

Table 1: Capacity and demand estimation in analytical methodologies for the derivation of fragility curves (full 
references provided in [18] 

2 METHODOLOGY FOR DERIVING BRIDGE-SPECIFIC FRAGILITY CURVES 

The methodology, proposed by the authors, for the derivation of bridge-specific fragility 
curves and the distinct steps for its implementation are described in detail elsewhere [17]. It is 
noted that a key aspect of the methodology is the broad application range, independently of 
the structural system and bridge properties, in principle overcoming the need for classification 
to typological classes. The methodology is component-based and provides closed-form rela-
tionships for the quantification of component-specific limit state thresholds (component data-
base) and two alternatives for the calculation of seismic demand based on analysis of a 
detailed or simplified bridge model, depending on whether a single bridge or bridge stock is 
addressed.  A detailed description of the methodology is beyond the scope of this paper, how-
ever basic principles for the estimation of component capacity (database development) and 
seismic demand are briefly described in the remainder of this section. 

2.1 Bridge capacity  

As depicted in Table 1, different global or local engineering demand parameters are pro-
posed by methodologies available in the literature for the quantification of component damage, 
while threshold values are based on experimental results in most cases. Analytical estimation 
of limit state thresholds is rarely proposed, whereas component-specific analysis is required in 
that case, rendering the methodology case-dependent and simultaneously increasing the com-
putational cost. 

In the frame of the proposed methodology, bridge piers, abutments and bearings are con-
sidered as critical components affecting the system’s seismic performance and limit state 
thresholds for four limit states are explicitly defined based on inelastic analysis results and/or 
experimental data, depending on the component examined. The milestone of the proposed 
methodology regarding the capacity estimation, is that the user- can define component limit 
state thresholds for four limit states considering all different component properties that may 
affect inelastic behaviour based on analysis results, without performing inelastic analysis for 
each component. To this end, a database of different components is developed and multiple 
parametric analyses are performed, to obtain limit state thresholds based on inelastic analysis 
results, additionally considering different possible failure modes. Based on regression analysis 
of results, closed-form relationships are provided for limit state thresholds, based on various 
parameters affecting capacity for different component types. Therefore, irrespectively of the 
methodology followed for fragility estimation, a reliable methodology for limit state threshold 
(capacity) estimation is provided.  
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Fig. 1 – Development of database for bridge piers  

Regarding the component which is usually the most critical for the seismic response, 
namely bridge piers, the procedure followed for the development of the database is presented 
in Fig. 1. The distinct steps for the compilation of database are:  

(a) Consideration of different pier types, encompassing practically all different types found 
in a bridge stock. Cylindrical, hollow cylindrical, rectangular, hollow rectangular and 
wall piers are considered herein. It should be mentioned that hollow rectangular and 
wall piers are commonly designed to remain elastic (in bridges with pier-to-deck con-
nection through bearings), however their inelastic behaviour is additionally studied and 
limit state thresholds are quantified.  

(b) Consideration of varying pier section parameters, namely dimensions, longitudinal and 
transverse reinforcement ratio, normalised axial force and material properties. Section 
analyses are performed for all possible combinations of parameters considering con-
fined and unconfined concrete material laws. In particular, regarding confined concrete, 
the Mander model [19] was used for cylindrical sections, Priestley & Ranzo model [20] 
for hollow cylindrical, and Kappos model [21] for rectangular, hollow rectangular, and 
wall sections. Parametrically defined input cross section files are set up and multiple 
section analyses are performed using AnySection v.4.2.0 [22]. Pier damage is initially 
defined at section level, using local engineering demand parameters (section curvature), 
related to experimentally estimated damage (e.g. crack widths) via section analysis, 
therefore limit state thresholds in curvature (local) terms (Table 1) are defined within 
this step.  

(c) Consideration of a sufficiently broad range of heights for each pier section type and 
parametric setup of an inelastic cantilever model in order to perform pushover analysis 
and calculate limit state thresholds in terms of global engineering demand parameter 
(displacement of control point). Plastic hinge formation is considered at the cantilever 
base (lumped plasticity model), whereas M-φ curve, calculated at step (b), is used as 
input. Inelastic pushover analysis is performed for all sections considered (strong and 
weak section direction separately) paired with all different pier heights, using a Matlab-
based code developed for the setup of input files, and Opensees [23] for inelastic static 
analysis. Limit state thresholds in global engineering terms (displacement of control 
point for limit states 1 to 4) are correlated to local ones (curvature for limit states 1 to 
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4), using the results of inelastic pushover analysis, additionally considering P-delta ef-
fects. 

(d) Check of shear failure, calculating the displacement when Vu is developed (dV), addi-
tionally considering reduced concrete contribution in the inelastic range (Fig.1). Dis-
placement at shear failure (dV) is compared to the displacement due to flexural failure 
(dfl) and the minimum value is considered as threshold value for the specific limit state 
(Table 1).   

Based on inelastic static analysis results, limit state thresholds are defined in displacement 
terms for all different pier types, section properties and heights considered (d1 to d4 for all 
possible combinations described within steps a-d), and regression analysis is performed in or-
der to derive closed-form relationships for every pier type and limit state.  

(e) Since all the previous steps are based on inelastic cantilever model and analysis results, 
the effect of different boundary conditions on limit state thresholds should also be con-
sidered. In general, bridge piers are restrained at the top (depending on the type of pier-
to-deck connection and the type of the deck, namely deck rotational stiffness) and at 
the bottom, depending on the foundation type and the ground properties. The tip dis-
placement of the equivalent cantilever (height equal to the height of contraflexure point 
calculated for each case as pier top to bottom moment ratio, from elastic analysis) is re-
lated to the displacement of the restrained pier, on the basis of the methodology de-
scribed and the analytical solution provided in [17] and shown in Fig.1(E). 

Limit State 
R/C Piers / EDP: d (m) Abutments Bearings 
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( )
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 4
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d h   
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4( 0.3 )brd h   

Table 1 – Limit state thresholds for critical structural components 

For the quantification of abutment and bearing damage, threshold limit state values are de-
fined in terms of displacement of the component control point, based on experimental results 
and other information from the literature, as described in [17] and summarised in Table 1.  

In particular, threshold displacement values for abutments are related to the curvature duc-
tility (LS1) and backwall height (LS2 to LS4). However, since curvature ductility is related to 
backwall inelastic performance and properties (M-φ curve), correlation to gap size is attempt-
ed in order to easily define threshold limit state value for LS1, avoiding inelastic analysis of 
the component in each application. To this end, parametric analyses of abutment (component) 
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models are performed, considering varying backwall heights and section properties as well as 
different backfill soil properties. Based on analyses results, the displacement corresponding to 
μφ=1.5 was approximately equal to 1.1dgap (Table 1).  

 
Fig. 2 – Stick model for the abutment   

Threshold displacement values for elastomeric bearings are related to shear strain, based 
on experimental data (Table 1). For the case of lead rubber bearings, limit state thresholds are 
differentiated mainly regarding LS1, associated with the shear strain corresponding to lead 
core yielding. It should be noted that for both elastomeric and lead rubber bearings, attain-
ment of the buckling load (Pcr) is also checked, whereas pot bearings, allowing sliding in one 
or both directions are not considered as critical components. 

   
Fig. 3 – Elastomeric, lead rubber and pot bearings 

Based on the above, a database of critical components is developed, providing component-
specific limit state thresholds (as described in §3), for calculating component capacity (and 
the associated uncertainty βc). A website providing all information regarding the database 
compilation, namely software developed for multiple parametric inelastic static component 
analysis and analytical limit state threshold definition, experimental data collected for quanti-
tative damage definition, etc., is currently under development. The site will eventually pro-
vide an online platform, allowing component-specific limit state threshold quantification in 
the frame of fragility analysis, avoiding both time-consuming inelastic analyses and approxi-
mate definition of capacity regardless of the properties of the component , that will affect the 
reliability of fragility analysis. 

2.2 Seismic demand 

In the frame of the proposed methodology, the calculation of seismic demand at the com-
ponent control point is differentiated depending on the application scale (single bridge or 
bridge stocks). In particular, when bridge-specific fragility curves are derived for a single 
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bridge, nonlinear response history analysis of a detailed inelastic model is proposed, using an 
enhanced IDA procedure described in [17] (IDA combined with multiple stripe analysis), in 
order to estimate seismic demand at component control points for different levels of earth-
quake intensity. Uncertainty in seismic demand (βD) is calculated for every critical component, 
additionally considering the effect of record-to-record variability. Since the application of the 
methodology to bridge stocks for the derivation of bridge-specific fragility curves is computa-
tionally demanding, response spectrum analysis of a simplified elastic model for varying lev-
els of earthquake intensity is proposed in this case (scaling PGA, e.g. from 0.1g to 1g) to 
estimate seismic demand at component control points, whereas the evolution of damage with 
earthquake intensity is plotted for every component considered (mean value). Bridge-specific 
fragility curves are plotted assuming lognormal distribution, while uncertainty in seismic de-
mand (βD), calculated for generic bridges representative of a specific bridge class according to 
the classification system presented in [24], is used as dispersion value. 

Deck

Kbear

Gap Open

Kabtm

Deck

Deck

Gap Closed

Kbear

Kabtm

Deck

 
Fig. 4 – Software for bridge-specific fragility curves (input data – cases of open/closed gap) 

The Matlab-based software developed for the implementation of the previously de-
scribed methodology and the derivation of bridge-specific fragility curves is illustrated in Fig. 
4. The software is based on a generic simplified 3D bridge model created using the OpenSees 
platform [23], wherein the methodology described in [17] for single bridge analysis is incor-
porated. It should be highlighted that different boundary conditions at abutments are consid-
ered for the case of open and closed gap, while fragility curves are automatically derived for 
longitudinal and transverse directions separately, under the assumption of series connection 
between components (lower bound). 

3 SEISMIC CAPACITY ASSESSMENT (LIMIT STATE THRESHOLDS) 

As described in §2.1, different pier types and properties are considered, in order to develop 
a database encompassing practically all different types found in a bridge stock. A broad range 
of different section properties, namely dimensions, longitudinal and transverse reinforcement 
ratio, normalised axial force and material properties are considered and section analysis is 
performed using AnySection v.4.2.0 (as described in 2.1(b)). Damage is initially quantified 
using material strain values, namely εc and εs values corresponding to experimentally ob-
served crack widths, and moment corresponding to loss of bearing capacity for limit state 4 
(M=0.9·Mmax). Based on cross section analysis, moment-curvature curves are calculated (bi-
linear curves) and curvature values corresponding to the aforementioned material strains are 
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defined. Hence, damage is defined in curvature terms (φ1, φ2, φ3, φ4), and M-φ curves and ef-
fective stiffnesses EIeff (My/φy), needed for pushover analysis, are also defined.  
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Table 2 – Closed-form relationships for limit state thresholds of different pier types  
(local engineering demand parameter) 

Section analysis results for all possible parameter combinations (nearly 8000 section anal-
yses for each pier type considering weak and strong section axis separately), are obtained for 
each pier type and regression analysis is performed. Closed-form relationships for φy and Μy 
are presented in Table 2; β coefficients can be found elsewhere ([18] and online database). 

The effect of varying cross section parameters on local engineering demand parameters (φ 
or μφ values) is depicted in Fig. 5 and 6 for cylindrical piers and Fig.7 for different pier types, 
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highlighting the over- or under-estimation of threshold values in case that a uniform value, 
irrespective of section properties, is considered.  
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Fig. 5 – Effect of longitudinal and transverse reinforcement ratio on yield (left) and ultimate (right) curvature 
of cylindrical sections 

As depicted in Fig.5, yield curvature increases for increasing longitudinal reinforcement 
ratio (ρl), while the effect of transverse reinforcement ratio (ρw) is negligible. On the contrary, 
ultimate curvature is highly effected (increased) for increasing transverse reinforcement, due 
to the relevant increase in ultimate concrete strain (εcu) caused by core confinement, whereas 
the effect of concrete and steel strength on ultimate curvature is depicted in Fig. 6(right). 
Based on the above, curvature ductility decreases for increasing longitudinal reinforcement 
ratio (μφ=φu/φy – Fig. 6(left)), whereas this effect is more pronounced for ρl >0.01. 
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Fig. 6 – Effect of steel strength and longitudinal reinforcement ratio on curvature ductility (left) and steel and 
concrete strength on ultimate curvature (right) of cylindrical sections 

It is evident from Fig. 7 that an increase of compressive axial load (νd) results in decrease 
of curvature ductility, due to the associated increase of compression zone depth (xu). In addi-
tion, according to Fig. 7, the effect of transverse reinforcement increase on available curvature 
ductility is greater for lower values of compressive axial load.   

All different pier sections considered within the database are paired with a sufficiently 
broad range of pier heights and pushover analyses are performed (Fig.1) to correlate local to 
global engineering demand parameters and quantify damage in terms of displacement of the 
control point (d1, d2, d3, d4). The possibility of different failure modes (flexure, shear) as well 
as P-delta effects are accounted for, while the number of analyses varies from 30000 to ap-
proximately 78000, depending on pier type and range of heights considered. It should be not-
ed that various equivalent cantilever heights (e.g. equal to half the column height) should 
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additionally be considered, in order to account for different boundary conditions as described 
in §2.1(e) and Fig.1(e). 
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Fig. 7 – Effect of normalised axial force and transverse reinforcement ratio on curvature ductility of cylindrical, 
hollow cylindrical and rectangular sections 
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Table 3 – Closed-form relationships for limit state thresholds of different pier types 
(global engineering demand parameter) 

Based on equivalent cantilever analysis results closed-form relationships are derived for 
every different pier type and limit state (d1, d2, d3, d4), as shown in Table 3. Coefficient values 
(β) for all pier types and both strong and weak direction can be found elsewhere ([18] and 
online database), whereas β values are indicatively provided for cylindrical piers and all limit 
states in Table 4. 

Cylindrical Piers 

0 1 2 3 4 5(D/ ) ln(exp[ ) ( ) lnln l l ]n / ny w lc fH v f                 

 
0  

1  2  3  
4  5  

1 H  -6.524 -0.876 -0.018 -0.688 +0.086 +0.292 

2 H  -6.016 -0.674 -0.265 -0.076 +0.030 -0.072 

3 H  -3.872 -0.572 -0.238 -0.470 +0.505 -0.108 

4 H  -3.663 -0.542 -0.381 -0.518 +0.439 +0.001 

Table 4 – Limit state thresholds for cylindrical piers (global engineering demand parameter) 
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The effect of varying cross section parameters on global engineering demand parameters (d 
or μδ values) is depicted in Fig. 8 and Fig. 9, while the conclusions are similar to those con-
cerning local engineering demand parameters. Threshold values in terms of drift for limit state 
4 increase for increasing transverse reinforcement ratio (ρw) due to the relative increase in ul-
timate curvature, while the effect of longitudinal reinforcement ratio (ρl) is negligible. The 
latter is consistent with pertinent experimental results [25]. On the contrary, regarding limit 
state 1, the effect of longitudinal reinforcement ratio (ρl) on drift value is more significant. 
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Fig. 8 –Effect of longitudinal and transverse reinforcement ratio on d1/h (left) and d4/h (right) value of cylindri-
cal sections 
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Fig. 9 – Effect of longitudinal and transverse reinforcement ratio as well as shear span and normalised axial force 
on displacement ductility of cylindrical piers (engineering demand parameter: μδ) 

Displacement ductility increases for increasing transverse reinforcement ratio (ρw) and 
slightly decreases for increasing longitudinal reinforcement ratio (ρw) as depicted in Fig. 9 
and supported by experimental results [26]. In addition, increase in compression axial load 
and shear span length results in decreased displacement ductility, again consistently with per-
tinent experimental results [27], [26]. 

4 SEISMIC DEMAND ASSESSMENT 

4.1 Single Bridge 

The calculation of seismic demand for the derivation of bridge-specific fragility curves, in 
the case of single bridge assessment is based on the results of nonlinear response history anal-
ysis of a detailed inelastic model. Specifically, seismic demand is calculated at the control 
point of every component, namely piers, bearings and abutments for different levels of earth-
quake intensity, using an enhanced IDA procedure described in [17] (IDA combined with 
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multiple stripe analysis). Multiple analyses of statistically different, yet nominally identical, 
bridge samples are performed and displacements of component control points are recorded 
and compared to limit state thresholds in order to calculate ag,mean for every limit state. Since 
lognormal distribution is assumed for the fragility curve, dispersion value, the uncertainty in 
seismic demand (βD), is calculated for every component. The calculation of dispersion is 
computationally demanding, as it entails multiple analyses results, and could be assumed to 
be the same for bridges within the same category class. Three case study bridges classified to 
different bridge classes (according to the classification system presented in [24]) are analysed 
herein and uncertainty in seismic demand, additionally considering uncertainty due to record-
to-record variability,  is quantified. This is the most refined method for βD quantification, 
based on analysis results, rather than literature recommendations [12]. 

Fig. 10 – Case Studies of Egnatia Motorway Bridges (category #232(left), category #221(right)) 

 

Fig. 11 – Case Study of Egnatia Motorway Bridges (category #121) 

The three different case study bridges analysed herein, are typical samples of the types: 
simply-supported girder bridge (#232), prestressed concrete box girder bridge (#221) and 
overpass (#121). Uncertainty in seismic demand is calculated for different levels of earth-
quake intensity and all critical components and the relevant results are presented in Table 5 
for #232 bridge and Fig.12 for #121 bridge. Based on the results, uncertainty in seismic de-
mand varies, depending on the component considered and earthquake intensity. In general, 
uncertainty in demand increases for increased earthquake intensity, depending on the inelastic 
performance of the component studied. In addition, it should be highlighted that the variation 
of βD values is due to record-to-record variability (three earthquake groups and different 
earthquake motion selection criteria for every group as described in [17]). 

Component βd (0.1g) βd (0.2g) βd (0.3g) βd (0.4g) βd (0.5g) βd (0.6g) βd (0.7g) βd (0.8g) βd (0.9g) βd (1.0g) βd 

Piers 0.45 0.44 0.46 0.82 0.81 0.81 0.85 0.89 0.87 0.86 0.73
Bearings 0.37 0.41 0.43 0.84 0.86 0.85 0.84 0.83 0.82 0.81 0.71

Abutments -- -- 0.25 0.28 0.30 0.48 0.55 0.83 0.83 0.82 0.51

Component βd (0.1g) βd (0.2g) βd (0.3g) βd (0.4g) βd (0.5g) βd (0.6g) βd (0.7g) βd (0.8g) βd (0.9g) βd (1.0g) βd 

Piers 0.45 0.44 0.45 0.82 0.80 0.79 0.84 0.82 0.80 0.85 0.71
Bearings 0.44 0.42 0.42 0.84 0.85 0.84 0.79 0.78 0.77 0.77 0.69

Abutments 0.16 0.15 0.18 0.49 0.49 0.49 0.46 0.45 0.44 0.46 0.38

Longitudinal Direction

Transverse Direction

 
Table 5 –  Component and system βD values for typical simply-supported bridge (#232) 
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Fig. 12 – Component and system βD values for typical overpass (#121) 

4.2 Bridge stock 

In the case of a bridge inventory, response spectrum analysis for varying levels of earth-
quake intensity is invoked, for increasing PGA values (typically from 0.1g to 1g), in order to 
estimate seismic demand at component control points and calculate system fragility curves for 
different limit states (using the Matlab-based software developed), assuming series connection 
between components (equation 1). Uncertainty in seismic demand (βD value) is calculated ac-
cording to §4.2 and is considered the same for bridges within the same class.  

221 
Fragility (Direction x) Fragility (Direction y)   

LS1 LS2 LS3 LS4 LS1 LS2 LS3 LS4 Lspan (m) Hpier (m) Ltot (m) 

1 0.35 0.68 0.86 1.33 0.30 0.75 1.19 2.02 61.5÷112.1 41.30÷45.23 234.1 

2 0.30 0.76 0.83 1.07 0.48 0.70 1.21 2.38 94.5÷160 55.00÷58.00 349 

3 0.36 0.93 1.23 1.74 0.54 0.77 1.36 2.58 80÷120 34.20÷36.41 290 

4 0.16 0.59 0.98 1.81 0.24 0.55 0.97 1.39 75.6÷120 28.12÷63.39 636.2 

5 0.33 0.79 1.12 1.33 0.41 0.77 1.36 2.58 60.75÷101.5 34÷63.03 426 

6 0.24 0.89 1.13 1.39 0.45 0.70 1.17 2.40 91÷144 39÷45.10 326 

7 0.36 0.72 0.95 1.35 0.35 0.77 1.34 2.32 61÷107 29.12÷87.83 457 

8 0.37 0.76 0.96 1.50 0.30 0.62 1.09 2.30 64.3÷118.6 35.86÷44.89 247.2 

9 0.36 0.72 0.95 1.35 0.47 0.72 0.95 2.50 85 32.47 170 

10 0.29 0.75 1.04 1.80 0.43 0.62 1.09 2.32 80÷86 46.08 166 

11 0.41 0.65 0.82 1.42 0.42 0.75 1.29 2.05 75÷80 38.37 155 

mean 0.32 0.75 0.99 1.46 0.40 0.70 1.18 2.26 

  

314.23 

stand.
devia-
tion 

0.070 0.098 0.131 0.231 0.091 0.074 0.147 0.341 147.49 

COV 22.0 % 13.1% 13.3% 15.8% 22.8% 10.6% 12.4% 15.1% 46.9% 

Table 5 – Limit state thresholds in PGA terms for all bridges of typological class #221  
 (longitudinal and transverse direction) 
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                                    (1) 

 Fragility analysis of all (44) bridges of an Egnatia motorway section (Western Macedonia, 
Greece) was performed using the simplified model and the results are analytically presented 
in [24]. Limit state thresholds in PGA terms are presented in table 5 for all (11) bridges of 
class #221; moreover, mean, standard deviation and coefficient of variation (COV) values 
based on statistical analysis of results are provided, highlighting the variation of limit state 
thresholds for bridges within the same category. It is seen that COV values exceed 20% in 
some cases, which is clearly not negligible. 

5 BRIDGE-SPECIFIC AND GENERIC FRAGILITY CURVES  

Based on the above, the need for a reliable methodology for bridge-specific fragility curve 
development is highlighted, aiming at a reliable estimation of component capacity and de-
mand (as well as relevant uncertainty values). 

 The proposed methodology was applied to all bridges of categories #232 and #221 (bridg-
es with hollow rectangular piers connected through bearings to the prestressed concrete beam 
deck, and monolithically connected to the box-girder bridge deck, respectively) whereas fra-
gility curves of the generic bridge, representative of each category, are depicted in Figures 13 
and 14, along with upper and lower threshold values (dashed lines - range of thresholds) for 
each limit state. As far as bridge class #232 is concerned, the variation of upper and lower 
level fragilities from the fragility curve of the generic bridge is small, therefore fragility 
curves of the bridge selected as representative can be used for all bridges that fall within the 
same category for the longitudinal direction and LS1 to LS3. The range of threshold values is 
fairly narrow (25% variation compared to the generic bridge) for lower limit states, however it 
increases for higher earthquake intensity and limit states and is dependent on the component 
that is critical for each limit state and the direction of loading. The variation of upper and 
lower level fragilities for bridge class #221 is lower for LS2 to LS4 but higher for LS1. In 
general, the use of the fragility curves of the generic bridge for all those in the same category 
may underestimate or overestimate fragility by up to 35%, however in some cases (as shown 
in [24] the underestimation may reach 50%.  

 

Fig. 13 – Fragility of the generic bridge in class #232 and range of damage thresholds 
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Fig. 14 – Fragility of the generic bridge in class #221 and range of damage thresholds 

6 CONCLUSIONS  

Capacity and demand assessment in bridge-specific fragility analysis was presented herein, 
in the context of developing a database for limit state thresholds (capacity estimation) and 
rendering computationally demanding bridge-specific analysis applicable to bridge stocks. 
The most important findings are summarised below:   

 Limit state thresholds (capacity) are highly affected by component properties and the en-
gineering demand parameter selected for the quantification of damage; therefore, use of 
component-specific values is clearly in order. 

 The analysis method for the estimation of seismic demand at component control points 
should be differentiated according to the application scale (single bridge vs. bridge stock). 

 Uncertainty in seismic demand generally increases with earthquake intensity depending 
on the inelastic performance of the component studied, the record-to-record variability, 
and the criteria for earthquake motion selection. 

 The use of generic bridge fragility curves for all bridges belonging to the same category 
may underestimate or overestimate fragility, typically by up to 35%, however in some 
cases the underestimation may reach 50%, which is clearly an issue of concern. The 
range of LS threshold values is fairly narrow for lower limit states, but increases for 
higher earthquake intensity and higher limit states (heavy damage, failure). 
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Abstract. Deck-abutment contact, during earthquake excitation, might alter the boundary 
conditions at the deck level and activate a mechanical behavior unforeseen during the design 
of the bridge. Occasionally, this discrepancy between the assumed and the actual seismic be-
havior has detrimental consequences for the bridge e.g. pier damage, deck unseating or even 
collapse. A recent insightful shake-table test of a scaled deck-abutment bridge model [1], 
showed unexpected in-plane rotations even though the deck was straight. These contact-
induced rotations produced significant residual displacements and damage to the piers and 
the bents. The present paper utilizes the measured response of the deck-abutment system to 
examine the validity of a proposed nonsmooth dynamic analysis framework. The results show 
that the proposed approach satisfactorily captures the planar rigid-body dynamics of the deck 
which is characterized by deck-abutment contact. Further, the study brings forward the role 
of friction on the physical mechanism behind the rotation of straight bridges. It underlines the 
importance of considering the frictional contact forces during deck-abutment interaction even 
for straight bridges, which are typically neglected. Finally, the paper comparatively assesses 
the nonsmooth approach vs. the compliance (or gap element) approach with respect to their 
ability to predict the measured response. 
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1 INTRODUCTION 

A large number of bridges suffer damage due to contact (impact/pounding) during earth-
quake (e.g., [2]). Contact has direct consequences on bridges, such as local damage. More im-
portantly though, contact can also alter the effective mechanical system of the bridge and even 
lead to deck unseating/collapse of the deck [3]. 

Of key importance to evaluate the seismic behavior of this type of bridge is the simulation 
of the deck-abutment pounding. Most studies adopt the gap element (compliance) approach, 
i.e., a spring with/without a dashpot activated only in compression after the clearance distance 
(gap) vanishes, solely along the normal direction of contact (e.g., [4], [5]). A limited number 
of studies consider the tangential contact forces due to friction when evaluating seismic be-
havior of the deck-abutment bridge system. An early exception is the study of Jankowski et al. 
[6] which adopts linear dashpot elements to simulate the tangential contact forces between the 
contacting bodies. More recently, Amjadian et al. [7] applied the Karnopp friction model to 
examine the response of curved bridges. Adopting an alternative nonsmooth dynamics ap-
proach, Dimitrakopoulos studied the pounding phenomenon between deck and abutment [8], 
[9], as well as between successive deck segments [10]. The analysis therein [9] also investi-
gated the tendency of the deck to rotate after deck-abutment frictional/frictionless impact, and 
proposed the following dimensionless criteria: 

 
 

 
2sin 2 cos

2
2 W L W L

     (1) 

where, μ  is the coefficient of friction, α  is the skew angle, W  is the width, and  L  is the 
length of the deck, respectively (Figure 1). If |η| > 1, both a skew (α > 0) and a straight (α = 0) 
bridge will tend to rotate after deck-abutment impact, e.g., in Figure 1 (a) and (b) respectively. 
Saiidi et al. [1], performed large-scale shake table tests of a deck-abutment system and report-
ed substantial, although unexpected, in-plane rotations of the deck, even though the bridge 
was straight. Among all potential rotation mechanisms, e.g. the stiffness eccentricity and the 
multi-support excitation, the frictional deck-abutment contact forces (and the torsional mo-
ment they produce) were identified [1] as the main reason of the deck rotation. 

The present study uses the experimental data from [1] to validate a nonsmooth dynamics 
simulation and offer insight on the pounding-induced deck rotation. In this context, this study 
extends the nonsmooth dynamics framework proposed previously [8], [9], [10] to deal with 
the multi-support excitation, the inelastic behavior of concrete piers, and the continuous fric-
tional contact of a multibody system. Finally, the present paper compares the nonsmooth ap-
proach with a conventional gap element (compliance) approach with respect to their ability to 
predict the observed deck response from [1]. 

 
Figure 1: Rotational mechanism due to deck-abutment pounding.
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2 METHODOLOGY 

This study compares the simulation results obtained by using different methods with the 
measured response of a 4-span reinforced concrete bridge (1/4-scale) model tested by Saiidi et 
al. [1]. The benchmark shake table tests concern a straight continuous post-tensioned deck 
supported by three 2-column bents and two abutment seats. Three independent shake tables 
introduce the ground accelerations along two translational directions at each bent base, while 
another two actuators controls the displacement of the abutment seats solely along the longi-
tudinal direction. The seven sets of input excitations are scaled to different target Peak 
Ground Accelerations (PGAs). Of particular interest for the present study, are the deck-
abutment pounding and the subsequent, but unexpected, in-plane rotation of the deck ob-
served during these experimental tests. 

2.1 Analytical model and equation of motion 

The present study considers the idealized bridge model of Figure 2 which consists of 3 rig-
id bodies subjected to multiple-support excitation at the 3 bent supports (ua

g ) and the 2 abut-

ment seats ( ua
a ) [1]. The motion of the system is described by 7 degrees of freedom (DOFs) of 

the three rigid bodies (abutment seat ‘1’ and ‘2’ and the deck ‘d’, discussed in [11]) with re-
spect to an absolute reference frame (denoted with superscript ‘a’). The equation of motion 
for this multibody system with unilateral contacts and multiple-support excitation can be writ-
ten as ([9], [11]): 

     0Mu F u F u W λ W λa r r
D S N N T T       (2) 

where  M  is the mass matrix; ua
   is the acceleration vector of the deck and the abutment 

seats with respect to an absolute system of reference (superscript ‘a’); FD  and  FS  are the 
vectors of the damping and restoring forces, expressed using the relative veloci-
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Figure 2: Kinematics and analytical model. 
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ty/displacement vector  u u ur a a
g      and  u u ur a a

g    respectively; WN  and  WT  are the 

direction matrices of the contact (constraint) forces in the normal (subscript ‘N’) and the tan-
gential (subscript ‘T’) direction;  λN  and  λT  are the contact force vectors along the two direc-
tions of contact. 

2.2 Nonsmooth dynamics 

The proposed nonsmooth approach [8], [9], [10], [11] decomposes the dynamic response 
into continuous motion (without impacts) and discontinuous events [12], [13], [14]. In partic-
ular, it distinguishes contacts into impacts which are instantaneous events and continuous 
contacts of finite duration. Further, it enforces a kinematic (‘impenetratability’) constraint to 
ensure that the contacting deck and abutment cannot overlap. Lastly, it formulates [11] both 
types of contacts as pertinent Linear Complementarity Problems (LCPs, [15]). The following 
sections introduce briefly only the LCP for the impact. Refer to [8], [9], [10], [11] for the LCP 
treating continuous contact. 

During impacts, the approach employs momentum-impulse principles to calculate the im-
pulses transferred. Along the normal direction, Newton's law determines the normal contact 
velocity vector just after impact ( gN


 ): 

 g gN N N
     (3) 

where  gN

   is the  normal contact velocity vector just before impact, and   diagN Ni   

with Ni [0, 1] being the coefficient of restitution of contact point i. As explained in [8], [9], 

[10], [11], the normal contact velocity vector  0g g gN N N N
       and the normal impulse  ΛN  

vector are complementary (see Eq. (7)). 
Along the tangential direction of contact the positive  gTR


   and the negative  gTL


   parts of 

the tangential post-impact velocity  gT

 : 

  1
2g g gTR T T    ,  1

2g g gTL T T    , g g gT TR TL     (4) 

are complementary with the right  ΛTR  and the left  ΛTL  part of the Coulomb frictional im-
pulse  ΛT (see also [8], [9], [10], [11]) respectively: 

 
  
  

TR N T

TL N T

 
  




 (5) 

where   diag i   with  i    being  Coulomb's coefficient of friction of the i-th contact. 

The LCP which treats frictional single and multiple impacts is: 
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with complementary conditions: 
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where, the G matrices are 

 
T 1 T 1

T 1 T 1
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 (8) 

3 ANALYTICAL RESULT 

To replicate the experimental testing procedure of Saiidi et al. [1], the analytical model of 
the deck-abutment seats system of Figure 1 is subjected successively to the same seven exci-
tations. The two abutment seats are constrained to the measured motion which is now used as 
input to the system. The concentrated mass at the center of the deck and the mass moment of 
inertia is  md = 140.5 t  and  Id = 13090 t·m2. The nonlinear behavior of the RC columns is 
modeled with Takeda hysteretic models [16] in both the longitudinal and the transverse direc-
tions. The coefficient of restitution is assumed  εN = 0.0  and the coefficient of friction is  μ = 
0.5. The damping is modelled with a Rayleigh damping matrix, assuming 8% damping coeffi-
cient for the first and the third mode. 

3.1 Nonsmooth seismic response analysis 

This subsection presents the calculated response based on the proposed nonsmooth ap-
proach. The comparison between the experimental and the analytical results is based on the 

 

proposed analysis
experiment [1]

sliding contact
sticking contact

detachment

sticking impact
sliding impact

xd yd θd

gN2

gN1

gN4

gN3

 
Figure 3: Comparison of response-history under Excitation No. 5: experiment [1] versus proposed analysis. 
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following calculation assumptions: the longitudinal displacement of the deck is the average of 
the measurements at the two ends of the deck, the transverse displacement is the one meas-
ured at the middle of the deck, and the deck in-plane rotation is obtained from the two trans-
verse displacements measured at the two ends (along the length) of the deck. Figures 3 ~ 5 
compare the response measured experimentally with that calculated analytically under Excita-
tion No. 5 as an example. A summary of all 7 excitations follows later on (Figure 6). 

Figure 3 illustrates the response histories of the two translational displacements  xd  and  yd  
and the rotation  θd  of the deck (left) and the relative distance between the four corners of the 
deck and the adjacent abutment seats  gN1 ~ gN4  (right). The figure also depicts the different 
types of contact events at all 4 contact points. The proposed nonsmooth approach reproduces 
very well the observed response of the deck for both the longitudinal and the transverse direc-
tions despite the numerous contact events between the deck and the abutment seats. Under 
Excitation No. 5, it also satisfactorily reproduces not only the experimentally observed peak 
rotation, but also the trend of the recorded rotations. This is a particularly challenging task 
since the deck response is dominated by frictional contact. 

Figure 4 compares the response history of the angular velocity during Excitation No. 5. 
Again, the proposed analysis replicates the general trend of the angular velocity variation, alt-
hough some discrepancies are noted in terms of peak values as well as response history. To 
bring forward the underlying physics of the rotation mechanism, Figure 4 also illustrates a 
continuous sliding contact (8.98 ~ 9.08 sec), at point 3. Figure 5 plots the deformation of the 
deck-abutment system and the analytically calculated contact forces at the beginning of this 
continuous contact. At t = 8.98 sec, the normal contact force  λN3 = 144 kN produces clock-
wise moment, and the tangential contact forces  λT3 = 72 kN produce anticlockwise moments. 

-3.0e-02

-2.0e-02

-1.0e-02

0.0e+00

1.0e-02

2.0e-02

3.0e-02

7 8 9 10 11 12 13 14 15
time (sec)  

Figure 4: Comparison of angular velocity history under Excitation No. 5: experimental result [1] (*: calculated 
from the numerical time differentiation of the recorded deck displacements) versus proposed analysis. 

   
Figure 5: Comparison of deck response at 8.98 sec under Excitation No. 5: experimental result [1] (deformation 

only) versus proposed analysis (deformation, response velocities, contact forces). 

1
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4

1 3e 1dy .  
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Due to the rotated right abutment seat, the normal and tangential direction of this contact also 
rotate. As a result, the angular velocity increases from  d(8.98) = -3.4·10-3 rad/s to  d(9.08) 
= +2.1·10-3 rad/s. This indicates the dominant role of the frictional contact force on the in-
plane rotation of the deck. 

In summary, Figure 6 plots the peak deck rotation versus the target transverse PGA for all 
7 excitations. Based on the experimental tests, the peak deck rotation increases exponentially 
with respect to the input PGA [1]. The proposed nonsmooth approach well reproduces this 
tendency with reasonable accuracy. The analysis underestimates the peak deck rotations under 
Excitations No. 6 and 7. Note though that, both the possible local damage due to extensive 
excitations (the target transverse PGA is as high as 1.0 g), as well as, the uncertain coefficient 
of friction (the value assumed herein is a constant 0.5) may introduce some error into the sim-
ulation, as discussed in [11]. On the other hand, the peak deck rotation ignoring the deck-
abutment pounding is notably smaller than both the experimental results and the analytical 
results taking into account the deck-abutment pounding. 

4 COMPARISON WITH GAP ELEMENT APPROACH 

4.1 General and analytical condition 

Most numerical/analytical studies of the pounding phenomenon adopt the gap element 
(‘compliance’) approach (e.g. [4] ~ [7]). This section compares the compliance and the non-
smooth approaches with respect to their ability to simulate the deck response recorded during 
the shake table tests [1], especially the in-plane rotation. Here, the compliance approach 
adopts the same analytical model as Subsection 2.1, but uses the spring-dashpot gap element 
at four corners of the deck to simulate the deck-abutment pounding. The contact force vectors 
(λN  and  λT) enter the equation of motion (Eq. (2)) where the gap of point i closes (the relative 
distance becomes smaller than zero: gNi < 0). Based on the Hertz-damp model and Coulomb’s 
law, the contact force along the normal and the tangential direction is respectively: 
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Figure 6: Summary of peak deck rotation versus target transverse PGA under all 7 excitations. 

0.0e+00

2.0e-03

4.0e-03

6.0e-03

8.0e-03

1.0e-02

1.2e-02

0.0 0.2 0.4 0.6 0.8 1.0 1.2

pe
ak

 d
ec

k 
ro

ta
tio

n 
(r

ad
)

transverse target PGA (g)

619



Zhongqi Shi and Elias G. Dimitrakopoulos 

 
 

   
sgn

s

,

gn ,
Ti Ni Ti

Ti
Ti Ti Ni Ti

g λ g
λ

g g λ g


 





 

 


 

  

 (10) 

where, k  and  c  is the stiffness and the damping of the gap element, respectively, ε (= 10-3 
m/s) is a scalar parameter which determines the sticking-sliding transition. This study adopts 
the proposed stiffness and damping values of [17], [18], [19], and also examines other values 
of stiffness ranging from 10-4 to 10+2 k. 

4.2 Comparison of analytical results 

Figure 7 plots the response history of the translational displacements and the in-plane rota-
tion of the deck during Excitation No. 5. For the longitudinal displacement of the deck, all 
analytical results replicate the general trend observed in the experimental tests. When the 
stiffness is small (10-4 ~ 10-2 k), the results present some minor differences in terms of re-
sponse history, but the peak displacements are in agreement. For the transverse displacements, 
both the nonsmooth and the compliance approaches are in good agreement with the experi-
ment. However, the two approaches generate notable discrepancies in terms of the in-plane 
rotation history of the deck. The rotation calculated by the nonsmooth approach matches bet-
ter the experimental results, in not only the overall response history but also the peak deck 
rotation. In general, when adopting relatively large stiffness values (100 ~ 10+2 k), the compli-
ance approach can produce similar trends of the in-plane rotation. On the contrary, when us-
ing small stiffness values (10-4 ~ 10-2 k), the compliance approach fails to simulate the 
rotational motion of the deck. The comparison under the other 6 excitations shows similar ob-

 
Figure 7: Comparison of response-history under Excitation No. 5: proposed analysis versus compliance approach 
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servation, and is omitted here for brevity. 
To better understand these discrepancies, Figure 8 illustrates (left) the response history of 

the relative distance at point 1 (gN1) during the first pounding (at about 8.17 sec) under Exci-
tation No. 5 and (right) the force-displacement loops of the pertinent gap element (100 k  and 
10+2 k  as an example). The compliance simulation with large stiffness value (10+2 k) approx-
imates the impenetrability constraint and, subsequently, generates similar results to the non-
smooth analysis. From Figure 8 left, the lower the contact stiffness, the larger the penetration 
and the longer the contact duration. Such influence accumulates and significantly affects the 
in-plane rotation history. Figure 8 right shows the obvious discrepancy between the force-
displacement loops when using two different stiffness values. The smaller stiffness leads to 
larger penetration and smaller normal contact force, and consequently the smaller tangential 
contact force (friction, Eq. (10)) and torsional moment.  

5 CONCLUSIONS 

The present paper proposes a nonsmooth dynamics simulation of the seismic response of 
bridge involving deck-abutment pounding. The comparison with benchmark experiment re-
sults shows good match, not only in terms of the two translational displacements but also, and 
most importantly, in terms of the in-plane rotation of the deck. The analytical results replicate 
the experimentally observed trend where the peak deck rotation increases exponentially with 
respect to the input PGA. The study also sheds light on the crucial role of friction on the deck-
abutment pounding problem. Considering only frictionless contact may significantly underes-
timate the planar response of the deck. 

Furthermore, this study compares the proposed nonsmooth approach and the widely used 
compliance (gap element) approach, particularly with respect to their ability to replicate the 
experimental response. The in-plane deck rotation is notably sensitive to the contact stiffness 
of the gap element. Adopting relatively large contact stiffness for the Hertz-damp model gen-
erates satisfactorily similar results compared with the nonsmooth approach. On the other hand, 
an improperly low stiffness may lead to significant underestimation of the peak rotation of the 
deck. Therefore, when applying the compliance approach, one should carefully choose a stiff 
enough gap element, and take friction into account. 
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Abstract. This paper examines the uncertainty in the response of existing RC frames with 
masonry infill in Italy. This is done using a numerical modelling approach calibrated and val-
idated against existing experimental test data, where the existing test data is used as a basis to 
gauge the uncertainty in the various parameters associated with the modelling of beam-column 
members, joints and masonry infill. The influence of the uncertainty in these parameters is then 
investigated through a quantification study allowing for the propagation of this modelling un-
certainty to the response of the structure under seismic action to be quantified. This is per-
formed for numerous different case study building typologies typically found in Italy. The result 
of this study is that typical values of dispersion associated with modelling uncertainty structures 
can be quantified in relation to the demand parameters typically of interest, such as peak storey 
drift and peak floor acceleration, in addition to the collapse capacity of the building. The impact 
of this study is that empirical values for these building typologies can be proposed to allow 
practitioners to adopt more reasonable and representative values of dispersion with respect to 
those available in the literature. The proposal of these empirical dispersion values fits directly 
into the broader frameworks typically adopted in the performance-based assessment of existing 
structures that aim to quantify the performance of buildings in terms of measures such as col-
lapse safety and monetary losses.  
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1 INTRODUCTION 
Following the structural analysis of a case study structure using either simplified methods or 

more advanced non-linear response history analyses (NRHA), the dispersion in the demand 
parameters of interest needs to be accounted for. In the case of NRHA using a single determin-
istic model, such as what is typically carried out using the PEER performance-based earthquake 
engineering (PBEE) methodology [1], the epistemic uncertainty associated with modelling un-
certainty is incorporated into the results alongside the aleatory randomness that is already pre-
sent due to record-to-record variability of the various ground motion (GM) records used in 
analysis. More simplified approaches, such as displacement-based assessment (DBA) (see [2], 
for example) and the N2 method (see [3], for example) involve using simplifying assumptions 
to estimate the response of the structure with a subsequent approximation of dispersion in the 
response due to modelling uncertainty and record-to-record variability. Both of these aforemen-
tioned methods require some form of dispersion estimate for the modelling uncertainty, which 
ought to come from appropriate quantification studies. As highlighted on multiple occasions 
during the description of using the N2 method to estimate failure probability of a structure, 
Fajfar & Dolšek [3] note: “For practical applications, predetermined default values for the 
dispersion measures, based on statistical studies of typical structural systems, are needed.” and 
“In a practice-oriented approach, default values for the dispersion measures have to be used. 
Reliable data for large populations of buildings are not yet available” before concluding the 
manuscript with “Default values for dispersion measures are needed”. The aim of this paper is 
to estimate and provide such default values of modelling uncertainty to be used when conduct-
ing a seismic assessment of gravity load design (GLD) RC frames with masonry infill in Italy. 
The methodology used to quantify the modelling uncertainty is described and a study on various 
structural typologies is conducted such that modelling uncertainty values for the collapse fra-
gility and demand parameters used in loss estimation are proposed. This is done using the sta-
tistical information regarding the uncertainty in the various modelling parameters established 
during the numerical model calibration in [4]. These values for modelling uncertainty are de-
fined in terms of structural typology, demand parameter and limit state (LS) under consideration 
to provide a set of default values that account for the modelling uncertainty in structural typol-
ogies found throughout Italy. 

2 METHODOLOGY 

The variability in the different modelling parameters is propagated through the structural 
response to result in a variability in the demand parameters of interest. This is in conjunction 
with the inherent variability due to record-to-record variability when performing NRHA. While 
the record-to-record variability is typically accounted for with large sets of suitable GMs, the 
modelling uncertainty is somewhat more difficult to quantify. This is as the individual distribu-
tions of the various random variables (RVs) to be considered in the structure are required along 
with an appropriate method in which a number of different numerical model realisations can be 
generated. As outlined previously, a common approach is to empirically quantify the effects of 
this modelling uncertainty on the various demand parameters of interest and incorporate this 
post-analyses alongside the record-to-record variability. This section, therefore, aims to outline 
a method to conduct such a study to quantify the modelling uncertainty for different demand 
parameters such as peak storey drift (PSD) and peak floor acceleration (PFA). The approach 
adopted here is illustrated in Figure 1, where a number of model realisations are generated to 
take the variability in the different RVs considered into account. These model realisations are 
then analysed using incremental dynamic analysis (IDA) [5] at a number of intensity levels. 
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That is, for a given GM and intensity level, the dispersion in the demand parameter due to 
modelling uncertainty can be quantified. Likewise, for a given model realisation and intensity 
level, the record-to-record variability may be also computed but is not the focus of this study. 
In addition to examining the effects of modelling uncertainty with respect to intensity, the in-
fluence on the collapse fragility median and dispersion is also investigated.  

 
Figure 1. Illustration of the procedure used to identify the modelling uncertainty in various structural typologies with in-

creasing intensity. The use of numerous model realisations and GMs means that the variance with respect to either 
of the two source of uncertainty (i.e. record-to-record variability or modelling uncertainty) can be quantified. 

2.1 Structural Typologies and Numerical Modelling 

The case study frames examined consist of two and three storey RC frames that are adopted 
from a previous study by [6]. Both frames have been designed for gravity load only using al-
lowable stress and other such design provisions specified in Regio Decreto 2229/39 [7], along 
with other common construction conventions prior to the introduction of seismic design provi-
sions in Italy in the 1970’s. Some typical details of these gravity-load only designs are the 
complete lack of capacity design considerations in the beam and column members as the col-
umns were sized principally for axial loading. This approach was quite common during the 
construction boom that followed the second world war across southern Europe and resulted in 
many RC structures vulnerable to undesirable seismic response. In addition to the out-of-date 
seismic provisions (or in many cases, no seismic provisions at all) adopted during past con-
struction, another detail regarding the construction of these buildings that leaves them quite 
vulnerable to seismic loading is the use of smooth reinforcing bars in the frame members that 
were terminated with end-hooks in the beam-column joints. This affects the bonding of the 
reinforcement to the concrete paste resulting in a modified ductility compared to newer ductile 
detailing of the frame members in addition to a potential shear mechanism in beam-column 
joint, as discussed in [4,8].  

The general layout of the case study structures is shown in Figure 2, where each of the frames 
consist of a three-bay frame with exterior bays of 4.5m and an internal bay of 2m, with a con-
stant storey height of 3m and out-of-plane tributary width of 4.5m. The strength of the reinforc-
ing steel and concrete were 3800kg/cm2 (372MPa) and 200kg/cm2 (19.6MPa), respectively, 
whereas the floor loadings were taken as 500kg/m2 for the roof levels and 600kg/m2 for each 
floor, as per typical design manuals in use at the time of construction. As these frames were 
sized for gravity loading only, the beam section sizes and detailing are constant at each level in 
addition to the column sections. The column sections consist of 25x25cm section with four 
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14mm longitudinal bars and 6mm transverse stirrups placed every 100mm. The beam section 
consists of a 25x50cm deep rectangular section with four and two 14mm longitudinal bars 
placed at the top and bottom, respectively, also with 6mm transverse stirrups placed every 
100mm. In terms of numerical modelling the case study frames, the developments of [4] are 
adopted herein. 

 
Figure 2.  Illustration of the numerical modelling of the various damageable components of GLD RC frames with infills. 

The hysteretic behaviour of the beams, columns, beam-column joints and masonry infill struts are also illustrated.  

While the case study frames have been designed as bare frames, common practice through-
out southern Italy was to insert masonry infills in the structures without considering their effects 
on the surrounding frame during the design process. As such, a number of different infill case 
study frames are also investigated here to illustrate their effects on the structural behaviour and 
overall performance of GLD RC frames. Two different infill layouts were considered; a uni-
form infill throughout the height of the building and a uniform infill layout with an open ground 
floor, commonly referred to as a “pilotis” frame. In addition for the uniform infill frames, two 
types of masonry infill have been used and are termed “weak” and “strong” infill, as per [9], 
where weak infill corresponds to the 8cm thick single leaf infill and 30cm thick block, respec-
tively. The effects of modelling openings such as windows or doors were not considered as part 
of this study. 

2.2 Random Variables and Associated Distributions 
Based on the numerical modelling of the different structural typologies in Section 2.1, the 

RVs to be selected as part of this modelling uncertainty quantification study for GLD RC frames 
typically found in Italy are established along with a brief description of the source of such in-
formation and the relevant justification for their consideration. Table 1 lists the initial list of 
RVs selected for each of the beam and column members, interior and exterior beam-column 
joints, masonry infill and other global modelling parameters, where the various parameters out-
lined are illustrated for the different components in Figure 2. 
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Table 1. List of RVs to be considered for quantification of modelling uncertainty in GLD RC frames, where the median 
value and corresponding dispersion value are provided for the lognormal distribution of each (Notation as per 
model definitions as per [4] and illustrated in Figure 2). 

 # RV Description Source Median Dispersion Reference 

B
ea

m
s 

1 My Yield moment 

Computed - 

0.122 

[4] 
2 φy Yield curvature 0.287 
3 µφ Ultimate curvature ductility 0.326 
4 app Post-peak stiffness ratio 0.413 
5 ρL Longitudinal reinforcement ratio 0.250 

C
ol

um
ns

 6 My Yield moment 

Computed - 

0.122 

[4] 
7 φy Yield curvature 0.287 
8 µφ Ultimate curvature ductility 0.326 
9 app Post-peak stiffness ratio 0.413 

10 ρL Longitudinal reinforcement ratio 0.250 

Ex
te

rio
r J

oi
nt

s 11 γcr Joint shear deformation at cracking 

Test Data 

0.0002 0.300 Estimate 
12 γpk Joint shear deformation at peak capacity 0.0127 0.286 

[4] 
13 γult Joint shear deformation at ultimate capacity 0.0261 0.229 
14 κcr Joint shear strength coefficient at cracking 0.135 0.166 

15 κult 
Joint shear strength coefficient at ultimate ca-
pacity 0.05 0.091 

In
te

rio
r J

oi
nt

s 16 γcr Joint shear deformation at cracking 

Test Data 

0.0002 0.300 Estimate 
17 γpk Joint shear deformation at peak capacity 0.0085 0.133 

[4] 18 κcr Joint shear strength coefficient at cracking 0.29 0.237 

19 κpk 
Joint shear strength coefficient at peak capac-
ity 0.42 0.163 

M
as

on
ry

 In
-

fil
ls

 

20 Fmax Infill diagonal strut capacity [10] - 0.300 Estimate 

21 θDS1 Storey drift at DS1 defined in [10] 
Test Data 

0.18% 0.520 
[10] 22 θDS2 Storey drift at DS2 defined in [10] 0.46% 0.540 

23 θDS4 Storey drift at DS4 defined in [10] 1.88% 0.380 

G
lo

ba
l 

24 ξ Elastic damping ratio Assumed 
Value 0.05 0.600 [11] 

25 M Floor mass Given - 0.100 
 
Regarding the adopted distributions for each of the structural elements, these are justified as 

follows. The beam and column member distributions are adopted directly from the information 
presented in [4], where the calibration information regarding the member capacity, stiffness and 
ductility capacity are adopted as they come from the calibrations to actual test data available in 
the literature. The noted source of “computed” for these members in Table 1 refers to how the 
median value is not a fixed value, but a computed value from the expressions described in [4] 
(e.g. the yield moment (My) is not a fixed value for every member, but depends on section 
dimensions, reinforcing content and axial load ratio), where the associated dispersion was com-
puted from the comparison of the relevant expression to the actual test data. Other information 
regarding masonry infill median drifts and dispersions are adapted from the study by [10], 
whereas other information regarding appropriate dispersions for elastic damping and structural 
mass are adopted from a similar study concerning modelling uncertainty in RC frames con-
ducted by [11]. 

2.3 Analysis of Model Realisations 

Using the Correlation-Reduced Latin Hypercube Sampling (CLHS) approach [12], a number 
of realisations of each structural model discussed in Section 2.1 are developed. Each of the 25 
RVs listed in Table 1 are sampled a number of times to generate N number of model realisations. 
As described in [12], the number of model realisations needs to be greater than the number of 
RVs (i.e. N>K) in order for the CLHS method to function. As such, the number of realisations 
was chosen here to be 40. This number was selected based on the parametric study by [13] who 

627



Gerard J. O’Reilly and Timothy J. Sullivan 

noted that 20 appeared to be a reasonable value. Also of note are the correlations assumed 
between different RVs, which were assumed to be independent and uncorrelated for simplicity 
of analysis. Physical relations between different RVs were maintained through the model defi-
nition, such as the yield moment and the percentage of reinforcement since the yield moment 
is computed using the sampled value of reinforcement through sectional analysis. Similarly, 
with the floor mass and the design axial loading on columns, which influences the member 
ductility and post-peak ductility capacity of the members as outlined in [4].  

While each of the RVs are sampled according to the aforementioned distributions, care was 
taken to ensure that no instances of unrealistic model realisations arise. For instance, the sam-
pled value of θDS2 for the masonry infill illustrated in Figure 2 was checked to be always greater 
than that of θDS1. For each of the model realisations sampled here, the structural typologies 
discussed previously were analysed using 10 GMs taken from the FEMA P695 [14] set that 
were selected in order to maintain a good match in terms of median and dispersion with the 
original set of 44. While 10 records may be considered a small GM set, these records are not 
used to compute record-to-record variability but only the modelling uncertainty, where the full 
set of 44 records was used to quantify the record-to-record variability using the deterministic 
model and is discussed further in [15]. Each GM was scaled to a number of intensities for the 
seismic IM employed using IDA, which in this case was the spectral acceleration at the first 
mode period of vibration of the structure, Sa(T1).  

3 ANALYSIS RESULTS 

Using the methodology and model realisations described in the previous section, the results 
of the modelling uncertainty study are presented here. As previously outlined, each frame ty-
pology is subjected to IDA such that the response and dispersion can be quantified with respect 
to intensity and limit state in the buildings. These limit states are defined in accordance with 
the definitions outlined in the Italian National Code NTC 2008 [16], which list four limit states 
corresponding to Operational (SLO), Damage Control (SLD), Life Safety (SLV) and Collapse 
Prevention (SLC), respectively, and are illustrated in Figure 3. The exceedance of each LS is 
determined based on the criteria outlined NTC 2008 and the corresponding PSD established for 
each LS, which can be then used with IDA to characterise the exceedance of this PSD with 
respect to intensity. As such, the dispersion with respect to intensity and subsequently LS in 
each structural typology can be quantified. 

 
Figure 3. Illustration of static pushover analysis (SPO) and subsequent identification of different LSs according to NTC 

2008 for the structural typologies considered. 
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3.1 Collapse Fragility 
By analysing the different structural typologies at different intensity levels via IDA, the 

number of collapses with respect to intensity, GM and model realisation can be computed. Us-
ing the maximum likelihood method outlined by [17], the collapse fragility function of the dif-
ferent structural typologies can be computed with respect to each GM record or model 
realisation as function of intensity. Collapse is typically defined as when the IDA trace “flatlines” 
or becomes sufficiently large to cause dynamic instability. This point is defined quantitatively 
as when the maximum PSD exceeds 10%, which is deemed sufficiently large to have caused 
collapse and is consistent with other studies such as [18], for example. These collapse fragilities 
are plotted in Figure 4 for each of the structures considered, where the plots labelled RTR, MDL 
and TOT represent the mean collapse fragilities considering record-to-record variability only, 
modelling uncertainty only and both record-to-record variability and modelling uncertainty, 
respectively. The TOT fragility functions are considered the more representative of the three as 
these consider the both of the aforementioned sources of uncertainty. By performing an IDA 
using a given set of GMs on a deterministic model of a case study structure, the resulting col-
lapse fragility function would correspond to that of the RTR lines plotted in Figure 4. Compar-
ing this to the more representative TOT fragility functions, the ratios of median collapse 
intensity and dispersion differ somewhat. The mean ratio of TOT to RTR for the median col-
lapse intensity is 0.95 and the 1.27 for the associated dispersions. That is, the RTR fragility 
functions tend to overestimate the median collapse intensity and underestimate the dispersion 
when compared to the collapse fragilities that account for both aforementioned sources of un-
certainty; a finding consistent with existing research [13,18–20]. The difference in the disper-
sion is an expected result and is typically accounted for by inflating the collapse dispersion by 
a prescribed value to account for the effects of modelling uncertainty. This is the approach of 
the FEMA P695 guidelines [14], among others, that prescribe values to which the RTR collapse 
fragility is to be increased using a square root sum-of-the-squares (SRSS) combination. How-
ever, guidelines such as FEMA P695 only propose a modification to the dispersion when ac-
counting for modelling uncertainty despite Figure 4 illustrating that this tends to overestimate 
the median collapse intensity.  

Considering the above remarks regarding the comparisons between RTR type collapse fra-
gility functions and bearing in mind the need to provide simple ways to account for modelling 
uncertainty in collapse assessment of GLD RC frames in Italy, some simplified adjustments are 
thus proposed. These consist of providing an adjustment to both the median collapse intensity 
and dispersion. This is done through a prescribed reduction factor for the median collapse in-
tensity (Rc) and a dispersion due to modelling uncertainty (βUC,IM) to be combined with the 
existing dispersion due to record-to-record variability (βRC,IM) using an SRSS combination as 
follows: 

 βTOT,IM = βRC,IM
2 + βUC,IM

2  
 

Equation 1 

which assumes the two sources of uncertainty to be independent of each another. The above 
notation follows that of [21] in order to maintain consistency with the notation used in subse-
quent section and to distinguish different types and sources of dispersion. These prescribed 
modifications are proposed in terms of structural typology and are listed in Table 2, where the 
coefficients of variation for each modification term is included in parenthesis. This proposal is 
labelled as ADJ in Figure 4, where examining the ratios between this and the TOT collapse 
fragility functions, it is seen to work well with overall mean ratios of 1.00 and 0.98 between the 
median collapse intensity and dispersion of the TOT and ADJ collapse fragilities, respectively. 
Comparing these to some existing values in the literature from both [14] and [13], the values 
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appear reasonable and of the same order of magnitude, with [14] proposing values of βUC,IM 
between 0.10 and 0.50 depending on how well the model represents the actual structural behav-
iour and how robust that model is. Dolšek [13] on the other hand proposed a βUC,IM of 0.52, 
which at first appear a little higher than those listed in Table 2. However, two differences that 
ought to be considered in the case of the values proposed by [13] are that this value applies to 
frames modelled without infill only and also that peak ground acceleration (PGA) is used as the 
intensity measure (IM), as opposed to Sa(T1) used here. This difference could explain the in-
crease in modelling uncertainty with respect to the values proposed here. In any case, the quan-
tification of the effects of modelling uncertainty in infilled RC frames has not been exclusively 
addressed in either of the two aforementioned studies and as such, the values in Table 2 repre-
sent a novel contribution in this regard. In addition, the modification to the median and increase 
in overall dispersion proposed by [18] for bare non-ductile bare frames with no masonry infill 
in the US are somewhat similar to the corresponding case here. An average reduction of 0.95 
in the median collapse intensity and an additional dispersion to account for modelling uncer-
tainty of 0.33 noted, which are quite similar to corresponding values in Table 2, where [18] 
employed the same IM as that used in this study. 
Table 2. Proposed collapse fragility modification factors to account for the effects of modelling uncertainty on the median 

collapse intensity and dispersion, where the coefficients of variation for each term are provided in parenthesis. 

Structural Typology Rc βUC,IM 
w/o Infill 0.89 (0.04) 0.30 (0.06) 
Pilotis Frame 0.95 (0.04) 0.30 (0.02) 
Infill Frame 0.99 (0.01) 0.15 (0.07) 

 
Table 2 shows how the influence of the modelling uncertainty on the collapse fragility is 

somewhat higher for the frames without infill modelled and pilotis frame typologies than for 
the infill frames since the median collapse intensity remains unchanged and the increase in 
dispersion is lower. One possible reason for such a difference may be that the infill frame re-
sponse tends to be dominated by the presence of the infill, and less so by the actual surrounding 
RC frame. Therefore, there are fewer RVs influencing the response of the frames as the varia-
bility mainly comes from the infill and not the frame elements such as beam, columns and joints 
that possess many more RVs. This above comment, however, would require further confirma-
tion through more detailed sensitivity studies. 

630



Gerard J. O’Reilly and Timothy J. Sullivan 
 

 
Figure 4. Comparison of the collapse fragility functions considering different sources of uncertainty compared with the two 

methods of adjusting the collapse fragility function to account for modelling uncertainty in GLD RC frames. Left 
and right-hand plots correspond to the 2 and 3 storey frames, respectively. 

3.2 Demand Parameters with Respect to Intensity 
While the previous section looked at the influence of modelling uncertainty on collapse, this 

section discusses the effects of the modelling uncertainty on the demand parameters that are 
typically used for the seismic assessment of structures, namely PSD and PFA. Similar to the 
approach adopted for the collapse fragility functions, the effects of modelling uncertainty are 
incorporated by using an SRSS combination with the record-to-record variability to represent 
the overall dispersion in the demand parameters, described by the following expressions: 

 βD,θ = βDR,θ
2 + βDU,θ

2  Equation 2 
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 βD,a = βDR,a

2 + βDU,a
2  

 
Equation 3 

which again assumed that the two sources of uncertainty are uncorrelated. The subscript D de-
notes demand whereas θ and a denote PSD and PFA, respectively. Further investigation de-
scribed in [15] has shown that the use of an SRSS combination gives a good representation, 
albeit slightly conservative, of the overall dispersion in the two demand parameters.  

In order to compute the dispersion in the two demand parameters due to modelling uncer-
tainty, the results are analysed with respect to both a given GM record and model realisation, 
as illustrated in Figure 1. Therefore, the modelling uncertainty versus intensity will be investi-
gated for both demand parameters at each floor for the case study structures investigated. Ex-
isting research suggests that the modelling uncertainty is not only a function of the demand 
parameter of interest but also to the LS being considered, where the LSs described here are as 
per the definitions illustrated in Figure 3. As such, the median intensities associated with each 
of the four LSs determined via IDA are used here. Figure 5 and Figure 6 present the modelling 
uncertainty versus IM for both demand parameters, where the median intensity for the four LSs 
considered are shown also. These proposed values are also listed in Table 3 in terms of the 
structural typology and demand parameter of interest. They are intended to provide an upper 
bound on the expected modelling uncertainty. It should be noted that these values have been 
developed using low-rise RC frames with two and three floors and as such, trends with respect 
to the number of floors etc. have not yet been identified. Future work may be carried out to 
identify sets of coefficients that are a function of this, or indeed the first mode period of a 
structure as is done in FEMA P58-1 [1], but for now a single set has been proposed. 

Some initial comments that can be made regarding the values are that the PFA values tend 
to be much lower than those of PSD; a trend that is also present in the proposed values of [1]. 
In addition, the modelling uncertainty tends to increase with more severe LSs for the PSD but 
tends to plateau for the PFA. One reason for this may be due to the structure becoming more 
non-linear with increasing intensity and thus being influenced by the dispersion in more RVs 
for the backbone behaviour, whereas the PFAs tend to be capped by the first mode lateral yield 
strength of the structure. For instance, consider the modelling uncertainty values associated 
with the PFA in the pilotis frames. The behaviour of these frames is typically governed by the 
soft-storey forming in the bottom storey, and dispersion due to modelling uncertainty for PFA 
will come from the lateral capacity of that floor only meaning that the influential RVs are 
greatly reduced compared to other frames. This could explain the slightly lower dispersion of 
the PFA for the pilotis frame with respect to the other frame typologies. In addition, the disper-
sion in PSD in the upper floors for pilotis frames does not reduce significantly with respect to 
the ground floor in the same way the median demands do. In fact, the median demands do 
decrease but the relative dispersion in these values still remain significant. The PSD dispersion 
tends to reduce for intensities beyond the SLC LS in the cases of the frames without infill mod-
elling and the pilotis frames. This can be explained conceptually as being due to the structure 
being highly non-linear and as a result, the mechanism formed acts a fuse to which all of the 
median PSD demand is concentrated. This increase in PSD demand and formation of a mecha-
nism reduces the amount of RVs that are directly influencing the overall response of the frame 
and as a result, the dispersion would be expected to reduce with respect to the lower LSs, as is 
illustrated in Figure 5. This reduction is not evident for the infilled frames since the intensities 
up to which this study was conducted do not surpass the SLC LS intensity of the infilled frames 
very much to observe such a trend, although is it somewhat apparent in the case of the three-
storey weak infill frame. 
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Figure 5. Modelling uncertainty associated with the PSD (βDU,θ) versus intensity for the different structural typologies, 

where the median intensities for the four LSs of interest are plotted alongside the proposed values. 
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Figure 6. Modelling uncertainty associated with the PFA (βDU,a)  versus intensity for the different structural typologies, 

where the median intensities for the four LSs of interest are plotted alongside the proposed values. 

Table 3. Proposed modelling uncertainty values (βDU) for both PSD and PFA as a function of structural typology and 
anticipated LS. 
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4 SUMMARY AND CONCLUSIONS 
This paper discussed the quantification of the modelling uncertainty associated with the var-

ious demand parameters typically used in the assessment of GLD RC frames Italy. This was 
then followed by the description of the modelling realisations using the various RVs established 
for the structural members such that their effects on the collapse fragility and the PSD and PFA 
demand could be quantified. From this quantification study, the following conclusions can be 
drawn: 

• The effects of modelling uncertainty on the collapse capacity of the GLD RC frame 
structures show that the median collapse intensity tends to reduce and the dispersion 
tends to increase. From the analysis conducted here, empirical values for the reduction 
of the median collapse intensity and the increase in the dispersion for the collapse fra-
gility are provided with respect to structural typology.  

• Similarly, the effects of modelling uncertainty on the dispersion of the PSD and PFA of 
the different structural typologies were investigated, where the dispersion was seen to 
increase significantly when considering the model parameter uncertainty. From the 
analysis of the model realisations generated for each structural typology, a set of empir-
ical dispersion values to account for modelling uncertainty were proposed as a function 
of the different LSs, structural typology and the demand parameter of interest that can 
be aggregated into the record-to-record dispersion via SRSS combination. 

• Comparing the proposed values with existing empirical values available in the literature 
has shown that the increased dispersion associated with modelling uncertainty to be 
quantitatively different from other structures such as modern ductile RC frames without 
masonry infills to the point where default values provided in guidelines such as FEMA 
P58 cannot be reasonably adopted. 
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Abstract. SP-BELA (Simplified Pushover Based Earthquake Loss Assessment) is a mechanic 
based fragility methodology adopted in large scale vulnerability assessment for the definition 
of seismic risk and damage scenario. The method has been developed for RC cast in place [1], 
RC pre cast [2] and low vulnerability masonry buildings [3]. SP-BELA identifies numerically 
the damage limit states by checking deformation and stress limit conditions on the structural 
elements of buildings. The capability of SP-BELA methodology to represent the seismic perfor-
mance of Italian buildings has been improved through a calibration process recently completed. 
By using data collected from observed damage in the earthquakes occurred in Italy from 1976 
(earthquake of Friuli) to 2009 (L'Aquila earthquake), calibration coefficients have been com-
puted. They have been adopted in order to define fragility curves for five damage levels (those 
of EMS98 scale, [4]) and for five vulnerability classes. SP-BELA has been adopted to define 
seismic risk and damage scenario of Italian residential and school buildings. In order to pro-
vide a user friendly tool to support decision makers during emergency management, a platform 
with GIS functionality has been developed. When an earthquake occurs, the WebGIS platform 
can evaluate real time damage scenario and seismic risk maps. The platform allows to input 
data of an occurred earthquake. The tool allows to define ground shaking scenario in terms of 
magnitude, epicentre position, depth, fault mechanism and attenuation relationship. The fault 
can be defined by starting from an Italian database, the DISS database (Database of Individual 
Seismogenic Sources [5]) of INGV (National Institute of Geophysics and Volcanology). Alter-
natively, a new user digitalized fault can be input. The platform allows also the evaluation of 
real-time damage scenarios with ShakeMap. Finally, it enables to visualize in tables and maps 
the seismic risk calculated for different return period and time windows. This paper describes 
the adoption of SP-BELA methodology for the definition of seismic risk and real time damage 
scenario of Italian residential and school buildings. 
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1 INTRODUCTION 

In the first hours after the occurrence of a seismic event is particularly helpful to have a tool 
that, using only the hypocenter parameters provided in real time by INGV, returns a first eval-
uation of the expected damages and losses in order to trigger an early response to support and 
manage the rescue activities. To this end, WebGIS (Geographical Interface System) platforms 
can be developed as a tool to allow decision makers to check seismic risk maps and run real 
time damage scenarios. Seismic vulnerability is a measure of how prone a building is to damage 
for a given severity of the ground shaking. One of the vulnerability methodology able to be 
implemented in a WebGIS platform is SP-BELA (Simplified Pushover-Based Earthquake Loss 
Assessment). SP-BELA is a mechanical method that allows to define the damage probability 
through a comparison between the displacement capacity and the displacement demand re-
quired by seismic shaking. Recently, the SP-BELA methodology was calibrated through the 
comparison of numerically calculated damage scenarios and data on observed damage collected 
during earthquakes occurred in Italy starting from the 1976 Friuli earthquake up to the 2009 
L’Aquila earthquake. Observed damage data are convenient to overcome the difficulties to 
model some collapse mechanisms, when few data on the phenomena are available. Moreover, 
the observed damage data are useful to define the building vulnerability in terms of damage 
level, instead of limit conditions numerically identified, according to the EMS98 (European 
Macroseismic Scale) scale [4] usually adopted by decision makers to plan the emergency phase.  

The WebGIS platforms described in this paper include the application of the method to Ital-
ian residential and school buildings. In the first case, the minimal unit definition of the damage 
scenario and seismic risk is the municipality and the exposure database has been provided by 
ISTAT. In the second case, the exposure database is the survey of all school buildings (“An-
agrafe Edilizia Scolastica”), carried out by the Ministry of Education (“MIUR”) to identify 
various safety-related parameters. 

2 EXPOSURE, VULNERABILITY AND HAZARD DEFINITION 

To determine seismic risk and damage scenarios, assessment must be defined by the expo-
sure, vulnerability and hazard of the interested area. The exposure is the distribution of the 
population and of the manufactured, while the vulnerability is the buildings susceptibility to be 
damaged due to seismic events. Both are territory man-made features. The hazard, instead, is 
the probability that, an earthquake with intensity higher than a certain threshold occurs in a 
given time window and in a specific area. The hazard is a territory physical characteristic. 

2.1 Exposure databases used 

In Italy, the exposure database for residential buildings is the ISTAT database. Every 10 
years a survey takes place and, among other information, data on material of construction, num-
ber of storeys and age of construction of buildings are collected and shared. Starting from these 
data, within each municipality, the building stock was classified in five category where the 
vulnerability class is connected with the age of construction according to [6] and the date of 
seismic classification of the municipality for masonry and reinforced concrete (RC) buildings. 
By comparing the seismic zone to which the municipality was assigned to the period of con-
struction, it was possible to identify if residential buildings were designed or not according to 
the seismic design provisions. The building typologies and the related vulnerability classes 
identified are shown in Figure 1. 
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Figure 1: Vulnerability classes. 

The same methodology was employed for the school buildings. Initially, school buildings of 
the “Anagrafe Edilizia Scolastica” database were sorted in 37 classes. However, 17328 build-
ings of this database lack of data on their structural typology or number of storeys; therefore, 
they could not be included in one of the classes above mentioned. Hence, some assumptions 
were done to automatically assign the needed information for classifying these school buildings. 
Furthermore, additional hypotheses were required for assigning one of the two main considered 
structural typology (masonry and reinforced concrete) to those buildings with a mixed typology. 
The “reinforced concrete and masonry” or “masonry and other typology” structures were ana-
lysed as masonry buildings, whereas the “reinforced concrete and other typology” structures 
were classified as “reinforced concrete” buildings. With these assumptions, it was possible to 
include 7211 buildings of those 17328 without clear specifications. Therefore, 10117 school 
buildings of the “Anagrafe Edilizia Scolastica” database could not be analysed, since lack of 
information for assigning a structural typology or because their assigned structural typology is 
“other”. By starting from the available 49503 school buildings of the “Anagrafe Edilizia Sco-
lastica” database, the analysed buildings are 39386, subdivided into the five vulnerability clas-
ses described above. 

2.2 Vulnerability evaluation 

The seismic vulnerability of buildings were evaluated by using SP-BELA method. SP-BELA 
combines the definition of a pushover curve with a displacement-based framework similar to 
the one in DBELA (Displacement-Based Earthquake Loss Assessment) [7]. In this way, the 
fragility of building classes at different limit states can be obtained. The main component of the 
methodology involves the definition of the capacity of a buildings population based on a pro-
totype structure selected to be representative of the vulnerability class. A simplified pushover 
analysis was carried out to obtain the base shear capacity. The pushover curve is elastic per-
fectly plastic with the exception of RC buildings in which the contribution of infill panels plays 
a role for low levels of damage [8]. It was assumed that infill panels collapse at heavy damage 
levels since the deformation of RC frames exceeds the deformation capacity of infill panels 
themselves. The definition of the displacement capacity on the capacity curve which relates to 
different limit states were defined trough rotation capacity of plastic hinges, as suggested in the 
technical literature and drift capacity given by experimental test for RC and masonry buildings, 
respectively in [1] and in [3]. For masonry buildings the use of pushover curves corresponds to 
the assumption of low vulnerability (class C1), since the pushover curve is representative of in-
plane failure mechanism of masonry panels. In order to calculate the base shear capacity, the 
relationship proposed by [9] and the correction proposed by [10] have been taken into account. 

Once the capacity is known, each point on the capacity curve that corresponds to damage 
limit states can be used to define the properties of an equivalent SDOF (Single Degree Of Free-

Masonry

• Class A: high vulnerability
• Class B: medium vulnerability
• Class C1: low vulnerability

Reinforced concrete

• Class C2: not seismically designed
• Class D: seismically designed
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dom) system, which is equivalent to the original system in terms of equivalent period of vibra-
tion, displacement capacity and amount of dissipated energy. The dissipation of energy is taken 
into account through a coefficient η that can be related to the ductility and the damage as doc-
umented in [1]. The coefficient η, which is lower than 1, can be used to multiply the spectral 
ordinate or to divide the displacement capacity. The demand in SP-BELA is modelled by using 
displacement spectral ordinate. The procedure to calculate the probability of exceedance of each 
limit states is the following. For each building of the sample, the pushover curve is calculated. 
Once the equivalent period of vibration, the displacement capacity and the coefficient η are 
known, for each limit state a point on the plane of the spectrum can be plotted. If the point is 
above the spectral curve, the capacity is higher than the demand and hence the corresponding 
building satisfy the limit condition. When the point is below the spectrum, demand is higher 
than capacity and the building does not satisfy the limit condition thus evolving in the higher 
damage condition (Figure 2). By repeating the procedure for all the buildings of the sample, the 
number of points below the spectral curve divided by the population dimension gives the ex-
ceedance probability. 

 
Figure 2: Procedure to calculate the probability of exceedance the limit conditions. 

2.3 Calibration of SP-BELA methodology 

The calibration of the SP-BELA method was a demanding task since it has drawn upon the 
results of various studies and the observed damage data. As known, the building vulnerability 
can be expressed by fragility curves (the lognormal cumulative distribution function is the most 
widely used to give a mathematical representation to fragility curves). The assumption under-
lying the calibration is that the vulnerability of a structural typology affects only the average 
value of the distribution of the fragility curve, but it doesn’t change the uncertainty in terms of 
behavior of the building class. Hence, coefficients that relate the average of fragility curves for 
different vulnerability classes have been calculated, while the coefficients of variation have not 
been modified.  

The calibration has overcome the SP-BELA methodology shortcomings due to the lack of 
information that allow to model all the mechanisms that can arise in a structure. The first aspect 
that it was decided to solve was the one related to the possibility to assess only the fragility of 
a well designed masonry building, which doesn’t trigger to any out of plane failure mechanisms 
(Class C1). The introduction of calibration coefficients allowed to evaluate also the fragility of 
masonry buildings with medium (class B) and high (class A) vulnerability. The coefficients that 
correlate the capacity of these three classes of masonry buildings have been obtained by the 
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DPMs (Damage Probability Matrix) processed by [11]. These DPMs have been used also to 
find a relationship between limit states (LS1-low damage, LS2-sever damage and LS3-collapse) 
for which the capacity curves are calculated and damage levels (from D0 - absence of damage 
to D5 - collapse) of the EMS scale [4]. The assumptions were: (i) severe damage limit state 
(LS2) corresponds to damage level D3 and (ii) collapse limit state (LS3) corresponds to damage 
level D4. The curves for the other damage levels were then calculated by applying coefficients 
that modify the average of the curves for levels of damage D3 and D4. Hence, the curves for 
damage D1 and D2 were obtained from the curve for damage level D3, while the curve for 
damage level D5 was obtained from the curve of damage level D4. The variability of the curves 
was considered constant. 

A correction of the aforementioned coefficients was applied accounting for the observed 
damage data of the most recent Italian earthquakes (Table 1). 
 

Where  When Mw  
Friuli 1976 6.46 
Irpinia 1980 6.89 
Abruzzo 1984 5.89 
Umbria-Marche 1997 6.01 
Pollino 1998 5.64 
Molise 2002 5.74 
L’Aquila 2009 6.3 

 
Table 1: Earthquake of which the observed damage data are available. 

The calibration was performed by producing with SP-BELA the damage scenarios corre-
sponding to the real earthquakes listed in Table 1, for which the forms with the observed dam-
age data are available. These forms report the damage level, from D1 (light damage) to D5 
(collapse) as in the EMS98 scale [4], assigned by the surveyor to the building. It is worth high-
lighting that, in the collection forms related with the Irpinia 1980 earthquake, there are 8 dam-
age levels that do not precisely corresponds to D1, D2, D3, D4 and D5. Hence, some 
assumptions of obtained damage levels have to be undertaken by starting from data coming 
from survey forms, i.e.: 

• D1 and D2 from the Irpinia survey form correspond with the absence of damage; 

• D3 from the Irpinia survey form corresponds with D1; 

• D4 from the Irpinia survey form corresponds with D2; 

• D5 from the Irpinia survey form corresponds with D3; 

• D6 from the Irpinia survey form corresponds with D4; 

• D7 and D8 from the Irpinia survey form correspond with D5. 
The calibration, made by different phases, led to the identification of a set of coefficients 

which allow a good agreement between the analytically calculated scenarios and the real ones, 
as shown in Figure 3 for the case of the Pollino 1998 earthquake selected between the case 
studies. 
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Figure 3: Percentage of buildings that reach a certain level of damage for the Pollino 1998 earthquake: compari-

son between observed data and SP-BELA calculations. 

2.4 Seismic hazard 

The seismic risk assessment requires hazard curves derived from the probabilistic hazard 
study performed by DPC-INGV project [12], for a grid of points used for the whole country. 
The hazard curve of the place where the building is located, gives the recurrence probability of 
a seismic event with a given level of severity in a specific exposure time td. Severity can be 
expressed in terms of the Annual Frequency of Exceedance (AFE), which is the reciprocal of 
the return period Tr. The hazard curve represents the relationship between AFE and a ground 
motion parameter, for example PGA (Peak Ground Acceleration). The logarithm of the PGA 
and the logarithm of the corresponding AFE (=1/Tr) can be assumed to be linearly-related, at 
least for return periods of engineering interest. The gradient of the log-log hazard curve is 
named –k, according to the definition in Part 1 of the Eurocode 8 [13]. The hazard curve can be 
built by points corresponding, for the Italian territory, with the PGA for the 9 return periods 
reported in the INGV-DPC project [12]. The hazard curves were used for the seismic risk cal-
culation, as described in the next chapter. 

Furthermore, for the definition of the damage scenario the hazard can be represented by:  
• epicentre coordinates and magnitude; 

• activated fault and fault mechanism; 

• ShakeMap. 
In the first case, the user has to define the epicentre coordinates, the magnitude and the focal 

depth. In the second case, the user can indicate the fault that has been activated, by using a list 
of the DISS (Database of Individual Seismogenic Sources) database [5] or a fault mapped by 
himself. Finally, the user can use as seismic input one of the ShakeMap already loaded into the 
system or a new ShakeMap taken from the INGV website. In the first two cases, the user must 
also select the GMPE (Ground Motion Prediction Equation) that he wants to use to calculate 
the ground shaking scenario from this list: Boore and Atkinson 2008[14], Akkar and Bommer 
2010[15], Bindi et al. 2011[16], Cauzzi and Faccioli 2008[17]. Figure 4 shows the acceleration 
spectra obtained for the L’Aquila 2009 earthquake at a distance of 10 km from the epicentre 
with the four attenuation relationships considered. 
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Figure 4: Acceleration spectra for the L’Aquila 2009 earthquake at 10 km of distance from the epicentre. 

3 SEISMIC RISK AND DAMAGE SCENARIO 

The combination of exposure, vulnerability and hazard allows to evaluate the seismic risk 
and the damage scenario. 

If the unit definition is the individual building, in this case the school building, the structural 
behavior and the hazard are assigned to each structure. The seismic risk or damage scenario are 
calculated in terms of probability that the selected school building reaches a certain damage 
level. 

However, in case of residential buildings in a municipality, to each building is assigned the 
same hazard related to the centroid of the municipality. The buildings in the municipality are 
classified into five vulnerability classes identified based on the ISTAT, and to each vulnerabil-
ity class corresponds its own structural properties for the different limit states. The seismic risk 
or the damage scenario associated to the municipality are expressed in terms of number or per-
centage of buildings that reach a certain damage level. It is also possible to calculate the seismic 
risk or the damage scenario in terms of “impact”. With the expression “impact” we refer to the 
combination of the damage levels that defines the buildings useable, damaged and unusable. In 
Table 2 the adopted combination is shown. 
 

Impact Correlation with damage levels 
Useable D0+0.6•D1 
Damaged 0.4•D1+0.2•(D2+D3) 
Unusable 0.8•(D2+D3)+(D4+D5) 

 
Table 2: Correlation between “impact” and damage levels. 

The correlation reported in Table 2 comes from the damage and usability database of the 
L’Aquila 2009 earthquake. The database required a pre-processing, made by the CNR-ITC of 
L’Aquila, where the damage of structural components was combined to have a single usability 
evaluation. 
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3.1 Seismic risk 

The seismic risk is the unconditional probability of failure of the damage level, since the 
condition on the occurrence of the seismic event is removed by considering the probability that 
the event happens in the selected exposure time.  

By starting from the hazard curve described in §2.4 and assuming that the occurrence of the 
events follow the Poisson process, that is a memoryless distribution that each event occurs in-
dependently of one another, it is possible to calculate the hazard curve in probabilistic terms. 
Three observation times td are taken into account in this study: 1 year, 10 years and 50 years. 
Therefore, since two curves are available – the hazard curve and the fragility curve – both ex-
pressed by the same input parameter, the exceedance curve (see Figure 5) of a given damage 
level in the exposure time td can be constructed  as a discrete function. 

 
Figure 5: Exceedance curve of the collapse limit state in an exposure time of 1 year, for a given class of build-

ings. 

The area under the curve of Figure 5 represents the risk of reaching the damage level D5 
(collapse) in the time window td of one year. By integrating the exceedance curves, seismic 
risks can be calculated for five damage levels and the three selected time windows  

3.2 Damage scenario 

In addition to the calculation of the seismic risk, it is also possible to calculate damage sce-
narios in real time. The seismic input can be obtained from different GMPE as a function of the 
given magnitude and distance, or directly from a ShakeMap. The four GMPE selected, reported 
in §2.4 [14, 15, 16, 17], are among the most recent published. Important requirements that drove 
the choice were: 

1) a simple functional form, which allows to generate a scenario also in the immediate post-
earthquake with essential information of the event location but in the absence, for exam-
ple, of the fault structure; 

2) estimation of spectral ordinates in terms of displacement or acceleration valid for both 
high and low frequency; 

3) good performance in terms of comparison with the spectra resulting from the recordings 
of different Italian earthquakes. 
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When the magnitude and the distance between the epicentre is available as well as the fault 
and the point in which the school building is located, or the centroid of the municipality, by 
using one of the GMPE, it is possible to calculate the ground shaking intensity at that point. 
This represents the hazard, which is then combined with the building vulnerability. Similarly, 
if a ShakeMap is used, the ground shaking is directly taken by the ShakeMap. In Figure 6 the 
ShakeMap for the L’Aquila 2009 earthquake in terms of PGA used for the production of dam-
age scenarios is shown. 

 
Figure 6: Shakemap for L’Aquila 2009 earthquake in PGA. 

4 WEBGIS PLATFORM 

In order to view on maps and tables the input and output data of the risk and scenario analysis, 
two WebGIS platforms were developed: one is related to residential buildings and the other one 
to school buildings. The central window of the WebGIS shows the map of Italy. By selecting a 
municipality or a school building on the map, specific information for the selected element are 
displayed such as those described in Table 3. 
 

 Residential buildings  School buildings 
exposure data number of buildings in each vul-

nerability class 

structural typology and number of 
stories of the building and origi-
nal data on the collection form 

seismic hazard elastic constant probability re-
sponse spectrum for different re-
turn periods related to the 
centroid of the municipality 

elastic constant probability re-
sponse spectrum for different re-
turn periods related to the 
building position 

fragility curve curves for all the vulnerability 
classes and number of stories pre-
sent in the municipality 

curves for the vulnerability class 
and number of stories assigned to 
the building 

seismic risk number or % of buildings that 
reach a damage level in a time 
window or in a return period 

probability that the building  
reaching a damage level in a time 
window or in a return period 

 
Table 3: Information in the WebGIS platforms. 
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Figure 7 shows the residential buildings WebGIS Home Page, while Figure 8 shows the 
same related to the WebGIS for school buildings. The information mentioned in Table 3 are 
shown simply by selecting the interested item and then opening the tab located at the top of the 
window. 

 
Figure 7: WebGIS for residential buildings Home Page. 

 
Figure 8: WebGIS for school buildings Home Page. 

Figure 9 reports an acceleration spectrum for a return period of 475 years available on the 
WebGIS platform after selecting, in this case, a municipality. Figure 10 and Figure 11 show the 
fragility curves respectively for residential and school buildings. In the first case, the fragility 
curves are plotted for all the vulnerability classes representative of the selected municipality. In 
the second case, only the fragility curves for the selected school building are shown. 
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Figure 9: Acceleration spectrum for the selected municipality. 

 

 
Figure 10: Fragility curves for residential buildings. 

 

 
Figure 11: Fragility curves for school buildings. 

The WebGIS platforms allow to perform risk and damage scenario analysis, as described 
above. Figure 12 shows an example of a map that represents, for residential buildings, the seis-
mic risk in a time window of 50 years in terms of percentage of unusable buildings. 
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Figure 12: Seismic risk in a time window of 50 years in terms of % of unusable residential buildings. 

The most important feature of the platforms is the possibility to run the real time damage 
scenario. The user can choose to enter the input parameters of the earthquake in terms of: (i) 
coordinates of the epicentre, magnitude and focal depth, (ii) fault that has been activated, from 
a list of the DISS database [5] (Figure 13) or a fault input by the user, and at last (iii) a shakemap. 
Figure 14 shows an example of a real time damage scenario calculated for residential buildings. 
The star indicates the earthquake epicentre location. The assigned colors to the municipality 
area indicate, in this case, the percentage of buildings that has reached the damage level D2. 

 
Figure 13: Faults from DISS database. 
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Figure 14: Example of real time damage scenario for residential buildings. 

5 CLOSURE 

In the aftermath of a catastrophic event, the difficulties that may be encountered in emer-
gency management are manifold. To this end, it is very useful to have a tool that produces 
damage scenarios in real time and that gives a realistic framework, in terms of impact of the 
earthquake (i.e. buildings damages). This paper, deals with the implemented methodology to 
develop seismic risk maps and damage scenario analysis for residential and school buildings in 
the Italian territory. The vulnerability of the buildings has been calculated by the mechanic 
method SP-BELA calibrated on the observed damage data of the most recent Italian earth-
quakes. The tool is constantly evolving and expected to improve as follows: 

• taking into account the vulnerability assessment of the damage accumulation effects as a 
result of aftershocks and or other events occurred nearby; 

• assessing the site amplification effects through the use of seismic microzonation maps; 

• using, in the analysis for residential buildings, as a minimum definition unit the census 
area instead of the municipality in order to have a spatial distribution of the damage within 
the municipality territory. 

In conclusion, mechanic methods have the benefit to be adjusted although they are limitated 
by the lack of data on the building environment. Thus, the quality of the results can be improved 
when more detailed data become available in terms of exposure and / or ground shaking records. 
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Abstract. This study focuses on the detailed characterization of a significant share of 
the Portuguese roadway bridge stock to be used for macro-area seismic loss assess-
ment purposes. The majority of the RC bridges and viaducts in Portugal have indeed 
never witnessed a major earthquake event hence their behaviour under such circum-
stances is rather unknown. As a result, a comprehensive understanding of the vulner-
ability of such structures is of utmost value. Starting from information on over 5’000 
existing bridges, drawn from a representative database, the geometrical properties of 
the RC portion are statistically analysed with the aim of establishing a set of bridge 
classes. Subsequently, variability and uncertainty are modelled through a complete 
statistical characterization of the collected information. Moreover, a refinement of ex-
isting taxonomy schemes for bridges is herein proposed. The outcome of the present 
study can be used for the assessment of such a large bridge stock, being adopted, for 
instance, as input to generate automatized calculation environments to develop fragility 
models for each bridge class and subsequent loss estimation exercises. 
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1 INTRODUCTION 

The present work aims at processing statistical information on the Portuguese bridge stock 
and more detailed summary statistics on reinforced concrete (RC) ones to be used for macro-
scale level bridge seismic loss assessment. Furthermore, the possible refinement of exiting 
bridge taxonomies is investigated. This endeavour is framed by the fact that the largest majority 
of the bridges and viaducts in Portugal have never experienced seismic extreme event actions 
therefore their seismic response is rather unknown. 

Considering the historical seismicity of the Portuguese territory, Portugal has been struck by 
a very destructive seismic event in the past, the well-known 1755 Lisbon earthquake, during 
which about 10% of fatalities occurred and about 85% of the building stock has been destroyed 
[1], leading to the complete redesign of the city. After the 1755 Lisbon earthquake, several 
studies focused on that extreme event and comprehensive studies about the building response 
to earthquakes have been carried out. The collection of damage information from surveys in the 
different areas of the city led to building provisions that were used to reconstruct it. It was only 
with the 1909 Benavente earthquake that seismic specifications for buildings to withstand earth-
quakes were prepared, after which the 1955 Symposium on Seismic Actions (Ordem dos 
Engenheiros) highlighted the need of urgent seismic design provisions, marking the beginning 
of novel seismic studies for Portugal. It was therefore in 1958 that the Regulamento de Se-
guranca das Construções contra os Sismos was published to define the seismic hazard levels of 
several Portuguese regions and the principle of structural design to withstand seismic actions. 
In 1961, the focus was no longer on buildings only. In fact, at that time, the Regulamento de 
Solicitações e Edifícios e Pontes (Code for actions on building and bridges) followed, including 
earthquake-resisting buildings’ and bridges’ design specifications. In 1983, the Regulamento 
de Seguarnça e Acções para Estruturas de Edifícios e Pontes (Regulation for Safety and Actions 
for buildings and bridges) was published, along with codes for reinforced and prestressed con-
crete structures (1983) and steel structures (1986) [2]. 

This historical overview highlights that the structural damage information we can infer from 
the available literature about the Portuguese historical earthquakes is related to buildings. More-
over, the illustrated Portuguese seismic code evolution reflects the lack of seismic design reg-
ulations in bridges before 1961. Therefore, a Portuguese bridge stock systematic 
characterization and knowledge about its seismic performance are rather needed, other than 
helpful to make proper post-disaster management plans [3, 4].  

Bearing such needs in mind, this work provides a first step towards a systematic and detailed 
characterization of the Portuguese national bridge by means of a taxonomy proposal. This work 
will contribute to the expedite vulnerability assessment of the roadway network [5], as well as 
to the improvement of the emergency phase management in the immediate aftermath of an 
earthquake. It will also help to identify e.g. structures that have to be retrofitted or to conduct 
the prioritization schemes in terms of use of available resources. Application wise, the proposed 
taxonomy will find room in webGIS software platforms for the real time seismic risk assess-
ment of infrastructure networks [6, 7], to be used by different stakeholders, such as decision 
makers, practitioners, insurance and reinsurance companies, amongst others. 

2 BRIDGE TAXONOMY 

The design differences among different bridges strongly affect the seismic response of each 
individual structure. To measure such differences, it is first necessary to define bridge properties 
with sufficient detail so that the expected response under a certain earthquake excitation is ac-
curately defined, yet the computational effort to obtain it is minimized [8]. The taxonomy is an 
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ensemble of strings, numbers or symbols, which all together constitute a code that can be as-
signed to each structure. Each element of such a code represents specific structural properties, 
which can be associated with structural type, geometric or material characteristics [9]. A good 
taxonomy must be capable of representing the similarities of an individual bridge or bridge 
classes. 

A bridge taxonomy can be particularly useful for: 
• the rapid individual structure assessment; 
• a better organization of national infrastructure inventory databases; 
• the organization of retrofitting strategies and bridge maintenance operations; 
• the study of health monitoring sensors’ allocation. 

In seismic prone areas, the bridge taxonomy can be thought to expedite the physical damage 
estimation, as well as the loss assessment in terms of repair costs, casualties, or recovery process 
duration. It facilitates the identification of bridge classes, within which the seismic response is 
similar, so that earthquake engineering investigations at macro-scale level can be better accom-
plished. From a considerable amount of data, the taxonomy allows to guarantee a systematic 
ordered simplification of the infrastructure population’s structural characteristics, yet to reflect 
their relationships. Therefore, a specific code, which is meaningful from the structural stand 
point, can be assigned to each individual structure, and can be easily integrated in computer 
code applications. Starting from a bridge population one can consider the series of these repre-
sentative codes and conduct seismic assessment analyses. Nevertheless, in order to guarantee 
the correct flow of information from the input (the bridge population) to the output (damage 
estimate, loss assessment results, etc.), the taxonomy should have a clear, detailed, collapsible, 
and expandable definition [10]. Some bridge taxonomies can be found in literature, such as the 
comprehensive work carried out within the SYNER-G project [9]. The present work leverages 
on the SYNER-G outcomes, proposing an improved taxonomy definition to the Portuguese 
context. 

3 CASE-STUDY BRIDGE STOCK 

In this section, the main geometrical and material properties of nearly 5000 bridges located 
throughout the Portuguese territory are scrutinized. The construction typology is also crucial to 
define the response of the bridge therefore this information is added to the discussion within 
Section 4, which addresses the definition of the bridge taxonomy. 

Firstly, the year of construction is analyzed, as it represents a good indicator of the design 
code used at the time of design/construction of a specific structure. Afterwards, general statis-
tics on the frequency of the use of different materials are prepared. Then, bridge length and 
horizontal regularity classes have been defined, taking into account how the bridge response is 
greatly affected by such variables. Finally, a statistical distribution has been assigned to each 
geometrical variable. 

3.1 Year of construction 

The year of construction can be an initial good indicator of the seismic performance if cou-
pled with the information about the design codes in force at the same period. From 1983 on-
wards, Portugal has adopted a seismic code with provisions to design bridges. Looking at the 
overall dataset, the construction year between 1900 and 2017 has been grouped in decade ranges. 
As Figure 1 shows, the vast majority of the bridges for which the year of construction is known 
(3992 bridges) has been built after 1980. One could therefore expect that most of the bridges 
has been designed to withstand seismic actions. Further investigation of the seismic code evo-
lution and effective employment could provide a deeper understating of the overall expected 
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seismic performance, especially when overlapped with the seismic hazard defined in the code 
and the additional information about the design principles forced by the code, such as the ca-
pacity design.  

 
Figure 1: Percentage of RC bridges in terms of construction year. 

3.2 Construction material 

Once the year of construction is known, another fundamental variable that strongly affects 
the structural behavior is the material used. As far as the construction material is concerned, 
nine main cases have been considered. The considered materials are: unreinforced concrete (C), 
reinforced concrete (RC), steel (ST), masonry (MS), unreinforced concrete and other materials 
(C-O), reinforced concrete and other materials (RC-O), masonry and other materials (MS-O), 
steel and other materials (ST-O), and at least three different materials without prevalence of 
any of the aforementioned ones (Mixed). Figure 2 represents the pie charts associated with the 
corresponding percentage of each material in each Portuguese district and the corresponding 
values. In the same figure, all the georeferenced bridges are represented by the small dots. 

In this initial stage, for simplicity purposes, the pre-stressed concrete bridges have been con-
sidered as part of the reinforced concrete bridge class. On the other hand, the Masonry bridge 
class includes brick masonry, stone masonry and grouted brick masonry. The steel bridge class 
includes several types of bridge components assembly techniques, along with specific types of 
steel used. In fact, for instance, riveted, welded, bolted, and ARMCO steel belong to the same 
class. What has been named as “other materials” includes wood, FRP external reinforcement, 
natural stone and reinforced earth. 
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Figure 2: Portuguese bridges (brown dots) and bridge material pie charts for each Portuguese district (left), and 

Portuguese RC bridges grouped according to bridge length classes (right). 

The pie charts in Figure 2 show that the prevalent material throughout the database is rein-
forced concrete, followed by masonry. For this reason, this preliminary approach towards a 
taxonomy proposal is focused on the RC bridges sub-stock. For this main category, sub-classes 
in terms of bridge length and regularity in plan are shown in the following sections. 

3.3 Length, regularity in plan and year of construction of RC bridges 

Based on the overall distribution of the observed bridge lengths, the RC bridge sub-popula-
tion was subdivided in the three length classes: 

i. 0� � � � 50�; 
ii. 50� � � � 200�; 

iii. � 	 200�. 
For each bridge class, further subdivision has been made in terms of construction year before 

and after 1980, as represented in Figure 3.  
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Figure 3: RC bridges build before (green) and after 1980 (black) per length class. 

Subsequently, three regularity bridge classes have been defined. The bridge span configuration 
was not known, but only the number of spans and their length. Therefore, a simplified horizon-
tal regularity index has been defined according to Equation 1 and Equation 2. For each bridge, 
Equation 1 evaluates ∆�����, the difference between each span length,	������, and the corre-
sponding average value, �������� , normalized to �������� . The regularity index, �� , of 
Equation 2 takes the mean absolute value of the ∆�����. 

∆������
������������ 

������ 
 (1) 

�� � �!��"�#�$∆�����%& (2) 

As such, an �� value that is close to zero characterizes a regular bridge whilst as the value 
become larger the bridge assumes increasing irregularity. Three regularity classes have been 
tentatively defined according to the following threshold values: 

• Regular bridge (R): RI � 0.1 
• Semi-regular bridge (SR): 0.1 � RI � 0.4 
• Irregular bridge (IR): RI + 0.4 

The division of the bridges for what concerns the in-plan regularity, according to the length 
classes, is illustrated in Figure 4. 
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Figure 4: RC bridge in-plan regularity classes per length class. 

The bridge classes represented in Figures 2 to 4 are summarized in the chart of Figure 5, in 
which the percentage of each bridge class with respect to the overall case study is indicated. 

3.4 Summary statistics 

Within the structural seismic assessment framework at macro-scale level, the definition of 
the structural fragility curves plays a crucial role [11]. In fact, they are typically assigned to 
each individual structure to estimate the potential damage level, given a certain intensity meas-
ure level. These curves can be derived by selecting an analytical approach among the other 
methods (empirical and expert-based). Although this method is considered the most accurate, 
it requires a significant computational effort. In fact, typically, nonlinear time history analyses 
of individual structures have to be carried out at several intensity measure levels to characterize 
the structural performance. In turn, the output of these analyses will be probabilistically post 
processed so that the fragility curves will be defined as lognormal cumulative distributions, 
characterized by mean and standard deviation inferred from the data. 

As highlighted in previous studies [8, 12], when dealing with populations of structures, the 
aforementioned procedure is time and computationally consuming hence some simplifications 
become particularly advantageous. In particular, the large amount of details that one can obtain 
from a national inventory should be condensed in reduced information for practical use. One 
typical example is the simplification in structural classes of the structural portfolio, which can 
significantly speed up the computational onus. The aforementioned studies characterized the 
parameters that mainly affect the seismic bridge response through a statistical distribution and 
the same approach is adopted herein.  

The skewness of the data and the higher frequencies for the lower intermediate values of 
each parameter affect the results of the commonly used goodness-of-fit tests. In fact, the Chi-
Square has been selected to test if the data follows a given distribution. However, the p-values 
obtained suggest that the hypothesis according which the data follows a certain distribution 
should be rejected, which not necessarily means that the data does not follow that distribution. 
As such, at this first stage of the study, the distributions have been assigned to each parameter 
looking at the comparison between the probability density function obtained with the fitted 
distribution and the histograms associated with each variable. 
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Figure 5: Bridge classes represented in Figures 2 to 4. 

3.5 Geometrical layout properties – distribution fitting 

The main geometrical properties of the bridges contained in the case-study database are re-
lated to spans, piers and superstructure. The main parameters of the statistical distributions as-
sociated with each variable are indicated in Table 1. Specifically, Burr and Lognormal 
distributions have been assigned. The number of spans and the number of columns per pier 
have been considered as relevant parameters to characterize each bridge however, as discrete 
variables, only frequency values have been collected and no distribution has been assigned. 
 

Variable Lower bound Upper bound Distribution 
Theoretical span length [m] 2 119.40 Burr 
Clear span length [m] 1.75 114.90 Burr 
Total length [m] 2.5 878.08 Burr 
Theoretical pier height [m] 2.74 54.50 Burr 
Clear pier height [m] 0.30 59.00 Burr 
Superstructure area [m2] 36.00 24322.82 Lognormal 
Superstructure width [m] 1.80 273.00 Burr 

Table 1: Statistical distributions for geometrical layout properties. 
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4 EXTENDED BRIDGE TAXONOMY 

The vast majority of the work in terms of taxonomy definition for earthquake engineering 
purposes has been conducted for buildings. Available bridge taxonomies are few and they omit 
a certain number of important bridge characteristics, which the present work aims to include 
towards the definition of a more comprehensive scheme. The detailed analysis of about 5000 
Portuguese bridges allowed thus the updating of the bridge taxonomy proposed within the 
SYNER-G project. The updated taxonomy is presented in Table 2, where the parts added by 
the present work are highlighted in bold. 
 
Infrastructure type (TY)  

• Bridge (Br) • Viaduct (Vd) • Overpass (Over) 
• Underpass (Under) • Pedestrian bridge (PBR) • Tunnel (Tun) 
• Agricultural passes (Agr)  

Material (MM1)  Material (MM2)  
• Concrete (C) • Unreinforced concrete (UC) • Reinforced adobe (RA) 
• Concrete and others (C-O) • Reinforced concrete (RC) • Fired brick (FB) 
• Masonry (M) • Reinf. conc. and other (RC-O) • Hollow clay tile (HC) 
• Masonry and others (M-O) • Post-tensioned or Pre-stressed (PC) • Stone (S) 
• Steel (S) • High strength concrete (HSC) • Lime mortar (LM) 
• Steel and others (ST-O) • Average strength concrete (ASC) • Cement mortar (CM) 
• Iron (I) • Low strength concrete (LSC) • Mud mortar (MM) 
• Wood (W) • Unreinforced masonry (RM) • Concrete masonry unit (CMU) 
• Steel (S) • Reinforced masonry (RM) • Autoclaved aerated conc. (AAC) 
• Wood (W) • ARMCO steel type (ARMCO) • High % of voids (H%) 
• Steel and concrete (S-C) • Riveted steel (RivS) • Low % of voids (L%) 
• Mixed (MX) • Welded steel (WS) • Regular cut (Rc) 

 Material (MM3)  
 • External reinforcement (ExtR) • FRP external reinforcement 
Type of Superstructure (TD1) Type of Deck (TD2) Deck characteristics (DC) 

• Girder bridge (Gb) • Solid slab (Ss) • Deck width is explicitly given 
when known • Arch bridge (Ab) • Slab with voids (Sv) 

• Suspension bridge (Spb) • Box girder (B) 
• Slab bridge (Sb) • Modern arch bridge (MA) • Length class 

(0-50; 500-200; 200-inf) • Tubular (Tub) • Ancient arch bridge (AA) 
• Tubular (ARMCO)  • Pre-cast arch (PreA) 
• Mixed (Mx)  • Single arch bridge (SigleA) 
• Other (Oth) • Multiple arch bridge (MultiA) 

Deck Structural System (DSS) 
• Simply supported (SSu) 
• Continuous (through bearings) (Is) 
• Gerber beam (Ger) 

In-plan Regularity (RegH) 
• Regular (R) • Semi-regular (SR) • Irregular (IR) 

Pier-deck connection (PDC) 
• Not Isolated (monolithic) (NIs) 
• Isolated (through bearings) (Is) 

Type of pier-deck connections (TC1) Number of piers for column (NP) 
• Single-column pier (ScP) • The number of piers for column is explicitly given if known 
• Multi-column piers (McP) 

Type of section of the pier (TS1) Type of section of the pier (TS2) Height of the pier (HP) 
• Cylindrical (Cy) • Solid (So) • The height of piers is explic-

itly given if known • Rectangular (R) • Hollow (Ho) 
• Oblong (Ob)  
• Wall-type (W)  

Vertical regularity (RegV) 
• Symmetric (Sym)  
• Asymmetric (Asym)  

Table 2: Extended taxonomy (based on SYNER-G proposed taxonomy for road and railway bridges). 
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5 CONCLUSIONS 

The study presented in this paper sought to fill existing gaps in the characterization of RC 
bridge populations through taxonomy schemes. Specifically, a database of nearly 5000 bridges 
located throughout the Portuguese territory was used as case-study. A thorough analysis of this 
dataset in terms of used construction material was carried out. The subsequent preselection to 
identify the RC concrete bridges led to a subgroup of 1122 bridges, whose scrutiny in terms of 
bridge lengths and in-plan regularities led, in turn, to further smaller subgroups that are expected 
to share similar seismic response. Statistical distributions to be used in seismic analysis appli-
cations were then defined for the following variables: theoretical span length, clear span length, 
total length, theoretical pier height, clear pier heights, superstructure area and superstructure 
width.  

Finally, as main outcome, the collection and the analysis of the case-study was used to define 
a more comprehensive bridge taxonomy that will be helpful in the expedite bridge vulnerability 
assessment of a large number of structures, as well as for improvement of existing seismic risk 
assessment platforms developed for the Portuguese territory. The main novelty of the proposed 
taxonomy is the introduction of the infrastructure type category, which provides to the stake-
holder an idea about the use of the infrastructure itself. Moreover, the main additional improve-
ments to the previously proposed taxonomy schemes were in terms of construction material, 
type of structure and configuration properties by including either the in-plan or the vertical 
regularities. 

Future development of the present work will focus, at first, on the identification of possible 
outliers in the data. The vertical irregularity will also be further analyzed to reflect the bridge 
pier configurations, which significantly affect the seismic response of the structure. Then, spe-
cific case studies will be selected according to the newly defined bridge taxonomy and vulner-
ability assessment will be systematically performed. 
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Abstract. The present contribution illustrates a first set of results obtained within the 
framework of currently on-going research aimed at evaluating the seismic vulnerability of 
masonry buildings in Boston’s Back Bay area. In particular, the study focuses on the collapse 
mechanisms of "bay windows", a typical late 19th century architectural element of the Victori-
an style that characterizes the facades of Back Bay’s old buildings. 

With the aim of investigating the main features of bay windows response to horizontal 
loads, the analysis is focused on a single bay window considering it isolated from the rest of 
the building and resting on a rigid basement. A series of experimental tests has been conduct-
ed on five scale-model bay windows of varying height free from openings. A system of hori-
zontal actions proportional to the model mass density distribution has been imposed during 
the test by placing the model on a "tilting-table". The recordings of two digital video cameras 
allowed the identification of the collapse mechanisms. 

The results obtained are described in terms of determination of the horizontal loads col-
lapse multiplier and identification of the actual collapse mechanisms. In addition, a first in-
terpretation of the experimental results is provided by means of some simple mechanical 
schemes that use the typical tools of limit analysis. The agreement between experimental and 
theoretical results is more than satisfactory, and the proposed theoretical schemes seem able 
to provide useful information for assessing the mechanical response of bay windows.
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1 INTRODUCTION 
This study is part of the research activities being carried out within the MIT-UNIPI project 

“Mechanical Models for Masonry Walls under Seismic Actions”, funded jointly by the Uni-
versity of Pisa and the Massachusetts Institute of Technology (MIT) in Boston. In particular, 
in what follows we describe some results obtained from the analysis of the collapse mecha-
nisms of "bay windows", a typical late 19th century architectural element of the Victorian 
style commonly adopted in Boston, especially in the neighbourhood called Back Bay. This 
residential area was early developed in 1860 thanks to an unprecedented landfill project that 
converted the previous milldam into the current area [2]. 

Seismic concern on this zone is justified by two main reasons. The former is that it can not 
be excluded that quite strong earthquakes can strike the region as they already did in the past, 
e.g. the 1755 Cape Ann’s earthquake characterized by VII grade on Mercalli’s scale. The lat-
ter is a not negligible liquefaction risk due to the poor conditions of the ground in which the 
timber-pile foundations are infilled. As seismic design in this area was not mandatory until 
1975, a great percentage of buildings were built without any consideration to horizontal forces. 

The determination of the mechanical response of bay windows under horizontal loads is a 
quite complicated problem to solve, because of the bay window polygonal shape and masonry 
material nonlinearities. Consequently, the structural role played by the bay windows in the 
building façade is still uncertain. 

A survey made by Boston’s team [7] evidenced that the timber floor structures run parallel 
to the building façade. Therefore, for the sake of simplicity, the connection between the bay 
window and the horizontal structure of each floor is disregarded; moreover, the seismic forces 
are schematized as a uniformly distributed load. Within these assumptions, the problem re-
duces to check the bay window stability by evaluating the ratio between stabilizing and over-
turning forces, i.e. the horizontal load multiplier. At incipient collapse, the load multiplier is 
assessed here by a simplified approach first proposed by Giuffrè [5]. A set of experiments 
have been conducted on scaled bay windows using a tilting table to evaluate the magnitude of 
horizontal loads at incipient collapse for models with different slenderness. 

The experimental results have been interpreted theoretically using the classical methods 
and tools of limit analysis, following the approach proposed in [3] and, more generally, in [1]. 
Masonry has been modelled as a material containing a set of “weakness planes” across which 
tensile stresses cannot be transmitted. These assumptions led to assess admissible values for 
the kinematic load multiplier. Quite good agreement is observed between theoretical and ex-
perimental results. 

2 EXPERIMENTAL INVESTIGATION OF THE COLLAPSE MECHANISMS OF 
BAY WINDOWS 

Five bay windows scale models of varying height H have been built, namely H = 31.1, 
34.2, 43.7, 53.1 and 81.3 cm. All the models shared the same plan, which reproduced in a 
1/16-scale that of an actual bay window considered representative of Back Bay’s style. For 
the sake of simplicity, bricks in a 1/4-scale have been used and the presence of openings has 
been disregarded in the models. As a consequence, one single brick in the model correspond-
ed to 64 bricks in the actual bay window. The shape and dimensions of the scale models are 
shown in Figure 1a, b. Each model had a different slenderness measured by the dimensionless 
parameter, !, defined as the ratio between the frontal length, ", and the height of the model, ! = "/#. 
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(a)     (b)     

 
 

(c)   
 

Figure 1: Models plan (a) and elevation (b), dimensions in cm; test setup (c). 

The tests were carried out by using the tilting table schematized in Figure 1c. The table is 
progressively inclined with respect to the horizontal [4], [5]. With respect to the reference 
frame (y, z) that rotates with the model, the horizontal and vertical components of body forces 
are by = -γ sinθ and bz = -γ cosθ, where γ is the masonry unit weight and θ is the plane tilt an-
gle. The corresponding horizontal load multiplier is defined as λ = by/bz = tanθ. The tilt angle 
was measured by a digital inclinometer, while two digital cameras recorded the test. Three 
tests have been performed for each of the five models. 

 

2.1 Analysis of the experimental collapse mechanisms 

All the models collapsed by overturning of some upper part. However, depending on the 
slenderness of the model it was possible to distinguish two different collapse mechanisms 
which will be indicated as global and local. The global collapse mechanisms were character-
ized by rotation of the upper part of the model around an axis parallel to the tilting table and 
lying in the extrados of the model front part. A separating plane can be clearly seen between 
the upper portion and the lower part of the model (Figure 2). This type of mechanisms, typical 
of high specimens, was defined “global” because it involved more than 50% of the structure. 

On the contrary, the local collapse mechanism was typical of short models and was charac-
terized by separation of few brick rows at the top of the model. Such mechanism was defined 
“local” because it involved less than 50% of the structure. As an example, Figure 3 shows col-
lapse of model “II”.  
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Figure 2: Selected frames of one of the tests conducted on model “V” showing its collapse (global mode). 

 
Figure 3: Incipient collapse (local mode) of a test conducted on model “II”. 

Lastly, models characterized by intermediate height values have shown a mixed collapse 
mode halfway between local and global. Such a finding suggests the existence of a critical 
height that separates local from global collapse modes. In passing, we remark that an odd col-
lapse mode that seems not to fit into the classification illustrated above (Figure 4) was ob-
served for model “I”. It was characterized by opening of the structure in two, somewhat 
resembling the opening of a “zipper”. In this case, bricks slipped on one another and each lat-
eral wall overturns as if the front wall did not restrain it. 
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Figure 4: Odd collapse shown during a test of model “I” 

2.2 Experimental results 

For a given model, the mean values $%& of the corresponding three inclination angles at col-
lapse are listed in Table 1, together with the horizontal load multipliers '%& = tan $%&, the ob-
served collapse mechanism, and the model slenderness, !. The results obtained are plotted in 
Figure 5. In the same diagram, the regression lines of the experimental results are shown for 
the two sets of data corresponding to global (III – IV – V) and local (I – II – III) collapse 
mode, respectively. 

 
 

Model ! $1/$2/$3 $%& '%& Collapse 
mechanism 

I 0.466� 9.1° / 8.3° / 7.9°� 8.43°� 0.148� Local 
II 0.424� 8.0° / 7.6° / 6.6°� 7.40°� 0.130� Local 
III 0.332� 6.4° / 6.3° / 6.2°� 6.30°� 0.110� Mixed 
IV 0.273� 6.8° / 5.6° / 4.7°� 5.70°� 0.100� Global 
V 0.178� 2.5° / 2.4° / 2.2°� 2.37°� 0.041� Global 

Table 1: Collapse angles $(, their mean values $%&, and load multiplier '%&. 

 
Figure 5: Experimental results 
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3 ASSESSMENT OF COLLAPSE LOAD BY LIMIT ANALYSIS 
Limit analysis enables predicting some kinematically admissible values of the load multi-

plier. Here, masonry is considered as a material containing a prescribed set of weakness 
planes across which tensile stresses cannot be transmitted. Furthermore, masonry compressive 
strength is assumed unbounded and sliding collapse modes are not allowed. As is well known, 
under such hypotheses both the kinematic and static theorem of limit analysis hold [6]. 

In the following, assessment of upper bounds of the horizontal load multiplier by means of 
the kinematic theorem is illustrated. In this regard, a suitable set of kinematically admissible 
collapse mechanisms is considered. Each mechanism is characterised by the rotation of some 
upper part of the model bounded from below by a separating plane surface. As is shown in 
Figure 6, the collapse mechanism is individuated by the two heights, ℎ1 and ℎ2, measured 
from the top base. In the following, such collapse mechanisms will be indicated as “Rotation-
al Collapse Modes” (RCM). 

In the case under consideration, the internal energy dissipation is null and the upper-bound 
theorem becomes equivalent to the virtual work principle for a rigid body. The structure is 
loaded by only its self-weight, and respect to the reference frame (y, z) that rotates with the 
model, the horizontal and vertical components of body forces are by = -γ sinθ and bz = -γ cosθ. 
Equilibrium of the upper part of the model in limit condition yields the result *+/,+ = tan $ =' where *+ and ,+ are the centroid coordinates measured from the axis rotation and ' is the 
kinematically admissible value of the horizontal load multiplier. 

 

 
Figure 6: Typical RCM collapse mechanism considered in the limit analysis; geometrical scheme and notations. 

Simple but lengthy calculations, here omitted for the sake of brevity, enable obtaining the 
centroid coordinates (*+, ,+) of the rotating upper part of the model. The corresponding hori-
zontal load collapse multiplier can be expressed as: 

 

 ' -1, -2 = 2! .& + /0 11-1 + -212-12 + 2-1-2 − -22 . (1) 
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Expression (1) makes use of the dimensionless parameters: 

 
! = "# , . = 3" , / = 4" , -1 = ℎ1# , -2 = ℎ2# 

 5 = tan 62 , & = sin 6 , 0 = cos 6, (2) 

together with the two constants: 

 

11(., /, 6) = (.& + /0)[6.2& + 6./0 + 3/ − 2/25(3 + 0)]4.3&2 + 6.2/&0 + 4./202 + 2/2 − /35(4 + 0 + 02) − 1, 
 12(., /, 6) = 6(.& + /0)2(1 + 2. − 2/5)4.3&2 + 6.2/&0 + 4./202 + 2/2 − /35(4 + 0 + 02) − 1. (3) 

 
It is possible to demonstrate that (1) is a function that grows monotonically with -2 and de-

creases monotonically with -1. Hence, when -1 = 1 and -2 = 0, expression (1) takes its mini-
mum and the corresponding value of λ yields the better estimation from above of the load 
multiplier, according to the upper-bound theorem of limit analysis [8]. Such considerations 
lead to the expression: 

 '789 = '(1, 0) = 2!(.& + /0) 11(., /, 6)12(., /, 6) = !:(., /, 6). (4) 

3.1  Parametric study of analytical results: influence of ; and < on the kinematically ad-
missible collapse values 

By means of analytical expression (4), a parametric study on the influence of the main pa-
rameters model on the kinematically admissible value of horizontal load multiplier, '789, 
can be performed. As it can be easily verified, the load multiplier is proportional to the model 
slenderness, ξ. For a given value of ξ, it could be of some interest to investigate the influence 
of the inclination of the lateral parts, 6, and that of the lateral-to-frontal length ratio, r, as well. 

Figure 7 shows the diagram of values '/! = :(., /0, 6) as a function of angle 6�for differ-
ent values of .. The value of the dimensionless parameter /0 = 4/" = 0.175 is chosen accord-
ingly to the dimensions of the models tested. In general, :(., /0, 6) reaches a maximum in 

correspondence of the inclination 6 = atan(.//) < =/2. This angle has a straightforward geo-
metrical interpretation, as it corresponds to the maximum y-direction width of the bay window, 
for r fixed.  
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Figure 7: values of function : ., /0, 6 = '789/! vs. angle 6 for different values of .. 

In Figure 8 the values '/! = :(., /0, 6) are plotted vs. parameter . = 3/" for different values 
of / and for 6 = 60 = =/4. If the bay window slenderness, ξ, is kept constant, an almost linear 
dependence is observed upon both parameters c = t/a and r = b/a, for r > 0.3. 

 

Figure 8: : ., /, 60 = '789/! varying with . for different values of /.  

4 COMPARISON BETWEEN EXPERIMENTAL AND THEORETICAL RESULTS 
A first comparison between experimental and theoretical results can be made by using ex-

pression (4). Such expression enables assessing upper bound estimates of the collapse values 
of the horizontal load multiplier, λRCM, for given shape and dimensions of the bay window. 
The experimental results of the tests performed in this study are compared to theoretical esti-
mates provided by (4) by setting: 

 '789 = !:(.0, /0, 60)  ≃ 0.306 !, (5) 

in which .0 = 0.896, /0 = 0.175 and 60 = =/4. 
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Figure 9: Comparison between experimental, '?@A  (orange dashed line), and theoretical, '789  
(green continuous line), results. 

Figure 9 shows such a comparison in graphical form. First of all, it should be observed that 
the theoretical values of '789 and the regression line of the experimental results are very 
close to each other. However, the same figure shows that in some cases the theoretical values 
of '789 deduced from the kinematic theorem are smaller than the corresponding experi-
mental values, thus violating the lower-bound theorem of limit analysis. Moreover, the col-
lapse mechanisms assumed in the analysis differ from those observed experimentally 
(Figure 10). In the analysis, the collapse mechanism is characterised by a separating plane 
surface that goes from the bottom-left end to the top-right end of the structure, regardless the 
model slenderness. On the contrary, during the experiments two different collapse modes had 
been observed, local and global, for large and small model slenderness, respectively. Local 
collapse mechanisms are very different from the theoretical ones. Global mechanisms some-
what resemble the theoretical ones, although the experimental separating surface usually fol-
lows the brick pattern. 

Although the first results illustrated here seem promising, further analysis is needed to 
achieve a better interpretation of the experimental results. In this regard, the discrepancies be-
tween theoretical and experimental results could be a direct consequence of the hypotheses 
adopted to simplify the analysis. Masonry is modelled as a material totally unable to transmit 
tensile stresses along any surface. Hence, rotation of the upper part of the model at collapse 
may take place without any internal energy dissipation. On the contrary, collapse by rotation 
of the actual models can develop free from any dissipation as long as the separating surface 
inclination is lower than a given limit angle, B5, which depends on the brick pattern (Figure 
11). If the surface inclination is higher than B5, bricks interlocking and friction would produce 
some dissipation, thus increasing the corresponding value of the horizontal load multiplier. 
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Figure 10: Comparison between theoretical (left) and experimental (right) separation surface.  

Top: model I (! = 0.466); bottom: model V (! = 0.178). 

  
Figure 11: effect of the brick pattern  

It can therefore be argued that (4) holds until the surface inclination, B, is lower than B5, 
which can be set equal to: 

 tan B5 = 2ℎ535 , (6) 
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where 35 and ℎ5 are the length and height of a single brick. Under the limitation 0 ≤ B ≤ B5, 
the minimum kinematic value of the horizontal load multiplier for given shape and dimen-
sions of the bay window can be expressed as: 

 'D789 = 2!(.& + /0) 11(., /, 6) + 1 − (.& + /0) tan B512(., /, 6) + 1 − (.& + /0)2 tan2 B5  , (7) 

where ., /, 6, &, 0 are defined by (2). Collapse mechanisms considered in (7) are indicated as 
“Limited Rotational Collapse Modes” (LRCM). By substituting in (7) the parameters values 
corresponding to the tests, we obtain: 

 'D789(.0, /0, 60) ≃ 0.462 !. (8) 

As Figure 12 shows, kinematic load multipliers determined according to (8) are not too far 
from experimental values, especially for small slenderness. Furthermore, what is more im-
portant is that all these values are strictly greater than collapse multipliers, in agreement with 
the upper-bound theorem. Hence, horizontal load multipliers assessed by this way can legiti-
mately be considered kinematical admissible values. However, further analyses are needed to 
refine the estimations from above and bring them closer to experimental results. 

 
Figure 12: Comparison between experimental and theoretical results 

5 CONCLUSIONS 

• The collapse of masonry bay windows elements has been addressed, both experi-
mentally and theoretically. 

• Tests on scale models provided a first set of experimental results regarding the col-
lapse load multiplier and mode of bay windows. In particular, two main collapse 
modes, indicated respectively as local and global, had been observed during the 
tests. 

• The experimental results had been interpreted theoretically by using standard tools 
of limit analysis. By means of the kinematic theorem and by taking into considera-
tion a suitable set of collapse mechanisms it had been possible to obtain an analyti-
cal expression of kinematical admissible values of the horizontal load multiplier. 
Parametric study of this expression enabled a first analysis of the influence on the 
collapse of the main geometrical parameters that characterise the bay window. As a 
whole, theoretical values of the load multiplier proved to be in good agreement 
with the corresponding experimental results. 
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• Further work is needed to achieve a full understanding of the experimental results. 
In particular, the definition of a suitable set of collapse mechanisms able to ac-
counts in some way for the actual brick pattern of the masonry element is currently 
in progress. 
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Abstract. The assessment of seismic performance of existing bridge structures that have been 

constructed without appropriate details to support seismic loadings is a primary issue for 

seismic prone areas. Hollow section piers represent a very common structural solution for 

reinforced concrete (RC) bridge structures, due to the economical convenience and the higher 

structural efficiency with respect to solid sections. Nevertheless, a quite limited number of ex-

perimental tests are present in literature. Moreover, despite their widespread use, none of the 

current codes addresses specific attention to define proper capacity models for RC hollow 

core members, both for design and assessment. In addition, proposals from literature are 

generally calibrated on columns with solid cross-section or on a very small amount of exper-

imental data.  

An experimental program of cyclic tests on four 1:4-scale models of typical RC existing 

bridge piers with hollow rectangular cross-section, poor structural detailing and small web 

thickness, has been carried out at the Department of Structures for Engineering and Architec-

ture of the University of Naples Federico II. Different failure modes have been observed: 

flexure and flexure-shear failure, basically depending on the specimens’ slenderness. On the 

basis of the major experimental results carried out by this experimental campaign, in this 

work, a database of similar tests from literature has been collected and presented. All tests 

exhibited a shear failure, with or without yielding of longitudinal bars.  

Collected experimental results are compared with capacity models existing in literature or 

codes, in terms of strength and displacement. Their predictive capability is analyzed and 

commented, and alternative proposals to improve their reliability are carried out. 

675

mailto:paolino.cassese@unina.it


Paolino Cassese, Maria Teresa De Risi and Gerardo Mario Verderame 

1 INTRODUCTION 

The design philosophy of modern seismic bridges is to pursue energy dissipation by ductile 

flexural hinges at the piers base [1]. Shear failure of bridge piers clearly has to be prevented to 

avoid disastrous collapse. Special attention has to be paid also to shear strength degradation 

with increasing flexural ductility demand, which may drastically reduce the energy dissipation 

capacity of the piers. On the other hand, past earthquakes around the world have highlighted 

the inadequate seismic performance of existing hollow rectangular piers, generally character-

ized by poor structural detailing and small web thickness [2]. The assessment of seismic per-

formance of existing bridge structures that have been constructed without appropriate details 

to support seismic loadings is a primary issue for seismic prone areas.  

Reinforced Concrete (RC) hollow section piers are a widespread structural solution for 

bridge structures, due to their economic and structural convenience. Despite their widespread 

use, none of the current codes addresses specialized attention to shear strength of RC hollow 

core members, both for design and assessment [2]. The main existing code-based shear 

strength models have been calibrated on experimental results of members with solid cross-

section, rectangular or circular ([3]-[6]). Nevertheless, shear-resisting mechanisms typical of 

hollow RC piers can be very different from columns with solid cross sections, being more 

similar to those related to tube sections, depending mainly on webs aspect ratio. For example, 

in terms of degradation mechanisms, small thickness may limit the confined concrete core, 

crucial for shear strength.  

Moreover, within the performance-based seismic assessment context, the definition of the 

drift value at shear failure is a paramount issue for shear critical elements. Ideally, a degrading 

shear strength model could be used to estimate the drift at shear failure. Actually, the main 

degrading shear strength models are not adequate to estimate the displacement at shear failure, 

because they have been calibrated in order to obtain the best result in terms of shear strength 

given a displacement ductility. If the inverse process was performed, a small variation in 

shear strength corresponds to a large change in estimated drift ratio at shear failure [7]. Dif-

ferent drift capacity models aiming predicting drift at shear failure have been proposed during 

last decades, but all these models were developed for columns with solid cross-section. The 

majority of these models has an empirical nature, based on experimental results of columns 

collected in different databases ([8]-[10]). 

Therefore, a thorough investigation is necessary about the predictive capability of both 

force-based and displacement-based shear capacity models available in literature and codes 

for columns with hollow rectangular cross-section. To this aim, in the present study, a proper 

database of tests available in literature on shear critical specimens has been collected (includ-

ing those tested at the Department of Structures for Engineering and Architecture of the Uni-

versity of Naples Federico II and presented in [11], [12]). Then, the attention will be focused 

both on the shear strength assessment and on the prediction of drift at shear failure for the 

columns included in the database. In both cases, a brief description of the main capacity mod-

els existing in literature will be presented and their applicability to hollow rectangular col-

umns will be investigated. Finally, a modification of these prediction models will be proposed 

to improve shear strength assessment, and a new empirical model for drift at shear failure, cal-

ibrated on the database results, will be discussed. 

2 EXPERIMENTAL DATABASE 

Whereas for ordinary columns with solid cross section several capacity models are availa-

ble in literature and codes, none specific model is suggested in literature or adopted by codes 

for hollow rectangular columns. The applicability of the existing models to this structural ty-
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pology should be investigated in order to evaluate their effectiveness, and, eventually, some 

improvements or new proposals. To this aim, a proper database of tests existing in literature 

on shear-critical piers has been collected, including tests performed at the Department of 

Structures for Engineering and Architecture of the University of Naples Federico II and pre-

sented in ([11], [12]). This database includes 25 experimental tests, representing the experi-

mental state-of-the-art about non-conforming RC columns with hollow rectangular cross 

section and exhibiting a shear failure (with or without flexural yielding). Note that, some oth-

er tests on hollow rectangular RC columns failing in shear are available in literature [13]. 

They are not included in the collected database because these specimens have high-strength 

concrete, characterized by different shear resistant mechanisms [14]. All the considered spec-

imens were tested under unidirectional cyclic lateral load in single curvature. They presented 

a fixed-end at the bottom (cantilever scheme) and uniform longitudinal details throughout the 

height. Table 1 shows geometry and reinforcement details, material properties and axial load 

ratio of the specimens included in the database. 

In order to perform a comparison between predictions by shear capacity models and exper-

imental results, the experimental force-displacement responses are collected and analyzed. 

The backbone curve of the global response (namely the force-deformation curve that enve-

lopes the experimental hysteretic loops) is defined for each test. Main characteristic values of 

lateral force (V) and drift ratio (DR) are identified, as explained in the following. For the 

specimens failing in shear after flexural yielding (FS-failure mode), the DRy corresponding to 

flexural yielding is assumed equal to the experimental value, if declared. Otherwise, a section 

analysis is performed, assuming a stress-strain model by Mander et al. [15] for concrete and 

an elastic-plastic with strain hardening stress-strain relationship for steel. Starting from the 

yielding lateral load (Vy), the DRy is obtained as the intersection with the experimental back-

bone curve (see Figure 1). The shear strength, Vtest, is assumed as the maximum value of the 

lateral load reached during the test. The corresponding drift ratio is referred to as DRmax (Fig-

ure 1). Finally, the drift ratio at shear failure (DRs) is defined as that corresponding to a drop 

in lateral load equal to 20% of Vtest. This definition of the shear failure occurrence is con-

sistent with that generally used in literature within the context of a displacement-based as-

sessment ([7], [9],[16]). When the shear strength does not drop below the 80% of Vtest, the 

DRs is taken as that corresponding to the maximum-recorded displacement (as in [9]). Finally, 

the ductility capacity at shear failure (μs) is computed as the ratios between the DR demand at 

shear failure conditions and DRy. Similarly, the ductility capacity at peak load (μmax) is com-

puted as the ratios between the DR demand at peak load and DRy. 

Figure 1: Definition of the characteristic points on the experimental envelope. 
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Experimental study ID Specimen 
H B tw LV s ρ' ρ′′ fc fy fyw P/Acfc Vtest FM 

(mm) (mm) (mm) (mm) (mm) (%) (%) (MPa) (MPa) (MPa) (%) (kN) (-) 

Calvi et al. [17] 1 S250 450 450 75 900 75 1.07 0.13 35.0 550 550 0.06 217 FS 

2 S500 450 450 75 900 75 1.07 0.13 23.7 550 550 0.19 247 FS 

3 S750 450 450 75 900 75 1.07 0.13 32.3 550 550 0.21 297 FS 

4 T250 450 450 75 1350 75 1.79 0.25 30.3 550 550 0.07 217 FS 

5 T500A 450 450 75 1350 75 1.79 0.25 29.7 550 550 0.15 209 FS 

6 T500B 450 450 75 1350 75 1.79 0.25 32.7 550 550 0.14 226 FS 

7 T750 450 450 75 1350 75 1.79 0.25 30.8 550 550 0.22 258 FS 

Delgado [18] 8 PO1-N1 450 450 75 1350 75 1.79 0.40 19.8 625 390 0.11 190 FS 

9 PO1-N2 450 450 75 1400 75 1.79 0.19 27.9 435 437 0.08 130 FS 

10 PO1-N3 450 450 75 1400 75 1.79 0.19 27.9 435 437 0.08 130 FS 

11 PO1-N4 450 450 75 1400 75 1.79 0.19 28.5 560 443 0.08 170 FS 

12 PO1-N5 450 450 75 1400 75 1.79 0.19 28.5 560 443 0.08 170 FS 

13 PO1-N6 450 450 75 1400 75 1.79 0.38 28.5 560 443 0.08 210 FS 

14 PO2-N1 900 450 75 1350 75 1.79 0.40 19.8 625 390 0.07 240 S 

15 PO2-N2 900 450 75 1400 75 1.79 0.19 27.9 435 437 0.05 190 S 

16 PO2-N3 900 450 75 1400 75 1.79 0.19 27.9 435 437 0.05 220 FS 

17 PO2-N4 900 450 75 1400 75 1.79 0.19 28.5 560 443 0.05 190 S 

18 PO2-N5 900 450 75 1400 75 1.79 0.19 28.5 560 443 0.05 200 S 

19 PO2-N6 900 450 75 1400 75 1.79 0.38 28.5 560 443 0.05 250 FS 

Cassese et al. [11] 20 P3 400 600 100 900 120 0.88 0.12 17.0 540 655 0.05 278 FS 

21 P4 600 400 100 900 120 0.88 0.12 17.0 540 655 0.05 193 FS 

Yeh, Mo and Yang [19] 22 MI1 1500 1500 300 5400 150 1.29 0.28 33.6 476 480 0.09 2350 FS 

23 MI2 1500 1500 300 5400 150 1.29 0.28 29.1 476 480 0.21 2610 FS 

Yeh et al. [20] 24 PI2 1500 1500 300 3500 200 1.72 0.26 32.0 418 420 0.08 2650 FS 

Mo et al. [21] 25 NI1-b 500 500 120 1500 50 1.88 0.24 20.2 476 405 0.14 270 FS 

Table 1: Main properties of experimental tests of the collected database. 
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As above discussed, all the collected tests exhibited a shear failure, with or without flexural 

yielding. However, the failure mode (FM) definition (namely, S or FS mode) is not coherent 

among the various Authors from literature. Some of them defined the failure mode based on 

phenomenological aspects (analysis of the damage state evolution) and capacity model predic-

tions; some others had adequate instrumentation (strain gauges on longitudinal bars located at 

the critical section) to check the effective achievement of yielding in longitudinal bars. In or-

der to adopt a uniform failure mode definition, an unequivocal assumption is adopted in this 

study, based on the above-described values of lateral load (Vy) and drift ratio (DRy) at first 

yielding. Starting from the evidence that all the collected tests exhibited a shear failure, when 

the peak load (Vtest) is lower than load at yielding (Vy), a shear (S) failure mode is assumed to 

occur; otherwise, flexure-shear (FS) failure mode is assumed. Table 1 summarizes shear 

strength (Vtest) and failure mode for all the tests of the database. 

3 SHEAR CAPACITY MODELS 

As explained in Section 1, the main shear strength models have been calibrated on experi-

mental results of members with solid cross-section, nevertheless shear-resisting mechanisms 

of hollow RC columns may be significantly different, mainly depending on webs aspect ratio. 

A thorough investigation about the predictive capability of shear strength models available in 

literature is necessary when used for columns with hollow rectangular cross-section. In Sec-

tion 3.1, first, a brief description of the considered capacity models is presented. Then, their 

effectiveness for hollow rectangular columns is investigated. Finally, a slight modification to 

predictive equations is proposed to improve shear strength assessment. 

Several models have been also developed to represent the degradation of shear strength 

with increasing inelastic deformation demand. Although these models are useful for estimat-

ing the column capacity for conventional force-based design and assessment, they are not ad-

equate to estimate the displacement at shear failure. Therefore, some displacement-based 

capacity models have been developed and proposed during the last decades. All these models 

have empirical basis, since they have been calibrated in order to reproduce the best fitting of 

experimental drift at shear failure of tests on building columns with solid cross-section. No 

similar formulations are available in literature for hollow rectangular columns. In Section 3.2, 

some of the existing models for displacement capacity at shear failure are first described and 

applied to the collected database of shear-critical piers to investigate their effectiveness for 

hollow rectangular columns. Finally, starting from the analysis of the database, a new empiri-

cal model for drift capacity at shear failure, properly calibrated for hollow rectangular sec-

tions, is carried out and presented. 

Note that a comprehensive list of symbols adopted in the following and their meaning is 

reported at the end of this paper. 

3.1 Shear strength 

The main models available in literature for the shear strength assessment are considered 

herein, to carry out a comparison with the experimental values of shear strength reported in 

Table 1. 

According to Aschheim and Moehle [3], the shear strength is the sum of strength contribu-

tions due to transverse reinforcement, Vw, and concrete, Vc, as reported in Eq. (1). The shear 

strength degradation influences only the concrete contribution, Vc, through a degradation fac-

tor decreasing with increasing displacement ductility (μ), varying between 1 and 0 for ductili-

ty demand between 1 and 4. The ductility demand at shear failure is assumed here as μmax 

consistently with the model assumption. 
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Kowalsky and Priestley [4] define the shear strength as the sum of the contributions due to 

concrete, Vc, transverse reinforcement, Vw, and arch mechanism associated with axial load, 

Vp, as reported in Eq. (2). The shear strength degradation influences only the contribution due 

to concrete, through a degradation factor (k) that decreases with increasing displacement duc-

tility, varying between 0.29 and 0.05 for ductility demand between 2 and 8. The ductility de-

mand is assumed here as μmax consistently with the model assumption. 
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Sezen and Moehle [5] define the shear strength as the sum of strength contributions due to 

transverse reinforcement, Vw, and concrete, Vc, as reported in Eq. (3). The degradation factor 

multiplies here contributions due to both transverse reinforcement and concrete, varying be-

tween 1 and 0.7 for μ ranging between 2 and 6. The ductility demand is assumed here as μs 

consistently with the model assumption. 
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Biskinis et al. [6] compute the shear strength according to a regression additive model ac-

counting for three contributions: the classical 45-degrees truss model, Vw, the concrete contri-

bution, Vc, and the axial load contribution, VP, as expressed by Eq. (4). The degradation 

coefficient k multiplies both the concrete and the transverse steel contributions. It varies line-

arly between 1 and 0.75 for μ between 1 and 6. Consistently with the model assumptions, the 

ductility demand at shear failure is assumed as μs. 
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The selected shear strength models are applied to all the columns of the database, using the 

formulations described above. The results of the comparison between predicted and experi-

mental shear strength values are summarized in Table 2, in terms of mean and coefficient of 

variation (COV) of the predicted-to-experimental shear strength ratio (Vpred/Vtest), evaluated 

for the whole database and for each shear strength model. 

 

Vpred/Vtest 
Aschheim and 

Moehle [3] 

Kowalsky and 

Priestley [4] 

Sezen and Moehle 

[5] 

Biskinis et al. 

[6] 

Mean 1.30 1.36 0.79 0.73 

COV 0.27 0.15 0.11 0.17 

Table 2: Comparison between experimental and predicted shear strength. 

680



Paolino Cassese, Maria Teresa De Risi and Gerardo Mario Verderame 

 

Model by Biskinis et al. [6] is a regression model calibrated on a very large experimental 

database, but only very few tests belonging to this database deal with hollow rectangular 

piers. It is adopted by the Eurocode 8 part 3 [22] for existing buildings, and it is suggested by 

some literature studies for the shear capacity assessment of existing bridge piers ([23], [24]). 

Nevertheless, this model considerably underestimates (-27%) shear strength for the collected 

database.  

Model by Sezen and Moehle [5] (adopted by ASCE-SEI/41 [25]) is based on experimental 

data from a database including only RC columns with solid rectangular cross section, inade-

quate and poorly detailed transverse reinforcement, failing in shear during the inelastic re-

sponse. Nevertheless, this model provides a significant underestimation (-21%) of the shear 

strength. 

Model by Aschheim and Moehle [3] is calibrated on a database of 51 scale-models of 

bridge columns with solid square, rectangular and circular cross section, failing in shear after 

flexural yielding. Finally, model by Kowalsky and Priestley [4] was developed based on 18 

solid circular columns that failed in shear after yielding and 20 solid circular columns failing 

in shear before yielding. It is adopted by the U.S. Federal Highway Administration [26] pro-

visions document for seismic retrofitting of bridges. The latter two models are characterized 

by a significant overestimation, on average, of shear strength for the collected database. 

Starting from the collected experimental tests on hollow rectangular RC columns, it seems 

reasonable to discuss about a simple improvement of existing shear strength models. In par-

ticular, the model by Kowalsky and Priestley [4] adopts a concrete contribution to shear 

strength characterized by an effective shear area of 0.8Ac. In order to more suitably apply this 

model to hollow rectangular columns, it seems reasonable to modify this term. In fact, it is 

well known that shear stress distribution is substantially concentrated on the webs, whereas 

the flanges are essentially involved in the flexural response. Therefore, for hollow rectangular 

sections subjected to cyclic shear, it can be assumed that only the confined concrete of the 

webs gives a contribution to the shear strength of the column. In particular, the effective shear 

area is assumed herein as twice the product of the web thickness (tw) and the effective depth 

(d), the latter equal to 0.8·H (see Figure 2).  

 

Figure 2: Proposed effective shear area for hollow rectangular columns.  

 

By applying this modification to Eq. (2), the following equation is obtained: 
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Finally, Figure 3 shows the predicted-to-measured shear strength ratio (Vpred/Vtest) for all 

the columns of the database, evaluated by applying the proposed modifications shown in Eq. 

(5). It can be noted that the proposed modifications lead to a substantial improvement in the 

predictive capability of the experimental shear strength: the mean value of Vpred/Vtest is equal 

to 1.05, with a quite reduced COV, equal to 0.16.  
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Modified Kowalsky and Priestley (2000)
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Figure 3: Predicted-to-measured shear strength ratio for the proposed modified version of the model by Kow-

alsky and Priestley [4]. 

3.2 Drift at shear failure 

The main models available in literature for the assessment of drift at shear failure of exist-

ing RC columns with solid cross-section are considered herein, to evaluate their effectiveness 

when applied to hollow rectangular columns through a comparison with the experimental val-

ues of drift at shear failure reported in the collected database. 

First, Aslani and Miranda [8], on the basis of 92 cyclic tests of non-ductile RC columns 

with solid cross-section, defined the drift ratio capacity at shear failure (DRs) depending on 

the axial load ratio and the transverse reinforcement ratio, as reported in Eq. (6): 

1 1

100
0.26

''

 s

c c

DR
P

A f 

(6) 

Later, Elwood [9] introduced an empirical model based on the analysis of an experimental 

database of 50 tests collected by Sezen [7] and characterized by shear failure after flexural 

yielding. According to this model the drift at shear failure depends on axial load ratio, trans-

verse reinforcement ratio and maximum nominal shear stress (ν), the latter assumed as the ra-

tio between the maximum experimental shear value and the cross-sectional area (taken equal 

to B∙d for solid sections). The drift-capacity is expressed by Eq. (7): 

3 1 1 1
4 ''

100 40 40 100
s

c cc

P
DR

A ff


     (7) 

Zhu et al. [10] developed a drift-capacity model for columns representative of typical non-

conforming RC buildings. This model can be applied only to columns classified as “shear-

dominated” columns on the basis of a flow-chart procedure depending on three parameters, 
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namely, aspect ratio, transverse reinforcement ratio, and plastic shear demand to shear 

strength ratio (the latter calculated according to the shear strength model proposed by Sezen 

and Moehle [5]). The drift-capacity at shear failure, if any, depends on the transverse rein-

forcement spacing, transverse reinforcement ratio, aspect ratio and axial load ratio, as shown 

in Eq. (8): 

 2.02 '' 0.025 0.013 0.031   V
s

c c

Ls P
DR

d d A f
  (8) 

In the formulations reported above, transverse reinforcement ratio (ρ′′) and maximum nom-

inal shear stress (ν) always depend on the assumed cross-sectional width (bw). Therefore, in 

order to investigate about the applicability of such drift capacity models to hollow rectangular 

columns, the width (bw) is assumed herein as twice the thickness (tw) of the webs (consistently 

with concepts reported in Section 3.1). The results of these comparisons in terms of drift at 

shear failure are summarized in Table 3, which shows the mean and the coefficient of varia-

tion of the predicted-to-experimental ratio (DRs,pred/ DRs,exp), evaluated on the basis of the 

overall database, for each of the considered models. Note that only the model by Aslani and 

Miranda [8] can be applied to all the collected tests. The remaining two models are character-

ized by some cases of inapplicability. In particular, the model by Elwood [9] should be ap-

plied only for columns failing in shear after flexural yielding; whereas the model by Zhu et al. 

[10] has been applied herein only for columns classified as “shear dominated”, according to 

the flow-chart procedure mentioned before. 

As a result, the model by Elwood [9] underestimates the experimental drift at shear failure 

on average (-17%). Moreover, in a rigorous approach, this model cannot be applied to four 

columns, since they are characterized by brittle shear failure (namely, occurring before yield-

ing of longitudinal reinforcement). Vice-versa, the model by Zhu et al. [10] considerably 

overestimates the experimental drift at shear failure and it has been not applied to five speci-

mens, classified as “flexural dominated” according to [10]. Finally, about the model by Aslani 

and Miranda [8], a considerable overestimation is observed (+28%) with a quite high disper-

sion in prediction (31%). 

 
DRs,pred/ DRs,exp Aslani and Miranda [8] Elwood [9] Zhu et al. [10] 

Mean 1.28 0.83 2.02 

COV 0.31 0.34 0.28 

Table 3: Comparison between experimental and predicted drift at shear failure (DRs). 

The comparison shows that none of the considered models is able to predict the experi-

mental values of drift at shear failure with adequate accuracy. Moreover, all the models show 

high dispersion in the prediction (equal to about 30%). Therefore, a proper drift capacity 

model to predict shear failure of hollow rectangular columns should be formulated. The main 

goal is to reduce the mean error of existing models, providing a simple relationship that iden-

tifies the critical parameters influencing the DRs for shear-critical hollow rectangular RC col-

umns. First of all, the relation between the experimental DRs and main structural key 

parameters, potentially affecting the shear response of the database columns, is analyzed. In 

particular, the analyzed parameters are: geometrical transverse reinforcement ratio (ρ′′); me-

chanical transverse reinforcement ratio (ω′′= ρ′′fyw/fc); geometrical longitudinal reinforcement 

ratio (ρ′); aspect ratio (LV/H); axial load ratio (P/Acfc); maximum nominal shear stress (ν = 

Vtest/2twd). From this analysis, it has been observed that columns with higher transverse rein-

forcement ratios, ρ′′, tend to reach larger drifts at shear failure compared with columns char-
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acterized by lower transverse reinforcement ratios, as expected. In contrast, there is no clear 

relationship between the mechanical transverse reinforcement ratio, ω′′, and the drift at shear 

failure. The effect of the dowel action of longitudinal reinforcement does not influence the 

DRs. On the other hand, such a result may be related to the limited variability of longitudinal 

reinforcement ratio, ρ′, for the columns in the database. Almost a clear relationship exists be-

tween the aspect ratio (LV/H) and DRs: the higher the aspect ratio, the lower the drift at shear 

failure. A very slight tendency of DRs to reduce with increasing axial load ratio (P/Acfc) is al-

so identified. A clear linear decreasing trend of DRs exists with increasing maximum nominal 

shear stress (ν). Therefore, the key parameters clearly influencing the drift at shear failure are 

transverse reinforcement ratio (ρ′′), aspect ratio (LV/H) and maximum nominal shear stress (ν). 

Based on this observation, a simple empirical expression is proposed to estimate the drift ratio 

at shear failure, as shown in Eq. 9: 
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Transverse reinforcement ratio (ρ′′) and maximum nominal shear stress (ν) are evaluated 

according to Eq.s (10) and (11): 

''
''

2 w

A

t s
  (-) (10) 

2
 test

w

V

t d
 (MPa0.5) (11) 

The coefficients in Eq. (9) were chosen based on a least-squares fit of the data. Figure 4 

compares the drift at shear failure (DRs) predicted by Eq. (9) with the corresponding experi-

mental value from the experimental database. 

The accuracy in the prediction is improved with respect to the models considered above in 

this Section. In fact, the mean value of the calculated-to-experimental ratio is equal to 1.02, 

and the coefficient of variation is 0.25. Note that the calculated drift ratio has been determined 

using the maximum experimental shear stress to calculated the parameter ν. In order to use Eq. 

(9) for the seismic assessment of existing RC columns with hollow rectangular section, it is 

necessary to define a value of shear strength for the calculation of the maximum nominal 

shear stress. To this aim, it seems reasonable, first, to classify the column by using the model 

defined in Eq. (5). Assumed as Vp the plastic shear capacity (namely, the flexural capacity Mp 

divided by the shear span LV), if Vp is lower than the minimum degraded shear strength 

(VR,min), no shear failure should be expected, and therefore there is no need to compute DRs. 

Otherwise, the DRs may be computed by assuming Vtest equal the maximum non-degraded 

shear strength (VR,max), if the latter is lower than Vy. In all other cases, it can be assumed 

Vtest=Vp 

In conclusion, note that the application of the proposed empirical drift capacity model 

should be limited to hollow rectangular columns similar to those included in the database, 

namely, whose geometrical and mechanical properties are included into the variability ranges 

of these parameters related to tests belonging to the analyzed database. 
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Figure 4: Comparison of predicted drift ratio at shear failure with related experimental results. 

4 CONCLUSIONS AND FUTURE DEVELOPMENTS 

Reinforced Concrete piers with hollow cross section are a widespread structural solution 

for bridge structures, due to their economic and structural convenience. Despite their wide-

spread use also for RC bridges non-conforming to the more updated seismic codes, the main 

existing code-based shear strength models have been calibrated on experimental results of 

members with solid cross-section, whose shear resistant mechanism can be particularly differ-

ent with respect to hollow sections. Therefore, in this work, a database of tests on shear criti-

cal piers with hollow rectangular cross-section from literature has been collected. All these 

tests exhibited a shear failure, with or without yielding of longitudinal bars. The collected ex-

perimental results were then compared with capacity models existing in literature or codes, in 

terms of strength and displacement.  

About shear strength, it was observed that the main models from literature and codes pro-

vided an error that is around 30% (in under- or over-estimation) with respect to experimental 

results. Therefore, a slightly modification of the shear strength model by Kowalsky and 

Priestley [4] has been carried out, so leading to a mean error in prediction that is almost close 

to the unity. Furthermore, a new empirical formulation has been proposed to predict the dis-

placement capacity at shear failure, specifically calibrated on experimental data related to 

shear critical piers with hollow rectangular cross section. Also in this case, the accuracy in the 

prediction is improved with respect to the existing models – which are generally calibrated for 

columns with solid cross section – leading to a mean error equal to 2%. 

More efforts should be performed in the future to enlarge the collected database with new 

experimental tests on this pier typology. On the other end, further development of this work 

should be addressed to the definition of a comprehensive numerical model for shear-critical 

piers. Certainly, more data are required to analyze also the behaviour after shear failure in-

cluding the eventuality of a subsequent axial load failure.  
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List of symbols 

LV = shear span (height from the base to the loading point) 

B = width (external dimension of the cross-section orthogonal to loading direction) 

H = depth (external dimension of the cross-section along loading direction) 

tw = thickness of cross-sectional webs 

ρ' = longitudinal reinforcement ratio 

ρ′′ = transverse reinforcement ratio 

fc = concrete compressive strength 

fy = yielding stress of longitudinal steel reinforcement 

fyw = yielding stress of transverse steel reinforcement 

Ac = cross-section area (gross area without void) 

P = axial load 

A′′ = cross-section area of transverse reinforcement 

d = effective cross-section depth (assumed as 0.8·H) 

d' = distance parallel to the applied shear between centers of peripheral hoops 

d0 = depth of the compression reinforcement layer 

bw = width of cross-sectional webs 

s = spacing of the transverse reinforcement 

c = neutral axis depth 
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Abstract. This study focuses on the partial seismic collapse of a building during the earth-
quake of L'Aquila (Italy) on April 6th 2009. Designed in the early ‘60s, the 7-story building 
has a reinforced concrete frame structure. In elevation, above a first basement and a ground 
floor, three wings rise. The collapse affected the North wing, where three separate collapse 
mechanisms were identified. All the columns at ground story failed with a weak-story mecha-
nism in North-South direction. Three columns, located near the interface with the other wings, 
failed on the full height. In the same area, subjected to strong distortions due to the difference 
in vertical displacements following the weak-story mechanism, at stories 1-4 a third collapse 
mechanism involved a beam supporting a non-structural wall inserted in recent renovation 
works. Previous investigations carried out with both pushover and nonlinear dynamic anal-
yses explained why the collapse was confined to the North wing, the collapse sequence and 
the role of the non-structural wall. Based on nonlinear dynamic analyses on a refined 3D FE 
model, this study focuses on the role of the East and West wings that survived the earthquake. 
The subdivision of the base shear among the three wings at the collapse onset confirms that 
only few elements in the East and West wings contributed to resist horizontal forces in the 
North-South direction where the weak story mechanism took place. 
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1 INTRODUCTION 

During the April 6th 2009 earthquake of L’Aquila (Italy), a partial collapse causing a high 
death toll took place on a seven-story reinforced concrete (RC) building located at about 6 km 
from the epicenter. The building, named in Italian “Casa dello Studente” (CdS) i.e. House of 
Student, hosted an University dorm. Its partial collapse is one of the cases of failure of RC 
buildings in the urban area of L’Aquila (EERI Special Report 2009 [1]). The 7-story building 
(including two underground stories) had an irregular T-shaped plan composed of three nearly 
rectangular “wings” connected through a common stairwell (Fig. 1a). The building was de-
signed in 1965, following the Italian Seismic Codes of years 1937 [2] and 1962 [3], using the 
design approach of equivalent static lateral forces. The building collapse is connected to its 
complex history. Built in 1965 by a private company for a mixed residential-commercial use, 
in 1979 it was purchased by an University Institution to be used as a student dormitory. In 
1982, by virtue of a state law, it became property of the Regione Abruzzo, an administrative 
partition of the Italian Republic. The rules for the building management changed for three 
times between 1982 and 2009, and different public institutions were involved in it. To make 
the building more apt to its usage as a dorm, an extensive refurbishment intervention was per-
formed during the years 1999-2002, which did not involve any intervention on the structural 
system. Unfortunately, the original design of the structural frame system was affected by an 
error that was brought to the light neither in the two changes of property nor in the design 
phase of the refurbishment intervention.  

The partial collapse was limited to the North wing facing XX Settembre Street (Fig. 1). 
Previous studies conducted for legal reasons [4, 5], pinpointed the existence of two distinct 
collapse mechanisms in the collapsed wing: a) failure of all columns at the ground floor, 
which triggered a soft/weak story mechanism in the North-South (N-S) direction, and b) fail-
ure of three columns along the total height of the building. In the same region, the mid-span 
failure at floors 1-4 of the beam connecting columns 18 and 29 took place (see Fig. 1b). The 
beam was affected by the insertion of a non-structural wall during the renovation works of 
1999-2001. Legal tests and studies showed that the lack of flexural strength of ground story 
columns was detected as the main mechanical cause of the collapse. 

Given the availability of material properties, acting loads and geometric data on both the 
structure and the steel reinforcement, the collapse sequence was already investigated through-
both pushover analyses [6] and non-linear dynamic analyses on a 3D complete and detailed 
numerical model of the building [7]. The latter were performed with the OpenSees platform 
[8], using the accelerograms at the site. In [7] the collapse sequence of the North wing was 
simulated, and the role of the non-structural wall was examined. This study aims to ascertain 
the role of the East and West wings that survived the earthquake. The main longitudinal 
frames of these wings are aligned along the East-West (E-W) direction, but the two transverse 
frames in each wing are aligned along the N-S direction of the weak Heavy damage was de-
tected for the transverse frames, while the frames along the E-W direction did not show seri-
ous damage. In this work, the response of both longitudinal and transverse frames is studied 
and compared to the above damage scenario.  

Section 2 describes the building structure and the earthquake characteristics. The damage 
observed after the earthquake is described in Section 3. The numerical model adopted in non-
linear dynamic analyses is presented in Section 4. Results are discussed in Section 5. Conclu-
sions in Section 6 address the role of longitudinal and external transverse frames on the 
collapse sequence. 
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Figure 1: The CdS building: (a) aerial view, original configuration; (b) front view from XX Settembre Street 
after the removal of debris. In the red box the remaining of beam 18-29. The severely damaged external parti-

tions of the West wing were removed for safety reasons. The jacketed column had several shear cracks. (after [7]) 

2 BUILDING DESCRIPTION 

A brief description of the building, of the measured ground motion as well as of the ob-
served on-site damage is given below. A more detailed presentation can be found in [5]. In 
elevation, the CdS building had five stories with a common basement and a second under-
ground story below the East wing, for a total height of 25.5 m. In plan, the RC framed struc-
ture had an irregular shape, since it was composed of three nearly rectangular “wings”, two 
roughly oriented in the E-W direction and one in the N-S direction (Figs. 1-2). Several non-
structural refurbishments have characterized the building life. Changes in the use of spaces 
required the introduction and/or modification of several internal partitions and the modifica-
tion of the technical equipment [4]. Between 1999 and 2002, the layout of the internal parti-
tions was changed to adapt the building to its use as a university dorm. During this period, a 
fire resistant non-structural wall (REI wall) was placed at stories one to four to comply with 
fire safety regulations (see Fig. 2). The wall, composed of lightweight concrete hollow blocks 
20 cm thick, was inserted from column 18 (C18) on half-span of the beam 18-29. The nega-
tive role on the collapse of this non-structural element has been widely discussed in [7]. 

The structure was designed according to the Italian Seismic Code of 1962 [3], even though 
the designer in his report affirms to adopt the Code of 1937 [2]. The seismic design principles 
of both 1937 and 1962 Italian Codes were based on the application, at the center of mass of 
each floor, of a set of equivalent static forces equal to 5% (1937 Code) or 7% (1962 Code) of 
permanent loads plus 1/3 of variable loads. A value of 7% was actually adopted in design. 
Static forces should have been applied in any horizontal direction according to the 1962 Code. 
Three main longitudinal moment-resisting RC frames are located in each wing (Fig. 2) whose 
design was driven by the afore-mentioned criteria. The horizontal loads acting on each frame 
were computed adopting the same tributary areas used for vertical loads, but only in the direc-
tion of the frame itself. The building plan configuration in Fig. 2 shows that, of 9 longitudinal 
RC frames, only the three frames of the North wing (21-24, 25-28 and 29-31) were aligned 
along the N-S direction. The other frames (1-4, 5-8, 9-11, 15-17, 32-35 and 36-39) mainly 
resisted the E-W seismic loads. A transverse frame was placed both on the short and on the 
inclined side of each wing, but without any specific design provision. As a consequence, the 
design procedure led to a significant underestimation of seismic forces in the N-S direction.  
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Figure 2: Structural plan layout of a typical residential floor and column numbering, units: m. (after [7]) 

Field investigations, based on destructive and non-destructive tests, showed that the meas-
ured steel mean yield strength value (fym = 388 MPa) is very close to the value prescribed in 
design. On the other hand, the measured mean cylinder compressive strength fcm is 13.3 MPa, 
that corresponds to a concrete of class C8/10 according to the classification in the Italian Code 
NTC2008 [9], is far lower than the design value, equivalent to the class C16/20. 

The values of dead and live loads at the date of collapse are given in [5]. Loads are ob-
tained from site investigations and estimates from handbooks of the sixties. The self-weight of 
the slab, furniture and partitions ranges between 6.0-9.3 kN/m2 at the different floors, while 
the live load value ranges between 2.0-3.0 kN/m2, a typical value for a residential building. 

In the original structural report, the designer described the reinforcement geometry and 
layout for the members of one “typical frame” that can be identified as the central frame of 
the North wing. Also, the designer declared that all the other frames had the same geometry, 
in terms of cross-sections dimensions and reinforcement layout, of the one actually designed. 
The reinforcement layout was verified through on-site non-destructive and destructive tests on 
the East and West wings after the earthquake. The longitudinal column reinforcement was 
designed to resist internal forces acting on the frame plane only and for this reason was locat-
ed along each short side of the rectangular cross-section of the columns. The column trans-
verse reinforcement is composed of closed stirrups with a diameter of 6 mm with a spacing, 
for most of the columns, of about 200 mm without provisions for closer spacing at the two 
column ends. 
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The horizontal ground motion at the building site was estimated from the actual motion 
recorded at the nearby station named AQK and the soil properties at the two sites (CdS and 
AQK sites), by applying a convolution and deconvolution procedure described in [5]. For the 
vertical ground motion, the actual acceleration recorded at the AQK station was adopted. The 
horizontal peak ground motion acceleration along the two principal directions of the building, 
namely the x and z direction in Fig. 2 is respectively equal to 0.346 g and 0.510 g. 

The elastic response spectra along the principal direction of the building for a 5% damping 
ratio (not shown here for the sake of brevity) points out a prevailing amplitude of the N-S 
component (the fault normal direction) at long periods, as a consequence of the directionality 
of the earthquake ground motion in L’Aquila [10]. In the period range of the first three nu-
merical modes (0.93–0.99 s, see Section 4), the elastic spectral accelerations at the site along 
N-S direction are of the order of 0.55 g, that is about 50% larger than the orthogonal compo-
nent. 

3 OBSERVED DAMAGE 

The partial collapse of the structure was limited to the North wing (Fig. 1), where two sep-
arate collapse zones were detected. The columns at the ground story failed with a soft/weak 
story mechanism along the N-S direction (Fig. 3a). In addition, three columns (C21, C25 and 
C29 in Fig. 2) collapsed totally from the ground story to the top of the building, at the inter-
face between the North wing and the remaining ones (Fig. 3b). Part of the beam 18-29 (where 
the non-structural wall was not inserted in) collapsed as well. 

Figure 3: View of the building before demolition of the collapsed wing: (a) weak ground story mechanism on the 
North wing. Windows along XX Settembre Street, aligned on the E-W direction, are intact. (b) Collapse of the 

columns at the interface between the North wing (right) and the remaining ones (left and back). (after [7]) 

Structural damage was observed in the East and West wings especially in the columns that 
are part of the transverse frame placed both on the short and on the inclined side of each wing. 
Figure 4 shows the damage at the beam-column joint of the ground story column C5, belong-
ing to the external transverse frame of East wing. 

The most likely collapse sequence was determined in [5] based on (i) the study of the de-
sign criteria adopted in 1965; (ii) the results of modal analyses of the building in its original 
configuration and after refurbishment; and (iii) the analysis of damage in the parts of the 
building that survived the earthquake. The severe lack of flexural strength of ground story 
columns of the North wing and the corresponding shear failure, as a result of design and con-
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struction errors, appeared to be the main cause of the collapse. Moreover, a recent study [7] 
proved the independency of the two collapse mechanisms (weak-story mechanism at ground 
floor of North wing and collapse of part of the beam 18-29) and established their sequence. 

Figure 4: Damage at the beam-column joint of column C5 at ground floor. 

4 NUMERICAL FE MODELLING OF BUILDING 

The simulation of the seismic collapse is performed with the open–source platform Open-
Sees [8]. The beam–column element with distributed inelasticity and force formulation is se-
lected for the FE model [11]. The element formulation is based on the Navier–Bernoulli’s 
hypothesis. The section response is computed by integrating the inelastic material response 
through the section depth (fiber section). The geometric nonlinearity is included through a P–
Δ formulation. Uniaxial material laws describe the hysteretic response of the materials. The 
modified Kent–Park model [12] describes the response of the concrete fibers in compression. 
For concrete in tension, a linear elastic branch is followed by a linear softening branch up to 
zero stress to include the effect of tension stiffening. The well-known nonlinear model of Me-
negotto and Pinto [13], as modified by [14] to include isotropic hardening effects, is used for 
the steel fibers. 

Figure 5: 3D FE model for the whole structure: (a) 2D view in the X-Y plan, North (right) and East (left) wings; 
(b) 3D view. 

694



M.G. Mulas, P. Martinelli and S. Capriotti 

A comprehensive 3D model of the building reproduces the configuration of April 6th 2009 
in terms of geometry, masses and stiffness of structural elements. One nonlinear fiber beam–
column element with five Gauss–Lobatto integration points is used for both columns and pri-
mary beams. Floors are modeled as rigid diaphragms. The mass and weight of the balconies 
are directly applied to the perimeter beams. The non-structural wall on beam 18-29 is mod-
eled with 2D plane-stress (membrane) elements. Rigid beam-column joints extend to half of 
the dimension of the elements framing into them. The FE model has 1835 nodes and 805 ele-
ments. Among them, 449 are nonlinear beam elements. Figure 5 presents a schematic view of 
the nodes and elements layout. Columns at second basement of the East wing and at first 
basement of the North and West wings are fully restrained at their base. At first basement, a 
roller on top of columns facing XX Settembre Street restraints the N-S displacement compo-
nent. The choice of these boundary conditions was driven by in-situ observations. 

The average values of material properties coming from on-site and laboratory material tests 
are used for the unconfined concrete in the numerical analysis. The low amount of stirrups in 
both columns and beams and the lack of longitudinal reinforcement along the long sides of 
the rectangular cross-sections limit the confinement effect. The material properties of the 
Kent-Park model for the unconfined and confined concrete are used in the analysis [7]. 

Table 1 lists the natural periods for the first 10 modes of the FE model that simulates the 
building configuration of April 6th 2009. The comparison of modal properties with those of a 
linear model (including the floor deformability) previously developed [5] provided a model 
validation. The first mode mainly involves a translation along the N-S direction with a small 
torsional component. The second and fourth mode combine a translation of the floors in the 
N–S direction and a predominant torsional component. The third mode involves a translation 
of the floors in both the E–W and N–S directions without torsional component. 

Mode # 1 2 3 4 5 6 7 8 9 10 
Period [s] 0.99 0.95 0.93 0.38 0.36 0.35 0.25 0.24 0.23 0.21 

Table 1: Numerical model, natural periods of the first ten modes. 

5 RESULTS AND DISCUSSION 

A static analysis under gravity loads is performed in a first step. Subsequently, the model is 
analyzed by applying the three components of the earthquake ground motion. The Newmark 
time integration method of constant acceleration is adopted, with a time step Δt = 0.01 s. A 
viscous damping of Rayleigh-type proportional to the mass and initial stiffness is assumed. A 
damping ratio of 3.0% is imposed on the first and fourth mode. The Newton–Raphson itera-
tion method is used to enforce equilibrium at each time step. 

The step-by-step analysis does not include a progressive collapse algorithm simulating the 
loss of structural elements and the modifications to the geometry of the structure. A previous 
study [7] showed that the weak-story mechanism at ground floor is activated first. In the real 
case, once this mechanism is activated, the structural configuration and the dynamic behavior 
of the building undergo significant changes. Thus, after the collapse onset the numerical re-
sults become less reliable. In spite of this limitation, the results up to the onset of collapse 
give several important indications on the failure modes of the structure and on its response to 
L’Aquila 2009 ground motion, as it is widely discussed in this section. 

Previous nonlinear dynamic analyses indicated that the prevailing building displacement 
component is directed along the z-axis (N-S direction), parallel to the direction of the North 
wing frames which, as discussed in Section 2, are the only ones to resist significantly to hori-
zontal forces in this direction [7]. Due to the rigid diaphragm assumption, the numerical dis-
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placement magnitude is similar in the three wings. However, columns in the East and West 
wings did not suffer significant damage (with some exceptions discussed in the following). 
This seeming contradiction is explained by the fact that their reinforcement layout is designed 
to withstand moments about the z-axis, their weak axis is aligned on the z-axis, the strongest 
earthquake direction and there are no transverse stiff beams. As a consequence, these columns 
are not highly stressed in spite of high displacement values detected at the top floor.  

To study the demand imposed on each wing during the earthquake, the response of their 
central frames is analyzed. The significant response parameters are shear force and bending 
moment at the base of ground story columns, i.e. at the level where the weak story mechanism 
took place. Each frame has a strong in-plane direction: the x-direction for the East and West 
frames, the z-direction for the North ones. The out-of-plane direction is the weak one.  

 
Figure 6: Shear force Vz and Vx along the strong axis at the base of ground story for the central frame columns of 

the North (on the left), East (at center) and West (on the right) wings. 
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Figure 7: Bending moment Mx and Mz along the strong axis at the base of ground story for the central frame col-
umns of the North (on the left), East (at center) and West (on the right) wings. 

Figure 6 shows, for the central frames of the three wings, the shear forces at the base of 
ground story columns in the plane of the frame, i.e along the strong direction of each frame. 
The largest value of shear force, in terms of Vz, are attained in the North wing. The demand on 
East and West wings is lower, but not uniform on the two. The smallest values of Vx are found 
in the East wing, with a minimum on C5 and C8 at the two ends of the frame. A larger de-
mand is detected in the West wing, with the exception of C35, located at the maximum dis-
tance from the North wing. 

In a recent work, Mulas and Martinelli [7] have compared the shear demand with the shear 
capacity for the N-S direction of columns of the North wing. The shear demand during the 
earthquake largely exceeds that associated to static loads and, to a smaller extent, the shear 
capacity VRd evaluated according to the current Italian Technical Code NTC2008 [9]. For the 
structural members considered, the shear resistance corresponds to a shear failure of the 
transversal reinforcement. For all the ground story columns of the North wing, the shear 
strength is exceeded in the N-S direction and in a very short time interval, between 3.002 and 
3.034 s. This almost simultaneous exceeding of the shear strength indicates the activation of a 
weak-story collapse mechanism and justifies the failure of the affected columns. In Figure 6, 
the maximum shear values in East and West columns are reached after this time interval. 
Hence, at the instants in which the East and West ground story columns were subjected to the 
maximum shear demand, the collapse of the North wing had already taken place. The flexural 
beam-column element here adopted has no provisions for non-linear behavior in shear, which 
has been detected from the results of the analysis. Consequently, the model does not repro-
duce the drop of building stiffness in the N-S direction caused by the weak-story collapse. 
Thus, there is no conflict between the numerical results and the reduced amount of damage of 
the central frames in the East and West wings.  

697



M.G. Mulas, P. Martinelli and S. Capriotti 

Figure 8: Shear force Vx and Vz along the weak axis at the base of ground story for the central frame columns of 
the North (on the left), East (at center) and West (on the right) wings. 

The in-plane bending moment at the base of ground story columns, for the same frames 
analyzed in Figure 6, has the same pattern of the in-plane shear. As an example, Figure 7 de-
picts the results for the columns at the ends of each frame. 

Figures 8 illustrates, for the central frame of the three wings, the time history of shear forc-
es at the base of ground story columns, along their weak axis. The out-of-plane demand along 
the x-axis on the North wing is very low. This finding is in agreement with the N-S direction 
of the prevailing displacement component: the numerical result is confirmed by both the ab-
sence of damage in the windows along XX Settembre Street (Fig. 3a) and rescuers’ observa-
tions. Also, low amplitude values are detected for the central columns of the East (C6 and C7) 
and West (C33 and C34) wings. On the contrary, external columns of the East (C5 and C8) 
and West (C32 and C35) wings are subjected to high shear forces.  
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Figure 9: Bending moment Mx and Mz along the weak axis at the base of ground story for the central frame col-
umns of the North, East and West wings. 

Thus, for the East and West wings, the out-of-plane shear demand reaches the highest val-
ues in the columns where the demand was lowest in the strong in-plane direction. The col-
umns experiencing the highest demands in the N-S direction, i.e. the weak direction for East 
and West wings, are those belonging to the transverse frames along the N-S direction (Fig. 2). 

Figure 9 depicts the time history of the bending moment, for the central frames of the three 
frames, along their weak direction. As for the response in the strong direction, shear and 
bending moments have a similar pattern, and only the results for the external columns of each 
frame are presented. The bending moment magnitude for columns belonging to the two trans-
verse frames of East and West wings is remarkable: these columns are subjected to high de-
mands, showing their contribution to resist to the strong direction of the earthquake.  

To investigate further this aspect, the transverse frames placed both on the short and on the 
inclined side of the East (columns C1, C5, C9 and C4, C8) and West (columns C17, C35, C39 
and C32, C36) wings are considered. Figures 10 and 11 show the shear forces Vz along the N-
S direction for the ground story of edge columns of East and West wings, respectively. The 
time instant at which the weak-story mechanism was triggered in the North wing is denoted 
with a dotted line in each time history. Both figures show that the edge columns belonging to 
the transverse frames were significantly loaded along the N-S direction, with the exception of 
columns C9 and C17. These columns are approximately aligned with the structure supporting 
the stairs, which can have played a role in resisting seismic forces in the N-S direction too. It 
can be concluded that the edge column on the short side of East and West have contributed to 
the global shear capacity along the N-S direction. However, it is apparent that this contribu-
tion was not sufficient to avoid the collapse of the North wing. 

Finally, the subdivision of shear force at the base of ground story among the columns be-
longing to the three wings and to the stairs, during the time interval before the weak-story 
mechanism (0-3 s), is analyzed. Both shear forces in the x- and z-directions are considered.  
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Figure 10: Shear force Vz at the base of ground story for the edge columns of the East wing. 

Figure 11: Shear force Vz at the base of ground story for the edge columns of the West wing. 

Let us examine, as an example, the columns from C1 to C11 of the East wing. At each time 
instant ti, it is possible to calculate a dimensionless index x(ti) in the x-direction: 

∑ | |

∑ | |
(1)

A similar indexz(ti) can be defined in the z-direction: 

∑ | |

∑ | |
(2)
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Equations (1) and (2) are also applied to the other wings and to the stairs. The indices x(ti) 
and z(ti) provide a measure of the level of shear demand along x- and z-directions for the col-
umns of the different wings. The mean value of x(ti) and z(ti) on the time interval 0-3 s rep-
resents a compact index of the level of shear demand. Figure 12 shows the mean values of x 
and z: approximately 80% of the total base shear in x-direction is almost equally subdivided 
on the East and West wings (40% in each Wings). The North wing is subjected to very low 
shear forces in x-direction (less than 10% of the total). The situation is completely different in 
the z-direction where the North wing attracts more than 50% of the total shear actions, while 
the level of shear in each of the East and West wing is around 18% of the total. 

Figure 12: Shear force subdivision on the three wings and stairs at the base of ground story during the time inter-
val 0-3 s. 

6 CONCLUSIONS 

The numerical simulation of the partial collapse of a 7-story RC building during the 2009 
L’Aquila earthquake is presented in this study. The collapse involved the North wing of the 
building and was characterized by different partial mechanisms: a ground weak-story mecha-
nism in the strong N-S direction of the earthquake, the collapse of three columns along the 
full height and the failure of a beam at stories 1-4. In this work a nonlinear FE model of the 
whole structure is adopted, reproducing the building characteristics at the time of collapse, in 
terms of geometry, material properties and loads [7]. The estimated seismic input at site is 
used in the step-by-step analysis. The reason why only the North wing collapsed and the anal-
ysis of the sequence of the mechanisms were the object of recent research studies [5-7]. In [7], 
with the same 3D FE model here adopted, the collapse sequence of the North wing was simu-
lated. This study focuses on the role of the East and West wings that survived the earthquake. 
While the building has globally a bidirectional resistance, in each wing mono-directional 
frames are placed, following a typical design procedure of the 60’s. In the East and West 
wings, the main longitudinal frames are aligned along the East-West (E-W) direction, but the 
two transverse frames in each wing are aligned along the N-S direction.  

The numerical results indicate that the building developed a bidirectional resistance, but 
the demand was not distributed as the masses in each wing. The East and West wings attract 
around 80% of the total base shear Vx along the E-W direction, while the North wing frames 
are weakly loaded in the E-W direction. A completely different trend was observed along the 
N-S direction, where the North wing attracts more than 50% of the total shear actions Vz, 
while the level of shear in East and West wings is around 18% of the total. The two external 
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transverse frames of the East and West wings, aligned along the N-S direction, attract signifi-
cant shear forces in the same direction. Nevertheless, the shear capacity of these frames was 
not sufficient to avoid the weak-story mechanism at the ground story of the North wing. It can 
be concluded that the building collapse can be directly ascribed to the lack of bidirectional 
resistance within each wing, resulting from the design procedure described in Section 2. 
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Abstract. Reinforced concrete hollow piers are well known for the shear effects they so often 

reveal to be subjected to. This aspect is particularly true in the case of hollow piers where the 

failure modes usually relate to shear behavior. Very few studies have devoted their attention 

to the economic consequences of repairing and retrofitting the physical damages existing in 

RC hollow piers subjected to the seismic action. This information is deemed crucial when 

cost-benefit analysis is concerned for the definition of measures for repair and retrofit of 

seismic damage. 

Therefore, the present work intends to discuss adequate strengthening strategies and their 

costs, associated with each seismic physical limit state of damage. An extensive review of nu-

merous cyclic experimental works on RC hollow piers conducted at the University of Porto 

will be performed, and in liaise with specialized construction companies, the repair costs will 

be estimated. 
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1. INTRODUCTION 

The hollow section piers are often used in high-rise bridges, particularly when it is neces-

sary to ensure high stiffness and simultaneously low weight, thus leading to a more economi-

cal construction. Hollow piers can be compared to reinforced concrete walls, however when 

such components are subjected to high intensity seismic actions can, in certain circumstances, 

evidence a significant vulnerability associated mainly to the low shear capacity.  

Due to the expected vulnerability of these piers, when subjected to seismic actions, it be-

comes urgent to assess the expected damage and its evolution with the increase of the intensi-

ty level. Additionally, it is noted that the focus of the scientific research devoted to seismic 

behaviour of these elements is still reduced, in particular with regard to damage and to the 

limit states of damage. This paper focus on the analysis of damages on hollow piers due to the 

seismic action, proposing a methodology to characterize the limit states of damage under the 

perspective of the physical behaviour. To establish a correspondence between physical dam-

age states and structural parameters, a set of results of quasi-static experimental tests was ana-

lysed, in hollow piers of reinforced concrete subject to cyclic loading [1-3].  

 

2. DESCRIPTION OF THE EXPERIMENTAL TESTS 

An experimental test campaign was conducted in the Laboratory of Earthquake and Struc-

tural Engineering (LESE), located at the Faculty of Engineering of University of Porto, where 

a test setup was developed and that served to several research works on this field of study. 

2.1. Test Setup  

The test setup, illustrated in Figure 1, consists in a structure constituted by two reaction 

steel frames. 

 

Figure 1: Test Setup 

One of the reaction frames is equipped with a horizontal actuator which enables to ap-

ply loads up to 500 kN. The second frame is equipped with a vertical actuator for the simula-

tion of axial loads, with a capacity of 700 kN. This second actuator is prepared to keep 

constant the axial load. The pier foundation and the reaction frames are connected to the rigid 

floor using high strength rods, pre-stressed to prevent undesirable displacements and rota-

tions. 
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2.2. Tested piers 

This experimental test campaign consisted of 12 piers, 6 with a squares cross section 

(PO1) and 6 with a rectangular section (PO2). The square piers have a section of 0.45x0.45m 

and a wall thickness of 7.5cm. The rectangular piers have a section of 0.90x0.45m also with a 

wall thickness of 7.5cm. All piers are 1.40m tall and were built with ¼ scale from the original 

size. All the piers have different characteristics of materials, arrangement of shear reinforce-

ment or cross areas of reinforcement. Table 1 shows these characteristics of the piers [1-3]. 

 

Designation Geometry fcm (Mpa) 

Longitudinal 

Reinforcement 
Shear Reinforcement 

area fsy (Mpa) 
ø 

(mm) 

fsy 

(Mpa) 
Type 

PO1-N1 Square 19,8 40φ8 625 3,8 390 2 legs 

PO2-N1 Rectangular 19,8 64φ8 625 3,8 390 2 legs 

PO1-N2 Square 27,9 40φ8 435 2,6 437 2 legs 

PO1-N3 Square 27,9 40φ8 435 2,6 437 2 legs 

PO2-N2 Rectangular 27,9 64φ8 435 2,6 437 2 legs 

PO2-N3 Rectangular 27,9 64φ8 435 2,6 437 2 legs 

PO1-N4 Square 28,5 40φ8 560 2,6 443 2 legs 

PO1-N5 Square 28,5 40φ8 560 2,6 443 2 legs (EC8) 

PO1-N6 Square 28,5 40φ8 560 2,6 443 4 legs (EC8) 

PO2-N4 Rectangular 28,5 64φ8 560 2,6 443 2 legs 

PO2-N5 Rectangular 28,5 64φ8 560 2,6 443 2 legs (EC8) 

PO2-N6 Rectangular 28,5 64φ8 560 2,6 443 4 legs (EC8) 

Table 1 : Properties of tested piers 

 

For instrumentation LVDT´s were used, on one of the lateral faces. Images and videos 

were also recorded, from outside and inside the pier. Figures 2 and 3 illustrate the detail of the 

reinforcement and arrangement of LVDT´s, respectively.  
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Figure 2: Detail of the reinforcement (Delgado, 2009) 
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Figure 3: Disposition of the LVDT´s (Delgado, 2009) 
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2.3. Loads / Displacements applied  

In terms of loads, were applied one axial load of 250 kN, that corresponds to a normal-

ized axial force of 0.08 constant over time, and one horizontal load responsible for the piers 

top displacement, variable over time, depending on the target displacement. These values re-

sulted from the displacement load pattern, and correspondent drifts, shown in Table 2, repeat-

ing three times for each intensity. 

 

Displ. (mm) 1 3 5 10 4 14 17 7 25 30 33 40 45 

Drift (%) 0.07 0.21 0.35 0.7 0.28 1.0 1.2 0.5 1.8 2.1 2.4 2.9 3.2 

Table 2 :  Displacements and drifts load pattern. 

 

3. SEISMIC DAMAGE STATES 

With the analysis of the experimental test it was possible to perform an evaluation of 

the damages in the columns. The types of damages that were observed correspond to: concrete 

cracking, concrete spalling and concrete crushing. After quantifying and analysing the dam-

ages due to the displacement applied on the top of the column, it was possible to identify sev-

eral response levels corresponding to the seismic damage limit states. The seismic damage 

limit states chosen for the present study were those defined by Delgado et al. [4]. These seis-

mic damage limit states are in line with other studies and documents, e.g. [5] and [6]. 

The methodology proposed by Delgado et al. [4] defines a total of four damage limit 

states. The first state of damage corresponds to slight damage. In this state, the damage is 

barely visible and does not compromise the structural stability. The visible damages are es-

sentially the beginning of cracking, in a small extension and density, concentrated on the low-

er third of the columns. The second state of damage, referred to as moderate damage, is 

distinguished from the previous state limit by the increase in cracking. The cracks have re-

duced openings, smaller than 1mm, being a large part of the typical cracks, shear cracking, 

which reach a maximum of 1mm of opening. The third state of damage is the state of exten-

sive damage. When a pier reaches this level of damage the element already requires attention 

and a significant repair. The most visible damages in the piers are the appearance of cracks 

openings of up to 3 mm and with a high density. In this state of damage the cracks are essen-

tially due to shear in the webs and to bending in the flanges also noting the effect of "shear lag 

effect". The cracks are evenly distributed over the entire section of the pier. It is also possible 

to observe some concrete spalling. The ultimate damage state is the collapse. When damage to 

the pier reaches this level, it is no longer economically and feasible to repair the structural el-

ement and its structural safety is seriously compromised. Between this state and the state of 

extensive damage, there is a significant evolution of damages, with emphasis on the concrete 

crushing and an increase of the detachment of the concrete cover. Numerically, this state is 

defined when the shear stress is higher than the theoretical resistant value or the conventional 

shear occurs. Figure 4 illustrates the evolution of damage, in the various limit states of dam-

age, of the PO2-N6 piers. 
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                                                                   a)                                                             b)  

                

c)                                                                            d) 

Figure 4:  a) Slight damage, b) Moderate damage, c) Extensive damage, d) Collapse 

After defining the several damage states, it is necessary to identify a response parame-

ter capable to translate the evolution of the physical damages of the column in each of the 

above limit states. Thus, and with the purpose of using a single structural parameter for all 

limit states, which can be easily evaluated in any numerical model, the drift response parame-

ter was selected. The correspondence between the four previously defined limited states of 

damage and the drift values was established from the analysis of the experimental tests of the 

hollow piers, and considering a description of each boundary state. The analysis of the exper-

imental tests had a main focus on the PO2-N6 piers. Table 3 translates the drift limit values 

associated with each physical damage state. 
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Limit State Drift (%) 
Slight 0.71 

Moderate 1.21 
Extensive 2.14 
Collapse 3.21 

Table 3 : Limit states and corresponding drift value 

4. REPAIR AND REINFORCEMENT TECHNIQUES 
Once the seismic damage limit states are defined, it is possible to analyse the best 

techniques for the repair or strengthening of the piers. In the following points, will be de-

scribed the best techniques of repair and strengthening for each state of damage. This study 

was followed by the approach and characterization of repair techniques proposed in the re-

search project "PRISE - Evaluation of Losses and Seismic Risk of Buildings in Portugal" [7], 

funded by the Portuguese Foundation for Science and Technology, in which the authors of 

this study were involved, and as presented in the work conducted by Delgado et al. [4]. In this 

project was built a database of unit repair costs for each repair technique, which includes ma-

terials and labour costs, obtained from surveys collected from several construction companies 

existing in Portugal and specialized in repairing/strengthening these damages. It should be 

noted that in this study, the indirect costs, such as access to the pier to be repaired and assem-

bly of the work platform, were neglected. 

4.1. Slight Damage Limit State 

As previously stated, this state is characterized by minor or irrelevant and visually im-

perceptible damages. The damages are characterized by very small cracks, up to 0.5mm of 

opening. For such pattern, with crack width less than or equal to 0.1mm, three possible repair 

techniques are identified and may or may not occur together, namely: surface painting; Sur-

face plaster of the piers; Scrub surface with epoxy resin. If the environmental conditions of 

aggression are zero, no repair is necessary. For crack width between 0.1mm and 0.5mm, the 

most appropriate repair technique is the injection of epoxy resin. 

The painting of the concrete surfaces of the piers must be carried out through water-

based monolayer paint scheme. This painting should be done in two coats, with a smooth fin-

ish, resistant to the alkalis of the hydraulic binders and complying with the minimum re-

quirements of EN 1504-2 [8]. This painting should be done with elastic paints to prevent 

further fissure of the piers. The surface plater repair technique consists of a generalized treat-

ment of the cracks at an unspecified location. The same plastering should be done with an ad-

juvant mortar. The last repair technique, applied on crack width lower than 0.1mm is to scrub 

the surface with epoxy resin. This technique consists on the application of impregnation prod-

uct with one coat, resistant to the alkali of the hydraulic binders and fulfilling the minimum 

requirements of EN 1504-2, [8]. Figure 5 illustrates the three repair techniques described 

above. For larger crack openings, less than or equal to 5mm, the most appropriate repair tech-

nique is epoxy resin injection. This injection of epoxy resin must comply with EN 1504-5 [9], 

which concerns injections in reinforced concrete structures. Figure 6 illustrates the execution 

of this same technique. 

709



Delgado Pedro, Sá Nelson, Marques Mário, Arêde António 

      

   a)                                                              b)                                                                     c) 

Figure 5: a) painting , b) plaster , c) ; Scrub surface with epoxy resin 

  

Figure 6: Injection of epoxy resin  

4.2. Moderate Damage Limit State 

The present state of damage shows cracks greater than that of the previous state, but 

does not concerned the structural stability of the element. In this state of damage the cracks 

vary between 0.5 mm and 1 mm of opening. In relation to the repair technique to be used, it is 

the same that was identified in the previous damage state (epoxy resin injection), for larger 

cracks, i.e. width up to 0.5 mm 

4.3. Extensive Damage Limit State 

In the limit state of extensive damages the crack width is, approximately, between 2 to 

3 mm, and is visible some concrete spalling. When a pier reaches this state of damage it al-

ready requires some attention, and needs to be repaired in a short term in order not to com-

promise the structural stability. For this reason, it is necessary to proceed with a structural 

reinforcement of the element. The repair technique for the cracks consists of the injection of 

epoxy resin, respecting EN 1504-5 [9], as previously mentioned. When the pier has cracks 
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and some spalling, it is necessary to proceed with the reconstruction of the piers. With respect 

to the structural reinforcement of the element this can be realized in three distinct ways: in-

crease of the section with the use of reinforced concrete; Bonding of metal sheets and Pier 

engagement with carbon fibre blankets (CFRP). 

When the piers have some concrete spalling, it is necessary to replace this same con-

crete. It is first necessary to remove the damaged concrete, to clean and to perform a surface 

treatment with a needle hammer. Once the degraded concrete has been cleaned, it is necessary 

to place a new concrete in compliance with EN 1504-2 [8]. Figure 7 illustrates the concreting 

process of areas where concrete detachment occurred, [11]. 

 

Figure 7:  Concreting process of areas with problems of concrete spalling(Kamran, 2006) 

Regarding to the structural reinforcement, it is possible to increase the section with the 

use of reinforced concrete. This increase shall consist of a minimum increment for each side 

of 50 mm in the case of projected concrete and 70 mm in the case of cast concrete, i.e. it is 

necessary to increase the cross-section by at least 100 mm. With respect to the steel rein-

forcement to be added, the longitudinal reinforcement should have a diameter of more than 8 

mm and the minimum transverse reinforcement should be ø8 // 0.15 cm. If metal profiles are 

used, the minimum thicknesses are 40 mm and 60 mm, respectively, for projected concrete 

and cast concrete. With respect to the metal profiles to be incorporated, the longitudinal sec-

tions must be angled with equal flanges with a minimum cross-section of L 50.50.5 mm and 

cross-sections of a rectangular cross-section with a cross-section of at least 25.4 mm or bars 

of ø10 // 0.10 Cm. If this type of reinforcement is used, it is necessary to have special atten-

tion to the anchorage of the new reinforcement. Figure 8 illustrates the reinforcement tech-

nique using reinforced concrete, showing in detail the additional outer reinforcement. 
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Figure 8: Detail of additional reinforcement in reinforcement technique using reinforced concrete. 

The reinforcement using metal profiles is a technique used when there is no alternative 

to increase the section of the piers. In this type of reinforcement, it is necessary to be careful 

with the connections to the existing nodes. Figure 9, illustrates the end result of a reinforced 

column with addition of metal profiles. 

Figure 9: Reinforced pier with metal profiles 

The last reinforcement technique proposed corresponds to the sectioning with compo-

site materials. This reinforcement technique has the advantage of causing a minimal increase 

of the section and greatly increasing the strength of the same. This technique consists of bond-

ing carbon fibre blankets using epoxy resins and then finishing them with a self-adhesive 

mortar. In this type of reinforcement, it is necessary to ensure that the ends are well bonded, 

which is always more burdensome in the case of slabs and beams. Figure 10 illustrates the 

result of a CFRP-reinforced piers. All of these glues referred to in the previous reinforcements 

must comply with EN 1504-4 [10]. 
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Figure 10: Pier reinforced with CFRP 

4.4. Collapse Limit Damage State 

As previously mentioned, the damage limit state corresponding to the collapse is char-

acterized by a large concrete spalling and in which the theoretical resistance is exceeded. 

Thus, when a pier reaches this state of damage, it becomes economically impracticable to re-

pair. If the demolition operation is not possible, there is no feasible repair techniques and only 

structural reinforcement is possible, using the reinforcement techniques described above. 

5. ESTIMATION OF REPAIR COSTS AND STRUCTURAL REINFORCEMENT BY

TECHNIQUE

This chapter presents the costs associated with each repair and reinforcement tech-

nique to be applied to damaged piers. The evolution of the costs of repair per damage states 

and the relationship between costs of repair / reinforcement and the costs of demolition and 

construction of a new pier will be presented. It is worth to mention that the unit repair costs 

associated with each work and technique were quantified under the scope of the PRISE re-

search project and presented in detail for this study in [11] 

5.1. Slight Limit Damage State 

In this state of damage, the painting works of the surfaces of the columns are included 

in the estimation of costs, being reflected in the total cost of the technique: the supply, load-

ing, transport, discharge and application. Considering that the entire surface of the pier under 

study (PO2-N6) will be painted, the cost of painting will be 37.80 €. If it is also necessary to 

plaster the surface of the piers with an adjunct mortar, the total cost of repair would addition-

ally be 30.24 €. If, on the other hand, it is necessary to scrub the surface application of epoxy 

resin on the whole surface, the cost of repair using this technique would be 49.14 €. 

If the cracks have a minimum opening of 0.5 mm, the epoxy resin injection should be 

used. Thus, assuming a crack density of 10.12 m / m2 of surface, this technique will represent 

a cost of 101.20 € 

Table 4 illustrates the repair costs for the limit state of slight damage. 
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Limit States Technique Unit Unit cost Amount Cost

Painting m2
10,00 €              3,78 37,80 €       

Plaster m2
8,00 €                3,78 30,24 €       

Scrub epoxy resin
m2

13,00 €              3,78 49,14 €       

Injection of epoxy resin m/m2superficie 10,00 €              10,12 101,20 €     

Slight damage

 

Table 4 : Costs of techniques in the state of slight damage 

5.2.  Moderate Limit Damage State 

As previously mentioned, the repair technique to be applied for this level of damage 

corresponds to the injection of epoxy resin. The unit cost of this technique includes cleaning 

the surrounding surface, all work and materials. Considering that the crack density is 16.79 m 

/ m2 surface, this technique will cost 167.90 €. 

Table 5 illustrates the repair costs for the limit state of moderate damages. 

 

Table 5 : Costs of techniques in the state of moderate damage 

5.3. Extensive Limit Damage State 

In this damage state, it is possible to distinguish two types of costs. The first one refers 

to the superficial repair of the piers and a second that refers to the structural reinforcement. In 

this state of damage, as previously mentioned, there are cracks and some concrete spalling. 

The repair technique for cracks is also the injection of epoxy resin. Considering that the crack 

density is 20.84 m / m2 of surface, this part of the cost will be of 208.47 €. The repair tech-

nique for the concrete spalling is the cleaning of the damaged concrete area and the applica-

tion of a new concrete. The cost of this repair technique includes repairing the piers with 

application of a mortar, including the removal of degraded concrete, cleaning and surface 

treatment using needle hammer, supply, placement, materials, equipment and execution. Con-

sidering this state of damage, it is expected a detachment of 0.05 m2 over all surfaces, with a 

cost of 0.75 €. 

About the structural reinforcement of the pier, there are three types of reinforcement. 

In order to determine the cost it is necessary to design the reinforcement so that the cost of the 

technique can be directly related to the increase of resistance whatever will be the reinforce-

ment. 

 If the technique of increasing the section with the use of reinforced concrete is used, 

the cost will be of 86.80 €. If instead of using this technique, one would use metal sheets, the 

cost will be of 286.74 €. Lastly, if a reinforcement technique with carbon fibre blankets 

(CFRP) is applied, the cost will be 172.80 €. 

Therefore, the final cost of this state of damage will be the sum of the two repair tech-

niques with the respective reinforcement technique to consider. Thus, if the first repair tech-

nique is used, the cost will be 295.96 €, if the technique using metal sheets is used, the cost 

will be € 495.90, if the last technique is used it will be 381.96 €. 

Table 6 illustrates the repair costs in the state of extensive damages. 

Limit States
Technique

Unit Unit cost Amount Cost

Moderate damage Injection of epoxy resin m/m2superficie 10,00 €              16,79 167,90 €     
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Limit States Technique Unit Unit cost Amount Cost

Enrollment with BA ud. 295,96 €           1 295,96 €     

Metallic plates
ud. 495,90 €           1 495,90 €     

CFRP ud. 381,96 €           1 381,96 €     

Extensive damage

 

Table 6 : Costs of techniques in the state of extensive damage 

5.4. Limit State of collapse 

In this state of damage, the piers are already so degraded that it is economically unfea-

sible to repair/reinforce it, and the best solution is to replace the piers. Thus, the total cost will 

reflect the demolition of the pier with the respective sorting in the work itself, recycling of all 

materials, loading, transport and unloading, all the accessory tasks necessary for the comple-

tion of the work, as well as for the cleaning of the place. The construction cost includes the 

concrete, including the execution of a standard reinforced concrete pier, including the supply, 

placement, compaction and cure of the concrete. The concrete has waterproofing incorpora-

tion; Transport, assembly, decoeing oil and formwork cleaning for plain concrete with smooth 

surface and shoring. Relative to the steel reinforcement, the cost reflects the supply, place-

ment, loading and unloading, wastes and splices and elements of reinforcement assembly and 

all work, materials and execution. Unit prices for the construction of the new pier were taken 

from Top Informática generator price [12]. Thus, the replacement cost of the pier will be 

454.69 €. 

Table 7 illustrates repair costs in the collision damage state. 
 

 
 
 

Table 7 : Costs of techniques in the state of collapse damage 

5.5. Evolution of structural intervention costs 

After analysing the costs of each structural repair and reinforcement technique, it is 

necessary to understand how the cost evolution occurs as a function of the structural response, 

considering in this case the drift as a response parameter. Thus, it will be possible to quantify 

the economic weight of each state limit for the repair or reinforcement of the piers. This in-

formation is shown in Figure 11. 

Limit States Technique Unit Unit cost Amount Cost

Collapse damage
Demolition and construction of a 

pillar ud. 454,69 €           1 454,69 €     
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Figure 11: Evolution of repair and reinforcement costs due to drift 

The previous figure tries to represent the costs disaggregated by technique of repair or 

reinforcement, for each limit state of damage. Analysing this information, we can estimate the 

evolution of repair costs along the increase of damages in the column. It should be noted that 

the costs in the state of slight damage are very clustered and in the state of extensive damage 

greatly dispersed. The evolution of costs by the different states of damage is translated by the 

expression (1) (coefficient of determination R2 = 0.96). 

  (1) 

To better identify the impact of each boundary state on the cost of repair and to verify 

its economic viability, it was chosen to represent the same evolution in terms of the repair cost 

ratio by the replacement cost of the pier, illustrating this in Figure 12. Table 8 shows the cost 

of each technique as well as the ratio previously described. 

 

Figure 12: Ratio price Repair / price new pier vs drift  
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Limit 
States 

Repair / reinforcement 
technique 

Drift Price Ratio 

Slight 
damage 

Painting 0,36%      37,80 €  0,08 

Plaster 0,36%      30,24 €  0,07 

Scrub epoxy resin 0,36%      49,14 €  0,11 

Injection of epoxy resin 0,71%    101,20 €  0,22 

Moderate 
damage 

Injection of epoxy resin 1,21%    167,90 €  0,37 

Extensive 
damage 

Enrollment with BA 2,14%    295,96 €  0,65 

Metallic plates 2,14%    495,90 €  1,09 

CFRP 2,14%    381,96 €  0,84 

Collapse 
damage 

Demolition and construc-
tion of a pier 

3,21%    454,69 €  1,00 

Table 8 : Cost and ratio of each reinforcement / repair technique  

 

Analysing the ratio of all repair techniques and structural reinforcement, it can be veri-

fied that there is a constant and increasing evolution between the different damage states. 

However, a large difference in the ratio between the moderate and extensive damage status is 

noted. This is due to the state of extensive damage requiring reinforcement, which greatly in-

fluences the final cost of the technique. 

Figure 13 shows the evolution of the drift ratio for each repair / reinforcement tech-

nique. The evolution of cost, as previously shown, increases and it is possible to adjust a po-

tential function to this trend. 

 

Figure 13: Evolution of the ratio per the limit drift of the repair techniques  
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As shown in the previous figure, the quality of the adjustment is high (coefficient of 

determination of R2 = 0.98), which makes this continuous cost transfer function an important 

indicator for any estimate of costs in hollow piers of reinforced concrete. Additionally, it al-

lows to evaluate the impact and efficiency of each repair or reinforcement technique. 

  (2) 

 

6. CONCLUSIONS 
In the present study, the evolution of structural damage in hollow reinforced concrete 

piers (whose behaviour is also representative of reinforced concrete walls) due to the action of 

earthquakes, with the purpose of defining limit states of damage, is based on a previous study 

of the authors of this study Delgado et al. [4]. This information was associated with repair and 

reinforcement techniques, which are commonly applied in Portugal. Finally, the respective 

costs were estimated, which allowed to characterize the evolution of the costs of repair and 

reinforcement of the piers as a function of the structural response. This work uses the con-

struction techniques and their unit costs established under the PRISE project. 

In this way, it was possible to observe the trend of increasing evolution of the type of 

structural damage (quantified by the drift response parameter), and limit state, with the cost of 

repair estimated for the proposed techniques. At the same time, it was identified that this evo-

lution of the cost is potential, being translated by equation (1). 

The evolution of the ratio repair cost (or reinforcement) by replacement cost of the 

pier allowed to conclude on the feasibility of introducing a specific repair technique. Through 

this evolution, which can be translated by a potential curve, equation (2), we can also con-

clude that between the state of moderate and extensive damage there is a great gap, which 

greatly increases the cost. It should be noted that in this study indirect costs were neglected, 

and if they were considered the costs would be much higher. 

Thus, the present study intends to be a starting point for a more detailed analysis of a 

benefit-cost study for structural intervention in hollow reinforced concrete piers, and may be 

equally important for analyses of seismic risk at the structure level or at a regional scale (port-

folio analysis). 
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Abstract. Downtime –as the time necessary to restore a system’s functionality- is the critical 
parameter of the recovery process after an abrupt event. This quantity is usually underesti-
mated to the repair time, while the recovery process also includes the “recovery initiation de-
lay”. The paper tries to use a model to estimate the time needed to start the building repair 
after the hazard occurrence. Among several factors affecting downtime, those external to the 
building play a key role in determining this duration. Such factors are strongly dependent on 
community relationships. External factors - including transportation access, building inspec-
tion, utility disruption, financing, etc. - from Loma Prieta earthquake are compiled and ana-
lyzed in order to investigate the relative effect of community dependent factors on building 
recovery initiation delay. A sensitivity analysis is done, as different factors do not have the 
same influence on recovery path. 
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1 INTRODUCTION 

“Estimation of downtime losses is and will remain perhaps the biggest challenge of seismic 
performance assessment and risk management.” [1]. Downtime estimation cannot be restrict-
ed to repair time, as the repair process never starts immediately after the hazard occurrence. 
The time needed to prepare for the repair process is not negligible. This period is mostly af-
fected by community-dependent factors and the economic, environmental, socio-political and 
technical considerations.  

The objective of this paper is to review and postulate factors affecting downtime with a 
particular focus on those external to the building. Relevant literature on loss and downtime 
estimation are reviewed, from which a list of external factors affecting downtime is collected. 
A model is used in order to quantify the delay caused by these factors and identify the critical 
activities. The method must incorporate uncertainties, as the pre-repair activities duration does 
not remain constant for different buildings. The output is time required to start the building 
repair and is presented via probability distributions. The method is applied on a numerical ex-
ample: Loma Prieta earthquake. Different scenarios are assumed to analyze the input (pre-
repair activities duration) sensitivity on output (overall delay caused by externalities). Results 
illustrate the importance of managing and controlling the external factors, which is extremely 
related to the community role and relationships. 

2 BACK GROUND 

An early loss model by Czarnecki (1973) [2] formulated a methodology to relate repair 
costs to shaking intensity where repair costs were specific to the individual building. The ear-
liest model incorporating external factors in downtime estimation is the risk assessment soft-
ware package Hazus-MH built on GIS (Geographic Information System) technology, released 
by FEMA in 2004 [3]. “Total downtime of the community may be associated with a bridge, 
road, or utility that can be damaged by a hazard.” The repair time is equal to the estimated 
construction time, whereas the extensive damage state also includes the time for activities 
such as finance, design, and permits [4]. Such activities have been acknowledged by Comerio 
[5] as “irrational” components, which include four issues dominating the preconstruction pe-
riod: (1) the need to secure financing, (2) the ability to relocate building functions, (3) the 
availability of labor, and (4) economic and regulatory uncertainties. According to Comerio, 
total downtime is the aggregation of rational and irrational components. The Resilience-based 
Earthquake Design Initiative for the Next Generation of Buildings [6] framework combined 
the downtime due to delays, repairs, and utility disruption. Downtime due to delays and utility 
disruption occur simultaneously after the earthquake occurrence, and downtime due to repairs 
follows the downtime due to delays. The time needed to complete all three sources of down-
time represents the total downtime to achieve the recovery state under consideration. Delays 
are caused by factors which include completion of post-earthquake building inspection, secur-
ing financing for repairs, mobilizing engineering services, re-designing damaged components, 
obtaining permits, mobilizing a contractor and necessary equipment, and the contractor order-
ing and receiving the required components including ‘long-lead time’ items. Burton [7] dis-
cussed these factors within the concept of “lead time” through the recovery path which is the 
time required for building inspection and/or evaluation, finance planning, architectur-
al/engineering consultations, a competitive bidding process, and mobilizing for construction. 
In addition to these contributors to lead time, factors outside of a building’s footprint that has 
been defined as externalities, such as utility services, building access, shortage of the materi-
als and skilled labor needed to conduct repairs or the adverse economic effect, were acknowl-
edged. 
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However, most methodologies do not fully consider all factors affecting downtime, even 
though the majority of these studies acknowledge the importance of the various factors. These 
activities are mostly related to the community; they have a sequence and the relative im-
portance of them must be investigated. As an example, a building must be inspected for the 
probable damage before the engineering and redesigning services is mobilized and, following 
these steps, necessary components and materials can be ordered and received. Availability of 
these components itself, depends on the transportation access. All these dependencies create a 
network of activities, leading to the overall recovery path. There are different methods - such 
as critical path method (CPM), and Program evaluation and review technique (PERT) - to ap-
ply this sequence and find out the relative importance of the external factors. 

3 METHODOLOGY 

Critical path method identifies the time required to complete the activities in a project, and 
the order of the steps. It determines the “critical” activities (on the longest path) and prioritize 
activities for the effective management of them. Having the required information -including 
the duration and dependencies of all activities to complete the project- a chart can be produced 
to illustrate the project schedule. According to the chart, the longest path to complete the pro-
ject and the earliest and latest time for each activity to start and finish -without making the 
project longer- is determined. The activities in the longest path are critical and the others can 
be delayed as long as their “total float” without impeding the project [8].  

Initially, the overall project will be divided into separate operations, which are necessary 
for total project completion; and sequential relationship of the activities is determined. The 
time estimate of each activity is the second phase. Earliest possible start, earliest possible fin-
ish, latest possible start, and latest possible finish must be calculated in this phase and accord-
ing to the chart created by means of this information, free and total float is extracted. Float is 
the amount of time that a task can be delayed without causing a delay to the subsequent tasks -
called free float- and the project completion date -called total float- [9]. 

For downtime estimation - with focus on external factors - this method can be applied in 
order to understand the critical factors and different ways to reduce downtime. Furthermore, it 
helps find out the least costly ways to speed up the recovery process. However, the duration of 
repair activities are not usually determined with certainty; especially for the activities related 
to community scale. In contrast with CPM, PERT (program evaluation and review technique) 
is a method with the same approach which “incorporates uncertainty by making it possible to 
schedule a project while not knowing precisely the durations of all the activities” [10]. 

PERT distribution uses the most likely value, and it is designed to generate a distribution 
that closely resembles realistic probability distribution. PERT distribution creates a smooth 
curve that fits well to the normal or lognormal distributions. It requires minimum value (a), 
maximum value (b), and the most likely value or mode (m). In the PERT distribution, the ex-
pected value μ and the standard deviation σ are calculated according to equations 1 and 2 [11]. 

)1( 
2

a b m

 




 

)2( 
6

b a 
 

Where a is an optimistic time to perform the activity, m is the most likely time to perform 
the activity (mode), b is a pessimistic time to perform the activity, and λ is an additional scale 
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parameter, which determines the height of the distribution; the default value for this parameter 
is 4. According to these parameters, the activities can come in a variety of shapes (figure 1). 

 
Figure 1: Expected shapes of distribution of the activity duration 

A critical path can be determined using the mean completion time for each activity (for the 
activities without uncertainty, the precise duration can be utilized). Each project may have one 
or more critical paths. A critical path is the sequence of project network activities, which add 
up to the longest overall duration. According to the central limit theorem (CLT), “given cer-
tain conditions, the arithmetic mean of a sufficiently large number of iterates of independent 
random variables -each with a well-defined (finite) expected value and finite variance- will be 
approximately normally distributed, regardless of the underlying distribution” [12]. Thus, the 
overall duration of the project can be normally distributed. 

The project mean completion time is determined only by the completion time of the activi-
ties on the critical path. Based on the activities probability distribution, the overall project 
completion time is normally distributed. The mean time (ϻ) of the overall project is equal to 
the sum of the mean times of the activities on the critical path. Additionally, the overall vari-
ance of the project is the sum of the variances (σ2) of critical activities. Using these values, 
Probability of project completion within any given period is calculated. The probability of a 
project completion within X days- with known ϻ and σ- can be calculated using the normal 
probability table (Z table) according to equation 3. 

)3( 
X
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“A standard normal table, also called the unit normal table or Z table, is a mathematical ta-
ble for the values of Φ, which are the values of the cumulative distribution function of the 
normal distribution. It is used to find the probability that a statistic is observed below, above, 
or between values on the standard normal distribution, and by extension, any normal distribu-
tion” [13]. 

4 NUMERICAL EXAMPLE 

Applying numerical examples is an essential step in analyzing the external factors and 
identifying the critical ones. Studying the data from previous disasters would highlight the 
effect of different parameters such as hazard type, hazard intensity, the community role, etc. 
on external factors. It would also help the decision makers in getting prepared for future disas-
ters by understanding the critical factors and parameters.  In this study, the model is imple-
mented on Loma Prieta earthquake, occurred in northern California in 1989.  
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The first step in applying the method, is compiling data about different external factors. For 
each activity, we need to estimate an optimistic duration, a pessimistic duration and a mode to 
calculate expected duration for PERT model. According to the type of data needed, in some 
cases estimation of the mode is more critical than the maximum and minimum value. Mode is 
the value that is repeated more than any others in a set of data, and Because of insufficient da-
ta, we assumed no skewness for the beta distribution of the activities. In this case, the mode is 
considered in the middle of optimistic and pessimistic duration. 

4.1 Loma Prieta earthquake 1989  

The Loma Prieta earthquake affected the San Francisco area on October 17, 1989, causing 
the loss of 63 lives.  A magnitude 6.9 earthquake severely shook the San Francisco and Mon-
terey Bay regions. Loma Prieta was clearly a major earthquake for the San Francisco Bay Ar-
ea. Initial government estimates formulated a few weeks after the event indicated that over 
22,000 residential structures, 1,567 businesses, and 137 public buildings in the area of impact 
were destroyed or sustained significant damage [14].  

Table 1 presents the information about external factor for Loma Prieta earthquake. This in-
formation is gathered from different reports and sources, which is presented in the “basics” 
column in the table. For three of the activities (colored in grey) including “Engineering mobi-
lization and review/re-design”, “Ordering/receiving initial components” and “Mobilizing con-
tractor and workforce”, as the result of insufficient data, tenuous assumptions are considered. 
In order to have logical bounds, the assumptions are adopted from lognormal cumulative dis-
tribution of impeding factors of Resilience-based Earthquake Design Initiative rating system 
[6]. By implementing different scenarios, we could analyze the impact of different assump-
tions on the output of the method. This would lead us to a stochastic sensitivity analysis. 
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Transportation A 0 15 30 15 - (Tierney 1991), (Web-
ber 1992), (SPUR 
2010), (Benuska 1990), 
(Yashinsky 1998), 
(Giacomini & Witt 
1998)+Assumption 

Building inspection B 1 72 143 72 A (Tubbesing & Mileti 
1994), (Martin 
2013)+Assumption 

Engineering mobilization and 
review/re-design 

C 14 42 70 42 B Assumption (C1) 
C 175 350 525 350 B Assumption (C2) 

Obtaining permits D 3 184 365 184 C (California Seismic 
Safety Commission 
1991)+Assumption 

Ordering/receiving initial 
components 

E 1 16 31 16 C, J Assumption (E1) 
E 30 45 60 45 C, J Assumption (E2) 

Mobilizing contractor and 
workforce 

F 21 49 77 49 J Assumption (F1) 
F 77 175 273 175 J Assumption (F2) 

Electricity G 0 1 2 1 - (Tierney 1994) 
+Assumption Water H 0 7 14 7 G 
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Gas/oil I 10 20 30 20 - 
Financing J 0 225 450 225 - (California Seismic 

Safety Commission 
1991)+Assumption 

Table 1: PERT parameters for activities due to external factors in Loma Prieta earthquake 

According to table 1, several scenarios are presented based on damage state, activity de-
pendencies and type of financing. Following comes the analysis of different situations. 

4.1.1. High damage intensity:  

In this case, “engineering mobilization and re-designing (activity C)” takes the longest du-
ration (assumption 2) and -regardless of the other variables-, critical path will always remain 
the same: A-B-C-D. The project completion mean time –time needed before starting the repair 
process- is equal to 621 days. Building inspection as one of the long lasting activities in the 
critical path can significantly reduce the total downtime. Programs such as BORP [25] can 
ensure downtime reduction. Calculation shows that the implication of BORP (in which the 
optimistic and pessimistic duration equals 1 and 3 days) can reduce the total duration up to 70 
days.  

4.1.2. Low damage intensity:  

For less intense damage states, lower values are considered for estimating the duration of 
“engineering mobilization and re-designing” (activity C). The project completion mean time 
is less than the high damage intensity situation and is equal to 400 days. In this case, the ex-
pected duration of “mobilizing contractor and workforce” (activity F) can affect the critical 
path; If it takes a long duration (assumption 2) the critical path is likely to be changed into J-F.  

Furthermore, since “Financing” (activity J) turns into a critical activity, it becomes viable 
to be crashed. This will happen if the independent financing or an earthquake insurance exists. 
A BORP like economic agreement -which ensures financing within a specific period after the 
earthquake- would be helpful. As an example, if the mode is reduced to two weeks, not only 
the total duration will be reduce up to 87 days, but also the critical path will be changed to A-
B-C-D. Diagram of Loma Prieta earthquake activities for the situation number 1 and 2 is pre-
sented in Figure 2. 

 
Figure 2: Critical path diagram of Loma Prieta earthquake for situation number “1” (critical path presented in red 

dashed line) and “2” (critical path presented in red line). 

4.1.3. Necessary pre-payment for mobilizing engineer and re-designing:  
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The study shows the importance of activity dependencies, which vary according to the reg-
ulations and community relationships. These changes must be applied in different ways, such 
as modifications of the project sequence logic. As an example, if a prepayment is necessary 
for engineering and redesigning process (activity C), financing will be a predecessor for this 
activity and the diagram will be modified as below (Figure 3). This changes the critical path 
into J-C-D. This path will remain critical regardless of any changes in all other assumptions 
and even if both activity C and F take their longest duration, critical path will not change. The 
project completion mean time is more than the previous situations and is equal to 759. This 
duration can be reduced up to 138 days if a BORP like economic agreement is adopted. This 
would also change the critical path to A-B-C-D.  

 
Figure 3: Critical path diagram of Loma Prieta earthquake for situation number “3”.Red lines indicate the critical 

path 

5 FINAL CONCLUSIONS 

 
Figure 4: Probability distribution of the project completion for Loma Prieta Earthquake 

Several fragility curves are presented for the Loma Prieta assumed situations (Figure 4) in 
order to summarize the results obtained from PERT analysis. The curves show the probability 
distribution of the project completion for different cases considered. Each curve is drawn ac-
cording to the chance that a project can be finished on or before a specific time. 

The blue lines refer to high damage states (situation 1), and the green lines present the low 
damage states (situation 2). This analysis demonstrates that the damage state not only increas-
es the repair duration, but also affects the pre-repair period significantly. A-B-C-D is the most 
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likely path to be critical. Crashing each of these activities –which are dependent on communi-
ty relationships- leads to a significant reduction in total downtime.  

The effect of community preparedness programs are represented by dashed lines in figure 4. 
Adopting programs like BORP –by reducing the time required for inspection (Blue dashed 
line) - or granting easy permits are two examples of crashing attempts. “Mobilizing contractor 
and workforce” (activity F) is the other important activity which can change the critical path 
to J-F if it takes a long duration. Considering this activity in a post-hazard agreement is also 
effective (green dashed line). 

The red line presents the third situation in which a pre-payment for “mobilizing engineer 
and re-designing” is necessary. The project is likely to be finished later than any other cases. 
By crashing activity J (Financing), in the best situation the project would be the same as the 
previous cases as the critical path changes. This demonstrates that financing is relatively the 
most important factor among those external to the building. “Financing” could exist in the 
critical path under certain situations, which are affected by the activity dependencies and 
community relationships. In this case, BORP like economic agreements, independent financ-
ing or hazard insurance programs could reduce the downtime significantly. 

Among critical activities, the duration of “Mobilizing engineers and re-designing” depends 
on the damage state more than the others. Nevertheless, adopting a post-hazard engineering 
agreement before the occurrence of the abrupt event could attenuate the effect of this activity 
on downtime. “Ordering and receiving initial components” (Activity E) do not exist in the 
critical path either in its first or second assumption or even if the largest value for activity “C” 
and “F” are not assumed. This happens because of the large value of its total float, which is 
the result of long expected durations considered for critical activities.  

The study demonstrates the considerable effect of external factors on downtime in the pre-
repair phase. Considering and improving such factors leads us to systems that are more resili-
ent. Applying a numerical example on the proposed method shows that the community rela-
tionships - such as government role, economic situation, existence of preparedness programs, 
etc. - play a key role in determining these factors and their correlations. 

In addition, community preparedness programs -such as BORP agreement- would definite-
ly ensure the downtime reduction. However, this program is only limited to “inspection” of 
the buildings. Assuming such programs in this study for different activities illustrated their 
significant effect on reducing downtime quantity. 

Above all, the most influential activities, which are more likely to be in critical path -such 
as financing, inspection, transportation access, etc. -, are determined by doing the sensitivity 
analysis. Besides, utilities backup must be considered as an essential factor to guarantee the 
habitability of the buildings. However, it never turns into a critical activity and so it does not 
impede the repair process. 
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Abstract. Estimating the collapse limit state of concrete gravity dams within the framework 

of performance based design is challenging due to the uncertainty in modelling the response 

of these systems and the strong dependence of the behavior on the ground motion. The pur-

pose of the study is to investigate the seismic expected damage levels by using the overlapping 

lattice modeling (OLM) approach with incremental dynamic analysis (IDA) for two repre-

sentative dam monoliths. OLM employs pin connected bar elements extending over a prede-

fined horizon to discretize the continuum similar to the concept used in peridynamics. The 

constitutive model of concrete was calibrated by using tension tests prior to the dam simula-

tions. The most important advantage of the OLM approach was the ability of the simulations 

to capture the discrete crack propagation in a much better. Nonlinear finite element analyses 

by using a smeared rotating crack model for concrete were also conducted to compare the 

estimations of OLM. The results of IDA showed that initial cracking occurred at the dam base 

followed by the inclined cracking of the dam body resulting in significant damage. A strong 

dependence of the damage patterns on the ground motion was noted. OLM estimations of 

crack lengths tended to be longer and more discrete as opposed to the more diffused and 

shorter cracks obtained with the nonlinear finite element simulations. Results demonstrate the 

promising nature OLM to capture dynamic crack propagation in concrete media.  
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1 INTRODUCTION 

Seismic damage and failure of dams possess important risks to the society due to the ex-

pected monetary and human loss. Concrete gravity dams are commonly built in seismically 

active zones. Accurate estimation of the expected damage during earthquakes is necessary 

both for the seismic response and for the design and assessment of these systems. There are 

only a few field observations on seismically damaged concrete gravity dams; Koyna, Sefid-

Rud and HsingFengKiang Dams being the important examples [1, 2]. Given the scarcity of 

such cases, laboratory testing and computational simulations appear as the primary choices for 

estimating the damage and/or collapse mechanism of these systems. Some of the well-

documented laboratory experiments were conducted on the scaled models of dam structures in 

the last two decades. However, most were focused on calibration of the material models with 

respect to the crack propagation [3-5]. Few shake table tests on scaled specimens were also 

conducted [6] in addition to a recent pseudo-dynamic testing approach [7]. However, all these 

tests are limited by the scaling laws, as well as the assumption of a simplified geometry and 

pre-defining the location of the crack. Moreover, the difficulties in the repetitions of the test 

significantly limit the use of these tests for understanding the collapse limit states. 

Carefully calibrated simulation techniques are commonly used for determining the perfor-

mance of the concrete gravity dams both for research and design. Finite element method 

(FEM), with its well-established history, is one of the first choices for nonlinear dam simula-

tions. One of the important limitations regarding the use of FEM in cracking analysis of plain 

concrete structures is the inability of tracing crack widths and directions. Moreover, the per-

formance levels for these systems at the extreme scenarios require simulating the separation, 

rocking or sliding phenomena which is challenging to simulate in the continuum based finite 

element setting. The smeared crack with a rotating crack assumption [8] was widely utilized 

in the literature for the prediction and evaluation of the performance of monolithic concrete 

structures by Bhattacharjee and Leger [4], Ghaemian and Ghobarah [9], Mirzabozorg and 

Ghaemian [10], Çalayır and Karaton [11], Hariri-Ardebili et al. [12]. The simulation results 

were generally tested with the damage pattern observed in the Koyna Dam and they were 

found to be successful in replicating the “neck” cracking. However, crack pattern estimations 

for heavy damage situations, usually needed for loss estimation studies, are quite challenging. 

The overlapping lattice model (OLM) is a promising alternative for studying the perfor-

mance of the concrete gravity dams under dynamic loading. The overlapping lattice approach 

employs pin connected bar elements extending over a predefined horizon to discretize the 

continuum similar to the concept used in peridynamics. OLM considers cracking by employ-

ing brittle or elastic-softening force displacement models [13, 14]. Hence OLM has the poten-

tial to model crack initiation, opening and propagation naturally. Aydin [15] conducted a 

detailed study to obtain the constitutive model properties of bar elements by employing direct 

tension test results. Further validation studies were conducted in that study by using sequen-

tially linear analysis technique. In this study, we extend that work to explicit dynamic analysis 

of concrete gravity dams with an emphasis on crack prediction. Incremental dynamic analyses 

were conducted by using three ground motions on two different dam sections in order to in-

vestigate 1) the relationship of the level of damage on the system and the ground motion lev-

els and 2) investigate the nature of the extreme behavior of these systems which can be called 

the state of collapse. Comparisons of OLM and finite element results are also presented to 

discuss the effect of simulation tools on the estimations of crack length and pattern estima-

tions.  
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2 MONOLITHS AND GROUND MOTIONS 

Two different 100m tall monoliths with similar cross-section areas and different geome-

tries (Figure 1a) were analyzed in the course of this study. The upstream face of the first 

monolith was assumed vertical while the downstream side had a slope of 1H/0.6V. The up-

stream and downstream slopes of the second monolith were 0.05V/1H and 1H/0.65V respec-

tively, with discontinuity points at the “neck” of the structure (Figure 1a). In the simulations, 

the monoliths were modeled as fixed base and the hydrodynamic forces were taken into ac-

count via Westergaard’s added mass formulation [16]. Tensile strength and fracture energy 

were taken as 1.90 MPa and 200N/m in the simulations while compressive regime was as-

sumed to remain elastic.  

The monoliths were analyzed under three different ground motions (Table 1) each scaled 

to five different levels. It should be noted that the vertical components of the ground motions 

were also applied along with the horizontal components of the motions. The acceleration re-

sponse spectra of the unscaled motions are presented in Figure 1b. 

 

 
Monolith I 

 
Monolith II 

 

(a) Dam Models (b) Acceleration Spectra of Motions 
Figure 1: Dam Models and Spectra of Motions 

 
Table 1: Selected Motions 

No. Earthquake Name Component Moment 

Mag. 

MW 

Distance 

(km) 

Peak 

Ground 

Acc. (g) 

Shear 

wave vel. 

VS30 (m/s) 

1 Loma Prieta, 1989 90o 6.93 17.92 0.17 663.31 

2 Chi-Chi, Taiwan-03 North 6.2 15.04 0.38 624.85 

3 Chuetsu-oki, Japan North-South 6.8 5.0 0.26 561.59 

 

3 OVERLAPPING LATTICE MODELING 

In the overlapping lattice model, each node interacts with points within a predetermined 

distance called horizon () accounting for nonlocal effects (Figure 2a). For an initially uni-

formly distributed particles separated by d in x,y, and z directions, is commonly taken 

slightly more than three times d. Therefore, for two-dimensional problems, a particle located 

away from boundaries initially interacts with 28 neighboring points (Figure 2b). In this study, 

a classical structural analysis approach with explicit time integration was used [17]. The slope 

of the linearly elastic segment EtAt (elasticity modulus times cross sectional area of truss ele-

ments) was obtained using the energy balance. Introducing a deformation field, i.e. 

x=constant, y=0, the total elastic energy stored in the original problem using the actual elas-

ticity modulus was calculated. Then, an identical deformation field was applied to the OLM 
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and the total elastic energy was calculated by taking EtAt =1. As the stored energy is propor-

tional to EtAt in the OLM, EtAt was obtained as the ratio of the original energy to the energy 

from the OLM with EtAt =1. As concrete exhibits tension softening, beyond this critical strain, 

the element can transfer further tension by softening as shown in Figure 1c. Nonlinear tension 

softening was assumed to be in the form of a stepwise linear softening function as shown in 

Figure 2c. Force-deformation curves for direct tension tests for a specific gauge length were 

employed to calibrate the input force-deformation response of the truss elements [15]. For el-

ements with different sizes, the length scale was then used to adjust the input force-

deformation function similar to the approach used in the mesh regularization in finite element 

simulations [18] as shown in Figure 2c. The results from the calibrated tension softening 

models are compared to the stress-deformation response from the tests by Gopalaratnam and 

Shah [19] in Figure 3, along with the obtained crack pattern from the simulations. A close 

agreement can be observed between the OLM and test results independent from the mesh size.  

 
Figure 2: OLM and Constitutive Model in tension 

     
(a) Crack Pattern    (b) Comparsion with tests 

(b) Figure 3: Direct tension test calibration of OLM 

 

By using the calibrated force-deformation response for truss elements, a dam test was sim-

ulated to validate the OLM. A 1/75 scaled model of the 120-m-high Melen Dam (Fig. 4a) was 

tested using three different scaled ground motions by using the pseudo-dynamic testing tech-

nique [7]. The original setup enabled the use of only the bottom half of the dam section and 

the inertial and hydrodynamic load effects were simulated using a lateral hydraulic piston. 

The overlapping lattice model was constructed by using 25 mm grid size to observe perfor-

mance estimation for a continuum unreinforced concrete structure. As information regarding 

the fracture energy value of the specimen was not reported, Gf  values of 0.06 kN/m, 0.1 kN/m 

and 0.15 kN/m were employed to investigate response predictions over a wide range of Gf. 

The Et, fcr, and thickness values were taken as 10.5 GPa, 2.9 MPa and 200 mm, respectively, 

as reported in the test. After the application of a vertical load of 400 kN and corresponding to 
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the initial stress conditions, the specimen was loaded from the upstream gradually (Fig. 10(a)). 

For all Gf values OLM results for 3.01d horizon size were compared with the consecutive PsD 

and pushover test results in Fig. 4. It can be observed that the initial stiffness estimation of the 

specimen was perfect whereas the estimation of lateral load capacity was off by about 20%. 

The deformability of the specimen was predicted in a reasonable manner with some reduction 

in load carrying capacity around 1.5 mm. The crack patterns are shown in the same figure 

around 3.5 mm tip displacement. The crack pattern observed from the test seemed to agree 

well with the base cracking shown in Fig. 4. It is interesting to note that the variation of frac-

ture energy or increasing the horizon seemed to affect the response in a limited manner.  

 

  
(a) Figure 4: Validation of OLM with a dam test 

4 DYNAMIC ANALYSIS RESULTS 

An explicit dynamic analysis program was prepared for dynamic dam simulation using 

OLM. Newmark explicit integration scheme was used with Rayleigh damping (α=1 and β= 

0.0001, mass and stiffness proportional damping parameters). A time step of 4e-5 was used in 

the analyses. The tensile stress-strain behavior used in the static validation studies (Figure 2c) 

was modified with an origin oriented hysteresis model.  

Estimated crack patterns are presented in Figure 5 at five different scales for Motion II for 

brevity. Base cracking was observed in all the simulations followed by body cracking. Loca-

tions and lengths of body cracks were observed to depend both on the motion type and motion 

scale factors. It can be observed that for Monolith 1 cracks occurring in the upstream and 

downstream sides tended to join within the top 1/3 portion of the dam height upon increasing 

the ground motion intensity beyond a spectral acceleration of 0.4g. Conversely, a section 

through crack could be observed for all ground motion intensities for Monolith 1. Despite se-

vere cracking on the dam body, OLM simulations did not estimate any block separation or 

partial collapse. Results demonstrate that concrete gravity dams are extremely prone to body 

cracking under strong ground motions, but they are unlikely to exhibit partial collapse despite 

significant leakage potential that may require significant repairs.  

Maximum crest displacements, accelerations and base shear forces obtained from OLM 

simulations are presented in Figure 6. Crest displacements tended to increase in a nearly linear 

manner with increasing motion scales, while the crest accelerations increased in an exponen-

tial manner when motions were linearly scaled. Crest accelerations and base shear forces 

tended to exhibit significant motion dependency, with Motion III producing the highest de-

mands. It can be observed that crest accelerations and base shear force demands tended to be 

similar for Monoliths 1 and 2 for spectral acceleration values smaller than about 0.3g. For 

spectral acceleration values larger than 0.3g, the seismic demands on the two monoliths were 

significantly different. This results demonstrate the importance of dam section geometry on 

the seismic demands.  
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Sa/PG

A  
0.16g/0.15g 0.24g/0.23g 0.32g/0.30g 0.40g/0.38g 0.48g/0.46g 

Mono-

lith I 

     
 

 

 

 

Mono-

lith II 

     

Figure 5: Earthquake Induced Damage Estimations 

 

   
 

Figure 6: Seismic Demand Parameters in IDA 

5 OLM VERSUS FINITE ELMENT SIMULATIONS 

The results of OLM simulations were compared with the results obtained from the nonlin-

ear finite element simulations conducted by using DIANA [20]. The material model employed 

in FEM simulations followed the rules described by Selby and Vecchio [21]. The behavior of 

concrete was described by elastic isotropic stress-strain relationship prior to cracking. Upon 

cracking, the material was treated as orthotropic [8]. The tensile and compressive strengths 

and the shape of the post-peak response were the key characteristics of the stress-strain mod-

els. Mesh dependence of the model was addressed by using the fracture energy (Gf), which 

was taken as the area under the stress-strain response multiplied by an equivalent size of the 

finite element (h) similar to the treatment in OLM. Secant unloading was applied in cyclic 

loading. The description and the validation of the finite element model was previously pre-

sented by Soysal et al. [22] in detail.  

The crack patterns obtained from finite element simulations are presented in Figure 7. It 

can be observed that cracks obtained from finite element results are much more dispersed 
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compared to OLM results with shorter and fewer cracks. OLM appears to do a better job in 

obtaining discrete crack patterns that are closer to reality. The time history comparison of lat-

tice model and finite element model for the crest displacement, crest acceleration and base 

shear for model I, motion II is given in Figure 7. It can be observed that except for the crest 

acceleration, the difference between the time histories for the lattice and finite element models 

were minimal. Furthermore, there was approximately 6% difference between the maxima val-

ues of the acceleration and base shear quantities and the two methods differ from each other 

by about 15% for the maximum crest displacement. These results show that global demand 

parameters can be obtained with similar order of magnitudes for FEM and OLM. However, 

crack location, length and density estimations were quite different between finite element and 

OLM simulations.  

 
Sa/PGA 0.16g/0.15g 0.24g/0.23g 0.32g/0.30g 0.40g/0.38g 0.48g/0.46g 

MI 

     

MII 

     

Figure 7: Earthquake Induced Damage on Model II, Varying Scales 

 

    
 

Figure 8: Earthquake Induced Damage on Model II, Varying Scales 

 

6 SUMMARY AND CONCLUSIONS  

Overlapping Lattice Model proposed by the authors was applied in the nonlinear dynamic 

simulation of concrete gravity dams for the first time in the literature. A strong dependency on 
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the motion and section type was observed for the crack patterns, lengths and widths. Results 

demonstrated that concrete gravity dams are extremely prone to body cracking under strong 

ground motions, but they are unlikely to exhibit partial collapse, although significant leakage 

and repair costs are expected. The comparison of OLM and FEM showed that global demand 

parameters can be obtained with similar order of magnitudes by using either simulation tech-

nique. However, the crack location, length and density estimations were quite different be-

tween the finite element and OLM simulations. OLM appeared to perform better in obtaining 

discrete crack patterns closer to reality as opposed to the extremely diffused cracking found 

with the FEM approach. 
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Abstract. Nonlinear Static Procedures (NSP) are gaining wider use in performance based 
earthquake engineering practice due to their simplicity compared to rigorous Nonlinear Time 
History Analysis (NTHA), and being implemented in the new generation seismic design codes. 
In this study, a recently proposed NSP for the seismic performance assessment of building 
structures using the concept of Generalized Force Vectors (GFV), is further validated through 
application to reinforced concrete Bridges. This method, named Generalized Pushover Analy-
sis (GPA), maximizes the response of a chosen parameter during the seismic response, through 
the use of the GFV, which are a combination of modal forces representing the instantaneous 
force acting on the system when such parameter reaches its maximum. In this study, the original 
GPA implemented in buildings is preliminary adapted to a straight bridge structure and four 
versions of the algorithm are tested and validated. The accuracy of the GPA algorithm is as-
sessed by comparing the nonlinear static results with the “exact” prediction from NTHA. Sev-
eral levels of seismic hazard, represented by different return periods of the target spectra, are 
considered to test the accuracy of the method for low and high seismic demands. Furthermore, 
the GPA results are also compared with a commonly employed NSP, the Capacity Spectrum 
Method (CSM). The results obtained for the case study suggest that GPA algorithm for bridges 
is suitable as a NSP approach for the seismic assessment of bridge structures, demonstrating a 
good fit with NTHA results and superiority with respect to the predictions of the selected tradi-
tional NSP. 
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1 INTRODUCTION 
Nonlinear Static Procedures (NSP) are relatively simple approaches for the seismic assess-

ment and performance evaluation of structures when compared with the more complex Nonlin-
ear Time History Analysis (NTHA). Whereas NTHA is unanimously considered as the most 
accurate procedure, and is widely implemented in academia and the research community, it still 
experiences implementation difficulties in design office environment and daily life structural 
calculations. This is due mostly to its complexity in terms of modelling, time demand for anal-
ysis, post processing of huge output obtained and minimum number of records to use. Further-
more, the modelling requirements of NTHA also imply a set of assumptions that shall be 
properly substantiated. On the other hand, there is clearly a loss of accuracy in the prediction 
of the structural response when a NSP is implemented, given that such approaches contain prior 
assumptions that are not necessarily realized during the true dynamic response. Nevertheless, 
NSPs are typically advantageous as they do not require complex modelling tools although they 
do require the modelling of material behaviour in the inelastic range. The time required for 
analysis is significantly shorter, the analysis can be conducted with a standard nonlinear static 
analysis software, and the results can be interpreted in a more general way, as with the use of 
design spectra instead of the acceleration records of particular ground motion components. Alt-
hough the highlighted aspects regarding a successful NSP analysis must also be scientifically 
sound, the required low number of assumptions make it inherently more practical and more 
appealing for common practitioners. The differences among both methods depend highly on 
the characteristics of the structure, and the eventual loss of accuracy may pay off when consid-
ering the easier implementation of the NSP.  

There are several NSPs currently available for the seismic assessment of structures. Some of 
the most commonly employed procedures include the N2 Method [1]; Capacity Spectrum 
Method (CSM) [2,3], Modal Pushover Analysis (MPA) and its variant, the Modified Modal 
Pushover Analysis (MMPA) [4,5]; Incremental Response Spectrum Analysis (IRSA) [6]; 
Adaptive Capacity Spectrum Method (ACSM) [7-9]; Modified Adaptive Modal Combination 
Method (M-AMC) [10]; and Multi-Mode Pushover Analysis using Generalized Force Vectors, 
or Generalized Pushover Analysis (GPA) [11]. All these procedures can be distinguished based 
on: (i) the use of single-mode based conventional pushover analysis, such as N2 and CSM; (ii) 
the use of multi-mode based conventional pushover analysis, such as MPA, MMPA, IRSA and 
GPA; and (iii) the use of multi-mode adaptive pushover analysis, such as ACSM and M-AMC. 

The GPA procedure, which is the focus of this paper, uses Generalized Force Vectors (GFV), 
a combination of modal forces representing the instantaneous force acting on the system when 
a given response parameter reaches its maximum value during seismic excitation. The premise 
of GPA procedure is that when a GFV is applied on an elastic system, seismic response is the 
same as that computed from THA when the chosen response parameter reaches its maximum; 
and in the same way, when a GFV is applied on an inelastic system, the seismic response can 
be approximated to that computed with NTHA when the chosen response parameter reaches its 
maximum. Since a GFV maximizes the response of a given parameter, n different GFVs are 
required to estimate the maximum response of n parameters. As such, n conventional pushover 
analyses, applying incrementally each of the GFVs, are required to estimate the response of the 
structure. Interstorey drift is considered as the basic response parameter for building frames in 
GPA. A modal combination rule is not required for obtaining the response parameters in GPA, 
which is a significant advantage over the other multi-mode NSPs. Furthermore, GPA can be 
implemented with a standard nonlinear static analysis software. This is not possible for adaptive 
NSPs. 

740



C. Perdomo, R. Monteiro and H. Sucuoglu 

The major distinction between the aforementioned methods lies on the complexity of the 
pushover algorithm employed. It goes from conventional to adaptive – the former is currently 
more implemented in commercial software whereas adaptive pushover algorithms are still not 
common in widely used structural analysis software, which renders them less attractive to prac-
titioners [12]. Correspondingly, the NSPs that incorporate higher mode effects provide a re-
sponse that is more accurate, especially in structures where higher mode contributions are 
expected to be important [13-15]. Single mode based NSPs on the other hand typically present 
shortcomings for structures where higher mode effects are important, but they do tend to pro-
vide acceptable or good estimates for regular structures and may represent a good compromise 
for large scale assessment studies [16-17]. 

The main goal of the study presented herein is to preliminary assess the performance of the 
GPA method, a recently proposed nonlinear static procedure, for the seismic response estima-
tion of a bridge structure. The results from the GPA are compared with results from NTHA and 
with a widely-implemented counterpart, the CSM, in order to assess the potential impact of 
GPA in current practice. 

2 GENERALIZED FORCE VECTORS FOR BRIDGE SEISMIC ANALYSIS 

The concept of Generalized Force Vectors has been originally conceived and validated for 
buildings. Bridge structures, on the other hand, are different, particularly for what concerns 
seismic behaviour. In building structures, the seismic energy dissipation through hysteresis 
takes place mostly in beams and in the base of columns or shear walls, whereas in bridges it is 
essentially concentrated at the piers, whilst the superstructure is usually protected. Buildings 
are typically modelled as “cantilever” MDOF systems, where the masses are lumped at the 
centre of mass of each floor and the lateral stiffness is computed according to the contributions 
of vertical, horizontal and/or tilted elements. For straight in-plan bridges, seismic response can 
be analysed in the two main directions. In the longitudinal direction, bridges usually can be 
represented as SDOF systems dominated by displacement capacity of the shortest pier [18]. 
Concerning the transverse direction, the mass of the deck is usually lumped at the pier’s top 
and the higher modes of vibration gain particular importance. For this reason, it is for this di-
rection that a multi-mode procedure is worth to be investigated and the subsequent part of this 
study will be directed to the implementation of GPA procedure in bridges in the transverse 
direction. Figure 1 shows the idealized modal response in bridges. 

Specific support conditions in bridges (related to bearings, mechanical behaviour of abut-
ments or soil-structure interaction) have a major impact on the seismic response of the structure 
thus the GPA procedure proposed in this study is tested over models with the following char-
acteristics: support conditions at piers and abutments are fixed, with exception, for the latter, 
for some specific rotational degrees of freedom (the abutment is modelled as a node with the 
corresponding degrees of freedom, fixed or released). Furthermore, the connectivity between 
the deck and the superstructure is modelled by enabling transfer of all forces, or by releasing 
the degree of freedom for which there is no load transfer (relative displacement is not permitted 
between deck and piers). In addition, depending on the degree of refinement sought in the anal-
ysis, or if performance assessment requirements demand to, the connectivity between the deck 
and piers can be modelled with link elements, reproducing the behaviour of bearings, shear 
keys, or any other device that connects the deck with the substructure; similar type of links are 
also employed for the abutment behaviour. In this study, link elements were implemented for 
modelling the abutment behaviour and the connection between the deck and the piers. 
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Figure 1: “Dynamic” Behaviour of building and bridges. 

In order to adapt the GPA algorithm to bridges, let a multi-span bridge in Figure 2 be con-
sidered. The effective force vector acting on the structure when an arbitrarily chosen response 
parameter reaches its maximum value is given by Equation (1). 

 { } { }å=
n

n tftf )()( maxmax  (1) 

The nth-mode effective vector in Equation (1) at maxt  is given in Equation (2), in which 
)( maxtAn  is defined in Equation (3). 

 { } )(}]{[)( maxmax tAMtf nnnn fG=  (2) 

 )()( max
2

max tDtA nnn w=  (3) 

In Equation (2), 
nnn ML /=G  is the modal participation factor, with }1]{[}{ ML T

nn f=  and

}]{[}{ n
T

nn MM ff= . }{ nf  is the nth-mode eigenvector or nth modal shape, ][M  is the diagonal 
mass matrix, and }1{  is the influence vector. Depending on the parameter that is chosen to be 
maximized, the GPA approach will be applied to bridges in two different versions. 

 

Figure 2: Bridge longitudinal and in-plan view and GFV. 
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2.1 Total Displacement Based Approach 
The response parameter to be maximized in this approach is the top displacement of the j’th 

pier or the lateral displacement of the j’th deck node. Maximizing the top displacement of the 
j’th pier or the lateral deck displacement at a certain node maximizes at the same time the drift 
ratio of that specific pier, as well as the lateral displacement of the bearing connecting the deck 
with the pier. As such, this approach makes use of total displacement (TD) based generalized 
force vectors. The maximum value of the response parameter is obtained at the time step tmax – 
Equation (4) – and the associated modal expansion is given by Equation (5). Normalizing Equa-
tion (5) with respect to )( maxtjd  yields Equation (6). 

 )( maxmax, tjj dd =  (4) 
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The maximum value of the lateral displacement of the j’th pier or deck node can be estimated 
(approximately) through RSA using modal combination (SRSS), according to Equation (7), 
which transforms into Equation (8) when normalized with respect to 2

max, )( jd . 
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In Equations (7) and (8), Dn is the spectral displacement corresponding to the n’th mode at 
the corresponding natural period – Tn. The right-hand sides of Equations (6) and (8) are the 
normalized contributions of the n’th mode to the displacement of the j’th pier or the j’th deck node, 
computed through elastic response history or RSA. Equating both terms and making use of 
Equation (4), we obtain Equation (9). Replacing nj ,d  from Equation (7) into Equation (9), 

)( maxtDn  can be rewritten as in Equation (10). 
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Finally, the GFV can be obtained by replacing Equation (10) into Equation (3), and succes-
sively in Equations (2) and (1), leading to Equation (11). Given that the terms in Equation (11) 
are related to the maximum displacement of the j’th pier or the maximum displacement of the 
j’th deck node, it is associated with the subscript of the j’th pier or deck node. 
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nj
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743



C. Perdomo, R. Monteiro and H. Sucuoglu 

The target displacement at the j’th pier or the j’th deck node, following the “Total-Displace-
ment Based Approach”, is thus given by Equation (12), putting together Equations (5) and (10). 

 { } jn
n

n
j

nj
ntj D ,

max,

,
, f

d
d

d åG=  (12) 

2.2 Relative-Displacement Based Approach 

In the alternative approach, employing relative displacement, analogous to inter-storey drift 
in buildings, may improve the NSP predictions with respect to NTHA results [11] in bridges. 
One reason is related to the fact that higher order seismic response parameters, such as plastic 
rotations and curvatures, are closely related to the inter-storey drift and not to floor displace-
ments. In bridge structures, there is no inter-storey drift but a similar parameter has been con-
sidered, corresponding to the relative displacement between succeeding piers, as illustrated in 
Figure 2 and denoted by ∆j. This approach will thus be referred to as relative-displacement (RD) 
based generalized force vectors. For this alternative, the formulation presented in [11] for GFV 
is used, although the physical interpretation is different. For convenience and completeness, the 
formulation is summarized in the following.  

The GFV that acts on the structure when the relative displacement of the j’th pier with respect 
to the (j-1)’th pier, or the j’th deck node with respect to the (j-1)’th deck node reaches its maximum 
value is given by Equation (13). 

 { } å D

D
G=

n
n

j

nj
nnj AMf

max,

,}]{[ f  (13) 

The modal combination of the n’th mode for relative displacement is obtained according to 
Equation (14) whilst the maximum relative displacement of the j’th pier with respect to the (j-
1)’th pier, or the j’th deck node with respect to (j-1)’th deck node is given by Equation (15). 
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Finally, the target displacements for the “relative-displacement based approach” is simply 
defined according to Equation (16). 
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3 GENERALIZED PUSHOVER ANALYSIS ALGORITHM 

The GPA procedure applied to bridges can be summarized in the following steps: 
1. Data: A MDOF model is constructed, with the usual data required for elastic analysis. 
2. Seismic Demand: The seismic demand can be represented by either a design spectrum 

or the response spectrum of a specific record. 
3. Eigenvalue Analysis: Natural periods, modal vectors and modal participation factors 

are determined for the linear elastic structure. 
4. Response Spectrum Analysis: Modal spectral amplitudes are obtained from the corre-

sponding design or response spectrum (in this study 5% damping has been assumed) for 
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each mode considered. Maximum displacement demand for the total displacement ap-
proach or for the relative displacement approach, are computed from RSA. 

5. Generalized Force Vectors: The generalized force vectors that produce the maximum 
total displacement at the j’th pier, or the maximum relative displacement between the j’th 
and (j-1)’th pier, are computed; and depending on the configuration of the model, the 
GFVs that produce the maximum total displacement at the j’th deck node, or the maxi-
mum relative displacement between the j’th and (j-1)’th deck node, are computed from 
Equations (11) and (13), respectively. 

6. Target Displacement Demand: Target total displacement demand for the j’th pier or 
the j’th deck node is computed from Equation (12) whereas the target relative displace-
ment of the j’th pier with respect to the (j-1)’th pier, or the j’th deck node with respect to 
the (j-1)’th deck node is computed from Equation (16). If improved accuracy is sought, 
the spectral contribution corresponding to the first mode can be replaced by its inelastic 
counterpart. The latter is estimated by conducting a 1st-mode based pushover analysis, 
computing the capacity curve, which is then transformed into an equivalent SDOF sys-
tem, and running NTHA over such system. 

7. Generalized Pushover Analysis: A total of n (where n is the number of piers, or 
lumped mass locations), or n+1 (if the first mode based pushover analysis is performed 
for determining inelastic “first mode” contributions) analyses are conducted (either to-
tal-displacement based or relative-displacement based). In the j’th GPA the structure is 
pushed laterally with the associated monotonically increasing lateral load vector and at 
each load increment the total displacement (or relative displacement) is controlled and 
compared with the target displacement, until it is reached. 

8. Total Seismic Demand: Once the n number GPA analyses are performed, the envelope 
of maximum response parameters among the n analyses is considered as the maximum 
seismic demand in the structure. 

9. Performance Evaluation of the System: Once the total seismic demand on the struc-
ture is determined, seismic performance evaluation can be carried out.  

4 CASE STUDY  
In order to investigate the applicability of the GPA procedure, an existing viaduct, located 

in Cingoli, Italy, was selected as a case study. This bridge features a number of characteristics 
that favour a comprehensive validation of the method: it is a multi-span bridge with mainly 
uniform deck geometry; it is a relatively long bridge; and it has a substructure with regular 
prismatic geometry. Figure 3 shows the longitudinal profile and the in-plan view of the bridge. 
For the sake of simplicity, the in-plan curvature will be ignored in the modelling. The Cingoli 
bridge is a multi-span viaduct with fourteen spans, each one approximately 31.5m of length, 
and a total length of 441m. The thirteen piers of the viaduct vary in height between 7.2m for 
the shortest, to 31.5m for the tallest. Piers are either composed by a constant circular cross 
section of 2.6m diameter along the entire height, or by two sections: the lower part (connected 
to the foundation) of 4.0m diameter for a certain height and the upper part with 2.6m diameter, 
connected to the cap beam and then to the deck. 

	
Figure 3: Case Study bridge longitudinal view. 
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4.1 Modelling 
The deck is modelled as a linear elastic element whereas the piers are modelled using force-

based fibre elements. For the detailing of the model of the bridge, the mechanical behaviour of 
the abutments and bearings was required. The mechanical behaviour of the abutments was char-
acterized according to the provisions outlined in Caltrans Seismic Design Criteria [19] and in 
[20]. Trying to reproduce as best as possible the devices of the existing viaduct, built in 1980, 
the hysteretic behaviour of the bearings was assumed with a tri-linear relationship, intending to 
simulate the recommendations of the NCEER report “Response of Steel Bearings to Reverse 
Cyclic Loading” [21]. Both linear and nonlinear static and dynamic analyses were carried out 
with the fibre-based software SeismoStruct [22]. The Mander confined model for the concrete 
response and the Menegotto-Pinto model for the reinforcement steel response have been em-
ployed. Abutments and bearing devices were modelled with link elements to reproduce their 
cyclic response whereas the pier support conditions were modelled as fully fixed. 

4.2 Eigenvalue Analysis 

Eigenvalue analysis was performed for the model of the bridge. It was observed that the first 
and third modes are the ones contributing the most to the dynamic behaviour of the bridge. 
Moreover, the modal mass participation from mode 6 onwards is residual, hence their contri-
bution could be ignored for the application of the GPA procedure. However, for this study, 
thirteen modes of vibration and their respective contributions are considered for the implemen-
tation of the method. The first 4 modes of vibration are illustrated in Figure 5. 

  

  

Figure 4: Modal shapes. 

4.3 Selection of ground motion records 

The selection of records for NTHA and the computation of corresponding response spectra 
was carried out using a state-of-the-art target spectrum approach; the Conditional Mean Spec-
trum (CMS) method [23]. CMS provides the expected response spectrum for a certain site, 
conditioned to the value of a target spectral acceleration according to the seismic hazard level 
or specified return period for the ground motions. The main purpose of using a target spectrum 
for selecting records was to reduce the record to record dispersion in the NTHA results [24], 
thus obtaining more reliable estimates for structural demand. CMS assures the achievement of 
a response spectrum that is compatible with the zone and the seismic hazard level, conditioned 
to a specific target period that is more relevant to the behaviour of the structure. The computa-
tion of the CMS requires parameters from probabilistic seismic hazard analysis (PSHA). In this 
study, the software OpenSignal [25] was used. OpenSignal is directly connected to the database 
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of the Italian Institute for Geophysics and Volcanology (INGV), performs the PSHA and pro-
duces the CMS for the specified seismic hazard level, based on the geographical coordinates of 
the site of the structure and the target period. Three hazard levels were considered for this study, 
represented by the return periods of 475, 2475 and, if no significant yielding occurs in the struc-
ture, 9210 years. The target period for the computation of CMS was taken as the fundamental 
period of vibration. Different spectra were computed, real records were selected from the PEER 
and ESMD databases, and scaled to match the CMS at the target period. Ten records featuring 
the lowest value of SSE, illustrated in Figure 5 for two of the return periods, were selected. 

 

      
Figure 5: CMSs and acceleration response spectra from selected records. 

4.4 First Mode Pushover Analysis 
First mode pushover analysis was carried out and the capacity curve using the centre of mass 

of the deck as the reference node, as suggested in [26], was computed. The capacity curve was 
then transformed to an equivalent SDOF system. By running NTHA with the selected records 
over this equivalent SDOF system, the inelastic first mode spectral displacements (D1*) were 
computed to define the capacity curve and the equivalent SDOF system, characterized by an 
approximate bilinear curve. 

5 RESULTS  

Applying the procedure outlined previously, all pushover analyses (required for GPA and 
CSM procedures) and all NTHA were performed, for all selected records. The target displace-
ments can be computed in different ways, either directly from the response spectrum analysis 
(conventional – C), or by utilizing the inelastic estimation for the first mode and the response 
spectrum demand for higher modes (improved – D1*). As such, a set of four different target 
displacements can be computed, by putting together the total or relative displacement (TD or 
RD) approaches with the conventional or improved target displacements: (i) TD-C; (ii)TD-D1*; 
(iii) RD-C; and (iv) RD-D1*. With respect to the NTHA, in agreement with the computation of 
the CMS and response spectra from the selected records, viscous damping ratio was assumed 
as 5% (x=0.05). A tangent stiffness proportional damping model has been adopted, which has 
been found superior to Rayleigh damping and initial stiffness proportional damping for SDOF 
systems [27]. In this section, the results are presented, for each ground motion record and each 
return period, in terms of the lateral displacement profiles or rotations at the base of the piers, 
estimated with: (i) the four GPA versions; (ii) the alternative nonlinear static procedure (CSM); 
and (iii) nonlinear time history analysis. For brevity, detailed results are presented in terms of 
deck lateral displacement and rotation at the base of the piers. 
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5.1 Deck lateral displacements 
Figure 6 illustrates the median response profiles, in terms of deck lateral displacement pro-

files of the bridge, (across all the records) for the three tested return periods. The results reveal 
that there is generally a good agreement between the predictions from NTHA and GPA, espe-
cially when the improved target displacement versions (GPA-TD-D1* and GPA-RD-D1*) are 
employed. Indeed, for shorter return periods (475 years), the conventional target displacement 
GPA version (GPA-TD-C) is able to provide a good match with NTHA estimates, whereas for 
the 2475 and 9210 years return periods, the improved target displacement GPA approach (GPA-
TD-D1*) is the one performing better. The underperformance of the CSM is also evident. 

   

  

Figure 6: Median Response for the Deck lateral displacement prediction. 

5.2 Pier rotation at the base 
Figure 7 presents the median response profiles (across all the records), in terms of pier rota-

tion at the base, for the three tested return periods.  

       

  

Figure 7: Median Response for the piers’ base rotation prediction. 
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When the EDP under analysis is the rotation at the base of the piers, the best agreement 
between GPA and NTHA occurs when the former is carried out with the improved target dis-
placement versions (GPA-TD-D1* and GPA-RD-D1*). Moreover, for the 475 years return pe-
riod the GPA-TD-C version is capable of producing acceptable estimates while for the 2475 
and 9210 years return periods the GPA-TD-D1* version works better when compared to NTHA 
results, hence should be preferred. The relative performance of the different approaches in terms 
of the pier’s rotation at the base is therefore very similar to the one observed for the lateral 
displacement prediction. 

5.3 Overall comparison 
In order to identify the best performing option among the different GPA versions and CSM, 

for all the considered records and hazard levels, the results were statistically treated. This was 
achieved by calculating the Normalized Root Mean Square Deviation (NRMSD), at a location 
j, according to Equation (17), where the RMSD at a location j is defined in Equation (18). In 
the equation, n represents the number of records. 

 ni
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ni
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j
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Taking the median and the standard deviation of the NRMSD over different locations and/or 
different hazard levels will account for the assessment of the relative accuracy of each method 
with respect to NTHA in a more comprehensive manner.  

The NRMSD was computed at each lumped mass location for the records corresponding to 
each return period for each GPA version. The median and the standard deviation (STD) over 
the NRMSDs at different locations are computed and reported in Figures 8 and 9 as a charac-
terization of the accuracy of each version of the GPA method (for each version, the median and 
the median+STD are represented). Finally, the global median NRMSD across all the locations 
and intensities, is also calculated and presented as a global indicator of the accuracy of each 
GPA version with respect to NTHA. In general, for low hazard levels corresponding to low 
return periods, the GPA alternatives based on the conventional target displacement (GPA-TD-
C and GPA-RD-C) provide the lowest normalized deviations from NTHA, across all the loca-
tions. On the other hand, for the higher return periods the improved target displacement versions 
(GPA-TD-D1* and GPA-RD-D1*) showed a better performance in predicting the response of 
the structure, providing the lowest normalized deviations. Another immediate observation is 
the superiority on the predictions of the GPA algorithm when compared with the accuracy of 
CSM, regardless of the GPA version implemented in the analysis. 

In terms of deck lateral displacement, Figure 8 shows that for higher return periods, hence 
higher nonlinearity levels, the accuracy of the improved target displacement GPA versions is 
higher (lower values of median NRMSD). On average, across all the hazard levels, the versions 
GPA-TD-D1* and GPA-RD-D1* are indeed the most accurate. Moreover, for what concerns 
the piers’ base rotation, Figure 9 shows a similar trend, although the difference between the 
traditional and improved target displacement GPA versions is less evident for low returns peri-
ods. Globally, the indices presented in the bottom-right corner of both figures clearly denote 
the superiority of the improved (D1*) with respect to the conventional (C) approach. 
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Figure 8: Median NRMSD and standard deviation over the locations for the deck’s lateral displacement. 

  

  

Figure 9: Median NRMSD and standard deviation over the locations for the piers’ base rotation. 

The dispersion on the results proved not to be highly relevant and almost the same amongst 
the different versions of the GPA method. Nevertheless, for low return periods the dispersion 
on the results is slightly lower for the conventional alternatives (GPA-TD-C and GPA-RD-C) 
which is understandable, given the nearly elastic behaviour of the structure. On the other hand, 
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for higher return periods, it is the improved version of GPA that yields lower dispersion, which 
confirms the advantage of employing such version in the presence of nonlinear behaviour.  

When the relative performance of the GPA alternatives is assessed in terms of Total or Rel-
ative Displacement approach, the differences are not as evident as when the performance is 
assessed taking into account the conventional or improved target displacement. Figures 8 and 
9 show that for both EDPs investigated and low hazard levels the performance of the Total 
Displacement approach and the Relative Displacement approach are very similar. On the other 
hand, for higher hazard levels, the performance of the Relative Displacement approach with 
respect to the Total Displacement approach is just slightly superior for the deck lateral displace-
ment prediction and again virtually the same for the pier base rotation. The difference in the 
dispersion on the results when comparing TD approach and RD approach proved again not to 
be significant although the relative displacement approach tended to present higher dispersion 
for some of the return periods. 

6 CONCLUSIONS 

A nonlinear static procedure for the seismic performance evaluation of bridges, using gen-
eralized force vectors, named Generalized Pushover Analysis (GPA), has been implemented in 
a case study composed of an existing reinforced concrete straight viaduct. The multi-mode 
pushover procedure, which incorporates the simplicity of a conventional (non-adaptive) push-
over algorithm with the advantage of taking into account higher mode contributions on seismic 
response estimates, was investigated in the transverse direction only. Two different engineering 
demand parameters (lateral pier top or deck displacement profile and cross section rotation at 
the base of piers) were considered. The accuracy of the GPA algorithm was assessed by direct 
comparison with nonlinear time history analysis (NTHA) estimates. Furthermore, the GPA re-
sults were also compared with a single mode based widely employed nonlinear static procedure 
the Capacity Spectrum Method (CSM). Four versions of the GPA algorithm were implemented, 
differing essentially with respect to the way in which the target displacement is considered: 
through a total displacement (TD) or relative displacement (RD) approach, with conventional 
(C) or improved (D1*) spectral demand, by using corresponding target conditioned spectra. Ten 
ground motion records were selected and matched to such spectra at the structure’s fundamental 
period, using the conditional spectrum method procedure. Based on the findings discussed in 
this document, the following conclusions can be drawn. 

The results have demonstrated that the GPA algorithm is able to successfully capture the 
seismic response of the case study viaduct for all hazard levels considered. In general GPA 
predictions matched in a very good way the seismic demand estimated using NTHA, especially 
for what concerns the lateral displacement demand at lumped mass locations The results have 
also highlighted that when seismic events of low intensity level (low return periods and higher 
probability of exceedance) are considered, the GPA employed with the conventional target dis-
placement formulation (GPA-TD-C) is capable of producing good estimates, at times even 
slightly superior to the improved target displacement (GPA-TD-D1*). On the other hand, the 
latter is definitively the best choice for seismic events with high return periods i.e. low proba-
bility of exceedance. The results also showed that the relative displacement (RD) approach 
proved to be slightly more accurate than the total displacement (TD) counterpart. Nevertheless, 
the relative superior performance of the relative displacement approach is not significant in 
improving the accuracy of the results with respect to NTHA. In addition, the total displacement 
approach proved to be easier in implementation for parametric studies, therefore this option is 
preferred over its counterpart. 

With respect to the alternative nonlinear static procedure that was tested the results univo-
cally showed that GPA predictions are superior to CSM predictions for all response parameters 
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and for all hazard levels investigated. It is therefore believed that the GPA algorithm, in the 
suggested versions, is a suitable NSP for the seismic performance assessment of bridge struc-
tures especially when the higher mode contributions to seismic response are significant. 
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Abstract. The out-of-plane (OOP) performance of infill masonry walls subjected to earth-
quakes is a topic of growing importance due to the significant number of collapses observed 
through the recent earthquakes. Nowadays is recognized by the scientific community the in-
fluence of these elements in the structural response of reinforced concrete structures subject-
ed to seismic actions. The infills OOP behaviour depends on a series of variables and there is 
a lack of experimental data to understand and predict their expected seismic performance. 
There is a need of data to calibrate numerical models and to understand the effect of each 
variable such as type of masonry, boarder constrains, previous in-plane damage and insuffi-
cient support width in the infills OOP capacity. The present manuscript pretends to overview 
some considerations regarding the performance assessment of infills OOP performance such 
as based on experimental tests and numerical modeling results. A brief revision of the litera-
ture and of the international codes will be presented along the manuscript regarding this top-
ic and will help to understand the importance of the infills OOP behaviour on the 
performance assessment of reinforced concrete structures. 
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1 LESSONS LEARNED FROM THE PAST EARTHQUAKES ON THE IM WALLS 
SEISMIC PERFORMANCE 

1.1 L’Aquila (Italy) earthquake, 2009 

 
The 2009 L'Aquila earthquake occurred in the region of Abruzzo, in central Italy. The main 
shock occurred on 6 April 2009, and was rated 5.8 or 5.9 on the Richter magnitude scale and 
6.3 on the moment magnitude scale; its epicentre was near L'Aquila, the capital of Abruzzo, 
which together with surrounding villages suffered most damage. There have been several 
thousand foreshocks and aftershocks since December 2008, more than thirty of which had a 
Richter magnitude greater than 3.5. 
Non-structural elements, in general, are very vulnerable to earthquake action namely because 
of the lack of earthquake design and construction detailing of non-structural elements [1]. As 
a result, even light to moderate earthquake shaking/acceleration or drift levels can cause dam-
age to non-structural elements and this damage may result in life safety hazards, immediate 
evacuation and loss of function of buildings, limiting the use of internal spaces. Based on 
post-seismic damage assessment information, some examples, representative of systematic 
masonry enclosure wall failures, are reported and discussed. The damage suffered by masonry 
enclosure and infill walls by the Abruzzo earthquake in Italy, that occurred on the 6th of April 
2009, particularly in the city of Aquila, is especially reported due to its representative charac-
teristics of the Mediterranean construction. A widespread of non-structural damage, mainly 
the out-of-plane collapse (of the outer leaf of cavity walls); in-plane mechanisms and mixed 
mechanism were observed. The Abruzzo earthquake hit several villages with different intensi-
ties; the maximum acceleration registered was 0.675g, widely exceeding the 0.25g defined in 
the design code. Within the reconnaissance mission of the authors, it was observed a group of 
systematic problems, consequence of bad construction practice. 

 

 

Figure 1: Cracking and collapse of the outer leaf of a double leaf wall. 

The out-of-plane failure mechanisms and associated cracking patterns are influenced by 
several aspects, but more potentially by: i) the connection efficiency to orthogonal walls and 
inner leaf panels; ii) the connection efficiency to upper and lower RC beams, as well as col-
umns; iii) the wall support conditions over concrete slab or beam. Focusing on external ma-
sonry enclosure walls, Figure 1 shows non-structural damage of masonry enclosure walls of a 
six storey concrete framed building after the earthquake. Possible causes that lead to this level 
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of damage are related to susceptibility of the balconies to higher vertical accelerations, slen-
derness of the masonry leafs, unconfinement of the external leaf, and the lack of ties or an-
choring systems either to the inner leaf or structural concrete frame. In Figure 1 is also evident 
the existence of thin brick slips with deficient adhesion to the concrete beams and insufficient 
width support of the outer leaf (perforated brick) over the slab/beam. 
In Figure 2 is shown the extensive disconnection of the veneer wall and the its backing wall 
due to the lack of wall ties, lateral constraint at corner angles, and insulation fixing system to 
the moment frame resisting structure. In Eurocode 6 [2], section 8.5.2.2, it is recommended 
that the minimum number of ties, ntmin, for a cavity wall or veneer wall and its backing wall 
should not be less than 2/m2. 

 

Figure 2: Total disconnection of the outer veneer cladding wall. 
 
In both cases it is visible the inadequate mortar jointing of brick wall, being unfortunately a 
common practice associated to very poor workmanship. Slender walls are very sensitive to 
acceleration and displacement and conditioned to peripheral connection and support condi-
tions to the concrete frame structure, as well as the connection efficiency to inner leaves and 
orthogonal walls. The disconnection and cracking of the exterior wall panel, is the result of 
the relative rotation of the wall leading to out-of-plane movement. 
Due to all these aspects an out-of-plane mechanism can occur. However, this mechanism can 
occur for lower levels of acceleration if previous in-plane damage is inflicted over the wall. 
In moderate seismic regions, Eurocode 8 [3], specifically in section 4.3.5, referring to non-
structural elements, obliges to verify the effects of seismic action over these components, as 
well as their connections and attachments to the main concrete frame. In the case of masonry 
infills, if connected, they contribute to the resistant structural system and should respect the 
compliance criteria specified for confined masonry. Particular attention should be paid to ma-
sonry panels with a high slenderness ratio, as will be discussed in section 4.2. 

1.2 Lorca (Spain) earthquake, 2011 

On 11 May 2011, an earthquake of magnitude Mw = 5.1 hit the city of Lorca in the southeast 
region of Murcia, Spain. In many cases, the influence of non-structural infill panels showed to 
be the cause of severe damages in buildings. Three damage mechanisms were observed in the 
majority of the analysed cases. The first is associated with cases where masonry walls do not 
extend towards all the inter-storey height for openings, leaving a short portion of the columns 
clear, creating a short-column mechanism (see Figure 3a, 3b and 3c). The second is associated 
also with the short-column mechanism, but induced by the stair-slabs connected to the column 
(see Figure 3d). In both mechanisms, the non-consideration of the non-structural infill panels, 
or of the secondary elements (as the staircases) in the design, may not represent the real be-
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haviour of the columns, underestimating the column stiffness and, consequently, of the forces 
attracted, leading to unexpected shear failure [4]. 

 

 
a) 

 
b) 

 
c) 

 
d) 

Figure 3: Short-column mechanism. 
 

Figure 4 shows the diagonal strut formed in the infill panel, evidencing the important contri-
bution of the infill masonry panels to the global response of RC buildings. In fact, the contri-
bution of the infill masonry panels to the global response of buildings may induces a 
significant increase of the storey stiffness that, if not considered in the design phase, may 
bring higher shear forces to the columns, leading to shear failure as observed in many cases 
analysed in Lorca. 

 

   
Figure 4: Diagonal strut of infill masonry panel. Figure 5: Balconies (vertical component effect). 

1.3 Gorkha (Nepal) earthquake, 2015 

On April 25th, 2015 a devastating earthquake of magnitude 7.8 struck Nepal, causing about 
9,000 deaths and nearly 23,000 injured. The epicentre was located in Lamjung, Ghorkha dis-
trict, 75km northwest of Kathmandu with a focal depth of 8.2km. The construction of RC 

757



André Furtado, Hugo Rodrigues, António Arêde, Humberto Varum, Pedro Delgado 

 

buildings has accelerated in the last 15 to 20 years, in a country dominated by masonry build-
ings. This constructive typology takes advantage of the combination of the mechanical behav-
iour of concrete and steel. In Nepal, RC frames are the prevalent type of structural load 
bearing system. RC moment frames structures are formed by a set of frames that group beams 
and columns. The frames are connected through slabs that allow the transfer of own weight, 
the inherent live loads, and other loadings to the foundations and soil. The seismic vulnerabil-
ity of a typical RC building buildings is smaller compared to the typical masonry buildings. 
The RC frame buildings are infilled with masonry bricks which are used as partition elements 
and provide for the building envelope. It is worth noting that in Nepal, the infill is typically 
constructed using solid bricks, which introduce a unique behaviour to the infill walls when 
compared to hollow bricks used in some countries of Europe [5]. 
The RC buildings construction in Nepal presents several weaknesses on the quality control of 
materials (improper vibration of concrete, improper size of the aggregates and steel bars with 
insufficient ductility) and reduced construction quality (reinforcement detailing and provi-
sions, and insufficient percentage of reinforcement), which have a direct impact on the bear-
ing capacity as well as the deformation capacity of the structural elements. Another influential 
factor in the vulnerability was verified to be linked with the decreasing number of masonry 
walls on the ground floor, leading to the formation of soft-storey mechanisms, and subsequent 
partial/total collapse of some buildings, as illustrated in Figure 6 [6]. 
 

 
a) 

 
b) 

 
c) 

Figure 6: Examples of buildings that developed a soft-storey mechanism: a) Collapse at the ground floor level, b) 
Collapse at ground floor and pounding an adjacent building, and c) Collapse at the 2nd storey. 

 
For this typology, the main observations from the reconnaissance effort are: (1) In what con-
cerns structural damages, the engineered structures (designed by NBC105 or Indian standards 
[7, 8]) and pre-engineered buildings (MRT) behaved substantially better compared with the 
ones which did not follow the referred norms or due to human error; (2) There were consider-
able site-effects at some locations due to large soil amplifications, which resulted in several 
areas having a large number of buildings suffering complete collapse of the majority of build-
ings; (3) Regarding the non-structural damages of masonry infill panels, the majority of those 
were verified as combined shear-cracking and sliding at mid panel height (Figure 7a), de-
tachment between wall and surrounding RC elements (Figure 7b), and diagonal cracking 
(Figure 7c). Given the characteristics of these non-structural elements (high stiffness provided 
by the interlock of double-leaf walls made of solid bricks), a reduced number of out-of-plane 
failures were observed, occurring mainly in the case non-confined walls. 
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a) 

 
b) 

 
c) 

Figure 7: Examples of damage in masonry infill walls: a) horizontal sliding cracks at mid height, b) Detachment 
of the wall from the surrounding RC elements, and c) Diagonal cracking. 

 
In taller RC buildings with 10-18 storeys, filled entirely with infill masonry walls over the 
height of the structures, damages to the infill walls were also observed. However, in most cas-
es, little to no damage occurred on the structural elements. The reduced level of damage suits 
the proper seismic behaviour of these structures, which were designed by the Indian National 
rules and standards. Even though, in many cases, damage was limited to the infill panels, it is 
worth noting that in many of these structures the occupants had to be moved for temporary 
sheltering (in some expected to more than a year) due to life-safety issues related to possible 
failure of the panels and until all repairs are complete. 

 
2 EXPERIMENTAL CHARACTERIZATION OF THE OUT-OF-PLANE 

CAPACITY OF IM WALLS WITH AND WITHOUT PREVIOUS IN-PLANE 
DAMAGE 

2.1 Introduction 

The experimental campaign presented along the present section is composed by five out-of-
plane tests of full-scale infilled RC frames with two main variables: different width support 
conditions of the panel, axial load on the RC columns application and previous in-plane dam-
age. The outline of the experimental work performed is presented in this section and start 
firstly by the description of the out-of-plane setup developed in the LESE laboratory followed 
by the description of specimens tested, instrumentation and loading protocol. Finally the re-
sults of the mechanical characterization of the masonry wallets are presented. 

2.2 Test setup 

The experimental test setup was developed in order to apply a uniform distributed load 
through nylon airbags which main advantage is to mobilize all the infill panel considering all 
the distributed inertia forces that results of a seismic excitation. This test setup also allows to 
monitoring all the loadings involved along the test and also includes the possibility of apply 
axial load in the top of the infilled RC frame columns. The main innovation of this test setup 
resides in the fact that is the reaction structure is a self-equilibrated system that uses the RC 
frame stiffness and strength to react the forces developed along the test. This out-of-plane 
tests platform is adaptable to full-scale specimens with different dimensions, different types of 
masonry materials and existence of openings. 
The uniform load applied through all the infill panel is reacted against a self-equilibrated steel 
structure composed by five vertical and four horizontal alignments that are rigidly connected 
to the RC frame with steel re-bars in twelve previous drilled holes (Figure 8). Between the 
self-equilibrated steel structure and the RC frame and linked to the steel re-bars it was imple-
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mented twelve load cells that allow to measure the forces transmitted along the experimental 
test. In front of the self-equilibrated steel structure it was placed a wooden platform to resist 
the airbags pressure and transfer it to the structure and to the tested panel. 

 

 
a) 

 
 

b) 

Figure 8: Out-of-plane test platform developed in LESE laboratory, a) front view schematic layout, b) general 
front view: 0 - strong floor, 1 – foundation steel shape, 2 – high-strength rods (ø30mm) fixing the foundation 

steel shape to the reaction slab, 3 – steel rod (ø20mm) connecting the RC frame to the foundation steel shape, 4 – 
vertical high-strength rods (ø30mm) to apply axial load, 5 –steel cap, 6 - steel rods (ø20mm) connecting the RC 

frame and the reaction structure, 7 - distributing load plate. 
In each column the axial load was applied by means of a hydraulic jack inserted between a 
steel cap placed on the top of the column and an upper HEB steel shape, which, in turn, was 
connected to the foundation steel shape resorting to a pair of high-strength rods per column. 
Hinged connections were adopted between these rods and the top and foundation steel shapes; 
the axial load actually applied on the columns was continuously measured by load cells in-
serted between the jacks and the top of each columns. The pressure level inside the airbags 
was set by two pressure valves which were controlled according to the target and measured 
out-of-plane displacement of the central point of the infill panel (the control node and variable) 
continuously acquired during the tests using a data acquisition and control system developed 
in National Instruments LabVIEW software platform [9] (Figure 9). 
 

 
a) 

 
b) 

Figure 9: Out-of-plane test platform developed in LESE laboratory, a) front view schematic layout, b) general 
front view: 0 - strong floor, 1 – foundation steel shape, 2 – high-strength rods (ø30mm) fixing the foundation 
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steel shape to the reaction slab, 3 – steel rod (ø20mm) connecting the RC frame to the foundation steel shape, 4 – 
vertical high-strength rods (ø30mm) to apply axial load, 5 –steel cap, 6 - steel rods (ø20mm) connecting the RC 

frame and the reaction structure, 7 - distributing load plate. 

2.3 Specimens’ detailing 

The main goal of the experimental campaign was to study the out-of-plane behaviour of IM 
panels representative of those existing in the Portuguese building stock. For this a statistical 
study was conducted [10] from which was collected information concerning the structural and 
non-structural elements from eighty existing buildings from Portugal. The specimens’ dimen-
sions were decided according to this study and the infilled RC frame was 4.80m width and 
3.30m height, as illustrated in Figure 10, with the columns cross-sections 0.30x0.30m2 and the 
top and bottom beams 0.30x0.50m2. For the concrete it was adopted a C20/25 class and for 
the steel A500 class. 

 
Figure 10: LESE specimens’ dimensions and reinforcement detailing. 

 
The infill panels tested were built with hollow clay horizontal bricks with the dimensions 
0.30x0.20x0.15m, as frequently adopted in the Southern Europe and in particular in Portugal. 
Regarding the mortar it was adopted a typical M5 class (“Ciarga” type). Five specimens were 
built and the main considerations between the tests are described in Table 1. 
 

Specimen 
Previous in-plane drift 

(%) 
Axial Load 

(kN) 
Type of 

test 
Panel support condi-

tions 

Brick unit size 
l x h x t 
(mm) 

Inf_01 - 270 Monotonic Full support 

300x200x150 

Inf_02 - - Cyclic Full support 

Inf_03 0.5% - Cyclic Full support 

Inf_04 - 270 Cyclic Full support 

Inf_05 - - Cyclic 2/3 width 

Table 1: Summary of the experimental tests, loading test, type of test and panel support conditions. 
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2.4 Instrumentation and test protocol 

In order to obtain the panel out-of-plane displacements and rotation between the panel and RC 
frame it was used twenty-one displacement transducers, thirteen of them LVDTs and the re-
maining eight DWTs. The LVDTs were divided along three vertical and three horizontal 
alignments distributed along the quarters of each dimension of the panel. The rotation of the 
panel was measured through a pair of DWT placed at the middle border of each side of the 
panel. As previously stated before, twelve load cells were used to monitoring the forces of 
each steel re-bar that link the RC frame and the reaction structure during the tests. 
The first specimen Inf_01 and Inf_04 was subjected to a monotonic test combined with axial 
load of 270kN in the top of the columns. The panel was subjected to out-of-plane displace-
ments until reach the collapse. Cyclic out-of-plane displacements were imposed on the re-
maining specimens with steadily increasing displacement levels, targeting the following 
nominal peak displacements: 2.5; 5; 7.5; 10; 15; 20; 25; 30; 35; 40; 45; 50; 50; 55; 60; 65 and 
70 (mm). Two cycles were repeated for each lateral deformation demand level at the control 
node chosen as the central point of the IM wall where concentrated deformation was expected. 

2.5 Material properties 

Mechanical characterization tests were performed in masonry wallets in order to obtain fur-
ther information about the properties such as compressive strength, diagonal shear strength, 
parallel and perpendicular flexural strength and are illustrated in Table 2. Additionally, mate-
rial characterization tests were conducted to the mortar and a mean compressive strength of 
8.76MPa with coefficient of variation (COV) of 7.33%, a mean tensile strength of 5.16MPa. 
 

Type of test 
fm,w Em,w 

Mean (MPa) COV (%) Mean (MPa) COV (%) 
Compressive 

strength 
1.1 11.3 941.9 24.8 

Diagonal shear 0.60 20.1 - - 
Parallel flexural 0.11 43 - - 
Perpendicular 

flexural 
0.379 9.5 - - 

Table 2: Summary of the main results of the mechanical characterization tests in IM wallets. 

2.6 Experimental results 

 
From the force-displacement hysteretic curves of all the tested specimens plotted in Figure 11, 
the following main observations can be drawn: 

• The maximum strength was almost four times higher for the tests without previous in-
plane damage (Inf_01 and Inf_02) and for higher out-of-plane drift values. For the 
Inf_01 and Inf_02 tests the maximum strength occurs for out-of-plane drift values of 
1.5–2%; 

• Through the comparison between the specimens Inf_01 and Inf_02, it can be observed 
that the initial stiffness of the IM walls was slightly affected by the axial loading in the 
RC columns. Namely, it was verified that the test with axial load (Inf_01) had about 
5% more initial stiffness when compared with Inf_02; 

• It was also verified that the initial cracking for the lower out-of-plane drift values for 
the Inf_02 was about 10%. The cracking force in both experimental tests was about 
50kN. 
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• The rupture of the panel Inf_04 occur for the out-of-plane displacement of 7.23mm 
which corresponded to a maximum strength of 46 kN, which was 64% higher than the 
Inf_05 that reached 27.8kN. However it was observed that the panel Inf_05 achieved 
the maximum out-of-plane force for a larger out-of-plane displacement than the ob-
served for the specimen Inf_04; 

• The cracking displacement of both of the panels (Inf_04 and Inf_05) was around 
15mm. After the appearance of the first crack that corresponded to the exhaustion of 
the out-of-plane capacity of the wall Inf_04 the out-of-plane force reduced from 46kN 
until 28.3kN. Regarding the Inf_05 it was not observed degradation of the force along 
the test. 

• From the comparison between the specimens Inf_01 and Inf_04 it can be observed that 
the first obtained 50% higher out-of-plane capacity. Besides the same axial load in the 
top of the columns and being subjected to different loading solicitations (monotonic 
and cyclic respectively) the main differences that justify the out-of-plane capacity can 
be associated to the mortar properties of each test; 

• Regarding the tests Inf_02 and Inf_05, both tested cyclically and without axial load in 
the columns it can be observed that Inf_05 reached 2 times and half lower out-of-plane 
force than the Inf_02 justified by the support conditions of the panel. However it can 
be observed that the displacements where there is more strength degradation are very 
similar in both of the tests; 

• From the tests it was observed that the Inf_01 obtained less 7.4% initial stiffness than 
the Inf_04 specimen, and the test Inf_02 obtained 58.6% higher initial stiffness than 
Inf_05. 

 

0 10 20 30 40 50 60 70 80
0

10

20

30

40

50

60

70

80
0.00 0.87 1.74 2.61 3.48 4.35 5.22 6.09 6.96

0

1

2

3

4

5

6

7

8

   Axial Load: 300 kN
IM wall Full suported

Previous In-Plane drift: No

O
ut

-o
f-

pl
an

e 
pr

es
su

re
 (

kP
a)

 Out-of-plane drift at control node (%)

 Inf_01 (monotonic)

O
ut

-o
f-

pl
an

e 
fo

rc
e 

(k
N

)

Out-of-plane displacement at control node (mm)  

a) 

0 10 20 30 40 50 60 70 80
0

10

20

30

40

50

60

70

80
0.00 0.87 1.74 2.61 3.48 4.35 5.22 6.09 6.96

0

1

2

3

4

5

6

7

8

      Axial Load: 0 kN
IM wall Full suported

Previous In-Plane drift: No

 Out-of-plane drift at control node (%)

O
ut

-o
f-

pl
an

e 
pr

es
su

re
 (

kP
a)

O
ut

-o
f-

pl
an

e 
fo

rc
e 

(k
N

)

Out-of-plane displacement at control node (mm) 

 Inf_02 (cyclic)

 
b) 

0 10 20 30 40 50 60 70 80
0

10

20

30

40

50

60

70

80
0.00 0.87 1.74 2.61 3.48 4.35 5.22 6.09 6.96

0

1

2

3

4

5

6

7

8

      Axial Load: 0 kN
IM wall Full suported

Previous In-Plane drift: 0.5%

 Out-of-plane drift at control node (%)

O
ut

-o
f-

pl
an

e 
pr

es
su

re
 (

kP
a)

O
ut

-o
f-

pl
an

e 
fo

rc
e 

(k
N

)

Out-of-plane displacement at control node (mm) 

 Inf_03 (cyclic)

 
c) 

0 10 20 30 40 50 60 70 80
0

10

20

30

40

50
0.00 0.87 1.74 2.61 3.48 4.35 5.22 6.09 6.96

0

1

2

3

4

5
 Inf_04

 O
O

P
 p

re
ss

ur
e 

(k
P

a)

 OOP drift at control node (%)

O
O

P
 fo

rc
e 

(k
N

)

OOP displacement at control node (mm)

   Axial Load: 270 kN
IM wall Full suported

Previous In-Plane drift: 0%

 
d) 

763



André Furtado, Hugo Rodrigues, António Arêde, Humberto Varum, Pedro Delgado 

 

0 10 20 30 40 50 60 70 80
0

10

20

30

40

50
0.00 0.87 1.74 2.61 3.48 4.35 5.22 6.09 6.96

0

1

2

3

4

5
 Inf_05

 O
O

P
 p

re
ss

ur
e 

(k
P

a)

 OOP drift at control node (%)

O
O

P
 fo

rc
e 

(k
N

)

OOP displacement at control node (mm)

               Axial Load: 0 kN
IM wall 2/3 width suported

Previous In-Plane drift: 0%

 
e) 

Figure 11: Out-of-plane force-displacement test results: a) Inf_01; b) Inf_02; c) Inf_03; d) Inf_04 and e) Inf_05. 
 
3 NUMERICAL STUDY OF THE INFILL MASONRY WALLS IN-PLANE AND 

OUT-OF-PLANE INTERACTION 

3.1 Description of the modelling strategy 

The IM wall simplified macro-model presented here, to be used in the software framework 
OpenSees [11], is based on the Rodrigues et al [12] proposal which is an improvement of the 
commonly used equivalent bidiagonal-strut model. Each masonry infill wall is simulated by 
four diagonal struts with rigid behavior, and one central element where the non-linearity hys-
teresis is concentrated. With the main purpose of introduce the out-of-plane behaviour of the 
IM wall, the panel mass is distributed by the two central nodes (Figure 12). 
 

  
Figure 12: IM wall simplified macro-model general view. 

 
The numerical model was designed to be composed with the available elements and materials 
in the OpenSees library [11]; thus, for the five linear elements the BeamWithHinges elements 
can be adopted or, alternatively, four elastic BeamColumns can be used for the diagonal struts 
and one nonlinear BeamColumn for the central element as previously studied by some of this 
paper authors [13]. 
This numerical model is designed to represent the IM wall non-linear behaviour when subject-
ed to biaxial cyclic loading, such as in-plane and out-of-plane. These two components are de-
fined independently although when subjected to simultaneous in-plane and out-of-plane cyclic 
actions they interact through an element removal algorithm that was developed by Musalam 
and Gunay [14]. The following sub-section describes the in-plane and out-of-plane modelling 
strategy. 
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The consideration of the out-of-plane behaviour through simplified macro-models is difficult, 
for which there is not much information neither about experimental studies relative to the out-
of-plane behaviour of IM walls, considering all the relevant parameters, nor about the interac-
tion between in-plane and out-of-plane response [15]. 
For the present simplified macro-model, the following considerations were taken into account 
to represent the IM walls out-of-plane behaviour: 

• The out-of-plane behaviour is considered to follow a linear elastic curve; 
• The numerical representation of this behaviour was implemented through the 

application of mass at the central nodes, which can be calculated as 0.81M (M is the 
total mass of the infill panel) and equally divided per the two central nodes with 
0.405M mass each. Assuming the model has the same natural period as the original 
infill wall, the OP mass and bending stiffness values were considered following the 
recommendations of FEMA-356 [16] and ASCE-41 [17] and the suggestions of 
Gunay et al [18].  

• In order to obtain a realistic representation of the infill panel behavior when subjected 
to biaxial loadings, it was added an element removal algorithm for masonry walls 
developed by Musalam et al [14]. This algorithm was developed for automated 
removal of collapsed elements during an ongoing simulation. The IM wall is 
considered as collapsed when reaching the in-plane and out-of-plane interaction drift 
limits. Afterwards, the algorithm removes the 5 elements, the corresponding central 
nodes and respective masses. 

The interaction between the IP and OP drift can be defined according to different dispositions, 
but for the present study this interaction was adopted to follow a linear pattern and the limits 
can be selected on the basis of previous experimental tests [18, 19]. In the literature a much 
reduced number of biaxial experimental tests of IM walls can be found, for which further in-
vestigations should be performed to quantify this interaction and to better support the defini-
tion of displacement limits for the interaction law. In Figure 13 is explained the consideration 
of the out-of-plane behaviour in the numerical model. 
 

 

 Definition of IM elements, 
nodes and mass 

Definition of IP 
hysteretic behaviour 

Definition of OOP 
hysteretic behaviour 

Definition of IP and OOP 
displacement interaction 

Requirements: 
-IP displacement Limits 
-OOP displacement Limits 
-Displacement Interaction law 

 

Requirements:  
IM mechanical properties 
IM geometric properties 

 

Non-linear Analysis 

Achievement: 
-IP analysis displacement 
-OOP analysis displacement 

 

IP analysis displacement ≤ IP Limit 
OOP analysis displacement ≤ OOP Limit 

 
IP analysis displacement ≤ IP Limit 
OOP analysis displacement ≥ OOP Limit 

IP analysis displacement ≥ IP Limit 
OOP analysis displacement ≤ OOP Limit 

 
IP analysis displacement ≥ IP Limit 
OOP analysis displacement ≥ OOP Limit 

 

IM wall not removed 

IM wall numerical model 

 
Figure 13: IM wall numerical model: consideration of the out-of-plane collapse. 
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3.2 Case study 

The influence of the IM walls, with and without the consideration of the out-of-plane behaviour in the structural 
response of RC buildings subjected to seismic actions, was studied taking as an example an eight storey building. 
The so called PT8building has in-plan dimension of 20x15m2 arranged in 4x5 m2 modules, with 3m storey 
height as shown in Figure 14. The building was designed by the Portuguese Laboratory of Earthquake and Civil 
Engineering - LNEC as part of a study about the seismic design of buildings, in accordance with the existing 
code rules in Portugal [20]. For the present study, a 3D model was generated in the computer software OpenSees 
[11]. 

 

  

a) b) 
Figure 14: Case study: a) In plan layout and b), 3D bare frame model. 

 
A set of 3 building configurations was selected according to the adopted IM modelling strate-
gies: (i) Bare Frame model (BF) which does not consider the presence of the IM walls; (ii) In-
Plane model (IP) in which the presence of the IM walls is considered in the external building 
perimeter and the only the IP behaviour is activated; (iii) Out-of-plane model (IP_OOP) 
which considers the presence of the IM walls in the external perimeter of the building and the 
in-plane and out-of-plane behaviour interaction with the element removal algorithm. 

The buildings under study was subjected to non-linear dynamic time-history analysis, particu-
larly to one artificial earthquake that was been generated for a medium/high risk scenario in 
southern Europe for different return periods. Hazard consistent time series of acceleration 
(with 90 seconds of duration) were artificially generated yielding a set of seven uniform haz-
ard response spectra for increasing periods. 

3.3 Numerical results 

In Figure 15 it is possible to observe the differences between the drift response obtained with 
the three numerical models for three inter-storey zones (0 to 1st; 2nd to 3rd and 6th to 7th sto-
reys). It can be found that:  

• the inter-storey drift evolution from 0 to 1st floor is higher for the BF model, with a 
maximum drift of 4.2%, while only 0.7% is reached for the IP and IP_OOP model; 

• The inter-storey drift between the 2nd to 3rd floors in the IP_OOP model is more 
than 4 times higher the BF and IP model, at 74.95sec, as a consequence of the re-
spective IM walls collapse. 

 

766



André Furtado, Hugo Rodrigues, António Arêde, Humberto Varum, Pedro Delgado 

0 10 20 30 40 50 60 70 80 90
-5

-4

-3

-2

-1

0

1

2

3

4

5
 BF 
 IP
 IP_OOP

 

In
te

r-
S

to
re

y 
0-

1 
D

rif
t (

%
)

Time (sec)

pga = 0.35g

 
a) 

0 10 20 30 40 50 60 70 80 90
-5

-4

-3

-2

-1

0

1

2

3

4

5

pga = 0.35g

 BF
 IP
 IP_OOP

 

In
te

r-
S

to
re

y 
2-

3 
D

rif
t (

%
)

Time (sec)  
b) 

0 10 20 30 40 50 60 70 80 90
-5

-4

-3

-2

-1

0

1

2

3

4

5

pga = 0.35g

 BF
 IP
 IP_OOP

 

In
te

r-
S

to
re

y 
6-

7 
D

rif
t (

%
)

Time (sec)  
 c) 

Figure 15: Evolution of the inter-storey drift for: a) 0-1, b) 2-3 and c) 6-7 storeys. 
 
Figure 16 shows plots of the maximum inter-storey drift against the peak ground acceleration. 
It can be observed that the BF model has larger maximum inter-storey drifts in both directions 
and that the transversal direction is the most vulnerable direction of the building as the maxi-
mum inter-storey drift increases sharply after 0.14g. A significant difference between the IP 
and the IP_OOP models is quite apparent, because:  

• For the IP model the infills are protective for peak ground accelerations up to 0.2g, 
leading to similar response of the building in both directions for larger peak 
ground accelerations; 

• The IP_OOP model exhibits response similar to the BF model in the longitudinal di-
rection. In the transversal direction it can be observed that the inter-storey drift of 
the IP_OOP model increase significantly for peak ground accelerations upper than 
0.2g. This is justified by the out-of-plane collapse of the 5th storey infills’ in the 
transversal direction occurs and, consequently, a soft-storey mechanism forms 
which largely increases the inter-storey drift value. 
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Figure 16: Evolution of the inter-storey drift for: a) 0-1, b) 2-3 and c) 6-7 storeys. 

 
4 CODES RECOMMENDATIONS FOR INFILLED RC STRUCTURES 

Some international codes recommends various formulations for the analysis the IM walls for 
both in-plane and out-of-plane directions. For instance, FEMA [21] specifies that masonry 
infill panels shall be represented as equivalent diagonal struts and may be placed concentrical-
ly across the diagonals, or eccentrically to directly evaluate the infill effects on the columns. It 
specifies strength requirements for column members adjacent to infill panels. The shear force 
demand may be limited by the moment capacity of the column with reduced length.  
EC8 [3] specifies that the period of the structure used to evaluate base-shear stress shall be the 
average between periods for the bare frame and for the elastic infilled frame. Frame member 
actions are then determined by modelling the frame without the struts. Irregular infill ar-
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rangement (in plan and elevation) is addressed with important recommendations to avoid the 
formation of soft-storeys and torsion-effects. Moreover, designing techniques are suggested to 
account for irregularities, such as increase of accidental eccentricities use of three-
dimensional analysis. Regarding irregularities in elevation, if a refined model is not used, the 
code suggests the computation of a magnification factor to increase the seismic actions on 
columns (only). 
Regarding the lateral load shared between infill walls and frame, EC8 [3] does not make a 
reference to the infill walls, considering only that the frame system should resist totally the 
vertical loads, and to have a 65% base-shear capacity – 50% as de minimum for other types of 
structure – of the total lateral loading on the building. For the serviceability limit state it is 
recommended the control of lateral deformation between storeys (drifts, dr). For buildings 
with brittle non-structural elements, it should be limited to 0:005h=μ. For buildings with duc-
tile non-structural elements the drift is limited to 0:0075h= μ, or 0:010h= μ if he building does 
not have non-structural elements. (h is the height of the storey, and μ is the reduction coeffi-
cient ranging from 0.4 to 0.5, depending on the importance class). Due to the nature of the 
infill masonry walls, non-structural and brittle elements, the limit to use should be 0:005h= μ. 
There are some international codes that provides some recommendations on the OOP capacity 
of infills, as well as the indications given about the design demand acting on them. For exam-
ple the Italian Building Code (NTC08) [22] gives some indications regarding OOP seismic 
action on infill considered as non-structural elements, but no provision aimed at determining 
their OOP capacity; FEMA306 [23] provides some recommendations on infills OOP strength, 
but no indication on their maximum displacement capacity. 
Eurocode 6 [2], in section 6.3.2, proposes an expression (Equation 1) to calculate the lateral 
strength of masonry walls in which arching action can occur; this relationship can be extended, 
eventually, to infill panels: 

2









=

a
d l

t
fq  Equation 1 

In this relationship fd is the design compressive strength of masonry in the direction of arch-
ing thrust while la is the panel dimension in the same direction. The maximum OOP load is 
the one that equilibrates the maximum thrust that can form in the masonry wall thickness de-
termined from: 








=
10

5.1
t

fN dad  Equation 2 

 
FEMA 273 [24] and FEMA 356 [16] provide some indications concerning the ultimate OOP 
displacement of infills with reference to different Limit States. In particular, a 2% OOP drift 
is set as maximum displacement for Immediate Occupancy Limit State: this drift value corre-
sponds with the opening of visible cracks on the panel surface; with reference to the Life 
Safety Limit State a 3% OOP drift is fixed as limit displacement: this drift value corresponds 
with high possibility of detachment and expulsion of at least part of the infill. FEMA356 [16] 
sets a 5% OOP drift as maximum displacement at Collapse Prevention. These indications are 
effective for both new and existing buildings. 
FEMA273 [24] lists the conditions that allow considering arching action in the assessment of 
infills OOP strength, such as the effectiveness of the infill connection to the surrounding 
frame, its columns and beams stiffness and strength, and the panel slenderness. Among these 
statements, the one referring to the infills boundary conditions seems to be the most signifi-
cant. In fact, the analysis of the experimental database presented in section 4 shows that, even 
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for panels with slenderness greater than the value proposed as upper limit for the arching ac-
tion effectiveness, the best strength prediction was provided by relationships based on that 
resistant mechanism. Under the above-mentioned conditions, it is possible to express the lat-
eral strength of the infill as Equation 3: 
 

( )th

f
Q m 27.0 λ××

=  Equation 3 

in which f’m is the lower bound of the compressive strength of masonry calculated by dividing 
by 1.6 (by 1.3 according to FEMA356 [16]) its average compressive strength; λ2 is a slender-
ness parameter. FEMA274 [21] points out that the previous expression is the relationship by 
Angel simplified to evaluate a lower bound of the infills lateral strength. To compute it, 
FEMA306 [23] provide Angel’s relationship without modifications. This means that 
FEMA306 take into account OOP strength reduction due to IP damage explicitly, even if it is 
not stated how to set the IP drift at which the OOP strength should be assessed. 

5 CONCLUSIONS 

 
This manuscript presents a research work regarding the IM walls seismic behaviour, such ex-
perimental and numerical, and their interaction with the RC structures. Their recent perfor-
mances in recent earthquakes motivated the present study, in particular the evaluation of the 
out-of-plane capacity of the infill panels with and without considering the interaction with in-
plane behaviour. Thus an experimental campaign carried out at the LESE at the Faculty of 
Engineering of the University of Porto in order to study the out-of-plane behaviour of IM 
walls, and the influence of the previous in-plane drift in their out-of-plane response. For this, 
five full-scale infill panels were constructed and were subjected to out-of-plane monotonic 
and cyclic loading, with and without previous in-plane drift. The out-of-plane loading was 
applied by using an innovative structure that was specially constructed to undertake this type 
of experimental test. A significant difference was found between tests’ results, with and with-
out previous in-plane damage, namely: a) the maximum strength was almost 4 times higher 
for the tests without previous in-plane damage, and for higher out-of-plane drift values; b) a 
significant reduction of the initial stiffness was observed in the test with previous in-plane 
damage when compared with the other ones; c) a significant maximum strength reduction was 
found in the tests without the previous in-plane damage, which was not verified in the Inf_03. 
The failure modes observed in each of the tests reveals different out-of-plane behaviour of the 
IM walls with and without previous in-plane damages. The tests in original IM walls (Inf_01 
and Inf_02) showed vertical cracking, with detachment between the infill panel and the sur-
rounding RC frame in the top and bottom joints. In the Inf_02 wall a trilinear cracking was 
observed with concentrated deformation in the middle point of the wall, with slight cracking 
in the top joint. For the test with previous in-plane damage only the detachment was observed 
between the infill panel and the surrounding top beam and columns, and typical rigid body 
behaviour was found. 
Additionally it was presented a presents a simplified macro-model to simulate the IP and OOP 
behaviour of IM walls when subjected to seismic loadings. This model is adapted from the 
typical bi-diagonal strut model, which considers the non-linear behaviour of the infill panel 
and its contribution to the global response of the RC frames. The OOP behaviour is intro-
duced through the location of the infill mass in two central nodes of the bi-diagonal struts. An 
OOP elastic behaviour was considered for the numerical model as well as in-plane and out-of-
plane interaction. This interaction mechanism allows considering IM collapse if the IP and/or 
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OOP is reached. Further investigations should be performed to define IP and OOP drift limits 
according to different types of IM units, with the main goal of approximate the IM wall nu-
merical and response of the IM behaviour subjected to seismic loadings during the last years.  
Following a brief presentation of the macro-model, three RC buildings with the same geomet-
ric and mechanical properties were numerically modelled and subjected to non-linear static 
time-history analysis for three different situations: bare frame; with infills considering only IP 
behaviour and with infills considering IP and OOP behaviour. It was observed that the con-
sideration of the OOP infills’ behaviour increased the vulnerability of the building, leading to 
the collapse of the most vulnerable storeys for peak ground accelerations above 0.3g. A sig-
nificant difference was observed between the IP and IP_OOP numerical models, which points 
out to the need of considering the OP behaviour of the IM walls for proper seismic safety as-
sessment of existing RC infilled structures. 
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Abstract. The assessment of seismic performance of existing bridge structures is a primary 

issue, especially in regions where most of bridges have been realized without proper details 

to support loadings due to earthquakes. Hollow section piers are a very common structural 

solution for reinforced concrete (RC) bridge structures, due to the economical convenience 

and the higher structural efficiency with respect to solid sections. Nevertheless, a quite lim-

ited number of experimental tests are present in literature about this structural typology. 

An experimental program of cyclic tests on four 1:4-scale models of typical RC existing 

bridge piers with hollow rectangular cross-section, poor structural detailing and small web 

thickness, has been carried out at the Department of Structures for Engineering and Architec-

ture of the University of Naples Federico II. Different failure modes have been observed: 

flexure and flexure-shear, basically depending on the specimens’ slenderness. 

In this paper, major experimental results are described and discussed, also evaluating the de-

formability contributions to the overall applied displacement and highlighting the importance 

of shear deformation. Finally, numerical simulation analyses of the structural response of the 

tested piers have been performed in OpenSees in order to reproduce the above-mentioned de-

formability contributions by simulations. Main numerical-versus-experimental results are 

shown and discussed. 
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1 INTRODUCTION 

The seismic vulnerability of existing highway bridges, and in particular of bridge piers de-

signed according to obsolete technical codes, has been highlighted by several major earth-

quakes occurred throughout the world [1]. Various failure modes (FMs) of bridge columns 

have been identified during post-earthquake reconnaissance operations on transportation in-

frastructures. Generally, failure is related to a displacement-ductility capacity not adequate to 

the seismic demand, caused by not sufficient reinforcement details. In some cases, generally 

for columns with high aspect ratio (namely, columns height-to-section depth ratio), this lead 

to collapse for combined axial load and bending moment of the plastic regions located at the 

basis of the piers, with spalling and crushing of the compressed concrete, and longitudinal 

bars buckling In other cases, especially for medium-low aspect ratio columns, the premature 

collapse is due to a not sufficient not-degraded shear capacity (“shear” FM), or to the degra-

dation of shear capacity caused by flexural damages during non-linear response (“flexure-

shear” FM). 

If for Reinforced Concrete (RC) bridge columns with ordinary solid cross-section (in par-

ticular, rectangular and circular) the seismic assessment issue can be considered as quite com-

prehensive, since many experimental and analytical studies are available in literature (e.g. [2-

4], among many others), this is not true for columns with hollow-core cross section, despite 

their widespread use transportation infrastructures. Only quite recently, attention has been 

paid to experimental cyclic response of hollow columns: relatively few experimental studies, 

especially if compared with columns with solid cross section, are available in literature. Some 

of the existing studies [5-8] highlighted that the lateral response of existing (poorly detailed) 

hollow RC piers is characterized by high shear deformations, comparable to ones typical of 

RC walls, which may represent also a considerable portion of global top displacement. Calvi 

et al. [5] observed that fiber models, good in capturing flexural response, needed corrections 

in order to include some stiffness reduction due to shear deformability. Delgado and his col-

leagues [6-8] noted that shear deformation of hollow piers cannot be captured with typical 

models, based on fiber or plastic hinge approaches; therefore, they adopted a more advanced 

numerical tools, with 3D finite elements and complex constitutive models, to adequately re-

produce the experimental response of poorly detailed RC columns, both in terms of load and 

deformability. 

This work aims at contributing to the investigation of the response under cyclic loading of 

RC existing bridge piers with hollow rectangular cross-section, characterized by medium-low 

aspect ratio and seismic reinforcement details non-conforming to modern seismic codes, 

therefore susceptible to high shear deformations and, eventually, shear failure. To this aim, in 

the present study, experimental cyclic tests on four RC piers with hollow rectangular cross-

section typical of existing Italian bridges, are presented. Main global results and experimental 

deformability contributions due to flexure, shear, and fixed-end rotation, will be briefly de-

scribed and analyzed. Then, the attention will be focused on the monotonic numerical model-

ling of the experimental force-displacement response, for all the tests. Primary goals of the 

numerical assessment are the adoption of simple and practice-oriented models available in 

literature [9-15] to adequately assess all the deformability contributions. The adopted three-

component model will be briefly described, also analyzing partial results obtained for each 

component. Finally, the numerical results will be compared with the experimental ones, both 

at global and local level.  
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2 EXPERIMENTAL PROGRAM 

An experimental program of cyclic tests on four reduced-scale models of RC bridge col-

umns with hollow rectangular cross-section has been carried out the Department of Structures 

for Engineering and Architecture of the University of Naples Federico II. Test specimens 

were designed to be representative of the existing bridge columns typical of the Italian trans-

portation infrastructures realized before 1980. Starting from the results of a broad investiga-

tion on a sample of about 400 existing Italian bridges placed along main national roads [16], a 

typical bridge pier cross-section has been designed, as regards both geometry and reinforce-

ment details, according with common non-seismic design practice. A scaling factor equal to 

1:4 was introduced, for sake of convenience related to the capacity of the laboratory.  

Schematic plan and elevation views of the hollow rectangular test specimens are illustrated 

in Figure 1. All the specimens are characterized by the same cross section and reinforcement 

details. Exterior dimensions of the rectangular hollow section are 600×400 mm and thickness 

(tw) is 100 mm. The longitudinal reinforcement ratio (ρ′) is equal to 0.88%, given by 28 steel 

bars with a diameter (db) equal to 8 mm, arranged in two layers of 18 and 10 bars, along the 

external and internal edges respectively, with a concrete cover of 10 mm. The transverse rein-

forcement ratio (ρ′′) is equal to 0.12 %, with stirrups of diameter 3 mm, spaced at a distance 

of 120 mm and 90-degree end hooks. The tested piers have different aspect ratio (LV/H), in 

which LV is the shear span (height from the base to the loading point) and H is the section 

depth (dimension of the cross-section in the loading direction). Two piers have a height of 

900 mm and two of 1500 mm. Each one has been tested along one of the two principal direc-

tions, so that four different values of the aspect ratio were considered, labelled as P1, P2, P3, 

and P4. Poor concrete has been reproduced, with a mean value of the compressive strength 

equal to 17.0 MPa. Steel with yielding stress of 540 MPa and 650 MPa has been used for lon-

gitudinal (fy) and transverse (fyw) reinforcement, respectively. Main geometric properties of 

specimens are summarized in Table 1 together with reinforcement details and material proper-

ties. Note that labels B and H in Table 1 represent the external dimensions of the cross-section, 

perpendicular and parallel to the imposed displacement direction, respectively. 

 
Test ID LV B H LV/H tw ρ' ρ'' fc fy fyw 

 (mm) (mm) (mm) (-) (mm) (-) (-) (MPa) (MPa) (MPa) 

P1 1500 400 600 2.50 100 0.88% 0.12% 17.0 540.0 650.0 

P2  600 400 3.75       

P3 900 400 600 1.50       

P4  600 400 2.25       

Table 1: Summary of geometrical, reinforcement details, and material properties. 

On the top of each specimen, a solid cap was realized, in order to distribute axial and lat-

eral loads on the hollow section avoiding eventual local damages. Footings were designed to 

prevent any local damage. All the tests were performed under quasi-static loading, by apply-

ing a constant compressive axial load, equal to 5% of the compressive axial capacity (within 

the typical serviceability axial load range of Italian bridges [16]). Axial load was applied by 

means of a closed system, composed of 3 post-tensioned high strength steel strands, fixed on 

the bottom side by means of anchorages embedded in the foundation, and tensioned through a 

hydraulic jack placed on the pier cap. Later, a cyclic displacement history was applied with 

increasing amplitude until failure occurred. The lateral displacement sequence consisted of 

three push/pull cycles at displacements equal to 1/3Δy, 2/3 Δy, Δy, 2 Δy, 4 Δy, 6 Δy, and so on, 
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unless failure occurred earlier. The displacement at yielding (Δy) was estimated according to 

[17]. 

In addition to the principal monitoring system, aiming measuring the global response (in 

terms of force and displacement), a secondary one was arranged in order to investigate deeply 

about local deformation mechanisms determining structural behavior of the columns (flexure, 

shear and bar slip at the column/foundation interface). A schematic view of both the global 

and local monitoring systems is reported in Figure 2. 

 

Figure 1: Geometry and reinforcement details. 

 

 

 

Figure 2: Schematic view of test setup and monitoring system 

775



Paolino Cassese, Maria Teresa De Risi and Gerardo Mario Verderame 

The first system consisted of two load cells, for horizontal and vertical loads respectively, 

and a wire potentiometer located between an external fixed point and the centroid of the pier 

cap. The second monitoring system included: a frame of Linear Displacement Potentiometers 

(LDPs), located on the external surfaces parallel to the horizontal loading direction and defin-

ing two “monitoring panels” (Figure 2); a couple of vertical Linear Variable Displacement 

Transducers (LVDTs), fixed to the base of the test specimen on the surfaces orthogonal to lat-

eral loading direction and connected to the foundation upper surface; a set of Strain Gauges 

(SGs), installed on some longitudinal and transverse reinforcement (as shown in Figure 2).  

The LDPs were installed along vertical and diagonal directions, in order to monitor flexur-

al and shear deformations along the specimen height. The LVDTs were mounted to measure 

the vertical deformations concentrated at the base of the column (due to flexure and bar slip). 

The SGs were attached to corner longitudinal bars and first two layers of transverse rein-

forcement to control steel longitudinal deformation during the tests. 

3 EXPERIMENTAL RESULTS 

In this section, the main experimental results are described and analyzed. In particular, first, 

the global response is discussed, based on registered hysteretic loops and observed damage 

states. Then, the attention is focused on the local behavior, by analyzing the experimental de-

formability contributions to the overall top displacement, due to flexure, shear and fixed-end 

rotation caused by longitudinal bars slip at column/foundation interface. 

3.1 Global response 

Test P1, characterized by an aspect ratio equal to 2.50, was subjected to flexural failure. 

The results in terms of lateral load versus drift response are shown in Figure 3(a). Experi-

mental response appears quite symmetric during the push-pull cycles. During the first cycle 

(drift = 0.08%), for a force equal to about 50 kN, first flexural cracks appeared, causing a re-

duction of the initial stiffness. For a drift range between 0.08% and 0.34%, the existing flex-

ural cracks evolved along diagonal directions. First shear crack appeared in the central part at 

about 90 kN lateral load, with a subsequent stiffness decrease. Strain gauge registered yield-

ing condition at force of +132 kN/-116 kN, in push and pull direction, respectively. Peak load 

values were equal to +168 kN/-164 kN. Damage state was characterized by extension and in-

creasing in width of existing cracks and longitudinal bars buckling at the base of the column. 

The post-peak response was governed by flexure, with a gradual degradation due to concrete 

spalling, buckling of longitudinal bars within the distance between the base and the first layer 

of transverse reinforcement, and widening of the existing diagonal cracks. During the last cy-

cle (drift = 4.37%), concrete of the compressed flanges was completely crashed and spalled. 

Longitudinal corner bars failed in tension due to oligo-cyclic fatigue caused by buck-

ling/tension cycles. This caused a sudden intra-cycle strength drop/stiffness decrease equal to 

-52% /-43% of the peak load, in push and pull directions respectively. 

Test P2, characterized by an aspect ratio equal to 3.75, failed in a flexural failure mode. 

The results in terms of lateral load versus drift response are shown in Figure 3(b). The exper-

imental response appeared quite symmetric during the push-pull cycles only up to peak load. 

A first reduction of the initial stiffness was observed for a lateral load value of about 45 kN, 

for which hairline flexural cracks were observed. For a drift range between 0.23% and 0.79%, 

the existing flexural cracks evolved along diagonal directions, causing gradual stiffness de-

crease. Specimen reached first yielding condition at lateral load of +89 kN/-87 kN. Peak load 

of +117 kN/-115 kN was reached for a drift equal to 3.50%. Diagonal cracks increased their 

width suddenly, intersecting with each other in correspondence of the central longitudinal bar, 
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causing concrete cover spalling along a vertical centerline. Damage at the base of the column 

developed quickly: vertical cracks appeared on cover corners due to longitudinal bars buck-

ling. The post-peak response was asymmetric and governed by flexure. The asymmetry of the 

response was essentially due to the failure in tension (because of oligo-cyclic fatigue) of cor-

ner longitudinal bars. This phenomenon implicated a severe intra-cycle strength drop/stiffness 

decrease in negative/positive direction (45% in push direction and 60% in pull with respect to 

the peak lateral load). 

Test P3, characterized by an aspect ratio equal to 1.50, failed in shear after flexural yield-

ing. The results in terms of lateral load versus drift response are shown in Figure 3(c). Exper-

imental response appeared slightly non-symmetric during the push-pull cycles. This effect, 

more evident with increasing drift, is associated with the shear cracking extension and rever-

sal process. A first reduction of the initial stiffness was observed for lateral load of +69 kN/-

58 N, corresponding to the opening of slight cracks at the base/foundation interface. For a 

drift range between 0.02% and 0.28%, flexural cracks formed, quickly evolving along diago-

nal directions towards compressed zone. Two diagonal cracks formed from top to down oppo-

site corners at +195 kN/-161 kN, with an inclination angle of about 45 degrees. Longitudinal 

bars reached yielding strain value at +256 kN/-211 kN lateral load. Damage state developed 

quickly: existing shear cracks increased their width and length, particularly two principal ones. 

Unlike Test P1 and Test P2, no considerable damage was observed on the base zone. Last 

loading step was characterized by a single complete push/pull cycle. During pushing phase, 

for a drift value of +1.26%, the main existing shear crack opened suddenly. This caused a se-

vere drop in strength, equal to 58% of the peak load. Following pull phase was characterized 

by a lower stiffness. For a drift equal to -1.16% another drop in strength was observed, corre-

sponding to the opening of a reverse diagonal crack. 

Test P4, characterized by an aspect ratio equal to 2.25, failed in shear after flexural yield-

ing. The results in terms of lateral load versus drift response are shown in Figure 3(d). Exper-

imental response appeared quite symmetric during all the applied push-pull cycles. A first 

reduction of the initial stiffness was observed for lateral load of 57 kN, corresponding to first 

slight cracks at the base/foundation interface. Stiffness decreased gradually during second and 

third cycles, for a drift range between 0.06% and 0.43%. Two diagonal cracks formed from 

top to down opposite corners with an inclination angle of about 38 degrees, at lateral load of 

132 kN. Specimen reached yielding condition at +152 kN/-149 kN load, and existing shear 

cracks increased their width. When peak load of +193 kN/-188 kN, main diagonal cracks 

widened and extended up to base corners, causing concrete cover cracking and longitudinal 

bars buckling. Last loading step was characterized by one push/pull cycle. During pushing 

phase, for a drift value of +2.80%, a sudden opening of main diagonal crack was observed. 

During the following pull phase, for a drift value of -2.49%, a reverse diagonal crack opened. 

A clear sliding between the upper and the lower part of the specimen appeared, with buckling 

of longitudinal bars crossing the shear crack, and at the base, with resulting concrete cover 

spalling. A sudden strength drop, equal to 54% of the global peak load, was observed. 

Final damage states are reported in Figure 4 for all the tests. By observing Figure 4, it is in-

teresting to note the substantial difference of the overall damage state between the taller spec-

imens (namely, tests P1 and P2) and the shorter specimens (namely, tests P3 and P4), as 

expected. However, a considerable flexure-shear interaction exists for all the tests, resulting in 

a complex and diffused crack pattern, with diagonal cracks due to shear. Such a phenomeno-

logical interaction has been confirmed by the local measures (see section 3.2). 
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Figure 3: Experimental response in terms of lateral load vs drift for tests P1 (a), P2 (b), P3 (c), and P4 (d). 

 

    
(a) (b) (c) (d) 

Figure 4: Final damage state for tests P1 (a), P2 (b), P3 (c), and P4 (d). 
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3.2 Local behavior 

The top displacement of the specimen (Δ) can be interpreted as the result of three defor-

mation mechanisms: flexure (Δf), shear deformation along webs (Δs) and fixed-end-rotation 

due to longitudinal bar slip at column base (Δθ) (see Figure 5). 

Δf Δs Δθ

 

Figure 5: Deformability contributions to total displacement. 

By assuming a uniform curvature distribution along each “monitoring panel”, the flexural 

component Δf can be calculated as the sum of the rotations measured by the vertical LDPs 

multiplied by corresponding distances from the top of the column.  

The fixed-end-rotation contribution Δθ is due to the slippage from the foundation and it 

cannot be directly evaluated; instead, the base rotation θb can be measured by the two LVDTs 

monitoring vertical deformation along a height of 50 mm from the base section. θb is associat-

ed to the base crack width, including bars slip at column/foundation interface, and to flexural 

deformation at the base zone. The corresponding displacement Δb was calculated by multiply-

ing the base rotation and the corresponding distance from the top of the column.  

Finally, the shear component Δs was estimated based on the hypothesis of small angles and 

uniform shear deformation over each measuring panel height. It is noteworthy to underline 

that the subdivision of deformations of inelastic RC hollow piers into shear and flexural de-

formations can provide a useful link between the experiments and numerical models, particu-

larly if beam models are used. The assessment of the shear contribution to lateral 

displacement in the inelastic range is particularly interesting, to better understand whether 

shear deformations are essential to consider in structural analysis. 

Figure 6 shows the ratio between measured deformability contributions and total displace-

ment, corresponding to shear cracking, yielding and peak load conditions, for all the speci-

mens. Note that in Figure 6 the contributions due to the base rotation (Δb) and flexure (Δf) are 

summed up, since they represent a unique “flexural term”, as explained above. 

For all the tests, flexural deformability contribution was predominant with respect to the 

shear one. As expected, a relation between shear contribution to top displacement (Δs/Δ) and 

aspect ratio (LV/H) can be observed. Shear contribution increases if aspect ratio decreases. In 

fact, for the slenderest specimen (i.e. test P2) the maximum value of the shear contribution is 

equal to 10.8%. For specimens P1 and P4, characterized by similar aspect ratios (equal to 2.50 

and 2.25 respectively), maximum shear contribution is about 20.0% of the top displacement. 

Finally, for the squat specimen (test P3), the maximum value of Δs/Δ is equal to 44.9%. Fur-

thermore, shear contribution is characterized by a clear increasing trend with the drift demand 

for specimens P1, P3, and P4 (with aspect ratios less than 3), and by an almost constant trend 

for specimen P2. 
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Figure 6: Experimental deformability contribution to top displacement corresponding to shear cracking, yielding 

and peak load conditions (first, second and third bar, respectively), for tests P1 (a), P2 (b), P3 (c), and P4 (d). 

4 NUMERICAL MODELLING 

Several models are available in literature to simulate the actual behavior of structures. 

Generally, the response of RC columns subjected to lateral load can be interpreted as the re-

sults of three coexisting mechanisms: flexure deformation, shear deformation, and fixed-end-

rotation due to longitudinal bar slip at column base. While for columns with height-to-depth 

ratio higher than 3 the shear flexibility can be neglected [14], the latter has to be considered 

for columns characterized by medium-low aspect ratios. This is confirmed also by the exper-

imental measures presented in the previous section, which highlight non-negligible shear de-

formations for all the tests. 

In this section, a load-deformation numerical model is carried out to reproduce the experi-

mental responses of the tests P1, P2, P3, and P4. The main goal is the monotonic modelling of 

the experimental tests, and, in particular, the assessment of the experimental local deformabil-

ity contributions. To this aim, a three-component model is adopted, in which the three mecha-

nisms characterizing the lateral response of RC columns are separately modelled (see Figure 

7). In the following, first, the adopted numerical model is briefly described and analyzed. 

Then, numerical results are compared to the corresponding experimental measures, both for 

global and local responses. 
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Figure 7: Scheme of the adopted three-component numerical model. 

4.1 Flexural component 

Flexural response is modelled with a displacement-based nonlinear beam-column fiber el-

ement in a distributed plasticity approach, available in OpenSees software [18], with five 

Gauss-Lobatto integration points. The cross section has been divided into 6400 concrete fi-

bers. In addition, 28 steel fibers have been used to model the longitudinal reinforcement. The 

cross-section discretization is depicted in Figure 8. Two different stress-strain relationships 

have been used to describe the mechanical behavior of concrete and steel, and then assigned 

to the corresponding fibers of the column model. Since the specimens were characterized by 

the absence of reinforcement details (no tie between opposite longitudinal bars, 90° hooks, 

high spacing between stirrups), unconfined concrete is assumed for all concrete fibers. The 

mechanical behavior of unconfined concrete has been modelled with the law by Popovics [9]. 

The constitutive model by Giuffré-Menegotto-Pinto [10] has been adopted for steel. These 

material models have been calibrated on the experimental results of the characterization tests 

carried out on the specimens collected during the construction stage. 

 

Figure 8: Fiber discretization of the transverse cross-section. 

In Figure 9, the resulting moment-curvature relationships are reported for all the specimens, 

with the comparisons between experimental and predicted values of cracking, yielding and 

peak moment. The experimental yielding moments are well predicted by the fiber section 

analysis, with a slight overestimation for tests P2 and P4. Slightly less good are the predic-

tions of the flexural cracking moment, with a mean error, evaluated as the predicted-to-
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experimental cracking moment ratio, equal to 15%. The peak loads are well predicted for tests 

P1 and P2, subjected to flexural failure. For tests P3 and P4, the experimental peak values are 

lower than the predicted ones, since shear failure occurred before flexural capacity was 

reached. 
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Figure 9: Moment-curvature predictions compared with experimental results 

4.2 Shear component 

The shear flexibility of the test specimens up to the peak force is accounted through the 

procedure proposed by Krolicki et al. [11]. This procedure was initially presented by Park and 

Paulay [12], later improved by Miranda et al. [13], and updated by Priestley et al. [14]. Finally, 

it was revised by Krolicki et al. [11], which applied the procedure to obtain the lateral re-

sponse of reinforced concrete walls. According to this approach, the calculation of shear de-

formation is carried out assuming a multilinear response. Starting from the fiber moment-

curvature (M, χ) relationship for the base critical section, four phases are identified, each one 

characterized by a different shear stiffness. 

The first phase characterizes the shear response prior to flexural cracking (M ≤ Mf,cr). 

Shear stiffness of uncracked column is assumed as that given by Park and Paulay [12], de-

pending on the shear elastic modulus (G), and the effective shear area (Av), assumed as the 

product of thickness (tw) and effective depth of the cross section (d) - the latter defined as 0.8 

times the cross-sectional height (H). 

The second phase defines the shear response between flexural cracking and diagonal crack-

ing (Mf,cr ≤ M ≤ Ms,cr). Shear stiffness prior to shear cracking is approximately proportional to 
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the reduction in flexural stiffness, assumed as the ratio between inertia moments of the 

uncracked and cracked section.  

The third phase characterizes the shear response between shear cracking and yielding 

(Ms,cr ≤ M  ≤ My). Shear stiffness after the onset of diagonal cracking is based on an equiva-

lent strut-and-tie model, incorporating both the compression of the diagonal strut, and the ex-

tension of the tie representing the transverse reinforcement. Such a stiffness depends on the 

transverse reinforcement ratio (ρ′′), the angle between diagonal cracks and member axis (θ), 

the steel Young’s modulus (Es), and the effective depth (d). 

In the post-yield phase (My ≤ M ≤ Mmax), the concrete compression struts will continue to 

soften, and thus shear deformation will continue to increase. Therefore, after first flexural 

yielding, the shear deformation increases proportional to the flexural deformation through the 

ratio between the top flexural lateral displacement corresponding to first yielding moment 

(Δf,y) and the top shear displacement corresponding to first yielding moment (Δs,sc). 

In Figure 10, the predicted relationships between lateral-load (V) and shear-displacement 

(expressed in terms of drift ratio) are reported for all the specimens, together with the charac-

teristic points of the lateral response, namely, numerical flexural cracking, flexural yielding 

and peak load, and experimental shear cracking. Note that experimental values of θ and 

Ms,cr  are adopted herein. The predicted response is assessed starting from the moment-

curvature analysis: for each of the four above-described phases, the corresponding moment 

values are used to compute the related displacement due to shear deformability. 
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Figure 10: Predicted lateral load-shear displacement response 

As expected, the shear deformability at peak load condition is very low for the slenderest 

specimen P2, while it is almost similar for the remaining specimens. For all the specimens, 

the shear stiffness is very high up to the onset of diagonal cracks, showing an almost rigid be-
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havior up to the first flexural yielding. After first diagonal cracking, shear deformation in-

creases with the drift demand as a function of the measured inclination of the compressive 

strut, since all the other parameters defining the model are constant for all the specimens. 

Note that the values of lateral load corresponding to first shear cracking and yielding are very 

similar for test P2. For this reason, the increase of shear deformation in this phase is almost 

negligible. Once yielding condition is reached, shear deformation increase proportionally to 

flexural deformations. 

4.3 Bar slip component 

Slip of the reinforcing bars outside the flexure length and in the footing region will cause 

rigid-body rotation of the column, additive to the rotation due to flexure. Sometimes, rein-

forcement slippage in footings regions can lead to a significant contribution to the total lateral 

displacement of a reinforced concrete member; therefore, deformations resulting from rein-

forcement slip have to be accounted in the member analysis. 

Several bar slip models are available in literature for deformed bars. In this study, a prac-

tice-oriented model proposed by Sezen and Setzler [15] is adopted. This model assumes a 

stepped function for bond stress between the concrete and reinforcing steel over the embed-

ment length of the bar within the foundation. The column lateral displacement due to rein-

forcement slip is finally equal to the product between the slip rotation and the column length. 
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Figure.11. Predicted moment-slip rotation response 

In Figure 11, the predicted relationships between moment and slip-rotation are reported for 

all the specimens, together with the numerical flexural cracking and yielding points. Also in 

this case, the predicted response is assessed starting from the moment-curvature analysis: for 

each value of moment, the corresponding bar stress and the related slip-rotation are computed. 
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The rotation due to reinforcement slip is higher for specimen P2, characterized by the higher 

value of aspect-ratio and whose response was dominated by flexural mechanisms. The defor-

mation due to slip at peak load condition is almost comparable among the remaining speci-

mens. 

4.4 Comparison with experimental results 

The experimental deformability contributions can be assumed as reliable up to the peak 

load, due to the severe damage state characterizing the test specimens, which compromised 

the monitoring system. Since, as above discussed, the main goal of the numerical analysis is 

to reproduce the experimental deformability contributions, the numerical lateral response is 

particularly investigated up to the peak load condition, through the numerical model defined 

in the previous sections.  

In Figure 12, the monotonic numerical global response (red line) is compared with cyclic 

experimental loops for all the specimens. 
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Figure 12: Predicted global response and flexure, shear and bar slip components 

The monotonic numerical model is able to well reproduce the envelope of the experimental 

global response up to peak condition for all the specimens. For tests P3 and P4, subjected to 

flexure-shear failure, the numerical model slightly overestimates the negative peak load 

(namely, measured during pull phase). This is due to the experimental asymmetry caused by 

the shear damage state: once the peak load is reached during pushing phase, diagonal cracks 

caused a degradation of strength in the reverse (pull) direction. 

It is very interesting to compare the experimental deformability contributions with those 

numerically obtained, reported in section 3.2. The numerical deformability contributions are 

shown in Figure 13 for the characteristic points of the experimental response: first shear 
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cracking, yielding and peak load. The experimental mean trends of the deformability contri-

butions to the overall imposed drift are well reproduced by the numerical model for all the 

specimens. In particular, the almost constant trend of the shear contribution for the specimen 

P2 is captured by the numerical analysis. Similarly, the increasing trend of the shear contribu-

tion with the drift demand is well represented for all the other specimens. 
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Figure 13: Numerical deformability contribution to top displacement corresponding to shear cracking, yielding 

and peak load conditions (first, second and third bar, respectively), for tests P1 (a), P2 (b), P3 (c), and P4 (d) 

An explicit comparison between experimental and numerical deformability contributions is 

depicted in Figure 14. In particular, the numerical deformability contributions are evaluated 

for the experimental values of displacement corresponding to shear cracking, yielding and 

peak load. The numerical flexural contribution accounts for both flexure and fixed-end rota-

tion, in order to be directly compared with the corresponding experimental value. On the hori-

zontal and vertical axis are reported the experimental and numerical flexural contributions, 

respectively. The plots of Figure 14 confirm the very good agreement between experimental 

and numerical values: all the points are close to the bisector, highlighting an almost exact re-

production of the experimental deformability contributions.  

5 CONCLUSIONS AND FUTURE DEVELOPMENTS 

A quite limited number of experimental tests exist in literature about hollow section piers 

non-conforming to more updated seismic codes, a very common structural typology for Rein-

forced Concrete (RC) bridge structures. Therefore, this work aims at contributing to the inves-
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tigation of the response under cyclic loading of this typology of RC existing bridge piers. A 

proper experimental program of cyclic tests on four scale models of typical RC existing 

bridge characterized by medium-low aspect ratio and seismic reinforcement details non-

conforming to modern seismic codes was carried out, and analyzed and modeled in this paper. 
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Figure 14: Comparison between averaged experimental (a) and numerical (b) flexural deformability contribution 

for Tests P1 (a), P2 (b), P3 (c), and P4 (d) 

Basically, two different failure modes were observed, flexure and flexure-shear, depending 

on the specimens slenderness. Final damage states highlighted a considerable flexure-shear 

interaction for all the tests, resulting in a complex and diffused crack pattern, with diagonal 

cracks due to shear. The analysis of local responses highlighted that, for all the tests, flexural 

deformability contribution was predominant with respect to the shear one. However, shear 

contribution is generally not negligible and it increased if aspect ratio decreased, as expected. 

Finally, a numerical modelling was carried out to reproduce the experimental envelopes of 

the tested specimens. A three-component model was adopted, in which the three mechanisms 

characterizing the lateral response of RC columns – flexure, shear and fixed-end-rotation – 

are separately modeled. The monotonic numerical model was able to well reproduce the enve-

lope of the experimental global response up to peak load condition for all the specimens. Also 

the experimental mean trends of the deformability contributions to the overall imposed drift 

were well reproduced by the numerical model for all the specimens. 

Further developments of this work will deal with the numerical modelling of the post-peak 

behaviour especially for shear-critical piers, also on the basis of a wider number of properly 

collected experimental tests (as in [19]). 
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Abstract. Eccentrically braced frames with replaceable links are viable seismic resisting sys-

tems that guarantee large dissipative capacity and quick and easy replacement of the dam-

aged dissipative zones after seismic events, thus reducing the repair costs. Experimental tests 

carried out within DUAREM research project [12] demonstrated the high effectiveness of this 

system and highlighted the importance of the bolted connections of the shear links on the sys-

tem response at both global and local level. In order to investigate the behaviour of the tested 

detachable links, finite element analyses have been carried out. The finite element (FE) mod-

els are calibrated on the basis of the experimental response curves in terms of the shear force 

and link rotation. Once calibrated the finite element models, several parameters have been 

investigated such as the type of pre-loadable bolts (i.e. HR and HV), the level of bolt clamp-

ing force, the boundary conditions, the presence of constructional tolerances (e.g. initial gap 

between end-plate at both link ends). The results from the parametric study enables the char-

acterization of the shear and axial force interaction on the link end connections. 
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1 INTRODUCTION 

Eccentrically braced frames (EBF) are widely used in steel structures in seismic areas be-

cause they combine high lateral stiffness with large ductility and dissipative capacity. The 

former is mostly guaranteed by the braces, while the latter by the links that behave as dissipa-

tive fuses. In particular, short links (i.e. that mostly dissipate energy by shear yielding) pro-

vide the better response in terms of resistance, stiffness and ductility [1-11]. However, in 

split-K and D configurations of EBFs the concentration of damage into the links can lead to 

high repair costs due to the interference of the slab and the beam containing the links. In order 

to overcome this problem, recent studies [12-21] investigated the possibility to use detachable 

links for both new and existing structures to allow quick removal of damaged links and easy 

repair of the structure after earthquake. 

The reparability after earthquake improves if the residual interstorey drifts are small (e.g. 

similar magnitude of the out-of-plumb constructional tolerances). This consideration implies 

that structures equipped with fuses, as shear links, should have sufficient re-centering capabil-

ity to limit the residual lateral displacements. EBFs are poorly redundant systems with limited 

re-centering capability if they are alone, but as dual system (i.e. combined with flexible and 

elastic moment resisting frames) it is possible to restore the building after seismic damage oc-

curred.  

The results of Duarem project [12] clearly demonstrated that dual-eccentrically braced 

frame (D-EBF) with replaceable links preserve the benefits of the EBFs with satisfactory re-

centering capability allowing the easy repair of the structure after seismically induced damage.  

A crucial aspect influencing the behaviour of detachable links is the design of the bolted 

connections at both link ends, which should resist the maxima forces developed by the link. 

Short links with axial restraints, as the typical case of detachable links, can develop both shear 

overstrength (i.e. the ratio between the peak shear force Vu and plastic shear strength Vp) larg-

er than the 1.5, which is the value currently recommended by EC8 [25], and axial tensile forc-

es [22, 23] that are not accounted for by EC8 [25]. In order to investigate this aspect, the 

results of parametric finite element analyses are described and discussed in this paper. The 

accuracy of the numerical models was first validated on the basis of the experimental tests 

carried out by [12]. Afterwards, the study was extended by investigating the following param-

eters: i) the boundary conditions of the links, ii) the type of high strength bolts, iii) the clamp-

ing force of bolts and iv) the constructional tolerances. 

 

2 FINITE ELEMENT MODELLING 

The numerical models were developed in Abaqus 6.14 [24]. The geometrical and mechani-

cal features of the examined links are those of the all-steel detachable links with flush end-

plate connections and slab disconnected from the EBF, that were tested in the DUAREM re-

search project [12], see Figure 1. The shapes of links of the DUAREM mock-up and analysed 

hereinafter, are the following: i) L1 corresponds to the link assemblies on the 1st (S1) and 2nd 

(S2) floor; ii) L2 corresponds to the link assembly of the 3rd floor (S3) (see Figure 1). 

The elastic flexural stiffness of both the end connections and the links are reported in Table 

1, where it is also shown the normalized length of the link e/es (being e the link length and es 

the limit length for shear links). 

 
Assembly  Sj,ini Klink Sj,ini/Klink e/es 

L1  5.43E+10  3.26E+10 1.7 0.43 

L2 5.43E+10 2.23E+10  2.4 0.31 

Table 1 Initial stiffness of the joint and flexural stiffness of the link 
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Figure 1 Shapes of the examined links 

 

Figure 2 Bolt material modelling 

The stress-strain curves of the steel parts were obtained from those experimentally meas-

ured within DUAREM project [12]. Yielding was modelled by means of the von Mises yield 

criteria. Plastic hardening was represented using a combined isotropic and kinematic harden-

ing. The “Ductile damage” option was considered in order to account for the material degra-

dation. 
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The mechanical properties of both HR and HV bolts were modelled according to [26]. In 

particular, HR bolts were modelled as a single part, with the stress-strain curve depicted in 

Figure 2, but the stiffness and strength were adjusted in order to account for the nominal di-

ameter of the bolts assumed for the geometry. This was achieved by reducing the material 

strength with a value corresponding to the Anom/As (nominal area divided by the tensile bolt 

area) ratio and the evaluation of the bolt stiffness based on the method proposed by [27].  

The HV bolt assemblies were modelled as shown in Figure 2. In this case, the assembly is 

composed of 3 parts: the bolt (i.e. shank+head), the wire element and the nut, each one ful-

filling a particular role. The solid parts (bolt and nut) have the role to transfer the shear forces 

that occur at the connection level, while the wire will transfer the tensile forces from the bolt 

head to the nut. In particular, the wire is characterized by a non-linear force-displacement re-

sponse defined as given by [26] and shown in Figure 2. 

 

Figure 3 Evaluation and modelling of the frame flexural and axial stiffness 

The interactions needed for the model were defined considering the “Hard contact” option 

for the normal direction and “Coulomb friction” model with 0.3 penalty coefficient for the 

tangential behaviour. The welds at different plate junctions were modelled with “Tie” con-

straints. 

The presence of the frame (i.e. beam segment, braces and column) connected to the links 

were simulated with two equivalent mechanical springs, namely one accounting for the flex-

ural deformability and another for axial deformability. The stiffness of the frame was obtained 

based on the sub-structuring in Figure 3. The boundary conditions were assigned to reference 

points (RP) that are located at the ends of the link-connection assemblies as shown in Figure 3. 

A structured meshing strategy was adopted for the entire model. The solid parts of the 

model were meshed using C3D8R (8-node linear brick, reduced integration) elements, while 

for the wire element of the HV bolt assemblies, B31 (2-node linear beam in space) elements 

were used. 
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Figure 4 Displacement time histories for FE model validation 

In order to simulate as closely as possible the test conditions, the experimental displace-

ment time histories were applied at both assembly ends (see Figure 4). Dynamic Implicit qua-

si-static analyses were carried out. The comparison between the simulated and the 

experimental response curves is depicted in Figure 5 a, c and e, which clearly shows a satis-

factory accuracy. 

3 PARAMETRIC ANALYSES  

3.1 Investigated parameters  

The parameters considered in the presented study were the following: 

 The type of high strength preloadable bolt assemblies: HR or HV. 

 The boundary conditions, namely (i) fully restrained at both ends (FR), (ii) deformable 
restraints modelling axial and flexural stiffness of the frame (DR) and (iii) fully re-

strained conditions with axial release at one end (FR-Ax). 

 The level of bolt clamping force, namely (i) Fp that is the design value recommended by 

EC3 1-8 [28] and showed in Eq. (1), (ii) 50%Fp and (iii) Fp,max (the maximum preloading 

force defined as well in Eq. (1). 

 
,

,max ,

0.7p y b s

p y b s

F f A

F f A




 (1) 

Where fy,b is the yield stress of the bolt and As the resisting area of the shank. 

 The presence of constructional tolerances – an initial gap between the frame and the link 
is considered as follows: 0.5 and 1 mm on each side for L1 assembly and 0.25 and 0.5 

mm for L2 assembly. Additionally, in order to account for the influence of two different 

surface treatments of the end-plates, two friction coefficients μ were considered (i.e. 0.3 

and 0.5).  
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S1 

  
 a) b) 

S2 

  
 c) d) 

S3 

  
 e) f) 

Figure 5 Cyclic response of the 3 link assemblies. Experimental and numerical comparison and the HR and HV 

numerical models comparison. 
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3.2 Type of high strength bolts 

The main difference between HR and HV bolts is the failure mode. As shown by [26], HR 

bolts have a failure characterized by the necking of the shank, while HV fasteners fail by nut 

stripping. The influence of bolt assembly was investigated for cases with deformable and full 

rigid restraints. However, for brevity sake, only the cases with deformable restraints are de-

picted in Figure 5 and Figure 6. As it can be noted, in the examined cases the type of bolt does 

not appreciably affect the stiffness, yielding shear force or the hardening behaviour of the link 

(see Figure 5 b, d and f). This result is consistent with the observed failure mode of the links, 

where no appreciable plastic engagement of the bolts was recognized.  

 

  

a) Shear overstrength V/Vp b) Normalized axial force N/Npl,fl 

Figure 6 Monotonic analysis of models with deformable restraints 

Some slight differences can be observed in terms of axial forces developed by the two link 

assemblies. Indeed, as depicted in the plots of Figure 6 where the ratios between the axial 

force N and the plastic strength of the two flanges Npl,fl are reported, the links with HR bolts 

exhibit larger tensile forces than those of the corresponding assemblies with HV bolts. This 

result depends on the stiffness of the connection, which is slightly larger in non-linear range 

when HR bolts are adopted. Anyway, considering that this difference is negligible, the numer-

ical analyses discussed hereinafter were carried out using HR bolts. 

3.3 Boundary conditions 

The boundary conditions do not appreciably affect the response of the links L1 in terms of 

stiffness and yield shear force, as shown in Figure 7a. However, for the L2 links the presence 

of axial restraints induces significantly large hardening (i.e. larger shear overstrength V/Vp), as 

depicted in Figure 7b. The different response of L1 and L2 depends on the tensile axial forces 

developed by the two assemblies. Indeed, the catenary actions developed in L1 are almost the 

same for DR and FR boundary conditions, see Figure 7c. On the contrary, Figure 7d shows 

that boundary conditions modify the tensile forces developed in L2, being obviously larger in 

FR case. The difference between L1 and L2 depends on the actual link length. Indeed, the e/es 

ratio is larger for L1 assemblies than for L2. Indeed, the effects of geometrical non-linearity 

are more significant for the shorter links [22, 23]. It is trivial to observe that the cases with 

free axial deformation cannot exhibit any axial force. 
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L1 L2 

  
a) b) 

  
c) d) 

Figure 7 Influence of boundary conditions on the shear and axial force for link assemblies 

3.4 Clamping force level 

Figure 8 a and b show the results of the analyses on L1 and L2 assemblies at the variation 

of the clamping force of the bolts. The results presented correspond to models with HR bolts 

and deformable restraints (DR). As it can be observed, the bolt pretension force does not in-

fluence the shear overstrength of the links, either in terms of strength or stiffness. 

For what concerns the axial forces developed in the links, Figure 8 c and d show the cases 

with the lower clamping force (i.e. 50% Fp) exhibit the larger compressive arching-like forces 

in the initial phase, owing to the larger deformability of the connection. As expected, higher 

clamping forces lead to lower extensional deformability of the connection and, consequently, 

higher tensile axial forces. However, at large rotation demands this effect is lost because the 

influence of clamping force extinguishes. 

3.5 Constructional tolerances and superficial treatment of the connection’s end-plates 

In real cases, the perfect conditions assumed in numerical modelling are usually not met. 

Therefore, it was investigated the behaviour of the link-connection assembly, with HR bolts 

and considering fully restrained conditions, when gaps between the link and the frame are 

present. In addition, the influence of different surface treatments of the end-plates in contact 

were examined. 
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Figure 9 a and b depict the comparison of the monotonic curves in terms of normalized 

shear force up to rotation equal to 0.15 radians. It can be noted that the shear capacity is 

scarcely influenced by the constructional tolerances as well as the type of superficial treat-

ments. Even the stiffness of the assembly is moderately affected (Figure 9 c and d), but slip 

phenomena are observable for the smaller friction coefficient value (i.e. μ = 0.3). This finding 

can be explained by the level of pre-tension force that is applied to the bolts when the gap in-

creases. Indeed, to close this gap the bolts are tightened reaching forces larger than their yield-

ing resistance. When this event occurs the bolts loose axial stiffness and the pre-tensioning of 

the plates reduces. Consequently, combined with low friction coefficient, slippage become 

more evident. The relative sliding of the end-plates is not observed for the models with a fric-

tion coefficient of 0.5. 

The smaller shear overstrength values observed for all models, compared with the no gap 

one, can be explained by the larger tensile force developed in the link. Indeed, as observable 

from Figure 9 e and f, the level of tensile force in the link is the largest at beginning, reaching 

values up to the axial plastic capacity of the link flanges (Npl,fl), but it decreases when the link 

rotates. 

 

 
L1 L2 

  
a) b) 

  
c) d) 

Figure 8 Influence of clamping force variation on the links assemblies with HR bolts 
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L1 L2 

a)  b)  

c)  d)  

e)  f)  

Figure 9 Influence of the constructional tolerance and surface preparation on the Shear and axial force developed 

in the links considering HR bolts and fully restrained boundary conditions 

4 CONCLUSIONS  

Based on the results of the parametric study carried out, the following conclusions can be 

drawn: 

 The types of pre-loadable high strength bolts (i.e. HR and HV) have limited influence on 
the response of detachable links provided that the bolts are poorly engaged in the plastic 

response of the link- connection assembly. 
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 The response of the link in terms of stiffness and yield shear force is scarcely affected by 
the boundary conditions. However, the shear overstrength and the axial force developed 

in the link are highly dependent on the restraining conditions. Indeed, increasing the 

stiffness of the end restraints and reducing the link length lead to larger catenary actions 

developing in the links. 

 The level of bolt pretension does not to affect the shear overstrength, but it leads to varia-

tions in the axial force. However, the difference tends to disappear for high levels of rota-

tion when the clamping is no longer effective. 

 The constructional tolerances and surface preparations for the connection end-plates can 
affect the response of the link-to-connection assembly, particularly by reducing the shear 

overstrength and increasing the axial force. 
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Abstract. The seismic design strategy implemented in current codes is based on the capacity 

design principles that allow the formation of plastic hinges into predefined parts of the struc-

ture. Therefore, significant damage is expected at ultimate limit state, to which high repair 

costs are associated. Recently, new design strategies have been proposed in order to avoid 

the damage of the structure. The most of them are grouped into two categories, namely i) us-

ing special damping devices introduced in the structure as additional resisting element; ii) 

changing the dissipation mechanism of the structure by means of friction-based dissipative 

joints. The second possibility is promising and really effective because it guarantees no archi-

tectural interference if adopted for moment-resisting frames (MRFs), and low forces trans-

ferred to the foundations. The novelty of free from damage (FREEDAM) joints lays in the fact 

that the energy is dissipated by friction at the interface between plates in contact instead of 

the classical plastic deformation energy dissipation mechanism. In this paper, the seismic be-

haviour of FREEDAM joints is investigated by means of parametric finite element analyses 

carried out in order to examine the influence of geometric and mechanical feature of the fric-

tion device (e.g. position of friction plane, type of friction interface, bolt clamping, bolt 

strength). The accuracy of finite element models is also validated on the basis of some exper-

imental tests. 
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1 INTRODUCTION 

The current seismic design procedures are based on the philosophy of hierarchy of re-

sistances that aims at achieving ductile and dissipative plastic mechanisms with relatively low 

constructional costs [1-8]. Although effective and economically advantageous at the construc-

tion stage, the capacity design philosophy applied to traditional structural systems requires 

structural damages after seismic events, thus leading to significant economic losses [9-13]. 

Therefore, worldwide research effort is currently devoted to improve the traditional struc-

tural systems as well as to develop cost effective alternatives to eliminate or limit and localize 

the damage, such as buckling restrained braces (BRBs) [14-17], shear metal panels [18, 19], 

viscous dampers [20-22], replaceable shear links in eccentrically braced frames (EBFs) [23,26] 

and dissipative joints [27-32]. 

The concept of free from damage structures using friction-based devices has become very 

appealing and promising in the last decades [33, 40]. 

In Europe, this concept is currently under investigation within the ongoing research project 

FREEDAM (FREE from DAMage steel connections) [41]. This project aims at developing 

and seismically prequalifies novel types of steel joints that dissipate the seismic energy by 

means of friction at the level of surfaces in contact clamped by preloaded bolts and specifical-

ly designed to undergo relative sliding at a given force level. The cyclic behaviour of these 

joints is stable with low degradation, even though it depends on the friction material used at 

the sliding interface [36-40].  

Figure 1 depicts the two main typologies of the joints tested within [41]. As it can be noted, 

the main difference is the shape of the friction damper (horizontal and vertical, respectively). 

In particular, the sliding part of the friction damper is detailed with slotted holes that allow it 

the slippage with respect to the fixed parts (friction pads and L-stubs). Under bending actions, 

both joint configurations rotate around the centre of compression, which is located in the mid 

thickness of the Tee web under hogging and in the mid distance between the L-stubs/bolts of 

the damper under sagging. Therefore, in order to avoid the damage of steel components, those 

elements should be designed to resist the maximum forces transferred by the friction damper 

under both static and dynamic slippage. 

The required design strength of FREEDAM joints can be easily obtained by calibrating the 

slippage force of the friction damper. The slippage force is computed as the product of the 

friction coefficient (which is a mechanical feature of the interface between the friction pads 

and the haunch), the number of friction interfaces (e.g. two in case of a symmetrical damper) 

and the sum of the pre-tightening forces applied by means of preloaded bolts. All these factors 

influence the bending capacity of the joints. Therefore, a parametric study based on finite el-

ement analyses are carried out and the results are presented and discussed in this paper.  

2 FINITE ELEMENT MODEL 

2.1 Modelling Assumptions  

Abaqus v6.14 [42] is used to carry out the finite element simulations. The geometrical fea-

tures of the examined joints are reported in Figure 1. Structured mesh technique is used and 

the finite element type C3D8R (an 8-node linear brick with reduced integration) is adopted for 

steel beams, columns and high strength bolts.  

The average properties of S355 steel grade are assumed [6]. The yielding is modelled by 

means of the von Mises yield criteria. Plastic hardening is represented using a combined iso-

tropic and kinematic hardening.  

HV 10.9 grade pre-loadable bolts are considered and modelled as reported by [6, 43]. 
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Figure 1 FREEDAM joint configurations 

The interactions between the surfaces in contact (e.g. bolt-to-plates, plate-to-plate) are 

modelled considering both “Normal” and “Tangential” behaviour. The former is implemented 

considering “Hard Contact”, while the latter is modelled differently for the steel–to-steel in-

terfaces and for the friction pad- to–steel interfaces. The main difference between the two 

types of contacts is the definition of the friction coefficient. For the steel-to-steel surfaces a 

constant value equal to 0.3 is considered, while the dynamic friction coefficients obtained 

from lap-shear tests with the friction material considered are used for the friction damper (see 

Table 1). 

The clamping of the bolts is modelled by means of the “Bolt load” option available in the 

FE software.  

The boundary conditions are modelled to be representative of those adopted for the exper-

imental set-up (see Figure 2). Both column ends have translational and rotational degrees of 

freedom restrained with the exception of the in-plane rotation, and the beam is restrained to 

prevent the lateral-torsional buckling. The loads are applied in the section corresponding to 

the actual position of the actuator 1. Both monotonic and cyclic displacement histories are al-

ternatively applied. The AISC 341-16 loading protocol [44] is used for cyclic tests and nu-

merical analyses.  
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Figure 2 Experimental set-up 

Dynamic implicit quasi-static analyses are performed considering two subsequent steps: i) 

the bolt clamping is first applied; 2) the displacement history is applied at the beam tip. 

2.2 FE blind predictions vs experimental response  

In order to evaluate the fitness of the modelling assumptions, the results of preliminary 

analyses simulating the experimental conditions (i.e. the design friction coefficient is the dy-

namic 5% fractile equal to 0.53 and damper-side bolt clamping considered as in Table 2) are 

compared with the results of experimental tests performed at the University of Salerno within 

FREEDAM project [41].  

Figure 3 and Figure 4 depict the comparison between the FE analyses and the cyclic tests 

in terms of response curves (i.e. bending moment at the column axis and chord rotation) and 

failure mode, respectively. As it can be recognized, the simulated response accurately repro-

duces the experimental behaviour. However, the models do not reproduce the first cycles due 

to the simplified friction interaction law, where static friction coefficient is not accounted for. 

The larger difference observed for the joint configuration 2 is caused by the variations be-

tween the design and actual values of both the friction coefficient and the clamping forces of 

the bolts. 

FE analyses confirm the experimental observations, namely no significant damage occurs 

even though the numerical models show some localization of damage in the base of the webs 

of both Tee and L-stubs. However, the equivalent plastic strain (PEEQ) are very small and 

fully acceptable for large rotational demands. 
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a) Configuration 1 b) ) Configuration 2 

Figure 3 Comparison of numerical blind predictions and experimental test results 

  
a) Experimental joint FD 1-1 b) Experimental joint FD 2-1 

  
c) PEEQ distribution for model FD 1-1 d) PEEQ distribution for model FD 2-1 

Figure 4 Experimental vs. numerical models after cyclic test up to 5% 
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3 PARAMETRIC ANALYSIS 

3.1 Investigated parameters 

The mechanical parameters investigated for the two types of joint configurations are the 

followings: 

 Friction Coefficient. Three values of the dynamic friction coefficient μ are considered: 
the 5% percentile (μ5% - which is also the value used for the design of the friction damp-

er), the average value (μavg) and the 95% percentile (μ95%). 

 

 μ5% μavg μ95% 

Friction Material M-1 0.53 0.59 0.64 

Table 1 Friction coefficient 

 Clamping force. Three values of bolt pre-tensioning Nb are assumed – the design value 
(denoted Nb in Table 2), a value 50% smaller (0.5 Nb) and a value 50% larger (1.5 Nb). In 

Table 2 nb represents the percentage of clamping force with respect to Fp,C, the design 

clamping force recommended by EC 3 1-8 [45]. It should be noted that in all cases 1.5 Nb 

is smaller than Fp,C (which is equal to 172kN for M20 gr.10.9 bolts). 

 

 nb [%] Nb [kN] 

FD 1-1 34% 58 

FD 1-2 57% 99 

FD 2-1 37% 63 

FD 2-2 61% 105 

Table 2 Design values of clamping force Nb 

The models used for the parametric investigation are identified on the basis of the scheme 

reported in Figure 5. The beam-to-column assemblies of both configurations are made-up of 

the following beam-column pairs: IPE 270 – HE 220M (1) and IPE 450 – HE 500B (2) 

 

Figure 5 Model name definition 

The results of the parametric study are presented in terms of bending moment – chord rota-

tion curves, both for hogging (negative values) and sagging (positive values) loading condi-

tions. 

3.2 Clamping force 

The bending resistance of the joints depends on the clamping forces in the bolts of the fric-

tion damper. Figure 6 shows the comparison of the response curves for all four models (i.e. 

the two joint configurations and two assemblies) and Table 3 and Table 4 report the mechani-

cal properties of the joints. The bending moments reported, M (+) and M (-), represent the bend-

ing moment at the occurrence of the sliding under sagging and hogging. Equations (1), (2) 

and (3) define the way the values in the tables were obtained. 
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Where: 

Γ (+) and Γ (-) are the hogging and sagging bending moment capacity, respectively, consider-

ing alternatively the change in the clamping force from the design value Nb to 0.5 Nb and 1.5 

Nb. 

M (+) and M (-) are the sagging and hogging bending moments. The subscripts depict the 

analysis from which the bending moment is taken, e.g. with clamping force equal to either Nb 

or 0.5 Nb. 

ΔM (+/-)/M (-) provides the variation of bending moment (either hogging and sagging) as re-

spect to those exhibited by the joints with bolts clamped at Nb. 

 
 Assembly 1 Assembly 2 

C
o
n
fg

u
ra

ti
o
n
 1

 

  

C
o
n
fi

g
u
ra

ti
o
n
 2

 

  

Figure 6 Influence of the clamping force on the bending moment capacity 

For all examined cases, the reduction/magnification of the bending moment is proportional 

with the bolt pre-tension under both sagging and hogging. This outcome confirms that the 

bending moment capacity depends linearly on the tightening force in the bolts. 
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As reported in Table 3 and Table 4, this difference is strictly related to the joint configura-

tion and it is constant with the beam depths, clamping force, or friction coefficient. The dif-

ference is about 25% for Configuration 1 and 15% for configuration 2. 

Further observation that can be made based on Figure 6 is that the post-yield response of 

joint configuration 1 differs with the size of the beam-to-column assembly. In particular, the 

joint with shallow beam exhibits hardening (i.e. positive post-yield stiffness), while the joint 

with deep beam shows softening (i.e. negative post-yield stiffness), the latter is more evident 

for the lower values of clamping force. These phenomena are more pronounced under hog-

ging bending moment. The second configuration exhibits a more linear behaviour in both ex-

amined assemblies. 

The stiffness of the joint is not affected by the variation of clamping force, since it is de-

termined by the stiffness of the other components of the joint (the connection at column face, 

the column web panel, etc.). 

 

FD 1-2 
M (+) M (-) Γ (+) Γ (-) ΔM (+/-)/M (-) 

[kNm] [kNm] [-] [-] [-] 

Nb 453 602   25% 

0.5Nb 230 298 51% 50% 23% 

1.5Nb 690 902 152% 150% 24% 

Table 3 Bending moments for model FD 1-2 considering the variation of clamping force 

FD 2-2 
M (+) M (-) Γ (+) Γ (-) ΔM (+/-)/M (-) 

[kNm] [kNm] [-] [-] [-] 

Nb 484 564   14% 

0.5Nb 250 290 52% 51% 14% 

1.5Nb 714 838 148% 149% 15% 

Table 4 Bending moments for model FD 2-2 considering the variation of clamping force  

3.3 Friction Coefficient  

The variability of the friction coefficient μ influences the bending moment capacity of the 

joints. The experimental campaign carried out on lap shear splices at the University of Salerno 

allowed characterizing the probabilistic distribution of this parameter. The FE analyses are 

carried out on the basis of the obtained percentiles of μ that are reported in Table 1. Figure 7 

depicts the numerical curves in terms of bending moment-chord rotation. It is possible to ob-

serve that the higher friction coefficient fractile values the larger is the joint capacity. This 

observation confirms the need to account for the variability of the friction properties of the 

friction pads to design the non-dissipative structural members. 

Similar hardening/softening behaviour can be observed for both joint configuration and, 

additionally, the response curves seem scaled proportionality with the friction coefficient. 

Table 5 and Table 6 depict the variation of the bending capacity of the FD 1-2 and FD 2-2 

models analysed with larger values of friction coefficient (μavg and μ95%) with respect to the 

design value (μ5%) under hogging (M (-)) and sagging (M (+)) loading conditions. The variation 
in case of FD 1-2 differs with respect to the variation of the friction coefficient. In particular, 

a larger increase of bending moment can be observed for the same increase of friction coeffi-

cient. On the other side, the analyses of model FD 2-2 in Table 6 show a closer dependency of 

the bending capacity with the friction property randomness. 
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FD 1-2 Δμ M (+) M (-) Γ (+) Γ (-) ΔM (+/-)/M (-) 

[-] [kNm] [kNm] [-] [-] [-] 

μ5%  446 593   25% 

μavg 110% 521 670 117% 113% 22% 

μ95% 117% 535 733 120% 124% 27% 

Table 5 Bending moments for model FD 1-2 considering the friction coefficient variation 

FD 2-2 Δμ M (+) M (-) Γ(+) Γ (-) ΔM (+/-)/M (-) 

[-] [kNm] [kNm] [-] [-] [-] 

μ5%  484 564   14% 

μavg 110% 529 627 109% 111% 16% 

μ95% 117% 568 679 117% 120% 16% 

Table 6 Bending moments for model FD 2-2 considering the friction coefficient variation 

The parameter ΔM (+/-)/M (-), evaluated also for this set of analyses confirms the previous 

observation regarding the relation between the damper’s configuration and the different re-

sponse under sagging and hogging conditions (values ranging around 25% for configuration 1 

and 15% for configuration 2). 
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Figure 7 The influence o the friction coefficient on the bending moment resistance  

4 CONCLUSIONS  

This paper summarizes the results of parametric finite element simulations on two types of 

innovative friction based dissipative beam-to-column joints. Based on the discussion of the 

numerical outcomes, the following remarks can be drawn: 
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 The FE models accurately predict the response of experimental tests. 

 The variation of the bending capacity of both joint configurations is directly proportional 

with the bolt pretension force. Therefore, the bolt tightening process needs to be very 

well controlled because either larger or smaller tightening forces can impair the proper 

dissipative mechanisms. Indeed, the upper bound values lead to the development of larg-

er forces in the damper, situation that hinders the hierarchy in the joint, while lower 

clamping forces can lead to sliding in the damper under serviceability conditions. 

 The randomness of the friction properties has to be as much as possible mitigated and ac-
counted for in the design phase, because this variability can inflict in the joint response 

and, consequently, the global behaviour of the structure. 

 The joint configuration dictates the level of the response symmetry under sagging and 
hogging bending. 
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Abstract. Concentrically braced frames with crossed diagonals (X-CBFs) are a popular and 

traditional system in seismic resistant design. Their energy dissipation capacity is primarily 

provided by yielding of braces in tension and buckling in compression. An improved CBF 

configuration by introducing bracings with modified sections, resulting in low cycle fatigue 

endurance and enhanced ductility of the critical member, has been developed during an ex-

perimental and numerical research program. Apart from improved dissipative behaviour, 

proper structural seismic performance implies control over residual drifts and self-centering 

features of the seismic resistant systems. In that direction proper collaboration between the 

braces in CBF and contour frame has to be established and improvement of structural per-

formance might be achieved by the engineer at a very affordable level. The beam-to-column 

joints and the column bases in the contour frame in CBF’s could be designed as rigid, semi-

rigid or pinned. The connection behaviour has a major influence on the residual drifts of the 

system. That effect was investigated in series of braced frames with different types of joints. 

Numerical simulation by nonlinear time history analysis and a detailed comparison is pre-

sented. Recommendations for the joints stiffness in CBF with modified braces and assessment 

of their seismic performance are presented. Different techniques for modelling of the braces 

as Multi-linear Plastic Link with Pivot hysteresis type and three-hinge model are compared. 
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1 INTRODUCTION 

Concentrically braced frames (CBFs) are a traditional structural system in steel construc-

tion. They are used for resisting lateral forces due to wind, earthquakes and others. This sys-

tem has proved its efficiency for lateral loads by providing sufficient stiffness and strength 

due to its complete truss action. That is the main reason for its popularity. Nowadays CBFs 

are widely implemented in a large variety of steel structures. 

Contemporary seismic design requires that the lateral force resisting system should have 

adequate strength and stiffness, but also ductility and energy dissipation capacity. Require-

ments should be tuned according to the seismicity of the site and the structural performance 

level demand. It has been observed from earthquakes in the past that severe concentrations of 

plastic deformation accumulate in the mid-length sections of some bracing members in CBFs. 

The result of such structural response would be insufficient ductility and energy dissipation 

capacity illustrated by premature brace fracture and frame failure. Such non-satisfactory seis-

mic behaviour demands improvement of the design practice. 

In search of practical and affordable solution for CBFs design, during the period 2011-

2012 in the University of Architecture, Civil Engineering and Geodesy (UACEG) in Sofia, a 

National Research Project was carried out. It was focused on the improvement of the seismic 

behaviour of braced frames. During the project concentrically braced frames with modifica-

tion of the braces (acronym CBF-MB) were designed, tested and elaborated. Enhancement of 

the structural performance requires improved ductility and adequate energy dissipation from 

one side and self-centering capability from the other. Following that direction, the research on 

the effect of frame joint types on the structural seismic performance is a matter of interest.  

2 DESCRIPTION OF THE CBF-MB SYSTEM 

The CBF-MB system emanates from the traditional X-CBFs and modifies them by supple-

menting two types of innovations [1], [2]. A classical single storey frame of the proposed sys-

tem consists of columns, diagonal braces, beam and splitting beam (Figure 1). The columns 

and beams are non-dissipative elements. The columns may be designed with hot rolled HEA 

or HEB sections. In order to facilitate frame joints and connections design, it is preferable to 

orientate the column with its web coinciding with the frame plane. The beams are located at 

floor level and could be of IPE or HEA cross sections, enabling easy detailing of the frame 

joints. The diagonals are the main dissipative elements while splitting beams may, in some 

cases, play a partial role in energy dissipation. 

The first type of innovation typical for the system is the introduction in the frame of a hori-

zontal intermediate member called a splitting beam. It aims at separating the diagonals thus 

making them identical and non-interacting (Figure 1). Except for facilitating the detail of the 

joint between crossing diagonals, the splitting beam stiffness is of essential importance. Split-

ting beam in cooperation with columns has a crucial impact on the brace buckling sequence 

and on the type of global plastic mechanism. That issue was studied and discussed in [3]. 

Moreover, splitting beams with CBF columns constitute an internal elastic backup system that 

provides good self-centring capacity of the main lateral force resisting system. In that sense, 

frame joints are an essential part of the system, influencing the overall structural performance. 
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Figure 1: The CBF-MB system 

The second type of innovation refers to the introduction of a variable "H"-shaped welded 

built-up cross-section for the diagonals. Further in the explanation diagonals will be named 

modified braces (MB). The MB flanges and webs vary along the member length so that zones 

with different cross-sections are defined as illustrated in Figure 2. The end zones of the diag-

onals are strengthened by increasing flange widths and thicknesses and are named strong sec-

tions (SS). That also allows for an easy connection design and provides fully elastic response 

of the end zones. In the middle part of the diagonal a modified cross-section (MS) is intro-

duced. It is characterized by reduced bending stiffness and increased cross-sectional area, thus 

MS is weakened for bending and strengthened for axial forces (Figure 3). The reduced cross 

section (RS), which is characterized by a lower axial load capacity than MS, is located be-

tween the end zone and the middle section. 

 

 

Figure 2: Overview of a modified brace member 
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Interposed between MS, RS and SS are transition sections (TS). It is the authors’ intention 

that the mode of brace buckling in compression is pre-defined and that full concentration of 

plastic strains due to bending is achieved in the middle MS. In load reversal, tensile force ap-

pears and the element is straightened. Any plastic strains are directed to the reduced cross-

section RS rather than to the MS. Thus, the diagonal is designed in a manner that yielding in 

tension and post-buckling flexural plastic strains occur in different zones along the brace 

length. That differentiation of the zones with inelastic strains leads to improved low cycle fa-

tigue endurance and avoidance of premature failure of the diagonals. Finally, it reflects in 

overall improvement of the system hysteretic behaviour and dissipation capacity. The intro-

duction of an "H"-shaped and welded built-up cross-section enables the designer to vary the 

flange and web thicknesses, heights and widths, and, consequently, to tune the MB design to 

the particular need of the structure. This makes achieving the controversial code requirements 

[4] for brace slenderness limitations and homogeneous dissipative behaviour of the diagonals 

in all storeys much easier. 

Legend

flexural strains

tension strains

Compresion

Tension

Ld

 

Figure 3: The principle of inelastic cyclic behaviour of MB 

Excessive overstrength in steel material for dissipative elements leads to uneconomical de-

sign of the non-dissipative elements. In that perspective, a built-up welded cross-section 

might be composed of S235 steel sheets, unlike hot rolled sections. 

3 BRACE MODELING TECHNIQUES 

Different modelling techniques can be applied for the numerical simulation of modified 

brace non-linear behaviour. A single diagonal may be simulated by a concentrated plasticity 

approach using three hinges. One hinge should be inserted in the middle of the member, simu-

lating flexural plasticity, and two hinges in the quarters, simulating tension yielding. Such a 

model will be referred to as the 3-Hinge Model (3HM) hereafter. It is important to note that 

based on calibration with experimental results [5], it was concluded that one brace should be 

modelled by two FE and that an initial bow imperfection of 1/400 should be applied in the 

mid node. 

Another approach applied herein is simulating the brace non-linear behaviour by single 

Multi-linear Plastic Link with Pivot hysteresis type [6], [7], named NLL. The non-linear link 

element used in the SAP2000 model is constituted by several parameters. The pivot points for 

directing the pivot hysteresis are located by the parameters α1, α2, β1 and β2. They were cali-

brated to the experimental results [5] and the resulting values are presented in Table 1. 
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Pivot point parameter 1  2  1  2    

Value 100 0,1 0,02 0,4 0,0 

Table 1: Parameters for directing the pivot hysteresis 

3.1 A Single brace under reversal axial displacement 

The proposed 3HM and NLL single brace models were compared to a detailed FE model 

in ANSYS using a calibrated material model of Chaboche [8] and a FE type SHELL181 with 

mesh size of 10 mm [9]. A cyclic test was conducted by applying incremental fully symmet-

rical axial displacement and the obtained hysteretic curves are plotted on Figure 4. Typically, 

a single brace hysteresis exhibits a progressive reduction in compression capacity in subse-

quent loading cycles. It can be concluded that the hysteretic behaviour of the brace is well 

captured by the 3HM, and what is more, the resultant curve is very close to the detailed FE 

model curve in the compression area. The NLL brace hysteretic behaviour deviates more from 

the detailed FE model curve mainly due to the features of the pivot hysteresis type. It can be 

noted that when reloading in a positive direction, NLL does not capture the typical pinching 

and overestimating brace stiffness and strength in the range of small elongations. 

 

 

Figure 4: A single MB hysteresis  

3.2 Verification of single storey CBF models  

The validity of the proposed modelling techniques was confirmed by calibrating numerical 

to experimental results for a single story CBF-MB. The experimental program involved a dis-

placement-controlled cyclic test of a single story CBF-MB specimen. The adopted loading 

protocol was consistent with the ECCS recommendations [10]. Details about the experimental 

programme the reader may find in [1]. The FE models of the test specimen were created fol-

lowing the proposed modelling techniques, namely 3HM and NLL using SAP2000 [7]. For 

the definition of MB, material with yield strength corresponding to the actual yield strength of 

the test specimen was used. The material was determined by a standard tensile test in accord-

ance with ISO 6892-1 [11]. The joints between the beams and the columns and column bases 
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were modelled as semi-rigid, and the joints between the splitting beam and the columns were 

modelled as pinned, representing the actual test specimen conditions. Figure 5 illustrates the 

comparison between the hysteresis loops for the test specimen and both FE models (NLL and 

3HM). It is indicative that the proposed nonlinear link and three hinge models represent 

reliably the experimental results. A maximum deviation can be observed in a small displace-

ment region, where the pinching effect in the experimental curve is more severe compared to 

the computer simulations. It was considered that the computer simulations by 3HM and NNL 

is reliable and may be used for analytical studies. 

 

Figure 5: Comparison of hysteresis loops of single story CBF-MB 

3.3 Nonlinear dynamic analysis of three story CBF-MB with proposed modelling tech-

niques 

The proposed techniques for modelling of modified braces (NLL and 3HM) have also been 

verified by a nonlinear dynamic analysis of three story CBF-MB FE models under ideal joint 

conditions: pinned column bases, rigid splitting-beams-to-columns joints and pinned beams to 

columns. A fibre finite element model developed in SeismoStruct [12] was used as a reference 

model. The SeismoStruct model had been previously calibrated with experimental hysteresis 

of a single story CBF-MB. Some useful guidelines for fibre FE modelling may be found in 

[13]. The three FE models were subjected to a family of ten ground motion records adjusted 

as to comply with the recommendations of [4].   

The base shear force and the roof displacement were used as representative parameters of 

the models. Their variation in time is illustrated in Figure 6 and Figure 7 for two of the seis-

mic ground motion records (Kobe and Hector Mine). The results from the NLL, 3HM and fi-

bre SeismoStruct models are compared. 
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a) Hector mine accelerogram b) Kobe accelerogram 

Figure 6: Comparison of 3 story CBF-MB  base shear force  

  
a) Hector mine accelerogram b) Kobe accelerogram 

Figure 7: Comparison of 3 story CBF-MB  roof displacement 

It can be noticed that the maximum value of the base shear force and the roof displacement 

is similar for both proposed modelling techniques. A good agreement between the time histo-

ries of roof displacements and base shear for the examined FE models can be noticed. This is 

indicative of the adequacy of the proposed modelling techniques. A more pronounced differ-

ence may be noted in the magnitude of residual displacements. The NLL model exhibits lower 

residual displacement values than those of the 3HM and SeismoStruct fibre models. This can 

be explained with the characteristics of the Multi-linear Plastic Link with Pivot hysteresis 

type. As discussed in point 3.1, the typical pinching of a single brace hysteretic response can-

not be simulated accurately in reverse tension loading, resulting in overestimated brace stiff-

ness. This results in unrealistically low residual roof displacement values. 

On the other hand, 3HM can provide an accurate prediction of the brace hysteresis behav-

iour which reflects in more realistic residual drift results. The agreement of the residual dis-

placements values between the 3-Hinge model and the fibre FE SeismoStruct model indicates 

that 3HM can simulate reliably the self-centering capability of the CBF-MB. 

821



Tzvetan S. Georgiev, Dimo S. Zhelev and Lora D. Raycheva 

 

It should be noted that all three models produce similar results. The NNL model cannot 

capture precisely the residual drifts of the CBF-MB but the analyses of the NNL model re-

quire significantly reduced computation time and convergence is reached with fewer zero 

steps. 

4 CASE STUDY - 2D FRAME 

4.1 Geometry and general assumptions  

The case study presented below is based on a 2-D CBF-MB extracted from a three-storey 

building, Figure 8. The building frame comprises three 8m bays with nominally pinned beam-

to-column joints and pinned column bases. Hot rolled HEA profiles for columns and IPE pro-

files for floor beams are used. No composite action with the concrete slab is considered. Each 

CBF-MB is integrated in the middle of the bay. Thus the main loads of the braced frame col-

umns are primarily axial resulting from the seismic action, and the remaining frame columns 

carry the gravity loads. A similar design approach may be seen in [14], [15], [16]. The CBF-

MB system was designed according to [5] by a multi-modal response spectrum analysis. The 

cross sections of the building frames and of the CBF-MB system are summarized in Table 2. 

 

4.2 Materials 

Steel S235 is used for the modified braces and S355 steel is adopted for CBF columns. The 

CBF floor beams and the splitting beams are designed with steel grade S275. The floor slab 

design requires C25/30 concrete and B500B reinforcing steel. The building-frame members 

are designed with S275 steel. 

 
 

a) b) 

Figure 8: 2-D building frame and building plan 

Sto-

rey 

CBF-MB Building Frame 

Braces1 Columns Beams 
Splitting 

beams 
External 

columns 
Internal 

columns 
Beams 

1 F95.6W120.5-

M180.45-T16 
HEA 260 HEA 240 HEA 260 HEB 500 HEB 500 IPE 360 

IPE 500 

                                                 
1  The MB cross sections will be described by abbreviations that should be read as follows: F (flange) 95.6 

width 95 mm, thickness 6 mm; W (web) 120.5 width 120 mm, thickness 5 mm; – M (modified section) 

180.45 length 180 mm, flange width 45 mm – T16 (web thickness of MS) 16 mm. 
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2 F85.5W120.5-

M180.35-T14 

HEA 260 HEA 240 HEA 240 HEB 500 HEB 500 IPE 360 

IPE 500 

3 F75.4W90.4-

M180.35-T12 

HEA 260 HEA 240 HEA 240 HEB 500 HEB 500 IPE 360 

IPE 500 

Table 2: Cross sections of CBF-MB and building frame 

4.3 Loads and combinations 

Table 3 summarizes the assumptions for gravity loads and seismic action parameters. The 

assumed top floor loads are as those for an occupied roof terrace. 

 

Vertical loads 

Structure self-weight  3,00 kN/m2  

Other permanent loads (ceiling, raised floor) 

– Intermediate floors 

– Roof floor (terrace) 

Perimeter walls, storey height 4 meters  

 

0,75 kN/m2 

1,35 kN/m2 

2,40 kN/m 

Imposed loads (category B + movable partitions):  

– Intermediate floors 

– Roof floor (terrace) 

 

3,00 kN/m2 

2,00 kN/m2 

Seismic action 

Design response spectrum for elastic analysis Type 1 

Reference peak ground acceleration (PGA) ag,R = 0,32g 

Importance class II  γI = 1,0 

Ground type Β (TB = 0,15 s, 

TC = 0,50 s) 

Proposed behaviour factor q 5,0 

Damping ratio 5% 

Factors for storey occupancy in seismic design situation φ = 0,80 

Seismic combination coefficient  ψ2 = 0,60, ψE = 0,48 

Table 3: Loads and actions 

The seismic floor masses per braced frame are calculated according to [4] and the results 

are summarized in Table 4. It is assumed that the total seismic mass is distributed equally be-

tween both CBF-MB in axes 1 and 4. No torsional effects from eccentricities of story masses 

have been taken into consideration in this case study. 

 

Floor 1 mass = 82,05 t Floor 2 mass = 82,05 t Floor 3 mass = 82,35 t 

Table 4: Seismic masses per braced frame 

5 STATIC NON-LINEAR ANALYSIS WITH VARIATION OF FRAME JOINTS 

The effect of frame joint stiffness on the capacity curves of the three-storey CBF-MB was 

determined by means of a static nonlinear analysis (SNA). Three FE models with concentrat-

ed plasticity were created in SAP2000. A variation of the type of beam-to-column joints was 

introduced. A Flush End Plate (FEP) partial strength joint was considered as appropriate for 

representing a semi-rigid connection since it was considered as the most appropriate type for 

beam-to-column joint in case of existence of compression force (Figure 9 b). Three joint types 

were used in turns – a rigid, a nominally pinned and a semi-rigid joint. Their locations and 
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types are presented briefly in Table 5. The created models account for the non-linear behav-

iour of the beam, the splitting beam, the columns, and the braces, using M-N-Hinges and P-

Hinges respectively. A static nonlinear analysis was performed with a lateral force pattern in 

an inverted triangular type (first mode). The P–∆ effects were accounted for by an inclined 

leaning column simulating the initial sway imperfection of the frame according to [4]. 

 

Model  abbreviation 
Splitting beam-to-

column joint (SB-C) 

Floor beam-to-column joint 

(B-C) 

SB-C Rigid; B-C Pinned rigid, full strength nominal pinned 

SB-C Rigid; B-C PR rigid, full strength 
FEP, semi-rigid, partial re-

sistance 

SB-C PR; B-C PR 
semi-rigid, partial re-

sistance 

FEP, semi-rigid, partial re-

sistance 

SB-C Rigid; B-C PR2 rigid, full strength 

FEP, semi-rigid, partial-

strength, from both sides of the 

column 

Table 5: Description of the beam-to-column joint types and their locations 

The structural performance was assessed by introducing three limit states related to IO 

(immediate occupancy), LS (life safety) and CP (collapse prevention). It was done by N2-

Method [17] techniques and scaling the PGA with factors 0.5, 1.0 and 1.5 respectively for IO, 

LS and CP. The resultant capacity curves with indicated limit states are illustrated in Figure 9 

a). The plastic mechanism at ULS features considerable and regular yielding of tension braces 

and buckling in compressed members along the building height, and the contour frame re-

mains elastic. The CP limit state is characterized by brace yielding and buckling and addition-

al flexural yielding of the splitting beam. 

 

 

a) Capacity curves obtained through joint type variations b) FEP beam-column joint 

Figure 9: Comparison of the capacity curves of CBF-MB with variation of the joints  

The capacity curves in the first three cases (SB-C Rigid; B-C Pinned, SB-C Rigid; B-C PR, 

SB-C Rigid; B-C PR2) are quite similar in shape. It can be noticed that using FEP for floor 

beam-to-column joints increases the overstrength of the system and introduces a slight reduc-
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tion in ductility. The SB-C PR; B-C PR model demonstrates the role of the joint between the 

splitting beam and the contour frame. Neglecting the constitution of rigid joints between split-

ting beam and columns produces a loss of overstrength, reduction of ductility and a resultant 

softening inelastic branch due to domination of second order effects. In conclusion, the type 

of floor beam-to-column connections does not affect the system behaviour in a major way and, 

therefore, such connections may be designed as nominally pinned or semi-rigid. It is recom-

mended that splitting beams are rigidly connected to the columns and thus forming internal H-

frame that provides backup of lateral stiffness for the system in the range of inelastic brace 

behaviour and a self-centering capacity as well. 

6 INCREMENTAL DYNAMIC ANALYSIS  

The CBF-MB system was studied using the Incremental Dynamic Analysis (IDA) present-

ed by Vamvatsikos and Cornell [18], [19] and FEMA-P695 [20]. The procedure adopted be-

low is based on the relation between the Intensity Measure (IM) and the Damage Measure 

(DM). IM in the examined system is represented by the matched signal spectral acceleration 

corresponding to the structural first natural mode of vibration considering a 5% viscous 

damping Sa(T1,5%), and the DM is defined using the maximum interstorey drift of θmax or re-

sidual drifts, respectively. In order to generate the IDA curves, the ground motions were 

scaled by factors 0.50; 0.75; 1.00; 1.25; 1.50 and higher until a numerical non-convergence 

was reached. 

Based on the conclusions made from SNA, only three of the four FE models examined in 

point 5 have been analyzed here using the IDA procedure - SB-C Rigid; B-C Pinned, SB-C 

Rigid; B-C PR, SB-C PR; B-C PR. 

6.1 Ground motion records 

A family of ground motion records obtained from Far-Field-Record set with PGA not 

much larger than 0.32g was selected. The set includes ten real records of the strongest hori-

zontal ground motions from the PEER NGA database, with magnitudes of 6.5 or more, and 

refers to sites located 10 or more kilometres from a fault rupture. Adjusting of the selected 

strong ground motion records was achieved through the software SeismoMatch [21]. Match-

ing of the records was based on [4] rules for recorded accelerograms. The adjusting process 

was performed for all ten signals.  Initially, scale factors of 1.3, 1.5 and 1.5 were applied to 

records No 2, 3 and 5 respectively, and the remaining records were processed without scaling. 

The list of selected strong ground motion records and their basic characteristics is shown in 

Table 6 and the corresponding response spectrums are illustrated in Figure 10. The Eurocode 

type 1 Response Spectrum (RS), based on PGA 0,32g and Soil Type B was used. The Mean 

Matched RS of the matched accelerograms, the ТRS and the 90% TRS are shown in Figure 

11. The mean spectral response, calculated from all of the 10 records in the range of periods 

between 0.18 s and 2.0 s, deviates less than 2% from the corresponding TRS values. The max-

imum misfit is 5.1%. The processing of the records complies fully with the EN 1998-1 pre-

scriptions and is considered suitable for evaluating the performance of the CBF-MB system 

related to influence of joint types. 
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Figure 10: Response spectrums of the recorded accel-

erograms and Target Response Spectrum 

 

Figure 11: Target Response Spectrum, 90% Target 

RS and Mean Matched RS 

 

Earthquake Recording Station 
Recorded 

Motions 

Matched 

Motions 

ID 

№ 
M Year Name Name 

PGA 

max 

(g) 

PGV 

max 

(cm/s) 

PGA 

max 

(g) 

PGV 

max 

(cm/s) 

1 7.1 1999 Hector Mine, USA Hector (90) 0.34 42 0.52 32 

2 6.9 1995 Kobe, Japan Kakogawa (CUE90) 0.34 23 0.33 31 

3 7.5 1999 Kocaeli, Turkey Duzce (270) 0.35 11 0.67 31 

4 6.9 1989 Loma Prieta, USA 090 CDMG 0.39 45 0.34 45 

5 6.5 1987 Superst. Hills, USA Poe Road (temp) 0.35 10 0.52 40 

6 7.6 1999 Chi-Chi, Taiwan TCU 045 0.36 22 0.52 49 

7 6.5 1976 Friuli, Italy Tolmezzo (000) 0.35 22 0.52 69 

8 7.3 1992 Landers, USA Coolwater 0.33 30 0.34 32 

9 7.4 1990 Manjil, Iran Abbar 0.51 54 0.44 40 

10 6.6 1971 San Fernando, USA LA-Hollywood Stor 0.21 19 0.49 38 

Table 6: List of selected strong ground motion records 

6.2 Estimation of the maximum interstorey drift  

The incremental curves of the maximum interstorey drift ratio related to signal spectral ac-

celeration Sa(T1;5%) are presented in Figure 12. The results for each of the models are sum-

marized in their 16%, 50% and 84% percentiles (Figure 13).  

It can be seen from Figure 12 and Figure 13 that the maximum interstorey drift ratios do 

not differ significantly for the three FE models. In the range of interstorey drifts larger than 

the prescribed by FEMA-356 [22] LS=1.5%, model SB-C Rigid; B-C Pinned indicates slight-

ly higher interstorey drifts at the same IM level compared to the other two models. The inter-

storey drift ratios of the other two models (SB-C PR; B-C PR and SB-C Rigid; B-C PR) are 

similar. It can be concluded that the joint types do not have any major effect on the maximum 

interstorey drift ratios of the studied CBF-MB system. 
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Figure 12: IDA study for 10 records on a T1=0.881 s, 3-story CBF-MB with percentile curves of the maximum 

interstorey drift 
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Figure 13: IDA 16%, 50% and 84% percentile of the maximum interstorey drift  

6.3 Estimation of residual interstorey drift  

The performance of the three FE models used in the study was also estimated through the 

incremental curves of the residual drift ratios at several IM levels (Figure 14).  

  

 

 

Figure 14: IDA study for 10 records on a T1=0.881 s, 3-story CBF-MB with percentile curves of the maximum 

residual drift ratio 
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The results for each model are summarized in their 16, 50 and 84 (Figure 15) percentiles 

and some conclusions have been drawn. The residual storey displacements are assumed to be 

the maximum value of the final one hundred steps in the analysis. There is a minor scatter of 

the results in the final steps but as this approach is practical, it produces conservative values 

and simplified damping effects at the end of the analysis. It should be mentioned that each 

signal has been elongated by approximately 25% of the original time with no accelerations, 

allowing capture of the residual displacement. 

 

  

 

 

Figure 15: IDA 16%, 50% and 84% percentile of the maximum residual drift 

The comparison of the 16%, 50% and 84% percentiles indicates that the SB-C PR; BC-PR 

model develops the highest residual drift ratios and that the SB-C Rigid; BC-PR model devel-

ops the lowest residual drift ratios. The incremental curves presented in Figure 15 are indica-

tive of the influence of the splitting beam-to-columns joint stiffness on the self-centering 

capability of the CBF-MB system. It can be concluded that using rigid joints between splitting 

beams and columns lowers the residual displacement values and provides a self-centering ca-

pacity of the system. 

Table 7 summarizes the residual maximum interstory drifts and their 16, 50 and  84 per-

centiles at the corresponding limit states defined by FEMA-356, namely IO (immediate occu-

pancy), LS (life safety) and CP (collapse prevention). The values of the maximum residual 

drifts, reported in Table 9, were obtained by scaling the already matched signals from Table 6 

by factors of 0.5, 1.0 and 1.5 respectively for IO, LS and CP and by choosing the highest sto-

rey residual drift of the ten signals. 

 

829



Tzvetan S. Georgiev, Dimo S. Zhelev and Lora D. Raycheva 

 

Ground motion Model IO LS CP 

Hector Mine, USA SB-C Rigid; B-C Pinned 0.05 0.48 0.65 

SB-C Rigid; B-C PR 0.04 0.24 0.43 

SB-C PR; B-C PR 0.03 0.39 0.19 

Kobe, Japan SB-C Rigid; B-C Pinned 0.04 0.13 0.86 

SB-C Rigid; B-C PR 0.07 0.17 0.35 

SB-C PR; B-C PR 0.06 0.36 0.73 

Kocaeli, Turkey SB-C Rigid; B-C Pinned 0.04 0.28 0.28 

SB-C Rigid; B-C PR 0.04 0.18 0.60 

SB-C PR; B-C PR 0.09 0.13 0.53 

Loma Prieta, USA SB-C Rigid; B-C Pinned 0.10 0.54 0.67 

SB-C Rigid; B-C PR 0.10 0.47 1.42 

SB-C PR; B-C PR 0.16 1.57 3.80 

Superstition Hills, USA SB-C Rigid; B-C Pinned 0.12 0.36 2.03 

SB-C Rigid; B-C PR 0.10 0.20 1.69 

SB-C PR; B-C PR 0.13 0.26 2.55 

Chi-Chi, Taiwan SB-C Rigid; B-C Pinned 0.10 0.14 0.58 

SB-C Rigid; B-C PR 0.09 0.17 0.50 

SB-C PR; B-C PR 0.16 0.58 1.48 

Landers, USA SB-C Rigid; B-C Pinned 0.06 0.30 1.30 

SB-C Rigid; B-C PR 0.04 0.13 0.94 

SB-C PR; B-C PR 0.09 0.40 0.15 

Manjil, Iran SB-C Rigid; B-C Pinned 0.04 0.13 0.39 

SB-C Rigid; B-C PR 0.11 0.06 0.38 

SB-C PR; B-C PR 0.18 0.09 0.67 

San Fernando, USA SB-C Rigid; B-C Pinned 0.07 0.79 0.61 

SB-C Rigid; B-C PR 0.02 0.42 0.00 

SB-C PR; B-C PR 0.11 0.43 3.09 

Percentile 16% SB-C Rigid; B-C Pinned 0.04 0.13 0.45 

SB-C Rigid; B-C PR 0.04 0.09 0.36 

SB-C PR; B-C PR 0.05 0.19 0.34 

Percentile 50% SB-C Rigid; B-C Pinned 0.06 0.29 0.63 

SB-C Rigid; B-C PR 0.06 0.17 0.50 

SB-C PR; B-C PR 0.10 0.40 1.11 

Percentile 84% SB-C Rigid; B-C Pinned 0.10 0.51 1.11 

SB-C Rigid; B-C PR 0.10 0.34 1.29 

SB-C PR; B-C PR 0.16 0.52 2.85 

Table 7: Residual maximum drift ratio in % 

The criteria for the admissible residual drifts corresponding to the structural performance 

levels of CP, LS and IO are presented in Table C1-3 of FEMA-356 [22]. The residual drift 

ratios should, according to the table, be lower than or equal to 2% for CP, lower than or equal 

to 0.5% for LS, and negligible for IO. The authors have adopted these criteria and propose a 

residual drift ratio of 0.2% as the criterion for IO, this value being consistent with the essen-
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tial tolerance for multi-storey frames according to EN 1090-2 Table C.2.4 [23] It should be 

noted that Eurocode 8 [4] does not specify any residual drift criteria. 

The study shows that the residual drift criteria for LS have been exceeded for the Loma 

(1.57%) and ChiChi (0.58) signals in the SB-C PR; B-C PR model. The same is true of the 

Loma (0.54%) and San Fernando (0.79%) signals in the SB-C Rigid; B-C Pinned model. 

The CP residual drift criteria are exceeded for the Loma (3.8%), Superstition (2.55%) and 

San Fernando (3.09%) signals in the SB-C PR; B-C PR model. The residual drift in the SB-C 

Rigid; B-C Pinned model used for the San Fernando signal is 2.03%. 

These results indicate that the SB-C Rigid; B-C PR model satisfies all the residual drift re-

quirements of FEMA-356, and that the SB-C PR; B-C PR and SB-C Rigid; B-C Pinned mod-

els exhibit higher residual drift ratios in a few cases. Ensuring the required self-centering 

capabilities of the CBF-MB model would need high rotational stiffness of the splitting beam-

to-column and beam-to-column joints, or even designing of these joints as rigid. The joint ro-

tational stiffness for the SB-C PR; B-C PR model was estimated as for a FEP connection, but 

higher stiffness as in an extended endplate is recommended. 

The 0.20% criterion proposed by IO is satisfied by all models for all signals. 

7 CONCLUSIONS  

This report presents an investigation on the behaviour of concentrically braced frames with 

modified braces (CBF-MB). Two types of brace modelling techniques are proposed and have 

been verified through a series of nonlinear analyses. It can be concluded that both proposed 

methods for modelling of the modified braces simulate effectively the overall system behav-

iour. The 3HM model represents precisely the single modified brace hysteresis behaviour and 

captures precisely the residual drifts while the NNL model saves computational time but un-

derestimates system residual drifts. The analytical investigation reveals that the CBF-MB self-

centеring capabilities can be successfully controlled by appropriate design of splitting beam-

to-columns joints. In order to ensure sufficient self-centеring capacity and low values of re-

sidual drifts joints between splitting beams and columns, the joints need to be designed as rig-

id or semi-rigid but with significant rotational stiffness. From this perspective, pinned joints 

between splitting beams and columns are not recommended in the proposed CBF-MB system 

and should be avoided. A need for criteria for assessment of the system residual drifts pre-

scribed by the European standards EN 1998-1 [4] is arised. 
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Abstract. Conventional seismic design philosophy is based on dissipative response, which im-

plicitly accepts damage of the structure under the design earthquake and leads to significant 

economic losses. Repair of the structure is often impeded by the permanent (residual) drifts of 

the structure. The repair costs and downtime of a structure hit by an earthquake can be signif-

icantly reduced by adopting removable dissipative members and providing the structure with 

re-centring capability. The paper presents application of this concept to a dual structure, ob-

tained by combining steel eccentrically braced frames (EBFs) with removable bolted links and 

moment resisting frames (MRFs). The solution was validated experimentally using component 

and system tests. Structural design of re-centring eccentrically braced frames can be performed 

using conventional code-based approach, but some additional criteria need to be considered. 

Among these are (1) providing moment resisting frames with a minimum strength in order to 

obtain a dual frame; (2) checking the re-centring capability by keeping the moment-resisting 

frames in the elastic range and constraining plastic deformations to replaceable dissipative 

members; (3) choosing an appropriate behavior factor and (4) designing the connections of 

replaceable links to allow re-placement. Moreover, due to limitations of simplified code-based 

approach, nonlinear pushover or time-history analyses are recommended to validate the in-

tended structural performance. Modelling approach of the system for nonlinear static and dy-

namic analysis is presented, and the results of seismic performance assessment are presented. 
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1 INTRODUCTION 

Conventional seismic design philosophy is based on dissipative response, which implicitly 

accepts damage of the structure under the design earthquake and leads to significant economic 

losses. Repair of the structure is often impeded by the permanent (residual) drifts of the struc-

ture. The repair costs and downtime of a structure hit by an earthquake can be significantly 

reduced by adopting removable dissipative members and providing the structure with re-cen-

tring capability. The paper presents application of this concept to a dual structure, obtained by 

combining steel EBFs with removable bolted links and MRFs. 

Re-centring dual EBFs with replaceable bolted links were previously studied and developed 

by Politehnica University Timisoara (UPT) in the frame of several research projects. 

2 SYSTEM DESCRIPTION 

Most of the structures designed to modern codes would experience inelastic deformations 

even under moderate seismic action, with permanent (residual) displacements after an earth-

quake. Repair is difficult in such cases. Solutions providing self-centring of the structure exist, 

but are technically demanding (post-tensioned strands, shape memory alloy devices, etc.). An 

alternative solution is the one that provides re-centring capability (as opposed to self-centring), 

through removable dissipative members and dual (rigid-flexible) structural configuration. 

Application of the concept of removable dissipative members to EBFs, where links act as 

dissipative zones, is presented in Figure 1. The link to beam connection is realized by a flush 

end-plate and high-strength friction grip bolts. The main advantage over other dissipative de-

vices is that removable links can be designed using methods readily available to structural en-

gineers and can be fabricated and erected using procedures standard to the profession. 

 

Figure 1. Replaceable link concept 

The re-centring of the system is attained by designing the structure as a combination of 

EBFs and MRFs. The elastic response of the flexible subsystem (MRF) provides the restoring 

forces, once the links damaged during an earthquake are removed. For this principle to be effi-

cient the flexible subsystem should remain in the elastic range.  

The solution was validated experimentally using component and system tests. An experi-

mental program was carried out at UPT, CEMSIG Research Centre, to determine cyclic perfor-

mance of isolated bolted links [1-2] and another at the European Laboratory for Structural 

Assessment (ELSA) of the Joint Research Centre (JRC) in Ispra, Italy, to validate the proposed 

solution through a pseudo-dynamic testing campaign of a full-scale model of a dual EBF struc-

ture [3]. 

3 EXPERIMENTAL VALIDATION OF TECHNICAL SOLUTION 

3.1 Component tests  

An experimental program was carried out at UPT, CEMSIG Research Centre, to determine 

cyclic performance of bolted links [1-2], for which the experimental set-up of only isolated link 

is presented in Figure 2.  

e 
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a) b)

Figure 2.  a) Experimental set-up and b) force–total deformation relationship V–γT for specimen LH4-c1 [1]. 

The removable link was fabricated from IPE240 profile of S235 grade steel, while the rest 

of the structure – from S355 grade steel. Four link lengths were considered: e0=400 (denoted 

with 4), 500 (denoted with 5), 600 (denoted with 6) and 700 (denoted with 7) mm, with “rare” 

(L) and “close” (H) spacing of stiffeners, and all links were classified as short ones according 

to AISC [4] and EN1998-1-1 [5]. During this experimental program, small height section links 

were investigated, the same as the ones from the DUAREM Project (240 mm section height). 

The complete ECCS 1985 [6] loading procedure was then applied, consisting of one monotonic 

(m) and two cyclic (c1 and c2) tests for each specimen. Meanwhile, for future investigations on 

links, AISC [4] has a dedicated loading protocol that is recommended. 

The strategy adopted for the design of the flush-end plate connections was to provide suffi-

cient over-strength of the connection over the link shear resistance. A reduction in total initial 

stiffness of the bolted link in comparison with the classical solution, as a result of both the semi-

rigid end-plate and slip in the connection, was observed. Therefore, it was concluded that either 

explicit modelling of the semi-rigid connection behavior or consideration of equivalent link 

stiffness is necessary for global analysis of frames with bolted links. 

Specimen LL7 LL6 LL5 LL4 LH7 LH6 LH5 LH4 

m 0.155 0.273 0.360 0.395 0.235 0.278 0.345 0.420 

c1 0.097 0.129 0.106 0.101 0.114 0.143 0.17 0.126 

c1 0.092 0.133 0.156 0.112 0.109 0.136 0.182 0.125 

Table 1. Ultimate deformation γTu. 

Table 1 shows that cyclic loading reduced by 40% to 70% rotation capacity, with the max-

imum reduction for short links. Rotation capacity increases slightly for shorter links, with the 

exception of LL4 and LH4 specimens. 

a) b) 

Figure 3.  Failure by connection degradation at the LH6-c2 specimen (a) and plastic web buckling at the LL4-c1 

specimen (b) [1]. 
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The behavior of long specimens was much influenced by the response of the bolted con-

nection (see Figure 3a), characterized by a gradual reduction in strength due to bolt thread strip-

ping and a pinching cyclic response. The latter effect reduced the energy dissipated in the group 

of cycles of constant amplitude. Full bolt preloading reduced partially this effect. Response of 

short specimens was controlled by the shear of the link web (see Figure 3b), characterized by 

important hardening and energy dissipation capacity, but a more rapid degradation in strength 

after web tearing. Stiffener spacing had maximum importance for short links. Their effect was 

to limit plastic local buckling of the web, increasing the maximum force and deformation ca-

pacity, and providing a more stable cyclic response. However, after the attainment of ultimate 

deformation, failure of LH4 specimens was more rapid in comparison with LL4 specimens. 

Therefore, choosing the link’s length is of high importance, since in case of longer lengths 

(e<1.6Mp,link/Vp,link, where Mp,link is the moment resistance of the link and Vp,link is the shear re-

sistance of the link) is difficult to dimension an elastic flush end-plate connection that might 

get damaged and make the replacement procedure more problematic, as opposed to using very 

short links (e<0.8Mp,link/Vp,link), as was the case of both JRC and UPT tests. 

From available tests, bolted links specimens with rare stiffeners showed a stable defor-

mation capacity of at least 0.09 rad, while the ones with close stiffeners showed a stable defor-

mation capacity of at least 0.11 rad. In case of LH5 specimens, with a length e=0.8Mp,link/Vp,link, 

the ultimate deformation capacity reached a value of at least 0.17 rad. 

3.2 System tests  

The validation of the proposed solution was realized through a pseudo-dynamic testing 

campaign of a full-scale model of a dual EBF structure at the European Laboratory for Struc-

tural Assessment (ELSA) of the Joint Research Centre (JRC) in Ispra, Italy within FP7 SERIES 

DUAREM Project (“Full-scale experimental validation of dual eccentrically braced frame with 

removable links”). 

The test specimen in presented in Figure 4. There are 2 central EBFs and 4 MRFs on test 

direction that represent the lateral load resisting system. 

a) b)

Figure 4.  The test specimen: a) 3D view; b) plan layout [3] 

Steel structural components were designed in S355 grade steel, with two exceptions. Grade 

S460 steel was used for columns and links were designed from S235 steel grade.  

The testing sequence on the mock-up in the reaction wall facility of ELSA consisted in 

pseudo-dynamic (PsD) tests, together with some monotonic and link replacement tests [3]. 

One ground motion record was chosen (from seven selected by matching the elastic re-

sponse spectrum used in design) to be used in the pseudo-dynamic tests in order to evaluate the 

structural performance of the test structure, applied with several input levels (see Table 2, where 

agr is the reference peak ground acceleration and ag represents the peak ground acceleration for 

a specific earthquake level): 
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Limit state Performed PsD 

tests 

Return 

period, 

years 

Probability of 

exceedance 

ag/agr ag/g Additional 

monotonic 

tests 

Full Operation FO1, FO2, FO3 - - 0.062 0.020  

Damage Limitation DL 95 10% / 10 years 0.59 0.191  

Significant Damage SD 475 10% / 50 years 1.00 0.324 PO1 

Near Collapse NC 2475 2% / 50 years 1.72 0.557 PO2, PO3 

Table 2. Limit states and corresponding scaling factors for seismic input. 

The testing program was completed with two link replacement tests: 

• First link replacement (LR1) – after DL test, where links were removed from the structure 

by unscrewing the bolts; 

• Second link replacement (LR2) – after PO1 test, where links were removed by means of 

flame cutting with a torch; 

FO tests were performed in order to assess the elastic response of the structure with each 

new set of links, before the main DL, SD and NC PsD tests, the selected seismic record being 

scaled to have the PGA of 0.02g. During these tests, the structure manifested an elastic response. 

DL test was performed, in order to simulate a moderate earthquake, causing moderate struc-

tural damage, the selected seismic record being scaled to have the PGA of 0.191g. SD test was 

performed in order to simulate a stronger earthquake, causing larger structural damage, the se-

lected seismic record being scaled to have the PGA of 0.324g. During these tests, no yielding 

was observed in the elements outside links and small to moderate maximum plastic defor-

mations occurred in links. Minor to moderate cracks were observed in the concrete slab. The 

structure exhibited low residual top displacement. Also low residual inter-story drifts were ob-

served. 

PO1 test (a monotonic pushover test until an additional displacement of 55 mm) starting 

from the end of the SD test position was necessary. This was done to obtain larger residual 

displacements that were necessary in order to validate the feasibility of the link removal process 

and re-centring of the structure. During this test, no yielding was observed in the elements out-

side links. Higher maximum plastic deformations occurred in links (see Fig. 3). More visible 

cracks were observed in the concrete slab (see Figure 5). After this test, the structure exhibited 

significant larger residual top displacement. Larger residual inter-story drifts amounting were 

observed. 

 

Figure 5.  PO1 test results [3] 

Because after the DL test the structure exhibited low residual top displacement and low 

residual drifts were observed, the decision was to remove the first set of damaged links, by 

removing the bolts, on a level by level basis, starting from the lower level to the upper one. The 

low value of the residual top displacement from the end of the DL test decreased after the elim-

ination of the damaged links. A new set of unused links was then mounted into the structure. 
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Because after the PO1 test the structure exhibited significant larger residual top displace-

ment and larger residual drifts were observed, the decision was to remove the second set of 

damaged links, by flame cutting both the web and flanges of the links, from the top story down-

wards. The value of the residual top displacement from the end of the PO1 test was decreased 

after the elimination of the damaged links. A new set of unused links was then mounted into 

the structure. 

NC test was proposed in order to simulate a much stronger earthquake and to obtain exten-

sive damage throughout the structure, the re-centring capability being lost due to yielding in 

other members apart from the links, the selected seismic record being applied with a scaling 

factor of 0.557. This test was prematurely stopped because the available actuator capacity (1000 

kN per frame at every floor) was not enough to carry it out with the imposed null torsion at 

every floor. 

Another cyclic pushover test (PO2) with maximum displacement amplitudes of 150 mm 

was further proposed after the actuators’ release of force from the NC test and afterwards a final 

cyclic pushover test (PO3) with maximum displacement amplitude of 400 mm. The last three 

tests brought extensive plastic behavior throughout the entire structure (see Figure 6). 

 

Figure 6.  State of the specimen after the last test [3] 

The maximum link demand after PO1 test is of 0.075 rad (see Table 3), smaller than the 

acceptable criterion for this limit state adopted by FEMA356 [7], which is of 0.11 rad. 

Test DL SD PO1 

Maximum link rotation [rad] 0.032 0.061 0.075 

Residual link rotation [rad] 0.014 0.022 0.066 

Table 3. Deformation demands for links. 

After the DL test, the structure exhibited a low residual top displacement of 5 mm (0.05%), 

the maximum top displacement being 32 mm. Also, a low residual inter-story drift amounting 

to a maximum of 3 mm (less than 0.1%) was observed. At the end of the LR1 procedure, a very 

small residual drift (H/5250 for both frames) that is lower than the erection tolerance (H/300) 

was observed, the structure being almost re-centred.   

After the completion of PO1 test, the structure exhibited a significantly larger residual top 

displacement of 45 mm (0.43%), the maximum top displacement being 68 mm. Larger residual 

inter-story drift amounting to a maximum of 18 mm (0.5%) was observed. At the end of the 

LR2 procedure, a small residual drift (H/5250 for the south frame and H/1750 for the north 

frame) that was lower than erection tolerance was observed. 

4 DESIGN PROCEDURE FOR EBFS WITH REPLACEABLE LINKS 

A flowchart that briefly illustrates the design of EBFs with removable links and re-centring 

capability is shown in Figure 7. 
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Structural design of re-centring eccentrically braced frames can be performed using conven-

tional code-based approach, but some additional criteria need to be considered.  

Firstly, a capacity design can be performed, according to Eurocodes. The dissipative behav-

ior concept is recommended, A global dissipative behavior of the structure should be achieved, 

checking that the individual values of the ratios Ωi for each dissipative member not to exceed 

the minimum value Ω by more than 25%. 

Additional to current design provisions according to EN1998-1 [5], the investigated struc-

tural system has to meet the following requirements. 

(1) the structure should be dual (providing moment resisting frames with a minimum 

strength) and possess re-centring capability (pre-designed using approximate formulas 

and confirmed through nonlinear analyses) after link elimination; 

(2) the links should be replaceable, using bolted elastic connections that must possess an 

over-strength with respect to links; 

(3) re-centring capability should be checked by keeping the moment-resisting frames in the 

elastic range and constraining plastic deformations to replaceable dissipative members 

until reaching the ultimate shear deformation in links; 

(4) an appropriate behavior factor should be chosen. 

 
Figure 7.  Design flowchart for EBFs with removable links and re-centring capacity 
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All the additional design requirements presented above lead to the necessity of short re-

movable links prequalification (validation) [8]. Since there’s only a limited number of experi-

mental tests on short bolted links involving this type of connection (flush-end plate) and link 

section (I section with 240 mm height), when using other types of sections and connections it 

is recommended to confirm the links performance through experimental validation and/or nu-

merical testing. 

5 CASE STUDY  

5.1 Description of examined building frames 

The case study presented hereafter consists of designing and analyzing 2 four-story and 2 

eight-story buildings. The common plan view for the buildings is presented in Figure 8a. The 

number of bays in both directions is 3, with a span length of 8m. The height of each story is 4m. 

The main lateral load resisting system is composed of four MRFs and two EBFs on transversal 

direction and two MRFs and two EBFs on longitudinal direction. The marginal frames on trans-

versal direction consist of dual steel frames, combining two moment resisting frames (MRFs) 

(which provide the necessary re-centering capability to the structure, assuring the restoring 

forces after an earthquake) with one central eccentrically braced frame (EBF) with replaceable 

bolted links (which are intended to provide the energy dissipation capacity and to be easily 

replaceable) (Figure 8b-c). All the other frames are gravitational loads resisting systems (with 

pinned HE200A composite steel-concrete beams). The main beams, columns and braces are 

made of European I-sections (IPE, HEA, HEB and HEM type), while the removable links are 

made of welded I-sections. The material used for structural elements is S355 steel. 

 

 

 
a) 

 

 

 

 
b) 

 
c) 

Figure 8: Structures description: a) plane configuration, b) 4-story frame elevation and c) 8-story frame eleva-

tion. 

The gravity loads were applied as uniform distributed loads on the secondary beams and 

reduced to concentrated loads on the main frames. The dead load takes into account the com-

posite slab and steel sheeting, resulting 2.75 kN/m2. There were considered some superimposed 

loads from services, ceilings and raised floors. A 4.0 kN/m2 was taken into account for perim-

eter walls. The live load takes into account the destination of the buildings (offices - class B) 

and movable partition walls, resulting 3.8 kN/m2. All gravitational loads assigned to the ana-

lyzed frames correspond to half the bay (4m). Two different design cases are taken into account: 

moderate (considering DCM) and high (considering DCH) seismicity cases. Type 1-C spectrum 

was selected for design considering two peak ground accelerations: 0.3g for high seismicity 

case and 0.15g for moderate seismicity case. 

 

Gravity 

MRF 

EBF 
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A behavior factor q=4 was adopted for DCH. In case of DCM a behavior factor of 2.5 has 

been considered. 

5.2 Structural analysis 

The modelling, analysis and design of the buildings, was performed with the finite element 

program SAP2000 [9]. The structural model was a linear-elastic 2D model with beam elements 

of the perimeter frame.  

Rigid diaphragms were assigned at each level to account for the effect of reinforced concrete 

slabs. 

The structural masses (in tons) considered from half of the total bay of the structure (12m) 

were assigned in the frame’s structural nodes, since only the marginal frames resist to lateral 

loads (Fig. 6.3) 

Multi-modal response spectrum analysis was performed. The first two modes, for 4-story 

buildings and the first three modes, for 8-story buildings, activated more than 90% of the mass. 

Global imperfections were considered in the structural analysis, according to EN1993-1-1 

[10], through equivalent lateral forces Hi, from combination 1.35·G + 1.5·Q. These forces were 

computed based on total gravitational loads and initial global imperfection φ, level by level, 

and considered in every load combination further on. Small lateral equivalent forces were ob-

tained, of 8.7 kN for current levels and 8.9 kN for roof level.  

Second order effects were not accounted for in design because the inter-story drift sensitivity 

coefficient θ was computed according to EN1998-1-1 and found to be smaller than 0.1. 

5.3 Conventional code-based design 

MRFs were designed from fundamental Ultimate Limit State (ULS) design load combina-

tion 1.35·G+1.5·Q. IPE330 sections were obtained for beams, HE160B sections for columns of 

4-story buildings and HE200B sections for columns of 8-story buildings. 

Beams deflections were checked from fundamental Serviceability Limit State (SLS) design 

load combination 1.0·G+1.0·Q. They had to be increased to IPE360 to have deflections less 

than L/350 (22.86mm). 

Further on are presented conditions that need to be fulfilled for seismic design in accordance 

with rules described in EN 1998-1-1 [5]. 

Shear links are the dissipative elements of the system. They are designed from welded (h x 

b x tf x tw) class 1 I-sections and dimensioned from the following governing seismic load com-

bination: 1.0·G+0.3·Q+1.0·S. 

For each building, a homogeneous dissipative behavior was ensured between links (25%). 

The structural over-strength was computed as: 

Ω=γov Ωi                                                                  (1) 

Ωi = ���
��,��	
,�

���,�
 

where γov is 1.25 and γsh was adopted 1.8 for DCH (according to DUAREM project [3] results) 

and 1.5 for DCM. 

EBFs columns, braces and beams are the non-dissipative elements of the system and were 

designed from the seismic load combination that provides over-strength (Ω) to these elements 

with respect to dissipative ones: 1.0·G+0.3·Q+Ω·S. 

Columns should satisfy the “weak beam-strong column” condition: 

∑MRc≥1.3∑MRb                                                          (2)     
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where: ∑MRc is the sum of upper and lower columns moment resistance and ∑MRb is the mo-

ment resistance of the MRF beam.       

Inter-story drifts were checked from the seismic SLS combination: 1.0·G+0.3·Q+ν·q·S 

(where ν=0.5). The check is verified for all stories, with values much lower than the limit value 

30mm (0.0075h, where h is the story height).                              

5.4 Additional design provisions 

The links should be designed as removable. This can be done by using a flush end-plate 

link-beam connection that should be kept elastic. This means that the connection should have a 

design shear force Vj,Ed and bending moment Mj,Ed corresponding to a fully yielded and strain 

hardened link, computed as follows: 

linkpovshEdj VV ,, γγ=                                                    (3)                                                  

2

,

,

eV
M

Edj

Edj =
 

In order to achieve the connection over-strength, very short dissipative members were 

adopted (with length e as small as 0.8Mp,link/Vp,link). Therefore, links have lengths of 0.5 m in 

case of 4-story buildings and 0.9 m in case of 8-story buildings. 

It was considered that the bolted connection has no influence on the overall link stiffness 

because of preloading of bolts. 

The consequence of using a non-dissipative flush end-plate bolted connection is represented 

by the necessity of having very short links (as short as e=0.8Mp,link/Vp,link). This leads to larger 

deformation demands in links under the design seismic motion. As a result, EBF frames with 

very short links fail to fulfil the performance requirements at ULS when designed for a behavior 

factor q=6 at DCH. In order to reduce these requirements and obtain acceptable performance is 

necessary to limit the behavior factor q at 4 at DCH.  

The duality of the structure should be checked by verifying that the MRFs should be able to 

resist at least 25% of the total seismic force [11-12]: 

Fy
MRF > 0.25 (Fy

MRF+Fy
EBF)                                                    (4) 

linkp

EBF

y V
H

L
F ,=  

H

M
F

bplMRF

y

,4
=  

where: Fy
MRF is the yield strength of MRF, Fy

EBF is the yield strength of EBF, L is the frame 

span, H is the frame story height, Vp,link is the shear strength of the link and Mpl,b is the beam 

plastic moment. 

a) b)

Figure 9: Basic one-story a) EBF and b) MRF components [13]. 

In order to have dual frames, the MRFs beams were increased. MRFs beams from transver-

sal plane are larger because there are only 2 MRFs on that direction (Figure 8d). 
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Final sections from code-based design and additional recommendations are presented in the 

following tables: 

Ductility 

class 
Story Links Braces Beams Columns 

MRFs 

beams 

MRFs 

columns 

DCH 

 

1 350x190x18x9 HE280B HE360A HE320B IPE400 HE240B 

2 350x190x18x9 HE280B HE360A HE320B IPE400 HE240B 

3 290x190x16x8 HE240B HE300A HE300B IPE360 HE220B 

4 230x140x16x6 HE200B HE240A HE300B IPE360 HE220B 

DCM 

1 350x130x18x6 HE240B HE360A HE260B IPE400 HE240B 

2 350x130x18x6 HE220B HE360A HE260B IPE400 HE240B 

3 290x140x16x6 HE220B HE300A HE240B IPE360 HE220B 

4 230x120x16x5 HE180B HE240A HE240B IPE360 HE220B 

Table 4. 4-storey frame sections. 

Ductility 

class 
Story Links Braces Beams Columns 

MRFs 

beams 

MRFs 

columns 

DCH 

1 490x260x20x8 HE320B HE500A HE340M IPE450 HE260B 

2 490x260x20x8 HE320B HE500A HE340M IPE450 HE260B 

3 440x230x20x7 HE300B HE450A HE300M IPE400 HE240B 

4 440x230x20x7 HE280B HE450A HE300M IPE400 HE240B 

5 390x200x20x6 HE280B HE400A HE300B IPE360 HE220B 

6 390x200x20x6 HE260B HE400A HE300B IPE360 HE220B 

7 330x210x16x5 HE240B HE340A HE280B IPE360 HE220B 

8 250x190x14x4 HE200B HE260A HE280B IPE360 HE220B 

DCM 

1 440x230x20x7 HE260B HE450A HE300M IPE400 HE240B 

2 440x230x20x7 HE260B HE450A HE300M IPE400 HE240B 

3 390x220x18x6 HE260B HE400A HE280M IPE360 HE220B 

4 390x220x18x6 HE240B HE400A HE280M IPE360 HE220B 

5 350x220x18x6 HE220B HE360A HE280B IPE360 HE220B 

6 330x210x16x5 HE220B HE340A HE280B IPE360 HE220B 

7 290x210x16x5 HE200B HE300A HE260B IPE360 HE220B 

8 210x190x14x4 HE180B HE220A HE260B IPE360 HE220B 

Table 5. 8-storey frame sections. 

5.5 Seismic performance 

In order to verify the re-centring capability of EBFs with removable links, the ultimate dis-

placement of the EBFs (δu
EBF) at ultimate limit state (ULS) (corresponding to the plastic defor-

mation capacity of the link) must be smaller than the yield displacement of the MRFs (δy
MRF), 

meaning the yielding in MRFs is prevented up to the attainment of ultimate deformation capac-

ity in the EBFs with removable links. Nonlinear static and/or dynamic analyses are recom-

mended in order to check the re-centring capability. 

Pushover (PO) analyses were performed on both 4-story and 8-story frames, considering a 

modal distribution of lateral forces. P–Delta effects were also included in PO analyses. 

A leaning column was modelled in order to account for the gravitational loads from the 

remaining half of structure (8m) that were not considered on the analyzed frames (Figure 10). 
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a) 

 

 

b) 

Figure 10: Leaning column approach: a) not yet considered gravitational loads and b) leaning column modelling. 

Expected (based on γov=1.25) material properties were used for dissipative elements and 

nominal material properties for non-dissipative elements. 

Nonlinear plastic hinges of bending type M3 were assigned at the ends of the MRFs beams 

and of bending with axial force type P-M3 at the ends of columns and EBFs beams. For braces, 

nonlinear plastic hinges of axial type P were used, being assigned at the middle of members. 

These properties were calculated according to ASCE41-13 [14].  

In order to account for the short links nonlinear behavior in shear (V2), MultiLinear Plastic 

Link elements were defined, with nonlinear behavior on 2-direction, described by the following 

backbone curve (Figure 11). 

 

Figure 11: Shear links nonlinear behavior. 

where: K1 is the initial (elastic) stiffness of the link (accounting for shear and bending stiffness), 

Vy is the shear resistance of links (Vp,link), Vu is considered 1.8Vy in case of DCH and 1.5Vy in 

case of DCM, γu is the ultimate shear rotation considered 0.15 rad for DCH and 0.1 rad for DCH 

and γf was considered 0.17 rad for DCH and 0.11 rad. 

2-Joint Link elements were drawn between end-joints of every link and the short links bars 

were pinned at the ends. 

After running the PO analyses on elastic designed frames, in case of 4-story and 8-story 

buildings, at DCH, yielding was observed in MRFs before the attainment of ultimate defor-

mation capacity in the EBFs with removable links. Therefore, some sections were replaced as 

follows: for the 4-story frame, only EBF columns sections were changed (from HE320B to 

HE280M and from HE300B to HE280B) and for the 8-story frame, MRFs were made from 

(γf, 0.8Vy) 

Vu 
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S690 steel (therefore sections were slightly decreased: for EBFs columns from HE340M to 

HE300M, from HE300M to HE260M, from HE300B to HE260B and from HE280B to HE240B 

and all beams to IPE360 and lateral columns to HE220B). 

It was observed that no yielding in any other structural elements appears before reaching 

0.15 rad in links at DCH and 0.1 rad at DCM. For DCH frames, when peak link rotation reaches 

0.15 rad, full plastic mechanism is attained with plastic rotations in other links ranging between 

0.102 rad and 0.128 rad for 4-story frame and between 0.066 rad and 0.149 rad for 8-story 

frame. For DCM frames, when peak link rotation reaches 0.1 rad, other links show deformations 

ranging between 0.061 rad and 0.094 rad for 4-story frame and between 0.024 rad and 0.095 

rad for 8-story frame. 

Pushover curves for all frames are presented in Figure 12. 

 

Figure 12: Pushover curves. 

The curves are represented until the maximum capacity (when the links reach their ultimate 

shear deformation), because convergence was not attained in case of using the adopted approach 

for link modelling.  

The frames designed assuming DCH, have a larger capacity and ductility than the ones 

designed assuming DCM. The 8-story frames are more ductile than the 4-story frames and were 

designed to resist similar seismic forces (within the same ductility class).  

Seismic performance of the studied frames was assessed using the N2 method [15], with 

the bilinear idealization of the equivalent single degree of freedom system to match the initial 

stiffness of the system (P100 [12] approach). 

Structural performance was evaluated for the limit states shown in Table 2 (DL, SD and 

NC). Target displacements (Dt) were computed for each limit state and corresponding link ro-

tations are presented below. 

Ductility 

class 

Limit 

State 

Dt 

[mm] 

Link rotation at 

Dt [rad] 

Acceptance rota-

tion [rad] 

Corresponding top dis-

placement [mm] 

DCH 

DL 36.8 0.016 0.005 23.5 

SD 69.7 0.053 0.14 151.5 

NC 127.4 0.115 0.16 - 

DCM 

DL 26.5 0.009 0.003 19.5 

SD 46.3 0.037 0.09 99.5 

NC 81.3 0.074 0.11 - 

Table 6. Target displacements for 4-storey frame. 

NC 

SD 

DL 
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Ductility 

class 

Limit 

State 

Dt 

[mm] 

Link rotation at 

Dt [rad] 

Acceptance rota-

tion [rad] 

Corresponding top dis-

placement [mm] 

DCH 

DL 107.3 0.031 0.005 59.9 

SD 182.2 0.062 0.14 404.9 

NC 313.3 0.109 0.16 - 

DCM 

DL 41.9 0.003 0.003 44.9 

SD 71.2 0.009 0.09 259.9 

NC 122.4 0.036 0.11 - 

Table 7. Target displacements for 8-storey frame sections. 

The performance objectives are accomplished for SD and NC limit states. Although the 

performance objectives are not satisfied for DL using the N2 approach, the objective of having 

no yielding in the MRFs before the attainment of the SD deformation in the removable links 

(0.14 rad) of the EBFs is accomplished, representing the basic design requirement for dual 

frames with removable dissipative members. MRFs provide the re-centring of the specimen 

until the links ultimate deformation (0.15 rad). 

6 CONCLUSIONS  

The dual eccentrically braced structure showed an excellent performance at the SLS and 

ULS earthquakes within experimental program. Small permanent deformations were recorded 

for both seismic intensity levels, which are within the erection tolerance limits defined in EN 

1090. This behavior occurs mostly due to the large post-elastic stiffness of the system, provided 

by the MRFs. Small permanent deformations effectively mean that the structure is self-centring 

to a certain degree. 

A design procedure is presented and provides recommendations for re-centring dual EBFs 

with replaceable links. Additionally to existing current code specifications for designing this 

system, specific design provisions were applied in this paper in order to ensure the re-centring 

capability and duality of the case study frames.  

Short removable links validation is necessary. Since there’s only a limited number of ex-

perimental tests on short bolted links involving this type of connection (flush-end plate) and 

link section (I section with 240 mm height), when using other types of sections and connections 

it is recommended to confirm the links performance through experimental validation and/or 

numerical testing based on parametric studies. 

Nonlinear static and/or dynamic analyses are recommended in order to check the re-cen-

tring capability of the system. Seismic performance of the studied frames was assessed using 

the N2 method. Performance objectives are accomplished for SD and NC limit states. Although 

the performance objectives are not satisfied for DL using the N2 approach, the objective of 

having no yielding in the MRFs before the attainment of the SD deformation in the removable 

links (0.14 rad) of the EBFs is accomplished, representing the basic design requirement for dual 

frames with removable dissipative members. 
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Abstract. In the frame of the INNOSEIS research project, which is funded by RFCS, infor-

mation documents for INERD-pin and FUSEIS-pin links have been produced by NTUA for 

dissemination to all partners of the construction sector such as architects, structural engi-

neers, construction companies, steel producers and all potential decision makers of the con-

struction sector. For each of the two systems, an approximately 40-page information 

brochure has been drafted in English. They contain a description of the main features of the 

system, overall dimensions, preferred structural materials, range of sizes, member shapes, 

typical cross sections and limitations, possible arrangements for conceptual design, recom-

mended structural details etc. and indicative application examples of selected building struc-

tures. In addition, information is given regarding the non-linear force-deformation 

characteristics and ductility/strength capacities of the systems, the hysteretic behavior of ele-

ments under cyclic loading, including rules for stiffness and strength degradation. Finally, 

pre-normative q-factors are proposed and reference is made to application examples in de-

sign practice, previous publications and literature. 

Case studies on the seismic design of steel buildings incorporating the systems are presented. 

FUSEIS pin links have been applied on a 2-storey and on a 4-storey office steel building 

while INERD pin connections have been applied in an existing 6-storey commercial rein-

forced concrete building. Each case study refers to the conceptual design, loads and load 

combinations, modelling, analysis, detailed design and structural detailing. Design follows 

the provisions of the Eurocodes and the pre-normative guidelines that were developed within 

the project. The existing building was designed according to an outdated national seismic 

code. It does not comply with the requirements of EN 1998-1, hence the need for upgrading. 
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1 INTRODUCTION 

In the frame of the INNOSEIS research project, which is funded by RFCS, information 

brochures have been produced for 12 innovative systems, in order to disseminate to all part-

ners of the construction sector such as architects, structural engineers, construction companies, 

steel producers and all potential decision makers of the construction sector. NTUA was re-

sponsible for the production of the information documents for INERD pin connections and 

FUSEIS pin links. For each system, an approximately 40-page information brochure has been 

drafted in English. They contain a description of the main features of the system, overall di-

mensions, preferred structural materials, range of sizes, member shapes, typical cross sections 

and limitations, possible arrangements for conceptual design, recommended structural details 

etc. and indicative application examples of selected building structures. In addition, infor-

mation is given regarding the non-linear force-deformation characteristics and ductili-

ty/strength capacities of the systems, the hysteretic behavior of elements under cyclic loading, 

including rules for stiffness and strength degradation. Finally, pre-normative q-factors are 

proposed and reference is made to application examples in design practice, previous publica-

tions and literature.  

In addition, case studies on the seismic design of steel buildings incorporating the innova-

tive systems have been prepared. FUSEIS pin link has been applied on a 2-storey and on a 4-

storey office steel building and INERD pin connection has been applied on an existing 6-

storey commercial reinforced concrete building. Each case study refers to the conceptual de-

sign, loads and load combinations, modelling, analysis, detailed design and structural detail-

ing. The design follows the provisions of the Eurocodes and the pre-normative design 

guidelines that were developed within the project. The existing building is designed according 

to an outdated national seismic code. It does not comply with the requirements of EN 1998-1, 

hence the need for upgrading. 

In the current document, only the FUSEIS pin links brochure is presented, as the general 

structure and format of the documents are identical. Similarly, only the case study of the 4-

storey building with the FUSEIS pin link systems is described.  

2 INFORMATION BROCHURES 

2.1 General 

As mentioned before, information brochures for FUSEIS pin links and INERD pin connec-

tion have been produced by NTUA and are readily available on the INNOSEIS project web-

site (http://innoseis.ntua.gr ), under the tab “Deliverables”. Below, the general structure of the 

documents is outlined: 

a) Description of the main features of system 

b) Experimental results 

c) Design rules 

d) Analyses on 2D building frames 

e) Conclusions  

f) Field of application 

g) Publications 

h) Bibliographic references 

 

In the following chapters, the contents of the FUSEIS pin link brochure are briefly present-

ed. 
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2.2 Description of FUSEIS pin link system 

The FUSEIS pin links system consists of a pair of strong columns connected by multiple 

horizontal links (Fig. 1). The horizontal links can be designed in two different ways. In the 

first, each link includes two receptacle beams connected through a short steel pin (Fig. 2a). In 

the second, in order to avoid the application of receptacles, the pins are directly bolted to end-

plates which are connected to the column flanges (Fig 2b). Pin section is reduced in the mid-

dle part of the pin to promote damage away from the connection area. Pins detailed in such a 

way require less effort in fabrication and erection without a change in their response.  

Under strong lateral forces, the pins will dissipate a large amount of energy, leaving the 

rest of the structure undamaged. Repair works are easy, since they are restricted to the pins 

which are not generally subjected to vertical loads, as they are placed between floor levels. 

 

Figure 1: FUSEIS pin link system configuration and position in a building 

 

Figure 2: FUSEIS pin link a) with receptacles, b) without receptacles 

Experimental investigations showed that the system resists lateral loads as a vertical 

Vierendeel beam, where the main actions in pins are bending and shear while in columns are 

bending and axial (Fig. 3). Considering hinges at the midpoints of pins and columns, the in-
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ternal moments and forces for horizontal loading in the elastic state may be derived from stat-

ics.  
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Figure 3: Static system and theoretical internal forces 

2.3 Experimental investigations on FUSEIS pin links 

2.3.1. Experimental investigations on individual links 

In total eight test were conducted on pin links, two under monotonic and six under cyclic 

loading. The specimens tested consisted of a 400mm circular pin weakened in the middle and 

two receptacle beams SHS120x10. The pin was divided to three parts. The diameter at the 

ends was Φ60 and in the middle part the diameter was reduced to Φ45mm (Fig. 4). The length 

of the weakened part was such, to ensure the development of a bending mechanism.  

90/120/150

45

SHS 120x120x10

400

6
0

 

Figure 4: Fabricated pin links specimens before testing 

2.3.2. Experimental investigations on full scale frames 

Two full scale tests on frames with FUSEIS pin links were conducted at the Institute of 

Steel Structures of NTUA. The experimental setup included a resistance space frame test rig, 

a computer-controlled hydraulic cylinder and the test frame. The test frame consisted of two 

strong columns rigidly connected to five pin links. The height of the frame was 3.40 m and 

the axial distance of the columns L=1.50 m. The columns of the test frame were pin - jointed 

852



Panagiotis Tsarpalis, Ioannis Vayas and Pavlos Thanopoulos 

 

at the top and bottom connections, while their inner sides were stiffened by T-sections to re-

main elastic (Fig. 5).  

Similar to the tests on individual pin links, the fuses consisted of a 400 mm pin and two 

SHS beams as receptacles. The geometry of the weakened part of the pin was selected to en-

sure the development of bending mechanisms. Test M4 included pins with the same diameter 

(Φ45) and three different lengths of the weakened part (lpin=90, 120, 150 mm > 39 mm), and 

test M5 pins with different diameters (Φ40, 45, 50) and the same length of the weakened part 

(lpin=120 mm > 43.4 mm).  

 

    
                 a) M4                                                    b) M5 

 

 

 

 
c) Pin link within the test frame 

 

 
90/120/150

40/45/50

SHS 120x120x10

400
6

0

 
d) Geometry 

Figure 5: a), b) Test frames c), d) Specimen 

2.4 Design rules 

The conclusions from the analytical and numerical studies were summarized in a design 

guide for practical application. The design guide gives recommendations on the selection of 

the appropriate links as a function of the most important parameters, like frame configuration, 

seismic zone, spectrum, and more generally the strength and deformation demand. The design 

methodology, described in the design guide, is based on the provisions of EN 1993-1-1 and 

EN 1998-1-1. Some clauses of EN 1998-1-1 were appropriately rearranged to cover the use of 

the system by the normal Code provisions. It also includes structural details and construction-

al measures. 

2.4.1. Preliminary design 

As previously mentioned, the FUSEIS pin link system works as a vertical Vierendeel beam. 

Considering that the «FUSEIS pin link» resists alone the lateral loads of the structure, a rough 

estimation of the required number of FUSEIS systems for a building in each direction and the 

type of their cross sections can be made from the theoretical limit state model of the system. 

This calculation is based on the assumption that at the ultimate limit state all pins reach, as the 

dissipative elements of the system, their moment capacity. 

2.4.2. Design for linear elastic analysis 

The design rules are intended to ensure that yielding, will take place in the pins prior to any 

yielding or failure elsewhere. Therefore, the design of buildings with FUSEIS pin link is 
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based on the assumption that the pins are able to dissipate energy by the formation of plastic 

bending mechanisms. The following design methodology may be applied: 

1) Instructions for the simulation of the frame and pin links in an elastic model. 

2) Static and Modal Response Spectrum Analysis are performed and all members not af-

fected by the FUSEIS system are dimensioned. Recommended q factor equal to 3. 

3) Limitation of interstorey drift. 

4) Influence of 2nd order effects. 

5) Dissipative elements verifications. The pins shall be verified to resist the internal forces 

and moments of the most unfavorable seismic combination and fulfill the conditions 

for the axial forces, shear force and bending moment capacity, as well as the limitation 

of the length and the rotation of the pins.  

6) Global dissipative behavior.  

7) Capacity design of non-dissipative elements. The FUSEIS columns, receptacle beams 

and their connections are designed under the capacity design forces (NCD,Ed, VCD,Ed, 

MCD,Ed), based on the minimum pin over-strength factor of the building. The full sec-

tion of the pin is designed with adequate plastic moment capacity to ensure full plas-

tification of the RBS section of the pin. 

2.4.3. Design for non-linear static analysis (pushover) 

The structural model used for elastic analysis can be extended to include the response of 

structural elements beyond the elastic state and estimate expected plastic mechanisms and the 

distribution of damage. Instructions for the simulation of the frame and hinge properties of the 

pins are given. Figure 6 summarizes the proposed non-linear properties. 

 

Figure 6: Proposed non-linear hinge parameters for the pins 

2.4.4. Design for non-linear dynamic analysis  

It shall be performed in order to define time-dependent response of steel buildings when 

designed according to the provisions of EN1998-1-1 under real earthquake conditions. The 

analysis provides the capability to restrict damage after a seismic event by evaluating and 

eliminating the residual drifts of the structure. If the FUSEIS pin link system is appropriately 

designed, it can work as a self-centring system, with practically zero residual drifts. Instruc-

tions for the simulation of the frame and hinge properties of the pins are given. Figure 7 

summarizes the proposed non-linear properties. 
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Figure 7: Proposed non - linear links simulation for non-linear dynamic analysis 

2.5 Analyses on 2D building frames 

Equations, element properties, design recommendations, critical checks and proposed be-

havior factor, included in the Design Guide, were verified through numerical analyses on real 

2D building frames with FUSEIS pin links with the use of the software SAP2000. Initially the 

frames were designed through elastic analysis at ULS and SLS. Non-linear static and dynamic 

analyses followed to investigate their behavior beyond the elastic range and confirm the be-

havior factor q=3.  

The case study presented in the information brochure was based on the extraction of a 

plane frame from a five-story composite building. The frame consisted of a semi-rigid PF 

frame (partially fixed moment frame) with three 6m bays and one FUSEIS pin link system 

applied at its end to provide lateral resistance. The columns had rectangular hollow sections 

(RHS) and the floor beams composed of steel beams with wide flange I-sections (HEA-Type) 

acting compositely with the concrete slabs (C25/30, B500C), except at beam ends where the 

concrete slab was not connected to the steel beam. The FUSEIS system consisted of a pair of 

hollow strong columns at a center-to-center distance of 2.0 m and five links per story with cir-

cular pins of a net length of 200 mm. A link was provided at the foundation level and the re-

ceptacle beams had rectangular and square hollow sections (RHS, SHS) and were connected 

rigidly to the system columns.  

The analysis of the building is detailed described following the design guides. Implementa-

tion of Design Rules, non-linear static analysis, evaluation of the behavior factor q, non-linear 

dynamic analysis, residual roof and interstorey drifts, low-cycle fatigue checks and finally 

Incremental Dynamic Analysis (IDA) are the steps of the design. 

2.6 Field of application 

The innovative fuses may be applied to multi-story steel buildings and substitute the con-

ventional systems used worldwide (such as concentric and eccentric braced frames, moment 

resisting frames etc.) by combining ductility and architectural transparency with stiffness. 
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3 CASE STUDIES 

3.1 Introduction 

The case study presented hereafter, was studied for Work Package 4 of the INNOSEIS pro-

ject. The design of the building was performed according to the provisions of the Eurocodes 

and the design guidelines. Initially the building was designed through elastic analysis a ULS 

and SLS. Nonlinear static analysis followed to investigate its behavior beyond the elastic 

range and confirm the behavior factor q=3. 

3.2 Geometry and assumptions  

The building was a 4-storey composite building, consisted of four semi-rigid PF frames 

(partially fixed moment frame) with three 8m bays in each direction (Fig. 8, 9). Two FUSEIS 

pin link systems were applied on each of the external frames to provide seismic resistance. 

The columns had I-section (HEB type), the main and the secondary floor beams composed of 

steel beams with IPE and HEA sections correspondingly, both acted compositely with the 

concrete slabs (C25/30, B500C). 

 

 

Figure 8: Plan view of the building, FUSEIS system potition 
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Figure 9: Side view of the building 

The system consisted of a pair of strong columns (HEB 700) at a center-to-center distance 

of 1.5m and nine pin-links per story, rigidly connected to the system columns. The resulting 

cross sections for main beams was IPE500, for secondary beams HEA 200 and for columns 

varied from HEB200 to HEB280. Table 1 summarizes the diameters of the pins and the cross 

section of the system columns in each system, starting from the foundation level. The dissipa-

tive pins had lower steel grade (S235) than the rest of the structural member (S355).  

 

 
Reduced Diameter Pins 

Φ(mm)  

Full Diameter Pins 

Φ(mm)  

System columns 

×2 120 160 HEB 700 

×3 110 150 HEB 700 

×4 105 130 HEB 700 

×4 100 130 HEB 700 

×4 95 130 HEB 700 

×4 90 130 HEB 700 

×4 85 130 HEB 700 

×4 75 130 HEB 700 

×4 70 120 HEB 700 
Table 1: Cross sections of pins and columns  

Gravity and seismic loads are summarised in Table 2.  

Vertical loads 

dead loads (composite slab + steel sheeting) 2.75 kN/m² 

superimposed loads for intermediate floors: 0.70 kN/m² 

superimposed loads for top floor: 1.00 kN/m² 
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perimeter walls:     4.00 kN/m 

total live load: 3.80 kN/m²: 

 

Elastic response spectra Type 1 

Peak ground acceleration 0.30g 

Importance class II γI = 1.0 

Ground type C 

Proposed behavior factor 3 

Seismic combination coefficient for the qua-

si-permanent value of variable actions 
ψ2=0.30 

Table 2: Loads assumptions  

3.3 Simulation 

The modelling, analysis and design of the buildings, was performed with the finite element 

program SAP2000. The structural model was a linear-elastic model with beam elements. The 

beam elements representing the FUSEIS pin links were divided in three parts with different 

cross sections: the full diameter pin at the ends and the weakened pin in the middle (Fig. 10). 

The joints between the pins and the system columns were considered as rigid. The joints be-

tween the floor beams and the system columns were considered as simple. Column bases were 

designed and formed as pinned to prevent a moment transfer to the foundation (Fig. 11). 

 

Figure 10: Division of FUSEIS pins 

 

Figure 11: 3D view of the model in SAP2000 
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3.4 Seismic design 

It is noted that for the seismic design the following conditions were to be fulfilled, in ac-

cordance to the design guidelines and EN1998 rules. 

3.4.1. Limitation of interstory drift  

Considering that the building has ductile non-structural elements the following equation is 

checked: 

 0.0075 0.0075 4 30rd v h mm       (1) 

Where ν =0.5 is a reduction factor on the design displacements due to the importance class 

of the building (ordinary buildings) and h is the story height. Table 3 includes the results of 

the analysis. The selection of the columns’ and the receptacle beams’ sections was defined by 

this check. 

Story ux (mm) dex (mm) q*dex (mm) v*drx Check 0.0075h 

1ος 11.8 11.8 35.4 17.7 ≤ 30 

2ος 28.0 16.2 48.6 24.3 ≤ 30 

3ος 46.8 18.8 56.3 28.1 ≤ 30 

4ος 65.7 19.0 56.9 28.4 ≤ 30 
Table 3: Limitation of interstory drift in x direction  

 

3.4.2. 2nd order effects 

A linear buckling analysis for the seismic combination 1.0G+0.3φQ was carried out in or-

der to control 2nd order effects. From this analysis, the critical buckling modes and the corre-

sponding buckling factors were derived. The buckling mode of the frame in x direction is 

given in Figure 12. 

 

Figure 12: 1st buckling mode 

The values of coefficient θ were calculated from the critical buckling factors, in order to 

check whether 2nd order effects should be taken into account. Since θ<0.1 for all cases (Table 

4), 2nd order effects were safely neglected. 
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Direction Critical buckling factors θ = q / αcr limit Seismic load multiplier 

x 37.00 0.081 0.1 1.00 

y 37.14 0.081 0.1 1.00 
Table 4: 2nd order effects  

3.4.3. Dissipative elements - pins 

The FUSEIS pins were designed to resist the forces of the most unfavorable seismic com-

bination 1.0·G+0.3·φ·Q+Εx. The minimum required length to ensure the development of a 

bending mechanism at the pins is calculated from Equation (2) and ranges between 154mm 

and 261mm. Therefore, the lengths of the weakened part of the pins were taken larger than the 

minimum, varying along the vertical axis.  

 , , ,6 /pin w pl pin pl pinl M V   (2) 

Tables 5 to 7 summarize the results of all the pin verifications, in x direction. The pin over-

strength values Ω were also used to check the global dissipative behavior of the system which 

is ensured when the Ω values of all the pins in all stories differ no more than 25% of its mini-

mum value. It was calculated that maxΩ/minΩ= 1.24. 

Reduced Diameter 

Pins Φ(mm)  
NEd (kΝ) Npl,pin,Rd (kΝ) 

Ed

pl,pin,Rd

N
0.15

Ν


 

120 1.04 2657.79 0.00 

110 1.26 2233.28 0.001 

105 4.50 2034.87 0.002 

100 4.30 1845.69 0.002 

95 4.32 1665.73 0.003 

90 4.18 1495.01 0.003 

85 4.15 1333.51 0.003 

75 7.60 1038.20 0.007 

70 7.60 904.39 0.008 
Table 5: Check of axial forces  

Reduced Diameter 

Pins Φ(mm)  

VCD,Ed 

(kΝ) 
Vpl,pin,Rd (kΝ) 

Ed

pl,pin,Rd

V
0.50

V
  

120 267.90 1534.474 0.175 

110 206.80 1289.385 0.160 

105 160.30 1174.832 0.136 

100 129.25 1065.607 0.121 

95 119.18 961.710 0.124 

90 94.00 863.142 0.109 

85 84.77 769.901 0.110 

75 54.83 599.404 0.091 

70 47.84 522.147 0.092 
Table 6: Check of shear forces  

Reduced 

Diameter 

Pins 

MEd (kΝ.m) 
Mpl,pin,Rd 

(kΝ.m) 

Ed

pl,pin,Rd

M
1.00

M
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Φ(mm)  

120 58.79 66.975 0.872 

110 46.112 51.700 0.892 

105 34.391 44.885 0.766 

100 29.187 38.775 0.753 

95 26.341 33.370 0.789 

90 22.004 28.200 0.780 

85 19.754 23.735 0.832 

75 12.169 16.450 0.740 

70 10.204 13.395 0.762 
Table 7: Check of bending moments  

It was also checked that the pin chord rotations were below the limit suggested by design 

guides (Table 8). It was verified that: 

 , 13.8%pin pl pin    (3) 

 

Reduced Diameter 

Pins Φ(mm)  
θpin (%) check θpl,pin 

120 2,66% ≤ 13,80% 

110 2,66% ≤ 13,80% 

105 2,37% ≤ 13,80% 

100 3,04% ≤ 13,80% 

95 3,25% ≤ 13,80% 

90 3,52% ≤ 13,80% 

85 3,77% ≤ 13,80% 

75 3,55% ≤ 13,80% 

70 3,81% ≤ 13,80% 
Table 8: Pin rotations θpin (%)  

3.4.4. Non-dissipative elements verifications 

The non-dissipative elements, the system columns, full section pins and their connections, 

were capacity designed for increased values of internal forces compared to the ones derived 

from the analyses with the most unfavorable seismic combination, to ensure that the failure of 

the pins occurs first. 

The system columns were designed following capacity design criteria in accordance with 

Equations (4) - (6), taking into account the minimum overstrength factor Ω of all the pins, the 

material overstrength factor, an additional overstrength factor α=1.5 derived from the nonlin-

ear analysis and the seismic load multiplier β derived from the limitation of the 2nd order ef-

fects. The utilization factors of the system columns and the receptacle beams were calculated 

according to the provisions of EN1993-1-1 and the higher was equal to 0.83. 

 , , .1.1CD Ed Ed G ov Ed EN N a N      (4) 

 , , .1.1CD Ed Ed G ov Ed EM M a M      (5) 

 , , .1.1CD Ed Ed G ov Ed EV V a V      (6) 
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The moment resistance of the full pin section shall be verified at its contact area with the 

face plate of the receptacles (Table 9), in accordance with: 

 
,

,

1.0
CD Ed

pl Rd

M

M
  (7) 

Where MCD,Ed = l/lpin · Mpl,pin,rd is the capacity design bending moment (l is the length be-

tween the face plates of the receptacles) and Mpl,Rd is the design bending moment of full pin 

section. 

Reduced Diameter 

Pins Φ(mm)  
MCD.Ed (kΝm) Mpl,Rd (kΝm) 

CD,Ed

pl,Rd

M
1.00

M
  

120 99.12 158.86 0.62 

110 76.52 130.90 0.58 

105 59.31 85.31 0.70 

100 47.82 85.31 0.56 

95 44.10 85.31 0.52 

90 34.78 85.31 0.41 

85 31.36 85.31 0.37 

75 20.29 85.31 0.24 

70 17.70 66.98 0.26 
Table 9: Check of the resistance of the full pin section  

3.5 Non-linear static analysis (Pushover) 

Nonlinear static (pushover) analysis was performed to verify the collapse mechanism and 

check the behavior factor used in the linear analysis. Analysis was done in both x and y direc-

tions, in both Modal and Uniform shapes. The results presented hereafter are in accordance 

with the fundamental mode of vibration including P–Delta effects. Nonlinear plastic hinges of 

bending type M3 were assigned at the ends of the weakened parts of the pins and the full di-

ameter part of them. The hinge properties of the rotational springs that simulated the semi-

rigid joints were also of bending type (M3 hinge) and were calculated for positive and nega-

tive moments, while in columns the interaction between bending moments and axial forces 

(P-M3 hinges) were accounted for. 

The plastic hinge distribution at first yield, at the performance point and at the maximum 

experimental intestory drift are given in Figure 13. It is observed that the columns remained 

elastic and that plastic hinges formed only at the pins and the ends of the beams with the semi 

- rigid frame. 
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                                          a) First yield                                               b) Performance point          

 
c) Maximum experimental drift 

Figure 13: Deformed frame and plastic hinge formation 

The calculated ductility, overstrength and behavior factors, of the FUSEIS+PF frame are 

given in Table 10. The calculated q-factor is significantly higher than 3, which was a con-

servative value. 

qμ Ω q 

6.78 1.22 8.26 

Table 10: Calculated behavior factors q  

 

Figure 14: Pushover curve (Modal Distribution, x direction) 
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Figure 15: Deformed shape and displacement at Performance Point (Non-linear static analysis) 

 

Figure 16: Deformed shape and displacement from Response Spectrum Analysis (elastic analysis) 
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Abstract. The seismic protection of structures can be classified into three strategies: (i) reduc-

tion of the seismic demands, (ii) enhancement of the structural damping, and (iii) use of active 

or semi-active structural control. As part of an ongoing research project entitled SEMNAL-

MRD (Seismic protection of engineering structures through dissipative braces of nano-micro 

magneto-rheological fluid dampers), the third approach is investigated. The goal of the project 

is to develop a seismic protection system, which uses magneto-rheological fluid dampers acting 

as semi-active structural control system. The current paper presents the research framework, 

respectively the experimental and numerical investigation program developed for the charac-

terization of the magneto-rheological damper (10tf capacity). The ongoing experimental pro-

gram includes the following investigations: (i) type tests on the MR damper, (ii) tests on a 

hybrid system (MR damper + buckling restraint brace; MR damper + conventional brace). The 

numerical investigation program is aimed to characterize and validate a model based on the 

tests performed on the 10tf MR damper. In addition, the numerical investigations are aimed to 

address the application of MR dampers in concentrically braced frames. Considering the fact 

that MR dampers are actually limited in terms of capacity, which could prove insufficient for 

high intensity seismic events, ongoing research aims at using these dampers in a hybrid system 

with another secondary passive damping device (i.e. buckling restraint brace) more suitable 

for moderate to high levels of seismic action. Consequently, the aim is to consider a perfor-

mance based seismic design for which the MR dampers are active for immediate occupancy 

and into some extend up to life safety performance levels, while the buckling restrained braces 

will be activated for higher seismic intensity – corresponding to life safety up to near collapse 

performance levels. 
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1 INTRODUCTION 

The seismic protection of structures can be classified into three strategies: (i) reduction of 

the seismic demands, (ii) enhancement of the structural damping, and (iii) use of active or semi-

active structural control. A semi-active device has properties that can be adjusted in real time 

but cannot inject energy into the controlled system. The most promising devices suitable for 

implementation into a semi-active control appear to be magneto-rheological dampers (MRD’s). 

One challenge in the use of semi-active technology is in developing nonlinear control algo-

rithms that are appropriate for implementation in full-scale structures. Recent work by several 

researchers has indicated that semi-active control systems, when appropriately implemented, 

achieve significantly better results than passive control systems. The control strategy of a semi-

active control system is based on the feedback of structural motions. Semi-active control sys-

tems are typically nonlinear due to the intrinsic nonlinearities of semi-active devices. The de-

velopment of efficient control strategies, associated with the particular damper technology is 

still an open research topic. 

As part of an ongoing research project entitled SEMNAL-MRD (Seismic protection of en-

gineering structures through dissipative braces of nano-micro magneto-rheological fluid 

dampers) [1], the third approach is investigated. The goal of the project is to develop a seismic 

protection system, which uses magneto-rheological fluid dampers acting as semi-active struc-

tural control system. Particular objectives are: 

• To develop composite nano-micro magneto-rheological fluids (MRF) compatible with ap-

plication in seismic MR dampers; 

• To design and built a 10tf capacity MR damper; 

• To provide type tests, based on EN 15129-2009: Anti-seismic devices [2], with the aim to 

validate, calibrate and model the damper; 

• To design, execute and test a brace-damper assembly in order to validate the integration of 

damper and brace, including connections; 

• To propose structural application schemes for implementation in practice of semi-active 

control brace-MRD systems. 

The project partnership is composed of the following institutions: UPT – Politehnica Uni-

versity of Timisoara (coordinator), ROSEAL S.A., TITAN-TEN S.A., IMSAR – Institute of 

Solid Mechanics of the Romanian Academy, and ARFT – Romanian Academy Timișoara 

Branch. Particular contribution of the partnership within the project can be summarized as fol-

lows: 

• Nano-micro composite MR fluids for magneto-rheological devices: tuning the properties 

by composition to the specific requirements of semi-active MR damping devices 

(ROSEAL, ARFT, UPT); 

• Design of the magneto-rheological damper (IMSAR, TITAN, ROSEAL, ARFT, UPT); 

• Fabrication and type tests of the 10tf magneto-rheological damper (TITAN, ROSEAL); 

• Experimental testing and numerical modeling of a single degree of freedom system with 

magneto-rheological semi-active damper (UPT, IMSAR, ARFT). 
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2 CASE STUDY: SEISMIC RESPONSE OF MULTISTOREY FRAMES EQUIPED 

WITH DAMPING SYSTEMS 

As part of the ongoing research project [1], one of the tasks was related to the design of the 

magneto-rheological damper. Consequently, a design theme was elaborated based on the out-

comes of a case study, which was aimed to assess the response of several multi-storey frames 

equipped with dampers. The structural configurations were designed considering two seismic 

locations corresponding to stiff and soft soil conditions (i.e. Timisoara and Bucharest). Further, 

two sets of 7 accelerograms (i.e. for stiff and soft soil) were used for the evaluation of the 

structural response. 

Figure 1 makes an overview of the response of a three-story frame corresponding to stiff soil. 

It was observed that the use of dampers lead to the reduction of displacements and vibration. 

Furthermore, the study allowed assessing the response of the dampers, i.e the force-deformation 

and force-velocity curves. As a result, the study allowed the identification of the functional 

parameters of the dampers, i.e. maximum values of: displacement (41 mm), velocity (0.294 

m/s), and force (104.9 kN). In addition, for the design of the MR damper prototype, several 

conditions were specified as part of the design theme: (i) overall dimensions, (ii) aspects related 

to the connection with the brace and structure, (iii) interlock of the damper (particularly of the 

piston) after reaching the working capacity of 100 kN (10 tf) – considering the use of the damper 

as part of a hybrid system composed of a buckling restrained brace and a damper. 

 

Figure 1: Response of a multi-storey frame equipped with dampers, i.e. force-deformation and force-velocity 

curves corresponding to a damper at the first floor, respectively the variation of the top displacement. 

3 MAGNETO-RHEOLOGICAL DAMPERS 

3.1 Principle and typologies of MR dampers 

A magneto-rheological damper (MRD) is a special type of damper which is equipped with 

an electromagnet, and is filled with magneto-rheological fluid. Magneto-rheological fluids are 

oil based suspensions of micron sized Fe particles. When subjected to a magnetic field, the fluid 

increases its viscosity to the point of becoming a viscoelastic solid. Consequently, the response 

of the MRD can be controlled very accurately by varying the intensity of the magnetic field 

(through different current input). Many applications of MRD are found in the automotive in-

dustry for the alleviation of vibrations. In contrast, the application in seismic resistant structures 

is limited, considering the degree of novelty and the reduced amount of existing investigations. 
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In addition to its small power requirement, the MRDs can generate large forces at low velocities. 

Currently MRDs with capacities up to 200 kN exist [3] and research proved the possibility to 

obtain capacities up to 400-500 kN. 

Typically, MR fluid can be used in three different ways [4], all of which can be applied to 

MR damper design depending on the damper’s intended use. These modes of operation are 

referred to as: (i) squeeze mode (the device has a thin film of MR fluid located between two 

surfaces, i.e. the positive and negative pole, that are forced to draw near and squeeze the MR 

fluid); (ii) shear mode (the device has a thin film of MR fluid located between two surfaces that 

are forced to move relative to each other); and (iii) valve mode (the device operates in valve 

mode when the MR fluid is used to impede the flow of MR fluid from one reservoir to another). 

With regard to the typology, MR dampers can be classified as [4]: (i) mono-tube MR damper, 

(ii) twin-tube MR damper, (iii) double-ended MR damper, (iv) other types: e.g. MR piloted 

hydraulic dampers (hybrid solution) in which a small MR damper controls a valve that is used 

to regulate the flow of hydraulic fluid. 

3.2 Adopted solution for the MR damper prototype of 10tf capacity 

The solution adopted within the current research for the design and fabrication of the 10tf 

capacity MR damper – is represented by a hybrid solution, i.e. a magneto-rheological piloted 

hydraulic damper. The conceptual scheme of the MR damper is illustrated in Figure 2. As can 

be observed, the hybrid solution implies a hydraulic damper equipped with a control cell which 

uses nano-micro magneto-rheological fluid developed within the current research project by the 

partner institutions [5][6]. It is to be highlighted that the advantage of the adopted solution 

resides in the reduction of the volume of MR fluid, and the corresponding costs. Considering 

the fact that the damper is intended to be used in series with a conventional brace, as well as 

with a buckling restrained brace (BRB), the control cell of MR fluid could work as an interlock 

(blocking) device, that is activated at the maximum capacity of the damper (in this case at 10tf 

/ 100 kN) and which allows the activation of the buckling restrained brace in case of higher 

intensity earthquake. As can be observed in Figure 2, the MR damper is equipped with pinned 

supports. However, for the connection to a brace, the left support can be replaced with a steel 

plate in order to obtain a moment resisting connection. 

 

Figure 2: Conceptual scheme of the designed magneto-rheological damper. 

 

4 EXPERIMENTAL AND NUMERICAL INVESTIGATION PROGRAM 

The ongoing research project has the aim to develop a seismic protection system, which uses 

magneto-rheological fluid (MRF) dampers, acting as semi-active structural control system. For 

this purpose, an experimental and numerical investigation program was developed with the fol-

lowing objectives: (i) to provide type tests, based on EN 15129-2009: Anti-seismic devices [2], 

for the validation, calibration and modelling of the damper; (ii) to design, execute and test a 
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brace-damper assembly for validating the integration of damper and brace, including connec-

tions. The following sections make an overview with regard to the experimental and numerical 

investigation program. 

4.1 Parametric testing of the MR damper and development of numerical models 

The MR damper of 10tf capacity will be tested in order to obtain and calibrate the hysteretic 

models for different loading conditions. The tests will be performed using a universal testing 

machine with dynamic loading capabilities. Three loading protocols, using displacement con-

trol, will be considered: triangular, sinusoidal and random. The triangular displacement excita-

tion allows for an accurate measurement of damping forces, as the velocity is constant between 

peaks. Tests will be performed for different levels of: frequency (5 levels), input current (5 

levels) and velocity (5 levels). Tests under sinusoidal displacement excitation will investigate 

parametrically the effects of different levels of: frequency (5 levels), input current (5 levels) 

and amplitude (5 levels). Two types of random loading protocols will be used: RDCV (random 

displacement and constant command voltage), and RDRV (random displacement and random 

command voltage). Based on the parametric testing of the MR damper, a phenomenological 

model will be developed for implementation into numerical tools. 

Only type tests were performed on the MR damper, which evidenced the necessity to refine 

the solution of the damper prototype. Figure 3 illustrates the test set-up used for the testing of 

the MR damper.  

 (a) 

 (b) 

 (c) 

Figure 3: a) Test set-up for the investigation of the MR damper; b) rod end bearing (detail) for the pinned con-

nection between piston and support; c) power source for the activation of the magneto-reological fluid 

As can be observed, the damper is connected to a universal dynamic testing machine using 

two types of connections: (i) a moment resisting connection at the bottom support, (ii) a pinned 

connection at the top support. This was intended to reflect the actual connections within a brace-

damper assembly, respectively the connections within the structural system. A detail of the 

pinned connection between piston and support is illustrated in Figure 3b. As can be observed, 

the top of the piston is equipped with a spherical rod end bearing, which allows a free rotation 

of the support due to the ball swivel. The power source considered for the activation of the 
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magneto-rheological fluid is illustrated in Figure 3c. As instrumentation, the force, displace-

ment and velocity of the actuator is measured. Furthermore, two displacement transducers are 

intended to measure the actual movement of the piston. Based on the parametric testing of the 

MRD, a phenomenological model will be developed for implementation into numerical tools. 

4.2 Quasi-static testing of the brace-damper assembly 

The MR damper is to be integrated within a structure as part of a bracing system. It is im-

portant that the brace-damper assembly exhibits a reliable response under seismic loading con-

ditions. The brace is designed to resist both tensile and compression forces in elastic range, 

corresponding to the damper capacity. The connections between the damper and the brace on 

one hand, and between the assembly and the structure on the other hand should prevent devel-

opment of large bending moments in the damper. 

The objective of the tests on brace-damper assembly is to assess the overall cyclic perfor-

mance of the system, including the connections between the damper and the brace on one hand, 

and between the assembly and the rest of the structure on the other hand. It is to be noted that 

the brace will be considered in the following cases (see Figure 4): (i) conventional brace, (ii) 

buckling restrained brace (BRB). The conceptual scheme (top and front view) of the buckling 

restrained brace is illustrated in Figure 5. The experimental test set-up, a conventional brace 

and a number of five buckling restrained braces were designed and fabricated. Compared to the 

working capacity of the MR damper (100 kN / 10 tf), the five BRB’s were designed to develop 

an yield force of 170 kN (17 tf) and a maximum force of 310 kN (31 tf). 

 

Figure 4: Conventional brace (yellow color) and buckling restrained braces 

 

 

Figure 5: Conceptual scheme (top and front view) of the designed buckling restrained brace 

The conceptual scheme of the testing set-up is shown in Figure 6. As can be observed, there 

are three test arrangements covering the investigation of: (i) buckling restrained brace - BRB 

(see Figure 6a); (ii) magneto-rheological damper with conventional brace (see Figure 6b); (iii) 

hybrid system composed of MR damper and BRB (see Figure 6c). 
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(a)  

(b)  

(c)  

Figure 6: Conceptual scheme of testing set-up for the investigation of the brace-damper assembly based on the 

following testing sequence: a) buckling restrained brace (BRB), b) magneto rheological damper (MRD) with 

conventional brace, c) hybrid system composed of BRB and MRD. 
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It is to be noted that the experimental investigation program is ongoing. Tensile tests were 

performed on material samples corresponding to the steel core of the BRB. The outcomes 

(stress-strain curves), presented in Figure 7, evidenced that the yield strength was slightly 

higher compared to the yield strength assumed in the design of the BRB. As a result, a slightly 

higher capacity was expected for the BRBs. 

 

Figure 7: Stress-strain curves from the tensile tests on material samples (steel core of the BRB). 

In addition, two experimental investigations were carried out on buckling restrained braces. 

The experimental test set-up is illustrated in Figure 8.  

 

Figure 8: Experimental test set-up for the investigation of the buckling restrained brace (see Figure 6a). 

As can be observed, a lateral out of plane system was used for an in plane response of the 

assembly. Only the column was restrained by the out of plane support system. The loading was 

applied using a hydraulic actuator. The BRB was connected to a column and to a stiff element 

(yellow color). The connection between BRB and the stiff element was considered as a contin-

uous (moment resisting). The connection to the column and to the horizontal support considered 

as pinned connections. The column was connected to the horizontal support using a pinned 
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connection. Both global and local instrumentation were considered. In particular, the global 

instrumentation consisted in measuring the following: force in the actuator, horizontal displace-

ment at the tip of the column, horizontal and vertical displacement at supports. The local instru-

mentation consisted in measuring the actual deformation of the buckling restrained brace, i.e.: 

the relative displacement between outer steel tube and steel core at the two ends of the BRB, 

the deformation of the BRB between the two ends. With regard to the local instrumentation of 

the BRB, a number of four displacement transducers were used for each of the three locations 

(i.e. top, bottom, left and right). 

The loading protocol considered for the investigation of the BRB was:  

• Monotonic loading: the intention was to compress the BRB considering the maximum gap 

of 120 mm; further, with the aim to gather additional information, the BRB was subjected 

to the following: tension (120 mm) / compression (120 mm) / tension (120 mm). 

• Cyclic loading: the AISC 341-10 [7] loading protocol for BRBs was considered. The con-

trol of the testing was performed by monitoring the inter-story drift. In particular, a number 

of two cycles were applied corresponding to the yield displacement (∆by). Further, two 

cycles were applied for each of the following amplitudes: 0.5∙∆bm; 1.0∙∆bm; 1.5∙∆bm; 

2.0∙∆bm. Additional complete cycles of loading were considered at the deformation corre-

sponding to 1.5∙∆bm. It is to be noted that ∆bm is the design story drift and was considered 

in amount of 2% of the story height according to the Romanian seismic design code P100-

2013 [8]. 

The response of the buckling restraint braces under monotonic and cyclic loading conditions 

is illustrated in Figure 9. Under the AISC 341-10 [7] loading protocol, the BRB was subjected 

to deformations up to 4% inter-story drift, a value significantly higher compared to the 1.5% 

limit of from FEMA 356 [9] corresponding to braced frames. Both experimental investigations 

evidenced a good design and conception of the BRBs. The measurements and the observations 

from the tests did not reveal a global buckling of the two braces. The failure mechanism of the 

two BRBs consisted in development of large plastic deformations in the steel core under com-

pression and tension. In case of BRB-M specimen, the test was stopped prior to the failure of 

the steel core. In case of BRB-C specimen, the test was stopped after the fracture of the steel 

core – which occurred under tension after several cycles (i.e. n=11) carried out at 1.5∙∆bm. 

 

Figure 9: Response (force in BRB vs. story drift) of the buckling restrained braces under monotonic (BRB-M) 

and cyclic (BRB-C) loading conditions 
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4.3 Numerical simulations on a single degree of freedom system 

As part of the numerical program, simulations will be performed on single degree of freedom 

systems. The numerical model will use the phenomenological model of the MR damper re-

sponse (developed as part of the research activities described in Section 4.1), and the brace-

damper characteristics (obtained as part of the research activities described in Section 4.2).  

The concept of the hybrid damping system (see Figure 10) is the combination of two differ-

ent dissipative devices that can work together to answer in an optimal way the demands of both 

low level and moderate to high level intensity of seismic motions. In the first stage, the MRD 

is the active component providing energy dissipation at low levels of displacement, after which 

the lockout mechanism enables the transition to the second stage where the BRB is the active 

element, providing additional stiffness and energy dissipation. 

 

Figure 10: Conceptual use of hybrid MRD-BRB system [10] 

In a performance based design approach [10], this hybrid system can be thought to provide 

energy dissipation through the MRD for levels of seismic action corresponding to immediate 

occupancy (IO) performance level. For higher seismic action, corresponding to life safety (LS) 

and collapse prevention (CP) performance levels, the hybrid system engages the BRB passive 

damper that will provide adequate level of energy dissipation. This type of hybrid damper could 

be particularly useful in improving the behavior of rigid structures that are sensitive to for-

mation of plastic hinges at low levels of seismic action. A more complex system might be ob-

tained by the connection of a control mechanism to the MRD enabling it as a semi-active device 

together with the BRB. The use of the MR damper as a semi-active device can ensure optimal 

response for low level excitation and could possibly provide also the interlock-out mechanism 

by itself, with the increase in stiffness in the damper that can cause the activation of the brace. 

As part of the numerical program, simulations will be performed in order to test the effi-

ciency of semi-active control on a simplified structural model (single degree of freedom system). 

Computational methods assisted by genetic algorithms will be used for finding optimum ana-

lytical models to portray dynamic behavior of the developed MR damper. Experience of one of 

the project partners (i.e. IMSAR) already exists [11] and offers a good starting point. 

Based on the outcomes of the numerical investigation program on single degree of freedom 

systems, additional analyses will be performed with the aim to investigate the seismic perfor-

mance of multi-story frames (i.e. multi degree of freedom systems). For this purpose, two sets 

of accelerograms will be considered, i.e. corresponding to stiff and soft soil. 
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5 CONCLUDING REMARKS 

The current paper makes a brief presentation of the ongoing research project SEMNAL-

MRD [1]. The aim of the project is to develop a seismic protection system employing a semi-

active structural control system. Consequently, the innovative solution for a MR damper of 

composite nano-micro magneto-rheological fluid of passive/semi-active control – is presented 

in terms of technical solution. 

A case study related to the seismic response of multi-storey frames equipped with dampers 

was presented. It was observed that the use of dampers lead to the reduction of displacements 

and vibration. Furthermore, the study allowed the identification of the functional parameters of 

the dampers, i.e. maximum values of displacement, velocity, and force. 

The current paper presented the experimental and numerical investigation program. As the 

research is ongoing, experimental investigations were performed on two buckling restrained 

braces (BRBs). The response was investigated under monotonic and cyclic loading conditions. 

Under the AISC 341-10 [7] loading protocol, the BRB was subjected to deformations up to 4% 

inter-story drift, a value significantly higher compared to the 1.5% limit of from FEMA 356 [9] 

corresponding to braced frames. Both experimental investigations evidenced a good design and 

conception of the BRBs. The measurements and the observations from the tests showed that the 

failure mechanism of the two BRBs consisted in development of large plastic deformations in 

the steel core. 

With regard to the numerical investigation program, the paper describes the conceptual re-

sponse of the hybrid system (MRD+BRB), aimed to establish a multi-phase concept for the use 

of such elements with chevron braced frames. The hybrid system uses a MR fluid damper to 

provide damping and energy dissipation at low levels of seismic action and engages a buckling 

restrained brace (BRB) to provide energy dissipation at higher levels of seismic action. 

The stages of the on-going experimental and numerical investigation program are repre-

sented by: (i) the parametric testing of the MR damper and development of numerical models; 

(ii) quasi-static testing of the brace-damper assembly; (iii) numerical simulations on a single 

degree of freedom system. For the latter case, the numerical model will use the phenomenolog-

ical model of the damper and brace. Structural response will be investigated for two sets of 

accelerograms, corresponding to stiff and soft soil. As part of the numerical program, simula-

tions will be performed in order to test the effi-ciency of semi-active control on a simplified 

structural model (single degree of freedom sys-tem). Computational methods assisted by ge-

netic algorithms will be used for finding optimum analytical models to portray dynamic behav-

ior of the developed MR damper. 
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Abstract. Within the EU funded project INNOSEIS different seismic devices developed in ear-

lier projects are worked up with the aim to provide information sheets and design guidelines 

for an easy practical implementation of these systems. One of these seismic protection systems 

is the FUSEIS beam link concept. The main idea is to use two closely spaced strong columns 

rigidly connected by several beams, resulting in a Vierendeel girder in upright position. Energy 

dissipation is originated by plastification of the connecting girders, similar as in seismically 

designed moment resisting frames. Forming the lateral load resisting system but not taking part 

intentionally in the vertical load transfer, the girders can be inspected and replaced much more 

easily after a strong earthquake.  

In this paper, first the FUSEIS beam link system is described in detail supported by results of 

experimental tests. Behaviour and main mechanical principles are outlined. Further on, three 

case studies consisting of steel office buildings of different heights are designed for seismic 

loads using the FUSEIS beam link solution.
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1 INTRODUCTION 

During an earthquake, a building may have to resist strong demands regarding strength, stiff-

ness and energy dissipation. Several strategies exist on how the building is able to cope with 

these high demands. Some classical approaches as the ‘weak beam – strong column’ concept 

used in moment resisting frames work well in preventing a total collapse of the structure. How-

ever, after the design basis earthquake the main structure may be severely damaged and a re-

building of the structure may be more economically and practically than repairing the structure. 

The main reason is, that the intended energy dissipation zones are also a part of the gravity load 

carrying system, and thus replacement of plasticized regions of the structure is difficult. 

The main advantage of the innovative FUSEIS beam link system is to transfer the moment 

resisting frame responsible for the lateral resistance into a smaller, separated region of the struc-

ture. While decoupled from the gravity load bearing mechanism, replacement of the concen-

trated fuse elements is much more easy and practical. Energy dissipation is foreseen solely at 

these fuses, while the rest of the structure is protected by capacity design. 

In this paper first the FUSEIS beam link system, which has been developed and experimen-

tally tested in recent European research projects (FUSEIS [1], MATCH [2]), is described in 

detail. Main experimental test results are mentioned further on. Corresponding numerical sim-

ulations are well capable of representing the experimental findings. Finally, it is shown by 

means of different case studies, how to design a steel frame structure for seismic loads with the 

FUSEIS beam link system.  

2 DESCRIPTION OF FUSEIS BEAM LINK SYSTEM 

The FUSEIS beam link system is composed of two closely spaced strong columns rigidly 

interconnected by multiple beams. The beams run from column to column and can be of differ-

ent cross section types, as for example RHS, SHS, CHS or I-shaped sections. The general layout 

is shown schematically in Figure 1. The FUSEIS beam link system resists lateral loads as a 

vertical Vierendeel beam, mainly by combined bending and shear of the beams and axial forces 

of the columns. The dissipative elements of the system are the beam sections between the col-

umns. These elements are not generally subjected to vertical loads, as they are placed between 

floor levels. 

 
Figure 1: FUSEIS beam link system: general layout 
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The seismic resistance of a building may be obtained by appropriate provision of a number 

of such systems in the relevant directions. See Figure 2 for an exemplary assembly of several 

FUSEIS beam link systems in a 3D steel frame structure. When beam-to-column connections 

of the building are formed as simple, this system alone provides the seismic resistance of the 

building. When the connections are rigid or semi-rigid, it works in combination with the overall 

moment resisting frame. In both cases the beam-to-system columns connections should be 

formed as simple, since the system is not intended to consist a gravity load carrying part of the 

structure. 

 
Figure 2: Exemplary assembly in steel frame structure [1] 

 

Aiming to minimize damage at the foundation locations pinned connections at the column 

bases are proposed. At multi-storey buildings the column bases may be pinned or fixed, analyt-

ical investigations showed that the difference in the response was not significant. The fuses-to-

column joints are formed as rigid to enable the Vierendeel action and are designed to have 

sufficient overstrength in order to achieve energy absorption only in the fuses. Bolted end-plate 

connections which enable an easy replacement of the beams should be used. 

Beams may have closed sections (RHS) or open sections (I- or H- sections). Considering a 

typical floor height of 3.4 m, four or five beams may be placed per storey. Their beam height 

depends on the required stiffness with the provision to leave the necessary vertical spacing 

between them. RHS sections are more beneficial to open sections due to their larger flexural 

and torsional rigidities and strength. Beam sections may vary between floors, following the 

increase of storey shear from the top to the base of the building. Beams may also vary within 

the floor, either in respect to their cross-sections or to the vertical distance between each beam, 

as illustrated in Figure 3. Columns may be of open or closed section. Open sections are more 

beneficial, since they offer an easier connection to the beams. When closed sections are used, 

a T-section can be welded to the column in order to offer the advantage of easier connection. 
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Figure 3: Adjustment of FUSEIS beam link system to storey shear by variable beam lengths (left) or vari-

able cross sections (right) 

 

The most severe disadvantage of conventional frame typologies, such as MRF, CBF or EBF, 

is their inability to be easily repaired after a strong seismic event. Concerning moment-resisting 

frames, the beams and their connections have to be exchanged. As both of these elements be-

long to the gravity loading resistant system, their replacement is difficult. In eccentrically 

braced frames, the links, that are short parts of the beams, must be replaced. The damage in 

concentrically braced frames is expected in the braces, which are also difficult to exchange as 

they are long and heavy. These conventional structural systems can be substituted by the inno-

vative FUSEIS beam link. Hereby the new system has the following advantages: 

 Inelastic deformation only occurs in the dissipative beam link elements 

 If plastically deformed, the beam link can be easily replaced as they are not part of 

gravity load carrying system and are moreover easy to handle 

 To keep the architectural layout unaffected by the seismic resistant system, the FUSEIS 

beam link system may be positioned in small areas of the building 

 At the same time, the beam link may be used as visible parts of the building to indicate 

its seismic resistant system 

 For appropriately selected sections of the fuses, or by varying the length of each beam 

link, sequential plastification may be achieved 

In order to ensure that dissipation of energy only takes place in the beam links, the fuses-

to-column joints are formed rigidly and own a sufficient over-strength. Moreover, the beam 

links are attached through bolted endplates, enabling an easy replacement if the beam links 

should be deformed after a seismic event. 

 

 
Figure 4: Different section types for FUSEIS beam links with reduced beam sections (RBS): 

RHS or SHS, CHS and IPE- or HEA-section 
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Intending to protect the beam-to-column connection against yielding and fracture, the 

FUSEIS beam links should be designed in such a manner that the plastic hinge forms away 

from the connection area. Therefore, reduced beam sections (RBS) are foreseen at the end of 

the beams, see Figure 4. Constant, tapered or radius cut shapes are possible to reduce the cross 

sectional area. In order to minimize stress concentrations, the radius cut is superior compared 

to other types of cuts. The typical length of plastic hinges in steel beams has the order of half 

the beam depth. Therefore, the reduced beam section, where the plastic hinge shall form, should 

be located at least that distance away from the connection. As an alternative to reducing the 

beam section, the connection region could be strengthened by means of additional stiffening 

plates. 

3 EXPERIMENTAL INVESTIGATIONS ON FUSEIS BEAM LINKS 

Test on the FUSEIS beam link system have been conducted during two European projects, 

namely the FUSEIS [1] and MATCH [2] project. Beam links have been investigated individu-

ally. In total 40 tests have been conducted for individual beam links, 23 tests during the FUSEIS 

project and 17 during the MATCH project. The test program covered variations of section types, 

material, length of beam links and loading conditions. Individual beam links have been placed 

between two girders of a four point hinged frame (Figure 5). The connection between test frame 

and FUSEIS beam link was obtained by bolted connections. A load actuator with a capacity of 

± 200 mm was attached to the upper girder of the test frame, such that it could be moved hori-

zontally. Picture of the test frame setup and inserted beam link are shown in Figure 6. 

 

Figure 5: Illustration of test frame setup for testing of individual beam links 

   
Figure 6: Picture of test frame equipped with individual FUSEIS beam link with SHS type 

Test frame setup 

Individual beam links 
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3.1 Results of monotonic tests 

Long test specimens with a beam link length of 900 mm showed very ductile behaviour with 

maximum displacements of more than 150 mm before collapsing. In comparison to these spec-

imens the maximum displacement of the shorter specimens with a length of 500 mm reached 

about 80 mm, whereas the hardening effect after exceeding the elastic range was much more 

significant in case of I-sections than CHS. This was most likely due to the high utilization de-

gree of shear loading. An exemplary force displacement curve is shown in Figure 7, while the 

corresponding damage pattern can be seen in Figure 8. 

 

  

 

Figure 7: Force displacement curve for IPE section 

 

Figure 8: Damage pattern in IPE section after 

monotonic loading 

3.2 Results of cyclic tests 

As reference for the testing procedure the “ECCS – recommendation for assessing the be-

haviour of structural steel elements under cyclic loads” [10] was used. The maximum displace-

ment value of 60 mm (4% interstorey drift) was only reached with some of the fuses. Other 

fuses were not capable of this maximum displacement level. However, most of the fuses showed 

a very ductile behaviour during cyclic loading. Although cracks and buckling effects occurred 

quite early during some of the tests – at displacements of approximately 20 to 30 mm – a high 

ductility was achieved. In most cases a distinctive ductile behaviour with cracks in the base 

material and a slow crack propagation could be observed. The locations and the shapes of buck-

les were strongly dependent on the cross-section, the length of the specimen and the magnitude 

of loading. The points at which the first cracks occur are in general depending on these buckles. 

Only a few specimens failed in the area of the heat affected zone and a less ductile failure was 

noticed. The main remarks from the execution of the tests can be summarized as follows: 

 The load-displacement curves between specimens of the same type had significant dif-

ferences. 

 Cracks appeared very early in some of the specimens. In spite of these cracks the spec-

imens had considerable remaining capacity. 

 The initial fillet welding of the SHS profiles was not sufficient. It is recommended to 

use full seam butt welds instead of fillet welds. 

Exemplary hysteretic curves and corresponding damage patterns are shown in Figure 9. 
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Figure 9: Exemplary hysteretic behaviour and damage pattern for I-section (left) 

and CHS profile (right) after cyclic loading 

3.3 Numerical simulation 

The experimental tests have been simulated by means of finite element methods. An inno-

vative damage model has been incorporated in order to assess on the failure of the specimen 

[8]. A solid model has been set up in ABAQUS using C3D8 elements. A modified version of 

the Armstrong-Frederick kinematic hardening model has been applied, while material parame-

ters were determined by small scale material tests. A fine mesh with an average element size of 

7 to 9 mm has been used, in order to realistically capture the relevant failure mode. Figure 10 

shows exemplarily the measured and simulated force displacement curve, the solid model of an 

individual FUSEIS beam link along with its stress distribution and the displaced shape, both 

observed and simulated. In general the simulations fit the experimental results very well, also 

damage locations and behaviour could be predicted almost exactly. 
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(a) 

 

(b) 

    

(c) 

Figure 10: Comparison between experimentally and numerically obtained force displacement curve (a), 

finite element model of FUSEIS beam link with stress distribution (b), 

comparison between observed and simulated displacement patterns (c). [9] 

 

4 SEISMIC DESIGN WITH FUSEIS BEAM LINK SYSTEM 

4.1 Description of case studies  

During the INNOSEIS project in total three office buildings with different number of storeys 

had to be designed according to Eurocode 3 [3] and 8 [4][5]. The seismic resistance had to be 

provided solely by means of the FUSEIS beam link system. Figure 11 shows the side view for 

the three buildings: (a) the low-rise frame with two storeys, (b) the medium-rise frame with 

four storeys and (c) the high-rise frame with eight storeys. The main geometric parameters are 

identical for all three case studies: 3-bay frames with a storey height of 4 meters and a distance 

between the centerlines of columns of  8 meters in both directions. The common plan view is 

shown in Figure 12. The slabs are composite ones and secondary beams transfer loads into the 

main frame. S355 steel is used for columns and girders. Firstly, the buildings have been de-

signed for vertical loads only, taking into account different construction stages [6]. The final 

outcome for beam and column cross sections is listed in Table 1. Secondly, seismic loads have 

been taken into consideration redesigning the structure by placing a FUSEIS beam link system 

at each frame, as indicated in Figure 12. 
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Figure 11: Layout of case studies (a) low-rise, (b) mid-rise and (c) high-rise building [6] 

 

Table 1: Cross sections of columns and girders obtained for vertical load design (according to [6]) 
 

 Low-rise Medium-rise High-rise 

Primary girder IPE 500 IPE 500 IPE 500 

Secondary girder HEA 200 HEA 200 HEA 200 

Columns per floor  Centre Perimeter Centre Perimeter Centre Perimeter 

1 HEB 220 HEB 200 HEB 280 HEB 220 HEM 300 HEB 300 

2 HEB 220 HEB 200 HEB 280 HEB 220 HEM 300 HEB 300 

3 - - HEB 220 HEB 200 HEM 280 HEB 260 

4 - - HEB 220 HEB 200 HEM 280 HEB 260 

5 - - - - HEB 280 HEB 220 

6 - - - - HEB 280 HEB 220 

7 - - - - HEB 220 HEB 200 

8 - - - - HEB 220 HEB 200 

 

 

Figure 12: Layout and position of FUSEIS beam link systems 
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4.2 Design equations for seismic design of case studies 

For the FUSEIS beam links a S235 steel has been used, weaker than the S355 steel used for 

all other steel parts. This makes capacity design much easier and ensures the plastic mechanism 

taking place in the FUSEIS beam link. For this reason, moreover, reduced beam sections have 

been used and the geometrical properties according to Eurocode 8-3 have been applied for the 

radial cuts (see Figure 13). In the numerical model used for design verification the reduced 

beam section properties – reduced plastic moment and reduced stiffness – have been taken into 

account. 

 

 

 

Parameter EC 8-3 

a 0.6 ∙ 𝑏𝑓 (flange width) 

b 0.75 ∙ 𝑑𝑏 (beam depth) 

g ≈ 0.20 ∙ 𝑏𝑓 < 0.25 ∙ 𝑏𝑓 

r 
4 ∙ 𝑐2 + 𝑏2

8 ∙ 𝑐
 

Figure 13: Geometrical properties for reduced beam sections according to EC 8-3 [5] 

 

A numerical model in the design software RSTAB [7] has been setup (see Figure 15). In 

general design checks according Eurocode 3 [3] have been conducted regarding strength of 

cross sections and also stability criteria. P- effects have been taken into account for all design 

checks. Configurations meeting the Eurocode 3 criteria, have been further checked by Euro-

code 8 criteria. A behaviour factor q equal to 5 has been applied, which was found to be a 

reasonable value for the FUSEIS beam link system in past research [1]. The design response 

spectrum for soil class C, type I spectrum and a peak ground acceleration ag of 0.2g, importance 

class factor 1 of 1.0 have been applied. The design has been conducted by the modal response 

spectrum analysis, taking into account all relevant modes with a modal participation factor 

larger than 5%. Figure 14 summarizes the most important geometrical characteristics which are 

governing strength and stiffness of the FUSEIS beam link system. 

 

 
 

Figure 14: Main design parameters for FUSEIS beam link system 
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4.3 Final design outcome 

Taking all design equations resulting from EC 3 and EC 8 into account, the final design of 

the case studies yields in the cross sections listed in the following tables. The concept of variable 

cross sections over different stories (see Figure 3) has been applied, in order to decrease the 

column size of the FUSEIS beam link system strong columns. Five FUSEIS beam links have 

been used per storey. The final design has been achieved iteratively, until all design equations 

have been fulfilled. 

 
Table 2: Final cross sections for seismic design of all three case studies 

 

 Low-rise Medium-rise High-rise 

FUSEIS strong columns  HEB 300 HEB 320 HEB 400 

FUSEIS bay width 2.10 m 2.32 m 2.50 m 

FUSEIS beam link length  1.80 m 2.00 m 2.10 m 

FUSEIS beam links per storey: 

1 HEA 220 HEA 260 HEA 260 

2 HEA 200 HEA 220 HEA 240 

3 - HEA 200 HEA 220 

4 - HEA 180 HEA 220 

5 - - HEA 220 

6 - - HEA 200 

7 - - HEA 200 

8 - - HEA 200 

 

Main dynamic properties of all three final designs are summarized in Table 3, which are the 

periods and mass participation factors for the relevant modes. Exemplarily, the final mid-rise 

building is shown in Figure 15. 

 
 

Figure 15: Numerical model of mid-rise steel frame equipped with FUSEIS beam link system 

Z

X
Y

 Querschnitte

 1: HEB 220; Baustahl S 355

 2: HEA 260; reduziertes fy mit g=0,2 nach Mpl für HEA260 (urspr. S235)

 3: HEB 200; Baustahl S 355

 4: IPE 500; Baustahl S 355

 5: HEA 200; Baustahl S 355

 6: HEB 320; Baustahl S 355

 7: HEA 220; reduziertes fy mit g=0,2 nach Mpl für HEA220 (urspr. S235)

 8: HEA 200; reduziertes fy mit g=0,2 nach Mpl für HEA200 (urspr. S235)

 9: HEA 180; reduziertes fy mit g=0,2 nach Mpl für HEA180 (urspr. S235)

IsometrieDYNAMFA1
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Table 3: Dynamic properties of case studies 

 

Low-rise building F [Hz] T [s] Meff,x [%] Meff,y [%] 

1st global sway mode X-direction 3.28 0.30 96.5 0.0 

1st global sway mode Y-direction 3.21 0.31 0.0 95.8 

 

Mid-rise building F [Hz] T [s] Meff,x [%] Meff,y [%] 

1st global sway mode X-direction 1.93 0.52 87.7 0.4 

1st global sway mode Y-direction 1.90 0.53 0.4 87.5 

2nd global sway mode X-direction 5.48 0.18 9.5 0.0 

2nd global sway mode Y-direction 5.17 0.19 0.0 5.1 

 

High-rise building F [Hz] T [s] Meff,x [%] Meff,y [%] 

1st global sway mode X-direction 1.09 0.92 75.2 7.9 

1st global sway mode Y-direction 1.08 0.93 76.4 7.7 

2nd global sway mode X-direction 3.20 0.31 11.9 0.0 

2nd global sway mode Y-direction 3.05 0.33 0.0 9.0 

 

5 CONCLUSIONS  

In this paper the FUSEIS beam link system has been introduced and explained in detail. 

Further on, experimental tests conducted during two European research projects have been sum-

marized. Hereby the FUSEIS beam link system showed to have stable hysteretic behaviour with 

high ductility and energy dissipation capabilities. The main governing design equations have 

been highlighted during the design of three exemplary case studies. Due to its versatility the 

FUSEIS beam link system can be applied for different structures and varying demands. 
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Abstract. Structures that have replaceable thin-walled steel shear panels are efficient struc-
tural systems for resisting seismic loads owing to their high initial stiffness and reliable ener-
gy dissipation capacity. In order to reduce the economic losses (loss of building operation, 
cost of repairing), the dissipative system may be designed to be easily removed and replaced 
if damaged by an earthquake. When the shear panels and moment resisting frames are used 
together (dual system), allowing the moment resisting frame to remain in elastic reduces the 
residual displacement after an earthquake and provides the re-centering capacity that is re-
quired for removing and replacing the damaged walls.  

The paper presents the concept of re-centering dual systems with thin-walled steel shear walls 
and link beams. The main steps of the design process are presented using case studies with 
application examples to buildings that have different configurations. The seismic performance 
is investigated using nonlinear static and/or dynamic analyses.  
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1 INTRODUCTION 

Conventional seismic design philosophy is based on dissipative response, which implicitly 
accepts damage of the structure under the design earthquake and leads to significant economic 
losses. Repair of the structure is often delayed by the residual displacement of the structure. In 
order to reduce the economic losses, the dissipative system may be designed to be easily re-
moved and replaced if damaged by an earthquake. When the dissipative system and moment 
resisting frames are used together (dual system), allowing the moment resisting frame to re-
main in elastic reduces the residual displacement after an earthquake and provides the re-
centering capacity that is required for removing and replacing the damaged dissipative ele-
ments [1]. 

The paper presents application of this concept to a dual structure, obtained by combining 
replaceable thin-walled steel shear panels with moment resisting frames (SPSW). 

Steel frames with thin-walled shear panels have been previously studied and developed by 
Politehnica University Timisoara (UPT) [2] in the frame of several research projects. 

2 SYSTEM DESCRIPTION 

Most of the structures designed to modern codes would experience inelastic deformations 
even under moderate seismic action, with residual displacements after an earthquake. Repair 
is difficult in such cases. Solutions providing self-centering of the structure exist, but are 
technically demanding (post-tensioned strands, shape memory alloy devices, etc.). An alterna-
tive solution is the system that provides re-centering capability, through removable dissipative 
members and dual (rigid-flexible) structural configuration. 

One of this systems uses thin-walled steel shear panels. Typical SPSW systems include du-
al systems with parallel moment frames (Figure 1a), coupled thin-walled shear panel system, 
whereby a coupling beam connects two shear panel bays (Figure 1b) and dual systems with 
link beams (Figure 1c). The SPSW dual system with link beams is a specific system, whereby 
a link beam connects two shear panel bays between two parallel moment frames. The panels 
are bordered by additional vertical boundary elements (stanchions, denoted as VBE) having 
simple connections at their ends to the beams (denoted as HBE). 

  
(a)                 (b) 

+ =

Basic moment frame            
Plate wall

 Stanchion SPSW dual frame
 

       (c) 

Figure 1: SPSW frame systems: a) dual system with shear wall and moment resisting frames; b) dual system 
with shear wall and coupling beams; c) dual system with link beam. 

Shear panels 

Link beam 
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The beam between the panels acts as a short, intermediate or long link, depending on the 
relative length of the shear panels and bay width. This systems has good seismic response, 
high dissipation capacity, and small residual drifts. Their use may also improve the overturn-
ing stiffness and reduce the axial force demand on vertical boundary elements. The innovative 
application of such systems may be used for new constructions and also for upgrading the lat-
eral resistance of existing constructions. 

A challenge for the SPSW system is also the economic cost and construction efficiency. 
Connection between shear panels and bordering elements can be done using fillet welds but 
when bolted connections are used, the construction time may be reduced. Recent develop-
ments in the field showed that steel panels, like other dissipative systems, may be designed 
and detailed to be replaced after an earthquake if the damage is limited in the panels but this 
requires special design and detailing conditions. If the more flexible MR frames are designed 
to remain elastic during the earthquake, they provide the restoring force that is necessary to 
re-center the structure and to allow the replacement of the damaged shear panels [1]. 

3 EXPERIMENTAL INVESTIGATION 

A large experimental program has been carried out at Politehnica University in Timisoara, 
Romania [2], [3], on steel frames with thin-walled steel shear panels, in order to determine the 
monotonic and cyclic performance.  

3.1 Experimental setup  

The SPSW specimens have been extracted from a six story frame structure (Figure 2a). 
The two actuators used for the tests had 360mm stroke and 1000 kN capacity and 360 mm 
stroke and 500 kN capacity, respectively. Due to the stroke limitation, the specimens were 
half-scaled. The system had 2 shear panels per story of 2 mm thickness. The frames measured 
3500 mm high and 4200 mm wide between member centerlines (Figure 2b). The slenderness 
ratio L/tw of shear walls amounted 595 for 2 mm panels, while the aspect ratio L/h was 0.8.  

�

8.4m 4.8m 4.8m

6x3.5m

     

 
HEB 240 (VBE) HEB 240 (VBE) 

HEA 180
(HBE) 

HEB 180 
boundary 
stanchions 

 
     (a)     (b) 

Figure 2: SPSW: a) Six story frame structure; b) half-scale tested frame. 

In order to evaluate the contribution of the boundary frames to the strength and stiffness of 
the structure, two types of beam-to-column connections were used. According to EN1993-1-8 
classification [4], flush end plate connection was semi-rigid and weak partial strength (Mj, 

Rd=0.4Mb,Rd) (further refereed as semi-rigid) and extended end plate connection aws rigid and 
strong partial strength, with a capacity almost equal to that of the connected beam (Mj,Rd = 
0.9Mb,Rd) (further refereed as rigid) see Figure 3.  
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     (a)    (b)    (c) 

Figure 3: Typical connections: a) semi-rigid beam-to-column; b) rigid beam-to-column; and c) boundary stan-
chion-to-beam. 

The infill panels were bolt connected to the boundary members using fish plates and M20 
8.8 class slip-resistant bolts. Additional fish plates were used in order to strengthen the bolted 
areas in order to avoid failure by bearing (Figure 4).  

    
Figure 4: Connection between shear panels and boundary elements. 

3.2 Loading protocol 

Two hydraulic actuators were used, one at each story. Quasi-static cyclic testing was per-
formed in accordance with ECCS Recommendations [5]. A monotonic test was first carried 
out for obtaining the force vs. displacement curve (Figure 5(a)). Using this curve, the yielding 
displacement Dy has been determined intersecting the initial stiffness tangent with a 10% 
slope tangent of the initial stiffness to the maximum force with. The yielding displacement is 
then used for establishing the cyclic loading, which involves generating four successive cycles 
of ±0.25Dy, ±0.5Dy, ±0.75Dy, and ±1.0Dy amplitude ranges, followed further to failure by 
series of three cycles, each of amplitude ± 2n × Dy, where n = 1,2,3… (Figure 5(b)).  

 

                
(a)     (b) 

Figure 5: Loading protocol: a) yielding displacement Dy determination; b) cyclic loading protocol [5]. 

Dy D 

Sj 

Sj/10 

D/Dy 
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3.3 Results of cyclic testing   

All specimens exhibited stable force-displacement behavior, with some pinching of hyste-
resis loops that are in line with the characteristics commonly observed in other tests on SPSW. 
Plots of lateral load against top displacement of the three specimens tested under cyclic load-
ing are shown in Figure 6. 
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     (a)      (b) 

Figure 6: Experimental frames hysteresis: a) specimen with rigid joints; b) specimen with semi-rigid joints. 

The specimens, yielded at 0.65% and 0.7% top displacement, respectively. This indicates 
that until yielding, the rigidity of the beam-to-column joint has little effect on the behavior. 
Some local cracks were initiated at the panel corners at approximately 2% top displacement, 
which then propagated along the fillet weld of the plate to the additional fishplate. At the 
same top drift level, local plastic deformations were observed at the beam flange under com-
pression for rigid connections (Figure 7(a)). The ultimate displacement of the specimens is 
approximately 4.5% top displacement, not owing to the specimen collapse but owing to the 
limitation of the actuator stroke. The contribution of the frame to overall response increases 
with lateral displacement. Thus, the difference between specimens with semi-rigid and rigid 
connections in terms of yield resistance and yield displacement was small, as mentioned be-
fore, but ultimate capacity decreased by 20% when connections with low rigidity were used. 
As for the peak drift level, there was a small difference between the rigid and semi-rigid spec-
imens.  

     
     (a)      (b) 

Figure 7: Specimen damages: a) Specimen after test; b) Plastic deformation in beam-to-column connections. 
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4 CASE STUDY  

4.1 Design of case study building frames 

4.1.1. Description of examined building frames 

The case study presented hereafter was based on the extraction of an exterior plane frame 
from four and eight story buildings, Figure 8. The frames consist of a rigid moment resisting 
frames (MRF) with three 8 m bays with two shear panels of 3 m as lateral system located in 
the interior bay (SPSW) (see chapter 2). The height of all buildings was considered 4 m.   

          

gravity
MRF
Brace
(Shear panel)

24.0

8.0 3.0 2.0 3.0 8.0

24
.0

8.
0

3.
0

2.
0

3.
0

8.
0

    

4.0

8.0 3.0 2.0 3.0 8.0  
 

     (a)       (b) 

Figure 8: Examined building frames: a) Configuration of the 3D buildings; b) Extracted exterior plane frame. 

The gravity loads were applied as uniform distributed loads on the secondary beams and 
reduced to concentrated loads on the main frames. The dead load of 2.75 kN/m2 takes into 
account the self-weight of the concrete slab and steel sheeting. There were considered some 
superimposed loads from services, ceilings and raised floors of about 1 kN/m2. A 4.0 kN/m2 
load was taken into account for perimeter walls. The 3.8 kN/m2 live load takes into account de 
destination of the buildings (offices - class B) and movable partition walls.  

4.1.2. Preliminary assumptions 

A number of analytical approaches are possible to achieve capacity design and determine 
the same forces acting on the boundary elements (HBE and VBE) including the shear panel 
thickness. One of these methods is the approximation of SPSW by a vertical truss with ten-
sion diagonals only (further denoted as equivalent frame) (Figure 9), in line with AISC 2010 
[7]. The area A of the equivalent braces is estimated in order to meet the structure’s drift re-
quirements. 

          
(a)      (b) 

Figure 9: Preliminary assumption: a) SPSW; b) Equivalent frame. 
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4.1.3. Code-based design 

The equivalent building frames were then designed according to EN1993-1 [8], EN1998 [6] 
and AISC 2010 [7]. 

Two different design cases were considered: moderate seismicity with medium class duc-
tile building frames (DCM) and high seismicity with high class ductile building frames 
(DCH). Type 1-C spectrum (Figure 10a) was selected for design [6] considering two peak 
ground accelerations 0.3 for high seismicity case and 0.15 for moderate seismicity case, re-
spectively (Figure 10b and c). Because no recommendation for reduction factor, q, is given in 
EN1998, a value of 5 was taken into consideration based on previews research [2],[3]. In case 
of moderate seismicity where medium ductility class structure is needed, a reduction factor of 
3 was selected.  

Columns, beams and stanchions were designed as steel members, with their section vary-
ing depending on the floor and the building. The shear panels had lower steel grade (S235) 
than the rest of the structural members (S355). The beams production was not considered to 
be fully controlled, so that the properties of the beam material had to comply with EN1993-1-
1 [8] recommendations with γov =1.25.  
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Figure 10: Response spectra: a) Type 1 elastic response spectra [6]; b) Ground type C elastic spectra for high and 
moderate seismicity; c) Ground type C design spectra for high and moderate seismicity. 

Accordance to AISC 2010 [7], the horizontal and vertical boundary element (HBE and 
VBE) are designed to resist the maximum forces developed under the tension field action of 
the fully yielded panels. Axial forces, shear forces, and bending moments develop in the 
SPSW boundary elements because of the overall overturning, shear, and tension field action 
in the panels. HBEs and VBEs should remain essentially elastic under forces generated by 
fully yielded panels, but flexural hinges are allowed at the ends of HBEs. 

 

C
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Based on the area of the equivalent braces, A, obtained in design process, the thickness of 
the steel shear panels, tw, was obtained using the following equation, see [7]: 

 

 2 sin

sin 2
s

w
A

t
L





  (1) 

 
θ  is angle between the vertical and the longitudinal axis of the equivalent tension brace;  
L  is the distance between VBE centerlines; 
α is the angle of inclination of the tension field in the shear panels, taken as 40°, see [7];  
Ω is the system overstrength factor, as defined by FEMA 356 [9], and taken as 1.2 for 

SPSW (Berman and Bruneau, 2003 [9] or NBCC 2015 [11]).  

4.2 Seismic performance 

In order to verify the plastic mechanism and re-centering capacity of the building frames, 
static non-linear analysis (push-over) was employed. The push-over analysis has taken into 
account an inverse triangular shape lateral load. As the re-centering capacity is of interest, the 
target displacement corresponding to ULS performance level was calculated, using N2 meth-
od [12].  

Beam and columns were modelled using beam elements having M3 and P-M3 hinge types 
placed at both ends. In order to model the shear panels, the so called "strip model" developed 
by Driver [13] was used. The shear panel is replaced by 10 inclined strips at angle α with re-
spect to vertical, capable of transmitting tension forces only, and oriented in the same direc-
tion as the principal tensile stresses in the panel. Figure 11a shows the strip model 
representation of a typical shear panel. The strips were modeled as double pinned beam ele-
ments having a trilinear plastic axial P type hinge at the middle (Figure 11b and Table 1).  
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Figure 11: Modelling of shear panels: a) Strip model; b) Tension only plastic hinge. 

Hinge A B C D E 
P/Py Δ/Δy P/Py Δ/Δy P/Py Δ/Δy P/Py Δ/Δy P/Py Δ/Δy 

Axial P 0 0 0.8 0 1.4 13 1.4 20 1.2 27 

Table 1: Proposed strip tension only plastic hinge  

By replacing the panel with these tension strips, the resulting steel structure can then be 
analyzed using currently available computer analysis software. This study was done using 
Sap2000 software [14].  
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After running the PO analyses on elastic designed frames, for all 4 building frames, yield-
ing was observed in MRF elements before the attainment of ultimate limit state. Therefor 
some of the sections were replaced in order to have re-centering capacity at ultimate limit 
state. Figure 12 and Figure 13 present the final sections for all 4 buildings.  

     
(a)      (b) 

Figure 12: 4 story building frames: a) Moderate seismicity case; b) High seismicity case. 

    
(a)      (b) 

Figure 13: 8 story building frames: a) Moderate seismicity case; b) High seismicity case. 

Table 2 presents the target displacements and maximum inter-story drift ratios correspond-
ing to ultimate limit state (blue dot in Figure 14) and the maxim displacement of re-centering 
capacity, dre-centering (red dot in Figure 14) with corresponding inter-story drift ratios, for all 4 
building frames.  

Figure 14 presents the capacity curves for all 4 build frames in terms of base shear force 
and top displacement. The frames designed assuming DCH, have a larger capacity and ductili-
ty than the ones designed assuming DCM. The 8-story frames are more ductile than the 4-
story frames and were designed to resist similar seismic forces (within the same ductility 
class). 
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Frame 
Seismicity  
design case 

ULS dre-centering 

top displace-
ment, m 

inter-story  
drift ratio, % 

max. dis-
placement, m 

inter-story 
drift ra-
tio, % 

4 
high 0.209 1.6 0.217 1.7 
moderate 0.117 0.9 0.216 1.8 

8 
high 0.310 1.3 0.334 1.4 
moderate 0.156 0.6 0.339 1.5 

Table 2: ULS target displacement, maximum re-centering displacement and corresponding inter-story drift ratios. 
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(a)      (b) 

Figure 14: Capacity curves: a) 4 story building frame; b) 8 story building frame. 

In order to evaluate the re-centering capacity of the frames, the plastic mechanisms are 
presented at target displacement corresponding to ULS (Figure 15 and Figure 16). Also, a re-
centering analysis was performed, loading the frames till the target displacement correspond-
ing to ULS and then unloading to 0 force. It can be seen that the plastic hinges are developed 
only in the shear panels with no damage in the MRF. Thus, the MRF has the necessary restor-
ing force to re-center the building frames and then replace the damaged shear panels. This 
was also confirmed by the re-centering analysis done, which has showed that after unloading, 
no residual drift are present. 

The objective of having no yielding in the MRFs before the attainment of ULS, represents 
the basic design requirement for dual frames with removable dissipative members.  
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Figure 15: Plastic mechanism at ULS for 4 story building frame: a) High seismicity design case; b) Moderate 
seismicity design case. 
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Figure 16: Plastic mechanism at ULS for 4 story building frame: a) High seismicity design case; b) Moderate 
seismicity design case. 

5 COCNLUSIONS 

The dual systems (MRF+SPSW) whereby two shear panels and two vertical bordering el-
ements (stanchions) are inserted in moment resisting frames, showed excellent performance 
within experimental program. The steel shear panels have initiated buckling before yielding at 
approximately 0.7 % top displacement. Until 2% top displacement the MRF behaved elas-
tically while the ultimate capacity was obtained at 4.5% top displacement.   

A detailed design and analysis on case study dual building frames has been done taking in-
to account two building heights, i.e. 4 and 8 story, respectively. Two design cases were con-
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sidered: moderate seismicity with medium ductility class structures (DCM) and high seismici-
ty with high ductility class structures (DCH).    

Nonlinear static analyses were employed in order to verify the collapse mechanism and re-
centering capacity of building frames. 

The study has showed that this innovative application of SPSW system enables for obtain-
ing a “structural fuse” solution. The maximum inter-story drift ratios corresponding to ULS 
performance level, for all 4 building frames, amount less than 2% (e.g. 1.6% for 4 story and 
1.3% for 8 story). When the SPSW frames are unloaded, they pass close to “0” displacement, 
with practically not residual displacement. Since the MRF are elastic up to ULS, the dual 
MRF+SPSW frames behave as a self-centering system. 

Since, for the time being, this results have been obtained for particular structures, a larger 
parametric study would be necessary in order to confirm the generality of the solution. Also, 
for validation, a 3D structure test on a shacking table would be useful.   
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Abstract. Recent earthquakes have highlighted not only the need of providing sufficient secu-
rity level to civil and industrial structures in order to limit the loss of human lives, but also 
the need of reducing the damaging of structural and non-structural elements so to minimize 
the economical losses. Within this framework, increasing interest is being given, from nation-
al and international standards, to the recentering capability of structures and antiseismic de-
vices. Residual displacements cause, in fact, an important reduction of the security level of 
the building in case of aftershocks, prevent the recovery of activities inside the building and 
they are very difficult to be repaired. Within this work, the seismic behavior of a steel struc-
ture equipped with a steel self-centering device is studied through several Incremental Dy-
namic Analyses, IDA. The SSCD characteristics are varied in order to perform parametric 
analyses and to study the influence of each parameter on the global behavior. 
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1  INTRODUCTION 

Industrial facilities often store a large amount of hazardous material and the probability 
that accidental scenarios such as fire, explosion, toxic or radioactive dispersion may occur in 
the case of seismic event is very high. The ensuing disaster is sure to harm the people working 
in the installation and it may endanger the population living in the neighborhood or in the ur-
ban area where the industrial installation is located.  Even if the content does not represent a 
direct threat to human lives or to the environment, damage to structural and/or non structural 
elements can lead to huge indirect economic losses, as testified by the numerous studies on 
the survey of damage causes [1] [2] [3], by the special attention to the non-structural elements 
damage [4] [5] and to the speedup of community recovery [6] [7] after the 2012 Emilia (Italy) 
earthquakes. From this point of view, it is evident that, for industrial buildings, the scope of a 
retrofit/strengthening intervention should be the increasing of the "seismic resilience" [8] [9] 
rather than the reduction of "seismic risk", which is more appropriate for civil building [10]. 

Different strategies can be implemented to focus the inelastic deformation, and so the dis-
sipation of energy, on suitable elements [11] [12] [13] [14] [15] [16].In particular, for the ret-
rofit of existing industrial plants attention is given to the use of passive dissipation systems, 
such as seismic isolation, e.g. [17] [18] [19] [20]. The initial higher cost associated to a retro-
fit using seismic isolation or energy dissipation system, comprised the ones consequent to the 
adaptation of the non-structural elements (e.g. pipelines), will be likely compensate by the 
avoided losses in case of moderate-to-strong earthquakes. Traditional hysteretic devices, 
however, do not provide a real "active" re-centering force, resulting in the possibility of resid-
ual displacements at the end of the earthquake and in the consequent complication of the sub-
stitution operations, such as the need of flame cutting for the removal of dissipative elements 
[21]. From this point of view, supplying the structure with a re-centering capability, defined 
as the capacity of minimizing the residual displacement after the end of the seismic action, is 
an important aim when the increasing of the structural resilience is pursued. Re-centering de-
vices have been the object of ever increasing research studies [22] [23] [24] [25] [26] [27]. 
This type of dissipative device is characterized by the presence of re-centering elements that 
mitigate, and may even eliminate, the residual deformations in buildings and/or residual forc-
es in the dissipative devices after earthquakes independently from the displacement demand.  

The present work studies the effects on the global seismic behavior of the retrofitting of an 
existing industrial steel building adopting the steel self centering device (SSCD) developed in 
[27]. The performances of the structure (in the current state and on the retrofitted ones) are 
evaluated mainly through two performance parameters: the maximum and the residual dis-
placements. Moreover, a parametric analysis is carried out to highlight the influence of each 
parameter that defines the device's hysteretic cycle on the global re-centering capability of the 
structure. The results obtained highlight the effectiveness of the SSCDs in improving the 
seismic performances of the building and in increasing its resilience by the minimization of 
the residual displacements.  

2 CASE STUDY DESCRIPTION 

The building analyzed within this work is characterized by a mass placed at significant alti-
tude and different typologies of horizontal forces resisting systems, as it is shown in Figure 1. 
It has the function of filtering the gasses coming from the steelwork and can be schematized 
as made up of a supporting structure, the silos containing the filtered material and the roof. 

The building has a regular plan, with overall dimensions 37.80 m x 16.94 m and total 
height 29.64 m. The supporting structure, with a total height of about 10.80 m, has six bays in 
the longitudinal direction and three in the transversal one. As is typical of industrial buildings, 

905



F. Morelli, A. Piscini and W. Salvatore 

 

where the functionality issues often prevaricate the rules for an optimized structural design, 
different horizontal resisting systems (Figure 1) can be individuated such as moment resisting 
frames (longitudinal direction - ground floor), inverted V bracings (transversal direction - 
ground floor) and diagonal bracings (both directions - first floors). 

   
Figure 1: Front (left) and lateral (right) view of the case study  

The total mass of the silo (23700 kN), considering the structural elements and the infill ma-
terial, represents the 86% of the total mass (27650 kN). The roof is connected directly to the 
filter walls and its contribution is considered only in terms of vertical load and mass.  

3 MODELLING AND ANALYSIS 

A preliminary comparison between a full-comprehensive linear model and a geometrically-
simplified (Figure 2) model was carried out given the need to simplify the structural scheme 
to obtain a reliable and time-saving nonlinear model. The "complete" linear model highlighted 
a structural behavior similar to that of a single degree of freedom in both directions, where the 
great part of the displacement demand is located in the supporting structure. The silos and the 
roof acted as a rigid body and the resultant stresses were far below the yielding or buckling 
threshold. It was therefore assumed that the structural behavior could be represented by the 
simplified model shown in Figure 2. In this model, used to perform nonlinear analyses, each 
frame was modelled, in OpenSEES [28] using fiber elements and the material was assumed to 
be elasto-plastic. The global second-order effects were explicitly taken into account. The 
bracings were modelled introducing an initial local bow imperfection, following the indica-
tions of Eurocode 3 [29] in order to consider their post-critic behavior when subjected to 
compression forces [31].  

 
Figure 2: Case study simplified model geometry 
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The building performances in its current, un-retrofitted, state were evaluated using Incre-
mental Dynamic Analysis, by monitoring two different Engineering Demand Parameters, 
EDPs: 

- maximum displacements evaluated at levels 1 and 2 (Figure 2); 
- residual deformations evaluated at levels 1 and 2 (Figure 2);  

The IDAs were performed adopting a Uniform Hazard Spectrum - coherent method for the 
ground motions selection in order to achieve the worst damage scenarios with a robust and 
reliable procedure. In fact, the 3D analysis of the structure can lead to different results as a 
function of the procedure adopted for the ground motion recordings selection and of the scal-
ing techniques, as already highlighted by [30] and [32]. The complete procedure, together 
with all the background and motivations, is described in [30] and [34].  

A total of 198 nonlinear time-history were carried out applying simultaneously the three 
components (2 horizontal and 1 vertical) of the 11 selected ground motions and using 9 scale 
factors, SFs reported in [35].  

4 SEISMIC VULNERABILITY OF THE CURRENT STATE AND SEISMIC 
RETROFIT 

The seismic vulnerability of the case study is studied through incremental dynamic 
analyses (IDAs). The IDA results are expressed in terms of IDA curves where the Intensity 
Measure, IM, is quantified through the scale factors, while the EDPs are registered at the two 
different levels of the supporting structure (Figure 2). 

The nonlinear analyses carried out on the current state (see [35] for more accurate infor-
mation) evidenced several structural problems. The building is characterized by a low stiff-
ness in the longitudinal direction, both at ground and first floor. In the transversal direction, 
the initial stiffness is sufficient to avoid excessive displacements, but the high slenderness of 
the bracings implies an insufficiently ductile mechanism. Moreover, the structure is character-
ized by important residual displacements in both directions at the end of the earthquakes. The 
presence of such residual displacements lowers considerably the resilience of the building, 
given the great difficulties in repairing a deformed and unstable structure.  

On the base of this results, a seismic retrofit intervention, using the Steel Self-Centering 
Device described in [27] is proposed. The hysteretic force-displacement curve of such devices 
is typically characterized by a "flag" shape and, depending on the ratio between the re-
centering force and the dissipative one, may present different values of the dissipated energy 
per cycle, residual displacement and residual re-centering force, as shown in figure 3. 

 
Figure 3: Idealized flag-shaped hysteretic curve: a) β = 0 (no dissipation), b) 0 < β < 1; c) 1 < β < 2; and d) β = 2 

The shape of the hysteretic curve is determined by 4 parameters, Fy, ko, α and β, where Fy 
is the yielding force, ko the initial stiffness, α the ratio between the hardening and the initial 
stiffness, while β reflects the energy dissipation and the system’s re-centering capacity.  
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A "reference" configuration of the SSCDs was pre-designed and several parametric anal-
yses were then executed varying one parameter per time in order to study their influence on 
the structure global behavior. The mechanical characteristics of the SSCDs in the “reference” 
configuration are resumed in Table 1. 
 

Level - Direction 
Number 
of SSCDs 

k0R 

[kN/mm] 
FyR [kN] αR βR 

Ground floor – longitudinal 8 72 529 0.26 1.00 

First floor – longitudinal 8 88 848 0.26 1.00 

Ground floor – transversal 28 112 332 0.16 1.00 

First floor – transversal 14 77 556 0.20 1.00 
 

Table 1: Mechanical characteristics of the SSCDs in the reference configuration 

Starting from the reference configuration, the behavior of the building in its retrofitted state 
was studied varying the values of the re-centering factor β from 0.85 to 2.00, the initial stiff-
ness k0, from 0.5 to 2.0 times k0R, the post-elastic stiffness kh, from 0.5 to 2.0 times kHr and 
the yielding force Fy, from 0.5 to 2.0 times FyR. 

The influence of the SSCDs position on the overall behavior of the structure was not stud-
ied within this research. It was then fixed limiting, as much as possible, the interferences with 
the functionality of the building. The position of the SSCDs were the same of [35]. 

5  IDA RESULTS FOR THE RETROFITTED STATE 

With reference to the levels definition of Figure 2, the main results in terms of IDA curves 
are shown in the following.  

a) b)  

Figure 4: Maximum displacements in the a) longitudinal and b) transversal directions 

908



F. Morelli, A. Piscini and W. Salvatore 

 

a) b)  

Figure 5: Residual displacements in the a) longitudinal and b) transversal directions 

Analyzing Figure 4 it can be seen that, in both directions, thanks to the symmetric behavior 
of the SSCD, the displacement demand is equally distributed between the first and second 
floor. The IDA curves of Figure 5 testify the optimum re-centering capability of the retrofit-
ting solutions: the residual displacements are lower than 3 mm in the X direction and 5 mm in 
the Y direction. In figure 6 the displacement time-histories and the cyclic force-displacement 
curve for the ground motion IN445A, SF=1.430, in both directions highlight, together with 
the global force-displacement curves, the differences in terms of maximum and residual dis-
placements in the case of un-retrofitted and retrofitted structure. The un-retrofitted structure 
tends to accumulate displacement as the seismic action goes on, while the application of 
SSCD helps in avoiding this accumulation, giving the whole structure a flag-shaped hysteretic 
behavior.  

a) b)  

c) d)  

Figure 6: Ground motion IN445A, SF=1.430: level 2 mean displacement time history in a) X and c) Y directions; 
level 2 mean displacement vs total base shear in b) X and d) Y direction. 
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6 INFLUENCE OF THE PARAMETERS ON THE RE-CENTERING CAPABILITY 

The re-centering factor, β, governs the shape of the hysteretic loops and influences the re-
centering capability of the SSCDs: values of β close to zero maximize this capability, while 
values close to 2 makes the hysteretic cyclic behavior similar to a traditional hysteretic dissi-
pative devices nullifying the active re-centering forces.  

The IDA results reported in Figure 7 show that a β factor close to 2 reduces considerably 
the re-centering capacity of the SSCDs, while there are no particular differences in the other 
cases. 

With reference to the initial stiffness of the SSCDs, ko, it is intuitive to see how the residual 
displacements decrease as ko increases for practically all the values of the seismic intensities 
(see Figure 8). The residual displacements in the Y direction (Figure 8b) highlight also how a 
low value of ko can limit the re-centering capability of the system for high values of the seis-
mic intensity.  

Unlike the initial elastic stiffness, the post-elastic stiffness, kh, only influences the values of 
the residual displacements for higher seismic intensities, causing them to increase as kh de-
creases, see Figure 9.  

Regarding the yielding force, Fy, the IDA curves in Figure 10 show that an increasing of 
this parameter tends to reduce the residual displacements.  

a) b)  

Figure 7: Influence of β on the residual displacements (mean values) in the a) longitudinal and b) transversal 
directions 

a) b)  

Figure 8: Influence of ko on the residual displacements (mean values) in the a) longitudinal and b) transversal 
directions 
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a) b)  

Figure 9: Influence of kh on the residual displacements (mean values) in the a) longitudinal and b) transversal 
directions 

a) b)  

Figure 10: Influence of Fy on the residual displacements (mean values) in the a) longitudinal and b) transversal 
directions 

7 CONCLUSIONS 

The present work studied the seismic behavior of an industrial steel structure retrofitted 
with self-centering devices. The preliminary nonlinear static and incremental dynamic anal-
yses proved main structural problems of the un-retrofitted structure in both directions. In par-
ticular, the structure shows the tendency to accumulate residual displacements at both levels 
in the X direction, while only at the first level in the Y direction. 

The effectiveness of the seismic retrofit through the self-centering devices was first studied 
in this study by analyzing a "reference" configuration of the SSCD mechanical parameters. 
They were then varied performing a parametric analysis to investigate their influence on the 
global behavior. The analysis of the "reference" configuration evidenced that the retrofitting 
through the SSCDs reduces the maximum displacements of the supporting structure, limiting 
so the damages to structural and non-structural elements. Furthermore, the retrofitting sup-
plies to the whole structure a global flag-shaped hysteretic behavior, granting an optimum re-
centering capability and reducing so the damage of structural elements, difficult to be repaired 
after the end of the earthquake. 

A parametric analysis was then carried out varying the values of the re-centering factor, β, 
the initial stiffness, k0, the post-elastic stiffness parameter α, and the yielding force Fy, to 
study their influences on the global re-centering capability of the structure. The main conclu-
sions are the following: 
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- an increasing of β does not influence so much the residual displacements if his val-
ue is close to 1, however, a β factor equal to 2 reduces considerably the re-centering 
capacity of the SSCDs; 

- the residual displacements decrease as the initial stiffness of SSCDs, ko, increases 
for practically all the values of the seismic intensities; 

- the post-elastic stiffness, kh, influences the values of the residual displacements on-
ly for higher seismic intensities, increasing them as kh decreases; 

- an increasing of the yielding force, Fy, tends to reduce the residual displacements.  
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Abstract. A case study example is presented to support a methodology that evaluates the design 

behaviour-factor on a risk-basis, using the code-compatible performance targets for life safety 

and global collapse. The case study employs a 6-storey concentrically braced frame with a 

detailed physics-based representation of braces. Nonlinear static analysis is conducted to pro-

vide an estimate of overstrength and an approximation of the behaviour-factor. Incremental 

Dynamic Analysis is subsequently performed to obtain a refined representation of response 

throughout the desired range of seismic intensity. Besides the widely-adopted first-mode spec-

tral acceleration, state-of-the-art intensity measures such as the so-called average spectral ac-

celeration, are used to illustrate the severity of the ground motions considered. The dynamic 

analysis results for the considered modes of failure are conveniently summarised into fragility 

functions, which are further convoluted with the seismic hazard function in order to derive the 

associated mean annual frequency of exceedance. A comparison among the derived and the 

allowable mean annual frequencies determines the applicability of the behaviour factor for the 

structure examined, showing that EN1998-compatible factors may accurately be evaluated. 
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1 INTRODUCTION 

The q-factor is a convention adopted by the earthquake engineering community to allow the 

elastic design of essentially inelastic structures. Its use is based on the idea that yielding and 

subsequent plastification reduce the strength demand on the structure at the expense of requiring 

increased ductility capacity and thus imposing damage. Rather than determining the ductility 

capacity of a given structural system, engineers are accustomed to using an “equivalent” be-

haviour q-factor. This factor is a single value, larger than 1.0, that is independent of period or 

height and is used to determine the required yield strength of the system by directly dividing 

the strength required for the system to remain elastic. EN 1998-1 [1] provides values of the q-

factor only for a very limited number of systems without any guidance on quantifying it for 

others. In fact, such q-values may have been proposed by researchers for each innovative sys-

tem, yet without much consensus: Each proposal comes with its own definition of safety target 

and seismic performance assessment method, lending little confidence to the ensemble results. 

Unlike the US, where the FEMA P-695 [2] standard has settled this debate, Europe has not 

formulated a standard methodology (barring an ECCS recommendation based on nonlinear 

static methods) to define and validate the q-factors. For novel structural systems, behaviour 

factors cannot rely on observations of their performance during past earthquakes. Along these 

lines, this study aims to showcase a step-by-step procedure to reliably define q-factors in order 

to achieve uniform safety margins against collapse, for the case of a 6-storey concentrically 

braced frame (CBF). The methodology is based on static pushover and dynamic response his-

tory nonlinear analyses of the building structure, using known predefined non-linear response 

characteristics of structural elements.  

 

2 RECOMMENDED PROCEDURE FOR THE DEFINITION OF Q-FACTORS 

The recently-proposed state-of-the-art procedure for obtaining consistent q-factor values [3] is 

based on (a) defining a class of archetype buildings, (b) employing nonlinear dynamic analysis 

with appropriate ground motions and intensity measures (IMs), (c) fully incorporating the effect 

of aleatory and epistemic uncertainty on the systems’ performance, (d) offering uniform safety 

across the entire population of buildings. The proposed methodology builds and improves upon 

existing literature to offer a concise approach for q-factor quantification on a probabilistic basis. 

In brief, structural models of the system under consideration are initially analysed via nonlinear 

(static) pushover analysis to determine preliminary q-factor values. Then, a set of 3-7 (or more) 

index buildings is statistically selected to best capture the characteristics of the envisioned pop-

ulation of structures. Pre-normative level assessment requires capturing only the salient char-

acteristics of application with only 2-5 buildings, spanning the parameter space in terms of, e.g., 

number of stories and ductility class. Normative-level assessment requires more careful dis-

cretisation of the building population by considering, for example foundation flexibility, acci-

dental eccentricities, vertical irregularities etc. Accurate nonlinear models are formed, where 

both simulated and non-simulated (non-modelled) modes of failure are determined. Incremental 

Dynamic Analysis [4] is then employed, using an appropriate set of records for European sites, 

together with a novel intensity measure [5,6] that is designed to retain sufficiency across an 

entire class.  

The target is to comply with a maximum allowable annual probability of exceeding the col-

lapse limit-state, adjusting the q-factor and the subsequent structural designs, until convergence 

is achieved. Local spectral shape and hazard curve shape effects are incorporated as needed. 

Compatibility with the new generation of risk-targeted design spectra, currently adopted in 

USA and being discussed in Europe, is also addressed thus offering a common basis for avoid-
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ing any potential double-counting of uncertainties or spectral effects when combining the seis-

mological and the structural viewpoint. The proposed q-factor estimation methodology is based 

on the explicit performance assessment of a number of archetype structures using two perfor-

mance targets defined on a mean annual frequency of exceedance basis. It comprises seven 

discrete steps, taking the engineer from the site hazard to the final risk-based determination of 

compliance with the safety standards. 

 

3 VERIFICATION EXAMPLE 

Step 1: Site hazard 

For the purpose of the INNOSEIS project two different sets of 3–5 sites are considered across 

Europe. The first set comprises moderate seismicity sites with a peak ground acceleration (or 

zone factor per EN1998) of approximately ag = 0.15g, mainly geared towards evaluating be-

haviour factors for Ductility Class Medium (DCM) designs, whereas the second set uses high-

seismicity sites with ag = 0.30g that can be used to test Ductility Class High (DCH) buildings. 

Site selection is performed according to the EU-SHARE seismicity model [7]. For each set of 

sites, a single suite of ordinary (non-pulsive, not long duration) records is selected considering 

all sites within the set and employing Conditional Spectrum selection [8,9] based on the average 

spectral acceleration (AvgSa, [6,10,11]), i.e., the geometric mean of 5% damped spectral accel-

eration ordinates TRi characterising the archetype buildings of interest: 

    
n

n

i

RiaRi TSTAvgSa

/1

1









 



 (1) 

Periods TRi can be selected as linearly spaced within a range of [TL, TH], where TL is a low 

period near the minimum second mode of the buildings to be investigated and TH is a high 

period that is near 1.5 times their maximum first mode period. If considerable difference exists 

among the different first mode periods, one should consider using two different definitions of 

AvgSa, one for low/mid-rise structures (shorter periods) and another for high-rise ones (longer 

periods), for better fidelity. In any case, ground motion records need to be selected for each 

definition of AvgSa at a given set of sites [12,13], while mean hazard curves are required for 

each definition of AvgSa and at each separate site. 

Step 2: Archetype buildings 

In order to support the methodology outlined above, a 6-storey steel building is employed. The 

structure considered has a storey-height equal to 3.5m, a bay-length of 9.0m, and covers a plan-

view area of 36x54m2 as shown in Figure 1. The lateral load-resisting system consists of con-

centrically X‐braced frames (X-CBFs), where each brace extends between two consecutive 

floors. Composite beams are considered to support the concrete slab on each level, whereby 

connection with the pin-supported columns is established through bolted (shear) connections. 

The gravity loads considered regarding the top as well as the intermediate floors are summa-

rised in Table 1. The seismic design has been performed using the response spectrum analysis 

in ETABS, following the Eurocode 8 [1] provisions for ductility class high (DCH) and a peak 

ground acceleration (PGA) ag=0.24g. A behaviour factor q=4 is adopted, and the soil properties 

on site are assumed to match the Eurocode 8 class B soil type, thus implying a soil amplification 

factor S=1.2 (Figure 2). The steel grade that has been used is S355. 
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Figure 1:Case study design-basis CBFs and member cross sections on the X-brace bays  

 

Figure 2: Elastic design spectrum 

Table 1: Gravity loads considered 

 ith storey Rooftop  

Concrete slab 3.11kN/m2 3.11kN/m2 

Additional dead loads 1.8kN/m2 0.9kN/m2 

Live loads 2kN/m2 2kN/m2 

 

Besides the damage-limitation and the P-Δ-effect checks on a global response level, of partic-

ular interest regarding the seismic design of CBFs are the buckling braces. They should be 

designed such that brace-yielding appears prior to connection failure, beam yielding or column 

buckling. For CBFs with X-braces, the members under tension should only be taken into ac-

count, whereas for (Chevron) V-braces both tensile and buckling members should be consid-

ered. In general, for structures where the number of storeys is larger than two, the normalised 

slenderness (  ) should satisfy the limits provided below: 
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 23.1 
cr

y

N

Af
  (2) 

A is the cross-sectional area of the brace, fy the yield stress and Ncr the critical buckling load. It 

should also be noted that both diagonals on a V-brace should be able to resist any seismic-

unrelated loads. This check should be performed by comparing the action (NEd) against the 

member plastic resistance (Npl,Rd) for the tensile brace, and the post-buckling resistance 

(γRbNb,Rd, γRb=0.3) for the brace under compression.  

 

Table 2: Brace design checks  

 # storey Section Λ Npl (kN) NEd (kN) Ω 

6-storey 

CBF 

1 SHS150x16.0 1.35 3044.48 2725.16 1.12 

2 SHS150x16.0 1.35 3044.48 2457.75 1.24 

3 SHS140x14.2 1.44 2536.63 1942.31 1.31 

4 SHS140x14.2 1.44 2536.63 1854.64 1.37 

5 SHS140x8.0 1.38 1499.52 1160.82 1.29 

6 SHS140x7.1 1.37 1339.90 965.51 1.39 

 

Table 3: Column design checks  

 # storey Section χ Npl (kN) 
NEd (G+0.3Q) 

(kN) 

1.1x1.25xΩxNEd 

(kN) 

Ntot 

(kN) 
χ Npl/ Ntot 

6-storey 

CBF 

1 ΗΕΜ550 0.86 12567.00 1427.99 7768.14 9196.13 1.18 

2 ΗΕΜ550 0.86 12567.00 1238.15 7664.19 8902.33 1.21 

3 ΗΕΒ500 0.85 8484.50 915.96 3827.35 4743.31 1.53 

4 ΗΕΒ500 0.85 8484.50 729.43 3696.49 4425.92 1.64 

5 ΗΕΑ450 0.85 6319.00 423.41 917.54 1340.95 4.02 

6 ΗΕΑ450 0.85 6319.00 237.80 874.80 1112.60 4.85 

 

Table 4: Beam design checks 

 # storey Section 
1.1x1.25xΩxNEd 

(kN) 

MEd (G+0.3Q) 

(kNm) 

MN,Rd 

(kNm) 
Check 

6-storey 

CBF 

2 ΗΕΒ450 3679.41 226.92 864.45 1.32 

4 ΗΕA450 2624.66 227.20 781.64 1.37 

6 HEA360 1266.36 193.48 640.90 1.58 

 

Step 3: Nonlinear Model 

Modelling-wise, all braces are taken into account, regardless of tensile or compressive actions. 

Brace-frame as well as beam-column connections are considered pinned, while columns them-

selves are assumed fixed to the ground due to the effect that the rather stiff brace-frame flanges 

are expected to have locally, despite the initial design-basis assumption for pinned support con-

ditions (Figure 3). Gravity loads (Table 1) are introduced to the model through a leaning column 

that carries only 50% of the vertical loads acting on the structure due to plan-view symmetry. 

The cross-braces are modelled using a physics-based approach [14,15], by applying an initial 

imperfection equal to L/250 (L=the element length) on the midpoint of each member represent-

ing a brace. The effective length of the brace is determined by considering (numerically) rigid 

elements to take the effect of gusset plates into account, eventually reducing the effective brace 

length down to 70% of the actual.  
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Figure 3: Structural model considered 

Nonlinear force-based beam-column fibre elements are adopted to model braces, beams and 

columns on the CBFs, while elastic beam-column elements are used for the leaning column and 

the rigid elements. Diaphragm rigidity representing the concrete slab is taken into account 

through an equivalent rigid truss element that is assigned a rather large stiffness value. Conver-

gence issues stemming from buckling braces are resolved using (additional) corotational truss 

elements of marginal stiffness. P-Δ geometric transformation is considered for all beams and 

columns (leaning column included), while the corotational transformation is preferred for the 

braces as it is suitable for large-displacement-small-strain problems. As far as the modelling of 

the brace-frame connections is concerned, a typical 40mm thick steel gusset plate is considered. 

The effect of the aforementioned plate, adopted both for the brace-column and the brace-beam 

connections, is taken into account though a nonlinear zero-length rotational spring, the proper-

ties of which are estimated based on the relationships proposed by Hsiao et al. [16,17] as shown 

in Figure 3. The Steel02 material [18] from the OpenSees [19] library is adopted, using a steel 

Young’s modulus E=210GPa, the expected yield strength fy=1.2∙355=426MPa, a post-yield 

hardening ratio αh=0.3% and parameters that control the transition from elastic to plastic 

branches, i.e. R0=20, cR1=0.925 and cR2=0.15. The hysteretic-behaviour parameters a1=0.0005, 

a2=0.01, a3=0.0005 and a4=0.01 are taken into account according to the Uriz and Mahin [15] 

approach. On top of Steel02, the OpenSees fatigue material [19] is also considered for the 

braces, in order to account for any potential fatigue-related failure due to cyclic loading. 

Modal analysis is initially performed for both case studies to determine the fundamental 

periods of vibration (T1) as well the associated mass participation ratios. Although this task is 

trivial compared to the nonlinear analysis presented later in this section, it is necessary not only 

because it provides information (e.g. T1) that will be exploited during the post-processing of the 

nonlinear-analysis results, but also due to the verification of the OpenSees model against the 
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ETABS model that has been used during the design of the case study. According to Table 5, 

discrepancies are evident among the two approaches. In general, the OpenSees model is stiffer 

due to rigid-links that reduce the element length, as well as the non-pinned hinges in place of 

the pinned ones employed in ETABS, as per standard engineering practice.  

 

Table 5: Modal analysis results; OpenSees versus ETABS 

 OpenSees ETABS 

Number of 

storeys 

Fundamental period 

T1(s) 

Mass participation 

ratio (%)  

Fundamental period 

T1(s) 

Mass participation 

ratio (%)  

6 1.15 75.00 1.65 79.43 

Step 4: Static Analysis 

Consequently, nonlinear static analysis is executed in order to obtain a first guess regarding the 

actual behaviour factor of the case studies under investigation. A multilinear fit is performed 

on each pushover curve to derive the approximate (first) yield point (θmax,y, Vb,y), the peak re-

sponse (θmax,peak, Vb,peak) and the ultimate capacity point (θmax,u, Vb,u) that corresponds to a 20% 

drop of the system’s strength (i.e. Vb,u=0.8Vb,peak). The behaviour factor using nonlinear static 

analysis may then be estimated as qstat = qd ∙ Ω = θmax,u/θmax,y ∙ Vb,peak/ Vb,y. Extracting the asso-

ciated values from Figure 4 provides the behaviour factor for the 6-storey X- qstat,6 ≈ 10.8. At 

this point, the behaviour factor for our case study is deemed acceptable and the verification 

process may advance to the q-factor evaluation using dynamic analysis results. It should also 

be noted that ideally a redesign should be performed in order to derive the optimal q-factor, as 

the comparison of qstat,6 against the design q-factor deviates by a fraction greater than 20%. 

Two additional (capacity) points are depicted on the pushover curve, namely the “1st element 

to yield” and “1st element to exceed the Significant Damage (SD) capacity”. Although the for-

mer is quite simple to capture by looking for the axial strain that exceeds the associate yield (εy) 

on an element basis, the latter is triggered upon the exceedance of an axial strain value (εSD) 

that equals 75% of the ultimate/fracture strain (εu), and will further be adopted for the assess-

ment of the behaviour factor using nonlinear dynamic analysis.  

 uSD  75.0  (3) 

Ideally εu should be estimated via a series of experimental tests; alternatively, via direct model 

measurements on each element of interest (i.e. braces), or even through analytical equations for 

simplicity. For the purpose of this study, εu is estimated using the equation proposed by Hsiao 

et al. [17] for the maximum strain-range (εrange). 
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εrange is the sum of the absolute compressive and tensile strains for every step of the loading 

history, w/t refers to the class, kL/r to the slenderness and E/fy to the (expected) steel grade of 

the brace section. During an earthquake, the brace is subjected to strain values considerably 

smaller than εrange, and thus εu is assumed to be approximately equal to 50% of the maximum 

εrange. 
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Strain (ε) values may be translated into (roof, storey or maximum inter-storey) drift (θ) esti-

mates as: 

 





cosstorey

brace

H

L
  (6) 

Lbrace is the brace length, Hstorey the storey height and φ the angle defined by the brace and the 

horizontal. According to  Figure 4, the simplified solution of Eq. (6) provides similar results to 

the strain-based approach for each element regarding the 1st yield, which by the way appears 

following the onset of buckling on the 1st brace. Table 6 summarises the ‘Significant Damage’ 

and ‘Global Collapse’ (GC) limit states in terms of strain and maximum inter-storey drift.  

 

Figure 4: 6-storey CBF Nonlinear Static Analysis  

Table 6: Limit state capacities in terms of strain and maximum inter-storey drift 

 Limit State ε (%) θmax (%) 

6-storey 
SD 2.27 4.69 

GC 3.03 6.25 

Step 5: Dynamic Analysis 

IDA is subsequently performed to derive a refined representation of the space that is defined 

among engineering demand parameters (EDPs) of interest and ground motion intensity 

measures, that will eventually be exploited for the robust assessment of the behaviour factor. 

For the purpose of this study, the maximum inter-storey drift ratio (i.e. θmax) is adopted as the 

EDP and the average spectral acceleration shown in Eq. (1) as a state-of-the-art IM. The IDA 

output for the high-seismicity record set (Step 1) is presented in Figure 5(a). Having such vast 

information on the structural response at our disposal enables the accurate probability of ex-

ceedance estimation for any of the limiting criteria defined above (Table 6). The estimation 

may simply be performed by considering a vertical cut (or EDP stripe) of the IDA plane on 

each EDP capacity of interest (e.g. SD, GC). Interpolating the single-record IDA curves with 

each θmax capacity results in vertical stripes of the so-called IM-capacities, or in other words the 

values that define the damage state distribution. Such information is conveniently summarised 

using the well-known fragility curves presented in Figure 5(b). Therein, the probability that 
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demand (D) violates the aforementioned limit states capacities (C) is provided for several values 

of seismic intensity.  

 

  
(a) (b) 

Figure 5: (a) Single record IDAs along with the associated SD and GC capacities and (b) fragility curves 

Step 6: Performance assessment 

The risk-based assessment is performed according to the Cornell et al. [20] fragility-hazard 

convolution approach (Figure 6) to determine λDS, i.e., the mean annual frequency (MAF) of 

exceeding the damage state (DS, being either SD or GC) of interest: 

     
IM

DS IMλC|IMDλ d P  (7) 

In our case, the seismic fragility output of Figure 5(b) is combined with the Istanbul AvgSa 

seismic hazard curve (Step 1) in order to provide the mean annual frequency of exceedance for 

the limit state capacities under investigation, as shown in Figure 6. 

 

 

Figure 6: The concept of performance assessment for a given damage state (DS), by extracting the fragility curve 

from nonlinear dynamic analyses and convolving with the hazard curve over all values of the IM. 

Step 7: Acceptance or rejection of q-factor 

The case study MAFs, the associated limiting values (λlim), the margin ratio (λlim/λ) and the 

allowable margin ratio are summarised in Table 7 for both SD and GC. The latter may be esti-

mated as 

 uxkk
eAMR


  (8) 
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where βu is the epistemic uncertainty dispersion, kx the inverse of the standard normal cumula-

tive distribution function of a value x ∈ [0, 1] representing the confidence (i.e. the percentage 

of buildings that satisfy the limit state check), and k the hazard slope. As an example, kx was 

assumed to be equal to 1.0, βu equal to 0.3, while k was estimated equal to 2.83 and 3.89 for the 

SD and GC limit states, respectively.  

Table 7: Behaviour factor verification via the limit state mean annual frequency estimation 

 Limit State λ (‰) λlim (‰) Margin Ratio (λlim/λ) Allowable Margin Ratio 

6-storey 
SD 0.0549 2.1 38.37 2.34 

GC 0.0602 0.2 3.34 3.21 

 

Comparing the margin ratio against its allowable value determines the acceptance or rejection 

of the design-basis q-factor. In our case, both limit state MAFs are well-below the relevant 

MAF limits, which implies that the initial (design) assumption for a behaviour factor q=4 is 

acceptable.  

4 CONCLUSIONS 

The methodology presented comprises a unique tool for the risk-based assessment of the design 

behaviour factor. It combines the fundamental concepts of performance-based earthquake en-

gineering with state-of-the-art tools such as Conditional Spectrum record selection, IDA and 

AvgSa. Although it is targeted to novel structural systems that are not part of recent codes and 

standards, its application does not meet any particular constraints, and as a result it may also be 

used to verify the behaviour factors that are currently used in practice for conventional lateral 

load-bearing configurations. Limitations and potential improvements on the procedure have 

already been discussed [3]; therefore, the authors wish to focus on the actual application and 

highlight the importance of the rigorous estimation of limit state capacities and the associated 

dispersions, that are expected to have a major impact on the final output of this well-established 

step-by-step procedure.  
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Abstract. To calculate the behaviour factor by means of a re-analysis of a pushover curve, 

each modern seismic code defines the reference parameters in a different way which results in 

a wide variety of possible choices to select them. In order to overcome this kind of problem, 

this paper discusses some possible definitions of the reference overstrength and ductility 

parameters which can be used for all types of structures.  To do so, the influence of different 

choices of such parameters in the assessment of the behaviour factor will be investigated for 

three case studies of different composite steel-concrete MRF buildings. Finally, re-analysis of 

the obtained results is presented and discussed.
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1 INTRODUCTION  

In general, the usual process for the design of a non-statically determined structure requires three steps: 

 

 A pre-design phase, when the engineer, mostly based on his experience and/or by “analogy” with other 

existing structures of similar dimensions and typology, identifies an initial “size” of the structural load-

carrying members. 

  A second phase when the structural analysis is carried out, leading to the assessment of the “demand” 

(in terms of axial load, bending moments, shear and torque and of displacements or rotations in the 

joints) in the various structural members under the external actions 

 A third phase when the “capacity” of the load carrying structural members, of their connections and 

of the building foundations is verified (under the stresses induced by the internal actions derived by 

the structural analysis carried out in phase 2) both in terms of “strength” and “ductility”.  This second 

property being extremely important and desirable when the structure to be designed is in an earthquake 

prone area, because it allows for energy dissipation by plastic deformations.  

For a building in a seismic area, due to the interaction between gravity (vertical) and seismic (horizontal) 

loads, the design process, although following more or less the same path, might not be so straightforward 

because of the nonlinear response of the structure under seismic actions. 

The modern seismic design approach accounts for the seismic energy dissipation through inelastic 

deformations, which however should not exceed the limits related to the local and global ductility of the 

structure. Based on this idea, in the early 80s, in all the world a new generation of structural design codes were 

issued, considering two alternative methods for structural analysis: 

i) Nonlinear dynamic analysis  

ii) Linear elastic response spectrum analysis 

The use of the first method is motivated by particular cases related to the importance of the building or its 

function, however its application is unusual in everyday practice because of its complexity. The second 

method allows the design of buildings in seismic areas by means of linear elastic analysis but considering 

implicitly the nonlinear structural behaviour, making use of a “behaviour factor”.  

The behaviour factor (so called “q-factor” according to the European Standard [1]) can be defined as the 

ratio of the peak ground acceleration producing collapse of the structure to that at which first yielding occurs. 

It represents a factor accounting for both the ductility demand associated with the seismic input and the global 

and local inelastic resources of the structure which depend on the structural typology, on the ductility of the 

material [2], [3], on the p- effect and on eventual brittle fracture mechanisms [1], [4], [5]. 

A precise estimation of the behaviour factor is very complex, since it depends on many factors such 

as: the accelerogram acting at the base of the structure, material, geometry, degree of redundancy, local and 

global buckling effects and the types of structural connections. Therefore, in the 80’s, generic estimates of the 

q-factor have been provided by extensive research carried out all over the world [4]–[22], which led, for 

example, in Europe to the first publication of EuroCode 8 (May 1988). The behaviour factors defined in this 

edition remain nearly unchanged. Almost all the research performed up-to-date focused on verifying and 

validating these behaviour factors assessed in 1988. A comparison between two editions of EuroCode 8 is 

shown in Figure 1 [23]. 

As shown in Table 1-1 with reference to the MRF, the behaviour factor values vary from code to code 

(e.g. EC8 [1], FEMA [24], AIJ, etc.), with a large discrepancy, mainly due to the different approaches assumed 

by various codes for the definition of the q-factor.  

This is in general not acceptable from a scientific and practical point of view. The economic 

implications related to the fact that a same structure, under the same seismic actions, designed by various 

codes and adopting the same safety factors results in different weight of materials, is barely unacceptable. 
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 (a) EN 1988-1-1: 1998 (b) EN1998-1-1: 2004 

Figure 1-1 q Factors provided in the First and Last Version of EuroCode 

Table 1-1 Behaviour Factor’s Values in 15 Different Seismic Codes Provision for MRFS [3] 

Country Seismic Code Year Design Behaviour Factor 

Albania Earthquake Resistant Design Regulations* 1989 5 

Australia Structural design actions (AS1170.4) 2007 8 

Bulgaria design of buildings and facilities in seismic regions 2014 5 

Canada CAN/CSA-S16-01 2007 4 

Greece 
Greek code for Seismic Resistant Structures 

(EAK2000) 
2000 4 

India 
Criteria For Earthquake Resistant Design Of Structures 

(IS 1893) 
2002 5 

Iran 
Code for Seismic Resistance Design of Buildings 

(2800) 
2014 3.5-7.5 

Italy Technical standards for construction (NTC 08) 2008 4-6.5 

Japan Seismic design of buildings (AIJ) 2000 4 

Mexico Construction Regulations for the Federal District 2003 4 

New Zealand Structural design actions (AS/NZS-1170) 2002 3 

Romania Seismic design code P100-1 2013 5 

Spain Actions on Buildings (NBE-AE-88) 2007 4 

Turkey 
Specification for Buildings to be Built in Seismic 

Zones 
2007 5, 8 

USA 
Uniform Building Code (UBC) 1997 12 

NERPH, FEMA P 750 2009 8 

European EuroCode 1998-1 2004 4-8 

*No available information on the revision of the code (IISEE) 

 

There are two problems:  

1. The available “q” values suggested by the Codes, are valid only for a limited number of structural 

typologies (those indicated by the codes themselves) but in general they are not suitably applicable (or 

extendable) to different structural types (e.g. to innovative structural systems not yet encompassed in the 

Codes). Indeed, several case studies analysing the real ductility of the structures designed with a certain q-

factor show that the real ductility is far from the assumed value. 

2. The current forced based design procedure is too simple and generalizing, mostly causing over-

designed structures.  

Recent strong earthquakes showed that steel buildings designed according to the modern codes 

suffered very little local damages, and did not sufficiently exploit the ductility of their components. Design 

engineers never tend to optimize their design using more advanced procedures, mainly because of their 

complexity. Even if an engineer dares to use the current advanced design procedures (such as nonlinear 

pushover analysis), without “reliable” information on the nonlinear response of each single component of his 

structure, he cannot achieve “reliable” results.  

Academic community agrees on the weakness of the available linear forced-based design code 

procedures, and have been working on the more complicated procedures to provide tools for the optimized 
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design of structures (such as displacement based design). However, apparently, there are not yet available 

tools that convince the design engineers to use such methods. 

Presently, the linear seismic design procedure requires additional activities to the general linear design 

procedure defined at the beginning of this introduction that should be modified as follows: 

1) After phase 1, a q-factor has to be assumed according to the code; then phase 2 and 3 must be 

performed.  

2) The resulting displacements and rotations have to be amplified by the q-factor, and the capacity of the 

connection to develop such ductility must be verified.  

In order to verify the global and local capacity of the structure in terms of ductility, the easiest way allowed 

by the modern software tools is to perform a push-over analysis. However, this doesn’t assure that the “actual” 

q (it means the actual ductility of the structure) verified by the pushover analysis is consistent with the 

“assumed” one (the “assumed” q-factor given by the codes). Of course, for an optimal design these two values 

should more or less coincide. 

This problem can be overcome by performing a pushover analysis after phase 1, and assessing the capacity 

(in terms of strength and ductility) of the preliminary designed structure as well as its “actual” q-factor based 

on the results of such analysis. Subsequently, phase 2 and 3 can be performed, but in this case “assumed” and 

“actual” ductility are more or less coincident, and the design is optimized. This is schematically described in 

Figure 2. 

 
Figure 1-2 New design procedure with augmented efficiency 

However, in order to do this, a standard re-analysis procedure of the results of the pushover analysis should 

be identified. Presently, only FEMA P-695 [25] provides a procedure for the definition of the q-factor (in 

[24]–[26] referenced to as “response modification factor”) by a re-analysis of the push over curve. In Europe, 

such a method is not proposed by EC8 and only ECCS [27] provides some recommendations. In any case, the 

main parameters adopted by both FEMA and ECCS in order to re-analyse the push-over curve might be 

defined in different ways, because a unique definition, generally agreed among the scientific community is 

presently missing despite such   definition affects the assessment of the q-factor.  

In this paper, possible definitions of such parameters are considered, resulting in 90 different 

combinations/methods for the assessment of the q-factor. These methods are hereafter applied to three case 

studies of MRF systems, designed with an initial value of q=4.0. The 90 values of the q-factors obtained by 

re-analysing the push-over curves for each case study, are then compared with the initial design value, 
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identifying those methods which lead to q values close to the initial one, and those which lead the values far 

from it.  

In order to identify an optimal method for the definition of the q-factor based on the re-analysis of the push-

over curve, incremental dynamic analysis (IDA) [28], [29] will be performed on the same case studies, as part 

of the EU-RFCS research project INNOSEIS, currently in progress [30]. INNOSEIS project focuses on the 

dissipative devices suitable for steel structures [31]–[36]. Hereafter, the various definition of the main 

parameters and a comparison of the achieved results with the initial design value of the q-factor are presented. 

However, it will be only after comparison with the results of the IDA study that the optimal method can be 

chosen, being the one giving a q value consistent with the one obtained by the IDA analysis.  Such type of 

analyses, in fact, although being more sophisticated and time consuming, will lead to a more precise 

assessment of the q-factor than that achievable by means of re-analysis of the pushover curve. However, 

because of its sophistication, such an approach is not suitable for everyday application in the engineering 

practice, on the contrary of the one based on re-analysis of the pushover response curve. 

 

2 PROPOSED BEHAVIOUR FACTOR EVALUATION PROCEDURE 

According to ECCS [27] and FEMA P-695 [25], the behaviour factor q can be calculated as a product of 

over-strength 𝑞Ω, ductility 𝑞𝜇 and redundancy 𝑞𝜉  factors, as follows:  

𝑞 = 𝑞Ω. 𝑞𝜇 . 𝑞𝜉  (1)  

Where  

𝑞Ω is an over-strength dependent factor, function of the non-linear structural response 

𝑞𝜇  is a ductility dependent factor, function of the displacement ductility 

𝑞𝜉  is a damping dependent factor, equal to 1.0 when assuming that the same damping ratio holds for both 

elastic and inelastic analysis 

 

A proper approximation of the over-strength factor “𝑞Ω” may be: 

𝑞Ω =
𝐹𝑦

𝐹1
 

(2)  

Where  

𝐹𝑦 is the strength corresponding to the knee-point of the idealized bilinear elastic-plastic behavior curve. 

𝐹1 is the strength corresponding to the first significant yielding of the structure. 

 

The ductility factor 𝑞𝜇 according to Newmark and Hall [37] can be expressed as a function of  the system 

ductility μ, related to the natural period of vibration T, as follows: 

𝑞𝜇 = 1.0                      (for T<0.03s) 

𝑞𝜇 =  √2𝜇 − 1           (for 0.03s <T<0.5) 

                                                              𝑞𝜇 =  𝜇                       (for T>0.5s) 

(3)  

with  

𝜇 =
𝑑𝑚

𝑑𝑦
 (4)  

Where 

𝑑𝑚 is the displacement corresponding to the maximum strength 

𝑑𝑦 is the displacement corresponding to the knee-point of the idealized bilinear elastic-plastic 

behavior curve. 

2.1 Definition of Reference Parameters for the Assessment of the q-Factor by Re-Analysis of the 

Pushover Curve 

For the assessment of the behaviour factor by re-analysis of the Push-Over behavior curve, various modern 

seismic design codes define the reference parameters in a different way.  FEMA P-695 [25], for example, 
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defines the overstrength factor 𝑞Ω as the ratio of the maximum actual strength of the structure to the design 

base shear  
𝑉𝑚𝑎𝑥

𝑉𝑑𝑒𝑠𝑖𝑔𝑛
⁄  , whereas EC8 [1] refers to the first significant yielding 

𝛼𝑢
𝛼1

⁄  .  

In the same way, to define the period based ductility factor 𝑞𝜇, FEMA P-695 [25] defines the maximum 

displacement δu at 20% loss of strength of the structure in post hardening, while, EC8 [1] defines the same 

parameter as the maximum displacement corresponding to the formation of the plastic mechanism.   

Hence, in this section, some possible definitions of these parameters and their combinations will be 

discussed and the effect of such combination on the assessment of the q-factor will be highlighted.   

As explained above, calculation of the behaviour factor is based on 5 main parameters: F1, Fy, Fm, dy and 

dm. While Fm can be univocally defined, with a general agreement, as the maximum actual strength of the 

structure, the other parameters might be defined in different ways as shown in the following Tables 2-1, 2-2 

and 2-3. 

Table 2-1 Possible Definitions for Maximum Horizontal Roof Displacement (dm) Corresponding to the Maximum Strength or/and 

in Softening Branch 

Identifier Definition 

dm-1 Horizontal roof displacement corresponding to the maximum structural strength 

dm-2 
Horizontal roof displacement corresponding to 5% loss of structural load carrying 

capacity, in softening branch 

dm-3 
Horizontal roof displacement corresponding to 10% loss of structural load carrying 

capacity, in softening branch 

dm-4 
Horizontal roof displacement corresponding to 15% loss of structural load carrying 

capacity, in softening branch 

dm-5 
Horizontal roof displacement corresponding to 20% loss of structural load carrying 

capacity, in softening branch 

 

The actual deformation energy for all methods explained in Table 2-2 except Fy-dy-5 is assumed to be 

equal to the one obtained with reference to the idealized bilinear elastic-plastic curve. By combining the 

definitions of Fy and F1 given in Table 2-2 and Table 2-3 respectively, with the five definitions of dm, given in 

Table 2-1, 90 possible different definitions of the q-factor obtained by re-analysis of the pushover curve can 

be identified, as shown in Table 2-4.  

The behaviour factor identified by re-analysis of the pushover response curves based on the above 

combinations of the reference parameters must be further compared with the result of incremental non-linear 

dynamic analysis (IDA) in order to identify which combination leads to the best consistency between the two 

methods (push-over re-analysis and IDA).  
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Table 2-2 Possible Definitions for yielding point (Fy-dy) 

Identifier Definition Equations Schematic View 

Fy-dy-1 

Knee point of the idealized 

bilinear elastic-perfectly 

plastic curve based on 

equivalence of the area under 

both curves (capacity and 

bilinear curve) up to dm, with 

Fy = Fm.     

1)Fy = Fm 

2)dy = 2(dm – Em/Fy) 

Em being the area under the capacity 
curve up to “dm” 

 
 

Fy-dy-2 

Knee point of the idealized 

bilinear elastic-perfectly 

plastic curve based on 

equivalence of the area under 

both curves (capacity and 

bilinear curve) up to dm, where 

the initial stiffness of the 

idealized system (Fy/dy) is 

equal to the initial stiffness of 

the capacity curve (tanα0).     

1)Fy/dy = tanα0 

2)𝑑𝑦 = 𝑑𝑚 −  √𝑑𝑚
2 − 

2𝐸𝑚

tanα0
 

Em being the area under the capacity 

curve up to “dm” 

 
 

Fy-dy-3 

Knee point of the idealized 

bilinear elastic-perfectly 

plastic curve based on 

equivalence of the area under 

both curves (capacity and 

bilinear curve) up to dm, where 

the initial stiffness of the 

idealized system (Fy/dy) is 

equal to the secant stiffness of 

the capacity curve at 0.6Fm 

(tanα0.6Fm). 

1)Fy/dy = tanα0.6Fm 

2) 𝑑𝑦 = 𝑑𝑚 −  √𝑑𝑚
2 − 

2𝐸𝑚

tanα0.6𝐹𝑚
  

 

Em being the area under the capacity 

curve up to “dm” 

 
 

Fy-dy-4 

Knee point of the idealized 

bilinear elastic-perfectly 

plastic curve obtained by 

equivalence of the area under 

curves up to dm, where the 

initial stiffness of the idealized 

system (Fy/dy) is equal to the 

secant stiffness of the capacity 

curve of the structure at 

0.75Fm (tanα0.75Fm). 

1)Fy/dy = tanα0.75Fm 

2)𝑑𝑦 = 𝑑𝑚 −  √𝑑𝑚
2 − 

2𝐸𝑚

tanα0.75𝐹𝑚
 

Em being the area under the capacity 

curve up to “dm”  

Fy-dy-5 

Knee point of the idealized 

bilinear elastic-perfectly 

plastic curve with Fy = Fm and 

the initial stiffness of the 

idealized system (Fy/dy) 

equals to the initial stiffness of 

the capacity curve (tanα0).       

1)Fy/dy = tanα0 

2)Fy = Fm 
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Table 2-3 Possible Definitions for first significant yielding (F1) and d1 

Identifier Definition Schematic View 

F1-d1-1 
Point on the capacity curve corresponding to the 

first global plasticization of the structure. 

 

F1-d1-2 

Point on the capacity curve corresponding to the 

first yielding of any elements of the structure 

(Local Plasticization). 

 

F1-d1-3* 

Intersection point between the capacity curve and 

the initial stiffness of the idealized elastic-perfectly 

plastic system. 

 

 

F1-d1-4 

Intersection point between the straight line with a 

slope equal to the initial stiffness of the capacity 

curve (tanα0) and the tangent to the same curve 

with slope equal to 10% of tanα0. 
 

* F1-D13 cannot be generated with Fy-dy-2 and Fy-dy-5 as there is no intersection point in these methods 

Table 2-4 All Possible q Factor Evaluation Methods 

 Fy-dy-1 Fy-dy-2 Fy-dy-3 Fy-dy-4 Fy-dy-5 

dm-1 q1 q2 q3 q4 q5 q6 --- q7 q8 q9 q10 q11 q12 q13 q14 q15 q16 q17 --- q18 

dm-2 q19 q20 q21 q22 q23 q24 --- q25 q26 q27 q28 q29 q30 q31 q32 q33 q34 q35 --- q36 

dm-3 q37 q38 q39 q40 q41 q42 --- q43 q44 q45 q46 q47 q48 q49 q50 q51 q52 q53 --- q54 

dm-4 q55 q56 q57 q58 q59 q60 --- q61 q62 q63 q64 q65 q66 q67 q68 q69 q70 q71 --- q72 

dm-5 q73 q74 q75 q76 q77 q78 --- q79 q80 q81 q82 q83 q84 q85 q86 q87 q88 q89 --- q90 

 
F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 

F1-d1-

1 

F1-d1- 

2 

F1-d1- 

3 

F1-d1-

4 

F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 

F1-d1-

1 

F1-d1-

2 

F1-d1- 

3 

F1-d1-  

4 

F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 

 

3 CASE STUDIES  

In order to evaluate the behaviour factor of a structure using the above definitions, three composite steel-

concrete MR Frames with different height are examined. All buildings have a composite steel concrete slab 

and secondary beams which transfer the loads to the main frames, where dissipative bolted beam splices are 

employed [38], [39]. The three buildings are regular both in height and plan and considered as a general office 

(class-B) buildings. The assumed design peak ground acceleration is 0.3g and the design value of the 

behaviour factor was assumed equal to 4.0.  All the structures are those used in the framework of the EU-
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RFCS project INNOSEIS [30]. Figure 3-1 displays the plan and elevation view of the 2, 4 and 8 storey-

buildings.  

As the considered case studies are “non-conventional” structural types, proposed values of the q factors are 

not present in EC8 [1]. This is one of the typical applications of the proposed assessment procedure, allowing 

to overcome the codes. 

 

Figure 3-1 Plan and Elevation View of the 2/4/8-story archetype structures (diameter in mm) 

3.1 Dissipative FUSEIS Bolted Beam Splice 

The dissipative “FUSEIS” bolted beam splices [38], [39] are located in a cross-section close to the beam 

ends at a certain distance from beam-to-column connections, introducing a discontinuity on the composite 

beams and splicing the two parts through steel plates bolted to the web and flange of the beam. These devices 

are designed to act as fuses, forcing the plastic hinges to develop within the fuse devices, preventing the 

spreading of damage into the main structural members (beams and columns). 

Repair work after an earthquake is limited to replacing the splice plates with new ones, a low-cost and 

rather quick operation. Figure 3-2 shows the schematic representation of the bolted beam splice. More 

information can be found in [40], [41]. 

3.2 Design and Numerical Modeling 

The modelling of the buildings was performed by the commercial finite element software SAP2000.Ve.19. 

All buildings are designed according to EN1993-1 [42], EN1998-1 [1], EN1994-1 [43] and to the specific 

design guideline of the bolted beam splice as a dissipative system [39] . Columns sections vary along the 

height and change for each the building (depending on the numbers of total floors). The assumed sections are 

given in Table 3-1. For all floors and buildings, IPE450 has been as primary composite beams.  

 
Figure 3-2 Schematic Representation of the Bolted Beam Splices [40]   

936



Carlo A. Castiglioni1, Amin Alavi1, Giovanni Brambilla1, Alper Kanyilmaz1 

 

 

Table 3-1: Columns Section for the 8/4 and 2 Storey Buildings 

 8-Storey 4-Storey 2-Storey 

Storey Centre Perimeter Centre Perimeter Centre Perimeter 

1-2 HEM550 HEB550 HEM450 HEB450 HEM360 HEB360 

3-4 HEM500 HEB500 HEM360 HEB360 ---- ---- 

5-6 HEM450 HEB450 ---- ---- ---- ---- 

7-8 HEM360 HEB360 ---- ---- ---- ---- 

Table 3-2 Dimension of the Beam Splices and Their Distribution in Height  

Storey 8-Storey 4-Storey 2-Storey 

1-2 170x12 (mm) 170x10 (mm) 170x8 (mm) 

3-4 170x12 (mm) 170x8 (mm) ---- 

5-6 170x10 (mm) ---- ---- 

7-8 170x8 (mm) ---- ---- 

 

4 RESULTS AND DISCUSSIONS  

Dissipative bolted beam splices [39] introduced in this model were able to dissipate the energy during 

strong seismic ground motions protecting the main structural members from inelastic deformations and 

damages [30]. Table 4-1 shows the fundamental period of vibration and participating mass for each building.   

Table 4-1 Fundamental Period of Vibration and Mass Participations for 2, 4 and 8 Storey Building 

Mode 

8-Storey 4-Storey 2-Storey 

Period 

[s] 

UX 

[%] 

SUM 

UX [%] 

Period 

[s] 

UX 

[%] 

SUM 

UX [%] 

Period 

[s] 

UX 

[%] 

SUM 

UX [%] 

1 2.04 77 77 1.06 78 78 0.55 86 86 

2 0.67 11 88 0.32 13 91 0.15 13.7 99.7 

3 0.36 4 92 0.16 5 96 0.08 0.1 99.8 

4.1 Behaviour Factor Calculations 

Figure 4-1 displays the response of the case-study buildings, in terms of capacity (push-over) curves, under 

a lateral force distribution according to the first modal shape [1], [25], [27].   

These curves were re-analysed based on the combinations of the possible definitions of the reference 

parameters previously presented in Table 2-4 and 90 different values of the q-factor were derived for each 

building, as shown in Table 4-2, Table 4-3, Table 4-4 and Figure 4-2. 

 

Figure 4-1 Push-Over Curves 
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The large scatter of the obtained results in terms of q-factor is evident. For this reason, while waiting for 

the results of the IDA’s (presently ongoing at NTUA within the INNOSEIS Project), in order to identify which 

pushover response curve re-analysis method gives a q-factor consistent with the IDA analysis, hereafter 

attention was focused on those methods giving results ranging within ±20% respect to the assumed design q-

factor value of 4.0. 

The “shortlisted” values (and the related combination of definitions of the relevant parameters) are 

highlighted in Table 4-2, Table 4-3 and Table 4-4, respectively for the 2, 4 and 8 storey building.  

Table 4-2 Behaviour Factor Calculated Based on the Different Possible Definitions of the Reference Parameters for 8-Storey 

Building 

 

  Fy-dy-1 Fy-dy-2 Fy-dy-3 Fy-dy-4 Fy-dy-5 

dm-1 
q1 q2 q3 q4 q5 q6 --- q7 q8 q9 q10 q11 q12 q13 q14 q15 q16 q17 --- q18 

3.4 3.2 2.6 2.5 4.1 4.5 --- 3.5 4.3 4.7 4.9 3.6 3.4 3.7 3.1 2.8 4.1 4.5 --- 3.4 

dm-2 
q19 q20 q21 q22 q23 q24 --- q25 q26 q27 q28 q29 q30 q31 q32 q33 q34 q35 --- q36 

4.1 4.5 3.5 3.5 5.9 6.5 --- 5.0 6.3 6.8 7.1 5.2 4.9 5.3 4.4 4.1 5.9 6.4 --- 4.9 

dm-3 
q37 q38 q39 q40 q41 q42 --- q43 q44 q45 q46 q47 q48 q49 q50 q51 q52 q53 --- q54 

4.5 4.9 3.8 3.8 6.9 7.5 --- 5.8 7.3 7.9 8.3 6.1 5.7 6.2 5.1 4.7 6.9 7.5 --- 5.7 

dm-4 
q55 q56 q57 q58 q59 q60 --- q61 q62 q63 q64 q65 q66 q67 q68 q69 q70 q71 --- q72 

4.6 5.0 3.8 3.8 7.7 8.4 --- 6.4 8.0 8.8 9.1 6.7 6.3 6.8 5.7 5.3 7.6 8.3 --- 6.4 

dm-5 
q73 q74 q75 q76 q77 q78 --- q79 q80 q81 q82 q83 q84 q85 q86 q87 q88 q89 --- q90 

4.6 5.0 3.7 3.8 8.1 8.9 --- 6.8 8.5 9.2 9.6 7.1 6.6 7.2 6.0 5.5 8.0 8.7 --- 6.7 

  
F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 

F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 

F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 

F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 

F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 

 Table 4-2 Behaviour Factor Calculated Based on the Different Possible Definitions of the Reference Parameters for 4-Storey 

Building 

  Fy-dy-1 Fy-dy-2 Fy-dy-3 Fy-dy-4 Fy-dy-5 

dm-1 
q1 q2 q3 q4 q5 q6 --- q7 q8 q9 q10 q11 q12 q13 q14 q15 q16 q17 --- q18 

3.7 3.7 2.4 2.3 4.7 5.8 --- 3.5 4.8 5.4 4.5 3.3 3.4 3.8 2.5 2.3 4.7 5.8 --- 3.5 

dm-2 
q19 q20 q21 q22 q23 q24 --- q25 q26 q27 q28 q29 q30 q31 q32 q33 q34 q35 --- q36 

4.6 5.6 3.6 3.4 8.1 9.1 --- 5.6 7.6 8.5 7.1 5.2 5.4 6.0 4.0 3.7 8.2 9.1 --- 5.6 

dm-3 
q37 q38 q39 q40 q41 q42 --- q43 q44 q45 q46 q47 q48 q49 q50 q51 q52 q53 --- q54 

5.4 6.1 3.8 3.7 9.3 10.4 --- 6.4 8.7 9.8 8.1 6.0 6.1 6.9 4.6 4.2 9.3 10.4 --- 6.4 

dm-4 
q55 q56 q57 q58 q59 q60 --- q61 q62 q63 q64 q65 q66 q67 q68 q69 q70 q71 --- q72 

5.5 6.2 3.8 3.8 10.3 11.5 --- 7.1 9.6 10.7 8.9 6.6 6.8 7.6 5.0 4.6 10.3 11.5 --- 7.0 

dm-5 
q73 q74 q75 q76 q77 q78 --- q79 q80 q81 q82 q83 q84 q85 q86 q87 q88 q89 --- q90 

5.5 6.1 3.5 3.8 11.8 13.3 --- 8.1 10.9 12.2 10.1 7.5 7.7 8.6 5.7 5.3 11.7 13.1 --- 8.0 

  
F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 

F1-d1-

1 

F1-d1-

2 

F1-

d1-3 

F1-d1-

4 
F1-d1-1 F1-d1-2 F1-d1-3 

F1-d1-

4 

F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 
F1-d1-1 F1-d1-2 

F1-

d1-3 

F1-d1-

4 
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Table 4-2 Behaviour Factor Calculated Based on the Different Possible Definitions of the Reference Parameters for 2-Storey 

Building 

  Fy-dy-1 Fy-dy-2 Fy-dy-3 Fy-dy-4 Fy-dy-5 

dm-1 
q1 q2 q3 q4 q5 q6 --- q7 q8 q9 q10 q11 q12 q13 q14 q15 q16 q17 --- q18 

3.6 3.6 2.2 1.7 4.4 5.4 --- 2.6 3.8 4.3 2.9 2.0 2.9 3.2 1.8 1.5 4.4 5.4 --- 2.5 

dm-2 
q19 q20 q21 q22 q23 q24 --- q25 q26 q27 q28 q29 q30 q31 q32 q33 q34 q35 --- q36 

4.2 4.7 2.8 2.2 6.5 7.2 --- 3.4 5.1 5.7 3.9 2.7 3.9 4.3 2.4 2.0 5.9 7.2 --- 3.4 

dm-3 
q37 q38 q39 q40 q41 q42 --- q43 q44 q45 q46 q47 q48 q49 q50 q51 q52 q53 --- q54 

4.9 5.4 3.0 2.6 8.2 9.1 --- 4.3 6.4 7.1 4.9 3.4 4.9 5.4 2.9 2.5 7.4 9.0 --- 4.3 

dm-4 
q55 q56 q57 q58 q59 q60 --- q61 q62 q63 q64 q65 q66 q67 q68 q69 q70 q71 --- q72 

5.3 5.9 2.9 2.8 9.8 10.9 --- 5.2 7.7 8.6 5.9 4.0 5.8 6.5 3.5 3.1 8.8 10.9 --- 5.1 

dm-5 
q73 q74 q75 q76 q77 q78 --- q79 q80 q81 q82 q83 q84 q85 q86 q87 q88 q89 --- q90 

5.4 6.0 2.5 2.8 11.6 12.9 --- 6.1 9.0 10.0 6.9 4.7 6.8 7.5 4.1 3.6 10.3 12.7 --- 6.0 

  
F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 
F1-d1-1 F1-d1-2 

F1-d1-

3 

F1-d1-
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F1-d1-

1 
F1-d1-2 

F1-d1-

3 

F1-d1-

4 

F1-d1-

1 

F1-d1-

2 

F1-d1-

3 

F1-d1-

4 
F1-d1-1 F1-d1-2 

F1-d1-

3 

F1-d1-

4 

 

4.2 The Optimal Methods 

Among all the possible combinations of definitions of the reference parameters given in section 2.1 for the 

assessment of the behaviour factor, the six methods summarized in Table 4-2  seem to give the best correlation 

with respect to the target value q=4.0 (see Figure 4-2 and Table 4-2, Table 4-3 and Table 4-4). The deformation 

energy, for all methods except method 16, is calculated with reference to the bilinear elastic- plastic response.  

Table 4-2 Optimal Methods to Define the Behaviour Factor 

Method 1 Method 2 Method 5 

   

Method 13 Method 16 Method 19 

   
Table 4-3, Table 4-4 and Table 4-5 summarize, respectively for the 2, 4 and 8 storey-building, the reference 

parameters adopted for the re-analysis of the pushover response curve, as well as the derived values of  

𝑞Ω. 𝑞𝜇 . 𝑞𝜉  leading to the assessment of the q-factor for each building.  
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Figure 4-3 represents the ductility 𝑞𝜇  and overstrength 𝑞Ω factors for 2, 4 and 8 storey-building obtained 

adopting the “short listed” methods. Results show that the ductility factor (Figure 4-3-a), in the majority of 

the cases, increases with the number of stories. Whereas, it is the opposite for the overstrength factor 

(Figure 4-3-b). Method 5 allows for all the three case-study buildings a definition of 𝑞Ω in good agreement 

with the value specified in EC8 (𝑞Ω =1.3), but results in larger values of 𝑞𝜇 when compared to the other 

“shortlisted” methods. Method 13 seems to overestimate 𝑞Ω for 2 storey building (𝑞Ω = 3.1). 

Table 4-3 Behaviour Factor Calculation for 2-Storey Building 

 

Table 4-4 Behaviour Factor Calculation for 4-Storey Building 

 

 

  
a) b) 

Figure 4-3 a) Ductility Factor  b) Overstrength Factor for 2, 4 and 8 Storey-building Based on Different Possible Methods 

Method 1 Method 2 Method 5 Method 13 Method 16 Method 19

dm (mm) 193.2 193.2 193.2 193.2 193.2 259.2

dy (mm) 131.9 131.9 69.9 188.2 87.2 135.1

d1(mm) 40.0 35.1 40.0 35.1 40.0 40.0

Fm (kN) 1335.9 1335.9 1335.9 1335.9 1335.9 1335.9

Fy (kN) 1335.9 1335.9 1074.2 1716.0 1335.9 1335.9

F1(kN) 675.7 549.5 675.7 549.5 675.7 675.7 Average

μ 1.5 1.5 2.8 1.0 2.2 1.9 1.81

Ω 2.5 2.4 1.6 3.1 2.0 2.2 2.30

q 3.6 3.6 4.4 3.2 4.4 4.2 3.90

2-Storey

Method 1 Method 2 Method 5 Method 13 Method 16 Method 19

dm (mm) 412.4 412.4 412.4 412.4 412.4 653.5

dy (mm) 222.7 222.7 123.9 215.5 143.9 234.5

d1(mm) 80.2 69.4 80.2 69.4 80.2 80.2

Fm (kN) 1037.5 1037.5 1037.5 1037.5 1037.5 1037.5

Fy (kN) 1037.5 1037.5 891.3 1025.3 1037.5 1037.5

F1(kN) 632.7 515.6 632.7 515.6 632.7 632.7 Average

μ 1.9 1.9 3.3 1.9 2.9 2.8 2.43

Ω 2.1 2.0 1.4 2.0 1.6 1.6 1.79

q 3.8 3.7 4.7 3.8 4.7 4.6 4.22
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Table 4-5 Behaviour Factor Calculation for 8-Storey Building 

  
Figure 4-4 shows the average values of the ductility factor a) and of the overstrength factor b), obtained for 

the 2, 4 and 8 storey-building by application of each one of the “shortlisted” methods. In the same figures, the 

average of the values obtained by all the “shortlisted” methods is shown (𝑞𝜇 = 2.26 and 𝑞Ω = 1.87).  

 

  
a) b) 

Figure 4-4 Average Calculated a) Ductility Factor b) Overstrength Factor for 2, 4 and 8 Storey-Building Based on Different 

Methods  

It can be noticed that method 5 gives an estimate of 𝑞𝜇 higher than the average of all “shortlisted” methods, 

but an estimate for 𝑞Ω lower than the average of all the same methods, while method 19 leads to estimates 

which are rather close to the average values obtained for all six methods for both 𝑞𝜇 and 𝑞Ω. 

 

Figure 4-5 Behaviour Factor Calculated for 2, 4 and 8 Storey-Buildings Based on Different Methods 

Method 1 Method 2 Method 5 Method 13 Method 16 Method 19

dm (mm) 660.5 660.5 660.5 660.5 660.5 953.0

dy (mm) 329.1 329.1 210.2 271.0 236.8 339.1

d1(mm) 162.0 140.9 162.0 140.9 162.0 162.0

Fm (kN) 870.7 870.7 870.7 870.7 870.7 870.7

Fy (kN) 870.7 870.7 777.5 822.6 870.7 870.7

F1(kN) 593.5 544.1 593.5 544.1 593.5 593.5 Average

μ 2.0 2.0 3.1 2.4 2.8 2.8 2.53

Ω 1.7 1.6 1.3 1.5 1.5 1.5 1.51

q 3.4 3.2 4.1 3.7 4.1 4.1 3.77
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Figure 4-6 Average Behaviour Factor Obtained for 2, 4 and 8 Storey-Building Based on Different Methods 

Figure 4-5 presents the behaviour factor estimated for 2, 4 and 8 storey-building by means of the six 

“shortlisted” methods, while Figure 4-6 shows the averages of the values estimated by each method for the 

three case-study buildings.   In the same figure, the average value (q= 3.96) calculated for the six shortlisted 

methods is shown, very close to the assumed design value of the q-factor =4.0.  

Behaviour factor obtained by method 19 is in most close agreement with the assumed design one, while 

methods 5 and 16 result in estimated values slightly higher than the assumed design one. 

5 CONCLUSION  

In this paper, first, some possible definitions of the reference parameters needed to define the behaviour 

factor by re-analysis of the pushover curve are presented and discussed. Then, the influence of different 

choices and combination of these reference parameters on the assessment of q-factor is shown for three case-

study buildings, respectively with 2, 4 and 8 storeys. In order to do so, the overstrength “𝑞Ω” and the ductility 

“𝑞𝜇” factor were identified and the behaviour factor “q” calculated for the three case-study buildings, by 

performing for each building a nonlinear pushover analysis and re-analysing the results according to 90 

different possible combinations of the different definitions of the reference parameters. Among the 90 

methods, six were “shortlisted”, being those giving results in closest agreement with the initially assumed 

design value of the q-factor (q=4.0).  As a preliminary result, it was possible to identify a combination of 

definitions of reference parameters (Method 19) leading to an estimate of the q-factor in close agreement with 

the design one. 

The same methodology will be applied to some other types of structures in the framework of European 

project (INNOSEIS). Within the same project, nonlinear Incremental Dynamic Analysis will be performed by 

Vamvatsikos at NTUA [30] on the same case study buildings. Such type of analyses, more sophisticated and 

time consuming, will lead to a more precise assessment of the q-factor than that achievable by means of re-

analysis of the pushover curve. However, because of its sophistication, such an approach is not suitable for 

everyday application in the engineering practice, on the contrary of the one based on re-analysis of the 

pushover response curve. 

A comparison between the q-factor values obtained by means of the two procedures (the one based on re-

analysis of the pushover response curve, and the one based on non-linear IDA) will allow to identify which of 

the 90 methods introduced in this paper will actually lead to an estimate of the q-factor in closest agreement 

with the IDA analyses, eventually confirming (or not) the suitability of Method 19, identified so far as the 

“best one”. 
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Abstract. Based on the optimal coefficients of the stencil equation, a numerical technique for
the reduction of the numerical dispersion error has been suggested. New isogeometric elements
with the reduced numerical dispersion error for wave propagation problems have been devel-
oped with the suggested approach. By the minimization of the order of the dispersion error of
the stencil equation, the order of the dispersion error is improved from order 2p (the conven-
tional isogeometric elements) to order 4p (the isogeometric elements with reduced dispersion)
where p is the order of the polynomial approximations. Because all coefficients of the sten-
cil equation are obtained from the minimization procedure, the obtained accuracy is maximum
possible. The corresponding elemental mass and stiffness matrices of the isogeometric elements
with reduced dispersion are calculated with help of the optimal coefficients of the stencil equa-
tion. The analysis of the dispersion error of the isogeometric elements with the lumped mass
matrix has also shown that independent of the procedures for the calculation of the lumped mass
matrix, the second order of the dispersion error cannot be improved with the conventional stiff-
ness matrix. However, the dispersion error with the lumped mass matrix can be improved from
the second order to order 2p by the modification of the stiffness matrix. The numerical examples
confirm the computational efficiency of the isogeometric elements with reduced dispersion that
significantly reduce the computation time at a given accuracy. The numerical results obtained
by the new and conventional isogeometric elements may include spurious oscillations due to
the dispersion error. These oscillations can be quantified and filtered by the two-stage time-
integration technique developed recently. The approach developed can be directly applied to
other space-discretization techniques with similar stencil equations.
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1 INTRODUCTION

Wave propagation in an isotropic homogeneous medium is described by the following scalar
wave equation in domain Ω:

∂2u

∂t2
− c2∇2u = 0 , (1)

with the boundary conditions nnn · 5u = g1 on Γt and u = g2 on Γu, and the initial conditions
u(xxx, t = 0) = g3, v(xxx, t = 0) = g4 in Ω. Here, u is the field variable, v = u̇ is the velocity,
c is the wave velocity, t is the time, Γt and Γu denote the natural and essential boundaries, gi
(i = 1, 2, 3, 4) are the given functions, nnn is the outward unit normal on Γt. The application of
the continuous Galerkin approach and the space discretization (e.g., the finite elements, spectral
elements, isogeometric elements; see [9, 10, 18] and others) to Eq. (1) leads to a system of
ordinary differential equations in time

MMM ÜUU + c2KKKUUU = 000 , (2)

with
MMM =

∑
e

MMM e , KKK =
∑
e

KKKe , (3)

where UUU(t) is the vector of the field variable, the global mass MMM and stiffness KKK matrices have
a banded structure and are obtained by the summation of the corresponding local (element Ωe)
matrices MMM e and KKKe:

MMM e =
∫
Ωe

NNNTNNNdΩe , (4)

KKKe =

1∫
Ωe

[
∂NNN

∂xxx
]T [
∂NNN

∂xxx
]dΩe . (5)

Here,NNN and ∂NNN
∂xxx are the shape matrix and its derivative with respect to the physical coordinate xxx;

see [9, 10, 6]. Due to the space discretization, the exact solution to Eq. (2) contains the numeri-
cal dispersion error. Usually the analysis of the numerical dispersion error and its improvement
for many space-discretization techniques such as the finite elements, spectral elements, isogeo-
metric elements and others starts with the analysis and modifications of the elemental mass and
stiffness matrices; see [10, 1, 2, 7, 8, 15, 16, 17, 18, 22, 11, 14, 20, 21]. For example, one sim-
ple and effective finite-element technique for acoustic and elastic wave propagation problems is
based on the calculation of the mass matrixMMM in Eq. (2) as a weighted average of the consistent
and lumped mass matrices; see [15, 16, 17, 18] and others. For the 1-D case and the linear finite
elements, this approach reduces the error in the wave velocity for harmonic waves from the
second order to the fourth order of accuracy. However, for harmonic wave propagation in the
2-D and 3-D cases, these results are not valid (nevertheless, in the multi-dimensional case, the
averaged mass matrix yields more accurate results compared with the standard mass matrix).

An interesting technique with implicit and explicit time-integration methods is suggested
in [22] for acoustic waves. It is based on the modified integration rule for the calculation of
the mass and stiffness matrices for the linear finite elements. In contrast to the averaged mass
matrix, the use of the modified integration rule increases the accuracy for the phase velocity
from the second order to the fourth order in the general multi-dimensional case of acoustic
waves. A similar improvement in the order of the numerical dispersion error for the linear
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elements in the 1-D case yields the selective mass scaling technique developed in [19]. Using
the mimetic finite difference approach, similar results for acoustic waves and electric waves in
the 2-D case have been obtained in [8, 4] for the linear finite elements with reduced dispersion
and reduced numerical anisotropy.

The dispersion reduction technique for the high-order finite elements have been suggested
in [2] for acoustic waves. This technique is based on the calculation of the mass matrix MMM in
Eq. (2) as a weighted average of the consistent and lumped mass matrices for the high-order
finite elements. It was also shown in [2] that the same results can be obtained with the modified
integration rule for the mass matrix. With this technique, the dispersion error is improved from
the order 2p to the order 2p+ 2 (p is the order of polynomial approximations).

New isogeometric elements with a higher order of continuity across elements are suggested
in [10, 6] for dynamics problems. It has been shown in these papers that the isogeometric
elements yield more accurate numerical results for wave propagation problems compared with
the high-order finite elements. The modification of the non-diagonal mass matrix in [20, 21]
for the isogeometric elements allows the increase in the order of the dispersion error from order
2p to order 2p + 2 in the 1-D case and for one specific direction of harmonic waves in the
2-D case (these techniques do not improve the order of the dispersion error in the general 2-
D case). It is also necessary to mention that in contrast to the high order finite and spectral
elements, the stencil equation for the isogeometric elements on uniform meshes is the same for
all internal degrees of freedom (for the high order finite and spectral elements there are several
stencil equations with different structures depending on the location of nodes). This simplifies
the analysis of the numerical dispersion error for the isogeometric elements. However, along
with the advantages, there are some issues with the isogeometric elements. For example, the
lumped mass matrix for the isogeometric elements decreases the order of the dispersion error
to the second order of accuracy; e.g., see [3]. Therefore, a special iterative procedure for linear
dynamics problems was developed in [3] in order to obtain the same order of the dispersion
error for the lumped and consistent mass matrices.

Here, we will present a new approach with new quadratic isogeometric elements in the 1-D
case for which the order of the numerical dispersion error is improved from order 2p to order
4p. This order is optimal and cannot be further improved. More detailed derivations of the new
technique for quadratic and cubic isogeometric elements in the 1-D and 2-D cases as well as
the corresponding numerical examples can be found in our papers [12, 13].

2 A NEW APPROACH FOR THE QUADRATIC ISOGEOMETRIC ELEMENTS WITH
REDUCED DISPERSION IN THE 1-D CASE

Below we will present the the derivation of new quadratic isogeometric elements in the 1-
D case. More detailed derivations of the new technique for quadratic and cubic isogeometric
elements in the 1-D and 2-D cases can be found in our papers [12, 13].

Inserting time-harmonic solutions

u(x, t) = exp(i ωt)u(x) (6)

into the wave equation (1) in the 1-D case (∇2u = ∂2u
∂x2

) leads to its reduction to the Helmholtz
equation

∂2u

∂x2
+ k2u = 0 , (7)

where ω is the angular velocity, k = ω/c is the wave number, i =
√
−1. Eq. (7) allows the
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following exact solutions:
u(x) = exp(±ikx) . (8)

After the space discretization, Eq. (7) reduces to

(KKK − k2MMM )UUU = 000 , (9)

where the matrices MMM and KKK are calculated with the help of Eqs. (3)-(5).
For the derivation of new quadratic isogeometric elements with reduced dispersion let us

start with the stencil equation with unknown coefficients for the degree of freedom uA of the
system of equations Eq. (9) that can be written as follows:

k2h2(m1(uA−2+uA+2)+m2(uA−1+uA+1)+m3uA)−(k1(uA−2+uA+2)+k2(uA−1+uA+1)+k3uA) = 0 ,
(10)

where unknown coefficients mj and kj (j = 1, 2, 3) are calculated in terms of the elemental
mass and stiffness matrices, Eq. (3), respectively (at this point, these elemental matrices are not
defined). For example, for the conventional quadratic isogeometric elements, the coefficients of
the stencil equation (10) are (e.g., see [10, 6, 20, 21]):

m1 = 1 , m2 = 26 , m3 = 66 , k1 = −20 , k2 = −40 , k3 = 120 . (11)

Similar to the conventional isogeometric elements we assumed the symmetry for coefficientsmj

and kj in the stencil equation (10) for the degrees of freedom uj (j = A−1, A+1, A−2, A+2)
symmetrically located with respect to the degree of freedom uA.

The idea of the new approach is to find the optimal coefficients of the stencil equation Eq.
(10) that reduce the order of the dispersion error. Eq. (10) allows the following solutions
(similar to Eq. (8)):

uA = exp(±ikhhA) , (12)

where kh is the numerical wave number. Inserting Eq. (12) into Eq. (10) we can find the
following relation between the exact and numerical wave numbers k and kh:

k

kh
=

1

(khh)

√
2k1 cos(2(khh)) + 2k2 cos(khh) + k3√

2m1 cos(2(khh)) + 2m2 cos(khh) +m3

. (13)

Expanding the right-hand side of Eq. (13) into a Taylor series at small h� 1 and analyzing the
first terms of a Taylor series we can find that the following constrain k3 = −2k1 − 2k2 should
be met in order to get at least the first order of the dispersion error. In this case Eq. (13) can be
rewritten as:

k

kh
=

1

(khh)

√
2
√
k1 cos(2(khh)) + k2 cos(khh)− k1 − k2√

2m1 cos(2(khh)) + 2m2 cos(khh) +m3

. (14)

Expanding again the right-hand side of Eq. (14) into a Taylor series at small h� 1 and equating
the first term to one and the following three terms to zero, we can find the coefficients mj and
kj (j = 1, 2, 3) from a system of four algebraic equations. They are

m1 =
23a1

2358
, m2 =

344a1

1179
, m3 = a1 , k1 = −155a1

786
, k2 = −320a1

393
, k3 =

265a1

131
,

(15)
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where a1 is the arbitrary coefficient. Expanding the right-hand side of Eq. (14) into a Taylor
series at small h� 1 with the coefficients given by Eq. (11) we get

k

kh
= 1 +

(khh)4

1440
+

(khh)6

6720
+

23(khh)8

4147200
+O

(
(khh)10

)
, (16)

i.e., the conventional quadratic isogeometric elements yield the fourth order of the dispersion
error for (k/kh-1). Expanding the right-hand side of Eq. (14) into a Taylor series at small h� 1
with the coefficients given by Eq. (15) we get

k

kh
= 1− 79(khh)8

9525600
− 2633(khh)10

2640496320
+O

(
(khh)12

)
, (17)

i.e., the stencil equation (10) with the coefficients given by Eq. (15) yields the 8th order of the
dispersion error for (k/kh-1).

Let us find the elemental mass and stiffness matrices that yield the stencil equation (10) with
the coefficients mj and kj (j = 1, 2, 3) given by Eq. (15). Similar to the conventional mass and
stiffness matrices, let us assume the following form of the new mass and stiffness matrices:

MMM e = h

 m11 m12 m13

m12 m22 m12

m13 m12 m11

 , KKKe =
1

h

 k11 k12 k13

k12 k22 k12

k13 k12 k11

 , (18)

where we use the symmetry of the coefficients of the mass and stiffness matrices for the degrees
of freedom contributing to these matrices. In this case the matrices MMM e and KKKe depend on 8
unknown terms m11, m12, m13, m22 and k11, k12, k13, k22. With the help of (3), the coefficients
of the stencil equation (10) can be expressed in terms of the coefficients of the matricesMMM e and
KKKe as follows:

m1 = m13 , m2 = 2m12 , m3 = 2m11 +m22 , k1 = k13 , k2 = 2k12 , k3 = 2k11 + k22 .
(19)

Solving simultaneously Eqs. (15) and (19) we can find the mass and stiffness matrices for the
quadratic isogeometric elements with reduced dispersion. They have the following form:

MMM e =
h

120

 a2
6880a1

393
460a1
393

6880a1
393

120a1 − 2a2
6880a1

393
460a1
393

6880a1
393

a2

 , KKKe =
1

6h

 a3 −320a1
131

−155a1
131

−320a1
131

1590a1
131
− 2a3 −320a1

131

−155a1
131

−320a1
131

a3

 ,

(20)
where aj (j=1,2,3) are three arbitrary coefficients. The dispersion error is independent of the
values of these coefficients aj . Some coefficients aj can be found from the following conditions.
Let us assume that the velocity is the same for the entire domain. In this case we can calculate
the kinetic energy for one element with the help of the mass matrix and analytically for the
considered domain. Equating these two expressions we get

VVV T
0MMM

eVVV 0 = v2
0h , (21)

where VVV 0 = (v0 , v0 , v0)T is the vector with three equal components. Calculating the left-hand
side of Eq. (21) with the help of Eq. (20) we get that a1 = 131/210. Next, let us assume that
the displacement is the same for the entire domain. In this case strains, stresses and forces are
zero. The forces for one element can be calculated with the help of the stiffness matrix:

KKKeUUU0 = 000 , (22)
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where UUU0 = (u0 , u0 , u0)T is the vector with three equal components. Calculating the left-hand
side of Eq. (22) with the help of Eq. (20) we get that a3 = 95/42. For a1 = 131/210 and
a3 = 95/42, Eq. (20) can be rewritten as follows:

MMM e =
h

120

 a2
688
63

46
63

688
63

524
7
− 2a2

688
63

46
63

688
63

a2

 , KKKe =
1

6h


95
42

−32
21
−31

42

−32
21

64
21

−32
21

−31
42
−32

21
95
42

 . (23)

Remark. All unknown coefficients of the stencil equation (10) have been found from the
minimization of the order of the dispersion error; see Eq. (15). The presence of the arbitrary
coefficient a1 in Eq. (15) is explained by the form of the homogeneous discretized Helmholtz
equation (9); i.e., the multiplication of the mass and stiffness matrices by any coefficient does
not change this equation and the stencil equation (10). The unknown coefficient a1 can be
found from Eq. (21). This leads to the following constrain for the coefficients mi of the stencil
equation (10):

2m1 + 2m2 +m3 = 1 . (24)

In this case it follows from Eqs. (15) and (24) that a1 = 131/210. Because all coefficients
of the stencil equation can be found from the analysis of the dispersion error, the 8th order of
the dispersion error in Eq. (17) is maximum possible for the considered form of the stencil
equation (that is related to the support of basis functions by a specific number of elements) for
all quadratic isogeometric elements.

3 NUMERICAL EXAMPLE: A STANDING WAVE IN 1-D ELASTIC BAR

1 

4 

3 1 
11.9 

ln (|ev|) 

1 
7.92 

1 
5.98

ln (h) 

2 
1 

4.01

Figure 1: The error in velocity ev = |vexact(x = L/2, t = T )− vnum(x = L/2, t = T )| as a function of the mesh
size h in the logarithmic scale. Curves 1 and 2 correspond to the conventional quadratic and cubic isogeometric
elements. Curves 3 and 4 correspond to the new quadratic and cubic isogeometric elements. The slopes of the
curves at small h show the order of convergence of the corresponding techniques.

Similar to [5], the problem of a standing wave is used for the demonstration of the order of
convergence of the new numerical technique. Let us consider an elastic bar of length L = 1.
The wave velocity is chosen to be c = 1. A standing wave in the 1-D case can be described by

951



A. Idesman

the following exact solution to the wave equation:

u(x, t) = Sin
(
aπx

L

)
Cos

(
aπt

L

)
, (25)

where a = 5 is used. The initial conditions at time t = 0 and the boundary conditions in
terms of displacements at x = 0 and x = L are selected according to the exact solution,
Eq. (25); i.e., the initial displacements are u(x, t = 0) = Sin

(
aπx
L

)
, the initial velocities are

zero and the two ends of the bar are fixed. The observation time is selected to be T = L/a.
According to Eq. (25), the displacements at this observation time change the sign and the
velocities at all points become zero again. The problem is solved by the conventional and new
isogeometric elements on meshes with uniformly spaced control points. For the time integration
the trapezoidal rule is used with very small time increments at which the error in time is very
small and can be neglected. This means that the difference between numerical and analytical
solutions is only related to the space-discretization error. Fig. 1 shows the convergence of the
error in the velocity ev = |vexact(x = L/2, t = T )− vnum(x = L/2, t = T )| in the center of the
bar at mesh refinement where vexact(x = L/2, t = T ) and vnum(x = L/2, t = T ) are the exact
and numerical velocities in the center of the bar at the observation time T . We should mention
that the maximum error in the velocity occurs in the center of the bar. h in Fig. 1 is the distance
between uniformly spaced control points. At the same h, the meshes with quadratic and cubic
isogeometric elements include the same number of degrees of freedom. The results in Fig. 1
are plotted in the logarithmic scale. Therefore, the slopes of the curves at small h shown in
Fig. 1 correspond to the order of convergence (the order of accuracy) of the conventional and
new isogeometric elements. The new isogeometric elements yield much more accurate results
than those obtained by the conventional elements. Moreover, at the same number of degrees
of freedom (at the same h), the new quadratic elements are more accurate compared to the
conventional quadratic and cubic elements (see curves 1, 2 and 3 in Fig. 1). The results in
Fig. 1 are in good agreement with the theoretical order of accuracy of the conventional and new
isogeometric elements reported in the previous sections of the paper.

More numerical examples in the 1-D and 2-D cases solved by the new isogeometric elements
can be found in our papers [12, 13].

3.1 CONCLUSIONS

By the analysis of the dispersion error of the stencil equation with arbitrary coefficients
we have shown that these coefficients can be found by the minimization of the order of the
dispersion error. In this case, the order of the dispersion error can be increased from the order
2p for the conventional high-order isogeometric elements to the order 4p for the new elements (p
is the order of the polynomial approximations). Because all coefficients of the stencil equation
can be found from the analysis of the dispersion error, the order 4p of the dispersion error
is maximum possible for the considered form of the stencil equation (that is related to the
support of basis functions by a specific number of elements) for the corresponding high-order
isogeometric elements. We should mention that we have never seen in the literature such a
significant improvement of the order of the dispersion error for the conventional finite elements,
the spectral elements or the isogeometric elements. For example, for the linear and high-order
finite and isogeometric elements (e.g., see [2, 22, 20, 11, 14]), the order of the dispersion error
has been improved from the order 2p to the order 2p+ 2 and this leads to a significant decrease
in the computation time at a given accuracy. The increase in accuracy for the new isogeometric
elements with the order 4p of the dispersion error is much higher compared with the known
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approaches. This will lead to a much more significant reduction in the computation time at a
given accuracy.

More detailed derivations of the new technique for quadratic and cubic isogeometric ele-
ments in the 1-D and 2-D cases as well as the corresponding numerical examples can be found
in our papers [12, 13].
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Abstract. In this paper Fluid-structure interaction (FSI) simulations of artery aneurysms are
carried out where both the fluid flow and the hyperelastic material are incompressible. We fo-
cus on time-dependent formulations adopting a monolithic approach, where the deformation of
the fluid domain is taken into account according to an Arbitrary Lagrangian Eulerian (ALE)
scheme. The exact Jacobian matrix is implemented by using automatic differentiation tools. The
system is modeled using a specific equation shuffling that assures an optimal pivoting. We pro-
pose to solve the resulting linearized system at each nonlinear outer iteration with a GMRES
solver preconditioned by a geometric multigrid algorithm with an Additive Schwarz Method
(ASM) smoother.

In order to test our numerical method on possible hemodynamics applications, we describe
several benchmark settings. The configurations consist of realistic artery aneurysms where
hybrid meshes are employed. Both two and three-dimensional benchmarks are considered. We
show numerical results for the described aneurysm geometries focusing on pulsatile inflow con-
ditions. Parallel implementation is addressed and a case of endovascular stent implantation on
a cerebral aneurysm is presented.
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1 INTRODUCTION

Fluid-structure interaction (FSI) of aneurysms and, in general, the field of computational
vascular and cardiovascular modeling has matured immensely over the last decade. There
have been several patient-specific FSI simulations of aneurysms, involving both intracranial
aneurysms ([7], [24], [25], [26], [28]) and AAA, namely abdominal aortic aneurysms ([12],
[31], [18], [22]). Numerous advances in the simulation technology were proposed, but the ma-
jority of them involved only computational fluid dynamics (CFD). When pure CFD is used for
vascular blood flow simulations, it is assumed that the vessel wall remains rigid. The rigid wall
assumption does not properly reflect the elastic nature of arterial walls and the behavior of real
blood vessels, since vessel walls are deformed by the action of blood flow forces and, in turn,
this deformation alters the details of blood flow. For the modeling to be realistic, coupled FSI
modeling must be employed. In this work we consider a monolithic coupling between the fluid
and the solid, focusing on time-dependent formulations. Blood has been considered ad an in-
compressible Newtonian fluid and a hyperelastic solid has been used to represent vessel wall
tissue. We describe the solid motion in a Lagrangian way, while the fluid is observed in Eulerian
fashion. The deformation of the fluid domain is taken into account according to an Arbitrary
Lagrangian Eulerian (ALE) approach, which is one of the most popular techniques in the FSI
community ([4], [13], [23], [29]).
To linearize the FSI system, Newton linearization is performed, therefore the evaluation of the
Jacobian associated to the fluid-solid coupled state equations is required. An analytic expres-
sion of the exact Jacobian may be determined using shape derivative calculus [14], but in certain
cases, for simplicity or time performance, it may be more convenient to consider the use of ap-
proximate Jacobians. For this purpose, a divided difference approach may be used, as in [16].
In this work, we have chosen to compute the exact Jacobian matrix with automatic differenti-
ation tools provided by the Adept software package ([15]), implemented in an in-house finite
element library C++ Femus library. Automatic differentiation is a very convenient tool that
requires little code modification.
To solve the linearized FSI system, we propose a monolithic Newton-Krylov solver precon-
ditioned by a geometric multigrid algorithm. Newton linearization is performed as an outer
iteration. Multigrid F-cycle and V-cycle schemes are considered with a Richardson smoother
preconditioned by an additive Schwarz method (ASM). Both multigrid and domain decomposi-
tion methods draw a lot of attention within the FSI community. In [27] and [21], where hemody-
namics applications are also addressed, a geometric multigrid solver with a Multilevel Pressure
Schur Complement (MPSC) Vanka-like smoother is considered. In [30] a Newton-Krylov al-
gorithm with an overlapping additive Schwarz preconditioner is considered in applications to
parallel three-dimensional blood flow simulations.
For validation and evaluation of the accuracy and performance of the proposed methodology,
we describe several biomedical benchmark settings. We concentrate on cerebral aneurysms,
presenting numerical studies for both 2D and 3D aneurysm configurations. The 2D geometry is
based on the benchmark setting proposed in [27] and [21], and the 3D shape is an extension of
the 2D configuration based on a real aneurysm view proposed on [27].
We also propose simulations of stenting technology applied to the 2D and 3D geometries. For
the 2D configuration, flow diverter (FD) stents with five and eleven struts have been modeled.
Stents are placed on the aneurysm neck and are characterized by very thin wires (30− 100µm).
It’s known in the literature ([17], [33]) that the large difference in scale between the stent struts
and aneurysm neck can create technical difficulties in the mesh generation and in the conver-
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gence of consequent FSI or CFD calculations. To resolve such meshing difficulties, two possible
options can be explored: adaptive embedding techniques and porous medium modeling. With
the former approach, vessel walls are treated with body-fitted unstructured grids, and stents are
embedded in the grids; moreover, adaptive meshing refinement is performed near the stents
([10], [8]). A more recent technique simulates the effect of a FD through the use of a porous
medium layer ([3], [33], [19]). Advantages of the porous medium method include the reduction
of the number of simulation mesh elements, with the resulting reduction of computational time.
In this paper, we decided to model a FD as a porous medium and, for the 2D configuration, we
compared the results with the previous mentioned cases, where stents with five and eleven struts
have been considered. In the 3D geometry, the porous medium approach has been used as well
to simulate the effect of a FD. To the authors knowledge, the present study is the first of its kind
that performs FSI computations in a stented cerebral aneurysm where the the flow diverter is
modeled as a porous medium.
The paper is organized as follows. In Section 2 we present the strong formulations of the
time-dependent incompressible FSI problems under investigation. In section 3 describe our
Monolithic Newton-Krylov solver, illustrating the features of the multigrid preconditioner with
domain decomposition smoothing. Numerical results of benchmark problems are presented in
Sections 4 and 5. Finally, we draw our conclusions.

2 FORMULATION OF THE FSI PROBLEM

Let Ωt = Ωf
t ∪ Ωs

t ⊂ Rn be the current configuration of fluid and solid at time t and let
Ω̂ = Ω̂f ∪ Ω̂s ⊂ Rn be a reference configuration. Clearly, Ω̂f ,Ωf

t and Ω̂s,Ωs
t are referred

to fluid and solid, respectively. Any reference configuration can be equivalently chosen in
principle. The natural choice is the initial configuration, Ω0 = Ω̂.
Let Γit = Ωf

t ∩ Ωs
t and Γ̂i = Ω̂f ∩ Ω̂s be the interface between solid and fluid in the current and

reference configuration, respectively. Moreover, we define the parts of the boundary adjacent
only to the fluid or only to the solid as Γft , Γst and Γ̂ft , Γ̂st in the current configuration and
reference configuration, respectively. In the following we will use the notations ∇̂ or∇ to refer
to the gradient operators and the symbols n̂ or n to denote the outward unit normal fields in the
reference or in the current configuration, respectively.
For every domain Dt ⊂ Rn (which may change in time), we also define the cylinder QDt as

QDt = {(x, t) s.t. x ∈ Dt, t ∈ [0, T ]} . (1)

The domains {Ω̂s, QΩ̂s} are called Lagrangian domains and the fields qs(x̂) or qs(x̂, t) defined
on them are called Lagrangian fields. The domain Ω̂s is initially occupied by the solid we
observe. We follow the motion of the solid in a Lagrangian way. The domains {Ω̂f , QΩ̂f} are
called ALE domains and the fields qf (x̂) or qf (x̂, t) defined on them are called ALE fields. The
domain Ω̂f is the domain on which we initially observe the fluid motion in a Eulerian way.
As a consequence of the solid movement, the domain on which we observe the fluid motion
changes in time as well, so that we need to define a deformation for the fluid domain. The
domain Ωf

t is occupied only by fluid at each time t. The moving domains Ωf
t and Ωs

t and
the corresponding cylinders are called Eulerian domains, and fields q(x) or q(x, t) defined on
Eulerian domains are called Eulerian fields. Notice that the Eulerian cylinder has a variable
base in time.
In order to describe the motion of the fluid and solid domains, let us define a t-parametrized
family of invertible and sufficiently smooth mappings Xt of the reference configuration Ω̂ to the
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deformed ones Ωt, so that

Xt : Ω̂→ Ωt , Xt(x̂) := x̂ + d(x̂, t) . (2)

The field d(x̂, t) is called displacement field. The displacement field d(x̂, t) is determined
separately in the fluid and solid parts as a solution of two different subproblems. Its restrictions
df (x̂, t) and ds(x̂, t) are referred to as fluid domain displacement (or ALE displacement) and
solid displacement, respectively. They are required to take on common values at the interface,
namely

ds(x̂, t) = df (x̂, t) , x̂ ∈ Γ̂i . (3)

For every (x̂, t) ∈ QΩ̂, we also define

F(d(x̂, t)) = ∇̂Xt(x̂) = I + ∇̂d(x̂, t) , (4)
J(d(x̂, t)) = det F(d(x̂, t)) , (5)

B(d(x̂, t)) = F(d(x̂, t))FT (d(x̂, t)) . (6)

The symbols F and B denote the deformation gradient tensor and the left Cauchy-Green defor-
mation tensor, respectively.

2.1 The solid subproblem

Let (ds(x̂, t), ps(x̂, t)) be the displacement and the pressure state variables in the solid do-
main. The solid subproblem consists in determining the variables (ds, ps) as solutions of

ρs
∂2ds

∂t2
−∇ · σσσs(ds, ps)− ρsf s = 0, (x, t) ∈ QΩs

t
, (7)

J(ds)− 1 = 0 , (x̂, t) ∈ QΩ̂s , (8)

σσσs(ds, ps) · ns − σσσf
(
uf , pf

)
· nf = 0 , (x, t) ∈ QΓi

t
, (9)

Bst (ds, ps) = 0 , (x, t) ∈ QΓs
t
, (10)

ds(x̂, 0) = 0 , x̂ ∈ Ω̂s ≡ Ωs
t=0, (11)

∂ds

∂t
(x̂, 0) = 0 , x̂ ∈ Ω̂s ≡ Ωs

t=0. (12)

The first two equations are known as the incompressible elasticity equations. The symbols ρs

and f s denote mass density and body force density for the solid, respectively, and Bst denotes
an abstract boundary operator for the solid external boundary Γst , which may correspond to
Dirichlet, Neumann or other types of boundary conditions.
We remark that the input to this solid subproblem is the stress at the interface coming from
the fluid part while the output is the displacement of the solid, namely ds. The pressure in the
solid ps is an internal variable and it does not have a clear physical meaning. It can be regarded
mathematically as the Lagrange multiplier associated to the solid incompressibility constraint.
For the solid stress tensorσσσs we consider either incompressible Neo-Hookean or incompressible
Mooney-Rivlin, whose Lagrangian description is given for every (x̂, t) ∈ QΩ̂s by

σσσsNH(ds, ps) = −psI + 2C1B(ds) , (13)
σσσsMR(ds, ps) = −psI + 2C1B(ds)− 2C2(B(ds))−1 , (14)
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where the constants C1 and C2 depend on the mechanical properties of the material.
With the given choices of stress tensors, the momentum balance is of second-order in the space
derivatives, and it is also of second order in the time derivative for the displacement unknown.
Therefore we introduce the solid velocity us(x̂, t) to obtain a system of equations containing
only first-order time derivatives. The solid velocity is the velocity at time t of the solid particle
initially at x̂ and it is defined as

us(x̂, t) =
∂X s

t (x̂)

∂t
=
∂ds(x̂, t)

∂t
. (15)

We enforced it over the solid region, including its boundary Γst ∪ Γit.
Since the solid displacement at the interface modifies the fluid domain, we can conclude that
the overall fluid-solid coupling is two-way.

2.2 The fluid subproblem

Let (uf (x, t), pf (x, t)) be the velocity and the pressure state variables in the fluid domain.
The fluid subproblem consists in searching for solutions (uf , pf ) of

ρf
(
∂uf

∂t

∣∣∣∣
X f

+

[
(uf − ∂df

∂t
) · ∇

]
uf
)
−∇ · σσσf (uf , pf )− ρf f f = 0 (x, t) ∈ QΩf

t
, (16)

∇ · uf = 0 , (x, t) ∈ QΩf
t
, (17)

uf = us , (x, t) ∈ QΓi
t
, (18)

Bft (uf , pf ) = 0 , (x, t) ∈ QΓf
t
, (19)

uf (x, 0) = u0(x) , x ∈ Ωf
t=0 ≡ Ω̂f . (20)

The first two equations are referred to as the incompressible Navier-Stokes equations. The
symbols ρf and f f denote mass density and body force density for the fluid, while Bst is an
abstract boundary operator for the fluid boundary, similarly as before. The initial velocity profile
is denoted as u0(x). The fluid stress tensorσσσf for incompressible Newtonian fluid flows is given
as a Eulerian field for every (x, t) ∈ QΩf

t
by

σσσf (uf , pf ) = −pfI + µ(∇uf + (∇uf )T ) , (21)

where µ is the fluid viscosity. Inputs to the fluid subproblem are the displacement of the fluid
domain and the solid displacement on the interface. The former is used for three different
purposes: to compute the position of each point, the ALE time derivative and the fluid domain
velocity. The outputs of this system are both fluid velocity and fluid pressure, which are used to
compute the stress at the interface for the solid subproblem.

2.3 The subproblem for the fluid domain displacement

The subproblem for the fluid domain displacement consists in determining the unknown
df (x̂, t) as a solution of

∇̂ ·
(
k(x̂)(∇̂df + (∇̂df )T )

)
= 0 , (x̂, t) ∈ QΩ̂f , (22)

df = ds , (x̂, t) ∈ QΓ̂i , (23)

Bfdt (df ) = 0 , (x̂, t) ∈ QΓ̂f . (24)
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This subproblem is also referred to as the kinematic equation or the pseudo-solid mapping, as
it defines the arbitrary motion of the fluid domain as another elastic solid. We denote with Bfdt
a general boundary operator which can be chosen arbitrarily depending on the problem at hand
and may also be chosen to depend on time. The function k(x̂) may be chosen to be a piecewise-
constant function discontinuous across the element boundary so that smaller elements in the
mesh can be made stiffer. We use smaller elements in regions where the mesh is expected to
undergo large distortions, in order not to degrade the mesh quality. The expression of k(x̂) we
consider is given by

k(x̂) =
1

Vel(x̂)

, (25)

where Vel is the volume of the mesh element that contains the x coordinate. This subproblem
receives as a sole input the displacement of the fluid-solid interface from the solid part. The
displacement of the fluid domain is the output. This is used to update the ALE mapping X f

t ,
with which the ALE domain velocity and the ALE time derivative are computed in the fluid
subproblem.

2.4 Intracranial stents as porous media

The porous medium is modeled by the addition of a momentum source term to the standard
fluid flow equations. Following [3], we assume a simple homogeneous porous medium and
express the pressure gradient using the Darcy-Forchheimer equation as

−∇p =
(µ
α

u +
1

2
C2ρf‖u‖u

)
, (26)

where α is the permeability, C2 is the inertial resistance factor. These coefficients are related
to the thickness of the porous media wall ∆e. At a macroscopic scale and in one dimension
equation (26) can be averaged to measure the pressure drop between the sides of the stent walls

−∆p

∆e
=
(µ
α
u+

1

2
C2ρfu

2
)
, (27)

or
−∆p = bu+ au2 , (28)

where u is the average velocity, and coefficients a and b depend on the aneurysm geometry
that is considered. Two configurations are usually possible: one in which the stent is placed
parallel to the flow and one in which is placed perpendicularly to the flow (Figure 1). These
two situations are completely different if we consider the blood flow behavior from a fluid
mechanics point of view. In the first geometry, low exchange of blood between the parent artery
and the aneurysm cavity is observed, because the aneurysm flow is created by friction from
the parent artery flow. In the second geometry, the flow hits the aneurysm dome directly, since
the parent artery flow points into the aneurysm, so intense fluidic exchange between the parent
artery and the aneurysm is observed. We use the coefficients a and b provided in [3], which are

a = 1452 and b = 4188 for stents placed parallel to flow direction, (29)
a = 367.08 and b = 281.35 for stents placed perpendicularly to flow direction. (30)

From (27) and (28), the coefficients of the permeability α and the drag factor C2 can conse-
quently be obtained as

C2 =
2a

ρ∆e
and α =

µ

b
∆e . (31)
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We remark that we have two sets of coefficients, one for a stent placed parallel to the flow and
the other for a stent placed perpendicularly.

Figure 1: Flow diverter placement: stent placed parallel to the flow (right) and stent placed perpendicularly to the
flow (left). Figure from [3].

3 MONOLITHIC NEWTON-KRYLOV SOLVER

In a monolithic formulation, we define three unknowns (displacement, velocity and pressure)
in a piecewise fashion at each point of the Eulerian cylinder QΩt as

d =


ds in QΩs

t

di in QΓi
t
,

df in QΩf
t

u =


us in QΩs

t

ui in QΓi
t
,

uf in QΩf
t

p =

{
ps in QΩs

t

pf in QΩf
t
,

enforcing continuity across the fluid-solid interface only for the displacement and the velocity.
The weak formulation of the resulting system is discretized using appropriate finite element
spaces and the corresponding Jacobian matrix is obtained by an exact Newton linearization
implemented by automatic differentiation ([15]). The solution of the linear systems is performed
using a GMRES solver preconditioned by a geometric multigrid algorithm. The smoother is of
modified Richardson type, in turn preconditioned by a restricted additive Schwarz method. The
coarse grid correction problem is dealt with by a direct solver of the monolithic system.

3.1 Structure of the Jacobian

For every nonlinear step k denote the exact Jacobian as J(k). It is important to notice that
the way in which the equations and the unknowns are ordered determines the block structure
of J(k), and different orderings, though equivalent mathematically, can have a significant effect
on the convergence properties and computational time of the solver, especially in the parallel
setting. In this work we followed a field-ordering approach as in [14], but other approaches can
be used. For example, the authors in [6] ordered the equations element by element.
In the Jacobian matrix we use the symbols K for the kinematic equation (15) in the solid and
on the fluid-solid interface, A for the kinematic ALE displacement equation (22) in the fluid, S
for the momentum equation (7) in the solid, I for the momentum equation (9) on the fluid-solid
interface, F for the momentum equation (16) in the fluid, V for the continuity equation (8) in
the solid, W for the continuity equation (17) in the fluid. The Jacobian has the following block
structure, and the order of the variables is listed at the top of the matrix.
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Order of the unknowns:
[
ds di df us ui uf ps pf

]ᵀ
(32)

J(k) =



Sds

ds Sds

di 0 Sds

us Sds

ui 0 Sds

ps 0

Id
i

ds Id
i

di Id
i

df Id
i

us Id
i

ui Id
i

uf Id
i

ps Id
i

pf

0 Adf

di A
df

df 0 0 0 0 0

Kus

ds Kus

di 0 Kus

us Kus

ui 0 0 0

Kui

ds Kui

di 0 Kui

us Kui

ui 0 0 0

0 Fuf

di Fuf

df 0 Fuf

ui Fuf

uf 0 Fuf

pf

V ps

ds V ps

di 0 0 0 0 0 0

0 W pf

di W
pf

df 0 W pf

ui W
pf

uf 0 0



Momentum Solid
Momentum Interface
Kinematic fluid

Kinematic Solid
Kinematic Interface
Momentum Fluid

Continuity Solid
Continuity Fluid

(33)

3.2 Geometric Multigrid preconditioner

As a preconditioner to the outer monolithic GMRES iteration, we consider the action of
geometric multigrid. Consider L levels of triangulations Ωhl with associated mesh size hl ob-
tained recursively by simple midpoint refinement from an original geometrically conforming
coarse triangulation Ωh0 . The finite element spaces associated to each level triangulation Ωhl

are Φ(Ωhl) and Ψ(Ωhl). The prolongation I ll−1 and restriction I l−1
l operators

I ll−1 : Φ(Ωhl−1
)×Φ(Ωhl−1

)×Ψ(Ωhl−1
)→ Φ(Ωhl)×Φ(Ωhl)×Ψ(Ωhl) , (34)

I l−1
l : Φ(Ωhl)×Φ(Ωhl)×Ψ(Ωhl)→ Φ(Ωhl−1

)×Φ(Ωhl−1
)×Ψ(Ωhl−1

) (35)

are defined as

I ll−1v = v, (I l−1
l w,v) = (w, I ll−1v) (36)

for all v ∈ Φ(Ωhl−1
) × Φ(Ωhl−1

) × Ψ(Ωhl−1
) and w ∈ Φ(Ωhl) × Φ(Ωhl) × Ψ(Ωhl). The

prolongation is the natural injection from the coarse to the fine space, while the restriction
operator I l−1

l is the adjoint of I ll−1 with respect to the L2 inner product. Once finite element
bases are chosen, the matrix representation of the prolongation and restriction operators will be
denoted with the boldface notations Ill−1 and Il−1

l . Clearly, these matrix representations depend
on the block row ordering of the Jacobian (33). In fact, the Jacobian matrices at each level Jl
are computed as

Jl−1 = Il−1
l JlI

l
l−1 , (37)

so that a different Jacobian structure affects the structure of Il−1
l and Ill−1.

The block structures of the prolongation and restriction operators are

Il−1
l =



Rds

ds 0 0 0 0 0 0 0

Rdi

ds Rdi

di 0 0 0 Rdi

df 0 0

0 0 Rdf

df 0 0 0 0 0

0 0 0 Rus

us 0 0 0 0

0 0 0 Rui

us Rui

ui 0 0 0

0 0 0 0 0 Ruf

uf 0 0

0 0 0 0 0 0 Rps

ps 0

0 0 0 0 0 0 0 Rpf

pf


, (38)
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Ill−1 =



Pds

ds Pdi

ds 0 0 0 0 0 0

0 Pdi

di 0 0 0 0 0 0

0 Pdi

df P
df

df 0 0 0 0 0

0 0 0 Pus

us Pui

us 0 0 0

0 0 0 0 Pui

ui 0 0 0

0 0 0 0 Pui

uf P
uf

uf 0 0

0 0 0 0 0 0 P ps

ps 0

0 0 0 0 0 0 0 P pf

pf


. (39)

Note that in Eq. (38) the entry (2, 3) has been moved to (2, 6), and the entry (3, 2) has been
zeroed. In each sub-block the restriction operator is constructed in the usual way by evaluating
coarse shape functions at fine nodes, while the prolongator is the transpose of the restriction.

3.3 Richardson-Schwarz smoother

Here we define the smoother of the multigrid algorithm. The coupled FSI system is treated
in a monolithic manner at all stages, except in the smoothing process. We first partition the
whole domain into the fluid and solid subregions, and then we further divide each subregion
into smaller non-overlapping blocks Ωk, k = 1, ..., N . On each subdomain Ωk we construct a
subdomain preconditioner Bk, which is a restriction of the Jacobian matrix J, that is, it con-
tains entries from J corresponding to the degrees of freedom contained in the corresponding
subdomain Ωk. In each block the equations to be solved are taken following a Vanka-type
strategy. The DOFs associated to an element consist of displacement, velocity and pressure.
The exchange of information between blocks is guaranteed by the fact that the support of the
test function associated to the displacement and velocity DOFs extends to the neighboring ele-
ments. In a restricted additive Schwarz algorithm ([6]) the overlap is initially used to provide
information to the subdomain solver, but then the result of that computation is discarded in the
overlap region. The restricted version of the additive Schwarz (ASM) preconditioner used in
the Richardson scheme for the FSI Jacobian system is

B−1 =
N∑

k=1

(R0
k)TB−1k (Rδ

k) . (40)

With Rk we indicate a restriction matrix which maps the global vector of degrees of freedom
to those belonging to the subdomain Ωk. Furthermore, R0

k is a restriction matrix that does not
include the overlap while Rδ

k does.
Various inexact additive Schwarz preconditioners can be constructed by replacing the Bk ma-
trices with ones that are convenient or inexpensive to compute.

4 FSI BENCHMARKING: 2D SIMULATIONS

The following 2D simulations of a cerebral aneurysm are based on a 2D hemodynamics
model problem from [27]. The geometry consists of a channel (lumen of the artery) of diameter
2mm with a wall thickness of 0.25mm (Figure 2). The aneurysm wall is typically thinner than
that of the healthy artery part, therefore the aneurysm has a wall thickness of 0.125mm. We
start by considering a mesh without stents, and then move to three cases where such devices
are included. In the second and third configuration, stents are represented as in [27], that is as
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Figure 2: 2D aneurysm geometry. Figure from [27]

circular shape, placed on the neck of the aneurysm. Stents are flexible, self-expanding porous
tubular meshes made of stainless steel or other alloys and are characterized by very thin wires
(30 − 100µm). In 2D, flow diverters can be simplified as cutplanes from 3D configurations,
so as circular shapes. We conclude our simulations with a case where a stent is modeled as a
porous medium.
Figure 3 shows the four configurations we described. The difference between the second and
third geometry is in the number of struts that compose the stent, to be precise five and eleven
struts, respectively. In both cases, the wires (circular shapes) have a diameter of approximately
60µm. In the last configuration, the porous medium strip placed on the neck of the aneurysm
has a width of approximately 60µm as well (∆e = 60µm). Since the stent is placed parallel to
the flow, we know from section 2.4 that the coefficients used to represent the pressure drop in
the porous media approach are a = 1452 and b = 4188.
In all cases, hybrid meshes are employed. Quads are mainly used to mesh the channel and the
arterial wall of the geometry, while triangles are employed in the aneurysm bulge.

4.1 Mechanical properties and boundary conditions

Although the blood is known to be non-Newtonian in general, several studies, like [7], [11],
[31], [26], [19], [27] and [20], assume it to be Newtonian, as we do in this paper. Cebral, et
al. show in [9] that, for cerebral aneurysms, treatment of blood as Newtonian does not alter
the computational results compared to treating it as non-Newtonian. The density and viscos-
ity of the blood are set to 1035 kg/m3 and 3.5 × 10−3 Pa · s, respectively. Parameter values
for the elastic artery in the described model are as follows: the density of the arterial wall is
1120 kg/m3, the Young modulus and Poissons ratio are set to 1.0MPa and 0.5, respectively.
In the simulation concerning the porous medium, we considered its width (thickness in 3D) to
be 60µm. With these parameters, the coefficients of the permeability α and the drag factor C2

are

α = 5.014 · 10−11 and C2 = 4.676 · 104 .

Hence, we expect a high resistance and a very low permeability.
The inflow boundary conditions are specified as a pulsatile velocity profile moving from the
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Figure 3: 2D Configurations: no stents (top left), stent with five struts (top right), stent with eleven struts (bottom
left), stent modeled as a porous medium (bottom right).

right to the left part of the channel prescribed [27]

vf (t, 0, y) = vf (0, y)(1 + 0.75 sin(2πt)) , (41)

where vf (0, y) is defined as parabolic inflow, namely

vf (0, y) = 0.05 (y − 6)(y − 8). (42)

Pressure conditions representing the resistance due to the peripheral arterial network are not
taken into account in this 2D model, therefore p = 0 has been imposed as outflow condition at
the lower left part of the artery. The no-slip condition is prescribed for the fluid on the other
boundary parts. The boundary displacements at the inlet and outlet of the artery are set to zero.

4.2 Numerical results

In all the four simulations we performed, we considered the same physical parameters and
boundary conditions. Figures 4 and 5 show the changes of volume and pressure in the aneurysm
dome for all four cases. Pictures clearly show the given pulsatile sinusoidal behavior. In all three
stent cases volume and pressure have been reduced compared with the non-stent case, which
is what we expected. The five struts configuration (blue curve) is the one that allows a greater
decrease in both volume and pressure. We see that doubling the number of struts (black curve)
the maximum value reached by the volume increases by 50% compared to the previous case,
while the maximum value for the pressure increases by 33%. This is suggesting that for a given
aneurysm geometry, stents with different designs may give different results. In the past years,
stents optimization techniques have already been investigated. In [2] stent design based on the
combination of Lattice Boltzmann flow simulations and Simulated Annealing optimization was
developed for a 2D ideal aneurysm geometry. In [33] two clinical cases have been investigated
and adjustments on the stent structure and porosity are suggested to improve the fluid diverter
treatment outcomes. Figure 6 shows the pressure distribution at t = 2.156 s for the 5 and 11
struts configurations. The two distributions are very different. For the 5 struts geometry, the
highest pressure point is located on the aneurysm neck, but in the aneurysm dome the pressure
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Figure 4: 2D Simulations: Difference in Volume.
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Figure 5: 2D Simulations: Average Pressure.

Figure 6: 2D Configurations: pressure distribution at t = 2.156 s for the five struts stent configuration (right),
pressure distribution at t = 2.156 s for the eleven struts stents configuration (left).
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Figure 7: 2D Simulations: Average Velocity.

is much lower. For the 11 struts configuration, we have that the pressure distribution is much
more uniform. The entire aneurysm dome is uniformly subjected to the same pressure value.

We also observe an analogy between the eleven struts configuration and the porous medium
case (red and black curves). In Figure 4 the curves even overlap for the most part. This analogy
is also found in the average velocities, which are displaced in Figure 7 . For both configurations,
the average velocities are quite similar and much lower than the velocities obtained in the no
stents and five struts cases. The similarity between the porous medium case and the 11 struts
configuration shows the validity of the porous medium approach. Similarly to what we observed
in the previous graphs, the five struts configuration keeps behave differently from the 11 strut
and the porous medium configurations. The velocity distribution in the aneurysm dome after
placing a stent with five wires is comparable to the one obtained without any stent. Looking

Figure 8: Magnitude Velocity at t = 5.25 s for the four 2D Configurations: no stents (top left), stent with five
struts (top right), stent with eleven struts (bottom left), stent modeled as a porous medium (bottom right).
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carefully at the flow behavior, Figure 8 shows the velocity magnitude at the aneurysm neck and
dome for all four configurations. Due to the different flow rate into the aneurysm, significant
local differences can be observed. As we pointed out, the porous medium case resembles the
real stent configuration with 11 wires.

5 FSI BENCHMARKING: 3D SIMULATIONS

The cerebral aneurysm considered in this section (Figure 9) is a 3D extension of the 2D
geometry analyzed above. To make the shape more realistic, changes have been made to the
aneurysm dome, based on a real aneurysm view proposed in [27]. We assumed the aneurism
wall to be uniform and equal to 0.25mm. We start by considering a mesh without stents,
and then move to a case where such devices are included. In this work, we decided to model
the flow diverter as a porous medium. For 3D geometries, flow diverters are very difficult
to simulate because the large difference of scale between the size of the flow diverters struts
and the aneurysm (up to 30mm) creates difficulties in the mesh process and, consequently,
the simulation accuracy may be compromised. To resolve this issue, Augsburger et al. (2011)
introduced the concept of employing porous media to simulate a stent ([3]). By placing a porous
medium in the aneurysm neck, a unified mesh can be generated, which reduces the associated
computational load. In our configuration, the porous medium disk placed on the neck of the
aneurysm (Figure 9) has a thickness of approximately 112µm (∆e = 112µm).
In both our geometries (with and without stents), hybrid meshes are employed. Wedges are
needed to mesh the artery lumen, and hexes are used for the arterial wall. Tets are mainly
employed in the aneurysm dome.

5.1 Mechanical properties and boundary conditions

In these 3D simulations, for the blood flow we are using the same physical parameters used
in the 2D cases. For the elastic artery wall, we decided to consider a smaller value for the Young
modulus. Young modulus parameters usually vary from 0.4 to 10MPa, but to clearly see the
artery and the aneurysm pulse we considered 0.012MPa as our Young modulus value.
In the simulation concerning the porous medium, we considered its thickness to be 112µm.
With this value, the coefficients of the permeability α and the drag factor C2 are

Figure 9: 3D Configurations: geometry with mesh (left), section of the 3D geometry to show the porous medium
disk that simulates the intracranial stent.
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α = 9.360 · 10−11 and C2 = 2.505 · 104 .

At the inlet we specified a pulsatile flow with a period of 0.71 s. The flow rate was set to a
pulsatile velocity profile described by the Womersley formulation ([32]):

0 1
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pulsatile velocity profile

Figure 10: 3D Simulations: Velocity Profile.

v(r, t) =
2B0

πR2

[
1−

( r
R

)2
]

+
N∑
n=1

Bn

πR2


1−

J0(αn
r
R
i3/2)

J0(αni3/2)

1− 2J1(αni
3/2)

αni3/2J0(αni3/2)

 einωt . (43)

Here r represents the cylindrical coordinate, R denotes the radius of the inlet cross section and
t is time. J0 and J1 are Bessel functions of the first kind of order 0 and 1. We consider

αn = R

√
nω

ν
, α = R

√
ω

ν
(44)

where ω is based on one cardiac cycle (= 0.71 s) and ν indicates the kinematic viscosity. The
non-dimensional parameter α is known as the Womersley number. The coefficients Bn are
derived in reference to the chosen velocity waveform. Figure 10 shows the velocity profile v
considered in our simulations. At the outlet, pressure conditions representing the resistance due
to the peripheral arterial network are not taken into account, therefore p = 0 has been imposed
as outflow condition at the lower left part of the artery. The boundary displacements at the inlet
and outlet of the artery are set to zero.

5.2 Numerical results

In both simulations we performed, we considered the same physical parameters and bound-
ary conditions. Figures 11 and 12 show the changes of volume and pressure in the aneurysm
dome for the considered cases. Pictures show the waveform we gave in the Womersley formu-
lation. We observe that, for E = 0.012MPa, both volume and pressure have been reduced
once the porous medium stent has been applied, as for the 2D case.
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Figure 11: 3D Simulations: Relative Difference in Volume.
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Figure 12: 3D Simulations: Average Pressure.

Figure 13: Magnitude Velocity at t = 1.161 s for the 3D Configurations: no stents (left), porous medium approach
(right)
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The velocity magnitudes at the aneurysm neck and dome at the acceleration phase (t =
1.161 s) are shown in Figure 13. As we observed for the 2D setting, the flow rate changes after
the porous medium placement causing a reduction of the velocity magnitude on the aneurysm
neck and dome. Therefore the porous medium approach performs well also in a FSI environ-
ment.

6 CONCLUSIONS

In this paper we focused on the numerical simulation of FSI problems regarding artery
aneurysms. We presented a monolithic ALE formulation assuming the fluid flow and the hyper-
elastic material to incompressible. We described the Newton-Krylov solver we employed where
we considered the use of geometric multigrid preconditioners. We described the structure of the
geometric multigrid operators, for which modified Richardson smoothers were chosen, precon-
ditioned by an additive Schwarz algorithm of overlapping restricted type. We applied the pre-
sented numerical techniques to FSI benchmarking settings which allowed the validation of our
approach for hemodynamics problems. The configurations, both two and three-dimensional,
consisted of artery aneurysms where hybrid meshes are employed. The numerical results con-
firmed the stability and numerical efficiency of the FSI algorithm.
Our solver has been implemented in the open-source C++ Femus library using the GMRES
solver and the geometric multigrid preconditioner interface implemented in the PETSc toolkit
[5]. Looking at parallelization, PETSc offers a parallel implementation of the GMRES linear
solver, so that the parallelization work for the user is left to the multigrid preconditioner part.
For the direct solver, we employed the implementation of the MUMPS package [1] which in-
cludes a serial and a parallel version. For the smoother, we adopt an ASM- preconditioned
Richardson method for which the parallelization is based on the domain decomposition.
From our simulations, we observe that the modelization of a flow diverter as a porous medium
is successful in a FSI environment. Both in the 2D and 3D case, the aneurysm volume, pressure
and velocity decrease once the porous medium stent has been placed. In the 2D simulations,
the similarity between this type of modeling and the 11 struts configuration shows the validity
of the porous medium approach. The different results obtained with the 5 and 11 struts config-
urations highlight the prominent design dependence on flow diverters performances. We also
tested the porous medium approach in a 3D configuration and verified its efficiency in a FSI
environment.
In our future work, we will further investigate how to choose the porosity coefficients for any
general stent. A study about how to improve the pressure drop determination has already been
done ([19]). Moreover, we are going to apply the porous medium approach to simulate the
effect of a stent-graft in an abdominal aortic aneurysm.
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[4] Eugenio Aulisa, Simone Bnà, and Giorgio Bornia. A monolithic ale newton-krylov solver
with multigrid-richardson-schwarz preconditioning for incompressible fluid structure in-
teraction. Submitted to Siam Journal on Scientific Computing, 2017.

[5] Satish Balay, J Brown, Kris Buschelman, Victor Eijkhout, W Gropp, D Kaushik, M Kne-
pley, L Curfman McInnes, B Smith, and Hong Zhang. Petsc users manual revision 3.3.
Computer Science Division, Argonne National Laboratory, Argonne, IL, 2012.

[6] Andrew T Barker and Xiao-Chuan Cai. Scalable parallel methods for monolithic cou-
pling in fluid–structure interaction with application to blood flow modeling. Journal of
computational physics, 229(3):642–659, 2010.

[7] Y Bazilevs, M-C Hsu, Y Zhang, W Wang, T Kvamsdal, S Hentschel, and JG Isaksen.
Computational vascular fluid–structure interaction: methodology and application to cere-
bral aneurysms. Biomechanics and modeling in mechanobiology, 9(4):481–498, 2010.

[8] JR Cebral, F Mut, M Raschi, E Scrivano, R Ceratto, P Lylyk, and CM Putman. Aneurysm
rupture following treatment with flow-diverting stents: computational hemodynamics
analysis of treatment. American journal of neuroradiology, 32(1):27–33, 2011.

[9] Juan R Cebral, Marcelo Adrián Castro, Sunil Appanaboyina, Christopher M Putman,
Daniel Millan, and Alejandro F Frangi. Efficient pipeline for image-based patient-specific
analysis of cerebral aneurysm hemodynamics: technique and sensitivity. IEEE transac-
tions on medical imaging, 24(4):457–467, 2005.

[10] Juan R Cebral and R Lohner. Efficient simulation of blood flow past complex endovascular
devices using an adaptive embedding technique. IEEE transactions on medical imaging,
24(4):468–476, 2005.

[11] Paolo Crosetto, Philippe Reymond, Simone Deparis, Dimitrios Kontaxakis, Nikolaos Ster-
giopulos, and Alfio Quarteroni. Fluid–structure interaction simulation of aortic blood flow.
Computers & Fluids, 43(1):46–57, 2011.

[12] ES Di Martino, G Guadagni, A Fumero, G Ballerini, R Spirito, P Biglioli, and A Redaelli.
Fluid–structure interaction within realistic three-dimensional models of the aneurysmatic
aorta as a guidance to assess the risk of rupture of the aneurysm. Medical engineering &
physics, 23(9):647–655, 2001.

[13] Jean Donea, S Giuliani, and Jean-Pierre Halleux. An arbitrary lagrangian-eulerian finite
element method for transient dynamic fluid-structure interactions. Computer methods in
applied mechanics and engineering, 33(1-3):689–723, 1982.
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Abstract. Base isolation has proven an effective strategy to minimize structural and non-

structural damage, prevent functionality disruption and protect sensitive equipment in build-

ings even under strong ground motions. However, structural pounding with the surrounding 

moat wall and/or adjacent buildings may induce local and even severe damages to base-

isolated structures. This study utilizes a computational methodology that enables the investi-

gation of poundings in a three-dimensional (3D) domain, while considering the arbitrary lo-

cation of contact points and the geometry at the vicinity of impact; it aims to investigate the 

circumstances under which spatial pounding may occur and quantify their effect on the re-

sponse of the base-isolated structure. Given that the seismic response of base-isolated struc-

tures subjected to strong ground motions depends on the excitation characteristics, namely 

frequency content and horizontal ground motion directionality, the sensitivity of the calculat-

ed nonlinear dynamic response of a 3-story base-isolated building during pounding against 

other fixed-supported buildings is thoroughly and parametrically examined. Numerous non-

linear time history analyses are performed on the structural model using selected pairs of 

recorded horizontal ground-motion orthogonal components. Records are rotated to 73 differ-

ent horizontal angles of incidence with respect to the building’s structural axes in the range 

of 0 to 360 degrees. The influence of different parameters, such as the type and the location of 

the adjacent-fixed supported buildings, is also investigated. The significant influences of (a) 

the excitation angle and (b) the structural configuration arrangement on the overall peak 

seismic response are highlighted and quantified. 
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1 INTRODUCTION 

The incorporation of significant lateral flexibility at the isolation level is commonly em-

ployed as a seismic isolation strategy to improve the seismic performance of a structure. Sub-

sequently, the introduced flexibility is expected to result in large relative displacements at the 

isolation level during a strong earthquake excitation. In order to accommodate these expected 

large deformations, a wide seismic gap should be provided, as a clearance, around the build-

ing. This requirement imposes a practical constraint for the utilization of seismic isolation, 

considering that there are often certain practical restrictions to the size of the available clear-

ances around seismically isolated buildings, especially in cases of retrofitting of existing 

buildings in densely resided civic centers. Since the width of the available clearance is often 

limited, a reasonable concern is the risk of structural pounding with the surrounding moat 

wall or adjacent structures during very strong earthquakes. 

Although, the problem of earthquake-induced pounding has been the subject of great scien-

tific interest, very limited research work has been carried out for poundings of seismically iso-

lated buildings. The majority of those research works simulate the problem in two-dimensions 

[1–9], in an attempt to avoid the complexities associated with the 3D nature of the problem 

and the consequently excessive computational cost. However, the effect of crucial factors, 

which may excite the torsional vibration of a building and further increase the possibility of 

impacts during earthquakes, can be taken into consideration only through 3D simulations. 

A number of recent research works that extend the simulation in the more realistic 3D 

space [10–19] have been reported. Matsagar and Jangid [10] investigated the seismic response 

of a single-story asymmetric structure supported on various base-isolation systems during im-

pact with adjacent structures. Jankowski [11,12] simulated, using a commercially available 

software, a case of pounding between the Olive View Hospital main building and one of its 

independently standing stairway towers during the San Fernando earthquake of 1971. In that 

work, a detailed 3D pounding-involved response analysis of two adjacent structures had been 

conducted using the finite element method with a non-linear model of material behavior, in-

cluding stiffness degradation of concrete under cyclic loading. Uz and Hadi [13] carried out a 

parametric investigation of pounding involved response of two base-isolated buildings of un-

equal heights. Nonlinear analysis had been used, modeling the structures with inelastic 

MDOF lumped mass systems. The nonlinear viscoelastic model to assess the proper impact 

force during collisions had been incorporated on the 3D pounding between two adjacent four- 

and three-story buildings. The effects of seismic pounding on the structural performance of a 

base-isolated reinforced concrete building were investigated by Pant and Wijeyewickrema 

[15,16], aiming to evaluate the influence of adjacent structures and the separation between 

structures on the pounding response. Specifically, 3D finite element analyses of the base-

isolated building were carried out considering various seismic excitations. 

While 3D simulations of structures impacting with neighboring buildings have already 

been reported in the scientific literature, a systematic parametric investigation of the control-

ling properties on the overall seismic response is still lacking. In this paper, selected results 

for spatial numerical simulations and parametric studies of a 3-story base-isolated building 

that may collide with the surrounding moat wall and/or adjacent conventionally fixed-

supported buildings during strong earthquake excitations are presented. Nonlinear time-

history analyses are carried out considering the arbitrary direction of selected bidirectional 

ground-motions with respect to the structural axes of the simulated structures. The influence 

of the separation distance between the adjacent structures is also investigated, while consider-

ing different geometrical arrangements for the surrounding structures. 
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2 SPATIAL (3D) SIMULATION METHODOLOGY 

This research work utilizes the computational methodology described in [18,20], aiming to 

thoroughly investigate the circumstances under which spatial pounding of base-isolated build-

ings may occur and assess the effect of some important parameters on the peak structural re-

sponse due to potential structural pounding. In order to efficiently and effectively estimate the 

impact forces that should be applied at detected impact points on each structure in contact, an 

appropriate 3D impact model is used. More precisely, a “penalty” method has been imple-

mented [20], in which a small interpenetration among two colliding bodies is allowed and 

used in combination with an impact stiffness coefficient to calculate the elastic impact forces 

that should be applied on the colliding bodies. It should be mentioned that in the methodology 

used herein, the area of the overlapping region, instead of the interpenetration depth, is used 

as the key variable in the calculation of impact forces. Figure 1 shows how the proposed im-

pact model works. 
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Figure 1: Schematic representation of the contact plane based on the geometry of the indentation region, which 

can be either a triangle, or a quadrilateral. 

 

 In particular, when two bodies come in contact, they form an overlapping region that is ei-

ther a triangle or a quadrilateral. The algorithm uses the geometry of the overlapping region at 

each time-step, defined by the coordinates of its nodes, in order to determine: (i) the location 

of the action point of the impact forces, (ii) the direction of the impact forces, based on the 

definition of the contact plane, and (iii) the magnitude of the impact forces. Contrary to the 

corresponding 2D impact models, the 3D impact model is able to calculate not only the nor-

mal impact forces, but also the frictional forces that may arise between the colliding structures. 

The Coulomb law of friction restricts the magnitude of the tangential impact force below or 

equal to a critical sliding value. 
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3 DATA ANALYSIS 

A 3-story (three-bay by three-bay), base-isolated reinforced concrete moment-frame build-

ing is chosen as a typical model structure (Figure 2). The building is symmetric with coincid-

ing centers of mass and stiffness. The retaining walls extend from the ground level up to the 

base level of the building. All column sections of the simulated building have square dimen-

sions of 45 x 45 cm2. The bay width of the building in both directions is 5.5 m while each sto-

ry height is 3.2 m. The elastic modulus of concrete is assumed to be 30 GPa with a Poisson’s 

ratio of 0.2. A uniformly distributed mass of 250 tons is considered for the roof mass, while a 

340 tons floor mass is assumed at each other floor level, including the base of the building. 

For the determination of the Rayleigh damping matrix, the viscous damping ratios for the first 

and the fourth eigenfrequencies are taken as 0.05 and 0.02, respectively. Due to symmetry, the 

first two eigenmodes are translational along the two horizontal axes. 

A coupled plasticity model is used for simulating the bidirectional lateral response of the 

seismic isolators. The aforementioned model is based on the hysteretic behavior proposed by 

Wen, 1976 [21] and Park et al., 1986 [22] and recommended by Nagarajaiah et al., 1991 [23]. 

Here, for each bearing element an isolation period based on the post-yield stiffness of 2.0 sec-

onds, a yield displacement equal to 1.0 cm and a normalized characteristic strength W
yi tot

F  

of 0.05, in both directions, are considered. 
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Figure 2: Schematic of a base-isolated building subjected to bidirectional excitation while surrounded by 

fixed-supported structures. 

 

In the simulations performed within this paper, the 3-story seismically isolated building is 

considered to be adjacent to 2, 3, or 4-story fixed-supported buildings, which are located ei-

ther on one or both sides of the base-isolated building, with the possibility of poundings oc-

curring not only at its base with the moat wall but also at the upper floors of the buildings due 

to the deformation of their superstructures. The moat wall is modeled as a single-mass system, 

with three dynamic DOF, as in the case of a single-story structure. The moat wall is taken to 

be 100 cm thick and 100 cm high, resulting in a substantially stiff barrier, while it’s mass is 

assumed to be 5 tons/m, a number that takes into consideration the contribution of the backfill 

soil. The normal impact stiffness is kimp,N=2.58×107 KN/m2, while the corresponding tangen-

tial impact stiffness is kimp,T =5.74×106 KN/m. The static and kinetic friction coefficients are 

taken as μs=0.8 and μk=0.6, respectively. Surrounding buildings are simulated as linear MDOF 
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systems, possessing the same superstructures’ characteristics as the base-isolated building 

(except otherwise stated in the text) and located in the same distance as the adjacent moat wall. 

For simplicity, it is assumed that the floor-slabs of the neighboring buildings are located at the 

same levels, leading to potential slab-to-slab poundings and neglecting any slab-to-column 

interactions. In cases when adjacent structures are located on both sides of the base-isolated 

building, the separation gap is considered to be the same. 

A set of earthquake ground motions, rotated to fault-normal (FN) and fault-parallel (FP) 

components, has been selected from the Pacific Earthquake Engineering Research Center da-

tabase. The selected seismic accelerograms (Table 1) are expected to induce large relative 

displacements to the seismically isolated building, since they are characterized by low-

frequency contents, which is one of the most decisive factors for the occurrence of pounding 

in such structures. 

 

NGA# Event Year Station Mw Comp 
PGA    
(g) 

PGV 
(cm/s) 

PGD 
(cm) 

779 Loma Prieta 1989 LGPC 6.93 
FN 0.94 97 62.5 
FP 0.54 72.1 30.5 

821 Erzican- Turkey 1992 Erzincan 6.69 
FN 0.49 95.4 32.1 
FP 0.42 45.3 16.5 

1045 Northridge-01  1994 
Newhall -W Pico 
Canyon Rd.  

6.69 
FN 0.43 87.7 55.1 
FP 0.28 74.7 21.8 

1084 Northridge-01 1994 
Sylmar – 
Converter Sta 

6.69 
FN 0.59 130.3 54 
FP 0.8 93.3 53.3 

2114 Denali- Alaska  1999 
TAPS Pump 
Station #10  

6.2 
FN 0.33 95.5 92.4 
FP 0.27 121.3 116.2 

Table 1: Summary of the main characteristics of the selected horizontal seismic excitations. 

4 PARAMETRIC ANALYSIS RESULTS 

4.1 Effect of Seismic Orientation on the Peak Response without pounding 

Before proceeding with the investigation of structural poundings, a series of simulations on 

the individual dynamic response of the base-isolated and fixed-supported buildings consid-

ered herein is undertaken. The peak unobstructed relative displacements of the buildings in 

the X-direction are illustrated in Figure 3. The structures are analyzed for the 5 bidirectional 

ground-motions, each one rotated with a constant step of 5° in the range of 0° to 360°. The 

main results arising from these simulations with regards to the ground motion orientation ef-

fect, are in line with previous observations [18] (i) the incidence angle of excitation signifi-

cantly affects the maximum response of the structures in the X-direction, (ii) the critical angle 

corresponding to the peak response over all possible excitation orientations varies with the 

selected ground motion and the dynamic characteristics of the structures, and (iii) the FN/FP 

drifts (θ=0°) are not always conservative. 
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Figure 3: Peak unobstructed relative displacements of (a) the 3–story base-isolated building, and (b) the 2–story, 

(c) 3–story, and the (d) 4–story; fixed–based structures, in X-direction, in terms of the incidence angle. 

4.2 Effect of Adjacent Structural Arrangement 

Given that the seismic response of base-isolated structures subjected to strong excitations 

depends on the excitation characteristics, specifically the frequency content and horizontal 

ground-motion directionality, the sensitivity of the calculated nonlinear dynamic response of a 

3-story seismically isolated building during pounding against other fixed-supported buildings 

and/or the surrounding wall is parametrically examined. Numerous nonlinear time-history 

analyses are performed using selected pairs of recorded horizontal ground-motion orthogonal 

components. 

The peak responses of the examined seismically isolated building are discussed next, as-

suming an available seismic gap between the simulated structure and the adjacent structures 

of 20 cm. Figure 4 presents the peak interstory drift ratios (resultant) at each floor of the base-

isolated building among all corner columns during poundings with the adjacent structures, for 

all possible orientations of the ground motions. Records are rotated to 73 different horizontal 

angles of incidence with respect to the building’s structural axes. It can be observed from Fig-

ure 4(a) that the peak interstory deflection ratios for the case of isolated building pounding 

against the surrounding moat wall occur at the isolation level, the 1-0 interface, and are in 

general higher than for the case of buildings in series, as given in Figure 4(b)-(d). Furthermore, 

the peak response of the base-isolated building decreases when moving from the ground floor 
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upwards. This is in contrast to the response of buildings in series, which suggests that higher 

modes of deformation are activated in those cases; this observation is persistent for all earth-

quake excitations considered herein. 
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Figure 4: Peak responses of the 3-story base-isolated building among all corner columns in terms of the angle of 

incidence, during poundings with the (a) moat wall, and (b) 2-story, (c) 3-story (d) 4-story fixed-supported struc-

tures, located on both sides (west and east) of the seismically isolated building. 

In the specific parametric analyses, the peak response ratios are located (i) at the isolation 

level, for the cases when only moat walls surround the building, and when the seismically iso-

lated building is of equal height or shorter than the neighboring fixed-supported buildings, or 

(ii) at the same floor level as the roof of the adjacent fixed-base structures, which occurs when 

the adjacent structures are shorter than the base-isolated one, among all incidence angles of 

the excitations. In general, the polar plots suggest that the critical envelope for all excitation 

angles may not be dominated by the response of a specific floor but rather of the combination 

of the peak responses of several floors when the base-isolated building hits against the adja-

cent MDOF structures. In general, the effect of the ground motion directionality, in combina-

tion with the number of stories and, consequently, the fundamental eigenperiod of the 

adjacent structures seems to play a significant role to the severity of the structural response. It 

should be noted, however, that in the cases of buildings in series, the floor that dominates the 

critical envelope might change as the provided gap size is modified, which is further investi-

gated below. 
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In order to assess the effect of specific structural arrangement (fixed-supported building on 

one side vs. both sides) on the overall dynamic response, a re-presentation of the results 

shown in Figure 4 is provided in Figure 5(a). More specifically, Figure 5 shows polar plots of 

the envelopes of peak interstory drift ratios during the five selected ground motions that are 

compared for six different configurations regarding: (i) the location of the adjacent fixed-

supported buildings and (ii) the number of floors of the adjacent building (2, 3 or 4). In gen-

eral, the variation of the response ratios, seems to be influenced by the earthquake excitation’s 

characteristics (frequency content and directionality); as these plots show that peak interstory 

deflection ratios can vary by a factor of 2.5 over the possible angles of interest, at least for the 

gap size of 20 cm considered herein. It is interesting to note that, in general, the incidence an-

gle at which the maximum amplification of the superstructure response due to pounding oc-

curs coincides with the critical angle that corresponds to the peak relative displacement at the 

isolation level, as shown in Figure 3(a). We can also observe that when adjacent buildings are 

located on both sides of the base-isolated building, Figure 5(a), the polar plots of its peak re-

sponses for each floor exhibit 8-shape figures (a consequence of double symmetry), a charac-

teristic that breaks down when a building is located only on one side, which leads to 

asymmetric response shapes as shown in Figure 5(b). 
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Figure 5: Envelope of peak resultant interstory drifts ratio of the seismically isolated building during poundings, 

in terms of the angle of incidence considering a gap size of 20 cm and various configurations of the adjacent 

fixed-supported structures, located (a) on both sides, (b) on the east side of the 3-story base-isolated structure. 

Furthermore, the presence of fixed-supported buildings on both sides of the seismically 

isolated building has minor influences on the peak response during pounding for the ground 

motion critical orientation. For example, in the case of the Loma Prieta 1989 ground motion 

(NGA#779), the range of critical angles between 300° to 360°, and the envelope of the peak 

responses among all floors are relatively close irrespective of whether adjacent buildings are 

located on both sides or on a single (east) side. As anticipated, the location of the adjacent 

buildings, in combination with the excitations’ characteristics affect the envelope of the peak 

response of the seismically isolated building during impact. Furthermore, Figure 5 suggests 

that the number of floors of the adjacent buildings can significantly affect the overall dynamic 

response of the base-isolated structure. Nevertheless, one cannot generalize the severity of the 

influence based on the number of floors. Results that are presented in the following sections, 

suggest that the number of floors by its own is not the only structural characteristic that de-

fines the dynamic response of the base-isolated building. Other parameters such as stiffness, 
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fundamental eigenperiod, etc. might shift the relative importance of having short vs. high 

buildings. What one can generalize is that the critical response is polarized at a specific direc-

tion irrespective of the number of stories of surrounding buildings. Considering that the criti-

cal angle varies significantly with the arrangement type, its estimation, without a detailed 

investigation, is difficult. 

The incidence angle of the imposed seismic excitation seems to be an important factor 

while computing the peak seismic response of buildings. For design purposes, the evaluation 

of the critical conditions for each specific case, which could ensure the more reliable predic-

tion of the peak structural response, is crucial. Therefore, it might be a mandate to perform 3D 

analysis and use an advanced modelling approach to determine the critical response for each 

case, with computational aid, where nonlinear analysis of the building at multiple angles of 

incidence should be considered. 

4.3 Effect of Separation Distance 

In order to investigate the influence of the gap size between adjacent structures, the base-

isolated building is assumed to be separated by various distances from the adjacent structures. 

In Figure 6, the responses of the 3-story seismically isolated building are computed under four 

different configurations regarding the number of floors (2-, 3- and 4-floors) of the adjacent 

fixed-based structures located at both sides (east and west). Τhe results for a single incidence 

angle (θ=0°) for five ground motions are presented. As anticipated, the location and the char-

acteristics of the adjacent structures, in combination with the excitation characteristics affect 

the response of the seismically isolated structure during impact. 

Figure 6 suggests that the peak interstory drift ratios of the base-isolated structure pound-

ing with the moat wall are, in general, higher than those for the case of buildings in series. 

The fact that the base-isolated building pounds with the fixed-base building before it can im-

pact the rigid retaining wall at the base, reduces the severity of impact at the base of the build-

ing for the range of separation distances examined. Furthermore, the ground floor of the base-

isolated building dominates the peak response when only pounding with the surrounding wall 

at the base is considered. On the other hand, upper stories may experience higher drifts com-

pared to lower level stories when pounding with adjacent fixed-base buildings is considered. 

More specifically, in the latter case the floor that dominates the critical envelope may change 

as the available gap size is modified. Also, it can be observed from Figure 6 that the critical 

gap size to avoid pounding, slightly increases in case of buildings in series. This is reasonable, 

considering that the seismically isolated building may pound against the neighboring build-

ings at the upper floors due to the deformations of the superstructures of the buildings in se-

ries before impacting the surrounding moat wall. 
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Figure 6: Peak responses at each floor of the 3-story base-isolated building among corner columns in terms of 

the available gap size for four configurations of the adjacent structures and a fixed angle of incidence set at 0°. 

The plots of Figure 7 present the envelopes of the peak interstory deflection ratios, for all 

six configurations of the base-isolated building (regarding the number of floors and the loca-

tion of the adjacent fixed-supported buildings) and for the selected bidirectional near-fault 

ground-motions. The first row of Figure 7 presents the envelopes of the maximum responses 

considering potential poundings on both sides of the seismically isolated building, while the 

second row plots the corresponding maximum responses considering only one-sided impacts 

with the adjacent structure on the east side of the seismically isolated buildings. It is observed 

that as the separation distance increases the amplifying effects resulting from poundings de-

crease. Also, the number of stories of the adjacent fixed-supported buildings, and the charac-

teristics of the adjacent structures seem to influence the severity of the impact. Nevertheless, a 

clear trend cannot be identified. The response of the base-isolated building with adjacent 

buildings on both sides deviates significantly from the corresponding response in the case of 

one-sided building for the case of the Northridge earthquake (NGA#1084), while, for all other 

excitations considered herein, the response is similar. This particular deviation can be at-

tributed to the combined differences in structural arrangement (one side vs. both side) and the 

excitation characteristics. It should be noted that a similar response could be observed for the 

other seismic excitations presented in Figure 7 if a different incidence angle is considered. 

 

 

984



Eftychia A. Mavronicola and Petros Komodromos 

0

0.25

0.5

0.75

1

0

0.25

0.5

0.75

1

0

0.25

0.5

0.75

1

0

0.25

0.5

0.75

1

1.25

0

0.25

0.5

0.75

1

0.15 0.25 0.35 0.45
0

0.25

0.5

0.75

1

0.15 0.25 0.35 0.45
0

0.25

0.5

0.75

1

0.15 0.25 0.35 0.45
0

0.25

0.5

0.75

1

0.15 0.25 0.35 0.45
0

0.25

0.5

0.75

1

1.25

0.15 0.25 0.35 0.45
0

0.25

0.5

0.75

1

Adjacent Fixed-base – No Stories                       2                               3                               4

Seismic gap: X−Direction (m) Seismic gap: X−Direction (m) Seismic gap: X−Direction (m) Seismic gap: X−Direction (m) Seismic gap: X−Direction (m)

NGA#779     NGA#1045     NGA#1084 NGA#821    NGA#2114

B
IB

 E
n

v
el

o
p

e 
o

f 
p

ea
k

 i
n

te
rs

to
ry

d
ri

ft
 r

at
io

: 
re

su
lt

an
t 

 (
%

)

B
IB

 E
n

v
el

o
p

e 
o

f 
p

ea
k

 i
n

te
rs

to
ry

d
ri

ft
 r

at
io

: 
re

su
lt

an
t 

 (
%

)

Figure 7: Envelope of peak responses of the base-isolated building among corner columns in terms of the availa-

ble gap size for different arrangement of the adjacent structures (angle of incidence = 0°). 

In order to identify some of the trends that may be observed due to pounding interactions, 

the response of multiple pairs of buildings (a 3-story base-isolated building and a multi-story 

fixed-base structure), when subjected to 2 bidirectional excitations of different orientations, 

are studied. Similar sets of analyses, as those described in the previous subsection, are per-

formed. The structural characteristics of the base-isolated buildings, as well as the isolation 

characteristics are kept the same. The width of the seismic gap varies with a step of 2.5 cm in 

the range of 15 cm to 60 cm, while the incidence angle θ varies from 0° to 360° with a step of 

15°. The results of those simulations are presented in Figure 8 in terms of polar plots where 

the envelope of the peak resultant interstory drift ratios is color-coded, whereas the radius of 

the polar plot represents the magnitude of the seismic gap. The results from more than 3,500 

simulations are contained within this figure. 

Consistent with previous observations, these contour plots indicate that the direction of the 

seismic excitation significantly affects the peak interstory drift ratio. It is also observed that 

pounding is practically eliminated only when the gap is sufficient, with the critical gap size 

being a function of the earthquake excitation and the structural characteristics. Also, plots in 

Figure 8 indicate that the characteristics of the adjacent fixed-supported structure seem to play 

a significant role to the severity of the structural impact. Furthermore, the extent at which the 

incidence angle influences the peak response depends on the structural systems (e.g. number 

of stories) and the separation distance. In such circumstances, the term ‘building interaction’ 

more appropriately describes the overall behavior of the base-isolated building. As expected, 

the effect of the angle of incidence on the structural response is significantly different due to 

the location of a fixed-supported building on one side (east).  
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Figure 8: Contour plots of the envelope interstory drifts resultant ratio among corner columns, for various orien-

tations of the ground motions and available gap sizes, and 3 different configurations of the adjacent structures. 

4.4 Effect of Adjacent Structures’ Characteristics 

In the above discussion, the superstructures’ flexibilities of both buildings (base-isolated 

and fixed-based) are assumed to be the same. With the characteristics of the base-isolated 

structures unchanged, the flexibility of the adjacent buildings is parametrically examined. Dif-

ferent stiffnesses of the superstructure are obtained in this section, by considering different 

cross-sections of the columns (35 x 35 cm2). The peak resultant interstory drift ratios are ob-

tained under 2 seismic excitations. Figure 9 presents the effects of the angle of incidence and 

the gap width on the interstory drift amplification, under the Loma Prieta (1989) and the 

Northridge (1994) earthquakes.  
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Figure 9: Contour plots of the envelope interstory drift resultant ratio of the 3-story seismically isolated building 

ratio among corner columns with different characteristics of the adjacent fixed-supported building for various 

orientations of the ground motions and available gap sizes. 

It can be observed that the obtained response, is strongly affected by the orientation of the 

excitation. The stiffness of the adjacent structures has significant influence on the peak re-

sponse of the base-isolated structure during impact. Amplified results due to pounding to ad-

jacent 3- and 4-story fixed-supported buildings deviate significantly from the corresponding 

results presented in Figure 8. The critical gap size required to avoid pounding is, in general, 

significantly larger especially among critical orientations of the ground motions. Special at-

tention should be given in the case of the Loma Prieta excitation (NGA#779), since the results 

suggest that when impact to the selected 4-story fixed-based building located at its east side, 

the base-isolated building’s peak resultant interstory drift ratio for incidence angle in the criti-

cal range reaches values higher than for the corresponding poundings cases when only moat 

walls surround the building (relevant results present in Figure 8(a)). This indicates that the 

interaction between the adjacent structures drives the critical incidence angle, the critical gap 

size and the severity of the structural pounding. 

5 CONCLUSIONS 

Parametric studies for simulating earthquake-induced pounding of seismically isolated 

buildings have been conducted in three-dimensions in order to investigate the influence of the 
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incidence angle, the width of the seismic gap and the flexibility of the superstructure on the 

peak response of a base-isolated building. Simulation results show that the impacts are partic-

ularly unfavourable for the structure since they significantly amplify interstory deflections of 

the building. Furthermore, they reveal that the detrimental effects of pounding may become 

more severe for certain values of the excitation angle which, in general, is different from 0 

degrees, the most commonly employed direction in practice when performing time-history 

analysis. The incidence angle, in which the amplification of the superstructure response due to 

pounding with the adjacent building obtains its maximum value, in case of pounding only to 

the surrounding moat wall, generally coincides with the angle in which the peak base dis-

placement occurs for the case of pounding to the surrounding wall. On the other hand, one can 

conclude that the process of determining the critical incidence angle is more complex when 

considering adjacent multistory structures and since generalizations cannot being made, spe-

cific case simulations should be performed on each case for more reliable investigations of the 

expected peak seismic response. 
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Abstract. Soil structures such as river dikes, highway embankments, and earth dams have been
frequently damaged during past major earthquakes. In most cases, large deformations occurred
due to liquefaction of the supporting loose cohesionless foundation soil, resulting in cracks, set-
tlement, lateral spreading, and slumping. Some researchers showed that river levees resting on
non-liquefiable foundation soil have been damaged. In this regard, the base of such levees sub-
sided in a bowl shape due to foundation consolidation that was shown to have the principal
contribution to liquefaction as an underlying mechanism. This paper aims at describing the
global dynamic response of a thin Loose Sand layer located buried in deep (10m) stratum of
Clay (less permeable), situated at the foundation of a levee, due to liquefaction phenomenon.
This study purpose is to reproduce such behavior by applying numerical simulations, adopting
the open-source computational platform OpenSees. In particular, this study considers a 2D soil
model of a levee subjected to earthquakes in order to investigate the failure of embankments
induced by non-liquefiable soil foundation with a thin sand layer with partially drained condi-
tion. A parametric analysis using ground motions at multiple levels of intensity was performed
to highlight the influence of parameters such as, the thickness of saturated zone, the permeabil-
ity ratio between saturated zone and non-liquefiable soil (i.e. drain condition) on the obtained
crest settlement and on the induced damage level of the embankment.
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1 Introduction

Past earthquakes confirm that the major cause of severe damages to earth embankments is the
liquefaction of the soil foundation. In particular, it is known that river levees over soft soil are the
most susceptible to the liquefaction of the foundation and the crest settlement can be larger than
half of the embankment height [18]. However, it has been reported that levees resting on non-
liquefiable foundation have been severely damaged if the foundation is highly compressibly,
such as thick soft clay and peat deposits. Fig.1 illustrates this unknown mechanism. First,
in absence of earthquake, the levee is subjected to consolidation and settlement due to the
softness of the clay foundation; then, the part of the levee that subsides, becomes submerged
in the ground water table and the subside part becomes looser and liquefiable by an unkown
procedure.

Figure 1: Mechanism of liquefaction in river levee after consolidation settlement in foundation.

In 1993, the Kushiro embankment system was damaged during the Kushiro-Oki earthquake
[24]. This episode was very singular because some of the damaged levee were over non-
liquefiable peat deposits. In this context, it has been reported that the highly compressible
and less permeable layer below the levee had subsided in a concave shape, creating a satured
zone [24]. In addition, more recently, a considerable number of river levees were damaged
with the same mechanism by the 2011 Pacific Coast of Tohoku Earthquakes [17], it means that
the analysis of countermeasure for this new failure mechanism will be consider with a new ap-
proach. The present study aims at describing the global dynamic response of a thin Loose Sand
layer located buried in deep (10m) stratum of Clay (less permeable), situated at the foundation
of a levee, due to liquefaction phenomenon. Thus seismic effect, in the engineering practice
had not been consider as a problem, but recent events have shown that in reality the problem
exist [19, 17]. Fisrt, the liquefaction effects on the section profile of the center line of the sys-
tem levee-foundation is evaluated. In this scope, the dynamic response of a Loose Sand layer
located between two layers of Clay after the consolidation is simulated. Firstly, the section
profile of the center line of the dam is subjected to a set of earthquakes in order to take into
account the effect of the seismic hazard. In this regard, parametric studies are conducted for
the soil column referring to the permeability ratio between saturated zone and non-liquefiable
soil (i.e. drain condition), the liquefaction vulnerability of soil on the characteristics of the
input ground motion and the influence of the thickness of the satured zone on the liquefaction-
induced failure. Then, the dynamic analysis of levee-type model is investigated, focusing on
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the earthquake induced failure response and the influence of drainage conditions and the lique-
fiable layer thickness on the collapse path is examined. The levee has been modeled with 9-4
node plane-strain finite elements (FE) with the OpenSees (Open System for Earthquake Engi-
neering Simulation, Mazzoni et al. [16]) framework, GiD (version 13.0, [23]) has been used
for pre and post processing. Numerical analyses have been performed with non-linear material
models, in particular, PressureDependMultiYield02 and PressureIndependMultiYield materials
[22, 21, 28] were implemented in order to simulate the soil behavior. In the first section, the
numerical model is presented. Thereafter, the dynamic analysis and the effect of liquefaction
is presented for the section profile of the center of the dam and then of the entire system of the
embankment.

2 Numerical Model

2.1 Geometry

The model is composed of different types of materials (Fig.2). For the levee, a 9m of Dense
Sand is implemented, while under the embankement, there is a 10 m of Clay and inside it, there
is a thin layer of Loose Sand of 1 m (layer liquefiable). The groundwater table is located at the
surface. The embankment slope inclination is equal to 3:1 (vertical:horizontal). The dimensions
of the model and its geometry are presented in Fig. 2. An elastic half-space bedrock underlies
the entire soil profile with a shear-wave velocity Vs equal to 700 m/s.

Figure 2: Geometry of the model levee.

2.2 Finite Element Model

The soil is assumed to be horizontally homogeneous and a 2D u-pw coupled finite element
computation with plane-strain assumption was performed. OpenSees (Open System for Earth-
quake Engineering Simulation, Mazzoni et al. [16]) framework was adopted, following the
previous research contributions Elgamal et al. [4] and Tonni et al. [27]. The mesh is composed
by the 9-4 QuadUP elements, which are able to simulate fluid-solid coupling in order to con-
sider the effective stress analysis. In particular, for these elements, the corner nodes have three
degrees of freedom, two translational and one pore pressure, and the interior nodes have only
two translational degrees of freedom (Ux, Uy). The thickness of the element is 0.5m that it was
chosen in order to prevent numerical dispersion. The nodes at the base are fixed against vertical
translation in accordance with the assumption that the soil layers are underlain by bedrock. In
order to simulate the dry condition above the groundwater table, pore pressure nodes are fixed
against the pore pressure. Periodic boundary conditions are assumed for the nodes that are at the
same vertical location in order to obtain equal deformations foundation. To account for the finite
rigidity of the underlying half-space, a Lysmer and Kuhlemeyer [14] dashpot is incorporated at
the base of the soil column using a zeroLength element and the viscous uniaxial material. The
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system is excited at the base by a horizontal force time history which is proportional to the
known velocity time history of the ground motion. The saturated soil system is based upon the
Biot theory for porous media. A simplified numerical formulation of this theory, known as u-pw
formulation (Zienkiewicz and Shiomi [29]), was implemented numerically [22, 21, 28]. The
so-called u-pw formulation, consists of neglecting fluid acceleration terms and its convective
terms of this acceleration so that the unknown variables remain the displacement of the solid u
and the pressure of the water pw.
An implicit Newmark numerical integration scheme is used in the dynamic analysis for the
discretization in time with a time step equal to ∆t = 10-3 s with a numerical damping equal
to ξ = 0.2%. In fact, since the model consider elastoplastic soil behavior, there is inherent
hysteretic damping which occurs, however, a small amount of Rayleigh damping is used so
there is still some damping at low strain values. In addition, a non-dissipative set of Newmark
parameters is also used, with γ = 0.5 and β = 0.25.

2.3 Soil Constituve Model

The soil constitutive model (Figure3) implemented in OpenSees ([21], [5]) is based on the
multisurface-plasticity theory for cyclic hysteretic response proposed by Prevost [22]. In this
context, the phenomenological interaction between shear and volumetric response (contrac-
tion or dilation) is typically handled by specifying an appropriate non-associative flow rule
(e.g.Prevost [22], Dafalias [3]).
Figure 3 shows the response behaviour of a saturated undrained cohesionless soil. Depending
on the relative location of the stress state with respect to the phase transformation (PT) surface
[10, 12], different expressions for the volumetric component P” were specified [21]. The main
modelling parameters include typical dynamic soil properties such as low-strain shear modulus
and friction angle, as well as calibration constants to control pore-pressure buildup rate, dilation
tendency, and the level of liquefaction-induced cyclic shear strain.

(a) (b)

Figure 3: a)Schematic of constitutive model response showing shear stress, effective confine-
ment, and shear strain relationship, b)Conical yield surface in principal stress space and devia-
toric plane (after Prevost [22], Parra [21], Yang and Elgamal [28]).
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2.4 Material Properties

The soil constitutive behavior is modeled using the PressureDependMultiYield02 Material
and the PressureIndependMultiYield Material. The saturated sand layers are based on the
Nevada sand properties [6]. The main modeling parameters are summarized in Table1.

Parameters Dense Sand Loose Sand Clay
Mass Density ρ 2100 kg/m3 1840 kg/m3 1500 kg/m3

Low-strain shear modulus Gr 135.0 MPa 90.0 MPa 60.0 MPa
Friction angle φ 36.5? 32? 0

Contraction parameter c1 0.013 0.067 -
PT angle φPT 26? 26? -

Dilatation parameter d1 0.3 0.06 -
Porodity η 0.354 0.435 0.4

Permeability Ks 1.0·10−4 m/s 1.0·10−4 m/s 1.0·10−10

Bulk Modulus ubulk 5.0·10−6 kPa 5.2·106 kPa 5.3·105

Cohesione c - - 37 kPa

Table 1: Soil Model Parameters

3 Dynamic Response of the Soil Column

3.1 Influence of the Drainage Condition

Liquefaction is related to soil permeability as permeable soils can dissipate rapidly the excess
pore water and liquefaction phenomenon may be less extended or prevented. In this section,
five differents values of permebility of the Clay layer, are used for the parametric analysis.
In particular, the value of Ks varies from 1.0·10−10 to 1.0·10−5 m/s. Figure 4 illustrates the
time evolution of pore water pressure for the different values of permeability at 10.5m below
the surface (in the middle of the Loose Sand layer), it shows that the build up of excess pore
water pressure depends of the permeability ratio between saturated zone and non-liquefiable
soil and the dissipation is produced more rapidly when soil permeability is greater. In the Fig.
4 is reported the pore pressure ratio ru (i.e. computed as the ratio of excess pore pressure to
initial effective vertical stress) at the end of the shaking in function of the soil permeability. It
is interesting to note that only when the ru reaches a value greater than 0.8, the liquefaction
occurs.

3.2 Influence of the earthquake’s characteristics

The buildup of excess pore pressure depends on many factors concerning the soil as well as
the input motion. Several studies have underlined the importance of the choise of the seismic
signal in case of non linear soil behaviour of soil model. In this study, a wide range of input
motion (real and synthetic) has been selected to study the liquefaction vulnerability of soil
of the input ground motion. The earthquake signals were proposed by Iervolino and Cornell
[8], Sorrentino et al. [26]. Thus, 183 unscaled records were chosen from the Pacific Earthquake
Engineering Research Center (PEER) database. Their magnitude range between 4.9 and 7.9 and
their site-to-source distance from 1 to 200 km. All these earthquake were chosen with a great
variety in their characteristics in order to analyse their influence on the liquefaction triggering.
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(a) (b)

Figure 4: a) Excess pore water pressure and b) Pore pressure ratio at the end of the shaking at
10.5m (in the middle of the liquefiable layer) as a function of the permeability of the layer of
Clay.

Figure 5 shows the response spectra with a 5% structural damping of all the input earthquake
motions.

(a) (b)

Figure 5: Acceleration response spectra of input motions (a)Real and b)Synthetic).

In the context of the liquefaction evaluation in the soil deposit, the liquefaction index (Q)
will be used to compare the different analyses. This index is computed as [25]:

QH =
1

H2

∫ H2

0
ru,end(z) dz (1)

where ru,end is the liquefaction ratio evaluated at the end of the ground motion, H2 is the thick-
ness of the liquefiable layer.
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Figure 6 shows the results of the analyses performed on the soil column as a function of the
period of equivalent harmonic wave (TV/A = α · PGV/PGA). It illustrates if the application
of ground motion cause the liquefaction in the Loose Sand layer (if ru > 0.8). In particular, the
points filled are sign of liquefaction and the others means that liquefaction is not occured. In
terms of earthquake-induced liquefaction, results match the trend of the classification proposed
by Cameron and Green [2] and Kawase [11], in fact the points filled follow the direction of
increasing velocity from the right-down corner towards the left-up one. The index Q gives in-
formation about the total liquefied area and when it is equal to unity, it means that liquefaction
is present throughout the thickness of the liquefiable layer H2. Figure 6 shows that for the soil
column, the highest level of liquefaction is found for PGV higher than 50 cm/s and PGA ≥
0.4g. In addition, it is interesting the fact that when the value 1/TV/A is similar to the frequence
of the soil profile (fp = 2.25Hz), the liquefaction ratio is higher than the other earthquakes
close to these but with the differents frequency contents.

(a) (b)

Figure 6: a)Comparison of the severity of all ground motion withH2 = 1m, b)Relation between
PGA, TV/A and liquefaction index (Q) for soil column with H2 = 1m

3.3 Influence of the thickness of the liquefiable layer

Then, a parametric analysis using ground motions at multiple levels of intensity (Figure
5) was performed in order to highlight the influence of the thickness of saturated zone (H2).
Ishihara [9] investigated the effect that the thickness of liquefiable soil (H2) and non-liquefiable
surface layer (H1) have on liquefaction ground failure (mainly sand boiling) on the ground
surface. According to this theory, the occurrence of sand boiling depends on the relation of H1

to H2 and abed,max. Therefore, the soil column is modeled with a thickness of the satured zone
(the Loose Sand layer) that varies from 1 m to 8 m. The differents models of the column are
reported in Figure 7.
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Figure 7: Models of the soil column with a thickness of the liquefied layer that varies from 1 m
to 8 m.

Results reported in Fig. 8 confirm the trend proposed before, according to which the severity
of the motions follows the direction of increasing velocity from the right-down corner towards
the left-up one. Following this, increasing the thickness of the liquefiable soil layer, the number
of motions in the upper left part of the diagram, that are caused of liquefaction-induced ground
damages, increases.
In addition, in the Figures 8, horizontal dashed lines indicate a costant acceleration of 0.2g and
0.4g in order to compare the results obtained with the guidelines curves of Ishihara [9]. In this
regard, most of the motions with amax < 0.4g do not have ru > 0.8 in the Loose Sand layer
and increasing the thickness of this layer, results confirm that the number of the motions, under
these lines, are more dangerous in terms of liquefaction-induced ground failure. In addition
results show that earthquakes with an equivalent period TV/A similar to the fundamental period
of the soil column, are more dangerous in terms of liquefaction-induced ground damages than
others. In fact increasing the thickness H2, Figure 8 shows that the number of earthquakes that
caused liquefaction in this zone is greater.
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(a) H2 = 1m. (b) H2 = 2m.

(c) H2 = 7m. (d) H2 = 8m.

Figure 8: Comparison of all simulations: classification of the severity of all ground motion in
function of H2 (thickness of liquefiable layer).

4 Dynamic Response of the Levee

In this section, the dynamic behavior and the earthquake resistance of the dam embankment
(Fig.2) is investigated. This analysis describes the dynamic response of a levee-foundation
system and focuses on the liquefaction-induced failure. As in the case of the soil column, para-
metric studies are conducted in order to explore the influence of the characteristics of the input
motion, soil permeability and the thickness of the liquefiable layer on the failure mechanism. In
fact, in the past several studies have been proven the crtical role of the influence of foundation
soil type and earthquake characteristics [20, 1, 13, 15].

4.1 Influence of the Drainage Condition

In the light of this study, three models of different soil permeability are used in order to
provide a sensitivity analysis of the liquefaction-induced collapse on the drainage condition
between the liquefiable and the non-liquefiable layer. In particular, the values of Ks utilized
are 1.0·10−10, 1.0·10e−6 and 1.0·10−5 m/s. To better evaluate the effect of taking into account
different condition of drainage and discuss the dynamic response of the embankment system,
the model is subjected to the same ground motion with abed,max = 0.45g (Fig.9). In this case,
only the model with the minor value of permeability (i.e Ks = 1.0·10−10 m/s) liquefied, while
the others conditions do not caused liquefaction. Figures (10 and 11) below illustrate the fact
that differences appear either in the build up of water pore pressure either in the dissipation

998



Stefania Gobbi, Fernando Lopez-Caballero, Davide Forcellini

phase. Figure 10 shows the contours of ru for Ks = 1.0·10−5 m/s and Ks = 1.0·10−10 m/s
during the mainshock and at the end of the shaking, while Figure 11 compares the dissipation
of pore water pressure between all the three models. The dissipation of the model with a great
value of permeability happens immediately (i.e Ks = 1.0·10−5 m/s), while in the others models
the build up of ∆pw is more extended in time and in the last case it remain even after the motion.

(a) Acceleration of Gilroy. (b) Velocity history of Gilroy.

Figure 9: Input Signal (Gilroy).

(a) Ks = 1.0·10−5 m/s: Mainshock. (b) Ks = 1.0·10−5 m/s: End of the shaking.

(c) Ks = 1.0·10−10 m/s: Mainshock. (d) Ks = 1.0·10−10 m/s: End of the shaking.

Figure 10: Influence of drainage conditions: Excess pore water pressure ratio (ru).
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Figure 11: Influence of drainage conditions: Excess pore water pressure (∆pw) evolution during
the ground motion.

4.2 Influence of the thickness of the liquefiable layer

In this section, the influence of the thickness of the liquefiable layer (H2) is assessed through
dynamic analyses of two models. The first one is the model presented in Figure 2 and the second
one is the same model but with the thickness of the Loose Sand layer equal to 4m. Firstly, the
contours of ru are plotted in Figure 12 for both models during their mainshock and at the end. It
is observed that in both cases, excess pore water pressure (∆pw) is generated in the liquefiable
layer and liquefaction occured. Figure shows that liquefaction occured for all the two models
but the value of ru increases with the thickness of the liquefiable layer. In addition, the area
affected by liquefaction is larger for the model with H2 = 4m. The dissipation is slower in the
first model and in both models the excess pore water pressure has not dissipated at the end of the
earthquake due to the less permeable layers of Clay at the upper and lower part of the liquefied
layer. Figures 13 and 14 summarize the deformed shape of vertical displacements the Crest
Settlement and the Horizontal Slope displacement at the end of the shaking. The magnitude of
displacements increases with the value of the thickness of the liquefiable layer. It is interested to
note that not only the value of displacement is increased but also the area and the type of failure
is different, in fact displacements are more concentrated in both of the slope. In particular, in the
case of H2 = 1m, the failure mode consists in the settle down of the crest of the levee due to the
liquefaction of the foundation. Instead, in the case of H2 = 4m, the mechanism refers mainly to
the slopes of the levee. The magnitude of settlement caused by post liquefaction consolidation
is directly related to the liquefiable layer thickness. In fact, both Japanese and U.S. researchers
(e.g.Hamada and O’Rourke [7]) have identified thickness of the liquefiable layer as a significant
parameter affecting the magnitude of lateral spread.
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(a) H2 = 1m: Mainshock. (b) H2 = 1m: End of the shaking.

(c) H2 = 4m: Mainshock. (d) H2 = 4m: End of the shaking.

Figure 12: Influence of the thickness of the liquefiable layer (H2): Excess pore water pressure
ratio (ru).

(a) H2 = 1m. (b) H2 = 4m.

Figure 13: Influence of the thickness of the liquefiable layer (H2): a) H2 = 1m, b)H2 = 4m.

(a) H2 = 1m. (b) H2 = 4m.

Figure 14: Influence of the thickness of the liquefiable layer (H2): a) Crest Settlement, b)
Horizontal Slope displacement.

5 Comparison Column-Levee

5.1 Dissipation of pore water pressure

Due to the less permeable Clay layer, the completely dissipation of the pore water pressure
∆pw in the thin Loose Sand layer is slow. In fact, in the case of the soil column has not yet
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occured at the end of the input motion, while in the case of the levee-foundation, ∆pw has
already begin to dissipate. For this reason, the hydraulic head hw is investigated in order to
understand the direction of the dissipation in both cases and figure out what the reasoning is for
this.
To determine the direction of water dissipation, the hydraulic head hw is calculated, using the
Bernouilli equation (2), where water is supposed to move at velocity u̇w. However, as in most
soil flow problems, the term (u̇w)2

2·g is neglected, because u̇wi is much smaller compared to the
pressure and elevation head (smaller than 1m/s).

hw =
(u̇w)2

2 · g
+
pw
γw

+ z (2)

where pw is the pore water pressure, γw = ρw · g is the water unit weight, g is the gravity
acceleration, z is the elevation above a given point.
In order to compare the soil behaviour and the evolution of the pore pressure (∆pw) in the soil
column and in the levee-system foundation, both cases are subjected to the same input motion.
Intending to evaluate the soil behavior during the dissipation phase (after the end of the ground
motion), in the case of the soil column, a dynamic analysis with zero input velocity history
(vbed = 0) follows the end of the earthquake.
Figures 15 and 17 illustrate the contours of hydraulic head (hw) in the soil column and in the
levee-foundation system, respectively, at the end of the ground motion. As shown in Figure 15,
a great part of water dissipates towards the upper part of the column and then, travels to the
base of the column. Figure 16 confirms this fact, in fact, it shows that at the end of the ground
motion (tend = 25s), the pore pressure in the middle of the Loose Sand layer (i.e. 10.5m below
the surface) begin to dissipate. Simultaneously with the dissipation in the liquefiable layer, a
slow increase of ∆pw is observed in the layer of Clay (i.e. 9.5m below the surface), which
implies that the water tries to dissipate towards the upper part of the column, while at the base
(i.e. 13m below thw surface) they remain constant. It means that the dissipation is slow as
the lower part consists of a less permeable deep Clay layer, hence the dissipation occurs after
the shaking. Finally, in Figure 16 the evolution of ground surface settlement is plotted and it
is noticed that post-liquefaction settlements continue to increase slowly during the dissipation
phase.
Instead, Figure 17 reports the contours of hydraulic head (hw) in the case of the levee-foundation
system. It illustrates the evolution of hw of the thin Loose Sand located buried in the deep
stratum of Clay (less permeable) below the levee at the end of the shaking. It shows that as
opposed to the soil column, the disspation of the ∆pw has already started before the end of the
shaking. This is due to the fact that, in this case the dissipation of pore water pressure is possible
not only towards the upper part but also in the lateral part of the Sand layer as shown in Fig.17.
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Figure 15: Contours of hydraulic head
(hw) in the soil column at the end of
the ground motion.

Figure 16: Excess pore water pressure ratio at 13m,
10.5m and 9.5m below the surface in the soil column
and settlement at the surface of the soil column.

Figure 17: Contours of hydraulic head (hw) below the levee at the end of the ground motion.

Finally, Figure 18 compares the settlement obtained at the Surface of the soil column and
at the Crest of the levee at the end of the input motion. It shows that the trend is the same, in
fact the vertical displacement increases almost linearly until 10 s and then it remains relatively
constant for both cases. Although, the value of soil column settlement is not comparable with
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the crest settlement obtained in the embankment system. This is explained by the fact that in
the 2D embankment model, the settlement is greater because of the total weigth of the levee
above the thin layer of Loose Sand that it is not present in the model of the soil column.

(a) (b)

Figure 18: Comparison of the: a) Soil Column surface settlement and b) Crest settlement of the
levee-foundation system at the end of the input motion (Rb7).

6 Conclusion

In the past analyses, embankments resting on non-liquefiable foundation soils have not been
investigated because it has been supposed that they are rarely damaged during earthquakes.
However, more recently it has been reported that several river levees underlain by peat deposits
were severely damaged during recents earthquakes. In this study, the behavior of an earth dam
founded on a non-liquefiable clay deposit under earthquake loading is evaluated by nonlinear
dynamic time history. Through a series of finite element parametric analyses, several aspects
were investigated in order to take into account the effects of the liquefaction-induced damage
on the dynamic behaviour of the embankment. The main conclusions of this study are the
following:

• the drainage conditions at the boundary between the liquefiable and the non-liquefiable
layer have a significant influence on the liquefaction behavior of the embankement. For
the current levee model, its vulnerability is strongly related to both liquefaction apparition
and dissipation of excess pore water pressure. It is showed that maintaining constant
the permeability of the liquefiable layer, the lower the permeability value of the non-
liquefiable deposit, the higher the induced damage.

• the characteristics of the earthquake and the importance of the seismic hazard are crucial
aspects on the dynamic response of the system. It has been showed that the intensity mea-
sures of the peak ground acceleration (PGA), peak ground velocity (PGV), mean period
(Tm), predominant period (Tp), have an important role on the liquefaction triggering.

• the thickness of the saturated zone influence the generation of the excess pore pressure,
the liquefaction apparition and the area of failure. But also a thin saturated layer with a
thickness of 1 m can liquefy during strong base shaking.
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These results are in agreement to the conclusions drawn by Okamura and Yamamoto [19] after
centrifuge tests of earth embankments founded on non-liquefiable foundations.
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Abstract. The seismic excitation to consider for buildings assessment requires the prelimi-

nary soil classification of the site, based on the uppermost 30 m shear-wave velocity, and the 

consequent assumption of the Code spectra. In some cases, however, the soil classification is 

not easy to pursue, due to the variability of the soil within the area of interest. This paper 

deals with the aleatory variability of the soil with reference to a real site in Tuscany (Italy), 

whose soil properties have been determined through a detailed investigation, made of four 

different methods. Indeed, a seismic refraction test, a down-hall test, a multi-channel analysis 

of surface waves combined to an extended spatial auto-correlation analysis, besides some 

single station recordings of the horizontal to vertical spectral ratio for ambient vibrations 

have been made on the area. Despite the large amount of collected information, an unequivo-

cal soil characterization has not been possible, due to the large variation of the soil stratigra-

phy. Therefore, the evaluation of seismic demand has been made by performing a Site 

Response Analysis on alternative cross-sections, representing the different soil profiles ob-

tained from the investigation. The seismic input at the bedrock has been represented by seven 

ground motions, provided by two alternative databases. Furthermore, two alternative convo-

lution analyses, based on different soil modelling, have been applied to find the surface seis-

mic input. The effects of the aleatory uncertainty related to the soil variability has been 

compared to the ones of the epistemic uncertainty, related to the choices made to perform the 

seismic site response analysis.  
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1 INTRODUCTION 

The seismic input largely affects the seismic response of buildings [1,2]. The main Inter-

national Technical Codes, such as Eurocode 8 [3], ASCE/SEI 7-10 [4], FEMA regulations [5], 

as well as the Italian one [6], provide a seismic input defined after a soil classification based 

on the uppermost 30 m shear-wave velocity (vs,30) of the site. The evaluation of vs,30, therefore, 

plays an important role in the seismic assessment of buildings, even if additional parameters 

[7], would help achieving a more refined description. 

An important aspect related to the definition of vs,30 is the possible variability of the soil 

properties even within the observed site. In fact, especially when a large building complex is 

investigated, the soil can present different features in different parts of the same area.  

The work is focused on a real site, in Tuscany (Italy), having a medium seismic hazard, 

which houses an Hospital Complex, which has been object of a careful investigation both on 

the buildings [8] and on the foundation soil [9-11]. Indeed, a seismic refraction test, a down-

hall test, a multi-channel analysis of surface waves combined to an extended spatial auto-

correlation analysis, besides some single station recordings of the horizontal to vertical spec-

tral ratio for ambient vibrations have been made on the area. The collected data presented dif-

ferent soil properties in various parts of the area, corresponding to two different soil-types (A 

and B, respectively) according to the EC8 classification. This work continues a previous study 

[11], which presented the results provided by the geological investigation, performing a de-

tailed comparison between the soil properties and the Codes classification. The comparison 

was extended even to the surface input, found by performing a site response analysis (SRA) 

made by considering alternative soil profiles, respectively compatible to the results provided 

by the geological investigation, starting form a ground motions ensemble spectrum-

compatible to the bedrock.  

In [11] the soil variability of the area proved to largely affect the seismic input found 

through the SRA. The results provided by the SRA, however, are affected by several numeri-

cal choices, like the model adopted for the convolution, the ensemble of ground motions as-

sumed to represent the bedrock input and the numerical soil representation. In this work the 

same data have been considered to perform the SRA, but alternative model choices have been 

considered, in order to compare the variability in results related to the modeling to the one due 

to the intrinsic soil variability.  

Three different soil profiles have been proposed to represent the soil properties provided 

by the geological investigation, and a SRA has been performed to determine the surface seis-

mic input. The analysis has been made on two different ensembles of seven ground motions, 

spectrum-compatible to the bed-rock one as provided by NTC 2008. 

The considered ensembles have been selected, respectively, by two different databases, 

based on different criteria: the Italian Accelerometric Archive [12] and ASCONA [13]. The 

SRA has been performed adopting two different procedures, differing for assumed hypothe-

ses, computational effort and results reliability [14]. The first one [15], working in the fre-

quency domain, performs one-dimension linear-elastic and equivalent-linear (SHAKE type) 

site response analysis using time series theory ground motions. The second procedure [16,17] 

still assumes the soil column to be a one-dimensional system, but adopts a nonlinear descrip-

tion of the soil properties. Both procedures adopt the soil relationships provided by experi-

mental tests; the dynamic curves, however, have been arranged through alternative procedure, 

respectively proposed by Darandeli [18], and Matasovic (masing option MRD, Modulus Re-

duction and Damping curve [19]). Finally, the scatter found in the seismic input at the surface 

as a function of the modeling choices has been compared to the one due to the difference in 

the soil mechanical properties resulted by the geological investigation. 
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2 SOIL REPRESENTATION 

The considered site is located in Sansepolcro, that is one of the most severe seismic areas 

in Tuscany. The seismic intensity of the area is provided by NTC 2008 [6], which indicates a 

PGA equal to 0.227g for RP equal to 475 years (rock outcrop), i.e. for a probability of occur-

rence equal to 10% in 50 years [20]. The soil has been object of a comprehensive investiga-

tion, including a down-hall test (DHT), a seismic refraction test (SRT), a multi-channel 

analysis of surface waves combined to an extended spatial auto-correlation analysis 

(ESAC/MASW), and some single station recordings of the horizontal to vertical spectral ratio 

for ambient vibrations (HVSR). In Figure 1a the location of each test is indicated, where an 

accurate description of the investigation and the obtained data can be found in Viti et al. [11]. 

      Seismic Refraction test 

      Multi-channel Analysis of Surface Waves 

      Extended Spatial Auto-Correlation 

      Down-Hall test 

 HVSR Horizontal to  Vertical Spectral Ratio 

Shear velocities found by the investigation: 

NTC 2008 (EC8) classification: 

 A-class           B-class           C-class      D-class 

a. Location of the investigations b. Experimental and analytical shear velocities vs

Figure 1. Map of the site: performed investigations and consequent soil profiles. 

The stratigraphies provided by the three main tests, i.e. DHT, SRT, ESAC/MASW have 

been reproduce through as much soil profiles, named after the test whose stratigraphy is rep-

resented. Figure 2 shows the three soil profiles; four different ground types, i.e. two types of 

silt (S1, S2) and of altered rock (R1, R2) have been adopted to reproduce the experimental 

stratigraphies. In the figure the thickness and the shear velocity of each layer are indicated. 
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Two different vs values are shown for each profile, found respectively on the effective 

thickness checked in each investigation, vs,mean, which is different for each test, and for the 

upper 30 meters (vs,30) as required by the Code. In the latter case the missing layers have been 

assumed compatible to the properties of the deepest available soil. Figure 1b shows the values 

of the shear velocities found for the soil profiles, compared to the same quantities provided by 

the experimental investigations and to the vs,30  ranges of values provided by EC8 (and NTC 

2008) for the different soil classes. As should be noted, the DHT has evidenced vs,30  compati-

ble to the A-soil, whilst the other two tests have provided shear velocities belonging to the B-

soil type.  

3 THE SITE RESPONSE ANALYSIS (SRA) 

3.1 The seismic input at the bedrock 

In order to perform the analysis, a selection of ground motions representative of the seis-

mic input at the bedrock must be made. In this work three different seismic intensities, respec-

tively corresponding to RP equal to 101, 949 and 1950 years, have been considered. The 

selected ground motions should be spectrum-compatible to one at the bedrock, represented, in 

this work, through the elastic spectrum provided by NTC 2008 for the A-soil. This selection is 

not simple, since not for all sites there are A-soil ground motions available for all the required 

intensities. The optimal criterion for ground motions selection would consist of limiting the 

choice to local unscaled records only. For the investigated area, however, there were no avail-

ability of real local records. For this reason, two different ensembles of ground motions have 

been considered, selected according different criteria.   

Table 1. The Assumed Ground Motions by Scalcona [13,21] 

File name 

Epic. 

Distance 
Magnitude Scale Factors for each RP 

Km Mw years 

101 949 1950 

ESM EU.HRZ..HNE.D.19790524.172317 29.90 6.20 1.61 2.82 

ESM IT.ATN..HNN.D.19840507.174943 10.10 5.90 1.23 

NGA-West2 RSN1091_NORTHR_VAS000 38.07 6.69 0.81 2.02 2.19 

NGA-West2 RSN2989_CHICHI.05_CHY102N 78.79 6.20 2.14 

NGA-West2 RSN8167_SANSIMEO_DCPP247 57.74 6.50 2.64 

KiK-net SAGH050503201053 62.00 6.60 0.87 

ESM IT.AQP..HNE.D.20090407.174737 13.20 5.40 1.30 

NGA-West2 RSN146_COYOTELK_G01320 12.57 5.74 3.00 3.94 

NGA-West2 RSN804_LOMAP_SSF115 83.53 6.93 4.84 

KiK-net SMNH100010061330 31.00 6.60 0.99 1.39 

NGA-West2 RSN5685_IWATE_MYGH11NS 70.13 6.90 3.61 

ESM IT.AQP..HNN.D.20090409.005259 11.80 5.20 3.89 

ESM EU.HRZ..HNE.D.19790415.061941 62.90 6.90 1.24 

NGA-West2 RSN789_LOMAP_PTB207 103.91 6.93 3.81 

KiK-net FKOH060503201053 90.00 6.60 5.62 

KiK-net MYGH041103280724 97.00 6.10 3.94 

The first one, described in Table 1, has been selected through the software SCALCONA 

2.0 [21], from the data-base ASCONA [13]. All the considered ground motions are compati-

ble to the required criteria, even if not all them are local and they have been scaled by proper 

scale factors. The second ensemble, described in Table 2, has been selected within the Italian 

Accelerometric Archive [12] through the adoption of the software REXEL [22,23]. In this 
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case all the records are unscaled, but some of them do not belong to the A-soil class, even if 

their mean spectrum complies all the requirement of the fitting. In Figures 3 the elastic spectra 

of the two considered ensembles have been compared to the Code one, whilst Figure 4 shows 

the percentage difference between the spectral acceleration of the ensembles and the ones of 

reference bedrock (A soil, NTC 2008). As can be noted, both the ensembles comply the re-

quired features. 

 

Table 2. The Assumed Ground Motions by Rexel [22,23]. 

File name 
Epicentral  
Distance 

Magnitude Scale Factors for each RP  

Km Mw years 
   101 949 1950 

E.BUI..HNE.D.19760915.092118 10.8 6.0 1   

IT.CRP..HNN.D.20120529.070002 16.8 6.0 1   

IV.MI03..HNE.D.20090407.174737 2.8 5.5 1   

IV.T0803..HNN.D.20120529.070002 24.0 6.0 1   

IV.T0823..HNE.D.20120529.070002 24.1 6.0 1   

IV.T0824..HNE.D.20120529.105556 12.5 5.5 1   

IV.T0824..HNN.D.20120529.070002 14.2 6.0 1   

BA.MIRE..HLE.D.20120529.070002 4.1 6.0  1  

E.SRC0..HNE.D.19760915.092118 15.8 6.0  1  

IT.AQG..HNE.D.20090406.013240 5.0 6.3  1  

IT.TLM1..HNN.D.19760506.200012 27.7 6.4  1 1 

IV.T0802..HNE.D.20120529.070002 9.9 6.0  1  

TV.MIR05..HNN.D.20120529.070002 15.8 6.0  1  

TV.MIR08..HNE.D.20120529.070002 8.6 5.8  1  

IT.MRN..HNE.D.20120520.020350 16.1 6.1   1 

IT.STR..HNE.D.19801123.183453 33.3 6.9   1 

IV.T0814..HNE.D.20120529.070002 9.3 6.0   1 

IV.T0814..HNN.D.20120529.070002 9.3 6.0   1 

IV.T0819..HNE.D.20120529.105556 6.8 5.5   1 

TV.MIR01..HNE.D.20120529.070002 0.5 6.0   1 

 

 

0,0

0,2

0,4

0,6

0,8

1,0

1,2

0 1 2 3 4

Sp
e

ct
ra

l A
cc

e
le

ra
ti

o
n

 (
g)

Period (s)

RP = 101 years

 

0,0

0,2

0,4

0,6

0,8

1,0

1,2

0 1 2 3 4

Sp
e

ct
ra

l A
cc

e
le

ra
ti

o
n

 (
g)

Period (s)

RP = 949 years

 

0,0

0,2

0,4

0,6

0,8

1,0

1,2

0 1 2 3 4

Sp
e

ct
ra

l A
cc

e
le

ra
ti

o
n

 (
g)

Period (s)

RP = 1950 years

 
0,0

0 0,5 1 1,5 2 2,5 3 3,5 4
Period (s) RP = 101 years

SCALCONA REXEL A-soil (NTC 2008)  
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Figure 4. Percentage difference between spectral accelerations of the considered ensembles and the Code ones. 

1011



Stefania Viti and Marco Tanganelli 

3.2 The analysis setting 

Two different SRA have been performed, by adopting as much analytical procedures. 

The first one, applied by performing the software STRATA [15], works in the frequency do-

main and is based on the representation of ground motions through time series. The second 

analysis has been applied through the software DEEPSOIL [16,17], which adopts a nonlinear 

representation of the soil properties.  

In both analyses the soil has been described by the relationships shown in Figure 5. The 

soils S1, S2 and R1 have been described after experimental tests made on samples taken in the 

surrounding area. Their dynamic curves have been determined by the laboratory ISMGEO 

(Istituto Sperimentale Modelli GEOtecnici, http://www.ismgeo.it/) through resonant column 

test. In Fig. 5 the web references of the experimental curves have been indicated. 

The soil R2, instead, has been described through the relationships proposed by Idriss and 

Sun [24], since there were not available data. The bedrock has been assumed to have a visco-

elastic behavior, with a shear velocity equal to 1000 m/s. 

 

 
http://150.217.73.23/BancaDatiVEL/pd

f_files/51034_s5_analisi.pdf 
http://150.217.73.23/BancaDatiVEL/ 

menu: litologia, item: CG 
http://150.217.73.23/BancaDatiVEL/ 

menu: formazione, item: B8 
Idriss and Sun, 1992 
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Figure 5. Assumed Geological Profiles. 

 

All the assumed dynamic curves have been arranged through the masing option proposed 

by Matasovic [19], MRD and by the model introduced by Darandeli [18], DAR.  

In the SRA, therefore, three different modeling choices have been done, respectively re-

garding the representation of the seismic input at the bedrock, the assumptions concerning the 

SRA and the dynamic curves arrangement. In Table 3 the considered assumptions have been 

resumed, and the code adopted to indicate the obtained results have been listed.  

In all cases, the spectra of the surface records referred to the three soil profiles have been 

found through the software SeismoSignal 2016 [25]. 

 
Table 3. Codes adopted for the surface spectra. 

Code Software Ensemble Modeling of dynamic curves 

S_S_MRD Strata Scalcona Matasovic 

S_S_DAR Strata Scalcona Darandeli 

S_R_MRD Strata Rexel Matasovic 

S_R_DAR Strata Rexel Darandeli 

D_S_MRD Deepsoil Scalcona Matasovic 

D_S_DAR Deepsoil Scalcona Darandeli 

D_R_MRD Deepsoil Rexel Matasovic 

D_R_DAR Deepsoil Rexel Darandeli 
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4 RESULTS 

Figure 6 shows the mean spectra obtained by performing the convolution analysis. For 

each soil profile and RP, 8 spectra have been found, according to the modeling option speci-

fied in Table 3. In Fig. 6 the surface represented spectra have been compared to the Code 

ones, i.e. the A-soil spectrum for the results found through the DTH profile, and the B-soil for 

the ones represented the SRT and the MASW/ESAC profiles. As can be noted, the results ob-

tained by adopting the SRT and the MASW/ESAC profiles differ very much from the corre-

sponding B-soil spectrum. Moreover, the mean spectra found through the two profiles largely 

differ each other, since the MASW/ESAC values of spectral accelerations are much larger 

than the SRT ones. 
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Figure 6. Surface spectra found by the convolution analysis. 

 

The obtained spectra differ each other in shape and maximum spectral acceleration. In 

order to visualize the variability related to the modeling and to the intrinsic mechanical prop-

erties of the soil the maximum values provided by each analysis have been shown in Figure 7. 

As should be noted, the larger difference in the surface spectra is related to the soil profile; at 

the increase of the seismic intensity, however, the scatter related to the modeling increases as 

well; for RP = 1950 the effects of the modeling seem to overcome the difference between the 

SRT and the MASW/ESAC soil profiles. 

In Figure 8 the mean amplification functions, AF, found as the ratio between the surface 

spectra and the bedrock ones, have been shown. As can be noted, the amplification is less sen-

sitive to the seismic intensity; the maximum values of amplification factor, indeed, seem to be 

related more to the soil profile than to the Return Periods. Only the MASW/ESAC profile ev-
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idences a sensitivity to the seismic intensity, with an increasing role of the modeling assump-

tions for RP = 1950 years. 
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Figure 7. Maximum value of the spectrum 
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Figure 8. Maximum value of the spectrum 

 

Figure 9 shows the maximum strain attained by the soil under the assumed ground mo-

tions. The Figure refers to the mean strain at the center of each layer: the reference depth of 

each layer is indicated in the graphs. As can be noted, the largest strain is attained by the silt 

layers. The MASW/ESAC soil profile is much more deformable than the other ones. Only for 

the MASW/ESAC profile, indeed, the strain exceeds 0.1%, achieving 0.25% in the more de-

formable layer (S2). In the more deformable soil layers, the effects of the modeling assump-

tions are larger; the choice of the convolution software is the most important, among the 

considered ones, whilst no substantial differences are noted between the strain found through 

the two alternative bedrock ensembles.  
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Figure 9. Mean shear strain in each soil layer.  

5 CONCLUSIONS  

In this work the effects of the soil mechanical properties on the seismic surface excitation 

have been evaluated in relation to a case study, i.e. a real site, located in Tuscany (Italy), 

which is the location of a Hospital complex. A detailed investigation has been made on the 

soil, mainly consisting of three different tests (DHT, SRT, MASW/ESAC), which have pro-

vided different mechanical properties within the same area. According to the EC8 classifica-

tion, the soil resulted to belong to the A or to the B-classes, depending on the considered test.  

The effects of the variability in the soil mechanical properties has been checked by evalu-

ating the surface seismic input found by performing a SRA, where the soil stratigraphy has 

been described after the data provided by the investigation. Since the surface seismic input is 

found through numerical analysis, the work intended to evaluate even the role of the modeling 

choices, comparing their effects (epistemic uncertainty) to the ones related the soil variability 

(aleatory uncertainty).  

The considered modeling choices concern the assumed seismic input at the bedrock (con-

sisting of two alternative ensembles, selected by two different databases), the model applied 

to perform the convolution analysis (1D soil representation, respectively linear and not), and 

the arrangement of the dynamic curves describing the soil (proposed by Matasovic and 

Darandeli, respectively). 

Three different seismic intensities, respectively corresponding to Return Periods equal to 

101, 949 and 1950 years, have been considered.  

The three soil sections provided mean surface spectra very different each other. The two 

soil profiles consistent to the B-soil type largely exceeded the Code spectral acceleration for 

low Periods (below 0.5 sec). The effects of the modeling assumptions on the surface spectra, 

especially regarding the considered convolution procedures, resulted to be considerable, espe-
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cially for the most deformable soil profile. The two considered ensembles of ground motions 

selected to represent the bedrock seismic input, instead, have not affected the results. 
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Abstract. Hydrocarbons are undoubtedly the main energy source of the twenty-first century. 

Over the last decades the increase in energy needs has led to the exploitation of an increasing 

number of offshore natural gas deposits. Typically, the long distances between natural gas 

deposits and urban and industrial centres necessitate the use of offshore pipelines. Such pipe-

lines are very important infrastructures and any possible damage can cause serious problems 

and devastating consequences. Geohazards, such as strong ground motion, active faults, tsu-

namis, etc, consist crucial threats that an offshore pipeline has to overcome. Especially, ki-

nematic distress caused by active faults or submarine landslides can impose a great risk to 

offshore pipelines due to the substantial permanent ground deformations. Furthermore, the 

extended areas that are affected by such phenomena, as well as the adverse submarine soil 

conditions, are also detrimental factors for the integrity of the pipelines. 

For this purpose, the aim of this work is to study numerically, utilizing the finite element 

method, the kinematic distress ) of an offshore natural gas pipeline due to a submarine land-

slide. Firstly, the developed numerical models are validated using available analytical solu-

tions, and subsequently various parameters that affect the examined problem are investigated. 

The detailed parametric analysis covers among others, the impacted force on the pipeline, the 

landslide length, internal pressure levels, slope inclinations and diameter to thickness ratios. 
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1 INTRODUCTION 

The increasing use of pipelines for transporting hydrocarbons (oil and natural gas) in re-

cent decades has prompt several researchers to investigate the response of them under various 

loading conditions related to geohazards and other hazards. International or national standards 

and regulations, such as the American Lifeline Alliance (ALA), Eurocode 8, ISO 19900–

19906 and DNVGL are the outcome of this work. Nevertheless, the majority of the interna-

tional research and standards focus on the case of onshore pipelines, despite the fact that the 

use of offshore pipelines constantly increases. Kinematic distress due to geohazards (e.g., 

fault rupture, landslides, tsunamis, etc) is a crucial threat for offshore pipelines considering 

the long distances covered. Especially in deep waters, offshore pipelines are usually laid di-

rectly on the seabed surface which makes them vulnerable to the debris flow due to offshore 

landslides. 

The investigation of offshore pipelines subjected to landslides could be divided into three 

parts: (a) the impact force assessment, (b) the pipe-soil interaction determination, and (c) the 

pipeline response assessment through experimental, analytical and numerical models. Consid-

ering the impact force assessment of a submarine landslide on an offshore pipeline a quite re-

cent literature review [1] presents two approaches: the geotechnical and the hydrodynamic 

method. Zakeri et al. [2, 3], taking into account experimental data, derived analytical expres-

sions for calculating the drug force on the pipelines depending on the soil conditions, the 

slope angle, the intersection angle, etc. Subsequently, Randolph & White [4] and Liu et al. [5] 

improved initial flaws of the analytical formulas taking into account additional parameters, 

while Sahdi et al. [6] investigated the problem via centrifuge experimental models. 

Regarding the offshore pipeline soil interaction, the work of Bruton et al. [7] and White & 

Cheuk [8] are worth mentioning, since they investigated the axial and lateral pipe-soil interac-

tion based on experimental modeling. Randolph et al. [9] and Wang & Yang [10] dealt with 

pipe-soil interaction, while Guha et al. [11] investigated more thoroughly the pipe-soil inter-

action, taking into account both the horizontal and vertical directions. 

With respect to the pipeline response assessment, Parker et al. [12], Yuan et al. [13, 14], 

Yuan et al. [15] and Ζhang et al. [16] present both analytical and numerical models, that in-

vestigate the case of landslide impact vertical to the pipeline axis. The landslide impact is 

simulated as a linear drag force and pipe-soil interaction is modeled through bilinear elastic-

plastic springs. The pipeline non-linear response is not taken into account in of the aforemen-

tioned studies and the elastic beam theory of Euler-Bernoulli is adopted for the simulation of 

the pipeline. 

Additionally, regarding the potential mitigation measures, quite recently Chatzidakis et al. 

[17] examined numerically whether the use of a double curvature would be beneficial for an 

onshore pipeline subjected to landslide along its axis and showed that for certain conditions 

this configuration could be advantageous. 

The main objective of the current work is to investigate numerically the kinematic distress 

of a surface laid offshore pipeline subjected to a landslide impact vertical to its axis. For this 

purpose, firstly the proposed numerical model is verified with the results of the analytical and 

numerical models created by Yuan et al. [15]. Consequently, an extended parametric investi-

gation is conducted focusing on the most significant parameters, such as landslide width and 

magnitude, internal pressure, cross section geometry, slope inclination, etc. The pipeline and 

soil properties used in compliance with the Mediterranean region characteristics, and specifi-

cally those used for the design of the offshore part of Trans Adriatic Pipeline (TAP) that con-

nects Albania and Italy through Adriatic Sea.  
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2 PROBLEM AND MODEL DEFINITION 

In this work, the problem of landslide impact in the middle of a 3 km long submarine natu-

ral gas pipeline vertical to its axis is considered, as shown in Figure 1. The pipeline is located 

between two fixed points, which could be for instance, wellheads, manifolds, anchors, etc. 

The impact forces due to the landslide can be calculated using geotechnical or hydrodynamic 

methods [5]. The calculation of the landslide forces is out of the scope of this work, therefore, 

the landslide impact is considered through a uniform linear force, q, in the middle of the pipe-

line. 

 

Figure 1: Pipeline configuration. 

As shown in Figure 1, the lateral, p, and axial, f, pipe-soil interaction forces are considered, 

while the vertical pipe-soil interaction is not taken into account. The calculation of the pipe-

soil interaction forces and relative displacements is also out of the scope of this work, and 

therefore, an elastic perfect-plastic behavior is considered for both lateral and axial directions. 

Figure 2 depicts the pipe-soil interaction pattern considered for the lateral and axial resistance. 

The maximum pipe-soil interaction force, p0, is mobilized for a pipe-soil relative displace-

ment 0.1D on both directions. Respectively, the maximum axial pipe-soil interaction force, f0, 

is mobilized for an axial pipe-soil relative displacement equal to 5 mm on both directions. The 

above patterns are taken from [15], since this model is used herein to validate the examined 

model as described in the sequence. 

 

Figure 2: Pipeline-soil interaction for: (a) lateral and (b) axial direction. 

The problem is modeled numerically utilizing the finite element method (FEM), using 

ABAQUS software [18]. The numerical model is divided into three parts according to the 

loading conditions and the proximity to the landslide. The first part is the pipeline length 

within the landslide area, in which the element length is equal to 0.5 m. The drag force due to 
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the landslide is considered uniform along the landslide area and both axial and lateral soil re-

actions are taken into account. The second part is on both sides of the landslide area up to 

1000m from the center of the landslide. Due to the proximity to the landslide area, this part is 

modeled with 0.5 m elements and both axial and lateral soil reactions are taken into account. 

The third part is the last 1000 m of the pipeline on both sides up to the fixed ends. This part is 

modeled with 2 m elements and both axial and lateral soil reactions are taken into account, 

although the lateral soil reaction is very small. 

The pipeline is modeled by Timoshenko beam elements using the pipeline element PIPE21 

of ABAQUS. As shown in Figure 3, these elements have one integration point on the axial 

direction and four along the cross section. The pipeline configuration enables the implementa-

tion of both internal and external pressures in order to represent the gas and hydrostatic pres-

sure, respectively. Considering the soil resistance, pipe-soil interaction elements (PSI24) are 

used to represent both lateral and axial soil resistances. These are four-node plain elements 

with two of them attached on the pipe and two representing the far field conditions, which are 

considered as fixed in this study. The axial interaction force is always parallel to the pipeline 

attached nodes. Large displacements, nonlinear plastic strains and geometrical nonlinear re-

sponse are taken into consideration in a computationally efficient manner. 

 

Figure 3: PIPE21 element integration points along the element and around the pipeline perimeter. 

3 VALIDATION AND COMPARISON 

To validate the numerical model proposed herein, the model is compared with the analyti-

cal and numerical approach of Yuan et al. [15]. The analytical approach is a result of the Eu-

ler-Bernoulli beam theory implementation in different segments of the pipeline depending on 

the loading conditions. Subsequently, the unknown parameters are obtained by implementing 

the known boundary conditions. It is noted that the axial friction is neglected in the segments 

where the lateral soil resistance is non-zero and that, although the axial tension varies along 

the pipeline, the horizontal component of the tension is considered constant.  

The numerical approach is a result of the vector form intrinsic finite element method 

(VFIFE) implementation introduced by Ting et al. [19]. The pipeline is discretized into a se-

ries of nodes and elements, with the mass of the pipeline concentrated on the nodes. The pipe-

line movement is discretized into a series of small time steps, dt, with small deformations and 

constant material and dimensions in each step.  

In order to compare the results of the proposed model with the aforementioned results, the 

pipeline properties and loading conditions used are the same as those used in [15]. Table 1 

lists all the parameters used for the analysis, where Dout and Din are the outer and internal di-

ameters, respectively; B is the landslide width; q is the drag force impacted on the pipeline; p0 
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and f0 are the maximum lateral and axial soil resistance forces, E is the elastic modulus, and v 

is the Poisson’s ratio. It is noted that the pipeline is considered to have only elastic response. 

 

Parameter Value 

Dout (m) 0.6 

Din (m) 0.55 

q (kN/m) 6 

P0 (kN/m) 3 

f0 (kN/m) 0.5 

E (GPa) 210 

n (-) 0.3 

Table 1: Summary of parameters used for the validation. 

As illustrated in Figure 4, the pipeline displacement obtained by all three approaches is 

similar, considering both the maximum pipeline displacement and the displacement configu-

ration along the pipeline. It is noted that the maximum displacements of the two numerical 

models are almost identical and only slightly different from the analytical approach results. 

 

 

Figure 4: Comparison between normalized pipeline displacements. 

 

On the other hand, greater discrepancies are observed between all three approaches consid-

ering the axial tension, as shown in Figure 5. The axial tension of the analytical model re-

mains constant along the entire length of the pipeline because the axial soil resistance is not 

taken into account, while on both numerical models the axial tension is less almost from the 

middle of the landslide region. The axial tension in the middle of the examined configuration 

for the numerical model of Yuan et al. [15] is slightly different from the other two approaches 

which give similar results. However, the axial tension at greater distances from the middle of 

the examined geometry is smaller than for the other two models, which tend to converge to 

same values. Finally, the small increase of the axial tension observed in the numerical model 

of [15], does not occur in the proposed model.  
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Figure 5: Comparison between normalized pipeline axial forces. 

4 PARAMETRIC STUDY  

In order to investigate the influence of various parameters on the pipeline response due to a 

severe landslide, a parametric study is conducted. The pipeline characteristics used for this 

study comply with the offshore section characteristics of TAP pipeline [20]. TAP is an under 

construction large-scale pipeline which crosses the seismically active Adriatic Sea and  it is 

prone to submarine landslides. The parameters used for the base model are listed in Table 2, 

where B is the landslide width, t is the pipeline thickness, Fy is the yield stress for the X60 

steel grade, φ is the bottom inclination, Pin is the internal pressure of natural glass, and Pext is 

the external hydrostatic pressure of water depth of about 200 m. The total length of the pipe-

line, the boundary conditions, and the numerical model details used for the analysis are the 

same as mentioned previously for the benchmark case study [15]. 

 

Parameter Value 

B (m) 240 

Dout (m) 0.9144 

D/t 30 

q (kN/m) 25 

P0 (kN/m) 5 

f0 (kN/m) 1.5 

E (GPa) 210 

v (-) 0.3 

Fy (MPa) 414 

φ (°) 0 

Pin (kPa) 15000 

Pext (kPa) 2000 

Table 2: Summary of parameters used for the parametric study. 

4.1 Landslide drag force 

Considering the landslide drag force influence on the pipeline, three different forces are 

used: q = 5, 10 and 25 kN/m. In all cases the drag force is uniform along the pipeline in the 
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landslide area. As shown in Figure 6, larger drag force results in larger lateral normalized dis-

placements, y/D, while a longer part of the pipeline moving laterally. It can be noticed that the 

absolute lateral movement of the pipeline is large in every case, and more specifically 3.77, 

14.19 and 38.72 m for 5, 10 and 25 kN/m drag force, respectively. Moreover, the length of the 

pipeline moving laterally is 135, 216 and 552 m, for 5, 10 and 25 kN/m drag force values, re-

spectively. 

 

Figure 6: Comparison between normalized pipeline displacements for different drag forces. 

Pipeline failure is a complex phenomenon which usually is considered in terms of strains 

instead of stresses [21]. The fact that steel is the most commonly used material explains the 

above assumption. Additionally, lateral movement of the pipeline created bending defor-

mation on various points along the pipeline. Therefore, the axial strain, ε11, on both the bot-

tom (point 1 of Figure 3) and the top line (point 5 of Figure 3) of the pipeline cross section is 

used to investigate the possibility of pipeline failure for every case.  

As shown in Figure 7, the bottom line strains receive maximum values in the middle of the 

pipe and minimum after the landslide area, while the top line strains display the reverse pat-

tern. In the case of q = 25 kN/m, both top and bottom strains are tensile and match just after 

the landslide (x/B = 0.5). In the case of q = 10 kN/m, both bottom and top strains display a 

minimum and maximum, respectively at a normalized distance x/B = 0.75 after the landslide. 

Finally, in the case of q = 5 kN/m, both bottom and top strains display a minimum and maxi-

mum, respectively at the end of the landslide and compressive strains appear at both the mid-

dle of the pipe and the end of the landslide. It is emphasized that for thin steel pipelines 

compressive strains are more critical than tensile strains due to the potential occurrence of lo-

cal buckling phenomena.  

4.2 Landslide width 

Regarding the influence of the landslide width on the pipeline, three different widths have 

been examined: B = 60 120 and 240 m. As presented in Figure 8, greater width results in larg-

er lateral normalized displacements, y/D, while the part of the pipeline moving laterally re-

mains constant. The absolute lateral movement of the pipeline is large in every case, and more 

specifically 10.37, 19.91 and 38.72 m for 60, 120 and 240 m width, respectively. In addition, 

the length of the pipeline moving laterally is 552 m in all cases. 

1024



D. Chatzidakis, Y. Tsompanakis, P. N. Psarropoulos 

 

Figure 7: Comparison between axial strains for different drag forces. 

 

Figure 8: Comparison between normalized pipeline displacements for different landslide widths. 

As depicted in Figure 9, the bottom line strains reach their maximum values in the middle 

of the pipe and minimum after the landslide area, while the top line strains display the reverse 

pattern. In the case of B = 240 m both top and bottom strains are tensile and coincide just after 

the landslide (x/B = 0.5). In the case of B = 120 m, although both bottom and top strains 

match quickly after the landslide, compressive strains appear in the middle of the pipeline and 

the end of the landslide zone along the top and the bottom line, respectively. Finally, in the 

case of B = 60 m, compressive strains increase rapidly along the top line of the pipeline. Alt-

hough the total force applied to the pipeline is smaller, the situation created is more adverse 

than the previous two cases due to the local buckling phenomena.  

4.3 Cross section dimensions 

With respect to the influence of the diameter to thickness ratio (D/t) on the pipeline, three 

different ratios have been examined: D/t = 15, 30 and 45. Considering that the outer diameter 
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of the pipeline is constant and equal to 0.9144 m, larger D/t refers to smaller pipeline thick-

ness. As shown in Figure 10, larger D/t ratio results in larger lateral normalized displacements, 

y/D, while the part of the pipeline moving laterally remains constant and it is 552 m in all 

cases. The absolute lateral movement of the pipeline is large in every case, and more specifi-

cally 30.7, 38.72 and 44.55 m for D/t =15, 30 and 45, respectively. 

 

Figure 9: Comparison between axial strains for different landslide widths. 

 

Figure 10: Comparison between normalized pipeline displacements for different cross sections. 

As shown in Figure 11, the bottom line strains are maximum in the middle of the pipe and 

minimum after the landslide area, while the top line strains display the exact reverse pattern. 

For all cases considered, both top and bottom strains are tensile and coincide just after the 

landslide (x/B = 0.5). The only difference between the three cases is that the bigger the D/t 

ratio is the greater the tensile strains are; which can be directly attributed to the smaller cross 

section of the pipeline. 
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Figure 11: Comparison between axial strains for different cross sections. 

4.4 Internal pressure levels 

Regarding the influence of the internal pressure levels on the pipeline, three different pres-

sures have been examined: Pin = 0, 7.5, and 15 MPa. As shown in Figure 12, greater internal 

pressure results in larger lateral normalized displacements, y/D, while the part of the pipeline 

moving laterally remains constant and it is 552 m in all cases. The absolute lateral movement 

of the pipeline is large in every case, and more specifically 36.56, 38.72 and 37.64 m for 0, 

7.5 and 15 MPa internal pressure, respectively. 

 

Figure 12: Comparison between normalized pipeline displacements for different internal pressures. 

As shown in Figure 13, the bottom line strains are maximum in the middle of the pipe and 

minimum after the landslide area, while the top line strains display the exact reverse pattern. 

For all cases considered, both top and bottom strains are tensile and match just after the land-

slide (x/B = 0.5). The only difference between the three cases is that the bigger the internal 
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pressure is the greater the resulting tensile strains are; which is due to the fact that this is a 

more detrimental condition for the pipeline. 

 

Figure 13: Comparison between axial strains for different internal pressures. 

4.5 Bottom slope angle 

Regarding the influence of bottom slope angle on the pipeline, three different angles have 

been examined: φ = 0° 15° and 30°. In all cases, the slope angle is vertical to the pipeline axis. 

As shown in Figure 14, larger drag force results in larger lateral normalized displacements, 

y/D, and longer part of the pipeline moving laterally. It is noted that the absolute lateral 

movement of the pipeline is large in every case, and more specifically 38.72, 51.79 and 78.94 

m for 0, 15 and 30 degrees angle, respectively. Also, the length of the pipeline moving lateral-

ly is 552, 816 and 1440 m, for 0
o
, 15

 o
 and 30

 o
, respectively. 

 

Figure 14: Comparison between normalized pipeline displacements for different slope angles. 
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As illustrated in Figure 15, the bottom line strains reach their maximum values in the mid-

dle of the geometry and minimum after the landslide area, while the top line strains display 

the exact reverse pattern. For all cases considered, both top and bottom strains are tensile and 

match just after the landslide (x/B = 0.5). The only difference between the three cases is that 

the steeper the slope angle is the greater the resulting tensile strains are, which can be ex-

plained by the increased distress of the pipeline. 

 

Figure 15: Comparison between axial strains for different slope angles. 

5 CONCLUSIONS  

The current work is an attempt to investigate the response of offshore pipelines subjected 

to lateral landslides. For this purpose, a computationally efficient numerical finite element 

model is developed and validated utilizing available numerical and analytical approaches. The 

fact that different numerical and analytical approaches result in similar pipeline response is 

promising. Nevertheless, validation against real pipe response or experimental results is al-

ways preferred, but very difficult due to lack of data. 

The main findings of the parametric study can be summarized as follows: 

 Regarding the pipeline lateral displacement, the parametric study indicates that larger 

drag force, landslide width, internal pressure and slope angle result in greater displace-

ments. Furthermore, pipelines with thinner cross-section exhibit greater displacements. 

 With respect to the part of the pipeline moving laterally, the parametric study indicates 

that larger greater landslide width and steeper slope angle result in longer part of the 

pipeline to be exposed to lateral movement. In all other cases the part of the pipeline 

moving laterally remains constant.  

 Regarding the axial strains, it is concluded that bottom and top line strains display the 

exact reverse pattern. However, in almost every case strains remain tensile, which is ben-

eficial since the pipeline has smaller resistance to compressive strains. Compressive 

strains appear only for small landslide widths and small drag forces, with the former be-

ing more critical. It is recommended to avoid areas with landslide zones having small 

width. 
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Further parametric investigation of the examined problem is needed. Other parameters, 

such as soil conditions, material properties, as well as non-symmetrical configurations should 

be investigated. Finally, the use of various mitigation measures should also be studied for the 

worst case scenarios, in order to ensure the safety and functionality of offshore pipelines in 

such adverse conditions. 

REFERENCES  

[1] A. Zakeri, Review of state-of-the-art: Drag forces on submarine pipelines and piles 

caused by landslide or debris flow impact. Journal of Offshore Mechanics and Arctic 

Engineering, 131(1), 014001, 2009. 

[2] A. Zakeri, K. Hoeg, F. Nadim, Submarine debris flow impact on pipelines–Part I: Ex-

perimental investigation. Coastal Engineering, 55(12), 1209-1218, 2008. 

[3] A. Zakeri, K. Hoeg, F. Nadim, Submarine debris flow impact on pipelines–Part IΙ: Nu-

merical Analysis. Coastal Engineering, 56(1), 1-10, 2009. 

[4] M.F. Randolph, D.J. White, Interaction forces between pipelines and submarine slides – 

A geotechnical viewpoint. Ocean Engineering, 48, 32-37, 2012. 

[5] J. Liu, J. Tian, P. Yi, Impact forces of submarine landslides on offshore pipelines. 

Ocean Engineering, 95, 116-127, 2015. 

[6] F. Sahdi, C. Gaudin, D.J. White, N. Boylan, M.F. Randolph, Centrifuge modelling of 

active slide–pipeline loading in soft clay. Geotechnique, 64(1), 16–27, 2014. 

[7] D.A.S. Bruton, D.J. White, M. Carr, J.C.Y. Cheuk, Pipe-soil interaction during lateral 

buckling and pipeline walking-The safebuck jip. Offshore Technology Conference, 

Houston, TΧ, U.S.A, 2008. 

[8] D.J. White, C.Y. Cheuk, Modelling the soil resistance on seabed pipelines during large 

cycles of lateral movement. Marine Structures, 21, 59-79, 2008. 

[9] M.F. Randolph, D. White, Y. Yan, Modelling the axial soil resistance on deep-water 

pipelines. Geotechnique, 62, 9, 837-846, 2012. 

[10] J. Wang, Z. Yang, Axial friction response of full-scale pipes in soft clays. Applied 

Ocean Research, 59, 10-23, 2016. 

[11] I. Guha, M.F. Randolph, D.J. White, Evaluation of elastic stiffness parameters for pipe-

line-soil interaction. Journal of Geotechnical and Geoenvironmental Engineering, 

142(6), 04016009, 2016. 

[12] E.J. Parker, C. Traverso, R. Moore, T. Evans, N. Usher), Evaluation of landslide Impact 

on Deepwater Submarine Pipelines. Offshore Technology Conference, Houston, Texas, 

U.S.A., May 5-8, 2008. 

[13] F. Yuan, L. Wang, R. Shi, A refined analytical model for landslide or debris flow im-

pact on pipelines. Part I: Surface pipelines. Applied Ocean Research, 35, 95-104, 2012a. 

[14] F. Yuan, L. Wang, R. Shi, A refined analytical model for landslide or debris flow im-

pact on pipelines. Part II: Embedded pipelines. Applied Ocean Research, 35, 105-114, 

2012b. 

1030



D. Chatzidakis, Y. Tsompanakis, P. N. Psarropoulos 

[15] F. Yuan, L. Li, Z. Guo, L. Wang,, Landslide impact on submarine pipelines: Analytical 

and numerical analysis. Journal of Engineering Mechanics, 141(2), 28-37, 2014. 

[16] L. Zhang, X. Zhao, X. Yan, X. Yang, A semi-analytical method of stress-strain analysis 

of buried steel pipelines under submarine landslides. Applied Ocean Research, 59, 35-

52, 2016. 

[17] D. Chatzidakis, Y. Tsompanakis, P.N. Psarropoulos, Efficient earthquake resistant de-

sign of natural gas pipelines subjected to large kinematic distress. The Fifteenth Inter-

national Conference on Civil, Structural and Environmental Engineering Computing, 

Prague, Czech Republic, September 1-4, 2015 

[18] ABAQUS, (2014). ABAQUS/Analysis user’s manual-version 6.14, Simulia Corp., 

Providence, RI, USA. 

[19] E.C. Ting, C. Shih, Y.K. Wang, Fundamentals of a vector form intrinsic finite element: 

Part I. Basic procedure and a plane frame element. Journal of Mechanics, 20(2), 113-

122, 2004. 

[20] Trans Adriatic Pipeline – TAP, Environmental and Social Impact Assessment (ESIA) 

Albania: Section 4 – Project Description, Tirana, Albania, 2013. 

[21] American Society of Civil Engineers (ASCE), Federal Emergency Management Agency 

(FEMA), American Lifelines Alliance – ALA, Guidelines for the design of buried pipe, 

2001. 

1031



COMPDYN 2017 

6th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, M. Fragiadakis (eds.) 

Rhodes Island, Greece, 15–17 June 2017 

DETAILED SIMULATION OF THE SHAFT INGATE OF A SHIELD 

TUNNEL UNDER SEISMIC IMPACT 

Jinghua Zhang1, Qingqiang Meng2, Xinbin Tu2, Jian Zhao2, Mingqing Xiao3,              

and Yong Yuan4 

1 Department of Geotechnical Engineering, Tongji University 

No. 1239, Siping Rd., Shanghai 

11zhjh@tongji.edu.cn 

2 Dept. of AC Transmission Project, State Grid Corporation of China 

No. 86, Chang’an Avenue, Beijing 

qingqiang-meng@sgcc.com.cn, 7544350@qq.com, tuxinbin11891@qq.com 

3 Technology Center, China Railway Siyuan Survey and Design Group Co., LTD. 

No. 745, Heping Avenue, Wuhan City 

tsyxmq@163.com 

4 State Key Laboratory for Disaster Reduction in Civil Engineering, Tongji University 

No. 1239, Siping Rd., Shanghai 

yuany@tongji.edu.cn 

Keywords: Working Shaft Ingate, Shield Tunnels, Seismic Analysis 

Abstract. Under seismic impact, critical joints, such as connecting passages and working 

shafts, are the weak points in shield tunnels. Due to the sharp structural change, stress con-

centration in these parts is more severe than that in the regular tunnels. In order to have a 

better understanding of the seismic behavior of the working shaft ingate in shield tunnels, a 

three-dimensional finite element model is constructed based on a utility tunnel built in the 

north of Suzhou City beneath the Yangtze River. The numerical model is composed of three 

major parts, namely, the working shaft, the shield tunnel and the surrounding soil. For the 

sake of a realistic simulation, many details are considered in this model, including tunnel 

segments, bolts, layered soil, etc. The deformation and the displacement near the ingate are 

investigated along with the internal forces of the bolts. This numerical study is part of a re-

search project which is aimed at analyzing the seismic performance of the very same utility 

tunnel in Suzhou. Meanwhile, a shaking table test is due. And many valuable predictions are 

drawn through the numerical analysis. 
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1 INTRODUCTION 

Much attention is drawn to the seismic performance of underground structures, especially 

after the collapse of Dakai station during the great Hanshin earthquake in 1995 [1]. And tun-

nels in Sichuan Province experienced serious damage in the Wenchuan earthquake in 2008 [2]. 

Hence, it is a very important issue to protect underground structures from seismic impact.  

Although it is observed in field investigation that critical joints, such as connecting passag-

es and working shafts, are particularly vulnerable to earthquakes, previous studies on the 

seismic response of shield tunnels mainly focused on the analysis of regular shield tunnels. 

[3,4] And due to the sharp geometric changes and the inherent structural complexity, it is al-

most impossible to develop an analytical method for the seismic analysis of critical joints. 

Most researchers have taken advantage of numerical methods to solve this problem. [5,6] 

In this paper, a three-dimensional finite element model is constructed to study the seismic 

performance of the working shaft ingate of a shield tunnel. Results from the simulation are 

helping both the practical engineering design and the follow-up shaking table test.  

2 PROJECT DESCRIPTION 

The numerical model is based on the Sutong GIL Utility Tunnel Project. The tunnel is go-

ing to be excavated beneath the Yangtze River in the north of Suzhou City in Jiangsu Prov-

ince. The launching shaft, which is on the south bank of the river, is still under construction. 

The tunnel is designed as a single shield tunnel with an outer diameter of 11.6m. And the 

length of the tunnel is 5.4km. 

According to the geological survey, the surrounding soil of the tunnel is composed of sed-

imentary soil formations. There are five of them, and silty clay is the main construction envi-

ronment of the tunnel. The corresponding parameters of the soil layers are listed in Table 1. 

Like all the other shield tunnels, there are two working shafts at two tunnel ends. Since the 

tunnel is crossing the Yangtze River from the south to the north, the launching shaft is built 

on the south bank. The working shaft alone is 34.0m long, 24.8m wide and 20.8m high. And 

the underground diaphragm walls extend to the level of 17.0m below the bottom floor of the 

shaft. The ingate is in the north wall of the shaft, while the south wall is connected to a 

140.0m long construction passage with a dip angle of 3 degrees. The construction passage is 

going to be built by cut-and-cover mothed in four separate sections, of which each has a 

unique structure pattern. Nonetheless, only the section directedly connected to the shaft will 

be considered in the numerical model. 

 

 
Thickness 

(m) 

Unit Weight 

(kN/m3) 

Shear Wave Velocity 

(m/s) 

Dynamic Shear Modulus 

(MPa) 

Alluvial Silty Clay 18.5 18.1 110 22.35 

Grey Silty Clay 20.7 18.7 177 59.78 

Silty Fine Sand 29.7 19.3 276 150.02 

Medium Coarse Sand 5.6 19.2 333 217.25 

Silty Fine Sand 16.4 20.2 341 239.68 

Medium Coarse Sand 19.8 20.1 417 356.65 

Table 1: Soil parameters. [7] 

1033



Jinghua Zhang, Qingqiang Meng and Xinbin Tu 

 

3 NUMERICAL MODEL 

The numerical model comprises three parts: the soil, the shield tunnel and the working 

shaft (with one section of the construction passage) as shown in Figure 1 and Figure 2. 

 

Figure 1: Soil model. 

 

Figure 2: Structure model. 

3.1 Soil 

As listed in Table 1, the ground soil consists of different strata, so the numerical soil model 

is partitioned into the same pattern as shown in Figure 1. Each layer of the soil is considered 

as an elastic, homogeneous, isotropic and continuous body. This is intended to reduce the 

computation cost on the soil since the soil alone takes up 47% of the number of elements, so 

that a more detailed numerical tunnel model could be constructed. The soil model is a cuboid 

with the dimensions of 250.0m long, 150.0m wide and 110.0m high, of which the underside is 

taken to be the surface of the bedrock. Then a subtraction Boolean operation is applied to the 

cuboid to make accurate room for the tunnel structures inside. Because of this operation, the 

soil model has an extremely complicated geometry, especially in the region around the work-

ing shaft. Thus, an elaborate meshing scheme is carefully carried out. Each layer of the soil 

has the corresponding properties listed in Table 1.  
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3.2 Working shaft 

As mentioned above, the working shaft is connected to a construction passage on the south 

side. In the numerical model, only the section closest to the shaft is considered. Along the 

longitudinal direction of the tunnel, the shaft alone is 34.0m long and the construction passage 

is 57.0m long. The material of the structure is C60 concrete in accordance with China’s code, 

which suggests a density of 2500kg/m3, an elastic modulus of 3.6E4MPa and a Poisson’s ratio 

of 0.3. Both the shaft model and the construction passage model are constructed in unity with 

the underground diaphragm walls. All the major internal structures are included in the numer-

ical model. The two models are perfectly tied together on their contacting surfaces during the 

computation, so are the contacting surfaces between the structures and the soil.  

 

Figure 3: Segmental tunnel ring model. 

 

Figure 4: Labels of the segmental tunnel. 

3.3 Shield tunnel 

The inner and the outer diameters of the original tunnel are 10.5m and 11.6m, respectively. 

As shown in Figure 2, the length of the shield tunnel model is 110.0m, which amounts to 10 

times the diameter of the tunnel. And the tunnel model is a combination of two different struc-

tural types. Directly linked to the working shaft is a 40.0m long segmental tunnel. At this re-

gion, the numerical model is constructed using the same segments as the actual tunnel. One 

tunnel ring consists of 8 segments including 1 key segment, 2 adjacent segments and 5 stand-

ard segments. Then 20 rings form up the entire segmental tunnel. There are 3 bolts at each 

radial joint and 22 bolts at each circumferential joint. All the bolts are represented by beam 

elements and are embedded in the segments. (Figure 3) The material properties of the tunnel 

segments are the same as the ones of the working shaft model. Next to the segmental region is 
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a tunnel built up as a continuous pipe. Applying this simplified model could avoid involving 

too many interacting surfaces in the numerical model, which would require a massive compu-

ting power. The continuous tunnel has the same inner and outer diameters as the segmental 

one while its elastic modulus is timed by a reduction factor of 0.3, because it mainly works as 

a boundary condition for the segmental tunnel along the longitudinal direction. [8] The inter-

acting circumferential joint of these two regions is also connected by 22 embedded bolts. For 

the convenience of description, tunnel rings and circumferential joints in the segmental tunnel 

are labelled from south to north as R1, R2, …, R20 and J1, J2, …, J19, respectively. (Figure 4) 

3.4 Interactions 

Due to the intricate composition of various model parts, there are many types of interac-

tions in this model.  

a) Embedment. All the bolts are embedded in the tunnel linings.  

b) Tie. The outside of the working shaft is perfectly tied to the inside of the soil. And the 

south end of the segmental tunnel is tied to the working shaft.  

c) Frictional contact. The outer surface of the shield tunnel and the inner surface of the soil 

have a frictional contact with a friction coefficient equal to the internal friction coefficient of 

the soil. 

d) Frictionless contact. In the segmental region, the circumferential joints and the radial 

joints produce over 500 contacting surface pairs. They are all defined as frictionless hard con-

tact. 

3.5 Boundary conditions 

Since all the tunnel structures are defined to interact with each other or with the surround-

ing soil, the boundary conditions only concern the soil model. Four side faces of the soil cu-

boid are free surfaces. The underside of the cuboid is fixed on the vertical direction only. The 

input seismic wave is Suzhou artificial wave with 2% probability of exceeding in 100 years. 

(Figure 5) Two cases are computed, in which the acceleration is applied on the underside in 

two directions. In Case1, the wave is parallel to the tunnel axis. In Case2, the wave is perpen-

dicular to the tunnel axis. It should be noted that gravity is neglected in this model, so the be-

havior of the structures would be the consequence of the seismic impact alone. Otherwise not 

only there would be more computing steps but also the results could be interfered. 

3.6 Flexible joint 

One of the purposes of this study is to examine the effect of flexible joints on the seismic 

performance of shaft ingate. The most distinguishable characteristic of a flexible joint is that 

the joint should be able to tolerant large deformation without generating too much stress, 

which indicates that it is rather a relative concept. In this case, all tunnel segments are linked 

together by steel bolts. Therefore, flexible joint is simulated by simply reducing the elastic 

modulus of the bolts. Two models are computed. In the first one, all bolts have an elastic 

modulus of 2.0E5MPa, so all the joints are “stiff”. This numerical model is called “Model1”. 

In the second model, one set of the circumferential joint bolts has a smaller elastic modulus of 

2.0E4MPa, so it could be considered “flexible”. This model is called “Model2”. The flexible 

joint is applied to the joint “J1” as shown in Figure 4, namely the closest joint to the ingate. 

And a third case (Case3) is computed, in which the seismic wave is at a 45-degree angle to the 

tunnel axis. Results from these two models are extracted and compared.  
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Figure 5: Input acceleration time history. (Peak acceleration 1.76m/s2) 

4 RESULTS 

4.1 Seismic response of the shaft 

The thickness of the walls of the shaft is 2.4m least. Compared with the shield tunnel, the 

shaft is relatively stiff, so the seismic behavior of the shaft is very similar to the behavior of a 

rigid body. Figure 6 is a typical contour of the Mises stress of the working shaft under seismic 

impact. There is obvious stress concentration around the tunnel ingate. The Mises stress of 

other parts of the shaft is relatively small and smooth. This agrees with the conclusion that the 

junction of the shield tunnel and the shaft is most vulnerable to seismic loadings. [3]  

 

Figure 6: Contour of Mises stress of the working shaft. (Case1, Model1) 
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Figure 7: Reference points on the shaft. 

To confirm the conclusion observed from the contour, the maximum Mises stress from 

three reference points (RP) on the working shaft are extracted from two cases and listed in 

Table 2. The reference points are illustrated in Figure 7. RP1 is from the shaft ingate, while 

RP2 and RP3 are from the west wall and the east wall, respectively. In both cases, the maxi-

mum Mises stress of RP1 is significantly larger than that of the other two points. 

 

  RP1 RP2 RP3 

Max Mises Stress 

(MPa) 

Case1 7.84 1.17 1.94 

Case2 5.48 2.52 3.32 

Table 2: Maximum Mises stress from three reference points. (Model1) 

4.2 Relative displacements at circumferential joints 

The shield tunnel is fundamentally an assembly of a large number of tunnel segments con-

nected by bolts. In practical engineering, engineers care about the relative displacements of 

two segments more than the deformation of the segments. This study is concerned with the 

relative displacements at the circumferential joints including joint opening and segment dislo-

cation. (Figure 8) At each circumferential joint, two reference points are chosen as shown in 

Figure3. The displacement data of these two reference points are extracted from J1 to J5. In 

Case1, the joint openings at these joints are calculated. In Case2, the segment dislocations at 

these joints are calculated. From J1 to J5, the relative displacements at each joint is plotted in 

Figure 9. Compared with other joints, J1 is closest to the working shaft ingate, and the joint 

opening and segment dislocation at J1 are both the largest. The value of the relative displace-

ments at circumferential joints is obviously declining with the joint getting further from the 

shaft. Expect for joint J1, all the relative displacements are smaller than 5mm.  

1038



Jinghua Zhang, Qingqiang Meng and Xinbin Tu 

 

Figure 8: Relative displacement at circumferential joints. 
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Figure 9: Relative displacements from J1 to J5. 

4.3 Effect of the flexible joint 

It could be predicted that after the application of the flexible joint, the relative displace-

ments of joint J1 would be increased. In Table 3, the joint opening and the segment disloca-

tion at two reference points are listed. And the data agree with the prediction. The largest 

increment is 42.22% at RP1. This is easy to understand since the nature of flexible joint is to 

endure more deformation. 

  

 Model1 Model2 Increment (%) 

Reference Point 1 
Joint Opening (mm) 0.45 0.64 42.22 

Segment Dislocation (mm) 1.78 1.54 -13.48 

Reference Point 2 
Joint Opening (mm) 0.76 0.83 9.21 

Segment Dislocation (mm) 2.07 2.90 40.10 

Table 3: Relative displacements at two reference points of J1. (Case3) 
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All the longitudinal bolts (i.e. bolts of circumferential joints) are represented by beam ele-

ments. The maximum axial and shear forces of joints J2 to J5 are extracted and listed in Table 

4. Only at joint J2, both maximum axial and shear forces are significantly reduced by the flex-

ible joint. At all the other joints, the internal forces are almost identical in two models. The 

variations are less than 2%. This means that the effective range of the flexible joint is limited 

to the adjacent joint only. In addition, as shown in Figure 4, ring R1 is tied to the working 

shaft. The connection between ring R1 and the working shaft has the sharpest structural 

change, so it must be experiencing the most severe stress concentration. In Model1, the max-

imum Mises stress of this region is 65.6MPa, while in Model2 it is 64.35 MPa. The maximum 

Mises stress is barely reduced by the flexible joint (only 1.94%). 

 

 Label Model1 (kN) Model2 (kN) Increment (%) 

Axial Force 

J2 78.76 70.10 -11.00 

J3 116.20 116.58 0.33 

J4 84.90 84.24 -0.78 

J5 132.52 132.44 -0.06 

Shear Force 

J2 76.14 70.42 -7.51 

J3 50.80 49.84 -1.89 

J4 44.98 45.04 0.13 

J5 29.72 29.72 0.00 

Table 4: Maximum internal forces of longitudinal bolts. 

5 CONCLUSIONS  

 The working shaft is acting like a rigid body under seismic impact. The deformation of 

the shaft and its internal structures could be neglected. Meanwhile, the region around the 

shaft ingate has severe stress concentration. 

 The circumferential joint closest to the shaft ingate would have much larger relative dis-

placements during earthquakes than the other joints. 

 Relative displacements at the flexible joint could be increased by 42%. 

 Flexible joint could significantly reduce the internal forces at the adjacent joint, but it 

barely affects further ones. And stress concentration at the shaft ingate is not mitigated 

by the flexible joint.  
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Abstract. The feasibility of a new geotechnical seismic isolation system for pile-supported 
structures, such as bridge piers on monopiles, is investigated. The isolation system utilizes a 
soft annular zone of viscoelastic material, such as EPS geofoam, around the upper part of the 
pile. The presence of the EPS elongates the fundamental natural period of the structure and 
also modifies its damping. For simplicity and as a proof of concept, the superstructure is con-
sidered a simple oscillator. Based on a dynamic Winkler model for pile-soil interaction, the 
problem is treated analytically leading to a simple design-oriented analysis method. Closed-
form solutions are obtained for: (a) the lateral stiffness of the structure-foundation system, (b) 
the corresponding fundamental period, and (c) the overall damping. Numerical analyses in 
the frequency domain by means of the computer code SPIAB verify the above analytical pre-
dictions. Analyses in the time domain are also carried out to examine the effect of geofoam on 
the dynamic response. Results in terms of base shear, maximum pile bending moment, and 
displacement at deck level are presented in dimensionless form, allowing for quantification of 
the effect of geofoam on seismic performance. It is shown that the presence of geofoam 
around the pile can reduce the seismic demand, rendering the proposed method a promising, 
inexpensive alternative to structural protective systems.      
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1 INTRODUCTION 

The objective of this paper is to study an alternative, geotechnically-oriented method of 
seismic protection for pile-supported structures, using industrial materials such as EPS 
geofoam, around the upper part of the pile, for reducing seismic forces. The proposed system 
can be classified in the realm of Geotechnical Seismic Isolation (GSI).  

The concept of GSI has attracted significant research interest as an alternative to conven-
tional Structural Seismic Isolation approaches. Although the idea has existed for a long time, 
the term GSI was formally introduced by Tsang [1] to describe isolation systems associated 
with the soil under the foundation. The first relevant innovative idea was put forth by 
Kavazanjian et al. [2] and Yegian and Lahlaf [3], who worked independently, with reference 
to the use of geosynthetic materials as a cost-effective frictional base isolation for structures. 
Later, Yegian and Kadakal [4] proposed placing a smooth synthetic liner underneath the 
foundation of a structure to dissipate earthquake energy. Along the same lines, Yegian and 
Catan [5] examined the use of geotextiles between soil layers to reduce horizontal ground mo-
tions at the expense of increased soil compliance. Later, Tsang [6] suggested soil improve-
ment around the foundation of buildings by means of rubber-soil mixtures (RSM) for 
absorbing seismic energy while Xiong et al. [7,8] investigated, via shaking table tests, the dy-
namic performance of GSI with rubber-soil mixtures and concluded that the response of the 
system with the isolation is generally inferior to that of a foundation underlain by pure sand. 
These applications, although interesting from an academic view point, do not provide control 
of foundation settlements and, therefore, do not fulfill design requirements for important 
structures. 

In the present study, a new geotechnical isolation system for pile-supported bridge piers 
using elastic inclusions, such as EPS geofoam, around piles is proposed. EPS Geofoam [9] is 
a very promising material for such purposes due to well-known mechanical behavior, energy 
dissipation capability, ease of installation and replacement, and low cost. An important feature 
is that EPS possesses sufficient compressive and shear strength to undertake the lateral soil 
pressures, while at the same time renders the foundation flexible, since the geofoam-soil stiff-
ness ratio is small. Additionally, the dynamic material properties of EPS have been extensive-
ly investigated in recent times [10,11].  

 It is demonstrated that geofoam around the pile operates as an isolation mechanism, in-
creasing the fundamental natural period of the system and decreasing the seismically-induced 
forces. The problem is solved analytically based on dynamic Winkler considerations leading 
to closed-form expressions for the compliance, fundamental natural period and the effective 
damping of the superstructure-foundation system. Numerical analyses in frequency and time-
domain are conducted to examine the influence of the geometrical and mechanical properties 
of the EPS coat on the vibrational properties of the system, the maximum base shear and the 
pile bending moment. The increase in deck displacements due to the presence of geofoam is, 
thereby, explored.     

2 PROBLEM DEFINITION 

Fig. 1a depicts a cantilever structure which can be viewed as an idealization of an actual 
bridge pier. The model involves a single-column bent supported on a single pile which is en-
hanced with a compressible cylindrical EPS coat, founded in a homogeneous soil stratum over 
bedrock. The structure is subjected to vertically propagating S-waves imposed at bedrock lev-
el. The pile is modelled as a linearly viscoelastic solid cylindrical beam of diameter d, 
Young’s modulus Ep and linear hysteretic damping βp. The geofoam inclusion has thickness t, 
length De, Young’s modulus Einc, Poisson’s ratio vinc and hysteretic damping βinc. The super-
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structure is essentially a single-degree-of-freedom oscillator of height H and same diameter as 
that of the pile, and mass m. The soil is modeled as a linearly viscoelastic medium of Young’s 
modulus Es, Poisson’s ratio vs, mass density ρs and linear hysteretic damping βs. The soil, pile, 
inclusion and structural properties used in the analyses are given in Table 1. 

Considering same material properties for the column and the pile and using standard di-
mensional analysis, the following dimensionless ratios can be defined for describing the re-
sponse:  the stiffness ratios Einc/ Es and Ep / Es, the dimensionless inclusion thickness t/d, the 
slenderness ratio H/d and the embedment depth of the geofoam De / La (La being the familiar 
“active” pile length). 
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Figure 1: a) Bridge pier founded on a single pile enhanced with a geofoam coat, b) Modeling approach of soil-

geofoam-pile interaction.  

 
Soil Pile Inclusion Column bent 

 
Es = 2.5104 kPa 
ρs = 2 Mg / m3 
βs = 10 % 
vs = 0.4 

 

Ep = 2.5107 kPa 
d  = 1 m 
L = 20 m 

ρp = 2.5 Mg / m3 

βp = 5 % 

Einc / Es = 0.01 – 1 
βinc = 10 % 
vinc = 0.15 

t / d = 0.25, 0.5, 1 
De / La = 0.25, 0.5,1 

E = 2.5107 kPa 
d = 1 m 
β = 5 % 

H / d = 5, 10, 20 

Table 1: Soil, pile, inclusion and column bent properties utilized 
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3 PROPOSED ANALYTICAL SOLUTION  

3.1 Stiffness and damping coefficients of a pile provided with inclusion  

Fig. 1b depicts the model employed for simulating the soil-inclusion-pile interaction. The 
lateral stiffness of the inclusion and the soil are denoted with kinc and ks, respectively. The 
problem of horizontal soil reaction of a cylindrical pile segment with a compressible annular 
zone of finite thickness has been studied and closed-form solutions for the stiffness of the in-
clusion are available [11-13]. Therefore, the stiffness coefficient in case of a pile enhanced 
with an elastic or viscoelastic annular soft zone is given by the relationship 

 
   

         

2

2 2 2

1 2 1 14

1 1 2 2 1 1 3 4 2 1 1 ln 2 1

inc
inc

inc
inc inc inc

v t dE
k

v v t d v t d t d

                         
 (1) 

with Einc and vinc being the Young’s modulus and the Poisson’s ratio of the inclusion, respec-
tively; t is the thickness of the inclusion and d the pile diameter. Eq.(1) refers to perfectly 
smooth interfaces between pile and inclusion, and between inclusion and soil.  

ks represents the value of the soil spring constant, typically expressed as ks = δ Es with δ 
being a dimensionless coefficient typically ranging from 1 to 2.5 depending on soil inhomo-
geneity, pile-soil stiffness contrast and boundary conditions at the pile head [14-16]. A value 
of 2 was adopted for the herein reported analyses. 

Using the Winkler hypothesis, the compliance of the inclusion-soil system is described 
through a pair of springs attached in a series (Fig. 1b). Accordingly, the stiffness up to depth 
De is  

 
 

1ˆ
1s inc
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k k
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Note that, this is an approximate solution as the distortion of the foam-soil interface is ne-
glected, leading to a somewhat stiffer system. Nevertheless, because the soil material is typi-
cally much stiffer than the inclusion (kinc/ks  101) the overall stiffness practically coincides 
with that of the inclusion [12,13]. 

Evidently, a two-layer geometry is obtained, which consists of an upper zone of thickness 
De, stiffness k̂s and Winkler parameter λ1 followed by a second zone of stiffness ks and Win-
kler parameter λ2. The values of λ1 and λ2 are obtained from the familiar equations 
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The average value of λ1 and λ2 over the active pile length La defines a Winkler shape pa-
rameter [17] 
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By employing the relation μ  2.5 / La [18], the active pile length can be expressed as a 
function of the inclusion length De  
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Utilizing the virtual work method and a set of pertinent shape functions for pile deflection 
[16,17,19,22], the static stiffness coefficients Khh, Krr and Khr corresponding to swaying, rock-
ing and cross-swaying-rocking, respectively, at the pile head can be readily determined. The 
stiffness terms corresponding to a two-layer soil are [22] 

      3 23
1 , 1 , 1

2hh p p hh rr p p rr hr p p hrK E I s K E I s K E I s         (6) 
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Besides lowering stiffness, the inclusion also changes the effective damping of the system. 
The effective damping is controlled by the inclusion-to-soil stiffness contrast (kinc/ks) through 
the expression 
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 (10) 

βinc, βs and βr being inclusion damping, soil material damping and radiation damping, respec-
tively; the terms in brackets can be interpreted as weight factors. The damping coefficients 
pertaining to a pile foundation are obtained according to the following mixing rules [20]   

 
3 1 1 3 1 1ˆ ˆ ˆ, ,
4 4 4 4 2 2hh s p rr s p hr s p               (11) 

βhh, βrr and βhr being the damping coefficients at the pile head related to swaying, rocking and 
cross-swaying-rocking, respectively. Note that the influence of radiation damping coefficient 
is small in the presence of an EPS coat and is ignored in the ensuing analyses. 

3.2 Vibrational properties of the pier-pile-inclusion-soil system 

The overall displacement of the flexible bridge pier of Fig. 1 can be viewed as the superpo-
sition of two distinct components: (1) a horizontal displacement and a rotation due to coupling 
between foundation swaying and rocking, and (2) an additional displacement reflecting the 
compliance of the superstructure. Hence, the compliances of the foundation and the super-
structure can be regarded as a pair of complex-valued springs assembled in parallel under a 
common imposed load. Accordingly, the total stiffness of the system, Kt, is given by the sim-
ple combination formula 
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1046



Xenia A. Karatzia and George E. Mylonakis 

where K is the stiffness of a fixed-base bridge pier while Kf is the corresponding stiffness of a 
rigid bridge pier on a compliant pile foundation, given by [14] 
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 (13) 

In the above expression, Khh, Krr and Khr stand for the swaying, rocking and cross-swaying-
rocking impedances at the pile head and H denotes the pier height. Parameter w accounts for 
the effect of fixity conditions at the top of the column bent (w = 1, 0.5 for moment free and 
clamped condition, respectively). In case of a pile provided with an EPS coat, Eqs. (6) – (9) 
should be employed in Eq. (13) for obtaining the stiffness of the system. By substituting the 
stiffness terms with their complex impedance values, Khh

* = Khh (1 + 2iβhh), Krr
* = Krr (1 + 

2iβrr) and Khr
* = Khr (1 + 2iβhr) and after some tedious algebra, the stiffness and damping co-

efficients of a rigid bridge pier on a compliant pile foundation are derived from the exact ex-
pressions [21-23] 
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χ1, χ2, χ3, χ4, χ5, χ6, χ7 being dimensionless quantities given in the Appendix. 
The fundamental period of the superstructure-pile-inclusion-soil system is given by 
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with T (= 2π(m/K)) being the fixed-base fundamental period of the pier. In the same vein, the 
effective damping of the system is determined as [22] 
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 β being the damping ratio of the superstructure. 
To assess the impact of the inclusion on the fundamental period of the flexible bridge pier-

pile-soil system, the following closed-form equation is obtained 
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 (18) 

where K͂f is the stiffness of the flexible pier-pile-soil system considering only the effect of 
soil-structure interaction without the EPS coat. In this case Eqs. (12) and (13) still hold with 
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the stiffness coefficients atop the pile head being Khh = 4EpIpλ
3, Krr = 2EpIpλ and Khr = 2EpIpλ

2, 
corresponding to homogeneous soil conditions, with Winkler parameter λ being equal to λ2.   

3.3 Determination of inertial forces based on the response spectrum 

Based on the familiar response spectrum method, the peak earthquake response of a single-
degree-of-freedom system can be obtained from the spectral acceleration SA(T̂, ̂ ) corre-
sponding to the natural oscillation period T̂ and an appropriate modification according to the 
effective damping ratio ̂  [24]. The modification due to kinematic effects related to soil-pile 
interaction, is neglected in the present simple analysis. Accordingly, the base shear Vb in the 
pier and the corresponding overturning moment Mb are 

  ˆˆ,b AV m S T   (19) 

 b bM H V  (20) 

3.4 A brief discussion on the proposed isolation method 

From Eqs. (16) and (18), it is obvious that the inclusion acts as a fundamental base-
isolation mechanism increasing the natural period of the pier. In the context of SSI, the flexi-
bility of the foundation increases and, thus, the fundamental period of the system becomes 
longer than the fixed-base natural period. In the realm of a response spectrum analysis, the 
increase in fundamental period leads to a change in spectral acceleration and, hence, in design 
base shear, as shown in Fig. 2.  
 

Natural oscillation period, T (sec)

S
p

ec
tr

al
 a

cc
el

er
at

io
n

, S
A

(g
)

(with SSI) (with SSI & foam)T T̂T
~

T

T T

(a) (b)

(c) (d)

T̂T
~

T̂T
~

T̂T
~

SA (T)

SA (T, β)

 
Figure 2: Period lengthening of the bridge pier system due to soil-structure-interaction and use of geofoam; T 

and β indicate the natural oscillation period and the effective damping of the system. 

Principally, the effect of SSI on the design forces is related to the slope of the response 
spectrum: a positive slope results in an increased base shear while a negative slope results in a 
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reduced base shear [20]. The use of EPS coat around the pile makes the system even more 
flexible and its fundamental period longer than the classical SSI period (without EPS coat) of 
the pier. From the elastic design spectrum of Fig. 2, it is evident that this period shift can lead 
to an increase or decrease in seismic demand depending on the circumstances.  

A common problem in isolation methods lies in the increased displacements resulting from 
the increase in period, since the latter is shifted in or near the displacement-sensitive region of 
the spectrum. This means that structural displacements should be checked to be within ac-
ceptable limits. 

4 PARAMETRIC STUDY AND COMPARISONS WITH SPIAB  

The system period normalized with the fixed-base period, T̑ / T, (Eq. 16) and the effective 
damping ratio normalized with that of the structure, ̂  / β, (Eq. 17) are plotted against the in-
clusion-soil stiffness contrast Einc / Es. Figs. 3 and 4 depict the influence of the dimensionless 
length, De / La, and thickness, t / d, of the EPS coat, the slenderness ratio H / d and the pile-
soil stiffness contrast Ep / Es on the vibrational properties of the interacting system. The fol-
lowing observations can be made [22-23]:  
1. As the Einc / Es ratio decreases, the period lengthening is greater. 
2. An increase in t / d ratio seems to slightly increase the fundamental period. 
3. The variation in De / La ratio seems to be of secondary importance; however the use of a 

short inclusion can have a great impact on the system period. As a matter of fact, the peri-
od of squat structures is affected by the use of the EPS coat, with the natural period in-
creasing considerably, while the period of tall slender structures is less sensitive to the 
addition of EPS.  

4. The system period increases with increasing Ep / Es ratio.  
5. The effective damping of the system seems to be marginally affected by the variation in 

the value of the parameters studied. 
It is pointed out that, according to experimental results [10], the damping ratio of geofoam 

may reach 10% at strains on the order of 101, which implies that geofoam may provide suffi-
cient energy dissipation for isolation purposes. Thus, the use of βinc = 10% in the present study 
seems to be a reasonable assumption. It is also noted that the use of EPS coat may increase or 
decrease the overall damping of the system. In this analysis, where βs = 10% is considered the 
effective damping seems to be unaffected by βinc. If a value of βinc = 5% was employed, the 
effective damping of the system would naturally decrease. Note that no radiation damping has 
been considered in the analyses, yet its influence is not expected to be dominant. 

It is also noted that the plot of Eq. (18) exhibits similar trends with the plot of Eq. (16) with 
the difference that the ordinates of curves for the fundamental period of the system naturally 
attain values larger than 1 (not shown). 

On the same graphs, numerical results obtained by means of the computer code SPIAB [17] 
are shown, in which the problem is solved in an exact manner in the realm of Winkler theory. 
Evidently, comparison between the proposed analytical solution and the numerically evaluat-
ed results is satisfactory.  
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Figure 3: System period and effective damping as function of inclusion-soil stiffness ratio Einc/Es: Influence of 

dimensionless thickness t/d and length of EPS coat De/La.  
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Figure 4: System period and effective damping as function of inclusion-soil stiffness ratio Einc/Es: Influence of 

slenderness ratio H/d and pile-soil stiffness contrast Ep/Es.  
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5 TIME-DOMAIN ANALYSES  

5.1 Parameters investigated   

The aim of this section is to examine the effect of the inclusion around the pile to the base 
shear of the bridge-pier column and the maximum pile bending moment when the system is 
excited by an actual earthquake. To this end, two acceleration records (Takatori 1995, 
Lefkada 2003) with different peak ground acceleration and frequency content are utilized, 
with the excitation described through a horizontal rock “outcrop” motion. Takatori (Mw = 6.9, 
Tc = 1.25 sec, PGA = 0.61 g) and Lefkada (Mw = 6.3, Tc = 0.56 sec, PGA = 0.34 g) earthquake 
records and the corresponding 5 per cent-damped response spectra are plotted in Fig. 5. 
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Figure 5: The two earthquake records used in the analyses and the corresponding 5 per cent – damped spectra.  

A wide class of single-degree-of-freedom systems is excited using the two time-histories. 
For normalization purposes, the resonance ratio T/Tc is utilized, with T being the fixed-base 
natural frequency of the system and Tc the dominant period of excitation motion. The values 
T/Tc = 0.1, 0.2, 0.4, 0.5, 0.6, 0.8, 1.0, 1.2, 1.4, 1.5 are examined, which corresponds to ten dif-
ferent oscillators excited per time-history. Assuming that the bending stiffness K (=3EI/H3) of 
the oscillator is kept constant, the mass m (=(T/2π)2K) should be adjusted according to the 
T/Tc ratio. 

Regarding geofoam properties, it is assumed that Einc/Es = 0.03 and the material damping 
ratio βinc = 10%. The effect of thickness and length of EPS foam on the pier response is inves-
tigated. The pile-soil stiffness contrast is Ep/Es = 1000 and two values for the dimensionless 
pier height (H/d =5, 10) are examined.  

Time-domain results are obtained by means of computer code SPIAB [17]. For complete-
ness, both kinematic interaction and radiation damping effect have been taken into account.    

5.2 Change in base shear and pile bending moment  

Results are presented in the form of dimensionless graphs. The ratios SA(T̂) / SA(T̃) and 
Mmax(T̂) / Mmax(T̃) refer to the base shear of the bridge-pier column and the maximum pile 
bending moment, respectively. In the above representation, the numerator refers to the bridge-
pier-pile-inclusion-soil system, while the denominator to the bridge-pier-pile-soil system, ac-
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counting solely for the effect of inclusion. Seismic forces are depicted in Figs. 6 and 8 as a 
function of the resonance ratio T / Tc. From Figs. 6 and 8, the following noteworthy trends are 
evident: 
 A substantial decrease of the order of 20 to 70% in base shear and maximum pile bending 

moment for squat piers (H / d = 5) having T / Tc  0.4, is observed. As anticipated, due to 
period elongation the system experiences lower spectral acceleration.  

 For low resonance ratios the base shear is magnified, even doubled in some cases. This is 
also anticipated, since the elongated period of a system with an already short fundamental 
period falls in most of the cases within the region of high spectral accelerations in the in-
put motions (Fig. 2).  

 Analogous observations can be made for the maximum pile bending moment. 
 An increase in De / La ratio marginally affects the variation in seismic forces. Instead, the 

increase in t / d ratio further reduces the seismic forces for T / Tc  0.4, while it suppresses 
the response of the system for T / Tc < 0.4. 

 Tall slender piers (H / d =10) having T / Tc  0.6 and EPS coat properties t / d = 1, De / La 
= 1, exhibit good performance for both excitations. The limited efficiency of the proposed 
method in tall slender piers is expected, since the response of such structures is controlled 
by the rocking component. 

The distribution with depth of pile bending moments is plotted in Figs. 7 and 9. Results are 
presented for both pier-pile-soil system and pier-pile-EPS-soil system. The total pile bending 
moment M is normalized with the peak value Mmax(T̃) developed in the pile when there is no 
EPS coat around it, while the depth in the vertical axis is normalized with the pile diameter d. 
The following interesting observations can be made: 
 The inclusion around the pile leads to a considerable decrease in total pile bending mo-

ment. Apart from the decrease in magnitude, the distribution with depth of bending mo-
ments changes drastically. Recall to this end that pile deformations due to inertial forces 
transmitted from the superstructure attenuate rapidly with depth and practically vanish be-
low the depth of active pile length. Indeed, in the case of no EPS coat bending moment 
almost vanishes below z  7.8m (d = 1). With EPS coat, the active pile length increases to 
La  13.7m and the bending moment becomes negligible below that depth.  

 The depth of peak pile bending moment moves deeper and the amount of this variation 
depends on pile-soil and inclusion relative compliances. 

 Evidently, the decrease in pile bending moment is larger for a squat pier than a slender 
one. The positive influence of EPS coat is observed for squat piers and systems having 
T/Tc  0.5, and for tall piers and systems with T / Tc  1.0.  

 For T / Tc = 0.2, the EPS coat suppresses the pile bending moments. In that case, kinemat-
ic bending moment seems to dominate. This is anticipated, since the mass of the super-
structure is small and, thus, the inertial loads are negligible compared to kinematic ones.  
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 Figure 6: Normalized results for base shear force and maximum bending moment for squat piers (H/d = 5) as a 
function of resonance ratio T/Tc; Ep/Es = 1000, Einc/Es = 0.03, βinc = 0.10. 
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Figure 7: Distribution with depth of normalized pile bending moment for resonance ratios T/Tc = 0.2, 0.5, 1.0, 

1.5; H/d = 5, Ep/Es = 1000, t/d = 0.25, De/La = 1, Einc/Es = 0.03, βinc = 0.10. 
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 Figure 8: Normalized results for base shear force and maximum bending moment for high piers (H/d = 10) as a 
function of resonance ratio T/Tc; Ep/Es = 1000, Einc/Es = 0.03, βinc = 0.10. 
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Figure 9: Distribution with depth of normalized pile bending moment for resonance ratios T/Tc = 0.2, 0.5, 1.0, 

1.5; H/d = 10, Ep/Es = 1000, t/d = 0.25, De/La = 1, Einc/Es = 0.03, βinc = 0.10. 

1054



Xenia A. Karatzia and George E. Mylonakis 

5.3 Change in total bridge deck displacement  

Regarding the isolation methods, as it has already mentioned, there is a concern about the 
potential for high residual displacements. Due to increase in flexibility of the system, the fun-
damental period is shifted in or near the displacement-sensitive region of the spectrum. The 
pertinent time-domain analysis reveals a considerable increase in bridge deck deformation. In 
this regard, Fig. 10 depicts results for the total displacement of the bridge deck in case that the 
systems T / Tc = 0.2, 0.5, 1, 1.5 are subjected to the extreme Takatori seismic excitation. It is 
shown that, with exception of the system with T / Tc = 1.5, the use of EPS coat increases the 
overall deck deformation relative to the overall deck deformation without considering EPS by 
about 1.4, 1.05 and 1.13. For T/Tc = 1.5, it is observed that the displacement is reduced by half. 

Evidently, the change in structural displacements and the magnitude of deformations is not 
known a priori. This indicates that the application of the proposed isolation method should be 
accompanied by a check of structural displacements to be within acceptable limits. 
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Figure 10: Normalized total displacement of the bridge deck upon Takatori excitation; H/d = 5, Ep/Es = 1000, 

Einc/Es = 0.03, t/d = 0.25, De/La = 0.5, βinc = 0.10. 

6 CONCLUSIONS 

A novel geotechnical isolation method for the seismic protection of pile-supported bridge 
piers was presented. The proposed method uses EPS geofoam around the piles and provides 
an efficient means of simple and inexpensive seismic isolation. An analysis framework for a 
bridge pier supported on a single pile enhanced with EPS coat was developed based on perti-
nent Winkler considerations of soil reaction. Through a simplified analytical solution, the 
fundamental period and the effective damping of the pier-foundation system were derived. 
Theoretical investigation showed that EPS coat around the pile acts as an elementary base-
isolation mechanism increasing the flexibility of the system and, hence, the fundamental peri-
od of the pier. Regarding the vibrational properties of the pier, comparison between the pro-
posed analytical solution and the numerically evaluated results from the computer code 
SPIAB is excellent. The most significant findings obtained from the time-domain analyses are: 
a) For squat piers (H / d = 5) with resonance ratio T / Tc  0.4, a substantial decrease, about 

20 to 70%, in base shear and associated maximum bending moment are observed. On the 
other hand, for T / Tc < 0.4, the base shear increases. 

b) The presence of the EPS coat leads to a considerable decrease in pile bending moment and 
changes its distribution with depth, with the point of peak bending moment moving 
downward. 

c) The proposed method seems to have limited impact on tall slender piers (H / d = 10). The 
positive effect of EPS is observed for systems having resonance ratio T  /  Tc  0.6. 
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d) The change in the magnitude of pier displacements is hard to determine a priori and care-
ful checks are needed. 

7 APPENDIX 

In Eqs. (14) and (15), parameters χ1, χ2, χ3, χ4, χ5, χ6, χ7 are 

    2 2
1 2 3 41 4 , 1 4 , 1 4 ,hh rr

hh rr hh rr hh rr
hr hr

HK K

K HK
                   (21) 

  2
5 6 72 1 4 , ,hh hhrr rr

hr hh rr
hr hr hr hr

HK HKK K

K HK K HK
            (22) 
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Abstract. Geosynthetic reinforced soil (GRS) retaining walls have been increasingly used as 

alternative to concrete gravity retaining walls. In GRS retaining walls, the concrete mass, 

that resist to the destabilizing forces, is replaced by a mass of soil reinforced with geogrids or 

other polymeric material. One of the main advantages of GRS retaining walls is their lower 

cost when compared to concrete retaining walls. Furthermore, GRS retaining walls built in 

seismically active area have performed well during major earthquakes. The seismic design of 

GRS retaining structures is traditionally based on Mononobe-Okabe earth pressure theory 

with distinct approaches for the distribution of the dynamic lateral earth pressures. The lack 

of improvement in seismic design of GRS retaining walls has led in recent years to some phys-

ical and numerical studies, involving large or reduced scale model shaking table tests and 

powerful numerical tools. This paper presents a review of selected published work, including 

physical and numerical models, trying to identify the main parameters with greatest influence 

on the seismic performance of GRS retaining walls. The paper is focused on numerical simu-

lations verified against results physical model tests. Post-earthquake investigations are also 

summarized. The main conclusions are highlighted and common trends are identified. 

1058



Castorina S. Vieira 

1 INTRODUCTION 

Soil reinforcement applications using geosynthetics include reinforcing the base of em-

bankments constructed on very soft foundations, increasing the stable slope angle of soil 

slopes and reducing the earth pressures behind retaining walls and abutments [1]. The design 

procedures for geosynthetic reinforced slopes and geosynthetic reinforced soil (GRS) retain-

ing walls are traditionally different, although, as mentioned by Holtz [1], this difference is 

quite artificial and arbitrary.  

According to the U. S. Department of Transportation, Federal Highway Administration [2], 

reinforced soil slopes are earth sloped structures with face inclinations of less than 70 degrees. 

Similarly, the British Standard BS 8006 [3] classifies the GRS structure as reinforced wall 

when the slope angle is greater than 70º. The European Standard EN 14475 [4] categorises 

reinforced soil structures according to Figure 1.  

 

 

1 – Earth retaining structures 

2 – Reinforced slopes 

3 - Vertical 

4 – Vertical wall 

5 – Battered wall 

6 – Inclined wall/Steep slope 

7 – Shallow slope 

8 – Some specific types of facings panels: 
panels, blocks, steel units, gabions 

9 – Specific types of sloping panel 

10 – Some common types of facings: 
planter units, wire mesh, wrapped 
around 

11 – No facing. Erosion protection may be 
required 

12 – Line of 4:1 face slope angle 

13 - Line of 1:1 face slope angle 

Figure 1: Classification of reinforced soil structures and facing systems (modified from [4]). 

 

GRS structures can be constructed using distinct reinforcement materials and facing sys-

tems (Figure 1). The reinforcement can be materialized by inextensible steel strips or relative-

ly extensible polymeric materials, such as geotextiles, geogrids or strips. This literature 

review is limited to extensible reinforcements and GRS retaining walls.  

GRS retaining walls are nowadays a well-understood technology. The design of these 

structures under static loading conditions are also well-established and the accuracy of inter-

nal design methods has been assessed through the construction of full-scale instrumented 

structures. Post-earthquake investigations have shown that GRS retaining walls, in general, 

have behaved well during earthquakes. 

GRS retaining walls have had a good performance during strong earthquakes (Loma Prieta 

1989, Northridge 1994, Kobe 1995, Chi-Chi 1999, El-Salvador 2001) as reported by several 

researchers [5, 6, 7, 8, 9]. Their good seismic performance is currently attributed to the ductile 

behaviour of the reinforced soil mass and the conservatism of the current seismic design 

methods.  

As reported by [5] GRS retaining walls survived the Loma Prieta earthquake of 1989 with 

estimated ground accelerations ranging from 0.3g to 0.7g. After the Northridge earthquake 

minor signs of movement were reported in two GRS structures located close to the centre of 

shaking, while any evidence of damage was identified on structures located farthest from the 
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epicentre [6]. The Hyogoken-Nambu (Kobe) Earthquake caused serious damage to conven-

tional masonry retaining walls, unreinforced concrete gravity-type retaining walls and cantile-

ver-type steel-reinforced concrete retaining walls, while geogrid-reinforced soil retaining 

walls, having a full-height concrete facing, performed very well during the earthquake [7]. 

In contrast, the Chi-Chi earthquake, in Taiwan, caused serious damage to reinforced-soil 

retaining walls using keystones as facing [8]. According to [8] the failure of these modular-

block reinforced soil retaining walls could be attributed to several factors, such as, a lack of 

professional design used in the GRS walls, the insufficient strength and stiffness of the con-

nection pins between the modular blocks and reinforcement, the installation of structures, like 

lampposts, at the vicinity of the modular-blocks. 

On the basis of a survey of hundreds of modular block retaining walls in San Salvador area, 

only two required repair [9]. Both damaged walls suffered from failure at the top of the struc-

tures resulting from changes to the design after construction. According to [9], one wall suf-

fered from an error after construction that resulted in the top layer of reinforcing being cut and 

partially removed. Where the top of the wall was properly designed and constructed, the wall 

performance was very good. The other wall suffered from a translation failure of the entire 

reinforced soil zone. This was also the result of a change in design after construction. 

The seismic design of GRS retaining structures is traditionally based on Mononobe-Okabe 

earth pressure theory with distinct approaches for the distribution of the dynamic lateral earth 

pressures ([2, 10]). In recent years the lack of improvement in seismic design of GRS retain-

ing walls led to some physical and numerical studies, involving large or reduced scale model 

shaking table tests and powerful numerical tools. This paper presents a literature review of 

selected published work related to the seismic performance of GRS retaining walls, compris-

ing physical and numerical modelling. 

2 PHYSICAL MODELS 

The study of the performance of physical models of GRS retaining walls under cyclic load-

ing conditions can improve the understanding of the real behaviour of these structures during 

earthquakes. However the complexity and high costs associated with the physical models lead 

to the frequent use of numerical tools to understand the behaviour of GRS retaining walls un-

der earthquake loading. To validate the results and conclusions of these numerical models, 

they must be properly calibrated through numerical simulations verified against physical 

models. 

The stress field in the backfill material cannot be reproduced in reduced-scale models, but 

these tests can be very helpful to better understand the behaviour of GRS retaining walls pro-

vided that the results are interpreted carefully considering the scale effects. 

Table 1 summarises selected experimental studies carried out on GRS retaining structures 

to evaluate their seismic performance, recently published (after 2005) in well reputed peer-

reviewed scientific journals. 

The seismic response of geosynthetic reinforced retaining walls through shaking table tests 

carried out on models of modular block and rigid faced reinforced retaining walls was pre-

sented by [11]. Effects of backfill density, number of reinforcement layers and reinforcement 

type were studied. 

One of the main conclusions reported by [11] is that modular block walls performed better 

than the rigid faced walls for the same level of base shaking. Shaking table tests have shown 

that: 

- increasing the backfill density reduces the deformations significantly for both rigid faced 

and modular block walls, being the benefit more pronounced in modular block retaining walls; 

- reinforcements are more effective in reducing the deformations in modular block walls. 
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Table 1: Summary of physical model tests. 
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Shaking table tests performed by [11] have also evidenced that the acceleration amplifica-

tion is non-uniformly distributed along the height of the wall and it is not affected by the wall 

facing and inclusion of reinforcement. 

As mentioned by the authors, the seismic response of modular block walls could be influ-

enced by the frequency of shaking and the interface shear between stacked modular blocks, 

parameters not evaluated in this study. 

The seismic behaviour of soil retaining walls reinforced with polymeric strips was studied 

by [12] through of 1-g shaking table tests. The study has involved the effect of reinforcement 

length, number of steps and shape of the reinforcement arrangement (zigzag vs. parallel) on 

the failure mode, wall displacements and acceleration amplification. 

These small scale model tests have shown that the internal failure mechanism in the rein-

forced zone involves a bulging mode and this convex deformation of the facing (bulging) 

causes a concave settlement profile, being the maximum value of the settlement recorded in 

the backfill zone where failure begins. As regards the reinforcement arrangement in the wall 

height, the study has suggested that the most appropriate reinforcement distribution for rein-

forcement length is the step arrangement (length increases from the bottom to top of the wall 

by steps: 0.5H, 0.7H, and 0.9H). The acceleration amplification factor increases from the bot-

tom to the top of the wall, though the use of extensible reinforcements prevents further in-

crease in the acceleration amplification factor. 

The seismic performance of geogrid reinforced retaining walls, with rigid facing system, 

constructed with a saturated sand was reported by [13]. Findings of this study show that the 

existence of the geogrids decreases the seismic settlement of the backfill surface. On one hand, 

the backfill surface settlement in the reinforced zone was much smaller than in the unrein-

forced zone, and on the other hand, the backfill surface settlement of reinforced walls was al-

so much smaller than that of unreinforced retaining walls. The geogrid layers decreased the 

development of excess pore water pressures and accelerated the dissipation of excess pore wa-

ter pressures.  

Seismic waves with long-time high acceleration values from the far field had greater ef-

fects on the seismic behaviour of the reinforced retaining wall than those from the near field, 

therefore, according to [13] far field or mid far-field earthquakes should be considered in the 

design of geogrid reinforced retaining walls. 

The seismic performance of a bar-mat retaining wall was investigated experimentally and 

theoretically by [14]. A series of reduced-scale shaking table tests are conducted, using a vari-

ety of seismic excitations (real records and artificial multi-cycle motions) and the problem 

was analysed numerically. Shaking table results have evidenced that the response of the rein-

forced walls is “quasi-elastic” for small to medium intensity seismic motions. According to 

[14], for these ground motions, the permanent lateral displacements of the wall do not exceed 

a few centimetres (at prototype scale) and the settlements are very small. For larger intensity 

seismic motions, plastic deformations occur and an active failure wedge behind the reinforced 

area is developed (not completely). Only under unrealistic conditions (a large number of 

strong cycles with large amplitude) the active failure wedge behind the reinforced soil block 

develops completely, which means that only in such cases a conservatively designed rein-

forced wall reaches its ultimate capacity [14]. 

The results of shaking table tests carried out on wrap-faced and rigid-faced reinforced soil 

model walls are presented by [15]. The influence of backfill relative density on the seismic 

response of these models was studied. Wrap-faced GRS retaining walls were also tested for 

different base excitations. 

Findings of these experiments have shown that the effect of backfill density on the seismic 

performance of GRS retaining walls is pronounced only at very low relative density and at 
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higher base excitation. When tested at higher base excitation, the walls constructed with high-

er backfill relative density showed lesser face deformations and greater acceleration amplifi-

cations compared to the walls constructed with lower densities. The backfill density effect 

was more pronounced in wrap-faced GRS walls and the displacements in these walls were 

many times higher compared to those recorded in rigid-faced GRS walls. 

The behaviour of GRS retaining structures under working stress and seismic loading condi-

tions has been studied over many years in Royal Military College of Canada (RMC) [16, 17, 

19, 20]. The influence of facing geometry, facing mass and facing toe condition on simulated 

earthquake response of GRS retaining walls was reported by [16]. The influence of rein-

forcement stiffness, reinforcement length and vertical spacing was presented by [17]. 

The toe boundary condition and facing panel configuration were found to have a signifi-

cant effect on model response [16]. For the same boundary condition (hinged toe - movement 

in the vertical and horizontal direction restrained but free to rotate -  or sliding toe - slide hori-

zontally and rotate and vertical movement restrained) and the same base excitation level, a 

wall with an inclined facing displaced less than an identical vertical wall. Regardless of toe 

boundary condition, the accumulated facing lateral displacements at the top of vertical walls 

were smaller for walls with facing panel less massive (smaller thickness). 

The acceleration amplification was amplified through the facing panel and the backfill soil 

and the evolution of the amplification factors with the wall height was nonlinear. 

Regarding the magnitude and distribution of reinforcement connections loads and total 

earth force (sum of connection loads and horizontal toe load) the study reported by [16] point-

ed out that: 

- the horizontally restrained toe in reduced-scale models attracted approximately 40% to 

60% of the total horizontal earth load during base excitation, demonstrating that a stiff facing 

column plays an important role in resisting dynamic loads under simulated earthquake loading; 

- the distribution and magnitude of connection loads over the wall height were in general 

poorly predicted using current FHWA and NCMA guidelines; 

- for model walls with an unrestrained toe, the predicted total earth forces using the FHWA 

method were smaller than the measured values; 

- for model walls with a restrained toe, both NCMA and FHWA design methods signifi-

cantly under predict the total earth force. 

Reduced-scale shaking table tests carried out by [17] led to the following main conclusions: 

- the lateral displacements of the model walls decrease with increasing reinforcement 

length, reinforcement stiffness and number of reinforcement layers; 

- increasing the reinforcement length and decreasing the reinforcement stiffness reduces 

the total seismic earth forces acting at the back of the facing; 

- the magnitude of the total reinforcement connection loads decreases with increasing rein-

forcement length, decreasing stiffness reinforcement stiffness and increasing vertical spacing; 

- the acceleration amplification factor decreases with increasing reinforcement length and 

increases with reinforcement vertical spacing. There is a critical acceleration value from 

which the amplification factors increased significantly. 

Large-scale shaking table tests carried out on 2.8 m high modular-block geosynthetic-

reinforced soil model walls were reported by [18]. These tests were performed at the large-

scale shaking table of the Japan National Research Institute of Agricultural Engineering. 

The three models were subjected to significant shaking using Kobe earthquake motions. 

Two of them were excited with a one-dimensional horizontal maximum acceleration of 0.4g 

followed by 0.86g, and the third model was submitted also to a vertical acceleration record. 
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Under moderate earthquake loading (peak acceleration of 0.4g), the GRS retaining walls 

showed negligible deformation. When submitted to very strong shaking (peak acceleration of 

0.86g) the walls still performed well. 

This study has shown that the wall performance under earthquake loading could be im-

proved by increasing the length of the top reinforcement layer, reducing vertical reinforce-

ment spacing and grouting the top blocks to ensure firm connection to the reinforcement [18]. 

The lateral displacements were largest at the top of the wall and a larger settlement occurred 

in the unreinforced zone of backfill. The vertical earthquake loading did not much affect the 

wall deflection but increased the vertical stress under the backfill and blocks, the reinforce-

ment load and the connection load. 

According to [18] the results of these shaking table tests have demonstrated that FHWA 

and NCMA design methods underestimate the seismic capacity of flexible GRS wall systems. 

3 NUMERICAL ANALYSES 

The studies on the numerical modelling of the seismic behaviour of GRS walls can be di-

vided into two categories: parametric analyses using numerical models that were not verified 

against physical tests, and studies that were based on numerical simulations verified against 

results of centrifuge shaking table tests, full-scale or reduced-scale shaking table tests. This 

literature review comprises only the latter type of numerical analyses and those published af-

ter 2001. Table 2 summarises selected numerical simulation on seismic performance of GRS 

retaining walls. 

The seismic behaviour of GRS retaining walls has been numerically investigated using 

mainly FLAC or FLAC3D codes [21, 22, 26, 29, 30], DIANA-Swandyne-II [24, 25, 27], 

DYNA3D or LS-DYNA [23, 28] and ABACUS [14]. Different elements were assumed to 

model the reinforcement layers (cable elements, shell elements, bar elements, truss elements 

and beam elements), assuming in general elastic or elastic-plastic behaviour. Regarding the 

interface between the backfill and the reinforcement, as well as, the backfill constitutive mod-

els different approaches have also been considered (Table 2). Most of these numerical anal-

yses have achieved a reasonable prediction of the seismic performance of GRS models. 

The main conclusions among the studies carried out with FLAC code include: 

- a simple elastic-plastic soil model may be sufficient to predict the seismic performance of 

GRS retaining walls provided that the backfill soil properties are selected accurately. Plane 

strain properties of the backfill material should be used [21, 22, 31]; 

- a  constant  reinforcement  stiffness  value  was  shown  to  be  a  reasonable  assumption  

for  numerical  modelling  of  the  geogrid  reinforcement [31]. The in-isolation material prop-

erties are suitable to model the reinforcement stiffness but the assumption of a perfect bond 

between the reinforcement and soil may contribute to differences between predicted and 

measured loads [22]; 

- current  pseudo-static  seismic  design  methods underestimate the size of the soil failure 

zone behind the wall facing and consequently underestimate the reinforcement anchorage 

lengths close to the top of the wall [21, 22]; 

- current active earth pressure theories applied to reinforced soil walls significantly overes-

timate the horizontal reinforcement forces [26]; 

- the magnitude and distribution of reinforcement connection loads during static and dy-

namic loading are influenced by the toe boundary condition [22]; 

- the horizontal displacement of wall and the vertical displacement of the backfill increase 

with the decrease of the wall stiffness [29]; 
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Table 2: Summary of numerical simulation on seismic performance of GRS retaining walls. 
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- after shaking two types of strained zones can be observed: a high strain zone near the 

wall facing and a low strained zone extending into the retained backfill. The variation of 

length and stiffness of reinforcement, number of reinforcement layers and backfill soil affects 

marginally these strained zones [29]; 

- backfill soil with higher friction angle and dilation angle (a denser backfill) shows a bet-

ter seismic performance [30]; 

 - the effect of soil-reinforcement interaction parameters is more prominent than the effect 

of reinforcement stiffness on the seismic performance of wrapped-face reinforced soil retain-

ing walls [30]. 

The finite element method program DYNA3D was used by [23] to simulate the experi-

mental results of shaking table tests performed on segmental (modular) blocks reinforced 

walls (Table 2). The simple Ramberg-Osgood model was considered suitable to simulate the 

nonlinear hysteretic behaviour of soil. 

This verified numerical model was used by [32] to investigate the effects of wall facing de-

tails on the seismic behaviour of a segmental reinforced retaining wall subjected to a El Cen-

tro earthquake record. The results of this study have revealed small lateral facing 

deformations, connection loads and axial strains in the geosynthetic layers, suggesting that 

this particular GRS retaining wall would not experience any significant distress if subjected to 

the El Centro earthquake. 

Lee et al. [28] used the finite element method program LS-DYNA to numerically simulate 

the dynamic performance of three large-scale shaking table walls reported by [18]. Discrepan-

cies between the calculated results and measure wall response were attributed to the deficien-

cies of the constitutive models and idealization of the numerical model. However, these 

primitive constitutive models have the advantage of limited material parameters. 

The nonlinear dynamic finite element code DIANA- Swandyne-II was used by [24, 25, 27] 

to model large-scale shaking table tests and centrifugal shaking table tests. The sand was 

modelled by [25] and [27] with a generalized plasticity model based on the concept of critical 

state which requires 16 parameters. 

The first study, presented by [24], has shown that damping properties used in the finite el-

ement analyses were extremely important to simulate the dynamic behaviour of the GRS 

walls. 

Numerical analyses carried out by [25] showed that the generalized plasticity model for 

granular soil and the adopted geosynthetic model were relevant for expressing the monotonic 

and cyclic behaviour of soil and reinforcement and a good prediction of the results was 

achieved. The numerical analyses also confirmed that the length and spacing of reinforcement 

play an important role in minimizing wall deformations and strains in the reinforcements. The 

amplification of acceleration seemed to be minimally affected by the reinforcement layout. 

The validated finite element model was used by [33] for conducting a series of parametric 

studies on the behaviour of GRS walls under construction and subject to earthquake loading. 

Based on this parametric analyses, [33] concluded that the lateral displacement and the wall 

crest settlement were affected by factors such as soil cyclic behaviour, reinforcement layout 

and earthquake motions. The wall crest settlement was larger behind the rear end of rein-

forcement. The loads in the reinforcement layers were influenced by the earthquake record 

and vertical spacing of reinforcement layers. Amplification of acceleration was affected by 

the soil behaviour and earthquake motions but not by the reinforcement layout. The effects of 

reinforcement vertical spacing were more significant compared to the length of the reinforce-

ment. 

The selection of Rayleigh damping coefficients for the soil was later investigated by [27], 

concluding that for models with a peak acceleration of 0.4 g, a 15% damping value produced 
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the most satisfactory results. For models with maximum acceleration of 0.8 g, the damping 

was lowered to 5%. Predicted wall deformations, backfill settlement, reinforcement loads and 

acceleration response were compared to measured values. Their analyses have shown that the 

tensile loads in the reinforcement were slightly overestimated. These authors have also con-

cluded that the effect of Rayleigh damping on the response of numerical models required fur-

ther investigation. 

A modified kinematic hardening model was developed and encoded in the finite element 

code ABACUS by [14]. After calibrating model parameters, the retaining walls, tested 

through reduced-scale shaking table tests (see Table 1), were analysed at model scale, assum-

ing soil parameters for small confining pressures. After validating the numerical method the 

problem was analysed at prototype scale assuming soil parameters for standard confining 

pressures. According to the authors following this procedure, the results of shaking table test-

ing were indirectly ‘‘converted’’ to real scale. 

A good prediction of the results of the shaking table tests were achieved with the numerical 

prediction (model scale). The numerical analysis underestimated the cyclic component of the 

horizontal wall displacement, but the residual displacement was similar to the experimental 

results for all cases examined. 

4 FINAL REMARKS 

The paper summarizes recent studies related to the seismic performance of GRS retaining 

walls involving full-scale or reduced-scale shaking table model tests and numerical simula-

tions verified against results of physical model tests. Post-earthquake performance of GRS 

walls was also briefly summarized. 

Overall, it could be argued that the seismic performance of GRS retaining structures has 

been very good, being the cases of inadequate behaviour due mainly to insufficient strength 

and stiffness of the connection pins between the modular blocks and reinforcement and 

changes to the design after construction. 

Based on the studies reviewed in this paper the following main conclusions can be drawn: 

 Physical and numerical models have been shown that current pseudo-static seismic de-

sign methods underestimate the size of the soil failure zone behind the wall facing and 

consequently underestimate the reinforcement anchorage lengths close to the top of the 

wall. On the other hand, classical earth pressure theories applied to reinforced soil walls 

overestimate the reinforcement forces. 

 Far field or mid far-field earthquakes should be considered in the design of GRS retain-

ing walls, since the seismic waves with long-time high acceleration values from the far 

field had greater effects on the seismic behaviour of GRS retaining walls than those from 

the near field. 

 The performance of GRS retaining walls under earthquake loading could be improved by 

increasing the length of the top reinforcement layer, reducing vertical reinforcement 

spacing and grouting the top blocks (in case of modular block walls) to ensure firm con-

nection to the reinforcement. 

 A simple elastic-plastic soil model may be sufficient to predict the seismic performance 

of GRS retaining walls provided that the backfill soil properties are selected accurately. 

 The increase of the reinforcement length lead to the decrease of seismic lateral displace-

ments, total seismic earth forces acting at the back of the facing, magnitude of the total 

reinforcement connection loads and acceleration amplification factor. 
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 The effect of backfill density on the seismic performance of GRS retaining walls is pro-

nounced only at very low relative density and at higher base excitations. 

 The effect of soil-reinforcement interaction parameters seems to be more significant than 

the effect of reinforcement stiffness particularly on the seismic performance of wrapped-

face reinforced soil retaining walls. 
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Abstract. Seismic ground motions observed on soft soil sites can be considerably larger than 

would be expected for rock sites located at similar epicenter distances. Lebanon is situated in 

the eastern Mediterranean, an area that is seismically active. In order to understand the effect 

of geotechnical parameters on the seismic soil response, the paper presents the results of the 

analysis of five deposits both clayey and sandy with different depths. A detailed study is car-

ried out in order to understand the effect of phreatic level, plasticity index, and input earth-

quake acceleration on soil response. The amplification is studied both in terms of soil surface 

acceleration change as well as the ratio of response spectra (RRS). Accelerations measured 

at the soil surface were as much as five times higher than those measured on the neighboring 

rock, when rock accelerations were less than 10%g, the amplification factor being less in the 

presence of sandy soils. Less amplification was observed in the unsaturated deposits, and the 

ratio of response spectra increased with the plasticity index. 
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1 INTRODUCTION 

It is known that each soil type responds in a different way when it is subjected to earth-

quake ground motion. The study of local site effects on seismic ground motions is an im-

portant feature of geotechnical earthquake engineering. Seismic waves reflection in the loose 

surface soil layer may yield resonance or amplification at certain frequencies depending on 

layer thickness. Each and every site at the same distance from the earthquake source may 

have a special soil response during the earthquake. Site effects were particularly put in evi-

dence during the 1985 Mexico Earthquake. Nowadays, the method with which site amplifica-

tion is estimated is still a major concern and under investigation among seismologists and 

earthquake engineers. Developing methods for assessing the nature and potential of soil am-

plification is important, especially when choosing the location and design of critical and es-

sential facilities [1], [2], [3]. Studying soil response means understanding earthquake source, 

source nature and distance, wave path, geologic context, upper soil properties, topography and 

primarily site effects [4], [5]. The worldwide problem of site effects may be illustrated by lo-

cal ground motion amplification, resonance or strong liquefaction potential [6], [7]. Waves 

generated during an earthquake are characterized by their spreading velocity. If the latter is 

relatively stable deep in the earth’s crust, it becomes highly variable in the immediate vicinity 

of the surface, because both compression and shear waves are directly linked to soil or rock 

compactness. For example, shear wave velocity can be as high as 3000 m/s in strong granite 

and as low as 500 m/s in the same granite if it is weak or altered. Also, shear wave velocities 

may be as high as 1000 m/s in consolidated dense sediments, and less than 100 m/s in loose 

soils. Site effects are frequently linked to loose ground conditions such as recent sedimentary 

fill.  

The goal of the present research is to highlight the importance of the geotechnical parame-

ters which are sometimes neglected by practicing civil engineers when applying codes and not 

taking into consideration special site conditions existing in the proposed project location. All 

the analyses underline the interest that should be given to the geotechnical parameters and 

their effect. This paper will give a wrap up of research results obtained by the author in the 

last years [8], [9], [10], [11], and covering different aspects of soil acceleration amplification 

and liquefaction problems in Canada. Liquefaction potential analysis has been realized earlier 

for different soil deposits in Lebanon [12]. In this paper, typical soil deposits will be analyzed 

and the significance of the effect of geotechnical parameters (plasticity index, water table, soil 

acceleration) on soil response will be addressed through an exhaustive parametric study. 

2 LEBANON SEISMICITY 

Earthquake geotechnical engineering problems are of major concern to Lebanon since the 

country lies over an estimated 1000 km long fracture system which extends from the seafloor 

spreading in the Red Sea to the Taurus Mountains in southern Turkey. This fracture system is 

a main tectonic feature in the Eastern Mediterranean and is known as the Levantine or the 

Dead Sea fault system. The Levant fracture is similar to the fault system in California, since it 

has given rise, at different parts along its length and in different time intervals, to major de-

structive earthquakes of varying magnitudes. Lebanon is zoned today as 0.25g earthquake de-

sign acceleration. In the present parametric study, the El Centro signal having amax equal to 

0.348g will be used and then scaled to represent many loading scenarios that might occur in 

Lebanon in the event of an earthquake induced by the many faults affecting the country. 
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3 METHODOLOGY OF ANALYSES 

Sources of information and the database that was used in the present study included topo-

graphic and geologic maps, as well as engineering geology, geotechnical and deep boring data. 

The covered studies may provide a reasonably well first approximation of the characterization 

of soil (rock) layers and geotechnical properties. The analysis comprised five Lebanese soil 

deposits with different thicknesses, a varying water table level, and the presence of both clay 

and sand layers. As far thicknesses are concerned, soil deposits (types 1 and 3) are the deepest 

(around 30m) while soil deposits (types 2, 4 and 5) are shallower (around 15m). Types 1 and 

2 alternate granular and clayey layers, type 3 is essentially made of clay layers while types 4 

and 5 are purely sand layers. The type 1 soil deposit (31.5m thickness, alternating loose grav-

elly, sandy, and silty clay layers) is near the Litani river in southern Lebanon; the type 2 soil 

deposit (13m thickness, mainly sandy and silty clay layers) is in Beirut downtown; the type 3 

soil deposit (29.5m thickness, sandy clay layers) is in Beirut near Beirut river; the type 4 soil 

deposit (15m thickness, silty and clayey sand layers) is in Beirut Suburb Chiyah; and the type 

5 soil deposit (16m thickness, sandy layers) is in Beirut Suburb airport area. The geotechnical 

field and laboratory investigations of the involved soils, allowed the determination of the soil 

properties required for soil acceleration amplification calculations. Main properties in the 

analysis are the small strain shear modulus Gmax or the shear wave velocity Vs, and the small 

strain damping ratio D. The studied fundamental periods ranging from 0.2s to 0.7s are repre-

sentative of soil deposits found in the greater Beirut area as well as in many other places all 

over Lebanon. Also, these fundamental periods appeared to be variable for soil deposits. The 

possible reasons behind this variability were attributed particularly to the variability of mate-

rial properties including thickness of sediments and density that led to the variability of shear 

wave velocity of soils. Although the soil deposits included different layers, an average repre-

sentative value of some parameters is given in Table 1; the fundamental period (very small 

strain) for each deposit is also shown in Table 1. The shear wave velocity of the underlying 

rock was taken as 2500 m/s. The information on rock is quite essential as one should know if 

the rock behaves as a rigid layer. In reality, however, all rocks are to some extent deformable 

and thus it is desirable to determine how stiff the rock must be before it can reasonably satisfy 

this requirement. The influence of the rigidity of rock and the effect of the rigidity contrast 

between soils and underlying rock are currently being analyzed by the authors. 

 

  

SOIL DEPOSIT Type 1 Type 2 Type 3 Type 4 Type 5 

Vs (m/s) 209 226 188 273 277 

T (s) 0.603 0.230 0.638 0.220 0.231 

Gmax (MPa) 74 87 64 141 145 

D (%) 2 3 2 2 2 

Table 1. Representative average soil deposits properties. 

 

Many analyses were carried out on these soil deposits in order to cover a wider range of 

eventual soil acceleration amplification, with a special attention given to the following three 

aspects: The plasticity index of clays, the role of water table level, and the initial rock peak 

horizontal acceleration. Adapted computer programs with equivalent linear soil response 
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analysis in time and frequency domains were used. The necessary input data are the time his-

tory of an earthquake, the soil profile, and the dynamic soil properties. The earthquake time 

history can be a corrected and scaled recorded accelerogram. The selected earthquake input 

signal was the El-Centro earthquake, with scaled peak horizontal acceleration. The soil profile 

consists of the layers and their corresponding thicknesses, initial damping ratio, unit weights 

and small strain shear modulus. The dynamic soil properties are defined by damping ratio and 

shear modulus degradation curves found in literature and that give the equivalent damping 

and the secant shear modulus as a function of strain [8]. 

4 RESULTS AND DISCUSSION  

The factor of amplification was estimated in two methods: first as the ratio of the peak hor-

izontal surface soil acceleration asurf to the input peak earthquake rock horizontal acceleration 

amax (asurf/amax); and secondly as the maximum (FA) of the ratio of response spectra RRS 

(FA= maximum of ratio of surface soil to input rock acceleration response spectra). In fact, a 

useful tool to study the amplification phenomenon is the curve of Ratio of Response Spectra 

(termed RRS) versus period T. Figure 1 shows the modification in the factor of amplification 

(asurf/amax) as a function of the plasticity index of the clays. Figure 2 shows the modification of 

the factor of amplification of the RRS method as a function of the varying plasticity index. 

The effect of varying the water table level on the Factor of amplification is given in Figure 3 

(FA= asurf/amax) and Figure 4 (FA= maximum of RRS). The outcome of selecting initial rock 

input peak horizontal acceleration amax after scaling the initial earthquake acceleration amax 

initial is given in Figure 5 (FA= asurf/amax) and Figure 6 (FA= maximum of RRS). 

 

Both Figures 1 and 2 highlighting the role of the plasticity index show that a higher plastic-

ity index increases the factor of amplification whatever its mode of evaluation (asurf/amax or 

FA). Analysis was done by changing the plasticity index of the clayey layers in deposits of 

types 1 to 3 containing such layers. The three soil deposits give the same tendency with high-

er amplification factors for type 2 soil deposit due to resonance effects between the soil fun-

damental period and the earthquake signal. It was noticed that the peak RRS values for soil 

deposit type 2 were measured at a period of 0.25s near the corresponding fundamental period 

of the soil deposit type 2. The factor of amplification measured in the time domain is lower 

than the one measured in the frequency domain. In the time domain, the factor of amplifica-

tion is lower than 1 in the case of very low plasticity indices yielding a sand-like behavior. 
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Figure 1. Time domain acceleration amplification as a function of plasticity index 
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Figure 2. Frequency domain acceleration amplification as a function of plasticity index 

 

 

As far as the role of the presence of water table is concerned, both Figures 3 and 4 show 

that the water table does not influence the seismic response of sandy soil deposits of types 4 

and 5. For the soil deposit type 3, the factor of amplification decreases with a lower water ta-

ble. Soil deposit type 2, which has half the thickness of type 3, does not give a clear trend ex-

cept for the fact that both clayey soil deposits of types 2 and 3 are affected by water table 

level. The effect of input peak horizontal acceleration is analyzed in Figures 5 and 6. 

 

The input peak horizontal acceleration of the earthquake (0.35g) has been scaled between 

0.2amax (0.07g) and 1.4amax (0.49g) in order to put emphasis on the effect of the input accel-

eration on seismic soil response. While a very slight trend of decreasing factor of amplifica-

tion for sandy soil types 4 and 5 is observed (Figures 5 and 6) with an increasing input 

earthquake acceleration, clayey-like soils deposits (types 1 and 3) denote a much higher de-

crease in amplification. As far as soil deposit type 2 is concerned, a higher factor of amplifica-

tion is measured (Figures 5 and 6, asurf/amax and FA respectively). Again, it is useful to 

mention that this is due to resonance effects between the soil deposit type 2 fundamental peri-

od and the earthquake signal fundamental period. 
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Figure 3. Time domain acceleration amplification as a function of water table level 
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Figure 4. Frequency domain acceleration amplification as a function of water table level 
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Figure 5. Time domain acceleration amplification as a function of input amax 
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Figure 6. Frequency domain acceleration amplification as a function of input amax 

 

 

On the other hand, in order to more understand the role of the different parameters and 

their influence on the final results, a detailed analysis has been carried out in the frequency 

domain mainly by observing the change in RRS as a function of the spectral periods. Empha-

sis is put on soil types 1 and 3 because they are the deepest deposits with a thickness of 
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around 30m. Figures 7 and 8 show respectively RRS values obtained for different plasticity 

indices in the case of soil types 1 and 3 respectively. Figures 9 and 10 show the change in 

RRS values for different input acceleration on the rock in the case of soil types 1 and 3 re-

spectively. Figure 11 shows the effect of varying water level on RRS in the case of soil type 3. 

At this point, it is important to underline that soil type 1 is made of alternating sandy gravel 

and clay layers, while soil type 3 is constituted of clay layers only. 

 

As for the results of the analysis it is obvious that higher peaks are obtained with interme-

diate to high plasticity indices (Figure 7 and 8). In Figure 7 higher peaks are measured for 

plasticity indices greater than 40% with the highest RRS (RRS = 5.95 at T = 0.84s) obtained 

for IP = 60%. In Figure 8, a clearer trend is observed in the case of soil type 3 made only of 

clay layers; the peaks become higher with the increase of plasticity index in the form of a lin-

ear relation. The highest peak (RRS = 5.59 at T = 1.14s) is obtained for the high plasticity in-

dex IP = 100%. For clayey soils of type 3 (Figure 8), it is important also to mention the 

presence of smaller peaks at lower periods (RRS = 2.33 at T = 0.44s for IP = 100%). This is 

attributed to another mode of resonance. Finally, in the case of lower plasticity indices (less 

than 20%) RRS values diminish drastically in the presence of clay layers only (Figure 8) 

while this trend is less obvious in soil deposits containing sandy and clayey layers (Figure 7). 

 

The input rock acceleration initially used as reference is ainit=0.348g. As for the effect of 

the value of initial input rock acceleration on the response, Figures 9 and 10 show that for 

both soil types 1 and 3, the high RRS peaks correspond to smaller accelerations (amax/ainit less 

than 0.6 yielding maximum input rock accelerations less than 0.21g; in Figure 9, higher peaks 

are measured for amax/ainit less than 1 with the highest RRS (RRS = 5.61 at T = 0.80s) obtained 

for amax/ainit= 0.6. In Figure 10, a net trend is observed in the case of soil type 3 made only of 

clay layers; the peaks becoming obviously higher when a smaller input acceleration is used, 

with the RRS getting higher with the decrease of input acceleration in the form of a linear re-

lation. The highest peak (RRS = 6.00 at T = 1.12s) is for amax/ainit equal to 0.2 yielding a max-

imum input rock acceleration of 0.07g. In both Figures 9 and 10, it is worth to note the 

presence of smaller peaks at lower periods, with the peaks being more detected in the case of 

soil type3 as in the case of the effect of plasticity index. This is again attributed to another 

mode of resonance that becomes much more evident in the presence of clayey layers only 

(soil type3). For high input acceleration, peaks are less marked and shift to higher periods. In 

the case of soil type 1 (Figure 9), smaller peaks are measured in the case of higher input ac-

celerations at periods of around 1s. One may emphasize the following observation: The higher 

the input acceleration, the lower the RRS peak and the higher the period. This is logic because 

the higher the acceleration, the lower the dynamic properties, hence the higher the period. As 

a final point, Figure 11 proves that for soil type 3; the closer the water table to the surface, the 

weaker the soil and the higher the RRS peak. When the water table is at surface (WT=0 m), 

RRS=5.84 at T=0.84s, a lower water table indicates a shift of RRS peak towards high periods. 

 

Finally, with the purpose of showing the results of the analyses in a larger frame, Figure 12 

puts together previously obtained results on soft North American soils as well as the results of 

the present research [13], [9], [11]. It is interesting to note that analyzed seismic Lebanese 

soils response yield a general trend similar to the one obtained in the case of soft Canadian 

soils [9]. The higher soil acceleration in the case of Canadian soils may be explained by their 

soft consistency. In all cases the curve presented by [13] underestimates the soil acceleration. 

This underestimation of soil acceleration has been observed before, with both the results of 

Mexico 1985 and the Loma Prieta 1989 earthquakes. Further analysis is to be carried out in 
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the case of Lebanese soils to better validate the proposed curve in Figure 12, although the ob-

tained trend (decreasing soil acceleration in the case of higher rock acceleration) is conform to 

other literature findings putting in evidence nonlinear behavior. 
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Figure 7. RRS for soil type 1 as a function of different plasticity indices 
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Figure 8. RRS for soil type 3 as a function of different plasticity indices 
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Figure 9. RRS for soil type 1 as a function of input acceleration 
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Figure 10. RRS for soil type 3 as a function of input acceleration 
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Figure 11. RRS for soil type 3 as function of water table (WT) depth in the profile 
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Figure 12. Proposed relation between soil and rock accelerations 

 

5 CONCLUSIONS  

A significant difference in seismic soil response, as far as surface acceleration is concerned, 

was observed when comparing clayey and sandy deposits: higher amplifications were meas-

ured in the presence of clay confirming previous observations in Mexico (1985), Saguenay 
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(1988) and Loma Prieta (1989). The analysis was carried out in terms of ratio of response 

spectra to underline the significance of frequency content in seismic soil response. The effects 

of soil shear modulus degradation on soil surface acceleration are taken into account. The im-

portance of shear modulus degradation due to seismic loading is linked to the threshold shear 

strain that separates elastic deformations from larger deformations. Further analysis is to be 

carried out in the case of Lebanese soils. An important work is currently underway to under-

stand the behavior of Lebanese soils under earthquake loading. Case studies and analyses pre-

sented in this research will bring about a better understanding of the earthquake geotechnical 

context of Lebanese soils that can be extrapolated to neighboring countries soils. The obtained 

results should form a basis for any subsequent analysis of site effect problems during major 

earthquake events that might hit the area. Finally, the emphasis was on the importance of the 

geotechnical chapter in earthquake engineering. 
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Abstract. The paper analyses the evaluation of the liquefaction potential based on in situ 

tests. The four studied methods are those recommended by the NCEER and those proposed by 

Boulanger and Idriss. These methods are based on the cyclic stress approach, which 

characterizes both earthquake loading and soil liquefaction resistance in terms of cyclic 

stresses. Liquefaction resistance is based on two field tests results, namely SPT and CPT. An 

extensive analysis is carried out to understand and compare the results obtained. The factor 

of safety against liquefaction is discussed in terms of many parameters particularly the depth, 

the percentage of fines and the number of blows N. The analyzed case study is a site in Qatar. 

Hundreds of CPT and SPT were performed at this site where the foundation soil is calcareous 

sand, this kind of soil being not commonly considered in the literature. As far as factors of 

safety against liquefaction are concerned, the results are very close in general, and 

correspond to the geological and geotechnical soil profile. Analysis shows that the CPT 

Boulanger and Idriss method is the most conservative. The case study wants to contribute to 

the understanding of the factors that influence the cyclic stress approach. The SPT resistance 

is most commonly used but the CPT resistance approach must be gaining more fields in future 

earthquake geotechnical engineering projects. 
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1 INTRODUCTION 

Liquefaction is one of the most important and complex problems in soil dynamics. The 

occurrences of liquefaction as well as the deformations measured in case of cyclic loading, 

depend on the soil characteristics such as grain size and shape of particles. In fact, saturated 

soils for which the strength is developed by friction between particles under the effect of a 

confining pressure are the most susceptible to liquefaction. In the presence of fine particles, a 

cohesion or adhesion may exist between particles. Consequently, sands containing fines show 

a higher strength against liquefaction compared with clean sands. For a long period, sands 

containing a fraction of fines were considered as having a lower potential of liquefaction than 

clean sands. Nevertheless, in 1999, two strong earthquakes improved our understanding of the 

role of fines: The Kocaeli earthquake in the city of Adapazari in Turkey, and the Chi-Chi 

earthquake in the cities of Wu Feng, Yuang Lin, and Nanton in Taiwan. In these towns, 

significant damage due to liquefaction was observed: excessive settlement and/or loss of 

bearing capacity for structures on shallow foundations took place on sites with considerable 

cohesion in soils. As far as gravelly soils are concerned, they are more permeable than sandy 

soils, and any excess in pore water pressure generated by cyclic loading can be quickly 

dissipated. 

The sequel of liquefaction may be quite severe: uniform and differential settlement, loss of 

bearing capacity for shallow and deep foundations, lateral spreading and particular damage to 

underground structures. After the Alaska earthquake (1964) and the Niigata earthquake 

(1964), a simplified procedure [1] based on in situ tests was developed to evaluate the 

liquefaction potential for a site. Later, this same procedure has undergone many modifications 

or improvements [2], [3] and [4]. In January 1996, a workshop was organized by the NCEER 

(National Center for Earthquake Engineering Research); the recommendations of this 

workshop were later analyzed [5]. Recently, the analysis of soil liquefaction has become a full 

research field [6], [7], [8] and [9]. This paper presents an analysis of the different methods 

available for the evaluation of the liquefaction potential based on SPT and CPT. The studied 

site is in Qatar in the Persian Gulf region where huge civil engineering projects are presently 

realized, and this highlights the importance of the carried out research. The analysis of the 

large existing database on CPT and SPT yields interesting conclusions both when comparing 

the liquefaction potential evaluation methods and the understanding of soil behavior under 

earthquake loading. 

2 EVALUATION OF LIQUEFACTION POTENTIAL 

2.1 Cyclic Stress Ratio CSR 

A simple approach is proposed [1] to evaluate stresses induced by an earthquake. it 

estimated that the induced shear stress at a depth z was given by the following equation:  

  

      
          

 
 (1) 

 

with amax being the maximum horizontal acceleration of the earthquake as a function of 

gravity g, σv being the vertical stress at a depth z, and rd being a reduction factor taking into 

account the deformability of the soil column located above the considered point. The 

equivalent uniform cyclic shear stress generated by the earthquake is given by: 

 

                   (2) 
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The uniform cyclic stresses are then normalized by the effective initial vertical stress. The 

obtained ratio is called the cyclic stress ratio (CSR) and is given by the following equation: 

 

         
       

    
 
               

      
 (3) 

 

Several methods were described [10] to determine the coefficient rd.  First, a variation of rd 

was proposed as a function of depth [1]. The following equations were adopted [11] to 

determine rd for non-critical projects: 

 

                  ( )                      (4) 

 

                 ( )                           (5) 

 

More recently, a relation of rd to the depth z was proposed [12], expressed in meters, and to 

the moment magnitude of the earthquake; these relations are appropriate for a depth z< 34m: 
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2.2 Cyclic Resistance Ratio CRR 

On the other hand, the cyclic resistance ratio (CRR) giving the resistance developed by soil 

against liquefaction is defined similarly to the CSR. Methods used to measure CRR are based 

either on laboratory tests or on situ tests. Laboratory tests, particularly cyclic shear and cyclic 

triaxial tests present the inconvenience of dealing most often with remolded specimen. In fact, 

it is very difficult to get undisturbed samples especially under water table; Disturbed samples 

do not reproduce accurate in situ conditions in the laboratory. Techniques such as special 

tubing or freezing are quite expensive for the time being. As far as in situ tests are concerned, 

SPT (standard penetration test), and CPT (Cone penetration test) are the most used to obtain 

CRR. The CRR may be obtained through two approaches: First by correlating the N value 

(number of blows in SPT) or qc (point or bearing resistance measured at the tip of the cone in 

the CPT) with the history of stresses in soil to know whether it has liquefied or not, the CRR 

being the limit separating liquefaction from non-liquefaction. Second, by determining the 

CRR from laboratory tests and correlating it with N or qc. 

Results of a traditional liquefaction potential evaluation for a site are generally presented in 

the form of factor of safety Fs defined by the ratio CRR / CSR. Theoretically, the occurrence 

of liquefaction is in the case where Fs ≤ 1. This approach is known as the deterministic 

approach. However, due to uncertainties in the model or parameters used, a factor of safety 

Fs > 1 obtained in the deterministic approach does not always correspond to a non-

liquefaction condition. The same comment may be given to the situation where Fs ≤ 1. Efforts 

are carried out to quantify these uncertainties by evaluating the liquefaction potential in terms 

of probability of liquefaction. This approach is designated by the probabilistic approach. 
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2.3 SPT and CPT Tests 

The Standard penetration test (SPT) is a simple in situ test used worldwide. This test gives 

a basic idea about soil identification (mostly disturbed samples) and soil strength. It can be 

easily used in fills and granular soils but is not recommended for clayey soils. Moreover, 

many liquefaction cases during earthquakes are documented based on SPT results. On the 

other hand, the SPT presents some disadvantages: absence of continuous reading (interval of 

50cm between readings), and numbers of blows (N values) are function of the size of the 

particles, the confining stress and the relative density. As far as the cone penetration test is 

concerned (CPT), the latter is more advantageous than the SPT. It allows continuous 

measurements in soil and detects the presence of loose or dense thin layers. A new CPT 

allows the measurement of the pore pressure in soils. The problem with CPT is that it cannot 

penetrate dense soils and does not permit any sampling even for simple identification. 

2.4 Corrections 

The main corrections affecting the cyclic resistance ratio CRR may be grouped in four 

categories: The corrections for thin layers, for earthquake magnitude, for surcharge and initial 

static shear, and finally for percentage of fines. In a CPT test, the bearing resistance qc may be 

influenced by the presence of soft soil layers above and beneath the liquefiable layer; there is 

an obligation to correct the value of bearing point resistance qc measured for such thin layers. 

The simplified approach to measure CRR is based on a reference earthquake magnitude of 

7.5; the equivalent number of uniform cycles being proportional to earthquake magnitude, the 

minimum stress ratio (CSR minimum) required to cause liquefaction, that is equal to the 

CRR, decreases when magnitude M increases. A magnitude scaling factor (MSF) is used to 

correct the CSR value measured for an earthquake with a magnitude different from 7.5. This 

MSF is calculated based on correlations between the number of equivalent uniform cycles and 

the magnitude on one hand, and on the other hand based on relations obtained in the 

laboratory between the CSR required to cause liquefaction and the equivalent number of 

uniform cycles. For an earthquake magnitude greater than 7.5, the following upper limit of 

MSF is recommended [5]: 

 

     (
 

   
)
     

 (9) 

 

Equation (10) for calculating MSF is recommended [12]. When used in conjunction with 

equations linking rd with z and with the magnitude M (Equations (6), (7), (8)) and not only 

with z, equation (10) will yield conservative values especially at shallow depths: 

 

          ( 
 

 
)              (10) 

 

The correlations giving CRR used to evaluate the liquefaction potential of a soil deposit 

under earthquake loading correspond to horizontal cases only (reference magnitude 7.5 and 

effective vertical stress of 100 kPa). It is possible to consider [13] the effect of an initial 

horizontal static stress due to the sloping surface, and cases where the effective vertical 

confining stress is greater than 100 kPa by correcting the value of CRR as follows: 

 

                                  (11) 
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 (12) 

 

K and K are respectively correction coefficients taking into account the initial horizontal 

static shear and the effective vertical confining stress. These coefficients vary according to the 

soil nature and should be determined for each site if possible. The evaluations of K have 

been discussed [14]. Subsequently, K and K values were revised [15]. Of course, CRR 

values increase as a function of fines content. The practice today is to increase the values of N 

or qc, by introducing N or qc, to take into account the amelioration of soil resistance due to 

the presence of fines content, or increase the CRR by a factor depending on soil plasticity. 

Nevertheless, it is necessary to distinguish between soils having a sandy like behavior for 

which the corrections are applicable, and a soil having a clayey like behavior where specific 

criteria should be examined. 

2.5 Normalized N and qc 

In general, number of blows N60 and bearing resistance qc are normalized for a confining 

stress σ’v0 of 100 kPa, in the aim of obtaining values depending on the relative density of 

sand, whatever the depth. Normalized values for N60 and qc are designated respectively by 

(N1)60 and qc1. Moreover, an additional correction is suggested for the values of qc1 in order to 

become dimensionless; this correction consists in normalizing qc1 by a reference pressure of 

100 kPa. The value of qc1N is hence obtained. A procedure to calculate the equivalent tip 

bearing resistance for a clean sand (qc1N)cs, was proposed [16]. More recently, CRR curves as 

a function of (qc1N)cs have been reviewed [12]. 

3 METHODOLOGY OF ANALYSES AND CASE STUDY 

In this paper, four methods to evaluate soil liquefaction potential will be applied to a site in 

Qatar in the Persian Gulf. The first two methods have been adopted by the NCEER [5]: these 

are the CPT method [16] and the SPT method [17]. The other remaining two methods are 

respectively an SPT method and a CPT method studied [15]. Calculations following the four 

methods have been performed in the absence of any initial static shear stress (K =1). 

The studied site is part of a larger zone where residential as well as industrial projects are 

under construction. This area is located on the Persian Gulf southern coast in the city of Doha 

in Qatar. Geotechnical works consisted in filling the coast, hence enlarging the area by 

gaining into the sea using material from nearby dredging. The fill material was compacted 

using dynamic methods and repeated passes of compactors (25 tons). In order to insure that 

the compaction was carried out correctly, many boreholes were realized in order to obtain 

coring to be examined in the laboratory. SPT and CPT tests were realized as well. In total, 6 

boreholes were executed and 18 CPT profiles were measured. In the case of 4 CPT profiles, 

measurements were made after 6, 12 and 30 passes of the compactor in order to check the 

depth reached by the compaction effort. A total of 8417 CPT values were obtained for 

different depth. 

3.1 Geology of the Region 

From a geological perspective, the peninsula of Qatar is part of the Persian Gulf basin. The 

basin extends from the Arabian plate to the east, to the Zagros fold in Iran, over a width of 

1200 km. The formations of the peninsula of Qatar are all of Tertiary to Quaternary age. The 

surface of the Doha area (city were the studied site is located) is generally made of surface 

deposits of Holocene and Pleistocene ages, consisting of aeolian sand and silt. The major 
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underlying tertiary formations are divided into: Limestone Simsima (Upper Dammam 

Formation); argillite Midra (Lower Dammam Formation), and finally the formation of Rus. 

The majority of the land of Qatar consists of a calcareous horizon uniform Middle Eocene 

age, limestone Simsima, which is part of the formation of upper Dammam. The limestone of 

this formation is of poor to moderate resistance, and occasionally strong. We often encounter 

in this formation thin layers or lenses of silty carbonated rock and marl, interconnected voids 

and cavities filled with silt, marl, calcite, or gypsum. The argillite Midra is part of the lower 

Dammam formation, Middle Eocene age. It consists of laminated argillite, brown/yellow and 

occasionally greenish. These clays contain thin discontinuous beds of beige limestone chalky 

or crystalline. Fossil shark teeth are found in this formation. The formation of Rus, overlain 

by argillites Midra, is of Lower Eocene age. It generally consists of dolomitic soft chalky 

limestone. Thin intercalations of greenish brown clay are occasionally encountered. 

3.2 Geotechnical Context of the Site 

The obtained core samples are consistent with the regional geology of Doha. There is a 

surface layer of dense silty sand, fine to coarse, containing shell fragments and coarse 

calcarenite gravel. The approximate thickness of this layer is 3.5 m. This layer is mainly made 

of materials imported during backfilling part of ongoing activities. This layer covers in most 

of the borings a lower thin layer of calcarenite very to moderately soft, whose thickness, when 

this layer exists, varies between 0.3 and 1m at most. It is characterized by the presence of 

voids up to 150mm in size, and horizontal to sub-horizontal fractures closely spaced, and is 

found mainly to the North of the studied site. After this layer or directly after the first layer, 

we find loose silty sand, fine to coarse, containing shells, and over a thickness of about 3-4m. 

The bedrock follows: it consists of limestone conglomerate, moderately to strongly altered, 

overlying the calcisiltite, and generally soft to moderately soft. It is characterized by a 

fractured state. Water levels measured during drilling indicate the presence of groundwater at 

a depth of approximately 2-3m. It should be noted that the originality of this site resides in its 

sandy cover nature. Contrary to the majority of sands normally encountered and that are made 

of silica, the sands of this site are calcareous, given their origin from the underlying 

limestone. On the other hand, the calcareous sand which breaks more easily has a lower 

resistance to penetration and crushing than silica sand. The strength characteristics of the sand 

cover, and its behavior before and after compaction should be considered with caution. 

3.3 Seismic Context of the Region 

The Persian Gulf is located in the area of a major collision, the Alpine-Himalayan belt. The 

gradual movement of the tectonic Arabic plate towards the Eurasian plate resulted in a 

compression of the earth crust between them. This movement is about 20mm a year now. 

Compression affects mainly Iran, either in the form of a subduction of the Arabian plate under 

the Eurasian plate at depths greater than 50 km, or in the form of surface compression 

affecting the crust up to 50 km deep, resulting into major folds and faults (Zagros Fold Belt). 

Heading towards the south of this region, the seismicity becomes smaller. The Arabian plate 

is considered tectonically stable, and it is generally assumed that no major seismic activity has 

occurred in the last 10 million years in the South. The extremely low intra-plate seismic 

activity reflects a smooth fold in the Arabian plate. Summing up, in the Persian Gulf, seismic 

activity increases when approaching the active Zagros fold belt in Iran. A study was 

conducted to assess the seismic hazard in two areas of Qatar, Ras Laffan in the north-east and 

Umm Said in the south-east, taking into account the various possible sources and applying 

suitable attenuation equations. The following results were obtained: the maximum probable 
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earthquake magnitude is to be more likely from 6.0 to 6.5. For the area of Umm Said, 

accelerations of 0.02 g and 0.07 g corresponding respectively to standard operating basis 

earthquake (OBE, return period of 500 years) and safety shutdown earthquake (SSE, return 

period of 10,000 years) were calculated. For the area of Ras Laffan, accelerations of 0.06 g 

and 0.21 g corresponding respectively to standard operating basis earthquake (OBE, return 

period of 500 years) and safety shutdown earthquake (SSE, return period of 10,000 years) 

were calculated. On the other hand, an evaluation of the effect of the earthquake that struck 

western Iran on March 31st 2006, conducted by USGS confirmed these results, giving peak 

accelerations ranging from 0.02 to 0.04g in the south and 0.08 to 0.16 g in the north of Qatar. 

The city of Doha and therefore the studied site is located in the east and middle of Qatar, a 

maximum acceleration of 0.15 g is suggested for calculation. The maximum magnitude of 6.5 

is also considered. 

 

4 RESULTS AND DISCUSSION 

The four methods of calculation presented in the previous section are used for the CPT 

profiles available in the studied site. As an illustration, Figure 1 shows a representative CPT 

soil profile CPT311, as measured in situ. Figure 2 shows the corrected values in terms of qC1N 

and (qC1N)CS of CPT311 soil profile. Obviously these corrections are made according to the 

two studied CPT methods (1998 and 2004; [16], [12] and [15]). Lastly, Figure 3 shows the 

SPT profile N60 obtained by calculation from the profile CPT311 measured at the same place. 

The corrections shown (N1)60 and (N1)60CS in Figure 3 are done according to SPT methods 

(1997 and 2004; [17], [12] and [15]) studied in this work. For the analyzed case study, the 

results of calculations of the safety factor Fs, made based on the four methods are given in 

Figure 4. Figure 5 shows the measured in situ SPT profile N60 at the same place; the 

measurement points in the sampled SPT borehole are linked to show the trend, it is the profile 

P4-03. Figure 6 in turn presents the calculations of the safety factor obtained following the 

two SPT methods. 

The safety factors calculated by different methods indicate a risk of liquefaction in the 

layer of calcarenite, located around the depth of 3m, and for sands located below. Similarly, 

the safety factors calculated from borings indicate values less than unity for this layer and the 

underlying sand. These results indicate that the site is prone to liquefaction phenomena 

between depths of 3 and 7 m, where an earthquake of magnitude 6.5 and characterized by a 

maximum acceleration of 0.15 g is considered to hit the region. Moreover, the results show 

that the CPT and SPT profiles reveal an analogy, and outline the presence of the soft 

calcarenite layer at a 3m depth. Thus, the general trend of safety factors derived from the CPT 

is consistent with the safety factors calculated from the SPT carried out at the same location. 

Of course, the CPT profiles are continuous and can detect variations and thin layers, unlike 

SPT profiles that provide readings at intervals of 1 to 1.5 m. As for compaction, the results of 

CPT carried out in the soil in its initial state and then after each compaction step indicates that 

compaction does not affect the soil strength (in terms of qc and therefore CRR below a depth 

of 2 m. Of course the soil strength increases with compaction energy increasing, but the depth 

of the influence compactor will not exceed 2m below surface. 
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Figure 1. CPT-311 Profile typical of the site in Qatar 

 

 

 

By observing the results of calculations, we note that for the majority of CPT profiles, the 

CPT method of Boulanger and Idriss (2004) for evaluating the liquefaction potential is the 

most conservative, providing the lowest factors of safety. Note that all calculations were 

performed neglecting the presence of initial shear stress (Kα = 0). But in the case of presence 

of such stresses, the values of CRR will be increased for (N1)60cs above 12, and decreased 

otherwise. This implies that the factor of safety for calcarenites and sands more than 3m deep 

will decline further, knowing that beyond this depth the factors of safety calculated are 

already less than 1 indicating an area susceptible to liquefaction, even in the absence of initial 

shear stress. The variation in safety factors obtained for each method versus other methods is 

presented in Figure 7. In addition, a linear regression analysis was performed to derive the 

linear trend between the various safety factors calculated. This analysis was based on the 

method of least squares. 
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Figure 2. qc corrected according to CPT-1998 and CPT-2004 methods for CPT-311 profile 

 

 
 

Figure 3. (N1)60 and (N1)60cs profiles based on SPT-1997 and SPT-2004, forCPT-311 profile 
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Figure 4. The Factor of safety function of depth according to the 4 methods, CPT-311 profile 

 

 
 

Figure 5. The Values of N using methods SPT-1997 and SPT-2004, borehole P4-03 
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Figure 6. The Factor of safety, methods SPT-1997 and SPT-2004 for borehole P4-03 

 

 
 
Figure 7. Example of relation (linear regression) between factors of safety obtained according to the 

different calculation methods 

 

 

The regression analysis in Figure 7 shows that all methods are linearly dependent, with R
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curve is most reliable when R
2
 is close or equal to 1. In addition, the R

2
 values obtained for 

the various safety factors indicate that the linear regressions represent the experimental values 

deduced with a high degree of reliability. Additionally, the R
2
 values show that the safety 

factors of Boulanger and Idriss for CPT and SPT (2004; [12] and [15]) are approximately 

linearly dependent (R
2
 = 0.86). Also, they indicate that the safety factors based on CPT 

methods ([15] and [16]) on one hand, and those based on SPT methods ([17] and [12]) on the 

other hand, show perfectly linear dependencies (R
2
 = 0.95 and 0.96). 

5 CONCLUSIONS 

Many methods have been developed to evaluate the soil liquefaction potential. In the 

present paper, the comparison of methods adopted by the NCEER based on CPT [16], and 

SPT [17], and those more recently developed by Boulanger and Idriss in 2004 for CPT and 

SPT ([12] and [15]), has shown that the method of Boulanger and Idriss for CPT is the most 

conservative, in other words it yields the lowest factors of safety. Furthermore, it has been 

possible to outline a linear dependence between the factors of safety of the different 

calculation methods. The present study forms a basis for subsequent developments to be 

carried out by the authors in the evaluation of liquefaction potential field, especially that very 

interesting research is actually going on in the same domain ([8] and [9]). Having obtained 

variable results for methods based on CPT, the authors strongly recommend additional 

comparative analyses to be realized for different sites before proposing conclusions on the 

convergence of these methods. Furthermore, in order to validate the CPT and SPT methods, 

laboratory tests need to be undertaken. A main contribution of the present paper is that it has 

analyzed the behavior of calcareous sand. A specific attention should be given to the effect of 

the presence of fines on the potential of liquefaction of sandy soils. 
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Abstract The impact of liquefaction in building performance during earthquakes is an 

aspect that has been recently receiving more attention by the technical and scientific 

communities, in an attempt to reduce the vulnerability of structures located in loose 

sandy saturated deposits. Currently, the design of buildings in liquefiable layers is 

performed based on empirical rules, where the liquefaction potential and the ground 

settlements are usually assessed free-field conditions, i.e., neglecting the presence of the 

surface structures. Even in the probabilistic approaches that tend to incorporate 

Earthquake Liquefaction Induced Damages (ELID) from some case-histories that 

include buildings at the surface, have never incorporated foundations characteristics 

and loading conditions. However, recent advances in numerical modelling allow 

performing a more rigorous assessment of the effects induced by liquefaction, namely 

the settlements that are expected to occur in the spread footings of structures, one of the 

most common foundation system implemented in small-to-mid-rise constructions in 

Europe. Therefore, the present paper focuses research on the assessment of the 

settlements due to earthquake-induced liquefaction that is being conducted within the 

European Project LIQUEFACT.  
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1. INTRODUCTION

Recent earthquakes have led to the development of large settlements and tilting of 

shallow foundations on saturated sandy/silty soils as a consequence of liquefaction or 

softening of the foundation soil. The earthquake loading induces an almost undrained 

response of the soil, giving rise to the accumulation of water excess pore pressure in the 

soil which results in a significant reduction of the effective stresses. As a consequence, a 

degradation of the soil’s stiffness and shear strength occurs and, if the latter reduces to 

an amount insufficient to support the weight of the structure, bearing capacity failure is 

prone to occur, as depicted in Figure 1a. However, even if the bearing capacity failure 

does not occurs, the reduction of the soil stiffness can lead to very large foundation 

settlements that can also compromise the safety of the structures (see Figure 1b). 

Figure 1 – Damage in structures due to soil liquefaction: a) bearing capacity failure; b) differential 

settlement. 

The problem under analysis is well known by the technical and scientific 

communities, and has been studied over the past 40 years. Despite recognizing the 

relevance of this issue, the estimation of liquefaction-induced settlement continues to be 

heavily based on empirical rules developed to estimate post-liquefaction consolidation 

settlements in free-field [1, 2].  

In such simplified approaches, two main parameters are usually considered to be 

significantly relevant: i) the thickness of the liquefiable layer; ii) the width of the 

foundation/building. Since simplified approaches are only based on volumetric 

strain-induced settlements, it is easily seen that the thickness of liquefiable layer should 

be assumed to be directly proportional to the value of those settlements. For foundations 

whose width is much larger than the thickness of the liquefiable layer, the presence of 

the structure has an almost negligible effect on liquefaction-induced settlements, as 

depicted in Figure 2 [3].  

However, these correlations are still not able to justify the very large building 

settlements and tiltings that have been found at many liquefied sites after the 1999 

Adapazari earthquake [4-6]. Larger settlements were observed for taller and heavier 

buildings. Tilting was noticed for buildings with narrow foundations due to the high 

contact pressure applied over a small area which led to greater eccentric loading. It has 

been found that deformations were generally larger for buildings with higher aspect 

ratio (height over width). 
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Figure 2 – Normalized foundation settlement vs. normalized foundation width [3] 

The experimental evidence of the damage induced in several buildings allowed to 

conclude that beside volumetric-induced settlement mechanisms, which are prevalent in 

free-filed conditions, the development of shear-induced settlements is one of the pivotal 

mechanisms driving the deformation of the liquefied soil, especially in the presence of 

structures near the ground surface. This which can be associated to the systematic 

observation of significant values of lateral spreading in ELID documented events, but 

has not been specifically addressed as an increase important factor in the aggravation of 

these buildings collapse. As already mentioned, the degradation of the soil shear 

stiffness and the loss of strength due to pore pressure generation reduces the soil bearing 

capacity [2]. Consequently, stresses induced below the structure might exceed the soil 

bearing capacity and result in disastrous deformations such as punching settlements and 

tilting. Furthermore, the inertial building loading induced by an earthquake might 

additionally contribute to ratcheting of buildings into the ground. These shear 

deformations are especially relevant during earthquake shaking since volumetric 

deformation is not allowed due to undrained conditions at this stage.  

The complexity of this soil-structure interaction process is not compatible with 

simple analytical formulations and demands a robust numerical modelling approach in 

order to identify some of the key factors of the problem. As a matter of fact, the 

experimental evidence and observation of damage induced in buildings due to 

liquefaction should be complemented by numerical modelling that can help achieving a 

deeper understanding of the problem.  

In the present paper, the problem of induced building settlement due to liquefaction 

is addressed from the numerical point of view. A reference case scenario is constructed 

in PLAXIS® and a parametric study is then developed in an attempt to understand the 

effect of the presence of the structure on the settlements occurring during and after an 

earthquake in scenarios where liquefaction can occur. Performed numerical analyses 

allow for derivation of certain conclusions, which might be useful for the further 

research and assessment of numerical modelling of liquefaction effects on built 

structures 
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2. NUMERICAL APPROACH AND CONSTITUTIVE MODEL ADOPTED

As previously mentioned, the numerical model was developed in the commercial 

code PLAXIS. This software has adequate features to deal with complex non-linear 

dynamic models. The UBC3D-PLM model [7] was selected to simulate the constitutive 

behavior of the soil. The UBC3D-PLM soil constitutive model is a user-defined model 

implemented in PLAXIS, which allows for the proper modelling of the seismic 

liquefaction behavior of sands and silty clays. It is a non-linear, elasto-plastic, effective-

stress-based model capable of capturing the evolution of excess pore pressures under 

undrained cyclic analysis. A detailed description of the constitutive model beyond the 

scope of the present study and readers are referred to [8, 9], among others, for details 

about the model characteristics. The UBC3D-PLM model is able to simulate the main 

features of liquefaction without an excessive level of complexity. The model input 

involves 13 parameters, but several of them have a physical meaning and can be derived 

from conventional laboratory tests or by empirical correlations with SPT. Nevertheless, 

others need to be assessed by curve fitting. Table 1 gives the list of input parameters. 

Table 1. Input parameters of UBC3D-PML model 

Parameter Unit Definition Default 
Value 

ϕp (º) Constant volume friction angle - 

ϕcv (º) Peak friction angle - 

c kPa Cohesion 0 

KB
e  - Elastic Shear Modulus - 

KG
e  - Elastic Bulk Modulus - 

kG
P  - Elastic Plastic Modulus - 

me - Elastic bulk modulus exponent 0.5 

ne - Elastic shear moduli exponent 0.5 

np - Plastic shear moduli exponent 0.4 

Rf - Failure ratio 0.9 

σt kPa Tension cut-off 0 

fachard - Densification factor 1 
(N1)60 - Corrected SPT value - 

𝑓𝑎𝑐𝑝𝑜𝑠𝑡 - Post-liquefaction factor 0.2-1 

PA kPa Atmospheric pressure 100 

In the numerical analyses that were carried out, tied-degrees of freedom were 

adopted to simulate the infinite development of the domain along the horizontal 

direction during dynamic excitation. For the scope of this study, simulated ground 

motion records matching the Portuguese version of the Eurocode 8 response spectrum 

for the Algarve region and type 2 seismic action were considered. Since the input 

ground motion is imposed at the rock-base of the model in PLAXIS, the response 

spectrum for type A soil conditions was considered to define the ground motions. 

Figure3 shows the acceleration time history of the input ground motion considered. 
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Figure3. Ground motion corresponding to type 2 seismic action 

 

3. CASE STUDY 

3.1 General description 

 

The considered soil profile has three distinguishable layers overlying a thin layer of 

rock formation as presented in Figure 4. The surface layer, with a total height of three 

meters, consists mostly of silty sands and clayey silts. The layer below (the second 

layer) has five meters of loose sand prone to liquefaction and is overlying a four-meter-

thick third layer of dense sand. The water table is set at the boundary between the first 

and the second layers. The horizontal dimension of the soil model is 100 meters. The 

standard penetration resistance (NSPT) values assumed for these layers are 8, 6 and 25 

for the first, second and third layers, respectively. The lowest value is assigned to the 

loose sand layer in order to guarantee its ability to liquefy in the analyses. Table 2 

summarizes the parameters of the UBC3D-PLM model adopted for this layer (layer 2) 

that is susceptible to develop liquefaction. 

 
Table 2. Values of the UBC3D-PLM constitutive soil model  

parameters for the layer susceptible to liquefaction 

Parameter Layer 2 

Φp (º) 30.34 

Φcv (º) 29.64 

c (kPa) 0 

KB
e  579.37 

KG
e  827.67 

kG
P 219.5 

me 0.5 

ne 0.5 

np 0.4 

Rf 0.82 

σt (kPa) 0 

fachard 1 

(N1)60 6.94 

𝑓𝑎𝑐𝑝𝑜𝑠𝑡 1 
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Figure 4 shows a schematic representation of the model that was considered for the 

analyses. The structure introduced in the model is a five-story building, with a total 

height of 15 meters and a width of 10 meters. The basement level is at a depth of 2 

meters measured from the ground floor as well as the water table. A simplified 

modelling approach was adopted for the building. The walls and floors are modeled 

with plates and the columns are modelled by beam-column elements. Their material 

properties are represented in Table1. 
 

 

Figure 4 – Representation of the numerical model considered in the analyses 

 

Table1. Material properties of building 

Parameter Definition Upper building part Basement 

EA (kN/m) Axial stiffness 9·× 10
6
 1.2·× 10

7
 

EI (kNm
2
/m) Flexural stiffness 6.75·× 10

4
 1.6·× 10

5
 

w (kN/m/m) Weight 10 20 

ν Poisson ratio 0 0 

α 
Rayleigh damping coefficients 

0.232 0.232 

β 8·× 10
-3

 8·× 10
-3

 

 

3.2 Analyses and discussion 

 

The numerical model represented Figure 5 is a reference model used to analyze the 

response of the structure and of the soil due to the occurrence of liquefaction. The nodes 

for which the response was analyzed are identified by different letters and are 

represented as well.  

Figure 6 shows the vertical effective stress distribution before the occurrence of the 

earthquake motion. As expected, there is a non-uniform stress distribution with higher 

values in layers beneath the building and with a maximum value of 183 kPa. During the 

ground shaking produced by the earthquake, the vertical effective stresses decrease due 

to the generation of excess pore pressures (Ue) (Figure 7 and Figure 8). However, 

underneath the building, due to high-induced static shear and vertical effective stresses, 

the development of excess pore pressure is rather limited. Moreover, this stress state in 

the area underneath the building might lead to dilative soil behavior during ground 

shaking, which would explain the larger maximum value of the effective stress at the 

end of earthquake when compared with the maximum value in the initial state. This also 
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means that areas close to the building edges and away from the building generally have a 

larger liquefaction potential when compared to that of areas underneath the building centerline. 

 

Figure 5. Reference numerical model analyzed in PLAXIS 

 

Figure 6. Initial effective vertical stresses (σvo’) - reference model 

 
 

Figure 7.  Effective vertical stresses (σv’) at the 

end of earthquake - reference model 

Figure 8. Excess pore water pressures (Ue) at the 

end of earthquake – reference model 

From Figure 9, which represents the evolution of settlements at node C over time, it 

can be seen that most of the settlement (95.7%) occur during the ground shaking, while 

only a small part occurs in the post-consolidation stage related to excess pore pressure 

dissipation. Due to the considerable punching of the building into the soil during the 

ground shaking, the uplift of the ground surface surrounding the building was observed, 

as well. As it can be seen, the most significant part of the building settlements occurs 

due to shear deformation, since undrained conditions were assumed during the 

earthquake phase. This effect is related to non-uniform stress state installed previously 

to the occurrence of the earthquake due to the presence of the building, and it will be 

very dependent on the geometric configuration of the building as well as of the bearing 
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pressure applied by the structure to the ground. In the following section, some of these 

aspects are discussed in more detail. 

 

Figure 9. Development of vertical settlements through time (node C) - reference model 

In order to have a better overview of the difference between free-field settlements 

and building settlements, results from Figure 9 should be compared with the 

homologous results illustrated in Figure 10, being the last obtained from a model where 

the building was removed, i.e., for free-field conditions. Due to the imposition of null 

volumetric strain during earthquake, the ground surface settlement is null at the end of 

earthquake and only during consolidation phase starts to have some relevance. It is also 

interesting to see that the settlement during consolidation phase is similar for free-field 

conditions and for the case where the building presence was considered. 

 

Figure 10. Development of vertical settlement for free-field conditions 
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3.3. Parametric study 

3.3.1 Model with shorter building 

To better understand the influence of the building height on the value of the 

settlements induced by seismic excitation, an additional model with a building with only 

2 stories was developed. The results obtained are then compared with the reference case 

that corresponds to the 5-story building. Due to the smaller weight of the 2-story 

building, the initial effective vertical stresses are lower than for the reference case 

(Figure 11). After applying the ground motion, a significant drop of effective vertical 

stress could be observed, especially in layer 2 (Figure 12).  

  
  

Figure 11. Initial effective vertical stresses (σvo’) - 

2-story building model 

Figure 12. Effective vertical stresses (σv’) at the 

end of earthquake - 2 story building model 

Figure 13 represents the evolution of settlements at node C over time for both the 

reference model (5-story building) and the new model (2-story building). It can be 

concluded that in both cases a significant part of the settlement occurs during the 

ground shaking. However, there is noticeable difference in the magnitude of the 

settlements for these two models, due to the different building heights. Although not 

shown in this paper, this effect is mainly due to the lower bearing pressure applied by 

the shorter building, since the inertial soil-structure interaction does not have a 

significant relevance for the case study under analysis. 

 

Figure 13. Comparison of liquefaction-induced settlements through time for the two buildings 
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It is also quite interesting to see that the magnitude of the settlements during the 

consolidation phase is similar for both analyses; a larger difference is only seen during 

the ground shaking phase. This result is compatible with the recent findings of [5], 

highlighting the role played by the footing bearing pressure in the settlements induced 

by the earthquake. It should be stressed that the soil bearing capacity, in static 

conditions, is exactly the same for both cases under analysis. 

3.3.2 Model with wider building 

 

A model with wider building (20 meters) was also examined to evaluate the 

influence of the building width on liquefaction-induced settlements. The results were 

compared with those obtained for the 10-meters wide building corresponding to the 

reference model.  

Extending the width of the building led to a more uniform effective stress state in the 

ground in the initial condition, as can be seen in Figure 14. Since the considered mat 

foundation is very stiff, the bearing pressure applied to the ground is similar to the 

reference case. Nevertheless, the increase of the foundation width implies an increase of 

the bearing capacity, i.e., the bearing capacity safety factor for static conditions is larger 

in the present case when compared with the reference scenario. 

 

Figure 14. Initial effective vertical stresses (σvo’) - model with wider building 

Figure 15 shows the effective vertical stress distribution at the end of the earthquake 

while Figure 16 represents the contour map of the excess pore pressure for the same 

time instant. By comparing those figures with those of the reference scenario, it can be 

seen that a much more regular pattern is found and it is also noted that the maximum 

observed excess pore pressure at the bottom of the liquefied layer exhibits a smaller 

value for the model with a wider building (Figure 16).  

      

Figure 15. Effective vertical stress (σv’) at the end 

of earthquake - model with wide building 

Figure 16. Excess pore water pressure at the 

end of earthquake –model with wider building 

As observed by Liu and Dobry [3] (see Figure 2), for foundations whose width (and 

thus the depth of influence as well) is larger than the thickness of the liquefiable layer, 

1104



J. Borozan, P. Alves Costa, X. Romão, J. Quintero, A. Viana da Fonseca 

 

the presence of the building will not influence liquefaction-induced settlements, i.e. the 

free-field estimate is a reasonable approach in this case. Actually, if the width of the 

building extends toward infinite, the stress state induced by its presence is uniform and 

similar to the effect induced by the presence of an additional layer in the upper part of 

the ground. In that case, and assuming undrained soil behavior during the ground 

shaking, there is no shear deformation and the settlements due to liquefaction would be 

due to consolidation effects (Figure 10). Figure 17 compares the settlements that occur 

over time for the present building and for the reference scenario. As can be seen, much 

smaller settlements occur when the width of the foundation is doubled. Another relevant 

aspect to notice is that the settlement during the consolidation phase is almost the same 

in both situations, being very similar to the settlement observed for a free-field analysis. 

 

Figure 17. Comparison of liquefaction induced settlements through time 

 

4. CONCLUSIONS 

In the present paper a simple parametric analysis was done to evaluate the impact of 

some factors on the settlement of buildings due to earthquake liquefaction effects. From 

the obtained results, it is seen that the presence of the building leads to large settlements 

during the earthquake, even if undrained conditions are assumed for the soil behavior. 

The application of simple procedures based on free-field conditions to estimate building 

settlements due to liquefaction, which are essentially based on consolidation after the 

generation of pore pressure during the seismic action, are not suitable. Indeed, during 

the earthquake the major part of the building settlement is due to the loss of bearing 

capacity or by soil softening due to a decrease of the mean effective stresses in large 

zones of the ground beneath the foundations, subjected already to high deviatoric stress 

levels in service conditions. From the parametric study that was developed, it was clear 

that building settlements depend not only on the earthquake demand but also on the 

static safety factor of the foundation. In the present analysis, it was shown that 

decreasing the building height leads to lower settlements or, in other words, when 

decreasing the bearing pressure, i.e. increasing the bearing capacity safety factor, a 

strong reduction of the settlements is observed. In the same way, when increasing the 

foundation width while maintaining the same bearing pressure of the reference case, a 

strong reduction of the settlement also occurs. In fact, for the same bearing pressure, the 

increase of the foundation width corresponds to an increase of the bearing capacity, i.e. 

of the static safety factor of the foundation. 
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In sum, the static safety factor of the foundation appears to be an indicator that 

should be considered for the development of simplified models to estimate building 

settlements due to liquefaction, in addition to other indicators such as earthquake 

properties and soil characteristics and state conditions. 
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Abstract. Semi-analytical reduced-order models for the combined aeroelastic analysis and 

gust response of flexible subsonic wings with arbitrary aspect ratio are presented. Both a thin 

plate and a slender beam are considered as the linear structural dynamics models, within a 

generalised formulation. A modified strip theory is proposed for modelling the wing unsteady 

aerodynamics in incompressible flow, accounting for the three-dimensional effects on both 

spanwise decay and build-up of the airload. Peters’ in-flow theory is adopted for calculating 

the two-dimensional unsteady airload around each morphing wing section, standard and 

tuned strip theories being readily resumed for comparison and completeness. Considering 

straight elliptical and trapezoidal planforms, approximate lift-deficiency functions for both a 

unit step-change in the angle of attack and a unit sharp-edged gust are then employed in 

place of classic Theodorsen/Wagner’s and Sears/Kussner’s functions, respectively. A modal 

approach is finally adopted to write the generalised equations of motion in state-space form, 

for both plate-based and beam-based formulations. Numerical results are then obtained and 

critically discussed for the aeroelastic stability analysis of a uniform rectangular wing, with 

respect relevant aerodynamic and structural parameters. Due to computational efficiency and 

theoretical insight, the proposed generalised formulation is suggested as an effective aeroe-

lastic tool for the preliminary multidisciplinary design and optimisation (MDO) of flexible 

wings in the low-subsonic regime, as characterised by incompressible flow. 
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1 INTRODUCTION 

Efficient aeroelastic methods and tools [1-2] based on reduced-order complexity [3-6] are 

increasingly sought for the preliminary multidisciplinary design and optimisation (MDO) [7-8] 

of flexible subsonic wings [9-14]. A semi-analytical model for the aeroelastic behavior of a 

thin straight wing in unsteady incompressible flow is hence here presented. Modified strip 

theory (MST) is adopted for the aerodynamic load [15-16], tuned strip theory (TST) being 

readily resumed for comparison and completeness [17-18]. Peters’ in-flow theory is adopted 

for calculating the two-dimensional unsteady airload around each morphing wing section [19], 

where approximate lift-deficiency functions [20-22] for both a unit step-change in the angle of 

attack and a unit sharp-edged gust are employed in place of classic Theodorsen/Wagner’s and 

Sears/Kussner’s functions [23-28], respectively. Both plate-like and beam-like linear models 

are considered for the structural dynamics, within a unified formulation [29-30]. The principle 

of virtual work (PVW) is then used to derive the equilibrium equations and the Ritz’s method 

finally employed to solve them within a modal approach [31-32], where polynomial shape 

functions are assumed for the wing displacement [33]. The resulting aeroelastic model allows 

any distribution of the thin wing properties and provides with its continuous deformation [34]. 

Numerical results for the divergence speeds and flutter frequency [35] of a uniform rectangu-

lar wing are finally shown and discussed with respect to the relevant aero-structural parame-

ters such as the aspect and thickness ratios. 

 

2 AEROELASTIC PROBLEM FORMULATION FOR PLATE-LIKE WING 

Consider a rectangular flat plate with distributed mass  yxm ,  per unit area, moment of in-

ertia  yx, , area moment of inertia  yxI , , torsion factor  yxJ , , Young elastic modulus 

 yxE , , shear modulus  yxG ,  and structural damping  yx, ; the unsteady airload 

 tyxp ,,  is also distributed on the entire surface. Being  yxh ,  the thickness, c  the chord, 

b  the semi-chord and l  the semi-span, the ŷ  axis of the Cartesian reference system lays on 

the plate symmetry axis and is directed outward along the span, with ly 0  from clamped 

root to free tip, whereas the x̂  axis is orthogonal to the plate symmetry axis and directed 

backward along the chord, with bxb   from leading to trailing edge; thus, the vertical 

ẑ  axis is orthogonal to the plate planform and points upward, with 
22

h
z

h
  from lower 

to upper surface. Aspect and thickness ratios then read 
c

l
AR

2
  and 

c

h
TR  , respectively. 

Within a linear analysis framework, the plate vertical displacement  tyxw ,,  induces a lo-

cal slope  tyx ,,ς  and curvature  tyx ,,θ  readily given at the plate middle surface as wς  

and  T
www '*''** 2θ , where apices * and ‘ denote derivation in the x  and y  directions, 

respectively. The structural deformation results in strains  tyx ,,ε  and stresses  tyx ,,σ  which, 

by employing Kirchhoff’s hypothesis and Hook’s law [36], read θεε z  and Eεσ  , re-

spectively, where  yx,E  is the elastic tensor and  yx,ε  is due to pre-stress; for orthotropic 

material, stiffness and pre-tension matrices can be written as [29-30]: 
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where the in-plane forces  yxT ,  and stresses  yx,σ  are due to pre-loading condition εEσ  . 

Neglecting gravity and possible concentrated loads (e.g., lumped inertia, spring or damper) 

without loss of generality, the PVW may readily be written for the arbitrary virtual displace-

ment  tyxw ,,  as: 
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(2) 

 

and then integrated by parts twice in order to give the linear partial differential equation (PDE) 

for the dynamic aeroelastic equilibrium [29-30]: 

 

          
'*'*'*''''**'*'***''** 4 wTwTwTwTwEIwEIwGJwEIwEI yxyxyxyyxxyxyx  

   ''** wwwmwp yx
   , 

(3) 

 

which is consistently completed by both geometrical and natural boundary conditions as: 
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l
xy wGJ , 

(4) 

 

as well as the initial rest condition   00,, yxw ,   00,,* yxw  and   00,,' yxw . 

 

2.1 Modal Solution Approach 

Rather than solving the governing PDE numerically, the Ritz’s method is employed. The 

plate displacement is then modally expressed as [31-32]: 
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 , (5) 

 

where the n  functions  ti  are unknown generalised coordinates relative to the n  assumed 

mode shapes  yxi , , which are hereby chosen as suitable combinations of chordwise  xg k  

and spanwise  yf j  polynomials satisfying the geometrical boundary conditions for clamped-

free plate [31,33], namely: 
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1











j

j
l

y
f ,          jnj 1 ; 

(6) 

 

note that the chordwise modes are indeed Chebyshev polynomials  kcos , with Glauert’s 

transformation  cosbx  [19,37]. 

 

2.2 Generalised Aerodynamic Load 

According to thin aerofoil theory [38-39], the sectional unsteady aerodynamic load in in-

compressible flow is due to the effective angle of attack of the latter with respect to the instan-

taneous kinematics of the thin wing camber, where the non-penetration boundary condition is 

imposed assuming small wing deformations and flow perturbations; this includes the unsteady 

wake inflow. By noting that 



kn

k

kk wgw
0

 with 



jn

j

ijk fw
1

 , Peters’ model for a morphing 

thin airfoil is efficiently employed to give the generalised unsteady airload  tF a

i  as: 
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00

 ,                    






b
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k

a

k dxpgF , (7) 

 

where the wing displacement has effectively been projected onto the chordwise modal base 

kg , with the 1kn  coefficients  tywk ,  explicitly given by [19]: 
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          1k ; (8) 

 

within the framework of a modified strip theory [15-16], the scaling function  y  accounts 

for the influence of the wing-tip vortices downwash on the sectional airload and scales the 

latter proportionally with the local, quasi-steady wing circulation along the span [14]. 

The generalised unsteady airload for an isolated flexible aerofoil reads [10,19]: 

 

  Ga F
v

vbU
v

vbF 0

1

0

2

0

2

0
2

kC2
2


















 


 , (9) 

1110



M. Berci 

      Ga F
v

vbUvvbUvvbF 1

1

02131

2

1
2

kC
28









 





 , 

 31

4

20

2

2
263

2

2
vvbU

v
vvbF a 








 




 
 , 

     1122

2

21

1

1

1

4
 














 kkkkkk

a

k vvbUvv
k

vv
k

bF 





 , 

 

where   is the flow density and 



kn

k

kk vgv
0

 is the induced flow velocity due to aerofoil mo-

tion, the generalised coefficients  tyvk ,  of which are readily given by [10,19]: 
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thus realizing the fluid-structure interaction [40] thru the non-penetration boundary condition. 

With k  the reduced frequency [26-28],  kC  is the equivalent of Theodorsen’s lift-deficiency 

function for the circulatory lift build-up of a finite wing due to harmonic oscillation and, via 

Fourier transform [41], is related to the equivalent of Wagner’s indicial-admittance function 

for the circulatory lift build-up due to a unit step in the angle of attack (see Appendix B). 

Finally, the airload contribution due to a vertical gust  ty,VG , which is here assumed as 

GVGV  with spanwise distribution  y  and time evolution  tVG , reads [10,32]: 
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(11) 

 

where  00 GG VV   and  tK  is the equivalent of Kussner’s indicial-admittance function for 

the circulatory lift build-up of a finite wing due to a unit sharp-edge gust (see Appendix B), 

assuming a standard “frozen” approach [42]. 

Note that Peters’ theory implicitly assumes the lift-curve slope  2/ LC  for a flat airfoil, 

which is appropriate for a plate wing; nevertheless, his analytical model can still effectively 

be tuned with a different value, as long as subsonic potential flow is applicable [11-12]. Final-

ly, the wing lift  tL , pitching moment  tM p  and rolling moment  tM r  are given by [18]: 
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3 AEROELASTIC PROBLEM FORMULATION FOR BEAM-LIKE WING 

According to the closely-spaced rigid diaphragm assumption [36], a slender wing is often 

considered spanwise flexible only and a beam-like structural model suitably employed [32,34]. 

As the latter (which is one-dimensional) can be derived from the plate-like structural model 

(which is two-dimensional), it may be seen as a semi-analytical reduced-order model where 

the chordwise dependency of the properties is dropped and only the first two chordwise (rigid) 

modes 0g  and 1g  are implicitly retained [29-30], eventually resulting in two coupled equilib-

rium equations for bending and torsion [35], respectively. 

The wing elastic axis (EA, where all applied loads are reacted [32]) is then modelled as a 

Rayleigh beam [43] and drawn by the locus of the shear centres of each chordwise section, 

with   0yxEA  fixed for convenience, whereas the inertial axis  yxCG  is drawn by the locus 

of the sectional centres of gravity (CG, where the inertial load is applied [32]). Thus, we have 

the distributed mass  ym  per unit length, bending and torsion moment of inertia  y  and 

 y , area moment of inertia  yI , torsion factor  yJ , Young modulus  yE , shear modu-

lus  yG , axial tension  yT  and bending and torsion structural damping  y  and  y . 

With  ty,  and  ty,  the vertical and torsional displacements of the elastic axis, respec-

tively, the wing deformation is given as  xw  ; therefore, neglecting gravity and con-

centrated loads, the PVW for the arbitrary virtual displacements  ty,  and  ty,  reads: 
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(13) 

 

where  CGCG xw   is the vertical displacement of the inertial axis, whereas  tyL ,  and 

 tyM ,  are the sectional unsteady aerodynamic force (positive upwards) and pitching mo-

ment (positive clockwise), respectively. The virtual displacement being arbitrary, bending and 

torsion virtual works separate as: 
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(14) 

 

and are then integrated by parts twice in order to give the linear system of coupled PDEs for 

the dynamic aeroelastic equilibrium of wing bending and torsion [32] as: 
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which are consistently completed by both geometrical and natural boundary conditions as: 
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(16) 

 

as well as the initial rest conditions   00, y ,   00, y  and   00, y ,   00, y . 

 

3.1 Modal Solution Approach 

The Ritz’s method is employed and the beam displacement is then modally expressed as: 
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where the n  functions  ti  and n  functions  ti  are unknown generalised coordinates 

relative to the n  assumed mode shapes  yi  for bending deformation and n  assumed 

mode shapes  yi  for torsion deformation, respectively, which are hereby chosen as suitable 

spanwise polynomials satisfying the geometrical boundary conditions for clamped-free beam 

[31,33], namely: 
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Note that *w  and the first assumed torsion mode of the beam model is not allowed by 

the plate model, due to clamping of the wing root along the entire chord bxb  ; yet, its 

linear behavior can still be recovered by higher assumed torsion modes in a Taylor sense [41]. 

 

3.2 Generalised Aerodynamic Load 

MST is still employed for calculating the generalised unsteady aerodynamic load. The non-

circulatory aerodynamic force and moment of each wing section act at its mid chord (MC), 

whereas the circulatory ones act at its aerodynamic centre (AC, where the pitching moment is 

independent of the angle of attack [38-39]) and control point (CP, where the non-penetration 

boundary condition for the flow is imposed and the fluid-structure interaction [40] hence en-

forced [38-39]). According to thin aerofoil theory for incompressible flow, aerodynamic cen-

tre  yxAC  and control point  yxCP  fall at the first and last quarters of the section chord [19], 

respectively. The generalised unsteady airload is then implicitly given by: 
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l

ii dyLF
0


,                    

l

ii dyMF
0


, (19) 

 

where the sectional aerodynamic force and pitching moment at the elastic axis read: 

 

 GW LLL   ,                     GW MMM   . (20) 

 

The airload contributions  tyLW ,  and  tyMW ,  due to the wing motion are given by 

[32,34]: 
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(21) 

 

where  ACAC xw  ,  MCMC xw   and  CPCP xw   are instantaneous vertical dis-

placements of the relative section points, whereas  tW  is the equivalent of Wagner’s indici-

al-admittance function for the circulatory lift build-up due to a unit step in the angle of attack 

(see Appendix B). Each wing section sees an effective angle of attack induced by the vertical 

flow velocity  tyV ,  due to the instantaneous motion of its control point, namely [32,34]: 

 

CPwUV   , (22) 

 

where  0,0 yVV   depends on the initial rest conditions; finally, within a “frozen” approach, 

the additional contributions  tyLG ,  and  tyM G ,  due to a vertical wind gust read [32,34]: 

 

 
 

















 

t

G

GLG dt
d

dV
VUcCL

0

0/ KK
2





  ,                    GACG LxM  . (23) 

 

As direct analytical cross-validation, Peters’ theory is readily recovered by considering its 

first two chordwise modes only and assuming the lift-curve slope  2/ LC  for a flat airfoil, 

which is appropriate for a plate wing. Finally, the wing lift, pitching moment and rolling mo-

ment are given by [18]: 

 

 

l

LdyL
0

,                    

l

p MdyM
0

,                     

l

r LdyyM
0

. (24) 
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4 ADDED AERODYNAMIC STATES 

For two-dimensional unsteady incompressible potential flow, Theodorsen and Sears [26-28] 

lift-deficiency functions account for the inflow [19] generated by the travelling wake of a flat 

aerofoil due an harmonic oscillation and a sinusoidal gust, respectively; the relative indicial-

admittance functions for the circulatory lift build-up due to a unit step in the angle of attack 

and a unit sharp-edge gust are then given by Wagner and Kussner [23-25], respectively. 

For three-dimensional flow, all these fundamental functions [44-47] are modified so to in-

clude the unsteady downwash of the trailed wing-tip vortices [48-52] and the results are then 

approximated for computational convenience [53-66]; Appendix B reports the applications to 

elliptical and trapezoidal wings [20-21]. Due to rigorous analytical continuation [41], with s  

the Laplace variable, a rational approximation [22,67] is suitably adopted for the equivalent of 

Theodorsen function in the complex reduced frequency p  domain, namely: 

 

C
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Bp
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2

2

1

11C





 ,                    
U

sb
p  , (25) 

 

where the coefficients are obtained by best-fitting the analytical reference curve for the specif-

ic wing shape, with Ĉ121  CC AA  and ClimĈ
k 

  due to exact curve-fitting constraints 

[68-70]. Being 
2

1

0

v
vV   [19], an added aerodynamic state  tyC ,  is introduced [71-72] 

which, due to linearity of the Laplace transform and its inverse [41], evolves from the initial 

rest condition   00, yC  and   00, yC  according to the linear ordinary differential equa-

tion (ODE): 
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   . (26) 

 

Analogously, the equivalent of Wagner function is suitably approximated with two expo-

nential terms [22,67] in the reduced time   domain, namely: 

 

 WW BWBW eAeA 21

211W


 ,                    
b

Ut
 , (27) 

 

where the coefficients are still obtained by best-fitting the analytical reference curve for the 

specific wing shape, with Ŵ121  WW AA  and WlimŴ
0




 due to exact curve-fitting con-

straints [68-70]. Another added aerodynamic state  tyW ,  is then introduced which evolves 

from the initial rest condition   00, yW  and   00, yW  according to the linear ODE: 

 

  V
b

U
BB

b

U
BB W

WW

W

WW
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2

2121
 ; (28) 

 

of course, note that CW AA 11  , CW AA 22   and ĈŴ   due to reciprocal relations [73-75]. 
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Finally, the equivalent of Kussner function is consistently approximated with two exponen-

tial terms [22,67] in the reduced time domain too, namely: 

 
 KK BKBK eAeA 21

211K


 , (29) 

 

where the coefficients are obtained by best-fitting the analytical reference curve for the specif-

ic wing shape, with 121  KK AA  due to exact curve-fitting constraints [68-70]. So, a further 

added aerodynamic state  tGG    is introduced which evolves from the initial rest condi-

tion   00 G  and   00 G  according to the linear ODE: 
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 ; (30) 

 

note that this equation is uncoupled from all others and hence does not affect the aeroelastic 

stability of the wing, in the present framework of a linear model for small perturbations [10]. 

 

4.1 Plate Model 

The unsteady generalised aerodynamic load per unit span is eventually given by: 
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(31) 

 

the incremental contribution due to gust being: 
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and the linear ODE for added aerodynamic state evolution reading: 
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Thus, by expanding 
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 in a consistent way, the 

unsteady sectional airload is eventually expressed in terms of the generalised coordinates i . 

In essence, each term of Peters’ theory (added states included) is projected onto the assumed 

spanwise modes jf  and the generalised aerodynamic matrices are then assembled by blocks. 

 

4.2 Beam Model 

The unsteady generalised aerodynamic load per unit span due to the wing motion is even-

tually given by: 
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the incremental contribution due to gust being: 
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where, with   W  due to linearity, the added aerodynamic states  ty,  and  ty,  

are relative to the wing bending and torsion motion and evolve from their initial rest condition 

  00, y ,   00, y  and   00, y ,   00, y  according to the linear ODEs: 
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As  LLLW   and  MMMW   due to assumed linearity, by expanding 
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 in a consistent way, the unsteady sectional airload is finally 

expressed in terms of the generalised coordinates i  and i . In essence, each term of strip 

theory (added states included) is projected onto the assumed spanwise modes i  and i , re-

spectively, and the generalised aerodynamic matrices are then assembled by blocks. 

 

5 MODIFIED STRIP THEORY 

Within the framework of TST and MST [14-16], the scaling function  y  accounts for the 

three-dimensional spanwise influence of the wing-tip vortices on the sectional airload and is 

consistently derived from Kutta-Joukowsky’s theorem [76-77] as: 
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where the sectional flow circulation  y  is directly related to the downwash angle by Helm-

holtz’s theorem and Biot-Savart law [17] and is explicitly given by Prandtl’s expansion [78], 

with the n  coefficients q  found by solving the linear system of algebraic equations: 
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, (38) 

 

in a least-squares sense [79], on N  wing sections at various spanwise stations  cosly  , 

with  0  running from tip to tip along the span. Note that 0  for 0c , while the 

singularities at  j  can be lifted by multiplying both sides of the equation by sin . Also 

note that odd and even Fourier terms model symmetric and antisymmetric circulation distribu-

tions, respectively. 

Essentially, within TST the airflow around each wing section is still considered fully inde-

pendent and two-dimensional: a global scaling factor is applied to the wing lift and standard 

strip theory (SST, where any three-dimensional effect is disregarded [18]) is indeed obtained 

for the limit of infinitely long wing (Theodorsen/Wagner and Sears/Kussner functions shall 

hence coherently be employed as lift-deficiency functions). On the contrary, within MST the 

airflow around each wing section is considered quasi-independent and a unitary angle of at-

tack is implicitly assumed for calculating the scaling function without loss of generality. In 

both cases, the correction is based on the undeformed wing [80] and rigorously valid in the 

low-subsonic regime for thin straight wings with significant aspect ratio. 

Finally, it is also worth stressing that   is here based on lifting line theory (LLT, of which 

SST is the forcing term [78]) and MST may then be regarded as a simplified quasi-steady re-

alisation of unsteady LLT [81-83] but the overall tuning concept is completely general [84-87] 
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and such function may then be derived based on the circulation distribution obtained from any 

other appropriate source, such as VLM [17], DLM [88-89], CFD [90] or experimental data. In 

the case of non-planar wings [91-92], the scaling function would also include the geometrical-

ly nonlinear effects of the wing curvature on the local loads [93]. 

 

6 AEROELASTIC RESPONSE AND STABILITY ANALYSIS 

By substituting the modal expansions in the PVW, the aeroelastic equilibrium PDE even-

tually becomes a linear system of ODEs for the generalised coordinates regardless the aero-

structural model, namely [94]: 

 
asss

FKCM    ,                    Gaaaa
FKCMF    , (39) 

 

with the initial rest condition   00  and   00 , where the generalised structural mass s
M , 

damping s
C  and stiffness s

K  matrices are given in Appendix A, whereas the generalised aer-

odynamic load vector  ta
F  as well as generalised aerodynamic mass a

M , damping a
C  and 

stiffness a
K  matrices and generalised gust load vector  tG

F  depend on the wing shape;  t  

is the vector of all unknown generalised coordinates (including added aerodynamic states) and 

drives the aeroelastic dynamic response. Note that a change of variables is always possible as 

long as a proper transformation matrix can be defined and all aero-structural matrices are then 

consistently projected onto the new modal base [10,19]. 

The aeroelastic behaviour and stability analysis of the subsonic wing are then governed by: 

 

G
FKCM    ,                      0det 2  KCM  , (40) 

 

respectively, or their equivalent first-order forms [94]: 
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, (41) 

 

where as
MMM  , as

CCC   and as
KKK   are the generalised aeroelastic mass, 

damping and stiffness matrices, which depend parametrically on the flow speed. In particular, 

flutter occurs at the lowest flow speed FU  which makes the real part of at least one of the 

complex eigenvalues i  become positive (i.e., the dynamic behaviour becomes unstable thru 

a Hopf bifurcation [35], where a couple of complex conjugates eigenvalues crosses the imagi-

nary axis and leaves the response undamped), two or even more generalised aeroelastic modes 

coupling at the flutter frequency Ff . Note that real and imaginary parts of the complex eigen-

value are related to the effective damping and vibration frequency of the wing, respectively, 

its natural vibration modes being correctly recovered in the absence of airflow [43]. The static 

divergence speed, instead, is the lowest flow speed DU  which makes at least one of the com-

plex eigenvalues cross the imaginary axis along the real axis, the aeroelastic stiffness matrix 

becoming singular (i.e., structural and aerodynamic forces do not find a stable equilibrium) 

for steady flow [35]. 
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7 RESULTS AND DISCUSSION 

A flat rectangular wing of uniform material is considered; due to clamping at the root, it is: 
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for the rectangular cross-section of the plate-like structural model [29-30,95], while the sec-

ond moments of inertia per unit area read: 

 

12

2mh
x  ,                     22

12
ch

m
y  , (43) 

 

being ycEIEI   and xycGJGJ   as well as xc   and yc   for the beam-like structural 

model [31-32,95]; in both cases, elastic and inertial axes coincide with the symmetry ŷ  axis. 

The developed code is then validated with respect to a previous fundamental work [96], where 

the wing geometry is defined by 305.0l m, 0762.0c m and 00044.0h m (i.e., 8AR  

and 006.0TR ) and an elastic material with 2768s kg/m3, 974E Pa and 33.0  is 

assumed; pretension and structural damping are neglected. By coupling a plate-like finite el-

ements (FE) structural model [97] with a DLM [98] aerodynamic model via spline interface 

[99] for transferring loads and displacements, a flutter speed 61.20FU m/s was numerically 

obtained with the p-k method [100] and a non-iterative frequency sweeping technique [101], 

where the first ten eigenmodes were considered and mode-tracking was performed via eigen-

vectors correlation matrix [102]. The proposed semi-analytical plate-like model with LLT 

scaling function detects the flutter instability at 2.20FU m/s, in excellent agreement with 

the literature results. The first three spanwise and chordwise assumed structural modes along 

with the first ten LLT aerodynamic modes granted convergence; the coefficients for the lift-

deficiency function due to a unit step in angle of attack are shown in Table 1, whereas the in-

dicial function itself is shown in Figure 1 along with the LLT scaling function. Similar con-

clusions can coherently be drawn when the elastic material is assumed with 2800s kg/m3 

and 9103E Pa, as a flutter speed 78.24FU m/s was found in the literature, while the pro-

posed model detects the flutter instability at 3.24FU m/s, still in remarkable agreement. 

 

  
Figure 1. Scaling (left) and indicial (right) functions for flat rectangular wings of different aspect ratio. 
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AR  4 5 6 7 8 ∞ 

e  0.120 0.141 0.161 0.179 0.195 ─ 
CW AA 11   0.114 0.130 0.142 0.151 0.159 0.165 
CW AA 22   0.265 0.272 0.276 0.278 0.279 0.335 
CW BB 11   0.111 0.104 0.098 0.093 0.088 0.045 
CW BB 22   0.473 0.445 0.428 0.416 0.407 0.300 

ĈŴ   0.621 0.598 0.582 0.571 0.562 0.500 
Table 1. Coefficients for the lift-deficiency function due to a unit step in angle of attack. 

 

Neglecting pretension and structural damping without loos of generality, divergence speed, 

flutter speed and flutter frequency are then investigated with respect to both aspect and thick-

ness ratios for a uniform wing with 2700s kg/m3, 970E Pa and 35.0 . Figures 2 to 4 

show the numerical results obtained with either TST (left) or MST (right); in the latter case, 

perfect agreement was found with the exact analytical results for the divergence speed of the 

beam-like wing model, thus providing with direct validation. It is worth stressing that, despite 

lacking the chordwise degree of freedom [10], the beam-based analysis is more conservative 

than the plate-based ones, as the first assumed torsion mode of the beam model is formally 

not allowed by the plate model due to the wing root clamping. 

 

  
Figure 2. Divergence speed for uniform rectangular wing, according to subsonic TST (left) and MST (right). 
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Figure 3. Flutter speed for uniform rectangular wing, according to subsonic TST (left) and MST (right). 
 

  
Figure 4. Flutter frequency for uniform rectangular wing, according to subsonic TST (left) and MST (right). 
 

Of course, the TST-based results are more conservative than the MST-based ones, as in the 

latter case the aerodynamic load decays rapidly towards the wing tip, which is the “weakest” 

area; indeed, the resulting bending moment at the wing root is lower in the MST-based cases. 

As expected, the (percentage) difference between plate-based and beam-based results remains 

roughly constant with varying the thickness ratio, whereas it consistently diminishes with in-

creasing the aspect ratio; due to the three-dimensional downwash effect, the same is true for 

the relative (percentage) difference between MST-based and TST-based results. Still, the first 

three spanwise and chordwise assumed structural modes along with the first ten LLT aerody-

namic modes granted convergence in all cases; as anticipated, the effect of higher-order cam-

ber modes for the plate-like wing could not be appreciated, as the wing root is fully clamped. 

As further cross-validation, the results difference became fairly negligible when the same aer-

odynamic model was used and only the first two chordwise modes were considered in the 

plate-based model while coincident modes were assumed for both bending and torsion in the 

beam-based model (so that identical boundary conditions were applied at the wing root). 

 

8 CONCLUSION 

A computationally efficient semi-analytical model for the combined aeroelastic analysis 

and dynamic response of flexible subsonic wings has been presented. A new modified strip 

theory was first formulated for the unsteady aerodynamic load and then coupled with a plate 

model for the structural behaviour. The principle of virtual works was employed to derive the 

equilibrium equations, which were finally solved within a modal approach for the wing dis-

placement. Tuned strip theory was also considered, in order to account for three-dimensional 

flow effects in different ways. Based on a general variational formulation, the proposed aeroe-

lastic models allow any arbitrary distribution of the flexible wing’s physical properties and 

provide with a continuous solution of the wing’s displacement along the surface, as suitable 

for parametric optimisation studies within preliminary wing design. Numerical results were 

obtained and compared for the divergence speeds and flutter frequency of a flat rectangular 

wing with constant structural properties, for different values of aspect ratio and thickness ratio. 

Semi-analytical solutions with a beam model have also been derived for rigorous validation 

purposes. All presented results provide sound insights on the behaviour of flexible subsonic 

wings and may be used to assess high-fidelity aeroelastic tools, also in terms of computational 

efficiency. The modified strip theory showed an excellent compromise between the lower 
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computational cost and complexity of strip theory and the higher accuracy of unsteady lifting 

line theory and it is hence suggested as a general and effective aerodynamic tool for the mul-

tidisciplinary design and optimisation of flexible subsonic wings, particularly at the prelimi-

nary stage where fast semi-analytical aeroelastic simulations are intensively sought. 
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APPENDIX A: GENERALISED STRUCTURAL MATRICES 

A.1     Plate Model 

The generalised structural matrices for plate model may suitably be partitioned as: 

 











00

0M
M

s

s  ,                    









00

0C
C

s

s  ,                    









00

0K
K

s

s  , (A1) 

 

where the generalised structural mass submatrix is: 
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whereas the generalised structural damping submatrix is: 
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and the generalised structural stiffness submatrix is: 
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A.2     Beam Model 

The generalised structural matrices for beam model may suitably be partitioned as: 
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where the generalised structural mass submatrices are: 
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whereas the generalised structural damping submatrices are: 
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and the generalised structural stiffness submatrices are: 

 

 

ll

s dyTdyEI
0

''

0

'''' K ,                    
l

s dyGJ
0

''K . (A8) 

 

APPENDIX B: LIFT-DEFICIENCY FUNCTIONS FOR FINITE WINGS 

B.1     Elliptical Wing 

In general, the chord, surface and aspect ratio of flat elliptical wings are given by: 
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respectively, with Rc  the root chord; in particular, the latter is conveniently chosen as 2Rc  

without loss of generality in the subsequent analysis [20,22,103]. 

 

B.1.1. Unit Step-Change in the Angle of Attack 

Coherently assuming an ideal elliptical loading due to a suitable distribution of elementary 

vortex loops, the wing’s lift-deficiency coefficient  
D

LC 3  and circulation  D

w

3  from a unit 

step in the angle of attack are written along with the tips-induced downwash  wV  as [20]: 
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where  
D

LC 2  and  D

w

2  are the lift-deficiency coefficient and related circulation given by 

Wagner and Kussner functions for a two-dimensional flat aerofoil (which account for the in-

flow generated by the travelling wake), respectively [23-25]: 
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whereas Theodorsen  kC  and (modified) Sears  kCG  functions are defined as [26-28]: 
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with            kjkk 212

nnn BBH   Hankel functions of the second type and n -th order while 
   k1

nB  and    k2

nB  Bessel functions of the first and second type and n -th order [41]. 

The gradient of the wing downwash  V  with respect to the wing circulation due to a se-

ries of vortex loops extending along the wake reads [22]: 
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where  wsK  and  wsE  are the elliptic integrals of the first and second kind [20], respective-

ly, whereas the non-dimensional wake development  wx  and  ws  are readily given by the 

two-dimensional theory via Joukowski transform as [20,103]: 
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being 1wx  for 2  with excellent accuracy; yet, note that 0lim
0
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 and 1lim
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The sectional lift-deficiency coefficient, the related circulation and the wing’s downwash 

gradient may then be approximated as [22,103]: 
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where all coefficients C

jA , 

jA , V

jA  and C

jB , 

jB , V

jB  are obtained by constrained nonlinear 

fitting of the exact curves; finally, the time shift 
2

0


   accounts for the initial wake length 

being set equal to the mean geometric chord and complying with the unsteady realisation of 

Kutta condition [20,21]. Due to Laplace transformation, the integral convolution process can 

thus be written as [22]: 
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where the added aerodynamic states  C

jz ,  

jz  and  V

jz  evolve as: 
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from the initial conditions   00 C

jz ,   00 

jz  and   00 V

jz . 

As the asymptotic (steady) condition is in exact agreement with lifting line theory [78] (i.e., 

the downwash angle is constant and the load-scaling function   is unitary along the span), the 

numerically integrated wing’s lift-deficiency coefficient may finally be approximated as [103]: 
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where the n  coefficients jA  and jB  are still derived from constrained nonlinear curve-fitting 

[69]. Alternatively to employing a further exponential term [103], the proposed approximation 

has inherently been tuned to satisfy Kutta-Joukowsky condition at the impulsive start of the 

wake, since the latter initially moves as an “extension” of the wing and the resulting apparent 

flow inertia is obtained by considering the pressure difference  ,xp  due to the kinetic flow 

potential  ,x  over each two-dimensional wing section in normal motion, namely [20]: 
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the net variations of which being due to the apparent change in the wing shape. The impulsive 

pressure distribution is then instantaneously integrated over the elliptic planform (neglecting 

the variation of its perimeter is during the apparent widening), so that the initial and final lim-

its of the wing load are effectively obtained by scaling those of the aerofoil load as [22,103]: 
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In summary, the initial wing lift is slightly less than that of the isolated aerofoil (due to in-

ertia effect), whereas the asymptotic steady lift may be considerably less (due to downwash 

effect) in the case of a small aspect ratio. Note that the lift-deficiency functions of the flat air-

foil already account for the wake vortex’s inflow (including the gust penetration effect), while 

the downwash induced by the wing-tip vortices modifies the effective angle of attack; moreo-

ver, the latter “becomes practically uniform over the entire wing span before the wake has at-

tained a length of the order of one semispan” [20] and the initial lift distribution is hence 

similar to the final one. In essence, this model relies on physical assumptions and applicability 

conditions comprising those of both two-dimensional unsteady and three-dimensional steady 

incompressible potential flow; therefore, provided appropriate approximations are employed 

for all its basic elements, its accuracy increases with increasing wing’s aspect ratio. Finally, 

strip theory is correctly resumed in the case of infinite wing, where D

L

D

L CC 23

   (i.e., Wagner 

function) and D

w

D

w

23   (i.e., Kussner function) with 0V  and 1E  for AR  [103]. 

 

B.1.2. Unit Sharp-Edge Vertical Wind Gust 

Due to the progressive penetration of the vertical wind gust with a “frozen” approach [42], 

the initial perturbations of both flow potential and tip-vortices strength are small; therefore, 

the wing lift starts at zero and increases with theoretically infinite rate [20]. Although all wing 

sections are assumed to enter the gust simultaneously and even if both Kussner function for 

the aerofoil lift and Sears function for the related circulation correctly embed the gust penetra-

tion effect, the flow inertia resulting from the impulsive start of the wake may also be im-

portant for wings with small aspect ratio. The lift-deficiency coefficient  D

LGC 3  from a unit 

sharp-edge gust may then be obtained from a generalisation of its reciprocal relation [73-75] 

with the wing’s lift-deficiency coefficient from a unit step in the angle of attack directly [103]: 
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where 2  is the reduced time taken by the gust to impinge the entire root chord [20,22,103]. 

 

B.2     Trapezoidal Wing 

The chord, surface and aspect ratio of flat trapezoidal wings are given by: 
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respectively, where 10    is the taper ratio (i.e., the ratio between tip and root chords) [22]. 
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B.2.1. Unit Step-Change in the Angle of Attack 

With an effective simplified approach, a single vortex-ring is considered for modeling the 

total (lumped) wing circulation [21]. The bound vortex is placed at the quarter chord, where 

the aerodynamic centre of each section is assumed in accordance with thin airfoil theory, 

while the wing-tip vortices are trailed parallel to the free-stream; a single control point for the 

total downwash is then consistently placed at the third quarter of the wing’s root chord, where 

the flow’s non-penetration boundary condition is satisfied [38]. All vortices have the same 

(lumped) intensity and the shed vorticity travels towards infinity with half the reference speed 

from half the wing’s root chord behind the control point [21], hence stretching the vortex-ring 

and increasing the wake length; when the wing wake eventually approaches infinity, its influ-

ence on the wing flow fades away and the steady condition is asymptotically obtained. The 

influence of both tip vortices and unsteady wake on the wing lift is thus calculated with the 

simplest implementation of unsteady lifting line theory [81-83] and the total load build-up is 

obtained as function of both aspect and taper ratios. 

Considering all contributions due to bound, trailed and shed vortices of the vortex-ring, the 

lift-deficiency coefficient from a unit step in the angle of attack is then calculated based on 

Kutta-Joukowsky theorem and Biot-Savart law as [21-22]: 
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with initial (impulsive) and asymptotic (steady) behaviours respectively given by [22]: 
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which correctly resume Garrick’s approximation [73] of Wagner function for thin airfoils, in 

the limit of infinitely slender wing for eAR . However, due to the inherent limitations of 

the simple vortex-system employed, these initial and final values of the lift coefficient are not 

accurate and shall rather be provided by other higher-fidelity sources [88-90], suitable approx-

imate expressions being [17,22]: 
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with 0e  an appropriate efficiency factor (being 0e  for elliptical planform). The wing’s 

lift-deficiency coefficient may hence finally be approximated as [22]: 
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where all coefficients jA  and jB  are obtained by constrained nonlinear fitting of the “exact” 

curve [69], while both the asymptotic D

L

D

L CC 33 lim 
 

   and the initial D

L

D

L CC 3

0

3

0 lim 


  conditions 

are automatically satisfied. Note that the proposed model is indeed better suited for thin slen-

der wings with high aspect and taper ratios, for which the three-dimensional flow and geome-

try effects are less significant (i.e., the induced downwash is smaller and the control point of 

each wing section is closer to the root one). 

 

B.2.2. Unit Sharp-Edge Vertical Wind Gust 

In order to obtain the lift-deficiency coefficient from a unit sharp-edge vertical wind gust 

with the standard “frozen" approach [42], that from a unit step in the angle of attack is con-

volved with the fictitious angle of attack    derived from the Fourier transform of the ratio 

between Sears and Theodorsen functions (which represents a delay function [73-75] for two-

dimensional flow), namely [22]: 
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this is substantially equivalent to multiplying the lift-deficiency coefficient from a unit step in 

the angle of attack by the ratio between Kussner and Wagner functions (which approximates 

the two-dimensional effect of the gust penetration, assuming that all wing sections encounter 

the gust at the same time). 

Note that the gust penetration delays the circulation growth and hence reaching the asymp-

totic (steady) lift [17,22], which coincides with that from a unit step in the angle of attack; al-

so, Kussner function for thin airfoils is correctly resumed in the limit of infinite wing. 
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Abstract. In this paper, time integration procedures are demonstrated and investigated for
dual Craig-Bampton reduced systems. The dual Craig-Bampton method for the reduction and
successive coupling of dynamic systems employs free interface vibration modes, attachment
modes and rigid body modes to build the reduction bases of the substructures, but assembles
the substructures using interface forces. Thereby, the interface kinematic conditions are trans-
formed, allowing for incompatibilities associated with the equilibrium residual in the substruc-
ture. Hence, the eigenvalues of the reduced-order model are not guaranteed to be upper bounds
for the unreduced system’s eigenvalues. Furthermore, the dual Craig-Bampton reduced system
will always have as many negative eigenvalues as interface coupling conditions. The reduced
system is unstable, rendering a straightforward time integration of the dual Craig-Bampton
reduced system impossible.

The feasibility of a reliable time integration of dual Craig-Bampton reduced systems is
demonstrated and investigated in detail. The unstable behavior when time-integrating such
systems without further modifications is illustrated and two approaches to overcome this insta-
bility are suggested: on the one hand, a modal analysis of the reduced system is performed as
a subsequent step to the dual Craig-Bampton reduction. Only modes corresponding to positive
eigenvalues are thereby kept for transient analysis. This allows for a stable time integration. On
the other hand, a modal interface reduction during the dual Craig-Bampton reduction process
is performed and only interface modes corresponding to positive eigenvalues are kept. This
makes the final reduced system also positive definite. The accuracy using these two approaches
is demonstrated in examples with either different initial conditions or varying external periodic
excitations.
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1 INTRODUCTION

The increasing performance of modern computers makes it possible to solve very large linear
systems of millions of degrees of freedom (DOFs) very fast. Nevertheless, since the refinement
of finite element models is increasing faster than the computing capabilities, dynamic substruc-
turing is still an essential tool for analyzing dynamical systems in an efficient manner. Building
reduced models of submodels of a structure allows for the sharing of models between design
groups. Moreover, the reduction of the DOFs of substructures is also important for building re-
duced order models for optimization and control. If a single component of a system is changed,
only that component needs to be reanalyzed and the system can be analyzed at low additional
cost. Thus, dynamic substructuring offers a flexible and efficient approach to dynamic analy-
sis [1, 2, 3, 4, 5, 6, 7, 8, 9].

Dynamic substructuring techniques reduce the size of large models very efficiently. The
large model is thereby divided into a certain number N of substructures; each substructure is
analyzed and reduced separately and then assembled into a low-order reduced model. This
low-order reduced model approximates the original large model’s behavior. The most popular
approach is a fixed interface method, the Craig-Bampton method (CBM) [1], which is based on
fixed interface vibration modes and constraint modes. The substructures are assembled using
interface displacements, which is referred to as primal assembly. Many other methods, such as
those of MacNeal [2], Rubin [3], and Craig-Chang [4], employ free interface vibration modes,
(residual) attachment modes, and rigid body modes and assemble the substructures in primal
fashion as well. The dual Craig-Bampton method (DCBM) [6] also employs free interface vi-
bration modes, (residual) attachment modes, and rigid body modes to build the substructures’
reduction bases, but uses interface forces to assemble the substructures, which is referred to
as dual assembly. As a consequence, the DCBM enforces only weak interface compatibility
between the substructures. Thereby, interface locking problems are avoided as sometimes ex-
perienced in the primal assembly approaches [6]. Furthermore, the dual Craig-Bampton method
leads to simpler reduced matrices compared to other free interface methods and preserves spar-
sity of the reduced matrices similar to the classical Craig-Bampton matrices [6]. Comparing
the approximation accuracy of the lowest eigenvalues, the DCBM outperforms the CBM us-
ing the same number of normal modes per substructure as a reduction basis with comparable
computational effort [9].

But, the dual Craig-Bampton reduced system will always have as many non-physical neg-
ative eigenvalues as interface coupling conditions due to the weak interface compatibility be-
tween the substructures. If a very small reduction basis is used for the substructures (using only
a very small number of free interface vibration modes), the negative eigenvalues of the reduced
problem show up in the low frequency range [10]. If the reduction basis is large enough, the
negative eigenvalues are shifted in the high frequency range and do not show up if only the low-
est eigenvalues of the original system are approximated [6], which is commonly the case. These
negative eigenvalues are related to the weak compatibility of the interfaces and are not mean-
ingful from a physical point of view. Nevertheless, the non-physical negative eigenvalues of the
reduced dually assembled problem are intrinsic in the reduction process using the DCBM [6].

Thus, when applying a DCBM reduction, the reduced system is not positive definite any-
more. This means that the reduced system is unstable, rendering a straightforward time inte-
gration of the DCBM reduced system impossible. The instability is demonstrated by way of
example in Figure 1. Figure 1a shows a static displacement of a two-dimensional structure
decomposed into two substructures (this example will be examined in detail in section 4). A
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(a) Static initial displacement of a two-dimensional
solid problem decomposed into two substruc-
tures. The displacement is due to a verti-
cal static force f0 on the upper-right corner
(see Figure 3a). Both substructures are re-
spectively discretized by 16 × 9 bilinear four-
noded elements (plane stress) and the structure
is clamped on the left side in both directions.
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(b) Vertical displacement uur of the upper-right
corner for unreduced, CBM reduced and
DCBM reduced structures.

Figure 1: Instability of dual Craig-Bampton reduced (DCBM) system after static initial dis-
placement. The unreduced system (Unreduced), the Craig-Bampton reduced system
(CBM) and the dual Craig-Bampton reduced system (DCBM) are prestressed with
the same initial displacement. The DCBM reduced system becomes immediately un-
stable and diverges after a few time steps (t < 0.1 · 10−3 s).

Craig-Bampton (CBM) and a dual Craig-Bampton (DCBM) reduction are respectively applied
to the structure and the reduced systems are used without any modification for time integration.
The initially prestressed structure of Figure 1a is released and the vertical displacement uur of
the upper-right corner is considered. Figure 1b compares the vertical displacement uur of the
upper-right corner for the unreduced system, the CBM reduced system and the DCBM reduced
system. The DCBM reduced system becomes immediately unstable and diverges after a few
time steps (for t < 0.1 · 10−3 s in Figure 1b). This unstable behavior is a result of the nega-
tive eigenvalues in the DCBM reduced system. Therefore, direct time integration of a DCBM
reduced system is impossible.

The feasibility of a reliable time integration of DCBM reduced systems is demonstrated and
investigated in detail in this contribution. Two possible approaches to overcome the instability
will be presented that allow for a stable time integration. On the one hand, a modal analysis
of the reduced system is performed as a subsequent step to the DCBM reduction. On the other
hand, a modal interface reduction during the DCBM reduction process is performed. The accu-
racy of the time integration of these two approaches is illustrated by different examples. Free
vibration with different initial conditions or varying external periodic excitations are considered.

In section 2, the original formulation of the dual Craig-Bampton method for undamped sys-
tems is concisely surveyed. Common time integration schemes are recalled. The terminology
and notations used throughout this paper are outlined. Following this, strategies to simulate a
dual Craig-Bampton reduced system are derived in section 3. The properties of the proposed
strategies are subsequently illustrated in detail by way of example in section 4. Section 5 tries to
provide some recommendations for the reliable time integration of dual Craig-Bampton reduced
systems. Finally a brief summary of findings and conclusions is given in section 6.

1137



Fabian M. Gruber, Max Gille and Daniel J. Rixen

2 GOVERNING EQUATIONS

2.1 Dual Craig-Bampton method

In this section, we briefly summarize the dual Craig-Bampton method (DCBM) for un-
damped structures [6]. Consider a domain that is divided into N non-overlapping substructures
such that every node belongs to exactly one substructure except for the nodes on the interface
boundaries. The equation of motion of one undamped substructure s is

M (s)ü(s) +K(s)u(s) = f (s) + g(s), s = 1, . . . , N. (1)

The superscript (s) is the label of the particular substructure s. M (s), K(s), and u(s) are re-
spectively the substructure’s mass matrix, stiffness matrix, and displacement vector. f (s) is
the external force vector and g(s) is the vector of reaction forces on the substructure due to its
connection to adjacent substructures at its boundary DOF.

2.1.1 Dual assembly

One way to enforce the interface compatibility between the different substructures is to con-
sider the interface connecting forces g(s) as unknowns. These forces must be determined to
satisfy the interface compatibility condition (displacement equality) and the local equation of
motion of the substructures:

N∑
s=1

B(s)u(s) = 0 (2)

M (s)ü(s) +K(s)u(s) +B(s)Tλ = f (s), s = 1, . . . , N (3)

B(s) is a signed Boolean matrix acting on substructure DOFs u(s), which is a submatrix of
the constraint matrix B which will be defined below in Eq. (6). Vector B(s)Tλ represents
the interconnecting forces between substructures, which corresponds to the negative interface
reaction force vector g(s) in Eq. (1). This means

g(s) = −B(s)Tλ. (4)

λ is the vector of all Lagrange multipliers acting on the interfaces that are the additional un-
knowns. Using the block-diagonal matrices

M bd =

M
(1) 0

. . .
0 M (N)

 , Kbd =

K
(1) 0

. . .
0 K(N)

 , (5)

and the corresponding partitioned vectors and Boolean matrix

u =

u
(1)

...
u(N)

 , f =

f
(1)

...
f (N)

 , B =
[
B(1) · · · B(N)

]
, (6)

substructure Eqs. (2) and (3) can be assembled as[
M bd 0

0 0

] [
ü

λ̈

]
+

[
Kbd BT

B 0

] [
u
λ

]
=

[
f
0

]
. (7)

B is referred to as the constraint matrix [7]. In this hybrid formulation, the Lagrange multipli-
ers λ enforce the interface compatibility constraints and can be identified as interface forces [6].
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2.1.2 Reduction of dual assembled system

Considering the equation of motion (3) of substructure s, every substructure can be seen
as being excited by the interface connection forces λ. This indicates that the local dynamic
behavior can be described by superposing local static and local dynamic modes. The displace-
ments u(s) of each substructure are expressed in terms of local static solutions u(s)

stat and in terms
of eigenmodes associated with the entire substructure matricesK(s) andM (s):

u(s) = u
(s)
stat +

n(s)−r(s)∑
j=1

θ
(s)
j η

(s)
j with u

(s)
stat = −K(s)+B(s)Tλ+

r(s)∑
j=1

R
(s)
j α

(s)
j (8)

n(s) is the dimension of the local substructure problem. Matrix K(s)+ is equal to the inverse of
K(s) if there are enough boundary conditions to prevent the substructure from floating when its
interface with adjacent substructures is free [6]. If a substructure is floating, then the generalized
inverseK(s)+ has to be used. R(s) is the matrix containing the n(s)

r rigid body modes as columns
that are orthonormalized with respect to the mass matrix M (s). Vector α(s) contains the am-
plitudes α(s)

j of the rigid body modes R(s)
j . The flexibility matrix G(s) in inertia-relief format

is computed from any generalized inverse K(s)+ by projecting out the rigid body modes R(s)

using the inertia-relief projection matrix P (s) which is defined as [7, 11]

P (s) = I(s) −M (s)R(s)R(s)T (9)

and therefore
G(s) = P (s)TK(s)+P (s). (10)

Vector η(s) contains the amplitudes η(s)j of the local eigenmodes θ(s)j being eigensolutions of
the generalized eigenproblem (

−ω(s)2

j M (s) +K(s)
)
θ
(s)
j = 0. (11)

These free interface normal modes θ(s)j are also orthonormalized with respect to the mass
matrix M (s). An approximation is obtained by retaining only the first free interface normal
modes θ(s)j corresponding to the n(s)

θ lowest eigenvalues ω(s)2

j of Eq. (11). Calling Θ(s)
nθ

the
matrix containing these eigenmodes as columns, the approximation of the displacements u(s)

of the substructure is given by

u(s) ≈ −G(s)B(s)Tλ+R(s)α(s) + Θ(s)
nθ
η(s). (12)

Matrix Θ(s)
nθ

of kept eigenmodes satisfies

Θ(s)T

nθ
K(s)Θ(s)

nθ
= Ω(s)2 = diag

(
ω
(s)2

1 , . . . , ω(s)2

nθ

)
and Θ(s)T

nθ
M (s)Θ(s)

nθ
= I (13)

with Ω(s) being a diagonal matrix containing the n(s)
θ kept eigenvalues ω(s)

j . Since a part of the
subspace spanned by Θ(s)

nθ
is already included in G(s), residual flexibility matrix G(s)

res can be
used instead of flexibility matrixG(s). The residual flexibility matrixG(s)

res is defined by

G(s)
res =

n(s)−n(s)
r∑

j=n
(s)
θ +1

θ
(s)
j θ

(s)T

j

ω
(s)2

j

= G(s) −
n
(s)
θ∑
j=1

θ
(s)
j θ

(s)T

j

ω
(s)2

j

. (14)
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Note that G(s)
res = G(s)T

res , which is computed using the second equality in Eq. (14). For further
properties ofG(s)

res see [6, 12]. As a result, the approximation of one substructure is

u(s) ≈ −G(s)
resB

(s)Tλ+R(s)α(s) + Θ(s)
nθ
η(s) =

[
R(s) Θ(s)

nθ
−G(s)

resB
(s)T
]α(s)

η(s)

λ

 . (15)

Assembling all N substructures in a dual fashion according to Eq. (7) by keeping the interface
forces λ as unknowns, the entire structure can consequently be approximated by

[
u
λ

]
≈


R(1) Θ(1)

nθ
0 0 −G(1)

resB
(1)T

. . . . . . ...
0 0 R(N) Θ(N)

nθ
−G(N)

res B
(N)T

0 0 0 0 I


︸ ︷︷ ︸

T DCB



α(1)

η(1)

...
α(N)

η(N)

λ


. (16)

The approximation of the dually assembled system’s dynamic equations (7) is

MDCB



α̈(1)

η̈(1)

...
α̈(N)

η̈(N)

λ̈


+KDCB



α(1)

η(1)

...
α(N)

η(N)

λ


= fDCB

with MDCB = T T
DCB

[
M bd 0

0 0

]
T DCB,

KDCB = T T
DCB

[
Kbd BT

B 0

]
T DCB, fDCB = T T

DCB

[
f
0

]
.

(17)

The dual Craig-Bampton reduced system is quasi-diagonal (similar to the reduced matrices of
the Craig-Bampton method [1]) and has the final size of nDCB =

∑N
s=1 n

(s)
r +

∑N
s=1 n

(s)
θ + nλ

with n
(s)
r rigid body modes of substructure s, with n

(s)
θ kept free interface normal modes of

substructure s, and with the total number nλ of all Lagrange multipliers [6, 9].

2.1.3 Modal truncation vectors related to external force excitations

Consider the case in which a structure is loaded by an external force f with force application
point not being an interface DOF. As introduced in the previous section, the DCBM reduced
system is not able to represent the static deformationu0 due to this force f correctly. The correct
static deformation u0 due to this force f can be computed via the inverse of the unreduced
stiffness matrix:

u0 = K−1f

If the force f is not applied at one of the interface DOFs, the subspace spanned by the reduction
basis T DCB of the DCBM system does not include this static displacement u0. If we want to
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compute the structure’s correct static response u0 due to the external force f , we need to enrich
the reduction basis in such a way that:

u0 ∈ colspan(T DCB) (18)

The columns of the basis T DCB have to span a space that is able to represent the static displace-
ment u0. This is easily achieved by adding an additional attachment mode ψa corresponding
to the external force f to the reduction basis T DCB. Such an additional attachment mode ψa is
often called a load dependent Ritz vector [13, 14, 15] or modal truncation vector [16, 17]. For
the case of a structure decomposed into two substructures and an external force f with force
application point on substructure 2, the augmented reduction matrix of the dual Craig-Bampton
method is:

T DCB,aug =


R(1) Θ(1)

nθ
0 0 0 −G(1)

resB
(1)T

0 0 R(2) Θ(2)
nθ

ψ(2)
a −G(2)

resB
(2)T

0 0 0 0 0 I

 (19)

Thereby, the attachment mode ψ(2)
a is associated with the force vector f (2), which is the part of

the external force vector f corresponding to substructure 2, and can be easily obtained as

ψ(2)
a = G(2)

resB
(2)
f

T
. (20)

B
(2)
f is a Boolean matrix defining the force input DOFs. In contrast to the DCBM reduction

basis of Eq. (16), the augmented basis T DCB,aug can now represent any static deformation due to
force f .

2.2 Time integration

The time integration scheme used in this paper is the Newmark algorithm [18]. It introduces
two parameters β and γ. The displacement un+1 and velocity u̇n+1 at time tn+1 = tn + h are
expressed only depending on values of the previous time step tn and the time step size h [18]:

un+1 = un + u̇nh+
(
1
2
− β

)
ünh

2 + βün+1h
2 (21)

u̇n+1 = u̇n + (1− γ) ünh+ γün+1h (22)

Formulating the dynamic equilibrium at time tn+1

Mün+1 = fn+1 −Cu̇n+1 −Kun+1 (23)

and inserting the expressions of Eqs. (21) and (22), the acceleration ün+1 at tn+1 can be deter-
mined:

S︷ ︸︸ ︷[
M + hγC + h2βK

]
ün+1 =−C [u̇n + (1− γ)hün]

−K
[
un + hu̇n +

(
1
2
− β

)
h2ün

]
+ f (tn+1) .

(24)

The time stepping matrix S is computed and factorized a priori if the time step size h is con-
stant. This way, accelerations ün+1 at time tn+1 are obtained and displacements un+1 and
velocities u̇n+1 directly result from Eqs. (21) and (22). A common choice [7, 11, 18] for the
parameters is γ = 1

2
and β = 1

4
, which are also used in this paper.
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3 TIME INTEGRATION STRATEGIES

Two possibilities to eliminate the negative eigenvalues of DCBM reduced systems are pro-
posed. Both methods are based on the idea of a second reduction of the reduced quantities
M red1, K red1 and f red1, which are obtained by a first reduction, e.g., a CBM or DCBM re-
duction. The reduced equation of motion of the mechanical system after the first reduction is

M red1üred1 +K red1ured1 = f red1 (25)

with vector ured1 of reduced coordinates of size nred1. Associated with the reduced system of
Eq. (25) is the eigenvalue problem(

−ω2
jM red1 +K red1

)
xj = 0 (26)

with eigenvalue ω2
j and corresponding eigenvector xj for j = 1, . . . , nred1. Eigenvectors xj of

Eq. (26) are called normal modes or natural modes and form the modal matrix

Xmodal =
[
x1 x2 . . . xnred1

]
. (27)

If the modal matrixXmodal is normalized with respect to the mass matrixM red1, then the normal
modes’ orthogonality conditions give

M̃ = XT
modalM red1Xmodal = I (28)

K̃ = XT
modalK red1Xmodal = diag

(
ω2
1, . . . , ω

2
n

)
. (29)

Thereby M̃ is the transformed mass matrix and K̃ is the transformed stiffness matrix. The
result of the modal transformation is a system of nred1 decoupled equations. This allows one
to remove the negative eigenvalues ω2

j from the system by truncating the corresponding modes.
In our case, the truncated modes will be those modes corresponding to negative eigenvalues of
the DCBM reduced system. Therefore, a reduction matrix T red2 is used that contains only the
eigenvectors xj corresponding to positive eigenvalues ω2

j . If this reduction matrix T red2 is used
instead of the entire modal matrixXmodal, Eqs. (28) and (29) become a further reduction. Then
the reduced matricesM red2,K red2 and the reduced force vector f red2 after this second reduction
are obtained:

M red2 = T T
red2M red1T red2, K red2 = T T

red2K red1T red2, f red2 = T T
red2f red1 (30)

The corresponding equation of motion is

M red2üred2 +K red2ured2 = f red2. (31)

Vector ured2 is the vector of reduced coordinates of size nred2 after the second reduction with
basis T red2.

In the following, two possibilities are considered to construct this second reduction ba-
sis T red2 and therefore to eliminate the negative eigenvalues of DCBM reduced systems:

• Subsequent modal reduction of DCBM reduced system in section 3.1

• Subsequent modal interface reduction of DCBM reduced system in section 3.2
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3.1 Modal reduction of dual Craig-Bampton reduced system

The DCBM reduced system of Eq. (17) is further reduced analogously to the reduction rep-
resented by Eq. (30) with M red1 = MDCB, K red1 = KDCB and f red1 = fDCB. That way, all
positive eigenvalues of the unmodified DCBM reduced system are preserved in the process of
removing the unphysical negative ones. In doing so, T red2 is the matrix containing the eigen-
vectors xDCB,j corresponding only to positive eigenvalues ω2

DCB,j of the eigenproblem(
−ω2

DCB,jMDCB +KDCB
)
xDCB,j = 0. (32)

Then, the modified DCBM system is

MDCBmodη̈DCBmod +KDCBmodηDCBmod = fDCBmod (33)

with

MDCBmod = T T
red2MDCBT red2, KDCBmod = T T

red2KDCBT red2, fDCBmod = T T
red2fDCB. (34)

Vector ηDCBmod is the vector of modal coordinates of the system after the second reduction. The
entire structure DOFs of Eq. (7) are finally approximated by[

u
λ

]
≈ T DCBT red2ηDCBmod. (35)

After this second reduction, the modified DCBM reduced system has only positive eigenvalues.
This makes a stable time integration possible.

If the first reduction basis T DCB is enriched by an additional attachment mode as described in
section 2.1.3, the steps of Eqs. (32) to (35) have to be executed with T DCB,aug of Eq. (19) instead
of T DCB. A corresponding reduction matrix T red2 is obtained. If this second reduction T red2 is
then applied to the reduced system augmented by an additional attachment mode, the statically
correct representation of the response to an external load is no longer guaranteed: parts of the
subspace spanned byT DCB,aug of Eq. (19) are truncated when applying the second reduction with
basis T red2. This problem can once again be solved by enriching the reduction basis T red2. In
this case, T red2 is enriched by the structure’s static responseψa related to the point of application
of the external force f . The augmented second reduction matrix T red2,aug results:

T red2,aug =
[
T red2 ψa

]
(36)

With the reduction matrix T red2,aug instead of T red2 in Eqs. (33) to (35) for the second reduction,
we can perform a modal reduction to remove the effect of the negative eigenvalues without
truncating the beneficial contribution of the additional attachment mode which was particularly
added in Eq. (19).

3.2 Modal interface reduction of dual Craig-Bampton reduced system

Now only the interface problem of the DCBM reduced system is further reduced. The
interface problem for the DCBM is obtained by static condensation of the dually assembled
problem (7) on the interface degrees of freedom [19]. The interface DOFs are the amplitudes
α =

[
α(1) . . . α(N)

]T of the rigid body modes of all substructures and the entire vector λ
of Lagrange multipliers. This is equivalent to a DCBM reduction with no free vibration modes
kept in the reduction basis T DCB of Eq. (16). The modal interface reduction of DCBM reduced
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systems [19] originally aimed to reduce the still significant size of interface DOFs of a DCBM
reduced system rather than removing negative eigenvalues. The resulting mass and stiffness ma-
trices of the interface problem are denoted asMDCB,int andKDCB,int, respectively. The interface
normal modes xint,j are the eigenvectors of the corresponding eigenproblem(

−ω2
int,jMDCB,int +KDCB,int

)
xint,j = 0. (37)

If only a certain number of interface normal modes xint,j is gathered as columns of matrixX int,
the matrixX int is used to approximate the interface DOFs α and λ:[

α
λ

]
≈X intλ̃ (38)

Vector λ̃ contains the amplitudes λ̃j of the retained interface modes xint,j . If the DCBM re-
duction of Eq. (17) is performed first, the modal parameters η =

[
η(1) . . . η(N)

]T of all
substructures are not affected by the interface approximation of Eq. (38).

To remove the negative eigenvalues from the DCBM reduced system (17), only the eigen-
vectors xint,j corresponding to positive eigenvalues ω2

int,j of the interface eigenproblem (37) are
kept in the matrix X int. Subsequently, the interface reduction (38) is applied. X int can be used
to construct a related reduction matrix T red2, which allows one to express the modal interface
reduction by Eqs. (33) to (35). For further details concerning interface reduction procedures
of DCBM reduced systems see [19, 20]. The final modified DCBM system does not have any
negative eigenvalues anymore. This also allows for a stable time integration.

4 NUMERICAL EXAMPLE

The two-dimensional structure of Figure 2 is considered for a numerical evaluation of the
proposed time integration strategies. The structure is clamped on the left side in both directions

lx

ly

Figure 2: Two-dimensional solid problem (width lx = 8.0 cm, height ly = 3.0 cm, depth
lz = 1.0 cm) clamped on the left side in both directions and decomposed into two sub-
structures (indicated by different colors). Each substructure is discretized by 16 × 9
bilinear four-noded elements (plane stress, Young’s modulus E = 2.1 · 1011 N m−2,
density ρ = 7.8 · 103 kg m−3). Stiffness proportional viscous damping C = a1K is
assumed with proportional factor a1 = 2ξ1

ω1
with modal damping ξ1 = 0.1 % for the

lowest eigenfrequency ω1 = 362.7 Hz.

and decomposed into two substructures (indicated by different colors in Figure 2). Each sub-
structure is discretized by 16×9 bilinear four-noded elements (plane stress). This results in 660
DOFs in the assembled unreduced displacement vector u and nλ = 20 Lagrange multipliers
resulting in a total number of ntotal = 680 DOFs of Eq. (7). To compare the results, the unre-
duced system and a reduced system obtained by a Craig-Bampton reduction (CBM) are also
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simulated. With 20 normal modes per substructure the CBM reduction provides a reduced sys-
tem with nCB = 60 DOFs, and the DCBM reduced system has nDCB = 63 DOFs. Thereby, the
DCBM reduced system has 20 negative eigenvalues. Therefore, stable DCBM reduced systems
resulting from either a second modal reduction (see section 3.1) or a modal interface reduction
(see section 3.2) have 43 remaining DOFs after removing the negative eigenvalues. Two load
cases are exemplarily considered in the following:

• Free vibration after static initial displacement. The system of Figure 2 is loaded by a
static force f0 at the upper-right corner as depicted in Figure 3a. This causes the static
deformation illustrated in Figure 1a. The initially prestressed structure of Figure 1a is
released without initial velocity. No further external forces act on the structure over time.
The vertical displacement uur of the upper-right corner is considered for free vibration.

• Sinusoidal force excitation. The system of Figure 2 is loaded by a sinusoidal force
f(t) = f̂0 sin (Ωt) with excitation frequency Ω at the upper-right corner as depicted in
Figure 3b. The vertical displacement uur of the upper-right corner is considered and the
frequency response function (FRF) is computed.

f0

(a) Structure loaded by static force f0.

f̂0 sin (Ωt)

(b) Structure loaded by sinusoidal excitation
f(t) = f̂0 sin (Ωt).

Figure 3: External forces applied to the two-dimensional solid problem of Figure 2.

4.1 Free vibration after static initial displacement

First, free vibration of the substructured system of Figure 2 is considered. The system is
released from the initial displacement u0 depicted in Figure 1a without an initial velocity,
i.e., u̇0 = 0. The initial displacement u0 is the static deformation due to a vertical static
force f0 = 1 kN at the upper-right corner as illustrated by Figure 3a. First of all, u0 is com-
puted by solving Eq. (39) with the stiffness matrix K of the assembled unreduced system of
Figure 2:

u0 = K−1f 0 with f 0 =


0
...
0
f0

 (39)

Thereby, it is assumed in Eq. (39) that the point of application of force f0 corresponds to the
last degree of freedom in the displacement vector u0. In general, the row entry of the static
force f0 in the static force vector f 0 corresponds to the displacement degree of freedom related
to the point of application of the force f0. The initial condition ured2,0 for the reduced systems
is obtained by solving

K red2ured2,0 = f red2 with f red2 = T T
red2T

T
red1f 0. (40)
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The force vector f 0 is first projected onto the respective reduction basis to obtain the force
vector f red2 in reduced coordinates and then the linear static problem is solved. For instance,
if no additional attachment modes are used and a DCBM reduction with a subsequent modal
reduction is performed, then T red1 is equal to T DCB of Eq. (16) and T red2 is the second reduction
matrix derived in section 3.1.

Figure 4 shows the vertical displacement uur of the upper-right corner after releasing the
structure from the initial displacement u0. The displacement uur is depicted for the unreduced
system, the CBM reduced system, the DCBM reduced system with subsequent modal reduction,
and the DCBM reduced system with modal interface reduction. The first important observation
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Figure 4: Vertical displacement uur of the upper-right corner for unreduced system, CBM re-
duction, DCBM reduction with subsequent modal reduction and DCBM reduction
with interface reduction. The structure is released from the initial displacement u0

depicted in Figure 1a without an initial velocity.

is that the time integration is stable for all methods. However, the DCBM system with inter-
face reduction fails to approximate the displacement of the unreduced system properly. This
seems consistent with the results obtained in [20]. There it was shown that the modal interface
reduction works well if some negative eigenvalues are kept, but struggles to approximate the
eigenfrequencies if all modes corresponding to negative eigenvalues ω2 are removed. The dis-
placements of the unreduced, the CBM reduced and the DCBM system with subsequent modal
reduction seem to coincide in Figure 4. The subsequent modal reduction of the DCBM reduced
system for removing negative eigenvalues seems to be very promising compared to the modal
interface reduction of the DCBM reduced system. Therefore, only DCBM reduced systems
with subsequent modal reduction are investigated in detail in the following.

Now the representation of the initial deformation of Figure 1a is considered, which corre-
sponds to time t = 0 in Figure 4. The first time steps (t < 0.1 · 10−3 s) of the motion are plotted
in Figure 5a. There is a noticeable difference between the initial displacement of the unreduced
system, the CBM and DCBM reduced systems. This is a result of the reduction bases not be-
ing able to represent the static deformation u0, which is caused by force f0 at the upper-right
corner, correctly. To encounter this discrepancy for the initial condition, the addition of a static
mode representing the static deformation caused by the external force applied to the system is
employed, as proposed in section 2.1.3. Consequently, the augmented reduction matrix T red2,aug

of Eq. (36) is used instead of T red2 as exhibited in section 3.1 for the DCBM reduction. The
same is done for the CBM reduction basis. Therefore, both the CBM and the DCBM reduced
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Unreduced system Craig-Bampton reduced system Dual Craig-Bampton reduced system
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(a) Reduced systems without additional attach-
ment mode related to the point of application
of force f0.
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(b) Reduced systems with additional attachment
mode related to the point of application of
force f0.

Figure 5: Vertical displacement uur of the upper-right corner for t < 0.1 · 10−3 s for unreduced
system, CBM reduction and DCBM reduction with subsequent modal reduction. The
structure is released from the initial displacement u0 depicted in Figure 1a without an
initial velocity.

system are able to represent the correct initial displacement u0. This is shown for the vertical
displacement uur of the upper-right corner in Figure 5b for time t = 0: uur of the reduced
systems coincides with the unreduced system.

The positive effect of the additional mode is obvious, but there is also a spurious oscillation
in both reduced systems related to this additional mode. Note that for this example stiffness
proportional viscous damping C = a1K is assumed (see caption of Figure 2 for details). Fig-
ure 6 shows the displacement uur of the upper-right corner for a larger time period. At the very
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Figure 6: Vertical displacement uur of the upper-right corner for unreduced system, CBM re-
duction and DCBM reduction with subsequent modal reduction with additional at-
tachment mode related to the point of application of force f0. The structure is released
from the initial displacement u0 depicted in Figure 1a without an initial velocity.
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beginning (t < 0.1 · 10−3 s), the oscillation of Figure 5b is noticeable, but subsides very fast.
Nonetheless, this spurious oscillation will not disappear if the underlying system is not damped.
The usage of the generalized-α method [21] instead of Newmark’s method to introduce numer-
ical damping can suppress this high frequency part of the solution.

To conclude, the additional attachment mode fulfills its purpose regarding the initial state,
but has an undesired oscillatory effect during the first time steps. If there is little damping, this
oscillation will die out after a few time steps and does not have any negative influence on the
approximation accuracy over time.

4.2 Sinusoidal excitation

For further investigations, the structure is loaded to a sinusoidal excitation. As depicted in
Figure 3b, the sinusoidal force

f(t) = f̂0 sin (Ωt) (41)

with excitation frequency Ω acts at the upper-right node (equal to the static force in the previous
section). The initial conditions for displacements u0 and velocities u̇0 are

u0 = u̇0 = 0. (42)

First, the transient behavior of the system is investigated in time domain and, afterwards, the
frequency response functions (FRFs) for the vertical displacement of the upper-right corner are
considered.

4.2.1 Time domain

The system’s behavior in time domain is now considered. Amplitude f̂0 = 1 kN and excita-
tion frequency Ω = 2500 Hz are prescribed, i.e., the excitation frequency Ω lies in the middle
of the third and fourth eigenfrequencies of the system. Note that the second eigenfrequency of
the systems corresponds to the first longitudinal mode.

The vertical displacement uur of the upper-right corner is shown due to sinusoidal load in
Figure 7: The graphs in Figure 7a are obtained when no additional attachment mode is added
to the reduced systems. The first important observation is that the time integration is again
stable. Nevertheless, large discrepancies occur between the displacements of the unreduced
and reduced systems: the displacements of the unreduced system are very roughly followed by
those of the reduced systems, but the values at a certain time do not particularly match.

For that reason, the bases of the reduced systems are augmented by a static mode as described
in sections 2.1.3 and 3.1. If an additional attachment mode related to the point of application
of force f(t) is added to the reduced systems, the graphs in Figure 7b result. The effect of the
additional mode is eminently significant in this case. The displacements of the reduced systems
coincide now with those of the unreduced system. No discrepancy is noticeable.

To stress this, Figure 8 depicts the vertical displacement uur of the upper-right corner for a
later time interval (8.8 · 10−2 s < t < 9.2 · 10−2 s). Again, the displacements of the unreduced
and reduced systems coincide if the additional attachment mode related to the point of applica-
tion of force f(t) is added (Figure 8b). Figure 8a clearly illustrates that the displacements of
the reduced systems roughly follow those of the unreduced system. The displacements of the
reduced systems without additional attachment mode seem to be a kind of mean value of the
displacements of the unreduced system. However, the approximation of the displacement uur
at a certain time is poor if no additional attachment mode related to the point of application of
the external force is used.
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Unreduced system Craig-Bampton reduced system Dual Craig-Bampton reduced system
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(a) Reduced systems without additional attach-
ment mode related to the point of application
of force f(t).
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(b) Reduced systems with additional attachment
mode related to the point of application of
force f(t).

Figure 7: Vertical displacement uur of the upper-right corner for unreduced system, CBM re-
duction and DCBM reduction with subsequent modal reduction. The structure has no
initial displacement and no initial velocity u0 = u̇0 = 0 and is excited by a sinusoidal
load f(t) = f̂0 sin (Ωt) as depicted in Figure 3b. Amplitude f̂0 = 1 kN and excitation
frequency Ω = 2500 Hz are prescribed.
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(a) Reduced systems without additional attach-
ment mode related to the point of application
of force f(t).
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(b) Reduced systems with additional attachment
mode related to the point of application of
force f(t).

Figure 8: Vertical displacement uur of the upper-right corner for 8.8 · 10−2 s < t < 9.2 · 10−2 s
for unreduced system, CBM reduction and DCBM reduction with subsequent modal
reduction. The structure has no initial displacement and no initial velocity u0 = u̇0 =
0 and is excited by a sinusoidal load f(t) = f̂0 sin (Ωt) as depicted in Figure 3b.
Amplitude f̂0 = 1 kN and excitation frequency Ω = 2500 Hz are prescribed.
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4.2.2 Frequency domain

To further assess the approximation accuracy of the DCBM reduced system with subsequent
modal reduction, the system’s behavior is now considered for varying excitation frequencies Ω.
Therefore, the frequency response function (FRF) is computed for the driving point, i.e., the
amplitude ûur of the vertical displacement uur of the upper-right corner due to the vertical
sinusoidal force f(t) = f̂0 sin (Ωt) at this node (see Figure 3b). Figure 9 shows the FRFs for
the unreduced and reduced systems if a force amplitude f̂0 = 1 kN is prescribed.

Unreduced system Craig-Bampton reduced system Dual Craig-Bampton reduced system
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(a) Reduced systems without additional attach-
ment mode related to the point of application
of force f(t).
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(b) Reduced systems with additional attachment
mode related to the point of application of
force f(t).

Figure 9: Amplitude ûur of vertical displacement uur of the upper-right corner for unreduced
system, CBM reduction and DCBM reduction with subsequent modal reduction. The
structure is excited by a sinusoidal load f(t) = f̂0 sin (Ωt) as depicted in Figure 3b.
Force amplitude f̂0 = 1 kN is prescribed and stiffness proportional viscous damp-
ing C = a1K is assumed (see caption of Figure 2 for details).

Thereby, the FRFs are plotted for the reduced systems without an additional attachment
mode in Figure 9a. The resonance peaks coincide for the unreduced and reduced systems, but
significant differences occur in between the resonance peaks. The antiresonances are especially
poorly fitted.

In addition to that, the FRFs are depicted for the reduced systems with an additional attach-
ment mode in Figure 9b. For Ω < 15 kHz, the graphs coincide again. Both resonances and
antiresonances are hit very well. As expected for reduced systems, deviations show up only
in the high frequency range. The most noticeable difference is the broad peak (maximum at
around Ω ≈ 33 kHz) introduced by the additional attachment mode. This peaks shows up for
both the CBM reduced system and the DCBM reduced system. Therefore, the amplitudes near
that frequency are overestimated by the reduced systems.

This does not matter so much if there is little material damping in the system. In this example,
stiffness proportional viscous dampingC = a1K is assumed with proportional factor a1 = 2ξ1

ω1

with modal damping ξ1 = 0.1 % for the lowest eigenfrequency ω1 = 362.7 Hz. As Figures 6, 7
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and 8 indicate for the slightly damped system considered here, the displacements of the reduced
systems coincide with the displacements of the unreduced system. Hence, the peak at around
Ω ≈ 33 kHz introduced by the additional attachment mode in the FRF in Figure 9b does not
deteriorate the excellent approximation in time domain.

Now the simulations are repeated unmodified with the same conditions as in Figure 7b except
that an undamped system is assumed (viscous damping matrix C = 0). Figure 10 shows the
vertical displacement uur of the upper-right corner for an underlying system with no damping.
At first glance, the displacements seem to coincide with a certain tolerance in Figure 10a, but
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(a) Reduced systems with additional attachment
mode related to the point of application of
force f(t).
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(b) Zoom plot of Figure 10a in time interval
0.47 · 10−3 s < t < 0.68 · 10−3 s.

Figure 10: Vertical displacement uur of the upper-right corner for unreduced system, CBM re-
duction and DCBM reduction with subsequent modal reduction. The same condi-
tions as in Figure 7b are taken except that an undamped system is assumed (viscous
damping matrix C = 0).

also small deviations are identifiable. The zoom plot in Figure 10b shows that in detail. The
reduced systems introduce an oscillation with a high frequency on top of the motion of the
unreduced system. The period of that high frequency oscillation corresponds to the peak at
around Ω ≈ 33 kHz in the FRFs of the reduced systems in Figure 9b. As already mentioned,
this peak is a result of the additional attachment mode related to the point of application of the
external force.

To draw a conclusion, the additional attachment mode has a significant beneficial contribu-
tion to the approximation accuracy of the solution if the system is slightly damped: the dis-
placements over time match entirely for unreduced and reduced systems (see Figure 7b and 8b)
and, moreover, all resonances and antiresonances coincide up to a certain cut-off frequency (see
Figure 9b). An additional peak in the FRFs is introduced by the additional attachment mode
(Figure 9b). If the system is slightly damped, the approximation quality is not influenced by this
additional peak. But if an undamped system is assumed, a high frequency oscillation occurs.
On the one hand, this can be weakened by choosing a higher reduced order, which shifts the
peak towards higher frequencies. On the other hand, the generalized-α method [21] can remedy
by introducing numerical damping.
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5 RECOMMENDATIONS FOR TIME INTEGRATION OF DUAL CRAIG-BAMPTON
REDUCED SYSTEMS

As a consequence of the results of the previous section, general recommendations shall now
be given for a reliable time integration of dual Craig-Bampton (DCBM) reduced systems.

First of all, removing the negative eigenvalues of DCBM reduced systems yields time in-
tegration stable: modal interface reduction of the DCBM reduced systems makes the system
stable, but the approximation is very inaccurate (see Figure 4). On the opposite, a subsequent
modal reduction of the DCBM reduced system makes the reduced system also stable and pro-
vides accurate results. Both methods allow for stable time integration, but a subsequent modal
reduction of the DCBM reduced systems is highly recommended as the method of choice.

Additional attachment modes related to the points of application of external forces are very
beneficial if the system is slightly damped: displacements over time match entirely for unre-
duced and reduced systems (see Figures 6, 7b and 8b) and, moreover, all resonances and an-
tiresonances coincide up to certain cut-off frequency (see Figure 9b). An additional peak in the
FRFs is introduced by each additional attachment mode (see Figure 9b), which does not influ-
ence the approximation quality in time domain if the system is slightly damped (see Figures 6,
7b and 8b). Hence, if the points of application of external forces are known, it is also highly
recommended to include additional static modes (which are attachment modes) related to the
points of application of the forces in the reduction basis. This also guarantees the results to be
static correct in any case (see Figure 5). To sum up, the excellent approximation quality is not
influenced by this additional peak if the system is slightly damped.

But if an undamped system is assumed, a high frequency oscillation occurs (see Figure 10).
On the one hand, this can be weakened by choosing a higher reduced order, which shifts the
peak towards higher frequencies. On the other hand, generalized-α method can remedy by
introducing numerical damping.

6 CONCLUSIONS

In this paper, the feasibility of a reliable time integration of dual Craig-Bampton (DCBM)
reduced systems was demonstrated and investigated in detail. The principal unstable behavior
of DCBM reduced systems can be overcome by two approaches: modal analysis of the DCBM
reduced system as a subsequent step to the DCBM reduction or modal interface reduction during
the DCBM reduction process.

The modal interface reduction is performed during the DCBM reduction process and only
interface modes corresponding to positive eigenvalues are kept, resulting in a stable reduced
system. Stable time integration is then indeed possible, but the approximation accuracy is poor.

Modal analysis of the DCBM reduced system as a subsequent step to the DCBM reduction
leads to a stable reduced system and very accurate approximation results. Thereby, excellent
accordance with the behavior of the unreduced system is obtained. Especially if attachment
modes related to the points of application of external forces are added to the reduction basis, no
noticeable differences occur between the unreduced and the DCBM reduced systems with sub-
sequent modal reduction in the cases being considered. Consequently, this approach achieves
high approximation accuracy and is therefore particularly appropriate for the time integration
of dual Craig-Bampton reduced systems.
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Abstract. Base isolation (BI) is a well-known technique with many applications all over the 
world. This study aims at considering 3D numerical simulations of a soil-structure system ap-
plied to a base isolated ordinary building. In particular, the soil has been performed with 
nonlinear hysteretic materials and advanced plasticity models, implemented in Opensees. The 
proposed approach enables to drive the assessment of isolation technique with evaluation of 
soil non-linear response into a unique twist. In this regard, the paper aims at assessing the 
cases where BI becomes detrimental. In particular, the model of the structure allows to assess 
the structural performance, by considering accelerations and displacements at various 
heights. This study overcomes the common simplifications in modelling the soil foundation. In 
this regard, it can be considered one of the few attempts to propose new design considera-
tions for engineers and consultants.  
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1 BACKGROUND 

Base isolation (BI) is one of the most convincing solutions in order to protect structures 
from the destroying effects of earthquakes. This technique allows to decouple the structure 
from the ground by intentionally concentrating seismic energy dissipation in a unique element 
with low horizontal stiffness between the foundation and the structure. Many researches have 
been carried on this issue but few contributions have been focused on the effects of the soil 
structure interaction (SSI). Extensive research has been conducted in the past 30 years regard-
ing the effects of soil–structure interaction (SSI) on the seismic response of civil engineering 
structures. Even if many codes suggest to neglect SSI [1], [2] there are some researches where 
SSI is shown to be non-conservative for safety and cost reduction. In such cases, it is funda-
mental to take into account SSI in design procedures in order to predict its effects as detailed 
as possible [3], [4]. The majority of publications study SSI simply by introducing springs, 
dashpots and artificial masses in the interface between the structure and the soil. This ap-
proach is generally accepted since modeling SSI is a challenging problem for numerical simu-
lations. However, it could be insufficiently detailed in order to model the complexity of the 
problem. In particular, system response is directly connected with the mutual dynamic charac-
teristics (natural frequencies) and thus with structural mass and stiffness, soil shear velocity 
and layer depth [5]. For this reason, the beneficial effects of BI can be strongly modified by 
soil deformability and energy dissipation in the ground [6], [8], [9].This study aims at over-
coming all previous simplifications considering a 3D numerical simulations of a soil-structure 
system applied to a shear type building isolated at the base. In particular, the soil has been 
performed with nonlinear hysteretic materials and advanced plasticity models. The proposed 
approach enables to drive the assessment of BI technique with evaluation of soil non-linear 
response into a unique twist. In this regard, the paper aims at assessing the cases where BI be-
comes detrimental. In particular, the study shows how considering the structure fixed at the 
base is non conservative and underestimates dynamic effects.  
 

2 CASE STUDY 

This paper aims at reproducing the seismic response of a benchmark concrete structure on 
different deformable soils and isolated at the base. The soil has been performed with nonlinear 
hysteretic materials and advanced plasticity models. This approach enables to reproduce soil 
hysteretic elasto-plastic shear response (including permanent deformations) and damping 
foundation impedances by applying the open-source computational interface OpenSeesPL 
[10], implemented within the FE code OpenSees [11]. In particular, this platform is able to 
capture the effects of amplification and consequent accumulation of deformation in the 
ground. At the same time, the model of the structure allows to assess the structural perfor-
mance, by considering accelerations and displacements at various heights. OpenSeesPL con-
sists of a framework for saturated soil response as a two-phase material following the u-p 
(where u is displacement of the soil skeleton and p is pore pressure) formulation. This inter-
face, had been originally calibrated for pile analysis. Here it has been modified in order to 
consider the presence of the system structure – foundation. Based on previous studies [12][13], 
the soil has been considered a one-layer homogenous cohesive material with a 20 m depth, 
that consists in a 3D FE mesh (68.4m  x 74.4m x 20.5m) composed of 2992 brickUP linear 
isoparametric 8-nodes elements with 4025 nodes. Horizontally has been discretized in six lay-
ers, from center to the outward, while vertically in four layers; 0.5 m thickness for the first 
and 6.7 m for the others. The model base boundaries were been set at 20.5 m depth from 
ground surface (Figure 1). OpenSees is able to simulate real wave propagation adopting peri-
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odic boundaries by assuming that symmetry conditions can be adopted [14]. Displacement 
degrees of freedom of the left and right boundary nodes were tied together both longitudinally 
and vertically using the penalty method. In this regard, base and lateral boundaries were mod-
elled to be impervious, as to represent a small section of a presumably infinite (or at least very 
large) soil domain by allowing the seismic energy to be removed from the site itself. The 
boundaries are located as far as possible from the structure as to decrease any effect on the 
response. For more details, see [6] and [12]. Connections between the structure and the soil 
are built up with specific elements called “equaldof” which are able to impose the displace-
ments to be the same between the structure and the soil nodes. The mechanical behavior of the 
soil was modeled with the implemented material named Pressure Independent Multiyield. It 
consists of a nonlinear hysteretic material, using a Von Mises multi-surface kinematic plas-
ticity approach together with an associate flow rule [16] and allows to control the  magnitude 
of cycle-by-cycle permanent shear strain accumulation, [17]. Non-linear shear stress-strain 
back-bone curve is represented by a hyperbolic relation, which is defined by low-strain shear 
modulus and ultimate shear strength constants. For more details, see [17] and [18]. This con-
stitutive formulation is able to capture both monotonic and hysteretic elasto-plastic cyclic re-
sponse of those soils whose shear behavior is assumed insensitive to confining stress. 
According to this formulation, plasticity is exhibited only in the deviatoric stress-strain re-
sponse, while volumetric response is linear-elastic.  

The study consists of reproducing a four-story (floor height: 3.4 m, total height: 13.6 m) re-
inforced concrete building, representative of realistic buildings. The number of columns (2 in 
the longitudinal direction (15 m spaced) and 4 in the transversal direction (10 m spaced), see 
Figure 1) has been chosen as a compromise between representativeness and computational 
time. Each column was discretized in sixteen elasticBeamColumn elements. The total high of 
the building is 14.1 m. The first 0.5 m were considered part of the foundation and connected 
to the soil as explained below. The study can be divided into two steps. First (paragraphs 3-5), 
eigenvalue analyses have been performed in order to assess the mutual effects of BI and soil 
deformability on the dynamic characteristics of the system (soil and structure). The second 
step (paragraph 6) consists of performing dynamic analyses in order to study the structural 
behaviour. The mesh was calibrated on a previous study [6] and realistic clay soils were per-
formed. For all analyses, the Newmark transient integrator is used with γ=0.6 and β=0.3. 
Stiffness and mass proportional damping is added with a 2% equivalent viscous damping at 1 
and 6 Hz.  

 

Figure 1: 3D system mesh performed in the study 
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3 EIGENVALUE ANALYSIS (NO BI) 

In this paragraph, the effects of soil with several deformability have been studied. In par-
ticular, a hard soil (shear velocity equal to 1600 m/s, named soil A) has been used to repro-
duce rigid base conditions (SSI neglected). In order to verify this assumption, the acceleration 
inputs at the base of the mesh were compared to the accelerations at the top of the layers, 
which propagate at the base of the structure and they were found to be identical, as shown in 
[6] and [13]. Then, soil stiffness was varied in order to take into account SSI effects. In par-
ticular, soils were chosen in order to be representative of the typologies defined by the Euro-
code (EC8, 3.1.2 Table 3.1). Table 1 details the soil properties adopted in the study. The 
original configuration (without isolation) has been considered here. Figure 2 shows the modal 
shapes in case of soil A. Table 2 shows period elongation due to the effects of soil deforma-
bility. 
 

PARAMETERS SOIL A SOIL B SOIL C SOIL D 

Mass density [kN/m3]    22.0 21.0 20.5 18.0 
Shear Modulus [kPa]                                  5.63∙107 6.12∙106 1.72∙105 4.05∙104 
Bulk Modulus [kPa] 7.51∙107     1.33∙106     5.17∙105     1.89∙105     
Poisson Coefficient 0.20 0.30 0.35 0.40 
Cohesion [kPa] 10000 500 160 40 
Shear wave velocity [m/s]  1600 540 290 150 

Table 1: Soil parameters. 

MODEL T1[s] T2[s] T3[s] T4[s] 

Soil A 0.672 0.229 0.148 0.121 
Soil B 0.700 0.232 0.152 0.121 
Soil C 0.721 0.280 0.235 0.149 
Soil D 0.808 0.358 0.235 0.166 

 

Table 2: Natural periods elongation due to SSI effect. 

 
 

Figure 2: Modal shapes (soil A), 1st mode (a), 2nd mode (b), 3rd mode and 4th mode (d)  
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4 BASE ISOLATION (NO SSI)  

This paragraph details the implementation of base isolation, without taking into account 
the effects of soil deformability. The hard soil (shear velocity equal to 1600 m/s, soil A) has 
been used to reproduce rigid conditions, with usually base isolation is designed.  

The natural period of the isolated structure has been taken equal to 3.35 s. From the total 
seismic mass (M=16240 kN s2/m), it is possible to determine the overall stiffness needed (Kis) 
for the isolated system by the following equation: 

 
mm

kN

T

M
kis 00.19

4
2

2

=⋅⋅= π
 (1) 

Considering the structural scheme (4x2 columns), the stiffness for each isolator results: 

 
mm

kNk
k is 38.2

8
==  (2) 

The lead rubber bearing (LRB) named LRN (D700B750Z550) has been selected from ALGA 
(Table 3, [19]). 
In this paper, the isolation has been modelled with a linear relationship, by applying the so 
called elastomericBearing element, by Opensees library [11].This element needs the calibra-
tion of three parameters: the initial elastic stiffness (here K = 7.38 kN/mm), the yield strength 
(here Fy = 3099 kN) and the post-yield stiffness ratio (here alpha = 1). 
 

D         
[mm] 

H        
[mm] 

G       
[MPa] 

Te        
[mm] 

Smax        
[mm] 

Kr        
[kN/mm] 

K lead       
[kN/mm] 

Keff        
[kN/mm] 

Fy          
[kN] 

LRN(D700B750Z550) 700 384 0.9 210 420 1.47 25.72 2.46 439 

 

Table 3: Characteristics of LRB obtained from ALGA and calibrated for the model. 

5 EIGENVALUE ANALYSIS (BI) 

In this paragraph the effects of soil with several deformability and base isolation have been 
studied at the same time. The above isolation device has been considered firstly founded on 
the hard soil case (soil A) and then on soils B, C and D. Figure 6 shows BI shape modes in 
case of soil A. Table 4 shows the periods of the structure with several soil conditions. The 
fundamental period increases for all the soil conditions to 3.35 s. 

The results show that soil deformability does not affect the periods when isolation is ap-
plied and thus that isolation performs its function by decoupling the structure from the soil. 
Comparing with the non isolated cases (Table 2), the increases are more significant for soil A 
than in case of soil D. 

This demonstrates that the efficiency of base isolation technique increases with rigid soils 
and that it depends significantly on the deformability of the soil, as shown in [6].  
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Figure 3: Modal shapes of isolated structure (soil A), 1st mode (a), 2nd mode (b), 3rd mode and 4th mode (d). 

 
MODEL T1(iso)[s] T2(iso)[s] T3(iso)[s] T4(iso)[s] 
Soil A 3.349 0.297 0.158 0.122 
Soil B 3.352 0.297 0.158 0.122 
Soil C 3.356 0.297 0.158 0.122 
Soil D 3.370 0.297 0.167 0.158 

 

Table 4: Natural period of base isolated model with different soils considered. 

6 DYNAMIC ANALYSES  

In this paragraph, dynamic analyses have been performed. Seven input motions were se-
lected, as show in Table 5 and Figure 4. They were selected in order to significantly affect the 
dynamic characteristics of the structure and applied along the x-axis (longitudinal direction). 
The results obtained with input n.2 in terms of acceleration and displacement time histories 
have been shown in Figure 5 and 6 (at the various floor: z = 13.6 m, 10.2 m, 6.80 m and 3.40 
m). In the figure, the name FIX-A indicates the values obtained with the fixed base model in 
correspondence with soil A, while BI-A indicate the obtained results for BI model. Thanks to 
its deformability, soil D reduces the effects of earthquakes and thus, the effectiveness of isola-
tion become less significant (-53%). In terms of displacements, it is possible to see that due to 
the presence of the isolation, the displacements are concentrated at the base. The upper floor 
do not have any significant drift. In the cases of fixed base, the displacements are concentrat-
ed at all floors. 

Table 6 shows the comparison between the fixed (FIX) and the base isolated (BI) structure 
for various soil conditions in terms of maximum accelerations and maximum displacements. 
The ratios (in terms of accelerations and displacements) between these two configurations is 
shown in the last two columns. The best reduction in terms of accelerations was achieved with 
soils A (-88%), B (-88%) and C (-79%). The maximum increase in terms of displacements 
has been obtained with soil A (61%), then it is observed a decrease with soil B (25%) and C 
(19%). A different trend is seen when soil D has been performed (36%).  

Figure 7 shows a comparison between the spectra obtained with fixed model and BI model, 
considering SSI effects. Table 8 summarizes the results in terms of spectral accelerations ob-
tained with all the input motions shown in Table 5. 

In particular, the results obtained with soil A has been considered as a reference to com-
pare those obtained with the other soils. Column 4 of Table 8 shows the ratio between the 
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maximum values of pseudo-acceleration between fixed structure and BI model in correspond-
ence with the considered soils. The last two columns in Table 8 (b), (c) and (d) show the ratio 
between soil A and the considered soil, both in case of fixed structure and BI respectively. 
 

Input motion Station 
PGA               
[g] 

PGV               
[cm/s] 

PGD               
[cm] 

Duration 
[s] 

n.1 Landers (1992) Lucerne Valley 0.72 147.45 265.14 25.00 
n.2 Northridge (1994) Rinaldi Receiving 0.89 185.08 60.07 12.50 
n.3 Northridge (1994) Sylmar Converter 0.70 135.82 58.20 17.50 
n.4 Northridge (1994) Sylmar Hospital 0.87 139.54 50.37 15.00 
n.5 Hyogo-Ken (1995) Takatori 0.47 155.44 44.95 20.00 
n.6 Erzincan (1992) Erzican 0.44 125.80 53.30 12.50 

n.7 El Centro (1940)  0.35 38.47 82.44 17.50 

 

Table 5: Input motions (in longitudinal direction). 

 

 

 

Figure 4: Response spectra 

 

MODEL 
Max Acc (13.6 m) 

[g] 
  

Max Disp (13.6 m) 
[mm] 

  FIX-ACC   FIX-DISP 

FIX BI   FIX BI   BI-ACC   BI-DISP 
Soil A 1.96 0.24   357 575   -88.0%   +61.1% 
Soil B 2.03 0.24   463 579   -88.0%   +25.1% 
Soil C 1.17 0.24   712 844   -79.2%   +18.6% 
Soil D 0.31 0.15   474 645   -53.4%   +36.1% 

 

Table 6: Comparison between Accelerations and Displacements of FIX and BI model for soil in Table1. 
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Figure 5: Comparison between acceleration time histories at various heights (input n.2). 
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Figure 6: Comparison between displacement time histories at various heights (input n.2). 
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Figure 7: Comparison between spectra at various heights (input n.2). 
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SOIL A 
Max Sa (z = 13.6 m) [g]   FIX-A 

FIX-A BI-A   BI-A 
Input n.1 3.86 1.52   -60.6% 
Input n.2 9.08 0.70   -92.2% 
Input n.3 11.86 1.52   -87.2% 
Input n.4 3.27 1.11   -66.1% 
Input n.5 6.99 1.12   -84.0% 
Input n.6 6.43 1.25   -80.6% 
Input n.7 3.61 0.39   -89.2% 

(a) 

SOIL B 
Max Sa (z = 13.6 m) [g]   FIX-B   FIX-A   BI-A 

FIX-B BI-B   BI-B   FIX-B   BI-B 
Input n.1 3.72 1.44   -61.3%   -3.6%   -5.3% 
Input n.2 5.73 0.67   -88.4%   -36.8%   -5.2% 
Input n.3 5.85 1.54   -73.7%   -50.7%   +1.3% 
Input n.4 3.22 1.02   -68.3%   -1.5%   -8.1% 
Input n.5 7.10 1.07   -84.9%   +1.6%   -4.5% 
Input n.6 2.39 1.14   -52.3%   -62.8%   -8.8% 
Input n.7 2.20 0.36   -83.6%   -39.1%   -7.7% 

(b) 

SOIL C 
Max Sa (z = 13.6 m) [g]   FIX-C   FIX-A   BI-A 

FIX-C BI-C   BI-C   FIX-C   BI-C 
Input n.1 2.10 1.44   -31.4%   -45.6%   -5.3% 
Input n.2 3.48 0.88   -74.6%   -61.7%   +25.3% 
Input n.3 4.10 1.52   -62.9%   -65.4%   +0.0% 
Input n.4 2.12 1.02   -51.9%   -35.2%   -8.1% 
Input n.5 4.55 1.04   -77.1%   -34.9%   -2.8% 
Input n.6 2.32 1.15   -50.4%   -63.9%   -8.0% 
Input n.7 1.89 1.42   -24.9%   -47.6%   +264.1% 

(c) 

SOIL D 
Max Sa (z = 13.6 m) [g]   FIX-D   FIX-A   BI-A 

FIX-D BI-D   BI-D   FIX-D   BI-D 
Input n.1 0.97 1.23   +26.8%   -74.9%   -19.1% 
Input n.2 1.53 0.43   -72.0%   -83.2%   -39.4% 
Input n.3 0.97 3.19   +228.9%   -91.8%   +109.9% 
Input n.4 1.08 0.99   -8.3%   -67.0%   -10.8% 
Input n.5 1.77 1.10   -37.9%   -74.7%   +5.8% 
Input n.6 0.95 1.53   +61.1%   -85.2%   +22.4% 
Input n.7 1.11 0.44   -60.4%   -69.3%   +12.8% 

(d) 

Table 8: Comparison between Sa obtained with fixed and base isolated model, with soil in Table1. 
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7 CONCLUSIONS 

The paper shows a numerical study aimed at investigating BI technique as a solution to 
protect structures to the destroying effects of earthquakes. The presented study aims at over-
coming the linear equivalent simplifications by performing the soil with nonlinear hysteretic 
materials and advanced plasticity models. 3D numerical simulations of a soil-structure system 
have been applied to several soil conditions. In particular, the paper applies the open-source 
computational interface OpenSeesPL, implemented within the FE code OpenSees performing 
parametric studies based on mutual behavior of soil and structure dynamic characteristics.  

The study was divided into two steps. The first step consisted in calculating the effects of 
BI on the fundamental periods of the structure. The benefit of BI has been assessed in terms 
of variation of fundamental periods. The study reproduces also several dynamic analyses that 
help to estimate the mutual effects of the soil and the isolation. Acceleration and displacement 
time histories at several level of the structure have been considered in order to assess the ef-
fects of soil isolation on the system performance. Further analysis will aim at reproducing 
more complex systems. 
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Abstract. A computationally efficient explicit-implicit FEM in parallel manner to 
analyze the response of three-dimensional soil-structure system subjected to inclined 
plane wave is presented. The unbounded soil is modelled by lumped-mass explicit 
parallel finite element method and absorbing boundary condition, the structure is 
analysed through implicit finite element method, and response of the rigid foundation 
is calculated through explicit time integration scheme. The different time steps can be 
chosen for the explicit and implicit integration scheme, which can greatly improve the 
efficiency. The codes for this method are programmed. The method is applied to a 
detailed nuclear plant model.  
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1 INTRODUCTION 

When a structure is subjected to an earthquake, the dynamic interaction between 
soil, foundation, and structure influences the structure’s response. The soil-structure 
interaction (SSI) is more pronounced in stiff and massive structures, such as nuclear 
power facilities, than lighter and more flexible ones. In the nuclear industry, the SSI 
analysis of safety-related structures has been typically conducted using the frequency 
domain analysis method[1] in which the nonlinear behavior of the soil–structure 
system is considered by assuming equivalent shear moduli and damping ratios. The 
frequency domain analysis method is computationally efficient and requires only a 
few parameters to model the dynamic soil properties. However, the frequency domain 
analysis method may provide misleading results for high intensity seismic input, such 
as an earthquake that is beyond the design level. The assumption of equivalent linear 
behavior does not explicitly consider the nonlinear behavior of soil–structure systems 
such as the hysteretic behavior of soil. In the time domain analysis method[2-6], the 
dynamic analysis is carried out by solving the equation of motion at each time step 
using a direct numerical integration scheme. In this approach, a large soil domain and 
a structural system is modeled as a single numerical model such that the inertial and 
kinematic interactions are inherently considered in the analysis. In addition, because 
this method satisfies equilibrium at each time step, it is possible to model the inelastic 
hysteretic behavior of materials or structural elements. Although the local boundary 
conditions can reduce the computational cost, the total computational cost for the 
analysis of large-scale soil-structure system is still very large using either implicit or 
explicit algorithms only[7], which prevents the present methods to analyze the 
practical 3D large-scale soil-structure interaction. Thus, we require that the dynamic 
interaction analysis be performed not only accurately but also efficiently. In dynamic 
soil-structure interaction analysis, it is effective to treat the soil and the structure by 
explicit and implicit algorithms respectively, which is due to the following two 
considerations: (1) Structure is relatively stiff, and therefore impose stringent time 
step restrictions if dealt with explicitly. So, it is sensible to analyze the structure by 
implicit procedures. (2) Degree-of -freedom of the soil is large in direct method for 
soil-structure interaction analysis, and the soil is always not very stiff, therefore it is 
efficient to analyze the soil using explicit algorithm. 

In this paper attempts are made to develop an efficient direct method for analyzing 
three-dimensional soil-structure interaction subjected to incident waves. The soil is 
analyzed by explicit parallel algorithm with communication between different 
processes through message passing interface (MPI) protocol, and the structure is 
analyzed by implicit algorithm. The unbounded nature of the soil is simulated by the 
transmitting boundary condition proposed by Liao and his co-works[8]. In section 2 
the equations for calculating the responses of the overall soil-structure system are 
given, and the procedure for analysis of soil- structure interaction is presented in 
detail. In section 3 we present an nuclear power structure for example to validate the 
feasibility and effectiveness of the proposed method. Conclusions and suggestions for 
further research are presented in section 4.  
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2 SYSTEM MODEL AND EQUATIONS OF MOTION  

The soil-structure system consists of soil subsystem, rigid foundation and structure 
subsystem in this study. The soil subsystem and the structure subsystem are connected 
by the rigid foundation. The transmitting boundary conditions is used along the five 
boundary sections for three-dimensional case (four side sections and one bottom 
section) in order to model the far field conditions and allow for outgoing wave 
propagation.  

2.1 Soil subsystem 

The soil is modeled using eight-node hexahedral elements. Each node has three 
translational degrees of freedom along x.y and z coordinates. Having discretized the 
region bounded by the artificial boundary using FEM, the discrete nodes of soil 
subsystem are divided into three groups: the boundary nodes which are on the 
artificial boundary, the nodes which are connected with the rigid foundation, and the 
interior nodes which include all the others. The motions of the interior nodes and the 
boundary nodes are addressed in this section, and those of the nodes connecting with 
the foundation will be discussed in the later section.  

2.1.1 Motions of the interior nodes 

The governing equations of the interior nodes may be set up using the standard 
finite element technique. What should be noted is that the lumped-mass formulation is 
suggested for the spatial discretization in this study. This is because the lumped-mass 
formulation combined with explicit time integration scheme is efficient for large-scale 
computations. The governing equations of the interior nodes are written in the 
following form: 

N N

I I IL L IL L I
L L

+ + =∑ ∑M u C u K u F                           (1) 

where, 𝐌𝐼 is a 3×3 diagonal mass matrix of node I for the lumped-mass 
formulation, N is the number of nodes surrounding node I (including node I)，
ü𝐼, u̇𝐼,u𝐼 are 3×1 vectors of acceleration, velocity and displacement of the node I. 
𝐂𝐼𝐼 and 𝐊𝐼𝐼 are 3×3 matrices of damping and stiffness between node I and node L. 
The material damping 𝐂𝐼𝐼 is assumed to be a linear combination of the mass and 
the stiffness matrix. 𝐅𝐼 is 3×1vector of external force exerted on node I. The 
diagonal mass matrix of node I can be expressed as  

0 0
0 0
0 0

I

I I

I

M
M

M

 
 =  
  

M                                (2) 

Where, 𝐌𝐼 is the lumped mass of node I. 
The acceleration and velocity at time 𝑝∆𝑡 can be expressed in terms of the 

displacements at time (𝑝 − 1)∆𝑡, 𝑝∆𝑡 and  (𝑝 + 1)∆𝑡  by the following difference 
method 
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1 1

2

2p p p
p

t

+ −− +
=

∆
u u u

u                              (3) 

1p p
p

t

−−
=

∆
u u

u                                  (4) 

where, pu , pu  and pu  are the vectors of acceleration, velocity and 

displacement at time p t∆  respectively, t∆  is time step.  

Using the above difference approximation, the equations of interior nodes at time 

( 1)p t+ ∆  can be written as 

2
1 1 112 ( )

N N
p p p p p p p
I I I IL L L IL L I

L LI

t
M t

+ − −∆  = − − − + − ∆ 
∑ ∑u u u C u u K u F            (5) 

where， p
Iu 、 p

Iu  and p
Iu  are the vectors of acceleration, velocity and displacement of 

node I  at time p t∆  respectively. p
IF  is the vector of external force exerted on 

node I  at time p t∆ . The character of Eq.(5) is local in space and time, which is the 

local feature of wave motion. In other words, the motions of a specific spatial point at 
the next moment are determined completely by the motions of its neighboring points 
at the present and past times within a short time window. In addition, the assembly of 
mass and stiffness matrices is not really needed. So, the computational and storage 
requirements can be reduced greatly. 

2.1.2 Motions of the boundary nodes (artificial boundary conditions) 

We assume that the soil in boundary regions is linear. Thus, the governing 
equations of the boundary nodes can be written as Multi-Transmitting Formula(MTF) 
[8] 

1

1
(( 1) ,0) ( 1) (( 1 ) , )

N
s j N s

j a
j

u p t C u p j t jc t+

=

+ ∆ = − + − ∆ − ∆∑               (6) 

where ( , )su t x is displacement of outgoing wave (or scatter wave), which is a 

function of time t p t= ∆ and ax jc t= − ∆ , t∆ is the time step, p is an integer. The 

coordinates ax jc t= − ∆  indicate the sampling points on the x-axis, which is 

perpendicular to the artificial boundary at a boundary point 0 under consideration. 
N
jC are the binomial coefficients, ac is the artificial speed, N is the approximation 
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order of MTF. The most practical form of the local ABC is the second-order MTF, 
which is written as 

(( 1) ,0) 2 ( , ) (( 1) , 2 )s s s
a au p t u p t c t u p t c t+ ∆ = ∆ − ∆ − − ∆ − ∆            (7) 

Since ( , )su t x in Eq.(6) are sampled at points ax jc t= − ∆ , which do not generally 

coincide with the discrete nodes x n x= − ∆ , x∆ being the space step, in order to 

implement Eq.(6), an interpolation scheme is required to express ( , )s
au t jc t− ∆ in 

terms of ( , )u t n x− ∆ . The interpolation may be realized in a number of ways. Here, 

we adopted the following way. 
The displacements of scatter wave at the nodal points are denoted by  

( , )sp s
nu u p t n x= ∆ − ∆                           (8) 

Suppose that a quadratic interpolation is used, the displacements at the 
computational points may be written as: 

     
2

,
0

( , )        ( =1,2)
j

s sp
a j n n

n
u p t jc t t u j

=

∆ − ∆ =∑                      (9) 

1,0 1 1,1 2 1,2 3,  ,  t T t T t T= = =                              (10) 

2 2 2
2,0 1 2,1 1 2 2,2 1 3 2 2,3 2 3 2,4 3,  2 ,  2 ,  2 ,  t T t TT t TT T t T T t T= = = + = =            (11) 

1 2 3
1 1(2 )(1 ), (2 ), ( 1)
2 2

T S S T S S T S S= − − = − = −               (12) 

where, ac tS
x
∆

=
∆

. 

Substituting Eq.(9) into Eq.(7), the second-order MTF can be written as  
2 4

( 1) ( 1)
0 1, 2,

0 0

s p sp s p
n n n n

n n
u t u t u+ −

= =

= +∑ ∑                           (13) 

For the source problem in which the external loads are exerted on the structure or 
soil interior nodes, the total displacements are equal to displacements of outgoing 
waves and can be calculated through Eq.(13) directly. For the scattering problem in 
which the input wave impinges on the artificial boundary, the wave field 
decomposition is needed to obtain the total displacements through Eq.(13). In this 
study, the total displacement is decomposed into the free field displacement and the 
scattering displacement in the side boundary region, that means 

𝐮 = 𝐮𝑓 + 𝐮𝑠                                  (14) 
Where, 𝐮𝑓 is the free field displacement and can be calculated by 

Thomson-Haskell propagator matrix method[9-10]. 𝐮𝑠 is the scattering displacement. 
The scattering displacement 𝐮𝑠of the boundary node at time level p+1 can be 
calculated through MTF Eq.(13). Thus, the total displacements of the boundary nodes 
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at the time level p+1 can be obtained by Eq.(14) .  

2.2 Structure subsystem 

The governing equations of motion of a multi-degree of freedom system as derived 
in a semi-discrete FEM approach is expressed in matrix form as 

 + + =Mu Cu Ku F                                 (15) 
where, M , C ,and K  being the mass, damping and stiffness matrices of the 

structure, respectively. Vector u represents the displacement field at nodal points of 
the system, F represents the external excitation vector and dots indicate derivatives 
with respect to time. The Rayleigh-type damping is adopted and may be written as 
follows: 

a b= +C M K                                (16) 
a  and b  are the coefficients related to the properties of the structure and can be 

determined by the following equations. 

2 i j

i j

a
ξωω
ω ω

=
+

                                (17) 

2

i j

b ξ
ω ω

=
+

                                (18) 

where ξ  is a specified damping ratio; iω  is the first natural frequency; jω  is 

the highest frequency that contributes significantly to the response. 
Applying Newmark’s integration scheme, the governing equation of motion can be 

cast in a form of algebraic equation system: 
1 1

1 4 1 2 3 4 5 6( ) ( ) ( )p p p p p p p pb b b b b b b b+ ++ + = + − − + − −M C K u F M u u u C u u u        

(19) 
where， 

2
1 1 ( )b tb= ∆     2 1 ( )b tb= ∆     3 1 1 (2 )b b= −                  (20) 

    4 1b tbγ= ∆        5 21b tbγ= + ∆     6 3(1 )b t bγ γ= ∆ + −               (21) 

b  and γ  are constants associated with Newmark’s method. 

2.3 Foundation subsystem 

The foundation connects the soil and structure, and transfer the interaction force 
between soil and structure. It is assumed that the foundation is rigid and the soil and 
foundation is perfectly bonded. The motion of the rigid foundation is described by six 
degrees of freedom: three translations (𝑢𝑥,  𝑢𝑦,  𝑢𝑧) and three rotations (𝜃𝑥,𝜃𝑦 ,𝜃𝑧). 
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2.3.1 Forces exerted on foundation from soil 

Assuming node k is a soil element node on soil-foundation interface, the force 
exerted on the foundation by the soil at node k  can be expressed as 

{ }, , , , ,
T

k kx ky kz kx ky kzF F F M M M=F                         (22) 

where, 𝐹𝑘𝑥 , 𝐹𝑘𝑦  and 𝐹𝑘𝑧  are the forces at node k along x, y and z direction 

respectively. 𝑀𝑘𝑥，𝑀𝑘𝑦 and 𝑀𝑘𝑧 are the torques about x, y and z axis respectively, 

and here, 𝑀𝑘𝑥 = 𝑀𝑘𝑦 = 𝑀𝑘𝑧 = 0. 𝐅𝑘 is equal to the force exerted on node k by the 

soil nodes surrounding it. Thus, according to finite element procedure, the force kF  

at time p t∆ can be expressed as 

11 ( )

p
kx N N

p p p p p
k ky kL L L kL L

L Lp
kz

F
F

t
F

−

 
 = = − +  ∆ 
 

∑ ∑F C u u K u                  (23) 

where, 𝐹𝑘𝑥
𝑝 ,  𝐹𝑘𝑦

𝑝  and 𝐹𝑘𝑧
𝑝  are the force at node k exerted by soil at time 𝑝𝑝𝑡. 

N is the number of nodes surrounding node k (include node k). 
The total force exerted on foundation by soil at time 𝑝𝑝𝑡 can be written as 

1

m
p T p

D k k
k=

=∑F A F                                 (24) 

{ }, , , , ,p p p p p p p
D Dx Dy Dz Dx Dy DzF F F M M M=F                      (25) 

 
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

k k

k k

k k
k

z y
z x

y x

∆ −∆ 
 −∆ ∆ 
 ∆ −∆

=  
 
 
 
 

A                      (26) 

 

where，m  is the number of soil nodes connecting with the foundation. 𝐹𝐷𝑥
𝑝 ，𝐹𝐷𝑦

𝑝  and 

𝐹𝐷𝑧
𝑝  are forces acted on foundation through soil at time 𝑝𝑝𝑡  along x, y and z 

direction respectively. 𝑀𝐷𝑥
𝑝 , 𝑀𝐷𝑦

𝑝  and 𝑀𝐷𝑧
𝑝  are torques exerted on foundation by 

soil at time 𝑝𝑝𝑡 about x, y and z axis respectively.𝐀𝑘 is a transformation matrix, and 

kx∆ ， ky∆  and kz∆  are the coordinates of node k  with respect to center of mass of 
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the foundation. 

2.3.2 Forces exerted on foundation from structure 

Assuming that node i  is a structure point connecting with foundation, similarly, 

we can obtain the force exerted on foundation by structure at node i  at time p t∆  

{ }, , , , ,
Tp p p p p p p

i ix iy iz ix iy izF F F M M M=F                      (27) 

where，𝐹𝑖𝑥
𝑝 , 𝐹𝑖𝑦

𝑝  and 𝐹𝑖𝑧
𝑝  are the forces on node i along x, y and z direction 

respectively. 𝑀𝑖𝑥
𝑝 , 𝑀𝑖𝑦

𝑝 , and 𝑀𝑖𝑧
𝑝  are the torques about x, y and z axis respectively. 

Thus, the total force acting on the foundation through structure can be written as 

1

n
p T p

S i i
i=

=∑F A F                                  (28) 

{ }, , , , ,p p p p p p p
S Sx Sy Sz Sx Sy SzF F F M M M=F                       (29) 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

i i

i i

i i
i

z y
z x

y x

∆ −∆ 
 −∆ ∆ 
 ∆ −∆

=  
 
 
 
 

A                        (30) 

Where, n is number of structure element nodes connecting with foundation, 𝐀𝑖 is 
a transformation matrix, and Δ𝑥𝑖, Δ𝑦𝑖 and Δ𝑧𝑖 are the coordinates of node i with 
respect to center of mass of the foundation. 

2.3.3 Motions of the foundation 

The total force exerted on foundation can be obtained from Eq.(24) and Eq.(28), 
that is  

1 1

m n
p p p T p T p

D S k k i i
k i= =

= + = +∑ ∑F F F A F A F                        (31) 

The equilibrium equation of the foundation can be written as 
p p

F F =M u F                                   (32) 

{ }, , , , ,
Tp p p p p p p

F Fx Fy Fz Fx Fy Fzu u u θ θ θ=u                                (33) 
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0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

Fx

Fy

Fz
F

Fx

Fy

Fz

M
M

M
I

I
I

 
 
 
 

=  
 
 
 
  

M                      (34) 

where， p
Fu  is the acceleration vector of the foundation at time p t∆ . FM  is the 

inertial matrix of the foundation, FxM ( FyM , FzM ) is the mass of the foundation, 

FxI ， FyI  and FzI  are moments of inertial of foundation about x, y and z axis 

respectively.  
Applying the central difference time integration (Eq.(3)) to Eq.(32), the motions 

of foundation at time ( 1)p t+ ∆  can be written as 

1 1 2 12p p p p
F F F Ft+ − −= − + ∆u u u M F                          (35) 

On the assumption that the connection between structure (soil) and foundation is 
bonded perfectly, the motions of node connecting structure (soil) with foundation can 
be decided by foundation motion, that is 

1 1p p
i i F
+ +=u A u                                  (36) 

For soil node, Eq.(36) can be written in details as 
1

1
1

1
1 1

1
1

1

1

1 0 0 0
0 1 0 0
0 0 1 0

p
Fx
p

p Fy
kx k k p

p p Fz
k ky k k p

p Fx
kz k k p

Fy
p

Fz

u
u

u z y
u

u z x
u y x

θ
θ
θ

+

+
+

+
+ +

+
+

+

+

 
 
   ∆ −∆       = = −∆ ∆    

    ∆ −∆    
 
  

u                (37) 

For structure node, Eq.(36) can be written in details as 
1 1

1 1

1 1
1

1 1

1 1

1 1

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

p p
i iix Fx

p p
i iiy Fy

p p
i ip iz Fz

i p p
ix Fx
p p

ix Fy
p p

ix Fz

z yu u
z xu u

y xu u
θ θ
θ θ
θ θ

+ +

+ +

+ +
+

+ +

+ +

+ +

  ∆ −∆   
    −∆ ∆    
    ∆ −∆   = =    
    
    
    

       

u               (38) 
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2.4 Procedures for soil-foundation-structure interaction analysis 

Assuming that the responses of the soil-foundation-structure system are known 

before time p t∆ , the responses at time ( 1)p t+ ∆  can be calculated as follows 

（1） The displacements of internal node of soil at time ( 1)p t+ ∆  can be calculated 

using Eq.(5). 
（2） The displacements of artificial boundary node at time ( 1)p t+ ∆  can be 

obtained by MTF Eq.(13) and Eq.(14). 
（3） The displacements of rigid foundation at time ( 1)p t+ ∆  can be computed by 

Eq.（35）. Thus, the displacements of soil node and structure node connecting 
with foundation can be obtained by Eq.(37) and Eq.(38) respectively.  

（4） Given the displacements of soil node at time ( 1)p t+ ∆ , the forces exerted on 
the foundation by soil at time ( 1)p t+ ∆  can be obtained by Eq.(23) and 
Eq.(24). 

（5） Given the displacement constraints of the structure nodes connecting with 
foundation at time (p + 1)Δt, the displacements of the structure can be 
calculated by Eq.(19). Thus, the forces exerted on the foundation by structure 
at time (p + 1)Δt can be obtained by Eq.(28). The other variables such as 
stain and stress can be obtained through FEM procedures.  

（6） Repeating the steps above, the response of the soil-foundation-structure 
system can be obtained at successive time. 

3 NUMERICAL EXAMPLES 

A comprehensive Fortran program has been developed to implement the proposed 
three-dimensional analysis of soil-foundation-structure interaction under earthquake. 
The program consists of more than 30 fundamental subroutines which can be grouped 
as several major functional modules such as data acquisition, structure subsystem 
module, soil subsystem module, foundation subsystem module, transmitting boundary 
module, free field module, etc. These modules can be modified or changed as desired. 
Therefore, it is possible to update the program with progression of the research. In this 
study, the response of structure is calculated through ANSYS software. 
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Fig.1 Three-dimensional model of nuclear structure 

Number of 
soil layer 

Shear wave 
speed(m/s) 

Mass density 
(103kg/m3) 

Poisson 
ratio 

Damping 
ratio  

Thickness 
(m) 

1 320 1.95 0.488 0.005 20 
2 554 1.6 0.420 0.005 20 
3 1600 2.8 0.394 0.005 20 

Table 1：Material properties of soil layers 

 

Fig.2 Input displacement in x direction 
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The nuclear structure model is shown in Fig.1, and the number of elements and 
associated nodes is 597686 and 700194 respectively. The dimension of the foundation 
is 92m×60m×16m. The dimension of the calculated soil is 640m×360m×60m. 
Eight-node hexahedral elements are employed to model the soil media. The 
dimension of the soil element is 2m×2m×2m, and the total number of soil elements 
and the associated nodes is 1728000 and 1801131 respectively. The parameters of soil 
layer are shown in Table 1. The time steps for soil and structure are 0.00005s and 
0.00125s respectively. The default Newmark parameters β=1/4 and γ=1/2 are 
selected. The transmitting boundaries are imposed on five soil boundary surfaces 
(four side boundaries and one bottom boundary). The input seismic displacement is 
also shown in Fig.2. 

Here, only the displacements of some points in soil-structure system are given. 
Fig.3 through Fig.11 show the displacements of points A , B and C on structure 
(shown in Fig.1).  Fig.12 through Fig.17 show the displacements of points D (110, 
32, 0) and E (400, 52, 0) in soil.  Fig.18 and Fig.19 show the displacements of 
foundation. It can be observed that there are free vibrations after the impulse response 
in Fig.6, Fig.9 and Fig.18. The frequency of these free vibrations is about 2.38Hz, 
which is less than the corresponding natural frequency of the structure due to the SSI 
effect. There are also indications of high frequency instability in Fig.10, Fig.11 and 
Fig.19,which need to be investigated further. 

 

Fig.3 Displacement of point A (as Shown in 
Fig.1) on structure in x direction.  

Fig.4 Displacement of point A (as Shown in 
Fig.1) on structure in y direction. 
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Fig.5 Displacement of point A (as Shown in 
Fig.1) on structure in z direction. 

Fig.6 Displacement of point B (as Shown in 
Fig.1) on structure in x direction. 

 
 Fig.7 Displacement of point B (as Shown in 

Fig.1) on structure in y direction. 

Fig.8 Displacement of point B (as Shown in 
Fig.1) on structure in z direction. 

 

 

Fig.9 Displacement of point C (as Shown in 
Fig.1) on structure in x direction. 

Fig.10 Displacement of point C (as Shown in 
Fig.1) on structure in y direction. 

 

Fig.11 Displacement of point C (as Shown in 
Fig.1) on structure in z direction. 

Fig.12 Displacement of point D in soil in x 
direction. 
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Fig.13 Displacement of point D in soil in y 
direction. 

Fig.14 Displacement of point D in soil in z 
direction. 

 

Fig.15 Displacement of point E in soil in x 
direction. 

Fig.16 Displacement of point E in soil in y 
direction. 

 

Fig.17 Displacement of point E in soil in z 
direction. 

Fig.18 Displacement of foundation in x 
direction. 
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Fig.19 Rotation of foundation in y direction. 

4 CONCLUSIONS 

In this paper we have described a method for analyzing three-dimensional dynamic 
soil-structure interaction in time domain. The proposed method may be used as an 
auxiliary approach for the seismic capacity evaluation of interactive 
soil-foundation-structure systems. The method developed is applied to a nuclear 
power plant structure model, and found to be quite efficient and economical. The 
characteristics of this method are:  
(1) It is an implicit-explicit method, in which the soil is analyzed by explicit 

procedure avoiding equation solving, and the structure is analyzed by implicit 
procedure. The time step of explicit and implicit can be different. This technique 
can result in substantial cost reduction.  

(2) The influence of the unbounded soil is considered by imposing local transmitting 
boundary.  

(3) The seismic inputs can be any combination of three-dimensional motions. 
Therefore, the ground motion input can be assumed to act along any direction in 
the considered space. 
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Abstract. Advanced method of soil-pile-structure interaction is introduced in the dynamic 
analysis for modular structures in order to design cost-efficient foundations and structures. 
The dynamic analysis is divided into two stages for simplification purposes. In the first 
stage, a simplified analysis is performed to optimize the piling and foundation layouts. The 
simplified FEM models are then validated to ensure reliability of analysis. In the second 
stage, a detailed superstructure model is evaluated to check for excessive local vibration 
within the structure. A typical steel frame module in the scope of this study is 54 m long, 
14.7 m wide and 35 m tall with a total weight of approximately 4,000 metric tons. The mod-
ules are supported on concrete piled foundation, with 15 m long 400 mm square precast 
concrete piles, situated in highly variable soil conditions. The radiation damping (geometric 
damping) of soil-pile system mainly governs the vibration of foundation and structure. The 
stiffness and damping of piled foundation are generated frequency dependent. Then, the im-
pedances of piled foundation are imported to the FEM model as boundary conditions. The 
dynamic response of the structure is calculated using time history analysis and steady state 
analysis. Different design options of piled foundation are compared in order to optimize cost 
and to meet the allowable machine vibration and human perception limits. 
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1 INTRODUCTION 

   In recent years, pre-fabricated steel modular structures have become widely used for the 
large projects in energy and chemical industries to save cost and improve safety during con-
struction. One project is an expansion of existing facilities situated in Tengiz, western Ka-
zakhstan. Modular structures are pre-fabricated in Republic of Korea, and then sea-
transported to the project site. A wide verity of vibrating equipment is mounted into the steel 
modules, such as compressors, turbines, pumps and motors. Both of centrifugal and recipro-
cating machines are included, some of them operating in low speed and some in high speed. 
The large vibrating equipments are involved, and around 30 modules are identified as criti-
cal and detailed dynamic analysis to be required.  

 
   With the soil-pile-structure interaction, the effect of soil properties is important to the dy-
namic behavior of foundation and structure. The varied soil profiles are found from the de-
tailed geotechnical report. The soil is soft in the shallow depth, and the shear wave velocity is 
measured to be less than 100 m/s in some locations. So the dynamic analysis is complex and 
challenging in this project.    
 
     The advanced method of soil-pile-structure interaction is introduced in dynamic analysis 
for modular structures in order to design cost-efficient foundations and structures. For simpli-
fication purposes, dynamic analysis is divided into two stages. In the first stage, a simplified 
analysis is performed to understand the dynamic behaviour of the structure and the resistance 
offered by foundation impedance. In the second stage, a detailed superstructure model is 
evaluated to check for excessive local vibration in critical areas which are more remote from 
the machine. The frequency dependent impedances (stiffness and damping) of pile founda-
tion generated from DYNAN software are imported to the FEM models as boundary condi-
tions. The radiation damping (geometric damping) of soil-pile system primarily governs the 
vibration of foundation and superstructure.   
  
2   SOIL-PILE-STRUCTURE INTERACTION 

   Many researchers have made contributions to the subject of soil-pile-structure interaction, 
such as Dobry & Gazetas [1], Roesset et al [2], Gazetas & Makris [3], and Wolf [4]. Recent 
alternative approaches have been developed on this subject, such as analytical model based on 
homogenization methods by Boutin & Soubestre [5]. Macro-elements are used to model the 
soil-pile system by Li et al [6]. Different approaches are available to account for dynamic 
soil-pile interaction but they are usually based on the assumptions that the soil behavior is 
governed by the law of linear elasticity or visco-elasticity, and that the soil is perfectly bonded 
to a pile. In practice, however, the bonding between the soil and the pile is rarely perfect, and 
slippage or even separation often occurs in the contacted area. Furthermore, the soil region 
immediately adjacent to the pile can undergo a large degree of straining, which would cause 
the soil-pile system to behave in a nonlinear manner. Various numerical approaches are used 
to model the soil-pile interaction, such as the finite element or boundary element methods. 
However, the problem is too complex, especially for a group with large number piles in non-
linear soil. A rigorous approach to the nonlinearity of a soil-pile system is extremely difficult 
and time consuming. 
 
   As an approximate analysis, the procedure is developed using a combination of the analyti-
cal solution and the numerical solution, rather than using the general FEM. This procedure is 
considered as an efficient technique for solving the nonlinear soil-pile system. The relation-
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ship between the foundation vibration and the resistance of soil layers around the pile was de-
rived using elastic theory by Baranov [7]. Both theoretical and experimental studies have 
shown the dynamic response of piles to be very sensitive to the properties of the soil in the 
vicinity of the pile. Velestsos and Dotson [8] proposed a scheme that can account for the mass 
of the boundary zone. Some of the effects of the boundary zone mass were investigated by 
Novak and Han [9], who found that a homogeneous boundary zone with a non-zero mass 
yields undulation impedance due to reflections of stress wave from the fictitious interface be-
tween the two media. A model for the boundary zone with a non-reflective interface was pro-
posed. The soil in boundary zone has properties smoothly approaching those of the outer zone 
to alleviate wave reflections from the interface. The details of constitutive model have been 
described by Han & Sabin [10], not repeated herein.  The modulus ratio Gi /Go is an approxi-
mate indicator for the nonlinear behavior of soil. The value of the modulus ratio depends on 
the method for pile installation, the density of excitation and vibration amplitudes. Further 
dynamic tests on piles are needed to determine the value of the modulus ratio. The model of 
the boundary zone with a non-reflective interface has been applied in practice to solve the prob-
lem in many projects. However, the method is not a rigorous approach to model the nonlineari-
ty of a soil-pile system. It is an equivalent linear method with a lower value of Gi and a higher 
value of damping i in the boundary zone.  With such a model, analytical solutions can be ob-
tained for the impedance functions of a pile, and the software DYNAN [11] was developed 
based on this approach.  
 
   The group effect of piles is accounted for by using the method of interaction factors. The 
static interaction factors are based on Poulos and Davis [12]. The dynamic interaction factors 
are derived from the static interaction factors multiplied by a frequency variation, and the fre-
quency variation of interaction factors is based on the charts of Kaynia and Kausel [13]. There 
are six degrees of freedom for the rigid mat, and lateral vibration is coupled to rocking vibra-
tion. The foundations (or caps on piles) are assumed to be rigid. However, in most cases, the 
superstructures and foundations are flexible rather than rigid. The effects of soil-pile-structure 
interaction on dynamic response of machine foundations were discussed by Han [14]. The dy-
namic response of the superstructure can be calculated by FEM models using software SAP 
2000 [15].  

   

                                        
 

Figure 1:  Horizontal damping ratio of pile             Figure 2:  Rocking damping ratio of pile 
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   The radiation damping is the dominant energy dissipation mechanism in most dynamically 
loaded foundation systems, and also in seismic response. The elastic-wave energy from foun-
dation vibration dissipated infinitely far away in three dimensions to form the radiation damp-
ing. The formula of radiation damping is derived based on elastic theory in which the soil is 
assumed to be a homogeneous isotropic medium. As a matter of fact the soil is not a perfectly 
linear elastic medium it is assumed to be. It is a recognized fact in the field of soil dynamics 
that the damping is overestimated with the elastic theory. The values of radiation damping 
have been modified and reduced in the application based on the measurements found in prac-
tice. To validate the soil-structure interaction, a series of dynamic experiments have been 
done on full-scale piles, see El-Marsafawi et. Al [16]. The vibration measurements were done 
on group piles in the field to confirm the theoretical values modified for applications, see Han 
and Yang [17].  
 
   The damping ratios were calculated based on the measurements from a dynamic test of steel 
pile in the field, as shown in Figure 1 for horizontal vibration, and Figure 2 for rocking vibra-
tion, see Han and Novak [18]. The harmonic excitation loads applied to the pile cap from low 
frequency to high frequency (25 Hz) with different levels of excitation intensities, where the 
curves are marked by  to identify the different values of the dynamic loads. As the bottom of 
pile cap connected to the ground surface, the excitation intensity is marked by 5c and 8c. 
As the bottom separated from ground surface, the excitation intensity is marked by 8 and 
14. It can be seen that the radiation damping increases with the frequency, and the damping 
ratio increased from 0.05 to 0.25. The nonlinear properties of soil shown with the excitation 
intensities increased in this case. 

3 SIMPLIFIED MODEL FOR DYNAMIC ANALYSIS 

   Execution of complex three dimensional dynamic analyses can be a complicate, time con-
suming and computationally demanding process. Engineers are often challenged to develop 
practical and simplified methods of analysis, capable of producing accurate and reliable re-
sults. Ongoing design changes to layout of modules and their foundations required continuous 
execution of dynamic analysis; ensuring structural service requirements for large vibrating 
equipment have been met. It was therefore necessary to develop a practical simplified model 
that could produce consistent and reliable results within reasonable analysis duration and 
computational effort. Consequently, the dynamic analysis was broken down into two individ-
ual stages. In the first stage the adequacy of the module and foundation layout were verified 
against vendor requirements for the displacement amplitudes at machine skid supports. 
 
   To undertake this analysis, a simplified model was developed to capture dynamic soil-
structure interaction of the module structure and foundation system. In this simplified model, 
module foundation was modeled completely with the base frame of the steel structure where 
the vibrating machinery is mounted. Pile impedance has been modeled using frequency     de-
pendant links, assigned at each pile location, with pile impedance calculated using DYNAN 
software. Dynamic loads applied to the system were assigned to several nodes, modeled at 
locations corresponding to centers of gravity (CG) for bearings of the high-speed rotating 
compressor and related motor. To simulate mounting of equipment skids on the module base 
frame, nodes representing equipment bearing CGs were connected to the module base frame 
with a series of rigid links, each representing equipment skid support anchor. For simplifica-
tion purpose and to minimize computing time, majority of the module superstructure has not 
been explicitly modeled as seen in Figure 3.  
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Figure 3:  Model of foundation and mounted vibrating equipment for first stage analysis 

 
Figure 4:  Effects for CG of steel frame located at the real elevation 

 
   To account for modal mass of the structure in analysis, individual point loads of equivalent 
gravity load have been assigned at primary column locations on the module base frame. Initial 
trial analyses have shown that this approach is consistently capable of producing reliable re-
sults, similar to complex models that account for entire module structure. Results suggested 
that stiffness of the superstructure remote from dynamic load application points and inertia 
forces generated by the superstructure under dynamic load have an insignificant contribution 
to dynamic response at module base where equipment is situated. To confirm the accuracy of 
analysis performed using this simplified model, an additional model was developed to capture 
stiffness of the superstructure and to apply modal mass at module centre of gravity. To simu-
late the behavior of the module superstructure, its mass and other dead loads acting on the 
module frame were lumped at the structure’s center of gravity, modeled as a single node and 
connected to the module base frame using a set of links attached to nodes that correspond to 
primary column locations, as shown in Figure 4. The stiffness of the links was determined on 
the basis of the module frame stiffness. First, using the static analysis model,  
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Dynamic 
Force from 
Machine 

 
 
Location 

Max Amplitude  (m) 

Lateral Vertical 
Simplified Real Simplified Real 

 
Motor 
(60 Hz) 

Motor Bearing 10.680 9.356 14.506 11.894 
Gear Box (L) 6.304 3.688 0.849 0.761 
Gear Box (H) 6.154 3.678 0.767 0.636 
Compressor  5.900 4.120 1.695 1.919 

 
Compressor 
(162 Hz) 

Motor Bearing 0.017 0.049 0.009 0.003 
Gear Box (L) 0.893 0.547 0.188 0.109 
Gear Box (H) 0.823 0.558 0.120 0.164 
Compressor 0.658 0.488 0.209 0.141 

Table 1: Comparison of dynamic response with different FEM models 

the superstructure stiffness was evaluated by applying a notional transverse load near to the 
module CG, such as load of 100 kN. This notional load was then combined with module dead 
loads and static analysis was performed.  
 
   The comparison of dynamic response is shown in Table 1 with different FEM models. The 
original approach is a simplified model and shown as “Simplified”. The model with CG of 
superstructure is equivalent to the real steel frame and shown as “Real”. In the table, gear 
box (L) is at side of low speed and gear box (H) at side of high speed.  It can be seen that the 
maximum amplitude in vertical direction is 14.506 m for simplified model and 11.894 m 
for real model. The dynamic response using the simplified model is close to that using the 
real model. In general, displacements obtained from the real model do not exceed those 
achieved using the simplified model. In fact, an overall trend shows a minor reduction in 
displacement amplitudes, thus showing the original simplified approach to be slightly more 
conservative in determining the dynamic response. This behavior can be primarily attributed 
to additional stiffness introduced into the system through provision of the stiff links con-
nected to the module base frame. It is therefore logical to expect insignificant reduction in 
local resonance behavior. It can be concluded that the original assumption is valid. Simplifi-
cation of the dynamic analysis model, by exclusion of the module superstructure from anal-
ysis and compensation of the modal mass at base frame level, has achieved a substantial 
reduction in computational time. This was achieved without causing any notable impact on 
the accuracy or the reliability of obtained results.  Overall, modeling simplifications under-
taken in the course of this study provided a practical yet accurate method of evaluating dy-
namic performance of large steel structures, subject to sustained dynamic loading. 

4 DESIGN OF PILED FOUNDATION AND CHECKING VIBRATION OF STEEL 
FRAME 

   The typical modular structure is a steel frame with overall length of 54 meter, 16 meter wide 
and around 35 meter in height. The total weight of the modules is approximately 4,000 metric 
tons. This includes mechanical and electrical equipments, HVAC system, piping and structur-
al steel and architectural features. The module carried many kinds of vibrating equipment and 
piping. An overall 3D model of the module is shown in Figure 5, supported on pile foundation. 
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   A simple general practice is to limit the loading to half of allowable pile capacity under the 
vibrating equipment, to keep the dynamic behavior of soil-pile system in the linear elastic 
region. In this project, as detailed and qualified dynamic analysis have been carried out, and 
the vibration results obtained are based on the reliable values of radiation damping, the max-
imum load limit is raised reached to 70% of allowable pile capacity. Two bore holes placed 
in each location of module, and the average value of soil properties measured is used to gen-
erate the stiffness and damping. The FEM model for the first stage dynamic analysis is 
shown in Figure 6. The piles are presented by link element (stiffness and damping) and the 
machines by rigid links. 
 
   In order to meet permissible vibration amplitude and to optimize piling and foundation 
layout as well, various options or schemes have been analyzed as part of first stage analysis. 
This includes but not limited to changing number of piles, changing the size and arrange-
ment of pile caps, changing the pedestal sizes, variation in modulus of elasticity, with and 
without water table consideration, variation in soil dynamic properties etc. The most im-
portant one is on optimization of total number of piles as this involves a lot of cost saving 
for foundation part. In an early option, the spacing of pile is 1.2 m based on three times of 
pile diameter, and total 312 piles are used. In another option the spacing is increased and 
total1 of 190 piles are used. It is interesting that the piling layout with 190 piles was found to 
be more efficient than the piling layout with 312 piles, and the group efficiency ratio in-
creased from 0.10 to 0.15. Thus, it reduced 122 numbers of piles and saved a lot of cost. The 
summary of final results for pile layout optimization is given in Table 2. It can be seen that 
the maximum amplitude of foundation with 190 piles is 14.17m, meeting the vibration 
limit. The allowable vibration limit is 15.0 m (peak-to-peak). The vibration of whole soil-
pile-structure system is governed by the piles layout. It is interesting to note that some excessive vi-
bration may be caused by the local structure and arrangement, rather than the entire piles. For exam-
ple, the vibration can be reduced significantly in some location by added two small pile cap strips, as 
shown in Table 2. The local pile caps (tie beams) have been added at two grid lines as shown in Fig-
ure 6. The tie beams or pile cap strips helped to reduce the vibration a lot. It can be seen that the ver-
tical amplitude would be 37.94 m without the tie beams, much higher than the allowable limit. The 
dynamic response changed significantly by adding only two small local pile cap strips. 

 

Figure 5   Module structure installed on pile foundation 
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Figure 6  FEM model for Dynamic Analysis 1st Stage 

 
 

 

 

Vibration 

Direction 

Amplitude at Anchor Bolt Location (peak-to-peak, µm) 

Pile layout – 312 piles Pile layout- 190 piles 
with local tie beams 

Pile layout 
without local tie beams 

Motor  
(60 Hz) 

Compressor   
(162 Hz) 

TOTAL Motor     
(60 Hz) 

Comp      
(162Hz) 

TOTAL Motor     
(60 Hz) 

Comp      
(162Hz) 

TOTAL 

Vertical 17.6 0.48 18.08 9.20 2.15 11.35 29.20 8.74 37.94 

Lateral 10.60 0.70 11.30 13.90 0.27 14.17 13.70 0.20 13.90 

Table 2   Dynamic response of foundation with different pile layout 

 

 
Figure 7   FEM model for Dynamic Analysis 2 nd  Stage 
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Dynamic force 
from machine 

Location of 
CG 

Maximum amplitude (peak-to-peak, µm) 

Lateral Vertical 

TH SS TH SS 

Motor  
(60 Hz) 

Motor 16.6 18.3 1.4 9.3 

Compressor 15.6 4.4 0.68 5.1 

Compressor 
(162 Hz) 

Motor 0.15 0.8 0.19 1.3 

Compressor 0.37 2.6 0.25 2.4 

Table 3. Comparison of dynamic response with different methods 

  
   The FEM model for the second stage dynamic analysis is shown in Figure 7. In this stage 
the local vibration of steel structure is checked, and no further change is done for the founda-
tion part. This model is very detailed and includes almost every main structural elements, and 
including foundation part. Both free and forced vibration analysis were carried out to ensure 
that there is no excessive vibration which can cause discomfort to the personnel working in 
accessible area. The dynamic response is shown in Table 3 from the second stage, using time 
history analysis presented as TH and steady state analysis presented as SS in the table. The 
allowable vibration limit is 30 m (peak-to-peak) at the location of machine CG.  It can be 
seen that the maximum amplitude of 16.6 m calculated by time history analysis and 18.3 m 
by stead state analysis. The results of maximum response are close from the two methods. 
Large number vibration modes are involved for the complex steel structure, when using time 
history analysis. So it is suggested that the time history analysis is used for modules with low-
er speed vibrating equipment, and the steady state analysis is used for higher speed equip-
ment.   
 
CONCLUSIONS  
 
 Dynamic analysis of pre-fabricated modular structures is a complicate, time consuming 

and computer-intensive process. The most optimal solution to undertaking it is splitting 
the analysis into two stages. In the first stage the dynamic analysis is concentrated on the 
pile foundation part based on a simplified model, and the mass of superstructure lumped 
at the bottom of columns. In the second stage the superstructure is checked by dynamic 
analysis to avoid any excessive vibration within the steel structure. The dynamic re-
sponse from the simplified model is close to that from the real superstructure, and the re-
sults from the simplified model are reliable.  

 Consideration of soil-pile-structure interaction in analysis can lead to optimization of 
foundation design, resulting in a more cost efficient design that meets the allowable vi-
bration limits. The radiation damping of foundation is the dominant energy dissipation 
mechanism, and the values of damping are justified in the software based on dynamic 
tests.   

 The vibration of the overall soil-pile-structure system is governed by the arrangement of 
the piles in the foundation, as indicated in the first stage dynamic analysis. However, 
some excessive vibration may be caused by the local structure and arrangement, rather 
than by the entire piles.  
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Abstract. This paper studies the geometrically nonlinear free vibration characteristics of func-

tionally graded beam clamped at both ends with an edge crack and including uniform porosities 

resting on an elastic foundation. The  theoretical  formulations is based  on  Euler-Bernoulli  

beam  theory  and  von  Karman  geometric  nonlinearity assumptions. A semi-analytical model 

based on Hamilton’s principle and spectral analysis combined with a homogenisation method 

is used to reduce the problem under consideration to that of an equivalent isotropic homoge-

neous cracked beam resting on an elastic foundation. A modified rule of mixture, taking the 

effect of porosities into account, is adopted in evaluating the effective material properties and 

assumed to be varying continuously in the thickness direction according to a simple power law 

distribution in terms of the volume fractions of the constituents. The problem is solved by a 

numerical iterative method which investigates the effects of crack depth, material property gra-

dient, foundations parameters, on dynamic response of cracked functionally graded beam. 

1194



CHAJDI Mohcine, MERRIMI El bekkaye and EL BIKRI Khalid 

1 INTRODUCTION 

Functionally graded structures have found and won its applicability in various fields such as 

automobiles, space vehicles, defence industries and aerospace engineering because of their re-

markable advantages. One of the most applicable structures as basic mechanical elements in 

structural analysis for the modelling of many engineering structures are beams. FGM beams 

are often subjected to vibrations operating under a large number of random cyclic stresses and 

destructive effects in the form of initial defects in the material or due to stress concentration or 

high level working loads. As a result, it is natural to expect that cracks to occur in the structural 

elements. It is known that a crack in a structural element causes local variations in its rigidity, 

increases its vulnerability to static and dynamic loads. Therefore, understanding the mechanical 

behaviour and safe performance of cracked FGM structures is very important in design. In fact, 

extensive research has been conducted on the dynamic behaviour of FGM beams using different 

methods. Ke et al [1] studied the nonlinear vibration of cracked FGM beams using differential 

quadrature method. Yang and Chen [2] discussed the influence of open edge cracks on the 

vibration of Euler-Bernoulli FGM beams with different boundary conditions using analytical 

method. T. Yan et al [3] studied the nonlinear dynamic response of an edge-cracked function-

ally graded Timoshenko beam under parametric excitation using Rung-Kutta and multiple scale 

methods. In addition, the effect of porosities on the mechanical behaviour of FGM structures 

has been considered in recent years. In the manufacture of FGM, micro-voids or porosities may 

occur in the materials during the sintering process due to the large difference in the temperatures 

of solidification between the constituents of the material. Therefore, it is important to consider 

the effect of porosity when designing FGM structures. The problem of vibration of the FGM 

porous structures has been studied by some authors such as Chen et al [4] studied free and 

forced vibrations of shear deformable functionally graded porous beams, they employed Ritz 

method and Newmark-β method. S. Yousef et al [5] investigated free vibration of functionally 

Euler-Bernoulli and Timoshenko graded porous beams using transfer matrix method. In some 

engineering applications, for instance railway lines, geotechnical areas, construction structures 

and offshore structures, beams are often attached to elastic foundations that exert reaction forces 

or moments depending on Displacements or rotations. In the literature, there are two parameters 

for modelling the foundation, for a single parameter, there is the model called Winkler, the 

second is the Pasternak model, as the second parameter is related to the stiffness of the shear of 

the foundation. However, this motivated many researchers to analyse the mechanical behaviour 

of FG beams resting on elastic foundation. The effect of the elastic foundation on the natural 

frequencies and dynamic behaviour of FGM beams has been investigated by the following re-

searchers, T. Yan et al [6] studied the dynamic response of FGM beam with an open edge crack 

resting on an elastic foundation subjected to a transverse load moving at a constant speed they 

are employed Galerkin’s procedure and Newmark-β method. M. Arefi [7] evaluated the non-

linear responses of FGM beam resting on a nonlinear foundation using ADM method. S. Akbas 

et al [8] studied the free vibration analysis of an edge cracked functionally graded cantilever 

beam resting on Winkler-Pasternak foundation using finite element method, and later they stud-

ied a free vibration and static bending analysis of FGM beam resting on Winkler foundations 

using the Navier-type solution and exact formulas [9]. A. Fallah et al [10] compared the varia-

tional method with other analytical methods for the nonlinear natural frequency and post-buck-

ling load-deflection relationship of the FGM beam on nonlinear elastic foundation. H. 

Yaghoobu et al [11] studied a large amplitude vibration and post-buckling behaviour of geo-

metrically imperfect functionally graded beams resting on nonlinear foundation with simply 

supported and clamped-clamped boundary conditions. The objective of the present work is to 

determine the geometrically nonlinear free vibration of cracked functionally graded beam with 
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porosities resting on nonlinear elastic foundation, using a semi-analytical method. The beam 

thickness was supposed constant and the FGM properties are assumed to vary through the beam 

thickness. In this study, a homogenisation procedure is developed and used to reduce the prob-

lem under consideration to that of an equivalent isotropic homogeneous cracked beam resting 

on nonlinear elastic foundation. Upon assuming harmonic motion, the discretized expressions 

for the total strain and kinetic energies of the beam are then derived, and by applying Hamilton’s 

principle, the problem is reduced to a system of coupled nonlinear algebraic equations. Direct 

iterative method described in [12] is employed for solving the eigenvalue equation for govern-

ing the frequency nonlinear vibration, in order to show the effect of the crack depth, the influ-

ences of the porosity volume fraction and foundation stiffness parameters, on dynamic response 

of cracked functionally graded beams. 

2 THEORY AND FORMULATIONS 

2.1 Mechanical properties of the FGM beam with porosities 

Consider a FGM beam made from a mixture of ceramic-metal materials including porosity 

phases, containing an edge crack of depth a located at a distance x0 from the left end, resting on 

Winkler-Pasternak foundation having the geometrical characteristics shown in Fig. 1. 

 

Figure 1: Physical model of the cracked FGM beam with porosities resting on Winkler-Pasternak foundation.  

The effective material properties of the cracked FGM beam such as Young’s modulus E, and 

mass density ρ, with porosity volume fraction ζ (ζ<<1), are assumed that vary continuously 

through the thickness of the beam, according to power law form. 
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The gradient index k is the non-negative variable parameter (power-law exponent) which 

determines the material distribution across the beam thickness and z is the distance from the 

mid-plane of the FGM beam. 

Hence, all properties of the imperfect FGM beam can be written as follows: 
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3 NONLINEAR FREE VIBRATION ANALYSIS OF CLAMPED-CLAMPED 

CRACKED BEAMS RESTNING ON ELASTIC FOUNDATION  

3.1 Total strain and kinetic energy expressions of cracked FGM beam 

The total strain energy VT of the cracked FGM beam is given as the sum of the strain energy 

due to the bending Vb, the stored axial strain energy to large amplitudes Va, the stored strain 

energy at the crack location Vc and The strain energy of the elastic foundation Vf.   
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The expression of the kinetic energy T neglecting the axial and rotational inertia can be writ-

ten as: 
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Where A11, B11 and D11 are the extension-extension, bending-extension, bending-bending 

coupling rigidity coefficients respectively.   

3.2 Governing equation 

It is well known that the dynamic behaviour for a conservative system may be obtained by 
application of Hamilton’s principle which can write as: 

   
2

1
0

t

t
dtVT  (14) 

 As the movement is harmonic, the transverse displacement is written as: 
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For a general parametric study, the following dimensionless formulation is used: 
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Applying Hamilton’s principle and expanding the displacement W in the form of a finite 
series, the following set of nonlinear amplitude equations is obtained: 
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 Where kL and kNL are linear and nonlinear elastic foundation coefficients, respectively, and 

kS is the coefficient of shear stiffness of the elastic foundation. 
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4 NUMERICAL RESULTS AND DISCUSSION 

To test the validity and accuracy of the method used in this study with the published data, 

the frequency ratios, calculated in the present work at various vibration amplitudes and various 

value of volume fraction k, is compared with the results obtained in [10].  The material proper-

ties applied to nonlinear verification analysis of FGM beams (Ec=330.2 GPa, ρc=2370 Kg/m3, 

Em=207.8 GPa, ρm=8166 Kg/m3).  

 

 k=1  k=2 

 Present [10] Error (%) Present [10] Error (%) 

0 1.000 1.000 0.0 1.000 1.000 0.0 

1 1.055 1.055 0.0 1.054 1.054 0.0 

2 1.208 1.205 0.3 1.202 1.200 0.2 

3 1.426 1.418 0.8 1.415 1.409 0.6 

4 1.685 1.669 1.6 1.668 1.656 1.2 

 

Table 1: Comparison of frequency ratios of a C-C FGM beam at various amplitudes for 0 *

s

*

nl

*

l kkk . 

In Table 1, the frequency ratio for C-C FGM beam is listed. A reasonably good agreement 

with previous results for nonlinear analysis can be observed. 

 

Also, to demonstrate the accuracy of our solution method, the frequency ratio of the C-C 

FGM beam compared with those reported in [11]. It is observed that the present results agree 

very well with those given by [11]. 

 

  

k Present [11] Error (%) 

0 1.03919354 1.04011944 0.092 

1 1.03931242 1.04035038 0.10 

2 1.03905031 1.03990573 0.08 

3 1.03888136 1.03961710 0.07 

4 1.03921999 1.03946159 0.02 

5 1.03881148 1.03938366 0.05 
 

Table 2: Comparison of the effect of the gradient index k on the frequency ratio of the C-C FGM beam for 

( 50*

lk  50*

nlk  5*

sk ). 

 

On the other hand for the following results, others material properties are considered, the top 
surface of the FGM is ceramic rich (Ec=350 GPa, ρc=3800 Kg/m3), whereas the bottom surface 
of the FGM is metal rich (Em=200 GPa, ρm=2780 Kg/m3). The beam is supposed to be cracked 
at its mid-span and only the fundamental nonlinear mode shape is considered.  

𝑾𝒎𝒂𝒙
∗ = 0.5 

𝑾𝒎𝒂𝒙
∗  
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Figure 2: Effect of the elastic foundation stiffness on the frequency ratio of C-C FGM beam, case of k=2, 

a/h=0.3 and ζ=0.2. 

It can be shown from Fig. 2 that for fixed values of a crack depth and a porosity volume 

fraction, the increase of linear and shear layers of the foundation leads to a decrease in the 

frequency ratio, whereas this ratio enhances with an increase in nonlinear elastic foundation 

stiffness. 

 

Figure 3: Effect of the elastic foundation stiffness for different crack depth, on the frequency ratio of C-C FGM 

beam, case of k=2 and ζ=0.2. 
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It can be observed from Fig. 3 that the effect of the crack depth on the frequency ratio can 

be reduced by increasing the value of the linear or shear layers of the foundation respectively 

kL or kS, this effect increases with the nonlinear elastic foundation stiffness kNL.  

Figure 4: Effect of the elastic foundation stiffness for different porosity volume fraction, on the frequency ratio 

of C-C FGM beam, case of k=2 and a/h=0.3. 

It can be seen from Fig.4 that the linear and shear layer foundation parameters kL and kS are 

more effective in reducing the effect of porosity volume fraction than the nonlinear parameter 

kNL. 

 

5 CONCLUSIONS  

Geometrically nonlinear free vibrations of Clamped-Clamped FGM beam with porosities 
containing an edge crack resting on Winkler-Pasternak foundation elastic is investigated by 
using Hamilton’s principle and spectral analysis combined with a homogenisation method. This 
study is used for reduces the problem to that of isotropic homogeneous cracked beam resting 
on foundation elastic. Using a multimode approach, frequency ratios ωnl/ωl has been calculated 
for several cases, the influences of the crack depth, the porosity volume fraction and foundation 
stiffness on the dynamic behaviour of the FGM beam are carefully examined. The accuracy of 
the method used in this study is investigated by comparing the results with those available from 
the literature. The main feature of the present contribution is the fact that can be easily treated 
the case of the nonlinear analysis of the cracked FGM beam with porosities resting on elastic 
foundation by using analytical solutions, numerical techniques and software developed for iso-
tropic beam case. 

 
The following conclusions are reached from the obtained results: 
 

 The crack depth has a great influence on the frequency ratio of the FGM beam. 
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 The stiffness parameter of linear and shear elastic foundation is very effective for reducing 

disadvantage of cracks and porosity volume fraction, this indicates that will certainly en-

hance the beam rigidity. 
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Abstract. The kinematic response of flexible piles in inhomogeneous soil is explored under 

harmonic and seismic excitation. The system under investigation consists of a long fixed-head 

pile embedded in viscoelastic soil with stiffness varying continuously with depth. A general-

ized power-law function is employed to describe the variable soil stiffness. The problem is 

treated numerically by means of a Beam-on-Dynamic-Winkler-Foundation (BDWF) model 

based on a layer transfer-matrix (Haskel-Thompson) formulation. This study aims at: (a) in-

vestigating numerical and modeling aspects related to Winkler analyses of soil-pile kinematic 

interaction in a non-homogeneous soil; (b) exploring soil-pile kinematic interaction as affect-

ed by varying subsoil conditions under harmonic oscillations; (c) providing a novel closed-

form expression for the kinematic interaction factor of pile-head over free-field response as a 

function of a single dimensionless frequency controlling the physical phenomenon and (d) 

elucidating the beneficial role of piles in the reduction of seismic loading imposed on pile-

supported structures in terms of spectral acceleration for different pile-soil configurations 

and earthquake motions. Results show that: (a) large-diameter piles in soils with very low 

stiffness at shallow depths may substantially reduce the seismic acceleration imposed on 

structures and (b) the role of pile diameter becomes less important for strongly inhomogene-

ous soils. The latter indicates that even small-diameter piles may induce substantial filtering 

of ground motion if embedded in soft clays, which may be of importance in pile design prac-

tice. 
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Emmanouil Rovithis, Raffaele Di Laora, Maria Iovino and Luca de Sanctis  

1 INTRODUCTION 

Seismic analysis of structures supported by piles is usually performed by taking the free-

field motion as the base excitation, i.e. neglecting pile-soil kinematic interaction effect. By 

contrast, piles may change substantially the free-field motion and, thus, the seismic action on 

structures. The accumulated theoretical and experimental evidence demonstrates that kinemat-

ic interaction usually reduces the seismic demand at the base of the structure compared to that 

associated with the free-field condition (Tajimi, 1977; Kawamura, 1977; Otha et al., 1980; 

Gazetas 1984; Di Laora & de Sanctis, 2013; Rovithis et al. 2015; Bilotta et al. 2015). This re-

duction, referred to as ‘filtering effect’, may be important for structures on soft soils, where 

piles represent the most common design option to avoid a bearing capacity failure and/or ex-

cessive settlements (Randolph; 1994; Russo et al. 2004). Di Laora & de Sanctis (2013) exam-

ined the problem of the filtering mechanism on a rational basis, through analytical and 

numerical tools. With reference to homogeneous or two-layered soils, the above study pro-

posed ready-to-use formulae of a reduction factor for design spectra based on fundamental 

pile and soil properties. On the other hand, Towhata (1996), based on a detailed in-situ inves-

tigation of dynamic properties of soft deposits, demonstrated that shear wave propagation ve-

locity may vary continuously with depth even for complex stratifications involving different 

soil materials. The problem of kinematic interaction for piles embedded in a soil with soil 

stiffness varying with depth has been investigated in a number of publications. Kaynia & 

Kausel (1991), as an example, showed that piles in inhomogeneous media filter to a greater 

extent the high frequency components of the seismic motion compared to a homogeneous 

medium. This observation was also verified by Fan et al. (1991) as part of a parametric FE 

study on kinematic pile response in homogeneous and inhomogeneous media. Recently, 

Rovithis et al. (2015) examined the effect of soil-inhomogeneity on the kinematic response of 

fixed-head piles embedded in a Gibson-type soil over a rigid base. Results undertaken by a 

rigorous approach showed that the filtering effect in this case may be much larger compared 

to the homogeneous case. The above finding triggered a further investigation on the role of 

soil inhomogeneity in the seismic performance of structures founded on piles that is presented 

herein. Specifically, this article deals with the problem of the Foundation Input Motion at the 

base of pile-supported structures under the assumption of soil shear stiffness varying continu-

ously with depth, according to a generalized power law function, but remaining constant in 

horizontal planes in the far field. The problem is tackled numerically by means of a Beam on 

Dynamic Winkler Foundation (BDWF) model in conjunction with a layer transfer-matrix ap-

proach known as the Haskell-Thompson (Thomson 1950) technique. Pile-head to free-field 

kinematic interaction coefficients are derived under harmonic base excitation for a variety of 

subsoil conditions. A novel closed-form expression for the kinematic interaction factor of 

pile-head over free-filed is proposed as a function of a single dimensionless frequency gov-

erning the kinematic response of piles in the frequency domain.  Finally, kinematic pile re-

sponse is examined in time domain to highlight the beneficial effect of piles embedded into 

inhomogeneous soil in reducing spectral accelerations.  

2 PROBLEM DEFINITION  

The system under consideration consists of a fixed-head pile embedded in a continuously in-

homogeneous viscoelastic soil layer resting on a rigid base (Figure 1). The pile is modeled as 

a linearly elastic cylindrical solid beam of diameter d, length L, Young modulus of Elasticity 

Ep and mass density ρp. Soil mass density, ρs, Poisson’s ratio, νs, and hysteretic damping ratio, 

βs, are considered constant with depth, whereas shear modulus Gs(z) is assumed to increase 

according to the generalized power law function:  
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s sd
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G (z) = G a + (1 a)

d

 
 

 
 (1) 

where a = (Gso / Gsd)
1/n

 and n are dimensionless inhomogeneity factors, Gso is the shear modu-

lus of soil at ground surface (z = 0) and Gsd refers to the shear modulus of soil at the depth of 

one pile diameter (z = d). Naturally, for values of the inhomogeneity factor n close to zero or 

Gso/Gsd ratio close to 1, Eq. 1 describes a homogeneous medium (i.e. Gso = Gsd), whereas for 

n=1 a Gibson-type soil (Gibson 1974) that is representative of soft to moderately over-

consolidated cohesive soils may be modeled. The soil-pile system is subjected to S-waves 

propagating vertically. 

To account for stiffness degradation of soil with increasing shear strain, the value of the 

shear modulus was reduced to 1/3 of the corresponding low-strain value, as suggested by EC8 

(CEN 2003) for strong seismic shaking. Therefore, the shear modulus (Gsd) at one pile diame-

ter in the above equation can be calculated through the relationship involving the low-strain 

shear modulus at one-diameter depth Gsdo (= 3Gsd), a, n, ρs and Vs,30:  

 
  sd

s,30 1-n/2
s 1 n/2

a 1 n 23G 30
V =

d 30
2 a a + (1 a)

d



 

    
    

   

 (2) 

In order to investigate pile filtering effect, different soil-pile configurations were analyzed by 

considering a pile diameter (d) of 1 m or 1.5 m, whereas the average shear wave velocity Vs30 

was set equal to 100 and  200 m/s, thus corresponding to soil type D and C according to EC8. 

The above Vs,30 values were considered for four subsoil conditions referring to a constant (n = 

0), a linear (a = 0.5, n = 1), a parabolic (a = 0, n = 0.5) and a proportional (a = 0, n = 1) distri-

bution of soil stiffness with depth. In this manner, a set of sixteen soil-pile configurations 

(Table 1) were examined in the realm of elastodynamic considerations.  In all cases, the pile’s 

length (L) and Young’s modulus (Ep) were set equal to 20 m and 30GPa, respectively. The 

soil density (ρs) and Poisson ratio (νs) of soil were considered equal to 2t/m
3
 and 0.3, respec-

tively, while βs=10%.  

3 HARMONIC RESPONSE  

3.1 Homogeneous soil 

With reference to a BDWF model of the soil-pile system, the ratio Iu between the accelera-

tion (or the absolute displacement) atop a fixed-head infinitely long pile, ap, and that at the 

surface of a homogeneous halfspace in free-field conditions, aff, is (Flores-Berrones & Whit-

man, 1982): 

 
p x x

u 4 4

ff p p

a k + iωc
Ι =

a E I ( + 4λ )k
           (3) 

where (kx+iωcx) is the complex-valued dynamic impedance of the Winkler medium, EpIp is 

the pile’s flexural stiffness, k (= ω/Vs) is the soil wavenumber and λ is the Winkler wave-

number that is given by the well-known formula: 

 

1 4

x x

p p

k + iωc
λ =

4E I

 
 
  

     (4) 
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Figure 1: Single elastic fixed-head pile in a continuously inhomogeneous layer over rigid rock. 

 

 

 

Case Soil profile 
Inhomogeneity factors Vs,30 

[m/s] 

d  

[m] a n 

1 Homogeneous 0.0 0.0 

100 

1.0 

2 Linear 0.5 1.0 

3 Parabolic 0.0 0.5 

4 Proportional 0.0 1.0 

5 Homogeneous 0.0 0.0 

200 
6 Linear 0.5 1.0 

7 Parabolic 0.0 0.5 

8 Proportional 0.0 1.0 

9 Homogeneous 0.0 0.0 

100 

1.5 

10 Linear 0.5 1.0 

11 Parabolic 0.0 0.5 

12 Proportional 0.0 1.0 

13 Homogeneous 0.0 0.0 

200 
14 Linear 0.5 1.0 

15 Parabolic 0.0 0.5 

16 Proportional 0.0 1.0 

Table 1: Soil-pile configurations under investigation 
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Soil material damping can be incorporated in the solution by using the standard substitu-

tion Vs → Vs
*
  Vs (1 + iξ). Pertinent expressions for kx and cx have been reported in many 

scientific contributions, among which Roesset (1980), Dobry et al. (1982), Gazetas & Dobry 

(1984), Makris & Gazetas (1992). It is noted that kx referring to the stiffness of the Winkler 

springs is given by the Young’s modulus of soil (Es) times a proportionality coefficient δ [i.e. 

kx = δEs] (Roesset 1980, Dobry et al. 1982, Gazetas and Dobry 1984). The effect of δ is dis-

cussed in the sequel as part of a sensitivity analysis. Comprehensive reviews of literature ex-

pressions for stiffness and damping coefficients may be found in the recent works by 

Anoyatis & Lemnitzer (2016) and Karatzia & Mylonakis (2016b).  

Anoyatis et al. (2013) showed that the kinematic interaction factor Iu of a flexible fixed-

head pile in a homogeneous layer, with shear wave velocity Vs, is controlled by the single di-

mensionless frequency aoλ (= ω/λVs):  

 

1

4

u oλ

1
I = 1+ a

4



 
 
 

      (5) 

The above study also showed that if the “static” expression of the wavenumber λ (i.e. dis-

regarding the imaginary part of Eq.4 related to hysteretic and radiation damping) is adopted, 

thus resulting in a real-valued aoλ, the analytical solutions are in closer agreement with rigor-

ous Finite Element (FE) analyses.  

Eq.5 offers valuable insight in the physics of the soil-pile kinematic interaction phenome-

non. Indeed, it is easy to verify that aoλ represents the ratio of the pile characteristic wave-

length 1/λ over the wavelength in the soil λs (=2π Vs/ω) and, thereby, the filtering action of 

piles is due to their inability to follow shorter wavelengths in the soil.  

3.2 Inhomogeneous soil   

For a soil with stiffness varying continuously with depth, an average wavenumber μ [L
-1

] 

may be defined as the average value of λ within the active length La of the pile (Mylonakis 

1995, Rovithis et al. 2013): 

 
aL

0
a

1
μ = λ(z)dz

L        (6) 

where the active pile length La in the case of a generalized inhomogeneous soil profile such as 

that adopted in this study may be calculated by the expression (Di Laora & Rovithis, 2015; 

Karatzia & Mylonakis, 2016a): 

   

4
1 4

4 4
4

1 5
4 1

1 16 2




 
                   

n
n

p

a

sd

E
L d a n a a

a E


      (7) 

The above solution was obtained for δ = 2. However, for typical values of pile-to-soil stiff-

ness ratios, La can be taken equal to 10 pile diameters, as a first approximation. If μ and λ are 

treated as real-valued functions (Gazetas & Dobry 1984) and the Winkler springs modulus 

kx(z) is assumed to follow the same variation with depth as the soil Young’s modulus Es(z) 

does (Mylonakis & Roumbas 2001), the solution of the integral in Eq. 6 may be expressed as 

(Di Laora and Rovithis 2015):   
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      (8) 

where λd corresponds to the (static) wavenumber of a pile in a homogeneous layer with 

Young’s modulus equal to Esd: 

 

1 4

d
d

p p

k
λ =

4E I

 
 
  

      (9) 

and kd (= δEs) refers to the spring coefficient at one pile-diameter depth related to the corre-

sponding Young’s modulus of soil (Esd). It is easy to verify that μ tends to λ if the soil stiff-

ness is constant with depth (n = 0), while for the special case of Gibson soil with zero 

stiffness at surface (a = 0 and n = 1), μ takes the form:  

 

1

4
a

d

L4
μ

5 d

 
   

 
      (10) 

Towards the identification of the key dimensionless parameter governing the kinematic re-

sponse of piles in inhomogeneous soils, in analogy to homogeneous soils (where the dimen-

sionless parameter was found analytically) a dimensionless frequency aeff was introduced by 

Di Laora & Rovithis (2015) for describing dynamic effects in pile-head bending moments as:  

 eff

s,av

a
V





      (11) 

where Vs,av refers to an average shear wave velocity up to a depth equal to one half of the ac-

tive pile length: 
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      (12) 

where Vs(z) is the shear wave velocity compatible with the mobilized shear modulus Gs(z).  

For a Gibson soil with zero stiffness at surface, Vs,av is given by: 

 

0.5

sd a
s,av

V L
V =

d2 2

 
 
 

      (13) 

The above frequency parameter will be used later in the paper to identify a single curve for 

describing pile-to-soil acceleration ratio for long piles in generalized inhomogeneous soil. 

3.3 Winkler modeling issues 

This section provides a comparison between the BDWF model and rigorous FE analyses 

carried out by the commercial software ANSYS (ANSYS 10.0). Details on the FE model can 

be found in Di Laora and de Sanctis (2013). The Winkler analyses were performed by em-

ploying two values of δ while considering both the complex-valued dynamic spring stiffness 

(resulting in a complex-valued λ according to Eq. 4) and its static counterpart. Results are 

plotted in Figure 2 for the soil-pile cases 5, 6, 7 and 8 reported in Table 1, referring to Vs,30 = 

200m/s and d = 1m. It can be noticed that in the case of homogeneous soil, employing the 
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static value of λ with δ = 1.2 is the best choice for assessing pile-to-soil acceleration ratio, in 

agreement with the findings by Anoyatis et al. (2013). For inhomogeneous soils, two issues 

are noteworthy: First, for f < 3f1, with f1 being the fundamental frequency of the soil, the real-

valued λ still provides more accurate results, while for higher frequencies the complex value 

seems more appropriate; and second, the optimum value of δ depends on the excitation fre-

quency and the subsoil conditions. Nevertheless, the exact value of δ is not critical for a relia-

ble estimation of pile filtering effects.  

On the basis of the above sensitivity analysis and upon considering that: (i) the main scope 

of this study is to capture the filtering effect in the time domain and (ii) the main frequency 

content of the free-field motions at surface, reported in the ensuing, is below 3f1, the static 

value of λ with δ = 2 was finally adopted for the BDWF analyses, as a reasonable compromise 

to obtain rather accurate results in all cases. 

3.4 New normalization scheme 

Mention has already been made to the dimensionless frequency (Eq.11), which describes 

pile-soil kinematic interaction under harmonic excitation in any inhomogeneous soil  

Figure 3 depicts the absolute value of Iu against aeff for the 16 soil-pile configurations under 

study. More specifically, Figure 3a refers to constant (n=0) distribution of soil stiffness with 

depth while Figures 3b, 3c and 3d refer to linear (a=0.5, n=1), parabolic (a=0, n=0.5) and pro-

portional (a=0, n=1) soil stiffness variable, respectively. Each curve corresponds to a different 

soil-pile configuration in terms of Vs,30 and pile diameter (d).  

The fact that the sixteen different curves are practically coincident indicates that the pa-

rameter μ is extremely effective in describing the combined effect of pile diameter, soil aver-

age Young’s modulus and its distribution with depth (through the inhomogeneity parameters a 

and n) on kinematic pile response in inhomogeneous soils. While the above aspect is trivial 

for the homogeneous soil, where the interaction is controlled by the Winkler wavenumber λ, it 

represents an element of novelty for the generalized inhomogeneity.  

Also plotted in Figure 3 is a simplified expression which can be used for practical applica-

tions, by simply substituting aoλ in Eq. (5) with aeff: 

 

 

1

4

u eff

1
I = 1+ a

4



 
 
 

      (14) 

The above expression requires a choice for the dimensionless parameter δ. Alternatively, a 

new parameter which does not refer necessarily to a Winkler model may be defined as: 

 

 a
eff ,La

s,av

L
a

V


       (15) 

An analogous approximate expression for Iu implementing the above parameter may, there-

fore, be written as: 

 

1

4

u eff,La

64
I = 1+ a

10000



 
 
 

      (16) 
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Figure 2: Effect of λ and  δ  on kinematic interaction factor Iu: for (a) Constant (n=0), (b) Linear (a=0.5, n=1), (c) 

Parabolic (a=0, n=0.5) and (d) Proportional (a=0, n=1) distribution of soil stiffness with depth. All plots refer to 

Vs,30 = 200 m/s and d = 1 m. 

 
Figure 3: Pile-to-soil acceleration ratio against the dimensionless parameter aeff for (a) constant (n=0), (b) linear 

(a=0.5, n=1), (c) parabolic (a=0, n=0.5) and (d) proportional (a=0, n=1) distribution of soil stiffness with depth. 
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4 PILE-INDUCED REDUCTION OF SEISMIC LOADING ON STRUCTURES  

The Winkler formulation was then employed to derive acceleration spectral ratios between 

pile-head and free-field surface motion under seismic excitation. To this aim, a set of nine 

earthquake recordings were specified as input motion at the base of the soil profile. The corre-

sponding acceleration time histories normalized by the peak acceleration amplitude at the 

bedrock level are plotted in Figure 4. Further details on the specific set of recordings can be 

found in Di Laora & de Sanctis (2013). Upon deriving the transient response at the pile-head 

and the free-field surface, the corresponding acceleration response spectra were computed for 

each one of the selected earthquake motions. Then, mean spectral acceleration ratios ξ, de-

fined as the average response spectrum of the pile-head motion (Sa,p,av) over the average re-

sponse spectrum of the free-field motion(Sa,s,av) were derived for each soil-pile system. 

Results are synthesized in Figure 5, for the Vs,30 and pile diameter combinations reported in 

Table 1. 

The following points are noteworthy: 

(a) The pile-induced filtering effect on the seismic loading imposed on structures is more 

pronounced for soft soils, large-diameter piles and increasing degree of soil inhomoge-

neity at fixed Vs,30.  

(b) For all the cases, the spectral ratio is minimized at distinct periods depending on the 

combination of pile diameter, soil stiffness and degree of soil inhomogeneity that char-

acterizes each soil-pile system. However, further research is needed to identify the ex-

act values of those periods as affected by the above model parameters and a possible 

interplay with the input motion.   

(c) While the role of pile diameter in filtering effect is crucial for homogeneous soil, it be-

comes less important for increasing soil inhomogeneity. 

This last point may be explained by noticing that aeff (or aeff,La) is progressively insensitive 

to pile diameter with increasing n. To give a physical interpretation, on one hand an increase 

in pile diameter increases pile characteristic length (i.e. pile is stiffer and resists more soil mo-

tion) while on the other hand the effective stiffness of soil along pile active length increases as 

well, decreasing filtering effect. 

 

5 CONCLUSIONS  

The kinematic response of a long fixed-head pile in viscoelastic soil with stiffness varying 

continuously with depth was explored numerically in both frequency and time domain by 

means of a Beam-on-Dynamic-Winkler-Foundation (BDWF) formulation of the soil-pile sys-

tem. Following a sensitivity study on Winkler modeling aspects, the filtering action of the pile 

was investigated for different subsoil conditions, low-strain soil stiffness and pile diameter. 

With reference to the frequency domain analysis, a novel closed-form expression for the kin-

ematic interaction factor of pile-head over free-field response was proposed as a function of a 

single dimensionless frequency controlling the physical phenomenon. Transient response 

analyses indicated the beneficial role of the pile in reducing the seismic loading imposed on 

structures regardless of the subsoil conditions. The above was established by means of pile-

head over free-field spectral acceleration ratios for a wide range of soil-pile systems. The role 

of salient features involved in the physical problem was identified with possible implications 

in design practice, especially for piles embedded in strongly inhomogeneous soils. 
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Figure 4: Earthquake records employed as bedrock signals. 
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Figure 5: Mean spectral acceleration ratios defined as the average response spectrum of the pile-head motion 

(Sa,p,av) over the average response spectrum of the free-field motion (Sa,s,av,) for (a) constant (n=0), (b) linear 

(a=0.5, n=1), (c) parabolic (a=0, n=0.5) and (d) proportional (a=0, n=1) distribution of soil stiffness with depth.  
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Abstract The computational demand of the soil-structure interaction (SSI) analysis for the 

design and assessment of structures as well as for the evaluation of life cycle cost and risk ex-

posure has led the civil engineering community to the development of a variety of methods 

towards the model order reduction of the coupled soil-structure dynamic system. Different 

approaches have been proposed in the past as computationally efficient alternatives to the 

conventional FEM simulation of the complete structure-soil domain, such as the nonlinear 

lumped spring, the macroelement method and the substructure partition method. Yet, with 

few exceptions, no approach was capable of capturing simultaneously the frequency-

dependent dynamic properties along with the nonlinear behavior of the condensed segment of 

the overall soil-structure system, thus generating an imbalance between the modeling refine-

ment achieved for the soil and the structure. To this end, a dual frequency- and intensity-

dependent expansion of the Lumped Parameter Modeling method is proposed in the current 

paper, materialized through a multi-objective algorithm, capable of closely approximating the 

behavior of the nonlinear dynamic system of the condensed segment. The efficiency of the 

proposed approach is validated for the case of an existing bridge, wherein the seismic re-

sponse is comparatively assessed for both the proposed method and the detailed finite element 

model. The above expansion is deemed a computational efficient and reliable approach for 

simultaneously considering the frequency and amplitude dependence of soil-foundation-

superstructure effects in the framework of nonlinear response history analysis.    

1216



N. Lesgidis, A. Sextos, Oh-Sung Kwon 

1 INTRODUCTION 

As has been observed in multiple occasions in the past [1], the supporting soil can play an 

essential role on the superstructure’s behavior during a significant earthquake incident. The 

soil–structure interaction effect under such a dynamic hazard can lead to unexpected structur-

al behavior, which cannot be easily predicted in advance. As a result, a realistic representation 

of the semi-infinite soil domain during the simulation of the soil-structure interacting system 

is considered an essential prerequisite to an accurate dynamic analysis.  

Numerous approaches have been established in the past addressing soil structure interac-

tion simulation from several different perspectives. The truncated soil domain finite element 

method is an example of a direct approach for the simulation of the aforementioned effect, 

where a detailed behavior of the soil-foundation system, including material and geometrical 

complexity, can be obtained. However, such an approach can be computationally burdening 

for the analysis of complex structures to such an extent, that is almost prohibitive in the 

framework of probabilistic assessment that requires a large number of model realizations.   

In the light of the above limitations, the most common approach is to sacrifice the model-

ing refinement in terms of subsoil domain size and the subsequent analysis accuracy by reduc-

ing the order of the system. Primary focus is then made on refined models that are tailored to 

capture damage at specific structural and foundation components. Particularly for bridge 

structures, geometric nonlinearities that may arise from gap (i.e., joint) closure and stopper 

activation are also taken into consideration as they instantaneously affect the boundary condi-

tions. Such a task can be accomplished through a partition approach of the overall dynamic 

system in segments, where the domain of the soil and foundation is significantly condensed 

on its internal degrees of freedom (DOF) or completely replaced by a simplified representa-

tion, while the superstructure is left unaltered. Numerous implementations on the substructure 

modeling approach have been proposed in the past among which the macroelement method 

tends to stand out as an effective tool capable of coping with complex constitutive laws and 

geometrical nonlinearities. 

The latter macroelement approach, is a concept initially introduced by Montrasio et al [2] 

and further developed by a number of different research groups [3–5] that has successfully 

provided with an accurate yet low in computational effort representation of both the elastic 

and inelastic behavior of the soil-foundation domain. Although it emulates with great detail 

the different mechanisms triggered during a quasi-static excited simulation, it is common in 

the literature to either completely neglect or oversimplify the dynamic traits of the foundation 

soil domain through the use of complementary Kelvin –Voigt components. As these compo-

nents are only limited to accuracy at a specific target frequency, their use can lead to signifi-

cant error on the structural behavior assessment under dynamic excitation, as illustrated in [6]. 

 A successful attempt to incorporate the frequency dependence in macroelements has 

been recently made by Chai et al [7]. However, as the proposed method is mainly focused on 

the frequency dependent traits of the system in the elastic domain, oscillations in higher inten-

sity regions are represented by unexplored dynamic properties, thus suggesting potential mis-

representation of the soil foundation domain under specific circumstances.  

To address the above limitations, a frequency-dependent macroelement method with emu-

lated dynamic properties across various levels of increasing seismic intensity is proposed in 

the current study. The viscoelastic dynamic properties of the soil foundation domain along a 

broad frequency spectrum are successfully emulated in the time domain through the use of the 

Lumped Parameter Modeling method [8–11] based on the method’s documented success in 

the elastic range, to preserve the original system’s accuracy, stability and passivity.  
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More specific objectives of the present study are: (a) the development of the required ex-

traction technique capable of selecting representative properties of the dynamic system along 

different intensity levels (b) the development of a complete procedure to reflect the aforemen-

tioned dynamic traits as a function of intensity; and (c) the numerical verification of the pro-

posed procedure by means of a simplified single DOF supported on a shallow foundation.  

 

2 EXTRACTION OF SYSTEM DYNAMIC PROPERTIES FOR DIFFERENT 

INTENSITY LEVELS 

An essential step towards the expansion of the Lumped Parameter Modelling method 

from elastic to inelastic, frequency-dependent, dynamic systems is the derivation of repre-

sentative dynamic traits of the system in different levels of excitation intensity. In the follow-

ing paragraphs a dynamic trait extraction approach is presented, implementing the 

linearization and dynamic condensation of the soil –foundation segment of the system on dif-

ferent representative segment state variable combinations. 

 

2.1 System Linearization on a selected Variables State 

 

The mathematical representation of the superstructure – foundation – semi-infinite soil 

domain system can be illustrated in the classic ode formulation of equation (1) after the ap-

propriate geometrical discretization of the original PDE equation system: 

 

  FufuCuM                                                         (1) 

 

The variables M and C denote the mass and damping coefficient matrices of the sys-

tem, f(u) denotes the nonlinear force to displacement relation vector, while F is the external 

loading vector applied to the respective DOFs. It is possible to derive a linearized model of 

the aforementioned nonlinear dynamic system around a preselected state uo, through the Tay-

lor expansion of the nonlinear returning force component f(u) as illustrated in equation (2). 

The linearized model accuracy is highly correlated with the distance of the dynamic system 

current variable state from the variable state uo.  
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The overall system can be partitioned into individual segments according to the previ-

ously presented substructure partition method, where the soil –foundation segment expected 

to be reduced is designated as the condensed segment. The nonlinear returning force equation 

terms of the condensed segment are replaced by their representative 1
st
 order Taylor expan-
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The expansion of the system presented in equation (1) according to the selected segmentation 

and condensed segment linearization is illustrated in equation (3). The overall system’s parti-

tions are notated as ss, soil, and i corresponding to the superstructure segment, the soil-

domain - foundation segment and the interface DOFs, respectively. The matrix system of 

equation (3) is expanded into the equations (4-6), where the terms corresponding to internal 

condensed segment DOFs are appropriately transformed in the frequency domain. 
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The notations F  and 1F denote the Fourier and the inverse Fourier transformation, re-

spectively. Through the appropriate transformations, eq. (5) and (6) can be written as: 

                        

   0uXUSUSuufuCuCuM    2)(),( 1
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Function δ(ω) corresponds to the Dirac delta function, notation Sij and represents the current 

impedance notation -Mijω
2
+Cijωi+ )(, oji uf , while )( juU F . The dynamic system of equa-

tion (3) can now be significantly reduced in size through the elimination of the Fourier trans-

formed displacement vector Usoil  as follows: 
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The extracted, reduced, complex matrices RF(uo) and Sreduced(uo) are capable of accurately 

emulating the local dynamic behavior traits of the foundation-soil condensed segment for 

small trajectories of the segment DOFs near the linearization state space ou . 

 

2.1 Truncated selection of condensed system 

 

Due to the non-finite number of different state variable sets of the soil-foundation 

segment, it is numerically impossible to retrieve the condensed complex matrix pairs RF and 

Sreduced for each possible combination of state variables. As a result, a selection of representa-

tive state variable sets in connection to the behavior of the interface DOFs is essential. An ef-

fective yet computationally non-burdening truncation on the possible state variable 

combinations can be accomplished through the use of the static pattern of deformation of the 

condensed segment corresponding to a specific configuration of the interface DOFs state-

space ui. The current stiffness soilsoilisoil ,, , ff   matrices and residual force soil

soil

i ff ,  vectors corre-

sponding to a specific interface DOF configuration are calculated from the condensed seg-

ment static equation system under the externally imposed displacement values of ui. The 

process is repeated for a discrete number of state variable sets ui within the expected domain 

of displacement for the interface DOFs.  

 

 

3.  INELASTIC LUMPED PARAMETER MODEL 

 

Since the inelastic dynamic behavior of the condensed soil-foundation segment can 

now be extracted in the form of a preselected number of (reduced) complex matrix doublets 

RF and Sreduced, it is possible to develop a modified LP model assembly that is capable to em-

ulate such inelastic behavior. The predefined Type 3 LP design, proposed by Saitoh [12], is 

selected as the basis of the newly developed inelastic LP model. The proposed LP model for 

the scenario of the simplest case of a single interface DOF is illustrated in figure (1).  
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Figure 1. Physical representation of the proposed Lumped Parameter Model 

 

As shown in the Figure, the LP model consists of one inelastic base component Sb ca-

pable of emulating the quasi-static properties of the condensed soil-foundation segment, while 

additional complementary components are accordingly calibrated to match the intensity-

dependent dynamic traits of the soil-foundation system. The base component can be utilized 

by standard elastoplastic or hypoplastic macroelements proposed in the literature, depending 

on the specific foundation. In regard to the complementary components, conventional solu-

tions are not capable of providing the sufficient accuracy during the LP model calibration 

process, as the assembly is now expected to emulate the dynamic behavior of the targeted sys-

tem in different levels of intensity. To this end inelastic externally controlled components 

scomp,i are integrated in the LP model as presented in the following paragraphs, while  the 

components ci,up, ci,down and mi follow the conventional definition of dashpot and mass com-

ponents respectively. 

 

3.1 Derivation of externally controlled inelastic components 

  

The scomp,i components of the proposed LP assembly follow the multi-linear inelastic 

constitutive law illustrated in eq. (10) and their current stiffness is associated with variables 

representing the plastic state of the base component. 

 

  ukF excompcomp
  a

 
 

 

nexn

oex

n

o

excomp

if

Unloadingorif

k

k

kwhere

cac

ca

a















1


                           (10) 

 

The variable Vector aex corresponds to the base component Sb parameters at the cur-

rent state of the system, ci are constant value vectors controlling the regions for which aex cor-
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responds to different spring stiffness ki, while u is the change rate of the component’s dis-

placement. 

The selection of an externally controlled component lies within the nature of the ex-

tracted dynamic traits. As presented in the previous sections, each extracted doublet of RF 

and Sreduced has been affiliated with a specific combination of interface DOF displacements. 

The interface DOF controlled components within the LP model assembly possess an inde-

pendent stiffness value corresponding to each interface displacement combination. As a result, 

the calibration process can be significantly more efficient in comparison to the use of conven-

tional multi-linear inelastic springs. The components are numerically implemented to the LP 

assembly through the explicit Runge-Kutta iterative method. 

 

3.2 LP model Impedance Functions 

 

Through the definition of the base and complementary components of the assembly it is now 

possible to generate the Matrix Expression of the proposed LP model in regard to a single 

DOF interface, as illustrated in eq. (11). 
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The variable vector u corresponds to the displacement of the LP model’s DOFs, MLP repre-

sents the mass matrix of the LP model, CLP represents the damping matrix of the LP model 

while fLP denotes the nonlinear force to displacement relation vector.  
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In a similar manner to the previously presented linearization process of the soil foundation 

segment, it is possible to derive a linearized model of the LP dynamic system around a prese-

lected state u
j
, through the Taylor expansion of the nonlinear returning force vector fLP. 

Through the affiliation of the interface DOF displacements to a variable state combination of 

the LP model, it is possible to extract the model’s SLP and RFLP matrix doublets, representing 

the dynamic behavior of the LP model in accordance to a specific interface DOF displacement 

combination. The impedance and returning force functions SLP and RFLP for the single inter-

face DOF LP model are illustrated in equations (12-13). 

 

 

4. PROPOSED MODEL CALLIBRATION 

 

4.1 Model order reduction through LP model calibration 

 

The model order reduction approach selected for the current study is materialized through 

the derivation of a reduced model capable of approximating the behavior of the targeted com-

plex system. It is possible to formulate the model order reduction approach in the optimiza-

tion problem illustrated in equation (12).  

 

 r
S

MMf
r

,min  

0),( rMMgtosubject                                          (14) 

                    0),( rMMh  
 

The variable M represents the targeting dynamic system ODE formulation, Mr is the re-

duced order system possessing a lower number of state variables in comparison to M, function 

f specifies the behavioral similarities between the targeted and reduced system, while func-

tions g and h are inequality and equality constraints of the optimization problem, imposing 

attractor behavior and maintaining specific structure properties of the system M.  

The optimization problem of (eq. 14) can be reformulated on the specific scenario of 

the SSI system order reduction, through the appropriate derivations of the previously present-

ed objective function and imposed constraint terms. In that case, the soil foundation segment 

of the overall system is significantly condensed through the use of the inelastic LP model pre-

sented in the previous section as an adequate replacement. The order reduction problem takes 

the following multi objective optimization form as illustrated in equations (eq. 15-16).  
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       (16) 

 

 Index j denotes a specific interface DOF variable state, S
j
tar and S

j
LP indicates the im-

pedance functions of the targeted and reduced LP system, respectively, on a given variables 
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state j, while RF
j
Tar and RF

j
LP indicates the returning force complex functions of the targeted 

and reduced LP system respectively on a given variables state j. 

 

4.2 Proposed algorithmic approach for the optimization process 

 

The scalarization of the multi-objective optimization problem illustrated in equa-

tions (eq. 15-16) is selected as the most effective approach, given that the problem’s high 

number of objective functions can lead to computationally burdening solutions when a 

posteriori methods are introduced. The weighted-sum method initially proposed by Zadeh 

[13], is a popular method following an a priori preference on the selection of a Pareto optimal 

through appropriate, importance-related weighting of the objective functions. The initial op-

timization problem takes the following single objective form as illustrated in equation (eq. 17). 

 

 



1

)(min
j

jj fwg xx
x

  

0xtosubject                                                 (17)        

 

As the objective function commonly behaves in a nonlinear, non-convex manner, an 

arbitrary implementation of a deterministic optimization approach can lead to local minima 

without expanding the LP model’s potential to its full capacity. As a result, the algorithm used 

for the solution of the optimization problem of eq. (17) consists of the combined efforts of a 

deterministic search method operating in a local level and a general plan operating in a global 

level. The local search method most efficiently suited for eq. (17) is the interior point trust 

region approach proposed by Coleman and Li[14]. According to this approach, the quadratic 

trust region sub-problem is approximately solved as the minimization of a quadratic problem 

subjected to an appropriate ellipsoidal constraint. The global level general plan is achieved 

through the multiple execution of the interior point trust region method, initiated from differ-

ent stochastically generated locations inside a prediction region (Fig. 2).  

 

0

Stochastic selection of xi from a 

uniform distribution of within a 

predefined region.

Termination

Interior point trust region 

optimization of thee scalarized 

objective function g(x) with 

initiated from the xi location.

Stoppage 

criteria are met 

?

Yes

No

 
Figure 2. Multi-start algorithm used for the calibration process 

 

1224



N. Lesgidis, A. Sextos, Oh-Sung Kwon 

The termination criteria for the proposed optimization scheme consists of an iterative 

evaluation of the objective function value for the normalized static stiffness of the LP model, 

along with a maximum boundary on the number of the overall sampling points xi. 

 

5. SINGLE INTERFACE DOF NUMERICAL VERIFICATION 

 

As presented in the previous paragraphs, the proposed procedure can provide a com-

putationally viable alternative to the direct FEM approach for the solution of the SSI problem. 

However, the procedure is founded on several assumptions, which can render its efficiency 

questionable. To this end, it is essential to verify the proposed procedure through a realistic 

example involving a strip foundation on homogenous clay soil as illustrated in Fig. 3. In addi-

tion to the proposed inelastic LP model approach (M1), a simplified case of the presented LP 

assembly with conventional elastic complementary components, solely tuned to the elastic 

impedance function of the condensed segment (M2) is also implemented for reasons of effi-

ciency comparison. 

 

uH

Soil Properties:

fy=200 Mpa

v=0.3

E=200000 Mpa

Ho=1000
H=50m

B=2m

 
 

Figure 3.: Shallow foundation over uniform soil profile example (plane strain conditions)  

 

As a targeted behavior is essential to the case study, a Finite element model of the soil 

foundation segment has been constructed. The soil foundation system is simulated as a plane 

strain model of a rigid strip foundation over a uniform clay profile. An elastoplastic constitu-

tive law is implemented for the representation of the soil according to an associative plasticity 

flow with isotropic hardening and a Von-Mises yielding criterion. The soil constitutive law 

properties are summarized in Table I. The overall FEM model includes a 100m x 50m trun-

cated region of the semi-infinite soil domain, where absorbing boundaries are introduced at 

the side of the model according to [15], while a rigid bedrock is assumed at a depth of 50m. 

 
Table I . Properties of the selected soil materials 

Yielding Criterion E(MPa) 
Hardening 

 Param. Ho 

Poisson’s  

Ratio ν 

Yield Stress in Pure shear  

   fy (MPa) 

Von Mises 200000 1000 0.3 200 
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For the current study and for simplicity purpsoses, only one DOF is considered at the 

interface between the soil foundation segment and the superstructure, i.e., corresponding to 

the horizontal displacement of the centroid of the strip foundation.  As a result, a single DOF 

elastoplastic constitutive law is utilized as the base component of the LP model of both the 

proposed method (M1) and the conventional complementary component method (M2). The 

selected constitutive law is described by the following elastoplasticity loading/unloading con-

ditions (eq.18) and yielding equation (eq.19). 

 

    0,0,0  FF                                               (18) 

 

     aGeHFF p                                                  (19)   

      

where F denotes the generalized force of the base component, while Φ is the yielding criteri-

on of the elastoplastic constitutive law. With regard to the terms of the yielding function, H 

corresponds to the kinematic hardening function, G to the isotropic hardening function and ep 

and a are the isotropic and kinematic hardening parameters. A polynomial form is selected for 

the representation of the hardening function G and H, where the polynomial factors are cali-

brated according the quasi-static behavior of the FEM model. Results of the base component 

efficiency for quasi static loading are illustrated in Figure 4. 
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Figure 4.: Efficiency of the simplified and proposed LP models under quasi-static excitation  

(a) displacement to pseudo-time, and (b) force to displacement relation   

 

For this single interface DOF the system’s dynamic traits are extracted from the FEM 

model for different values of the interface DOF displacements in the range of 0 to 60mm. The 

condensed segment’s impedance function and returning force matrix doublets Sreduced and RF 

are extracted through the appropriate linearization and dynamic condensation of the system in 

the frequency domain, in regard to the preselected interface DOF. The extracted properties are 

used as a target for the calibration of the complementary components of the proposed method 

(M1), while the simplified method (M.2) is tuned according to the elastic impedance function 

of the targeted system.  

 

5.3 Time domain verification of the proposed procedure 

 

As both the proposed (M1) and the conventional (M2) LP methods fulfil the acceptable accu-

racy criteria for the quasi-static behaviour of the targeted soil-foundation system, a dynamic 

case study analysis is performed in the following paragraphs. The dynamic response of the 

soil-foundation interface DOF under harmonic excitations on a frequency range of 0.5-4Hz is 
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compared between the two LP model reduction methods and the actual FEM model as illus-

trated in Figures (6-9). 
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Figure 6. Low intensity dynamic response of LP models: displacement to time relationship 
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Figure 7. Low intensity dynamic response of LP models: force to displacement relationship 
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Figure 8. High intensity dynamic response of LP models: displacement to time relationship 
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Figures 6-9 illustrate that both the proposed method and the simplified approach emulate the 

elastic dynamic behavior of the targeted FEM model in an accurate manner, as elastic dynam-

ic properties are successfully targeted by both models during the calibration process. Particu-

larly for the scenario of higher excitation intensity, the subsoil region demonstrates permanent 

plastic deformation as evident in Figures 8-9). It is observed that within the selected frequen-

cy range 0.5-4Hz, the post yield behavior of the simplified LP approach (M2) is clearly less 

efficient in comparison to the proposed method. This can be attributed to the fact that M2 

method in only tuned at a limited degree, hence, the conventional complementary components 

are not able to maintain a behavioural accuracy outside the intensity and/or frequency regions 

within which calibration was performed. Additionally, as expected, the observed error is 

higher for higher frequencies where the static components of the reduced methods is less 

dominant. 

 

5. CONCLUSIONS 

 

A lumped parameter modelling method has been proposed in the current paper, capable of 

accurately emulating the dynamic behaviour of the soil foundation system. In contrast to 

methods presented in the existing literature, the proposed method copes with the frequency 

depended properties of the soil-foundation system within a breadth of intensities by means of 

the expansion of the lumped parameter model framework to inelastic dynamic systems.  The 

procedure is numerically verified in both quasi-static and dynamic excitations by comparing a 

refined FE model, the complete and the simplified version of the proposed approach. Even 

though the results are herein limited to single DOF representations of simplified soil founda-

tion systems, they clearly demonstrate the efficiency of the proposed frequency- and intensity-

dependent LP model for the purpose of SSI analyses. Future work is essential to the expan-

sion of the proposed method for the case of more complex soil-foundation systems and seis-

mic loading. 
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Abstract. As an extension of the previously proposed method of "one-dimensional" elastic 
deformation of the soil, a new solution of coupled seismic oscillations of underground pipe-
line and surrounding elastic soil in a non-ideal contact are obtained. Namely, it is assumed 
that slippage at the interface can occur and when it happens the shear stress is proportional 
to the relative displacement of the soil and that of the pipeline (dry friction condition). In a 
case when the incident seismic wave is a longitudinal wave propagating along the pipeline, a 
closed-form analytical solution of the nonstationary problem is obtained. The dependence be-
tween the maximum stresses and the pipe’s coefficient of friction is investigated. In a super-
sonic case, when the wave propagation velocity in the pipe is less than that of the soil, at first 
sight paradoxical effect was identified. This effect is related to the possibility of resonance 
while reducing shear stresses at the interface. The effect occurs only if there is a slippage be-
tween the pipe and the soil ("seesaw effect").This approximated approach was verified via 
numerical simulations. 
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1 INTRODUCTION 

There is a large number of approximate approaches and methods ([1-4], for example) for 
determining the response of long underground structures (pipelines and tunnels) and their dy-
namic stresses under seismic impact. Since it is difficult to solve the soil-pipeline interaction 
problem in exact formulation, some assumptions have to be made. In these approaches and 
their modifications, it is assumed that the motion of the medium is specified (seismic wave) 
and does not change due to the presence of an obstacle. The interaction between the pipeline 
and the surrounding medium is taken into account by using a model in which the constants 
and functions are determined experimentally. 

More realistic formulation of coupled dynamic problem of soil-pipeline interaction in the 
approximation of one-dimensional deformation of the medium is proposed in [5, 6]. However, 
in [5, 6] only the case of adhesion is considered where the soil and pipeline displacements at 
the interface are the same. Meanwhile, for some types of soils, the possibility of pipe slippage 
relative to soil has been shown experimentally [4, 7]. The objectives of this work are to for-
mulate and solve coupled problems of pipeline seismodynamics in such cases, as well as to 
study the effect of sliding on the maximum tension–compression stresses in the pipeline, 
which determine its seismic performance. 

2 FORMULATION OF THE PROBLEM. SOLUTION FOR THE CASE OF 
COULOMB FRICTION SLIDINGGENERAL SPECIFICATIONS 

A straight-line pipe is modeled by an infinitely long thick-walled cylinder with external 
and internal radii a and b, respectively. Movement of the pipeline and its surrounding elastic 
medium (soil) is caused by the propagation of a longitudinal seismic wave in the soil in the 
direction of the pipeline axis, which is taken to be the Z-axis of the cylindrical coordinate sys-
tem (r, θ, z) as presented in Figure 1.  

   
Figure 1: Problem layout. 

This implies that at a relatively large distance from the pipeline r = R, the displacements of 
the medium are equal to the displacements in the incident longitudinal wave: 

 r = R: u = 0, v= 0, w= w0(c1t − z)H(c1t − z). (1) 

Here u, v, and w are the components of the displacement vector u along the axes r, θ, and z, 
respectively, R > a is the depth of the pipeline (usually, R is usually few orders greater than a), 

H(ξ) is the Heaviside step function,  )2(
1

c  is the velocity of propagation of longi-

tudinal waves, λ and μ are Lamé constants, and ρ is the density of the elastic soil. 
The boundary conditions at the soil- pipeline interface are given by the following 
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 r = a: u = 0, v = 0, σrz = μ∂w/∂r = k[w(a, z, t) − U(z, t)], (2) 

where U(z, t) is the axial displacement of the pipeline, determined from the equation of its 
longitudinal vibrations, and the constant k is the interaction coefficient (friction coefficient). 

In the formulation of the third condition in (2), it is taken into account that by virtue of the 
first condition (2), the shear stress at the interface is equal to. 

 r = a: σrz = μ(∂u/∂z+∂w/∂r)= μ(∂w/∂r), (3) 

and hence does not depend on u (it is assumed that the operations of differentiation with re-
spect to z and transition to the boundary for r = a are permutable). 

According to the conditions (1) and (2), there is an axial symmetry, i.e., v = 0 and the func-
tions u and w are independent of the angular coordinate θ. In this case, the equations of mo-
tion of the elastic medium reduce to a system of two Lamé equations for the relative radial u 
and axial w displacements. Under the assumption that the deformation of the medium εzz = 
∂w/∂z in the direction of propagation of the incident wave coinciding with the direction of the 
pipe axis is dominant, from this system we can extract the equation for the longitudinal dis-
placement w in the following form [6]: 
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where  /2 c  is the velocity of propagation of shear waves in the soil. 

In the variables r and Z (Z = c1t – z), where Z is the distance from the incident wave front 
to an arbitrary point, the solution of (4) satisfying boundary conditions (1) and (2), and the 
shear stress (3) at the interface are given by the relations 
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The equation of forced longitudinal vibrations of the pipeline has the form 
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where E’ is the Young modulus, ρ’ is the density of the pipeline’s material, and F is the re-
sultant shear stresses on the surface of the pipeline. According to (5), the body longitudinal 
force is given by 
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where V is the volume of a pipe element which has length dz or unit length. 
Substituting expression (7) for F into (6), we obtain the equation of coupled pipeline vibra-

tions, which in the case of a given seismic wave (1) has a solution that depends on the varia-
ble Z = c1t − z, and after a series of transformations reduces to the equation 

 )()(0
22 ZHZwqUqU  . (8) 
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Here the prime denotes differentiation with respect to Z, 

 
0

pq  , 
2/1

222

0
)(12









  baMEp   (9) 

M = c1/c0 is the Mach number, and  /0 Ec is the velocity of propagation of longitu-

dinal waves in the pipeline. 
The upper signs in (8) correspond to the supersonic wave velocity (M > 1), and the lower 

signs to the subsonic velocity (M < 1). This equation coincides with the equation of pipeline 

vibrations for the case of full adhesion for q = p0β0 and )/ln(/1
0

aR . From (7) it fol-

lows that 0 < β < β0 (since 0 < k < ∞) and β → β0 for k→∞. 
It should be noted that for M > 1 (in the case of supersonic flow), perturbations exist only 

behind the incident wave front Z > 0, so that it is necessary to find a solution of (8) that satis-
fies U = dU/dZ = 0 at the front Z = 0. For M < 1 (in the case of subsonic flow), the variable Z 
can take any values in the range of (−∞;+∞) and perturbations in the surrounding medium 
and pipeline exist both behind and ahead of the incident wave front. 

In this case, the requirement of limited amplitude of the vibrations at infinity as Z →±∞ 
is physically justified. 

Solutions of (8) satisfying the specified constraints were found in [6]. In particular, if the 
soil particles behind the wave front move according to the law w0 = A0 sin (ω1Z)H(Z), the 
stresses in the pipeline are given by the expressions 
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In the case of adhesion (β = β0), these expressions coincide with the expressions obtained 
in [5, 6]. Also from (10), (11) it follows that for β → 0 (k → 0), the stress σ → 0 by virtue 
of boundary conditions (1.2) (k = 0 means that the pipeline surface is perfectly smooth and is 
not involved in the motion). 

According to [6] for metal (steel or cast iron) and concrete pipelines with various diameters 
and wall thicknesses in typical soils at a depth of about 1.0–1.5 m, the value of p0β0 is one or 
two orders of magnitude greater than the value of ω1, which is inversely proportional to the 
length of the seismic wave. Therefore, in the case of adhesion (β = β0), the denominator in 
formula (10) is close to unity and the stresses are limited. In the case of sliding [β ∈ (0, β
0)], for M > 1, it is possible that 

10
  pq  and resonance occurs, i.e., [as follows from 

formula (8)], the amplitudes of the stresses and pipeline vibrations (with increasing Z) in-
crease linearly. 

In the formulation of the external problem for the soil, it was assumed that the radial dis-
placements of the soil u at the interface with the pipeline are zero [condition (1.2)]. It is not 
difficult to estimate the accuracy of this approximation and the effect of the values 0u  for 
r = a. Indeed, the greatest increment in the stresses σrz is obtained assuming that the change in 
the pipe wall thickness h = a − b is due to movement of the outer surface of the pipe. In this 
case, zUhhhhu

zzrrar



/  (ν’ is the Poisson’s ratio of the pipe’s materi-
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al). Then, according to (3), additional stresses Δσrz = 22 / zUh    occur at the interface. 
Accounting for these stresses, we obtain the equation of pipeline vibrations (8) in which the 
constants are defined by formulas (9), provided that in the expression for p0, the quantity |M2 

− 1| is replaced by |M2 + δ − 1|, where δ = 11 )/1()(2   abE . Thus, for a steel or cast-
iron tube (diameter 50 cm, a wall thickness of 1 cm) buried at a depth of 1 m in dense soil 
(clay), δ ≈ 0.00082, and for a concrete pipe with the same dimensions, it varies in the range 
of 0.002–0.006. Therefore, in these cases, the influence of the transverse compression and 
tension of the pipeline can be neglected. In the case of flexible pipes (plastic, rubber, etc.), the 
value of δ cannot be neglected, which leads to a decrease in the value of p0 in (9). In this case, 
however, all the above properties of the solution, including those due to the occurrence of res-
onance, are retained. 

3 NUMERICAL VALIDATION OF ANALYTICAL SOLUTION 

This section of the paper discusses numerical simulation of the problem for which the 
closed-form solution is obtained above and its comparison to numerical simulation of a simi-
lar problem with stress-free boundary conditions on the outer surface of the soil. The model in 
latter simulation is called Model A and Model B stands for numerical model in the former 
simulation that utilizes the boundary condition presented in (1).  

3.1 Material Properties and Finite Element Mesh  

The material properties of the soil and pipe are presented in Table 1. As presented in Table 
2, ten finite element (FE) models are created to conduct parametric studies for each major 
model configuration. FE modeling is based on the following. The inner and outer radii of the 
pipe do not change from model to model and are selected to be close to the typical dimensions 
of the new underground tunnel system recently constructed in London, United Kingdom [7]. 
The models are created with the pipe’s depth varying from about 20m to about 40m with 
about 5m increments. To take advantage of the axial symmetricity of the problem, all mesh 
elements for both pipe and soil are assigned to ASolid elements in SAP2000 [8]. The pipe 
consists of three layers of elements about 0.5m by 0.17m. The soil elements are very close to 
0.5m by 0.5m. The global and zoomed views of the finite element mesh (example of Model 
2A is shown) are presented in Figure 2. 

 
Material E, GPa ν ρ, kg/m3 CP, m/sec Cs, m/sec 

Concrete (pipe) 24.9 0.2 2402.8 3390.6 NA 
Soil 1.5 0.4 1750.6 1355.0 553.2 

Table 1: Material properties used in numerical modeling. 

Model 
Pipe’s inner 

radius, m 
Pipe’s outer 

radius or a, m 
Length of 
model, m 

Depth or R, 
m 

1A&1B 3.0 3.5 100.0 41.13 
2A&2B 3.0 3.5 100.0 35.75 
3A&3B 3.0 3.5 100.0 30.38 
4A&4B 3.0 3.5 100.0 25.0 
5A&5B 3.0 3.5 100.0 20.16 

Table 2: Numerical models used in simulations. 
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a) Global view of mesh b) Zoomed view 

Figure 2: Finite element mesh and boundary surfaces. 

3.2 Boundary Conditions  

As discussed earlier, the finite element models 1A though 5A are based on stress free as-
sumption on the outer surface of the soil that is noted as S3 in Figure 2 and Models 1B 
through 5B are based on the boundary condition (1) on the same surface. The incident wave 
with a sinusoidal acceleration A0 = sin (ω1t), is applied at the boundary surface S4. Surfaces 
S1, S2, S5 are assumed stress free. A rigid contact between pipe and soil elements is assumed 
at the interface notes as surface S6. The simulations are conducted until the fastest wave front 
reaches surface S2. 

3.3 Results of Parametric Numerical Simulations  

The results of numerical simulations for all ten models are discussed in this section. It wor-
thy to note, that the complexity of wave fronts’ geometry is not the same for the two major 
model cases as presented in Figure 3. This plot shows an example of Models 2A and 2B 
which is typical for all other models. The main difference comes from the boundary condition 
on the outer surface of the soil and is related to the fact that the incident wave satisfies the 
boundary condition of Model B and requires introduction of additional waves to satisfy stress-
free boundary condition of Model A.  

The results of numerical simulations confirm this prediction. Figure 4 shows Von Mises 
stresses for Model 1B through 5B. The distribution of the stress is much more even than that 
for Model 1A trough Model 5A. The latter is shown in Figure 5. The Von-Mises stress in vi-
cinity of S3 and S4 surfaces intersection is changes along the inclined wave fronts as present-
ed in Figure 5. It leads to more complex wave dynamics. The waves are diffracting from the 
corners and reflecting from the pipe and surface S3 multiple times.  

As a result, the acceleration of the pipe becomes close to stationery much faster for Model 
B as presented in Figure 6. This is not the case for Model, A which produces few more waves 
interacting with each other. This results in acceleration that does not have a stable harmonic-
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like shape in opposite to the acceleration in Model B. Nevertheless, the maximum accelera-
tion does not exceed 0.25g in both cases. Therefore, for the practical applications, it can be 
concluded that this difference in the boundary conditions on the outer surface of the soil have 
insignificant effect on the maximum acceleration of the pipe.  

 

a) Model 2A b) Model 2B 

Figure 3: Typical anticipated geometry of wave fronts. 

 
Figure 4: Von Mises stresses at t=0.0295 sec in Model B. 
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Figure 5: Von Mises stresses at t=0.0295 sec in Model A. 

 

a) Model A b) Model B 

Figure 6: Acceleration versus time at pipe-soil interface at 10.5m away from excitation surface. 

4 CONCLUSIONS  

 Analytical solution of the problem of coupled seismic movements of an underground 
pipeline and soil is obtained for the case of possible sliding between a pipeline and the 
surrounding medium. 

 For pipelines made of different materials and different types of soils, the obtained solu-
tions can be used to determine the ranges of the parameters in the laws of interaction at 
the interface in which the maximum tension and compression stresses in the pipeline are 
substantially less than the corresponding values in the case of adhesion and the regions in 
which this difference is insignificant. The results can be used to clarify the code require-
ments for the strength of pipelines under seismic impacts and in development of new 
provisions. 
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 In supersonic case, when the friction force is proportional to the relative displacement, 
the possibility of resonance with decreasing friction force at the interface is predicted. 
This fact should be taken into account in calculations of the stresses on polymer and 
composite pipelines under seismic impact, as well as the stresses on segmented pipelines 
with complex damping joints, when the wave velocity in the soil is higher than the aver-
age velocity of propagation of longitudinal perturbations in the pipe. 

 Parametric numerical simulations show that the change of stress free boundary condi-
tions to the conditions (1) on the outer surface of the soil has insignificant effect on the 
maximum acceleration of the pipe. Therefore, this approximated approach can be used in 
practical applications with acceptable degree of confidence. 
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Abstract. In this paper, we introduce a new nonlinear model for the moving ice rod-structure
interaction. Nonlinear vibrations of that system is a complicated process, which involves an ice
failure, as a result of the interaction between a moving ice and a structure. Here we propose a
model, which develops the known models in this field, in particular, the Matlock-Sodhi model.
Similar to the Matlock model, a structure is considered as a single oscillator. In this paper,
we study the ice rod-structure interaction in more details. The deformations of the ice rod are
described taking into account a permanent contact between the oscillator and the rod. For cal-
culation of the oscillator-ice rod interaction, an extrusion effect is taken into account. The afore-
mentioned effects make the problem more complicated: partial differential equations (PDE’s)
for the ice rod and ordinary differential equations, (ODE’s) for the structure are involved. The
main difficulty of the problem is that these PDE and ODEs are coupled via boundary condi-
tions for ice rod interaction force and displacement. Nonetheless, it is possible to resolve this
problem using a new asymptotic approach. This approach allows us to find the ODE for the
oscillator, where the ice displacement is excluded. This equation describes nonlinear oscilla-
tions of the oscillator. The terms in that equation admit transparent physical interpretations and
relate to: 1) the effect of water extrusion under an ice rod pressure, which leads to a particular
type of a friction force and nonlinear effects; 2) the contact interaction between ice rod and the
oscillator, which leads to additional nonlinearities and to the oscillator frequency shift. The
main result of the asymptotic investigation and numerical simulations is the origin of a negative
friction for some ice rod velocities. Moreover, the resonance like peak shape of the amplitude
on velocity dependence is a result of an instability of the vibrations regime. The investigation
of an instability onset for these vibrations lead us to the conclusion that instability can be the
reason of a lock-in regime of vibrations.
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1 INTRODUCTION

In this paper, we investigate ice induced vibrations (IIV) of structures such as offshore
drilling platforms and lighthouses. This problem has important applications for engineering
in Arctic region. As a result of an ice floe interaction with such structures large amplitude vi-
brations where observed, which break their functioning and even destroying them. The IIV are
generated by a complicated process involving ice failure, nonlinear dynamics of structures and
an interaction between ice and structures.In this paper, we propose a model extending the pre-
vous ones, in particular, suggested in [1, 2] and [3]. Following [1, 2, 3] we consider structures
as oscillators, however, we suppose that these oscillators can involve a number of interaction
modes. A novelty with respect to previous investigations is that we study the ice sheets and
ice-structure interactions in more detail. We describe deformations of the ice sheets taking into
account a contact between structures and ice. For oscillator-ice interactions, we take into ac-
count extrusion effects. This consideration leads to a diffucult problem, which involves partial
differential equations (PDE’s) for the ice sheets and ordinary differential equations (ODE’s) for
structures. The main difficulty is that these PDE and ODE are coupled via boundary condi-
tions for the ice sheet deformations on a contact line between the ice sheet and the structure.
This contact line is unknown. Such contact problems are difficult, nonetheless, we are capable
to resolve our problem using a new asymptotic approach. This approach exploits mechanical
properties of the ice sheet model, namely, we assume that the ice sheet internal friction is small
whereas the sound velocity of the ice is large. This asymptotic approach based on such as-
sumptions allows us to find an ODE for the structure, where ice deformations are excluded.
This equation describes (for a single mode approximation) a linear oscillators perturbed differ-
ent nonlinear terms. These terms admit transparent physical interpretations and describe the
following effects:

i the effect of water mass extrusion under the ice sheet action that leads to a friction, nonlinear
effects and a time periodic forcing;

Effect ii essentially depends on the ice velocity V . For V this effect reinforces the resonance.
Moreover, we obtained that increase of V can descrease the friction, which can become even
negative, and it also decreases the effective structure mass (effect of negative ”added mass”).
These results are consistent with experimental data.

2 STATEMENT OF THE PROBLEM

Our model is defined by a system of two equations. Following [1, 2, 3], we consider the
structure as a rigid body having a contact with the ice rod which is imaginary cut of the floe.
The first equation describes an oscillator dynamics and has the form

qtt + Ω2q + αqt = µ, (1)

where q = q(t) is a unknown function of time t, which defines the structure vibrations, Ω2 is an
oscillator natural frequency. The term αqt with α > 0 defines an internal structure friction.

The term µ expressed the force which is acting on the structure from the ice rod and has the
form

µ = ε(ux +
u2x
2

)|x=q(t), (2)

where u = u(x, t) is a displacement of the ice rod, ε is a positive parameter, the terms ux and
u2x define linear and nonlinear deformation effects, respectively.
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The second equation describes the displacement u(x, t) of the ice rod, which occupies the
domain Iq = {x : q < x < L}. This equation is as follows:

uxx + a0uxxux − c−20 utt − βut − k0u = −βst − k0s, (3)

where u(x, t) is a unknown ice rod displacement, and β, a0 and k0 are positive parameters,
which determine the internal friction and the ice rod compression by the neighboring ice rods
, respectively. Here c0 stands for the ice sound velocity. Below we set c0 = 1 to simplify
formulas, and in future dealing with dimensionless magnitudes.

The function s(t) is function which describe the ice rod movement and we suppose that s(t)
is defined by

s(t) = s0 − vt+ ρ(t), v > 0, (4)

where s0 is a constant, which defines an initial distance from the floe to the structure, and ρ(t)
is described the process of producing ice crashing peaces:

ρ(t) =
∞∑
n=1

dnH(t− tn). (5)

We set the following boundary conditions

u(q, t) = q(t), u(L− q, t) = 0 (6)

(we suppose that the process of the crashing is fast, and a contact between the ice rod and the
oscillator always exist ) and the initial conditions

u(x, 0) = 0, ut(x, 0) = 0. (7)

3 EQUATION FOR OSCILLATOR VIBRATIONS

3.1 Asymptotics for ice displacement u

Here we express the displacement u(x, t) via q and obtain an equation involving q only. We
use the following asymptotic assumptions:

0 < β, k0 << 1, a0 = O(1), (8)

0 < ε << Ω << 1. (9)

We suppose that the length L of the ice rod is large: L >> 1. The following assumption
is important: L−1/2 is much less than all the rest small parameters, i.e., we suppose L−1/2 <<
β, k,Ω. Note that the contact problems are very complicated. Here, however, we can find an
asymptotic solution. The main idea is as follows. We represent u as a sum u = u(0) + u(1) + ...,
where the main term u(0) is the first approximation of the solution

Lu0 = −βs− ks, (10)

where L is the linear operator L = D2
x −D2

t − βDt − k, under the boundary conditions

u(0)(q, t) = q(t), u(0)(L− q, t) = 0. (11)

We introduce the variable z = x− q + t and find the following approximating solution:

u(0) = (V (t)− V (z) + x) exp(−a(x− q)), a > 0 (12)
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where a >> L−1 and a << max{β, κ,Ω, ε} and V (t) is a solution of the equation

Vtt + βVt + k0V = βst + k0s. (13)

We see that the boundary condition at x = L is satisfied, up to exponentially small terms and
eq. (10) is satisfied up to small terms of the order Ω. Below we omit sometimes the factor
exp(−a(x− q) and the terms of the order a. For u(1) we obtain

u(1)xx − u
(1)
tt = Lu(0) = g1 + g2 + g3, (14)

where
g1 = −βV ′

(z)(1− qt)− k0V (z) + k0x,

g2 = 2u
(0)
qt qt + u(0)qq qt

2 + u(0)q qtt

and
g3 = −a0u(0)xxu(0)x ,

where V ′
(z) = dV/dz, V

′′
(z) = d2V/dz2. We substitute (12) into expressions for gk that gives

g2 =
(
2V

′′
(z)qt − V

′′
(z)q2t + V

′
(z)qtt

)
exp(−a(x− q)), (15)

g3 = a0(1− V
′
(z))V

′′
(z) exp(−a(x− q)). (16)

The boundary conditions for u(1) have the form

u(1)(q, t) = 0, u(1)(L− q, t) = 0. (17)

From (14) one obtains

u(1) = k0
x3 − q3

3
+

(x− q)
2

W, (18)

where W = W1(z) +W2(x, q, t) and

W1(z) = (V
′
(z)− V

′2

2
(z)) + 2V

′
(z)qt + V (z)qtt − V

′
(z)q2t , (19)

W2(x, q, t) = −βV (z) + βV (z)qt − k0
∫ x

0
V (s− q + t)ds. (20)

Solution (18) satisfies (14) up to small corrections of the order Ω and smaller ones.
Equation for u2 involves a number of terms however we take into account only terms, which

give contributions in friction. Then

u(2)xx − utt = −a0(u(0)xxu(1)x + u(1)xxu
(0)
x ) = a0qtR(x, t), (21)

where
R(x, t) = −2V

′′
(z) + 3V

′
V

′′
(z) +O(x− q), (22)

where O(x− q) denotes terms proportional to x− q. Those terms do not give contributions into
ux(q) and thus they are not essential in a resulting equation for the oscillator displacement q.
For u(2) one has

u(2) = a0qt(x− q)(− 2V
′
(z) +

3V
′2

(z)

2
+O(x− q)) exp(−a(x− q)). (23)
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3.2 Deformation at the edge of ice rod

The relations obtained in the previous subsection imply that the deformation consists of the
three main contributions:

ux(q) = F0(t) + qtF1(t) + qttF2(t) + F3(t)q
2
t + kq2 = S(t, q, qt), (24)

where

F0(t) = 1− V ′
(t) + (

V
′
(t)

2
− V

′
(t)

4
)− βV ′

(t)− k0
∫ q

0
V (s− q + t)ds+O(a), (25)

F1(t) = 2V
′
(t)− a0(− 2V

′
(t) +

3V
′2

(t)

2
) + βV (t), (26)

F2(t) = V (t), F3(t) = −V ′
(t), (27)

These terms play quite different roles as we will see in coming sections. The main instability
effect is induced by qtF1(t). The term qttF2(t) defines an adjoint mass of the platform.

3.3 Nonlinear equation for q

Using relations (24), (25), (26), and (27), one obtains the following equation for q:

qtt + Ω2q + αqt = εξ(q, qt), (28)

where ξ is defined by

ξ = S(t, q, qt) +
S(t, q, qt)

2

2
+ higher order corrections. (29)

After some transformations, we have

ξ = f0+f1qt+f2qtt+f3q
2+f4q

2
t +f5qtqtt+f6q

2
tt+f7q

3
t +f8q

2qtt+f9q
2
t qtt+f10q

2qt+f11q
4, (30)

where
f0 = F0 + F 2

0 , f1 = F1 + 2F0F1, (31)

f2 = V, f7 = 2F1F3, f8 = 2kF2, (32)

f9 = 2F3F2, f10 = 2kF1. (33)

In this equation the ice rod displacement is excluded. This main equation for structure vi-
brations describes a weakly perturbed linear oscillator with the non-perturbed frequency Ω2.
The perturbation involves many different contributions. First, here a term F (T ) which can be
interpreted as an external force induced by the ice rod, which does not depend on q. For F (t)
one has a rough asymptotics

ξext = F0(t) ≈ 1− V ′
(t) +O(β) +O(k0).

Moreover, we have nonlinear terms depending on qtt only and which can describe a shift of
frequency (that can be interpreted as an adjoint mass). At last there are contributions associated
with a linear and a nonlinear friction, namely

ξLf = qtf1, (34)

ξNf = f10q
2qt (35)

The nonlinear friction is much weaker than the linear one since it involves a small quantity q2.
Below we discuss possible mechanisms of the structure instability.
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3.4 Computation of V

To simplify computations, let us assume that s(t) is a periodic function with the period
T = d/v for the case dn = d. To compute V , involved in all terms above, we solve eq. (13) for
V by the Fourier expansion. Computing the Fourier coefficients, we have

s(t) = s̄+
∑
n∈Z

ŝn exp(i2πnt/T ), T = d/v, (36)

where T is the period and

ŝn =
iT

2πn
. (37)

Therefore,
V (t) = s̄+

∑
n∈Z

V̂n exp(i2πnt/T ) + Ṽ (t), (38)

where
Ṽ (t) = (V (0) cos(ω0t) + V ′(0) sin(ω0t)) exp(−βt

2
),

V̂n = (
ik0T

2πn
− β)(− (2πn/T )2 + k0 + i2πβn/T )−1, (39)

and s̄ is a mean shift of the platform center. Moreover,

V
′
(t) =

∑
n∈Z

(i2πn/T )V̂n exp(i2πnt/T ), (40)

∫ x

0
V (s−q+t)ds =

∑
n∈Z

(2iπn/T )−1V̂n exp(i2πnt/T )( exp(i2πn(x−q)/T )−exp(i2πn(x−q)/T )).

(41)
Note that the term Ṽ (t) is exponentially decreasing in t and therefore we can remove that term
for large times t >> β−1.

4 ASYMPTOTIC ANALYSIS OF NONLINEAR EQUATION FOR q

Under some assumptions we can consider (28) as an equation that describes a weakly non-
linear oscillator with a weak damping. By this equation, we can describe the mechamisms of
instability.

The asymptotic approach to study such equations is well known, see [4]. Let τ = εt is a slow
time. We assume that α = εᾱ, where ᾱ < 1. We seek solutions in the form

q = A(τ) sin(Ωt+ φ(τ)) + εq1(t, τ) + ..., (42)

where A and φ are unknown slowly varying in time the amplitude and the phase,respectively.
We have

qtt = −Ω2q + 2εΩ(Aτ cos(Ωt+ φ(τ))− Aφτ sin(Ωt+ φ(τ)) +O(ε2).

For any smooth function H(q, qt)

H(q, qt) = H0 +O(ε), H0 = g(Aω cos(Ωt+ φ(τ)), A sin(Ωt+ φ(τ))).

Using these relations, for q1 one has

q1tt + Ω2q1 = S(t, τ, ε), (43)
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where
S(t, τ) = 2Ω(−Aτ cos(Ωt+ φ(τ)) + Aφτ sin(Ωt+ φ(τ)) +R(A, φ, t), (44)

and
R(A, φ, t) = xi(A sin(Ωt+ φ(τ)), AΩ cos(Ωt+ φ), t)− ᾱAΩ cos(Ωt+ φ). (45)

For large times t = O(ε−1) equation (43) has a bounded solution if and only if

lim
T→+∞

T−1
∫ T

0
S(t, τ) cos(Ωt+ φ)dt = 0, (46)

and
lim

T→+∞
T−1

∫ T

0
S(t, τ) sin(Ωt+ φ)dt = 0. (47)

Finally, by (44) and (45) these relations lead to the following system of equations for the am-
plitude A and the phase φ:

ΩAτ = lim
T→+∞

T−1
∫ T

0
R(A, φ, t) cos(Ωt+ φ)dt, (48)

and
ΩAφτ = − lim

T→+∞
T−1

∫ T

0
R(A, φ, t) sin(Ωt+ φ)dt = 0. (49)

We investigate this system in the next section. To simplify formulas we will use notation

〈f〉 = − lim
T→+∞

T−1
∫ T

0
f(t)dt (50)

for averaged quantities.

5 AMPLITUDE EVOLUTION

Let us focus our attention on the equation for amplitude A. Assuming that A << 1, and
therefore |q| << 1, we obtain then that (48) reduces to

Ω
dA

dτ
= D1A+D2A

2 +D3A
3 +D4A

4 + ā, (51)

whereDl, ā are coefficients depending on the system parameters. We compute those coefficients
using relations for ξ obtained above. In particular, one has

D1 = −ᾱ + 〈f1(t) cos2(Ωt)〉, (52)

D3 = 〈f7(t)Ω3 cos4(Ωt)−f8(t)Ω2 sin3(Ωt) cos(Ωt)+Ω4f9(t) cos3(Ω) sin(Ωt)+f10sin
2(Ωt) cos2(Ωt)〉,

(53)
and

ā = 〈f0(t) cos2(Ωt)〉. (54)

Assume that resonances are absent, i.e., for all positive integers m we have

Ω 6= mωice, ωice = 2π/T. (55)

Then our expressions for Di can be simplified. We obtain that D2, D4, ā ≈ 0 and

D1 = −ᾱ +
1

2
〈f1(t)〉, (56)
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Figure 1: The dependence of oscillator amplitude on the ice speed v.

D3 =
3Ω3

8
〈f7(t)〉+

Ω

8
〈f10〉. (57)

As a result, we have

Ω
dA

dτ
= D1A−D3A

3 + smaller terms. (58)

Note that D1, D3 depend on the ice floe speed v. Moreover, equation (58) is fundamental in the
phase transition theory, it is the famous Landau model.

Equation (58) can describe bifurcations and thus an instability onset. To see it, we assume
that D3 > 0 (this assumption will be checked in the next section). Let D1 < 0. Then we have
a single equilibrium close to 0. This solution corresponds to an oscillation regime of a small
amplitude. For D1 > 0 we have the oscillations of not small amplitudes.

The numerical computations show that such transition exists due to the fact that D1(v)
changes its sign as the ice speed v increases.

6 INSTABILITY

Let us compute coefficients D1 and D3. One has

D3 =
3Ω3

4
〈F1F3〉+

Ωk0
8
〈F1〉. (59)

Using the expressions for F1, F3 we obtain

D3 =
3Ω3

4
(〈2V ′

(1− a0)−
3a0
2
V

′2〉) +
3a0Ωk0

8
〈V ′2〉. (60)

Note that 〈V ′〉 = 0 and

〈V ′2〉 =
∞∑
n=1

(2πn/T )2|V̂n|2. (61)

Therefore, finally one has

D3 =
a0Ω〈V

′2〉
4

(k0 + 6(1− a0)Ω2), (62)

where

〈V ′2〉 =
∞∑
n=1

(k20 + β2z2n
((z2n − k0)2 + β2z2n

, zn = 2πn/T. (63)

For D1 one finds the following relation:

D1 =
(3a0 − 8)Ω〈V ′2〉

2
− αε−1. (64)

One can show that D1 < 0 for small v but it may be positive for some v under appropriate
parameter choice. For v >> 1 the coefficient D1 is again negative.
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7 CONCLUSIONS

The main result of the investigation is that the ice rod-structure interaction may produce a
negative input into the friction. These “negative “ friction lead to instability of the oscillator
vibrations regime with a sharp increase of the amplitude, which then suddenly drops when the
velocity of the ice rod reach some critical value. That mechanism, in our opinion, described
the lock-in regime of the oscillator vibrations, when oscillator vibrate on a frequency which is
close to its natural frequency, and which exists in some ice rod velocity interval.
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Prosecká 76, CZ-190 00 Prague 9, Czech Republic

e-mail: hracov@itam.cas.cz

Keywords: Random vibrations, Slender structures, Wind load, Non-proportional damping,
Distributed-Parameter Systems.

Abstract. Along wind random vibration of slender structures represents one of the most
important aeroelastic effects resulting from wind - structure interaction. The theoretical model
being based on one-dimensional elements with continuously distributed mass and stiffness has
been introduced in this paper. The system has been considered to be linear self-adjoint with
strongly non-proportional linear damping due to both material of the structure and presence of
vibration dampers. The additive random excitation continuously distributed in time and space is
Gaussian, therefore the response is Gaussian as well. Consequently, mathematical mean value
and correlation function are satisfactory for the full description of the generalized solution of
the respective PDE in the stochastic meaning. The general results have been obtained mostly
in the form of analytical formulae for important cases of input spectral densities. A numerical
example dealing with real structure is presented.
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1 INTRODUCTION

Along wind response of tall slender structures, e.g. telecommunication towers, stacks, chim-
neys plays a significant role in their design stage. The wind load very often induces an undesired
vibration causing occupant discomfort or exceeding tolerable antenna inclinations. Thus, the
assessment of such structures loaded by the wind should be carried out in order to secure their
proper functionality and sufficient fatigue life. The wind loading includes a strong random fluc-
tuating component with respect to time and space. Therefore the dynamic component of the
wind speed can be considered as a stationary random process in individual points of a structure.
Description of the static as well as dynamic components was given by many authors, e.g. [1, 2].
In particular, the problem of structure excitation by fluctuating wind component has been dis-
cussed during previous decades, see e.g. [3, 4, 5, 6] and many others. A linear approach of
fluctuating component of the wind speed and along wind dynamic pressure component was
presented in [7, 8]. As a consequence of the random character of the wind load, the structure
response dynamic component has a random character as well.

Important role modifying the response character plays a damping and its detailed config-
uration. Commonly used assumption of proportional damping is satisfactory in many cases
providing easier mathematical modelling. However, this assumption can be far from the reality,
as for instance when a structure is equipped with tuned mass dampers. This fact being taken
into consideration results in an interaction of conventional eigen-forms in the meaning of the
structure itself (on the level of a deterministic problem). Moreover the random character of the
response generates another source of interaction of eigen-forms.

This paper presents an innovative method for the solution of the wind response of an slender
structure equipped with dynamic absorber. Only along wind random vibrations due to the effect
of wind pressure on windward side are assumed. An application of the theoretical method is
subsequently demonstrated on an example of a real structure.

2 THEORETICAL ANALYSIS

2.1 Mathematical model

The vibration of a straight beam with static axial force can be described by the following
equation:

(EJ(x)u′′x, t))
′′

+ (N(x)u′(x, t))
′
+ 2b(x) u̇(x, t) + µ(x) ü(x, t) = p(x, t) (1)

The coefficients EJ(x), N(x), b(x), µ(x) in Eq. (1) are positive time independent continuous
functions x with finite number of discontinuities; p(x, t) is an external excitation, which can be
written as a product of independent space and time components ϕ(x) · p(t). The structure must
be kinematically stable with respect to boundary conditions to assure that the unique solution
can be obtained.

Concentrating on the result of a more complicated reasoning (respecting coefficients and
excitation character), it can be shown, that the solution of the Eq. (1) can be written in a form
of the convergent series with respect to generalized coordinates:

u(x, t) =
n∑

j=1

uj(x) · fj(θjt) ; n −→∞ (2)

where uj(x), θj - eigen-functions, or eigen-values of the operator L{·}. They are given by
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the equation:

L{uj(x)}+ θ2jµ(x) · uj(x) = 0 ; L{u(x)} ≡ (EJ(x)u′′(x))
′′

+ (N(x)u′(x))
′ (3)

with boundary conditions:

uj(0) = u′j(0) = u′′j (0) = 0 (4)

u′′j (l) = 0 ;
(
EJ(x)u′′j (x)

)′
+N(x)u′j(x)

∣∣∣
x=l

= 0

Existence of a discrete spectrum of eigen-values θj follows from positive definite operator L{·}.
Vector f(t) = [f1(t), .., fn(t)]T conforms to a system:

Θ2 · f(t) + 2B · ḟ(t) + I · f̈(t) = p(t) (5)

Θ2 = diag[θ21, .., θ
2
n] ; B =

[∫
S
b(x)uko(x)ujo(x) dx

]
; p(t) =

[∫
S
p(x, t)uko(x) dx

]
where ujo(x) are normalized eigen-functions in following meaning:

uo(x) = [ujo(x)] = [uj(x)/
√
Mj] ; Mj =

∫
S

µ(x)u2j(x) dx (6)

System (5) should be rewritten in the normal form:

Ḟ(t) = Q · F(t) + P(t) (7)

F(t) =

[
f1(t)
f2(t)

]
;

f1(t) = f(t)

f2(t) = ḟ(t)
; Q =

[
0 ; I
−Θ2 ; −2B

]
; P(t) = Hp(t) ; H =

[
0
I

]
where p(t)- vector of n independent random processes acting in generalized coordinates

ujo(x).
A response of the continuous system is now described in generalized coordinates being given

by orthonormal eigen-functions ujo(x) of the operator (3,4). Eigen functions ujo(x) as well as
eigen-values θk are real. They represent eigen-functions and values of the non-damped system.

Functions uj0(x) or uj(x) are orthogonal due to the symmetry of the operator (3,4), they
are continuous and make a complete functional base. The operator L{·} together with µ(x) is
similar to the operator of the original equation (1). It can be shown, that the system of eigen-
functions uj0(x) of the operator L{·} is suitable to be used as a Galerkins base for a variational
analysis of the Eq. (1)as they comply not only with main but also with natural boundary condi-
tions. Application of such a functional base excludes in advance many problems of numerical
instability. Absolute convergence in individual points can be achieved for n → ∞ instead of a
convergence in mean which is non-satisfactory from the viewpoint of an engineering applica-
tion. More detailed properties of a convergence depend on a degree of similarity of operators.
However, this analysis would represent a theme for a special study.

The Eq. (5) reveals that the non-trivial interaction of ujo(x) or uj(x), when dealing with
eigen-forms of the original system (1) or when investigating a system response to external
excitation, comes out from a non-proportional damping which is represented by the full matrix
B. The decay velocity of extra-diagonal elements of this matrix can serve for estimation how
far a non-proportionality can be neglected in a deterministic case. Let’s notice that the matrix
B degenerates into the diagonal one for proportional damping. In such a case the system (5)
represents n independent equations and generalized coordinates ujo(x) became eigen-forms.
On the other hand do not forget that another source of interaction of ujo(x) or of eigen-forms
coming out of their stochastic interaction exists.
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2.2 Random response analysis by means of spectral decomposition

Output and input processes are continuous. It can be shown, that they enable to be written in
a form being based on spectral differentials of input processes:

p(t) =

∞∫
−∞

exp(iωt) dΦ(ω) ; F(t) =

∞∫
−∞

F∗(ω, t) dΦ(ω) (8)

dΦ(ω) - vector (n elements) of spectral differentials of processes p(t); dΦj(ω) are white noise
type processes of variable ω; their correlation is given by Wiener-Khinchin relation:

E{dΦ(ω) · dΦT (ω′)} = δ(ω′ − ω) Sp(ω) dω dω′ (9)

E{·} - operator of mathematical mean value with respect to Gaussian PDF;

F∗(ω, t) - matrix (2n × n); unknown deterministic functions describing transformation of a
random excitation in generalized coordinates into components of the random response in
time;

Sp(ω) - matrix (n× n); spectral and cross-spectral densities of processes p(t).

Let us introduce expressions (9) into Eq. (7). The relation obtained shell be multiplied by the
vector dΦT (ω) from the right and then the result subjected to application of the mathematical
mean operator. Properties of input processes and spectral differentials enable to interchange the
application order of mathematical mean and integration operators. This manipulation gives:

∞∫
−∞

(Ḟ∗(ω, t) + Q · F∗(ω, t)) · Sp(ω)dω =

∞∫
−∞

2H · Sp(ω) exp(iωt)dω (10)

Relation (10) must be fulfilled for every t. It is possible, taking into account that the matrix
Sp(ω) is positive definite, only if it holds:

Ḟ∗(ω, t) = −Q · F∗(ω, t) + 2H · exp(iωt) ; F∗(ω, t)|t=0 = 0 (11)

The solution of Eq. (11) can be outlined in a form of the Laplace transform (t→ ξ). Following
a supposition that the matrix (Q + I · ξ) is regular, its inverse matrix should exist. If the matrix
Q has only simple eigen-values, the respective expression can be modified in a form of the
summation:

F∗L(ω, ξ) = (Q + I · ξ)−1 2H

ξ − iω
=

2n∑
k=1

2ZkH

iω − ξk

(
1

ξ − iω
− 1

ξ − ξk

)
(12)

Zk - k-th component matrix (2n×2n); if eigen-values of Q are simple only, the matrix Zk has
a form of a diadic product: Zk = qk(R) · qT

k(L), see e.g. [9];

qk(R,L) - k-th normalized right resp. left eigen-vector (2n elements) of the matrix Q;

ξk - k-th eigen-value of the matrix Q; real part of all eigen-values is negative, therefore the
system is stable; absolute values |ξk| are close to |θk| for low damping values.
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Using inverse Laplace transform, one obtains a solution of the Eq. (11):

F∗(ω, t) =
2n∑
k=1

2ZkH

iω − ξk
(exp(iωt)− exp(ξkt)) (13)

where the part with exp(iωt) represents the stationary solution and the latter one the transition
effect. Response correlation matrix KF (t1, t2) (2n× 2n) can be obtained using its definition:

KF (t1, t2) = E{F(t1)FT (t2)} = E{
∞∫
−∞

F∗(ω1, t1) dΦ(ω1)

∞∫
−∞

dΦT (ω2) F∗T (ω2, t2)}

KF (t) = 4

∞∫
−∞

2n∑
k,l=1

exp (iωt)
ZkHSp(ω)HTZT

l

(iω − ξk)(−iω − ξl)
dω (t = t1 − t2) (14)

For evaluation of the response variance matrix, the value t = 0 is to be inserted into Eq. (14).
Then the exponential factor in fact disappears.

Let’s recall expressions (2), (6), (7). With respect to Gaussian character of the response its
random part is fully described by correlation function:

Ku(x1, x2, t1, t2) = E
{
u(x1, t1)u(x2, t2)

}
= uT

o (x1)Kf11(t1, t2)uo(x2) (15)

where Kf11(t1, t2) is a cross-correlation matrix (n × n) of time components f1(t) = [fi(θit)],
appertaining to eigen-functions uio(x). It can be stated that Kf11(t1, t2) is the upper-left part of
the matrix KF (t1, t2):

KF (t1, t2) =

∣∣∣∣∣ Kf11(t1, t2) ; Kf12(t1, t2)
Kf21(t1, t2) ; Kf22(t1, t2)

∣∣∣∣∣ (16)

In stationary case the cross-correlation function of the response is given by the form:

Ku(x1, x2, t) = uT
o (x1)Kf11(t)uo(x2) (17)

The expression (17) transforms the cross-correlations of the response components described
in generalized coordinates uo(x) to the scalar correlation function in length coordinate of the
structure.

The Eq. (14) are very widely applicable. The matrix F∗(ω, t) can be obtained not only
by means of analytical procedure. A numerical or experimental method can be used as well.
Thus the way of subsequent evaluation of outlined integrals with respect to ω is predetermined.
The integration can be brought up to closed formulae for simpler cases of excitation spectral
densities. Such a case occurs when spectral densities Sp(ω) have the form of a pure rational
fraction and thus the integration can be fulfilled using residuum theorem. In order to evaluate
above integrals various analytical and numerical procedures can be combined. Let’s append that
the integrals in (14) can be understood in the Stieltjes meaning. It makes possible to proceed also
various combinations of continuous spectra and excessive components with given frequency and
amplitude.
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2.3 Effects of the wind velocity fluctuation

As a background for evaluation of the matrix Kf (t) serves the matrix of spectral densities
Sp(ω) representing external random excitation. It can be derived using the expression:

Kp(t) = E
{
p(τ) pT (τ + t)

}
= E


∫
S

uo(x1)p(x1, t)dx1
∫
S

uT
o (x2)p(x2, t+ τ)dx2

 (18)

Making use linear character of integration and mathematical mean operations, we can write
after some manipulation:

Kp(t) =
∫
S

∫
S

uo(x1)uT
o (x2) E

{
p(x1, τ)p(x2, τ + t)

}
dx1dx2 = (19)

=
∫
S

∫
S

uo(x1)uT
o (x2) Kpx(x1, x2, t)dx1dx2

where we denoted: Kpx(x1, x2, τ) = E
{
p(x1, t)p(x2, t+ τ)

}
, i.e. cross-correlation of fluctua-

tion part of pressure in points x1, x2 being dependent on a time difference τ . Fourier transform
of Eq. (19) gives:

Sp(ω) =
∫
S

∫
S

uo(x1)uT
o (x2)Spx(x1, x2, ω)dx1dx2 (20)

Spectral density function Spx(x1, x2, ω) characterizes structure of pressure fluctuation follow-
ing from air-streaming fluctuation. It consists of Davenport spectral density of wind speed
fluctuation, space cross-correlation relations and geometry of the structure.

Spx(x1, x2, ω) = c2Dρ
2vs(x1)vs(x2)S(x1)S(x2)4K

vs,10Ω
2

ω(1 + Ω2)4/3
e

ω
2πvs,10

√
Cx(x2−x1)2 (21)

where Ω = 1200ω/(2πvs,10); K is the roughness coefficient; Cx is decay coefficients; cD is drag
coefficient; ρ is air density; vs(xi) is mean value of the wind speed in point xi; vs,10 is mean
value of the wind speed in ten meters above the ground; S(xi) is area corresponding to point xi.

3 NUMERICAL SIMULATIONS

The proposed theoretical method was used for the solution of the response of a linear dis-
crete numerical model of cantilever structure with relatively closely spaced natural frequencies.
It represents an existing TV tower which is 190 m high and is fully clamped into subsoil. The
first four natural frequencies of the tower fi,t are given in round brackets in Figure 1. The tower
consists of the lower part made of reinforced concrete followed by steel cylinders of variable
cross-sections. The top of the tower creates a laminate extension. A pendulum absorber sup-
plemented with viscous dampers was installed into a top of the structure to suppress excessive
vibrations induced by vortex-shedding. The frequency tuning (fd = 0.92 Hz) of the 1 tone
absorber was designed to be the most effective at vibrations related with the second and the
third eigen-modes. The mass of the absorber represents 1/12 and 1/10 of generalized masses
of the respective eigen-modes.

A two dimensional discrete numerical model was created in CALFEM (MATLAB FEM
toolbox). The model without absorber was built using beam elements and consisted of 20
nodes. Each node had 3 degrees of freedom: the horizontal and vertical displacements and a
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f1=0, 334Hz f2=0, 783Hz f3=1, 034Hz f4=1, 484Hz f5=2, 295Hz
(f1,t=0, 342Hz) (f2,t=0, 922Hz) (f3,t=1, 440Hz) (f4,t=2, 252Hz)

Figure 1: The first five eigen-modes of the tower with the absorber; eigen-frequencies of the tower with and without
the absorber (fi and fi,t) are below the corresponding eigen-modes.

rotation around a horizontal axis. The absorber was subsequently modelled as a concentrated
mass connected to the top of the tower with Kelvin-Voigt model having one degree of freedom
in the horizontal direction. The damping matrix of the tower itself was set to be proportional
to the stiffness matrix. The multiplicative coefficient related to stiffness matrix was calculated
from the expected low structural damping ratio (ζ= 0,005) for the first natural frequency f1,t.

The applicability of the proposed method was examined for a set of various damping ratios
of the absorber (ζd = 0 ÷ 0.8) while the damping matrix of the tower was kept constant. The
cross-correlation response matrix (17) and corresponding root mean square values (RMS) of the
displacement were calculated for each damping ratio of the absorber. The numerical simulations
were carried out using different number of real eigen-modes of undamped system in order to
cover the influence of their mechanical interaction.

The selected results from the numerical analysis are shown in Figures 2, 3 and 4. The RMS
displacement corresponding to the structure without absorber is depicted as a function of height
in Figure 2. The RMS values are shown for three different cases of real eigen-modes, that were
used in the calculations. In particular, the RMS values related to vibration in the first four eigen-
modes, related to vibration only in the first eigen-mode and related to vibration corresponding to
the second to fourth eigen-modes are presented. It is obvious, that the vibration of the structure
in the first eigen-mode represents a dominant part of the whole response.

The effectiveness of the installation of the absorber into the structure on the decrease in the
dynamic response is shown in Figures 3 and 4. In Figure 3 the RMS values are depicted for zero
damping ratio of the absorber, while in Figure 4 for its optimum damping. The influence and
efficiency of optimum damping ratio on the vibration related to the second to fourth eigen-mode
are evident from a comparison of right graphs of both Figures 3 and 4. It must be noted, that the
influence of the absorber on the vibration in the first eigen-mode is also apparent, even though
the absorber is tuned primarily to the second and third eigen-values.
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Figure 2: The RMS displacement of the tower without the absorber as a function of used real eigen-modes (left -
the first four eigen-modes, middle - the first eigen-mode, right - the second, third and fourth eigen-modes).

Figure 3: The RMS displacement of the tower with the absorber having zero internal damping (ζd = 0) as a function
of used real eigen-modes (left - the first four eigen-modes, middle - the first eigen-mode, right - the second, third
and fourth eigen-modes).
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Figure 4: The RMS displacement of the tower with the absorber having optimum damping (ζd = 0.18) as a function
of used real eigen-modes (left - the first four eigen-modes, middle - the first eigen-mode, right - the second, third
and fourth eigen-modes).

4 CONCLUSIONS

The paper presents an analytical method for the solution of the dynamic response of a slender
structure due to a random component of the wind velocity. The mathematical model of a vertical
structure being based on one-dimensional continuous elements enables to abandon a number of
limiting prerequisites contradicting a reality. As the most important can be taken: (i) non-
proportional damping of a structure with passive or active damping equipment; (ii) stochastic
interaction of eigen-modes (vectors) which decays exponentially with increasing difference of
their order; (iii) space correlation of excitation and response, etc. On the other hand a number
of heuristic hypotheses have been confirmed: (i)(nearly) Gaussian character of the response;
(ii) acceptability of a proportional model of a structure without any damper even in the case
when it consists of materials with strongly different internal damping. The influence of initial
conditions is short and decays exponentially with increasing time passed away from beginning
of the excitation.

A numerical example, based on the properties of the real tower has shown the complexity
of the dynamic behaviour of structure with non-proportional damping. The interaction of the
eigen-modes and changes in eigen-values are demonstrated. An advantage of the model with
continuous elements consists in a fact that the analysis goes in generalized coordinates which
are close to eigen-forms of an investigated structure. The energy volume of individual eigen-
forms in general is decreasing with an increase of their order. It implies a possibility to limit
easily the number of eigen-forms needed, which leads to a significant reduction of CPU time
especially when analysis of random response should be done. Results are more transparent and
easily to be applied in practice. Convergence is very fast and of higher type than that following
from conventional approaches.
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Abstract. This paper studies the dispersion of elastic waves in homogeneous and isotropic 

elastic media discretized by the finite element method. Both the unbounded plain-strain solid 

and the unbounded generalized plane-stress plate are considered. The element stiffness matrix 

is split into basic and higher order components which are respectively related to the mean and 

deviatoric components of the element strain field. This decomposition is applied to the elastic 

energy of the finite element assemblage. By the dispersion analysis the percentage of higher 

order elastic energy is related to the elastic energy error for both the longitudinal waves and 

the shear waves. An averaged correlation is proposed to apply the percentage of higher order 

elastic energy as an error indicator for the vibration eigenmodes computed. 
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1 INTRODUCTION  

It is well known that the wave scattering at boundaries creates an interference field that, if 

composed solely of waves of frequency equal to a natural frequency of the solid, takes the form 

of a standing-wave field which is an eigenmode of the continuum [1]. The question of the spatial 

convergence of the eigenmodes computed by the finite element method is approached in this 

contribution for the in-plane motion of homogeneous and isotropic elastic solids.  

For a plane-strain solid the eigenmodes could be considered essentially composed of 

longitudinal waves (P) and transverse shear waves (S). Both waves propagate without 

interaction in the bulk of the material with the respective velocities [2, 3] 

                                             2/12/1 )(,))2((   TL cc                                          (1) 

where: , shear modulus of the material;  Lamé constant of the material; , mass density per 

unit volume of the material. 

The elastic constants λ and μ can be related by 

                                                             )21(2                                                          (2)  

where: ν, the Poisson´s ratio for the material, 0 < ν < 1/2.  

The elastic constants λ and μ can be obtained from the more familiar engineering Young’s 

modulus E and the Poisson´s ration ν by ))21)(1((   E  and ))1(2(   E .             

Similarly, for a generalized plane-stress plate the eigenmodes could be considered 

essentially composed of longitudinal waves (PL) based on the elementary Poisson theory for 

the stretching and horizontal shear waves (SH0). Both non dispersive waves propagate without 

interaction with the respective velocities 

                                                   TSHTPL cccc   ,)1(2 2/11                                            (3) 

where:  

                                                    )21()22(22   TL cc                                             (4) 

In each case the longitudinal waves and the shear waves are coupled on the boundary of the 

elastic medium, an obvious consequence of satisfying the boundary conditions.  

For the finite element eigenmodes we suppose that the effect of the spatial discretization 

over the waves prevails over the effect of the discretization over the scattering at boundaries. 

In this case, the goal of determining the finite element mesh required to accurately represent a 

given number of eigenmodes could be approached by analysing the effect of the discretization 

over the propagation of both the longitudinal waves and the shear waves. The effect of the 

discretization over the propagation of the above mentioned waves becomes apparent by 

observing a dispersive behaviour, a phenomenon that is not present in the physical system [4], 

the analysis of which will be a subject of research in this paper. A survey of computational 

aspects of wave problems in solids can be found in reference [5]. Recent research about this 

topic can be found in references [6, 7].  

1.1 Governing equations 

Let Ω designates the bounded domain with closed boundary ∂Ω occupied by a solid in plane 

strain parallel to the XY-plane at equilibrium, the Hooke`s law and the strain-displacement 

relation will be 

                                                     uIεσ divvv   ,2                                          (5) 
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                                                       ])([
2
1 tgradgrad uuε                                                     (6)           

where: ),(: yx uuu , displacement vector; εv, volumetric strain; 













nyxy

xynx




:σ , Cauchy stress 

tensor; 













yyxy

xyxx




:ε , Cauchy strain tensor 

For a plate in generalized plane stress parallel to the XY-plane, the Hooke`s law Eq. (5) is 

replaced by [8] 

                                                              Iεσ v  2                                                      (7) 

where: 

                                                            )2(2                                                            (8) 

In both cases, the governing equation of motion (the body forces are neglected) will be, 

                                                 r0rurσ ,),(),( 22 tttdiv                                      (9) 

where: t, time coordinate.  

To complete a solution, the differential equation Eq. (9) requires specifying boundary 

conditions. For a solid fixed on a part Σ of its boundary ∂Ω, we have, 

                                                               r0ru ,),( t             (10) 

For a given surface force density ),( trf  on Γ = ∂Ω \ Σ, we have, 

                                                       rrfrnrσ ),,()(),( tt                                             (11) 

where: n , unitary normal external to the boundary ∂Ω. 

Finally, the above equations must be completed by the initial conditions of Cauchy on )0,(ru  

and 
0

),(



t

ttru  in Ω.  

For a solid in plane strain parallel to the XY-plane, by considering Eq. (5) the relationship 

between stresses and engineering strains can be expressed in matrix form as 

                                                    
t

xyyx

t

xyyx ),,(),,(  E                                             (12) 

where: E, elasticity matrix with the non-null components, 

                                          2112332211 ,,2 EEEEE                              (13)  

By considering Eq. (1) and (4), the elasticity matrix Eq. (13) can be alternatively expressed 

in the forms, 

                                                )(),( 0202  TTLL cc EEEE                                              (14)  

Either of )(0 LE  and )(0 TE  is called the dimensionless elasticity matrix for plane strain. 

These matrices have the following non-null components, 

                              10

21,

0

12,

10

33,

0

22,

0

11, 21,,1    LLLLL EEEEE                         (15)  

                               2,1, 0

21,

0

12,

0

33,

0

22,

0

11,   TTTTT EEEEE                               (16)   
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For a plate in generalized plane stress parallel to the XY-plane, by considering Eq. (7) the 

elasticity matrix will has the non-null components, 

                                    2112332211 ,,2 EEEEE                                   (17)  

By considering Eq. (1), (3), (4) and (8), the elasticity matrix Eq. (17) can be alternatively 

expressed in the forms, 

                                            )(),( 0202  SHSHPLPL cc EEEE                                            (18)  

Either of )(0 PLE  and )(0 SHE  is called the dimensionless elasticity matrix for generalized 

plane stress. These matrices have the following non-null components, 

   ))1(2()21(,))1(4(,1 110

21,

0

12,

110

33,

0

22,

0

11,

   PLPLPLPLPL EEEEE       (19)  

               )21(2,1),1(4 10

21,

0

12,

0

33,

10

22,

0

11,

   SHSHSHSHSH EEEEE                (20)   

In a plane-strain solid, the forms of the elasticity matrix given by Eq. (14) will be useful to 

analyze the propagation of longitudinal waves (P) and transverse shear waves (S), respectively. 

Similarly, in a generalized plane-stress plate, Eq. (18) will be useful to analyze the propagation 

of longitudinal waves (PL) and horizontal shear waves (SH0). 

For time-harmonic waves, time may be removed from the problem by writing  

                                                     rruu ),exp()(~ ti                                                    (21) 

where: )(~ ru , complex amplitude of the wave; T 2 , circular frequency; T, period of wave.  

By considering Eq. (21) and Eq. (6), for the Cauchy stress tensor Eq. (5) or Eq. (7) we obtain 

                                                   rrσσ ),exp()(~ ti                                                   (22) 

where: )(~ rσ , complex amplitude of the Cauchy stress tensor. 

Similarly, for the surface force density, 

                                                  rrff ),exp()(
~

ti                                                  (23) 

where: )(
~

rf , complex amplitude of surface force density. 

Inserting the time-harmonic dependence Eq. (21) - (23) into the Eq. (9) - (11), the boundary 

value problem is then written 

                                                 r0rurσ ,)(~)(~ 2div                                                (24) 

                                                          r0ru ,)(~                                                               (25) 

                                                      rrfrnrσ ),(
~

)()(~                                                 (26) 

1.2 Finite element formulation 

The boundary value problem Eq. (24) - (26) is posed in variational form [9] 

                                             
 dSdV )():( 2

ufuuεσ                                        (27) 

The variational form Eq. (27) is discretized by the finite element method yielding the 

following matrix expression 

                                                             FxMK  )( 2                                                    (28) 
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where: K, global stiffness matrix; M, global mass matrix; x, column matrix containing the nodal 

displacement of the finite element assemblage; F, column matrix of nodal external load. 

Defining at element level the matrix e
B  relating the engineering strain components to the 

nodal values of displacement, 

                                                                 eee
xBe                                                                        (29) 

and considering the matrix relationship between engineering strains and stresses Eq. (12), the 

element stiffness matrix is then written 
e

etee dVEBBK )( . 

The elastic energy of the solid occupying the bounded domain Ω will be 

                                                           dVE ]Re[:]Re[
2
1

0 εσ                                               (30) 

For the discretized domain, the energy at element level is yielded by inserting Eq. (29) and 

(12) into the matrix form of Eq. (30). The elastic energy of the finite element assemblage will 

be the sum of the element energies. Then, 

                                                             ]Re[]Re[
2
1 xKx

tE                                                   (31) 

1.2.1 Energy-orthogonal decomposition 

The matrix relating the engineering strain components to the nodal values of displacement 

at element level Eq. (29) is partitioned into mean and deviatoric components, e

d

ee
BBB  ,  

where 
e

eee dVV BB  and eee

d BBB  . The element stiffness matrix is then written, 

                                                                
e

h

e

b

e
KKK                               (32) 

where: 
e

etee

b dVBEBK )( , basic stiffness matrix; 
e

e

d

te

d

e

h dVEBBK )( , higher order 

stiffness matrix. 

In this case it is said that the element stiffness matrix is decomposed in energy-orthogonal 

form [10]. The concept of energy-orthogonal stiffness matrix regarded in this paper was 

explicitly introduced in the context of the linear elasticity by Bergan and Nygärd within the 

framework of the Free Formulation [11], and by Felippa within the framework of the 

Parametrized Variational Principles [12]. 

The decomposition in Eq. (32) holds for the complete model whenever e

bK  and e

hK  are 

independently assembled, 

                                                                
hb KKK                               (33) 

Inserting Eq. (33) into Eq. (31), we obtain the basic and higher order elastic energies of the 

finite element assemblage. 

1.2.2 Stationary waves 

For a stationary wave, the amplitude of displacement is a real-valued vector. Then, from Eq. 

(31), the period-averaged elastic energy for the discretized domain will be 

                                                 xKxxKx ~~)2(cos~~
4
1

1

0

2

2
1 tt dE                                       (34)        

where: Tt , 10   , dimensionless time; x~ , column matrix containing the real nodal 

amplitudes of displacement. 
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By introducing the decomposition in Eq. (33) into Eq. (34) we obtain the basic and higher 

order period-averaged elastic energies. The latter component will be 

                                                              xKx ~~
4
1

h

t

hE                                                              (35) 

1.3 Scope of research 

In this contribution the dispersion properties and the density of period-averaged elastic 

energy are computed for non-dispersive plane harmonic waves in unbounded plane-strain solids 

and unbounded generalized plane-stress plates discretized by regular meshes of energy-

orthogonal finite elements. Given the mesh, in the limit of long wavelength, although the elastic 

energy density does not vanish, its higher order component does vanish. Similarly, given the 

wavelength, as the solution converges on account of mesh refinement, the elastic energy density 

is increasingly dominated by its basic component. The above heuristic argument motivates to 

research the relationship between the higher order elastic energy and the elastic energy error in 

order to explore the behaviour of this energy component as an error indicator. To be precise, by 

the dispersion analysis, an averaged correlation between the percentage of higher order elastic 

energy and the elastic energy error will be yielded versus the Poisson’s ratio for both 

longitudinal and shear waves. The use of both correlations as reference to apply the higher order 

elastic energy as an error indicator for the elastic vibration modes computed by the finite 

element method will be explored. A similar correlation has been proposed for acoustic waves 

in fluid media [13]. Arguments to support the higher order energy as an error indicator in the 

context of the linear elasticity have already been established [12]. 

2 DISPERSION ANALYSIS 

2.1 Characteristic equations 

The unbounded plane-strain solid and the unbounded generalized plane-stress plate are 

discretized by a regular mesh of finite elements. Two different standard isoparametric finite 

elements are considered [14]: the eight nodes quadrilateral with parallelogram geometry QU8, 

and the six nodes triangle with isosceles geometry TR6, Fig. 1. The nodal lattice formed by the 

finite element assemblage has three and four nodes per unit cell, respectively. Different meshes 

with the same element area are yielded by the aspect ratio parameter γ, where 0 <  ≤ 1; 

additionally, for the QU8 element, the skew angle β also can be selected, where 0 ≤ β < 90º. 

The finite element analysis will be performed by using the rectangular coordinate system XY. 

 

Figure 1: Regular mesh of eight nodes quadrilateral elements and regular mesh of six nodes triangular elements 

with unit cells 

X 

Y 
 

 

β 

X 

Y 
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For uniform plane harmonic waves, 

                                                   
),(),sin,(cos

)exp(ˆ)(~

yx

iA





rn

rnaru




                                                  (36) 

where: A, amplitude of the wave; â , polarization vector, unit vector indicating the direction of 

the particle displacement; n, wave normal, unit vector indicating the direction of the wave 

propagation; , angle of wave propagation, 0 ≤ θ ≤ 180º; c  2 , wave number; , 

wavelength; c, phase speed of the continuum. 

For the longitudinal plane waves the displacements are in the direction of the wave normal, 

na ˆ , and only normal stresses act along the wave front; nevertheless, for the shear plane 

waves, the displacements are perpendicular to the wave normal, 0ˆ  na , and only shearing 

stresses act along the wave front.  

For a plane elastic wave Eq. (36) the density of period-averaged elastic energy can be 

computed by the equation [15]  

                                                               22

4
1

0 AE                                                                 (37) 

The characteristic equations can be found assuming harmonic waves Eq. (36) with different 

amplitudes in each node of the unit cell, 

                                                 NjiAj ,,1),exp(ˆ~  rnau                                           (38) 

where: N, number of nodes per unit cell. 

Inserting the solutions Eq. (38) into the homogeneous part of Eq. (28), the characteristic 

equation for each node of the unit cell is yielded by equilibrium of nodal forces into the direction 

of the particle displacement [16], 

                                                          0ˆˆ 2  aFaF MK                                                         (39) 

where: KF , nodal force associated to the global stiffness matrix; MF , nodal force associated to 

the global mass matrix. 

By considering Eq. (39) for each node of the unit cell, a homogeneous system of N algebraic 

equations is formed, 

                                                     
NjiAz jij ,,1,,0 

 0ZA
                                                   (40) 

                                                 ),,(),,,( 2
δδ  mbmaz ijijij                                           (41) 

                                                  )2(,2 cbbbm                                          (42) 

where: m, dimensionless wave number, 0 < m < 1; b, half of the element size;  , dimensionless 

frequency of the discretized elastic domain; ),( δ  form parameters for the QU8 element, 

or )(δ  form parameter for the TR6 element.    

In this procedure, by considering Eq. (14) for the plane-strain solid and Eq. (18) for the 

generalized plane-stress plate, the global stiffness matrix has been expressed in the suitable 

form  

                                                                 02
KK hc                                                             (43) 

where: h, thickness of the elastic domain in the Z-direction. 
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Similarly, the global mass matrix has been suitably expressed as 02)2( MM hb  

2.2 Dispersion equations 

The system of homogeneous algebraic equations given in Eq. (40) has a non-trivial solution 

only if the matrix Z is singular; that is, 

                                                           0),,,,(det  δZ m                                                      (44) 

From Eq. (44) the following polynomial equation is yielded 

                                                          1,0
0

  N

N

r

r

r cqc                                                    (45) 

where: 2q ; ),,,( δmcr , coefficients obtained from 
ija  and 

ijb , Eq. (41).  

Either of Eq. (44) and (45) is called the characteristic frequency equation for the plane wave 

propagation. The zeroes of Eq. (45) are computed in closed form as functions of its coefficients. 

Then, the components  

                                                Nkccqq Nkk ,,1),,,( 10   
                                          (46) 

or, alternatively,  

                                                  Nkmkk ,,1),,,,(  δ                                        (47) 

will be continuous functions precisely defined. Either of Eq. (46) and (47) is called the 

dispersion equations.  

Substituting Eq. (47) into Eq. (40), the wave amplitudes corresponding to the nodes of the 

unit cell are yielded for each dispersion equation. In this work, each set of linear algebraic 

equations is numerically solved by using the singular value decomposition method SVD [17]. 

The range of dimensionless wave number values where each dispersion equation represents 

the propagation of elastic waves in the discretized medium will be called the acoustical branch 

of the dispersion equation. In order to determine the acoustical branches, a preliminary 

constraint condition over the dimension of the null space of Z must be imposed,  

                                                                 1)(dim ZN                                                            (48) 

The constraint condition Eq. (48) implies that the subspace of solutions to Eq. (40) must be 

one-dimensional. In this case the vector of wave amplitudes A is arbitrary to the extent that a 

scalar multiple of it is also a solution. Then the following constraint conditions are imposed, 

                                             NjmAA j ,,2,0),,,(;11  δ                                      (49) 

                                                               0)( ,,  δ m                                                       (50) 

In molecular physics, condition Eq. (49) is called the restriction of the lattice spectrum to 

the acoustical branch [18]. Obviously, if the constraint condition Eq. (48) is not imposed, the 

constraint condition Eq. (49) is meaningless.  

From Eq. (42) we obtain both the phase velocity and group velocity of the discretized 

medium, 

                                                            mccd  1)2(                                                        (51) 

                                                  mcc gdg    1

, )2(                                        (52) 
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where: 
gc , group velocity of the continuum. 

From Eq. (52), the constraint condition Eq. (50) is equivalent to 

                                                                   0, dgc                                                                       (53) 

It can be proven that for general periodic motion the energy propagates with the group 

velocity [2]; therefore, the constraint condition Eq. (53) imposes that the energy propagates into 

the wave direction. From this point, for each dispersion equation only the acoustical branch will 

be considered. This one represents the physically admissible solution for mechanical wave 

propagation.  

It must be recall that the group velocity of the continuum will be equal to the phase velocity 

because the waves propagate non-dispersively. Nevertheless, for the dispersive discretized 

medium the group velocity will be different from the phase velocity; therefore, the velocity of 

energy transport will be different from the phase velocity. As a consequence, when we consider 

the numerical dispersion associated with the finite element spatial discretization, not only the 

effect over the phase velocity must be analyzed but also the effect over the group velocity or 

velocity of energy transport.  

2.3 Elastic energy at the unit cell 

From Eq. (31), (42) and (43) the elastic energy at the unit cell over a period will be  

                  )]2exp(
~

Re[)]2exp(~Re[)2()( 022

2
1  iihbE t  Gx                     (54) 

where: )2exp(
~ 00 i GG , column matrix of forces at the nodes of the unit cell, obtained 

from the stiffness matrix 0
K  defined in Eq. (43).  

From Eq. (54), the density of period-averaged elastic energy is computed, 

                       
1

0

02

4
1 )]2exp(

~
Re[)]2exp(~Re[)(  diiCE t

Gx                     (55) 

where: 2C  for the QU8 element, and 34C  for the TR6 element. 

From the decomposition Eq. (33), the density of period-averaged elastic energy Eq. (55) can 

be partitioned as addition of basic and higher order components. The latter component will be 

                     
1

0

02

4
1 )]2exp(

~
Re[)]2exp(~Re[)(  diiCE h

t

h Gx                    (56) 

From Eq. (56) and (55), the percentage of period-averaged higher order elastic energy can 

be defined as 

                                              ),,,(, δmeeEEe hhhh                                                   (57)  

2.4 Indicators of discretization error 

By considering Eq. (51) and (52), the indicators of the dispersion associated with the spatial 

discretization that is introduced by the finite element model are defined as 

                                   ),,,(,)2( 1
δ meemcce ppdp  

                                     (58) 

                               ),,,(,)2( 1

, δ meemcce gggdgg                                  (59) 

These indicators consider the effect of the spatial discretization on the wave velocity and the 

velocity of energy transport, respectively. 
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From Eq. (55) and (37), the percentage indicator of elastic energy error associated with the 

spatial discretization that is introduced by the finite element model is defined as 

                                           ),,,(,1)( 0 δ mEE                                                 (60) 

2.5 Numerical research 

Three different meshes having the same element area will be considered both for the QU8 

element and the TR6 element. Specifically, Fig. 1: 

Q1: square section; 1 , 0 . 

Q2: rectangular section with aspect ratio 1:2; 21 , 0 . 

Q3: skewed section; 1 , º45 . 

T1; triangular section of equilateral geometry, 1  . 

T2; triangular section of right geometry, 312  . 

T3; triangular section with angle of 30º opposite to the base, 3º75tan2  . 

The indicators Eq. (57) - (60) are computed versus dimensionless wave number for different 

directions of wave propagation and different values of Poisson´s ratio.  

For the unbounded plane-strain solid discretized by the mesh QU8-Q1 and P-waves the 

indicator of dispersion Eq. (58) is plotted versus dimensionless wave number for two directions 

of wave propagation in order to represent the anisotropy induced by the spatial discretization, 

Fig. 2. A discontinuity in phase velocity is observed. In this case the discretized solid medium 

acts like a band-pass filter [16]. This discontinuity was already described by Brillouin [18] for 

lattices consisting of different particles.  

 

Figure 2: Indicator of dispersion for phase velocity versus dimensionless wave number. 

For the unbounded plane-strain solid discretized by the mesh QU8-Q2 and S-waves the 

indicators Eq. (60) and (57) are plotted versus dimensionless wave number for three directions 

of wave propagation, Fig. 3 and 4. It is observed that the elastic energy error vanishes both as 

the mesh is refined and in the limit of long wavelength, as it is expected. Similarly, the density 

of higher order elastic energy also vanishes both as the mesh is refined and in the limit of long 

wavelength. This latter behaviour is also expected because the strain field inside each element 
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becomes uniform. As a conclusion, the dispersion analysis reveals that the higher order elastic 

energy behaves as an error indicator.  

 

Figure 3: Indicator of elastic energy error versus dimensionless wave number. 

 

Figure 4: Percentage of higher order elastic energy versus dimensionless wave number. 

In this paper an averaged correlation between the percentage of higher order elastic energy 

and the elastic energy error is pursued. As a first step, from Eq. (57) and (60), a mapping 

between the elastic energy error and the percentage of higher order elastic energy is defined, 

                                                             ),,,( δ he                                                         (61) 

For the unbounded plane-strain solid discretized by the mesh QU8-Q2 and S-waves the 

mapping Eq. (61) is plotted in Fig. 5 for three directions of wave propagation. Similarly, for the 

unbounded generalized plane-stress plate discretized by the mesh TR6-T3 and PL-waves the 

mapping Eq. (61) is plotted in Fig. 6 for three directions of wave propagation. In both cases it 
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is observed that, for moderate values of percentage of higher order elastic energy, this mapping 

could be approximated by the following cubic correlation, 

                                                          
2)( hh eBeA                                                         (62) 

 

Figure 5: Percentage of elastic energy error versus percentage of higher order elastic energy for QU8 element. 

 

Figure 6: Percentage of elastic energy error versus percentage of higher order elastic energy for TR6 element. 

As a second step, for each of the elements considered, two values of percentage of higher 

order elastic energy Eq. (57) are selected as reference ones,    

                                                20.010.0:8 21  hh eeQU                                                 (63) 

                                                 09.0045.0:6 21  hh eeTR                                                 (64) 

From Eq. (57), (63) and (64), the first and the second reference dimensionless wave number 

are defined for each of the elements considered,  
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                                                          ),,(11 δmfm                                          (65) 

                                                          ),,(22 δmfm                                                              (66)  

The mean values of Eq. (65) and (66) are computed on the range of propagation angle for 

each of the test meshes considered and four values of Poisson´s ratio. Mesh averaging of these 

mean values are displayed for the element QU8 in Table 1 and for the element TR6 in Table 2. 

The above mesh-averaged values of the first and the second reference dimensionless wave 

number roughly correspond to six and four elements per wavelength, respectively. 

   QU8   

   = 0.45  = 0.33  = 0.25  = 0.05 

Mm1  P 

S 

PL 

SH0 

0.1740 

0.1742 

0.1743 

0.1750 

0.1742 

0.1749 

0.1743 

0.1749 

0.1743 

0.1749 

0.1744 

0.1749 

0.1744 

0.1749 

0.1744 

0.1749 

Mm2  P 

S 

PL 

SH0 

0.2526 

0.2537 

0.2536 

0.2557 

0.2535 

0.2557 

0.2539 

0.2558 

0.2539 

0.2558 

0.2540 

0.2558 

0.2542 

0.2557 

0.2542 

0.2557 

Table 1: Mesh averaging of the mean values of the first and the second reference dimensionless wave number. 

Element QU8. 

   TR6   

   = 0.45  = 0.33  = 0.25  = 0.05 
Mm1  P 

S 

PL 

SH0 

0.1663 

0.1651 

0.1662 

0.1661 

0.1662 

0.1661 

0.1662 

0.1662 

0.1662 

0.1662 

0.1662 

0.1662 

0.1662 

0.1663 

0.1662 

0.1663 
Mm2  P 

S 

PL 

SH0 

0.2408 

0.2373 

0.2403 

0.2402 

0.2403 

0.2401 

0.2403 

0.2403 

0.2403 

0.2403 

0.2403 

0.2404 

0.2402 

0.2404 

0.2402 

0.2404 

Table 2: Mesh averaging of the mean values of the first and the second reference dimensionless wave number. 

Element TR6. 

As a third step, from Eq. (60), (65) and (66), the first and the second reference value of 

percentage of elastic energy error are defined for each of the elements considered,  

                                                               ),,(11 δ f                                                    (67)  

                                                               ),,(22 δ f                                                       (68) 

where: ],0(,)( 1max1 mmm    and ],0(,)( 2max2 mmm    

From Eq. (58), (65) and (66), and from Eq. (59), (65) and (66), reference values can be also 

defined for the indicators of dispersion associated with the phase and group velocities, 

respectively. For the second reference values,  
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                                                            ),,(22 δepp fe                                                         (69)  

                                                            ),,(22 δegg fe                                                         (70)  

As a fourth step, the root-mean-square values of Eq. (67) and (68) are computed on the range 

of propagation angle,  

                                                        


 
0

2

1
1

1 ),( dRMS
δ                                                 (71) 

                                                        


 
0

2

2
1

2 ),( dRMS
δ                                                  (72) 

The integrals in Eq. (71) and (72) are computed, for each of the test meshes considered and 

four values of Poisson´s ratio, by a step of π/180 for the propagation angle. Mesh averaging of 

these root-mean-square values are displayed for the element QU8 in Table 3 and for the element 

TR6 in Table 4. By linear interpolation, the above mesh-averaged values can also be obtained 

for other values of Poisson´s ratio. 

   QU8    
  = 0.45  = 0.33  = 0.25  = 0.05 

RMS

1  P 

S 

PL 

SH0 

0.004907 

0.003949 

0.003788 

0.003048 

0.003870 

0.003105 

0.003593 

0.002921 

0.003598 

0.002924 

0.003484 

0.002859 

0.003270 

0.002758 

0.003268 

0.002757 

RMS

2  P 

S 

PL 

SH0 

0.027761 

0.015603 

0.018198 

0.012070 

0.018764 

0.012300 

0.016872 

0.011567 

0.016904 

0.011578 

0.016152 

0.011324 

0.014755 

0.010960 

0.014739 

0.010957 

Table 3: Mesh averaging of the root-mean-square values of the first and second reference percentage of elastic 

energy error. Element QU8. 

   TR6    
  = 0.45  = 0.33  = 0.25  = 0.05 

RMS

1  P 

S 

PL 

SH0 

0.008718 

0.005068 

0.005851 

0.004504 

0.006019 

0.004547 

0.005473 

0.004405 

0.005483 

0.004407 

0.005279 

0.004354 

0.004930 

0.004269 

0.004926 

0.004268 

RMS

2  P 

S 

PL 

SH0 

0.037094 

0.019529 

0.024527 

0.018212 

0.025267 

0.018347 

0.022852 

0.017897 

0.022893 

0.017904 

0.021990 

0.017729 

0.020438 

0.017441 

0.020422 

0.017438 

Table 4: Mesh averaging of the root-mean-square values of the first and second reference percentage of elastic 

energy error. Element TR6. 

As a last step, we propose to apply the cubic correlation Eq. (62) to define a mapping that 

associates an averaged value of percentage of elastic energy error to each value of percentage 

of higher order elastic energy. The coefficients A and B are solved versus the Poisson´s ratio by 
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using the mesh averaging of the root-mean-square values Eq. (71) and (72) displayed for the 

element QU8 in Table 3 and for the element TR6 in Table 4,  

                                                
2
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                                        (73) 

By considering Eq. (73) we obtain, for the element QU8 the averaged correlations, 
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                           (75) 

Similarly, for the element TR6, 
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                         (77) 

It can be observed that the averaged correlations are highly depended on the element 

considered. In each case the interval of application could be moderately extended beyond the 

upper limit of percentage of higher order elastic energy used to compute the coefficients A and 

B. From Tables 3 and 4, the following inequalities can be deduced, 
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45.005.0),,(),(
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ee
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   (79) 

Mean values of the second reference value for the indicators of dispersion associated with 

the phase and group velocities, Eq. (69) and (70), are computed, for each of the test meshes 

considered and four values of Poisson´s ratio. Mesh averaging of these mean values are 

displayed for the element QU8 in Table 5 and for the element TR6 in Table 6. 

   QU8   

   = 0.45  = 0.33  = 0.25  = 0.05 

M

pe 2  P 

S 

PL 

SH0 

1.00263 

1.00947 

1.00282 

1.00540 

1.00280 

1.00560 

1.00288 

1.00496 

1.00288 

1.00497 

1.00292 

1.00474 

1.00301 

1.00433 

1.00301 

1.00433 

M

ge 2  P 

S 

PL 

SH0 

1.01268 

1.04651 

1.01370 

1.02657 

1.01359 

1.02757 

1.01399 

1.02439 

1.01399 

1.02444 

1.01418 

1.02329 

1.01465 

1.02129 

1.01466 

1.02127 

Table 5: Mesh averaging of the mean values of the second reference value for the indicators of dispersion 

associated with the phase and group velocities. Element QU8. 
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   TR6   

   = 0.45  = 0.33  = 0.25  = 0.05 

M

pe 2  P 

S 

PL 

SH0 

1.00163 

1.00502 

1.00172 

1.00297 

1.00171 

1.00306 

1.00175 

1.00275 

1.00175 

1.00275 

1.00177 

1.00264 

1.00181 

1.00244 

1.00181 

1.00244 
M

ge 2  P 

S 

PL 

SH0 

1.00775 

1.02396 

1.00824 

1.01423 

1.00819 

1.01471 

1.00838 

1.01319 

1.00837 

1.01322 

1.00846 

1.01266 

1.00867 

1.01172 

1.00867 

1.01171 

Table 6: Mesh averaging of the mean values of the second reference value for the indicators of dispersion 

associated with the phase and group velocities. Element TR6. 

2.6 Substitute wave field 

It is clear that the harmonic elastic waves cannot be exactly captured by a regular mesh of 

finite elements QU8 or TR6. This fact is a consequence of the element interpolation which is 

quadratic. A substitute wave field [19] or alias field [20] has been obtained in the discretized 

unbounded medium by performing a dispersion analysis in terms of the allowable polarizations 

of the continuum. The substitute wave field is obtained by collocating Eq. (38) in each node of 

the unit cell. The assumption of different amplitudes is introduced because the equation of 

equilibrium is different for each node. The analysis yields the relative wave amplitudes and the 

dispersion relation under which the alias field may propagate in the discretized medium. The 

alias wave field will be  

                                                                iiS

a N uu ~~
,                                                           (80) 

where: 
iu~ , the values of Eq. (38) at the nodes; iSN , , the nodal shape functions. 

2.7 Influence of the Poisson´s ratio 

2.7.1 Elastic energy error 

For a plane-strain solid and longitudinal waves (P), by considering the Hooke`s law Eq. (5), 

the denominator in Eq. (2) suggests that significant numerical errors in the stresses could be 

expected when the Poisson´s ratio approaches the one half value, which can happen for the so-

called almost incompressible solids, because the Lamé constant increases indefinitely. The very 

small volumetric strain, approaching zero in the limit of total incompressibility, is determined 

from derivatives of displacements, which are not as accurately predicted as the displacements 

themselves. Any error in the predicted volumetric strain will appear as a large error in the 

stresses, and this error will in turn significantly increases the elastic energy error. Similarly, for 

transverse shear waves (S), the alias wave field Eq. (80), which has different amplitude in each 

node of the unit cell, could produce spurious volumetric strain that also would significantly 

increase the elastic energy error when the Poisson´s ratio approaches the one half value. This 

behaviour is the well-known dilatational locking [21, 20], and its effect on elastic energy error 

is clearly observed in the results displayed in Tables 3 and 4.  

For a generalized plane-stress plate, by considering the Hooke`s law Eq. (7), when the 

Poisson´s ratio approaches the one half value and the Lamé constant increases indefinitely, the 

constant Eq. (8) also increases but non-indefinitely; therefore, although the elastic energy error 
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increases when the Poisson´s ratio approaches the one half value, the effect of dilatational 

locking must not be expected, see Tables 3 and 4.  

As conclusion, it is clearly observed that the volumetric strain error must have a prevailing 

effect on the elastic energy error, increasing the elastic energy error for the longitudinal waves 

versus the one for the shear waves, Eq. (78). The difference between them is all the greater as 

the Poisson´s ratio is greater, in accordance with the inequality Eq. (79).   

2.7.2 Indicators of dispersion 

For a plane-strain solid and P-waves, the system of characteristic equations Eq. (40) is 

formed by using the dimensionless elasticity matrix Eq. (15). The non-constant components in 

this matrix are weakly depended on the Poisson´s ratio, Fig. 7. Then, it is expected that the 

characteristic frequency equation Eq. (45) would be also weakly depended on the Poisson´s 

ratio and so the dimensionless frequencies computed would be. However, for the S-waves, the 

system of characteristic equations Eq. (40) is formed by using Eq. (16). The non-constant 

components in this matrix increase indefinitely when the Poisson´s ratio approaches the one 

half value, Fig. 7. Then, by considering Eq. (41), it would be expected a significant increase in 

the computed values of the coefficients associated to the global stiffness matrix and therefore a 

corresponding increase in the computed values of dimensionless frequency. The effect of this 

behaviour on the indicators of dispersion Eq. (58) and (59) is clearly observed in the results 

displayed in Tables 5 and 6. The value of each indicator for the S-waves is greater than the one 

for the P-waves and the difference between them is all the greater as the Poisson´s ratio is 

greater, as it would be expected.  

Similar arguments can be used for a generalized plane-stress plate. In this case, the 

dimensionless elasticity matrices Eq. (19) and (20) have non-constant components which are 

weakly depended on the Poisson´s ratio, Fig. 8; nevertheless, the ones corresponding to the 

SH0-waves are greater than the ones corresponding to the PL-waves and the difference between 

them is all the greater as the Poisson´s ratio is greater. The effect of this behaviour is also clearly 

displayed in Tables 5 and 6. 

 

Figure 7: Dimensionless elasticity matrix. Non-constant components for plain strain versus the Poisson´s ratio. 
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Figure 8: Dimensionless elasticity matrix. Non-constant components for generalized plain stress versus the 

Poisson´s ratio. 

3 MODAL ANALYSIS 

3.1 Introduction 

By considering the homogeneous part of Eq. (28) and assuming stationary waves, it is 

yielded the so called generalized eigenproblem [21], 

                                                            0ψMK  ~)( 2                                                             (81) 

Nontrivial solutions exist only if the determinant of the coefficient matrix is equal to zero,  

                                                            0)det( 2  MK                                                          (82) 

The above Eq. (82) leads to a polynomial of order n in 
2  that possesses, in general, n 

distinct roots. These roots, denoted by  

                                                            njj ,,1,2                                                         (83) 

are called eigenvalues. Their square roots are the finite element natural frequencies.  

Associated with each eigenvalue Eq. (83) there is an n-dimensional vector whose elements 

are real numbers. The vector can be obtained by using Eq. (81) as follows, 

                                                         0ψMK  jj
~)( 2                                                         (84) 

where the vector 
jψ~ is known as an eigenvector or modal vector.  

In this research the generalized eigenproblem has been solved by the subspace iteration 

method [21]. The eigenvector and the element interpolation functions shape the finite element 

natural mode. As the finite element mesh is refined and discretization error decreases, both the 

finite element natural frequencies and the finite element natural modes must converge to the 

eigenvalues and the eigenfunctions associated with the differential equation of motion and its 

boundary conditions [22]. 

An important relation fulfilled by the eigenvectors is that of M-orthonormality, 
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                                                              ijj

t

i ψMψ ~~                                                            (85) 

where: ij , Kronecker delta.   

Premultiplying Eq. (84) by t

iψ
~  and using Eq. (85), it is yielded 

                                                             
2~~
jijj

T

i ψKψ                                                         (86) 

Finally, by introducing Eq. (86) into Eq. (34), the following expression for the modal elastic 

energy is yielded 

                                                        njE jj ,,1,2

4
1                                                      (87) 

3.2 Numerical research 

In this section the application of the percentage of higher order elastic energy as an error 

indicator for the natural modes computed by the finite element method is investigated. This 

percentage will be evaluated by Eq. (34) and (35). An estimation of the error for the modal 

elastic energies obtained with the discretized elastic domain will be presented. The reference 

model will be produced by dividing each element of the actual mesh into sixteen elements. The 

elastic energies obtained with the actual model and the ones obtained with the reference model 

will be compared by the modal elastic energy error 

                                                           1)(  REFEEEEE                              (88) 

where E and REFE  are defined by Eq. (34). By considering Eq. (87), the modal elastic energy 

error Eq. (88) can be evaluated as 

                                                         1)( 2  REFEEE                                                       (89) 

In order to investigate the behaviour of the higher order elastic energy as a modal error 

indicator, the application of the averaged correlations, Eq. (74) - (77), yielded by the numerical 

dispersion analysis, between the percentage of higher order elastic energy and the elastic energy 

error is explored. For a plane-strain solid, the elastic energy error estimated by the P and S 

averaged correlations, Eq. (74) for QU8 element and Eq. (76) for TR6 element, from the 

percentage of higher order modal elastic energy computed with the actual model, will be called 

the standard elastic energy error based on the P and S waves, SEEEP and SEEES, respectively. 

Similarly, for a generalized plane-stress plate, the elastic energy error estimated by the PL and 

SH0 averaged correlations, Eq. (75) for QU8 element and Eq. (77) for TR6 element, will be 

called the standard elastic energy error based on the PL and SH0 waves, SEEEPL and SEEESH0, 

respectively. By considering Eq. (78), the standard modal elastic energy error is defined as, 

                                          
)(),(

)(),(

02
1

2
1

SHPL

SP

SEEESEEEPHESEEE

SEEESEEEPHESEEE








                                     (90) 

where: PHE, percentage of higher order elastic energy computed with the actual model. 

From Tables 3 and 4, the inequality ),(),( ba PHESEEEPHESEEE    can be deduced; 

where: 45.005.0  ba  . 

In order to compare the standard modal elastic energy error Eq. (90) with the modal elastic 

energy error Eq. (89), two typical plane-strain solids will be analyzed: earth dam discretized by 

a regular mesh of TR6 elements [23], Fig. 9; and bridge pier discretized by a quasi-regular mesh 

of QU8 elements [24], Fig. 11. Similarly, two typical generalized plane-stress plates will be 
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analyzed: cantilever shear wall discretized by a regular mesh of QU8 elements [23], Fig. 13; 

and Cook’s membrane discretized by a quasi-regular mesh of TR6 elements [25], Fig. 15. For 

the last one three different materials with increasing Poisson´s ratio are considered. It must be 

remarked that if the structure considered has an axis of symmetry, the modes can be obtained 

by idealizing a half of it and applying two combinations of boundary conditions on the axis for 

symmetric motion (S) and for antisymmetric motion (A), see reference [23]. The results of the 

analysis are displayed in Fig. 10, 12, 14 and 16 and Tables 7-10. 

 

Figure 9: Half of earth dam. E = 5.605 x 108 Pa, ν = 0.45, ρ = 2082 kg/m3. 

 

Figure 10: Earth dam. Standard modal elastic energy error SEEE versus modal elastic energy error computed by 

mesh halving EEE. Modes 1-32. 
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MODES   FR (Hz) PHE EEE SEEE PHE REF 

1 A 1.236   0.000522   0.000008 0.000001   0.000034   

2 S 1.987   0.005229   0.000126 0.000091   0.000325   

3 A 2.296   0.008874   0.000300 0.000262   0.000550   

4 A 2.919   0.008593   0.000209 0.000246   0.000537   

5 S 3.215   0.014675   0.000745 0.000720   0.000914   

6 S 3.567   0.019746   0.001061 0.001307   0.001218   

7 A 3.652   0.020730   0.001144 0.001442   0.001295   

8 S 4.222   0.014035   0.001106 0.000658   0.000873   

9 A 4.234   0.032380   0.002656 0.003542   0.001995   

10 S 4.486   0.027416   0.001973 0.002532   0.001726   

11 A 4.540   0.015450   0.000388 0.000798   0.000971   

12 S 4.980   0.035384   0.003624 0.004237   0.002199   

13 A 5.145   0.037475   0.003180 0.004759   0.002790   

14 A 5.160   0.043888   0.004773 0.006552   0.002304   

15 S 5.533   0.046500   0.005650 0.007367   0.002875   

16 S 5.797   0.038594   0.003234 0.005051   0.002473   

17 A 6.034   0.048296   0.005038 0.007955   0.003335   

18 S 6.069   0.052987   0.006918 0.009602   0.003337   

19 A 6.134   0.056985   0.007917 0.011133   0.003263   

20 A 6.415   0.043759   0.004117 0.006513   0.002828   

21 A 6.579   0.034377   0.003938 0.003997   0.002249   

22 S 6.626   0.073854   0.010825 0.018886   0.004621   

23 S 7.028   0.060433   0.007187 0.012546   0.003974   

24 A 7.055   0.053462   0.005491 0.009778   0.003429   

25 A 7.127   0.090799   0.017119 0.028830   0.005561   

26 S 7.222   0.081937   0.016236 0.023356   0.005218   

27 S 7.604   0.047281   0.006021 0.007620   0.003035   

28 A 7.715   0.063779   0.007508 0.014001   0.004258   

29 S 7.723   0.088368   0.012415 0.027268   0.005671   

30 A 7.899   0.101168   0.024466 0.036006   0.007130   

31 A 8.039   0.062396   0.006408 0.013390   0.003321   

32 S 8.194   0.085678   0.016472 0.025593   0.005629   

FR, natural frequency computed with the actual model; PHE, percentage of higher order elastic energy computed 

with the actual model; EEE, elastic energy error computed by mesh halving; SEEE, standard elastic energy error; 

PHE REF, percentage of higher order elastic energy computed by mesh halving. 

Table 7: Earth dam. Estimation of the discretization error. Modes 1-32. 
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Figure 11: Half of bridge pier. E = 40 x 109 Pa, ν = 0.15, ρ = 2400 kg/m3. 

 

Figure 12: Bridge pier. Standard modal elastic energy error SEEE versus modal elastic energy error computed by 

mesh halving EEE. Modes 1-40. 
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Figure 12 (cont.): Bridge pier. Standard modal elastic energy error SEEE versus modal elastic energy error 

computed by mesh halving EEE. Modes 41-80. 

 

Figure 12 (cont.): Bridge pier. Standard modal elastic energy error SEEE versus modal elastic energy error 

computed by mesh halving EEE. Modes 81-120. 
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MODES   FR (Hz) PHE EEE SEEE PHE REF 

1 A 15.90   0.010837   0.000444 0.000034   0.000907   

2 S 26.79   0.004623   0.000164 0.000006   0.000386   

3 A 31.97   0.014868   0.000431 0.000065   0.001137   

4 S 58.86   0.018576   0.000705 0.000101   0.001512   

5 A 71.57   0.014031   0.000403 0.000058   0.001089   

6 S 79.38   0.006482   0.000082 0.000012   0.000443   

7 A 87.13   0.012466   0.000285 0.000045   0.000912   

8 S 89.69   0.017574   0.000311 0.000091   0.001259   

9 A 103.25   0.021950   0.000480 0.000142   0.001629   

10 S 104.14   0.007174   0.000067 0.000015   0.000479   

11 S 117.92   0.017451   0.000174 0.000089   0.001177   

12 S 123.66   0.027234   0.000658 0.000219   0.002056   

13 A 127.24   0.023259   0.000226 0.000159   0.001554   

14 A 138.92   0.013091   0.000090 0.000050   0.000860   

15 A 143.06   0.029835   0.000583 0.000264   0.002170   

16 S 153.20   0.030231   0.000375 0.000271   0.002057   

17 A 156.29   0.024988   0.000156 0.000184   0.001613   

18 S 165.68   0.022446   0.000271 0.000148   0.001542   

19 A 165.84   0.040767   0.000483 0.000497   0.002771   

20 S 170.64   0.033507   0.000265 0.000334   0.002220   

21 A 178.14   0.023398   0.000226 0.000161   0.001572   

22 S 182.11   0.036819   0.000528 0.000404   0.002537   

23 A 186.98   0.022837   0.000206 0.000154   0.001515   

24 S 193.49   0.021542   0.000220 0.000137   0.001460   

25 A 195.09   0.036313   0.000347 0.000393   0.002406   

26 S 202.48   0.044920   0.000611 0.000605   0.003062   

27 A 202.73   0.037403   0.000352 0.000417   0.002487   

28 A 207.97   0.051592   0.000724 0.000803   0.003539   

29 S 210.07   0.057312   0.000621 0.000996   0.003809   

30 S 216.87   0.030490   0.000296 0.000276   0.002025   

31 A 223.79   0.038330   0.000425 0.000438   0.002532   

32 S 228.36   0.047980   0.000526 0.000692   0.003216   

33 S 230.11   0.054366   0.000671 0.000894   0.003641   

34 A 231.49   0.052977   0.000750 0.000848   0.003693   

35 A 234.27   0.033038   0.000338 0.000324   0.002205   

36 S 240.06   0.035344   0.000403 0.000372   0.002362   

37 A 246.31   0.052356   0.000848 0.000827   0.003673   

38 S 247.35   0.055403   0.000867 0.000929   0.003806   

39 A 247.53   0.049585   0.000663 0.000740   0.003293   

40 S 253.31   0.058542   0.001171 0.001040   0.004264   

Table 8: Bridge pier. Estimation of the discretization error. Modes 1-40. 
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MODES   FR (Hz) PHE EEE SEEE PHE REF 

41 A 256.32   0.075797   0.001182 0.001768   0.005140   

42 S 259.43   0.065695   0.000929 0.001317   0.004436   

43 A 261.03   0.053658   0.000945 0.000870   0.003698   

44 S 268.43   0.061682   0.000984 0.001157   0.004208   

45 A 273.92   0.062382   0.001040 0.001184   0.004379   

46 A 279.51   0.086516   0.001586 0.002323   0.005983   

47 S 280.79   0.049903   0.000737 0.000750   0.003359   

48 A 282.72   0.075127   0.001488 0.001736   0.005262   

49 S 285.94   0.048788   0.000601 0.000716   0.003290   

50 A 287.63   0.089749   0.001817 0.002507   0.006156   

51 S 288.84   0.090531   0.002408 0.002552   0.006642   

52 A 296.41   0.056752   0.000797 0.000976   0.003902   

53 S 296.85   0.077968   0.001567 0.001874   0.005517   

54 S 307.96   0.069279   0.001281 0.001469   0.004831   

55 A 308.60   0.059947   0.001109 0.001092   0.004281   

56 S 308.72   0.064432   0.001313 0.001266   0.004407   

57 A 309.55   0.092001   0.002101 0.002639   0.006432   

58 S 315.10   0.083578   0.001643 0.002163   0.005739   

59 A 319.48   0.065320   0.001342 0.001302   0.004656   

60 S 322.94   0.080844   0.001911 0.002019   0.005744   

61 A 324.53   0.084293   0.001870 0.002201   0.005912   

62 S 325.84   0.102075   0.002313 0.003274   0.007330   

63 A 327.00   0.077302   0.001661 0.001841   0.005488   

64 A 328.46   0.097755   0.002390 0.002993   0.006740   

65 S 331.48   0.106303   0.002502 0.003563   0.007333   

66 S 338.27   0.091968   0.002006 0.002637   0.006313   

67 A 343.64   0.112611   0.003110 0.004019   0.008251   

68 S 347.44   0.097600   0.002185 0.002983   0.006727   

69 S 350.85   0.082148   0.002201 0.002087   0.006124   

70 A 350.88   0.081406   0.001575 0.002048   0.005610   

71 A 353.01   0.075778   0.001781 0.001767   0.005178   

72 A 357.34   0.113835   0.002982 0.004111   0.008200   

73 S 359.73   0.110938   0.003525 0.003895   0.008354   

74 S 360.63   0.075589   0.001275 0.001758   0.005032   

75 S 365.72   0.129216   0.004282 0.005360   0.009435   

76 A 366.02   0.106311   0.002435 0.003564   0.007359   

77 A 371.50   0.156259   0.005698 0.008004   0.011536   

78 S 373.36   0.091041   0.002060 0.002582   0.006362   

79 A 375.69   0.080482   0.001598 0.002001   0.005408   

80 S 379.47   0.104977   0.003241 0.003471   0.007850   

Table 8 (cont.): Bridge pier. Estimation of the discretization error. Modes 41-80. 
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MODES   FR (Hz) PHE EEE SEEE PHE REF 

81 S 382.50   0.081658   0.001445 0.002062   0.005477   

82 A 382.53   0.096618   0.002396 0.002921   0.006797   

83 A 385.63   0.099907   0.002690 0.003131   0.007215   

84 S 393.14   0.123699   0.003575 0.004891   0.008919   

85 A 393.25   0.102855   0.002975 0.003327   0.007503   

86 S 396.98   0.106919   0.003378 0.003606   0.007597   

87 A 397.37   0.125210   0.004025 0.005018   0.009328   

88 S 398.99   0.140966   0.004900 0.006438   0.010554   

89 A 401.79   0.165861   0.006509 0.009084   0.012033   

90 A 403.46   0.114698   0.003241 0.004176   0.007852   

91 A 406.39   0.106358   0.002837 0.003567   0.007987   

92 S 407.04   0.129658   0.004849 0.005399   0.009640   

93 A 412.99   0.114120   0.003545 0.004132   0.008322   

94 S 413.48   0.129431   0.004107 0.005379   0.009198   

94 A 415.48   0.112774   0.003263 0.004031   0.007617   

96 S 418.33   0.129725   0.004815 0.005405   0.009135   

97 S 421.58   0.096085   0.002404 0.002888   0.006860   

98 A 421.82   0.101983   0.002833 0.003268   0.007309   

99 S 425.41   0.098569   0.002341 0.003045   0.006759   

100 A 429.42   0.131821   0.004598 0.005590   0.010021   

101 S 431.38   0.124019   0.004139 0.004918   0.009206   

102 A 433.42   0.150311   0.005326 0.007373   0.010895   

103 S 433.90   0.120922   0.004086 0.004664   0.009141   

104 A 436.98   0.125299   0.003735 0.005025   0.009075   

105 S 440.02   0.154896   0.006865 0.007857   0.012240   

106 S 444.36   0.141772   0.006312 0.006516   0.012018   

107 A 445.10   0.124530   0.006295 0.004961   0.011756   

108 A 447.10   0.149073   0.005863 0.007245   0.008758   

109 S 448.03   0.178314   0.007507 0.010598   0.013018   

110 A 449.54   0.124954   0.003863 0.004996   0.008696   

111 S 450.78   0.131171   0.004538 0.005532   0.008227   

112 S 454.78   0.116980   0.003294 0.004351   0.008650   

113 S 455.72   0.153316   0.005787 0.007688   0.010786   

114 A 458.28   0.152491   0.006474 0.007601   0.011373   

115 A 459.37   0.121113   0.003647 0.004680   0.008535   

116 S 460.91   0.102839   0.002545 0.003326   0.007128   

117 A 464.75   0.137726   0.004978 0.006130   0.009959   

118 A 468.41   0.141359   0.005276 0.006476   0.010834   

119 A 470.14   0.158750   0.007480 0.008277   0.012185   

120 S 471.41   0.157682   0.007425 0.008159   0.012499   

Table 8 (cont.): Bridge pier. Estimation of the discretization error. Modes 81-120. 
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MODES   FR (Hz) PHE EEE SEEE PHE REF 

121 A 471.99   0.147194   0.004995 0.007053   0.010705   

122 S 475.53   0.162324   0.007614 0.008677   0.013276   

123 S 478.27   0.173088   0.007153 0.009947   0.012727   

124 A 478.91   0.141254   0.005976 0.006466   0.011403   

125 S 481.62   0.134171   0.004815 0.005802   0.009893   

126 A 482.86   0.134865   0.004648 0.005865   0.009279   

127 S 486.12   0.189325   0.010243 0.012046   0.013706   

128 S 489.39   0.161129   0.006820 0.008542   0.011256   

129 A 490.24   0.198109   0.011994 0.013276   0.015791   

130 S 495.44   0.156066   0.006742 0.007983   0.011583   

131 A 495.94   0.170228   0.007359 0.009600   0.012443   

132 A 497.88   0.198882   0.009871 0.013387   0.015155   

133 A 500.63   0.144811   0.004780 0.006814   0.010319   

134 S 501.41   0.139267   0.005998 0.006276   0.012044   

135 S 504.52   0.147970   0.006089 0.007132   0.010935   

136 A 504.84   0.139496   0.005258 0.006297   0.009942   

137 S 506.13   0.140117   0.005130 0.006357   0.009497   

138 S 510.84   0.163425   0.007258 0.008803   0.012394   

139 A 511.43   0.168684   0.007860 0.009416   0.012466   

140 S 513.40   0.156476   0.007052 0.008028   0.012980   

141 A 513.60   0.139320   0.007587 0.006281   0.015332   

142 S 516.32   0.156590   0.007814 0.008040   0.012855   

143 A 517.33   0.205883   0.012867 0.014420   0.014351   

144 S 522.04   0.204970   0.015769 0.014283   0.017524   

145 S 522.38   0.158432   0.005432 0.008242   0.009347   

146 A 524.82   0.173084   0.007459 0.009946   0.012496   

147 A 525.99   0.251001   0.015592 0.022143   0.018187   

148 A 531.82   0.161474   0.006423 0.008581   0.011914   

149 S 532.10   0.166622   0.008715 0.009173   0.012792   

150 A 534.70   0.203808   0.011586 0.014110   0.015515   

151 S 535.09   0.174208   0.008323 0.010084   0.012926   

152 A 536.99   0.150662   0.005027 0.007409   0.010646   

153 S 540.90   0.164760   0.006852 0.008956   0.012130   

154 A 541.19   0.199098   0.010438 0.013418   0.015391   

155 A 541.97   0.168369   0.008068 0.009378   0.014395   

156 S 542.46   0.208654   0.010853 0.014841   0.016268   

157 A 546.24   0.199718   0.011177 0.013508   0.015135   

158 S 546.51   0.204861   0.013632 0.014267   0.016700   

159 S 549.88   0.196675   0.009864 0.013070   0.014015   

160 A 553.20   0.169609   0.007966 0.009526   0.012789   

Table 8 (cont.): Bridge pier. Estimation of the discretization error. Modes 121-160. 
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Figure 12 (cont.): Bridge pier. Standard modal elastic energy error SEEE versus modal elastic energy error 

computed by mesh halving EEE. Modes 121-160. 

 

Figure 13: Cantilever shear wall. E = 34.474 x 109 Pa, ν = 0.11, ρ = 568.7 kg/m3. 
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Figure 14: Cantilever shear wall. Standard modal elastic energy error SEEE versus modal elastic energy error 

computed by mesh halving EEE. Modes 1-40. 

 

Figure 14 (cont.): Cantilever shear wall. Standard modal elastic energy error SEEE versus modal elastic energy 

error computed by mesh halving EEE. Modes 41-80. 
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MODES    FR (Hz) PHE EEE SEEE PHE REF 

1 A 4.95   0.016453   0.000119 0.000078   0.001069   

2 A 25.57   0.019286   0.000245 0.000107   0.001292   

3 S 31.94   0.000299   0.000023 0.000000   0.000027   

4 A 59.33   0.023144   0.000328 0.000155   0.001568   

5 S 95.76   0.001919   0.000025 0.000001   0.000129   

6 A 96.52   0.028309   0.000390 0.000233   0.001918   

7 A 135.26   0.034517   0.000449 0.000348   0.002333   

8 S 159.28   0.005231   0.000033 0.000008   0.000338   

9 A 169.37   0.033092   0.000369 0.000319   0.002214   

10 A 189.08   0.026014   0.000267 0.000196   0.001724   

11 A 202.25   0.032400   0.000301 0.000306   0.002145   

12 S 220.64   0.012188   0.000056 0.000043   0.000780   

13 S 227.22   0.046326   0.000203 0.000632   0.002971   

14 A 229.69   0.044709   0.000599 0.000588   0.003024   

15 A 242.37   0.037004   0.000342 0.000400   0.002448   

16 S 250.38   0.021847   0.000085 0.000138   0.001389   

17 S 252.05   0.023033   0.000071 0.000153   0.001462   

18 S 253.12   0.029681   0.000068 0.000256   0.001888   

19 S 257.03   0.016589   0.000042 0.000079   0.001049   

20 S 267.95   0.048140   0.000214 0.000683   0.003120   

21 A 272.49   0.064224   0.000987 0.001230   0.004390   

22 S 286.47   0.058593   0.000461 0.001020   0.003887   

23 A 287.22   0.041427   0.000391 0.000503   0.002746   

24 S 292.82   0.026739   0.000098 0.000207   0.001709   

25 S 311.13   0.081948   0.000805 0.002029   0.005508   

26 A 313.75   0.083797   0.001428 0.002124   0.005773   

27 A 334.91   0.053250   0.000631 0.000839   0.003596   

28 S 337.51   0.096197   0.001226 0.002824   0.006576   

29 S 351.16   0.056683   0.000602 0.000953   0.003711   

30 A 352.98   0.100982   0.001816 0.003123   0.006974   

31 S 354.48   0.026471   0.000149 0.000203   0.001690   

32 S 368.40   0.102029   0.001559 0.003190   0.007056   

33 S 375.34   0.070461   0.000837 0.001487   0.004700   

34 A 381.64   0.095510   0.001847 0.002783   0.006816   

35 A 390.37   0.094463   0.001446 0.002720   0.006314   

36 S 400.59   0.106367   0.001908 0.003478   0.007472   

37 S 407.75   0.096851   0.001549 0.002864   0.006663   

38 S 418.09   0.034715   0.000252 0.000352   0.002221   

39 A 418.84   0.147473   0.003632 0.006881   0.010560   

40 A 431.06   0.073379   0.000799 0.001616   0.004930   

Table 9: Cantilever shear wall. Estimation of the discretization error. Modes 1-40. 
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MODES    FR (Hz) PHE EEE SEEE PHE REF 

41 S 435.04   0.110661   0.002208 0.003776   0.007832   

42 S 443.64   0.129303   0.002753 0.005224   0.009203   

43 A 450.18   0.142036   0.004020 0.006359   0.010283   

44 A 469.66   0.090482   0.001141 0.002488   0.006179   

45 S 471.24   0.112396   0.002336 0.003900   0.007930   

46 A 478.40   0.145618   0.004355 0.006700   0.010606   

47 S 479.99   0.156249   0.004332 0.007771   0.011945   

48 S 482.05   0.057228   0.000684 0.000972   0.003343   

49 A 485.27   0.078590   0.001373 0.001861   0.005206   

50 A 486.37   0.079230   0.001417 0.001893   0.005255   

51 A 493.13   0.084404   0.001477 0.002156   0.005651   

52 A 498.37   0.082840   0.001415 0.002074   0.005498   

53 A 500.17   0.107927   0.001814 0.003585   0.007460   

54 S 508.48   0.114092   0.002161 0.004024   0.007895   

55 A 508.65   0.116994   0.002908 0.004240   0.009037   

56 A 511.35   0.102418   0.002423 0.003216   0.006821   

57 S 516.34   0.208884   0.007029 0.014391   0.015839   

58 A 518.54   0.097682   0.001745 0.002915   0.006412   

59 A 529.26   0.131089   0.003410 0.005376   0.009266   

60 A 534.36   0.101436   0.001674 0.003152   0.006786   

61 A 542.45   0.108857   0.001760 0.003649   0.007552   

62 S 544.77   0.135741   0.003392 0.005783   0.010938   

63 S 545.74   0.065243   0.000805 0.001270   0.003980   

64 A 547.24   0.161771   0.005333 0.008362   0.012231   

65 S 552.98   0.215835   0.008042 0.015435   0.015606   

66 A 561.40   0.111529   0.002217 0.003838   0.007523   

67 A 565.74   0.155359   0.005118 0.007678   0.011218   

68 A 572.35   0.118540   0.001756 0.004357   0.008030   

69 S 579.64   0.185596   0.006544 0.011185   0.015404   

70 A 586.98   0.180757   0.006933 0.010575   0.014955   

71 S 590.86   0.201136   0.007546 0.013274   0.013963   

72 A 591.77   0.138911   0.003342 0.006069   0.009176   

73 A 599.76   0.161746   0.005454 0.008359   0.011603   

74 S 609.07   0.075817   0.001435 0.001729   0.005808   

75 A 612.19   0.123412   0.002627 0.004739   0.008479   

76 S 614.19   0.207827   0.008968 0.014236   0.016762   

77 A 623.28   0.143350   0.003206 0.006483   0.010250   

78 A 627.37   0.194610   0.008666 0.012373   0.017569   

79 S 628.04   0.198350   0.007487 0.012885   0.013861   

80 A 632.74   0.216859   0.008971 0.015592   0.014049   

Table 9 (cont.): Cantilever shear wall. Estimation of the discretization error. Modes 41-80. 
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Figure 15: Cook’s membrane.  

 

Figure 16: Cast iron Cook’s membrane. E = 97 x 109 Pa, ν = 0.22, ρ = 7850 kg/m3. Standard modal elastic 

energy error SEEE versus modal elastic energy error computed by mesh halving EEE. Modes 1-27. 
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Figure 16 (cont.): Steel Cook’s membrane. E = 206.8 x 109 Pa, ν = 0.30, ρ = 8058 kg/m3. Standard modal elastic 

energy error SEEE versus modal elastic energy error computed by mesh halving EEE. Modes 1-27. 

 

Figure 16 (cont.): Lead Cook’s membrane. E = 17 x 109 Pa, ν = 0.40, ρ = 11370 kg/m3. Standard modal elastic 

energy error SEEE versus modal elastic energy error computed by mesh halving EEE. Modes 1-27. 
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MODES  FR (Hz) PHE EEE SEEE PHE REF 

1 346.132   0.013745   0.001259 0.000437   0.001247   

2 909.875   0.006499   0.000566 0.000097   0.000569   

3 1062.797   0.013451   0.001515 0.000418   0.001283   

4 1845.525   0.021820   0.001565 0.001107   0.001760   

5 2323.024   0.007434   0.000161 0.000127   0.000499   

6 2617.116   0.027249   0.000851 0.001733   0.001803   

7 2890.739   0.012221   0.000145 0.000345   0.000782   

8 3236.238   0.031371   0.002148 0.002303   0.002477   

9 3314.401   0.034157   0.001268 0.002736   0.002295   

10 3516.025   0.022258   0.000857 0.001152   0.001531   

11 3765.953   0.036047   0.002215 0.003051   0.002749   

12 4016.542   0.059318   0.002720 0.008393   0.003976   

13 4281.442   0.032507   0.001957 0.002475   0.002427   

14 4466.175   0.025621   0.000970 0.001530   0.001756   

15 4547.503   0.039457   0.001371 0.003664   0.002678   

16 4681.169   0.074505   0.004553 0.013376   0.005127   

17 4776.150   0.050716   0.002683 0.006100   0.003640   

18 5157.877   0.049048   0.002592 0.005699   0.003541   

19 5306.036   0.054977   0.003720 0.007188   0.004233   

20 5347.399   0.080702   0.005066 0.015758   0.005075   

21 5616.426   0.065302   0.003547 0.010213   0.004459   

22 5771.265   0.060528   0.004610 0.008746   0.004905   

23 5835.224   0.062804   0.003832 0.009431   0.004267   

24 6021.726   0.108558   0.010814 0.029043   0.007910   

25 6034.291   0.061674   0.003399 0.009087   0.004133   

26 6334.453   0.056232   0.003108 0.007527   0.003898   

27 6471.491   0.085866   0.007258 0.017901   0.006564   

FR, natural frequency computed with the actual model; PHE, percentage of higher order elastic energy computed 

with the actual model; EEE, elastic energy error computed by mesh halving; SEEE, standard elastic energy error; 

PHE REF, percentage of higher order elastic energy computed by mesh halving. 

Table 10: Cast iron Cook’s membrane. Estimation of the discretization error. Modes 1-27. 

From Tables 7-10 it is observed that the percentage of higher order elastic energy decreases 

as the mesh is refined. Then, this energy component behaves as a modal error indicator. This 

result is consistent with the one obtained by the numerical dispersion analysis carried out for 

harmonic waves. From Fig. 10, 12, 14 and 16 and Tables 7-10 it is also observed that the 

standard modal elastic energy error SEEE and the modal elastic energy error EEE exhibit a 

similar evolution pattern as the modal order increases. Moreover, the standard modal elastic 

energy error SEEE generally overestimates the modal elastic energy error EEE, at least in the 

range of error that interests us. Typically it is considered that an elastic energy error around one 

per cent is an optimum upper bound to properly capture the elastic modes, at least from the 

engineering point of view. Then, by the standard modal elastic energy error SEEE, the accuracy 

of the modes computed can be confidently verified in order to select a cutoff modal order. It is 

1292



Francisco José Brito Castro 

lastly observed that for the Cook’s membrane the standard modal elastic energy error SEEE 

and the modal elastic energy error EEE generally vary in the same direction for each natural 

mode computed as the Poisson´s ratio increases; therefore, the proposed error indicator SEEE 

is suitably sensitive to the effect of the material properties on the modal error.  

MODES  FR (Hz) PHE EEE SEEE PHE REF 

1 496.825   0.013896   0.001554 0.000457   0.001366   

2 1299.225   0.006981   0.000579 0.000115   0.000605   

3 1525.337   0.013208   0.001712 0.000412   0.001346   

4 2621.953   0.021676   0.001582 0.001117   0.001765   

5 3316.006   0.008104   0.000215 0.000155   0.000553   

6 3711.761   0.026722   0.000836 0.001704   0.001769   

7 4139.941   0.012694   0.000288 0.000381   0.000850   

8 4598.899   0.028562   0.001918 0.001949   0.002272   

9 4714.153   0.037807   0.001399 0.003437   0.002507   

10 5012.325   0.022241   0.001002 0.001176   0.001579   

11 5355.102   0.037627   0.002197 0.003404   0.002832   

12 5711.405   0.058959   0.002704 0.008481   0.003944   

13 6130.546   0.033280   0.002122 0.002655   0.002510   

14 6350.745   0.030508   0.001772 0.002226   0.002225   

15 6520.358   0.042348   0.001459 0.004325   0.002882   

16 6665.786   0.065685   0.003746 0.010574   0.004400   

17 6737.023   0.052695   0.002946 0.006745   0.003820   

18 7391.597   0.059764   0.003599 0.008719   0.004469   

19 7478.430   0.061825   0.004199 0.009343   0.004203   

20 7643.847   0.064297   0.004055 0.010123   0.004313   

21 8003.109   0.071005   0.004628 0.012401   0.005018   

22 8200.629   0.067451   0.004998 0.011164   0.005142   

23 8318.532   0.054716   0.002930 0.007283   0.003911   

24 8501.179   0.102405   0.009854 0.026346   0.007283   

25 8579.712   0.066478   0.004259 0.010837   0.004464   

26 9042.387   0.058784   0.003984 0.008429   0.004279   

27 9176.123   0.087652   0.007354 0.019112   0.006520   

Table 10 (cont.): Steel Cook’s membrane. Estimation of the discretization error. Modes 1-27. 

4 CONCLUSIONS 

This paper studies the propagation of time-harmonic elastic waves in homogeneous and 

isotropic solid media discretized by energy-orthogonal finite elements. In this formulation the 

element stiffness matrix is split into basic and higher order components which are related to the 

mean and deviatoric components of the element strain field, respectively. This decomposition 

is applied both to the stiffness matrix and to the elastic energy of the finite element assemblage. 

Both plain-strain solids and generalized plain-stress plates are considered. The research is 

focused on the properties of the higher order elastic energy as an error indicator. The noteworthy 

conclusions of this paper are: 
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 By a dispersion analysis of plane harmonic waves an averaged correlation between the 

percentage of higher order elastic energy and the elastic energy error is yielded versus the 

Poisson´s ratio for both longitudinal waves and shear waves. Both the longitudinal wave 

correlation and the shear wave correlation are highly depended on the element 

considered, the quadrilateral with eight nodes and the triangle with six nodes, and clearly 

take into account the effect of dilatational locking for the almost incompressible plain-

strain solids. 

 The use of both the longitudinal wave correlation and the shear wave correlation as 

reference to apply the higher order elastic energy as an error indicator for the elastic 

vibration modes computed by the finite element method is explored. For both plain strain-

solids and generalized plain-stress plates discretized by quasi-regular meshes, the 

numerical research reveals that by averaging both correlations the accuracy of the finite 

element model can be confidently verified in order to select a cutoff modal order for 

moderate values of elastic energy error. 

The application of the proposed procedure to more complex media is subject of research. 

MODES  FR (Hz) PHE EEE SEEE PHE REF 

1 119.392   0.014148   0.001988 0.000491   0.001537   

2 309.871   0.007537   0.000599 0.000139   0.000647   

3 366.925   0.013087   0.002007 0.000420   0.001448   

4 622.153   0.021519   0.001625 0.001142   0.001775   

5 789.232   0.009151   0.000283 0.000205   0.000632   

6 878.453   0.025972   0.000830 0.001669   0.001720   

7 993.969   0.014688   0.000870 0.000529   0.001149   

8 1092.650   0.025671   0.001288 0.001630   0.001906   

9 1120.384   0.040136   0.001654 0.004026   0.002684   

10 1199.901   0.022931   0.001114 0.001298   0.001651   

11 1269.524   0.038641   0.002172 0.003728   0.002870   

12 1354.212   0.058034   0.002736 0.008523   0.003886   

13 1472.601   0.040264   0.002631 0.004052   0.002992   

14 1498.577   0.035235   0.002440 0.003092   0.002640   

15 1570.434   0.059941   0.003399 0.009105   0.004222   

16 1584.053   0.055970   0.003192 0.007916   0.004007   

17 1608.071   0.036834   0.001445 0.003383   0.002379   

18 1755.181   0.050535   0.002996 0.006429   0.003681   

19 1762.480   0.087788   0.006413 0.019908   0.006018   

20 1844.355   0.052128   0.003584 0.006849   0.003706   

21 1892.027   0.076996   0.006096 0.015201   0.005690   

22 1956.401   0.068711   0.004269 0.012037   0.004927   

23 1988.611   0.079723   0.007608 0.016327   0.006424   

24 2007.375   0.074984   0.005219 0.014397   0.004511   

25 2041.420   0.068488   0.005004 0.011957   0.004705   

26 2152.557   0.073579   0.006975 0.013849   0.005699   

27 2186.479   0.104824   0.010685 0.028714   0.008277   

Table 10 (cont.): Lead Cook’s membrane. Estimation of the discretization error. Modes 1-27. 
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Abstract. The standard explicit time scheme (e.g. the central difference method) in finite
element analysis is not able to keep accuracy of stress distribution through meshes with different
local Courant numbers for each finite element. Therefore in this paper, we suggest and test
a two-time step explicit scheme with local time stepping for direct time integration in finite
element analysis of wave propagation in heterogeneous solids. The nominated two-time step
scheme with the diagonal mass matrix is based on the modification of the central difference
method with pullback interpolation and local time stepping. It means that we integrate stress
situation on each finite element with local stable time step size. With local time stepping, it
is possible to track more accurately a movement of wavefronts for finite element meshes with
different local Courant numbers. We present numerical examples of one-dimensional wave
propagation in layered and graded elastic bars under shock loading. Based on numerical tests,
the presented time scheme is able to eliminate spurious oscillations in stress distribution in
numerical modelling of shock wave propagation in heterogeneous materials.
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1 INTRODUCTION

Nowadays, in industrial and engineering applications, number of usages of functionally
graded materials (FGM) and materials made of additive manufacturing technology grows up.
The reason is that manufacturing processes and tools are available and financially attractive for
a wider range of users. Generally, functionally graded materials and materials of light-weight
optimized structures offer many advantages in real problems in comparison with conventional
materials [1].

In this paper, we focus only on numerical solution of wave propagation in an elastic hetero-
geneous bar and on accuracy analysis of a nominated explicit scheme in finite element analysis.
Wave propagation in functionally graded materials has been analyzed in [2]. Advanced mod-
elling technique of such heterogeneous materials based on the finite volume method has been
published in [3]. As we know, the standard explicit time scheme (e.g. the central difference
method) in finite element analysis is not able to keep accuracy of stress distribution through
meshes with different local Courant numbers for each finite element [4]. The reason is that
the smallest local time step size dictates the stability limit and at the place with substantially
different time step sizes, the wavefront movement is polluted by dispersion errors of the finite
element method (FEM) [5]. Therefore, it is necessary to develop a scheme respecting differ-
ent wave speeds, mesh sizes and local critical time step sizes. This phenomenon means a big
trouble for numerical methods, because wave speed affects stability limit for explicit schemes.
Several numerical approaches for elimination of spurious oscillations in heterogeneous media
have been developed, as the Park method [4, 6] based on pullback interpolation or the Idesman
method based on post-processing filtering [7].

2 AN EXPLICIT TIME SCHEME WITH LOCAL TIME STEPPING:
ONE DIMENSIONAL CASE

In this Section, we present a time scheme with local time stepping for modelling of one-
dimensional wave propagation in heterogeneous solids. The finite element method [8] based
on the Galerkin approximation method with linear shape functions is used. Further, the global
mass matrix of lumped type M and stiffness matrix K are defined also with Dirichlet boundary
conditions and external loading vector f(t) for each time t ∈ [0, Tend]. We use the linear
theory of elastodynamics [9], therefore the stiffness and mass matrices do not change during
computation process. Elemental quantities are marked by the subscript e. The nodal elemental
displacement vector for the e-th element is marked as ue against the global nodal displacement
vector marked u.

Let’s assume that we know displacement, velocity and acceleration nodal vectors at the
time tn: un, vn, and an, respectively. We estimate the stable time step size ∆t as ∆t =
αsmin(he/ce), where αs is the safety parameter in the range (0, 9], he is the length of the e-th
finite element, ce is the wave speed of the e-th finite element of bar type. In one-dimensional
linear theory of wave propagation in solids, the wave speed at the position x is defined as
c(x) =

√
E(x)/ρ(x), where E is the Young’s modulus and ρ marks the mass density.

The nominated numerical method for wave propagation in heterogeneous materials is based
on the algorithm presented by Park in [4, 6]. This scheme has been reformulated into the
two-time step scheme in [10]. The used time stepping process is consisted of following two
computational steps for the predictor-corrector form for numerically elimination of spurious
stress oscillations close to wavefront and dispersive properties of the finite element method [5]
as follows:
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STEP 1. Pull-back integration with local stepping:
1a) Integration by the central difference scheme with the local (elemental) critical time step

size ∆tcre for each finite element at the time tn+cr = tn + ∆tcre

(un+cr
fs )e = un

e + ∆tcre v
n
e +

1

2
(∆tcre )2an

e (1)

(an+cr
fs )e = (Me)

-1 [fn+cr
e −Ke(u

n+cr
fs )e

]
(2)

The elemental critical time step size ∆tcre is set as ∆tcre = he/ce or ∆tcre = 2/ωe
max, where

ωe
max is the maximum eigen-angular velocity for the e-th separate finite element.

1b) Pull-back interpolation of local nodal displacement vectors at the time tn+1 = tn + ∆t
with α = ∆t/∆tcre , β1(α) = 1

6
α
(
1 + 3α− α2

)
, β2(α) = 1

6
α
(
α2 − 1

)
(un+1

fs )e = un
e + ∆tcre v

n
e + (∆tcre )2β1a

n
e + (∆tcre )2β2(a

n+cr
fs )e (3)

1c) Assembling of local contributions of displacement vector from Step 1b.

un+1
fs = L(un+1

fs )e (4)

where L is the assembly Boolean matrix.

STEP 2. Push-forward integration with averaging:
2a) Push-forward predictor of displacement vector at the time tn+1 = tn + ∆t by the central

difference scheme with the time step size ∆t.

un+1
cd = un + ∆tvn +

1

2
∆t2an (5)

2b) Averaging of the total displacement vectors at the time tn+1 = tn + ∆t form Steps 1c
and 2a for given θ = [0, 1].

un+1 = θun+1
fs + (1− θ)un+1

cd (6)

2c) Evaluation of acceleration and velocity nodal vectors at the time tn+1 = tn + ∆t.

an+1 = (M)-1 [f(tn+1)−Kun+1
]

(7)

vn+1 = vn +
1

2
(an + an+1) (8)

In the following text, we use the averaging parameter as θ = 0.5.

3 NUMERICAL TESTS

We present results of two numerical tests: elastic wave propagation in layered and graded
bars under shock loading. Stress distributions are obtained by the presented explicit scheme
with and without local stepping based on the Park method, and they are compared with results
given by the central difference method.

1299



Figure 1: A scheme of a free-fixed layered elastic bar under shock loading.

3.1 Wave propagation in layered bar

In this Section, results of numerical solution of wave propagation problem in a layered elastic
bar, see Fig. 1, are shown. The bar is consisted of twelve layers with the same lengths, which
occur in turn repeatedly as depicted in Fig. 1.

Geometrical and material parameters of the task are set as: the domain length L = 2 m,
the cross-section A = 1m2, Young’s modulus corresponding to Material 1 and Material 2 are
as E1 = 16 Pa, E2 = 1 Pa, the mass density ρ1 = ρ2 = 1 kg/m3 and the amplitude of
impact pressure σ0 = 1 Pa, thus the applied force is F = 1 N. We use computational mesh
with NNE = 240 uniform finite elements with length h = L/NNE = 0.008333 m. Time
duration of the loading is takes as T0 = 0.25 s and final time of computations is set as Tend =
1.2 s. The critical time step sizes for finite elements of Material 1 and Material 2 are given as
∆tMAT1

cr = h/c1 ≈ 0.0021 s and ∆tMAT2
cr = h/c2 ≈ 0.0083 s, respectively. In that case, the

value ∆tMAT1
cr dictates the global stability limit so we set the time step size for both tests as

∆t = 0.5∆tMAT1
cr ≈ 0.0010 s.

In Fig. 2, the stress distributions for wave propagation in the layered bar at the time t =
1.2 s are shown. Here one can see results given by the central difference method, the Park
method with and without local time stepping. The results are computed for ∆t = 0.5∆tcr,
where ∆tcr is the global critical time step size. Based on comparison of the stress distributions
along the bar, we can say that the local stepping in direct time integration is able to eliminated
spurious oscillations, which are evident in stress distributions given by the central difference
method and the original Park method without local time stepping. The cardinal improvement
and elimination of stress spurious oscillations in the bar are observed in parts with higher wave
speeds, because in that place, the wavefront movement is integrated with smaller time step size
and the results are polluted by dispersion errors.

3.2 Wave propagation in graded bar with linear distribution of elastic modulus

In this Section, results of numerical solution of wave propagation problem in a graded elastic
bar, see Fig. 3, are presented. The elastic modulus of a bar is linearly distributed along the bar,
where E1 = 16 Pa and E2 = 1 Pa and the total computational time was set as Tend = 0.75 s.
The rest of parameters of the test are the same as in the previous test for a layered bar.

In this test, also the presented explicit scheme with local time stepping produces results
without spurious oscillations, only but only small cusps on the corners of stress discontinuities
can be observed, see Fig. 4. Further, the improvement of stress spurious oscillations is evident

1300



(a)

(b) (c)

Figure 2: Stress distributions in a layered elastic bar under shock loading obtained by a) the central difference
method, b) the Park method without local stepping, c) the Park method with local stepping.

with comparison of the scheme with and without local stepping, because the nominated local
stepping process respects local critical time step size at each material point.

4 CONCLUSIONS

In this paper, we have tested the two-time step explicit scheme based on pullback interpo-
lation with local stepping for accurate tracking of elastic waves in heterogeneous media. The
layered and graded bar tests have showed accuracy of the presented scheme. The scheme is able
to eliminate spurious oscillations in numerical modelling of wave propagation problems against
explicit time integration schemes without local time stepping. In the future, we will focus on
extension the presented scheme for wave modelling in multidimensional domains.
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Figure 3: A scheme of a free-fixed graded elastic bar under shock loading.

(a)

(b) (c)

Figure 4: Stress distributions in a graded elastic bar under shock loading obtained by a) the central difference
method, b) the Park method without local stepping, c) the Park method with local stepping.
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Abstract. An efficient method for generating the mass matrix inverse is presented, which can be
tailored to improve the accuracy of target frequency ranges and/or wave contents. The present
method bypasses the use of biorthogonal construction of a kernel inverse mass matrix that re-
quires special procedures for boundary conditions and free edges or surfaces, and constructs
the free-free inverse mass matrix employing the standard FEM procedure. The various bound-
ary conditions are realized by the the method of localized Lagrange multipliers. Numerical
experiments with the proposed inverse mass matrix method are carried out to validate the effec-
tiveness proposed technique when applied to vibration analysis of bars and beams. A perfect
agreement is found between the exact inverse of the mass matrix and its direct inverse computed
through biorthogonal basis functions.
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1 INTRODUCTION

Recently, Tkachuk and Bischoff [1] presented an innovative method for constructing an in-
verse mass matrix based on Hamilton’s principle with (p,u)-variables. A key idea in their work
is the discretization of the momentum-based kinetic energy in terms of a set of biorthogonal
basis functions corresponding to the displacement basis functions. The method proposed in [1]
resorts to non-standard finite element construction with special tailoring for treating the Dirich-
let boundary terms. Hence, considerable modifications of the existing finite element software
modules are required. When one contemplates element-by-element construction of the inverse
of the global mass matrix, many degrees of freedom belong to the cross points and boundary
nodes, which implies that one has to replace the existing mass matrix routines by specially
constructed mass matrix inverse.

The present method, while employing the same momentum-velocity formulation as adopted
in [1] only as a formulation vehicle, utilizes standard FEM procedures, thus alleviates the special
treatments associated the use of biorthogonal construction and mass matrix modification via a
penalty procedure.

2 BASIS FOR CONSTRUCTING INVERSE MASS MATRIX VIA THE LOCALIZED
LAGRANGE MULTIPLIERS

The prevailing practice for computing the mass matrix M in the finite element method is to
use a bilinear form of the system kinetic energy T , viz.,

T =

∫
Ω

1
2
ρv(x, t) · v(x, t) dΩ ≈ 1

2
u̇(t)TM u̇(t) (1)

where v(x, t) and u̇(t) are the continuum velocity and discrete approximate velocity, respec-
tively. Since our objective is to generate the inverse mass matrix directly, instead of employing
matrix inversion, we employ a dual form of the kinetic energy:

T =

∫
Ω

1

2ρ
p(x, t) · p(x, t) dΩ ≈ 1

2
p(t)TCp(t) (2)

where p(x, t) and p(t) are respectively the continuum and discrete approximate momentum
vectors, and C is defined as the Reciprocal Mass Matrix (RMM).

It will be shown that an inverse of the mass matrix can be obtained via:

M−1 = A−TCA−1 (3)

where A is the dual-base projection matrix, that can be transformed into a diagonal area/volume-
like matrix. Hence, the computational simplicity of obtaining an inverse of the mass-matrix via
this new route.

To this end, we invoke Hamilton’s principle for constrained elastodynamic problems. This
principle states that the path followed by a dynamic system is the one which minimizes the
action integral of the Lagrangian; condition that can be expressed using the following three-
field variational form:

δH(u,p, `) =

∫ t2

t1

δ {T (u̇,p)− U(u, `) +W (u)} dt = 0 (4)
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were δT is the virtual kinetic energy, δU the virtual elastic energy and δW the virtual work
done by the external loads, magnitudes that can be expressed:

δT =

∫
Ω

δ(1
2
p · u̇) dΩ (5)

δU =

∫
Ω

δε : σ dΩ +

∫
Γ

δ {` · (u− ub)} dΓ (6)

δW =

∫
Ω

δu · f dΩ (7)

with known displacement boundary conditions ub imposed at interface Γ by using a field of
localized Lagrange multipliers ` and external body forces per unit volume f acting on Ω.

By making use of the momentum-velocity relation (p = ρu̇) in the following identity:

1
2
p · u̇ = p · u̇− 1

2ρ
p · p (8)

we can obtain an equivalent expression for the virtual kinetic energy per unit volume:

δ
(

1
2
p · u̇

)
= δu̇ · p+ δp ·

(
u̇− 1

ρ
p

)
(9)

and finally performing an integration by parts of the second term of the last equation yields:∫ t2

t1

δu̇ · p dt = −
∫ t2

t1

δu · ṗ dt (10)

relation that can be used to eliminate the virtual velocity field from the formulation.
Introducing previous identities, (9) and (10), into the principle of stationary action (4), we

obtain the final the three-field variational form of the Hamilton’s principle for constrained elas-
todynamics:

δH(u,p, `) =

∫ t2

t1

{∫
Ω

δp ·
(
u̇− 1

ρ
p

)
dΩ−

∫
Ω

(δu · ṗ+ δε : σ) dΩ +

∫
Ω

δu · f dΩ

−
∫

Γ

δu · ` dΓ−
∫

Γ

δ` · (u− ub) dΓ

}
dt = 0 (11)

expression that will be used to derive the equations of motion.
Discretization in space of this mixed form is performed by using independent shape functions

for displacements, momenta and Lagrangian multipliers. We carry out then a standard mixed
FEM discretization with independent shape functions for the three fields:

u = Nuu, p = Npp, ` = Nλλ (12)

and introducing these approximations in (11) one obtains the following set of semi-discrete
equations:

ATu̇−Cp = 0 Momentum equation (13)
Aṗ + Bλ = r Equilibrium equation (14)

BTu− Lbub = 0 Boundary (and interface) constraints (15)

−LT
b λ = 0 Newton’s 3rd law on the boundaries (16)
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where vector r = f − f int is the external-internal forces residual, the internal forces for linear
problems are simply given by f int = Ku and the matrix components are expressed:

A =

∫
Ω

NT
u Np dΩ (17)

C =

∫
Ω

1

ρ
NT
p Np dΩ (18)

B =

∫
Γ

NT
u Nλ dΓ (19)

Lb =

∫
Γ

NT
λ Nub dΓ (20)

where A is the global projection matrix, C the global reciprocal mass matrix, B the boundary
assembly operator and Lb is the Localized multipliers assembly matrix.

Eliminating symbolically the momentum variable (p) from (13) and (14), one obtains the
classical equation of motion expressed in terms of displacements:(

AC−1AT
)
ü + Bλ = r (21)

with the mass matrix approximated as:

M = AC−1AT (22)

and observe that there must exist an inverse mass matrix (denoted as M−1) given by:

M−1 = A−TCA−1 (23)

assuming that the global projection matrix is invertible.
Since the objective of the present work is to obtain inverse mass-matrices in efficient and ac-

curate ways, one must insist on easily to invert diagonal or narrowly banded projection matrices.
This can be accomplished by diagonalizing the projection A-matrix given in (17), leaving the
task of constructing the reciprocal C-matrix efficiently and accurately.

3 CONSTRUCTION OF THE MASS INVERSE

For the calculation of the inverse mass-matrix, biorthogonal basis functions must be first
build for each particular finite element. However, basis functions are known for a limited num-
ber of elements, such as line, triangular, quadrilateral and tetrahedral elements. Therefore, we
propose a different route for the evaluation of the mass-matrix inverse that bypasses this neces-
sity through the following steps:

1. Consider all the structures as free-floating.

2. Approximate the element projection matrix Ae by a lumping of the element mass-matrix.

3. Compute the element reciprocal mass-matrix Ce from a direct inversion of the element
mass-matrix.

4. Assemble the global projection and reciprocal matrices and compute the global mass-
matrix inverse.
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5. Impose boundary conditions using localized Lagrange multipliers[2]-[3].

The first four steps of this process are described next and the last step, that is a little bit more
involved, will be analyzed in the next Section.

First, we consider an element at a time by utilizing the element mass matrices existing in
standard FEM software systems. Second, we use the element mass-matrix to approximate the
element projection matrix by diagonalization, viz.:

[Ae]ii =
1

ρe

∑
j

[Me]ij (24)

assuming that the density is constant inside the element. Third, the elemental reciprocal mass-
matrix is evaluated inverting numerically the element mass-matrix:

Ce = AT
eM

−1
e Ae (25)

where (Ae,Ce,Me) are elemental matrices, and particularly Ae is a diagonalized matrix.
Finally, we proceed with the assembly of the global reciprocal mass-matrix:

C =
ne

A
e=1

Ce (26)

and the global projection matrix:

A =
ne

A
e=1

Ae (27)

observing that as long as the elemental Ae is diagonal, so is the assembled matrix A and its
inverse. These steps permit to evaluate the inverse of the global mass-matrix through expression
(23) in an efficient way.

4 NUMERICAL RESULTS

We have assessed the performance of the present mass-matrix inverse for bar and beam
structural elements, in both free-free states and cantilevered conditions. In so doing, for the
derivation of elemental reciprocal mass-matrix Ce, we have utilized a parametrized elemental
mass-matrix expressed in the form:

Me = (1− β)Mc
e + βMl

e (28)

in which a parameter β ∈ [0, 1] is used to balance between the consistent element mass-matrix
Mc

e and the lumped element mass-matrix Ml
e. Using β = {0, 0.5, 1} the element mass-matrix

is then easily reduced respectively to the consistent mass-matrix (CMM), averaged mass-matrix
(AMM) and lumped mass-matrix (LMM). Unless otherwise stated, in the following numerical
experiments we employ AMM as a reference and compute the mass-matrix inverse using RMM
with β = 0.5 to test the proposed methodology.

4.1 Frequencies of a free-free and a fixed-free bar

In this first example, we consider a long bar of length L = 1m with a rectangular section
of width b = 0.05 m and thickness h = 0.01 m. The material of the bar is linear elastic,
with Young’s modulus E = 69 GPa and a constant density ρ = 2700kg/m3. We discretize
the bar using a uniform mesh of 40 two-node linear bar elements and compute the vibration
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Figure 1: Bar vibration problem. Frequencies for the free-free (left) and fixed-free (right) cases. Comparison of
exact frequencies and numerical frequencies obtained with: lumped mass-matrix (LMM), average mass-matrix
(AMM) and the proposed inverse mass-matrix (RMM β = 0.5).

modes of the structure with different approximations for the mass-matrix inverse. In particular,
we investigate differences in the use of the lumped mass-matrix LMM, averaged mass-matrix
AMM and the proposed mass-matrix inverse computed through RMM with β = 0.5.

The results of the eigenvalue analysis are presented in Figure 1 for two different boundary
conditions, free-free case (left) and fixed-free case (right). We start with the free-free case, by
comparing the numerical frequencies with the exact solution obtained from continuum theory.
The exact frequencies of this problem are ωexacti =

√
E/L(π/L)(i − 1) rad/sec for mode

number i = 1, . . . n and the first eigenfrequency is zero, corresponding to the horizontal rigid
body motion. We observe that the present method, utilizing the RMM, yields far better accuracy
than the LMM and approximates very well to the AMM results for all frequencies.

For the fixed-free case, we obtain very similar results. The only difference now is in the re-
striction of the rigid body motion and the shift of exact frequencies to ωexacti =

√
E/L(π/L)(i−

1/2) rad/sec for mode number i = 1, . . . n. We corroborate that the AMM and its approximation
through the RMM with β = 0.5 provides exactly the same result. This means that the present
method utilizing the inverse mass-matrix yields far better accuracy than the lumped mass-matrix
with similar computational effort.

It can also be observed that LMM produces a maximum frequency around 20% lower than
AMM, so the critical time-step for explicit time-integration can be reduced by the same amount
using a diagonal mass-matrix. Even higher gains can be obtained with selective mass scaling
techniques, maintaining at the same time the advantages in terms of accuracy of using a non-
diagonal mass-matrix.

4.2 Frequencies of a free-free and a fixed-free beam

In this second case, we consider the same beam of the previous example but now it is dis-
cretized using 20 Euler-Bernoulli beam elements with two DOFs per node, i.e., deflection and
rotation. We know that the shape functions for the Euler-Bernoulli beam require C1-continuity
for deflections and rotations, hence cubic Hermite polynomials are used as interpolation func-
tions. This means that we would need to derive biorthogonal basis functions for the Hermite
cubic shape functions in order to compute the reciprocal mass-matrix Ce from its definition
(18). As previously described, we bypass this complex derivation obtaining the projection ma-
trix Ae from the diagonalization of the element mass-matrix.
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Figure 2: Beam vibration problem. Frequencies for the free-free (left) and fixed-free (right) cases. Comparison
of exact frequencies and numerical frequencies obtained with: lumped mass-matrix (LMM), average mass-matrix
(AMM) and the proposed inverse mass-matrix (RMM β = 0.5).

In Figure 2 (left) we analyze the frequencies obtained for the free-free beam case. The exact
frequencies of this problem obtained from continuum theory are ωexacti =

√
EI/ρA(ci/L)2

rad/sec with c = {0, 0, 4.73, 7.853, 10.996, 14.137, 17.279, . . . } for mode number i = 1, . . . n
and two zero frequencies corresponding to the displacement and rotation rigid-body motions.
We solve again the problem with exact LMM and AMM inverse mass-matrices and then using
the proposed RMM with β = 0.5. Results illustrate, first, that the consistent AMM gives far
better accuracy than diagonal LMM for this particular case, specially in the high-frequency
range. Secondly, that the present RMM method utilizing the inverse mass-matrix yields the
same accuracy than the consistent AMM.

The results for the fixed-free alternative of this problem are represented in Figure 2 (right).
The exact frequencies of this case are ωexacti =

√
EI/ρA(ci/L)2 rad/sec with c = {1.875, . . . }.

Exactly the same precision is observed in the free-free and fixed-free solutions. This convinces
us to the conclusion that the proposed method for generating the inverse of mass matrices M−1

b ,
yields almost the same resonant frequencies as those obtained by the consistent mass matrices,
as evidenced from Figure 2, thus confirming the validity of the present formulation.

5 CONCLUSIONS

A new methodology for direct generation of the inverse mass-matrix for discrete finite ele-
ment equations of elastodynamics is presented, which is completely element-independent and
does not require any special treatments of the elements adjacent to the Dirichlet boundaries. In
the present method, the Dirichlet boundary conditions are handled by the method of localized
Lagrange multipliers. This process is found to be computationally efficient, because matrices
are sparse and only the factorization of a small matrix associated with the constrained DOFs is
required.

The present inverse mass-matrices have been tested for rod and beam elements, demonstrat-
ing excellent accuracy in terms of frequencies and time evolution of the DOFs obtained with
explicit time-integration methods.
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Abstract. The stability properties of the bipenalty method presented in Reference [4] is studied
in application to one-dimensional bipenalized Signorini problem. The attention has been paid
on the critical Courant numbers estimation based on Gershgorin’s theorem. It is shown that
Gershgorin’s formula overestimates maximum eigenfrequency for all penalty ratios with excep-
tion of the critical penalty ratio. Thus, smaller safer values of critical Courant numbers are
obtained in comparison with exact ones calculated from the solution of eigenvalue problem.
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1 INTRODUCTION

In dynamic transient analysis, recent comprehensive studies have shown that using mass
penalty together with standard stiffness penalty, the so-called bipenalty technique, preserves the
critical time step in conditionally stable time integration schemes. In Reference [1] the bipenalty
technique was introduced, where both penalty formulations were used simultaneously. The goal
is to find the optimum of the so-called critical penalty ratio (CPR) defined as the ratio of stiffness
and mass penalty parameters so that the maximum eigenfrequency and the critical time step are
preserved. The calculation of CPR requires an analysis of the full bipenalised problem. Owing
to mathematical difficulty, it limits the classes of elements that can be taken into account. In
order to overcome this problem, a simple relationship between the CPR of an element and its
maximum unpenalised eigenfrequency was derived in [2]. Thus, the multiple constraints and
more complex element formulations can be directly accounted for [3].

In this work, previous investigation presented in Reference [4] was followed, where the
stability of explicit contact-impact algorithm [5] using the bipenalty approach was studied. The
upper bound of the stable Courant number on the stiffness penalty and mass penalty was derived
based on the simple dynamic system with two degrees-of-freedom. It was shown that the critical
Courant number tend towards zero for the stiffness penalty approaching infinity whereas the
mass penalty was considered to be zero. On the other hand, when the penalty value was set
to the CPR, which corresponded to the maximum eigenvalue of the unpenalised system, the
critical Courant number was equal to one for the arbitrary value of the stiffness penalty. The
derived upper bound of the stability was verified by means of the simple 1D dynamic problem.
It was demonstrated decreasing the critical time step for the standard penalty method and its
preserving for the bipenalty method.

In this paper, the attention is focused on the stability properties of one-dimensional bipenal-
ized Signorini problem including application of Gershgorin’s theorem for estimation of critical
Courant numbers for explicit integration. In Section 2 the problem description adopted from
Reference [4] including governing equations for bipenalized system is briefly outlined. The
variational formulation of the contact problem for the bipenalty method is presented in Sec-
tion 2.1, followed by the finite element discretization in Section 2.2. Next, a representative
of explicit schemes—the central difference method—is discussed in Section 2.3 including the
numerical stability of this method. In Section 2.4 Gershgorin’s theorem for the estimation of
maximum eigenfrequency of the bipenalized system is derived. In Section 3, the stability prop-
erties of one-dimensional bipenalized Signorini problem are investigated including application
of Gershgorin’s theorem, folowed by concluding remarks in Section 4.

2 PROBLEM DESCRIPTION AND GOVERNING EQUATIONS

Consider two deformable bodies coming into contact with each other. Its configuration is
decribed by open domains Ω1, Ω2 with boundaries Γ1 and Γ2. A contact occurs if Γ1

⋂
Γ2 6= ∅

in the deformed state. The shared part of deformed boundaries Γc = Γ1

⋂
Γ2 is referred to

as the contact boundary. In order to identify the contact interface Γc, it is usual to introduce
the so-called normal gap function gN, which returns the closest distance between a given point
x1 ∈ Ω1 and Ω2. The normal gap function is negative if the point x1 penetrates into the body
Ω2. Otherwise it is non-negative.
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2.1 Variational formulation

It is convenient to formulate the problem in a weak sense aiming at the finite element for-
mulation of the contact-impact problem. For this purpose well-known Hamilton’s variational
principle is utilized. First, let us introduce the Lagrangian functional as

L (u, u̇) = T (u̇)− (U (u)−W (u)) (1)

where u and u̇ are the displacement and velocity vectors, respectively, and

T (u̇) =

∫
Ω

1

2
ρu̇ · u̇ dV (2)

U (u) =

∫
Ω

ψ(u) dV (3)

W (u) =

∫
Ω

b · u dV +

∫
ΓS

t · u dS (4)

are the kinetic energy, the strain energy, and the work done by external forces. Note that for
brevity the unified domains Ω = Ω1 ∪ Ω2 and Γ = Γ1 ∪ Γ2 have been introduced. Further
in these integrals, b denotes the body force vector and t is the traction vector prescribed on
ΓS ⊂ Γ; ψ denotes the strain energy function and ρ is the density.

Let us assume that the contact boundary Γc is known. Then the non-penetration condition
gN ≥ 0 can be enforced by the bipenalty method. To this end the Lagrangian functional is
amended by additional terms based on the simultaneous use of stiffness penalty εs and inertia
(mass) penalty εm. The standard stiffness penalty adds an extra term to the strain energy (3) to
enforce the zero gap on the contact boundary

Up (u) =

∫
Ω

ψ(u) dV +

∫
Γc

1

2
εsg

2
N dS (5)

The inertia penalty term can also be added to the kinetic energy (4) to enforce a zero gap rate
on the contact interface

Tp (u̇) =

∫
Ω

1

2
ρu̇ · u̇ dV +

∫
Γc

1

2
εmġ

2
N dS (6)

The penalized Lagrangian functional is now defined as

Lp(u, u̇) = Tp(u̇)− (Up(u)−W(u)) (7)

According to Hamilton’s variational principle, the unknown displacement field can be found as
the one which renders the action functional stationary

δ

∫ T

0

Lp (u, u̇) dt = 0 (8)

where δ denotes the first variation or the directional derivative in the direction of the virtual
displacement δu. Using the standard procedures one arrives at the principle of virtual displace-
ments∫

Ω

ρü · δu dV +

∫
Ω

δψ(u) dV +

∫
Γc

(εmg̈N + εsgN)δgN dS =

∫
Ω

b · δu dV +

∫
ΓS

t · δu dS (9)

which provides the base for the finite element discretization. The integrals in Equation (9)
represent the virtual work of the inertia forces, internal forces, contact forces, body forces, and
traction forces, respectively. It is worth noting that the integral of the virtual contact work are
expressed with the aid of the inertia and the stiffness penalty.
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2.2 Finite element discretization

Applying the finite element method to the variational formulation (9), the discrete problem
in the form of nonlinear ordinary differential equations is obtained as

Mü + Ku + Rc(u, ü) = R (10)

where M is the mass matrix, K is the stiffness matrix and Rc is the contact residual vector,
which is the source of the nonlinearity. Further, R is the time-dependent load vector, and u and
ü contain nodal displacements and accelerations, respectively. The element mass and stiffness
matrices are given by

Me =

∫
Ωe

ρHTH dV Ke =

∫
Ωe

BTCB dV (11)

where C is the elasticity matrix, B is the strain-displacement matrix, and the matrix H stores
the shape functions. Note that the integration is carried out over the element domain Ωe. Global
matrices are assembled in the usual fashion.

In the case of geometrically linear kinematics, the contact residual vector can be written as

Rc(u, ü) = Mpü + Kpu + fp (12)

where

Mp =

∫
Γc

εmNNT dS Kp =

∫
Γc

εsNNT dS fp =

∫
Γc

εsNg0 dS (13)

Here, Mp is the additional mass matrix due to inertia penalty, Kp is the additional stiffness
matrix due to stiffness penalty, and fp is the part of the contact force due to the initial gap g0.
The matrix N represents an operator from the displacement field u to the gap function gN

gN = NTu + g0 (14)

The particular form of the matrix N follows from the used contact discretization. For 1D case
NT = [1,−1]. Note that we also used the diagonalized version of Mp as a row-sum mass
matrix with absolute value of terms. The diagonalized matrix is necessary for the explicit time
integration, see next section.

2.3 Explicit time integration method and numerical stability

Consider the numerical time integration of the semi-discretized system (10) by the central
difference method (CDM) [7]

(Mt + Mt
p)
ut+∆t − 2ut + ut−∆t

∆t2
+ (Kt + Kt

p)ut + f tp −Rt = 0 (15)

Assuming that displacements are known at time t − ∆t and t, one can resolve unknown dis-
placements at time t + ∆t, where ∆t marks the time step size. Note, that the matrices Mt

p and
Kt

p are time-dependent because they are associated with active contact constraints. This fact
causes the system to be nonlinear.

In this paper, the following form of the central difference scheme is used for solving elasto-
dynamic problems with contact constrains
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• Given ut, u̇t−∆t/2, Rt

• For given ut analyze contact, compute gap vector g and contact forces f tp = −Kt
pu

t + f0
p

• Compute accelerations üt = (Mt + Mt
p)−1(Rt −Ktut + f tp)

• Compute mid-point velocities u̇t+∆t/2 = u̇t−∆t/2 + ∆tüt

• Compute new displacements ut+∆t = ut + ∆tu̇t+∆t/2

• Set t→ t+ ∆t

It is well known that the CDM for a linear system is conditionally stable. The linear stability
theory establishes the upper bound of the time step size as

∆t ≤ 2

ωmax

(16)

where ωmax is the maximum eigenfrequency of the finite element mesh. It is convenient to
introduce the Courant dimensionless number defined as

Cr =
c1∆t

h
(17)

where c1 is the speed of the fastest wave propagating in a continuum, typically the longitudinal
wave and h is the element size. For 1D case it corresponds the speed of longitudinal waves
along a thin rod c0. Using the latter definition, the stability condition (16) can be rephrased as

Cr ≤
2

ω̄max

(18)

where ω̄max is the dimensionless frequency

ω̄max =
ωmaxh

c1

(19)

Indeed, the computation of even a single eigenvalue of a large systems may be expensive.
Therefore, it would be advantageous to have an estimate of the maximum eigenvalue that is
easy to compute. Such an estimate is provided by the element eigenvalue inequality [6]

ωmax < max
e
ωemax (20)

Note that the element eigenvalue inequality (20) is not limited to element level submatrices.
The submatrices may be also an assembly of elements.

It should be mentioned that there are no stability theorems for contact-impact problems [7].
In this case the stability theory for linear problems can be applied carefully. In practise, for
example, the stability may be preserved by checking the energy balance during a nonlinear
computation.
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2.4 Gershgorin’s theorem

Another method for the estimation of maximum eigenfrequency is based on Gershgorin’s
theorem [8, 9]. This method can be used on local level separately for each element (20) or
on global level for global mass and stiffness matrices. Using Gershgorin’s theorem for the
estimation of maximum eigenfrequency of a general n× n matrix A gives

ωmax ≈ ωGer
max = max

i

√√√√Aii +
n∑

j=1,i6=j

|Aij|

 (21)

In order to apply Gershgorin’s theorem to generalized eigenvalue problem with bipenalty terms

(K + Kp)u = ω2(M + Mp)u (22)

it should be reformulated as the standard eigenvalue one. To this end we multiply equation (22)
by (M + Mp)−1 obtaining [

(M + Mp)−1(K + Kp)− ω2I
]
u = 0 (23)

where the matrix product (M + Mp)−1(K + Kp) corresponds to the matrix A. Since the
matrices M and Mp are assumed to be diagonal, the inverse is simply the inverse of their
diagonal elements. Thus, Gershgorin’s estimate for the maximum eigenfrequency takes the
form

ωGer
max = max

i

√√√√Kii +Kpii

Mii +Mpii

+
n∑

j=1,i6=j

∣∣∣∣Kij +Kpij

Mii +Mpii

∣∣∣∣
 (24)

where n is number of degrees of freedom of the problem. Finally, if triangle inequality theorem
|Kij +Kpij| ≤ |Kij| + |Kpij| is further considered, mass matrix elements are positive and
positive definiteness of the stiffness matrix is naturally ensured leading to a simple formula for
estimation of maximum eigenfrequency for bipenalized system

ωGer
max = max

i

√∑n
j=1 |Kij|+ |Kp ij|
Mii +Mp ii

(25)

Note that matrices with “p” subscript correspond to the additional mass matrix Mp due
to inertia penalty and the additional stiffness matrix Kp due to stiffness penalty defined in
Equation (13).

3 STABILITY ANALYSIS OF BIPENALIZED SIGNORINI PROBLEM

In Reference [4], the stability of simple one-dimensional bipenalized Signorini problem with
two degrees of freedom depicted in Figure 1 was studied. The attention was paid the to the effect
of the bipenalty ratio on the stability behaviour. In this work, the critical Courant numbers based
on Gershgorin’s theorem (25) are computed and compared with exact formula.

The system consists of one 1D constant strain truss element with lumped mass matrix. The
active contact constraint is set in node 1. The aim was to determine the maximum eigenfre-
quency of this system to estimate the critical Courant number in the form (18). To this end, the
eigenvalue problem (22) can be formulated as

EA

h

[
1 + βs −1
−1 1

]
u = ω2ρAh

2

[
1 + βm 0

0 1

]
u (26)
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h

E,A, ρ

εm

εs

u1u2

Figure 1: A scheme of the bipenalized Signorini problem.

where the displacement vector has the form u = [u1, u2]T. The dimensionless mass and stiffness
penalty have been introduced as

βm =
2

ρAh
εm βs =

h

EA
εs (27)

where ρ is the mass density, E is the Young’s modulus, A marks the cross-sectional area of
the bar and h corresponds to the finite element length. Next, a dimensionless penalty ratio r is
defined as

r =
1

2

βs

βm

(28)
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Figure 2: Bipenalized Signorini problem: Dependence of the critical Courant number Cr on
the dimensionless stiffness penalty βs for selected dimensionless penalty ratios r (dashed lines
correspond to Gershgorin’s theorem).

Finally, the critical Courant number Cr for the bipenalized Signorini problem was obtained
as

Cr =
2√√√√1 +

(1 + βs)

(1 + βm)
+

√
1 +

2(1− βs)

(1 + βm)
+

(1 + βs)2

(1 + βm)2

(29)

with the property that the critical Courant number for the bipenalty ratio r = 1 reaches the
value Cr = 1 and it is independent on the chosen stiffness penalty βs. Thus, the stable time
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step size remains unchanged for an arbitrary value of the dimensionless stiffness penalty βs.
As it was already stated in Reference [4], it is the main advantage of the bipenalty method.
Using Gershgorin’s theorem (25) expressed in the form (19), the estimation of dimensionless
maximum eigenfrequency of the bipenalized Signorini problem gives

ω̄Ger
max =

√
2 max

(√
1 + βs

1 + βm

+

∣∣∣∣ −1

1 + βm

∣∣∣∣,√1 + |−1|

)
(30)

Alternatively, it is possible to apply Gershgorin’s theorem directly for this simple one-
dimensional problem. Since the mass matrix of bipenalized system (26) is diagonal, its inverse
is trivial

(M + Mp)−1 =
2

ρAh

[
1

1+βm
0

0 1

]
(31)

The inverse mass matrix multiplied by the stiffness matrix of bipenalized system (26) gives

(M + Mp)−1(K + Kp) =
2EA

ρAh2

[ 1+βs
1+βm

−1
1+βm

−1 1

]
(32)

which corresponds to the matrix A. Note that the matrix A is not symmetric. Using orig-
inal Gershgorin’s estimation (21) expressed in normalized form (19) gives the same formula
30 for the estimation of dimensionless maximum eigenfrequency of the bipenalized Signorini
problem.
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Figure 3: Bipenalized Signorini problem: Dependence of the ratio of exact dimensionless max-
imum eigenfrequency ω̄max per dimensionless maximum eigenfrequency given by Gershgorin’s
formula ω̄Ger

max on the dimensionless stiffness penalty βs for selected dimensionless penalty ratios
r.

Substituting (30) into (16) using (17) the critical Courant numberCGer
r based on Gershgorin’s

theorem for the bipenalty Signorini model is obtained as

CGer
r =

√
2

max

(√
1 + βs

1 + βm

+

∣∣∣∣ −1

1 + βm

∣∣∣∣,√1 + |−1|

) (33)
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The dependence of the critical Courant number Cr is plotted in Figure 2 for selected dimen-
sionless penalty ratios r = 1, 2, 4, 8, 16 and∞. The thin dashed lines in Figure 2 correspond to
the critical Courant number CGer

r based on Gershgorin’s formula. It should be stated that Ger-
shgorin’s theorem (25) overestimates maximum eigenfrequency for all penalty ratios r, with
exception of the critical penalty ratio r = 1. Thus, smaller safer value of critical Courant num-
bers (33) are obtained in comparison with exact ones (29). For the critical penalty ratio r = 1
Gershgorin’s theorem gives exact upper bound, which corresponds to row equally distributed
elements. The quantitative difference between exact solution of the eigenvalue problem (26) of
the bipenalized system and Gershgorin’s estimation is shown in Figure 3, where the dependence
of the ratio of exact dimensionless maximum eigenfrequency ω̄max per dimensionless maximum
eigenfrequency given by Gershgorin’s formula ω̄Ger

max (30) on the dimensionless stiffness penalty
βs is plotted for selected dimensionless penalty ratios r. Apart from the critical penalty ratio
r = 1 these values are smaller than one confirming that Gershgorin’s theorem gives conser-
vative results. It is interesting to note that the maximum difference occurs near dimensionless
stiffness penalty βs = 2 regardless penalty ratio r.

4 CONCLUSIONS

In this paper, previous investigation presented in Reference [4] was followed, where the sta-
bility of explicit contact-impact algorithm [5] using the bipenalty approach was studied. The
stability analysis was carried out for one-dimensional bipenalized discreted finite element sys-
tems, namely the Signorini problem. The main attention has been paid on an upper bound esti-
mation of the stable Courant number for the bipenalty method with respect to stiffness penalty
and mass penalty parameters. It was shown that the critical Courant number tend towards zero
for the stiffness penalty parameter approaching infinity whereas the mass penalty parameter was
considered to be zero, i.e. when only a pure penalty formulation was considered. On the other
hand, setting the penalty ratio between mass and stiffness penalty parameters to the critical
penalty ratio introduced by Askes in [1] preserved the stable Courant number at the level of the
unpenalized system for an arbitrary value of the stiffness penalty parameter.

Next, the estimation of the critical Courant number of bipenalized Signorini problem based
on Gershgorin’s theorem was derived. It was shown that Gershgorin’s formula overestimated
maximum eigenfrequency for all penalty ratios r with exception of the critical penalty ratio
r = 1. Thus, smaller safer values of critical Courant numbers are obtained in comparison
with exact ones calculated from solution of eigenvalue problem. Further details of this work
including extension to other one-dimensional contact models can be found in prepared paper
[10].
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REFERENCES

[1] H. Askes, M. Caramés-Saddler, A. Rodriguez-Ferran, Bipenalty method for time domain
computational dynamics. Proceedings of the Royal Society A: Mathematical, Physical and
Engineering Sciences, 466, 1389–1408, 2010.

[2] J. Hetherington, A. Rodriguez-Ferran, H. Askes, A new bipenalty formulation for ensur-
ing time step stability in time domain computational dynamics. International Journal for
Numerical Methods in Engineering, 90, 269–286, 2012.

[3] J. Hetherington, A. Rodriguez-Ferran, H. Askes, The bipenalty method for arbitrary mul-
tipoint constraints. International Journal for Numerical Methods in Engineering, 93, 465–
482, 2013.
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Abstract. The analytical solution for transient waves caused by transverse impact on an in-
finite layered strip with free-free boundaries is presented in this work. The strip is composed
of two horizontal layers of different heights. The materials of both layers are assumed to be
linear viscoelastic and orthotropic. The case of special orthotropy is assumed for simplicity.
The dissipative behaviour of each layer is modelled by the discrete model of standard linear
viscoelastic solid in Zener configuration. The solving procedure used in this work follows the
methods applied in previously published works dealing with the problems of a viscoelastic or-
thotropic strip and the symmetric case of a layered strip. The system of four linear partial
integro-differential equations describing the non-stationary state of plane stress in the strip is
solved by means of integral transform method. Concretely, the Laplace transform in time do-
main and the Fourier transform in spatial domain are applied. As a results of this procedure,
the final formulas for displacement components in both layers are derived in Laplace domain.
These transforms contain eight spectra of Fourier integrals which can be found as the solu-
tion of the system of eight complex equations arising from boundary conditions of the problem.
When the spectra are known, the resulting formulas for the Laplace transforms of displacement
components are obtained.

The presented new formulation of non-symmetric problem enables to study the wave phe-
nomena in general two-layered solids of strip-like geometry and it is fundamental for solving a
problem with arbitrary number of layers.
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1 INTRODUCTION

Propagation of stationary and non-stationary waves in layered elastic and viscoelastic media
is a subject of extensive investigation already for many decades. This interest results from vari-
ous applications of this field of elastodynamics, e.g. in seismology, non-destructive testing, de-
sign of impact shields and armour systems, aircraft industry, etc. Many different methods exist
and are used for the investigation of transient or steady-state responses of such structures. In [1]
the authors used the combination of the Fourier transform and the method of characteristics to
obtain the response of a multilayered viscoelastic medium to a dynamic out-of-plane shear trac-
tion. The same methods are used by the authors in [2] for the investigation of two-dimensional
transient waves in cylindrical layered media composed ofN isotropic homogeneous layers. The
method of characteristics is also used in [3]. In this case, the method is applied to a problem
of optimal design of an elastic two-layered strip under transient pressure load. The authors
used this analytical approach in order to minimise stress amplitudes with potential application
in design of multilayered armour. An analogous optimisation problem is solved by Luo et al.
in [4]. The authors use the transfer matrix method to reach the optimal design of an elastic
multilayered medium subjected to transverse pulse loading.

Problems of waves in layered media become much more complicated when anisotropic ma-
terial properties of layers are introduced. This demand on problem generalisation (in the sense
of material behaviour) was invoked by extensive application of composites and laminated struc-
tures in many fields of industry. In this case, the number of analytical studies dealing with
transient and steady-state responses is limited. As an example, one can mention the work [5] in
which the authors investigate the transition from transient to steady-state response in the case
of anisotropic layered media. The authors of other works usually handle such problems by a
numerical approach, e.g. by standard finite element method or by more effective strip element
method [6].

In the present study, the classical method of integral transforms is used to obtain the tran-
sient response of an infinite two-layered strip subjected to dynamic loading of impact character.
Each layer has different height and is modelled as linear viscoelastic with special orthotropic
properties. This work is a continuation of authors’ previous works [7] and [8] in which anal-
ogous wave problems for an orthotropic viscoelastic strip and for a strip with two symmetric
orthotropic viscoelastic layers were solved, respectively. The structure of the present work is
organise in such a way to emphasise the fundamental steps leading to the derivation of Laplace
transforms of displacement components for each layer.

2 FORMULATION OF THE PROBLEM

We will assume an infinite thin strip composed of two horizontal layers. Let us denote the
characteristic dimensions of the strip as h1 and h2 as shown in Fig. 1. So the total height of the
strip will be h2 and the height of the first lower layer is h1. Further, we will assume that the ma-
terial of each layer is linear viscoelastic with special orthotropic properties, i.e. the material and
geometric axes coincide. The horizontal and vertical axes of the coordinate system with the ori-
gin lying on the lower free boundary of the strip will be denoted as x1 and x2, respectively (see
Fig. 1). The upper edge of the strip will be loaded in x1−x2 plane by a pressure pulse of duration
t0 and described in time and space by the function σ(x1, t) = σ0(x1) (H(t)−H(t− t0)), where
H(t) denotes the Heaviside step function. The function σ0(x1) defining the pressure amplitude
distribution will be considered as even in x1 for simplicity.

Based on the description given above, the problem will be solved as a symmetric plane stress
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Figure 1: Scheme of the problem solved.

problem on a domain 〈0,+∞〉 × 〈0, h2〉. We will look for four functions of displacements
u1,L(x1, x2, t) and u2,L(x1, x2, t) describing the transient response in the lower (L = 1) and
upper (L = 2) layer of the strip.

3 SOLUTION OF THE PROBLEM

3.1 Kinematic and constitutive equations

The solution will be derived under the assumption of small displacements and small strains.
Therefore, the kinematic relations for normal strains ε11,L(x1, x2, t), ε22,L(x1, x2, t) and shear

strain ε12,L(x1, x2, t) can be written for each layer L in the form εij,L = 1
2

(
∂ui,L
∂xj

+
∂uj,L
∂xi

)
for

i, j = 1, 2. The last non-zero strain component ε33,L(x1, x2, t) can then be determined by using
the first two normal strains and the appropriate Poisson’s ratio.

As mentioned previously, the material of each layer will be assumed to be linear viscoelastic
and specially orthotropic. Its viscoelastic behaviour, which results in the attenuation of prop-
agated waves, will be modelled in both directions x1 and x2 by the Zener model of standard
viscoelastic solid. It means that the material relaxation is described by one relaxation time in
each direction. This model is composed of the Maxwell element and an elastic spring in parallel
(see [9]). Due to the material linearity, the required constitutive equations can be derived using
the superposition principle of stresses and strain rates occurring on elastic and viscous elements
of the Zener model. When we denote the elastic and viscous Poisson’s ratios by νij and µij ,
respectively, and take into account the equalities ν12/E1 = ν21/E2 and µ12/λ1 = µ21/λ2, see
[10, 9], the constitutive equations for strictly elastic and viscous orthotropic material under the
state of plane stress can be written as σ11σ22

σ12

=

 b11 b12 0
b12 b22 0
0 0 2b66

 ε11ε22
ε12

 and
∂

∂t

 ε11ε22
ε12

=


1
λ1

−µ12
λ1

0

−µ12
λ1

1
λ2

0

0 0 1
2η12


 σ11σ22
σ12

 . (1)

The reduced stiffnesses bij appearing in (1) are defined as [10]

b11 =
E1

1− ν12ν21
, b22 =

E2

1− ν12ν21
, b12 =

ν12E2

1− ν12ν21
and b66 = G12 , (2)
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where E1, E2 and G12 represent Young’s and shear moduli of elastic material in appropriate
directions. The last parameters λi and ηij present in (1) are the coefficients of normal and
shear viscosities, respectively. Using these parameters one can define the ratios α1 = E1/λ1,
α2 = E2/λ2 and β = G12/η12 which represent the reciprocal values of relaxation times. In the
following text we will consider the equality between the elastic and viscous Poisson’s ratios for
simplicity, i.e. νij = µij . Taking this assumption into account one can write α1 = α2 = α.
Further, we will assume that β = α.

The derivation of the final form of constitutive equations for Lth layer can be divided into
two steps: (i) the superposition of strain rates of elastic and viscous element in the Maxwell
model, (ii) the superposition of stresses of the Maxwell model and the elastic element in par-
allel. The first step leads to a system of 3 linear ODEs, the solution of which can be found
by convolution integral. Doing so, performing the second mentioned step and introducing the
kinematic equations yield to the final formulas for stresses in orthotropic viscoelastic medium:

σ11,L = (b0,11,L + b11,L)
∂u1,L
∂x1

+ (ν0,21,Lb0,11,L + ν21,Lb11,L)
∂u2,L
∂x2

−αLb11,L

t∫
0

(
∂u1,L
∂x1

+ ν21,L
∂u2,L
∂x2

)
e−αL(t−τ)dτ ,

σ22,L = (b0,22,L + b22,L)
∂u2,L
∂x2

+ (ν0,12,Lb0,22,L + ν12,Lb22,L)
∂u1,L
∂x1

−αLb22,L

t∫
0

(
∂u2,L
∂x2

+ ν12,L
∂u1,L
∂x1

)
e−αL(t−τ)dτ ,

σ12,L = (b0,66,L + b66,L)

(
∂u1,L
∂x2

+
∂u2,L
∂x1

)
− αLb66,L

t∫
0

(
∂u1,L
∂x2

+
∂u2,L
∂x1

)
e−αL(t−τ)dτ . (3)

The material parameters corresponding to the elastic element in parallel with the Maxwell
model are distinguished in (3) by additional subscript 0.

3.2 Equations of motion

The system of PDEs describing the wave phenomena in the strip can be derived by using the
basic equations of motion for the state of plane stress as follows [11]

ρL
∂2u1,L
∂t2

=
∂σ11,L
∂x1

+
∂σ12,L
∂x2

, ρL
∂2u2,L
∂t2

=
∂σ22,L
∂x2

+
∂σ12,L
∂x1

, (4)

where ρL represents the material density of the Lth layer. If we make further simplification that
ν0,ij,L = νij,L, i.e. that the Poisson’s ratios of elastic elements in the Zener model are equal, and
substitute (3) into (4), we obtain the final system of four partial integro-differential equations to
be solved:

∂2u1,L
∂t2

=
(
c20,11,L + c211,L

)(∂2u1,L
∂x21

+ ν21,L
∂2u2,L
∂x1∂x2

)
+
(
c20,12,L + c212,L

)(∂2u1,L
∂x22

+
∂2u2,L
∂x1∂x2

)

−αL

t∫
0

[
c211,L

∂2u1,L
∂x21

+ c212,L
∂2u1,L
∂x22

+
(
ν21,Lc

2
11,L + c212,L

) ∂2u2,L
∂x1∂x2

]
e−αL(t−τ)dτ ,
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∂2u2,L
∂t2

=
(
c20,22,L + c222,L

)(∂2u2,L
∂x22

+ ν12,L
∂2u1,L
∂x1∂x2

)
+
(
c20,12,L + c212,L

)(∂2u2,L
∂x21

+
∂2u1,L
∂x1∂x2

)

−αL

t∫
0

[
c222,L

∂2u2,L
∂x22

+ c212,L
∂2u2,L
∂x21

+
(
ν12,Lc

2
22,L + c212,L

) ∂2u1,L
∂x1∂x2

]
e−αL(t−τ)dτ (5)

for L = 1, 2. The constants c0,ij,L and cij,L are analogous to the phase velocities in an elastic
orthotropic medium and they are defined in a similar way as in [7].

3.3 Solving procedure

As mentioned above, the method of integral transforms is used for solving the problem in
this work. First, the Laplace transform in time domain is applied to the system (5). Intro-
ducing a new complex variable p and taking into account the zero initial conditions of the
problem, the system (5) can be transformed to a system of four PDEs for the Laplace trans-
forms U1,L(x1, x2, p) and U2,L(x1, x2, p) of the displacement components u1,L(x1, x2, t) and
u2,L(x1, x2, t), respectively, which has the form

p2U1,L = C2
11,L

(
∂2U1,L

∂x21
+ ν21,L

∂2U2,L

∂x1∂x2

)
+ C2

12,L

(
∂2U1,L

∂x22
+
∂2U2,L

∂x1∂x2

)
,

p2U2,L = C2
22,L

(
∂2U2,L

∂x22
+ ν12,L

∂2U1,L

∂x1∂x2

)
+ C2

12,L

(
∂2U2,L

∂x21
+
∂2U1,L

∂x1∂x2

)
. (6)

The complex functions C11,L(p), C22,L(p) and C12,L(p) used in (6) are defined by relations

C11,L =

[
c20,11,L +

(
1− αL

p+ αL

)
c211,L

]1/2
, C22,L =

[
c20,22,L +

(
1− αL

p+ αL

)
c222,L

]1/2
,

C12,L =

[
c20,12,L +

(
1− αL

p+ αL

)
c212,L

]1/2
. (7)

As the next step of the solving process, the Fourier transform in x1 variable will be ap-
plied. Due to the even property of the function σ(x1, t), the unknown displacement transforms
U1,L(x1, x2, p) and U2,L(x1, x2, p) are given by sine and cosine Fourier integrals, respectively,
such that

U1,L =
1

π

∞∫
0

S1,L sin (ωx1) dω , U2,L =
1

π

∞∫
0

S2,L cos (ωx1) dω , (8)

where the functions S1,L(ω, x2, p) and S2,L(ω, x2, p) are the Fourier spectra which need to be
find. For this purpose we substitute (8) into (6) and after some algebra we obtain a system of
four linear ODEs for the unknown spectra. This system is coupled, contrary to the isotropic
case, and it can be proved that its solution can be assumed in the form

S1,L = PL sh(Λ1,Lx2) +QL ch(Λ1,Lx2) +RL sh(Λ2,Lx2) + SL ch(Λ2,Lx2),

S2,L = ξ1,L (PL ch(Λ1,Lx2) +QL sh(Λ1,Lx2)) + ξ2,L (RL ch(Λ2,Lx2) + SL sh(Λ2,Lx2)). (9)

The notations sh and ch used in (9) stand for hyperbolic functions sinh and cosh, respectively,
and the complex functions ξ1,L(ω, p) and ξ2,L(ω, p) are introduced by formulas

ξ1,L =
Λ2

1,L − a1,L
Λ1,La2,L

and ξ2,L =
Λ2

2,L − a1,L
Λ2,La2,L

, (10)
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in which

Λ1,L =

[
1

2

(
kL + s

1/2
L

)]1/2
, Λ2,L =

[
1

2

(
kL − s1/2L

)]1/2
, kL = a1,L + b1,L − a2,Lb2,L ,

sL = a22,Lb
2
2,L − 2a2,Lb2,L (a1,L + b1,L) + (a1,L − b1,L)2. (11)

The functions ai,L(ω, p) and bi,L(ω, p) present in (10-11) follow from the coefficients of bi-
quadratic characteristic equation of the mentioned system of ODEs and they can be expressed
for each layer L analogously as in [7].

In the next step, the unknown functions PL(ω, p), QL(ω, p), RL(ω, p) and SL(ω, p) have
to be found for L = 1, 2. When the problem of a single-layered strip is solved (see [7]), the
number of these unknowns reduces to four and they can be quite simply derived from four
boundary conditions valid at the strip edges. But in the case of a two-layered strip, we receive
eight functions which can be determined based on the boundary conditions formulated at the
strip edges and at the layer interface. With respect to the problem formulation in Section 2 and
according to Fig. 1, the boundary conditions are as follows

σ22,2(x1, h2, t) = σ(x1, t) , σ12,2(x1, h2, t) = 0 ,

u1,1(x1, h1, t) = u1,2(x1, h1, t) , u2,1(x1, h1, t) = u2,2(x1, h1, t) ,

σ22,1(x1, h1, t) = σ22,2(x1, h1, t) , σ12,1(x1, h1, t) = σ12,2(x1, h1, t) ,

σ22,1(x1, 0, t) = 0 , σ12,1(x1, 0, t) = 0 . (12)

Making the Laplace transforms of constitutive relations (3) and substituting them together with
(8-9) into transformed conditions (12) one obtains the following system of equations

k1,2 [P2 sh(h2Λ1,2) +Q2 ch(h2Λ1,2)] + k2,2 [R2 sh(h2Λ2,2) + S2 ch(h2Λ2,2)] = f,

k3,2 [P2 ch(h2Λ1,2) +Q2 sh(h2Λ1,2)] + k4,2 [R2 ch(h2Λ2,2) + S2 sh(h2Λ2,2)] = 0,

P1 sh(h1Λ1,1) +Q1 ch(h1Λ1,1) +R1 sh(h1Λ2,1) + S1 ch(h1Λ2,1)

−P2 sh(h1Λ1,2)−Q2 ch(h1Λ1,2)−R2 sh(h1Λ2,2)− S2 ch(h1Λ2,2) = 0,

ξ1,1 [P1 ch(h1Λ1,1) +Q1 sh(h1Λ1,1)] + ξ2,1 [R1 ch(h1Λ2,1) + S1 sh(h1Λ2,1)]

−ξ1,2 [P2 ch(h1Λ1,2) +Q2 sh(h1Λ1,2)]− ξ2,2 [R2 ch(h1Λ2,2) + S2 sh(h1Λ2,2)] = 0,

k1,1 [P1 sh(h1Λ1,1) +Q1 ch(h1Λ1,1)] + k2,1 [R1 sh(h1Λ2,1) + S1 ch(h1Λ2,1)]

−k1,2 [P2 sh(h1Λ1,2) +Q2 ch(h1Λ1,2)]− k2,2 [R2 sh(h1Λ2,2) + S2 ch(h1Λ2,2)] = 0,

k3,1 [P1 ch(h1Λ1,1) +Q1 sh(h1Λ1,1)] + k4,1 [R1 ch(h1Λ2,1) + S1 sh(h1Λ2,1)]

−k3,2 [P2 ch(h1Λ1,2) +Q2 sh(h1Λ1,2)]− k4,2 [R2 ch(h1Λ2,2) + S2 sh(h1Λ2,2)] = 0,

k1,1Q1 + k2,1 S1 = 0,

k3,1 P1 + k4,1R1 = 0, (13)

where the function f(ω, p) corresponds to applied load and there hold

f(ω, p) = a(ω)
1− exp (−pt0)

p
and σ0(x1) =

1

π

∞∫
0

a(ω) cos(ω x1)dω . (14)

The other functions appearing in the system (13) are defined as

k1,L(ω, p) = h22,L (ν12,L ω + ξ1,LΛ1,L) , k2,L(ω, p) = h22,L (ν12,L ω + ξ2,LΛ2,L) ,

k3,L(ω, p) = h12,L (Λ1,L − ω ξ1,L) , k4,L(ω, p) = h12,L (Λ2,L − ω ξ2,L) ,
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h22,L(p) = b0,22,L +
p

p+ αL
b22,L , h12,L(p) = b0,66,L +

p

p+ αL
b66,L . (15)

When the solution of the system (13) is found, the relations (8) and (9) can be used to
obtain the final transforms of displacement components in Laplace domain. The formulas for
other mechanical quantities can then be derived by using presented kinematic and constitutive
equations. Basically, two approaches to the solution of (13) exist. First, with respect to the
complexity of the problem, we tried to find the numerical solution for all the required values of
ω and p using a Matlab code. The analysis of the system (13) showed that the spectral radius
of the system matrix is too large to obtain correct numerical values of PL, QL, RL and SL.
Therefore the symbolic system Maple was used to derive the exact analytical solution of the
system (13). Contrary to the problem with symmetric layers solved in [8], the system matrix
has larger number of nonzero elements, so the derived solution is quite complicated and it is not
possible to present it in this work. But the first computations showed that its evaluation process
is very sensitive to numerical errors and very time consuming.

The Laplace inversion back to time domain is the last step of the evaluation process. The
exact inversion (e.g. by means of the residue theorem) is theoretically possible but due to
the complexity of the derived formulas the numerical approach is preferred. From the large
number of existing algorithms we can recommend the FFT based algorithm combined with the
Wynn’s epsilon accelerator (see [12]). This algorithm was tested in [13] on different problems
of elastodynamics and it was showed that it is very efficient and robust and that it can be used
to obtain results of accuracy comparable to those from analytical approach (see e.g. [14]).

4 CONCLUSIONS

Transient response of an infinite two-layered strip to a dynamic loading is investigated us-
ing an analytical approach in this work. The material properties of each layer are modelled by
the Zener viscoelastic model with special orthotropic properties. Using the method of integral
transform the formulas for displacement components are derived in Laplace domain and the
process of their evaluation is discussed. The presented solution can be used for studying wave
phenomena in solids of strip-like geometry, strips with thin layers, beams on viscoelastic foun-
dations, etc. Additionally, the non-symmetric formulation enables us to derive the solution for
analogous problem of a multilayered strip with large field of potential applications.
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Abstract. In the paper we deal with analytical and numerical methods for modelling phononic
elastic structures subject to harmonic loading. The band gap prediction is based on the anal-
ysis of eigenvalues of the effective mass coefficients for a given frequency. Using a spectral
decomposition method, the propagating and the evanescent modes can be distinguished in the
frequency domain. We also developed a numerical scheme to simulate the wave response of the
phononic 3D structures and plates, or beams in the time domain. Using the backward Laplace
transformation, we obtain a model involving the intertia effects in terms of time convolutions,
where the homogenized mass tensor serves as the convolution kernel. The aim of the reported
modelling is to understand behaviour of the phononic structures subject to incident waves of
frequencies falling in the partial (so-called weak) band gap intervals in which waves of certain
polarizations cannot propagate. We discuss the issues related to the time-space discretization.
Numerical examples of how homogenized phononic structures respond to a harmonic loading
are presented.
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1 INTRODUCTION

The phononic elastic solids, often called phononic crystals, are periodic structures made of
components with large differences in their elastic coefficients, the soft phase being distributed
in a form of inclusions embedded in a stiff matrix. For certain frequency ranges called band
gaps, such elastic structures can effectively attenuate propagation of incident acoustic waves.
Phononic structures attracted a considerable interest due to challenging application in design of
metamaterial and smart devices, such as filters, resonators, and waveguides. In particular, plate
structures, see e. g. [10] deserve a special attention.

This study presents a contribution to the very important area of the metamaterial engineering
focused on structural vibration control, where plate and shell structures are used frequently.
The phenomenon which is responsible for the band gaps occurrence is related to anti-resonance
effects in periodic structures with large contrast in the elasticity, see [3]. Homogenization of
such structures produces models of equivalent continua with indefinite or negative mass for
certain frequencies, as reported in a number of papers [2, 1, 8]. Recetnly, the model developed
in [2] was considered as bases for shape optimization of soft inclusuions periodically distributed
in a stiff elastic matrix [9], cf. [5] in the context of piezoelectric phononic materials.

In paper [2], cf. [7], using the homogenization method and with the “dual porosity” type of
the scaling ansatz applied in the inclusions, the following model of the phononic elastic solids
occupying bounded domain Ω has been derived,

−ω2IM(ω2)q + IKq = f(ω2) , in Ω , (1)

where ω ∈ R is a fixed frequency, q(x) ∈ Rd is the generalized displacements, IM : Rd 7→ Rd

is the mass tensor (real symmetric, but possibly indefinite, depending on ω ∈ R+) and IK is
the 2nd order (elliptic) differential operator, the stiffness. For the 3D elasticity problem (with
q = u = (ui), i = 1, 2, 3) IK attains the form (IK)ij = −∂kDikjl∂j with Dikjl being the
usual symmetric positive definite elasticity tensor. Similar structure of the problem is retained
by the model of homogenized Reissner-Mindlin phononic plates which was derived in [6]; the
plate response qT := [θT , w] expressed in terms of rotations θ = (θ1, θ2) and deflections w is
governed by (1), where,

IK =

[
−h3

3
∇ · ID∇S(◦) + hG◦ −hG∇◦

h∇ · G◦ −h∇ · G∇◦

]
,

IM(ω2) =

[
h3

3
M(ω2) 0

0T hN (ω2)

]
, fT (ω2) = [0T ,S(ω2)f ] ,

(2)

where∇S is the symmetric gradient, ID and G are the elasticity parameters, while M(ω2) and
N (ω2) describe the frequency-dependent mass properties; we consider the transversal load by
forces f only.

To predict the bang gap intervals for 2D, or 3D elastic structures, i. e. for d = 2, or d = 3, re-
spectively, it is sufficient to compute and analyze eigenvalues of the homogenized mass IM(ω2);
when it becomes indefinite or negative definite, waves of certain polarizations cannot propagate.
Relevancy of the homogenized model has been validated using the Bloch-Floquet modelling ap-
proach for large wave lengths in comparison with the period of heterogeneities [7]. Analysis of
the wave response in phononic plates takes formally the same procedure, but is still not well un-
derstood; the band gaps structures are more complex especially in the Reissner-Mindlin plates,
see [6]. In paper [4], we proposed a spectral decomposition method (SDM) which allows us to
distinguish the propagating and the evanescent modes in the frequency domain.
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In this paper, we aim to demonstrate an application of the SDM for modelling propagating
and attenuated modes in plate structures. Analytical solution is obtained for the Timoshenko
beam, i. e. for a 1D problem with two degrees of freedom corresponding to the beam rotation
and deflection. Then we consider solution of an elastodynamic problem governed by (1) in
the time domain; in particular we explain the time discretization of the model involving time
convolutions.

2 SPECTRAL DECOMPOSITION METHOD (SDM)

The purpose of solving (1) using the spectral based method is to separate the the wave and
evanescent parts of the solution, when frequencies ω of periodic loading fall in band gaps, so
that a negative eigenvalue of IM(ω2) exists. We only consider ω such that det(−ω2IM(ω2) +
IK) 6= 0 and disregard loading with resonance frequencies. In order to separate the positive and
the negative part of the effective mass operator, we compute the eigenvalues and eigenvectors
(λr, pr) satisfying

IMpr = λrpr , |pr|2 = (pr)Tpr = 1 , r = 1, 2, . . . d , (3)

and define P = [p1, . . . , pd] and Λ = diag(λ1, . . . , λd), obviously PTP = I. This allows us
to introduce the following transformation. First we define AA := PT IKP, then using b(ω2) =
PT f(ω2) and assuming space-independent homogenized coefficients (perfectly periodic struc-
tures), problem (1) can be written, as follows: Since the spectral decompositions relies on
projections of eigenfunctions, the weak formulations is needed. Using the the inner product
〈·, ·〉Ω, the weak form of (1) becomes

−ω2 〈Λξ, ζ〉Ω + 〈AAξ, ζ〉Ω =
〈
b(ω2), ζ

〉
Ω
, for all ζ ∈ W0(Ω) , (4)

where W0(Ω) is the space of test functions associated with the admissibility set W (Ω) :=
PTQ(Ω), i.e. ξ ∈ W (Ω) ⇔ ξ = PTq and q ∈ Q(Ω). In the following we shall consider only
the case Q(Ω) = Q0(Ω), consequently W (Ω) = W0(Ω).

2.1 Spectral decomposition – general scheme

Matrix IM(ω2) can be indefinite, so that Λ, which also depends on ω, can be split into
positive and negative parts, denoted Λ+ and Λ−, respectively,

Λ = Λ+ + Λ− , zTΛ+z ≥ 0 , zTΛ−z < 0 ∀z ∈ Rd , |z| = 1 . (5)

We can now consider two uncoupled eigenvalue problems, although presented below in a
generic form as one problem (6) for both the alternatives ±, which provide two complementary
bases {ζ+} and {ζ−}, such that

〈
Λζ+, ζ−

〉
Ω

= 0. (For the sake of brevity we shall use a
compound notation, e.g. a± = ±b±c∓ means a+ = b+c− and a− = −b−c+).

Find ζ± ∈ W0(Ω) normalized by
〈
Λ±ζ±, ζ±

〉
Ω

= ±1, and µ± ∈ R, such that
〈
AAζ±, η

〉
Ω
− µ±

〈
Λ±ζ±, η

〉
Ω

+
〈
Λ∓ξ̃±, η

〉
Ω

= 0 , ∀η ∈ W0(Ω) ,〈
Λ∓θ̃, ζ±

〉
Ω

= 0 , ∀θ̃ ∈ W0(Ω) ,
(6)

where ξ̃± are multipliers. We recall that the eigenvalues have their signs: µ+ > 0 while µ− < 0.
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It can be seen that W0(Ω) = span{ζ+
r }r ⊕ span{ζ−s }s Consequently the multipliers are in

the complementary subspaces, thus, ξ̃+ ∈ span{ζ−k }k, and ξ̃− ∈ span{ζ+
l }l. Obviously there

is one multiplier for each eigenfunction: let (µ+
r , ζ

+
r ) and (µ−s , ζ

−
s ) be the eigen-pairs satisfying

(6) with multipliers ξ̃+
r and ξ̃−s , respectively, then ξ̃+

r =
∑

k γ
+r
k ζ−k , and ξ̃−s =

∑
l γ
−s
l ζ+

l . Using
(6), coefficients γ+r

k can be computed, as follows:

γ+r
s =

〈
AAζ+

r , ζ
−
s

〉
Ω

=
〈
AAζ−s , ζ

+
r

〉
Ω

= −γ−sr . (7)

To solve the wave propagation problem, in (4) where we substitute ξ = ξ+ + ξ− with
ξ+ =

∑
r c

+
r ζ

+
r and ξ− =

∑
s c
−
s ζ
−
s . The applied force coefficients f+

k and f−k are evaluated as
the following projections:

f+
k =

〈
b(ω2), ζ+

k

〉
Ω
, f−l =

〈
b(ω2), ζ−l

〉
Ω
. (8)

By virtue of the properties of the eigenproblem solutions, see (6),we obtain a coupled system of
linear algebraic equations for coefficients c+

r and c−s ; it can be presented using the matrix form:

[
diag[µ+

r − ω2]rr [γ+r
s ]rs

([γ+r
s ]rs)

T diag[ω2 − µ−s ]ss

] [
(c+
r )r

(c−s )s

]
=

[
(f+
r )r

(f−s )s

]
. (9)

To compute numerical solutions, we consider finite subspaces span{ζ+
r }r≤r̄ and span{ζ−s }s≤s̄

generated by the finite set of eigenfunctions. Then (c+
r )r is the column matrix with rows indices

r ∈ [1, r̄], the analogous notation holds for (c−s )s; similarly [ ]rs is the matrix with rows/column
indices ranging r ∈ [1, r̄] and s ∈ [1, s̄].

We may conclude that the part ξ+ represents a wave response, whereas ξ− describes evanes-
cent modes which are attenuated with spatial coordinate measuring the distance from the excita-
tion, or loading source. Therefore, we keep only the positive part of the solution ξ+ =

∑
r c

+
r ζ

+
r

which yields q = Pξ+ as the response in the physical coordinates, such as displacements.

Figure 1: Left: A phononic beam made of soft cylindric inclusions in stiff elastic matrix. View from the top and
view of the longitudinal section. Right: The representative cell defined on the plate, or beam mid-plane.

2.2 Timoshenko beams – analytic solutions using the SDM

We illustrate how the SDM methods is applied to analyze wave response of the phononic
Timoshenko beam. The model equations can be obtained from the model of the Reissner-
Mindlin plate. The coordinate x ∈]0, L[ spans the beam axial position. The rotations θ(x) and
deflection w(x) (in one plane) of the beam satisfy the following equations,

−ω2h
3

3
M(ω2)θ − h3

3
Dθ′′ − hG(w′ − θ) = ĝ ,

−ω2hN (ω2)w − hG(w′′ − θ′) = σ̂ ,
(10)
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where ( )′ = ∂/∂x, the coefficientsM(ω2), N (ω2), D and G are obtained in the same way as
for the plate model with few modifications. Functions ĝ and σ̂ describing generalized forces are
established below. The boundary conditions describe a kinematic loading of a cantilever beam:
at x = 0 it is clamped, while at x = L vertical harmonic displacement is prescribed, thus, we
consider

w(0) = 0 , w(L) = w̄ , θ(0) = 0 , θ′(L) = 0 , (11)

where w̄ is the amplitude of harmonic oscillations. Note that the last condition means zero
bending moment at x = L. Further, we introduce the split w(x) = w̃(x) + ŵ(x), where
ŵ(x) = w̄ x

L
and the following functions:

ĝ(x) = hG(ŵ(x))′ = hG w̄
L
,

σ̂(x) = ω2N (ω)ŵ(x) = ω2N (ω)
w̄

L
x .

(12)

In what follows, for the sake of simplicity we denote w(x) := w̃(x). We define ξ = (θ, w) and
the differential operator AA, such that

AAξ = −
(

h3

3
D(•)′′ − hG , hG(•)′
−hG(•)′ , hG(•)′′

)(
ξ1

ξ2

)
. (13)

Consequently, (10) can be written in the following form:

−ω2Λ(ω2)ξ + AAξ = f , (14)

where f = (ĝ, σ̂) and Λ(ω2) = diag(M(ω2),N (ω2)) = diag(λ1, λ2). Note that Λ(ω2) =
IM(ω2) is diagonal, thus the problem (3) is trivial, P = I.

Since the mass coefficientsM(ω2) andN (ω2) can be negative, the following cases of Λ(ω2)
with respect to an imposed frequency ω should be distinguished (the equality cases are disre-
garded):

1. M(ω2) > 0 and N (ω2) < 0, or

2. M(ω2) < 0 and N (ω2) > 0, or

3. M(ω2) < 0 and N (ω2) < 0, or

4. M(ω2) > 0 and N (ω2) > 0.

Hence, the case 1 and 2, thus, representing the partial bangaps, lead to similar problems,
the vave propagation is unlimited in case 4, while no waves can propagate in case 3, thus,
representing the full band gap. Here, we considerM(ω2) > 0 andN (ω2) < 0, i. e. λ1 > 0 and
λ2 < 0. We can follow the general procedure based on the eigenvalue problems (6). Thus, we
have two problems, where the Lagrange multipliers are denoted by z± = (z±1 , z

±
2 ),

1. Find ζ+ ∈ W0(0, L), multiplier z+
2 , and µ+ ∈ R such that

AAζ+ +

(
−µ+λ1ζ

+
1

λ2z
+
2

)
= 0 , ζ+

2 = 0 . (15)
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2. Find ζ− ∈ W0(0, L), multiplier z−1 , and µ− ∈ R such that

AAζ− +

(
λ1z

−
1

−µ−λ2ζ
−
2

)
= 0 , ζ−1 = 0 . (16)

Note that neither of the multipliers z+
1 , z−2 is involved in the problem. Due to (13), (15) reduces

to

−(ζ+
1 )′′ = m+ζ+

1 , m+ = (µ+M(ω2)− hG)3/(Dh3) ,

N (ω2)z+
2 = −hG(ζ+

1 )′ ,
(17)

whereas (16) yields

−(ζ−2 )′′ = m−ζ−2 , m− = µ−N (ω2)/(hG) ,

M(ω2)z−1 = hG(ζ−2 )′ .
(18)

Recalling the boundary conditions (11), we obtain the following two bases:

1. {ζ+k} for k = 1, 2, . . . , where ζ+k = (ζ+k
1 , ζ+k

2 ) is such that,

ζ+k
1 = ν+k sin

(
2k − 1

2L
πx

)
, ζ+k

2 = 0 ,

µ+k =M(ω2)−1

(
h3

3
D
(

2k − 1

2L
π

)2

+ hG

)
,

(19)

where ν+k =
√

2/(|λ1|L).

2. {ζ−k} for k = 1, 2, . . . , where ζ−k = (ζ−k1 , ζ−k2 ) is such that,

ζ−k2 = ν−k sin

(
kπx

L

)
, ζ−k1 = 0 ,

µ−k =
hG
N (ω2)

(
kπ

L

)2

,

(20)

where ν−k =
√

2/(|λ2|L).

The projections of f into the two bases yield:

f+k =

∫ L

0

(ĝζ+k
1 + σ̂ζ+k

2 ) = hGν+k 2w̄

(2k − 1)π
,

f−k =

∫ L

0

(ĝζ−k1 + σ̂ζ−k2 ) = ω2N (ω2)ν−k
w̄L

kπ
(−1)k+1 .

(21)

Further we need the mixt projections in the energy product, see (7). For the given bases (19)
and (20), we obtain:∫ L

0

(ζ+i
1 )′ζ−k2 =

2i− 1

2L
π

∫ L

0

cos

(
2i− 1

2L
πx

)
sin

(
kπx

L

)
ν+iν−k

= − 2k(2i− 1)

(2i− 1)2 − (2k)2
ν+iν−k .

(22)
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Now the coefficients γ+r
s can be computed:

γ+r
s =

∫ L

0

[AAζ+r] · ζ−s = µ+r

∫ L

0

[Λ+ζ+r] · ζ−s +

∫ L

0

[Λ−z+r] · ζ−s

= hG 2s(2r − 1)

(2r − 1)2 − (2s)2
ν+rν−s .

(23)

We assume the solution of (14) decomposed into positive and negative parts,

ξ = ξ+ + ξ− , where ξ± =
∑
k

c±kζ±k . (24)

Using the general procedure, see (9), and taking a finite number of modes k̄, the following
equations for c±k , k = 1, 2, . . . , k̄ are obtained,

(µ+k − ω2)c+
k +

k̄∑
r=1

γ+k
r c−r = f+k ,

(µ−k − ω2)c−k −
k̄∑
s=1

γ−ks c+
s = f−k .

(25)

Although both (c+
r ) and (c−s ) must be computed, the propagating waves with frequencies in (the

partial) band gaps are given in terms of c+
r only. Due to the splitting, we can distinguish the

propagating part of the solution from the part associated with the evanescent modes expressed
in terms of c−r .

propagating modes: ξ+ =
k̄∑
r=1

c+
r ζ

+k ,

evanescent modes: ξ− =
k̄∑
r=1

c−r ζ
−k ,

(26)

where ξ+ = (θ+, 0), while ξ− = (0, w−). Therefore, in the given case, only waves of rotations
can propagate, while the deflection waves are attenuated.

2.3 Numerical illustration

The beam can be considered as a special form of the plate, therefore the homogenized co-
efficients, namely M(ω2), N (ω2), D and G are computed using formuale given in [6] with
the material parameters given at the level periodic heterogeneity in Tab. 1, whereby the peri-
odic structure is generated by cylindrical inclusions which are defined by the circle in the 2D
reference periodic cell, see Fig. 1.

The SDM approach to the wave response analysis for loading with frequencies in partial band
gaps is illustrated in Fig. 2, where the oscillating angle θ = ξ+

1 and the evanescent deflection
w = ξ−2 are depicted for 3 selected frequencies for whichM(ω) > 0, while N (ω) < 0.

The problem given equation (14), can be solved numerically using the finite element method.
Thus we can obtain an “overall response” of the harmonically loaded Timoshenko beam.As a
result we obtain space-frequency maps of amplitudes, as in Fig. 3. For the given structure and
material parameters, the band gap of the deflection modes, i. e. N (ω) < 0, starts at ω = 9698
Hz (red line). In Fig. 3, the effect of changing the frequency is clearly visible.
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Figure 2: The SDM method employed to distinguish propagating (left) and evanescent (right) modes of the rota-
tions θ and deflections w, respectively, in the Timoshenko beam ????????.

Figure 3: Space-frequency maps of amplitudes. Top row: 2D view, bottom row: 3D view, left column: the rotation
θ(f, x) amplitude, right column: the deflectionw(f, x) amplitude. The red line marks the start of theN (ω)-related
band gap.
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3 NUMERICAL SIMULATIONS IN TIME DOMAIN

The frequency response of phononic structures described by the homogenized model (1) and
analysed using the SDM described above provides the “static” monochromatic response to the
imposed loading. For understanding the behaviour of these structures for prescribed initial con-
ditions, we consider initial-boundary value (IBV) problems for phononic structures governed
by (1) subject to the inverse Fourier transformation F−1 yilding time convolutions with kernel
F−1(IM(ω2))(t). Below we introduce the IBV problem for 3D homogenized phononic solids,
then we explain the time discretization of the convolution integrals on an example of the Timo-
shenko beam which was treated in the preceding section using the SDM method.

3.1 Inverse Fourier transformation

For a 3D phononic solid, the general model (1) attains a simple form,

−ω2M(ω2)u−∇ · ID∇Su = R(ω2)f̃ , (27)

where R(ω2) is the tensor of applied volume forces, see [7]; when gravity forces are considered,
thus, related to the mass density, R(ω2) = M(ω2). To present the model in the time domain,
the homogenized mass M(ω2) must be transformed by the inverse Fourier transformation. In
general, the effective mass in the frequency domain is given by

M(ω2) = ρI −
∑
r

ω2

ω2 − λr
mr ⊗mr , (28)

where ρ is the mean density and mr is the eigenmomentum associated with the eigenvalue λr.
The inverse Fourier transformation F−1(M(ω2)) = M(t) yields the following result,

F−1
(
M(ω2)

)
=
√

2πρIδ(t)−
√

2π
∑
r

(
δ(t)−

√
λr

2
sin(
√
λrt)

)
mr ⊗mr , (29)

hence, we may introduce

M(t) = Mδ(t) +
∑
r

sin(
√
λrt)M̃

r
,

where M =
√

2π

(
ρI −

∑
r

mr ⊗mr

)
,

M̃
r

=
√

2π

√
λr

2
mr ⊗mr .

(30)

Now the elasto-dynamic equation for a 3D phononic continuum in the time domain reads as∫ t

0

M(t− s)ü(s)ds−∇ · IDe(u) =

∫ t

0

R(t− s)f̃(s)ds , (31)

where we assume a “gentle start” conditions, i.e. u(t) = u̇(t) = ü(t) = 0 for all t ≤ 0. By
causality, the integration applies between s = 0 and s = t (and not +∞). In general, the
convolution kernel R has a similar structure as M, see the remark above.
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3.2 Phononic beam model – time domain

By virtue of (30), for the phononic beam model (10), the following convolution kernels are
defined:

M(t) =Mδ(t) +
∑
r

sin(αrt)M̃r , N (t) = N δ(t) +
∑
r

sin(βrt)Ñ r , (32)

M =
√

2π(ρ−
∑
r

(ar)2) , N =
√

2π(ρ−
∑
r

(br)2) , (33)

M̃r =
√

2π
αr

2
(ar)2 , Ñ r =

√
2π
βr

2
(br)2 , (34)

where ar and br are the eigenmomenta computed for the r-th mode, and αr =
√
λr, βr =

√
µr

are eigenfrequencies associated with the rotational and deflection modes of the Timoshenko
beam model.

We now introduce the phononic beam equations in the time domain. For the sake of simplic-
ity, still the same notation (θ, w) is used for the functions of time. The boundary conditions are
as in (11). On x = L, the deflections w(1 − cosωt) are prescribed, so that for x ∈]0, L[ they
attain the following decomposed form,

w(t, x) = w̃(t, x) + ŵ(t, x) , where ŵ(t, x) := w
x

L
(1− cosωt) . (35)

Further we define (see (12))

φ(t) = hGw
L

(1− cosωt) ,

f(t, x) = −h
∫ t

0

N (t− s) ¨̂w(s, x)ds = −hω2wx

L

∫ t

0

N (t− s) cos(ωt)ds .
(36)

We shall consider the following problem: Find (θ, w)(t, x) satisfying for (t, x) ∈]0, T ]× ]0, L[,
T > 0 the following equalities

h3

3

∫ t

0

M(t− s)θ̈(s)ds− h3

3
Dθ′′ − hG(w̃′ − θ) = φ(t) ,

h

∫ t

0

N (t− s) ¨̃w(s)ds− hG(w̃′′ − θ′) = f(t, x) ,

(37)

such that w̃(t, 0) = w̃(t, L) = θ(t, 0) = 0 for t > 0 and the initial conditions θ(0, x) =
w̃(0, x) = 0.

To compute numerical solutions of this problem, we use a semidiscrtization in time using
a sheme which is described in subsequent sections, and use the finite element method for dis-
cretization in space of the weak formulation. For this, we need the space W0(0, L) = {(ψ, z) ∈
[H1(0, L)]2, ψ(0) = z(0) = z(L) = 0}. Now the weak formulation reads as follws: Find
(θ, w̃) ∈ W0(0, L) such that

h3

3

∫ L

0

ψ

∫ t

0

M(t− s)θ̈(s)ds+
h3

3

∫ L

0

Dθ′ψ′ − h
∫ L

0

G(w̃′ − θ)ψ = h

∫ L

0

Gŵ′ψ ,

h

∫ L

0

z

∫ t

0

N (t− s) ¨̃w(s)ds+ h

∫ L

0

G(w̃′ − θ)z′ =
∫ L

0

zf(t, x)− h
∫ L

0

Gŵ′z′ ,

(38)
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for all (ψ, z) ∈ W0(0, L). Then, the total deflection is w(t, x) = w̃(t, x) + w x
L

(1 − cosωt).
Below we explain the time discretization of the time-convolution integrals. The discretization
in space is done using the FE method.

3.2.1 Approximation of the convolution integral

Recalling the gentle start conditions, θ(0, x) = 0, θ̇(0, x) = 0, we have∫ t

0

sin[αr(t− s)]θ̈(s)ds = αr
∫ t

0

cos[αr(t− s)]θ̇(s)ds . (39)

To approximate (39), we use the time docomposition t = t − ∆t + ∆t. Assuming θ is a real
function, the folloing approximation is obtained (i2 = −1)∫ t

0

cos[αr(t− s)]θ̇(s)ds

≈ cos(αr∆t)Φr
θ(t−∆t)− sin(αr∆t)Ψr

θ(t−∆t) + cos

(
αr

∆t

2

)
(θ(t)− θ(t−∆t)) ,

(40)

where

Φr
θ(t) =

∫ t

0

cos[αr(t− s)]θ̇(s)ds ,

Ψr
θ(t) =

∫ t

0

sin[αr(t− s)]θ̇(s)ds .
(41)

Differentiation in (41) yields the following coupled system of differential equations,

Φ̇r
θ(t) = θ̇(t)− αrΨr

θ(t) ,

Ψ̇r
θ(t) = αrΦr

θ(t) ,
(42)

whereby Φr
θ(0) = Ψr

θ(0) = 0. Equations (42) can be approximated by the fully implicit inte-
gration scheme; the following system of algebraic equations is obtained:

Φr
θ(t) + ∆tαrΨr

θ(t) = θ(t)− θ(t−∆t) + Φr
θ(t−∆t) ,

−∆tαrΦr
θ(t) + Ψr

θ(t) = Ψr
θ(t−∆t) .

(43)

Thus, (40) with (43) constitutes a recurrent approximation of the convolution integral computed
using the history integrals Φr

θ and Ψr
θ. The time convolutions associated with the deflection are

treated in analogy; for the r-th mode we have∫ t

0

sin[βr(t− s)]ẅ(s)ds =

≈ βr
[
cos(βr∆t)Φr

w(t−∆t)− sin(βr∆t)Ψr
w(t−∆t) + cos

(
βr

∆t

2

)
(w(t)− w(t−∆t))

]
,

(44)

where

Φr
w(t) + ∆tβrΨr

w(t) = w(t)− w(t−∆t) + Φr
w(t−∆t) ,

−∆tβrΦr
w(t) + Ψr

w(t) = Ψr
w(t−∆t) .

(45)

We recall that the memory functions Φr
•(t, x) and Ψr

•(t, x) are functions in time and space, as
well as θ(t, x) and w(t, x).
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3.2.2 Time discretization of the phononic beam equation

Using the approximate expressions (40) and (44), the convolution integrals involved in the
formulation (37) can be written, as follows (the abbreviation θ(t, ·) = θ(t) is used),∫ t

0

M(t− s)θ̈(s, ·)ds ≈Mθ̈(t, x) + Ã(t−∆t, x) + M̂[θ(t, x)− θ(t−∆t, x)] , (46)

where

Ã(t−∆t, x) =
∑
r

αrM̃r (cos(αr∆t)Φr
θ(t−∆t, x)− sin(αr∆t)Ψr

θ(t−∆t, x)) ,

M̂ =
∑
r

αrM̃r cos(αr∆t/2) .
(47)

In analogy (and using the self-explaining notation) we obtain∫ t

0

N (t− s)ẅ(s, ·)ds ≈ N ẅ(t, x) + B̃(t−∆t, x) + N̂ [w(t, x)− w(t−∆t, x)] , (48)

where

B̃(t−∆t, x) =
∑
r

βrÑ r (cos(βr∆t)Φr
w(t−∆t, x)− sin(βr∆t)Ψr

w(t−∆t, x)) ,

N̂ =
∑
r

βrÑ r cos(βr∆t/2) .
(49)

As can be seen from (46) and (48), it is necessary to approximate the second derivatives θ̈
and ẅ. We introduce the standard uniform time discretization of an interval ]0, T [, such that
tk = tk−1 + ∆t, k = 1, . . . , k̄ with t0 = 0 and ∆t = T/k̄. The time-discretized state variables
(θk(x), wk(x)) are defined at time levels tk, such that θk(x) ≈ θ(tk, x) and wk(x) ≈ w(tk, x).
The time convolutions can be approximated, as follows∫ t

0

M(t− s)θ̈(s)ds ≈ 1

(∆t)2

[
(M+ (∆t)2M̂)θk − (2M+ (∆t)2M̂)θk−1 +Mθk−2

]
+ Ãk−1 ,∫ t

0

N (t− s)ẅ(s)ds ≈ 1

(∆t)2

[
(N + (∆t)2N̂ )wk − (2N + (∆t)2N̂ )wk−1 +Nwk−2

]
+ B̃k−1 ,

(50)

where Ãk−1 and B̃k−1 are approximations of Ã(tk −∆t, ·) and B̃(tk −∆t, ·), respectively.
Note, that the “pointwise in space” updates (43) and (45) can be defined simply for t = tk

using the same equations.

3.3 Numerical illustration

In this section, we present examples of computations which are involved in numerical sim-
ulations of a phononic beam response in the time domain. The homogenized coefficients are
computed, as described in Section 2.3.

For the circular inclusion, see Fig. 1, the resulting mass matrix convolution kernels for the
Timoshenko beam model developed in Section 2.2 are depicted for a given time interval in
Fig. 4. Two lowest frequency band-gap intervals are listed in Tab. 2, so that for any ω from
these intervals one of the mass coefficients is negative, i. e. M(ω) < 0 or N(ω) < 0.

In the frequency, the following band gaps, i.e., intervals where M(ω) < 0 or N(ω) < 0, are
present:
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λ [GPa] µ [GPa] ρ [kg/m3] γ
matrix: aluminium 58.98 26.81 2799 5/6 µ
inclusions: epoxy 1.79 1.48 1142 5/6 µ

Table 1: Material parameters on the micro-level, matrix-inclusion contrast ≈ 20×1.

Figure 4: Illustration of the convolution kernels in the inertia terms of the phononic beam model.

coefficient 1st band gap [Hz] 2nd band gap [Hz]
M(ω) < 0 for [14443, 14927], [24093, 24190],
N(ω) < 0 for [9698, 10042], [22566, 22723],

Table 2: The lowest frequency intervals, where M(ω) < 0 or N(ω) < 0, indicating a frequency band gap.
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3.3.1 Approximation of convolution integrals

The numerical approximation of the convolution kernels associated with the beam deflections
and rotations was described in previous sections. In Fig. 5, for the given function ω2 cos(ωt)
we compare the analytical and numerical computation of the convolutions∫ t

0

M(t− s)ω2 cos(ωs)ds , and
∫ t

0

N (t− s)ω2 cos(ωs)ds ,

are displayed as functions of t. For a better understading the relationship between the convo-
lution result and the oscillating function with freqency ω of the function are displayed. The
frequency ω = 10 kHz is used, that lies in the band gap of N(ω), see Tab. 2.

Figure 5: Illustrated accuracy of the convolution integrals evaluated numerically; comparison with an analytical
evaluation for the function ω2 cos(ωs), ω = 10kHz (the band gap of N(ω)).

3.3.2 Wave response in the time domain

The weak formulation (38) was discretized in space by the finite element method. For the
time discretization, the numerical scheme reported in Section 3 was employed the convolution
integrals in time, as described above. In Fig. 6 we present results of one such calculation, for the
loading frequency ω set to 9698 Hz, i.e. into the band-gap range ofN (ω) for the microstructure
with the circular inclusion.

Qualitatively, we can see a damping of w(t, x) waves coming from the periodic loading at
x = L, which might be seen as the effect ofN (ω) < 0 for the harmonic loading with frequency
ω.

4 CONCLUSION

The aim of the paper was to present two methods for numerical modelling of dynamic be-
haviour of phononic structures described by the homogenized model developed in [2] and [6]
using the two-scale homogenization of strongly heterogeneous elastic composites. The first
method proposed in [4] relies on the spectral decomposition of the model equations in the fre-
quency domain. For a given frequency of the harmonic loading, it allows to split the phononic
structure response into two parts which are projected into two complementary Hilbert bases,
one being associated with the positive mass, the other with the negative one. Due to this split-
ting we can compute the propagating part of the solution. Although we focused on the coupled
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Figure 6: Wave propagation in the time domain, ω = 9698 Hz. Top row: 2D view, bottom row: 3D view, left
column: the rotation θ(t, x), right column: the deflection w(t, x).
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plate deflection and cross-sectional rotation wave propagation in plates or beams, this approach
is rather general and can be applied to dynamic systems with indefinite coefficients of the terms
corresponding to the inertia effects.

The second method relies on the elastodynamic problem formulation in the time domain,
where the inertia terms are present in the form of time convolutions. We proposed a numer-
ical discretization scheme which has been implemented in our FE code Sfepy and applied to
simulate a wave response of the beam loaded kinematically with frequency in a partial band
gap. Although the obtained result provide a comprehansive view of the partial band gap phe-
nomenon, furher thesting and comporaison between the two approaches seems to be necessary
for a deeper undersatnding the phononic structures response.
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Abstract. This paper provides the results of FEM simulation of dynamic tests recently per-

formed in Thessaloniki on a large-scale single-degree-of-freedom structure resting on a soft 

soil. The structure (named EuroProteas) was specifically designed to mobilize strong soil-

structure interaction (SSI), being a particularly stiff structure founded on soft soil. It consists 

of a simple steel frame with removable X-bracings founded on a RC slab and supporting the 

superstructure mass of two RC slabs identical to the foundation slab. It is a totally symmetric 

structure. Subsoil stratigraphy and dynamic properties of the foundation soil are derived from 

extended geotechnical and geophysical surveys, including static and dynamic in-situ and la-

boratory tests. Extensive free- and forced-vibration tests were performed. This paper deals 

with one set of forced-vibration tests. An eccentric mass shaker was used as a source of har-

monic excitation (f input = 3, 4.5, 5, 7 Hz and eccentricity 6.93kg-m) imposed on the roof of the 

structure. The structural response is recorded by seven accelerometers, five of which are lo-

cated at the top of the roof slab and two at the top of the foundation slab. Soil response is 

recorded with seismometers installed on the free soil surface in both horizontal directions. 

Dynamic FEM modelling of the tests were conducted in the time and frequency domains in 

order to detect the main aspects of SSI, taking into account soil nonlinearity. Numerical and 

experimental results were extensively compared. Very interesting results were reached above 

all in terms of the effects of soil-foundation interface behaviour. 
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1 INTRODUCTION  

Soil-structure interaction (SSI) has been widely investigated since the 1970s by means of 

theoretical approaches [1, 2, 3], field and laboratory studies as well as numerical modelling [4, 

5, 6, 7, 8, 9, 10, 11, 12, 13]. 

As for field and laboratory studies, SSI phenomena are commonly studied in small-scale 

by implementing experiments in shaking-table or centrifuge apparatuses [14, 10, 11, 15, 16]. 

Laboratory studies are particularly invaluable for the known initial and boundary conditions, 

and for the large quantity of applied instrumentations. However, very often there are also 

some disadvantages, such as certain limitations in reproducing actual field conditions (i.e. un-

bounded subsoil medium, radiation condition to infinity and realistic stress fields in the soil). 

On the other hand, large-scale field experiments of SSI account for realistic boundary condi-

tions and fulfil the radiation condition to infinity. 

Among numerical approaches, finite element (FE) modelling of the whole soil-foundation-

superstructure systems is nowadays widely performed. FE modelling allows a realistic evalua-

tion of coupled soil-foundation-superstructure system, in terms of initial and boundary condi-

tions, soil profile, geometry, nonlinearity of soil and/or soil-foundation interface [17]. FEM 

modelling, combined with field and laboratory tests, is the most useful tools for investigating 

the complexity of SSI [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. 

In this paper, numerical modelling of a large experimental field campaign to study SSI and 

wave propagation in the foundation soil due to structural oscillation is presented. The tests 

were performed in the full-scale experimental facility of EuroProteas in the Euroseistest site, 

in the north of Thessaloniki, Greece, in the framework of the European project “Seismic En-

gineering Research Infrastructures for European Synergies, SERIES”. 

 

2 EXPERIMENTAL LAYOUT 

The EuroProteas structure was specifically designed to mobilize strong interaction with 

the soil, being a particularly stiff structure founded on soft soil. As shown in Fig. 1.a, it con-

sists of a simple steel frame with reinforced-concrete foundation slab of 3.0x3.0x0.40m, on 

top of which four steel columns with free height 3.80m are clamped. The steel columns sup-

port the superstructure mass of two reinforced-concrete slabs identical to the foundation slab. 

The four steel columns are connected with steel X-braces in both directions, forming a sym-

metric structure. The total height from the bottom of the foundation slab to the top of the up-

per roof slab is 5.0m. 

Six experimental campaigns took place, including three sets of free-vibration tests and 

three forced-vibration tests, performed at different excitation levels. This paper deals with one 

set of forced-vibration tests. An eccentric mass shaker provided by the Earthquake Planning 

and Protection Organization EPPO-ITSAK [31] was implemented as a source of harmonic 

excitation imposed on the roof of the structure. The produced force of the vibrator is governed 

by the following equation: 

 

 22
RC

fEF       (1) 

 

where F is the shaker output force (in N), Ec is the total eccentricity of the shaker (in kg-m) 

and fR is the rotational speed of the shaker (in Hz). The shaker has adjustable eccentricity. For 

more details, see [32]. The presented forced-vibration tests were performed with eccentricity 

6.93kg-m, and input frequencies equal to 3 Hz, 4.5 Hz, 5 Hz and 7 Hz. 
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Figure 1: Full-scale experimental facility of EuroProteas in the Euroseistest site established in the 

Northern Greece: a) the structure; b) the instrumentation layout. 

 
A large number of instruments (more than 80) were installed in every test to monitor 

structural, foundation and soil response (Fig. 1.b). The structural response was recorded by 

seven accelerometers, five of which were located at the top of the roof slab and two at the top 

of the foundation slab. Soil response was recorded by seismometers placed on the soil surface 

at every 1.5m, up to a distance of 9.0m from the foundation, in two horizontal directions (par-

allel and perpendicular to the loading direction), so covering an area of 9x9m around the 

structure. The distance of 1.5m between the sensors was specifically chosen to match half of 

the foundation width, while the distance of the 9.0m was chosen equal to three times the 

foundation width, after which structural vibration effects on soil response are negligible ac-

cording to [2].  

As for subsoil stratigraphy and dynamic properties of the foundation soil, they were al-

ready documented from extensive geotechnical and geophysical surveys [33]. Nevertheless, in 

order to define a detailed soil stratigraphy immediately below the prototype structure, addi-

tional geotechnical investigations were performed, including static and dynamic in-situ and 

laboratory tests. Specifically, a 30m deep borehole was drilled in the geometric center of the 

foundation slab, standard penetration tests were conducted in the 30m deep hole and continu-

ous samples were taken for laboratory tests. The main geotechnical static parameters of four 

selected samples are shown in Table 1. Fig. 2 shows the soil stratigraphy (on the left) and the 

Vs profile (on the right), with the corresponding subdivision in 8 layers (A-F). The Vs profile 

computed from the down-hole array is compared with the results related to another similar 

site (S1L site) and with those reported in [34]. The latter are considered the most accurate, 

and therefore they were used in this paper. The average soil shear wave velocity in the up-

permost 30m is about 200 m/s. Main dynamic properties of the soil are reported in Table 2. In 

addition, resonant column (RCT) tests were performed on four representative soil specimens, 

obtaining the G/G0() and D() curves shown in Fig. 3. 

 

1349



G. Abate, M. Gatto, M. R. Massimino and D. Pitilakis 

 

Figure 2: Geotechnical characterization of the foundation soil:  soil stratigraphy and NSPT profile (on the left); 

shear wavevelocity profile from down-hole tests, compared with literature profiles (on the right). 

 

 
Table 1: Main physical properties of tested soils. 

Boring Sample Depth (m) AUSCS ww (%) e 

BH1 35 12.45-13.00 SM 27.6 0.485 

BH2 8 4.00-4.55 SC-ML 28.9 0.537 

BH2 23 13.60-14.00 ML 36.6 0.738 

BH2 47 26.80-27.00 SM 27.5 0.677 
 

 

Table 2: Main dynamic properties for the investigated stratigraphy. 

Layer z (m) Vs (m/s) G0 (kPa) D0 (%) Vs, av (m/s) f (Hz) 

A 0-3 100 21407 2.5 204.38 0.59 

B 3-5 125 32652 3.0 204.38 0.59 

C 5-8 170 58919 3.0 204.38 0.59 

D1 8-13 210 89908 2.5 204.38 0.59 

D2 13-17 210 89908 2.5 204.38 0.59 

E1 17-20 260 137819 2.5 204.38 0.59 

E2 20-24 260 137819 2.5 204.38 0.59 

F 24-30 300 183486 1.75 204.38 0.59
 

 

3 NUMERICAL MODELLING 

The forced-vibration tests described in the previous section have been simulated by a 2D 

finite element model (Fig. 4) by means of the ADINA code [35, 36]. The soil, the foundation 

slab and the roof slabs have been modelled using 9-node 2D solid elements, the steel col-

umns and the X-braces has been modelled using 2-node Hermitian beam elements. 
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Figure 3: Curves G/G0 vs  and D vs  obtained by RCT tests for the four selected samples (corresponding to 

four different layers), showing the updating of G and D with the achieved shear strain level, for the f input = 3 Hz. 

 

Figure 4: FEM model; showing geometry, loading and boundary conditions. 

 

The horizontal bottom boundary has been fixed 30.00 m from the structure, according to 

the soil stratigraphy discussed in Section 2; the two lateral boundaries have been chosen con-

sidering a distance equal to 20 B from the structure, where B is the dimension of the founda-

tion slab (3m), in order to minimize as much as possible boundary effects. For the horizontal 

bottom boundary all the displacements and the rotations were fixed; for the lateral bounda-

ries the vertical displacements were free, the rotations were fixed while the horizontal dis-

placements were linked by “constrain equations” that imposed the same horizontal y-

translation.  

The FE model allows foundation-soil sliding and foundation up-lifting phenomena by 

means of contact laws between the structure and the soil. The soil has been modelled com-

bining the data get by the in-situ tests and the RCT tests: the 8 layers (A-F) shown in Figure 

2 have been considered, as shown by the different colours of Fig. 4. Both the soil and the 

structure have been modelled by means of linear visco-elastic constitutive models. But, in 

order to take into account the soil non-linearity, the shear strain level in the soil has been es-
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timated for each input frequency, and thus the values of G and D have been updated accord-

ing to the achieved shear strain level considering the D-γ and G-γ curves of Fig. 3 (the updat-

ing is shown just for one input frequency, i.e. f = 3Hz). As for the constitutive parameters 

adopted for the structure, typical values of reinforced concrete and steel have been consid-

ered, i.e. for the slabs (reinforced concrete): E = 31500 MPa;  = 0.2 and ρ = 2.55 kNs
2
/m

4
; 

for the steel columns and the steel X-braces: E = 210000 MPa,  = 0.3 and ρ = 7.5 kNs
2
/m

4
.  

Two loading conditions have been applied: i) a “mass proportional” load has been applied 

to the whole system, in order to take into account the unit weight of the soil, the concrete and 

the steel elements; ii) the acceleration time-histories recorded by the T5860 accelerometer 

(Fig. 1.b) has been applied in the “loading direction” at the center of the roof to simulate the 

applied excitation. 

Finally, in line with the Rayleigh damping approach, the damping matrix has been as-

sumed proportional to the mass and stiffness matrices through the well-known factors αr and 

βr, evaluated as rDand βrD, being D the damping ratio of the different involved 

materials and  the angular frequency of the involved system [37, 38, 39], considering for 

the soil an average frequency equal to Vs,av/4hd (Table 2) and for the structure the expression 

suggested by [40]: T = C1 ∙ H
3/4

, with C1 = 0.075. 

 

4 COMPARISON BETWEEN EXPERIMENTAL AND NUMERICAL RESULTS  

The response of the above described system has been analysed in the time and frequency 

domains in order to detect the main aspects of SSI. In particular, the following physical quan-

tities were studied and compared: recorded acceleration amplification ratio along the ground 

surface, from the foundation until the distance from it equal to 9.0 m (Fig. 5); experimental 

and numerical maxima accelerations and also acceleration time-histories for a significant time 

interval concerning the structure and the soil response (Figs. 6-9); experimental and numerical 

Fourier spectra in the structure and in the soil surface (Fig. 10).  
More precisely, Fig. 5 shows the acceleration amplification ratio measured during the tests 

along the ground surface, every 1.5m from the structure. It is very important to stress the de-

amplification that occurs moving from the foundation to the soil, due to foundation up-lifting, 

that represents a natural isolation system. This result has been well captured by FEM simula-

tion, as shown in Figs. 6-9. An acceleration decrease of one order of magnitude along the 

structure, from the top to the base, and along the ground surface, from the accelerometer 

placed on the foundation and the accelerometer placed at a distance of 9m, can be observed 

generally for all the input frequencies. The FE modelling satisfactorily captures these experi-

mental results. Some discrepancies exist for finput = 3 Hz, where the numerical acceleration 

does not decrease along the ground surface moving away from the foundation, in contrast 

with the experimental accelerations. In finite-element modelling of unbounded media a cut-

off frequency exists, below which no radiation damping occurs when the soil properties in-

crease with the depth [41]. For the analysed soil stratigraphy, this cut-off frequency is ap-

proximately equal to 4.5 Hz. The analyses in the frequency domain (Fig. 10) confirmed the 

above-described results. 

The careful in situ and laboratory dynamic soil characterization, including soil nonlinearity 

evaluation, certainly contributed to the overall good agreement between experimental and 

numerical results for both the structure and soil response. This underlines, once more, the 

fundamental role played by soil characterization and modelling for the realistic prevision of 

the seismic behaviour of soil-structure systems and in turn for the safety seismic design and/or 

retrofitting of structures. 
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Figure 5: Recorded acceleration amplification ratio along the soil surface, from the foundation until the dis-

tance equal to 9.0 m. 

 

 
 

Figure 6: Comparison between experimental (in blue) and numerical (in red) results in terms of maxima ac-

celerations and acceleration time-histories, concerning the structure response (the upper row) and the soil re-

sponse (the lower row), for finput = 3 Hz. 

 

 

1353



G. Abate, M. Gatto, M. R. Massimino and D. Pitilakis 

3.0 3.5 4.0 4.5 5.0

t (s)

Structure: Base

5856-exp 5856-num

4.5 5.0 5.5 6.0 6.5

t (s)

Ground surface: 9.0 m

6695-exp 6695-num

-0.05

-0.03

-0.01

0.01

0.03

0.05

4.5 5.0 5.5 6.0 6.5

t (s)

Ground surface: 7.5 m

6623-exp

4.5 5.0 5.5 6.0 6.5

t (s)

Ground surface: 6.0 m

6674-exp 6674-num

4.5 5.0 5.5 6.0 6.5

t (s)

Ground surface: 4.5 m

6703-exp

-0.05

-0.03

-0.01

0.01

0.03

0.05

4.5 5.0 5.5 6.0 6.5

a 
(m

/s
2
)

t (s)

Ground surface: 3.0 m

6697-exp 6697-num

-1.0

-0.5

0.0

0.5

1.0

1.5

3.0 3.5 4.0 4.5 5.0

a 
(m

/s
2
)

t (s)

Structure: Top

5857-exp 5857-num

amax(input)= 0.775m/s2

0.851

0.093

0.749

0.079

0.0 0.4 0.8 1.2

top

base

a max (m/s2)

Maxima accelerations 

numerical experimental

R numerical = 0.11
R experimental = 0.11

R = amax base/ a max top

5857

5856

 

Figure 7: Comparison between experimental (in blue) and numerical (in red) results in terms of maxima ac-

celerations and acceleration time-histories, concerning the structure response (the upper row) and the soil re-

sponse (the lower row), for finput = 4.5 Hz. 

 

 

Figure 8: Comparison between experimental (in blue) and numerical (in red) results in terms of maxima ac-

celerations and acceleration time-histories, concerning the structure response (the upper row) and the soil re-

sponse (the lower row), for finput = 5 Hz. 
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Figure 9: Comparison between experimental (in blue) and numerical (in red) results in terms of maxima ac-

celerations and acceleration time-histories, concerning the structure response (the upper row) and the soil re-

sponse (the lower row), for finput = 7 Hz. 

 

 

Figure 10: Comparison between experimental (continuous lines) and numerical (dashed lines) acceleration 

Fourier spectra, just for finput = 5 Hz: a) in the structure (base-top); b) in the foundation - soil surface (foundation-

3m distance); c) in the soil surface (3m-9m distance). 

 

5 CONCLUSIONS  

The present paper deals with the dynamic response of a soil-foundation-superstructure 

system involving a large-scale single-degree-of-freedom structure resting on a soft soil, sub-

jected to forced-vibration tests. The structure consists of a simple steel frame with removable 

X-bracings founded on a reinforced concrete slab of 3x3x0.40m, whereas the soil has an aver-

age soil shear wave velocity in the uppermost 30m of about 200 m/s. EuroProteas was instru-

mented by a large number of instruments of various types, placed both on the structure and in 
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the soil, with the aim to obtain a well-instrumented 3D set of recordings in order to investi-

gate wave propagation and SSI due to the vibration of the structure.  

We present the results of the numerical simulation of one set of forced-vibration tests, 

characterised by a source of harmonic excitation (f input = 3, 4.5, 5, 7 Hz and eccentricity 

6.93kg-m) imposed on the roof of the structure. The results are investigated in the time and 

frequency domains, evaluating the effects of soil nonlinearity and soil-foundation interface 

behaviour on SSI. The experimental vs numerical results allows us to observe that:  

 Soil properties can vary greatly from site to site, differently from structure material proper-

ties, thus it is fundamental to perform a careful geotechnical investigation of these proper-

ties by means of both in-situ and laboratory tests for the realistic prevision of the seismic 

behaviour of soil-structure systems, and in turn for the safe seismic design and/or retrofit-

ting of structures. This is especially true in the dynamic field. 

 In the investigated tests, across the soil-foundation interface the seismic waves did not pass 

completely, due to observed and well numerically simulated foundation uplifting. This 

constitutes a natural isolation, which in turn contributes to reduce the vibrations in the soil 

if the input comes from the structure (as in the present case) or to reduce the stress-strain 

level in the structure if the input comes from the soil (i.e. earthquakes, pile drillings, etc.). 

 Numerical modelling of the fully-coupled soil-structure system captures well the dynamic 

response of the system, nowadays with a definitely reasonable time effort, taking into ac-

count the real soil stratigraphy, the fundamental soil nonlinearity, the complex interaction 

between soil and structure, as well as the other initial and boundary conditions. 
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Abstract. Experimental and theoretical studies on soil-structure interaction (SSI) have 

demonstrated that the seismic motion imposed at the foundation of a structure may be differ-

ent from the free-field motion due to the filtering action exerted by the foundation. In the 

realm of the substructure approach, the above kinematic interaction effect is investigated by 

disregarding the foundation mass. However, in the case of massive foundations supporting 

high-rise and/or wide plan view buildings or large monumental structures, foundation mass 

may contribute to the final input motion. This paper investigates the role of the foundation 

mass on the filtering action of embedded foundations by means of FDM numerical analyses. 

New analytical expressions of quasi-kinematic interaction factors are proposed, allowing for 

a direct implementation in analysis or design of massive foundations. The role of salient mod-

el parameters, such as the soil-to-foundation mass density ratio, the dimensionless frequency 

of the input motion and the aspect ratio of the foundation, is explored. The proposed analyti-

cal model is then compared with earthquake recordings from two accelerometric stations, 

maintained by ITSAK, that are installed at the free-field and at the basement of a nearby in-

strumented building with a massive embedded foundation.  
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1 INTRODUCTION 

It is well known that the dynamic behavior of buildings can be affected by the presence of 

a deformable soil-foundation system, which possibly makes the seismic response of a flexi-

bly-supported structure different from that of the rigidly-supported counterpart [1] by: (i) 

lengthening the fundamental period of the structure; (ii) allowing additional dissipation of en-

ergy into the soil by radiation and hysteresis; (iii) filtering the signal transmitted to the struc-

ture by incident waves, as a result of both base slab averaging [2] and embedment effects [3]. 

Following the concept of the substructure approach, the motion of the foundation as part of 

a coupled Soil-Structure Interaction (SSI) system is usually regarded as the contribution of 

two concurrent phenomena [4]: (i) kinematic interaction, in which a massless foundation 

modifies the motion of the surrounding soil depending on its stiffness  and (ii) inertial interac-

tion, in which the motion of the foundation itself is further modified by the inertia forces act-

ing in the structure-foundation system. 

By focusing on the filtering action of the foundation, kinematic interaction has been recog-

nized to play a significant role in the case of both embedded [5] and deep foundations [6], 

where the foundation input motion (FIM) may differ substantially from the free-field motion 

at ground surface. Further studies, taking into account both the soil-foundation system and the 

superstructure, have shown that the filtering effect is usually beneficial for squat structures 

while it may be detrimental for slender buildings with deeply embedded foundations or base-

ments [7] by increasing the ductility demand. 

In the case of rigid embedded foundations, scattering effects reduce the horizontal dis-

placement of the base slab, uG, with respect to the free-field motion, uff, while introducing a 

rotational component, θG, with no counterpart in a fixed base structure. Under the assump-

tions of massless foundation and vertically propagating plane shear waves, the latter implying 

that base slab averaging cannot occur, filtering effect is physically related to the inability of 

the foundation elements to follow soil deformations induced by travelling waves, especially 

for short wavelengths. Further studies have also shown that the mass of the foundation can 

provide a significant contribution in filtering the free-field motion [8-11]. The overall phe-

nomenon can be described by three kinematic response factors, namely Iu = uG/uff, Iu,top = 

uA/uff and Iθ = θGH/uff, which are frequency-dependent transfer functions relating the harmon-

ic steady-state motion experienced by the foundation to the amplitude of the corresponding 

free-field surface motion (Figure 1). Specifically, Iu and Iθ, referring to the base slab of the 

foundation, are the standard kinematic factors used in the case of massless foundation [12], 

while Iu,top refers to the top of a massive foundation.  

A series of studies in the literature explore the problem of filtering effects induced by rigid 

embedded foundations, using different numerical techniques. However, most of them refer to 

the case of a massless rigid foundation – with cylindrical or rectangular shape - embedded in a 

uniform elastic or viscoelastic half-space [13-17]. Going to the seismic design practice, the 

filtering effect induced by embedded massless foundations is usually described using the sim-

plified formulas proposed by Elsabee & Morray [3] approximating rigorous FE analyses, es-

sentially relating the motion of the rigid foundation to the translation of the free-field at the 

foundation level. An improved version of the above formulas has been recently proposed by 

Conti et al. [12], based on the best fit of numerical FDM results.  

 This paper presents a numerical and theoretical study of the filtering effect induced by rig-

id massive embedded foundations. The goal of this work is: (i) to extend the observations al-

ready available in the literature for the case of a massless foundation and (ii) to define new 

simplified, but physically sound solutions to be incorporated in recommendations for the 

seismic design of structures with embedded foundations. To validate the numerical results, the 
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proposed solutions are compared with earthquake recordings from two accelerometric stations 

installed at the free-field and the basement of an instrumented building with a massive em-

bedded foundation. 

 

Figure 1: Problem layout and relevant parameters for: (a) massless and (b) massive embedded foundations. 

2 PROBLEM DEFINITION AND DIMENSIONAL ANALYSIS 

Under the assumption of vertically propagating plane shear waves, the dimensionless 

groups governing the filtering effect induced by embedded foundations can be derived. We 

refer to the general case of a rigid rectangular foundation (embedment depth H, width B, 

length L, mass density ρF, shear modulus GF, damping ratio ξF) embedded in a homogeneous 

isotropic visco-elastic soil layer (thickness Hd, mass density ρS, shear modulus GS, Poisson’s 

ratio νS, damping ratio ξS). Given for simplicity ξF = ξS = ξ and assuming θA = θG, which 

strictly holds for rigid foundations, the problem can be formulated as: 
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Applying the Buckingham theorem, it is possible to rescale Equations (1) in dimensionless 

form, using H, GS and ρS as dimensionally independent variables: 
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In order to reduce the dimensionless parameters involved, some simplifying assumptions 

are usually introduced in the literature, i.e.: the embedded foundation is rigid (GF/GS≫1) and 

the soil deposit is assimilated to a homogeneous half-space (Hd/H≫1). With reference to ξ 

and νS, numerical investigations have shown that, while these parameters affect the dynamic 

response of both the foundation and the soil, they have a minor influence on the kinematic 

response factors [6,17]. Moreover, Conti et al. [12] have shown that only the foundation 

width B in the polarization plane of the shear wave affects the filtering phenomenon, denoting 

that the aspect ratio (L/H) of the foundation may be disregarded. Under these assumptions, the 

interaction factors can be expressed as functions of three sole parameters: 

(a)
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The dimensionless ratios in Equation (3) take into account the physical, mechanical and 

geometrical properties of the problem at hand. Specifically, ωH/VS refers to the ratio of the 

embedment depth of the foundation over the wavelength of the excitation, which practically 

means that larger wavelengths may be filtered by scattering effects with increasing embed-

ment depth. On the other hand, ρF/ρS is the mass density ratio between the foundation and the 

soil, indicating stronger filtering action with increasing mass density of the foundation.  

3 NUMERICAL STUDY 

Plane-strain analyses of a rectangular massive foundation of width B, embedment depth H 

and mass density ρF, embedded in an homogeneous half-space, were carried out in time do-

main using the finite difference code FLAC 2D v7 [18], with the ratios B/H and ρF/ρS ranging 

from 0.25 to 6 and from 0 to 1.3 respectively. A detailed description of the numerical models 

is reported in Conti et al. [12]. 

3.1 Model description  

Both the soil and the massive foundation were modelled as linear visco-elastic isotropic 

materials (mass density ρS = 1.835 t/m
3
; shear wave velocities VS = 100 m/s and VF = 10VS; 

Poisson ratios νS = νF = 0.3). A stiffness ratio of GF/GS = 100 was assumed in order to guaran-

tee the assumption of rigid foundation, while four different values were considered for the 

mass density ratio ρF/ρS at 0, 0.5, 1.0 and 1.3. A Rayleigh viscous damping was used, with a 

given value of 2 % at the reference frequencies of 1 Hz and 10 Hz. 

Free-field boundary conditions were applied along the lateral sides of the mesh, involving 

the coupling of the main grid with a one-dimensional free-field column through viscous dash-

pots, in such a way that outward waves originating from the interior of the model can be 

properly absorbed. As far as the boundary condition at the base of the mesh is concerned, both 

viscous dashpots and the dynamic input were applied in order to reproduce the upward propa-

gation of shear waves within a semi-infinite domain. The input was a constant amplitude si-

nusoidal sweep, defined in terms of a horizontal displacement time history, with a duration of 

60 s and a frequency increasing linearly with time from 0.5 to 10 Hz. This range was chosen 

to include the typical frequency content of real earthquakes. 

The rigid rotation of the foundation was computed as (vR(t)-vL(t))/B, where vR(t) and vL(t) 

are the vertical displacements at the right and left corners of the foundation base, respectively. 

The free field motion, uff, was obtained from a one-dimensional analysis. As an example, Fig-

ure 2 shows: (a) the amplitude Fourier spectra of uG(t) and uff(t) together with the absolute 

value of Iu, and; (b) the amplitude Fourier spectra of θG(t) and uff(t) together with the absolute 

value of Iθ, obtained from one of the analyses performed. 

3.2 Results  

Numerical results are summarized in Figures 3, 4 and 5, showing the amplitude of Iu, Iθ 

and Iu,top, respectively. The interaction factors are given as a function of the dimensionless 

frequency ωH/VS, for different values of the aspect ratio B/H and of the density ratio ρF/ρS. 
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For small B/H (squat/slender foundations), the interaction factors are not significantly af-

fected by the mass density ratio and all tend to the free-field 1D condition, where filtering ef-

fects are mostly due to the embedment of base slab [12]. In this condition, |Iu| shows an 

oscillating trend, with local minima and maxima clearly related to the resonant frequencies of 

the corresponding free-field case, and a significant rocking component emerges in the founda-

tion motion, as reflected by |Iθ|, while |Iu,top| tends to unity (uA = uff). 

A completely different behaviour is observed for large B/H values (spread foundations). In 

this case, the density ratio ρF/ρS affects both |Iu| and |Iu,top|. For ρF/ρS = 0 (massless foundation) 

|Iu| tends to one, which is the corresponding limit solution for B/H = ∞, while for ρF/ρS ≠ 0 the 

kinematic factor moves towards other asymptotic solutions, depending on the mass density 

ratio. Concurrently, as reflected by the almost zero values of |Iθ|, no significant rocking mo-

tion is mobilized and, therefore, |Iu| and |Iu,top| tend to coincide. 

Based on the above observations, it can be concluded that all the kinematic factors are 

strongly affected by the aspect ratio of the foundation, B/H, and are not related merely to the 

embedment depth of the foundation. Moreover, the mass of the foundation can modify sub-

stantially the filtering action induced by a rigid embedded foundation, with respect to the 

massless case, especially in the case of large B/H ratios. 

 

Figure 2: Numerical analyses. Kinematic interaction factors for B/H = 1 and ρF/ρS = 1: (a) |Iu| and (b) |Iθ|. 

4 SIMPLIFIED THEORETICAL MODEL 

Similarly to the approach followed in [12], two limit 1D cases can be identified for the 

problem at hand, referring to an infinitely thin (B/H→0) and an infinitely extended (B/H→∞) 

foundation, respectively.  

4.1 Limit case for B/H=0 (infinitely narrow foundation)  

For this specific limit case, the difference between the foundation motion and the free-field 

surface motion is only due to the variation of ground motion with depth. As a consequence, 

the three kinematic interaction factors do not depend on the mass density ratio and can be 

computed with reference to the free-field motion in the embedment region, assuming elastic 

behaviour for the soil (ξs = 0), as: 

 

��|(%  ⁄ 34) =
���|678
���

= cos	�� !" (

�)|(%  ⁄ 34) =
)��∙ 
���

= 1 − cos	�� !" (

��,*+,|(%  ⁄ 34) =
���|67@
���

= 1

 (4) 
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Figure 3: Numerical analyses. Absolute value of Iu computed for different values of B/H and ρF/ρS. 

 

Figure 4: Numerical analyses. Absolute value of Iθ computed for different values of B/H and ρF/ρS. 

 

Figure 5: Numerical analyses. Absolute value of Iu,top computed for different values of B/H and ρF/ρS. 
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4.2 Limit case for B/H=∞ (infinitely extended foundation)  

Upon implementing the reference system of Figure 6(b, c), we can define: 

 

��: = ��
���
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���
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���
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���
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 (5) 

where, from a standard response analysis of a viscoelastic soil layer one gets: 

 

���
�BC'

= D
EFGHI∗ '

�-
��
= D
EFGH$∗ 

 (6) 

The wave numbers KL∗ (soil) and K∗  (foundation) are given by the expressions: 

 KL∗ = �
!I∗
,					K∗ = �

!$∗
	 (7) 

where: 

 ML∗ = ML(1 + O�L),					M∗ = M(1 + O�) (8) 

are the complex shear wave velocities of the soil and of the foundation respectively. The 

dynamic response of the 2-layer system of Figure 6(b) yields: 

 

�� = EFGHI∗ ' EFGH$∗ 
EFGHI∗( 'P ) EFGH$∗ PQ∗ GRSHI∗( 'P )GRSH$∗ 

��,*+, = EFGHI∗ '
EFGHI∗( 'P )EFGH$∗ PQ∗ GRSHI∗( 'P ) GRSH$∗ 

 (9) 

where T∗ is the complex impedance ratio, given by: 

 T∗ = #$!$∗
#I!I∗

 (10) 

 

Figure 6: Massive embedded foundations. (a) 2D problem layout; (b) 1D theoretical model of a 2-layer system 

corresponding to an infinitely extended foundation and (c) free-field homogeneous layer. 

After some manipulation, it is possible to derive simplified expressions of the absolute val-

ues of Iu and Iu,top for the half-space condition (Hd/H≫1) and for an infinitely rigid foundation 

(VF/VS≫1). Specifically, upon assuming that ξS≪1 and ξF≪1 and for bounded values of ω 

(which is reasonable for real earthquakes), we can write: 
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 |��| '→W!$→W = X��,*+,X '→W!$→W = D
YDZ�[$[I(\�]8^I 	(\

 (11) 

4.3 2D simplified solutions  

Simplified expressions for |Iu|, |Iθ| and |Iu,top|, suitable for taking into account kinematic ef-

fects in design and/or analysis of massive embedded foundations  can be defined using ad hoc 

functions which allow to recover the two 1D limit cases mentioned above for B/H→0 and 

B/H→∞. Specifically, based on numerical results and bearing in mind the two 1D limit 

solutions, the following functions for |Iu|, |Iθ| and |Iu,top| are proposed: 

 

_�� �% , #$#I ,� !I (_ = `a
YDZ�[$[I ⋅]8^I (\

+ 1DP`a5
cDZ�]8^I (\d

eaef ⋅ _cos �gh � !I 	(_
_�) �% ,� !I (_ = gi ⋅ _1 − cos �� !I 	(__��,*+, �% , #$#I ,� !I (_ = D

YDZ`j\�[$[I ⋅]8^I (\
 (12) 

where the coefficients a1, a3, governing |Iu|, depend on the ratios B/H and ρF/ρs, while the 

coefficients a2, a4, a5 are a function of the ratio B/H, as presented in the following: 

 

gD �% , #$#I( = 1%  ⁄ 5klZ1%  ⁄ 5k 										T = 1.0 + 0.6 �#$#I( 						p = 3.3 − 1.4 �#$#I(gh �% ( = DZQ1%  ⁄ 5DZ1%  ⁄ 5 																T = 0.7										gt �#$#I( = 2.2 − 1.6 �#$#I(gv �% ( = 1%  ⁄ 5klZ1%  ⁄ 5k 																T = 2.0																											p = 0.5gi �% ( = DDZQ1%  ⁄ 5x 														T = 1.2																											p = 1.8
 (13) 

Figures 7, 8 and 9 compare numerical results, in terms of  |Iu|, |Iθ| and |Iu,top|, with the theo-

retical Equations (12). Both the 1D solutions and the 2D approximate functions provide a 

good description of the actual trend exhibited by the kinematic interaction factors, in the 

whole frequency range of 0<ωH/VS<4, which is typical of real earthquakes. As far as |Iu| is 

concerned (Figure 7), for mass ratios above unity (ρF/ρS>1) and frequencies up to the funda-

mental frequency of the soil deposit (where |Iu| tends to zero), the effect of the mass ratio is 

dominant over the B/H parameter. As a matter of fact, all the curves almost converge to a sin-

gle one for the mass ratio ρF/ρS = 1.3. Going to |Iu,top| (Figure 9), for ρF/ρS=0.5 the numerical 

results do not exhibit a monotonic trend towards the 1D limit solution for B/H→∞, which, 

nonetheless, seems to provide the right asymptotic value for the problem at hand.   

5 COMPARISON WITH EARTHQUAKE RECORDINGS 

5.1 COSMOS Offices building in Thessaloniki  

The Cosmos Offices building complex, which hosted the premises of the Institute of Engi-

neering Seismology and Earthquake Engineering (ITSAK) in Thessaloniki, is composed of 

four identical three-storey reinforced concrete buildings (No.1-4 in Figure 10) with basement. 
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The four buildings are separated by seismic joints and can thus be considered as statically in-

dependent in terms of seismic response. Moment resisting frames constitute the main load-

resisting system of the structure. Each building has plan dimensions of 29.4 m x 33 m along 

the longitudinal (x-x) and the transverse (y-y) direction of the building complex, respectively, 

while its aboveground height is 10.6 m.  

 

 

Figure 7: Amplitude of Iu. Comparison between numerical (left) and theoretical (right) results. 

 

Figure 8: Amplitude of Iθ. Comparison between numerical (left) and theoretical (right) results. 

 

Figure 9: Amplitude of Iu,top. Comparison between numerical (left) and theoretical (right) results. 

1368



R. Conti, M. Morigi, G. Viggiani, Emm. Rovithis, N. Theodoulidis and C. Karakostas 

The basement of the building complex has shear walls 0.30 m thick along its perimeter. 

The foundation, at a depth of 4.8 m, is composed of interconnected grid beams. A typical plan 

view of the foundation, referring to building No.2 (which houses the accelerometric station 

T5u66 at its basement), is shown in Fig. 11(a). The exact dimensions of the structural config-

uration were retrieved from the design study of the building.  

Upon evaluating the actual mass and stiffness of the structure, a simple MDOF lumped 

mass model was developed to estimate the first-mode period of building No.2 under fixed-

base conditions. The modal analysis - performed by the FE code SAP2000 [19] - yielded a 

fundamental eigenperiod of the structure of Tx-x = 0.47 s and Ty-y = 0.40 s, along the x-x and 

y-y direction respectively, both activating approximately 76% of the total mass.  

With reference to the geotechnical characterization of the soil deposit, a series of micro-

tremor array field measurements were performed by Manakou et al. [20] at a distance of ap-

proximately 600 m away from the COSMOS site. The analysis of microtremor data revealed a 

piecewise increase of shear wave propagation velocity (VS) from 160 m/sec at the ground sur-

face to 460 m/sec at the depth of 30 m (Fig. 11(b)). The former value of VS was adopted dur-

ing the interpretation of earthquake recordings reported in the following. Mass density of the 

foundation soil was considered equal to ρS = 1.8 t/m
3
. 

5.2 Instrumentation and available earthquake recordings  

The instrumentation of COSMOS Offices comprises two Guralp CMG-5TD high-

resolution (24bits) accelerometric stations with absolute GPS time (Fig. 10), as part of the 

Greek National Accelerometric Network operated and maintained by ITSAK. The first station 

(T5u66), referred hereafter as the “foundation” station, is mounted on the reinforced concrete 

slab of the building’s basement while the second one (T5u60), referred hereafter as the “free-

field” station, is installed in the parking area at a distance of approximately 50m from the 

Northern façade of the structure. Both stations are oriented along the N-S direction (almost 

aligned with the x-x direction of the building, shown in Fig. 10) and operate on a continuous-

recording mode at 100 sps, allowing for simultaneous recordings of seismic motion at the 

foundation level and free-field conditions. 

A set of ten earthquakes (EQ) that occurred during the period of 14/02/2012 to 26/01/2014 

with available recordings from both the foundation and the free-field station is presented here-

in. Basic earthquake metadata for the above earthquakes, retrieved from the Seismological 

Station of Aristotle University of Thessaloniki (http://geophysics.geo.auth.gr/ss/), are summa-

rized in Table 1, where R refers to the distance between each earthquake epicenter and the 

COSMOS site. A representative pair of recordings produced by EQ.1 is plotted in Fig. 12 in-

dicating the filtering effect of the foundation in the time domain. It is noted that a maximum 

peak ground acceleration of 6mg was recorded by the free-field station following the EQ.5 

earthquake, indicating the low amplitude motion imposed on the soil-structure system for the 

specific set of records. As a result, the above range of PGAs allows for the implementation of 

the low-strain shear velocity mentioned above.   

Given the low amplitude of the recorded motions, signal-to-noise ratios were computed for 

each record in order to estimate a reliable, noise-free frequency range for the transfer function 

between foundation and free-field motion. The above preliminary investigation revealed that 

up to 15 Hz the signal-to-noise ratio retains values larger than 3, that may be considered as an 

acceptable lower bound. The foundation-to-free-field Fourier amplitude ratio (Ufnd/Uff) was 

then derived for each earthquake and the mean transfer function averaged over the ten Fourier 

ratios is shown in Fig. 13. So far, no data smoothing was performed, which explains the large 

frequency spikes observed in Fig. 13, since the main objective of the research at this stage 
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was to highlight a general trend of the kinematic-induced effects on the foundation motion. A 

more rigorous approach would require deriving smoothed transfer functions based on power 

spectral density functions rather than Fourier spectra to estimate the coherence between input 

(free-field) and output (foundation) motion, based on time or frequency domain methods that 

have been reported in the literature [21]. For this reason the data reported in Fig. 13 may be 

employed for a qualitative comparison between the earthquake records and the prediction of 

the proposed analytical model that follows. 

 

 

Figure 10: Google Earth Image of the COSMOS Offices building complex (top), composed of four identical 

buildings separated by seismic joints (shown with red dotted lines) and cross section of the building along the 

longitudinal direction (bottom). The location of the two accelerometric stations installed at the basement (T5u66) 

and the parking area (T5u60) of the building are also shown.  

 
 

Figure 11: (a) Plan view of a typical building’s foundation of the COSMOS Offices premises; (b) Shear wave 

velocity profile until the depth of 30 m measured by the MAM method at a distance of approximately 600m 

away from the structure [20].  
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Earthquakes 
Day / Month / 

Year 
Hr : Mn : Sc M Latitude Longitude R (km) 

EQ.1 09 / 12 / 2012 03:22:23.3 3.0 40.644 23.034 10.51 

EQ.2 12 / 05 / 2012 22:48:12.8 3.9 40.564 22.841 12.58 

EQ.3 02 / 07 / 2013 10:45:22.1 4.6 40.118 21.853 108.05 

EQ.4 03 / 07 / 2013 13:28:23.8 4.6 40.115 21.846 108.73 

EQ.5 11 / 10 / 2013 05:15:46.9 4.4 40.690 23.410 38.64 

EQ.6 26 / 01 / 2014 13:55:41 5.9 38.154 20.287 354.3 

EQ.7 11 / 08 / 2013 10:23:43 3.6 40.230 23.104 36.3 

EQ.8 08 / 09 / 2013 10:33:00 3.5 40.848 22.762 35.36 

EQ.9 14 / 02 / 2012 01:34:38 5.0 40.129 24.089 104.6 

EQ.10 21 / 10 / 2012 04:43:31 3.4 40.695 23.301 27.4 

Table 1: Seismological metadata of the earthquakes recorded by the two accelerometric stations in the COSMOS 

Offices building complex (Data retrieved from seismicity catalogues reported by the Seismological Station of 

Aristotle University of Thessaloniki, http://geophysics.geo.auth.gr/ss/) 

 

Figure 12: Earthquake EQ.1: foundation and free-field recordings: (a) E-W component (b) N-S component  

 

Figure 13: Unsmoothed foundation-to-free-field transfer function averaged over the Fourier ratios of the ten 

available pairs of recordings for both NS and EW component.   
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5.3 Interpretation of COSMOS building earthquake recordings  

In order to highlight the role of the foundation mass in filtering the free-field motion, the 

available recordings were first interpreted using the approximate function of |Iu| (Eq. 12) re-

ferring to both the massless (pure kinematic interaction) and the massive (quasi-kinematic in-

teraction) case. Moreover, after modeling the COSMOS building as an equivalent SDOF 

system, the complete SSI problem was investigated by means of the classical Substructure 

method [4]. To this end, two different approaches were implemented: (i) a standard substruc-

ture approach, according to which the FIM motion is computed from a pure kinematic inter-

action and then the inertial interaction problem is addressed taking into account the mass of 

both the structure and the foundation; and (ii) a hybrid substructure approach, according to 

which the FIM motion is derived from a quasi-kinematic interaction and then the inertial in-

teraction problem is solved including the sole mass of the structure. In both approaches, the 

expressions provided by Pais & Kausel [22] were used to compute the dynamic impedances 

for the embedded foundation. 

The soil deposit is modelled as a uniform soil layer with mass density ρS = 1.8 t/m
3
, con-

stant shear wave velocity VS = 160 m/s, Poisson’s ratio νS = 0.3 and damping ratio ξS = 5 %. 

Based on the modal analysis of the MDOF lumped mass model for the COSMOS building, 

the equivalent fixed-base SDOF system is characterized by a height Hstr = 8.73 m, a structural 

mass mstr = 895 t, a damping ratio ξ = 5 % and a natural period of T0,N-S = 0.47 s and T0,E-

W = 0.40 s, along the N-S and E-W direction respectively.  

As far as the foundation model is concerned, the plan dimensions are 29.4 m and 33.0 m, 

along the N-S and the E-W direction respectively, while the embedment depth is H = 4.8 m. 

The total mass of the foundation is mF = 4134 t, leading to an equivalent mass density of 

ρF = 0.9 t/m
3
 and a density ratio of ρF/ρS = 0.5. 

 

 

Figure 14: Comparison of recorded (unsmoothed) foundation-to-free-field transfer functions with theoretical 

predictions of the Substructure method applied to Cosmos Building along the: (a) N-S and (b) E-W direction.   

Figure 14 shows the main results obtained by applying the Substructure approach to the 

COSMOS building, in terms of the foundation-to-free-field motion (Ufnd/Uff), compared with 

the available foundation-to-free-field transfer functions along the (a) N-S and (b) E-W direc-

tion. Dotted lines refer to the kinematic interaction factor |Iu|, (Eq. 12), while continuous lines 

refer to the foundation motion resulting from the complete dynamic SSI, thus taking into ac-

count both kinematic and inertial effects. The trend observed in the two directions is very sim-

ilar. Specifically, inertial effects stemming from the oscillation of the superstructure are 

observed within a narrow range around the fixed-base fundamental frequency of the SDOF. 

Thus, the reduction of the foundation motion with respect to free-field is mainly due to the 
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interaction between the foundation and the soil. On the other hand, the |Iu| functions for a 

massless (ρF/ρS = 0) and massive (ρF/ρS = 0.5) foundation are almost coincident up to about 8 

Hz, thus indicating that, in this frequency range, the soil-foundation interaction is purely kin-

ematic, the foundation mass having indeed a negligible effect. However, the foundation mass 

does affect the foundation motion at larger frequencies, where the quasi-kinematic predictions 

provide a better comparison with the available recordings.      

6 CONCLUSIONS  

• This paper addressed the issue of the filtering effects induced by rigid massive embedded 

foundations subjected to vertically propagating shear waves. Based on the results from 

dimensional analysis and numerical FDM simulations, it was found that the problem can 

be described by three sole dimensionless parameters, namely: (i) ωH/VS, relating the 

wave length of the signal to the embedment depth H of the foundation; (ii) the aspect ra-

tio of the foundation, B/H, where B is a characteristic length of the foundation width in 

the polarization plane; and (iii) the mass density ratio ρF/ρS between the foundation and 

the soil. 

• Numerical analyses showed that the foundation mass can play a significant role on the 

kinematic interaction factors |Iu| and |Iu,top|, while having a minor effect on the rotational 

component of the foundation motion, as reflected by |Iθ|. 

• Based on numerical results and theoretical 1D models, new simplified and physically 

sound expressions were derived for the kinematic interaction factors, |Iu|, |Iθ| and |Iu,top|. 

• The proposed functions have been applied to the interpretation of the earthquake record-

ings available for the COSMOS Offices building in Greece. The comparison has con-

firmed the previous theoretical findings and has shown how to identify the contribution 

of the foundation mass in filtering the free-field motion, by means of a simple quasi-

kinematic interaction analysis. 

• The proposed functions can be applied both to the seismic design of structures with em-

bedded foundations and to the interpretation of available recordings. 
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Abstract. An investigation of SSI effects on the seismic response of the Prefecture building in 
the island of Lefkas is conducted, based on recordings of an earthquake excitation at its base 
and at a nearby free-field station. Detailed F.E. models of the building are developed and 
used as a basis for the development of simpler, yet reliable models for the numerical 
investigation of SSI effects. Both kinematic and inertial interaction are taken into account, 
using the substructure approach. The comparison of the predicted response with the actual 
one recorded at the basement of the building is presented and discussed, as well as the 
various repercussions due to the potential underestimation of the seismic hazard from 
recording stations housed at the basement of buildings. 
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1 INTRODUCTION 

The present research effort deals with the investigation of the Soil-Structure-Interaction 
(SSI) effects on the seismic response of a R/C building housing the Prefecture of the island of 
Lefkas, Greece, under a strong earthquake that occurred on 26/1/2014 at the neighboring 
island of Cephalonia. In the early months of 2014, two major events took place in the 
southwestern end of the island of Cephalonia, the first (M6.1) on January 1, 2014 followed by 
a M6.0 one on February 3, 2014. Both events are related to the Cephalonia Transform Fault, a 
right-hand strike-slip fault with reverse thrust [1].  In the town of Lefkas (capital of the 
namesake island), around 80km NE of the earthquake epicenters, and at the basement of the 
aforementioned Prefecture building (Figure 1, yellow dot), the excitations were recorded by a 
high-resolution accelerograph that had been installed by the Institute of Engineering 
Seismology & Earthquake Engineering (EPPO-ITSAK) as part of the Hellenic National 
Strong-Motion Network. In the framework of a research program and at a distance of 
approximately 70m from the building (Figure 1, green dot), a similar accelerograph was 
installed in free-field conditions in 2012, and also recorded the event [2]. 

  

 

 

 

Figure 1: Location of the accelerographs in the town of Lefkas 

A comparison between the two recordings of the 26-1-2014 event (Figure 2) shows that at 
the free-field location the recorded acceleration amplitudes are larger than those at the 
basement of the building, and it is also observed that the frequency content is richer.  

  
Figure 2: Recordings of the 26-1-2014 event at the free-field (blue) and the basement of the Lefkas 

Prefecture building (orange) 

This comparison clearly shows the effect of SSI on the recordings, a phenomenon still 
open to research, even though the first investigations on the subject are dated from the 1950s. 
By definition, SSI leads to a differentiation of the seismic response of a structure primarily 
due to rigid body motions of the foundation in translation and rotation and mobilization of 
energy dissipation in the soil in the form of radiation and hysteretic damping with no 
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counterpart in the corresponding fixed-base structure. SSI effects have been shown to be more 
pronounced for stiff buildings founded on soft soils, as is the case herein examined. For the 
analytical investigation of the phenomenon, two main methodologies have been developed, 
namely direct and substructure methods. In direct methods, a single numerical model (using 
finite elements, sometimes in combination with boundary elements) comprises the structure, 
its foundation and the surrounding soil, allowing for the analytical investigation of non-linear 
effects ([3], [4], [5]). Substructure methods are suitable for only linear response (or linearised 
assumptions), and, being less computationally demanding, have been adopted by the current 
seismic codes. In these methodologies the coupled SSI system is decomposed into a kinematic 
and an inertial part ([6], [7]). The latter is accounted for through appropriate generalized 
springs and dashpots attached at the structure base.  Kinematic interaction refers to the 
stiffness of the (massless) foundation, which may modify the free-field excitation. The main 
parameters affecting kinematic interaction are the dimensions of the foundation and its 
embedment depth. Taking into account the kinematic interaction effects leads to the 
computation of the modified free-field motion which is to be introduced as excitation at the 
base of the foundation (foundation input motion –FIM). On the other hand, inertial interaction 
is due to the mass and stiffness of the foundation and the structure and also affects the 
structural response for a given FIM. In the present paper we present an analytical estimation 
of SSI effects on the seismic response of the Prefecture building in the town of Lefkas (using 
the free-field recordings as the basis of the computations) and we compare the analytical 
predictions with the actual recordings at the building’s basement.  

2 THE PREFECTURE BUILDING AT LEFKAS – DESCRIPTION AND 
ANALYTICAL F.E. MODELS 

In the following, a description of the Prefecture Building at Lefkas town is presented, 
together with analytical finite element (F.E.) models that were developed in order to 
investigate its dynamic behaviour. 

The building under investigation is a statically independent part (Figure 3 right, shaded 
part III) of a complex of buildings that house the administrative agencies (Prefecture and 
Municipality) of the island of Lefkas. 

 

 

 

 
 
 

Figure 3: The Prefecture Building at Lefkas (statically independent Part III, in yellow ellipse) 

2.1 Load Bearing system 

The R/C building was originally designed on July 1991, and a revision took place on 
August 2007, according to the provisions of the 2000 Greek Reinforced Concrete Code 
(EKOS2000) and Greek Seismic Code (EAK2000), and their later amendments. The building 
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consists of a basement, ground floor and 1st floor, each with a surface of 761m2. The height of 
the basement is 3m while the height of each one of the two floors 3.25m. The building also 
has an inner courtyard with a surface of 114.95m2. The typical formwork of the basement and 
ground floors is presented in Figure 4, together with that of the strip foundation.  

 
Figure 4: Formwork of the basement and ground floors (top) and of strip foundation (bottom) 

2.2 Development of analytical F.E. Models 

For the analytical investigation of the seismic response of the building several 3D F.E. 
models of various levels of complexity were developed using the SAP (2000) program. Given 
the elongated shape of the building and the inclusion of the inner courtyard, 3D models with 
full modeling of the floor slabs with plate elements were developed (Figure 5, left) which 
were used to validate simpler 3D models with the assumption of a diaphragmatic behaviour of 
the floor slabs (Figure 5, right). The comparisons under fixed-base conditions (Table 1) of the 
dynamic characteristics (eigenvalues, eigenmodes) showed that the simpler, “diaphragmatic” 
models can also reliably describe the dynamic behaviour of the building. In order to facilitate 
the subsequent analytical investigations which include consuming time-history computations, 
an equivalent “stick” model (i.e. with a lumped mass and one column for each floor – an 
extended version of the model is presented later in Figure 11) was developed, with dynamic 
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properties similar to those of the exact 3D models (Table 1) and which was henceforward 
used as a basis for the analyses. A more detailed presentation of the developed F.E. models 
can be found in [8]. 

 

 
 

Figure 5: 3D F.E. models of the building with plate elements modeling the floor slabs (left), and with the 
assumption of diaphragmatic behaviour of the floor slabs (right). 

 
Eigenvalue Direction Period   (sec) 

  Model with plate 
elements for floor 

slabs 

Model with 
diaphragmatic behaviour 

of floor slabs 

 
“Stick” Model 

1 Translational Y 0.144 0.158 0.173 
2 Translational Χ 0.129 0.153 0.154 
3 Torsional Z 0.118 0.120 - 

Table 1: Main eigenvalues of the Prefecture building (3D models) 

3 INVESTIGATION OF SSI EFFECTS ON THE SEISMIC BEHAVIOUR OF THE 
PREFECTURE BUILDING 

The purpose of the investigation is to predict, based on the recorded free-field excitation, 
the Foundation Input Motion (FIM) in terms of translational and rotational motion of the 
foundation by means of available empirical and theoretical models in the literature. The 
computed FIM is then used as input to the “Stick” F.E. model of the building (suitably 
modified in order to take into account the dynamic properties of the soil), in order to predict 
the building’s response at the basement, and compare it with the actual motion recorded by 
the accelerometric station.  

3.1 Kinematic interaction analysis  

The physical mechanism of kinematic SSI studied herein refers to rigid massless embedded 
foundation under vertically propagating shear waves (Figure 6). 
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Figure 6: Schematic representation of the soil–foundation kinematic interaction in the case of embedded 

foundations and vertically propagating SH waves (from [9])   

In this case, the translational component of the foundation input motion (UFIM) may differ 
from the free-field motion (Uff0) recorded at ground surface due to base slab averaging and 
embedment effects while it can also introduce a rotational component of motion (θFIM) as a 
result of differential displacements imposed upon the foundation over its embedded depth.  

Among various proposals found in the literature, in the present effort we apply an 
approximation of the actual foundation response relative to ground surface proposed by 
Elsabee and Moray [10] based on the following equations for the two kinematic factors 
pertaining to the horizontal and rotational component of the foundation motion: 
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where Vs may be interpreted as an effective velocity Vs,avg, averaged over an effective depth 
zp, according to the following expression ([11]): 
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Depending on the deformation mode of the foundation, the effective depth zp (measured 
below the foundation bearing level) can be taken from:  

 =pz BL     , for the translational mode (4) 

 4 3=pz B L     , for the rocking mode around x-x axis (5) 
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 4 3=pz BL     , for the rocking mode around y-y axis (6) 

where B and L in Eqs. (4) – (6) refer to the half-dimension of the entire foundation plan.  
In the case of the Lefkas Prefecture building, the dimensions of the plan and section views 

of the foundation are shown in Figure 7. According to these, a foundation width-to-
embedment depth ratio of (B/H)x-x=11.9 is computed along the X-axis and correspondingly 
(B/H)y-y=6.1 along the Y-axis. 

 

 

  
Figure 7: Foundation of Lefkas Prefecture building: Plan view (top), Section view along X-axis (bottom left) 

and Section view along Y-axis (bottom right) 

Due to unavailability of the actual soil profile data at the building site, a two-layer  Vs 
profile over half space at a nearby site was assumed based on previous works ([12],[13],[14], 
see Table 2). 

 
 1st layer 2nd layer Half–space (bedrock) 

Vso (m/sec)  110 600 2000 
Thickness h(m) 8 75 - 

Qs 17 50 200 
D (%) (=1/2Qs) 2.9 1 0.25 

ρ (t/m3) 1.9 2.2 2.5 

Table 2: Soil profile parameters used for the analyses 

According to EC8, non-linear soil response may be accounted for in an approximate 
manner by taking reduced shear modulus values depending on the acceleration at ground 
surface (EC8, § 4.2.3 ). Given the amplitude of peak acceleration (PGA=0.03g) recorded at 
the free-field station close to the Lefkada building for the 01/26/2014 Cephalonia earthquake, 
a slight reduction of Vs/Vso=0.95 was adopted to account for the above issue. Based on the 
above data, the average Vs,avg was computed for two cases: Case 1 with Vs averaged over the 
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depth (zp+H), which led to an average value of Vs~160m/sec and Case 2 with Vs averaged 
over the embedment depth (H), leading to an average value of Vs~100m/sec. 

Having computed the Kinematic Interaction Factors (KIF) according to eqs. (1) and (2) for 
the translational and rotational vibration mode of the foundation, a prediction of the 
foundation motion (FIM) in time domain is possible by means of the following procedure 
shown in Figure 8 (FFT and iFFT denote Fast Fourier and Inverse Fast Fourier 
Transformations). It is noted that the product of Fourier spectrum times the KIF is performed 
in the complex regime with soil material damping (ξ) incorporated in the solution of Eqs. (1) 
and (2) by using the standard substitution Vs → Vs

* ≅ Vs (1 + iξ) 
 

 

Figure 8: Schematic representation of the computation of FIM from free-field recordings (modified after [15]) 

 The implementation of this procedure for the Lefkas Prefecture building showed that Case 2 
(i.e. for Vs~100m/sec) yielded results that compare better (in terms of elastic response spectra) 
to the recorded response at the building basement, than that of Case 1, which is more 
compatible with the code provisions (eqs (3) to (6)), but nevertheless predicted more 
accentuated elastic response spectra in the lower (T<0.5sec) period range than that of the 
actual recordings (Figure 9).  
 

  
Figure 9: Elastic response spectra of predicted FIM (blue) and recorded response (red) for the two examined 

values for Vs,avg (X-direction) 

A possible explanation may be the fact that the actual soil profile at the building site is not 
exactly similar to the one adopted (see Table 2), and due to various reasons (e.g. different 
layer thickness, lower actual Vso values for each layer etc), an average value for Vs~100m/sec 
better represents the actual site conditions.  For this reason, and also considering that the – 
still to be taken into account - inertial part of the SSI will most likely further accentuate the 
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predicted response, an average value of value of Vs=100m/sec was adopted for the subsequent 
analyses. 

3.2 Inertial interaction analysis  

For the computation of the Inertial SSI part, proper impedance functions were used, 
which represent the frequency-dependent stiffness and damping characteristics of soil-
foundation interaction, in the form: 
 j j jK k i cω= +  (7) 

where jK  denotes the complex-valued impedance function; j is an index denoting modes 
of translational displacement or rotation; kj and cj denote the frequency dependent foundation 
stiffness and dashpot coefficients, respectively, for mode j; and ω is the circular frequency 
(rad/s). A dashpot with coefficient cj represents the effects of damping associated with soil-
foundation interaction. Pertinent formulas for embedded foundations ([5], [16]) were 
employed to derive springs and dashpots for the case of Lefkada building by assuming the 
whole foundation as fully embedded (embedment depth D=3.8m, see Figure 7). Some of the 
(in general frequency-dependent) results for the computed dynamic stiffness (springs) and 
damping (dashpots) are presented in Figure 10.  

 

 
 

 

Figure 10: Indicative dynamic stiffness (left, center) and damping (right) values for the Lefkas Prefecture 
building 

As already discussed, the computed dynamic stiffness and damping were introduced 
(through appropriate springs and dashpots) in an updated version of the developed “stick” 
model of the building (see §2.2), that was extended to also include the slab of the foundation 
(Figure 11).  The implementation was done using the NLink elements of the SAP F.E. code. 
Since the dynamic stiffness and damping are frequency-dependent, and the code does not 
provide this possibility, their values were computed for a “representative” frequency, which 
corresponds to the mean period value of the FIM time-histories evaluated in §3.1.  According 
to Rathje et al. [17] the mean period (Tm) is the best simplified frequency content 
characterization parameter, being estimated with the following equation, where Ci are the 
Fourier amplitudes, and fi represent the discrete Fourier transform frequencies between 0.25 
and 20 Hz. 
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Figure 11: Extended “stick” model for the Lefkas Prefecture building  

In Figure 12 the computed response at the foundation node of the model for the two 
horizontal directions and the corresponding input motion (FIM) are presented, together with 
their difference (in black), which essentially is the contribution inertial interaction of the 
response to the SSI effect, which cannot be deemed as insignificant. 

 

 
Figure 12: Computed response at the basement of the Lefkas Prefecture building (red), corresponding input 

motion (green) and contribution of inertial interaction (black) 

In Figure 13 the computed response at the foundation node of the model (in red) is 
compared to the actual recording of the sensor at the building basement (in blue). It can be 
seen that the analytical prediction is in general satisfactory, from an engineering point of view, 
both in the time and frequency domain. 
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Figure 13: Computed (red) vs. recorded (blue) response at the basement of the Lefkas Prefecture building in 
time (top) and frequency (bottom) domain 

A more quantitative way to confirm that the computed response is adequately equivalent to 
the recorded one, is to compare some ground motion parameters that are proposed in the 
literature (e.g. [18]) to represent the potential of an accelerograph regarding the expected 
structural damage (Table 3).  In the same Table, the corresponding values of the recorded 
free-field response are also presented. 

Ground 
Motion 

Parameter 

Recorded 
response  

X-dir 
(Basement) 

Predicted 
response  

X-dir 
(Basement) 

Recorded 
response  

X-dir  
(Free-field) 

Recorded 
response 

Y-dir 
(Basement) 

Predicted 
response  

Y-dir 
(Basement) 

Recorded 
response  

Y-dir  
(Free-field) 

Max 
Acceleration 

(m/sec2) 
0.22507 0.25233 0.27724 0.27325 0.26908 0.33668 

Arias Intensity 
(m/sec) 0.0173 0.02538 0.03047 0.02057 0.02405 0.03188 

Acceleration 
Spectrum 
Intensity 
(m/sec) 

0.2213 0.29218 0.33165 0.23656 0.29483 0.36266 

Table 3: Ground motion parameters for recorded and computed response 

From Table 3, we can deduct that the predicted response slightly overestimates the actual 
one, but within an acceptable degree, from an engineering point of view. Also, in general, the 
free-field recording has greater ground parameter values, and hence a higher potential for 
structural damage. This is mostly true for the max acceleration (PGA), which is the sole 
parameter currently adopted in the Seismic Codes to represent the intensity of the expected 
seismic excitation. Taking into account that, in several countries (including Greece), many 
recording stations of national strong-motion networks are housed, for practical reasons, at the 
basement of structures, we see that the recorded responses will in general yield lower than 
actual PGA values to be used for the seismic design of structures, the computation of Ground 
Motion Prediction Equations (GMPEs) etc.  This is an issue that requires attention and further 
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investigation in order to minimize all the undesirable repercussions of such an 
underestimation of the seismic hazard due to SSI effects.  

4 CONCLUSIONS  

• An investigation of SSI effects on the seismic response of the Prefecture building in the 
island of Lefkas has been conducted, based on recordings of an earthquake excitation at 
its base and at a nearby free-field station. 

• Detailed 3D numerical F.E. models were developed and used as a basis for the 
development of simpler, yet reliable models for the numerical investigations. 

• A substructure method was used for the investigation of the SSI effects. The kinematic 
interaction effects were first taken into account, yielding the predicted foundation input 
motion (FIM) from the free-field recording. The FIM was used as input in the simplified 
F.E. model of the building to predict its seismic response, also taking into account the 
inertial interaction effects. 

• It was found that for the case we herein investigate, the kinematic interaction affects to a 
greater degree the seismic response of the building, however the contribution of the 
inertial interaction is also not negligible. 

• The comparison of the finally predicted response agrees well, from an engineering point 
of view, with the actual one recorded at the building basement. 

• Recording stations housed at the basement of structures in general may yield lower PGA 
and spectral values than at nearby free-field conditions. Further investigation and actions 
are required to minimize all undesirable repercussions stemming from such an 
underestimation of the seismic hazard due to SSI effects. 
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Abstract. The focus of the present study is upon the influence of liquefaction on the dynamic 
impedance (stiffness and damping) of rigid square footings resting on liquefiable soil under 
external harmonic loading. A three-layer soil profile, consisting of a loose liquefiable sandy 
layer sandwiched between two impermeable stiff clayey layers, is considered to this end. Us-
ing simplified cone models and rigorous boundary element analyses, a systematic parametric 
study is performed to investigate the influence of liquefaction on the dynamic impedance of 
the footing. Vertical, horizontal and rocking oscillations are considered in the frequency do-
main. The results demonstrate that for common soil, foundation and seismic excitation condi-
tions, liquefaction in the foundation soil yields significant degradation of the dynamic spring 
coefficients and increases the associated damping coefficients. Based on the parametric study, 
regression formulae are obtained for estimating the static stiffness coefficient of rigid square 
footings on liquefied soil. 
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1 INTRODUCTION 

Contrary to the current engineering practice, which dictates the use of deep foundations in 
soils prone to liquefaction, new evidence suggests also the use of shallow foundations provid-
ed the existence of a non-liquefiable soil layer on top of the liquefiable layer is appropriately 
considered. If this non-liquefiable surface “crust” exhibits adequate thickness and shear 
strength, it can prevent the seismic settlement accumulation and post-shaking bearing capacity 
failure. Recently, Karamitros et al [1-3] have developed a design approach for the perfor-
mance-based design of shallow foundations on liquefiable soils. The design is based on the 
idea of a natural or artificial crust, which needs not extend over the whole depth of the lique-
fiable sand, in order to take advantage of the observed benefits of settlement reduction [4-5], 
as well as the seismic motion attenuation (“natural seismic isolation”) due to the liquefiable 
soil below the crust. Within the above context the need arises to investigate the dynamic re-
sponse of shallow foundations on liquefiable soils.  

The study of dynamic stiffness and damping of a footing on a liquefiable soil profile is a 
complex and intricate problem, mainly due to the complexity and nonlinearity of the liquefac-
tion phenomenon itself. Despite extensive research during the last decades, the mechanisms of 
seismic wave propagation within the liquefied soil are mostly unidentified. It is known that 
shear-induced dilation under extremely low effective stresses leads to a significant variation 
in excess pore pressure and in seismic wave propagation velocity even within the same load-
ing cycle. As a result, the mechanical properties of liquefied soil are time-variant during the 
seismic excitation rendering the problem extremely difficult to analyze. Additionally, the 
gradual pore pressure dissipation may induce important settlements and detachment of the 
foundation from the ground. Yet, another difficulty in handling the dynamic impedance prob-
lem arises from the existence of a multilayer soil profile (at least three-layer soil, i.e., non liq-
uefiable surface layer – liquefiable soil layer – non liquefiable base stratum) with sharp 
impedance contrast between the soil layers, which results in strong wave reflections and en-
trapment of seismic energy within the middle liquefiable soil layer.  

On the other hand, the available solutions regarding the dynamic impedance of footings on 
non-liquefiable soil usually assume linear or equivalent-linear elastic soil behavior and perfect 
contact between footing and soil [6-14]. Moreover, soil-foundation interaction is approached 
by means of an equivalent spring-dashpot system connected with the footing, as shown in Fig. 
1a. These formulations are usually rigorous, as the stiffness and damping coefficients are ob-
tained from exact numerical solutions of the corresponding boundary value problems. Evi-
dently, such solutions cannot be implemented in the case of a footing on liquefiable soil.  

The scope of this paper is to investigate the dynamic stiffness and damping of a rigid sur-
face square footing resting on liquefiable soil, under external harmonic loading. To this end, 
the simplest case of a three-layer soil profile consisting of a liquefiable sandy soil layer sand-
wiched between two stiff cohesive soil layers is considered. For the exploration of the prob-
lem, equivalent-linear elastic analyses are utilized, in conjunction with appropriate values for 
the material constants of liquefied soil. Recent experimental and analytical evidence suggest 
that during the course of liquefaction, the shear wave propagation velocity can be reduced to 
10 – 30% of its initial value [15-16] and the soil material damping ratio may increase to over 
20%, in agreement with a substantial increase in imposed shear strains.  

These observations allow for a simplification of the problem, which can be separated into 
two different phases: a) the initial phase (pre-liquefaction) and b) the phase during liquefac-
tion (post-liquefaction) with the material properties of the liquefied soil properly adjusted 
over those prior to liquefaction. It is further assumed that there is no sufficient soil permeabil-
ity above and below the liquefied layer so that the change in soil stiffness and damping may 

1389



Xenia A. Karatzia, George E. Mylonakis and George D. Bouckovalas 

be viewed as “permanent” during liquefaction. This is certainly a simplification, but can be 
considered realistic for the purposes of an earthquake dynamic analysis. Through this decom-
position and the simplifying assumptions, one may analyze each phase separately by means of 
equivalent-linear analysis.  

2 PROBLEM DEFINITION 

Fig. 1b depicts the problem under investigation: a rigid square (BB) surface footing on a 
liquefiable soil profile subjected to harmonic loading. A three-layer soil profile, including a 
surface clayey crust over a loose sandy liquefiable layer followed by a stiff base clayey stra-
tum, is assumed. The dynamic impedance functions of the footing are obtained for three oscil-
lation modes (vertical, horizontal and rocking). Numerical analyses refer to square footings of 
various sizes used for the foundation of both ordinary structures and bridge piers. Excitation 
frequencies cover the frequency range of importance in earthquake engineering. 

To examine the influence of liquefaction on the spring and dashpot coefficients, 
elastodynamic analyses are conducted for both phases, prior and post liquefaction. For post-
liquefaction conditions, it is assumed that the shear wave propagation velocity of the middle 
liquefiable soil is reduced to about 17% of its initial value, i.e., from Vs2 = 150 m/s decreases 
to Vsliq = 25m/s. In view of the increase in energy loss due to material damping during lique-
faction, in the present analyses the material damping ratio in the middle soil stratum is as-
sumed to be equal to β2 = 3% without liquefaction and equal to βliq = 20% in presence of 
liquefaction. Given the impermeable nature of the layers above and below the liquefied zone, 
no pore water pressure dissipation effects are considered. The soil below the surface layer is 
considered fully saturated and, hence, a uniform value for Poisson’s ratio ν = 0.49 is em-
ployed corresponding to a nearly incompressible medium. 

Unless otherwise specified, the material properties of the surface layer employed in the fol-
lowing analyses are shear wave propagation velocity Vs1 = 100, 250 m/s, Poisson’s ratio v1 = 
0.33, material damping ratio β1 = 3%, mass density ρ1 = 2 Mg/m3. The properties of the mid-
dle liquefiable layer are Vs2 = 150 m/s, v2 = 0.49, β2 = 3%, ρ2 = 2 Mg/m3 and the properties of 
the base stratum are Vs3 = 300 m/s, v3 = 0.49, β3 = 3%, ρ3 = 2 Mg/m3. With reference to the 
thicknesses of the surface crust and the liquefiable soil layer, three values are evaluated h1/B = 
0.5, 1, 2 and h2/B = 0.5, 1, 2. The total thickness of the soil profile equals H/B  15, thus, the 
presence of bedrock does not affect the dynamic response of the footing. Accordingly, the 
parametric investigation is focused upon the effect of the thickness of the liquefied stratum, as 
well as the thickness and stiffness of the non-liquefiable surface crust (which should meet the 
bearing capacity and settlement requirements under gravity loading).  

To obtain a set of governing problem parameters, dimensional analysis was employed. The 
problem involves six major dimensional independent parameters (M = 6): the thickness of 
surface crust, h1, the thickness of liquefiable layer, h2, the shear wave propagation velocity of 
non-liquefiable surface crust, Vs1, the corresponding velocity of liquefiable layer, Vs2, the foot-
ing width, B, and the excitation frequency, f. The rest of parameters illustrated in Fig. 1b, in-
cluding the stiffness of the base layer and the total thickness of the soil profile, are of rather 
minor importance (i.e. have a second order influence on the response) and are not explored 
parametrically in the ensuing. 

In light of the two fundamental dimensions, length [L] and time [T] (N = 2), application of 
Buckingham’s theorem [17] (M  N = 4) yields four dimensionless ratios controlling the re-
sponse of the footing. The governing dimensionless groups were selected to be h1/B, h2/B, 
Vs1/Vs2, ωh1/Vs1. These ratios can describe adequately the dynamic response of the footing. 
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Therefore, a parametric study is performed to identify the influence of the aforementioned 
parameters on the dynamic stiffness and damping of the footing. 

 

Linear elastic soil 
G, , ρ

Rigid 
footing

Peiωt

K(ω) C(ω)

Peiωt

(a) (b)

 
Figure 1: a) Modeling of soil-foundation interaction, b) Problem definition and main parameters involved  

3 METHOD OF ANALYSIS  

3.1 Numerical modeling tools 

The dynamic impedance problem of the foundation on liquefiable soil is analyzed using 
Cone model solutions. Namely, Wolf and Deeks [18] used wave propagation in cones in order 
to develop a methodology for determining the dynamic stiffness and damping of surface or 
embedded cylindrical rigid foundations. Translational and rotational truncated cones (conical 
bars) are based on Strength-of-Materials theory, following the assumption of “plane sections 
remain plane” with the associated one-dimensional displacements. By means of cone models, 
the complex three-dimensional elastodynamic problem is simplified to a problem of one-
dimensional wave propagation, which admits an exact solution. Apart from cylindrical foun-
dations, various foundation shapes can be analyzed by considering an equivalent circular ra-
dius to match footing area for translational oscillation modes (R = B/√π), or moment of inertia 
for rotational oscillation modes (R = B/ 4√(3π)). A multilayer soil profile overlying a 
halfspace or bedrock may be readily employed, consisting of any number of horizontal layers 
with linear elastic behavior and hysteretic material damping. Dynamic stiffness and damping 
are evaluated for any single frequency for vertical, horizontal, rocking and torsional degrees 
of freedom. This strength-of-materials approach to foundation dynamics was implemented in 
the commercial computer code CONAN [18]. The accuracy of the cone model predictions has 
been verified in a number of studies, which indicate that the deviation in impedance functions 
between cone solution and the rigorous solutions is within  20% [18-19].  

To perform a systematic, more accurate and in-depth analysis of the problem at hand, a 
rigorous Boundary Element Method in 3 dimensions implemented in software platform 
ISoBEM [20] is also employed. In the BEM formulation, the multilayer medium is solved by 
considering each soil stratum as a separate homogeneous region, developing BEM equations 
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independently and then assembling and solving the associated set of simultaneous equations 
by respecting equilibrium and compatibility across a common interface. BEM allows for the 
reduction in the dimensionality of the problem (from 3D to 2D) which means that only sur-
faces are discretized. In these analyses, isoparametric four-noded linear quadrilateral elements 
are used for meshing the surfaces. Note that ISoBEM has been successfully used to study sev-
eral problems of applied mechanics [21-22] and soil mechanics [23]. Three-dimensional mod-
els simulating a rigid square footing on a three-layer liquefiable soil in ISoBEM were set up 
with a dual purpose: a) to provide comparisons and b) to yield fitted formulae for static stiff-
ness.   

3.2 Elastic dynamic impedance  

For static conditions, the stiffness of a rigid foundation assuming linear or equivalent-
linear soil is expressed by the following dimensionally consistent form 

                                                     
0

 
 

ij
ijm

K
f v

G B
                                                                        (1)               

where K0
ij denotes the force or moment along the degree of freedom i for a unit displacement 

or rotation along the degree of freedom j; G denotes the soil shear modulus and B the founda-
tion width. The exponent m admits 1 for the translational and 3 for the rotational degrees of 
freedom. fij (v) is a dimensionless factor dependent solely on Poisson’s ratio. Given that this 
work deals with surface footings, the coupling term has been omitted and only the vertical 
(K0

vv), horizontal (K0
hh) and rocking (K0

rr) degrees of freedom are considered. 
For dynamic conditions, the dynamic impedance of foundation is written as   

         ( ) (  ) ) (ij ij ijS K i C                                                     (2) 

where Kij and Cij are the dynamic stiffness and damping, respectively, and i is the imaginary 
unit (√−1), which indicates a phase lag of 90o between the maximum spring force and the 
corresponding dashpot force. By employing the dimensionless frequency a0 = ωB/Vs, the dy-
namic impedance can be expressed as 

                0
0 0 0 0     ( )ij ij ij ijS a K k a i a c a                                       (3) 

where K0
ij is the static stiffness and kij, cij are dimensionless stiffness and damping coeffi-

cients, respectively, as a function of the dimensionless frequency a0. The dimensionless stiff-
ness and damping coefficients are real-valued. It is noted that, whereas the kij coefficient may 
become negative at times (indicating a phase lag greater than 90o between excitation and re-
sponse under dynamic conditions), cij is always positive so as to comply with thermodynamic 
constraints. 

It is mentioned that parameter a0 is essentially unique for halfspace conditions (where B is 
the only parameter carrying units of length), yet might not be so in the presence of bedrock at 
shallow depth [24], or in the presence of a significantly stiffer surface soil crust. For the inter-
pretation of the present results, parameter ωh1/Vs1 was selected [25-26]. 

4 RESULTS FOR DYNAMIC STIFFNESS AND DAMPING 

4.1 Results using cone model solutions  

Fig. 2 presents results for the dimensionless static stiffness of a square rigid footing for 
both pre-liquefaction (Vs1/Vs2= 0.67 and 1.67) and post-liquefaction (Vs1/Vsliq= 4 and 10) con-
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ditions. In the vertical axis, static stiffness is normalized with the shear modulus of the surface 
non-liquefiable soil crust (G1 = Vs1

2  ρ1) and the width of the footing (B) according to Eq. (1). 
Results are plotted against the thickness of the surface crust (h1/B), for three values of h2/B (= 
0.5, 1, 2) parameter. The following noteworthy trends are evident [25-26]: 
 The increase in the impedance contrast Vs1/Vs2 leads to a significant decrease of the static 

stiffness coefficient, ranging from 28% to 78% for the vertical mode, 14% to 55% for the 
horizontal mode and 2% to 38% for the rocking mode.  

 As the crust thickness ratio h1/B increases, static stiffness coefficient for post-liquefaction 
case increases, which seems reasonable if one considers that for a thick top layer the pres-
sure bulb beneath the loaded area (about 1.5 B in diameter) does not extend to the soft un-
derlying liquefied soil. 

 The variation in thickness of liquefied soil (h2/B) seems to affect only marginally the static 
stiffness coefficient.  
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Figure 2: Normalized static stiffness of square rigid footing on three-layer liquefiable soil based on cone method. 
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Figure 3: Normalized dynamic impedance functions of rigid square footing on liquefied soil for the three oscilla-

tion modes (vertical, horizontal, rocking). Effect of thickness of surface crust; h2/B = 1, Vs1/Vs2 = 2/3.  

With reference to dynamic stiffness and damping, results are depicted in the form of di-
mensionless ratios K̃ij / Kij and C̃ij / Cij as a function of the dimensionless frequency ωh1 / Vs1 
(Fig. 3). K̃ij and C̃ij denote the post-liquefied dynamic stiffness and damping, while Kij and Cij 
denote the pre-liquefied stiffness and damping values, respectively. The pertinent normaliza-
tion scheme along with the logarithmic scale for the horizontal axis allow for a meaningful 
interpretation of the results. Fig. 3 shows typical results obtained by using the cone method. 
The following observations can be made [26]:  
 Based on the variation of dynamic stiffness and damping ratios, two different regions in 

the graphs can be distinguished. For Region (I), the dynamic stiffness ratio K̃ij / Kij de-
creases significantly while the corresponding damping ratio C̃ij / Cij increases well above 
unity. For region (II), ratio K̃ij / Kij seems to increase exhibiting sharp undulations while 
C̃ij / Cij ratio tends to unity. This observation applies for all three oscillation modes.  
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 For vertical and rocking modes, the boundary between these two regions is located in ωh1 
/ Vs1 = 2, and for horizontal mode in ωh1 / Vs1 = 1.  

 Region (I) refers to footings having small to moderate width, B = 1  3 m (h1 is compara-
ble to B), profiles with soft surface crust, Vs1 = 100  150 m/s, and frequency range f = 0  
10 Hz. On the other hand, region (II) corresponds to large width footings, B > 4 m, pro-
files with soft to moderate surface crust, Vs1 = 100  250 m/s, and high frequency range 
f  > 15 Hz. It is noteworthy that common buildings and structures fall into region (I).  

 The variation in thickness of the surface crust has significant effect on the dynamic stiff-
ness and damping coefficients. Specifically, as the h1/B ratio decreases dynamic stiffness 
decreases in region (I). For region (II), h1/B ratio does control the undulations in imped-
ance functions. 

 With reference to damping, a significant increase in post-liquefied damping is observed, 
mainly due to the increase in material damping of the liquefied layer. Increase in the 
thickness of the surface crust results in amplification of damping for the vertical mode, 
while the opposite trend is noticed for the other two modes. Interestingly, vertical damp-
ing coefficient exhibits a peak at around ωh1 / Vs1  0.75, which suggests development of 
a kind of resonance at Texc  2 Ts1 (i.e. Ts1 = 4h1/Vs1). However, this is not observed in the 
K̃ij / Kij ratio.  

 The variation in thickness of the liquefiable soil stratum (h2/B), as well as in impedance 
contrast (Vs1/Vsliq) affects only slightly the dynamic impedance functions (not shown). 

 Finally, at the high frequency range and for h1/B = 0.5, dynamic stiffness coefficients are 
extremely high. It seems that the analysis with CONAN provides unstable solutions at the 
high frequency range and further investigation is required to produce robust results. 

4.2 Comparison with BEM results  

The comparison of the above results with those obtained by means of rigorous boundary 
element method is meaningful. For static stiffness in the post-liquefaction case, the maximum 
observed discrepancy is about 20%, while in the pre-liquefaction case the agreement is better 
with difference being less than 10% or so [26]. It is noted that BEM typically predicts higher 
values for static stiffness. The discrepancies, especially for the post-liquefaction case, are an-
ticipated in light of the complexity of the problem and the extremely low value of shear wave 
velocity considered for the liquefied stratum (Vsliq = 25 m/s). However, both methods high-
light the significant loss of stiffness of the foundation during liquefaction, with the percentage 
of reduction in static stiffness being comparable in the two approaches.  

Regarding dynamic stiffness and damping coefficients, a comparison between results ob-
tained by means of two independent analyses, for a typical case (h1/B = 1, h2/B = 1 and Vs1/Vs2 
= 4), is given in Fig. 4. Spring coefficient kĩj  and dashpot coefficient c̃ij are plotted, in accord-
ance to Eq. 3, against the dimensionless frequency a0, i.e., ωR/Vs1 with R = B/√π being the 
equivalent circular radius, stemming from the cone solution, and ω(B/2)/Vs1 for results ob-
tained using the boundary element method. It is observed that the agreement between Cone 
model predictions and BEM results is quite good.   
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Figure 4: Comparison between cone model and BEM results for dynamic stiffness and damping coefficients; 
h1/B = 1, h2/B = 1, Vs1/Vs2 = 4.  

5 REGRESSION FORMULAE FOR STATIC STIFFNESS USING BEM RESULTS 

A key objective of the paper is to develop regression formulae for the static stiffness of 
footings on liquefiable soil. Rigorous analyses using ISoBEM are performed to this end. The 
dimensionless ratios h1/B = 0.5, 1, 2, h2/B = 0.5, 1, 2, Vs1/Vsliq = 4, 7, 10, are examined. It is 
noted that, in the present analyses, for achieving better regression, the intermediate value 
Vs1/Vsliq = 7 is additionally investigated. All properties of the soil layers remain the same, with 
the exception of Poisson’s ratio v, being 0.499 for the second and third layer. No difference in 
the results due to those changes is observed.  

5.1 Convergence and accuracy of BEM analysis  

In the realm of BEM formulation, convergence studies for analyzing foundation impedance 
problems and dynamic soil-structure interaction have been conducted by several researchers 
[13, 27]. The most significant factors in providing accurate solutions are the distance of the 
non-reflecting truncation boundary and the boundary element size [28]. To select the optimum 
model of the pertinent problem, which will provide accurate results and computational effi-
ciency, various 3D models (half and quarter domain) and mesh sizes for each oscillation mode 
were examined.  

Taking advantage of the symmetry of geometry and loading, for the vertical (symmetric) 
oscillation mode, only one quarter of the system is analyzed. For the horizontal and rocking 
modes (antisymmetric), analyzing a half model is essential. To this end, the footing surface 
and the region around the footing up to a distance 3B is discretized using isoparametric four-
noded quadrilateral linear elements with element length about 1/12 of the shear wavelength. 
Moreover, the surface beyond this region up to a distance of 5B needs fine mesh (element 
length = 1/8 of shear wavelength). The same also applies for the first interface (between first 
and second layer). In addition, discretization of the ground surface and the interfaces up to a 
distance of at least 10B to 15B beyond the foundation is necessary for obtaining accurate re-
sults. Coarser elements with lengths of about 1/3 to 1/2 of the shear wavelength are adequate 
for distant points [13].  
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For the vertical and horizontal oscillation mode, a uniform unit vertical and horizontal dis-
placement, respectively, is applied to all element nodes of the footing and the resulting load is 
computed from the tractions developed on the element nodes [25]. For the rocking mode, a 
unit rotation is applied. 

Because of lack of solutions for stiffness of square footings on three-layer soil profiles, the 
reliability of the models was checked a) by applying to all soil layers the same properties to 
obtain the stiffness of a rigid square footing on a halfspace, and b) by applying to the second 
and third layer the same properties, forming a two-layer soil profile, and comparing the results 
for stiffness with corresponding results in literature.   

To establish the accuracy of the present BEM analysis, comparative studies are conducted 
with available published results. Table 1 provides the comparison of ISoBEM results for nor-
malized static stiffness of rigid square footing on halfspace, for all three oscillation modes, 
with the empirical formulas from Pais & Kausel [7]. In Table 2, results for the horizontal stat-
ic stiffness of a two-layer soil profile (v1 = v2 = 0.4) are compared against those obtained from 
Ahmad & Rupani [13]. Fig. 5 depicts the comparison of ISoBEM results for horizontal, verti-
cal and rocking impedance of a square footing resting on a uniform soil layer over a halfspace 
(Vs1/Vs2 = 0.8, H/(B/2) = 1, v1 = v2 = 0.33, ρ2/ρ1 = 1.13,  β1 = 0.05, β2 =0.03) with those report-
ed by Wong and Luco [6]. Evidently, results obtained by analyzing the developed model in 
ISoBEM are in reasonable agreement with the published results. 
 

Oscillation mode [7] ISoBEM Difference (%) 

Vertical (m=1) 7.12 6.93 2.7 

Horizontal (m=1) 5.75 5.64 1.9 

Rocking (m=3) 6.67 6.92 -3.7 

Table 1: Comparison of normalized static stiffness K0
ij/(G1B

m/2) of a rigid square footing on halfspace. 

 

H/B/2 

 Vs1/Vs2 = 0.5  Vs1/Vs2 = 2 

 
ISoBEM [13] 

Diff. 
(%) 

 
ISoBEM [13] 

Diff. 
(%) 

1  7.73 7.9 -2.2  3.79 3.8 -0.3 

2  6.75 6.8 -0.7  4.50 4.4 2.2 

4  6.22 6.2 0.3  5.09 5.0 1.8 

Table 2: Comparison of normalized horizontal static stiffness K0
hh/(G1B/2) of a rigid square footing on a two-

layer soil profile. 
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 Figure 5: Comparison of vertical, horizontal and rocking dynamic stiffness coefficients of a square footing rest-
ing on a two-layer soil profile. 

5.2 Numerical results and regression equations  

Results for the static stiffness ratio K̃0
ij /K

0
ij obtained by means of ISoBEM, for all three 

degrees of freedom, are presented in Table 3. The outcome of this rigorous analysis is in 
meaningful agreement with the preliminary results obtained by using cone method and 
demonstrates the significant loss of stiffness upon liquefaction. Although results have been 
discussed in the previous section, it is worth mentioning that: 
 The decrease ranges from 11% to 84% for the vertical mode, 11% to 56% for the horizon-

tal and 1% to 59% for the rocking mode, being comparable with these predicted from the 
cone analyses.  

 The highest decrease occurs in case of a very thin surface clay crust (h1/B = 0.5) overlying 
a thick liquefiable sandy layer (h2/B = 2), while the lowest decrease is observed in the op-
posite case, where a thin liquefiable sandy layer (h2/B = 0.5) underlying a thick surface 
clay zone (h1/B = 2). 

 An important outcome of this investigation is that for a given set of h1/B and h2/B ratios   
the percentage of decrease is about the same regardless of Vs1/Vsliq ratio, which was not 
obvious in the preliminary results. 

 With respect to horizontal mode, it is noted that the thickness of liquefiable soil layer ap-
pears to not affect substantially the horizontal stiffness. 

 Regarding rocking mode, BEM results reveal a greater reduction in static stiffness in 
comparison with cone results, especially for h1/B = 0.5, while in case of h2/B = 2, the re-
duction is negligible.   

Fig. 6 depicts the variation of normalized static stiffness of the footing in the post-
liquefaction case with the thickness of the improved surface crust h1/B, for three values of the 
liquefied soil zone h2/B. Based on these numerical results, an attempt was made for develop-
ing regression equations for the static stiffness of a footing on liquefied soil. Using non-linear 
regression analysis in the results of Fig. 6, the following predictive equations are derived: 
 
Vertical static stiffness 
For h2/B = 0.5, 

 
1 1

10 0.33 0.541.2

1

0.28 8.34 1 6.82 10.15 1
s s
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e e e

G B

     
                 

 (4) 
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For 1  h2/B  2, 
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Horizontal static stiffness 

 0.45
1 21 1

20
2 2

1

2.02 0.830.32 0.55

1.07 0.18 0.07

0.32 2.46 2.1 1 1
s s

sliq sliq

hh

h hV V
B BV V

K h h

G B B B

e e e

       
   

       
   

                       

 (6) 

 
Rocking static stiffness 

  
2 1

1 1

1 10
0.37 0.024 1.68 0.28

3
1 1

1
0.01 1

1.26 0.006
s sliq s sliq

h h

V V V V B Brr

s sliq

K
e

G B V V

 
     

 
    

   
 (7) 

The above equations can be used in applications as a preliminary assessment of the prob-
lem. It is noted that the regression formulae are valid for the post-liquefaction case, i.e., 
Vs1/Vsliq > 1, and for the parameter range examined in the analyses i.e., 0.5  h2/B  2.0. Nu-
merical values obtained from the regression formulae are illustrated in Fig. 6. 
 

 K̃0
ij /K

0
ij 

Vertical Horizontal Rocking 

Vs1/Vsliq 

h1/B h2/B 4 7 10 4 7 10 4 7 10 

0.5 
0.5 0.41 0.38 0.39 0.54 0.52 0.54 0.53 0.53 0.55 
1 0.25 0.24 0.26 0.48 0.48 0.52 0.46 0.45 0.48 
2 0.17 0.16 0.17 0.44 0.45 0.50 0.42 0.41 0.44 

1 
0.5 0.68 0.64 0.64 0.74 0.70 0.71 0.88 0.87 0.88 
1 0.51 0.47 0.47 0.69 0.66 0.69 0.85 0.83 0.85 
2 0.36 0.32 0.33 0.64 0.63 0.67 0.81 0.82 0.82 

2 
0.5 0.89 0.87 0.87 0.89 0.86 0.86 0.99 0.99 0.99 
1 0.80 0.77 0.76 0.85 0.83 0.84 0.97 0.97 0.97 
2 0.68 0.63 0.63 0.81 0.81 0.83 0.96 0.97 0.99 

Table 3: Post-liquefied static coefficient of square footing normalized with the corresponding pre-liquefied static 
coefficient. 
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Figure 6: Normalized static stiffness of square rigid footing on liquefied soil based on BEM results and results 

obtained using regression formulae. 

6 CONCLUSIONS  

Under the convenient assumption of equivalent material linearity, the dynamic impedance 
problem of a rigid footing lying on a three-layer liquefiable soil profile was numerically in-
vestigated, considering all three planar oscillation modes (vertical, horizontal and rocking). 
Notwithstanding the non-linear nature of the liquefaction phenomenon, it was shown that one 
may employ elastodynamic analysis as an engineering approach to the problem in the 
substructuring sense, assuming appropriate values for the shear wave velocity and material 
damping of the liquefied soil stratum, and considering a kind of “permanent” liquefied condi-
tion during the seismic event.  

The dynamic impedance of the footing was evaluated for both pre-and post-liquefaction 
conditions so as to highlight the impact of liquefaction. Numerical results from both simpli-
fied cone models and rigorous BEM analyses have demonstrated a significant reduction in 
footing stiffness along with a considerable increase in overall damping owing to liquefaction. 
Among the parameters explored, the thickness of the surface non-liquefiable soil layer is the 
one that seems to control the change in dynamic stiffness and damping. 

Based on the boundary element results, regression formulae for the vertical, horizontal and 
rocking static stiffness were obtained, which can be used for an initial assessment of the static 
stiffness of a surface foundation on liquefied soil.         
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Abstract. Nowadays investigation of progressive collapse prevention in case of important                    
existing and new buildings due to terrorist attacks, design or construction mistakes as well as                             
explosion seems to be necessary. In previous studies, experimental and numerical works has                         
been carried out on the effect of infilled frames on steel moment frames; but In previous work                                 
on progressive collapse of building system, the main concern has been proposing a substitute                           
load transfer path for the deleted path, and no attention has been paid to the effect of infills in                                     
nonlinear dynamic behavior of the structural system. The aim of this study is proposing an                             
appropriate procedure for numerical modeling of infills in steel asymmetric moment frames in                         
progressive collapse analysis. The proposed procedure has been applied to a series of 6 story                             
moment frames with different span size, once without the infills and once more with them.                             
Introduced in terms of equivalent compressive bar, strength of masonry infill is numerically                         
simulated by FEMA-356-Commentrary for Seismic Rehabilitation. The employed software in                   
this research was OpenSees For verification of the proposed numerical modeling procedure                       
results of previous experimental studies have been used. In this paper, endurance time method                           
in loading and dynamic analysis has been chosen to assess progressive collapse. Various                         
scenarios have been considered for column removal to trigger the progressive collapse.                       
Results of dynamic analysis show that the amount of vertical deflection of the studied frames                             
with contribution of infills is significantly less than those obtained without infills. 
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1 INTRODUCTION 

Nowadays structural frames are filled by masonry materials such as brick in terms of              
interior or exterior walls which have a high stiffness and in-plane strength. Given great              
complexity of wall numerical models and analyses of the frames using convenient approaches             
(like time history analysis), engineers actually ignore the impact of infills in most of their               
engineering analyses and designs, which would result in a high error in realistic behavioral              
estimation of the frames. Previous studies and observations show that the infills significantly             
affect the behavior of structures and if it is ignored, a considerable error would happen in                
estimation of real structural performance and behaviors such as stiffness and lateral strength,             
ductility and energy dissipation capacity. Most of investigations into progressive collapse of            
buildings have been associated with analyses on existing buildings; they have been focused             
only on sudden removal of structural elements and rarely noticed the effect of infills on               
asymmetric frames. Important structures which are prone to progressive collapse should be            
designed in such a way that if any member is removed, substitute paths can transfer loads and                 
load-bearing members around the removed element possess extra capacity to withstand forces            
without overall collapse. When a vertical load-bearing member is removed, beams           
demonstrate chain reactions against vertical loads; and applied loads are primarily tolerated            
by vertical component of axial forces in beams. A few researches have been accomplished to               
propose effective solutions for reducing the potential of progressive collapse. Dynamic           
analysis of the impact of brick infills particularly on asymmetric steel frames is one of topics                
scarcely considered in regard to progressive collapse, which has been assessed in this study              
via endurance time method that is a new approach of loading and dynamic analysis in               
progressive collapse. 

2-Literature review 

The role of masonry infills in withstanding lateral loads was first revealed when Empire State               
building was constructed in New York (1931). Diagonal cracks were observed in some             
masonry partitions of 29th and 41st floors, which were caused by a storm at a wind speed over                  
90 mph [1]. In another analysis on behavior of steel structures survived Manjil earthquake in               
1990 in Iran, significant role of the panels in absorbing a considerable proportion of seismic               
loads became evident. Participation of infills in lateral loading has led to serious damages in               
walls and various failure modes such as diagonal cracks and corner crushing have been              
observed [2].  
Since 1950s up to now, experimental and analytical researches have been done on behavior of               
infilled frames to identify different effects of infills on frames under the action of lateral               
loads. Given complexity and sensitivity of the subject, numerous researchers have           
investigated into the matter so that brief explanations could be found in reports by              
Moghaddam and Dawling (1987) [3], Abrams (1994) [4], Fardis (1996) [5], Crisafulli (2000)             
[6] and FEMA 306 and FEMA 307 commentaries (1998) [7, 8]. Generally, the works can be                
classified into three groups: experimental researches, analytical-numerical studies in order to           
model infills, and evaluation of infilled structures. 
In regard to recent investigations into structural frames with infills, Kocak and Yildirim              

(2011) studied the effect of infills on frequency but they did not discussed about progressive               
collapse and asymmetry in models. In 2011, Ricci and Verderame assessed reinforced            
concrete frames and the impact of infills but they did not consider progressive collapse.              
Numerous studies and investigations have been carried out on infills, particularly in            
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symmetric concrete frames, but asymmetric steel frames have been rarely noticed. In the latest              
research in 2016, progressive collapse of asymmetric steel frames was explored by            
Nezamisavojbolaqi and Shafiee [9,10]. According to literature review, it can be summarized            
that the impact of infills on asymmetric steel moment frames was studied in this paper               
because it has not been properly considered yet. 
3- Numerical modeling of a steel moment frame and selecting earthquake records 

In this article, 12 modes of a 6-story steel moment frame have been modeled in 3 spans with                  
the same floor height on each story; the effect of infills has been considered in 6 models and                  
withdrawn in the other 6 ones. Span and height asymmetry of frames has been considered in                
accordance with ordinary spans and designed based on AISC 360-10 using LRFD by Etabs.              1

In all of these frames, it has been mainly assumed that light masonry walls just withstand                
lateral loads, while steel frames are designed to resist both vertical and lateral loads. All               

frames are modeled as common moment frames by OpenSEES[11]. The selected models are             
illustrated as below, regardless of infills. 

Figure 1. Model 1 with symmetric spans Figure 2. Model 2 with asymmetric spans Figure 3. Model 3 with asymmetric                    

1 Load and Resistance Factor Design 
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spans 
Figure 4. Model 4 with symmetric spans and asymmetric heights    Figure 5. Model 5 with asymmetric spans and heights, regardless of infills 

Figure 6. Model 6 with asymmetric spans and heights 

All models are 3.2 m in height which is the same as common floor heights in residential                 
buildings and offices. The first story has a height of 3.2 m and columns with fixed supports. 
4. Sections
All columns and beams as been chosen from IPE sections made of steel st-37 with density of                 
7850 kg/m3. 

Table 1. Specifications of steel sections 
Unit Amounts Materials 

M =785 Mass per unit 
volume 

W = 7850 Weight per unit 
volume 

E = 2.0 ×106 Modulus of 
elasticity 

---- υ   0.3 = Poisson's ratio 

Fy = 2400 Steel yield stress 

Fu = 3600 Ultimate 
strength steel 
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5.Loading

In fact, loading states indicate characteristics of the loads applied to the structure; three              
loading states have been introduced for the frame, although it is possible to consider              
numerous loading states in a structure. In this study, Load types are as follows: dead loads                
(DEAD), live loads (LIVE), and earthquake loads (EQ). The amounts of loads applied to the               
structure have been listed in the table below [12]. All frames have been equally loaded as                
follows: 

Table 2. The amounts of loads applied to the structure 
Unit Live 

load 
Dead 
load 

Story Load 

200 460 first floor – 
five floor 

Gravity 
load 

150 520 Sixth floor 
((Roof 

6.The weight of brick infills:
Assuming the same height in all frames, variable beam lengths, and constant thickness of              
whole walls, infills are of the same geometrical properties in all frames: 
Thickness of walls (t): 20 cm; Height of walls (b): 3.20 m; Length of walls (l): varied based                  
on beam spans. 
The walls are made of clay brick and cement-sand mortar with density of 1300 kg/m3 and                
2700 kg/m3, respectively. The density of wall should be determined to calculate its weight.              
Since the masonry wall consists of two types materials with different unit weights including              
clay brick or blocks and cement-sand mortar, it is assumed that each basic infill panel element                
has a unit volume (wall = 1 V infill) and a brick is 10 times as great as mortar in volume; so                      
that total density of the wall can be determined. Given the assumptions and considerations              
above, weight and distributed dead load of the wall has been calculated as follows (Winfill wall =                 
740 kg/m): 
7. Applied accelerograms
According to the regulations, records used to determine the effect of ground movements             
should reflect actual ground movements in construction site as far as possible. Since no              
accelerogram can lonely generate the response adapted to response spectrum in all            
frequencies, it is necessary to choose and employ a set of scaled natural accelerograms. In this                
study, it has been attempted to utilize a near-field earthquake. According to obvious definition              
of near-field earthquake specifying a distance up to 15 km from the station, the record has                
been chosen and applied to the structure. The selected accelerogram has been provided by the               
PEER website. In this paper, various records were selected from near-fault earthquakes. To             
carry out nonlinear dynamic analyses, 7 earthquake records of different conditions such as             
geotechnical properties of soil, faulting mechanism, distribution pattern of seismic waves, etc.            
have been selected, which adapted to seismic design response spectrum of the frames. 

Table 3. Specifications of the earthquake records 
Magnitude PGD PGA PGV Station Earthquake No 
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(M) (cm) (g) (cm/Sec) 
7.2 9.16 0.205 10.7 Elcentro Array Imperial Valley 1 

7.7 6.16 0.029 5.7 Bajestan 69 Tabas , Iran 2 

6.8 0.67 0.01 1.7 FUK 0 Kobe 3 

7.6 27.82 0.724 49.0 CHY080 Chi-Chi, Taiwan 4 

6.6 0.49 32 2.17 Baft 2003 Bam , Iran 5 

6.7 1.94 0.217 12.4 24278Castaic - Old Ridge Route Northridge 6 

6.9 2.6 0.541 19.4 Capitola 47125 LOMAP/CAP-UP 7 

8. The validated model
An experimental research by Jinkoo Kim et al has been used to validate the results of selected                 
models by OpenSEES, which was about progressive collapse of steel frames with various             
bracing systems caused by sudden removal of a column in a braced span. To validate the                
results of simulations in this study, the behavior of braced frame in case of sudden removal of                 
a column in a braced span has been reassessed using Chevron brace configurations through a               
nonlinear static method. The frame has been loaded according to ASCE7-05 and designed             
using IBC2006. The seismic design has been accomplished based on spectral accelerations of             
Ss and S1 equal to 1.5 and 0.6, respectively. Dead and live loads applied in the study have                  
been equal to 430 kg/m and 240 kg/m, respectively. The frame has 4 stories with each one 3.1                  
in height. It has 4 spans with each one 6.1 m in length. ASTM A992 steel has been employed                   
to fabricate the beams and columns. The braces have been made of A500-46 steel hollow               
sections. Specifications of the frame studied by Jinkoo Kim et al have been considered in this                
paper. The structure has been loaded based on the loading composition proposed by GSA in               
terms of DL + 0.25LL. Structural designs and strength assessment of the structure against              
progressive collapse has been done by SAP2000. 
The frame and removed column have been demonstrated in figure 7 and load             
factor-displacement graph at the point above removed column in main structure designed by             
Jinkoo Kim has been illustrated in figure 8. According to the graph in figure 8, maximum load                 
factor equaled 2 and the structure was then confronted a considerable loss of capacity. 

Figure 7. The position of removed column in the frame 

Figure 8. Load factor-displacement graph by Jinkoo Kim Figure 9. Load factor-displacement graph by              
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OpenSEES 
Figure 9 shows load factor-displacement graph at the point above removed column in the              
structure modeled via OpenSEEs, which has been revalidated by the author. According to the              
figure, maximum load factor applied to the structure was 2.05 that properly adapted to the               
results presented by Jinkoo Kim. 

9. Analysis procedure
9-1. acceptance criterion for gradual failure 
GSA 2003propsed use of Demand Capacity Ratio (DCR) that is the ratio of the acting force                
and the strength of the structural component as a criterion or determination of failure of the                
main structural components through the following linear analysis procedure [13]: 

 (1) 
In which QUD is the demand acting force in the building component (bending moment, axial               
force, shear etc.) and QCE is the unfactored ultimate capacity of the building component              
(bending moment, axial force, shear etc.) 
9-2. Step by step procedure of linear static analysis 
The step by step procedure for performing LS analysis proposed in GSA 2003 is as follows                
[14]. 
Step 1: 
Removal of a column from the considered location and conducting linear static analysis using              
the following gravity load imposed on the span between two columns from which the column               
is removed: 
2(DL +0.25LL)                                                        (2) 
In which DL and LL indicate the Dead load and live load, respectively. 
Step 2: 
Examine DCR in each building component. If the DCR of a member exceeds the shear               
acceptance criterion, that member would not be accepted. If the DCR of a member end               
exceeds the bending acceptance criterion, a hinge is inserted at the member end location as               
shown in Fig.1 
Step 3: 
At each inserted hinge, equal bending moments but with opposite signs are applied             
corresponding to the expected flexural strength (foreseen) of that member, (nominal strength            
multiplied by the overstrength factor equal to 1.1). 
Step 4: 
The stages 1-4 are repeated as long as the DCR corresponding to each member has not                
exceeded the limit state. If the moments are again redistributed throughout the entire building              
and the DCR values likewise exceed, in regions outside of the allowable failure which are               
defined in the guideline, the structure will be considered to have a high potential for               
progressive collapse. DoD2005[15] has proposed a similar procedure for the Alternate Path            
Method except the increase in applied load Eq (3), acceptance criterion and allowable             
collapse region 
2(1.2DL + 0.5LL)+ 0.2 WL                                      (3) 
In which WL is the wind load (surcharge due to wind effects) 

9-3. Applied loads for dynamic and static analyses 
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For the static analysis both GSA2003 and DoD2005 used the dynamic amplification factor             
equal 
to 2 for load combination. DoD guideline proposes a gravity load greater than the value               
proposed by GSA guideline. The Wind Load is included in the DoD load combination [15]. 
For dynamic analysis both guidelines have proposed the use of dynamic amplification factor.             
For conducting dynamic analysis, the applied axial load on the column is calculated before              
the column removal. Then the column is replaced by the point loads equivalent to the forces                
of its own components. For simulation of the sudden column removal, the component forces              
are removed after elapse of a certain amount of time as shown in (Fig. 10) in which variables                  
M,P and D depict the axial, shear and bending moment forces, respectively and W depicts the                
vertical load. In this research, the forces are linearly incremented for 5 seconds till reach their                
ultimate values and remain about 2 seconds without change till the system reach equilibrium              
state and the upward forces are suddenly removed for 7 seconds to simulate the dynamic               
effect of sudden column removal [16]. 

Fig.10-Applying loads for dynamic analysis procedure. 

10. Dynamic analysis of models
When a set of records were selected and scaled for each frame, the historical time analysis                
was accomplished via OpenSEES. A viscous dissipation of 5% (ξ=5%) as a normal value was               
considered in all frames and various wall layouts. Each frame with various wall layouts was               
affected by the set of records in different intensities and their various responses were              
measured in regard to drift and lateral displacement of floors, base shear and forces in               
elements. Given that the frames were modeled 2-dimensionally, just one of horizontal            
components of records was used in the analysis. In addition, interactions between soil and the               
structure were ignored but P-Δ effects were considered in the analysis.[17,18] 
Exterior frames of the modeled structure were numerically analyzed via OpenSEES. In this             
study, loading ratio was not applied to modeled materials because the structural behavior after              
sudden removal of the column was not fast enough to consider the effect of loading ratio.                
Since the dynamic behavior was caused by sudden removal of a column, it was not included                
in cyclic loading of structures under seismic loads. It was not necessary to use a complex                
hysteretic model. A 5% dissipation rate was described as critical dissipation; the value is              
usually adopted to analyze structures exposed to great displacements. The gradual           
(progressive) collapse analysis was carried out at various points through the removal of a              
column, in accordance with GSA2003 and DoD2005 [19,20]. 
11. Progressive collapse analysis
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To determine strength of moment frames designed according to UFC [21], columns were             
removed at different points in each of 12 models in this study. Given that surrounding frames                
had 4 spans according to (Figure 11), individual exterior and interior columns were suddenly              
removed from the structure in first floor regarding progressive collapse pattern and resultant             
structural response was investigated. In this study, three different scenarios were generally            
assessed based on which three columns were removed in all 12 models and the most critical                
column was identified in regard to the results. Progressive collapse scenario commonly used             
refers to the assumption due to which columns are destroyed and removed from the structure               
by progressive collapse factors and structural behavior is studied in that situation. (Figure 11)              
and (Table 4) show a column removal scenario applied in AP design method to evaluate the                
structure against progressive collapse. It refers to a real incident and the explosion and              
consequences have been proved through experiments. Table 6 represents various scenarios           
about removal of a member. 

Table 4. States of progressive collapse analysis in 12 models on 6 floors 
Model Eleman Floor Scenario 

6 Story 
C1 Ground 1 
C2 Ground 2 
C3 Ground 3 

Figure 11. The column removal on ground floor in various scenarios 
Entire 12 models were studied based on three various scenarios and resultant displacement             
and corresponding acceleration were compared and assessed after the column removal and            
maximum displacement and acceleration of floors were also listed in Table 7. Calculated             
period and frequency of all models were represented in Table 5 and 6, respectively. 
Mood 
Story 

Story 
1 

Story 
2 

Story 
3 

Story 
4 

Story 
5 

Story 
6 

Mood 
Story 

Story 
1 

Story 
2 Story 3 Story 

4 
Story

5 
Model 

1 2.257 0.79 0.439 0.289 0.212 0.205 Model 
7 0.562 0.195 0.185 0.128 0.108 

Model 
2 2.255 0.789 0.435 0.288 0.218 0.212 Model 

8 0.582 0.202 0.187 0.140 0.116 

Model 
3 2.247 0.787 0.438 0.290 0.213 0.203 Model 

9 0.566 0.196 0.184 0.128 0.114 

Model 
4 2.029 0.812 0.443 0.284 0.221 0.202 Model 

10 0.501 0.198 0.175 0.120 0.103 
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Model 
5 1.995 0.792 0.436 0.279 0.219 0.194 Model 

11 0.513 0.204 0.175 0.130 0.111 

Model 
6 2.109 0.759 0.444 0.303 0.218 0.201 Model 

12 0.529 0.188 0.1760.17
6 0.127 0.105 

Table 7. Calculated period (s) 

Table 8. Frequency (rad/s) 
Mood 
Story 

Story 
1 

Story 
2 Story 3 Story 4 Story 5 Story 6 Mood 

Story Story 1 Story 2 Story 3 Story 4 Story 5

Model 
1 2.782 7.945 14.300 21.690 29.540 30.527 Model 

7 11.167 32.177 33.830 48.759 57.678 

Model 
2 2.785 8.000 14.413 21.773 28.771 29.601 Model 

8 10.788 31.143 33.590 44.933 54.328 

Model 
3 2.795 7.974 14.333 21.700 29.531 30.902 Model 

9 11.092 32.009 34.129 44.966 54.937 

Model 
4 3.095 7.737 14.175 22.050 28.491 31.104 Model 

10 12.532 31.719 35.820 52.453 60.877 

Model 
5 3.149 7.924 14.404 22.502 28.639 32.321 Model 

11 12.244 30.730 35.886 48.518 56.484 

Model 
6 2.979 8.282 14.163 20.716 28.981 31.196 Model 

12 11.866 33.460 35.732 49.629 59.799 

Critical columns of each structure were chosen in models (1) to (12) and the results of                
displacement and acceleration of floors were explored and maximum displacement, critical           
column acceleration and relevant graphs were presented in Figures 12-27, according to Table             
8. 
Table 9. Maximum displacement and acceleration in models (scenario (1), (2) and (3)) on 1st 

floor 

Model Scenario 
Max 

Displacement 
(cm) 

Max Acceleration 
(cm/s^2) Model Scenario 

Max 
Displacement 

(cm) 

Max 
Acceleration 

(cm/s^2) 

Model 1 
C1 0.0370 1.675 

Model 7 
C1 -0.0009 4.448 

C2 0.0338 1.666 C2 0.0118 1.478 
C3 0.0326 1.664 C3 0.0951 1.559 

Model 2 
C1 0.0348 1.713 

Model 8 
C1 0.0008 3.246 

C2 0.0406 1.734 C2 0.0106 1.216 
C3 0.0350 1.729 C3 0.0113 1.888 

Model 3 
C1 0.0305 1.670 

Model 9 
C1 0.0106 1.410 

C2 0.0299 1.576 C2 0.0106 1.320 
C3 0.0318 1.535 C3 0.0086 1.541 

Model 4 
C1 0.0617 1.615 

Model 10 
C1 -0.0022 2.381 

C2 0.0386 1.560 C2 0.0060 1.725 
C3 0.0442 1.532 C3 0.0061 1.619 

Model 5 
C1 0.1605 1.819 

Model 11 
C1 0.0081 6.330 

C2 0.0403 1.624 C2 0.0068 1.530 
C3 0.0451 1.664 C3 0.0077 1.398 

Model 6 C1 0.0315 1.665 Model 12 C1 0.0033 2.228 
C2 0.0353 1.601 C2 0.0023 1.601 
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C3 0.0371 1.603 C3 0.0029 3.139 

Table 10. Maximum displacement and acceleration in critical mode of models on 1st floor 

Model Critical 
Column 

Max 
Displacement 

(cm) 

Max 
Acceleration 

(cm/s^2) 
Model Critical 

Column 

Max 
Displacement 

(cm) 

Max 
Acceleration 

(cm/s^2) 

Model 1 C2 0.0338 1.666 Model 
7 C2 0.0118 1.478 

Model 2 C3 0.0350 1.729 Model 
8 C3 0.0113 1.888 

Model 3 C2 0.0299 1.576 Model 
9 C2 0.0106 1.320 

Model 4 C2 0.0386 1.560 Model 
10 C2 0.0060 1.725 

Model 5 C3 0.0451 1.664 Model 
11 C3 0.0077 1.398 

Model 6 C2 0.0353 1.601 Model 
12 C2 0.0023 1.601 

Displacement-acceleration graphs 
Figure 12. Acceleration graph in models (1) to (6) - scenario (1) Figure 13. Acceleration graph in models (7) to (12) -                      

scenario (1) 

Figure 14. Acceleration graph in models (1) to (6) - scenario (2) Figure 15. Acceleration graph in models (7) to (12) -                      
scenario (2) 
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Figure 16. Acceleration graph in models (1) to (6) - scenario (3) Figure 17. Acceleration graph in models (7) to (12) -                      

scenario (3) 
Figure 18. Displacement graph in models (1) to (6) - scenario (1) Figure 19. Displacement graph in models (7) to (12) - scenario                       
(1) 
Figure 20. Displacement graph in models (1) to (6) - scenario (2) Figure 21. Displacement graph in models (7) to (12) -                      
scenario (2) 
Figure 22. Displacement graph in models (1) to (6) - scenario (3) Figure 23. Displacement graph in models (7) to (12) -                      
scenario (3) 

Figure 24. Maximum acceleration graph in models (1) to (6) (disregarding infill effect) - critical column 
Figure 25. Maximum acceleration graph in models (7) to (12) (regarding infill effect) - critical column 
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Figure 26. Maximum displacement graph in models (1) to (6) (disregarding infill effect) - critical column 
Figure 27. Maximum displacement graph in models (7) to (12) (regarding infill effect) - critical column 

12.Analysis results
In this paper, the effect of infills on asymmetric steel moment frames was addressed and               
various models with asymmetric height and spans were generated and analyzed via            
OpenSEES. Progressive collapse was then controlled through alternative path method (APM)           
and structural sustainability and the forces imposed to adjacent members were compared in             
each state. Following results could be described according to Tables 5, 6, 7 and 8 and also                 
graphs in Figures 24 , 25 , 26 and 27 representing maximum displacement-time and              
maximum acceleration-time of relevant 12 models, respectively: 

1. Given the dynamic analysis, frames have a great potential for damage caused by            
progressive collapse.

2. Infills increase stiffness, reduce the structure’s period, cause rapid damages in          
columns and retard progressive collapse in moment frames in addition to dead and live             
loads; so that such delay is an important factor in failure. Therefore, it can be              
concluded that infills have a positive impact on progressive collapse.

3. The results of OpenSEES show a high period and low frequency in structural frames             
disregarding the effect of infills; when the effect of infills is considered, the structure’s             
period is decreased by 1.5 s on 1st floor and positive role of infills becomes obvious to                
upper floors; moreover, the effect of infills enhances the structure’s frequency by 8            
rad/s on 1st floor in models and the trend is followed toward 6th floor (the top floor).

4. According to maximum displacement-time graphs related to models (1) to (12), as           
asymmetry and irregularity increase in spans, displacement rises in models; but the           
effect of infills significantly reduces displacement of the structure and extends          
duration of the displacement.

5. An investigation into vulnerability of models in critical states indicates that which           
irregularities have shown the best behavior; according to the graphs in Figure 24 , 25 ,               
26 and 27, model (3) have shown a better behavior compared to other models             
regarding maximum displacement and acceleration and its described scenario; it         
demonstrates that irregularity on side spans can cause a lower impact than interior            
spans.

6. Hinges are created in all spans, even in spans with no column removed; so that the               
structure can be rehabilitated against progressive collapse through strengthening a few          
members. The effect of infills in models (7) to (12) retards the formation of plastic              
hinges throughout the structure.

1415



Kaveh Nezamisavojbolaghi, Mahmood Hosseini, Abdolmajid Shafiei 

7. The result illustrate that infills have a more positive role in retarding progressive            
collapse in asymmetric moment frames with asymmetrical spans. Due to removal of           
two stories in larger spans, an investigation on models disregarding the effect of infills             
indicate that model (5) have shown a better reaction than the other so that the              
structure’s period has decreased and consequently, the structure’s frequency has         
increased.

As practical achievements in designing steel moment frames, these findings have been            
recommended to reduce structural vulnerability in regard to architectural limitations on           
location of columns. 

13.References 
[1] Wind Forces on a Tall Building. Rathbun, J.C. s.l. : ASCE, 1938. Vol. 64, pp. 1335-1997. 
[2]  Lateral Load Behavior of Masonry Infilled Steel Frames with Repair and Retrofit. 
Moghadam, H.A. 1, 2004, Journal of Structural Engineering, Vol. 130, pp. 56-63. 

[3] Moghaddam, H. A., Dowling . P. J., 1987, the state of the Art in infilled frames, ESEE                  

report No 87-2, Civil Eng. Dept., Imperial College, London. 

[4] Abrams, D.P., 1994, Proceedings from the NCEER Workshop on seismic Response of              

Masonry, Report No. NCEER-94-0004, National Center for Earthquake Engineering         

Research, State University of New York at Buffalo. 

[5] Fardis, M.N. (editor), 1996, Experimental and numerical investigations on the seismic            

response of R.C. infilled frames and recommendations for code provisions, ECOEST and            

PREC8 Report No.6, LNEC, Lisbon, 199p. 

[6] Crisafulli, F. J., Garr, A. J., Park, R., 2000, Analytical modelling of infilled frame               

structures – a general review, Bulletin of the New Zealand National Society for Earthquake              

Engineering V. 33, N.1 (March) pp 38-47. 

[7] FEMA 306, 1998, Evaluation of Earthquake-Damaged Concrete and Masonry Wall           

Buildings-Basic Procedures Manual, prepared by the Applied Technology Council (ATC-43          

Project), for the Federal Emergency Management Agency, Washington, D.C.(FEMA         

1416



Kaveh Nezamisavojbolaghi, Mahmood Hosseini, Abdolmajid Shafiei 

Publication No. 306). 

[8] FEMA 307, 1998, Evaluation of Earthquake-Damaged Concrete and Masonry Wall           
Buildings—Technical Resources, prepared by the Applied Technology Council (ATC-43         
Project), for the Federal Emergency Management Agency, Washington, D.C. (FEMA          
Publication No. 307). 
[9]. Nezamisavojbolaghi , K . Shafiei , A.(2016).”Vulnerability Evaluation in steel moment            
and asymmetric approach to progressive collapse.”International journal of Stem Cell , vol.            
2016;7(2). 

[10]. Nezamisavojbolaghi , K . Shafiei , A.(2016).”Vulnerability Evaluation in steel moment            
and asymmetric approach to progressive collapse.”3 rd National & 1st International Conference           
in applied research on Civil Engineering , Architecture and Urban Planning , Khajeh Nasir              
Toosi University of Technology , Tehran , Iran on 27-28 January(2016).

[11]. Opensees. Open system for earthquake engineering simulation. [Online] 2002.          
http://peer.berkeley.edu. 

[12].Shafiei, A. (2013), “Assessment of progressive collapse-resisting capacity of steel          
moment frames” M.Sc Thesis On Structural, Islamic Azad University Mahabad Branch 

[13].Shafiei, A. Behravesh, A. Bagheri, GH. (2014),” Progressive collapse in the two            
dimensional steel moment frame using static analysis And nonlinear dynamical”1st          
international conference on urban development based on new technologies 4th national           
conferance on urban development, Islamic Azad University, Sanandaj Branch, Iran on 4-6            
March (2014). 

[14]. GSA. Progressive collapse analysis and design guidelines for new federal office            

buildings and major modernization projects. The U.S. General Services Administration; 2003. 

[15].Unified Facilities Criteria (UFC)-DoD. Design of Buildings to Resist Progressive          

Collapse, Department of Defense, 2005. 

[16].Shafiei, A. Behravesh,A.(2014),” Assessment of Progressive collapse in the         
two-dimensional steel moment frame using linear And nonlinear dynamical” 2nd national           
conference on new material and structures” University of Esfahan, Iran on 27 February             
(2014). 

[17].Koçak A and Yıldırım MK (2011) Effects of infill wall ratio on the period of reinforced                
concreteframed buildings. Journal of Advances in Structural Engineering 14(5): 731–743. 
[18].Paolo Ricci, Gerardo Mario Verderame (2011) Analytical investigation of elastic period           
of infilled RC MRF buildings. ENG STRUCT: 308–319. 
[19]. Tehrani, k. Masroor, A. Cormie, D. Gallo, M. and Almufti, I. (2014),“ Lessons Learned               
from the Design of Steel and RC Structures against Progressive Collapse using Nonlinear             
Alternate Path Analysis,”International Journal for Structures Congress, pp 954–965. 

1417

http://peer.berkeley.edu/


Kaveh Nezamisavojbolaghi, Mahmood Hosseini, Abdolmajid Shafiei 

[20]. Tavakoli, H.R. and Kiakojouri, F. (2013),“ Numerical Study of Progressive Collapse in             
Framed Structures: A New Approach for Dynamic Column Removal,”  
International Journal of Engineering, Vol. 26, No. 7, pp 685–692. 
[21]. Masoero, E. Daro, P and Chiaia, B.M. (2013),“ Progressive collapse of 2D framed              
structures: An analytical model,” International Journal Engineering Structures, 54, pp 94–102. 
[1] 4-7, 2000. 

1418



 

COMPDYN 2017 
6th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, M. Fragiadakis (eds.) 

Rhodes Island, Greece, 15–17 June 2017 

NUMERICAL STUDY ON STIFFENED STEEL PLATE SHEAR WALLS 
WITH CENTRAL PERFORATION 

Kaveh Nezamisavojbolaghi1*, Akam Gharani2  
1Assistant Professor 

Department of Civil Engineering, Mahabad Branch, Islamic Azad University, Mahabad, Iran 
k.nezami@iau-mahabad.ac.ir 

2 Master student 
 Department of Civil Engineering, Mahabad Branch, Islamic Azad University, Mahabad, Iran 

akamgharani @gmail.com 

Keywords: Steel Plate Shear walls, Numerical analysis, Different combination of stiffeners 

Abstract. Nowadays One of the advantages of Steel Plate Shear Walls (SPSWs) is the easiness                            
of openings application in infill plate. The openings are sometimes required for passing                         
utilities, architectural purposes, and structural reasons. 
More energy absorption and high load carrying capacity and post-buckling behavior of steel                         
walls in the nonlinear behavior of this system has been more substantial than other bracing                             
systems. Great stiffness than the bracing systems, the ability to create opening anywhere in                           
the wall, the possibility of building in the factory and installing it in the place in any weather                                   
conditions, a 50 percent reduction in the steel consumption in the design of steel moment                             
frames, speeding up the implementation of the designed or retrofitted projects and reducing                         
the cost of the design and retrofitting, especially in retrofitting the concrete structures are the                             
main advantages of that. Different regulations, including the regulation of designing the steel                         
structures of Canada and 450 FEMA have provided some criteria for designing steel plate                           
shear walls. In 2005, the rules governing to designing of special steel shear wall has been                               
added to the regulation of seismic designing of AISC Steel Structures. In this article it has                               
been tried to acquire the similar behavior of the steel shear walls without opening by                             
installing the stiffness in the place and with the appropriate form on the steel shear walls with                                 
openings. For this purpose, the verification of the results of the numerical analysis was done                             
with a laboratory model from the researches of Mr. Alavi and Nategh Elahi in 2013. Then,                               
according to the previous studies, seven models with a scale of one to seven, and the ratio of                                   
width to thickness 500, that had higher amount of energy absorption, were selected with                           
perforations by 0% , 20% and 35% ratio and the different models of shape and stiffeners                               
location were loaded reciprocally. 
According to the obtained results from the analysis of the numerical models under the                           
reciprocal dynamic load and the investigation of the obtained pushover charts and the                         
comparison of the seismic parameters such as strength, stiffness, ductility and also energy                         
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absorption of panels, it was observed that the sample with a rhombus stiffener has the similar                               
behavior to the shear walls without a stiffener up to the rupture creation level. 
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INTRODUCTION 

According to the huge human and financial losses that occur each year due to the wind and                 
earthquake forces, the researchers have been trying to achieve a suitable structural system             
with the minimal losses. Nowadays, there are different kinds of structural systems resistant to              
the lateral loads that among them, buckling frames, bracing systems and concrete and steel              
shear walls can be mentioned. In the last three decades, there has been wide interest and                
attention in the use of steel shear walls as the resisting system against the lateral load in the                  
buildings. Steel shear wall is such a steel plate beam that is placed vertically and extends the                 
entire height of the building. A relatively thin steel plate connected to the beams and columns,                
behaves like the web of a plate beam. Columns and horizontal beams play the role of the                 
wings and the stiffeners of the vertical plate beam. Although it seems that plate beam theory                
is appropriate for designing a steel shear wall or simply SPSWS, there is a substantial               
difference regarding the relatively high flexural strength and the stiffness of beams and             
columns that make the wall boundary elements toward the plate beams. It seems that these               
elements have a significant effect on the overall behavior of buildings. The advantage of this               
system compared to the other structural systems resistant to the lateral forces has led to the                
increase use of it day-by-day. The use of steel shear wall is an effective method to increase                 
the stiffness and strength without increasing the weight of the structure and in comparison              
with the moment frame system, it almost saves fifty percent of the steel consumption. Some               
engineers believed that the sheets should not be allowed to buckle. This topic created two               
mindset. In Japan, thin sheets were considered by closely spaced stiffeners, while in America              
thick sheets were used. In the structural design, supplying of the interior appropriate space is               
the most important design goal. Simultaneous with the interior space finding, architects are             
required to satisfy the demands of the employers and beneficiaries of the building and also               
create the appropriate view. Therefore the primary criterion of the design can be related to its                
architecture then after that, the engineer will be bound to creating the appropriate structures              
within the designated spaces. Just about the long and important structures, the building             
structure and the conditions and restrictions of engineering as the designing primary criteria             
are replaced with some architectural needs. Applying such architectural needs and           
beautification can be considered as an important factor of creating the perforation in the steel               
shear walls. As well as, the building structure must be coordinated with serviced systems such               
as mechanical and electrical installation, water and sewer that are a complex and bulky set               
that allocate a large share of the structure investment, especially high-rise buildings to             
themselves. So non-structural considerations such as the position and the direction of            
installation systems can be other effective factors of creating the perforation in the steel shear               
walls. Compared to the conventional bracing systems, the continuity of the steel panels lead to               
the creation of the formable behavior and the stability of the system under the reciprocating               
loading [7]. In addition, the great stiffness of the plates acts like the stretching anchors to                
maintain the stability. As SPSWs system is effectively introduced for energy absorbing            
systems in the areas with high seismic risk. Kulak at the University of Alberta was one of the                  
first researchers that precisely examined the behavior of SPSWs [8]. Around 1980, his group              
performed two analytical and laboratory researches in order to develop the processes of             
proper design. Their results created a simple method for analyzing a thin unreinforced             
SPSWS (strip model). In that study the plate was replaced with a series of parallel diagonal                
stripe elements that are only able to transfer tensile force. The research that carried out by                
Rezai and colleagues [9] at Brithish Columbia University, it has been showed that the strip               
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model for a wide range of SPSWS is fundamentally incompatible and does not predict the               
structural behavior accurately enough. They proposed a new analytical model named           
multi-angle strip model. However the multi-stripe model did not have a high precision and              
further research in this area had been proposed. The conducted researches show that the steel               
shear walls with thin plate and without web stiffness which is also called particular steel shear                
wall, has a good performance in terms of economics and efficiency in tolerance of lateral              
loads. Design regulations including AISC341 [6] recommended the use of this lateral loading             
system in the areas with the medium and high seismic risk. The difference is that, in the areas                  
with high seismic risk, it’s necessary that the beam connection to the column be able to                
withstand and transmit the flexural strength. 

Figure 1: The ideal behavior of shear walls 

In the steel shear wall system without web stiffness, the pressure capacity of web plate is very                 
small but tensile strength of the web plate that comes with the experience of large               
Ultra-elasticity deformations is high. The behavior of shear walls without stiffness web plate             
can be simulated with a bracing frame that the diameter components of it just work to stretch.                
The overturning forces can be tolerated by columns and through the bracing vertical             
component. The beams are under the huge pressure thrust forces resulting from the horizontal              
elements of braces. This behavior can be simulated by the performance of a plate beam with                
thin web in which the beams are like the middle strengthening, columns are like the wing of                 
plate beam and the fillers plate of wall is like the web. By comparing the behavior of steel                  
shear wall with the plate beam, this point can be realized that the wings in the plate beam do                   
not provide the sufficient stiffness to develop the tensile field in the web of plate beam;                
However, the vertical boundary components in the steel shear walls provide the sufficient             
rigidity to create the tensile field in the web plate. The vertical and horizontal boundary               
elements in the steel shear walls are under the influence of wide forces in their length due to                  
the tensile performance of the filler plate of shear wall. Tensile forces in the horizontal               
boundary elements of the steel shear walls due to the performance of the web plate above and                 
below the horizontal boundary elements neutralize each other to some extent. The web plates              
in the steel shear walls create considerable tensile forces on the first and last floor at the level                  
of the top floor (roof) and the downstairs (the foundation) that it is necessary to be properly                 
tolerated by the horizontal boundary elements. So the dimensions of the beams will be              
substantially at the roof level and these forces must be restrained by the steel or concrete                
horizontal beams at the floor level too. If the flexural rigidity of the column and in other                 
words its moment of inertia around the flexure is not enough, in this case, the possibility of                 
the development of the tensile field in the plate web will not be possible and the system                 
resistance will be significantly reduced. If the column stiffness is suitable and sufficient, then              
the possibility of developing the tensile field in the web plate will be provided. The shear                
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force due to the tension field in the web plate in the columns of both sides of web are in                    
opposite direction of each other and the horizontal reaction of the column support under the               
pressure is in the opposite direction of the horizontal reaction of web plate. 

THE STIFFNESS AND STRENGTH AND ENERGY ABSORPTION 

Two determining factors in systems resistant to lateral loads such as bracing systems, steel              
shear walls, moment frames, concrete shear walls and etc. are their stiffness and strength that               
their lateral location is determined by load-shift diagram. An example of these diagrams is              
shown in a general image in the figure 2. In the mentioned diagram the line slope of OA is                   
called the stiffness of resistant system and Fu is the resistance or ultimate load of the system.                 
As it can be seen in the figure, the relationship between load and lateral displacement in                
elastic environment is as follows: 

For determining the stiffness of system in any alignment, above equation can be used.              
Systems that have more stiffness, their lateral displacement is lower against the lateral loads. 

Figure 2: load-displacement diagram 

In the case of the significant displacement of the structure and thus the large deformation,               
non-structural elements such as doors, elevators, blades, views, infilled frames and especially            
installations may cause serious flaws. In some special buildings such as hospitals, museums,             
laboratories, etc. in which sensitive equipment is placed, numerous displacements can cause            
irreparable damages that makes the use of resistant system with great stiffness required.             
Although scientists generally believe that the acceleration is the most important parameter of             
how individuals respond to vibration and it may create a variety of adverse reactions such as                
nausea and anxiety for residents of the buildings, especially tall buildings and causes             
discomfort for them, But large displacements can also cause the insecurity, especially in             
earthquake that compared to wind fluctuations occurs less and the vibration time is usually              
short-term, but its movements are strong. Thus the design criteria in the earthquake will be               
safety before the comfort that is usually in conjunction with the wind. As it can be seen in the                   
hysteresis curves related to the steel shear walls, these curves are S-shaped and are quite               
stable and the rate of energy absorption of the mentioned system that in fact is the area under                  
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hysteresis curve is significant. Also by increasing the displacement in each cycle, the area              
under hysteresis curve shows an increasing compared to the previous cycle. To improve the              
hysteresis curves and increase energy absorption rate (increase the area under hysteresis            
curves) in the steel shear walls can operate in two ways: 
• Increasing the thickness of the steel plate
• Reinforcing the steel plate by stiffeners

The first solution is totally uneconomical and expensive, because for improving the hysteresis             
curves of the mentioned walls, it is necessary to increase the thickness of steel plate enough                
until the plate does not buckle before yielding that this thickness increase is quite substantial               
and hence uneconomical. The second solution that can be achieved through reinforcing the             
steel plate by stiffeners is more efficient and economic. In the experiments that were done by                
Takahashi and colleagues on a number of steel shear panels with plates with different              
thicknesses and stiffeners with different dimensions, spacing and arrangement, it has been            
shown that by effective reinforcing of the steel plate, we can reform the hysteresis curves in                
the steel shear walls from S-shaped to fusiform and thus by increasing the area under the                
mentioned curves increase the rate of energy absorption and improve the behavior of the              
walls. 

Figure 3: load-displacement diagram 

   VERIFICATION 
To obtain an analytical model that is consistent with the acceptable accuracy with the              
laboratory sample, several analyzes were done. The investigated laboratory sample was the            
shear wall that reviewed by Mr. Alavi and nateghi (Alavi 2013: 9). The investigated shear               
wall has been brought in Figure 3. The final load-displacement responses of the laboratory              
samples and the results of the analysis are shown in Figure 5. The name of the shear wall                  
without a stiffener in the research was SPSW (s1). Steel type ST-37 is used to make the                 
samples. Beams and columns were considered from HEB160 and the thickness of shear wall              
plate was 1 mm and the thickness of the amplifier inside the beam and column was 5 mm.                  
The profile of the consuming materials for constructing the beam, column, shear wall and              
stiffeners have been shown in table 1. The steel shear wall with four-node shell elements               
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(S4R) was reduced by integration and the formulation of large deformations has been             
modeled. Using this formulated method reduces the analysis time. The stiffeners have been             
also modeled by using the shell elements. Bilinear equation is used to model the behavior of                
fine steel. 

Table 1: The profile of the consuming materials [8], 

Figure 4: A picture of the shear wall studied in the laboratory (Alavi 2013: 9), 
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 Figure 5: The laboratory and software figure of shear wall after buckling (Alavi 2013: 9), 

Figure 6: comparing the laboratory and software of the load-displacement diagram 

After ensuring the accuracy of the analysis results in ABAQUS, analytical samples were             
defined and modeled. 

   MODELING 
Seven number of models with openings with the rate of 0%, 20% and 35% are modeled that                 
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their profiles are shown in Table 2. To investigate the effect of stiffener on shear walls with                 
openings, two types of stiffener were used that the stiffeners are placed horizontally and              
vertically around the opening and are extended up to the horizontal and vertical boundary              
elements. 

Figure 7: The way of connecting the stiffeners 

The rhombus -shaped stiffener is used according to the Figure 7 and other samples with the                
proposed profiles of regulation are modeled. 

Table 2: The profile of the modeled samples 
The type of 

stiffener 
Opening ratio 

((percent sample 

Without  stiffener 0 SPSWS1 
Without  stiffener 20 SPSWS2 
rhombus -shaped 

stiffener 20 SPSWS3 

Regulation 
stiffener 20 SPSWS4 

Without  stiffener 35 SPSWS5 
rhombus -shaped 

stiffener 35 SPSWS6 

Regulation 
stiffener 35 SPSWS7 

(All samples have the thickness of 1 mm and slenderness ratio of 500) 

The material profile has been shown in Table 3. 

Table 3: The profile of materials 

 (Kg/m3)
υ 

1427



Kaveh Nezamisavojbolaghi, Akam Gharani 

7850 0.3 200 300 200 

5- Results analysis  
Graphical output and the results of the models analysis due to the reciprocating loading have 
been shown in Figures 8 to 13. And the analytical results of the samples that have annular 
stiffener, annular and perpendicular to each other and annular and crisscross have been 
brought in the diagram of figure 14 based on the load to goal displacement. 

Figure 8: Shear wall with opening round annular stiffener 

Figure 9: Shear wall with opening round stiffener and perpendicular to each other 
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Figure 10: Shear wall with opening round stiffener and crisscross stiffener 

Figure 11: Shear wall with rhombus -shaped stiffener with a distance of 9 cm from the                
boundary elements 

Figure 12: Shear wall with rhombus -shaped stiffener with a distance of 1 cm from the                
boundary elements 

1429



Kaveh Nezamisavojbolaghi, Akam Gharani 

Figure 13: Shear wall with rhombus -shaped and annular stiffener 

Carefully looking at the obtained diagram of different samples analysis in figure 14, it can be                
seen that the resistance is almost the same with each other in the samples with annular                
stiffener, annular stiffener and perpendicular to each other and annular and crisscross. It was              
also observed that the most closely matches can be seen with the sample without opening and                
in rhombus -shaped stiffener having 4 cm distance from the boundary elements. 

Figure 14: The obtained diagram of pushover analysis of samples with different stiffeners 

   CONCLUSION 
According to the output data analysis, the summary of the results was observed as follows: 

- Placing the opening in the center of the panel leads to the decrease of the elasticity stiffness 
and lateral load capacity. 

1430



Kaveh Nezamisavojbolaghi, Akam Gharani 

- By placing the opening in the center of the panel, the necessary lateral displacement rate for 
the sample failure is increased but the ductility is lower compared to the non-opening form. 
- Stiffener existence increases the initial stiffness of the steel shear wall. 
- The initial stiffness of the samples with a rhombus -shaped opening is very close to the 
sample of shear walls without opening. 
-In the samples with rhombus -shaped stiffener the shear wall behavior was similar to shear 
wall without opening until rupture.  
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Abstract. Time integration is the most versatile tool in analysis of semi-discretized equations 
of motion. The computational cost might be considerable, especially when the excitation is 
available as a digitized record. Concentrating on analysis of structural systems against 
earthquakes, a technique is proposed in 2008 for reducing the analysis computational cost by 
summarizing the record of the ground motion. The main parameter to be set before implemen-
tation of the technique is the largest period of oscillations with considerable contribution in 
the response. Apparently, the definition of the parameter is vague, and besides we cannot eas-
ily estimate the parameter prior to the analysis. In this paper, the computational cost reduc-
tion technique is enhanced to a technique that can be simply implemented regardless of the 
above-mentioned parameter. The way of implementation is modified, such that the need to the 
parameter is eliminated without adding any new parameter or ambiguity. The basis of the en-
hancement is the error control comment traditionally recommended in the practice. As ob-
served in numerical tests, by implementing the enhanced technique, besides further clarity, 
the time integration analyses can be more efficient compared to traditional analyses.  
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1 INTRODUCTION 

Time integration is a versatile tool in analysis of transient behaviors; see [1-10]. Concen-
trating on structural analysis against digitized ground motion records, after discretization in 
space, the mathematical model can be stated as [11-18]:  
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In Eqs. (1), M is the mass matrix, intf  implies the internal force, Γ  stands for the matrix relat-
ing the excited degrees of freedom to the rest of the structure [17, 18], gu&&  denotes the excita-
tion at the excited degrees of freedom, e.g. ground acceleration (including multi-support 
excitations) [17, 18], Q represents the restrictions originating in nonlinearity, e.g. see [19, 20], 
t and endt  respectively represent the time and the time interval, and “0” as a right subscript 
indicates that the argument is at its initial status [17, 18]. The main process of time integration 
is pictorially addressed in Fig. 1, where it is apparent that the integration step size, tΔ , has the 
main role in the analysis. The broadly accepted comment for selecting the integration step size 
is as stated below [12, 17, 18, 21, 22]:  
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In Eq. (2), T denotes the size of the smallest oscillatory period with considerable contribution 
in the response, crtΔ  represents the largest integration step size leading to numerically stable 
responses, rtΔ  implies the smallest step size, according to which, we accept to have the record 
of the response, and tf Δ  stands for the step size, by which, the earthquake (or digitized exci-
tation) is recorded (see [21]), and as addressed in [23], 
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Figure 1: Pictorial description of time integration analysis [21]. 
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When the excitation step size, tf Δ , is such small to satisfy 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ΔΔ<Δ rcrf tt

T
t ,,Min

χ
 (4) 

Eq. (2) may result in values for the integration step size not needed for the accuracy of the 
time integration and disadvantageous for the computational cost. For these cases, a technique 
is proposed in 2008 [24], that replaces the original excitation record with a record digitized at 
the larger steps, { })1-(   +∈Δ=Δ Zntnt fnewf . The original steps, tf Δ , are enlarged by the 
integer scale n, and the record data is changed, such that to preserve responses convergence 
(see [24]). As the consequence, after the time integration analysis, the response deviates neg-
ligibly from the response of the ordinary analysis with steps equal to tf Δ , i.e. the technique 
leads to less computational cost, in the price of no specific inaccuracy, when [21] 

 ⎟⎟
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⎞
⎜⎜
⎝

⎛
ΔΔ≤Δ<Δ rcrnewff tt

T
tt ,,Min

χ
 (5) 

(for detailed explanations, on this technique, see [21, 24, 25], and for other computational cost 
reduction techniques potentially considering digitized excitations, and the comparison of the 
techniques, see [21, 26-29]). An enhanced version of the technique [24, 25] takes into account 
fractional enlargement of step sizes; see [30]. (Table 1 reports some experiences on the tech-
nique.) As implied above, the amount of the integration steps enlargement, n, is to be set such 
that ( +Z  is the set of positive integer numbers): 

 
( ) { }1,1,,Min −∈Δ+<⎟⎟
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⎝
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ΔΔ≤Δ

Δ=Δ

+Zntntt
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 (6) 

 

System analyzed Cost reduction with no signifi-
cant additional inaccuracy (%) Source 

SDOF system 75 [25] 
2-DOF nonlinear system 49.27 [25] 
Eight storey shear frame 80 [31] 
Thirty-storey building 50 [32] 
3-component earthquakes 66.7 [33] 
Silos with linear/nonlinear behavior 77.65 [34, 35] 
Water tank (the structure and the fluid) 66.7 [36, 37] 
Building in pounding 12.7 [38] 
Bridges with linear/nonlinear behavior 45-80 [39, 40] 
Power stations > 50 [41] 
Regular residential buildings 50-87 [42] 
Bridges with pre-stressed elements subjected to 
multi-support excitations 30-70 [39] 

Residential building with irregularities in height 50-80 [43] 
Space Structures >50 [44] 
A cooling tower >50 [45] 
Milad telecommunication tower (linear/nonlinear) >50 [46, 47] 
Beams/beams assemblages subjected to digitized static loading        >80 [48] 
Three real buildings (linear and nonlinear) >50 [49] 

 

Table 1: Experiences regarding time integration step size enlargement technique proposed in [24]. 
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Considering the role of T in Eqs. (5) and (6) and the value of n, and the ambiguity in the defi-
nition of T [21], the objective in this paper is to eliminate the parameter T from the implemen-
tation of the technique proposed in [24, 25]. The main idea can be summarized in: (1) 
replacing the accuracy-based approach of time integration analysis with a computational-cost-
based approach [50], (2) consistent and conventional changes of n and tf Δ  in the first relation 
in Eq. (6), when needed, and with less importance (3) Engineering-based control of the accu-
racy. The main idea is stated in the next section. The remaining theory leading to a new and 
practical way for implementation of the technique proposed in [24, 25] are discussed later. 
The numerical study is presented in continuation, and finally, the paper is concluded with a 
brief set of the achievements and remarks.  

2 THE MAIN IDEA 

The purpose of Eq. (2) and its predecessor (set for continuous excitations) [24, 25, 30], i.e. 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ΔΔ≅≤Δ rcr tt

T
t ,,Min

χ
 (7) 

and specifically the term 
χ
T  in this equation is providing sufficient accuracy. This is while, as 

recommended not only in the structural dynamics literature, e.g. see [17], but also in the struc-
tural codes, e.g. see [23], and the literature of numerical solution of differential equations, e.g. 
[51], the accuracy of time integration analysis is to be controlled after the analysis. The most 
conventional comment in this regard is repetition of the analysis with half steps and somehow 
comparing the responses [17, 23]; for other practical comments, for instance, see [52, 53]. In 
other words, traditionally, after the time integration analysis, we would rather check the accu-
racy by somehow comparing the responses with some other responses supposed to be more 

accurate. In brief, we once adapt the analysis to the accuracy prior to the analysis, via 
χ
T  in 

Eqs. (2) or (7), and once again control the accuracy after the analysis by repetition of the 
analysis. Since the first control is involved in ambiguities [21], it is reasonable to decrease the 
accuracy controlling role of Eqs. (2) and (7) by eliminating the term 

χ
T . This would replace 

Eqs. (2), (5), and (6), with the much simpler equations below: 

 ( )rcr ttt ΔΔ≅≤Δ ,Min  (8) 

 newff ttnt Δ=Δ=Δ  (9) 

 ( )rcrnewff tttt ΔΔ≤Δ<Δ ,Min  (10) 

 ( ) ( ) { }1,1,Min −∈Δ+<ΔΔ≤Δ +Zntntttn frcrf  (11) 

with attention to which, after implementing the technique proposed in [24, 25] while 

 ( )
t

tt
n

f

rcr

Δ
ΔΔ

≅≤
,Min  (12) 

we can carry out the analysis. Therefore, the enlargement scale n can be determined inde-
pendent from T, prior to implementation of the technique and carrying out the analysis. 
Meanwhile, in view of an existing comment [13, 54, 55], on numerical stability, i.e. 

 ∞→Δ crt  (13) 
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In view of Eq. (13) and the fact that the technique proposed in [24, 25] is enhanced to a tech-
nique taking into account fractional values for n [30], Eq. (12) can simply be replaced with: 
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Δ
Δ

=:  (14) 

leading to more simplicity and likely less computational cost for the time integration. The ac-
curacy still needs investigation. 

3 CONTROL OF ACCURACY  

The discussion presented in the previous section provides the capability to implement the 
technique proposed in [24, 25] or its enhanced version proposed in [30], independent from T 
(and in fact independent from the frequency content of the response) and with steps sized be-
low: 

 
( )

t

t
n

ttnt

f

r

rf

Δ
Δ

=

Δ=Δ=Δ

 (15) 

Regarding repetition of the analysis with half or smaller steps, questions exist. They are; 
which term(s) in the right hand side of the first relation in Eq. (15) and how much should each 
term be decreased in the repetition? In response, in view of the necessity of errors' consistent 
decrease discussed in [24, 56], in order to preserve the second order convergence (see also [13, 
24, 54-56]), n  and tf Δ  would rather converge consistently. In this regard, by considering the 
first analysis and its repetition carried out respectively with steps below: 
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it is sufficient to satisfy (pay attention to the fact that the ideal limiting values of n  and tf Δ  
are respectively ‘1’ and ‘0’): 
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Accordingly and in view of the fact that 

 2,1,1 => ini  (19) 

the analysis and error control will converge (never exactly correspond) to the ordinary control 
of errors, based on repetition with half steps. 
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Consequently, after we enlarge the excitation steps from tf Δ  to rtΔ , and carry out the first 

analysis, considering tt ff Δ=Δ 1  and 
t

t
n

f

r

Δ

Δ
=1   (see Eq. (14)), 
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we can repeat the analysis with the smaller steps below: 
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and study the accuracy by comparing the responses obtained from the two analyses, and if 
needed carry out the second and more repetitions, by step sizes obtained from 
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For the sake of clarity, it is essential to note that Eqs. (22) imply that in each repetition of the 
analysis the excitation steps are to be scaled down to jf tΔ  and the excitation digitized at the 
smaller steps should be determined using linear interpolation. Then the excitation record to be 
implemented in the analysis can be obtained, by applying the technique proposed in [30] to 
the record digitized jf tΔ , taking into account the corresponding value of n, addressed in 
Eqs. (22), i.e. jnn = . 

And finally, the criterion to control the accuracy can be set arbitrarily considering different 
norms [57]. Nevertheless, as a selection consistent with practice, the comment of the seismic 
code of New Zealand [23] is taken into account. Accordingly, the relative difference of the 
peak target responses in an analysis and its repetition is to be not more than 5%. However, 
since different from the comment stated in [23], the step sizes do not precisely halve in each 
repetition (see Eqs. (16) and (17), the peaks difference need to be controlled as noted below 
[58] ( 1P  and 2P  are the peaks, i.e. maximum absolute values, of the target response through-
out the time interval respectively in the an analysis and its repetition): 
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4 NUMERICAL STUDY 

Since the discussion in the previous section is carried out in a mostly rigorous manner and 
meanwhile this paper reports an “in progress” study (in its final stages), only one example is 
presented here. (Four examples from experiences addressed in Table 1 are being tested on the 
performance of the approach proposed in this paper; see [58].) 

Consider the structural system defined in Fig. 2 and Table 2, where the lateral displace-
ment of the top floor is the target response (with the exact top floor displacement displayed in 
Fig. 3 and the exact peak value equal to 0.177058778 m), the average acceleration method of  
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Figure 2: Structural system under consideration: (a) Structural model, (b) Ground acceleration. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Table 2: Some properties of the structural system in Fig. 2. 

 
 
 
 
 
 
 
 
 
 

Figure 3 __ Exact history of the top displacement. 

Newmark [17, 18, 59] is the integration method, and sec05.0=Δ rt .  
In implementation of the traditional analysis approach, we first time integrate with steps 

equal to sec005.01 =Δ=Δ tt f , and then repeat the analysis with steps equal to  
sec0025.05.0 12 =Δ=Δ tt , and if the accuracy control is not passed, we sequentially repeat the 

analysis with half steps, till the relative difference of the peak top floor displacements in two 
sequential analyses is not more than 5 %. This condition is satisfied after the first repetition 
(the peaks in the first two analyses equal 0.176781 m and 0.176975 m, apparently in less than 
5% relative difference), implying the total number of integration steps below: 
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In implementation of the way of implementation (of the technique proposed in [24, 25]) 
proposed in this paper, the peaks difference satisfies the condition, which is now changed to 
Eq. (23), again after two sequential analyses (the two peaks respectively equal to 
0.1848861 m and 0.17566966 m), carried out with steps stated below: 
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and the condition is satisfied as stated below: 
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The corresponding total number of integration steps is reported below: 

 1856
01375.0
20

05.0
20

2
=+=TN  (27) 

in view of Eq. (24), implying about 85 % reduction of total number of integration steps com-
pared to the traditional approach (in view of the linear behavior, the computational cost has 
undergone a similar decrease; see [21, 24, 60]), and even in consideration of the third analysis 
only for the new approach, still about 54 % reduction of cost is provided. The target responses 
both very accurate are pictorially not recognizable and hence are not included here for the 
sake of brevity. Consequently, not only the new way of implementation of the technique is 
clearer than its predecessor, but also at least for this example the analysis is more efficient. 
The study is being continued with other integration methods, other excitations, other structur-
al systems, other values of rtΔ , and while also considering different nonlinear behaviors; see 
[58].  

5 CONCLUDING REMARKS 

After addressing a practical ambiguity in implementation of a time integration computa-
tional cost reduction technique (also see [21]), a new way of implementation is proposed, to-
tally eliminating the weak point. Specifically and as the consequences,   

1. For simpler efficient time integration analysis against ground motions, the computa-
tional cost reduction technique proposed in 2008 [24], and enhanced in 2017 [30], is 
implemented in a completely different way, considering less accuracy-controlling role 
in the integration step size selection stage.  

2. Compared to its predecessor [24, 25], the new way of implementation is much simpler 
and clearer, in consistence with the engineering accuracy-controlling com-
ments/conventions, and still can be more efficient compared to ordinary time integra-
tion analyses. 

Finally, it is worth noting that since the earthquake data recording instrumentation is in 
rapid progress [61] and consideration of records with smaller steps is recommended [62], the 
need to the technique proposed in [24, 25], and the related researches will increase. Accord-
ingly more research on the continuation of the discussions presented in this paper is strongly 
recommended.  
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Abstract: An equation for the relationship between the crack length and frequency bandwidth 

of Acoustic Emission (AE) in stressed rocks has been obtained by a mathematical method. The 

result of the present study shows an inverse relationship between the crack length and the 

bandwidth of the acoustic emissions. This contradicts the classical equation used in the 

literature which shows that the crack length is inversely related to the main frequency of the 

AE waves. The research proposes that the main frequency of the AE waves would depend on 

the cracking mechanism and so upon the rock properties, stress and the environmental factors. 

By the derived equation and appropriate experiments, the limits of the crack length can be 

found. The study shows that there is valuable information in the frequency characteristics of 

the AE signals which can be exploited.   
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1 INTRODUCTION 

Fault movement during earthquake causes seismic waves which have been studied from 

different aspects in literature. It seems that some researchers, by theoretical models and 

analytical methods, have concluded that these waves are among (or close to) low-pass signals 

(have a maximum value at zero frequency [1]), and so they concluded that the cutoff frequency 

of these signals have an inverse relation with the period of the signal and therefore with the 

fault length [1]. Later this conclusion was generalized to the acoustic emission (AE) due to 

micro cracks to conclude that the crack length has an inverse relation with the dominant 

frequency of the AE signal ( [2], [3], [4], [5]). Despite that, no field or laboratory observation 

has demonstrated a low pass nature for the AEs, and instead a band pass signal has been 

observed, but the inverse relation between the cutoff frequency and the crack length has been 

used extensively by researchers.  

In this paper, a mathematical method is used to analyze AEs in rock, and the relation between 

the crack length and the bandwidth frequency of AE signals is derived. The result shows that 

in contrast to what had been claimed in the conventional equation presented before (e.g. in [2], 

[6]), in which the length of the crack determines the main frequency of the emissions, the crack 

length widens the frequency spectrum of the AEs, and so it affects the bandwidth of the signal 

not the central frequency.    

2 FREQUENCY ANALYSIS  

The analysis given here can be applied to any continuous signal with a limited period. 

Therefore, this method can be utilized to analyze a few different types of cracks, including 

stable or confined cracks defined in [2], which are formed by loading stress on rocks. Also, it 

should be noted that real signals in nature are limited in period, so they have an unlimited 

frequency spectrum. Therefore, in the analysis given below, which mainly uses the frequency 

bandwidth of the signals, one of the common definitions of signal bandwidth such as half power 

bandwidth, can be selected as the effective Bandwidth of the signal, and without loss of 

generality the rest of the spectrum could be considered zero.  

The previous researches show that the frequency spectrum of the AE signals starts from a few 

hundred hertz, and extends up to a few megahertz. 

The mechanism of the fracture in rock materials can be related to the physical and mechanical 

properties of rock, stress, and environmental factors. For the purpose of frequency analysis, we 

assume that the mechanism of cracking creates a wave x(t), with an arbitrary spectrum X(f) 

and a central frequency fm, as shown below: 

 

Figure 1: Frequency spectrum of a wave with arbitrary shape generated by the cracking mechanism 
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Note that x(t) is independent of the crack length because the crack initiates from a point and 

grows afterwards, while under  appropriate conditions it can grow indefinitely. The crack stops 

sometime after it is initiated, and signal x(t)  becomes limited in time by T. Therefore, it can 

be said that the source signal s(t) (received by transducer) is equal to signal x(t) multiplied by 

a square wave a(t) with period T (Figure 2), i.e.:  

1     s(t) = x(t)a(t) 

When the edge of the crack does not oscillate, the period of the signal is proportional to the 

crack length: 

2      𝑇 =
𝐿

𝑣𝑐
  

where vc is the velocity of the crack propagation, and L is the crack length.  

 

 

 

 

 

Figure 2: a single square wave corresponding to a crack with length L = vcT. 

In 1, it is implied that the period of x(t) is not less than that of s(t); in other words, it is  assumed 

that if the stress is maintained, the crack can extend and elongate, which is a logical assumption. 

As said before, the AE waves due to micro-cracking are band-pass signals, therefore x(t) should 

also be considered a band pass signal. 

The Fourier transform of the square function shown in Figure 2 is a Sinc function whose 

bandwidth 𝛥𝑓𝐴 is inversely proportional to period T, and so to the crack length: 

|𝐴(𝑓)| = |𝑇𝑠𝑖𝑛𝑐(𝑓𝑇)|    (3) 

     𝛥𝑓𝐴 =
2

𝑇
=

2𝑣𝑐

𝐿
      (4) 

From (2), the Fourier transform of an AE signal due to a crack with length L is equal to the 

convolution of the Fourier transforms of two functions x(t) and a(t): 

     𝑆(𝑓) = 𝑋(𝑓) ∗ 𝐴(𝑓)     (5) 

Where X(f) and A(f) are the Fourier Transforms of x(t) and a(t) respectively. The bandwidth 

of s(t) is then equal to the sum of the bandwidths of these two signals: 

     𝛥𝑓𝑠 = 𝛥𝑓𝑋 + 𝛥𝑓𝐴     (6) 

So, the effect of the crack length on the propagated AE is a widening of its frequency 

spectrum by 𝛥𝑓𝐴, but the central frequency of the spectrum would remain the same as that of 

A(f). Figure 3  shows the Fourier transform of a typical signal s(t) based on an arbitrary form 

of x(t): 

  

a(t) 
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Figure 3: Frequency spectrum of the signal source s(t) generated by the cracking mechanisms with the spectrum 

shown in Figure 1. 

Therefore, it seems that unlike what has been stated previously, that the main frequency of 

AE signals have an inverse relation with the crack length, the effect of the crack length is on 

the bandwidth of the AE signal and not on its central frequency. 

Consequently, for the long cracks with low frequency crack mechanism, we would expect 

a low central frequency, and a small bandwidth for the related AE wave. For the long cracks 

with high frequency cracking mechanism, a high central frequency, and small BW are expected 

for the AE signals. Similar arguments can be made for small cracks with low and high 

frequency cracking mechanisms. Thus, by low frequency cracking mechanism, small cracks 

would generate low frequency and wide band AE signals; while small cracks with high 

frequency cracking mechanism, would generate high frequency, and wide band AE waves.  

Example: As an example, assume that the cracking mechanism creates a sinusoidal 

waveform with frequency fm, and that the cracking stops after T seconds, and forms a 

crack with length L.  In this case, s(t) would be a wave form as shown below: 

`  

Figure 4: a typical signal s(t) with a sinusoidal cracking mechanism 

The spectrum of s(t) would then be the result of convolving the Sinc function with an 

impulse at 𝑓 = 𝑓𝑚, as shown below: 

 

mf 

S(f) ΔfX+ ΔfA 

 

m
f- 

ΔfX+ ΔfA 

  

T 

s(t) 

t 
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Figure 5: frequency spectrum of a source signal with sinusoidal cracking mechanisms and the crack length L 

3 DISCUSSION 

In a hypothetical ideal case of a homogenous and isotropic rock, constant stress, consistent 

environmental factors and infinite volume of the material, we can expect that cracking 

mechanism forms a periodic wave with similar cycles, in which all cycles have equal amplitude 

and duration. In this case, a limited portion of the corresponding AE signal (e.g .one period of 

the resulted periodic signal) would represent the whole AE wave due to the cracking 

mechanism.  

If the cracking mechanism generates a periodic AE waveform with similar cycles (which 

can be perceived in an ideal case), it can be said that forming the crack has occurred in smaller 

and similar continuous steps. The concept of existence of the smaller steps in the crack 

formation is in agreement with the concept of the critical length (Lcr) defined in [2]. He defined 

the critical crack length as the minimum length for a Griffith crack to be able to radiate energy. 

In the abovementioned ideal case, wherein the AE wave is periodic, it might be said that when 

the crack initiates, first a mini-crack with length Lcr is formed, and then the crack extends by 

another critical length Lcr, and this process goes on while the crack extends.  

4 CONCLUSIONS 

In this study, the frequency characteristics of the AE signals were investigated. First, the 

concept of the basic crack and the basic length and period were introduced. The concept of the 

basic length is consistent with the critical crack length which was presented by Armstrong [2]. 

Then by a mathematical method, the relation between the bandwidth of the AE signals with the 

crack length and the bandwidth of the waves generated by the cracking mechanisms was 

derived. Frequency analysis shows that the crack length on the frequency characteristics of the 

AE signals affects the bandwidth of the signal, not its main frequency. As the crack length 

increases, the bandwidth of the signal decreases. The research proposes that the main frequency 

of the AE signal depends on the cracking mechanisms, which in turn is determined by 

environmental factors, mechanical and physical properties of rocks, and stress.  

By the equations derived in the present study, and with the appropriate experiments which 

give us the frequency limits of the AE signals, the limits of the cracks’ lengths can be obtained. 

The study shows that valuable information resides in the frequency characteristics of the AE 

signals which must be utilized and exploited.  

 

m
f m

f- 

/Lc=2v/T2=AfΔ S(f) 
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Abstract. Iran is one of the most seismically active regions in the world. A major challenge of 
identifying all high-risk buildings should be embarked in large cities of Iran such as Tehran. 
Obviously, collapse is the most important performance level of seismic risk assessment of 
these buildings. This paper focuses on developing a new methodology on the basis of modern 
seismic guidelines (FEMA-P695 and ATC-78-1) for seismic collapse risk assessment of the 
existing mid - rise reinforced concrete buildings in Tehran.  
A new methodology is introduced briefly. Then, it has been implemented for two types of mid-
rise buildings having 7 and 10 stories buildings they are all engineered buildings constructed 
in Tehran during past 25 years. Two archetypes which made up of ensembles of them were 
selected for demonstrating the proposed methodology. The archetype buildings are selected in 
a way that flexural failure mode under seismic loads would be dominant for them. Several 
nonlinear analyses were performed to evaluate structural responses of this archetype model 
under moderate and severe earthquakes. All nonlinear analytical models were implemented in 
the OpenSees (2016) structural analysis software. A simulation model for components and 
structural system capable of capturing flexural collapse modes are applied. Meanwhile, a 
lumped plasticity model, developed by Ibarra et al. (2003), is used to detect severe deteriora-
tion that precipitates sideway collapse. A number of parameters, as calibrated in FEMA-
P695, are used in this model. A collapse drift matrix is developed for each archetype to dis-
tinguish between the partial collapse of each story and the conventional collapse detection 
through IDA curves. The collapse drift matrix affects the collapse capacity of the reinforced 
concrete buildings strongly. Under the framework of this new methodology, an attempt is 
made to achieve reliable results for the studied archetype structures. Also, the existing limita-
tions and uncertainties of this proposed methodology are summarized and discussed. 
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1 INTRODUCTION 

One of the main challenges of earthquake engineering is still whether the ductile buildings 
designed according to older codes are safe enough against collapse during the major earth-
quakes or not. In this regard, quantifying the collapse probability plays a major role in any 
urban decision making in earthquake-prone cities such as Tehran.  

The probability of collapse for a building depends on structural configuration, construction 
quality, building location, and site-specific seismic hazard apart from the code by which the 
building is designed (Liel et al. 2012; Haselton et al. 2012). The authors of this paper are 
investigating and quantifying the effects of major parameters on the collapse of existing 
concrete buildings. (Eshghi et al.2017) 

Tehran as the capital of Iran is a megacity and accommodates many people in itself, so it is 
very vital to assess the collapse potential of its existing buildings especially the residential 
ones. In this study, a new method is developed to assess collapse capacity of building con-
structed in Tehran during past 25 years. Two types of reinforced-concrete buildings designed 
according to the third revision of the Iranian Seismic Code (NO. 2800, 2004) are selected for 
this study. Each type contains 7 and 10 story reinforced concrete frame buildings.  These 
buildings are moment frame and their ductility is classified as intermediate based on Iranian 
Standard (NO. 2800). According to various field surveys, these buildings can be suitable rep-
resentations for the residential reinforced-concrete buildings in Tehran. The capability of col-
lapse is evaluated in these buildings through nonlinear dynamic analysis. The simulation 
model employed in this study is well and calibrated to capture the critical aspects of strength 
and stiffness deterioration as the structure collapses (Haselton et al. 2011b). The development 
of the specifications such as FEMA P-695 through FEMA P-750 which focuses on collapse 
assessment of reinforced concrete buildings, is applied in this paper.  

On this basis, a new method is developed and applied. The aim of this paper is to quantify 
collapse limit in two archetypes which are representations of typical urban mid-rise buildings 
in Tehran. In order to achieve this purpose, it is necessary to know the probable collapse 
modes for this type of frames. The side-way collapse is considered as a predominant collapse 
mode for this type of frames. It is assumed that the vertical collapse mechanism and beam-
column joint failure will not occur in this type of frames, providing that the structural details 
in columns and joints meet the seismic requirements of ACI-318 specifications (ACI318-05). 

2 A NEW METHODOLOGY OF COLLAPSE ASSESSMENT 

The results of a study carried out by the authors, imply that using the current procedure as-
sessing collapse through IDA (Incremental Dynamic Analysis) lead to an overestimation of 
collapse capacities (Eshghi et al. 2017). On the other hand, the IDA analysis is necessary to 
account for the uncertainty specifications of records in collapse assessment. Thus, a new ap-
proach is developed to evaluate collapse capacities more realistically. This study sheds light 
on several steps of collapse assessment and it also focuses on the new approach of collapse 
determination through IDA. This new approach is more reliable than current approach defin-
ing collapse. According to a newly proposed methodology, steps incorporated in collapse as-
sessment are explained. As a beginning step, two archetypes are selected.among mid-rise 
buildings from field surveys in Tehran. These surveyed buildings were designed according to 
the past revisions of the Iranian seismic code and their configurations and details are extracted 
for defining archetype buildings. In order to conduct a nonlinear analysis, the calibrated con-
centrated hinges are employed. Flowingly, pushover analysis is performed for each archetype 
to obtain collapse capacity for each story and to develop a capacity matrix. Subsequently, a 
series of IDA are done and then the collapse criteria associated with the capacity matrix are 
applied in order to detect collapse on each IDA curve. Finally, the collapse probability curves 
for the archetypes are developed. 
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3 ARCHETYPICAL RC FRAMES 

The selected buildings in this study are residential and have 7 and 10 stories. They have a 
30-cm deck floor system, which is conventional in Iranian construction industry and were de-
signed according to the Iranian seismic code (Standard No.2800) and ACI 318 -05. The They 
have a plan area of 12 m by 25 m. The first story of both archetypes has 3 m high and all other 
stories have 3.3 m high. The structures are designed for the highest seismic hazard zone ac-
cording to the Iranian seismic code (Standard No.2800) as required for Tehran megacity. 
These buildings are designed to withstand the dead and live load and the seismic load and 
their combinations. These structures conform to seismic codes detailing requirements such as 
transverse confinement in beam column region, seismic hook and lap splice. They also fulfill 
other requirements of RC moment frames, including maximum and minimum reinforcement 
ratios, maximum hoop spacing, etc.  

A two-bay frame is selected for each building that has a total length of about 11.5 m which 
is equal to the width of these buildings. The selected RC moment frames are without infill 
walls and are regular in plan, without major strength or stiffness irregularities. Figure 1 shows 
the layout of elevation for these frames. It also presents the dimensions of beams and columns. 
There are four types of beams and columns in each frame. The variations in beams’ and col-
umns’ sizes are from bottom to top levels of frames. The sizes of beams vary from 45x60 to 
30x50 (all in cm) in the 7-story frame and 45x65 to 30x50 (all in cm). The columns are all 
square shaped and are 40x40 to 55x55 (all in cm) in the 7-story; and 50x50 to 65x65 (all in 
cm) in the 10-story frame. These are code-conforming structural elements and would resist 
design base shear relating to the Iranian seismic code. 

Table 1 presents the longitudinal bar reinforcement in beams and columns in two frames. 
The reinforcements are adjusted to meet the required ACI 318-05 minimum and maximum 
percentages. The maximum reinforcement percentage for beams is 1.54% and for columns is 
2.60%. The transverse reinforcement is also designed according to the seismic provisions of 
ACI318-05 which would delay the shear failure of elements and provide the formation of 
flexural hinges in all elements. The ratios of VP to Vn for these configurations are not larger 
than 0.45 for both frames. 

4 STRUCTURAL MODEL AND SIMULATING COLLAPSE 

A two-dimensional model developed for each archetype of RC frames using the OpenSeeS 
(2016) structural analysis software. Inelastic beams and columns are modeled through con-
centrated hinge developed by Ibarra et al. (2005). The nonlinear hinges modeled as zero-
length elements at two points for beam-column elements. Figure 2 illustrates the backbone 
and hysteretic models of the nonlinear hinge model. As depicted in Figure 2, Ibarra et al. 
(2005) model captures the important modes of monotonic and cyclic deterioration that precip-
itates sideway collapse.  

The properties of nonlinear hinges of beam-column elements are extracted from a set of 
calibrated parameters according to the experimental tests of beam-columns, as described by 
Haselton (2007). This model includes eight parameters. The first two parameters are My and 
θy. My and θy are defined according to Fardis et al. (2001) equation. In addition, the concrete 
cracking occurs at low-level deformation, so the initial elastic stiffness of hinge is very signif-
icant to simulate the response at low-level deformation. In this study, according to Ibarra et al. 
(2005), the initial stiffness of all members (zerolength and elastic) are defined in order to ac-
count for cracking and to model the full range of behavior appropriately. The residual strength 
of the hinge (Mr) is determined equal to twenty percent of yield moment. 
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4.1 Analytical and empirical periods of structural models 

Table 2 demonstrates the periods of the first mode computed for each frame through ei-
genvalue analysis in OpenSees (2016) and the periods calculated based on empirical equa-
tions of Iranian Seismic Code (No. 2800). It is clear from Table 2, that the periods from 
eigenvalue are approximately 50 percent greater than code-based periods. According to the 
Iranian seismic code, (No. 2800) the periods estimated based on analytical methods must not 
be 1.25 times greater than the periods resulted from simplified equations of the code. It is of 
course because of the conservatism that existed in code-based formulas. 

The P-Delta effects are also included in the computation of the periods precisely and the 
values are increased by it slightly. As the previous studies explained (such as PEER Report 
No.2007-12), the periods of RC structures can be evaluated based on different levels of crack-
ing. In this study, the initial stiffnesses of the models were calibrated to secant stiffness equals 
to 0.4 yield of all members (beams and columns). (Liel et al. 2012; Haselton et al. 2008). 

4.2 Pushover analysis  

The nonlinear static analyses were conducted for two archetype models using an inverted 
triangular pushover load distribution. Figure 3 shows two graphs for archetype models. De-
sign base shears, on the basis of the Iranian seismic code (2800), for 7- story and 10-story 
frame are shown in Figure 3. According to design shear and ultimate base shear, the over-
strength coefficients were calculated for both frames. The design base shears were 471 and 
583 kN for 7-story and 10-story, respectively. Thus, the overstrength coefficients (Ω) were 
1.21 and 1.45 for 7-story and 10-story, respectively. The results showed the 10-story frame 
has approximately 20% more overstrength; however, the ductility decreased remarkably as 
the stories rise in frames. It shows there is a deal between Ω and ductility in structural design 
and it would not be always beneficial for ductility to strengthen sections.  

Figure 1: General configurations 
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7-Story 10-Story 
Beams Columns ** Beams Columns **

Type Reinf. * (ρ)  Type Reinf. * 
(ρ) Type Reinf. * (ρ)  Type Reinf. * (ρ) 

Top Bottom Top Bottom 
B1 0.91% 0.51% C1 2.60% B1 1.13% 0.73% C1 1.86% 
B2 C2 1.66% B2 C2 2.18% 
B3 1.5% 0.49% C3 1.63% B3 1.54% 0.7% C3 2.01% 
B4 C4 2.54% B4 C4 1.63% 

*: Reinforcement bar      **: Columns are all square-shaped 
Table 1:  Reinforcement of columns and beams of Archetype Frames 

 
 
 

(a). Backbone curve of modified Ibarra-Medina-Krawinkler (b). Cyclic deterioration 

Figure 2: A peak- oriented model for concentrated plastic hinge (Ibarra et al. 2005) 

Frame Period (second) 

Fundamental Period 
(Modal Analysis) 

Fundamental  Period 
(Iranian Seismic Code) 

7-Story 1.498 0.91 

10-Story 1.886 1.194 

Table 2: Analytical and code-based fundamental periods of the frames 
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Figure 3: Static pushover curves using an inverted triangular load pattern for the 7- story and the10-story arche-
type frames 

Figure 3 also presents the ultimate roof drift ratio (DRDult) for two archetype models. The 
ultimate DRD is defined in which the ultimate strength has been decreased by 20% (Liel et al. 
2012). It is clear from the Figure 3, the ductility of the 7-story structure is nearly 2 times larg-
er than the 10-story frame. The DRDult are 3.5% and 1.82% for 7-story and 10-story, respec-
tively. Thus the maximum displacements of the roof are 79.8 cm and 59.44 cm for 7-story and 
10-story respectively. The source of this result is depicted in Figure 5. As schematic signs for 
all of the hinges in beams and columns described, the spread of nonlinearity is much more 
uniform in the 7-story frame than 10- story frame. The involvements of elements in higher 
stories of the 10-story frame are almost zero and they did not experience any yield rotations at 
ultimate roof displacement. One reason could be the effect of P-Delta and greater demands of 
gravity force at the bottom of 10-story than 7-story. 

4.3 Collapse mode detected using pushover analysis 

As explained in previous sections, the sideway collapse is the frequent collapse mode for 
this type of archetypical frame, owing to detailing and other reasons such as the ratio of VP to 
Vn for these configurations, which were not larger than 0.45 for both frames(FEMA-P750, 
Collapse indicator). Figure 4 presents two probable collapse modes for sideway collapse. The 
Figure 5 makes clear the plasticity spread throughout all members of the frames in a way that 
the probable sideway collapse mode can be predicted and determined in the analysis. Figure 5 
shows the collapse mechanism in frame structures. So, in this study, the collapse mode cap-
tured and recognized as beam mechanism. Thus, the designs and detailing of archetypical 
frames of this study were performed on the basis of modern codes and the frames were ductile, 
it is expected that story mechanism would not occur in these frames, it should be mentioned 
that any significant deficiencies of construction could challenge this assumption. The effects 
of deficiencies are out of the scope of this study. 
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4.4 Collapse drift capacity for each story 

When the pushover analysis is conducted for a building structure, the capacity curve plot-
ting shear story versus drift can be extracted for each story. The results of this graph present 
structural behavior of the story. This would be a suitable and simplified method to define ca-
pacity drift. Collapse can be defined in terms of an acceptable story drift limit following the 
formation of a failure mechanism in the structure or other criteria depending upon the type of 
structure (Cimellaro et al. 2014; Bracci et al., 1997). So, a matrix is calculated to contain N 
drift capacities (N is story number). This matrix will be employed to determine collapse and 
called capacity matrix in the following section. Figure 6 and Figure 7 shows the calculated 
drift capacities for 7-story and 10-story frame respectively. The ultimate drift in every curve is 
termed as a capacity drift for the corresponding story.  

 (a)       (b) 

Figure 4: Schematic types of sideway collapse mechanism a) Story mechanism and b) Beam mechanism (Crainic 
et al., 2013) 

5 INCREMENTAL DYNAMIC ANALYSIS (IDA) AND COLLAPSE ASSESSMENT 

Figure 8 and 10 show the IDA analysis for two frames. The IDA analyses are conducted 
for 11 ground motion record pairs. The records are selected from the far field set of FEMA-
P695. The increasing of record intensities is continued up to the sideway collapse. Totally 
about 506 and 473 analyses are carried out to capture the global collapse of the 7-story and 
the 10-story frames, respectively. Thus, pushover analysis of archetypical frames shows the 
formation of beam mechanism in the frame resulting in a global sideway collapse in structures. 
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A building’s global drift capacity is considered to the maximum story drift ratio at which the 
maximum story drift ratio versus spectral acceleration curve becomes flat, or, alternatively, 
the maximum story drift ratio at which this curve reaches a slope equal to 20% of the slope in 
the elastic region of the curve. Hence, for each record, the IDR of collapse is assigned in 
curves through this approach (Figure 8).  

Relative size of inner and outer circles indicates 
the ratio of  in blue region and 

 in the red region 

(a) The 7- story frame (b) The 10-story frame 

Figure 5: Pushover deformations of the frames 

The results of IDA analyses clarify that IDR and Sa parameters for two frames both follow 
the lognormal distribution. The median computed collapse value is 0.05 for IDR in both ar-
chetypical frames (Figure 8). The median Sa(T1) capacities are calculated as 0.483g and 
0.897g for the 7-story and for the 10-story, respectively. The value of the record-to-record 

θ

M	

θcap	θy	 θpc	
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variability (  are estimated as 0.240 for the 7-story frame and 0.284 for the 10-story 
frame. Now, the cumulative density function of Sa(T1) parameters is plotted.  Figure 9 pre-
sents probability curves of the frames using IDA analyses. The ratios of Sa(50%) (Median) to 
Sa(2%of50) for both structures result in a number less than 1 (FEMA P695). 

As it is pointed out previously, the results of global collapse capacities are marked in Fig-
ure 8. These capacities contradict those are indicated in Figure 10. To be more precise the 
global drift capacities do not correlate well with partial capacities and definitely violate them. 
To deal with this challenge a new approach is applied. In this approach, the capacity matrix is 
incorporated into the assessment of collapse through IDA curves (Figure 10). Therefore, the 
modified collapse probability curve is estimated (Figure 11). It is observed that the procedure 
of collapse definition strongly affects the collapse probability. For instance, the median drift 
calculated from IDA analyses of 7-story varies from 5% to 3.7% for the conventional and the 
new approach, respectively. These data demonstrate the importance of collapse definition. 

Figure 6: Shear vs. drift of each story for  the 7-story frame triangular pushover load pattern (squares indicate drift 
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capacity) 

Figure 7: Shear vs. drift of each story for the 10-story frame triangular pushover load pattern (squares indicate 
drift capacity) 
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(a) The 7-story frame (b)The 10-story frame 

Figure 8: IDA curves and associated collapse drifts(1) 

(a) The 7- story frame (b) The 10-story frame 
Figure 9: Collapse probability curves  

6 CONCLUSION 

In this study, the capability of collapse has been evaluated for residential reinforced-concrete 
buildings in Tehran. These buildings were designed according to the third revision of the Ira-
nian seismic code (NO. 2800). Several nonlinear analyses were performed to assess structural 
responses of these archetype model experiencing two seismic hazard levels associated with 
the Iranian seismic code design earthquakes (DBE and MCE). The nonlinear static analyses 
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were conducted for two archetype models. The collapse modes for archetypes were beam 
mechanism. The new approach was applied in collapse assessment. In this approach, the ca-
pacity curves of the stories were extracted from pushover analyses of frames. Then, these 
curves were involved in collapse definition and the event of partial collapse can be estimated 
for each story. Whereas it would be better if the shaking table tests were conducted to assess 
seismic demands on stories, the experimental tests are cost demanding and not beneficial for 
the simplified method. Hence, the demands on the structures are evaluated through IDA anal-
yses.  

(a) The 7-story frame (b) The 10-story frame 

Figure 10: IDA curves and associated collapse drifts(2) 

(a) 7-story frame (b) 10-story frame 
Figure 11: modified-collapse probability curves 

The collapse definition was carried out through IDA curves in these two methodologies. In 
the conventional method, the global drift capacity was considered to the maximum story drift 
ratio at which the maximum story drift ratio versus spectral acceleration curve becomes flat, 
or alternatively, the maximum story drift ratio at which this curve reached a slope equal to 
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20% of the slope in the elastic region of the curve. The collapse definition in the proposed 
methodology is based on the capacity matrix. The results have been indicated that the collapse 
assessment procedure is highly dependent on how to determine the collapse of structures. In 
this study, the authors attempted to propose an accurate and simplified method for collapse 
assessment.  The application of this method results in a variety of the lower bound collapse 
capacities. However, it can be acceptable because of the destructive consequences of the 
probable collapse.  
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Abstract. The paper investigates the structural response and vulnerability of timber log-haus 
walls under in-plane seismic loads. Careful consideration is given to the structural efficiency 
of additional metal fasteners introduced within the thickness of timber log-walls. To this aim, 
small-scale specimens are analysed, in order to preliminary explore the actual potential of 
the proposed solution. The steel reinforcing dovetails, as shown, are aimed to improve the in-
plane stiffness and ultimate resistance of single log-walls, since traditionally obtained by 
overlapping simple timber logs by avoiding the use of mechanical fasteners. Taking ad-
vantage of past experimental tests, some conclusions are drawn on the observed structural 
performance of the examined structural typology, compared to unreinforced timber log spec-
imens. A key role is assigned to refined Finite Element numerical models, in which the me-
chanical properties, as well as possible contact interactions among the timber logs, and the 
contribution of reinforcing steel dovetails are properly taken into account.  
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1 INTRODUCTION AND STATE-OF-THE-ART 

This paper investigates the structural response of timber log-haus wall under in-plane 
seismic loads, with careful consideration for the efficiency of steel reinforcing dovetails 
aimed to improve their overall resistance. 

Despite the ancient origins, log-haus systems are used in daily practice for the construction 
of wooden houses as well as commercial buildings (see Figure 1(a)), that are typically located 
in urban regions with high seismic hazard such as Japan, the Mediterranean, etc. In current 
practice, these structural systems are obtained by placing a series of timber logs, horizontally 
on the top of one another, so as to form the a log wall. The mechanical interaction between 
the basic timber components, orthogonal walls, or walls and inter-storey floors is then provid-
ed by simple mechanisms such as simple joints and contact surfaces, while the use of metal 
fastener is reduced in them to a minimum (see for example Figures 1(b) and (c)). 

In terms of design of such systems, currently available standards for seismic resistant tim-
ber structures do not provide specific analytical models and recommendations for their appro-
priate verification, see for example [1, 2]. In addition, especially under specific boundary and 
loading conditions, the actual seismic behaviour and vulnerability of timber log-haus systems 
still requires detailed investigations, aimed to assess the effects deriving from the interaction 
of several aspects, such as friction phenomena, nonlinear behaviour of the typical joints under 
cyclic loads, etc. In the last years, some research studies have been focused on the seismic 
performance of log-haus systems, both at a component or at a full-scale and assembly level 
(see [3-9]). As a general outcome, it was pointed out that as far as no mechanical fasteners are 
used between the timber logs, the resistance of such systems is mainly given by contact inter-
actions and friction mechanisms, in which production tolerances, possible gaps or initial geo-
metrical imperfections can have a key role in their actual response. 
 

   
(a) (b) (c) 

Figure 1: (a) example of log-haus residential building, with detail of typical (b) ‘Standard’ and (c) ‘Tirol-
erschloss’ corner joints at the interception between orthogonal log walls (www.rubner.haus.com). 

In this paper, taking advantage of earlier experimental studies [7-9], the attention is fo-
cused on the assessment of the seismic performance of steel-reinforced log-haus walls. In 
them, a cold formed metal dovetail is introduced within the thickness of the wall, aiming to 
improve the interlocking between adjacent logs and to improve their stiffness and resistance 
under in-plane seismic loads. As a part of an ongoing research study, the investigation is car-
ried out on small scale specimens, being representative of a portion of wall. Finite Element 
numerical models able to reproduce their geometrical and mechanical features, as well as the 
actual restraint and loading condition as a part of a log wall, are hence carried out in 
ABAQUS [10]. Validation of FE results is then provided towards the experimental tests, in-
cluding some major considerations to be further extended for a full optimization of the exam-
ined reinforcing solution. 
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2 REFERENCE SPECIMENS 

2.1 Past experimental study: summary of test methods and results 

Quasi-static monotonic and cyclic experimental tests were carried out in 2012, at Universi-
ty of Trento (Italy), on a set of small scale specimens representative of the typical carpentry 
joint in use for log-haus structural systems. The displacement controlled tests were aimed at 
obtaining the load-displacement relationship for different geometries of corner joints in use 
for log-haus systems (i.e. Figures 1(b) and (c)), both in compression and in tension, according 
to a common testing protocol. Major outcomes of the full experimental study can be found in 
[7-9]. The typical specimen, representative of a small portion of log-haus wall, basically con-
sisted of 4 timber logs, C24 the resistance class of spruce [11], with b=90 × h=160mm the 
nominal cross section and 500mm their length (Figure 2(a)). 
 

     

 

(a) (b) 

 
(c) (d) 

Figure 2: Reference experimental tests, with evidence of (a) typical small-scale specimen, (b)(c) steel dovetail 
reinforcements for S01 and S02 specimens, with (d) overview of the test setup [7, 8]. 

Within the full experimental investigation on carpentry joints, two monotonic (compres-
sive) tests were dedicated to the assessment of the structural efficiency of a steel dovetail rein-
forcement to be installed within the thickness of a typical log wall (with 80×26mm the overall 
dimensions, 0.2mm the thickness and S235 the resistance class [12]), see Figures 2(c) and (d). 
A dovetail profile, consisting of a cold formed metal sheet shaped section, was in fact used in 
the here labelled ‘S01’ specimen, and designed to match the shape of corresponding groove 
cuts on the main timber logs (Figure 2(b)). In order to allow shrinkage deformations in timber, 
the length of this steel reinforcement was kept equal to 450mm (≈ 3/4 the height of 4 overlap-
ping logs). No mechanical connections were used to provide the structural interaction between 
the steel profile and the adjacent logs, hence only friction and contact mechanisms were taken 
into account to exploit the potential of the steel profile. 

For the ‘S02’ specimen, the same reinforcement technique was further assessed, but an ad-
ditional hardwood member (D50 the resistance class [11]) was inserted within the metal dove-
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tail, to act as stiffener and avoid local bending and failure of the dovetail itself, hence provid-
ing higher stiffness and resistance to the full specimen (see Figure 2(c)). As in the case of the 
S01 system, the structural interaction between the hardwood stiffener and the steel profile was 
given by contact mechanisms only. 

In order to reproduce for the S01 and S02 specimens the actual working condition of a log-
wall under compression (i.e. deriving from roof and inter-storey floors) and in-plane seismic 
loads, a bespoke loading setup was developed (Figure 2(d)), being inclusive of a L-shaped 
reaction frame and a vertical restraining system, connected to the reaction frame by using two 
M16 threaded rods and steel spring (with 100N/mm their stiffness). A total initial compres-
sion of 10kN was imposed to these rods and kept fix during the experiments. The assigned 
value was chosen since well representative of a uniform compressive load in the order of 
20kN/m, hence to account for the typical compressive loading rate of a full-scale log-wall be-
longing to a 2-storey residential building. The typical specimen was positioned within the test 
setup, as summarized in Figure 2. Low-friction plates consisting in Polyzene foils [13] were 
finally interposed between the top/bottom logs and the steel setup. Given the imposed lateral 
displacement to the top log of each specimen, a linear displacement transducer was fixed to 
each log, to monitor their relative slip.  

3 FINITE ELEMENT NUMERICAL INVESTIGATION  

3.1 Modelling approach and solving method 

Taking advantage of small scale experimental results presented in [7, 8], a Finite Element 
numerical investigation was carried out in ABAQUS [10], aiming to assess the monotonic 
performance of dovetail reinforced specimens. 

In doing so, two FE models were implemented, being representative of the S01 (M01 mod-
el, in the following) and S02 (M02 model) specimens respectively. The difference between 
M01 and M02 consisted in the presence or removal of the hardwood dovetail stiffener (and 
related mechanical interactions). 

 

 
Figure 3: FE modelling of S01 and S02 specimens (example proposed for the M02 model), ABAQUS [10]. 

The typical FE model consisted in fact of 4 component types (see Figure 3), representative 
of (i) 4 timber logs, (ii) the steel dovetail reinforcement, (iii) the hardwood dovetail stiffener 
(for the M02 model only) and (iv) the main components reproducing the experimental setup 
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(L-shaped contrast frame plus rods and springs for the application of the assigned compres-
sive load). Compared to ideal boundary conditions for the tested log assembly, the FE de-
scription of the setup components was preferred, aiming to correctly reproduce the actual in-
plane performance of the reference specimens. 

As such, 3D solid elements (8-node C3D8R type and 6-node C3D6R type) were used for 
all the FE components, with the exception of the steel rods and springs only, consisting of ax-
ial mechanical connectors with equivalent mechanical properties. Mesh pattern and size was 
then set in order to maximize the computational efficiency of FE models, but preserving the 
accuracy of predictions, especially in the regions of contact between the timber logs and the 
steel reinforcement. The final FE assembly consisted of 18,000 solid elements and 70,000 
DOFs. 

Based on earlier works (see for example [4]), each timber log was described with a regular 
b×h cross section and the characteristic small protrusions and tongues along the top and bot-
tom surfaces were reasonably neglected. The nominal geometry was considered for the other 
FE components. A key role was indeed assigned to contact interactions, so that the actual per-
formance of such specimens could be properly estimated. Surface-to-surface contact interac-
tions were in fact implemented at the interface of all the adjacent FE components. The full set 
of interactions was basically subdivided into four groups, namely accounting for possible con-
tact mechanisms among: 

a) overlapping timber logs, 
b) the top/bottom timber logs and the steel substructure (with interposed Polyzene foils), 
c) each one of the timber logs and a portion of the steel dovetail profile,  
d) the steel dovetail reinforcement and the hardwood stiffener (when present) 
 
For all these surface contact algorithms, a general penalty approach was used, with minor 

variations in the basic input parameters associated to relative slidings only. Possible tangential 
displacements between the interested surfaces was in fact allowed (tangential behaviour), 
with µ the static friction coefficient assumed, for the (a)-to-(d) contact typologies, respective-
ly equal to 0.5 [4], 0.2 [13], 0.6 and 0.9. For the (d) type interaction, a fictiosus reference val-
ue was calibrated to account the almost total lack of possible sliding at the hardwood-to-steel 
dovetail interface. During the experimental assembly of the reference specimen, a steel ham-
mer was in fact used to position the hardwood member within the steel profile. 

In the direction perpendicular to all the involved surfaces, a ‘hard’ normal behaviour was 
also used, so that compressive stresses could be transferred among two FE model components 
in contact (as far as any kind of damage in materials occurs) and misleading overlapping 
could be avoided. Possible detachment of involved surfaces when subjected to null compres-
sive pressures, was also taken into account, so that the influence of partial uplift and overturn-
ing of logs on the overall in-plane response of the examined specimen, as well as detachment 
of the steel dovetail reinforcement from timber logs, could be properly considered. 

Concerning the mechanical characterization of materials, an equivalent isotropic constitu-
tive law was considered for C24-class spruce. Due to the loading condition of timber logs, a 
mean average modulus of elasticity (MOE) in the direction parallel to grain E||= 11556MPa 
(11000MPa the mean nominal value recommended by [11]) and a shear modulus G = 
617MPa (690MPa the mean nominal value [11]) were taken into account, as experimentally 
derived in [14]. Possible failure mechanisms in the same logs were also accounted, in the 
form of a simplified Von Mises plastic law. To this aim, yielding stress was defined by con-
sidering the occurrence of possible crushing mechanisms in logs, as expected especially for 
the portions of logs subjected to contact with the steel reinforcement. Following [14], the 
mean value of compressive stress in the direction parallel to grain was hence assumed, being 
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experimentally calculated for the same timber logs in the value of 33.59MPa (mean value giv-
en in [11] equal to ≈ fc,0,k/0.7= 30MPa).  

An idealized elasto-plastic mechanical law was then implemented for all the steel compo-
nents, with Es= 210GPa the MOE, νs= 0.3 the Poisson’ ratio, σy,s= 235MPa the yielding stress 
and σu,s= 360MPa the ultimate value [12]. 

For the M02 model only, an additional constitutive behaviour was also accounted for the 
hardwood dovetail stiffener. Due to lack of experimental calibrations at the material level, an 
equivalent elasto-plastic law was considered for hardwood, with E┴= 930MPa the MOE in the 
direction perpendicular to grain of D50-class timber [11]. Yielding stress was set equal to 
≈fc,90,k/0.7= 8.85MPa, being the latter value representative of the mean compressive resistance 
in the direction perpendicular to grain [11]. 

For both the M01 and M02 models, the typical simulation consisted in two sub-steps. First, 
the initial compressive load was imposed to the specimens, via the restraining steel rods and 
springs, as in the case of the reference tests. On the so pre-loaded FE models, a dynamic 
simulation with quasi-static increase of the in-plane shear load on the top log was hence car-
ried out, up to the attainment of a lateral load equal to 40mm. In accordance with the experi-
mental methods and results presented in [7-9], the failure condition for the examined 
specimens was set at the conventional displacement of the top log larger than 40mm, corre-
sponding to a lateral drift of 0.0625H, with H= 640mm being the total height of the four over-
lapping logs. In doing so, maximum stresses and deformations in all the FE components were 
continuously monitored, aiming to verify the overall behaviour of the examined connections, 
as well as the accuracy of simplified mechanical assumptions in materials early described. 

3.2 Discussion and assessment of FE results towards experimental tests 

Generally, a rather interesting agreement was observed for both the FE models and corre-
sponding test results, in terms of overall performance as well as local phenomena in each 
component. As a key advantage deriving from advanced FE methods, the numerical predic-
tions here summarized also allowed to further explore the earlier experimental findings. 

 

 
Figure 4: Load-displacement response of the examined specimens, as obtained from the reference experiments [7, 

8] and via numerical simulations (ABAQUS [10]). 
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A load-displacement comparison is proposed in Figure 4, for both the specimen typologies, 
as obtained by monitoring the in-plane lateral displacement of the top log. As shown, the FE 
models proved to offer reliable estimations for the examined specimens, despite minor scatter 
due to possible mechanical (i.e. material properties) or geometrical simplifications in the de-
scription of the specimen components as well as of the test setup (i.e. grooves and tongues 
along the top logs, presence of possible small gaps at the interface between the specimen 
components, etc.). This scatter can be noticed especially in the first loading phase, i.e. when 
sliding and progressive uplift of logs begins. In any case, see Figure 4, a totally different in-
plane response was observed for the S02 specimen, compared to the un-stiffened S01 system. 
The test on the S02 system showed in fact an increase of maximum resistance in the order of 
150%, compared to the S01 specimen, up to 25kN.  

A further qualitative comparison is proposed in Figures 5 and 6, where the typical de-
formed shape of the full specimens and the reinforcements only are emphasized, as experi-
mentally and numerically obtained at an imposed in-plane lateral displacement of 40mm for 
the top log. Basically, as also derived from Figure 4, the hardwood stiffener proved to have a 
key role on the structural benefits given by the steel profile. From Figure 5, in particular, the 
deformed shape of steel reinforcements for the S01 and S02 specimens is shown, with evi-
dence of the profile ultimate configuration. 

 

  

 

 
(a) (b) (c) 

Figure 5: Typical deformed shape experimentally observed for (a) S01 and (b) S02 specimens, with (c) evidence 
of the final configuration for the dovetail reinforcements [7, 8]. 

An almost identical overall behaviour was also numerically predicted, see Figure 6, where 
major discrepancies in the response of the M01 and M02 specimens are further emphasized in 
terms of stress distribution and local deformations in each FE component. As shown, in par-
ticular, crushing mechanisms where typically observed to occur in the timber logs, in the re-
gions of contact with the steel profile. 

While buckling occurred for the M01 steel dovetail, with limited benefits on the overall in-
plane resistance of the full specimen, the M02 model proved to take advantage of the hard-
wood stiffener, as also in line with the earlier experimental findings. In the latter case, minor 
bending deformations only (mostly negligible) were in fact observed in the steel profile, as a 
consequence of local crushing initiation in the hardwood stiffener (see Figures 5 (c) and (d)). 
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Based on the well promising results here summarized, it is hence expected that the use of 
steel dovetails for full-scale log-haus walls could be further explored and optimized, aimed to 
improve the seismic performance of the examined structural typology. 

Careful consideration, to this aim, should be given to the actual size of the steel profiles, as 
well as to their optimal position within a 3D assembly representative of a full building. A sen-
sitivity analysis able to emphasize the potential of such reinforcements for log walls with mul-
tiple door/window opening, as well as subjected to various combinations of compressive 
loads and in-plane lateral forces should be also taken into account, being the actual seismic 
response of log-haus systems strictly dependent on a multitude of mechanical and geometrical 
aspects. 

 

(a) (b) 

 

(c) (d) 

Figure 6: FE numerical response of M01 and M02 specimens, at an imposed displacement of 40mm (ABAQUS 
[10]). Overall deformed configuration and performance of single components (detail) for (a)(b) the M01 and 

(c)(d) the M02 models. 

4 CONCLUSIONS 

In this paper, the in-plane seismic performance of log-haus walls reinforced by steel dove-
tail profiles has been explored via Finite Element (FE) numerical models. Taking advantage 
of earlier experimental studies carried out on small scale specimens representative of a portion 
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of full log-haus wall, 3D models able to capture the actual mechanical performance of the ex-
amined systems have been described in ABAQUS. 

As shown, a key role was given to multiple aspects, including contact interactions among 
the FE model components as well as appropriate boundary/loading conditions, aimed to re-
produce the actual working condition of such systems. Based on the rather close correlation 
between FE estimations and the reference experiments, it is expected to further optimize the 
explored reinforcing solution. 
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Abstract. This paper reports on the results of an ongoing Research Project aimed at com-
puting the risk of collapse in code-conforming new Italian buildings. A companion paper de-
scribe the overall Research Project ([11]), funded by the Italian Civil Protection Department 
(DPC), its different areas of application (reinforced concrete, masonry, steel buildings, etc), 
the overall seismic risk calculation procedure and the ground motion selection process for the 
recorded ground motions used for the multi-stripe analyses. This paper deals with different 
classes of reinforced concrete buildings (namely 3-, 6- and 9- story high moment resisting 
frame) designed in cities with increasing seismic hazard. For the sake of brevity, only the re-
sults of 6-story buildings are reported. First, the paper describes the geometry, material 
characteristics and main design properties of the buildings, including their elastic dynamic 
properties. Three different configurations are considered: Bare Frame (BF), Infill Frame (IF) 
and Pilotis Frame (PF, that is a building with infills at all levels except for the ground level). 
Design of the first two configurations is identical, while the PF requires an increase in the 
design forces at the ground level. Second, the paper introduces the nonlinear models used for 
the nonlinear analyses: lumped plasticity models for beams and columns, strut and tie models 
for the infills. Since the buildings are designed according to capacity design principles, the 
nonlinear behaviors of beams and columns in shear and of beam-column joints are not con-
sidered.  Pushover analyses are used to estimate the EDP (top floor displacement) value used 
for the definition of the collapse limit state. Finally, the results of the multi-stripe analyses are 
presented for ten different ground motion intensities. 
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1 INTRODUCTION  
Three sets of 3, 6 and 9-story moment-resisting frame buildings were designed. The build-

ings are all intended for residential use and are characterized by regularity in plan and eleva-
tion. The ground level is 3.4m high, all other stories are 3.05m high. The staircase is designed 
with knee beams. All buildings have identical floor plans (floor beams and floor slabs), the 
only differences being in the column dimensions and reinforcement. For length reasons, this 
paper presents the 6-story buildings only. 

Design of the RC buildings followed the Italian NTC 2008 [14] design code. All buildings 
were designed in low ductility class using Response Spectrum Analysis. The buildings are on 
soil type C. The structures are moment resisting frames assumed fixed at the base. 

The minimum column size is 35 cm. Figure 1a shows the typical structural plan, where the 
fixed reference grid is highlighted. The arrows indicate the orientation of the one way slabs. 
The outer beams are all deep, while all internal beams are flat (for this reason the building au-
tomatically falls into the low ductility category of NTC 2008). The slab thickness is 25cm. 
Figure 1b shows the beam details. Three different infill configurations are considered, as 
summarized in Figure 2: Bare Frame (BF),  Infill Frame (IF), Pilotis Frame (PF). 

 

  

Figure 1: a) floor plan with fixed reference grid and one way slab orientation  
b) beam types  

 

(a) 

 

(b) 

 

(c) 

Figure 2: 6-story buildings: bare frame BF (a); infill frame IF (b); pilotis frame PF (c) 
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From the design viewpoint, BF and IF are identical. For PF buildings, the Italian NTC 
2008 prescribes that all actions be increased by 40% for the vertical elements in stories with 
an infill reduction (base floor in PF). Finally, concrete C28/35 and B450C steel were used.  

The elastic response spectra on bedrock for the five sites are shown in  Figure 3. The seis-
mic design of the RC buildings was performed by means of a modal response spectrum analy-
sis. The buildings’ behavior factor was q=3.9. All buildings were designed to be regular in 
plan and elevation. 

 
Figure 3: Horizontal elastic response spectra for 475 years return period design earthquake at five building 

sites (soil type C) 

Table 1 and Table 2 summarize the main design data for the five buildings considered.  

City Tx [s] Mx  [%] Ty [s] My  [%] 
Milan 1.66 75 1.42 83 
Caltanissetta 1.09 83 0.90 83 
Rome 1.04 81 0.97 82 
Naples 0.88 82 0.80 83 
L’Aquila 0.90 78 0.79 77 

Table 1: Summary of modal parameters for 6-story buildings  

City 
Average floor 
seismic weight 

[kN/m2] 

ΣAcol/Afloor 
[%] 

ρb_deep,1,m 
[%] 

ρb_flat,1,m 
[%] 

ρc,1,m 
[%] 

Milan 11.25 1. 16 0.43 0.34 1.37 
Caltanissetta 11.40 1.57 0.89 1.10 1.53 

Rome 10.93 1.60 0.96 0.93 1.29 
Naples 12.94 2.17 0.72 0.84 1.46 

L’Aquila 13.03 3.10 1.51 1.23 1.08 ÷ 1.41 
Table 2: Summary of design data for all 6-story buildings 

The following symbols are used: 
Tx, Mx =  fundamental period in the x dir. and corresponding mass participation factor; 
Ty, My =  fundamental period in the y dir. and corresponding mass participation factor; 
ΣA_col/A_floor = total column area at the ground floor/total floor area; 
ρb_deep,1,m =  average deep beams’ longitudinal steel ratio; 
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ρb_flat,1,m =  average flat beams’ longitudinal steel ratio; 
ρc,1,m	=  average base floor columns’ steel ratio. 

The column sizes mainly derive from pre-sizing based on the assumed maximum normal-
ized axial load, particularly for sites with low seismic hazard. In most cases the amount of re-
inforcement is given by the minimum reinforcement requirements of NTC 2008 [14], thus 
reducing the differences between IF/BF and PF buildings to a minimum (they are, in some 
cases, identical). The staircase knee beams experience high tension/compression excursions, 
pointing to possible numerical issues in the nonlinear analyses. The column area increases 
with the site seismic intensity, while the reinforcement ratio stays almost constant, due to the 
minimum reinforcement requirements in the design code. 

2 MODELLING ISSUES AND MODELLING STRATEGIES 
Because the buildings were designed using capacity design principles, only nonlinearities 

in the beams, columns (flexural only) and masonry infills were considered. The computational 
platform was OpenSees [13]. The sizes of the buildings and the number of analyses to be car-
ried out for the multiple-stripe analyses (10 intensity levels with 20 ground motions per stripe) 
called for pragmatic choices in the structure modelling.  

The model selected for the section flexural behavior is the well-tested model by Ibarra et al. 
[9, 10], in its most recent OpenSees implementation (modIMKmodel). The model has already 
been used in a similar setting, i.e. for the probabilistic seismic performance assessment of 
both existing and code-conforming (plane) frame structures [8, 12]. 

The model is defined through seven parameters in each loading direction, as shown in Fig-
ure 4. This model can be used to describe the moment-rotation relationship, independently of 
axial load and in a single plane of flexure. The main advantages of this model are its computa-
tional efficiency, its computational robustness, its capability of describing the degrading re-
sponse of the sections, the availability of predictive equations for the IMK model parameters 
from previous work [7]. 

As for the elements, a Tcl/Tk procedure was used to generate internal nodes coincident 
with the i and j nodes of each member, and zerolength elements were used to describe inelas-
tic response confined in these end sections. The internal portion was modelled with an elastic 
frame element. This way, there is no need for element iterations (needed in force-based ele-
ments), thus leaving complete control over the iterations to the global convergence algorithm, 
by employing nodes with global degrees of freedom (labeled ‘internal’ in Figure 4) for the 
plastic hinges too.  

 
Figure 4: Frame model used for beams and columns: assembly of zeroLength inelastic elements and elastic-

BeamColumn element (left), moment-rotation law (backbone) according to the Ibarra et al [10] model (right) 
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For each plane of flexure, the following parameters were determined for the member-level 
moment-rotation properties: 

  Δθu = 0.13 1+ 0.55asl( ) 0.13( )ν 0.02+ 40ρsh( )0.65
0.57( )0.01 fc  (1) 

  Δθc = 0.76 0.31( )ν 0.02+ 40ρsh( )1.02
≤ 0.10  (2) 

  
k0.4 = 0.17 +1.61ν ≥ 0.35

≤ 0.80
,    K0.4 = k0.4

3EI0

LV

⎧
⎨
⎪

⎩⎪
 (3) 

  
ky = 0.065+1.05ν ≥ 0.20

≤ 0.60
,    K y = ky

3EI0

LV

⎧
⎨
⎪

⎩⎪
 (4) 

  
α y =

Mu

M y

= 1.25 0.89( )ν 0.91( )0.01 fc  (5) 

  
γ =

Et

M yθ y

= 170.7 0.27( )ν 0.10( )s/d
 (6) 

Since the elements are in series, the moment thresholds of the inelastic sections are the 
same as those of the member, while deformation thresholds are a function of the stiffness ratio 
! = #$ #%   , where the “s” and “e” subscripts denote the section and the elastic element, re-
spectively (Ibarra and Krawinkler [9] – Appendix B) [9, 10]. It can be shown that: 

  ks = n+1( )km ,  Δθm = Δθs + Δθe  and   Δθs = Δθm 1 n+1( ) . 
Modeling of the stairwell structure requires particular care. The stairwell structure com-

prises inclined beams and cantilever steps. The large axial force variations in the inclined 
beams induce large shear forces in the adjoining members. The phenomenological IMK mod-
el was modified for the staircase beams. The stiffness of the axial degree of freedom of the 
internal elasticBeamColumn element was set to zero, while adding an inelastic truss element 
in parallel. The latter is assigned a non-symmetric elastic-plastic constitutive law with limits 
proportional to Asfy in tension and Acfc in compression, respectively. 

As for the masonry infills, their contribution was modeled through an equivalent strut act-
ing in compression only (Figure 5). The equivalent diagonal strut is a consolidated engineer-
ing model for infilled frames that is also proposed for the design of infilled frames by several 
codes. 

 
Figure 5: Diagonal strut model 
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The Decanini et al. model [2, 3, 4] was selected for modeling the struts. The infill panel 
strength was simulated by a fictitious failure compressive stress σbr, taking into account the 
different failure modes occurring both in laboratory tests and in real structures subjected to 
seismic action. Four basic failure modes are considered, with the corresponding equivalent 
failure compressive stresses: (a) diagonal tension, σbr(1); (b) sliding shear along horizontal 
joints, σbr(2); (c) crushing in the corners in contact with the frame, σbr(3); (d) diagonal compres-
sion, σbr(4).  

  
σ br(1)

=
0.6τ m0 + 0.3σ o

ω / d
 (7) 

  
σ br( 2 )

=
(1.2sinθ + 0.45cosθ )u + 0.3σ o

ω / d
 (8) 

  
σ br( 3)

= (1.12sinθ ⋅cosθ )
K1(λh)−0.12 + K2(λh)−0.88 σ m0  (9) 

 
σbr( 4)

=
1.16σmo tanθ

K1+ K2λh
 (10) 

where σm0 is the vertical compression strength measured on masonry specimens,τm0 is the 
shear strength measured with the diagonal compression test, u is the sliding strength in the 
joints, and σ0 is the vertical stress due to gravitational loads. The ultimate lateral strength Hmfc 
of the strut was selected as the minimum value among the capacities associated with the four 
in-plane failure modes. 

 

 Hmfc = σmin e ω cosθ  (11) 
 

where e is the panel thickness. The ultimate lateral strength Hmfc was incremented by a factor 
estimated at 1.18 to obtain the median value of the available database. The width of the strut, 
ω, is introduced by means of the relative stiffness parameter λh proposed by Stafford-Smith 
[15] and by two constants K1 and K2 calibrated on the basis of experimental tests: 

		
ω =

K1
λh

+K2
⎛

⎝⎜
⎞

⎠⎟
d  (12) 

 
λh =

Emesin(2θ)
4EcI hm

4 h  (13) 

where λh is a non-dimensional parameter that depends on the geometric and mechanical char-
acteristics of the frame-infill system, K1 and K2 are coefficients that change according to λh, 
and d is the length of the equivalent strut (Table 3). 
 

 K1 K2 
λh≤ 3.14 1.3 -0.178 

3.14 ≤λh≤ 7.85 0.707 0.01 
λh≥ 7.85 0.47 0.04 

Table 3: Coefficients K1 and K2 
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Em is the elastic equivalent modulus corresponding to the complete cracking stage of the infill, 
Ec is the elastic modulus of concrete, t is the slope of the strut to the respect of the horizontal 
axis, e is the thickness of the masonry panel, h is the story height, hm is the height of the ma-
sonry panel, I is moment of inertia of the columns. 

The stiffness of the equivalent strut Kmfc at complete cracking stage is given by the follow-
ing relation: 

		
Kmfc =

Emeω
d

cos2θ  (14) 

The skeleton curve of the lateral force-displacement (Hm-u) relationship includes the the 
four branches shown in Figure 6: initial elastic uncracked, post-cracking, descending branch 
following the maximum strength Hmfc, zero strength following the residual displacement ur. 

 
Figure 6: Backbone curve for the equivalent strut model 

The effects of the openings were accounted for through reduction factors [1, 4, 15].  
The force and drift values of the main points of the infills’ backbone curves are reported in 
Figure 7. The infills were modeled in Opensees using the Concrete01 model. 
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3 RESULTS OF NONLINEAR DYNAMIC TIME HISTORY ANALYSES 
The identification of global collapse through a numerical response analysis is not a trivial 

task. The buildings analyzed in this project are code-conforming, therefore no defective col-
lapse modes should be activated. This implies that a purely global, state-evolutionary ap-
proach could be more reliably adopted. It was pragmatically chosen to employ a global, 
simplified collapse criterion based on a global capacity obtained from pushover analyses. 
Criticisms of this choice are known [5, 17], since a single capacity value, related to the col-
lapse mechanism occurring in the pushover analysis, is adopted, rather than motion-specific 
values. 

The adopted criterion is therefore an approximate one and capacity is defined as the value 
of drift (IDR or RDR can be used indifferently for these buildings) at 50% decrease in base 
shear on the negative slope (Figure 8). This value is preferred since it is easier to identify on 
the pushover curves and because it is lower than the monotonic value of displacement at zero 
base shear, and thus ideally closer to a generic ‘cyclic’ value of displacement at zero base 
shear. 

Two values are determined, one in the X and the other in the Y direction (maximum abso-
lute value), and the D/C ratio is reported independently in both directions. 

 
Figure 8: Collapse criteria: approximate approach based on 

displacement threshold from pushover analysis  

Results of the analyses are summarized in terms of D/C ratios (largest over X and Y of top 
displacement demand -absolute value- to capacity). Before showing the results of the re-
sponse-history analyses, the following figures present results of the nonlinear static pushovers, 
used to establish roof displacement thresholds at collapse. Differences mainly arise from de-
sign, where in addition to different seismicity, each research unit entrusted with designing the 
buildings at a single site, made slightly different (but reasonable) design decision. 
Figure 9 and Figure 10 report the pushover results for the two main load shapes (modal and 
uniform), for the three different 6-story building configurations (BF, IF and PF) and for the 
two principal directions X and Y. It is quite clear that the curves for the three lower seismicity 
sites tend to lump in one group, and this is especially true for the BF configuration. The latter 
is also the one where differences can only be tracked to RC members and initial design. For 
these sites the minimum design requirements play an important role and thus the differences 
between the buildings vanish. At the other end of the spectrum, the pushover curves for the 
Naples and L'Aquila sites reflect the higher demands due to the higher seismic hazard. In the 
IF and PF pushover curves, the higher strength derives from the added shear carried by the 
infills. When the infills fail, a shear drop is evident in the pushover curves.  
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Figure 9: Modal pushover results in the X (top row) and Y (bottom row) directions, for the three configura-

tions (BF, IF and PF from left to right). 

 
Figure 10: Uniform pushover results in the X (top row) and Y (bottom row) directions, for the three configu-

rations (BF, IF and PF from left to right). 

Finally, Figure 11 reports the D/C ratios (in terms of top floor displacement) for all build-
ings and all sites computed through nonlinear time history analyses at the ten selected intensi-
ty levels (multiple stripe analysis). 

Results indicate that in general the D/C ratios are much lower than 1.0, except for the 
L’Aquila building for a 105 years return period (stripe 10). Also, the D/C ratios increase for 
buildings in sites of higher seismic intensity. In summary, input differences justifying the ob-
served output should be traceable to: 
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Figure 11: Collapse Limite State: D/C ratios for 6-Story buildings and sites: BF, IF and PF on the top, middle 

and bottom row, respectively. The figure reports on each intensity level the number of collapses (above magenta 
dots). D/C ratios in the x and y directions are indicated in red blue, respectively. 

 
Figure 12: Damage Limit State: D/C ratios for 6-Story buildings and sites: BF, IF and PF on the top, middle 

and bottom row, respectively. The figure reports on each intensity levels the number of collapses (above magen-
ta dots). D/C ratios in the x and y directions are indicated in red blue, respectively. 

• seismic design intensity 
• fundamental period and conditioning IM 
• prevalent direction of strong bending axis in rectangular cross-sections 
• reinforcement ratios and columns’ concrete cross-section area 
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• effect of percent reduction in masonry infill strength as a function of openings in each 
direction 

The Damage Limit State is defined in NTC2008 as the limit state where “the structure, in-
cluding structural and nonstructural elements, and machines relevant to its functions, exhibit 
damage that does not expose its occupants to any risk, and that does not compromise the 
strength and stiffness of the structure with respect of the vertical and horizontal loads. The 
structure is immediateley usable even if some machineries are not fully operational.” Based 
on the above definitions, Italian design guidelines define InterStory Drift Ratios (IDRs) for 
existing buildings: if the model includes the infills, IDR ≤ 0.003 (IF and PF cases), in the Bare 
Frame case IDR ≤ 0.005. 

Figure 12 shows that the DLS is reached after the first few stripes. This is in line with the 
design procedure: the DLS is checked for an earthquake intensity roughly corresponding to 
the secondo stripe. 

4 CONCLUSIONS 
This paper presents the results of an ongoing project ([11]) on the implicit risk of seismic 

collapse (and damage) of buildings designed according to the current Italian design code 
NTC2008. The paper focuses on a set of 6-story reinforced concrete buildings designed in 
five sites of increasing seismic hazard. Simplified models were used to minimize the compu-
tational times and non-convergence issues. Since the buildings were designed following ca-
pacity design principles, the main modeling issues concern the flexural failures in beams and 
columns and the infill models. Definitions of collapse and damage limit states are discussed. 
The results from multiple-stripe analyses (20 NLTHA for 10 hazard levels) show that the only 
buildings showing collapse are those in L’Aquila (the site with the highest hazard level) and 
only for the last stripes corresponding to extremely long return periods. On the other hand, at 
the damage limit state, the analyses show that the damage limits are reached starting with the 
second or third stripe, that roughly correspond with the earthquake return period used for the 
DLS design. The project plans to extend the study to 3- and 9- story code-conforming RC 
frame buildings. 
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Abstract. This paper deals with the computation of the collapse risk of new masonry build-

ings designed according to the Italian Building Code. Companion papers describe the overall 

EUCENTRE-ReLUIS joint research project, funded by the Italian Department of Civil Pro-

tection (DPC), which considers different building types (r.c., steel buildings, etc) and uses 

multi-stripe nonlinear dynamic analyses by properly selected ground motion records. 2- and 

3-storey unreinforced masonry buildings have been designed in cities with increasing seismic 

hazard, considering two different soil conditions at each site. First, the paper describes ge-

ometry, material characteristics (clay block masonry) and main structural details of the 

buildings, discussing the effect of different design methods (rules for simple buildings, linear 

and nonlinear static analysis) and models (cantilever or equivalent-frame models). The mod-

els used for the assessment by nonlinear dynamic analyses are equivalent-frame models made 

by masonry piers and spandrels, as well as reinforced concrete members. Two alternative 

macroelement models are used for the in-plane response of masonry members. Out-of-plane 

failure modes are assumed to be prevented by the presence of ring beams and limited slen-

derness of masonry walls. Pushover analyses are used to esti-mate the EDP (maximum inter-

storey drift ratio) threshold for the collapse limit state. Finally, the results of the multi-stripe 

analyses are presented for 10 different earthquake’s return periods. 
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1 INTRODUCTION 

RINTC is a joint project of ReLUIS and EUCENTRE, two centers of competence for 

seismic risk assessment of the Italian civil protection [1]. The goal of the project is to assess 

in an explicit manner the seismic risk of structures designed according to the code currently 

enforced in Italy. Five structural typologies were considered: masonry, reinforced concrete, 

pre-cast reinforced concrete, steel, and seismically isolated buildings. The final aim is to 

check whether code provisions are able to produce buildings with a uniform seismic risk, both 

considering sites characterized by a different earthquake hazard and adopting different struc-

tural materials and technologies. Different case study buildings have been tightly safe de-

signed by means of the current engineering-practice methods.  

The distinctive feature of masonry buildings, which this paper focus on, is that many al-

ternative design procedures are considered in the Italian building code [2] and widely used by 

engineers. This leads to the design of different structural configurations (thickness of wall, 

quality of masonry units and mortar) for the same architectural layout, depending on the 

adopted method (rules for simple buildings, linear or nonlinear static analysis with cantilever 

or equivalent-frame models). In the selection of case studies for masonry, both regular and 

irregular configurations (in plan and/or in elevation) have been considered. 

The risk assessment in terms of global failure was performed by nonlinear dynamic anal-

yses with two alternative constitutive models [3,4] implemented within the framework of an 

equivalent frame model [5]. Both able to consider the stiffness and strength degradation of the 

masonry panels and the cyclic hysteretic behavior, specific for the different failure modes 

(rocking, diagonal cracking, sliding and hybrid) of piers and spandrels. 

The Engineering Demand Parameter (EDP) selected to identify the masonry building per-

formance is the maximum wall inter-story drift. Limit thresholds have been evaluated from 

pushover analysis, by considering specific values for each building configuration and distin-

guishing the behavior in the two orthogonal directions.   

Some typical results are shown, in terms of global cyclic behavior under dynamic actions, 

progressive increase of the limit state function with the intensity measure and percentage of 

collapse in the different sites. The results of failure risk calculation are presented in [1]. 

  

2 DESIGN OF ITALIAN-CODE CONFORMING URM BUILDINGS 

2.1 Case study structures 

The analyzed structures are associated with eight different (in plan) architectural configu-

rations, which were designed according to the rules of the Italian building code [2]. 

All the designed configurations are two- or three-story unreinforced masonry buildings, made 

of vertically perforated clay units with mortar head- and bed-joints.   

Based on the definition of “regularity in plan” and “regularity in elevation” provided by 

NTC 2008, the architectural configurations examined have been divided into two main cate-

gories: regular and irregular. Figure 1 and Figure 2 show, respectively, the regular and the ir-

regular plan configurations considered. A brief description of each architectural configuration 

is provided in the following: 

• “C” type configuration (regular, two and three-story): flat roof, inter-story height of 3.10 

m. 
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• “E” type configurations (regular and irregular, two and three stories): four configurations, 

three of which are regular in plan and elevation (E2, E8, E9), whereas one has a limited 

degree of irregularity in plan (E5). The inter-story height is 3.10 m and the roof is pitched, 

sloping at 19° with eaves protruding 1.30 m from of the external side of the outer walls.  

• “I” type configurations (irregular, two and three-story): the two-story building (I1) pre-

sents only plan irregularity, with inter-story height of 3.30 m, the three-story building (I2) 

is also irregular in elevation, with inter-story of 3.10 m. In both cases, the roof is flat. 

• ‘‘F’’ type configurations (irregular in plan and elevation, two-story): RC slabs at inter-

mediate levels and a roof made of a wooden truss and a lightweight concrete slab. The in-

ter-storey height is 3.0 m at ground floor and 3.2 m at first floor. 

• “G” type configurations (irregular in plan and elevation, three-story): “L” shape in plan. 

The roof at both lower levels is made of 4 cm thick concrete slabs, supported on masonry 

parapets, at the third level is a composite wood-lightweight concrete roof. The inter-story 

height is 3.0 m at all levels. 

All considered configurations (types “C”, “E”, “F”, “G”, “I”) have some common or simi-

lar features, i.e. mechanical properties of materials, minimum thickness of bearing walls, ge-

ometry of ring beams. Slabs made of combined concrete and hollow clay blocks (20+4 cm 

solution) have been used for all diaphragms. Moreover, all the configurations have r.c. ring 

beams at each level, with the minimum reinforcement allowed by the code, i.e. four 16 mm 

rebars of longitudinal reinforcement and 8 mm stirrups every 25 cm. According to NTC 2008, 

the ring beams of internal walls are as large as the wall, whereas those of the external walls 

are 5 cm shorter than the thickness of the wall, to accommodate thermal insulation elements. 
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Figure 1: Selected case studies – regular architectural configurations 

 

The mechanical properties of the materials used for the defined configurations are summa-

rized in Table 1.  
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Figure 2: Case studies selected – irregular architectural configurations 

2.2 Design criteria and results 

Masonry buildings are typically designed using different analysis methods depending on 

the level of seismicity of the site. This is due to the high level of conservatism implicit in lin-

ear analysis methods, which are practically unusable in sites with moderate to high seismicity. 

On the other hand, nonlinear static analysis is commonly used in practice even for design, 

thanks to the availability of dedicated software. The other design procedure commonly adopt-

ed in practice is based on the application of “simple building” rules. 
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For each one of the sites considered in this project (5 sites and 2 soil types, for a total of 

10 sites, see [1]), the different plan configurations presented in the previous section were de-

signed/selected with the aim of identifying the optimal solutions, which were able to barely 

comply with the code requirements at the site. This procedure was repeated for the different 

analysis methods and modelling approach considered, to be able to compare the results ob-

tained in the different cases. 

 

Configuration type C/I E F G 

Young modulus E 1000·fk 1000·fk 1000·fk 1000·fk 

Shear modulus G 0.4·E 0.4·E 0.4·E 0.4·E 

Compressive strength of units fbk [MPa] 8 8 8 ÷ 15 15 

Horizontal compressive strength 

of units  
f'bk [MPa] 1.5 1.5 1.5 1.5 

Specific weight w [N/m3] 9000 9000 11000 11000 

Mortar class - M10 M10 M5-M10 M10 

Characteristic compressive 

strength of masonry 
fk [MPa] 4.66 4.66 4.22÷6.7 6.7 

Design compressive strength (for 

gravity loads) 
fd [MPa] fk/3 fk/3 fk/3 fk/3 

Design compressive strength (for 

seismic loads) 
fd [MPa] fk/3 fk/2 fk/2 fk/2 

Shear strength w/o vertical load fvk0 [MPa] 0.2 0.2 0.2 0.2 

Compressive strength of concrete fck [MPa] 20 25 25 25 

Table 1: Mechanical properties of the materials used in the defined configurations. 

The considered analysis approaches, in accordance with NTC08, consist of: 

• Linear static analysis (LSA) with either equivalent frame (LSAF) or cantilever (LSAC) 

modelling 

• Nonlinear static analysis (NLSA) based on equivalent frame modelling 

• Rules for “simple” masonry buildings (SB) 

However, these analysis methods were not applied to all building configurations. For ex-

ample, “F” “G” and “I” configurations were not designed with simple building rules because 

they are irregular structures, in plan and/or in elevation. 

Regarding “C” type configurations, 7 different plan arrangements (from C1 to C7, Figure 

3) were considered, by varying the percentage of resistant area (gradually increasing from 4% 

to 7%, depending on the seismic input and the number of stories). The different percentages 

of resistant area were obtained by varying the thickness of the masonry walls (internal and 

external) from a minimum of 25 cm to a maximum of 40 cm. Furthermore, in C1 and C2, 

some internal walls were replaced by RC beams and columns, to reduce the percentage of re-

sistant area. The different arrangements were conceived to guarantee a safety index slightly 

larger than 1, according to the various design methods adopted.  

The “E” type and “I” type configurations considered are reported in Figure 1 and Figure 2. 

Regarding the “F’’ and “G” type configurations, different building layouts were designed, by 

varying the width of the walls (from 25 to 40 cm), the mechanical characteristics of masonry, 

the length and position of door and window openings, substitution of internal partitions by 

load bearing walls. The configurations considered are shown in Figure 4 and Figure 5. 
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Figure 3: Plan configurations of the ground floor of the ‘’C’’ type buildings 
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Figure 4: Plan views of the different ‘’F’’ type configurations considered 
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Figure 5: Plan views of the different ‘’G’’ type configurations considered 

Table 2 summarises the design results, in terms of building configurations barely comply-

ing with code requirements, obtained for each considered site and for each analysis method.  

The results obtained show that buildings designed with linear static analysis are often 

complying only for lower seismicity sites. In many cases, buildings do not even satisfy the 

requirements for the site of Milan and for soil type A, due to the occurrence of localized fail-

ures in a limited number of elements, since the very first analysis steps. However, it is worth 

mentioning that in these cases no force redistribution was applied. On the other hand, if the 

same buildings that barely comply using LSA are designed with nonlinear static analysis, they 

result to largely comply with the requirements, in particular in case of two-storey buildings 

and often even for higher seismicity sites. 
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2-storey buildings 3-storey buildings 

Site agS [g] LSAC LSAF SB NLSA LSAC LSAF SB NLSA 

Mi_A 0.049 C4, E2, 

E5, F2, 

F4, G7 

C4, E5, 

F1, F2, 

F4 

C1 C1, I1 C6, E2, 

E5, G7 

E5, 

G6, G7 

C2 C1, I2, 

G5-a 

Mi_C 0.074 F3 C7, E2, 

F2, G5, 

G6, G7 

C2 C1, I1 E8, E9 E2, E9 C3, E9 C1, I2 

Cl_A 0.073 F3 C7, E2, 

F2, F4, 

G5, G6, 

G7 

C1 C1, I1 E8, E9 E2, 

E9, G7 

C2, E9 C1, I2, 

G5 

Cl_C 0.109 - E8, E9, 

F3 

C2, 

E9 

C1, I1, F1-a - E8 C3, E8 C1, I2 

Rm_A 0.121 - E8, E9, 

F3 

C2, 

E9 

C1, I1 - E8 C3, E8 C1, I2, 

G6 

Rm_C 0.182 - - C3, 

E8 

C1, I1 - - C4 C1, I2 

Na_A 0.168 - - C3, 

E8 

C1, I1 - - C4 C1, I2, 

E5 

Na_C 0.245 - - C4 C1, I1, F1 - - C5, E2 C3, I2, 

E2, E8 

Aq_A 0.261 - - E2 C1, I1, F2, 

F4 

- - - C1, E2, 

E8 

Aq_C 0.347 - - - C3, I1, E2, 

E5, E8, E9, 

F2, F3, F4 

- - - - 

Table 2: Building configurations designed to barely comply with code requirements, for each of the considered 

sites (Mi = Milan, Cl = Caltanissetta, Rm = Rome, Na = Naples, Aq = L’Aquila; subscript “A” and “C” refer to 

the soil type) and for each analysis method (SB = simple building, LSAF and LSAC = linear static analysis with 

equivalent frame or cantilever models, NLSA = nonlinear static analysis). 

3 MODELLING ISSUES FOR THE SEISMIC ASSESSMENT 

The different designed building models were assessed by nonlinear dynamic analyses 

(NLDA), using the records selected by Iervolino et al. [1], for each site and for 10 values of 

return period of the seismic action. The aim was to evaluate the actual safety with respect to 

the collapse condition. 

Analyses were carried out using the Tremuri computer program [5], with an equivalent 

frame approach. The constitutive laws defined for NLDA allow the simulation of: 

• stiffness and strength degradation of the masonry panels composed by hollow clay blocks 

and cement mortar characterizing the considered buildings; 

• a cyclic hysteretic behavior, specific for the different failure modes (rocking, diagonal 

cracking, sliding and hybrid) of piers and spandrels. 

This required a review of the experimental data available in the literature for such mason-

ry type, to calibrate the constitutive laws and to derive drift limits and strength degradation 

thresholds, for shear and flexural failure modes, in order to provide as much as possible a reli-

able simulation of the actual behavior expected. All the considered experimental results refer 

to piers’ response, as tests on spandrels composed by modern blocks are too limited to permit 
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meaningful statistical evaluations. Nevertheless, the uncertainty in the definition of drift limits 

for spandrels does not significantly affect the analyses performed, since the contribution pro-

vided by reinforced concrete beams in coupling piers was dominant. In fact, differently from 

existing buildings, the interaction with r.c. elements promotes a “strong spandrels” behavior, 

with nonlinearity mainly concentrated in piers. Based on experimental results [6-8], drift lim-

its for the shear behavior of 0.24% for the ultimate limit state (20% drop of maximum lateral 

strength) and of 0.54% for the near collapse condition (50% drop) were adopted. Drift limits 

for the flexural behavior of 1.22% for ultimate limit state (based on [9]) and 1.6% for collapse 

condition (assumed as 4/3 of the ultimate limit state) were adopted. In case of hybrid failure 

modes, experimental tests suggest the adoption of intermediate drift limits. 

The two different approaches used to model masonry panels are discussed in the following 

sections. They consist of an approach based on a phenomenological nonlinear beam [3] and a 

mechanics-based macroelement model [4]. Both are implemented in the Tremuri program [5], 

selected for performing NLDA. 

3.1 Nonlinear beam with piecewise-linear force-deformation relationship 

In this model [3], masonry panels are modelled as nonlinear beam elements with lumped 

inelasticity and a piecewise-linear behavior. The constitutive law allows describing the non-

linear response until very severe damage levels (from 1 to 5), through progressive strength 

degradation at assigned values of drift (Figure 6a). The hysteretic response (Figure 6b) is for-

mulated through a phenomenological approach, allowing to capture the differences among the 

possible failure modes (mainly flexural. shear or hybrid) and the different response of piers 

and spandrels.   

Two sets of parameters are required (Table 3): the first one describes the backbone curve, 

whilst the second one defines the hysteretic response. The first set includes parameters defin-

ing the initial stiffness of the panel and its progressive degradation (defined starting from the 

secant stiffness, by two coefficients kr and k0), the maximum strength of the panel (Vu) and the 

progressing of the nonlinear response for increasing damage levels (Ei, Ei).  

The maximum strength of the panel (Vu) is computed as the minimum value obtained with 

simplified criteria for the different failure modes (flexural, shear, or hybrid) consistent with 

those recommended in standards [2] or proposed in the literature [10-11]. Different values of 

E.i and E.i may be defined in case of prevailing flexural or shear response of the panel, as 

well as in case of spandrels and pier elements. 

The second set of parameters describes the hysteretic response, by defining the slope of 

the unloading and loading branches of the hysteresis loops.  

With reference to Figure 6b, the unloading branch from A+ to C+ is governed by the stiff-

ness Ku. For example, in case of positive quadrant, it is computed as: 

    u sec iK K 1 1


      
   (1) 

where + is the maximum value of ductility reached in the backbone of the positive quadrant; 

 is a parameter degrading the value of Ku with respect to the secant stiffness Ksec (it may as-

sume values from 0 - elasto-plastic law- to 1 -secant stiffness);  aims at further degrading the 

value of Ku, taking into account the progressing strength decay reached on the backbone. An 

analogous expression may be defined for the negative quadrant. 
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Shear  Flexural Mixed Failure mode: 

Damage level: 1<DL<2 2<DL<3 3<DL<4 4<DL<5 DL>5 
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0<DL<1  
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(a) (b) 

Figure 6: Piecewise linear constitutive law: backbone curve (a) and hysteretic response (b) 

After a first branch (A+ B+) governed by Ku, the unloading branch may also exhibit a hor-

izontal branch (B+ C+), where the point B+ is determined by the  coefficient, which varies 

from 0 (A+ B+ branch until the x axis) to 1 (elastic nonlinear condition). The extension of B+ 

C+ is determined by the  coefficient, which may vary from 0 to , although suggested values 

range from 0 to 1. 

Finally, the loading branch from C+ to A- is governed by the stiffness KL, computed by 

considering Ku and the maximum ductility value reached in both positive and negative quad-

rants (+, -).  

Table 3 summarizes the parameters adopted in NLDA. 

 

 Shear Flexure 

 Pier Spandrel Pier Spandrel 

 DL3 DL4 DL5 DL3 DL4 DL5 DL3 DL4 DL5 DL3 DL4 DL5 

Drift [%] 0.24 0.54 0.7 0 0.4 0.7 0.6 1.22 1.6 0.6 0.8 1.2 

Residual strength [%] 0.6 0.2 0 0.7 0.7 0 1 0.85 0 1 0.7 0 

α 0.8 0.2 0.9 0.2 

 0.8 0 0.8 0 

 0 0.3 0.6 0.3 

   0.5 0.8 

Table 3: Parameters adopted for NLDA for piers and spandrels. with the piecewise linear constitutive law 

Figure 7 shows the hysteretic response simulated by NLDA, for three wall panels with 

fixed-fixed boundary conditions, subjected to a compressive state equal to 7% of the masonry 

compressive strength, with three different slenderness ratios. to induce different failure modes 

(flexural, shear or hybrid).  

3.2 Macroelement mechanical model 

The second model which has been adopted is based on the effective nonlinear macroele-

ment modelling approach [4]. The macroelement model represents the cyclic nonlinear behav-

ior associated with the two main in-plane masonry failure modes, bending-rocking and shear 

mechanisms, with a limited number of degrees of freedom (8) and internal variables which 

describe the damage evolution. The two-node mechanics-based microelement, suitable for 
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modelling piers and spandrel beams, can be ideally subdivided into three parts: a central body 

where only shear deformation can occur and two interfaces where the external degrees of 

freedom are placed, the latter being able to exhibit relative axial displacements and rotations 

with respect to those of the extremities of the central body. In the two interfaces, infinitely 

rigid in shear, the axial deformations are due to a distributed system of zero-length springs 

with no-tension and limited compression behavior.  

 

  

 

 

Geometry of the panels 

 b [m] h [m] t [m] Bound. 

Cond. 

P_01 2.5 2.6 0.3 
Double 

fixed 

P_02 3 2.6 0.3 
Double 

fixed 

P_03 3.5 2.6 0.3 
Double 

fixed 
 

Figure 7: Example of the cyclic response simulated with the piecewise linear constitutive laws 

The nonlinear description of the coupled relation between the flexural and axial degrees of 

freedom allows the explicit evaluation of how cracking affects the rocking motion. The mac-

roelement model includes a nonlinear degrading model for rocking damage. which accounts 

for the effect of limited compressive (i.e. toe-crushing) strength. 

In addition to geometrical characteristics. the macroelement model is defined by eight pa-

rameters representative of an average behavior of the masonry panel: density ρ. elastic modu-

lus in compression E, shear modulus G, compressive strength fm, shear strength (i.e. cohesion) 

ceff, global equivalent friction coefficient μeff, and two coefficients β and ct. The parameter β 

governs the slope of the softening branch of the nonlinear shear model, whereas the parameter 

ct is a non-dimensional shear deformability. Depending on the macroscopic cohesive behavior, 

the amplitude of the inelastic displacement component in the displacement–shear relationship 

is proportional to the product Gct (Figure 8). 
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Figure 8: Role of parameters  (left) and ct (right) on the shape of the nonlinear shear model (Penna et al., 2014). 

The macroscopic shear model is based on a combination of equivalent cohesion, ceff, and 

friction, μeff parameters. The determination of the model parameters from the “local” mechan-

ical parameters derives from characterization tests and depends on the governing shear failure 

mode. The parameters of the masonry type used in the numerical models for dynamic anal-

yses were calibrated to be representative of typical unreinforced masonry with perforated clay 

blocks. The parameters were compared with some literature experimental data (Figure 9, [6]). 

 

  

Figure 9: Flexural (left) and shear (right) response of clay-block masonry piers subject to in-plane cyclic shear-

compression tests (after [6]) 

For the analysis of entire buildings, with boundary conditions intermediate between canti-

lever and double-fixed, an equivalent Young modulus equal to E’ = 2E = 9320 MPa was used 

to correctly reproduce the lateral stiffness. 

Regarding the shear strength model parameters, the criterion reported in Eurocode 6 was 

considered. i.e.: 

  (2) 

with . 

The parameters of the macroelement shear model, ceff e µeff, were calibrated by a lineariza-

tion of the strength criterion in the proximity of the applied compression level, leading to val-

ues of ceff = 0.375 MPa and μeff = 0.125. The other parameters of the shear model (nonlinear 

deformation before the peak Gct and slope of the softening branch β) were calibrated to derive 

a cyclic behavior as close as possible to that observed during experimental tests on modern 

clay block masonry, obtaining Gct = 5 and β = 0.6. 

The combined effect of flexural and shear failure modes in the building piers generally 

provide realistic global hysteretic curves for the building models subjected to time history 

analyses (Figure 10). 
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Figure 10: Example of hysteretic base shear-top displacement curve for building E5 (3 stories)  

 

4 ASSESSMENT AND RESULTS 

4.1 Definition of the collapse condition 

The Engineering Demand Parameter (EDP) selected to identify the performance of the 

structures is the maximum wall inter-story drift (max), computed accounting for the effect of 

average rotations of the nodes at each storey. Considering the different behavior of the build-

ings in the two directions, the maximum inter-story drift has been evaluated separately for 

each of them (max.X and max.Y). 

Reference thresholds of max were defined, for each building configuration and for each 

direction X and Y, based on the results of NLSA and NLDA (C,X and C,Y). For each direction, 

the minimum value of max corresponding to a 50% global base shear degradation was identi-

fied from NLSA carried out with two load patterns (first mode and mass proportional) and in 

the positive and negative directions. The deformed shape obtained from NLSA was compared 

with that from NLDA, to check for the possible presence of torsional effects and, in general, 

their consistency. When the capacity obtained from NLDA highlighted a significant reduction 

of the maximum inter-story drift, with respect to that obtained from NLSA, the value of max 

was defined by assuming a global base shear degradation of 35% instead of 50%.  

The obtained reference thresholds could vary significantly from building to building, due 

to the activation of different failure modes for different configurations and/or number of sto-

reys. The collapse limit state function was then evaluated, for each building, as: 

  (3) 

In case of dynamic instability, associated with lack of convergence of the solution, the 

huge values of displacement demand provided by the code were checked and this case was 

eventually indicated as “certain collapse” if a global shear degradation of 90% of the maxi-

mum one was observed. 
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4.2 Results of nonlinear dynamic time history analyses 

This section presents some examples of the results obtained from NLDA for the different 

configurations considered.   

Figure 11 shows two examples of the hysteretic response (global base shear vs. average 

top displacement curves) obtained by NLDA for the site of Naples, soil type C, for the records 

corresponding to a return period of 1000 and 10000 years, compared with the corresponding 

pushover curves (both first mode and mass proportional load patterns). For simplicity, only 

two hysteretic cycles are shown: one is the cycle associated to the time history of the fixed 

stripe that has produced the maximum top displacement (red curves in Figure 11), while the 

other is the cycle associated to the time history that has produced the minimum top displace-

ment (blue curves in Figure 11). The significant role of record-to-record variability is evident 

in the very different structural response produced by records associated to the same return pe-

riod. 

Damage associated to the collapse condition is more concentrated in masonry piers than in 

spandrels, consistently, as mentioned in §2.1, with the construction details imposed by 

NTC08 for new masonry buildings. In particular, the presence of rigid diaphragms and r.c. 

ring beams coupled to spandrels promotes the activation of a Strong Spandrels-Weak Piers 

(SSWP) behavior. Furthermore, it can be observed that, in most cases, the collapse is reached 

due to the activation of a soft-story mechanism, generally occurring at the ground level. 

 

  
Building C3, 3 stories, Tr = 1000 yrs Building C4, 2 stories, Tr = 10000 yrs 

 Figure 11: Hysteretic cycles and corresponding pushover curves for the site of Naples, soil type C, X direction. 

Figure 12 reports two examples of the results of NLDA in terms of IM-limit state function 

(YC). It is worth noting that the values of YC associated with the occurrence of “certain col-

lapse” have been excluded from the graphs. Thus, a lognormal distribution has been assumed 

for the YC values associated with each stripe, to evaluate the 16th, 50th and 84th percentiles. 

The red curves in the figure were obtained by linearly connecting the corresponding results of 

the different stripes. The vertical line (YC = 1) corresponds to collapse.  
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Building C3, 3 stories, Naples, soil type C Building C4, 3 stories, Rome, soil type C 

Figure 12: Results obtained from NLDA in terms of collapse function. Red lines correspond to 16th, 50th and 84th 

percentiles of the results. The vertical line identifies collapse (YC = 1). 

Figure 13 compares the percentage of collapses as a function of the return period of the 

seismic action, obtained for building E8, designed according to different analysis methods, at 

different sites. It can be qualitatively observed that buildings designed with a linear method 

show very low failure rates. In many of the cases, no collapses were observed for any of the 

considered return periods. 

 

  
LSAC: Milan, soil C LSAF: Rome, soil A 

  
SB: Naples, soil A NLSA: L’Aquila, soil C 

 

Figure 13: Percentage of collapses as a function of the return period of the seismic action, obtained for building 

E8, designed with different analysis methods, at different sites. 
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These analyses also allowed a quantification of the safety margin provided by the different 

design methods. Methods based on linear static analysis turned out to be very conservative, 

whereas those based on “simple buildings” rules were less conservative and those based on 

nonlinear static analysis were even less conservative. For this last case, the first collapses 

were observed for 1000 years in most cases (Figure 13).  

 

5 CONCLUSIONS 

The design of URM buildings conforming to the recommendation of the Italian Code 

herein presented highlighted the different safety levels implicitly provided by the different 

analysis methods (linear static analysis with either equivalent frame or cantilever modeling, 

nonlinear static analysis with equivalent frame modeling and simple buildings rules).   

As apparent from the results presented in [1], the use of linear static analysis resulted to be 

impractical in many sites, because of an excessive conservatism, in particular if force redistri-

bution is neglected. The adoption of force redistribution could introduce some additional mar-

gin, but it is worth pointing out that its application is not straightforward at the engineering 

practice-level.  

On the other hand, in few cases, nonlinear static analyses appeared to be unconservative, 

especially for building configurations with strong irregularities. This could be due to two 

main reasons. The first deals with the design parameters (in particular the drift limits associat-

ed with shear failure) recommended in NTC08, which are too large for the considered modern 

masonry typologies (as highlighted by the evidences provided by the increasing number of 

experimental tests available in the literature) and whose reduction is already foreseen in the 

draft of revision of NTC. The second deals with the tendency of the N2 method – which is 

embedded in the nonlinear static assessment procedure - to underestimate the displacement 

demand for masonry buildings, in case of high values of required ductility [12]. The ongoing 

research is already addressed to widen all these issues. 
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Abstract. This paper reports on the results of an ongoing Research Project aimed at 
computing the risk of collapse in new buildings conforming to the Italian Seismic Design 
Code. Companion papers describe the overall Research Project, funded by the Italian Civil 
Protection Department (DPC), its different application areas (reinforced concrete, masonry, 
steel buildings, etc), the overall seismic risk calculation procedure and the ground motion se-
lection process followed to identify the recorded ground motions used for the multi-stripe 
analyses for ten different ground motion intensities. 

This papers describes the multivariate statistical model of the structure-related uncertainty 
developed with reference to reinforced concrete buildings, describing the variability of mate-
rial properties as well as model error terms of the adopted response models for both RC 
members and masonry infills. The paper describes also the efficient sampling procedure 
adopted and discusses the results of the nonlinear analyses, both static and dynamic, carried 
out under different assumptions on the correlation structure for the selected reinforced con-
crete buildings (namely 6- and 9-storey moment resisting frame). 
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1 INTRODUCTION  

As described in the companion papers from the RINTC project, and in particular in [9][1], 
three sets of 3, 6 and 9-story moment-resisting RC frame buildings were designed to comply 
with the current Eurocode-aligned national structural design code and were subjected to seis-
mic risk assessment via multiple-stripe analysis with conditional-spectrum selected motions. 
The buildings are all intended for residential use and are characterized by regularity in plan 
and elevation, with identical floor plans (floor beams and floor slabs), the only differences 
being in the column dimensions and reinforcement. Details about the geometry, loads, design 
process, inelastic modeling strategy and analyses results can be found in [1]. 

Analyses have been carried out for all cases accounting only for uncertainties on the action 
side, in terms of seismic hazard curve and ground-motion record-to-record variability. This 
paper describes the sub-set of analyses carried out by the authors to gauge the effect on the 
results of structure-related uncertainty, by which it is collectively indicated the variability of 
the structural materials as well as the epistemic uncertainty in the response models (model 
uncertainty). This exploration has been so far limited to the only site of Naples, out of the five 
considered in the project, soil category C, and only for the 6- and 9-storey buildings. For 
length reasons, this paper presents the 6-story building configurations only. 

2 METHODOLOGY 

2.1 Joint distribution model of the selected random vector 

As it regards model uncertainty, two models are used in the analysis of the selected RC 
buildings: the IMK response model, for the RC members, and an equivalent strut (concentric) 
model for the infills. The former, as anticipated, is characterized by a total of five parameters. 
Marginal predictive equations have been derived for these parameters by Haselton et al. The 
equations are based on the assumption that parameters have a lognormal distribution, and 
come in the form of an equation for the median, and a dispersion value. The model is margin-
al in the sense that no measure of statistical dependence among the parameters is provided. In 
the analyses reported in the previous sections, for all configurations, sites and soil conditions, 
median values have been used. In this paper, for the site of Naples and soil condition C, the 
model parameters are modelled as lognormal variables based on Haselton et al equations, with 
the exception of the ultimate to yield moment ratio, that is taken deterministic equal to the 
median prediction. Two additional lognormal variables are used to describe material variabil-
ity in RC members, and in particular concrete strength fc and steel yield stress fy, thus, in sum, 
4+2=6 random variables are used for the response model of RC members (see Figure 1). 

 
Figure 1: Trilinear IMK model used for hinges in RC member modeling: identification of random variables. 
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The parameters of the infill model are five, peak strength, cracking, peak and residual 
strength displacements, and the strength reduction factor for openings. Thus, five random var-
iables are needed for each equivalent strut. 

In order to perform the analysis with account of the above uncertainties, two choices have 
been made. First, it has been chosen not to consider all possible combinations of ground mo-
tions and structure-related variables values, i.e. as in a so-called “extended IDA” framework. 
This has been judged computationally too onerous for the marginal increment in accuracy in 
the determination of the response parameters and final risk values. Instead, a one-to-one asso-
ciation of sets (realizations or samples) of structural parameters’ values and ground motions 
has been done. This preserves the total number of inelastic response history analyses at 200. 
The second choice regards the structure of the joint distribution of the random variables, 
which, in the absence of a joint predictive model, needs to be established based on expert 
judgement. It has been assumed what follows: 

• Parameters within a beam or column member have a unique value, i.e. are perfectly 
correlated (joint lognormality is assumed based on marginal one, and as such, statisti-
cal dependence is completely described by a correlation model). This means that val-
ues of the IMK parameters and of fc and fy are the same in the two hinges of the same 
member; 

• Similarly, for each infill panel, both equivalent struts are assigned a single set of pa-
rameters’ values; 

• For inter-member correlation, a simplified model has been adopted, whereby correla-
tion is specified within each floor and amongst different floors, independently for each 
random variable, and independently of floor-to-floor distance (it is the same between 
roof and first floor, as it is, e.g., between second and third floor). This dependence 
structure is qualitatively justified based on the floor-wise erection of the buildings. 

Under the above assumptions what remains to be established are the correlation values 
among different variables within each member, and the inter-member values, i.e. the intra-
floor (superscript “sf” for “same floor”) and inter-floor (superscript “df” for “different floor”) 
values. While, as already said, Haselton et al [5] do not provide values for the intra-member 
correlations, and these are thus assumed based on judgement, at least for the displacement 
thresholds, these have been evaluated on the Sassun et al [11] experimental basis for the 
equivalent strut infill panel model. This is shown in Figure 2. 

 

 
Figure 2: Diagonal strut model: dispersion (red for displacement, blue for forces) and correlation coefficients 

(green), assessed from the Sassun et al data base. Note that force for both full panels and panels with openings 
are normalized to full panel strength Fp. 
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Table 1 and Table 2 summarize the logarithmic standard deviations (dispersions), intra-
member, intra-floor and inter-floor correlation coefficients, for the RC members and the infill 
panels (IP), respectively. Boldface values are based on experimental evidence, either provided 
by Haselton et al (Table 1) or assessed on purpose for this work (Table 2). The correlation and 
dispersion values for the IP equivalent strut model reported in the table are rounded with re-
spect to those in Figure 2. The other assumed values only reflect the commonsense fact that, 
both in RC and masonry, increasing strength goes along with decreasing ductility. 

 

Variable ln  , cx f  , yx f  
,x   

40,x k  , ux    , cx    
,

sf
x x  ,

df
x x  

cf  0.20 1.0 0.0 0.0 0.0 0.0 0.0 0.6 0.0 

yf  0.10 0.0 1.0 0.0 0.0 0.0 0.0 0.9 0.9 

  0.50 0.0 0.0 1.0 0.0 0.0 0.0 0.8 0.8 

40k  0.38 0.0 0.0 0.0 1.0 -0.5 -0.5 0.8 0.8 

u  0.61 0.0 0.0 0.0 -0.5 1.0 0.8 0.8 0.8 

c  0.72 0.0 0.0 0.0 -0.5 0.8 1.0 0.8 0.8 

Table 1: Dispersion and intra-member correlation coefficients for the RC member model (values in bold 
typeface are based on data, the remaining ones are based on expert judgement). 

Variable ln  , px f  , crx u  , px u  , rx u  , opx   
,

sf
x x  ,

df
x x  

pf   0.40 1.0 -0.5 -0.5 -0.5 0.0 0.8 0.8 

cru  0.50 -0.5 1.0 0.7 0.7 0.0 0.8 0.8 

pu  0.50 -0.5 0.7 1.0 0.7 0.0 0.8 0.8 

ru  0.50 -0.5 0.7 0.7 1.0 0.0 0.8 0.8 

op  0.25 0.0 0.0 0.0 0.0 1.0 0.8 0.8 

Table 2: Dispersion and intra-member correlation coefficients for the infill model (values in bold typeface are 
based on data, the remaining ones are based on expert judgement). 

The final random vector, based on the previous assumptions, is joint lognormal, with me-
dian specified in [1] and covariance matrix:  

floor 1

floor 










   

      
   

      
   

      
   

   
      

   

e sf df
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where: 

1 2

   
e e
RC RC i i

cC  (2) 

1 2

   
e e
IP IP i i

cC  (3) 

are the 6x6 and 5x5 intra-element covariance matrices of RC members and infill panels, re-
spectively, given by the product C = DRD of the respective correlation matrices R = [] (col-
umns 3 to 8 in Table 1 and 3 to 7 of Table 2, respectively) and the respective diagonal 
matrices D = [ln] of logarithmic standard deviations (column 2 in both Table 1 and Table 2). 
The intra-floor (superscript “sf” for “same floor”) and inter-floor (superscript “df” for “differ-
ent floor”) covariance matrices are given by: 

1 1 2 2
1 2 1 2

        
sf sf e sf sf
RC RC RC i i i ii i i i

c cC  (4) 

1 1 2 2
1 2 1 2

        
df df e df df
RC RC RC i i i ii i i i

c cC  (5) 

and similarly for the infill panels. 

2.2 Efficient simulation of random samples 

The joint lognormal vector of random variables required to describe structure-related un-
certainty according to the previous section: 

            1,1 1,1 ,1 ,1 , ,      
T T T T T TT RC IP RC IP RC IP

j j j k j ky y y y y y y  (6) 

has a size  6 5 1RC IPn n   that easily reaches a few thousands of components (the indices j 

and k span the elements and floors, respectively). While direct sampling is still feasible ac-
cording to the expression: 

 lnexp    yy x DLu  (7) 

with    ln ˆln    y x y x , R =LL’ and u is a vector of independent standard Gaussian varia-

bles, a more effective procedure has been devised, which uses the sums of independently gen-
erated short vectors (either  6 1  or 5 1 , for RC members and infill panels, respectively) to 
reproduce the target covariance structure. 

The l-th realization of the above vector is obtained as: 

       ˆ ˆexp exp    
j k ljkl jkl jkl jkl x x y y z zy y x ε y x c ε c ε c ε  (8) 

where the symbol   denotes the Hadamard or component-wise product of matrices, and 
, , ,

j k ljkl x y zε ε ε ε  are zero mean independent identically distributed Gaussian vectors of size 

6 1  or 5 1 , for RC members and infill panels, respectively, with covariance matrix either 
equal to e

RCC  or e
IPC . Not the same number of vectors is sampled for each type: for each simu-

lation run (one value of index l), RC IPn n  vectors 
jxε , floorsn  vectors 

kyε and one vector 
lzε are 
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sampled. By calibrating the matrices , ,x y zc c c  the correct overall covariance structure is ob-

tained. In particular, setting the diagonal matrices ,y zc c  to: 

11 0

0





 
 

  
 
  


  



df

z

df
nn

c  (9) 

11 11 0

0

 

 

 
 

  
 

  


  



sf df

y

sf df
nn nn

c  (10) 

it can be easily shown that: 

   
1 1 2 2 1 1 1 2 2 2 1 1 2 2

1 2

cov , cov ,          
T e e df df

j k l j k l z RC z i j k l i j k l RC i i i ii i
cε ε 0 0 c C c  (11) 

and: 

   
1 2 1 1 2 2 1 1 2 2

1 2

cov , cov ,          
T e T e e sf sf

j kl j kl y RC y z RC z i j kl i j kl RC i i i ii i
cε ε 0 c C c c C c

 
(12) 

which coincide with equations XX and YY above. Finally, since the following condition must 
hold true: 

 cov ,    T e T e T e e
jkl jkl x RC x y RC y z RC z RCε ε c C c c C c c C c C  (13) 

the last matrix is obtained as: 

 T T
xc D CWC D  (14) 

where    e T e T e
RC y RC y z RC zW C c C c c C c  must be definite positive for the covariance matric to 

be a valid one (a condition that is satisfied by using the inter-floor and intra-floor correlation 
values indicated in the previous tables). 

3 RESULTS 

3.1 Nonlinear static analysis 

Nonlinear static analysis (NLSA) is employed to gain sensitivity on the model presented in 
the previous section. In particular, NLSAs have been performed in both X and Y directions, 
for 20 samples drawn from: 

• A joint distribution with zero inter-member correlation 
• A joint distribution with perfect inter-member correlation 
• The joint distribution described in the previous section 

 
Results are reported, with reference to the BF configuration only, for the sake of illustra-

tion, in the next Figure 3, where each row contains results for one of the three distribution 
models above, in the same top to bottom order, while the left and right column present the re-
sults for the X and Y direction, respectively. Similar results are obtained also for the IF and 
PF configurations. 
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Figure 3: NLSA results (first mode distribution) in X (left) and Y (right) directions, BF configuration, under 
the three inter-member correlation assumptions (“zero”, “perfect” and “assumed”, from top to bottom). 
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Without entering into the details, the thin lines represent individual NLSA runs, and green, 
blue and red dots mark the yield, peak and collapse (50% force drop according to the adopted 
simplified global collapse criterion, see [1]) points on the (not shown, for clarity) trilinear fit 
to the curve. On the axes, lognormal PDFs fitted to both the displacement and force values 
obtained from these cloud of points are reported, and each plot is also completed by numerical 
values of median and dispersion with the same color code. A bold line with changing color 
denotes the capacity curve obtained with the median model. 

The results allow to appreciate how the relatively high intra-floor and inter-floor correla-
tion used leads to a model that is similar to a perfect correlation model. Also, the median 
model is providing in the last two cases an approximation of the median response of the anal-
yses with consideration of structure-related uncertainties, while it is an upper bound for the 
“zero” inter-member correlation case. The latter is consistent and easily explained, because 
with high correlation, variations towards larger or smaller values (of strength, deformability, 
etc) happen to most members together, resulting in larger global variability reflected in the 
capacity curve. With independent members, it is highly likely instead that in each simulation 
one or more weak members are sampled that condition response causing a premature failure. 

 

  

  
Figure 4: NLSA results (first mode distribution) in X (top) and Y (bottom) directions, BF configuration, un-

der the assumed inter-member correlation assumption: effect of sample size on collapse capacity (20 vs 200 
samples, left and right, respectively). 
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Finally, Figure 4 shows a comparison of the results (fitted distribution and parameters) ob-
tained with 20 or 200 samples, again only for the BF configuration for illustration’s sake. The 
figure confirms that associating one-to-one a realization of the structure to each motion in a 
stripe, i.e. using 20 models, and using the same 20 random models for all the stripes (switch-
ing only the motion), provides a reasonable approximation. 

3.2 Nonlinear dynamic analysis 

Figure 5 reports the D/C ratios (in terms of top floor displacement) for the BF configura-
tion, for the X (left) and Y (right) directions, for both limit states. In particular, collapse is in 
the top row and damage is in the bottom one. The plots report both the individual run results, 
with markers aligned at each stripe intensity level, as well as the fitted conditional distribu-
tions. Blue markers and shaded PDFs are those for the median model analyses ([1]), shown 
for reference, while red denotes the results accounting for structure-related uncertainty. Figure 
6 reports similar results for the IF configuration. 

  

  
 

Figure 5: D/C ratios for the BF configuration (6-Story building in Naples, soil C): top row, collapse limit 
state, damage limit state in the bottom row, X direction in the left column, Y direction in the right column. Blue 
markers and light blue shade indicate individual run results and lognormal fit for the analyses with the median 
model, Red markers and line indicate corresponding results for the analysis with structure-related uncertainty. 
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Figure 6: D/C ratios for the IF configuration (6-Story building in Naples, soil C): top row, collapse limit state, 

damage limit state in the bottom row, X direction in the left column, Y direction in the right column. Blue mark-
ers and light blue shade indicate individual run results and lognormal fit for the analyses with the median model, 

Red markers and line indicate corresponding results for the analysis with structure-related uncertainty.  

Results confirm that again the collapse D/C ratios are well below 1.0 and those for the 
Damage Limit State are way above 1.0. It is reminded that the latter is defined as in NTC2008 
by maximum InterStory Drift Ratios (IDRs) of 0.003 and 0.005, if the model includes the in-
fills, as in the IF and PF cases, or does not include them, as in the Bare Frame case, respec-
tively. Even though the order of magnitude does not change, as expected, the dispersion of the 
D/C ratios is quite heavily affected by the additional structure-related uncertainty, leading to a 
marked increase in the risk [9]. A better assessment of the induced change in terms of re-
sponse can be obtained by inspecting the plots in Figure 7 (collapse limit state) and Figure 8 
(damage limit state). The figures report, for all configurations (BF, IF and PF, from left to 
right), the cloud of D/C points with abscissa equal to the D/C ratio without structure-related 
uncertainty and the ordinate equal to the D/C ratio with this uncertainty. In all cases the medi-
an is only slightly affected, with the possible exception of the IF configuration at collapse, 
and dispersion are quite large, ranging from 0.3 (BF) to 0.6 (IF and PF, where infill panels 
also play a role and total uncertainty increases) at collapse, and from 0.2 (BF) to 0.4 (IF) at 
the damage limit state. 
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Figure 7: Collapse Limit State: D/C ratios of model with structure-related uncertainty versus model without it, 

for the same motion and for all configurations (BF, IF and PF). 

 
Figure 8: Damage Limit State: D/C ratios of model with structure-related uncertainty versus model without it, 

for the same motion and for all configurations (BF, IF and PF). 

4 CONCLUSIONS 

This paper is part of a set of papers presenting the results of an ongoing project on compu-
ting the implicit risk of seismic collapse (and damage) of buildings designed according to the 
current Italian design code NTC2008. This paper focuses on a set of 6-story RC buildings de-
signed in one of the five sites of the project (Naples) and focuses on the assessment of the in-
fluence of structure-related uncertainty on the probabilistic seismic demand model established 
by nonlinear dynamic analysis. The joint distribution model adopted to describe this addition-
al source of uncertainty (with respect to the action-related one, described through hazard 
curve and recorded ground motions) is presented and discussed. An efficient sampling proce-
dure is also presented. The final results of the dynamic analyses confirm that this source of 
uncertainty is relevant and causes generally minor variations of the median response coupled 
with non-negligible increases of dispersion. The results is mostly due to the still relatively 
high model uncertainty associated with currently available response models in use. 
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Abstract. Recent devastating earthquakes around the world have shown the vulnerability and 
deficiencies of existing reinforced concrete (RC) frame structures. In particular, recent re-
search on seismic risk analysis have highlighted that nonductile concrete frame structures are 
much more susceptible to collapse than modern code-conforming frames. Therefore, for this 
type of structures, it is necessary to accurately model materials and members to capture the 
flexure, shear and flexure-shear failure modes in members and the potential collapse of the 
structure. In this paper, alternative retrofit methods are evaluated for these older frame build-
ings using a nonlinear structural performance assessment methodology. As a case study, the 
longitudinal frame of an existing building is modeled, including the effect of flexural-shear-
axial load interaction and the bar slip deformational component in order to be able to cap-
ture column shear and axial failures. A probability-based framework is implemented in order 
to assess the structural performance and safety at each chosen performance level. This study 
shows that it is crucial to choose the most effective retrofit strategy based on the assessed per-
formance of the bare frame.  
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1 INTRODUCTION 

Recent devastating earthquakes around the world showed the vulnerability and deficiencies 
of existing reinforced concrete (RC) frame structures. The research of efficient methods for 
estimating the collapse risk of these structures is a crucial point in seismic regions [1,2]. This 
paper focuses on buildings with design details that do not comply with current seismic code 
requirements and structural members of these buildings include poor reinforcement details 
such as widely spaced transverse steel with 90-degree end hooks. Post-earthquake reconnais-
sance and recent research on seismic risk analysis have shown that these nonductile concrete 
frame structures are much more susceptible to collapse than modern code-conforming frames 
[3,4]. Effective retrofit methods are needed to improve the structural performance of these 
buildings, preventing collapse. Depending on the desired performance, conventional retrofit 
methods, such as concrete jacketing of the columns, addition of shear walls or strengthening 
beams and columns using new materials, e.g., fiber reinforced polymers (FRP), can be used to 
meet the new seismic code requirements. 

In this paper, alternative retrofit methods are evaluated for older nonductile frame build-
ings using a nonlinear structural performance assessment methodology. Performance-based 
assessment paradigm has been a persistent research theme over the past decade within the 
earthquake engineering community in order to develop seismic fragilities for nonductile exist-
ing buildings [5-7]. Nonlinear dynamic analysis procedures can be used to perform perfor-
mance based seismic assessment, using recorded ground motions. These procedures can be 
used to estimate parameters required for specific probabilistic assessment criteria, such as 
Demand and Capacity Factored Design (DCFD, [8]), and also to make direct probabilistic 
performance assessment using numerical methods [8-12]. In particular, Cloud Analysis is 
chosen here by applying simple regression in the logarithmic space of nonlinear dynamic 
structural response versus seismic intensity for a set of ground motion records. Cloud Analy-
sis method is particularly efficient since it involves nonlinear analyses of the structure sub-
jected to a set of un-scaled ground motion time histories. The simplicity of its underlying 
formulation makes it a quick and efficient analysis procedure for fragility assessment and/or 
performance based safety-checking [5,6,13-15]. Nevertheless, the Cloud Analysis has some 
limitations, such as the assumption of a constant logarithmic standard deviation for probabil-
ity distribution of the structural response for a given intensity. Based on this probabilistic non-
linear dynamic analysis framework, a risk based retrofit strategy optimization has been 
developed in this study. The structural performance is the main parameter taken in to account 
for the optimization. Following the methods in ASCE 41 [16], three different performance 
levels have been considered in this work, i.e., immediate occupancy performance level, life 
safety performance level and collapse prevention performance level.  

A seven-story hotel building in Van Nuys, California, is used as a case study in this re-
search. The RC frame building suffered significant damage during the 1994 Northridge earth-
quake. Detailed seismic evaluations performed by Islam [17] and Browning et al. [18] 
confirmed structural vulnerability of the nonductile moment frame resisting system of the 
building. Krawinkler [19] also performed a detailed performance based assessment of the 
building and compared the effectiveness of different retrofit options. In this research, the 
north longitudinal frame of the building is modeled, including the effect of flexural-shear-
axial load interaction to be able to capture column shear and axial failures.  

This study shows that it is crucial to choose the most effective retrofit strategy based on the 
performance assessment of the bare frame. Each retrofit strategy can lead to different failure 
mechanisms when the nonductile members are retrofitted to improve their ductility, strength 
and/or when system ductility is improved while the lateral displacements are limited.  

1516



Andrea Miano, Halil Sezen, Fatemeh Jalayer and Andrea Prota 

2 BUILDING DESCRIPTION AND MODELING 

2.1 Building description 

One of the longitudinal frames of the seven-story hotel building in Van Nuys, California, is 
modeled and analyzed in this study. The building is located in the San Fernando Valley of 
Los Angeles County (34.221° north latitude, 118.471° west longitude). The frame building 
was constructed in 1966 according to the 1964 Los Angeles City Building Code. The building 
was damaged in the M6.7 1994 Northridge earthquake. After the 1994 earthquake, the build-
ing was retrofitted with addition of new RC shear walls. Columns in the longitudinal frame 
are 356 mm wide and 508 mm deep, i.e., they are oriented to bend in their weak direction 
when resisting lateral forces in the plane of the longitudinal frame. Spandrel beams in the 
north frame are typically 406 mm wide and 762 mm deep in the second floor, 406 mm wide 
and 572 mm deep in the third through seventh floors, and 406 mm by 559 mm at the roof lev-
el. Column concrete has a compressive nominal strength f’c of 34.5 MPa in the first story, 
27.6 MPa in the second story, and 20.7 MPa in other floors. Beam and slab concrete strength 
f’c is 27.6 MPa in the second floor and 20.7 MPa in other floors. Grade 60 (fy=414 MPa) rein-
forcing steel is used in columns. The specified yield strength, fy, is 276 MPa (Grade 40) for 
the steel used in beams and slabs. Figure 1 shows the longitudinal frame modeled in this re-
search and some of the damaged columns in this frame after the 1994 Northridge earthquake. 

 

 
Figure 1 Holiday Inn hotel building longitudinal frame and some of the damaged columns in this frame after 

the 1994 Northridge earthquake [20] 
 

The column and beam reinforcement details are provided in [19]. In the frame modeled in 
this study (Figure 1), end columns include eight No.9 longitudinal bars between ground and 
second floors and six No.7 bars in other stories. The No.3 column ties are spaced at 310 mm 
on center between ground and second floors and No.2 ties are spaced at 310 mm on center 
above the second floor level. All middle columns are reinforced with ten No.9 longitudinal 
bars between ground and second floor, six No.9 bars between second and fourth floors and six 
No.7 bars above the fourth floor (with the exception of columns 11, 17, 20 and 26, reinforced 
with eight No.9 bars between second and fourth floors). The No.3 and No.2 column ties are 
spaced at 310 mm below and above the fourth floor level, respectively. Beams are reinforced 
with two No.6 longitudinal bars at the bottom, and top reinforcement varies between two 
No.8 and three No.9. The stirrups are No.3 at 310 mm on center above the ground.  

2.2 Modeling of materials and building frame 

The Holiday Inn hotel building experienced multiple shear failures in the columns in the 
fourth story during the 1994 Northridge earthquake [19]. The amount and spacing of the 
transverse reinforcement in most columns do not meet the requirements of current seismic 
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design code. Therefore, for this type of buildings, it is necessary to accurately model materials 
and column members and to choose the most suitable shear capacity model for assessment in 
order to capture the different failure modes in columns and the potential collapse of the build-
ing [21]. The material and component models implemented in OpenSees [22] can capture the 
column failures and potential collapse of the frame. In particular, columns with deficient 
seismic details such as those found in this hotel building are vulnerable to brittle shear or axial 
failure during earthquakes. Setzler and Sezen [23] presents a procedure to predict an envelope 
of the cyclic lateral response that includes the lateral displacement and corresponding strength 
predictions at the peak strength, onset of lateral strength degradation, and loss of axial-load-
carrying capacity. The model also considers the rigid body rotation of the column due to slip 
of column longitudinal bars from the anchoring concrete. This rotation due to bar slip is not 
accounted for in flexural analysis, where the column ends are assumed to be fixed. In this 
work, as in [23], specific rules have been set in order to predict the flexure critical, shear criti-
cal and flexure-shear critical failure mechanisms of the members. 

2.2.1 Flexural model 

Unidirectional axial behavior of concrete and steel materials are modeled to simulate the 
nonlinear response of beams and columns. Concrete material behavior is modeled using the 
Concrete01 material in OpenSees, which includes zero tensile strength and a parabolic com-
pressive stress-strain behavior up to the point of maximum strength with a linear deterioration 
beyond peak strength. This model is chosen as the best approximation combining the uncon-
fined concrete material model by [24] in the post peak region and the confined concrete model 
by [25], where the uniaxial stress-strain relationship includes the effect of confinement pro-
vided by transverse reinforcement (as shown in Figure 2a for f’c=20.7 MPa). Because the 
transverse reinforcement in beams and columns is relatively low and poorly detailed, all con-
crete is modeled more close to the unconfined model with peak strength achieved at a strain 
of 0.002 and minimum post-peak strength achieved at a compressive strain of 0.006. The cor-
responding strength at ultimate strain is 0.05∙f’c for f’c=34.5 MPa and f’c=27.6 MPa and 0.2∙f’c 
for f’c=20.7 MPa (as shown in Figure 2a in Concrete01 model). Longitudinal steel behavior is 
simulated using the Steel02 material in OpenSees. This model includes a bilinear stress-strain 
envelope with a curvilinear unloading-reloading response under cyclic loading (as shown in 
Figure 2b). The previous research indicates that the observed yield strength of reinforcing 
steel exceeds the nominal strength (17,19). Following the recommendation of [17], yield 
strength of 345 MPa (50 ksi) and 496 MPa (72 ksi) are used in this research for Grade 40 and 
Grade 60 steel, respectively. Both Grade 40 and Grade 60 reinforcement are assumed to have 
a post-yielding modulus equal to 1% of the elastic modulus, which is assumed to be 200 GPa.  
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Figure 2 a) Uniaxial stress-strain model relationship for concrete with f’c=20.7 MPa and b) Longitudinal steel 
stress-strain model relationship for bars with fy=495 MPa 
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Flexural response of beams and columns is simulated using fiber cross sections represent-
ing the beam-column line elements. Uniaxial fibers within the gross cross section were as-
signed to have the property of either concrete (Concrete01 in Figure 2a) or steel (Steel02 in 
Figure 2b). A typical column cross section included 30 layers of axial fibers in the longitudi-
nal direction of the column. Effective slab width was included in beam cross section. Figure 3 
shows the moment-curvature relationship for a selected column (second column on the left in 
the second story and third column on the left in the third story in Figure 1a), obtained from a 
fiber cross section analysis. In Figure 3 four critical points in the moment-curvature relation-
ship are shown. The first steel yielding occurred when the bottom tensile layer of steel 
reached the yield strain of 0.00248 (Figure 2b). Concrete cover spalling occurred when the 
extreme compressive fiber reached the maximum unconfined concrete axial strain at 0.006 
(Concrete01 in Figure 2a). It is assumed that the ultimate flexural deformation capacity is 
reached when the peak strength is reduced by 20% at a curvature of approximately 0.1 1/m. 
The failure of cross section is defined as the axial compressive failure of the last layer of con-
crete near neutral axis. Beyond the last concrete layer failure, where analysis stops, sectional 
strength is only contributed by longitudinal steel. 
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Figure 3 Moment-curvature relationship for a single column (second column on the left in the second story 

and third column on the left in the third story in Figure 1a) 
 
In OpenSees, flexural beam-column members are modeled as force-based in which a spe-

cific moment distribution is assumed along the length of the member. An internal element so-
lution is required to determine member deformations that satisfy the system compatibility. 

In force-based column elements, distributed plasticity model is used in OpenSees in order 
to allow for yielding and plastic deformations at any integration point along the flexural 
member length under increasing loads. In order to characterize the numerical integration op-
tions for the force-based column element and to accurately capture plastic deformations along 
the members, Newton-Cotes integration [26] is selected in this research. Newton-Cotes meth-
od distributes integration points uniformly along the length of the element, including one 
point at each end of the element (Figure 4a).   

 Beam member force-deformation response is computed assuming that inelastic action oc-
curs mainly at the member ends and that the middle of the member remains typically elastic, 
but this is not necessary. Plastic hinge integration methods are used to confine nonlinear de-
formations in end regions of the element of specified length. The remainder of the element is 
assumed to stay linear elastic and it is assumed that the length of the plastic region is equal to 
the depth of the cross-section. The modified Gauss-Radau hinge integration method is used 
for numerical integration in OpenSees to capture nonlinear deformations near the ends of the 
force-based beam elements [26]. The modified two-point Gauss-Radau integration within 
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each hinge region is implemented at two integration points at the element ends and at 8/3 of 
the hinge length, Lo=h, from the end of the element (Figure 4b), where h is the beam depth. 
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Figure 4 Spring model used for a) column with fixed ends, and b) beam with fixed ends. 

2.2.2 Shear model 

Recent earthquakes have shown that columns in older RC buildings with poor seismic de-
tails, including the hotel building considered in this paper, experience shear or flexure-shear 
failures. The shear model by [23] defines the lateral force-shear displacement envelope in-
cludes three distinct points corresponding to: 1) maximum shear strength, 2) onset of shear 
strength degradation, and 3) axial load failure. The maximum shear strength, Vn, is predicted 
using the model by [27]: 
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where Av is the transverse reinforcement area within a spacing, s, in the loading direction; fy 
(MPa) is the transverse reinforcement yield strength; d is the effective section depth; f’c (MPa) 
is the compressive strength of concrete; a is the shear span of the element; P is the axial load; 
Ag is the gross area of the section and k is a factor to account for ductility-related strength deg-
radation. Shear displacements are calculated using a combination of two existing models 
[23,28].  The shear displacement corresponding to peak strength, v,n,  is calculated as:  
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where ρl is the longitudinal steel ratio and L is the length of the column. 
As described in [28], the procedure for the calculation of shear displacement at the onset of 

shear failure is adopted from [29]. Shear displacement at axial failure is obtained using the 
procedure given in [23], which requires the calculation of total lateral displacement. Total 
lateral drift is calculated using the equation proposed by [30]. 

2.2.3 Bar slip model 

When a reinforcing bar embedded in concrete is subjected to a tensile force, strain accumu-
lates over the embedded length of the bar. This tensile strain causes the reinforcing bar to slip 

(a) (b) 
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relative to the concrete in which it is embedded. Slip of longitudinal column bars at column 
ends (i.e., from the footing or beam-column joint) will cause rigid body rotation of the column. 
This rotation is not accounted for in flexural analysis, where the column ends are assumed to 
be fixed. The bar slip model used in this study was originally developed by [29] and presented 
in [23]. This model assumes a stepped function for bond stress between the concrete and rein-
forcing steel over the embedment length of the bar. The bond stress is taken as 1∙√f’c MPa for 
elastic steel strains and as 0.5∙√f’c MPa for inelastic steel strains. The rotation due to slip, s, 
is calculated as slip/(d-c), where slip is the extension of the outermost tension bar from the 
column end, and d and c are the distances from the extreme compression fiber to the centroid 
of the tension steel and the neutral axis, respectively. Steel strains and neutral axis location, 
determined at each step during the moment curvature analysis, are used here to determine slip 
rotation under increasing moment or column lateral force. The column lateral displacement 
due to bar slip, slip, is equal to the product of the slip rotation and the column length 
(slip=s∙L). 

2.2.4 Total lateral response 

The total lateral response of a RC column can be modeled using a set of springs in series in 
OpenSees. The flexure, shear and bar slip deformation models discussed above are each mod-
eled by a spring or element. Each spring is subjected to the same lateral force. Initially, the 
total displacement response is the sum of the responses of each spring. The combined column 
spring model is shown in Figure 3. A typical column element includes two zero-length bar 
slip springs at its ends, one zero-length shear spring and a flexural element with five integra-
tion points. The shear behavior is modeled as a uniaxial hysteretic material defined for the 
spring in the shear direction (i.e., transverse direction of the column or direction 1 in Figure 3). 
The bar slip rotation is modeled with two rotational springs at the column ends using a uniax-
ial hysteretic material (i.e., direction 3 in Figure 3). Finally, same vertical displacement is 
maintained between nodes of zero length elements in the vertical direction (i.e., direction 2 in 
Figure 3), using the equalDOF option in OpenSees. 

The three deformation components are simply added together to predict the total lateral re-
sponse up to the peak strength of the column [23]. The rules are established for the post-peak 
behavior of the springs based on a comparison of the shear strength Vn, the yield strength Vy 
(the shear strength corresponding to moment capacity My at first longitudinal steel yielding, 
Vy=2My/L), and the flexural strength Vp (Vp=2Mp/L for a fixed ended column with maximum 
flexural strength of Mp) required to reach the plastic moment capacity. By comparing Vn, Vy, 
and Vp, the columns can be classified into five different categories, as described in [21]: 1) 
Category I: Vn<Vy: the shear strength is less than the lateral load causing yielding in the ten-
sion steel. The column fails in shear while the flexural behavior remains elastic. As the col-
umn strength decreases, shear deformations continue to increase according to the shear model, 
while the flexure spring unloads along its initial elastic response; 2) Category II: 
Vy<Vn<0.95∙Vp: the shear strength is greater than the yield strength, but slightly less than the 
flexural strength of the column. The column fails in shear, but inelastic flexural deformation 
occurring prior to shear failure affects the post-peak behavior. As the column strength de-
creases beyond peak strength, shear deformations continue to increase according to the lateral 
force-displacement shear model, but the flexure and slip springs are locked at their values at 
peak strength; 3) Category III: 0.95∙Vp<Vn<1.05∙Vp: the shear and flexural strengths are very 
close. As the column strength decreases, all deformations continue to increase according to 
their individual models; 4) Category IV: 1.05∙Vp<Vn<1.4∙Vp: the shear strength is greater than 
the flexural strength of the column. The column experiences large flexural deformations po-
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tentially leading to a flexural failure. Beyond maximum strength, flexural and slip defor-
mations continue to increase according to their models and inelastic shear deformations can 
affect the post-peak behavior. Shear failure may occur as displacements increase; 5) Category 
V: Vn<1.4∙Vn: the shear strength is much greater than the flexural strength of the column. The 
column fails in flexure while the shear behavior remains elastic. If the column strength de-
creases, flexural and slip deformations continue to increase according to their models, while 
the shear spring unloads with an unloading stiffness equal to its initial stiffness.  

Figure 5 shows the three different deformation components and the total lateral displace-
ment for columns 11 and 21 of the frame (Figure 1a), belonging to two different categories 
described above (Category I and Category IV). This procedure of comparison and identifica-
tion of failure mode are repeated for all of the columns of the frame. Table 1 compares Vn, Vy 
and Vp, for the columns in the first four stories, which typically affect the collapse mechanism 
due to characteristics of the frame. 
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Figure 5 Three different deformation components and the total lateral displacement for columns 11 and 21 of 
the frame, belonging to Category I (left) and Category IV (right) 

 

Column 
Bare frame Retrofitted frame 

Vy 
(kN) 

Vn 

(kN) 
Vp 

(kN) 
Vp /Vn Vy /Vn Category RC jacketing 

FRP 
wrapping 

1, 9 201 233 210 0.90 0.86 IV V V 
2, 8 212 245 244 1.00 0.87 III V IV 

3 to 7 212 245 244 1.00 0.87 III V IV 
10, 18 158 189 176 0.93 0.84 IV IV V 
11, 17 295 279 325 1.16 1.06 I IV IV 

12 to 16 248 281 266 0.95 0.88 IV IV IV 
19, 27 143 171 162 0.95 0.84 IV IV V 
20, 26 268 260 309 1.19 1.03 I IV IV 

21 to 25 224 260 249 0.96 0.86 IV IV IV 
28, 36 138 164 154 0.94 0.84 IV IV V 
29, 35 163 175 168 0.96 0.93 III IV V 

30 to 34 163 176 168 0.96 0.93 III IV V 

Table 1 Comparison of the shear strength Vn, yield strength Vy and flexural strength Vp and category classifica-
tion for the columns in the first four stories in the longitudinal frame  

3 MODELS FOR RETROFITTED FRAMES 

The main goal of the retrofit design is to prevent premature failure of brittle elements and 
to increase their ductility and strength. In addition, the lateral displacements need to be dis-
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tributed relatively uniformly over the height of the structure to avoid concentration of inelastic 
deformations in a story mechanism. To control lateral drifts and to keep them below the target 
displacement, one of the effective strategies for moment frame concrete structures is to add 
lateral stiffness, e.g., by adding a shear wall, to reduce the period and decrease the resulting 
building displacements. Another effective way to increase overall ductility and strength of the 
frame is to increase flexural and shear strength and additional deformation capacity of indi-
vidual lateral load resistant members. This can be achieved by better confining the columns 
and shifting the failure mode from brittle shear to ductile flexural mode. Enlarging the cross 
section of concrete jacketing can increase lateral stiffness and strength and ductility. 

 The selection of the retrofit scheme and the level of intervention is a rather complex pro-
cess because many factors need to be considered. To avoid and reduce the restriction of use of 
building for a long time, addition of new lateral load resistance system, member replacement 
or local or global modification (addition of stiffness, strength and ductility) of elements and 
system may be difficult or impossible to implement. The ease and quick application of fiber 
reinforced polymers (FRP) composite materials makes them attractive for use in structural 
applications, especially in cases where dead weight, space or time restrictions exist. The goal 
of this research is to evaluate the effectiveness of common retrofit strategies mainly in terms 
of improvement of the structural performance. Three different retrofit options are considered: 
1) all columns of the frame are RC jacketed, 2) a new shear wall is added to the frame (near 
the center of the frame and doweled into the existing columns and beams), and 3) all columns 
of the frame are wrapped by carbon FRP. 

3.1 Reinforced concrete jacketing 

The first retrofit scheme considered is the reinforced concrete jacketing of all columns in 
the longitudinal frame of the Holiday Inn hotel building. RC jacketing is a traditional method 
for seismic upgrading of damaged or poorly detailed RC construction. The main goal is to 
prevent shear damage in columns and to achieve flexural yielding and sufficient ductility. 
Figure 6a shows the retrofitted cross section for a central column in the fourth story. The size 
of all columns of the considered frame increased from 356 mm x 508 mm to 508 mm by 660 
mm with a jacket thickness of 76 mm. Column concrete used for jacketing has nominal 
strength of f’c 34.5 MPa in the first and second stories and 27.6 MPa from the third story to 
the seventh. All steel reinforcement in jackets has a yield strength of 414 MPa (Grade 60). 
Columns jackets include ten #9 bars between ground and second floor; eight #9 bars between 
second and fourth floors; ten #7 bars between fourth and fifth floors; eight #7 between fifth 
and seventh floors. The ties are #4 bars spaced at 305 mm on center between ground and third 
floor and # 3 bars spaced at 305 mm on center above the third floor.  The retrofit design and 
reinforcement details meet the seismic provisions of ACI 318 [32]. Previous reinforcement in 
existing columns is neglected in the analysis. Table 1 shows the change in failure mode cate-
gories defined in the previous section. It is noted that all retrofitted columns tend to have flex-
ural critical mechanism. Moreover, the first period of the frame shifted from 1.17 seconds for 
the bare frame to 0.93 seconds for the RC jacketed frame model.  

3.2 Shear wall 

The second retrofit method involved addition of a new shear wall into the frame to increase 
the strength and stiffness and to reduce demand on the unstrengthened columns, by limiting 
the lateral frame displacement. The wall is centered on the frame and is doweled into the ex-
isting columns and beams. Figure 6b shows the shear wall cross section in the fourth floor. 
The boundary elements of the wall over the height of the entire frame are designed to be the 
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retrofitted existing columns. After the RC jacketing, all boundary elements are 508 mm wide 
by 660 mm deep, i.e., oriented to bend in their weak direction when resisting lateral forces in 
the plane of the frame. Column concrete used for jacketing has nominal strength f’c of 34.5 
MPa in the first and second stories, and 27.6 MPa from the third story to roof. Grade 60 col-
umn reinforcing steel is used for jacketing (fy=414 MPa). The shear wall outside boundary 
elements has a constant thickness of 200 mm. The horizontal and vertical reinforcement ratios 
are determined following the minimum requirements in ACI 318 [32]. The fundamental peri-
od of the frame with shear wall is 0.46 seconds.  

3.3 FRP wrapping 

In the third retrofit application, the nonductile concrete columns of the frame are wrapped 
with carbon fiber reinforced polymer composite (CFRP) as shown in Figure 6c. All columns 
are wrapped with only one layer of uni-axial transverse CFRP, with a thickness of 0.164 mm. 
The most common goal of use of CFRP retrofit is to increase shear strength and to prevent 
shear failure in columns. In addition, the CFRP can improve the deformation capacity, by 
providing confinement. Nevertheless, the improvement in the ultimate deformation and con-
crete strength maybe not be significant compared to increase in shear strength. The calcula-
tion of the shear strength and ductility increase are calculated using the Eurocode 8 [33] and 
Italian Guidelines [34]. The first period of the FRP retrofitted frame is 1.13 seconds. The FRP 
retrofitted models do not include fracture or debonding of the fiber wrap since these failure 
modes are assumed to be prevented during design and detailing. Table 1 shows that FRP wrap 
shifts the brittle failure modes to more ductile flexure failure. It is noted that, however, all RC 
jacketed or FRP wrapped columns have flexure dominated failure mechanisms. 

 

 
(a) (b) (c) 

Figure 6 Retrofit options considered: a) RC jacketing of columns, b) shear wall addition and c) FRP wrap-
ping of columns 

4 NONLINEAR ANALYSIS PROCEDURE AND RESULTS 

As described in [13], for each nonlinear time-history analysis, the corresponding critical 
demand to capacity ratio (DCRPL), equal to the mechanism that brings the structure closest to 
the onset of the performance level PL, is adopted as the structural response parameter. The 
DCRPL parameter is defined as: 

 max min
( )

mech l jlN N
PL l j

jl

D
DCR

C PL
  (3) 

where Nmech is the number of considered potential failure mechanisms; Nl is the number of 
components taking part in the lth mechanism; Djl  and Cjl(PL) are the seismic demand (ex-
pressed herein in terms of chord rotation θdemand) and capacity for component l at each (time) 
step j of the analysis, respectively. Cjl  is calculated from the total capacity curve for each 
member end, corresponding to a prescribed performance levels PL (described in detail below). 
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Seismic capacity in this work is characterized by: θyielding which is the deformation capacity 
corresponding to the point in which the longitudinal steel rebar in the member starts to yield 
in tension; θultimate which is the deformation capacity corresponding to the point in which there 
is a 20% reduction in the strength on the softening branch in the total lateral response of the 
member; θaxial which is the deformation capacity corresponding to complete loss of vertical 
load carrying capacity of the member.  

The potential failure mechanisms considered here correspond to the achievement of the 
columns deformation capacities mentioned above and are the following: a) yielding of the 
columns: θdemand>θyielding; b) ductile or brittle failure of the columns: θdemand>θultimate, depend-
ing on if the column is flexure or shear critical; and c) collapse of the columns: θdemand>θaxial. 
It is important to highlight the relationship between the failure mechanisms described above 
and the performance levels chosen in this work as suggested in Table C2.1 of ASCE 41 [16]. 
Performance levels are related to the achievement of objectives: a) yielding of the columns 
correspond to Immediate Occupancy performance level corresponding to hazard level identi-
fied with return period TR=72 years; b) the ductile or brittle failures of the columns corre-
spond to Life Safety performance level corresponding to hazard level identified with return 
period TR=225 years; and c) the collapse of the columns correspond to Collapse Prevention 
performance level corresponding to hazard level identified with return period TR=975 years. 

The structural fragility is calculated based on the critical demand to capacity ratios DCRPL 

for a suite of un-scaled ground motion records for the above-mentioned three performance 
objectives (a.k.a., the Cloud Analysis). For a suite of ground motions, the cloud data encom-
passes pairs of ground motion intensity measure (IM) and its corresponding structural perfor-
mance variable DCRPL (see Eq.3). Herein, IM is adopted as the spectral acceleration at the 
first-mode period, Sa(T1). When predicting nonlinear response of structures, it is necessary to 
account for the possibility that some records may cause collapse of the structure at higher lev-
els of IM, which sometimes is manifested by numerical non-convergence in the analysis soft-
ware.  It is however important to note that achieving a DCRPL greater than unity at ultimate 
limit state does not necessarily entail structural collapse. In this research, the criteria estab-
lished by [35] for defining global structural collapse is adopted, where the structural collapse 
occurs when one of the two following conditions has reached: 1) 50% +1 of the columns in 
only one story reach θaxial; and 2) the maximum lateral interstory drift exceeds 10%. There-
fore, the cloud data is divided into two parts: a) NoC data which correspond to that portion of 
the suite of records for which the structure does not experience global “Collapse”, and b) C 
data for which the structure will experience “Collapse”. The fragility, defined as the probabil-
ity of exceeding the limit state PL given IM, more conveniently expressed as the probability 
that DCRPL exceeds unity given IM, can be expanded with respect to NoC and C portions of 
cloud data using total probability theorem [12,36]: 
          1| 1| , | 1| , |PL a PL a a PL a aP DCR S P DCR S NoC P NoC S P DCR S C P C S        (4) 

The probability terms in Eq. (4) are described as: 
 The NoC term P(DCRPL>1|Sa,NoC) is the conditional probability that DCRPL exceeds 

unity for a given value of spectral acceleration Sa conditioned on NoC. It can be described by 
a lognormal distribution, where various studies have illustrated that this assumption is ade-
quate for describing a displacement-based engineering demand parameter given IM [37-40]: 
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where  is the standardized Gaussian cumulative distribution function (CDF), DCRPL|Sa,NoC 
and DCRPL|Sa,NoC are conditional median and logarithmic standard deviation (dispersion) of the 
natural logarithm of DCRPL given NoC. Based on the standard Cloud Analysis procedure, 
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these two parameters can be obtained by performing a logarithmic linear regression (i.e., 
linear regression in the logarithmic scale) on the NoC portion of data: 
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where NNoC is the number of non-collapse-inducing (NoC) records. 
 The term P(DCRPL>1|Sa,C) is equal to unity, i.e., in the cases of global dynamic insta-

bility (global Collapse), the performance level PL is certainly exceeded. 
 The term P(C|Sa)=1-P(NoC|Sa) is the probability of global dynamic instability (global 

Collapse), which can be expressed by a logistic regression model (a.k.a., logit) on the Sa val-
ues of the entire cloud data [41]: 
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where  and  are the parameters of the logistic regression. It should be noted that the 
logistic regression model is particularly useful for cases in which the dependent variable of 
regression is binary (i.e., can have only two values 1 and 0, yes or no, which is the case of C 
and NoC herein). Eq. (5) can also be used in order to calculate the demand value, DCRPL, 
corresponding to percentile p of the distribution PDCR|Sa (i.e., the p% demand value) by setting 
the left side of the Eq. (5) equal to p and solving it for DCRp

PL [42]: 
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where Ф-1 is the inverse function of standardized normal distribution. In particular, consider-
ing only NoC data where P(NoC|Sa) becomes 1 in Eq.(8), while taking into account collapse 
information (C data), P(NoC|Sa) is estimated based on the logistic regression model Eq. (7).  

4.1 Pushover results 

Nonlinear static or pushover analysis of the frame is performed to determine its overall 
frame stiffness, strength and damage progression under increasing lateral forces. In this re-
search, lateral load is applied using an inverse triangular load distribution using a force base 
approach in OpenSees. The response in terms of lateral loads (e.g., base shear) and maximum 
interstory drift is monitored.  

In Figure 7, the static pushover results are presented for the bare frame and the three retro-
fitted frame models. The events of the first column yielding, attainment of the first column 
ultimate capacity and the axial failure of the first column are shown in Figure 7 for each mod-
el. As explained above, the failure mechanisms of first yielding, first ultimate capacity and 
first axial failure can be defined to correspond, respectively, to immediate occupancy, life 
safety and collapse prevention performance levels, as described in [16]. According to FEMA 
356 [43], these three performance levels are identified by the lateral drift thresholds of 1%, 
2% and 4%. Figure 7 shows that, in particular for the bare frame, these limits at first yielding, 
first ultimate capacity and first axial failure, match relatively well with the pushover results. 
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Figure 7 Pushover curves for bare frame and retrofitted frames (circles show the first member yielding, stars 

show the first ultimate capacity achievement and squares show the first axial failure in the frame) 
 
Table 2 shows the calculated yield strength, Vy; maximum strength, Vmax; ultimate strength, 

Vu; axial strength, Va and global ductility for each of the frame model. Ductility, µ, is calcu-
lated as the ratio of maximum interstory drift of the frame at the collapse level and maximum 
interstory drift corresponding to the first member yielding. Table 3 compares strength and 
ductility at first yielding, first column ultimate capacity and first column axial failure for bare 
and retrofitted frames, where µu and µa are the ductility values at the first ultimate capacity 
achievement and at the first axial failure in the frame. This allows for direct comparison of 
structural performance of each of the retrofit strategies. Table 3 shows that the addition of 
shear wall increases the strength most while the largest ductility increase is achieved when 
columns are jacketed. Both strength and ductility increase (can decrease at axial failure) is the 
smallest for FRP retrofitted frame. 

 
Case Vy (kN) Vmax (kN) Vu (kN) Va (kN) Ductility µ 

Bare frame 1499  1744 1603 1152 3.38 
RC jacketing 2252 3385 3265 3033 9.03 
Shear wall 3525 4169 4125 4102 10.75 
FRP wrap 1759 1863 1776 1768 2.75 

Table 2 Yield strength (Vy), maximum strength (Vmax), ultimate strength (Vu), axial strength (Va) and global duc-
tility for each model 

 

Case 
First yielding First ultimate failure First axial failure 

Strength 
Vy/Vy bare frame 

Strength 
Vu/Vu bare frame 

Ductility 
µu/ µu bare frame 

Strength 
Va/Va bare frame 

Ductility 
µa/ µa bare frame 

RC jacketing 1.50 2.04 4.00 2.63 2.66
Shear wall 2.35 2.57 1.20 3.56 1.08
FRP wrap 1.17 1.11 1.47 1.53 0.82

Table 3 Comparison of response of bare and retrofitted frames in terms of strength and ductility at first yielding, 
first ultimate capacity achievement and first axial failure in the frame  

4.2 Cloud Analysis 

A set of 70 strong ground-motion records are selected from the NGA-West2 database [44] 
in order to implement cloud analysis. This suite of records covers a wide range of magnitudes 
between 5.5 and 7.9, and closest distance-to-ruptured area (denoted as RRUP) up to around 40 
km, as illustrated by the scatter diagram in Figure 8a. The spectral acceleration spectra for the 

1527



Andrea Miano, Halil Sezen, Fatemeh Jalayer and Andrea Prota 

 

selected suite of ground motion records are shown in Figure 8b. Since the shear wave velocity 
in upper 30 m of soil, Vs30, at the structure’s site is around 218 m/sec, all selected records are 
chosen to be on NEHRP site classes C-D (where C: 360<Vs30<760 m/s and D: 
180<Vs30≤360 m/s). No limits have been set (in this selection) on the number of recordings 
from a single seismic event, while only one of the two horizontal components of each record-
ing, with higher spectral acceleration at around 1.0 sec, is selected. By setting the lowest cut 
off  frequency equal to 0.25 Hz, it has been ensured that the low-frequency content is not re-
moved by the ground motion filtering process. There is no specific consideration on the type 
of faulting; nevertheless, the selected records are from strike-slip or reverse faults (consistent 
with active tectonic zones). The records are selected to be free field or on the ground level 
without consideration of station housing.  
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Figure 8 a) Scatter diagram, and b) response spectra, for the suite of ground-motion records used for cloud 
analysis. 

 
The “cloud” method provides estimates of the two statistical parameters of demand given 

the spectral acceleration, namely the median given spectral acceleration DCRPL|Sa and the 
(constant) logarithmic standard deviation given spectral acceleration DCRPL|Sa. The “cloud” 
response is obtained by applying original ground motions (as recorded) to the structure.  Once 
the ground motion records are applied to the structure, the resulting DCRPL=D/C are calculat-
ed for each performance level. As explained above, it is necessary to account for the possibil-
ity that some records may cause collapse of the structure at higher levels of IM. To account 
for these collapse cases, the cloud data is partitioned into collapsed and not-collapsed cases. 
In particular, in the case that none of the ground motion records selected leads to collapse, the 
fragility defined as P(DCRPL>1|Sa) can be estimated from Eq. (5) based on the logarithmic 
linear regression on the entire cloud data. Alternatively, if C data exist, the fragility is calcu-
lated by implementing Eq. (4) where the logarithmic linear regression is applied to the NoC 
portion of cloud data and the logistic regression is applied to the entire cloud data. Figures 9, 
10, 11 and 12 show the cloud analysis results for the different performance levels for each 
model and illustrate the 16th, 50th and 84th percentiles of the performance variable as a func-
tion of spectral acceleration and calculated from Eq. (8). The figures also report the parame-
ters of the logarithmic linear regression (considering only the non-collapsed cases), namely, 
log a, b and standard deviation DCRPL|Sa, NoC.  

 

(b) (a) 
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Figure 9 Cloud regression for bare frame: a) immediate occupancy PL, b) life safety PL, and c) collapse pre-
vention PL 
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Figure 10 Cloud regression for RC jacketing: a) immediate occupancy PL, b) life safety PL, and c) collapse 
prevention PL 
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Figure 11 Cloud regression for shear wall: a) immediate occupancy PL, b) life safety PL, and c) collapse pre-
vention PL 
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Figure 12 Cloud regression for FRP wrapping: a) immediate occupancy PL, b) life safety PL, and c) collapse 
prevention PL 
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4.3 Performance-based safety-checking 

As described in [45], a framework for probability-based demand and capacity factor design 
(DCFD) seismic safety evaluation is implemented in order to verify the structural safety at 
each performance level. The DCFD format is based on a closed-form analytical expression 
for the mean annual frequency of exceeding a structural performance level. The threshold for 
each performance level is identified by a critical demand to capacity ratio DCRPL calculated 
for the prescribed performance level (e.g., immediate occupancy, life safety or collapse pre-
vention) and set equal to unity. According to DCFD, the structure in question satisfies the 
safety requirements for a prescribed performance level PL if the seismic demand correspond-
ing to an acceptable probability/risk level is less than or equal to the seismic capacity for that 
PL. Herein, an intensity-based version of this format is adopted where the safety criteria is 
expressed in term of the seismic intensity measure [see 46]: 
 ( ) PL

a o aS P S  (9) 

where Sa(Po) or the IM-based factored demand (denoted generically later as DPL, where 
PL=IO, LS, CP) is the spectral acceleration value corresponding to the acceptable probability 
level Po, based on the site-specific mean hazard curve (https://www.usgs.gov) for the funda-
mental period of the frame (Figure 12). The hazard curve is approximated by a power-law 
type of expression in the region of spectral acceleration values of interest:  

                                                     
1( ) ( )  ;  ( )

a a

k
a o S o S a o aS P P S k S      (10) 

where ko and k are the fit parameters with k that is the slope of this approximate curve. Sa
PL 

(denoted generically later as CPL, where PL=IO, LS, CP) is the IM-based factored capacity 
and is calculated as: 

                                                     1 1 2( ) exp ( )
2

PL PLDCR DCRPL
a a a

k
S S S      

 
 (11) 

where Sa
DCRPL=1 is the spectral acceleration at the onset of performance level PL (i.e., 

DCRPL=1); (Sa
DCRPL=1) and (Sa

DCRPL=1) are the median and logarithmic standard deviation of 
the fragility curve for performance level PL. The fragility is defined as P( 1 |PL aDCR S ) or 

equivalently in IM-based terms as  P(Sa
DCRPL=1≤ Sa)  is assumed to be a lognormal cumulative 

distribution function (CDF) with median (Sa
DCRPL=1) and logarithmic standard deviation 

(Sa
DCRPL=1) estimated as: 

                                                    
84

1 150
16

1
( )  ;   ( ) ln

2
PL PL

th
DCR DCRth a

a a a th
a

S
S S S

S
     (12) 

where Sa
16th, Sa

50th, Sa
84th are the values of Sa corresponding to probability values equal to 0.16, 

0.50 and 0.84, respectively. As it can be seen from the precedent equation, the capacity factor, 
exp(k(Sa

DCRPL=1)/2) is a reduction factor that takes into account the record-to-record variabil-
ity in the structural performance capacity (expressed in IM-based terms). In other words, the 
factored capacity is always less than or equal to the median capacity. Figures 13, 14 and 15 
show the hazard and the fragility curves and the calculation of DPL Sa(Po) and CPL=Sa

PL for 
each performance level for each modeling option. Tables 4 and 5 show the statistical parame-
ters for fragility curves and the comparison between DPL and CPL, respectively, for each mod-
eling option in each performance level. Based on these results in term of structural 
performance, it is possible to evaluate the effectiveness of the different retrofit options. More-
over, in Miano et al. [47], a cost analysis is also presented in order to compare the estimates of 
expected life cycle cost for each of the retrofit methods considered in this case study. 
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Figure 13 Hazard and fragility curves for immediate occupancy performance level (PL=IO) 
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Figure 14 Hazard and fragility curves for life safety performance level (PL=LS) 
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Figure 15 Hazard and fragility curves for collapse prevention performance level (PL=CP) 

 

  Immediate occupancy Life safety PL Collapse prevention PL
Model η (g) β η (g) β η (g) Β 

Bare frame 0.30 0.29 0.55 0.32 0.82 0.27 
RC jacketing 0.37 0.28 1.61 0.23 1.81 0.22 

Shear wall 0.84 0.57 2.12 0.44 2.84 0.29 
FRP wrapping 0.34 0.29 0.68 0.29 0.82 0.27 

Table 4 Statistical parameters for fragility curve 

Model Sa (T1) (g) DIO (g) CIO (g) DLS (g) CLS (g) DCP (g) CCP (g)
Bare frame 1.17 0.27 0.27 0.45 0.48 0.78 0.73

RC jacketing 0.93 0.30 0.34 0.51 1.51 0.89 1.68
Shear wall 0.54 0.44 0.61 0.75 1.65 1.28 2.48

FRP wrapping 1.13 0.27 0.32 0.45 0.62 0.78 0.73

Table 5 Comparison between DPL and CPL for each modelling option in each performance level 
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5 CONCLUSIONS 

In this paper, alternative retrofit methods are evaluated for older nonductile frame build-
ings using a nonlinear structural performance assessment methodology. As a case study, the 
north longitudinal frame of an existing hotel building is modeled including the effect of flex-
ural-shear-axial load interaction to be able to capture column shear and axial failures. As a 
probabilistic nonlinear dynamic analysis framework, cloud method is used since it is particu-
larly efficient, involving nonlinear analyses of the structure subjected to a set of un-scaled 
ground motion time histories. A framework for probability-based demand and capacity factor 
design (DCFD) seismic safety evaluation is implemented in order to verify the structural per-
formance and safety at each chosen performance level. Based on this cloud analysis frame-
work, a risk based retrofit strategy optimization is developed in this study. The structural 
performance is the main parameter taken into account for the optimization. 

This study shows that it is crucial to choose the most effective retrofit strategy based on the 
performance assessment of the bare frame. A fundamental point in the assessment is the ne-
cessity to accurately model materials and column members (considering also specific shear 
and slip models) to capture the flexure, shear and flexure-shear failure modes in columns and 
the potential collapse of the building frame. Another important point is the possibility to use 
the critical demand to capacity ratio (DCRPL) as structural performance parameter for each 
performance level, which is defined by the mechanism that brings the structure closest to the 
onset of the specific performance level PL.  

The final results show that it is crucial to choose a retrofit strategy based on the safety as-
sessment of the bare frame. Each retrofit strategy can improve the performance of the existing 
building differently based on how much it can increase the ductility and/or strength and avoid 
the brittle mechanisms. Considering most columns in the hotel building analyzed are not like-
ly to fail in pure shear, FRP retrofit is expected to be less effective than the other retrofit op-
tions. This is because FRP wrapping generally leads to a significant increase mostly in shear 
resistance. On the contrary, both RC jacketing and shear wall retrofit options provide the bare 
frame with additional strength and stiffness and lead to a factored capacity that is approxi-
mately four times that of the bare frame, for both life safety and near collapse PLs. However, 
for the immediate occupancy PL, RC jacketing does not lead to a significant increase in ca-
pacity, while the frame with shear wall achieves a factored capacity about four times that of 
the bare frame. 
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Abstract. Recent earthquakes have demonstrated that the seismic behaviour of existing rein-

forced concrete buildings, not designed to resist to earthquake loadings, is strongly affected 

by the local collapses of the beam-to-column joints that can be subjected to shear collapse of 

the central region or bond-slip of the longitudinal steel bars. In this paper a new macro-node 

element able to account for the nonlinear behaviour of the beam-to-column joints is presented. 

The model can be represented by a simple mechanical scheme constituted by an articulated 

quadrilateral whose rigid edges connect beams and columns through nonlinear discrete inter-

faces and whose internal deformability is related to a single degree of freedom only. The 

model is able to account for the shear failure of the joint region as well as the flexural and 

shear plastic deformations at the contact edges of the connected elements allowing the non-

linear modeling of a frame structure through an assemblage of non-linear macro-nodes con-

nected by means of elastic frame elements. 
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1 INTRODUCTION 

Recent earthquakes have clearly shown the high vulnerability of existing reinforced concrete 

buildings not designed to resist to earthquake loadings. A reliable nonlinear model of a rein-

forced concrete building should include efficient simulation of beams, columns as well as 

beam-to-column joints.  Many advanced numerical models have been proposed in the litera-

ture to simulate static, cyclic and dynamic behaviour of beams-columns elements also sub-

jected to axial-moment-shear interactions [1,2,3] and some of these models have already 

implemented in advanced software largely used in engineering practice, however efficient 

models of beam-column joints still represent an academic issue whose results have not been 

made available to engineering community.  

In this paper a new discrete macro-node element is proposed. The latter is able to simulate the 

nonlinear response of the node regions subjected to seismic loads with a limited computa-

tional effort, taking into account both the shear failure of the joint region, the flexural and 

shear plastic deformations at the edges of the elements and the bond-slip phenomena. Accord-

ing to the node capabilities, a nonlinear reinforced concrete frame structures can be modelled 

by means of the assembling of macro-nodes connected each others by elastic beam or column 

elements, provided that the plastic hinges can occur only at the ends of the frame elements. A 

brief description of the macro-node is presented and a first validation of full scale specimens, 

that have been the object of experimental campaigns [4,5] is reported. The results obtained so 

far seem to indicate that the proposed discrete macro-element node could be effectively used 

for the seismic assessment of reinforced concrete buildings and for the evaluation of possible 

retrofitting measures.       

2 THE PROPOSED MACRO-MODEL    

The proposed macro-node element has been inspired by a plane macro-element proposed by 

the authors for the simulation of nonlinear behaviour of unreinforced masonry buildings 

[6,7,8,9] and masonry infilled frames [10,11]. The basic element can be described by referring 

to a simple mechanical representation in which the element is regarded as an articulated quad-

rilateral endowed with along-side interfaces that, consistently to a fibre discretization, account 

for both the concrete and steel bars contributions. This macro-node possesses some similari-

ties to the joint model proposed by Lowes and Altoontash [12], modified by Mitra, and Lowes 

[13] in order to simulate the behaviour of the joints without transversal steel reinforcements, 

afterwards calibrated and validated in [14-16]. However in the approach proposed herein the 

interfaces are discretized according to a detailed fibre discretization accounting for node and 

beams concrete and steel contributions.  

concrete contact
NLinks

diagonal
NLinks

bond slip
NLinks

concrete shear
NLinks

column

column

beam

steel bar

node

steel bar



 

Figure 1. schematic representation of a beam-to-column joint and its macro-modeling.  
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The mechanical behaviour of the node is governed by the along-edge nonlinear interfaces and 

the in-plane deformability of the quadrilateral, related to a single degree of freedom, Figure 1. 

Aiming at adopting a uniform fibre discretization, the concrete behaviour is represented ac-

cording to a regular distribution of nonlinear links (concrete contact NLinks) orthogonal to the 

interfaces, while the steel bar contribution is governed by concentrated nonlinear links (bond 

slip NLinks), Figure 1. The shear failure of the connected beams or columns is associated to 

the relative motion in the direction of the interfaces and described through a single longitudi-

nal nonlinear link. The shear failure of the central core of the node is governed by the two di-

agonal nonlinear links (diagonal NLinks). The kinematics of the mechanical scheme, after a 

proper calibration procedure of the nonlinear links, allows an effective simulation of the typi-

cal failure mechanisms of the node as well as of the attached end beams and columns. It easy 

to recognise that degrees of freedom needed for the kinematics description of each macro-

node are given by 4+3n, being n the number of the frame elements connected by the macro-

node. A detailed description of the kinematic and the mechanical calibration are outside the 

aim of this paper whose goal is the presentation of the model. In the following section only 

the fundamental steps needed for a suitable calibration of the element are briefly summarised. 

column element

column element

beam
element

L
pl Macro node model

L
pl

beam element

column

column

beam

L
pl

Plastic hinge zone

element

element

element

L
pl

Central node zone
 

Figure 2. schematic assembling of a frame structure (a) and its representation by means of non-linear 

macro-nodes and linear elastic beams and columns elements (b). 

3 THE MECHANICAL CHARACTERIZATION OF THE MACRO-NODE  

In the following sub-sections the fundamentals of the mechanical characterization strategy of 

the model are briefly described. 

3.1 The concrete model         

In the applications reported in the following the Kent and Park uni-axial law is used to model 

the compressive behaviour of each fibre representing the concrete [17]. The corresponding 

constitutive law relationships can be expressed as two distinct phases: the pre-peak phase 

(<0) and the post peak softening phase (>0). The - constitutive law is reported in (1) 

where fc is the compression strength, fR the residual strength, u the ultimate strain correspond-

ing to fR.  
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The influence volume, associated to each link, is a function of the adopted fiber discretization, 

the joint dimension and the assumed length of the plastic hinge (Lpl). 

3.2 The bond-slip behaviour of the steel bars      

The presence of steel bars is modelled by means of nonlinear unidirectional links, collocated 

into the interface in the corresponding positions. The bond-slip occurrence is simulated by 

using a simplified model proposed by Braga et al. [18] (Figure 3a). The latter is characterised 

by a non-linear bond slip constitutive law characterized by three limit state points which cor-

respond to the achievement of the tangential strength of the concrete (lim) at the free edge 

(point A), the extension of the ultimate tangential stresses to the entire length of the bar (point 

B) and the achievement of the ultimate tangential stress at the hooked side of the bar (point C), 

respectively. After point C the system has constant residual stiffness coinciding with the hook 

stiffness ks (Figure 3b).   

 

       
uL

F

A

B
C

ks

 
            (a)                  (b) 

Figure 3. mechanical scheme of the bond-slip model from Braga et. al. [18] (a) and the corresponding 

bond-slip constitutive law (b).   

In the macro-model each bar is modelled by two distinct links in order to simulate the anchor-

age in the node region (Lnode) and the embedded length into the beam (Lbeam). The two nonlin-

ear links are connected at the interface level. 

3.3 The shear behaviour of the joint   

With reference to unreinforced joints, the shear load transfer through the central region of the 

node can be effectively modelled according to different models already proposed in the litera-

ture [19,20,21]. In the following the model proposed by Paulay et al. [22] and improved and 

experimentally validated by Mitra and Lowes [13] is considered. The joint shear behaviour is 

governed through an uni-dimensional constitutive law which rules the relationship between 

the generalised tangential stress () and the generalised shear strain (). According to [23] the 

generalised shear stress is defined as Vbj s, where V is the shear force acting at the hori-

zontal edges of the joint, bj is the width of the joint and s is the depth of the joint, defined as 

the minimum value among the depths of the columns and the beams (see Figure 4a). The dual 

generalised shear strain () can be written as x/hj+y/bj, where hj is the eight of the joint; x 

and y respectively the horizontal and the vertical drift between the opposite edges of the joint 

(see Figure 4b). 
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Figure 4. Mechanical behaviour of the internal joint: static characterization (a), deformed configuration 

(b), generalised constitutive law (c).   

A tri-linear constitutive law, characterised by a crack point (1, 1), a yielding point (y, y) 

and a constant post yielding module (G3), as reported in Figure 4c, is adopted. This law is 

calibrated according to the procedure reported in [16] and here summarised in Table 1.    

 

Table 1: Mechanical parameters of the joint shear constitutive law. 

1 y 1 y G3  

0.48 ( )Cf Mpa  2.08 ( )Cf Mpa  0.043% 0.6% 0.015
y

y




 

 

The diagonal links inherit the tri-linear constitutive law considered in Figure 4c, with crack 

point (u1, F1), yielding point (uy, Fy) and residual stiffness (K3). The latter parameters can be 

evaluated by imposing a simple equivalence in terms of global equilibrium and deformation. 

The results are summarised in Table 2, where =arctan(hj/bj) and A= bjs is the cross section 

area of the horizontal edge of the node. 

 

Table 2: Mechanical calibration of the diagonal N-Links of the macro-node. 
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4 VALIDATION OF THE MODEL    

The applications reported in the following aims at providing a first numerical validation of the 

model by comparing some numerical results against already available experimental data. As a 

preliminary investigation, the analyses have been performed through a nonlinear-link-based 

FEM model implemented in the software SAP2000 [24]. Only static push-over analyses are 

carried out  through a non-linear multi-step displacement controlled procedure.       
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4.1 Assembling of interior beam-to-column joint   

The experimental research here considered has been performed by Walker and Alire [4,5] 

with the aim to investigate the behaviour of unreinforced concrete joints. Eleven sub assem-

bling beam-to-column joint prototypes have been tested; all the specimens had the same ge-

ometry but different steel reinforcements in order to change the joint shear stress demand and 

to produce, alternatively, the beam flexural collapse or the joint shear failure. In the following 

only the specimen SCDH-4150, characterised by a shear joint collapse, is numerically investi-

gated [5]. The test was carried out by imposing cyclic displacements at the free-end of each 

beams, directed in opposite directions(Figure 5).  
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Figure 5. SCDH-4150 test: setting, geometry of the specimen and steel bars reinforcement details.   

 

A constant axial load (P=641 kN) equal to the 10% of the ultimate compression load of the 

column, was applied at the top section of the columns. The test-setting, the geometry of the 

prototype and the steel reinforcement bars are reported in Figure 5, while the mechanical pa-

rameters adopted for the concrete and steel are reported in Table 3.  

 

Table 3: Mechanical parameters of the materials. 

Concrete  Steel bars  

fc 

[Mpa]

fR 

[Mpa]

0  

[-] 

u 

 [-] 

fy  

[Mpa] 

E  

[Mpa] 

su  

[-] 

34.5 6.8 0.0022 0.02 462 200000 0.1 
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The numerical results obtained by the macro-model are reported in Figure 6 in terms of the 

stress vs strain of the central panel of the macro-node. The results are compared to the cyclic 

response obtained experimentally. It can be observed that the response of the macro node well 

approximates the experimental envelope curve. 
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Figure 6. SCDH-4150 test: numerical capacity curve and experimental results.   

A further comparison is performed in terms of collapse mechanism and reported in Figure 7. 

In particular, Figure 7a shows the experimental damage on the joint showing a complete fail-

ure of the joint region; while in Figure 7b the deformed mesh of the macro node model is 

shown. It can be observed that the joint deformation contributes significantly to the total de-

formation of the structure.         

 

(a)   (b) 

Figure 7. Experimental (a) and numerical (b) failure mechanism.   

5 CONCLUSIONS  

Recent seismic events have demonstrated that the seismic behaviour of existing reinforced 

concrete buildings is strongly affected by the local collapses of the beam-to-column joints that 

can be subjected to shear collapse of the central region or bond-slip of the longitudinal steel 

bars. Even though many advanced numerical models are available in the literature an explicit 

modelling of the joints in the every-day engineering practice, mainly in large structures, still 

remains an open issue.    

In this paper a macro-node element able to account for the nonlinear behaviour of the beam-

to-column joints is presented. The model can be represented by a very simple mechanical 

scheme constituted by an articulated quadrilateral whose rigid edges connect beams and col-

umns through nonlinear fibre interfaces. The model is able to account for the shear failure of 
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the joint region, the flexural and shear plastic deformations at the contact edges of the joint-

elements and the bond-slip of the steel bars. A great advantage of the proposed model is that 

the nonlinear behaviour of a frame structure can be obtained as an assemblage of non-linear 

macro-nodes connected by means of elastic beam or column FEM elements. The numerical 

simulations here reported and the versatility of the element seem to confirm the potentiality of 

the proposed model to be adopted for an efficient simulation of reinforced concrete frame 

structures for which the deformability or the failure of the joint regions play a key role in the 

overall nonlinear behaviour of structure. 
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Abstract. RINTC, which started in 2015, is a joint project of ReLUIS and EUCENTRE, two 

centers of competence for seismic risk assessment of the Italian civil protection. The goal of the 

project, which is still ongoing, is to assess in an explicit manner the seismic risk of structures 

designed according to the code currently enforced in Italy. To this aim five structural typologies 

were considered: masonry, reinforced concrete, pre-cast reinforced concrete, steel, and 

seismically isolated buildings. In the framework of the project, multiple archetype structures 

have been designed for each typology according to standard practice at five sites across Italy, 

spanning a wide range of seismic hazard levels. The seismic vulnerability of the designed 

structures was assessed by subjecting 3D computer models to multi-stripe non-linear dynamic 

analysis. Integration of the probabilistic hazard and probabilistic vulnerability (i.e., fragility) 

yielded the annual failure rate, in terms of onset of non-structural damage and collapse, of each 

of the structures. Risk assessment takes into consideration record-to-record variability of non-

structural response and, for selected cases, structural modeling uncertainty. Results 

preliminarily show that, for each structural typology, the collapse risk tends to increase with 

the hazard of the site and that risk is not uniform across typologies. 
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1 INTRODUCTION 

The current Italian seismic code [1], the Norme Tecniche per le Costruzioni (NTC08 hereafter), 

allows engineers to design seismic resistant structures with respect to the onset of a number of 

pre-defined performance targets, or limit states. As in many modern (advanced) seismic codes, 

the safety margins against exceedance of these limit states are not directly controlled during 

design. In other words, the probability that the structure, during its design life, fails to meet the 

performance objectives is not known. In fact, design is carried out such that the structure is 

expected to withstand relatively rare ground motion intensities at the site of the construction 

computed according to probabilistic seismic hazard analysis [2]. In particular, design seismic 

actions (i.e., elastic response spectrum ordinates) are those corresponding to a specified the 

return period, RT  (i.e., they are exceeded at the site of the construction, on average, once in a 

number of years corresponding to RT ). For example, an ordinary structure has to be designed 

for the life-safety limit state considering ground motions with return period of 475 years (i.e., 

probability of exceedance of 10% in 50 years). Although design seismic actions have a 

probabilistic definition, the resulting failure probability is, however, not explicitly controlled 

because of two main issues: (i) NTC08 prescribes design safety margins on seismic structural 

capacity (e.g., material design values, capacity design, minimum member size, etc.) that are 

independent of the site hazard; (ii) there is no guarantee that, because of record-to-record 

variability of seismic response, either the structure will not fail for ground motions of intensity 

lower than the design one or that it will fail for intensity larger than the design one. Issue (i) 

tends to lower the failure probability with respect to the exceedance probability of the ground 

motion intensity used for design, while issue (ii) tends to increase it. The effect of these 

competing factors on the reliability of the structure is not explicitly controlled by the design 

engineer. Moreover, because design procedures may be different for different structural 

typologies or multiple design options are available for the same structural type, the code does 

not warrant that different structures designed for the same site, or similar structures at different 

sites, have the same failure probability with respect to the same performance target. Knowledge 

of these failure probabilities would form a sound basis for further understanding the seismic 

safety level of code-conforming structures. This motivated the RINTC project, which is a 

nationwide research program funded by the Italian civil protection to ReLUIS (the Italian 

network of earthquake engineering university labs; http://www.reluis.it) and EUCENTRE (the 

European Centre for Training and Research in Earthquake Engineering; 

http://www.eucentre.it). RINTC is its third year, and its preliminary results in terms of failure 

probability of code-conforming structure are summarized herein. 

For the purposes of the project, five Italian sites were considered (Figure 1) in such a way 

to span a wide range of seismic hazard levels (Table 1) within the country. Furthermore, for 

each site, two local soil conditions are considered, A- and C-type according to Eurocode 8 [3] 

classification. Five structural typologies of buildings were studied: un-reinforced masonry, 

cast-in-place reinforced concrete, pre-cast reinforced concrete, steel, base-isolated. The 

structures belonging to different typologies were designed for the same sites. 3D non-linear 

structural models were developed for the designed structures, and their seismic performance 

was evaluated via non-linear dynamic analysis. This allowed obtaining a probabilistic 

characterization of the seismic response for all possible levels of shaking at the site of interest. 

The latter, coupled with probabilistic seismic hazard, permitted the calculation for the designed 

structures of the annual failure rates (that are numerically almost identical to annual 

probabilities), which in turn enabled an assessment of the seismic safety and a reliability 

comparison across structural typologies and sites. The failure probability was evaluated with 

respect to structural collapse and onset of non-structural damage; however, herein only collapse 
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rates are presented. In the following the main results (that are preliminary, because the project 

is still ongoing) are presented. However, the interested reader can find more in-depth 

discussions in [4] and in other companion papers (referenced in the following) presented in this 

same conference that provide design, modeling, and analysis details for each structural typology 

investigated. 

 

 

Figure 1: Location of the considered sites and 

seismic source model at the basis of the official 

Italian hazard map used to determine design 

seismic actions [2]. 

 

Site Lon. Lat. 
PGA  475RT yr  

A-type soil [g] 

Milano (MI) 9.19 45.47 0.05 

Caltanissetta 

(CL) 
14.06 37.48 0.08 

Roma (RM) 12.48 41.87 0.12 

Napoli (NA) 14.27 40.85 0.17 

L’Aquila (AQ) 13.40 42.35 0.26 

Table 1: Site coordinates and design peak ground 

acceleration (PGA) on A-type soil for life-safety limit 

state. 

 

 

The reminder of the paper presents first the methodology to compute the failure probabilities, 

followed by the case-study structures, and by a discussion about seismic hazard and the 

selection of ground motions for non-linear dynamic analysis. The article ends with the 

presentation of the results of the first two years of the project and with preliminary conclusions. 

 

2 METHODOLOGY 

The final results of the project are represented by the annual failure rates of the considered code-

conforming structures. Failure is intended herein with reference to two different performance 

levels: onset of damage to non-structural elements (e.g., infills) and collapse (i.e., life-safety-

threatening structural failure). However, the structures have been designed for two code-defined 

limit states, that is, (a) damage-limitation and (b) life-safety (except base-isolated structures 

which are designed for collapse prevention). The structures are considered as ordinary, that is, 

the reference design action are exceeded with return periods 50 years and 475 years (or 975 

years for base-isolation), respectively. 

For all the structures, independently of the structural typology and of the limit state, the 

failure rates are obtained by integration of structural fragility and seismic hazard for the sites 

where the structures are located. For this task equation (1), which is compliant with the 

performance-based earthquake engineering framework [5], is employed.  

  
0

f IMP failure IM x d x 


      (1) 

In the equation,  IM x  is the annual rate of earthquake ground motions causing the 
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exceedance of an intensity measure (IM) when the latter equals a specific value, IM x , at the 

building site (i.e., from probabilistic seismic hazard analysis [6]). Herein the spectral (pseudo) 

acceleration at the fundamental period of the structure,  1Sa T  or simply Sa , is chosen as the 

IM. P failure IM x    for different values of x is the fragility curve of the structure. In this 

study, for each designed structure, the fragility curve was computed via non-linear dynamic 

analysis using equation (2). To this aim, the domain of the IM has been discretized to ten values 

only (for which the corresponding rates of exceedance at the site has also been computed, see 

next section).  

 
   

 

log , ,

, ,log

log
1 1

i i i

i ii

f EDP IM x col IM x col IM x

i

tot IM x tot IM xEDP IM x

edp N N
P failure IM x

N N





  

 

                       

 (2) 

In the equation, EDP is a structural response measure (i.e., an engineering demand parameter); 

fedp  indicates structural seismic capacity for the performance level of interest; 

    log log
,

i iEDP IM x EDP IM x
 

 
 are mean and standard deviation of the logs of EDP when 

 , 1, ,10iIM x i  ;    is the cumulative Gaussian distribution function; 
, icol IM xN 

 is the 

number of collapse cases (i.e., those reaching global instability according the terminology in 

[7]); and 
, itot IM xN 

 is the number of ground motion records with  , 1, ,10iIM x i  . 

As discussed in the following, the method to probabilistically evaluate structural response, 

and then fragility, is the multi-stripe nonlinear dynamic analysis (e.g., [8]) in which ground 

motion input changes to reflect disaggregation of seismic hazard at the level of IM 

corresponding to the stripe in question; i.e.,  , 1, ,10iIM x i  . 

 

3 STRUCTURES AND MODELING 

The five types of buildings refer, as much as possible, to standard modern constructions and are 

widely representative of residential or industrial structures. Design procedures refer as much as 

possible to common professional engineering practice. The considered cases are briefly 

summarized in the following, but the interested reader should refer to the related papers for 

details: 

1. cast-in-place reinforced concrete (RC): regular 3-, 6-, and 9-story residential 

moment-resisting-frame structures (bare-frames or BF, pilotis-frames or PF, 

infilled-frames or IF) designed via modal analysis (i.e., linear with response 

spectrum) [9]; 

2. un-reinforced masonry (URM): 2- and 3-story regular and irregular residential 

buildings, with four different geometries, designed with the simple building and 

linear or non-linear static analysis approaches [10]; 

3. pre-cast reinforced concrete (PRC): 1-story industrial buildings with two different 

plan geometries and two different heights [11]; 

4. steel (S): 1-story industrial buildings with two different plan geometries and two 

different heights [12]; 

5. base-isolated (BI): 6-story reinforced concrete residential buildings with base 

isolation system made of rubber bearings (HDRB), double-curvature friction 

pendulums (DCFP), and hybrid (HDRB and sliders) [13]. 

To reduce the effort, not all the structures have been designed for the five sites, although most 
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of them have been designed at least for three sites reflecting low, moderate and high hazard 

levels. Table 2 summarizes the case studies. 

 

    MI CL RM NA AQ 

RC 

Soil A --- --- --- --- 9-story (BF/PF/IF) 

Soil C 
3/6/9-story 

(BF/PF/IF) 

6-story 

(BF/PF/IF) 

6-story 

(BF/PF/IF) 

3/6/9-story 

(BF/PF/IF) 

ModUnc 

3/6/9-story 

(BF/PF/IF) 

URM 

Soil A 
2/3-story, 

regular 

2/3-story, 

regular 

2/3-story, 

regular 

ModUnc 

2/3-story, 

regular/irre

gular 

2/3-story, regular 

ModUnc 

Soil C 
2/3-story, 

regular 

2/3-story, 

regular 

2/3-story, 

regular/irr

egular 

2/3-story, 

regular/irre

gular 

2/3-story, 

regular/irregular 

PRC 

Soil A 

1-story, 

geometry 

1/2/3/4 

--- --- 

1-story, 

geometry 

1/2/3/4 

1-story, geometry 

1/2/3/4 

Soil C 

1-story, 

geometry 

1/2/3/4 

--- --- 

1-story, 

geometry 

1/2/3/4 

1-story, geometry 

1/2/3/4 

S 

Soil A 

1-story, 

geometry 

1/2/3/4 

--- --- 

1-story, 

geometry 

1/2/3/4 

1-story, geometry 

1/2/3/4 

Soil C 

1-story, 

geometry 

1/2/3/4 

--- --- 

1-story, 

geometry 

1/2/3/4 

1-story, geometry 

1/2/3/4 

BI 

Soil A --- --- --- --- --- 

Soil C --- --- --- --- 

6-story, 

HDRB/HDRB+Sli

der/DCFP (11 

configurations) 
Table 2: Designed structures per site and soil category. 

 

3D computer models were developed for all the designed structures with the aim of evaluating 

their seismic performance via non-linear dynamic analysis. The EDP considered is the 

maximum (in the two horizontal directions of the structure) demand over capacity ratio, 

expressed in terms of interstory drift angle or roof-drift angle (see typology-specific papers for 

details on capacity). All models are lumped plasticity models except for the industrial steel 

building cases that were modeled using distributed plasticity elements. All structures are 

analyzed with OPENSEES [14] with the exception of the masonry structures that have been 

analyzed using TREMURI [15]. All the analyses neglected, so far, the vertical components of 

ground motion.  

In the computation of failure rates, record-to-record variability of seismic response is the 

primary sources of uncertainty. This means that the structural models are generally 

deterministic. The effect of factors, such as quality of construction or design errors, was 
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neglected. However, for selected cases of reinforced concrete and masonry buildings, the 

uncertainty in structural modeling (ModUnc) and in design has been accounted for (e.g., within-

building variability of material characteristics and non-linear member properties [16]).1  

 

4 SEISMIC HAZARD AND SEISMIC INPUT 

4.1 Hazard curves 

Equation (1) requires hazard curves to compute failure rates. The results of the probabilistic 

hazard study at the basis of NTC08 are available at http://esse1-gis.mi.ingv.it/ in terms of hazard 

curves for 5%-damped (pseudo) spectral acceleration on soil type A for eleven oscillation 

periods ranging from 0s (PGA) to 2s, computed for a grid featuring more than ten-thousands 

locations that covers the whole country. The curves are discretized at nine return periods 

between 30 years and 2,475 years. The limitation in the soil type, number of oscillation periods, 

and range of hazard levels of the official results forced us to re-compute the hazard curves at 

the five sites of interest. In addition, to underpin the record selection, disaggregation of seismic 

hazard [17] in terms of magnitude  M  and source-to-site distance  R
 
for the considered IMs, 

was also carried out.  

The hazard curves were calculated according to equation (3), where  , 1,2, ,i i s   is 

the rate of earthquakes above a minimum magnitude for each of the s seismic source zones 

affecting the hazard at the site of interest;  , , ,M R if w z  is the joint probability density function 

of  ,M R  of the ith zone ; and ,P IM x M w R z      is provided by a ground motion 

prediction equation (GMPE). 

    , ,

1 ,

, ,
s

IM i M R i

i M R

x P IM x M w R z f w z dw dz 


            (3) 

The source model corresponding to branch 921 of the logic tree in [2] and the GMPE of [18], 

that constitute the essence of the hazard model developed to produce the official seismic hazard 

map used for design in Italy, have been implemented in the OPENQUAKE platform [19] to fit 

the objectives of this study.2 Table 3 summarizes the considered cases for which hazard curves 

were re-computed. 

Hazard curves were discretized in ten IM values corresponding to the following return 

periods in years:  10,50,100,250,500,1000,2500,5000,10000,100000 . No hazard curves for 

return periods longer than 100000RT yr  were calculated to avoid large extrapolations. Figure 

2 shows, as an example, the curves for L’Aquila, which is the most seismically hazardous 

location among those considered. 

Note that assessing the performance of isolated structures required considering spectral 

accelerations at periods longer than 2.0s. Hence, to compute hazard curves beyond that 

oscillation period, GMPE [21] was employed instead of GMPE [18], which is not applicable at 

such long periods. 

 

 

 

 

                                                           
1 This activity is currently ongoing for revision and extension to other structural typologies. 
2 This combination of source model and GMPE provides hazard estimates that are close to those derived from the 

full logic tree [20]. 
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Site Soil A Soil C 

MI 

 0.15Sa T s ,  0.5Sa T s , 

 1.0Sa T s ,  1.5Sa T s , 

 2.0Sa T s  

 0.15Sa T s ,  0.5Sa T s , 

 1.0Sa T s ,  1.5Sa T s , 

 2.0Sa T s  

CL 
 0.15Sa T s ,  0.5Sa T s , 

 1.5Sa T s  

 0.15Sa T s ,  0.5Sa T s , 

 1.5Sa T s  

RM 
 0.15Sa T s ,  0.5Sa T s , 

 1.5Sa T s  

 0.15Sa T s ,  0.5Sa T s , 

 1.5Sa T s  

NA 

 0.15Sa T s ,  0.5Sa T s , 

 1.0Sa T s ,  1.5Sa T s , 

 2.0Sa T s  

 0.15Sa T s ,  0.5Sa T s , 

 1.0Sa T s ,  1.5Sa T s , 

 2.0Sa T s  

AQ 

 0.15Sa T s ,  0.5Sa T s , 

 1.0Sa T s ,  1.5Sa T s , 

 2.0Sa T s  

 0.15Sa T s ,  0.5Sa T s , 

 1.0Sa T s ,  1.5Sa T s , 

 2.0Sa T s ,  3.0Sa T s  

Table 3: Intensity measures for which hazard curves have been computed at each site. 

  

Figure 2: Hazard curves for L’Aquila for different oscillation periods on A-type soil (left) and C-type (right). 

 

4.2 Record selection 

To select the ground motion records to be used as input for dynamic analysis, the conditional 

spectrum (CS) approach (e.g., [22]) has been considered. The CS provides the distribution of 

 Sa T  at any oscillation period (i.e., an elastic response spectrum) conditional on a given value 

of  1Sa T . In this study, ground motion record sets selected for each CS are consistent with the 

earthquake scenarios (expressed in terms of magnitude and source-to-site distance) that 

contributed the most to  1Sa T x  at the site. Because the scenarios controlling the hazard, in 

general, change with the specific value of  1Sa T  considered, different sets of records were 

selected for each hazard level. 
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Records selected via the CS approach are especially suitable for non-linear dynamic multi-

stripe analysis (MSA). MSA aims at computing the distributions of EDP conditional to different 

values of  1Sa T , here ten, as mentioned in the previous section. According to MSA, a set of 

response analyses is carried out for any selected level x of  1Sa T  using a suite of ground 

motion records scaled to have that  1Sa T
 
value.  

An automatic procedure for record selection based on the CS approach is available at 

http://web.stanford.edu/~bakerjw/research/conditional_spectrum.html; its main steps can be 

summarized as follows: (1) definition of the distribution of  Sa T  conditional on  1Sa T x  

obtained via disaggregation of seismic hazard and models for the correlation of spectral 

ordinates; (2) simulation of an arbitrary number of response spectra, twenty herein, consistent 

with the CS defined at the previous step; (3) selection of twenty records which have spectra 

compatible with those simulated. As an example, the records selected for L’Aquila (soil type 

C) for  1 1.0Sa T s , corresponding to two of the ten return periods considered, are shown in 

Figure 3. 

  

Figure 3: Spectra of selected records for L’Aquila conditional to two  1 1.0Sa T s  levels. The one 

corresponding to 100RT yr  (left) and to 1000RT yr  (right) on soil type C. 

The selected records were extracted mainly from the Italian accelerometric archive 

(http://itaca.mi.ingv.it/; [23]) and only if no records with similar spectra were available there, 

suitable records in the NGAwest2 (http://peer.berkeley.edu/ngawest2/) database [24] were 

selected instead. Note also that, in performing step (3), the distribution of  ,M R  in each 

selected record set was kept consistent with the  ,M R  distribution obtained from 

disaggregation that was used to build the CS. This is a more refined procedure than the one 

adopted in standard practice that considers matching the CS as the only requirement for the 

record selection.  

Note that to be consistent with GMPE [18], which has been developed for the maximum 

horizontal component, the matching of the CS has been done utilizing the horizontal component 

with the maximum value of the conditioning IM. Conversely, for those cases where the GMPE 

of [21] was considered, the CS matching was executed using the geometric mean of the two 

horizontal components. 

The record selection delivered two-hundreds pairs of records for each IM, twenty records 

for each one of the ten stripes. It means that two-hundred records have been employed in the 
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analysis of each individual structure. To reduce the computational demand from non-linear 

dynamic analysis, the selected records have been post processed to remove the parts of the 

signal outside  0.05% 99.95%,t t
 
range, where 99.90% 99.95% 0.05%D t t   is the 99.90% bracketed 

duration of the record [25], yet keeping synchronization of horizontal components. 

 

5 RESULTS AND DISCUSSIONS 

5.1 Risk assessment 

Equation (1) can be used for the computation of failure rates only for the values of  IM x  

provided by hazard analysis, the latter, as discussed, has limit at 100000RT yr . Therefore, it 

has been conservatively assumed that ground motions with an IM larger than that corresponding 

to 100000RT yr , called here *
RT

IM , cause failure with certainty. This means that the failure 

rate has been approximated in excess by: 
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P failure IM x d x d x
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(4)

 

In those cases, when the first part of the integral is negligible with respect to 510 , then equation 

(4) only allows to state that the annual failure rate lower than 510 . 
 

5.2 Site-to-site and structure-to-structure risk variations 

Figure 4 and Figure 5 give an overview of the annual failure rates associated to collapse. Each 

figure refers to one soil condition and the markers refer to the different structures reported in 

Table 2. 

Data are ordered by increasing hazard of the corresponding site (see Table 1). Markers that 

are on a horizontal stripe and not vertically aligned on each site are spread only for readability. 

The failure rates equal to 510  correspond to cases where the hazard beyond IMTR* dominates 

the risk, and 510

 is an upper bound of the actual failure rate. 

The main preliminary results emerging from the computed failure rates are that, generally, 

seismic risk of code-conforming structures tends to increase with the hazard level of the 

building site. Moreover, the failure rate is below 510  in many cases for low and moderate 

hazard locations (especially for reinforced-concrete structures), which may be an effect of 

minimum design requirements of the code. The risk is not uniform among different structure 

types designed for the same site, which may also be an effect of the diverse design procedures 

adopted in standard practice for different building types. Base-isolated buildings seem to have 

a collapse failure rate larger than that of other building types (note that the rates of exceeding 

the onset of non-structural damage in base-isolated structures, not shown herein, is instead 

significantly lower). 
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Figure 4: Annual failure (collapse) rates (soil C-type). 

 
Figure 5: Annual failure (collapse) rates (soil A-type). 

6 CONCLUSIONS 

This paper briefly presented the failure (collapse) rates for a set of structures belonging to the 

most common types in Italy. These structures were designed for life-safety (or collapse 

prevention) for several sites characterized by diverse seismicity levels and for two soil 

conditions. Nonlinear dynamic analysis, in the form of multiple stripe analysis, was the method 

chosen to perform structural fragility assessment for two damage states: onset of damage and 

collapse. The fragility curves were coupled with the site hazard curves to compute the annual 

failure rates for both damage states. However, only collapse failure rates were shown. The 

uncertainty was accounted in the hazard, in the record-to-record variability of structural 

response, and, for a few cases, also in the structural modeling. The preliminary results of the 

first two years of the project indicate the following: 
1. in some cases, the collapse failure rates are so low that only an upper bound to the actual 

failure rate can be provided; i.e., 510f  ; 

2. the collapse failure rates tend to increase with the site hazard; 

3. the collapse failure rates are also not uniform among different building types designed 

for the same site; 

4. the collapse failure rates of buildings at the most hazardous of the sites exceed 510
 for 

all structural types and, in some cases, are comparable to the annual rate of exceedance 

of the design seismic intensity; 
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5. the comparatively high collapse failure rates of base-isolated structure may be due to 

their more controlled behavior during design and the lower margin of safety with respect 

to collapse beyond the maximum design displacement; conversely, base-isolated 

structures show comparatively lower onset of damage failure rates, (not shown herein); 

6. failure rates for onset of non-structural damage (not shown herein) show a general trend 

similar to the collapse failure rates discussed here. 

It is emphasized that the project is still ongoing and several of these results (and other not 

exhibited here) are undergoing verification and investigation. Caution should be applied in 

using all results presented; in particular, those related to some RC buildings, base-isolated 

structures, steel and pre-cast concrete industrial structures, as well as some masonry buildings, 

before the final verification is over. The results discussed here are not final and might be subject 

to significant updates at the end of the project. 
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Abstract. This paper reports on the results of an ongoing Research Project aimed at compu-

ting the risk of collapse in new buildings conforming to the Italian Seismic Design Code. 

Companion papers describe the overall Research Project, funded by the Italian Civil Protec-

tion Department (DPC), its different areas of application (reinforced concrete, masonry, steel 

buildings, etc.), the overall seismic risk calculation procedure and the ground motion selec-

tion process followed to identify the recorded ground motions used for the multi-stripe anal-

yses for twenty different ground motion intensities. Specifically, steel structures are 

considered within this paper and the nonlinear modelling and analysis of steel single-storey 

buildings designed in cities with increasing seismic hazard are described. First, the paper 

presents the geometry, material characteristics and main design properties of the buildings, 

including their elastic dynamic properties. Second, the paper introduces the nonlinear models 

used for the nonlinear analyses: distributed plasticity models for beams, columns, and con-

centric braces including geometric imperfections for triggering of buckling. Pushover anal-

yses are used for a preliminary evaluation of the nonlinear behaviour under increasing 

horizontal loads. Afterwards, the main results of the multi-stripe dynamic analyses are pre-

sented for different ground motion intensities. 
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1 INTRODUCTION 

In this paper, the seismic behaviour of non-residential single-storey steel buildings is in-

vestigated through the use of a material and geometric nonlinear finite element model. The 

goal is the development of a numerical tool able to describe the structural performance of 

such structural system up to collapse under increasing seismic intensities, in line with the goal 

of the project [1], i.e. the implicit risk associated with the current Italian code [2] when de-

signing new structures in different site locations corresponding to three levels of seismic haz-

ard. Details on the project goals and methodologies are available in the companion papers. 

2 CASE STUDY STRUCTURES 

2.1 Description of the structural system  

The considered structural system is composed of five single span duo-pitch portal frames 

repeated in the longitudinal direction with a constant spacing. The frames are connected in the 

longitudinal direction by hot-rolled beams at the apex, at the eaves and at the crane-supporting 

bracket level (Figure 1). Gravity loads are supported by all members while horizontal forces 

are withstood by two different seismic-resistant structure typologies acting along two orthog-

onal directions. In the X-direction the resistance to lateral forces is mainly due to continuous 

and rigid frame action. In the Y-direction the resistance to horizontal forces is provided by 

vertical bracings placed in the outer spans of the building. Secondary structural elements are 

also considered. Purlins, used to support the roof cladding and positioned every 2.5 m, trans-

fer the forces from the roof cladding to the rafters. Roof bracings are arranged in the outer 

bays to transfer horizontal forces to the vertical bracings.  

 

Eaves

Purlins

Column

Bracket

Brace

Apex connection

Apex
Rafter

Haunch

Beam Column base 
connection

Eaves connection

Brace to gusset 
connections

Lx
LyHc

H

 

Figure 1: Description of the structural system. 

The structural efficiency of portal frames is based on the use of moment resisting connec-

tions between beams and columns. The case study structures assumed the adoption of full-

strength bolted end-plate connections at eaves and apex. As typical for this structural type, the 

rafter connection to the column comprises a haunch used to improve the performance of the 

rafter and facilitate a bolted connection to the column. In this study, the length of the eaves’ 

haunch is assumed as equal to 10% of the span. To facilitate the bolted connection, small 
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haunches are considered at the apex too. The roof purlins are connected to the rafters by 

pinned connections and assumed as simple spanned between two consecutive frames. All the 

columns are assumed as hinged at their base. Hot-rolled I or H sections are used for beams, 

columns and purlins. Cold-formed steel square hollow sections are chosen for vertical braces, 

while hot-rolled L-shaped profiles are used for roof bracings. The selected steel grade is S275 

(characteristic value of the yield strength fyk = 275 N/mm
2
, the characteristic tensile strength 

of the material ftk = 430 N/mm
2
 and the Young Modulus E = 210000 N/mm

2
). 

2.2 Design configurations  

The transverse bay width (Lx), the longitudinal bay width (Ly), the height at the eaves (H) 

and the height of the crane-supporting bracket (measured at top surface of the bracket) are as-

sumed as design parameters (Figure 1). Four geometrical configurations are selected, as 

shown by the parameter values provided in Table 1. In all cases, the roof pitch is equal to 6°. 

 

Structural  

system 

Lx, H, Hc, Ly 

(m, m, m) (m) 

1 20, 6, 4.5 6.00 

2 20, 6, 4.5 8.00 

3 30, 9, 6 6.00 

4 30, 9, 6 8.00 

Table 1: Geometry parameters for the considered case studies. 

To characterize variable loads and seismic actions, the considered structural systems are 

assumed located in three different Italian sites: L’Aquila, Naples and Milan. For the seismic 

input two soil types were considered: type A and type C. Combining the geometrical proper-

ties with the features of location sites, twenty-four design configurations are derived (Figure 

2). Each design configuration is labelled with an alphanumerical string containing the main 

geometrical parameters characterizing the case study, in the following order: transverse bay 

width (Lx20 or Lx30), longitudinal bay length (Ly6 or Ly8), site location (AQ, NA, MI) and 

soil type (A or C). 

2.3 Linear finite element models for the design 

The global behaviour of the case study structures are analysed by the structural analysis 

program MIDAS Gen ([3]). A 3D model is adopted and both the beams and the columns are 

represented by two nodes beam elements, taking into account the stiffness effects of ten-

sion/compression, shear, bending and torsional deformations. Two-node truss elements are 

used to model longitudinal and roof braces, representing uniaxial tension-only members. 

Pinned end connections are introduced by the Beam End Release option available in Midas. 

Column base connections are represented by pinned restraints.  

Horizontal forces are mainly resisted by the continuity of the frame structure in the trans-

verse direction (X) and by members subjected to axial forces in the longitudinal direction (Y). 

Following the current European [4] and Italian seismic code [1], the design model assumed 

that horizontal forces can be resisted by tension-only diagonal braces, i.e. the contribution of 

the compression diagonals to the lateral force resistance is neglected at the design stage.  

A travelling overhead crane is considered and its runway beams are assumed to be the 

same for all cases and made of a HEA400 steel beam. The crane runway beam is explicitly 
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included in the global analysis model and its presence taken into account by equivalent static 

actions on the column brackets. 

 

Figure 2: Design configurations.  

2.4 Actions and design load combinations  

Self-weights of structural elements are directly accounted by the software. Self-weight of 

non-structural elements, such as the roof and wall claddings, are also classified as permanent 

loads. Claddings used in this study are represented by profiled composite panels for roofs and 

flat panels for side walls. Their loads are modelled as uniformly distributed loads on the roof 

purlins (Groof) and columns (Gwall). The travelling crane self-weight (Gc), as well as the weight 

of the runway beams (Gb,c), are modelled as concentrated forces acting on the top of the col-

umn bracket which is supposed to be welded to the column flange (Figure 3). 

Lx

H
Hc

Gwall

Gb,c

Gc

Gb,c

Gc
Gwall

Groof

 

Figure 3: Permanent loads modelling. 
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Wind actions are represented by a set of pressures both normal and parallel to structure’s 

surfaces. The magnitude of normal pressures is calculated by the NTC 2008 [2] formulas 

based on the parameters in Table 2 (i.e., the wind zone, the altitude of the site from the sea 

level as, the wind velocity vb, the basic velocity pressure qb, the exposure coefficient ce, the 

the dynamic coefficient cd). The external pressure coefficients cpe are assumed, according to 

the Italian code, depending on the wind direction and the slope of the walls. Finally, the nor-

mal wind load on element surfaces, determined by the product of the wind pressure and the 

exposed area, is modelled as a uniform force per unit length (in kN/m) acting on columns, 

whose value is calculated assuming the panels simply supported by the columns. The wind 

friction pressure is determined assuming the friction factor, cf, equal to 0.02 (corresponding to 

“rough” surface, according to the Italian code). 
 

Site 
Wind  

zone 
as 

(m) 
vb 

(m/s) 
qb 

(kN/m
2
) 

Terrain  

roughness 
Exposure class ce cd 

Milan 1 110 25.00 0.39 

B 

IV 
1.63 

1.84 

1 L’Aquila 3 714 31.32 0.61 IV 
1.63 

1.84 

Naples 3 6 27.00 0.46 III 
1.85 

2.09 

Table 2: Wind load parameters. 

Local meteorological climate conditions as well as the roof geometry, its thermal proper-

ties and exposure conditions influence the value of snow load on the roof. NTC 2008 [2] pro-

vides guidance for the determination of the snow load for structural design of buildings for 

sites at altitudes under 1500 m, accounting for all these aspects. The snow load on the roof, qs, 

is derived multiplying the reference value of snow load on the ground, qsk, by the three differ-

ent factors provided in Table 3 (i.e., the snow load shape coefficient μi, the exposure coeffi-

cient CE, the thermal coefficient Ct). The value of qs for each site is given in the last column 

of Table 3. 
 

Site Climatic zone 
as 

(m) 
qsk 

(kN/m
2
) 

μi CE Ct 
qs 

(kN/m
2
) 

Milan I - Mediterranean 110 1.50 

0.80 1.00 1.00 

1.20 

L’Aquila III 716 1.64 1.31 

Naples III 6 0.6 0.48 

Table 3: Snow load on roof for different location sites. 

The case studies are supposed to be equipped with overhead cranes. The machinery induc-

es vertical and horizontal actions on the structure, with static and dynamic components. In 

addition to the self-weight, the structure is subjected to the vertical variable hoist load, hori-

zontal variable forces caused by acceleration and deceleration of the crane due to its move-

ment along the runway beams, horizontal forces caused by skewing of the crane also due to its 

movement along the runway beam. Each of those forces was modelled as a static equivalent 

action and evaluated according to the Italian code. Two positions of the crane, along the lon-

gitudinal direction of the building, are considered in order to obtain the worst load arrange-

ments for ultimate and service conditions, and these correspond to the second and third portal 

frame alignment (see Figure 1), respectively.  

Frame imperfections, including residual stresses and geometrical imperfections such as 

lack of verticality, lack of straightness, lack of flatness, lack of fit and eccentricities greater 
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than acceptable tolerances, are modelled by the simplified approach suggested by the Italian 

code: the effects of the global initial sway imperfection are replaced by systems of equivalent 

horizontal forces. 

Earthquake motion at a point on the ground surface is represented by an elastic ground ac-

celeration response spectrum Se(T). The horizontal seismic action is described by two orthog-

onal components (represented by the same response spectrum) and the vertical component 

response spectrum is considered as well. The seismic hazard parameters (ag, F0, Tc
*
), reported 

in the Italian building code as a function of the geographical position and the reference return 

period, are shown in Table 4. The response spectra are derived assuming the topography con-

dition T1. 

 

Site Latitude Longitude Limit state 
ag 

(g) 

Fo 

(-) 

Tc
*
 

(sec) 

L’Aquila 13.396 42.356 
DLS 0.104 2.330 0.280 

LLS 0.261 2.360 0.350 

Naples 14.2600 40.850 
DLS 0.059 2.330 0.310 

LLS 0.168 2.370 0.340 

Milan 9.1900 45.4640 
DLS 0.024 2.550 0.190 

LLS 0.050 2.660 0.280 

Table 4: Hazard parameters. 

Figure 4 shows the horizontal and vertical elastic response spectra for soil type A and C, 

for the life safety limit state (LLS). 
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Figure 4: Horizontal (a) and Vertical (b) elastic response spectra at LLS. 

The case studies are designed by assuming a low-dissipative structural behaviour. Under 

this assumption, for both moment resisting frames and frames with concentric bracings, NTC 

2008 [2] recommends a q-factor equal to 4, that is the factor used to reduce the elastic re-

sponse spectra to obtain the design response spectra. The corresponding design response spec-

tra obtained for Milan, L’Aquila and Naples, assuming soil types A and C, are shown in the 

following Figure 5.  
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Figure 5: Horizontal (a) and Vertical (b) design (reduced by q) response spectra al LLS. 

Design combinations of the actions above described are made according to the Italian code 

considering the ultimate limit state (ULS) and the serviceability limit state (SLS), to ensure a 

safe and functional structure, respectively.  

2.5 Global analysis for design 

Maximum values of member forces and displacements are calculated by an elastic global 

analysis. Modal response spectrum analysis is performed to evaluate bending moments, axial 

forces and shear forces due to seismic actions. As recommended by NTC 2008 [2], seismic 

action effects are evaluated considering a number of vibration modes, such that the sum of the 

effective modal masses amounts to at least 85% of the total seismic mass. For the sake of clar-

ity and due to space constraints, the first four mode shapes and the corresponding vibration 

periods are shown for the SSB_Lx20_Ly6_AQ case study only (Figure 6). 

 

 

 

 

 

Mode=1; T=0.80 s Mode=2; T=0.50 s Mode=3; T=0.414 s Mode=4; T=0.412 s 

Figure 6: First four modal shapes and natural vibration periods for SSB_Lx20_Ly6_AQ. 

2.6 Structural design 

Concerning ultimate limit state design, axial, bending and shear resistance and combined 

bending and axial force resistance of structural steel members are verified according to NTC 

2008 [2]. When checking the rafter stability, the roof purlins are assumed to provide only lat-

eral restraints, i.e. no additional torsional restraint is assumed at intermediate rafter locations. 

The column stability is checked assuming torsional restraints at the column bracket level. Ac-

cording to seismic design recommendations, the diagonal members of X-braced frames are 

designed such as their non-dimensional slenderness was in the range (1.3, 2). For single bay 

diagonal braces the non-dimensional slenderness is limited to 2.0. Serviceability limit state 
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verifications are performed to ensure that the deflections are acceptable at ‘working loads’. 

Table 5 contains, for each case study, a list of cross-sections of all structural members. As 

shown, the 24 case studies resulted into only 9 different structural configurations.  

 

Case Study Column Rafter 
Vertical bracing 

X-braced – One braced 

Long. 

beam 
Purlins 

Roof 

bracing 

SSB_Lx20_Ly6_AQ_A 

SSB_Lx20_Ly6_AQ_C 
HE 600 M HE 500 A 

RHS-CF-

60x60x2 

RHS-CF-

90x90x2.6 
IPE 270 HE 220 A L20x3 

SSB_Lx20_Ly8_AQ_A 

SSB_Lx20_Ly8_AQ_C 
HE 600 M HE 500 A 

RHS-CF-

70x70x2.6 

RHS-CF-

100x100x2.6 
HE 300 B HE 220 A L20x3 

SSB_Lx30_Ly6_AQ_A 

SSB_Lx30_Ly6_AQ_C 
HE 900 M HE 800 A 

RHS-CF-

80x80x2.6 

RHS-CF-

100x100x2.6 
IPE 270 HE 220 A L50x4 

SSB_Lx30_Ly8_AQ_A 

SSB_Lx30_Ly8_AQ_C 
HE 900 M HE 800 A 

RHS-CF-

90x90x2.6 

RHS-CF-

120x120x3.2 
HE 300 B HE 220 A L50x4 

SSB_Lx20_Ly6_MI_A 

SSB_Lx20_Ly6_MI_C 
HE 600 M HE 450 A 

RHS-CF-

60x60x2 

RHS-CF-

90x90x2.6 
IPE 270 HE 220 A L20x3 

SSB_Lx20_Ly8_MI_A 

SSB_Lx20_Ly8_MI_C 
HE 600 M HE 500 A 

RHS-CF-

70x70x2.6 

RHS-CF-

100x100x2.6 
HE 300 B HE 220 A L20x3 

SSB_Lx30_Ly6_MI_A 

SSB_Lx30_Ly6_MI_C 
HE 900 M HE 800 A 

RHS-CF-

80x80x2.6 

RHS-CF-

100x100x2.6 
IPE 270 HE 220 A L50x4 

SSB_Lx30_Ly8_MI_A 

SSB_Lx30_Ly8_MI_C 
HE 900 M HE 800 A 

RHS-CF-

90x90x2.6 

RHS-CF-

120x120x3.2 
HE 300 B HE 220 A L50x4 

SSB_Lx20_Ly6_NA_A 

SSB_Lx20_Ly6_NA_C 
HE 600 M HE 450 A 

RHS-CF-

60x60x2 

RHS-CF-

90x90x2.6 
IPE 270 HE 160 A L20x3 

SSB_Lx20_Ly8_NA_A 

SSB_Lx20_Ly8_NA_C 
HE 600 M HE 500 A 

RHS-CF-

70x70x2.6 

RHS-CF-

100x100x2.6 
HE 300 B HE 160 A L20x3 

SSB_Lx30_Ly6_NA_A 

SSB_Lx30_Ly6_NA_C 
HE 900 M HE 800 A 

RHS-CF-  

80x80x2.6 

RHS-CF-

100x100x2.6 
IPE 270 HE 160 A L50x4 

SSB_Lx30_Ly8_NA_A 

SSB_Lx30_Ly8_NA_C 
HE 900 M HE 800 A 

RHS-CF-

90x90x2.6 

RHS-CF-

120x120x3.2 
HE 300 B HE 160 A L50x4 

Table 5: Case study sections 

In the X-direction, the design is governed by SLS deflection limits, in terms of horizontal 

deflection or difference of deflection between two consecutive portal frames. In the Y-

direction, the cross section of the beams and diagonals is affected by the slenderness limits. 

Three different frames are derived: the beam-to-column combinations H 600 M - HE 500 A or 

H 600 M - HE 450 A satisfy deflection limits for SS_Lx20 configurations, whereas H 900 M - 

HE 800 A are suitable for all SSB_Lx30 geometries. Each transversal frame structure is con-

nected in the Y-direction by two different longitudinal beams, depending on the Y-bay length: 

IPE 270 for Ly= 6 m and HEB 300 for Ly= 8 m. Four types of both X-braced diagonals and 

single diagonals are selected for the same number of diagonal lengths. 

1565



F. Scozzese, A. Zona, A. Dall’Asta, G. Terracciano, G. Della Corte, R. Landolfo 

 

3 NONLINEAR FINITE ELEMENT MODELLING FOR SEISMIC ASSESSMENT 

3.1 Model definition  

The geometric and material nonlinear structural models for the seismic assessment of the 

considered case studies are developed within the OpenSees software [5]. In particular, all the 

structural elements are modelled using nonlinear force-based beam-column finite elements 

with fibre sections. The corotational approach is adopted in order to take into account the non-

linear geometric effects due to both the large displacements and the local imperfections of the 

lateral bracing systems. Figure 7 shows a qualitative scheme of the finite element model.  

 

 

 

(a) (b) 

Figure 7: Finite element model, X (a) and Y (b) directions. 

The elastic properties of each structural element are taken as follow: (i) elastic modulus Es 

= 210 GPa; (ii) Poisson ratio  = 0.3; (iii) shear modulus Gs = Es / 2(1+) = 80.80 MPa; (iv) 

specific weight s = 76.98 kN/m
3
. The material nonlinear behaviour is modelled by assigning 

to each section’s fibre the uniaxial Giuffre-Menegotto-Pinto steel material with isotropic 

strain hardening available in the OpenSees libraries. The linear elastic torsional stiffness (JtGs) 

is introduced by adding this contribution (in series) to that of the fibre section. The constitu-

tive properties assumed for the stress-strain relationship are: (i) yielding strength fy = 316.20 

MPa [6]; (ii) post-elastic isotropic hardening ratio Ep = 0.01Es; (iii) other constitutive law pa-

rameters governing the transition from the elastic to the inelastic branches assumed equal to 

default values as suggested in the OpenSees user manual [5]. The system’s inner damping is 

accounted through the Rayleigh damping with =5% on the first and third eigenvalues. 

All columns are hinged at their bases. Loads are assigned as either point or distributed 

forces while the masses are lumped at the structural nodes according to their real spatial dis-

tribution and influence area. 

3.2 Modelling of braces 

Specific attention is given to the modelling of the braces constituting the seismic resisting 

elements along the Y-direction. There are two different configurations of lateral braces: a sin-

gle brace configuration ad a X-configuration. The latter is made by two braces intersecting 

each other through a properly designed gusset plate connection; this connection needs one of 

the two braces to be cut (Figure 8).  

 

1566



F. Scozzese, G. Terracciano, A. Zona, G. Della Corte, A. Dall’Asta, R. Landolfo 

 

 

Figure 8: Lateral bracing system, details. 

 

 

Figure 9: Geometrical quantities involved into the Gusset modelling. 

The nonlinear spring is modelled in OpenSees through a zero-length element having the 

out-of-plane rotational degree of freedom represented by the same Giuffre-Menegotto-Pinto 

steel material. In order to simulate the buckling of the lateral braces during the compression 

phases, each brace has been discretized into a proper number of nonlinear (with distributed 

plasticity) sub-elements and a sinusoidal curvature is assigned by modifying parametrically 

the coordinates of the nodes of the intermediate sub-elements (Figures 10 and 11). This initial 

curvature, representing the local imperfection of the diagonal brace, has the role of triggering 

the buckling by furnishing a preferential buckling shape to the element. The value of the ini-

tial imperfection is chosen in such a way to provide a buckling axial force consistent with the 

ultimate value Nb,Rd provided by Equation (2): 

 
1

,

M

y

Rdb

fA
N




  (2) 

with M1 = 1, A = cross section area, fy = nominal yielding stress and  = the buckling reduc-

tion factor depending on the profile type and the slenderness of the element. For this purpose, 
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each single brace is extracted from the whole structure and modelled separately, according to 

its actual section and configuration (i.e., length and gusset connections), and then is subjected 

to several nonlinear static analyses (controlled by displacements) repeated with a sequence of 

different values of the initial imperfection. This procedure converges once the maximum axial 

force reached during the analysis matches the Nb,Rd  provided by the code formula.  

 

 

 

 

Figure 10: Single brace (a) NL springs and sub-elements and (b) initial imperfections. 

 

        

 

 

Figure 11: X brace (a) NL springs and sub-elements and (b) initial imperfections. 

 

Figure 12: N-curve for single braces (Nb,Rd  = 85 KN). 

Figure 12 shows, as an example, the axial force versus lateral displacement (N- with 

observed at the middle of the element) curve, which is obtained by assigning an imperfec-
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tion equal to Leff/1000 to the single brace and by performing a nonlinear static analysis con-

trolled by displacements (the sign of the displacements in the chart is positive for brace short-

ening). The value of Nb,Rd  provided by the code for this element with its geometry and 

slenderness is Nb,Rd  = 85 kN, and the maximum value reached by the axial force during the 

analysis is exactly 85 kN, meaning that the imperfection Leff/1000 is consistent with the code 

provisions. 

The modelling technique presented allows accounting for the complex cyclic behaviour of 

the lateral braces. Figure 13 shows, as an example, the force-displacement cyclic response of 

a lateral brace under a displacement-controlled test and the moment-rotation cyclic response 

of the gusset plate, both simulated with OpenSees. 
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(a) (b) 

Figure 13: (a) F-curve of a single brace and (b) gusset plate rotational cyclic behaviour.  

3.3 Push-over analysis 

A preliminary investigation of the nonlinear lateral behaviour of the structure is carried out 

by means of nonlinear static analysis (push-over). A set of forces with unit values is applied 

to the structural nodes at the top of the columns and separately along the X and Y directions. 

Figure 14 shows the X and Y control nodes monitored during the analysis. 

 

 

 

(a) (b) 

Figure 14: Push-over lateral loads for (a) X and (b) Y directions. 

Push-over analyses are carried out by performing a preliminary analysis for gravity loads 

and by starting the lateral loads analysis from the last step of the previous analysis. Gravity 
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loads analysis is performed with a load-control integrator using the Newton algorithm (tan-

gent stiffness updated at each iteration) in such a way that the gravity is applied with 10 steps 

of 0.1g. The lateral loads analysis is carried out using a displacement-control integrator and 

the secant Newton line search algorithm. The step amplitude is equal to 1 mm while the target 

maximum displacement is generally assumed large enough for a complete development of the 

post-elastic behaviour. 

The structure shows different responses in X and Y directions as illustrated by the push-

over curves in Figure 15. The maximum displacement reached along the X direction at the 

control point is 0.5 m and no softening is observed. Quite different is the longitudinal re-

sponse in which both the second order effects and the compressed braces buckling leads to a 

post-elastic behaviour characterized by an initial branch with negative stiffness (softening) 

followed by a gradual stiffness recover due to the steel hardening, whose contribution is large 

enough to compensate and even overtake the second order effects. 

 

  

(a) (b) 

Figure 15: Push-over capacity curves for (a) X and (b) Y directions. 

Figure 16 reports the lateral deformation of the system at an intermediate step of analysis 

in order to show qualitatively the buckling phenomenon experienced by the compressed brac-

es. The most pronounced second order effect is observed on the central portal frame, which, 

around the last steps of analysis shows larger displacements than the other portals, despite the 

entity of the lateral loads is the same as for the others. This phenomenon finds an explanation 

into the lacking of a roof-bracing system around that portal, and the longitudinal (pinned) 

beams do not contribute to retain the portal but, on the contrary, they show an axial elongation 

(i.e., they work as a chain system) due to the second order effects. In Figure 17 the transversal 

deformation is shown by both a front and top view. 

 

  

(a) (b) 

Figure 16: System deformation (Push-over Y) and braces numbering, (a) lateral and (b) frontal view. 
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(a) (b) 

Figure 17: System deformation (Push-over X) and beam numbering, (a) top and (b) frontal view. 

3.4 Multi-record incremental dynamic analysis  

Multi-record incremental dynamic analysis are carried out for 10 intensity levels by using a 

set of 20 pairs of accelerograms (each seismic event is made of two horizontal accelerograms, 

neglecting the vertical seismic component) in order to simulate the record-to-record variabil-

ity. The spectral pseudo-acceleration at the fundamental period of the system is chosen as in-

tensity measure (IM). This means that each one of the 20 accelerograms is scaled at each IM 

level in order to provide the same spectral pseudo acceleration ordinate Sa(T1) at the system 

period T1. In the considered case studies two periods are adopted, i.e. 0.5 s and 1.0 s for the 

portal frame lengths equal to 20 m and 30 m, respectively. More details on record selection 

and scaling are found in the relevant companion paper. 

Each time-history analysis has a starting point coincident with the last step of a nonlinear 

static analysis for gravity loads, as done for the push-over analysis. The two accelerograms in 

the X and Y directions are applied simultaneously at the base of the structures and the solver 

adopted consists of a standard Newmark integration with a secant Newton line search algo-

rithm controlling the iterations for the convergence of the solution. The time-steps of the 

analysis are chosen adaptively by the OpenSees solver within a range between 0.0005 s and 

the time-step used for sampling the seismic records.  

Structural collapse is identified in the post-processing of results. Specifically, different cri-

teria are used for the two directions, i.e., transversal moment-resisting frames and longitudinal 

concentrically braced frames. For the moment-resisting frame, the collapse criterion is based 

on a limit value of the inter-storey drift according to the suggestions of FEMA-350 [7] (as-

sumed value 0.10) that conservatively and conventionally account for the global response of 

the building and the local behaviour of beam-column connections. Regarding the collapse cri-

terion for the concentrically braced frames, the limit is assigned to the maximum strain range 

in the braces, according to the indications in Hsiao et al. [8][9] and Tirca et al. [10], having 

assumed as limit value of 0.0049 following the experimental tests by Tremblay et al. [11]. 

A selection of the results obtained though the adoption of the above collapse criteria pro-

vided the results summarized in Figure 18. It is observed that: (i) the trend of the EDP consid-

ered in the collapse criterion is different for the moment-resisting frame and the concentrically 

braced frame, i.e. the former has a more progressive increment with the IM value, while the 

latter has a more sudden increment, as expected given the effect of brace buckling on the 

seismic response; (ii) collapse is attained only in the L’Aquila site for IM values larger than 

those considered in the limit states considered in the design; (iii) collapse is not attained by a 

good margin for the Naples site for any IM (except for isolated cases with IM = 10) and by a 

very large margin for the Milan site for any IM. 
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Figure 18: Ratio between EDP and limit value of EDP at collapse (ordinates) as a function of the 10 IM consid-

ered (abscissa) for each of the 20 accelerograms. 

4 CONCLUSIONS  

This paper presents the results of an ongoing project on computing the implicit risk of 

seismic collapse of buildings designed according to the current Italian design code NTC2008. 

The paper focuses on a set of non-residential single-storey steel buildings in three sites of in-

creasing seismic hazard. The results from multiple-stripe analyses (20 nonlinear time history 

analysis for 10 intensity levels) show that the only buildings showing collapse are those in 

L’Aquila (the site with the highest hazard level) and only for the last stripes corresponding to 

extremely long return periods.  
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Abstract. There is a growing need for numerical models simulating the non-linear behavior of 

Reinforced Concrete (RC) elements under seismic loads into inelastic range, and for capacity 

models assessing the deformation capacity of RC members, with emphasis on non-conforming 

existing buildings. As far as nonlinear modeling is concerned, several approaches have been 

proposed by different authors; among them, empirical-based macromodels for lumped plastic-

ity modeling (e.g. Haselton et al., 2008) can represent an effective compromise between accu-

racy and simplicity. They have the great advantage of providing a complete characterization 

of the nonlinear response, accounting for all of the deformation mechanisms, and their relia-

bility is based on the use of experimental data. They also allow evaluating error/dispersion 

measures of the simulated response compared to the experimental data they are based on, 

which can be suitably used for taking into account modeling uncertainties in seismic fragility 

analyses of RC frames. With regard to capacity models, different approaches have been pro-

posed for the assessment of the deformation capacity of RC members, also for pre-normative 

purposes; in particular, as far as the seismic assessment of existing RC buildings is concerned, 

different capacity models have been developed for the ultimate deformation capacity of non-

conforming elements subjected to different failure modes (e.g. Elwood and Moehle, 2005; Zhu 

et al., 2007). 

In this study, a nonlinear response macromodel is proposed for a specific type of member, i.e. 

RC columns with plain bars. To this end, a database of tests on RC columns with plain bars is 

collected from literature. The specimens have different axial load, material properties, geome-

try, and longitudinal and transverse reinforcement ratio. Force-displacement data are col-

lected and processed for each specimen. The backbone of the experimental response is 

evaluated for each test, and predictive equations are developed for characteristics points, 

namely yielding, maximum strength, ultimate (conventional collapse) and zero resistance con-

ditions, based on a statistical analysis of data. 
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1 INTRODUCTION 

Current models for assessment and nonlinear modeling of RC elements are usually based on 

members with deformed bars (e.g. [1], [2], [3]). The post-elastic response of members with 

plain bars can be significantly different compared to members with deformed bars, due to the 

lower bond capacities [4][5] that, for instance, lead to higher deformability contribution of the 

fixed-end-rotation mechanism [6][7]. The objective of this paper is the derivation of empirical 

expressions providing the expected post-elastic response backbone for this kind of elements, 

through a regression analysis carried out on collected experimental data. 

In literature, one of the most widespread empirical macromodels for predicting the nonlinear 

response of RC members has been proposed by Haselton et al. [8], which provide a trilinear 

response backbone and a parameter for modeling the stiffness/strength degradation, according 

to the cyclic response model proposed by Ibarra et al. [9]. The largest part of models for capacity 

assessment and modeling of RC members provides the prediction of the response already in-

cluding the degradation due to cyclic displacement, as in the present study. Among these, the 

studies by Fardis and co-workers, which have proposed empirical-based formulations for chord 

rotation at yielding and “ultimate” (at 20% strength drop) [10][11][2], based on a large database 

of flexure-controlled experimental tests on RC elements. In the last years, several studies by 

Elwood and co-workers are focusing on the deformation capacity of existing non-ductile RC 

elements. Elwood and Moehle [12][13] proposed empirical formulations providing the drift at 

“collapse” (20% strength drop) and at “axial failure” (loss of vertical load-carrying capacity) 

of RC columns failing in shear following flexural yielding. These drift limits were used to 

model the shear-controlled response of RC elements (subjected to flexure-shear failure mode) 

in [14], by means of a modeling approach based on the use of the “limit state” material in 

OpenSees [15]. Aslani and Miranda [16] re-evaluated and simplified the formulations by El-

wood and Moehle [12][13]. Zhu et al. [17] proposed a procedure for failure mode classification 

and, accordingly, empirical formulations for the prediction of drift capacity (at 20% strength 

drop) for columns failing in flexure or in shear/flexure-shear, and for the prediction of the drift 

capacity at axial failure of shear-controlled columns. 

Different approaches have been adopted by international codes. The European standard EC8 

adopted Fardis and co-workers’ proposals, including correction coefficients for ultimate chord 

rotation of non-conforming elements [18][19], which account for their lower deformation ca-

pacity [20][2]. The US standard ASCE/SEI 41-13 [21] provides a procedure for the failure 

mode classification and, accordingly, empirical deformation capacity parameters calibrated to 

satisfy a target failure probability, depending on the failure mode. Such provisions were based 

on a proposal by Elwood et al. [1]. In [22] and [3] a modification to ASCE/SEI 41 provisions 

was proposed, in particular consisting of empirical expressions – not dependent on the expected 

failure mode – providing a median estimate of deformation capacity parameters. 

A much lower amount of analytical studies regarding the assessment of the deformation 

capacity of RC members with plain bars is present in literature. The European standard EC8 

provides specific expressions of the above-mentioned correction coefficients EC8 [18][19] for 

this kind of elements. These coefficients, in particular, account for the reduction of the ultimate 

chord rotation as a function of limited lap splice length. Different authors have evaluated the 

effectiveness of these coefficients, in some cases proposing improvements or alternative ex-

pressions [1][23][24]. Moreover, the effectiveness of current ASCE/SEI 41 provisions for ele-

ments with plain bars has been evaluated in [25], highlighting a significant conservatism. 

In this study, an empirical macromodel is developed, providing the response envelope of 

flexure-controlled RC columns with plain bars. To this aim, a database of cyclic tests from 
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literature is collected, and empirical formulations are proposed to evaluate the characteristic 

points of the response. 

2 EXPERIMENTAL DATABASE 

In this Section, the experimental database used for the empirical study reported in this paper 

is illustrated. 

Cyclic experimental tests on ductile (flexure-controlled) RC columns with plain bars were 

collected. All the experimental responses were corrected accounting for P-Delta effects, if nec-

essary, in order to be consistent with “Case I” reported in [26]. 

Table 1 reports the geometrical and mechanical characteristics of the 44 collected tests. 13 

of them have overlapped longitudinal reinforcement, with a ratio between splice length and 

longitudinal bar diameter 15 ≤ lo/db ≤ 47. 

The following parameters were extracted from the envelope of the experimental responses 

of the tests collected in the database. The obtained data are reported in Table 2. 

• EIeff: the effective stiffness was evaluated according to [27], i.e. as the stiffness secant to 

first yielding condition at theoretical first yielding moment, My; the ratio between EIeff and 

the gross section stiffness, EIg, was calculated (as the average between the two loading 

directions; if no cyclic displacement was imposed to the specimen prior to the attainment 

of the yielding condition, EIeff was not calculated; 

• Mmax: the peak resistance was evaluated only if cyclic displacement was imposed to the 

specimen prior to the attainment of this condition; again, the average between the two 

loading directions was calculated; 

• θmax: if Mmax was evaluated, chord rotation at peak resistance was considered, too; 

• θult: chord rotation at “ultimate” was evaluated corresponding to a 20% strength drop on 

the envelope of the response curve [10][13]; if 0.80·Mmax was not reached in the softening 

response, the corresponding value was not reported; for this parameter, the lowest value 

between the two loading directions was considered; 

• θ0: chord rotation at zero resistance was evaluated extrapolating to zero the line interpolat-

ing the extreme envelope points of the softening branch of the response; again, the lowest 

value between the two loading directions was considered; 

• K0: softening stiffness toward zero resistance was identified with the slope of the above-

described interpolating line used to evaluate θ0. 

 

An example application of the illustrated procedures is shown in Figure 1. 
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(a) (b) 

  

(c) (d) 

Figure 1: Example data extraction for Specimen Q-0L1 from [28] at yielding (a), peak resistance (b), “ultimate” 

(c), and zero resistance (d) conditions 
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# Reference Specimen ν b h d Ls s fc fy fyw db ρl ωl 

     [-] [mm] [mm] [mm] [mm] [mm] [MPa] [MPa] [MPa] [mm] [-] [-] 

1 

[6] 

C270-A1 0.12 300 300 270 1570 100 25 355 430 12 0.008 0.12 

2 C270-A2 0.12 300 300 270 1570 100 25 355 430 12 0.008 0.12 

3 C270-B1 0.12 300 300 270 1570 100 25 355 430 12 0.008 0.12 

4 C540-A1 0.24 300 300 270 1570 100 25 355 430 12 0.008 0.12 

5 C540-B1 0.24 300 300 270 1570 100 25 355 430 12 0.008 0.12 

6 C540-B2 0.24 300 300 270 1570 100 25 355 430 12 0.008 0.12 

7 

[29] 

S300P-c 0.20 300 300 270 1500 150 17.9 330 375 12 0.011 0.21 

8 R300P-c 0.10 500 300 270 1500 150 19.2 330 375 12 0.010 0.17 

9 R500P-c 0.10 300 500 470 1500 150 20.2 330 375 12 0.010 0.16 

10 
[30] 

G5 0.20 300 300 270 1500 300 21.6 330 375 12 0.011 0.17 

11 C-R30-s 0.20 500 300 270 1500 150 19.2 330 375 12 0.010 0.17 

12 

[28] 

Q-0 0.44 250 250 210 1600 200 27 313 425 14 0.012 0.14 

13 Q-0L1 0.41 250 250 220 1600 200 30.3 313 425 14 0.011 0.12 

14 Q-0L2 0.42 250 250 220 1600 200 30.3 313 425 14 0.011 0.12 

15 Q-0L1a 0.63 250 250 220 1600 200 28.1 313 425 14 0.011 0.12 

16 Q-0L2a 0.57 250 250 220 1600 200 28.1 313 425 14 0.011 0.12 

17 [31] C 0.30 250 250 215 1600 200 25 372 351 14 0.011 0.17 

18 [32] Control 0.20 250 250 215 1600 200 25.6 372 351 14 0.011 0.17 

19 [33] C-O-1 0.47 200 300 265 1200 200 9.0 336 383 14 0.012 0.43 

20 

[34] 

C3-S 0.14 300 300 270 1700 200 25.7 346 346 14 0.008 0.10 

21 C16-S 0.40 300 300 270 1700 200 27.5 346 346 14 0.008 0.10 

22 C18-S 0.40 300 300 270 1700 200 13.5 346 346 14 0.008 0.19 

23 [35] CC2N 0.20 200 200 185 750 100 23 356 356 10/6 0.012 0.18 

24 
[36] 

WOS-C 0.15 250 250 220 750 200 22.9 370 370 12 0.008 0.13 

25 HOS-C 0.15 250 250 220 750 200 24.8 370 370 12 0.008 0.12 

26 

[37][38][39]  

S-L-0-00 0.40 350 350 302 2000 200 14 275 331 18 0.019 0.38 

27 S-H-0-00 0.32 350 350 302 2000 200 20 284 331 22 0.029 0.41 

28 R-NC-0-00 0.50 200 400 350 2000 200 12 275 331 18 0.029 0.67 

29 

[40][41][42] 

1P2 0.21 350 350 315 2000 165 13.5 315 368 14 0.011 0.26 

30 2P3 0.20 350 350 315 2000 165 12.2 315 368 14 0.011 0.29 

31 3P3_N0.4 0.40 350 350 315 2000 165 13.1 315 368 14 0.011 0.27 

32 4P4 0.20 350 350 315 2000 165 12.4 315 368 14 0.011 0.28 

33 5P5 0.21 350 350 315 2000 165 11.4 315 368 14 0.011 0.31 

34 6PV1 0.20 350 350 315 2000 165 12.5 315 368 14 0.011 0.28 

35 7P3_U 0.20 350 350 315 2000 165 13.2 315 368 14 0.011 0.27 

36 

[24] 

CPA-1 0.18 300 300 270 1700 200 21.2 405 410 12 0.008 0.16 

37 CPA-3 0.18 300 300 270 1700 200 17.4 405 410 12 0.008 0.19 

38 CPB 0.18 300 300 270 1700 200 20.3 405 410 12 0.008 0.17 

39 CPC 0.18 300 300 270 1700 200 17.1 405 410 12 0.011 0.26 

40 CPD 0.18 300 300 270 1700 200 18 405 410 12 0.011 0.25 

41 CPE 0.18 300 400 370 1700 200 18 405 410 12 0.008 0.18 

42 CPF 0.18 300 500 470 1700 200 18.3 405 410 12 0.008 0.18 

43 
[43] 

S1 0.20 350 350 311 1425 265 29.5 325 350 20 0.023 0.25 

44 S4 0.20 350 350 311 1425 265 25.9 325 350 20 0.023 0.29 

Table 1: Database of cyclic tests on flexure-controlled RC columns with plain bars. 
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# EIeff/EIg θmax Mmax θult θ0 K0 

 [-] [rad] [kNm] [rad] [rad] [kNm/rad] 

1 0.34 0.015 66.3 0.062 0.260 272 

2 0.38 0.020 68.4 0.058 0.237 303 

3 0.38 0.013 63.2 0.063 0.147 602 

4 0.38 0.018 98.9 0.037 0.132 933 

5 0.42 0.017 96.4 0.038 0.142 810 

6 0.48 0.013 101.5 0.032 0.111 1065 

7 0.26 0.022 79.7 0.056 0.093 1712 

8 0.21 0.026 100.9 0.068 0.127 1358 

9 0.20 0.020 177.9 - 0.275 698 

10 0.34 0.018 91.5 0.052 0.192 565 

11 0.32 0.020 140.5 0.048 0.088 2736 

12 0.55 0.015 72.4 0.019 0.030 6664 

13 0.52 0.015 76.9 0.022 0.035 5657 

14 0.78 0.011 83.5 0.013 0.021 14050 

15 0.86 0.009 75.9 0.011 0.020 7238 

16 0.87 0.011 83.0 0.013 0.021 13952 

17 0.28 0.025 62.1 0.037 0.055 2752 

18 0.20 0.040 53.2 0.060 0.080 2312 

19 0.48 0.012 43.9 0.014 0.024 3432 

20 0.34 0.025 88.1 0.035 0.059 3329 

21 0.35 0.020 129.4 0.029 0.044 8723 

22 0.37 0.018 71.4 0.031 0.085 1065 

23 0.22 0.031 36.1 0.044 0.083 751 

24 0.18 0.014 40.5 0.047 0.171 277 

25 0.24 0.013 42.6 0.039 0.096 487 

26 0.50 0.017 145.9 0.029 0.042 9916 

27 0.48 0.022 191.1 0.040 0.063 7240 

28 0.66 0.009 113.2 0.020 0.048 3145 

29 - 0.028 102.6 - 0.301 351 

30 - 0.028 95.6 - 0.149 797 

31 - - - 0.030 0.062 2748 

32 - - - - 0.226 470 

33 - - - - - - 

34 0.38 0.021 95.6 0.052 0.149 776 

35 0.19 0.024 94.9 0.049 0.189 578 

36 0.26 0.019 71.5 0.034 0.063 2024 

37 0.32 0.024 65.4 0.045 0.081 1479 

38 0.45 0.017 62.0 0.043 0.078 1447 

39 0.23 0.025 83.6 0.048 0.072 2716 

40 0.37 0.017 65.0 0.041 0.077 1447 

41 0.15 0.028 118.8 0.041 0.057 6209 

42 0.21 0.018 202.4 0.035 0.058 6325 

43 0.24 0.016 192.6 0.024 0.049 6479 

44 0.27 0.016 168.3 0.022 0.039 8435 

Table 2: Extracted data at characteristic points of the base moment-chord rotation response envelopes (yielding, 

peak resistance, “ultimate”, and zero resistance). 

3 METHODOLOGY 

The regression methodology adopted in this study consists of (i) the selection of potential 

predictive parameters, (ii) the analysis of the trends of the output (predicted) variable with the 

selected potential predictive parameters, (iii) the execution of regression analysis based on as-

sumed functional forms, and (iv) the selection of the adopted formulation. This methodology is 

briefly illustrated as follows. 

Based on previous literature studies and mechanical judgment, the following potential pre-

dictive parameters were selected: axial load ratio (ν); shear span-to-depth ratio (Ls/d); transverse 

reinforcement spacing-to-depth ratio (s/d); transverse reinforcement spacing-to-longitudinal 

bar diameter ratio (s/db); rebar buckling coefficient (sn=(s/db)·(fy/100)0.5) (already adopted by 

Haselton et al. [8]); geometrical (ρl) and mechanical (ωl) longitudinal reinforcement ratio; geo-

metrical (ρw) and mechanical (ωw) transverse reinforcement ratio; compression-to-tension (in-

cluding web) longitudinal reinforcement ratio (ω’/ω); concrete compressive strength (fc); 

longitudinal steel yield strength (fy); splice length-to-longitudinal bar diameter ratio (lo/db). Fur-

thermore, a “fixed-end-rotation coefficient”, (lba·db)/(d·fc
0.5), was tentatively used, trying to ac-

count for the influence of fixed-end-rotation on deformation capacity; this coefficient should 

be positively correlated with elements’ deformability, since the expected rigid end rotation due 

to the slip of the longitudinal reinforcement from the anchorage should be positively correlated 
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to the anchorage length (lba) and to the bar diameter (db), and negatively correlated to the square 

root of concrete compressive strength (fc
0.5, correlated to the bond strength) and to section ef-

fective depth (d, correlated to the “rotation arm”) 

Then, the correlation between each output variable and the potential predictive parameters 

was analyzed through visual inspection and analysis of correlation coefficients. Parameters 

showing an unexpected (not mechanically explainable) correlation with the output variable 

were excluded. 

Ordinary least squares regressions were carried out between each output variable (trans-

formed in logarithmic form) and the input variables; these were assumed, alternatively, in their 

natural or logarithmic form, or not present (leading to reduced models, in the latter case). The 

best model was selected as the one characterized by the lowest Residual Sum of Squares (RSS) 

among all the full models. 

Finally, F-tests were performed between the best model and all the reduced models searching 

for statistically significant differences. If the p-value was higher than a fixed significance level 

α = 0.10 (assumed higher than 0.05 in order to reduce the risk of a “Type II” error [44]) the null 

hypothesis was not rejected, i.e. the reduced model was “accepted” as statistically equivalent to 

the best model. Among all the “accepted” reduced models, the one with the lowest number of 

predictive parameters and the highest p-value was selected. In some cases, a further parameter 

was included, if it led to a very significant increase in p-value. If possible, the expression was 

simplified in linear form. Statistics of the observed-to-predicted ratio (mean, median and Coef-

ficient of Variation (CoV)) were calculated. 

4 ANALYSIS OF RESULTS 

The empirical formulations derived according to the above-described methodology are illus-

trated as follows for each parameter analyzed. 

 

Effective stiffness 

The regression obtained for EIeff/EIg includes the axial load ratio and the shear span-to-depth 

ratio, see Eq. 1. As expected, the effective stiffness increases with these parameters increasing. 

The strongest correlation is observed with the axial load ratio, consistent with previous litera-

ture and code expressions and mechanical-based judgment. 

 ( )/ 0.086 7.6 1 0.23 /= ⋅ ⋅ + ⋅eff g sEI EI L d
ν  (1) 

 

Figure 2: observed vs predicted EIeff (Eq. 1) 
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Mean, median and CoV of the observed-to-predicted ratio are 1.05, 1.04 and 0.24, see Fig-

ure 2. 

The observed values of EIeff/EIg can be compared with the ASCE/SEI 41-13 provisions; 

mean, median and CoV of the observed-to-predicted ratio are 0.82, 0.83 and 0.30, singularly 

equal to the values observed by Elwood and Eberhard [27] on rectangular columns with de-

formed bars; hence, the presence of plain bars does not seem to increase the deformability at 

yielding [11]. However, if a non-biased estimate of the expected stiffness has to be provided, 

the lower bound could be decreased from 0.30 to 0.20; mean, median and CoV of the observed-

to-predicted equal to 0.98, 0.94 and 0.31 would be obtained, see Figure 3. 

 

Figure 3: observed EIeff/EIg, ASCE/SEI 41-13 provision and proposed modification 

 

Peak resistance 

First, an attempt of predicting the observed flexural strength Mmax through a section analysis 

is made, estimating the maximum expected moment as the moment calculated with a fiber anal-

ysis using a bilinear elastic-perfectly plastic model for the steel and the Mander et al. [45] con-

stitutive relationship for the concrete, corresponding to a compressive strain of 0.004 in the 

extreme concrete fiber [27], M004. Mean, median and CoV of the ratio between Mmax and M004 

are 1.08, 1.06 and 0.11, thus highlighting an experimental overstrength that has already been 

observed in literature, and can be explained through the confinement effect of the foundation 

element on the end section of the element [46]. Therefore, a regression analysis is carried out 

for the Mmax/My ratio, but the obtained results do not show a significant scatter reduction com-

pared to the observed values; thus, a simple mean value could be assumed for this ratio, i.e. 

Mmax/My = 1.17. 

 

Chord rotation at peak resistance 

The regression obtained for θmax includes the axial load ratio, the shear span-to-depth ratio 

and the splice length-to-longitudinal bar diameter ratio, see Eq. 2. Mean, median and CoV of 

the observed-to-predicted ratio are 1.00, 0.98 and 0.24, see Figure 4. A negative correlation is 

observed with the geometrical longitudinal reinforcement ratio, too, but it is not retained in the 

formulation selected according to the adopted methodology. Note the minimum between lo/db 

and 50 was assumed in regression analysis. 

 ( ) ( )( )max 0.011 0.21 1 0.29 / 0.57 0.43 min / ,50 / 50= ⋅ ⋅ + ⋅ ⋅ + ⋅s o bL d l d
νθ  (2) 
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Figure 4: observed vs predicted θmax (Eq. 2) 

 

Chord rotation at “ultimate” 

The regression obtained for θult includes the axial load ratio, the mechanical transverse rein-

forcement ratio, the “fixed-end-rotation coefficient” proposed in this study, and the splice 

length-to-longitudinal bar diameter ratio, see Eq. 3. The terms related to the two latter coeffi-

cients could be approximated by linear expressions. Mean, median and CoV of the observed-

to-predicted ratio are 1.02, 1.05 and 0.18, see Figure 5a. Again, the axial load ratio has the 

strongest influence also on this deformation capacity parameter. The beneficial effect of trans-

verse reinforcement through the confinement effect on concrete in compression is demonstrated 

by the inclusion of the mechanical transverse reinforcement ratio. The inclusion of the “fixed-

end-rotation coefficient” demonstrates the possibility of taking into account the higher deform-

ability due to this deformation mechanism through the proposed coefficient. As for θmax, the 

minimum value between lo/db and 50 was assumed as predictive parameter. Note that, different 

from the usual approach based on correction coefficients [18][19], which are calibrated a pos-

teriori, in this case a unique expression is derived for elements with continuous and lap-spliced 

longitudinal reinforcement. 

Another regression analysis is performed excluding the “fixed-end-rotation coefficient”, be-

cause in some situations the anchorage length lba cannot be easily determined, as for continuous 

longitudinal reinforcement passing through beam-column joints. The resulting expression in-

cludes, again, the axial load ratio, the mechanical transverse reinforcement ratio and the splice 

length-to-longitudinal bar diameter ratio, and, furthermore, the shear span-to-depth ratio, posi-

tively correlated to θult, see Eq. 4. Mean, median and CoV of the observed-to-predicted ratio 

are 1.00, 1.00 and 0.20, see Figure 5b. 

 ( ) ( )( )0.150.055 0.034 1 0.32 / 0.70 0.30 min / ,50 / 50= ⋅ ⋅ ⋅ + ⋅ ⋅ + ⋅
ult sw ba b c o b

l d d f l d
νθ ω  (3) 

 ( ) ( )( )0.180.071 0.039 1 0.20 / 0.75 0.25 min / ,50 / 50= ⋅ ⋅ ⋅ + ⋅ ⋅ + ⋅ult sw s o bL d l d
νθ ω  (4) 
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(a) (b) 

Figure 5: observed vs predicted θult (Eq. 3 (a), Eq. 4 (b)) 

The obtained expressions can be compared with provisions by literature and codes for chord 

rotation at “ultimate”. Formulations provided by the following references are considered: Eu-

rocode 8 [18][19], without (“EC8”) and with (“EC8c”) correction coefficients accounting for 

the lack of seismic detailing and the presence of plain bars (“c.c.”); Eurocode 8  with c.c. pro-

posed by Verderame et al. [23] (“V&al”); Eurocode 8 with c.c. proposed by Melo et al. [24] 

(“M&al”); Biskinis and Fardis [2], without (“B&F”)  and with (“B&Fc”); c.c.; Zhu et al. [17], 

including the predicted Failure Mode (“FMZ”, “Z&al”); ASCE/SEI 41-13 [21], including the 

predicted Failure Mode and Condition (“FMA”, “Cond.”, “ASCE”); Ghannoum [3], including 

the predicted Failure Mode (FMG, G). In Table 3, these provisions are compared with the pre-

dictions of Eq. 3 and Eq. 4 proposed herein, and, of course, with observed values (“θult,obs”). 

Finally, mean, median and CoV of the observed-to-predicted ratio are reported, for all columns 

(“all”), and separately for columns with continuous (“c.”) and lap-spliced (“l.s.”) longitudinal 

reinforcement, too. 

The Equations proposed herein show the highest predictive capacity, and similar statistics 

of observed-to-predicted for “c.” and “l.s.” columns. The comparison with uncorrected EC8 

provisions highlights that only for “l.s.” columns a correction should be applied; however, the 

c.c. proposed by code lead to a significant underestimation of deformation capacity, both for 

“c.” and “l.s.” columns. Similar trends are observed for the update proposal by Fardis and co-

workers [2]. The c.c. proposed by Verderame et al. [23] and Melo et al. [24] lead to a signifi-

cantly better agreement, although quite conservative for “l.s.” columns in the former case, and 

slightly non-conservative for “c.” columns and conservative for “l.s.” columns in the latter case. 

ASCE provisions [21] appear very conservative, but a direct comparison is not possible, since 

these provisions are calibrated to satisfy target failure probabilities rather than to predict the 

expected values, and, secondarily, because the significant underestimation of the effectiveness 

of end-hooked anchorages of plain longitudinal bars leads to unrealistic IS and/or ID failure 

modes [25][47][48]. The corresponding update proposal by Ghannoum [3], aimed at predicting 

median deformation capacity values, is, as expected, less (but still) conservative. 
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# θult,obs Eq. 3 Eq.4 EC8 EC8c V&al M&al B&F B&Fc FMZ
* Z&al FMA

† Cond. ASCE FMG
‡ G 

 [rad] [rad] [rad] [rad] [rad] [rad] [rad] [rad] [rad]  [rad]   [rad]  [rad] 

1 0.062 0.060 0.061 0.051 0.035 0.047 0.051 0.050 0.040 F 0.037 F ii 0.028 F-FS-S 0.040 

2 0.058 0.060 0.061 0.051 0.035 0.047 0.051 0.050 0.040 F 0.037 F ii 0.028 F-FS-S 0.040 

3 0.063 0.061 0.062 0.051 0.041 0.050 0.059 0.050 0.040 F 0.037 F ii 0.028 F-FS-S 0.040 

4 0.037 0.040 0.042 0.044 0.030 0.042 0.035 0.044 0.035 F 0.029 F ii 0.025 F-FS-S 0.034 

5 0.038 0.041 0.042 0.044 0.035 0.045 0.041 0.044 0.035 F 0.029 F ii 0.025 F-FS-S 0.034 

6 0.032 0.041 0.042 0.044 0.035 0.045 0.041 0.044 0.035 F 0.029 F ii 0.025 F-FS-S 0.034 

7 0.056 0.050 0.045 0.038 0.030 0.038 0.046 0.037 0.029 F 0.026 F* ii 0.022 F-FS-S 0.033 

8 0.068 0.063 0.056 0.045 0.036 0.044 0.060 0.044 0.035 S 0.058 F* ii 0.021 F-FS-S 0.036 

9 - - - 0.032 0.026 0.030 0.042 0.032 0.025 F 0.044 F ii 0.022 F-FS-S 0.033 

10 0.052 0.041 0.038 0.039 0.031 0.039 0.044 0.039 0.031 S 0.040 F* ii 0.019 F-FS-S 0.024 

11 0.048 0.045 0.041 0.040 0.032 0.040 0.047 0.039 0.031 S 0.055 F* ii 0.019 F-FS-S 0.030 

12 0.019 0.024 0.023 0.038 0.030 0.039 0.022 0.037 0.030 F - F* ii 0.016 F-FS-S 0.020 

13 0.022 0.019 0.020 0.040 0.015 0.012 - 0.040 0.016 F - IS iv 0.007 IS 0.032 

14 0.013 0.020 0.021 0.040 0.020 0.021 - 0.039 0.022 F - F* ii 0.017 F-FS-S 0.022 

15 0.011 0.010 0.010 0.030 0.011 0.009 - 0.030 0.012 F - IS iv 0.005 IS 0.030 

16 0.013 0.013 0.013 0.033 0.017 0.016 - 0.032 0.018 F - F* ii 0.012 F-FS-S 0.016 

17 0.037 0.034 0.035 0.044 0.035 0.048 0.037 0.044 0.034 F - F* ii 0.021 F-FS-S 0.027 

18 0.060 0.047 0.048 0.050 0.040 0.053 0.049 0.049 0.039 F 0.006 F* ii 0.024 F-FS-S 0.032 

19 0.014 0.022 0.020 0.024 0.019 0.028 0.033 0.024 0.019 F 0.009 F* ii 0.013 F-FS-S 0.018 

20 0.035 0.052 0.050 0.052 0.035 0.044 0.048 0.051 0.040 S 0.062 F* ii 0.022 F-FS-S 0.036 

21 0.029 0.021 0.021 0.038 0.026 0.034 0.019 0.038 0.030 S 0.054 F* ii 0.016 F-FS-S 0.023 

22 0.031 0.030 0.024 0.033 0.022 0.031 0.032 0.032 0.025 S 0.054 F* ii 0.015 F-FS-S 0.023 

23 0.044 0.036 0.038 0.038 0.030 0.039 0.046 0.038 0.030 F 0.025 F* ii 0.023 F-FS-S 0.030 

24 0.047 0.044 0.040 0.040 0.032 0.040 0.051 0.039 0.031 F 0.009 ID iv 0.004 ID 0.029 

25 0.039 0.035 0.033 0.040 0.017 0.016 - 0.040 0.019 F 0.009 IS/ID iv 0.004 IS/ID 0.029 

26 0.029 0.025 0.027 0.029 0.023 0.033 0.032 0.029 0.023 F 0.011 F* ii 0.017 F-FS-S 0.024 

27 0.040 0.032 0.032 0.035 0.028 0.038 0.032 0.034 0.027 F 0.021 F* ii 0.021 F-FS-S 0.027 

28 0.020 0.019 0.020 0.024 0.019 0.027 0.027 0.024 0.019 F 0.039 F* ii 0.017 F-FS-S 0.021 

29 - - - - - - - - - - - - - 0.024 - - 

30 - - - - - - - - - - - - - 0.024 - - 

31 0.030 0.023 0.028 0.029 0.023 0.032 0.033 0.029 0.023 F 0.015 F* ii 0.017 F-FS-S 0.026 

32 - - - - - - - - - - - - - 0.024 - - 

33 - - - - - - - - - - - - - 0.024 - - 

34 0.052 0.046 0.053 0.036 0.029 0.038 0.049 0.036 0.029 F 0.030 F* ii 0.024 F-FS-S 0.036 

35 0.049 0.045 0.053 0.037 0.029 0.039 0.048 0.036 0.029 F 0.029 F* ii 0.024 F-FS-S 0.036 

36 0.034 0.044 0.048 0.047 0.038 0.049 0.053 0.046 0.037 S 0.062 F* ii 0.022 F-FS-S 0.035 

37 0.045 0.048 0.050 0.045 0.036 0.048 0.056 0.044 0.035 S 0.061 F* ii 0.022 F-FS-S 0.035 

38 0.043 0.039 0.044 0.047 0.027 0.029 - 0.046 0.029 S 0.062 IS iv 0.007 IS 0.032 

39 0.048 0.048 0.050 0.045 0.036 0.048 0.056 0.044 0.035 S 0.061 F* ii 0.023 F-FS-S 0.035 

40 0.041 0.042 0.045 0.045 0.026 0.029 - 0.045 0.028 S 0.061 IS iv 0.009 IS 0.030 

41 0.041 0.039 0.042 0.037 0.029 0.038 0.044 0.036 0.029 S 0.044 F* ii 0.020 F-FS-S 0.031 

42 0.035 0.035 0.038 0.035 0.028 0.035 0.042 0.034 0.027 S 0.034 F* ii 0.019 F-FS-S 0.028 

43 0.024 0.027 0.032 0.039 0.031 0.039 0.035 0.039 0.031 S 0.034 FS ii 0.019 F-FS-S 0.019 

44 0.022 0.028 0.033 0.038 0.030 0.038 0.038 0.038 0.030 S 0.034 FS ii 0.019 F-FS-S 0.019 

al
l 

mean 1.02 1.00 0.94 1.30 1.06 0.96 0.95 1.28  1.67   2.57  1.27 

median 1.05 1.00 0.98 1.35 1.01 0.94 0.99 1.31  1.28   2.02  1.32 

CoV 0.18 0.20 0.33 0.30 0.36 0.24 0.33 0.30  1.03   0.93  0.29 

c.
 

mean 1.03 1.00 1.03 1.28 0.99 0.92 1.04 1.31  1.81   2.31  1.36 

median 1.06 0.99 1.05 1.31 1.00 0.92 1.06 1.34  1.30   1.93  1.34 

CoV 0.17 0.19 0.28 0.28 0.30 0.22 0.28 0.28  1.04   0.95  0.24 

l.
s.

 mean 1.01 1.01 0.77 1.34 1.21 1.11 0.78 1.21  1.32   3.07  1.09 

median 1.04 1.00 0.84 1.41 1.19 1.10 0.85 1.22  0.69   2.10  1.29 

CoV 0.20 0.21 0.38 0.35 0.41 0.25 0.38 0.34  0.92   0.88  0.35 

*: F = flexure; S = flexure-shear or shear. 

†: F = flexure with further confidence; F* = flexure without further confidence; FS = flexure-shear; ID: inadequate development; IS: inadequate splicing. 

‡: F-FS-S = flexure or flexure-shear or shear; ID: inadequate development; IS: inadequate splicing. 

Table 3: Comparison between observed and predicted chord rotation at “ultimate” 

 

Chord rotation at zero resistance 

For some tests, very high, unrealistic values of θ0 were obtained, due to very low post-peak 

negative slope, unrealistically high values of θ0 were obtained. Hence, a judgment-based value 

of 0.15 rad was assumed as upper bound for this parameter. 

The regression obtained for θ0 includes the axial load ratio and the geometrical transverse 

reinforcement ratio, see Eq. 5. Mean, median and CoV of the observed-to-predicted ratio, with 

the assumed upper bound on observed and predicted values, ratio are 0.99, 0.93 and 0.37, see 

Figure 6. 

 
( )( )100

0 min 0.098 0.015 58 ;0.15
⋅

= ⋅ ⋅ wρνθ  (5) 
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Figure 6: observed vs predicted θ0 (Eq. 5) 

 

Softening stiffness toward zero resistance 

Due to the strict dependency between θ0 and K0, the adoption of a (lower) bound for this 

parameter is considered. To this aim, K0 is reported versus θ0 (see Figure 7): assuming a lower 

bound on K0 equal to 700 kNm/rad, almost all (except two) tests with θ0 ≤ 0.15 show a value 

of K0 above this bound, while all the tests with θ0 > 0.15 show a value of K0 below this bound. 

 

Figure 7: observed θ0 vs observed K0 and corresponding assumed bounds 

The regression obtained for K0 includes the same parameters of the regression obtained for 

θ0, see Eq. 6. Mean, median and CoV of the observed-to-predicted ratio, with the assumed 

lower bound on observed and predicted values, ratio are 1.27, 1.00 and 0.62, see Figure 8. 

 ( )( )1.69

0 max 30 327 100 ;700
−

= ⋅ ⋅ ⋅
w

K ν ρ  (6) 
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Figure 8: observed vs predicted K0 (Eq. 6) 

 

5 CONCLUSIONS 

An empirical macro-model for the prediction of inelastic response of flexure-controlled RC 

columns with plain bars was proposed. To this aim, a database of cyclic tests was collected, 

parameters identifying the characteristic point of the response envelope were identified, and a 

regression analysis was performed in order to derive empirical formulations predicting these 

parameters. The proposed equations allow modeling the inelastic response up to complete col-

lapse (zero-resistance condition). A comparison was carried out between proposed equations 

for deformability at yielding (effective stiffness) and chord rotation at “ultimate” (20% strength 

drop) and proposals from literature and codes, highlighting, in the latter case, a general con-

servatism. 

The proposed formulations can be used both for performance-based deformation capacity 

assessment and for nonlinear modeling, thus representing a useful tool for seismic analysis of 

existing RC frames with plain reinforcing bars, properly accounting for the specific response 

characteristics of this kind of members. 
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Abstract. The seismic performance of existing Reinforced Concrete (RC) frames is signifi-

cantly affected by the behaviour of beam-column intersections involved in the collapse mech-

anism, especially in non-conforming buildings with poor structural detailing or completely 

unreinforced joints. Even if a quite significant amount of studies on seismic performance of 

unreinforced joints has been carried out in last years, a very limited number of them deals 

with specimens reinforced with plain hook-ended longitudinal bars, widespread in Italian and 

Mediterranean building stock, or with the analysis of local aspects, such as the evaluation of 

joint shear strains. The majority of the models proposed in literature to simulate the cyclic 

behaviour of RC joints were developed and calibrated by means of tests performed on ele-

ments with deformed bars. Thus, these models may be not adequate for elements with hook-

ended plain bars, especially due to the peculiarities in the interaction mechanisms between 

concrete and steel for this bar typology.  

This study first analyses the cyclic experimental tests of four full-scale exterior unreinforced 

RC beam-column joints with longitudinal plain bars in beams and columns carried out by the 

authors, in continuity with a previous experimental campaign. The specimens mainly differ 

for joint aspect ratio and beam longitudinal reinforcement ratio. Global and local responses 

of such tests are analyzed. The joint deformation mechanisms – rotation at the interface be-

tween beam/columns and joint, and shear deformation of the joint panel – are also analyzed. 

Then, a numerical modelling approach is carried out by OpenSees software to reproduce the 

experimental cyclic response. Bond-slip is particularly taken into account by introducing a 

slip spring whose properties are calculated using a bond-slip model properly proposed in lit-

erature for plain bars. The numerical results are presented and finally compared with the ex-

perimental results highlighting the influence of nonlinear response of joint panel and bond-

slip mechanism in the response of the sub-assemblage. 
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1 INTRODUCTION 

Reinforced Concrete (RC) buildings designed according to obsolete seismic codes or for 

gravity loads only are widespread in Italian and Mediterranean building stock. For these 

buildings, beam-column joints can represent a critical issue, leading to shear failures that limit 

the achievement of the flexural capacity of the adjoining members ([1]-[2]). As a matter of 

fact, past earthquakes showed that shear failures in beam-column joints can lead to building 

collapse ([3]-[5]) mainly due to the inadequate joint confinement, in particular for structures 

designed for gravity loads only. 

A significant amount of studies has been carried out in last years on seismic performance 

of unreinforced beam-column joints (e.g. [6]-[10]). These researches have focused the atten-

tion on the effect of different parameters on seismic performance of joints without stirrups in 

the joint core – in particular including the effect of column axial load, concrete strength, joint 

aspect ratio, or beam longitudinal reinforcement ratio – but very few of them handled with 

specimens with plain hook-ended longitudinal bars, widespread in the existing RC building 

stock of the Mediterranean region. As a result, despite a certain amount of recent experi-

mental tests on exterior joints, the number of tests performed on RC unreinforced joints built 

with plain bars is certainly very low (see [12]) if compared with the available data for RC 

joints with deformed bars [13]. Moreover, there is a great inhomogeneity (e.g. for anchorage 

details, or presence of slab or ties in the joint core) in test campaigns carried out all around the 

word and representing different constructive practices, typical of each country. Researchers 

often focused their attention mainly on the shear strength of the joint panel; thus, only few of 

them provided experimental values of joint shear strains, nevertheless the crucial role of this 

data to reproduce joint performance in numerical modelling in a reliable way. Furthermore, 

only two shear strength models ([14]-[15]) exist in literature for this joint typology.  

This study first analyses the cyclic experimental tests on four full-scale exterior unrein-

forced RC beam-column joints with longitudinal plain bars in beams and columns carried out 

by the authors, in continuity with a previous experimental campaign [12]. The specimens are 

mainly different for joint aspect ratio and beam longitudinal reinforcement ratio. Global and 

local responses of such tests are analyzed. The different joint deformation mechanisms – rota-

tion at the interface between beam/columns and joint, and shear deformation of the joint panel 

– are also investigated. Then, a numerical modelling is carried out by OpenSees software plat-

form to reproduce the experimental cyclic response. Bond-slip is particularly taken into ac-

count by introducing a slip spring whose properties are calculated using a bond-slip model 

properly proposed in literature for plain bars. The numerical results are presented and finally 

compared with the experimental results highlighting the influence of nonlinear response of 

joint panel and bond-slip mechanism in the response of the sub-assemblage. 

2 EXPERIMENTAL CAMPAIGN 

Four full-scale exterior unreinforced beam-column sub-assemblages have been designed 

and tested under cyclic loading. All the specimens are reinforced with hook-ended plain lon-

gitudinal rebars. Columns (top and bottom) have a square cross-section with height (hc) and 

width (bc) equal to 30 cm for all the specimens (see Figure 1). The four tests are different for 

joint aspect ratio (hb/hc) and beam longitudinal reinforcement amount (Asb), in order to ob-

serve and analyze the effect of such parameters on joint shear strength and deformability. In 

particular, beam sectional area is rectangular with 30 cm depth (bb=30 cm) for all the speci-

mens; whereas the beam height (hb) is equal to 40 cm for Tests #1bP and #2bP, and 60 cm for 

Test #1cP and #2cP (Figure 1). Thus, joint aspect ratio results to be equal to 1.33 or 2.00, re-

spectively, depending on beam height. Column length was designed to be representative of 
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typical interstorey height (3.40m), so that column shear length, Lc (up to the centerline of the 

beam), is equal to 1.70 m. The beam length, Lb (up to the centerline of the column) is equal to 

1.80 m (Figure 1). 
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Figure 1: Geometry (dimensions in cm) and reinforcement details. 

Beam longitudinal reinforcement is higher for Tests #1bP and #1cP (symmetrically rein-

forced with 4ϕ20) with respect to Tests #2bP and #2cP (symmetrically reinforced with 4ϕ16). 

Column longitudinal reinforcement consists of 4ϕ20 for both the reinforcement layers so that 

a weak beam-strong column hierarchy is obtained. The longitudinal reinforcement in the col-

umns extends continuously up through the joint from the bottom to the top of the column. 

Transverse reinforcement in beams and columns was designed to avoid shear failures, to not 

preclude joint shear failure, which is the focus of this work. No transverse reinforcement was 

located in the joint panel zone, in compliance with code prescriptions in force in the Mediter-

ranean area until ‟80, also in regions with high seismic hazard. Top and bottom beam longitu-

dinal bars are anchored with end hooks bent inside the joint core: the internal curvature radius 

of the hooks is equal to 2.5 times the bar diameter (according to the Italian constructive prac-

tice in force until 70‟s). The transverse reinforcement in beams and columns consists of 8 mm 

diameter closed stirrups with 90° bent and 10 cm extension on both ends. The stirrups are 

spaced at 10 cm along the beam and the column except within beam and column ends, where 

the spacing is reduced to 5 cm to give adequate strength at the location where forces are ap-

plied during the test. 

Concrete compressive strength (fc) was evaluated on four 15×15×15cm
3
 cubic samples 

(CSs) of the casted concrete. Values of 28-day cylindrical strength for each CS have been cal-

culated as 0.83 times the cubic strength (according to [16]), and their mean value is equal to 

17.7 MPa. Mechanical properties of the reinforcing steel for plain longitudinal reinforcement 

are similar to AQ42 or FeB22k commercial typologies (very commonly employed in Italy be-

tween „60s and „70s). Tensile tests were carried out on three samples for each bar diameter. 

Mean values of their yield strength, fy, are equal to 370 MPa for 20 mm bar diameter and 330 
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MPa for 16 mm bar diameter. Mean values of their ultimate strength, ft, are equal to 520 MPa 

and 446 MPa, for 20 mm and 16 mm bar diameter, respectively. Deformed bars B450C (i.e., 

class C reinforcement with fyk=450 MPa according to Annex C provisions of Eurocode 2) 

were adopted for transverse reinforcement in beams and columns, for sake of convenience. 

A schematic of the loading apparatus is shown in Figure 2. The column was mounted with 

pinned supports at both ends. A constant value of axial load equal to N=160 kN (correspond-

ing to an axial load ratio equal to =0.10) was applied. A hydraulic actuator applied the lateral 

load in displacement control at the end of the beam by means of a loading collar. A wire po-

tentiometer was placed at the end of the beam to monitor beam deflection. Ten Linear Poten-

tiometer sensors (LPs) adopted to measure joint shear strains and cracks width at column-joint 

interfaces were located in the joint panel along longitudinal reinforcement layers of beam and 

columns and along the diagonals of the joint panel, as shown in Figure 2. Two additional Lin-

ear Variable Displacement Transducers (LVDTs) located along the beam depth were used in 

order to measure cracks width at beam-joint interface. Strains in beam longitudinal reinforce-

ment were measured, too, by means of two strain gauges (sg) located at beam-joint interface, 

as shown in Figure 2.  

Before beginning each test, the axial load was slowly applied to the column until the ap-

propriate level was achieved. Then, the lateral load was cyclically applied, in a quasi-static 

way, at the end of the beam. The loading procedure consisted of displacement-controlled steps 

beginning at a 0.25% drift followed by steps of 0.50%, 0.75%, 1.00%, 1.50%, 2.00%, 3.00%, 

4.00% and 6.00% drift. Each drift step consisted of three push-pull cycles. Hereinafter, the 

term drift will represent the ratio between the imposed displacement (b) and beam length 

(from the loaded end to the column centerline), namely, drift = b/Lb. 

 

  

beam

column

sg top

sg bottom

 

Figure 2: Test setup, joint panel instrumentation, and strain gauges location. 

3 EXPERIMENTAL RESULTS 

3.1 Beam load-displacement responses  

The response in terms of beam lateral load (Vb) versus drift is reported in Figure 3 for all 

the tests together with the convention adopted for signs of load and displacement. Generally 

speaking, the experimental response during the push-pull cycles appears quite symmetric for 

all the tests, except for the case of Test #1cP that shows a bit higher difference in terms of 

maximum achieved beam load between positive and negative loading directions. 

In particular, for all the specimens, the maximum beam load achieved during the test 

(equal to 51.7 kN, 50.3 kN, 68.4 kN, 46.9 kN, respectively for Tests #1bP, #2bP, #1cP, #2cP) 

is lower than the expected beam load at yielding (equal to 89.6 kN, 52.5 kN, 143.5 kN, 83.6 
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kN, respectively for Tests #1bP, #2bP, #1cP, #2cP). Therefore, the joint panel failure is nomi-

nally defined as J-failure mode (i.e. joint shear failure without yielding of the adjacent mem-

bers). This observed failure typology is also confirmed by the measures of strains of the 

longitudinal bars of the beam (located as shown in Figure 2), which provided maximum val-

ues of steel strain that are always lower than the expected strain corresponding to yielding for 

each bar. 
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Figure 3: Global experimental responses: beam lateral load versus drift.  

3.2 Joint panel shear behaviour 

Linear potentiometers located on the joint panel are employed to calculate joint shear strain 

(as in [17], [22], [23]), according to Eq. (1):  
2 2

θ x y

joint,i

ε - ε cos θ - ε sin θ
γ =

sinθcosθ  
(1) 

where γjoint,i is the joint shear strain calculated by means of a certain set i of strain 

measures, εx and εz are strains in the horizontal and vertical directions, respectively, and εθ is 

the strain in the diagonal direction (with an angle of θ measured from the horizontal axis). 

Four estimates of the joint shear strain were obtained by four triangles of LPs located in the 

joint panel (see Figure 2). Joint shear strain was finally calculated as the mean of these four 

estimates. On the other hand, joint shear stress (j) is calculated on the basis of equilibrium 

equations. In particular, joint shear demand Vjh is obtained depending on the beam load Vb, 

according to Eq. (2): 
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 b b c b b
jh *

c

V L h / 2 V L
V =  - 

2Ld

  

 
(2) 

where Lb is the beam shear length (up to the centerline of the columns), (Lb-hc/2) is the clear 

length of the beam, 2Lc represents the total length of bottom and top columns, d
*
 the internal 

lever arm of the beam section (evaluated herein as 0.9 times the effective depth, d, similarly to 

other literature studies, such as [12], [18], [20]). Joint shear stress can be finally calculated as 

the ratio between joint shear (Vjh) and joint horizontal area (Ajh). 

In Figure 4, experimental responses in terms ofj/√fc versus joint are reported for all the 

tests. Data are represented until LPs measures are considered reliable (i.e. until cracks signifi-

cantly involved the support points of LPs), namely until the end of the third sub-cycle at 

3.00% drift for Test #1bP and Test #2bP, and until the end of the third sub-cycle at 2.00% 

drift for Test #1cP and Test #2cP. 
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Figure 4: Joint panel response in terms of shear stressj/√fc – shear strain j relationship. 

3.3 Deformability contributions 

The contributions due to joint, beam and columns to the overall deformability of each sub-

assemblage are analyzed in this Section. First, the relationships between the imposed drift 

level and joint shear strain (joint), rotation at beam/joint interface (s,b) and rotation at col-

umn/joint interface (s,c) - calculated at the end of the first sub-cycle for each imposed drift 

level - are evaluated. In particular, in Figure 5, joint shear strains are calculated and reported 

until significant cracks involved LPs supports, as explained in Section 4.1. Figure 5 also 

shows the rotation at beam (column)/joint interface (s) – assumed as positive if clockwise – 
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as a function of the imposed drift for all the tests, evaluated for beam, top column and bottom 

column. Such rotations – and, thereby, their contribution to the overall deformability – are 

estimated through LPs located along the longitudinal bars of the columns at the interface with 

joint panel, and LVDTs located at beam-joint interface (see Figure 2). Starting from each pair 

of LPs or LVDTs (providing displacement lectures d1 and d2) located at a distance l, the rota-

tion s is calculated according to Eq. (3): 

2 1
s

d - d
θ =

l  
(3) 

Note that s does not correspond exactly to the well-known “fixed-end rotation” since LPs 

provide the measure of the whole crack width at the interface, including the slippage of longi-

tudinal bars both from the panel zone and from the element. Also in this case, the experi-

mental data are plotted until the support points of the corresponding LPs and LVDTs were 

affected by significant cracks. 
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Figure 5: joint, s,b and s,c versus global imposed drift. 

4 NONLINEAR MODELLING 

Experimental tests presented above have been numerically reproduced by means of Open-

Sees software [25]. In particular, starting from the adoption of the experimental shear stress-

strain response for the joint panel, the contribution due to the slippage of longitudinal bars 

anchored into the joint core has been evaluated according to a bond model proposed in litera-

ture specifically for plain longitudinal bars. 

Flexural response of beam and columns is modeled in a distributed plasticity approach. 

Concrete and steel properties were obtained from the test program reported in Section 2; 

Mander et al.‟s model [26] was adopted for concrete and an elastic-plastic-hardening stress-

strain relationship (Giuffre-Menegotto-Pinto steel material) was adopted for steel (Concrete04 

and Steel02 uniaxial materials in OpenSees software, respectively). Shear response of the 

beam-column joint is modeled through the adoption of two rotational springs (see Figure 6): 

the first one is located in the centerline of the joint panel and it represents its shear behaviour; 
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the other ones are located at the interfaces between the joint and the adjacent beam/columns 

and represent the bond-slip contribution. 

rigid links

joint panel

spring
bond slip

springs

bond slip

spring

B
A

joint panel

 

Figure 6:  Numerical model for beam-column joint panel and bond slip. 

4.1 Joint shear hysteretic behaviour 

More in details, the joint panel zone model is a scissors model [27], implemented by defin-

ing duplicate nodes (A and B) with the same coordinates at the center of the joint panel and 

with rigid links spreading within the joint area. Node A is connected to the column rigid links 

and node B is connected to the beam rigid link. A zero-length rotational spring connects the 

two nodes and allows only relative rotation between them through a constitutive model which 

describes the shear deformation of the joint panel zone. Such a rotational spring is defined as 

a quadri-linear moment (Mj) – rotation (j) spring characterized by four points, namely: crack-

ing, pre-peak, peak and residual points. Therefore, the joint panel spring is implemented with 

a zero-length element defined by a four-point backbone moment-rotation relationship by the 

adoption of the Pinching4 uniaxial material in OpenSees platform. Mj-j relationship for joint 

panel is obtained herein by the experimental response in terms of joint shear stress-strain. 

Such experimental joint responses were first made symmetric (since specimens were all 

symmetrically reinforced) by averaging experimental shear stress and strain values between 

positive and negative loading directions at each drift level (see Figure7a). Then, these re-

sponses were quadri-linearized, clearly identifying the four required characteristic points in-

troduced before (see Figure7b and Table 1).  
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Figure 7: Averaged joint shear experimental response (a); quadri-linearized and normalized joint shear stresses 

for each test and comparison between mean joint shear responses of specimens with plain and deformed (from 

[28]) bars (b). 
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 j/j,max j (%) 

Cracking 0.75 0.06 

Pre-peak 0.95 0.52 

Peak 1.00 0.82 

Residual 0.46 4.20 

Table 1: Quadri-linearized and normalized average joint shear stress-strain relationship. 

For each test, the softening branch goes on up to the joint shear value corresponding to the 

beam load at the last imposed drift level. Note that, when experimental response of the joint 

panel was considered reliable only until the peak load is reached, joint shear strain corre-

sponding to the end of the softening branch is properly calibrated to reproduce the experimen-

tally observed softening stiffness on the global response (shown in Section 4.3). 

The same tests adopted for the calibration of the backbone described above are used to cal-

ibrate the cyclic behaviour of the joint shear stress-strain response. The calibration is per-

formed in OpenSees software on the basis of the hysteresis rules characterizing the Pinching4 

uniaxial material. As explained above, Pinching4 is a uniaxial material belonging to the li-

brary of OpenSees. In particular, it allows modelling the cyclic degradation of unloading and 

reloading stiffness (through the parameters gk and gD, respectively), degradation in strength 

(through the parameters gF) and pinching effects (through the parameters rDisp, rForce and 

uForce). 
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Figure 8: Joint panel: results of the calibration of the Pinching4 hysteretic parameters for Tests #1bP (a), #2bP 

(b), #1cP (c), #2cP (d). 
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The calibration-phase of these key parameters was performed starting from the experi-

mental shear stress-strain backbones and minimizing the error in terms of dissipated energy 

between the numerical and the experimental responses. No degradation in strength was intro-

duced (namely all gF parameters were set equal to zero) since it is already included in the 

backbone of the joint response obtained from experimental data. Figure 8 shows the compari-

son between numerical and experimental cyclic responses in terms of joint shear stress-strain. 

Finally, Table 2 reports the mean values of the calibrated parameters - later employed for the 

numerical simulations - adopted to fit the experimental response of the analyzed non-ductile 

exterior beam-column joints.  

 

Joint shear panel 

Test # 1pP 2bP 1cP 2cP mean 

rDispP 0.30 0.30 -0.30 0.30 
0.23 

rDispN 0.30 0.30 0.30 0.30 

rForceP 0.25 0.25 0.05 0.30 
0.23 

rForceN 0.25 0.25 0.25 0.20 

uForceP -0.20 -0.20 -0.30 -0.20 
-0.21 

uForceN -0.20 -0.20 -0.20 -0.20 

gK1 0.85 0.85 0.70 0.60 0.75 

gKlim 0.96 0.96 0.96 0.96 0.96 

gD1 0.50 0.50 0.30 0.30 0.40 

gD3 0.50 0.50 0 0 0.25 

gDlim 0.70 0.70 0.70 0.70 0.70 

gFi (i=1,..4) 0 0 0 0 0 

gE 100 100 100 100 100 

gK1=gK2=gK3=gK4=0; gD2=gD4=0 

Table 2: Results of the calibration of joint panel hysteretic behaviour through Pinching4 material. 

4.2 Fixed-end-rotation hysteretic behaviour 

Deformability contribution due to the slippage of beam/columns longitudinal bars an-

chored into the joint core is reproduced through another zero-length element introduced at 

beam/columns-joint interface. The related M-s relationship is calculated using an analytical 

bond-slip model from literature. A very limited number of studies are available in the litera-

ture on bond–slip mechanisms in structural elements with plain bars (e.g. [29]-[33]) with re-

spect to deformed bars. Certainly, very low values for the maximum bond strength (max) are 

proposed both in literature and codes due to the bad quality of the concrete-steel interaction 

(e.g. max equal to 0.15·√fc or 0.30·√fc are suggested by CEB-Fib [34] in “poor” and “good” 

bond conditions, respectively). 

In this Section, the attention is focused on the fixed-end-rotation at beam-joint interface 

(see Figure 9), since this deformability contribution is always preeminent with respect to that 

due to the columns. In order to calculate the M-s relationship, the cyclic moment-curvature 

relationship (M-ϕ) is calculated first, under a given imposed cyclic path of curvatures. Then, 

for each value of ϕ, the slip (s) at the loaded end of the anchored bars is evaluated at top and 

bottom layers as a function of the corresponding strain (ε) in the reinforcement. To this end, 

the finite difference method is applied, discretizing the straight portion (ld) of the anchored bar 

in a number of sub-portions of equal length; then, the problem is solved using equilibrium and 
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compatibility equations at each section of the discretized bar, employing the stress-strain con-

stitutive relationship of the reinforcement steel and the bond strength-slip cyclic relationship 

proposed by Verderame et al. [31]. The hook deformability contribution is taken into account 

by means of the s,h-sh relationship by Fabbrocino et al. [29], with hysteresis rules assumed 

according to [34]. Then, the rotation s corresponding to the calculated slip in top and bottom 

reinforcement layers is evaluated as the difference between the two slip values (sin-sout) divid-

ed by the distance between the reinforcement layers. According to this procedure, the M-s 

responses (grey lines in Figure 10) are calculated for each test. 
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Figure 9: Evaluation of the fixed-end-rotation contribution (adapted from [35]) 

Fixed-end-rotation 

Test # 1pP 2bP 1cP 2cP mean 

rDispP 0.70 0.78 0.75 0.80 
0.76 

rDispN 0.70 0.78 0.75 0.80 

rForceP 0.70 0.78 0.75 0.80 
0.76 

rForceN 0.70 0.78 0.75 0.80 

gK1 0.82 0.89 0.85 0.91 0.87 

gKlim 0.99 0.99 0.99 0.99 0.99 

gDlim 0.99 0.99 0.99 0.99 0.99 

gFi (i=1,..4) 0 0 0 0 0 

gE 100 100 100 100 100 

gK1=gK2=gK3=gK4=0; gD1=gD2=gD3=gD4=0; uForceP=uForceN=0 

Table 3: Results of the calibration of fixed-end-rotation hysteretic behaviour through Pinching4 material. 

Then, the calibration-phase of the key parameters of Pinching4 material for fixed-end-

rotation springs is performed starting from such relationships used as a reference, and mini-

mizing the error in terms of dissipated energy between the numerical and the experimental 

responses, as explained in Section 4.1 for joint shear behaviour. Figure 10 shows the compari-

son between numerical responses obtained by using the Pinching4 uniaxial material in Open-

Sees (black dotted line) and numerical cyclic responses in terms of M-s obtained by the 

adoption of the bond cyclic model proposed by Verderame et al. [31] (grey solid line) and 
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used as a reference. Finally, Table 3 reports the mean values of the calibrated parameters - 

later employed for the numerical simulations.  

 

-5 -2.5 0 2.5 5

x 10
-3

-150

-100

-50

0

50

100

150


slip

 (-)

M
b
 (

k
N

)

 

 Cyclic (Verderame et al.)

Monotonic (Verderame et al.)

Envelope

Pinching4

 

-5 -2.5 0 2.5 5

x 10
-3

-150

-100

-50

0

50

100

150


slip

 (-)

M
b
 (

k
N

)

 

 

Cyclic (Verderame et al.)

Monotonic (Verderame et al.)

Envelope (Verderame et al.)

Pinching4

 

(a) (b) 

-5 -2.5 0 2.5 5

x 10
-3

-250

-200

-150

-100

-50

0

50

100

150

200

250


slip

 (-)

M
b
 (

k
N

)

 

 

Cyclic (Verderame et al.)

Monotonic (Verderame et al.)

Envelope (Verderame et al.)

Pinching4

 

-5 -2.5 0 2.5 5

x 10
-3

-250

-200

-150

-100

-50

0

50

100

150

200

250


slip

 (-)

M
b
 (

k
N

)

 

 

Cyclic (Verderame et al.)

Monotonic (Verderame et al.)

Envelope (Verderame et al.)

Pinching4

 
(c) (d) 

Figure 10: Fixed-end-rotation: results of the calibration of the Pinching4 parameters for Tests #1bP (a), #2bP (b), 

#1cP (c), #2cP (d). 

4.3 Numerical-versus-experimental comparisons 

The comparisons between experimental responses and numerical simulations based on the 

assumptions explained in Section 4.1 and 4.2 are finally shown in Figure 11. From these 

comparisons, it can be observed that: 

 elastic stiffness is well reproduced, even if this stiffness does not depend on the slip 

deformability contribution, since such a contribution becomes relevant only after 

beam cracking (namely, only after a first reduction in the slope of the global re-

sponse); 

 global deformability is slightly underestimated at peak load; 

 nevertheless, bond stress-slip model by Verderame et al. [31], in conjunction with 

the model by Fabbrocino et al. [29] for the hook, results a good model to reproduce 

the contribution of bond slip to the global response;  

 the numerical responses well reproduce also softening stiffness and residual 

strength, thanks to the calibration of such parameters (graphically reported in Fig-

ure 7b). 
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 numerical hysteretic responses well predict unloading and reloading stiffness deg-

radation and pinching effect for all the investigated tests. 
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Figure 11: Experimental versus numerical comparisons 

5 CONCLUSIONS  

In the present work, experimental results related to four tests on unreinforced exterior RC 

beam-column joints with hook-ended longitudinal plain bars were shown and analyzed. The 

specimens differ for joint aspect ratio and beam longitudinal reinforcement amount, since one 

of the main aims of the work was to observe and analyze the effect of such parameters on 

joint shear strength and deformability for this joint typology. 

About experimental joint shear strength, it was observed that: being equal aspect ratio, the 

higher the beam longitudinal reinforcement amount the higher joint shear strength; whereas, 

being equal beam longitudinal reinforcement amount, the higher the joint aspect ratio the 

lower joint shear strength. 

The analysis of local responses highlighted that, being equal joint aspect ratio, the lower 

the beam longitudinal reinforcement ratio, the higher the deformability contribution due to 

rotation at beam/joint interface. Furthermore, being equal beam longitudinal amount, the con-

tribution due to rotation at beam/joint interface to the overall deformability increases if the 

joint aspect ratio (in particular, beam high) decreases. 
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Finally, the modelling approach adopted to reproduce experimental envelopes resulted in a 

quite good accordance with experimental results. Numerical hysteretic responses well predict-

ed unloading and reloading stiffness degradation and pinching effect for all the investigated 

tests. Nevertheless, further efforts in future works should be performed to: 

 validate the numerical modelling approach presented herein through simulations of 

a higher number of similar specimens, experimentally tested and presented in litera-

ture; 

 reproduce the cyclic behaviour of the specimens by calibrating a constant value of 

bond strength (similarly to that proposed by Sezen and Setzler [36] for deformed 

bars), which is properly calibrated for plain bars and can be applied easier in nu-

merical modelling. 
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Abstract. Unreinforced Masonry (URM) infills are widely used in Reinforced Concrete (RC) 

structures in Mediterranean countries. URM infills are subjected to the seismic action in their 

plane, i.e. in the In Plane (IP) direction, and in the Out Of Plane (OOP) direction. The IP 

displacement demand reduce the OOP capacity and vice-versa: this phenomenon is called IP-

OOP interaction. A large number of studies has been carried out on the IP behaviour of in-

fills, while their OOP response and the IP-OOP interaction have been less investigated. In 

this paper, a review of code and literature provisions concerning URM infills OOP behaviour 

is presented together with a review of the experimental tests carried out to investigate the in-

fills OOP response and the effects of the IP-OOP interaction. An experimental database is 

collected to assess the effectiveness of literature and code provisions and to propose new em-

pirical formulations both for predicting infills OOP strength, stiffness and displacement ca-

pacity and for modelling the effects of IP displacement demand on the OOP behavior and vice 

versa. A state of art on infills OOP behaviour and IP-OOP interaction modelling is presented. 

Most of these distributed-plasticity models are not based on experimental evidences and do 

not allow taking into account the IP and OOP stiffness degradation due to OOP and IP ac-

tions, respectively. A lumped-plasticity macro-model based on the proposed empirical formu-

lations and conceived to represent the IP and the OOP behavior taking into account the 

mutual interaction effects is defined. Part of the proposed modelling strategy is a routine that 

removes the whole infill panel from the structural model in case of its IP or OOP collapse. 

The proposed model is used for an example application showing the effects of taking into ac-

count or neglecting the IP-OOP interaction phenomena during structural analyses. 
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1 INTRODUCTION 

It is well—known from past and recent earthquakes that damaging of exterior partitions in 

Reinforced Concrete (RC) buildings, such as Unreinforced Masonry (URM) infill walls, may 

cause important functional and financial losses (e.g., [1-4]) among  many others), especially 

in existing RC buildings, which were not designed by applying provisions aimed at damage 

limitation. Moreover, infill collapse may represent a serious risk for life safety [5]. An URM 

infill is generally excited by in-plane (IP) seismic action, which is the main cause of infills 

damaging. A very large number of experimental tests and modelling proposals concerning 

infills’ IP behaviour are proposed in literature, e.g. in [6-10], among many others. Moreover, 

infills are subjected to Out-Of-Plane (OOP) seismic accelerations, which may provoke the 

collapse with overturning from the structural frame. IP damaging could favour the OOP col-

lapse of infills by reducing their OOP stiffness, strength and displacement capacity. This phe-

nomenon is called IP-OOP interaction.  

In this work, a review of URM infills’ OOP capacity models proposed in literature and 

adopted by technical codes aimed at testing their predicting capacity on the results of pure 

OOP and IP-OOP tests, which are briefly described, is reported. Empirical formulations 

aimed at predicting the OOP first macro-cracking load, strength and displacement capacity of 

URM infills are proposed, in order to define a trilinear OOP backbone in a semi-empirical 

framework. Based on experimental tests' results, relationships aimed at modelling the OOP 

stiffness, strength and displacement capacity reduction due to IP damaging and vice-versa are 

proposed. Based on these formulations, a new infill macro-model accounting for IP-OOP in-

teraction is proposed and applied through Incremental Dynamic Analyses on a simple exam-

ple frame, in order to show the effects of IP-OOP interaction in the seismic capacity 

assessment of RC frames. 

2 STATE-OF-THE-ART 

Literature and code provisions concerning the OOP behaviour modelling of URM infills 

are herein described, together with a brief recall of experimental tests aimed at assessing their 

pure OOP behaviour and the IP-OOP interaction effects. A detailed state of the art on OOP 

infills strength can be found in [11]. 

2.1 OOP behaviour of infills in literature 

A closed-form solution for the prediction of the lateral stiffness of an isotropic elastic plate 

was proposed by Timoshenko in [12]. This relationship could be eventually used to predict 

URM infills initial stiffness: in fact, an infill panel loaded in the OOP direction behaves like 

an orthotropic elastic plate up to first cracking. After first cracking, the strength against exter-

nal OOP loads is attributed to a resistant mechanism called “arching action”, first individuated 

by McDowell [13]. Neglecting the arching action, the OOP strength is determined at the at-

tainment of the masonry tensile strength at the outermost fiber in tension. For an infill consid-

ered as an elastic plate, it can be computed through Timoshenko’s formula proposed in [12]. 

Clearly, such an approach produces a prediction more similar to a first cracking load. In litera-

ture, several relationships that consider arching action are proposed, such as McDowell’s ex-

pression [13], Angel et al.’s formulation [14], Dawe and Seah’s formulation proposed in [15], 

Klinger’s analytical relationship given in [16]. In [17], indirectly, Abrams proposes a relation-

ship to compute the displacement of an infill at peak load. This formulation was modified by 

Flanagan and Bennett in [18], together with Dawe and Seah’s expression for peak load. 

Kadysiewski and Mosalam [19] compute infills OOP secant stiffness at peak load through a 

method based on the first OOP natural frequency of distributed-mass beams considered 
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pinned at ends proposed by Blevins in [20]. After the attainment of the peak load point, the 

panel undergoes a severe and extended damage that causes a progressive reduction of its load 

bearing capacity. For this reason, generally, after peak load, in the OOP force-displacement 

relationship a softening branch is expected. Due to stresses redistribution, the post-peak be-

haviour could even be plastic. Note that a conventional definition of OOP collapse displace-

ment is not available. In [19] Kadysiewski and Mosalam assume the displacement capacity of 

infills equal to 5 times the panel displacement at peak load. Several authors observe that the 

ultimate displacement of infills should not exceed the panel thickness [19, 21, 22]. 

2.2 OOP behaviour of infills in code provisions 

FEMA273 [23], in section 7.5.3.1, lists the conditions that allow considering arching ac-

tion in the assessment of infills OOP strength, such as the effectiveness of the infill connec-

tion to the surrounding frame, its columns and beams stiffness and strength, and the panel 

slenderness. As pointed out in FEMA274 [24], FEMA273 compute URM infills OOP strength 

through a conservative simplification of Angel et al.’s formula, which is instead proposed in 

its original formulation by FEMA306 [25] and NZSEE2006 [26]. Eurocode 6 [27], in section 

§6.3.2, proposes an expression to calculate the lateral strength of masonry walls based on 

arching action; this relationship can be extended, potentially, to URM infills. FEMA 273 (sec-

tion 7.5.3.3) and FEMA 356 [28] (section 7.5.3.3) provide some indications concerning dis-

placement capacity of URM infills, expressed as a percentage of the panel’s height, at 

different Limit States. FEMA 273, 306 and 356 suggest to use Angel et al.’s formulation, in 

its original or simplified form, to evaluate the OOP strength of URM infills and propose the 

use of Abrams’ formulation [18] to calculate the OOP displacement at peak load. This is an 

implicit way to define URM infills’ stiffness at peak load. 

2.3 Experimental tests 

Experimental pseudo-static tests aimed at characterizing the OOP behaviour of URM infill 

wall panels and the effects of IP/OOP interaction were performed by different authors on full- 

or reduced-scale specimens.  

Pure OOP tests were carried out on concrete hollow bricks infills in steel frames by Dawe 

and Seah [15]. Griffith and Vaculik [29] tested URM clay hollow bricks infills pinned or 

clamped at edges in different configurations. IP-OOP interaction is usually investigated 

through IP cyclic tests followed, at the infill IP unloading, by OOP monotonic tests. Such 

tests were performed by Flanagan and Bennett [30, 31], Angel et al. [14], Calvi and Bolognini 

[32], Pereira et al. [33], Guidi et al. [34], Furtado et al. [35, 36] and Hak et al. [37]. These au-

thors investigated the effects on IP/OOP interaction of different parameters, such as infills’ 

slenderness, aspect ratio, loading conditions. In [30, 31], Flanagan and Bennett also present 

the results of a IP tests carried out after OOP loading. Some characteristics of the experi-

mental tests above described are reported in Table 1. 
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Authors 
test 

type 

frame 

type 

load 

type* 

infill 

type** 

h w t 
h/t 

[m] [m] [mm] 

Dawe  

and Seah  
[15] OOP Steel U CoHB 2.80 3.60 90-190 

14.7-

31 

Griffith  

and Vaculik  
[29] OOP absent U CHB 2.50 

2.50-

4.00 
110 22.7 

Angel et al. [14] IP+OOP R.C. U 
CB/ 

CMU 
1.625 2.44 48-190 9-34 

Flanagan  

and Bennett  
[30, 31] IP+OOP Steel U CHB 2.24 2.24 100-330 

6.8-

22.4 

Calvi  

and Bolognini 
[32] IP+OOP R.C. C CHB 2.65 4.20 135 19.6 

Pereira et al.  [33] IP+OOP R.C. U CHB 1.70 3.50 150 11.3 

Guidi et al.  [34] IP+OOP R.C. C CHB 2.65 4.15 120-300 
8.8-

22.1 

Furtado et al.  [35, 36] IP+OOP R.C. U CHB 2.30 4.20 150 15.3 

Hak et al.  [37] IP+OOP R.C. C CHB 2.95 4.22 350 8.4 
 *  U: Uniformly distributed, L: Linear, C: Concentrated. 

 ** C: Clay, Co: Concrete, H: Hollow, B: Bricks, CMU: Concrete masonry units. 

Table 1. Specimens characteristics available in the literature. 

3 ASSESSMENT OF LITERATURE AND CODE PROVISION 

The analysis of tests recalled in the previous section allowed the collection of experimental 

values of URM infills OOP force, secant stiffness and displacements at first macro-cracking 

and peak load. Maximum displacements attained during tests were also collected. With refer-

ence to single-wythe infills restrained on four edges in a confining frame, the collected data 

are reported in Figures 1 and 2. 
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Figure 1. Experimental data collected: Fcrack (a), Kcrack (b), dcrack (c), Fmax (d), Kmax (e), dmax (f) vs the 

tested panels slenderness. 

 

Mean, median and CoV of the experimental-to-predicted ratios for the collected parameters 

and the considered literature formulations are reported in Table 2a and 2b.  

 

  Fcrack Kcrack Kmax dmax du 

Author/ 

Code 

Timoshenko  

[12] 

K&M 

[19] 

Abrams  

[17] 

Abrams+

F&B 

[18] 

FEMA-

LS 

[23] 

FEMA-

CP 

[23] 

K&M 

[19] 

mean 47.07 0.99 1.02 0.33 0.34 0.50 0.30 3.94 

median 19.99 0.91 0.82 0.37 0.39 0.38 0.23 1.21 

CoV [%] 90 50 61 59 71 76 76 107 

Table 2a. Mean, median and CoV of the experimental to predicted ratios for characteristic forces, stiffnesses and 

displacements. 

 

 Code provisions Literature proposals 

Author/ 

Code 

FEMA 

273 

[23] 

FEMA 

356 

[28] 

EC6 

[27] 

McDowell 

[13] 

Angel 

[14] 

D&S 

[15] 

D&S+

F&B 

[18] 

Klinger 

[16] 

mean 5.37 4.36 1.09 0.64 1.82 1.33 1.46 0.65 

median 3.80 3.08 0.73 0.43 1.45 1.07 1.17 0.31 

CoV [%] 97 97 111 111 79 70 70 121 

Table 2b. Mean, median and CoV of the experimental to predicted ratios for Fmax. 

 

Timoshenko’s first micro-cracking load is, as expected, low with respect to the considered 

first macro-cracking loads, while the elastic stiffness of the plate predicted by Timoshenko 

results in good agreement with the secant stiffness at first macro-cracking, despite an ex-

pected little overestimation.  

Dawe and Seah’s formulation [15], which accounts for double arching action, is the best-

predicting model for OOP strength, while Kadysiewski and Mosalam’s [19] approach produc-

es a good, even if underestimating, prediction of the secant stiffness at the same point. The 

underestimation is expected considering that Kadysiewski and Mosalam’s prediction is based 

on the behaviour of a mass-distributed beam and does not account for the infill plate behav-

iour. dmax seems to be unpredictable through the application of literature and code recommen-

dations. 

Only Flanagan and Bennett [30, 31], Calvi and Bolognini [32] and Furtado et al. [35, 36] 

state that their tests were performed until the OOP infill collapse, even if this condition, and 
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so the corresponding “collapse displacement”, is not conventionally defined. The few collect-

ed data are reported in Figure 3. As shown in Table 2a, the 3% of the panel height seems to be 

an overestimation of the panel ultimate displacement, which is underestimated, instead, by 

Kadysiewski and Mosalam’s modelling approach. 
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Figure 2. Experimental ultimate displacements vs the tested panels slenderness. 

4 SEMI-EMPIRICAL PREDICTION OF URM INFILLS OOP BEHAVIOUR 

A semi-empiric approach is hereafter proposed in order to define the characteristic points of a 

tri-linear OOP response backbone based on geometric and mechanical properties of infills. 

Note that, in the following relationships, lengths are expressed in meters and stresses are ex-

pressed in megapascals. The empirical relationships proposed herein were defined by correlat-

ing the observed values of strength and stiffness with five geometric and mechanical 

properties of infills (t, h, w, fm’, E) through a linear least-square regression. Among these, the 

significant parameters retained in the proposed relationships were determined through F-tests 

on the null-hypothesis of statistical equivalence of the model containing all parameters and all 

possible model retaining less than five predictive parameters [38]. The retained parameters in 

the proposed models are the same parameters included all mechanical-based model account-

ing for vertical arching (such as Angel et al.’s, McDowell’s, Eurocode’s capacity models). 

The contribution to qcrack and qmax increase or decrease of the retained predictive parameters 

are simply explainable with reference to basic mechanical principles applied to an equivalent 

elastic beam in which arching action occurs. The above-described regressions provided Equa-

tion (1), which produces experimental-to-predicted ratios with mean 1.02, median 1.04, CoV 

20%, and Equation (2), which produces experimental-to-predicted ratios with mean 1.01, me-

dian 1.00, CoV 18%: 

 
 

(1) 

 
 

(2) 

 

Clearly, Fcrack and Fmax (see Table 3) are obtained by multiplying qcrack and qmax for the area of 

the infill panel. 

Due to the little number of available experimental data, potential overfitting issues prevent 

the definition by regression of empirical relationships for Kcrack, Kmax and du prediction. Based 

on the results of the comparison of Timoshenko’s [12] and Kadysiewski and Mosalam’s [19] 

models’ predictions with experimental data, it is recommended to use those relationships to 

define first cracking point and peak load stiffnesses. To predict du an “empirical” value of the 
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infills OOP ductility, equal to 3.7, has been calculated through the mean value of the ratio of 

the observed ultimate displacement discussed in section 2.1 over the displacement at peak 

load obtained by dividing the results of Equation 2 and Kadysiewski and Mosalam’s stiffness.  

In Table 3 the mean, median and CoV of experimental-to-predicted ratios for all consid-

ered capacity parameters are reported, with reference to a possible model based on literature 

proposals or on semi-empirical formulations.  

 

Literature-based approach Semi-empirical approach 
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Eq. 1 

mean 1.02 

median 1.04 

CoV [%] 20 

K
c
ra

c
k
 

Timoshenko [12] 

mean 0.99 

median 0.91 

CoV [%] 50 

d
c
ra

c
k
 

Fcrack/Kcrack 

mean 0.83 

median 0.77 

CoV [%] 15 

P
ea

k
 l

o
a
d

 p
o
in

t F
m

a
x
 

Dawe  

and Seah [15] 

mean 1.33 

Eq. 2 

mean 1.01 

median 1.07 median 1.00 

CoV [%] 70 CoV [%] 18 

K
m

a
x
 

Kadysiewski  

and Mosalam [19] 

mean 1.02 
Kadysiewski  

and Mosalam [19] 

mean 1.02 

median 0.82 median 0.82 

CoV [%] 61 CoV [%] 61 

d
m

a
x
 

Fmax/Kmax 

mean 1.30 

Fmax/Kmax 

mean 1.14 

median 0.82 median 1.20 

CoV [%] 91 CoV [%] 57 

C
o
ll

a
p

se
 

d
u
 

FEMA 273 [23] 

mean 0.50 

du=μdmax 

mean 1.00 

median 0.38 median 0.75 

CoV [%] 76 CoV [%] 70 

Table 3. Literature-based and semi-empirical modelling proposals. 

5 OOP BEHAVIOUR AT GIVEN IP DAMAGE 

IP+OOP tests by Flanagan and Bennett, [30, 31], Angel et al., [14], Calvi and Bolognini, 

[32], Furtado et al., [35, 36], Hak et al., [37], allowed assessing the degradation of force and 

stiffness at first cracking and peak load. To prevent overfitting due to the little number of data, 

it is assumed that the stiffness and strength degradation are related only to the IP IDR demand 

normalized with respect to the IDR at IP collapse, IDRu. The obtained relationships have a 

structure of this type: 

 
 

 
(3) 

  

in which Pdam is the observed variable for the infill that underwent a maximum IP displace-

ment represented by the IDR, Pundam is the observed variable for the undamaged infill, and the 

α and β coefficients are determined through a linear least squares regression in the log-log 
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space. Clearly, Pdam/Pundam cannot be higher than 1 and must be equal to 0 if IDR≥IDRu, i.e., 

the OOP capacity drops to zero at the infill IP collapse. If IP tests were stopped prior to the 

complete infill’s resistance loss, IDRu was calculated by applying Fardis and Panagiotakos [6] 

proposal. 

In Figure 3 the experimental degradation data as a function of IDR/IDRu, as well as α and 

β values, are shown. Moreover, by applying the proposed relationships to predict the degrada-

tion ratio for the tested panels, the mean, median and the CoV of the experimental-to-

predicted degradation ratios for each OOP capacity parameter are shown.  

 

  
α=0.07; β=-0.76 α=0.11; β=-0.89 

(a) (b) 

  
α=0.12; β=-0.69 α=0.27; β=-0.37 

(c) (d) 

Figure 3. Experimental data collected: Kcrack,dam/Kcrack,undam (a), Fcrack,dam/Fcrack,undam (b), 

Kmax,dam/Kmax,undam (c), Fmax,dam/Fmax,undam (d)  vs the tested panels IDR/IDRu ratios. Mean, median 

and CoV of the experimental-to-predicted ratios.  

 

To model the peak load degradation of thick and strong URM infills, also Hak et al.’s [37] 

points were introduced in the database. In this case, the OOP resistance of the undamaged 

panel is set equal the OOP peak load force predicted through the empirical relationship pre-

sented in this study (Eq. 2).  

OOP first cracking and peak load displacements of IP damaged infills are determined 

through the ratios of the corresponding degraded forces and stiffnesses.  

5.1 OOP ultimate displacement given an IP damage 

Furtado et al. [35, 36] showed that at an IDR equal to 0.5%, the du,dam/du,undam ratio resulted 

equal to 0.7 for Inf_03. Based on Panagiotakos and Fardis model, Inf_03 attains a complete IP 
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resistance loss for IDR=2.38%, which is assumed as IDRu. This means that, accordingly to 

Furtado et al.’s result, for IDR/IDRu=0.21, du,dam/du,undam=0.7. This is the only reliable datum 

concerning the OOP displacement capacity reduction due to IP damage available in literature. 

In this work it is assumed that the du,dam/du,undam ratio is equal to 1 for IDR=0 and to 0 for 

IDR=IDRu: a linear trend between these two points seems to be an acceptable assumption 

(Equation 4) with respect to the position of Furtado et al.’s point shown in Figure 4. Note that 

this approach is consistent with the proposal of Fardis in section 3.5 of [39].  
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(4) 

Figure 4. OOP ultimate displacement reduction due to the IP demand represented by the ratio of the current IDR 

over the collapse IDR based on Furtado’s [35, 36] experimental datum. 

 

5.2 OOP backbones at given IP damage 

Based on the above discussed issues, the backbone of the OOP behaviour of the undam-

aged panel varies due to IP displacements as shown in the example Figure 5 for various IDR 

levels. 

 

   

Figure 5. Example OOP backbones for IP undamaged and damaged infills. 

 

If, for high values of the IDR, the predicted collapse OOP displacement becomes smaller than 

the predicted displacement at peak load, a brittle OOP failure is considered, without ductility. 

In Figure 6, the experimental and predicted OOP diagrams are shown for some IP undamaged 

and damaged panels. The characteristic points of the predicted behaviour diagram are deter-

mined by using the semi-empirical approach herein proposed.  

 

1614



Mariano Di Domenico, Paolo Ricci and Gerardo M. Verderame 

 
  (a)                 (b) 

Figure 6. A comparison of experimental and predicted OOP behaviour diagrams for (a) specimens 10 and 6 by 

Calvi and Bolognini, (b) specimens 1 and 2b by Angel et al. 

 

6 IP BEHAVIOUR AT GIVEN OOP DAMAGE 

The effects of OOP damage on the IP behaviour of infills have been less studied than the 

vice-versa, especially in terms of experimental tests. Flanagan and Bennett, in [30], applied a 

“combined” IP/OOP loading on specimen 23. The procedure consisted in alternatively apply 

IP/OOP loads at fixed OOP/IP displacements. During each OOP tests, it was observed that the 

IP load that allowed keeping constant the fixed IP displacement decreased. The reconstructed 

IP force-displacement relationship for specimen 23 is shown in Figure 7. The obtained IP 

backbone can be compared to the one defined for the control specimen 2, which was identical 

to specimen 23 and was tested only IP up to collapse. 
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(a) (b) 

Figure 7. Extrapolated IP force degradation based on Flanagan and Bennett’s specimens 2 and 23 behaviour (a) 

shown in (b). 

 

In Figure 7b, for each drop of the IP load at fixed IP displacement, the maximum OOP dis-

placement attained during the OOP test that produced that drop is indicated. IP displacements 

at which the IP tests were stopped are associated: 

1) to the maximum OOP displacement attained during the corresponding OOP test nor-

malized with respect to the undamaged infill OOP collapse displacement; 

2) to the ratio of the corresponding force on the specimen 23 reconstructed IP backbone 

over the force on the specimen 2 IP backbone. 

So, through the IP displacement, the ratios defined in the above points 1) and 2) are related 

in Figure 7a. Note that in this Figure, the point corresponding to dOOP=43 mm in Figure 7b 
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was dropped, given that that OOP displacement was greater than the OOP ultimate displace-

ment evaluated for the undamaged panel (specimen 18). 

For this reason, at the attainment of an OOP maximum displacement dOOP, the IP force that 

produces the IP displacement dIP, FIP,dam(dIP, dOOP) can be expressed through a simplified line-

ar relationship as: 

 

(5) 

in which FIP,undam(dIP) is the IP force that produces the IP displacement dIP of the undamaged 

panel and dOOP,u is the undamaged infill OOP collapse displacement. 

Experimental data concerning the IP collapse displacement reduction due to OOP actions 

are not available. 

7 PROPOSED MODELLING STRATEGY 

Hashemi and Mosalam [41] and Kadysiewski and Mosalam [19] proposed modelling strat-

egies of infills OOP behaviour and IP + OOP interaction based on the results of FEM analyses. 

Furtado et al., [42], Longo et al., [43], Shing et al., [44], proposed improvements of 

Kadysiewski and Mosalam’s model. A distributed-plasticity infill model was proposed by 

Oliaee and Magenes in [45]. In this section, a new macro-model for infill walls is presented. 

The proposed model has been implemented in OpenSEES [46] and has been conceived to 

model infills’ IP and OOP behaviour by applying whichever material model or hysteretic rule 

and accounting for both OOP/IP strength and stiffness degradation due to IP/OOP interaction, 

in order to assess the seismic capacity of infills and the seismic demand acting on them cor-

rectly. 

First, the OOP behaviour of the undamaged infill should be defined. For instance, an OOP 

trilinear backbone can be defined through the semi-empirical approach described in section 5 

(IDR=0 backbone). Then, n IDRi (with i=1, …, n) backbones should be defined through the 

degradation-modelling relationships proposed in section 5. Each one of these curves describes 

the OOP behaviour that the infill will exhibit once the IP IDR demand exceeds the threshold 

set by IDRi (see Figure 8).  

 

 
(a) (b) 

Figure 8. Proposed modelling strategy of the IP/OOP interaction. Active and mutually-neutralizing OOP back-

bones for IDR<IDR1 (a); active, mutually-neutralizing and removed backbones for IDR between IDR1 and IDR2 

(b). 

 

As shown in Figure 9, A diagonal element is used to model the infill. The diagonal element 

is pinned at ends and is provided of a central node connected to a second central node in 
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which the mass participating to the first OOP vibration mode of the infill is lumped: generally, 

it can be assumed equal to the 81% of the panel total mass [19].  

2n+1 plastic hinges, i.e., in OpenSEES, 2n+1 ZeroLength Elements, are used to connect 

the two central nodes. First, a plastic hinge defined through the IDR=0 backbone must be im-

plemented. Then, for each IDR=IDRi backbone, a couple of plastic hinges must be defined: an 

“i-th real plastic hinge”, modelling carrying the IDRi backbone and an “i-th auxiliary plastic 

hinge”, carrying the IDR=IDRi backbone mirrored with respect to the displacements axis. 

This means that the OOP force for a given OOP displacement in the i-th real plastic hinge is 

always equal and opposite to the OOP force at the same displacement in the i-th auxiliary 

plastic hinge. This also means that as long as all plastic hinges are part of the infill model, the 

panel OOP behaviour is the one defined by the IDR=0 backbone, while the effects of the oth-

er plastic hinges are mutually neutralizing.  

In the following example, an Hysteretic Material is used to model real plastic hinges and a 

Parallel Material with scale factor equal to -1 is used to model auxiliary plastic hinges. Never-

theless, the proposed modelling strategy allows the user to model the IP and OOP infills be-

haviour (both non-degraded and degraded) with any desired trilinear material model as well as 

with any hysteretic rule. 

 

 

Figure 9. Graphical representation of the proposed modelling strategy. 

 

A routine that removes from the structural model the IDRi-1 real plastic hinge and the IDRi 

auxiliary plastic hinge when the IP IDRi is implemented. In this way, as soon as the IDR ex-

ceeds IDRi and as long as the IDR is lower than the successive IP damage threshold IDRi+1, 

the panel OOP behaviour is defined by the IDR=IDRi backbone “contained” in the i-th real 

plastic hinge, while the effects of the remaining plastic hinges are still mutually neutralizing. 

Moreover, if the OOP displacement exceeds the ultimate displacement associated to the 

IDR=IDRi backbone, all the elements representative of the infill wall are removed from the 

structural model.  

In a totally identical way, the IP strength and stiffness degradation, as well as the whole in-

fill collapse and removal from the structural model due to the attainment of the IP collapse 

displacement, can modelled and controlled through the ratio between the OOP displacement 

demand and the OOP displacement capacity of the undamaged panel.  
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7.1 Application on a case-study RC frame 

The proposed model is herein applied to model a one-leaf URM infill, with thickness equal 

to 100 mm, of a simple one-bay one-storey RC frame. OpenSEES code has been used to carry 

out Incremental Dynamic Analyses (IDAs) [47] on a model accounting for IP/OOP interac-

tion (W/ Model) and on a model in which the interaction was not active (W/O model). 

The case-study frame was designed according to Eurocode 2 [48] and Eurocode 8 disposi-

tions. A C28/35 concrete and a reinforcement steel with yield strength equal to 450 N/mm2 

were used. The longitudinal reinforcement in the beam was defined by applying the minimum 

percentage allowed by EC2, while shear-flexure and beam-column capacity design rules were 

applied to define the beam transverse reinforcement and the column reinforcement. The me-

chanical properties assigned to the infill masonry are obtained by wallette tests reported in 

[39]. The characteristics of the example infilled frame are shown in Table 4. 

 

 
Element  

Length 

Cross  

Section 

Longitudinal  

bars 

Stirrups  

at ends 

Columns 3200 mm 300×400 mm2 8φ18 φ8@50 mm 

Beam 4000 mm 300×400 mm2 3φ14 (top and bot.) φ8@75 mm 

 
height width thickness 

 Infill Wall 2800 mm 3600 mm 100 mm 

Masonry mechanical properties 

f'm 2.4 N/mm2 
in the vertical direction 

Em 2500 N/mm2 

τcr 0.3 N/mm2 
 

Table 4. Geometric and mechanical properties of the example infilled RC frame. 

 

An Eurocode-based approach [49] was used to model structural non-linearity. For instance, 

an elastic-perfectly-plastic with cracking point backbone was used to model RC members 

non-linear behaviour. The infill IP behaviour was modelled according to Panagiotakos and 

Fardis [7], with the slope of the softening branch assumed equal to -2% of the slope of the ini-

tial elastic branch. The infill OOP behaviour was modelled through the semi-empirical ap-

proach introduced in section 5. The IDRu predicted through Panagiotakos and Fardis’ 

approach was 2.2%, while the OOP collapse displacement for the undamaged panel predicted 

by the proposed empirical approach was dOOP,u=89 mm. The infill wall behaviour degradation 

was modelled through the proposed empirical-based approach: for instance, the IP and OOP 

degradation was modelled with backbones defined at steps of 0.05 times the dOOP,u displace-

ment and the IDRu, respectively. The IP and OOP “real” backbones are shown in Figure 12. 

The example frame is provided of a lumped mass active in the IP direction equal to 25000 kg, 

while a mass active in the OOP direction equal to 665 kg is lumped in the center of the ele-

ment, representative of the mass participating to the first OOP vibration mode of infill wall, as 

above described. The frame was subjected to the 22 bidirectional ground motions of the ATC-

63 Far-field Ground Motion Set [50]. For each ground motion, the first component was ap-

plied in the IP direction, while the second one was applied in the OOP direction. The analyses 

were carried out by applying mass- and tangent stiffness-proportional Rayleigh damping rules 

and assigning a damping ratio equal to 2% for the IP vibration mode. A damping ratio equal 

to 2% was also assigned to the OOP vibration mode: this choice is due to the lack of exhaus-

tive studies on this topic, which is worth to be investigated in the future. The IDA curves for 

all records and for W/ and W/O Models are shown in Figure 10 together with median IDA 
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curves. As expected, the predicted displacement demands for W/ Model are greater than the 

ones registered for W/O Model. 
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Figure 10. IDA curves for W/O (a), W/ (b) models with median IDA curves for both models (c). 

 

Now, let us consider a specific ground motion (Ground Motion 14 of the ATC-63 set) and 

the corresponding IDA curves obtained for W/ and W/O Models (Figure 11). 

 

 

Figure 11. IDA curves for Ground Motion 14. 

 

At “check point” A, for a PGA in the IP direction equal to 0.30 g, the displacement de-

mands in both the IP and the OOP direction caused no interaction phenomena: no backbone 

was removed, as shown in Figure 12, and the displacement time-histories in the IP direction 

for the two models do not differ from each other. 
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Figure 12. IP (a) and OOP (b) active (red) and mutually-neutralizing (black) backbones at the end of Check Point 

A analysis. Note that the IP backbones are referred to the axial behaviour of the diagonal element representative 

of the infill wall. 

 

At “check point” B, for a PGA in the IP direction equal to 1.60 g, the displacement demands 

in both the IP both the OOP direction produced the infill’s strength and stiffness degradation, 

as shown in Figure 13, but not the infill collapse and removal from the structural model. 
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Figure 13. IP (a) and OOP (b) removed (grey), active (red) and mutually-neutralizing (black) backbones at the 

end of Check Point B analysis. 

 

The IP degradation produced a perceptible variation in the maximum IP displacement attained 

by the example frame as well as in the whole IP displacement time history. The maximum 

IDR demand passed from about 1.8% for W/O Model to about 2.7% for W/ Model. 

At “check point” C, for a PGA in the IP direction equal to 2.10 g, the displacement demands 

in both the IP and the OOP direction produced the infill’s strength and stiffness degradation 

and then the infill collapse and removal from the structural model. The infill removal pro-

duced a significant variation in the IP displacement time history: the maximum IDR demand 

passed from about 2.9% for W/O Model to about 5.9% for W/ Model. This outcome points 

out the importance of infills’ degradation and collapse modelling in order to correctly estimate 

the seismic capacity of infilled structures at collapse condition. 

8 CONCLUSIONS 

This work is focused on the OOP behaviour of URM infills and on the effects of IP dam-

age on it and vice-versa, i.e., on the IP/OOP interaction. 

First, literature analytical and empirical models for the prediction of the OOP stiffness and 

force at first macro-cracking and peak load, together with predicting models for the OOP col-

lapse displacements were considered. Some of these capacity models were adopted, in a sim-

plified form, by technical codes. So, code and literature provisions were applied on 

experimental tests’ result to assess their effectiveness. This comparison has shown that litera-

ture provides quite good models for the prediction of the initial and secant at peak load stiff-

nesses of URM infills, as well as of their OOP strength. No literature nor code model 

produces predictions in good agreement with the experimental values of first macro-cracking 

load and OOP collapse displacement. Experimental data were used to carry out linear least 

squares regressions to obtain empirical formulations aimed at predicting the OOP first macro-

cracking load, the OOP collapse displacement and to obtain an empirical formulation which 

improves the capacity to predict URM infills OOP strength. A trilinear backbone for URM 

infills was so defined in an empirical-based framework. Empirical relationships aimed at 

modelling the OOP behaviour modifications due to IP damaging and vice-versa were also de-

fined. A new macro-modelling strategy based on the proposed empirical relationships is pre-

sented. Details on the model implementation in OpenSEES are reported. The proposed model 

is applied on a case-study one-bay one-storey RC infilled frame in a non-linear incremental 

framework. At increasing seismic excitation level, accounting for infills’ capacity degradation 

due to IP/OOP interaction seems to be unavoidable in order to estimate correctly the expected 

displacement demand. 
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In future works, the proposed model can be used for structural analyses on multi-storey 

structures in order to evaluate the effects of the IP/OOP interaction in terms of structural and 

non-structural elements response as well as to compare the observed OOP demand on infills 

with the predictions of code provisions. Generally speaking, several issues deserve future ded-

icated studies. Dynamic shaking table tests aimed at validating the proposed model should be 

performed. Moreover, a deeper knowledge should be achieved on the effects of the OOP ac-

tion on the infills IP behaviour, the OOP ultimate displacement reduction due to the IP action, 

the damping associated to infills OOP behaviour. Experimental pseudo-static and dynamic 

tests, analytical investigations and modelling efforts should be carried out on such issues. 

9 NOTATION 

List of symbols 

w infill width f'm masonry compressive strength subscripts 
h infill height τcr masonry shear strength m masonry 

t infill thickness E elastic modulus c column 

h/t infill slenderness G shear modulus b beam 
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Abstract. Experimental tests on the inelastic behavior of RC bridge piers have shown that, 
due to tension shift effects, the curvature profile above the base section of the structural mem-
ber differs from the one that would develop according to a force-based or a classical dis-
placement-based beam formulation with plane section hypothesis. Due to the inclined cracks 
in concrete members, it was found that the curvature distribution evolves in a bilinear shape 
along the member height during the inelastic phase of the response, and that the length of 
plastification increases with increasing ductility demands. 

Recently, it was shown that axially equilibrated displacement-based elements can more effec-
tively predict the local-level response of RC members. The process of imposing the equilibri-
um of the axial forces along the element length allows the beam element to improve the 
simulation of both curvature and strain profiles. The finite element was originally implement-
ed in the authors’ structural analysis software SAGRES, which was developed for nonlinear 
static analysis and is not freely available to the engineering community. This paper presents 
the validation of the implemented axially equilibrated displacement-based element in the open 
source finite element software OpenSees and provides some application examples of both 
nonlinear static and dynamic analyses. The results are compared against classical approach-
es (force-based and displacement-based), pinpointing the advantages of the axially equili-
brated displacement-based beam element. 
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1 INTRODUCTION 

Distributed plasticity Euler-Bernoulli beam element models are a commonly employed 
simulation tool for the nonlinear analysis of reinforced concrete (RC) structures. Among them, 
two main approaches are usually distinguished depending on the imposed independent fields: 
displacement-based (DB) and force-based (FB) formulations. While the former employs line-
ar and Hermitian polynomial functions for the axial and transversal displacement fields, the 
latter uses constant and linear shape functions for the axial force and bending moment. The 
advantage of FB elements rely on the fact that the assumed independent fields result in an ex-
act solution regardless of the material nonlinearity. On the other hand, the constraints on the 
deformation fields imposed by the DB element yield to an exact solution only in case of linear 
elastic material and nodal loads. Furthermore, equilibrium in FB formulations is verified 
pointwise along the element length whereas in DB elements the internal forces are in equilib-
rium with the nodal forces only in an average sense [1].    

Although FB element models provide greater theoretical accuracy with respect to the DB 
counterpart, they typically do not account for tension shift effects in RC structures. The latter 
are responsible for the linear distribution of plastic curvatures inside the plastic zone of the 
structural member [2,3] and, as pointed out by Priestley et al. [4], represent the main reason 
for the mismatch between the response as obtained from a FB element model and experi-
mental results at the local level.  

Recently it was shown that a new axially equilibrated displacement-based elements (DB/ae) 
can be effectively used to address the abovementioned issue [5]. In fact, such finite element 
(FE) maintains the hypothesis on the linear curvature profile intrinsic to the classical DB for-
mulations while imposing the equilibrium of the axial forces along the element length. The 
combination of these two aspects allow the beam element to improve the simulation of local-
level quantities such as curvature and strains, which add to reliable predictions of global 
force-displacement responses. 

However, the DB/ae was originally implemented in the authors’ Matlab-based structural 
analysis software SAGRES [6], which: (i) is not available to the engineering community; (ii) 
is not computationally efficient when large structures are considered; and (iii) only allows for 
nonlinear static analysis. In order to overcome the previous drawbacks, this paper validates 
the implementation of the DB/ae in the open source finite element software OpenSees [7] and 
provides application examples both in the nonlinear static and dynamic analysis cases.  

The element state determination is recalled in Section 2 together with one validation ex-
ample. Section 3 presents several nonlinear analyses performed using the DB/ae element 
within the OpenSees platform. Conclusions are drawn in Section 4. 

2 STATE DETERMINATION AND COMPARISON WITH EXISTING 
FORMULATIONS 

A first displacement-based beam element satisfying axial equilibrium was proposed by Iz-
zudin et al. [8] for the case of nonlinear-elastic problems. The main differences between their 
formulation and the one proposed by the authors are [5]: (i) the definition of the lateral dis-
placement field (Hermitian vs quartic); (ii) the approach used to derive the element end forces 
and tangent stiffness matrix; and (iii) the convergence criterion used to establish the attain-
ment of the internal axial equilibrium. A complete description of the element formulation and 
the mathematical background behind the axially equilibrated displacement-based element can 
be found in Tarquini et al. [5] and is not included in this paper. Nevertheless, in the following 
paragraphs the main aspects of the element state determination are discussed; particular focus 
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is laid on the distinctive aspects with respect to the classical displacement-based approach 
(DB/c). 

Considering a planar problem and a basic reference system for the beam element, the state 
determination procedure consists of computing the element basic forces pbsc and tangent stiff-
ness matrix given a set of incremental basic displacements ∆ubsc. The main steps for both 
classical and axially equilibrated displacement-based element are depicted and compared in 
the flowchart of Figure 1. 

In a classical DB beam formulation, a linear shape function for the axial displacement field 
is employed along the element. Hermitian polynomials are used instead for the transverse dis-
placement field which results in a linear curvature profile. When nonlinear material behaviour 
is considered, such generalized deformations lead to generalized sectional forces—axial force 
and bending moment—which are not strictly equilibrated along the element length. The appli-
cation of the principle of virtual work, on the other hand, assures that equilibrium is verified 
on an average sense. 

 
Figure 1: State determination of classical and axially equilibrated displacement-based element (adapted from [5]). 
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From equilibrium considerations it can be proved that, when only nodal loads are applied, 
the axial force at all integration sections has to be equal to the basic axial force pbsc

1. On the 
other hand, the axial displacement ubsc

1 must be equal to the integral (along the element length) 
of the axial strains. The latter are updated iteratively in the axially equilibrated DB element to 
satisfy strict axial equilibrium along the length (see Figure 1). Once convergence is attained, 
the element basic forces pbsc, as well as a consistent element tangent basic stiffness matrix KT 
are finally computed via application of the principle of virtual work. 

The accuracy of the axially equilibrated displacement-based element (DB/ae) is validated 
in Tarquini et al. [5] against two sets of RC bridge columns and RC walls. For completeness, 
and in order to briefly demonstrate the advantages brought about by the use of the proposed 
formulation, one case study of a RC wall tested by Dazio et al. [9] is discussed in the next 
paragraphs. The experimental results are compared both in terms of global (force-
displacement) and local (curvature profiles) quantities, against numerical results from models 
employing DB/ae, DB/c and FB elements.  

The cantilevered RC wall specimen chosen for the validation is labeled WSH3; it is 2000 
mm long and has a shear span of 4520 mm, corresponding to a shear span ratio L/h=2.26. Dif-
ferent flexural and confining reinforcement were provided to the web and boundary element 
region which are detailed in Dazio et al. [9]. A sketch of the RC walls and an example of a 
finite element (FE) mesh and sectional discretization used in the comparisons are illustrated in 
Figure 2 while the employed material properties are reported in Table 1. The model proposed 
by Mander [10] and Menegotto-Pinto [11] were used for concrete and steel respectively. The 
applied axial load was 686 kN corresponding t to an axial load ratio (ALR) of 5.8%. 

The beam element models used to simulate the experimental results are briefly described 
below. Justification and reasoning behind these choices are given in Tarquini et al. [5]. Two 
models composed of a single FB element are considered, featuring three and five Gauss-
Lobatto integration sections. Two models for classical and axially equilibrated displacement-
based formulations are also included in the comparison, featuring one and two finite elements 
per structural member and four Gauss-Lobatto integration sections within each FE. For the 
cases where the structural member is discretized with two finite elements, the length of the 
base element is selected as the height of the plastic zone Lpz, defined in Dazio et al. [9] as the 
height at which the plastic curvature profile is equal to the yield curvature 

 
Figure 2: (a) Sketch of specimen WSH3; (b) FE discretization (DB models with two elements per member); (c) 

Sectional discretization (adapted from [5]). 
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 Concrete   Reinforcing steel 

 
f’ c  

[MPa] 
εc 

[‰] 
Ec  

[GPa] 
f’ cc  

[MPa] 
εcc 

[‰] 
 

 
fy  

[MPa] 
fu  

[MPa] 
Es  

[GPa] 
b 

[‰] 

Web 39.2 2 35.2 41.8 2.7  Ø8 mm 570 700 200 9.3 

Boundary 39.2 2 35.2 48.1 4.2  Ø12 mm 601 725 200 8.4 

Table 1: Steel and concrete material properties. 

The experimental and numerical force-displacement responses for all the models discussed 
above are compared in Figure 3. Flexural displacements (computed by subtracting the dis-
placement due to shear and base rotation from the total displacement) are reported on the bot-
tom x-axis. The displacement ductility referred to the total lateral displacement is instead 
displayed on the top x-axis. It can be observed that models using one FB element or two DB 
elements (both DB/c and DB/ae) predict reasonably well the structural response. Among the 
FB element models, the model with five IPs yields the best simulation as the model with three 
IPs slightly underestimates the experimental results. Both DB models using a single element 
overestimate the experimental hysteretic curve, although the error associated to the DB/ae 
formulation is sensibly lower than the one given by the DB/c.   

As mentioned in the introduction, the main advantage of using the DB/ae formulation lies 
in the possibility of capturing tension shift effects occurring in RC members. This allows for 
more accurate simulations of local-level quantities when compared to classical approaches. 
Figure 4 illustrates the above considerations by contrasting experimental and numerical curva-
ture profiles for different levels of displacement ductility. Models using one FB with five IPs 
and two DB elements per member (using both classical and axially-equilibrated formulations) 
are used. Observations on the performance of the different models are summarized next: (a) 
The FB model tends to overestimate the actual curvature profiles, especially for large drift 
levels; (b) The opposite trend is depicted by the DB/c model, which underestimates the actual 
curvature profile. Moreover, when such elements are employed, the numerical curvature pro-
files are discontinuous between elements, which results from the average (i.e., non-strict) 
equilibrium verification along each finite element; (c) The match between observed and cal-
culated curvature profiles is largely improved if DB/ae are used.  

Similarly, vertical strain profiles are also better simulated by DB/ae with respect to FB and 
DB/c. The comparison of these vertical strain profiles is carried out in Tarquini et al. [5].  
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Figure 3: Experimental versus numerical F-∆ response: (a) FB models; (b) Classical DB models; (c) Axially 

equilibrated DB models (analysis performed for document [5]). 
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Figure 4: Experimental versus numerical curvature profiles: (a) Force-based; (b) Classical displacement-

based; (c) Axially equilibrated displacement-based (analysis performed for document [5]). 

3 IMPLEMENTATION IN THE SOFTWARE OPENSEES 

The axially equilibrated displacement-based element was implemented in the open source 
software OpenSees [7]. At present it is available as an external software library and it will be 
provided upon request to the authors of this paper. The authors will also formally ask the fi-
nite element to be integrated in the core of OpenSees. 

The DB/ae element presents no difference in use with respect to other available nonlinear 
beam column elements for 2D (planar frame) analysis. The label required to call it within the 
software environment is ‘dispBeamColumnAxEq’1. The input parameters to be defined are 
the same required for the ‘dispBeamColumn’ element (i.e., OpenSees label used to call classi-
cal DB element) except for the fact that the tolerance limit must be additionally explicitly de-
fined. The latter expresses the maximum axial force unbalance accepted between different 
integration sections. Appropriate documentation and verification examples will be provided 
by the authors together with the external library containing the element implementation until 
the DB/ae will be officially included in the software core. An appropriate documentation will 
be added to the software user’s manual and within the several online documentation websites. 

In the following two subsections results from several models employing DB/ae elements 
are illustrated and discussed, both in the framework of nonlinear static and dynamic analysis. 
OpenSees models are also compared to the corresponding SAGRES [6] models with a two-
fold objective: on the one side to validate the FE implementation and on the other to compare 
the computational time. 

3.1 Nonlinear Static analysis 

A simple case study corresponding to a virtual 3 m cantilever column—Figure 5(a)—is 
used to validate the implementation of the DB/ae in OpenSees. The square 200x200 mm RC 
section is composed by 20 concrete fibers (discretized only in the bending direction) and 12 
                                                 
1 It may vary once the element is officially released. Always refer to the OpenSees online guide: 
http://opensees.berkeley.edu/wiki/index.php   
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steel fibers representing 10 mm-diameter rebars. The OpenSees material models [12] Con-
crete04 and Steel02 are employed for concrete and steel fibers respectively. The main materi-
al parameters are listed in Table 2. A single finite element with four Gauss-Lobatto 
integration sections is used to discretize the structural member.  

Figure 5(b) displays the results of three pushover analysis for three values of axial load ra-
tios (ALR): 1%, 5%, and 10%. DB/ae elements are used in all three cases. The label OS 
(OpenSees) and SA (SAGRES) stand for the software used to perform the simulation. As ex-
pected, the force capacity increases with the imposed ALR while the perfect superposition 
between the curves for the same ALR confirms the good implementation of the DB/ae ele-
ment in OpenSees. 

Nonlinear cyclic static analyses from three models involving a single FB, DB/c and DB/ae 
element are compared in Figure 5(c). The strongest and stiffest response is unsurprisingly 
provided by the DB/c element model due to the constraints imposed in both the axial and 
transversal displacement fields. By imposing axial equilibrium, and thus removing the axial 
strain constraint, the model using one DB/ae element shows a reduction in the simulated lat-
eral strength. However, the latter is still larger than the solution provided by the FB formula-
tion, where no displacement fields are assigned and exact equilibrium is satisfied. Again, the 
fact that no difference can be seen between results from the same model but originating from 
different software confirms that the DB/ae is correctly implemented. 

Computational time for both pushover and cyclic analyses, using the same central pro-
cessing unit, are displayed in Table 3 showing that: (i) The performance of the DB/ae is simi-
lar to both DB/c and FB models; and (ii) The OpenSees model runs much faster than the same 
model in SAGRES, which is a consequence of the different programming language in which 
the two software were developed (C++ versus Matlab). 
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Figure 5: (a) Sketch of the structure and sectional discretization; Comparison between OpenSees and Sagres 

Models: (b) Pushover analysis for different ALR; (c) Cyclic analysis. 

Concrete  Reinforcing steel 

f’ c  
[MPa] 

εc 

[‰] 
Ec 

[GPa] 
 

fy  
[MPa] 

Es  
[GPa] 

b 
[‰] 

40 2 30  500 200 5 

Table 2: Steel and concrete material parameters used in the OpenSees models for static analysis. 
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Model 
Static Dynamic 

Monotonic Cyclic   
T[s] T[s] T[s] 

SA DB/ae 37 212 [-] 
OS DB/ae 2 21 290 
OS DB/c 2 18 330 
OS FB 2 20 260 

 

Table 3:  Computational time for different models and analysis. 
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Figure 6: Axial force (a) and axial strain (b) evolution at all IPs for DB/ae and DB/c element models during 

pushover analysis with OpenSees, ALR 1%. 

The sectional axial forces and average axial strains at all IPs were recorded during the 
pushover analysis (1% ALR) for both the DB/ae and DB/c element model implemented in 
OpenSees; they are depicted in Figure 6:(a) and Figure 6:(b). For the DB/c case the axial 
forces are different in the four IPs and equal only in average to the applied axial load (12 kN). 
On the other hand, for the DB/ae element model the axial force is constant during the analysis 
in all IPs and equal to the applied external axial load. The opposite behaviour is instead ob-
served for the generalized axial strains: they are the same in all IPs for the DB/c (the axial 
displacement field is constrained to be linear) while they assume different values for the 
DB/ae. 

3.2 Nonlinear time history analysis 

One advantage of implementing the DB/ae formulation in OpenSees is that it can be used 
for nonlinear time history simulations as well. Such analysis type is not available in SAGRES, 
which currently features only the nonlinear static analysis solver [6]. A RC column tested at 
the UCSD’s Englekirk Structural Engineering Center in occasion of the ‘Concrete Column 
Blind Prediction Contest 2010’ [13] is used as case study. The finite element models selected 
to carry out the analysis discretize the structural member with a single FB, two DB/c and two 
DB/ae elements. W the height of the bottom one is taken as twice the plastic hinge length 
computed according to the formula proposed by Priestley et al. [4]. This length was deemed to 
be a good estimate of the maximum height over which the plastic curvature profile intersects 
the elastic one [5]. Each FE has four integration sections; different fibers are used to model 
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cover concrete, core concrete and longitudinal reinforcing bars. The material models and re-
spective main parameters are summarized in Table 4. A zero-length element is employed to 
simulate the strain penetration of the flexural reinforcement into the footing, as suggested by 
Zhao and Sritharan [14]. Tangent stiffness proportional damping (1% at the first vibration 
mode) is assumed and nonlinear geometrical effects are considered through the use of the co-
rotational formulation.  

Concrete (Concrete04)  Reinforcing steel (Steel02) 

f’ c  
[MPa] 

εc 

[‰] 
Ec 

[GPa] 
f’ cc  

[MPa] 
εc 

[‰] 
 

fy  
[MPa] 

Es  
[GPa] 

b 
[‰] 

41.5 2.8 30 50 5.5  518 200 8 

Table 4: Steel and concrete material models and parameters used in OpenSees for dynamic analysis. 
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Figure 7: (a) Experimental top displacement time histories; Numerical versus experimental top displacement 

time histories: (b) FB; (c) DB/c; (d) DB/ae. 
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The numerical versus experimental top displacement histories are illustrated in Figure 7; in 

order to ease the comparison the experimental results are displayed alone in Figure 7(a). It can 
be observed that the numerical response is similar for all the considered FE models and that 
the match with the experimental results is reasonably good, at least up to the pulse of the 
fourth ground motion. After this point there is a residual displacement which is not captured 
by any of the considered models which causes the offset between numerical and experimental 
results. Finally, from the computational time viewpoint, the DB/ae model analysis (which 
consists of around 170000 time steps) takes around 5 minutes to run in a regular office PC, 
which is similar to the computing time when DB/c or FB elements were used (see Table 3). 

 

4 CONCLUSIONS 

The present paper shows the implementation validation and use of a newly developed axi-
ally equilibrated displacement-based element in the open source software OpenSees. The el-
ement has been shown to yield good predictions of global and local response parameters of 
RC members. Currently it is available as an external OpenSees library but it will be submitted 
to be included in the software core. 

The beam element was tested numerically under different load conditions and analysis 
types. Namely, it was verified under nonlinear static (monotonic and cyclic) and dynamic 
analysis, showing in all cases a similar performance in terms of computational time with re-
spect to the one provided by classical force-based or displacement-based formulations.  
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Abstract. Most of modern seismic design codes adopt the performance-based approach by 
defining a pre-defined level of safety for different limit states. These safety margins are im-
plicitly defined into the definition of detailing provisions as well as in partial safety factors 
for both actions and materials strength. Moreover, such implicit provisions are related to the 
specific structural typology; hence, the structural safety can change for different typologies 
designed for the same site. This study investigates the seismic performance of typical Italian 
RC precast buildings by means of an extensive parametric study. Both the structural typology 
and the geometrical configurations are defined in order to represent the most common prac-
tice in the country. The investigated buildings are located in five sites with different levels of 
seismic hazard and two soil types are also considered. The collapse assessment is investigat-
ed by means of multi-stripe analyses, performed by non-linear dynamic analyses at 10 intensi-
ty levels. 

1636



M. Ercolino, M. Cimmino, G. Magliulo, D. Bellotti, R. Nascimbene 

1 INTRODUCTION 

According to the modern building codes [1, 2], the seismic design should ensure that, 
under seismic actions of a given intensity level, the structures reach a corresponding 
performance level, i.e. limit state. The adequate safety level for a limit state is implicitly 
obtained by considering: a) a probabilistic definition of design values for both actions and 
material properties; b) specific provisions (detailing) related to the structural typology. 
Therefore, the influence of such provisions cannot be defined a priori for different sites and/or 
for different structural typologies. Some research studies have been performed for existing [3, 
4] and new RC frame structures [5] in order to investigate the reliability of modern design 
approaches. However, few studies have been performed for RC precast buildings in terms of 
seismic assessment [6] and risk study of existing precast buildings [7]. Several experimental 
tests were performed on new buildings and connection systems [8-10]; on the contrary, the 
code improvements have not been fully investigated as well as their influence on the global 
seismic vulnerability. Moreover, an important scientific debate has been opened on the safety 
of this structural typology in the last years because of two main reasons: 1) the widespread 
damage in precast buildings due to recent seismic events in Europe [11, 12] and the 
significant changes in the current codes for the design of this structural typology. 

This paper aims to define the seismic vulnerability at the collapse limit state of single-story 
RC precast buildings. The case-studies are designed according to the Italian building code [1] 
in order to simulate realistic industrial RC precast structures. The results of the design 
demonstrate the influence of specific code provisions recently introduced in the building 
codes. An extensive parametric study is performed on four geometrical configurations of 
single-story precast buildings. These structures are designed for five seismic-prone areas 
(seismic intensity levels) by adopting two typology of soil. The vulnerability assessment is 
investigated by means of multi-stripe analyses at 10 intensity levels. The Demand/Capacity 
ratios are evaluated for all the case-studies.  

2 PARAMETRIC STUDY 

The seismic performance of single-story RC precast buildings is investigated by means of 
nonlinear multiple stripe analyses. The investigated structures (Figure 1) consist of isostatic 
columns, prestressed principal and secondary beams pinned to the columns, roof elements 
pinned to the beams and vertical cladding panels. 

A parametric study is performed by considering a set of European industrial precast build-
ings. Figure 1 shows the frontal view of the case-studies in Y direction (a) and the plan view 
(b). All the case-studies consist of 4 bays in X direction and 1 bay in Y direction. Four geo-
metrical configurations (Table 1) are assumed in this study by varying the height of the col-
umns (H in Figure 1(a)) and the width of the bays (L1 and L2 in Figure 1(b)). Since the single-
story precast structures usually host industrial activities, the presence of the crane is assumed 
in the case studies. This element is connected to a bracket, placed at 4.5m column height for 
the geometries 1 and 2 and at 7.5m column height for the geometries 3 and 4 (H1 in Table 1).  

The above-described geometrical features are chosen as the most spread in Italy, according 
to a wide-ranging database, which was produced by collecting the data of Italian reports con-
cerning typology classifications and post-earthquakes assessment surveys [11]. 

 

1637



M. Ercolino, M. Cimmino, G. Magliulo, D. Bellotti, R. Nascimbene 

 

L2

Y

X

L1  
(a) (b) 

Figure 1 Layout of the case-studies: (a) frontal view (Y direction) and (b) plan view  

Geometrical configuration (Geo) 
L1 L2 H H1 
[m] [m] [m] [m] 

1 15.00 6.00 6.00 4.50 
2 20.00 8.00 6.00 4.50 
3 15.00 6.00 9.00 7.50 
4 20.00 8.00 9.00 7.50 

Table 1 Geometrical configurations of the case-studies 

2.1 Design approach 

The case-studies are designed according to Italian building code [1] in five sites in Italy 
(Table 2); for each site two typologies of soil are considered: type A (the average velocity of 
S waves in the upper 30 m, Vs,30, is larger than 800m/s) and type C (Vs,30 is in the range: 
180m/s - 360m/s). The concrete has a cubic cylinder compressive strength of 45N/mm2 and 
the reinforcement steel has a characteristic yielding strength of 450N/mm2. 

 
Site (S) Latitude Longitude ag [g]-

  
ag [g]-

 L’Aquila (AQ) 13.399 42.349 0.104 0.261 
Napoli (NA) 14.268 40.854 0.060 0.168 
Roma (RM) 12.479 41.872 0.055 0.123 

Caltanissetta (CA) 14.060 37.480 0.034 0.073 
Milano (MI) 9.186 45.465 0.024 0.050 

Table 2 Sites of the case-studies 

 
Two limit states are considered under seismic loads: the Damage Limitation (DL) Limit 

State (LS) and the Ultimate (U) Limit State (LS). The live load is equal to 0.5kN/m2 (roof of 
an industrial building) and the snow is evaluated as a distributed vertical load, according to 
the site. Secondary beams and cladding panels design is not performed in this study, the sec-
ondary beams have rectangular-shaped section (30cm x 60cm) and the vertical panels have a 
self-weight of 4kN/m2. The connection systems are not designed in this study and their seis-
mic behavior is not modelled in the numerical analyses; they are assumed strong and stiff 
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enough to avoid their brittle/premature failures. The foundation system is not designed; in the 
numerical analyses a fixed constraint is assumed at the base of the columns. The column fork 
is constant in all the buildings: the height is equal to 60cm and the thickness is 15cm.  

The roof elements (Figure 2) are designed only for vertical loads because of the pinned 
connections with the beams. Table 3 shows the dimensions of the TT roof elements in all the 
case-studies: B is the width of the roof element and H is the height. The details about the rein-
forcement bars are not reported in this paper since they are not required to perform the non-
linear analyses. 

The principal beams are prestressed RC elements with variable cross-section in height and 
shape. These elements are designed under two load combinations: 1) the combination of ver-
tical loads (self-weight, live loads and snow) and 2) the combination of the seismic vertical 
component. For these elements the vertical component is considered for the sites AQ and NA 
(ag larger than 0.15g for ULS) and for all the geometrical configurations (the span of the 
beams is always larger than 8m). Table 4 shows the mean values of breadth and depth of the 
principal beams. 

 

Figure 2 Layout of the roof: TT elements and cast in-
situ slab 

B H Site Soil Configuration 

[cm] [cm] [-] [-] [-] 

160 40 All A, C 1, 3 

240 40 All A, C 2, 4 

Table 3 Dimensions of the TT roof elements 

Bmean Hmean Site Soil Geometry 
[cm] [cm] [-] [-] [-] 
19 114 

All A, C 
1 

19 150 2 
19 114 3 
33 140 4 

Table 4 Mean dimensions of the principal beams for all the case-studies 

The columns are precast square-shaped elements; both the cross-sections and the rein-
forcement ratios are constant in each structure. In order to evaluate the seismic demand on the 
column, dynamic linear analyses are perfomed by means of the above described elastic model 
in OpenSees [13]. The analyses are performed in both the horizontal directions and the 
seismic effects are then combined. In this study the behavior factor is assumed equal to 3.5 for 
all the case studies, according to the Italian code provisions for isostatic columns in ductility 
class “B” (medium ductility in EC8). P-Δ effects are taken into account according to the 
Italian code (and Eurocode 8) provisions: 1) amplification of the effets according to the value 
of the stability factor, θ; 2) mimimum dimensions of the column section, i.e. larger than 1/10 
of the shear length, if P-Δ effects are not negligible (θ larger than 0.1). The column 
dimensions are reported in Figure 3 for all the case studies and Figure 4 shows the ratio of the 
logitudinal reinforcement. It is worth to hihglight that most of the columns provide a 
minimum reiforcement ratio required by the code ratio (i.e. about 1%). This minimum 
requirement can lead to a significant overstrength of the structures. The reinforcement ratio is 
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larger than 2% if the structure is located in a high seismic zone (e.g., AQ) on flexible soil 
(“C”) and the column height is 6m (Geo1 and Geo2). Only in few structures the reinforcement 
design is influenced by seismic actions rather than by other loads.  
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Figure 3 Column dimensions 
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Figure 4 Longitudinal reinforcement ration in columns 

3 NONLINEAR ANALYSIS 

Nonlinear dynamic analyses are performed for all the case-studies in order to evalaute their 
seismic performance. The nonlinear model is implemented in OpenSees; it consists of 
columns, secondary beams and principal beams.  

3.1 Nonlinear model 

The nonlinear model consists of the horizontal elements (beams) and the columns. The beams 
are modelled as elastic elements and the nonlinear behaviour is concentrated at the columns 
base by means of a lumped plasticity approach. The plastic hinge is defined by means of a tri-
linear moment-rotation curve, consisting of: the yielding point, the capping point and post-
capping rotation, evaluated according to Haselton [14]. The yielding moment is defined by 
performing a fiber analysis on the RC section and the yielding rotation is evaluatated 
according to Fardis [15]. The hysteretic behaviour is modelled according to Ibarra [16].  
The seismic response of precast buildings is investigated by means multi-stripe analyses [17] 
at 10 intensity levels (i.e. 10 return periods in Table 5). A set of 20 records is selected [18] at 
each intensity level for the five sites and both the soil types. The records were selected by 
means of the Conditional Spectrum (CS) approach [19-21] at a reference period of 2.0 
seconds, given the structural typology.  
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TR 
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1000 2500 5000 10000 100000 

Table 5 Return periods for 10 intensity levels 

Figure 5 Spectra of the records for Caltanissetta on soil 
A  

3.2 Results of stripe analysis 

The multi-stripe analyses are performed on all the case studies and the results are reported in 
terms of demand/capacity (D/C) ratios along with the reference (T=2.0sec) spectral accelera-
tion at each intensity level. Figure 6 shows the maximum ratio in the two horizontal directions 
between the demand and the capacity in terms of top displacement. The capacity of the struc-
tures (collapse force and displacement) is evaluated on the pushover curve at 50% reduction 
of the peak strength. Figure 6 shows the D/C ratios for all the case studies, intensity levels and 
sites:  

- the empty circle markers are the cases of safe performance (D<C); 
- the filled circle markers are the failure cases (D>C) due to the columns rotations; 
- the square markers are the cases of dynamic instability ((D>>C)); for these points, a 

fictitious displacement is plotted since they correspond to very large demand in terms 
of drift in the structures.  

According to the results of the multi-stripes analyses, very few collapses (D/C>1) are record-
ed for the investigated case-studies. By changing the seismic hazard of the site, the safety of 
the structure significantly changes. This can be justified by the adopted design approach. The 
column cross-sections and the reinforcement ratios do not change in most of the structures 
(Figure 6) because of the code minimum requirements in seismic prone areas. The geometry 
does not significantly influence the seismic behavior of the structure. The higher structures 
(H=9m) are safer in L’Aquila (high seismic hazard): the design code provides severe re-
quirements for high flexible structures (minimum section of columns because of P-Δ effects). 
The soil type influences the structural response in terms of number of collapse cases (e.g. 
Geo2-AQ). This means that the increment of design reinforcement and section dimensions 
due to the soil C with respect to the soil A is not able to guarantee the same safety against the 
collapse. 

1641



M. Ercolino, M. Cimmino, G. Magliulo, D. Bellotti, R. Nascimbene 

 Soil A Soil C 
G

eo
m

et
ry

 1
 

0 0.2 0.4 0.6 0.8 1 1.2

D/C [-]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2
S

a
 (

2 
se

c)
 [

g]

L Aquila

Napoli
Roma

Caltanissetta

Milano

 
0 0.2 0.4 0.6 0.8 1 1.2

D/C [-]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

S
a

 (
2 

se
c)

 [
g]

L Aquila

Napoli
Roma

Caltanissetta

Milano

 

G
eo

m
et

ry
 2

 

0 0.2 0.4 0.6 0.8 1 1.2

D/C [-]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

S
a

 (
2 

se
c)

 [
g]

L Aquila

Napoli
Roma

Caltanissetta

Milano

 
0 0.2 0.4 0.6 0.8 1 1.2

D/C [-]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

S
a

 (
2 

se
c)

 [
g]

L Aquila

Napoli
Roma

Caltanissetta

Milano

 

G
eo

m
et

ry
 3

 

0 0.2 0.4 0.6 0.8 1 1.2

D/C [-]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

S
a

 (
2 

se
c)

 [
g]

L Aquila

Napoli
Roma

Caltanissetta

Milano

 
0 0.2 0.4 0.6 0.8 1 1.2

D/C [-]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

S
a

 (
2 

se
c)

 [
g] L Aquila

Napoli
Roma

Caltanissetta

Milano

 

G
eo

m
et

ry
 4

 

0 0.2 0.4 0.6 0.8 1 1.2

D/C [-]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

S
a

 (
2 

se
c)

 [
g]

L Aquila

Napoli
Roma

Caltanissetta

Milano

 
0 0.2 0.4 0.6 0.8 1 1.2

D/C [-]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

S
a

 (
2 

se
c)

 [
g]

L Aquila

Napoli
Roma

Caltanissetta

Milano

 
Figure 6 Results of the multi-stripe analysis: D/C ratios along with the spectral accelerations (T=2sec) 
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CONCLUSIONS  

A parametric study investigates the seismic performance of industrial single-story RC pre-
cast buildings, designed according to modern building codes. Multiple stripe analyses are per-
formed for ten intensity levels in five seismic-prone areas in Italy. The results of the nonlinear 
dynamic analyses demonstrate that the capacity of the structures is quite constant with the ge-
ometry and it is lightly influenced by the seismicity of the site because of the seismic details 
and the design overstrength. Moreover, a large overstrength of the structures caused very low 
value of the Demand /Capacity ratios for many case-studies. The overstrength decreases with 
the site seismicity increases; in the case of low seismicity, the seismic demand on structures 
can be very low even for an intensity measure with a return period of 100000 years. Only for 
the case-studies in L’Aquila on soil C at the maximum intensity level some collapses occurred. 
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Abstract. This paper illustrates numerical simulations and comparisons with experimental 
results of existing RC beam-column sub-assemblages reinforced with smooth bars. The spec-
imens reproduce parts of concrete structures designed only for vertical loads without any re-
inforcing detail rule (such as inadequate bars lap splice, absence of hoops within the joint 
panel) built in Italy during ‘50s-‘70s. In particular, in this paper is paid attention to the non-
linear models developed for predicting the failure mechanism experimentally observed, taking 
also into account the bond-slip phenomenon among the longitudinal bars and surrounding 
concrete. The proposed models are not time-consuming and may be easily implemented in any 
general-purpose finite element program for numerical simulations of concrete structures. 
These models represent an useful tool for seismic assessment with a good accuracy of non-
ductile RC existing structures. 
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1 INTRODUCTION 
Starting from the last decades there has been an increasing attention to understand the be-

havior of old existing reinforced concrete (RC) structures in seismic prone areas. Most of 
them result still in service although they are extremely vulnerable with respect to the seismic 
action because of they were built only for vertical loads and poorly detailed, with a conse-
quent limited ductility.  

The observation of the damage occurred during the seismic events and laboratory tests 
have highlighted that the response under lateral actions of old existing RC is inadequate al-
ready for moderate seismic actions. The low-ductile behavior of these structures is mainly due 
to: scarcity of transverse reinforcement within the critical regions of beam and columns, ab-
sence of hoops for shear into the joint panel areas; inadequate lap splice length of longitudinal 
bars. These structures under seismic actions are also very often dominated by bar slippages, 
that reduce the lateral stiffness and the hysteretic energy dissipated. 

In this paper are shown the results obtained by using numerical models for seismic assess-
ment of old existing sub-assemblages reinforced with smooth bars [1]. The models have been 
developed starting from the failure mechanisms observed during an experimental campaign 
carried out on prototype connections designed only for vertical loads [2], and supposed to be-
long to typical RC buildings constructed in Italy and Mediterran area during the ‘50s-‘70s. In 
the proposed models the bond-slips of longitudinal bars are incorporated at material level by 
applying a modified steel model developed in previous works [3, 4, 5]. At first the main re-
sults of the experimental campaign are commented. Then, the proposed models are described 
and applied for simulating the experimental response of the tested sub-assemblages. 

	
Figure 1: Reinforcements detail of C11 and T23 joints. Dimensions are in centimeters and bars diameters in mil-

limeters. 
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Figure 2: An image of the C11 joint during the first test (on the left), the observed crack patter (in the center) and 
the application of CFRP wraps before the second test (on the right). 

2 EXPERIMENTAL RESULTS 
An experimental campaign [2] was focused on beam-column joints reproducing internal 

(named “C” joints) and external (“T” joints) connections of a non-ductile prototype RC frame 
(Braga et al. 2009), built in Italy during the ‘50s-‘70s and designed only for vertical loads in 
according to the Italian Designed Code R.D 1939 [6]. The prototype consisted of 3 floors and 
3 spans, and the beam-column connections were cast in both full scale and in scale 2:3. Both 
the types of beam-column joints were detailed in according to the practice adopted in the past. 
Therefore, they were poorly detailed within the regions converging into the joints, and no 
transverse reinforcement was provided within the joint core. In Figure 1 are reported the de-
tails of the joint named C11 and T23, whose experimental results are discussed in this paper. 

2.1 Internal joint 
Three internal-beam-column joints were tested in a quasi-static-way by applying at the top 

of the upper column an increasing displacement history. For all the tested specimens, a strong 
column-weak beam response mechanism was observed already from the early drift levels. The 
observed mechanism may be schematically summarized as alternating rigid rotations of the 
upper and lower columns. It developed with limited damaging at the columns ends near the 
joint panel, where flexural hinging took place with pronounced bond-slips of columns passing 
bars. No damage was observed within the joint panel area, remaining undamaged until the 
specimen failure. 
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Figure 3: Joint C11. Experimental response obtained during the first (Unwrapped) and the second test (Wrapped).  
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Here is discussed the experimental response of the sub-assemblage named “C11-joint”. 
This specimen was tested two times. The first test was performed up to a moderate damage 
level (maximum drift of 3.5%) with the scope of preserving the specimen integrity. Then, the 
same specimen was repaired and tested again under the same vertical load up to the failure 
(the maximum drift reached was of 7%). In this way, it was simulated the procedure of local 
repairing and strengthening of the columns ends when a moderate seismic event occurs on old 
existing RC structures. The local strengthening consisted of three layers of CFRP wraps ap-
plied with the scope of increasing the confinement level within the columns critical ends. In 
Figure 2 are reported some images of C11 tested during the first test, and after the application 
of CFRP wraps. More details about the tests may be found in [1]. In Figure 3 are compared 
the global responses obtained on the C11 during the first (C11-unwrapped curve) and the se-
cond test (C11-wrapped curve). It easy to recognize that the cycles, also at early stages, are 
characterized by pinched hysteretic loops due to the significant bond-slips of longitudinal 
passing bars. The repairing intervention provided stability to the global response, inhibiting 
the concrete degradation and increasing, very significantly, the specimen ductility. 

2.2 External joint 

In [2] was tested an external joint (named T23) cast in scale 2:3, subjected to an increasing 
lateral displacement at the top of the upper column. The observed failure mechanism was 
characterized at first by the formation of diagonal cracks within the joint panel, and then by a 
series of alternating rigid rotations of the two columns. The rotations arose around the ideal-
ized point A and B indicated of Figure 4. It is worth to note that the outer longitudinal passing 
bars were, after the diagonal crack opening, always in tension. The point A and B represent 
the pressure centers of the joint panel where the vertical local is transferred to the base of the 
lower column. Also, it must be remarked that no slippages of hooks of beam bars towards nei-
ther inside nor outside the joint panel was observed. Hence, the ejection of the formed trian-
gular block was not influenced by any hook slip. 

The experimental response of the external joint in terms of lateral force applied versus the 
imposed displacement at the top is depicted in Figure 5. It is easy to note that, although the 
response mechanism was characterized by a shear failure, its lateral response showed a lim-
ited, and not neglecting, hysteretic capacity. This was due to the significant slippages of pass-
ing bars and to a reduced deterioration of the concrete in correspondence of the rotation 
centers A and B. 
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Figure 4: Joint T23. Experimental response obtained during the first (Unwrapped) and the second test (Wrapped).  
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Figure 5: Experimental response of the external joint T23.  

3 NUMERICAL MODELS 

The numerical models proposed for predicting the internal and external beam-column 
joints response are hereinafter described and applied. The models are defined only on geomet-
rical and mechanical properties of elements, without applying any empirical calibration pro-
cedure. They require of implementing elastic and nonlinear mono-dimensional elements. In 
this work, the proposed models are implemented in OpenSees [7], an objected open-source 
framework for finite element analysis developed at the PEER (Pacific earthquake Engineering 
Research center). More details on the proposed models may be found in [1]. 

In the models the slippages are incorporated within the steel constitutive law of longitudi-
nal reinforcements, in according to the model proposed by [3] and validated in [4]. As for the 
effects of confinement the concrete analytical model proposed in [8] and implemented in [9] 
is applied.  

3.1 Internal joint  

The numerical model proposed for the internal joint C11 consists of four BeamWithHinges 
elements, having fiber regions at both elements ends. These elements have an elastic middle 
region where the uncracked elastic stiffness of concrete is assigned (Figure 6). 
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Figure 6: Numerical model proposed for internal joints.  
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The hinge length of elements Lpl has been assumed equal to h/3, where h is the section el-
ement. Rigid elements are used for modeling the joint panel, since during the experimental 
tests this concrete region remained undamaged until the specimens failiure. Due to the inade-
quate anchorage conditions within the joint panel, only tensile strength to the steel bars is as-
signed. This assumption takes into account the loss of anchorage of columns passing bars, and 
it becomes particularly appropriate at higher magnitude of the applied displacements. 

3.2 External joint  
The finite element model proposed for the external joint T23 is reported in Figure 7. The 

model is composed by BeamWithHinges element having, in according to the measured exper-
imental values, a hinge length of Lpl=h/3 (h is the section depth of columns and beam). Hys-
teretic trusses are used for modeling the joint panel area, linked to a rigid elements contour 
connected to the converging beam and columns. The rotation center A and B of the two col-
umns are modeled with two unit-length rigid elements, having negligible bending stiffness. 
The two diagonal trusses act in parallel under the imposed lateral force for reproducing the 
alternated opening and closure of diagonal cracks. The axial strength in tension (for simulat-
ing the crack initiation) and in compression (for simulating the development of the alternated 
columns rotations) of the two trusses are calculated starting from the Mohr’s circles as de-
scribed in [1]. The two trusses have a hysteretic behavior for realistically simulating the evo-
lution of the response mechanism under the imposed cycled displacements. 

The proposed model does not reproduce the response before the initiation of joint panel di-
agonal cracks, since it is only capable of simulating the alternating rigid rotations of the two 
columns. It does not consider the application point variation of the columns vertical loads due 
to the imposed displacement history. Therefore, it is only adequate to reproduce the experi-
mental behavior of the sub-assemblage at the larger levels of the imposed displacement. 
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Figure 7: Numerical model proposed for external joints.  
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4 COMPARISONS WITH EXPERIMENTAL RESULTS 

4.1 Internal joint  

The comparisons among the experimental results and the ones obtained with the proposed 
model are reported in Figure 8 and Figure 9. For both the C11 tests, the comparisons are first-
ly shown in terms of envelope curves, and then in group of cycles (corresponding to the drift 
levels of 1%, 2% and 3%, respectively). For completeness, to the steel of longitudinal bars 
different constitute laws are assumed: the classic full bond assumption (full bond curve), and 
by taking into account the bond slips of passing bars, either in the case of full strength in 
compression (Bond-slips 100% curve) or in the case of loss of anchorage (no strength in 
compression, Bond-slips 0% curve).  

The comparisons shown highlight the importance of the bond-slips and of the loss of an-
chorage of longitudinal bars on the global response of the sub-assemblage. When external 
CFRP are applied (second test of the joint C11) an important increasing of specimen ductility 
is reached. The proposed model matches very well the experimental response for both C11 
tests (unwrapped and wrapped conditions) in terms of global strength and dissipated hysteret-
ic energy, especially for larger values of the imposed drift. When the C11 joint is repaired, the 
slight difference in terms of initial stiffness (either positive or negative) is mainly due to the 
damage accumulated by the elements during the first test. 
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Figure 8: C11 Unwrapped (first test). Comparisons among the numerical and the experimental results. 
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Figure 9: C11 Wrapped (second test). Comparisons among the numerical and the experimental results. 

4.2 External joint  

The numerical predictions obtained with the proposed model for the external joint are re-
ported in Figure 10, where are as well compared with the experimental results.  

In the numerical simulations an uniaxial stress-strain law incorporating bond-slips is as-
signed to the columns passing bars. The strength in tension and compression of diagonal 
trusses are calculated with the Mohr’s circles approach. Two different sets of pinching factors 
are considered for the uniaxial hysteretic law: px=1.0, py=1.0 for simulating a full hysteretic 
behavior; and px=0.5, py=0.0 for accounting for a pinched hysteretic behavior, where px is the 
pinching factor for axial deformation, and py is the factor for the axial force, respectively. The 
pinching factors px=0.5, py=0.0 take into account the progressive regaining of compressive 
strength of diagonal cracks that, as experimentally observed, starts with a partial closure of 
diagonal panel cracks. Under this assumption, as it is easy to recognize, the numerical simula-
tions are in good agreement with experimental results in terms of strength and of dissipated 
hysteretic energy (Figure 11).  

Finally, in Figure 12 is reported a comparison of maximum and minimum diagonal cracks 
width numerically predicted with the ones measured during the experimental test of the exter-
nal joint. The simulations provide a slight gap with respect to the experimental measurements, 
and an anticipation of the joint panel failure. This is very likely due to the column axial load 
eccentricity assumed into the numerical model, that reduces the specimen lateral strength and, 
therefore, anticipates the diagonal cracks initiation. Moreover, as it is clear to note the pinch-
ing factor do not influence the cracks width but only the dissipated hysteretic energy. 

5 CONCLUSIONS 

In this paper numerical simulations and comparisons with experimental results of existing 
RC beam-column sub-assemblages reinforced with smooth bars have been presented and dis-
cussed. The proposed models take into account the bond-slip phenomenon among the longi-
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tudinal bars and surrounding concrete, and the confinement of concrete when local strength-
enings with FRP wraps are applied to columns ends. The proposed models are not time con-
suming and developed with simple criteria based on mechanical and geometrical elements 
properties, without any calibration procedure from an experimental data set. 

The comparisons with the experimental results show a good agreement with the numerical 
predictions, and highlight that in old RC structures with smooth bars the lateral response, al-
ready from early cycles, is dominated by the reinforcements slippages and by the loss of an-
chorage of longitudinal bars passing through the joint panel. 

The proposed models represent an useful tool for nonlinear analyses, since they require a 
limited numbers of additional elements for modeling the joint panel, and are capable of repro-
ducing, with a good accuracy, the failure mechanisms experimentally observed of the internal 
and external beam-column joints. 

 
Figure 10: External joint T23. Comparisons among the numerical and the experimental results. 



M. Laterza, M. D’Amato, and R. Gigliotti 

0 

5 

10 

15 

20 

0 3 6 9 12 15 18 21 24 27 30 
E

ne
rg

y 
di

ss
ip

at
ed

 (k
J)

 

Cycle 

Experimental 
px=0.5 py=0 
px=1 py=1 

0      0.25   0.5     0.75    1.0     1.25   1.5      2.0     2.5    3.0    3.5 
Drift (%) at top 

 
Figure 11: Comparisons among the dissipated hysteretic energy. 
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Figure 12: Comparisons numerical vs experimental panel cracks width. 
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Abstract. Reinforced concrete (R/C) buildings designed according to older seismic codes 

represent a large part of the existing building stock; hence, it is important to be able to 

accurately assess their response to seismic actions. These substandard R/C buildings may 

contain structural elements that are prone to shear failure subsequent, or even prior, to 

yielding of their longitudinal reinforcement. This can potentially lead to loss of axial load 

resistance of vertical elements and initiate vertical progressive collapse of the building.  

In the present study, a model is put forward, which is able to capture the hysteretic 

behaviour of shear critical R/C elements up to the onset of axial failure. The model is able to 

account for gradual spread of inelasticity and shear-flexure interaction in the locations of the 

plastic hinges prior to the onset of shear failure as well as localisation of shear strains after 

the onset of shear failure; the latter constitutes a major advancement in the existing literature. 

The model is used to predict the behaviour of a cyclically loaded double-curvature 

specimen failing axially after shear failure and flexural yielding. The comparison of the 

analytical with the experimental results shows a very good agreement, both in terms of total 

response and of shear response.
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1 INTRODUCTION 

R/C buildings designed according to older seismic codes (or even without adhering to any 

code) represent a large part of the existing building stock worldwide. Thus, it is important to 

be able to accurately and efficiently assess their response to earthquake-induced actions, in 

order to evaluate their vulnerability. Transverse reinforcement in their structural elements is 

typically inadequate - widely spaced and/or poorly anchored - rendering them vulnerable to 

shear failure subsequent, or even prior, to yielding of their longitudinal reinforcement. This 

can eventually lead to loss of axial resistance of vertical elements, through disintegration of 

the poorly confined concrete core and the consequent axial resistance decrease [1], and 

initiate vertical progressive collapse of a building. This collapse type has been shown through 

post-earthquake reconnaissance to be the most common reason of R/C frame building 

collapse [2].  

The total displacement of an R/C member under lateral loading consists of three 

components, i.e. flexural, anchorage slip and shear displacements [3]. The former can be 

captured quite accurately by the available finite element models, providing an accurate 

prediction of the response of a well-designed element conforming to current seismic codes. 

Nevertheless, the other two components readily become significant in sub-standard members 

and have to be accounted for in order to obtain an accurate response prediction.  

It has been observed experimentally that in regions of inelastic flexural deformations, shear 

strength degradation is triggered even if no shear yielding has taken place [4],[5] and that 

even if shear demand does not increase, shear deformations may increase considerably [3]. 

This impacts the response of flexure-shear critical members that fail in shear after 

experiencing flexural yielding. Several models have been developed to predict the 

degradation of shear strength with ductility demand in such members. Amongst them, some 

well-known ones are the model by Priestley et al. [6] and a revised version of it for circular 

columns [7], Sezen & Moehle’s model [8], and a more recent one, based on statistical analysis 

of a large number of flexure-shear critical column specimens, by Biskinis et al. [9].  

Advanced shear response models like the Modified Compression Field Theory (e.g. [10]) 

or the softened truss and membrane models by Hsu et al. (e.g. [11], [12]) are based on 

structural mechanics and have proven to be rather accurate, but they are limited to pre-peak 

shear behaviour. More recently, the Axial-Shear-Flexure Interaction approach was proposed 

[13], considering post-peak shear response. Nonetheless, these approaches require excessive 

computational demand and do not capture the hysteretic response of R/C elements, thus do 

not lend themselves to use in seismic analysis of complex R/C structures. 

Furthermore, there have been several macro-models, especially in the last two decades, 

aiming at modelling the cyclic lateral behaviour of shear-deficient R/C elements considering 

shear-flexure interaction effects (e.g. [3], [14]–[18]).  Some of them also extend into the post-

peak domain of the response, thus being capable of predicting the onset of axial failure of an 

element, which is critical in assessing the behaviour of an existing structure, especially when 

it comes to predicting the initiation and cascade of progressive collapse. Most of these models 

are based on inter-storey drift ratios, despite the fact that localised drift ratios at the shear-

damaged regions might be more appropriate, since shear deformations tend to concentrate 

there after the onset of shear failure (e.g. [19], [20]); this effect, hereafter called shear failure 

localisation, corresponds essentially to the relative rigid body displacement between the 

discrete upper and lower bodies of a column along the diagonal shear failure plane.   

A model for the full-range hysteretic shear response of substandard elements is presented 

in this study accounting for the afore-described shear failure localisation effect. Being based 

on shear deformations instead of an inter-storey shear displacement, it can more objectively 

1657



Dimitrios K. Zimos, Panagiotis E. Mergos, and Andreas J. Kappos 

 

account for the interaction of inelastic flexural and shear deformations at a local level, 

including the gradual decrease of an element’s shear resistance, and more reliably predict the 

location and extent of the shear failure zone, without relying on assumptions about the 

bending moment distribution. The shear model is incorporated in the computationally 

efficient phenomenological flexibility-based, spread-inelasticity beam-column model by 

Mergos & Kappos [3], with a view to accurately capturing the hysteretic response of shear-

deficient R/C elements and structures up to the onset of axial failure. In the following, the 

proposed model is presented in detail and its predictive capabilities are verified against 

experimental results, not only in terms of total displacement, but, more critically, also in terms 

of the shear displacement component per se. 

2 ANALYTICAL MODEL DESCRIPTION 

2.1 Beam-column model  

 

Figure 1: Finite element model: (a) geometry of R/C member; (b) beam–column finite element with rigid offsets; 

(c) flexural sub-element; (d) shear sub-element; (e) anchorage slip sub-element. [3] 

The beam-column model is a phenomenological flexibility-based finite element model [3] 

with three sub-elements connected in series, accounting for flexural, shear and anchorage slip 

deformations, respectively (Figure 1). The element flexibility matrix F is produced by the 

summation of the flexibility matrices of the flexural Ffl, shear Fsh and anchorage-slip Fsl sub-

elements and its inversion results in the element stiffness matrix K: 
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The flexural sub-element is divided into an elastic intermediate region and two end regions, 

where flexural yielding takes place. A spread inelasticity model is employed to follow the 
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distinguishes between loading and unloading or reloading states, leading respectively to 

different stiffness distribution in the end-regions [21]. The flexural sub-element’s (Figure 1c) 

primary M-φ curve is based on standard flexural analysis and appropriate bilinearization of 

the resulting curve. The hysteretic rules applied are described in detail in [3].  

Prior to the onset of shear failure, the shear sub-element has a flexibility distribution 

similar to the flexural sub-element (Figure 1d). Shear-flexure interaction is considered in its 

inelastic end regions, the lengths of which are set equal to the lengths of the respective regions 

of the flexural sub-element. A more detailed description of the shear sub-element with 

emphasis on the response after the onset of shear failure is provided in the following sections. 

The anchorage slip sub-element (Figure 1e) consists of two concentrated springs at the 

ends of the element, representing the rotations arising at the interfaces of adjacent R/C 

members, due to slippage of the reinforcement anchorage in the joints. The derivation of the 

primary M-θslip curve, as well as the hysteretic rules used, are presented in detail elsewhere [3]. 

 

2.2 Shear sub-model description 

The shear sub-element’s (Figure 1d) primary V-γ curve is originally defined disregarding 

interaction with flexure and is used for elements that have not yielded in flexure as well as for 

the region outside the plastic hinges for members that have yielded (Figure 2). This curve is 

defined by the shear cracking point (nominal tensile principal stress exceeding the tensile 

concrete strength), the onset of yielding of the transverse reinforcement, where the maximum 

shear strength is attained, and a plateau, where shear strains increase with constant force up to 

the onset of initiation of lateral strength degradation, i.e. the onset of shear failure. 

 Subsequently, a descending branch [22] is followed up to the onset of axial failure with a 

slope Spp × Vmax (Figure 2). The definition of axial failure is both deformation-based and 

force-based. A column is considered to have failed axially (i.e. lost its bearing capacity) if the 

shear deformation limit corresponding to the onset of axial failure γsh,f + γt,pp has been reached 

(Figure 2), namely the shear distortion at the onset of shear failure plus the total post-peak 

shear distortion [22]. However, if shear strength degrades to zero prior to the deformation 

limit being reached, the point with zero shear strength is considered as the onset of axial 

failure, i.e. shear strength is not allowed to assume negative values.  

The V-γ curve is subsequently altered in plastic hinge regions, accounting for shear-flexure 

interaction. This is based on flexural ductility and the ensuing degradation of the ‘concrete 

contribution’ to shear strength, resulting in increase of the truss contribution. The parts of the 

backbone curve between the shear strength corresponding to flexural yielding (Vy in Figure 2) 

and the onset of shear failure are affected. More details are given elsewhere [3]. 

 

Figure 2: V-γ primary curve of the proposed model without shear-flexure interaction. [22] 
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After the onset of shear failure, the basic assumption adopted in this study is that flexural 

and slip-induced deformations do not increase further than their values at onset of failure, i.e. 

all post-peak deformations occur in the shear sub-element. This assumption has been adopted 

in similar models (e.g. [23], [24]) and is supported by experimental evidence (e.g. [25]).  

Furthermore, it has been previously established based on experimental observations (e.g. 

[19], [20]) that deformations after the onset of shear failure tend to concentrate at a specific 

member region, the “critical length” defined by the diagonal failure plane; this length is 

illustratively shown in Figure 3 with distorted scale for the displacements, where the clear 

length of the column, Lcl, and the critical length, Lcr are shown. The localisation of post-peak 

shear strains is herein called “shear failure localisation” [22]; in essence, it mainly represents 

the relative rigid body displacement between the discrete upper and lower bodies of the 

column along the shear crack (Figure 3). 

 

 

 

 

 

 

 

 

 

 

 

Figure 3: Illustrative sketch of the critical length in a shear-damaged column. 

The hysteretic rules adopted in the shear sub-model are based on those of Ozcebe & 

Saatcioglu [4], with several improvements. Pinching, unloading and reloading stiffness 

deterioration, as well as post-peak cyclic strength degradation, are accounted for. Shear 

strength degradation mirroring is also taken into account. This effectively means that once a 

certain amount of strength is lost in one loading direction, a higher strength cannot be reached 

in the other. This assumption has been adopted by other similar models (e.g. [18]) and is 

supported by experimental evidence (e.g. [19], [1]).  

2.3 Shear sub-model implementation 

The proposed finite element model has been implemented in IDARC2D [26]. The 

prescribed post-peak V - γ descending branch (eq. 4-12) is followed subsequent to the onset of 

shear failure (defined as described in [3]). This is realised by a commensurate drop in the 

current force, the yield strength, as well as the entire post-yield branch of the shear backbone, 

as shown schematically in Figure 4. This way, the stiffness is always positive, hence no 

instability occurs anywhere in the algorithm. The amount of strength deterioration at each 

solution step equals the exceedance of strength at the same step with respect to the strength of 

the target post-peak branch with the same shear strain.   

An illustrative hysteretic response of a specimen - without cyclic strength degradation, for 

clarity - is shown in Figure 5, wherein the application of shear strength degradation mirroring 

is demonstrated. The descent starts from the onset of shear failure with Vmax on the positive 

side, followed by ΔV1,pos in-cycle degradation. The vertex point ordinate in the negative 

direction becomes - (Vmax - ΔV1,pos). Similarly, the in-cycle degradation on the negative side 

Lcr 
Lcl 

V 

V 

1660



Dimitrios K. Zimos, Panagiotis E. Mergos, and Andreas J. Kappos 

(ΔV1,neg) is subtracted from the positive vertex point force upon reloading on the positive side 

for the first time, and so forth. 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 4: Schematic representation of the implementation of in-cycle degradation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 5: Illustrative hysteresis of a specimen from onset of shear failure up to onset of axial failure. 

As discussed previously, prior to shear failure, the shear sub-element is subdivided into 

two end regions representing the locations where flexural yielding takes place and an 

intermediate region for the rest of the member (Figure 1d). After the onset of shear failure, 

localisation of shear strains is realised by setting the length of the region, where shear failure 

is detected, equal to the shear critical length (Figure 6). Following this approach, the location 

and extent of the shear failure zone is predicted accurately by considering the interaction of 

inelastic flexural and shear deformations at a local level. Therefore, the actual phenomenon is 

more realistically depicted. In addition, the response after the onset of shear failure is 

predicted in an accurate and objective manner that is not relying on assumptions regarding 

bending moment distribution of R/C members. This is clearly not the case with models using 

total shear displacement components, instead of local deformation quantities.  

 In line with experimental evidence, the shear failure plane is always unique, therefore the 

model invariably results in only one of the three segments failing. In Figure 6, the transition 

from pre-peak to post-peak for the generic cases of a flexure-shear and a shear critical 

specimen can be seen as well as the corresponding shear flexibility coefficients; αAs and αBs 

are defined as the shear-flexural yield penetration coefficients, which monitor the penetration 

-Vmax 

 

V 

 

γ 

ΔV1,pos 

ΔV1,pos 

ΔV1,neg 

ΔV1,neg 

ΔV2,pos 

ΔV2,neg 

Vmax 

ΔV2,pos 

Spp × Vmax 

ΔV1 

ΔV1 

ΔV2 

ΔV2 

V 

γ 

 

Vy,0 

Vy,1 

Vy,2 

1661



Dimitrios K. Zimos, Panagiotis E. Mergos, and Andreas J. Kappos 

 

of yield from the end A or B, respectively, towards the middle of the element; GAA, GAB and 

GAM are the corresponding stiffness of the end A, end B and middle segment sections of the 

element. 
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Figure 6: Spread inelasticity distributions and respective shear flexibility coefficients for a flexure-shear critical 

specimen (top) with failure at end A (Eq. 3), failure at end B (Eq. 5) or failure in the middle (Eq. 4) for a given 

pre-peak distribution (Eq. 2) with i,j = A, B. Similarly, for a shear critical specimen (bottom) with failure (Eq. 7) 

from the pre-peak distribution (Eq. 6). 

 

 

 

 

 

 

 

 

 

 

 
Figure 7: Schematic representation of the descending branch offset due to cyclic degradation (left) and the 

response with compensation for this offset (right). 
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Cyclic strength degradation is taken into consideration in the post-peak domain using the 

Ozcebe & Saatcioglu [4] rules. However, that creates a permanent loss of strength, which 

distorts the produced descending branch and leads to slightly premature onset of axial failure 

in the case of shear strength reaching zero (Figure 7a). A compensation algorithm has been 

employed, in order to avoid this shift; instead of aiming at the previous vertex deformation 

with a reduced vertex strength, as originally proposed [4], the target is the intersection of that 

line and the descending branch; hence, the resulting behaviour is as intended (Figure 7b). 

Besides strength degradation, pinching as well as unloading and reloading stiffness 

deterioration are accounted for using the same set of rules as described in [4].  

3 ANALYTICAL MODEL VERIFICATION 

Sezen & Moehle [1] tested four double-curvature columns with different axial loads under 

quasi-static cyclic loading. They were lightly reinforced, representative of old-type 

construction, designed to yield in flexure and subsequently fail in shear. The column 

Specimen-1, tested under an axial load of 667 kN, is herein selected for verification of the 

proposed analytical model. Its clear height was 2946 mm, with a square cross-section of 

457×457 (mm) and a longitudinal reinforcement ratio of 2.5%. The transverse reinforcement 

comprised rectangular and diamond-shaped ties every 305 mm, with 90o anchorage hooks. 

The concrete compressive strength was 21 MPa and the longitudinal and transverse 

reinforcement yield strengths were 434 MPa and 476 MPa, respectively. The empirical 

relations proposed in [22] were used to model the descending branch slope, the critical length 

and the deformation at the onset of axial failure. 

The proposed model seems to be capturing the pre- and post-peak hysteretic response 

fairly well (Figure 8a). It matches very well the overall behaviour, with unloading and 

reloading stiffnesses of the analysis representing very well the average stiffnesses observed 

experimentally, and capturing very well the very high strength degradation at the 

displacement level of ±42 mm. Of course, there is certain deviation at given points; especially 

on the negative direction. The maximum strength is shown to be very accurate, with 

negligible overestimation.  There is some underestimation of the expected displacement at the 

onset of axial failure, being however close to the experimental value. The onset of axial 

failure was predicted at the first of the three cycles of the ±55 mm displacement level. This is 

due to the fact that the descending branch was calculated slightly steeper than its experimental 

value. Even so, the predicted energy dissipation, which is a key characteristic of the hysteretic 

response, is overestimated only by approximately 10% compared to the actual energy 

dissipated by the member during the cyclic test.  

The shear displacement component is captured very well both in the pre- and post-peak 

domain (Figure 8b), given the challenge of predicting individual (i.e. shear) displacement 

components instead of the total response and the inherent uncertainty of experimental 

measurements. There is a negligible underestimation of shear deformations before the peak, 

but upon shear failure the experimental shear displacement increases considerably in the 

positive direction, a tendency which the model captures sufficiently. Subsequently, there is a 

slight underestimation of shear displacements on the negative side of the post-peak cycle, 

nonetheless following the general trend. Not all shear response history is provided by the 

researchers that carried out the test, possibly due to failure of the recording instrument, 

therefore only one full experimental post-peak cycle is presented in Figure 8. Nevertheless, 

even the first post-peak cycle is enough to demonstrate that although shear displacements are 

only a small fraction of the total in the pre-peak domain, as soon as the peak is reached they 

immediately take up a very big portion of it. Figure 8c shows the analysis of the components 

of the lateral displacement of the element; it is observed that shear displacements are very low 
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in the first stages of the response, increasing significantly after the element yields, due to 

shear-flexure interaction at the ends of the member. Furthermore, they increase drastically 

after the onset of shear failure, as all the post-peak displacements are attributed to the shear 

sub-element; the flexural and bond-slip displacements, on the other hand, do not exceed their 

maximum pre-peak values at any point in the post-peak domain.   

 

  (a)                                                                                      (b)             

         
  (c)                                                                                      (d)             

Figure 8: Sezen & Moehle’s [1] Specimen-1: Comparison between predicted response by the proposed model 

and experimental one in terms of shear force against lateral displacement (a), (part of) shear force against shear 

displacement (b); analysis of the element’s lateral displacement components (c) and flexural and shear inelastic 

zone lengths as a percentage of the total member length at each displacement level of the analysis (d). 

Figure 8d demonstrates the spread of inelasticity during the analysis for the flexural and 

shear sub-elements. After the onset of flexural yielding, the inelastic end zones of both the 

flexural and shear sub-element increase gradually following the moment increase at the 

member ends. Nonetheless, as soon as the onset of shear failure is reached just after 30 mm 

maximum displacement, the length of the inelastic zone of the shear sub-element instantly 

assumes a value corresponding to the shear critical length and maintains it for the rest of the 

analysis. At the same time, the length of the inelastic zone of the flexural sub-element remains 

equal to the maximum value reached at the onset of shear failure. 

4 CONCLUSIONS 

The development of a shear model for the full-range hysteretic response of substandard 

R/C elements was presented herein. It is integrated in a phenomenological flexibility-based 

spread-inelasticity model that accounts for shear-flexure interaction, with a view to accurately 

capturing the response of shear-deficient R/C elements and structures. Being based on (local) 

shear distortions instead of an inter-storey shear displacement, it can account in an unbiased 
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way for the interaction of inelastic flexural and shear deformations at a local level, including 

the gradual decrease of an element’s shear resistance, and more reliably predict the location 

and extent of the shear failure zone, without relying on assumptions regarding the bending 

moment distribution. It is the first shear model directly accounting for the localisation of shear 

strains, after the onset of shear failure, in a critical length defined by a diagonal failure plane, 

namely shear failure localisation. 

The model has been verified here against a double-curvature flexure-shear critical column 

quasi-static test and was found to provide a very good estimation of the overall response. 

More importantly, it was shown to fare satisfactorily not only in terms of total lateral 

displacement, but also in terms of shear displacement. 
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Abstract. Friction Pendulum Devices (FPDs) are strongly attracting the attention of both Ac-
ademic and Technical Communities of Engineers concerned with the development of strategies 
for the protection of structures against earthquakes. Several versions of such devices can be 
found on the market, ranging from the Single, to the Double and up to the so-called Triple 
Friction Pendulum. Those devices are characterized by an increasing number of kinematic 
pairs and corresponding sliding plates. Even though their effectiveness has extensively been 
proven by means of numerous experimental campaigns carried out worldwide, it seems that 
many aspects concerning their mechanical behavior still need to be clarified. These aspects 
concern, among others: 1) the sequence of sliding on the several concave surfaces, 2) the in-
fluence of temperature on the frictional properties of the coupling surfaces, 3) the possibility of 
alternation of mechanical sticking and slipping phases, 4) the possibility of impact-induced 
rupture of some components, and so on. Those aspects are less clear the larger the number of 
concave surfaces the device is composed of. With the aim to contribute to a better understating 
of the mechanical behavior of the multiple friction pendulum devices, a new mechanical inter-
pretation of their behavior was formulated and the relevant model was developed. Such model 
is based on a rigorous, though simplified, mechanical approach. Starting from the analysis of 
a double pendulum device, which comprises two stainless steel concave plates facing each other 
and a convex-faced pad coated with polytetrafluoroethylene (PTFE), the mechanical model 
envisages the decomposition of each time-instant of the dynamic time-history in two phases. 
For each phase the device is modelled by an open kinematic chain of rigid bodies differently 
constrained between each other. Moreover, the model is based on the fulfillment of 1) geometric 
compatibility, 2) kinematic compatibility, 3) dynamical equilibrium and 4) thermo-mechanical 
coupling. 
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1 INTRODUCTION 

Friction pendulum devices, since their early introduction [1] have earned increasing attention 
as a valid alternative to elastomeric bearings, for the seismic protection of both buildings, low 
to medium-rise, and bridges. The resulting relevant scientific output ranges from early studies 
on the friction properties of the kinematic pair, mainly composed so far of PolyTetraFluoroEth-
ylene (PTFE) and stainless steel (e.g. [2-3]), to the proposal of many prototypes and their me-
chanical modelling (e.g. [4-8]), and up to the study of the overall behavior of an isolated 
structure (e.g. [9]). Such devices are based on the principle of obtaining the decoupling between 
the movement of the structure and the underlying ground by means of the relative sliding be-
tween coupled spherical surfaces, one of which in plain polished stainless steel and the other 
coated by a particular material chosen to ensure a suitable value of the friction coefficient. The 
spherical shape of the two surfaces forming a kinematic pair is supposedly necessary in order 
to provide the device with self-re-centering capability. The simplest of such devices envisages 
the presence of one only of these spherical kinematic pairs even though proposals of prototypes 
with multiple sliding surfaces can be found both in literature and on the market (e.g. [8]). The 
larger the number of coupling surfaces the device is composed, the more difficult the mechan-
ical behavior under earthquake attack prediction appears to be. In the present work, attention is 
focused on the so-called Double Friction Pendulum (DFP) device (Fig. 1). 

 
Figure 1: Friction pendulum bearing with two spherical kinematic pairs (Double Friction Pendulum DFP): 

a) several components, deformed shape assumed for either b) rightward or c) leftward movement of the lower 
plate. 

One of the aspects that has been largely investigated is the mathematical model of the hori-
zontal force-displacement hysteretic curve, which needs to be implemented in the Finite Ele-
ment Models (FEM) of isolated structures in order to carry out the dynamic analyses. Most of 
the proposals that can be found in the literature seem to face the problem from a planar and too 
simplistic point of view. In fact, they seem to be based on horizontal equilibrium only, thus 
completely neglecting both rotational and vertical equilibrium. Moreover, they assume that 
sliding takes place on a strict sequence of kinematic pairs the given device is be composed of. 
However, few attention has been paid so far to the geometrical compatibility fulfilled by the 
several components during an earthquake induced deformation time-history. 

a)b) c)
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Moreover, such complex tribological systems are known to be susceptible to 1) the stick-
slip and 2) the sprag-slip phenomena (e.g. [10]). Where: the former consists of the likely alter-
nation of time intervals of sliding to time intervals of absence of sliding, with consequent re-
coupling of the ground shaking and superstructure movement, while the latter consists of vibra-
tions that may activate in the direction orthogonal to the sliding one. 

In this scenario, many questions arise about the actual functioning of these devices. Do the 
kinematic pairs actually undergo sliding? Do they always re-center? Otherwise, under which 
specific boundary conditions, either kinematic (displacements, velocities and accelerations his-
tory) or tribological (friction) do they re-center?  Similarly to what happens with a rolling wheel, 
must friction have an optimum value, for sliding to take place? In this view, would a limit value 
of asymptotically null friction allow those devices to work, or would it rather inhibit the trig-
gering of the functioning of the devices? Is it only friction, at each phase of the device defor-
mation, that dictates the triggering, rather than the inhibition, of sliding along the various 
concave surfaces? How does rotational equilibrium affect this aspect? Does the over-structure 
actually horizontally translate only, without any rotation, even during an earthquake lacking the 
vertical component? Otherwise, under which specific conditions does not the over-structure 
undergo any rotation? Would it be necessary to outfit the isolation system with supplemental 
devices meant to suppress any possibility of rotation? Does the building actually move upward, 
as a response of the horizontal two-dimensional earthquake? Or rather, may it move downwards 
as function of the soil deformability, in order to accommodate vertical deformations? Does a 
complex soil-structure interaction take place during an earthquake? 

It is evident that the topic is complex and needs to be faced from a multidisciplinary stand-
point, involving also both mechanical and tribological engineering expertize (e.g. [11,12]). 

With the aim to contribute to a better understanding of the mechanical behavior of the mul-
tiple FPs, thus attempting to answer the questions above, this work presents a new approach to 
model the thermo-mechanical behavior of such devices. It assumes, as a first approximation, 
that all the components the device is made of can be modelled as rigid bodies, thus neglecting, 
at least for the time being, any deformation. This modelling approach aims at fulfilling: 1) ge-
ometrical compatibility, 2) kinematic compatibility, 3) dynamic equilibrium, both translational 
and rotational, and 4) thermo-mechanical coupling. 

2 MECHANICAL MODEL 

2.1 Geometric compatibility 

It is preferable to start by analyzing the behavior of a double friction pendulum, composed 
of the internal pad and only two external plates, in a radial plane, which means in case of uni-
directional imposed horizontal displacement (Fig. 2). Such device also represents the internal 
assemblage, called articulated slider [6,7], of a Triple Friction Pendulum (TFP) so that the util-
ity to deal with it first, is twofold. The first and most important constraint is represented by the 
fact that the two outermost horizontal surfaces, lower and higher, can undergo a rigid body 
motion remaining horizontal, which means that they can only translate remaining parallel to 
themselves. This is due to the fact that, at the extrados of the so-called isolation plane, which 
basically refers to the layer containing the low-stiffness devices, the various isolators are con-
nected by a rigid diaphragm (e.g. [13,14]) that compels them to move synchronously while, at 
the intrados, to the presence of the ground. In order for that condition to be fulfilled, and to 
prevent any penetration of matter, it is necessary that the two external surfaces (𝑆𝑆1 and 𝑆𝑆2) un-
dergo sliding simultaneously (Figs. 1 and 2). For this reason, the friction coefficient should be 
the same along each of those two sliding pairs, i.e. 𝜇𝜇1 = 𝜇𝜇2 = 𝜇𝜇. 
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Figure 2. Assumed geometrical compatibility for the case of a DFP device subjected to a horizontal ground dis-
placement contained in a radial plane: a-d) rightward ground movement starting from a rest position, and 

e-h) leftward movement starting from a maximum deformation. 

At a generic time step 𝑡𝑡𝑛𝑛, the internal deformation undergone, as function of the imposed 
displacement ∆𝑢𝑢𝑔𝑔(𝑡𝑡𝑛𝑛), by the several components constituting the device, may be decomposed 
into two subsequent phases (Fig.2), even though the overall movement is contextual. When 
starting from the equilibrium undeformed condition (Fig. 2a-d), in the first phase, which means 
during the first part ∆𝑡𝑡1 of the time increment ∆𝑡𝑡, the pad, due to the imposed displacement 
∆𝑢𝑢𝑔𝑔(𝑡𝑡1), rigidly rotates around one of the lowermost corners (𝐴𝐴) and such rotation also yields 
a certain vertical displacement of the upper plate. During the second phase ∆𝑡𝑡2 of the current 
time increment ∆𝑡𝑡, the pad undergoes a rigid rotation around its centroid (𝐺𝐺2) with this latter 
simultaneously rigidly translating along the straight line connecting the centers of the two 
spherical surfaces 𝐶𝐶1𝐶𝐶2.  This latter direction, resulting from the end of the previous sub-inter-
val ∆𝑡𝑡1, is inclined, with respect to the vertical direction, of an angle 𝜃𝜃(𝑡𝑡1) that is the geomet-
rical variable (polar angle) accounting for the final configuration assumed by the entire device 
(Fig. 2d). The same two-step deformation can be recognized if, at a generic time step 𝑡𝑡𝑛𝑛, the 
ground imposes a reversed displacement, and starting from a generic deformed configuration 
(Fig. 2e-h). The only difference, in case of reversal, is that initial rigid rotation (∆𝑡𝑡1) involves 
the other diagonal of the pad (i.e. 𝐷𝐷𝐷𝐷 instead of 𝐴𝐴𝐶𝐶). During the second phase, sliding occurs 
along the corners of the involved diagonal of the pad, and friction is mobilized thereinTwo-
phases mechanical model 
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Figure 3: Mechanical models, constituted of Articulated System of Rigid Bodies (ASRB), to simulate the two-
phases behavior of the DFP at a given time step: a) first phase ASRB and b) second phase ASRB. 

The analysis of the geometric compatibility of the friction pendulum devices described in 
the previous section suggests, in a consequential manner, the way in which it is possible to 
model the mechanical behavior of such devices also in the three dimensional space [15,16]. For 
the reasons already explained in the previous section, in the present work attention is focused 
on the dynamical behavior of a DFP subjected to a ground shaking, leaving the study of com-
plete TFP to further future developments. Moreover, the study is herein limited to the case of 
unidirectional seismic attack. The dynamical behavior of a DFP at the instant 𝑡𝑡𝑛𝑛 can therefore 
be limited to what happens in the generic plane 𝜋𝜋, singled out by 1) current position of the pad 
(𝜃𝜃(𝑡𝑡𝑛𝑛),𝜑𝜑(𝑡𝑡𝑛𝑛) that are the polar and azimuthal angle, respectively), and 2) direction, in the 
global reference system 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜, of the current horizontal displacement ∆𝑢𝑢𝑔𝑔(𝑡𝑡𝑛𝑛+1) imposed by 
the ground shaking. We exclude any vertical earthquake, for the time being. Both phases at the 
current time step can be modelled by an articulated system of rigid bodies, different for each 
phase (Fig. 3). Even though the rigid bodies are expected to actually undergo some defor-
mations, for the time being they are herein assumed to behave as perfectly rigid bodies. These 
latter form an open kinematic chain for both phases of motion (e.g. [17]).  

During the first phase (∆𝑡𝑡1), the lower plate (Rigid Body 1) is assumed to move horizontally 
along a prismatic guide, without friction, and the motion is the one imposed by the earthquake 
and characterized by given displacement 𝑜𝑜𝑔𝑔(𝑡𝑡𝑛𝑛+1) , velocity �̇�𝑜𝑔𝑔(𝑡𝑡𝑛𝑛+1) , and acceleration 
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�̈�𝑜𝑔𝑔(𝑡𝑡𝑛𝑛+1). The pad (Rigid Body 2) is kinematically constrained to both lower and upper plate 
(RB 1,3) by two revolute joints in which the constraint force tangent to the concave surface is 
blocked to the maximum allowable Coulomb friction force. The upper sliding plate (RB 3) 
carries the weight of the over-structure that is herein assumed as a mass, rigidly connected to 
the plate by a massless rigid rod, and concentrated in Rigid Body 4 (RB4). Substantially, RB3 
and RB4 are herein assumed to form a single rigid body assemblage. Due to the motion imposed 
on rigid body 1, rigid body 2 undergoes a rigid rotation 𝛽𝛽1 around one of its corners (point 𝐴𝐴 in 
Fig. 3a) characterized by angular velocity and acceleration 𝛽𝛽1̇,  �̈�𝛽1. As a consequence of that 
(unknown) rotation, the assemblage of rigid bodies 3 and 4 undergoes a rigid planar translation, 
along axes 𝑜𝑜 and 𝑜𝑜 of the inertial global reference system 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜, maintaining contact with the 
pad in the pin-joint in point 𝐶𝐶 of the pad. Note that the position assumed by the plates at the 
end of this first phase already singles out the final updated value of the inclination of the pad 
with respect to both the sliding plates 𝜃𝜃(𝑡𝑡𝑛𝑛+1). 

The second phase is modelled by the same assemblage of rigid bodies above, kinematically 
constrained between one another in a different way (Fig. 3b). Rigid body 1 is blocked in its 
final position corresponding to the current time step 𝑡𝑡𝑛𝑛+1. Rigid body 2 undergoes a rigid roto-
translation with its centroid 𝐺𝐺2 translating along the straight line connecting the two centers of 
curvature of the two plates, along a linear prismatic guide without friction and contemporarily 
counter-rotates around its centroid with angular velocity and acceleration 𝛽𝛽2̇,  �̈�𝛽2. Along the 
vertices of the diagonal involved (𝐴𝐴𝐶𝐶 in Fig. 3), the pad is now constrained to the two plates 
(rigid bodies 1 and 3) by two circular guides with Coulomb friction so that, during this phase, 
slipping takes place with consequent yielding of heat (Fig. 3b). The kinematic quantities �̈�𝑢�⃗ (𝐺𝐺2) 
and �̈�𝛽2, which are the linear and angular accelerations characterizing the pad rigid roto-transla-
tion, are unknown since they depend on the dynamical characteristics of the system. On the 
contrary, the values of displacement 𝑢𝑢�⃗ (𝐺𝐺2) and rotation 𝛽𝛽2 that are necessary to restore the ge-
ometrical compatibility by closing both kinematic couples can be known by geometric rela-
tioships at the end of the first step. The closure of both kinematic couples implies that the pad 
axis 𝑃𝑃𝐶𝐶1𝑃𝑃𝐶𝐶2��������� superimposes to the straight 𝐶𝐶1𝐶𝐶2 line connecting the concave plates centers (com-
pare previous sections). The assemblage of rigid bodies 3 and 4 translate with point 𝐶𝐶3 moving 
(Fig. 3b), without friction, along the straight line connecting the concave surfaces’ centers 
𝐶𝐶1𝐶𝐶2(𝑡𝑡𝑛𝑛 + ∆𝑡𝑡1). 

2.2 Assumptions 

We have made, for the time being, the following assumptions: 1) each component substan-
tially behaves as a rigid body, 2) the stick-slip phenomenon takes place at each time step, with 
consequent stepwise loss and restoration of geometric compatibility, which means opening and 
closure of the kinematic pairs, 3) the likelihood of impact between the sub-components during 
the restoration of the geometric compatibility is neglected. 

2.3 Kinematic Compatibility 

A kinematic analysis, meant to study motion without considering the forces that produce it, 
is necessary. During the first phase, the velocity of point 𝐶𝐶, in which a revolute joint is placed, 
is given by (e.g. [11,12]): 

𝑣𝑣𝐶𝐶����⃗ = 𝑣𝑣𝐴𝐴����⃗ − �̇�𝛽1 ∙ 𝑒𝑒2 × 𝐴𝐴𝐶𝐶�����⃗ = �̇�𝑜𝑔𝑔 ∙ 𝑒𝑒1 − �̇�𝛽1 ∙ 𝑒𝑒2 × 𝐴𝐴𝐶𝐶�����⃗  (1) 

where 𝑒𝑒2 is the unit vector of axis 𝑜𝑜 of the Inertial system 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 whose positive direction is to-
wards the paper. While the acceleration is given by: 
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𝑎𝑎𝐶𝐶����⃗ = 𝑎𝑎𝐴𝐴����⃗ + 𝑎𝑎𝑐𝑐����⃗ (𝐶𝐶) − �̈�𝛽1 ∙ 𝑒𝑒2 × 𝐴𝐴𝐶𝐶�����⃗ = �̈�𝑜𝑔𝑔 ∙ 𝑒𝑒1 + �̇�𝛽12 ∙ 𝐺𝐺2𝐴𝐴�������⃗ − �̈�𝛽1 ∙ 𝑒𝑒2 × 𝐴𝐴𝐶𝐶�����⃗  (2) 

During the second phase, the velocity of point 𝐶𝐶, belonging to rigid body 2 (pad) is given 
by: 

𝑣𝑣𝐶𝐶����⃗ = �̈�𝑢�⃗ (𝐺𝐺2) + �̇�𝛽2 ∙ 𝑒𝑒2 × 𝐺𝐺2𝐶𝐶�������⃗  (3) 

while the velocity with which the rigid bodies 3 and 4 translate along the linear prismatic guide 
without friction, along the straight line connecting the position occupied by the two curvature 
centers at the end of step one, is given by the velocity of point 𝐶𝐶3 (Fig. 3b): 

𝑣𝑣𝐶𝐶3������⃗ = 2 ∙ �̇�𝑢�⃗ (𝐺𝐺2) (4) 

The acceleration of point 𝐶𝐶, belonging to rigid body 2, is given by (Fig. 3b): 

𝑎𝑎𝐶𝐶����⃗ = �̈�𝑢�⃗ (𝐺𝐺2) + 𝑎𝑎𝑐𝑐����⃗ (𝐶𝐶) + �̈�𝛽2 ∙ 𝑒𝑒2 × 𝐺𝐺2𝐶𝐶�������⃗ = �̈�𝑢�⃗ (𝐺𝐺2) + �̇�𝛽22 ∙ 𝐺𝐺2𝐶𝐶�������⃗ + �̈�𝛽2 ∙ 𝑒𝑒2 × 𝐺𝐺2𝐶𝐶�������⃗  (5) 

and the acceleration of point 𝐶𝐶3, is given by: 

𝑎𝑎𝐶𝐶3������⃗ = 2 ∙ �̈�𝑢�⃗ (𝐺𝐺2) (6) 

2.4 Dynamical Equilibrium 

Both mechanical models adopted to study the two phases of the planar motion of the DFP 
described in previous section are open kinematic chains [17]. And each of them is characterized 
by one degree of freedom. 

In fact, for the first phase, we have 3 rigid bodies, each characterized by 3 kinematic un-
knowns, for a total of 𝑛𝑛 = 3 × 3 = 9. The number of kinematic constraints is equal to 𝑛𝑛𝑐𝑐 = 7 
that are given by: a) vertical translation and rotation (2) of the RB1, b) two internal revolute 
joints (2 × 2 = 4), and c) rotation (1) of the assemblage of RB3 and RB4. The earthquake kin-
ematically controls the translational horizontal degree of freedom of the lowermost sliding plate 
(RB1). While the rotational degree of freedom of the pad is not known a priori so that a force 
analysis is required and the system equations of motion must be formulated to obtain a number 
of equations equal to the number of unknown variables. 

For the second phase, we have 𝑛𝑛 = 3 × 3 = 9 kinematic unknowns. The number of kine-
matic constraints is equal to 𝑛𝑛𝑐𝑐 = 8 that are given by: a) 3 for the lowermost plate that is as-
sumed fixed, b) 1 for the pad, since its centroid 𝐺𝐺2 cannot move orthogonally to the straight 
line (prismatic frictionless guide) passing through the concave surfaces centers 𝐶𝐶1𝐶𝐶2(𝑡𝑡𝑛𝑛 + ∆𝑡𝑡1), 
c) 2 for the uppermost sliding plate assembled with the over-structure (RB3+RB4), since they
can only translate with the contact point at the end of phase 1 (i.e. point 𝐶𝐶3 in Fig. 3b) moving 
along the straight line above, thus neither rotating nor translating orthogonally to that line, and 
d) 2 are given by the internal constraints constituted by the circular frictional prismatic guides,
between the kinematic couples RB1-RB2 and RB2-RB3+RB4, since they do not allow mutual 
displacement at the contact point, along the relevant radius of curvature. The independent kin-
ematic unknown is �̈�𝛽2 while the translational acceleration �̈�𝑢(𝐺𝐺2) can be expressed as function 
of �̈�𝛽2. 

The first kinematic chain is both kinematically and dynamically driven [17] since one degree 
of freedom, that is the horizontal translation of the lowermost plate, is imposed by the ground 
movement and another, that is the rotation around one of the pad’s corners, is governed by the 
forces involved, either inertia and external. On the other hand, the second kinematic chain is 
dynamically driven since, for the unknown, a force analysis is required. For both models, a 
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relevant minimum number of differential equations can be written, in the ambit of the Embed-
ding Technique [17], by making a suitable cut in one of the joints among the involved rigid 
bodies, and formulating the dynamic conditions of the resulting subsystem. The number of these 
obtained equations, which do not contain the joint reaction forces, is equal to the number of 
degrees of freedom of the system. Once the minimum number of differential equations are 
solved, the joint reaction forces can be obtained by the equations of motion obtained by a free-
body analysis. 

Proceeding in this way, for both phases’ kinematic chain, making the cut in correspondence 
of the revolute joint in point 𝐴𝐴, the following equilibrium equation, applying the D’Alambert 
principle, is obtained: 

�̇�𝐾��⃗𝐴𝐴 = �̇�𝐾��⃗ 𝐺𝐺2 + 𝐴𝐴𝐺𝐺2�������⃗ ×
𝑑𝑑
𝑑𝑑𝑡𝑡
𝑄𝑄�⃗ 2 + 𝐴𝐴𝐺𝐺3�������⃗ ×

𝑑𝑑
𝑑𝑑𝑡𝑡
𝑄𝑄�⃗ 3 + 𝐴𝐴𝐺𝐺4�������⃗ ×

𝑑𝑑
𝑑𝑑𝑡𝑡
𝑄𝑄�⃗ 4 = 𝑀𝑀��⃗ 𝐴𝐴 = �𝐴𝐴𝐺𝐺�����⃗ 𝑖𝑖 × 𝑃𝑃�⃗𝑖𝑖

4

𝑖𝑖=2

 (7) 

in which: �̇�𝐾��⃗𝐴𝐴 is the moment of the inertia forces with respect to point 𝐴𝐴, �̇�𝐾��⃗ 𝐺𝐺2 is the moment of 
inertia of RB2 with respect to its centroid, 𝑄𝑄�⃗ 𝑖𝑖 is the momentum of the i-th RB, 𝑀𝑀��⃗ 𝐴𝐴 is the moment 
of the external forces with respect to point 𝐴𝐴, and 𝑃𝑃�⃗𝑖𝑖 is the self-weight force of the 𝑖𝑖-th RB. For 
each phase, Eq. (7) has to be specialized by substituting, in the expression of the 𝑖𝑖-th RB time-
derivative of the momentum, the kinematically compatible expressions for the accelerations, as 
obtained in the previous section. 

2.5 Thermo-Mechanical Coupling 

During the second phase, slipping occurs along the two concave surfaces (Fig. 3b) and heat 
is developed therein. It is possible both 1) to keep track of the temperature change of the plates 
and 2) to evaluate the change of the frictional threshold as function of the surface temperature. 
Thermo-mechanical coupling is obtained by defining a suitable law of variation of the frictional 
coefficient, as function of the temperature, as follows: 

𝐹𝐹𝜇𝜇𝑖𝑖 (𝑡𝑡) = 𝜇𝜇𝑖𝑖[𝑇𝑇𝑖𝑖(𝑡𝑡)] ∙ 𝑁𝑁𝑖𝑖 (8) 

where: 𝐹𝐹𝜇𝜇𝑖𝑖 (𝑡𝑡), 𝜇𝜇𝑖𝑖, 𝑇𝑇𝑖𝑖(𝑡𝑡), 𝑁𝑁𝑖𝑖 are a) the friction strength, b) the temperature dependent friction 
coefficient, c) the temperature, and d) the internal force orthogonal to the 𝑖𝑖-th concave surface.  

At each time step, the increment of Temperature, yielded by the friction-induced heat, can 
be evaluated by the following thermal equilibrium equation: 

𝑐𝑐𝑖𝑖 ∙ 𝑇𝑇�̇�𝚤 = �̇�𝑄𝑓𝑓 − 𝑄𝑄𝚤𝚤̇  (9) 

where: 𝑇𝑇�̇�𝚤 is the rate of change of temperature (𝑡𝑡𝑒𝑒𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡𝑎𝑎𝑡𝑡𝑢𝑢𝑡𝑡𝑒𝑒 𝑡𝑡𝑖𝑖𝑡𝑡𝑒𝑒⁄ ), 𝑐𝑐𝑖𝑖 is the heat capacity 
(𝑒𝑒𝑛𝑛𝑒𝑒𝑡𝑡𝑒𝑒𝑜𝑜 𝑡𝑡𝑒𝑒𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡𝑎𝑎𝑡𝑡𝑢𝑢𝑡𝑡𝑒𝑒⁄ ) of the 𝑖𝑖-th surface, given by the product of the steel specific heat 𝑐𝑐𝑠𝑠 
times the mass 𝑡𝑡𝑖𝑖 of the concave surface involved in the heat exchange, �̇�𝑄𝑓𝑓 and 𝑄𝑄𝚤𝚤̇  are the rate 
of heat respectively developed and exchanged with the surrounding environment 
(𝑒𝑒𝑛𝑛𝑒𝑒𝑡𝑡𝑒𝑒𝑜𝑜 𝑡𝑡𝑖𝑖𝑡𝑡𝑒𝑒⁄ ). For the sake of simplicity, 𝑡𝑡𝑖𝑖 may be assumed coincident with the whole 
mass of the relevant steel plate (Fig. 1). 

Moreover, the following assumptions may be made: 1) heat is generated by friction at each 
of the sliding interfaces, 2) heat conduction is assumed unidirectional, perpendicular to each 
concave surface, 3) heat loss due to radiation is assumed negligible, 4) bearing material (PTFE 
or the like) is assumed as a perfect thermal insulator so that heat generated at the sliding inter-
face just flows towards each concave surface (in fact the thermal diffusivity of steel is 
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~20.0𝑊𝑊 𝑡𝑡 ∙ °𝐶𝐶⁄  that is much larger than the one of PTFE ~0.24𝑊𝑊 𝑡𝑡 ∙ °𝐶𝐶⁄  at 20°𝐶𝐶 tempera-
ture). 

The rate of heat exchange 𝑄𝑄𝚤𝚤̇ (T, t) by the 𝑖𝑖-th surface with the surrounding environment can 
be modelled by the Newton’s law of cooling that is usually adopted to describe convective heat 
exchanges, that is: 

𝑄𝑄𝚤𝚤̇ (𝑇𝑇, 𝑡𝑡) = 𝐻𝐻𝑖𝑖 ∙ (𝑇𝑇𝑖𝑖 − 𝑇𝑇𝑎𝑎𝑖𝑖𝑎𝑎) (10) 

where: 𝐻𝐻𝑖𝑖  is the 𝑖𝑖-th concave surface heat transfer coefficient (ℎ𝑒𝑒𝑎𝑎𝑡𝑡/𝑡𝑡𝑒𝑒𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡𝑎𝑎𝑡𝑡𝑢𝑢𝑡𝑡𝑒𝑒 ∙ 𝑡𝑡𝑖𝑖𝑡𝑡𝑒𝑒), 
given by the product of the steel convectional heat exchange coefficient ℎ𝑠𝑠 times the area 𝐴𝐴𝑖𝑖 of 
the portion of the concave surface effectively exchanging heat with the surrounding air whose 
temperature is 𝑇𝑇𝑎𝑎𝑖𝑖𝑎𝑎. 

 
3 SOLVING EQUATIONS 

Given the modelling strategy singled out in the previous sections, the relevant equations are 
herein developed. Note that given the complexity of the topic, the solving equations herein 
presented, along with both formal exposition and numerical solution strategy, may be revised 
and optimized in further future developments, according to more advanced solution strategies 
developed for the multi-body dynamics (e.g. [18,19]]. However, it must be stressed that further 
complexity is brought by the fact that the several internal constraints, differently from what 
happens in the case of conventional multi-body mechanical devices, change either position in 
the reference system (the revolute joints along the concave surfaces) or the orientation (the 
prismatic frictionless guides) during the deformation time-history. 

3.1 First phase 

Referring to other documents for further details [15-16], previous Eq. (7) can be written as 
follows: 

−𝐽𝐽2𝑦𝑦 ∙ �̈�𝛽1 + 𝑡𝑡2 ∙ �𝑎𝑎𝐺𝐺2�𝑥𝑥 ∙ �𝐴𝐴𝐺𝐺2�𝑧𝑧 + 𝑡𝑡3 ∙ �𝑎𝑎𝐺𝐺3�𝑥𝑥 ∙ �𝐴𝐴𝐺𝐺3�𝑧𝑧 + 𝑡𝑡4 ∙ �𝑎𝑎𝐺𝐺4�𝑥𝑥 ∙ �𝐴𝐴𝐺𝐺4�𝑧𝑧
− 𝑡𝑡2 ∙ �𝐴𝐴𝐺𝐺2�𝑥𝑥 ∙ �𝑒𝑒 + �𝑎𝑎𝐺𝐺2�𝑧𝑧� − 𝑡𝑡3 ∙ �𝐴𝐴𝐺𝐺3�𝑥𝑥 ∙ �𝑒𝑒 + �𝑎𝑎𝐺𝐺3�𝑧𝑧� − 𝑡𝑡4

∙ �𝐴𝐴𝐺𝐺4�𝑥𝑥 ∙ �𝑒𝑒 + �𝑎𝑎𝐺𝐺4�𝑧𝑧� = 0 

(11) 

where: 𝐽𝐽2𝑦𝑦 is the pad’s centroid mass moment of inertia around axis 𝑜𝑜, 𝑡𝑡𝑖𝑖 is the mass of the 𝑖𝑖-
th rigid body involved, 𝑒𝑒 is the acceleration of gravity, �𝐴𝐴𝐺𝐺𝑖𝑖�𝑥𝑥 and �𝐴𝐴𝐺𝐺𝑖𝑖�𝑧𝑧 are the components, 
along the reference system’s axes, of the vectors connecting point 𝐴𝐴 to the 𝑖𝑖-th rigid body cen-
troid, �𝑎𝑎𝐺𝐺𝑖𝑖�𝑥𝑥  and �𝑎𝑎𝐺𝐺𝑖𝑖�𝑧𝑧  are the components of the 𝑖𝑖 -th rigid body centroid’s acceleration 
(Fig. 4). 

Since in the numerical solution the incremental time step will be assumed suitably small, 
angle 𝛽𝛽1 can be assumed very small so that the following expressions hold: 

𝛽𝛽1 ≅ 0 → �sin𝛽𝛽1 ≅ 𝛽𝛽1
cos𝛽𝛽1 ≅ 1  (12) 
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Figure 4. First phase: a) several geometrical quantities and b) deformed configuration for 𝛽𝛽1 (rotation). 

By introducing the explicit expressions of the several terms, and taking into consideration 
the simplification of Eq. (12), Eq. (11) can be rewritten as follows: 

𝑎𝑎11 ∙ �̈�𝛽1 + 𝑎𝑎12 ∙ �̇�𝛽12 + 𝑎𝑎13 ∙ 𝛽𝛽1 + 𝑎𝑎14 + 𝑎𝑎15 ∙ �̈�𝛽1 ∙ 𝛽𝛽1 + 𝑎𝑎16 ∙ �̇�𝛽12 ∙ 𝛽𝛽1 + 𝑎𝑎17 ∙ �̈�𝛽1 ∙ 𝛽𝛽12 + 𝑎𝑎18
∙ �̇�𝛽12 ∙ 𝛽𝛽12 = 0 

(13) 

where the coefficients are given by: 

𝑎𝑎11 = −𝐽𝐽2𝑦𝑦 − �
𝑡𝑡2 ∙ ℎ21

2
+ 𝑡𝑡3 ∙ ℎ31 + 𝑡𝑡4 ∙ ℎ41� ∙ 𝑑𝑑𝑝𝑝 ∙ sin 𝛾𝛾𝑛𝑛 − �

𝑡𝑡2 ∙ 𝑘𝑘21
2

+ 𝑡𝑡3 ∙ 𝑘𝑘31 + 𝑡𝑡4 ∙ 𝑘𝑘41� ∙ 𝑑𝑑𝑝𝑝
∙ cos 𝛾𝛾𝑛𝑛 

(14) 

𝑎𝑎12 = −�
𝑡𝑡2 ∙ ℎ21

2
+ 𝑡𝑡3 ∙ ℎ31 + 𝑡𝑡4 ∙ ℎ41� ∙ 𝑑𝑑𝑝𝑝 ∙ cos 𝛾𝛾𝑛𝑛 + �

𝑡𝑡2 ∙ 𝑘𝑘21
2

+ 𝑡𝑡3 ∙ 𝑘𝑘31 + 𝑡𝑡4 ∙ 𝑘𝑘41� ∙ 𝑑𝑑𝑝𝑝
∙ sin 𝛾𝛾𝑛𝑛 

(15) 

𝑎𝑎13 = �
𝑡𝑡2

2
+ 𝑡𝑡3 + 𝑡𝑡4� ∙ 𝑑𝑑𝑝𝑝 ∙ �̈�𝑜𝑔𝑔 ∙ cos 𝛾𝛾𝑛𝑛 + �

𝑡𝑡2

2
+ 𝑡𝑡3 + 𝑡𝑡4� ∙ 𝑑𝑑𝑝𝑝 ∙ 𝑒𝑒 ∙ sin 𝛾𝛾𝑛𝑛 (16) 

𝑎𝑎14 = (𝑡𝑡2 ∙ ℎ21 + 𝑡𝑡3 ∙ ℎ31 + 𝑡𝑡4 ∙ ℎ41) ∙ �̈�𝑜𝑔𝑔 − (𝑡𝑡2 ∙ 𝑘𝑘21 + 𝑡𝑡3 ∙ 𝑘𝑘31 + 𝑡𝑡4 ∙ 𝑘𝑘41) ∙ 𝑒𝑒 (17) 

𝐻𝐻34

ℎ3𝑖𝑖
ℎ3𝑠𝑠

ℎ𝑝𝑝

ℎ1𝑠𝑠

ℎ1𝑖𝑖

𝑑𝑑𝑝𝑝

𝛼𝛼𝑝𝑝

𝐶𝐶1

𝜁𝜁1

𝜉𝜉1

𝐺𝐺2

𝐺𝐺1

𝐺𝐺4

𝐺𝐺3

𝑜𝑜4

𝑜𝑜4

𝑜𝑜3

𝑜𝑜3

𝐺𝐺4
𝑜𝑜4

𝑜𝑜4

𝑜𝑜1

𝑜𝑜1

𝐶𝐶1

𝜁𝜁1

𝜉𝜉1

𝐶𝐶2

𝜁𝜁2

𝜉𝜉2

𝜃𝜃n

𝜃𝜃n

𝛾𝛾n

𝛽𝛽1

𝛽𝛽1

𝐺𝐺1 𝑜𝑜1

𝑜𝑜1

𝐺𝐺3 𝑜𝑜3

𝑜𝑜3

𝑜𝑜2 𝑜𝑜2
𝐺𝐺2

a) b)
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𝑎𝑎15 = −�
𝑡𝑡2 ∙ ℎ21

2
+ 𝑡𝑡3 ∙ ℎ31 + 𝑡𝑡4 ∙ ℎ41� ∙ 𝑑𝑑𝑝𝑝 ∙ cos 𝛾𝛾𝑛𝑛 + �

𝑡𝑡2 ∙ 𝑘𝑘21
2

+ 𝑡𝑡3 ∙ 𝑘𝑘31 + 𝑡𝑡4 ∙ 𝑘𝑘41� ∙ 𝑑𝑑𝑝𝑝

∙ sin 𝛾𝛾𝑛𝑛 − �
𝑡𝑡2

4
+ 𝑡𝑡3 + 𝑡𝑡4 −

𝑡𝑡2

4
−𝑡𝑡3 − 𝑡𝑡4� ∙ 𝑑𝑑𝑝𝑝2 ∙ cos 𝛾𝛾𝑛𝑛 ∙ sin 𝛾𝛾𝑛𝑛 

(18) 

𝑎𝑎16 = �
𝑡𝑡2 ∙ ℎ21

2
+ 𝑡𝑡3 ∙ ℎ31 + 𝑡𝑡4 ∙ ℎ41� ∙ 𝑑𝑑𝑝𝑝 ∙ sin 𝛾𝛾𝑛𝑛 + �

𝑡𝑡2 ∙ 𝑘𝑘21
2

+ 𝑡𝑡3 ∙ 𝑘𝑘31 + 𝑡𝑡4 ∙ 𝑘𝑘41� ∙ 𝑑𝑑𝑝𝑝 ∙ cos 𝛾𝛾𝑛𝑛

− �
𝑡𝑡2

4
+ 𝑡𝑡3 + 𝑡𝑡4� ∙ 𝑑𝑑𝑝𝑝2 ∙ cos2 𝛾𝛾𝑛𝑛 + �−

𝑡𝑡2

4
−𝑡𝑡3 −𝑡𝑡4� ∙ 𝑑𝑑𝑝𝑝2 ∙ sin2 𝛾𝛾𝑛𝑛 

(19) 

𝑎𝑎17 = −�
𝑡𝑡2

4
+ 𝑡𝑡3 + 𝑡𝑡4� ∙ 𝑑𝑑𝑝𝑝2 ∙ cos2 𝛾𝛾𝑛𝑛 − �

𝑡𝑡2

4
+ 𝑡𝑡3 + 𝑡𝑡4� ∙ 𝑑𝑑𝑝𝑝2 ∙ sin2 𝛾𝛾𝑛𝑛 = −�

𝑡𝑡2

4
+ 𝑡𝑡3 + 𝑡𝑡4� ∙ 𝑑𝑑𝑝𝑝2 (20) 

𝑎𝑎18 = �
𝑡𝑡2

4
+ 𝑡𝑡3 + 𝑡𝑡4 −

𝑡𝑡2

4
−𝑡𝑡3 − 𝑡𝑡4� ∙ 𝑑𝑑𝑝𝑝2 ∙ sin 𝛾𝛾𝑛𝑛 ∙ cos 𝛾𝛾𝑛𝑛 = 0 (21) 

ℎ21 =
𝑑𝑑𝑝𝑝
2
∙ sin 𝛾𝛾𝑛𝑛 (22) 

ℎ31 = ℎ3𝑠𝑠 + ℎ𝑝𝑝 ∙ cos 𝜃𝜃𝑛𝑛 + 2 ∙ 𝑅𝑅1 ∙ (1 − cos 𝜃𝜃𝑛𝑛) − 𝑅𝑅1 ∙ �1 − cos�𝜃𝜃𝑛𝑛 + 𝛼𝛼𝑝𝑝�� (23) 

ℎ41 = ℎ31 + 𝐻𝐻34 = ℎ3𝑠𝑠 + 𝐻𝐻34 + ℎ𝑝𝑝 ∙ cos 𝜃𝜃𝑛𝑛 + 2 ∙ 𝑅𝑅1 ∙ (1 − cos 𝜃𝜃𝑛𝑛) − 𝑅𝑅1 ∙ �1 − cos�𝜃𝜃𝑛𝑛 + 𝛼𝛼𝑝𝑝�� (24) 

𝑘𝑘21 =
𝑑𝑑𝑝𝑝
2
∙ cos 𝛾𝛾𝑛𝑛 

(25) 

𝑘𝑘31 = 𝑅𝑅1 ∙ sin�𝜃𝜃𝑛𝑛 + 𝛼𝛼𝑝𝑝� − 2 ∙ �𝑅𝑅1 −
ℎ𝑝𝑝
2
� ∙ sin𝜃𝜃𝑛𝑛 

(26) 

𝑘𝑘41 = 𝑅𝑅1 ∙ sin�𝜃𝜃𝑛𝑛 + 𝛼𝛼𝑝𝑝� − 2 ∙ �𝑅𝑅1 −
ℎ𝑝𝑝
2
� ∙ sin𝜃𝜃𝑛𝑛 = 𝑘𝑘31 

(27) 

and the meaning of the geometrical quantities can be found in Fig. 4. 
Oversimplifying the above assumption of infinitesimal value of the angle 𝛽𝛽1, we may assume 

that: 

𝛽𝛽1 → 0 → �sin𝛽𝛽1 ≅ 0
cos𝛽𝛽1 ≅ 1 (28) 

and Eq. (13) may be rewritten, also neglecting the higher order infinitesimals, as follows: 

𝑎𝑎11 ∙ �̈�𝛽1 + 𝑎𝑎12 ∙ �̇�𝛽12 + 𝑎𝑎14 = 0 (29) 

3.2 Geometric compatibility at the end of the first phase 

The value of the rotation 𝛽𝛽1∗ undergone by the pad around point A can be obtained by solving 
the governing equation of the first phase, i.e. either Eq. (13) or Eq. (29). 

The value of the angle 𝜃𝜃𝑛𝑛+1 that the line 𝐶𝐶1𝐶𝐶2������ connecting the two concave surfaces centers 
forms with the 𝜁𝜁1 axis at the end of the first time step can be obtained, by means of geometric 
relationships, as follows: 

𝜃𝜃𝑛𝑛+1 =
𝜋𝜋
2
− tan−1 𝑡𝑡� =

𝜋𝜋
2
− tan−1

𝜁𝜁1[𝐺𝐺2(𝑡𝑡𝑛𝑛 + ∆𝑡𝑡1∗)]
𝜉𝜉1[𝐺𝐺2(𝑡𝑡𝑛𝑛 + ∆𝑡𝑡1∗)] 

(30) 

where: 

𝜉𝜉1�𝐺𝐺2�𝑡𝑡𝑛𝑛 + ∆𝑡𝑡1 �� = 𝜉𝜉1𝐴𝐴 − �𝜉𝜉1𝐴𝐴2 − 𝐶𝐶 
(31) 
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𝜁𝜁1�𝐺𝐺2�𝑡𝑡𝑛𝑛 + ∆𝑡𝑡1 �� = 𝜁𝜁1𝐴𝐴 − [tan(𝛾𝛾𝑛𝑛 + 𝛽𝛽1∗)] ∙ �𝜉𝜉1𝐴𝐴2 − 𝐶𝐶 (32) 

𝐶𝐶 =
𝜉𝜉1𝐴𝐴2 ∙ tan2(𝛾𝛾𝑛𝑛 + 𝛽𝛽1∗) − 𝑑𝑑𝑝𝑝2 4⁄

1 + tan2(𝛾𝛾𝑛𝑛 + 𝛽𝛽1∗)
 

(33) 

in which: Eq. (31) and Eq. (32) are the coordinates of the pad centroid 𝐺𝐺2 in the reference sys-
tem 𝐶𝐶1𝜉𝜉1𝜁𝜁1 at the end of the previous phase of the current time step ∆𝑡𝑡1 ; 𝜉𝜉1𝐴𝐴 = 𝜉𝜉1[𝐴𝐴(𝑡𝑡𝑛𝑛)] and 
𝜁𝜁1𝐴𝐴 = 𝜁𝜁1[𝐴𝐴(𝑡𝑡𝑛𝑛)] are the coordinates of the pad vertex 𝐴𝐴 in the reference system 𝐶𝐶1𝜉𝜉1𝜁𝜁1 at the 
end of the previous time step 𝑡𝑡𝑛𝑛. The coordinates 𝜉𝜉1𝐴𝐴 and 𝜁𝜁1𝐴𝐴 will be evaluated as further spec-
ified in the following text. 

The angle 𝛽𝛽2∗ of which the pad has to counter-rotate, during the second phase (Fig. 5), around 
its centroid to restore geometric compatibility, which means in order for the pad axis to super-
impose to the straight line passing through the two concave surfaces’ centers, can be obtained, 
by mere goniometric relationships, as follows: 

𝛽𝛽2∗ = 𝛾𝛾𝑛𝑛 + 𝛽𝛽1∗ + 𝜓𝜓1 − �
𝜋𝜋
2
− 𝜃𝜃𝑛𝑛+1� (34) 

where 𝜓𝜓1 is an angle characteristic of the pad own geometry (Fig. 1). 

3.3 Second phase 

 
Figure 5. Second phase: relationship between dependent kinematic variable 𝑢𝑢(𝐺𝐺2) (displacement) and independ-

ent kinematic variable 𝛽𝛽2 (rotation). 

As already explained, during the second phase (Fig. 5), the pad counter-rotates and translates 
with its centroid moving along the straight line connecting the two concave surfaces’ centers 
𝐶𝐶1𝐶𝐶2������. Since the independent variable is one only, the relationship between the centroid transla-
tion 𝑢𝑢(𝐺𝐺2) and the counter-rotation 𝛽𝛽2 can be expressed as follows: 

𝑢𝑢(𝐺𝐺2) =
𝑑𝑑𝑝𝑝
2
∙ [(1 − cos𝛽𝛽2) ∙ cos(𝜓𝜓1 − 𝛽𝛽2∗) + sin𝛽𝛽2 ∙ sin(𝜓𝜓1 − 𝛽𝛽2∗)] (35) 

Such approximation consists in neglecting the presence of the curvature of the concave sur-
face in determining the relationship between translation and rotation. Such approximation is 
based on a twofold reason, that is: 1) the amplitude of the concave surfaces radius 𝑅𝑅1 is very 

𝐺𝐺2 𝐺𝐺2

𝛽𝛽2

𝛽𝛽2

𝛽𝛽2 𝛽𝛽2

𝛽𝛽2
∗

𝛽𝛽2
∗

𝛽𝛽2
∗

𝛽𝛽2
∗

𝜓𝜓1 − 𝛽𝛽2
∗

𝜓𝜓1 − 𝛽𝛽2
∗ + 𝛽𝛽2

𝑑𝑑𝑡𝑡
2
∙ cos 𝜓𝜓1 − 𝛽𝛽2∗ 𝑑𝑑𝑡𝑡

2
∙ cos 𝜓𝜓1 − 𝛽𝛽2∗ + 𝛽𝛽2
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large, and to 2) the fact that the solution of the model will be implemented by means of a nu-
merical strategy, thus discretizing the angle increment by very small amounts. 

The velocity of translation of centroid 𝐺𝐺2 is given by: 

�̇�𝑢(𝐺𝐺2) =
𝑑𝑑𝑝𝑝
2
∙ �̇�𝛽2 ∙ sin𝛽𝛽2 ∙ cos(𝜓𝜓1 − 𝛽𝛽2∗) +

𝑑𝑑𝑝𝑝
2
∙ �̇�𝛽2 ∙ cos𝛽𝛽2 ∙ sin(𝜓𝜓1 − 𝛽𝛽2∗) (36) 

and the acceleration by: 

�̈�𝑢(𝐺𝐺2) =
𝑑𝑑𝑝𝑝
2
∙ ��̇�𝛽22 ∙ cos𝛽𝛽2 + �̈�𝛽2 ∙ sin𝛽𝛽2� ∙ cos(𝜓𝜓1 − 𝛽𝛽2∗) +

𝑑𝑑𝑝𝑝
2

∙ �−�̇�𝛽22 ∙ sin𝛽𝛽2 + �̈�𝛽2 ∙ cos𝛽𝛽2� ∙ sin(𝜓𝜓1 − 𝛽𝛽2∗) 
(37) 

Concluding, Eq. (7) for the second phase becomes: 
𝐽𝐽2𝑦𝑦 ∙ �̈�𝛽2 + �𝑡𝑡2 ∙ �𝐴𝐴𝐺𝐺2�𝑥𝑥 + 2 ∙ 𝑡𝑡3 ∙ �𝐴𝐴𝐺𝐺3�𝑥𝑥 + 2 ∙ 𝑡𝑡4 ∙ �𝐴𝐴𝐺𝐺4�𝑥𝑥� ∙ �̈�𝑢(𝐺𝐺2) ∙ cos 𝜃𝜃𝑛𝑛+1

− �𝑡𝑡2 ∙ �𝐴𝐴𝐺𝐺2�𝑧𝑧 + 2 ∙ 𝑡𝑡3 ∙ �𝐴𝐴𝐺𝐺3�𝑧𝑧 + 2 ∙ 𝑡𝑡4 ∙ �𝐴𝐴𝐺𝐺4�𝑧𝑧� ∙ �̈�𝑢(𝐺𝐺2) ∙ sin𝜃𝜃𝑛𝑛+1
− �𝑡𝑡2 ∙ 𝑒𝑒 ∙ �𝐴𝐴𝐺𝐺2�𝑥𝑥 + 𝑡𝑡3 ∙ 𝑒𝑒 ∙ �𝐴𝐴𝐺𝐺3�𝑥𝑥 + 𝑡𝑡4 ∙ 𝑒𝑒 ∙ �𝐴𝐴𝐺𝐺4�𝑥𝑥� = 0  

(38) 

that, with the simplification of Eq. (12), becomes: 

𝑎𝑎21 ∙ �̈�𝛽2 + 𝑎𝑎22 ∙ �̇�𝛽22 + 𝑎𝑎23 ∙ 𝛽𝛽2 + 𝑎𝑎24 + 𝑎𝑎25 ∙ �̈�𝛽2 ∙ 𝛽𝛽2 + 𝑎𝑎26 ∙ �̇�𝛽22 ∙ 𝛽𝛽2 + 𝑎𝑎27 ∙ �̈�𝛽2 ∙ 𝛽𝛽22
+ 𝑎𝑎28 ∙ �̇�𝛽22 ∙ 𝛽𝛽22 = 0 

(39) 

where the coefficients are given by: 

𝑎𝑎21 = 𝐽𝐽2𝑦𝑦 +
𝑑𝑑𝑝𝑝
2
∙ (𝑙𝑙21 ∙ cos𝜃𝜃𝑛𝑛+1 − 𝑙𝑙22 ∙ sin𝜃𝜃𝑛𝑛+1) ∙ sin(𝜓𝜓1 − 𝛽𝛽2∗) (40) 

𝑎𝑎22 =
𝑑𝑑𝑝𝑝
2
∙ (𝑙𝑙21 ∙ cos𝜃𝜃𝑛𝑛+1 − 𝑙𝑙22 ∙ sin𝜃𝜃𝑛𝑛+1) ∙ cos(𝜓𝜓1 − 𝛽𝛽2∗) (41) 

𝑎𝑎23 = −𝑛𝑛23 (42) 

𝑎𝑎24 = −𝑙𝑙23 (43) 

𝑎𝑎25 = 𝑛𝑛21 ∙
𝑑𝑑𝑝𝑝
2
∙ sin(𝜓𝜓1 − 𝛽𝛽2∗) ∙ cos 𝜃𝜃𝑛𝑛+1 + 𝑙𝑙21 ∙

𝑑𝑑𝑝𝑝
2
∙ cos(𝜓𝜓1 − 𝛽𝛽2∗) ∙ cos𝜃𝜃𝑛𝑛+1 − 𝑛𝑛22 ∙

𝑑𝑑𝑝𝑝
2

∙ sin(𝜓𝜓1 − 𝛽𝛽2∗) ∙ sin 𝜃𝜃𝑛𝑛+1 − 𝑙𝑙22 ∙
𝑑𝑑𝑝𝑝
2
∙ cos(𝜓𝜓1 − 𝛽𝛽2∗) ∙ sin𝜃𝜃𝑛𝑛+1 

(44) 

𝑎𝑎26 = 𝑛𝑛21 ∙
𝑑𝑑𝑝𝑝
2
∙ cos(𝜓𝜓1 − 𝛽𝛽2∗) ∙ cos 𝜃𝜃𝑛𝑛+1 − 𝑙𝑙21 ∙

𝑑𝑑𝑝𝑝
2
∙ sin(𝜓𝜓1 − 𝛽𝛽2∗) ∙ cos𝜃𝜃𝑛𝑛+1 − 𝑛𝑛22 ∙

𝑑𝑑𝑝𝑝
2

∙ cos(𝜓𝜓1 − 𝛽𝛽2∗) ∙ sin𝜃𝜃𝑛𝑛+1 + 𝑙𝑙22 ∙
𝑑𝑑𝑝𝑝
2
∙ sin(𝜓𝜓1 − 𝛽𝛽2∗) ∙ sin𝜃𝜃𝑛𝑛+1 

(45) 

𝑎𝑎27 =
𝑑𝑑𝑝𝑝
2
∙ (𝑛𝑛21 ∙ cos𝜃𝜃𝑛𝑛+1 − 𝑛𝑛22 ∙ sin𝜃𝜃𝑛𝑛+1) ∙ cos(𝜓𝜓1 − 𝛽𝛽2∗) (46) 

𝑎𝑎28 = −
𝑑𝑑𝑝𝑝
2
∙ (𝑛𝑛21 ∙ cos𝜃𝜃𝑛𝑛+1 + 𝑛𝑛22 ∙ sin 𝜃𝜃𝑛𝑛+1) ∙ sin(𝜓𝜓1 − 𝛽𝛽2∗) (47) 

𝑙𝑙21 = 𝑑𝑑𝑝𝑝 ∙ cos(𝛾𝛾𝑛𝑛 + 𝛽𝛽1∗) ∙ �
𝑡𝑡2

2
+ 2 ∙ 𝑡𝑡3 + 2 ∙ 𝑡𝑡4� − 2 ∙ (𝑡𝑡3 + 𝑡𝑡4) ∙ 𝑅𝑅1 ∙ sin�𝜃𝜃𝑛𝑛+1 + 𝛼𝛼𝑝𝑝� (48) 

𝑛𝑛21 = 𝑑𝑑𝑝𝑝 ∙ sin(𝛾𝛾𝑛𝑛 + 𝛽𝛽1∗) ∙ �
𝑡𝑡2

2
+ 2 ∙ 𝑡𝑡3 + 2 ∙ 𝑡𝑡4� (49) 
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𝑙𝑙22 = 𝑑𝑑𝑝𝑝 ∙ sin(𝛾𝛾𝑛𝑛 + 𝛽𝛽1∗) ∙ �
𝑡𝑡2

2
+ 2 ∙ 𝑡𝑡3 + 2 ∙ 𝑡𝑡4� − 2 ∙ (𝑡𝑡3 + 𝑡𝑡4) ∙ 𝑅𝑅1 ∙ cos�𝜃𝜃𝑛𝑛+1 + 𝛼𝛼𝑝𝑝� + 2

∙ (𝑡𝑡3 + 𝑡𝑡4 +) ∙ ℎ3𝑠𝑠 + 2 ∙ 𝑡𝑡4 ∙ 𝐻𝐻34 

(50) 

𝑛𝑛22 = −𝑑𝑑𝑝𝑝 ∙ cos(𝛾𝛾𝑛𝑛 + 𝛽𝛽1∗) ∙ �
𝑡𝑡2

2
+ 2 ∙ 𝑡𝑡3 + 2 ∙ 𝑡𝑡4� (51) 

𝑙𝑙23 = 𝑑𝑑𝑝𝑝 ∙ 𝑒𝑒 ∙ cos(𝛾𝛾𝑛𝑛 + 𝛽𝛽1∗) ∙ �
𝑡𝑡2

2
+ 𝑡𝑡3 + 𝑡𝑡4� − (𝑡𝑡3 + 𝑡𝑡4) ∙ 𝑒𝑒 ∙ 𝑅𝑅1 ∙ sin�𝜃𝜃𝑛𝑛+1 + 𝛼𝛼𝑝𝑝� 

(52) 

𝑛𝑛23 = 𝑑𝑑𝑝𝑝 ∙ 𝑒𝑒 ∙ sin(𝛾𝛾𝑛𝑛 + 𝛽𝛽1∗) ∙ �
𝑡𝑡2

2
+ 𝑡𝑡3 + 𝑡𝑡4� (53) 

Oversimplifying as indicated in Eq. (25) and neglecting the higher order infinitesimals, 
Eq. (36) may be rewritten as follows: 

𝑎𝑎21 ∙ �̈�𝛽2 + 𝑎𝑎22 ∙ �̇�𝛽22 + 𝑎𝑎24 = 0 (54) 

3.4 Geometric compatibility at the end of the second phase 

Once the angle 𝜃𝜃𝑛𝑛+1 has been determined, also the new value 𝛾𝛾𝑛𝑛+1 of the inclination of the 
diagonal 𝐴𝐴𝐶𝐶���� with respect to the horizontal overall axis 𝑜𝑜 can be determined, with simple goni-
ometric relationships (Fig. 4 above), as follows: 

𝛾𝛾𝑛𝑛+1 = 𝜋𝜋 − 𝜓𝜓1 − �
𝜋𝜋
2

+ 𝜃𝜃𝑛𝑛+1� =
𝜋𝜋
2
− 𝜓𝜓1 − 𝜃𝜃𝑛𝑛+1 (55) 

where 𝜃𝜃𝑛𝑛+1 is herein assumed positive if it is oriented clockwise. 

3.5 Free body analysis 

For each one of the two phases, after having solved the relevant governing differential equa-
tion, the constraint forces can be determined by means of the dynamic conditions written for 
each single rigid body.  

The unit vectors, either tangent 𝜏𝜏𝑖𝑖𝑖𝑖 or orthogonal 𝑛𝑛�⃗ 𝑖𝑖𝑖𝑖 to the concave surfaces in correspond-
ence of the contact point between the 𝑖𝑖-th and 𝑗𝑗-th rigid bodies, are as follows (Fig. 6): 

𝜏𝜏21(𝐴𝐴) = cos(𝜃𝜃 + 𝛼𝛼) ∙ 𝑒𝑒1 − sin(𝜃𝜃 + 𝛼𝛼) ∙ 𝑒𝑒3 (56) 

𝑛𝑛�⃗ 21(𝐴𝐴) = sin(𝜃𝜃 + 𝛼𝛼) ∙ 𝑒𝑒1 + cos(𝜃𝜃 + 𝛼𝛼) ∙ 𝑒𝑒3 (57) 

𝜏𝜏23(𝐶𝐶) = −cos(𝜃𝜃 + 𝛼𝛼) ∙ 𝑒𝑒1 + sin(𝜃𝜃 + 𝛼𝛼) ∙ 𝑒𝑒3 (58) 

𝑛𝑛�⃗ 23(𝐶𝐶) = −sin(𝜃𝜃 + 𝛼𝛼) ∙ 𝑒𝑒1 − cos(𝜃𝜃 + 𝛼𝛼) ∙ 𝑒𝑒3 (59) 
where the value of the angles 𝜃𝜃 and 𝛼𝛼 depends on the phase, either first or second (Fig. 6). 

The dynamic conditions for the free-body diagrams are as follows: 

𝑡𝑡1 ∙ �𝑎𝑎𝐺𝐺1�𝑥𝑥 ∙ 𝑒𝑒1 = �𝑁𝑁12 ∙ 𝑛𝑛�⃗ 12(𝐴𝐴) + 𝑇𝑇12 ∙ 𝜏𝜏12(𝐴𝐴) + 𝑁𝑁23 ∙ 𝑛𝑛�⃗ 23(𝐶𝐶) + �̈�𝑜𝑔𝑔� ∙ 𝑒𝑒1 (60) 

𝑡𝑡2 ∙ �𝑎𝑎𝐺𝐺2�𝑥𝑥 ∙ 𝑒𝑒1 = [𝑁𝑁21 ∙ 𝑛𝑛�⃗ 21(𝐴𝐴) + 𝑇𝑇21 ∙ 𝜏𝜏21(𝐴𝐴) + 𝑁𝑁23 ∙ 𝑛𝑛�⃗ 23(𝐶𝐶) + 𝑇𝑇23 ∙ 𝜏𝜏23(𝐶𝐶)] ∙ 𝑒𝑒1 (61) 

𝑡𝑡2 ∙ �𝑎𝑎𝐺𝐺2�𝑧𝑧 ∙ 𝑒𝑒3
= [𝑁𝑁21 ∙ 𝑛𝑛�⃗ 21(𝐴𝐴) + 𝑇𝑇21 ∙ 𝜏𝜏21(𝐴𝐴) + 𝑁𝑁23 ∙ 𝑛𝑛�⃗ 23(𝐶𝐶) + 𝑇𝑇23 ∙ 𝜏𝜏23(𝐶𝐶) −𝑡𝑡2
∙ 𝑒𝑒] ∙ 𝑒𝑒3 

(62) 
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𝑡𝑡2 ∙ 𝐽𝐽2𝑦𝑦 ∙ 𝑒𝑒2 = [𝑁𝑁21 ∙ 𝑛𝑛�⃗ 21(𝐴𝐴) + 𝑁𝑁23 ∙ 𝑛𝑛�⃗ 23(𝐶𝐶)] ∙
𝑑𝑑𝑝𝑝
2
∙ cos𝛾𝛾 ∙ 𝑒𝑒3

+ [𝑇𝑇21 ∙ 𝜏𝜏21(𝐴𝐴) + 𝑇𝑇23 ∙ 𝜏𝜏23(𝐶𝐶)] ∙
𝑑𝑑𝑝𝑝
2
∙ sin𝛾𝛾 ∙ 𝑒𝑒1 

(63) 

(𝑡𝑡3 + 𝑡𝑡4) ∙ �𝑎𝑎𝐺𝐺34�𝑥𝑥 ∙ 𝑒𝑒1 = [𝑁𝑁32 ∙ 𝑛𝑛�⃗ 32(𝐶𝐶) + 𝑇𝑇32 ∙ 𝜏𝜏32(𝐶𝐶)] ∙ 𝑒𝑒1 (64) 

(𝑡𝑡3 + 𝑡𝑡4) ∙ �𝑎𝑎𝐺𝐺34�𝑧𝑧 ∙ 𝑒𝑒3 = [𝑁𝑁32 ∙ 𝑛𝑛�⃗ 32(𝐶𝐶) + 𝑇𝑇32 ∙ 𝜏𝜏32(𝐶𝐶) − (𝑡𝑡3 + 𝑡𝑡4) ∙ 𝑒𝑒] ∙ 𝑒𝑒3 (65) 

where: the value assumed by the angle 𝛾𝛾 depends on the phase (Fig. 6). For the given interface 
between rigid bodies 𝑖𝑖 and 𝑗𝑗, the constraint force can be split in the two components: 1) the one 
𝑁𝑁𝑖𝑖𝑖𝑖 orthogonal to the concave surface, and 2) the one 𝑇𝑇𝑖𝑖𝑖𝑖 = 𝜇𝜇 ∙ 𝑁𝑁𝑖𝑖𝑖𝑖 tangent to it (Fig. 6), where 
𝜇𝜇 is the Coulomb’s friction coefficient. In particular, given the assumption of Coulomb friction 
at each 𝑖𝑖 − 𝑗𝑗 interface, and the relevant relationship between the two components of the con-
straint force, for each phase, two equations only are needed to determine these latter. 

 
Figure 5. Free body-diagrams of the open kinematic chain corresponding to a) the first phase, of sticking, and 

b) the second phase, of slipping. 

3.6 Heat developed  

The heat developed during the second phase of the current time step, which means during 
the contextual pointwise (Fig. 3) frictional sliding, can be evaluated as follows: 
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𝑜𝑜2

𝑜𝑜1

𝑜𝑜1

𝐺𝐺1

𝑜𝑜4

𝑜𝑜4

𝐺𝐺4

𝐺𝐺3 𝑜𝑜3

𝑜𝑜3

𝐺𝐺2
𝑜𝑜2

𝑜𝑜2

𝑜𝑜1

𝑜𝑜1

𝐺𝐺1

𝑜𝑜4

𝑜𝑜4

𝐺𝐺4

𝐺𝐺3 𝑜𝑜3

𝑜𝑜3

−𝑡𝑡4 ∙ 𝑒𝑒 ∙ 𝑒𝑒3

−𝑡𝑡3 ∙ 𝑒𝑒 ∙ 𝑒𝑒3

−𝑡𝑡2 ∙ 𝑒𝑒 ∙ 𝑒𝑒3

−𝑡𝑡1 ∙ 𝑒𝑒 ∙ 𝑒𝑒3

𝑁𝑁23𝑇𝑇23 = 𝜇𝜇23 ∙ 𝑁𝑁23

𝑁𝑁32
𝑇𝑇32

𝑁𝑁21

𝑇𝑇21 = 𝜇𝜇21 ∙ 𝑁𝑁21

𝑁𝑁12𝑇𝑇12

𝑁𝑁23𝑇𝑇23 = 𝜇𝜇23 ∙ 𝑁𝑁23

𝑁𝑁32
𝑇𝑇32

𝑁𝑁21

𝑇𝑇21 = 𝜇𝜇21 ∙ 𝑁𝑁21

𝑁𝑁12𝑇𝑇12

−𝑡𝑡3 ∙ 𝑒𝑒 ∙ 𝑒𝑒3

−𝑡𝑡2 ∙ 𝑒𝑒 ∙ 𝑒𝑒3

−𝑡𝑡1 ∙ 𝑒𝑒 ∙ 𝑒𝑒3

𝐹𝐹𝐼41 = 𝑡𝑡4 ∙ �̈�𝑜𝑔𝑔 𝑡𝑡𝑛𝑛+1

𝐹𝐹𝐼42 = 𝑡𝑡4 ∙ �̈�𝛽1 ∙ 𝐴𝐴𝐶𝐶

𝐹𝐹𝐼43 = 𝑡𝑡4 ∙ �̇�𝛽12 ∙ 𝐴𝐴𝐶𝐶

𝐹𝐹𝐼31 = 𝑡𝑡3   ∙ �̈�𝑜𝑔𝑔 𝑡𝑡𝑛𝑛+1

𝐹𝐹𝐼32 =
𝑡𝑡3 ∙ �̈�𝛽1 ∙ 𝐴𝐴𝐶𝐶

𝐹𝐹𝐼33 = 𝑡𝑡3 ∙ �̇�𝛽12 ∙ 𝐴𝐴𝐶𝐶

𝐹𝐹𝐼21 =
𝑡𝑡3   ∙ �̈�𝑜𝑔𝑔 𝑡𝑡𝑛𝑛+1 𝐹𝐹𝐼22 = 𝑡𝑡2 ∙ �̈�𝛽1 ∙ 𝐴𝐴𝐺𝐺2

𝐹𝐹𝐼23 = 𝑡𝑡2 ∙ �̇�𝛽12 ∙ 𝐴𝐴𝐺𝐺2

𝑁𝑁10 𝑁𝑁10

𝑇𝑇10 𝑇𝑇10

𝐹𝐹𝐼42 = 𝑡𝑡4 ∙ �̈�𝛽2 ∙ 𝐺𝐺2𝐶𝐶
𝐹𝐹𝐼43 = 𝑡𝑡4 ∙ �̇�𝛽22 ∙ 𝐺𝐺2𝐶𝐶

𝐹𝐹𝐼41 = 𝑡𝑡4 ∙ �̈�𝑢 𝐺𝐺2

𝐹𝐹𝐼31 = 𝑡𝑡3 ∙ �̈�𝑢 𝐺𝐺2
𝐹𝐹𝐼32 = 𝑡𝑡3 ∙ �̈�𝛽2 ∙ 𝐺𝐺2𝐶𝐶 𝐹𝐹𝐼33 = 𝑡𝑡3 ∙ �̇�𝛽22 ∙ 𝐺𝐺2𝐶𝐶

𝐹𝐹𝐼21 = 𝑡𝑡2 ∙ �̈�𝑢 𝐺𝐺2

a) b)
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𝑄𝑄𝑓𝑓(𝑡𝑡𝑛𝑛+1) = � 𝑇𝑇21 ∙ 𝑅𝑅 ∙ 𝑑𝑑𝜃𝜃
𝜃𝜃𝑛𝑛+1

𝜃𝜃𝑛𝑛
+ � 𝑇𝑇23 ∙ 𝑅𝑅 ∙ 𝑑𝑑𝜃𝜃

𝜃𝜃𝑛𝑛+1

𝜃𝜃𝑛𝑛
 (66) 

Such heat is necessary to update, stepwise, the friction coefficient and relevant sliding 
threshold, according to Eq. (8). 

4 CONCLUSIONS  

The currently accepted theory about the mechanical behavior of the friction pendulum de-
vices presents some drawbacks. In fact: a) these devices are studied only considering planar 
deformation, b) equilibrium is considered only along the horizontal direction, completely ne-
glecting both the vertical and rotational ones, and c) it is assumed that sliding occurs along a 
very strict sequence of coupled surfaces. Moreover, from a strict mechanical standpoint: a) it is 
not clear how the geometrical compatibility is respected during the deformations induced by a 
seismic attack, b) contact mechanics-related theories warn about the possibility that such de-
vices undergo the so-called stick-slip phenomenon. From a tribological standpoint, it is not 
clear which is the most suitable frictional coefficient and the relevant liner to assure it. 

The wish to contribute to a better understanding of the mechanical behavior of such complex 
tribological systems has brought the authors to develop a new modelling strategy. Such model 
basically originates from a new assumption about the way in which the geometrical compati-
bility is fulfilled during the relative movement that the rigid components undergo during the 
kinematic time-history imposed by the shaking ground. Beyond the pure mechanical behavior, 
attention was also focused on the thermo-mechanical aspects, in order to figure out the order of 
magnitude of friction-induced temperatures and their effect on the friction coefficient. Ulti-
mately, the interest is to find the most suitable liner in order to prevent a temperature-induced 
increase of the friction coefficient with consequent re-coupling of ground shaking and structure 
movement. 

The proposed modelling strategy assumes that at each time increment of the discretized time-
history, the FPS undergoes a two-step deformation in order to re-establish the geometric com-
patibility. An assemblage of rigid bodies, differently constrained between each other, models 
each of these phases. The first phase envisages that, due to the horizontal translation of the 
lower plate, the internal pad, pinpointed at the two sliding plates, rigidly rotates around the 
lower extremity of one of the two diagonals while the superstructure, composed by the rigid 
assemblage of both upper plate and overlying structure, rigidly translates along horizontal and 
vertical directions. The second phase envisages that, with the lower plate still, the internal pad 
is constrained to the two concave-surfaced sliding plates by frictional cylindrical guides while 
the superstructure is constrained to translate only with a point moving along a frictionless linear 
guide. The pad rigidly roto-translates with its centroid moving along the straight line connecting 
the two spherical surfaces’ centers while the superstructure rigidly translates along the same 
line. Frictional slippage occurs point-wise along the extremities of one of the two diagonals of 
the pad, yielding heat production. The two phases also clearly define the stick-slip phenomenon. 
Due to the evolutionary process of the constraints between each other of the rigid sub-compo-
nents, the ensuing mechanical behavior is highly nonlinear. 

Only one kinematic unknown characterizes each of the two phases. The so-called Embed-
ding technique was herein implemented. According to this latter, only one differential equation 
can be written for each phase, by making a suitable cut in one of the joints among the rigid sub-
components, and formulating the dynamic equilibrium of the resulting sub-system. After solv-
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ing the governing differential equation, the joint reaction forces can be obtained by the equa-
tions of motions obtained by a free-body analysis. The details of the numerical strategy were 
presented even though it is still undergoing a fine-tuning and optimization review process. 

The numerical strategy will be implemented in a calculation spreadsheet and parametric 
studies will be carried out. The numerical results will be compared with available experimental 
results in order to hopefully confirm the assumptions herein made. Further research is needed. 

From a physical standpoint, the following improvements may be brought. First, the assump-
tion of restoration of the kinematic compatibility at each time step, with consequent closure of 
the kinematic pairs, may be removed thus accounting for the likely dependence of the stick-slip 
phenomenon on the frequency content of the seismic waves. Secondly, the likelihood of impact 
between the pad and the concave surfaces at restoration of the geometric compatibility may be 
also taken into account. In fact, the impact-induced force may break the components involved. 
Moreover, the mechanical behavior may be studied three-dimensionally. 
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Abstract. This paper presents a high fidelity numerical model developed to investigate the 

seismic performance of an original and retrofitted 10-storey reinforced concrete (RC) framed 

building. The analysed structure represents a typical existing building in Catania, Italy, 

which was designed according to old standards to resist gravity and wind loading but not 

earthquakes. The proposed numerical description adopts beam-column elements for beams 

and columns and special purpose shell elements for modelling RC floor slabs, both allowing 

for geometric and material nonlinearity. In order to model the influence of masonry infill, a 

novel macro-element is developed within a FE framework based on a discrete formulation. 

3D nonlinear dynamic simulations are performed considering sets of natural accelerograms 

acting simultaneously along the two horizontal and the vertical directions and compatible 

with the design spectrum for the Near Collapse Limit State (NCLS). To improve computation-

al efficiency, which is critical when investigating the nonlinear dynamic behaviour of large 

structures, the partitioning approach previously developed at Imperial College is adopted, 

enabling effective parallelisation on HPC systems. The numerical results obtained from the 

3D nonlinear dynamic simulations are presented and discussed, focusing on the variation in 

time of the deformed shape, inter-storey drifts, plastic deformations and internal force distri-

bution, considering or neglecting the infill panel contribution. The original structure showed 

a very poor seismic performance, where the consideration of the infill panel contribution 

leads to significant variation in the response. An effective strengthening solution utilising ec-

centric steel bracings with dissipative shear links is also illustrated and employed to retrofit 

the original structure. A detailed model of the retrofitting components is also proposed and 

implemented within the detailed model for the original building. The results of numerical 

simulations for the retrofitted structure confirm that the proposed solution significantly en-

hances the response under earthquake loading, allowing the structure to resist the design 

earthquake with only limited damage in the original RC beams and columns, highlighting the 

feasibility of retrofitting for this typical multi-storey RC building structure. 
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1 INTRODUCTION 

A large number of multi-storey reinforced concrete (RC) framed buildings, designed to re-

sist gravity and wind loading but not earthquakes, are located in seismic regions. At present 

these structures need to be assessed and potentially strengthened to avoid future failures. This 

paper presents a numerical investigation on a typical multi-storey RC building designed ac-

cording to old standards. High fidelity 3D models developed in ADAPTIC [1], an advanced 

finite element code for nonlinear analysis of structures under extreme loading, have been used 

for detailed nonlinear dynamic simulations to investigate the seismic performance of the orig-

inal building structure and address the design of an effective retrofitting solution enhancing its 

seismic performance. The use of a 3D approach in ADAPTIC allows for the consideration of 

the real seismic action which acts in 3 directions (e.g. 2 horizontal and the vertical directions) 

as well as the interaction of different planar frames within the building. In this way, torsional 

effects, due to initial or damage induced structural irregularities, can be automatically cap-

tured. According to the adopted modelling strategy, the combined response of the 3D frames, 

floor slabs, infill panels, retrofitting system, and any other structural/non-structural compo-

nent are accurately modelled allowing for geometric and material nonlinearity. The use of re-

alistic nonlinear 3D models in fully dynamic time-history analysis enables also to take into 

account potential deterioration in column resistance which may eventually lead to dispropor-

tionate collapse. The detailed 3D numerical descriptions have been used in combination with 

a unique partitioned modelling capability in ADAPTIC which allows efficient analysis on 

High Performance Computing systems [2]. This is critical to reduce the computational time 

required in nonlinear dynamic analysis of large structures represented by high fidelity models. 

In the following, the analysed structure and the main characteristics of the models used in the 

numerical simulations are presented. Subsequently, the results achieved in nonlinear dynamic 

analyses of the original multi-storey building are illustrated. Finally, the proposed strengthen-

ing solution is detailed, and the results of numerical analyses on the strengthened structure 

subjected to earthquake loading are presented and discussed. 

2 THE RC BUILDING AND THE PROPOSED RETROFITTING SOLUTION 

The analysed structure is a multi-storey RC frame building with masonry infills, which was 

designed according to old standards to resist gravity and wind loading but not earthquakes. 

The structure was selected considering the results of an extensive survey on existing multi-

storey RC buildings in Catania conducted by the University of Catania [3] within a project 

funded by the Catania section of the National Association of Builders (ANCE Catania). Alt-

hough the structure does not correspond to a real building, it can be considered as representa-

tive of many multi-storey residential buildings built in Italy before the introduction of specific 

seismic codes. The number of storeys of these buildings, which are made up of low-ductility 

reinforced concrete frames, generally ranges from five to twelve, where the first floor is typi-

cally used for commercial purposes. The floor plans are 300 to 450 m
2
 large and accommo-

date from two to five apartments. As these structures are characterised by low lateral stiffness 

and resistance, non-structural masonry infills greatly influence their nonlinear dynamic behav-

iour when the structures are subjected to earthquake loading and may represent a further 

source of vulnerability. This is because their interaction with the RC frames may induce local 

failures.  

The analysis of the design drawings of many existing buildings, as well as evidence ob-

tained from developers, builders and structural engineers operating in the 1970s, provided 

critical information leading to a detailed design of a typical building based on the standards 

adopted in Italy in the early ‘70s [4]. It is a ten-storey residential building with a symmetric 
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plan as shown Figure 1. The main structural system includes four RC frames, arranged along 

the longitudinal direction supporting RC ridded floor slabs, and four RC frames along the 

transversal direction located at the perimeter and in central position close to the staircase. The 

geometrical details of the typical building can be found in [3], where further information on 

the loading and the material properties are reported.  

 

 
(a) 

 
(b) 

 

 

Figure 1: Architectural (a) and structural (b) plan of the typical building. 

To enhance the seismic performance of the original building, a retrofitting solution has 

been developed. It considers a set of eccentric steel bracings with dissipative shear links used 

in combination with traditional concentric steel bracings which are connected to the original 

structure providing significant additional hysteretic energy dissipation capacity and higher 

lateral stiffness. It is important to point out that, according to the authors’ knowledge, the ge-

ometrical layout proposed for the eccentric steel bracings has never been adopted before and 

it allows the concentration of damage in the shear links without transferring high shear forces 

to the original reinforced concrete beams. Thus significant plastic damage is expected to de-

velop in the shear links which can be easily removed and substituted after a strong earthquake. 

Figure 2 shows the distribution in plan of the strengthening elements, where the red marks 

indicate the position of the concentric steel bracings and the blue marks the eccentric dissipa-

tive bracings. 

 
 

 

Figure 2: Distribution in plan of the strengthening components. 
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3 3D NUMERICAL DESCRIPTIONS FOR THE ORIGINAL AND RETROFITTED 

BUILDINGS 

Different high fidelity 3D models for the analysed building have been developed in 

ADAPTIC [1] and used in nonlinear dynamic simulations. These include i) a 3D bare frame 

(BF) model representing the contribution of all RC components (e.g. beams, columns and 

floor system) but disregarding non-structural elements (Figure 3a), ii) an infilled frame (IF) 

model where all the structural and the main non-structural components (e.g. masonry cladding) 

are explicitly modelled, and iii) a retrofitted infilled frame model (RIF) where properly de-

signed strengthening steel components are incorporated into the model (Figure 3b). Concern-

ing the BF model, each RC beam and column is modelled using a number of 1D elastic-

plastic cubic beam-column elements [6] utilising a fibre distributed plasticity approach, where 

the influence of large displacements is considered by using a co-rotational formulation. The 

cross-section of a generic RC beam element at the integration points along the element length 

is discretised into a number of monitoring points (Figure 4), where strains in concrete and 

steel reinforcement are determined and then used within specific material relationships to ob-

tain the associated stresses. In this respect, accurate nonlinear material laws for the two mate-

rials are used. These allow for yielding and strain hardening of steel reinforcement, cracking 

in tension and crushing in compression of concrete and the specific hysteretic behaviour of 

the two materials. In the numerical description for the multi-storey building, particular atten-

tion has been paid to representing the contribution of the floor systems which consist of one-

way RC ribbed slabs spanning in the direction perpendicular to the main frames. In the nu-

merical description in ADAPTIC, each floor rib is modelled by a number of 1D elasto-plastic 

beam-column elements which are rigidly connected to upper 2D slab elements representing 

the top thin solid slab. The RC slab elements [7] consider material nonlinearity in both con-

crete and steel reinforcement, and account for both bending and membrane effects and geo-

metric nonlinearity. Tables 1 and 2 report the main material properties for concrete and steel 

reinforcement that have been considered in the nonlinear 3D models. 

 

 
(a) 

 
(b) 

 

Figure 3: 3D models in ADAPTIC for the original building (a) and the strengthened structure (b). 
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Figure 4: Sketch of the fibre elements with nonlinear material models. 

Material property  cover region core region 

Cylinder Compressive strength (MPa) 20.75 23.25 

Young’s modulus (MPa) 27386 27386 

Strain at maximum strength 2 x 10
-3

 2 x 10
-3

 

Strain at crushing 4 x 10
-3

 50 x 10
-3

 

Tensile strength in tension (MPa) 1.04  1.04 
 

Table 1:  Concrete material properties. 

Material property  Rebars 

Yielding strength (MPa) 375 

Young’s modulus (MPa) 210000 

Strain-hardening ratio 0.01 
 

Table 2: Steel material properties. 

As mentioned before, in the IF model, exterior masonry infill panels are explicitly mod-

elled within the 3D building description. A novel macro-element formulation purposely de-

veloped and implemented in ADAPTIC has been used (Figure 5). This is effectively a finite 

element implementation of a modelling approach previous developed at the University of Ca-

tania [8] and incorporated in the 3DMacro software [10]. The new ADAPTIC macro-element 

has been verified against 3DMacro and experimental results for monotonic and cyclic loading. 

The material properties for the masonry macro-elements representing hollow clay brick-

masonry panels with 120 mm thickness are provided in Table 3 which include material pa-

rameters for the flexural and shear behavior, where the softening behavior is governed by the 

fracture energies. Additionally, potential plastic sliding along the mortar joints has been mod-

elled by considering a rigid-plastic Coulomb frictional behavior with cohesion c = 0.4 MPa 

and friction angle tangent tan()=0.7.  
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Figure 5: ADAPTIC macroelement for masonry infill. 

Flexural behaviour  Shear behaviour 

Young’s 

modulus 

E   

[Mpa] 

Tensile 

strength 

t    

[Mpa] 

Compr. 

strength 

c     

[Mpa] 

Fract.en. 

(tens.) 

Gt   

[N/mm] 

Fract. 

en. 

(compr.) 

Gc    

[N/mm] 

Shear 

modulus 

G      

[Mpa] 

Cohesion 

fv0  

[Mpa] 

Friction 

angle 

 

 

Fract.en. 

(shear) 

Gs 

[N/mm] 

1580 0.1 1 0.02 1 700 0.07 0.58 0.10 
 

Table 3: Material parameters for infill macroelements. 

In the RIF model (Figure 3b), the steel elements of the strengthening system, encompass-

ing eccentric bracings with dissipative shear links along with traditional concentric bracings 

and (Figure 6), are modelled using 1D elasto-plastic beam-column elements and nonlinear 

joint elements.  

 
 

 

Figure 6: Modelling of an eccentric bracing with a dissipative shear link.  

Finally, to avoid unrealistic stress distributions in infill masonry panels and the steel brac-

ing systems, a new capability in ADAPTIC for staged construction has been developed and 

used in the IF and RIF models. It allows a realistic representation of the contribution of non-

structural components and retrofitting systems. More specifically, this capability ensures that 

retrofitting systems do not take dead and imposed loads from the original building structure, 
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and that they contribute mainly to resisting seismic action. To enhance computational effi-

ciency, all the large high fidelity models with 35896 nodes and 215184 degree of freedoms 

have been considered with a unique partitioned modelling capability in ADAPTIC [2], which 

allows efficient analysis on High Performance Computing systems. Thus, each 3D building 

model has been divided into 31 partitions communicating with 1 parent structure (Figure 7) 

increasing the computational efficiency and dramatically reducing the computation time. This 

procedure allows adopting a scalable hierarchic distributed memory. Using this enhanced so-

lution strategy, the typical nonlinear dynamic analysis took an average time of 2-3 days, much 

less than a conventional monolithic model that would have taken several weeks.   

 
 

 

Figure 7: Partition strategy with 31 partitions for the analysed building. 

4 SEISMIC ASSESSMENT WITH HIGH FIDELITY MODELS 

Seven nonlinear dynamic simulations (NLDA1 to NLDA7), each using a different set of 

ground motion acceleration records acting simultaneously along the 3 perpendicular direc-

tions (e.g. two horizontal and the vertical directions) [11] were carried out using the high fi-

delity 3D models. The results achieved have been used to assess the seismic performance of 

the typical RC multi-storey building and the strengthened structure. The assessment has been 

conducted according to the Italian Seismic Code, D.M. 14 Gennaio 2008 and Circolare 2 -02-

2009, 617. In particular, the following response characteristics have been analysed: 1) hori-

zontal displacements, 2) inter-storey drifts, 3) ductile mechanisms (chord rotation) and 4) brit-

tle mechanisms (shear failure). The horizontal displacements and inter-storey drifts have been 

considered to evaluate the displacement demand at each floor level and for the whole building. 

On the other hand for a specific floor level, inter-storey drift capacity can be related to the ul-

timate chord rotation capacities of the RC columns.  
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4.1 Typical RC building 

The global seismic response determined using the BF model is illustrated in Figure 8, 

where the deformed shapes at the last step of the analyses are shown. All the colour maps 

have the same scale, in which the maximum value is the maximum displacement for all seven 

analyses. The displacements, except those for analyses NLDA5-6, are magnified 10 times. 

The average drift values in the two planar directions and the vertical displacements are shown 

in Figure 9. These results reveal that the seismic response of the original building, neglecting 

the infill panel contribution, is not satisfactory. Large drift values indicating the development 

of soft storey collapse mechanisms at the top levels (e.g. seventh and eighth storeys) can be 

seen. The results obtained employing the IF model (Figure 10) show a less significant drift 

demand at the top floors. The average maximum drifts in the two directions show notable val-

ues at the first and the eighth floor, both smaller than the maximum drift predicted by the BF 

model as reported in Table 4. The results show that the presence of unreinforced masonry 

panels strongly influences the seismic response of the building structure. The complete ab-

sence of panels at the ground floor concentrates the drift demand at that level, where a soft 

storey collapse is predicted. At the same time, the analyses on this structural configuration 

show less localized, but still significant, drift demand at the eighth level. This is related, as in 

the BF model, to the variation of column size with a substantial section reduction of the col-

umn cross-section at the last three levels. This is due to the optimisation of the column sec-

tions considered in the design of the prototype building, according to standard practice before 

the application of seismic design principles in the Catania area. 

 

 
NLDA1 

 
NLDA2 

 
NLDA3 

 

 

 

 

 

 

 
NLDA4  

NLDA5 
 

NLDA6 
 

 

Figure 8: Global response of the BF model for the seven accelerograms. 
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(a) 

 

(b) 

 

(c) 
 

Figure 9: Average drift values for the BF model in the two planar (a,b) and vertical displacements (c).  

 

(a) 

 

(b) 

 

(c) 
 

 

Figure 10: Average drift values for the IF model in the two planar (a, b) and vertical displacements (c). 

 

Model Average absolute Drift X Average absolute Drift Y Average Vertical Displacements 

 [mm] [mm] [mm] 

BF   ~800 ~230 ~210 

IF   ~90 ~170 ~8 

 

Table 4: Maximum drifts determined by the BF and IF models. 

Some results of the checks for the ductile and brittle local failure mechanisms for the BF 

model are presented in Figures 11 and 13 and for the IF model in Figures 12 and 14. It can be 

seen that several columns fail due to the large demand in rotations and shear forces. More 

specifically, when considering the BF model neglecting infill panel contribution large chord 

rotations develop at the end of the beam which are related to the large inter-storey drifts. On 

the other hand, the IF model allowing for masonry infill achieves smaller rotations but higher 

shear forces in the columns which are induced by the local interaction with the masonry clad-

ding. Both numerical descriptions clearly indicate local failures in a significant number of RC 

components under the design ground motion. 
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NLDA1 

  
NLDA6 

 

Figure 11: Column chord rotation ratios for the BF model in the NLDA1 and NLDA6 analyses. 

 
NLDA1 

  
NLDA6 

 

Figure 12: Column chord rotation ratios for the IF model in the NLDA1 and NLDA6 analyses. 

 
NLDA1 

  
NLDA6 

 

Figure 13: Column shear demand/capacity ratio for the BF model in the NLDA1 and NLDA6 analyses. 

 
NLDA1 

 
NLDA6 

 

Figure 14: Column shear demand/capacity ratio for the IF model in the NLDA1 and NLDA6 analyses. 
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4.2 Retrofitted building 

The results obtained in the assessment of the RC building have directed the design of the 

retrofitting solution. In the design stage, the software 3DMacro [10] with implemented code-

based checks, has been used to explore different retrofitting strategies. Traditional and more 

innovative retrofitting systems have been modelled, analysed and compared. As mentioned 

before, the chosen solution considers a set of eccentric steel bracings with dissipative shear 

links along with traditional concentric steel bracings. 

Nonlinear dynamic simulations have been carried out using the RIF model in ADAPTIC. 

The results achieved confirm the effectiveness of the proposed retrofitting strategy, as hori-

zontal displacements are significantly reduced limiting damage in the original RC elements. 

Figures 15 and 16 show the deformed shapes and the horizontal displacement profiles of the 

retrofitted building obtained in two nonlinear simulations (e.g. NLDA1 and NLDA 6). It can 

be seen that there is no longer a concentration of deformations at a specific floor level and the 

distribution of horizontal displacements in the two planar directions increases monotonically 

with almost uniform gradient along the height of the building. Notably, the importance of 3D 

modelling is clearly evident in Figure 16, where a torsional mode is induced due to asymmet-

ric inelastic deformations which cannot be represented using simplified 2D modelling ap-

proaches. The different response of the original structure and the retrofitted building can be 

observed in Figure 17 where the horizontal displacements obtained in the simulations for the 

two structures are compared. The maximum displacement and drift values are reported in Ta-

bles 5 and 6. It can be seen that the maximum values for the retrofitted structure are within 

acceptable limits, e.g. around 1% maximum drift for the Near Collapse Limit State. It is im-

portant to point out that the results for the original building depict the response in the early 

part of the analysis, since, unlike the simulations of the retrofitted building, the original build-

ing simulations stopped well before the end of the time-history analysis because of unrealisti-

cally large displacements and local drifts (e.g. 2m drift for NLDA6) which indicate global 

collapse of the original building. On the other hand, the results for the strengthened structure 

refer to the response to the end of the dynamic analysis. This confirms that the proposed retro-

fitting solution enables the strengthened building to survive the design earthquakes, also pre-

venting the development of significant damage in the RC columns potentially leading to 

progressive collapse of the whole structure or a significant portion of it. Even though progres-

sive collapse is avoided for this retrofitted building, the potential of progressive collapse 

should be an important consideration when it comes to the application of the proposed retro-

fitting measures to other existing buildings. 

 
 

Analysis IF Model RIF Model 

  [mm] [mm] 

NLDA1  max = ~515 max  =~305 

NLDA6 max  =~2000 max  =~280 
 

 

Table 5: Maxima drifts demands. 
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Analysis IF Model RIF Model 

  [rad] [rad] 

NLDA1 max = ~0.026 max = ~0.011 

NLDA6 max = ~0.6 max = ~0.01 
 

 

Table 7: Maximum normalised drifts demands. 

    

 

Figure 15: Deformed shape and displacements at the last step of the NLDA1 analysis. 

    

 

Figure 16: Deformed shape and displacements at the last step of the NLDA6 analysis. 
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(a) 

  
 

(b) 
 

Figure 17: Displacement history of the BF (a) and RIF (b) models during the NLDA1 analysis. 

  

 

(a) 

  

 

(b) 
 

Figure 18: Displacement history of the BF (a) and RIF (b) models during the NLDA6 analysis. 
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Local checks for all the RC components (e.g. beams and columns) have been conducted 

considering local brittle and ductile failure. In particular, the demand chord rotations have 

been obtained from the results of the nonlinear time-history analyses while the capacity values 

have been calculated based on the ultimate chord rotation equation proposed by Italian Seis-

mic Code. Figure 19 shows the results for all the columns obtained in two different nonlinear 

dynamic simulations, where it can be observed that only one column presents a chord rotation 

ratio (e.g. demand/capacity) larger than 1 indicating the need for limited local strengthening.  

 

  

NLDA1 NLDA6 
 

Figure 19: Chord rotation ratios of all the concrete columns for NLDA1 and NLDA6 analyses. 

Similar results have been obtained in the checks for the brittle mechanisms, where the 

shear demand/capacity ratios calculated according to a circular interaction relationship were 

smaller than 1 for all the columns (Figure 20). This confirms the effectiveness of the proposed 

retrofitting solution in protecting the RC building also when subjected to strong earthquakes. 

 

 
 

NLDA1 NLDA6 
 

Figure 20: Shear demand/capacity ratio of the concrete columns for NLDA1 and NLDA6 analyses. 

5 CONCLUSION 

The seismic performance of a typical multi-storey RC building, which is representative of 

residential structures designed and built in the earthquake-prone urban area of Catania (Italy) 

in the early ‘70s without consideration of earthquake loading, has been investigated using 

high-fidelity nonlinear dynamic analysis. Detailed 3D numerical descriptions have been de-

veloped allowing for the main structural and non-structural components of the framed build-

ing including RC beams and columns, ribbed floor slabs and masonry infills. The results 

achieved confirm the poor seismic performance of the original structure, where the presence 

of masonry infill strongly influences the dynamic behavior. The initial findings on the original 

RC building response have been used to direct the design of effective strengthening solutions 

utilising traditional and innovative steel bracings. In particular, a novel configuration for ec-

centric bracings with shear links has been developed and applied to the original structure en-
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hancing its seismic behavior, where lateral drifts, chord rotations and maximum shear forces 

in original beams and columns are significantly reduced. The findings confirm the applicabil-

ity of the proposed system as an effective retrofitting solution for typical RC buildings in the 

Catania region. 
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Abstract.  

Seismic performance of two unanchored liquid-storage tanks with tank diameter of 24.5 m 
and 36 m and operating liquid height of 12.2 m and 20.0 m, respectively were investigated 
using Coupled Eulerian-Lagrangian (CEL) and mechanical spring-mass analogy nonlinear 
finite element computational methods. The CEL approach includes the effects of higher modes 
of liquid vibration (sloshing), liquid breaking effects, and liquid-structure interaction during 
seismic loading. The modern seismic design provisions for liquid-storage tanks, on the other 
hand, are based on a mechanical spring-mass analogy. This approach neglects the higher vi-
bration modes for the sloshing water, liquid-structure interaction, and effects of tank base up-
lift on seismic performance. For the tanks, base uplift histories were computed with both 
modeling approaches through nonlinear time history analysis performed using five recorded 
earthquake acceleration data. The uplift histories were compared to evaluate the adequacy of 
code seismic design provisions for unanchored tanks, and to determine whether the mechani-
cal spring-mass analogy can be used to predict seismic performance of unanchored tanks.  

Analysis results show that the traditional mechanical spring-mass analogy, which is the basis 
for the current seismic design provisions, does not capture tank uplift history and its effects 
on dynamic loads. This approach underpredicts the total numbers of tank uplifts during seis-
mic loading. The maximum tank base uplift computed using mechanical spring-mass analogy 
had an average error between 22% and 58 % for each tank. The results show that there is a 
need to developed a modify version of the traditional mechanical spring-mass analogy to be 
used for predicting seismic performance of unanchored liquid-storage tanks. 
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1 INTRODUCTION 

At grade liquid-storage tanks are crucial parts of modern industrial facilities and public wa-
ter supply system. Liquid-storage tanks filled with hazardous liquids such as oil, oil derived 
products, chemicals and food processing liquids are widespread throughout the world.  Failure 
of at grade liquid-storage tanks has frequently resulted in spillage of toxic materials with dis-
astrous effects and fires following terrifying explosions as occurred, for example, following 
the 1994 Northridge, the 1995 Hanshin (Kobe), and the 2011 Eastern Japan earthquakes [1]. 
In addition, such tanks are crucial to provide safe drinking water and reliable water supply for 
firefighting immediately following destructive earthquakes to limit fire related post-
earthquake damage and avoid outbreak of diseases. Therefore, when such tanks are located in 
earthquake prone regions, they should be designed to survive earthquake effects and remain 
functional after earthquakes. In other words, seismic performance of liquid storage tanks is a 
matter of special importance, extending beyond the economic value of the tanks and its con-
tents. 

At grade liquid storage tanks depending on their base fixity fall into two categories: (1) an-
chored and (2) unanchored tanks. A fixed base tank requires a substantial foundation and at-
tachment mechanism in the form of bolts to carry the considerable overturning moment that 
occurs due to seismic loads. Therefore, because of the cost, large liquid-storage tanks are of-
ten not fixed to their foundation even in seismic areas. During earthquakes, all mass of unan-
chored tanks and its content contribute to the overturning moment while only a small portion 
of the mass contributes to the overturning resistance. Therefore, unanchored steel tanks are 
especially susceptible to damage during earthquakes.  

The seismic response of unanchored tanks during earthquakes is highly nonlinear and 
much more complex than that implied in the design standards. Especially tank-base uplift 
provisions proposed by the current codes such as API 650 [2] and Eurocode 8 [3] are based on 
a mechanical spring-mass analogy, which has little technical verification for its applicability 
for unanchored tanks. The tank base-plate uplift is a function of tank size, tank aspect ratio 
(liquid height to tank dimeter ratio), liquid height, tank foundation, local seismicity, and tank 
site soil type. However, none of the current tank seismic design provisions reflect the effects 
of all these parameters in calculation of tank-base uplift and its effects.  

The seismic behaviour of anchored liquid-storage tanks is well established [4]. A large 
number of experimental and theoretical studies have been conducted on dynamic response of 
liquid-storage tanks. However, most of these studies have focused mainly on the response of 
anchored tanks [5, 6, 7, 8, 9, 10, 11, 12, 13, and 14], of which no separation of the tank shell 
base from the foundation is considered. However, the seismic behaviour of unanchored tanks 
is not truly studied and reliable guidance on predicting tank base uplift, tank behaviour, and 
water sloshing are not well understood and documented. The dynamic behaviour of unan-
chored tanks is significantly different from that of anchored tanks since the assumptions of 
symmetric and asymmetric behaviour of the tank shell are no longer valid due to separation of 
the tank base from its foundation. In addition, the effect of tank base uplift on liquid-tank in-
tegration and seismic performance of the tank is not well documented.  

2 LIQUID-STORAGE TANK SEISMIC DESIGN PROVISIONS 

Evaluation seismic design provisions for unanchored liquid-storage tanks is challenging 
because the seismic design provisions (e.g., API 650) either do not include any solid guide-
lines or just simple equations to predict the effect of tank base-plate uplift on tank seismic 
performance. The main reason for the absence of detailed provisions is that the codes consider 
that the uplift causes damage to the tank, and therefore they recommend using anchors in or-
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der to avoid any uplift. Therefore, instead of evaluating accuracy of code given equations for 
effects of uplift, a more comprehensive approach is followed here to properly evaluate ade-
quacy of the provisions. This approach is based on comparing tank base-plate uplift histories 
computed using two computational models. The first computational model, on which current 
seismic design provisions are based, is called mechanical spring-mass model. The second 
computational model, which is called Coupled Eulerian Lagrangian (CEL) model, is a de-
tailed model including liquid-structure interaction explicitly as well as tank foundation inter-
action.  

Seismic design provisions of liquid-storage tanks such as API 650 and Eurocode 8 are 
based on a mechanical spring-mass analogy developed by Graham and Rodriguez [1952], Ja-
cobsen [1949], and Housner [15] for rigid tanks, and modified by Haroun and Housner [16] 
for flexible tanks. In the spring-mass analogy, which is shown in Figure 1, a portion of the 
mass of the fluid content (Mi) is considered to act as if it is rigidly connected to the tank walls 
while the remaining portion of the liquid content (Mc) is flexibly attached to tank walls. The 
water that synchronizes with the vibration of the tank is called impulsive and the sloshing 
component of the water that generates free surface waves and having its own frequency of 
vibration is called convective component. The free surface sloshing motion has a period of 
oscillation that is in general much longer than the fundamental period of the liquid-filled tank. 
In addition, tank foundation is assumed to be rigid in this mechanical spring-mass analogy. It 
should be noted that the sprig-mass analogy, principal of which are set in tank seismic design 
provisions assumes both anchored and unanchored tanks have the same properties (e.g., mass 
and spring stiffness).  

For the mechanical spring-mass analogy, the relationships to calculate the mass and spring 
properties (i.e., mass values, spring stiffness, and mass location along the tank height) for the 
convective and impulsive components of liquid are given in the related seismic design provi-
sions such as API 650.  In this study, the API 650 provisions were used for the developed me-
chanical spring-mass tank model.  

 
Figure 1: (a) Tank with oscillating water surface and (b) mechanical model (spring-mass analogy) 

3 METHODOLOGY 

Two unanchored liquid storage tanks were designed using seismic design provision of API 
650. The tanks’ seismic design parameters were selected to ensure that tank base-plate uplifts 
for the selected seismic levels. The tanks seismic performance was determined in terms of 
tank uplift histories, which were computed by performing time-history analysis with five 
strong ground motion data. Tank uplift histories were computed using two finite element 
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models (i.e., CEL and mechanical spring-mass models). The finite element models of liquid-
storage tanks were developed using ABAQUS general-purpose finite element program [17]. 
The computed uplift histories were compared to determine adequacy of mechanical spring-
mass analogy (i.e., code seismic design provisions) to predict tank base uplift. 

3.1 Prototype tanks 

Two unanchored liquid-storage tanks with tank dimeter of 24.5 m and 36.0 m and design 
liquid level of 12.2 m and 20.0 m, respectively were designed using seismic design provisions 
of API 650. The tanks were designed as self-anchored with tank base-plate uplift. Tank roof 
was assumed to be self-supporting dome. The tanks were assumed to be located at high seis-
mic region with 5% percent damped spectral response acceleration parameter at short period 
(i.e., SS) 1.0g and corresponding acceleration parameter at a period of one second (i.e., S1) 
equal to 0.4g. The region-dependent transition period for longer period ground motion (TL) 
was assumed to be 12 seconds. The tank site class was assumed to be ASCE/SEI 7-10 [18] 
Site Class D (i.e., stiff soil). The seismic force reduction factors for convective and impulsive 
vibration modes were taken as 2.0 and 3.5, respectively. Tank shell plate, bottom and annular 
bottom plates, tank free board requirements were determined using API 650 provisions. The 
tank dimensions and design liquid levels were determined to ensure tank stability for sliding 
and overturning.  A summary of tank properties is given in Table 1. 

 
Design Parameter  Tank-A Tank-B 
Tank diameter (m) 24.4 36.6 
Design liquid height (m) 12.2 15.2 
Bottom/annular plate thickness (mm) 6 6 
Roof plate (mm) 13 25 
Equivalent shell plate thickness (mm) 8 14 

Table 1: Prototype tanks 

3.2 Selection and scaling of strong ground motion records 

Five strong ground motion data recorded with stations located on Site Class D were select-
ed to perform tank time history analysis. The ground motion records were obtained from the 
Pacific Earthquake Engineering Research Center NGA-West2 database, and a summary of 
their properties is given in Table 2. The selected earthquakes had a magnitude range of 6.5 to 
7.6 and a rupture distance of 4.4 to 18.2 km. The ground motion records were selected giving 
preference to site class, spectral shape over the period range of interest, free-field records, and 
its magnitude.  
 

ID Earthquake (Year) Station (1) Comp. Mag.(2) Distance 
km 

Scale 
Factor

EQ1 Chi-Chi Taiwan (1999) TCU072 Chichi-Tcu072-N 7.6 7.1 1.0 
EQ2 Erzincan (1992) Erzincan Erzincan-Erz-EW 6.7 4.4 0.8 
EQ3 Imp. Valley-02 (1940) El Centro, Array #9 Impvall.I-I-Elc270 7.0 6.1 1.6 
EQ4 Northridge-01 (1994) Sun Valley, Roscoe Blvd North-Ro3090 6.7 10.1 1.0 
EQ5 Supers. Hills-02  (1987) El Centro, Imp. Co. Cent Super.B-B-Icc000 6.5 18.2 1.2 
(1) All stations were located on Site Class D. 
(2) Mag. is moment magnitude, distance is to rupture plane. 

Table 2: Summary of selected ground motion records 
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The ground motions were scaled to match the design spectrum for ASCE/SEI 7-10 Site 
Class D with Ss =1.0, S1= 0.4, and TL=12 sec. The scaling of ground motion records to match 
the design spectrum is of little importance for this study. However, to ensure that tank base 
uplift occurs, the earthquake records were scaled to match the design spectrum used for the 
tank design. The scale factors are given in Table 2. The selected records had different charac-
teristics in terms of peak acceleration, duration, and distance to the fault. Also it includes 
near-fault records such as EQ2 with only 4.4 km to the rupture fault. Especially EQ2, EQ4, 
and EQ5 had large acceleration pulses, which increase their damage potential. The design 
spectrum and spectral response acceleration for the scaled earthquakes are given in Figure 2. 

 
Figure 2: Design spectra and spectral response acceleration curves for the selected ground motions 

3.3 CEL modeling of liquid-storage tanks  

There are two classical numerical finite element formulations, namely Lagrangian and Eu-
lerian descriptions. In the Lagrangian formulation, finite element nodes and material points 
are connected throughout the analysis and they move together. With this numerical formula-
tion since material deforms with nodes that it is connected, it is easy to track material bounda-
ry/surfaces. However, under high strains (e.g., fluid flow) the Lagrangian mesh can severely 
distort, which results in poor quality solution or convergence issues. On the other hand, in the 
Eulerian finite element formulation, finite element nodes are fixed in the space while the ma-
terial (e.g., fluid) flows through the mesh. The advantage of Eulerian formulation is that the 
mesh undergoes no distortion (i.e., strain) and therefore accurate solutions can be obtained for 
problems involving large deformations or strain gradients. Therefore, Eulerian approach is a 
suitable numerical method for modelling arbitrarily large deformations, and so it is suitable 
for studying soft matter and viscoelastic fluids [19]. A third finite element description is one 
including both Eulerian and Lagrangian formulations in the same model. This modelling ap-
proach is called Coupled Eulerian Lagrangian (CEL) formulation. In the CEL formulation, 
the materials with large deformation gradient and distortion such as liquids are modelled as 
Eulerian material while the other materials are modelled as Lagrangian (e.g., the tank shell).  

Time history analysis of liquid-tank structure under selected earthquake records was per-
formed using Coupled Eulerian Lagrangian finite element formulation. The tank and its rigid 
foundation, which was modelled as a plate, were Lagrangian parts while the water was mod-
elled as Eulerian part. The model was composed of four parts, which were tank, rigid base, 
water, and Eulerian domain. The Eulerian domain (i.e., 3D mesh fixed in space) is only need-
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ed in the simulation to compute future location of water during seismic loading. The parts and 
details of developed CEL tank finite element model are given in Figure 3.  

 

 
Figure 3: CEL model and mesh (a) tank, (b) rigid base, (c) water in tank, and (d) Eulerian domain 

The contact between the tank bottom plate and tank foundation was modelled through con-
tact interaction. The value of friction coefficient between the tank and its foundation was as-
sumed to be high enough (i.e., 0.8) to prevent sliding of the tank over its foundation during 
seismic loading. In other words, it was assumed that there is no sliding between the tank and 
its foundation, but vertical separation (i.e., uplift) was allowed when the contact pressure was 
negative. The contact between the water and tank walls was defined to be frictionless. The 
water was modelled as a Newtonian fluid in which the viscous stresses are linearly propor-
tional to the local strain rate. Finally, the tank roof and its mass were not included in the de-
veloped models explicitly. Tank roof was considered by defining a coupling constraint among 
the nodes of tank shell course connected to the roof. Not including roof plate mass was found 
to be conservative for the computed maximum value of tank uplift, therefore it was not in-
cluded in the simulations. 

For the boundary conditions, the rigid tank foundation was assumed to be fixed for all de-
grees of freedom except for the acceleration degree of freedom in the direction of earthquake 
records (i.e., global Z-direction). The earthquake acceleration data was defined as boundary 
condition (i.e., acceleration) for the tank foundation. Other than contact between the tank and 
its foundation no other boundary condition was defined. Gravity loading was the only loading 
considered. Gravity loading was applied to the tank and water. 

The tank and its foundation were modelled using S4R shell elements. The S4R element is a 
4-node general purpose shell element with reduced integration scheme. The effect of shell el-
ement membrane action, which is especially important for tank bottom plate membrane action 
and tank overturning resistance, was included by considering the effects of nonlinear geome-
try on the analyses. A nominal mesh size of 500 mm was used for the tank and its foundation. 
However, much finer mesh (a nominal size of 300 mm) was used for the tank and foundation 
regions, where tank-foundation separation (i.e., uplift) was likely. Finally, all CEL analyses 
were performed using ABAQUS explicit analysis technique. 
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3.4 Mechanical spring-mass analogy model 

 The developed FE model for mechanical spring-mass analogy of the tanks is given in Fig-
ure 4. The mechanical FE model is the same model used for the CEL analyses. However, the 
water was removed from the model, and it was replaced with impulsive and convective water 
masses as recommended by the design provisions. The boundary conditions, loading, and 
contact between the tank and its foundation were not changed (no sliding and surface-to-
surface contact with separation allowed for the uplift). However, because water was not mod-
elled explicitly, the hydrodynamic pressure on bottom plate was modelled as initial pressure 
loading before earthquake loads were applied. The impulsive and convective water masses 
were connected to the tank wall through springs and coupling constraints. For this purpose, 
two reference points were defined for each mass. The first reference point was connected to 
the tank shell at the level of mass using coupling constraint while the second reference point 
was assigned point mass (i.e., impulsive or convective water mass) and connected to the first 
reference point with the spring as shown in Figure 4. The springs and the mass reference 
point were allowed to move only in the direction that ground acceleration was applied.  

 

 
Figure 4: Model with impulsive and convective masses and springs (a) whole and (b) half tank models 

For the mechanical spring-mass analogy, the relationships to calculate the mass and spring 
properties (i.e., mass values, spring stiffness, and mass location along the tank height) of con-
vective and impulsive components are given in API 650. The calculated mechanical spring-
mass properties for the tanks are given in Table 3. 

 
Parameter TANK-A TANK-B 

Mass, Mi  (kg) 3086586 7464282 
Spring stiffness, Ki (N/m) 2.243E8 3.727E8 
Period, Ti (sec) 0.74 0.89 
Water mass location, Hi (m) 4.57 5.72 
Mass, Mc (kg) 2487999 8043281 
Spring stiffness, Kc (N/m) 3.494E6 7.215E6 
Period, Tc (sec) 5.30 6.63 
Water mass location, Hc (m) 7.38 8.82 
Subscript “i” and “c” stands for impulsive and convective components, respectively. 

Table 3: Summary of spring and mass properties for impulsive and convective components 

1706



B. Erkmen 

4 RESULTS AND DISCUSSIONS 

The analysis results were compared based on the tank uplift histories computed at the max-
imum uplift locations. For this purpose, tank base uplift was monitored at two locations. 
These are “right” and “left” uplift locations, which are separated by 180 degrees and located 
on the perimeter of tank shell. These locations are where the maximum base uplift occurs, and 
they are located along the direction that earthquake accelerations were applied. Figure 5 
shows CEL model with water filled tank and its foundation before seismic loads were applied, 
water sloshing due to seismic loads, and tank base-plate uplift. 

 

 
Figure 5: Tank (a) before earthquake loading, (b) water sloshing during loading, and (c) tank-base plate uplift 

Figure 6 shows a comparison of computed tank uplift histories at the left and right uplift 
locations for both CEL and mechanical spring-mass tank models for several earthquake rec-
ords. The results show that the total number of cases that tank uplift occurred during earth-
quake duration was underpredicted with the mechanical model for all considered records for 
both left and right uplift locations. This observation clearly indicates that the mechanical 
spring-mass analogy does not capture the effect of tank uplift on dynamic loads that unan-
chored tanks are subjected to. In addition, the results suggest that the tank uplift affects the 
amount of water behaving as impulsive and convective components. This is likely to be due to 
vibration period elongation due to tank uplift.   

A summary of computed maximum tank uplifts values for each tank and seismic record is 
given in Table 4. In addition, the error for tank uplift computed using mechanical spring-mass 
analogy was computed relative to those computed using CEL model. The maximum tank base 
uplift computed using mechanical spring-mass model had errors between -5% and  46% with 
an average error of 22% for Tank-A, and between -60% and 254% with an average error of 
58% for Tank-B. In other words, on average the maximum tank uplift values predicted using 
the mechanical model were higher than those predicted using the CEL model. This finding 
indicates that mechanical spring-mass analogy ignores some dynamic loads that provide addi-
tional resistance to tank uplift.   
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EQ2 EQ2 

EQ3 EQ3 

EQ4 EQ4 

EQ5 EQ5  
Figure 6: Tank-B base-plate uplift histories for CEL and mechanical spring-mass models 
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TANK EQ Record CEL (mm) MECH. (mm) Error (%) 

TANK-A 

EQ1 222 280 26 
EQ2 189 185 -2 
EQ3 206 196 -5 
EQ4 262 383 46 
EQ5 179 259 45 

TANK-B 

EQ1 126 446 254 
EQ2 276 210 -24 
EQ3 143 181 27 
EQ4 164 315 92 
EQ5 336 133 -60 

Error = (MECH-CEL)/CEL 

Table 4: Summary of computed maximum tank uplifts 

5 CONCLUSIONS 

Seismic performance of two unanchored liquid-storage tanks was investigated using Cou-
pled Eulerian Lagrangian (CEL) and mechanical spring-mass analogy, on which the current 
seismic design provisions are based. The seismic performance of the tanks was computed us-
ing five strong ground motion records. The computed tank base uplift versus time histories 
were monitored and compared. The results indicate that 

 The mechanical spring-mass analogy approach does not capture tank uplift and its 
effects on dynamic loads that unanchored tanks are subjected to. 

 The mechanical spring-mass analogy underpredicts the total number of tank uplift 
during seismic loading. 

 The maximum tank base uplift computed using the mechanical spring-mass analo-
gy had average errors of 22 % and 58 % for Tank-A and Tank-B, respectively for 
the selected earthquake records. 

 The results suggest that mechanical spring-mass analogy is not adequate to capture 
seismic behaviour of unanchored tanks. 

 There is a need to develop a modified version of the traditional mechanical spring-
mass analogy to be used for predicting seismic performance of unanchored liquid-
storage tanks. 
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Abstract. In this paper the PARC_CL 2.0 crack model, implemented in the ABAQUS Code 
user subroutine UMAT.for, is presented and applied to the non-linear finite element analyses 
(NLFEA) of reinforced concrete (RC) shear walls tested, by means of pseudo dynamic test 
(PSD), at the European Laboratory for Structural Assessment (ELSA, Joint Research Centre). 

The PARC_CL 2.0 crack model is an evolution of the previous PARC versions and, with re-
spect to them, it allows to take into account plastic and irreversible deformations. For this 
reason, it seems to be suitable for modelling the hysteretic cycles of both concrete and steel 
and to reproduce the cyclic response of structural R members. Moreover, within the 
PARC_CL 2.0 crack model, is implemented a formulation able to account for stiffness pro-
portional damping in dynamic analyses. 

The shear walls, tested by means of PSD test, at the ELSA laboratory have been used to vali-
date the proposed PARC_CL 2.0 crack model; the shear walls have been modeled using mul-
ti-layered shell elements and NLFEA have been carried out considering several loading 
condition (static pushover, cyclic and dynamic). The static pushover analyses are used to 
evaluate the sensitivity of results to mesh discretization; several analyses have been carried 
out adopting different element size in order to see the effect on the structural re-
sponse.Moreover, cyclic and dynamic analyses are used to evaluate the capability of 
PARC_CL 2.0 crack model to reproduce the hysteretic response of such RC structural mem-
bers. 
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1 INTRODUCTION 

Structural reinforced concrete (RC) shear walls are one of the common lateral load resist-
ing elements in buildings in seismic regions. They are commonly used both in civil and indus-
trial buildings and in power plant buildings. As a matter of fact, the walls, thanks to their 
dimensions and in-plane disposition, give a high stiffness and a high resistance to the building, 
reducing the inter-storey drift values at damage limit state and providing enough strength and 
ductility at collapse.  

Shear walls can, based on their geometry, be divided into two groups, high-rise and low-
rise shear walls. High rise shear walls, also called slender walls, are governed by flexural be-
haviour (as underlined in [1] and [2]). On the other hand, low-rise walls, also called squat 
walls, characterized by a ratio of height to length less than or equal to two are governed by 
shear behaviour (as demonstrated in [3]).  

RC shear walls are commonly designed to satisfy criteria of serviceability and safety. In 
order to ensure the serviceability requirement, it is necessary to predict the cracking and the 
deflections of RC walls under service loads. In order to assess the margin of safety of RC 
walls against failure an accurate estimation of the ultimate load is essential and the prediction 
of the load-deformation behaviour of the structure throughout the range of elastic and inelastic 
response is desirable. Within the framework of achieving a wider understanding of all me-
chanical phenomena associated with the elastic and, particularly, inelastic behaviour of RC 
walls, experimental research still plays a very important role. Moreover, experimental re-
search supplies the information needed for the development of advanced design methods, 
such as nonlinear finite element analysis (NLFEA).  

The scientific research has therefore made significant advancements in understanding the 
nonlinear behaviour of RC walls subjected to horizontal forces and several numerical methods 
have been developed and tailored to analyse such kind of structural member. In particular, in 
this paper, the focus is pointed on the assessment of RC squat walls by means of NLFEA and 
multi-layered shell elements. In order to investigate the prediction capacity and to reduce the 
uncertainties related to of NLFE tools, round robin competitions and blind prediction were 
recently organized and are in progress nowadays (e.g. Concrack2 benchmark [4], SMART-
2013 [5], CASH benchmark [6], etc.) 
In this paper the results obtained analysing the squat walls object of the CASH benchmark is 
presented. The main objective of this benchmark is to evaluate the seismic nonlinear response 
of squat walls, representative of a real nuclear power plant (NPP) building structure. Accord-
ing to the purpose of the benchmark, three different kind of analyses have been carried out: 
pushover, cyclic and dynamic analysis.  

NLFEA are carried out using the PARC_CL 2.0 crack model. The PARC_C 2.0 crack 
model was implemented, by the authors of this paper, within the ABAQUS code as a user 
subroutine UMAT.for. Such model is an evolution of the previous PARC versions [7]-[8] and 
allows to consider plastic and irreversible deformation in the unloading phase. Moreover, the 
implementation, within the PARC_CL 2.0 crack model, of a formulation able to account for 
stiffness proportional damping allows the possibility to apply it for dynamic analyses. 

2 THE PARC_CL 2.0 CRACK MODEL 

In this paper the nonlinear mechanical behaviour of reinforced concrete was achieved by 
means of PARC_CL 2.0 crack model. The PARC_CL 2.0 (Physical Approach for Reinforced 
Concrete under Cyclic Loading) crack model is an evolution of the previous PARC versions 
([7] and [8]) and allows considering plastic and irreversible deformation in the unloading 
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phase and therefore to take into account the hysteretic cycles of both concrete and steel rein-
forcement. Moreover, in order to proper analyse the dynamic behaviour, the Rayleigh damp-
ing stiffness-proportional coefficient was developed and introduced within the PARCL_CL 
2.0 crack model. For further details on PARC_CL 2.0 implementation please refers to [9] and 
[10]. 

2.1 Fixed crack approach 

The proposed PARC_CL 2.0 model is based on a total strain fixed crack approach, in 
which at each integration point two reference systems are defined: the local x,y-coordinate 
system and the orthotropic 1,2-coordinate system along the principal stress directions. The 
angle between the 1-direction and the x-direction is denoted as ψ, whereas θi is the angle be-
tween the direction of the ith order of the bar and the x-direction. When the value of the prin-
cipal tensile strain in concrete exceeds the concrete tensile limit strain εt,cr, for the first time, 
the first crack is formed and the 1,2-coordinate system is fixed, Figure 1-a. 
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Figure 1 – (a) RC element subjected to plane stress conditions, (b) crack parameters, (c) biaxial strain condition 

(d) uniaxial strain condition. 

2.1.1. Strain Field for Concrete 

The concrete behaviour is assumed orthotropic both before and after cracking and the total 
strains at each integration point are calculated in the orthotropic 1,2-system, Figure 1-a: 

{ } [ ] { }yxT ,2,1 εε ψ ⋅=  (1) 

where [ ]ψT is the transformation matrix, shown in Eq.(2): 

[ ]
















−⋅⋅⋅⋅−
⋅−

⋅
=

ψψψψψψ
ψψψψ

ψψψψ

ψ
22

22

22

sincossincos2sincos2

sincoscossin

sincossincos

T  (2) 

{ ε1,2} and {εx,y} represent respectively the biaxial strain vector in 1,2-system and x,y-
system, as shown in Eq.(3) and Eq.(4), Figure 1-c. 

{ } { }t
12212,1 γεεε =  (3) 
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{ } { }t
xyyxyx γεεε =,  (4) 

The stress-strain behaviour presented herein is calculated on the base of the uniaxial strains 
in the 1,2-coordinate system, calculated according to Eq.(5), Eq.(6) and Eq.(7), and shown in 
Figure 1-d. 
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1212 γγ =  (7) 

After the first crack the Poisson’s ratio is assumed to be zero therefore in Eq.(5), Eq.(6) 
and Eq.(7), the biaxial strains are the same as the uniaxial strains. This condition is illustrated 
in Figure 1-b and Figure 1-c, where the stresses σ1 and σ2 are related to the uniaxial strains 
and represent both the biaxial stresses and the uniaxial stresses. 

2.1.2. Strain Field for Steel 

The reinforcement is assumed smeared in concrete. The steel strain along the reference 
system of each bar are obtained rotating the strains in the x,y-system, it is possible to obtain 
the uniaxial strains along each steel bars, as follow: 

iixyiyixxi θθγϑεθεε sincossincos 22 ++=  (8) 

2.1.3. Stress Field for Concrete 

The concrete stress vector, in the 1,2-coordinate system can be generated as follow: 

{ } { } { } { }
dynamicstatic

t
2,12,112212,1 σστσσσ +==  (9) 

where σ1 and σ2 represent the stresses in concrete in the normal directions, while τ12 is the 
shear stress in concrete. All these values are derived as the sum of the “static” contribute, 
{ σ1,2} static described in §2.2, and the “dynamic” contribute, {σ1,2} dynamic described in §2.3. 

2.1.4. Stress Field for Steel 

The steel stress vector, defined for each ith order of bar in the xi,yi-coordinate system, can 
be generated as follow: 

{ } { } { } { }
dynamicyxstaticyx

t
xyx iiiiiii ,,, 00 σσσσ +==  (10) 

where σxi represents the stress along the axis of the ith order of bar and it can be calculated as 
the sum of the “static” contribute, {σxi,yi} static described in §2.2, and the “dynamic” contribute, 
{ σxi,yi} dynamic described in §2.3. From Eq.(10) it can be noted that no stresses in the direction 
perpendicular to the axis of the bar develop, due to the fact that the dowel action phenomenon 
has not been considered yet. 
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2.1.5. Total Stress Field  

Both the concrete and the steel stress vectors can be transformed from their local coordi-
nate system to the overall global x,y coordinate system using respectively Eq.(11) and Eq.(12): 

{ } [ ] { }2,1, σσ ψ ⋅= t

cyx T  (11) 

{ } [ ] { }
ii yx

t
iisyx T ,,, σσ θ ⋅=  (12) 

where [ ] tTψ  and [ ] t
iTθ  are the transpose of the transformation matrixes, already reported in 

Eq.(2). 
The total stress in the x,y-system is obtained by assuming that concrete and reinforcing 

bars behave like two springs placed in parallel:  

{ } { } { }∑
=

+=
n

i
isyxicyxyx

1
,,,, σρσσ  (13) 

where n is the total number of the orders of bars and ρi represents the reinforcement ratio for 
every ith order of bars. 

2.2 Static cyclic behaviour 

The concrete and steel behaviours as well as their interaction effects are modelled with 
constitutive relationships for loading-unloading-reloading conditions. The hysteretic response 
for concrete and steel subjected to static cyclic loading is briefly described in this section, for 
further details please refers to [9] and [10]. 

2.2.1. Concrete model 

The envelope curve for concrete, shown in Figure 2-a, is defined by Eq.(14) for tensile be-
haviour and Eq.(15) for compressive behaviour. 
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Figure 2 – Hysteretic response of concrete: (a) normal behaviour and (b) shear behaviour. 
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where: 

ctelt Ef⋅= 9.0,ε  00015.0, =crtε  ( )tmFut faG ⋅⋅= 136.5,ε  31 =c  

( )ccelc Ef ⋅= 3,ε  
elccrc ,, 5 εε ⋅=  ( )cmCcrcuc faG ⋅⋅−= 5.1,, εε  93.62 =c  

The value of h in the PARC_CL 2.0 crack model is fixed equal to the square root of the 
average element area, according to [12].  

The value of GF represents the fracture energy of concrete in tension and can be evaluated 
according to [13]. The value of GF is defined as the energy required to propagate a tensile 
crack in a unit area of concrete. The transition between the dissipated energy by a single mac-
ro-crack in concrete, GF, and the energy dissipated by several macro-crack in reinforced con-
crete, RC

FG , is defined in accord with Eq.(16): 









+=

m
F

RC
F a

h
GG 1  (16) 

where am is set as the average crack spacing and can be calculated on the base of the length 
over which the sleep between concrete and steel occurs, ls,max, as define in [14]. GC represents 
the fracture energy of concrete in compression. The ratio between the fracture energy of con-
crete in compression and in tension is assumed equal to 250 according to [15]. 

As shown in Figure 2-a the cyclic behaviour for concrete along the orthotropic 1,2-
directions is defined with a slope secant to the origin for the tensile domain, on the other hand, 
the compressive cyclic domain is characterized by an unloading branch with slope Ec. 
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Multi-axial state of stress is considered by reducing the compressive strength and the cor-
responding peak strain due to lateral cracking, as given in Eq. (17), according to [16]. 

14.027.085.01 ≤≤





 −= ⊥ ζε

εζ  (17) 

where ε represents the current compressive strain of concrete and⊥ε is the tensile strain. 
The shear behaviour along the crack is accounted in the model considering the aggregate 

interlock phenomenon, on the base of the formulation proposed in [17]. The overall τ12-γ12 

behaviour, shown in Figure 2-b, can be derived as reported in Eq.(18), on the base of the 
crack width, w, and the crack sliding, v.  
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where γf corresponds to the shear strain at the onset of concrete cracking and γ* defines the 
point after which the shear strain remains constant and is equal to: 

fcr γγγ += **
 (19) 

According to the formulation proposed in [17] the main parameters of Eq.(18) and Eq.(19) 
can be calculated as follow: 
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τ
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144.24a ;   333.3366.05 +⋅= cfa  

and   1106 cfa =  

The cyclic behaviour of the shear contribution is also taken into account by considering, in 
the unloading phase, a branch with slope G*

eq, as shown in Figure 2-b. 

2.2.2. Steel model 

The constitutive relation for steel, employed in PARC_CL 2.0 crack model, is based on the 
formulation proposed in [18] and allows to represent the hysteretic stress-strain behaviour of 
reinforcing steel bar also including yielding, strain hardening and Bauschinger effect, Figure 3. 
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Figure 3 – PARC_CL 2.0, cyclic behaviour of reinforcing steel. 

The formulation proposed in [18] and shown in Figure 3 can be expressed following 
Eq.(22): 

( ) rrxi σσσσσ +−⋅= 0
*  (22) 

where: 

( )
( ) RR

b
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1
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−+⋅=  (23) 
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εε
εεε

−
−=
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*  (24) 

The presented equations represent a curved transition from a straight line asymptote with 
Esi inclination to another asymptote with Ehi inclination, Figure 3. In Eq.(22) and Eq.(24), σ0 
and ε0 represent the stress and the strain in the point where the two asymptotes of the consid-
ered branch meet (e.g. point A in Figure 3); similarly σr and εr are the stress and the strain in 
the point where the last strain reversal occurs (e.g. point B in Figure 3). As indicated in Figure 
3, (σ0,ε0) and (σr,εr) are updated at each strain reversal; b is the strain-hardening ratio and can 
be calculated as the ratio between Ehi and Esi: 

Finally, R is the parameter that influences the shape of the transition curve between the two 
asymptotes and allows a good representation of Bauschinger effect. R is considered dependent 
on the strain difference between the point in which the last strain reversal occurs (e.g. point B 
in Figure 3 for the considered branch) and the previous asymptotes meeting point (e.g. point 
C in Figure 3 for the considered branch). The expression of R is reported in Eq.(25): 

ξ
ξ

+
⋅−=

2

1
0 a

a
RR  (25) 

where R0 is the value of the parameter R during the first loading cycle, a1 and a2 are exper-
imentally determined parameters. Based on the parametric studies carried out in [10], in this 
paper these parameters are set equal to: R0=20, a1=18.45 and a2=0.001. 
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2.3 Dynamic behaviour 

The energy dissipation associated to the material modelling was considered in the 
PARC_CL 2.0 crack model by introducing the stiffness proportional Rayleigh damping, ac-
cording to the following general equation: 

εβσ &⋅′⋅= Edynamic  (26) 

Based on Eq.(26) the “dynamic” contribution of Eq.(9) and Eq.(10) can be derived as ex-
pressed in Eq.(27) and Eq.(28) for concrete and steel respectively: 
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2.4 Consistent tangent Jacobian matrix 

The proposed PARC_CL 2.0 crack model is based on a tangent approach except in soften-
ing branches where the stiffness contributes of concrete became to avoid numerical problems. 
As already shown for the evaluation of the stresses vectors, also the Jacobian matrix can be 
subdivided in “static” and “dynamic” terms. 

Regarding the “static” term the Jacobian matrix can be expressed as the derivative of the 
stresses with respect to the strains as shown in Eq.(29) for concrete and in Eq.(30) for each ith 
order of bars: 

[ ]
( ) ( )

( ) ( )
























∂
∂

−∂
∂

−∂
∂

−∂
∂

−∂
∂

=

12

12

2
2

2

2
1

2

2
2

1

2
1

1

2,1

00

0
1

1

1

0
11

1

γ
τ

νε
σ

ν
ν

ε
σ

ν
ν

ε
σ

νε
σ

static
D  (29) 

[ ]

























∂
∂

=

000

000

00

,

xi

xi

staticyx ii
D

ε
σ

 (30) 

The “dynamic” term of the  Jacobian matrix can be evaluate as the derivative of the “dy-
namic” stresses, already reported in Eq.(26) with respect to the strains. 

dt
E

d

d damp 1⋅′⋅= β
ε

σ
 (31) 
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where dt denotes the increment of time. 
Considering that the Jacobian matrix for “static” contribution, already reported in Eq.(29) 

for concrete and Eq.(30) for steel, contains itself the tangent stiffness modulus, E’, the Jacobi-
an tangent stiffness matrix related to the “dynamic” contribution can be express as in Eq.(32) 
for concrete and in Eq.(33) for steel: 

[ ] [ ] 
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DD
staticdynamic
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2,12,1 β  (32) 
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The overall Jacobian matrix can be calculated as the sum of static and dynamic contribu-
tion, as reported in Eq.(34) for concrete and Eq.(35) for steel: 
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Finally, the global stiffness matrix is obtained from Eq.(36): 
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In order to validate the proposed model and to assess its capability to predict the damping 
effect on a RC member, a comparison between NLFEA and analytical formulation is present-
ed. 

 

u(t)

M

u(t)

(a) (b)
 

Figure 4 – Free vibration oscillator: (a) SDF analytical system and (b) NLFE model. 

A Single Degree of Freedom (SDF) system, represented by the cantilever tower of Figure 
4-a, was used as a reference system. The cantilever tower is characterized by a section of 
100x100 mm and a height of 1000 mm. The system is fixed at the base and it presented a 
lumped mass at the top equal to 50 Kg. The elastic modulus of the material was set equal to 
28000 MPa. NLFEA was carried out in order to assess the proposed damping model in the 
PARC_CL2.0 crack model. The same cantilever tower, representing a SDF system, reported 
in Figure 4-a was modelled by means of NLFEA as shown in Figure 4-b. 
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The height of the tower was subdivided into 10 shell elements with 4 nodes and 4 Gauss 
integration points (defined S4 in ABAQUS code [11]), so each element presents a 100x100 
mm size in plane. The thickness of each element was set equal to 100 mm in order to achieve 
the same cross section as the reference analytical specimen. The two nodes at the base of the 
tower were fixed and at the top of the tower two mass elements of 25 Kg were added. 

In order to highlight the frequency of the numerical system, a frequency analysis was car-
ried out before running the dynamic analysis. The frequency analysis highlight that the first 
vibration mode, able to excite the 99.4% of the mass, presents a frequency, f=19.7 Hz, so that 
the corresponding natural frequency was equal to ω=123.8 Hz. 

According to the Rayleigh damping formulation, the damping ratio can be written as a 
function of the mass proportional coefficient, α, and the stiffness proportional coefficient, β, 
as shown in Eq.(37). 

n
n

n ωβ
ω

αξ ⋅+⋅=
2

1
2

 (37) 

Due to the fact that the analysed system presents a single degree of freedom, it was neces-
sary only a single frequency to calibrate the damping coefficient. In order to validate the stiff-
ness-proportional damping introduced in the PARC_CL 2.0 crack model, only the stiffness-
proportional damping coefficient, β, was calculated. Thus, in Eq.(37) the α coefficient was set 
equal to 0 while the β coefficient was calculated based on the natural frequency, ω, and the 
damping ratio, ξ. 

The NLFE model was firstly subjected to a horizontal displacement at the top of the spec-
imen equal to 0.01 mm. In a second phase the system was released to experience free vibra-
tion in dynamic field. The time step was set equal to 0.0005 sec and the numerical solution is 
obtained by means of the Newmark’s implicit method considering average acceleration. 

In Figure 5 the comparison between NLFEA and analytical formulation for different values 
of damping ratio are presented.  
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Figure 5 – Free vibration, comparison between NLFEA and analytical formulation for different values of damp-

ing ratio: (a) un-damped system, (b) ξ=1%, (c) ξ=2% and (d) ξ=5%. 
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The results reported in Figure 5 show that the stiffness-proportional damping introduced in 
the PARC_CL 2.0 crack model allows to reproduce well the dissipation of energy due to 
damping in a linear elastic system. 

3 EXPERIMENTAL CAMPAIGN 

The proposed PARC_CL 2.0 crack model was used to analyse the monotonic, cyclic and 
dynamic response of RC squat walls by means of NLFEA. This study is included within the 
CASH benchmark project [19], which is an international benchmarking program organized 
under an initiative of the OEDC-NEA (Nuclear Energy Agency). The main objective of the 
benchmark was to evaluate the reliability of NLFEA to assess the seismic capacity of RC 
squat walls, by means of comparison with experimental outcomes. The experimental refer-
ence case is based on the “SAFE” RC squat walls tested at the European Laboratory for Struc-
tural Assessment (ELSA, Joint Research Centre) [20]. The SAFE experimental campaign 
consists of a series of pseudo-dynamic (PSD) tests on 13 different squat walls, with different 
reinforcement ratio representative of the nuclear industry practice. In particular, for the pur-
pose of this paper, 3 out of the 13 specimens was selected: T6 [21], T7 [22] and T8 
[23]specimen. 

All the specimens have the same geometrical properties: a length l = 3000 mm a height h = 
1200 mm and a thickness t = 200 mm. In order to reproduce the effect of perpendicular walls, 
at both the ends of each specimen two flanges were added. The top and the bottom part of the 
specimen are made of rigid concrete beams, as shown in Figure 6-a. 
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Figure 6 – (a) Geometrical properties of all the analysed specimens (measure in mm) and (b) experimental set-up [19]. 

In order to apply pure shear to the specimen the rotation of the top beam was constrained 
with two vertical jacks and the steel cover presented in Figure 6-b. 

The differences in the specimens are in percentage of steel, ρ, in vertical compressive 
stress, σn, in the numerical mass applied in the PSD test, M2, and in the first vibration frequen-
cy, f. The mean mechanical properties of the specimens are listed in Table 1. In Table 1 the 
mass M1 represents the physical mass of the top beam including the steel cover, the mass M2 
represents the numerical mass applied in the PSD test, N the vertical load imposed at the top 
beam of each specimen and σn the vertical stress due to the combination of self-weight and 
imposed vertical load. 
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Table 1 - Mechanical and geometrical properties of all the specimens. 

Spec. 
 

Masses   Load   Concrete   Horizontal Reinforcement 
 

Vertical Reinforcement 
 

 M1 M2   N σv   fc ft Ec   ρh fy ES φ   ρv fy ES φ   

  [ton] [ton]   [kN]  [MPa]   [MPa] [MPa] [GPa]   [%] [MPa] [GPa] [mm]   [%] [MPa] [GPa] [mm]   

T6   25 1252   550 1.01   33.1 3.1 22.3   0.628 573 200 10   0.402 594 200 8   

T7   25 11272   550 1.01   36.4 3.3 23.1   0.628 573 200 10   0.402 594 200 8   

T8   25 1252   550 0.32   28.6 2.8 21.3   0.402 594 200 8   0.402 594 200 8   

 
The modulus of elasticity of concrete was not directly obtained by tests but was derived 

adopting the formulation proposed in [14], Eq.(38):  

3
1

2010, 10
21500 







⋅= c
MCC

f
E  (38) 

Consequently, assuming a Poisson’s ratio equal to 0.2 the conventional isotropic shear 
modulus for concrete, G, could be derived. The analytical shear stiffness of the wall, KA, is 
evaluated with Eq.(39): 

( )
h

tbG
KA

⋅⋅=  (39) 

where b, t, h represent the base, the thickness and the height of the wall, respectively. 
Finally, knowing the mass of each wall, M, (considered as the sum of physical mass, M1, 

and numerical mass, M2), the frequency of the wall could be analytically derived. The analyti-
cal calculation of the main features of the specimens are listed in Table 2 with the subscript A. 
Prior to run the experimental PSD tests, the eigenfrequency of each specimen, fexp, was meas-
ured by low level vibration and the corresponding elastic stiffness, Kexp, was derived. The ob-
tained experimental results and the comparison with the analytical values are also reported in 
Table 2. 

Table 2 – Main features of the specimens: comparison between analytical calculation and experimental results. 

Specimen 
 

            Analytical   Experimental     

 b h t Ec,MC2010 G M1+M2   KA fA   Kexp fexp   Kexp/KA 

  [m] [m] [m] [MPa] [MPa] [ton]   [MN/m] [Hz]   [MN/m] [Hz]   [MPa] 

T6   3 1.2 0.2 31900 13292 1277   6649 11.6   5348 10.4   0.80 

T7   3 1.2 0.2 32900 13708 11297   6861 3.9   5767 3.6   0.84 

T8   3 1.2 0.2 30400 12667 1277   6336 11.3   4557 9.6   0.72 

                        Average 0.79 

 
Interestingly, from Table 2 it appears that the analytically calculated stiffness significantly 

overestimates the measured one. The average value of the ratio between the experimental and 
the analytical stiffness is equal to 0.79, close to the 0.7 median value obtained by [24]. Ac-
cording to the results of these preliminary studies in the NLFEA, the modulus of elasticity of 
concrete was reduced by a factor 0.7 with respect to the one calculated according to Eq.(38). 
In Table 1 the adopted elastic modulus is reported as Ec. 
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4 NONLINEAR FINITE ELEMENT ANALYSIS  

NLFEA have been carried out with ABAQUS code [11] adopting the PARC_CL 2.0 crack 
model. Each element is characterized by 4 Gauss integration points (S4) in plane while, along 
the thickness, it is divided in 2 layers with 3 Simpson section integration points. 

The pushover analyses are limited to T6 and T8 specimens; in particular, for each speci-
men three different mesh configurations are analysed, characterized by an average element 
size of 200 mm (coarse mesh), 100 mm (medium mesh) and 50 mm (fine mesh), Figure 7. 
The aim of this analyses was to investigate the capability of the proposed method to minimize 
the mesh dependency effect. 

The same specimens are analysed also for static cyclic analyses in order to compare the ob-
tained hysteretic response with the experimental results; for the static cyclic analyses only the 
fine mesh, characterized by an average element length of 50 mm, was investigated. 

The dynamic analyses are limited to T6 and T7 specimens, in order to highlight the influ-
ence of the numerical applied mass which strongly changes the frequency of the specimen; for 
the dynamic analyses only the fine mesh, characterized by an average element length of 50 
mm, was adopted. 

(a) (b) (c)

Web of the wall Flange of the wall Linear elastic material

 
Figure 7 – Solid view of the meshes adopted for NLFEA: (a) coarse mesh, (b) medium mesh and (c) fine mesh. 

The top and the bottom beams was modelled using linear elastic material, while the web 
and the two flanges of the wall were modelled using PARC_CL 2.0 crack model. Furthermore, 
due to the confining effect of stirrups, the flanges are modelled considering a confined con-
crete, calculated according to the formulation proposed by [25], which leads to an increase of 
both the compressive strength and the ultimate compressive strain. The analyses have been 
carried out using the mean values of the material properties as reported in Table 3.  

The boundary and loading conditions applied for static pushover and cyclic analyses are 
presented in Figure 8-a. The translation in the x-direction is fixed in correspondence of the 
anchor elements of the experimental specimens; the translation along the z-direction is fixed 
at the base of the bottom beam and the out-of-plane behaviour is prevented by fixing the 
translation along the y-direction of the whole model. Load is applied in two different steps: in 
the first step the self-weight and the vertical pressure are applied; in the second step the hori-
zontal displacement is imposed in correspondence of the “Sec T” section, Figure 8-a. During 
the experimental tests, in order to apply pure shear condition to the wall, the rotation of the 
top beam was prevented by means of two vertical jacks. In NLFEA the same condition is ob-
tained by applying a multi-point constraint in “Sec T”. The pushover analyses have been car-
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ried out increasing the horizontal displacement until the failure. The cyclic analyses have been 
carried out applying to “Sec T” the horizontal displacement measured during the experimental 
PSD tests, Figure 8-a. The implicit method was adopted by the solver, while the Newton-
Raphson method was used as convergence criterion. The force and displacement tolerance 
was fixed to 5⋅10-3 for forces and 10-2 for displacements. 

Table 3 – Main mechanical properties used in NLFE model. 

Spec. Mesh 

Concrete (see §2.2.1.) 
 
Steel  (see §2.2.2.)

            un-confined  confined 
 

      

h am Ec ft GRC
F εt,u fc GC εc,cr εc,u  fc GC εc,cr εc,u   Es fy,vert fy,hor 

[mm][mm][GPa][MPa][N/mm3] [-] [MPa][N/mm3] [-] [-]   [MPa][N/mm3] [-] [-]   [GPa] [MPa] [MPa] 

T6 Coarse 200 245 22.3 3.1 0.155 0.002 33.1 38.8 0.002  0.011  38.9 88.1 0.003 0.019  200 594 572 

  Medim 100 245 22.3 3.1 0.120 0.003 33.1 30.0 0.002 0.016   38.9 56.6 0.0030.025   200 594 572 

  Fine 50 245 22.3 3.1 0.103 0.005 33.1 25.8 0.002 0.025   38.9 40.9 0.0030.034   200 594 572 

T7 Medium 100 245 23.0 3.3 0.103 0.002 36.4 25.8 0.002 0.013   39 58.2 0.0030.026   200 594 572 

T8 Coarse 200 288 21.3 2.8 0.131 0.002 28.6 32.8 0.002 0.011   34 74.4 0.0030.019   200 594 594 

  Medim 100 288 21.3 2.8 0.104 0.003 28.6 26.0 0.002 0.016   34 48.4 0.0030.024   200 594 594 

  Fine 50 288 21.3 2.8 0.091 0.005 28.6 22.8 0.002 0.026   34 35.4 0.0030.035   200 594 594 

 
For the dynamic analysis the boundary conditions were the same for pushover analysis, 

while load is applied in different manner, Figure 8-b. An additional numerical mass, acting 
only along x-direction, defined as M2 in Table 1, is added in the centroid of the top beam to 
simulate the numerical mass of the experimental tests. As for pushover analysis the load is 
applied in two different steps: in a first step the self-weight and the vertical pressure is applied; 
in a second step the horizontal acceleration is imposed and the rotation of the top beam is pre-
vented by applying a multi-point constraint, which imposes the same vertical displacements 
of the central node of “Sec T” to all the other nodes of “Sec T”, Figure 8. In dynamic analysis 
the structural damping was introduced according to Rayleigh's classical theory defined in 
Eq.(37). The mass proportional term (α) is introduced as an input value in the ABAQUS code 
[11], while the stiffness proportional term (β) was incorporated in the PARC_CL 2.0 crack 
model as explained in §2.3. The α and β Rayleigh’s damping coefficients, according to the 
CASH benchmark organizer (that is the organizer of the project within which these analyses 
are carried out [Le Corvec et al., 2015]), are calibrated in order to obtain a damping ratio of 
2% for the frequencies of 0.5Hz and 35 Hz. 

X
Z

Sec T

Sec B

X
Z

Sec T

Sec B Translation along x-direction

Translation along z-direction

Numerical mass 

Imposed vertical load

Imposed horizontal displacement

(a) (b)
 

Figure 8 – Boundary and loading conditions adopted for NLFEA: (a) static pushover and cyclic analyses and (b) 
dynamic analysis. 
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4.1 Static pushover analysis 

In Figure 9 the comparison between the experimental results and the static pushover analy-
sis, in terms of shear-force vs top displacement, for T6 and T8 specimens, is presented. As 
just stated, in order to highlight the effect of the mesh dependency three different meshes are 
analysed: a coarse mesh with an average element size of 200 mm, a medium mesh with an 
average element size of 100 mm and a fine mesh with an average element size of 50 mm. 

In Figure 9 the analyses are stopped when the failure occurred, due to crushing of concrete. 
Crushing of concrete is achieved when the compressive strain of concrete reaches the ultimate 
value, εc,u, shown in Figure 10 and Figure 11 for T6 and T8 specimen respectively. The values 
of εc,u, for the different meshes analysed, are reported in Table 3. 
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Figure 9 – Static pushover analysis, T6 wall: effect of using meshes with different average element size.  

The curves reported in Figure 9 showed that the results obtained analysing the same spec-
imen with different meshes are quite similar; so, it can be assess that the idea to modify the 
fracture energy of concrete as a function of the element length and crack spacing can avoid 
the mesh dependency effects. Finally, in Figure 10 and Figure 11 the contours representing 
the crushing of concrete are reported for T6 and T8 specimen respectively. 

Concrete compressive strains [-]Concrete compressive strains [-] Concrete compressive strains [-]

(a) (b) (c)
 

Figure 10 – Static pushover analysis of T6 wall, crushing of concrete for the different analysed meshes using  
PARC_CL 2.0 crack model: (a) coarse mesh, (b) medium mesh and (c) fine mesh. 
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Concrete compressive strains [-]Concrete compressive strains [-] Concrete compressive strains [-]

(a) (b) (c)
 

Figure 11 – Static pushover analysis of T8 wall, crushing of concrete for the different analysed meshes using  
PARC_CL 2.0 crack model: (a) coarse mesh, (b) medium mesh and (c) fine mesh. 

Figure 9 highlights that using different meshes it is possible to obtain similar results in 
term of shear strength and failure mode. For the following static cyclic and dynamic analyses, 
the fine mesh characterized by an average element size of 50 mm is chosen. 

4.2 Static cyclic analysis 

In Figure 12 are presented the results of the static cyclic analysis obtained for T6 and T8 
specimens with NLFEA using the PARC_CL 2.0 crack model together with the experimental 
outcomes. 
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Figure 12 - Static cyclic analysis of T6 wall: comparison of  experimental results with NLFEA using PARC_CL 
2.0 and PARC_CL 1.0 crack models. 

Figure 12 clearly shows that NLFEA carried out using the PARC_CL 2.0 crack model are 
able to reproduce the hysteretic response experimentally obtained. From Figure 12 it can be 
also highlight that the results obtained by means of NLFEA presented, as expected, a symmet-
ric shape with respect to the origin, due to the fact that the specimen is perfectly symmetric in 
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geometric and loading condition. On the other hand, the experimental results for T6 specimen, 
Figure 12-a, presents an higher strength value on the positive displacement side. 

In this context, it has to be remarked that the imposed cyclic displacement, derived by the 
measured displacement in the experimental PSD test, did not yield the specimens, both T6 
and T8, to failure. However, analysing the results of the pushover analysis, presented above, 
and of the dynamic analysis, presented in the following, it can be expected that a small in-
creasing of the imposed displacement could bring the specimen up to crushing failure. 

4.3 Dynamic analysis 

In this section dynamic time history analyses of T6 and T7 specimens are carried out; these 
two specimens, neglecting the little differences in the concrete mechanical properties, differ 
only in the numerical mass applied in the Pseudo-Dynamic experimental test, as shown in Ta-
ble 1. This difference can strongly influence the frequency of the system; for this reason, be-
fore running the full dynamic time history analyses, the frequency analyses have been carried 
out in order to calculate the natural frequency of each specimen and to compare it with the 
experimental results. 

Table 4 – Natural frequency and elastic stiffness: comparison between LFEA and experimental.  

    NLFEA   Experimental       

Specimen 
M fNLFEA KNLFEA   fexp Kexp   fNLFEA   

[ton] [Hz] [MN/m]   [Hz] [MN/m]    fexp   

T6 1252 9.6 4551   10.4 5341   0.92   
T7 11272 3.4 5139   3.6 5761   0.94   

          Average   0.93   
From Table 4 it could be seen how the natural frequency obtained by means of NLFEA,  

fNLFEA, is close to the experimental one. Indeed, the average value of the ratio between numeri-
cal and experimental frequency is equal to 0.93. 
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Figure 13 – Dynamic time histories analyses: comparison between experimental outcomes and NLFEA with 
PARC_CL 2.0 crack model for (a) T6 specimen and (b) T7 specimen.  

Finally, in Figure 13 the results obtained with dynamic time history analyses are plotted 
and compared with the results of the experimental Pseudo-Dynamic tests. 
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In Figure 13 the point corresponding to the crushing of concrete, and so to the failure of the 
specimen, is marked; after the crushing of concrete is reached, the NLFEA curve is presented 
with a dotted line. The crushing of concrete in NLFEA is considered as the point in which 
concrete reaches the ultimate strain, εc,u, reported in Table 3 (remember that for dynamic 
analysis the fine mesh is used). 

Comparing Figure 13-a with Figure 13-b it appears that for T6 specimen the crushing of 
concrete occurs before than for the T7 specimen. Indeed, for T6 specimen the crushing of 
concrete occurs after 33.2 seconds out of the 74.4 seconds of the analysis, while for T7 spec-
imen the crushing of concrete occurs after 64.5 seconds out of the 74.4 seconds of the analysis. 

In order to underline the capability of the PARC_CL 2.0 crack model to reproduce the hys-
teretic response of the analysed specimens, in Figure 14 the comparison between NLFEA and 
experimental results is reported. The NLFE curves are stopped when the crushing of concrete 
is reached. 
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Figure 14 – Dynamic time histories analyses stopped after the crushing of concrete: comparison between exper-
imental outcomes and NLFEA with PARC_CL 2.0 crack model for (a) T6 specimen and (b) T7 specimen.  

From Figure 14 it can be remarked that the PARC_CL 2.0 crack model are able to repro-
duce the hysteretic behaviour of reinforced concrete squat walls subjected to dynamic loading. 

5 CONCLUSIONS 

In this paper the monotonic, cyclic and dynamic behaviour of RC squat walls was investi-
gated by means of NLFEA carried out using multi-layer shell elements and the implemented 
PARC_CL 2.0 crack model. The main conclusions can be remarked as follow: 

• The definition of a fracture energy for reinforced concrete, RC
FG , allows to avoid the 

mesh dependency effect; indeed, the pushover analyses carried out using three differ-
ent meshes (coarse mesh, medium mesh and fine mesh) lead to comparable results; 

• The PARC_CL 2.0 crack model seems to well reproduce the cyclic behaviour of a RC 
squat walls, in particular it was highlighted that, a proper definition of the hysteretic 
behaviour of concrete and steel leads to well reproduce the structural cyclic response, 
not only in the loading phase but also in the unloading phase; 

• The implementation, within the PARC_CL 2.0 crack model, of the stiffness propor-
tional Rayleigh damping allows to run dynamic time history analyses. The results ob-
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tained using NLFEA and PARC_CL 2.0 are able to predict the cyclic behaviour of 
such kind of structural member. Nevertheless, further studies are needed to refine the 
dynamic model. 
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Abstract. This paper reports on the results of an ongoing Research Project aimed at com-

puting the risk of collapse of new buildings conforming to the Italian Seismic Design Code. 

Companion papers describe the overall Research Project, funded by the Italian Civil Protec-

tion Department (DPC), its different areas of application (reinforced concrete, masonry, steel 

buildings, etc), the overall seismic risk calculation procedure and the ground motion selection 

process followed to identify the recorded ground motions used for the multi-stripe analyses for 

twenty different ground motion intensities. This paper describes the nonlinear analyses on a 

number of reinforced concrete (RC) buildings equipped with different isolation systems. Base 

isolation is one of the most widespread techniques currently used for seismic protection of 

buildings and their equipment. The present study presents the results for a six storey RC build-

ing isolated with different base seismic isolation systems based on: (i) rubber bearings; (ii) 

rubber bearings and flat sliding bearings; (iii) friction pendulum systems. The isolation systems 

have been designed according to current Italian seismic code considering different suitable 

combinations of stiffness and damping or friction. The failure conditions of the proposed isola-

tion systems and peak responses of building have been evaluated through nonlinear dynamic 

analysis performed under bidirectional ground motions, considering twenty couple of natural 

earthquakes for ten different peak ground accelerations. The results point out that all isolation 

systems work effectively in limiting the building damage for seismic intensities much higher 

than the design earthquake. On the other hand, they have a little margin to collapse beyond the 

design seismic intensity. 
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1 INTRODUCTION  

Base isolation is one of the most widespread techniques currently used for seismic protection 
of buildings and their equipment. This paper describes the nonlinear analyses on a new rein-
forced concrete (RC) building equipped with different isolation systems conforming to the Ital-
ian Seismic Design Code [1] aimed at computing the risk of collapse and the risk of damage of 
the nonstructural components. In particular, eight different case studies of base isolated build-
ings located in L’Aquila (soil type C) have been considered in this study: two cases present an 
isolation system composed only by High Damping Rubber Bearings (HDRBs), four cases pre-
sent an hybrid isolation system composed by HDRBs and Steel-PTFE sliders and the other two 
cases present a friction pendulum (FPS) isolation system. Such cases differ only for the dimen-
sional and mechanical properties of the isolation system while featuring the same prototype 
building with similar dimensions and reinforcements of structural elements. Specifically, the 
superstructure of the isolated building prototype analyzed in the present study derives from the 
six-storey fixed base RC frame buildings considered by the WP of the research project working 
on RC structures [2]. The building is intended for residential use and it is characterized by a 
regular plan of approximately 240 square meters and 6 stories above ground. The height of the 
ground level is 3.4m while that of all the other stories is equal to 3.05m. The building structure 
includes the staircase, designed with knee beams. All floor plans are identical; the only differ-
ences are in the column and beam dimensions and reinforcement. The minimum column size is 
35 cm. Figure 1a shows the typical structural plan, where the fixed reference grid is highlighted 
and the arrows indicate the orientation of the one way slabs (with thickness of 25cm). The outer 
beams are all deep, while all internal beams are flat, as shown in Figure 1b.The 3D frame in-
cluded infill panels modelled for design and analysis purposes, as reported in Figure 2a, whereas 
Figure 2b reports the elastic response spectra for the site and the soil considered. 

  
 (a) (b) 

Figure 1: a) floor plan with fixed reference grid and b) beam types 

   
 (a) (b) 

Figure 2: a) 6-story infill frame and b) horizontal elastic response spectra for different return periods (b) 
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2 DESIGN OF THE STUDY CASES 

The seismic design of the isolated buildings has been performed by means of a modal re-
sponse spectrum analysis, following the indications of the Italian NTC 2008[1] design code. In 
this section, a summary of the structural design is reported, for both the isolation system and 
the superstructure. 

2.1 Isolation system 

For the two study cases presenting an isolation system composed only by HDRBs, due to 
the large number of elastomeric bearings, isolation periods ranging from 2.0 to 2.5 sec has been 

considered and a damping ratio (ξ) equal to 15% has been adopted in order to minimize the 
base shear transferred to the superstructure. In particular, two cases study have been designed, 
the first (case 1) characterized by an isolation period of about 2 sec and the second (case 2) 
characterized by an isolation period of about 2,5 sec. In particular, the isolation system has been 
designed by following the indications suggested in §7.10.4.2 and C11.9 of the NTC2008 ad by 
performing a response spectrum analysis at the Collapse Limit State (CLS). More in details, 
isolation bearings has been designed so that displacements and forces respect the following 
limitation: 

 25,1/* ≤≤ γγ s  (1) 

where γs is the shear deformation of rubber layers due to the total seismic displacement (in-

cluded torsional effects) and γ* is maximum shear deformation obtained from qualification tests 
aimed to assess the effective rubber-steel adhesion. The other limitation considered in the de-
sign is: 

 5≤++= αγγγγ sct  (2) 

where γt is the total deformation, γc is the shear deformation of rubber layers due to axial 

load and γα is the shear deformation of rubber layers due to angular rotation. Additionally, for 
the critical devices it has been checked that the maximum tensile stress is lower than the mini-
mum between 2Gdin and 1 MPa, as stated in §7.10.4.2 of NTC2008, in order to avoid cavitation 
phenomena. Also the maximum compression acting on the bearings has been checked to be 
lower than Vmax,c/2, where Vmax,c is buckling load evaluated as reported in C11.9.7: 

 
e

rdin
c

t

DSAG
V 1

max, =    (3) 

Figure 3a shows the devices configuration for the two study cases considered, with bigger 
devices placed under the columns with larger axial loads. The HDRB are identified by a two 

number code, the first number (φ) defines the diameter and the second one (te) the total rubber 
layer thickness. Table 1 reports the main design results. In particular, is the isolation period 
(including the superstructure deformability), Tis/Tbf is the isolation ratio between the periods of 
the isolated and base fixed structure, dmax,HDRB is the maximum displacement of the bearings 

leading to the maximum shear strain of the rubber γmax, D/C is the demand/capacity ratio in 
terms of shear strain (D/C shear), vertical compression load (D/C compr), vertical tensile stress 
(D/C tens) and inter-story drift at Damage Limit State (D/C drift DLS). For the hybrid (elasto-
meric + steel/PTFE sliders) isolation system the devices configuration examined is illustrated 
in Figure 3b. It is worth noting that a number of sliders equal to 1/3 of the total devices has been 
assumed to ensure an appropriate horizontal rigidity. In this case, in order to cover typical situ-
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ations that can be found in the current practice, a certain number of isolation systems, charac-
terized by damping ratio equal to 10 or 15% and isolation period ranging from 2.5 to 3.0 sec, 
have been considered. The design of the isolation bearings has been conducted according to the 
limitations illustrated for the cases study presenting an isolation system composed only by 
HDRBs. The characteristics of the four case studies (superstructure + isolation system), as well 
as the main design results, are reported in Table 2. 

Finally, the design of the isolation system based on FPS has been performed to reach higher 
isolation periods [3]. In particular, two different cases are designed: the first one (case 1) with 
lower isolation period (effective radius Re=3100mm corresponding to an isolation period of 
Tis=3.5sec) and higher energy dissipation (medium friction); the second one (case 2) with higher 
isolation period (effective radius Re=3700mm corresponding to an isolation period of Tis=3.9sec) 
and lower energy dissipation (low friction). Preliminary design has been completed trough an 
equivalent linear response spectrum analysis in order to define the design displacement ddc of 
the isolation system. Design value is calculated at Collapse Limit State (CLS) with an iterative 
procedure, as described in § 7.10.5.2 of NTC2008, because the isolation system properties are 
dependent from the design displacement value. To determine the effective stiffness Ke, the ef-

fective period Te and effective damping ξe of the equivalent linear model, the following expres-
sions have been used: 
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where N is the actual vertical load, Re is the effective radius, µ is the friction coefficient, g 
is the gravity acceleration. On the base of suppliers’ data, the characteristics of the isolators, in 

terms of displacement capacity dm, have been selected and compared with design values of the 

two case studies. Table 3 shows the characteristics of the FPS systems. In terms of vertical load 

capacity, 2 different model have been selected for external and internal bearings, in order to 

ensure the ratio NSd/NEd > 0.5, where NSd is maximum vertical load capacity in static conditions 

and NEd is the maximum vertical load capacity in dynamic conditions (Figure 3c). 

 
 (a) 

   
 (b) (c) 

Figure 3: isolation system configuration of a) HDRBs, b) hybrid case and c) FPS 
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CASE HDRB 

φ/te 

ξ 
[%] 

dmax,HDRB 

[mm] 

Tis 

[s] 
γmax D/C 

shear 
D/C 

compr. 
D/C 
tens. 

Tis/Tbf 

 
D/C 

drift DSL 

case 1 600/128 + 700/130 15 250 2,04 1,63 0,82 0,82 0,99 2,60 0.31 

case 2 550/154 + 600/150 15 300 2,46 1,71 0,86 0,97 0,33 3,46 0.21 

Table 1: geometric characteristics and design outcomes for HDRB isolation system 

Table 2: geometric characteristics and design outcomes for hybrid isolation system 

CASE Re 

[mm] 
µ 

[%] 

ddc 

[mm] 

dm 

[mm] 

Te(ddc) 

[sec] 
ξe(ddc) 

[%] 

case 1 3100 5.50 168 ± 250 2.49 32 

case 2 3700 2.50 258 ± 300 3.37 17 

Table 3: geometric characteristics and design outcomes for FPs isolation system 

2.2 Superstructure 

According to NTC 2008, the Life Safety Limit State has been assumed as reference for the 

structural design. All buildings were designed using the Response Spectrum Analysis, neglect-

ing capacity design while considering low ductility class (CDB) for structural details. The su-

perstructure is classified as ordinary, thus the importance factor is Cu=1. The staircase is part 

of the building structure and has been designed using knee beams. A supplementary floor has 

been added at the bottom of the first storey columns and a grid of RC beams has been imple-

mented at the aforesaid level of the building. It is commonplace in Italy to use masonry infills 

in the building outer walls. As a consequence, regularly distributed infill panels, in plan and 

elevation, have been considered. Infills are not included as structural elements in the building 

model but are only included as dead loads. For each isolation typology, the case study that 

maximizes the base shear transferred to the superstructure has been used for the structural de-

sign of the building. Table 4 summarizes the design data of the selected prototypes for the study 

cases. In particular, ΣAcol/Afloor is the total column area at the ground floor divided the total floor 

area; ρb_deep,1,m is the average deep beams’ longitudinal steel ratio, ρb_flat,1,m is the average flat 

beams’ longitudinal steel ratio and ρc,1,m is the average base floor columns’ steel ratio. 

 Average floor ΣAcol/Afloor ρb_deep,1,m ρb_flat,1,m ρc,1,m 

 [kN/m2] [%] [%] [%] [%] 

HDRB 13.1 1.80 1.0 1.1 1.13 

HDRB-FSB 12.6 1.81 1.1 1.0 0.9 

FPS 14.7 1.77 0.8 0.8 0.9 

Table 4: global load and reinforcement characteristics 

CASE HDRB 

φ/te 

SLIDES 

V/dmax,x/dmax,y 
ξ 

[%] 

dmax [mm] Tis 

[s] 
γmax D/C 

shear 

D/C 

compr. 

D/C 

tens. 

Tis/Tbf 

 

D/C 

drift 

DSL 
HDRB Slides 

case 1 650/180 350/700/700 10 350 350 2.84 1.83 0.94 0.89 0.83 3.05 0.36 

case 2 600/152 350/600/600 15 300 300 2.84 1.88 0.95 0.82 0.54 3.05 0.30 

case 3 600/176 350/700/700 15 350 350 3.04 1.7 0.85 0.98 0.19 3.27 0.27 

case 4 700/180 350/700/700 10 350 350 2.66 1.69 0.87 0.65 0.94 2.86 0.30 
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The column area and the reinforcement ratio are almost the same for all the study cases. In 

fact, the column sizes mainly derive from pre-sizing based on the assumed maximum normal-

ized axial load and in most cases the amount of reinforcement is given by the minimum rein-

forcement requirements of NTC 2008. The staircase knee beams experience high 

tension/compression excursions, pointing to possible numerical issues in the nonlinear analyses.  

3 MODELLING STRATEGIES 

A nonlinear model of the all cases study has been developed in the computational platform 

OpenSees [4], including the superstructure and the isolation system. In particular, for the isola-

tion devices accurate nonlinear models have been selected in order to correctly predict the re-

sponse of the isolated building. On the contrary, in the superstructure modelling pragmatic 

choices have been done due to the size of the building and the number of analyses to be carried 

out. In this section, a description of the adopted models is reported for both the isolation system 

and the superstructure.  

3.1 Isolation system 

To describe the cyclic behavior of the HDRBs, the selected model is that recently developed 

by Kumar et al. 2014 [5] and implemented in Opensees as HDR Bearing Element. The physical 

model is as a two-node, twelve degrees-of-freedom discrete element. The two nodes are con-

nected by six springs that represent the mechanical behavior in the six basic directions of a 

bearing. The coupling of the two shear springs is considered directly by using a coupled bidi-

rectional model. All other springs are uncoupled. The coupling of vertical and horizontal direc-

tions are partially considered (in an indirect way) by using expressions for mechanical 

properties in the vertical direction that are dependent on the response parameters in the hori-

zontal direction (but properties in the horizontal direction does not depend on the response in 

the vertical direction in the current version of the model). Linear uncoupled springs are consid-

ered in the torsion and the two rotational springs, as they are not expected to significantly affect 

the response of an elastomeric bearing. The material model in the axial direction (Figure 4) is 

based on a mathematical model developed by Kumar [5] that captures the cavitation and post-

cavitation behavior in tension and the variation of the critical buckling load and the vertical 

axial stiffness with horizontal displacement in compression. The bidirectional model proposed 

by Grant et al. 2004 [6] is adopted to describe the behavior under the two shear directions 

(Figure 5). This model is able to capture the degradation of bearing stiffness and damping due 

to scragging effects in shear, which is of particular importance for high dissipative rubbers 

[6][7]. For the torsional behavior in the two rotational directions, a linear elastic model is as-

sumed. 

 

Figure 4: global mathematical model of elastomeric bearings in axial direction 
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Figure 5: global mathematical model of elastomeric bearings in shear accounting for the stress softening 

An iterative procedure has been followed to calibrate the model parameters, based on the 

fitting of experimental tests carried out on real scale HDRBs (provided by the university of 

Basilicata) made by a soft rubber with shear modulus G=0.4 MPa. Figure 6 shows the compar-

ison between the calibrated model (blue line) and the experimental data (red line) in terms of 

shear stress-strain relation. The first test (Figure 6a) has been carried out up a shear deformation 

equal to 1.5 on the virgin device, whereas the second one (Figure 6b) is the repetition of the 

first test on the same devices after a series of tests at strains larger than 1.5 (scragged device). 

In Figure 7a three tests carried out up to a maximum strain of 3.8 are reported with the numerical 

simulation (blue line). The test depicted with the yellow line has not been considered for the 

calibration because the failure of the device connection has occurred. Since the equivalent linear 

parameters at the third cycle of the bearing rubber used for the experimental tests are G = 0.37 

and ξ = 0.137, the obtained model parameters have been modified in order to obtain the design 

value. In particular the model parameter used to simulate the rubber with equivalent linear pa-

rameters G = 0.4 and ξ = 0.15 are reported in the first row of Table 5. In the second row the 

parameters used to simulate the less dissipative rubber used in the design (G = 0.4 and ξ = 0.10) 

are reported. The differences between the two design rubbers are illustrated by the hysteresis 

loops reported in Figure 7b. 

  
 (a) (b) 

Figure 6: cyclic shear test on the a) virgin and b) scragged device 

Actually Grant model [6] has 10 parameters which define the behaviour of the entire bearing 

(a1, a2, a3 for the elastic component, b1, b2, b3 for the inelastic component, c1, c2, c3, c4 for the 

damage). Thus, a procedure to convert rubber parameters to bearing parameters has been de-

veloped, by implementing the following relations, where A is the rubber area and Tr is the total 

rubber thickness: 
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rTAa /11 ⋅= α  
3

22 / rTAa ⋅= α  
5

33 / rTAa ⋅= α  (5 a,b,c) 

Ab ⋅= 11 β  
2

22 / rTAb ⋅= β  
rTb /22 β=  (6 a,b,c) 

3

11 / rTc χ=  
3

22 / rTc χ=  33 χ=c  
3

44 / rTc χ=  (7 a,b,c) 

  
 (a) (b) 

Figure 7: a) shear tests up to large strains and b) comparison between the two design rubbers  

Rubber α1 α2 α3 β1 β2 β3 χ1 χ2 χ3 χ4 

ξ=0.15 276.03 17.19 3.606 170.37 77.106 5.094 0.01287 0.086 0.8306 0.00005 

ξ=0.10 314.94 17.19 3.606 100.22 77.106 5.094 0.01287 0.086 0.8306 0.00005 

Table 5: model parameters for the shear behaviour of HNDR bearings 

The nonlinear behaviour of the FPSs has been modelled by using one joint link element type 

biaxial Friction-Pendulum Isolator. The friction and pendulum forces are directly proportional 

to the compressive axial force in the element which cannot carry axial tension [8]. The cyclic 

nonlinear behaviour is expressed through the initial stiffness Ki (before sliding, with a quasi-

rigid behaviour), and the restoring stiffness Kr=N/Re, as shown in Figure 8. The velocity de-

pendence of the friction coefficient is described by the Constantinou et al. [9] model: 

 ( ) v

slowfastfast e
αµµµµ −⋅−−=    (8) 

where ν is the sliding velocity; µfast and µslow are the sliding coefficients of friction at maxi-

mum and minimum velocity respectively; α is a rate parameter that controls the transition from 

µslow to µfast. The axial load dependence of the coefficient of friction is not considered in this 

study. 

   
 (a) (b) 

Figure 8: a) nonlinear cyclic behaviour of the DCFP bearings and b) velocity dependent friction model. 

Table 6 reports the main parameters of the FPS numerical model. For each case study, the 

values of µslow is the friction coefficient as declared by the manufacturer. The other parameters 
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(µfast, α and Ki) have been calibrated on the base of experimental characterization tests on sim-

ilar bearings. Large values have been used for vertical stiffness, KV. 

 

Case Radius (mm) µslow (%) µfast (%) α (s/m) Ki (kN/m) KV (kN/m) 

Case 1 3100 5.5 8.0 5.0 5000 1E^10 

Case 2 3700 2.5 5.0 5.0 5000 1E^10 

Table 6: FPS model parameters 

3.2 Superstructure 

A lumped plasticity model has been chosen for beam and column members of the super-

structure, whereas elastic beams have been used for the base floor grid above the isolation 

system. The choice of representing the superstructure with a nonlinear model is justified by the 

results of recent studies on this topic [10], which pointed out the effects of the inelastic behav-

iour of the superstructure on the seismic response of base isolated structures. The model also 

includes the staircase structure (inclined beams and cantilever steps) as well as masonry infill 

panels. In particular, in order to limit the forces acting on the inclined beams to values compat-

ible with their strength, the stiffness of the axial degree of freedom of the internal elastic ele-

ment has been reduced to zero, while putting an inelastic truss element in parallel with a non-

symmetric elastic plastic constitutive law. The contribution of the masonry infill panel to the 

response of the reinforced concrete frame is modelled by replacing the panel with an equivalent 

strut acting only in compression. The equivalent diagonal strut is a coherent engineering model 

for infilled frames and a modified version of Decanini et al. model [11] was selected for mod-

elling the struts. The effects of the openings were accounted for through reduction factors [12] 

according to Figure 9.Considering that the modelling choices concerning the structural (and 

non-structural) elements of the superstructure have been derived from those adopted by WP 

working on RC frames, reference to [2] can be made for all the modelling details. 

 

Figure 9: masonry infill panels: percentage of openings (from 100% yellow to 0% red) 

4 NONLINEAR DYNAMIC TIME HISTORY ANALYSES 

The seismic vulnerability of the designed structures was assessed by means of multi-stripe 

non-linear dynamic analysis carried out by considering 10 intensity levels with 20 ground mo-

tions per stripe. For base isolated buildings, the collapse condition could be related to the col-

lapse of the superstructure or the collapse of the isolation system, which are both described in 

this section. The collapse of the structural system is deemed attained when the collapse of one 

of components of the structural system is reached.  
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4.1 Isolation system collapse conditions 

The global collapse condition of the isolation system depends on the typology and the asso-

ciated failure modes of the specific devices composing the system. For what concerns HDRBs, 

in the present study the collapse of a singular elastomeric device has been associated to the 

occurrence of one of the following failure modes: i) cavitation ii) buckling iii) shear. About the 

first failure mode, recent experimental tests have shown that elastomeric bearings can sustain 

large tensile strains of up to 100% following cavitation, without rupture of the bearing [13]. In 

this work an axial tensile strain equal to 0.5 has been prudently assumed as reference threshold 

and the global collapse condition has been conventionally fixed when the 50% of elastomeric 

devices reaches an axial tensile strain greater or equal to the assumed threshold. For the buck-

ling failure, a step-by-step value of the critical buckling load of each device have been recorded 

during the analyses in the Opensees environment. Therefore, the P/Pcr ratio between the current 

axial load and the critical buckling load has been evaluated in order to identify the collapsed 

devices i.e. when P/Pcr=1. The global collapse condition has been conventionally fixed when 

the 50% of elastomeric devices simultaneously reaches a value of the axial compressive force 

equal to the critical buckling load. Finally, with regard to the shear failure, recent studies [14] 

pointed out a lower bound limit for rubber failure in terms of shear deformation (γ) of about 

260%, regardless the shape factor value and the applied pressure. Such value seems to be ex-

cessively precautionary if compared to the experimental results obtained by Muramatsu et al.  

[15] and Kawamata and Nagai [16], which propose values of the order of 400-500%. All that 

considered, a limit value equal to 350% has been assumed in the present study, which also 

corresponds to the maximum shear strain of the experimental tests used to calibrate the hori-

zontal shear behaviour of the numerical HDR model. The global collapse condition has been 

conventionally fixed when the 50% of elastomeric devices reaches a shear strain greater or 

equal to the assumed limit. 

For what concerns the steel/PTFE sliders, the failure has been associated to a horizontal 

displacement value equal to the device capacity increased by an extra-displacement equal to the 

bearing radius. The current displacement of centre of gravity of the base floor has been assumed 

as displacement demand. Similarly, the collapse of a singular FP device is associated to a hor-

izontal displacement value equal to the maximum displacement capacity dm increased by an 

extra-displacement capacity (+10% of dm). The current displacement at the external angle joint 

of the base floor has been assumed as displacement demand. All the collapse conditions are 

summarized in Table 7. Obviously in the case of HDRBs or hybrid systems, the collapse of the 

isolation system is deemed attained when one of the associated collapse conditions is reached. 

FAILURE 
MODE 

COLLAPSE CONDITIONS 

Buckling 50% of elastomeric devices (simultaneously) reaches a value of the 
axial compressive force equal to the critical buckling load; 

P/Pcr=1 

Cavitation 50% of elastomeric devices reaches an axial tensile strain (εt) greater 
or equal to 50%; 

εt ≥ 50% 

Shear 50% of elastomeric devices reaches a shear strain (γ) greater or equal 
to 3.5; 

γ ≥ 3.5 

Sliders The center of gravity of the base floor reaches an horizontal displace-
ment equal to the device capacity increased by an extra-displacement. 

du = dmax,slide+φ/2 

FPS The external angle of the base floor reaches an horizontal displace-
ment equal to the device capacity increased by an extra-displacement. 

du = 1.1dmax,FPS 

Table 7: collapse Conditions for the isolation system 
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4.2 Superstructure collapse condition 

For the superstructure, an approximate criterion is adopted. In fact, capacity is defined as the 

value of drift (IDR or RDR can be used indifferently for these buildings) at 50% decrease in 

base shear on the negative slope. This value is preferred since it is easier to identify on the 

pushover curves. Obviously, the fixed base configuration has been considered to perform the 

pushover analysis of the examined building. Two values of collapse are determined, one in the 

X and the other in the Y direction (single value, no significant difference was detected between 

‘+’ and ‘-‘).All the push over curves are reported in Figure 10. 

  
 (a) (b) 

  
 (c) (d) 

  
 (e) (f) 

Figure 10: pushover curves and displacement thresholds in the X and Y-directions at CLS for a-b) HDRB,  c-d) 

HDRB+FSB and e-f) FPS (without infills). 

4.3 Results of nonlinear dynamic time history analyses at the Collapse Limit State 

The analyses results for the Collapse Limit State are summarized in this section in terms of 

number of failures. In other words, the total number of records determining a collapse condition 

for the base isolated building is reported as a function of the seismic intensity. Moreover, the 

failure modes that caused the collapse are pointed out for each record by using different colours. 

The results presented in Figure 11 are related to the cases study presenting an isolation system 

composed only by HDRBs and point out that, for an intensity measure level corresponding to 
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a return period equal to 1000 years (i.e. IM6), typically assumed as Collapse Limit State ac-

cording to NTC2008, no failures are recorded. As a general trend, a significant number of fail-

ures is recorded above IM 9. Such failures are mainly associated to the superstructure in the 

case 1, due to the lower value of the isolation ratio. Differently, in the case 2, characterized by 

a lower margin with respect to the buckling load capacity, the failures are associated to both the 

superstructure and buckling of bearings. For the sake of completeness, a comparison between 

the results obtained for case 2 using two different set of ground motions, with conditioning 

period 2.0 and 3.0 seconds, is presented in Figure 12. In the case 2b a significant number of 

failures is recorded above IM 7. The difference between the obtained results is due to the dif-

ferent characteristics of the records included in the two set. More detail can be found in [17] 

which is the paper of the WP working on the seismic input and risk assessment procedure. 

  
 (a) (b) 

Figure 11: summary of NTHAs’ results at CLS for a) case 1 and b) case 2 for HDRB   

 
 (a) (b) 

Figure 12: NTHAs’ results at CLS for HDRB case 2 obtained using a) conditioning period equal to 2 sec and b) 

conditioning period equal to 3 sec. 

The results presented in Figure 13 are related to the four cases study presenting an hybrid 

system. Also in this case, the obtained results point out that, for the intensity measure level 

corresponding the Collapse Limit State (i.e. IM6) no failures are recorded, whereas a significant 

number of failures is recorded above IM 7. Such failures are mainly associated to buckling 

phenomenon except for case 4. For the latter, as expected, the superstructure collapse is the 

prevalent failure mode due to a lower value of the isolation ratio.  

Finally, results presented in Figure 13 are related to the cases study with FP devices. Also in 

this case, no failures are recorded at IM6, whereas a significant number of failures is recorded 

above IM 7 for the isolation system and between IM8/IM9 for the superstructure. 
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 (a) (b) 

 
 (c) (d) 

Figure 13: summary of NTHAs’ results at CLS for a) case 1, b) case 2, c) case 3 and d) case 4 for HDRB+FSB 

RU 

 
 (a) (b) 

Figure 14: summary of NTHAs’ results at CLS for a) case 1 and b) case 2 for FPS 

Based on the results obtained, limited safety margins with respect to the collapse of the 

building have been observed, for all the isolation systems considered and for almost all the 

study cases analysed. This is due to an optimized and controlled design of the isolation system 

towards the above mentioned limit state. 

4.4 Results of nonlinear dynamic time history analyses at the Damage Limit State 

The Damage Limit State is defined in NTC2008 as the limit state where “the structure, in-

cluding structural and nonstructural elements, and machines relevant to its functions, exhibit 

damage that does not expose its occupants to any risk, and that does not compromise the 

strength and stiffness of the structure with respect of the vertical and horizontal loads. The 

structure is immediately usable even if some machineries are not fully operational.” Based on 

the above definitions, Italian design guidelines define InterStory Drift Ratios (IDRs) limits for 

existing buildings equal to IDR ≤ 0.003, if the model includes the infills, and IDR ≤ 0.005 for 

the Bare Frame case. Thus, in the present study, the failure condition has been assessed by 

case 1 case 2 

case 4 case 3 

case 1 case 2 
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comparing the Demand inter-storey drift (i.e. the maximum inter-storey drift value derived from 

Non Linear Time History Analyses), with the Capacity inter-storey assumed equal to 3‰. In 

this optic, D/C ratios larger than 1 are associated to the mentioned failure condition. 

The analyses results for the Damage Limit State are summarized in this section in terms of 

D/C ratios (where D represents the largest IDR over X and Y directions of top displacement 

demand-absolute value) associated to each singular record and IM for each case study. In par-

ticular D/C ratios for the study cases are reported in Figure 15, Figure 16 and Figure 17. 

  
 (a) (b) 

Figure 15: D/C ratios for a) case 1 and b) case 2 for HDRB  

 
 (a) (b) 

 
 (c) (d) 

Figure 16: D/C ratios for a) case 1, b) case 2, c) case 3 and d) case 4 for HDRB+FSB 

 
 (a) (b) 

Figure 17: D/C ratios for a) case 1 and b) case 2 for FPS. 
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Al the results presented point out that, for an intensity measure level corresponding to a 

return period equal to 50 years (i.e. IM2), typically assumed as Damage Limit State according 

to NTC2008, no failures are recorded and D/C ratios sensibly lower than 1 are obtained. A 

significant number of failures (D/C≥1) is obtained only for seismic events characterized by 

return periods greater than 1000 years (i.e. IM6). Based on the results obtained at DLS, a large 

margin with respect to the capacity of the building  at the DLS have been observed, for all the 

isolation systems considered and for almost all the study cases analyzed. This is due to the high 

protection level that seismic isolation techniques are able to provide against the attainment of 

the DLS, which has been resulted much greater that for fixed-base buildings. 

5 CONCLUSIONS 

This paper presents the results of an ongoing project  on the implicit risk of seismic collapse 

(and damage) of isolated buildings designed according to the current Italian design code 

NTC2008. The paper focuses on a six storey RC building isolated with different base seismic 

isolation systems based on: (i) rubber bearings, (ii) rubber bearings and flat sliding bearings, 

(iii) friction pendulum systems. The design procedure of the isolation system and the super-

structure, according to current Italian seismic code, has been shown, and a nonlinear model of 

the all cases study has been developed in the computational platform OpenSees, using available 

advanced elements for the isolators’ behaviour. Definitions of collapse and damage limit states 

are discussed. Finally, the failure conditions of the proposed isolation systems and peak re-

sponses of building have been evaluated through nonlinear dynamic analysis performed under 

bidirectional ground motions considering twenty couple of natural earthquakes for ten different 

peak ground accelerations. The results point out that all isolation systems work effectively in 

limiting the building damage for seismic intensities much higher than the design earthquake. 

On the other hand, they have a little margin to collapse beyond the design seismic intensity. 
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Abstract. A critical issue in performance-based seismic assessment of structures and infra-

structures is the development of reliable formulations able to correlate engineering demand 

parameters (EDPs) with given earthquake intensity measures (IMs). This task involves the 

following steps: i) selection of target cases-study and elaboration of the corresponding struc-

tural models, ii) preparation of the database collecting seismic records, iii) identification of 

candidate EDPs and IMs, iv) nonlinear dynamic analyses, v) numerical calibration of func-

tional models able to correlate EDPs and IMs, vi) evaluation of the predictive capability of 

the developed models. Within this framework, the present paper exploits an advanced nonlin-

ear regression method – named Evolutionary Polynomial Regression technique – in order to 

obtain several non-dominated models (according to the Pareto’s dominance criterion) that 

predict EDPs as function of assigned IMs for fixed-base and base-isolated multi-storey rein-

forced concrete buildings subjected to ordinary and pulse-like ground motion. 
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1 INTRODUCTION 

Many studies have been carried out in the past years to find suitable correlations between 

intensity measures (IMs) and engineering demand parameters (EDPs), and large efforts have 

been also spent to improve their predictive capability. Because of the large number of hazard 

curves available for the peak ground acceleration (PGA) and the spectral acceleration at the 

fundamental period of the structure (Sa(T1)), these two parameters have been widely adopted 

as candidate  IMs. Unfortunately, several works have shown that Sa(T1) might not be a good 

predictor since it does not account for the lengthening of the period as the structure goes well 

into the inelastic range, and it does not consider the influence of the higher modes. Conse-

quently, some scalar measures have been proposed in order to take into account such aspects 

[1][2]. Further IMs (including spectrum IMs) have been investigated in recent years, and they 

have exhibited better predictive capabilities than PGA and Sa(T1), especially in case of medi-

um-period frame structures [3]. Vector intensity measures have also been proposed [4] by 

merging other parameters to Sa(T1) in order to enhance the correlations with respect to the 

selected EDPs. Moreover, modified IMs have been suggested for structural systems equipped 

with seismic protection devices, such as base isolation system [5] or hysteretic dampers [6]. 

For base-isolated buildings, for instance, it has been demonstrated that the predictive capabil-

ity of the IMs significantly depends on the isolation period of the structure when pulse-like 

ground motions are considered. For such dynamic loading condition, velocity-related IMs ex-

hibit a strong correlation with the response of the isolation system.  

Within this framework, the main goal of the present study is to propose new reliable for-

mulations able to correlate EDPs with given IMs. Two archetypes of multi-storey reinforced 

concrete (RC) buildings (i.e., a fixed-base building and a base-isolated building) are studied 

by varying their characteristics. The seismic response is calculated through non-linear dynam-

ic analyses, considering two sets of ground motions (GMs) consisting of ordinary and pulse-

like records. A large number of IMs selected amongst those commonly used in the literature 

are taken into account. Functional models able to correlate the considered IMs and the select-

ed EDPs are calibrated by means of an advanced nonlinear regression method, namely the 

Evolutionary Polynomial Regression technique.  

2 DEFINITION OF STRCTURAL MODELS AND SEISMIC INPUT 

The selected case-study is a six-storey, three-bay framed RC building with a fixed base or 

retrofitted with a base-isolation system. The superstructure (which is designed according to 

the previous Italian code DM 1996) is representative of existing buildings located in a high 

seismic zone (i.e., “zone 1” according to the seismic hazard classification within DM 1996). 

Essential geometrical data about this case-study are reported in Figure 1a. The periods of the 

first three modes of vibration of the fixed-base structure are equal to 1.17 s, 0.4 s and 0.24 s, 

respectively (they are obtained by using the reduced cracked stiffness of the structural ele-

ments, which is half the initial elastic one). Base-isolation systems having different properties 

are considered. Figure 1b reports the constitutive law used for representing the cyclic re-

sponse of the isolation system, which is characterized by no-stiffness degradation under cyclic 

loading. Different behaviors of the base-isolation system can be obtained by varying the three 

parameters that define the bi-linear backbone curve of the constitutive law (namely, the elastic 

strength Fd, the elastic limit displacement Dy and the post-elastic stiffness Kd) [7]. In this re-

gards, Avşar and Özdenmir [8] have demonstrated recently that the correlation between the 

IMs and the response of the isolation system is not significantly sensitive to the Fd value. 

Therefore, isolation systems that differ each other only for Dy and Kd values are considered in 

this study. Specifically, the elastic strength Fd is set equal to 0.03 the seismic weight W of the 
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structure. The elastic limit displacement Dy is assumed equal to 0 mm (it is representative of 

isolation systems consisting of friction pendulum isolators) whereas four values of Kd are 

considered. They are calculated in such a way to obtain isolation periods T (defined as T = 2π 

(W/Kdg)
1/2

 ) equal to 3.0, 3.5, 4.0 and 4.5 sec.  

          

Fd

Dy

Kd

Force

Displacement

Fd: elastic strength

Dy: elastic limit disp

Kd: post-elastic stiffness

 
 

Figure 1: The framed structure considered in the present study (left) and the bi-linear hysteretic law used to 

model the lateral constitutive behavior of the isolation system (right).  

 

 A total of 139 seismic records is selected from the Next Generation of Attenuation Project 

Database of the PEER dating back to 2005. These GMs are used as input dynamic loading for 

non-linear dynamic analyses. In order to highlight the effects of pulse-type GMs [9]-[11], this 

database is divided into two groups, namely ordinary GMs (80 records, closest distance rang-

ing from 0.34 km to 87.87 km, magnitude from 5.74 to 7.9) and pulse-like near-fault GMs (59 

records, closest distance ranging from 0.07 km to 20.82 km, magnitude from 5 to 7.62). All 

the selected time-histories are recorded on soil classified as type C or D, according to the 

NEHRP site classification based on the preferred Vs30 values. The horizontal component used 

in the analyses is selected as follows:  

 the component having larger spectral acceleration at the fundamental period of the con-

sidered superstructure for ordinary GMs, 

 the fault-normal rotated component for pulse-like near-fault GMs. 

The structural response is evaluated via non-linear dynamic analyses performed by means 

of OpenSees 2.2.2. The models of the RC frames have been prepared using Beam with fibre-

hinges Elements whereas Elastomeric Bearing Elements have been adopted for the isolation 

system. The masses are concentrated at the nodes representing the beam-column joints, and 

the stiffness of the floors is modeled with rigid diaphragm constraints. The interested reader 

can found more details about the structural modeling in Ref. [5]. 

3 INTENSITY MEASURES AND ENGINEERING DEMAND PARAMETERS 

3.1 Engineering demand parameters  

The EDPs considered in this study are the following: 
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 Maximum Inter-story Drift Ratio (MIDR), i.e. the maximum value of the peak inter-

story drift ratio (drift normalized by the story height) over all the stories; 

 Maximum Floor Acceleration (MFA), i.e. the maximum value of the peak floor abso-

lute acceleration over all stories of the superstructure. 

The MIDR has been widely used as EDP for the assessment of structural damages. It has been 

shown that it is closely related to local damages, instability phenomena, and story collapses. 

On the other hand, MFA reflects the level of non-structural damages.  

3.2 Intensity measures 

The IMs considered in this study are classified into two groups, i.e. non-structure-specific 

IMs calculated directly from ground motion time-histories (Table 1) and structure-specific 

IMs obtained from response spectra of ground motion time-histories depending on the period 

of the structure (Table 2).  
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PGD Peak ground displacement |(t)u|maxPGD g  

Id 
Compound displacement-

related IM [14] 
1/3

dd tPGDI   

ID 
Incremental displacement 

[16] 
 

Table 1: Non structure-specific IMs considered in this study. 

Non-structure-specific IMs are further divided into three categories: acceleration-related, 

velocity-related and displacement-related IMs. On the other hand, structure-specific IMs are 

divided into two groups, i.e. IMs obtained from the response spectral ordinate at certain peri-

ods and IMs carried out from the integration of response spectra over a defined period range. 
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Table 2: Structure-specific IMs considered in this study. 

The interested reader can found further details about IMs elsewhere, e.g. Refs. [18][19].   

4 EVOLUTIONARY POLYNOMIAL REGRESSION TECHNIQUE 

4.1 Development of data-driven models using soft computing techniques  

Soft computing techniques have proven especially suitable for developing data-driven non-

linear models. For instance, Genetic Programming (GP) [21] was originally proposed in order 

to identify interpretable symbolic expressions. It employs an evolutionary algorithm to search 

among a population of possible combinations of mathematical operators, candidate arguments 

(variables) and parameters. It was observed, however, that the original GP paradigm produces 
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complicated expressions, and then a rule-based GP that incorporates the numerical estimation 

of the constants was proposed [22]. Although this technique is flexible in some applications, it 

suffers from the explosion of the number of parameters when complex and nested GP formu-

lations are encountered. The Evolutionary Polynomial Regression (EPR) paradigm was intro-

duced in order to provide a substantially different search strategy for building mathematical 

expressions of models [23]. This technique has been successfully applied in many engineering 

fields, e.g. hydrology, hydraulics, hydro-climatology, geology, geotechnical engineering. Re-

cently, the EPR technique has been exploited in the fields of structural engineering and mate-

rial science, see for instance Refs. [24]-[29]. 

4.2 The basis of the Evolutionary Polynomial Regression technique 

The EPR technique overcomes the drawbacks of Davidson’s rule based GP by employing a 

hybrid data-driven technique that combines the effectiveness of Genetic Algorithms (GA) 

with numerical regression. From a numerical standpoint, EPR can be defined as a non-linear 

global stepwise regression technique. The models developed by means of the EPR are non-

linear because the relationships involving the basic variables can produce non-linear functions, 

although they are linear with respect to regression parameters. Moreover, EPR is a global re-

gression technique since the search for the optimal model structure is based on the exploration 

of the whole (discrete) space of models, by leveraging a special coding of the candidate math-

ematical expressions. A general model adopted in EPR is [23]: 

 
 

 
 

 
 

 
 

  ,1 , , 1 ,2
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ˆ ... ...
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j j k j k j k

j k k
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where m is the maximum number of additive terms, [X1… Xk] are the model inputs (i.e., can-

didate explanatory variables) and Ŷ is the model output. The function f and the exponents 

ES(j,z) are selected from a set of alternatives defined by the user. The adjustable parameters aj 

are evaluated by means of the linear least squares (LS) method based on the minimization of 

the sum of squared errors (SSE). The SSE reads: 

 
 

2

1

ˆ
N

i i

i

SSE y y N


   (2) 

where yi and ˆ
iy  are target value and model prediction, respectively. The search for the opti-

mal f  and ES(j,z) is performed by means of a standard GA over a database defined by the us-

er. The GA operates by simulating the Darwinian evolution: it begins with a random 

population of initial solutions and – through crossover and mutation operations – it creates a 

new generation of candidate solutions. In doing so, fit individuals are selected for mating 

whereas weak individuals die off. The mated parents create a child (offspring) with a chromo-

some set which is a mix of parents’ chromosomes. An integer coding with single point cross-

over is used [23]. It is worth noting that, if the user-defined set of exponents contains zero and 

ES(j,z)=0, then the relevant model input disappears from the final expression. Hence, func-

tional structures such as Eq. (1) are able to reproduce a large variety of models. The EPR 

stops when a termination criterion is fulfilled. It can be either the maximum number of gener-

ations, the maximum number of terms in the target mathematical expression or a particular 

user-selected tolerance. The earliest version of the EPR entailed a single-objective optimiza-

tion strategy where the unique search criterion was the Coefficient of Determination (COD): 

 

   
2 2

1 1

ˆCOD 1
N N

i i i

i i

y y y y
 

      (3) 
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and it measures the proportion of the total variation of Y that is explained by the model pre-

dictions Ŷ. The denominator allows to evaluate how the model performs in comparison with 

the average of the recorded outputs y , which is the simplest description of the available data. 

A perfect fit to data would lead to COD = 1 (or 100%), while COD values close to zero would 

indicate that model performances are comparable with y . Negative COD could be obtained, 

which means that y  provides a better description of data than the model predictions Ŷ. 

4.3 Multi-objective EPR modeling  

The EPR technique is able to search amongst a large number of candidate models. As usual 

in data-driven modeling, the best model is the one that best fit with the observed data. How-

ever, it is now widely accepted that the best model is also the simplest that fits the goal of the 

application. This principle of parsimony – often called Occam's razor – states that among a set 

of otherwise equivalent models of a given phenomenon, one should choose the simplest one 

to explain a dataset. From a numerical standpoint, an unnecessary complexity can deteriorate 

the ability of a regression model in predicting unconsidered data. Hence, there is the need to 

look for a suitable trade-off between model complexity and accuracy. In other words, a sys-

tematic way to avoid the problem of over-fitting is also required for a robust data-driven mod-

eling. In this perspective, a Multi-Objective Genetic Algorithm (MOGA) strategy based on 

the Pareto dominance criterion [30][31] was implemented in EPR [32]. Here, the complexity 

is defined as inclusion of new terms or combinations of inputs. EPR-MOGA explores the 

space of m-term formulations using two or three from the following objectives: a) maximiza-

tion of model accuracy evaluated in terms of COD, b) minimization of the number of model 

coefficients (i.e., number of additive terms) and/or c) minimization of the number of used 

model inputs (i.e., the inputs which exponent is not zero in the resulting model structure). 

Note that the last two objectives are two measures of model parsimony. The MOGA used for 

the evolutionary stage is OPTIMOGA [33]. At the end of the search, the EPR-MOGA pro-

duces a set of non-dominated optimal solutions (i.e., the Pareto front) that can be considered 

as trade-off between complexity and accuracy.  

5  RESULTS   

5.1 Search settings 

The base model structure reported in Eq. (1) is considered. The function f  can be an expo-

nential or a logarithmic function. The candidate exponents belong to the set  {-3, -2, -1, -0.5, -

0.33, 0, 0.5, 0.33, 1, 2, 3}. The maximum number of additive terms in the final expressions is 

m=5, so as to facilitate the comparison with existing formulations. Length and time units for 

the IMs are [cm] and [s]. The MIDR is dimensionless whereas the unit for MFA is [m/s
2
].   

5.2 Prediction of MIDR 

Figure 2 shows the COD values for predictive models of the MIDR obtained by using a 

single IM. Numerical results for the base-isolated building refer to the case T=3.0 s, but they 

are representative of the general trends observed in all the considered isolation periods. Since 

Mollaioli et al. [5] have found that EDP-IM relationships, in general, typically follow a stand-

ard power law, the accuracy of the non-linear formulations obtained by means of the EPR 

technique is compared with the following functional form, referred to as “linear regression”
1
: 

                                                 
1
 The regression of the model in Eq. (4) is linear using a log-scale.  
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Figure 2: COD values of predictive models for MIDR using a single IM: a) fixed-base building; b) base-isolated 

building. 

 

It can be inferred from Figure 2 that the non-linear regression increases the accuracy up to 

a percentage equal to 38% for the fixed-based building and up to 96% for the base-isolated 

building. For the fixed-base building, the MIDR is best predicted in the event of ordinary GM 

rather than under pulse-like near-fault GM. For the base-isolated building, better predictions 

can be sometimes obtained under pulse-like near-fault GM. The most efficient IMs for ordi-

nary GMs are PGV, VSI, IH, MVSI and MIH. On the other hand, PGV, EIa, EIr, MVEIaSI, SED, 

MIH are the most effective IMs for pulse-like near fault GMs. The PGV is the most efficient 

non-structure-specific IM. Integral IMs (except for ASI) are usually more efficient than spec-

tral IMs, while the modified IMs usually lead to better predictions than the corresponding 

original ones (especially in case of pulse-like near-fault GMs). Overall, these results confirm 

the evidences reported in Ref. [5]. For a fixed-based building, the best models for the MIDR 

based on a single IM are the following.  

 Linear regression, ordinary GMs:  

 0.012588 HMIDR MI    (COD=84.80%)   (5) 

 Linear regression, pulse-like GMs: 
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  0.0074918MIDR VSI    (COD=77.89%) (6) 

 Non-linear regression, ordinary GMs: 

  5 20.078147 3.3198 10MIDR MVSI MVSI       (COD=87.94%) (7) 

 Non-linear regression, pulse-like GMs: 
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For a base-isolated building, the best models for the MIDR based on a single IM are listed 

hereafter. 

 Linear regression, ordinary GMs: 

  0.330.051283MIDR VSI  (COD=67.05%)   (9) 

 Linear regression, pulse-like GMs: 

 0.330.016972 rMIDR EI    (COD=59.71%)   (10) 

 Non-linear regression, ordinary GMs: 
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0.11504 1/ 0.0045699 ln 1/
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 Non-linear regression, pulse-like GMs: 
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  (COD=85.01%)  (12) 

Formulations of the MIDR as function of multiple IMs have been also calibrated (Figure 3). 

It can be noted that the accuracy of the predictions increases by considering several IMs sim-

ultaneously. The best performances are obtained by formulating the MIDR as function of, 

both, velocity-related and integral IMs, besides the case in which all IMs are taken into ac-

count. A very good compromise between complexity and accuracy is achieved by the formu-

lations listed hereafter.  

 Fixed-base building, multiple IMs, ordinary GMs:  

 0.33 7 3 20.014728 6.6417 10aMIDR IV S PGA VSI AI         (COD=94.36%)   (13) 

 Fixed-base building, multiple IMs, pulse-like GMs:  

8 0.334.789 10 ln
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EIa

EIr

a

a

V SI
MIDR CAD VSI MVSI MV SI

S

VSI S


 

        
 
 

  

    (COD=88.28%)   (14) 
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 Base-isolated building, multiple IMs, ordinary GMs: 
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 Base-isolated building, multiple IMs,  pulse-like GMs: 
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Figure 3: COD values of predictive models for MIDR considering several IMs simultaneously: a) fixed-base 

building; b) base-isolated building. 

5.3 Prediction of MFA 

The COD values for predictive models of the MFA obtained by using a single IM are 

shown in Figure 4. Once again, the predictions obtained using non-linear regressions are more 

accurate. The MFA is best estimated under ordinary GM rather than in case of pulse-like 

near-fault GM. The prediction of the MFA for base-isolated building is especially problematic. 

It can be deduced that PGA, ASI, MASI, MVSI and MIH are the most effective IMs for fixed-

base buildings whereas PGV, VSI, IH, VEIrSI, VEIaSI and MVSI are more suitable for base-
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isolated buildings. Generally, integral IMs provide good estimates of the MFA. Differently 

from the evidences obtained for the MIDR, the use of modified IMs does not improve in a 

substantial way the prediction of the MFA.  
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Figure 4: COD values of predictive models for MFA using a single IM: a) fixed-base building; b) base-isolated 

building. 

 

For the fixed-based building, the best models for the MFA based on a single IM are the fol-

lowing. 

 Linear regression, ordinary GMs: 

 0.23549MFA MASI    (COD=80.42%)   (17) 

 Linear regression, pulse-like GMs:  

 10.4592MFA PGA  (COD=73.90%)   (18) 

 Non-linear regression, ordinary GMs: 
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 Non-linear regression, pulse-like GMs: 
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(COD=75.74%)  (20) 

  On the other hand, for the base-isolated building, the best models for the MFA based on a 

single IM are listed hereafter.  

 Linear regression, ordinary GMs:  

 0.80912MFA PGV    (COD=48.26%)   (21) 

 Linear regression, pulse-like GMs: 

 0.330.67404MFA ASI   (COD=2.52%)   (22) 

 Non-linear regression, ordinary GMs: 
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 Non-linear regression, pulse-like GMs: 
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  (COD=21.25%) (24) 

Including multiple IMs is beneficial to improve the accuracy of the predictions (Figure 5). 

Apart from the use of all the IMs, the best performances are obtained by expressing the MFA 

as function of velocity-related IMs together with integral IMs and acceleration-related IMs 

together with integral IMs. A satisfactory compromise between complexity and accuracy is 

achieved by the formulations listed hereafter.  

 Fixed-base building, multiple IMs, ordinary GMs:  
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 Fixed-base building, multiple IMs, pulse-like GMs:  
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(COD=85.95%)   (26) 
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 Base-isolated building, multiple IMs,  ordinary GMs: 
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 Base-isolated building, multiple IMs,  pulse-like GMs: 
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Figure 5: COD values of predictive models for MFA considering several IMs simultaneously: a) fixed-base 

building; b) base-isolated building. 

6 CONCLUSIONS 

The main goal of this work was the calibration of suitable models able to estimate the 

seismic demand for fixed-based and base-isolated RC buildings under ordinary or pulse-like 
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near-fault ground motions using most common IMs. Special attention has been paid on the 

way by which the models are built. To this end, a multi-criteria evolutionary polynomial re-

gression technique has been employed to develop reliable non-linear models for two EDPs, 

namely MIDR (which is basically related to structural damages) and MFA (which measures 

potential damages to non-structural components and facilities). The calibration by employing 

a single IM has demonstrated that a non-linear regression-based approach enhances signifi-

cantly the predictive capability of the final models. Moreover, the adopted non-linear regres-

sion technique was able to identify very accurate, yet compact, models by combining multiple 

IMs. 
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Abstract. In this paper a robust method for simplified prediction of peak floor acceleration
(PFA) demands in inelastic structural walls is established. In structural walls the plastic mech-
anism is usually confined to the domain right above the foundation. It is, thus, reasonable to
assume that in wall structures only the response contribution related to the fundamental mode
is significantly affected by inelastic deformations. Based on this assumption, a readily devel-
oped complete-quadratic-combination (CQC) modal superposition rule for elastic median PFA
demand prediction is specialized to inelastic structural walls. In this approach, only the first
mode contribution on the PFA demand is affected by inelastic deformations, related to the lat-
eral strength reduction factor identified from the outcomes of a first mode pushover analysis.
Since the response contribution of the higher modes is assumed to be elastic, for these modes
the relations derived for unlimited elastic structural behavior enter the specialized response
spectrum method. Application on a 12-story shear wall shows the accuracy of the predicted
median PFA demands derived by the proposed procedure.
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1 INTRODUCTION

Assessment of seismic risk within the performance based earthquake engineering (PBEE)
framework requires the prediction of peak floor acceleration (PFA) demands, among other en-
gineering demand parameters. PFA demands are well correlated with damage of acceleration-
sensitive nonstructural components (NSCs) [1]. Any response quantity can be estimated by
means of nonlinear response history analysis (RHA) yielding “exact” solutions. In engineer-
ing practice, however, equivalent static methods are preferred because of low modeling effort,
simple application, and low computational costs. FEMA P-58-1 [2], for instance, provides sim-
plified procedures for the assessment of PFA demands (mean and dispersion) of different kinds
of structures. Comprehensive summaries of PFA assessment methods are found in [3, 4]. The
applicability of the available simplified methods for PFA demand prediction is restricted be-
cause of limits on the maximum number of stories, the level of inelasticity, and the irregularity
of the considered building. Thus, more robust methods are desirable that can be applied to a
larger class of structures, and simultaneously reduce the error relative to the benchmark solution
obtained from nonlinear dynamic analysis.

Within the scope of the present contribution a simplified procedure for PFA demand pre-
diction in simple inelastic structures is proposed. The approach combines pushover analysis
for predicting the structural strength ratio, and subsequent application of a modified response
spectrum method that yields the median PFA demand of the considered structural system [5, 6].
For reasons of simplicity, this novel approach is elaborated for structural walls, where in gen-
eral the inelastic deformations are confined to the base. The basic idea is that for such simple
structures inelastic deformations are solely related to the fundamental mode, and their effect on
the response contribution related to the higher modes is small. Thus, the contribution of higher
modes on the PFA demand is assumed to be elastic.

Before such a robust simplified method can be established, it is important to understand
and reveal the interdependencies of PFA demands on characteristic structural parameters once
a structure enters its nonlinear regime of deformation. Thus, in the first part of our contribu-
tion the PFA demands of nonlinear single-degree-of-freedom (SDOF) structures are addressed.
In a comprehensive parametric study, using sets of earthquake records and nonlinear time his-
tory analyses, regression relationships between strength reduction, period, viscous damping,
hardening ratio and normalized peak total acceleration demand , i.e., the ratio of inelastic total
acceleration to its value at yield, are derived.

These relations are subsequently used to predict the PFA demand related to the fundamental
mode of the considered class of inelastic multi-degree-of-freedom (MDOF) structures. The
contribution of the first mode inelastic median PFA demand is subsequently superposed with
the elastic PFA demands related to the higher modes, using a modified complete-quadratic-
combination (CQC) modal superposition rule, originally derived for unlimited elastic structural
behavior [5, 6].

Application to a 12-story structural wall shows the accuracy of the predicted inelastic median
PFA demands by means of the proposed procedure, when compared to the reference solution
based on nonlinear RHA.

2 NORMALIZED PEAK ACCELERATION DEMAND OF NONLINEAR SINGLE-
DEGREE-OF-FREEDOM SYSTEMS

Consider an inelastic SDOF system characterized by its initial (elastic) period, T (respec-
tively the natural frequency ω), damping ratio, ζ , yield strength, Fy, strain hardening ratio,
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αkin, and the hysteretic material model. The total displacement of the mass, u(t), is the sum of
the displacement relative to the support, ur(t) and the support displacement ug(t) imposed by
the earthquake. In the present study, the considered engineering parameter (EDP), i.e., the peak
total acceleration demand, max (|ü(t)|), and the considered intensity measure (IM), i.e., elastic
5 % damped spectral pseudo-acceleration, Sa, are normalized by means of the corresponding
quantities at onset of yielding, üy respectively Sa,y,

µa =
max (|ü(t)|)

üy
(1)

R =
Sa
Sa,y

(2)

in which µa is the so-called normalized peak (total) acceleration (NPA) demand, and R denotes
the elastic lateral strength ratio. It should be noted here that, traditionally, the ductility demand
of an SDOF system is defined as the ratio of the peak relative displacement to the displacement
at the onset of yielding, µ = max(|ur(t)|)/ury [7, 8]. The spectral pseudo-acceleration at the onset
of yielding, Sa,y, is related to the spectral yield displacement, Sd,y, as [9]

Sa,y = ω2Sd,y (3)

Subsequently, a relationship between NPA demand µa,R-factor and period T of non-degrading
SDOF systems with bilinear or peak-oriented (Clough model [10]) behavior subjected to a set
of ground motion record is derived. The proposed relation is found by repeated RHA varying
period T and the R-factor of the SDOF oscillator subjected the ground motions of the consid-
ered sets discussed later on. Since P-delta effects are neglected, this analysis is equivalent to
incremental dynamic analysis (IDA) [11].

2.1 Characteristic parameter dependences of the normalized peak acceleration demand

At first, as an example the effect of damping on the NPA demand is studied on perfectly
plastic (αkin = 0) bilinear SDOF oscillators with period T = 1.0 s. The oscillators are subjected
to the 44 records of the FEMA P695 far-field ground motion set [12], referred to as FEMA
P695-FF set. The FEMA P695-FF records include seismic events of magnitude Mw between
6.5 and 7.6, and closest distance to the fault rupture larger than 10 km. The Joyner-Boore
distance is between 7.1 and 26 km. Only strike-slip and reverse sources are considered. The
44 records of this set were recorded on NEHRP site classes C (soft rock) and D (stiff soil).
Detailed information is provided in [12].

IDAs yield the R− µa relations shown in Figure 1 for four differently damped systems with
damping ratios ζ = 0 %, 1 %, 5 % and 10 %. Gray lines represent the 44 single record IDA
curves, and the corresponding median, the 16 % and 84 % quantiles are shown by black lines.
The dash-dotted line represents the R− µa relation of the equivalent linear system.

Clearly, the inelastic NPA demand is always smaller than the corresponding elastic one. In
the elastic deformation range, i.e., R ≤ 1, the NPA demand and the R-factor are identical,
yielding a record and damping independent R − µa relation. For zero damping, the spectral
pseudo-acceleration Sa corresponds to the total acceleration, and thus, in the complete inelastic
deformation branch (i.e., R > 1) the NPA demand is one, as depicted in Figure 1a. For non-
zero damped systems, the difference between the spectral pseudo-acceleration Sa and the total
acceleration results in the inelastic range in a more or less linear increase of the NPA demand
with increasing R-factor, compare with Figures 1b to 1d. It is furthermore observed that the

1766



Lukas Moschen, Christoph Adam and Dimitrios Vamvatsikos

slope of the median normalized acceleration demand m̆a ≡ µa,50% (with respect to the straight
vertical line at µa = 1 in Figure 1) increases by the same factor as the damping ratio becomes
larger; compare the median in Figure 1c with the median in Figure 1d. That is, for instance, the
ratio of µa,50% given R = 6 for ζ = 0.10 and ζ = 0.05 can be approximated as

µa,50%,ζ=0.05 − 1

µa,50%,ζ=0.10 − 1
≈ ζ = 0.10

ζ = 0.05
= 2 (4)

Thus, assuming that for a reference damping ratio ζ∗ the R− µa,50%,ζ∗ relation is available, for
other damping ratios ζ this relation can be approximately expressed according to

µa,50%,ζ = 1 +
ζ∗

ζ
(µa,50%,ζ∗ − 1) (5)

This relation not only holds for bilinear systems but also for non-degrading oscillators with
other cyclic behavior. As an example, Figure 2b shows for the 1.0 s 5% damped oscillator but
with assigned peak-oriented hysteretic loop the IDA curves, which are almost identical with the
ones of the bilinear counterpart system, compare with Figure 1c.
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Figure 1: R-factor with respect to normalized peak acceleration demand µa of perfectly plastic
bilinear (akin = 0) T = 1.0 s oscillator subjected to the 44 records of the FEMA P695-FF record
set. For different damping ratios: (a) ζ = 0, (b) ζ = 0.01, (c) ζ = 0.05, and (d) ζ = 0.10.

In similar fashion, Moschen [3] varied the strain hardening coefficient, akin, in the range
0 ≤ akin ≤ 0.05, and he found again in the post-yield range a virtually linear relationship
between R and µa,50%,akin with a slope proportional to the actual value of akin, compare, for
instance, Figure 1c with Figure 2a, and Figure 2b with Figure 2c. Consequently, with known
R−µa relation for reference hardening ratio a∗kin, the median NPA demand can be approximated
in analogy to Equation (5) as

µa,50%,akin = 1 +
a∗kin
akin

(
µa,50%,a∗kin − 1

)
(6)

Equations (5) and (6) consider the effect of damping ratio and hardening coefficient on the
NPA demand separately. Thus, in the next step, Equations (5) and (6) are combined to express
the R− µa,50% relation as a function of both akin and ζ ,

µa,50% = p

(
1 +

ζ∗

ζ

(
µ∗a,50% − 1

))
+ (1− p)

(
1 +

a∗kin
akin

(
µ∗a,50% − 1

))
(7)
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Figure 2: Impact of different material models on the IDA curves of the ζ = 0.05 mass pro-
portional damped SDOF oscillator with period T = 1.0 s in R − µa coordinates. (a) Bilinear
hysteretic material with hardening coefficient akin = 0.05, peak-oriented hysteretic material
with (b) akin = 0, and (c) akin = 0.05.

with µ∗a,50% ≡ µa,50%,a∗kin,ζ∗ denoting the base case NPA demand for reference damping coeffi-
cient ζ∗ and reference hardening ratio a∗kin. Since both damping and hardening ratio affect the
R− µa relation in the same order, factor p is approximated as p = 1/2.

From now on reference damping ratio is set to ζ∗ = 0.05, and reference hardening ratio to
a∗kin = 0.05.

For all R − µa relations, regardless of damping type, damping ratio, and nonlinear material
properties, the presented relations can be used until the structure has been pushed to the ultimate
lateral strength reduction factor,

Rult =
Sa,ult
Sa,y

(8)

in which Sa,ult is the ultimate spectral pseudo-acceleration defined by the capping strength of
the backbone curve of the material model if P-delta effects are not considered. This study, how-
ever, focuses on SDOF systems (a) with non-degrading material properties, and (b) nonlinear
geometric transformations are neglected. This implies infinite ultimate capacity, Sa,ult →∞.

2.2 Normalized peak acceleration demand for the FEMA P695-FF record set

By now, the the R− µa relation has been discussed for period T = 1.0 s only. Repeating the
analysis for a series of periods in the range of 0.1 s to 3.2 s and reference parameters a∗kin = 0.05
and ζ∗ = 0.05 results in the median R − µa − T relation of the nonlinear base-case SDOF
oscillator shown in Figure 3a for R > 1.

To derive more convenient analytical approximations, here the outcomes are shown in terms
of EDP-IM coordinates, in contrast to the traditional representation in IM-EDP coordinates
[11]. Thus, in the contour plot depicted in Figure 3b the contour lines correspond to curves of
constant µa,50%,a∗kin,ζ∗ values (in contrast to the study of [7], where surface plots for R-factors
were used).

Inspection of Figure 3a leads to the conclusion that the R−µa,50%,a∗kin,ζ∗ relation is virtually
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Figure 3: Median normalized peak acceleration demand µ∗a,50% with respect to period T and
R-factor for base case SDOF system subjected to the FEMA P695-FF record set. (a) Surface
plot. (b) Contour plot.

linear regardless of the period. The corresponding linear approximation, µ̃a,50%, reads as

µ∗a,50% ≈ µ̃∗a,50% =

{
1 for R ≤ 1

c(R− 1) + 1 for R > 1
(9)

in which unknown coefficient c represents the slope of µ̃∗a,50%. This coefficient depends on
period T and is in the range 0 ≤ c < 1. At very short periods, slope c of µ∗a,50% is steepest, as
seen from Figure 3.

Equation (9) is the basis of a two-stage fit, using the Levenberg-Marquardt algorithm at each
stage, which is implemented in the curve fitting toolbox of Matlab [13]. In the first stage, the
approximation µ̃∗a,50% (Equation (9)) is fitted to the empirical data, µ∗a,50%, for each individual
period separately. Since in Equation (9) the only unknown parameter is c, to each period an
individual parameter c is mapped, graphically shown by circular markers in Figure 4. Stage two
fits a function c̃ to the discrete parameters c, yielding the two-term exponential equation

c ≈ c̃ = β1e
β2T + β3e

β4T , 0 ≤ c < 1 (10)

In Table 1 coefficients β1, β2, β3, β4 and the corresponding 95 % confidential interval (median
±2σ) are listed. The 2σ bounds represent the 5 % confidence limits of a standardized normal
distributed random variable, which is, for instance, appropriate for the sample mean. Therefore,
it can be used for model validation (equivalent to the χ2-test) in an effort to make a decision if
the analytical model should be accepted or rejected. For detailed information regarding hypoth-
esis testing and model validation the reader is referred to [14].
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Figure 4: Two-stage fit of slope c̃ based on
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Table 1: Coefficients β1 to β4 and their
95 % confidence bounds for slope c̃ based
on the FEMA P695-FF record set.

i βi βi − 2σ βi + 2σ

1 1.09 1.07 1.12
2 −20.29 −21.01 −19.57
3 0.07 0.06 0.07
4 0.18 0.16 0.20
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Figure 5: Design median normalized peak acceleration demand µ̃∗a,50% with respect to period
T and R-factor for base case SDOF system subjected to the FEMA P695-FF record set. (a)
Surface plot. (b) Contour plot.

The median NPA demand µ̃a,50% for damping coefficient and/or hardening ratio different
from the base case values is found from Equation (7).

2.3 Normalized peak acceleration demand for the Century City record set

Alternatively, an analytical relation for the parameter dependent NPA demand is determined
for the Century City record set [15], which consists of 92 ground motions of the PEER ground
motion database [16]. These records have been selected using a multi-objective optimization
prodecure by minimizing two fitness functions. The advantage is that this record set matches the
design response spectrum and a constant dispersion spectrum of Century City relatively well
over a wide period region. Therefore, a broad class of buildings located in Century City can be
assessed (or designed, respectively) by this record set without conducting record selection with
respect to the fundamental period of every individual structure seperately. This record selection
procedure can be seen as an alternative to the existing body of conditional mean spectrum
(CMS) methods [17, 18]. Figure 6 shows the target spectra (bold black lines), the 92 individual
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response spectra (gray lines), and the corresponding statistical quantities (thin black lines) of
the Century record set, which will be used for analyses in the remainder of this paper. For
detailed information of the record selection procedure the reader is referred to [15, 3].
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tgt: median

tgt: 16%, 84%

set: median
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Figure 6: Century City records set: Target response spectra (bold black lines), response spectra
of individual records (gray lines), and statistical quantities (lines with markers) for a normal
target dispersion σt = 0.80 [5, 6, 15].

The same procedure as detailed for the FEMA P695-FF record set yields coefficient c as a
function of T shown in Figure 7 with circular markers (individual c-values as outcome of the
fitting first stage) and the black solid line (functional relation resulting from the second stage).
Table 2 lists the corresponding coefficients for evaluation of Equation (10).

As observed, the two-stage fit of c, and consequently, the R− µ̃∗a,50%−T relation is for both
record sets in good agreement, because median spectral shapes and the corner frequencies of
the sets are similar.
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Figure 7: Two-stage fit of slope c̃ based on
the Century City record set.

Table 2: Coefficients β1 to β4 and their
95 % confidence bounds for slope c̃ based
on the Century City record set.

i βi βi − 2σ βi + 2σ

1 2.10 1.64 2.56
2 −18.27 −20.33 −16.22
3 0.09 0.08 0.10
4 0.05 0.00 0.11

3 RESPONSE SPECTRUM METHOD FOR PEAK FLOOR ACCELERATION DE-
MANDS IN INELASTIC WALL STRUCTURES

3.1 Approximate peak floor acceleration demand prediction in elastic structures

One ingredient of the proposed simplified PFA demand prediction of inelastic shear walls
is a modified form of a CQC modal superposition rule for elastic structures, which was more
recently presented in [1, 5, 19]. Accordingly, the elastic median PFA demand of the kth degrees-
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of-freedom of an N DOF structure can be estimated as

pfak =

[
n∑
i=1

n∑
j=1

(
pk
pi

)(
pk
pj

)
φi,kΓiSa,iφj,kΓjSa,jρi,j

+

(
pk
pg

)2

pga2r2n,k + 2pga rn,k

(
pk
pg

) n∑
i=1

(
pk
pi

)
φi,kΓiSa,iρi,g

] 1
2

(11)

in which variables φi,Γi, Sa,i, and pi denote the ith mode shape, participation factor, spectral
pseudo-acceleration and modal peak factor, respectively. Subscript g denotes the corresponding
quantities of the ground acceleration; the spectral pseudo-acceleration of the ground degenerates
to the peak ground acceleration, pga. Variable ρi,j represents the correlation coefficient between
the ith and the jth modal total acceleration, and ρi,g the correlation coefficient between the ith
modal total acceleration and the ground acceleration. The peak factor of the response process of
the kth degree of freedom is denoted by pk. To reduce the computational effort, in the response
analysis only the first n modes are considered. The truncation error arising from disregarding
the (n+ 1)th to N th mode is reduced through residual vector rn, with its kth element [5]

rn,k = 1−
n∑
i=1

φi,kΓi (12)

3.2 Approximate peak floor acceleration demand prediction in inelastic wall structures

Subsequently, a first mode approximation for predicting inelastic PFA demands presented in
[20] is extended in an effort to consider also higher modes.

Consider an inelastic MDOF structure, where the plastic mechanism is mainly governed by
the fundamental mode. An example of such simple nonlinear MDOF systems is the family of
regular structural walls that have in common that the plastic zones are confined to the base [21].
It is reasonable to assume that in those structures the portion of the PFA demand related to the
fundamental mode shows a similar performance as inelastic SDOF systems. Thus, this part of
the PFA demand can be determined based on the relations present in the previous section for
inelastic SDOF systems. On the other hand, the PFA demand associated with the higher modes
is assumed to be unlimited elastic, and thus, this portion is determined in analogy to modal
superposition for elastic systems according to Equation (11). The proposed procedure involves
the steps as outlined below.

Structural modeling In the first step a structural model of the considered structural wall is
created. In many cases, an equivalent stick model with a nonlinear rotational spring at the
base, such as shown in Figure 8a, represents appropriately the wall. Spring parameters
cθ0, My0 and αs denote the rotation at the onset of yielding, the corresponding yield
strength, and the hardening ratio, respectively.

Modal analysis Modal analysis yields the periods and corresponding mode shapes of the struc-
tural model.

Pushover analysis A first mode pushover analysis is conducted to identify the plastic mecha-
nism. From the global pushover curve the R-factor and the global hardening ratio akin
are identified, as shown exemplary in Figure 9b for different R-factors. For a structural
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Figure 8: (a) Planar structural wall and the corresponding stick model with nonlinear rotational
spring at the base, and (b) Clough material model assigned to the nonlinear rotational spring at
the base.

model with a nonlinear spring at the base, the transition between elastic and inelastic de-
formation branch is discontinuous with a kink at the yield displacement. Transformation
of the pushover curve into IM-EDP coordinates of the equivalent SDOF-domain is not
necessary, because the R-factor and akin can be directly read from the pushover curve.

NPA demand related to the fundamental mode With available fundamental period T1 (uti-
lized instead of SDOF system period T ), R-factor and global hardening ratio akin, subse-
quent evaluation of Equation (9) and Equation (7) yields an estimate of the median NPA
demand associated with the fundamental mode, µ(1)

a,50%. Dividing the elastic 5% damped
median spectral pseudo-acceleration at period T1, Sa,1 ≡ Sa(T1), by the R-factor, re-
sults in the median spectral pseudo-acceleration at onset of yielding, Sa,y(T1) = Sa,1/R,
compare with Equation (2). Substituting Sa,y(T1) for total median acceleration of the
fundamental mode at onset of yield ü

(1)
y , i.e., ü(1)y ≈ Sa,y(T1), and multiplying this

quantity by µ(1)
a,50%, yields an estimate of the first mode peak acceleration demand, i.e.,

max
∣∣∣ü(1)50%

∣∣∣ = µ
(1)
a,50%ü

(1)
y , compare with Equation (1).

CQC modal superposition modified for inelastic structures The proposed modal superposi-
tion method PFA prediction in inelastic structures is based on a modification of the CQC
method of Equation (11) for elastic systems. In particular, the elastic 5 % spectral pseudo-
acceleration Sa,i (respectively Sa,j) is replaced by S̄a,i, where Sa,1 is approximated by the

first mode total peak acceleration demand max
∣∣∣u(1)50%

∣∣∣, i.e., S̄a,1 ≈ max
∣∣∣u(1)50%

∣∣∣, and for

the higher modes the elastic spectral pseudo-acceleration is utilized, i.e., S̄a,i = Sa,i.

Furthermore, the median peak factor p1 related to the fundamental mode must be modified
when considering inelastic deformations. Figure 1a shows that for non-hardening SDOF
oscillators the yield acceleration and the peak acceleration are equal, and the standard
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Figure 9: (a) Stick model with load pattern consistent with fundamental mode, and (b) pushover
curves evaluated for different lateral strength ratios.

deviation of this quantity is zero. Therefore, the peak factor, which represents the ratio
between the peak acceleration and the mean square acceleration of a normal stationary
random process [5, 6], is unity, i.e. pi = 1. Preliminary studies have shown that this
relation can also be applied for structures with moderate hardening backbone curve. The
modal peak factors of the higher (elastic) modes, pi, i > 1, and the peak factor of the
response process, pr, can be estimated by the framework for elastic structures provided in
[5, 6], as preliminary studies have shown.

3.3 Application

The proposed modified CQC method for median PFA prediction in inelastic shear walls is
tested on the example of a 12-story regular generic structural wall, with a fundamental period
tuned to the value specified in ASCE 7-10 [22] (T1 = 0.83 s), a parabolic fundamental mode
shape, and a pre-defined lateral strength ratio R. The details on mass, stiffness, and strength
properties can be found in [3]. The structure is assumed to be located in Century City (Los
Angeles, CA; 34.053 66◦ N, 118.413 39◦ W), and thus, empirical relation Equation (10) based
on the Century City record set is used for the subsequent PFA assessment.

The results of the proposed modal superposition procedure are validated with the outcomes
of nonlinear RHA using the 92 ground motions of the Century City record set. Thus, a hys-
teretic relation between load cycles must be specified. In the present study, in the framework
of the lumped plasticity approach to the base spring the Clough material model [10] (a uniaxial
material model with peak oriented hysteresis and infinite ductility), shown in Figure 8b, is as-
signed. This constitutive relation allows to account for reloading stiffness degradation once the
yield strength has been exceeded (compare with the reduced reloading stiffness between points
(6) and (2)).

Figure 10 depicts the profiles of the median PFA demand of the 12-story structural wall for
lateral strength ratios R = 1, 2, 4, 6 (columns 1 to 4). Rows 1 to 3 show the reference solutions
obtained from RHA (solid gray lines), their approximations by the proposed CQC modal com-
bination rule (solid black line), and the common square-root-of-the-sum-of-the-squares (SRSS)

1774



Lukas Moschen, Christoph Adam and Dimitrios Vamvatsikos

rule (dashed black line) based on a fundamental mode approximation (row 1), a two-mode ap-
proximation (row 2), and considering all modes up to the 95 % cumulative mass participating
mode (row 3).

The reference solutions for various R-factors reveal that the PFA demands saturate once the
structure startet yielding. This outcome is consistent with findings reported in [23, 24]. In other
words, it can be concluded that with increasing ground motion intensity the related increase of
the median PFA demand is quite low when the yield strength is exceeded. This observation
is consistent with the results previously shown for nonlinear SDOF oscillators. Since for this
12-story structural wall the plastic deformations are concentrated at the base, the elastic PFA
demand related to the higher modes contribute to the total PFA demand in the same order
regardless of the lateral strength ratio.

Subsequently, the PFA demands obtained by the proposed CQC modal combination rule are
discussed in more detail. It is observed that a fundamental mode approximation (first row) does
not approximate appropriately the actual PFA demand. The nonlinearity of the corresponding
median PFA profile is the result of the correlation between modal total acceleration and ground
acceleration, and the corresponding peak factors according to the second and the third term of
Equation (11) [5]. The median PFA profile based on a two-modes approximates closely the
reference solution, as shown in the second row of Figure 10. Consideration of the modes up to
the 95 % cumulative mass participating mode yields an excellent approximation of the median
PFA demand regardless of the lateral strength ratio.

Additionally, the outcomes of the SRSS approach, commonly used in engineering practice
due to its simplicity, are also presented. Equation (11) degenerates to the SRSS rule when
dropping the second and the third term of this equation, as well as the peak factors and the modal
correlation (i.e. i = j). Consequently, the SRSS first mode approximation of the median PFA
profile is affine to the fundamental mode shape, which is in the considered example parabolic,
compare with the dashed lines in the first row of Figure 10. The SRSS rule was developed to
estimate relative response quantities, such as displacements and internal forces, and thus, this
approach underestimates the peak total acceleration demand since the contribution of the PGA
demand is not considered. However, a multi-modal SRSS approximation of the median PFA
demand yields for the the upper floors reasonable predictions of this response quantity, because
the effect of the PGA diminishes with increasing height, see the dashed graphs in the third row
of Figure 10. It should be noted here that the SRSS modal combination rule is deemed to fail
for estimating PFA demands in spatial structures, because closely spaced modes are neglected
[5, 6].
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Figure 10: Profiles of the median PFA demand for the 12-story structural wall. Reference
solution based on RHA (gray lines), the proposed CQC modal combination rule (black solid
lines) and the SRSS approximation (dashed black lines). Results presented for lateral strength
ratiosR = 1, 2, 4, 6 (columns 1 to 4) considering one mode (first line), two modes (second line),
and 95 % cumulative mass participating modes (third line).
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4 CONCLUSION

In this contribution a simple but effective procedure for estimating the median peak floor
acceleration (PFA) demands in inelastic planar wall structures has been presented, based on
readily available concepts, such as pushover analysis and modal combination.

The fundamental idea of this procedure is that for certain MDOF structures such as shear
walls the inelastic PFA demand is primarily related to the fundamental mode, while the con-
tribution of the higher modes on this response quantity remains mainly unaffected by plastic
deformations. In the considered class of MDOF structures the lateral strength ratio can be esti-
mated by nonlinear static procedures, which allows to estimate a reduced spectral PFA demand
associated with the fundamental mode by means of the concept of normalized peak acceleration
(NPA) demand for nonlinear SDOF oscillators derived in the first part of this study. Then, the
reduced spectral peak acceleration demand for this mode enters a modified CQC rule developed
originally for elastic PFA demands. Application to an inelastic 12-story shear wall shows that
this simple procedure yields an excellent approximation of the median PFA demands regardless
of lateral strength ratio.

Because of the simplicity of the proposed framework a clear physical interpretation of PFA
demand prediction becomes possible. This procedure may serve as alternative for codified PFA
assessment methods, which yield in general only a rough prediction of this response quantity.
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Abstract. Reliable predictions of seismic structural damages are of essential importance in 
earthquake engineering. In order to make proper and effective decisions in post-earthquake 
situations, it is necessary to have realistic estimations of the extent of seismic damages oc-
curred in individual structures. For this purpose, structural damage indices can be very use-
ful. Defined in a variety of forms, they can serve as strong analytical tools needed to calculate 
different aspects of structural damages caused by earthquakes. 

This study aims to provide a comparison among some of the well-known analytical damage 
indices, within the scope of seismic performance evaluations, and using a probabilistic 
framework.  

A sample 5-storey special moment-resisting frame is modeled using OpenSees. Damping, 
seismic mass, yield strength and ultimate strength of steel are described as probabilistic vari-
ables, and random realizations of the structure are generated using Latin Hypercube Sam-
pling (LHS) method. Sample frames are then analyzed through Extended IDA. Increasing 
levels of damage, due to increasing levels of strong ground motion intensity, are described 
with the selected set of seismic damage indices.  

Considering the results, each damage index displays a different pattern for IDA curves based 
on the response parameters used in it. Seismic performance levels, as defined in some seismic 
design criteria, are correlated to the order of damage indices’values. Also, statistical dis-
persion in a set of damage values corresponding to a particular performance level is different 
for each index, indicating different levels of sensitivity to epistemic uncertainties among dam-
age indices. 
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1 INTRODUCTION 

The essential scope of seismic performance evaluations is to restrict the extent of damages 
caused by probable seismic events. However, complicated and uncertain nature of seismic 
loads and non-existence of perfect knowledge about structural behavior makes it very difficult 
to have a reliable estimation of seismic damages. 

Quantification of some of the seismic damage characteristics such as type, severity and dis-
tribution can present an illustrative depiction of post-earthquake status for structures. Such 
information can be very helpful in seismic retrofit decision making, disaster planning and 
post-earthquake assessments [1]. In this regard, engineering practices need analytical methods 
which can give realistic predictions of damage characteristics.  

In recent decades, many researchers have focused on providing methods that can give a 
suitable description of damage state in a loaded structure. 'Damage Indices', or in mathemati-
cal terminology, 'Damage Functionals' are functional relationships that synthetically represent 
the damage imposed on structure with a real number [2]. In a normalized form, output of 
these functions is a number between 0 and 1, which 0 represents no damage and 1 represents 
rupture or complete failure. 

Comparative studies exist which can illustrate how different damage indices correlate with 
each other in different levels of plastic deformations. In case of steel structures, Castiglioni 
and Pucinotti [3] introduced failure criteria and a model of damage accumulation for the 
welded beam-to-column connections and compared it with some of the most common damage 
models available in the technical literature. Arjomandi et al. [4] considered the correlation 
among FEMA-356 [5] performance levels and the values of different damage indices for a set 
of steel frames. They also suggested some polynomial equations that can be used to easily es-
timate the value of each damage index.      

Kamaris et al. [6] proposed a new damage index for planar steel moment resisting frames 
(MRF) and compared it with five widely used damage indices existing in the literature. Their 
study displays the correlation among values of these damage indices for increasing levels of 
ground motion intensity. Also, Kamaris et al. [7] presented simple empirical expressions to 
estimate maximum seismic damage on the basis of the five selected damage indices for planar 
regular moment resisting and x-braced steel frames. 

As for the present study, two main goals exist: first, it is intended to use various damage 
indices as the Damage Measure (DM)1 in performance evaluations. In definition, "a DM is an 
observable quantity that is part of, or can be deduced from, the output of the corresponding 
non-linear dynamic analysis" [8]. Incremental Dynamic Analysis (IDA) has the ability to uti-
lize various damage indices as DM [8]. Nonetheless, with a review on literature, it can be seen 
that the Maximum Interstory Drift Ratio (IDR) has been the main choice for this parameter so 
far. Hence, it seems very useful to study the advantages of using powerful damage indices for 
the purpose of producing IDA curves.       

The second goal of this paper is to consider the effects of structural modelling uncertainties 
on seismic damage indices. By reviewing technical literature, it can be seen that this subject 
has not been of particular interest yet. Every damage index uses certain structural response 
parameters, and each of these parameters have a degree of sensitivity to epistemic uncertain-
ties which deterministic procedures cannot reflect. Therefore, evaluation of damage indices in 
a probabilistic framework can generate numerous meaningful results.  

                                                 
1 Defined as Engineering Demand Parameter (EDP), according to the current Pacific Earthquake Engineer-
ing Research Center terminology 
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2 CATEGORIZATION OF DAMAGE INDICES 

Comprehensive studies on classification of damage indices, plus detailed discussions about 
advantages and disadvantages of each one can be found in the literature [1, 9, 10]. For the 
sake of brevity, only a concise description about damage indices will be provided prior to in-
troduction of the ones used for this study. As it can be seen in literature, there are two major 
approaches toward classifying quantitative damage indices:  

In one approach, they are categorized as Cumulative or Non-cumulative, meaning whether 
they are capable of taking into account the accumulation of damage in repeated load reversals. 
This distinction can become important for loadings with a dynamic nature such as earthquake. 
Non-cumulative indices are mostly governed by the maximum deformation occurred in load-
ing history. Some of these indices can account, to some degree, for effects of cyclic loading 
by means of including strength and stiffness degradation [11, 12].  

Although non-cumulative indices may be incapable of displaying effects of some im-
portant factors in dynamic loadings (like duration, frequency content or distribution of inelas-
tic cycles), they are still widely used in structural engineering applications because of 
simplicity in definition and application [1].     

Cumulative indices, on the other hand, contain a specific component that makes it possible 
to consider the cumulative aspects of damage .This component can be based on deformation 
[13], hysteretic energy [14], or low-cycle fatigue formulations [15]. Some combinatory indi-
ces are also proposed. For example, combination of excessive deformations and dissipated 
energy [16], or a combination of strength damage and deformation damage divided by total 
area between the monotonic load deformation curve and the fatigue failure envelope [17]. 

In another approach, damage indices are categorized as Local or Global. Local indices cal-
culate damage only on a local level (individual members), and in order to calculate the overall 
damage of structure it is needed to use weighting methods [17, 18]. Global indices are devel-
oped to calculate damage directly on the global level [9, 19]. These indices give a representa-
tive value for the overall damage to structure (or a storey) and detailed information about the 
distribution of damage between different elements will not be available. 

3 DESCRIPTION OF DAMAGES IN A PROBABLISTIC FRAMEWORK 

According to FEMA-350 [20], Inter-storey Drift angle is the preferred parameter to de-
scribe the performance of steel MRF. As stated in these criteria, this parameter "(1) seems to 
be stable with regard to prediction of frame performance, (2) is closely related to plastic rota-
tion angle, (3) is less ambiguous with regard to definition, and (4) is a quantity that is easily 
determined from the results of standard frame analyses using either linear or nonlinear meth-
ods." 

However, due to being a non-cumulative parameter, it is incapable of predicting some as-
pects of seismic damages. The main advantage of using more sophisticated damage models is 
to overcome this very problem. Advanced damage indices may be more difficult to be calcu-
lated, and may even have rather ambiguous definitions. Nevertheless, when it comes to load-
ing histories such as earthquakes, they can provide us with a much better understanding of 
how damages propagate through structures during loading.      

Another perspective that can be added to this problem is quantification of structural model-
ling uncertainties. Instead of usual deterministic approaches, evaluation of structural capacity 
against seismic demand can be performed in a probabilistic framework. Each of the parame-
ters comprising mathematical model of a structure are subjected to some level of uncertainty, 
and these uncertainties are able to change the results of performance evaluations [21, 22].   
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In this paper, both sources of epistemic and aleatory uncertainties are incorporated into the 
results. For this purpose, the structure is analysed in two forms: deterministic and probabilis-
tic. In the first phase, for a selected set of accelerograms, structures are analysed through IDA 
with their parameters set to central values, which will be named as Base Case hereafter. Re-
sults of this phase only include uncertainties due to the record to record effect.  

In the next phase, damping, mass, yield strength and ultimate strength of steel are assumed 
as probabilistic variables, and a sufficient number of different realizations of structural model 
are generated. Then, every single realization of the structure is subjected to IDA for selected 
records. Results of this phase, which will be named as Uncertain Case hereafter, include ef-
fects of both aleatory and epistemic uncertainties.  

In order to optimize the procedure of generating random realizations of the structure, Latin 
Hypercube Sampling (LHS) method [23] has been used here. This technique uses a con-
strained sampling scheme instead of random sampling utilized by direct Monte Carlo method, 
and consequently will need significantly fewer simulations to cover desired probability space 
[24, 25]. This property can become very helpful to decrease the high computational costs usu-
ally associated with uncertainty studies.  

As for the selection of intensity measure (IM) parameter, it has been suggested that even in 
the presence of mass and stiffness uncertainties, the use of spectral acceleration corresponding 
to fundamental period of base structure as IM parameter can be considered as an appropriate 
solution [21].  

After gathering pair values of intensity and demand from multi-record IDA curves, statisti-
cal characteristics of their distribution can be calculated for any desired performance level. 
Central values (median or mean) represent structural capacity at performance levels, and dis-
persion values (standard deviation) represent the extent of uncertainty effects. 

4 DAMAGE INDICES USED FOR THIS STUDY  

Five damage indices are selected for this study: Ductility Ratio [26, 2], Modified Flexural 
Damage Ratio (MFDR) [12], Park and Ang [16], Krawinkler and Zohrei [15], and Final Sof-
tening [27]. Selection of these indices were based on two criteria: Firstly, they are well known 
amongst researchers and have been used in a numerous studies. Secondly, they are formulated 
with diverse theoretical bases which allows us to observe how different theories lead to dif-
ferent estimations of damage. 

4.1 Ductility Ratio 

This local damage model, which was first introduced in 1988 [26], simply defines damage 
as the ratio between the maximum deformations occurred and a predefined value of defor-
mation corresponding to failure: 
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=                                                                (1)   

δm, δy and δu are the maximum, yield and ultimate values of damage parameter respectively. 
Various options such as curvature, rotation or displacement can be used as the damage param-
eter of this model. In a normalized form, this index will be calculated as: 
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δu can be defined by means of a monotonic static loading. From seismic analysis of struc-
tural capacity to development of nonlinear response spectra of structures, this index has been 
used in a variety of applications [9].  

4.2 Modified Flexural Damage Ratio 

Roufaiel and Meyer proposed this index in 1987 for concrete structures, although it has 
been used for steel structures as well [7]. In this model, damage is described as the ratio be-
tween the secant stiffness of a member at its onset of failure, and the minimum secant stiff-
ness reached so far in the moment-curvature relationship. The value of damage is calculated 
independently for both negative and positive directions of loading:  
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In Equations 3 to 5, ϕm/Mm is the inverse of secant stiffness at the onset of failure, ϕx/Mx is 
the inverse of minimum secant stiffness reached so far, and ϕy/My corresponds to initial elastic 
stiffness. Obviously, if a section has symmetrical moment-curvature diagram in negative and 
positive loadings, the value of MFDR- will be equal to MFDR+. 

4.3 Park and Ang 

This index was introduced in 1983 and was originally developed for concrete structures. It 
can be said that this index is the most famous one with the greatest number of citations from 
studies concerning both concrete and steel structures [7, 4]. In this index, damage is modelled 
as the linear combination of ductility (excessive deformations) and dissipated energy in load-
ing cycles which takes the following form: 

                                                      ∫+= dE
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δ
δ                                                       (6)   

In Equation 6, δm is the maximum deformation in loading history, δu is the ultimate defor-
mation under monotonic loading, Qy and Qu are yield and ultimate strength respectively, dE is 
the increasing hysteretic dissipated energy, and β is a non-negative coefficient that is deter-
mined through calibration against experimental results. According to experimental studies 
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conducted on H-shaped steel cantilevers, a mean value of 0.025 can be considered for the β 
coefficient [28]. 

4.4 Krawinkler and Zohrei 

This index was introduced in 1983, based on the low-cycle fatigue theory. The Coffin-
Manson relationship is used to describe the relationship between the required number of cy-
cles to failure and the amplitude of deformations, and the linear damage accumulation law of 
Miner [29] is applied.  

This index is capable of considering two separate modes of failure: local buckling of ele-
ments, and fracture at weldments due to propagation of cracks. For the case of damage caused 
by local buckling, deterioration in three modes are evaluated which consist of stiffness, 
strength and energy dissipation: 

                                                                  
x
dDKZ =                                                                  (7)   

                                                                ∑∆= idd                                                                (8)   

                                                             c
pii Cd )( δ∆=∆                                                            (9)   

In Equations 7 to 9, DKZ is the calculated value of damage index, d is the cumulative value 
of damages occurred in different loading cycles (Δdi), x is a predefined value of damage that 
is assumed as the ultimate capacity of element, and Δδpi is the range of plastic deformations in 
a specific loading cycle. Finally, C and c are scalars that can be defined based on graphs pro-
vided for this purpose [15], depending on the type of steel, the cross section of element and 
also the deteriorating mode under consideration (stiffness, strength or energy dissipation). 

4.5 Final Softening 

Dipasquale and Cakmack introduced three models of damage based on evaluation of fun-
damental period of structures [19], all of which are categorized as global damage indices. Fi-
nal softening is an index which calculates damage only based on variation in the fundamental 
period of a structure, before and after seismic loading: 
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In Equation 10, T0 displays fundamental period of the structure. In practical applications, 
final period is determined via in-situ vibration tests on structures [27]. Moreover, in analytical 
applications, this index can be simply calculated by determination of structure's fundamental 
period in the beginning and at the end of seismic loading.  

4.6 Weighted average indices 

Among the methods suggested in literature which convert damage values of individual 
members to a global value, two of them are most favored. In one these approaches [18], local 
indices are weighted based on their local energy absorptions: 
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In Equation 11, Di is the local damage for a particular member and Ei is the energy ab-
sorbed by it. The other method [17], has a more generalized form which considers an expo-
nential form for local indices: 
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In Equation 12, Di is the damage incurred at a specific structural member, and wi and b are 
arbitrary coefficients. In the simplest form, wi and b can be taken equal to 1, which means 
structural elements have equal proportions of the overall damage regardless of their location 
or their role in the structural system. In this paper, Equation 12 has been utilized to calculate 
the weighted average of indices with both wi and b set to 1.   

5 STRUCTURAL SYSTEMS AND NUMERICAL MODELLING 

5.1 General properties of the frame 

The structure under consideration is a 5-storey 3-bay steel MRF, in which height of stories 
is 3.20 m and width of bays is 5.0 m. According to criteria and definitions of Iranian Steel 
Design Code [30] it can be categorized as a special moment resisting frame (SMRF). It is 
worth mentioning that provisions given in the Iranian national code are very similar to those 
of AISC [31] and FEMA-350 [20]. Based on modal analysis of the frame, this structure has a 
fundamental period equal to 1.12 seconds.  

5.2 Important details of analytical modelling 

OpenSees [32] is utilized to create mathematical model of the moment frame and also to 
perform nonlinear analyses. Nonlinear beam-column elements are used to constitute the frame, 
and fiber section method is implemented to incorporate spread plasticity into nonlinear behav-
iour of elements. This method forms a member as a group of fibres, each of which can have a 
uniaxial force-deformation behaviour defined by the user.  

Steel02 material from the software library is selected to describe the hysteretic and mono-
tonic behaviours of steel, and fatigue material is utilized to wrap Steel02 with a limit value on 
deformations (i.e. for deformations exceeding the pre-defined value, failure will occur). 

Although involving some features like panel zones would make the numerical model more 
realistic, in order not to enter strength and ductility of panel zones into the probabilistic 
framework, here it is decided to use an elastic centreline model for beam-column connections. 
The corotational method is used for geometric nonlinearities of frames [33]. Also, Rayleigh 
damping model is used to form classic damping matrice of the structure.  

The final point in mathematical modeling is about efficient seismic mass of the frame. 
Here, this parameter is calculated from dead loads plus 20% of live loads. In formation of the 
mass matrices, the assumption of concentrated nodal mass is used. This assumption means 
that elements are weightless in their length, but an amount of mass is assigned to each node 
considering adjacent lengths of loading, leading to formation of a diagonal mass matrice. 

1785



Behrouz Asgarian, Behnam Ordoubadi  

6 QUANTIFICATION OF UNCERTAINTIES 

6.1 Parameters of the structural model 

When using the LHS method to generate a pseudo-random set of numbers for desired pa-
rameters, it is needed to have specific statistical target distributions describing probability dis-
tribution functions (PDF) of the parameters, as well as their correlation matrix.  

In order to introduce the PDF of ratio of equivalent viscous damping (ξ), here the work of 
Porter et al. [34] is used, in which the authors have compiled the results of some researches 
aimed at estimation of ξ for different kinds of structures. Porter et al. concluded that a reason-
able value for coefficient of variation (C.O.V) for this parameter should be between 0.3 and 
0.4. Based on this finding, and some other studies [35], here it is chosen to assign a lognormal 
distribution with median of 0.05 and C.O.V of 0.4 for parameter ξ.  

Structural mass acting during earthquake is formed from dead loads, in addition to a per-
cent of live loads imposed on the structure. Although live loads used in the design of build-
ings are exposed to many uncertainties, mainly because they constitute a relatively less 
important portion of efficient seismic mass, here it is decided to treat them deterministically.  

Based on the results of some other studies, Ellingwood et al. [36] concluded that a proper 
way to describe dead loads as a probabilistic variable is to assume a normal distribution with a 
mean value equal to dead loads used in the design procedure and a C.O.V equal to 0.1. The 
same suggestion has been employed in this paper. 

PDF of yield strength (Fy) and ultimate strength (Fu) of steel are assumed as introduced in 
the report No.177 of John A. Blume earthquake engineering center [37]. Based on data gath-
ered from tensile strength tests conducted on flange coupons, this report has presented statisti-
cal properties of PDFs for Fy and Fu as shown in the Table 1 (σ:  standard deviation, ρ: 
correlation coefficient): 
 

Mean Fy 
(Mpa) σFy (Mpa)  uMean F

(Mpa) (Mpa) Fuσ Fu,Fyρ 

310.3 35.8 455.7 29.6 0.851 

 
Table 1: Statistics of material yield strength from flange coupon tests [37] 

It should be mentioned that other than Fy and Fu, no correlation has been considered for 
any other pair of parameters (i.e. mechanical strengths of steel, damping and mass are as-
sumed completely independent from each other).  

Based on the statistical target distributions and the correlation matrix described above, a set 
of 75 random realizations are generated for each structure. Compared to some other studies in 
this area [24, 25], this number of realizations seems to be sufficient.  

6.2 Strong ground motions 

Strong ground motions caused by earthquakes have a highly complicated nature. Based on 
characteristics like frequency content, peak acceleration, peak velocity and energy content, 
each record may have a specific influence on the structure being considered. Therefore, a wise 
strategy to contain record specific effects is to choose a set of records that have a wide range 
of variation in their intrinsic characteristics.  
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From another aspect, demands achieved from nonlinear time history analyses should be 
somehow consistent to the seismicity of area under study. Hence, selected accelerograms 
must be evaluated from a hazard analysis point of view as well.  

Following these two criteria, a set of 12 records has been selected, which based on NEHRP 
[38] classification correspond to the soil category C and are all free of near-field effects. Gen-
eral properties of these records are presented in Table 2. 

 

No. Event Year Station Moment Magnitude Distance 
(km) 

1 Cape Mendocino 1992 Eureka 7.01 42 
2 Duzce 1999 Lamont 1062 7.14 10.2 
3 Imperial Valley 1979 Superstition 6.53 25.23 
4 Kern County 1952 Taft 7.36 38.89 
5 Kobe 1995 Nishi-Akashi 6.9 8.12 
6 Kocaeli 1999 Arcelik 7.51 13.52 
7 Loma Prieta 1989 Gilroy 6.93 9.96 
8 Loma Prieta 1989 Anderson Dam 6.93 20.26 
9 Manjil 1990 Abbar 7.37 12.97 
10 Northridge 1994 L.A Baldwin Hills 6.69 29.88 
11 Northridge 1994 Obregon Park 6.69 37.36 
12 Victoria 1980 Cerro Prieto 6.33 14.37 

 
Table 2: Earthquake records used for nonlinear time history analyses. 

Also, to see how these records match with seismicity of the hypothetical region of the 
structure, the linear acceleration spectra of records against 475 years uniform hazard spectra 
(UHS) of the region are depicted in Figure 1. The UHS curve is extracted from seismic hazard 
analysis project established by President Deputy Strategic Planning and Control [39]. As it 
can be seen from Figure 1, mean spectral acceleration of the selected records is well matched 
to the UHS of area. Hence, it can be said that these records, in an average sense, are repre-
sentative of seismicity of the area. 
 

 

Figure 1: Spectral acceleration of selected records, and their average against 475 years UHS of region. 
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7 RESULTS 

7.1 Capacity curves based on various damage indices 

For the first part of results, summarized IDA curves representing 16th, 50th and 84th percen-
tiles of structural response are depicted in Figures 2 to 7. In each figure, three curves corre-
spond to the Base Case, and the other three correspond to 75 random realizations named as 
the Uncertain Case. 

An essential item regarding post-processing of the data gained by IDA analyses is the up-
per-limit set on the damage values for each single-IDA curve, i.e. where the flat-line of each 
curve is determined to start. In this paper, it is simply assumed that when the weighted aver-
age of damage values at a storey becomes equal to 1.0, the structure reaches to a globally un-
stable status. When interpreting the results shown in the following figures, it should be 
noticed that with selection of a different upper-limit, ultimate capacities will also change lead-
ing to considerable differences in percentile curves.        

 

 
Figure 2: Summarized IDA curves based on Interstory Drift Ratio.  

 
Figure 3: Summarized IDA curves based on Final Softening damage index. 
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Figure 4: Summarized IDA curves based on Krawinkler and Zohrei damage index.  

 
Figure 5: Summarized IDA curves based on Park and Ang damage index.  

 
Figure 6: Summarized IDA curves based on Ductility Ratio damage index. 

1789



Behrouz Asgarian, Behnam Ordoubadi  

 
Figure 7: Summarized IDA curves based on Roufaiel and Meyer damage index.  

A point common among all of the indices is that the median of structural capacities in un-
certain realizations differ from that of the base structure. In better words, as discussed in de-
tails in [21], the median-parameter model does not necessarily generate the median seismic 
response. 

As it can be seen from the Figures 2 to 7, each damage index shows a distinct pattern in its 
IDA curves. The trend in which slopes of the curves change from linear state to flat-line can 
be indicative of how a damage measure describes the propagation of nonlinearity in the frame 
at increasing levels of seismic intensity. In the following, each of the patterns observed will be 
discussed separately for more details: 

   
- DDR: This non-cumulative index shows a pattern which is similar to IDR, meaning that 

slopes of the percentile curves gradually decrease from the initial slope to zero. However, 
percentile curves of this index are generally below the corresponding ones from IDR.    
 

- DRM: This damage measure does not show any considerable decrease in stiffness or 
strength of the structure right before the flat-line is reached. Capacities calculated by this 
index are the lowest among all. In addition, compared to other local indices, the threshold 
value of this index clearly affects the start of each curve. For example, at 84th percentile 
of both Uncertain and Base Cases, damage will remain zero until the seismic intensity 
becomes equal or more than 0.5g.      
 

- DPA: Similar to DDR and IDR, this index shows a gradual transition from linear stage to 
global instability. Structural capacities estimated by this index have a better correlation to 
corresponding ones from IDR. It is also noteworthy that damages are always greater than 
zero, even when the seismic intensity has very small values. This matter is due to the fact 
that DPA does not have a threshold value, i.e. for any value of seismic forces there will be 
a positive value of δm (Equation 6), which makes the damage measure greater than zero. 
 

- DKZ: compared to other local indices, these curves have steeper slopes in the beginning, 
and their slopes reduce at a higher rate to reach flat-line. In addition, except for 16th per-
centile at Uncertain Case, the percentile curves of this index are below the ones from In-
ter-storey Drift. 
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- δf: As the only global damage index used in this study, it shows a pattern which is clearly 
distinct in several ways. Please note that the initial slopes are very steep, and in some 
percentiles, an intensity as high as 2.0g is needed to initiate the damage. However, after 
only a limited value of damage index, strength and stiffness rapidly start to decrease. In 
most percentiles, the curves reach their flat-line before half of the ultimate value has oc-
curred. 

7.2 Description of FEMA-350 performance levels based on damage indices 

According to definitions existing in FEMA-350 [20], performance limit states can be de-
fined for steel MRF. Particularly, three limit states with titles of immediate occupancy (IO), 
collapse prevention (CP) and global instability (GI) are of prime interest. Each of these three 
corresponds to a certain level of development of nonlinearity in structural behaviour, indicat-
ing of how seismic damages have affected performance of the structure.  

As can be expected, limit states are assigned with specific values of IDR [20], and these 
values will be the criteria of achieving the desired performance. In case of special moment 
resisting frames (SMRF), IO will be exceeded at IDR>2%; and CP will be reached when 
IDR=10% or when the slope of the IDA curve is reduced to 20% of its initial value, whichev-
er occurs first.   

Obviously, it will be a strenuous task to redefine these criteria based on a particular dam-
age index, because such a procedure needs calibration of damage models against a large set of 
data gained from experiments and real-world observations. Nonetheless, correlating values of 
damage indices with the criteria presented in FEMA-350 [20] utilizing numerical simulations 
can provide us with a general idea of how various damage indices describe the structural sta-
tus at different performance levels.   

In this paper, the basis of correlating IDR to other damage indices is the equivalency of 
structural capacities. In better words, the pair values of IDR and a specific damage index are 
assumed to be counterparts when the structural capacity is equal between them. Based on this 
assumption, the average values of Sa(T1,ξ=0.05) at 2% and 10% of IDR are calculated, and 
then the quantity of each damage index corresponding to these average structural capacities 
are extracted from their relevant multi-IDA performance curves. The results of this procedure 
are tabulated in the following: 
 

Damage Measure   Base Case  
IO Level  

Uncertain Case  
IO Level 

Base Case  
CP Level  

Uncertain Case  
CP Level 

IDR  0.02  0.02  0.10  0.10  

DDR 0.12  0.16  0.98  0.87  

DRM 0.14 0.25 1.0 1.0  

DPA  0.13  0.15  0.85 0.77  

DKZ 0.02  0.03  1.0  0.79  

δf 0.0  0.0  0.41  0.12  
 

Table 3: Correlation among different damage indices at IO and CP performance levels. 
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Considering the results in Table 3, it can be seen that the amounts representative of a per-
formance level can significantly vary among damage indices. For example, at the IO level, 
while δf and DKZ have negligible values, the other three estimate damages greater than 0.10. In 
addition, damage approximations can have considerable variations between the Base Case and 
the Uncertain Case. This variation is most important in the case of δf, where epistemic uncer-
tainties reduce the representative damage value by 70 percent. 

It is also noteworthy that some of these indices represent CP level with a damage quantity 
equal (or very close) to 1.0. It is reminded that one of our main assumptions was equivalency 
between global instability of the structure and a weighted average of 1.0 in the story level. As 
the result of this assumption, the procedure implemented in this paper cannot differentiate be-
tween CP and GI limit states for some of the local indices. 

To shed some light on this matter, it is necessary to elaborate on the weighting method 
used herein. Referring to Equation 12, it can be seen that contribution of beams and columns 
to the damage amount of a story is assumed identical. However, it is well known that the re-
quirement of "strong column-weak beam" in the design of SMRF necessitates beams to un-
dergo a lot of more plastic deformations compared to columns up to the point of structural 
collapse. Therefore, the weighted average of damages in a story can reach the ultimate value 
while only a relatively small portion of these damages have risen from columns. 

This issue does not concern the IDR parameter, as it can illustrate a clear margin between 
CP and GI limit states. Nonetheless, some modifications can become very useful to overcome 
this insufficiency with local damage indices. For example, instead of using a weighted aver-
age, collapse can be defined as when the maximum damage in columns of a story reaches the 
value of 1.0. Also, it is possible to use a greater weighting coefficient for columns in Equation 
12 which makes the collapse criterion more dependent on columns. 

7.3 Statistical distribution of structural capacities at limit states 

As the final part of results, in this section the statistical characteristics of distribution of 
structural capacities at IO, CP and GI levels will be presented. Based on the damage quantities 
calculated for IO and CP states, and also considering the criterion assumed for collapse of the 
structure, mean (σ), median (μ), and coefficient of variation (cv) for Sa(T1,ξ)/g at the three lim-
it states are presented in the following tables: 
 

Damage Measure   
Base Case 

Sa(T1,ξ=0.05)/g 
Uncertain Case 

Sa(T1,ξ)/g 
σ  μ cv σ  μ cv 

IDR  0.592  0.564  28.0%  0.558  0.535  31.8%  

DDR 0.592  0.554  21.2%  0.558  0.573  35.0%  

DRM 0.592 0.499 40.5% 0.558 0.567 35.3% 

DPA  0.592  0.578 19.3% 0.558  0.569  33.3%  

DKZ 0.592  0.582  20.3% 0.558  0.560  29.5%  

δf 0.609  0.557  46.8%  0.563  0.502  79.0%  
 

Table 4: Statistical distribution of structural capacities at IO performance level.  
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Damage Measure   
Base Case 

Sa(T1,ξ=0.05)/g 
Uncertain Case 

Sa(T1,ξ)/g 

σ  μ cv σ  μ cv 

IDR  2.910  2.634  36.8%  2.741  2.805  0.321  

DDR 2.910  2.605  37.7%  2.741  2.827  0.338  

DRM 2.437 2.250 33.9% 2.162 2.350 0.310 

DPA  2.910  2.625  38.1%  2.741 2.773 0.308 

DKZ 2.900  2.625  37.4%  2.741  2.808  0.296  

δf 2.910  2.631  33.6%  2.739  2.770  0.364  
 

Table 5: Statistical distribution of structural capacities at CP performance level.  

 

Damage Measure   
Base Case 

Sa(T1,ξ=0.05)/g 
Uncertain Case 

Sa(T1,ξ)/g 
σ  μ cv σ  μ cv 

IDR  3.312  3.075  37.8%  3.622  3.689  0.338  

DDR 2.950  2.625  37.6% 3.205  3.100  0.335  

DRM 2.437 2.250 33.9% 2.162 2.350 0.310 

DPA  3.125  2.925  38.5% 3.327  3.500  0.305  

DKZ 2.900  2.625  37.4%  3.105  3.100  0.293  

δf 3.312  3.075  37.8%  4.065  4.400  0.321  
 

Table 6: Statistical distribution of structural capacities at GI limit state.  

Considering the results of Tables 4 to 6, the following points can be highlighted: 

- Epistemic uncertainties have increased the structural capacities at CP and GI limit 
states, though for IO state it is generally the opposite. 

- The coefficient of variation, which is an indicator of dispersion in data, vary among 
damage measures. 

- Collapse capacities calculated by IDR are always greater than those of local indices, 
and equal or less than those related to δf.          
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8 CONCLUSIONS  

• Use of various Damage Measures (or Engineering Demand Parameters) lead to creation  
of performance curves which are distinct in terms of interception with the vertical axis 
(seismic intensities), maximum structural capacities and variations in the curve's slope 
from linear stage to structural failure. 

• The criterion which describes structural collapse has an essential role in interpretation of 
IDA curves based on local damage indices. As for the procedure used herein, it seems 
that a weighted average of 1.0 at story level cannot be an appropriate criterion for de-
scription of collapse. This issue is mainly due to the fact that damages occurred to col-
umns and beams of a story do not have identical contribution to stability of the whole 
structure. 

• The Damage Measures studied here display different levels of sensitivity to modelling 
uncertainties. These Measures are analytical functions that use different parameters as 
their inputs, and as the result, the dispersion of structural capacities calculated by each of 
them can show a different variability against epistemic uncertainties.  
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Abstract. The performance-based earthquake engineering framework utilizes probabilistic 
seismic demand models to obtain accurate estimates of building engineering demand parameters. 
These parameters are utilized to estimate earthquake-induced losses in terms of probabilistic 
repair costs, life-safety impact, and loss of function due to damage to a wide variety of building 
structural and non-structural components and content. Although nonlinear response history 
analysis is a reliable tool to develop probabilistic seismic demand models, it typically requires a 
considerable time investment in developing detailed building numerical model representations. In 
that respect, the challenge of city-scale damage assessment still remains. This paper proposes a 
simplified methodology that rapidly assesses the story-based engineering demand parameters (e.g., 
peak story drift ratios, residual story drift ratios, peak absolute floor accelerations) along the 
height of a steel frame building in the aftermath of an earthquake. The proposed methodology can 
be employed at a city-scale in order to facilitate rapid earthquake-induced loss assessment of steel 
frame buildings in terms of structural damage and monetary losses within a region. Therefore, 
buildings within an urban area that are potentially damaged after an earthquake event or scenario 
can be easily identified without a detailed engineering inspection. To illustrate the methodology 
for rapid earthquake-induced loss assessment at the city-scale we employ data from instrumented 
steel frame buildings in urban California that experienced the 1994 Northridge earthquake. Maps 
that highlight the expected structural and nonstructural damage as well as the expected 
earthquake-induced monetary losses are developed. The maps are developed with the geographical 
information system for steel frame buildings located in Los Angeles.
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1 INTRODUCTION 
The performance-based earthquake engineering (PBEE) framework which was formalized 

in FEMA P-58 [1] uses probabilistic seismic demand models to link the building damage state 
and the structural responses (i.e., engineering demand parameters, EDPs) at a given seismic 
intensity. In that respect, several probabilistic seismic demand models have been proposed (e.g., 
[2-8]). Although these models predict reasonably well the peak story drift ratios (SDRs) along 
the height of a building, they typically do not predict other EDPs [e.g., residual drifts, peak 
absolute floor accelerations (PFAs)] that are deemed to be critical in earthquake-induced loss 
assessment [9, 10]. Ruiz-García and Miranda [11] developed a probabilistic seismic demand 
model for estimating the median and dispersion of maximum residual SDRs at a given seismic 
intensity. More recently, Erochko et al. [12] developed an approximate equation for estimating 
the residual SDRs in steel moment-resisting frames (MRFs) and buckling-restrained braced 
frames as a function of the maximum expected SDRs. FEMA P-58 [1] summarizes a simplified 
procedure for the probabilistic seismic demand analysis of low- and mid-rise buildings. Despite 
the simplicity of this approach, it cannot be extended beyond inelastic demands that correspond 
to peak SDRs that exceed 4 times the corresponding yield SDR. Excessive component strength-
and-stiffness degradation should also be prohibited. Ruiz-García and Chora [8] proposed a 
coefficient method for estimating residual SDR demands in multi-story steel frame buildings 
through regression analysis. The aforementioned methods typically require the use of nonlinear 
building models. Therefore, detailed information regarding the building geometry and its 
material properties is always required. Notably, such models require an appreciable time 
investment for their further validation. 

Structural health monitoring (SHM) [13] offers the potential to identify the damage state of 
a building by utilizing various types of sensors based on nonmodel approaches. This is achieved 
with the use of damage-sensitive features (DSFs). At present, seismic instrumentation programs 
for new and existing buildings have been established in various regions around the world [14-
16]. This recorded data can be employed for the further validation of various SHM approaches. 
Recently, Noh et al. [17, 18] proposed wavelet-based DSFs for nonmodel-based seismic 
vulnerability assessment of buildings. This is achieved by observing the changes in wavelet 
energies at a particular scale (i.e., the scale corresponding to the first-mode natural frequency 
f1 of the undamaged structure) over time. In a more recent study, Hwang and Lignos [19] 
illustrated that the wavelet-based DSFs can be used for the seismic vulnerability assessment of 
buildings with fairly low instrumentation density. One of the main challenges is how to map 
the DSFs with building EDPs corresponding to a given seismic intensity. 

This paper presents a methodology for earthquake-induced loss assessment of instrumented 
steel frame buildings that combines concepts from SHM and PBEE. The emphasis at this stage 
is on buildings that utilize steel MRF systems. The proposed methodology utilizes a nonmodel-
based DSF as proposed in [18] to first identify the damage state of the building of interest. The 
DSF is then mapped with the corresponding building EDPs of interest at a given seismic 
intensity. This mapping is achieved through an empirical relationship that employs very basic 
building information (e.g., total building height and the number of stories). The efficiency of 
the proposed method for predicting story-based EDPs is illustrated through a case-study 
instrumented building that experienced the 1994 Northridge earthquake. The earthquake-
induced economic losses of the same building are also estimated. Finally, the same 
methodology is extended at a city-scale in order to facilitate regional earthquake-induced loss 
assessment for urban earthquake disaster risk management. 
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2 PROPOSED METHODOLY FOR EARTHQUAKE-INDUCED LOSS 
ASSESSMENT OF STEEL FRAME BUILIDNGS 

2.1 Wavelet-based damage-sensitive features for structural damage diagnosis 
In order to develop an approximate method for rapid earthquake vulnerability assessment of 

steel frame buildings with MRFs, a nonmodel-based approach is employed. In particular, 
wavelet-based DSFs are utilized as proposed in Noh et al. [18]. The wavelet-based DSFs are 
computed based on the absolute acceleration response history recorded at the building roof. 
This section briefly describes the theoretical background of the wavelet-based DSF that is 
utilized in this paper.  

Given a scale parameter a > 0, and a time shift parameter b, the continuous wavelet transform 
[20] can be mathematically described as follows: 

 ( ) ( ) *1, dt bC a b f t t
aa
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¥
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-æ ö= ç ÷
è øò   (1) 

in which f(t) is the response history data (i.e., the absolute acceleration time history in this 
paper); ψ(t) is the mother wavelet function (in this paper, the Morlet wavelet basis function [21] 
is used as a mother wavelet due to its resemblance to earthquake pulses); and * is the complex 
conjugate. The daughter wavelets are established by continuously dilating and translating the 
mother wavelet function, ψ(t). The continuous wavelet transform coefficients, C(a, b) are then 
obtained by convoluting the basis functions and recorded absolute acceleration history data, f(t) 
at the building roof. 

Noh et al. [18] introduced the wavelet-based DSFs as structural damage indicators, which 
are defined by the ratio of the wavelet energy at the first-mode natural frequency of the building 
over time to the total wavelet energy. Hwang and Lignos [22] suggested that this wavelet-based 
DSF should be adjusted in cases that higher mode contributions become considerable. In this 
case: 
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in which ( )scale if
E  is the wavelet energy at a scale corresponding to the ith natural frequency of 

the building under consideration. The wavelet energy shows how the vibration energy of the 
acceleration response data is distributed over time given at a particular scale (i.e., the scale 
corresponding to ith natural frequency). By assuming that the natural frequencies of the building 
are well separated, the second- and third-mode natural frequencies are approximated to 3f1 and 
5f1, respectively [23]. The wavelet energy ( )scale if

E  can be computed as follows: 

 ( ) ( ) 2scale
1

,
i

K

if
b

E C f b t
=

= ´Då   (3) 

Referring to Eq. (2), the total wavelet energy, Etot of the recorded absolute acceleration 
response history is defined as follows: 
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Referring to Eq. (2), the DSF values represent how the distribution of vibration energies at 
the natural frequencies of a building changes while the structural damage progresses. Therefore, 
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the DSF values range between 0 (representing no structural damage) and 1 (representing severe 
structural damage) as suggested in Noh et al. [18].  

Hwang and Lignos [22] conducted further validations on the potential use of wavelet-based 
DSFs for structural damage identifications based on full-scale shake table experiments on steel 
frame buildings with steel MRFs [24, 25] and concentrically braced frames [26, 27]. They found 
that the mapping of a DSF value to a story-based EDP is possible. Figure 1 illustrates the 
wavelet-based DSFs for a large-scale model of a 4-story steel frame building with MRFs that 
was tested at the State University of New York at Buffalo [28, 29]. Referring to Figure 1, the 
DSF values are plotted with respect to the discrete seismic intensities that the 4-story steel frame 
was subjected to. Figure 1 suggests that there is a strong correlation between the DSFs and 
story-based EDPs. Same findings hold true for the rest of the shake table experiments that were 
investigated [24-27]. 

 
Figure 1: Wavelet-based DSFs of the 4-story steel frame building with MRF tested at the State University of 

New York at Buffalo. 

2.2 Database development 

In order to establish a relationship between the wavelet-based DSFs and the corresponding 
story-based EDPs of steel frame buildings with MRFs at a given seismic intensity, we 
developed a database of inelastic building responses obtained from nonlinear response history 
analyses (NRHA). The relationship is developed based on stepwise multivariate linear 
regression analysis [30]. 

In order to populate the best-suited damage indicators (i.e., wavelet-based DSFs) discussed 
in Section 2.1, a wide range of archetype steel frame buildings with MRFs is designed and 
analyzed through rigorous NRHA. In particular, the archetypes range from 2 to 20 stories and 
their steel MRFs are designed in accordance with [31-33] with three strong-column/weak-beam 
(SCWB) ratios of 1.0 (i.e., code-based design), 1.5 and 2.0. Figure 2 illustrates a plan view and 
elevation of a representative 8-story steel frame building with perimeter MRFs. Detailed 
information about the design details of the archetypes can be found in [34-36]. 

Two-dimensional (2-D) nonlinear building models of the archetype MRFs are developed in 
the Open System for Earthquake Engineering Simulation (OpenSees) Platform [37]. Referring 
to Figure 2, these MRFs are shown in the highlighted dashed box. Steel beam and column cyclic 
deterioration in strength and stiffness is modelled with the phenomenological deterioration 
model developed by Ibarra et al. [38] and further refined and calibrated by Lignos and 
Krawinkler [39, 40]. Figure 3(b) illustrates a comparison between beam moment-chord rotation 
relations predicted with the deterioration model and measured from a full-scale experiment 
conducted by Gilton et al. [41]. The Krawinkler model [42] is used to model the potential 
inelastic panel zone shear distortion. Second order effects (i.e., P-Delta effects) are considered. 
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The gravity load carried by the gravity framing system is applied to a fictitious leaning column 
shown in Figure 3(a). 

 
Figure 2: Typical archetype steel frame buildings: (a) plan view; and (b) elevation of the 8-story steel MRF. 

Multiple NRHAs [i.e., incremental dynamic analysis (IDA)] [43] are performed based on a 
suite of ground motions compiled by Medina and Krawinkler [44]. The story-based EDPs (i.e., 
peak SDRs, residual SDRs, and PFAs) are obtained for each ground motion over a wide range 
of seismic intensities. The wavelet-based DSFs [see Eq. (2)] are then determined from the 
absolute acceleration response histories recorded at the roof of each archetype as discussed in 
Section 2.1. The database of nonlinear building responses as well as the mapped wavelet-based 
DSF values are employed to develop empirical equations that predict the story-based EDPs of 
interest given a seismic intensity. 

 
Figure 3: Example of nonlinear building model for steel frame building with MRFs: (a) 2-D building model for 

the 8-story steel frame building; and (b) material model calibrated with bare steel beam with moment connection 
(data from Gilton et al. [41]). 

2.3 Proposed empirical equations for rapid earthquake damage assessment 

Stepwise multivariate linear regression analysis [30] is employed to establish the relation 
between the building responses (i.e., story-based EDPs along the building height) and several 
predictor variables. The database of building responses discussed in Section 2.2 is employed 
for this purpose. Equation (5) represents the general form of the empirical equations for 
estimating the median story-based EDPs of interest. Only statistically significant predictor 
variables are included in the empirical equations. 
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in which βi are the regression constants; ε is the random error (i.e., residual); EDPi are the 
corresponding peak SDRs, residual SDRs and PFAs at each level i. Referring to Eq. (5), it was 
found that the average spectral acceleration Savg proposed by Eads et al. [45, 46] provides best 
estimates of peak and residual SDRs compared to other seismic intensity measures (IM). In 
particular, the pseudo-acceleration (Sa), peak ground acceleration (PGA), peak ground velocity 
(PGV), Arias intensity (Ia) [47] were also evaluated. The Savg is computed as the geometric 
mean of 5% damped spectral accelerations ranging between 0.2T1 and 3T1 with a uniform 
interval of 0.01s [45, 46] (where T1 is the first-mode natural period of the building under 
consideration). Similarly, the PGA provides better estimates for PFAs compared to the rest of 
IMs that were considered. Notably, the FEMA P-58 simplified approach [1] utilizes the same 
IM for computing PFAs along the building height. In order to compute seismic intensities (i.e., 
Savg and PGA), an acceleration sensor should be placed at the ground floor of the building. In 
case that the base motion is not available, the approach proposed by Lignos and Miranda [48] 
may be used to obtain the input ground motion at the building’s ground floor. Referring to Eq. 
(5), the wavelet-based DSF is determined from the absolute acceleration response history 
recorded at the building roof; hx is the height above the base of the building to floor level x; H 
is the total building height above the ground level; SCWB is the strong-column/weak-beam 
ratio determined by the year of building construction; and N is the number of stories of the 
building under consideration. Table 1 summarizes the range of applicability of Eq. (5) for the 
estimation of EDPs of interest. Furthermore, the same table provides the minimum, maximum, 
mean, standard deviation, and coefficient of variation (COV) of each predictive variable that is 
considered in the database. 
 

 Savg (g) PGA (g) hx/H SCWB N 
Minimum  0.02 0.05 0.05 1.0 2 
Maximum 1.61 7.17 1.00 2.0 20 
Mean 0.25 1.17 0.56 1.5. 11.31 
Standard deviation 0.18 0.97 0.29 0.41 5.67 
COV 0.03 0.94 0.08 0.16 32.16 

Table 1: Range of predictor variables for peak SDR, PFA, and residual SDR for steel frame buildings in the 
database. 

To treat the statistical error and the associated uncertainty in the regression model, t- and F-
statistics are performed at a 5% significance level. Tables 2 and 3 summarize the intercepts, the 
regression coefficients and their p-values based on standard t- and F-statistics, the coefficient 
of determination R2 and the standard deviation σln for buildings with less than 8 stories and 
buildings with 9 stories to 20 stories, respectively. The tables suggest that all the considered 
predictor variables significantly affect the accuracy of the models. In particular, the p-values in 
the t-statistic are zero. 

Referring to Tables 2 and 3, the coefficient of determination R2 of the residual SDR is smaller 
than the corresponding values for the peak SDRs and PFAs. This is consistent with prior studies 
associated with the estimation of residual drifts [8, 12]; the effect of record-to-record variability 
on the residual drifts is much larger than that observed in other EDP counterparts. It should also 
be noted that residual SDRs are largely influenced by component modeling parameters [8, 11, 
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12, 49-51]. In that respect, it is confirmed that the large uncertainty of residual SDRs observed 
in analysis results is reflected in the smaller R2 observed in the regression model. 

 
Predictor 
variables 

Peak SDR PFA Residual SDR 
Coeff. t-stat. p-value Coeff. t-stat. p-value Coeff. t-stat. p-value 

ln(Savg) 0.69 14.055 0.00 -- -- -- 0.57 61.80 0.00 
ln(PGA) -- -- -- 0.63 213.30 0.00 -- -- -- 
DSFs 0.34 11.54 0.00 0.12 5.64 0.00 0.55 3.59 0.00 
hx/H 1.75 39.38 0.00 -0.06 -9.73 0.00 0.22 2.71 0.01 
(hx/H)2 -1.34 -36.95 0.00 -- -- -- -0.32 -4.82 0.00 
(hx/H)3 - -- -- -- -- -- -- -- -- 
SCWB -0.09 -14.09 0.00 0.08 18.99 0.00 -0.09 -8.01 0.00 
N 0.42 36.24 0.00 -0.21 -28.92 0.00 0.42 18.57 0.00 
N2 -0.04 -36.60 0.00 0.02 26.39 0.00 -0.04 -18.52 0.00 

 
Intercept=-4.43, 
F=6.24×103, p-value=0, 
R2=0.77, σln=0.29 

Intercept=0.38, 
F=1.56×104, p-value=0, 
R2=0.88, σln=0.20 

Intercept=-5.22, 
F=1.04×103, p-value=0, 
R2=0.39, σln=0.53 

Table 2: Regression coefficients for peak story drift ratio, peak absolute floor acceleration, and residual story 
drift ratio for steel frame buildings with less than 8 stories. 

Predictor 
variables 

Peak SDR PFA Residual SDR 
Coeff. t-stat. p-value Coeff. t-stat. p-value Coeff. t-stat. p-value 

ln(Savg) 0.52 135.86 0.00 -- -- -- 0.32 0.32 0.00 
ln(PGA) -- -- -- 0.61 270.96 0.00 -- -- -- 
DSFs 0.76 33.20 0.00 0.34 20.80 0.00 0.62 16.53 0.00 
hx/H 3.89 44.40 0.00 -0.96 -53.05 0.00 0.78 15.49 0.00 
(hx/H)2 -7.16 -39.03 0.00 0.83 51.46 0.00 -0.99 -21.89 0.00 
(hx/H)3 3.82 34.27 0.00 -- -- -- -- -- -- 
SCWB -0.10 -19.77 0.00 0.03 9.68 0.00 -0.07 -8.08 0.00 
N 0.11 25.85 0.00 -0.07 -27.82 0.00 0.14 20.32 0.00 
N2 -0.004 -25.11 0.00 0.002 23.44 0.00 -0.005 -19.81 0.00 

 
Intercept=-4.49, 
F=5.55×103, p-value=0, 
R2=0.763, σln=0.32 

Intercept=0.37, 
F=2.84×104, p-value=0, 
R2=0.89, σln=0.19 

Intercept=-5.51, 
F=1.11×103, p-value=0, 
R2=0.23, σln=0.53 

Table 3: Regression coefficients for story drift ratio, peak absolute floor acceleration, and residual story drift 
ratio for steel frame buildings with 9 to 20 stories. 

2.4 Comparisons of proposed approach with the FEMA P-58 simplified procedure  

The efficiency of the proposed empirical equations in predicting story-based EDPs in steel 
MRF buildings is evaluated with respect to results based on rigorous NRHA. For this purpose, 
a 12-story steel frame building with MRFs located in downtown Los Angeles (33.996°N, 
118.162°W) is employed as a case-study. This building is subjected to the far-field set of 44 
ground motions retrieved from FEMA P695 [52]. For comparison purposes, the simplified 
procedure summarized in FEMA P-58 [1] is also considered. This procedure requires an explicit 
building model for the story-based EDP computations. This model should appropriately 
represent the distribution of mass and stiffness along the height of the building. Regarding the 
FEMA P-58 approach, we utilized (i) linear and nonlinear building models; (ii) an elastic 
analysis based on a first-mode lateral force distribution; and (iii) an estimate of the building’s 
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lateral yield strength by conducting a nonlinear static analysis based on a first-mode lateral load 
pattern in accordance with ASCE 41-13 [53].  

The comparison is elaborated for three discrete levels of seismic intensity: namely, (i) 
service-level earthquake (SLE, seismic hazard level of 50% probability of exceedance in 50 
years); (ii) design-basis earthquake (DBE, 10% probability of exceedance in 50 years); and (iii) 
maximum considered earthquake (MCE, 2% probability of exceedance in 50 years) as defined 
for the design location of interest. 

Figure 4 depicts the predicted peak SDRs along the height of the 12-story steel frame 
building based on the proposed method in comparison with the median peak SDR demands 
based on NRHA. In the same figure, we have superimposed the predicted median peak SDRs 
based on the FEMA P-58 simplified procedure [1]. To facilitate a lower/upper bound analysis, 
the 16th/84th percentiles of peak SDRs, PFAs and residual SDRs are also provided in Figure 4. 

 
Figure 4: Predicted versus simulated peak SDRs along the height of the 12-story steel frame building with 

SCWB > 1.0. 

Referring to Figure 4(a), it is evident that the proposed predictive approach provides 
reasonable estimates of peak SDRs along the height of the building regardless of the seismic 
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intensity. The proposed approach provides better estimates of median peak SDR demands 
compared to those from the FEMA P-58 simplified procedure regardless of the seismic intensity 
of interest. Referring to Figure 4(a), the FEMA P-58 simplified approach overestimates the 
peak SDRs in the upper stories of the 12-story building at the MCE intensity. This is mainly 
because this approach is not applicable when peak SDRs exceed 4 times the corresponding 
yield drift ratio. On the other hand, the proposed nonmodel-based approach predicts well the 
peak SDR demands over the building height. 

Referring to Figure 4(b), the predicted median PFAs along the height of the 12-story steel 
frame building are shown for the three selected levels of seismic intensity based on the proposed 
approach and the FEMA P-58 simplified approach. Superimposed in the same figure is the 
median PFA demand based on results from NRHA. From this figure, it is found that the 
proposed approach provides reasonable PFA estimates along the height of the building for 
moderate to severe seismic intensities (i.e., DBE and MCE). At frequently occurring seismic 
intensities (i.e., SLE), the proposed approach overestimates PFAs by approximate 21%, on 
average, relative to NRHA results. Similar accuracy is achieved with the FEMA P-58 simplified 
approach. 

Similarly, Figure 4(c) compares the predicted residual SDRs along the height of the 12-story 
steel frame building based on the proposed approach and the FEMA P-58 simplified approach 
for the three seismic intensities. In the same figure, we have superimposed the median response 
based on NRHA. Referring to Figure 4(c), the proposed approach tends to slightly overestimate 
the residual SDRs at the mid-height of the building at SLE intensity; the FEMA P-58 simplified 
approach tends to significantly underestimate the residual SDRs at the bottom stories of the 
building. This is not the case for higher seismic intensities associated with low probability of 
occurrence earthquakes (i.e., MCE). Previous research has identified that residual drifts are very 
sensitive to the earthquake magnitude, distance to the source range, the adopted component 
hysteretic behavior as well as the analytical model representations of a building [8, 51, 54, 55]. 
For the aforementioned reasons, it is recommended that a lower/upper bound analysis should 
be employed based on the 16th/84th percentile of the predicted values of the proposed approach 
as shown in Figure 4(c). In this case, the median response from NRHA is within these two 
percentiles. Same observations hold true for buildings with less than 9 stories. 

3 APPLICATION OF SIMPLIFIED SEISMIC ASSESSMENT METHODOLOGY IN 
INSTRUMENTED STEEL FRAME BUILDINGS 

3.1 Case study instrumented building 
The proposed approach could be employed for the rapid seismic assessment of instrumented 

steel frame buildings with fairly low instrumentation density. In particular, two sensors at each 
principal axis are only required along the height of the building. One sensor at the ground floor 
is preferred to obtain the PGA and Savg; a second sensor should be placed at the building roof 
to obtain the wavelet-based DSF. If sensors are placed elsewhere in the building then the output-
only system identification technique proposed by Lignos and Miranda [48] could be employed 
to compute the absolute acceleration response histories at the building base and roof. 

The proposed method is evaluated with the use of recorded data from the 15-story 
Government steel frame office building (Station Number: CSMIP 24569) located in Los 
Angeles, California (34.058°N, 118.250°W). The lateral load resisting system of this building 
consists of steel MRFs. The building was designed in 1961. Therefore, capacity design 
principles were not formally employed. However, at the same year, the design of tall buildings 
was mostly governed by lateral wind loads over seismic loads, and the member properties were 
determined based on wind demands; therefore, they were detailed to behave in a ductile manner 
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[56]. Considering the large column sizes that were typically employed to satisfy the axial and 
lateral drift limits in tall buildings, the column flexural strength was not deemed to be critical 
[57]. 

.Fifteen accelerometers were placed at 4 levels along the height of this building that recorded 
the building response during the earthquake. The recorded data is retrieved from the Center for 
Engineering Strong Motion Data (CESMD) operated by the California Department of 
Conservation’s Strong Motion Instrumentation Program (CSMIP) in cooperation with the US 
Geological Survey (USGS). The building station name is CSMIP 24569. Figure 5 shows the 
overview, plan, and elevation of the building.  

3.2 Predicted engineering demand parameters and earthquake-induced economic losses  

To determine the wavelet-based DSFs, the first natural frequency f1 of the building should 
be identified in its two principal loading directions based on the base motion and roof absolute 
acceleration response histories of the building. The subspace state space system identification 
algorithm (N4SID) [58] is used for this purpose. The identified frequencies are summarized in 
Table 4. 

 
Figure 5: Fifteen-story Government steel frame office building (CSMIP 24569); (a) overview; and (b) plan, and 

elevation of the building (images from the US National Center for Engineering Strong Motion Data at 
http://strongmotioncenter.org). 

Loading direction  Natural frequency f1 (Hz) Equivalent damping ratio, ξ1 (%)  
North-south 0.34 2.2 
East-west 0.32 3.4 

Table 4: System identification for the 15-story instrumented steel frame office building in Los Angeles. 

Figure 6 shows the estimated story-based EDPs along the height of the 15-story building for 
both loading directions [i.e., north-south (NS) and east-west (EW) directions]. These EDPs are 
computed within few seconds based on Eq. (5) and the values listed on Table 3. Referring to 

(a) (b)
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Figure 6(c), the recorded PFAs from the building response during the 1994 Northridge 
earthquake are superimposed for comparison purposes. It is found that the proposed approach 
provides accurate estimates of the instrumented building’s PFAs. Referring to Figures 6(a) and 
6(b), the proposed approach predicts that the peak SDR and residual SDR along the height of 
the same building is 1.30% and 0.35%, respectively. Therefore, the building experienced fairly 
minor structural damage due to flexural steel beam yielding. Notably, the FEMA P-58 
simplified approach cannot be directly utilized for the seismic performance assessment of the 
same building because the building geometry as well as material properties of the respective 
structural components should be known in this case.  

 
Figure 6: Predicted EDPs of the 15-story Government office building (CSMIP 24569). 

The predicted story-based EDPs can be further utilized to conduct a building specific 
probabilistic economic loss assessment. The story-based building-specific loss estimation 
methodology proposed by Ramirez and Miranda [10] is employed for this purpose. The three 
possible consequences of a building in the aftermath of an earthquake are considered as follows: 
(i) collapse does not occur and structural and/or non-structural components shall be repaired or 
replaced in the aftermath of an earthquake; (ii) collapse does not occur, but due to excessive 
residual deformations along the height of the building it may be demolished and rebuilt; and 
(iii) collapse occurs and the building shall be rebuilt. Assuming that these consequences are 
mutually exclusive, the expected building losses conditioned on the seismic intensity IM are 
defined as follows: 

( ) ( )
( )
, ,

,
T T T

T

E L IM E L NC R IM P NC R IM E L NC D IM P NC D IM

E L C IM P C IM

é ù = é Ç ù Ç + é Ç ù Çë û ë û ë û
+ é ùë û                    (6) 

in which E[LT|NC∩R, IM] is the expected value of the total building loss given that collapse 
does not occur and the building may be repaired given the occurrence of seismic intensity 
IM=im; E[LT|NC∩D, IM] is the expected building loss when there is no collapse but the building 
may be demolished at a given seismic intensity IM=im; E[LT|C, IM] is the expected building 
loss when collapse occurs at a given seismic intensity IM=im. Furthermore, P(NC∩R|IM) is the 
probability that the building will not collapse but may be repaired or replaced conditioned on 
the seismic intensity IM=im. P(NC∩D|IM) is the probability that the building will not collapse 
but it may be demolished because of potentially large residual deformations conditioned on the 
seismic intensity IM=im. P(C|IM) is the probability of collapse conditioned on the seismic 
intensity IM=im. More details about the mathematical formulation of the building-specific loss 
estimation methodology can be found in [59, 60]. 
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In order to reliably quantify the instrumented building’s earthquake-induced losses, the 
authors adopted in part the fragility curves from FEMA P-58 [1] that were further refined by 
Hwang et al. [54]. Although the plan view of the building was known (see Figure 5), its detailed 
architectural layout was not possible to be retrieved. The authors approximated the densities of 
various non-structural components and building content based on the approach discussed in 
Bradley et al. [61]. 

Figure 7 shows the expected earthquake-induced losses of the building. These values are 
normalized with respect to the total replacement cost of the building. Note that the total 
replacement cost of the building is determined for a given calendar year (i.e., 1994). Referring 
to Figure 7, the expected losses due to repairs slightly exceed 15% of the total replacement cost 
of the building. These losses are further disaggregated into structural/non-structural component 
repairs, building demolition, and collapse. For the given seismic intensity at the site of interest, 
losses due to collapse and demolition become negligible. However, drift-sensitive non-
structural component repairs seem to be a major contributor to the expected losses of the 
building. The expected losses due to acceleration-sensitive non-structural component repairs 
are approximately 2.0% of the total replacement cost of the building. This seems to be a 
reasonable estimate based on the recorded maximum PFAs (i.e., 0.29g) along the height of the 
building. 

 
Figure 7: Normalized expected losses for the 15-story Government office building (CSMIP 24569). 

Referring to Figure 7, the estimated losses due to structural damage are on the order of 4.4% 
of the total replacement cost of the building. Although the peak SDRs along the height of the 
building did not exceed 1.3% in both loading directions, repairs due to structural damage are 
primarily driven by the increased likelihood of premature fracture of pre-Northridge beam-to-
column connections [62, 63]. 

3.3 Rapid Seismic Assessment at a “City-Scale” 

The proposed methodology discussed in Section 2 offers the opportunity to conduct a rapid 
seismic risk and loss assessment of instrumented buildings at the “city-scale” for a given 
earthquake scenario. In this section, this concept is explored further by utilizing recorded data 
from 12 instrumented steel frame buildings that experienced the 1994 Northridge earthquake. 
The recorded data were available through the CSMIP stations for Los Angeles. Although the 
data is fairly scarce, the intention of the authors at this stage is to just illustrate the concept of 
the generalized damage and expected loss maps at the city level. The accuracy of these maps 
can be further improved by either populating the number of instrumented buildings or by 
combining the framework presented herein with other tools that facilitate the city-scale rapid 
seismic assessment of building assets [64-68]. 

Figure 8 shows a generalized damage map for the city of Los Angeles based on the maximum 
story-based EDP estimates that were computed along the height of the instrumented buildings 
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after the 1994 Northridge earthquake. The maps are developed with the geographically 
information system (GIS). In regions that instrumented data was not available, the contour maps 
were developed by using a multivariate (spatial) interpolation. It was found that the inverse 
distance weighting (IDW) method [69] provides reasonable results. This method assigns 
maximum values of EDPs to unknown points with a weighted average of the values available 
at the known points in the map. 

  
 Figure 8: “city-scale” generalized damage and expected loss maps for the city of Los Angeles after the 

1994 Northridge earthquake.  

Referring to Figures 8(a) to 8(c), the area around the epicenter suffered the most structural 
and non-structural damage given the distribution of peak SDRs [see Figure 8(a)] and PFAs [see 
Figure 8(b)]. Notably, near the epicenter the peak SDRs were on the order of 1.5% and the 
PFAs were on the order of 0.9g. From the same figure, in the south-east of the city, the 
distribution of the peak SDRs and PFAs were on the order of 0.5% and 0.4g, respectively, 
indicating that the expected structural and non-structural damage would be fairly minimal in 
the same region. Referring to Figure 8(c), the distribution of residual SDRs was 0.4% or less; 
therefore, building demolition would not be a critical concern. The generalized maps shown in 
Figures 8(a) to 8(c) can provide a first estimate of the post-earthquake safety within a region 
considering that they can be produced within minutes after a natural disaster. In that sense, the 
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proposed framework can be employed for city-scale management in the aftermath of an 
earthquake. 

The computed story-based EDPs shown in Figures 8(a) to 8(c) can be further utilized to 
develop a generalized expected loss map for the same region. This map is shown in Figure 8(d). 
In this case, the expected losses were computed as discussed in Section 3.2. Referring to Figure 
8(d), steel frame buildings with MRFs located near the epicenter experienced monetary losses 
on the order of 15% of their total replacement cost due to damage in drift and acceleration-
sensitive non-structural components. A significant contributor to the expected losses was the 
corresponding repairs due to premature fracture in pre-Northridge beam-to-column connections. 
Referring to Figure 8(d), such failures were fairly minimal in the South-East of the city 
considering the SDR and PFA seismic demand distribution in this region. The generalized loss 
maps can be easily employed for the expected loss computations within a city based on a given 
earthquake scenario such that proper pre-disaster measures can be prioritized by stakeholders. 

4 SUMMARY AND CONCLUSIONS 

This paper proposes a framework for estimating story-based engineering demand parameters 
(EDPs) along the height of instrumented steel frame buildings with moment-resisting frames 
(MRFs) in the aftermath of an earthquake. The estimated EDPs can be further used for 
earthquake-induced loss assessment. The proposed framework utilizes a wavelet-based damage 
sensitive feature (DSF). This does not require the use of nonlinear building models in order to 
compute their response during an earthquake. Two case studies are used for illustration of the 
proposed framework. The main findings of the paper are summarized as follows: 
 Wavelet-based DSFs are able to trace changes in building seismic response due to structural 

damage without the use of detailed numerical models. This was verified based on data from 
large-scale shake table experiments that evaluated the dynamic response of steel frame 
buildings with steel MRFs from the onset of damage through the occurrence of structural 
collapse. 

 A method was developed that maps the wavelet-based DSFs with estimates of story-based 
EDPs at a given seismic intensity. These non-model based predictions are fairly reasonable 
as confirmed by nonlinear building simulations and data retrieved from instrumented steel 
frame buildings. 

 The efficiency of the proposed method for predicting story-based EDPs in instrumented steel 
frame buildings with MRFs is compared with the FEMA P-58 simplified approach [1]. It is 
found that even though the FEMA P-58 approach utilizes a detailed numerical model 
representation of the building of interest, it only provides slightly better estimates of peak 
SDRs and PFAs only for moderate seismic events. For seismic events with low-probability 
of occurrence, the proposed method provides EDP estimates much closer to reality than 
those obtained based on the simplified FEMA P-58 approach. 

 Given the computational efficiency of the proposed methodology, a "city-scale" simulation 
is attempted for the Los Angeles urban area. Instrumented data available from 12 stations 
are utilized for this purpose. This data was all recorded during the 1994 Northridge 
earthquake. Generalized damage and loss maps are developed with the geographically 
information system (GIS). Based on the generalized loss maps, it is shown that the propose 
framework can facilitate decisions regarding earthquake disaster risk management. 
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Abstract. Masonry infills represent one of the prevailing types of non-structural elements in 

buildings of both Western and Eastern modern architecture. Recent seismic events have pro-

vided evidence that damage on masonry infills can lead not only to large economic losses but 

also to significant injuries and even fatalities. The estimation of damage of such elements and 

the corresponding consequences within the Performance-Based Earthquake Engineering 

(PBEE) framework, requires reliable fragility curves. Although there is an important body of 

work on testing masonry infills, there is very limited work that has led to the definition of fra-

gility functions. This contribution presents drift-based fragility functions developed for in-

plane loaded masonry infills, derived from a comprehensive experimental dataset gathered 

from current literature, comprising 152 specimens of infilled RC or steel frames tested under 

lateral cyclic loading, with different types of masonry blocks. Three key damage states asso-

ciated with the structural performance and reparability of infill walls have been defined. In 

particular, four sources of uncertainty are evaluated: specimen-to-specimen, finite-sample, 

measured mortar compression strength and prism compression strength, presence of open-

ings. The fragility curves developed in the present study are very useful for estimating dam-

age and expected earthquake-induced economic losses for infilled buildings, by employing 

recently proposed methodologies based on aggregating the estimated damage at the compo-

nent level for a specific structure. 
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1 INTRODUCTION 

Surveys and reconnaissance missions after recent major earthquakes (L’Aquila, Italy, 2009 

[1], Maule, Chile, 2010 [2,3], Muisne, Ecuador, 2016) witnessed that damage to non-

structural components often produce most of the earthquake induced economic losses. The 

reason lies in the fact that non-structural components usually account for a large part of the 

total cost of buildings and also in the fact that damage to non-structural components is typi-

cally induced at much lower levels of lateral displacement than those required to produce 

structural damage [4].  

Masonry represents a widespread structural typology in both Eastern and Western architec-

ture and the mechanics of masonry structures has been studied in-depth since decades (see e.g. 

[5–17]). In particular, masonry has been widely employed for the construction of infill walls, 

which are among the commonest non-structural elements, used for exterior closures as well as 

interior partitions within both reinforced concrete (RC) and steel frame constructions. Mason-

ry infills are usually made of clay bricks (solid or hollow), or concrete units joined with ce-

ment or lime mortar. Despite a good number of studies have been proposed on masonry infill 

walls, most of them have focused on inferring their lateral strength and seismic response es-

sentially by measuring their hysteretic behavior. However, there is quite a limited number of 

works that have tried to estimate the level of damage as a function of the level of lateral de-

formations.  

Figure 1 depicts a number of pictures taken from buildings hit by the Ecuador 2016 earth-

quake, illustrating examples of both in-plane and out-of-plane failure of exterior and interior 

masonry infill walls, pointing out the how the failure of these elements may pose a serious 

threat to life safety, in addition to widespread economic losses.  

Most of current seismic codes are force-based and therefore primarily rely on checking on 

the strength of structural elements giving a secondary importance to lateral deformations [18]. 

As a consequence, that there is an important body of work addressing the assessment of the 

strength of masonry infill walls and their influence on building response, whereas very few 

studies have been finalized to estimating damage evolution based on imposed lateral defor-

mations (see e.g. [19]). 

Recently, an increasing interest is drawn by performance-based seismic assessment proce-

dures [20,21], which are aimed at assessing the seismic risk of man-made facilities while con-

sidering most of potential sources of uncertainty. In particular, Performance-Based 

Earthquake Engineering (PBEE) developed by the Pacific Earthquake Engineering Research 

Center (PEER) is a fully probabilistic framework which explicitly and rationally accounts for 

uncertainties propagating from the seismic hazard, seismic response, damage estimation and 

loss estimation. For instance, based on the PBEE framework, Aslani and Miranda [22] devel-

oped a building-specific loss estimation methodology in which the expected annual loss EAL 

is computed as the sum of expected losses in each component at a given level of ground mo-

tion intensity and then integrating over the mean annual frequencies of exceeding of all possi-

ble intensities as follows: 
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Figure 1: Masonry infills damaged after the Ecuador 2016 earthquake (photos by E. Miranda). 
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where [ | ]j iE L DS ds  is the expected loss in the  j-th component given that it has reached 

damage state dsi  whereas [ | ]i jP DS ds EDP edp  is the probability that the j-th component 

will reach or exceed damage state dsi conditioned on undergoing an engineering demand pa-

rameter (EDP) equal to edp; n is the total number of components whereas m is the total num-

ber of damage states considered. Furthermore, [ | ]jP EDP edp IM im   is the exceedance 

probability of the engineering demand parameter edp conditioned on the intensity measure IM 

reaching the value im and ( )IM im   is mean annual frequency of exceedance of IM im , 

that is, the ordinate of the site-specific seismic hazard curve at IM im . In Eq. (1), 

[ | ]i jP DS ds EDP edp   is what is commonly referred to as the fragility function, providing 

information on the probability of reaching or exceeding various damage states at increasing 

levels of building response, for example at increasing levels of peak interstory drift.  

In modern performance-based seismic assessment ‘procedures, damage estimation to most 

structural and nonstructural components is done as a function of interstory drift demands. It is 

clear from Eq. (1) that those performance assessment methodologies rely on the availability of 

fragility functions. For example, Aslani and Miranda [23] developed drift-based fragility 

curves for slab-column connections in non-ductile RC structures. Similarly, Ruiz-Garcia and 

Negrete [24] proposed drift-based fragility curves for confined masonry walls. 

However, there is very little research specifically addressing the development of drift-based 

fragility functions for masonry infills. Two notable exceptions are the recent work by Cardone 

and Perrone [25] and the work by Sassun et al. [26] who, to the best or our knowledge, pro-

posed the first drift-based fragility functions for masonry infill walls. Although both of these 

studies are extremely valuable, they are based on a relatively small sample and limited statis-

tical analyses were conducted to determine which are the main variables that lead to statisti-

cally significant fragilities. 

The aim of the present contribution is to summarize drift based fragility functions obtained in 

[27] based on a wide and up-to-date survey of experimental results contained in literature on 

in-plane loaded infilled frames, suitably defining three damage states strictly related to the 

repair/replacement actions required as a result of the damage state. Main sources of uncertain-

ty have been accounted for in a sound probabilistic treatment of collected data. 

2 DEFINITION OF THE DAMAGE STATES  

Three discrete damage states are defined, which describe the evolution of damage in masonry 

infills undergoing earthquake-type in-plane loading. The damage states have been defined 

based on the damage patterns observed both experimentally and on reconnaissance missions 

in buildings hit by strong seismic events.  

 Damage State 1 (DS1). Initiation of small hairline cracks in masonry, up to 2mm wide, 

mainly concentrated in bed and head joints, in plaster or along the interfaces with the col-

umns and/or the top beam of the frame. No significant joint sliding and crushing of the 

units is observed. DS1 requires only very light and simple repair interventions. 

 Damage State 2 (DS2). Beginning of significant cracks, even diagonal, more than 2mm 

wide, propagating through both mortar joints and masonry blocks with possible but very 

limited sliding between joints and localized crushing of units (for example at the corners). 

Heavier interventions are required to repair an infill in this damage state. 

 Damage State 3 (DS3). Development of wide diagonal cracks (larger than 4mm) with 

significant sliding between joints and widespread crushing and spalling of masonry units. 

Repairing is not economically convenient, demolition and reconstruction are advised.  
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Figure 2: Example of damage states: DS1 (a-b), DS2 (c-d), DS3 (e-f) (photos by E. Miranda). 
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3 EXPERIMENTAL DATASET 

Experimental results from 152 specimens of masonry infilled RC or steel frames, tested under 

lateral cyclic loading were collected from literature, in order to infer the required statistical 

information about the lateral displacement capacity of masonry infills. A careful interpretation 

of the collected data allowed to determine the IDR for which each specimens experienced the 

onset of one or more of the damage states defined in the previous Section. More  precisely, 

data from 33 experimental research programs conducted over the last 32 years were consid-

ered, in which specimens were not excessively scaled in size and a description of the damage 

was provided with sufficient detail at various stages of testing. Three different kind of mason-

ry units, corresponding to the most prevailing types actually employed in the construction 

practice, were used for the specimens analyzed: solid clay bricks, hollow clay bricks and con-

crete masonry units. Infill specimens with the presence of openings were also included. In ad-

dition to the drift levels at which one or more of the defined damage states occurred, 

information about the measured compressive strength for both mortar and the masonry prism, 

the dimensions of the panel and presence of openings were also compiled. We refer the inter-

ested reader to [27] for further details on the dataset used.  

4 FRAGILITY FUNCTIONS 

The IDR at which each damage state was observed in the masonry infilled specimens exhibits 

relatively large specimen-to-specimen variability. This variability can be explicitly taken into 

account by building drift-based fragility functions describing the likelihood for a given infill 

panel of exceeding a certain damage state conditioned to an assigned IDR. The experimental 

dataset described is used for deriving fragility functions for each damage state. Furthermore, 

the influence of factors such as block type, mortar and masonry compressive strengths and 

presence of openings were analyzed. For each damage state, a cumulative frequency distribu-

tion is obtained by plotting interstory drift ratios iIDR  at which the damage state was ob-

served, sorted in ascending order, against an plotting probability iF . A lognormal distribution 

have been chosen for fitting this experimental cumulative frequency distribution: 

 
ln( )ln( )

( | ) 1iP DS ds IDR
 




 
    

 
  (2) 

 where ( | )iP DS ds IDR    is the conditional probability of reaching or exceeding a certain 

damage state ids  in the masonry infill at a specific IDR value equal to  . ln( )  and   repre-

sent the central tendency and the dispersion parameters of the cumulative standard log-normal 

distribution  . The two parameters characterizing the log-normal distribution are estimated 

according to the method of moments. Table 1 contains the statistical parameters for the fitted 

lognormal probability distribution for each damage state. 

 

Damage State IDR  [%] ln( )    Number of Specimens 

DS1: light cracking  0.125 -2.078 0.325 100 

DS2: moderate cracking 0.327 -1.118 0.278 118 

DS3: heavy cracking 0.820 -0.198 0.320 132 

Table 1: Statistical parameters estimated for IDRs corresponding to the three damage states. 
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Figure 3: Fragility functions for damage states DS1 (a-b), DS2 (c-d), DS3 (e-f). 
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A Lilliefors goodness-of-fit test at 5% significance level was conducted for each fragility 

function (see [28]). Figure 3(a-c-e) depict, for each damage state, the empirical cumulative 

distributions of observed data, the proposed fragility functions obtained through log-normal 

fit, and a graphical representation of the Lilliefors test.  

The additional uncertainty due to the fact that the parameters defining the proposed fragility 

functions have been estimated from a limited number of specimens (finite-sample uncertainty) 

has been evaluated by computing the confidence intervals (see, e.g., [29]) for each of the sta-

tistical parameters defining the assigned fragility function (see Figure 3(b-d-f)).  

Fragility curves portrayed in Figure 3(a-c-e) were obtained by considering all 152 specimens 

without taking into account the possible effects of brick type, material properties or geometry. 

To assess if brick type has any significant influence on the likelihood of attaining a certain 

damage state, two-sample t-tests have been conducted to establish if the logarithmic means of 

the three samples significantly differs from each other. As shown in [27], brick type, per se, 

turns out not to have a clear impact on the fragility function of a masonry infill. However, it is 

expected that a more consistent and statistically significant influence on fragility is provided 

by measures of mortar or masonry prism compressive strengths. 

In order to study whether the level of compressive strength for mortar mf   has some influence 

on the probability of exceeding a given damage state, the initial dataset has been subdivided 

into three subgroups according to mortar strength: infills with weak mortar, for 

which 5MPamf  , infills with medium mortar strength, for which 5MPa < 12MPamf  , and 

infills with strong mortar, for which 12MPamf  . Fragility functions are computed through 

lognormal fitting for each dataset and for each damage state. Figure 4(a) depicts fragility 

curves for damage state DS1 and the three levels of mortar strength. From an analysis of the 

results, a significant dependence on mortar strength for damage states DS1 and, to a less ex-

tent, DS2 is observed. On the other hand, damage state DS3 seems not to be significantly in-

fluenced by mortar strength. A possible explanation is that, while at low damage levels the 

damage pattern involve significant cracking in the mortar, at higher levels of damage cracks 

and damage primarily involve also masonry units.  

 

Figure 4: (a) Fragility functions for damage state DS1 and three different levels of mortar strength and (b) fragili-

ty functions for damage state DS3 with two different levels of masonry prism strength. 
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For this reason, it is also interesting to investigate whether masonry prism compressive 

strength pf , which accounts for the strength of both mortar and bricks, influences significant-

ly the IDR for which all three damage states are attained by a given masonry infill. To this 

aim, the initial dataset has been subdivided according to prism compressive strength into two 

subgroups: infills with weak to medium prism strength, for which 5MPapf  , and infills with 

medium to strong prism strength, for which 5MPapf  . Again, fragility functions are com-

puted through lognormal fitting for the two dataset and for each damage state. It turns out that 

compressive prism strength, as expected, influences significantly all three damage states. In 

particular, Figure 4(b) depicts fragility curves obtained for damage state DS3 and the three 

levels of prism compressive strength. Further statistical analyses are possible, which allow to 

incorporate uncertainties from mortar and masonry strength into fragility functions leading to 

bi-variate fragility functions (i.e. fragility surfaces, see [22]), like the one shown in Figure 5 

for mortar compressive strength. More details are contained in [27]. 

Finally, the presence of openings can, as well, influence the IDR level at which infills experi-

ence a given damage state. Unfortunately, the number of specimens with openings in the ini-

tial dataset (i.e. 38) is rather limited compared to the number of specimens without openings 

(i.e. 114), thus preventing a combined analysis of the influence of openings and material 

compressive strength. However, is still possible to assess whether the presence of openings in 

the specimens is significantly influential when comparing IDR values at the onset of a given 

damage state with the same values observed for specimens without openings. From an analy-

sis of the results, it can be seen that the probability of reaching or exceeding damage states 

DS1 and DS2 is statistically different for infill masonry walls with or without openings. On the 

contrary, no statistically significant influence is observed for damage state DS3.  

 

Figure 5: Fragility surface to estimate damage state DS1 as a function of IDR and compressive mortar strength. 
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ABSTRACT 

Retis-Risk is a comprehensive framework recently developed for the assessment and 

management of the seismic resilience of interurban roadway networks. In this paper, 

this framework is applied for the road network of the prefecture of Western 

Macedonia in Greece. Refined data concerning real traffic conditions and network 

topology were collected and a detailed network mapping was performed in GIS. 

Utilizing an ad-hoc developed software for implementing the holistic methodology, 

the as-built road network was assessed and the network components with the highest 

vulnerability and consequence were identified. To improve the loss assessment 

reliability, bridge-specific fragility curves were employed based on the refined FE 

modeling. Structural and traffic cost due to earthquake scenarios of different return 

period were then predicted. To identify effective loss mitigation measures, the whole 

process was repeated assuming two different pre-earthquake risk management 

strategies. The first one concerns a retrofit program tailored to selected (i.e., the most 

critical) network components, while the second one focuses on the beneficial effect of 

a better recovery planning. Results indicate the significant contribution of an effective 

risk management to the loss mitigation and network resilience improvement. 

Moreover, a sustainable health monitoring system was installed on Polymylos bridge 

to ensure satellite data transmission during an earthquake event to update the post-

earthquake recovery model, nearly in real time, with the measured spectral 

acceleration of the superstructure. The results indicate that the road network is 

adequately resilient, primarily due to its newly constructed infrastructure and its 

compliance to modern seismic standards. However, it consists an interesting 

application case demonstrating the applicability of the methodology and the major 

potential benefits of a holistic resilience-based management for the case similar 

intercity highway networks.  
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1 INTRODUCTION 

Recent strong earthquake events, including Chile 2010 and Tohoku 2011, among 

others, have shown that road network damage and traffic disruptions may 

substantially impair emergency response, rescue and recovery [1], [2].  At the same 

time, several cases have been reported wherein even minor damage to key network 

components had a disproportionally significant impact to the total amount of 

earthquake-induced loss. These facts have clearly shown that a significant part of the 

loss incurred by the community could have been averted should appropriate risk 

mitigation strategies had been adopted before the occurrence of the earthquake. 

Since reducing exposure to seismic hazard by reallocating structures is practically 

impossible for roadway networks that span over a wide area, emphasis should be 

placed on minimizing the potential earthquake consequences on the economy and 

society.  An efficient planning for mitigating seismic risk of road networks [3]–[5] 

should involve a broad, system-perspective consideration that takes into account 

functionality and services rather than conventionally analyzing the structural 

performance of individual network components, such as bridges, tunnels and slopes. 

Moreover, the recovery process should be incorporated into the risk assessment, since 

it greatly influences the total amount of losses incurred.  

Retis-Risk (www.retis-risk.eu) is a holistic framework developed for the seismic 

risk assessment and resilience enhancement of interurban roadway networks [6]. 

Utilizing a software tailored to the developed methodology, this paper describes its 

application of the for the case of the interurban roadway network of the Western 

Macedonia prefecture, in Greece. To illustrate the importance of post-disaster 

planning, two risk management strategies are considered and comparatively assessed; 

the first based on the identification and retrofit of the key components with the highest 

impact to network resilience and a second one, solely focusing on the improvement of 

recovery planning. 

The study is bases on the actual data concerning network topology and traffic 

conditions which were collected and processed. Network bridge fragilities were taken 

into account in a refined manner utilizing a novel bridge-specific fragility 

methodology [7]. Tunnel fragility was also considered in the analysis, in an 

approximate manner through the description of a general tunnel fragility class [8].  

Results indicate that the “as-built” road network is adequately resilient, primarily 

due to its newly constructed infrastructure and its compliance to modern seismic 

standards. However, the analysis of the two risk management strategies reveals the 

importance of quantifying resilience and then assessing alternative means to enhance 

loss mitigation and operation recovery. This study also demonstrates the applicability 

of the methodology as a whole in spotting key network components with the highest 

contribution to resilience, a process that is key in identifying the retrofit schemes with 

the maximum positive impact. Finally, the applicability of the methodology is further 

demonstrated by installing of a, satellite-based, monitoring system to a major bridge 

to provide nearly real-time post-earthquake spectral and free-field accelerations that 

can update the intensity measure distribution estimates after an earthquake event [9]. 

A summary of the methodology, the description of the network, the alternative 

enhancement strategies, as well as sample resilience assessment results are presented 

in the following.  

1829

http://www.retis-risk.eu)/
https://en.wikipedia.org/wiki/Greece


A. Sextos, I. Kilanitis, A. Kappos et al. 

2 ROAD NETWORK DESCRIPTION 

2.1 Network Topology 

 “Εγνατία Οδός”, often translated as Via Egnatia with code A2, extends from the 

western port of Igoumenitsa to the eastern Greek–Turkish border running a total of 

670 km (420 mi). Egnatia Highway crosses the prefecture West Macedonia consisting 

the backbone of its road network, which is also complemented by several secondary 

roads that serve to the regional transportation needs (Fig. 1). Both the main highway 

of the region under study and the secondary road system with speed limits lower than 

90km/h are modelled with a total number of 263 bidirectional links and 283 traffic 

nodes for the purposes of this analysis.  

Figure 1: Case study road network 

2.2 Key components of the network system 

The set of key network components, that is, the structures whose failure may lead 

to road closures, is the first to be identified. Key components are assumed to be the 

bridges, overpasses, slopes and tunnels across the network. Given the structure of the 

interurban system studied, bridges and tunnels exist along the Egnatia highway only. 

Overpasses of the secondary network are also neglected for simplicity given their 

smaller size, simpler structural systems and minor effect to the overall network 

resilience. However, in principle, their vulnerability can be accounted for both by the 

methodology and the software developed, which are structure, size and importance-

independent.   

The key components locations were visually identified through Google Earth while 

their structural and geometrical characteristics were provided by Egnatia Highway 
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S.A. A total number of 148 key components were identified within the network 

system studied. Since the traffic along each network link is bi-directional, each 

identified key component comprises of two identical branches with a unique ID 

number per pair.   Table 1 summarizes the ID, geographic latitude, longitude and 

length for the 46 bridge (and overpasses) and 28 tunnel pairs identified.  

bridges & overpasses tunnels 

 id φ λ  length (m)  id φ λ  length (m) 

b1 39.791 21.301 335 t0 39.805 21.308 2666 

b2 39.793 21.303 133 t1 39.816 21.323 1574 

b3 39.814 21.321 349 t2 39.844 21.334 335 

b4 39.836 21.329 203 t3 39.854 21.336 499 

b5 39.914 21.353 290 t4 39.865 21.338 719 

b6 39.926 21.363 200 t5 39.883 21.344 764 

b7 39.932 21.370 150 t6 39.910 21.354 642 

b8 39.965 21.373 158 t7 39.925 21.362 466 

b9 39.972 21.371 83 t8 39.931 21.368 423 

b10 39.981 21.369 636 t9 39.938 21.375 409 

b11 40.015 21.382 426 t10 39.947 21.380 1050 

b12 40.033 21.405 326 t11 39.958 21.380 768 

b13 40.062 21.433 79 t12 39.988 21.369 697 

b14 40.081 21.447 97 t13 40.175 21.511 286 

b15 40.091 21.452 920 t14 40.377 22.089 799 

b16 40.110 21.461 76 t15 40.381 22.100 491 

b18 40.121 21.462 84 t16 40.382 22.108 499 

b19 40.166 21.502 200 t17 40.384 22.127 2226 

b20 40.179 21.520 58 t18 40.392 22.156 180 

b21 40.196 21.520 280 t19 40.395 22.160 56 

b22 40.212 21.528 280 t20 40.403 22.168 337 

b23 40.225 21.552 27 t21 40.410 22.177 135 

b24 40.237 21.579 63 t22 40.426 22.182 241 

b25 40.307 21.695 57 t23 40.432 22.182 289 

b26 40.320 21.764 57 t24 40.439 22.181 237 

b27 40.346 21.797 100 t25 40.441 22.188 272 

b28 40.348 21.803 41 t26 40.457 22.214 274 

b30 40.349 21.806 81 t27 40.462 22.222 817 

b31 40.369 21.970 66 

b32 40.368 22.047 30 

b33 40.365 22.062 68 

b34 40.365 22.068 60 

b35 40.369 22.078 443 

b36 40.378 22.093 247 

b37 40.381 22.110 234 

b38 40.388 22.146 170 

b39 40.428 22.181 92 

b40 40.455 22.210 166 

b41 40.458 22.214 155 

b42 40.504 22.228 46 

b43 40.516 22.253 36 

b44 40.542 22.319 132 

b45 40.547 22.330 57 

b46 40.586 22.470 37 

b47 40.553 22.530 28 

b48 40.556 22.593 91 

Table 1: Key network components 
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2.3 Pre-earthquake traffic conditions 

An Origin-Destination (OD) matrix is used to describe the travel demands in the 

network for all possible combinations, extracted from a relevant study carried out by 

the stakeholder. Given the travel demands and the additional input of the traffic 

capacity of every network link, pre-earthquake traffic flows over the whole network 

are calculated according to [10]. It is noted that the OD matrix used herein, refers to 

travel demands during the typical hour of a normal day and thus appropriate scaling 

factors are applied to the results whenever daily traffic data are deemed.  

2.4 Structural stock value, repair cost ratio, “traffic capacity-time” relationship  

A re-construction cost was calculated for each one of the 74 dual branch key 

components assuming a value of 17.000€/m for the (twin) bridges and overpasses and 

20.000€/m for the tunnels. Based on the length of each component, the total structural 

stock value of the network portfolio is approximately assessed to 630 million euros. 

Moreover, a damage state-specific repair cost ratio was defined for all the key 

components according to [11] assuming ratios of 0.03, 0.25, 0.75 and 1 for Damage 

State 1 (DS1) to Damage State 4 (DS4), respectively. A closure period of 0, 7, 150 

and 450 days is further assigned to the four damage states, DS1 to DS4, for all key 

network components, assuming that after this period 100% of the traffic carrying 

capacity is regained. 

3 SEISMIC HAZARD ANALYSIS 

The integration of seismicity from different earthquake sources that is expressed in 

the form of conventional seismic hazard maps, is not applicable for the case of the 

post-earthquake traffic distribution, as the latter depends on the individual probability 

of operation of each network key component, which is in turn dependent on the 

specific seismic scenario examined and the corresponding spatial distribution of the 

Intensity Measures (IM) of interest [12], [13]. For this reason, hazard is herein 

assessed independently for each one of the m seismic sources potentially affecting the 

network and for a set of n different return periods. 

Along these lines, eleven seismic sources (m=11) were identified, located either 

within the case study area or in its vicinity. These are named according to the seismic 

faults and the closest cities and towns as {“Kozani”, “Kastoria”, “Arta”, “Ioannina”, 

“Paramythia”, “Anthemounta”, “Larissa”, “Edessa”, “Koritsa”, “Agrafa”, “Stivos”}. 

For every fault, ground motion maps associated with the k=4 return periods, namely 

100, 475, 980 and 1890 years, were generated leading to a sample of kxm maps 

depicting the spatial distribution of intensity.  
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Figure 2: Sample seismic map associated with “Kozani” seismic source and a 475 year scenario. 

Figure 3: Sample seismic map associated with “Kastoria” seismic source and a 475 year scenario. 

4 FRAGILITY ANALYSIS 

For every bridge and overpass key component of this study, a set of four fragility 

curves was generated for the four damage states considered, DS1 to DS4, 

corresponding to minor, moderate, extensive damage and collapse, respectively (Fig. 

4). Bridges and overpasses are organized in classes of identical fragility, while for 

important bridges of the network a bridge-specific methodology is followed [7] 

involving nonlinear static and incremental dynamic response history analysis. The 

stock of the 28 twin tunnels of the network was grouped into one gross tunnel fragility 

class also illustrated in Fig. 4 based on fragility relationships expressed in terms of 

peak ground velocity [8].  
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Figure 4: Bridge-specific fragility curves: bridges b1, b2 and b3 (charts a-c). General tunnel-class 

fragility curves (chart d)  

In order to be consistent with the PGA-based maps developed, a transformation of 

PGV to PGA was performed according to [14]. Given the PGA value at the location 

of the key components, the probability that each component will experience damage 

corresponding to Damage States 1 to 4 was derived as follows: 

0 1 1 1 2/ / / / /1 ,DS PGA S DS PGA DS PGA S DS PGA S DS PGAP P P P P       

2 2 3 3 3 4 4 4/ / / / / / / /, ,DS IM S DS IM S DS IM DS IM S DS IM S DS IM DS IM S DS IMP P P P P P P P        
 

Figure 5 illustrates a sample fragility map showing the most probable Damage 

States of each key component on the basis of the probabilities computed by eq. (1) for 

the PGA values calculated for the seismic source “Kozani” and the return period of 

475 years.  

(a) (b) 

(c) (d) 

(1) 

PGA(g) PGA(g) 

PGA(g) PGA(g) 
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Figure 5: Sample fragility distribution map showing the most probable DS for every key component 

(seismic source: “Kozani”, return period: 475 years) 

5 TRAFFIC ANALYSIS 

Having generated 11 different seismic maps for each return period, a 

corresponding set of traffic scenarios is then developed, under the assumption that 

immediately after an earthquake a key network component may either retain the 100% 

of its traffic carrying capacity (i.e., remain intact and hence, fully operational) or close 

and completely lose its traffic carrying capacity. Along these lines, each one of the 74 

key components is assumed with a binary response, associated to a value of either 1 

(fully functional) or 0 (closed) based on whether the damage induced exceeds a 

critical, moderate level of damage (DScr=DS2). Given the individual Damage State 

probabilities computed by eq. (1), a Monte Carlo (MC) analysis is employed and 10 

initial traffic scenario samples, each one consisting of a scheme defining open and 

closed network links, are associated to every PGA map. Hence, a group of 11x10=110 

initial traffic scenarios is generated for each one of the four earthquake return periods.   

Every initial traffic scenario is then decomposed to several phases that evolve in 

time based on the stepwise opening of the key components throughout the recovery 

period as shown in Figures 6 and 7. The latter decomposition of the initial 

(immediately after the earthquake) traffic scenario to P=10 distinct post-earthquake 

phases is based on the “traffic carrying capacity vs. time” assumptions described in 

section 2.4. 
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Figure 6: Number of closed links vs. time sampled from the 475 year map (seismic source: “Kozani”). 
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Figure 7: Distinct recovery phases within 7 days (top) and 8-450 days, corresponding to the initial 

traffic scenario sampled from the 475 year map of “Kozani” seismic source. 
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6 SEISMIC RISK ASSESMENT OF THE “AS-BUILT” NETWORK 

The total cost associated with each earthquake event k (k taking values from 1 to 4 

for the 100, 475, 980 and 1890 years return period), is the sum of the cumulative 

direct cost of structural damage within the network and the indirect, earthquake-

induced total traffic cost. Based on the repair cost ratios defined in Section 2.4 and the 

probability of attaining every damage state, the Estimated Structural Cost ESCk,m due 

to earthquake k stemming from source m is derived for the i=74 key network 

components as: 

74

, , ,1k m i k mi
ESC D


          (2) 

where: 
, , , , , , , ,

, , 1 1 2 2 3 3 4 4( )i k m i k m i k m i k m

i k m i DS DS DS DSD TBC RCR P RCR P RCR P RCR P           (3)
 

i
TBC : is the total cost of re-constructing key component i calculated based on its 

length (Table 1) and the re-construction cost per meter values defined in section 2.4, 

{
1 2 3 4, , ,i i i iRCR RCR RCR RCR }={0.03, 0.25, 0.75,1} are the repair cost ratios that 

correspond to damage states DS1 to DS4, 

, ,i k m

DSP : is the probability that the damage of the key component i exceeds DS1 to 

DS4 for the case of nsamp seismic source m and an event return period k 

 

The earthquake-induced traffic cost (TC) is calculated for every Monte Carlo 

simulated traffic scenario. This cost refers to the additional traffic cost during the 

entire recovery period of that particular traffic scenario (seismic source m and an 

event return period k), and as such, it is the sum of the product of each phase duration, 

times the corresponding additional travel cost: 
, ,

, ,, , , , , ,

1

k m nsamp

samp samp samp

P

k m n k m n p k m n p

p

TC EC t


 
       (4) 

where: 

,, , sampk m n pEC : is the additional travel cost due to travel delays during phase p of the 

nsamp traffic scenario sampled from the m
th

  IM distribution of earthquake k 

calculated according to [6] 

,, , sampk m n pt : is the duration of phase p of the nsamp traffic scenario sampled from the 

m
th

 IM distribution of event k 

, ,k m nsamp
P : is the total number of recovery phases associated with nsamp traffic 

scenario sampled from the m
th 

IM distribution of event k 

Subsequently, the estimated traffic cost (ETC) can be associated to every seismic 

map, as the mean of the costs calculated for the 10 Monte Carlo samples (i.e., each 

one for each phase) simulated from that map: 
10

, ,

1

,
10

samp

samp

k m n

n

k m

TC

ETC





            (5) 

Τhe maximum of the estimated structural and traffic cost out of the 11 cases of 

individual seismic sources leads to the envelope total network cost (TNCk) and 

identifies the critical seismic source that has the higher contribution to the overall loss 

among equiprobable possible costs corresponding to the 11 seismic sources:  
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 , ,

1

maxk k m k mMm
TNC ESC ETC


         (6) 

In the present case study, seismic source “Kozani” turn out to be the critical one 

among for all m=11 sources leading to a total network cost of TNCk equal to 8.0, 24.6, 

29.0, 33.6 million euros for return periods 100, 475, 980 and 1890 years respectively, 

(Fig. 8). It is worth mentioning that these values are very low (i.e., less than 5%) with 

respect to the total structural stock value of the network which was estimated to 630 

million euros, thus implying that the network is considerably resilient to earthquakes. 

This is of course anticipated given the newly constructed and seismically designed 

Egnatial Highway key components. Moreover, traffic cost is low compared to the 

structural cost for all the return periods examined. This is because the probabilities of 

experiencing damage corresponding to DS3 and DS4 that lead to road closure and 

hence, to additional traffic cost are much lower than the probabilities of DS1 and DS2 

(Fig. 5) that contribute only to the structural cost. 

 

Figure 8: Expected structural and traffic cost for the four earthquake return period examined. 

7 RISK MANAGEMENT STRATEGIES 

For every Monte Carlo-sampled initial traffic scenario that is decomposed into 

phases, a plot showing network functionality evolution throughout the recovery 

period is generated. Every vertical branch of such a plot is associated to the opening 

of one or more links and respectively to one or more critical key components that are 

the last link components to open for the traffic (i.e. components that define the 

opening time of the whole link in case of a series of components comprising a link). 

Figure 9 shows the critical key components for the phases included in two indicative 

Monte Carlo samples. 
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Figure 9: Identification of critical key components 

The highly-rated critical key components, which are the components that are more 

frequently associated to vertical branches and influence at a greater extent the 

recovery of the network, have the higher impact to network resilience. Given the 

critical key components for all the phases throughout a properly defined pool of 

functionality plots, a retrofit scheme targeting the specific highly-rated critical key 

components for that pool can be defined. In this study, the pool of the 10 functionality 

plots associated to the 10 Monte Carlo samples sampled from the 1890 years return 

period event of the critical seismic source “Kozani, is used to define the retrofit plan. 

Key components b15, b18, b20, b21, b26 and b30 (Table 1) turn out to be critical 10 

times throughout the
10

4,1,
1

29nsamp
nsamp

P


  phases included into the aforementioned pool of 

plots.  A retrofit scheme therefore is developed for the particular bridges leading to 

updated fragilities or reduced probability of failure for the same Intensity Measure 

(Fig. 10). The updated fragilities were in this case approximately derived by 

multiplying the mean threshold value of the corresponding “as-built” components by 

1.3, for all DSs. 

 

 

sample 1

sample 2
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Figure 10: Targeted retrofit scheme involving seismic upgrade of six key components. 

A second risk management strategy consisting of improved post-earthquake 

response expressed through an improved traffic carrying capacity-time relationship 

was also considered. In this case, closure periods were assumed to be lower due to 

better recovery planning and were updated to 0, 4, 100 and 300 days instead of 0, 7, 

150 and 450 days for Damage States 1 to 4, respectively. 

Figure 11 depicts the resulting estimated structural, traffic and total cost for 

different earthquake return periods for the case of the “as-built” network as well as the 

two risk management strategies (i.e., bridge retrofit or improved recovery planning) 

due to the seismic maps derived from the critical seismic source, as identified in 

Section 6.  

Retrofit of selected key components is found to be more effective compared to the 

recovery plan enhancement for all the examined return periods. This is because, in 

this particular network, structural cost, which is essentially unaffected by an improved 

recovery, is the much higher than traffic cost. However, both risk management 

strategies contribute to a non-negligible, yet small (5-18%), extent to the the estimated 

total network cost reduction again due to the high resilience and low expected loss of 

the “as-built” network.   

 

 
Figure 11: Expected costs for the four seismic scenarios for the case of the “as-built” network and the 

two risk mitigation stategies  

8 STUCTURAL HEALTH MONITORING OF G9 BRIDGE 

To further explore the possibility to update the intensity measure estimates with 

actual recordings after a major seismic event, a resilient structural health monitoring 

(SHM) scheme was installed to G9 bridge of the Egnatia motorway (b40 in Table 1) 

[9].  The system is based on serial/optical fiber data transfer from the data loggers to a 

local communication center, hybrid wired/cellular/satellite gateways from the local 

center to the end user, and uninterruptable power supply unit-based back up energy 

sources. The innovative elements this installation are the redundant end user gateways 

and the use of satellite communication that can provide crucial independence from 

terrestrial telecommunication networks. Nearly real-time data transmission can 

significantly improve the prediction of potentially damaged network components and 
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optimize the recovery actions of the first few hours. This pilot instrumentation is 

deemed a useful demonstration of the potential towards real-time estimation of 

seismic risk. 

 

 

Figure 12: Layout of the monitoring scheme installed to G9 Egnaria Motorway bridge 

 

9 CONCLUSIONS 

In this paper an application is presented of the Retis-Risk framework (www.retis-

risk.eu) for the case of the road network of Western Macedonia prefecture in Greece. 

After defining the network topology and pre-earthquake traffic conditions 

vulnerability of bridges and overpasses were taken into account in a refined way 

through the use of bridge-specific fragility curves. Tunnel fragility was also accounted 

for in the form of a general fragility class. The structural and traffic cost due to 

earthquakes of certain return periods was assessed for the existing network of the 

specific prefecture. The resilience of the network was found to be considerable mainly 

due to the recent construction of the high standard Egnatia Highway. For 

demonstration purposes, two alternative risk management strategies were also 

examined involving both a tailored retrofit scheme and an improved recovery 

planning strategy, the first being more effective by reducing loss by approximately up 

to 18%. This pilot study is deemed a useful example of the applicability of the Retis-

Risk framework in assessing the seismic risk of interurban networks that can 

significantly enhance the informed decision-making of stakeholders, particularly of 

networks with a number of sub-standard key components and a more complex 

structure of interconnected roads.  
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Abstract. Since their release in 2012, the FEMA P-58 guidelines for seismic performance 

assessment of buildings have been regarded as the state-of-the-art paradigm for building-

specific risk assessment and loss estimation. The latter is carried out through a rigorous 

component-by-component procedure that requires a complete component inventory, along 

with fragility and repair cost information. A fully compatible story-based approach is investi-

gated herein as a simplified alternative that can potentially reduce the required input data 

with only a minor drop in accuracy. As an example, a set of story loss functions relating story 

repair cost with story-level engineering demand parameters are derived for standard invento-

ry makeups of low/midrise steel office buildings. Preliminary results for a 4-story steel build-

ing show a promising balance between accuracy and simplicity.   

1843



Athanasios N. Papadopoulos, Dimitrios Vamvatsikos and Athanasia Kazantzi 

1 INTRODUCTION 

Performance-based assessment (PBA) focuses on ensuring the serviceability of a structure 

over its lifetime, by defining an acceptable level of damage and setting performance objec-

tives. To this end, the latter need to be quantified using metrics that are meaningful for engi-

neers, owners and other stakeholders to make informed risk-management decisions, such as 

economic losses, downtime or casualties. In addition, the random nature of earthquake events 

(e.g. in terms of their frequency of occurrence, location, intensity) as well as the epistemic 

uncertainty involved in predicting the structural response and the associated damage and loss-

es has led many researchers to recognize the need to formalize the PBA procedure within a 

probabilistic basis. Within this scope, the Pacific Earthquake Engineering Research (PEER) 

Center has adopted the Cornell & Krawinkler framework [1, 2] for performance assessment; 

structural risk is evaluated through the calculation of the mean annual frequency (MAF) of a 

performance metric exceeding a specified threshold [3-8]. Performance assessment within the 

PEER framework is divided into four separate steps: hazard analysis, structural response 

analysis, damage analysis and loss analysis. Using the total probability theorem, the MAF can 

be expanded in terms of different random variables and calculated through Equation 1: 

 λ(DV)= ∫ ∫ ∫G(DV|DM)∙|dG(DM|EDP)|∙|dG(EDP|IM)|∙|dλ(IM)| (1) 

 

where IM denotes an intensity measure (e.g., the peak ground acceleration or the spectral ac-

celeration at a specific period), EDP denotes an engineering demand parameter (e.g., the in-

terstory drift ratio), DM denotes damage measures (e.g., discrete damage states), DV denotes 

the decision variable (e.g., economic losses), G(x|y) is the conditional complementary cumu-

lative distribution function (CCDF) of X exceeding a specified value x given Y=y, and λ(x) 

denotes the mean rate of {x < X} events per year.  

The continuous advancement of the PEER methodology eventually led to the development 

of the FEMA P-58 guidelines for seismic performance assessment of buildings [9], which are 

widely considered the current state-of-the-art framework for building-specific risk assessment. 

Nevertheless, a few question marks are present over the vast amount of information needed 

for input, which might arguably impede its application in professional practice. Indeed, the 

required process of defining complete inventories of building components, and setting fragili-

ty and performance groups can prove particularly time-consuming and discouraging for prac-

titioners, leading to attempts for simplification [10]. An alternative to the component-by-

component procedure has been introduced by Ramirez and Miranda [11] who proposed an 

upfront integration of the component fragility functions with repair costs at the story-level, 

assuming a generic inventory based on the building's structural system and occupancy type. 

This procedure, termed story-based loss estimation, allows for a tremendous reduction of re-

quired input data, relieving the practicing engineer from a tedious duty and enabling quick 

loss investigations (see also [12]). By employing default component inventories based on the 

building characteristics, it also paves the way for a conceptual design aiming at loss limitation 

[13, 14], where story-level DV-EDP functions are used as the reference. This study illustrates 

a simple FEMA P-58 compatible methodology for derivation of story repair cost DV-EDP 

functions, henceforth referred to as story loss functions, that relate story-level repair cost di-

rectly to EDPs. A case study example for typical steel office buildings is presented and dis-

cussed.  
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2 FEMA P-58 COMPATIBLE STORY LOSS FUNCTIONS  

The proposed framework foresees the formulation of story-level component inventories, 

representative of a considered building typology, their classification to component groups 

based on a set of criteria, and the FEMA P-58 consistent integration of component fragilities 

with the repair costs for each group. It can be structured into four steps as shown in Figure 1. 

 

 

Figure 1. FEMA P-58 compatible story loss function estimation procedure 

This initial step refers to defining the considered building typology to a sufficient level that 

will allow constraining the representative component inventories. Structural system and occu-

pancy type constitute of course the two primary indicators of the component inventory, while 

height and luxury level could also be meaningful for the structural and content inventories 

respectively. The floor area size of the building (either in terms of total floor area or story 

floor area) can also prove to be particularly important; distinguishing inventories based on the 

size helps mitigate the problem that arises with components whose quantity cannot be approx-

imated as linearly dependent to the story floor area. For example, a per m2 approach might not 

be suitable for components such as elevators. Following the definition of the building typolo-

gy, a compilation of typical inventories can be accomplished through statistics from existing 

buildings and market surveys, or by employing expert opinion, rules of thumb and judgment 

when better information is not available.  

The compiled inventory is then classified into different performance groups. The compo-

nents of each group will be assessed together for a mutual demand value at every intensity 

level, and thus the losses coming from all components within a group need to be tied to the 

same EDP, i.e. the IDR (interstory drift ratio) or PFA (peak floor acceleration) of a particular 

story or floor, respectively. As a result, two major distinctions can already be made; firstly 

into PFA-sensitive and IDR-sensitive components, and secondly into stories or floors with 

distinctly different inventories (e.g. ground floor, typical floor, roof). Classifying structural, 

non-structural, and content components into different groups might also be a useful distinc-

tion, as it expands the range of application of each derived story loss function, and helps dis-

aggregate losses into contributions from different component types. Finally, a last distinction 

may need to be made with respect to the reference area of the component inventory. Indeed, 

the sampled component group inventories will be scaled to an area unit (e.g. 100 m2), which 

might refer to a portion of the story floor area or the total building floor area. The number and 

capacity of certain components might be better predicted based on the story floor area (e.g. 

sprinklers), while those of other components might be better predicted based on the total floor 

area (e.g. HVAC equipment) [9].  

The fourth step in Figure 1 refers to the derivation of functions that provide the total repair 

cost of the group components per area unit for different levels of an EDP. Firstly, an area unit 

is chosen and the number of group components is scaled accordingly. The procedure followed 

for loss estimation is based on the probabilistic framework adopted in the FEMA P-58. More 

precisely, the repair cost for the selected unit area at a given EDP level is computed through 

Monte Carlo simulation; in each realization, damage and loss are sampled for each individual 

component of the group, and all obtained losses are then summed to compute the component 
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group’s total loss given EDP. The damage and loss sampling can be carried out assuming per-

fect correlation between similar components within each unit area floor segment, if the latter 

is sufficiently small. Finally, for the purposes of derivation, we can assume that all compo-

nents of the given type within the unit area are oriented along the same direction, i.e. as in a 

2D building model. Analytical expressions can be obtained through regression analysis via a 

suitable function form that can fit the derived repair cost DV-EDP curves. The following 

function was found to capture adequately most story loss function shapes, at least for steel 

office building component groups: 

 Ĉrepair(EDP) = MaxCost∙ [e∙
(EDP)a

b
a
+(EDP)a

+(1-e)∙
(EDP)c

d
c
+(EDP)c

] (2) 

 

The parameters a,b,c,d,e are all obtained from non-linear regression analysis, whereas Max-

Cost is the total replacement cost of the component ensemble.  

3 STORY LOSS FUNCTIONS FOR STEEL OFFICE BUILDINGS 

3.1 Typology selection and collection of data 

The procedure described above is illustrated herein by applying it for the typology of steel 

office buildings. Three alternative structural systems were examined, namely steel moment 

resisting frames (SMRF), steel X-braced frames, and steel Chevron-braced frames. With re-

spect to building size, three different story floor area classes were considered for structural 

component groups, and three different total building floor area classes were considered for 

PFA-sensitive non-structural components at the ground floor/basement. A single occupancy 

of typical office use was studied, while three luxury levels were assumed for contents, namely 

high, medium, low. 

Typical component inventories were built based on empirical and statistical data, as well as 

a brief survey conducted in university office buildings, as part of this example. Structural 

component types and quantities were formulated for typical EU & USA high-seismicity con-

struction practice based on expert opinion (Table 1). In all cases, perimeter framing systems 

were employed; one brace per four spans was assumed for X-braced and Chevron-braced 

buildings, while moment resisting framers were placed in the entire perimeter of MRF build-

ings, apart from the corner bays of buildings with more than 3 bays. For computational rea-

sons X brace components were considered independent in each story, rather than extending to 

multiple stories to maintain a proper angle. Structural component quantities were formulated 

for a few realistic combinations of building dimensions, assuming a typical 7 m beam span 

and simple rectangular plans, while their size and type refer to standard low/mid-rise build-

ings, which is the norm for most office facilities. 

Non-structural components include staircases, exterior walls, interior partitions, but also 

ceilings, mechanical and electrical equipment and plumbing installations. Quantities were de-

rived from a combination of real office buildings' design drawings, expert opinion from prac-

ticing engineers and the FEMA P-58 normative quantities. Based on the collected information 

and the use of judgment when necessary, an inventory of non-structural components was 

compiled (Table 2). Exterior wall and interior partition length, and suspended ceiling area 

quantities were indicatively measured from the design drawings of university office buildings. 

No sophisticated cladding was considered, but if needed, it can be introduced in addition to 

the estimated losses. Elevator and staircase types and quantities were assumed based on litera-

ture and judgment. Domestic hot and cold water piping and sanitary waste piping quantities 

were formulated based on the buildings' design drawings and assumptions regarding their 
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configuration, that correspond to Greek construction practice. Hot water was considered to be 

provided by local water heaters rather than a central heating system. The assumed piping 

quantities were, however, found considerably smaller than the FEMA P-58 normative quanti-

ties, which can potentially be attributed to different construction practices. Hot water piping 

for heating depends on the HVAC system (all-air, water-air) and the building's layout. Due to 

lack of information, the FEMA P-58 normative quantity was used. The corresponding FEMA 

P-58 normative quantities were also used for HVAC ducting, diffusers, fire sprinkler piping 

and certain HVAC components. Uncertainty in component quantities was not taken into ac-

count in the derivation of story loss functions for reasons of simplicity, but should definitely 

be incorporated in more comprehensive studies; thus, in all cases the expected number of 

components was employed. 

Electrical and mechanical equipment quantities, in specific, can be roughly approximated 

based on the total building floor area but cannot be all assumed to linearly vary with it. There-

fore, this led to considering three different building total floor area classes, as mentioned be-

fore: Atot < 2000 m2, 2000 m2 < Atot < 5000 m2, Atot > 5000 m2. The non-structural component 

quantities for the former group were chosen for a 1500 m2 total floor area building, whereas 

3000 m2 and 6000 m2 buildings were assumed for the other two respectively. Most HVAC 

systems nowadays are all-air or water-air systems and heating and cooling is achieved either 

through heat pumps or boiler-chiller systems. Among them, FEMA P-58 provides fragility 

information only for chillers, which as a result were the only such component considered in 

this study. Information regarding the types of electrical and mechanical equipment (chiller, 

air-handling unit, transformer, low voltage switchgear, generator, etc), their capacity and in-

stallation (anchorage, isolation) was obtained from several design offices, rules of thumb, and 

literature (Table 3). It should be noted that, due to limited information, these data should be 

taken with caution. Furthermore, most such components were assumed unanchored due to the 

especially dissenting opinions regarding installation practices, at least in Greece, among prac-

ticing engineers. 

Component 
FEMA P - 58 

Classification Number 
Αst< 750 m2 

750 m2 < Αst < 

1500 m2 
Αst > 1500 m2 

Concentric X-Braced Buildings  

X Braces B1033.013a 1.00 0.56 0.37 

Shear Tab Connections B1031.001 10.92 9.96 9.42 

Column Splices B1031.021a 0.91 0.76 0.68 

Concentric Chevron Braced Buildings 

Chevron Braces B1033.011a 1.00 0.56 0.37 

Shear Tab Connections B1031.001 10.92 9.96 9.42 

Column Splices B1031.021a 0.91 0.76 0.68 

MRF Buildings 

RBS connections (1-sided) B1035.001 0.58 0.63 0.38 

RBS connections (2-sided) B1035.011 2.18 1.10 0.72 

Shear Tab Connections B1031.001 5.99 7.13 7.61 

Column Splices B1031.021a 0.91 0.76 0.68 

Column Base Plates (for all structural systems) 

Column Base Plates B1031.011a 3.09 

Table 1. Mean structural component quantities per 100 m2 of story floor area 
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Component 

FEMA P-58 

Classification 

Number 

Unit 

Quantity 

per 100 

m2 

Source 

Exterior Walls  B2011.011a 100 SF 8.52 NTUA survey 

Wall Partitions C1011.001a 100 LF 1.00 NTUA survey 

Stairs C2011.001b 1 EA 0.15 Judgement 

Suspended Ceiling, Area (A): A < 250 C3032.001a 250 SF 1.62 NTUA survey 

Suspended Ceiling, Area (A): 250< A < 1000 C3032.001b 600 SF 0.45 NTUA survey 

Suspended Ceiling, Area (A): 1000< A < 2500 C3032.001c 1800 SF 0.04 NTUA survey 

Cold Water Piping (dia > 2.5 inches) D2021.011a 1000 LF 0.013 Judgement 

Domestic Hot Water Piping - Small Diameter 

Threaded Steel 
D2022.011a 1000 LF 0.0059 Judgement 

Hot Water Piping for Heating - Small Diameter 

Threaded Steel 
D2022.011a 1000 LF 0.0054 FEMA P-58 

Hot Water Piping for Heating - Large Diameter 

Welded Steel  
D2022.021a 1000 LF 0.0054 FEMA P-58 

Sanitary Waste Piping  D2031.011b 1000 LF 0.028 Judgement 

HVAC Fan In Line Fan D3041.001a 10 EA 0.056 Judgement 

HVAC Ducting less than 6 sq. ft  D3041.011a 1000 LF 0.08 FEMA P-58 

HVAC Ducting -  6 sq. ft or greater D3041.012a 1000 LF 0.02 FEMA P-58 

HVAC Drops / Diffusers in suspended ceilings D3041.031a 10 EA 0.97 FEMA P-58 

Variable Air Volume (VAV) box D3041.041a 10 EA 0.76 FEMA P-58 

Fire Sprinkler Water Piping D4011.021a 1000 LF 0.22 FEMA P-58 

Fire Sprinkler Drop  D4011.031a 100 EA 0.04 NTUA survey 

Distribution Panel  D5012.033b AP 225 0.17 Expert opinion 

Table 2. Statistics of non-structural component quantities per 100 m2 of story floor area 

 

Component 

FEMA P-58 

Classification 

Number 

Unit 

Quantity per 100 m2 

Atot  < 

2000m2 

2000m2 < Atot 

< 5000m2 

Atot > 

5000m2 

Hydraulic Elevator D1014.021 1 EA 0.067 0.033 0.033 

Battery Rack D5092.011a 1 EA 0.067 0.033 0.017 

Battery Charger D5092.021a 1 EA 0.067 0.033 0.017 

Distribution Panel D5012.033b 225 AP 0.200 0.133 0.083 

Transformer/Primary Service 
D5011.011b 250 KVA 0.047 - - 

D5011.011c 500 KVA - 0.023 0.023 

Low Voltage Switchgear 

D5012.021a 225 AP 0.086 - - 

D5012.021b 400 AP - 0.049 - 

D5012.021c 800 AP - - 0.024 

Diesel Generator D5092.032b 250 KV 0.019 0.019 0.019 

Chiller D3031.012e 250 TN 0.018 0.018 0.018 

Air Handling Unit D3052.011d 30000 CFM 0.026 0.026 0.026 

Table 3. Total building floor area dependent non-structural component quantity statistics per 100 m2 
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The contents’ inventory for office facilities was obtained through a limited survey con-

ducted in four university buildings. Mean values and coefficients of variation for content 

quantities are presented in Table 4. Bookcase and filing cabinets were considered unanchored 

and their fragility functions were altered to relate damage probabilities to peak floor accelera-

tion instead of peak floor velocity. To this end, peak velocity to peak acceleration representa-

tive ratios [15], originally referring to soils, were used for the conversion, assuming a period 

of harmonic wave equal to 1.0 sec (roughly indicative of flexible low/mid-rise steel buildings) 

and using linear interpolation. Contrary to the structural and non-structural component costs, 

which were taken from the FEMA P-58 database and were therefore assumed equal to the US 

costs, contents' costs were assigned after a brief market survey in Greece; the prices were con-

sidered equivalent to US dollars, not appreciably different from 2016 euros. Three categories 

were defined based on their value: high, medium and low luxury level; apart from different 

replacement costs, a different number of components was also assigned to each different luxu-

ry level. Without any in-depth investigation, lognormal distributions were chosen for high 

luxury contents cost, while truncated normal distributions were assigned to low and medium 

luxury contents. Scale economy effects on replacement and repair costs were chosen to be ne-

glected.  

Component 

FEMA P-58 

Classification 

Number 

Mean 

Quantity 

(EA) 

CV 

low luxury 
medium 

luxury 
high luxury 

Mean 

Value 

(€) 

CV 

Mean 

Value 

(€) 

CV 

Mean 

Value 

(€) 

CV 

Desks   E2022.001 6.05 0.28 80 0.2 200 0.4 500 0.4 

Printers/ Fax machines/ Scanners E2022.023 4.26 0.34 80 0.3 140 0.5 300 0.5 

Desktop computers/ Laptops E2022.023 4.48 0.30 350 0.2 600 0.3 1000 0.3 

Monitors E2022.023 4.37 0.42 80 0.3 120 0.5 200 0.5 

Bookcase, 2 shelves E2022.102a 0.10 2.00 40 0.3 80 0.2 140 0.2 

Bookcase, 3 shelves E2022.103a 0.44 0.74 50 0.3 100 0.2 200 0.2 

Bookcase, 4 shelves E2022.104a 0.64 1.39 70 0.3 140 0.2 250 0.2 

Bookcase, 5 shelves E2022.105a 0.02 2.00 70 0.3 170 0.2 290 0.2 

Bookcase, 6 shelves E2022.106a 9.61 0.66 80 0.3 200 0.2 320 0.2 

Vertical Filing Cabinet, 2 drawer E2022.112a 1.07 0.91 30 0.2 70 0.2 100 0.3 

Vertical Filing Cabinet, 4 drawer E2022.114a 0.49 0.41 40 0.2 80 0.2 110 0.3 

Lateral Filing Cabinet, 2 drawer E2022.124a 0.37 0.37 30 0.2 70 0.2 100 0.3 

Table 4. Statistics of content quantities per 100 m2 of story floor area and values per unit 

3.2 Components grouping for steel office buildings 

Structural components were distinguished into 10 different groups, for different combina-

tions of structural system and story floor area, along with an additional function for column 

base plates (Table 5); the latter is to be assigned solely to the ground floor. Non-structural 

components were firstly distinguished into IDR-sensitive and PFA-sensitive groups. PFA-

sensitive non-structural component story loss functions were developed for three different lo-

cations, i.e. ground floor or basement, roof floor and typical floor, as the inventories of the 

first two include mechanical and electrical equipment that is installed only there. In addition, 

the roof floor inventory includes components normalized to the total building floor area (e.g. 

chiller) as well as to the roof floor area (e.g. suspended ceilings of the top story); therefore, 
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roof level PFA-sensitive components were were further discretized based on their reference 

area. Finally, as previously noted, three alternate groups for different building sizes were de-

fined for ground floor PFA-sensitive components. Content components are all PFA-sensitive, 

scaled to story floor area, with similar inventories defined in all floor levels. Thus, only three 

content groups were needed, one for each of three luxury levels. All component groups are 

presented in Table 5, while Figure 2 provides an illustration of their assignment to different 

stories, which is a choice to be made by the user. 

 

Figure 2. Examples of component group assignment: story loss functions NSIDR and SX2, assuming an X-braced 

system and a medium story floor area, are assigned to all stories above ground; NSPFA,11 is assigned to all typical 

story floor levels; NSPFA,21 and NSPFA,22 are assigned to roof level; NSPFA,02 is assigned to basement (on the left) 

or ground floor (on the right) level, assuming a medium total building floor area; S0 is assigned on the ground 

floor; and Cm functions, for medium value contents, are assigned on the levels where content components may be 

located. 

Group Description Total or Story Area Name 

X-braced building structural components 

Ast < 750 m2 SX1 

750 m2 < Ast < 1500 m2 SX2 

Ast > 1500 m2 SX3 

Chevron-braced building structural components 

Ast < 750 m2 SC1 

750 m2 < Ast < 1500 m2 SC2 

Ast > 1500 m2 SC3 

MRF building structural components 

Ast < 750 m2 SM1 

750 m2 < Ast < 1500 m2 SM2 

Ast > 1500 m2 SM3 

Column base plates - S0 

IDR-sensitive typical floor NS components - NSIDR 

PFA-sensitive ground floor NS components 

Atot < 2000 m2 NSPFA,01 

2000 m2 < Atot < 5000 m2 NSPFA,02 

Atot > 5000 m2 NSPFA,03 

PFA-sensitive typical floor NS components - NSPFA,11 

PFA-sensitive roof floor NS components scaled on story floor area - NSPFA,21 

PFA-sensitive roof floor NS components scaled on total building 

floor area 
- NSPFA,22 

Low luxury contents - CL 

Medium luxury contents - CM 

High luxury contents - CH 

Table 5. List of story loss function component groups  

S×2 + NSIDR
NSPFA,11 + Cm

S0 + S×2 + NSIDR

NSPFA,21 + NSPFA,22

NSPFA,02 + (Cm)

NSPFA,11 + Cm

NSPFA,11 + (Cm)

NSPFA,11 + Cm

NSPFA,21 + NSPFA,22

S×2 + NSIDR
NSPFA,11 + Cm

S×2 + NSIDR

S×2 + NSIDR

NSpfa,02 + (Cm)S0 + S×2 + NSIDR
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3.3 Estimation of story loss functions for steel office buildings 

Story loss functions per 100 m2 of floor area were computed for all component groups. As 

already mentioned, dispersion in structural and non-structural component quantities was ne-

glected, as they are assumed to vary little from building to building on the basis of the area. 

The dispersion of the more variable contents' quantities was indirectly taken into account by 

altering the quantities of high and low luxury level contents by one standard deviation σ vis-à-

vis the medium luxury estimates. Component fragility functions and most consequence in-

formation (repair and replacement costs) were taken from the FEMA P-58 database. 

Some of the obtained story loss functions are presented in Figure 3, starting with the one 

for structural components of X-braced buildings (SX2) in Figure 3a. The repair cost starts ris-

ing for particularly small values of IDR, since the first damage state for the assumed X-braces 

is identified for a median IDR of 0.0035 according to the FEMA P-58 fragility data. After all 

braces have reached their final damage state, the increase of IDR does not translate to any fur-

ther increase in repair cost; therefore, the loss curve maintains a relatively constant value be-

tween IDR values of 0.02 and 0.03. Gravity connections and column splices enter their first 

respective damage states for a median IDR of 0.04; this explains the second sharp surge of the 

repair cost before it stabilizes again, when all structural components are fully damaged. Figure 

3b shows the loss curve for structural components of MRF buildings (SM2). This time eco-

nomic losses start to appear for larger values of IDR due to the increased lateral flexibility of 

MRFs in comparison with braced frames. Thus, the loss curve exhibits only one clear plateau 

in terms of repair cost for different values of IDR, when all components are damaged. The 

loss curve of IDR-sensitive non-structural components (NSIDR) in Figure 3c resembles in 

shape the one of the SX2 component group: in fashion similar to X-braces, interior wall parti-

tions and staircases fail much earlier than the exterior cold formed steel walls with flat strap 

X-bracing. Figures 3d, 3e and 3f present the loss functions of the PFA-sensitive component 

groups NSPFA,11, NSPFA,02 and CM. 

   
a. b. c. 

   
d. e. f. 

Figure 3. Story loss functions for a) X-braced building structural components for 750 m2 < Ast < 1500 m2 (SX2), 

b) MRF building structural components for 750 m2 < Ast < 1500 m2 (SM2), c) IDR-sensitive typical floor NS 

components (NSIDR), d) PFA-sensitive typical floor NS components (NSPFA,11), e) PFA-sensitive ground floor 

NS components for 2000 m2 < Atot < 5000 m2 (NSPFA,02), f) medium luxury level content components (CM) 
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In order to derive analytical formulas, a non-linear least-squares regression was carried out 

using the Generalized Reduced Gradient algorithm [16]. All curves were fitted via Equation 2 

(Figure 4). Maximum relative regression errors were occasionally found seemingly large, but 

that was the result of a local mismatch at the onset of losses (i.e. at very small values of actual 

repair cost). 

  
a. b. 

Figure 4. Examples of loss function regression fitting: (a) IDR-sensitive typical floor NS components NSIDR, (b) 

PFA-sensitive ground floor NS components NSPFA,02 

4 LOSS ESTIMATION OF A 4-STORY STEEL BUILDING USING STORY LOSS 

FUNCTIONS 

Having this type of story loss functions in one’s disposal can immensely facilitate loss es-

timation. By defining the conditional CCDF function of DV exceeding a specified value given 

the EDP value, G(DV|EDP), Equation 1 can be rewritten as: 

 λ(DV) = ∬G(DV|EDP)∙|dG(EDP|IM)|∙|dλ(IM)| (3) 

 

where G(DV|EDP) can be directly calculated with the use of story loss functions, merging the 

steps of damage and loss analysis at the expense of some accuracy and flexibility. Other than 

that, the loss estimation procedure is similar to its FEMA P-58 component-by-component 

counterpart, except that component groups are now assigned to each story level instead of in-

dividual components. For each level of response, repair costs can now be sampled by per-

forming a series of Monte Carlo simulations for each component group rather than for each 

component. The distribution of repair cost given the EDP value can be inferred based on the 

16th and 84th quantile values that are provided for each function. Correlation between the in-

dividual area unit floor segments can be assigned or not, according to the user’s preference. 

Repair and replacement costs, if obtained from the FEMA P-58 report, correspond to the US 

market. Nonetheless, by adopting a few additional assumptions one can, for instance, extend 

cost conversion procedures proposed for the component-by-component methodology [10] for 

application within the story loss function approach.  

A simple case study was carried out for a seismically designed four-story steel moment-

resisting frame (SMRF) building studied in NIST GCR 10-917-8 [17]. It has a rectangular 

42.67m x 30.48m layout with a story floor area equal to 1301 m2; the bay length is 6.1 m; sto-

ry height is 14.57 m for the first story and 13.96 m for the rest. Further details regarding the 
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structural properties and loads applied can be found on the aforementioned report. Structural 

response quantities were obtained through an incremental dynamic analysis [18]. Additional 

information on the modelling and analysis of the building are provided in [19]. Component 

groups SM2, NSIDR, NSPFA,11, CM  were assigned on typical floors, NSPFA,03 and S0 were as-

signed only on the ground floor, while NSPFA,21, NSPFA,22 were assigned on the roof. Within 

this study, the repair cost at each EDP level was modeled with a normal distribution for all 

story loss functions; the lower tail was truncated at zero, so as to prevent negative cost values. 

With respect to component correlation, two different cases were examined; in the first one, 

perfect correlation was assumed between the 100 m2 segments of each component group at 

each story, while in the second case no correlation was considered between the segments. 

The total losses for the two cases are presented in Figures 5a and 5b for spectral accelera-

tions up to 0.5g. More precisely, for a 0.5g acceleration, the no correlation assumption yields 

a median total repair cost of 2.19·106 €, while the perfect correlation assumptions leads to 

drop of 5% in median total repair cost (2.07·106 €), but as anticipated, with a considerable in-

crease in dispersion. Losses were also calculated with a very crude approach, using solely the 

median EDP and repair cost values, ignoring any dispersion; for a 0.5g acceleration they were 

estimated as equal to 1.4·106 €. This discrepancy is certainly not minor, and therefore such a 

simplification should be deemed inappropriate. 

  
a. Story loss functions, perfect correlation b. Story loss functions, no correlation 

  
c. FEMA P-58, perfect correlation d. FEMA P-58, no correlation 

  

Figure 5. Total repair cost for different levels of spectral acceleration Sa calculated a) through story loss func-

tions assuming perfectly correlated 100 m2 segments of each component group, b) through story loss functions 

assuming uncorrelated 100 m2 segments of each component group, c) according to FEMA P-58 and assuming 

similar components to be perfectly correlated, d) according to FEMA P-58 and assuming similar components to 

be uncorrelated. 
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These results are compared to those obtained following the component-by-component 

method of the FEMA P-58 guidelines (Figures 5c and 5d). The purpose of this comparison 

was not to investigate the impact of using a “standardized” inventory instead of an actual 

building-specific one, but to quantify the error introduced due to the assumptions on the dis-

tribution of repair cost for a given EDP value, the assumed correlation of similar components 

within the 100 m2 segments, and the regression fitting. Hence, the same inventory that was 

used for the calculation of the story loss functions was kept and assigned to the building. The 

results show a median total repair cost of 2.01· 106 € for a spectral acceleration equal to 0.5g 

when perfect correlation is assigned between similar components, and 2.02 · 106 € for the case 

of no correlation. These values are deemed close to the ones obtained using the story loss 

functions. Likewise, the disaggregation of loss into different component groups (Figure 6) 

appears very similar for the component-by-component and story loss function based ap-

proaches.  

  
a. b. 

Figure 6. Contributions to losses from structural (S), non-structural (NS) and content (C) components for a spec-

tral acceleration of 0.5g from a) story loss functions, b) FEMA P-58 

5 CONCLUSIONS 

A FEMA P-58 compatible methodology for derivation of story-level repair cost DV–EDP 

functions was offered and illustrated. Such story loss functions were built for steel office 

buildings based on estimations of common structural layouts and component inventories; they 

are expected to provide a satisfactory approximation of seismic losses in regular buildings 

without major peculiarities in terms of structural and non-structural inventories. Their quality 

can be notably improved with more extensive statistical studies of building typologies, com-

ponent inventories and associated costs, as well as with the development of a wider range of 

component fragility functions. Variability in component quantities should also be considered, 

instead of just using mean or expected - based on expert opinion - values. 

The case study, performed for a four-story steel moment resisting frame building, revealed 

minor but acceptable differences between the full FEMA P-58 methodology and the proposed 

one, justifying the assumptions on the distribution of repair cost and the partitioning of the 

floor area into 100 m2 segments. A better fit than the assumed normal distribution of repair 

cost might be required in certain cases, however most component story loss functions do not 

seem to maintain the same distribution shape over the range of their associated EDP. Keeping 

in mind that the use of story loss functions over the refined FEMA P-58 procedure constitutes 

a trade-off between accuracy and simplicity, the proposed methodology can prove to be a val-

uable tool for common building typologies with regular geometry, either as a means to 

achieve quick preliminary loss investigations, or as a reference in a conceptual design proce-

dure that aims to limit potential losses.   
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Abstract. Quantifying the impact of modelling uncertainty on the seismic performance as-
sessment is a crucial issue for existing buildings, considering the partial information availa-
ble related to material properties, construction details and the uncertainty in the capacity 
models. The effect of structural modelling uncertainties on the seismic performance of exist-
ing buildings can be –under certain circumstances- comparable to that of uncertainty in 
ground motion representation. In this work, a modified version of Cloud analysis considering 
the (eventual) cases of global dynamic instability and adopting the critical demand to capaci-
ty ratio as the damage measure/decision variable, based on coupling the simple regression in 
the logarithmic space of structural response versus seismic intensity for a suite of registered 
records with logistic regression, has been implemented to consider the record-to-record vari-
ability, structural modelling uncertainties and the uncertainties in the parameters of the 
adopted fragility model. For each of the registered records within the suite of ground motion 
records, a different realization of the structural model has been generated through a standard 
Monte Carlo Simulation procedure. A Bayesian version of the Cloud method is employed, in 
which the uncertainty in the structural fragility model parameters is considered. This leads to 
a robust fragility estimate—reflecting both record-to-record variability and structural model-
ing uncertainties-- and a desired confidence interval defined around it –reflecting the uncer-
tainty in the fragility model parameters. The longitudinal frame of an existing building in Van 
Nuys, CA, modeled in OpenSees considering the flexural-shear-axial interaction, has been 
employed in order to demonstrate this procedure. The critical demand to capacity ratio 
adopted as the damage measure/decision variable, corresponding to the component or mech-
anism that leads the structure closest to the onset of limit state (e.g., near collapse), is adopt-
ed as the structural response parameter. This structural response parameter can encompass 
both ductile and fragile failure mechanisms. Moreover, it can register a possible shift in the 
governing failure mechanism with increasing intensity. The selection of the suite of ground 
motion records has been based on a set of criteria that ensure the statistical significance of 
the linear regression in predicting the structural response as a function of the intensity meas-
ure.  
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1 INTRODUCTION 

Assessment of analytic structural fragility for existing buildings is one of the fundamental 
steps in the modern performance-based engineering [1]. One main feature distinguishing the 
assessment of existing buildings from that of the new ones is the large amount of uncertainty 
present in determining the structural modeling parameters. In particular, considering the par-
tial information available related to material properties, construction details and also the un-
certainty in the capacity models, the impact of modelling uncertainties on the seismic 
performance assessment is a crucial issue for existing buildings. Thus, for this type of build-
ings, explicit consideration of modelling uncertainty in the process of the assessment of struc-
tural performance can lead to more accurate results.  

In order to assess the performance of the existing buildings, there are alternative non-linear 
dynamic analysis procedures available in the literature. These methods, such as, Incremental 
Dynamic Analysis (IDA, [2]), Multiple-Stripe Analysis (MSA, [3-5]) and Cloud Analysis 
[3,6-9], characterize the fragility, expressed as the conditional probability of exceeding a pre-
scribed limit state given the seismic intensity and by employing recorded ground motions. 
Cloud Analysis is particularly efficient since it involves the non-linear analysis of the struc-
ture subjected to a set of un-scaled ground motion time-histories. The simplicity of its under-
lying formulation makes it a quick and efficient analysis procedure for fragility assessment 
[10]. However, Cloud Analysis is also notorious for being based on a few simplifying as-
sumptions (fixed standard error of regression, mean response varying linearly as a function of 
IM in the logarithmic scale, and structural response given IM being modeled as a Lognormal 
distribution), and for being very much sensitive to the selected suite of records [8-9]. Cloud 
Analysis has been used, not only to model the record-to-record variability in ground motion, 
but also to propagate structural modelling uncertainties such as uncertainty in component ca-
pacity [8,11] and the uncertainties in mechanical material properties and construction details 
[8,12]. One approximate way to consider the epistemic uncertainties in the fragility assess-
ment is to consider the uncertainty in the evaluation of the median of the fragility curve (e.g., 
[10-11,13-17]). Such modelling of epistemic uncertainties, assuming that the median is unbi-
ased and normally distributed, leads to an overall increase in the fragility dispersion and 
leaves the fragility median invariant. In other words, such procedure does not manage to cap-
ture the bias in median limit state probability due the effect of epistemic uncertainties. Simu-
lation-based methods are arguably the most efficient and straightforward means for taking 
into account the epistemic uncertainties (see e.g., [18-19]). However, they fall short of model-
ling record-to-record variability when recorded ground motions are implemented (due to a 
lack of reference probability distributions for recorded ground motions). In the recent years, 
several alternative methods have been proposed that combine reliability methods such as the 
first order second moment (FOSM and MVFOSM, see for example [20]) methods, response 
surface methods [21], simulation-based methods (e.g., Monte Carlo, Latin Hypercube Sam-
pling) with non-linear dynamic procedures such as IDA based on recorded ground motions in 
order to take into account also sources of uncertainties other than record-to-records variability 
[22-25].  

In this work, a modified version of Cloud Analysis considering the (eventual) cases of 
global dynamic instability, based on coupling the simple regression in the logarithmic space 
of structural response versus seismic intensity for a suite of registered records with logistic 
regression, has been implemented to consider both record-to-record variability and modelling 
uncertainties. This modified version of Cloud Analysis relies on adopting a critical demand to 
capacity ratio, which is equal to unity at the onset of limit state, as the damage meas-
ure/decision variable. This structural response parameter can encompass both ductile and 
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fragile failure mechanisms. Moreover, it can register a possible shift in the governing failure 
mechanism with increasing intensity. For each of the registered records within the suite of 
ground motion records, a different realization of the structural model has been generated 
through a standard Monte Carlo Simulation procedure. A Bayesian updating framework, 
which treats the structural response to the selected records as “data”, is adopted to take into 
account the uncertainty in the fragility parameters. One advantage in using the Bayesian 
framework is that it leads to fragility estimation together with the definition of a prescribed 
confidence band. Consequently, the risk estimates can be provided as a range of values that 
map a certain probability content in terms of the confidence in the fragility estimate (e.g., 
plus/minus one or two standard deviations from the median that correspond to approximately 
70% and 95% probability content, respectively, assuming Normality). There are no specific 
restrictions on the sample of “data” points other than being plausible independent “observa-
tions” (in reality they are calculated) of the structural response. Another advantage in using 
such framework is that it enables the formal introduction of prior information available about 
the fragility parameters (e.g., particularly useful for updating of existing fragility models).  

The longitudinal frame of a seven-story existing building in Van Nuys, CA, which has 
been modeled in OpenSees considering the flexural-shear-axial interactions, has been em-
ployed to demonstrate this procedure. The selection of the suite of ground motion records has 
been performed based on a set of criteria that ensure the statistical significance of the linear 
regression in predicting the structural response as a function of the intensity measure. 

2 METHODOLOGY 

The methodology for the assessment of the robust structural fragility and its prescribed 
confidence interval based on Cloud Analysis and considering explicitly the cases of “col-
lapse” has been documented in detail in [9] considering only record-to-record variability. This 
paper employs this method to consider also the structural modeling uncertainties. Below, a 
brief description of this method is reported.  

2.1 The Intensity Measure and the Structural Performance Variable 

The original framework for performance-based earthquake engineering (PBEE, [26]) prop-
agates the various sources of uncertainty in the structural performance assessment through 
adopting a series of generic variables representing the seismic intensity (intensity measure, 
IM), the structural response (engineering demand parameter, EDP), the structural damage 
(damage measure, DM), and the structural performance (decision variable, DV).  Herein, the 
critical demand to capacity ratio for a prescribed limit state [11] and denoted as DCRLS, has 
been adopted as a proxy for the structural performance variable (DV). This DV is going to be 
convoluted directly with the intensity measure (IM) in order to estimate the seismic risk in the 
PBEE framework. DCRLS is defined as the demand to capacity ratio for the component or 
mechanism that brings the system closer to the onset of limit state LS. The formulation is 
based on the cut-set concept [27], which is suitable for cases where various potential failure 
mechanisms (both ductile and fragile) can be defined a priori. DCRLS, which is always equal 
to unity at the onset of limit state, is defined as: 

 max min
( )

mech l jlN N
LS l j

jl

D
DCR

C LS
  (1) 

where Nmech is the number of considered potential failure mechanisms; Nl is the number of 
components taking part in the lth mechanism; Djl is the demand evaluated for the jth structural 
component of the lth mechanism; Cjl(LS) is the limit state capacity for the jth component of 
the lth mechanism.  
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In this work, the critical demand to capacity ratio is going to be evaluated for the near col-
lapse limit state [28]. The component demand to capacity ratios are expressed in terms of the 
maximum component chord rotation. This leads to a deformation-based DCRLS. The maxi-
mum chord rotation demand Djl for the jth component of the lth mechanism is obtained from 
the results of the nonlinear dynamic analysis. The component chord rotation capacity Cjl for 
the jth component of the lth corresponds to the ultimate capacity of the member. For the near 
collapse limit state it is defined as the point on the softening branch of the force-deformation 
curve of the component, where a 20% reduction in the maximum strength takes place (Euro-
code 8, Part 3). In this study, the possible failure mechanisms associated with the near-
collapse limit state correspond to ductile or brittle failures of the columns; i.e., DCRLS>1 for a 
column is achieved when Djl > Cjl where Djl and Cjl for each column are obtained by taking 
into account the flexural/axial behavior, the shear behavior and the fixed-end rotation due to 
bar slip.  

When predicting non-linear response of structures for an ultimate limit state, it is common 
to encounter a few records leading to global “Collapse”; i.e., very high global displacement-
based demands or non-convergence problems in the analyzing software. Obviously, DCRLS>1 
for the near-collapse limit state does not necessary imply the occurrence of global Collapse. 
Herein, the global Collapse of the structure is identified explicitly by verifying the following 
two criteria: (1) accounting for the loss of load bearing capacity when 50% +1 of the columns 
of a story reach the chord rotation corresponding to the complete loss of vertical-load carrying 
capacity of the component [29]; (2) accounting for for global dynamic instability when maxi-
mum inter-story drift exceeds 10%.  

2.2 The “observed data” D 

Let vector θ represent all the uncertain parameters considered in the problem (apart from 
the fragility model parameters and those related to the ground motion representation). For ex-
ample, this vector may contain component capacity model parameters, construction detail pa-
rameters and parameters related to mechanical material properties. It is enough to note that 
any given realization θi of vector θ identifies in a unique manner the structural model. Ideally, 
a standard Monte Carlo simulation can be used for generating a set of i=1:N realizations of the 
vector θ.  

In particular, for each of the registered records within the suite of ground motion records, a 
different realization of the structural model has been generated through a standard Monte Car-
lo Simulation procedure. This way, each realization of the vector θ (plausible structural model 
subjected) subjected to a registered record leads to the corresponding DCR value. The set of 
DCR values calculated this way are then used as “observed data” in order to update the prob-
ability distribution for the parameters of the prescribed fragility model (e.g., Lognormal). 

2.3 A regression-based probabilistic model for predicting DCRLS given IM (Cloud 
Analysis)  

Herein, a regression-based probability model is employed to describe the DCRLS for a giv-
en IM level. Let DCRLS={DCRLS,i, i=1:N} be the set of critical demand to capacity ratio for 
limit state LS, calculated through non-linear time-history analyses performed for a suite of N 
recorded ground motions, and Sa={Sa,i, i=1:N} be the set of corresponding spectral accelera-
tion values (where DCRLS,i and Sa,i are calculated for the ith ground motion record). The 
Cloud data or simply data hereafter refer to the set D={(Sa,i, DCRLS,i), i=1:N}. The regression 
probabilistic model can be described as follows: 
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       (2) 

where E[lnDCRLS|Sa] is the expected value for the natural logarithm of DCRLS given Sa; 

DCRLS|Sa is the median for DCRLS given Sa; lnDCRLS|Sa is the logarithmic standard deviation 
for DCRLS given Sa. This non-linear dynamic analysis procedure, also known as the Cloud 
Analysis (e.g.,[]), graphically invokes the idea of the scatter plot of data pairs of structural per-
formance variable and the intensity measure for a given ground motion record. The Cloud 
Analysis is particularly useful when one deals with un-scaled ground motion records. The 
structural fragility obtained based on the Cloud Analysis can be expressed as the probability 
that DCRLS exceeds unity given Sa: 

 | |

ln | |

ln ln
( 1 , ] (ln 0 , ) 1 LS a LS a

LS a LS a

DCR S DCR S

LS a LS a
DCR S DCR S

P DCR S P DCR S
 

 

   
            

   
χ χ  (3) 

where ∙ is the standardized Gaussian Cumulative Distribution Function (CDF), =[lna, b, 
DCRLS|Sa] denotes the model parameters and DCRLS|Sa lnDCRLS|Sa. Note that Eqn 3 is a three-
parameter fragility model which can be determined as a function of known vector . 

2.4 Cloud Analysis considering collapse and/or global dynamic instability 

This section illustrates that, with some modifications, the Cloud Analysis can still be car-
ried out in the cases in which some records take the structure to verge upon “Collapse”. Let 
the Cloud data be partitioned into two parts: (a) NoC data which correspond to that portion of 
the suite of records for which the structure does not experience “Collapse”, (b) C correspond-
ing to the “Collapse”-inducing records. The structural fragility for a prescribed limit state LS, 
expressed in Eqn 3, can be expanded with respect to NoC and C sets using Total Probability 
Theorem (see [4,30]):  
          1 1 , 1 ( ) 1 ,LS a LS a a LS a aP DCR S P DCR S NoC P C S P DCR S C P C S         (4) 

where P(DCRLS>1|Sa,NoC) is the conditional probability that DCRLS is greater than unity giv-
en that “Collapse” has not taken place (NoC) and can be described by a Lognormal distribu-
tion (a widely used assumption that has been usually verified for maximum inter-story drift 
response given intensity in cases where the regression residuals represent unimodal behavior, 
e.g., [4,6]): 

   | ,

| ,

ln
1 , LS a

LS a

DCR S NoC

LS a
DCR S NoC

P DCR S NoC



 
    

 
 (5) 

where DCRLS|Sa,NoC and DCRLS|Sa,NoC are conditional median and logarithmic standard 
deviation (dispersion) of DCRLS for NoC portion of the data. P(DCRLS>1|Sa,NoC) is calculated 
in exactly the same manner as the standard Cloud Analysis discussed in Section 2.2 (see Eqn 
3). The term P(DCRLS>1|Sa,C) is the conditional probability that DCRLS is greater than unity 
given “Collapse”. This term is equal to unity, i.e., in the cases of “Collapse”, the limit state LS 
(herein, Near-Collapse) is certainly exceeded. Finally, P(C|Sa) in Eqn 4 is probability of col-
lapse, which can be predicted by a logistic regression model (a.k.a., logit) as a function of Sa 
(see also [31], and expressed as follows: 

    0 1 ln( )

1

1 a
a S

P C S
e

   



 (6) 

where  and  are the parameters of the logistic regression. It is to note that the logistic 
regression model belongs to the family of generalized regression models and is particularly 
useful for cases in which the regression dependent variable is binary (i.e., can have only two 
values 1 and 0, yes or no, which is the case of C and NoC herein). Note that the logistic re-
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gression model described above is applied to all records; they are going to be distinguished by 
1 or 0 depending on whether they lead to collapse or not. Finally, the analytic fragility model 
in the case where the data includes “collapse-cases” can be obtained by substituting the terms 
P(DCRLS>1|Sa,NoC) and P(C|Sa) from Eqns 5 and 6 into Eqn 4: 
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Eqn 7 illustrates a five-parameter fragility model whose model parameters can be denoted 
as =[lna, b, DCRLS|NoC,Sa, 0, 1 ]. Given the fragility can be perfectly determined (for 
simplicity, DCRLS|NoC,Sa is replaced with  hereafter). The CDF of DCRLS|Sa for a given de-
mand to capacity ratio dcr can be derived as follows based on Total Probability Theorem: 
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where it has been assumed that P(DCRLS ≤ dcr |C,Sa)=0 assuming that DCRLS is going to be 
un-boundedly large for the collapse cases. Eqn 8 can be used in order to calculate the value 
dcr=DCRp corresponding to the percentile p by setting the left side of the Eqn 8 equal to p and 
solving it for DCRp: 
   1

| , | ,exp ( | )
LS a LS a

p
DCR S NoC DCR S NoC aDCR p P NoC S      (9) 

where Ф-1 is the inverse function of standardized normal distribution. For example, the above 
equation can be used the 16th, 50th and 84th percentile curves of DCR versus spectral accelera-
tion. 

2.5 Robust Fragility assessment (using simulation) 

Inspired from the concept of updated robust reliability [18,32], the Robust Fragility is de-
fined as the expected value for a prescribed fragility model taking into account the joint prob-
ability distribution for the (fragility) model parameters  [8,12,31]. The Robust Fragility can 
be written as: 
      1 , 1 , ( )d 1 , ,LS a LS a LS aP DCR S P DCR S f P DCR S



      
χ

χD χ χ D χ D χ  (10) 

where  is the vector of fragility model parameters and  is its domain; f(|D) is the joint 
probability distribution for fragility model parameters given the vector of Cloud data D (see 
Section 2.2). The term P(DCRLS>1|Sa,) is the fragility model given that the vector  is 
known (see Eqn 3 or Eqn 7). Note that it has been assumed that the vector  is sufficient to 
describe the data D (that is why D has been dropped from the right-hand side of the condition-
ing sign |). E(∙) is the expected value over the vector of fragility parameters . The variance 
2 in fragility estimation can be calculated as: 

      22 21 , , 1 , ( )d 1 , ,LS a LS a LS aP DCR S P DCR S f P DCR S


          
χ

χ χD χ χ χ D χ D χ  (11) 

Note that calculating the variance over the vector of fragility parameters  from Eqn 11, i.e. 
2

(∙), provides the possibility of estimating a confidence interval of for the fragility consider-
ing the uncertainty in the estimation of the fragility model parameters. The integrals in Eqn 10 
and Eqn 11 in general do not have analytic solutions and should be solved numerically. Simu-
lation schemes provide very efficient means for numerical resolution of an integral. Herein, a 
very efficient simulation scheme known as Markov Chain Monte Carlo (MCMC) Simulation 
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is employed in order to sample from f(D) and solve the integral in Eqs. 10 and 11, as pro-
posed in [9].  

2.6 Implementing the concept of Robust Fragility in order to take into account the 
structural modeling uncertainties 

This paper implements the concept of Robust Fragility in order to efficiently propagate the 
sources of uncertainty related to both record-to-record variability and structural modelling, 
based on the results of a Cloud Analysis. In particular, the Cloud procedure is embedded in a 
Bayesian updating framework that updates the distribution of the fragility model parameters 
(based on the Cloud Analysis results) in order to lead to robust fragility estimates and the con-
fidence bands. The flowchart in Figure 1 describes this procedure in a step-by-step manner: 

Step 1: Perform the record selection. In this step, the record selection for Cloud Analysis 
should be performed, based on very few main rules. That is, the records should be selected in 
a way that they cover a vast range of spectral acceleration values and the records should be 
selected so that a significant proportion of records have DCRLS greater than unity.  

Step 2: Characterize the uncertainties vector θ and the associated joint PDF, where θ repre-
sents all the uncertain parameters in the problem related to structural modeling. For example, 
as previously explained, this vector may contain component capacity modelling parameters, 
construction detailing parameters, parameters related to mechanical material properties and 
parameters related to the ground motion representation. It is enough to note that any given 
realization θi of vector θ identifies in a unique manner the structural model. 

Step 3: Generate n samples (with MC simulation, LHS, …, etc.) of the vector θ, where n is 
the number of the records. Note that for each of the registered records within the suite of 
ground motion records, a different realization of the structural model is generated through for 
example a standard Monte Carlo Simulation procedure or a Latin Hypercube Sampling.  

Step 4: Subject each structural model configuration to one of the records within the set. In 
this way, each realization of the vector θ (plausible structural model subjected to a registered 
record) leads to a corresponding critical DCRLS value. 

Step 5: Form the set of the critical DCRLS={DCRLS,i, i=1:Nrecords} and perform Cloud 
Analysis. As said in sections 2.3 and 2.4, Cloud Analysis is based on a regression-based prob-
ability model, that is employed to describe the DCRLS for a given IM level. Let 
DCRLS={DCRLS,i, i=1:N} be the set of critical demand to capacity ratio for limit state LS, cal-
culated through non-linear time-history analyses performed for the set of N records, and 
Sa={Sa,i, i=1:N} be the set of corresponding spectral acceleration values (where DCRLS,i and 
Sa,i are calculated for the ith record). The Cloud data refer to the set D={(Sa,i, DCRLS,i), 
i=1:N}. If cases in which some records take the structure to verge upon “Collapse” are pre-
sent, the Cloud data can be partitioned into two parts (e.g. No Collapse data and Collapse da-
ta). The structural fragility can be expanded with respect to No Collapse and Collapse sets 
using Total Probability Theorem as explained in Eqn. 4 

Step 6: Obtain the Robust Fragility and the desired confidence bands. This entails Updating 
the joint distribution (χ|D) for the fragility model parameters χ, based on the cloud data D (see 
sect. 2.5) and simulating vector i based on its probability density function f(D). This leads 
to the solution of the integrals leading to the Robust Fragility and its standard deviation (Eqs. 
10 and 11). 
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Figure 1 Step-by-step guide to implementing the Robust Fragility procedure for propagating both record-to-

record variability and structural modelling uncertainties.  

3 NUMERICAL APPLICATION 

3.1  Case-study structure and model description 

One of the longitudinal frames of the seven-story hotel building in Van Nuys, California, is 
modeled and analyzed in this study. The building is located in the San Fernando Valley of 
Los Angeles County (34.221° north latitude, 118.471° west longitude). The frame building 
was constructed in 1966 according to the 1964 Los Angeles City Building Code. The building 
was damaged in the M6.7 1994 Northridge earthquake. After the 1994 earthquake, the build-
ing was retrofitted with addition of new RC shear walls. Columns in the longitudinal frame 
are 356 mm wide and 508 mm deep, i.e., they are oriented to bend in their weak direction 
when resisting lateral forces in the plane of the longitudinal frame. Spandrel beams in the 
north frame are typically 406 mm wide and 762 mm deep in the second floor, 406 mm wide 
and 572 mm deep in the third through seventh floors, and 406 mm by 559 mm at the roof lev-
el. Column concrete has a compressive nominal strength f’c of 34.5 MPa in the first story, 
27.6 MPa in the second story, and 20.7 MPa in other floors. Beam and slab concrete strength 
f’c is 27.6 MPa in the second floor and 20.7 MPa in other floors. Grade 60 (fy=414 MPa) rein-
forcing steel is used in columns. The specified yield strength, fy, is 276 MPa (Grade 40) for 
the steel used in beams and slabs. Figure 2 shows the longitudinal frame modeled in this re-
search and some of the damaged columns in this frame after the 1994 Northridge earthquake. 
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Figure 2 Holiday Inn hotel building longitudinal frame and some of the damaged columns in this frame after 

the 1994 Northridge earthquake. 
 
3.1.1. Flexural model 

Unidirectional axial behavior of concrete and steel materials are modeled to simulate the 
nonlinear response of beams and columns. Concrete material response is simulated using the 
Concrete01 material in OpenSees [33], which includes zero tensile strength and a parabolic 
compressive stress-strain behavior up to the point of maximum strength with a linear deterio-
ration beyond peak strength. Because the transverse reinforcement ratio for beams and col-
umns in the Van Nuys building is relatively low and detailing does not meet the modern 
seismic code requirements, concrete is modeled more close to the unconfined concrete model 
with peak strength achieved at a strain of 0.002 and minimum post-peak strength achieved at 
a compressive strain of 0.006. The corresponding strength at ultimate strain is 0.05f’c for 
f’c=34.5 MPa and f’c=27.6 MPa, and 0.2f’c for f’c=20.7 MPa. 

Longitudinal steel behavior is simulated using the Steel02 material in OpenSees. This 
model includes a bilinear stress-strain envelope with a curvilinear unload-reload response un-
der cyclic loading. The previous research indicates that the observed yield strength of rein-
forcing steel exceeds the nominal strength [34,35]. Following the recommendation of [35], 
yield strength of 345 MPa (50 ksi) and 496 MPa (72 ksi) are used in this research for Grade 
40 and Grade 60 steel, respectively. Both Grade 40 and Grade 60 reinforcement are assumed 
to have a post-yielding modulus equal to 1% of the elastic modulus, which is assumed to be 
200 GPa. Additional parameters required to define the Steel02 material model are taken equal 
to those recommended in the OpenSees User’s Manual. Uniaxial fibers within the gross cross 
section were assigned either concrete (Concrete 01) or steel (Steel 02). A typical column cross 
section included 30 layers of axial fibers, parallel to the depth of the section. Effective slab 
width was included in beam cross sections. Flexural response of beams and columns are 
simulated using fiber cross sections, representing the beam-column line elements Figure 3(a). 

In OpenSees, flexural beam-column members are modeled as force-based in which an in-
ternal element solution determines member deformations that satisfy the system compatibility. 
In force-based column elements, distributed plasticity model is used to accurately determine 
yielding and plastic deformations at the integration points along the element length under in-
creasing loads. Newton-Cotes integration [36] is selected as a suitable numerical integration 
solution for the force-based column element to accurately capture plastic deformations along 
the members. Newton-Cotes method distributes integration points uniformly along the length 
of the element. Herein, five integration points is used including one point at each end of the 
element, as shown in Figure 3(b). Force-deformation response of beam elements is computed 
based on the assumption that inelastic action occurs mainly at the member ends and that the 
middle of the member remains typically elastic (however, this is not necessary). Therefore, 
plastic hinge integration methods are used to confine nonlinear deformations in end regions of 

1865



Andrea Miano, Fatemeh Jalayer and Andrea Prota 

beam elements, while the remainder of the element is assumed to stay linear elastic. It is as-
sumed that the length of plastic region is equal to the depth of the cross-section. The modified 
Gauss Radau hinge integration method [36] is used for numerical integration of the force-
based beam elements where the integration within each hinge region is implemented at four 
points; two integration points in the element ends, and two at 8/3 of the hinge length, Lo=h, as 
illustrated in Figure 3(c). 
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Figure 3 a) moment-curvature relationship for a single column (second column on the left in the second and 
fourth stories in Figure 2); spring model used for b) column with fixed ends, and c) beam with fixed ends. 

 
3.1.2. Shear model 

Recent earthquakes have shown that columns in older RC buildings with poor seismic de-
tailing, including the hotel building considered in this paper, experience shear or flexure-shear 
failures. The shear model proposed by [37] can capture both the inelastic shear response and 
the shear failure. The lateral force-shear displacement envelope includes three distinct points 
corresponding to: (a) maximum shear strength and corresponding shear displacement; (b) on-
set of shear strength degradation and corresponding shear displacement; and (3) shear dis-
placement at axial load failure. 
Accordingly, the maximum shear strength, Vn, is predicted by the following expression [38]: 

 g
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where Av is the transverse reinforcement area within a spacing, s, in the loading direction; fy is 
the transverse reinforcement yield strength (MPa); d is the section depth; f’c is the compres-
sive strength of concrete; a is the shear span of the element; P is the axial load; Ag is the gross 
area of the section; and k is a factor to account for ductility-related strength degradation. 
Shear displacements are calculated using a combination of two existing models, i.e., [37,39]. 
The shear displacement corresponding to peak strength, v,n, is calculated as: 
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where l is the longitudinal steel ratio and L is the length of the column. As described in [39], 
the shear displacement at the onset of shear failure can be adopted from [40]. Shear displace-
ment at axial failure, denoted as θaxial in Section 2.1, is obtained using the procedure given in 
[37], which requires the calculation of total lateral drift a/L. The latter is calculated using the 
equation proposed by [41]: 

(c) 

(b) (a) 
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3.1.3. Bar slip model 

When a reinforcing bar embedded in concrete is subjected to a tensile force, strain accumu-
lates over the embedded length of the bar. This tensile strain causes the reinforcing bar to slip 
relative to the concrete in which it is embedded. Slip of longitudinal column bars at column 
ends (i.e., from the footing or beam-column joint) will cause rigid body rotation of the column. 
This rotation is not accounted for in flexural analysis, where the column ends are assumed to 
be fixed. The bar slip model used in this study was presented in [37]. This model assumes a 
stepped function for bond stress between the concrete and reinforcing steel over the embed-
ment length of the bar. The bond stress is taken as 1∙√f’c MPa for elastic steel strains and as 
0.5∙√f’c MPa for inelastic steel strains. The rotation due to slip, s, is calculated as slip/(d-c), 
where slip is the extension of the outermost tension bar from the column end, and d and c are 
the distances from the extreme compression fiber to the centroid of the tension steel and the 
neutral axis, respectively. Steel strains and neutral axis location, determined at each step dur-
ing the moment curvature analysis, are used here to determine slip rotation under increasing 
moment or column lateral force. The column lateral displacement due to bar slip, slip, is 
equal to the product of the slip rotation and the column length (slip=s∙L). 
 
3.1.4. Total lateral response 

The total lateral response of a RC column can be modeled using a set of springs in series in 
OpenSees. The flexure, shear and bar slip deformation models discussed in previous sections 
are each modeled by a spring or flexural line element. Each spring or element is subjected to 
the same lateral force. Initially, the total displacement response is the sum of the responses of 
each spring. A typical column element includes two zero-length rotational bar-slip springs at 
its ends, one zero-length shear spring, and a flexural element with five integration points (see 
Figure 3(b)). The shear behavior is modeled as uniaxial hysteretic material in direction 1 in 
Figure 3(b). The bar slip is modeled with two rotational springs at the column ends using uni-
axial hysteretic material in direction 3. Finally, same vertical displacement is maintained be-
tween nodes of zero length elements in the vertical direction (i.e., direction 2), using the 
equalDOF restraint in OpenSees. 

The three deformation components are simply added together to obtain the total response 
up to the peak strength of the column [37]. Rules are established for the post-peak behavior of 
the springs based on a comparison of the shear strength Vn, the yield strength Vy, and the flex-
ural strength Vp required to reach the plastic moment capacity. By comparing Vn, Vy, and Vp, 
the columns can be classified into five different categories [37]: Category I: Vn<Vy, the shear 
strength is less than the lateral load causing yielding in the tension steel. The column fails in 
shear while the flexural behavior remains elastic; Category II: Vy<Vn<0.95Vp, the shear 
strength is greater than the yield strength, but less than the flexural strength of the column. 
The column fails in shear, but inelastic flexural deformation occurring prior to shear failure 
affects the post-peak behavior; Category III: 0.95Vp<Vn<1.05Vp, the shear and flexural 
strengths are very close; Category IV: 1.05Vp<Vn<1.4Vp: the shear strength is greater than the 
flexural strength of the column. It is to note that for both categories III and IV, the column 
experiences large overall deformations potentially leading to two different possible failure 
modes: (a) flexural failure (which can be reached when the maximum inter-storey drift ex-
ceeds 10%, see Section 2.1 for the definition of the onset of collapse limit state), and (b) shear 
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failure: inelastic shear deformations affect the post-peak behavior, and shear failure may oc-
cur as increasing displacements reach θaxial; Category V: Vn<1.4Vn, the shear strength is much 
greater than the flexural strength of the column. The column fails in flexure while the shear 
behavior remains in the elastic range. 
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Figure 4: Different deformation components and the total lateral displacement for column 11 and 21 of the 
longitudinal frame, belonging to Category I (left) and Category IV (right) 

 
Figure 4 shows the three different deformation components and the total lateral displace-

ment for columns 11 and 21 of the analyzed frame, belonging to two different categories de-
scribed above, i.e., Category I and Category IV, respectively (see Figure 2a). Failure modes 
are identified for all the columns of the case-study frames and reported on the right-hand side 
of the columns in Figure 2a. A comprehensive discussion on different issues about modeling 
part of the case-study frames is performed in [42]. 
 
3.2 The uncertainties characterization 

Various sources of uncertainty are considered herein. In particular, the record-to-record 
variability (uncertainties in the representation of the ground motion), the uncertainties in 
component capacity models; in the mechanical material properties and in the construction de-
tails (the latter is also referred to as structural “defects”). For mechanical material properties 
and the construction details, the prior probability distributions are updated based on the avail-
able data for the case study, employing a Bayesian framework (see [12] for detailed descrip-
tion of the updating procedure). 
 
3.2.1 Uncertainty in the representation of ground motions 

The record selection for Cloud Analysis is particularly important. Here are few points to 
consider when selecting records for Cloud Analysis [9]: a) the records should be selected in a 
way that they cover a vast range of spectral acceleration values. In other words, the larger is 
the dispersion in Sa values, the smaller is the standard error of regression DCRLS|Sa; b) the rec-
ords should be selected in such a way that a significant proportion (say more than 30%) of 
records have DCRLS greater than unity; c) It is recommended to avoid selecting both horizon-
tal components of the same recording unless the structural model is three-dimensional. More-
over, it is recommended to avoid selecting too many records from the same seismic event.  

Two sets of 34 and 70 strong ground-motion records are selected from the NGA-West2 da-
tabase (see [9] for the list of the records). The suite of 70 records covers a wide range of mag-
nitudes between 5.5 and 7.9, and closest distance-to-ruptured area (denoted as RRUP) up to 
around 40 km, as illustrated by the scatter diagram in Figure 5(a). The associated spectral 
shapes are shown in Figure 5(b). The soil average shear wave velocity in upper 30 m of soil, 
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Vs30, at the Holiday Inn hotel’s site is around 218 m/sec. Accordingly, all selected records are 
chosen from NEHRP site classes C-D. The lowest useable frequency is set at 0.25 Hz, ensur-
ing that the low-frequency content is not removed by the ground motion filtering process. 
There is no specific consideration on the type of faulting; nevertheless, all selected records are 
from strike-slip or reverse faults (consistent with California faulting). The records are selected 
to be free field or on the ground level. The set of 34 ground-motion records is extracted from 
the set of the 70 records. The only criterion for this selection is to limit the number of records 
from a single seismic event to be one (to avoid intra-event correlations). 
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Figure 5 (a) Scatter diagram, and (b) Spectral shape, for the suite of the 70 ground-motion records. 
 

3.3.2 Uncertainty in the component capacity models 

Component capacities are modelled herein as the product of predictive formulas expressed 
as ηCi and unit-median Log Normal variables εCi accounting for the uncertainty in component 
capacity [8,11], according to the general format: 
                                                                           i Ci CiC                                             (17) 

The expression for median capacities corresponding to the considered mechanism are de-
scribed below. The median of the lognormal distribution of the maximum shear strength, Vn, 
is calculated according to Eq. 14 (Ci=Vn), while the relative COV has been provided in [38]. 
The median of the lognormal distribution of shear displacement corresponding to peak 
strength, v,n, is calculated according to Eq. 15 (Ci=v,n), while the relative COV has been 
assumed equal to 0.15 due the lack of specific data. 

The median of the lognormal distribution of total lateral displacement, a, is calculated ac-
cording to Eq. 16 (Ci=a), while the relative COV has been taken as presented in [43]. 

Table 1 summarizes the component capacity variables, that have been considered herein, 
and the relative distributions. 
 

Log-normal variable COV References 
Vn 0.15 [38] 
Δv,n 0.15 [40] 
Δa 0.26 [41,43]  

Table 1 Logarithmic standard deviation values for component capacity models. 
 

3.3.3 Uncertainty in the mechanical material properties and in the construction details 

The probability distributions for the material mechanical properties and for the construc-
tion details (structural defects) are obtained using a Bayesian framework, updating the prior 
probability distributions with the available data for the specific case study [18]. The parame-
ters identifying the prior probability distributions for the material mechanical properties 

(b) (a) 
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(compressive concrete strength for beams and columns at different floors, steel yielding force 
for beams and columns, compressive concrete ultimate strain, steel hardening slope) have 
been based on the values provided in Table 2. The probability distributions for the material 
mechanical properties are later updated employing the Bayesian framework for inference (see 
[12] for details of the updating procedure).  

As said, Table 2 shows the statistics of the lognormal prior and posterior probability distri-
butions for the material mechanical properties and the related references. Figure 6a illustrates 
the prior and posterior probability distributions of the concrete strength fc1 (see Table 2). 

 

Material 
Prior distribution Posterior distribution 

References Available data 
Type Median COV Type Median COV 

fy1 (MPa) LN 496 0.12 LN 488 0.07 [34,35] [34,35] 
fy2 (MPa) LN 344 0.12 LN 339 0.07 [34,35] [34,35] 
fc1 (MPa) LN 34.5 0.15 LN 39.1 0.11 [34] [34,35] 
fc2 (MPa) LN 27.6 0.15 LN 31.5 0.11 [34] [34,35] 
fc3 (MPa) LN 20.7 0.15 LN 23.5 0.11 [34] [34,35] 

ecu LN 0.006 0.40 LN 0.007 0.30 [44,45] [34,35] 
hardening LN 0.010 0.40 LN 0.011 0.31 [34] [34] 

Table 2 The uncertainty characterization for the material mechanical properties. 
 

With regard to the construction detailing parameters, it has been assumed herein that 50% 
of the inspections verify the design values indicated in the original documents. Table 3 shows 
the prior and posterior probability distribution statistics for the spacing between the shear re-
inforcement for the columns, which is the only construction detailing variable assumed as un-
certain herein. Figure 6b illustrates the prior and posterior probability distributions for the 
spacing between the shear reinforcement together with updated distribution based on the hy-
pothesis that 50% of the inspections verify the design value (s=30.5cm). The updating proce-
dure is described in detail in [12]. 
 

Defect Prior distribution Values Reference Posterior distribution Median COV 
Shear rebars spacing  Uniform  30-40cm [34] Lognormal 35.5cm 0.18 

Table 3 The uncertainty in spacing of shear rebars 
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Figure 6 a) The prior and updated probability distributions for the concrete strength fc1 (see Table 2); b) The 
uniform prior and updated probability distributions for the spacing of the shear rebars (see Table 3). 
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3.3 Cloud Analysis 

Figures 7a show the scatter plots for Cloud data D={(Sa,i, DCRLS,i), i=1:34} for the case-
study frame and for the set of the different realizations (each one is a simulated structural 
model through the standard Monte Carlo procedure plus a registered record). The grey-
colored circles represent the NoC data, while the grey-colored with red edge squares indicate 
the C data or “collapse-cases” (see Section 2.4). In order to have a better representation of 
NoC data, an upper-bound limit of 5 is assigned to the horizontal DCRLS-axis. It can be noted 
that, consistent with the Section 2.3 recommendations, the Cloud data not only covers a vast 
range of spectral acceleration values, but it also provides numerous data points in the range of 
DCRLS>1. Figure 7a illustrates also Cloud Analysis regression prediction model (i.e., regres-
sion line and the estimated parameters, see Eq. 2) fitted to the NoC data. The Lognormal dis-
tribution displayed in Figure 7a denotes the distribution of DCRLS given Sa (T1). Moreover, the 
line DCRLS=1 corresponding to the onset of limit state (herein, Near-Collapse) is shown with 
red-dashed line. Finally, Figure 7a shows the 16th, 50th and 84th percentiles of the performance 
variable as a function of spectral acceleration, with and without considering the collapse cases. 
Figure 7b shows the same information for the larger set of 70 records/structural model realiza-
tions. 
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Figure 7 a) Cloud data and regression for the set of 34 records/realizations; b) Cloud data and regression for 
the set of 70 records/realizations 

 
It is worth noting that the structural model realizations can also be generated through a Lat-

in Hypercube (LHS described briefly in the next section, [46-48]) sampling scheme. This is 
done herein but the corresponding Cloud Analysis results are not reported for brevity. How-
ever, the fragility and risk results are reported later. 

 
3.4 IDA with Latin Hypercube Sampling (LHS) 

The LHS belongs to the category of advanced stratified sampling techniques which result 
in a good estimate of statistical moments of response using small-sample simulation. The 
basic feature of LHS is that the range of univariate random variables is divided into N inter-
vals (N is a number of simulations); the values from the intervals are then used in the simula-
tion process (random selection, median or the mean value). The selection of the intervals is 
performed in such a way that the range of the probability distribution function of each random 
variable is divided into intervals of equal probability, 1=N. The samples are chosen directly 
from the distribution function based on an inverse transformation of the univariate distribution 
function. The representative parameters of variables are selected randomly, being based on 
random permutations of integers k=1,2,..,N. Every interval of each variable must be used only 
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once during the simulation. The generation of the LHS is then completed by randomly pairing 
(without replacement) the resulting values for each of the random variables. Unfortunately, 
the nature of LHS does not allow us to determine a priori the appropriate sample size N to 
achieve a certain confidence level. Still, the use of a relatively high N that is substantially 
larger than the number of parameters will always result to reasonably accurate estimates for 
practical purposes. The optimal N to use is obviously a function of the number of random var-
iables and their influence on the response is a subject of further research [23].  
The LHS has been paired up with incremental dynamic analysis (IDA) in order to consider 
both the record-to-record variability and the epistemic uncertainties (eg, [22-24]). In this 
work, for the sake of comparison with the literature, Monte Carlo with LHS has been per-
formed for N=34 and for N=80 realizations of the frame, a relatively high number that has 
been chosen to allow pinpoint accuracy in our estimates (the number of uncertain variable is 
11). Thus, by performing IDA on each of the N realizations, 34×34=1156 and 80×34=2720 
IDA curves have been obtained, respectively. Each IDA curve traces the variation in DCRLS 
for a given realization of the structural model as a function of Sa(T1) as the record’s amplitude 
is linearly scaled up. As explained in Sect. 3.4, the spectral acceleration values at DCRLS=1, 
denoted as SaDCR=1, are used in order to obtain the IDA-based fragilities [11].  
 
3.5 Mean Value First-order second-moment (MVFOSM) method 

The MVFOSM method, which is based on the calculation of the first two moments of a 
nonlinear function, is an approximate method for propagating the uncertainties (e.g. [23,49]). 
The number of simulations required is only 2K +1, where K is the number of uncertain varia-
bles considered in the study. Let the log of the Sa capacity denoted as ln Sa

DCR=1 be a function 
f of the uncertainties vector: 
                                                    1

1 2ln ( ) f( , ,..., )DCR
a kS f                                                (22) 

where f is a function of the random variables for the given limit state and θ is the vector of the 
random uncertain modeling parameters. It should be noted that the Sa capacity is calculated 
from the median of IDA curves.  

In the first place, the base-case value of f denoted as ln Sa
DCR=1,0, that corresponds to all 

random variables being set equal to their mean mk is calculated. The remaining 2K simula-
tions are obtained by shifting each parameter θk from its mean by ±1.7θk [25], while all other 
variables remain equal to their mean mθk. When the θk parameter is perturbed, the logs of the 
median Sa-capacities are denoted as ln Sa

k+ and ln Sa
k-, where the sign indicates the direction 

of the shift. Since the number of simulations required is 2K+1 and K=11 in this study, 
23×34=782 (where 34 is the number of records) IDA curves have been obtained, based on the 
previous recommendations. 

According to MVFOSM, the nonlinear function f can be approximated using a Taylor ex-
pansion to obtain its first and second moments. Following the notation of Eq. 22, the function 

f= ln Sa
DCR=1 is expanded around the mean value denoted as   [50]: 

                              
2 2

2
1 1

1
( ) ( ) ( m ) ( m )

2k k

K K

k k
k kk k

df d f
f f

d d     
  

                            (23) 

The gradient and curvature of f can be approximated with a finite difference approach, 
which is why 2K+1 simulations were needed. The random parameters are set equal to their 
mean to obtain ln Sa

DCR=1,0 and then each random parameter is perturbed as described above. 
Thus, the first and the second derivative of f with respect to θk, will be: 
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Truncating after the linear terms in Eq. 23 provides a first-order approximation for the lim-
it-state mean-log capacities, where they are going to be equal to the base-case values ln 
Sa

DCR=1,0  (the linear term is going to be equal to zero). A more refined estimate is the mean-
centered, second-order approximation, which according to Eq.23 can be estimated as [23]: 
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Thus the median Sa capacity, assuming lognormality, comes out to be: 
                                                           1

1

lnSa
ˆ exp(m )DCR

DCR
aS 

                                                        (26)                        

while, using a first-order approximation, the standard deviation of the logs is estimated as: 
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                                           (27) 

It should be noted that the above statistics refer to the Sa capacity as calculated from the me-
dian IDA curve and total dispersion will need to combine also the effect of record-to-record 
variability. In this work, the SRSS approach has been used in order to combine the dispersion 
due to the structural modeling uncertainties and the record-to-record variability. 
 
3.6 Fragility curves comparison 

Figure 8a illustrates the Cloud-based Robust Fragility curve (black solid line) and its 
plus/minus two standard deviation confidence bands (grey dashed lines). The Robust Fragility 
curve and its confidence interval is obtained following the procedure described in Section 2.5 
(see [9] for more details). As mentioned in Section 2.5, one distinct advantage gained by cal-
culating the Robust Fragility lies in the estimation of its confidence band. In Figure 8a the 
Cloud-based Robust Fragility curve is compared with the fragility curve obtained through 
Cloud Analysis (black dashed line) with the consideration only of the record to record (R2R) 
variability. Moreover, also the the site-specific hazard (at T=1 sec, from USGS National 
Seismic Hazard Mapping Project website (http://earthquake.usgs.gov/hazards, red solid line) 
is shown in Figure 8a. As it can be seen from Figure 8a, Cloud-based Robust Fragility curve 
with the consideration of all the sources of uncertainty present a reduction both in median ca-
pacity and in the dispersion with respect to the fragility curve obtained through Cloud Analy-
sis with the consideration only of the record-to-record variability. 

Figure 8b illustrates the Cloud-based Robust Fragility curve (black solid line) with its 
plus/minus one standard deviation confidence bands (grey dashed lines) and the fragility 
curves (thin grey solid lines) obtained based on Cloud Analysis through the generation of dif-
ferent sets of realizations (10 different sets) of the structural model. It can be observed that the 
different simulations of the cloud-based fragility curves are contained within the plus/minus 
one standard deviation interval of the robust fragility curve. The fragility curve based on the 
Cloud Analysis of 70 records/structural model realizations is also shown in Figure 8b in solid 
blue lines. The figure also illustrates how the cloud-based fragility curves would shift if the 
LHS procedure is used for stratified sampling of the structural model parameters instead of 
the standard Monte Carlo procedure proposed herein (for both sets of 34 and 70 records plot-
ted as black dotted and blue dotted lines, respectively). It can be observed that the differences 
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between the number of records/extractions and the type of simulation (random versus strati-
fied) is again contained within one standard deviations away from the Robust Fragility curve 
(obtained based 34 record/realizations and standard Monte Carlo sampling of the structural 
model parameters). This underlines the utility of the confidence bands, that represent a relia-
ble interval, in which the “true” fragility curve would lie with a prescribed probabil-
ity/confidence level. Moreover, it can be observed that the fragility curve based on 70 
records/LHS-generated realizations marks an increase in the dispersion with respect to the rest 
of the curves. 
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Figure 8 a) Robust Fragility and its plus/minus two standard deviation confidence interval and Cloud-based 
fragility curve, considering only the R2R variability; b) Robust Fragility and its plus/minus one standard devia-
tion confidence interval, Cloud-based fragility curves based on 10 different 34 records/MC-based realizations, 

Cloud-based fragility curves based on 70 records/MC-based realizations, 34 records/LHS-based realizations and 
70 records/LHS-based realizations of the uncertainties vector  

 
Figure 9 illustrates the comparison between the (cloud-based) Robust Fragility curve and 

its plus/minus two standard deviations interval, the IDA-based fragility curves obtained using 
the LHS, with 34 and 80 realizations of the structural model (plotted in blue solid and blue 
dashed lines, respectively), and the fragility curve obtained through MVFOSM approach (in 
black dashed line). As it can be seen from Figure 9, the different fragility curves are close in 
terms of median capacity. The difference between the IDA-based/LHS fragilities and the 
IDA-based/MVFOSM fragility curves is contained within the plus/minus two standard devia-
tions interval of the Robust Fragility. It can be observed that the Cloud-based Robust Fragility 
is quite close to the fragility curves obtained through the IDA-based/LHS and IDA-
based/MVFOSM approaches, while the computational effort is sensibly lower. As shown in 
Table 1, the Cloud-based Robust Fragility requires number of analyses equal to the number of 
the records in the chosen set (34 and 70 for the case study). To implement IDA using LHS 
and MVFOSM, the necessary analyses are in the order of thousands and hundreds, respective-
ly. In particular, for IDA paired up with LHS the number of required analysis is the product of 
the number of structural realizations, the number of the selected records and the number of 
steps for IDA procedure. For implementing the IDA paired up with the MVFOSM approach, 
the number of required analysis is the product of two times the number of the uncertain varia-
bles plus one (the base-case value of f that corresponds to all random variables being set equal 
to their mean), the number of the selected records and the number of steps for IDA procedure.  

It is important to note that these results refer to the specific case study and additional com-
parisons are needed to validate these results. Based on the site-specific hazard shown in Fig-
ure 9, it can be noted that the difference between the Cloud-based Robust Fragility curve and 
IDA-based/LHS and IDA-based/MVFOSM fragility curves are more accentuated in the zone 
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of very small hazard values. This observation is further validated by risk calculations reported 
in Table 4. 

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Sa(g)

Pr
ob

ab
ili

ty

 

 

Robust Fragility
 2 Confidence Interval
IDA with LHS (34 realizations)
IDA with LHS (80 realizations)
MVFOSM
Hazard

 
Figure 9 Comparison between Cloud-based Robust Fragility curve and its plus/minus two standard deviations 
intervals, IDA-based fragility curves obtained using LHS sampling with 34 and 80 realizations and IDA-based 

fragility curve obtained through MVFOSM approach. 
 

Table 4 summarizes for all the procedures discussed herein, the number of analyses re-
quired and the mean annual frequencies of exceeding the Near-Collapse limit state (i.e., risk 
obtained by integrating the fragility and site-specific hazard curve) denoted by LS corre-
sponding to the different fragility curves. In particular, RF denotes the risk corresponding to 
the Robust fragility curve and RF±2 define the risk values associated with Robust Fragility 
plus/minus its two standard deviation confidence intervals. It can be noted that Cloud-based 
Robust fragility curves (with 34 or 70 realizations through standard MC simulation or LHS 
sampling) with their plus/minus two standard deviation confidence bands provide reliable re-
sults in term of risk with respect to IDA-based LHS and MVFOSM approach fragility curves. 

 

Type of procedure 
Number of 
analyses 

LS	using the Robust fragility	

RF+2	  RF  RF-2	
RF with 34 realizations through MC sim 34 7.410-3 1.110-2 1.510-2 

RF with 34 realizations through LHS 34 7.810-3 1.010-2 1.410-2 
RF with 70 realizations through MC sim 70 7.910-3 1.010-2 1.210-2 

RF with 70 realizations through LHS 70 7.710-3 1.010-2 1.410-2 
MVFOSM approach 7820 - 1.510-2 - 

IDA with LHS (34 realizations) 11560 - 1.010-2 - 
IDA with LHS (80 realizations) 27200 - 9.010-3 - 

Table 4 Number of analyses required and the mean annual frequency of exceeding the limit state for the 
alternative procedures. 

4 CONCLUSIONS  

In this work, a modified version of Cloud Analysis considering the (eventual) cases of 
global dynamic instability, based on coupling the simple regression in the logarithmic space 
of structural response versus seismic intensity for a suite of registered records with logistic 
regression, has been implemented to propagate both record-to-record variability and model-
ling uncertainties. For each of the registered records within the suite of ground motion records, 
a different realization of the structural model has been generated through a standard Monte 
Carlo Simulation procedure. A Bayesian version of the Cloud method is employed, in which 
the uncertainty in the structural fragility model parameters is considered. This leads to a ro-
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bust fragility estimate and a desired confidence interval defined around it. The longitudinal 
frame of an existing building in Van Nuys, CA, modeled with the consideration of the flexur-
al-shear-axial interaction, has been employed to demonstrate this procedure. The selection of 
the suite of ground motion records for the case study has been based on a set of criteria that 
ensure the statistical significance of the linear regression in predicting the structural response 
as a function of the intensity measure. 

It is observed that, for the case study frame, Cloud-based Robust Fragility curve with the 
consideration of both record-to-record variability and structural modelling uncertainties leads 
to a reduction both in median and in the dispersion of the fragility curve with respect to the 
Cloud-based fragility considering only R2R variability. Moreover, the Cloud-based Robust 
Fragility curve is very close to the results provided by IDA-based LHS and MVFOSM fragili-
ty curves, while the computational effort is sensibly lower. These observations refer to the 
specific case study and additional comparisons needed to validate these results. Based on the 
site-specific hazard, it can be noted that the difference between the Cloud-based Robust Fra-
gility curve and the IDA based fragility curves obtained using the LHS and the MVFOSM 
approach are more accentuated in the zone of very small hazard values. Thus, it can be noted 
that Cloud-based Robust Fragility curves (with 34 or 70 realizations through standard MC 
simulation or LHS sampling) with their plus/minus two standard deviation confidence bands 
provide reliable results in term of risk with respect to IDA-based LHS and MVFOSM fragility 
curves. Consequently, and with specific reference to the case-study frame, the Cloud-based 
Robust Fragility procedures provides --in an extremely efficient manner-- reliable risk esti-
mates. 
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Abstract. Seismic fragility is the main tool used in the performance-based earthquake engi-
neering, and represents the probability of a dynamic system to enter a damage state for a given
intensity measure (IM). The most commonly-used seismic IMs are the peak ground acceleration
(PGA), which is the absolute maximum of the ground acceleration, and the spectral acceler-
ation (SA), which characterizes well the response of simple linear systems, but shows large
uncertainties in the characterization of the seismic response of complex non-linear systems.
The main assumption that underlies the basis of the selection of PGA or SA as IMs is that
they correlate satisfactorily with the demand parameters (D) of realistic structures, i.e., non-
linear, complex dynamic systems. Statistics and tools of random vibrations are employed to
quantify the dependence relations between seismic IMs and structural demand parameters, for
non-linear systems subjected to seismic ground-motion records.
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1 INTRODUCTION

The main tools to characterize the seismic performance of buildings are seismic fragilities in
performance-based earthquake engineering, and, similarly, vulnerability curves in the insurance
industry. Seismic fragility functions are probabilities that a structure enters specified damage
states, while seismic vulnerability functions are ratios of the repair cost to the total replacement
cost of a structural system, both as functions of intensity measures (IMs). Traditionally, two in-
tensity measures have been commonly used for constructing fragility functions, the peak ground
acceleration (PGA) [1, 2], which is the absolute maximum of the seismic ground acceleration,
and the spectral acceleration (SA) [3, 4], which is the absolute maximum of the response ac-
celeration of single-degree-of-freedom (SDOF) linear systems. The limitations of these scalar
intensity measures IM = {PGA, SA} have been noticed before in [5, 6], which emphasize
the need for vector-valued IMs.

This paper investigates critically the performance of these intensity measures as proxies for
the seismic ground-motion processes and their usefulness in the accurate estimation of the struc-
tural response of realistic, complex structural systems. Demand parameters D conditional on
IM need to be efficient, i.e. conditional random variables D|IM have small variances, and
sufficient, i.e. random variables D|IM are completely defined for given intensity levels of the
IMs. These properties are valid only under the critical assumption that IMs contain enough
information about the seismic hazard in order to predict accurately the response of nonlinear,
complex dynamic systems. This paper proposes to examine this assumption for the two inten-
sity measures stated above, by using tools used in random vibration theory, and statistical tools
such as correlation models, copula models and extreme value theory.

2 PROBLEM DEFINITION

Two simple dynamic systems are used for the purpose of our paper, a linear single-degree-of-
freedom (SDOF) described by Eq.(1), and a non-linear SDOF system, known as the Bouc-Wen
oscillator, described by Eq.(2).

Ẍlin(t) + 2ζ0ν0Ẋlin(t) + ν20Xlin(t) = A(t) (1)

Ẍ(t) + 2ζ0ν0Ẋ(t) + ν20(λX(t) + (1− ρ)W (t)) = A(t) (2)

Ẇ (t) = −γẊ(t) + α|W (t)|η−1W (t) + βẊ(t)|W (t)|η,

where Xlin(t) and X(t) denote the response displacements of the linear and the Bouc-Wen
SDOF systems, respectively, subjected to a stochastic process A(t), assumed to model the seis-
mic ground motion. Coefficients ν0 and ζ0 are known as the fundamental frequency and damp-
ing ratio of the linear SDOF system, and α, β, γ, ρ, η define the properties of the non-linear
system. For further numerical examples shown the following values have been used for the
systems’ parameters: ν0 = 2π, ζ0 = 0.05, α = 0.5, β = 5, γ = 3, ρ = 0.1, η = 1.

The intensity measures of interest are defined as:

PGA = max
t≥0
|A(t)| (3)

SA = ν20 max
t≥0
|Xlin(t)|, (4)

where PGA is the peak ground acceleration and SA is the pseudo spectral-acceleration calcu-
lated at frequency ν0 = 2π (or in other words at period T = 1s), and damping ratio ζ = 5%.
Note that the linear SDOF system in Eq.(1) is only used for the definition of IM = SA.
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For simplicity’s sake, we define the demand parameter for the non-linear system as its max-
imum displacement D = maxt≥0 |X(t)|. The fragility function can then be expressed as
Pf (im) = P(D > dcr|IM = im), which is the probability that the system enters a criti-
cal damage state, defined by the displacement threshold dcr, for a given value of the intensity
measure IM = im, where IM ∈ {PGA, SA}.

Intuition would suggest that PGA, SA and D are weakly dependent since they are obtained
from stochastic processes A(t), Xlin and X(t), respectively, which have different properties
as Xlin and X(t) are solutions of the linear and non-linear differential equations with random
input A(t). If this intuition is correct, then fragilities as functions of IM ∈ {PGA, SA} have
large uncertainties and may have limited use in practice. The same conclusion can be drawn
about vulnerability functions under the sensible assumption that damage ratios are strongly
dependent on the demand parameters of the structural system. The goal of the paper is to look
at the dependence between D and IM ∈ {PGA, SA}, which is quantified through several
statistical tools. If the dependence between D and PGA, or D and SA is weak, then PGA and
SA are unsatisfactory intensity measures and the fragility or vulnerability functions expressed
as functions of PGA and SA provide limited information on the seismic structural performance.

A similar study was presented in [7] for a postulated model for the seismic ground motion
A(t) based on a seismological model. However, for the relevance of the current discussion, real
ground motion records are used instead of samples of the stochastic process A(t). The dataset
used is the NGA West, a large dataset of ground-motion records from Western United States
NGA West, described in [8] and available from the Pacific Earthquake Engineering Research
Center (PEER) [9]. The dataset contains n = 3, 465 records and is presented in Figure 1 as a
scatter plot of their moment magnitudes versus their epicentral distances expressed in km.
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Figure 1: Ground motion records in the NGA West Dataset from PEER by moment magnitude and epicentral
distance

Samples of the random variables PGA, SA, and D are calculated for each ground motion
in the dataset, respectively, and are used for the investigations further described in the following
sections.
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3 PERFORMANCE OF INTENSITY MEASURES

The dependence between the demand parameters D of the complex dynamic systems, in this
case represented by the non-linear system in Eq.(2), and the two IMs, i.e. IM = {PGA, SA},
is studied by looking at three metrics: (1) the correlation, (2) the overall dependence, and (3)
the tail dependence, i.e. simultaneous high values of D and IM .

3.1 Correlation

Correlation coefficients are attractively simple to calculate but they do not provide sufficient
information on the dependence of random variables. For example, the normal standard random
variable X ∼ N(0, 1) and the non-Gaussian random variable Y = X2 with mean 1 and vari-
ance 2 are not independent, since Y is known given X . Yet, they are uncorrelated since the
correlation coefficient ρ = Cov(X, Y )/σXσY = 0. However, correlation is still an acceptable
measure of the linear relationship between two random variables, and correlation coefficients
for the vectors (D,PGA) and (D,SA) are calculated, respectively.

3.1.1 Correlation of D and PGA

The left panel of Figure 2 shows a scatter plot of the n samples of the demand parameter for
the linear system, i.e. maxt≥0 |Xlin(t)| against the PGA, while the middle and right panels of
the same figure show the demand parameter D defined previously for the Bouc-Wen oscillator
plotted against PGA, for all n, and for the top m = 100 samples, respectively. Since the focus
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Figure 2: Scatter plot of n = 3, 465 samples of (PGA,maxt≥0 |Xlin(t)|).(left), n = 3, 465 samples of (PGA,D)
(middle), and top m = 100 samples of (PGA,D)(right).

of the paper is on the performance of the IMs with respect to complex, non-linear systems, the
discussion will focus around the Bouc-Wen oscillator and the demand parameter D in relation
with IM . In this case the correlation coefficient for (PGA,D) for the entire dataset is ρPGA,D =
84.44%, and it decreases to 53.52% and 32.56% for the top 100 and 50 samples. Thus, the
correlation between PGA and D decreases significantly as we look into the tail of (PGA,D).

3.1.2 Correlation of D and SA

Similar to the previous section, correlation between the demand parameters and the intensity
measure SA is investigated. The left panel of Figure 3, which shows the scatter plot of the
n = 3, 465 samples of the maximum response of the linear system maxt≥0 |Xlin(t)| against
SA, is in accordance with findings of [6] that SA, unlike PGA, is a satisfactory IM for SDOF
linear systems. The middle and right panels of Figure 3 show the scatter plots of (SA,D)
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Figure 3: Scatter plot of n = 3, 465 samples of (SA,maxt≥0 |Xlin(t)|).(left), n = 3, 465 samples of (SA,D)
(middle), and top m = 100 samples of (SA,D)(right).

for the entire number n and the top m = 100 samples of the dataset, respectively. However,
similar observation as before are noticed for the case of the non-linear system. The correlation
coefficient for (SA,D) for the entire dataset of n = 3, 465 samples is ρSA,D = 83.75%, and it
decreases to 53.69% and further down to 33.00% for the top 100 and 50 samples.

3.2 Overall dependence

The overall dependence of the demand parameter D and the intensity measures IM is tested
by using the definition of independence, i.e., F (im, d) = FIM(im)FD(d), where F (im, d) =
P(IM ≤ im,D ≤ d) is the joint distribution function of (IM,D) and FIM(im) = P(IM ≤
im) and FD(d) = P(D ≤ d) are the cumulative distribution functions of random variables IM
and D, respectively.

The joint distribution of F (im, d) may be calculated by either (1) using copulas, which
have been extensively used for this purpose in applications [10], or (2) empirically using direct
observations. Details on the representation of distribution of random vectors by copulas and
their uniqueness are stated by Sklar theorem [11]. Empirical estimates’ accuracy depends on
the sample size of the vector (IM,D), and they may not provide accurate information about
the components of (IM,D) beyond the range of the data.

Both approaches were used to calculate the joint distribution of F (im, d) yielding similar
results. The copula estimator F̂C(im, d) of F (im, d) is calculated as

F̂C(im, d) =
(
FIM(im)−θ + FD(d)

−θ − 1
)− 1

θ , (5)

where θ ∈ [−1,∞)\{0} is the parameter in the Clayton copula defined byC(u, v) = (max{u−θ+
v−θ − 1, 0})−1/θ, with 0 ≤ u, v ≤ 1, and estimated from data. The empirical estimator of
F (im, d) is calculated by

F̂ (im, d) =
1

n

n∑
k=1

1 ({IMk ≤ im} ∩ {Dk ≤ d}) , (6)

where IMk and Dk are the samples of IM and D calculated for the sample ground motions in
the NGA dataset.

3.2.1 Overall dependence of D and PGA

Figure 4 shows the Clayton copula C(u, v) for (PGA,D), fitted to data (left panel) and the
corresponding joint distribution F̂C(im, d) (middle panel). The right panel of Figure 4 shows
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Figure 4: Clayton fitted-copula C(u, v) (left); joint fitted Clayton distribution F̂C(im, d) (middle); empirical
estimate distribution F̂C(im, d) (right), for IM = PGA.

the empirical estimate F̂ (im, d) of F (im, d). Figure 5 shows the difference between the joint
distribution F̂ (im, d) and the distribution FIM(im)FD(d) in the left panel and the contour lines
of the two estimators of F (im, d). At the scale of the figure, the two estimates of F (im, d) look
very similar, suggesting that IM = PGA and D are almost independent.
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Figure 5: Difference between distribution functions F̂ (im, d) − FIM (im)FD(d) (left) and counter plots of
F̂ (im, d) and FIM (im)FD(d) (right), for IM = PGA

3.2.2 Overall dependence of D and SA

Plots similar to the ones for IM = PGA in Figures 4 and 5 are shown for IM = SA in
Figures 6 and 7, respectively. Similar observations as for PGA and D, based on the graphic
examinations of the plots in Figure 7, can be made regarding SA and D, which also seem to be
nearly independent.

3.3 Tail dependence

Empirical or copula estimates of joint distributions of random vectors may fail to calculate
joint extremes of their components and misrepresent the dependence of their components, in
particular at large values. Therefore, elements of the multivariate extreme-value theory are
employed to study the relationship between large values of demand parameters D and intensity
measures IM . Their dependence is particularly important at these extreme values since large
demand parameters are likely to cause extensive damage or even failure, which is reflected in
the tails of the loss distributions.
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Figure 6: Clayton fitted-copula C(u, v) (left); joint fitted Clayton distribution F̂C(im, d) (middle); empirical
estimate distribution F̂C(im, d) (right), for IM = SA.
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Figure 7: Difference between distribution functions F̂ (im, d) − FIM (im)FD(d) (left) and counter plots of
F̂ (im, d) and FIM (im)FD(d) (right), for IM = SA

The method of multivariate extreme-value theory used to quantify the dependence between
simultaneous large values of IM and D is the ranks method [12], which does not require prior
knowledge on the distributions of IM and D. The output of the method is a spectral measure
s(θ) with support θ ∈ [0, π/2]. If most of the mass of s(θ) is concentrated around the extremes
0 and π/2, then extremes of IM and D are nearly independent, and if the mass is concentrated
around π/4, then the two variables are strongly dependent. The implementation of the method
follows two steps. First, the samples of IMk andDk of IM andD are mapped into descending-
order ranks

r
(k)
IM =

n∑
l=1

1(IMl ≥ IMk) (7)

r
(k)
D =

n∑
l=1

1(Dl ≥ Dk), (8)

where k = 1, ..., n and n is the number of samples available. The second step is to represent
vector

(
n0/r

(k)
IM , n0/r

(k)
D

)
in polar coordinates, i.e.,(

n0/r
(k)
IM , n0/r

(k)
D

)
=
(
ρ(k) cos(θk), ρ(k) sin(θk)

)
, (9)

where 0 < n0 << n is an integer. The spectral measure s(θ) is represented by the histogram of
{θ(k)} whose support is [0, π/2]. The selection of n0 is important and it represents the number
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of the top samples selected to construct the measure s(θ). If n0 is too small, the uncertainty in
s(θ) can be significant, but if n0 is too large, the tail properties can be misrepresented.
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Figure 8: Selected samples of (PGA,D) (left) and the angular measure s(θ) (right)

3.3.1 Tail dependence of D and PGA

Following the ranks-method procedure described above, the spectral measure s(θ) is calcu-
lated and shown in Figure 8 (right) for the n0 extreme-value samples of (D,PGA) selected
and marked by red circles in Figure 8 (left). It is noticed that the mass of s(θ) with support on
[0, π/2] is distributed away from the center point of the interval, with high concentration around
the extreme values 0 and π/2, respectively. This suggests that there is a weak dependence also
between simultaneous high values of D and PGA. This suggests that the conditional random
variables D|PGA and D have similar distributions. In other words, the fragility defined earlier
becomes P(D > dcr|PGA) ' P(D > dcr), which suggests that the fragility for the non-linear
system considered is nearly independent of PGA.

3.3.2 Tail dependence of D and SA

Similar conclusions as the ones drawn for PGA can be inferred also in the case of SA. The
left panel of Figure 9 shows the samples with large values of (SA,D) selected (red circles) to
calculate the spectral measure s(θ), plotted in the right panel of the same figure. As for the
previous case, most the mass of s(θ) is distributed away from the mid point π/4 with higher
concentrations towards the boundaries of the support [0, π/2]. Thus, it can be concluded that the
dependence between simultaneous large values of D and SA is also weak and that the fragility
is almost independent of SA.

On the other hand, if s(θ) is calculated for the demand parameter defined as the maximum
displacement of the linear oscillator maxt≥0 |Xlin(t)| and SA, then the opposite trend as for
vector (SA,D) is noticed. Figure 10 shows that the mass of s(θ) is almost exclusively concen-
trated around π/4, value which suggests a strong dependence between the components of the
vector (SA,maxt≥0 |Xlin(t)|). The same trend has already been noticed already in the scatter
plot in Figure 3 (left panel), which shows a clear linear functional dependence between SA and
maxt≥0 |Xlin(t)|, as expected in the case of linear SDOF systems.
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Figure 9: Selected samples of (SA,D) (left) and the angular measure s(θ) (right)
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Figure 10: Selected samples of (SA,maxt≥0 |Xlin(t)|) (left) and the angular measure s(θ) (right)

4 CONCLUSIONS

Fragility and vulnerability are defined often as functions of extensively-used intensity mea-
sures, such as the peak ground acceleration PGA and the spectral acceleration SA. These
intensity measures are meaningful only under the assumption that they capture sufficient in-
formation on the seismic hazard such that the demand parameters D of complex, non-linear
structures correlate satisfactorily with them. The paper examines whether the dependence be-
tweenD and PGA, andD and SA, respectively, is adequate for fragility/vulnerability analyses.
It has been shown that both the overall dependence between (IM,D), for IM ∈ {PGA, SA},
is weak as well as the dependence at simultaneous large values of IM and D. Thus, PGA and
SA provide insufficient information on the demand parameters of non-linear, complex structural
systems, and fragility and vulnerability functions for these systems are almost independent of
the intensity measures IM .
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Abstract. The recent thrust, from both the scientists and policy makers, to increase communi-

ty resilience identifies lifelines as one of the most important field to intervene on. Lifelines are 

critical infrastructures which are highly interdependent to each other, and this interdepend-

ency can lead to cascading effects when a failure occurs. For this reason the interdependen-

cies should be analyzed also taking into account the time effect. The aim of this paper is to 

introduce a suitable method for modeling the interdependencies of lifelines even in emergency 

situations, when the networks change over time. The methodology proposed relies on the In-

put-output Inoperability Model which has been modified according to the criteria of temporal 

networks. The critical infrastructures are modeled as graphs and the failure of the elements of 

the network propagates according to determined rules. Graphs are then interconnected in or-

der to simulate the cascading effects. The Fukushima nuclear power plant disaster has been 

studied, as it is one of the most complete example of failure due to interdependencies and 

temporal effects. Results show that the developed methodology applied to a detailed model of 

the nuclear power plant is able to effectively describe the evolving situation. 
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1 INTRODUCTION 

From the civil engineering point of view, lifelines can be grouped into five main categories: 

electric power, gas and liquid fuels, telecommunications, transportation, and water supply. 

These are supposed to provide a reliable flow of services and goods essential to the economic, 

social and political security of a community. The links among different networks increase the 

potential of cascading failures, which can bring to catastrophic amplification of the damages. 

Critical infrastructure systems are dependent and interdependent in multiple ways, where 

dependency refers to the unidirectional relationship and interdependency indicates the bidirec-

tional interaction. Several authors have provided different classifications of lifelines interde-

pendencies (Table 1). The first, and still widely accepted, classification is the one given by 

Rinaldi [1]. According to the period in which it was published, this classification refers only 

to interdependencies among physical lifelines. Instead, more recent classifications like the one 

suggested by Cimellaro et al. [2], take into account interdependencies between both physical 

and no-physical lifelines, and are more appropriate for the evaluation of the overall level of 

resilience of a community.  

Authors Types of interdependence 

Rinaldi et al. [1] Physical, Cyber, Geographic, Logical 

Zimmerman [3] Functional, Spatial 

Dudenhoeffer et al. [4] Physical, Geospatial, Policy, Informational 

Wallace et al. [5] Input, Mutual, Shared, Exclusive, Co-located 

Zhang ad Peeta [6] Functional, Physical, Budgetary, Market and Economic 

Cimellaro et al. [2] Physical, Cyber, Geographical, Policy/Procedural, Societal, Budgetary, 

Market & Economy 

Table 1: Types of interdependencies according to different authors 

Different modeling and simulation approaches have been developed to analyze interde-

pendency. They are broadly categorized by the authors in to five types: (a) system dynamics 

based models, (b) network based models, (c) empirical approaches, (d) agent based models 

and (e) economic theory based models. A description of these types of models with their ad-

vantages and disadvantages can be found in Cimellaro’s [7] and in Ouyang’s [8] works.  

Including time among the types of interdependencies is not an effective way to approach 

the problem, because both the topology and the type of interdependency vary over time. In 

fact, none of the previous classifications and models analyzes the effect of the time dimen-

sion. Time dependent analyses are required when the temporal inhomogeneity matters and the 

sequence of events is important. This is usually the case in emergency situations, where the 

importance of dependencies changes according to the needs of the responders [9]. These as-

pects should not be ignored, otherwise the system performance can be greatly overestimated. 

This paper proposes a new method based on the Input-output Inoperability Method which 

belongs to the category of the economic theory based models [10]. The classic IIM is a static 

model and so it is not able to manage dynamic dependencies. Many authors overcame this 

limitation with extensions of the original IIM [11-13], while in the proposed approach the IIM 

has been modified using temporal networks. In literature, there are several studies on temporal 

networks, which are summarized in Holme and Saramäky’s work [14]. In this paper, the use 

of temporal networks is adapted to model the cascading effects between critical infrastruc-

tures using a spatial multilayer environment. 
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2 MODELING THE TIME DIMENSION 

Backup systems are still the best practice to guarantee the reliability of an infrastructure 

during a stress condition. However, to consider the effect of time on the networks, it is re-

quired to have a model capable of representing at every time step the current condition of the 

system. In this section the Input-output Inoperability Method and its modifications are pre-

sented. 

2.1 Input-output inoperability method and its limitations  

The Leontief’s input- output (I-O) analysis of economic interdependencies [15] was 

adapted by Haimes and Jiang [10] to develop the Input-output Inoperability Method. Inopera-

bility is defined by the authors as the inability for a system to perform its intended function. It 

is quantified by a value between 0 and 1: when the inoperability of an element is 0 it means 

that it is working at the top of its potentialities, instead when it is 1, it is completely inopera-

tive. These risks of inoperability are propagated between different networks following the in-

terdependency patterns. The Equation describing the IIM is the following: 

  
1

q I A c


    (1) 

where q is the damage vector which contains the inoperability values for the n infrastructures 

considered; A is a matrix which describes the interdependence between infrastructures and it 

is the transpose of the adjacency matrix which describes the topology of the system; I is an 

identity matrix and c is the scenario vector which include the effects of the perturbation (e.g. 

natural disasters, man-made attacks, intrinsic failures, etc.) on each infrastructure. The dam-

age vector q is the output of the model and quantifies the level of inoperability of the infra-

structures composing the system according to the topology described by the A-matrix. Each 

element of this matrix quantifies the level of influence of the j-th infrastructure on the i-th in-

frastructure. They can be value between 1, complete propagation of the scenario from j to i, 

and 0, no propagation. The A-matrix represents thus the probability of transferring inoperabil-

ity across different infrastructures. 

To give an example of which are the output of the IIM, the case of a six-node network de-

veloped by Valencia [16] is reported. From now onwards it will referred to as Example 1. 

There are two networks, an electric and a water network, serving three buildings (Figure 1). 

The hazard considered is infrastructure aging. To measure the impact of individual node de-

cay across the network, the decay score is computed the column summation of the damage 

vector q of each node i at each time t: 

    
1

_
j

i i

i

dc s t q t


  (2) 

This approach, applied to a complex infrastructure network, presents three severe limita-

tions: (a) it does not take into account the redundancies of the system; (b) it does not con-

sider the temporal evolution of the system since it is a static model and does not account 

temporal effects that can disrupt the system; (c) its inputs and outputs are not significant 

probabilistic quantities. 

A simple implementation is suggested to reduce the limitation relative to redundancies. If a 

new pump house is added in parallel to the first one, the network presents a redundancy. Fig-

ure 2 shows the new topology of Example 2.  
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Figure 1: Graph representing Example 1 topology 

 

Figure 2: Graph representing Example 2 topology 

 

Figure 3: Comparison of decay score of Example 1 and Example 2 using the traditional IIM 

It is clear that the performance of the system is improved respect to the previous case be-

cause both the pump houses can perform the same work and their simultaneous failure is more 

unlikely than the failure of just one. We expect that the impact of the water tower and of the 

electrical source remains the same, while the impact of each of the pump houses decreases. 

But if we compare the results obtained with the one-pump case (Figure 3), we can see how the 

expected trends are not present: electrical source and water tower dc_s increases and pumps 

decay score doesn’t change. 

To solve the problems related to redundancies, probabilities of nodes in parallel can be 

combined properly. In the previous case, the dc_s of electrical source and water tower are in-

creasing because the algorithm sees another node (the new pump) to be fed by them. To avoid 

this, it is possible to introduce the Series-Parallel Vector:  
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where ni is the number of nodes redundant of node i. After having expanded it to the n-

dimension, it is possible to add it to the damage vector equation: 
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q t I A SP c




 

   
 (4) 

Thanks to this operation, the results of this implementation reflects the initial expectations 

about redundancies effects (Figure 4). 

To represent the performance of the entire system: the system score index is itroduced. It is 

an adimensional risk index that ranges between 0 ÷ ∞. It is the rating of a system of infra-

structures, at the time t, as defined in Equation (5): 

   ,_ ( )
_

k i

k
k

dc s t
sys s t

n



  (5) 

where k is the type of node (i.e. electrical sources, water towers and pump houses). The final 

targets (i.e. buildings) are not considered when calculating the sys_s. A low value of the sys_s 

indicates that there is a low risk of target nodes’ failure, while a high value indicates high risk. 

 

Figure 4: Comparison of decay score of Example 1 and Example 2 using the modified IIM 

2.2 Modified input output inoperability method  

Many extensions of the model have been proposed such as the Dynamic IIM (DIIM) and 

the Multi- Regional IIM (MR-IIM). The model presented hereafter tries to overcome some 

of the limitations of the methodology proposed by Haimes. Graph theory has been used to 

model the infrastructure networks. The geographical, topological, and flow information of a 

network can be represented with a graph G(V, E) which is formed by a set V of vertices, 

called nodes, and a set E of edges. The definition of the nodes depends on the spatial scale 

of the problem considered which might be an entire infrastructure [17], a sub-system or even 

a unit. To each node can be attributed specific features such as hierarchy, resistance and au-

tonomy, while edges do not have any features assigned, but they are oriented. The edges 
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can link nodes intra-network (i.e. within a specific infrastructure) or inter-networks (i.e. 

across different infrastructures). Any inter-network link will be specified as Boolean, either 

0 or 1. Thus axi yj values will be 0 if the x-th node belonging to the i-th infrastructure is de-

pendent node the y-th node belonging to the j-th infrastructure. 

The chain concept is then introduced. A chain is a sequence of nodes from one vertex to 

another using the edges. The chains of interest are those that connect a source (i.e. a node 

without inflows) to a sink (i.e. a node without outflows). The task of every source is to feed 

all the sinks of the network, if it does not, the source is called partial. It is assumed that 

every node of a chain must have at most one inflow edge, but can have multiple outflow 

edges. Each of these chains can guarantee the operability of the network, though they are 

mutually exclusive. The hierarchy of their operation is defined by the design of the infrastruc-

ture. There are two possible kind of hierarchy: the source hierarchy corresponds to the rank 

of priorities for the entry into operation of the sources, the path hierarchy instead corre-

sponds to the rank of priorities for the activation of different possible paths. It is assumed 

that source hierarchy is stronger than path hierarchy is. This means that if the first chain is 

not working, the network tries to maintain operation starting from the previous source and 

inquiring new paths. If no other path is available for that source, then it skips to the follow-

ing one. 

The proposed methodology modifies the IIM deterministic formulation in probabilistic 

terms, because while the dc_s just gives a snapshot of the cascading propagation of inoper-

ability, it does not say anything about the final state of the network. The probability of 

failure of a single node is obtained by combining the natural hazard with the infrastructure 

vulnerability and it refers to the status of the node itself after the perturbation. Hereinafter it 

will be called self-failure probability (Psf) and will substitute the scenario vector c. The haz-

ard component is represented by an event vector E(n x 1) where n is the number of nodes in 

the system. At a given time t every node will be disrupted by a natural event. The elements 

of the vector E can be physical quantities such as the pga, pgv, pgd, the wave height of a 

tsunami, the megatons of an explosion, etc.  

 

Figure 5: Flowchart of the probabilistic approach. Starting from a network perturbation (a) probabilities of fail-

ure of nodes are computed on fragility curves (b) and then propagated according to the topology (c) 

These quantities can be different from node to node, because infrastructures usually have 

a large spatial extension (Figure 5a). Using different E-vectors it is possible to approach the 

problem in probabilistic terms. Each simulation has a weight, which is directly taken from 
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the hazard curves. The vulnerability component of each node is represented by the fragility 

curves (Figure 5b). Therefore, for each node there are as many fragility curves as the type 

of hazard considered. The probability of failure Psf of a node is obtained inserting the val-

ue of the E-vector in the node fragility curve. The approach proposed by Valencia [16] of 

summing up the elements of the q-vector to obtain a final score to evaluate the interde-

pendency performances has obvious limitations, because they are not normalized to the di-

mension of the system. Moreover, the index proposed does not take into account of the 

benefits given by the redundancies. In the modified IIM proposed, the probability of fail-

ure P f  of every node is obtained combining the Psf with the cascading failure probability 

Pcf  which is transmitted by the upstream nodes taking into account the ramifications of the 

system (Figure 5c). In other words, P f  is the probability of failure of each node which is 

obtained as result of all the disrupting events and the cascading propagation effects. 

The more intuitive approach for analyzing a system of infrastructures is solving each 

network separately and then considering their interaction. Infrastructure networks are shown as 

layers, which overlap each other and share some nodes. Considering Example 1, the element 

pump needs both electricity and water. Using layer’s visualization, a single node will be pro-

jected in the two layers and a virtual edge will link the two projections (Figure 6). 

 

Figure 6: Example of layer subdivision for interdependent networks 

This multilayer approach brings many benefits. (a) It discerns the analysis and results 

of layers and interdependencies and it helps understanding where criticalities are located 

and which are the tighter and more stressed inter-links. While the evaluation of single in-

frastructure is mature, the interdependency studies are still at a development stage and 

inquiring them is the real issue. (b) Moreover, giving the possibility to each infrastructure 

manager of running the model of a given layer and then control the interaction between 

the different layers at a higher level, is closer to the professional practice adopted during an 

emergency response phase. A model which considers all the elements of the system simul-

taneously will not be used in the real practice, because none has the authority and compe-

tences to manage all the data. (c) In the end, informatics tools, like Geographic Information 

Systems (GIS), in both the emergency response and the risk planning sector, organize data 

in databases shaped with a layer structure.  

Another issue is that the classic IIM can only use square matrices, while the inter-

networks matrices are usually rectangular. To overcome this limitation, Valencia [16] sug-

gests the introduction of a I-matrix. These are n × m matrices, where n is the number of 

nodes of the j-th infrastructure and m the number of nodes of the i-th infrastructure, which 
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depends on the j-th. The idea is to increase the values of c-vector of infrastructure i, by 

adding the q-vector computed for the j-th network (Equation (6)).  

 ·T

j i j i j ic I q c    (6) 

Inserting the output of the first network into the input of the second one is the correct ap-

proach for the evaluation of the cascading effects. However, this formulation starts from the 

same deterministic values of before, so it cannot be considered satisfactory. The current 

method involves the combination of the Pcf of upstream and downstream networks: 

  * ·
j ii

T

j i ccf f cfI PP P   (7) 

where the P*cfi can be considered cascading-failure probability which incorporates in the node 

all the information coming from upstream networks and nodes. 

Temporal dimension has now to be considered. The first add-on, compared to the tradi-

tional static IIM, is the introduction of a timeline τ = [t0, t1, t2, · · ·, T], where the range t0 ÷ T 

must be extended enough to include all the event. The time step ∆t of the elements of the 

τ -vector represents the time necessary for the propagation of the events across the entire 

system. The final situation, at the time t̄, will be the initial condition at the time t̄ + ∆t. Giv-

en this timeline, it is clear that to each event must be associated a time of occurrence and 

that the model must run at every time step. Now the model is not stationary but is com-

posed of temporal networks, denoted G(t) = G(V, E(t)) . The Pf of nodes changes over time, 

in accordance with the sequence of events.  

The multilayer approach was effective in modelling interdependencies among different 

networks, but here the networks are mutually exclusive, and not linked. The solution adopt-

ed is to pass from bi-dimensional matrixes to a tri-dimensional tensor notation. The topolo-

gy of every network is now described by an adjacency tensor A(t), whose element are axiyj(t). 

Each different temporal layer of A(t) represents a possible chain. 

 

Figure 7: Tensor notation for a network. An adjacency matrix is associated to each of the possible, and mutually 

exclusive, configurations of the network 
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To better understand which of the chains is active at the time t̄ , the probability of occur-

rence of a specific configuration Pocc is assigned to each layer. This value expresses if the 

layer is on (Pocc = 1), or if is off (Pocc = 0) at the considered time step. The condition for 

being on is that, in the current configuration, target nodes of the network do not fail and that 

configurations with higher degree of hierarchy are off. Transferring this concept in the 

probabilistic model means that values of Pocc become probabilities of being active. The 

sum of the probability of occurrence of a network is 0 ≤ ΣPocc ≤ 1 and the value 1−ΣPocc 

represent the percentage of lost capacity of the network (LoC). 

This temporal tensor notation has many advantages compared to static bi-dimensional 

notation. (a) It is able to describe changes in the topology of the system that usually occurs 

after individual node failures. (b) The separation of chains in different layers allows the 

computation of cascading failure responsibility of each node without considering the pres-

ence of parallel branches. (c) The Pocc furnishes direct information on the activity of each 

chain and allows the evaluation of time-related effects, like the autonomy. (d) It is possible 

to use the value 1−ΣPocc as an index for quantifying the loss of capacity of the network. (e) 

Varying the topology of the system it is possible to add new layers to existing networks.  

3 CASE STUDY  

A nuclear power plant is taken as an example to illustrate the methodology, because nu-

clear power plants depend on extended regional scale infrastructures, which can be ana-

lyzed using the IIM, but at the same time have service plants at the local scale. The 2011 

Fukushima nuclear power plant disaster has been selected, where it is clear the effect of inter-

dependence and temporal effects. The earthquake and tsunami that struck Japan’s Fukushi-

ma Daiichi nuclear power station on March 11, 2011, knocked out backup power systems 

that were needed to cool the reactors at the plant, causing three of them to undergo fuel 

melting, hydrogen explosions, and radioactive releases. When the earthquake struck, units 1, 2, 

and 3 were generating electricity and shut down automatically and backup diesel generators 

started up as designed to supply backup power. However, the subsequent tsunami flooded 

the electrical switchgear for the diesel generators, causing most AC power in units 1 to 4 to 

be lost. Only one generator continued operating to cool units 5 and 6.  

3.1 Modeling the Fukushima nuclear power plant 

The aim is to realize a model of a nuclear power plant equipped with a Boiling Water 

Reactor (BWR), on the shape of the one present at Fukushima. The topology and data re-

garding disrupting events affecting the system are inspired to the Fukushima case study, but 

parameters of the component of the system are generic and taken from the literature. 

This work does not model exactly the Unit 1 of Fukushima Daiichi NPP because data are 

unavailable. However, the plant scheme of the Unit 1 provided by Tokyo Electric Power 

Company (TEPCO) was used as a reference for building nuclear power plant models. In the 

scheme there are the electric network, the water network and the steam network. For the 

purposes of this analysis, the steam network has not been considered by itself but it has 

been put together with the water one. Cooling circuits are closed. These loops have been 

modeled with one-direction links from the source to the reactor core. Apart from the water 

network, which is present at the local/building scale, there is also the electric network, 

which expands from the regional scale to the local one. The task is to run a performance 

analysis of all the system serving the reactor core, so all the components important for the 

success or failure of the reactor cooling have been modeled. 

Two different models will be presented: the first  simplified, the second more detailed. 
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The simplified model is shown in Figure 8 and is composed by an electric and a water net-

work. The sources of the electric network are, in order of priority, the external electric 

network, diesel generators and DC batteries. All these possible configurations converge 

into a power panel which then feed the pumps of the ordinary water network. The source 

of the water network is the sea which is considered to have unlimited autonomy, as well as 

the external electric network is. The first emergency cooling systems consists in the Isolation 

Condenser (IC), which cools the steam coming from the reactor in a pool and does not need 

electricity because the flow is gravity-driven. After this, the High Pressure Coolant Injec-

tion system (HPCI) can cool the core in emergency condition. It draws water from the 

Condensate Storage Tank (CST) or from the Suppression Pool (SP) and inject it into the core 

form reducing the internal pressure. The pump used by this system is steam-driven so it is fed 

automatically once the plant is started. In conclusion we have three possible configuration 

for the electric network and four configurations for the water cooling network.  

Both the electric and the water networks have connections more complex than the ones 

presented in the simplified model. Starting from electric sources, the self-sustainment guar-

anteed by the NPP is introduced. Then every sources, and relative paths, feed particular 

target nodes and not all of them. The ordinary cooling line, for example, is only feed by 

the NPP turbine and the off-site AC power, while diesel generators feed the Residual Heat 

Removal (RHR) cooling system. The IC and HPCI systems, which were considered not de-

pendent on electricity in the simplified model, are now indirectly dependent on it, because 

their activation is performed by valves which can be remotely controlled only with elec-

tricity supply. The DC battery is responsible of the functionality of this valves.  

 

Figure 8: Simplified model for lifelines serving a nuclear power plant 

To better model possible human interventions on the system, other three networks have 

been added: the telecommunication network, the transportation network and the emergency 

service network. All the layers of this new detailed model are interdependent, as shown in 

Figure 9. To assemble the event matrix, E-vectors has been positioned at the correct time 

step, defined in accordance with the timeline of the events occurred at Unit 1. For what con-

cern earthquake and tsunami fragility functions, most of them has been taken from ATC-13 

Earthquake damage evaluation data for California [18]. Nevertheless old and generic, these 

data are still broadly employed in absence of more reliable and updated sources. Other 

1899



Gian Paolo Cimellaro, Alessandro Cardoni, Stephen Mahin 

 

earthquake fragility curves have been taken from the ALA report [19] and from the HAZUS 

database [20]. Tsunami fragility curves have been considered linear functions between two 

values obtained from the ATC-13 recommendations and considerations about the robustness 

of buildings. Autonomy curves instead, have been estimated to be step function where the 

step is located in correspondence of the nominal value indicated by Hitachi-GE [21]. 

 

Figure 9: Interdependent layers of the detailed model for lifelines serving a nuclear power plant 

3.2 Analysis of the system 

This section shows the results relative to the electric network and the water network of 

both the simplified model and the detailed model of the NPP modelled. Analysis of the 

other networks of the detailed model are not reported, because they are not directly com-

parable with the simplified model, but have been computed since they influence the re-

sults of the water network presented.  

In the simplified model the earthquake is responsible for the shutdown of other power 

plants and for the collapse of the AC transmission line. This imply the loss of off-site AC 

power, which represent the first configuration of the electric network. The electric network 

changes anyway configuration and the power supply is guaranteed to the water network. 

Other components suffer few damages or no damages. The arrival of the tsunami wave dras-

tically changes the situation. Tanks placed in the NPP apron are swept away as well as the 

sea pumps. Diesel generators and the ordinary cooling line are out of order. Batteries are 

damaged too, but there is no need of them anymore since pumps they were feeding are 

failed. IC backup cooling system, which does not need electricity because works through 

gravity, is kicked off and the probability of failure of the reactor core cooling is still close 

to 0. Ten hours after the earthquake, the autonomy of the IC start to decrease and it is substi-

tuted by the HPCI system, which does not need electricity because it is equipped with a 

steam driven pump. As the probability of failure of the IC because of autonomy run out 

increases, the probability of failure of the reactor core increases as well, because it now 

relies on the HPCI system, which was potentially damaged by earthquake and the tsunami. 

Figure 10 summarize these information. 

In the detailed model the earthquake is responsible for the shutdown of the NPP turbine 

and of the off-site AC power. AC transmission lines collapse. The loss of off-site AC power 

propagates the inoperability to the ordinary cooling configuration. Electricity is still provid-

ed by diesel generators which feed the RHR system and the control room. Damages 
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caused by the earthquake to emergency cooling systems imply that all of the first three back-

up lines have a probability of occurrence Pocc≠ 0, but anyway the most likely to be active is 

the RHR. After the tsunami, diesel tanks, CSTs and seawater pumps are completely dam-

aged. The access to the NPP is not usable too, because of the debris deposited by the 

wave. Rescuers need time to restore a functional access. The water network tries to switch 

to the IC and HPCI configurations, but to control their valves, DC power is needed. There 

is a low probability that this is available because the batteries have a relevant probability of 

failure, so the loss of capacity sharply increases. After three hours, IC valves is manually 

open and the cooling is provided by the IC, until its autonomy runs out and brings to a 

complete loss of capacity (Figure 11). 

 

Figure 10: Probability of occurrence for the electric network, simplified model 

 

Figure 11:  Probability of occurrence for the electric network, detailed model 

Results show that both the models can effectively reproduce the ongoing situation for the 

electric network, while there are some discrepancies in the results obtained for the water 

network. For the electric network there are not large differences because the only things that 

change from the two models are the number of power panels and the split of target nodes’ 

supply lines. Target nodes cannot propagate upstream so this implies null effect. In addition 

to this, the electric network is independent from all of the others, so detailing other networks 

does not influence it.  

4 CONCLUSIONS  

In this paper the problem of critical infrastructure networks has been addressed. Disrupting 

events and major failures of these systems are increasing in number because of the incre-

ment of hazards and their exposure, which characterizes modern societies. In addition, the 

1901



Gian Paolo Cimellaro, Alessandro Cardoni, Stephen Mahin 

 

effects of failures are often amplified since lifelines are highly interdependent.  To avoid dis-

asters and to reduce costs, it is important to do proper interventions being aware of possible 

cascading effects.  

Therefore, a new methodology has been proposed to model networks that are interde-

pendent to each other and that vary over time after a perturbation of the system. The method 

is based on the Input-output Inoperability Method, which has been modified with three im-

plementations. First of all a probabilistic approach is used considering hazard curves, fra-

gility curves and probability of failure. Secondly, to visualize the interdependence among 

networks, a multilayer approach has been adopted. In this way, different networks can be 

studied separately and then combined together. Finally, a tensor notation is introduced to 

count the temporal dimension of the network, since interdependencies are not static and may 

even increase during an emergency condition. 

The Fukushima nuclear power plant was selected to test the new method. It has been ap-

plied to a simplified model of the nuclear power plant, considering the water distribution 

network and the electricity network, and also to a detailed model, which considers also other 

interdependent networks. The results obtained with the simplified model are not reliable in 

all cases, while the detailed mode is able to represent with a relatively low approximation 

the situations occurred in that event. 
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Abstract. One of performance-based earthquake engineering (PBEE) targeted eventual ap-

plications in practice is within catastrophe models. Vendor catastrophe models are broadly 

used within the (re)insurance industry for pricing natural catastrophe risk. The aim of the 

vulnerability module of all catastrophe models is common, to connect hazard intensities to 

loss due to damage. Nevertheless there is huge variation in the methods adopted and assump-

tions made within each model’s vulnerability module, depending on the vintage of the model 

and the understanding of the seismic hazard in the region. This overview was conceived after 

close evaluation of a large number of vendor catastrophe models for earthquake (for different 

regions and from different vendors). We summarize the general structure of catastrophe mod-

els and focus on the vulnerability module of seismic catastrophe models, including how PBEE 

approaches are used for vulnerability estimation and how uncertainty is quantified. The exist-

ing gap between the PBEE output and the loss calculation of catastrophe models is highlight-

ed. A discussion is aimed to be initiated, regarding the future potential of PBEE to provide 

more useful outputs for loss estimation within cat models, for use in the (re)insurance indus-

try.  
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1 INTRODUCTION 

(Re)insurance companies use catastrophe models to assess the probabilistic risk from po-

tential natural disasters. The probabilistic loss assessment is necessary to the (re)insurance 

companies in order to ensure that the potential losses from the insured risks can be sustained 

and also to be further used for pricing the premiums and contract terms in order to have a sus-

tainable business. 

The catastrophe (cat) models can estimate the probable loss at given return periods, pro-

vided the details of the insured assets are known (in terms of location and characteristics). Ca-

tastrophe models have made significant advances in the last 20 years with the inclusion of 

more countries and incorporation of up to date scientific methodologies. New features, for 

example liquefaction and tsunami risk, are continually introduced to enhance the risk estima-

tion. Earlier models were said to operate within a black box as there was little understanding 

of the relationship between the exposure detail input and the probabilistic loss output. How-

ever, the evolution of these models has generated in most cases, more detailed, transparent 

and modifiable versions of the models. Nevertheless, there is still room for improvement. For 

example, the vulnerability component of these models, where the events’ intensities are con-

nected to physical damage in terms of loss, can benefit from various engineering advances. 

This study is put together after the evaluation of many earthquake models with focus on 

their vulnerability modules and aims to provide in addition to an overview of the methodolo-

gies used to derive these modules, points where the advances in earthquake engineering can 

assist for enhancing the vulnerability calculation within the existing catastrophe models and 

reducing its uncertainty.  

2 GENERAL STRUCTURE OF CATASTROPHE MODELS 

In order to predict the possible losses arising from an event, the potential hazard intensities 

at each exposure location need to be connected to the monetary loss through a module that 

estimates the expected physical damage on the insured assets. For the (re)insurer, assessment 

of damage potential includes buildings, contents and business interruption. This assessment is 

covered within the vulnerability module of each catastrophe model. The probabilistic assess-

ment of hazard, for example, for earthquake models, the characteristics of the potential earth-

quake events (e.g. Magnitude, recurrence rate) as well as their potential attenuation, is 

covered within the hazard module of the models. The key calculation modules within natural 

catastrophe models are shown in Figure 1. The building characteristics of the exposed assets 

have to be mapped within the exposure module. Lastly, the loss calculation is considering the 

policy conditions and financial aspects (arising from insurance and reinsurance contracts) and 

is carried out within the financial module of the models.  

The most relevant module of catastrophe models to engineers is the vulnerability module 

since it deals with performance of structural and non-structural components of buildings. The 

vulnerability module estimates the damage potential for given disaster scenarios. The damage 

potential is expressed as a mean damage ratio (MDR), i.e. the ratio of average damage loss to 

total replacement value of the insured asset and is a function of the hazard intensities. The 

hazard intensities are expressed by relevant intensity measures (IMs). The vulnerability func-

tions that connect MDRs and IMs are the key to the vulnerability assessment. Subsequently 

the MDR values together with the policy conditions are employed in the loss calculation to 

assess the probabilistic losses for different return periods.  

The rest of this study focuses on the vulnerability module of earthquake cat models as de-

rived by mainly three model vendors. 
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Figure 1: Key components of catastrophe loss assessment 

3 DERIVATION OF VULNERABILITY MODULE OF VENDOR SEISMIC 

MODELS 

The vulnerability module of each model is derived during the model development phase, 

through a two-stage process: the fragility estimation and the vulnerability assessment. At the 

first stage, the performance of the insured assets (structures, contents and business interrup-

tion) during events of various intensities is expressed in terms of engineering demand parame-

ters (EDPs). These EDPs are calculated through a variety of methods in catastrophe models. 

The fragility assessment methodologies divide into two categories: the empirical and the ana-

lytical. Empirical methodologies derive the expected performance from past damage surveys 

of similar events, experts’ judgement etc. In contrast, analytical methodologies can vary from 

considering very simple models, to very detailed ones. The empirical and very simplified ana-

lytical methods were employed in the development of early models but evolution has led to 

the incorporation of increasingly advanced and detailed analytical methods.  

In the second stage of the vulnerabilty module development, the EDPs are translated to 

MDRs, that express the expected damage as a percentage of the replacement value of the 

assets. 

Most of the models have some validation or even calibration of the derived vulnerability 

functions according to post-event damage data if they are available. 

Modeling companies advertise that the fragility and vulnerability estimation within the 

seismic models is keeping pace with the earthquake engineering advances through considera-

tion of the available updates in building and content earthquake performance. Nevertheless 

this is not the case for most of the existing models. Even if the models get regular general up-

dates every few years, often the updates regard the hazard information update while the vul-

nerability module is left untouched. Some of the current models used in the industry have 
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vulnerability functions developed before the year 2000 (e.g. simple MMI functions heavily 

based on expert judgment).  

As already mentioned, both the fragility estimation and the translation from EDP to MDR 

are carried out during the development phase of the models. This in some cases means that 

there is some opaqueness in the procedure and the output of the vulnerability module. Often 

the documentation does not explicity describe the methodologies and assumptions used and 

the access to the vulnerability functions may be forbitten as some modeling companies 

consider the vulnerability functions as part of their intellectual property. Fortunately many of 

the modeling companies support more transparent models where the vulnerability functions 

(i.e. the relationships between event intensities, expressed in terms of Intensity Measures and 

MDR) are visible and even modifiable when using a model.  

It is obvious that the end users of the models (in the (re)insurance industry) benefit from 

the openess in the methodology details and assumptions as well as from the access to the 

employed vulnerability functions since they can build a better understanding around the 

model components and consequently have an optimal use of the models suited to their needs. 

3.1. Vulnerability module methodologies 

Depending on the vintage of the model and the available data for the country, the earth-

quake models can have very different methodologies used to derive the necessary vulnerabil-

ity functions. Some examples of the methodologies employed by current models are presented 

below.  

A non-negligible number of models use empirically derived MMI vulnerability functions 

that are based heavily on engineering judgment (especially for regions with absence of claims 

data history). Unfortunately the model companies using these functions do not provide many 

details around their derivation. Their representatives support that the used functions are the 

best practice given the absence of validation data and more detailed models. On the other 

hand we may argue with that since in the absence of claims data history, the need of reliable 

analytical methodologies based on the structural performance of specific building typologies 

becomes even more obvious. The latter is also recognized by other model developers.  

Since PBEE is becoming more popular, in particular in the USA (note that two leaders in 

the catastrophe modelling industry are USA based), more analytical methodologies are adopt-

ed for the vulnerability module derivation. From companies that are more open with sharing 

information regarding their models’ architecture and underlying methodologies we can briefly 

note here some of the methods followed to derive vulnerability functions within earthquake 

catastrophe models. 

Nonlinear static analyses within the Capacity Spectrum Method (CSM) are broadly used 

for deriving fragility functions for specific building typologies. Some models use this method 

exclusively for all building typologies even if they recognize that due to its assumptions the 

CSM is a reasonable analysis method for characterising the inelastic response only for build-

ings whose behaviour is dominated by their fundamental model of vibration. Indeed, the as-

sumptions behind the CSM make it inadequate for structures where higher modes of vibration 

are participating highly to the response.  

Since the weakness of the CSM method is recognised, the same company introduced also 

nonlinear dynamic analysis for the vulnerability function derivation. The model developers 

characterise this method as state-of-the art methodology for predicting structural response to 

earthquake events. The open-source software OpenSEES (Open System for Earthquake Engi-

neering Simulation; http://opensees.berkeley.edu) is used as structural analysis software, 

where MDOF models are used to represent the building typologies of interest. Nonlinear dy-

namic analyses are carried out with large databases of accelerograms (order of 8000) and then 
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regression analysis is carried out on the results to come up with the relationships between the 

intensity measures and the EDPs. The most commonly used EPDs from structural analyses 

are: maximum peak inter-storey drift and forces, roof displacements and peak storey accelera-

tions. It should be noted that structural collapses are considered with a special statistical 

treatment during the derivation. 

In some cases the vulnerability functions can be directly derived by the information col-

lected from claims data during the past events. Indeed, for markets with abundance of claims 

data (a good example could be a region where a construction typology is predominant and 

there is a large insurance penetration, e.g. timber buildings in California), the mean damage 

ratio can be calculated from scatter plots of the damage ratio versus the intensity parameter 

(when data points are grouped in IM bins). 

Some potential drawbacks of this method can be the large variability in the dataset that of-

ten obscures the overall trend, as well as the fact that these empirical functions are lacking the 

damage ratios for losses that occur below the insurance deductibles. The latter can introduce a 

positive bias in the damage ratio estimates and should not be neglected during the calculation. 

Last but not least the importance of the coherence between the building characteristics of the 

assessed population should be stressed. The empirical data usually do not come with the 

building characteristics behind the building performance, instead only an overall performance 

across the whole range of buildings is captured. Therefore the use of a homogeneous building 

population sample becomes necessary. Otherwise, for more mixed building population sam-

ples, engineering analyses is needed to quantify the impact of these differences to the MDR 

calculation. This kind of mixed methods of empirical data and engineering analyses are also 

common practise for countries with claims data available.  

3.2. Uncertainty aspects within vulnerability modules of earthquake cat models 

The most important uncertainty aspect assessed within the vulnerability module of 

earthquake cat model is the uncertainty of structural performance for a given intensity level.  

As is commonly seen during post-earthquake damage surveys, similar structures at the same 

location, that experienced similar shaking intensities, experience different levels of damage. 

The models’ damage functions provide estimates of the mean, or expected, damage ratio 

corresponding to median ground motion at each affected site. Therefore this variation of 

structural performance (reflected as variation around the MDR) should be accounted for by 

the models. This variation is commonly represented by a beta distribution or a combination of 

two beta distributions. After analysis with a large number of claims data one of the modeling 

companies supports that the bi-beta distribution provides a much better fit to the observed 

damage patterns in past earthquakes. 

Another company addresses the same issue by introducing the chance of loss concept. 

Chance of Loss is the probability of loss to incur for a certain risk and earthquake intensity. It 

is based on the idea that even if a particular risk is within the earthquake stricken area, a loss 

does not necessarily need to happen. The model developers regognise that there is a 

signifficant difference in the loss calculation if MDRs are used as aggregated data or as 

individual building information. 

4 POTENTIAL IMPROVEMENTS OF VULNERABILITY ESTIMATION WITHIN 

CATASTROPHE MODELS BY PBEE CONTRIBUTIONS 

Through detailed model evaluation, focusing on the vulnerability modules, some shortcom-

ings are identified, where PBEE can contribute towards their improvement. Relevant research 

is carried out by research teams inside modeling and (re)insurance companies. Researches in 
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these sectors are familiar with the advances of PBEE and therefore some recent models use 

the newest methodologies to derive their vulnerability modules. But of course the expansion 

to all the vulnerability modules of all the existing models will require more research resources. 

Earthquake engineers can have an active role in this expansion by leading research relevant to 

reinsurance business.  

A few potential research key aspects are discussed below. 

4.1. Ground motion intensity representation 

4.1.1. Selection of intensity measures 

The ground motion representation in the vulnerability functions can have a strong impact 

on the final loss estimation. A variety of IMs can be used to describe the hazard at each expo-

sure location, given an event. Different models assessing the same peril for the same region 

may use vulnerability functions where the ground motion demand is represented by different 

intensity measures. As known, different intensity measures have different correlation to struc-

tural response. In other words, depending on the structural behavior, some intensity measures 

are better representatives of ground motions when estimating structural damage. Consequent-

ly loss estimation with more appropriate IMs can have decreased uncertainty compared to loss 

estimation with a less adequate IM. Undoubtedly the uncertainty in the loss calculation can be 

reduced through adoption of the most appropriate IMs.  

The range of IMs used in seismic assessment within PBEE is very broad. On the other 

hand, the range of IMs used within the seismic cat models is not so big. In particular, older 

models mostly use the structural independent IMs, namely MMI and PGA to represent the 

ground motion intensity. More recent models (last decade) use also structural dependent IMs. 

These IMs are limited to the spectral ordinates (spectral acceleration and spectral displace-

ment) at the natural frequency of vibration of buildings (period values can either be fixed to 

represent building height ranges or varying proportionally with the building height). Structur-

al dependent IMs have a greater correlation to structural performance than structural inde-

pendent IMs and thus can reduce calculation uncertainty. Nevertheless, the formers’ 

advantage is valid only when the structural details (e.g. the building height - used as a proxy 

for estimating natural frequency of vibration of buildings) are known. The challenge of select-

ing the most appropriate IM remains for the buildings of unknown characteristics. If the 

building details are unavailable then use of such IMs can introduce randomness in the hazard 

representation and consequently errors to the loss calculation.  

Figure 3 shows the different loss outcomes of four seismic events using structural depend-

ent vulnerability functions derived from different building height assumptions (assuming the 

same insured value for the building units). Losses, assuming mid, high and tall rise buildings 

are compared to those based on a low-rise building assumption. In Event 1 the loss from a 

tall-rise building is 80% greater than that of low rise, while in Event 4 the loss from tall-rise 

building is 20% lower than that of low rise. This model is not appropriate to use where build-

ing heights are unknown; in this instance a model with structural-independent vulnerability 

functions could be more appropriate. 
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Figure 2: Percentage loss change of modelled earthquake event losses using different building assumptions. 

Given this large impact, the need for selecting the most appropriate Intensity measures for 

the vulnerability modules becomes evident. In the last years with the broader use of PBEE, 

studies are carried out for establishing criteria and methodologies for selecting adequate in-

tensity measures to represent ground motion in structural assessment. Studies for selecting 

optimal IMs have already been developed for various building typologies (e.g. URM build-

ings by Mouyiannou and Rota [1], for components within a number of different structures by 

Weatherill et al. [2]). The aforementioned methodologies and criteria can easily expand to 

cover the usability of the IMs within catastrophe models. The first consideration regards the 

hazard representation limitation (cat models have limited IMs to represent the hazard module 

outputs). Another consideration regards the selection of adequate IMs to represent the hazard 

intensities in vulnerability analysis of buildings with unknown characteristics. It is likely that 

different IMs have best correlation with structural response from buildings with a mix of 

characteristics rather than a specific typology (of known height, age etc.). Some further inves-

tigation will definitely be valuable.  

 

4.1.2. Ground motion intensity translation  

Models need to translate ground motion intensities as they are output by the hazard mod-

ules, expressed usually as PGA to intensity measures more relevant to damage metrics (e.g. 

MMI or Spectral ordinates) in order to be used in the vulnerability module to estimate poten-

tial damage to buildings and building contents (note that PGA may still be used in secondary 

calculations, such as liquefaction potential or landslide risk or business interruption).  

An example of such intensity measure translation is shown in Figure 3 for two commercial 

catastrophe models. Specifically, the graph shows the MMI estimation for various values of 

PGA and includes translations of intensities corresponding to hazard maps of the same region 

for various return periods. One of the two models (Model 2) uses a single ground motion 

translation equation [3] for this translation and no uncertainty is taken into account in the cal-

culation. The other model shown in the graph has more scatter in the translation. Model 1 also 

bases the translation on a ground motion translation equation (older than Model 2) [4] but 

modifies this calculation based on local observation data for key historical earthquakes. It is 
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worth noting that there are available ground motion intensity translation methodologies more 

recent than those used by both models [5].  

On a first glance at the plot we may notice that Model 2 has lower MMI values than Model 

1 for the same PGA levels. Nevertheless what matters for the loss calculation is the intensity 

level at various return periods. Model 2 tends to have higher PGA values and consequently 

higher MMI values than Model 1 for the low return period range (e.g. 100 and 250 years) and 

it is lower for the range of high return periods (e.g. 5000 and 10000 years). Additionally we 

can observe that for any given return period, Model 1 has a broader distribution of intensities 

than Model 2 (for both the intensities shown here). For example for 100 years return period 

Model 1 has a range of intensities between 0.11g and 0.56g in terms of PGA that translates to 

a range between 6.15 and 9.21 in terms of MMI. For the same return period, Model 2 has a 

narrower range of PGA values from 0.25g to 0.44g that corresponds to MMI values between 

7.24 and 8.16. 

Consequently in the vulnerability calculation Model 1 will have more variation due to the 

ground motion intensity definition than Model 2.  

This intensity translation step between the hazard module output and the vulnerability 

module input can impact the accuracy of the loss calculation and its actual outcome. There is 

a need for studies on the investigation of these translation methodologies.  

 

 
Figure 3 Ground motion intensity measure translation from Peak Ground Acceleration to Modified Mercalli In-

tensity, by different catastrophe models for the same region. 

4.2. Simplified methodologies 

A large number of analyses are carried out in order to assess models representing all build-

ing characteristic combinations for deriving all the necessary vulnerability functions for catas-

trophe models. Therefore the need for using methodologies that are not very computationally 

demanding is obvious. Nevertheless the right balance between method quality and easiness 
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should be pursued. The methodologies should benefit from the recent advances of PBEE that 

should be expressed in the most appropriate simplified way possible. An important limitation 

should be kept in mind when developing vulnerability methodologies. The final functions 

need to be combined with the hazard module output within the risk calculation and as already 

discussed the ground motion intensity measures that represent the probabilistic seismic hazard 

are limited, especially within catastrophe models. 

It should be noted that these methodologies can be useful for other industries since they 

can be applied in any large scale risk assessment, as for example in emergency planning, af-

tershock risk management etc. Lastly the methodologies can benefit back from the reinsur-

ance side since their developers can use claims data from past earthquake events for 

validating and enhancing their assumptions. 

4.3. Using already existing fragility and vulnerability functions   

The catastrophe vulnerability modules can benefit both from their validation and their de-

velopment from already existing vulnerability and fragility analysis results available in litera-

ture. There is a great volume of fragility functions derived by various building typologies 

around the world. But there is still a gap preventing this benefit. The gap is due to the exist-

ence of so many different functions that are derived according to different methodologies and 

assumptions which makes it impossible to reuse them for something more generic like their 

use within catastrophe models. The most common varying parameters are the definition of 

limit states and performance level indicators. Even for the same building typologies, different 

authors adopt different basic assumptions in their methodologies which make the functions 

appropriate to use only for the specific assessment they are aimed for.  

There is a clear need of unified approaches or studies that combine already existing func-

tions and harmonize them in order to be adequate for more generic uses. This concept is al-

ready explored by some recent studies. For example, Spillatura et al. [6] derived a set 

vulnerability functions based on existing functions for masonry buildings in Italy and South-

ern Europe. The authors derived a set damage ratio curves using PGA and MMI as intensity 

measures. It should be noted that the dispersion around the mean curve, which is computed in 

terms of 10th and 90th percentile curves, is quite large but the authors believe that the ap-

plicability of this study into seismic risk application is straightforward and can represent a 

useful aid to risk engineers for the generation of new vulnerability modules or the validation 

of existing ones.  

An alternative option for using existing functions is by selecting the most representative 

functions for the desired region and building characteristics. This selection can be based on 

expert judgement or followed some established criteria in order to avoid subjectivity. Stone et 

al. [7] investigated the possibilities of using existing vulnerability functions, by selecting them 

from a large database of available seismic fragility and vulnerability functions. The authors 

acknowledge the many challenges of this practice, especially regarding the increased uncer-

tainty in the results. The study investigates how the experts select functions from the available 

set of functions. For the group of experts studied, the selection process is statistically random. 

A framework for selecting existing functions is suggested, in order to give more objectivity to 

the selection process and guide the analyst toward more accurate results. 

The potential benefit from more studies like the few mentioned here to catastrophe models 

and in general to risk assessment and its uncertainty quantification is apparent.  
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5 CONCLUSIONS  

Catastrophe models currently incorporate methodologies according to the latest engineer-

ing advances. Improvements have been made to the vulnerability modules of earthquake 

models through the adoption of recent PBEE developments but still some points are identified 

where PBEE can improve the vulnerability modules of such models. These points are dis-

cussed in this study. 

As a closing thought, we would like to stress the importance of natural disaster risk as-

sessment, management and mitigation. There are more existing buildings already exposed to 

nat cat risk than all the buildings that the structural engineers will be called to design globally 

in the near future. Today, only 30% of the global built assets exposed to risk due to natural 

disasters are insured. A more precise risk calculation can assist with increasing the insurance 

penetration in the nat cat market. As earthquake engineers we can play a key role in the in-

crease of this percentage. We must work on improving the calculation and limiting the uncer-

tainties as well as simplifying and adjusting the methodologies in order to ensure that the 

advances are incorporated in the models used to calculate risk by insurance and other risk 

management bodies. In the end, a more precise risk estimation will benefit not only the insur-

ance providers but most importantly the insurance holders.  
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Abstract. Water distribution networks are critical for the recovery of an urban area struck by 
a moderate to strong earthquake. In the paper a refined computational procedure is presented 
able to assess the post-seismic response of a water distribution system. The procedure permits 
to deal either a scenario analysis (when the earthquake that is going to hit the urban area is 
known in its essential features) or a full probabilistic analysis. In the latter case in input it is 
required to specify the basic parameters able to describe the seismotectonic framework 
around the area of interest. Other sources of uncertainty are due to network geometry and 
mechanical response to seismic action. The reliability computation is based on the Monte 
Carlo method: each simulation caries out the generation of an earthquake (location and 
magnitude), the propagation of seismic effect at network nodes, the simulation of possible 
leaks and breaks over the pipes and finally the flow analysis on the damaged network. The 
method is applied and discussed using a real case network. 
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1 INTRODUCTION 

Moderate to severe earthquakes can cause extensive damages, especially when a seismic 
event occurs in the proximity of a highly developed area, like a city (Rasulo et al, 2015) [22]. 
The complex functioning of urban areas relies on several “lifelines” providing goods and ser-
vices to satisfy the demands of people and enterprises. 

Water distribution infrastructures are together with sewers, electric power, gas and liquid 
fuels, transportation and telecommunications networks pivotal in assuring modern standard of 
living that are essential for the very existence of complex communities such as urban agglom-
erates. 

Damages to one of those infrastructures can have a devastating impact, harming the life of 
people on short term and economic and social stability of a region on medium term, impairing 
community functioning and social structures. 

The disconnection in functioning of lifelines can seriously delay emergency, restoration 
and repair operations in post-event phase. In particular the shortage of clean water for drink-
ing and hygienic uses after an earthquake can bring a serious danger to the life and health of 
the survivors, due to possible spread of waterborne diseases and infections. 

A damaged water system can also aggravate the severity of indirect disasters like explo-
sions and fires. Furthermore the direct and indirect costs for the restoration of a water distri-
bution network is particularly high since the substitution of buried pipes implies excavation 
operations, usually along streets and buildings, with consequent interference with human ac-
tivities (road closures, business and traffic interruptions, water service shut off …). 

A summary of the effects that recent earthquakes have over water distribution system can 
be found in reconnaissance reports periodically issued by ASCE (TCLEE - Technical Council 
on Lifelines Earthquake Engineering) or EERI (e.g. Rasulo et al., 2004) [20]. 

The Northridge earthquake that hit in 1994 Southern California produced serious disrup-
tions to the three major transmission systems, north of San Fernando, that provide drinkable 
water to the city of Los Angeles. The damage recovery required over 1400 repairs to the Los 
Angeles Department of Water and Power (LADWP) water distribution system, with about 
100 repairs to critical mains and trunk lines. There were also significant damages to above 
ground reservoirs constructed according to old design codes. Approximately 500,000 people 
(14% of those served by LADWP) experienced major service interruptions. It took five days 
to restore water to 99% of customers and repairs continued for months, costing about $41 mil-
lion (O’Rourke et al., 1998) [19]. 

The Christchurch earthquake (February 22, 2011) caused an extensive infrastructural dam-
age, including both drinking-water and sewerage systems. Over 51 kilometers of water supply 
mains were severely damaged. None of the fresh water wells were designed for earthquakes 
so that 22 out of 175 had to be interrupted and all but 64 wells required some repairs. A reser-
voir was seriously cracked, losing all the water stored. The day after the earthquake it was es-
timated that there was no drinking water supply to 80% of the city, leaving more than 300'000 
people without access to reticulated water. The reparation works, made difficult by after-
shocks and the continuous discovering of further disruptions after the first attempts to put 
again the pipes in pressure, required 30 days to restore a regular supply. 

Despite its importance, seismic reliability of water distribution systems has gained re-
searchers’ interest only recently (Hwang et al, 1998; Rasulo et al, 2008; Nuti et al, 2009; Nuti 
et al, 2010; Fragiadakis & Christodoulou, 2014) [12, 15, 16, 6]. 
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2 OUTLINE OF THE PROCEDURE 

A water supply system (or network) is a system of engineered hydraulic components that 
provide drinking water to a community. A water supply system can vary from a very simple 
to an extremely complex scheme, but all the networks typically include: 

• a source of raw water (generally stored in reservoirs, water tanks or water towers after
purification); 

• a pipe network for distribution of water to the consumers (which may be private hous-
es or industrial, commercial or institution establishments) and other usage points (such as fire 
hydrants); 

• additional water pressurizing components (pumping stations, usually located in prox-
imity of a reservoir) when the orographic configuration of the usage points does not permit 
distribution simply by gravity. 

The only feasible way to compute seismic networks performance is via repeated simula-
tions of its functioning after an earthquake. This is done by Monte-Carlo method: (i) sampling 
the seismic action (force) (ii) sampling the componential fragilities (resistance) (iii) compar-
ing force vs. resistance and determine the state of each structural component (iv) rewrite the 
flow equations for the network in the damaged state (v) solve the flow equations (vi) deter-
mine the network capability to perform its task. Steps (i) to (vi) are repeated until stability of 
results is achieved (see Figure 1). 

In the above outline, step (i) involves all the aspects related to seismic hazard analysis: the 
modeling of the source (i.e. mechanism at the epicenter that produces the shaking), the attenu-
ation of the seismic waves (along the path between the source and the site) and the local 
ground amplification (through the ground layers around the site). The ground shaking is sam-
pled at all the relevant points for the study of the water network at study. Main features of this 
step will be discussed in section 3.Steps (ii) and (iii) involve the modelling of the state of 
damage of the components of the system, given the seismic shaking at ground sampled at step 
(i). In this step not only the structural damage of the system components is considered, but 
also their serviceability, i.e. their potential capacity of functioning in a post-event situation. 
Those steps will be commented in section 4. 

Step (iv) involves the modelling of the system in the damaged state, i.e. with some of the 
component with limited serviceability (possibly even out of order), as obtained from step (iii). 
Since the approach of the network study followed here is capacitive (rather than connective), 
it is explicitly admitted that the system components have not a simple safe/fail status, but the 
post event damage can reduce their full service capability. In the case of a water distribution 
system it will be analyzed the amount of water the pipes are able to carry from one node to 
another node of the network, using the flow equations governing the specific problem. This 
step will be discussed in section 5. As briefly explained both quantities related to hazard (step 
i) and fragility (step ii) are sampled in the Monte-Carlo process through the relevant variables
indicated in Figure 1. 

As already said the simulations are repeated until the output variables statistics are stable, 
i.e. when at least their mean value is estimated with accuracy. With reference to the generic 
output random variable X, this may be checked by computing the estimators of the mean and 
of the coefficient of variation of X: 
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(i) sampling the seismic action (force)

(ii) sampling the componential fragilities (resistance)

(iii) comparing force vs. resistance and determine the state of 
each structural component

(iv) rewrite the flow equations for the network in the damaged 
state

(v) solve the flow equations

(vi) determine the network capability to perform its task.

Enough
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END

(M, d, ε) eq. 3 

(NR) eq. 6 

Figure 1. Flow Chart of numerical Monte-Carlo procedure with indication of relevant variables sampled. 

In equation (1) the hat sign indicates estimators, N is the number of samples of X, Xi is the i-th 
outcome, µX is the mean value of X, σX the standard deviation of X, ^

^

µδ the estimator of the
coefficient of variation of 

^

Xµ .

3 MODEL OF SEISMIC ACTION 

The Cornell model, with diffused seismicity, is usually assumed for earthquake generation. 
The main ingredient is the subdivision of the territory under scrutiny in a certain number of 
seismogenic area, within each of them the seismicity parameters are assumed constantly de-
fined. A possible subdivision in zone of Mediterranean region is given in figure 2. 
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Figure 2. Seismic source zones for Mediterranean basin (GSHAP: Global Seismic Hazard Assessment Program) 

In this model, the random variables are the position of the epicenter, the earthquake magni-
tude and the time between two events. 

Since an earthquake event is assumed to occur uniformly over a single seismogenic area, 
the coordinates of the epicenter are assumed independent random variables, with constant dis-
tribution between the minimum and maximum values of the coordinates of the points of the 
seismogenic area (a further check is made to assure the so-generated points will fall inside the 
seismogenic areas, in the case of not-rectangular shapes). 

The time random variable is modeled with the Poisson distribution whilst the earthquake 
magnitude random variable is modeled via the doubly truncated Gutenberg-Richter law (Gu-
tenberg & Richter, 1954) [11]. Accordingly, within each seismogenic area, the probability 
distribution of earthquakes magnitude m is defined by: 
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 (2) 
In the previous equation, β is the severity parameter, mmin and mmax are the lower and 

upper bound for the earthquake magnitude, λ(m) is the mean rate, according to the Poisson 
distribution, of events per year and F() is the cumulative distribution function. For each area, 
the parameters of the Gutenberg-Richter law are evaluated on the basis of the historical seis-
micity.  

Earthquake shaking intensity at site may be expressed via different measures. Common 
choices can be either qualitative measures, like the Mercalli one, and those derived by it, as 
the Modified Mercalli scale, or quantitative measures, as, peak ground acceleration (PGA), 
peak ground velocity (PGV), peak ground displacement (PGD), the spec-tral ordinates at se-
lected periods (both in terms of acceleration or displacement) or Arias intensity. 

In the past research (Decanini et al, 2004; Nuti et al, 2007; Nuti et al, 2010) [4, 14, 16] a 
combination of the aforementioned measures was used for the seismic assessment of networks, 
on the basis of a judgmental choice of which one was the best in the case at study. The choice, 
in this study, to use the peak ground velocity, PGV as main parameter for the representation 
of the seismic action at site will be commented in the next section, since this topic is strictly 
related with damage representation. 

A so – called attenuation law is required to compute the shaking intensity at site, given the 
earthquake magnitude and relative positions of seismic source and site. The simplest form for 
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the attenuation law is circular, i.e. depends only on a measure of distance between the epicen-
ter and the site, and reads: 

( ) 2 2
10 1 2 4 10 0log log ...

...
S

A A S S

PGV C C M C d h
C S C S

= + + + +

+ + +σ⋅ε    (3) 
In the above equation, d is the distance from the epicenter to the site considered, PGV is 

the peak ground velocity, C1, C2, C4, CA, CS e h0 are coefficients to be determined as the 
outcome of experimental regressions, SA e SS are variables that accounts for soil conditions 
at site (SA = 0, SS = 0 for rock; SA = 1, SS = 0 per stiff soil; SA = 0, SS = 1 for soft soil), ε is 
standard normal random variable, and σ represent a measure of the residuals between ob-
served data and predicted ones. 

4 FRAGILITY OF COMPONENTS 

In water distribution networks, the main source of damage comes from buried pipes 
(O’Rourke & Liu, 1999) [17]. Usually in a reliability analysis the use of refined computation-
al techniques for the assessment or retrofit of structures or systems (Grande & Rasulo, 2013; 
Grande & Rasulo, 2015; Bursi et al; 2015, Uckan et al., 2015) [7, 8, 3, 28, 30] is not recom-
mended. Analytical procedures are too complex to be used for the definition of damage so 
that simpler fragility functions are used instead. 

On the topic of seismic vulnerability of water ducts, extensive studies have been conducted, 
and in literature it is possible to find dependable fragility curves, calibrated on observational 
data from past disruptive earthquakes (ALA, 2001) [1]. 
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Figure 3. Seismic fragility curves for typical buried pipelines (lines) obtained through regression on observed 
damages (squares). Legend: Steel, CI (cast iron), DI (ductile iron), AC (asbestos cement). 
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The peak ground velocity, PGV, is by far the most used to relate structural damage of pipe-
lines to a parameter of ground shaking. 
Indeed reconnaissance reports on real pipes struck by an earthquake show that there is a good 
correlation between observed damage and PGV. This observation can be easily explained by 
the fact that PGV is directly related to transient ground strain induced by wave passage, εg 
(Newmark, 1967) [13]: 

g
PGV

c
ε = (4) 

where c is the velocity of propagation of the seismic waves through the ground, and that 
ground strain is the main cause of pipeline damage (due to excessive axial deformation, joint 
rupture, …). 
Among many possibility offered by technical literature (Fig. 2), the damage model adopted in 
this study is given by the following equation: 

2.250.0001ν= ⋅PGV (5) 
where the damage rate along the pipe, ν (average number of breaks per unit length, 1/km), is a 
function of the peak ground velocity, PGV (cm/s). 
Once the damage rate is known, the number of actual leaks/breaks, NR, over the pipe with 
length L has been treated as a discrete random variable, distributed according to the Poisson 
law: 
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5 FLOW EQUATIONS 

The flow analysis on the damaged network has been set using the classical methods of 
analysis for water distribution networks (Gupta & Bhave, 2006) [10]. 

The problem can be condensed in matrix form, writing together the equations of continuity 
(in number of N, expressing the conservation of mass in each node) and the energy balance 
equations (in number of L, expressing the friction losses along the pipes) obtaining a system 
of N+L non-linear equations in N+L unknowns: 

( ) ( )
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 − =


+ + =

A q Q 0

R q q A h A h 0 (7) 

N is the number of internal nodes (i.e. without tank), S is the number of nodes with a tank 
(representing a boundary condition for the hydraulic head) and L is the number of links 
(pipes), Q [N × 1] is the vector of discharged flows at nodes; AN [L × N] and AS [L × S] are 
the two sub-matrices (namely for internal nodes and tanks) composing the incidence matrix, 
A  [L × (N+S)]; hN [N × 1] and hS [S × 1] together are components of the vector h [(N+S) × 1] 
representing the N hydraulic heads (unknown) in the internal nodes and the S hydraulic heads 
(known) at the tanks; q is the vector [L × 1] of the flows (unknown) circulating in the pipes 
and finally R is a diagonal matrix [L × L] for the coefficients of the friction loss equation for 
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each link (accounting for pipes, pumps and minor loss), for the problem at hand specifically 
chosen, without loss of generality, of the Darcy-Weisbach type. 
In seismic conditions, the flows discharged at nodes Q are represented not only by the usual 
flows distributed to the consumers, Qconsumers, but also by the water losses due to pipe damag-
es induced by the earthquake, Qearthquake. 
Differently from the usual problem of analysis of water networks where it is assumed a-priori 
the ability of the system to satisfy the demand, Qdemand, and flow losses are evaluated as a 
fixed percentage of the circulating flow, in this case both these quantities cannot be assumed 
known, and must be evaluated as a function of the network response. 
Indeed, the ability to serve the users has been expressed as a function of hydraulic head ac-
cording the following expression (Gupta & Bhave, 1996) [9]: 
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where h is the water head respect to the ground level, hdemand is the water head needed to as-
sure to the consumers their demand, Qdemand, and hmin is the minimum water head to be as-
sured in order to have a discharge greater than zero. In this case hdemand can be assumed to be 
equal to the average building height plus 3÷7 m (in order to account for the head losses due to 
domestic water system), whilst n is a model coefficient controlling the shape of the head de-
pendent demand and to be assumed into the recommended range between 0.5 and 2.0. In this 
study, dealing with multi-storey buildings for which the effect of the demand, uniformly dis-
tributed along the building height, is predominant respect to the head losses in the domestic 
water system, the value has been set to 1, consistently with the suggestion by Gupta and 
Bhave (1996) [9]. 
Water losses due to pipe seismic damage can be treated using classic theory of the flow 
through an orifice/weir (Farley & Trow, 2003): 

2earthquake eqQ A gh=µ (9) 
where Aeq is the equivalent damage area to the pipe, estimated judgementally on the base of 
the outcome of eq (7), h is the water head, g is the acceleration of gravity and μ is the ori-
fice/weir coefficient treated differently if the damage is a leak in the pipe or a complete pipe 
breakage. In the case of breakage the procedure suggested by Hwang & al. (1998) has been 
followed. 
The problem, as formulated above, is substantially different from the conventional ones rou-
tinely solved in water distribution analysis, since its solution is no more conditioned by the 
discharges defined at nodes (demand driven analysis), but by the fact that they are a function 
of water heads (head driven analysis). Different analysis techniques have been recently 
adopted in literature to solve such a problem (Gupta & Bhave 1996; Tabesh, 1998) [9, 23], 
and can be roughly divided into recursive approaches, based on the transformation, at each 
iteration, of the general problem into a traditional one with known discharges, or in direct ap-
proaches where the non-linear system of equations is solved expressing the functional de-
pendence of the discharges upon the unknowns. 
In this study a direct solution strategy has been implemented, following the Gauss-Newton 
solution scheme. 
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6 CASE STUDY 

Düzce is situated between Ankara and Istanbul, in one of the most tectonically active regions 
of Turkey. The local seismicity is dominated by the North Anatolian Fault, an active right-
lateral strike-slip fault which runs for over 1'000 km westward across northern Turkey, from 
its junction with the East Anatolian Fault near the town of Karliova to the Marmara Sea, 
forming the boundary between the Eurasian and the Anatolian plates. 
The North Anatolian Fault passes Düzce approximately 30 km to its south, near Lake Abant. 
The city was severely hit by the Kocaeli (Mw=7.6; August 17th, 1999) and Düzce (Mw=7.2; 
November 12nd, 1999) earthquakes. 
The water supply system in Düzce is composed by an older network that dates back to 1940’s 
and a newer one. The two networks are connected together by a series of bypasses. The pipes 
serving the old network (roughly 500 km in length) are mostly made in cast iron (CI), with 
some in asbestos cement (AC), the pipes serving the new network (roughly 280 km) consists 
of PVC pipes with diameters between 100 and 200 mm (Tromans, 2004; Tromans et al, 2004) 
[25, 26]. All the aforementioned pipes are seismically very vulnerable since are expected to 
fail with brittle collapses. 
The total length of the pipes in the distribution system is about 780 km and the average depth 
of the pipes respect to the ground level is 1.50m. 
Düzce water sources are mainly two: the River Ugur (which lies to the south of the town), 
whose waters require sanitation, and a well-field (north-east), which supplement the main wa-
ter supply from the river. A 600 mm diameter AC pipe conveys raw water from the river to 
the water treatment plant. A 1000 mm diameter steel pipe then carries the treated water to the 
town. Twin CI pipes, each of diameter 125 mm, transport water from the well-field and reser-
voir to the distribution network. 
Water table, due to proximity of the river to the city, is relatively shallow: the depth within the 
city ranges between 2 and 5 m. An extensive seismic micro-zonation study was conducted for 
the city, providing detailed site-specific amplification response. The data collected has permit-
ted to define for each node in the water distribution network the site conditions, and therefore 
the parameters to be included in the attenuation model for the prediction of the ground shak-
ing due to an earthquake. 
In the case study a scenario rather than a complete Cornell analysis has been conducted. 
Therefore in the simulation the localization of the damaging earthquake has been constrained 
to represent the repeating in the future of the Düzce (Mw=7.2; November 12nd, 1999) event, 
rather than considering all the possible outcomes. The reasons of this choice were mainly to 
have a confrontation with the outcomes of the real case and also for a better understanding of 
the results. Indeed according to the Montecarlo approach, the final outcomes are obtained by 
the superimposition of different scenarios and results tend to be uniformly spread over the 
whole extension of the network. 
Despite to the fact that the main parameters of the scenario event are known and therefore 
constrained in the reliability analysis presented here (i.e. magnitude and position, the latter 
approximatively 9 km south respect the city), the uncertainty of the ground motion due to at-
tenuation law produces some variabilities that propagates over the results. 
This study uses two indices to represent network performance: r, the ratio between the flow 
distributed to consumers in post-earthquake conditions, Qconsumers, and their demand Qdemand 
(representative of non seismic conditions), and s the ratio between water head computed in 
seismic, hseismic, and non seismic, hnon seismic, conditions: 
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h

=

=
(10) 

For r and s it is possible to elaborate, for each node, and across Montecarlo simulations, the 
first and second statistical moment. 

The results are presented in figures 4 through 7. In Figures 4 and 5 the geographic spread of 
the mean of the r and s indicators are presented. For the same case, Figures 6 and 7 present 
the scatter around the mean values (it shows mean values +/- one standard deviation), along 
the nodes of the network. 
As expected, the position of the seismic source, together with local site conditions, played a 
key role over the definition of the reliability of water infrastructure.  Indeed, as shown from 
figures 3 and 4, the area where the water network had the more serious problems were in the 
south-east quadrant, where are concentrated the soft soils, which corresponds a worst amplifi-
cation of the seismic ground effects (Yargici, 2003) [29]. 
This justifies the importance of including a correct soil geotechnical model in risk response 
analysis. 
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Figure 7. Average ratio and scatter (±σ) of water flow distributed along network nodes 

7 CONCLUSIONS 

The paper presents a procedure for the post-seismic reliability analysis of water distribu-
tion networks. The developed method is capable of integrating the features arising from struc-
tural or functional failures due to an earthquake. The post-earthquake damages to the buried 
pipelines due to the ground shaking are the main source of vulnerability and inefficiency for 
the whole water distribution system. 

The method permits to identify the nodes where the network capacity decreases to the 
point that the system is unable to deliver the necessary flow rates (i.e. the capacity is lower 
than the demand). 

The difficulty of the task has been overcome recurring to the Montecarlo reliability analy-
sis technique. The power of the approach lies both in the ability to consider the main sources 
of uncertainty under which the analysis is conducted and to treat the networks as capacitive. 

This has required to model the seismic action (accounting for possible seismogenetic 
sources, the probability of occurrence of earthquakes and the source to site attenuation pro-
cess), to model the effects of the ground shaking on the network components (understanding 
possible interactions between mechanical and structural damage and functionality reduction) 
and finally to model the flow of the circulating water across the system. 

Seismic hazard and componential fragilities have been combined through the functioning 
of the network: the ground shaking, consistent with the hazard at site, produces, in the pipes 
that form the water distribution network, some damages, according with componential fragili-
ties, so that the whole system response under seismic action can be evaluate. System reliabil-
ity has been analyzed considering the performance in delivering the water in single consumer 
points along the network. 
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Abstract After recent seismic events, the topic of seismic prevention and mitigation in histori-
cal centres is becoming very important, in particular for seismic prone areas, like Italy, 
Greece, Portugal, in which a lot of historical towns, for the high quantity of old buildings and 
for their urban structure, suffered from significant damages. For this reason, this study deals 
with a new strategy for the seismic prevention and mitigation of historical centres, analyzing 
them in terms of structural safety. The proposed approach is based on two relevant steps: the 
first is to study the Urban Risk, the second is to program the Post-Earthquake Activity. The 
first activity consists in the analysis of a complex system aiming at individuating the nodal 
fragility, the second tends to evaluate the buildings safety and the occupancy conditions for 
these buildings. In this paper a particular aspect of this topic is discussed, i.e. how different 
typologies of buildings, that coexist in historical towns, could influence the reconstruction 
strategy. In fact, the term “old buildings” surely include masonry historical building, but also 
includes more recent r.c. buildings designed without any seismic provisions or, as unfortu-
nately usual, realized with poor quality material. Considering that in recent seismic events 
often this class of buildings caused many damages and deaths, an efficient procedure able to 
measure the impact of r.c. structures on seismic prevention and mitigation in historical cen-
tres has to be considered a fundamental goal to reach. 
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1 INTRODUCTION 

Urban seismic risk prevention deals with the effects of territorial transformation, in order 
to evaluate the impact these ones may have in modifying the functions of different parts of a 
settlement.  Unlike ordinary vulnerability analysis of structures and infrastructures [1-8], ur-
ban vulnerability depends not only on the structure characteristics but also on the functional 
systems that compose a city [9-14].  Urban prevention, therefore, has to be framed in a wider 
vision as compared to a single building and is designed to maintain the vital settlement func-
tions. 

The key issue is to identify the essential parts of the urban structure, which must remain 
operational even after the earthquake.  This Urban Minimum System (UMS) is conditioned by 
the settlement strategic role as compared to the surrounding area and, with due consideration, 
by the different elements that compose it.  This approach, i.e. the selection of some elements 
only, is justified by the circumstance that it is impossible to protect the entire settlement, for 
reasons of cost and time.  It is therefore natural to make a choice: which structures, and at 
which level, to protect first.  Prevention planning is based upon the need to maintain the vital 
functions that make up a city.  The idea of UMS is linked to the strategic role of the different 
elements, within the ordinary life of a city. It is necessary to understand which are, at any giv-
en time, the components of the UMS, with the final goal of identifying the set allowing to ob-
tain a city working after an earthquake. 

On the above issue, many classical structural reliability methods have been proposed in lit-
erature in order to model and analyse the seismic safety of a system and to identify the com-
ponents which, after retrofitting, maximise the system probability of survival. In particular 
past studies deal with the seismic safety of both stand-alone structures (e.g. a hospital, a 
bridge) and capacitive network like systems ((e.g. electric network, water distribution, roads 
network). By the word capacitive here we mean that the network has a finite (however big or 
small) transportation capacity, being it of goods (electricity, water) or people (roads).  
The procedure described in this paper belongs to the former class and, differently from the 
previous studies, focuses on urban centers. The historical center of “Montebello di Bertona” 
(Abruzzo, Italy) is chosen as case study. The system (a portion of a municipality) is modelled 
via its cut sets and a fragility curve, specifically computed, is assigned to each element.  An 
optimization procedure, aiming at maximizing the global system safety and minimizing retro-
fitting costs, is then set up.  The results clearly indicate the best seismic retrofitting strategy. 

2 A STRATEGIC APPROACH FOR HISTORICAL CENTRES 

An historical center is, like a general infrastructure, a complex mix of different functions; 
these functions are in part in series and in part in parallel.  This distinction is very relevant. 
A series system is a configuration such that, if any component of the system fails, the entire 
system fails. Conceptually, a series system is as weak as its weakest link. Contrarily a parallel 
system is a configuration such that, as long as not all the system components fail, the entire 
system works.  Conceptually, in a parallel configuration the total system reliability is higher 
than the reliability of any single system component. 

These basic approaches have to be redefined for historical centers, above all if little towns 
in marginal territories are considered, like those existing in the Abruzzo Region, in Italy.  In 
this case historical centers show low inhabitant density, a great part of uninhabited or partially 
inhabited buildings and a poor maintenance of these buildings. 
So, under the above circumstances, it is not possible to classify a building as part of a series or 
parallel system: probably these buildings are out of any system from a functional point of 
view and it is not clear how to manage their failure. On the contrary these same buildings may 
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have a great value from an urban point of view. That is, they may be particularly relevant in 
terms of architectural content and touristic use. Finally it could be extremely complex to indi-
viduate the owners of this existing patrimony, so it could be difficult to characterize these 
buildings in terms of fragility. 

Moreover, in an historical center, the choice if restoring or not a building (or if seismically 
improve it or not) could be devoted to urban or architectonical considerations and not to eco-
nomical or purely structural evaluations. In this framework an accurate evaluation of the his-
torical evolution of the urban pattern should be a crucial step and the population size trend 
could be a fundamental parameter. In fact the population size can affect both building con-
struction and maintenance. That is, if in a certain period a town has a great population, it 
needs a high number of buildings for home and service; if the same town later losses popula-
tion, those buildings will be not maintained or will be abandoned.  In the case of an earth-
quake this town will be more fragile than another one with constant population size trend. So, 
for historical center, there is a link between population size trend and damage response. 

3 URBAN RISK ASSESSMENT AND REDUCTION 

Recently, as a result of the seismic events occurred in Italy and in other parts of Europe, 
the analysis of urban seismic vulnerability has become a topic of considerable interest. Vari-
ous procedures for the safety evaluation of network systems like electric powers, roads, hospi-
tal regional systems or hospitals, bridges or strategic buildings, were proposed in literature 
[15-22].  

Differently from the above studies, the research herein carry out deals with the topic of Ur-
ban Risk Assessment. In this specific case, a new system has to be defined: the so-called Ur-
ban Minimum System (SUM), i.e. a peculiar urban system composed of strategic buildings, 
open spaces and public ways [10, 23]. Strategic here means either crucial to its operation (e.g. 
hospitals, industries, commercial and governmental buildings, bridges, major roads, etc.) or 
essential to achieve strategic objectives (e.g. if a policy of sustainable energy development is 
adopted, the system of production facilities, wind farms, solar, biomass power plants, etc.). 

The Sum is therefore a system of paths, functions, strategic buildings and spaces that are 
considered essential for the post-earthquake vitality of the urban organism, even after further 
events caused by the earthquake (fire, landslides, damage and geological phenomena, etc.). 
The Sum includes structures and functions, so that no component can be removed without 
compromising the overall operation of the city. If the SUM includes infrastructural networks 
and external risks (environmental and geological risks),it can be referred to as a complex sys-
tem.  From a mathematical point of view, considering that many aleatory quantities are in-
volved, a probabilistic approach should to be applied; on the other hand, if a Urban Plan has 
to be approved, it is necessary to assume practical and operational decisions.  

Generally, when a seismic safety evaluation is carried out, it is necessary to construct a 
procedure able to maximize the safety of the selected nodes and minimize the economic cost, 
in order to identify which components, within each part of the system, have to be upgraded at 
the aim of obtaining the maximum economic convenience. In the case of a Urban System, this 
approach has to be revisited in order to take into account the functional, and social, roles of 
the different parts of a city. Many aspects have to be simultaneously considered in the hy-
pothesis of a seismic event: i) structural safety; ii) functionality of shops, public offices, 
schools, hotels; iii) functionality of public roadways. 

There is no a single Sum identification method. The approach presented in this paper is an 
attempt to define the minimum urban structure synthesizing structural and urban design, reas-
sembling two different visions of the same problem, the structural engineering and the urban 
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design. The first phase of the urban risk assessment involves the analysis of the spatial ele-
ments at risk, listed below: 

• the population in the wider sense, the human element, that is the permanent population
(residents and people who work in the city) as well as the temporary one (people who
work but do not live in the city – professional visitors, tourists, etc.);

• the residences, buildings and infrastructures of the city frequently receiving large
numbers of visitors, such as public buildings, services, buildings housing central func-
tions.

• buildings of strategic significance characterized by their usefulness in crisis periods,
such as hospitals, fire and police stations, communications centers, general infrastruc-
ture and basic decision-making centers (administrative officials, city hall, etc.), organ-
izations.

• monuments, buildings that belong to the cultural heritage of the city, buildings of ar-
chitectural significance.

• transportation networks (roadway, railway) with their subcomponents (bridges, streets,
terminal stations, etc.).

• Utility networks (electricity supply, telecommunications, water supply, natural gas,
sewage disposal) with their subcomponents (substations, tanks, pipelines, etc.).

Furthermore, a urban risk analysis also includes a population distribution study, an analysis 
of its socioeconomic characteristics and structure, functions of the city, productive and eco-
nomic activities taking place within it, systems of its substructure and its superstructure as 
well as its relation to the wider region. 

In the case of a historical center, a reasonable logical scheme for a SUM is shown in Figure 
1a.  This scheme is composed of four sub-systems (strategic buildings, open spaces, external 
risks, public ways) arranged in series; each of these sub-system is arranged in series too. 
When a system is arranged in series, it means that each element has to be safe in order to pre-
serve the global safety (Figure 1b).  So a strategic building, such as for example a primary 
school, can be considered safe if the open spaces near the school are accessible, electric power 
is at disposal, water network is operative, eventual ground sliding remains in a quiescent stage, 
public ways preserve their accessibility from the entire community and, above all, from ambu-
lances or civil protection and fire trucks. On the other hand when a sub-system shows some 
redundancies, the corresponding components can be assumed as arranged in parallel. So, for 
example, if the same primary school can be reached by means of two different road ways, 
these two ways result in parallel, that is one of these can collapse if the other one remains full 
efficient.  

Any macro sub-system is firstly assumed as in series with the others, while a punctual 
analysis successively allows to distinguish the two categories of in-series and in-parallel com-
ponents (Figure 1c).  
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a) b)

c)

Figure 1. Possible Logical schemes for a SUM 

3.1 Proposed methodology  

Due to the uncertainties involved in the analysis, a probabilistic approach is herein applied. 
The proposed methodology involves the following steps: i) identification of the SUM; ii) se-
lection of the target safety level, that is of the seismic intensity level; iii) definition for each 
component of the fragility curve, which gives the probability of a structure to exceed a certain 
damage state; iv) evaluation of the fragility behavior of the whole system; v) identification of 
an optimal retrofitting strategy.  

The vulnerability assessment at territorial scale firstly requires to group the buildings that 
have a similar seismic behavior, in order to evaluate the damage and losses of the built envi-
ronment due to a given hazard assessment.  

Successively, suitable fragility functions can be defined for each building class, by using 
existing ones or by developing new specific curves. The fragility curves describe the probabil-
ity of a structure to be in or exceed different damage states (i.e. minor, moderate, extensive 
and complete) for a given level of ground shaking or failure [18, 23]. 

The fragility curves herein adopted are empirical, that is were obtained, in a previous study, 
from observed damages after the occurrence of past earthquakes in Italy [24-28]. More pre-
cisely, they were evaluated by applying the bayesian updating method to damage data record-
ed in the 1980’s Irpinia and the 1976’s Friuli earthquakes. The assumed distribution function 
for each component fragility was lognormal, defined by the two parameters mean and coeffi-
cient of variation. Two performance levels, Immediate occupancy and Structural stability 
were considered. The Fragility curves so obtained define the probability of failure Pf of each 
class of buildings in function of the earthquake intensity expressed in terms of Mercalli - Can-
cani - Sieberg scale. After defining the fragility curves of the different components, the fragil-
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ity curve of the whole system can be achieved by applying the classical structural reliability 
methods and the Monte-Carlo technique.  

The component whose strengthening mainly increases the whole system safety is then 
searched for, through an optimization algorithm. That is, the optimal retrofitting strategy con-
sists of the determination of the priority order according to which the different components 
have to be strengthened. In other words, after the as-it-is-system failure probability has been 
computed, it is checked the strengthening of which component, among all, increases the sys-
tem safety mostly. This one is chosen as the first in the priority list (I); the check is then re-
peated (assuming component I as strengthened), the second one is chosen and the priority list 
up-dated. The increase of the whole system safety is measured in terms of increment of the 
mean failure probability. In this way, scarce economic resources can be optimally allocated in 
terms of system safety.  

4 THE CASE STUDY: “MONTEBELLO DI BERTONA”  

The practical application of the method concerns the town of “Montebello di Bertona”, 
which belongs to the so called “cratere sismico aquilano” (municipalities near the epicentre of 
the recent L'Aquila earthquake).  

All buildings are classified into six classes on the basis of three structural typologies, i.e. 
masonry, reinforced concrete and mixed ones, and two heights, i.e. less or more than three 
floors. The considered components are in total 40 and include buildings, utility networks 
linked to external risks, open spaces and public ways, assembled in series or in parallel. 

The fragility curves for the analyzed SUM are shown in Figure 2, where the red thick line 
represents the actual fragility curve of the whole system.  It is possible to note that the value 
of the failure probability PF= 50% is reached in correspondence of a value of the Modified 
Mercalli Intensity (MMI) equal to 5.70, i.e. this little town is too much fragile on respect to its 
local seismicity.  A retrofitting procedure has to be carried out in order to obtain an acceptable 
Security Level. Considering the nature of a historical town where masonry buildings represent 
the prevalent building typology, a MMI = 10 level in correspondence of  PF= 50%, with ref-
erence to the whole system fragility curve, can be assumed as an acceptable Risk Level target. 

Figure 2. Fragility curves for Montebello di Bertona Urban Minimum System 
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a)

b)

Figure 3. a) MMI failure intensity level; b) Cumulative PF average value, for each component at each retrofitting 
step.   

a) b)

Figure 4. a) MMI failure intensity level; b) Cumulative PF average value, for each component at the most rele-
vant retrofitting steps.   

Figure 3a shows the MMI failure level for each component at each retrofitting step; it 
clearly emerges that the system fragility mainly depends on a few number of components 
characterized by high fragility levels.  It is a priority to retrofit these elements in order to ob-
tain an improvement of the system behavior, i.e. in order to obtain an acceptable Security 
Level. A retrofitting procedure consisting of 40 steps is herein adopted, leading to a signifi-
cant improvement of the system safety.  The cumulative PF average value (that is PF= 50%)   
for each component at each retrofitting step is reported in Fig. 3b. It is possible to note that at 
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the end of these 40 steps the mean failure probability (PF = 50%) is reached in correspond-
ence of the more acceptable value MMI ≈ 10.20. An important safety level for the Urban 
System is so achieved by the retrofitting of few components. 

Figures 4a,b show the MMI failure intensity level and the cumulative PF average value 
(PF= 50%)  for each component at the most relevant retrofitting steps.  It is possible to note 
that the retrofitting of few particular components strongly affects the SUM security level. 

5 CONCLUSIONS 

The paper focuses on a new system reliability strategy to assess the seismic safety of a 
whole historical center. The proposed methodology can be summarized by the following main 
steps: i) identification of the SUM; ii) selection of the target safety level; iii) definition of the 
fragility curve for each component; iv) evaluation of the fragility behavior of the whole sys-
tem; v) identification of an optimal retrofitting strategy.   

The application of the method is described with reference to the town of “Montebello di 
Bertona”. The whole system is simplified by adopting the Urban Minimum Structure concept, 
which is derived from town planning sciences and adapted to structural engineering. 

It is shown that a sensible prioritization and model optimization, even for a complex sys-
tem like an historical center, is feasible; the results allow to give a clear indication of the pri-
ority order according to which system components should be retrofitted. So the main findings 
of the study underline how retrofitting process has to be well calibrated and fragility hypothe-
ses have to be carefully selected, according to the actual situation that depends on both local 
seismicity and building maintenance.   
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Abstract. The paper summarizes the results of an extensive study conducted at the University 
of California, Berkeley. A test article representative of a piece of high-voltage substation 
equipment was studied on a shaking table. It consisted of a support structure and an insulator 
installed on its top. The support structure was constructed from a HSS with well-separated 
natural frequencies in both horizontal directions. A porcelain insulator typically used on a 
230-kV system was used in the study. A set of four wire ropes was used as a seismic isolation 
for the system. Two installation cases were considered in the study: (1) fixed base and (2) iso-
lated by wire ropes. As required by the latest draft of IEEE693, a number of component tests 
was conducted to evaluate the performance of the wire ropes. Based on the results of compo-
nent testing, detailed numerical models of the seismically protected equipment were generat-
ed. Each equipment configuration was subjected to seven time histories matched to the same 
IEEE693 spectrum. Four of them were modified from historical records and matched to the 
IEEE693 spectrum in the time domain. The other three excitations were synthetic strong mo-
tions matched to the same spectrum. The main objective was to evaluate the variability of the 
seismic response of the equipment subjected to seven time histories matched to the same re-
sponse spectrum. 
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1 INTRODUCTION 

The main objective of the study described in this paper is to develop an accurate finite el-
ement model and compare a seismic qualification by analysis of high-voltage (HV) substation 
equipment to that by testing. Sample equipment that had been seismically isolated by means 
of wire ropes (WRs) was used in this study. The paper follows the requirements of the newly 
introduced Annex W (IEEE P693/D15) [1], that provides guidance on the seismic qualifica-
tion by analysis. 

This paper summarizes the results of a research project that is currently being conducted at 
the University of California, Berkeley. The project is conducted in two phases. In the first 
phase, a new set of time histories for IEEE693 seismic testing and seismic qualification by 
analysis were developed [2]. The set consists of (a) three strong motion crustal records; (b) a 
strong motion record from a subduction zone earthquake; and (c) three synthetic strong mo-
tions. The spectra of historic records were spectrally matched to 5% damped IEEE693 spectra 
in time domain. Three synthetic strong motions were generated and spectrally matched to the 
same target spectra. In the second phase, the newly developed IEEE693 time histories were 
verified in numerical simulations of seismically isolated equipment and testing on a uniaxial 
shaking table. The shaking table is a high-performance earthquake simulator with a long-
stroke and high velocity capabilities. The time histories were imposed back-to-back and the 
test results were compared to the numerical simulation results. 

2 COMPONENT TESTS AND RESULTS 

Sample HV equipment consisting of a base plate, support structure, seismic isolators (Wire 
Ropes), an insulator and live parts is presented in Figure 1.  
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Figure 1: Details of HV equipment. 

Four WRs were installed at 45 degrees to the direction of loading as presented in Figure 2. 
To follow Annex W [1] a set of component tests was conducted to expand the manufacturer 
data associated with this particular type of WRs. The data furnished by the manufacturer was 
limited to monotonic loading in one direction only. This typical set of data was lacking infor-
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mation in regard to the following: (1) cyclic performance vs. monotonic; (2) tension data in 
cyclic loading; (3) ultimate capacity; (4) repeatability of data from one component to another; 
(5) cyclic performance with applied vertical load (dead load of the system) and many others. 
To address these issues extensive component tests following Annex W [1] were conducted on 
two WRs. Due to the size limitations of the paper only some of the most important results are 
discussed in this paper. 
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Figure 2: Details of base plate and WR installation. 

The tests were conducted in a specially designed and constructed 2D testing machine as 
presented in Figure 3. The machine is capable of simultaneously applying both vertical and 
horizontal loads. The actuators were controlled from a displacement or force feedback de-
pending on the test objectives.  

a) Schematic 3D drawing b) Global view
c) Zoomed view (an example

of WR testing in 0 degree
orientation is shown) 

Figure 3: Details 2D testing machine for component testing of WRs. 

Typical results for cyclic testing in a vertical direction are presented in Figure 4a. The ver-
tical load was applied in groups of three cycles with incrementally increasing amplitude as 
presented in Figure 4b. The horizontal actuator placed under displacement control to keep 
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shear displacement at zero. As shown in Figure 4a, the compression test results closely match 
the data obtained from the manufacturer. The latter data was limited to monotonic compres-
sion-only test data that does not provide information on the force vs. displacement relation-
ship in tension. The cyclic test data addresses this shortcoming and reveals the fact that the 
WR’s performance in both tension and compression is nonlinear as shown in Figure 4a. The 
WR is much stiffer in tension and this needs to be accounted for in numerical modeling. From 
the areas of the cycle loops amount of dissipated energy per each cycle was estimated.  

 

a) Force vs displacement b) Testing protocol for vertical load 

Figure 4: Cyclic loading in vertical direction. 

In the next stage of component testing, the WR’s performance was evaluated at different 
vertical pre-load values. For each pre-load value the WRs were tested in 0, 45, and 90 degree 
orientations. The pre-load values of 0 lbs, 500 lbs, and 1400 lbs were considered. As a typical 
example the results for the 45 degree orientation are presented in Figure 5 and Figure 6. 

 

a) WR under testing 
b) Testing protocol for shear displacement (the same protocol 

was repeated for each pre-load value) 

Figure 5: Component tests in shear loading with different pre-load values (45 degree orientation of WR). 
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a) Three pre-load values b) Comparison to manufacturer data at 0-kip pre-load

Figure 6: Force vs displacement for 45 degree orientation of WR. 

It is worthy to note that the 0, 45 and 90 degree directions can have different performance 
curves which is important for proper modeling of their performance in 3D analysis or shaking 
table tests. Since a uniaxial shaking table was deployed in this study, the results for the 45 de-
gree orientation were used for the subsequent modeling. 

Although the cyclic test data at 0-kip vertical pre-load is closely correlated to the data sup-
plied by the manufacturer as shown in Figure 6b, the situation is different for other non-zero 
pre-load values as presented in Figure 6a. The manufacturer’s data overestimated the stiffness 
that can lead to significant underestimates of the maximum displacements in the horizontal 
direction.  

3 NUMERICAL MODELING AND VERIFICATIONS BY SYSTEM LEVEL TESTS 

Table 1 lists all major components of the HV equipment studied in the paper. Weights of 
the majority of the components were measured and the weight of the base plate was estimated. 
The total weight of the fully assembled equipment was estimated at around 1500 lbs. Since 
the dead load of the equipment was evenly distributed between four WRs, each of them was 
pre-loaded with a load of about 400 lbs. 

Item Material Weight, lbs Note
Base plate (with top WR adapter plates) A36 steel 844 Estimated 

Bottom WR adapter plates A36 steel 94 Measured 
WR SS cable 8 Measured

Support structure A36 steel 216 Measured 
Insulator support Aluminum 50 Measured 

Live parts Aluminum 40 Measured 
245 kV porcelain insulator (high strength) Porcelain 363 Measured 

Table 1: Material data of the major components and their weights. 

A detailed finite element model was generated based on the information obtained from the 
component tests and the material data and weights listed in Table 1. The final model is pre-
sented in Figure 7. The SAP2000 [3] software package was used for FE modeling and simula-
tions. The base plate, the support structure, and the insulator support were modeled by shell 
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elements. The insulator and the life parts were modeled as frame sections. The WRs were 
modelled as non-linear links. 

To calibrate the FE model, both fixed base and seismically isolated configurations were 
tested in stiffness and snap-back tests. In these tests the specimen was slowly loaded (with a 
horizontal pull) at the terminal location, and the load was suddenly was released at about 650 
lbs maximum load. The horizontal displacement was monitored at the load application point. 
In addition, strain gages at the bottom of the porcelain insulator and accelerations on top of 
the equipment and on top of the support structure were monitored. The accelerometers were 
installed in both horizontal directions. 

a) Global
view 

b) Zoomed view of support structure at
base plate (bottom)

c) Zoomed view of support structure at in-
sulator support (top) 

Figure 7: Details of FE model of the equipment. 

As a typical example, the results of the equipment seismically isolated by the WRs are pre-
sented in Figure 8.  

a) Global view b) Stiffness test results
c) Acceleration and FFT in snap-

back test 

Figure 8: Stiffness and snap-back test results for assembled equipment with WR isolators. 
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As shown in Figure 8b, the force versus displacement relationship is nonlinear especially at 
the very beginning of loading. The WRs introduced significant damping into the system and 
as such, the system’s large amplitude vibrations decayed after about three cycles (as presented 
in Figure 8c, top). The Fast Fourier Transform (FFT) also shows the presence of large damp-
ing (as shown in Figure 8c, bottom). 

The model was calibrated based on the stiffness and subsequent snap-back tests with the 
FE model vs. specimen comparison results presented in Table 2. 

 
F1, Hz Tip disp., in Tip force, kip Eff. stiffness, kip/in Data source 

4.88 1.43 0.65 0.455 FEA: fixed based§ 
4.88 1.38 0.65 0.471 Test: fixed base† 
1.95 6.56 0.65 0.099 FEA: isolated base§ 
1.95 6.52 0.65 0.100 Test: isolated base† 

† Snap-back and stiffness test results; § results for elastic FE model 

Table 2: Results of the FE model calibration. 

4 NUMERICAL SIMULATIONS 

Seven time histories developed earlier [2] were used as excitation functions at the bottom 
of the equipment. A complete list of the time histories is presented in Table 3. A special effort 
was made to ensure that spectra of all time histories stay within 15% strip above the IEEE693 
High Performance Level spectra [4] as presented in Figure 9a.  

Since the shaking table testing was limited to uniaxial excitation only, X-component of 
each IEEE-693 compatible time history was utilized in the numerical simulations. The wire 
rope was modelled by multilinear model with kinematic hysteresis loop available in SAP2000 
[3]. A typical result for numerically calculated force versus displacement diagram at the WR 
location (in the vertical direction) is presented in Figure 9b. 

  

Seed motion, if any EQ type 
Name of IEEE693-

compatible time histo-
ry 

Time history 
number in 
Figure 10 

Landers, CA (1992) Crustal TestQke4IEEE5-1a 1 
El-Centro, CA (1940) Crustal TestQke4IEEE5-1b 2 
Chi-Chi, Taiwan (1999) Crustal TestQke4IEEE5-2 3 
El Mayor-Cucapah, Mexico (2010) Crustal TestQke4IEEE5-3 4 
CONSTITUCIONS/N4598 Chile, Febru-
ary 27, 2010 

Subduction TestQke4IEEE5-4  

NA (synthetic) NA TestQke4IEEE5-5 5 
NA (synthetic) NA TestQke4IEEE5-6 6 
NA (synthetic) NA TestQke4IEEE5-7 7 

Table 3: List of the newly developed IEEE693-compatible time histories used in the study. 

The peak accelerations on the top of the equipment are presented in Figure 10. The fixed 
base case is shown in Figure 10a and the nonlinear case with WRs between the base plate and 
the ground are presented in Figure 10b. 

The following were concluded from results presented in Figure 10. First, the variation of 
the elastic results is limited by about 24% from the lowest valley to the highest peak. The 
peak accelerations have larger variation for the nonlinear case and it is close to 30% from the 
lowest valley to the highest peak. Second, the largest variation in both elastic and nonlinear 
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cases occurs for the time histories with non-stationary character (No. 1-4 in Table 3 and Fig-
ure 10). These time histories were developed from seed historic records by spectral matching 
in time domain. In case of this numerical model, the synthetic time histories (No. 5-7 in Table 
3 and Figure 10) did not represent the most conservative approach for evaluation of seismic 
performance of high-voltage substation equipment by analysis (peak accelerations are less 
than the mean). The situation can be different for other equipment tested or analyzed. 

a) Spectral accelerations of all time histories b) Nonlinear case with WRs

Figure 9: Time histories used in study and force vs displacement diagram at WR (nonlinear case). 

c) Fixed base (elastic case) d) Nonlinear case with WRs

Figure 10: Peak acceleration on top of the system for linear (fixed-base) and nonlinear (isolated by WRs) 
cases. 

5 SHAKING TABLE TESTING 

The equipment isolated by the wire ropes was tested on a long-stroke high-velocity shak-
ing table at Structures Laboratory (Civil and Environmental Engineering Department of the 
University of California, Berkeley). Only uniaxial excitation in X-axis was imposed on the 
system. Each time history from Table 3 was run three times to estimate variability between 
the runs and its effect on the system response. Therefore, twenty one shaking table tests were 
performed on the system. All runs were conducted at 50% of scale (anchored at 0.5g PGA). 
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The global view of the equipment installed on the shaking table is presented in Figure 11. The 
specimen was extensively instrumented with accelerometers, position transducers, and strain 
gages as presented in Figure 11.  

The test response spectra are presented in Figure 12a. A mean and a mean plus one stand-
ard deviation for all these runs are shown in the same figure. While the shaking table was over 
performing in the high frequency range, a variability between the runs in vicinity of the low-
est resonant frequency of the equipment (1.95 Hz) was relatively small and remained within -
4% and +6% strip as presented in Figure 12b. 

 

 
Figure 11: (a) Global view of the equipment on the shaking table and instrumentation details: (b) – accel-

erometers on top of the support structure, (c) 3D displacements of the base plate were estimated from triangula-
tion at three points with one of the typical installation presented here, (d) accelerometers on top of the equipment, 

(e) – strain gages at the bottom of the porcelain insulator. 

a) Spectral accelerations of all time histories 
b) Variation of Sa in vicinity of resonant frequency re-

mained within -4% and +6% strip 

Figure 12: Test response spectra (TRS). 

The peak accelerations on top of the equipment are presented in Figure 13a. It varies from 
about -17% to about +13%. Hence, it remains within 30% variability strip that is close to the 
theoretical variability estimated earlier. In opposite to that, the strain variability is much larger 
as presented in Figure 13b. The normalized strain for all runs varies from about -22% to 
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+18% of the mean. Therefore, it varies within 40% strip. It worthy to note that the porcelain 
insulator is the most vulnerable component of the tested system and, as such, the peak strain 
at the bottom of the insulator is the most representative parameter defining seismic the sys-
tem’s response to the seismic demand.  

In an earlier study [5], the failure strain of the porcelain insulator was closely correlated to 
the cantilever strength rating provided by the manufacturer. It worthy to note that the insulator 
is from high-strength porcelain insulator category and is rated at 2750 lb cantilever strength. 
During this experimental program, the mean strain was at about 8% of failure strain for this 
type of porcelain insulator. The low system’s response might be related to the large damping 
of the system introduced by the wire ropes. The performance of the system with fixed base 
will be investigated later in the upcoming tests of the project.  

a) Normalized peak accelerations (top) b) Normalized peak strain (bottom)

Figure 13: Summary of peak acceleration of top of equipment and peak strain at bottom of insulator. 

The following conclusion was made based on the results of the experimental program. Alt-
hough the variability of the peak acceleration was close to the theoretical prediction, this re-
sult greatly depends on the performance of a shaking table and can increase for poorly tuned 
shaking tables and/or in shaking on 3D earthquake simulators. The peak strain at the bottom 
of the insulator (representing one of the major demand parameters) varies in a greater range 
than the acceleration on top of the equipment. Therefore, for future comparative studies, is it 
suggested to use the peak strain variability to estimate variability of the system’s response to 
the seismic demand. 

6 CONCLUSIONS  

The following conclusions were made based on the results of the extensive component 
testing program. 

 Although the cyclic shear test data at zero pre-load is closely correlated to the data sup-
plied by the manufacturer, the force vs displacement diagrams are quite different for
other non-zero pre-load values. The manufacturer’s data is overestimating the stiffness
that can lead to significant underestimates of the maximum displacements in the hori-
zontal direction.
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 The compression test results closely match the data obtained from the manufacturer. 
The latter data was limited to monotonic compression-only test data that does not pro-
vide information on the force vs. displacement relationship in tension. The cyclic test 
data reveals the fact that the WR’s performance in both tension and compression is non-
linear. The WR is much stiffer in tension and this needs to be accounted for in numeri-
cal modeling. 

The following conclusions were made based on testing of fully assembled fixed-base and 
isolated-base systems (snap-back testing). 

 Overall stiffness and the lowest dominant frequency of the fully assembled test specimen 
(in both base-fixed and base-isolated cases) closely matches the stiffness of the corre-
sponding numerical model. 

 The snap-back test of the isolated base specimen reveals the fact that the dominant fre-
quencies of the system have significantly different damping values associated with them. 
The large amplitude vibrations have low frequency with very high damping. The small 
amplitude cycles have higher frequency and very low damping. 

The following conclusions were made based on the numerical simulations. 

 The variation of the elastic results is limited by about 24% from the lowest valley to the 
highest pick. The peak accelerations have larger variation for the nonlinear case that is 
close to 30% from the lowest valley to the highest pick. 

 The largest variation in both elastic and nonlinear cases occurs for the time histories with 
non-stationary character. These time histories were developed from historic records by 
spectral matching in time domain. In case of this numerical model, the synthetic time his-
tories did not represent the most conservative approach for evaluation of seismic perfor-
mance of high-voltage substation equipment by analysis (peak accelerations are less than 
the mean). The situation can be different for other equipment tested or analyzed. 

The following conclusion was made based on the results of the experimental program.  

 Although the variability of the peak acceleration was close to the theoretical prediction, 
this result greatly depends on a performance of a shaking table and can increase for poor-
ly tuned shaking tables and/or in shaking on 3D earthquake simulators. The peak strain at 
the bottom of the insulator (representing one of the major demand parameters) varies in a 
greater range than the acceleration on top of the equipment. Therefore, for future com-
parative studies, is it suggested to use the peak strain variability to estimate variability of 
the system’s response to the seismic demand. 
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Abstract. This paper focuses on quantifying the level of correlation of the track loading at the 

wheel/rail interface due to rail unevenness and its influence on predictions of ground vibra-

tion. The extent to which the unevenness of the two rails is correlated has been estimated from 

measurements of track geometry obtained with track recording vehicles for six different 

tracks. It was found that for wavelengths longer than about 3 m the unevenness of the two 

rails can be considered to be strongly correlated and in phase. To investigate the effect of this 

on ground vibration, a railway model that works in the wavenumber-frequency domain and 

includes separate inputs on the two rails has been used. In this model, the track is assumed as 

an infinite invariant linear structure resting on an elastic stratified half-space. This is excited 

by the gravitational loading of a passing train and the irregularity of the contact surfaces be-

tween the wheels and the rails. The railway model can account or discard the effect of load 

correlations on the two rails beside the effects of variation of the tractions across the width of 

the track-ground interface and the vehicle sprung mass, as well as the roll motion of the 

sleepers and the axle. A comparative analysis is carried out on the influence of these factors 

on the response predictions using numerical simulations. It is shown that, when determining 

the vibration in the free field, it is important to include in the model the non-symmetrical 

loading at the two rails that occurs for unevenness wavelengths shorter than about 3 m.
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1 INTRODUCTION 

An important environmental impact of existing and future railway lines occurs due to the 

ground-borne vibration induced by the trains; this is an issue both for trains running on sur-

face railways and for trains in tunnels. Ground-borne vibration from railways is generated at 

the wheel-rail interface due to the passage of individual wheel loads along the track (quasi-

static loading) and due to dynamic interaction forces caused by irregularities of the wheels 

and tracks (dynamic loading) [1]. The vibration generated propagates through the ground to 

nearby buildings where it may cause annoyance to people or malfunctioning of sensitive 

equipment. Inhabitants of the buildings perceive the vibration either directly, due to motion of 

floors and walls, or indirectly as re-radiated noise.  

Since neither the wheel nor the rail running surfaces are entirely smooth, their unevenness 

causes the wheel and rail to move vertically relative to one another. Thus, dynamic forces are 

generated at the wheel/rail contacts by the combined irregular profile of the rail and wheel 

running surfaces and these forces can lead to wave propagation in the ground. For the fre-

quency range 2-80 Hz, typically of interest for the perception of ground vibration and 20-250 

Hz for the perception of ground-borne noise, and a train speed range of 10-100 m/s (36-360 

km/h), the corresponding wavelengths of the vertical unevenness lie within the range 0.04 to 

50 m (or wavenumbers from 0.12 to 160 rad/m). When considering the rail surface, at wave-

lengths less than about 1 m this vertical unevenness is most commonly caused by irregular 

wear or corrugation of the rail contact surface, whereas at much longer wavelengths it is due 

to undulations in the track bed. On the wheels, short wavelength unevenness is again caused 

by wear whereas discrete wavelengths up to about 3 m are present due to out-of-roundness. 

Additionally, dynamic forces are generated as impacts as the wheels traverse switches and 

crossings or badly maintained rail joints [2-3]. 

A simplifying practice commonly used in most models for ground-borne vibration is that 

the forces generated at the wheel-rail interface are assumed to be identical (and in-phase) for 

the two rails [e.g. 4-10]. This assumption imply that the unevenness of the two rails is identi-

cal and thus may be treated as a fully correlated input on the two rails. This seems reasonable 

for wavelengths much longer than around 1.2 m, which is twice the typical sleeper or fastener 

spacing, as the unevenness in this range corresponds to the track geometry. Consequently, this 

assumption can lead in further simplification of the track model by using a single beam to rep-

resent both rails and considering the wheelset as a single mass [5, 7, 10]. However, at shorter 

wavelengths, as used in models that predict rolling noise, the excitation on each rail should be 

treated independently and the overall response determined by assuming that the roughness on 

both rails is uncorrelated. Thus the mean-square responses, due to separate excitation on the 

two rails, should be added [1]. 

Measurements of track geometry that can include very long wavelengths are obtained from 

track recording coaches (TRC) and are principally used to determine the need for track 

maintenance such as tamping of the ballast [11]. These systems measure the longitudinal pro-

file of both rails, usually under loaded conditions. The minimum wavelength measured is 

usually around 1 m. In contrast, hand-held accelerometer-based trolleys and mechanical dis-

placement probes are used to measure shorter wavelength rail irregularities (“acoustic rough-

ness”) up to wavelengths of about 1 m in unloaded conditions [1]. These measure one rail at a 

time and therefore do not allow the correlation between the two rails to be determined. To 

cover the complete wavelength interval required, a combination of measurement methods is 

needed [12-13]. 

There is little information available about the correlation between the unevenness on two 

rails of a track or two wheels of a wheelset apart from a few examples in [14]. This paper 
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aims to identify the degree of correlation between the unevenness of the two rails and how it 

affects the vibration prediction in the free field when it is taken into account in the modelling. 

Therefore, track geometry measurements obtained with TRCs are shown for different opera-

tional railway tracks and the level of correlation between the unevenness of the two rails is 

investigated for the wavelength range 0.5-25 m. Moreover, in order to investigate and quanti-

fy the effects on the response predictions of ground-borne vibration caused by the level of 

correlation between the two rails, a surface railway model is used, describing the dynamic 

system of a ballasted (or slab) track on a layered elastic half-space and taking into account the 

traction variation across the track-ground interface. The rotation of the track and the wheelsets 

about the axial direction (roll) is included as well as the vertical motion, allowing the intro-

duction of different unevenness on the two rails. Finally, the effect of treating the unevenness 

of the two rails as fully correlated, partially correlated or uncorrelated is illustrated by calcu-

lating and comparing the dynamic response predictions in the free-field for a range of mod-

el/excitation parameters 

2 UNEVENNESS CORRELATION BETWEEN THE RAILS 

To demonstrate the level of correlation between the unevenness of the two rails, example 

spectra of measured track geometry data are presented. The data has been obtained with track 

recording coaches (TRC) for six operational railway tracks. Details of these track sections are 

given in Table 1. The first is a typical mainline ballasted track [13], the second is a ballasted 

high speed line, the third is a typical suburban slab track in a tunnel, the fourth is a booted 

sleeper slab track section of a high speed line, the fifth is a freight line and the sixth is a 

freight line that is considered as not well maintained. In each case, as is standard practice with 

track geometry recording, the data had been high-pass filtered to remove wavelengths longer 

than 35 m. The data were segmented into 1024-point segments (204.8 m long for the first, 

second and forth track, 256 m for the other three) and power spectra and cross spectra esti-

mates were obtained using 50% overlap and applying a Hamming window on the segments. 

Track 
Length 

(km) 

Sample 

spacing (m) 

Segment 

length (m) 

Mainline ballasted track 10 0.2 204.8 

High speed ballasted track 10 0.2 204.8 

Suburban slab track 2.0 0.25 256 

Booted sleeper high speed slab track 7.5 0.2 204.8 

Freight line  1.2 0.25 256 

Badly maintained freight line  3.3 0.25 256 

Table 1: Details of the track sections for which measured data is presented. 

Figure 1 shows the spectra of rail unevenness determined for both rails of each track section. 

These are expressed in one-third octave band form for ease of comparison. It can be seen that 

the rail unevenness level is similar for the two rails in each case while the high speed ballasted 

and slab tracks in Figures 1(b) and 1(d) respectively show lower unevenness levels than the 

mainline ballasted track in Figure 1(a) for wavelengths longer than 1 m. For the suburban slab 

track in Figure 1(c) the unevenness level is similar to the mainline ballasted track for the 

wavelength range 5-13 m but higher outside this range. The freight track in Figure 1(e) show 
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similar unevenness level with the mainline ballasted track for the wavelength range 1.5-13 m. 

For wavelengths shorter than 1.5 m the freight track show higher unevenness levels. It can 

also be seen that for the freight track in Figure 1(e) and for wavelengths longer than 2 m the 

unevenness level between the two rails start to diverge with the left rail showing up to 5 dB 

higher unevenness levels. As might be expected, the badly maintained freight track in Figure 

1(f) seems to be in the poorest condition amongst the four tracks presented here, with levels of 

unevenness 10 dB higher in all one-third octave bands. 

(a) (b) 

(c)    (d) 

(e) (f) 

Figure 1: Measured unevenness spectrum in one third octave bands wavelength for (a) standard ballasted track 

[13], (b) high speed ballasted track, (c) standard slab track, (d) high speed slab track (e) freight track and (f) bad-

ly maintained freight track: ) left and ) right rail. 
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Figure 2 shows the coherence function between the left and right rail profiles. The coher-

ence function between two signals x and y is a real-valued function that is defined as 

(1) 

where  is the cross-spectral density between x and y, and  and  the auto-

spectral densities of x and y respectively. This provides a spectral quantification of the corre-

lation between the unevenness of the two rails. 

(a) (b) 

(c) (d) 

(e) (f) 

Figure 2: Coherence function for (a) standard ballasted track [13], (b) high speed ballasted track, (c) standard 

slab track, (d) high speed slab track (e) freight track and (f) badly maintained freight track: ) left and ) 
right rail. 
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 (a) (b) 

(c) (d) 

(e) (f) 

Figure 3: Relative phase between the rails unevenness for (a) standard ballasted track [13], (b) high speed bal-

lasted track, (c) standard slab track, (d) high speed slab track (e) freight track and (f) badly maintained freight 

track: ) left and ) right rail. 

The coherence in Figure 2(a) and (b), for the mainline ballasted track and the high speed 

ballasted track, is relatively high at long wavelengths, indicating that there is quite a strong 

correlation between the two rails. This occurs for wavelengths longer than about 3 m. A rise 

in the coherence can also be seen at a wavelength of about 0.6 m in each case which corre-

sponds to the sleeper spacing due to the fact that the TRCs are measuring under loaded condi-

tions. This peak is also visible for the booted sleeper high speed track in Figure 2(d) and for 

the freight track in Figure 2(e). Similar results have been presented in [14]. The overall coher-

ence for the suburban slab track in Figure 2(c) and the high speed slab track in Figure 2(d) is 

much lower than for the other tracks. For the slab track in Figure 2(c) is high only at around 

16 m, which is close to the typical length of rails historically used in the UK (18 m). For the 

case of the badly maintained freight track in Figure 2(f) sharp peaks occur in the coherence 
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function at certain wavelengths (9 m, 6 m, 4.5 m 3.6 m etc.) which correspond to the exist-

ence of rail joints every 18 m, which is a typical distance for UK tracks.  

Figure 3 shows the relative phase between the left and right rail profiles, obtained from the 

phase of the cross-spectral density. This gives a reliable estimate of the relative phase only for 

wavelengths where the coherence is high. In each case, at wavelengths longer than about 3 m 

the unevenness of the two rails is in phase, apart from the suburban slab track in Figure 2(c) 

for which the coherence is low. 

In general, from Figures 2 and 3, it seems reasonable in most cases to assume that uneven-

ness wavelengths longer than about 3 m can be treated as correlated or partially correlated be-

tween the two rails and in phase. These components of low frequency excitation are relevant 

to ground-borne vibration and are often important for feelable vibration. Nevertheless, dis-

crete features such as wheel flats or rail joints are likely to be strongly correlated between the 

two rails even for quite short wavelengths. Nonetheless, apart from this, wavelengths shorter 

than about 3 m should be treated as uncorrelated between the two rails. For train speeds 36-

360 km/h, irregularities shorter than 3 m correspond to excitation frequencies above 3-30 Hz 

which are well within the ground-borne vibration frequency range of interest. The influence 

on the ground vibration level of the degree of correlation between the unevenness of the two 

rails will be investigated in Section 4 using simulated results. To achieve this a suitable model 

is used that is briefly presented in the next section. 

3 WAVENUMBER-FREQUENCY DOMAIN TRAIN-TRACK-SOIL 

INTERACTION MODEL 

To investigate the effects of correlation between the unevenness of the two rails, there is a 

need to consider the vehicle/track/soil interaction in more detail than is commonly used in the 

available frequency domain models. Accordingly, the model that is used in the current work 

which, as well as the vertical motion of the track and the wheelsets, their rotation about the 

axial direction is also taken into account by including both rails and both wheels of each axle 

separately. With this formulation, which is expressed in the wavenumber-frequency domain, 

different unevenness can be introduced on the two rails. The model is an extension of the one 

developed by Sheng et al. [5] and can include the effects of the moving loads and predict the 

vibration level at a fixed point in the free field. 

3.1 Model description 

As in [5], the railway track considered in this paper is a straight ballasted or slab track at 

the surface of a layered elastic half-space, as shown in Figure 4(a). Linear dynamic behaviour 

is assumed throughout. The track is considered to be invariant in the longitudinal (x) direction 

and is modelled as multiple beams supported by vertical springs with consistent mass. The 

model is formulated in the wavenumber-frequency domain where the vibration predictions are 

based on the transfer function matrices for the ground formulated in [5] in a frame of refer-

ence moving with each load with speed v. In the current work only the vertical dynamics are 

considered and thus scalar expressions of the vertical response due to vertical loading are pre-

sented. The model has been extended to take into account the traction variation across the 

track-ground interface in a similar formulation with the one presented in [15] while the track 

can include the excitation and response of both rails separately. 

In the longitudinal direction, the two rails are represented as Euler-Bernoulli beams with 

mass and bending stiffness  and  per unit length of track respectively. The rail pads are 

modelled as distributed vertical stiffness  per unit length for each rail (see Figure 5(a) and 

6). The sleepers are modelled as a continuous mass per unit length of the track , i.e. ne-
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glecting bending, and the ballast is modelled as continuous distributed vertical spring stiffness 

 with consistent mass . An embankment, if present, can be modelled in the same way as 

the ballast. A similar model can be used for the case of a slab track by introducing an infinite 

Euler-Bernoulli beam with constant bending stiffness representing the slab and replacing the 

sleepers. 

The track exerts a distributed load on the half-space. To represent this, a contact force per 

unit length  between track and soil is introduced. In order to allow for an arbitrary load dis-

tribution across the width of the track, the interface conditions are discretised. The discretisa-

tion will introduce a finite sum of the normal tractions at the track/ground interface. The 

principle is shown in Figure 5(b). 

 (a) (b) 

Figure 4: (a) The geometry of the track ground system; (b) three-dimensional multiple rigid-body vehicle system. 

It should be noted that, in the present work, the wheel irregularities are neglected, so that 

all irregularities are assumed to be on the rail surface. Nonetheless, it has been shown in [16] 

that although the typical wheel irregularities are of a similar order of magnitude to the rail ir-

regularities at short wavelengths (below 0.1 m; “acoustic roughness”), the magnitude of wheel 

irregularities is very much smaller than those of the rail at longer wavelengths and thus can be 

neglected for ground-borne vibration generation. This smooth-wheel assumption is a useful 

starting point for a more realistic input excitation in comparing the effectiveness of various 

ground-borne vibration prediction models. 

For ground-borne vibration, where the frequency range of interest is usually between 2 and 

250 Hz, the train is modelled as a linear multiple rigid-body system (see Figure 4(b)). In prac-

tice, due to the vehicle suspension, at frequencies above 10 Hz usually only the unsprung 

mass of the wheelsets is important. Consequently it is acceptable to neglect flexible modes of 

the car body. Only vertical interaction forces are considered and only the vertical dynamics of 

the sprung masses of the train are included. Since, as shown in Section 2, non-symmetric 

loading at the wheel/rail contact points occurs at relatively short wavelengths (high frequen-

cies; usually above 10 Hz) the rolling modes of the car body and the bogie are not excited and 

thus each car body and bogie therefore can be further simplified by having only two degrees 

of freedom (DOFs), i.e., the vertical displacement of its mass centre and its pitch motion. 

Similarly, each wheel has only one DOF, i.e. its vertical displacement. In general, each train 

can have wheels, bogies and car bodies resulting in  DOFs. 

When both wheels of each wheelset (and both rails) are considered separately , 
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whereas for symmetric excitation the motion of each wheel and rail can be reduced to a single 

DOF and . The coupling between vehicles is neglected. 

In practice, the vehicle suspensions may have non-linear behaviour. However, to enable 

analysis in the frequency domain each non-linear suspension is linearized, which is valid for 

small motion amplitudes. Viscous or viscoelastic damping can be introduced and included in 

the stiffness matrix, thus the elements of the stiffness matrix are complex and may be fre-

quency dependent. The mass and stiffness matrices of several typical vehicles can be found 

in [17]. 

    (a)   (b) 

Figure 5: (a) Lateral view of multibody model of the track; (b) discretization of the stress field across the 

track-ground interface. 

Assuming that the wheel is always in contact with the rail, a linearized Hertzian contact 

spring with stiffness can be inserted between the -th wheelset and the  referring to the 

left ( ) or right ( ) rail, although for the frequency range of ground-borne vibration, 

inclusion of the contact spring does not influence the total response significantly. The 

wheel/rail coupling is illustrated in Figure 6 for a model of a ballasted track, where 

denotes the displacement of the wheel and  denotes the complex amplitude of the verti-

cal profile of the  rail (rail irregularity) at the respective contact point. The vertical profile of 

the rail may be decomposed into a spectrum of discrete harmonic components. A single har-

monic component is denoted by  where  denotes the wavelength and  the 

amplitude which may be complex (strictly the profile of the rail is the real part of ). The 

relation between the angular frequency of the dynamic loading and the wavelength of the rail 

irregularity is , where  is the velocity of the train. 

If the wheels on the  rail are all excited by the same unevenness then is the same for 

each  except for a time lag: 

= (2) 

and thus the complex amplitude of the vertical profile is given as 

(3) 

If both rails and both wheels of each wheelset ( ) are considered separately, the 

coupling at the  contact point is expressed by the relation 

(4) 

1958



Evangelos Ntotsios, David Thompson and Mohammed F.M. Hussein 

where  is the complex receptance of the  wheel,  is the is the complex 

receptance of the  rail and  is the wheel-rail contact force. Inserting these two 

equations into Eq. (4) yields 

(5) 

where  is the  complex receptance matrix at the wheels,  is the rail re-

ceptance matrix of the track-ground system at the wheel-rail contact points in a moving frame 

of reference,  is the vector that collects the vertical rail irregularity at all contact points 

 and { } with ( ) is the matrix of contact spring re-

ceptances. The vector  collects the wheel-rail forces at each contact point. 

Eq. (5) is a set of linear algebraic equations with the dynamic wheel-rail forces  as 

unknowns. Its solution will be used as an input for the coupled track-soil model to give the 

response of the rail (Eq. (6)) and of the ground in the free field (Eq. (7)).  

Figure 6: Coupling of a wheel with the track (rail, pad, sleeper, ballast) and the ground. 

3.2 Response spectrum due to track unevenness 

In [17], by treating the rail unevenness as a random process, the formulation of the power 

spectrum of the ground surface response due to the rail irregularity is given for a point that is 

stationary as the train moves past it. In this approach the motion of the train is included, 

which means that the response at a given frequency is a combination of responses induced by 

different excitation frequencies due to the Doppler effect in the ground. The expressions given 

in [17] are extended here to include the unevenness of both rails separately as well as the cor-

relation between the two. 

The vertical displacement spectrum [5] of a point  on the ground surface due to a unit 

amplitude rail irregularity of wavelength ,  on the -th rail, is denoted by 

; where  is the frequency at which the spectrum is evaluated and  is the exci-

tation angular frequency determined by .  

At time , the  -th wheelset is at , and the displacement input at the -th 

wheel-rail contact point is given by Eq. (2). Thus, the vector of dynamic wheel-rail forces 

 in Eq. (5) due to the unit amplitude rail irregularity at all contact points  can be 

calculated using Eq. (3) with . The elements of the receptance matrix  in Eq. (5) 

are calculated using the model by applying a single unit amplitude load . Subse-
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quently,  is obtained using the vector of forces  that is calculated due to the 

unit amplitude rail irregularity.  

By assuming that a complete vertical rail profile can be represented by a large number of 

discrete wavenumber components  and that each harmonic component of the rail vertical 

profile is independent of the others, the double-sided power spectrum of the displacement at a 

fixed observation point in the free field can be calculated by 

(6) 

In the above expression the  coordinate is omitted because for a fixed receiver the re-

sponse spectrum is independent of the value of  as shown in [5]. The term  is 

the power spectrum generated by the quasi-static loads and is given using half the axle loads 

as the loads  and  for all  wheelsets. The term 

(7) 

is a vector that collects the vertical displacement spectrum on the ground surface due to a unit 

amplitude irregularity of the left (L) and right (R) rail of wavelength . Conse-

quently, because of the symmetry about the track centerline . 

In Eq. (6) the matrix 

(8) 

is the PSD matrix of the track vertical profile consisting of the auto-PSD (diagonal) and cross-

PSD (non-diagonal) functions of the vertical profiles of the two rails where  and 

denotes the spacing of the discrete wavenumbers. When the rail unevenness profiles of the 

two rails are considered to be fully correlated (the rails have the same vertical profile) all four 

elements of  are equal for each wavenumber. When the unevenness of the two rails is con-

sidered uncorrelated then the cross-PSD elements are zero. 

The velocity power spectrum , is then given by 

(9) 

When divided by the time taken for the whole train to pass a fixed point, Eq. (6) and Eq. (9) 

give an estimate of the power spectrum of vibration displacement and velocity respectively at 

point  on the ground surface during the stationary part of the response [17]. 

4 TRAIN PASS-BY RESPONSE PREDICTIONS 

In this section, the model introduced in Section 3 is applied to investigate the effects of dif-

ferent loading conditions at the track and different interface conditions between the track and 

the ground. In particular, results are compared between the response that is calculated by as-

suming a fully correlated and in-phase unevenness applied on both rails and the response ob-

tained by assuming that the unevenness on the two rails is uncorrelated. The results of those 

two assumptions are compared with the case in which the actual rail unevenness as measured 

by a TRC is used as input for the model. 

The response is calculated for the full pass-by of a train at 250 km/h (69.44 m/s). The train 

is modelled as a number of linear multibody systems that represent the vehicles as shown in 
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Figure 7. When the loading due to the rail unevenness is applied separately on each rail and 

the two rails have different responses, the rotational properties of the track and wheelset are 

included by considering the moment of inertia of the sleeper  and the wheelset   around 

the  axis.  

The track used for the simulations is a ballasted track largely based on the track used in 

[18]. The width of the track/ground interaction strip is =3.2 m and the corresponding track 

parameters are listed in Table 2. Two different types of layered ground are considered with 

the properties listed in Table 3. The two layered half-space ground models have been used in 

[10] and although not based on actual sites, they are chosen as typical examples of what is 

likely to occur in practice. Both have a softer layer of depth 3 m overlying a stiffer half-space, 

the half-space being the same in the two cases for convenience. 

Rail 

Bending stiffness per rail 

Mass per unit length per rail 

Damping loss factor 

Track gauge 

Rail pad 
Stiffness per rail per unit length 

Damping loss factor 

Sleeper 

Mass per unit length 

Sleeper spacing 

Pitching moment of inertia around 

per unit length 

Ballast 

Mass per unit length 

Stiffness per unit length 

Damping loss factor 

Ballast/ground interaction width 

Table 2: Parameters used to represent the track 

The train parameters used correspond to those used in [19]. Unlike [19] a four-car train 

consisting of identical vehicles is used with a total length of 106.4 m. The parameters are 

listed in Table 4, see also Figure 7. The values of the dynamic stiffness due to viscous damp-

ing for primary and secondary suspensions are  and  respec-

tively. 

Parameters of ground Ground 1 (soft ground) Ground 2 (stiff ground) 

Upper layer Half-space Upper layer Half-space 

P-wave speed (m/s) 240 700 500 700 

S-wave speed (m/s) 120 350 250 350 

Density (kg/ ) 1800 2000 1800 2000 

Young’s Modulus (MPa) 69.12 653.3 300.0 653.3 

Shear Modulus (MPa) 25.92 245.0 112.5 245.0 

Poisson’s ratio 0.333 0.333 0.333 0.333 

Damping loss factor 0.1 0.1 0.1 0.1 

Layer depth (m) 3.0 Infinite 3.0 Infinite 

Table 3. The parameters used for different types of ground. 
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Figure 7: A vehicle model with primary and secondary suspensions. 

Car body 

Mass 

Pitching moment of inertia 

Overall vehicle length 

Bogie 

Mass 

Pitching moment of inertia 

Half distance between bogie centres 

Wheelset 

Mass 

Roll moment of inertia 

Half distance between axles 

Contact stiffness (per wheel) 

Total axle load 

Primary 

suspension 

Vertical stiffness per axle 

Vertical viscous damping per axle 

Lateral half distance between springs 

Secondary 

suspension 

Vertical stiffness per bogie 

Vertical viscous damping per bogie 

Table 4. Vehicle parameters used [20]. 

4.1 Track and wheel receptances 

Prior to showing response predictions it is instructive to consider the receptances of the 

wheel and track that are combined with the unevenness to give the interaction forces. Figure 8 

shows the magnitude and the phase of the track receptance in a moving frame of reference at 

the speed of 250 km/h. Corresponding results for the wheel receptance are also shown. In 

each case, the track is coupled to the ground via  strips across the whole width of the 

track (see Figure 5(b)). The results in Figures 8(a) and 8(b) correspond to a symmetrical load-

ing case where identical loads of amplitude 0.5 N are applied to both rails (and both wheels). 

This results in only translational motion of the sleeper and thus the two rails have identical 

response. For this case the track model can be simplified to a single combined rail/railpad 

with the sleepers represented only by their mass. For comparison, results are given in Figures 

8(c) and 8(d) in which a unit load is applied to one of the two rails. The sleeper and the 

wheelset are now free to rotate. The receptance shown corresponds to the rail (and wheel) that 

are excited. 
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Although the two layered grounds show different track receptances (by up to 12 dB) at 

lower frequencies, above 30 Hz the track stiffness dominates the response and the receptance 

values have the same level of magnitude. Comparing the results in Figures 8(a) and 8(c) the 

track receptances are similar at low frequencies but above approximately 40 Hz the re-

ceptance of the single rail becomes larger than that when both rails are excited, with the dif-

ference increasing to about 5 dB by 100 Hz. At frequencies where the beam response 

dominates, the difference between a single rail and composite beam representing two rails is 

expected to be 6 dB. 

(a) (b) 

(c) (d) 

Figure 8. Track point receptance magnitude and phase: ( ) on soft soil; ( ) on stiff soil and wheel point 

receptance magnitude and phase: (a) - (b): track and wheelset excited symmetrically (load of 0.5 N on both 

rails/wheels), ( ) full vehicle; ( ) unsprung mass only. (c) - (d) excitation on one rail and wheel, ( ) 

; ( )  . 

The wheel receptance magnitude and phase are also shown for comparison in Figure 8. In 

the results shown in Figures 8(a) - (b), only the vertical dynamics of the wheelsets are taken 

into account. Due to the symmetry of the loading, both wheels have the same displacement 

and no rotation of the wheelset is included, resulting in a vehicle model with 10 DOFs. For 

comparison, in Figures 8(a) - (b), a second model is shown consisting only of the unsprung 

masses; thus the whole vehicle is modelled with only four independent DOFs. In the latter 
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case the wheel receptance matrix  in Eq. (5) is a diagonal matrix with elements 

. 

The wheel receptance values shown in Figures 8(c) - (d) are from the same model when the 

rotation of the wheelsets is taken into account, resulting in a vehicle model with 14 DOFs. 

Two cases are shown. In the first, the value of the roll moment of inertia of the wheelset is 

selected to be , where  is the mass of the wheelset (see Table 

4) and  is the track half-gauge (see Table 2). For this value of the moment of inertia, if the 

free wheelset is excited at one wheel the other wheel has no motion. Nevertheless, due to 

connection via the suspension to the bogie, which is constrained not to roll, there is still some 

coupling between the two sides. The second case in Figures 9(c) - (d), has a smaller moment 

of inertia  as given in Table 4. 

In Figure 8(a), as expected, the results for the 10 DOF model are identical to those for the 

unsprung mass above 10 Hz whereas at lower frequencies the effects of the vehicle bouncing 

and pitching resonances can be seen. This resonant behaviour is modified by inclusion of the 

roll motion of the wheelset as seen in Figure 8(c). For low frequencies up to 2 Hz the results 

are unaffected but in the frequency range 2 Hz to 10 Hz the receptances from the various 

models show differences due to the influence of the inertia of the wheelsets and the interac-

tion with the vehicle’s sprung mass through the primary suspension. For frequencies above 10 

Hz, the wheel receptance of the two 14 DOF models is 6 dB or 8 dB higher than the 10 DOF 

model due to the added flexibility introduced by the roll motion of the wheelsets. As expected, 

the model with the lower roll moment of inertia has a 2 dB higher receptance for all frequen-

cies above 10 Hz.  

For symmetric loading, as in Figure 8(a), the frequency at which the receptances of the 

wheelset and the track have equal magnitude is referred to as the unsprung-mass-on-track-

stiffness resonance [1]. At this resonance frequency the wheelset and the rails are moving ver-

tically and in-phase on the track stiffness and the interaction force has a maximum. This reso-

nance frequency can be identified in Figure 8(a) at around 120 Hz for the soft ground and 

slightly lower at 108 Hz for the stiff ground. In Figure 8(c), the corresponding frequency 

where the receptances of the wheel and the track on soft ground are equal occurs at around 

120 Hz for the case of the vehicle with  and around 138 Hz for the case of 

the vehicle with . For the stiff ground the corresponding frequencies are 115 

Hz and 130 Hz respectively. 

4.2 Ground vibration due to the passage of the train 

The unevenness PSD that is used as an input for all train pass-by simulations in this section 

is from the ballasted track reported in [13] and shown in Figure 9. Both rail profiles were ac-

quired with a track recording coach that measured the loaded profile of the track. Figure 9 

shows the auto-PSD of the unevenness of the two rails; that is the diagonal elements of matrix 

 in Eq. (8). Analysis parameters are listed in Table 1. The values are given with respect to 

wavenumber and to frequency for train speed of 250 km/h. The corresponding spectra of rail 

unevenness expressed in one-third octave band form are given in Figure 1(a). 

For completeness, Figure 10(a) shows the ratios of the cross-PSD to the auto-PSDs of the 

unevenness of the two rails; that is the ratio of the off-diagonal elements of matrix  in Eq. 

(8) to the diagonal elements. Figure 10(b) shows the relative (cross-PSD) phase between the 

left and right rail profiles. The values are given with respect to wavenumber and to frequency 

for train speed of 250 km/h. It can be seen in Figure 10 that at wavelengths longer than 4 m 

(or at frequencies lower than 20 Hz)  the ratios of the PSDs is close to 1 and the phase is close 

to zero, indicating that there is strong correlation between the two rails. 
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Figure 9: Track unevenness PSD obtained from Steventon site [13] of ( ) the left rail and ( ) the right rail. 

(a) 

(b) 

Figure 10: Track unevenness obtained from Steventon site [13]: (a) cross-PSD over auto-PSD ratio of ( ) 

the left rail and ( ) the right rail; (b) relative phase between the rails unevenness 

This unevenness spectrum is introduced into the model, first assuming symmetric loading 

of the two rails based on the average spectrum of the two rails shown in Figure 9. The pre-

dicted contact force spectrum of the leading and the trailing wheelsets of the first bogie due to 

1965



excitation by track unevenness is shown in one-third octave form in Figure 11 for the two 

ground types. These are shown as the force per wheel. At low frequency, where the vehicle 

receptance is much greater than that of the track (see Figure 8(a)), the contact force is inde-

pendent of the track receptance and thus the results for the two grounds are identical. At high-

er frequency this no longer holds. Here, the vehicle receptance is mass-controlled while the 

track receptance is stiffness-controlled. As noted in Figure 8(a), these have equal magnitude at 

around 110 - 120 Hz, which is identified as the coupled vehicle-track resonance and corre-

sponds to a peak in the contact force. The results for the trailing wheelset can be seen to be 

higher than for the leading wheelset between 2.5 and 8 Hz. 

 (a) (b) 

Figure 11. Dynamic wheel/rail contact force (per wheel) in one-third octave bands for the (a) soft ground and (b) 

the stiff ground: ( ) leading wheelset and ( ) trailing wheelset of the leading bogie. 

(a) (b) 

Figure 12. Total (black lines) and dynamic (red lines) ground response level in one-third octave bands of (a) soft 

soil and (b) stiff soil: ( ) 8 m; ( ) 16 m from the track for fully correlated inputs at the two rails. 

The vertical vibration velocity level at the ground surface due to the passage of the train is 

shown in Figure 12. The results are expressed as the average one-third octave band spectrum 

at certain distances from the track centreline during the train pass-by. The vibration due to 

both the moving quasi-static load and the dynamic load is calculated; the graphs show the to-

tal vibration level and that due to the dynamic excitation. Results are shown at 8 m and 16 m 

from the track. The response is calculated using symmetric loading. For this case the uneven-

ness profile is identical for the two rails and thus it can be considered as fully correlated in-
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puts. The results are based on the case where the track/ground interface is split into 

strips (Figure 5(b)). 

Comparing the total vibration response for both ground types with the dynamic vibration 

response in Figure 12, it can be seen that the dynamic component dominates the response at 

frequencies above 4 Hz. Below 4 Hz, where the quasi-static response is significant, the re-

sponse is similar for the two ground types. Above 4 Hz the responses calculated for the two 

ground types start to differ, with the soft ground showing higher levels of vibration, and this 

difference is more prominent at 6 Hz and above. This shows that the mobilities are equal for 

the two ground types at low frequencies, where the transmission is dominated by the underly-

ing half-space. Above 6 Hz the soft ground shows higher vibration levels (up to 20 dB at 16 

Hz, close to the cut-on frequency of the soft ground). At higher frequency, above 50 Hz for 8 

m and 35 Hz for 16 m, the soft ground shows lower vibration levels due to a greater influence 

of damping since the wavelengths in the soil are shorter. 

4.3 Comparison for different level of unevenness correlation between the rails 

The difference in model predictions is shown between the nominal fully correlated (sym-

metric) model and the models in which: (i) the rail unevenness is considered to be uncorrelat-

ed on the two rails and (ii) the rail unevenness is considered to be partially correlated as 

measured. In both these cases, the track is modelled using both rails with the sleeper and 

wheelsets allowed to rotate around the axial direction. In each case results are shown for the 

two values of wheelset roll moment of inertia  and   as dis-

cussed in Section 4.1. The same unevenness spectrum shown in Figure 10 is used in each case. 

In Figure 13, the difference in force spectra is shown. Since the measured rail unevenness 

is different between the two rails, the level difference shown in Figure 13 is calculated using 

the average force spectrum predicted for the two contact points of the leading wheelset. Nev-

ertheless, the difference in the contact force between the two wheels of each axle is small 

(a) (b) 

Figure 13: One-third octave spectra level difference of wheel/rail contact force of the leading axle for (a) the 

soft ground and (b) the stiff ground. Differences are shown between the nominal model and models with ( ) 

uncorrelated unevenness and ; ( ) uncorrelated unevenness and 

; ( ) partially correlated unevenness and  and ( ) partially correlated une-

venness and . 

In Figure 13 the models with uncorrelated unevenness show much lower force levels in the 

frequency range 3 - 12 Hz, with a maximum difference of 8 dB at 3 Hz. These large differ-

ences are due to the rotational motion of the wheelsets, as seen in the wheel mobilities in Fig-
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ure 8. However, these differences should not affect the predicted total ground response since 

at the lower frequencies this is dominated by the quasi-static excitation. In the frequency 

bands 12.5 to 50 Hz the model with  shows similar force level to the fully 

correlated model. Above 50 Hz this model starts to show higher contact forces, with a maxi-

mum at 100 Hz due to the resonance of the wheelset rotation on the track stiffness. The model 

with   shows a similar trend but it is about 2 dB lower the peak occurs at a 

higher frequency. 

The models with partially correlated unevenness according to the measurements show sim-

ilar force levels with the fully correlated model for frequencies below 50 Hz. Above 50 Hz for 

the model with  (and 80 Hz for the model with  ) the force 

shows similar trends with the uncorrelated cases. 

(a) (b) 

(c) (d) 

Figure 14. Ground vibration level difference in one-third octave bands (a) at 8 m from the track for soft 

ground, (b) at 8 m from the track for stiff ground, (c) at 16 m from the track for soft ground and (d) at 16 m from 

the track for stiff ground. Differences are shown between the nominal model and (a) ) uncorrelated uneven-

ness and ; ( ) uncorrelated unevenness and ; ( ) partially 

correlated unevenness and  and ( ) partially correlated unevenness and 

. 

Figure 14 shows the effect of the different model assumptions described above on the pre-

dicted vertical velocity levels. The results are shown as the level difference in dB relative to 

the total ground response shown in Figure 12. In each case, results are shown for both the soft 

and the stiff ground at 8 m and 16 m from the track. Similar to the contact force results shown 
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in Figure 13, in both these cases, the track is modelled using both rails with the sleeper and 

wheelsets allowed to rotate around axial direction. For consistency, in both models the 

track/ground coupling is based on  strips. Results are given for two values of the 

wheelset roll moment of inertia, as discussed in Section 4.1.  

Below 4 Hz the response is dominated by the quasi-static excitation so the correlation of 

the dynamic loads does not affect the response.  

For the cases where uncorrelated excitation is assumed on the two rails, above 4 Hz and up 

to 63 Hz for the model with  (and 80 Hz for the model with 

) the response predicted in one-third octave bands is a constant value of 3 dB lower 

than the case of the symmetric (fully correlated) loading. This difference is to be expected if 

one considers that the PSD matrix  in Eq. (8) for the fully correlated case consists of non-

zero and equal elements while for the uncorrelated case the non-diagonal elements are zero. 

Accordingly, the total power spectrum  in Eq. (6) for the fully correlated case should 

have double magnitude than for the uncorrelated inputs case. This ratio of 2 in the predicted 

power spectrum corresponds to a difference of 3 dB in the one-third octave band vibration 

levels. 

For the cases with correlated but not symmetric unevenness the predictions show that the 

response has similar levels with the fully correlated case for frequencies below 20 Hz which 

for train speed of 250 km/h correspond to excitation due to unevenness wavelengths that are 

longer than about 4 m (see Figure 10). Above 20 Hz the vibration levels decrease and tend to 

the -3 dB value of the uncorrelated case. These results are consistent with the cross-PSD ratio 

magnitude given in Figure 10(a) and show that the weaker correlation between the rail une-

venness of the two rails that appears for wavelengths longer than about 4 m leads to lower vi-

bration levels in the free field that can be up to 3 dB. 

At high frequency the response increases notably for all the non-symmetric loading cases. 

Similarly with the increase in the force level shown in Figure 13, the increase in the ground 

vibration can be attributed to the effect that the additional rotational modes of the wheelset on 

the track stiffness are excited. For symmetric loading these rotational modes of the wheelset 

are not excited and thus the predicted ground response is lower than when the rail unevenness 

on the two rails is treated as uncorrelated. Similar results are shown when a different value of 

wheelset moment of inertia is used, the main differences being above 80 Hz 

5 CONCLUSIONS 

 A model has been established for the vibration due to surface railways that operates in

the wavenumber-frequency domain and takes into account the traction variation across

the track-ground interface and includes rotation of the sleepers and wheelsets about the

axial direction. This allows investigations of the effect of the level of correlation between

the unevenness on the two rails.

 The extent to which the unevenness of the two rails is correlated has been estimated from

measurements of track geometry obtained with track recording vehicles for six tracks of

different types and operational standards. The results showed that for unevenness wave-

lengths longer than about 3 m the unevenness of the two rails can be considered to be

strongly correlated (and in phase). At shorter wavelengths the unevenness of the two rails

should be treated as uncorrelated inputs.

 Train pass-by simulations from the developed model showed that when the unevenness

of the two rails is treated as uncorrelated the dynamic component of the ground response
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is 3 dB lower than when the unevenness is assumed identical on the two rails for fre-

quencies up to 50 Hz. Moreover, when the unevenness of the two rails is not symmetrical 

the rotational modes of the wheelset on the track stiffness are excited and the predicted 

response level of the vibration in the free field can be notably greater in the frequency 

bands around 100 Hz than when the unevenness is assumed identical on the two rails.  
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Abstract. The growing levels of traffic in urban areas is becoming an increasingly impor-
tant environmental issue in modern and developing countries. As a heavy vehicle travels
over an uneven road surface a complex dynamic interaction occurs which induces dynamic
loads into the ground. The generated ground vibrations propagate outwards and can lead to
discomfort and / or damage to nearby bystanders and structures. The research presented
in this paper is focused on the development of a two-step numerical model to estimate the
ground vibrations generated from a heavy vehicle travelling over a speed bump (or geomet-
ric obstacle). The first step employs a multibody system to model the heavy vehicle and
simulate the dynamic interaction between the vehicle and the geometric obstacle, while the
second step makes use of the finite element method to simulate the propagation of ground
vibrations. The multibody model is used to produce a time-history of the dynamic loads
(i.e. contact forces) generated at the tyre-pavement interface, which is then input into
the finite element ground model. Validation of the approach is undertaken through a com-
parison with well-established experimental results. The influence of various parameters,
such as vehicle speed and geometric properties of the obstacle, were investigated through a
sensitivity analysis. The resulting model is flexible and can be used to evaluate numerous
vehicle-obstacle combinations on the ground vibrations generated.
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1 INTRODUCTION

It has been well established that ground vibrations in traffic-heavy areas can induce
discomfort (and in some cases, injury or fatigue) to the local population. While traffic-
induced vibrations rarely contain the intensity to cause considerable structural damage,
they are certainly an important source of discomfort to those living or working in these
zones [1]. Of the generated ground vibrations, the vertical component is most significant
at ground level, while the influence of the horizontal component steadily increases for
structures with a greater number or floors [2].

One of the most significant sources of ground vibration in urban areas is due to the
passage of vehicles over transient features on road surfaces (e.g. speed bumps, potholes,
rail crossings, etc.). In particular, the ground vibrations generated due to heavy vehicles
can be of considerable concern [3].

The vehicle-ground interaction is a complex problem and the prediction of the vibra-
tions would require a simultaneous solution of the equations of the vehicle and the ground.
However, since the stiffness of vehicle’s suspension system and tyres is much smaller than
the stiffness of the ground, the problem can be decoupled into two quasi-independent
models [4]. The research presented in this paper is focused on the development of a two-
step numerical method to simulate the ground vibrations generated due to the passage
of a heavy vehicle over a geometric obstacle. The first step involves the simulation of the
vehicle-pavement dynamic interaction using the multibody approach. Previously, models
of vehicle-pavement interaction were developed using a lumped-mass tyre model [5]. In
this paper, a rolling tyre model was used.

The second step uses the dynamic loads generated from the multibody simulation in
a ground model to simulate the propagation of ground vibrations due to the passage of
the vehicle. The Finite Element Method (FEM) is used to model the ground due to its
convenience and versatility [6].

This paper presents an outline of the development of the two-step model and its val-
idation based on experimental results from the literature [7]. A sensitivity analysis is
also presented to study the influence of some parameters of the interaction on the ground
vibrations.

2 VEHICLE-ROAD INTERACTION MODEL

With the multibody approach, a mechanical system is represented as a combination of
bodies and force elements, each with well defined properties. It is important to note that a
system can be represented by various multibody models of different complexity depending
on the dimension of the model and the number of bodies and Degrees of Freedom (DoF).

For a road vehicle, a simple model would contain the minimum necessary amount of
bodies (a car body and two wheels in 2D) while a more complex model would take into
account other parts of the vehicle.

In most models, the vehicle-road interaction is simulated with a lumped mass model ;
the tyre-type link between the wheel and the road surface is represented as a spring and
damper, such in the model developed by Lombaert et al. [7].

The dynamic interaction between the vehicle and the road is simulated using EasyDyn
[8], a C++ library which allows for the solution of motion equations of multibody systems.

If the roll motion is neglected, the situation can be represented as a two dimensional
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system. The vehicle model used is the simplest combination of bodies possible (a car
body and two wheels), each with their own intertial properties and connected by springs
and dampers. The road is considered as a rigid surface whose, profile can be defined as a
shape function, and the vehicle will interact with it via the tyres. The various parameters
(inertia properties, stiffnesses and dampings) are based on Lombaert’s case study [9].

In order for the simulation to occur properly, the transposition matrix of each body
must be correctly defined since they represent the relative position of the bodies within
the system. DoF must also be defined, with caution as some are master DoF, which are
imposed (horizontal displacement of the vehicle, rotation of the wheels) while others are
slave DoF (vertical displacement of the bodies, rotation of the car body) whose values
depend on the master DoF and the dynamic interaction simulated.

The heavy vehicle model is represented in Figure 1. In order for the vehicle to maintain
a constant speed, the time derivative of the configuration parameters q0, q4 and q6 (master
DoF) were locked according to the speed of the vehicle.
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Figure 1: Vehicle-road interaction multibody model used for this work.

The simulation performed with this model results in a time history of the contact forces
between the wheels and the road (both rear and front). This interaction is the sum of the
static component, due to the weight of the vehicle and a dynamic component caused by
the interaction with the geometric obstacle.

3 GROUND MODEL

Soil is a complex discontinuous material composed of solid particles, water and air. It
exhibits anisotropic and non-linear behaviour. For a dry soil, it is reasonable to neglect
the non-linear behaviour if the shear strain is less than 10−5, which is the case for traffic-
induced ground vibrations [9]. While several methods exist to model soil for a dynamic
simulation, the FEM was chosen for this study. It is frequently used in vibration modelling
due to its convenience and versatility and is not limited by geometric complexity. The only
downside of the FEM is the increased computational time compared to other methods [6].

Of all of the ground material properties, the damping is one of the most influential on
the propagation of vibrations [10, 11]. Soil damping is usually represented by the complex
valued Young’s modulus and shear modulus, leading to complex wave propagation values

1974



Löıc Ducarne, Daniel Ainalis and Georges Kouroussis

for the velocity. However, such an approach is not suited for use in time domain analysis,
as it would result in a non-causal response [12].

The Rayleigh damping model is well suited to time domain FEM. It is based on the
construction of the damping matrix C from the mass and stiffness matrices M and K,
respectively.

C = αM + βK (1)

This implies that the loss factor η can be expressed as the sum of the proportional
contributions of the stiffness and mass [13] as shown in the following equation:

η = α

ω
+ βω (2)

From this, it is possible to obtain a stiffness-proportional viscous damping by setting
α equal to zero [13]. For each layer, β was obtained from the hysteretic damping values
(η) used by Lombaert et al. [7], as well as an estimated value of the dominant frequency
of the ground vibrations obtained with his model, using the following formula [14]:

β = η

2πf (3)

The ground was therefore modelled using the FEM, as a superposition of homogeneous
layers with well defined properties (density ρ, Poisson’s ratio ν, Young’s modulus E and
viscous damping β). A viscous damping model has the advantage of being usable in time
domain analysis, unlike hysteretic damping and is also less complicated to implement than
a Rayleigh damping model [15].

The infinite nature of the ground must also be taken into account to avoid wave reflec-
tion at the domain border [6]. Since it is obviously impossible to build an infinite model,
correct boundary conditions must be defined in order to represent the infinite behaviour
of the medium. As shown is Figure 2, infinite elements (Figure 3) are added at the border
of a thin hemispherical shell. This is performed prior to the creation of the internal part
of the ground model in order to reduce the computational time. The road, which also
consists of several layers, is added on top of the hemispherical ground model. The bodies
are bound together by a tie-type constraint to ensure that their common surface remains
the same throughout simulation.

The output data from the simulation is the displacement, velocity and acceleration
time histories of the ground in the 3 axes at different distances from the road. In order
to do that, a dynamic-implicit step was defined with a time increment of 10−5 s over a
period of 5 s and those points were defined every meter on a straight line perpendicular
to the road, with a distance ranging from 0 - 24 m.

The mesh is chosen differently for the areas in the model. The external shell is meshed
with 0.8 m long hexahedral finite elements (C3D8R) which allows for the generation of
infinite elements (CIN3D8) at its border. The internal part is meshed with 1 m long
tetrahedral elements (C3D4) for the most part, but some regions of interest (i.e. the
location of the road and the vibration measurement points) are meshed using 0.3 m long
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Shell definition (external region)

Infinite element adding on the border

Definition of the internal region of interest (forces, responses,. . . )

Assembly of the two parts
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Figure 2: Illustration of the procedure to develop the ground model [6].
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Figure 3: Comparison of infinite elements (left) and finite elements (right) [6].
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xy

z

Figure 4: The meshed ground model used to simulate wave propagation in the soil

elements. The road is meshed with 0.3 m long hexahedral elements. The completed
ground model is presented in Figure 4.

Finally, the moving loads are implemented through a Fortran subroutine that explicitly
defines the location and magnitude of the contact pressures between the tyres and the
surface of the road for every time increment of the simulation as illustrated in Figure
5. Since the vehicle has a constant speed, it is straightforward to define the position as
a function of the time. The pressure is defined with condition statements based on the
results of the multibody simulation.

xy

z

loading definition

infinite elements region of interest
(finite element modelling)

moving
pressure
loading

Figure 5: Implementation of the moving loads on the ground model.
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4 RESULTS

From the simulation, the time history of the free field displacement, velocity and ac-
celeration in the lateral, longitudinal and vertical directions at various distances from the
road are obtained.

Due to the presence of infinite elements, the defintion of appropriate boundary condi-
tions was not possible and a permanent displacement of the whole model is taken into
account. This continuous component of the displacement can be removed using a high-
pass filter to isolate the ground vibration component due to the dynamic loads.

4.1 Validation

In order to validate the model, experimental results obtained by Lombaert [7] were
compared to those from the simulation of the same situation. The inertial and geometri-
cal properties of the vehicle are based on the Volvo FL6 truck (also provided in [7]). The
vehicle traversed a 1.7 m long and 54 mm high trapezoidal traffic plateau at a constant
speed of 30 km/h. Figure 6 shows the comparison between the predicted and measured
time histories of the ground vibrations. The results are similar with the exception of a
slight overestimation of the maximum magnitude, which corresponds to the moment the
rear axle encounters the obstacle. A comparison between the simulated and experimental
frequency spectra was also performed, and those are found to agree well. There is a slight
underestimation within 0 - 20 Hz, and a slight overestimation at frequencies greater than
20 Hz.

4.2 Sensitivity analysis

With the two-step model validated, a sensitivity analysis is undertaken to investigate
the influence of the shape of the geometric obstacle and vehicle speed on the generated
ground vibrations. The Peak Particle Velocity (PPV), defined in equation 4, is a simple
and efficient method to compare the magnitude of different vibration records, and is
directly related to discomfort [16].

PPV = max(|vz(t)|) (4)

For the sensitivity analysis, the first case examined the PPV of the ground vibrations
due to a trapezoidal (H = 54 mm, L = 1.7 m) and half-sine (120 mm) shaped obstacles.
The comparison presented in Figure 7(a) shows that the vibrations generated in the case
of a trapezoidal obstacle have a greater magnitude than in the case of a sine-shaped bump
of similar dimensions. This is explained by the presence of sharp angles on the trape-
zoidal profile whereas the sine-shaped profile is smoother. Figure 7(b) demonstrates that
the magnitude of the ground vibrations is twice as high when the speed of the vehicle
is doubled. Since the goal of a speed bump is to cause discomfort to the occupants of a
vehicle when the speed limit is exceeded, it is expected that the generated ground vibra-
tions will also have a greater level.
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Figure 6: Numerical and experimental time histories (left) and frequency content (right) of the free field
velocity at 8 m from the road, for a Volvo FL6 truck travelling at 30 km/h on a 1.7 m long and 54 mm
high trapezoidal traffic plateau in the x (top), y (middle) and z (bottom) directions.

5 CONCLUSIONS

Ground vibrations induced by heavy vehicles are an important source of discomfort in
urban areas. These vibrations are caused by the dynamic interaction between the axles of
the vehicle and different types of surface unevenness such as a speed bump. This work was
focused on the development of a two-step model which can be used to predict the ground
vibrations produced by road vehicles travelling over a speed bump in dense traffic areas.
The model allows to customize the parameters of the vehicle, the geometric obstacle and
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Figure 7: Sensitivity analysis of the effect of (a) the obstacle geometric shape and (b) the vehicle speed
on the PPV .

the ground. The model was validated using an experimental case study of a Volvo FL6
truck travelling over a traffic plateau. Finally, a sensitivity analysis was undertaken to
investigate the influence of the shape of the geometric obstacle and the vehicle speed on
the magnitude of the vibrations. The results show that the level of vibration is higher
when the obstacle profile presents sharp angles. It has also been shown that the level of
vibration increases directly with the speed of the vehicle.
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Abstract Modern cities require efficient mass transportation systems like subway and 

railway networks. Due to the lack of available space and also due to environmental 

concerns, it is usually preferable to use the underground space to construct such kind of 

infrastructures. In this context, several railway lines run in trench cross-sections in 

urbanized regions. This option permits to save space, allowing reducing the distance 

between railway lines and existing buildings. Due to that reduced distance, nearby 

buildings are exposed to relevant levels of vibrations that can annoys their inhabitants. 

In the present paper a numerical investigation about the dynamic aspects related with 

wave propagation due to railway traffic in trench cross-sections is presented. For that 

purpose, a 2.5D FEM-PML formulation is adopted for the simulation of the main 

system (track-retaining structure-ground), while the rolling stock is simulated by a 

multi-body approach. A reference scenario is previously presented, being followed by a 

parametric study where the influence of the geotechnical properties of the ground was 

analyzed. 
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1 INTRODUCTION 

Last decades were marked by an increasing of world population, accompanied by a 

change in its distribution. As matter of fact, accordingly to the United Nations, in 2050 

urban world population will be twice of the population living in rural areas [1] which 

will present a new set of challenges for the management and planning of those highly 

populated regions. Facing the reality summarized above, the implementation of railway 

infrastructure projects arises as a natural option for developing an efficient, 

environmentally friendly and economic mass transportation system. However, some 

drawbacks can be figured out to the implementation of railway infrastructures as for 

instance the annoyance of surrounding inhabitants due to vibrations and noise elicited 

by railway traffic [2, 3]. Recent research over the topic allowed stablishing a 

consolidated pattern of behavior of the physical phenomena [4]: i) the train-track 

interaction mechanism gives rise to the source of excitation; ii) the energy is transferred 

to the surrounding ground and travels as elastic waves; iii) the vibrations can impinge 

nearby structures giving rise to annoyance of inhabitants [5, 6]. Following this main 

pattern of behavior, several studies have been done regarding surface railway lines, 

deserving a special reference the studies conducted by the research group of K.U 

Leuven [7-9], by Alves Costa et al. [10-13] and by Kouroussis et al [14], among others. 

Despite the huge research effort putted on the topic of vibrations induced by surface and 

underground railway infrastructures, all the studies were been confined to those 

classical cross-section configurations, i.e., surface lines or underground lines. However, 

in urbanized regions it is often to found a third type of cross-section configuration: the 

trench cross-section, as can be seen in Figure 1. 

Figure 1 – Railway line along a trench: Espinho, Portugal 

The present paper aims to give a contribution to the state of art about ground borne 

vibrations due to railway traffic, in the precise case of railway infrastructures running in 

trench cross-sections, i.e., the railway track develops along an excavation supported by 

propped diaphragm walls, as depicted in Figure 1. To achieve this objective, a 

numerical study is developed using a 2.5D FEM-PML model, previously developed by 

the authors [15], is adopted. 

2 BRIEF DESCRIPTION OF THE NUMERICAL APPROACH 

The numerical approach used on the present studies was previously presented by 

Lopes et al. [16, 17]. From the numerical point of view, the problem can be divided into 

two main domains: the stand-still domain corresponding to the ground and the moving 
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domain, corresponding to the rolling stock. Taking this into account, a sub-structuring 

approach was followed, being the global model constituted by 2 sub-models, as 

schematically depicted on Figure 2. 

Figure 2 – Schematic representation of the model 

Transportation infrastructures, such as roads, railways tracks, pipes, can be often 

assumed as infinite and longitudinally invariant structures. In such conditions, if the 

assumption of linear response can be faced as reasonable, it is possible to achieve the 

solution of the 3D wave propagation through the system by a 2.5D approach, where the 

equilibrium equations are formulated on the wavenumber-frequency domain. This 

approach takes hand of the Fourier transformation regarding the railway track 

development direction and, by that reason, only the cross-section needs to be 

discretized. In the present study a 2.5D finite element approach is followed, since it 

allows dealing easily with complex geometries. However a PML technique is needed to 

avoid the spurious wave reflection in the artificial boundaries. Following the 2.5D 

FEM-PML approach and after the assemblage of the equations of each individual 

element, the equilibrium condition is established by the following equation:. 
{[𝐾𝐹𝐸𝑀

𝑔 (𝑘1)] + [𝐾𝑃𝑀𝐿
𝑔 (𝑘1, 𝜔)] − 𝜔2([𝑀𝐹𝐸𝑀

𝑔
] + [𝑀𝐹𝐸𝑀

𝑔 (𝑘1, 𝜔)])}𝑢𝑛(𝑘1, 𝜔) = 𝑝𝑛(𝑘1, 𝜔) (1) 

Where 𝑘1 is the wavenumber, 𝜔 is the frequency, 𝑢𝑛 is the vector of nodal 

displacements is the transformed domain, 𝑝𝑛 is the vector of external nodal loads in the 

transformed domain. The matrices [𝐾𝐹𝐸𝑀
𝑔

] and [𝐾𝑃𝑀𝐿
𝑔

] are the global stiffness matrices 

of the FEM domain and of the PML domain, respectively, while [𝑀𝐹𝐸𝑀
𝑔

] and [𝑀𝑃𝑀𝐿
𝑔

] 
are the corresponding global mass matrices. 

The dynamic excitation provided by the train passage can be divided into two distinct 

mechanisms: i) the quasi-static mechanism; ii) the dynamic mechanism. Regarding the 

first, its solution is trivial since it corresponds to the movement of the distribution of the 

dead weight of the train distributed by its axles. On the other hand, the dynamic 

mechanism arises from the generation of inertial forces on the train due to the train-

track interaction. These inertial effects can be due to different sources, as for instance 

the track unevenness. Adopting a frequency domain representation of the unevenness, 

the dynamic interaction loads of each wheelset are given by: 
p(Ω) =  −(𝐹 + 𝐹𝐻 + 𝐴)−1 ∆𝑢(𝛺) (2) 

where 𝐹 is the train compliance at the contact points with the track, 𝐹𝐻 represents the

contact stiffness between train-track, 𝐴 is the compliance matrix of the track and Ω is 

the driving frequency, i.e., the wheelset oscillation frequency resulting from the 

Modelling of track-ground system

2.5D FEM-PML

Dynamic track response

Wave-propagation on the ground

Track receptance on the moving frame of reference

Train-track dynamic loads

Structural model of the train and

interaction formulation

Free-field response

1

2

3
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unevenness with a wavelength 𝜆𝑖𝑟𝑟𝑒, 𝛺 =
2𝜋𝑐

𝜆𝑖𝑟𝑟𝑒
). Matrix 𝐹 can be obtained from simple

vehicle model, where only the unsprung masses are taken in account in accordance with 

Colaço et al.[18]. 

3 CASE STUDY 

3.1 General description 

The selected case study corresponds to a railway line with longitudinal development 

along a trench cross section. Figure 3 gives an overview of the problem geometry and 

configuration. As can be seen, the railway track develops between two diaphragm walls 

connected by an upper strut and by a bottom slab. On the other hand, the material 

properties are exposed in Table 1. Red dots in Figure 3a represent the receivers points 

considered for the numerical study. 

a) 

b) 

Figure 3 – a) Schematic section with the receivers points in red; b) transversal section discretized by finite 

elements. 
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Due to symmetric condition of the problem, just half of the cross-section was 

discretized, being the PML’s layers in accordance with this assumption. In order to 

achieve a viable finite element mesh, the practical rule-of-thumb to limit finite element 

dimension to 1/6 of the shorter wavelength was followed. Considering shear waves 

propagating at 250m/s and the maximum frequency of 100 Hz, the finite element size 

was limited to 40cm. 
Table 1 – Material properties assumed to the cross section. 

Materials E (kPa) ξ [-]  [-] ρ (Kg/m
3
)

Soil layer 329062.5 0.04 0.35 1950 

Earth Retaining Wall 3.00E+7 0.03 0.15 2500 

Bottom Slab 3.00E+7 0.03 0.15 2500 

In what concerns to the railway track, a STEDEF solution, resting in the bottom slab, 

was adopted. The geometry and track mechanical properties are depicted in Figure 4. 

a) b) 

Figure 4– STEDEF railway track: a) schematic representation; b) properties adopted. 

For the rolling stock, a 446 series suburban type train, at a running speed of 25 m/s, 

was considered. The geometry and the static loads for this train are presented in Figure 

5. The mass of 1500 kg was assumed for each wheelset (unsprung mass).

Figure 5 – Suburban 446 series train 

A synthetic unevenness profile was generated from FRA PSD function, in 

correspondence with Class 3 (REF). Wavelengths between 0.3 m and 9.26 m were 

considered, in order to obtain a train excitation frequency range between 2.7 Hz and 80 

Hz.  

3.2 Analysis for point load 

The parametric study was performed in two distinct stages, the first one, a 

preliminary stage, where the excitation is provided by a unitary stand-still load with 

variable frequency applied directly in the bottom slab of the system. For this analysis, 
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the railway track was not considered. The vertical displacement transfer functions for 

the receiver points depicted in Figure 3 a) are shown in Figure 6. 

a) b)

c) d) 

Figure 6– Displacement obtained in the frequency domain for: a) 3m; b) 6m; c) 12m; d) 18m. 

An overview of the results depicted in Figure 6 allows to conclude that there is a 

strong attenuation in the higher frequency range when the distance source-receiver 

increase. This effect is mainly due to material damping which effect is more evident 

with the increasing of the frequency. Nevertheless, a more detailed analysis of the 

results show the existence of an amplification zone registered between the 6 m and the 

12 m point, particularly noted for a range of frequencies between 20 and 50 Hz. This 

can be explained if the geometric characteristics of the transversal section were 

attended, being easily understood that the vibrations, have to steer round the buried part 

of the diaphragm wall, leaving the zone close to the retaining wall free from their 

action. 

Independently of the receiver point location, the transfer functions depicted in Figure 

6 show a specific peak of the displacement response, obtained for frequencies around 

25Hz. The occurrence of this resonant effect can be explained through a simple analogy 

to a single degree oscillator, where the mass is given by the mass of the walls and 

bottom slab and the stiffness is provided by the ground. Actually, a frequency of 25.9 

Hz is obtained from the following equation: 

𝑓𝑛 =  
1

2𝜋
∗ √

𝐾

𝑀
(5) 

where the static stiffness K is evaluated for static conditions (𝑘1=0). 
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3.3 3D Analysis for a train passage 

Since the main goal of the study is to give a contribution for the knowledge about 

vibration effects induced by railway traffic in trench cross-sections, the effects induced 

by the passage of the train at a speed of 25 m/s is here considered. Figure 7 depicts the 

vertical velocity time records for different locations at the ground surface. As can be 

seen, there is an amplification of the peak vertical velocity at points located at 6.0 m and 

12.0 m when compared with the results observed for the point located 3.0 m away from 

the retaining wall. This effect agrees well with the explanation presented in the section 

above, being clear that the wall acts as a partial shield for a region close to the trench. 

a) b) 

c) d) 

Figure 7 – Vertical velocity on time domain for: a) 3m; b) 6m; c) 12m; d) 18m. 

Figure 8 shows the same results as Figure 7, but now in the frequency domain 

through one-third octave bands. From this representation it is clear that the response in 

the points located at 6 m and 12 m is amplified in the frequency range between 25 Hz 

and 60 Hz when the results are compared with those obtained for the point located 3 m 

away from the retaining wall. On the other hand, the response of point located 18 m 

away from the wall is attenuated in whole frequency range, but with more emphasis in 

the higher frequencies denoting the impact of the material damping. 
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Figure 8 - Velocity registered on frequency domain for the points :3m, 6m, 12m, 18m. 

3.4 Influence of the Geotechnical Profile 

It is well known that the geotechnical conditions play an important role on the 

vibration fields generated by traffic vibrations. To investigate the impact of the 

geotechnical profile on the present case study, two variant scenarios where considered: 

i) a homogeneous ground with a stiffness four times larger than the reference scenario;

ii) A layered ground scenario, where the a layer with same properties as the reference

scenario is overlaying a stiffer half-space (see Figure 9). 

Figure 9 – Heterogeneous scenario with a stiffer substratum coincident with the bottom slab 

Figure 10 shows the vertical displacement transfer functions for the distinct receiver 

locations and for the different scenarios under analysis due to a stand-still point load 

located in the bottom slab of the retaining structure. A global overview of the results 

show that for frequencies up to 30 Hz there is an attenuation of the vibration level with 

the increase of the soil stiffness. Moreover, for the low frequency range (up to 7 Hz), 

the dynamic response of the layered ground is very similar to that one obtained with the 

stiffer ground, showing that the dynamic response is controlled by the deeper layer 

properties. For the other range of frequencies evaluated, it is observed an approximation 

of the response pattern for the two homogenous cases. This pattern of the dynamic 

response, more evident in the points located at larger distance from the wall, is due to 

the fact that the material damping effect is more pronounced in the softer soil since for 
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the same frequency shorter are the propagated wavelengths. This damping effect 

partially balances the benefit induced by the increase of ground stiffness. 

Comparing now the response of the layered system with the homogeneous ground 

scenarios, it is clear that the pattern of response is much more complex due to the wave 

reflection in the layers boundary. Nevertheless, for the frequencies up to 30 Hz, the 

vertical displacements of the layered system are bounded by the values obtained for the 

homogenous scenarios. 

a) b) 

c) d) 

Figure 10- Displacement registered on the transform domain for: a) 3m; b) 6m; c) 12m; d) 18m. (Blue 

– case study scenario, Red – Homogeneous with stiffer ground; Green – Heterogeneous scenario)

If instead of a point load excitation, the passage of the train is considered, similar 

conclusions are achieved, as can be seen from the Figure 11, where the vertical velocity 

in observation points is depicted in terms of one-third octave band. As expected from 

the previous analysis, for the lower frequency range, the dynamic response of the 

layered ground is similar to that one observed for the stiffer homogeneous soil. 

However, in the frequency range around 60 Hz, the dynamic response of the layered 

ground is very similar to that one obtained for the stiffer ground and larger than the 

obtained for the softer one. This aspect justified that the peak vertical velocity can be 

larger in the stiffer scenarios when compared with the softer case, as can be seen in 

Figure 12, where the vertical velocity time history is presented for the different points 

under analysis. Comparing the different time records depicted in the figure it is possible 

to see that the difference in the peak velocities is attenuated with the increase of the 

distance source-receiver. 
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a) b) 

c) d) 

Figure 11 - Velocity registered on the transform domain for a) 3m; b) 6m; c) 12m; d) 18m.; (Blue – 

case study scenario, Red – Homogeneous with stiffer ground; Green – Heterogeneous scenario) 

a) b) 
Figure 12 – Velocity registered on the time domain for; a) 3m; b) 6m. (Blue – Case study scenario; 

Red – Homogeneous with stiffer ground; Green – Heterogeneous scenario) 

4 Conclusions 

In this paper, the authors presented a study about vibrations induced by railway 

traffic in a trench cross-section. For that task, a numerical model based in a sub-

structuring approach was considered, where a 2.5D FEM-PML approach was used to 

compute the track-ground response. After the global model presentation, a case study 

was presented. In this preliminary study, it was possible to compute a complex dynamic 
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response, which being governed by several parameters as the geometry of the cross-

section and the ground properties. It was found that the larger vibration levels are not 

found in the vicinity of the diaphragm walls, but at some distance from it due to the 

partial shield effect induced by the diaphragm wall. In order to deeper understand the 

behavior of the global system, an additional studied was conducted, where a 

heterogeneous ground profile with a stiffer substratum was considered. In this scenario, 

there is a complex trend of the ground response with the increase of the distance to the 

railway track due to the multiple reflections that occur in the boundary between the two 

layers. Nevertheless, it was possible to identify that for frequencies up to 30 Hz, the 

dynamic response of the layered scenario is bounded by the response of the 

homogenous half-space solution assuming the properties of each layer. 
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Abstract. This paper puts forward a comprehensive framework for probabilistic quantifica-

tion of community resilience considering multiple interdependent infrastructure systems. The 

proposed framework integrates various dimensions of resilience including technical, organi-

zational, social, and economic. To this end, first the post-hazard status of the components of 

the community, e.g., infrastructure systems, is determined through casualty and damage mod-

els. Next, discrete events simulation is employed to quantify the recovery of the community, 

and the infrastructures thereof. For this purpose, the community restoration capacity, com-

prising workforce, material, and equipment, is assigned to the damaged components, which 

produces repair events. Once a component restored, the status of all components is updated 

considering interdependencies. At this point, the framework quantifies the costs incurred by 

the community comprising direct costs, i.e., restoration and relocation costs, and indirect 

costs, i.e., business interruption and socioeconomic costs due to absence of services, during 

the pre-repair period. Thereafter, the released restoration capacity is reassigned to another 

unrestored component, producing another event. This process continues until all components 

reach the intended functionality. The total community cost, which is the accumulated cost 

over the entire recovery period, is regarded as an indicator of the community resilience. The 

functionality of different infrastructure systems as well as different dimensions of resilience is 

incorporated in this single global indicator. This, in turn, provides the ability to determine the 

importance of each component based on the extent of contribution to this indicator. Therefore, 

the proposed framework provides decision makers with a decision support tool to identify the 

optimal resource allocation strategy to achieve a resilient community. The proposed frame-

work is showcased by an application to a community with a building portfolio, commercial 

units, transportation network, healthcare facilities, and a power distribution network. 
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1 INTRODUCTION 

Resilience is rapidly becoming a major area of research in academia and an important dis-

course in engineering practice [1]. Resilience encompasses various tracks of research. For ex-

ample, a number of studies have focused on defining and quantifying the resilience  [2-4], 

while some others have worked on modeling the different aspects and dimensions of resili-

ence, such as infrastructure interdependencies [5, 6]. In addition, some studies have defined 

performance metrics for resilience assessment of infrastructures and communities [7, 8]. 

There are several definitions for the notion of resilience in different scientific disciplines 

ranging from environmental engineering to materials science, psychology, sociology, and 

economics [2]. Among all of these studies, two key aspects of resilience are defined as 

strength and flexibility. Bruneau et al. [2] proposed a comprehensive description of resilience, 

which expands the definition to 11 different aspects. Renschler et al. [9] proposed a frame-

work for defining and measuring resilience at the community scale, dubbed PEOPLES. This 

framework accounts for seven dimensions of the community, namely, Population and de-

mographics, Environmental/Ecosystem, Organized governmental services, Physical infra-

structure, Lifestyle and community competence, Economic development, and Social-cultural 

capital, hence the acronym PEOPLES. 

The next challenging issue in the context of resilience is the interdependency of infrastruc-

tures. According to Rinaldi et al. [10], dependency is defined as a relationship between two 

infrastructures through which the state of one infrastructure is correlated to the state of the 

other. This phenomenon is a critical characteristic of any infrastructure system, since the fail-

ure of one infrastructure can propagate through the system and result in cascading failures in 

other infrastructures. Therefore, it is crucial to consider this interdependency. Several studies 

in the literature have focused on modeling this interdependency and the resulting cascading 

failure [5, 6]. 

The next challenging issue is the coincidence of multiple hazards and the ensuing multiple 

consequences. In fact, the occurrence of one hazard may increase the consequences of another 

hazard. For example, the occurrence of an earthquake after a heavy snowfall may result in 

more severe consequences, since the accumulation of snow on the structures results in in-

creasing the mass of the structure and amplifying the P-Δ effect. Ouyang et al. [11] proposed 

a methodology to model the concurrent hazards. It considers the double, triple, and generally 

k-combination of hazards and subsequently computes the associated probabilities and conse-

quences. 

This paper puts forward a comprehensive probabilistic framework to quantify the commu-

nity resilience, considering multiple interdependent civil infrastructures and multiple conse-

quences. This framework employs Monte Carlo sampling. In each sample, a hazard event 

with a random intensity is generated by a probabilistic intensity model. Thereafter, the per-

formance of infrastructures is quantified considering prevailing uncertainties. Consequently, 

the loss of functionality of the infrastructures in the aftermath of the hazard event is quantified 

in terms of the incurred damage, economic losses including downtime and business interrup-

tion, social losses including death, casualties, reduced quality of life, and socioeconomic loss-

es. This results in an estimate of the robustness of the infrastructures in the face of the hazard 

event, and is quantified using risk analysis approaches, such as FEMA-NIBS [12] and the 

framework proposed by Mahsuli and Haukaas [13, 14]. From this point forward, a novel im-

plementation of the discrete event simulation is proposed in this paper to simulate the recov-

ery of functionality of the infrastructures over time until the functionality reaches the desired 

level. To this end, probabilistic models that take into account resource availability simulate 

1995



Hossein Nasrazadani, Mojtaba Mahsuli 

 

the post-disaster recovery process of communities. In particular, the community restoration 

capacity, including workforce, material, and equipment, is assigned to the damaged compo-

nents. Once a component is restored, the status of all components is updated considering in-

terdependencies, and the released restoration capacity is subsequently reassigned to another 

unrestored component. This process continues until all components reach their desired level 

of functionality. 

 The proposed framework is implemented in the Rt computer program [15], and is show-

cased by an application to a community with a building portfolio comprising residential and 

commercial sectors, transportation network, healthcare facilities, and a power distribution 

network. In this example, the serviceability of hospitals is dependent on power. Furthermore, 

some of the commercial sector is dependent on power to uphold their business. The commer-

cial sector provides jobs for the residential sector, and at the same time, the residential sector 

is the consumer of the services and products provided by the commercial sector. This applica-

tion aims at answering the following key questions through the proposed framework which 

will be used to evaluate the community resilience: 

1) How long does it take for the entire community and each individual infrastructure to re-

cover to its pre-disaster status? 

2) What is the cost incurred by the entire community as well as the stakeholders of each indi-

vidual infrastructure, directly and indirectly, to recover to its pre-disaster status? 

2 LITERATURE REVIEW 

In this section, a concise review of the key literature on major subjects on resilience, name-

ly, definition of resilience, quantification of resilience, and indicators of resilience, is present-

ed. Furthermore, the studies dealing with the modeling of the post-disaster recovery of 

communities have been briefly introduced. 

2.1 Definition of resilience  

The first definition of resilience was proposed in 1973. Holling [16] studied the resilience 

and stability of ecological systems. Holling defined resilience as a measure of systems to per-

sist and absorb disturbances. On the other hand, stability is the ability of the systems to return 

to equilibrium after a disturbance. This definition is only focused on one aspect of resilience, 

i.e., the resistant capacity. The next definition, that shaped the resilience literature, was pro-

posed in 1981. Timmerman [17] defined resilience as “a measure of a system’s, or part of a 

system capacity to absorb and recover from a hazardous event.” This definition concentrates 

not only on the resistant capacity but also on the ability to efficiently recover in the face of 

hazards. Definitions that were put forward after 1981 were mainly inspired by the one pro-

posed by Timmerman [17]. They all emphasize on two key aspects of resilience, i.e., the abil-

ity of a system to withstand the hazards, dubbed “robustness,” and to recover promptly and 

efficiently to functionality, dubbed “rapidity.” 

2.2 Quantification of resilience  

In 2003, Bruneau et al. [2] provided a comprehensive description of resilience which is still 

the most popular one in the engineering community [1]. According to Bruneau et al. [2], resil-

ience comprises four properties, named as four Rs of resilience: (1) robustness, defined as the 

ability to resist extreme events, (2) rapidity, defined as the ability to recover quickly to a high 

level of functionality, (3) redundancy, defined as the extent to which the components of a sys-
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tem are substitutable, and (4) resourcefulness, defined as the ability to identify failures, estab-

lish priorities, and allocate resources. In addition, resilience encompasses four interrelated 

dimensions: (1) technical, which is the ability of physical systems to perform desirably in the 

face of hazards, (2) organizational, which is the managerial capacity of a system to make ap-

propriate decisions and take actions to contribute to achieving the four properties of resilience, 

(3) social, which is the impacts on society due to loss of critical services, and (4) economic, 

which is the capacity to reduce both direct and indirect economic losses against hazards. 

Therefore, a resilient system is one with less failure probability, less recovery time, and less 

consequences. 

Based on the framework presented by Bruneau et al. [2], Chang and Shinozuka [18] pro-

posed  a resilience quantification framework, applicable to various infrastructure systems. In 

their framework, the system functionality, Q, is utilized to evaluate the performance of the 

system in terms of losses and recovery duration. Cimellaro et al. [19], proposed another quan-

tification framework. In their approach, resilience is defined as the normalized area under-

neath the functionality curve of the system. As depicted in Figure 1, the functionality of the 

system remains unchanged until a hazard occurs at time t0, which results in a sudden fall in 

the system performance. Next, the recovery process begins, and after the time period of TRE, 

the system reaches the desired functionality. The control time, TLC, is the duration in which 

the analysis is performed, is often considered as one year. According to Cimellaro et al. 

framework [19], resilience is quantified by the following equation, which represents the shad-

ed area in Figure 1: 
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Figure 1. Graphical representation of resilience 

In 2012, Ouyang et al. [11] proposed a three-stage resilience analysis framework. These 

three stages are resistant capacity, absorptive capacity, and restorative capacity. In their 

framework, network betweenness [5] is considered as the performance metric of the system. 

To this end, random scenarios for occurrence of hazards during a time span of one year are 

generated and the system’s performance under each is evaluated. Thereafter, the annual resili-

ence is quantified as the mean ratio of the area underneath the real performance curve to the 

area under the target performance curve during a year. Other methodologies have been also 

utilized for quantification of resilience, such as graph theory, fuzzy inference, probabilistic 

methods, and entropy theory [20]. 
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2.3 Indicators of resilience  

Due to the multifaceted nature of resilience, which includes physical, social, organization-

al, and economic dimensions, there are several indices that address each aspect [21]. For the 

case of technical resilience, based on the type of infrastructure under investigation, several 

metrics have been proposed. For example, Miller-Hooks et al. [22] quantified resilience of 

transportation networks as the maximum expected system throughput. Shinozuka et al. [6] 

considered the power supply as the resilience metric of power systems. For social resilience, 

there are also several metrics, such as social vulnerability index [21], number of dead or in-

jured during and after the hazard event [19], and number of households without power [6]. 

Organizational resilience has been measured by several different approaches. Shinozuka et al. 

[6] considered the restoration duration, while Cutter et al. [23] proposed fire, police, emergen-

cy relief services, and temporary shelters per 1000 population as the metric of evaluating or-

ganizational resilience. For the case of economic resilience, loss estimation models are 

typically utilized to measure property loss and business interruption as the resilience metrics 

[18]. For example, Shinozuka et al. [6] considered Gross Regional Product (GRP), while Nor-

ris et al. [4] and Cutter et al. [21] proposed median household income as the economic resili-

ence metric. The next challenge is to aggregate these indices into a single composite indicator 

to make it more comprehensible for the general public and the policymakers [24]. The first 

solution at hand is to assign subjective weights to each index and sum them up in to a global 

index [24]. 

2.4 Modeling the post-disaster recovery 

The most basic way to model the recovery process of the infrastructures is to assume a sub-

jective pattern. Cimellaro et al. [19], proposed three recovery patterns for the infrastructures, 

namely, linear recovery, trigonometric recovery, and exponential recovery. Each pattern has 

its own justification, e.g. the exponential recovery function is used when, due to the initial 

abundant resources, the recovery rate is high but decreases as it reaches the end. The trigono-

metric function, on the other hand, is used when the community is not well prepared for the 

hazards. The linear function is used when there is no information about the degree of prepar-

edness of the community against hazards. 

 The use of discrete event simulation methodology in simulating the post-disaster recovery 

have been addressed in few studies. Cagnan and Davidson [25] utilized this method to simu-

late the post-earthquake restoration process for electric power systems. Moreover, Luna et al. 

[26] applied discrete event simulation to model the post-earthquake recovery of water distri-

bution system. Huling and Miles [27] employed SimPy to simulate the disaster recovery of 

buildings. SimPy is a discrete event simulation framework which is specifically written for 

the Python programming language. 

3 PROPOSED FRAMEWORK 

In this section, the proposed framework for evaluating resilience is presented in a stepwise 

manner. 

3.1 Identify critical infrastructures 

According to the United States Department of Homeland Security [28], critical infrastruc-

tures are the ones “whose assets, systems, and networks, whether physical or virtual, are con-

sidered so vital to the United States that their incapacitation or destruction would have a 

debilitating effect on security, national economic security, national public health or safety, or 
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any combination thereof.” Based on that definition, 16 infrastructure sectors have been con-

sidered critical in United States, including energy sector, healthcare, water and wastewater 

system, transportation system, and so forth [28]. These critical infrastructures may vary de-

pending on the characteristics of the region of interest. Therefore, the first step is to identify 

the critical infrastructure sectors of the region under investigation. 

3.2 Identify infrastructure interdependencies 

The next step is to identify the infrastructure interdependencies, which means to identify 

the impacts of infrastructures on each other when they are not in their normal condition. Five 

main categories of methodologies have been proposed in the literature [29]: empirical, agent 

based, system dynamics based, economic theory based, and network based approaches. In the 

worst case scenario, the loss of functionality of one component can propagate through the 

whole system, resulting in cascading failures in its clients. Therefore, modeling this interde-

pendency provides a more realistic interpretation of the system.  

3.3 Identify hazards and associated consequences 

After identifying the critical infrastructures and their interdependencies, it is required to 

identify the hazards that affect the performance of each infrastructure. Hazards are catego-

rized into natural and manmade based on their origin. They are also categorized into (1) ex-

treme hazards, which happen suddenly in very short period of time, such as earthquakes, and 

(2) gradual hazards, which are mostly the environmental and ecological and happen over long 

periods of time. It should be noted that, in addition to the hazards outlined above, the incapac-

itation of an upstream infrastructure can also be considered as a hazard for the downstream 

infrastructures. Next, the associated consequences for each hazard must be identified. For ex-

ample, in the case of an earthquake event, damage, casualties, relocation, and business inter-

ruption are the probable consequences. Next, the coincidence of multiple hazards must be 

investigated. In these cases, at first, the probability of each possible coincidence should be 

determined and subsequently, the associated consequences should be identified. 

 

3.4 Develop/Adopt probabilistic models for prediction of hazards, infrastructures re-

sponse, and consequences 

After identifying the hazards, probabilistic models should be developed or adopted to pre-

dict the occurrence and intensity of those hazards. For example, models are needed to simu-

late the time, magnitude, and location of earthquake events. Next, it should be identified how 

each infrastructure responds in face of hazards. Therefore, probabilistic models are needed to 

predict the response of each infrastructure under each hazard, for instance, models that predict 

the maximum roof displacement of buildings in earthquakes. Next, the associated conse-

quences for each state of infrastructures response should be evaluated. Hence probabilistic 

models are required to predict the associated consequences of each response state, for exam-

ple, models to predict the damage and number of casualties given buildings response. 

3.5 Develop/Adopt Probabilistic Models for Prediction of Infrastructures Restoration 

Next, probabilistic models should be developed or adopted to predict the restoration time 

and cost for each consequence. For example, models are needed to predict the repair time and 

cost of a building, given the level of damage, or the recovery time and cost of a severely in-

jured person. Thereafter, it is needed to determine how much restoration capacity is needed 

for each consequence. This capacity is the available workforce, materials, and machinery, 
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which are utilized to restore the damaged components after the hazards. For example, it is 

needed to determine the labor force needed for repairing a building. Next, the restoration ca-

pacity of the community, such as the available workforce to conduct repair operations, should 

be determined. 

3.6 Convert all consequences to cost 

After identifying the consequences and restoration process, it is needed to convert all con-

sequences in to a single positive or negative utility, such as cost. For example, fatalities are 

converted to cost using the notion of the value of statistical life. 

3.7 Evaluate the resilience of the infrastructure system 

As the previous steps completed thoroughly, all the needed tools for evaluating resilience 

are at hand. Figure 2 shows how previous steps are organized to configure the resilience eval-

uation framework. After identifying critical infrastructures, their interdependencies, and their 

associated hazards and consequences, a random hazard scenario is generated using the hazard 

prediction models. Then, the response of infrastructures under each hazard, considering their 

interdependencies, is evaluated. Next, the associated consequences are quantified and then 

converted to cost. Thereafter, based on the budgetary and restoration capacity constraints, the 

restoration process is simulated. As the restoration process continues, the indirect conse-

quences, such as life quality reduction and business interruption are evaluated. At the end of 

the generated scenario, when all components are restored to their desired level of functionality, 

all computed costs are accumulated. This total system cost in an indicator of resilience for that 

system. Generating a host of random hazard scenarios leads to the probability distribution of 

the total system cost. 
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infrastructures 
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consequences 

Hazard prediction
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prediction
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Figure 2. Resilience evaluation framework 

3.8 Policy evaluation and optimization 

The advantage of the proposed framework is that it aggregates all aspects of resilience into 

a single measure of utility. The conversion is not carried out through subjective weights un-

like the existing literature [19]. Rather, each consequence is converted to cost using an appro-

priate measure. This facilitates the use of the said utility as an objective function in an 

optimization analysis to optimize the policies on resilience enhancement. For this purpose, the 

influential decisions should be identified. Each decision can impact one or more aspects of 

resilience. For example, building a new hospital is an effective policy, since it can reduce the 

patients’ recovery time and enhance the life quality, which contributes to economic and social 

aspects of resilience. The next step is to identify the corresponding decision variables for each 

decision. For the case of constructing a new hospital, the location, time, and capacity of the 

new construction form the decision variables. Next, the simulation process is repeated and the 
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risk measure that represents the resilience of the enhanced system is quantified. The cost of 

implementing the policy should also be added as a cost. The optimization analysis determines 

the optimal value of each decision variable in order to minimize the risk measure of the sys-

tem and hence, results in a more resilient system. This framework makes it possible to com-

pare and run alternative policies for the improvement of the resilience. 

4 ILLUSTRATIVE EXAMPLE 

In this section, a case study of a hypothetical system with five critical infrastructures is 

presented. These infrastructures and their interdependencies are shown in Figure 3. For exam-

ple, the hospitals depend on the power system in order to function. 

Power 

system

Hospital

Commercial 

building stock

Residential 

building stock

Power

Power

Health service

Transportation

Power

Roads for travelRoads for business

Labor force

Health service

 

Figure 3. Example community 

Figure 4 depicts the simulation process to be conducted in order to evaluate the resilience 

of the community. The models, software, and information required to conduct such an analy-

sis is also tabulated in Table 1. In accordance with Figure 4, first the probable hazards and 

their associated consequences are identified. Thereafter, the hazards are simulated and the in-

tensity at the location of each system component is computed. This example disregards the 

coincidence of hazards for simplicity. Second, the response of each component subject to each 

hazard event is quantified and the post-disaster status of the system is determined. This status 

represents the damage incurred by each component and the number of injuries and fatalities. 

Next, the capacity of the community to restore is assigned to damaged components on a daily 

basis. In particular, the analysis controls all components under repair at the end of each day to 

identify if they have reached the desired performance, i.e., if they have fully restored. If so, 

the total restoration cost of these components plus the indirect costs incurred by the system 

and its users is quantified and added to the total system cost. In addition, the capacity assigned 

to these restored components is released and then reassigned to the next unrestored compo-

nent(s). When all components are restored, the duration of restoration and the total communi-

ty cost are computed. This forms a single realization of the total community cost and 

restoration duration. The analysis continues with generating more hazard scenarios and hence, 

more realizations of the total community cost and restoration period until sufficiently accurate 

probability distributions for these random variables are obtained. Next, a risk measure is ex-

tracted from the probability distribution of the total community cost based on the attitude of 

the decision maker towards risk. A risk-neutral decision maker employs the mean total com-

munity cost whilst a risk-averse decision maker may utilize higher moments of cost. This risk 

measure will then be subjected to minimization in order to optimize the decision variables of 

various prescribed policies.   
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Figure 4. Simulation process for evaluating the system resilience 

 
 Required models, software and data 

Hazard Location, severity, and duration 

Intensity at the location of each system component  

Residential  

and  

commercial 

building stock 

Building portfolio information 

Residential/commercial buildings location 

Response and consequence models, including damage and casualty models 

Relocation cost of people 

Commercial 

complex 

Average daily revenue for each complex 

Dependency on power in terms of reduction in revenue due to power outage 

Dependency on transportation in terms of reduction in revenue due to increase in 

travel time 

Transportation Transportation network information 

Transportation network analysis software 

Transportation components response and consequence models, including damage 

models 

Power system Power distribution network, including receiving stations and transmission lines 

Service area of each receiving station 

Power stations response and consequence models, including damage models  

Power network analysis software 

Hospital Location 

Patient capacity 

Dependency on power in terms of reduced patient capacity 

Hospitals response and consequence models, including damage models  

Restoration  

process 

Restoration capacity of the system 

Cost, duration, and needed capacity for restoration of buildings for each level of 

damage 

Cost, duration and needed capacity for restoration of transportation elements for 

each level of damage 

Cost, duration and needed capacity for restoration of receiving stations 

Cost, duration and needed capacity for recovery of an injured person 

Table 1. Required models, software and data in the illustrative example 
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5 CONCLUSIONS 

This paper proposes the blueprint of a comprehensive resilience evaluation framework that 

takes into account multiple aspects of resilience. Parameters such as power supply reduction, 

restoration capacity, number of fatalities, and business interruption, which represent technical, 

organizational, social, and economic aspects of resilience, respectively, are integrated consist-

ently into a one global indicator. Therefore, the proposed framework facilitates conducting 

optimization analyses to prioritize different influential policies, and determine their optimal 

design in order to maximize the resilience of the system. In addition, the proposed framework 

determines how financial resources must be allocated to different infrastructures, as well as 

different aspects of resilience, to achieve a resilient community.  
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Abstract. Earthquakes may induce severe fire disasters in urban regions. Burnt buildings 
may have to be demolished, even if they have merely slight seismic damage, which will dra-
matically increase the recovery time of communities to regain their functionality. As a result, 
a rational fire following earthquake (FFE) simulation is important for the resilience assess-
ment of communities after an earthquake. This work proposes a framework for the physics-
based simulation of FFE considering building seismic damage, through which the accuracy, 
rationality and usability of FFE simulation are improved. Specifically, the seismic damage of 
regional buildings is simulated using multiple degree-of-freedom (MDOF) building models 
and nonlinear time-history analysis. A case study of the FFE simulation of downtown Tang-
shan City with 230,683 buildings is performed. The results show that the influence of different 
ground motions and building seismic resistances on fire ignition and fire spread can be taken 
into account with the proposed method. The proposed FFE simulation method can serve as 
important technical supports for FFE prevention and disaster management. 
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1 INTRODUCTION 

Earthquakes may cause severe fire problems. For example, in the 1906 San Francisco 
earthquake, the building damage due to fire following earthquake (FFE) accounted for 80% of 
the total damage [1], i.e., the losses caused by FFE was four times of the direct earthquake 
losses. Moreover, burnt buildings have to be demolished, even if they have merely slight 
seismic damage, which will dramatically increase the recovery time of communities to regain 
their functionality. As a result, a rational FFE simulation is important for the resilience as-
sessment of communities after an earthquake. 

The existing FFE models are mainly categorized into two types: (1) ignition models, which 
simulate the number of ignited buildings in a given zone under a certain seismic intensity; and 
(2) fire spread models, which simulate the fire development in an individual building and 
among neighborhood buildings.  

Most of the ignition models [2] use the regression methods to determine the relationship 
between the ignition rate and seismic intensity measures, based on the statistics of historical 
FFE events. Generally, the regression models only provide the number of ignited buildings at 
a given seismic intensity. However, the exact ignition locations are determined randomly or 
arbitrarily assigned by users. 

Fire spread models have a tendency towards being physics-based rather than strictly empir-
ical [2]. However, only a limited number of fire spread models consider the influence of 
building seismic damage on fire spread. The model proposed by Himoto et al. [3] made a re-
markable progress with respect to these effects. Nevertheless, the seismic damage of buildings 
was randomly assigned in the case study of Himoto et al. [3] and there were no further discus-
sions as how to simulate the building seismic damage in urban regions. 

Remarkable progress has been achieved in developing a novel seismic damage simulation 
method for regional buildings in recent years [4-6]. Using multiple degree-of-freedom 
(MDOF) models in conjunction with nonlinear time-history analysis (THA), the dynamic 
seismic responses of a number of buildings can be obtained in an efficient and accurate way, 
which has the potential to further improve the capacity of the FFE models. Specifically, the 
influence of building seismic damage on fire ignition and spread can be considered more rea-
sonably. Therefore, in this work, a framework for the FFE simulation, considering building 
seismic damage, is proposed based on the existing models of [4-6]. A case study of the FFE 
simulation of downtown Tangshan City with 230,683 buildings is performed. The results 
show that the influence of building seismic damage on fire spread can be reliably considered. 
The proposed FFE simulation method can provide important technical support for FFE pre-
vention. 

2 FRAMEWORK 
The proposed framework consists of three parts (Figure 1): (1) seismic damage simulation 

of regional buildings; (2) ignition model; and (3) fire spread model. 
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Figure 1: Framework of the FFE simulation. 

2.1 Seismic damage simulation of regional buildings  
Seismic damage simulation of regional buildings forms the basis of the subsequent FFE 

simulation. Generally, there are thousands of buildings in an urban region. To obtain an accu-
rate and efficient seismic damage simulation of regional buildings, Xiong et al. [5, 6] per-
formed a series of studies in which the low- and mid-rise buildings were simulated using the 
nonlinear MDOF shear models and the tall buildings were simulated using the nonlinear 
MDOF flexural-shear models. Using such models, the inter-story backbone curves and hys-
teretic parameters of the MDOF models can be determined based on the basic building GIS 
information (i.e., planar area, number of stories, building height, construction period, occupa-
tion and structural type) [5, 6]. As a result, the nonlinear MDOF model of buildings can be 
automatically established. After that, the nonlinear THA is performed to calculate the seismic 
responses and damage of the buildings. The nonlinear THA of a number of buildings can be 
greatly accelerated through graphics processing unit (GPU)-powered parallel computing [4, 6]. 
Xiong et al. [5, 6] validated the rationality and accuracy of these methods via plenty of case 
studies. 

2.2 Ignition model 
In most of the existing ignition models, the locations of ignition are determined randomly 

or arbitrarily assigned by the users. To determine the ignition locations more reasonably, Ren 
and Xie [7] proposed the following methodology: (1) calculate the number of ignited build-
ings N using the regression model, given a seismic intensity; (2) calculate the igniting proba-
bility of each building using the probabilistic model of individual buildings; (3) sort the 
building igniting probability in a descending order; and (4) assign the top N buildings with the 
highest igniting probability as the ignited buildings. 

Since the regression models rely on the statistical data, a regression model generally per-
forms better when applied to the regions where the historical FFE records are included in the 
statistics. As the case study presented in this work is a Chinese city, the model proposed by 
Ren and Xie [7], which uses the statistical data of historical FFE events in China, the United 
States, and Japan during 1900-1996, is therefore adopted in this work, as shown in Eq. (1): 

 28476.034534.111749.0 PGAPGAN -+-=  (1) 

where N is the number of ignited buildings per 1 million m2 building area. The unit of peak 
ground acceleration (PGA) is g. 
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Given a PGA, the igniting probability of an individual building )|( PGARP  can be calcu-
lated using Eqs. (2) and (3) [7]: 

 )()|()|()()|( GPPGADPMFPMPPGARP K ´´´=  (2) 

 å ´´=
j

jjjjj DSPDCPPGADPPGADP )]|()|()|([)|(  (3) 

where )|( PGADP  represents the influence of building seismic damage on the igniting prob-
ability, given a PGA. The meanings and values of other parameters are listed in Table 1. 

Note that the igniting probability given by Eq. (2) may overestimate the ignition risk (i.e., 
the expected number of ignited buildings predicted by Eq. (2) will be greater than the number 
of buildings given by Eq. (1)). As a result, )|( PGARP  should be treated as a measurement of 
relative ignition risk of different buildings instead of an absolute ignition risk. To emphasize 
this point and to avoid misleading, a new index, i.e., the building ignition risk r, is defined 
herein as: 

 %100
)(

)|(
max

´=
RP
PGARPr  (4) 

where 867.0)( max =RP  is the maximum value of Eqs. (2) and (3), under the condition that the 
building collapses due to an earthquake, the building contains flammable and explosive chem-
ical material, and the weather conditions are unfavorable [7]. 
 

Parameter Description 
)(MP   The probability a building contains or is constructed of flammable 

materials 
)|( MFP K  The probability that combustibility affects ignition 

)(GP  The probability that other factors (e.g., weather, season, and environ-
ment) affecting ignition 

)|( jj DCP  The probability of the leakage and diffusion of combustible materials, 
given a damage state Dj 

)|( jj DSP  The probability that earthquake-induced ignition will occur, given a 
damage state Dj 

)|( PGADP j  The probability that the building has a damage state Dj, given a PGA 
 

Table 1: Descriptions of the parameters in the equations of the probabilistic model. 

Ren and Xie [7] provided the values of most parameters listed in Table 1, but they did not 
mention how to calculate )|( PGADP j . Some studies suggested using damage probability 
matrices to calculate )|( PGADP j  [8]. However, the damage probability matrices cannot 
identify the influence of different ground motion characteristics (e.g., with or without velocity 
pulse). Moreover, for the regions lacking historical seismic damage data, the accuracy of 
damage probability matrices should be carefully considered [6]. For this reason, the seismic 
damage simulation of regional buildings proposed by Xiong et al. [5, 6] is used in this study 
to calculate the probability of buildings experiencing different damage states 
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2.3 Fire spread model 
Fire spread consists of fire development in an individual building and fire spread among a 

group of buildings. The fire spread model proposed by Zhao [9] is adopted in this work. In the 
Zhao’s model [9], the fire development in an individual building (i.e., ignition, flashover, full-
development, and extinguishment) is simplified by defining the temperature and heat release 
rate of the burning building versus time. For the fire spread among a group of buildings, two 
main mechanisms that affect the fire spread: (1) thermal radiation, i.e., ejected flames and ra-
diation through openings and heated exterior walls; and (2) thermal plume, i.e., plumes with 
high temperature. For a building that has not caught fire, if the received heat flux from the 
burning buildings is higher than its critical heat flux, it will then be ignited. Moreover, the in-
fluence of weather conditions, e.g., ambient temperature, humidity and rain, are also consid-
ered. The fire spread model was validated by comparing the simulation and real fire spread of 
the fire following the 1995 Kobe earthquake [9]. 

It should be noted, however, that the building seismic damage is not considered in the 
model in Zhao [9]. As a matter of fact, an earthquake may induce damage to walls, fire pro-
tection devices, gas systems, electrical systems, etc., which can further aggravate the fire 
spread. To date, only a limited number of existing fire spread models deals with building 
seismic damage, among which a representative model was proposed by Himoto et al. [3]. The 
principle of the work of Himoto et al. [3] is adopted in this work, i.e., assuming that the fail-
ure of the building exterior façade due to an earthquake will reduce the critical heat flux of 
ignition, as shown in Eq. (5). 
 LcrHcrcr qqq ,, )1( !!! jj -+=  (5) 

where j  is the failure ratio of the exterior façade, defined as the ratio of failed area to the to-
tal area of the exterior façade; Hcrq ,! , Lcrq ,!  are the critical heat flux when 1=j  and 0=j , 
respectively. The value of j  and Lcrq ,!  can be referred to [3] and [9], respectively.  

a  is defined as the critical heat flux reduction factor when the complete failure of the exte-
rior façade occurs, as shown in Eq. (6). 

 
Lcr

Hcr

q
q

,

,

!

!
=a  (6) 

However, the value of a  lacks sufficient references; hence, the influence of a  on the fire 
spread simulation results will be further discussed in the case study of this work. 

Note that Himoto et al. [3] did not provide further discussions on how to determine the 
building seismic damage; instead, the damage states of buildings were randomly assigned in 
their work. To overcome this limitation, Section 2.1 in this work provides a more reasonable 
prediction of building seismic damage simulation. 

3 CASE STUDY 

3.1 Downtown Tangshan City 
Tangshan City is located in North China. On July 28th, 1976, the entire Tangshan City was 

ruined by an M7.8 earthquake. In that catastrophe, 2.85 million buildings collapsed, and 
960,000 buildings were severely damaged. The earthquake did not cause fire disaster due to 
heavy rain. However, there were more than 30 fire ignitions in Tianjin City, 100 km away 
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from Tangshan. To evaluate the potential FFE risk, a case study of FFE simulation for down-
town Tangshan City was performed. 

A total of 230,683 buildings were considered. The information of these buildings, includ-
ing structural type, construction period, number of stories, etc., was provided by Tsinghua 
Tongheng Urban Planning and Design Institute, Beijing. The distribution of building con-
struction periods and structural types are shown in Figure 2. 

1980 ~ 1989

1990 ~ 1999

2000 ~ 2009

2010 ~ 2015

 

Factory

Reinforced masonry

Unreinforced masonry

Reinforced concrete

Tall building

 

(a) construction periods (b) building types 

Figure 2: The information of buildings in downtown Tangshan City. 

Due to the fact that the number of seismic observatories in China was very limited in 1976, 
the strong near-field ground motions of the main shock were not recorded. One of the ground 
motion record with relatively good quality was located in the observatory near Beijing Hotel. 
However, this observatory was 157 km away from the epicenter. After a long-distance propa-
gation, the far-field record cannot reflect the characteristics of ground motions near the epi-
center. As a result, in this simulation, 4 typical near-field records (hypocentral distance less 
than 10 km) recommended in FEMA P695 report [10] were selected as the input ground mo-
tions. These ground motions were recorded during the M7.6 Chi-Chi earthquake, M7.5 Ka-
caeli earthquake, and M7.9 Denali earthquake. The magnitudes of these 3 earthquake events 
are close to that of Tangshan earthquake (M7.8). The normalized ground motion time-history 
curves are shown in Figure 3, where H1 and H2 stand for two horizontal components. 
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Figure 3: The four selected near-field ground motions (normalized).  

Since the studied area is large, ground motion attenuation should be considered. In this 
study, the ground motion prediction equation (GMPE) suggested in the 5th generation of seis-
mic ground motion parameters zonation map of China [11] is adopted. The PGA distribution 
is calculated using the GMPE, shown in Figure 4. 

 
Figure 4: the PGA distribution calculated using the GMPE in [11]. (unit: cm/s2). 

3.2 Fire ignition simulation 
The damage states of buildings can be obtained by performing the nonlinear THA for all 

the buildings in the case study region, using the 4 ground motions as input. Subsequently, the 
ignition risks r under different ground motions and the mean ignition risks rm can be calculat-
ed using Eqs. (2) - (5). The number of ignited buildings N = 652, according to Eq. (1). The top 
N buildings with the highest rm are assumed to be the ignited buildings, as shown in Figure 5. 
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Figure 5: Ignition risks. 

3.3 Fire spread simulation  
Based on the 30-year statistics from 1971 to 2000, the weather conditions of Tangshan 

City in July are shown in Table 2 [12]. As a result, weather conditions of south-southeast 
(SSE) wind (wind speed v = 2.3 m/s), the lowest ambient temperature Tlow = 21.7 °C, the 
highest ambient temperature Thigh = 30.2 °C, and the critical heat flux reduction factor 4.0=a  
are selected as an example. 

 
Average temperature 
(℃) 

Average high tem-
perature (℃) 

Average low temper-
ature (℃) 

Average wind speed 
(m/s) 

25.7 30.2 21.7 2.3 
 

Table 2: The weather conditions of Tangshan in July (based on the statistical data of 1971-2010) [12]. 

The fire spread simulation is performed after obtaining the ignition location. Figure 6 
shows the damage of the central Tangshan City due to fire following CHICHI_TCU065 
earthquake. 

The curves of total footprint area burned subsequent to different ground motions are shown 
in Figure 7. The curves are close to each other, indicating that in this case the uncertainty of 
ground motions does not affect the fire spread results significantly. The fire spread is found to 
speed up at the beginning of the conflagration and slow down after 9 h. After 40 h, the fire is 
extinguished completely. When the suppression by the fire departments is not considered, the 
mean total footprint area burned is approximately 3.23 km2, accounting for 9.3% of the total 
footprint area of the buildings. 
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Figure 6: The damage of the central Tangshan City due to fire following CHICHI_TCU065 earthquake. 

Due to the lack of sufficient data with respect to the value of critical heat flux reduction 
factor a , the influence of this factor on the fire spread is discussed herein. When the weather 
conditions and ignition locations remain the same, the total footprint area burned (mean of the 
results of 4 ground motions) versus time for different values of a  are as shown in Figure 8. 
Note that 0.1=a  indicates that the influence of building seismic damage on fire spread is not 
considered. Figure 8 shows that a smaller a results in a greater aggravation of the fire spread 
due to the building damage. When 4.0=a , the total area burned (at 60 h), considering build-
ing damage, increases by 32.5%, compared to not considering building damage. 
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Figure 7: Total footprint area burned .  Figure 8: The influence of a. 

Wind is an important factor affecting fire spread. According to the available statistics, the 
wind directions of SSE, WNW, and ESE have a relatively high frequency [13], shown in Fig-
ure 9; while the average maximum wind speed in July and the maximum wind speed in July is 
6 m/s and 25 m/s, respectively [14]. When other conditions remain the same (when 4.0=a ), 
the total footprint areas burned versus time for different wind speeds v and different wind di-
rections are shown in Figure 10. The case study shows that the ESE wind may result in a 
higher burned area than the direction of WNW and SSE. As for wind speed, when v = 2.3 m/s, 
the spread speed and the total burned areas are close to v = 0 m/s. When the wind speed is fur-
ther increased, both the fire spread speed and the total burned area increase. 
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Figure 9: Wind rose plot of Tangshan City, based 

on the statistics from 1996-2005 [13]. Figure 10: The influence of wind speed and wind direction. 

4 SUMMARY 
In this work, a framework for physics-based simulation considering the building seismic 

damage is proposed. A case study of the FFE simulation of downtown Tangshan City is per-
formed. The conclusions can be drawn as follows: 

(1) The seismic damage of regional buildings is simulated using the nonlinear MDOF 
building model and nonlinear THA, which is necessary for FFE simulation. Consequently, the 
influence of different ground motions and different building seismic resistances on the fire 
spread can be considered, which leads to a more rational and accurate FFE simulation. 

(2) The seismic damage to an exterior façade will induce a larger burned area, which is 
not negligible. 
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Abstract. 
Modern cities are complex organisms, very difficult to control and represent through com-

prehensive models. Their safety and their resilience cannot be tackled without a full compre-

hension of their systems, networks and infrastructures. Health care systems are one of the 

most crucial assets of complex communities. The network of Hospitals, indeed, is assumed to 

be effective and supportive in case of emergency, such as at the occurrence of strong earth-

quakes. In this work the reliability of a Hospital network is verified. The analysis is aimed at 

evaluating the relative efficiency of each Hospital Complex inside the network, taking into 

account its size, performance and accessibility. Interdependencies between the Hospitals and 

the transportation networks has been taken in account in the analysis.  The research has been 

applied on a case-study, i.e. a real network of Hospital buildings, including 41 complexes. 

The effectiveness of each complex has been measured using a reduced number of meaningful 

parameters appositely selected. A further evaluation, concerning a simplified rating of the 

seismic vulnerability of the Hospital buildings have been made for all considered cases. Fur-

thermore, the capacity of each Hospital complex has been evaluated in terms of extension of 

the reference area and amount of the covered population. Finally, the accessibility to each 

complex has been checked, by analyzing the mutual connectivity of the entire network using 

graph theory, which has been applied by considering the effective position of each Hospital 

complex inside the area, and the real connection infrastructure. As a result of the study, an 

effective description of the examined network has been achieved, and a simplified rating of 

each Hospital complex has been found. 
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1 INTRODUCTION 

The health care networks are one of the critical infrastructures in communities [1]. At the 

occurring of emergencies, indeed, the Hospital buildings are expected to provide the first res-

cues, becoming the core of the post-emergency organization [3-5]. This work is aimed at pro-

posing a synthetic method to evaluate the reliability of the Health network in case of seismic 

emergency, by including the transportation network.   

The study refers to a real Health network, located in Italy, consisting of a total volume of 

5128000 m
3
, and organized in 3 regional companies, 12 district organizations and 533 struc-

tural units.   

In the past years the considered Hospital network of Tuscany has been the object of joint-

ed agreement between the Regional Government and three Tuscan Universities, which ac-

complished a wide survey, aimed at evaluating the seismic vulnerability of the Hospital 

buildings. As a results of such research, a qualitative vulnerability mapping of a large per-

centage of the Hospital building population has been made [6], by following a qualitative ap-

proach based of the 2nd Level GNDT forms [7].  

In this work the Hospital buildings population of the Tuscan Health system is assumed as 

case-study to set a simplified method for network risk evaluation and Resilience analysis [1]. 

The Hospital Complex have been ordered after their administrative organization. The Hospital 

buildings have been classified after three different criteria, i.e. the strategic role, found ac-

cording to the criteria adopted by the Tuscan Health Organization [8], the seismic vulnerabil-

ity, which has been arranged on the basis of the information provided by De Stefano et al. [6], 

and the seismic hazard, i.e. the site PGA, as provided by the Italian hazard classification 

[9,10]. Each of these classifications comprehends three classes, indicating, respectively, good, 

moderate and low performance level.  

The classification of the Hospital population has been combined to the analysis of the 

transportation network to achieve a more comprehensive evaluation of the adequacy of the 

Health system to face the seismic emergency. The checked road accesses have been classified 

after their length, capability (highways vs local roads) and redundancy, in order to evaluate 

the reliability of each Hospital Complex as potential emergency headquarter. Even if the reli-

ability of the Hospital complexes has been evaluated with special attention to the seismic risk, 

the criteria adopted for the selection of buildings as emergency center intends to be general 

and adoptable for all emergency situation. To this purpose the research, still in progress, needs 

to be integrated with additional information. 

2 THE HOSPITAL NETWORK OF TUSCANY 

2.1 The administrative organization 

The Tuscan administration is articulated in 10 provinces. The health system follows such 

organization; indeed, there are 10 provincial companies, with the addition of three further 

ones, introduced to better cover the needs of specific areas, for a total number of 12 compa-

nies. They are organized in three main districts, which have as much main headquarters [8], 

consisting of University Hospital Companies. To this organizational scenario, briefly de-

scribed in Table 1, a further Hospital must be added, which offer pediatric care for the entire 

Region. Each provincial company is made of some Hospital complexes, distributed in the area, 

having different dimension and number of offered care services. In Table 1 each Hospital 

complex has been named after Regional (R) and Provincial (P) organization.  
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Table 1. Administrative organization of the Tuscan Health System. 

Regional Companies Provincial Companies Hospital Complexes 

R1 

R1_P1 

R1_P2 

R1_P3 

R1_P4 

H1.1.1, H1.1.2, H1.1.3, H1.1.4, H1.1.5, H1.1.6, H1.1.7 

H1.2.1, H1.2.2, H1.2.3 

H1.3.1, H1.3.2, 

H1.4.1, H1.4.2, H1.4.3, H1.4.4 

R2 

R2_P5 

R2_P6 

R2_P7 

R2_P8 

R2_P9 

H2.5.1, H2.5.2, H2.5.3, H2.5.4 

H2.6.1, H2.6.2, H2.6.3 

H2.7.1, H2.7.2, H2.7.3 

H2.8.1, H2.8.2, H2.8.3, H2.8.4 

H2.9.1 

R3 

R3_P10 

R3_P11 

R3_P12 

H3.10.1, H3.10.2, H3.10.3, H3.10.4 

H3.11.1, H3.11.2, H3.11.3, H3.11.4, H3.11.5 

H3.12.1, H3.12.2, H3.12.3, H3.12.4, H3.12.5 

2.2 The performed classifications 

Each provincial company is made of some Hospital complexes, distributed in the area, 

having different dimension and offered care services. Therefore, they are classified by the Re-

gional Health Service after their strategic role, defined as a function of the number of covered 

inhabitants, available beds and offered services. In Figure 1 the strategic classification (SC) of 

all Hospital buildings has been represented, while in the Tables 2 and 3 the criteria adopted 

for the classification and the obtained results have been listed.  

 

Regional Company #1 

Head Quarter 

Area Hospital 

Local Hospital 

Regional Company #2 

Head Quarter 

Area Hospital 

Local Hospital 

Regional Company #3 

Head Quarter 

Area Hospital 

Local Hospital 

Figure 1. Strategic classification (SC) of the Hospital complexes. 

The evaluation of the seismic vulnerability of the Hospital Complexes has been made on 

the basis of the results obtained through by the joint research program between three Depart-

ments of the University of Florence and the Regional Government of Tuscany [6]. The re-

search was developed through the 2nd Level GNDT forms [7], which provide an evaluation of 

the buildings vulnerability in the basis of qualitative judgements made on 11 parameters.  

The parameters concern: type and organization of the seismic resistant system, quality of 

the resistant system, conventional resistance, building location and type of foundation, storey, 

configuration in plan, configuration in elevation, maximum distance between the masonry 

walls (connections and critical elements for RC buildings), coverage (elements with low duc-

tility for RC buildings), non-structural elements, state of maintenance. The forms, shown in 
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Figure2, are opportunely modulated for RC, steel and masonry buildings, in order to provide 

comparable values of grades for different types of buildings.  

Form for RC buildings Form for masonry buildings 

Figure 2. GNDT forms for evaluating the vulnerability index of RC and masonry buildings. 

Each parameter is measured through qualitative grades, ranging between A (good perfor-

mance) and D (bad performance), according to the detailed GNDT instructions [11,12]. The 

final grade of the building is opportunely modified through corrective factors, introduced to 

calibrate the importance of the considered issues. As a results, a numerical evaluation of the 

vulnerability index (Iv) of the building is achieved, expressed in one hundreds. Such grade has 

to be assumed as a qualitative evaluation, which cannot represent a scientific judge on seismic 

performance of each Hospital building. A more accurate evaluation of the seismic vulnerabil-

ity of the Hospital buildings, anyway, would have required extensive and complex analyses 

[13-15] which are beyond the scope of this study.  

In the following a simplified vulnerability classification has been adopted, consisting of a 

three-scores rating system. Furthermore, the Iv found in [6] have been integrated though addi-

tional information regarding the Hospital Complexes which were not included in the former 

research activity, of which have been renovated in the last years. Table 3 shows the assumed 

correspondence between Iv and the adopted Vulnerability Classes (VC), while in Table 4 the 

vulnerability rating of the Hospital Complexes is presented.  

The Hazard classification of the Hospital Complex has been made on the basis of the Na-

tional Hazard map, as provided by the National Technical Code [9]. The seismic hazard of the 

Region is moderate, with a PGA ranging between 0.05g and 0.29g. Even the seismic hazard 

has been represented through a qualitative approach, with three classes defined after the PGA 

ranges listed in Table 3. The obtained Hazard Classification (HC) has been shown in Table 4. 
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Table 3. Assumed criteria for the Hospital Complexes classification 

Strategic Classification (SC) Vulnerability Classification (VC) Hazard Classification (HC) 

SC Relevance Beds 
Inhabitants 
(thousand) 

VC Vulnerability 
VI range 
(1/100) 

HC Hazard PGA range 

A District > 100 > 150 A Low   0-  30 A Low < 0.15g 
B Area > 100 70-150 B Moderate 30-  60 B Moderate 0.15g - 0.25g 
C Local < 100 < 70 C High 60-100 C High > 0.25g 

Table 4. Rating provided by the performed classification. 

Regional Company #1 Regional Company #2 Regional Company #3 

CODE SC VC HC CODE SC VC HC CODE SC VC HC 

H1.1.1 A B B H2.5.1 A A B H3.10.1 A A B 

H1.1.2 C B B H2.5.2 A A B H3.10.2 C B B 

H1.1.3 A B B H2.5.3 B B B H3.10.3 B A B 

H1.1.4 A C B H2.5.4 C A B H3.10.4 B B B 

H1.1.5 A B B H2.6.1 A A B H3.11.1 A B B 

H1.1.6 B C B H2.6.2 C A C H3.11.2 A A B 

H1.1.7 C B B H2.6.3 C A C H3.11.3 C A B 

H1.2.1 A A B H2.7.1 A A B H3.11.4 C B C 

H1.2.2 B B B H2.7.2 C B C H3.11.5 C A B 

H1.2.3 C B C H2.7.3 C B C H3.12.1 A B A 

H1.3.1 C B B H2.8.1 A B B H3.12.2 B A A 

H1.3.2 A A B H2.8.2 C A A H3.12.3 B C B 

H1.4.1 A A B H2.8.3 C A A H3.12.4 C B B 

H1.4.2 C B B H2.8.4 C B A H3.12.5 C B B 

H1.4.3 C B B H2.9.1 B A B 

H1.4.4 C B B 

3 TRANSPORTATION SYSTEM REFERRED TO THE CARE-NETWORK 

The transportation network has been checked by evaluating the amount and the reliability 

of the connections between each Hospital complex and the corresponding area and Head 

Quarter Hospitals The quality of the connection has been checked in terms of i) distance ii) 

flow capacity and reliability and iii) redundancy. In Figure 3 the investigated connections 

have been shown, together with the main criteria assumed in the classification. The distances 

found for the interconnections among the considered Hospital Complexes have been taken 

after the https://www.google.it/maps/dir/ indications. 

Distance classification (DC): 

A-class: distance below 30 km 
B-class: distance ranging between 30 km and 100 km 
C-class: distance over 100 km 

Flow classification (FC): 

A-class: almost highway only 
B-class: highway combined to local transportation 
C-class: prevalence of local transportation 

Redundancy classification (RC): 

A-class: two or more alternative ways for the entire itinerary 
B-class: alternative ways for part of the itinerary 
C-class: no alternative ways 

Figure 3. Transportation system of the Tuscan Health network. 
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In this classification, if there is more than one complex in the same town, their mutual 

distance has not been read, and the distance to the other Complex are taken form the main 

complex. In the schemes shown in Figures 4-6, three different circles have been represented, 

according to the assumed administrative representation of the Hospital Complex. The distanc-

es have been checked between each Hospital Complex and the corresponding Area Complex-

es and the Regional Head Quarter, respectively. Furthermore, the Area Complexes have been 

connected each other and to the corresponding Head Quarters. The Region taken as case-

study for the analysis (Tuscany) has not a vast area; the surface covered by each of the three 

Regional Companies, therefore, is quite limited. The maximum distances between each Hos-

pital Complex and the corresponding Head Quarter is equal to 65 km, 144 km and 146 km for 

the three Regional Districts respectively. The assumed classification, therefore, relates the 

class A to mutual distances below 30 km, the class B to distances between 30 km and 100 km 

and the class C to distances over 100 km. 
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Figure 4. Health Company #1: classification of the connection network. 
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Figure 5. Health Company #2: classification of the connection network. 
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The flow capacity has been assumed to be a relevant parameter to check the accessibility 

of the Hospital complexes. Indeed, at the occurring of flow peaks, the dimension and the qual-

ity of the access reads largely affects the real accessibility of the emergency centers. In this 

work three classes of capacity-classes have been considered, depending on the type of the 

itinerary, as explained in Figure 3. The flow capacity has been evaluated by distinguishing the 

“high flow” (class A) itineraries from the local ones (class C). The “high flow” itineraries in-

clude both highways and roads with at least two lines for each direction of travel. In this anal-

ysis the class B refers to itineraries made only partially by high-flow streets.  

Another important evaluation concerns the possibility to achieve an Hospital complex 

through alternative ways. The redundancy, indeed, is one of the crucial issues for resilient sys-

tems. In case of occurrence of landslides, floods or other collapses, the transportation system 

could fail, preventing the accessibility of the Hospitals. Even in this case, three different re-

dundancy classes have been considered, as indicated in Figure 3. The class “A” indicates the 

possibility to completely replace the main connection without substantial differences in terms 

of travel time. The class “B” comprehends connections partially replaceable; in this case if the 

interruption would occur in one of the not replaceable tracts, the ordinary travel time could 

substantially increase. The class “C”, finally, indicates itinerary not easily replaceable in their 

entire length. The obtained Redundancy classification obtained for the three considered 

Health Companies is shown in Figures 4-6. 
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Figure 6. Health Company #3: classification of the connection network. 

 

4 COMBINED ANALYSIS OF THE HEALTH AND THE TRANSPORTATION 

NETWORKS  

The analyses made on the Health network and on the transportation one have been com-

bined, in order to have a comprehensive lecture of the reliability of each Hospital complex. 

The combined lecture, still in progress, can provide useful information regarding the possible 

choice of emergency locations, or the hierarchy to follow in the network upgrading. 

In Figure 7 the layout of the analysis has been shown. Depending on the applicative pur-

pose of the analysis, further classes of information could be added, regarding the availability 

of suitable spaces for temporary camp or medical equipment support, or the adequacy of the 

logistic network. Some of these information could be collected by adopting the forms ar-
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ranged by Protezione Civile (http://www.serviziemergenzaintegrati.org/) for the COM build-

ings.  

As regards the connection network, the reliability of the main access roads should be 

checked in detail, in order to pinpoint the possible weaknesses and vulnerabilities. 
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Figure 7. Layout of the network analysis. 

 

5 CONCLUDING REMARKS  

In this work, still in progress, a simplified approach to evaluate the reliability of a com-

plex Health network is proposed and applied to a case-study, the Tuscan Health network in 

Italy. The method of analysis consists of a systemic, simplified and qualitative classification 

of the considered network after a number of meaningful parameters. Namely, the Hospital 

complexes of the Health network have been classified after their strategic role, seismic vul-

nerability and seismic hazard. The transportation network, in turn, has been classified by con-

sidering the possible connections between each Hospital complex and the most strategic ones 

belonging to the same district. The classification included the distance, the flow quality and 

the redundancy, i.e. the availability of alternative connections. 

The combination of the two analysis provided a simplified but comprehensive representa-

tion of the reliability of the considered Health system, with regards to the seismic risk.  

Further analysis should be developed to include in the evaluation additional information, 

regarding the logistic network of the Hospital complexes, the possibility to set temporary 

camps in their vicinity, or the presence of specific fragility factors in the transportation net-

work. 
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Abstract. This paper presents an agent-based evacuation simulation framework in an airport
setting. Air transport services have become a nerve system of our society, therefore, aircrafts
and airports represent a central component of todays traffic system. A significant heterogeneity
of processes and a high levels of surveillance define the uniqueness of this scenario. Building
Evacuation is an important application field for the Agent-Based Modeling (ABM). In recent
years, there has been an increasing amount of literature on airport analysis and modeling, but
not so many have simulated emergency evacuation using agent-based modeling. In this research
three hazardous scenario are modeled: (i) an earthquake, (ii) an accident (fire) and (iii) a
terrorist attack (shooting). In all three cases the model takes into account the main actions that
an agent can perform during the evacuation: the search of the optimal escape route, the leader-
follower behavior and the research of a missing person. Three types of agents are modeled in
the simulation: the aircraft passengers, the security agents (or aircraft crew) and the robbers.
The first type has an incomplete knowledge of the area, unlike the security agents who can reach
the emergency exit walking the shortest path, then their first task is to help the other agents to
reach the closest exit. A cross platform Java-based modeling system called Repast Simphony
has been used to develop the ABM. This tool provides decision support in a real emergency
scenario in order to study the dynamics of evacuation, helping to improve the infrastructure
reliability and its response when a critical situation occurs and also assessing the effect of a
certain number of security agents in the area. In order to show the implementation issue the
framework has been used to model the Fiumicino Leonardo da Vinci International Airport in
Rome and the two decks of an Airbus A380-800, however it can be easily extended to other
types of environments.
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1 INTRODUCTION

Air transport services have become a nerve system of our society, therefore, aircrafts and
airports represent a central component of todays traffic system. A significant heterogeneity
of processes, high levels of surveillance, emotional component define the uniqueness of this
scenario, passenger dynamics within it appear to be complex as well. Emergency evacuation is
an important application field for the Agent-Based Modeling (ABM). In recent years, there has
been an increasing amount of literature on airport and air transportation analysis and modeling,
but not many have simulated the crisis management using agent-based modeling. Thousands
of people, everyday, spend their time in airports and travel using airplanes, in crisis events a
rapid but safe evacuation is critical. Conducting live exercises for evacuating so many people is
impossible, therefore an appropriate simulation becomes essential.

Agent-Based model is a class of computational models for simulating the actions and inter-
actions of autonomous agents (both individual or collective entities) with each other and the
environment. ABM is class of micro-scale models, that simulate the simultaneous operations
and interactions of multiple agents assessing their effects on the system as a whole, recreat-
ing and predicting the appearance of complex phenomena, as such the main consideration is
that simple behavioral rules generate complex behaviors. This approach, then, appears to be
particularly suitable in order to model complex and heterogeneous systems as pedestrian evac-
uation after extreme events. By running thousands of simulations under different parameter
assumptions, researchers can evaluate several scenarios in order to get awareness and insight
into potentially rescue management policies and also assessing on the infrastructure design.

The aim of this research is to develop an agent-based evacuation simulation framework in
order to provide a decision support in a real emergency scenario in order to study the dynamics
of evacuations, helping to improve the infrastructure reliability and its response when a critical
situation occurs and also assessing the effect of human behavior during the evacuation. The
ability to quickly unload passengers from an aircraft or to evacuate a public building, like an
airport, as fast as possible or are not only important in order to optimize the daily operations,
but also vital requirements to manage an emergency event. The model is also intended to
guide the designers to estimate the aircraft or airport safety, considering this issue in the course
of the interior designing. Nature of customers population, the personnel procedures and their
typical behaviors are some of the essential elements to consider during this stage. By simulating
different occupants behaviors, in several scenarios, engineers and facility managers may better
understand the influence of human and social factors on evacuation and consequently design
safer infrastructures and egress procedures.

In this research three hazardous scenario are modeled: an earthquake, a shooting, and an
accidental fire. In all three cases the model takes into account the most important actions that
an agent can perform during the evacuation: the seeking of the best escape route, avoiding the
imminent hazard, the leader-follower behavior, the research of a missing person. The agents,
hence, are able to perform decisions, but they can also have some irrational behaviors, simulat-
ing the panic condition. The main agent types are the aircraft passengers and the security agents
(or aircraft crew). The first type has an incomplete knowledge of the area, then they explore
the environment in order to find the emergency exit. The security agents, instead, can reach the
emergency exit walking the shortest path, then their first task is to help the other agents to es-
cape, reaching the best exit. The model implements both the crowd and the individual behavior.
The pedestrian behavior is simulated thanks to the A∗ algorithm, opportunely modified in order
to better fit the research’s requirements. The individual behavior module is developed using the
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BDI technique. The passengers are differentiated in groups and alone agents, both the types can
be injured or not injured, depending on this differentiation each agent behaves in such a specific
way, choosing the next move with different probabilities.

Repast Simphony, a cross platform Java-based modeling system, has been used to develop
the ABM. The framework was used to model the two decks of an Airbus A380-800 and airport’s
terminals, drawing inspiration from the Fiumicino Leonardo da Vinci International Airport in
Rome. Moreover, thanks to the way it was designed the model can be easily adapted to any
other scenario, therefore this model can be used to test future scenarios, helping designers and
authorities to manage emergency situations.

2 STATE OF THE ART IN AGENT-BASED MODELS

Agent-Based model is a class of computational models for simulating the actions and in-
teractions of autonomous agents (both individual or collective entities) with each other and
the environment. ABM has been used in an wide range of applications spanning the physical,
biological, social and management sciences.

ABM is class of micro-scale models, that simulate the simultaneous operations and interac-
tions of multiple agents assessing their effects on the system as a whole, recreating and predict-
ing the appearance of complex phenomena, as such the paramount consideration is that simple
behavioral rules generate complex behavior. The agent-based modeling hence represent a bot-
tom up approach, very useful in order to create artificial societies and very powerful to capture
more complex structures and dynamics, moreover computational power is advancing and can
now support micro-simulations. For these reasons this technique has seen an increasing number
of applications in the last years.
Therefore, ABMs is the formalization of methods used to drive the production of microscopic
models and observe their output for research purposes. A typical ABMs is characterized by
a set of agents with their attributes and behaviors, a set of agent relationships and methods of
interaction and finally the environment, whom the agents can also interact with [1].

Agent-based simulations appear to be particularly suitable in many context of transport man-
agement and in presence of extraordinary events, such as airport passenger terminals, railway,
public buildings, urban areas. ABM are also very appropriate model complex and heteroge-
neous systems as pedestrian evacuation after extreme events.

Several works can be found in literature in recent years related to infrastructures evacuation
models using ABM simulations, some of them, also focused their attention on airport and air
transportation analysis.

Schultz at al. [2] developed an agent-based model for handling passengers in an Airport
Terminal. The model is based on a stochastic approach for passenger movements including the
capability of individual tactical decision making and route choice, and moreover, on a stochas-
tic approach of the handling processes. Each component of the model was calibrated with a
comprehensive, empirical data set. A virtual terminal environment was developed and real air-
port conditions were evaluated. The stochastic motion model defines the movement behavior
of common agents and has to be adapted by specific parameters to determine passenger move-
ments in the environment of an airport terminal. To validate the parameters of the passenger
behavior model a test set-up in a real airport environment is needed, the recognition of move-
ment behavior was handled by a video tracking software developed for this purpose.

Tsai at al. [3] developed ESCAPES, a multi-agent evacuation simulation system to model
the International Terminal at Los Angeles International Airport (LAX). ESCAPES has different
agents types such as children, authorities, parents based on the BDI framework, each type of
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agent has different characteristics and behaviors.
Individuals with disabilities are more likely to suffer during emergency situations, [4] created

an agent-based model, EXITUS, that can be used to estimate the evacuation performance of
heterogeneous populations from airports. The model classifies the environment according to
accessibility characteristics (exit character, route character and obstacle), that have an effect on
the behavior of individuals with disabilities during the evacuation. The simulation experiment
estimates the impact of bomb placement on evacuation times for individuals with and without
disabilities.

Most of the models treat pedestrians as individual agents and neglect the group dynamics
among them, getting less realistic simulations results. Airport is a complex system with a huge
number of social interactions, [5] in their simulation consider passengers as collective social
groups. Pedestrians in the model are classified into: passengers, those who will complete all
airport departure process and board on the plane and wavers, fellow companions, who accom-
pany the passengers in the airport but do not board the flight. Agents are assembled into groups
with predefined sizes while they are entering the simulation environment. The international air-
port departure terminal is divided into landside, open to the public and airside, only accessible
for the passengers. When the evacuation event starts passengers will make their way to the near-
est exit. The simulation results show that the evacuation time can be influenced by passenger
group dynamics, suggesting that passengers with group dynamics spend longer time in making
decisions, moving to the exits and waiting for other group members during the evacuation.

3 THE DEVELOPED MODEL

There are two fundamental approaches in literature in order to simulate infrastructures evac-
uation. The first scenario is when the agent knows the exact series of shortest paths to take to
evacuate the building, the other scenario is when the agent does not know the shortest path, the
evacuees are in an unknown environment, that they need to explore first.

This research aim to develop a new approach for evacuation models combining these two
methods, in order to develop an as more comprehensive model as possible.

According with several researches and evacuation planning strategies, the target evacuation
time tm, being the time for clearing the occupants within the building, was specified to be 2.5
min [18]. Most of the research that rely, exclusively, on a shortest path algorithm to develop
the pedestrian model within the agents-based simulation, use to determinate an underestimated
evacuation time. Combining the environment exploration with the shortest path calculation,
which presupposes a good knowledge about the infrastructure to evacuate, makes possible to
achieve a simulation closer to reality.

The model takes into account the main actions that an evacuee uses to perform during an
evacuation, under emergency: the search of the optimal escape route, the leader-follower be-
havior, the research of a missing person. As soon as the hazard occurs the passengers start
looking for the closest emergency exit, since they are not aware about the precise door’s dis-
location they start exploring the environment, in order to find a security agent and the closest
available exit, indeed some of them can be unusable with a probability to set at begging of the
simulation.

The security agents (or aircraft crew), that can also be intended as rescue personnel, have a
good awareness about the infrastructure map, then they can easily reach the exit walking the
shortest path (determined using the A∗ algorithm). Therefore, their first task is to explore the
map looking for passengers to rescue, as soon as one of them is reached they can lead him to
the safety. If a passengers meet more than two agents choose the one to follow relying on their
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charisma, which is a characteristic of each security agent, assigned stochastically. Only when
each passenger has left the infrastructure (or is dead), the security is admitted to escape. As
soon as in the simulation environment there are no more agents, the simulation is automatically
stopped.

The model integrate a crowd behavior module in order take into account the main crowd
behavior aspects: walls and obstacles avoidance, attraction from group of agents, the tendency
to move toward the emergency exits and the queuing behavior, when the agents face an over-
crowded door.

A memory module, was also developed. In the pursuit of their evacuation, passengers and the
security agents are able to wisely explore the environment, the first in order to find an emergency
exit and the last looking for passengers to rescue. Indeed, agents are able to remember the path
they have already walked and then use to focus more the environment not visited yet. Modeling
this behavior is dramatically important in order to make the agents behave reasonably and also
for coherent time results.

Moreover, all the passengers are provided with an individual behavior module, in order to
simulate human deliberation process in making decision under uncertainty and panic. In the
course of their evacuation they can choose to move toward a group of people, reach an injured
person needing help or simply keep going tho the emergency exit.

Three hazardous are modeled: (i) an earthquake, agents escape following the behavior de-
scribed above; (ii) a fire, agents head to the exit trying to avoid the imminent hazard; (iii) a
shooting scenario, the assailants aim to kill as more people as possible, in this case the security
agents are able to return fire, trying to protect themselves and the passengers.

Figure 1: Structure of the passenger agent.

The authors provided the model with an its own, interactive, 2D graphical interface, a param-
eter panel is also available in order to easily modify the main model parameters (e.g. number
of agents, their own characteristics, environment maps...) to run different simulations in order
to investigate a wide range of scenarios.
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3.1 The Repast Simphony platform

The evacuation model was entirely developed in Repast Simphony, a widely used free and
open-source, cross-platform, agent-based modeling and simulation platform. Repast is fully
object oriented and JAVA based, it includes many features such as: visual model development,
point-and-click model configuration and operation, integrated 2D, 3D and GIS model views,
automated connections to a variety of spreadsheet, visualization tools, enterprise data sources
such as relational databases and to powerful external programs for statistical analysis and visu-
alization of model results [15]. Repast Simphony allows the user to create model with a visual
designer tool or writing the code in Java (the way the authors chose), or any other language that
runs on the Java virtual machine. Macal and North [15] reviewed ABM softwares, ascertaining
how Repast has a steep learning curve but it is definitely one of the most powerful.

3.2 Model assumptions

In order to develop a model as close as possible to the reality, several assumptions have been
made.

The starting position of the agents is decided stochastically, except for some of the security
agents and aircraft crew who are, respectively placed near the security controls in the airport (as
well as shown in the airport’s map) and on their seat on the plane.

Agents exist within a virtual environment discretized into a two-dimensional grid of square
cells, each one represents an element in the real world with a size of 0.5x0.5 m2, according
with the average agent dimensions (diameter values) adapted from the Smith’s research (table
1) [16].

Agent Minimum Maximum
Men 40 48

Women 35 45
Children 30 38
Average 35 44

Table 1: Dimensions of human width [cm] (Adapted from [16]).

The agents’ speed values are reported in table 2, according with Smith at al [16]. In normal
health conditions an agent moves with a random speed chosen in the range [1.05-1.60] m/s, if
the agent is injured (considering it as a person with motion disabilities) it is characterized by a
range speed of [0.6-1] m/s.

Agent Minimum Maximum
Men 1.10 1.60

Women 1.05 1.45
Injured 0.57 1.02

Table 2: Evacuees speed [m/s] (Adapted from [16]).

Each agent type is characterized with a level of energy and a rest time, both chosen stochas-
tically in a range, in order to simulate the tiredness during the escape. Each of them, indeed,
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during the run toward the emergency exit when is to tired to keep running has to stop for while
in order to recover. The agents who have the ability to shoot, can hit the target only in range
and with a certain probability, both these two proprieties can be set at the beginning of the
simulation. Moreover, when an agent got shot, it can be wounded (seriously or slightly) or
killed.

Repast’s time conception passes in discrete steps, defined as ”ticks”. The tick counter starts
at 0 and goes up 1 at a time. In the model 1 second corresponds to 3 ticks, since if moving with
an average speed of 1.3 m/s, according to the Smith’s conditions [16], agents can move through
3 grid cells in one second.

4 THE HUMAN BEHAVIOR MODEL

The human behavior is a complex mechanism influenced by culture, attitudes, emotions,
values, ages, perception and many other aspects. Furthermore, it is important to classify the
context and the situation in which analyze it.

In an evacuation scenario, the main factors which influenced the behavior of an individual
are:

• crowd behavior: individuals in a crowd behave in such ways that have been studied and
classified. These behaviors are mostly influenced by kinship, aggregation phenomena or
collision events;

• individual behavior: which considers the emotional aspects of a person, this is the most
variable and unpredictable aspect.

4.1 Crowd Behavior

Human crowd is both complex and fascinating social phenomenon. Sometimes a crowd of
people shows well-organized structure and demonstrates a great constructive power, but also
people in a crowd seem to abandon their social norms and become selfish, this dual aspect rep-
resents clearly the complexity of this phenomenon. In recent years, researchers have applied the
different approaches, separately and in combination, to study crowd evacuation under various
situations. A crowd behavior model describes how an agent interacts with the others.

According to Vreugdenhil at al. [17] the model considers some of the main crowd behavior
aspects: walls and obstacles avoidance, attraction from group of agents and the tendency to
move toward the emergency exits.

Furthermore, when agents are stuck in a bottleneck, trying to approach the door in order to
escape, they cannot move at the speed defined in the software, but they must wait their turn to
pass, simulating the queuing behavior.

The main agent types are the aircraft passengers and the security agents (or aircraft crew).
The first type has an incomplete knowledge of the area, then they explore the environment in
order to find the emergency exit. The security agents, instead, can reach the emergency exit
walking the shortest path, then their first task is to help the other agents to escape, reaching the
best exit.

During the simulation, at each time step, the agent collects information from the environment
for his decision making process and for elaboration data. The agent, for example, can recognize
the presence of the emergency exit, a security agent or a threat on its way, the agent can also
identify an injured person with his own level of injury or a group of people.
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Figure 2: Queuing behavior: agents make a queue, when the door is overcrowded, waiting their
turn to pass.

Both the passengers and the security agents are provided with a memory module. Respec-
tively, the fist in order to find an emergency exit and the last looking for passengers to rescue,
explore wisely the environment, remembering the path they have already walked and then fo-
cusing more on that part of the environment not visited yet.

Exclusively when the agents find an exit or a security agent to follow, they reach their final
goal walking the shortest path, calculate using the A∗ algorithm.

4.2 A* algorithm

A∗ is a heuristic search algorithm which allows to find the optimal paths (shortest path)
between points in a map even in presence of walls and obstacles. Thus, the algorithm permits
to the agents to avoid the obstacles on their path.

This algorithm achieves better performance by using heuristics to calculate the distance from
any point on the grid to the destination square, a heuristic function is a technique designed for
solving a problem more quickly than classic methods. Thanks to this reason A∗ is faster than
other more classic approaches such as Dijkstra’s algorithm or the Lees algorithm [6]. The
increased efficiency of the A∗ led the authors to this choice.

The model’s environment is discretized into a two-dimensional grid of cells. A∗ is a graph
search algorithms work on weighted directed graphs, sets of nodes connected by edges that have
numeric weights (movement costs) attached to them. Therefore, since a grid can be viewed as
a special case of a graph, the first step to implement the A∗ in the agent-based model was to
convert the grid into a graph where each cell in the grid is a node and in which there is an edge
between any two adjacent cells that are not obstructed from one another. The heuristic used is
the Manhattan distance function on a square grid.

Moreover, in order to take into account the presence of a crowd, the authors modified prop-
erly the algorithm, of course it is not possible to have more than one agent in the same space.
In the model, indeed, an agent cannot move in an adjacent cell where is already present another
agent, thenA∗ process is repeated until a new path is determined avoiding the obstacle. Further-
more, the modified algorithm allows the agent to avoid the imminent threat, such as a robber,
moving in a place far from it.

4.3 Individual behavior and panic model

The individual behavior in this research has been modeled using the BDI (Belief-Desire-
Intention) paradigm. This is the most powerful and easy model to implement because it imitates
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easily the human reasoning and decision-making process and it is simple to understand by a
real human. The BDI was invented by [7] and it describes human practical reasoning and
actions in everyday life using programming language, in order to develop intelligent agents.
It has been successfully applied in several applications, many medium-to-large scale software
systems including air-traffic management system [8]. The systems based on the BDI are able
to imitate the human reasoning and decision-making process, moreover, this let the system be
easily understood by a real person [9].

BDI, essentially, provides a mechanism for separating the activity of selecting a plan from
the execution of currently active plans. Therefore, agents are able to balance the time spent
pondering on what to do and doing it. In Bratmans theory, an agent divides its thinking time
between deliberating about its intentions, and planning how to achieve those intentions.

Thus, this paradigm bases its foundation on three main concepts:

• Beliefs: which are information that the agent currently thinks true, but can be false, but
belief does not correspond to knowledge, thanks to this first concept the dynamic nature
of the agent’s information about itself and the environment can be represented;

• Desires: which are the agent’s goals, goal deliberation is the process of generating a
consistent set of goals, selecting from a set of desires;

• Intentions: are the instances of a plan, an agent can have many plans, intention delibera-
tion means choosing a goal that the agent will carry out.

In this research a modified version of the Belief, Desires and Intentions has been used [11].
Zoumpoulaki et al. enriched the classic BDI framework with the incorporation of Personality
and Emotions [[11]], as shown in Figure 3

Figure 3: Depiction of Zoumpoulaki BDI framework (adapted from [11]).

The Decision Making Module is the core of a BDI. This module is implemented through
the Decision Field Theory developed by Busemeyer [12] which was subsequently extended by
Lee [9]. The extention allows to updates in the model, under the dynamic environment, the
”subjective evaluation” and the ”attention weights” for the alternatives. This approach provides
a probabilistic and dynamic mathematical method to simulate human deliberation process in
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making decision under uncertainty. It is dynamic because the time is a factor affecting the
decisions as well as the changing of environment.

The Decision Field Theory allows to calculate the evolution of preferences among n number
of options expressed by an agent over time using the linear system formulation expressed in the
Equation 1:

P (t+ h) = S · P (t) + C ·M ·W (t+ h) (1)

where:

• P (t) = [P1(t), P2(t), ..., Pn(t), ] is an n-element vector that represents the preference
state;

• S is the stability matrix, which represents the memory effect of the preference from the
previous state in the diagonal elements, and the effect of interactions among the options
in the off-diagonal elements;

• Pi(t) is the probability corresponding to option i at time t, h is the time step;

• C is the contrast matrix comparing the weighted evaluations of each option;

• M is the value matrix, (nm), where n is the number of options, and m is the number of
attributes, this represents the subjective evaluations (perceptions) of a decision-maker for
each option on each attribute. If the evaluation value changes according to the environ-
ment, the matrix M is constituted with multiple states.

• W is the weight vector (mx1), where m is the number of attributes;

• W (t+h) values are randomly chosen from a preference interval that is calibrated through
a survey

The first member of the equation provides the memory effect. It is the product of the prefer-
ences chosen at the previous state P (t) and the stability matrix S.

The framework adopted in this research is a simplification of the model proposed by Lee [9],
because of the difficulty of having a good precision for the M matrix calculation.

P (t+ h) = S · P (t) + T ·W (t+ h) (2)

where T is the condensed matrix CxM .
In this way the matrix T can be easily calculated, before starting the simulation, thanks to

the 3 where the vector Wavg represents the average values of the W vector intervals.

Wavg = S ·Wavg + T ·Wavg (3)

At each step of the ABM simulation, the probability is calculated through Equation 2, with
a W (t+ h) vector that is randomly defined every time.

In a panic situation a person behave in a impulsive way, without following the rules described
above, each decision is led by the instinct. In this condition, each action is not influenced by
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history and memory, then, the agent’s probability to act in such a way can be chosen randomly,
following the simple equation 3.

P (t+ h) = W (t+ h) (4)

4.4 Panic model

Modeling the panic this research aims to simulate anxiety making choices, under a certain
level of pressure, typical of an emergency situation like those simulated in this model. The
anxiety can be expressed through the definition of a confidence index, defined as a function
of the deviation between what is predicted about the environment during the planning stage
and the actual environment during the execution stage [10]. If the confidence index is above a
fixed threshold (agent in confident mode), the decision maker performs all his tasks as planned,
otherwise the agent re-plans the next step every time before executing a task (agent in suspicious
mode).

The proposed agent-based model integrates the confidence index definition, proposed by
Cimellaro at al. [14], combining the Lee [10] and Li [13] models in the equation 5:

CIt = (1− α)

[
βeγ

t

t +

(
1− β

2

)
e−dt +

(
1− β

2

)
eγ

p
p

]
+ αCIt−1 (5)

where:

• 0 ≤ α ≤ 1 is the memory coefficient;

• t is the actual value of time;

• t is the characteristic value of evacuation time;

• p is the density of people (agents) around the considered one;

• p is the threshold of people density; if the actual p is higher than that value this will lead
the person in panic;

• γ is a model coefficient;

• β is the weight coefficient, it describes the influence of the perception of the evacuation
time in an agent during the simulation and it is identified by the equation 6.

β =
t

t
eγ

t

t (6)

This confidence index equation takes into account the agents estimation of evacuation time
and also the correlation between density of agents and the possibility to see the emergency exit.

Cimellaro et al. [14] developed a human behavior model for emergency evacuation, cali-
brating the BDI equations managing the data of a surveying activity. Both BDI and confidence
index parameters are implemented in this research thanks to the results achived by Cimellaoro
et al. [14].
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The individual model leads the agents to choose to behave in such a way or another, de-
pending on their preferences, which are influenced by the agent’s health status (an agent can be
not injured, slightly or seriously injured), by their position in the environment (seeing or not the
emergency exit may lead to different choices) and furthermore there is a differentiation between
agents in group or alone.

5 CASE STUDY

During this research the authors focused their attention on the evacuation from on airport’s
terminal, drawing inspiration from the Fiumicino Leonardo da Vinci International Airport in
Rome, and on an aircraft, the Airbus A380-800 of Lufthansa’s air fleet. Both the airport and
aircraft maps are available, respectively, on the Roma’s airports and Lufthansa websites.

In the course of the simulations, a special attention was payed on the airport’s terminal 3,
already affected by a fire accident in the 2015 during the night between the 6th and 7th of May.

5.1 Case study 1: International airport terminal

Information regarding the airport system, because of security matter, are confidential. There-
fore, due to the lack of precise information about the Fiumicino Airport’s planimetry, the virtual
environment investigated in the model traces the line of the building’s shape, focusing especially
on the security controls’ dislocation, but the measurements do not reflect the real ones. The de-
pictions 4 and 5 show respectively the real planimetry of the Terminal 3 (departures and arrivals)
and a screenshot from the simulation in Repast. The dimensions considered are 100 m long and
50 m wide. In the Repast map all the emergency exits are represented with green color, the
security controls are in blue and the security agents first positions in yellow.

Figure 4: Fiumicino International Airport in Rome: Terminal 3, Departures gate.

Below are reported some results of a simulation performed in the Departures Terminal. The
initial number of passengers is set to 400, and they are placed stochastically, at the beginning of
the simulation, the security agents are 14, all automatically placed near the security controls.

The figure 8 shows the comparison between the evacuation performed using only the short-
est path approach, assuming that everyone in the environment know exactly emergency ex-
its’dislocation in the map and the one using the full model, assuming that the passengers farther
from the doors need to start looking for them before heading straight to the exit. It is evident
how the first approach underestimate the time necessary to finish the evacuation. The results
achieved with the full model are closer to the typical target evacuation time tm=2.5 min, spec-
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Figure 5: A screen-shot from the simulation in the airport terminal.

Figure 6: Airport terminal case of study: evacuation using only the shortest path approach.

Figure 7: Airport terminal case of study: evacuation using the full model.

ified during the evacuation planning [18]. The results, moreover, show that the first part of
the evacuation time is crucial, since the most of the passengers use to escape during that period,
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this results is reasonable, because the fist people able to escape are the ones closer to emergency
exit, seeing the exit as soon as the evacuation starts, they can immediately escape, of course the
passengers farther need more time to find the right path.

Figure 8: Case of study 1 - Airport Terminal: comparison between the evacuation times, ob-
tained with the full model and just using the shortest path algorithm.

Following figures show the results obtained changing two main parameters, number of secu-
rity agents and number of robbers, in order to asses their effect on the evacuation.

Figure 9: Airport Terminal: evacuation performed with 50 security agents.

The graphs in figure 9 presents the simulation run with an higher number of security agents,
compared with the former solution it shows how the increasing number of rescuers, use to
reduce the evacuation time.

Figure 10 shows an expected result, the increasing number of assailants use to make increase
the number of agents (both passengers and security agents) that fail to evacuate, being killed
during the attack.
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Figure 10: Effect of the increasing number of killers on the dead.

5.2 Case study 2: Airbus A380-800

The examined Airbus A380, presents three different classes (first, business and economy).
The main deck consists of 43 seat rows and two main aisle, instead the upper one consists of
20 seat rows and the same number of aisle. In condition of full load, the aircraft can host 402
passengers in the main deck and 107 in the upper deck. The dimensions considered are 72 m
long and 7.5 m wide. In the Repast version all the emergency exits are represented with green
color, the passengers seats are in blue and the crew seats in yellow.

The depiction below (11) shows both the real plan of the aircraft’s upper deck and the dis-
cretized version in Repast. The simulation was conducted in a full load condition (107 passen-
gers) and with 10 members of the aircraft crew.

(a) Upper deck.

(b) Upper deck in the repast model.

Figure 11: Airbus A380-800 upper deck seats map.

The figure 12 shows a screenshot of the evacuation from the upper deck, due to a fire in
cabin. It is possible to visualize that the agents on the left side are entrapped because of the
fire that block the first two exits on the left, the others can evacuate using the remaining doors
before that the fire could reach them.

A comparison between the simulation run using both the full model and only the shortest
path is also shown in the graph 13. It is evident that the time difference in this case of study in
reduced, if compared with the one in the Airport Terminal. This result is expected and appears
reasonable, because the aircraft is smaller than the airport, then the space to explore and the
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Figure 12: Evacuation from the Airbus A380 upper deck: fire in cabin.

paths to evaluate are drastically reduced. Furthermore, the bigger number of exits is critical in
order to perform a faster evacuation.

Figure 13: Case of study 2 - Airbus A380-800: Comparison between the evacuation times,
obtained with the full model and just using the shortest path algorithm.

6 CONCLUDING REMARKS

The paper aims to propose a new ABM framework for simulations of infrastructure’s evac-
uations, under emergency, providing a decision support in a real emergency scenario in order
to study the dynamics of evacuations. The model implements a pedestrian model in order to
simulate the crowd behavior and an individual module simulating rational and irrational hu-
man behaviors. A memory module was also introduced in order to create agents able to wisely
explore the environment. The model takes into account the most important actions typically
performed during an evacuation: the seeking of the best way to escape, avoiding an imminent
hazard, the leader-follower behavior and the research of a missing person, helping who is in
need.

There are two fundamental approaches in literature in order to simulate infrastructures evac-
uation. The first scenario is when the agent knows the exact series of shortest paths to take
to evacuate the building, the other scenario is when the agent does not know the shortest path,
the evacuee are in an unknown environment, that they need to explore it first. The authors,
thorough this research aim to combine this two approaches. Results show that simulation that
rely only on a shortest path algorithm to develop the pedestrian model within the agents-based
simulation, use to determinate an underestimated evacuation time. Because they assume that
everyone in the building is perfectly aware about the environment map. Combining the envi-
ronment exploration with the shortest path calculation, which presupposes a good knowledge
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about the infrastructure to evacuate, the research aim to develop a model closer to reality.
The simulations show that the presence of security agents and their increasing number influ-

ence the evacuation. This might be used to evaluate the number of rescue personnel necessary
to perform an efficient evacuation. Results also show that, when the hazard occurs, the first
part of the evacuation time is crucial, since the most of the passengers use to escape during that
period, this results is reasonable, because the fist people able to escape are the ones closer to
emergency exit, seeing the exit as soon as the evacuation starts, they can immediately escape, of
course the passengers farther need more time to find the right path. This agent-based framework
aim to be a comprehensive model, useful to easily evaluate different situations, indeed, thanks
to the way it was designed the model can be easily adapted to other scenarios, the authors will
use this model for further investigations in the future.
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Abstract. This paper presents a new methodology to predict the potential damage and physical 
impacts of earthquake on the built environment through nonlinear dynamic simulations. A virtual 
city consisting of different building categories has been designed. Four building sectors that pro-
vide essential functions to a community, including housing (residential building, hotel, shelter, 
etc.), education (school, university, library, etc.), business (shopping center, retail store, heavy 
industry, etc.), and public services (hospital, police station, church, airport, etc.) are considered. 
Once the buildings are integrated into the city, parallel simulations are applied to compute the 
system functionality following a disruptive scenario. Nonlinear response of a multi degree of 
freedom model for each residential building is obtained considering the dominant modal shapes 
and irregularities. The post-elastic behavior is estimated through collapse analysis which allows 
identification of the over strength factor associated to the most probable failure mechanism of the 
building. Monte Carlo Simulations (MCS) are applied in order to take into account the epistemic 
uncertainties associated with geometry and mechanical properties within the range of observa-
tions. For each set of buildings’ data, the nonlinear dynamic analysis is performed through 
SAP2000 application programming interface (API) in order to assess the dynamic response of the 
buildings in an organized and automatic fashion. Accordingly, the city is mapped into different 
zones representative to the possibility of having different levels of damage (complete, extensive, 
moderate, and slight). This methodology allows decision-makers to explore how their community 
will respond to a disruptive event, quantify the performance of critical infrastructure following a 
hazard, and to plan better resilience-building strategies in order to minimize losses and recovery 
time.  
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1 INTRODUCTION 

According to the World Bank, disasters have killed 58,000 people on average each year 
and affected another 225 million people worldwide since 1990. The rising of global popula-
tions and the massive economic development in areas prone to disasters have increased the 
chance of catastrophic incidents, which leads to disruption of buildings and infrastructure. 
Over the years, community resilience has attracted tremendous attention due to the increasing 
number of natural and man-made disasters. The concept of resilience is multi-dimensional, 
and therefore involves various subjects of different disciplines. In engineering, resilience is 
the ability to “withstand stress, survive, adapt, and bounce back from a crisis or disaster and 
rapidly move on”. It can also be defined as “the ability of social units (e.g. organizations, 
communities) to mitigate hazards, contain the effects of disasters when they occur, and carry 
out recovery activities in ways to minimize social disruption and mitigate the effectors of fur-
ther earthquakes”. The absence of a concise and methodical approach makes it extremely dif-
ficult to evaluate resilience. This paper focuses on the resilience-based design and assessment 
of the residential buildings in a virtual city. The objective is to predict, with the set of physical 
simulation models, the potential damage and physical impacts of an earthquake and other 
hazards (natural disasters and man-made attacks) on the built environment. A virtual city con-
sisting of different buildings categories and infrastructure was designed. Four building sectors 
that provide essential functions to a community including housing (residential building, hotel, 
shelter), education (school, university, library), business (shopping centers, retail stores, 
heavy industries), and public services (hospital, police station, churches, airport etc.) are con-
sidered. Five critical infrastructure systems supporting a community’s indispensable demands, 
i.e., water and waste water distribution system, gas networks, power grids, transportation and
communication networks were also designed. Once the infrastructure was integrated into the 
city, parallel simulations were applied in order to compute their functionality when exposed to 
a disruptive scenario. 

Given the large number of buildings in a city, the seismic simulation of the buildings can-
not be easily implemented without huge computational effort. Thus, several numerical models 
have been proposed to simulate the seismic damage to buildings in the recent years. Basically, 
the simulation models are classified into a data-driven method and a physics-driven method. 
The first is based on statistical data obtained from previous earthquakes. The main limitation 
is due to the inadequacy and leakage of statistical data for any world areas. To overcome these 
intrinsic limitations, the physics-driven methods have been progressing in recent years. The 
building seismic damage is based on the structural analysis of an individual building subject-
ed to a given seismic input.  

Given limited attribute data of each building and the large number of buildings in an urban 
area, the seismic response prediction model of buildings must be relatively simple to reduce 
the computational time requested by the analyses.  

In this paper, a simplified and efficient physical approach is presented. Nonlinear response 
of a Multi Degree Of Freedom (MDOF) model of each building is obtained considering the 
dominant modal shapes and irregularities. A trilinear backbone curve is used to simulate the 
building’s seismic response. The elastic trend of this curve is assessed through a multi-modal 
approach. A nonlinear static procedure is carried out to evaluate the yield shear force, which 
is identified as the horizontal force causing the first plastic hinge in the weakest base column. 

A collapse analysis is carried out for each building to assess the post-elastic building’s be-
haviour. Considering a global collapse mechanism, the over strength factor is identified ac-
cording to the geometry of the structural elements composing the building. 

2044



Sebastiano Marasco, Ali Zamani Noori and Gian Paolo Cimellaro 

Furthermore, the epistemic uncertainties associated with geometry and mechanical proper-
ties within the range of observations are taken into account by performing MCS. At each step 
of MCS a set of parameters are assigned to each building and the associated backbone curve 
is obtained through an algorithm developed in MATLAB (MATLAB, 2012) by using parallel 
computing features. The SAP2000 (Computers & Structures, Inc.) application programming 
interface (API) is used to import, change the building’s parameters at each step of the simula-
tion, and perform nonlinear dynamic analysis with a given seismic input.  

The SAP2000 advanced numerical modules permit efficient pre- and post-analysis compu-
tations. In fact, the automated post-processing analysis allows us to extract all the response 
parameters needed to estimate the level of damage for each building. The Figure 1 depicts the 
typical data flow using the SAP2000 API. 

Figure 1. Data flow. 

2 BUILDINGS DATABASE 

The virtual city has been designed based on the buildings stock for the city of Turin, Italy.  
Four building sectors that provide essential functions to a community, including housing (res-
idential building, hotel, shelter, etc.), education (school, university, library, etc.), business 
(shopping center, retail store, heavy industry, etc.), and public services (hospital, police sta-
tion, church, airport, etc.) are considered.  

The plan dimensions of each building have been gathered through CADMAPPER file for 
the entire city of Turin. In addition, the number of floors have been obtained by the shape-file 
of “Carta Tecnica Comunale (CTC)” of the city of Turin, available at the website 
http://www.comune.torino.it/geoportale/.  

The building inventory of the city is based on the building typology concept already used 
in many European countries at national and regional levels. However, the lack of information 
about some buildings makes it difficult to have perfect knowledge of any individual building. 
For this reason, some building’s attributes (e.g. year of construction, type of deck) have been 
assigned based on historical data. Six different categories of construction year have been uti-
lized according to standard Italian codes. 
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I II III IV V VI 

< 1916 1916-1937 1938-1974 1975-1996 1996-2008 > 2008 

Table 1. Categories of year of construction. 

The numbers of buildings for each year of construction category have been assigned ac-
cording to Cities on Power (CoP) European program research for the city of Turin (Fracastoro 
et al., 2013). 

Corrado et al. (2012) provided typical Italian building construction elements depending on 
the year of construction. Classification of building construction elements (e.g. deck, wall, etc.) 
plays a key role in the assessment of mass. Seven different typical deck and three typical ex-
ternal walls have been selected and distributed based on their year of construction (Figure 2). 

Figure 2. Typical Italian building’s decks (a) and walls (b) used for residential occupancy in different years (Cor-
rado et al., 2012). 
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All the buildings have been divided into groups based on material: concrete, masonry, and 
steel. Considering limited information in the building attribute data, an accurate determination 
of the nonlinear structural parameters is rather challenging. The major objectives of this work 
are to provide a simplified and accurate method for assessing the dynamic response of resi-
dential buildings in a generic built environment. For this purpose, the geometric characteris-
tics of the structural elements (e.g. columns and beam sizes) have been defined in order to 
respect all the technical standards for a given year of construction and for a given seismic 
hazard scenario (medium or high level). 

3 NONLINEAR MODEL  

A large component to an urban environment is residential buildings. When a catastrophic 
event such as an earthquake occurs in a built environment, the consequential structural dam-
age may cause high losses (casualties, repair costs, and repair time). Thus, a concise and me-
thodical approach is needed to estimate the fragility of the building framework. Nonlinear 
MDOF shear model is able to satisfactorily capture the nonlinear properties of multi-story 
buildings, predict the Engineering Demand Parameters (EDPs), and assess a reasonable level 
of damage (Lu et al. 2014; Xu et al. 2014). In the proposed approach, the inter-story behavior 
of a regular building is simulated through a trilinear backbone curve (Figure 3). Many studies 
claim that the trilinear backbone curve model can accurately represent the building’s response 
in terms of inter-story (Vamvatsikos and Cornell 2005; Shi 2014).  

Figure 3. Trilinear backbone curve. 

The first point of the trilinear backbone curve (1) indicates the yield point ( 1yF u   ) cor-

responding to the formation of the first plastic hinge in the weakest base column. After the 
yield point, the stiffness is significantly reduced until the next point (2), for which the maxi-
mum shear base capacity ( yF  ) is reached. The ultimate point (3) corresponds to the col-

lapse of the building (complete damage). The evaluation of the shear base and top 
displacement parameters for each point is discussed in the following subsections.  

The three main points of the curve are evaluated using a nonlinear static approach for a 
MDOF system. To achieve this goal, a MATLAB algorithm has been developed considering 
the uncertainties on the geometric and mechanical parameters used in the analyses. Variation 
of the parameters within an acceptable range is considered through an MCS obtaining a set of 
trilinear backbone curves for each building. The ranges of the main building’s parameters are 
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selected according to the knowledge level of the building. In addition, the deterioration of the 
mechanical properties (such as strength and elastic modulus of concrete) is taken into account 
through the aging equation proposed by Eurocode 2 (EC2, 2004) according to the year of con-
struction. Once the Matlab algorithm evaluates the trilinear backbone curve at each step of 
MCS, the SAP2000 API is used to apply to all the buildings the data set obtained by the algo-
rithm. This automated procedure is capable of reducing the computational time and analyze 
the dynamic responses dispersion caused by the data uncertainty. Therefore, the mean re-
sponse and associated dispersion for each building within the virtual city can be estimated. 
This approach is suitable to allow a decision-maker the ability to explore how their communi-
ty responds to a disruptive event and quantify the mean performance of buildings and their 
uncertainty in the dynamic response after a hazard.  

Assimilating the dynamic nonlinear response of a structural system to a unique backbone 
curve leads to analyze the building as a nonlinear equivalent Single Degree Of Freedom 
(SDOF) model. Considering an SDOF system allows for a reduction in the computational ef-
fort needed to assess the response of a large number of structures. Finally, due to limited 
amount of detailed building information about its dynamic behavior, the hysteresis is consid-
ered according to the Takeda model (Takeda et al., 1970) implemented in SAP2000. 

3.1 Elastic parameters 

Generally, the geometry of a residential building is mostly regular in plan and elevation, 
therefore the mass and stiffness can be assumed to be mostly uniformly distributed. In these 
cases, the evaluation of the response of MDOF system with a nonlinear static procedure is 
close to the real response of the structure.  

Thus, a nonlinear static analysis is performed to assess the base shear and top displacement 
values corresponding to the formation of the first plastic hinge at the base level (yield point). 
In order to consider all Degrees Of Freedom (DOFs), the stiffness matrix of the structure is 
evaluated considering the building as a bending type system. Since the load patterns are ap-
plied on two main directions of the buildings, the modal characteristics are derived by consid-
ering the stiffness matrix in the two directions for a 2D system. Thereafter, the static 
condensation procedures are performed to reduce the number of DOFs to the translational 
DOFs. Moreover, the model assumes that the mass of each story is concentrated in the center 
of the mass on its elevation and represented by a mass point (Figure 4).  
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Figure 4. Concept of nonlinear MDOF system. 

Equations (1) and (2) summarizes the global stiffness and mass matrices of a MDOF mod-
el, respectively.  
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where dof represents the total number of DOFs.  
The yielding base shear force is assessed by applying a monotonic load pattern on the 

building proportional to a given modal shape. A multi-modal approach is carried out to con-
sider all the modal shape contributions, especially for buildings that have geometric irregulari-
ties (Equation (3)).  
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dof

tot i i
i

g


       (3) 

where tot is the modal shape considering all modal contributions ( i ). The modal partic-

ipation factors are represented by the term gi. 

3.2 Post-elastic parameters 

Once the structure reaches the yield point, the stiffness is significantly reduced until point 
(2) for which the maximum shear base capacity is reached. Thus the top shear base remains 
constant and the top displacement increases (perfectly plastic behavior) until the ultimate val-
ue. The maximum shear base capacity is estimated through the kinematic approach of the lim-
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it analysis (Greenberg-Prager theorem). The general global collapse mechanism of a frame 
subjected to a distribution of horizontal forces (proportional to a given modal shape) is con-
sidered (Figure 5). 

Figure 5. Global collapse mechanism. 

This approach leads to take into account the strength contribution of all the structural ele-
ments (beams and columns). According to the kinematic theorem of the limit analysis, the 
global over-strength factor (λ) is assessed by the ratio between the internal and external work 
of the structural system with equal columns and beams dimensions (Equation (4)). 
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where My,c and My.b are the yielding bending moment for the columns and beams, respec-
tively. The parameters nc represents the number of columns, nspan indicates the number of 
spans in the considered direction, and dof is the number of master DOFs which corresponds to 
the story number of the building. The external work is given by the denominator expression 
and it is due to the horizontal load patterns  iF  multiplied by the distance between the con-

sidered story and the base at each elevation level  iz . 

One of the limitations of this procedure consists of the load pattern’s shape. In fact, the 
monotonic horizontal force distribution does not change its shape due to the progressive for-
mation of the plastic hinges in the columns (non-adaptive approach). In addition, a global 
mechanism has been considered as representative of the collapse mechanism. This hypothesis 
is reasonable for regular buildings designed according to the seismic standard codes. When a 
building is not well designed or seismically retrofitted (such as an old building), the collapse 
can be caused by a local mechanism for which the over-strength factor assumes lower values. 
In these cases, the possible local mechanisms have to be identified and the over-strength fac-
tor will be assumed as the minimum values among all the defined factors. 

Once the shear base capacity is determined, the top displacements corresponding to points 
(2) and (3) of the trilinear backbone curve (u2 and u3 in Figure 3) have to be assessed. Since 
the shear base capacity is previously evaluated, the definition of reduction factor (Rµ) can be 

2050



Sebastiano Marasco, Ali Zamani Noori and Gian Paolo Cimellaro 

used to calculate the displacement u2.  The reduction factor accounts for ductility, over-
strength, redundancy, and damping of a structural system (Equation (5)). 

( , )
( , , )

( , , )
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y

F T
R T

F T
 

  



   (5) 

where yF   is the maximum shear capacity and FEL represents the equivalent elastic shear 

force. As mentioned previously, the reduction factors depend on ductility (µ), over-strength 
(λ), damping (ξ) and elastic building characteristics (such as period, T). Several mathematical 
formulations have been proposed for evaluating the reduction factor. One of the most used 
expressions is based on the equal energy rule (short period systems, T<0.5 s) or equal dis-
placement rule (long period systems, T>0.5 s) (Equation (6)). 
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The ductility parameters are expressed as a ratio between the ultimate displacement and the 
displacement for which the maximum shear capacity occurs. According to the proposed trilin-
ear backbone curve, the ductility is given by the ratio between displacements u2 and u3.  

Furthermore, the ultimate top displacement is evaluated based on the equal energy theorem 
(Figure 6).  

Figure 6. Equivalent elastic energy (EEL) and elasto-plastic energy (EPL) of the system. 

According to the Figure 6, the energy balance between the equivalent elastic energy (EEL) 
and elasto-plastic energy (EPL) is reported in Equation (7). 

     2 1 3 2

1

2

R
u u u u

        (7) 

In the proposed approach, the two unknown displacement values are evaluated through an 
iterative procedure. The reduction factor value is fixed and then the displacement u2 is as-
sessed (Equation (8)).  
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u
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where k is the stiffness of the system. According to Equation (7), the ultimate top dis-
placement u3 is evaluated and then the reduction factor is calculated by using Equation (6). 
This iterative procedure continues until the corresponding calculated reduction factor con-
verges for given initial approximation (Figure 7). 

Figure 7. Iterative procedure for evaluating the reduction factor. 

4 ANALYSIS IMPLEMENTATION AND SIMULATION 

The proposed approach is capable of applying nonlinear time history analyses to a large 
number of buildings. The dynamic response of the structural system in a built environment 
takes into account a considerable amount of parameters. The building inventory, containing 
all the information (such as material, geometry and mechanical properties), has been devel-
oped and allocated on an external server. All this data are accessible by a MATLAB code or-
ganized in several functions that manage the seismic input definition, MCS for evaluation of 
the nonlinear parameters, and SAP2000 API actions. Due to the large number of variables and 
the time requested for processing, parallel algorithms running on multiple processors are de-
veloped with MATLAB. 

4.1 Software architecture 

The analysis flow is controlled through an interactive graphical user interface (GUI) that 
allows for selection of an earthquake scenario in the virtual city (magnitude and epicenter lo-
cation). Furthermore, the acceleration time history can be selected and processed in both 
North-South (NS) and East-West (EW) directions. In order to take into account the deamplifi-
cation of the seismic excitation with the epicenter distance, the shear wave velocity in the up-
per most 30 m (VS30) for the city of Turin is included in the data. The VS30 map has been 
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obtained via USGS website (USGS, 2013) at the link 
http://earthquake.usgs.gov/hazards/apps/vs30/. The Boore-Atkinson (Boore and Atkinson, 
2008) attenuation law is used to estimate the attenuation of the time history’s peaks. A Matlab 
function is provided for calculating distances between the selected epicenter and the center of 
the mass of each building. Moreover, the equivalent shear wave velocity is assessed according 
to the VS30 map, and considered in the attenuation model.  

The main Matlab function controls the building’s data flow, then the MCSs are carried out 
to evaluate the backbone curves for each building, considering the epistemic uncertainties in 
the input model parameters. 

4.2 SAP2000 API 

The SAP2000 Application Programming Interface (API) is a programming tool that offers 
efficient access to the analysis and design technology of the SAP2000 structural analysis 
software. A direct interaction with third-party applications is allowed during run-time analysis. 
The API software library provides access to a collection of objects and functions capable of 
remotely controlling the data exchange and setting data in SAP2000. Both pre- and post-
processing procedures are managed by a Matlab language code which mainly provides the 
two-way data exchange. This procedure is capable of significantly reducing the time needed 
for data exchange, especially for large data models. 

Once the Matlab functions assess the nonlinear parameters (trilinear backbone curve) and 
the processed seismic input, they are transferred to SAP2000 through API tool. Due to the 
limited amount of detailed building information, the hysteresis is considered according to the 
Takeda model. Thus, the nonlinear time history analyses are performed in the SAP2000 envi-
ronment and the derived output is remotely controlled by Matlab. Figure 8 shows in detail the 
software data flow used in the simulations. 

Figure 8. Software data flow. 
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According to the maximum drift, the structural damage is assessed for each building and 
the associated level of damage is evaluated (slight, moderate, extensive, complete). A 3D vis-
ualization tool is also provided which shows the dynamic response of the building within the 
virtual city.  

5 CONCLUSIONS 

A new approach to implement dynamic time history analyses in a built environment of a vir-
tual city is proposed. The virtual city has been designed based on the buildings stock for the 
city of Turin, Italy. All the characteristics of each residential building have been collected and 
organized in a complete database. The dynamic structural response has been simulated 
through a trilinear backbone curve through a nonlinear static approach for a MDOF system. 
The uncertainties on the building geometric and mechanical parameters have been taken into 
account through a MCS. Furthermore, an accurate selection and evaluation of the seismic in-
put has been proposed. The dynamic response of the built environment have been carried out 
by SAP2000 software.  
A Matlab based software has been developed to control the input data and the SAP2000 
workflow through its Application Programming Interface. The post-processing is remotely 
controlled by Matlab, and the buildings’ damage level is estimated. Finally, a 3D visualization 
tool is also provided which shows the dynamic response of the building within the virtual city. 
This procedure is capable to significantly reduce the time needed for data exchange especially 
for large data models. This methodology supports decision-maker to explore how their communi-
ty responds to a disruptive event, quantify the performance of buildings following a hazard, and to 
plan the better resilience-building strategies to minimize the losses and recovery time. 
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Abstract. Nowadays, the refined models of simulation to evaluate the seismic damage in an 

urban area are becoming of paramount interest for the scientific community. Regional seismic 

damage simulation can potentially provide valuable information that can facilitate decision 

making, enhance planning for disaster mitigation, and reduce human and economic losses. 

However, the application of refined models is limited because of their high computational cost 

and needs of highly experienced users. For these reasons, these approaches remain academic 

experiences. This study proposes a straightforward approach to the problem, at the same time 

competitive, to simulate the seismic response and to assess the degree of damage at urban scale. 

At first, the simulation of the standard building is performed using an equivalent single degree 

of freedom model. Subsequently, the same approach is extended to a number of regular build-

ings from a virtual city sample for time-history seismic response analysis. The first part of this 

work is devoted to present the methodology to prepare the one-degree-of-freedom model of the 

standard building by comparing it with a refined multi degrees of freedom model as a target. 

Finally, a seismic damage simulation of a virtual city sample is implemented to demonstrate 

the capacity and advantages of the proposed method at increasing seismic intensities for dam-

age assessment. It is the starting phase for further multi-hazards analyses at the regional scale 

through agent-based models. 
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1 INTRODUCTION 

Civil Engineering structural systems have been usually considered at standard scale level: 

e.g. the building one, even if of large dimensions. They are usually characterized by classical 

elements, forces and consolidated computational procedures for their analysis as well. However, 

recent social developments and economic transformations, related to globalization, with inte-

grated people activities within large urbanized areas, also characterized by high-density living 

and working, all together has changed the conditions of the last century toward regional dimen-

sions. The current trend involves not only expected standard forces (wind, earthquake, etc.) but 

also new hazard with higher level components and indirect effects related to interconnections 

between static and dynamic systems. The resulting scenario leads to a new paradigm of vulner-

ability and, consequently, new analysis tools are expected to be developed with respect to the 

urban dimension.  

The need of approaching such complex problem with rational tools is the object of this re-

search work. In particular, new approaches to urbanized systems and large-scale simulations 

within a seismic scenario are explored, by evaluating multipurpose codes for numerical simu-

lation and also simplified numerical approaches.  

A sample of a 3-D virtual city is developed for evaluating the seismic effects at increasing 

intensities. It will be the starting step for further urban loss analyses through agent-based models, 

which will be updated with respect to performance losses.  

Modern cities are systems with a high density of population and buildings. Once they are hit by 

earthquakes, the damage or collapse of buildings will result in huge economic losses and casu-

alties. Regular multi-story buildings occupy a large proportion in urban areas, therefore they 

are mainly exposed to seismic damage and collapse due earthquakes. An accurate and efficient 

regional seismic damage prediction method is required to assess the seismic damage of regular 

multi-story buildings in order to mitigate the earthquake disasters in modern cities on critical 

infrastructures.  

Several authors have proposed methods for modelling multi-degrees of freedom structural 

systems (e.g. [1,2]) with a high grade of complicacy the large number of regular buildings. For 

this purpose, an equivalent single-degree-of-freedom (SDOF) model of regular standard build-

ings is studied in this work within a multipurpose finite element (FE) code. It includes two main 

positive aspects: the structural analysis for damage assessment and the real time visualization 

in a single unit. The structural problem in literature is usually solved separately from the visu-

alization problem (e.g. 3D urban polygonal models [3]).  

In this study a single degree of freedom model is proposed to evaluate in details the seismic 

performance of the regular buildings trying to limit the complexity of the problem, not needing 

a super computer to conduct the analysis as in [4].  

For developing the equivalent single degree of freedom model for the standard regular build-

ing a sequence of analyses for comparison has been performed. A refined FE analyses is firstly 

performed for identifying the multi-degrees-of-freedom (MDOF) system with respect to ex-

pected characteristics from guidelines (Eurocode 8 [5]). Then the SDOF is developed with ref-

erence to structural dynamics and then implemented in FE code Ansys [6] through beam and 

solid elements. This last option is promising for a further automatic implementation of the vir-

tual city model by linking the 3D GIS city map and the simulation framework. Finally, we have 

developed a medium-sized district to assess the overall behaviour during an earthquake at in-

creasing intensities. In particular, the damage assessment is of a paramount importance for sub-

sequent simulations of critical infrastructures losses.  
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A 3D GIS of the ideal city is in a CAD format and it is imported into a FE code and the 

geometry of the whole buildings system (e.g. district) in a single step is imported. This proce-

dure is performed accounting for the numbers of the floors of every building, the material and 

the structural typology (masonry, frame).  

According to the Hazus report [7], the seismic damage is classified into five levels: none, 

slight, moderate, extensive, and complete damages. To assess the seismic damages of buildings, 

two sets of criteria are in existing literatures: the force-based damage criteria and the defor-

mation-based criteria. Both have their advantages and limitations. As proposed by Xiong et al. 

[1] and Yin et al. [8] this study defines the damage states by taking the advantages of both the 

force-based and deformation-based damage criteria. The force-based damage criteria are used 

for the “slight” and “moderate” damage states, whereas the deformation-based criteria are used 

for the “extensive” and “complete” damage states. The proposed method has the ability to out-

put the displacement contours for different time steps, thus making it possible to generate an 

animation of the building seismic responses. This research will provide a reference for the seis-

mic damage prediction of large urban areas. 

2 METHODOLOGY 

2.1 Description of the case study  

A finite element model is prepared considering a real residential building in the ideal city 

with a rectangular footprint and a polygonal shape. It is 11 meters high and the inter-story dis-

tance consists in 3.5 meters except the first floor that is to 4.5 meters from the ground. The 

building has three floors. Figure 1a depicts the dimensions of the plant and Figure 1b the lon-

gitudinal section. 

 

 

   (a) - Plant of the building - 

 

2058



G.P. Cimellaro , M. Domaneschi, S. Mahin, G. Scutiero 

 

 

 

(b)  - Longitudinal section - 

                                                           

(c) Section pier    Section beam 

Figure 1: Reference building. 

The material is the reinforced concrete (C25/30). Figure 1c reports the typical section of the 

beams and of the piers, constant for all floors. 

2.2 SDOF FE model of the regular ideal building: beam element approach 

To perform the analyses a multipurpose FE software is employed (Ansys [6]). The reference 

building is firstly represented through a beam (element BEAM188 in Ansys 2 nodes and 6 

degrees of freedom per node with cubic shape function). According to [6], the element is based 

on Timoshenko beam theory, therefore, shear deformation effects are included. The beam is 

fixed to the ground and a cross section equal to the shape of the footprint of the real building is 

assigned. The mass of the building is concentrated on the top of the beam (Figure 2). It is worth 

noting the polygonal shape performed by the FE post-processor (Figure 3). It results very useful 

for both the polygonal visualization of the virtual city and, at the same time, for low computa-

tional costs (low number of degrees of freedom). 

 

 

Figure 2: Beam model. 
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Figure 3: Polygonal output. 

According with Eurocode 8 [5] the expected period of the structure is given from the fol-

lowing formula: 

              𝑇 = 𝐶𝐻
3

4               (1) 
 

Where C is a constant in function of the material and H is the height of the building. In our 

case the high is 11 meters then: 

𝑇 = 0.075 ∙ 11
3

4 = 0.45 𝑠𝑒𝑐        (2) 

 

For this period, the stiffness of the building can be computed. A self-weight of 11
𝐾𝑁

𝑚2 is fixed 

accordingly with a widely accepted range of 10 
𝐾𝑁

𝑚2 ÷ 12
𝐾𝑁

𝑚2. Therefore, the total mass and the 

equivalent SDOF stiffness of the whole building are the following one: 
 

𝑚𝑡𝑜𝑡 = 𝑊𝑒𝑖𝑔ℎ𝑡 𝑓𝑜𝑟 𝑓𝑙𝑜𝑜𝑟 ∙ 𝑛° 𝑜𝑓 𝑓𝑙𝑜𝑜𝑟𝑠 ∙ 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑝𝑙𝑎𝑛𝑡 = 11 ∙ 403 ∙ 3 = 13299 𝐾𝑁 ≅
1355.6 𝐾𝑔      (3) 

 

𝐾 = (
2𝜋

𝑇
)

2

𝑚𝑡𝑜𝑡 = 259270850
𝑁

𝑚
       (4) 

 

The displacement corresponding to the equivalent stiffness is then computed: 

  
𝐹

𝐾
=  𝛿∗         (5) 

 

The cantilever bending stiffness is function of the inertia modulus of the cross section and 

the modulus of elasticity. The cross section is related to the building foot-print, while the mod-

ulus of elasticity can be tuned in the following identification procedure.  

Thus, a general constant force F is applied to the elastic model of the structure in the Ansys 

FE code, reading the top displacement 𝛿. The modulus of elasticity is then modified, within a 

tuning procedure, until 𝛿 results equal to 𝛿∗. Table 1 summarizes the tuning values. 

 

Applied force  K 𝛿∗  E 𝛿 

100 kN  259270.85 kN/m  3.85E-4 m 43.6 MPa 3.85E-4 m 

Table 1: Tuning values. 

The same result can be obtained by considering the Timoshenko stiffness closed form: 
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𝑣(𝑧 = 𝐻) =
𝐹𝐻

𝐺𝐴𝑆
+

𝐹𝐻3

3𝐸𝐼
     (6) 

 

Where v in the transversal displacement of the beam, z is the beam longitudinal coordinate, 

G is the shear modulus, AS is the shear surface (AS =0.85A) and EI respectively the elastic and 

inertia moduli.  

The mode shape of the first vibration mode for the regular ideal building can be assumed 

almost linear as depicted in Figure 4. 

 

 

Figure 4: First mode shape of vibration. 

Normalized eigenvectors corresponding to every floor can be computed by proportion. Thus, 

x1 and x2 in Figure 4 result:  

 
1: 11 = 𝑥2: 7.5 → 𝑥2 = 0.68     (7) 

 
1: 11 = 𝑥1: 4 → 𝑥1 = 0.36     (8) 

 

A self-weight of 11
𝐾𝑁

𝑚2 is fixed for all floors except for the last roof floor, where the self-

weight is 10
𝐾𝑁

𝑚2 . The foot print area Afp and the modal mass associated to the first mode m* 

can be computed as:   
 

Afp = 403 𝑚2       (9) 
 

𝑚∗ = ∑ 𝑚𝑖 ∙ 𝜑𝑖 = 11 ∙ 403 ∙ 0.36 + 11 ∙ 403 ∙ 0.68 + 10 ∗ 403 ∙ 1 = 8640.2 𝐾𝑁  (10) 
 

 
Where 𝜑𝑖 is the value of the eigenvector of i floor. The circular frequency  𝜔∗ associated to 

the i mode is then computed: 

 

𝜔∗ = √
𝐾

𝑚∗ = √(
2𝜋

𝑇
)

2
𝑚𝑡𝑜𝑡

∑ 𝑚𝑖𝜑𝑖
    (11) 

 

The ratio 
𝑚𝑡𝑜𝑡

𝑚∗  is a kind of inverse of the participation coefficient for the first mode of vibra-

tion. Finally, the fundamental period for the equivalent SDOF is: 
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𝑇∗ =
2𝜋

𝜔∗     (12) 

 
From the response spectrum of the city of Turin, with a behaviour factor equal to one, the 

spectral acceleration and the spectral displacement for 𝑇∗ is calculated.  
 

 

 Figure 5: Response spectrum- Acceleration 

 

 Figure 6: Response spectrum- Displacement 

 
Appling to SDOF model on FE code a force 𝐹 = 𝑚∗𝑆𝑎

∗  the resulting displacement response 
at the top 𝛿𝑆𝑎

 is computed and compared with the spectral displacement 𝑆𝑑
∗ . Table 2 reports 
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the spectral values. The displacement 𝛿𝑆𝑎
 consists in 0.000708g meters, in good agreement 

with the spectral one. 

 

𝑆𝑎
∗  𝑆𝑑

∗  𝑇∗ 𝐹 

0.217 g 0.000747g m  0.36 sec 1874.9 kN 

Table 2: Spectral values. 

2.3 MDOF FE model of the regular ideal building 

A refined FE analyses of the regular building is performed in SAP2000 (Figure 7) [9] for 

reproducing the whole MDOF system behaviour. The weight of every floor is summarized in 

Table 3 accordingly with the first mode eigenvector. The corresponding masses are concen-

trated in the centre of mass at every floor. In this case of regular ideal building the centres of 

mass and stiffness are roughly in the same position.  

  

Floor  W [kN] 

1 11 

2 10.8 

3 9.7 

Table 3: Floors’ weights. 

 

  
 

Figure 7: MDOF model on SAP2000 

The fundamental period of the structure is computed through modal analysis. Then the re-

sponse spectrum analysis is implemented in order to get the displacement at the top of the 

building. Satisfactorily comparison is reported in table 4. Figure 8 depicts the top displacement 

from the static spectrum analysis on the MDOF model.  

 

T [MDOF] T [SDOF] 𝛿 [MDOF] 𝛿 [SDOF] 

0.38 sec 0.36 sec 0.0007g m 0.0007g m 
 

Table 4: Period and displacement 
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Figure 8: joint displacement at the centroid (top view). 

The second mode of vibration (T2) also is translational but in the orthogonal direction to the 

first and the period of vibration is 0.33 seconds (Table 5). The second mode of vibration of the 

SDOF model is translational and the period is 0.29 seconds. Comparing these results, the SDOF 

model approximates satisfactorily the dynamic behavior of the structure in both directions.  

 

T2 [MDOF] T2 [SDOF] 

0.33 sec 0.29 sec 

Table 5: Period of the second mode of vibration. 

2.4 SDOF FE model of the regular ideal building: solid element approach 

The reference building is now represented through a solid element within the same multi-

purpose FE software [6] employed for the beam element implementation of the previous sec-

tion. The reason to use this finite element has a practical aspect: importing the 3D geometry of 

the buildings of the virtual city from CAD framework to Ansys, all volumes reproducing the 

buildings can be easily converted solid Fes. The advantage is to get and discretize all buildings 

of the city in Ansys in a single step, reducing essentially complications and time.  

The calibration steps for the solid FE model are the same as the model with beam elements 

previously described. Thus, a general constant force F is applied at the top of the elastic model 

of the regular buildings in Ansys, reading the resulting top displacement (𝛿). The modulus of 

elasticity is then modified, within a tuning procedure, until 𝛿 results equal to 𝛿∗. Table 6 sum-

marizes the tuning values. 

 
Applied force  K 𝛿∗  E 𝛿 

100 kN  259270.85 kN/m  3.85E-4 m 43.6 MPa 3.85E-4 m 

Table 6: Tuning values. 

Then the same spectral procedure through Figures 5 and 6 as for the SDOF FE model with 

beam element implementation is repeated with equivalent outcomes as in in Table 2. Figure 9 

reports the top displacement resulting from the response spectrum equivalent static force; it 

results 0.000722g m as 𝑆𝑑
∗  in Table 2. Therefore, the SDOF FE model of the regular ideal build-

ing with solid element is equivalent to that one with beam element approach. 
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Figure 9: displacement of the solid model 

2.5 Case of a finite number of buildings 

By using the approach with solid element (section 2.3), the geometrical parameters are not 

necessary to calculate. The mechanical parameters (stiffness and mass) only are needed for 

the analyses computation. The method can be extended to all buildings of the ideal city. Fig-

ure 10 summarizes the procedure for an equivalent single degree of freedom model.  

 

 

Figure 10: Method for stiffness and the mass identification for regular buildings. 

Importing a 3D GIS in the FE code, the geometrical model of the regular buildings in a single 

step can be defined. However, before importing the geometry, a regular volume of the building 

(free of defects and negligible peculiarities) is necessary through the CAD software. Figure 11 

exemplifies the general procedure for performing the solid FE mesh of the ideal city. 

 

 

 

Figure 11: method to import the geometrical model in a FE software. 
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3 DISTRICT SEISMIC RESPONSE SIMULATION  

A medium-sized district has been considered to firstly assess the overall procedure and the 

structural behaviour during an earthquake. The district is situated in Turin and contains nine 

regular buildings. Structures with “L” shape in reality are parts of buildings with a rectangular 

shape divided by a seismic joint.  In figure 12 a top view of the district is reported. 

 

Figure 12: Study area 

The 3D model of the buildings is defined through the design software “Infraworks 360” [10] 

and imported in Ansys. Figure 13 depicts the visualization of 3D model in Infraworks 360 and 

the model in Ansys. Figure 14 reports the comparison between the visualization of Google Earth 

and the FE software.  

  

(a)      (b) 

Figure 13: the Infraworks visualization  (a) and the Ansys one (b). 
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(a)      (b) 

Figure 14: The Google Earth visualization (a) and the Ansys one (b). 

The stiffness and the mass for each building are computed as explained in Section 2 with the 

values in Table 7. 

 

Buildings m* [Kg] E [MPa] 

A 3825850 231.3024 

B 6690600 233.4302 

C 1952500 371.9756 

D 1952500 337.2031 

H 4892690 259.8985 

E 5640000 406.9188 

F 2461972 302.0051 

G 1674141 247.6341 

I 4467831 386.0803 
 

Table 7: Mass and modulus of elasticity values. 

The fundamental periods of the regular buildings in the district are computed through modal 

analysis. In Table 8 the frequencies associated to the first mode of vibration for every building 

are reported. 

 

Buildings Frequency [Hz] 

A 1.3766 

B 1.7686 

C 1.4807 

D 1.5161 

H 1.6096 

E 1.3259 

F 1.6589 

G 1.5616 

I 1.7944 
 

Table 8: Frequency of the first mode of vibration. 
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SIMQKE_GR software [11] is used for generating an accelerogram in function of the coor-

dinates of the city, type of soil, topography of the area, total duration of the earthquake (Dr). It 

applied to the virtual city at increasing intensities. 

 

 

 

PGA [g] Dr [s] 

0.002 20 
 

 
 

Table 9: peak ground acceleration (PGA) and total duration values  

 

PGA [g] Dr [s] 

0.006 20 
 

 

Table 10: peak ground acceleration (PGA) and total duration values  

 

PGA [g] Dr [s] 

0.01 20 
 

 

Table 11: peak ground acceleration (PGA) and total duration values  

 

PGA [g] Dr [s] 

0.02 20 

 

  

Table 12: peak ground acceleration (PGA) and total duration values  
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PGA [g] Dr [s] 

0.028 20 
 

 

Table 13: peak ground acceleration (PGA) and total duration values  

 

 

PGA [g] Dr [s] 

0.038 20 

 

 

 

Table 14: peak ground acceleration (PGA) and total duration values  

 

 

 

PGA [g] Dr [s] 

0.046 20 
 

 
 

Table 15: peak ground acceleration (PGA) and total duration values  

 

The following Figures 16 and 17 depict respectively the output displacements in direction z 

and y axes of the district stresses. With x the vertical axis, y and z the horizontal ones. Axis y is 

oriented with respect to North of 56°. The district seismic output is evaluated through linear 

analysis with direct integration of equation of motion. Damping is fixed to 0.05. In Turin the 

design peak ground acceleration 0.036g. In the figure 16 and figure 17 are represented the dis-

placements along the two directions x,y concerning to the earthquake with a PGA equal to 

0.046g 
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Figure 16: displacements along y axes 

 

Figure 17: displacements along z axes 

4 DAMAGE ASSESSMENT AT THE URBAN SCALE FOR LINEAR ELASTIC 

BUILDINGS MODELS 

HAZUS [7] is software to estimate damage and losses caused by natural disasters. This 

methodology is developed by the Federal Emergency Management Agency (FEMA) to estimate 

the potential damage caused by natural disasters like earthquake. According to the Hazus report 

[7], the seismic damage is classified into five levels: none, slight, moderate, extensive, and 

complete damages. To assess the seismic damages of buildings, two sets of criteria are in ex-

isting literatures: the force-based damage criteria and the deformation-based criteria. The force-

based damage criteria are used for the “slight” and “moderate” damage states, whereas the de-

formation-based criteria are used for the “extensive” and “complete” damage states. the RC 

frames reach the “slight damage” and “moderate damage” states when the internal force ex-

ceeds 𝑉𝑦𝑖𝑒𝑙𝑑,𝑖 and 
𝑉𝑦𝑖𝑒𝑙𝑑,𝑖+𝑉𝑝𝑒𝑎𝑘,𝑖

2
, respectively, as shown in Fig.18 and reported in Table 8. The 

tri-linear backbone curve features three key points: the yield point, which is the turning point 

between the linear behaviour and the nonlinear behaviour and after which the stiffness is sig-

nificantly reduced; the peak point, which is the point where the peak strength is reached; and 

the ultimate point, after which the story is deemed collapsed or completely damaged. The de-

termination of strength and deformation parameters of each key point were discussed in the 

paper [1]. 
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Figure 18: V-𝛿 for Reinforce concrete frame 

 

 Slight Moderate Extensive Complete 

Reinforce concrete 

frame 
𝑉𝑦𝑖𝑒𝑙𝑑,𝑖 

𝑉𝑦𝑖𝑒𝑙𝑑,𝑖 + 𝑉𝑝𝑒𝑎𝑘,𝑖

2
 𝛿𝑒𝑥𝑡𝑒𝑛𝑠𝑖𝑣𝑒 𝛿𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 

Table 10: Damage criteria 

 

Figure 19: Damage state with PGA 0.002g and PGA 0.006g 

Figures 19,20,21,22 depict through different colours the grade of damage of the buildings 

due to the seismic input discussed in section 3. The procedure identifies five different level of 

damage, accordingly with the implemented conditions. 
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Figure 20: Damage state with PGA 0.01g and PGA 0.02g 

 

 

Figure 21: Damage state with PGA 0.028g and PGA 0.038g 
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Figure 22: Damage state with PGA 0.046g 

 

As shown in the Figure 19, the first damaged buildings are B and H. The fundamental natural 

vibration frequencies for these buildings are respectively about 1.71 for the building B and 1.61 

Hz for the building H. The input periodogram PSD, Figure 23, shows that the maximum peri-

odogram PSD value is at about 1.69 Hz. The fundamental natural vibration frequencies of the 

remaining buildings are larger than 2 Hz. Furthermore, building A is never seriously damaged 

because the direction of the building is essentially parallel to the direction of the earthquake 

and then the structure reacts to this force with the side with the high inertia. In Figure 22 almost 

all the buildings are seriously damaged due to PGA is fixed to 0.046g and the buildings were 

designed for 0.036g PGA. 

 

Figure 23: Periodogram PSD of the input 
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5 CONCLUSIONS  

A simple SDOF model of a standard regular building with natural period equivalent to that 

one deduced from a MDOF model is obtained. It is also in agreement with the guideline pre-

scriptions. Seismic displacements of the SDOF model are also equivalent to those correspond-

ing to displacement response spectra. 

This simplified approach can be extended and implemented into a more general procedure 

on a virtual city model. The preliminary tests on a small district result promising for extensive 

application to large number of regular building that usually characterize for large parts of urban 

areas.  

Finally, a seismic damage prediction approach is also proposed within the same urban dis-

trict through a widely accepted protocol at increasing input. Such simple application demon-

strates that it can be also implemented at a larger scale as the virtual city one. The proposed loss 

prediction approach results of a reasonable accuracy and can give a significant contribution to 

disaster resilience analysis and prevention in urban areas.  
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Abstract. In our society infrastructure data are crucial and research on critical infrastructures 
is difficult since experiments on real systems cannot be publicized. Virtual cities are one 
potential answer to this problem. IDEAL CITY is a virtual city of about 900000 residents fully 
described in GIS and other software for infrastructures modelling The city is currently under 
development and it will incorporate all critical infrastructures and its interdependencies, such 
as electric power grid, transportation, gas network and agent’s networks. In this paper an 
example of using IDEAL CITY for simulation of an earthquake event on the water distribution 
network is presented.  The earthquake event is characterized by a PGV of 25.04 cm/s. The city 
is assumed to be located on rough sandy gravel. The WDN is split in 10 districts while six pipes 
of different diameter made of ductile iron material has been considered in the network.  
Different scenarios have been selected considering the probability of failure of each pipe and 
a weight factor related to the diameter of the pipe itself.  A method to reduce the number of 
scenarios analyzed that is based on the probability density function of the different events has 
been proposed. Finally, a resilience index has been used to compare different scenario events 
that is based on the number of household without service and the numerical results have been 
discussed. In the future, further models will be added to take into account for risk and 
probability of failure of critical infrastructures due to extreme events (e.g. natural and 
manmade hazards). The main idea is to use IDEAL CITY to develop a virtual city that will serve 
as a hub for the development of further research models. 
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1 INTRODUCTION 

The world is becoming ever-more complex and unpredictable, marked by rapid urbanization, 
dramatic technological evolution, and climate change [1]. As a result, communities are 
increasingly trying to enhance their resilience against hazardous events, being aware that they 
cannot prevent every risk, but they must manage and adapt to risks minimizing the effects. In 
particular, recent earthquakes, such as the 1995 Kobe, and the 1999 Chi-Chi [2], have provoked 
a significant amount of damages, which have lead communities to focus their attention on the 
safety of critical infrastructures (i.e. gas networks, power networks, transportation systems, 
water distribution networks) during and after earthquakes. In the past, the main concern was 
the physical protection of these lifeline systems, but now attention is shifting toward the 
infrastructure resilience [3]. Bruneau, Chang et al. introduced the first definition of this term, 
without providing a detailed quantification of it, but rather a description of the community 
resilience characteristics [4]. Cimellaro, Reinhorn et al. expressed the first framework to 
quantify Resilience, considering the uncertainties in the intensity measures [5]. 

A resilience index R promoted by Cimellaro, Tinebra et al. has been adopted to measure the 
performance of a for a water distribution network (WDN) [3]. This index is function of the 
number of users with suffered water outage ne, which helps planners and engineers to evaluate 
the WDN Functionality F(t). The latter consists in delivering a certain demand of water with 
an acceptable level of pressure, and in its restoration process after a disaster event. 

The case study deals with a Virtual City named IDEAL CITY, which is located in a seismic 
region. The WDN has been analyzed using EPANET 2.0 software [6] with two different 
approaches: Demand Driven Analysis (DDA) has been performed during normal operating 
conditions, and Pressure Driven Analysis (PDA) has been carried out in case of pipes failure 
within the system. Different scenarios have been considered, taking into account the probability 
of having simultaneous failures of pipes. 

2 RESILIENCE ANALYSIS FOR WATER DISTRIBUTION NETWORKS 

Cimellaro and Reinhorn [5] have provided a useful literature review of the resilience 
definitions and have averred that disaster resilience is “a normalized function indicating 
capability to sustain a level of functionality or performance for a given building, bridge, lifeline, 
networks or community over a period of time TLC (life cycle, life span, etc.) including the 
recovery period after damage in an extreme event” [7]. 

Nowadays, there is no standard procedure to quantify resilience in the context of diversified 
hazards or to define how communities are heading in the direction of becoming more resilient. 
Although past research focused mainly on the assessment of direct and indirect losses caused 
by hazardous events, and on the necessary actions to reduce such losses, recent studies are 
addressing to the search of specific measures that must be adopted before, during and after the 
events [4, 8]. 

A framework for the quantification of disaster resilience, endorsed by Cimellaro, Reinhorn 
et al. [5], consists in the definition of the resilience index R. It measures the capability to sustain 
a level of functionality, or performance, for a given building, an infrastructure system 
(transportation, water network, etc.), or a community, over a certain period of time named 
Control Time (TLC), which usually corresponds to the system life cycle [3]. For its formulation, 
the definition of the function of functionality F(t) is needed. In this case, the functionality of an 
infrastructure consists in delivering a certain demand of water with an acceptable level of 
pressure, and in its restoration process after a disaster event. It is, therefore, related to the 

2076



M. Bianco, G. Cimellaro and S. Wilkinson 

number of equivalent utilities ne, that quantifies how many potential utilities have problem with 
the water supply. Its expression is shown below: 

   1 ,      1, , 
i
ei

Tot

n
F t for i N

n
     (1) 

where  is the equivalent number of utilities for each node that suffer insufficient pressure; 
 is the total number of utilities within the distribution network; and  is the total number 

of nodes where the utilities have been supposed to be directly connected. The number of 
equivalent utilities is directly proportional to the water volume lost during the earthquake event 
and during the successive repair operations, as follows: 

 
i

i Lost
e i

i

w
n n

w
  (2) 

where i is the generic node in which pressure is insufficient to ensure the water demand; ni 
is the total number of utilities connected to the node i;  is the volume of water lost; and 

 is the volume of water consumed by utilities under normal operating conditions. The volume 
of water lost has been computed as follows: 

    
1j

j

t

i
Lost demand i

t

W Q t Q t dt


     (3) 

where ,  are the generic instants after the earthquake event (t > t1);  is the water 
demand at instant t; and  is the real water flow at time t after the failure of a pipe. The volume 
of water under normal operating conditions has been evaluated using the equation below: 

  
1j

j

t

i demand

t

W Q t dt


   (4) 

 
Figure 1: Functionality of Water Distribution Network (adapted from [3]). 
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The general form of  for a given extreme event is displayed in Figure 1. The Control 
Time TLC (established in 48 hours in this study) consists in four different periods: TNF-I and TNF-

II are the normal operating functionality periods that occurs, respectively, before the earthquake 
and after the repair operations, TM is the operating period between the earthquake and the first 
emergency operations, and TE is the transition period for repair works. Moreover, t1 is the 
instant when the earthquake occurs, t2 is the instant when the damaged pipes are isolated, t3 is 
the instant when the repair operations are completed and t4 is a generic instant when the system 
works in normal conditions. The sum of the two periods TM and TE gives the recovery time TR.  

After the definition of the performance index F(t) given in Equation (1), the corresponding 
resilience index is defined as  

 
1

1

( )
 

LCt T

LCt

F t
R dt

T



   (5) 

3 A VIRTUAL CITY FOR RESILIENCE ANALYSIS: IDEAL CITY  

Focusing on past experiences can help people learn about what strategies for disaster 
resilience might work. The difficulty, however, lies in the low frequency of the majority of 
catastrophes. Gaining experience is exactly the core aim of employing a virtual city for 
resilience analysis. 

A virtual city is a kind of virtual reality application which can be described as a real-time 
representation or visualization of any city and its components in an accurate and objective way 
[9]. It enables users to interact with objects not available in the everyday world [10]. For any 
virtual city, there are three fundamental concerns regarding the validity of a simulation: how 
much it reflects the real world environment (accuracy), how detailed is the simulated replication 
of the real world (reality), and what kind and amount of data can be presented through a 
simulation (representativeness) [11]. 

 
Figure 2: IDEAL CITY building and road map. Land use is indicated by color: for example, residential (grey), 

industrial (blue), and services (red). 
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The safety and quality of life in cities depend on the functioning of a set of critical 
infrastructures, also called lifelines. Their destruction or disruption, albeit partial, significantly 
weakens the normal functioning of cities themselves. The work of Kongar and Rossetto has led 
to the identification of sixteen critical infrastructures in a community, which are: electricity 
(power delivery), oil delivery, transportation, telecommunication, natural gas delivery, water 
supply, wastewater treatment, financial system, building services, business, emergency 
services, food supply, government, health care, education, commodities [12]. 

IDEAL CITY is a virtual city of about 900000 residents fully described in GIS and other 
software for infrastructures modelling (Figure 2). The city is currently under development and 
it will incorporate all critical infrastructures and its interdependencies, such as electric power 
grid, water distribution network, transportation, gas network and agent’s networks. 

In this study, IDEAL CITY is used to simulate the effects of an earthquake event on a water 
distribution network. The main stages of the work will be described in the next sections. 

3.1 Model description and assumption 

The water network has been simulated by using EPANET 2.0 software [6]. To create a 
realistically virtual environment, a real city should represent a reference model. For 
convenience, it was decided to take as a reference the city of Turin. The network is divided into 
10 districts (Figure 3), reflecting the subdivision of the city of Turin. Each district is connected 
to the adjacent ones through a single pipeline, which can be closed if one or more pipes within 
the districts falls or needs repair; so the areas can be isolated without disrupting all areas in the 
network. 

 
Figure 3: District view of the water network. 

The number of inhabitants, equal to 891624 residents, is randomly assigned to residences. 
Water demand is determined by reference to the number of inhabitants and floating population 
(commuters and tourists). Based on similar cities, a value of daily water demand per inhabitant 
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equal to 273.52 l/capita/day is adopted. This value is multiplied by the number of residents, 
commuters (20% of residents) and tourists (about 3.5 million per year) of each district in order 
to obtain the average water usage related to each district. The latter is used to compute the based 
demand at single nodes, assuming that the water collection in each node is proportional to the 
length of the pipes that flows to the node itself, as follows: 

 n nQ L q   (6) 

Where  is the flow rate that has been determined as the ratio between the average water 
demand and the total length of the pipes; and  is the half-sum of the length of pipes connected 
to the node itself. Considering that flow supplied from an aqueduct has a fluctuating trend 
during the year, a 24-hour time pattern for all user types is considered. 

The EPANET hydraulic model (Figure 4) includes: 462 nodes, 525 pipes (263368.66 m total 
length), 9 valves, 10 pumps, 10 reservoirs, and 10 tanks. Almost all nodes are 1.2 m below the 
road surface. The ground elevation is between 213.99 m a.s.l and 276.93 m a.s.l. Most of the 
pipes are made of ductile iron. The roughness coefficient for the ductile iron is ε = 0.26 mm, 
using the Darcy-Weisbach formula. In keeping with the desire to develop a realistic and 
imperfect system, valves are not completely in line with design practices. Water sources are 
represented by rivers (18%) and aquifers (82%). The adduction is connected to the water tanks 
through pumps, each one characterized by a pump curve that depend on the difference of 
elevation between the source and the water tank and on the total demand flow required. The 
total daily demand on the IDEAL CITY WDN is 263.3 Ml/day with minimum and maximum 
hourly demand of 210.7 Ml/day and 342.4 Ml/day respectively. 

 
Figure 4: Hydraulic model of IDEAL CITY water distribution network. 
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3.2 Seismic hazard 

Currently, the Italian evaluation of seismic hazard is based on a probabilistic approach 
(PSHA, Probabilistic Seismic Hazard Analysis) which considers all possible ground motions 
caused by earthquakes, along with their probabilities of occurrence, in order to find the level of 
ground motion intensity exceeded with some assigned value, within a given period of time [13]. 
The ground motion intensity can be expressed by the peak ground acceleration (PGA), which 
is not a measure of the total energy of an earthquake, but rather of how hard the earth shakes at 
a given site. It can be better expressed in terms of the maximum magnitude and recurrence 
(expected number of events in a year for each magnitude range) in order to define a seismic 
energy attenuation model. 

The Italian National Institute of Geophysics and Volcanology (INGV) provides different 
interactive seismic hazard maps, including the disaggregation hazard maps. Through the 
disaggregation, it is possible to identify the relative contributions to seismic hazard from the 
different sources of the problem, the magnitude M and the source-to-site distance R. This means 
that for the same local soil conditions, the intensity of the ground shaking at the site depends 
on M and R values, even though the empirical ground motion deviates from the median value 
predicted, and this value is the standard deviation ε. 

 
Figure 5: Disaggregation hazard map for 2% PE in 50 years (Return Period = 2475 years). 

The hazard maps vary from place to place and are related to different values of the 
probability that a ground motion greater than the one assigned in a map occurs, in a certain time 
interval (usually 50 years) or to a specified return period. The disaggregation map for the 
analyzed virtual city is built for a return period of 2475 years with a probability of exceedance 
of 2% in 50 years. These maps, by design, identify M-R-ε values for the mean peaks. The 
identified dominant seismic event has a magnitude M equal to 6.040 with an epicentral distance 
of R of 5.770 km (Figure 5). The Sabetta and Pugliese attenuation law [14] provides directly 
the PGV value as function M and R, modified by local soil conditions: 

 2 0,828 0,489 15,21 0,116Log PGV M Log R       (7) 
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The PVG value is 25.04 cm/s and is constant across the entire region of interest. 

3.3 Earthquake damage to water pipelines 

In the common vulnerability approaches, the pipeline damage is typically expressed as the 
number of repairs occurring per unit length of the pipeline itself. Such method for seismic 
behavior of pipelines is based on studies of past earthquake scenarios and related pipelines 
response. The linear model adopted in the case study is fostered by the American Lifeline 
Alliance (ALA) in their guideline [15]. The pipe damage caused by wave propagation is related 
to the PGV value, as reported in the equation below: 

 1RR K a PGV    (8) 

where RR is the repair ratio, that is the expected number of pipe breaks per 1000 m of pipe; 
 is a coefficient depending on pipe material, pipe diameter, joint type, and soil condition, and 

it is equal to 0.5 for ductile iron pipes;  = 0.001425 [16]; and PGV is the peak ground velocity 
expressed in m/s. The RR value corresponds to 0.00018. 

The method used herein to detect the probability of failure of single pipes is similar to the 
procedure developed by [17]. The failure probability ,  of a pipeline can be expressed by the 
Poisson probability distribution, as follows: 

 , 1 RR L
f jP e    (9) 

where RR is the repair ratio given by Equation (8);  is the length of pipe; and ∙  is the 
probability of zero breaks along the pipe. The equation is memoryless disregarding any failures 
that may have occurred along the pipeline in the past [16]. The average probability of failure of 
at least one pipe in the WDN is ,  = 0.089. 

Physical damages regard only the pipelines, while damage to the facilities (e.g. tanks, 
reservoirs, etc.) is not considered in this study. The seismic wave propagation induces axial and 
bending strains to pipelines due to the interaction at soil-pipe interface: if the pipe doesn’t have 
the necessary strength, these deformations could produce damages (the bending strains are 
neglected). In this study the attention focuses on breaks on continuous pipelines because this 
type of damage produces the worst operating condition due to the total separation of the pipe. 

 
Figure 6: Pipe break simulation in EPANET 2.0 [18]. 

Breaks are modeled in EPANET 2.0 using the scheme shown in Figure 6: the original pipe 
is divided into two equal parts, because it is assumed that the break occurs in the middle point 
of the pipe. At the end of the two parts, two reservoirs are added in order to simulate the water 
flow through the break. The reservoirs have a total head equal to the elevation of the point break 
(this elevation is evaluated with a linear interpolation between the two nodes of the original 
pipe). A check valve is inserted on each new pipe such that water can only flow from breaking 
pipe to the reservoirs. 
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3.4 Selection of Scenarios 

Resilience is an integrating concept that considers together multiple risks, shocks, stresses 
and their impacts on communities. The uncertainties that dominate the problem of risk 
management at the same time affect the resilience analysis [19]. It makes crucial the use of 
scenarios. 

It is assumed that, in each scenario, more pipes break simultaneously, thus to identify which 
ones fail a computational code in MATLAB, promoted by Fragiadakis, is used. Information 
about pipelines are included into the platform: diameters, lengths, start and end nodes, and the 
failure probability Pf,j computed with Equation (9) The importance factors linked to the 
pipelines relevance are also added: a value of 2 is given to the main pipeline, the pipes within 
the districts are set with a value of 1.5, and an importance factor equal to 1 is bestowed to the 
connection pipes between the districts. 

 
Figure 7: Distribution of scenarios evens. The total number of scenarios is 111. 

 
Figure 8: Normalized distribution of scenarios events. 
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The sufficient number of scenarios NS necessary to obtain an accurate estimation of the 
probability Pf,j is computed using the relation promoted by [20] as follows: 

 
2

,

1
s

f j o

N
P 




 (10) 

where  is the required accuracy (set to 100%). The required sample size is equal to 111 
scenarios. Using a script based on pipelines properties, the pipes that fail for each scenario are 
identified. Figure 7 shows the number of scenarios that have a certain number of broken pipes. 
As can be deduced from the distribution, there are no cases in which less than two pipelines 
break simultaneously, and this result is fully consistent with the initial assumption. 
Furthermore, the 17 possible scenarios characterized by 6 pipes failed represent the peak of the 
distribution. The maximum number of pipes that can fail simultaneously is 15. Figure 8 displays 
the normalized distribution of scenarios events. 

3.5 Numerical Results of simulations 

In order to obtain the previously introduced resilience index value, a particular procedure is 
applied. During normal operating conditions, the standard procedure to evaluate the pressure at 
nodes and the flow in each pipe is called Demand Driven Analysis (DDA): demand flow is 
fixed a priori in each node and the software provides the same value of demand flow even if 
the pressure is below the value necessary to satisfy that demand. The approach is correct if no 
problems occurs in the network. 

Once the DDA is run, the values of pressures at nodes and water velocities into pipes are 
compared with the Italian prescriptions [21, 22]. Pressures at nodes comply with the provisions. 
None of the junctions suffer a pressure lower than 20m of column of water, even during low 
water demand. The highest flow velocities are observed at 7:00 AM and 9:00 AM. During these 
hours, flow velocities in few pipes reaches maximum values of 2 m/s. Some distribution pipes 
experience velocities less than 0.50 m/s, but more than 0.46 m/s during the lower demand 
conditions. Design velocity should be a maximum of 2 m/s and a minimum of 0.5 m/s. 

Given that in this study the model is supposed to suffer several breaks, pressures could be 
insufficient at some nodes. For this reason, in case of breaks a Pressure Driven Analysis (PDA) 
procedure is used: firstly, with the damaged pipes in the distribution model, a DDA analysis is 
started; if there are some nodes with pressure below the necessary to satisfy the demand flow, 
these are converted in Emitter nodes [6]. An Emitter is a node in which demand flow depends 
on pressure according to the equation below: 

  i i i i i iQ C H z C p
      (11) 

where  is the actual demand flow;  is the emitter coefficient;  is the actual total head 
of the ith node;  is the elevation of the ith node;  is the actual pressure of the node; and α is 
the emitter exponent (in absence of other information is equal to 0.5). To obtain the emitter 
coefficient is sufficient to impose the following equation: 

 
  ,,

demand demand
i

r ir i i

Q Q
C

pH z
  


 (12) 

where	  is the demand flow; ,  is the total head necessary to satisfy ; and 

,  is the pressure necessary to satisfy . Once all Emitters are inserted, the whole 
system is solved again. 
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For this study, 20 m of water column is the pressure necessary to satisfy demand flow in 
each nodes. The PDA is applied during Phase I and Phase II (Figure 1), and, ought to the 
variable demand flow is steady within the time step selected, this procedure is adopted for the 
different time steps included in these phases: for example, for the Phase I, which lasts two 
hours, the PDA procedure is applied two times with two different values of demand flow 
corresponding to these time steps. 

For the computation of F(t) for the entire system, the global equivalent utilities ne that suffer 
the lack of water are considered equal to the sum of the equivalent utilities ne of the districts 
affected by the failures of the pipelines. The Recovery Time, in this case, is assumed constant 
for all the simulations: after the earthquake, according to this paper, the first emergency 
operations, that is the isolation of the zones where the damaged pipes occur, are realized within 
2 hours, while for the repair operations, if the diameter is less than 600 mm, it takes about 12 
hours. Further 24 hours must be added, that is the time necessary to inform previously the 
population of the repair operations. Hence, the Recovery Time has been assumed equal to 38 
hours. Finally, the R for each scenario is computed. Table 1 summarizes the resilience index 
values according to Equation (5) for the different scenarios selected. 

Scenario  R Scenario  R Scenario  R Scenario  R 
1 1.00 29 0.93 57 0,97 85 0,71 
2 0.98 30 0.96 58 0,99 86 0,95 
3 0.90 31 0.92 59 0,91 87 0,94 
4 0.99 32 0.94 60 0,90 88 0,87 
5 0.94 33 0.94 61 0,90 89 0,97 
6 0.99 34 0.99 62 0,88 90 0,96 
7 0.89 35 0.81 63 0,97 91 0,91 
8 0.99 36 0,92 64 0,85 92 0,74 
9 0.94 37 0,93 65 0,98 93 0,75 
10 0.83 38 0,83 66 0,94 94 0,91 
11 0.91 39 0,86 67 0,91 95 0,95 
12 0.84 40 0,84 68 0,95 96 0,81 
13 0.98 41 0,95 69 0,91 97 0,76 
14 0.87 42 0,95 70 0,88 98 0,94 
15 0.78 43 0,92 71 0,91 99 0,95 
16 0.99 44 0,91 72 0,93 100 0,81 
17 0.99 45 0,90 73 0,87 101 0,93 
18 0.97 46 0,90 74 0,89 102 0,93 
19 0.78 47 0,93 75 0,91 103 0,91 
20 0.88 48 0,89 76 0,98 104 0,79 
21 0.85 49 0,87 77 0,94 105 0,85 
22 0.91 50 0,82 78 0,90 106 0,85 
23 0.96 51 0,91 79 0,92 107 0,72 
24 0.95 52 0,89 80 0,96 108 0,68 
25 0.86 53 0,76 81 0,92 109 0,90 
26 0.98 54 0,95 82 0,81 110 0,88 
27 0.92 55 0,81 83 0,73 111 0,85 
28 0.95 56 0,95 84 0,97   

Table 1: Resilience Index Summary for Different Scenario Events. 
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Some observations can be immediately done: first of all, in every district exists a zone that, 
in case of damage, produces the worst consequences and, selecting an event rather than another 
one within this zone, it will cause the same effects; secondly, the peripheral areas have a minor 
influence within the district in case of pipe failure. 

As expected, the lowest value of R index is obtained with Scenario 108 (Figure 9), which 
corresponds to failure of 13 pipelines, whose characteristics are listed in Table 2. In this case, 
the seven districts supplied by the main pipelines remain without water until the pipeline is 
repaired. This generates a drop of the function F(t) and therefore of R. 

  
Figure 9: Scenario 108 - 4 broken pipelines. R = 0.68 

Pipe  
District 
location 

D (mm)  
Average flow 
loss (l/s) 

p52 1 300 161.26 
p77 1 100 17.03 
p89 2 400 536.08 
p135 3 125 37.38 
p151 3 400 1012.16 
p247 4 300 441.41 
p255 4 100 21.01 
p308 5 400 564.47 
p417 8 100 58.84 
p418 8 500 2132.55 
p448 8 100 149.75 
p510 10 200 220.81 
p516 10 150 34.17 

Table 2: Characteristics of the broken pipelines in scenario 108. 
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4 CONCLUDING REMARKS 

 In this study, the attention is focused on WDNs following the occurrence of extreme natural 
events such as earthquakes. In particular, the case study of the IDEAL CITY WDS is 
considered. After collecting and assuming all the useful information to describe the system 
structure and the seismic risk of the area, the index resilience R is identified. Its definition 
and the identification of its quantitative and qualitative dimensions have demonstrated that 
it is not just an intrinsic characteristic of the WDN but it also depends on the conditions in 
which the subject operates. Indeed, for its formulation, the definition of the function of 
functionality F(t) and the recovery time TR are needed. This latter quantity is characterized 
by a high uncertainty. The main subject necessary to define the function of functionality 
F(t) is the number of users that may have problems with the water supply (defined in this 
study equivalent utilities). The recovery time on utilities is assumed based on comparable 
situations. The global resilience index R of the distribution system is expressed taking 
under consideration the utilities numbers of all districts affected by all the simultaneous 
pipes failure. 

 Through a vulnerability analysis of buried pipelines, different hypotheses are formulated 
about the main types of pipes failure, and breakages have been chosen because they 
produce the worst results in terms of pressure and flow rate lost. 

 Different scenarios are selected using MATLAB, highlighting, through engineering 
considerations, the worst events within the distribution system. Analysis is performed with 
the use of the software EPANET 2.0 using the Pressure Driven Analysis (PDA) in which 
the flow rates delivered to the utilities are functions of pressures. At the end of the analysis, 
the results have been compared. 

 The work is a starting point to design of different restoration plans in order to improve the 
resilience of the network. In the future, the method used to solve this network could be 
extended to a larger and more detailed one. Performing an analysis using a larger network 
could reveal more advantages and disadvantages. Furthermore, models will be added to 
take into account for risk and probability of failure of critical infrastructures due to extreme 
events (e.g. natural and manmade hazards). The main idea is to use IDEAL CITY to 
develop a virtual city that will serve as a hub for the development of further research 
models. 
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Abstract. Ground motions interface earthquake science and engineering to advance under-
standing of seismic hazards and risk. Virtual reality provides an attractive tool to extend 
knowledge of the research community to a larger audience. This work visualizes emergency 
response under extreme motions, in the CAVE of the MARquette Visualization Laboratory. 
The visualization (a) displays ground motions (from the science community), (b) inputs these 
motions to structural models (from the engineering community) and illustrates the resulting 
responses, (c) translates structural responses to damage states of building elements, (d) cre-
ates a virtual room subjected to the perception associated with such earthquake shaking, and 
(e) introduces the human element of emergency response in this immersive environment. 
Building upon previous work on earthquake simulations, performance-based earthquake en-
gineering (PBEE), building information modeling (BIM), and earthquake awareness, this 
study integrates elements of PBEE and BIM within the CAVE environment to provide visual 
information for decision making. Real-time or near real-time information via earthquake ear-
ly warning (EEW) and structural health monitoring (SHM) further facilitates response within 
a limited time frame. As advanced technologies contribute to the future of community resili-
ence, visualization plays an emerging role in connecting earthquake science, engineering, 
and policy. 
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1 INTRODUCTION 

Ground motion definition is the link between seismic hazard and structural response, the 
first two elements of performance-based earthquake engineering. Site- and structure-specific 
ground motion selection is enabled by improved ground motion prediction and considerations 
of important seismic parameters for nonlinear dynamic analyses [e.g., 1-6]. Ground motion 
databases are growing, with denser instrumentations to provide more empirical recordings 
(e.g., PEER NGA database), physics-based and broadband simulations [e.g., 7-12] that are 
facilitated by high performance computing, and breakthroughs in geophysical understanding 
that push the frontiers of simulations to the high-frequency range (e.g., high-F project). Struc-
tural models are also evolving with enhanced accuracy and complexity to capture important 
structural behaviors such as structural collapse, cumulative damage and “in-cycle” strength 
and stiffness degradation [e.g., 13-15]. In the past decade, significant progress has been made 
in the performance-based earthquake engineering framework to interpret structural perfor-
mance results in terms of structural response, damage, and loss [e.g., 16-17]. At the same time, 
Great ShakeOut Earthquake Drills (www.shakeout.org) are extending beyond California to 
improve earthquake preparedness, with over 24.9 million and 26.5 million participants 
worldwide in 2013 and 2014 respectively, and continue to grow over the years. The advance-
ments in hazard characterization, structural modeling, performance interpretation, and emer-
gency preparedness offer a unique opportunity to integrate these fields to complete the loop of 
earthquake science, engineering and policy to reduce risk.  

 
Figure 1: Visualizing Emergency Response Under Extreme Motions: Illustrative CAVE visualization of SCEC 
M8 (example video from [9]) earthquake simulations (on the left side wall), responses of a structural model (on 

the right side wall), a virtual room in the site- and structure-specific shaking environment (on the extra-wide 
front wall), and an emergency response participant (on the floor) to immerse in the interactive space. 

This work in the Multi-Hazard Sustainability Research Group (www.HazSus.org) is a first 
step of a pilot study which aims to visualize emergency response under extreme motions, in 
the CAVE of the MARquette Visualization Laboratory (www.eng.mu.edu/vizlab). The visual-
ization  

• displays ground motions (from the science community) 
• inputs these motions to structural models (from the engineering community) and illus-

trates the resulting responses 
• translates structural responses to damage states of building elements 
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• creates a virtual room subjected to the perception associated with such earthquake 
shaking  

• introduces the human element of emergency response in this immersive environment 
This study builds upon previous work on earthquake simulations, performance-based earth-
quake engineering, building information modeling, and earthquake awareness.  

2 BASIC SETUP OF VIRTUAL REALITY 

The basic setup of the CAVE is illustrated in Figure 1, with earthquake science on the left, 
structural engineering on the right, and building information modeling in the middle, all of 
which facilitate “human-CAVE interaction”. In the earthquake simulations, a marker “You 
are here” can be placed at the site of interest where site-specific ground motions can be ob-
tained. These motions are used as seismic loading to the structure of interest whose dynamic 
responses, such as story drifts and floor accelerations, can be displayed. The specific floor and 
room that represents the immediate environment can then be located and modeled as a virtual 
environment, with nonstructural elements such as partition walls, as well as content such as 
the dresser, mirror, TV, and bookshelf with books and vases shown in Figure 1. The floor ex-
tension from the virtual room model creates a real space that allows additional items, such as 
a desk and an emergency kit, to be placed inside the CAVE. The emergency response partici-
pant can practice in this space what ShakeOut participants do with earthquake drills.  

3 RUPTURE TO RAFTERS TO RESPONSE 

This “Visualized ShakeOut” completes the cycle of “Rupture to Rafters to Response”. The 
level of virtual shaking and corresponding actions depend on the site-specific motions, struc-
tural characteristics, and building elements of interest. Performance-based earthquake engi-
neering (PBEE), which links seismic hazard to structural response, damage and loss, can be 
used to visualize emergency response under varying levels of motions. The input ground mo-
tions may come from extreme yet rare events such as those from the ShakeOut simulations 
[11], or more frequent events with lower intensity levels, which can be obtained from the 
PEER NGA database recordings, or a range of motions from the SCEC CyberShake simula-
tions [12]. PBEE evaluates structural performance under frequent to rare earthquakes (Figure 
2a). The structure can be modeled using OpenSees, and nonlinear dynamic analyses per-
formed to estimate responses such as displacements and accelerations (Figure 2b). 

 

(a)  (b)  

Figure 2. (a) Seismic hazard curve and (b) structural response given a range of ground motion intensity levels. 
[18] 
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The PBEE software package Performance Assessment Calculation Tool (PACT), devel-
oped as part of the ATC 58 project [17], provides fragility functions which quantify distribu-
tions of damage states conditional on structural responses (i.e., thresholds of displacements 
and accelerations that trigger various damage states of structural elements, non-structural el-
ements, and content of the building). These PBEE fragility functions can be applied to the 
building information modeling (BIM) that is appropriate for the room (Figure 3), e.g., books 
shifting, vases falling, and mirror cracking. Green, yellow and red tags that indicate various 
states and actions (analogous to post-earthquake tagging of buildings or USGS Prompt As-
sessment of Global Earthquakes for Response, PAGER, earthquake.usgs.gov/data/pager) can 
be used to guide emergency response and aid decision making. 

 

Figure 3. Room model created in Blender before implementation of earthquake excitation and component fragil-
ity scripts in Unity. 

The illustrative examples utilized existing ShakeOut simulations [11] and extended the 
high performance computing-facilitated M8 simulations [9] to the Marquette CAVE virtual 
reality. Rupture to Rafters to Response builds upon advancements in several fields, including 
ground motion simulations, performance-based earthquake engineering, high performance 
computing, visualization, and earthquake preparedness. Through this work, site- and struc-
ture-specific ShakeOut scenarios were developed that customized the immediate shaking en-
vironments (e.g., residential vs. hospital settings) for the general public.  

4 CONCLUDING REMARKS  

Virtual shaking was created in a room model that integrated elements of ShakeOut simula-
tions, performance-based earthquake engineering (PBEE), and building information modeling 
(BIM) within the CAVE environment using game engines to visualize emergency response. 
Similar to flight simulators that train pilots, such virtual shaking can provide muscle memory 
for potential emergency response participants regarding the expected level of shaking and 
damage to inform decision and response before an earthquake hits.  

In the future, earthquake simulations and structural responses would be obtained real-time 
or near real-time, via earthquake early warning (EEW) and structural health monitoring 
(SHM). Predictive models and sensor networks combined provide earthquake information 
across time scales. The upcoming California EEW system may include smart phones with ge-
otagging features and earthquake countdowns. Sensor readings from various building ele-
ments can also provide data about structural responses, which can be integrated to update the 
structural model. The CAVE participant can then utilize such information together with visual 
depictions of earthquake rupture, propagation, and building response, to simulate emergency 
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response under various scenarios with time limits (Figure 4). This work is a start to such ef-
forts, with potential applications for the Great ShakeOut Earthquake Drills worldwide and the 
Earthquake Early Warning system in California to reduce risk. As advanced technologies con-
tribute to the future of community resilience, visualization plays an emerging role in connect-
ing earthquake science, engineering, and policy. 

 
 
Figure 4. Content developed in Unity for the CAVE visualization of a virtual room subjected to earthquake exci-

tation, with countdown features to simulate early warning and emergency response. 
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Abstract. Nonlinear dynamic analysis is the most reliable approach for the assessment of
structures under earthquake, provided that implemented computational method and adopted
mechanical models are able to simulate properly material and geometrical nonlinearities. Nonethe-
less, several guidelines and codes also strive to include simplified methodologies for use in
practice. In this perspective, several equivalent linear models have been proposed so far in
order to allow a rapid analysis of oscillators with bilinear-type response, but none of the exist-
ing studies has yet examined systematically their reliability in case of pulse-like ground motion.
Therefore, this paper presents the results of an extensive numerical investigation that aims at
assessing whether existing equivalent linear models can be exploited in order to estimate the
maximum displacement of bilinear oscillators under pulse-like near-fault ground motion. Sev-
eral nonlinear dynamic analyses have been performed and final results demonstrate that the
accuracy of current equivalent linear models depends on the ratio between the elastic period of
the bilinear oscillator and the pulse period of the seismic excitation.
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1 INTRODUCTION

Modern advances in structural modeling make nonlinear dynamic analysis a reliable method-
ology for the seismic assessment of structures (see for instance Refs. [1–3]), but the use of
equivalent linear models is still very popular. The underlying idea of the equivalent lineariza-
tion is to use a linear dynamic model which period and damping are calibrated in such a way
to capture one or main features of the original nonlinear system’s response as best as possible.
Current approaches for deriving the equivalent linear properties are based on stochastic or de-
terministic analyses, see for instance Refs. [4–7] for an overview about some recent equivalent
linear models of single-degree-of-freedom (SDOF) bilinear oscillators. Within this framework,
it is worth highlighting that existing equivalent linear models for bilinear oscillators were devel-
oped without considering explicitly pulse-like near-fault ground motions, which seismological
characteristics are different from the properties typically observed in case of far-field seismic
events. In fact, several strong motion records obtained in recent earthquakes at sites close to the
seismic causative fault exhibited a noticeable variability in the damage potential [8–10]. The
reasons of this variability are the proximity of the source and the occurrence of forward direc-
tivity effects. Forward directivity refers to the strengthening of ground motion at sites located in
the direction of the predominant rupture propagation, because it produces strong motions near
the earthquake ruptures that often have a pulse-like waveform. Specifically, most of the energy
originating from the source develops in a coherent, high-velocity pulse of moderate-to-long
duration, with the strongest motion usually polarized in the direction normal to the fault [11].
The seismic protection of structures under pulse-like near-fault ground motions has been also
addressed in the last years [12]. For instance, several researches have studied the effectiveness
of seismic isolation systems, and they shown that base-isolated buildings can be vulnerable to
large pulse-like ground motions generated at near-fault locations [11,13]. The main motivation
is the large displacement undergone by seismic isolation devices for long period pulses associ-
ated in the near-fault motion. With these premises, the present work aims at investigating the
accuracy of a recent equivalent linear model in predicting the maximum displacement of bilin-
ear oscillators under pulse-like near-fault ground motion. Several numerical analysis have been
performed and final results demonstrate that the accuracy of current equivalent linear models
depends on the ratio between the elastic period of the bilinear oscillator and the pulse period of
the seismic excitation.

2 EQUIVALENT LINEARIZATION OF BILINEAR OSCILLATORS

2.1 Dynamics of a bilinear oscillator

The dynamic behavior of a bilinear SDOF oscillator subjected to seismic base accelaration
is descrived by the following system of differential equations with zero initial conditions [4]:

ẍ(t) + 2ξωnẋ(t) + αω2
nx(t) + ω2

n(1− α)f1(ẋ(t), z(t), xy) = −ẍg(t) (1a)

ż(t) = ẋ(t)f2(ẋ(t), z(t), xy) (1b)

with

f1(ẋ(t), z(t), xy) =z(t)f2(ẋ(t), z(t), xy)+

xy
(
U{z(t)− xy}U{ẋ(t)}−

U{−z(t)− xy}U{−ẋ(t)}
)
,

(2a)
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f2(ẋ(t), z(t), xy) =1− U{z(t)− xy}U{ẋ(t)}−
U{−z(t)− xy}U{−ẋ(t)},

(2b)

where x(t) is the displacement of the oscillator relative to the ground (the upper dots indicate
the time-derivative), ωn is the pre-yielding natural frequency (the pre-yielding natural period
is Tn = 2π/ωn), ξ is the viscous damping, ẍg(t) is the seismic acceleration at the base of the
oscillator, α is the hardening ratio (ratio of the post-yield over the pre-yield stiffness), xy is the
yielding displacement (which is considered as positive numerical value) and z(t) is an additional
state variable. Moreover, U{ν} is the Heaviside step function, i.e. U{ν} = 1 for ν ≥ 0 and
U{ν} = 0 for ν < 0. It is understood that the dynamic response is symmetric. Bilinear SDOF
oscillators with assigned displacement ductility will be considered. The displacement ductility
is defined as µ = xmax/xy, where xmax is the maximum absolute displacement undergone by
the oscillator under the base acceleration ẍg(t).

2.2 Some equivalent viscous damping formulations

Linearized models for Eq. (1) are obtained by estimating the properties of a linear damped
oscillator equivalent, in some sense, to the original dynamic system (the maximum absolute dis-
placement criterion is here considered). These properties are the equivalent elastic period Teq
and the equivalent viscous damping ξeq. The following short review is limited to linear equiva-
lent models for bilinear SDOF systems in which the concept of secant stiffness is employed to
determine Teq, and thus:

Teq = Tn

√
µ

1 + α(µ− 1)
. (3)

The equivalent viscous damping ξeq usually consists of two contributes, namely the inherent
viscous damping of the original system ξ and an additive-type correction. A popular formulation
for the equivalent viscous damping of bilinear oscillators is due to Jacobsen [14], which reads:

ξeq = ξ +
2(1− α)(µ− 1)

πµ[1 + α(µ− 1)]
. (4)

It can be observed that Eq. (4) does not depend on the elastic period Tn. Another common
formulation of ξeq for bilinear models – which depends on Tn – is [15]:

ξeq = ξ +
1.230

π

(
1− 1
√
µ
− 0.1αµ

)[
1 +

1

(Teq + 0.85)4

]
. (5)

The functional form given by Eq. (4) has been modified by Liu and co-workers in a series of
recent papers. Specifically, the following formulation is presented in Ref. [6]:

ξeq = ξ +
2(1− α)(µ− 1)

πµ[1 + α(µ− 1)]

1

(0.7763 + 0.2886Tn) +
0.5651 + 1.8410Tn

eαµ

. (6)

More recently, Liu and co-workers have calibrated another formulation for ξeq, which reads [7]:

ξeq = ξ +
2(1− α)(µ− 1)

πµ[1 + α(µ− 1)]

[
ATBn (µ− 1)C

]
, (7)
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where
A = 0.8124− 0.08534

α + 0.1461
, (8a)

B = −0.1285− 0.003477

α + 0.006828
, (8b)

C =
0.06979α− 0.00003018

α2 + 0.2463α + 0.001524
. (8c)

The authors have shown that Eq. (7) outperforms the models proposed by Refs. [6, 14, 15] in
predicting the maximum displacement of bilinear oscillators. Therefore, Eq. (7) will be consid-
ered as reference model of the equivalent viscous damping for the following analyses. Overall,
recent equivalent viscous damping usually depends on the hardening ratio α, the displacement
ductility µ and the elastic period Tn. None of these models takes into account the features of
the seismic ground motion.

3 ACCURACY OF THE EQUIVALENT LINEAR MODEL

3.1 Selected pulse-like accelerograms

The list of 30 near-fault pulse-like accelerograms adopted in this numerical study is given
in Appendix (Table 1). They are a subset of the accelerograms listed in Ref. [12]. This list
collects 6 bins (each of them including 5 accelerograms), according to the pulse period Tp. The
following ranges of Tp are considered: i) Tp ≤ 1 s; ii) 1 s < Tp ≤ 2 s; iii) 2 s < Tp ≤ 3 s; iv)
3 s < Tp ≤ 4 s; v) 4 s < Tp ≤ 5 s; vi) Tp > 5 s.

3.2 Solution of the motion equation and numerical data of the bilinear oscillators

In this study, the motion equation given by Eq. (1) is solved by means of the Runge-Kutta
technique (ode45 MATLAB function). Oscillators were forced to deform to the specifed duc-
tility µ using the iterative approach presented in Ref. [16]. Therefore, once a preliminary esti-
mate of the yielding displacement is assumed, the peak displacement is calculated by solving
Eq. (1) and the ductility is obtained. Iterations are then carried out on the yielding displace-
ment until the difference between target ductility and computed ductility is less than 0.5% the
target ductility. The estimate of the yielding displacement at the beginning of the iterative pro-
cedure is here obtained by dividing the maximum absolute displacement calculated through the
equivalent linear model in Ref. [7] by the target ductility. The following numerical values are
considered for the nonlinear time-history analyses:

• pre-yielding natural periods Tn beween 0.05 s and 1.50 s with constant step equal to 0.05
s, between 1.50 s and 3.50 s with constant step equal to 0.10 s, between 3.50 s and 6.00 s
with constant step equal to 0.25 s, between 6.00 s and 11.00 s with constant step equal to
0.50 s;

• null viscous damping, as in Ref. [7];

• hardening ratios α equal to 0.00, 0.05, 0.10, 0.20;

• displacement ductility µ equal to 1.5, 2.0, 3.0, 4.0, 5.0, 6.0.

The range of values of Tn is selected to facilitate the parametric analysis of the linearized model
with respect to the ratio Tn/Tp for each value of Tp. On the other hand, numerical values of
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α and µ are representative of most bilinear-like behaviors of interest for structural engineering
applications.

3.3 Accuracy index

The accuracy of the equivalent linear model is evaluated in terms of maximum absolute
displacement. To this end, the following displacement error index is considered:

Ed =
xmaxeq

xmax
, (9)

where xmaxeq is the maximum absolute displacement of the equivalent linear model. Numerical
values of Ed close to 1 indicate that the equivalent linear model is able to predict the maximum
absolute displacement of the bilinear oscillator.

3.4 Assessment of existing linearized model

The accuracy of the equivalent linear model proposed by Liu et al. [7] is now assessed with
reference to pulse-like near-fault ground motions. It is important to remark that the equivalent
viscous damping calibrated in Ref. [7] was obtained with no specific assumptions about the
earthquake type. Moreover, the largest pre-yielding natural period in the present study is equal
to 11 s, and it is much larger than the maximum value assumed in Ref. [7] (which is equal to 1.5
s). On the contrary, hardening ratio and displacement ductility values assumed in the present
numerical study are compatible with the values adopted in Ref. [7]. All these considerations
should be properly taken into account when examining the following results.

Numerical values of the displacement error index Ed as function of the dimensionless elastic
period Tn/Tp are shown in Figure 1 (for Tp ≤ 1 s), Figure 2 (for 1 s < Tp ≤ 2 s), Figure 3
(for 2 s < Tp ≤ 3 s), Figure 4 (for 3 s < Tp ≤ 4 s), Figure 5 (for 4 s < Tp ≤ 5 s) and
Figure 6 (for Tp > 5 s). All these figures clearly show that the accuracy of the equivalent lin-
earizion depends on the ratio between the elastic period of the bilinear oscillator and the pulse
period of the near-fault earthquake. Specifically, the greater is the value of the ratio Tn/Tp,
the better is the accuracy. Indeed, the linearization error becomes smaller (i.e., Ed → 1) for
oscillators which elastic period Tn is large compared to the pulse period Tp of the earthquake
ground motion. Conversely, the use of the linear equivalent model for oscillators which elastic
period Tn is low compared to the pulse period Tp might produce large errors in the assessment
of the maximum displacement response for bilinear-type systems. The linearization error of
the considered equivalent model is not significantly biased by the displacement ductility value
while the discrepancy reduces as the hardening ratio increases. Mean and standard deviation of
the displacement errors Ed have been also calculated for each accelerogram. The confidence
intervals of the displacement error index Ed for each pulse period Tp and hardening ratio α are
shown in Figure 7. The trend of the mean displacement error is highlighted in Figure 8. In av-
erage, the larger is the pulse period Tp, the larger is the displacement error index (see regression
lines in Figure 8). An increment of the hardening ratio α reduces the standard deviation values.
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Figure 1: Displacement error values Ed for Tp ≤ 1 s.
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Figure 3: Displacement error values Ed for 2 s < Tp ≤ 3 s.
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Figure 4: Displacement error values Ed for 3 s < Tp ≤ 4 s.
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Figure 5: Displacement error values Ed for 4 s < Tp ≤ 5 s.
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Figure 6: Displacement error values Ed for Tp > 5 s.
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4 CONCLUSIONS

The present work has investigated the accuracy of an equivalent linear model for the esti-
mation of the maximum displacement of bilinear oscillators under pulse-like near-fault ground
motion. Final results have demonstrated that the accuracy of the equivalent linearization de-
pends on the ratio between the elastic period of the bilinear oscillator Tn and the pulse period
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Tp of the near-fault earthquake. Specifically, it has been found that the use of a linear equivalent
model for bilinear oscillators which elastic period Tn is low compared to the pulse period Tp
might produce large errors. These results suggest that an improved estimation can be obtained
by taking into account the pulse period Tp of the seismic base motion.
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APPENDIX

Earthquake Magnitude PGA [g] Tp [s]
Parkfield, 2004 6.00 0.6464 0.50
Coalinga-05, 1983 5.77 0.8661 0.69
San Salvador, 1986 5.80 0.8456 0.86
Coalinga-05, 1983 5.77 0.8595 0.92
San Salvador, 1986 5.80 0.4205 0.96
Parkfield, 2004 6.00 0.4373 1.02
Coyote Lake, 1979 5.74 0.4521 1.21
Morgan Hill, 1984 6.19 0.2435 1.24
N. Palm Springs, 1986 6.06 0.3291 1.55
Loma Prieta, 1989 6.93 0.4062 1.72
Bam, 2003 6.50 0.8501 2.04
Kobe, 1995 6.90 0.3229 2.06
Irpinia, 1980 6.90 0.2321 2.28
Westmorland, 1981 5.90 0.4121 2.43
Erzican, 1992 6.69 0.4864 2.65
Imperial Valley-06, 1979 6.53 0.3780 3.35
Northridge-01, 1994 6.69 0.8387 3.49
Northridge-01, 1994 6.69 0.5178 3.53
Northridge-01, 1994 6.69 0.5179 3.53
Imperial Valley-06, 1979 6.53 0.4417 3.84
Imperial Valley-06, 1979 6.53 0.1580 4.03
Imperial Valley-06, 1979 6.53 0.3754 4.05
Imperial Valley-06, 1979 6.53 0.4624 4.23
Loma Prieta, 1989 6.93 0.3627 4.47
Imperial Valley-06, 1979 6.53 0.3571 4.61
Kocaeli, 1999 7.51 0.2832 5.11
Imperial Valley-06, 1979 6.53 0.4680 5.39
Imperial Valley-06, 1979 6.53 0.4172 5.86
Chi-Chi, 1999 7.62 0.2178 10.04
Chi-Chi, 1999 7.62 0.5621 12.17

Table 1: List of pulse-like near-fault accelerograms (PGA: peak ground acceleration, Tp: pulse period).

2107



Giuseppe Quaranta, Fabrizio Mollaioli

REFERENCES

[1] A. Scodeggio, G. Quaranta, G.C. Marano, G. Monti, R. B. Fleischman, Optimization of
force-limiting seismic devices connecting structural subsystems. Computers and Struc-
tures, 162, 16–27, 2016.

[2] G. Quaranta, G.C. Marano, R. Greco, G. Monti, Parametric identification of seismic isola-
tors using differential evolution and particle swarm optimization. Applied Soft Computing,
22, 458–464, 2014.

[3] G. Quaranta, G. Monti, G. C. Marano, Parameters identification of Van der Pol–Duffing
oscillators via particle swarm optimization and differential evolution. Mechanical Systems
and Signal Processing, 24(7), 2076–2095, 2010.

[4] P.D. Spanos, A. Giaralis, Third-order statistical linearization-based approach to derive
equivalent linear properties of bilinear hysteretic systems for seismic response spectrum
analysis. Structural Safety, 44, 59–69, 2013.

[5] T. Zordan, T. Liu, B. Briseghella, Q. Zhang, Improved equivalent viscous damping model
for base-isolated structures with lead rubber bearings. Engineering Structures, 75, 340–
352, 2014.

[6] T. Liu, T. Zordan, B. Briseghella, Q. Zhang, An improved equivalent linear model of seis-
mic isolation system with bilinear behavior. Engineering Structures, 61, 113–126, 2014.

[7] T. Liu, T. Zordan, Q. Zhang, B. Briseghella, Equivalent viscous damping of bilinear hys-
teretic oscillators. Journal of Structural Engineering, 141(11), 06015002, 2015.

[8] J.D. Bray, A. Rodriguez-Marek, Characterization of forward-directivity ground motions
in the near-fault region. Soil Dynamics and Earthquake Engineering, 24(11), 815–828,
2004.

[9] F. Mollaioli, S. Bruno, L.D. Decanini, G.F. Panza, Characterization of the dynamic re-
sponse of structures to damaging pulse-type near-fault ground motions. Meccanica, 41(1),
23–46, 2006.

[10] E. Kalkan, S.K. Kunnath, Effects of fling step and forward directivity on seismic response
of buildings. Earthquake Spectra, 22(2), 367–390, 2006.

[11] J.F. Hall, T.H. Heaton, M.W. Halling, D.J. Wald, Near-source ground motion and its effects
on flexible buildings. Earthquake Spectra, 11(4), 569–605, 1995.

[12] G. Quaranta, F. Mollaioli, G. Monti, Effectiveness of design procedures for linear TMD
installed on inelastic structures under pulse-like ground motion. Earthquakes and Struc-
tures, 10(1), 239–260, 2016.

[13] T.H. Heaton, J.F. Hall, D.J. Wald, M.W. Halling, Response of high-rise and base-isolated
buildings to a hypothetical Mw 7.0 blind thrust earthquake. Science, 267(5195), 206–211,
1995.

[14] L.S. Jacobsen, Steady forced vibrations as influenced by damping. ASME Transactions,
52(1), 169–181, 1930.

2108



Giuseppe Quaranta, Fabrizio Mollaioli

[15] C.A. Blandon, M.J.N. Priestley, Equivalent viscous damping equations for direct displace-
ment based design. Journal of Earthquake Engineering, 9(sup2), 257–278, 2005.

[16] G.A. MacRae, K. Kawashima, Post-earthquake residual displacements of bilinear oscilla-
tors. Earthquake Engineering & Structural Dynamics, 26(7), 701–716, 1997.

2109



COMPDYN 2017 

6th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, M. Fragiadakis (eds.) 

Rhodes Island, Greece, 15–17 June 2017 

SEISMIC RETROFIT OF BUILDINGS WITH BACKBONE DAMPERS 

Nefize Shaban1 Seda Ozdemir2, Alp Caner1 and Uğurhan Akyüz1 

1 Ph.D Candidate, Assoc. Prof. Prof. 

METU Civil Engineering Dept, Ankara, Turkey 

e-mail: nefize.saban@metu.edu.tr & acaner@metu.edu.tr & han@metu.edu.tr 

2 Research Engineer 

SismoLab, METU Technopolis, Ankara, Turkey 

e-mail: ozdemir@sismo-lab.com 

Keywords: Retrofit, Dampers, Seismic Response. 

Abstract. Dampers have been effectively used in new designs and seismic retrofit of old 

structures in many parts of the world. The common seismic retrofit practice in Turkey is al-

most purely based on stiffening the structure with additional shear walls or adding braces to 

limit the excessive seismic drifts. Such an approach usually results in expensive interior works 

and enlargements of foundations. The stiffening of the structure typically results in attracting 

more seismic force. Utilization of dampers as seismic protection devices have not been so 

much popular in Turkey and have been considered to be used only in some few retrofits. 

However, use of seismic protection devices can significantly improve the structural response 

and reuse of the structure after the earthquake. A new type of damper system called backbone 

damper has been recently developed and tested at the laboratories of METU. The results of 

more than 1000 tests indicated that the response of backbone damper is stable under the same 

conditions and more than 20% damping can be achieved at story drifts of 10-20 mm of 

movements. The harmonic motion test speeds reached up to 400 mm/sec in some cases and a 

maximum frequency of 7 Hz is achieved during some tests. It shall be noted that the backbone 

damper has an internal displacement amplifier that helps the system to damp even at small 

movements. The dampers do not get damage at the end of tests and has the ability to re-center 

themselves. The solid model of the damper has been prepared using the ABAQUS software. 

The focus of the paper will be given to application of this new damper system to improve the 

seismic response of the existing structures. In this scope, one typical hospital building with 

different selection of damper performance has been investigated in the case study. Three 

ground motions have been applied to the structures with and without dampers. The ground 

motion records are scaled to have a equivalent design response spectrum curve. The results 

of non-linear time history analysis performed in LARSA 4D have indicated that the seismic 

response of the structures can be improved significantly in terms of displacments. 
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1 INTRODUCTION 

In the last two decades, major earthquakes having Mw greater than 7.0 hit Turkey causing 

major damages and collapse of buildings.  Almost all of these buildings have no additional 

damping system other than inherent damping due to reinforced concrete construction.  In 

some cases, even if the load carrying frame system did not get damage, the masonry interior 

walls collapsed that prevent immediate reuse of the structure as shown in Figure 1.  It has 

been known that the infill walls have less capacity to drift than a ductile reinforced concrete 

structure.  The drift capacities of infill walls are around 0.3% - 0.5% and ductile structures can 

have drift capacities up to 4%-5% .  

F

Figure 1. Excessive Drift Damages at Infill Walls, Van Earthquake 2011 

The control of structural seismic displacements can be controlled by dampers [1], [2] and 

[3].  The focus of this paper is given to implement a new type of damper to minimize structur-

al displacements during seismic events.  In this scope, the prototype test results of new back-

bone dampers have been presented to propose a preliminary design equation for dampers.  

The dampers models in ABAQUS have been developed for analysis.  Under three different 

ground motions a typical hospital framing system for a 10 story structure have been analyzed 

with different damper properties to identify the optimum design of dampers. 
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2 TESTS OF BACKBONE DAMPERS 

Tests of backbone dampers have been performed at the METU Civil Engineering Depart-

ment.  The dampers have been tested under different frequencies.  The layout of the damper 

have been presented in Figure 2.  The damper consists of displacement amplifier with eccen-

trically loaded elastomeric bearings. 

Figure 2. Layout of Damper 

The test results of different sizes of the damper have revealed that the size of the elasto-

meric bearing plays an important role in targeting a certain energy dissipation per cycle. The 

energy dissipation per cycle can be simply measured by computing the area under the test 

curves as shown in Figure 3. The speed in tests or load rate does not change much the re-

sponse.  It shall be noted that at 2hz and at 25 mm piston displacement, the hydraulic unit 

reached its limitation of push and pull. 

Figure 3. Test Curves 
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The test results have indicated that the damper is effective under a broad range of frequen-

cies.  Such benefit can yield to reduce the seismic response almost on all significant periods of 

the structure that may not be captured by application of seismic isolation.  The damper tests 

have revealed that even under a steel casing has some oversize holes, it can still dissipate en-

ergy as targeted.  The rehabilitation of steel casing with tighter holes ended up increasing the 

energy dissipation per cycle.  In the future, a lower bound and upper bound EDC will be pre-

dicted based on the completion of the test program.  The following results indicate that the 

EDC is a function of displacement and diameter of the elastomeric bearing. 

Figure 4. EDC – Test Results and Proposed Equation 

The ABAQUS model of the bearings have been constructed.  Initial simulations of test da-

ta have been completed.  The model includes the rubber, steel shims and anchorage plates as 

shown in Figure 5. 
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Figure 5. ABAQUS Model Under Construction 

3 BUILDING IN ANALYSIS 

The hospital building in analysis has a typical column spacing of 8 meters in plan.  The 

story height of the structure is 4.5 meters and the number of stories are 10.  The structure has 

a slab thickness of  200mm, column size of 900 x 900 mm and beam size of 600 x 700 mm.  

The framing system of the hospital is very typical compared to hospitals of Isparta, Izmir, 

Kocaeli, Manisa and Eskisehir ones. 

Figure 6. A Typical Hospital Complex in Turkey 

Following the weak beam strong column design philosophy, the beams have been expected 

to reach their plastic moment capacities during design earthquake.  In all analysis models hys-

teretic plastic moment rotation elements in LARSA 4D have been used to model the plastic 

2114



Nefize Shaban, Seda Ozdemir, and Alp Caner 

end zones of the beams.  The structural model of the hospital represents a selected part of the 

complex as shown in Figure 7.  The model has 7 bays in long direction and 4 bays of slab in 

short direction. 

Figure 7. Three-Dimensional View of Model 

Figure 8. Damper Locations in a Typical Bay 
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Three ground motions made compatible to the design spectrum have been investigated in 

non-linear time history analysis.  The design response spectra used in analysis is shown in 

Figure 9.  Three earthquake records are made response spectrum compatible by scaling meth-

od. 

Figure 9. Response Spectrum Curve 475 Year Return Period Earthquake 

The results of non-linear time history analysis have indicated that the increase in EDC of 

the damper helped to minimize the seismic displacements significantly. The roof displace-

ments cane be reduced to 60% of building without dampers as shown in Figure 10. 

(a)        (b) 

(c) 

Figure 10. Reduction in Seismic Displacement with Increase in EDC. (a) ground motion 

artificial (b) groumd motion 1 and (c) ground motion 2 

 (dx = short direction, dy = long direction) 
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Figure 11. Comparison of Elastic and Dynamic Analysis 

The elastic dynamic analysis is called “RSA”.  The RSA have been conducted for two dif-

ferent cases.  In all RSA analysis, dampers are not physically modeled but effect of dampers 

has been reflected on response spectra curve by applying a correction factor to the 5% 

damped response spectra curve.  The first model has been run with 5% damped response 

spectra and the second with 20% damped response spectra curve.    The comparison of results 

of non-linear time history analysis with and without dampers indicate that in the worst scenar-

io earthquake the reduction in displacements are similar to the ones for the RSA-20% damped 

case.  For other cases, the damping of the structure is much higher than for the case deter-

mined for EQ1, worst case out of three. Evaluation of story displacements of non-linear time 

history analysis and elastic dynamic analysis showed some acceptable difference still keeping 

similar level of story displacements.   

The interstory drift ratio (IDR) has been investigated for the case where maximum roof 

displacement is recorded.  The findings for artificial ground motion and ground motion 2 have 

the same pattern of results while ground motion 1 has a different pattern an indication of di-

versity in ground motions even if they are all compatible to the response spectrum curve.  As 

expected, the increase in EDC helps to minimize the IDR while the results purely depend on 

the ground motion characteristics that need to be further investigated and an unsolved discus-

sion among the international experts. We are well aware that the ground motion selection may 

not be the perfect one but still is in good correlation with elastic time history analysis as 

shown in Figure 11.  Such an observation increases the confidence level on the selected 

ground motions. 
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(a) (b) 

(c) 

Figure 12.  IDR Results (a) ground motion artificial (b) ground motion 1 (c) ground motion 2 

4 CONCLUSIONS 

The results of the tests and analysis with dampers are still under research and this paper 

covers a short presentation of some early promising findings.  Under these circumstances, the 

following conclusions are gathered. 

- The backbone damper can reduce the seismic displacements up to 60% of the building 

without dampers. 

- The backbone dampers can significantly increase the overall damping of the building to 

more than 20%. 
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Abstract. Ground motions recorded in near-fault areas have some specific characteristics 

that differ substantially from those recorded in far-fault regions. One of the main features of 

near-fault records is the pulse-like shape caused by forward-directivity effect. This peculiarity 

may lead to much more severe damage to bridge structures located in near-fault regions. 

However, both current Chinese and European codes for seismic design of highway bridges 

nearly have no consideration on near-fault seismic actions. In this study, typical regular 

highway bridges in China are idealized as single-degree-of-freedom (SDOF) systems. Then, 

the Makris mathematical model for the pulse-like records is used to perform a parametric 

analysis on a settled SDOF system. Effect of key parameters, such as the half-pulse number 

(n), fundamental period (T0), pulse period (Tp) and the peak velocity (Vp) from the 

mathematical model, on responses of SDOF systems are analyzed. The potential degradation 

phenomenon which might happen under near-fault earthquake ground motions is also 

considered by comparing the ductility coefficient spectrum. The results show that all the key 

parameters had a significant effect on both linear and nonlinear response spectrum and 

seismic response. The stiffness degradation phenomenon will lead to a larger ductility 
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coefficient and the Vp is the most effective factor for the response under the near-fault 

mathematical input. 

1 INTRODUCTION 

Near-fault (NF) ground motions recorded in recent major earthquakes (1994 Northridge, 

1999 Chi-Chi, 2008 Wenchuan and 2016 Central Italy earthquake) exhibit significant pulse in 

their velocity time histories. According to the literature there are mainly two phenomena 

which can cause pulse-like records: rupture directivity and fling-step. Rupture directivity 

effect usually happens when the fault rupture propagates towards the site with a velocity close 

to the shear velocity VS [1], and it typically shows an intense double-side pulse in the velocity 

time history at the recording site. Fling-step is the permanent static displacement caused by 

tectonic offset characterized with a single-sided velocity pulse, so that integration results in a 

permanent offset in the displacement time history [2]. In comparison with the ordinary 

earthquake records, the NF pulse-like records concentrate most of energy in a narrow 

frequency band and can lead to larger elastic spectral demands especially for structures with 

periods close to the velocity pulse period [3][4]. The pulse features also lead to more severe 

inelastic demands to the SDOF system [5][6]. These observations highlight the importance to 

study structures subjected to NF pulse-like ground motions. 

In this regard, researchers presented a series of mathematical models for the NF pulse-like 

record to remedy to the lack of original earthquake records. These mathematical models can 

not only represent the main effect of the NF pulse-like models, but also establish a predictive 

relationship with the key parameters extracted from the ground motion. Although with 

different expression form, the most widely used models can be divided into 3 types:  

 Type I - The simple function type. Somerville [7] first identified the pulse as impact 

to analyze its effects on structures, a regression formula composed by a factor of 

pulse period, pulse peak value, magnitude and fault distance is put forward. On this 

basis, Krawinkler and Alavi [8] improved the expression as P2 style model with the 

rectangle acceleration shape; the expression model can represent the significant 

response character of NF pulse-like records according to the analysis results. 

Jennings [9] modified the pulse effect with a linear function to get an analytical 

solution on the SDOF system in the elastic case and the results showed that the 

largest displacement may not happen when structural period is equal to pulse period, 

but the structure can show larger responses at lower frequencies.  

 Type II - The trigonometric function type. Makris [10] categorized the NF pulses into 

3 different trigonometric functions of different periods; this combination could 

provide an ideal result to modify the main component of the NF pulse-like records. 

Xin-le [11] compared some existing models for near-fault velocity pulses and 

proposed an improved one on the base of the formula presented by Makris.  

 Type III - The exponential function type. Menun and Fu [12] proposed a 

five-parameter model consisting of exponential and sine functions, for any 
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specified near-fault record it could be established by nonlinear regression method. 

He and Agrawal [13] improved the model by expressing the shape of secondary 

half pulse thus obtaining a more complex form of the mathematical model which 

has new parameters. 

In this paper, as an alternative to current approaches, Makris mathematical model is used to 

modify the main pulse component choosing as key parameters the half-pulse number (n), the 

pulse period (Tp) and the peak velocity (Vp). Aiming at the regular highway bridges, Clough 

hysteretic model is used to build the nonlinear behavior of the pier. Sensitivity analysis is 

performed both in the elastic and inelastic case, the interactions between the key parameters 

are compared by means of orthogonal experiment design method, and the distribution map of 

displacement and acceleration for the SDOF system is provided and discussed. 

2 SDOF MODELLING AND MAKRIS MODEL 

Based on the samples statistics of the Chinese seismic design code [14], a 3-span 

continuous bridge is selected to build the representative model for SDOF system (Fig.1-a). 

Focusing on the longitudinal direction, the bridge can be characterized by the response of a 

single pier with a frame of continuous girder on its top. The fixed pier is formed by a 1.2 m 

diameter circular column adopts 0.8% reinforcement and 0.7% transverse reinforcement. The 

yield and ultimate moment-curve relationships are calculated on the designed parameter by 

XTRACT [15], then the Clough model is chosen to modify the nonlinear hysteric behavior of 

the pier.  

The Makris mathematical model used a 3-parameter trigonometric function form (n, Tp and 

Vp). Usually these parameters are extracted from natural ground motion records. However, 

without the consideration of the high frequency component of the earthquake records, there 

can be a large difference between the mathematical model spectrum and original earthquake 

record spectrum for short period structures.  

Based on the NF pulse-like shape, the record from Northridge earthquake recorded in 

Newhall site is selected as the simulation basis; the least square regression method is used to 

get the minimum spectrum difference with the consideration of the most representative period 

range for bridge structures, then the key parameters extracted are set as: n=2, Tp=1.5s and 

Vp=90 cm/s. Eq.1 and Eq.2 show the velocity and acceleration time history expressions where 

wp is the frequency parameter relevant with the pulse period.   

     ( ) s i n ( )p pV t V w t                                 (1) 

( ) cos( )p p pA t V w w t                               (2) 
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Fig 1: The modified SDOF system and the Makris input. 

According to Fig.1-b the generated mathematical model can provide a good effect to 

modify the main component of the velocity pulse. Fig.1-c shows the comparison between 

acceleration spectra of both pulse-like records at 5% damping ratio. The difference between 

the spectra is acceptable for the analysis.  

2 ELASTIC SPECTRUM ANALYSIS 

The response spectrum is an important tool for expressing the excitation response 

relationship between earthquake engineering and seismic design. In order to capture the 

salient response features of pulses, several studies have examined the response spectra of 

single-pulse or separate pulse [16][17], but a systematic analysis of the pulse parameters has 

not been performed.  

2.1 General solution to the dynamic equation 

After the mathematical model and SDOF system are set up, the general solution to the 

dynamic equation can be solved with a two-part solution. The first part is the homogeneous 

solution for the equation as ( )u t and the second part is the particular solution as *( )u t .  

2
0 0( ) 2 ( ) ( ) cos( ) ( ) (0, )g pp pu t w u t w u t Vw w t u t T                   (3) 

  *( ) ( ) ( )u t u t u t                                (4) 

For the first part, set ( ) tu t Ce for the homogeneous solution, Eq.3 can be written as: 

2
0 0

2 2 0w w                                   (5) 

Based on Eq.5 the parameter λ can be solved as: 

0
2( 1)w                                     (6) 

Set
0

21dw w   , under low damping condition the Eq.5 can be expressed as:  

0 dw iw                                      (7) 
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Therefore, the final homogeneous solution for ( )u t is the expression in Eq.8 

0

1 2( ) ( cos sin )
w t

d du t e A w t A w t


                        (8) 

For the second part, the particular solution can be set as the Eq.9 base on the formula. 

*

1 2( ) cos sinp pu t B w t B w t                            (9) 

Combined with Eq.3 The Eq.9 can be transformed 

2 2 2 2

1 0 2 1 0 2 1 2 0( 2 )cos ( 2 )sin 0p p p p p o p pB w w w B B w Vw w t B w B w w B w w t            (10) 

Set 2 2

1 0 2 1 0( 2 ) 0p p pB w w w B B w Vw      and 2 2

2 1 2 02 0p o pB w B w w B w     

The solution for B1 and B2 is can be expressed as follows where 
0

st

V
u

w


  and 

0

pw

w
   

2

2

1 2 2

1

(1 ) (2 )
stB u



 


  

 
；

2
2 2 2

2

(1 ) (2 )
stB u



 
  

 
 

With the initial statement of the SDOF system ( 0firstu  , 0firstu  ), the solution for A1 and 

A2 can also be solved. 

2

2

1 2 2

1

(1 ) (2 )
stA C u



 


    

  ，
2

2

2 2 2

(1 )
( )

(1 ) (2 )
stA C D u

 
 

 


    

 
   (11) 

Above all, the displacement response for the SDOF system under the chosen mathematical 

model can be expressed as Eq.11 

0

1 0 2 0( ) ( cos sin ) cos sin
w t

p pu t e A w t A w t C w t D w t


                 (12)
 

The acceleration response for the SDOF system can be obtained by deriving twice the 

expression of u(t). 

02 2 2 2

0 2 1 2 0 1 2 1 0( ) [( 2 )sin ( 2 )cos ] ( cos sin )
w t

p p pu t w e A A A w t A A A w t w C w t D w t
    

         (13) 

2.2 Sensitivity analysis 

(1) Half-pulse number effect (n) 

Even for the typically NF earthquake event, the half-pulse number has a certain 

randomness. Based on the summary statistics for the typical NF pulse-like records, commonly 

half-pulse numbers range from 1 to 3 [18]. Makris model mainly considers values of 1 or 2 

for the half-pulse number which correspond to the fling-step effect and the rupture directivity 

effect. According to the mathematical model assumption the half-pulse number effect is 

analyzed. Fig.2 (a) shows the acceleration time-history input, the related NF effect is used to 

describe the relevant half-pulse number effect. 
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Fig 2: The comparison between the mathematical models of different half-pulse number. 

Fig.2(b) and Fib.2(c) show the response spectrum of the mathematical models for different 

half-pulse numbers, the rupture directivity effect acquired a higher value both in acceleration 

and displacement spectrum. When compared to the fling-step, the rupture directivity can 

make the acceleration spectrum acquire the largest value at a longer period and lead 

displacement spectrum with a decrease section of pulse-like shape. Both the results show that 

the largest response may not happen at the same period of the pulse; this trend is also 

consistent with the Jenning`s former research conclusions [9].  

(2) Peak velocity effect (Vp) 

In the Makris mathematical model, both Vp and Tp will influence the input acceleration 

directly according to Eq.2. For this case, one parameter should be established as a first 

invariant during the analysis. During the Vp effect analysis Tp is assumed to be fixed at 1s 

based on the original earthquake records. Vp ranges from 30cm/s to 180 cm/s at a spacing of 

30cm/s with the number Vp1~Vp6, as a consequence the PGA for the input ranges from 0.13g 

to 0.77g as depicted in Fig.3(a). 
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(a) Acceleration input           (b) Acceleration spectrum          (c) Displacement spectrum 

Fig 3: The comparison between the mathematical models of different peak velocity value. 

Fig.3 (b) and (c) showed the effect of Vp on the response spectrum. The peak spectrum 

value follows a linear correlation based on the uniform distribution with the Vp spacing. As the 

Vp changes, the peak acceleration spectrum value increases from 0.33g to 1.93g and the peak 

displacement spectrum value increases from 18.19 cm to 110.99 cm which indicates severe 

damage to the structures. 
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(3) Pulse Period effect (Tp) 

Tp is another important parameter for mathematical models; in Makris model it influences 

not only the peak value of acceleration but also a very important intensity measure value 

which is PGV/PGA. Liao first point out that PGV/PGA>0.2 can be a representative character 

of the NF pulse-like records [19]. However, in Makris model the PGV/PGA ratio can be 

obtained as function of Tp as described in Eq.14.  

/ / / 2p p pPGV PGA V V w T                       (14) 

To analyze the Tp influence, an initial Vp value of 75cm/s is set as a constant. While Tp is 

ranging from 1s to 3.5s at a spacing of 0.5s, the PGV/PGA ranges from 0.16s to0.56s at a 

spacing of 0.08s and the PGA for the input ranges from 0.56 to0.16g as depicted in Fig.4 (a). 
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(a) Acceleration time history       (b) Acceleration spectrum         (c) Displacement spectrum 

Fig 4: The comparison between the mathematical models of different pulse period. 

Fig.4 (b) and (c) show the Tp effect on the response spectrum. The peak value of the 

displacement spectrum increases with the spacing Tp however the peak value of the 

acceleration spectrum shows a decreasing trend; the peak value of the spectrum is not 

consistent with the pulse period. Although the PGA for the input decreases, the spectrum still 

gets a larger value during the longer period part and also a larger displacement response; this 

effect will increase the seismic demand especially for long-period structures. 

2.3 Comparison with Seismic Design Code 

The standard response spectrum in current design code is based on a vast calculation of 

original earthquake records with the combination of engineering experience. UBC-97 was the 

first seismic design code to take into account this special kind of seismic records. In fact, with 

the near-source factor Ca and Cv coordinate with the site condition, spectrum shape can be 

changed to adjust the NF earthquake [20]. The current Chinese seismic design code and 

Eurocode 8 are mainly based on the elastic spectrum design theories which focus on far-field 

earthquake records. On this basis some researchers proposed optimized methods to adjust the 

special effect of the NF earthquake. One of the representative methods proposed by Xu is to 

enlarge the platform segment for long period structures and modify the maximum spectrum 

value according to the regression from the records [21]. In order to compare the main 

spectrum caused by the NF pulse-like record, we selected 50 records from PEER earthquake 
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data base with significant velocity pulses [22]. NSPECTRA, a software developed by Buffalo 

University, is used to calculate the mean spectrum value to compare with seismic design code 

spectrum [23].  
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Fig 5: The spectrum comparison between the mathematical models and different design codes of Chinese Design 

Code, UBC-97 Design Code, Eurocode8 and Xu`s improved design code. 

Based on the comparison UBC-97 can provide a higher seismic security withβmax value at 

2.5 however the Chinese design code spectrum is relatively low at aβmax value of 2.25. The 

peak spectrum of fling-step effect is lower than the UBC-97 design value and the rupture 

directivity effect lead to a value larger than all design code spectra values; the Eurocode 8 can 

provide a better consideration when compared with Chinese Design Code however is still 

limited for the NF effect; the mean value of original records acquires a larger long-period 

component around 1s as the rupture directivity effect spectrum. Xu`s improved design 

spectrum considers long-period structures but is still not capable to cover the original records 

spectrum. With the definition of the near-source factor, UBC-97 can provide a good 

requirement for the NF earthquake.  

3 INELASTIC SPECTRUM ANALYSIS 

Because of the limited amount of natural NF pulse-like records, structures have an inelastic 

behavior which can cause damage due to the lack of appropriate design. Chopra`s research 

proved that the equation for the ductility still can be used during the NF seismic event. the 

nonlinear response spectrum can be divided into 2 types: the constant-ductility strength 

demand spectrum and the constant-strength ductility spectrum. With the chosen parameters in 

NSPECTRA, the constant-strength ductility spectrum is selected with different values of the 

strength reduction factor. According to Chopra`s definition, the strength reduction factor Ry is 

defined as the ratio between yield force fy and the maximum force f0 of the elastic case, the 

ductility coefficient μ is the ratio between the maximum inelastic displacement um and the 

yield displacement uy， the u0 is the maximum displacement of the elastic case [24]. Then the 
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ductility coefficientμcan be deduced as described in Eq 15 and Eq 16. 
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(a) Clough hysteric model           (b) Nonlinear spectrum          (c) Input energy spectrum 

Fig 6: The hysteric model for the SDOF and the nonlinear response spectrum. 

Fig.6 (a) shows the hysteretic behavior under El Centro earthquake record（1940，N-S）. 

The hysteretic force is scaled with the ratio of mass. The Nonlinear spectrum depending on 

different values of the strength reduction factor is depicted in Fig.6 (b). The ductility 

coefficient rises as the strength reduction factor grows and the ductility coefficient spectrum 

still has a pulse-like shape as the elastic spectrum. When the structure period is longer than 

the pulse period (Tp=1s) the ductility coefficient spectrum has an almost constant part when 

compared with the short-period part. The input energy for the NF pulse-like records is defined 

as the sum of the kinetic energy, the damping energy and the hysteretic energy, the 

predominant spectrum period becomes shorter as the reduction factor increases as in Fig.6 (c).  

3.1 Effect of parameters on the inelastic spectrum 

 (1) Effect of the variation of the half-pulse number (n) 
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(a) Nonlinear spectrum            (b) Input energy spectrum    (c) Hysteric energy ratio spectrum 

Fig 7: The nonlinear response spectrum under half-pulse number effect. 

In this section the variability of the spectra depending on the half-pulse numbers is 

described. The nonlinear spectrum for values of the strength reduction factor R of 2, 3 and 4 is 
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evaluated (Fig.7). The ductility coefficient spectrum and the input energy spectrum show a 

pulse-like shape distribution and the predominant period is similar to the different R level. If 

the ductility spectra for different values of n (n=1, n=2) are compared, it is possible to point 

out that the peakμvalue is quite similar for R=2 for the different half-pulse numbers, while 

the difference grows as the value of R increases. By making the same comparison for the 

hysteretic energy ratio spectrum, it can be observed that it shows an overall decreasing 

tendency, while during the long period the single-pulse input acquires a higher hysteretic 

energy ratio. 

(2) Peak velocity effect (Vp) 
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(a) Nonlinear spectrum          (b) Input energy spectrum      (c) Hysteric energy ratio spectrum 

Fig 8: The nonlinear response spectrum under Vp effect. 

The nonlinear ductility spectra at a peak velocity of 40 cm/s, 70 cm/s and 110 cm/s are 

calculated with a fixed value of Tp based on the mathematical background. According to the 

distribution for different R values, Vp has a significant impact on the input energy, however 

there is a weak influence on the ductility spectrum and the hysteretic energy ratio spectrum, 

the influence of Vp is more significant with longer structure period and stronger strength 

ductility factor. 

(3) Pulse period effect (Tp) 
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(a) Nonlinear spectrum          (b) Input energy spectrum      (c) Hysteric energy ratio spectrum 

Fig 9: The nonlinear response spectrums under Tp effect. 

Based on the mathematical background, the nonlinear ductility spectra at a pulse period of 

2s, 3s and 4s are calculated with fixed value of peak velocity. According to the distribution 
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depicted in Fig.9, Tp has a more significant effect on the nonlinear spectrum than Vp . For the 

same value of R, the maximum value ofμremains almost constant while the predominant 

period and input energy gets larger as Tp increases; the hysteretic energy ratio has a decreasing 

tendency as T0 grows, for all values of Tp. 

3.2 Different hysteric model effect 

    

(a) Medium stiffness degradation    (b) Medium strength degradation     (c) Medium pinching effect 

     

(d) Severe stiffness degradation      (e) Severe strength degradation       (f) Severe pinching effect 

Fig 10: Different hysteretic model for degradation and pinching. 

During the NF strong ground motion the attenuation of the earthquake energy is not 

remarkable due to the short transmission distance. This fact can cause stiffness degradation, 

strength degradation and pinching effect for the inelastic behavior. By modifying the 

degradation parameters in NSPECTRA presetting, the different hysteretic models for 

degradation and pinching can be expressed. For the sake of simplicity, the comparison is 

carried on in the cases of non-degradation, medium and severe degradation in accordance 

with degradation parameters in NSPECTRA presetting. 
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Fig 11: The nonlinear spectrum for different hysteric models. 
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Fig 12: The input energy spectrum for different hysteric models. 

The Nonlinear spectrum and the input energy spectrum for different degradation hysteretic 

model are listed in the Fig.11 and Fig.12. According to the distribution results, pinching effect 

and stiffness degradation are the most significant effects for the maximum value of the 

ductility coefficient; strength degradation effect on ductility coefficient is relatively lower but 

it cannot be neglected. The input energy for stiffness degradation and strength degradation 

remains similar with a pulse-like shape, however the input energy has a tendency to increase 

in pinching effect during the long structure period.   

4 SEISMIC RESPONSE ANALYSIS 

The response spectrum represents a convenient tool which summarizes the peak response 

of all possible SDOF systems to a particular ground motion. However, it also neglects some 

important information contained in the response time history, which are valuable for 

structural design analysis. Therefore, it is necessary to examine the waveform characteristics 

of the response time histories of the SDOF system subjected to the excitation of these special 

types of pulses. During the sensitivity analysis for the peak time history values, the VP is 

assumed ranging from 15cm/s~300cm/s with a spacing of 15cm/s and Tp ranging from 

0.5s~10s with a spacing of 0.5s based on the Northridge mathematical model. 

 (a) Peak Velocity Effect (Vp) 
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Fig.13 Peak value for the time-history result under VP effect. 
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    As the PGA value increases as the VP grows from the Makris mathematical model, the 

peak value for the SDOF time-history response follows a linear increase tendency both for 

acceleration and displacement. The joint displacement increases from 0.02m to 0.60m and the 

joint acceleration increases from 0.06g to 1.70g significantly as VP ranges from 10cm/s to 

300cm/s which indicates the direct linear effect of VP on structures according to the Makris 

mathematical model. 

(b) Pulse Period Effect (Tp) 
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(a) Joint displacement                          (b) Joint acceleration 

Fig 14: Peak value for the time-history result under TP effect. 

Fig.14 shows the distribution of the peak SDOF reaction with the increased TP. The joint 

displacement follows a complex sine function form and the joint acceleration follows an 

exponential distribution. During the elastic case the two components of the analytic solution 

discussed in Eq.11 have different dominant pulse periods, while the peak displacement 

appears at the pulse period for Tp=1s. The joint displacement acquires the maximum value of 

0.13m at the pulse period of 1s as the joint acceleration decreases from 1.68g to 0.05g. 

5 THE INTERACTION ANALYSIS 

With the exception of the direct effect on the SDOF seismic response of key parameters 

from the mathematical model, the interactions between the key parameters haven been often 

neglected in past studies. In order to investigate these interactions, orthogonal experimental 

design method is used to compare the key parameters. T0, Vp and Tp are selected as the base 

factors and a sensitivity analysis is done by choosing 3-level value with uniform spacing for 

each parameter. The proposed factor and level details are listed in Tab.1, then the orthogonal 

form L27 (3
11

) can be selected to carry out the calculation by 27 samples of parameters at 

different levels. To avoid the mix of advanced interactions in this work, we only consider the 

primary interactions (Tab.2). 

There are two steps for analyzing the results: range analysis and variance analysis. The 

range analysis assumes that when focusing on one impact of the factor, the influence of other 

factors on result is balanced. Tthe variance analysis is used to estimate the relative 

significance of each parameter in terms of contribution percentage to the overall response. 
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This paper does not present the calculation processes of mean and range, the details of which 

can be found in [25].  

For the range analysis, it consider the values of Ti , R and ix , the Ti data is obtained by 

summing the drift ratio of factors at the same level, R is the value for each factor calculated 

by finding the difference between the maximum and minimum values, ix  is the average 

value of Ti base on the calculation time and the T is the summation of all values. For example, 

if levels for focused factor are assumed as A, B and C for each factor in L27 (3
11

) the 

calculation time is 9, then the ix  value can be calculated as Eq 17. 

ix = (A1+A2+A3+…+A9)/9                                 (17) 

For the variance analysis, it considers the sum of squares, degrees of freedom, F variance 

ratio, F standard value and the significance where SS represent the summation of the squares, 

df represent the freedom degree, MS represent the average sum of squares and F represent the 

significance indicator [25]. The F standard value is determined from an F-table for a given 

statistical level of significance. If the F variance ratio ranks higher than the F standard value, 

the corresponding factor will have significant contributions to the overall results. The tables 

for various significance levels and different degrees of freedom are available in most 

handbooks [26]. 

Factor 

Level 

Fundamental 

period T0 (s) 

Pulse Velocity  

Vp (cm/s) 

Pulse Period  

Tp (s) 

1 1 100 3 
2 2 200 6 
3 3 300 9 

Tab 1: The selected factor at different levels.   

Number 1 2 3 4 5 6 7 8 9 10 11 12 13 

Factors T0 Vp T0×Vp Tp T0×Tp Vp×Tp Vacancy 

Tab 2: The Label details for the L27(3
11

) experiment design. 

Tab.3 and Tab.4 show the range and variance analysis for the calculation of joint 

acceleration response, where the Ti is the summation results of the data at same level, T is the 

sum of all 27 results of the experiment, ix  is the mean value of the same level results, Rj is 

the maximum difference value of ix , SS is the sum of the squares, df the degree of freedom, 

MS the average sum of squares and F is the significance indicator.  

According to the range and variance analysis for the joint displacement, T0 and Vp are the 

most significant factors according to the significance indicator value when compared with the 

F distribution for  = 0.1; T0×Vp is the strongest interaction with the significance indicator 

value larger than F distribution at =0.1; The other interactions are not so strong based on the 

joint displacement data. Tab.5 and Tab.6 show the range and variance analysis for the 

calculation of joint acceleration response. When compared with the joint displacement, the 

acceleration data can provide a better evaluation with a larger significance indicator F value. 
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Indicator 
Effect factors 

T0 Vp T0×Vp Tp T0×Tp Vp×Tp 

T1 7.81 5.97 12.31 8.03 10.79 11.11 

T2 1.59  10.09
   10.63  1.26 12.04 11.22 

T3 13.05  15.10
     8.90
   11.60 8.20  9.57 

1x  0.87 0.66 1.37 0.89 1.20 1.23 

2x  1.18 1.12 1.18 1.36 1.34 1.25 

3x  1.50 1.68 0.99 1.29 0.95 1.06 

Rj 0.63 1.01 0.37 0.47 0.39 0.18 

      T=31.9 

Tab 3:  Displacement range analytical data: summation of the data at same level, maximum difference value 

and the average value of summation. 

Indicator SS df MS F Significance 

T0 1.799 2 0.8995 8.076 ** 

Vp 3.983 2 1.9915 17.881 ** 

T0×Vp 1.445 4 0.36125 3.243 * 

Tp 1.115 2 0.5575 5.163 * 

T0×Tp 0.745 4 0.18625 1.672  

Vp×Tp 0.532 4 0.133 1.194  

Deviation 0.89 8    

      F0.05(2, 8)=19.37,  F0.1(2, 8)=9.37,  F0.25(2,8)=3.35 

F0.05(4, 8)=6.04,   F0.1(4, 8)=3.95,  F0.25(4, 8)=2.08 

Tab 4: Displacement variance analytical data: summation of the squares, freedom degree, average sum of 

squares and significance indicator. 

Index 
Effect Parameters for the sensitivity analysis 

T0 Vp T0×Vp Tp T0×Tp Vp×Tp 

T1 2.27  0.86  1.68  2.43  1.98  1.62  

T2 1.69  1.77  1.72  1.65  1.77  1.70  

T3 1.33  2.59  1.90  1.22  1.45  1.98  

1x  0.25  0.10  0.19  0.27  0.22  0.18  

2x  0.19  0.20  0.19  0.18  0.20  0.19  

3x  0.15  0.29  0.21  0.14  0.16  0.22  

Rj 0.10  0.19  0.02  0.13  0.06  0.04  

      T=5.29 

Tab 5: Acceleration range analytical data: summation of the data at same level, maximum difference value and 

the average value of summation. 
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Indicator SS df MS F Significance 

T0 0.050 2 0.0250 25.0 *** 

Vp 0.153 2 0.0765 76.5 *** 

T0×Vp 0.003 4 0.0008 1.50  

Tp 0.083 2 0.0415 41.5 *** 

T0×Tp 0.021 4 0.0053 5.25 ** 

Vp×Tp 0.017 4 0.0043 4.25 ** 

Deviation 0.010 8    

      F0.05(2, 8)=19.37,  F0.1(2, 8)=9.37,  F0.25(2,8)=3.35 

F0.05(4, 8)=6.04,   F0.1(4, 8)=3.95,  F0.25(4, 8)=2.08 

Tab 6: Acceleration variance analytical data: summation of the squares, freedom degree, average sum of squares 

and significance indicator.. 

Based on the range analysis, the order of significance of the parameters which influence 

the SDOF joint acceleration response is Vp>Tp>T0>T0×Tp>Vp×Tp>T0×Vp. The significance 

analysis for both displacement and acceleration provides similar results. When comparing the 

effect of a single parameter, the influence of interactions is relatively low. Among the 

interaction effect, T0×Vp is the weakest and the significance value is less than the F critical 

value for α=0.25; the interaction between the T0×Tp and Vp×Tp is relatively strong with the 

significance value larger than the F critical value for α=0.1. Therefore, the interaction between 

the T0×Tp and Vp×Tp cannot be neglected during the analysis for the SDOF acceleration. The 

joint acceleration response allows better evaluating the influence of interactions and the order 

of significance of parameters in comparison with joint displacement response. 

6 OVERALL DISTRIBUTION ASSESSMENT 

 

Fig 15: The overall displacement and acceleration distribution map.  

After the conclusion that Vp has a linear effect on the structural response, for a further 

comprehensive assessment, the overall displacement and acceleration distribution map are 

listed in the Fig.15 with variable Tp and T0. The calculation result is based on Tp ranging from 
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1s to 10s at a spacing of 1s and T0 ranging from 0.1s to 10s with a spacing of 0.1s. According 

to the distribution T0/Tp is still an important parameter for structural response, there is a crest 

both in the displacement and acceleration distribution map that divides the diagram into two 

parts. The displacement response is larger in Makris model with longer structurl period while 

the acceleration reaction increases with a smaller structural period, both results are affected by 

the ratio T0/Tp. 

7 CONCLUSIONS 

 The Makris mathematical model provides a good modification effect to NF pulse-like 

records; the analytical solution can be deduced by the dynamic equation for a SDOF 

system. 

 The key parameters from the mathematical model can affect the seismic response of the 

SDOF system both for elastic and inelastic behavior. Factor n and Vp follow a positive 

correlation tendency while the effect of Tp is accompanied with sin-geometry and 

exponential form to the joint displacement and acceleration. 

 Except the single factor effect, the interaction between the parameter factors cannot be 

neglected. The interaction between T0×Tp and Vp×Tp are quite significant. 

 The comprehensive function assessment for 3 typical SDOF systems are presented with 

the joint displacement and acceleration, the distribution map can be used for engineering 

seismic response analysis. 

 The number of SDOF samples and mathematical models can be expanded in the next step 

of the research for a more accurate evaluation result. 
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Abstract. Ground motions in proximity to the causative fault of an earthquake are 

significantly affected in many cases by forward-directivity effects. The resulting 

seismic action on bridge is characterized by an important pulse type motion that is 

not considered in many international structural designed codes. In this paper, the 

effects of near-fault ground motions applied on regular highway bridges with design 

parameters selected by a sampling method, are discussed and compared with the ones 

of the same bridges subjected to far-fault earthquakes. Time history analyses were 

performed on fiber element bridge models by means of OpenSees considering seven 

near-fault earthquake input records with significant velocity pulse selected worldwide 

from the PEER database considering the same site conditions, and the El-centro 

earthquake record as ordinary far-field earthquake. The results are analyzed in term 

of top pier drift ratio, pier slenderness ratio, PGA and earthquake intensity 

parameters. 
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1 INTRODUCTION 

Current design codes define seismic actions to design reinforced concrete (RC) 

bridges, on the base of the characteristics of the earthquakes recorded at sites distant 

more than 20 km from the ruptured fault (far-fault zone). However, some bridges 

designed in accordance with current design code but with distances minor than 20 km 

from the ruptured fault, have experienced severe seismic damage (1994 US 

Northridge, 1995 Japan Hyogoken-Nanbu, 1999 Taiwan Chi-Chi and 2008 China 

Wenchuan earthquake). Therefore, near-fault (NF) earthquakes can result in higher 

seismic demands on bridge structures which are not considered by current codes. For 

that reason, the definition of the proper seismic actions and the evaluation of bridge 

damage mechanisms in case of near-fault earthquakes should be investigated to 

improve the seismic design prescriptions. 

NF ground motions are distinctly different from ordinary ground motions as they 

result short in duration, consist of one or more pulses of motions and present a 

significant vertical component. A literature review can help to introduce better this 

issue to define properly a NF action and to understand their effects on bridges.  

Somerville et al. [1] reported that the near fault fault-normal forward rupture 

directivity velocity pulse is a narrow band pulse whose period increases with 

magnitude. This magnitude dependence of the pulse period causes the response 

spectrum to have a peak whose period increases with magnitude, so a near fault 

ground motions from smaller earthquakes may exceed those of larger earthquakes at 

intermediate periods (around 1 s). 

Chopra et al. [2] concluded that the response spectrum of a near-fault earthquake 

record has the velocity-sensitive region narrower, and the acceleration-sensitive and 

displacement-sensitive regions much wider, compared to the ones of the response 

spectrum of a far-fault earthquake; the narrower velocity-sensitive region is shifted to 

longer periods. 

Li et al. [3] indicated that the seismic design spectrum considering near-fault effect, 

especially large amplitude pulse effect of near-fault records, will significantly enhance 

the seismic response of continuous girder bridge. 

Wang et al. [4] presented interesting elaborations of a great number of free-field 

ground motion records obtained during the 1999 Chi-Chi, Taiwan, earthquake. The 

results of these elaborations show that near fault ground motions are strongly affected 

by source-to-site distance, fault rupture directivity, site condition, as well as thrust of 

the hanging wall. Within 20 km to the causative fault, the ground motions including 

the duration time are much stronger than those beyond this distance. 

Bozorgnia et al. [5] on the base of the characteristics of response spectra of free‐

field vertical ground motion recorded during the 1994 Northridge earthquake have 

shown the dependence of vertical and horizontal response spectra, and their ratio, on 

the source-to-site distance. Verticaltohorizontal (V/H) response spectral ratio is found 

to be strongly dependent on period and distance. V/H spectral ratio largely exceeds 

the commonly assumed value of 2/3, at short periods in the nearfield region. 

Saadeghvaziri et al. [6] indicated that, in general, the vertical motion will increase 

the level of response and the amount of damage sustained by a highway bridge. 
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Vertical motion generates fluctuating axial forces in the columns, which cause 

instability of the hysteresis loops and increase the ductility demand. Furthermore, 

vertical motion can generate forces of high magnitude in the abutments and 

foundations that are not accounted for by the current seismic design guidelines. 

In this paper, the effects of near-fault ground motions applied on regular highway 

bridges with design parameters selected by orthogonal sampling methods, are further 

investigated and compared with the ones observed on the same bridges subjected to 

far-fault earthquakes. The characteristics of the Chinese existing RC bridges 

considered to perform the bridge sampling are: the bridge geometries, the steel 

reinforcement configurations and the material (concrete and steel characteristics) 

strength. 

Time history analyses were performed on fiber element bridge models by means of 

OpenSees considering seven near-fault earthquake input records from Chi-Chi 

earthquake with significant velocity pulse and similar site condition selected 

worldwide from the PEER database considering the same site conditions, and the El 

Centroentro earthquake record as ordinary far-field earthquake. The results are 

analyzed in term of top pier drift ratio, pier slenderness ratio, PGA and earthquake 

intensity parameters. 

 

1 BRIDGE SAMPLING AND MODELING 

Eight Chinese highways RC bridges which have a three equal span deck with a 

constant section, rubber bearing and double-column pier are considered as cases of 

study for the present research (tab.1). In the longitudinal direction, the bridge can be 

characterized as SDOF system as the pier and rubber bearing contribute to the 

stiffness and the continuous girder contribute to the mass, while in the transverse 

direction, shear keys are placed on the bent cap and on the abutments to restrain 

transverse displacement of the superstructure as is usually done in China. The RC 

bridge piers were designed following capacity design rules; therefore shear failure is 

not expected. 

The geometries and steel reinforcement configurations of these bridges were 

selected by an orthogonal design method on the base of the available data about the 

existing RC bridges in Fujian Province of China, the Chinese seismic design code [7]. 

The concrete and steel strength were selected by Latin Hypercube Sampling method 

based on the normal distribution of the most common used material in Chinese 

construction. 

The orthogonal array used in the design is described as L8(2
7
), where L is the 

symbol of orthogonal design, 8 is the number of experiment times, 2 is the number of 

factor levels and 7 the number of factors. The basic parameters of the bridge span(BS), 

pier slenderness ratio (PSR), longitude reinforcement ratio (LRR), transverse 

reinforcement ratio (TRR), longitude reinforcement strength (LRS), transverse 

reinforcement strength (TRS) and concrete strength (CS) for the eight representative 

regular bridges are shown in Tab. 1. 
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Bridge  

Number 

BS 

(m) 
PSR LRR TRR 

LRS  

(MPa) 

TRS  

(MPa) 

CS  

(MPa) 

B1 30 6 0.008 0.004 330.56 287.11 29.66 

B2 30 6 0.008 0.006 341.41 308.36 30.23 

B3 30 10 0.016 0.004 330.56 308.36 30.23 

B4 30 10 0.016 0.006 341.41 287.11 29.66 

B5 40 6 0.016 0.004 341.41 287.11 30.23 

B6 40 6 0.016 0.006 330.56 308.36 29.66 

B7 40 10 0.008 0.004 341.41 308.36 29.66 

B8 40 10 0.008 0.006 330.56 287.11 30.23 

Tab 1: Key Design parameters for the Chinese bridge sample studied; bridge span(BS), pier 

slenderness ratio (SR), longitude reinforcement ratio (LRR), transverse reinforcement ratio (TRR), 

longitude reinforcement strength (LRS), transverse reinforcement strength (TRS) and concrete strength 

(CS) 

    

Fig 1: OpenSees bridge stick model; node 

configuration. 
Fig 2: pier Fiber section model 

The period for the bridge B1, B2,.., B8 (Tab.1) are in the range 1.0~1.6s. Each 

bridge was modeled by a finite element model (Fig.1) in OpenSees software [8], the 

bridge cap beam and the pier are modeled as fiber sections (Fig.2). As for the 

materials in section, Steel02 material model in OpenSees which accounts for isotropic 

hardening, a diminishing yield plateau and the Bauschinger effect are used to modify 

the steel fiber materials, Concrete02 material model which is based on the improved 

Kent-Park constitutive model and adjusted by Scott is used to modify the confined 

concrete behavior. Concrete 02 and steel02 materials were calibrated on the basis of 

the materials (concrete and steel) strength defined in Tab.1 for each bridge. The main 

property of the Concrete02 is listed as in Fig.3. Zero-Length Element with the 

consideration of real bearing stiffness condition is used to modify the rubber bearing 

on the top of the cap beam and the bridge deck is considered as the elastic case, the 

relevant mass is calculated based on the standard deck section drawing from Chinese 

Transport Ministry. 
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(a) Monotonic stress-strain curve of the concrete 

in tension and compression. 

(b) Cyclic Stress-strain curve of the concrete in 

compression and tension 

Fig 3: Concrete02 material model. 

2 GROUND MOTIONS COMPARISON 

Seven near fault earthquake signals (N-1,N-2,…, N-7, Fig 4 and Fig 5) which were 

recorded during the Chi-Chi main shock were selected from the PEER Strong Motion 

Database [9] to perform some time-history analysis and evaluate mean values of the 

bridge response according to the guidelines for seismic design of highway bridges in 

China [10]. 

Each event has fault distance (R) within 15 km and it is characterized by a 

significant pulse in the velocity time-history. The main parameters of these seven 

seismic records are given in Tab.2. 

The site categories of the selected records are classified based on the average shear 

wave velocity to a depth of 30 m according to the Chinese seismic code: type I 

(Vs30>510 m/s), type II (260 m/s <Vs30≤510 m/s), type III (150 m/s <Vs30≤260 m/s) 

and type Ⅳ (Vs30≤150 m/s) [11], therefore the selected earthquake records can 

represent the seismic damage mechanism on site condition type II. The El Centro 

earthquake record is selected as the ordinary far-fault earthquake for a comparison in 

the next sections [10]. 

Number 
Site 

Information 

Fault 

Distance(Km) 
PGA(g) PGV(cm/s) Vs30(m/s)  

Pulse 

Period(s) 

N-1 TCU068 0.32 0.60 152.61 487.34 12.29 

 N-2 TCU082 5.16 0.21 43.31 472.81 8.10 

 N-3 TCU103 6.08 0.13 62.01 494.10 8.69 

 N-4 TCU136 8.27 0.17 38.79 462.10 8.88 

 N-5 TCU056 10.48 0.14 30.91 403.20 8.94 

 N-6 TCU063 9.78 0.18 52.27 476.14 6.56 

 N-7 TCU104 12.87 0.11 27.58 410.45 7.19 

 Tab 2: Parameters of site condition, fault distance, PGA, PGV, Vs30 and pulse period for the 

selected near-fault earthquake input.  
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 (a): The Main Velocity Pulse Component from 

time-history record. 

(b): The Normalized Acceleration Spectrum 

for inputs. 

Fig.4 The Main Velocity Pulse Component and Normalized Acceleration Spectrum for the seven 

selected Near Fault inputs. 
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Fig 5: Displacement Spectrum for each 

earthquake records considered  

Fig.4a and Fig.4b shows the main velocity pulse component and the normalized 

acceleration spectrum for the seven earthquake inputs. All the near-fault inputs 

present a significant velocity pulse in the range of periods 7.19~12.29s. The 

Normalized Acceleration Spectrum for the seven selected Near Fault inputs shows a 

general ascending trend with increasing periods (Fig.4b). The Near Fault seismic 

action can be significant due to the short transmission path as the attenuation of the 

earthquake energy in the near-fault region is modest. Fig.5 shows the displacement 

spectrum for the each earthquake records considered for time history analysis, based 

on the period for bridge samples ranging for 1.0~1.6s, the maximum difference at the 

top of the pier P1 distribute from 3.94cm to 53.30cm as elastic case. 

3 RESULTS OF THE TIME HISTORY: BRIDGE DAMAGE MECHANISMS 
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(a): Top Pier displacement history for pier P1 in 

longitude direction. 

(b): Pier base section curvature history for pier 

P1 in longitude direction. 

Fig.6 The time history results of top pier displacement and pier base section curvature for pier P1 in 

longitude direction. 

The selected Near Fault seismic inputs were used to perform time history analyses 

with OPENSEES for each bridge model described in Tab 1.The first results of the 

time-history analyses are shown Fig.6a and Fig.6b in terms of top pier displacement 

and pier base section curvature for the longitudinal direction of pier P1 for the bridge 

B1 for each near-fault earthquake record. The N-1 earthquake record leads to the 

largest top displacement value equal to 0.115 and base section curvature value equal 

to 0.114. 

 

 

Bridge 

Number 

Mean-N 

Value 

El 

Centro 

B1 0.47% 0.19% 

B2 0.44% 0.17% 

B3 0.81% 0.40% 

B4 0.80% 0.39% 

B5 0.39% 0.11% 

B6 0.37% 0.11% 

B7 1.45% 0.85% 

B8 1.43% 0.84% 

Fig 7: The Drift Ratio of the pier placed at pier P1 

for each bridge considering each earthquake 

signals applied on the bridge.  

Tab 2: The comparison between drift ratio of the 

pier placed at pier P1: the mean value of the drift 

ratio is obtained for each bridge applying each 

near-fault input on the bridge; the El-centro drift 

ratio is obtained for the same bridge by applying 

the El-centro earthquake 

The displacement drift ratio variation depends on some pier characteristics as the 

slenderness ratio, axial load ratio and steel reinforcement [12] and it is a parameter 

which can describe the structural damage based on the pier deformation capacity. The 

displacement drift ratio at the top of pier, that is placed at P1 (Fig.1), is used to 

evaluate the structural bridge damage for different performance levels.  

The drift ratio of the pier placed at pier P1 obtained applying on each bridge (B1, 

B2,.., B8) the seven selected Near fault seismic inputs (N1, N2,…, N7) and the El 
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Centro acceleration are shown in Fig.7. The maximum value (drift ratio = 1.79%) is 

obtained for the bridge B1 with earthquake record N1 and the minimum value (drift 

ration = 0.07%) is obtained in case of the bridge B4 with earthquake record N5. 

Tab.2 shows the comparison between the mean value of the drift ratio obtained for 

each bridge by near-fault earthquakes and the drift ration obtained for the same bridge 

by El Centro record, the far-fault earthquake. All the mean values for the bridges 

under the near-fault earthquake are greater. Bridge B8 presents the maximum 

difference with 59% when comparing to the ordinary far-fault earthquake input. 

The orthogonal experiment analysis method is selected in this study to help 

analyze the drift ratio of the pier and determine the level significance to each factor. 

There are two steps to analyze the results: range analysis and variance analysis. The 

range analysis assumes that when focus on the impact of one specific factor, the 

influence of other factors on the result is balanced. And the variance analysis is used 

to estimate the relative significance of each parameter in terms of contribution 

percentage to the overall response. 

Index BS (m) SR LRR TRR 
LRS  

(MPa) 

TRS  

(MPa) 

CS  

(MPa) 

T1 2.52 1.68 3.80 3.12 3.09 3.09 3.09 

T2 3.65 4.49 2.37 3.05 3.08 3.07 3.07 

Rj 1.13 2.81 1.43 0.07 0.01 0.02 0.02 

1x  0.63 0.42 0.95 0.78 0.77 0.77 0.77 

2x  0.91 1.12 0.59 0.76 0.77 0.77 0.77 

       T=6.17 

Tab 6: Displacement range analytical data: summation of the data at same level, maximum difference 

value and the average value of summation. 

Factors SS df MS F Significance 

BS (m) 0.157 1 0.157 0.783  

SR 0.994 1 0.994 4.956 ** 

LRR  0.252 1 0.252 1.256  

TRR  0.001 1 0.001 0.005  

LRS (MPa) 0.001 1 0.001 0.005  

TRS (MPa) 0.001 1 0.001 0.005  

CS (MPa) 0.001 1 0.001 0.005  

Deviation 1.4 7    

0.05(1,7) 5.59F  , 0.1(1,7) 3.59F  , 0.25(1,7) 1.57F   

Tab 7: Drift Ratio variance analytical data: summation of the squares, freedom degree, average sum of 

squares and significance indicator. 

  This paper does not present the calculation processes of mean and range, the 

2145



Hai-Bin Ma, Wei-Dong Zhuo and Davide Lavorato 

details of which can be found in [13]. The results of the orthogonal experiment design 

calculations are summarized in Tab.6 and Tab.7 for the selected factors. In Tab.6 

values of Ti , R and ix  are shown, the Ti data is obtained by summing the drift ratio of 

factors at the same level, R is the value for each factor calculated by finding the 

difference between the maximum and minimum values, ix  is the average value of Ti 

base on the calculation time and the T is the summation of all values. For example, if 

levels for focused factor is assumed as A and B, for each factor in L8(2
7
) the 

calculation time is 4, then the ix  value can be calculated as Eq 1. 

ix = (A1+A2+A3+A4)/4                                 (1) 

Tab.7 presents the sum of squares, degrees of freedom, F variance ratio, F standard 

value and the significance where SS represent the summation of the squares, df 

represent the degree of freedom, MS represent the average sum of squares and F 

represent the significance indicator [13]. The F standard value is determined from an 

F-table for a given statistical level of significance. If the F variance ratio ranks higher 

than the F standard value, the corresponding factor will have significant contributions 

to the overall results. The tables for various significance levels and different degrees 

of freedom are available in most handbooks [14]. 

The range and variance analysis about the pier drift ratio show that the slenderness 

ratio of the pier is the most significant factor where significant indicates values larger 

than F distribution at  =0.1. The longitudinal reinforcement ratio is the second 

significant factor with an F value larger than the F distribution at  =0.25.  

4 DAMAGE PARAMETER COMPARISON 

Previous research results showed that the drift ratio of the pier and the earthquake 

intensify measure parameter follow a linear distribution in the natural logarithmic 

coordinate system [15].  

The relationship between the response of the bridge, for example the pier drift ratio 

D obtained by time history analysis, and a parameter IM, that gives information about 

the characteristics of the input record used for the analyses can be described by Eq.1. 

The record parameter can be the PGA, PGV, Housner Intensity, PGV×Tp, the ratio 

PGV/PGA and the ratio PGD/PGV where the PGA is the peak ground acceleration, 

PGV is the peak ground velocity, PGD is the peak ground displacement, Housner 

Intensity is a parameter which reflects the response spectrum intensity [16] and 

PGV×Tp represents the impulse intensity [17]. The coefficients (a, b) of this equation 

can be calibrated by means of a regression analysis of the time history analysis results 

of the bridge B1. The record parameters considered are:  
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           (a) PGA                   (b) PGV                   (c) PGV/PGA 

-0.4 -0.2 0.0 0.2 0.4
-8

-7

-6

-5

-4

-3 y=-2.741x-6.283
ln

(D
ri

ft
 R

at
io
）

ln(PGD/PGV)
4.4 4.8 5.2 5.6 6.0

-8

-7

-6

-5

-4

-3
y=1.697x-14.555

ln
(D

ri
ft

 R
at

io
）

ln(Housner Intensity)
0.5 1.0 1.5 2.0 2.5 3.0

-8

-7

-6

-5

-4

-3
y=1.336x-7.975

ln
(D

ri
ft

 R
at

io
）

ln(PGV×Tp)  

(d) PGD/PGV             (e) Housner Intensity             (f) PGV×Tp 

Fig 8: Relationship between the drift ratio D and different IM parameter on the base of the results 

of the nonlinear analyses on bridge B1.  

ln ln( )D a IM b                       (2) 

The results of the Eq 2 calibration are shown in Fig.8: the PGA, PGV, Housner 

Intensity and PGA×Tp have a positive correlation with the bridge drift ratio D whereas 

the PGV/PGA and PGD/PGV show a negative correlation with the bridge drift ratio D. 

The Fig.8 shows that the PGA factor is the most correlated parameter for the bridge 

drift ratio D as it shows the minimum residual sum of square value. 

5 CONCLUSION  

This paper compared the seismic response of Chinese RC bridge subjected to 

near-fault earthquake or far fault earthquakes recorded on the same site type. The 

results of this study demonstrate that: 

 When compared with ordinary far-fault earthquake, the near-fault earthquake 

shows higher velocities component during the time history and higher 

acceleration spectrum value for long periods. 

 The mean values of the bridge pier drift ratio for different bridge samples are all 

greater than the ones evaluated in case of ordinary far-fault earthquake; the 

slenderness ratio is the most significant factor for the seismic response according 

to orthogonal analysis result. 

 Based on the selected earthquake records, the PGA have the most related 

correlation with the bridge pier drift ratio.  

Ongoing work is focused on expanding the sample coverage of both earthquake 

records and the bridge samples. 
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Abstract. The seismic behavior of Chinese RC (Reinforced Concrete) bridge piers with insuf-

ficient seismic details, severely damaged after an earthquake and then repaired and retrofit-

ted by rapid interventions is investigated. The proposed interventions are applied on the 

damaged steel rebar and concrete parts in plastic hinge zone to guarantee the proper plastic 

dissipation of the seismic energy and the necessary shear strength and ductility improvements. 

New longitudinal shaped rebars and concrete jackets are used to substitute the pier damaged 

parts. Two repair and retrofitting procedures are presented and applied on 1:6 scaled pier 

specimens designed on the base of Chinese codes [1]-[3]: the first one uses an self-

compacting concrete to build the concrete jacket and carbon Fiber Reinforced Polymer 

(CFRP) wrapping to assure the seismic improvements; the second one uses an ultra-high per-

formance fiber reinforced concrete (UHPFRC) with steel fiber to build the concrete jacket 

and to assure the seismic upgrading allowing time and cost saving. The results of the first ex-

perimental tests on 1:6 scaled pier specimens repaired and retrofitting by the two procedures, 

are compared and discussed. 
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1 INTRODUCTION 

The repair and retrofitting interventions performed by means of well-tested materials and 

techniques can restore the functionality of RC (Reinforced Concrete) bridges in short time 

[4]-[25]. 

The present research introduces innovative interventions for the rapid repair and seismic 

upgrade of strongly damaged concrete and steel reinforcement parts due to cyclic loading at 

the base of cantilever RC piers due to the insufficient seismic details. 

The irregular bridge shown in Table 1 is a critical structure in an infrastructures and struc-

tures network with seismic critical issues [26]-[29] and it should be repaired and retrofitted in 

very short time in case of damage. For that reason, this bridge represents a valid case of study 

to apply the proposed rapid interventions. The center pier of this bridge (7 m pier, Table 1) is 

the most stressed and damaged one after the seismic load application on the entire bridge [30]. 

The pier longitudinal steel reinforcement is designed by Chinese codes [1]-[3] whereas the 

transversal reinforcement is insufficient to sustain the shear and ductility demand [31], [32]. 

The 7 m pier behavior is studied experimentally by means of 1:6 scaled pier specimens 

subjected to axial load and cyclic displacement histories. Some pier specimens are retrofitted 

and strongly damaged in plastic hinge by cyclic tests to be repaired and retrofitted by the two 

different repair and retrofitting procedures (PR1 and PR2). 

Each procedure repairs the damaged longitudinal rebar parts by partial substitution using 

new shaped rebar parts [22]-[25]. A strong connection system connects these new rebar parts 

to the undamaged original ones (anchorages and undamaged rebar part outside the plastic 

hinge). The shaped rebar is designed with a geometry that assures the correct distribution of 

the steel plastic deformations in plastic hinge where the seismic energy is dissipated. 

The repair of the removed damage concrete parts and the seismic retrofitting of the piers 

are performed in two different ways: the first procedure (PR1) uses self-compacting concrete 

(SCC) to build a concrete jacket (CJ) and carbon Fiber Reinforced Polymer (CFRP) wrapping 

to assure the seismic improvements; the second procedure (PR2) uses ultra-high performance 

fiber reinforced concrete (UHPFRC) with steel fiber to build a CJ and to assure the seismic 

upgrading allowing time and cost saving. Experimental tests on UHPFRC material specimens 

with 2% of fiber content and a specific concrete mix design were carried out at Fuzhou lab to 

check the available shear strength of the UHPFRC CJ on the base of CNR-DT 204/2006 

guideline [41] formulations. 

Cyclic tests on two 1:6 pier specimens repaired and retrofitting by the two proposed proce-

dures were carried out at the lab of the Sustainable and Innovative Bridges Engineering Re-

search Center of Fujian Province (SIBERC) of the Fuzhou University (China) to evaluate the 

effectiveness of the proposed techniques.  

The first experimental results are presented and discussed comparing the two proposed 

techniques (PR1 and PR2). Finally, numerical fiber section analyses were performed by 

means of OPENSEES [42] to understand better the experimental results. 

2 PROPOSED REPAIR AND RETROFITTING SOLUTIONS 

The repair and retrofitting solutions tested experimentally by pseudo-dynamic test (PSD) 

on Italian RC bridge piers in [4] and [5] can restore the original pier strength avoiding the 

original shear rupture but the connection system between undamaged original rebar parts (an-

chorages and rebar part out of the plastic hinge) and the new rebar parts used to substitute the 

damaged ones, has to be improved [5]. 
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Two different repair and retrofitting procedures (PR1 and PR2) are presented in Figure 1. 

Firstly, the damaged concrete and steel rebar parts at the base of the pier are removed (Figure 

1a). 

Each procedure repairs the longitudinal damaged rebar parts by partial substitution using 

new shaped rebars (Figure 1b). The new rebar parts are connected to the original undamaged 

ones (anchorages and undamaged rebar part outside the plastic hinge) by means of steel cou-

pler and welding joints. This connection system was studied extensively by numerical finite 

element models and tested experimentally with very good results but these results are not dis-

cussed here. The rebars connection results effective and the shaped rebar moves the plastic 

deformations along the new rebar part with a reduced section away from the rebar connection. 

The substitution of each rebar at the pier base assures the proper plastic deformation of each 

longitudinal rebar in plastic hinge only. 

The repair of the damage concrete parts and the pier seismic retrofitting are performed in 

two different ways (Figure 1c, d): the first procedure (PR1) uses self-compacting concrete 

(SCC) to build a concrete jacket (CJ) and carbon Fiber Reinforced Polymer (CFRP) wrapping 

to assure the seismic improvements; the second procedure (PR2) uses ultra-high performance 

fiber reinforced concrete (UHPFRC) with steel fiber to build a CJ and to assure the seismic 

upgrading allowing time and cost saving. The pier geometries are not modified as the CJ sub-

stitutes the removed concrete parts only. 

The repair is rapid as the selected SCC and UHPFRC mixes present at fresh state a great 

pass-ability to simplify concrete casting and guarantee a rapid increase of the concrete com-

pression strength. The intervention results durable without modifying the cover thickness by 

using steel fiber in UHPFRC or specific components in SCC. 

The retrofitting is included in the repair operation in case of procedure PR2 because the 

UHPFRC jacket improves the original insufficient shear strength of the pier by fibre contribu-

tion. 

However, the retrofitting is rapid also in case of PR1 as the CFRP wrapping is simple to 

realize in situ. 

 

 
(a)                          (b)                             (c)                             (d) 

Figure 1 Repair and retrofitting solutions PR1 and PR2 for damaged RC piers: a) damaged concrete and rebar 

parts removal; b) longitudinal rebar substitution; c) concrete restoration by SCC (PR1) or UHPFRC concrete 

jacket (PR2); d) CFRP wrapping application (PR1 only). 

3 DEFINITION OF THE CASE OF STUDY 

This study focuses on the 7 m pier of the irregular RC bridge in Table 1 designed by means 

of Chinese codes [1]-[3]. The pier longitudinal steel reinforcements was calculated consider-

ing the design of the entire bridge, the seismic action with 0.2g PGA and the deck vertical 

loads of 200 KN/m as it is described in [4], [5], [17]-[25], [33].  
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The bridge materials are: the Chinese strength grade C30 (cylindrical characteristic com-

pressive strength equal to 20.1 Mpa) for the concrete and the Chinese steel grade HRB335E 

(characteristics tensile strength 335Mpa) for the steel reinforcement. The transversal steel 

configuration was selected to reproduce the one of an existing bridge with seismic deficien-

cies. 

4 REPAIRED AND/OR RETROFITTED BRIDGE PIER SPECIMENS 

Some 1:6 scaled pier specimens representative of the 7 m pier (Table 1) were built using 

proper scale factors for concrete and steel reinforcement geometries [33], [34]. The section 

diameter and height of each specimen were equal to 420 mm and 1170 mm respectively 

(Table 1). The longitudinal steel reinforcement was composed by fourteen 18 mm HRB335E 

rebars whereas 4 mm HPB235 steel rods spaced 60 mm were used to build the transversal 

steel reinforcement (Table 1). The yielding and maximum stresses of the longitudinal rebars 

were obtained by monotonic tests and resulted equal to 450 and 600 MPa respectively. The 

transversal reinforcement was insufficient to sustain the seismic shear resulting from the ca-

pacity design criteria and so seismic retrofitting was necessary. 

Two pier specimens labelled as P16-1 and P16-2 were retrofitted by means of CFRP wrap-

pings built by one or two layers respectively to increase the original insufficient shear strength 

and ductility (Table 1). The CFRP mechanical properties were: thickness of 0.167 mm, elastic 

modulus of 242 GPa and maximum design deformation equal to 0.005. These specimens were 

strongly damaged at plastic hinge zone by cyclic tests ([15]-[25]). 

These damaged specimens were repaired and retrofitted by the solution PR1 or PR2 pre-

sented in §2 to be tested again: the specimen P16-1 was repaired and retrofitted by the proce-

dure PR1 and labelled as R16-SCC-SR-1 whereas the specimen P16-2 was repaired and 

retrofitted by the procedure PR2 and labelled as R16-HSF-SR-0. The new labels describe 

shortly the characteristics of the repair and retrofitting interventions for each specimen: R16 

means that the 1:6 scaled specimen is repaired, SCC and HSF indicate the SCC or UHPFRC 

material used to build the concrete jacket, SR indicates the use of shaped rebar to substitute 

the damaged rebar and the last number of the label is the number of the layers of the CFRP 

wrapping. 

The shaped rebar (SR) of each repaired specimen had a part with a reduced diameter of 15 

mm and length of 250 mm (Table 1). The damaged concrete of the specimen R16-SCC-SR-1 

was repaired by a SCC jacket with transversal stirrups Φ4/60 mm. The SCC cylindrical com-

pressive strength was evaluated by compressive tests on material specimens and was equal to 

25 MPa. The retrofitting of this specimen was performed applying the same CFRP wrapping 

of the specimen P-1 (Table 1). 

The damaged concrete parts of the R16-HSF-SR-0 specimen were repaired by UHPFRC 

with 2% of steel fibers (HSF). This fiber content was selected to build a HSF jacket with a 

shear strength sufficient to retrofit the damaged pier specimen [22], [23]. 

The steel fibers were long 13 mm, had equivalent diameter equal to 0.20 mm, ultimate ten-

sile strength of 2000 MPa and modulus of elasticity equal to 200 GPa. The concrete mix de-

sign was composed by cement, silica fume, sand and the water/cement ratio was 0.26. The 

compressive strength resulted by experimental test on material was equal to about 90 MPa. 

The HSF jacket did not have transversal steel reinforcement but the HSF jacket contribu-

tion calculated by CNR-DT 204/2006 guideline [41] considering also the original pier speci-

men core contribution resulted sufficient to sustain the maximum base shear measured 

experimentally on the retrofitted specimens P16-2 (Figure 2). 
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Table 1 – Geometries and reinforcement configuration for the retrofitted pier specimens (P16-1, P16-2) and the 

repaired and retrofitted pier specimens (R16-SCC-SR-1, R16-HSF-SR-0): concrete jacket (CJ) material, length 

(Ls) and diameter (ΦSR) of the longitudinal shaped rebar part (Shaped Reb.) in the repaired zone, transversal re-

bar (Tr. Reb.) of CJ and the number (ne) of the CFRP wrapping layers [mm]; “-“ indicates absence of the inter-

vention; b) irregular bridge geometries 

Pier 
CJ 

material 

Shaped 

Reb. 
CJ 

Tr. Reb. 

CFRP 

 

Ls ΦSR ne 

P16-1 

- - - 

Φ4/60 

1 

P16-2 2 

R16-SCC-SR-1 SCC 

250 15 

1 

R16-HSF-SR-0 UHPFRC - - 

5 CYCLIC TEST ON PIER SPECIMENS 

Cyclic tests were carried out on the retrofitted (P16-1, P16-2) and on the repaired and ret-

rofitted pier specimens (R16-SCC-SR-1, R16-HSF-SR-0) at Fuzhou University Lab applying 

a constant axial vertical load of 266 kN (deck weight) and the same horizontal displacements 

history on the top of the specimen. The displacement history was representative of the one 

recorded on the central bridge pier when Tolmezzo (PD1) and Tolmezzo scaled to double 

(PD2) accelerograms are applied on the entire bridge [5]. The experimental responses of the 

retrofitted specimens, which were designed to guarantee the necessary seismic performances, 

represented the target responses for the repaired and retrofitted specimens. These tests permit-

ted to evaluate the effectives of repair and retrofitting operations performed by means of the 

two procedures PR1 and PR2. 

The base shear - top pier displacement curves for the retrofitted specimens P16-1 and P16-

2 (black line, Figure 2) and the ones for the repaired and retrofitted specimens R16-SCC-SR-1 

and R16-HSF-SR-0 (dashed black line, Figure 2) are compared during the cyclic tests in Fig-

ure 2. The cyclic behaviours of the repaired and retrofitted specimens were very good: the cy-

cles were wide and stable and so the shaped rebars assure an effective seismic energy 

dissipation. The connections among new shaped rebar and existing undamaged rebar parts 

were not damaged during the test and so this connection solution results strong. 

Each specimen did not show premature shear ruptures. The repair of the specimen R16-

SCC-SR-1 is effective and the same retrofitting solution already tested on the specimen P16-1 

is valid. This experimental result was much more interesting in case of the specimen R16-

HSF-SR-0: the HSF jacket resulted effective to perform not only the concrete parts repair but 

also the seismic upgrade of the specimen. This specimen shown a seismic behaviour very 
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similar to the one of the retrofitted specimen P16-2 with an external wrapping built by means 

of two CFRP layers (Figure 2). 

The specimen R16-SCC-SR-1 shown a maximum base shear smaller than the one of the 

P16-1 specimen (Figure 2). It is expected as the shaped rebar part in R16-SCC-SR-1 had a 

reduced diameter respect to the one of the original rebar in P16-1 (Table 1) and so the maxi-

mum resisting moment of the R16-SCC-SR-1 pier section with shaped rebar was smaller.  

The same base shear reduction should be expected for R16-HSF-SR-0 specimens that has 

the same shaped rebar of R16-SCC-SR-1 (Table 1) but this specimen showed the maximum 

base shear value similar to the one of P16-2 without shaped rebar (Figure 2). This may be due 

to the high compressive strength of the UHPFRC that reduces the concrete compression zone 

of the section and increases the section inner lever arm. Furthermore, the steel fibre contribu-

tion in longitudinal direction can also increase the section resisting moment. Further investi-

gations are necessary to understand better this behaviour but it is partially studied by simple 

numerical analyses in §6. 

  
Figure 2 Experimental cyclic tests on 1:6 pier specimens: base shear (force) vs top pier displacement curves 

for repaired and retrofitted specimen R16-SCC-SR-1 and R16-HSF-SR-0 (dash black lines) and for the 

undamaged retrofitted specimens P16-1 and P16-2 (continuous black lines). 

6 NUMERICAL FIBER SECTION ANALYSES 

Numerical analyses were performed to understand better the experimental results previous-

ly discussed in §5 about the cyclic tests on the 1:6 pier specimens in term of maximum base 

shear. The numerical base shear of the specimen is obtained by the ratio of the numerical 

maximum moment at the base of the specimen and the pier specimen height. 

A fiber model of the base section of the 1:6 scaled specimens was built in OPENSEES [42] 

to evaluate the numerical maximum moment. This model (Table 2) consisted of an external 

concrete ring and a concrete circular core which were divided in fiber elements, and single 

fiber for each longitudinal rebar (Table 2). The concrete ring was used to model the section 

part with confined concrete by CFRP only (rebar cover thickness) for the specimen P16-1, 

P16-2 and R16-SCC-SR-1 or the section part built by UHPFRC (jacket thickness) in case of 

the specimen R16-HSF-SR-0. 

The behaviors of the cover and core concretes of the specimens P16-1, P16-2 and R16-

SCC-SR-1 were described by means of the analytical stress-strain model proposed by Hoso-

tani et al. [43] for concrete confined by CFRP and/or steel stirrups.  

The confinement effect of the stirrups (ϕ4/60 mm) on the core concrete was modest but it 

was included in the analyses. The concrete maximum deformation was evaluated by Hosotani 
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et al. [43] equation using the maximum value of the experimental CFRP deformation meas-

ured during the cyclic tests (about 0.005). 

The SCC used to build the CJ of the repaired and retrofitted specimen R16-SCC-SR-1 had 

the same mix design of the SCC concrete used to build the specimens P16-1 and P16-2: the 

compressive strength of the unconfined SCC, that was measured experimentally in §4, was 

assumed equal for these three specimens. For that reason, the analytical stress-strain curves 

for the core and cover concretes of the specimens P16-1 and R16-SCC-SR-1 which had the 

same stirrups and were retrofitted by the same CFRP wrapping were assumed equal (Table 1). 

The cover and core concretes of P16-2 had stress-strain analytical curves defined considering 

the effect of the confinement due to two layers of CFRP and stirrups in Table 1. 

The confinement effect of the UHPFRC CJ on the SCC core of the specimen R16-HSF-

SR-0 was not investigated in detail here: it was assumed a little smaller than the one due to 

one layer of CFRP. The unconfined UHPFRC stress-strain curve was obtained by scaling the 

experimental curve presented in literature [47] using the maximum tensile and compressive 

stresses measured during the experimental tests described in §4. 

The steel fiber stress-strain behavior was described by a multilinear model with initial elas-

tic modulus of 200 GPa, yielding stress and maximum stress measured by tensile tests at Fu-

zhou lab and given in §4. 

The stress-strain curve for the cover and core concrete fibers and for the steel fibers were 

modelled in OPENSEES by the uniaxial Hysteretic material model. This material model is a 

multilinear curve that can be used to simplify the concrete stress-strain curve described by the 

Hosotani et al. [43]. This simplification is valid for the aims of these first analyses which in-

tend to reproduce the maximum base shear of the specimen only.  

The base section placed at pier anchorages, where the moment is greater and the longitudi-

nal rebar had diameter equal to 18 mm, was analyzed in case of the retrofitted specimens P16-

1 and P16-2. 

The section just above the rebar connection (Figure 1) was considered in case of repaired 

and retrofitted specimen R16-SCC-SR-1 and R16-HSF-SR-0 as it was the one that must plas-

ticize for the first according the design (each longitudinal rebar of this section had reduced 

diameter equal to15 mm). 

The numerical axial load on each section was the experimental one that was equal to 266 

kN whereas the section curvatures were increased monotonically during the numerical anal-

yses. 

The results of these analyses are shown in Table 2 in term of maximum moment on the 

section (Mmax_num), maximum base shear (Fmax_num) of the specimen and height of the section 

compression zone (zc_num).  

The numerical analyses can reproduce well the maximum base shear of the specimens 

measured during the experimental tests (Fmax_exp): the approximations about the stress-strain 

behaviors of steel and concretes result correct for the aims of these comparisons. 

The numerical analyses about P16-1 and R16-SCC-SR-1 specimens confirm that the ex-

perimental reduction of the maximum base shear of R16-SCC-SR-1 respect to the one meas-

ured on P16-1 (Figure 2) is essentially due to the shaped rebar diameter reduction as the only 

difference between the P16-1 and R16-SCC-SR-1 fiber section models was the diameter of 

the longitudinal rebars. 

The numerical results are much interesting about the specimen R16-HSF-SR-0 that had 

shaped rebars but showed experimental maximum base shear very similar to the one of the 

retrofitted specimen P16-2 without shaped rebar. The numerical fiber section model of the 

specimen R16-HSF-SR-0 differed from the one of the specimen P16-2 not only for the re-
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duced diameter of each longitudinal rebar but also for the material used to build the concrete 

jacket: the UHPFRC was much more resistant than the SCC. 

The high value of the compressive strength of the UHPFRC reduces the height zc_num of the 

section compression zone and increases the inner lever arm of the section: it is evident in Ta-

ble 2 comparing the values of the zc_num calculated for R16-HSF-SR-0 with the one of P16-2. 

The increasing of the inner lever arms may contrast the decreasing of the steel tensile re-

sulting force due to the shaped rebar diameter reduction. This numerical evaluation will be 

studied in future investigations by a more detailed definition of the stress-strain curves of the 

UHPFRC used to build the CJ and of the original SCC core concrete confined by the 

UHPFRC CJ. 

 
 P16-1 P16-2 R16-SCC-SR-1 R16-HSF-SR-0  

 

zc_num 

[mm] 

130.8 127.0 108.3 75.5 

Mmax_num 

[kNm] 

276.7 283.3 222.1 278.1 

Fmax_num 

[kN] 

237.2 242.8 190.4 238.4 

Fmax_exp 

[kN] 

230.3 231.1 183.8 234.5 

Table 2 Numerical fiber section analyses: height of the section compression zone (zc_num), numerical 

maximum moment (Mmax_num), numerical maximum base shear (Fmax_num) and experimental maximum base shear 

(Fmax_exp) for the retrofitted (P16-1 and P16-2) and the repaired and retrofitted (R16-SCC-SR-1 and R16-HSF-

SR-0) pier specimens; section scheme for fiber model in OPENSEES 

7 CONCLUSIONS  

Two rapid repair and seismic retrofitting procedures (PR1, PR2) for strongly damaged RC 

bridge piers are presented and tested by cyclic tests on 1:6 pier specimens. Each procedure 

uses shaped rebar parts to substitute the damaged parts of the longitudinal rebars and to assure 

the seismic energy dissipation by steel plastic deformations. 

The procedure PR1 restores the damaged concrete parts of the pier by a SCC jacket and the 

pier retrofit is assured by a CFRP wrapping. 

The procedure PR2 restores the damaged concrete parts of the pier and assures the neces-

sary seismic improvement by a UHPFRC jacket with 2% of steel fibers. 

The same vertical load and displacements history were applied on two pier specimens to 

perform cyclic tests on undamaged and retrofitted specimens (P16-1, P16-2). After these tests 

the damaged pier specimens (R16-SCC-SR-1, R16-HSF-SR-0) were repaired and retrofitted 

by PR1 or PR2 procedures and tested again applying the same load and displacement history 

used for P16-1 and P16-2. The first experimental results shown: 

 

 Each procedure can be performed in short time on the pier specimen 

 The shaped rebar connection system is not only simple to realize in situ but it is also 

efficient as no connection ruptures were observed at the end of the tests. 

 The repaired specimens R16-SCC-SR-1 and R16-HSF-SR-0 did not show shear rup-

ture and so the two different retrofitting techniques are efficient. However, the pro-

cedure PR2 assures the seismic improvement of the pier by means of the UHPFRC 

jacket only and so it permits time and cost saving as the stirrups and the CFRP 

wrapping are not applied in the repaired zone. 
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 The maximum base shear of the pier specimen R16-SCC-SR-1 repaired by PR1 is 

smaller than the one of the undamaged pier P16-1 retrofitted with the same CFRP 

wrapping. This is due to the new shaped rebar parts with a reduced diameter used 

for the specimen R16-SCC-SR-1. It is evident also by OPENSEES fibre section 

numerical analyses. However, the deformations of the shaped rebars and the con-

finement of the concrete due to the CFRP wrapping increase the ductility of the pier 

and so the pier energy dissipation capacity: the design force may be reduced. 

 The maximum base shear of the pier specimen R16-HSF-SR-0 repaired by PR2 with-

out CFRP wrapping is similar to the one of the undamaged P16-2 retrofitted by a 

wrapping built with two layers of CFRP. The high compressive strength of the 

UHPFRC reduces the height of the section compression zone and so the section in-

ner lever arm, the maximum moment and the corresponding maximum base shear 

result greater. It is also showed numerically by OPENSEES fibre section analyses. 

The repair and retrofitting interventions will be tested and upgraded to consider also the ef-

fects of the nonsynchronous seismic action [35]-[40], which can be significant in case of long 

structures as bridges. This issue is much important as existing bridges are usually designed 

without considering the effects of the nonsynchronous action.  

The stainless steel that is much more resistant to corrosion than ordinary carbon or alloy 

steels and has high values of ductility ([15]-[20], [44] and [45], [46]) can be a valid material 

to perform the rebar substitution ([4], [5]) and so it will be considered for future improvement 

of the repair operations. 
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Abstract. This work deals with the multi-objective optimization of single Tuned Mass Damp-
ers, focusing on buildings subject to low-moderate earthquakes. The novelty consists in con-
sidering both economic and performance criteria. The economic objective is represented by 
the cost of the device, directly related to its mechanical parameters, while the ratio between 
the absolute acceleration of the protected structure and the unprotected one is assumed as 
performance parameter. This latter parameter allows in fact to evaluate the damage level and 
the behavior of both components and equipment. A multi-objective optimization problem is 
then so formulated and the Non-dominated Sorting Genetic Algorithm, in its second version, 
is applied to obtain the Pareto optimum solutions. Finally, by a sensitivity analysis, the opti-
mum solutions are commented with respect to some input data. 
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1 INTRODUCTION 

The limitation of vibrations effects due to environmental dynamic loads is a very important 
matter in the design of civil and mechanical engineering structures [1-8]. In this field, many 
different strategies have been proposed also with regard to safety structural problems induced 
by random vibrations action caused by natural or artificial loads, as for example earthquakes, 
wind pressure, traffic vibrations, sea waves and so on [9-16]. Generally, four groups of con-
trol systems are distinguished in literature: Active, Hybrid,  Semi-active  and Passive. Among 
these, passive systems are the most unsophisticated and the cheapest ones.  

With the purpose of maximizing the Tuned Mass Damper (TMD) efficiency, over the years, 
numerous approaches have been proposed for the optimum design of TMD. After the work of 
Ormondroyd and Den Hartog [17], several optimum design methods have been introduced in 
literature, aimed at minimizing the vibrations induced in mechanical and structural systems by 
various types of excitation sources [18-23].  In most of the above studies, the main structure is 
generally represented by an equivalent single degree of freedom system. Similarly the per-
formance of a TMD applied to a multi degree of freedom (MDOF) structure and optimized  to 
control only a single mode of vibration (usually the fundamental one) has been investigated 
by various authors [24-25]. The optimal parameters of single and multiple TMDs for the con-
trol of MDOF structures have been studied by several researchers in the last decades [23, 26-
27] also considering the uncertainties affecting structural parameters [28-29]. The above stud-
ies mainly take as objective function the efficiency of the TMD expressed by a performance 
index that generally is chosen as the ratio between the response (displacement, acceleration 
dissipated energy) of the unprotected system and the same quantity of the protected one. 

Differently from previous studies in this field, in this paper an optimum design of a single 
TMD installed on the top floor of a structure modelled by a linear multi degree of freedom 
system is carried out at the aim to simultaneously minimize the protection system cost and 
maximize a direct index of performance of the TDM. Moreover the study is developed in a 
stochastic way, by introducing a Gaussian non stationary filtered stochastic process to model 
the ground motion at the base of the structure.   

2 ANALYTICAL FORMULATION 

In this study the problem of a single TMD, positioned at the top of a main structure mod-
elled as a linear viscous elastic MDOF system, is analysed. A deterministic second order me-
chanical linear system with n degree of freedom is considered and described by using lumped 
masses, as shown in Figure 1. Under the hypothesis of random dynamic inputs, the dynamic 
system of motion can be written as:  

 
bX   MX KX CX Mr    (1) 

where  , M C  and K  are, respectively, the deterministic mass, damping and stiffness matrices 
(as detailed in appendix); X , X  and X  are the tuned-system relative displacement, velocity 
and acceleration vectors referred to each degree of freedom;  1...,1 Tr ; ( )bX t  is the seis-
mic action and, since it is mathematically described by a stochastic process, many advantages 
can be reached by modeling it through a filtered white noise. 
The seismic action ( )bX t is modelled by the non-stationary Kanai Tajimi process. After in-
troducing the space state vector, the probabilistic analysis is performed by solving the non-
stationary Lyapunov matrix differential equation [30,31].   
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Structural optimization has been common for a long time in mechanical and aeronautical 
engineering. In civil engineering, it is being progressively adopted both for buildings and for 
bridges [21-22, 32-34]. 

The multi-objective optimization of the above described TMD is herein formulated as the 
search of a suitable set of design variables, collected in the so called Design Vector (DV) 
 bb Ω , bΩ  being the admissible domain, which minimize two objective functions (OFs). 

The first OF to be minimized is the ratio between the standard deviation of the top floor abso-
lute acceleration of the protected structure 

Ny


 and the one of the unprotected structure 0
Ny


: 

 1 0
N

N

N

y
y

y

OF I



  





 (2) 

This parameter is in fact a direct index of the performance of a TMD, coherently with the 
strategy to reduce those structural detrimental vibrations that can induce damages in contents 
and equipments, as required in operational performance level.  

The second objective is to minimize the cost related to the use of a TMD system. In fact, 
especially for new and strategic buildings or for retrofitting of existing constructions, the con-
tainment of costs is one of the most important targets in a protection system design. 
The mass ratio   is assumed as a fixed quantity, while each possible DV is defined as:  

  , T

T T b  (3)  

where /T T Tk m   and / 2T T T Tc m k  are the circular frequency and the damping coef-

ficient of the TMD respectively. In this context, without loss of generality, it is assumed that 

the cost of the TMD is expressed as a linear function of the mechanical design parameters Tk  

and Tc  respectively, so that: 

 1
T T C TC k c    (4) 

where C  is the cost parameter. Moreover, by considering that the damping device has in 
general a different (higher) unit cost in comparison to the stiffness one, the cost 
ter C is defined as the ratio between these two unitary costs: 

 cost( 1)
cost( 1)

T
C

T

c

k
 




 (5) 

Equation (4) can rearranged as below: 

 1 2( ) 2T S T C T TC m       b   (6) 

 being the ratio between the tuned and the structural masses. The protection system cost for a 

unit system mass Sm , finally, is given by: 

 1

1
2

2
( )( ) 2

T

T
T C T TC

S

C
OF I

m
         

b
b   (7) 
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Finally, in this work the NSGA-II [35] is adopted in order to obtain the Pareto sets and the 
corresponding optimum DV values for different systems and input configurations. In particu-
lar, the Real Coded Genetic Algorithm [36], the Binary Tournament Selection [37], the Simu-
lated Binary Crossover [38] and the polynomial mutation [36] are used. 

           
Figure 1: MDOF system equipped with a TMD. 

3 NUMERICAL APPLICATION 

In this section the described multi-objective optimization is applied to a10-storey building 
equipped at the top floor with a TMD. The mechanical properties of the structure are given in 
Table 1, while the setup parameters used in the analysis are reported in Table 2. The popula-
tion size is 500, which allows to obtain a continuum Pareto front. The maximum iteration 
number is 100. The seismic model parameters are summarized in Table 3.  

 
 Mode/level 

 1 2 3 4 5 6 7 8 9 10 

iT  (sec) 1.3444 0.5064 0.3127 0.2299 0.1855 0.1584 0.1396 0.1245 0.1113 0.0987 

( )ik Nm  4.5 108 4.1 108 3.8 108 3.5 108 3.2 108 2.8 108 2.5 108 2.2 108 1.8 108 1.5 108 

ci (Nm/sec) 1.25 106 1.2 106 1.1 106 1.1 106 1.0 106 0.9 106 0.9 106 0.8 106 0.8 106 0.7106 

( )im kg  3.5 105 3.5 105 3.5 105 3.5 105 3.5 105 3.5 105 3.5 105 3.5 105 3.5 105 3.5 105 

Table 1: Main structure mechanical characteristics. 

Figure 2 shows the variability of OF1 and OF2  in the space of the frequency ratio 
1/T    (i.e. the TMD frequency over the main system fundamental frequency) and the 

TMD damping ratio T . By comparing these surfaces an opposite behaviour can be noted: as 
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OF1 decreases, until a minimum point (this corresponds to the best TMD performance), OF2 
monotonically increases. This consideration confirms the impossibility to achieve the multiple 
OF minimization in an absolute sense, both in terms of structural performance, minimizing 
the absolute acceleration, and of protection cost minimization.  

In Figure 3, the optimum design variables and the contour lines of the OF surfaces are plot-
ted overlapped, in order to more clearly underline the location of the Pareto solutions with 
respect to the single optimization one. 

Figure 4 shows the Pareto front (b) and the corresponding optimum DV components opt
T  

and opt
 (a). In particular Figure 4b points out an asymptotic limit, which simultaneously cor-

responds to the highest effectiveness of the TMD and the highest cost 1
T

OPT

C
I . This means that 

the advantage in terms of increase of TMD performance is negligible in comparison with the 
cost growing.  

 
Input data for GA 

Maximum generation 500 

Population size 100 

Crossover probability 0.9 

Mutation probability 0.1 

Table 2: Input data for GA. 

f  f  0S  
C  

9 secrad 0.4  2 3300 cm sec 2%  50  

Table 3: Seismic and input parameters. [According to the non-stationary Kanai Tajimi process adopted to model 
the seismic action, f is the filter frequency, f is the filter damping, S0 is power spectral density intensity of the-

white noise excitation at the bed rock] 

a) b)

O
F 1

 
 

O
F 2

 
Figure 2: OF1 (a) and OF2 (b) versus T and . 
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a) b)

OF1 OF2      

   

   
Figure 3: OF1 (a), OF2 (b), and Pareto solutions plotted in the space state domain. 

 

high cost
best  protection

low cost
minimum  protection

a) b)

A
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F 2
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Figure 4: Optimal TMD parameters (a) and Pareto front (b). 

 
By analysing the Pareto front and the optimum design variables, two different strategies 

can be distinguished at the aim to optimize the TMD (Table 4).  
The first strategy corresponds to the Pareto front region between the pink star and the 

brown rhombus (region A) concerning low-medium TMD costs. In this region, the TMD in-
creases the vibration protection efficiency essentially working by means of the tuned frequen-
cy. Starting from a low TMD cost (the lowest protection level represented by the rhombus 
symbol) and moving towards higher costs, the optimum TMD frequency ratio increases ob-
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taining higher protection levels, whereas the TMD optimal damping ratio is almost constant 
and equal to its minimum value, as clearly indicated by the location of the optimal solutions 
in Figure 4 (a).  

The second strategy deals with region B (the front portion between the green square and 
the red circle) characterized by high-medium costs; in this portion, the reduction of vibration 
levels in the main structure can be achieved by tuning the TMD frequency to the fundamental 
structural one (as indicated in Fig 4 (a),  is about 0.9 at the level of the pink star). This ten-
dency demonstrates that the best structural protection performance (indicated by the Red Cir-
cle) can be achieved by applying tuned masses with high tuned damping and frequency larger 
than the system one. This gain in terms of protection efficiency is paid by a very high increas-
ing of cost.  

 
Front  portion Kind of strategy Tuned efficiency 

A 
Strategy 1 
 Based on increasing the tuning opti-
mum frequency 

High protection  increasing in comparison to cost  
increasing  
Economically convenient strategy 

B 
Strategy 2 
Based on increasing the tuning opti-
mum damping 

High cost increasing in comparison to protection 
increasing 
Economically not  convenient strategy 

Table 4: Main trends of extreme data. 

4 CONCLUSIONS 

In this work, a multi-objective optimum criterion for TDM device has been proposed, con-
sidering both economic and performance indices. The ratio between the protected and the un-
protected system absolute accelerations has been considered as a first OF. A further objective, 
related to the cost of the protection system, has been introduced. These two OFs are antithetic, 
and therefore the NSGA-II has been performed to achieve the optimum Pareto solutions. Pa-
reto fronts show that two different strategies can be distinguished at the aim to optimize the 
TMD: i) a first strategy based on the increase of the TMD frequency. This strategy leads to a 
high TMD performance in comparison with the cost, and therefore this strategy is economi-
cally convenient; ii) a second strategy based on increasing the TMD damping. In this case, the 
increase of the cost is high in comparison with the protection one. This strategy is economi-
cally not convenient. 
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Abstract. The spatial variability of the ground motion can be a key factor to the design
of cable-stayed bridges to resist seismic actions due to the critical effect of the asynchronous
movement that it introduces between the towers. Cable-stayed bridges are landmark structures
consisting key parts of transportation networks and their integrity must be ensured even under
extreme seismic events. This work examines the effect that spatially variable ground motions
have on the towers of a cable-stayed bridge with 200 m main span. Two different orientations
of the structure are examined in an attempt to shed light into the orientation-dependent seismic
response of the towers. Additionally, three different propagation velocities of the seismic waves
are adopted and the results are compared to those obtained under synchronous ground motions.
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1 INTRODUCTION

Cable-stayed bridges present unique features in terms of interactions among their key struc-
tural components and modal couplings. They are flexible structures with long fundamental
periods that fall in the region of low spectral accelerations and combined with their reduced
number of supports, they are considered good candidates to resist the ground motion. However,
their reduced damping [1] and their reduced mass compared to other types of bridges, makes
them susceptible to seismic actions. Cable-stayed bridges have been associated with the social
and economic growth of the surrounding areas and consequently their design must ensure ade-
quate performance even against extreme seismic events. This is particularly important for the
towers of these structures because the deck is isolated by the cable-system and the inertia forces
developed during the earthquake are concentrated in these members. In fact, the design of the
towers in bridges located in seismic-prone regions is usually governed by the ground motion
[2].

One of the most critical and unpredictable characteristics of earthquakes is that seismic waves
do not remain constant as they travel away from the fault. Their frequency content and ampli-
tude are altered as they pass through successive soil media, and eventually they reach consec-
utive supports of long structures having a variable pattern, introducing this way differential
movements to the supports of such structures [3]. This phenomenon is most commonly referred
to as the spatial variability of the ground motion (SVGM) and has been extensively studied
by many researchers; [4, 5, 6, 7, 8], among others. Spatially variable motions result from the
combination of four important aspects [7, 9]:

• Wave passage effect, which refers to the difference in arrival times of the seismic waves
to different stations and is accounted for by considering a finite value of the wave propa-
gation velocity.

• Incoherence effect, referring to the loss of coherence of the ground motion due to sev-
eral reflections and refractions of the seismic waves in heterogeneous soil media. It is
expressed through the coherency function.

• Local soil effect, which is due to the local soil conditions and their effect on the amplitude
and the frequency content of the ground motion. It is accounted for by assuming different
soils at the supports.

• Attenuation effect, referring to the gradual decay of the amplitude of the seismic waves
with distance as they travel away from the fault. This effect is deemed insignificant for
the scale of man-made structures and is often ignored.

The SVGM is known to affect the internal forces of multiply supported structures but this
effect has not been possible to predict beforehand [4, 9] due to the high unpredictability of the
input ground motion. The differential movement of the supports can change the inertial forces
in the structure and at the same time, additional pseudo-static forces are generated that are not
present when synchronous motion of the supports is assumed [10]. Traditionally, the SVGM has
been considered important only in longer structures and to this end, international code provi-
sions such as Eurocode 8 - part 2 [11] provide critical lengths beyond which the SVGM should
be considered. However, Nazmy and Abdel-Ghaffar [12] demonstrated that the SVGM can have
a greater impact in relatively short cable-stayed bridges because of their increased stiffness in
comparison to longer-span structures. Recently Efthymiou and Camara [13] compared the re-
sponse of cable-stayed bridges with H-shaped towers and different span lengths under a set of
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completely coherent ground motions that only consider the time lag between supports (wave
passage effect). Again, the results showed that the towers of short-to-medium-span bridges
(200-400 m main span) may be more sensitive to the SVGM rather than the towers of longer
bridges (600 m main span). This finding can be associated with the pseudo-static forces caused
by the differential movement of the towers which are more pronounced in stiffer structures [14],
questioning the code-based approach of considering only the length of the bridges and not their
vibration modes when distinguishing which structures are sensitive to the SVGM. In addition,
the asynchronism of the ground motion may be linked with the increased contribution of higher-
order modes to the response [15], these modes being mainly antisymmetric [16] and with no
relevant contribution to the response of the bridge under completely synchronous motions [17].
In fact, a recent study on a continuously monitored cable-stayed bridge with H-shaped towers
and a 215 m main span, showed that dominant vibration modes that are excited under the as-
sumption of uniform motion are de-amplified when non-uniform motions are considered [18].
Another aspect of the propagating seismic motions is the incidence angle of the seismic waves
with respect to the structure. A number of studies have been conducted on the influence of this
incidence angle on the response of bridges. Allam and Datta [19] studied the orientation of a
cable-stayed bridge under uncorrelated ground motions parallel to the three principal directions
and observed that maximum displacements were not obtained when the axis of the bridge was
parallel or perpendicular to the seismic fault. This is also verified by Khan [20] who examined
the effect of the incidence angle on the structural reliability of cable-stayed bridges. More re-
cently, Taskari and Sextos [21] examined the effect of the direction of the wave propagation on
the fragility curves of the piers of a constructed highway bridge and concluded that the seismic
performance of this bridge is strongly influenced by its orientation with respect to the fault.

This paper presents a study on the effect of the SVGM on the towers of a cable-stayed bridge
with H-shaped towers and a main span of 200 m. Two different orientations of the bridge are
considered, parallel and perpendicular to the seismic fault, in an attempt to shed light into the
non-linear response of the towers of such structures.

2 DESCRIPTION OF THE STUDIED BRIDGES AND THE SEISMIC ACTION

2.1 Geometry and modelling assumptions

The parametric models of cable-stayed bridges employed in this study are based on the work
of Camara et al. [22]. The bridges are formed of two concrete towers withH-shape, a composite
deck and two lateral cable planes in a semi-harp configuration. Intermediate piers are placed in
the side spans to constrain the deck vertically. The complete bridge, including the sections of
the towers, deck and cables are defined as functions of the main span length (LP ). This distance
defines the length of the main span (LS) and the height of the tower above deck level (H). The
parametrisation process is summarised in figure 1. The width of the deck is 25 m and it is
formed of two longitudinal I-shaped girders at the edges, connected by transverse I beams at
fixed intervals to ensure the overall stability of the deck, and a 25 cm thick concrete slab on top.
The deck is constrained vertically at the abutments and at the intermediate piers, it is restrained
in the Y direction (perpendicular to the traffic flow) at the abutments and the towers and it is
released both in the longitudinal (X) and the vertical (Z) directions.

Strong longitudinal and transverse reinforcement ratios of 2.4% and 0.8% respectively are
assumed in the towers to ensure adequate concrete confinement. Regarding the properties of the
materials used in this work, the concrete has a characteristic strength of 40 MPa, the structural
and reinforcement steel has a yielding stress of 552 MPa and the prestressing steel has an ulti-
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mate stress of 1770 MPa. The elasticity moduli of the concrete, reinforcement/structural steel
and prestressing steel are 35, 210 and 195 GPa respectively.

Figure 1: Parametric definition of the cable-stayed bridges.

The bridges are modelled using the FE software package Abaqus [23]. The deck is modelled
with ‘beam’-type elements through the centre of gravity of an idealised section that accounts for
the properties of all the individual components forming the deck section, i.e. the longitudinal
steel girders, the transverse steel beams, the concrete slab and the non-structural elements (cable
anchors, railings etc.) (Figure 2). This ‘simplified’ deck section is adopted in order to reduce
the computational cost of the analysis.

'beam'-type
FEM

Deck

B

'beam'-type
FEM

Longitudinal
steel 

rebars

Concrete
fibersTower

3D render

Figure 2: 3D model of the bridge and FE modelling of the deck and towers.

The towers are modelled with ‘beam’-type elements through the centre of gravity of the
section. The ‘fiber-section’ approach is adopted for each node of the tower’s FEM, represented
by concrete fibers and discrete rebars as shown in Figure 2. This consideration applies for the

2174



Eleftheria C. Efthymiou and Alfredo Camara

total of members composing the towers, the two legs and the transverse struts connecting them
at multiple heights of the tower. For the cable system, each cable is represented by one element.
Finally, the flexibility of the tower foundations is simulated with translational springs in the
X , Y and Z directions. The springs’ stiffness is assumed constant during the analysis and it
is estimated by considering the foundation soil equivalent to Eurocode’s 8 [24] Type D. The
rotation of the towers is completely constrained.

For the analyses, the system of equations of dynamics is integrated step-by-step, using
the direct implicit HHT algorithm [25]. The initial and at the same maximum time-step is
0.01 s, whilst it can be reduced down to 1e-12 s to achieve convergence. The structural damp-
ing is defined by using the Rayleigh theory, assuming a damping ratio ξ=2% to account for
the reduced structural dissipation of cable-stayed bridges in the elastic range [1]. The damping
factor is fixed for the first and last vibration frequencies of interest: 0.50 and 20 Hz respectively.

2.2 Seismic action

The seismic action is applied to the foundations of the bridges by means of ten sets of inde-
pendent two-directional, horizontal acceleration histories. These are generated synthetically to
match Eurocode’s 8 [24] type 1 design spectrum for soft soil conditions (TD). To account for
the two principal components of the earthquake, namely ‘Fault Parallel’ (FP) and ‘Fault Nor-
mal’ (FN) components, a reduced design spectrum by 70% is considered for the FP component
[26]. The PGA is equal to ag=0.5g and a reduced damping factor of ξ=2% has been assumed for
the definition of the target spectra. Two different orientations of the bridges are considered; the
bridge axis being {1} parallel (θ=0◦) and {2} perpendicular (θ=90◦) to the fault. For the SVGM,
the wave passage effect is considered by assuming different wave propagation velocities in the
range 250-2000 m/s to account for the propagation in different soils, and the incoherence ef-
fect is considered by employing the loss of coherency model of Harichandran and Vanmarcke
[27]. The methodology proposed by Deodatis [28] is adopted for the generation of the spatially
variable, independent sets of accelerations. Finally, each acceleration set consists of four two-
directional accelerograms, that are applied to the four horizontally constrained supports of the
bridge (abutments and towers).

3 DISCUSSION OF RESULTS

The results presented herein are post-processed to obtain the peak average seismic forces
in the towers, excluding the self-weight. The results are presented in Figure 3 in terms of the
peak seismic longitudinal and the peak transverse bending moments along the lateral legs of the
towers. In each plot the black solid line represents the peak average seismic response from the
synchronous motion of the supports, the coloured band around it shows one standard deviation
centred in the average synchronous response and the remaining coloured dotted lines represent
the peak seismic response from the different wave propagation velocities that are considered
equal to; 250, 1000 and 2000 m/s. In this figure, the peak seismic longitudinal and transverse
response is presented for the two towers of the bridge and for two different orientations of the
bridge with respect to the seismic fault.

First of all, in can be noticed that the overall effect of SVGM on the response values is more
pronounced in the longitudinal direction and not so critical in the transverse direction, which
can be explained by the presence of the cable-system that connects the deck to the towers and
hence, results in an increased stiffness in the longitudinal direction. Another observation is that
the lowest propagation velocity (250 m/s) typically results in the most critical response when
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Figure 3: Peak seismic longitudinal (top) and transverse (bottom) bending moment along the left and right towers
of the bridge with main span of 200 m. The moments are presented for three different wave propagation velocities
and for two different orientations of the bridge with respect to the fault.

compared to the results from the synchronous motion. This can be attributed to the fact that
for lower values of the wave propagation velocity the time lag between subsequent supports
increases and, as a result, the differential movement of the two towers is more pronounced
leading in the pseudo-static forces dominating the response. Additionally, it can be noticed that
the effect of the wave-propagation velocity, and in a broader sense the effect of the SVGM,
changes along the height of the legs. In the top row of this figure it can be seen that effect of the
asynchronous motion is critical for the response at the level of the deck, but at the area of the
legs above the deck level it is beneficial to the response. This verifies the unpredictable effect
of the SVGM on the structures and it also suggests that different areas of the towers should be
examined under the impact of spatially variable motions.

Looking at the different orientations of the bridge, it is noticed that in the longitudinal direc-
tion (top row) the seismic bending moment is maximised for θ=0◦ (i.e. the bridge being parallel
to the seismic fault), whereas in the transverse direction the bending moment is maximised for
θ=90◦, verifying that the response is orientation-dependent.

When assessing the effect of SVGM on the response of the bridge, it can be seen that mostly
in the longitudinal direction, the right tower; T2 (second tower to receive the seismic action)
is more prone to receive damage from spatially variable motions. However, this is not the case
in the transverse direction where the response between the two towers is almost symmetrical.
This can be attributed to the cable-system which triggers movement in the second tower due
to the longitudinal movements of the previous supports and before the earthquake has actually
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reached this tower. In the transverse direction the towers are not directly constrained by the
cable-system and are free to oscillate independently.

In Figure 4 the peak deformation (positive in tension and negative in compression) of the
longitudinal reinforcement bars in the tower during an earthquake is presented for the different
wave propagation velocities and the different orientations of the bridge that are adopted herein.
The maximum compression is recorded at the corners of the concrete and the maximum tension
is obtained at the corner reinforcement bars. The elastic limits of compression and tension of
the concrete and the reinforcement respectively are also presented in this figure. Cracking in the
concrete is not admissible if the reinforcement yields in tension (i.e εtot > 0.26%). It is noticed
that the most critical sections in terms of yielding of the longitudinal reinforcement, are the base
of the tower and the lower area of the cable system where the transverse strut is placed. From
the viewpoint of the orientation of the bridge, the cracking is more severe for θ=90◦. Finally,
as far as the influence of the SVGM is concerned, the different propagation velocities result in
different peak deformations compared to the results form the synchronous case. These, can be
higher or lower than the deformation values from the synchronous motion case, depending not
only on the value of the velocity, but also on the orientation of the bridge. It is interesting to
note that for θ=0◦ (Figure 4, left plot), the SVGM results in higher deformations at the level of
cable-system and with increasing velocities, the deformation tends to match the resulting values
from the synchronous motion case, whereas for θ=90◦ (Figure 4, right plot) this pattern is not
observed and in fact the deformation from c=2000 m/s is lower than the one recorded from the
synchronous case.

Minimum & maximum normal deformation; εtot [%]

εcy = -0.11% εsy = 0.26% εcy = -0.11% εsy = 0.26%

θ θ 9

Right Tower; 2

z

Figure 4: Peak deformation of the longitudinal reinforcement bars along the tower height. The deformations
are presented for three different wave propagation velocities and for two different orientations of the bridge with
respect to the fault.

4 CONCLUSIONS

For this paper, the non-linear seismic response of the towers of a cable-stayed bridge with
H-shaped towers and main span of 200 m under the effect of spatially variable motions has
been assessed. Different values of the propagation velocity of the seismic waves have been
considered to account for the propagation in different soils along with two different orientations
of the bridge with respect to fault. The main findings of this research can be summarised in the
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following:

• The wave propagation velocity is an important factor and may define whether the effect
of the SVGM is beneficial or detrimental to the towers.

• The orientation of the bridge should be considered because different orientations results
in different response values being maximised.

• The effect of the SVGM is more critical in the longitudinal direction due to the presence
of the cable-system, and usually the second tower to receive the earthquake is the most
critical between the two.

• The effect of the SVGM may differ significantly in different parts of the towers and hence
the most critical sections should be examined when assessing the overall effect of the
SVGM on the tower.

• The SVGM results in a different amount of damage in the tower that is dependent on the
assumed value of the wave propagation velocity and also on the orientation of the bridge
with respect to the fault.
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Abstract. Oblique incidence waves play a vital role in the spatial variation of seismic ground 

motions. It is important to consider the oblique incidence of a seismic wave in a valley or in 

other complex topographies. It is too expensive for realistic 3D simulations of a soil-bridge 

system. In the work reported here, an efficient method of artificial boundary has been 

substantially improved, and the numerical simulation method of free field with uniform 

topographic under oblique incidence waves is studied. The numerical accuracy is tested by 

comparing with the analytical solutions. A finite element model of a bridge-soil system is built 

to analyze the seismic response of a continuous rigid-frame bridge with high piers located in 

a plain topography as well as deep valley with the consideration of oblique incidence waves. 

The topographic effect on amplitude and distribution of internal forces were determined for 

different oblique incident angles and different shear wave velocities of the soil. The dynamic 

response of this bridge under P-wave and SV-wave are summarized. The results show that the 

angle of the oblique incidence waves has greater effect on internal forces of the piers and 

piles in a deep valley than in uniform field shapes. If the bridge is located in a valley, the 

effect of oblique incidence waves on the bridge should be considered. 
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1. ITRODUCTION 

The non-uniform effects of long-span bridges under spatial variations of ground motions 

cannot be neglected. The oblique incidence of the waves is one of the most important spatial 

effects. Based on common models, earthquakes are mainly expected to be shear waves 

propagating vertically. However, in near fields, the seismic waves have oblique incidence 

with spatial distributions characters. It means that there are different amplitudes and durations 

at different locations of the structure. Two directions, including horizontal and vertical 

directions, coupled together have great effect on the soil-structure dynamic interaction system. 

In recent years, there have been many studies for seismic response considering oblique 

incidence waves. But most of the studies concern the analysis of underground soil-structure 

systems, which include subway stations and buried pipes. The studies have shown that the 

response of the underground structure under oblique incidence waves is different from those 

under vertical wave only. The structure is not safe by neglecting the oblique incidence waves 

under this condition[Du et al., 2007, Wang et al., 2008, Chen et al., 2007, Alys et al., 1992]. 

Bonganoff et al. [1965]found that the non-uniform excitation is significantly different in 

various types of structures. The time-lag effect in seismic wave propagation has an influence 

on a large-span structure. The spatial distribution in seismic field was first considered in the 

European code [EN, 1995]. The spatial distribution has also been included in seismic analysis 

of large-span bridges in the Chinese code [JTG/TB 02-01-2008, 2008]. 

 It is a reasonable assumption that a small structure on a plain topography subjected to a 

uniform seismic wave is used in the analysis of a soil-structure dynamic interaction numerical 

model. Topography can cause scattering and diffraction of incoming seismic waves, and can 

result in amplifications and de-amplifications of earthquake ground motions [Trifunac. 1973, 

Zhang et al., 2012]. The seismic wave propagation will be difficult to calculate owing to the 

complex topography, which has great effects on bridges with high piers, especially those with 

quite varied pier heights or long spans. This problem brought concerns to researchers[Liu et 

al., 2011, Zhou. 1992]that the seismic ground motion is obviously different in a valley than in 

the plain. These differences and their spatial effects should be considered. [Liu, 2005] studied 

the seismic response of bridges under oblique incidence and the topographic effect. The 

results show that the response of the structure is larger in comparison with the traditional 

consideration of the vertical wave. So the effect of oblique incidence waves on the bridge 

should be considered for complex topographic.  

Many earlier studies have numerically modeled seismic wave scatter around a single 

canyon or hill mainly in order to compare the results of numerical approaches with an 

analytical or semi-analytical solution[Gaffet and Bouchon, 1989]. Rayleigh method is 

proposed for investigating the amplification by surface topographic irregularities in 

reference[Paolucci, 2002]. A hybrid FD-FE (Finite difference and Finite element) method for 

interaction between topographic irregularities and seismic ground motion was also 

explored[Ariane and Mideo, 2012]. Also, some authors have applied numerical methods to 

study wave propagation in more complex real cases. However, few systematic studies have 

been conducted to analyze the interaction between structure and the typical topography with 

oblique incidence waves. 

In spite of all the studies above, it is still complicated to consider how to input earthquake 

waves, especially oblique incidence waves, directly on the soil-structure system. We present a 

procedure for how to conduct a simple finite element analysis(FEA) model considering soil-

structure interaction and how to input the seismic waves with oblique incidence in finite 

element analysis. The method used in several case studies to show the effect of the 

topography and the angle of the oblique incidence waves on bridges. 
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2. EQUIVALENT ARTIFICIAL BOUNDARY ELEMENT 

The finite element method is widely used in numerical analysis considering local non-

regular topography. Studies shows that the damping ratio of the structure-soil system 

increases by 25% compared with a model with spring and dampers. The latter model responds 

differently from the more accurate former system [Zhang et al. 2001, Sun et al. 2002]. In the 

structure-soil system the limited computing area should be cut from the unlimited earth 

medium. An artificial boundary is added to the boundary to simulate the radiation damping of 

a continuous medium. It should be verified that the radial waves do not reflect back to the 

limited computing area. The numerical approaches that have been developed include 

absorbing boundaries, the Boundary Element Method, infinite elements， the thin-layer 

method, perfectly matched layers and the scaled boundary FEM (SBFEM). Extensive reviews 

of most of these methods are available and not repeated here[Gu, 2007]. 

 Absorbing boundaries including the global artificial boundary usually possess high 

accuracy and good robustness, but are complicated and computationally expensive. The local 

artificial boundary, viscous boundary, proposed by Lysmer and Kulemeyer [1969], is known 

as the differential artificial boundary condition. The movement of a boundary joint is just 

dependent on the adjacent points. Owing to its simplicity and good applicability, the viscous 

boundary has been applied widely in wave problems. [Deeks, 1994] established a 2D artificial 

boundary in the time domain based on the cylinder wave theory. Based on it, [Liu, 

2005]introduced the viscous-spring artificial boundary in 2D, and derived a 3D viscous-

spring artificial boundary using the spherical wave theory. The viscous-spring artificial 

boundary has the stiffness parameters to consider the elastic recovery. It is better than the 

viscous boundary, which are not stable in low frequency. The model with this boundary can 

simulate the radiation damping and elastic resumption behavior of the semi-infinite medium.  

As stated above, lots of artificial boundary methods have been proposed. Most of the 

methods are complicated and not easy for engineering applications. It is an acceptable method 

to add forces on nodes with the equivalent force based on the concept of a viscous-elastic 

artificial boundary. Based on the theory of a viscous-spring artificial boundary, a simple 

method to solve the soil-structure dynamic problem and meet the engineering precision is 

proposed here. An equivalent viscous-spring artificial boundary element is developed in this 

section for building the simple model of the soil-structure dynamic interaction system.  

2.1 Development of equivalent artificial boundary element 

The 3D viscous-spring artificial boundary equations were deduced by the spherical wave 

theory. In the spherical surface r=R, the normal stresses in the medium are given in terms of 

the displacement by 
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The 3D artificial boundary equations in tangential direction have the form 

  （2） 

According to the wave propagation equation in spherical coordinate, the boundaries are 

equivalent to a series of distributed springs and dampers system in three directions[Li, 2005]. 

According to the numerical adjustment, the coefficient deduced from the total space can be 

changed to a half space problem. In the 3D system, using the variables αT and αN, the elastic 

stiffness coefficient K and the damping coefficient C can be represented as 
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 KBT =aT

G

R
, CBT = rcs  (3) 

 KBN =aN

G

R
, CBN = rcp  (4) 

where KBT and CBT are tangential stiffness and damping coefficient, respectively; KBN and 

CBN are normal stiffness and damping coefficient, respectively. R represents the distance 

between the wave source and the artificial boundary, cs and cp represent the velocity of the 

shear wave and the compression wave in the soil, respectively, G is the shear modulus, ρ 

represents the mass density, αN is coefficients range from 1 to 2.0, and αT is coefficient range 

from 0.5 to 1. The recommended value of αN  is 1.33 and αT is 0.67[Gu, 2005].  

The dynamic soil-structure system with the viscous-spring boundary is shown in Fig. 1. 
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Fig. 1. Equivalent spring-damper system on artificial boundary 

It is not convenience that the spring-damper system needs to be added on every node of the 

boundary surface of the large 3D soil-structure model. An equivalent artificial boundary 

element proposed here is to extend a layer of elements with the same type of inside elements 

along the normal direction. This equivalent solid element replaces the springs and dampers 

system as the boundary element. The outside boundaries of the artificial boundary element are 

fixed.  

The replacement rule is based on the theory that both methods, spring-damper system and 

equivalent element, have the same stiffness. A simple solid finite element with eight nodes 

and six surfaces has been applied to simulate the 3D consistent artificial boundary. The solid 

element is shown in Fig. 2. 
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Fig.2. The hexahedral element 

According to the shape function and the formula of matrix K 

  

        

（5） 

The stiffness matrix of element about node 1 is 

[ ] [ ] [ ][ ]TK B D B d 
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（6） 

Where m= E
1- v

(1+ v)(1- v)
， n = E

v

(1+ v)(1- v)
，g =G。 

when h approaches zero, the matrix about nodes 1,2,3,4 is close to 

 

 

       

（7） 

 

 

The element stiffness matrix [K]B-3d of the consistent viscous-spring artificial boundary can be 

formed by integral operation too, which can be derived as 

 

 

                     

(8) 

 

Comparing Eq. (7) with Eq. (8), when  is true, then 

 

 

（9） 

Arranging Eq.(9), the equivalent shear modules and elastic modules of boundary elements are 
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（10） 

The damping matrix is  

    
（11） 

In which 



















BN

BT

BT









00

00

00

][

 

where η is damping coefficient, which is in proportion to the stiffness in tangential and 

normal directions, respectively. 

The coefficient and  are  

 
 

（12） 

 
 

（13） 

Applying to most of FEM software, there is only one damping coefficient can be set. 

Defined by isotropy material property, the average coefficient  is  

 
 

（14） 

where, R represents the distance between the wave source and the artificial boundary, Cs and 

Cp represent the respective velocities of the shear wave and the compression wave in the soil 

respectively, G represents the shear modulus, ρ is the mass density, while αT and αN are 

respective coefficients whose values are specified with KBT and KBN calculated in equation 

(1).  

According to Equations (10) and (14), the parameters of the equivalent element, , and 

, are defined for the orthotropic materials. But for the isotropic material, owing to the 

property limitation,  and  are dependent and their values should meet the implicit 

relationship about 

                                                   （15） 

when 

a =a
N

/a
T
                                                       （16） 

Consider Eq.(10) , Eq.(15) and Eq.(16), the relationship of equivalent Poisson’s ratio and α 

can be expressed as 

                                                    （17） 

The relationship of  and α is shown in Fig.3. As we can see, if α<2,  is a negative value. It 

breaks the normal physical material limitation laws in finite element (Poisson’s ratio should 

be in range between 0 and 0.5). In this case of α<2, we set 

=0    

Then, we obtain  
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                                            （18） 

It is shown in Fig.4 that if there has a limitation condition α≥2, the values of αT and αN are 

not equal to the values defined in Table 1. So we have studied the robustness of this 

equivalent artificial boundary.  

               

             Fig. 3. Relationship of  and α                             Fig. 4. Relationship of ,  and  

2.2 Verification 

Lamb problem  The Lamb problem, which is also called the Dynamic Boussinesq problem, is 

chosen to verify the method above. The computational model of the Lamb problem is shown 

in Fig.5(a). This is a model with dimensionless form. The mass density of the solid is 1.The 

shear modulus is 16, and the Poisson ratio is 0.25. The 3D model size is 110.5. The time 

step is 0.01s. The loading function is described by δ function shown in Fig.5 (b) and the 

loading duration is 0.5s. In this example, αT is chosen as 0.67, αN as 1.33 and R as 0.5 and 

h=0.01. The equivalent artificial boundary is a solid element stretching from model with outer 

surface fixed.  
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Fig.5. Lamb Problem 

The time histories ofvertical displacements  for one observation point on the model surface 

are shown in Fig.6. The curves include the analytic solution and the results computing with 

the viscous boundary, lump viscous-spring artificial boundary and the equivalent viscous-
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spring artificial element boundary model. In Fig.6, the curve of consistent viscous-spring 

artificial boundary approaches to the lumped viscous-spring artificial boundary. Both curves 

are close to the theory solution. The consistent viscous-spring artificial boundary can be 

applied simply by using equivalent boundary element. Consider l=2 ab . The parameter h, 

which is proportion to the l, is changed to test the robust of the three-dimensional equivalent 

boundary element. The displacements of the observed points with different sizes of h are 

shown in Fig. 7. The relationship of parameters h, a and b is shown in Fig.2. r is distance 

from point of load. 

 

0.0 0.5 1.0 1.5 2.0

-0.025

0.000

0.025

0.050

 

 

Di
sp
la
ce
me
nt

Time

 Equivalent Element Boundary 
 Lumped viscous-spring  
 viscous
 Fix
 General Solution

r =0.20

0.0 0.5 1.0 1.5 2.0

-0.025

0.000

0.025

0.050
 Equivalent Element Boundary 
 Lumped viscous-spring  
 viscous
 Fix
 General Solution

 

 

Di
sp
la
ce
me
nt

Time

r =0.40

 

(a) r=0.20                                                                   (b) r=0.40 

Fig. 6. The time history for displacements of observe point 
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Fig. 7. Results with different sizes of boundary element 

Layered half-space infinite problem  The 3D model size is 221. The density of medium is 

1. It is divided into two layers. The cs and ν of the upper layer are 2 and 0.3, respectively. The 

cs and ν of the bottom layer are 4 and 0.25, respectively. The range of the uniform load p(t) is 

-0.5 £ x, y £ 0.5, and the loading duration is 1.0s. The other parameters are the same as the 

values defined in the above example. 

The displacement of the observed point along the z direction is shown in Fig. 8. The theory 

solution is the expanded solution obtained by the FEA. The 3D equivalent boundary element 

has the same accuracy and stability as the lumped viscous-spring artificial boundary model. 

The robust of the parameter h is studied in Fig. 9. The results show that the size of the 3D 

equivalent boundary element has little effect on the results. 
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Fig. 8. The time history of displacements for observe point 
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Fig. 9. Results for the layered half-space problem with different h/l 

From the study above, the equivalent boundary method has the same accuracy with the 

original spring-damper system. It is convenient that the thickness of the equivalent artificial 

boundary element can be changed on a large scale. 

3. INPUT SEISMIC WAVES WITH OBLIQUE INCIDENCE 

3.1 Input seismic waves 

P waves and SV waves can be interchanged when they pass through the boundary of 

different mediums. Waves of oblique incidence produce P and SV waves and their reflected 

waves are shown in Fig.10.  
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Fig.10. Sketch of oblique incidence propagation 

Let the horizontal direction as the x-axis and vertical direction as y-axis. There is an angle, 

θ, between the motion direction and y-axis. The apparent wave velocity along horizontal 

direction is shown in Eq. (19), 

 

 

 
 （19） 

 

in which cx is the horizontal apparent wave velocity and cp1 is the propagation velocity in a 

medium of layer 1. According to the Snell rule, the shear velocity in the horizontal direction 

in each soil layer is the same. The horizontal velocities of seismic waves have the following 

relation, 

 

  ==      cx                                                  （20） 

 

in which cs1 is the velocity of the S wave propagating in layer 1. cp1 is the velocity of the P 

wave propagating in layer 1. cs2 is the velocity of S wave propagating in layer 2. cp2 is the 

velocity of the P wave propagating in layer 2. 

Considering the effect of traveling wave, when the P wave propagates in oblique incidence, 

the displacement in the free field can be written in Eq. (21) in the elastic medium of the layer. 

 

 

 
（21） 

 

Substitute t as Δt (time step), the equation can be written as 

 

  （22） 
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The free fields response of an half space subjected to oblique incidence can be calculated 

by the time history method of one dimension
0
. According to the wave motion in Eq. (22), 

displacements of left, right and bottom boundaries can be calculated. The finite element 

method of lumping mass, which means the motion of any node is only related to the 

neighboring nodes, is used to calculate the time-history force in the three faces of the 

boundaries. Considering the accuracy and stable of the numerical solution, this method should 

meet the following condition:  in S wave and  in P wave. 

According to the method mentioned above, the problem of the seismic wave propagation is 

transferred to the problem of the wave source. A program of adding equivalent loading on the 

artificial boundaries is made by MATLAB software. The angle, θ can be set to 0 when 

neglecting oblique incidence. The procedure is shown in Fig. 11. 
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Fig.11 Flowchart of solution for the equivalent load on the node of artificial boundary 

3.2 Verification of the procedure 

A model of layered media, as the example used in reference [Wang, 2007], is selected for 

testing the accuracy of the method. A layer of artificial boundaries is set on the left, right and 

bottom sides of the free field. The equivalent loading is added on each node of the boundary 

in both x and y directions. A sketch of the model is shown in Fig.12(a). The displacement 

time history of the input curve for point B is shown in Fig.12(b). The parameters of the soil 
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are shown in Table 1.  
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Fig. 12 Sketch of the model and the input wave 

Table 1 Parameters of the soil 

The results shown in Fig.13 are close to the results in reference [Wang,2007], which 

showed as ux and uy in Fig. 13. The results validate the input method proposed.  
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                   (c)   θ=0.001°  SV wave                          (d) θ=30°  SV wave 

Fig.13. Time history curves of displacement with different angles  
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4. CASE STUDY 1: APPLICATION TO PLAIN OBLIGUE AND NON-OBLIGUE 

CASES 

4.1 The plain non-obligue case  

A numerical model was built of a continuous rigid bridge with the total length of 560m and 

its spans of 100m+180m+180m+100m.  The pier is a RC double wall of 2 m thickness, 9.0 m 

depth, and about 30 meters height. The diameter of the circle pile is 2.8m with length of 20m . 

The main features and the basic dimensions of the bridge are shown in Fig.14(a). The 

numerical model of the bridge-structure system is shown in Fig.14(b).  The parameters of the 

model elements and soils are shown in Tables 2 and 3, respectively. The longitudinal 

direction along the bridge is ordinates x, perpendicular to which is transverse direction of 

ordinates y and vertical direction of ordinate z. 

2 3 4

 

  (a)   Elevation                                                    

 

                           (b) Soil-bridge finite element model   

Fig.14. Layout of the long-span bridge and FEA model 

Type of Elements BEAM188  MASS21  SOLID45 BEAM4 

Component of 

Structures 
Girder, pier, pile  Lump mass  Soil Rigid 

Table 2 FEA model and element 

No. VS (m/s) VP (m/s) μ Ρ (kg/m3) Thickness (m) 

1 350 633.2 0.28 2100 10 
2 400 723.6 0.28 2100 10 
3 500 866 0.25 2200 30 

Table 3 Material parameters of multi-layered soil 

4.2 Input seismic wave 

Three earthquake waves are selected including Loma Prieta(NS,GMR090), Kobe(NS,JMA) 

and Qianan(NS, Tianjin Hospital station) accelerogram. The peak ground accelerations of the 

three waves are scaled to 0.1g. The waves of displacement and acceleration are shown in 

Fig.15. The earthquake input is considered in the longitudinal direction with wave 

propagating from left to right. It is shown in Fig.16 that the three waves have different 
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frequencies. Most of the Kobe waves are within the limits of low frequencies with high 

frequencies decreasing rapidly. Qianan waves have more high frequency components. The 

displacements of the spectrum curves are differentiated, as shown in Fig.16(b).  
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Fig.15. The history curves of acceleration and displacement of the input earthquake waves 
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      Fig.16. Fourier spectrum curve of the input waves 

4.3 Oscillation characteristics of the local site-bridge system 

The open system is turned to a closed system by adding a local artificial boundary 

condition. The oscillation characteristics of a local site-bridge system are studied. The first 

five modes of vibration are listed in Table 5. The first vibration mode is longitudinal drift. 

The first, second and 30
th

 mode of the soil-structure are shown in Fig.17. 

Modes Freqency（Hz） Shape characteristic Participation factor 

1 0.35619 Longitudinal drift of main girder 7011.0 

2 0.71726 Anti-symmetric Transverse bending of main girder 0.0024 

3 0.73761 symmetric Transverse bending of main girder -0.00024 

4 0.83761 Anti-symmetric vertical bending of main girder 29.758 

5 1.0158 symmetric vertical bending of main girder 0.425 

Table 5 Dynamic Characteristic 
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Fig.17. Vibration mode of a structure-foundation system  

4.4 Response of bridge system subjected to oblique incidence waves case 

The bottom and top of the continuous rigid frame bridge are the vulnerable parts under 

earthquake. The internal forces of the piers are studied below, focusing on bottom of the piers. 

The number of piers and the location are shown in Fig.14(b).  

The three waves travel as P and SV waves are analyzed under different oblique incidence 

angles. The shear history curves of the 3
th

 pier are shown in Fig.18. The shear forces under P 

waves are generally smaller than those under SV waves. Moreover, the shear forces increase 

with increasing angle of incidence for P waves while the effects of angle if incidence is less 

evident for S wave input.  
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Fig.18. Response history curves of shear forces under three earthquake waves with different angles of incidence  

The bending moment and axial forces of three main piers are shown in Figs.19 and 20, 

respectively. The forces of the piers are not symmetric to the central pier any more when the 

angle of input of waves is not vertical. The angles of incidence waves differed from affecting 

the axial force and the bending moments. The bending moments My of all three piers increase 

as angles of P incidence wave increase with the axial forces of some piers increasing. It is not 

the same rule to the axis forces. The response under P waves is usually smaller than that 

under SV waves. But the increase is obvious so the effect should be noticed. The figures show 

a reverse trend to the forces under the SV waves. The bending forces decrease as angles 

increase. On the contrary, the axial forces of the piers are increased as the angles increase.  
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Fig.19. Maximum amplitude of bending moment under three earthquake waves with different angles of 

incidence  
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Fig.20. Maximum amplitude of axial forces under three earthquake waves with different angles of incidence 

5. CASE STUDY 2: THE TOPOGRAPHIC SHAPE OBLIGUE CASE  

5.1  Case study model 

The finite element model with the same bridge shown in Fig.14 and non-horizontal soil 

profile is shown in Fig.21. 

 

Fig.21 The numerical model of bridge with special topographic shape 

5.2 Input seismic wave 

We selected the Anza Earthquake record that has a short duration to reduce the time for 

computing. The time history curves of acceleration and displacement are shown in Fig.22. 

The peak of the displacement is 0.16cm. The time step is 0.004s.  
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5.3 Results and discussion 

The results of the internal forces are compared for vertical and oblique incidence of input 

waves. The bottom and the top of the pier are the most vulnerable locations in this rigid 

continuous bridge. The force at the bottom is larger than that at the top in this case. So the 

internal forces at the top of piers are studied. The locations of the numbered piers are shown 

in Fig.14(a). The amplitudes of the internal forces of the piers subjected to P waves of 

different input angles of the oblique incidence wave are shown in Fig.23. The results show 

that the shear force of the middle pier is smaller than the other two piers. The shear force and 

moment of the piers with seismic wave in the vertical direction are smaller than the force and 

moment with wave characterized by angle of incidence of 30 degree. Conversely, the axial 

force of the piers is larger for vertical incidence.   
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Fig.23. Maximum amplitude of internal forces at bottom of piers under oblique incidence P waves 

The amplitudes of the internal forces of piers with SV waves of different input angles of 

the oblique incidence waves are shown in Fig.24. The shear force of the middle pier is smaller 

than those of the other two piers as well. But the results of the SV waves show a reverse trend 

from the P waves. The shear force and moment of the piers with a seismic wave in the vertical 

direction are larger than the force and moment with wave characterized by angle of incidence 

of 30 degrees. Conversely, the axial force of the piers is smaller for vertical incidence.   
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Fig.24. Maximum amplitude of internal forces at bottom of piers under oblique incidence SV waves 

Considering ratio of the values computed from the vertical and oblique incidence input, an 

index can be calculated as follows: 

2199



Yin Gu, Hongxiang Guo and Weidong Zhuo
 

                                                                        (23) 

in which F0 is the internal force of the piers including shear forces, axial forces and moment 

computed by vertical input; F is the internal force computed by an oblique incidence wave.  

The indices of non-uniform effects for piers in a valley under oblique incidence waves at 

30 degrees are shown in Table 6. It is shown that the oblique incidence waves have a great 

effect on the piers of bridges in the valley. 

Internal forces 
ηP ηSV 

Pier 2 Pier 3 Pier 4 Pier 2 Pier 3 Pier 4 

V 552% 874% 477% -53.28% -62.39% -62.80% 

N -13% -24% -27% 118.86% 274.26% 259.41% 

My 359% 319% 344% -44.76% -29.41% -56.02% 

Table 6 Indices of non-uniform effects for piers of a valley under oblique incidence waves at 30 degrees 

6 CONCLUSIONS 

This study is focused on building a simple model of bridge-soil dynamic interaction 

considering the effect of oblique incidence waves. The three-dimensional equivalent 

viscoelastic boundary element is introduced based on the theory of viscoelastic artificial 

boundary. The open system is turned to a closed system using local artificial boundary. A 

seismic inputting procedure of oblique incidence waves is proposed by adding equivalent 

loading on the artificial boundaries. The seismic analysis of a continuous rigid frame long-

span bridge was studied under oblique incidence waves. The amplitude and distribution of 

internal forces of piers were studied. The influencing factors including seismic waves input, 

oblique incident angle and shear wave velocity of the soil were analyzed.  

The input angles have different effects on the dynamic response of continuous rigid frame 

bridges under P-wave and SV-waves.The results show that the shear force and moment of the 

piers under P waves in the vertical direction are smaller than the force and moment with 

inputting waves at a 30 degree angle. The axial force of the piers is larger in the vertical 

direction. For the seismic SV waves, on the contrary, the shear force and moment of the piers 

under wave in the vertical direction are larger than the force and moment with inputting 

waves at a 30 degree angle. The axial force of the piers is smaller in the vertical direction. It is 

shown that the oblique incidence has great effects on the long-span bridges with high piers, 

and affects bridges in a valley.  
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Abstract. The seismic signals, recorded at different surface points during the propagation of 

the seismic waves through soil, show differences due to the soil-wave interaction. The seismic 

design actions should be evaluated properly in case of distant foundation points as these dif-

ferences can be great. In this paper, asynchronous seismic signals are generated at surface 

starting from a few well-known recordings for the same seismic event. The EW accelerometric 

components of the main shock recorded at two recording stations (AQA, AQV) near L’Aquila 

city (Italy) on 4-06-2009 are the generation inputs. The seismic wave propagates along the 

direction between AQA and AQV. These signals are representative of a possible asynchronous 

excitation applied on a bridge. Five arrays of asynchronous accelerograms are generated at 

the foundations of the bridge to perform statistical elaboration of the results. Different bridge 

positions are supposed along the propagation direction of the wave to evaluate the spatial var-

iability of the generated signals. The generated signals at AQA and AQV stations are compared 

with the available recordings at the same points (generation inputs) in term of power spectra, 

acceleration and displacement response spectra. Finally, the most detrimental soil distortions 

for the bridge deck are calculated for some bridge positions. 
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1 INTRODUCTION 

The seismic actions used to design long structures, as bridges, should be attentively evalu-

ated as the signals, recorded at distant foundation points in occasion of the same seismic event, 

can be much different. Signal frequency content varies from point to point for at least two rea-

sons: soil-wave interaction; wave traveling time from one point to the other. 

However, synchronous actions are usually considered during the design and this practice can 

be unsafe in case of long structures [1-12]. There are a few international design codes [13-14] 

which consider the effect of asynchronous seismic actions applying relative displacements 

among the foundation points. However, comprehensive analyses are needed to their calibration 

and further research efforts are necessary.  

The asynchronous signal transformation from point to point can be performed by means of 

different models [15-29]. In this paper, a new procedure is presented to generate asynchronous 

seismic signals (accelerograms) at the ground surface starting from a few well-known acceler-

ometric recordings for the same seismic event at different surface points. This procedure con-

siders the signal frequencies content variation and the different arrival time of the wave from 

point to point. The numerical asynchronous signals generation procedure described in [6, 7] 

was improved [28, 29] and implemented in MATLAB [30] as a framework of functions named 

GAS 2.0 -Generation of Asynchronous Signals -.The signal frequency content at each point is 

calculated by assuming a normal distribution of the signal amplitudes. The mean and variance 

of this normal distribution are obtained from point to point considering the amplitudes of the 

signals generated at previous points by means of the joint conditioned probability theory and 

the covariance matrix of the propagation problem. The frequency content of the input signals 

and the coherence function that describes how the signals frequency content changes from point 

to point include local site effects and frequency content variation in the generation procedure 

[19]. The EW accelerometric components of the main-shock recorded at two stations (AQA 

and AQV in [31]) near L’Aquila city (Italy) on 04-06-2009 were the generation inputs. A bridge 

located in a highly seismic area was chosen as case study. This bridge was designed considering 

the modern design code philosophy [13, 14, 36-39]. 

The three foundation points of this bridge were located at three positions along the wave 

propagation direction to study the spatial variability of asynchronous motion. Five arrays of 

asynchronous accelerograms, each composed by nine signals (three foundation points for three 

bridge positions, Figure 1), were generated starting from the same inputs. This number of gen-

erations permitted a statistical elaboration of the results. The generated signals at AQA and 

AQV stations were compared with the recordings at the same points (generation inputs) in term 

of power spectra, acceleration response spectra and displacement response spectra.  

Finally, the displacement histories of the generated accelerometric signals were obtained by 

SEISMOSIGNAL software [32]. The elaboration of these displacement histories permitted to 

find the soil distortions which are the most detrimental for the bridge deck. 

 

2 CASE OF STUDY 

A bridge, that results a critical element in a network of structures and infrastructures after an 

earthquake [32-35], represents a valid case of study to evaluate the effects of asynchronous 

actions on bridges. It is supposed that this bridge is placed in Aterno valley near L’Aquila city 

(Italy) where there are two recording stations AQA and AQV (station code in ITACA [31]) 

placed on two different soils U-AQA and U-AQV (Figure 1) with characteristics described in 

[28, 29]. The three foundation points of the bridge, which have a mutual distance of 50 m, were 

placed in three different positions along the line that connect the two stations AQA and AQV 

(direction x, Figure 1): (i) the position 123 near the station AQA (each foundation point on soil 
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U-AQA); (ii) the position 456 near the middle point between AQA and AQV (foundation points 

on soil U-AQA or on soil U-AQV); (iii) the position 789 near the station AQV (each foundation 

point on soil U-AQV). These positions were chosen to consider accelerometric signals at the 

bridge foundations which have differences due to: (i) the distance among the generation points 

and (ii) the local site effects due to the soil characteristics below each generation point. 

 

 
Figure 1 Three alternative positions (123, 456 and 789) of a bridge along the seismic wave propagation direction 

(x); U-AQA and U-AQV are the two different soils crossed by the seismic wave; The generated accelerograms are 

indicated by red lines whereas the generation input signals recorded at point 1 and 7 (locations of the recording 

stations AQA and AQV) are indicated by green lines 

 

The software GAS 2.0 -Generation of Asynchronous Signals- was used to obtain the asyn-

chronous accelerometric signals at surface on the base of the generation procedure described in 

[6, 7, 28, 29]. The EW accelerometric components of the main shock recorded at the recording 

stations AQA and AQV (station code in ITACA [31]) on June 4 2009 were the generation inputs 

for this procedure. The generation was performed assuming (Figure 1): (i) the EW accelero-

metric component of the main shock that moves the soil in the y direction (Figure 1) while it 

propagates along the direction x (Figure 1); (ii) the recording stations AQA and AQV placed 

on the direction x (points 1 and 7 correspond to the positions of the stations AQA and AQV 

respectively); (iii) nine generation points 1-9 (three foundation points for three bridge positions, 

Figure 1) placed on the soil U-AQA or on the soil U-AQV; (iv) the characteristics of the input 

signal (power spectrum) recorded at AQA to include the local site effect (wave-soil interaction) 

in U-AQA for the generation points 1-4; (vi) the characteristics of the signal (power spectrum) 

recorded at AQV to include the local site effect (wave-soil interaction) in U-AQV for the gen-

eration points 5-9. 

The local site effects lead to the amplification of the original bedrock signal at the ground 

surface. These signal transformations depend on the peculiar characteristics of the soil crossed 

by the seismic wave. The amplifications of the bedrock signal in the soils U-AQA and in the 

soil U-AQV are different; it is evident from the comparison between the power spectra of the 

EW components recorded at AQA and AQV stations placed on U-AQA and U-AQV soil re-

spectively (Figure 2).  

The frequency content variation from point to point was modelled by the Van Markel et al. 

model [19, 20]. The parameters of this model were calibrated [28, 29] using the recordings at 

AQA and at AQV assuming the shear wave velocity Vs equal to 580 m/s according to the 

NTC2008 [14] indications in case of soil B. 

The different arrival times of the wave front at the different generation points were calculated 

assuming that the seismic wave propagates along the x direction from 1 to 9 moving with a 

speed Vapp equal to 2000 m/s. 

Five arrays composed by nine asynchronous accelerometric signals (generation points from 

1 to 9, Figure 1) were generated. Each array describes a different numerical evaluation of the 

signals which can be recorded at the generation points during the propagations of the selected 

seismic event along the direction x. 
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3 RESULTS OF THE GENERATION OF ASYNCHRONOUS SEISMIC SIGNALS 

The five arrays of accelerometric signals generated in §2 permitted a statistical analysis of the 

results evaluating the mean, the mean plus and the mean minus standard deviation curves of: (i) 

the power spectra (§3.1); (ii) the acceleration response spectra (§3.2); (iii) the displacement 

response spectra (§3.3). 

Firstly, the characteristics of the generated signals at the points 1 and 7, where are placed the 

stations AQA and AQV, were compared with the available recording at the same points (input 

of the generation procedure) to check the reliability of the generation procedure. 

Subsequently, the displacement histories at each generation point were calculated by 

SEISMOSIGNAL [32] starting from the generated accelerometric signals. These displacement 

histories will be used in [11] to evaluate the bridge response in case of asynchronous excitation. 

The soil distortion at time t1, when the distance of one foundation point respect to the line 

drawn between the other two foundation points is maximum, was calculated for three genera-

tions considering the bridge position 123 and 456 (Figure 1). These soil distortions are reason-

ably the most detrimental for the bridge deck. 

3.1 Power spectra comparison 

In Figure 2 the power spectrum curves of the input signals (black dotted line, Figure 2) at 

point 1 and 7, where are placed the stations AQA and AQV (Figure 1), were compared with the 

mean curves of the power spectra obtained for the five generated signals at the same points (red 

line, Figure 2). The power spectra were evaluated using SEISMOSIGNAL [32] by the expres-

sion (1): 

 

PowerAmplitude = FourierAmplitude2/(Pi*duration*RmsAcc
2)   (1) 

 

where the duration is the time length of the record and RmsAcc is the Root-mean-square of the 

acceleration. It is possible to observe that there is a general good agreement between generated 

and recorded signals. 

 
Figure 2 Generation of asynchronous signals: comparison between the mean curve of the power spectra (P1 gen. 

mean and P7 gen. mean; red lines) obtained considering five generated accelerometric signals and the power spec-

trum curve of the recorded accelerogram (AQA and AQV; black dotted line) at points 1 (left) and 7 (right) 

3.2 Acceleration spectra comparison 

In  Figure 3 the acceleration response spectra of the input signals (black dotted lines, Figure 

2) at point 1 and 7, where are placed the stations AQA and AQV (Figure 1), were compared 

with the mean, the mean plus and the mean minus standard deviation curves of the acceleration 
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response spectra obtained for the five generated signals at the same points 1 and 7. The accel-

eration response spectra were obtained by SEISMOSIGNAL [32]. It is possible to observe that 

there is a general good agreement between generated and recorded signals. 

 
Figure 3 Generation of asynchronous signals: comparison among the mean, the mean plus and mean minus stand-

ard deviation (P1 gen. mean, P1 gen. mean+Std, P1 gen. mean-Std, P7 gen. mean, P7 gen. mean+Std, P7 gen. 

mean-Std; red lines) curves of the acceleration response spectra obtained considering five generated accelerometric 

signals and the acceleration response spectra curves of the recorded accelerogram (AQA and AQV, black dotted 

line) at points 1 (left) and 7 (right) 

3.3 Displacement spectra comparison 

In Figure 4 the displacement response spectra of the input signals (black dotted line in Figure 

2) at point 1 and 7, where are placed the stations AQA and AQV (Figure 1), were compared 

with the mean, the mean plus and the mean minus standard deviation curves of the displacement 

response spectra obtained for the five generated signals at the same points. The displacement 

response spectra curves were obtained by SEISMOSIGNAL [32]. It is possible to observe that 

there is a general good agreement between generated and recorded signals. 

 
Figure 4 Generation of asynchronous signals: comparison among the mean, the mean plus and mean minus stand-

ard deviation (P1 gen. mean, P1 gen. mean+Std, P1 gen. mean-Std, P7 gen. mean, P7 gen. mean+Std, P7 gen. 

mean-Std; red lines) curves of the displacement response spectra obtained considering five generated acceleromet-

ric signals and the displacement response spectra curves of the recorded accelerogram (AQA and AQV, black 

dotted line) at points 1 (left) and 7 (right) 

3.4 Soil distortions at the bridge foundations 

The displacement histories were calculated by means of the software SEISMOSIGNAL [32] 

starting from the generated accelerometric signals. These displacement histories are used as 

input excitations on the bridge foundations in [11] to evaluate bridge response in case of asyn-

chronous excitation. 
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The relative displacements among the different generation points (soil distortion) were also 

evaluated elaborating these displacement histories. The soil distortion at the time t1 (Δdmax), 

when the distance of one foundation point respect to the line drawn between the other two 

foundation points is maximum, is the much interesting one. In fact, this distortion is reasonably 

the most detrimental one for the bridge deck. 

The distortions Δdmax obtained elaborating three arrays of signals generated at the bridge 

positions 123 (soil123-g1-ns, soil123-g2-ns and soil123-g3-ns) and three arrays generated at 

the bridge position 456 (soil456-g1-ns, soil456-g2-ns and soil456-g3-ns) are shown in Figure 

5. The soil distortions at 123 present smaller relative displacements among the foundation 

points respect to the ones calculated for the bride position 456 (Figure 5). This is due to the 

positions of the generation points on the two soil U-AQA and U-AQV (Figure 1). 

The signals generated at the bridge location 123 present smaller differences as the generation 

points 1, 2 and 3 are placed on the same soil U-AQA (Figure 1) and the distances among the 

points are modest. The generated signals are characterized mainly by the power spectrum of the 

input signal at AQA and so there are smaller relative displacements among the generation points. 

The signals generated at the bridge location 456 present greater differences as the generation 

point 4 is placed on the soil U-AQA whereas the generation points 5 and 6 are placed on a 

different soil, the soil U-AQV (Figure 1). The signal generated at the point 4 is characterized 

mainly by the power spectrum of the input signal at AQA whereas the signals generated at 

points 5 and 6 are also characterized by the power spectrum of the input signal at AQV. The 

two input power spectra are different and so there are greater relative displacements among the 

generation points. 

 

 
Figure 5 Generation of asynchronous signals: soil distortions when the distance of one foundation point respect to 

the line drawn between the other two foundation points is maximum at bridge position 123 (soil123-g1-ns, soil123-

g2-ns and soil123-g3-ns) and at the position 456 (soil456-g1-ns, soil456-g2-ns and soil456-g3-ns) along the wave 

propagation direction between AQA and AQV stations 

 

4 CONCLUSIONS 

The EW accelerometric components, recorded at AQA and AQV strong motion stations dur-

ing the main-shock of L’Aquila seismic event happened on 04-06-2009, were used as inputs to 

generate arrays of asynchronous earthquake signals at the ground surface in correspondence of 

three points in a line with a span of 50 meters, possible foundation points of a bridge, through 

the software GAS 2.0 [6, 7, 9, 10, 26-29]. 

Three bridge positions were considered along the direction between AQA and AQV stations: 

(i) position 123 near the station AQA, (ii) position 789 near the station AQV or (iii) position 

456 near the middle point between the two stations (Figure 1). 

2208



Five arrays of signals were generated for each bridge position, in the three surface points 

(bridge foundations) starting from the same input recordings. Preliminary results show that the 

signals generated at AQA and AQV are very similar to the strong motion records (i.e. input for 

the generation procedure) in terms of signals characteristics (power spectra, acceleration re-

sponse spectra and displacement response spectra), as a confirm of the meaningfulness of the 

generation procedure. 

The relative displacements among the different foundation points in case of asynchronous 

excitation were also evaluated. The soil distortions, which are reasonably the most detrimental 

for the bridge deck, were calculated for three arrays of generated signals at the positions 123 

and 456. By observing these results, it is evident as the effects of asynchronous actions in term 

of soil distortion applied at the bridge foundations, can show an important variation along the 

seismic wave propagation direction. These soil distortions are in many cases not considered 

during the design of long structures and this practice can be unsafe. 

These relative displacements are one of the essential input for simplified nonsynchronous 

analyses of structures, and are now tentatively included in some codes, for example Eurocode 

8 [13]. Comprehensive analyses are needed to their calibration and we are moving in that di-

rection. 

The asynchronous earthquake signals, generated by the proposed generation procedure, were 

used to study the response of existing bridge in [11]. Further analyses are in progress to evaluate 

the seismic response of existing bridges repaired and retrofitted after strong seismic damage 

[41-56]. The seismic behavior of bridges subjected to asynchronous excitation will be defined 

also considering near fault earthquake [57, 58]. 
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Abstract. The seismic actions used to design long structures, as bridges, should be attentively 

evaluated, since, due to seismic wave propagation through soil, at distant foundation points 

signals are different. Signal frequency content varies from point to point for at least two rea-

sons: soil-wave interaction; wave traveling time from one point to the other. Asynchronous 

seismic waves produce distortions at the bridge foundations which are usually not considered 

in design practice. In this paper, the responses of two RC bridges, one with deck supported by 

traditional bearing and one by Lead Rubber Bearings (isolators), subjected to asynchronous 

or synchronous signals were studied. These signals were generated at the surface starting 

from the EW components of the main shock recorded at two recording stations (AQA, AQV) 

near L’Aquila city (Italy) on 4-06-2009. The soil distortions which produce maximum stresses 

on deck or on piers were evaluated for the two bridges (non-isolated and isolated) in case of 

synchronous and non-synchronous excitations. The first results are discussed to understand 

the effects of asynchronous excitation on the responses of the two bridges. 
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1 INTRODUCTION 

The seismic actions at distant foundation points of long structures are not evaluated proper-

ly in many international structural design codes and synchronous actions are usually consid-

ered during the design practice. However, the seismic waves, recorded at different points 

during the propagation of the seismic signal through soil, show differences which may be 

great in case of long structures. These differences are due to the change of the signal frequen-

cies content for effect of soil-wave interaction (reflection, filtering, amplification, etc.). There 

is also a different arrival time of the wave at each point as wave propagation has a finite ve-

locity. 

Designers of long structures should take in account these differences to define with atten-

tion the asynchronous design actions which can be more detrimental than the synchronous 

ones [1-12]. 

In a few design codes, soil distortions are introduced to be applied at the foundation points 

of long structure to consider the effects of non-synchronism [13-14]. The resulting responses 

of the structure after the application of these distortions are combined with the inertial re-

sponse of the structure. The inertial response can be obtained for example by means of the 

response spectrum method or by time history analysis. However, the definition of the soil dis-

tortions able to catch the more detrimental effects of non-synchronous actions on structures is 

still an open issue and further research efforts are necessary to improve this design approach. 

The present study want to investigate: (i) when the effects of the asynchronous actions are 

detrimental for the seismic response of a structure; (ii) determine the soil distortions which 

should be applied on a structure to consider properly the asynchronous action effects during 

the structural design. 

Case studies were taken according to ANAS (Italian agency for roads) as typical recent de-

sign for a two-span bridge. The selected bridge results an critical element in a network of 

structures and infrastructures after an earthquake [15-17] and was designed considering the 

modern design code philosophy [13, 14, 18-21] with deck placed on rubber isolators. Two 

bridge models based on the selected bridge were considered in this study: (i) bridge deck sup-

ported by traditional bearings (non-isolated bridge) and (ii) bridge deck supported by Lead 

Rubber Bearings (isolated bridge). 

Two distinct numerical models were built using the software SAP 2000 [22] to perform 

Fast Linear and Nonlinear Analyses applying vertical loads on the bridge deck and asynchro-

nous or synchronous displacement histories at the bridge foundation points. 

These displacement histories were obtained elaborating the accelerograms generated at sur-

face starting from the EW accelerometric components of the main shock recorded at two re-

cording stations (AQA, AQV) near L’Aquila city (Italy) on 4-06-2009. The generation 

procedure [6, 7, 23-37] used to obtain the input displacement histories at the bridge founda-

tion points was discussed in Lavorato et al. [11]. This procedure was implemented in 

MATLAB [38] as a framework of functions named GAS 2.0 - Generation of Asynchronous 

Signals -. 

The seismic wave propagates along the direction x between the stations AQA and AQV 

and the generated displacement histories move the foundation points in the direction y per-

pendicular to the bridge deck (Figure 1). The three foundation points of each bridge (non-

isolated and isolated) were distant 50 m each other and were placed in three different posi-

tions along the wave propagation direction x: (i) the position 123 near the station AQA; (ii) 

the position 789 near the station AQV; (iii) the position 456 near the middle point between the 

two stations (Figure 1).  
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Different arrays of asynchronous seismic signals were generated considering the three 

bridge locations starting from the same inputs. Each generation uses a different random ex-

traction to considered statistical variability of the generated signals [11]. 

First considerations about the effects of non-synchronous actions on bridges deck defor-

mations are given comparing the results of asynchronous analyses with the ones of synchro-

nous analyses. Finally, the asynchronous soil distortions, which produce maximum stresses on 

deck or piers, were evaluated to give indications about the proper sets of soil distortions for 

asynchronous bridge design. 

 

2 CASES OF STUDY: NON-ISOLATED AND ISOLATED BRIDGES 

A case of study was taken according to ANAS (Italian agency for roads) typical recent design 

for a two-span bridge to evaluate the effects of asynchronous seismic motions on bridge. This 

bridge was designed in compliance with the Italian structural design code [14] and has a con-

tinuous bridge deck built by means of a mixed steel-concrete system with a very modest 

curved form. The deck metal structure is made up of three welded beams with varying height 

(from 1.7 m to 2.2 m) distant 3.5 m one from the other (Figure 2). These beams are connected 

to each other by steel crosspieces spaced 6.25 m. 

The concrete slab of the deck has a thickness of 25 cm and a width varying from 12.00 m 

and 12.55 m. The metal structure is connected to the concrete slab by means of steel connect-

ors. There is one pier only with height of 13.0 m and rectangular cross section with dimen-

sions 6 x 1.43 m (Figure 2). The materials used to design the bridge were: concrete C32/40 

for the deck slab, steel S355 for the deck beams and concrete C28/35 for the pier. Elastic 

frame elements were used to model the pier and the deck of each bridge (§4) and so the steel 

reinforcements of the pier and deck are not described here. 

The bridge deck is supported by linear rubber isolators placed at the abutments and on the 

top of the pier. However, two alternative bridge deck support systems were considered in this 

study: (i) a deck supports system realized by traditional bearings without isolation properties; 

(ii) a deck supports system realized by Lead Rubber Bearings (LRB). The LRBs have stiff-

ness 1.69 kN/mm, yield strength 225 kN, post yield ratio 0.06 and maximum displacement of 

350 mm. 

The bridge deck was loaded with the weight of the structural elements and the one of the 

non-structural elements (G2 = 46 kN/m) which were distributed over the entire length of the 

bridge (Figure 2). 

 

3 ASYNCHRONOUS AND SYNCHRONOUS ACTIONS ON THE BRIDGES 

The displacement histories, calculated by means of the software Seismosignal [39] starting 

from the accelerograms generated in [11], were selected to represent the seismic actions ap-

plied on the two selected bridges (non-isolated and isolated) to perform asynchronous and 

synchronous analyses (§4). These signals were obtained starting from the EW accelerometric 

components of the main shock recorded at two recording stations (AQA, AQV) near L’Aquila 

city (Italy) on 4-06-2009 [11]. The soil motion below each foundation is along the direction y 

in Figure 1; this direction is perpendicular to the bridge deck and so the bridge behavior was 

studied in this direction only (§4). 

The two bridges were placed in three different positions along the wave propagation direc-

tion (x, Figure 1): (i) the position 123 near the station AQA; (ii) the position 789 near the sta-

tion AQV; (iii) the position 456 near the middle point between the two stations (Figure 1). In 

each position, the displacement histories change as the seismic wave propagates and changes 

its characteristics [6, 7,11, 23-37]. These positions were chosen to consider accelerometric 
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signals at the bridge foundations which have differences due to: (i) the distance among the 

generation points and (ii) the local site effects due to the soil characteristics below each gen-

eration point.  

The position 456 was selected to discuss the first results of the numerical synchronous and 

asynchronous analyses presented in this paper (§4). The two bridges (non-isolated and isolat-

ed) placed in this position have the foundation point 4 on the soil U-AQA and the foundation 

points 5 and 6 on the soil U-AQV; the two soils were characterized by two different power 

spectra as inputs for the generation procedure [11]. The signal generated at the point 4 is char-

acterized mainly by the power spectrum of the input signal at AQA whereas the signals gen-

erated at points 5 and 6 are also characterized by the power spectrum of the input signal at 

AQV. The two input power spectra are different and so there are greater relative displace-

ments among the generation points respect to the other bridge positions [11]. 

The selected sets of displacement histories at the foundations of the two bridges at position 

456 (Figure 1) are: (i) three arrays of three non-synchronous displacement time history (one 

set for analysis) generated at points 4, 5 and 6 (at pier and at abutments foundations, Figure 1); 

(ii) three arrays of three synchronous displacement time histories (one set for analysis). Each 

synchronous set is composed starting from the asynchronous sets assuming the displacement 

history of the pier foundation at point 5 also in correspondence of the bridge abutments 

(points 4 and 6, Figure 1). 

 

 
Figure 1 Three alternative positions (123, 456 and 789) of each bridge (no isolated and isolated) along the seis-

mic wave propagation direction (x); U-AQA and U-AQV are the two different soils crossed by the seismic wave 

[11]; The generated displacement histories are indicated by red lines whereas the generation input signals rec-

orded at point 1 and 7 (recording stations AQA and AQV) are indicated by green lines 

 

4 NUMERICAL ANALYSES 

The two bridges (non-isolated and isolated) described in §2 were modelled in SAP 2000 

[22] to perform asynchronous and synchronous analyses applying the vertical load and the 

displacement histories described in §2 and §3. During the bridge modelling phase, some sim-

plifying hypotheses, considered insignificant for the purposes of the study, were assumed: the 

viaduct was considered straight, the beam-slab system was modelled by an equivalent section, 

the abutments were modelled as simple supports (with isolators in the case of the isolated 

bridge), the soil-structure interaction at the bridge foundations was neglected. 

The model of the deck section was made using the SAP 2000 integrated section designer 

(Figure 2), which enables the construction of an equivalent section with concrete slab and 

steel beams. Four sections were defined to consider the variability of the deck sections (§2). 

The bridge deck was divided into 16 segments of the same length (6.25 m) and the pier in-

to 10 segments of 1.15 m. The pier cap was modelled by a frame element and rigid links sim-

ulate the connection between the barycenter of the equivalent deck sections and the pier cap 

(Figure 2). The non-structural elements vertical loads described in §2 and the self-weight of 

the bridge elements, calculated automatically by SAP2000 starting from the material proper-

ties and the section geometries, were applied on the bridge deck of the two bridge models.  
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The bridge masses were calculated by SAP 2000 starting from the self-weight of the bridge 

elements and were distributed among different structural nodes. A damping value equal to 2% 

was assumed for the non-isolated bridge model. The same damping value and the damping 

due to the Lead Rubber Bearings were assumed for the isolated bridge model. 

Elastic frame elements were used to model the pier and the deck of each bridge (§4) 

whereas the Lead Rubber Bearings of the isolated bridge were modelled as nonlinear links 

with the nonlinear properties defines in §2. The non-isolated bridge model was elastic where-

as the isolated bridge model had local nonlinearity due to the nonlinear link behavior. 

 

 

Figure 2 Isolated Bridge numerical model in SAP2000 [22]: a) lateral view of the bridge stick model; b) deck 

and pier sections; The no-isolated bridge model is without the nonlinear link on the top pier and on the abut-

ments 

The first results of asynchronous and synchronous analyses for the two bridges (non-

isolated and isolated) at position 456 (Figure 1) are given in term of soil distortion and corre-

sponding bridge deck configuration. The results presented here were evaluated at specific 

time instants, namely: (i) t1 when the soil distortion maximizes the distance of one foundation 

point from the line drawn between the other two foundation points; (ii) t2 when the pier drift 

is maximum. 

 The soil distortion at time t1 is one of the most detrimental for the bridge deck defor-

mation. However further investigations are needed to draw simplified conclusions. 

The pier drift was evaluated as the difference between the displacement of the node placed 

in correspondence of the center of gravity of the cap beam on the pier top and the displace-

ment of the base node of the pier.  

The displacements of soil and deck points were evaluated respect to the soil and deck posi-

tion before the arrival of the seismic excitation (not deformed bridge, continuous thick black 

line in Figures 3-6). The seismic excitation is perpendicular to the bridge deck longitudinal 

axis  

The soil distortions (soil456) and the bridge deck configurations (p456) for the non-

isolated bridge at the location 456 at time t1 and at time t2 are given in Figure 3 and Figure 4 

respectively considering the three asynchronous (-ns) and the three synchronous (-s) arrays (-

g1, -g2 and -g3) of displacement histories generated in [11]. 

The soil distortions (soil456) and the bridge deck configurations (p456) for the isolated 

bridge at the location 456 at time t1 and at time t2 are given in Figure 5 and Figure 6 respec-

tively considering the three asynchronous (-ns) and the three synchronous (-s) arrays (-g1, -g2 

and -g3) of displacement histories generated in [11]. 

These first results were compared and discussed in the conclusions (§5). 
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Non-isolated asynchronous excitation Non-isolated synchronous excitation 

  
Figure 3 Non-isolated bridge: soil distortion (soil456, dashed line) when the distance of one foundation point 

respect to the line drawn between the other two foundation points is maximum and corresponding bridge deck 

configuration (p456, continuous line) for three asynchronous sets (soil456-g1-ns, soil456-g2-ns and soil456-g3-

ns; p456-g1-ns, p456-g2-ns and p456-g3-ns) and three synchronous sets (soil456-g1-s, soil456-g2-s and soil456-

g3-s; p456-g1-s, p456-g2-s and p456-g3-s) of displacement histories at the foundations for the bridge position 

456; “deck position” is the position of a node of the bridge deck; “deck def.” is the transversal deck displacement 

 

 

 

 

 
Non-isolated asynchronous excitation Non-isolated synchronous excitation 

  
Figure 4 Non-isolated bridge: soil distortion (soil456, dashed line) when the pier drift is maximum and corre-

sponding bridge deck configuration (p456, continuous line) for three asynchronous sets (soil456-g1-ns, soil456-

g2-ns and soil456-g3-ns; p456-g1-ns, p456-g2-ns and p456-g3-ns) and three synchronous sets (soil456-g1-s, 

soil456-g2-s and soil456-g3-s; p456-g1-s, p456-g2-s and p456-g3-s) of displacement histories at the foundations 

for the bridge position 456; “deck position” is the position of a node of the bridge deck; “deck def.” is the trans-

versal deck displacement 
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Isolated asynchronous excitation Isolated synchronous excitation 

  
Figure 5 Isolated bridge: soil distortion (soil456, dashed line) when the distance of one foundation point respect 

to the line drawn between the other two foundation points is maximum and corresponding bridge deck configu-

ration (p456, continuous line) for three asynchronous sets (soil456-g1-ns, soil456-g2-ns and soil456-g3-ns; 

p456-g1-ns, p456-g2-ns and p456-g3-ns) and three synchronous sets (soil456-g1-s, soil456-g2-s and soil456-g3-

s; p456-g1-s, p456-g2-s and p456-g3-s) of displacement histories at the foundations for the bridge position 456; 

“deck position” is the position of a node of the bridge deck; “deck def.” is the transversal deck displacement 

 

 

 

 

 
Isolated asynchronous excitation Isolated synchronous excitation 

  
Figure 6 Isolated bridge: soil distortion (soil456, dashed line) when the pier drift is maximum and corresponding 

bridge deck configuration (p456, continuous line) for three asynchronous sets (soil456-g1-ns, soil456-g2-ns and 

soil456-g3-ns; p456-g1-ns, p456-g2-ns and p456-g3-ns) and three synchronous sets (soil456-g1-s, soil456-g2-s 

and soil456-g3-s; p456-g1-s, p456-g2-s and p456-g3-s) of displacement histories at the foundations for the 

bridge position 456; “deck position” is the position of a node of the bridge deck; “deck def.” is the transversal 

deck displacement 

 

5 CONCLUSIONS 

The responses of a non-isolated and an isolated RC bridge were studied applying asyn-

chronous or synchronous displacement histories at the bridge foundation points. Case studies 

were taken according to ANAS (Italian agency for roads) typical recent design for a two-span 

bridge. Two bridge configurations have been considered: (i) bridge deck supported by tradi-
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tional bearings (non-isolated bridge) and (ii) bridge deck supported by Lead Rubber Bearings 

(isolated bridge). 

The asynchronous excitations were obtained by the generation procedure proposed by 

some of the authors in [11, 36, 37] starting from the recordings measured at the two stations 

AQA and AQV during the main shock at Aterno Valley near L’Aquila City (Italy) on 6-9-

2009.  

First results of asynchronous and synchronous analyses for the two bridges (non-isolated 

and isolated) at position 456 (Figure 1) are given in term of soil distortion and corresponding 

bridge deck deformation.  

The results presented here were evaluated at specific time instants, namely: (i) t1 when the 

soil distortion maximizes the distance of one foundation point from the line drawn between 

the other two foundation points; (ii) t2 when the pier drift is maximum. The soil distortion at 

time t1 is a reasonable proxy for the most detrimental bridge deck configuration.  

The following preliminary conclusions can be drawn: 

 

 The deck deformations of the isolated bridge are smaller than the ones of the non-isolated 

bridge for each analysis. This is an expected result, since imposed deformations at the 

foundation points are concentrated at the isolators. The bridge deck has modest defor-

mations. 

 The bridge deck of the isolated bridge showed large “rigid rotation” (the deck has modest 

deformations) in case of asynchronous excitation for effect of the different excitations at 

the foundation points. The design of the seismic joints should consider this rotation that 

is not observed in case of synchronous excitation on the same bridge. 

 For the non-isolated bridge, the soil distortion at time t1 can produce, in the case of asyn-

chronous actions, deck deformation larger than the ones obtained in case of synchronous 

actions for the deck points far from the abutments. The relative displacements between 

deck point in correspondence of the pier and the deck points in correspondence of the 

abutments are similar in case of synchronous and asynchronous excitations (Figure 3). 

 For the isolated bridge, the soil distortion at time t1 produces, in case of asynchronous 

actions, deck deformation very similar to the ones obtained in case of synchronous anal-

yses (Figure 5). 

 The same considerations described in case of soil distortion at time t1 can be done in case 

of the soil distortion at time t2. The only difference is that when the maximum pier drift 

is realized there is a local deformation of the bridge deck portion near the pier that can be 

in the opposite direction respect to the ones on the other deck parts. This local defor-

mation imposes different local state of stresses which should be evaluated during the 

bridge design 

 

These analyses will be performed considering also different bridge geometries and earthquake 

inputs. The new selected cases of study will include also some existing bridges repaired and 

retrofitted after strong seismic damage by some new rapid techniques [40-55]. The seismic 

behavior of bridges subjected to asynchronous excitation will be defined also considering near 

fault earthquake [56, 57]. 

 

 

2221



Acknowledgments 

 

The authors gratefully acknowledge the funding by “The Laboratories University Network 

of seismic engineering” (ReLUIS) thanks to the research project ReLUIS/DPC 2015-2017. 

This research is also supported by the Sino-Italian Center FZU-RM3 (Fuzhou University and 

Universities of Roma Tre) and SIBERC (Sustainable and Innovative Bridge Engineering Re-

search Center of Fuzhou University, China) and the Proof testing and Research in Structures 

and Materials Laboratory (PRiSMa) of the Roma Tre University. The authors thank ANAS 

(Italian agency for roads) for data about typical Italian bridge. 

 

REFERENCES  

1. Monti G, Nuti C, Pinto PE, Vanzi I (1994) Effects of non-Synchronous Seismic Input 

on the Inelastic Response of Bridges. Paper presented at the II international workshop 

on seismic design of bridges, Queenstown, New Zeeland. 

2. Monti G, Nuti C, Pinto PE (1996) Nonlinear Response of Bridges under Multi support 

Excitation. J. Struct. Eng., 10.1061/(ASCE)0733-9445(1996)122:10(1147), 1147-1159. 

3. Tzanetos N, Elnashai AS, Hamdan FH, Antoniou S (2000) Inelastic dynamic response 

of RC bridges subjected to spatially non-synchronous earthquake motion. Advances in 

Structural Engineering: 3, 191–214. 

4. Shinozuka M, Saxena V, Deodatis G (2000) Effect of spatial variation of ground mo-

tion on highway structures. Tech. Report MCEER-00-0013. 

5. Sextos AG, Pitilakis KD, Kappos AJ (2003) Inelastic dynamic analysis of RC bridges 

accounting for spatial variability of ground motion, site effects and soil-structure inter-

action phenomena. Part 2: Parametric study. Earthquake Engineering and Structural 

Dynamics: 32, 629-52. 

6. Nuti C, Vanzi I (2004) Influence of earthquake spatial variability on the differential 

displacements of soil and SDF Structures. Tech. Report of DIS (Department of Struc-

tures, University of Roma Tre) 

7. Nuti C, Vanzi I (2005) Influence of earthquake spatial variability on differential soil 

displacements and SDF system response. Earthquake Engineering and Structural Dy-

namics, John Wiley and Sons, Volume 34, Issue 11, 1353-1374. 

8. Lupoi A, Franchin P, Monti G, Pinto PE (2005) Seismic design of bridges accounting 

for spatial variability of ground motion. Earthquake Engineering and Structural Dynam-

ics: 34, 327-348. 

9. Carnevale L., Lavorato D., Nuti C., Vanzi I. Response of continuous deck bridges to 

non-synchronous seismic motion. Proceeding of Sustainable Development Strategies for 

Constructions in Europe and China, Roma 19-20 Aprile 2010. 

10. Carnevale L., Imperatore S., Lavorato D., Nuti C., Leoni G., Tropeano G. Assessment 

of seismic behavior of R.C. bridges under asynchronous motion and comparison with 

simplified approaches. Proceedings of 15th world conference on earthquake engineering, 

24-28 September 2012. Lisboa, Portugal; 2012. 

11. Lavorato D., Fiorentino G., Bergami AV, Ma Hai-Bin, Nuti C., Vanzi I., Briseghella 

B., Zhuo WD. Surface generation of asynchronous seismic signals for the seismic re-

sponse analysis of bridges, COMPDYN 2017, 6th ECCOMAS Thematic Conference on 

2222



Computational Methods in Structural Dynamics and Earthquake Engineering, Rhodes 

Island, Greece, 15–17 June 2017. 

12.  Huang Y., Briseghella B., Zordan T., Wu Q., Chen B. Shaking table tests for the 

evaluation of the seismic performance of an innovative lightweight bridge with CFST 

composite truss girder and lattice pier (2014) Engineering Structures, 75, pp. 73-86. 

13. Eurocode 8, ENV 1998-1-1. Design provisions for earthquake resistance of structures, 

Part 1- 1: General rules – Seismic actions and general requirements for structures 

14. Ministero Infrastrutture, Norme Tecniche per le Costruzioni, DM 14 gennaio 2008, 

Gazzetta Ufficiale n. 29 del 4 febbraio 2008 - Suppl. Ordinario n. 30. 

15. Nuti C., Santini S., Vanzi I. Damage, vulnerability and retrofitting strategies for the 

Molise Hospital system following the 2002 Molise, Italy, Earthquake. Earthquake Spec-

tra, 20(S1), 2004, S285-S299 

16. Nuti C., Rasulo A., Vanzi I. Seismic safety of network structures and infrastructures. 

Structure and Infrastructure Engineering, 6(1-2), 2010, 95-110 

17. Rasulo A., Goretti A., Nuti C. Performance of lifelines during the 2002 Molise, Italy, 

earth-quake. Earthquake Spectra, 20(S1), 2004, S301-S314 

18. Vanzi I., Marano G.C., Monti G., Nuti C. A synthetic formulation for the Italian seis-

mic haz-ard and code implications for the seismic risk. Soil Dynamics and Earthquake 

Engineering, 77, 2015, 111-122. 

19. Fiore A., Monaco P., Raffaele D. Viscoelastic behavior of non-homogeneous variable-

section beams with postponed restraints. Computers and Concrete, 9(5), 2012, 375-392. 

20. Trentadue F., Quaranta G., Greco R., Marano G.C. New analytical model for the hoop 

contribution to the shear capacity of circular reinforced concrete columns. Computers 

and Concrete, 14(1), 2014, 59-71. 

21. Fiore A., Marano G.C. Serviceability Performance Analysis of Concrete Box Girder 

Bridges Under Traffic-Induced Vibrations by Structural Health Monitoring: A Case 

Study. International Journal of Civil Engineering, DOI: 10.1007/s40999-017-0161-3, 

2017. 

22. SAP2000 Computers and Structures, Inc. (CSI). Structural Software. 

https://www.csiamerica.com/ 

23. Luco JE, Wong HL (1986) Response of a Rigid Foundation to a Spatially Random 

Ground Motion. International Journal of Earthquake Engineering and Structural Dy-

namics, 14, 891-908. 

24. Harichandran RS, Vanmarcke E (1986) Stochastic variation of earthquake ground mo-

tion in space and time. Journal of Engineering Mechanics: 112, 154-174. 

25. Abrahamson NA, Schneider JF, Stepp JC (1991) Empirical spatial coherency func-

tions for applications to soil structure interaction analyses. Earthquake Spectra, Vol.7, 1 

27. 

26. Oliveira CS, Hao H, Penzien J (1991) Ground motion modeling for multiple input 

structural analysis. Structural Safety 10, 79–93. 

2223



27. Vanmarcke EH, Fenton GA (1991) Conditioned simulation of local fields of earth-

quake ground motion. Structural Safety, Special Issue on Spatial Variation of Earth-

quake Ground Motion, Jan. 1991. 

28. Vanmarcke EH, Heredia‐Zavoni E, Fenton GA (1993) Conditional Simulation of Spa-

tial-ly Correlated Earthquake Ground Motion. J. Eng. Mech. 

29. Der Kiureghian A (1996) A coherency model for spatially varying ground motion. 

Earthquake Engineering and Structural Dynamics: 25, 99-111. 

30. Rollins KM, Evans MD, Diehle NB, Daily WD (1998) Shear modulus and damping 

relationships for gravels. Journal of Geotechnical and Geoenvironmental Engineer-

ing;124(5): 396–405. 

31. Santa-Cruz S, Heredia-Zavoni E, Harichandran RS (2000) Low-frequency behavior of 

coherency for strong ground motions in Mexico City and Japan. Paper presented at the 

12th World Conference on Earthquake Engineering, Auckland, New Zealand, Paper No. 

0076. 

32. Zerva A, Zervas V (2002) Spatial variation of seismic ground motions: An overview. 

Appl Mech Rev, 55, No. 3, ASME Reprint No AMR 328, 271-297. 

33. Zerva A (2009) Spatial Variation of Seismic Ground Motions: Modeling and Engi-

neering Applications, CRC Press, Florida.  

34. Carnevale L., Femiano B., Lavorato D., Nuti C., Silvestri F., Tropeano G. Comparison 

of asynchronous signals generated from surface or bedrock natural accelerograms. Pro-

ceedings of II International Conference on Performance-Based Design in Earthquake 

Geotechnical Engineering, May 28-30, 2012 -Taormina (Italy); 2012. 

35. Carnevale L., Imperatore S., Lavorato D., Nuti C., Silvestri F., Tropeano G., Dezi F. 

Generation of non-synchronous accelerograms for evaluate the seismic bridge response, 

including local site amplification. Proceedings of 15th world conference on earthquake 

engineering, 24-28 September 2012. Lisboa, Portugal; 2012. 

36. Lavorato D., Vanzi I., Nuti C., Monti G. Generation of non-synchronous earthquake 

signals. In Gardoni, P., (Ed.), Risk and Reliability Analysis: Theory and Applications, 

Springer; 2017. 

37. Lavorato D, Bergami AV, Nuti C, Vanzi I (2017) Generation of asynchronous seismic 

signals considering different knowledge levels for seismic input and soil. Paper present-

ed at the 16th World Conference on Earthquake, 16WCEE 2017 Santiago Chile, January 

9th to 13th 2017. 

38. MATLAB (matrix laboratory) multi-paradigm numerical computing environment and 

fourth-generation programming language developed by MathWorks Inc 

39. SeismoSoft (2016) - "SeismoSignal 2016 ".www.seismosoft.com 

40. Albanesi T, Lavorato D, Nuti C, Santini S. Experimental program for pseudodynamic 

tests on repaired and retrofitted bridge piers. European Journal of Environmental and 

Civil Engineering, Paris: Lavoisier, Vol. 13 - No. 6/2009; 2009, 671-683. 

41. Lavorato D., Nuti C. Pseudo-dynamic tests on reinforced concrete bridges repaired 

and retrofit-ted after seismic damage. Engineering Structures,94, 2015, 96-112. 

2224

http://www.seismosoft.com/


42.  Albanesi T, Lavorato D, Nuti C. Prove sperimentali monotone e cicliche su barre di 

acciaio inox. Proceedings of National Conference Sperimentazione su materiali e strut-

ture. Venezia, Italy; 2006, p. 357-366 [in Italian]. 

43. Albanesi T., Lavorato D., Nuti C., Santini S. Comportamento ciclico di colonne in c.a. 

riparate ed adeguate con fasciature in FRP. Proceeding of ANIDIS 2007 - XII Conve-

gno Nazionale L’Ingegneria sismica in Italia. 10 -14 Giugno 2007, Pisa, Italy. 

44. Albanesi T., Lavorato D., Nuti C., Santini S. Experimental tests on repaired and retro-

fitted bridge piers. In Proceedings of the International FIB Symposium, 2008, 673-678. 

45. Albanesi T, Lavorato D, Nuti C, Santini S. Pseudo-dynamic tests on repaired and ret-

rofitted bridge. Proceedings of the 14th World Conference on Earthquake Engineering, 

Beijing, China; 12-17 October 2008. 

46. Lavorato D., Nuti C. Seismic response of repaired bridges by pseudo dynamic tests. 

Bridge Maintenance, Safety, Management and Life-Cycle Optimization - Proceedings 

of the 5th Inter-national Conference on Bridge Maintenance, Safety and Management. 

Pennsylvania, USA, 11-15 July 2010. 

47. Lavorato D., Nuti C., Santini S. Experimental Investigation of the Seismic Response 

of Re-paired R.C. Bridges by Means of Pseudodynamic Tests. IABSE Symposium, 

Large Structures and Infrastructures for Environmentally Constrained and Urbanised 

Areas, Venice, 22-24 September 2010. 

48. Lavorato D., Nuti C. Pseudo-dynamic testing of repaired and retrofitted r.c. bridges, 

Proceedings of Fib Symposium Concrete Engineering for Excellence and Efficiency, 

Czech Republic, Prague, 8-10 June 2011. 

49. Lavorato D., Bergami AV., Nuti C., Briseghella B., Tarantino AM., Santini S., Huang 

Y., Xue J. Seismic damaged Chinese rc bridges repaired and retrofitted by rapid inter-

vention to im-prove plastic dissipation and shear strength. Proceedings of 16WCEE 

2017, Santiago Chile, January 9th to 13th 2017. 

50. Lavorato D., Wu J., Huang Y., Xue J., Bergami AV., Briseghella B., Nuti C., Taranti-

no AM., Santini S. New Solutions for Rapid Repair and Retrofit of RC Bridge Piers 

CINPAR 2016, XII International Conference on Structural Repair and Rehabilita-

tion.26-29 October, 2016, Porto, Portugal 

51. Lavorato D., Nuti C., Briseghella B., Santini S., Xue J A repair and retrofitting inter-

vention to improve plastic dissipation and shear strength of Chinese rc bridges. Proceed-

ings of IABSE Conference – Structural Engineering: Providing Solutions to Global 

Challenges September 23-25 2015, Geneva, Switzerland 

52. Lavorato D., Nuti C., Briseghella B., Santini S., Xue J. A rapid repair technique to im-

prove plastic dissipation of existing Chinese RC bridges. Proceedings of ACE 2015 Ad-

vances in Civil and infrastructure Engineering, International Symposium Vietri sul 

Mare, Italy, 12-13 June 2015  

53. Zhou Z., Lavorato D., Nuti C., Marano G.C. A model for carbon and stainless steel re-

inforcing bars including inelastic buckling for evaluation of capacity of existing struc-

tures COMPDYN 2015 - 5th ECCOMAS Thematic Conference on Computational 

Methods in Structural Dynamics and Earthquake Engineering 

54. Zhou Z., Nuti C., Lavorato D. Modified Monti-Nuti model for different types of rein-

forcing bars including inelastic buckling. Proceedings of Opensees days Italy 10-11 and 

2225



ACE 2015 Advances in Civil and infrastructure Engineering, International Symposium 

Vietri sul Mare, Italy, 12-13 June 2015. 

55. Zhou Z., Lavorato D., Nuti C. Modeling of the mechanical behavior of stainless rein-

forcing steel, Proceedings of the 10th fib International PhD Symposium in Civil Engi-

neering. UNIVERSITÉ LAVAL, CANADA, July21–23, 2014. 

56. Ma HB, Zhuo WD, Fiorentino G., Lavorato D., Nuti C., Sun Y. Seismic Responses of 

Regular Highway Bridges under Near-Fault Ground Motions, Proceedings of 

COMPDYN 2017, 6th ECCOMAS Thematic Conference on Computational Methods in 

Structural Dynamics and Earthquake Engineering, Rhodes Island, Greece, 15–17 June 

2017. 

57. Ma HB, Zhuo WD, Lavorato D., Fiorentino G., Nuti C., Sabetta F. Probabilistic Seis-

mic Response Analysis of Continuous Highway Bridges under Near-Fault Ground Mo-

tions, Proceedings of COMPDYN 2017, 6th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering, Rhodes 

Island, Greece, 15–17 June 2017. 

 

2226



COMPDYN 2017
6th ECCOMAS Thematic Conference on

Computational Methods in Structural Dynamics and Earthquake Engineering
M. Papadrakakis, M. Fragiadakis (eds.)

Rhodes Island, Greece, 15–17 June, 2017

THRUST NETWORK ANALYSIS OF MASONRY VAULTS SUBJECT TO
VERTICAL AND HORIZONTAL LOADS

Francesco Marmo1, Daniele Masi1, Salvatore Sessa1,
Ferdinando Toraldo1 and Luciano Rosati1

1 Department of Structures for Engineering and Architecture
University of Naples Federico II

e-mail: f.marmo@unina.it

Keywords: Masonry, Arch, Vault, Limit thickness, Load bearing capacity.

Abstract. We illustrate the assumptions underlying a recent reformulation of the Thrust Net-
work Analysis (TNA), a methodology that allows one to model internal forces within masonry
arches and vaults by means of a network of thrusts. The proposed version of the TNA allows for
analysis of structures of complex geometry, with openings or free edges, subjected to the com-
bined action of vertical and horizontal loadings. A series of numerical examples are reported to
show how the method can be applied to evaluate the limit geometric proportions, e.g., minimum
thickness, or the horizontal load bearing capacity of masonry arches and vaults.
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1 INTRODUCTION

Stresses in masonry arches or vaults at failure are usually considerably lower than those
required to cause material failure; hence stability of such kind of structures is basically due
to their shape and self-weight magnitude and distribution [6]. This peculiarity has been an
advantage prior to the development of structural analysis since stability of a full scale structure
could be assessed on a scale model: the real structure was erected by scaling up the dimensions
of a prototype or an existing structure while keeping constant the relative proportions [7].

One of the first rational approaches to the stability of masonry arches was found in the
analogy between the shape of masonry arches in equilibrium and that of hanging cables in
tension. Such an analogy (or catenary principle) is known since the 17th century and was first
presented by Robert Hooke [8] in a famous anagram; the analogy was ultimately motivated by
Heyman thanks to the limit analysis principles [5].

The Thrust Network Analysis (TNA) is a methodology based on Heyman’s principles and is
used for modeling stresses in masonry vaults as a discrete network of forces in equilibrium with
gravitational loads. It was recently contributed by O’Dwyer [10] and fully developed by Block
and coworkers in recent times [2, 3]. Alternative approaches can be found in [1, 4, 11].

Reducing the bias by the quoted authors in favor of a graphical interpretation of the method,
Block’s version of the TNA has been recently reformulated by discarding the dual grid and fo-
cusing only on the primal grid, thus significantly enhancing the computational performances of
the method [9]. Such a reformulation of the TNA also includes horizontal forces in the analysis
as well as holes or free edges in the vault. The coefficient matrices entering the solution scheme
have been obtained by assembling the separate contribution of each branch, thus avoiding the
ad-hoc node numbering and branch orientation required by Block’s approach.

Numerical examples, regarding the application of the method to the evaluation of limit thick-
ness or horizontal bearing capacity of some vaulted structures are illustrated to show the ef-
fectiveness and robustness of the TNA in assessing the safety conditions of existing masonry
vaults.

2 Thrust network analysis

Equilibrium of vaulted structures can be studied by considering a network of thrusts, i.e.
compressive forces acting within the structure in equilibrium with the applied loads. Such a
network, from now on denominated thrust network, is described by means of Nn nodes and Nb
branches connecting pairs of nodes.

The thrust network is not used to geometrically model the volume occupied by the vaulted
structure, as it happens, e.g., in finite element modelling; rather it is representative of the thrust
forces that equilibrate the external loadings. Accordingly, branches of the network represent the
direction of the thrust forces, similarly to the branches of a funicular polygon.

The n-th node of the network is characterized by its position (xn, yn, zn), in a three-dimensional
Cartesian reference frame in which z is the vertical direction. The generic branch b of the net-
work is identified by two end nodes and the corresponding value of the thrust force, denoted as
t(b) = (t(b)x , t(b)y , t(b)z ).

Nodes are loaded both by an external force f(n) = ( f (n)x , f (n)y , f (n)z ), whose value depends on
the region of influence of the node, and by the thrust forces pertaining to branches connected
to the node; being compressive by assumption, these thrust forces are oriented towards node
n. Branches can be labelled as internal, if they represent a thrust force that is interior to the
network, edge if they represent forces that are on a free edge or external if they represent the
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Figure 1: Restrained and free edges of a vault and their representation by external and edge branches and nodes

support reactions, see, e.g., Figure 1. Following the same logic, the set of nodes is split into
Ni internal nodes, Ne edge nodes and Nr external (restrained) nodes, where only one external
branch converges. Hence one has Nn = Ni +Ne +Nr.

While the horizontal position of internal and external nodes are assigned, the coordinates of
the edge nodes are unknown. This is due to the fact that relevant edge branches, i.e. branches
connected by edge nodes, will be funicular, in both the horizontal and vertical directions, of the
internal thrusts and of the applied loads converging to edge nodes.

Equilibrium conditions are employed in order to evaluate branch thrusts, heights of internal
and external nodes and the coordinates of boundary (edge) nodes. Such equations are written
only for internal and edge nodes, while external nodes are used uniquely as endpoints of external
branches that, in turn, represent support reactions. Accordingly, external nodes and branches
are used to model the constraints of the vaulted structure.

2.1 Equilibrium of nodes

Following the approach illustrated in [9], the horizontal equilibrium of internal nodes is
enforced by the 2Ni equations {

Cit̂h + fx,i r = 0i
Sit̂h + fy,i r = 0i

(1)

where Ci and Si are coefficient matrices containing the cosine directors of the horizontal projec-
tions of the network branches; the subscript i indicates that only equilibrium of internal nodes
is considered. The vector t̂h appearing in (1) collects branch reference thrusts t̂(b)h = r t(b)h =

r
√

t(b)x 2 + t(b)y 2, while r is an unknown parameter and 0i is a vector of Ni zeros.
The coefficients Ci and Si in (1) are obtained by selecting the rows relevant to the internal

nodes from two coefficient matrices C and S that, in turn, contain the cosine directors of all
branches of the network and are constructed by assembling branches’ contributions for all Ni
nodes of the network. In particular, the generic branch b, which connects nodes n and m(b),
contributes to the b-th column of the matrices C and S by the terms

C(b) =
1

`
(b)
h

[
xn− x(b)m

x(b)m − xn

]
S(b) =

1

`
(b)
h

[
yn− y(b)m

y(b)m − yn

]
(2)

that are assembled into rows n and m(b), being

`
(b)
h =

√(
xn− x(b)m

)2
+
(

yn− y(b)m

)2
(3)
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Also the vertical equilibrium is enforced for all internal nodes of the network, so as to obtain
a system of Ni linear equations that can be expressed in matrix form as

Diz+ fz,i r = 0i (4)

The entries of Di are a combination of the reference thrust densities of the network branches
and the subscript i is used to indicate that only the equilibrium of internal nodes is considered.
The entries of Di are computed by assembling the thrust densities of all branches. Specifically,
for a generic branch b connecting nodes n and m(b) of the network, the coefficients

D(b) =
t̂(b)h

`
(b)
h

[
1 −1
−1 1

]
(5)

are evaluated and assembled in rows n and m(b) of columns n and m(b) of a coefficient matrix
D. Thus, the entries of the matrix Di, appearing in equations (4), are obtained by selecting the
rows of D corresponding to internal nodes.

The vector z collects unknown heights of all nodes, while fz,i is the vector of the vertical
loads applied to the internal nodes.

The parameter r is used both in formulas (1) and (4) to select a solution corresponding to
lower values of z (maximum thrust solution) or higher values of z (minimum thrust solution).

2.2 Solution procedure for networks subjected to horizontal and vertical loads

In presence of horizontal nodal forces equations (1) and (4) expressing in turn horizontal
and vertical equilibrium of nodes are coupled by means of the unknown r so that their solution
is more cumbersome to achieve. However if one sets a tentative value for r, say it r( j), the
corresponding reference thrusts t̂( j)

h are evaluated by solving the linear optimization problem

min
t̂h

(
ib · t̂

( j)
h

)
such that


[

Ci
Si

]
t̂( j)
h =−

[
fx,i r( j)

fy,i r( j)

]
t̂( j)
h ≥ t̂h,min

(6)

obtained from the horizontal equilibrium equations (1). In formula (6) ib = (1, 1, ...,1) has Nb

entries so that the product ib · t̂
( j)
h represents the sum of all components of t̂( j)

h . This particular

choice for the objective function is useful to obtain a solution t̂( j)
h that is as close as possible to

the assigned minimum values t̂h,min.
The reference thrusts t̂( j)

h obtained from the solution of (6) can be used to evaluate the x and
y coordinates of the edge nodes by means of the equations

x( j)
i+e =−

[
D( j)

i+e i+e

]−1 [
D( j)

i+erxr + fx,i+e r( j)
]

y( j)
i+e =−

[
D( j)

i+e i+e

]−1 [
D( j)

i+eryr + fy,i+e r( j)
] (7)

Depending on the geometry and connectivity of the network, the procedure described above
modifies the positions of internal and edge nodes. In general this effect is negligible for internal
nodes but, should their position be significantly modified by the application of formula (7),
external loads need to be recomputed.
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Once the j-th estimate of the horizontal position of all nodes is assigned, nodal heights and
a new ( j+1) estimate of r are evaluated from (4) by solving the linear optimization problem

min
z,r
±r( j+1) such that


[
D( j)

i fz,i

][ z( j)

r( j+1)

]
= 0i[

zmin
0

]
≤
[

z( j)

r( j+1)

]
≤
[

zmax
+∞

] (8)

where zmin and zmax are the lower- and upper-bounds imposed by the designer to the nodal
heights of the network. Usually, for internal nodes they can be set equal to the heights of the
intrados and extrados of the vault; alternatively, to reach a full compression of the vault section,
they can be set equal to the heights corresponding to the lower and upper third of the vault
thickness.

The objective function ±r is set equal to +r if one looks for a solution that minimizes r,
thus obtaining the shallowest configuration of the network. Conversely, one sets −r to obtain
a solution that maximizes r, what is relevant to the deepest network. In both cases, positive
values of r are estimated since the constraint 0≤ r ≤+∞ is imposed in (8).

If the difference between two successive estimates of r is lower than a given tolerance, i.e.∣∣∣∣∣r( j+1)− r( j)

r( j)

∣∣∣∣∣< tol (9)

the procedure is terminated. If the previous condition is not fulfilled, the procedure is reiterated
by solving (6), (7) and (8), and verifying again the fulfilment of (9).

Once solution is reached, actual branch’s thrusts are evaluated by composing the horizontal
and vertical reference thrusts of each branch, according to

t(b) =

√[
t(b)h

]2
+
[
t(b)z

]2
=

t̂(b)h
r

`(b)

`
(b)
h

(10)

where `(b) is the length of the b-th branch.

2.3 An optimized iterative solution procedure in absence of edge nodes

In case the network is lacking of edge nodes, an optimized procedure can be employed.
Actually, since the conditions in (6) are linear, the generic solution t̂( j)

h , corresponding to a
given value of r( j), can be expressed as

t̂( j)
h = t̂(0)h +

r( j)

r(1)

[
t̂(1)h − t̂(0)h

]
if r( j) ≥ r(1) (11)

where t̂(0)h and t̂(1)h are the reference thrusts returned by the linear optimization (6) in which it
has been set r = r(0) = 0 and r = r(1) = r1, r1 being an arbitrary positive scalar.

It is straightforward to verify that (11) fulfils both the equality and the inequality conditions
on the right-hand side of (6), provided that r( j) > r1; hence thrusts associated with r( j) can be
assumed as a solution that fulfils horizontal equilibrium of nodes and the linear optimization
problem (6) can be solved only twice.
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Once t̂(0)h and t̂(1)h have been evaluated, the reference thrusts t̂(1)h are used in (8) to obtain the
nodal heights and the tentative value r( j+1). This estimate of r is used in (11) to obtain a new
value of reference thrusts that, in turn, is used again in (8) to obtain a new estimate of r. The
procedure is iterated until the convergence condition (9) is fulfilled. Finally, at convergence,
formula (10) is applied to evaluate actual values of thrust in each branch of the network.

3 Numerical examples

Four numerical examples are reported below. The first two of them concern the analysis of a
three centred arch while the last two address the full three-dimensional analysis of two spherical
domes that only differ for the presence of a circular opening at the top. For all examples we
show two solutions, corresponding to the deepest and shallowest configurations of the network,
respectively. Indicating by rd the value of r associated with the deepest configuration of the
network and by rs the one associated with the shallowest configuration, we will show that the
ratio rs/rd is related to the safety factor of the arch or vault and it can be used to characterize a
limit condition for the structure.

3.1 Minimum thickness of a three-centred arch

We consider the three-centred arch of Figure 2 having centres C1 ≡ (−2m, 0m), C2 =
(0m,−4m), C3 = (2m, 0m), radii R2 = 6m, R1 = R3 = R2−

√
22 +42 ≈ 1.53m and springing

angles α = β = π/10. The arch has thickness t = 0.4m and is subjected only to self-weight,
this is evaluated by considering a weight per unit area equal to ρ = 8kN/m2. The corresponding
deepest and shallowest configurations of the thrust network are reported in Figure 3.

Thus is clear how the two network configurations are visibly different. This is confirmed
by the value of the ratio rs/rd = 1.6585 that, being different from unity, emphasizes that forces
within the arch have the possibility to adapt to changes in the loading condition or to settlements
of the structure.

C1

C2

C3

R
1

R
2

R3

x

z

t

α β

Figure 2: Three-centred arch
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Figure 3: Three-centred arch: deepest and shallowest network configurations for the arch of thickness t = 0.4m
subjected to self weight
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Figure 4: Three-centred arch: coincidence of the deepest and shallowest network configurations for the arch
subjected to self weight emphasizes that the minimum thickness (t = 0.234m) has been attained

A second analysis has been carried out by progressively reducing the thickness of the arch
to the value t = 0.234m, what corresponds to a unit value of the ratio rs/rd . Indeed, as shown
in Figure 4, the deepest and shallowest configurations of the network are indistinguishable, so
that the minimum limit value of the arch thickness has been reached.
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Figure 5: Three-centred arch: deepest and shallowest network configurations for the arch having thickness t =
0.4m subjected to vertical and horizontal loads applied according to the ratio fh/ fz = 0.821

3.2 Maximum horizontal load of a three-centred arch

The same approach used for determining the minimum arch thickness can be exploited to
evaluate the horizontal load bearing capacity of the arch. The arch under consideration is the
same described earlier and has thickness t = 0.4m. Horizontal forces are kept proportional to
the vertical ones so that the analysis has been carried out by progressively increasing the value of
the ratio fh/ fz until the deepest and shallowest configuration of the network become coincident
as in Figure 5. Such a condition is characterized by rs/rd = 1 and, in this case, it is attained
when the ratio between the horizontal and vertical loads reaches the limit value fh/ fz = 0.821.

3.3 Maximum horizontal load of a hemispherical dome

In order to show how this approach can be applied also to three-dimensional networks, we
consider a hemispherical dome of diameter D = 4m and thickness t = 0.2m. Branches of the
network are directed along the meridians and parallels of the dome, converging to a node placed
at the top.

Both vertical and horizontal forces are applied at the nodes of the network proportionally to
the self-weight of the dome. In particular, vertical forces applied at the top node is fz = 6kN,
nodes of the first parallel, i.e. the one closer to the top node, is fz = 4kN, while the forces
fz = 6kN, fz = 8kN and fz = 12kN are applied at the nodes of the second, third and fourth
parallel, respectively. Horizontal forces act along the x axis and are kept proportional to the
vertical ones.

The ratio rs/rd attains the value 1.4029 if horizontal forces are ignored, confirming the visi-
ble difference between the deepest and shallowest configuration of the thrust network, see, e.g.
Figure 6.

The analysis of the dome subjected to the combined action of vertical and horizontal loads
has been carried out by progressively increasing the value of the ratio fh/ fz till the attainment
of the limit condition rs/rd = 1. As shown in Figure 7, an intermediate solution, corresponding
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Figure 6: Hemispherical dome: deepest and shallowest network configurations for dome subjected to self-weight
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Figure 7: Hemispherical dome: deepest and shallowest network configurations for dome subjected to self-weight
and horizontal loads applied according to the ratio fh/ fz = 0.08
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Figure 8: Hemispherical dome: deepest and shallowest network configurations for dome subjected to self-weight
and horizontal loads applied according to the ratio fh/ fz = 0.159
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Figure 9: Dome with oculus: deepest and shallowest network configurations for dome subjected to self-weight
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Figure 10: Dome with oculus: deepest and shallowest network configurations for dome subjected to self-weight
and horizontal loads applied according to the ratio fh/ fz = 0.08
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Figure 11: Dome with oculus: deepest and shallowest network configurations for dome subjected to self-weight
and horizontal loads applied according to the ratio fh/ fz = 0.171
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to fh/ fz = 0.08, still exhibits a visible difference between the deepest and shallowest configu-
rations of the thrust network, confirmed by the value attained by the ratio rs/rd = 1.3215.

Finally, the limit value of the horizontal forces, corresponding to rs/rd = 1, is attained when
fh/ fz = 0.159; in this case the deepest and the shallowest configurations of the network, re-
ported in Figure 8, become indistinguishable.

3.4 Maximum horizontal load of a hemispherical dome with oculus

As a final example we consider the dome analysed in the previous subsection in which a
circular opening (oculus) of diameter d = 0.8m is present at the top. The corresponding network
is obtained from the one used for the previous example by deleting the top node and all branches
converging to it. Also loadings are equal to the ones considered in the previous example, except
for the force applied to the top node.

Thrust network configurations corresponding to the network subjected to self-weight is re-
ported in Figure 9, in which the difference between the deepest and shallowest configurations
of the thrust network is quantified by the ratio rs/rd = 1.5195. Such a ratio reduces as the
horizontal forces are applied. In particular, for a value of horizontal forces corresponding to
the ratio fh/ fz = 0.08, the deepest and shallowest configurations of the network, plotted in Fig-
ure 10, are still sensibly different; this is witnessed by the value of the ratio rs/rd = 1.4355.
Conversely, when the limit value of horizontal loads is attained, i.e. when fh/ fz = 0.171, the
deepest and shallowest configuration of the network are coincident, see, e.g., Figure 11, and
the ratio rs/rd attains a unit value.

By comparing Figure 8 and Figure 11, and the corresponding limit values of the ratio fh/ fz,
associated with a ratio rs/rd = 1, that amount respectively to 0.171 and 0.159, one infers that the
seismic safety of the dome with oculus is greater than the one pertaining to the hemispherical
dome.
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Abstract. The structural analysis of monumental constructions requires considering safety and 

conservation objectives, including the possible presence of artistic assets. In order to face these 

issues, this paper presents the results of a diagnostic analysis carried out on a 14th-century 

fortress: the Rocca Albornoziana of Spoleto in Umbria. Within this context, particular attention 

was de-voted to the choice of the most reliable modelling strategy for the application of the 

displacement approach in the seismic Performance-Based Assessment (PBA) procedure, as a 

function of different possible seismic behaviors. Seismic vulnerability was evaluated using a 

pushover method, and the results obtained with the nonlinear numerical model have been com-

pared with the simplified schemes of the limit analysis. The capacity of the fortress to withstand 

lateral loads was evaluated with the expected demands resulting from the seismic action. By 

comparing the seismic demand with capacity, the high vulnerability to extensive damage and 

collapse, as frequently observed in similar buildings, was demonstrated. The aim of this study 

was to take into account both the qualitative, related to the technology of construction and to 

the rule-of-the-art, and the quantitative aspects of the numerical analysis of the structural load-

bearing elements. 
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1 INTRODUCTION 

A growing attention in the conservation of historic masonry constructions has created a need 

for new methods for the classification and analysis of ancient masonry structures and single 

structural elements, such wall panels, vaults, columns and buttresses and non-structural assets, 

such frescos, decorations, statues, etc. Because historic constructions may give a significant 

contribution to knowledge and understanding of the past, substantial harm to, or loss of, the 

significance of a listed structure should be always avoided when works are proposed for devel-

opment-, conservation- or presentation-related purposes. Upgrading and restorations works 

should have a minimal impact on the cultural significance of the construction and meet the 

requirements of the “Minimum Intervention”. Minimum intervention can be defined as a phi-

losophy of designing repair and reinforcement works with the characteristics to be minimally 

invasive, cultural significance-friendly and reversible. 

Conservation bodies do not easily grant permission for destructive or partially destructive 

testing campaigns and structural engineers can only rely on non-destructive testing to study the 

behavior of listed constructions (visual analyses, video-endoscopy of cavities, termo-photog-

raphy, chemical analysis of mortars, etc.).  

However, it is recognized that little increase in knowledge and understanding can be 

achieved using non-destructive techniques without conducting a numerical simulation. In this 

context, a comprehensive validation and calibration are a necessity for any numerical simula-

tion method. Over the last two decades, researchers have dedicated a great deal of effort to 

verify the accuracy of non-linear numerical investigations of masonry structures. Validation is 

particularly important for historic masonry constructions, especially in earthquake prone areas 

since these numerical analyses are often used in many restoration and reinforcement projects, 

which have life-safety considerations. 

The use of rubble stonemasonry wall panels in historic constructions along the Apennine-

Balkan seismic belt from Central Europe to the Middle East has been attributed to ease of avail-

ability and low cost. However, this common masonry typology has been used for centuries not 

only for standard rural residences, but also for important constructions (civic, military and reli-

gious structures) and it has demonstrated to have a very weak performance under an extreme 

seismic event.  

The primary goal of a numerical simulation is to identify critical structural situations, esti-

mate safety. Traditional quantitative and qualitative simulations are both able to predict the 

structural behavior of an element or of the whole masonry construction. However, qualitative 

studies are often preferred in order to acquire information on the structural behavior of historic 

constructions. Numerous papers have been recently published that contain qualitative analyses 

and it was concluded that valuable insight may be gained via a qualitative approach, due to the 

uncertainties and constraints common for historic masonry constructions. 

In order to face these issues, research was carried out by the University of Perugia starting 

from a convention with the General Directorate for the Landscape, Fine Arts, Architecture, and 

Contemporary Art (DG PaBAAC) within the Ministry of Cultural Heritage and Activities and 

Tourism (MiBACT) regarding verification of the seismic safety of national museums in earth-

quake-prone areas such as the Umbria Region. More specifically, this paper presents the results 

of a non-linear numerical investigation carried out on a 14th-century fortress: the Rocca Albor-

noziana of Spoleto in Umbria, which currently houses a national museum. Different modelling 

strategies have been used with the aim at identifying the most reliable. The construction’s vul-

nerability against seismic action was evaluated using the pushover method, and the results ob-

tained with the nonlinear numerical model have been compared with the simplified schemes of 
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the limit analysis. The capacity of the fortress to withstand lateral loads was evaluated with the 

expected demands resulting from the seismic action. 

2 STRUCTURAL ANALYSIS METHODOLOGY 

The structural damage assessment after an earthquake provides important information for 

the understanding of the construction response to the seismic event. More specifically, such an 

evaluation, based on criteria and methods that can guarantee an objective evaluation of the 

damage, is aimed to find the best correlation between structural damage and the related mech-

anisms. 

Direct observation of crack patterns recorded in post-earthquake damage surveys [2], to-

gether with the available literature on reconnaissance of the damage suffered by existing ma-

sonry buildings [3][4], yielded to the conclusion that the seismic vulnerability of masonry 

structures depends on three different types of failure mechanisms:  

• Masonry damage mechanisms = the response of existing masonry buildings can be gov-

erned by such mechanisms when, due to the poor quality of building materials and their 

construction type, masonry is not able to resist and transfer the vertical and seismic forces 

without breaking up (lack of monolithic behavior); 

• Local damage mechanisms = the response of existing masonry buildings can be governed 

by local failure modes (out-of-plane response) when the good quality of the masonry is 

able to ensure a monolithic behavior, but the inadequate or nonexistent connections among 

structural elements (e.g. due to the lack of ring beams, tie rods or interlocking at the con-

nection of intersecting walls) as well as the lack of any diaphragm action of horizontal 

bearing elements (due to the presence of in-plane flexible diaphragms such as thrusting 

roofs or simply supported timber floors) limit the capability to redistribute the seismic 

loads between the structural elements; 

• Global damage mechanisms = the response of existing masonry buildings can be governed 

by global failure modes (in-plane response) only if the good quality of the masonry is able 

to ensure a monolithic behavior and the effective strong connection among structural com-

ponents as well as the presence of rigid horizontal diaphragms allow to stabilize and pro-

mote the box-like behavior of the construction. 

Within this context, the central objective of the present research was to contribute, through 

the application of a step-by-step analysis procedure on the Rocca Albornoziana fortress (Figure 

1), to the calibration and validation of a general methodology for the assessment of the seismic 

vulnerability of heritage structures.  

 

Figure 1: Rocca Albornoziana fortress: the external shape. 
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To this end, the paper is aimed to propose a performance based multi-scale approach based 

on the use of three modelling strategies of different complexity (Table 1): Masonry Quality 

Index (MQI) method, Rigid Macro-block (RMB) method and Equivalent Frame (EF) method.  

 

Failure  

mechanism 

Boundary  

conditions 

Analysis  

method 

 

Diffused 

crumbling 

mechanisms 

- poor quality of the ma-

sonry; 

Masonry  

Quality Index 

(MQI) 

 

Local  

damage  

mechanisms 

- good quality of the ma-

sonry; 

- inadequate or nonexistent 

connection among struc-

tural components; 

- in-plane flexible dia-

phragms 

Rigid  

Macro-block 

(RMB) 

 

Global  

damage  

mechanisms 

- good quality of the ma-

sonry; 

- strong connection among 

structural components; 

- rigid horizontal dia-

phragms 

Equivalent  

Frame  

(EF) 

 

Table 1: Evaluation procedure used for the analysis of the seismic vulnerability. 

At meso-scale level, a quick evaluation procedure, based on the determination of a Masonry 

Quality Index (MQI) [5], was used to express a synthetic judgment about the masonry quality 

(evaluated with respect to the “rules of art”) and the related vulnerability against seismic actions. 

At macro-scale level, a macro-element approach based on the limit analysis theorems (Rigid 

Macro-Block method, RMB) was performed on some elementary macro-elements that, being 

not able to redistribute their seismic forces to the rest of the building, can be assumed as rigid 

and cannot be accurately analyze by a global model. Since, at this scale level, comprehensive 
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assessment would also require to analyze possible global collapse mechanisms, a three-dimen-

sional (3D) pushover analysis (Equivalent Frame method, EF) was used complementarily to the 

local analysis to investigate the global structural performance of the building. 

2.1 Masonry Quality Index (MQI) method  

Since - according to the guidelines developed by the Umbrian design codes [6] and the Re-

LUIS research project [7] - the construction type, quality and state of preservation of masonry 

play a fundamental role in determining the capacity of a construction to sustain seismic actions, 

a relationship may be found between the variation of the damaging pattern (from large mecha-

nisms to diffused crumbling) and masonry quality. 

Under such conditions, the results of a non-destructive visual method (Masonry Quality In-

dex method, described in detail in [5]) were used in order to provide a numerical estimate of 

the seismic vulnerability of the masonry walls. 

To this end, starting from a material survey aimed to investigate the morphology and the 

composition of the masonry of the bearing walls, it was possible to detect the presence of two 

different masonry texture types (Figure 2): a) uncut stone masonry with facing walls of limited 

thickness and infill core (US type); b) dressed rectangular (ashlar) stone masonry (RS type). 

 

Figure 2: Detection of the masonry texture types: a) uncut stone masonry (US type, orange); b) dressed stone 

masonry (RS type, cyan). 

After a direct visual inspections of both material textures (carried out by local dismantling 

or limited coring or video-endoscopic investigations), the MQI method was then used to recog-

nize the ability of each masonry typology to behave monolithically. More specifically, the use 

of this method was aimed to evaluate the presence of certain parameters that define the “rule of 

the art”, namely a set of construction devices that, if executed during the construction of a wall, 

provide a good behavior, ensuring its compactness. Among the meaningful parameters to ex-

amine in order to classify the two masonry texture types as being of “good quality”, the follow-

ing design features were considered: mortar mechanical properties (MM), wall leaf connections 

(cross interlocking, WC), horizontality of bed joints (HJ), resistant elements shape (SS), re-

sistant elements dimensions (SD), staggering of vertical joints (VJ), conservation state and the 

mechanical properties of resistant elements (SM). 

Three evaluations on compliance - Fulfilled (F), Partially Fulfilled (PF), and Not Fulfilled 

(NF) - with each parameter of the “rule of the art” were then considered in relation to three 

potential loading conditions: vertical (mainly static), in-plane and out-of-plane (mainly seismic, 

wind-generated, foundation subsidence, etc.). The approach was, in fact, to attribute a different 
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score (ranging from 0 to 3, Table 2) to the above parameters based on the evidence that they 

affect the masonry quality with different degree depending on the loading condition, as con-

firmed by experimental evaluations [8][9] and case histories [10][11] and as reported in ancient 

and modern handbooks [12][13].  

 

 

Vertical  

loading 

In-plane  

loading 

Out-of-plane 

loading 

NF PF F NF PF F NF PF F 

Mortar mechanical properties (MM) 0 1 2 0 0.5 1 0 1 2 

Wall leaf connections (WC) 0 1 1 0 1 2 0 1.5 3 

Horizontality of bed joints (HJ) 0 1.5 3 0 1 2 0 1 2 

Resistant elements shape (SS) 0 0.5 1 0 1 2 0 0.5 1 

Resistant elements dimensions (SD) 0 0.5 1 0 0.5 1 0 0.5 1 

Staggering of vertical joints (VJ) 0 0.5 2 0 1 2 0 0.5 1 

Conservation state and the mechanical 

properties of resistant elements (SM) 
0.3 0.7 1 0.3 0.7 1 0.5 0.7 1 

 

Table 2: Scores assigned on the parameters of the “rule of the art”. 

The scores obtained from Table 2 were then summed to obtain an overall score, the Masonry 

Quality Index (MQI), determined for each type of action.  

 ( )= × + + + + +MQI SM MM WC HJ SS SD VJ  (1) 

Starting from the concept of masonry efficiency connected to the fulfillment of all parame-

ters of the “rule of the art” of Table 2, the value of MQI (between 0 and 10) was then used to 

define three different classes of decreasing vulnerability (denoted as Class C to Class A, Table 

3), characterized not only by a different aptitude to the damaging (higher scores corresponds to 

a better seismic performance), but also by the variation of the damaging pattern (local or global 

damage mechanisms in the case of Class A and B, diffused crumbling mechanisms for Class 

C). Furthermore, an estimate of the mechanical parameters of the two masonry types was ob-

tained by means of the correlation given in [5] between the value of MQI and the values of the 

mechanical parameters (compressive strength, shear strength and modulus of elasticity) pro-

vided by Italian code [14]. 

 

 

Vulnerability classes 

C 

(inadequate behavior) 

B 

(average quality behavior) 

A 

(good behavior) 

Vertical loading 0 ≤ MQI < 2.5 2.5 ≤ MQI < 5.0 5.0 ≤ MQI ≤ 10 

In-plane loading 0 ≤ MQI ≤ 3.0 3.0 < MQI ≤ 5.0 5.0 < MQI ≤ 10 

Out-of-plane loading 0 ≤ MQI ≤ 4.0 4.0 < MQI < 7.0 7.0 ≤ MQI ≤ 10 

 

Table 3: Masonry Quality Index (MQI) method: vulnerability classes. 
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Regarding the results obtained by the MQI method for both US and RS type masonry (Table 

4), the following observations can be made: 

• the low values of WC (no connection between the wall leaves) and VJ (vertical joints im-

properly staggered) indexes, leaded to classify the US masonry type in C-class for hori-

zontal loading (in-plane and out-of-plane actions) and in B-class for vertical loading, 

indicating the poor quality and, consequently, the high seismic vulnerability of this ma-

sonry type. This can allow the attainment of a diffused crumbling able to lead to the col-

lapse without the activation of the typical damage mechanisms (local or global failure 

modes); 

• the RS type masonry, characterized by a well-organized bonding pattern, was classified in 

B-class for both in-plane and out-of-plane actions and in A-class for vertical loading, 

demonstrating a low level of seismic vulnerability (i.e. increased earthquake-resistance) 

and thus enhancing the monolithic behavior needed by the masonry to undergo the action 

of the typical local or global damage mechanisms.  

 

Masonry type 

Uncut stone  

masonry 

(US Type) 

Dressed rectangular stone 

masonry 

(RS Type) 

Vertical loading: 

MQI value (masonry category) 

3.5 

(B) 

5.0 

(A) 

In-plane loading: 

MQI value (masonry category) 

3.0 

(C) 

4.5 

(B) 

Out-of-plane loading:  

MQI value (masonry category) 

3.0 

(C) 

5.0 

(B) 

Compressive strength (N/mm2) 2.05 - 3.39 2.86 - 4.56 

Shear strength (N/mm2) 0.035 - 0.055 0.050 - 0.074 

Young modulus (N/mm2) 1007 - 1455 1307 - 1859 

Shear Modulus (N/mm2) 403 - 582 523 - 744 

 

Table 4: Masonry Quality Index (MQI) method: results of masonry analysis. 

2.2 Rigid Macro-Block (RMB) method  

At this evaluation level, it was necessary to identify the possibility of suffering local mech-

anisms (mainly out-of-plane ones) that involve only defined portions of the entire structure, 

which, being not able to redistribute their seismic forces to the rest of the building [17][18], 

cannot be accurately analyzed through a pushover analysis (Equivalent Frame method, EF).  

According to this, a macro-element approach based on the limit analysis theorems (Rigid 

Macro-Block method, RMB) was used complementarily to the EF approach. The structure was 

thus idealized as an assemblage of elementary substructures, modelled as a system of rigid 

bodies, whose geometry and distribution were defined either by analyzing their structural char-

acteristics (e.g. quality of the existing connections, constructive phases, structural discontinui-

ties, etc.) or according to the observed damage pattern produced by past earthquakes in similar 
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structures (damages consequent to past seismic events allow to predict the occurrence of recur-

rent modes and collapse mechanisms, [15][16]). In such a context, a number of potential col-

lapse scenarios (mostly out-of-plane failure modes, Figure 3 and Figure 4) were selected and 

the corresponding values of the seismic activation multiplier (λ) were evaluated according to 

the methodology (Theorem of Virtual Works) proposed by the Italian code [14].  

These values were then used to assess the acceleration (seismic spectral acceleration, a0
*), 

which leads to the onset of each mechanism, through the following expression:  

 
0

=*

*

g
a

e CF

λ
 (2) 

where g is the gravity acceleration, e* represents the ratio of participating mass and CF de-

notes the confidence factor.  

a)    

Figure 3: Mechanisms of simple overturning: a) south-west wall (Mec-01); b) unlinked masonry portions (merlons, 

Mec-02). 

 

Figure 4: Mechanisms of vertical bending (vertical arch mechanisms): north-east tower (Lucretia Borgia room, 

Mec-03). 

Finally, the seismic evaluation was based on the Seismic Safety Index (Iss), obtained as the 

ratio between the maximum value of the acceleration (seismic capacity, IMcap = a0
*q, where a0

* 

is given by (2) and q represents the behavior factor, which was assumed equal to 2.0 according 

to [19]) compatible with the fulfillment of the assumed performance level (Life Safety) and the 

reference target value of the seismic demand (IMdem) given by:  
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( ) ( )( )1


= 


g

dem

g e

for mechanisms at ground level

for mechanisms at a certain heights

a S
IM

max a S;S T Zψ γ
 (3) 

being: ag (assumed equal to 0.251g) the seismic spectral acceleration on rock (at T = 0), S 

(assumed equal to 1.160) a factor depending on the ground type (deposits of very dense sand 

and stiff clay), Se(T1) the spectral acceleration for the elastic design (at T = T1), ψ(Z) a normal-

ized function describing the amplitude of the first vibration mode of the structure (approximated 

as ψ(Z) = Z/H, where Z is the height, with respect to the foundation level, of the centroid of all 

inertial masses involved in the mechanism and H is the height of the structure); γ a modal par-

ticipation factor.  

 

 
Activation multiplier 

[λ] 

Seismic capacity 

[IMcap] 

Seismic demand 

[IMdem] 

Seismic Safety Index 

[Iss] 

Mec-01 0.086 0.160g 0.347g 0.460 

Mec-02 0.273 0.166g 0.347g 0.478 

Mec-03 0.141 0.245g 0.347g 0.706 

 

Table 5: Rigid Macro-block (RMB) method: results of analyses. 

Results from the RMB method, obtained by using the commercial software Aedes Pcm [20], 

are summarized in Table 5. As suggested by [21], it is worth pointing out how, in spite of Iss 

values less than one should indicate the mechanisms are not verified, lower values of the mini-

mum level of safety (0.780) are acceptable if it is demonstrated that interventions needed to 

fully satisfy structural checks are in conflict with preservation requirements. Within this ap-

proach, by analyzing the Iss values it was possible to observe how the mechanisms of simple 

overturning (Mec-01 and Mec-02) highlighted a critical situation, with values of the safety in-

dex considerably lower than the minimum level of safety proposed by code requirements. Even 

the mechanism Mec-03 (mechanism of vertical bending) showed a critical scenario, but a value 

of the Iss index significantly higher (0.706).  

2.3 Equivalent Frame (EF) method  

According to the RMB approach, the assessment of the structure was developed by idealiz-

ing the entire structure as an assemblage of elementary structural elements that being not able 

to redistribute their seismic forces to the rest of the building, suffered local mechanisms (mainly 

out-of-plane ones) that involve only a portion of the total seismic structural mass. Hence, at this 

level of investigation, it was necessary to simulate the global seismic response (in-plane behav-

ior) of the entire structure. 

To this end, it is noteworthy to point out that, despite its apparent regularity, the Rocca Al-

bornoziana fortress is actually a stratified structure, which consists of an articulated arrange-

ment of structural units, subjected to various transformations occurred over the centuries 

(demolitions, enlargements, etc.). Within this context, the possibility to analyze separately these 

structural units, rather than considering the numerical analysis of the entire structure, derives 

from the observation that the seismic response of the building can be properly evaluated ana-

lyzing the individual contribution of the portions having more homogeneous structural charac-

teristic, on the basis of the structural morphology (discontinuities, lack of constraints, different 

height of the portions, different height of the floors, etc.) and the unitariness of the interventions. 
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Adopting this practical strategy (as suggested in [19][22]), the entire complex was thus split up 

into three main structural units (see units SU-01, SU-02 and SU-03 of Figure 5), characterized 

by relative chronological relationship. 

 

Figure 5: Fortress structural units. 

At this scale level, the material and constructive knowledge of the building was, even more 

than in the previous levels, a fundamental prerequisite to perform a reliable evaluation of the 

seismic vulnerability of the structure in its present state. Unfortunately, since to reduce the im-

pact on conservation, exhaustive mechanical characterization tests could not be used, the lower 

knowledge level (LC1) available in the Italian Code for existing structures was assumed. There-

fore, data on the material properties were estimated through the Masonry Quality Index (MQI) 

method, by assuming, for each material, the mean values for elastic moduli and the lower 

bounds values of strength (further divided by the confidence factor CF = 1.12 according to [21])  

listed in Table 4. Table 6 summarizes the values used for the analysis. 

 

 

Uncut stone  

masonry 

(US Type) 

Dressed rectangular stone  

masonry 

(RS Type) 

Compressive strength (N/mm2) 2.05 2.86 

Shear strength (N/mm2) 0.035 0.050 

Young modulus (N/mm2) 1231 1583 

Shear Modulus (N/mm2) 492 633 

 

Table 6: Values of the mechanical parameters used for the pushover analysis. 

Under such conditions, non-linear static analyses, aimed at evaluating the accelerations lead-

ing each structural units to a given performance level (Life Safety), were carried out to investi-

gate the global seismic response of the fortress [23][24][25][26]. More specifically, each units 

was modelled by an equivalent framed system composed of beam elements (describing both 

the wall piers and spandrel walls) loaded with a distribution of in-plane forces, which were 

monotonically increased to simulate the effects of the seismic loads (Equivalent Frame method, 

EF). As suggested by the Italian Code [19], two systems of horizontal forces, both depending 

on the mass distribution, were applied (not simultaneously) along the two principal directions 
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(perpendicular to one another) of the structure: the first load distribution was directly propor-

tional to the displacement of the corresponding first modal shape of the structure (modal distri-

bution), while for the second it was assumed a linear variation of forces along the height (mass-

proportional distribution). 

In order to identify the most demanding condition, it was decided to perform an analysis for 

each distribution, varying the loading patterns (modal and mass-proportional distribution), the 

directions (East-West and North-South) and sign of excitation (resulting in a total of 8 non-

linear static analysis). Each analysis, carried out in displacement control, proceeded to the cal-

culation of the load distribution that produces the maximum seismic force that is bearable by 

the structure, i.e. the level of the Peak Ground Acceleration (PGA) needed for inducing the first 

failure mechanism. The results (provided by PCM program [20], Figure 6) were presented in 

the form of pushover curves where the displacement of a selected control point (measured at 

the top of each structural unit) was plotted as a function of the total base shear. 

 

Figure 6: Equivalent Frame (EF) method: unit SU-02 structural response in West direction (the equivalent capacity 

curve (purple line) and the equivalent bilinear diagram (blue line)). 

As in the previous analyses (RMB method), the seismic vulnerability was synthetically eval-

uated in terms of seismic vulnerability index (Iss). In all structural units, Iss values confirmed 

the results obtained with the RMB method as the seismic capacity of each system was always 

lower than the minimum level of safety proposed by code requirements, highlighting the ina-

bility of the fortress to fulfill the required performance levels prescribed by the Italian code.  

 

Structural 

unit 
Loading condition 

Seismic  

capacity 

[IMcap] 

Seismic  

demand 

[IMdem] 

Seismic  

safety index 

[Iss] 

SU-01 
South directed force 

(modal distribution) 
0.147g 0.347g 0.424 

SU-02 
West directed force 

(mass-proportional distribution) 
0.090g 0.347g 0.251 

SU-03 
North directed force 

(modal distribution) 
0.184g 0.347g 0.530 

 

Table 7: Equivalent Frame (EF) method: results of analyses. 
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As pointed out in Table 7, the structural unit that result to be more vulnerable was unit SU-

02 in case of seismic loading acting in the West direction (for mass-proportional distribution). 

In this direction, the structure exhibited a poor performance (the analysis stopped at level of the 

horizontal loads corresponding to about the 25% of the overall weight of the unit), as a result 

of the progression of the in-plane bending failure of the arcade arches in longitudinal direction 

(South-North axis, Figure 7). 

 

Figure 7: Equivalent Frame (EF) method: cracking pattern in the unit SU-02. 

3 CONCLUSIONS  

The central objective of the present paper was to propose and test, through the application 

of a step-by-step analysis procedure on a reference case (the Rocca Albornoziana fortress), a 

general methodology of seismic analysis articulated on three modelling strategies of different 

complexity: Masonry Quality Index (MQI) method, Rigid Macro-Block (RMB) method and 

Equivalent Frame (EF) method.  

To this end, a quick evaluation procedure (MQI method) was used, on the one hand, to ex-

press a synthetic judgment about the seismic vulnerability of the different masonry texture types 

and, on the other one, to provide a numerical estimate of their mechanical properties. Con-

versely, the application of the RMB method on a wide set of potential collapse scenarios per-

mitted to highlight some structural deficiencies in the out-of-plane behavior of the structure, 

mainly associated with the presence of overturning mechanisms. Finally, the last level of anal-

ysis, the EF method, was approached by analyzing the individual contribution of the different 

structural units forming the fortress. In all examined cases, the numerical analyses provided 

valuable pictures of all possible critical conditions, thus giving useful hints for reconstruction. 

More specifically, the results highlighted some structural deficiencies also in the in-plane be-

havior, showing how the detected damage was mainly associated with the presence of in-plane 

bending failure mechanisms. 

Accepting the uncertainties and constraints common for historic masonry constructions, one 

of the main outcomes of this research may therefore be in the awareness that comparing differ-

ent approaches for the analysis of these structures is fundamental to cover the unavoidable un-

knowns that always affect the construction and the analysis approaches. Furthermore, only a 

clear understanding of the structural behavior based on a comparative methodology may assure 

the definition of reliable strengthening interventions, thus reducing the extent of the remedial 

measures.  
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Abstract. This paper describes the experimental tests and numerical analyses performed to
characterize the dynamic behaviour of the principal tower of the San Felice sul Panaro Fortress
(Modena, Italy). After the Emilia earthquake that occurred in 2012, the Fortress reported se-
rious damage, such as severe cracks on the walls and collapses of several towers and the roof.
As a part of a research that aims at evaluating the vulnerability of the Fortress and designing
retrofitting interventions, full-scale ambient vibration tests were performed to evaluate the dy-
namic properties of the principal tower. Afterwards, a Finite Element (FE) model is calibrated
to obtain a good match between the numerical and experimental modal properties. The opti-
mization process is carried out through an improved surrogate-assisted evolutionary strategy.
Due to the serious damage of the Fortress, the effective stiffness of the cracked masonry and the
efficiency of connection at the interface between the principal tower and the rest of the Fortress
are considered the main uncertain quantities to be calibrated. A multi-objective optimization is
performed, considering the frequency and mode shape residuals. These are defined as the differ-
ence between experimental and numerical modal properties. The multi-objective optimization
is reduced to a series of a single-objective optimization adopting the weighted sum method. The
set of optimal solutions that form the Pareto front is obtained performing the optimization for
different values of the weighting factors. Then, two criteria are used and compared in order to
find the preferred solution among the Pareto front solutions. Finally, a comparison of the iden-
tified structural parameters obtained varying the weighting factors for natural frequencies and
mode shapes in the optimization process is presented, highlighting the importance of a proper
choice of the weighting factors.
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1 INTRODUCTION

Earthquakes occurred in Italy in the last decades have highlighted the vulnerability of his-
torical buildings, such as churches, castles, masonry towers, etc. [1]. The assessment of the
seismic vulnerability of historical buildings is still complex because these structures have a pe-
culiar behaviour due to their own story and characteristics. The adoption of an accurate and
calibrated numerical model [2], of proper mechanical characteristics of materials and of a suit-
able method of analysis are the keys to obtain reliable results. With this aim, Finite Element
(FE) model updating allows to identify some uncertain parameters, such as mechanical char-
acteristics of materials, by minimizing or maximizing some objective functions defined as the
difference between numerical and experimental data.

In many optimization problems, especially those involving the calibration of numerical mod-
els with respect to experimental data, usually several objectives have to be fulfilled. In real-life
problems, these objectives are often in conflict with each other due to the effect of measurement
errors (whether experimental data are used) and model uncertainties (that are inaccuracies of the
numerical model in reproducing the real behaviour of the structure). For this reason, to perform
the optimization with respect to a single objective can lead to unacceptable results for the other
objectives and thus a multi-objective optimization needs to be introduced.

There are two general approaches to handle multi-objective optimization. In the first ap-
proach, objectives are combined and weighted into a single-objective function [3]. Parametri-
cally changing the weighting factors, all optimal solutions constituting the Pareto front can be
easily obtained. The second approach is to solve directly the multi-objective problem avoiding
the definition of weighting factors. Although several authors have proposed specific algorithms
to solve directly the multi-objective optimization [4], the first approach is widely used due to
its simpleness. Moreover, weighting factors give a physical meaning of the significance of each
objective. Both approaches lead to define the Pareto front. Among the solutions of the front,
the preferred one has to be defined using an appropriate decision making strategy [5, 6].

This paper describes the experimental tests and numerical analyses performed to character-
ize the dynamic behaviour of the principal tower of the San Felice sul Panaro Fortress (Modena,
Italy). After the Emilia earthquake that occurred in 2012, the Fortress reported serious damage,
such as severe cracks on the walls and collapses of several towers and the roof. This study is part
of a research that aims at evaluating the vulnerability of the Fortress and designing retrofitting
interventions. Full-scale ambient vibration tests were performed to evaluate the dynamic prop-
erties of the principal tower. During the tests, accelerometers were placed at several locations
on the structure to collect the vibration response to natural excitation sources. Starting from
the recorded accelerations, the classic Enhanced Frequency Domain Decomposition (EFDD)
method is used to identify the experimental natural frequencies, mode shapes and damping ra-
tios. Afterwards, a FE model of the Fortress is calibrated to obtain a good match between the
numerical and experimental modal properties. Due to the serious damage pattern of the Fortress,
the effective stiffness of the cracked masonry and the efficiency of connection at the interface
between the tower and the rest of the Fortress are the main uncertain quantities to be calibrated.
The set of optimal solutions that form the Pareto front is obtained reducing the multi-objective
optimization to a series of a single-objective optimization. Each single-objective optimization is
solved several times adopting the weighted sum method and changing the values of the weight-
ing factors. The optimization process is carried out through an improved surrogate-assisted
evolutionary strategy. Then, two criteria to find the preferred solution among the Pareto front
solutions are adopted and compared. Finally, a comparison of the structural parameters identi-
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(a) (b)

Figure 1: (a) The San Felice sul Panaro Fortress and (b) the “Mastio”.

fied varying the weighting factors for natural frequencies and mode shapes in the optimization
process is presented, highlighting the importance of a proper choice of the weighting factors.

2 THE SAN FELICE SUL PANARO FORTRESS

The San Felice sul Panaro Fortress is an historical masonry structures located in the town of
San Felice sul Panaro (Modena, Italy). The main structure of the Fortress dates back to the XIV
century, but as usual in ancient buildings, the Fortress was subjected to several transformations
over the centuries [7, 8]. The current configuration of the Fortress is characterized by a quadri-
lateral plan with an inner yard and five towers (Fig. 1(a)). The highest tower is located on the
south-east corner and it is called Mastio (Fig. 1(b)) due to its dominant dimensions compared
to the rest of the building.

The Fortress has been seriously damaged by the seismic sequence that affected the Emilia
land in May 2012. Two main shocks occurred on May 20th and May 29th with magnitude
of ML = 5.9 and ML = 5.8, respectively. Both epicentres were a few kilometers far from the
Fortress. Due to the 2012 earthquake, the roofs of the four minor towers collapsed and many
cracks of different relevance appeared on the walls of the Fortress [1]. Important shear cracks
occurred in the Mastio and some vertical cracks appeared between the Mastio and the perimeter
walls. In addition, relevant damage can be observed in the merlons as well as in the vaults inside
the Mastio.

Soon after the seismic events, the municipality of San Felice sul Panaro performed some
strengthening interventions in order to prevent further collapses. The diagonal cracks of the
Mastio were filled with mortar and steel strands were inserted into the walls.

3 DYNAMIC IDENTIFICATION

Ambient vibration tests were performed in July 2016 to measure the response of the Mastio
in operational conditions and to identify its modal properties. Because the Fortress reported
serious damage after the 2012 earthquake, the modal identification refers to the dynamic be-
haviour of the Mastio in damaged conditions.

A total of 10 uniaxial piezoelectric accelerometers (7 PCB/393B12 and 3 PCD393/B31),
were installed at four levels of the Mastio on the inner walls, as shown in Figure 2. At the
upper level (L4) sensors were mounted in different positions with respect to the lower levels
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(a)

(b)

(c)

Figure 2: Ambient vibration tests: (a) instrumented cross-sections and sensor location; accelerometers at level (b)
L3 and (c) L4 in the N-E corner.

because of the different position of the masonry walls (Fig. 2(a)). The accelerometers have
a dynamic range of ± 0.5 g, a bandwidth ranging form 0.15 to 1000 Hz and a resolution of
8 µg (PCB/393B12) and 1 µg (PCB/393B31). They were connected to a National Instruments
acquisition system for data storage and system management. The sampling frequency was set
to 200 Hz.

The Enhanced Frequency Domain Decomposition method is used to identify the modal prop-
erties of the Mastio from the ambient vibration data [9, 10]. The Power Spectral Density (PSD)
matrix of the acquired accelerations is calculated and decomposed with the Singular Value De-
composition (SVD) method. Each singular vector of the PSD matrix represents the j-th mode
shape whereas each singular value is the amplification factor, i.e. the structural response ampli-
fication under dynamic loads. Each peak of the PSD graph identifies the natural frequency of
each mode. Finally, the damping ratio is estimated through the logarithmic decrement.

An example of acceleration time series recorded at the upper level and its corresponding PSD
function are presented in Figures 3(a) and 3(b), respectively. The measured acceleration ranges
between ± 5 mg (corresponding to ± 0.05 m/s2), stating the low level of ambient excitation that
existed during the tests.

Four bending modes and a torsional one are clearly identified. The mode shapes of the
identified modes and the corresponding modal properties (natural frequencies and damping
ratios) are reported in Figure 4 and Table 1. The first two bending modes involve flexure in the
E-W direction (Fig. 4(a)) and N-S direction (Fig. 4(b)), respectively, while the third mode is a
torsional mode (Fig. 4(c)). The forth (Fig. 4(d)) and fifth mode (Fig. 4(e)) are second bending
modes characterized by dominant flexure in N-S and E-W direction, respectively.

4 FINITE ELEMENT MODEL OF THE SAN FELICE SUL PANARO FORTRESS:
MODEL UPDATING AND STRUCTURAL IDENTIFICATION

A detailed FE model of the San Felice sul Panaro Fortress (Fig. 5) has been developed
by Castellazzi et al. [11] adopting an innovative numerical modelling strategy. The strategy
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Figure 3: (a) Acceleration recorded at level L4 and (b) corresponding PSD function.
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Figure 4: Mode shapes of the (a, b, d, e) bending and (c) torsional modes. Black asterisks: modal displacements of
the measuring points in the N-E corner of the cross-section in E-W direction; Red asterisks: modal displacement
of the N-E corner in N-S direction; Red dots: modal displacement of the W-S corner in N-S direction.

enables the semi-automatic transformation of a three-dimensional point cloud of a structure
into a three-dimensional point FE mesh. The survey of all the external and internal surfaces
of the Fortress was performed after the 2012 earthquake by using a terrestrial laser scanner [2].
Therefore, the FE model represents the post-earthquake condition of the monument. The details
of the new semi-automatic procedure to transform three-dimensional point clouds of complex
objects into three-dimensional FE models can be found in [11].

In the present section, the FE model of the Fortress is calibrated so that the modal properties
of the Mastio agree as close as possible with the experimental ones. To this end, some uncertain
structural parameters are identified from the minimization of an objective function that measures
the difference between experimental data and numerical predictions. In particular, the elastic
modulus of the masonry and the elastic moduli of the elements at the interface between the
Mastio and the rest of the Fortress on the west and north side are selected as uncertain structural
parameters. The interface elements on the west and north side are called “Connection A” and
“Connection B”, respectively, and highlighted in Figures 5(a) and 5(b). The choice of the
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Mode shape
Frequency Damping Ratio

[Hz] [%]

1st Bending E-W 1.72 2.31
1st Bending N-S 1.75 3.40
1st Torsional 3.55 2.24
2nd Bending N-S 4.83 0.99
2nd Bending E-W 5.08 0.94

Table 1: Modal properties of identified modes.

(a) Connection A (b) Connection B

Figure 5: Elements at the interface between the Mastio and the perimeter walls: (a) on the west side; (b) on the
north side.

uncertain structural parameters is related to the age of the construction and the serious damage
caused by the 2012 earthquake. The elastic modulus of the masonry can be considered as an
equivalent elastic modulus of the cracked masonry of the Mastio. Moreover, the Fortress had
a complex historical evolution and consequently the monolithic behaviour and the efficiency of
connection between adjacent walls cannot be assured. Furthermore, important cracks can be
observed in correspondence of the interfaces between the Mastio and the rest of the Fortress.

An improved surrogate-assisted evolutionary strategy, named DE-S algorithm [12] and de-
scribed in section 4.2, is adopted to calibrate the FE model of the Fortress. The first three
natural modes of the Mastio are accounted for in the calibration procedure, i.e. the first bending
modes in the two orthogonal directions and the torsional one. The numerical modes involving
the Mastio are shown in Figure 6. In section 4.3, the optimization problem is solved defining
the objective function as the weighted sum of frequency and mode shape residuals. The Pareto
front is then calculated by solving several optimization problems for different weighting fac-
tors. Two criteria to find the best solution among the points of the Pareto front are described
and compared, namely the maximum bend angle [5] and the minimum distance [13] criterion.
The impact of the weighting factor on the optimal solution is also highlighted. Results are
presented and compared in section 4.4.
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(a) 1st bending N-S (b) 1st bending E-W (c) 1st torsional

Figure 6: Numerical mode shapes.

4.1 Single- and multi-objective optimization

In many optimization problems, especially those involving the calibration of numerical mod-
els with respect to (real) experimental data, usually several objectives have to be fulfilled. More-
over, in real-life problems, these objectives are often in conflict with each other. This is due to
(i) the uncertainties and errors that unavoidably affect the numerical model and (ii) the presence
of uncertainties in the measurements. For this reason, to perform the optimization with respect
to a single objective can lead to unacceptable results for the other objectives.

To address this issue, a multi-objective optimization problem, which involves more than
one objective function to be optimized simultaneously, has to be introduced. Multi-objective
optimization problems can be handled with two general approaches. The first relies on a re-
duction of the multi-objective optimization problem into a single-objective problem adopting,
for instance, the weighted sum method [3]. This method defines the objective function to be
minimized as the weighted sum of different objectives. Depending on the weighting factor
assigned to each objective, the optimization procedure can lead to different results because of
the uncertainties and errors affecting the numerical model and the measurements. Hence, a
proper definition of the weighting factor is not trivial. The set of optimal solutions that form
the Pareto front [14] can be obtained solving the optimization problem several times for differ-
ent weighting factors. The Pareto front represents a set of feasible non-inferior solutions that
are not dominated by any one. An objective on the Pareto front can not be improved without
sacrificing at least one other objective. The second approaches is based on the resolution of a
multi-objective optimization problem to directly obtain the entire Pareto front or a representa-
tive subset of it. For this purpose, specific multi-objective genetic algorithms can be adopted
(see [4] for an extensive overview of these methods). In both approaches, once the Pareto front
is defined, a decision is still required to find the solution that is the best compromise among
the different objectives. The best solution among the points that constitute the Pareto front is
selected on the basis of additional (sometime subjective) requirements.

In dynamic structural identification, the goal is to identify a set of uncertain structural param-
eters such that the numerical properties agree as close as possible with the experimental ones.
In this work, the objectives are defined in terms of frequency eF and mode shape eM residuals:

eF =
N∑
i=1

(
fnum,i − fexp,i

fexp,i

)2

(1)
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eM =
N∑
i=1

(
1 −MAC(φnum,i, φexp,i)

MAC(φnum,i, φexp,i)

)2

(2)

whereN is the number of modes selected for the calibration, fexp,i and φexp,i are the experimen-
tal frequencies and mode shapes, respectively, fnum,i and φnum,i are the numerical frequencies
and mode shapes and MAC is the well-known Modal Assurance Criterion [15].

4.2 The DE-S algorithm

Genetic and evolutionary algorithms are widely used for solving global optimization prob-
lems. Their architecture is designed for large-scale problems and allows to avoid local minima.
The main drawback is that a large number of function evaluations is often required to reach the
convergence. Surrogate-assisted evolutionary strategies [16] use efficient computational mod-
els, such as Response Surfaces (RS), high polynomial functions or Kriging models [17], to
approximate the objective function. They aim at evaluating those individuals that potentially
have a good prediction of the objective function value. The introduction of a second-order
surrogate in the Differential Evolution (DE) algorithm is proposed in [18].

In the DE-S algorithm, proposed by [12], a proper infill sampling strategy is introduced to
further reduce the number of objective function evaluations. The candidate points are chosen
trying to find a compromise between local and global search, i.e. enhancing both the accuracy
in the region of the optimum predicted by the surrogate (local exploitation) and the global
exploration. The DE-S algorithm is briefly summarized in the following.

First, the objective function is evaluated for the initial population. At each subsequent itera-
tion, subsets of points are built and a quadratic response surface is calibrated for each subset i.
If the i-th response surface is convex, the i-th Mutant vector is defined as the minimum of the
surrogate function. On the contrary, if the i-th response surface is concave, the Mutant vector
is obtained form a linear combination of the population vectors and the Crossover operation is
performed to increase the diversity of vectors and avoid local optima. Each Mutant vector rep-
resents a candidate point for a new evaluation. A score w is assigned to each candidate (Scoring
operation). Only a limited number of points are selected for new evaluations depending on their
scores.

The score is defined as the weighted sum of two criteria. The first depends on the objective
function value predicted by the surrogate while the second depends on the distances of the
candidate from the points where the objective function has already been evaluated. For this
purpose, a database containing both the position of the previously evaluated points and the
associated objective function values is created. The new favourite candidates can be placed in
between or far from the previously evaluated points.

The reader referred to [12] for all details about the DE-S algorithm.

4.3 Evaluation of the preferred solution from the Pareto front

The calibration of the FE model aims at minimizing the differences between the numerical
and experimental results, in terms of both natural frequencies and mode shapes. According to
the weighting sum method, the objective function H is defined as follows:

H = αeF + (1 − α)eM (3)

where α is the weighting factor that measures the relative importance between the two objectives
eF and eM (Eqs.1 and 2).
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Figure 7: Results of the weighted sum method: trend of (a) the objective function H and (b) the natural frequency
(asterisks) and mode shape (squares) residuals with the weighting factor α.
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Figure 8: (a) Pareto front for different values of α (black dots) and optimal solution for the objective function ∆
(red dot); (b) detail of an “irregularity” of the Pareto front.

The optimization analysis is repeated for different weighting factors α to obtain the Pareto
front. Values of α ranging between 0.1 and 0.95 with step size 0.05 are adopted. For each value
of α, the optimal elastic moduli of the masonry EM and of the interface elements EA and EB

that minimize the objective function H are evaluated. Values of H , eF and eM obtained for
different α are reported in Figure 7. When α increases H and eF decrease while eM increases.
It is observed that, as mentioned before, the two objectives eF and eM do not guide the problem
to a unique solution. On the contrary, each objective leads to a different combination of optimal
structural parameters.

Figure 8 shows the Pareto front, obtained representing the calculated residuals in the objec-
tive function space. Each marker represents a solution of the weighted sum method, i.e. each
marker is related to a specific value of the weighting factor α.

Among the solutions obtained for different values of α, the best one needs to be identified.
The solution corresponding to the minimum value of H might not be the best one. As shown
in Figure 7(a), the minimum value of H is obtained when α = 0.95, i.e. when almost only
the contribution of the frequency residual is accounted for. The contribution of the mode shape
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Figure 9: Values of the bend angle for each point of the Pareto front (a) before and (b) after removing the “irregu-
larities”.

residual, which in this case provides the greatest source of error, is multiplied by a factor of
0.05 and so it is almost disregarded. Therefore, a criterion to select the solution that is the best
compromise between the two objectives is needed. For this purpose, two criteria are presented
and compared in this paper.

First, the formulation proposed by [5] is adopted. The best solution (named “SOL-A” in
the following) is identified as the point of the Pareto front with the maximum bend angle. For
this solution, a large sacrifice is required to make a small gain to move to any other solution.
The bend angle β of a solution k on the Pareto front depends on the slopes of the two lines
connecting k with its adjacent left L and rightR neighbours. The bend angle of the k-th solution
is computed as:

β(k) = βL − βR (4)

where:

βL = arctan

[
eM(k − 1) − eM(k)

eF (k) − eF (k − 1)

]
(5)

and

βR = arctan

[
eM(k) − eM(k + 1)

eF (k + 1) − eF (k)

]
. (6)

k − 1 and k + 1 are the previous (left) and following (right) solution of the considered point k,
respectively.

Values of the bend angle obtained from Eq.4 for each point of the Pareto front are reported
in Figure 9(a).

The convergence of the optimization procedure is reached when prescribed convergence cri-
teria are satisfied. Small inaccuracies in the solution for a given value of α can cause sharp
changes of slopes in the Pareto front, as shown in Figure 9(b). In correspondence of these
points, high values of bend angle are obtained, which are related to the inaccuracy in the defini-
tion of the front and not to effective preferred solutions. If these “irregular” points are removed
from the Pareto front (i.e. the red line is considered instead of the black one in Figure 8(b)),
the maximum bend angle is obtained for α = 0.4 (Fig. 9(b)) instead of α = 0.3 (Fig. 9(a)).
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Figure 10: (a) Distance of each point of the Pareto front from the origin; (b) tangent line (blue) to the Pareto front
(black) at the point P and line perpendicular to the tangent line (red).

However, the result obtained by this criterion strongly depends on the accuracy in the definition
of the front as well as on the subjective evaluation of the “irregular” points of the front.

Another criterion to evaluate the optimal solution on the Pareto front is investigated in this
paper. The best solution is defined as the point of the Pareto front with minimum distance from
the origin (named “SOL-D” in the following) [13]. The origin of the objective function space
represents the ideal solution because it is characterized by frequency and mode shape residuals
equal to zero. Thus, the minimum distance from the origin ensures the best compromise be-
tween frequency and mode shape errors. Figure 10(a) shows the distance of each point of the
Pareto front from the origin. The minimum distance, and so the best solution, is obtained for
α = 0.4.

This solution is consistent with the one obtained from the maximum bend angle criterion
once the “irregularities” of the front are removed. Unlike the maximum bend angle criterion, the
minimum distance is less affected by the presence of “irregular” points on the front. However,
in this case, the minimum distance criterion provides a set of solutions characterized by almost
the same distance from the origin, while the optimal solution can be more clearly identified with
the maximum bend angle criterion.

The same result obtained by the minimum distance criterion can also be achieved directly,
avoiding the computation of the whole Pareto front. This implies to perform a single optimiza-
tion analysis instead of several analyses for different values of α. To this aim, a new single-
objective function ∆ that represents the distance of a given point in the objective function space
from the origin is defined:

∆ =
√
e2F + e2M (7)

The optimal solution obtained by the minimization of Eq.7 is characterized by a frequency
residual eF (P ) = 0.0105 and a mode shape residual eM(P ) = 0.0136. The optimal solution,
represented in Figure 8(a) with a red dot, lies on the Pareto front previously evaluated close to
the solutions with α = 0.4 ÷ 0.5.

The objective function ∆ does not include explicitly the weighting factor α. The value of α
corresponding to the estimated solution can be evaluated as follows. Let’s consider the generic
Pareto front defined in the objective function space and reported in Figure 10(b). The point of
the Pareto front with the minimum distance from the origin is indicated as P . According to
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the Taylor’s theorem, the Pareto front around the point P can be approximated by a first order
Taylor polynomial. The tangent line to the Pareto front at the point P (blue line in Fig. 10(b))
is perpendicular to the segment OP and is formulated as:

eM = eM(P ) − eF (P )

eM(P )
(eF − eF (P )) (8)

Hence, the coordinates of a point Q on the tangent line (Eq. 8) close to P are given by:

eF (Q) = eF (P ) + ε, eM(Q) = eM(P ) − eF (P )

eM(P )
ε (9)

where it is assumed that eF (Q) − eF (P ) = ε, with ε a very small number. According to Eq.3,
the objective functions H evaluated in P and Q are written:{

H(P ) = αP eF (P ) + (1 − αP ) eM(P )
H(Q) = αQ eF (Q) + (1 − αQ) eM(Q)

(10)

Being ε a very small number, it is assumed that the points P and Q have almost the same values
of weighting factor α and objective function H:{

H(P ) ≈ H(Q)
α(P ) ≈ α(Q)

(11)

Finally, substituting Eqs.9 and 11 into Eq.10, an estimate α∗ of the weighting factor α related
to the optimal solution is obtained:

α∗ =
γ

1 + γ
(12)

where γ = eF (P )/eM(P ).
From Eq.12, a weighting factor α∗ equal to 0.437 is obtained. This is in line with the weight-

ing factor estimated from the minimum distance criterion, namely α = 0.4. The slight dis-
crepancy between the results can be explained as follows. First, the solution obtained from the
minimum distance criterion depends on the accuracy of the Pareto front (i.e. the step size of α).
Second, some assumptions are made in the procedure to evaluate α∗, which are: (i) the Pareto
front is approximated by a first order Taylor polynomial and (ii) the values of H and α for the
points P and Q are assumed to be the same.

In summary, the presented strategy allows to accurately evaluate the optimal solution, and
thus the uncertain structural parameters, with no need to compute the whole Pareto front. More-
over, the relative importance between the frequency and mode shape residuals for the estimated
solution can be easily evaluated.

4.4 Structural parameter identification

This section presents and compares the structural parameters and the modal properties ob-
tained from the optimization analyses reported in section 4.3. Optimal weighting factors α,
frequency eF and mode shape eM residuals and the corresponding structural parameters ob-
tained by the maximum bend angle (SOL-A) and the minimum distance (SOL-D) criterion are
listed in Table 2. Being the optimal weighting factors obtained by the two criteria in very good
agreement, the residuals and the structural parameters are very similar as well.
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α eF eM EM EA EB

[-] [10−2] [10−2] [MPa] [MPa] [MPa]

SOL-A 0.4 1.026 1.361 937 35 10
SOL-D 0.437 1.054 1.359 912 43 11
SOL-F 1 0.106 48.31 862 27 2083

Table 2: Results obtained by the maximum bend angle criterion (SOL-A), by the minimum distance criterion
(SOL-D) and considering only the frequency residual (SOL-F).

SOL-A SOL-D SOL-F

Exp. Num. Rel. Num. Rel. Num. Rel.
Mode Shape Freq. Freq. Error MAC Freq. Error MAC Freq. Error MAC

[Hz] [Hz] [%] [%] [Hz] [%] [%] [Hz] [%] [%]

1st B. E-W 1.72 1.76 −2.32 94.4 1.76 −2.00 95.3 1.71 0.53 64.0
1st B. N-S 1.75 1.61 8.58 91.9 1.59 9.29 91.9 1.71 2.57 71.2
1st T. 3.55 3.72 −4.85 95.4 3.68 −3.88 95.4 3.61 −1.93 94.1

Table 3: Experimental and numerical modes obtained by the maximum bend angle criterion (SOL-A), by the min-
imum distance criterion (SOL-D) and considering only the frequency residual (SOL-F). 1st B. E-W: first bending
mode in E-W direction; 1st B. N-S: first bending mode in N-S direction; 1st T.: first torsional mode.

Results of the FE model calibration show that the elastic modulus of the masonry EM is
about 920 MPa, while the elastic moduli EA and EB of the interface models are about 40 MPa
and 10 MPa, respectively. As expected, the cracked masonry has a low elastic modulus due
to its poor quality and the damage suffered by the 2012 earthquake. The elastic moduli of the
interface elements suggest low, but not absent, level of connection between the Mastio and the
rest of the Fortress.

The calibrated FE models show very similar modal characteristics (“SOL-A” and “SOL-D”
in Table 3). The values of frequency relative errors, lower than 9.3%, and MAC, greater than
91%, state the good agreement between numerical and experimental modes.

The importance of a proper choice of the weighting factor is highlighted in Figure 11 that
shows the trends of the elastic moduli obtained by the weighted sum method for different values
of α. See for instance that when α = 0.95 (i.e. when the weight of frequency residual is
dominant with respect to the mode shape residual), the elastic moduli of the interface elements
are nearly one order of magnitude higher than their mean values (that are less than 50 MPa).

Finally, results obtained considering only the frequency residual in the optimization process
(i.e. α = 1) are presented. These are referred to as “SOL-F” in Tables 2 and 3. In this case,
the optimal solution shows even more pronounced differences with the solutions obtained for
α < 1, in terms of both structural parameters and modal properties. In particular, while the
frequency errors decrease up to values lower than 2.6%, the MAC drops to unacceptably low
level, with values of 63% and 71% for the first two bending modes.
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Figure 11: Variation of elastic moduli as a function of the weighting factor α: elastic modulus of Connection A
(squares), elastic modulus of Connection B (dots), and elastic modulus of masonry (asterisks).

5 CONCLUSIONS

The paper addresses the modal and parameter identification of the San Felice sul Panaro
Fortress. Results of ambient vibration tests and the FE model optimization are presented.
The modal characteristics of the principal tower (Mastio) are identified from ambient vibra-
tion data by means of the Enhanced Frequency Domain Decomposition method. Afterwards,
an optimization process is performed to identify the elastic modulus of the cracked masonry
of the Mastio and the elastic moduli of the elements at the interface between the Mastio and
the perimeter walls. On this account, an objective function which combines the relative er-
rors between experimental and numerical modal properties is formulated. The Pareto front is
determined solving the optimization problem several times for different values of the factor
weighting the frequency and mode shape residuals.

Two criteria to identify the preferred FE solution among those constituting the Pareto front
are presented. The first criterion identifies the best solution as the point on the Pareto front with
the maximum bend angle. In the second one, the preferred solution is that with the minimum
distance from the origin of the objective function space. For the minimum distance criterion, a
strategy that allows to evaluate the optimal solution with no need to compute the whole Pareto
front is also presented.

Results show that the two criteria give almost the same value of the weighting factor. Indeed,
the values of frequency residual, mode shape residual and mechanical properties of the materials
are almost coincident. In both cases, modal properties obtained by the calibration process are
in good agreement with the experimental ones.

The result obtained by the maximum bend angle criterion strongly depends on the accuracy
in the definition of the Pareto front as well as on the subjective evaluation of the “irregular”
points of the front. As a matter of fact, small inaccuracies in the solution for a given value
of the weighting factor can cause sharp changes of slopes in the Pareto front and, thus, large
variation in the identified best solution. Unlike the maximum bend angle criterion, the minimum
distance criterion is less sensitive to the presence of irregularities on the front shape. However,
in the analysed case-study, several solutions are characterized by almost the same distance from
the origin and the preferred solution does not clearly prevails on the others.

The importance of a proper choice of the weighting factor is finally highlighted. When the
weight of frequency residual is dominant with respect to mode shape residual, the elastic mod-
uli of the interface elements are nearly one order of magnitude higher than those obtained with
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a moderate value of the weighting factor. Moreover, if only frequencies are used in the opti-
mization process, the calibrated FE model provides very inaccurate mode shapes. In summary,
optimization results suggest that, in this case, the best compromise is obtained when the weight
of mode shape residual is slightly higher than the weight of natural frequency residual.
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Abstract. The in-plane stiffening of timber floors is normally supposed to be an improvement 

of the seismic performance of un-reinforced masonry buildings. A modelling strategy to simu-

late the non-linear behaviour of masonry buildings with simple or strengthened timber floors 

is presented: it allows to implement the in-plane hysteretic response of the floors and different 

types of failure of the masonry walls. This model was used to predict the modification of the 

seismic response of a two-storey masonry building subjected to different rehabilitation tech-

niques applied to the timber floors. The case-study building is irregular in plan to study also 

torsional effects and out-of-plane deformation of the walls. The mechanical parameters of the 

non-linear elements representing masonry piers and floors were calibrated replicating exper-

imental tests available in literature. The outcomes of this work were obtained with non-linear 

dynamic analyses, in order to allow the model to consider not only the actual elastic and 

post-elastic stiffness of the floors but also their energy dissipation capacity. 
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1 INTRODUCTION 

Various techniques are available and are commonly used to improve the seismic response 

of un-reinforced masonry (URM) buildings. Among them, the stiffening and strengthening of 

timber floors in their plane are normally supposed to be an improvement of the global seismic 

response of the building. The most common methodologies are available in ([1]-[3]). Various 

monotonic or cyclic-loading tests have been performed to evaluate the in-plane behaviour of 

strengthened timber floors ([1], [4]-[5]) and the results can be used to perform numerical 

models of entire buildings, without neglecting the actual stiffness and the hysteretic behaviour 

of the floors. 

Numerical studies, which simulated the seismic response of masonry buildings with 

strengthened timber floors, are available in literature (e.g., [6], [7]). Results obtained in these 

works show that the in-plane stiffening of timber floors improves the behaviour of the build-

ing and its global strength, if the failure of the not-strengthened building was due to out-of-

plane overturning of walls. These numerical studies were performed via non-linear static 

analyses; therefore, they do not consider the hysteretic behaviour and the dissipative capacity 

of the floors. Nevertheless, the hypothesis that the stiffening of timber floors can be in some 

cases unfavourable and could worsen the seismic performances of the building has been al-

ready stated (e.g., [1], [6]). 

Numerical studies were recently performed by means of non-linear time-history analyses 

with 3D models ([8]-[9]). In both works, only the walls parallel to the imposed earthquake 

direction were modelled. In [8] three case-study buildings with slender masonry piers have 

been studied and effects of spandrels have been neglected, in order to reach always a rocking 

failure. The buildings differed in the plan configuration of the masonry piers. In [9] another 

building has been modelled. In this case, the actual non-linear behaviour of all possible failure 

mechanisms of the masonry was considered (i.e., rocking, sliding and diagonal cracking) and 

effects of spandrels were not neglected. These two research works analysed different build-

ings with a different finite-element software but the same conclusion was obtained: if the out-

of-plane failure of masonry walls is avoided, the seismic capacity of a URM building can de-

crease if a retrofitting method leading to excessive floor stiffening is adopted. The use of 

time-history analyses allowed the model to consider the dissipative capacity provided by the 

floors and therefore the reduction of forces transmitted to shear walls, and it was observed 

that the building is not able to exploit such dissipative capacity, if the in-plane stiffness of the 

floors is too much increased. 

In this work, another two-storey building has been analysed with time-history simulations. 

The model takes into account the actual hysteretic behaviour of the floors, the in-plane and 

out-of-plane beahviour of all the façades (parallel and orthogonal to the earthquake direction), 

and all possible failure modes of masonry. 

2 DESCRIPTION OF THE NUMERICAL MODEL 

2.1 Geometry and model of the building 

The case-study building has the same geometrical configuration of the 2:3 scaled building 

analysed in [6] but real dimensions. It has a rectangular plan with dimensions 4.00 x 4.80m 

and two-storeys, with inter-storey height equal to 3.00m. The structural thickness of the walls 

equal to 38.0cm and their mechanical properties were chosen to be consistent with the exper-

imental tests used to calibrate the non-linear behaviour of masonry (see section 2.2). The 

building is shown in Figures 1 and 2. 
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Figure 1: 3D views of the building’s structure. 

  
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 2: Façades and model of the building. (a) Wall 1; (b) Wall 2; (c) Wall 3; (d) Wall 4.  

The original floors of the building are supposed to be composed of a single layer of 

20x3cm C22-class timber boards nailed orthogonally to 18x18cm GL24c-class timber beams 

having spacing of 50 cm with four nails per intersection. 

The effects of three stiffening techniques in comparison with the original floor have been 

analysed. The first technique consists of an additional layer of 30mm thick timber boards ar-

ranged at 45° with respect to the original boards and fixed to the beams with 6x90mm timber 

screws (from 2 to 4 screws per intersection). The second technique consists of the addition to 

the original floors of light-gauge steel plates (80x2mm) screwed to the existing boards at 45° 

with 5x25mm screws (20 screws per meter). The mesh of diagonal bracing is 705mm. The 

last analysed technique is the addition of a 50-mm thick RC slab reinforced with 6-mm diam-

eter rebars (mesh 200x200mm). The connection between timber beams and RC slab is assured 

by 14-mm diameter L-shaped steel bars spaced 20-30cm glued with epoxy resin. The choice 
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of such details of the retrofitting strategies has been made to be consistent with the experi-

mental cyclic-loading tests used to calibrate the non-linear behaviour of floors (see section 

2.3). The numerical FE model of the building was implemented into the research-oriented 

numerical code “Open System for Earthquake Engineering Simulation - OpenSees” [10] as-

sembling linear and non-linear truss elements, to form a lattice structure. Two macro-models 

have been used to simulate floor and masonry behaviour respectively, which are reciprocally 

connected with rigid hinges. 

2.2 Masonry model and calibration 

All the URM walls of the buildings were modelled assembling the main modules com-

posed of a hinged quadrilateral perimeter with rigid-elastic behaviour and non-linear diagonal 

springs accounting for shear behaviour and possible diagonal shear cracking. The masonry 

modules are reciprocally connected by means of non-linear elements to simulate possible slid-

ing due to shear stress with low tensile strength. The modules are also connected to the foun-

dation by means of non-linear uniaxial springs accounting for possible rocking or sliding 

failures. Each module representing masonry piers has dimensions 0.80x1.00m (Figure 3a).  

Hysteretic material laws were used to have the possibility of representing hardening and 

softening branches, zero-tensile strength and failure conditions. The non-linear elements have 

the following properties: 

 Symmetric non-linear elements with post-elastic softening branch and imposed failure 

strain to simulate the possible diagonal shear failure. The constitutive law takes into ac-

count the effects of vertical loads acting on the main module; 

 Compression-only elements with elastic perfectly-plastic behaviour and ultimate failure 

strain to simulate the possible failure due to compressive stress at the corner of the ma-

sonry modules; 

 Non-linear elements with symmetric elastic perfectly plastic behaviour with imposed 

failure strain to simulate failure due to sliding. The constitutive law takes into account 

the effects of vertical loads acting on the main module. 

It is worth noting that the modules representing spandrels have a slightly different behav-

iour than the modules representing masonry piers, due to the absence of vertical compression. 

Moreover, to allow spandrels to work properly in their plane, the presence of passive perime-

ter steel ties at each storey was assumed and modelled with truss elements characterized by 

the actual tensile stiffness of the ties. 

The mechanical parameters of the non-linear springs representing the masonry piers were 

calibrated by replicating experimental tests of specimens showing different failure modes [11]. 

Fig. 3b shows the correspondence between calibration results and experimental data for a 

specimen characterized by diagonal shear failure.  

The out-of-plane stiffness of the walls was simulated with a mesh of horizontal and vertical 

beams superimposed on the masonry modules (Fig. 3c). These beams have negligible stiffness 

in their axial direction and in the direction parallel to the façade; therefore, they do not modify 

the in-plane behaviour given by the main modules. To simplify the model, the beams were 

modelled with linear elastic behaviour; therefore, they do not simulate failure or damage phe-

nomena. A limit of 2.0% inter-storey drift was assumed as failure due to out-of-plane over-

turning.  
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Figure 3: (a) Masonry module; (b) Numerical validation of masonry model: numerical results (in red colour) 

superimposed on test data from [11]; (c) Out-of-plane beams. 

2.3 Floor models and calibrations 

The same modelling strategy adopted for masonry was used to simulate the in-plane shear 

deformability of the floors. In this case, a phenomenological model with the non-linear hys-

teretic behaviour concentrated exclusively in the equivalent diagonal elements was adopted. 

This modelling strategy has already been used in literature to simulate the non-linear behav-

iour of deformable timber shear walls (e.g., [12]). The floor models were obtained subdivided 

the plan dimensions into a mesh of 6x4 floor modules (Figure 4a), having dimensions of 

0.8x0.8m, in order to distribute the nodal masses (Figure 4b) and to fit the discretization used 

in the wall modelling. Pinching4 model [13] was used to simulate the actual in-plane hysteret-

ic behaviour of the floors characterized by the pinching phenomenon typical of dowel-type 

fasteners embedded in timber members and cyclically loaded in shear.  The non-linear param-

eters of the floor modules were calibrated fitting the forces-displacement curves obtained 

from results of cyclic-loading tests available in literature ([1], [14]), Figure 5. 

Mass and vertical loads have been computed according to the seismic combination of EN 

1990 [15] assuming live loads equal to 2.00kN/m2. Translational point masses have been ar-

ranged in the floor nodes according to the relative afferent areas (Figure 4b). Wall mass has 

been arranged at the perimeter of the floors. 

Three hypotheses were necessarily assumed, which confer specific characteristics to the 

case-study building: 

 The in-plane orthotropic behaviour of the floors has been neglected because only data 

from tests of floors loaded parallel to beam direction were available. Therefore, the floor 

beams of the case-study building are supposed to be always parallel to the earthquake di-

rection; 

 The in-plane shear stiffness of floors considers only the effects of the structure, whereas 

possible stiffening effects due to the presence of a lightweight screed or finishing materi-

als were neglected. This implies that in the case-study building only screeds with loose 

materials are allowed; 

 The elastic truss elements at the perimeter of the floor modules with an imposed high ax-

ial stiffness, necessary to allow the floor to deform correctly in shear, connect the parallel 
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walls reciprocally (see grey lines in Figure 4a). This implies a better seismic response of 

the case-study building and an improved out-of-plane response of the walls. 

These hypotheses, together with the presence of the passive steel ties at spandrel levels (see 

section 2.2) and the rigid connection between floors and walls (see section 2.1) are fundamen-

tal to read correctly the results of this work. 

 
(a) 

 

(b) 

Figure 4: (a) Floor modules and measurement points for the analyses; (b) distribution of translational masses. 
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(d) 

Figure 5: Calibration of the in-plane behaviour of the original not-strengthened floor (a) and of the strengthened 

floors (b)-(d). In detail: (b) addition of 45° timber boards; (c) addition of steel plates; (d) addition of an RC slab. 
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3 NUMERICAL RESULTS  

Non-linear analyses were performed to compare the effects of the rehabilitation techniques 

among them and with the original floor. For each configuration, non-linear static analyses 

(NLSA) and incremental dynamic analyses (IDA) with increasing PGA level were conducted. 

The failure condition has been defined as the first failure of a non-linear element, i.e., the 

achievement of its ultimate displacement, or the exceedance of the imposed limit of the out-

of-plane deformation. 

3.1 Non-linear static analyses  

NLSA were performed for each configuration and for both the directions Ex and Ez accord-

ing to Figure 4a. An increasing displacement was imposed to both the floors of the building 

with a triangular distribution. At the end of the analyses, the failure of the building was 

reached always due to diagonal shear failure of wall 1 (Ez direction) or wall 4 (Ex direction) at 

the first storey, whereas out-of-plane limit was never reached. The control points were placed 

at the middle span of the floors and above the walls parallel to the imposed direction, accord-

ing to Figure 4a (points A1 to A3 for Ez and B1 to B3 for Ex). They were controlled both at 

the top of the building (hereafter identified with the subscript “_top”) and at first floor level 

(hereafter identified with the subscript “_mid”). Therefore, six control points were monitored 

during the analyses for each direction. The six capacity curves are reported in Figures 6 and 7 

for each type of floor and for both directions. The need of plotting multiple curves is due to 

the in-plan irregularity of the building and the presence of in-plane deformable floors. These 

two conditions limit the validity of the pushover analysis and make necessary a detailed time-

history analysis. 
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Figure 6: Results from pushover analyses in Ez direction. 
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Figure 7: Results from pushover analyses in Ex direction. 

A first conclusion from pushover analyses is that increasing the in-plan stiffness of the 

floors, the global stiffness and strength of the building and of shear walls increase whereas the 

relative displacements of the floors strongly decrease. It can be noted also that increasing the 

in-plan stiffness of the floors, the displacements of the weakest shear wall tend to match the 

displacements of the stronger shear wall, due to a better distribution of forces; this implies a 

better behaviour of the strengthened buildings in terms of strength and displacement capacity 

of the walls. 

The different seismic performance of the analysed configurations was quantified compu-

ting the ultimate PGA compatible with a spectrum for building foundations resting on type A 

soil and maximum spectral amplification factor F0 equal to 2.5. The capacity curves of the 

weakest walls were analysed, i.e., wall 1 base shear vs. displacement A1_top for Ez direction 

and wall 4 base shear vs. displacement B1_top for Ex direction. The PGA values are listed in 

Table 1. These results seem to demonstrate that the seismic performance of this building has 

been improved increasing the stiffness of the floors. However, these results do not consider 

the dissipative capacity of the floors. 

 

Floor type  Ez direction Ex direction 

Original 0.47g  0.40g 

45° timber boards 0.62g 0.55g 

Steel plates 0.64g 0.57g 

RC slab 0.67g 0.59g 

Table 1: Results from pushover analyses in terms of ultimate PGA. 
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3.2 Non-linear dynamic analyses 

The IDA were performed for all configurations considering an artificial earthquake [16] 

generated respecting the spectrum compatibility requirements according to the elastic re-

sponse spectrum for building foundations resting on type A soil, q-factor=1, maximum spec-

tral amplification factor F0 equal to 2.5 and building importance factor γI=1. The PGA was 

incremented with small-amplitude steps from about 0.05g up to the near-collapse condition, 

corresponding to the ultimate displacement of a non-linear element. The analyses were carried 

out only in Ex direction (i.e., parallel to walls 2 and 4), which resulted to be the weak direction 

from pushover analyses (see Table 1). The failure localized to wall 4 due to diagonal cracking 

at first storey, according to pushover prediction, at about 3‰ drift. Maximum absolute dis-

placements at mid-span of top floors were always lower than 2% drift; therefore, out-of-plane 

failure of walls orthogonal to the seismic direction did not occur, also for the configuration 

with the original floors. 

Figures 8 and 9 show the results from IDA at near-collapse PGA for all configurations. Re-

sults are given in terms of time-displacement curves between 8 and 13 sec., i.e., within a 

range including the peak displacements. The controlled points are B1, B2 and B3 in Figure 8 

to compare the displacements of walls and floors; B1 and B3 in Figure 9 to compare dis-

placements of wall 2 and 4. These Figures clearly show that the addition of 45° timber boards 

or steel plates reduces significantly the deformations of the floors, whereas the floors 

strengthened with the 50-mm thick RC slab underwent no deformations. However, the effects 

in the seismic response of the building are essentially the same for all three techniques and all 

the stiffened diaphragms can be assumed rigid in their plane. Conversely, the original floor 

acts as a deformable diaphragm and is not able to confer to shear walls the same displace-

ments. It is worth noting that the peak horizontal displacement of the original floor is about 

two and a half times higher than that of the weakest wall (wall 4) at the middle floor. This dif-

ference increases to six times at the top floor. Such displacement values might lead to out-of-

plane failure of the orthogonal masonry walls, but at the same time, it can be expected that the 

shear deformation of the floor could contribute to the dissipative capacity of the building, be-

cause relative displacements of the floors exceed their yielding limit (see Figure 5a).  

Figure 10 shows the results from IDA for all the PGA levels analysed. The near-collapse 

PGA reached by the building with the original floors is about 1.2g. It decreases to about 0.8g 

and 0.75g for the configurations with 45° timber boards and steel plates respectively and falls 

to about 0.65g for the configuration with the RC slabs due also to the increased seismic mass 

of the building.  

Contrary to the commonly accepted expectation and to results from pushover analyses, 

these results seem to demonstrate that the stiffening of original timber floors made with a sin-

gle layer of timber boards actually leads to a reduced seismic capacity of masonry buildings, 

if first-mode failures are avoided by means of suitable methodologies. The explanation of this 

phenomenon is that the deformable floor acts as a dissipative damper interposed between the 

floor mass and the resisting shear walls if subjected to plastic deformations. The increased 

oscillation period and dissipation capacity produce a reduction of seismic forces on resisting 

walls. 
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Figure 8: Results from time-history analyses at near-collapse PGA in terms of time-displacement curves between 

8 and 13 sec. (including the peak displacements) for walls and floors. 
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Figure 9: Results from time-history analyses at near-collapse PGA in terms of time-displacement curves between 

8 and 13 sec. (including the peak displacements) for walls 2 and 4. 
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Figure 10: Results from IDA in terms of displacements at various control points at increasing PGA levels. 

4 CONCLUSIONS 

In this work, the modification of the seismic response of a two-storey masonry building 

subjected to different rehabilitation techniques of the timber floors has been analysed with 

non-linear pushover and incremental dynamic simulations. The chosen techniques consist in 

the addition of 45° timber boards, of steel plates or of a RC slab above the exiting floors. 

Results from pushover analyses apparently said that the in-plane stiffening of timber floors 

improved the seismic performances of the building of about 40%. This improvement derives 

from the increased collaboration between shear walls to withstand the seismic action. Howev-

er, pushover methods do not take into account of the different dissipative capacities of alterna-

tive floors, but only of their stiffness and strength. Therefore, such results could be distorted. 
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In fact, the incremental non-linear dynamic analyses showed oppositely that the seismic 

performance of the case-study building decreased of about 35% for configurations with 45° 

timber boards and steel plates and 45% for the configuration with the RC slab. This means 

that a retrofitting method leading to excessive in-plane stiffening of the floors worsens the 

actual seismic performance of a masonry building. This is in contrast with common belief. 

The reason is that a deformable floor can act as a dissipative damper interposed between the 

floor mass and the resisting shear walls. The increased oscillation period and dissipation ca-

pacity produce a strong reduction of seismic forces on resisting walls, without allowing ex-

cessive out-of-plane deformation of the wall orthogonal to seismic excitation. Obviously, ties 

and rigid connections between floors and walls are necessary to avoid 1-st mode overturning 

of orthogonal walls and to improve the transmission of shear forces between floor and resist-

ing walls. 
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Abstract. The present paper presents a series of FE non-linear dynamic analyses performed 

on masonry church facades subjected to seismic excitation. The facades are modeled as truly 

3D structures, because a portion of the perpendicular walls is accounted for. Both pushover 

and non-linear dynamic analyses are carried out. The structures are discretized using a rigid 

body and spring model RBSM strategy, having previously homogenized the masonry material. 

The spring identification is carried out using classic energy equivalence on homogenized 

stress-strain relationships deduced by an ad-hoc meso-scale holonomic homogenization pre-

viously proposed by the authors for in-plane loaded masonries in the static field. The RBSM is 

implemented into the commercial software Abaqus, where all the discussed analyses are per-

formed. The procedure proved to be robust and efficient and the following advantages are 

worth mentioning: (1) the homogenized mechanical properties can be directly implemented at 

structural level with a very limited computational effort, (2) it is not necessary to discretize 

with refined meshes the elementary cell; (3) the holonomic laws assumed for mortar joints 

allow for a total displacement formulation of the model, where the only variables entering 

into the homogenization problem are represented by displacements. On the other hand, it 

should be finally pointed out that the procedure adopted is intrinsically affected by a certain 

level of approximation, mainly linked to the simplified hypothesis done to describe the influ-

ence that the in-plane behavior has on the out-of-plane homogenized properties. As a matter 

of fact, the presence of membrane loads (mainly vertical gravity compression) is assumed a 

priori known for the determination of the out of plane behavior, as well as totally independent 

from the state of damage and deformation reached during the analyses. As a rule, such a sim-

plification is however considered fully acceptable, allowing to reasonably take into account 

the increase of both out-of-plane carrying capacity and ultimate ductility. 
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1 INTRODUCTION 

The determination of the non linear dynamic behavior of full scale tridimensional masonry 

structures by Finite Element software is still a tricky issue and considered rather demanding 

both at an academic level and in engineering practice. As a matter of fact, masonry exhibits 

quite peculiar mechanical features that must be taken into account when 3D non linear dy-

namic analyses are performed. At present two numerical techniques are at disposal, namely 

macro [1] and micro [2] modeling approaches. The first numerical strategy consists in the 

substitution of the heterogeneous assemblage with blocks and mortar with a fictitious homo-

geneous material exhibiting a-priori defined orthotropy and softening, but requiring costly 

experimental campaigns (repeated case by case) to calibrate the many mechanical parameters 

involved. On the contrary, micro-modeling approaches are characterized by the distinct mod-

eling of all the constituent materials, considering their geometry, the assemblage into the ma-

sonry patterns as well as their inelastic constitutive laws. Clearly, such types of approaches 

can be hardly adopted when analyzing full scale structures in the dynamic field, being these 

analyses too demanding from a numerical and economical point of view. To overcome such 

limitations, in the present paper, homogenization concepts [3]-[7] are used. In particular, a 

simplified two-step homogenization approach [3][5][7] formulated by the authors to study in 

and out of plane loaded masonries is proposed. The model is herein benchmarked in the static 

and dynamic fields with respect only to the out of plane failure mechanisms (Figure 1) of ma-

sonry church façades. 

The case study at hand is represented by the façade of the “Trasfigurazione” church, which 

can be considered an example of Romanesque architecture quite frequent in the small towns 

of Italy, in particular of those located in Friuli. Moreover, due to the huge amount of data 

available in [8][9], it appears an interesting benchmark for the proposed models especially at 

the macro-scale. 

  

Continuum 

  
  

Discrete model 

 
  

 
-a -b -c 

Figure 1: Failure mechanisms allowed in the proposed homogenisation model: (-a) horizontal bend-

ing, (-b) vertical bending and (-c) torsion. 
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2 THE HOMOGENIZED SPRING MASS MODEL 

In the present section, the homogenized mechanical properties deduced using the models pro-

posed in [3][5] are implemented on an existing FE code to simulate entire masonry buildings 

in the non-linear dynamic range. 

All the proposed simulations have been carried out using the FE commercial software Abaqus. 

The structural implementation is made with rigid infinitely resistant quadrilateral elements 

and non-linear interfaces exhibiting an orthotropic behavior. On interfaces, the homogenized 

masonry material is modeled with non-linear flexural/torsional springs placed between adjoin-

ing rigid elements and characterized by the mechanical properties estimated during the ho-

mogenization at the level of the elementary cell. The stress-strain relationship to be used at 

structural level requires an identification of the spring elastic properties, in order to make the 

rigid body-spring assemblage model compatible with the homogenized orthotropic continuum. 

The reader is referred to [3][5] for further details. 

3 NUMERICAL ANALYSES 

A series of simulations have been performed with respect to the façade of the “Trasfigura-

zione” church located in the North-East of Italy. Approximately, the façade has a width of 

16.30 meters, with a maximum height (tympanum top) of 18.05 meters and small openings in 

correspondence of the symmetry axis with walls 55 cm thick. In order to study the seismic 

response of the church when subjected to seismic loads, a series of non linear static and dy-

namic analyses have been carried out. The Rigid Body and Spring Model briefly described in 

the previous section has been adopted to model the façade of the church within a portion of 

the perpendicular walls belonging to the single nave of the church. 

The authors decided to include the transversal walls into the analyses in order to evaluate 

the tridimensional seismic behavior of the structure. As a matter of fact, such monumental 

constructions are frequently affected by overturning failure mechanisms which take place 

with a partial or total detachment of the front walls with respect to the lateral ones. The nu-

merical predictions obtained using the proposed homogenization model have been compara-

tively assessed with respect to the results found by Casolo and co-workers adopting a 

different numerical strategy. The mechanical properties of the constituent materials as well as 

the external restraints are assumed in agreement with the information available in the litera-

ture [8][9] and are not reported here for the sake of conciseness. Previous numerical analyses 

confirmed that the Church was particularly prone to experience severe damages during a 

seismic event. Such finding results in full agreement with the collapse occurred during the 

1976 Friuli earthquake. In particular, the tympanum appeared the most critical element inside 

the structure. The formation of a horizontal cylindrical hinge in the upper part of the façade 

mainly suggested the activation of an overturning mechanism. In addition, a vertical splitting 

of the façade into two portions was detected at the end of the simulations performed in [8][9]. 
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Figure 2: Moment curvature diagrams used at a structural level, Transfiguration Church. Diagrams are plotted at 

different levels of vertical pre-compression. 
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Figure 3: Numerical results obtained by Casolo et al. at the end of the non linear static analysis (-b) 

for the Church of Trasfigurazione assuming two distributions of the lateral load (-a). 

The results obtained by Casolo and co-workers are depicted in Figure 3. According to the Ital-

ian Code, they carried out two series of non-linear static (pushover) analyses assuming two 

distributions of the horizontal load, as showed in Figure 3-a. As expected by the authors, a 

reverse-linear along the height distribution is associated to lower collapse acceleration, as 

confirmed by the capacity curves found at the end of the simulations. In the present work, the 
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façade of the Church is modelled using a coarse discretization, which is composed by a total 

of 354 rigid quadrilateral elements. Homogenised moment-curvature diagrams obtained with 

the model proposed are depicted in Figure 2, assuming to subdivide the façade into three lev-

els of constant vertical pre-compression. 

4 NUMERICAL RESULTS 

In the present section, the results obtained by a series of non-linear static and dynamic anal-

yses are comparatively assessed with respect to the numerical outcomes provided by Casolo 

and co-workers in [8][9]. The damage patterns resulted particularly accurate in the description 

of the activation of a peculiar failure mechanism, which took place mostly in the upper part of 

the façade. Globally a satisfactory agreement is found with respect to the results obtained at 

the end of both static and dynamic analyses, as briefly described in what follows. 

4.1 Pushover analyses 

The results obtained using the proposed model are compared to those provided by Casolo and 

Uva [8] in Figure 4. The displacements have been monitored in a control point located in the 

upper part of the façade, being the tympanum centre the most vulnerable zone of the structure 

to a seismic event. As can be noted, a global satisfactory agreement with previously presented 

results is found adopting both distributions of the lateral loads. Such finding confirms the ac-

curacy of the proposed homogenisation approach to describe the elastic and inelastic behav-

iour of real scale structures starting exclusively from the knowledge of the constituent 

materials mechanical properties. 

4.1 Numerical analyses 

The vulnerability of the structure has been analyzed also by means of a series of non-linear 

dynamic analyses. In particular, the Fogaria natural accelerogram, recorded during the Friuli 

1976 earthquake, is applied at the base of the façade. The results obtained at different heights 

of the control point are summarized in Figure 5, whereas Figure 6 shows the façade deformed 

shape and crack patterns numerically obtained at the end of the simulations (-a: vertical bend-

ing and -b: horizontal bending). As can be noted, good agreement is found between the results 

obtained using the proposed approach and those achieved in [8][9], in terms of both time-

displacement history and damage patterns found at the end of the simulations. The façade ex-

hibited a collapse mechanism that mainly involves the upper part, with the resultant overturn-

ing of the tympanum. Such finding suggests the activation of a slightly different failure 

mechanism with respect to that found in [8] where again the upper part is the most vulnerable, 

 

Mode 0 Mode I 

  

Figure 4: Pushover curves obtained (left) and corresponding deformed shapes (right). 
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but with the formation of two inclined yield lines spreading from the upper corners down to 

the central rose window. Damage patterns at the end of the simulation are depicted in Figure 6, 

separately for flexion and torsion. The deformed shape of the façade clearly indicates the acti-

vation of a failure mechanism involving the overturning of the tympanum. In addition, high 

levels of damage are reached in correspondence of the horizontal line where the out of plane 

mechanism of the tympanum takes place. It is worth noting that severe damages are visible 

also in correspondence of the vertical edges and near the central opening, in quite reasonable 

agreement with the results found in [8][9]. 

 

 

  

 

 z = 14.20 m -a 

 

 z = 16.72 m -b 

Figure 5: Comparison between previous models and present numerical results for the Transfiguration Church at 

different heights of the control point (Forgaria accelerogram). 
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5 CONCLUSIONS 

In the present paper, the seismic behavior of a portion of the “Trasfigurazione” Church has 

been modeled by means of a simplified two-step homogenization model formulated by two of 

the authors to analyze in and out of plane loaded masonries. In the case study at hand, the ex-

tension of the proposed model to out of plane actions only has been benchmarked in the static 

and dynamic fields. The study has been carried out modeling the façade of the Church with a 

portion of the perpendicular walls, being that part one of the most vulnerable for such kind of 

monumental constructions. The studies have been performed conducting two series of non 

linear static and dynamic analyses and assessing the numerical predictions with the ones ob-

tained by Casolo and co-workers. In the first set of simulations, two distributions of the hori-

zontal loads have been considered, according to the Italian Code, whereas in the second set, 

the natural ground motion recorded in Fogaria during the Friuli 1976 earthquake has been 

employed. In both cases, a general satisfactory agreement is found for all the proposed simu-

lations, meaning that the simplified two-step homogenization model is able to accurately de-

scribe the seismic behavior of the structure with a very limited computational effort. 

Moreover, the damage patterns obtained at the end of the dynamic analyses, confirmed the 

activation of a failure mechanism that involved the overturning of the upper part of the façade. 

Again, such findings are fully confirmed by the experimental collapses found in several 

churches subjected to dynamic excitations and in partial in agreement with what found by 

Casolo et al. [8][9]. 

  

Damage in 

tension 

 

 

 

  

-a -b 

Figure 6: Deformed shape and crack patterns numerically obtained at the end of the application of the Fogaria 

accelerogram: vertical bending (-a) and horizontal bending (-b). 
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Abstract.	  This	  paper	  proposes	  a	  procedure	  for	  the	  seismic	  assessment	  of	  unreinforced	  ma-‐
sonry	   complex	   structures	   together	  with	   a	   first	   application	   to	   the	   case	   of	   fortresses.	   The	  
proposal	  of	  such	  procedure	  arises	  from	  different	  reasons:	  firstly,	  Standards	  suggest	  proce-‐
dures	  mainly	  addressed	  to	  ordinary	  structures;	  furthermore,	  even	  those	  Recommendations,	  
which	  are	  more	  specifically	  addressed	  to	  monumental	  assets,	  state	  only	  general	  principles,	  
without	  specifying	  operational	  targeted-‐procedure	  for	  their	  seismic	  assessment.	  The	  dam-‐
age	  occurred	  after	  past	  earthquakes,	  and	  in	  particular	  the	  one	  hit	  the	  Emilia	  region	  in	  Italy,	  
highlighted	   that	   fortresses	   are	   characterized	   by	   an	   aggregation	   of	   bodies	   with	   an	   own	  
seismic	  behavior	  which,	  however,	   is	  strongly	  affected	  by	  their	  dynamic	   interaction	  due	  to	  
the	   mutual	   boundary	   conditions.	   Hence,	   the	   adoption	   of	   a	   numerical	   three-‐dimensional	  
model	  of	  the	  whole	  structure	  is	  necessary	  to	  take	  into	  account	  explicitly	  the	  effect	  of	  such	  
interactions.	   The	   proposed	   procedure	   requires	   the	   execution	   of	   a	   modal	   analysis	   of	   the	  
whole	  structure	  in	  order	  to	  define	  the	  modes	  involving	  the	  dynamic	  response	  of	  each	  units	  
and	  their	  modal	  shapes.	  Then,	  fitting	  the	  modal	  shapes,	  proper	  load	  patterns	  are	  defined	  to	  
pass	   to	   the	   execution	  of	  pushover	  analyses.	   In	  particular,	   one	   load	  pattern	   is	  applied	   for	  
each	  unit	  but	  considering	  the	  whole	  numerical	  model.	  The	  pushover	  curve	  of	  each	  unit	   is	  
then	   converted	   in	   the	   capacity	   curve	   to	   finalize	   the	   seismic	   assessment	   and	   verification.	  
The	  proposed	  procedure	  is	  applied	  in	  the	  paper	  to	  the	  case-‐study	  of	  San	  Felice	  sul	  Panaro	  
fortress,	  significantly	  hit	  by	  the	  Emilia	  earthquake,	  2012	  allowing	  the	  comparison	  between	  
the	  occurred	  damage	  and	  the	  one	  simulated	  by	  the	  nonlinear	  static	  analyses	  and	  to	  vali-‐
date	  the	  procedure.	  The	  potentialities	  of	  the	  proposed	  procedure	  seem	  relevant	  in	  order	  to	  
provide	  a	  reliable	  seismic	  assessment	  also	  of	  other	  typology	  of	  complex	  structures.	  
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1 INTRODUCTION 
This paper deals with the seismic assessment and protection of complex monumental ma-

sonry assets. This kind of assets include a huge amount of structures, characterized by various 
specific seismic response. In particular, two main classes are relevant for the issues herein 
faced. The first class is formed by monumental palaces in historic centers (Figure 1a), charac-
terized by aggregations of buildings joined to each other by means of connecting units which 
are often built with wooden floors and set up on arches or vaults: thus, the latter are character-
ized by lower weight and stiffness then the adjacent ones. The second class is instead formed 
by fortified constructions (fortresses or castles), which are usually formed by towers connect-
ed through defensive walls (Figure 1b). For both classes the assessment of global in-plane re-
sponse is usually relevant, although the activation of local mechanisms is still possible as well. 
In particular, this paper refers to second class of complex architectonical assets focusing the 
attention to the seismic assessment of their in-plane global response through nonlinear static 
analyses. The vulnerability of fortresses was strongly highlighted by the Emilia earthquake, 
2012 [1] being such typology very present in the area and pointing out the complexity in in-
terpreting also their seismic behavior. 

 a.	   	  b.	  
Figure 1: Examples of two monumental complex assets in Italy: Palazzo del Podestà in Mantua (a) and San Fe-

lice sul Panaro Fortress near Modena (b). 

The seismic assessment of complex monumental structures poses several critical issues. 
The first problem deals with the definition of the best modeling choice to be adopted. The 
units to be modeled have to be limited in number for a reasonable computational effort, but at 
the same time, they have to be “sufficient” in order to guarantee a reliable assessment that is 
capable to catch the interaction effects, which can be relevant especially if the bodies are 
characterized by different stiffness and architectural features. The second problem is instead 
connected to the lack of tools and standardized procedures to perform the seismic analysis and 
verification of such complex structures. While Standards ([2]) are more oriented to ordinary 
buildings, Recommendations addressed to monumental assets (i.e. [3]) in general state a series 
of general principles and prescribe indications for possible methodologies of analysis, without 
however prescribing operational tools or indicating specific models and procedures. Therefore, 
it is necessary to provide reliable models and verification procedures able to quantify the 
structural safety level in order to pursue conservation aims.  

In this context, this paper aims to overcome the lack of operational tools, by proposing a 
procedure for the seismic assessment of complex monumental masonry assets, using nonline-
ar static analyses. The required steps of the procedure are explained in §2. The procedure is 
then applied to a case-study, which is the San Felice sul Panaro Fortress. Since this asset was 
significantly hit by the Emilia earthquake 2012, the comparison between the occurred damage 
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and the one predicted - in terms of ductility demand by the analyses- allowed to validate the 
procedure (§3). The procedure uses a three-dimensional detailed geometrical model of the en-
tire structure, developed in the case of the San Felice sul Panaro Fortress starting from a laser-
scan survey [4]. In this way, the dynamic interactions among the different units of the whole 
asset are explicitly taken into account, but with a bearable computational effort. 

2 PROPOSAL OF A PROCEDURE FOR THE SEISMIC ASSESSMENT OF 
FORTRESSES THROUGH NONLINEAR STATIC ANALYSES 

The seismic assessment of complex monumental assets can be developed by following two 
different approaches: (i) decomposing the whole asset into the different units (e.g. on the basis 
of historical and constructive features) and performing  separate  verifications;  (ii)  realizing  
a  unique  global  model  of  the  entire  complex structures, performing the pushover analysis 
and, consequentially, make the verification through the capacity curve representative of the 
overall global seismic behavior. In principle both alternatives can be considered reliable and 
have to be chosen depending on the specific features of each monument, on their complexity 
that can make feasible only some alternatives and on the expected structural behavior. How-
ever, they both present pros and cons. Regarding the first choice, difficulties are mainly relat-
ed to the need of defining a “border” for the asset and for each unit and consequentially the 
“equivalent” boundary conditions for each modeled body. Then, obviously, the analysis of the 
monument in aggregate decomposed in the different units is not able to consider the possible 
interaction effects between the different parts, except in an approximate and conventional way. 
On the other hand, the second choice implicitly considers these latter effects, but it is at the 
same time affected by difficulties connected to the computational effort determined by such a 
complex model. Traditional CAD-based modelling is an expensive and complex process, of-
ten carried out by the users with inevitable geometrical simplifications. On the contrary, more 
recent automatic advanced survey techniques (such as Terrestrial Laser Scanner – TLS) can 
generate three-dimensional detailed points clouds in a rapid way able to describe in details the 
most complex geometries, but then it is not easy to transform them into data usable for struc-
tural aims. For all these reasons, in general this unbearable computational effort forces to ex-
clude too detailed models and to adopt alternative modeling strategies, such as procedures 
based on the equivalent frame or even more simplified models. Even both alternatives ((i) and 
(ii)) can be adopted, the second one is considered the most reliable for the fortresses which the 
paper focuses to. In fact, this kind of structures are characterized by an enormous complexity 
in terms of geometry, material properties, loads and boundary conditions. Hence, in most cas-
es, the use of simplified structural scheme and conventional boundary condition is inadequate 
to model these features and a three-dimensional modelling is more appropriate to investigate 
the structural behavior. 

Furthermore, a further critical issue deals with the procedure for analysis and verification, 
which is not manageable a priori. For this reason, at present, Standards and Recommenda-
tions ([2], [3]) do not suggest a well-established procedure for the assessment of such com-
plex structures. In general, the nonlinear static analyses (NLSA) is the most widespread 
method to study the global response of existing ordinary buildings, but its application to com-
plex assets is yet to be explored. NLSA is usually based on the application of a unique force 
distribution (for example proportional to masses or proportional to masses per height) or a 
combination of force distributions. However, performing a pushover analysis with a single 
load pattern on the whole model, risks to be conventional and inadequate to activate the non-
linear behavior of all the units in aggregate: in fact, when the most vulnerable part of the 
structure exhibits a nonlinear behavior, it implicates the others remain almost in the elastic 
field. Other strategies in the field of NLSA as the multimodal or adaptive approach have been 



Degli Abbati et al. 

mostly developed for other structural types (reinforced concrete and steel buildings) and their 
application to masonry is still under investigation even for ordinary buildings. 

In order to face these problems, this paper proposes a procedure for the seismic assessment 
of complex structures together with a first application to the case of fortresses. In particular, 
the procedure requires the development of some steps, herein summarized: 

1) realization of a numerical model of the entire aggregation of units aimed to explic-
itly capture the mutual interaction effects; 

2) execution of a modal analysis in order to define the modes involving the dynamic 
response of each units and their modal shapes;  

3) execution of a series of pushover analyses (one for each unit) by applying time by 
time the force distribution obtained from the modal shapes identified in 2). Each 
force distribution is defined by a function which varies in plan and height for the 
unit under examination; 

4) conversion of the pushover curve of each unit in the capacity curve representative 
of the equivalent single degree of freedom system, in order to finalize the seismic 
verification. 

3 APPLICATION OF THE PROPOSED PROCEDURE TO THE CASE STUDY OF 
SAN FELICE SUL PANARO FORTRESS 

In this chapter, the procedure proposed in §2 is applied to the case-study of San Felice sul 
Panaro Fortress ([5], [6], [7]), a medieval historical building dating back to the 14th-15th cen-
tury and located near the city of Modena in San Felice sul Panaro (Italy). This case-study re-
flects the aforementioned features to be a monument that behaves as an aggregation of bodies 
(towers, perimeter walls and recently added buildings) which are independent dynamically 
and with own features, but each other interacting at the same time, as deduced from the 
knowledge path and interpretation of the exhibited seismic response.  

This fortress represents a typical example of Emilian fortified medieval architecture, com-
posed by a very massive main structure, characterized by a compact quadrilateral plan with an 
inner yard and five towers: four of them are localized at the corners, while the other one is 
placed on the north fortress façade (Figure 1b, Figure 2a).  The fortress was seriously dam-
aged by the Emilia earthquake of May 2012 [1], which induced the collapse of the four minor 
towers’ roofs (Figure 2b), shear cracks of different relevance on the main body of the Mastio 
(Figure 2c) and of the other towers and extensive collapse in the north tower (Figure 2d), also 
promoted by some heavy interventions recently realized [1]. Furthermore, significant damage 
was concentrated also in the battlements and in the masonry corbels that support the upper 
parts. 

	   	   	    
a. b. c. d. 

Figure 2: Schematic floor plan (a) and examples of collapse mechanisms exhibited by the fortress: collapse of a 
minor tower’s roof (b), damage pattern in the Mastio (c) and collapse in the north tower (d). 
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The proposed procedure can take benefit from a very detailed Finite Element (FE) numeri-
cal model (see Figure 5). This latter was developed starting from the data acquired from a la-
ser scanner survey and by means of a non-standard mesh generation procedure called 
CLOUD2FEM, conceived and set up by part of the authors in ([4], [8]). Such an original pro-
cedure semi-automatically transforms 3D points cloud of complex geometries in 3D FE mod-
els, keeping low the user-time demand with respect to traditional CAD-based routines.  

As far as the constitutive law for masonry is concerned, an isotropic damage-plasticity 
model implemented within the Abaqus software package [9] has been adopted. The model’s 
mechanical parameters were assumed with respect to the recommendations prescribed by the 
Italian Code in case of URM existing buildings ([10]).  

Even if the procedure has been already applied to all the bodies which constitute the San 
Felice sul Panaro Fortress (Figure 3), the paragraphs below present only the results obtained 
for the Mastio (unit n. 4 in Figure 3). 
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2. North-West (N-W-) tower 

3. South-West (S-W) tower 

4. Mastio 

5. North-Est (N-E) tower  

6. West body 

7. Wall-walk  

8. Construction named “Casa Matta” 

9. East wall 

10. Entry body 

Figure 3: Identification of the main bodies in the San Felice sul Panaro Fortress. 

3.1 Definition of the adopted forces’ distribution 

Once realized the detailed three-dimensional model of the whole structure, the procedure 
requires to perform a modal analysis to define the modes involving the dynamic response of 
each units and their modal shapes. Then, for each unit, only the modes involving its dynamic 
response have been considered and, for each mode, the so obtained modal shapes have been 
fitted with exponential functions (polynomial and linear), varying in plan and height. These 
functions define the load pattern to be applied to each unit on the pushover analyses. The 
analyses were executed on the model of the entire structure, hence taking into account explic-
itly the interactions among the different bodies.  

Figure 4 presents, for example, the load pattern applied to the Mastio (unit n. 4 in Figure 3). 
In particular, this figure illustrates: 

a. the modal shape in plan obtained from the modal analysis performed on the whole 
structure (the selected modes are the ones involving the dynamic response of the ex-
amined unit); 

b. the maximum and minimum modal displacements of the nodes in each section of the 
examined body; 

c. the function fitted from the modal shapes and assumed for the forces’ distribution in 
the nonlinear pushover analyses; 

d. a three-dimensional picture of the distribution. 
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As it is possible to see, the load pattern applied to the Mastio varies only in height, while it 
remains constant in section. More complex load patterns have been defined for other towers 
of the fortress. 
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Figure 4: Forces’ distribution assumed for the Mastio. 

3.2 Nonlinear static analyses’ results 

Once evaluated the load pattern as explained in §3.1, in order to verify the procedure’s re-
liability, firstly the procedure has been applied to the Mastio comparing the achieved results 
with those obtained applying a unique forces’ distribution on the whole fortress. In particular, 
the results were compared in terms of damage pattern (Figure 5), pushover curves (Figure 6a) 
and capacity curves (Figure 6b). As one can see, the results almost correspond. 

a. b. 
Figure 5: Comparison in terms of damage pattern obtained applying the forces’ distribution simultaneously to the 

whole fortress (a) and only to the Mastio (b). 
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Figure 6: Comparison in terms of pushover curves (a) and capacity curves (b) obtained applying the forces’ dis-
tribution simultaneously to the whole fortress (graphs in orange) and only to the Mastio (graphs in blue). 

Nonlinear static analyses were then developed in both the directions +/- X e +/- Y, as indi-
cated in Figure 3. From the results, these data were extracted: 

- the global shear at the base of the whole fortress, expressed as function of the average 
displacement at the top level of each unit. Hence, since the applied load pattern aims 
to activate the inertial forces of the examined unit, the major contribution was due to 
the base shear of the body pushed through the load pattern, but at the same time it was 
possible to explicitly consider the interactions with the other bodies; 

- the displacements associated to the different nodes placed at increasing levels of each 
unit for negligible values of the horizontal force, thus representative of an elastic 
phase of the response. These values allowed calculating the participation coefficient 
and the participation mass necessary to transform the pushover curves into the capaci-
ty curves of the equivalent Single Degree of Freedom (S-DOF) system. 

Starting from these data, the pushover curves (V-d) of each body have been obtained. Then, 
these curves were converted into the corresponding capacity curve (V*-d*), following the 
general principles of [11], adopted by [2] as well, and based on the evaluation of the participa-
tion coefficient Γ and the mass M* of each body (see Eq. (1), where φi is the ith component of 
the eigenvector representative of the first modal shape and mi is the correspondent nodal 
mass). Hence, the capacity curve was obtained by dividing the displacement d by Γ (d*=d/Γ) 
and the base shear by the product ΓΜ* (V*=V/(ΓM*)), where Γ and M* are the bodies to ver-
ify each time. 

 
Γ =

mi φi∑

mi φi
2∑
=

m*

mi φx ,i
2∑

M*

 (1) 

4 VALIDATION OF THE PROPOSED PROCEDURE 

Once evaluated the capacity curve for each body, it was possible to validate the procedure 
by considering the actual seismic action that hit the monument on the 29th May 2012. Then 
the comparison between the actual occurred damage pattern and the corresponding ductility 
demand µPP_actual, evaluated from the analysis (Figure 7), was adopted to the aim of validation. 
In fact, the ductility demand µPP_actual represents an estimation of the ductility reached by the 
different bodies during the 2012 earthquake: it is expected that the bodies with higher values 
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of µPP_actual would correspond to the most damaged ones while the ones with lower (values 
closest to the unit) µPP_actual would be the most intact. 

Table 1 presents a summary of the results obtained for the Mastio, in terms of: 

• Data which briefly describes the capacity of the equivalent Single Degree of Freedom 
(S-DOF) system in terms of equivalent bi-linear curve [11], that are:  

-‐ period which defines the initial elastic branch of the bi-linear curve (T*); 
-‐ value of the bi-linear curve’s maximum spectral acceleration (Say); 
-‐ value of the system’s ductility µu, evaluated as the ratio between the displace-

ment capacity du and the displacement dy. In particular, du has been assumed in 
correspondence of the maximum displacement obtained during the analyses, 
while dy the displacement associated to the end of the initial elastic branch of the 
equivalent bi-linear curve. 

• Data necessary to highlight the validation of the numerical model and of the verifica-
tion procedure, that are: 

-‐ The safety margin ISPP_actual expressed as the ratio between the ultimate dis-
placement du and the expected seismic demand; this latter was evaluated by ap-
plying the Capacity Spectrum Method [12] based on the use of overdamped 
reduced spectra. In particular, the expected seismic demand was expressed by 
the displacement obtained comparing the capacity curve with the response spec-
trum generated from the actual records of May 2012 (dPP_max_actual); 

-‐ The ductility demand calculated as µPP_actual =	  dPP_max_actual/dy. The correspond-
ence between the so obtained ductility level and the damage pattern actually oc-
curred after the earthquake implicitly means that the numerical model and the 
procedure of verification and analysis can be considered reliable. It is worth not-
ing that the values are higher than 1 as the structural response was entered in the 
nonlinear field; hence, in this case, one has to expect a more significant and 
spread damage.  

From Table 1, it is possible to see that the obtained results are promising confirming the 
potential reliability of the procedure. In fact, it is clear that, from the numerical analyses, a 
significant damage interested the Mastio (which reaches a ductility level in the most punitive 
direction equal to 1.593). The comparison with the actual damage occurred after the 2012 
earthquake highlighted a good correspondence with the one numerically simulated. 
 

   Bi-linear capacity curve Validation  
(with actual response spectrum) 

Body N Dir. T* 
[s] 

Say 
[m/s2] 

µu 
 [-] 

IsPP_actual  
[-] 

 µPP_actual 
[-] 

Mastio 4 

W 0.44 5.060 2.871 1.888 1.521 
S 0.53 3.761 3.228 2.088 1.546 
E 0.55 3.507 3.124 1.961 1.593 
N 0.48 4.383 3.281 2.182 1.504 

Table 1: Results of the validation of the proposed procedure, applied to the Mastio. 

Figure 7 shows the obtained results for the Mastio and for the analyses in the West direc-
tion. In particular, the following is represented: 
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a. a comparison between the capacity curve (in green) and the overdamped response 
spectrum obtained from the May 2012 actual records (the value of the maximum dis-
placement induced in the system is represented in the figure by the dotted blue line); 

b. a picture of the damage pattern occurred after the Emilia earthquake; 
c. some pictures of the damage pattern obtained from the developed analyses. 
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Figure 7: Results of the nonlinear static analyses for the Mastio in the West direction. 

5 CONCLUSIONS  

The seismic assessment of ancient complex masonry monuments is a very difficult task, 
not manageable a priori through well-defined procedures of analysis and verification. As a 
first attempt to provide operative tools, the paper proposes a procedure for the seismic as-
sessment of URM complex structures together with a first application to the case of fortresses.  

The procedure requires: a numerical model of the entire aggregation of units, in order to 
explicitly consider the interaction effects among these latter; the execution of a modal analysis 
to define the modes involving the dynamic response of each units and their modal shapes; the 
execution of a series of pushover analyses (one for each unit) by applying time by time the 
load pattern fitted according to the identified modal shapes; the conversion of the pushover 
curve of each unit into the corresponding equivalent single degree of freedom system, in order 
to perform the seismic verification. 

The procedure has been then applied to a case-study, represented by the San Felice sul Pa-
naro Fortress, significantly hit by the Emilian earthquake 2012. Although in the paper only 
the results of the Mastio have been illustrated, it has been already applied to the other For-
tress’ bodies, showing again good results in terms of comparison between the damage actually 
occurred after the Emilia earthquake 2012 and the one predicted. Such result confirms the po-
tential of the proposed procedure even for other kinds of complex monumental structure. 
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Abstract. In this paper the limit analysis of a simple out-of-plane failure mechanism of a lat-

erally weakly connected masonry wall involving frictional resistances is developed according 

to the displacement-based approach. The pushover analysis is made considering geometric 

nonlinearity, i.e. by evaluating the static multiplier for varied kinematic configurations, as a 

function of the displacement of a control point. The effect of the interlocking between the front 

wall and the sidewalls gradually decreases after a certain displacement, due to the progres-

sive detachment of the front wall and the variation of the frictional resistances can be repre-

sented by a non-linear function of the decreasing number of involved rows. The stabilizing 

role of friction between interlocked walls is compared to another system of strength in mason-

ry buildings, i.e. the effect of tie-rods, with and without the detrimental effect of the static 

thrust of masonry vaults. The sensitivity of the load multiplier to these strength parameters is 

investigated with reference to different combinations of loading conditions. Comparative re-

sults and pushover curves are developed to evaluate the displacement capacities for each case 

analyzed. 
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1 INTRODUCTION 

In masonry buildings without a box-type behavior and subjected to seismic loadings, in-

plane and out-of-plane failure mechanisms can take place where frictional resistances might 

play a predominant role. The analysis of the local failure modes is particularly recommended 

by the multi-level approach of the Italian Guidelines on Cultural Heritage [1]. 

There is a wealth of reference in the literature, concerned with the limit analysis of the lo-

cal failure modes in existing masonry buildings, both with or without the contribution of fric-

tional resistances [2-14]. These are mainly based on the static force-based approaches, leading, 

therefore, only to collapse load and collapse mechanism. On the other hand, out-of-plane 

modes can be analyzed by evaluating the evolution of motion over time; this consists in the 

integration of equation of motion, generally considering the energy dissipation of the rocking 

time history with a restitution coefficient that reduces rotation velocity after each impact. In-

teresting research has recently been developed in this field [15-23]. As an alternative, some 

displacement-based approaches were recently presented to investigate overturning that occurs 

under dynamic actions [24, 25]. However, the role of friction along the complete cycle of evo-

lution of the mechanism has not yet been explored appropriately in any proposed method. 

In this framework, this paper presents the analysis of the variation of frictional resistances 

during the evolution of a simple out-of-plane mechanism, i.e. the overturning of a masonry 

front wall weakly connected to the sidewalls. The role of these forces is particularly high-

lighted in comparison with another system of strength in masonry buildings, i.e. the tie-rods, 

also considering the detrimental effect of the static thrust of masonry vaults. Other overload-

ing combinations and connection systems are discussed in more detailed works [26-28]. 

The pushover analysis of the façade is herein performed according to the displacement-

based approach built on an incremental limit analysis of rigid blocks proposed by 

Lagomarsino [29]. According to the displacement-based assessment philosophy, the pushover 

curves for different combinations of the various effects are then performed from the static 

multipliers. These are obtained by the application of the theorem of virtual works, considering 

kinematic varied configurations of the considered mechanism, in large displacements. Along 

this incremental kinematic analysis, the contribution of links is taken into account, till the ul-

timate equilibrium condition. 

 

2 THE THREE-WALL SYSTEM UNDER OUT-OF-PLANE LOADING 

Although the following developments can easily be extended to all types of local failure 

modes, this paper is only focused on the simple overturning mechanism of a façade wall 

weakly connected with two sidewalls in order to achieve the main goal of highlighting the 

comparative role of friction after the activation of the mechanism. Two connection configura-

tions for walls (interlocking, tie-rods) and the presence of a masonry vault are considered, as 

represented in Fig. 1a). For the sake of simplicity, the two sidewalls, i.e. shear walls, are here-

in assumed to have the same thickness as the front wall and all are assumed to be single leaf 

walls arranged in a running bond pattern. Whatever texture in wall thickness would not add 

any further information about the role of friction against a more detailed modeling approach. 

The crack pattern is precisely identified a priori, as characterized by two vertical cogged 

cracks along the corners, where frictional resistances can take place. This means that the rota-

tion of the façade around its external bottom edge can be considered as a combination of rock-

ing and sliding due to sliding motions involved along the two vertical cogged cracks. The two 

defined macro-blocks (the resting and moving parts of the system) have infinite compressive 

strength, no tension is transmitted across the cracks and the limit on the shear force at the mi-

cro-block interfaces along the cracks is governed by the cohesionless Coulomb’s law. Earth-
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quake action is considered as horizontal forces proportional, through a load multiplier, to dead 

and live loads. According to kinematic limit analysis, the static multiplier is obtained by the 

application of theorem of virtual works, considering a virtual infinitesimal varied configura-

tion for the evolution of the failure mode, as described in Section 3. 

   
   (a)       (b) 

Figure 1: (a) Three-wall system and (b) Unit dimensions 

2.1 Cases investigated 

Different configurations of the three-wall system are analyzed in order to evaluate the im-

provement of the seismic performance due to the type of connections between walls (Fig. 

1(a)). In Fig. 2 two cases with different combinations of loadings are represented. Case 1 con-

siders the front wall without overloading, such as the realistic cases with floor beams parallel 

to the façade or with a masonry vault transferring loads to the sidewalls; Case 2 represents the 

presence of a vaulted masonry structure transferring static thrust together with some of its 

self-weight to the façade. 

For the two cases, a first loading condition a) is considered taking into account the self-

weight and inertia forces only - plus the static thrust for Case 2; the combinations b) and c) 

are instead referred to the contribution of the two systems of strength introduced above, in 

order to evaluate their impact on condition a). It is worth noting that different positions of the 

tie-rods are considered for the two cases. The wall slenderness and aspect ratio are assumed to 

be fixed parameters, i.e. H/s = 6.67 and H/LF = 0.8, respectively (Fig. 1). All the applied forc-

es and their application points are shown in Fig. 3 and reported in Table 1. 

 
Weights and static thrust Horizontal level arm Vertical level arm 

Self-weight P sP = s/2 hP = H/2 

Overload (vaulted structure) VV sV = 3/4 s - 

Static thrust VH - hV = 5/7 H 

Strength parameters Vertical level arm 

Yielding of the two tie-rods T hT = H or hV 

Total friction force between orthogonal walls FP hF = H/3 

Table 1: Forces and level arms. 

The resultant frictional resistance FP is expressed by the formulation [27, 28]: 
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where s, h and l are the unit dimensions (Fig. 1(b)), γ is the specific weight of the material, 

n is the number of rows and f is the friction coefficient. This force is applied at 1/3 of the 

height of the cracked parts from the bottom of the panels. 

 

 

Figure 2: Two loading configurations for the façade and different combinations of the loading conditions. 

 

Figure 3: Forces and application points on the façade wall. 
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3 THE COMPARATIVE ROLE OF FRICTION AFTER THE HINGE 

FORMATION. PUSHOVER ANALYSIS 

In the following, the pushover analysis is carried out by evaluating the static multiplier for 

varied kinematic configurations, as a function of the displacement of the centre of gravity of 

the façade wall, assumed as the control point. In Fig. 4 the wall rotation of a generic positive 

value of the angle θ is shown together with the corresponding coordinates of the application 

point of the j-th applied load Wj. The virtual work done by this single load, considering a vir-

tual infinitesimal varied configuration, can be expressed as: 

 
φ−φα= jjjjWj xWyWL

 (2) 

where φ is the virtual rotation and: 

 ( ) ( )













=γθ+γ=θ+γ= −

j

j

jjjjjjj
s

h
RyRx 1tan;sin;cos  (3) 

are the coordinates of the j-th application point and its position angle with respect to the 

hinge. 

By considering all the applied loads and having simplified out the virtual parameter of dis-

tortion φ, the principle of virtual works gives: 

 
PVV

VHFPTVVP

yPyV

yVyFyTxVxP

+

−+++
=α  (4) 

where xP affects the control displacement dxP, i.e.: 

 PPP xsdx −=  (5) 

 

Figure 4: Varied kinematic configuration. 

By assuming the reference values reported in Table 2, in the following subsections the role 

of each influencing parameter (T, TV, FP) is highlighted with reference to the different loading 

conditions (Cases 1 and 2) and combinations a), b) and c). Considering the generic detached 
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row i in Fig. 5, the threshold displacement dxPi is reached when dxi = v, i.e. when the overlap-

ping of units is lost at the distance from the base equal to (rih), being ri the number of rows 

still involved in frictional contact: 

 inri −=          i = 0, 2, 4, …, n (6) 

Parameter name Variable Definition Reference value 

Tie-rods (T) 

Yielding t T/P and TV/P 0.3 

Frictional Resistance (FP) 

Unit aspect ratio m h/l 1/3 

Size ratio (n. of rows) n H/h 40 

Friction f f 0.6 

Table 2: Parameters for three-wall system sensitivity analysis. 

 

 

Figure 5: Variation of frictional resistances at increasing wall rotation. 

Thus, it will be: 

 
i

Pi
r

vn
dx

2
=  (7) 

while the corresponding reduced frictional resistance FPi can easily be calculated by Eq. 

(1), while replacing n with ri, i.e.: 

 
( )

f
rr

shlF ii
Pi

2

1+
γ=  (8) 

The variation of the involved forces and the corresponding threshold displacements dx, 

along with the dimensionless performance levels of the system (dxP/sP) are summarized in 

Table 3 and recalled in turn within the following subsections. 
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Involved forces 
Reference value 

Force/P (%) 

Threshold displace-

ment 

dx 

Performance level 

dxP/sP (%) 

Constant forces 

P 100 sP 100 

T 30 dx : εu = 1% - 4.5% 10-45 

TV 30 dx : εu = 1% - 4.5% 14-63 

VV 36 s/4 35 

VH 20 s/4 35 

Variable forces 

T10% 3 to 30 1/100 s : εy = 0.1% 1 

FPi FPi/P (Eq. (8)) v at i dxPi/sP (Eq. (7)) 

Table 3: Variation of involved forces and performance levels of the system in large displacements. 

3.1 The Influence of the tie-rods on the displacement capacity 

The contribution of elasto-plastic tie-rods on the displacement capacity is analyzed in this 

section. As an assumption, the possibility of occurrence of flexural mechanisms is excluded. 

In Fig. 6(a) the effect of tie-rods (10 s long) is represented through the comparison among 

the pushover curves for Cases 1b) and 2b), which, in turn, are also compared with the free 

wall condition (Case 1a)). In this figure the ultimate strain of tie-rods is assumed as 4.5%. 

In case of absence of floor structures (Case 1b)), 10% pretensioned horizontal tie-rods 

(T10% = 3% P in Table 3), give a stabilizing effect that increases the initial load factor of about 

44% with respect to the free wall condition (Case 1a)). After rocking onset the pushover curve 

increases because the forces in tie-rods increase too (up to 30% P) and at yielding the varia-

tion of the load factor is more than 270%. The corresponding displacement of the control 

point is practically negligible (1% sP). A descending branch can then be observed, till tie-rods 

rupture which causes a sudden drop down of the static multiplier to the pushover curve of the 

wall without tie-rods. This can be identified as a displacement threshold (45% sP) and occurs 

when the ultimate strain of tie-rods is reached, here assumed as 4.5%. As a realistic example, 

it is easy to verify these results for a wall thickness s = 0.6 m and yielding stress and diameter 

of two applied tie-rods equal to 205 N/mm
2
 and 16 mm, respectively. 

 

 
   (a)       (b) 

Figure 6: Influence of the tie-rods after the hinge formation. Pushover curves with ultimate strain of tie-rods of (a) 

4.5% and (b) 1%. 

Regarding the Case 2b), due to the destabilizing effect of the vault, the activation static 

multiplier has a negative value close to zero, as it can easily been computed. After rocking 
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onset the pushover curve increases because the forces in tie-rods increase too, till yielding, 

reaching a percentage increment of about 82% with respect to Case 1a). The pushover curve 

continues with a first descending branch until the displacement threshold of the control point 

due to the loss of effectiveness of the vault (involving its collapse), herein assumed as about 

35% of half the wall thickness (Table 3). At this point the pushover curve sudden rises up as 

the tie-rods still are effective till their rupture. It is worth noting that the different position of 

the tie-rods in Case 2 implies a lower effect on the load multiplier but a greater displacement 

capacity with respect to the other case (dxP/sP = 63% corresponding to TV in Table 3). 

A further investigation is carried out on the variation of the pushover curves in case of less 

ductile tie-rods, e.g. assuming their ultimate strain as 1% (Fig. 6(b) and Table 3). As expected, 

the first branches of all curves are the same but descending for shorter increments of the dis-

placements with respect to the previous analysis (Fig. 6(a)). In particular, the most relevant 

difference can be recognized in the case of presence of a vaulted structure (Case 2b)). In fact, 

since the displacement threshold of the tie-rods is lower than that corresponding to the vault, 

the rupture of the elasto-plastic elements, occurring at about 14% of half the wall thickness 

(Table 3), is coincident with the ultimate condition of the whole system, hence considered its 

displacement capacity. 

3.2 The Influence of the frictional resistances on the displacement capacity 

A far as the influence of frictional resistances is concerned, in Fig. 7 the effect of the inter-

locking between orthogonal walls is reported, with reference to the considered loading condi-

tions and different unit aspect ratios (parameter m). The activation load factors for Cases 1c), 

and 2c) are relatively greater than those for Cases 1a) and 2a), whatever the unit aspect ratio. 

In particular, for m = 1/3, all the activation load factors are greater than those for the free wall 

(Case 1a)), up to about 328% for Case 1c) (Fig. 7(a)). The subsequent linear descending 

branch of all curves is characterized by the effectiveness of frictional resistances acting on the 

whole height of the corners, till when these values start to reduce in correspondence with the 

first threshold displacement given by Eq. (7) with i = 2. 

The subsequent non-linear reduction of frictional forces represented by Eq. (8) implies a 

linear descending step function of α, whose curve fitting can be represented by a parabolic 

curve. It is interesting to note in Fig. 7 that, especially for smaller unit aspect ratios (m = 0.2), 

the increasing displacement of the control point involves longer descending branches and 

shorter heights of the steps on the pushover curves. These two trends are due to the more dis-

placement capacity associated with the lower part of the corners with respect to the upper one 

and lower frictional resistances, respectively.  

Another threshold displacement characterized by sharp rising up of the curves can be ob-

served for Case 2c) when the destabilizing effect of the overload is lost, i.e. for the loss of ef-

fectiveness of the vault (Table 3). 

However, the most interesting remark is that the dimensionless control displacement, for 

which α = 0, is greater than unity whatever the case considered, unlike the external strength-

ening device represented by tie-rods. This can be better observed in Fig. 7(b) related to more 

slender units. It is evident that the activation load factors are improved significantly together 

with the pushover curves (α = 0.06 at dxP/sP =1) and this means that walls composed by slen-

der units in the vertical plane present a greater stabilizing contribution to the onset and dis-

placement capacity of such out-of-plane failure mechanisms due to the fact that units with 

small m ratios exhibit enlarged interlocking between them.  

 

 



Claudia Casapulla and Luca U. Argiento 

 

 
   (a)      (b) 

Figure 7: Influence of the frictional resistance due to interlocking between orthogonal walls after the hinge for-

mation. Pushover curves with unit aspect ratio m of (a) 1/3 and (b) 0.2. 

4 CONCLUSIONS 

Frictional resistances due to the interlocking between walls play an important role on the 

seismic assessment of the local out-of-plane mechanisms in existing masonry buildings, even 

more than other intrinsic or extrinsic loading and displacement capacities.  

From the analytical point of view, a rigid-perfectly plastic model with dry contact interfac-

es governed by Coulomb failure criterion was assumed for masonry walls with regular units 

and staggering. The failure mode of the three-wall system was identified a priori, by consider-

ing two vertical cogged cracks along the corners, where frictional resistances can take place. 

The role of interlocking between orthogonal walls was particularly highlighted in comparison 

with another system of strength in masonry buildings, such as the effect of tie-rods. 

Provided that other possible failure modes cannot occur, e.g. bond failure at the interface 

between the steel profile and the parental material or punching/compressive failure of mason-

ry, the contribution of such an external strengthening device after the hinge formation was 

lower than that offered by friction. Also, it is worth noting that the detrimental effect of the 

static trust of a vaulted structure on the façade wall without strengthening could imply very 

low or even negative load factors if other existing stabilizing effects are neglected within the 

modeling approach. This interesting remark confirms the importance to consider other intrin-

sic capacities naturally exerted by the wall system, such as frictional resistances. 
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Abstract. The technology of high-definition laser scanning is an essential tool for accurate 
non-destructive three-dimensional measurements of structures. The object’s geometry is cap-
tured as a collection of points which is called a “point cloud”. The research team used this 
technology and conducted an extensive laser scanning program of many historic monuments 
in Uzbekistan. The program started in 2013 from scanning the famous Registan ensemble in 
Samarkand. Later in 2015, it was expanded to more cities and monuments and the laser scan-
ning was conducted in Tashkent, Bukhara, Samarkand and Shakhrisyabz. The scanned mon-
uments are from the Timurid Dynasty era and they are on the UNESCO World Heritage List. 
This paper summarizes some results of this extensive ongoing program. As a representative 
example, the research results based on data obtained in Shakhrisabz (Uzbekistan) are dis-
cussed in details. The city is located in southern Uzbekistan approximately 80 km south of 
Samarkand, Uzbekistan. Once a major city of Central Asia, it is primarily known today as the 
birthplace of 14th century Turco-Mongol conqueror Timur. The Kok Gumbaz (Blue Dome) 
Mosque was built in 1437 and underwent several restorations and reinforcement efforts. A 
detailed finite element model of the monument was generated from the as-found geometry 
captured by laser scans. To monitor the buildings’ possible settlement due to poor soil condi-
tions, special high-resolution laser targets were permanently installed.  The physical proper-
ties of the monuments were investigated by material tests of the major components recovered 
from the historic sites. The calibrated models were used for comprehensive seismic analysis 



Shakhzod Takhirov, Amir Gilani, Brian Quigley and Liliya Myagkova 

of the monument and its components. All current reinforcement details were accounted for in 
the numerical models. Based on the results of numerical simulations, recommendations on 
further reinforcement of the historic monuments were developed. As one of the valuable op-
tions, a use of damping devices is investigated.  
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1 INTRODUCTION 

The technology of high-definition laser scanning is an essential tool for accurate non-
destructive three-dimensional measurements of structures. The object’s geometry is captured 
as a collection of points, which is called a “point cloud”. The research team used this technol-
ogy and conducted an extensive laser scanning program of many historic monuments in Uz-
bekistan. The program started in 2013 from scanning the famous Registan ensemble in 
Samarkand [1]. Later in 2015, it was expanded to more cities and monuments and the laser 
scanning was conducted in Tashkent, Bukhara, Samarkand and Shakhrisyabz. Because of size 
limitations of this paper, mainly results of a major historic monument in Shakhrisyabz, Uz-
bekistan are discussed herein in details. Uzbekistan’s location on Earth and the 
Shakhrisyabz’s location on the country map are shown in Figure 1. The city is located in 
southern Uzbekistan approximately 80 km south of Samarkand, Uzbekistan. Once a major 
city of Central Asia, it is primarily known today as the birthplace of 14th century Turco-
Mongol conqueror Timur. The scanned monument, the Kuk Gumbaz (Blue Dome) Mosque, is 
from the Timurid Dynasty era and it is on the UNESCO World Heritage List. The monument 
was built in 1437 and over the years underwent several restorations and reinforcement efforts. 

 
a) Uzbekistan’s location b) Location of Shakhrisyabz on Uzbekistan’s 

map 
c) Google satellite view of 

monument 

Figure 1: Monument’s geographic location. 

2 LASER SCANNING 

The historic monument was scanned from 13 stations as presented in Figure 2. The scans 
were conducted on August 13, 2015. The stitching was performed in Cyclone [1] and error 
did not exceed 3 mm for all scans used in the final registration.  

 
a) Exterior 

station 
b) Interior station c) Final registration of laser scans in TruSpace (coordinate 

system is presented in red) 

Figure 2: Locations of scan stations. 
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The monument was scanned from outside, inside of the main hall, and inside of a stairway 
with a large crack between the portal and the main structure. Some of scan stations are shown 
in Figure 2a and Figure 2b. A resultant point cloud of the mosque stitched from the scans cap-
tured from the thirteen scanner locations is presented in Figure 3. 

a) Stitched point cloud: isometric view b) Stitched point cloud: front view 

Figure 3: Resultant point cloud of mosque. 

3 MONUMENT’S EXISTING REINFORCEMENT 

The monument was under reconstruction and renovation at the time of the laser scanning 
of the site. The final painting was ongoing inside of the main hall of the mosque and the pro-
ject associated with replacing of the old tiles on the main globe was in progress. The restora-
tion activities did not include structural strengthening of any kind. The structural 
reinforcement of the monument was performed earlier with the major structural components 
presented in Figure 4. The inner globe was also reinforced by a steel rod installed parallel to 
the portal at the bottom of the globe. This rod was suspended from another steel rod hanging 
from the top.  Since a large crack separating the portal from the main structure was developed 
earlier, the portal was pulled back to the main structure by means of steel angles which were 
pretensioned in place by turnbuckles. In addition, the left and right arcs of the portal were pre-
tensioned to each other via a steel rod as presented. All exposed reinforcement was captured 
by a laser scanner. The cross sections of steel rods presented were estimated from a point 
cloud.  

From analysis of the point cloud it was concluded that reinforcement rods did not reveal 
any sagging. This serves as evidence that the tension force was still present in the rods. One of 
the pretension rods applied force in weak direction of the reinforcement member (web of a 
double channel) that resulted in plastic deformations of the double channel. Because this rein-
forcement could not serve its purpose, it was not included in the model. 

It worthy to note that the engineering detailing of the existing reinforcement was not done 
in a proper way. The current reinforcement attracts the forces and creates stress concentration 
points. Localized failures of masonry around the attachment points were observed at several 
locations throughout the monument. Therefore, these connection details need to be redesigned 
to distribute forces where the brace comes in contact with the masonry.  
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a) Reinforcement in inner globe b) Reinforcement between portal 

and main structure 
c) Rod between arch-

es of portal 

Figure 4: Major pre-existing reinforcements of mosque. 

4 MOSQUE’S STRUCTURAL ANOMALIES  

The monument’s point cloud was investigated for anomalies. The main portal was investi-
gated for its inclination from a vertical plane passing through the bottom of both piers. A col-
or map of the inclinations is presented in Figure 5a. The color map shows that the portal’s 
inclination increases from south to north with the maximum differential displacement of 0.6m 
at the top north corner. To ensure that this degree of inclination of the portal is not progress-
ing, a periodic monitoring by laser scanning was recommended. It was also advised to pro-
ceed with the installation of laser targets to increase accuracy of monitoring. 

The same inclination for two vertical slices of the portal is presented in Figure 5b. The cy-
an line corresponds to Z = 14.62 m where one type of reinforcement was installed.  

a) Color map of the portal’s inclinations b) Two vertical slices showing portal’s inclina-
tion at 8.3 m (blue) and -8.3 m (red) from its 
center 

Figure 5: Residual inclinations of portal 

Since the slope of the slice (plots on the left side) does not change after this elevation, most 
likely the reinforcement is not effective and does not provide enough support to prevent con-
tinuous leaning of the portal. Another major conclusion was drawn from the Figure 5b, that 
the residual drift of the structure remains the same from about 4 m to the top of the portal and 
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this elevation coincides with the starting elevation of the crack that essentially separated the 
portal from the main structure. 

Structural anomalies of the inner globe in the main structure shown in Figure 6a were also 
studied. The color map of the inner globe’s elevations is presented in Figure 6b. The dashed 
lines show elevations with 1-meter increments and in many cases the color map for each ele-
vation range have some deviations from the dashed lines. This shows imperfections of the 
globe. To ensure that the imperfections are not changing over time, a periodic monitoring by 
laser scanning was recommended. Two slices in S-N and E-W axes were cut from the inner 
globe as presented in Figure 7a.  These slices are plotted in Figure 7b which shows that a slice 
at Y=0 m is lower on the left (south side) at elevation close to 14.8 m. 

a) Inner globe of the main structure b) Color map of the inner globe’s elevations 

Figure 6: Current imperfections of inner globe. 

a) Two slices at 90 degrees to each other b) Sagging on east side of the inner globe (the red 
points are lower than the blue points at the plot’s 
bottom – left side) 

Figure 7: Sagging on east side of inner globe estimated from two vertical slices. 

The horizontal slices of the north pier and the stairway with a long crack between the por-
tal and the main structures are shown in Figure 8. The scanner was installed at several eleva-
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tions of the stairway with one of them shown in Figure 8a. These scans were also stitched 
with the main registration. The view of the stairway’s point cloud is shown in Figure 8b. The 
horizontal slices at several elevations of the stairway are presented in Figure 8c. A similar, but 
smaller crack, was observed inside of the south pier of the portal. 

 
a) Scan station in 
stairway with a crack 

b) Point cloud of the 
crack (inside of red 
oval) 

c) Slices showing that the crack in the red circle 
propogates from elevation Z=4 m in a 2 m by 2 m 
stairway 

Figure 8: Continuous crack in a narrow stairway (north pier of portal). 

5 GEOMETRY AND MATERIAL PROPERTIES OF FINITE ELEMENT MODEL 

The geometry of the finite element model was generated from the point cloud. All major 
imperfections and existing reinforcements were included into the geometry of the model. 
Numerical modeling and subsequent analysis was conducted in SAP2000 [3]. Since the crack 
in the north pier (shown in Figure 9b and 9c) extends all the way to the top of the portal and a 
similar (but smaller) crack was observed inside of the pier on south side of the portal, a seis-
mic performance of the portal was considered separately of that of the main structure. Since 
the main structure represents a boxed construction and as such, is much stiffer than the portal, 
it was assumed that the reinforcement between the portal and the main structure is attached to 
an absolutely rigid structure. The tension bar between the north and south arcs of the main 
portal was modelled in SAP2000 [3] as a steel frame (in SAP2000 terminology) with a round 
cross section. The reinforcement restraining the portal to the main structure was modelled as 
steel frame (SAP2000 terminology) with a shape of the structural angle. The geometry of the 
portal without reinforcements presented in Figure 9 shows different portions of the portal in 
different colors. 

The model was expanded to more complex model that included the main structure, the 
globes and the portal. Due to the limitations of this paper, only numerical results for the portal 
are presented here. 

Since there is a very large variability in the material properties of masonry walls [1, 4-7], 
material tests were conducted on a brick recovered from the site. The material properties were 
homogenized in order to come up with the effective properties of a brick and mortar compo-
site structure [8]. The numerical simulations of seismic impact were conducted by utilizing 
the Gazli 1976 earthquake from the PEER NGA Strong Motion Database [9]. This record is 
recommended for use by the structural code of Uzbekistan. The model was excited in all three 
principal directions. The simulations were limited to the elastic case. 
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a) Rear view b)  XZ view c) Front view 

Figure 9: Different views of finite element model (reinforcement is not shown). 

The material properties of the bricks from similar historic monuments were estimated ear-
lier [1] by material tests. Test specimens were bored out from a brick as presented in Figure 
10a and tested in an Universal Test Machine under compression load (shown in Figure 10b). 
The compression tests show that the stress versus strain curves for both longitudinal and 
transversal strains are quite linear all the way till failure of the test specimen as presented in 
Figure 10c. In addition to the compression tests, a number of split tests were also conducted 
on the specimens extracted from the brick. 

 
a) Test specimens b) Test in progress c) Test results: stress versus 

longitudinal and transversal strains 

Figure 10: Bricks’ material tests. 

6 RESULTS OF NUMERICAL SIMULATIONS  

The geometry of the finite element model was generated from the point cloud. All major 
imperfections and existing reinforcements were included into the model’s geometry. Numeri-
cal modeling and subsequent analysis was conducted in SAP2000 [3]. Since the crack in the 
north pier (shown in Figure 9) extends all the way to the top of the portal and a similar (but 
smaller) crack was observed in the pier on south side of the portal, it was assumed that the 
portal had separated from the main structure. As such, a very small interaction of the portal 
with the main structure is expected. Hence, a seismic performance of the portal itself was 
studied in details.  
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The seismic performance of the monument was evaluated by following requirements of the 
structural code of Uzbekistan [10]. Based on the code requirements, the strong motion record-
ed during the 1976 Gazli earthquake shall be utilized in the time history analysis. The Gazli 
strong motion needs to be scaled to account for expected seismic intensity of potential earth-
quakes in the region. The seismic excitations were imposed in all three directions.  

To investigate the effectiveness of the current reinforcement and in order to study other op-
tions, four models with different reinforcement were considered as presented in Table 1. As it 
can be seen from the table, adding two braces and a bar (change from ‘original’ condition to 
the current configuration) changes the first resonant frequency by about 26% percent. Adding 
two more braces (from Model O to Model B) results in increase of the first resonant frequen-
cy by about 47% percent. Adding more braces to this configuration does affect the frequency. 
Essentially, from the resonant frequencies point of view, Models B and C are almost identical. 
Therefore, the comparative time history analysis was limited to Model O, Model A and Model 
B. 

An analysis of the numerical results leads to the following conclusions. The current rein-
forcement is not as effective as it was intended to be. As presented in left and middle images 
of Figure 11, the stress concentration at the bottom of the reinforced model is even greater 
than that in a model without any reinforcement. The same conclusion can be drawn from the 
displacements on top of the portal shown in Figure 12. The current reinforcement failed to 
reduce the displacements on top of the portal. Moreover, the peak displacement of Model A is 
greater than that of Model O. Adding two more braces to Model A results in Model B that has 
much better performance as presented in the right image of Figure 11. These braces also 
helped to reduce peak displacement on top of the portal, as presented in the right image of 
Figure 12. 

 

Model 
Description of 
reinforcement 

Color of 
braces  

F1, 
Hz 

F2, 
Hz 

F3, 
Hz 

F4, 
Hz 

Model O 
(‘original’ 
condition) 

No reinforce-
ment 

NA 1.37 1.92 3.01 5.50 

Model A 
(current con-

dition) 

Two braces 
and bar 

Purple 1.73 2.01 3.52 5.54 

Model B 
Four braces 

and bar 
Purple, 

red 
2.02 2.06 4.00 5.66 

Model C 
Eight braces 

and bar 

Purple, 
red, and 

cyan 
2.04 2.09 4.13 5.67 

Table 1. Models with various reinforcement 
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Model O Model A Model B 

Figure 11 – Envelope of tension stresses (S33) for time history runs 

 

 
Model O Model A  Model B 

Fig. 12 – Displacements on top of portal (blue line – mid-span; green and red lines – outer sides) 

7 CONCLUSIONS  

The study (results of which are presented herein) show the advantage of using laser scan-
ning for accurate documentation of the geometry of a historic monument. Structural anoma-
lies of the monument’s current condition were analyzed and will be utilized in follow-up 
monitoring expeditions.  

It was shown that the portal has a significant residual drift that needs to be monitored to 
ensure that it is not progressing. It was also advised to proceed with the installation of laser 
targets to increase the accuracy of monitoring. The inclination of the portal increases from 
south to north with the maximum differential displacement of 0.6 m at the top north corner. A 
large crack documented by the scanner most likely completely separates the portal from the 
main structure.  

From the analysis of the point cloud it was concluded that the pre-tensioned rods did not 
reveal any sagging. This serves as evidence that a tension force is still present in the rods. One 
of the pretension rods applied force in a weak direction of the reinforcement member that re-
sulted in local failure of the member, and as such it cannot serve its function.  

The inner globe has some imperfections with the north half at a higher elevation than that 
on the south side. The latter can be a result of soil settlement on the south side of the building. 
Periodic monitoring by laser scanning is planned for future investigations.  

From a comparative analysis of several numerical models the following was concluded. 
The current reinforcement is not as effective as it was intended to be. The stress concentration 
at the bottom of the reinforced model is even greater than that in a model without reinforce-
ment. The same conclusion can be drawn from the displacements on top of the portal. The 
current reinforcement failed to reduce the displacements on top of the portal. Moreover, the 
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peak displacement of Model A is greater than that of Model O. Adding two more braces to 
Model A results in Model B that has a better seismic performance. 

More analysis aiming at better reinforcement strategies are planned for future studies. 
These studies will include tests of the masonry wall, ambient vibration studies to estimate 
resonant frequencies at low excitations, and more detailed numerical models analyzed in a 
nonlinear time history simulation. The old reinforcement and any new reinforcement attracts 
the forces and creates stress concentration points. Therefore, these forces need to be properly 
distributed at the point where they come into contact with the masonry. 
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Abstract. To assess the seismic vulnerability of existing reinforced concrete structures, a
large number of degrees of freedom is involved. Consequently, efficient numerical tools are
required. In the case of slender elements, enhanced beam elements have been developed to
try to introduce shear effects, but in these models, the transverse steel is sometimes taken into
consideration with approximated manner or often not at all. However, as shown by some ex-
perimental tests, the amount of transverse reinforcement triggers significantly the behavior of
beam elements, especially under cyclic loading. Thus, the main goal of this work is to inves-
tigate solutions for an enhanced multifiber beam element accounting for vertical stretching of
the cross section, occurring due to the presence of transverse reinforcement. The efficiency of
the proposed modeling strategies is tested with results obtained from tension and flexure tests
conducted on an elastic linear material.

∗Institute of Engineering Univ. Grenoble Alpes
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1 INTRODUCTION

To study the seismic vulnerability of existing reinforced concrete structures, numerical com-
putations at the structural scale able to account for material non-linearities are needed. An
alternative to full solid models, which are too costly, is the use of multifiber beam elements.
The latter one combines the advantages of high computational speed with an increased accu-
racy for nonlinear materials. It consists on adding a two dimensional section at the Gauss point
of the element.

In addition, a variety of approaches have been developed to try to introduce shear effects,
such as the one proposed by [1], but which cannot be applied to reinforced concrete elements.
More recently, [2, 3] developed a nonlinear multifiber beam model which provides robust results
by the introduction of warping in the case of reinforced concrete beams. Moreover, in the
above mentioned works, the transverse steel is not taken into account. However, as shown
by some experimental tests conducted by [4], the amount of transverse reinforcement triggers
significantly the behavior of beam elements, especially under cyclic loading. The numerical
formulation of [5] which is adapted to reinforced concrete applications takes into account the
transverse reinforcement but works only in 2D. Thus, the main goal of this work is to investigate
solutions for an enhanced multifiber beam element accounting for vertical stretching of the cross
section, occurring due to the presence of stirrups.

2 FORMULATION OF THE ENHANCED MULTIFIBER BEAM ELEMENT

A 2D multifiber Timoshenko beam, displacement-based, element has been developed. The
main assumption considered herein is that the full displacement of any fiber in the cross-section
can be approximated by the sum of the plane section displacement field (uP ), obtained from
Timoshenko’s beam theory, and a new displacement field that enables the section to distort
and warp (uw). The distortion field has one transverse component, uwy , which stands for the
distortion of the section. Thus, the total displacement at any material point of the cross section
is given by the following equation:

u = uP + uw =

[
Ux − yθz

Uy

]
︸ ︷︷ ︸

uP

+

[
0

uwy (x, y)

]
︸ ︷︷ ︸

uw

(1)

The complete strain will be formed by the sum of the plane strain field εP and the warp strain
εw. Following on from the kinematics given by equation 1, the linearised strain tensor reads:

ε =
1

2
(grad(u) + grad(u))T = εP(uP ) + εw(uw) (2)

Equation 3 expresses the non linear constitutive law:

σ = σ̂(εp, εw) (3)

2.1 Governing equations

Beam equilibrium is written in its weak form by equation 4. In addition, the plane section
displacement up and the distortion one uw assumed to be orthogonal, the projection of the weak
form equilibrium on these two subspaces lead to two equilibrium equations (equation 5). The
first one representing the classical equilibrium of the beam element, and the second one being
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the equilibrium equation of the cross section. F denotes the external forces and Pw the forces
coming from constrained warping at the beam ends.∫

Ω

ε∗TσdΩ = U∗TFext (4)

⇔


∫

Ω

δεpT σ̂(εp, εw)dΩ = F∫
Ω

δεwT σ̂(εp, εw)dΩ = Pw

(5)

2.2 Use of a new Timoshenko element with internal degrees of freedom

The use of linear interpolation functions leads to shear locking problems. In order to over-
come this phenomenon, several authors have developed numerical models based on the use of
higher-order interpolation functions or functions depending on the material properties [6]. The
disadvantage of the latter ones is that they are not updated during the nonlinear computations.
Thus, the solution will be exact in elasticity but approximated after initiation of the damage.
Recently, a new multifiber beam element, with internal degrees of freedom, has been developed
by [7] and has been chosen to be introduced in our model.

Caillerie’s element is presented by figure 1. Each of the two nodes has 3 degrees of freedom
(u, v, θ). This element presents in addition, 4 internal degrees of freedom (∆v1,∆θ,∆v2 and
∆u). Cubic interpolation functions (H1

R, H2
R, L1

R, L2
R) are used for transverse diplacements

and quadratic ones (L′1R, L′2R, M3
R) for rotations. These functions are independent of material

properties.

Figure 1: Definition of the degrees of freedom in the 2D version of the Caillerie’s beam element

The generalized displacement field is therefore written as follows:

Ux = N1(ξ)u1 +N2(ξ)∆u+N3(ξ)u2

Uy = H1
Rv1 +H2

Rv2 + L1
R∆v1 + L2

R∆v2

θz = L′1Rθ1 + L′2Rθ2 +M3
R∆θ

(6)

Where N1, N2 and N3 are given by equation 7:
N1 = 1

2
ξ(ξ − 1)

N2 = 1− ξ2

N3 = 1
2
ξ(ξ + 1)

(7)
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2.3 Spatial discretization

The deformations of the plane section εP , can be expressed as a function of the generalized
deformations, es, as shown in equation 8:

εP =


εPxx

εPyy

γPxy

 =


1 0 −y

0 0 0

0 1 0


︸ ︷︷ ︸

as(y)


dUx

dx

dUy

dx
− θz
dθz
dx


︸ ︷︷ ︸

es

(8)

εP = as(y)BpU
e (9)

The displacements of a standard 2D beam element consist of two translations u and v, in x
and y directions respectively, and one rotation θz about z axis. These are functions of position x
along the element axis and are collected in displacement vector U e. Bp gathers the derivatives
of the interpolation functions related to longitudinal spatial discretization.

In addition, the 2D beam element, in the present study, is enhanced with a warping-distortion
displacement uwy , given by the following expression:

uw(x, y) = uwy = c(x)ϕ(y) (10)

Hence, the warping strains can be written in the form:
εwxx

εwyy

γwxy

 =


∂uwx
∂x

∂uwy
∂y

∂uwx
∂y

+
∂uwy
∂x

 =


0

c(x)dϕ(y)
dy

dc(x)
dx

ϕ(y)

 =


0 0

0 dϕ
dy

ϕ 0


︸ ︷︷ ︸

aw

 dc
dx

c


︸ ︷︷ ︸
BwW e

(11)

Where We gathers the warping degrees of freedom, and Bw the longitudinal interpolation
functions and their derivatives. As for the components of as and aw, they are computed at the
Gauss points of each section which is discretized by using six-nodes triangular elements.

After discretization of the beam and the section domains, the formulation leads to two cou-
pled systems of nonlinear equations to solve for the classical beam nodal displacements and for
the additional warping displacements. The element stiffness matrix Kel as well as the internal
element force vector fe are given by the following equations:

Kel =


∫

Ωe

Bp
Tas

TKmatasBpdΩe

∫
Ωe

Bp
Tas

TKmatawBwdΩe

∫
Ωe

Bw
Taw

TKmatasBpdΩe

∫
Ωe

Bw
Taw

TKmatawBwdΩe

 (12)

fe =


∫
Le

Bp
T

(∫
S

as
T σ̂(εP , εw)dS

)
dx∫

Le

Bw
T

(∫
S

aw
T σ̂(εP , εw)dS

)
dx

 (13)
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3 RESULTS

A simple cantilever beam submitted to transversal diplacement and then to an axial displace-
ment has been modelled numerically by using 30 Timoshenko multifiber beam elements. The
cross section of the beam is considered to be 0.15 m × 0.15 m area and is meshed using 72
six-nodes quadratic triangles (TRI6). It is made of an homogeneous material considered to be
elastic linear.

Figure 2 shows the flexure test that has been conducted as well as a representation of the
discretized cross section. All warping degrees of freedom have been blocked at the fixed end of
the beam.

Figure 2: Flexure test (left), Discretized cross section (right)

A 2D finite element model meshed with 492 TRI6 elements has also been conducted in order
to compare the variation of the lateral normal stresses as well as the transverse displacement
with the ones obtained using the enhanced multifiber beam element.

Figure 3 shows the evolution of transverse displacement maps, and a good matching between
the computed warping displacement and the 2D finite element solution can be seen. The max-
imum local error for transverse displacement is of the order of 0.011% for flexure at a section
situated next to the fixed end.

Figure 3: Transverse displacement maps obtained with the enhanced model and the 2D finite element, at a section
situated next to the fixed end

Also, the variation of transversal stresses σyy computed at each fiber of the cross section,
with respect to the length of the beam, as well as section maps of σyy obtained at different
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positions: next to the fixed and free ends are displayed in figure 4. These results prove that the
equilibrium state is reached and the enhanced developed model works well in the linear elastic
phase.

Multifiber beam element 

2D Finite element 

x 

y 

𝑢𝑦 

Figure 4: Variation of the transversal stresses σyy with respect to the length of the beam subjected to flexure test.
Section maps of σyy at different positions of the beam.

4 CONCLUSION

This paper proposes a method to account for transversal stretching of the cross section. The
efficiency of the proposed modeling strategies is tested with results obtained from tension and
flexure tests conducted on an homogeneous elastic linear material. The results prove that the
equilibrium state is reached and the enhanced developed model works well in the linear elastic
phase. The ongoing works aim at modelling transverse steel as well as implementing an existing
constitutive law for concrete under monotonic and cyclic loadings and hence study the non-
linear response of structural elements subjected to transverse shear.
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Abstract. On the framework of the French research project SINAPS@, the main goal of this
work is to assess the impact of different soil-structure interaction modeling strategies on the
Unit 7 Kashiwasaki-Kariwa Nuclear Power Plant reactor building response during the Niigata
Chuetsu-Oki earthquake mainshock. his actual nuclear power plant case-study was already
investigated during the KARISMA (KAshiwazaki-Kariwa Research Initiative for Seismic Margin
Assessment) international benchmark exercise on 2009 organized by the IAEA (International
Atomic Energy Agency) and OECD/NEA, which concluded on the difficulty to correctly predict
the Unit 7 Reactor Building response during the mainshock by considering available standard
soil-structure interaction modeling. The modeling strategies investigated in this work include
soil non-linearity, by considering a cyclic critical state elastic-plastic model, and structure-
soil-structure interaction influence by directly considering a simplified model of the adjacent
Turbine Building.

All numerical simulations are performed using code aster Open source software. The com-
parison of results with recorded signals within the Unit 7 Reactor Building allow to emphasize
some conclusions about the role of modeling assumptions. This paper gathers the research
work conducted by EDF R&D in the SINAPS@ task 4.3 during the years 2015-2016.
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1 GENERAL CONTEXT

A reliable estimate of seismic safety margins of nuclear power plants remains a priority for
the whole nuclear community, especially after the severe nuclear accident at the Fukushima
Daiichi Nuclear Power Plant, experienced in March 2011. The research project SINAPS@ [1],
currently on-going in France, aims to improve engineering methods in that field, integrating
enhanced best-estimate scenarios, seismic analyses and uncertainties appropriate treatment in
the whole chain of risk analysis. These innovative methodologies need to be implemented on
a demonstrative case study and validated against real data to show that they can improve the
margin prediction and the engineering practices.

The Kashiwasaki-Kariwa Nuclear Power Plant (KKNPP) was submitted to Niigata Chuetsu-
Oki strong earthquake (NCOE) of magnitude Mw=6.6 in 2007, with recorded ground motions
being beyond assumed design criteria. These recordings were subsequently used as basis for
the KARISMA (KAshiwazaki-Kariwa Research Initiative for Seismic Margin Assessment) in-
ternational benchmark exercise on 2009, organized by the IAEA (International Atomic Energy
Agency) and OECD/NEA [2]. One important result from the KARISMA benchmark was the
difficulty to correctly predict the unit 7 reactor building response during the mainshock by con-
sidering available standard soil-structure interaction (SSI) modeling, based on soil equivalent
linear analysis, single building modeling and FEM-BEM coupling [3].

The SINAPS@ work package 4 proposes to revisit the KARISMA benchmark by integrating
innovative modeling strategies and methodologies. Under this context, the main goal of this
work is to assess the impact of different SSI modeling strategies on the unit 7 KKNPP reactor
building response during the mainshock. These aspects include soil non-linearity, by consid-
ering a cyclic critical state elastic-plastic model, and structure-soil-structure interaction (SSSI)
influence by directly considering a simplified model of the adjacent turbine building. Concern-
ing soil non linearity, two different approaches are assessed: either Full-FEM with absorbing
boundaries modeling or a hybrid Laplace-time domain approach with FEM-BEM solution [4].
SSSI is considered using equivalent linear properties for the soil domain, determined from a
transient automatic procedure on a soil-column, and a frequency domain solution procedure.
All numerical simulations are performed using code aster Open source software [5]. The com-
parison of results with recorded signals within the KKNPP reactor building allow to emphasize
some conclusions about the role of modeling assumptions and to summarize then by appropriate
recommendations for future engineering practice.

This paper gathers the research work conducted by EDF R&D in the SINAPS@ task 4.3 dur-
ing the years 2015-2016. The main contributions to the modeling strategies were the following:

• Definition of input signal to be used on SSI simulation,

• Comparisons of equivalent linear and non linear modeling of the soil,

• Possible SSSI influence of the Turbine Building on the seismic response of the Reactor
Building.

This paper is organized as follows: section 2 briefly describes the Kashiwazaki-Kariwa site
and the main characteristics of the Unit 7 Reactor Build (RB7); section 3 describes the imple-
mented method to obtain the input RB7 free-field signal to be used in the numerical simulation.
Section 4 describes the implemented non linear SSI numerical model and the comparative re-
sults under equivalent linear and non linear analysis. Section 5 briefly discuss the influence of
the Turbine Building on the Reactor Building response and how SSSI can influence the dynamic
performance of main structure. Some general conclusions are drawn in the end of the paper.
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2 SITE AND BUILDING DESCRIPTION

Different authors have studied the geological characteristics of Kashiwazaki-Kariwa region.
A description of the spatial distribution of landslides following the NCO earthquake is discussed
by Collins et al. [6]. A geological cross-section of the site is given by [7], who also worked in
the vicinity of the KKNPP site.

The KKNPP site is represented on Figure 1. Unit 7 is located on the NE part of the site, near
Units 5 and 6. Several acceleration sensors were initially installed on site in order to monitor the
NPP. Figure 1 shows the considered sensors location used in this work. Unit 7 Reactor Building
(RB7) was instrumented both at the foundation level (7-R2) and at the third floor (7-R1). Sensor
5-G1 was set at free-field condition. Additionally, a vertical borehole array (BH5) was set close
to the 5-G1 sensor with acceleration sensors at different depths (-2.3 m, -36.0 m, -112.0 m,
-192.0 m, -312.0 m T.M.S.L. 1).

Figure 1: KKNPP site layout and location of considered sensors [8].

The available geotechnical surveys of the KKNPP site conducted previously to construction
were made available by TEPCO for the KARISMA benchmark [2]. The superficial layers next
to RB7 are composed by backfill soil followed by Yasuda clay formation (Vs around 300 m/s).
Both are expected to have experienced high non linearity during the NCOE mainshock. A soft
rock formation (Nishiyama rock, Vs around 500 m/s), follows the Yasuda clay for around 150 m
before the engineering bedrock. The water table is considered at +4 T.M.S.L., as so the backfill
soil is considered on dry state.

Additional information on the geotechnical characteristics of the soil in place is given in Yee
et al. [8], who conducted complementary in situ tests (SPT, suspension logging) on Service Hall

1Tokyo Mean Sea Level
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and laboratory tests (triaxial, resonant column and torsional shear tests). Service Hall is located
at the entrance of site, at +67 T.M.S.L. (Figure 1). According to the authors [8], soil settlement
was mostly observed at the Service Hall, were backfill soil was probably poorly compacted.

The different shear secant modulus and damping curves for the backfill material, Yasuda clay
and Nishiyama rock formation are shown on Figure 2. Under the hypothesis of a mean stress of
100 kPa, these curves were adapted by GDS during the KARISMA benchmark exercise [9] in
order to take into account the mean stress on site. The backfill material is considered at 50kPa
and the Yasuda clay at 75kPa or 125kPa, depending on the considered soil column (BH5 or
RB7).

(a) G/Gmax-γ (b) D-γ

Figure 2: Cyclic response of backfill (sand), Yasuda clay (argile) and Nishyiama rock (roche)
at different confining pressures [9].

The Unit 7 Reactor Building (RB7) is 63 m high, although 26 m are buried, therefore directly
reposing over the Nishiyama rock formation. Unit 7 Turbine Building (TB7) is only 2 m away
and its base mat is also 23 m buried. Both structures are represented on Figure 3, where the
location of the installed accelerometers on both buildings are also shown.

During the NCO earthquake, the RB7 did not present any particular sign of damage, which
led to consider linear elastic response for the benchmark [2]. This hypothesis is also considered
in this work.

3 DEFINITION OF INPUT RB7 FREE-FIELD MAINSHOCK SIGNAL

During the NCO earthquake mainshock, BH5 sensors registered only the PGA values. There-
fore, the only available time acceleration history at the soil during the mainshock is the 5-G1
measurement.

In order to obtain the free-field acceleration time-history next to RB7 during the mainshock,
the following methodology was followed:

1. Deconvolution by linear equivalent approach of the 5-G1 free-field signal to the bedrock
by considering the same soil column properties of BH5. As only the PGA was available
from BH5 sensors, the deconvolution process enforces the obtained signal to match the
PGA at the bedrock.
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Figure 3: Schematic representation of RB7 and TB7 [3].

2. Reconvolution from the bedrock to RB7 free-field. This stage allowed also to obtain
the soil column properties (shear stiffness and damping) to be considered for the Linear
Equivalent SSI numerical simulation.

The BH5 spectral accelerations and PGA values obtained from the deconvolution process
are presented on Figures 4 and 5. Spectral accelerations present a high content in the frequency
range 4-10 Hz, specially on the NS direction. PGA values obtained by this method on all BH5
sensors (green line on left-hand side figure) are compared to those available from measurements
(blue line) and those obtained by GDS for the benchmark exercise. PGA values at the bedrock
match closely as enforced by the methodology, although values do not match elsewhere in the
soil column. The obtained PGA levels are higher on both directions for the -36 m T.M.S.L.
sensor compared to measurements, which was also the case for those from the KARISMA
benchmark.

(a) Deconvulated spectra. (b) PGA.

Figure 4: Comparison of obtained deconvoluted spectral accelerations at BH5 (EW direction).
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(a) Deconvulated spectra. (b) PGA.

Figure 5: Comparison of obtained deconvoluted spectral accelerations at BH5 (NS direction).

The obtained RB7 free-field spectral acceleration (blue line) is compared to the one provided
to the benchmark participants (green line) on Figure 6 and to the 5G-1 measurement. Regarding
the EW direction, the obtained RB7 free-field spectral acceleration is attenuated when compared
to 5G-1 on both cases and for all the frequency spectrum. Regarding NS direction, the main
difference is the 8Hz resonance which is not present on the spectral acceleration given to par-
ticipants of the KARISMA benchmark. PGA values are on both cases higher for the obtained
signal when compared to the benchmark.

(a) EW direction. (b) NS direction.

Figure 6: Comparison of obtained RB7 free-field spectral accelerations. Red line : 5G-1 sensor;
green line : KARISMA benchmark signal; blue line : here proposed signal.

4 NONLINEAR SSI ANALYSIS

In this section, the KKNPP model used on the benchmark [2] is revisited by considering non
linear mechanical behavior of the soil at the vicinity of the Reactor Building. Soil non linearity
is considered as a potential reason to explain the differences in the mid-range frequency ob-
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tained between the linear equivalent approach and measurements observed from the benchmark
exercise [2].

Under soil visco-elastic assumption, the performed SSI numerical simulation considers sub-
structuring of the mechanical problem. Classically, the substructure procedure allows to split
the soil domain and the structure by integrating the soil influence on the structure directly at
the soil-structure interface, by means of frequency-dependent impedance operator Z(f). Such
procedure is well suited when the soil domain is considered visco-elastic, as in this case classical
BEM can be used to perform the impedance calculation. In this case, the FEM/BEM interface
is considered as the structure/soil interface. Therefore, soil is not directly modeled, the FEM
domain being restrained to RB7 only.

When soil non linearity is considered, the substructure method can still be applied by con-
sidering the impedance operator not only frequency but also time-dependent, by an approach
known as Time-Laplace domain approach [4]. In this case, the non linear soil domain has to
be considered in the FEM model together with the structure (Figure 7). Therefore, FEM/BEM
interface is fixed sufficiently away from the structure, in the soil domain zone where linear as-
sumption can be considered as relevant. In this case, once the frequency and time-dependent
impedance at the interface is calculated, the FEM model response is computed in time domain
by a HHT implicit algorithm.

Another popular approach when taking into account soil non linearity is to consider a Full
FEM SSI model. In this case, absorbing elements (e.g. paraxial elements) have to be imple-
mented on soil domain boundaries. Although such approach can be more CPU time consuming,
it presents the advantage of allowing a straightforward implementation. Using this approach in
the present work also allows to cross-validate the implemented Time-Laplace domain approach.
In the present case, an explicit time scheme had to be used with sufficiently small time steps, in
order to assure the stability of the time scheme. The calculation time was 4 times higher for the
Full FEM model compared to the Time-Laplace domain approach.

The considered soil/structure mesh is presented on Figure 7, where the soil domain covers
100 m around the RB7 (approximately 2 times the RB7 width). RB7 mesh is composed of beam
and plate elements, and main internal equipments are represented by spring-mass models.

Figure 7: RB7 and soil SSI FEM model.
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4.1 Calibration of ECP soil behavior model

The ECP model or Hujeux model [10, 11] is used to consider soil non linearity, as it is capa-
ble of modeling the soil behavior under different monotonic and cyclic stress paths. It is based
on the critical state approach and it considers a Coulomb type failure criterion. The model is
based on multi-surface plasticity and hardening is controlled by plastic strains. Cyclic behavior
considers kinematical hardening and a double memory approach for the last load reversal.

The calibration procedure was based on the a available in situ and laboratory tests both from
BH5 and Service Hall. Concerning the in situ tests, correlations from [12] between SPT and
overconsolidation ratio (OCR) as well as between plasticity index (PI) and friction angle are
considered for the Yasuda clay; for the backfill material, its relative density (Dr) is also esti-
mated from SPT tests performed by Yee et al. [8]. Cyclic behavior is calibrated by considering
the mean stress dependent curves 2.

Figure 8 shows the comparison of the cyclic behavior obtained from the model to the lab-
oratory test results for the backfill material as an example of the obtained calibrated behavior.
As the model implicitly considers the mean stress influence on the cyclic behavior, parameters
were obtained in order to best fit the laboratory tests on the mean stress at the middle of the con-
sidered layer. Therefore, the backfill material is divided on four layers of 2 m and the Yasuda
clay 2 layers of 5 m.

(a) G/Gmax-ε (b) D-ε

Figure 8: Degradation curves obtained for backfill material between +8 and +6 T.M.S.L.

4.2 Comparative results

The obtained spectral accelerations for both equivalent linear and non linear analysis (Time-
Laplace method) are presented on Figure 9. The non linear model predicts an important re-
duction on the low frequency range (< 3Hz) for both directions. In the mid-frequency range,
however, the EW direction presents contrasted results, with amplification/deamplification ac-
cording to the considered frequency. The NS direction presents a small spectral acceleration
reduction when considering the non linear model. On both directions, ZPA values are similar.

From these results, it appears that soil non linearity can not explain patently the differences
observed between measurements and numerical simulations on the 4-10 Hz frequency range,
on the basis of the chosen assumptions.
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(a) EW direction. (b) NS direction.

Figure 9: Comparison of equivalent linear and non linear soil modeling on 7-R2 sensor. Black
line: equivalent linear; red line: non linear model.

Figure 10 shows the comparison of the non linear Full-FEM model results to the Time-
Laplace domain approach. The BP1 point corresponds to sensor 7-R2 and FP2 corresponds to
the top of the RB7. The obtained horizontal spectral accelerations are similar in the frequency
range of interest, although at low frequencies the Full-FEM model presents higher attenuation
then the Time-Laplace domain approach.

Figure 10: Comparison of Time-Laplace (LT) and Full-FEM (FF) approaches on 7R-2 sensor
(BP1) and FP2 (top of RB7, no sensor available).

5 SSSI ANALYSIS

In this section, the influence of TB7 on RB7 is investigated by directly considering the TB
on the equivalent linear soil-structure interaction numerical model. A simple 1 dof model is
considered as a first approach, following the mechanical and geometrical characteristics given
by [13]. The TB total mass is considered as 80% of the RB total mass, concentrated at the
barycenter, located at +9 T.M.S.L.. The building base mat is 80x90 m large, 23 m buried (as
the RB). The geometrical characteristics of the model are shown on Figure 11. Rigid TB base
mat is considered as a first approach. TB first resonant frequency is estimated around 1 Hz,
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although the following results were not sensible to frequencies up to 2 Hz.

Figure 11: SSSI mesh used on numerical simulations.

Results on Figure 12 are presented in terms of amplification function (i.e. ratio between
the SSSI and SSI frequency response function) at sensors 7R-1 and 7R-2. The red dashed
line represents the first resonant frequency of the RB (around 4Hz). The SSSI influence is
perceptible in this case: deamplification from a SSI simulation is obtained for frequencies lower
than the first resonant frequency of the RB, and amplification for higher frequencies.

(a) 7R-2 (b) 7R-1

Figure 12: SSSI/SSI amplification function for 7R-2 and 7R-1 numerical results (EW direction).
Red dashed line represents the first resonant frequency of the RB (around 4Hz).

The importance of the first resonant frequency of the building of interest (i.e. RB7) was also
observed on conducted numerical simulations of the SSSI NUPEC benchmark [14]. Therefore,
from these results, considering SSSI can be relevant on frequency range lower than the first
resonant frequency of the building, e.g. when relative displacements between buildings are of
interest.
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However, in the case of the KARISMA benchmark, SSSI does not seem to explain the ob-
tained differences between numerical simulations and measurements during the mainshock.
Indeed, the recorded spectral acceleration is compared to the numerical SSSI simulation on
Figure 13, and important differences are observed on the 7R-2 sensor NS response, specially
in the mid and high-frequency range. Nevertheless, this high spectral acceleration at this fre-
quency range is also observed on both measured 5G-1 and numerically obtained RB7 free-field
spectral accelerations (Figures 5 and 6, respectively).
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Figure 13: Comparison of spectral accelerations for 7R-2 and 7R-1 sensors (NS direction).

6 CONCLUSIONS AND PERSPECTIVES

According to the performed numerical simulations, it is confirmed that backfill and Yasuda
clay presented high non linear behavior, which were triggered during NCOE mainshock. How-
ever, as the RB7 base mat slab is constructed directly over the Nishyiama rock formation, con-
sidering a non linear model for the two above layers have a minor impact over the RB7 response
compared to an equivalent linear approach.

Cross validation between Full FEM and Time-Laplace domain approach have also been per-
formed in the case of non linear SSI, showing that both methodologies give similar results on
the range of frequencies of interest. This result consolidates the existing available modeling
strategies on code aster for non linear SSI numerical simulation.

The second aspect verified in this work is the possible effect of Turbine Building on the RB7
response. As already observed in the literature [14], deamplification of the transfer function
is observed for frequencies lower than the first RB7 frequency and amplification for higher
frequencies. However, SSSI effect do not seem to be the main reason of differences observed
between numerical simulations and measurements of RB7 response during NCOE.

Although other physical phenomena could still be considered in order to verify their influ-
ence on the RB7 response (basement uplift, spatial variability of seismic signal [15]), further
work should also consider revisiting the RB7 free-field signal in order to investigate the high
spectral acceleration content on the mid-frequency range, specially on NS direction (Figure 13).

Nevertheless, referring to an actual nuclear plant case-study, these numerical studies have
highlighted the improvements made in the chain of analysis, in particular soil behavior model-
ing, soil-structure interaction, and seismic ground motion definition. We were able to evaluate
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the respective role of several modeling assumptions, their relevance, the efficiency of Open
source simulation solution software in order to produce recommendations and facilitate its dis-
semination into the engineering practice, according to the industrial stakes in terms of safety
margins assessment.
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Abstract. This study presents a preliminary calibration of a large-scale seismological model of
the MW6.6 Niigata-Ken Chuetsu-Oki (Japan) earthquake of July, 16th 2007. The strong ground
motion affected a wide area in the surrounding of the Kashiwazaki-Kariwa Nuclear Power Plant
(KKNPP). Due to the relative small source-to-site distance and shallow hypocenter depth, this
seismic scenario resulted very interesting and well documented (a consistent database of seis-
mic recordings is available). In this context, the test-case represents a suitable benchmark for
the work-packages of the SINAPS@ project. SINAPS@ is the first French research project with
the objective to quantify the uncertainty of the procedures to estimate the seismic risk. In this
context, an omni-comprehensive approach is followed, modelling the wave-propagation from
the fault to the structural components. This study is intended to describe the steps to build up
and calibrate a reliable seismic scenario, capable to provide a synthetic wave-field at the re-
gional scale. This objective is pursued by (1) assessing a stratified geological model for the
Niigata region, (2) testing the effect of the source parameters in a kinematic approach (e.g. the
rise time and the shape of the Source Time Function) and (3) checking the topography effect.
A series of 3D source-to-site numerical simulations of the MW4.4 NCOEQ2007 aftershock was
therefore carried out with this regard (performed by means of the Spectral Element Method,
SEM). The seismic scenario was calibrated with the aid of the semi-analytical solution pro-
vided by the Wave-Number Integration Method (WNI) and by comparing the synthetics with
the recordings at several locations (i.e. the KNET-Kik-Net stations nearby and the KKNPP
site). Finally, the forward physics-based analysis ended up by providing broad-band synthetic
time-histories to be exploited in further studies as a reliable regional incident wave-field for the
engineering bedrock
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1 INTRODUCTION

The 2007 MW6.6 Niigata-Ken Chūetsu-Oki earthquake (NCOEQ2007) struck a 100 km-
wide area along the Japanese mid-west coastal area (Figure 1). The strong ground motion
occurred as a result of a buried reverse-slip motion, nucleated at an the estimated hypocentral
depth of 8 km. No significant surface rupture was detected [1].

Figure 1: Map of the Niigata region, surrounding the Kashiwazaki-Kariwa Nuclear Power Plant
. Some stations of the Japanese strong ground motion seismograph networks K-NET and KiK-
Net are shown (blue circles), along with the TEPCO-KKNPP site (green diamond) and the
NCOEQ2007 epicenter (red star).

The affected area is located in the southern Niigata prefecture, in the adjacent surroundings of
the Kashiwazaki-Kariwa Nuclear Power Plant (KKNPP), i.e. at a Joyner-Boore distance RJB=0
km, corresponding to a rupture distance Rrup=16 km [2]). Peak horizontal ground accelerations
of 0.68 g were measured in Kashiwazaki City, as well as at the reactor floor level of the KKNPP
(the world’s largest nuclear reactor). The nuclear site underwent nearly twice the Peak Ground
Acceleration considered for the plant design [3]. Critical structures appeared to have performed
well given the intensity of the ground shaking and the large ground settlements (mainly due to
redundant overdesigned structures) [4]. A few harmless breakages, failures and fire took place
at the plant along with a leak of radioactive gases and some small amount of water leakage from
the spent fuel pool. The reactor units were safely powered down as soon as the acceleration val-
ues exceeded the design limit. According to the preliminary post-seismic reconnaissance [5],
evidence of liquefaction near the waterfront was found and a landslide damaged the KKNPP.
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The NCOEQ2007 represents a very interesting yet complex earthquake case study, mainly for
two reasons: (1) despite the dense recording network in the surrounding (e.g. the Japanese
strong ground motion seismograph networks K-NET and KiK-Net, as well as the seismometer
network installed at the KKNPP), the faulting mechanism is still partially unresolved [6, 7]; (2)
the observed spatial variation ground motion is likely to be due to a geological folding structure
near the KKNPP [8, 9, 10]. The NCOEQ2007 main shock (MS) occurred in the upper crust
with a steeply dipping reverse fault mechanism under the north-west/south-east compression,
which is quite usual in the northern part of the so called Niigata-Kobe Tectonic Zone (NKTZ),
placed in the central coastal area of the Japan Sea. Two conjugate fault planes were estimated,
dipping north-westward (NW) and south-eastward (SE) respectively. The overall wave-form
analyses confirm that both the fault planes are possible [11, 12, 13, 14]. However, from the
aftershock distribution determined by the NIED Hi-net routine analysis, the SE dipping align-
ment is roughly estimated and most of the authors finally endorsed the assumption of SE dipping
plane as the causative of NCO earthquake [15, 13, 14].
The observed wave-forms recorded at KKNPP site show three distinct pulses at many sites (al-
though the second pulse was not always clearly identified) [9]. From this recorded evidence,
several authors inferred three major asperities on the causative fault plane [14, 16, 13] that radi-
ate more energy than their surroundings. However,it was also pointed out that the peak ground
velocity on the south side of the KKNPP is much larger than that on the north side [17, 9].
Despite the open discussion, this difference is likely to come from the folding structure below
the KKNPP [9]. Due to the inherent complexities, a few detailed ground motion scenarios of
the NCOEQ2007 are available. Ducellier and Aochi [18] and Aochi et al. [1] performed a 3D
forward physics-based analysis (exploiting the Finite Difference Method,FDM) by comparing
the two slip patches proposed by Aoi et al. [6] and by Hikima and Koketsu [19]. The authors
solved at first the epistemic uncertainty on the geological profile. In doing so, they employed the
smallest recorded aftershocks, so to exclude any complex source effect. They first adjusted the
crustal 1D soil profiles estimated for the Niigata region. In a second phase, they improved the
coarse crustal model by refining it with a shallow structural model based on either 3D tomogra-
phy, or on various 1D/2D profiles and geological interpretation. However, due to computational
limits, their study is reliable within the frequency band 0.1-0.9 Hz (improved to 1.0 Hz in [20]),
on a regional model 110 km × 120 km × 30 km. Tsuda et al. [9] instead, tested the slip patch
proposed by Shiba et al. [16] focusing on the effect of the folding structure beneath the KKNPP
and to its effects on the observed ground motion incoherence. Their analyses (performed via
FDM) reached up to 4 Hz. They could reproduce the general features of ground motion on the
KKNPP events which occurred on the fault area of main shock (Chuetsu-Oki earthquake) and
the aftershock of the 2004 Chuetsu earthquake.

Following the earlier studies on the NCOEQ2007, a new (yet preliminary) 3D physics-based
earthquake scenario is herein presented. In particular, this paper focuses onto the method-
ological approach adopted to construct and calibrate it. The uncertainty quantification mainly
targeted the choice of the crustal geology and the topography effect (the presence of the Japan
sea was however disregarded). The plan of the performed numerical exercise can be unravelled
into the following points:

• testing the influence of different geology profiles onto final wave-forms at some location
in the surrounding of the NCOEQ2007 epicentre. Several 1D geological profiles have
been tested, either as discontinuous layered geology, or by smoothing it up with a piece-
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wise linear approximation;

• performing a sensitivity analysis upon the seismic source time functions (STF), featuring
the kinematic description of a point-wise double couple seismic source;

• testing the effect of the topography on the synthetic wave-forms;

• propose a broad-band (depending on the source radiated frequency content) synthetic
incident wave-field at the engineering bedrock issued from 3D forward physics-based
numerical simulation

Two numerical tools were employed in this work: (1) the 1D semi-analytical solution provided
by the Wave-Number Integration method (WNI) (proposed and numerically implemented by
Hisada [21, 22]) and (2) the 3D Spectral Element Code software (SEM3D) [23, 24], developed
within the framework of the SINAPS@ project (as a collaboration between CentraleSupélec, the
Commissariat l’énergie atomique et aux énergies alternatives (CEA) and Institut de Physique
du Globe de Paris). The former is alternatively employed to find a most adequate geological
profile (by running a simulation over a Mj4.4 aftershock, denoted by AS from now on) and the
most adequate slip distribution (by running a simulation of the NCOEQ2007 main shock (MS)
featured by the previously chosen geological model). The fairly good comparison between WNI
method and the results and recordings is valid between 0.05-0.5 Hz. At this point, SEM3D was
adopted to simulate the 3D wave propagation over a broader frequency range (up to ≈ 5 Hz).
In particular, SEM3D was used for manifold purposes, i.e. to test different STFs for a point-
wise double couple approximation of the AS earthquake, to test the topography effect on the
synthetic wave-forms.

1.1 Tools and methodology to build-up an earthquake physics-based scenario

Traditionally, the strong ground motion characterization is addressed and described by means
of its peak values (e.g. the Peak Ground Acceleration) and wave-forms and of other indicators
(e.g. the Arias intensity). In this context, any of this features may be expressed as the con-
volution of several factors, namely: (1) the source effect E, (2) the path effect P, (3) the site
effect G and (4) the instrument/type of motion I [25]. Following this logic, the seismological
model is herein built-up by tuning each feature stand-alone so to progressively enrich the origi-
nal skeleton model. At any step, a back-verification check is done, so not to spoil the model by
progressively dropping simplified assumptions, but to refine it instead.
Another crucial distinction made herein to ease the understanding and modelling of a large
broad-band seismic scenario concerns the origin of the synthetic frequency content. Most of
the slip distribution estimations available in the literature are derived from longer period ground
motions (strong-motion time-histories, teleseismic velocity seismograms, GPS and InSar mea-
surements) and therefore valid within a frequency range ≈ 0.05-0.5/1 Hz. At these longer
periods, ground motions are predominantly deterministic and their wave-forms can be accu-
rately modelled using simple descriptions of the source and crustal structure. The mentioned
WNI method is naturally appropriate to this end, since it couples the need of a relative small
amount of parameters with a reduced computational cost to simulate the complete 3D wave
propagation field radiated from an extended kinematic seismic source in a layered half-space.
Typically, WNI method deterministic analyses are reliable in a 0.05-3 Hz frequency band. How-
ever, several authors (e.g. [26, 27, 28]) agreed on the fact that despite their modest accuracy,
long-period deterministic models are relevant for the simulation of artificial high-frequency
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signals, since the main uncertainty, both for short- and long-period wave-forms, resides into
the methods to characterize the source mechanism [28]. For instance, slip models of shallow
crustal earthquakes (as the NCOEQ2007) are characterized by strong spatial variation in slip
on the fault surface, including the asperities [28]. However, while travelling towards the sur-
face, the wave-field gets enriched at high-frequencies (i.e. 2-15 Hz) when encountering finer
deposits in the shallow part of the Earth’s crust and topographical surface [28]. This spectral
component is predominantly stochastic and it is extremely interesting for structural analysis.
Therefore, the numerical model of the NCOEQ2007 scenario was designed to propagate seis-
mic energy up to 5 Hz. The SEM (i.e. an high-order version of the Finite-Element Method) was
employed due to its higher accuracy in solving wave-propagation problems and due its easy and
scalable extension to parallel implementation [29]. The SEM has been successfully used (e.g.
[30, 31, 32]) to simulate 3D seismic wave propagation in complex geological media (and topo-
graphical surface) at regional scale with increasing resolution. However, despite the efficiency
of the numerical tool used in this study, the calibration of huge 3D large-scale seismic scenarios
was conducted with the aid of a less cumbersome yet simplified semi-analytical/numerical tool
(i.e. WNI method). In this way, the initial gross epistemic uncertainty is rapidly trimmed and
more refined numerical tools (i.e. SEM3D) are then employed to refine the earthquake scenario.

2 PRELIMINARY CHOICE OF A SUITABLE 1D GEOLOGICAL PROFILE

With respect to the Niigata-Ken Chūetsu-Oki earthquake, several different stratified geolo-
gies (varying station by station) have been calibrated from the aftershocks recordings [33, 12,
15, 13]. Those 1D profiles are generally obtained by wave-form inversion procedures, per-
formed on narrow time windows (≈ rupture duration) centered on the main phase of S-wave
and reaching a maximum frequency of 1 Hz. Therefore, in an early stage of the seismic scenario
calibration, they are employed to provide a reasonable synthetic wave-field at the regional en-
gineering bedrock, supposed underlying the shallow folded sedimentary strata. At this point, it
is important to remark that the resolution of those geological profiles is approximately 0.5 km.
The large scale model may be equipped with complex 3D geological model (e.g. [7, 34, 35])
in a second instance [9, 18, 1, 33, 36, 19, 12]. In this task, some of the mentioned approxi-
mated geological profiles were tested. The latter refers to the Niigata region around KKNPP
and they are portrayed in Figure 2. The shallow folded structure is made of thick sedimentary
layers in the surrounding of the KKNPP site, which is bounded by the south-east mountains
(mainly composed by hard rock). The complex lateral variations in basement structure along
the NW-SE The epistemic uncertainty on the geological profile was solved by running a para-
metric analysis WNI method. The Mj4.4 aftershock of July 16, 21.08h, was considered, which
nucleated near-by one of the three major fault asperities at a depth of 11 km [9] by detect-
ing the polarity for the P-wave first motion (performed by the Hi-net [37]) and by considering
the Centroid Moment Tensor analysis provided by F-net data [38]. The Kik-Net and KNET
recording stations were employed at this point, along with the recorded time-histories at the
KKNPP (device KSH-SG4, placed at G.L.-250m at the Service Hall of the nuclear site). The
parametric analysis lead to the choice of the soil profile referenced as to Aochi2013 in Fig-
ure 2 and proposed by Aochi et al. [15] (although a satisfactory match has been obtained for
other soil profiles). Figure 3 show a fairly good comparison obtained at several stations in the
surroundings of the Kashiwazaki-Kariwa Nuclear Power Plant . A Brune’s source model was
adopted (see the discussion in Section 3.3), with frequency corner fC= 1 Hz, coherently with
the measured magnitude [39]. One single unitary sub-fault was considered herein to simulate
the small Mj aftershock. In accordance with Aochi et al. [15], the recordings and the synthetics
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Figure 2: Comparison of P and S-wave velocity of the Niigata area, (a) VP (b) VS .

were band-pass filtered between 0.1-0.5 Hz and aligned at the time-step corresponding to the
1% of the respective Arias intensity. Aochi et al. [15] introduced a sequence of softer layers
(Figure 2) at shallow depths, with the respect to the crustal models estimated the the KNET/Kik-
Net stations (NIG004, NIG016, NIG026, NIGH12). Similar results were however obtained for
the crustal models tagged as Cire.2008 and Shin.2008. Despite the local alignment, some phase
shift among the simulations and the recordings is still visible for NIG004 and NIGH12, whereas
in the near field (cf., NIG018, NIG016) the fit is quite good (probably due to the simple propa-
gation path [15]). Finally, from Figure 3, it appears that the simulations performed at KKNPP
site are satisfactory only along the NS direction, whereas synthetics are de-amplified along the
EW direction. This might be a effect of the shallow local geology of the Niigata basin.

3 TEST 1D GEOLOGICAL PROFILE IN 3D LARGE SCALE SIMULATIONS

3.1 Flat layered half-space spectral model

The chosen 1D geological model (depicted in Figure 4b) was implemented in 3D large scale
SEM numerical model (see the sketch in Figure 4a). No topography was introduced at first,
so to compare the synthetics with WNI results. 10 Gauss-Lobatto-Legendre (GLL) integration
nodes were chosen to grant the minimum wave-length (≈ 200m) a satisfactory discretization
(i.e. to reach a frequency upper bound of≈ 5 Hz [32]). The total number of degrees of freedom
of the considered mesh is therefore ≈ 1.9·108.

3.2 Back-verification of the model upgrade (WNI→SEM3D)

The SEM3D software was used to solve the wave propagation problem so to verify it with the
WNI semi-analytical model tuned in the earlier stages of the parametric analysis (and described
in Section 2).
In the Spectral Element Method formulation, material properties are assigned to each GLL
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(a)

Figure 3: Simulations performed by WNI method of the NCOEQ2007 Mj4.4 aftershock of July
16, 21.08h. Blue wave-forms represent the recorded time-histories, red wave-forms the syn-
thetics. Both records and synthetics were base-line corrected and band-passed filtered between
0.1 and 0.5 Hz. Synthetic wave-forms were obtained by considering the soil profile Aochi2013
(Figure 2). Velocigrams (in cm/s) are herein magnified by a factor 1000 and aligned with the
respect at the 1% of their Arias intensity.

point. Therefore, two strategies were investigated to feature the numerical model with the
varying material properties, namely (1) a direct meshing approach that adapts the computational
grid to the layer-to-layer interface, so to coherently reproduce the abrupt impedance contrast
along it and (2) a not honouring approach that associate to the whole independently-meshed
domain a space-varying heterogeneous material map (in this case, transverse isotropic in the
horizontal plane). In this standard test case (i.e. a flat and bounded layered half-space) the
second strategy does not seem particularly appealing since the material interfaces are planar
and horizontal and a structured mesh was adopted. Although no computational gain is achieved
by using one or the other approach at this early stage, the verification test was performed in view
of implementing the not honouring approach in the non-structured mesh domain portrayed in
Figure 9, extruded at depth from the local Digital Elevation Model.
The numerical back-verification of the model upgrade (WNI→SEM3D) was satisfactory. For
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(a) (b)

Figure 4: (a) Sketch of the SEM3D computational domain used designed to simulate a layered
half space (without topography). (b) Geology model proposed by Aochi et al. [15] for the
Niigata area. Blue and red profile refers to VS and VP values (in km/s). The red star indicate the
depth of the AS hypocenter.

instance, Figure 5 shows a synoptic comparison between synthetic wave-forms filtered between
0.1 and 1.0 Hz.
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Figure 5: Numerical verification of SEM3D code, against the semi-analytical solution obtained
via WNI method. Synthetic acceleration wave-forms obtained at (a) the KKNPP site (KSH-
SG4, G.L.-250 m, focal distance 15.1 km) and at (b) the KNET station NIG018 (focal distance
of 20.1 km) are portrayed. A good match is achieved between the WNI method (WNI, red line)
and SEM3D numerical model equipped either with a layered geology (LAY, blue line) or with
a not honouring approach (GRD, green line)

3.3 Choice of Source Time Function

Small earthquakes (e.g. aftershocks occurring after a strong ground motion event) have been
historically used to replace theoretical Green’s functions [40]. This method does not require
knowledge of the explicit shape of the slip time function (STF) for the small event. For in-
stance, the WNI method exploits the empirical Green’s function technique proposed by Irikura
[40, 41]. The wave-form for a large event is obtained by summing the contributions of small
events, correcting each slip velocity time function (SVF) according to some sort of scaling laws
between a large a small event [42]. Although this approximation has been proven to be accu-
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rate enough to simulate the far-field ground motion component (see for instance [42]), one may
argue that the chosen STF/SVF can influence the synthetic wave-field nearby the source. More-
over, the a priori selection of a suitable combination STF/SVF for a point-wise double-couple
approximation of the seismic source is not obvious [43]. To clarify this fundamental aspect, in
this section a brief parametric analysis addressing different STFs/SVFs and the respective fea-
turing parameters is presented. SEM3D exploits a kinematic description of the seismic source
[23] which consists in replacing the displacement offset on the point-discontinuity by equiva-
lent body forces (following the approach proposed by Madariaga [44]).

Several 3D large scale analyses were performed by means of the SEM3D software. The do-
main geometry considered has been presented in the subsection 3.1. Two different functions
describing the time evolution of the displacement offset have been examined: (1) the so called
Bouchon’s ramp (or smoothed ramp function[45]) uTNH

S (t) , that writes:

uTNH
S (t) =

A

2

[
1 + tanh

(
4
t− tS
τR

)]
(1)

and (2) the source model proposed by Brune [46], expressed by the following equation:

uEXP
S (t) = A

[
1−

(
1 +

4 (t− tS)
τR

)
exp

(
−4 (t− tS)

τR

)]
H (t− tS) (2)

The latter is well suited to approximate long-tailed Moment Rate Functions (MRF) [47]. Three
are the free parameters that tune the shape and the position in time of the two mentioned STFs:
the time-shift tS , the generic rise time τR and the maximum displacement offset A. H (t− tS)
represent the Heaviside function. The maximum slip value A is spontaneously determined by
relating it to the scalar seismic moment value (for the Mj4.4 AS event, the F-net indicated a
seismic scalar moment M0=5.21e15 Nm). The time shift tS was manually tuned to respect the
quiescent past assumption [48]. Among all, the crucial parameter results to be τR. Although
no explicit definition of the rise time is available neither for uTNH

S (t) nor for uEXP
S (t) [43],

τR represents the duration of the slip rate pulse [43, 49]. Besides, τR is intrinsically related
to the corner frequency of the SVF spectrum fC [52, 39], which undergoes the empirically
scaling laws originally proposed by Aki [53]. This aspect is highlighted when one compares
the Fourier’s spectra of different SVFs. For instance, Figure 6 compares three different sources
(both in time and frequency domain), tested in the AS simulations performed by exploiting the
SEM3D: the red spectrum in Figure 6a refer to two Brune’s slip rate time evolutions (portrayed
in Figure 6b), whereas the blue and green lines correspond to the Bouchon’s ramp functions.
The high-frequency falloff of the two Brune’s SVF follows an ω−2 decay, whereas Bouchon’s
ramps steeper decreases for f > fC . Two different values of the free parameter τR were tested
herein: τR1 = 10(0.5(MW−6.69)) (with MW the moment magnitude, according to [50]) and τR2 =
2 · 1.2 · 10−8 3

√
M0 (with M0 representing the scalar seismic moment, in dyne.cm, according to

[51]). The two definition of τR (herein τR1=0.12 s and τR2=0.82 s) are depicted in black and
red lines in the captioned sub-axes in Figure 6a. The solution pertaining to the double couple
point-wise simulation with the uEXP

S (t) globally has a higher frequency content, compared to
the Bouchon’s ramps. This result is coherently observed at different free surface receivers (such
as KKNPP), although within the frequency band solved by the numerical grid (i.e. fmax= 5
Hz). In that respect, the synthetic accelerograms generated by SEM3D large scale simulation
of the AS event at KKNPP are traced in Figure 7. The solution obtained for AS simulation by
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Figure 6: (a) Fourier’s spectra of the tested SVFs for the AS simulation (EW component).
(b) Time evolution of th source velocity functions tested for a double couple point source in
SEM3D. In the captioned sub-axes in (a), two estimations of τR are depicted: as a function
of the magnitude MW (black line, according to Dreger et al.[50]); as a function of the seismic
moment M0 (red line, according to Duputel et al.[51]).
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Figure 7: Numerical verification of SEM3D code: effect of the STF parameters (functional form
and rise time). Synthetic wave-forms obtained at KKNPP are portrayed: (a) EW component,
(b) NS component.

employing uTNH
S (τR2) was found to be rather poor at high-frequency and not suitable for this

broad band simulation, whereas the synthetic wave-forms obtained by either uEXP
S (τR1) and

uTNH
S (τR1) are comparable. However, in the following section, the synthetic peak values were

compared to the ones estimated by the Ground Motion Prediction Equations, so to discriminate
between uEXP

S (τR1) and uTNH
S (τR1).

3.3.1 Comparison with Ground Motion Prediction Equations

Ground Motion Prediction Equations (GMPEs) are traditional yet very useful tool to estimate
strong ground motion parameters. Therefore, they might be employed to check if the outcomes
of physics-based numerical simulation are reasonable. For instance, Fukushima et al. [54]
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proposed a rather simple GMPE, whose functional form was issued from a probabilistic seismic
hazard analysis performed on PGA and PGV. K-NET and KiK-net stations in the Kanto district
(Japan) were employed in the regression. The choice of this GMPE is justified by the coherency
between the predicted values and AS recordings in the Niigata region. The latter are plotted
in Figure 8 (in terms of geometric mean of the horizontal PGAs and PGVs) along with the
prediction by Fukushima et al. [54]. The Fukushima et al. [54] GMPE predicts rather well
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Figure 8: Horizontal geometric mean of Peak Ground Acceleration (PGAH , portrayed in the left
column) and Velocity (PGVH , portrayed in the right column) obtained by SEM3D simulations
of the Mj4.4 AS event. Synthetic peak ground motion values are compared to the GMPE
proposed by Fukushima et al. [54]. (a-c) Recorded peak ground motion values (from Kik-Net,
KNET and KKNPP database); (b-d) SEM3D simulations performed by introducing point-wise
double couple source with different SVF: red circles and blue triangles refer to Brune (uEXP )
and a Bouchon’s (uTNH) functions respectively, with free-parameter τR = τR1 = 0.12s; green
triangles refer to a Bouchon’s ramp function with free-parameter τR = τR2 = 0.82s instead.

both the recorded mean PGAs and PGVs (+/ − σ), although a slight overestimation may be
noticed at larger source-to-site distance. This discrepancy might be due both to the location (the
Kanto district is placed south-westward the Niigata prefecture) and to the magnitude (greater
or equal to 5.0) to calibrate the GMPE parameters ([55]). However, Figures 8b- 8d suggest that
the choice of a rise time τR1 (for either uEXP

S or uTNH
S ) is the most consistent with the selected

GMPE [54], so it has been chosen as the suitable STF for the AS analyses.

4 Effect of the topographical surface

The final step of the numerical exercise presented in this paper consisted into adding the to-
pographical surface (TOPO) to the previously calibrated flat model (FLAT). Figure 9 shows the
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computational mesh. The latter was routinely generated on parallel architecture, by exploiting

Figure 9: Sketch of the numerical model designed for the NCOEQ2007 scenario. The mesh
has been The minimum element size (at surface, for a VS) is 1000 m, featured by 10 integration
points.

Octree data structures [56]. A 90 km× 83 km× 82 km region in the surrounding of the KKNPP
was meshed with 8-nodes tetrahedra, by extruding the local Digital Elevation Model (DEM),
obtained from the SRTM database (http://dds.cr.usgs.gov/srtm/version2_1).
The mesh was coarsened along depth (below 15 km of depth). 10 Gauss-Lobatto-Legendre
(GLL) integration nodes were chosen to propagate a seismic wave-field up to ≈ 5 Hz. The
shear-wave velocity profile (Aochi2013 model) was implemented via a not honouring approach
(Figure 4b). The Sea of Japan is not taken into account: a flat solid surface was considered
instead. Figure 10 shows the comparison between the accelerograms obtained at the ground
level at KKNPP site, for the FLAT (red line) and TOPO (blue line) model. The wave-forms
were band-pass filtered between 0.1 and 5 Hz. Early wave arrivals at higher frequencies are
observed when the topographical surface is included in the model, although it does not seem to
consistently affect the radiated wave-field. This aspect might be due to the fact that the Japan
sea was disregarded. Finally, Figure 11 shows the synthetic velocigrams generated by SEM3D
physics-based simulation at different locations nearby the Kashiwazaki-Kariwa Nuclear Power
Plant . The synthetics wave-forms were band-pass filtered between 0.1 and 5 Hz. The typical
velocity pulses are visible in the near field (i.e. KKNPP, NIG018, NIG016), and high-frequency
late arrivals may be observed in far field (NIG004 and NIGH12).
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Figure 10: Numerical verification of SEM3D code: effect of the topographical surface. Syn-
thetic wave-forms obtained at KKNPP (at surface) are portrayed: (a) EW component, (b) NS
component.
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Figure 11: Simulations performed by SEM3D analysis of the NCOEQ2007 Mj4.4 aftershock of
July 16, 21.08h. Synthetic wave-forms were obtained by considering the soil profile Aochi2013
(Figure 2). Velocigrams (expressed in cm/s) were amplified by a factor 1000 and locally aligned
at the time-step corresponding to the %1 of the Arias intensity.
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5 CONCLUSIONS AND PERSPECTIVES

In this paper, the preliminary calibration of a 3D physics-based scenario of the Niigata-Ken
Chūetsu-Oki earthquake is presented. The holistic approach adopted leads to focus on the co-
herent methodology to assess all its different tasks. The study highlights the inherent difficulty
residing in each steps of the process, showing the necessity of an accurate uncertainty estimation
along with each parameter setting. The focus of this work was mainly oriented to quantify (1)
the effect of the regional stratified geology, (2) the model sensitiveness to the source parameters
(even for a point-wise small aftershock) and (3) the implications of considering or neglecting
the topographical surface. In this context, it is always useful to test each feature of the model
against traditional approaches (e.g. the semi-analytical solutions, the Ground Motion Predic-
tion Equations). Those tools provide a fast preliminary estimation of the model sensitiveness
and therefore they help in understanding the crucial aspects of the scenario. To this respect,
the way the parameter are tuned is pre-based on the experience gained from several earthquake
modellings so to be coherent with the observations. However, site-specific conditions are ex-
tremely heterogeneous from case to case, thus requiring a huge effort in quantitatively solving
the epistemic uncertainty. An effective probabilistic approach may be contemplated, starting
from the most conservative choice of the parameter distribution, although one must bare in
mind the onerous computational effort required. The 3D physics-based analyses presented in
this work are preliminary, and a further detailing exercise is demanded so to assess the effect of
(1) the complex geological structure (i.e. folded basin underneath KKNPP), (2) the non-linear
mechanical behaviour of shallow sediments, (3) the effect of an heterogeneous crustal bedrock
on the radiated wave-field, (4) the impact of the water presence on the S-wave component. Fi-
nally, the main-shock scenario will require the construction and calibration of an extended fault
mechanism, either by described by kinematic approach either by simulating the dynamic rup-
ture of the fault plane. All this improvements should be verified accordingly to the observations,
especially highlighting the variations in the near field (i.e., < 10 km).
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Abstract. When attempting to predict the seismic response of reinforced concrete (RC) struc-
tures, a trade-off has to be found out between a realistic representation of the dissipations
through material behavior law and a numerically more efficient modeling with a controlled
computational demand such as a Rayleigh-type damping model. Anyway, constitutive laws only
describe internal dissipation and actually need a complementary dissipation term often cho-
sen as a proportional damping matrix to take into account external dissipation sources such
as interactions with the environment. Decoupling these two contributions in global dissipation
measurement from experimental tests is still challenging. To address this problem, a numerical
study based on an experimentally identified structural model is here presented. To this end,
an experimental campaign has been carried out on RC beams set up on the AZALEE shaking
table of the TAMARIS experimental facility operated by the French Alternative Energies and
Atomic Energy Commission (CEA). In this paper, the experimental campaign is first presented.
Secondly, a suited constitutive model is formulated and identified from the experimental results.
Third, numerical dynamic experiments are carried out in order to assess the influence of several
parameters on the energy dissipation and on the equivalent viscous damping ratio through two
different methods. The validity of these results is assessed on a numerical case where a nonlin-
ear model and an equivalent linear model are compared with each other. Experimental results
of dynamic tests are also used as reference in order to estimate the additional viscous damping
necessary to take into account the whole energy dissipation.
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1 INTRODUCTION

Despite the increasing accuracy of models for nonlinear behavior of RC structures, their
combination with complex finite element (FE) meshes still leads to high computational cost. In
practice, an additional viscous damping is often used to account for dissipations not taken into
account by the structural model [1, 2], particularly in its linear domain [3]. As shown in [4, 5],
combining both types of dissipations (i.e. hysteretic and viscous damping) can compromise the
validity of a study and could require a reduction of the viscous damping in the nonlinear range
[3]. In order to represent this dependency, several evolving Rayleigh-type viscous damping
models have been proposed (see [6] for a study of such models), but experimental evidences on
slender buildings tend to show that modal viscous damping can be thought to be an intermedi-
ate between constant viscous damping for all modes and stiffness-proportional damping [7, 8].
Before performing such a fine analysis, simplified methodologies should be used in order to
obtain a first design of a structure. Displacement-based methods have became popular for the
past decades, but they generally require the knowledge of a monotonous force-displacement
curve and the value of an equivalent viscous damping. This damping ratio has a key role when
assessing maximum structural responses and some studies show it is the second source of un-
certainties after the ground motions [9, 10]. Nevertheless, this assumed equivalence with the
energy dissipated hysteretically may be questionable. Indeed, the identification is performed on
quasi-static loadings whereas damping ratio is used for seismic loadings. In addition, several
studies have emphasized the fact that the viscous damping depends on the response amplitude
for RC buildings [11, 12, 8], which contradicts the hypothesis of a linear equivalent viscous
damping. To verify if the previous observations made on buildings comply with RC compo-
nents, beams in the present study, and evaluate the influence of different excitation and material
parameters, an experimental campaign described in the following section has been carried out
and is followed by numerical experiments calibrated on experimental data.

2 EXPERIMENTAL CAMPAIGN

2.1 Motivations

An experimental campaign has been set up on RC beams by means of the AZALEE shaking
table, as part of the TAMARIS experimental facility operated by the French Alternative Energies
and Atomic Energy Commission (CEA) [13]. The main objective was to provide reference data
through both dynamic and quasistatic tests in order to evaluate the dissipations depending on
structural, material and signal characteristics. The measure of damping forces is challenging
because their levels are unknown and generally more difficult to investigate than acceleration or
restoring forces [14], they exhibit several sources and evolve along the time-history analysis. In
order to quantify and to analyze the dissipation and its evolution during quasi-static and dynamic
loadings, a dense network of svarious sensors type have been mounted on the experimental
setup. Furthermore, an important design effort was made on the technological choices for the
samples and the boundary conditions. This section describes briefly a part of the experimental
campaign setup which is necessary to provide the data used in this work. For a more extensive
description, please refer to [15].

2.2 RC Specimens

A RC beams have been chosen as specimens because they are widespread structural elements
and a large choice of more or less simple models are available in the literature, depending on the
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(a) Longitudinal reinforcements

(b) Cross-section reinforcements

Figure 1: 10HA12 RC beam reinforcements

Figure 2: General view of the experimental setup.

description refinement. Different variations of the reference design have been made in order to
explore the influence of material and structural parameters. The beam considered in the present
study is referred as 10HA12-C1B, standing for 10 12mm-diameter steel reinforcement bars in
the section of the beam, for a concrete of 29.7 MPa strength and 28.1 GPa Young’s modulus.
The steel reinforcement pattern is given in figures 1a and 1b.

2.3 Setup

To better understand and visualize the items described in the following subsections, a general
view of the final experimental setup is presented in figure 2. Elastic hinges based upon high
performance steel blades are used at both ends to link the beam with the shaking table or the
strong floor. The blades have been designed to be the less stiff as possible so that they deform
elastically all along the tests, avoiding by this way the dissipations due to friction or assembly
plays. The beam weight is supported by air pads allowing to drastically reduce the friction
forces between the beam and the floor during the bending. Indeed, bearing the vertical forces
through the extremal supports would have induced bending cracks because of the 6 meters span.

In accordance with the frequency band of the shaking table (i.e. frequency band with a robust
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online control), the two first eigenfrequencies of the structure are kept below 30 Hz. This choice
leads to a strong design criterion. In addition, a highly damaged state of the beam should be
reached in order to quantify the influence of damage on the damping properties. This design
constraint has also been tackled by the use of two additional masses of 360 kg each tighten to
the specimen, bringing the total moving mass (the beam plus the additional masses) to 1870 kg.

3 OVERVIEW OF EXISTING EQUIVALENT VISCOUS DAMPING IDENTIFICA-
TION PROCEDURES

3.1 Energy balance in the expression of the viscous damping ratio

Considering an ideal system, the expression of the viscous damping ratio will be here below.
The notations are defined in figure 3.

Figure 3: Notations used for the considered mass-spring-damper oscillating system

If the ground motion is an harmonic acceleration üg = −Ugω2 cos(ωt), the steady state dis-
placement and velocity will be given by equations 1 and 2 where U is the response displacement
amplitude, ω is the excitation pulsation and Φ is the phase angle.

u(t) = U cos(ωt− Φ) (1)
u̇(t) = −Uω sin(ωt− Φ) (2)

The corresponding energy dissipated during one cycle by the damper is Ed expressed in equa-
tion 4 with ω0 the natural pulsation of the system.

Ed =

∮
FD.du =

∮
cu̇2dt =

∫ 2π
ω

0

c U2ω2 sin(ωt− Φ)2dt = πcωU2 = 2πξωω0mU
2 (3)

Ed = 2πξ
ω

ω0

kU2 (4)

For a purely linear spring, the maximum stored elastic energy is:

Es =

∫ U

0

ku · du =
1

2
kU2 (5)

Thus, from equations 4 and 5, one can define the viscous damping ratio as:

ξ =
1

4π

ω0

ω

Ed
Es

(6)
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At this point, it is clear that the viscous damping ratio of a linear oscillator depends not only
on the ratio between de dissipated energy over the maximum stored energy, but also on the ratio
between the natural pulsation of the oscillator and the excitation pulsation.

3.2 Jacobsen’s areas method

The first option to evaluate an equivalent viscous damping ratio by an energy equivalence ap-
proach to estimate hysteretic dissipations has been made by [16, 17]. The method was originally
developed to evaluate the equivalent viscous damping ratio (EVDR) for nonlinear frictional sys-
tem. Several points remain questionable:

– to overcome the frequency dependency and to ensure the loops continuity, it is assumed
that the excitation is harmonic with the same frequency as the natural frequency of the
system (see equation 6 with ω = ω0). However, it is a common practice to perform a
quasi-static cyclic test on the hysteretic damper to evaluate the associated EVDR;

– while the energy dissipated by a linear viscous damper is linearly proportional with re-
spect to the excitation frequency (see equation 4), the energy dissipated by the hysteretic
damper to be approximated is not. Hence, for any excitation with a frequency content
higher than the oscillator’s natural frequency, the viscous damping ratio will be overesti-
mated and vice-versa;

– the stored energy is generally supposed to be square-proportional to the displacement
(figure 4a) but this hypothesis is inexact in the case of a nonlinear behavior which is the
case when pinching occurs for example (figure 4b);

– when the loops are not symmetric, there is no actual reason to pick up the maximum rela-
tive displacement rather than the minimum one when assessing the stored elastic energy.
For this reason, [18] proposed an approach adapted to asymmetric hysteretic behaviors.
As depicted in figure 4c. A method inspired from this work and more suitable for nonlin-
ear restoring forces is proposed in figure 4d.

3.3 Logarithmic decrement method

Another way to assess an equivalent viscous damping is to use the so-called logarithmic
decrement method. Indeed, it can be shown that, for a linear viscously damped system in
free vibrations, the decreasing envelope of the displacement follows an exponential law. If the
oscillator is dropped without any initial velocity, its displacement u(t) is expressed in equation
7, where U0 is the initial displacement, ξ is the viscous damping ratio and ω0 is the natural
pulsation. Two consecutive maxima of the oscillations give the logarithmic decrement δ by the
equation 8 which is then useful to determine the viscous damping ratio ξ with equation 9. In
the case of a non-viscous damping, the decreasing envelope is different, (e.g. it is linear for
Coulomb’s friction). Hence, either two different maxima have to be chosen to find the best
fitting EVDR for the whole free vibrations regime, either the computation of the EVDR has
to be carried out between each couple of successive maxima to determine an EVDR evolution
throughout the free vibrations regime.
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(a) Linearly stored energy evaluated on a half-
cycle

Displacement

Force

Ed
Es1

(b) Nonlinearly stored energy evaluated on a
half-cycle
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Ed
Es1

(c) Linearly stored energy evaluated on a full-
cycle proposed by [18]

Displacement
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Ed
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(d) Nonlinearly stored energy evaluated on a
full-cycle inspired by [18]

Figure 4: Different ways to apply area method derived from [17]
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Figure 5: Logarithmic decrement principle – example with U0 = 0.1 mm, ω0 = 31.4 rad·s−1 and
ξ = 2%

u(t) = U0 exp(−ξω0t) cos(ω0

√
1− ξ2t) (7)

δ = ln

(
U1

U2

)
(8)

ξ =
δ√

4π2 + δ2
(9)

4 DAMPING IDENTIFICATION FROM AN EXPERIMENTAL CAMPAIGN

4.1 Quasi-static cyclic reverse test

An application of the previously described method will be presented below. A quasi-static
cyclic triangular loading, labelled QSC1, is carried out thanks to 2 actuators mounted on the ad-
ditional masses positions with an increasing cycle amplitude centimeter by centimeter, each cy-
cle being repeated three times to stabilize the damage state of the beam. The time-displacement
evolution of this loading is given in figure 6. In order to describe the whole response of the
beam with a simple degree of freedom oscillator (SDOF), the displacement field is expressed
on the first mode shape. From a theoretical point of view, the mode shape is a sinusoid modified
by the presence of the additional masses (see figure 7). A full-field measurement based upon an
industrial digital image correlation method has been used (VIDEOMETRIC®, [19]). This method
provides displacement data all along the beam, allowing for a projection to the eigenbasis. The
out-coming projection error is useful to detect nonlinearities occurring during the excitation.
For a more detailed explanation of this method, please refer to [15].

The corresponding force-displacement graph is represented in figure 8, a significant pinching
effect occurs. The phenomenon behind this effect is still not entirely understood. A possible
explanation could be that cracks going all through the beam have a residual opening at the zero-
displacement state (due for example to a misalignment between crack lips, erosion or bond slip).
As a result, the inertial momentum at the crack location is reduced, since the reinforcements are
the only mechanical bond between the crack lips. When bending increases, crack lips get in
contact at upper or lower fiber of the beam depending on the bending direction, thus increas-
ing again the inertial momentum of the section and consequently the bending stiffness. The
model originally proposed by [20] has been modified to account for the pinching effect (which
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Figure 6: Imposed actuator’s displacement and resulting modal displacement for the nonlinear
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Figure 8: Force-displacement measurement for the considered QSC1 test
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Name Description Unit
δy Yield displacement m
K0 Initial stiffness N.mm-1

p Stiffness loss coefficient -
q Fragility coefficient -
aπ Hysteresis loops width N
bπ Initial stiffness of the hysteresis loops N.mm-1

Uc Crack closure displacement m
lp Pinched stiffness coefficient -

Table 1: Model parameters

is roughly a stiffness variation for a damaged structure when slightly deformed). Since the for-
mulation of this model is not in the scope of this study, a simple illustration of the influence of
the different parameters will be given in 4.2.

4.2 A thermodynamic-based model for bending of RC beams

Three phenomena are here modeled: damage, friction and pinching. Then, the restoring
force is divided in two parts: the damage force F p and the frictional force F π. The constitutive
law linking the force F = F p + F π and the displacement u of the oscillator is ruled by the
8 parameters given in table 1. The Helmoltz’s free energy Ψ and the restoring force F are
expressed in equations 10 and 11.

Ψ =
1

2
K0 · (1− f(u) ·D) · (1−D) · u2 +

1

2
K0 ·D · (u− uπ)2 (10)

F =
∂Ψ

∂u
= K0 · (1− f(u) ·D) · (1−D) · u+K ·D · (u− uπ) (11)

The stiffness loss coefficient p gives the secant stiffness for a theoretical infinite displacement
while the fragility coefficient q has an influence on the initial slope of F p-u curve when damage
initiates as depicted in figure 10a. The role of both aπ and bπ in the frictional force is illustrated
on figure 10b. The proposed pinching function f , expressed in equation 12 and plotted in figure
9, weights the stiffness coefficient to get a reduced stiffness depending to the displacement u
and the damage levelD varying between 0 and 1. In this formulation, pinching is activated only
when damage exists. Hence, at the initial state, Kp = K0.

f(u) = (1− lp) · exp

(
−1

2

∣∣∣∣ uUc
∣∣∣∣) (12)

Kp(u) = K0 · (1− f(u) ·D) (13)

4.3 Model identification

The identification process is performed by built-in methods of MATLAB®. In order to limit
the risk to fall into a local minimum, the choice of a 3 steps identification has been made: (i)
elastic step (δy, K0), (ii) damaging step (p, q) and (iii) friction step (aπ, bπ, Uc, lp). The error
criterium to minimize is given in equation 14. For each identification step, only a part of data
is used. For the elastic step, only the first displacement points prior to the elastic limit dis-
placement δy are kept. Then, for the damage step, the capacity curve is deduced by keeping the
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Figure 9: Plot of the pinching function over displacement (0 value corresponds to completely
closed cracks)
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Figure 10: Description of some parameters influence on the model behavior
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Parameter Value
δy 6.84× 10−3 m
K0 1.78× 106 N·m−1

p 0.245
q 0.442
aπ 1.53× 103 N
bπ 7.24× 104 N·m−1

Uc 5.20× 10−2 m
lp 6.23× 10−9

Table 2: Identified parameters values

highest force value associated to each displacement from zero to maximum displacement in the
time-history recording. Eventually, the friction parameters are identified within the last stabi-
lized loop, when the dissipations do not evolve anymore and the cyclic displacement amplitude
is the highest. It can be seen on figure 8 that the model identification is satisfactory.

η(t) =

∫ t
0
(F (τ)− Fexp(τ))2 · dτ∫ t

0
Fexp(τ)2 · dτ

(14)

The identified parameters are summarized in table 2. The pinched stiffness coefficient lp
being negligible before 1, the pinching function expressed in equation 12 can be simplified to
equation 15.

f(u) = exp

(
−1

2

∣∣∣∣ uUc
∣∣∣∣) (15)

4.4 Equivalent viscous damping ratio evaluation using Jacobsen’s method

Once the thermodynamic model presented in 4.2 is identified, it is possible to compare the
EVDR obtained from different methods. The main advantage of a virtual experimental study is
to avoid spurious dissipation due to external sources. Hence, the validity of the representation
of hysteretic dissipation by an equivalent viscous damper is assessed.

To assess the influence of the different model’s parameters and of the prescribed displace-
ment, an increasing cyclic quasi-static displacement loading has been designed and is displayed
on figure 11. Each cycle is repeated three times so the hysteretic behavior in the second and
third cycle can be considered as stabilized and the energy dissipation due to damage initiation is
not taken into account. It is important to note that the first three cycles are equal to the last three
in order to remain at the same ductility level µ of the beam all along the loading. The definition
of this ductility level is shown in equation 16, where δm is the maximum displacement in the
time-history analysis and δy is the elastic limit displacement.

µ =
δm
δy

(16)

The dependency of the EVDR on the ductility level µ is first addressed in case of standard
set of parameters given in table 2. With the identified set of parameters (line with filled black
squares in figures 14a to 14f), the EVDR exhibits a strong dependency on the displacement
amplitude. Starting from zero, it reaches a maximum and then decreases again asymptotically
to zero (more or less quickly depending on the model parameters).
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Figure 11: Loading procedure for the model’s parameters sensitivity study (here for a ductility
level µ = 14.6)

After, the influence of the constitutive model parameters is studied considering a constant
ductility level of µ = 14.6.

4.4.1 Influence of the ductility level µ

The model including damage mechanisms, the maximum elastic energy storage decreases
with the ductility level (figure 12c). The other important observation is that the dissipated energy
does not seem to depend on the ductility level of structures for the present nonlinear model.
However, since the equivalent viscous damping ratio depends on the ratio of the dissipated
energy over the stored one, the EVDR seems to increase with respect to the ductility level (see
figure 12a).

4.4.2 Influence of the hysteresis loops width aπ and slope bπ

The hysteresis loops width, driven by aπ, does not influence significantly the stored energy
but highly modifies the dissipated energy per cycleEd. When the cycles have a lower amplitude,
there is an inversion of dependency between Ed and aπ because of the kinematic hardening,
which explains that the EVDR is higher at low cycle displacements for lower aπ values in
figure 13a.

Regarding the dissipated energy per cycle Ed, the influence of the slope of the hysteresis
loops bπ fades out progressively as the latter increases. However, a lower value of bπ can make
a major difference due to a drop of energy dissipation (see figure 13d).

4.4.3 Influence of the closure displacement δy

The pinching displacement Uc defines the domain where the stiffness is influenced by a
pinching effect. As plotted on figure 14a, the equivalent viscous damping ratio is proportional
to the value of Uc. Regarding the energies involved, the dissipated energy does not depend on
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(b) Influence of the cycle amplitude on the dissipated energy Ed per cycle for different ductility levels µ
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(c) Influence of the cycle amplitude on the stored energy per cycle Es for different ductility levels µ

Figure 12: Influence of the ductility level µ over energies and equivalent viscous damping ratio
ξeq for different cycle amplitudes obtained by Jacobsen’s areas method
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Figure 13: Influence of the hysteresis loops width aπ and loops slope bπ over energies and
equivalent viscous damping ratio ξeq for different cycle amplitudes obtained by Jacobsen’s areas
method
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this parameter while the stored energy decreased when Uc increases. This means that the widest
the pinching effect is, the less elastic energy can be stored. In agreement with the hypothesis
formulated in 4.1 regarding the origin of the pinching, this would mean that, for a given constant
ductility level µ, the more the residual cracks are opened (i.e. when no loading is applied), the
more prescribed displacement it takes to store the same amount of elastic energy.

4.4.4 Influence of the fragility coefficient q

Finally, the fragility coefficient as almost no effect on the dissipated energy per cycle, but
tends to lower the stored energy. Thus, the equivalent viscous damping ratio increases with the
fragility coefficient (see figures 14b, 14d and 14f).

4.5 Equivalent viscous damping ratio evaluation using logarithmic decrement method

4.5.1 Loading procedure

A list of displacement levels d1≤i≤N is arbitrarily defined. The loading and post-process are
performed as follows:

– a quasi-static cyclic displacement d1≤i≤N is prescribed to the oscillator in order to make
it reach a given ductility level µ;

– an initial displacement di is prescribed to the beam;

– the beam is dropped off the initial displacement value and its free vibrations are simu-
lated by a Newmark implicit algorithm to assess nonlinearities associated to the hysteretic
model;

– the logarithmic decrement method is applied between each consecutive maxima of dis-
placement (see figure 5);

– perform the previous steps for all i between 1 and N .

4.5.2 Comparison with Jacobsen’s area method conducted in dynamics

From the different ductility levels, an EVDR is associated to a cycle amplitude of displace-
ment and to a given period (deduced from a measured pseudo-period estimated via the time
between the two consecutive maxima and the corresponding EVDR). The data obtained are
plotted on figures 15 to 16b. The dependency of the period on the cycle amplitude seen on
figure 16a is directly due to the pinching effect: the beam stiffness reduction in the neighbor-
hood of the zero-displacement point (i.e. when the cycle amplitude is lower than the closure
displacement Uc) is accompanied by a period increase. As shown by quasi-static tests using
Jacobsen’s areas method, the EVDR increases with the ductility level µ.

The value of the amplitude of displacement progressively decreases in free vibrations regime
because of the energy dissipation. For each pseudo-cycle, the first maximum of displacement
is considered to define the amplitude (alternatively, the second maximum or the mean of the
two maxima could have been chosen). This means that for the damping value identified on the
example of the figure 5, the associated displacement value would be U1.

The values obtained for the same ductility level µ = 14.6 for both the quasi-static test de-
scribed in 4.1 by Jacobsen’s areas method and the present free vibration test by the logarithmic
decrement method are in good agreement as depicted in figure 17. It can be argued that the areas
method gives higher estimates of the EVDR than logarithmic decrement, however the relative
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Figure 14: Influence of the closure displacement Uc and the fragility coefficient q over energies
and equivalent viscous damping ratio ξeq for different cycle amplitudes obtained by Jacobsen’s
areas method
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Figure 16: Influence of cycle amplitude, period and ductility level on the equivalent viscous
damping ratio evaluated by the logarithmic decrement method

0 20 40 60 80 100

Cycle amplitude (mm)

0.5

1

1.5

2

2.5

3

3.5

D
am

pi
ng

 r
at

io
 (

%
)

Jacobsen's areas
Logarithmic decrement

Figure 17: Comparison of the equivalent vicous damping ratio values obtained by Jacobsen’s
area method in quasistatic and the logarithmic decrement method in dynamics
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difference remains reasonable at the maximum damping ratio (+3% of relative difference) and
also in mean on the studied cycle amplitude range (+10% of relative difference).

5 CONCLUSIONS

A major experimental campaign has been carried out. In order to model the nonlinear phe-
nomena such as pinching effect, a thermodynamic-based model has been proposed. Moreover,
full-field measurements make possible the projection of beam displacements on the theoretical
mode shapes which constitute an innovative post-treatment method and can be considered as a
so-called “modal filter”. Once the model parameters calibration has been performed through a
MATLAB® built-in identification procedure, numerical simulations of quasi-static cyclic reverse
tests and dynamic free vibration tests on the nonlinear oscillator associated to the beam are car-
ried out. The comparison of the EVDR values obtained with each method did not show major
differences, thus suggesting that the dynamic characteristic of the loading does not influence
significantly the result, even comparing a logarithmic decrement post-treatment against Jacob-
sen’s method. The parametric study has shown the influence of the various model parameters
on the equivalent viscous damping ratio. Mostly, the ductility level and the cycle amplitude
seem to have a major impact on the EVDR. Otherwise, a direct interpretation of the damping
ratio as an energy dissipation indicator is a misunderstanding: the ductility level here only de-
creases the maximum stored energy and does not modify the energy dissipation, yet the EVDR
increases with respect to the ductility level. Finally, 20 specimens have been tested either under
quasi-static or dynamic loadings. Many interesting studies will be soon carried out on this ex-
perimental campaign, such as the mode combination influence on damping, velocity effects or
structural and material changes influence on the dissipated energy.
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Abstract.
This work aims to study the influence of the Structure-Soil-Structure Interaction (SSSI) on the seis-

mic response of structures. It focuses on the characterization of the main factors influencing this
phenomenon by studying the well-known and documented case NUPEC from 90s and by conduct-
ing different case scenarios with a linear model. The performed numerical simulations are able to
capture the influence of the adjacent structure, which partly depends on the type of foundation soil.
A parametric analysis was also performed to highlight the influence of some parameters (such as a
distance between building, mass, height and embedded depth) on the response of the main structure.
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1 INTRODUCTION

This work deals with the physical phenomenon of the structure-soil-structure interaction, that is,
the interference through the support soil during an earthquake between two buildings located next to
one another, and their influence on seismic response. This type of configuration is common in the
case of nuclear power plants.

It is well known that the dynamic response of two adjacent structures is affected by the exchange
of vibrational energy through soil. Such interaction is a function of the separation distance, the nat-
ural frequencies of the system and the properties of the soil around the foundations, among others.
Therefore, the effects on the response spectra of one structure when considering the adjacent struc-
tures are not easily predicted. The objective is to emphasize the sensitivity of this phenomenon to
the quantities which characterizes the system. To reach this objective, a simple case study is first
performed in order to best characterize the Structure-Sol-Structure interaction. The numerical model
chosen corresponds to the ”Soil-Struction Interaction NUPEC” workshop organized in Japan NUPEC
(NUclear Power Electric Corporation [4]). Indeed, NUPEC had set up a large experimental program
to study this type of phenomenon by building a small scale buildings in areas of high seismicity. The
buildings were instrumented by sensors and various configurations were tested. This test case was
studied by Clouteau et al. [4].

2 NUMERICAL METHODS

The calculation method used for this study is based on the FEM-BEM (Finite Element Method -
Boundary Element Method) using the Code Aster and MISS3D software coupling. The first method
(FE) is adapted for problem solving with complex geometry and nonlinear behavior and is limited
to bounded domains. Conversely, the second method (BE) allows resolution in unbounded domains,
because on the one hand, it is based on the discretization of boundaries only (which reduces the
dimension of the domain to be discretized), and on the other hand, it takes into account the conditions
of radiation at infinity [6, 7, 3].

This approach is based on a technique of decomposition of the field of study called ”substruc-
turing method”. One of the sub-domains (far field), namely the soil (unbounded medium stratified
horizontally and with homogeneous isotropic elastic behavior per layer), is solved with the method of
boundary elements in the frequency domain using the code MISS3D. The resolution of the other sub-
domain (near field), which is the structure (bounded medium), is performed with the finite element
method in the time domain using the Code Aster (Figure 1).

Figure 1: Simplified modeling of the Soil-Structure interaction model based on the technique of
decomposition of the field of study [5]
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The equations of motions to be solved (by reference to the Figure 2) are thus :

MÜ + CU̇ +KU = Qf (1)

M , C and K represent the mass, damping and stiffness matrices of the system. Qf is the loading
vector. It is different from zero only on the external boundaries of the model because the source of
the earthquake is generally not included in the model (Figure 2, left). In the absence of the structure,
the equation of motion in free field is similar to the equation 1 (the index f corresponds to the only
free field) :

Mf Üf + Cf U̇f +KfUf = Qf (2)

Figure 2: Decomposition of soil-structure interaction problem [6]

The interaction displacement Ui is defined such as :

U = Ui + Uf (3)

This displacement (Ui) satisfy the following equation:

MÜi + CU̇i +KUi = −Qi (4)

The problem of soil structure interaction is decomposed into two parts: a free-field soil response
problem (1) and a source problem (2). As for the total displacement, it is given by the equation (3).
The loading vector Qi is determined from the free-field displacements.

In a first step, an analysis of the kinematic interaction is carried out by considering the sub-domain
which includes the soil and the rigid foundation without mass. Acceleration at the soil-foundation
interface is deduced from the seismic motion at the base of the soil. An analysis of the inertial
interaction is then carried out in order to determine the dynamic impedance of the foundation. This
impedance characterizes the dynamic forces imposed on the massless foundation when subjected to a
harmonic stress of unit amplitude. The complex impedance functions which depend on the frequency
of the applied load are calculated for each of the six degrees of freedom (three translations and three
rotations) of the foundation (for rigid foundation). The real part corresponds to the stiffness of the
soil-foundation system, while the imaginary part represents the damping ξ (equation 5). Finally, the
dynamic response of the structure (which is connected to the soil and is subjected to the deduced
seismic load) is determined.

ξ =
Im(K∗)

2Re(K∗)
(5)
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3 CHARACTERIZATION OF THE STRUCTURE SOIL STRUCTURE INTERACTION

In this section, the structure-soil-structure (SSSI) phenomenon is studied by relying on the test case
of NUPEC. After the presentation of the adopted model, the results of the calculations carried out to
characterize the SSSI are discussed. Finally, the results of a parametric study in order to determine
the quantities that most impact the interaction are presented. The developed methodology of SSSI is
then applied to the industrial application case of the KKNPP by Alves-Fernandes et al. [2].

3.1 Description of the NUPEC test

The model adopted for this study corresponds to the buildings used for the ”NUPEC Interaction
Sol-Structure” workshop which was organized by NUPEC (NUclear Power Electric Corporation) in
Aomori, Japan during the mid-1990s [4]. These models of a scale of 1/5 of nuclear buildings were
built in a zone of high seismicity, in order to have experimental data under real seismic loading.
In the framework of this analysis, different configurations were studied :

• single building, used as reference case for comparisons;

• two identical reactor buildings to evaluate the influence of the presence of a building on the
seismic behavior of the other;

• two different buildings, a turbine building and a reactor building to highlight the influence of
several parameter.

Figure 3: Single embedded building (top) and two identical closely spaced embedded buildings (low)
[4]

At each step of the analysis, it is studied the response of the reactor building.

3.2 Numerical models and mechanical characteristics

3.2.1 Building model

There are several elementary models allowing to model the structures, namely the discrete model
called ”stick” which was adopted and which is very classic in earthquake engineering. The buildings
are modeled with masses concentrated on each floor, and massless beams of different types (Figure
4a). The mechanical characteristics of the elements of the model are given in Tables 2 and 3 [4]. The
buildings are made of reinforced concrete with the characteristics of Table 1.
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3.2.2 Soil model

The buildings are based on 25m soil column previously to a bedrock condition (Figure 4b). The
buildings are embedded of 5m in a sand layer as shown in Figure 4b. For this study two soil conditions
were used: a rigid soil and a soft soil. The rigid soil is obtained from the elastic properties measured
on site. Tables 4 and 5 show respectively the mechanical characteristics of the different rigid and soft
soil layers. It should be noted that the properties of the layer 1 have been modified to be the same as
those of the layer 2 because in the NUPEC cases layer 1 is of poor quality.

(a) Stick models of the building [4]
(b) Soil Stratigraphy

Figure 4: Building and soil models

3.2.3 Foundation model

The foundations that constitute the interfaces of SSSI between buildings and the ground are con-
sidered rigid and modeled by shell elements. Figure 5 shows the dimensions of these interfaces (left)
and the model FE (right) used. The two juxtaposed buildings are spaced 60cm apart.

Figure 5: Simplified model of NUPEC buildings

3.3 Results

Figure 6 displays the transfer functions for the two considered soil columns. Three peaks in the [0:
20] Hz frequency range for the two soil types are identified:

• rigid soil : peaks at 6.5 HZ, 11 Hz and 19.5 HZ;

• soft soil: peaks at 5 Hz, 8.3 Hz and 15 Hz.
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It is interesting to note that the resonance peaks for soft ground are shifted towards the low fre-
quencies compared to the rigid soil. However, the amplifications corresponding to these peaks are
stronger for the soft ground than for the rigid one.

Figure 6: Transfer function of soil. The curve in blue represents the rigid soil and the curve in green
represents the soft soil.

Concerning the structures, Figure 7 shows the transfer functions obtained for the case of a single
building for both types of soil. It illustrates first that considering the soil-structure interaction, the
resonance frequency reduces compared to the first fundamental mode of the structure on rigid base
(at 28.2Hz). As expected, the lower the rigidity of the soil, the higher is the reduction on the resonance
frequency of the building. In addition, the same figure shows an amplification factor of 15 at 12Hz for
a rigid ground and of 4.3 at 9.4Hz for the soft ground. As a result, a soft foundation soil has the effect
of reducing the amplification of its response on the structure and shifting its fundamental frequency
to lower frequencies.

Figure 7: Transfer function for a single building

In this study, only the results in the longitudinal direction is investigated because it is the direction
of the alignment of the buildings.

Figure 8 shows the transfer functions for the case of two similar buildings side by side. It is ob-
served a peak of 7.6 at 13.3 Hz for a rigid soil and 3.6 at 11 Hz for the soft ground. The second peak
is 2.2 at 28 Hz for the rigid soil. For the soft soil this second peak is very low, it is 1 at 22 Hz.
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Figure 8: Transfer function for two similar buildings

These figures show that for all two cases, the fact that buildings are based on a soft soil reduce the
peak (by a factor of two in the case of two buildings). However, the impact on the amplitude of the
transfer function relatively to the soil type for the building-foundation configuration is very low. On
the other hand, the presence of the second building has two effects: a reduction in the amplitude of
the peak more remarkably for the rigid soil than for the soft soil, and the apparition of a second peak
which is more pronounced for the rigid soil.

3.4 Parametric analyses

In this section, the factors which have an influence on the response of structure-soil-structure inter-
action for the two soil profiles are investigated. By considering a simple SSSI model (Figure 9), the
main aspects affecting SSSI were determined and then varied on the NUPEC model in order to study
their influence on this phenomenon [8, 4].

Figure 9: Building model [1]

According to Alexander et al. [1], the equation of motion in its matrix form can be expressed as
follows:

2387



Sara Touhami, Vinicius Alves Fernandes, Fernando Lopez Caballero


1 −h1

r1
0 0

−h1

r1
m2
m1

+ h1

r1

2
0 0

0 0
m3r22
m1r21

−h2

r2

m3r22
m1r21

0 0 −h2

r2

m3r22
m1r21

m3r22
m1r21

(m4
m3

+ (h2

r2
)2)



ü1
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with :

ω2
1 = k1

m1
, ω2

2 = k2
m2r21

, ω2
3 = k3

m3
, ω2

4 = k4
m4r22

, $2 = k
m1r21

and :

m1, m3 : masses of buildings 1 and 2 respectively
m2, m4 : soil/foundation masses underneath buildings 1 and 2 respectively
k1, k3 : stiffnesses of buildings 1 and 2 respectively
k2, k4 : rotational spring stiffnesses of soil beneath buildings 1 and 2 respectively
r1, r2 : soil/foundation masses radius of gyration of buildings 1 and 2 respectively
h1, h2 : heights of building 1 and 2 respectively
u1, u3 : non-dimensional relative displacement to ground of buildings 1 and 2 respectively
u2, u4 : rotation at base of buildings 1 and 2 respectively
k : rotational interaction spring between building 1 and 2

Equation 6 shows the terms that characterize the ”soil-structure” system and which can in particular
have an effect on the seismic response of the building. The parameters studied are the following:

• The distance separating the two buildings in order to see from which spacing it is enough to
do an ISS modeling only. It is estimated that the variation of the distance separating the two
buildings would have an effect on the soil which connects them and which is assimilated to a
spring of a certain rigidity k. Indeed, this parameter will change the term$ (interaction circular
frequency ratio parameter) which intervenes in the stiffness matrix of the equation of motion;

• The height and mass of the adjacent building (m3 and h2) that will change the frequency of this
building (7);

f2 =
1

2π

√
k2
m2

(7)

• The embedded depth into the ground of the two buildings. This will change the mass of the
embedded part of the structure (m2 and m4).

3.4.1 Influence of separation distance

In order to show the impact of the distance between two buildings on their coupling, and conse-
quently the structure-soil-structure interaction, this parameter is varied as follows: 0.60m, 1m, 2m
and 5m.

Figure 10 shows the influence of the spacing between the two buildings on the evolution of the
transfer functions of the reactor building. Figures 10a and 10b has been normalized relative to the
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case of a single building. For frequencies below the resonance frequency of the case of a single
building, a de-amplification is observed which is more important for small distances. This trend is
reversed beyond this frequency and the same remarks are noted in the case of the soft ground. It is
also observed that the coupling between the buildings is all the smaller as the distance increases. With
this evolution, it is also noted that the amplitude of the second peak decreases. The frequencies at
which these peaks occur are always reduced. These remarks apply to both types of soil.

On the other hand, Figure 11 shows the evolution of the resonant frequencies of the reactor build-
ing. It is noted that as the distance increases, these frequencies tend towards an asymptote corre-
sponding to the resonance frequency of the case of a single building. This confirms the remark above
which is true for both soil types.

(a) Ratio TF rigid soil (b) Ratio TF soft soil

Figure 10: Ratio of transfer function : influence of the distance

(a) Rigid soil (b) Soft soil

Figure 11: The evolution of the first peak as a function of the distance between the buildings

Let “a = 8m” be the width of the foundation. It is estimated that, from 65% of this width, the
buildings are weakly coupled. Indeed, for the two types of soil, the curve corresponding to a distance
of 5 m (62.25% of a) approaches an amplitude equal to 1 which corresponds to the case of a single
building (But the buildings are still coupled at this distance).

3.4.2 Influence of mass and height of adjacent building

To quantify the influence of the adjacent building mass (m3), this parameter is varied by consid-
ering a lighter (0.5 ×m1) and heavier (1.2 ×m1) adjacent structure. The weight m1 = 675 tons is
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the initial mass tested and is equal for the two buildings spaced 60 cm apart. The choice of these ra-
tios was made taking into account the mass ratios between the reactor building and adjacent building
found in the case of nuclear power plants.

Figure 12 reports the ratio of the transfer functions relatively to the case where the masses are
equal, that for the rigid ground the difference is almost non-existent for frequencies below 10Hz,
While for the soft ground the variation of the mass in one direction as in the other reduces the ampli-
tude of the peaks, and this from 5Hz. From 14Hz for the rigid ground and from 10Hz approximately
for the soft ground the difference is more visible. In the case where the second building is heavier, an
amplification (more important for the rigid ground) takes place. For the other case, it is a deamplifi-
cation that occurs. The comparison is made relatively to the frequencies of the case of two buildings
with equal masses.

(a) Ratio TF soft soil (b) Ratio TF soft soil

Figure 12: Ratio of transfer function : influence of mass

To study how the height of the second building could influence the first one, we compared three
cases of figures for a spacing between buildings of 60 cm. In the first case we increased the height by
a ratio of 1.4; In the second we lowered this height to 0.8 of the initial height. Finally, we compared
these two cases with the one where the height of the two buildings is the same (10.75m). As with
considered mass variation, the choice of height ratios results from what can be observed in structures
of interest. Figure 13 synthesizes the ratios of the transfer functions of the two cases where the height
is changed relatively to the case where it is fixed.

(a) Ratio TF soft soil (b) Ratio TF soft soil

Figure 13: Ratio of transfer function : influence of height

It is noted that the height of the second building has no influence on the building of interest (first
building) before 5Hz for the rigid ground and 10Hz for the soft ground. The three curves are super-
imposed over a wide range of frequencies and in particular up to 10Hz for soft ground. Beyond these
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frequencies, in the case where the second building is higher, an amplification followed by a deampli-
fication is observed. The same trend is to be noted for the case where the second building is lower.
These remarks are also valid for soft ground but with lower amplitudes.

3.4.3 Influence of depth

For this parameter, two steps are performed:

• the embedded depth of both buildings evenly was modified. Three configurations were tested:
surface buildings, embedded at 3m and 5m;

• then, this depth was shifted for both buildings.

Figure 14 illustrates the seismic response of the structure in the embedded situation is lower than
that in the shallow situation, as expected. In addition, amplification decreases with depth. In parallel,
a shift towards the high frequencies is observed, for both types of soil, in spite of the fact that the
amplitude is not the same.

(a) TF rigid soil (b) TF soft soil

Figure 14: Transfer function : influence of depth (equal)

(a) TF rigid soil (b) TF soft soil

Figure 15: Transfer function : influence of depth (staggered)

On the other hand, Figure 14 shows that embedded depth in the soil has the effect of shifting the
peak frequencies of the transfer functions to higher values and of modifying the amplitude of these
peaks. In the figure 15 is reported the strange form of the transfer function of the case of the shifted
depth 5m-3m. This form is probably the result of an error in the numerical calculation.

Finally, as for the previous analyzes, it is concluded that these differences are more visible in the
case of soft soil.
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4 CONCLUSIONS

The present study aims to characterize the SSSI phenomenon, which can be important for the para-
seismic design of structures and to highlight the parameters that influence this interaction. To do this,
a simple model (NUPEC buildings) was chosen to conduct the SSSI characterization study in the
linear domain using the Code Aster and MISS3D coupling.

In the first part of the study, different configurations were analyzed (single building and two build-
ings) to compare their seismic behavior. For this analysis, two soil types were considered: soft soil
and rigid soil. This comparison made it possible to show that for this case study, the SSSI reduces
spectral acceleration in the building of interest. It is also founded that this influence was greater in the
case soft foundation soil. On the other hand, to study the sensitivity of the SSSI phenomenon to the
quantities characterizing the model, a series of parametric studies were carried out. They related to
the distance between the two buildings, the mass and the height of the second building, and the depth
of sinking into the ground. The main conclusions drawn from this analysis are:

• Distance : it was noticed that coupling reduces by increasing the distance;

• Mass : amplifies the response of the first building when it is larger and reduces this amplifica-
tion when it is smaller;

• Height of the second building, whether larger or smaller, has an impact on the seismic response
of the first building. The difference lies in the frequencies at which the peaks occur;

• Depth : the greater the embedded depth, the greater the interaction between the buildings and
therefore the reduction of the spectral response. This reduction is higher as the foundation of
the second building is deeper.

In perspective to this work, it would be interesting to study an analytical model where the ground
between the buildings can be modeled by a spring, in order to compare it to the numerical simulations.
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APPENDIX

Table 1: Characteristics of stick model.

Young modulus E [MPa] 31,000
Poisson’s ratio ν 0.16
Density ρ [kg/m3] 2028
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Table 2: Masses characteristics of stick model.

Masses Height (m) Mass (103 Kg) Massic iner. (103 Kg.m2)
Jxx Jyy Jzz

M1 10.375 79.25 410.72 482.34 893.06
M2 7.625 104.09 574.75 694.04 1268.79
M3 4.80 156.71 1020.85 1071.22 2092.07
M4 0.80 316.97 1846.7 1844.02 3690.72

Table 3: Beams characteristics of stick model

Beam Area (m2) Iner. momentum (m4) Shear Coef. Twist Const. (m4)
A Iz Iy Ay Az Jx

P1 59.50 341.33 341.33 0.93 0.93 682.70
P2 8.28 39.51 54.77 2.94 1.47 94.30
P3 63.19 341.33 341.33 0.99 0.99 682.70
P4 19.78 148.34 149.14 2.13 2.11 297.50
P5 64.00 341.33 341.33 1.00 1.00 682.70

Table 4: Rigid soil properties

Layer Thickness (m) E(MPa) ρ(Kg/m3) 2β(%) ν

8 1.00 117.9 1770 10 0.386
9 1.00 190.8 1770 10 0.279
10 1.00 207.0 1770 10 0.265
11 1.00 224.2 1770 10 0.251
12 1.00 248.7 1770 10 0.272
1 0.50 614.9 1940 10 0.371
2 2.50 614.9 1940 10 0.371
3 3.00 1 015.1 1940 4 0.415
4 14.00 10 190.0 2210 4 0.386
substratum 27.75 15 010.0 2210 4 0.343

Table 5: Soft soil properties

Layer Thickness (m) E(MPa) ρ(Kg/m3) β(%) ν

8 1.00 78.6 1770 2.019 0.386
9 1.00 100.0 1770 2.871 0.279
10 1.00 81.4 1770 3.673 0.265
11 1.00 73.3 1770 4.072 0.251
12 1.00 71.4 1770 4.314 0.272
1 0.50 496.3 1940 0.574 0.371
2 2.50 481.5 1940 0.641 0.371
3 3.00 819.5 1940 0.573 0.415
4 14.00 10 178.6 2210 0.157 0.386
substratum 27.75 15 010.0 2210 0.007 0.343
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Abstract. A macroelement is presented for the nonlinear dynamic analysis of masonry struc-
tures under seismic actions. The macroelement, developed in the framework of the equivalent 
frame model, has a force-based formulation and accounts for flexural and shear failure mech-
anisms, by means of two flexural hinges at the ends and a shear link, respectively. The flexural 
hinges are formulated according to the Bouc-Wen model to describe the progressive develop-
ment of cracks and the hysteresis loops under load reversals. The shear link, in addition to the 
aforementioned effects, accounts for the strength/stiffness decay and is formulated adopting the 
Bouc-Wen-Baber-Noori model. Numerical comparisons with experimental tests on masonry 
piers are presented, showing the suitability of the presented macroelement. 
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1 INTRODUCTION 

The in-plane response of masonry buildings under seismic actions is usually studied through 
pushover analysis, assuming that the response is dominated by a single mode. However, in the 
case of irregular plan/elevation, as well as of flexible floors, which are customary in historical 
constructions, no single mode can be identified as dominating the response and pushover anal-
ysis proves to be largely inaccurate. In addition, pushover analysis neglects the vertical compo-
nent of ground motion. 

To overcome these limitations, it is mandatory to resort to nonlinear dynamic analysis. The 
model for nonlinear dynamic analysis should account for a number of phenomena occurring in 
masonry: the progressive development of cracks, the energy dissipation in hysteresis loops and 
the decay of strength/stiffness under repeated cycles. In addition, masonry piers can fail either 
in bending or shear, with different hysteretic and decay characteristics. 

Among the various approaches proposed, macroelement formulations [1,2,3] allow to satis-
factorily describe the main global aspects of masonry structural response in a simplified fashion, 
representing a good compromise between accuracy and computational burden.  

This study presents a macroelement for the nonlinear dynamic analysis of masonry buildings, 
according to the equivalent frame model [1,2]. This, formulated in a force-based framework, 
consists of a central linear elastic element, two flexural hinges at the ends and a shear link 
arranged in series, accounting for the hysteresis under cyclic loads. The flexural hinges and the 
shear link are modelled according to the Bouc-Wen (hereinafter referred to as BW) [4,5] and 
the Bouc-Wen-Baber-Noori (hereinafter referred to as BWBN) [6] models, respectively. These 
are characterized by: a) a smooth transition between the elastic and the inelastic ranges, ac-
counting for the progressive development of cracks; b) a small set of parameters able to repro-
duce hysteresis loops with different shapes. In particular, the bending hinges, showing low 
dissipation and negligible decay, are modelled by means of the BW model, whereas the shear 
link, with high dissipation and decay, by means of the BWBN model. 

The macroelement and the solution algorithm for the element state determination have been 
implemented in the FEAP code [7], and numerical simulations of experimental tests on simple 
piers under axial force and shear are presented. 

2 CYCLIC CONSTITUTIVE LAWS FOR THE FLEXURAL AND SHEAR HINGES 

Bouc-Wen model has been used to describe hysteretic behaviour [8] in many mechanical 
and structural fields, including beam members [9,10], concrete walls [11], seismic isolation 
devices [12], wood joints [13], magneto-rheological fluid dampers [14,15], to cite some. 

Its high versatility and the ability of reproducing a wide range of different hysteresis shapes, 
with a limited set of parameters, have prompted its introduction in the equivalent frame element 
formulation to simulate the behaviour of masonry panels. 

According to this model, the restoring force is expressed as a linear combination of the elas-
tic force, Pel, and the history-dependent hysteretic term, Ph: 

 

	 𝑃 = 𝑃$% + 𝑃' = 𝑎𝐾𝑢 𝑡 	𝑣- + 1 − 𝑎 𝐾𝑧 𝑡 	𝑣-	 (1) 
 

where 𝐾 is the tangent, initial stiffness, 𝑎 is the ratio between pre- and post yielding stiffness, 
vy is the apparent yield displacement and u has the meaning of ductility [16]. The evolution of 
the hysteretic variable 𝑧(𝑡) is ruled by the following differential equation: 

  

	 𝑧 𝑡 = 	 𝐴 − 𝛽	𝑠𝑖𝑔𝑛 𝑧 𝑡 	𝑢(𝑡) + 𝛾 	 𝑧(𝑡) : 	𝑢(𝑡)	 (2)	
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Equation (2) contains four non-dimensional parameters, 𝐴, 𝛽, 𝛾, 𝑛, which govern the shape 
and the size of the hysteretic loop, n affecting the abruptness of transition between pre- and 
post-yield response. The roles of these parameters and their influence on the cycle shape have 
been widely studied [16,17]. 

Based on Equation (1), the BW model can be represented by two springs, an elastic one and 
a hysteretic one, arranged in parallel, as reported in Figure 1.  

 

 
 

Figure 1: Two springs BW model representation. 
 

Despite being extremely versatile, the BW hysteretic response does not take into account the 
effects of strength and stiffness degradation. This makes it suitable for the simulation of the 
masonry wall flexural response, which is typically characterized by a reduced amount of dissi-
pation and small degradation effects. Conversely, BW model cannot reproduce the masonry 
shear mechanisms, which include relevant degradation effects. 

Hence, to simulate the shear behaviour of masonry panels the BWBN model is introduced. 
This is an extension of the previous BW model, but is able to account for the effects of strength 
and stiffness degradation, by means of a set of energy-dependent parameters. 

The differential equation, which rules the evolution of the hysteretic variable 𝑧 𝑡  according 
to the BWBN model, is: 

 

 𝑧(𝑡) = < = >	? = @ABC: D E F E GH 	 D E I 	F(E)
J =

 (3) 
 

where: 
 

𝜂 𝜀 = 𝜂M + 𝛿J	𝜀(𝑡)	

 𝜈 𝜀 = 𝜈M + 𝛿?	𝜀(𝑡)	 (4)	
𝐴 𝜀 = 𝐴M − 𝛿<	𝜀(𝑡) 

 

with: 
 

 𝜂M = 𝜈M = 𝐴M = 1 (5) 
 

The energy related to the hysteretic spring is given by the following expression: 
 

Elastic

Hysteretic

P, u

Pel, u

Ph, u

Pel

Ph

u

u
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 𝜀 𝑡 = 1 − 𝑎 𝐾𝑣-P 𝑧(𝑡)F(E)
F(M) 𝑑𝑢 = 1 − 𝑎 𝐾𝑣-P 𝑧 𝑡E

M 𝑢(𝑡)𝑑𝑡 (6) 
 

The introduced BW and BWBN formulations are used to model the constitutive response of 
the flexural and shear hinges, respectively. Thus, the displacement and force components in 
Equation (1), vy u(t) and P(t) are substituted by the kinematic and static variables governing the 
response of the mentioned hinges. 

In the following, when referred to the flexural hinges, Equations (1) and (2) are applied to 
evaluate the couples M1 and M2 as function of the corresponding rotations 𝑞ST  and 𝑞PT , at 
hinges located at node i and j, respectively. Similarly, Equations (1) and (3) are used to compute 
the response of the shear hinge, that is the shear force T as function of the shear deformation s.  

3 FORCE-BASED BEAM FORMULATION 
The adopted beam formulation stands on the force-based approach, more efficient and accu-

rate than the classical displacement-based models [18]. The beam is composed by the series 
arrangement of four sub-elements, a 2-node central elastic Timoshenko beam, two nonlinear 
flexural hinges located at the end nodes of the central element and a nonlinear shear link [1,2]. 
According to the equilibrated formulation, a basic reference system is introduced removing the 
rigid body motions from the six-component vector containing the beam nodal displacements. 
Thus, the resulting nodal kinematic parameters are collected in the vector q = [q1 q2 q3]T, q1 and 
q2 being the rotations at nodes i and j, respectively, and q3 the axial displacement. The work-
conjugated force vector Q = [Q1 Q2 Q3]T collects the nodal force components, that is the two 
nodal couples Q1 and Q2 applied at nodes i and j, respectively, and the axial force Q3. Figure 2 
shows the displacement (bottom) and force (top) nodal components in the (a) global and (b) 
basic reference system, respectively.  

 

 
 

Figure 2: Beam finite element. Nodal forces (top) and displacement (bottom) in the (a) global and (b) basic 
reference system. 

 
The following relation between the increments of the displacement and force vectors, 𝐪 and 

𝐐, holds: 
 

 𝐪	=	F	𝐐 (7) 
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where the tangent flexibility matrix is derived by composing the elastic flexibility matrix of the 
central element and the tangent flexibility coefficients of the flexural and shear hinges. As a 
consequence of the series arrangement, it results: 
 

 F =

X
YZ[

+ S
X\<∗

+ 𝐹ST +
_̀
Xa

− X
bZ[

+ S
X\<∗

+ _̀
Xa

0

− X
bZ[

+ S
X\<∗

+ _̀
Xa

X
YZ[

+ S
X\<∗

+ 𝐹PT +
_̀
Xa

0

0 0 X
Z<

 (8) 

 

with L being the element length, EA, EI and GA* the axial, flexural and shear stiffness of the 
elastic beam element, F1b, F2b and Fs the tangent flexibility coefficients of the flexural and shear 
hinges, respectively. To introduce the beam formulation in the global solution procedure based 
on the displacement method, matrix F is inverted to compute the element stiffness matrix K 
and the element nodal force vector Q has to be evaluated. 

3.1 Solution algorithm  
A step-by-step method for the time integration of the global equilibrium equations and a 

standard iterative Newton-Raphson algorithm are adopted. The beam element formulation is 
implemented in the FE analysis program FEAP [7], used to perform the numerical analyses. 
The global assembling procedure requires, at the element level, the computation of the element 
stiffness matrix and the structural reaction force vector. The adopted force-based approach in-
volves an element state determination procedure more complex than the classical displacement-
based formulation [18]. The main steps of this procedure are contained in Table 1. 

 
Element state determination 

∆𝐪e 

∆𝐐e = (𝐅e>S)>S∆𝐪e			 

∆𝑞STe = 𝐹STe>S∆𝑄S				e ; 	∆𝑞PTe = 𝐹PTe>S∆𝑄P							e  

∆𝑠e = 𝐹Ae>S(∆𝑄Se + ∆𝑄Pe)/𝐿 

𝑀S
e,𝑀P

e, 𝑇e 					; 					𝐹STe , 𝐹PTe , 𝐹Ae 

𝐅e  

𝑟STe = 𝐹STe (𝑄Se>S + ∆𝑄Se − 𝑀S
e) 

𝑟PTe = 𝐹PTe (𝑄Pe>S + ∆𝑄Pe − 𝑀P
e) 

𝑟Ae =
𝐹Ae

𝐿
𝑄Se + 𝑄Pe

𝐿 +
∆𝑄Se + ∆𝑄Pe

𝐿 − 𝑇e  

𝐫e = 𝑟STe + 𝑟A			e 		𝑟PTe + 𝑟A			e 		0
o
 

𝐐e = 𝐐e>S + ∆𝐐e − (𝐅e)>S𝐫e		 
 

Table 1: Element state determination. 
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After evaluating the increment of the element forces ΔQk, at the current Newton-Raphson 
iteration k, on the basis of the increment of the element displacements Δqk and the element 
flexibility matrix at the previous iteration Fk-1, the current increment of the hinge rotations, 
∆𝑞STe  and ∆𝑞PTe  and shear deformation ∆𝑠e  are evaluated. Then, the flexural hinge rotations and 
the shear hinge deformation are updated and the constitutive responses are computed, giving 
the current hinge flexibilities, 𝐹STe , 𝐹PTe  and 𝐹Ae,	 as well as the moments and shear, 𝑀S

e,𝑀P
e, 𝑇e .  

Hence, the current flexibility matrix of the overall element, Fk, is updated and, finally, by its 
inversion, the new element stiffness Kk is computed. To evaluate the element reaction forces 
Qk, the kinematic residuals at the hinges, 𝑟STe , 𝑟PT		e and 𝑟Ae, are first determined, on the basis of 
the difference between the equilibrated forces and the values obtained by the constitutive laws. 
Such hinge residuals are transformed into the element kinematic residual, rk, by summing the 
contributions of the flexural and shear hinges at each node. By pre-multiplying rk by the inverse 
of the element flexibility Fk, a residual on the element reaction forces is calculated, used to 
compute the updated Qk. Both the updated stiffness matrix Kk= (Fk)-1 and the nodal force vector 
Qk are passed to the global code FEAP for the assembling and solution procedures. The element 
kinematic residual, rk, tends to vanish as the Newton-Raphson global iterations go on.  

4 ELEMENT VALIDATION  

Two masonry panels tested at the Joint Research Centre of Ispra under cyclic lateral dis-
placement of increasing amplitude, applied quasi-statically to the top side are analysed [19]. 
These are characterized by a different H/b ratio: a slender one (b = 1 m, H = 2 m) and a squat 
one (b = 1 m, H = 1.35 m). The thickness t is equal to 0.25 m for both panels. They are subjected 
to a constant vertical distributed load, whose resultant is 150 kN.  

 

 
 

Figure 3: Ispra panels. Geometry and boundary conditions. 
 
During the test, the top and bottom end sections were kept parallel. 
The mechanical parameters have been deduced in [20] from experimental tests on compo-

nents and small assemblages. The elastic parameters also adopted in the present study are E=1.7 
106 kN/m2 and G= 0.3 106 kN/m2. The parameters adopted for the BW and BWBN models are 
reported in Tables 2 and 3. 

First, the validation of the element is done by simulating the nonlinear behaviour of the 
panels, when subjected to an incremental static loading. A single FE is used to model the panel. 
The beam element is assumed as clamped at the base, with additional restraint at the top node 
affecting the rotation; therefore, the element is in double bending condition. 

 

2.00 m

1.00 m

1.35 m

1.00 m

Slender Squat
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β γ n a K[kN/mm] vy [mm] 
0.2 0.8 1 0.005 36.94 1.8 

 

Table 2: Parameters of the BW model for slender panel. 
 

β γ n a K[kN/mm] vy [mm] δη δν δΑ 
0.5 0.5 1 0.000 89.57 1.2 0.002 0.0008 0 
 

Table 3: Parameters of the BWBN model for squat panel. 
 

Figure 5 shows the pushover response curves for the (a) slender and (b) squat panel, respec-
tively, in terms of base shear versus top displacement, obtained by using the proposed macro-
element formulation (square symbols), compared with the experimental envelope curves 
(triangle symbols) and with the results presented in [2] (circle symbols), where a rigid-perfectly 
plastic behaviour has been assumed for the hinges. 

 

 
 

Figure 5: Pushover response curves for slender a) and squat b) panel. 
 

A very good agreement between the experimental envelope curves and those obtained with 
the proposed macroelement is noted.  

Then, the nonlinear cyclic behaviour of the panels has been investigated and another valida-
tion has been done comparing the experimental cyclic response curves with the results of the 
proposed model simulation. The mechanical parameters are those contained in Tables 2 and 3; 
in this case, the energy-dependent coefficients are relevant to reproduce the strength and stiff-
ness degradation. Both the experimental response and the proposed model predictions are 
shown in Figure 6 (a) and (b) for the slender and the squat panel respectively, where a satisfac-
tory match between the experimental and the numerical results emerges.  
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Figure 6: Experimental response of Ispra panels and proposed model predictions for a) slender and b) squat 
panel 

5 CONCLUDING REMARKS 

• A force-based macrolement has been presented, where the nonlinear masonry behaviour has 
been modelled by introducing two flexural hinges at the end nodes and a shear link.  

• The adoption of the BW and BWBN models for the constitutive response of the hinges is a 
novelty introduced by this study. This has allowed to reproduce the hysteresis and the stiff-
ness-strength decay, typically characterizing the main nonlinear mechanisms of masonry 
walls. 

• A beam FE and a proper solution algorithm have been developed and introduced in the FEAP 
code, used to perform the numerical applications. 

• The presented macroelement formulation has been validated by analysing two experimen-
tally tested simple piers, where the typical flexural and shear mechanisms emerge. The com-
parison between the numerical and experimental results show that the element is accurate in 
reproducing the experimental hysteresis loops and the strength/stiffness decay of masonry. 
At the same time, its computation burden is much lower than that of micro- or multiscale 
models, making it suitable to analyse medium to large constructions. 
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Abstract. Masonry  structures  represent  one  of  the  commonest  structural  typologies  for  

buildings  worldwide.  In particular,  masonry  walls  constitute,  by  far,  the  prevailing  el-

ementary  structural  unit  in  the  majority  of masonry  constructions  both  modern  and  

historical. This contribution validates an approach proposed by the authors for the limit 

analysis masonry vaults, now extended to a new general procedure for the structural assess-

ment of masonry walls with out-of-plane loading based on an upper bound formulation. A 

given masonry panel of arbitrary form possibly with openings is described through its 

NURBS (Non-Uniform Rational B-Spline) parametric representation in the three-dimensional 

Euclidean space. An initial set of rigid elements subdividing the original wall geometry is 

identified through the definition of a suitable lattice of nodes.  An upper-bound limit analysis 

formulation, taking into account the main characteristics of masonry material through ho-

mogenization, is deduced where internal dissipation is allowed along element edges only. As 

shown in a number of examples, a good estimate of the collapse load is obtained,  provided  

that  the  initial  net  of  yield  lines  is  suitably  adjusted  by  means  of  a  Genetic Algorithm 

(GA). 
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1 INTRODUCTION 

Masonry walls are widely employed both as principal structural members in masonry 

buildings (see [1]) and as non-structural elements such as infills and partitions (see [2,3]). 

During earthquakes, masonry walls undergo both in-plane and out-of-plane loading (see, for 

instance, [4]). In particular, the structural assessment of the ultimate load bearing capacity of 

out-of-plane loaded masonry walls is a relevant issue for all professionals involved in the re-

habilitation and seismic protection of historical masonry constructions (see [5]), which can 

also rely on innovative techniques ([6–9]).  

Since the 70’s it is known from experimental tests on laterally loaded brick masonry walls, 

that failure occurs along a well-defined pattern of lines (see e.g. [10]). This evidence inspired 

approximate analytical solutions based on both the fracture line theory [11] and the yield line 

theory [12], which in fact can be considered an application of the kinematic theorem of limit 

analysis. Despite several approximations and the fact that masonry behavior is not rigid-

plastic, limit analysis is still a very reliable computational tool to assess the load bearing ca-

pacity of masonry walls (see, e.g., [13]).  

The present contribution is aimed at validating through simulations a new adaptive 

NURBS-based approach to homogenized upper-bound limit analysis of out-of-plane loaded 

masonry walls presented in [14]. A given masonry wall, with holes having arbitrary shape, is 

modeled as a rigid block assembly, where dissipation is allowed only along elements edges. 

Both in- and out-of-plane failure mechanical parameters are obtained through an homogeniza-

tion procedure, once that a suitable elementary cell is defined. 

NURBS (i.e. Non-Rational Uniform Bi-Spline) are special approximating base functions 

widely used in the field of 3D modeling [15] for their ability of approximating the actual ge-

ometry in an extremely accurate way. Recently, some of the Authors have introduced the idea 

of using NURBS functions as the basis for the limit analysis of masonry arches and vaults 

[16–22]. By using a suitable genetic algorithm, a mesh of the given surface, usually composed 

of a relatively small number of NURBS elements but still providing an exact representation of 

the original surface, can be created. Each element of the mesh is idealized as a rigid body.  

Starting from the obtained rigid bodies assembly, an upper bound limit analysis problem 

with very few optimization variables can be devised. The main aspects of masonry material 

(i.e. negligible tensile strength, good compressive strength and orthotropy at failure due to 

bricks arrangement) are taken into account through an homogenization approach based on a 

Method of Cells-type approach, described in [23].  

Due to the very limited number of rigid elements used, the quality of the computed failure 

mechanism depends on the shape and position of the interfaces, where dissipation is allowed. 

Mesh adjustments are therefore needed, but the difficulties connected with the utilization of 

Sequential Linear Programming [24] can be here easily circumvented by adopting a simple 

meta-heuristic approach of mesh adjustment (i.e. a Genetic Algorithm GA equipped with non-

standard optimization tools, see [25,26]). In the GA-NURBS approach proposed in [14], each 

individual of a given population is represented by a possible rigid body disposition. Thanks to 

the extremely reduced number of NURBS elements used (and hence the number of variables 

of the LP problem), the computational effort required at each iteration is almost negligible. It 

should be noticed that the knowledge of the actual failure mechanism is not required in ad-

vance. Furthermore, since NURBS represent a standard in the field of 3D modeling, the pro-

posed method could easily be integrated within existing commercial CAD software packages, 

which are popular in the community of practitioners. 

In this contribution, a number of technically meaningful examples are shown to validate 

the GA-NURBS approach introduced in [14]. 
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2 NUMERICAL EXAMPLES 

For the sake of brevity, we refer to [14] for the mathematical details on the adaptive homoge-

nized NURBS-based upper-bound limit analysis formulation adopted. In this Section we propose 

a number of numerical examples specifically chosen to validate the GA-NURBS approach. The 

first example is taken from experimental literature ([27]), whereas the second and the third are 

taken from existing masonry churches hit by recent earthquakes ([28,29]). Mechanical proper-

ties assumed for masonry material in the three examples are summarized in Table 1.  

Case study 

Masonry material parameters 

Specific weight 

[kN/m3] Compressive  

strength (fk) [MPa] 

Tensile 

strength (ft) 

[MPa] 

Shear strength 

(fvk0) [MPa] 

SB02  [27] 8.0 0.32 0.32 0.0 

S. Pietro in Coppito, 

façade [28] 
2.0 0.05 0.30 18.5 

S. Giacomo Maggiore 

in Polesine, apse [29]  
2.4 0.20 0.20 18.0 

Table 1: Material parameters used in the simulations. 

2.1     Panel with a rectangular opening in two way bending 

As a first example, the panel SB02 with a rectangular opening experimentally tested in [27] 

is analyzed. The panel has dimensions 5615x2475x102 mm and was built in stretcher bond 

between two stiff abutments with the vertical edges simply supported and the top edge free. 

The panel was loaded by air bags until failure with increasing out-of-plane pressure p. During 

the tests, the air pressure and the displacement d for the middle point of the free edge were 

monitored. The rectangular opening has dimensions 2260x1125 mm. Masonry parameters 

adopted are reported in Table 1 and a null value of specific weight is assumed to replicate ex-

perimental condition. 

The initial NURBS mesh of the panel surface is composed of sixteen quadrangular ele-

ments, obtained by subdividing the parameters space starting from a 5x5 lattice of nodes. Four 

nodes, corresponding to the four external vertexes of the wall, are fixed. The genetic algo-

rithm allows evaluating the optimal position of the remaining twenty-one nodes, in order to 

minimize the collapse load multiplier and therefore obtain the actual failure mechanism. The 

position of every node is governed by two parameters, except for edge-nodes that are ruled by 

a single parameter. Thus, the general problem so, is governed by a total of thirty parameters. 

It must be observed that, for the specific load configuration here considered, symmetry allows 

to reduce the number of governing parameters to fourteen. In the genetic algorithm an initial 

population of 20 individuals have been chosen, each individual being a fourteen-element vec-

tor. A collapse load of 2.19 kN/m2 has been obtained.  

Fig. 1(a) show the initial NURBS mesh of the masonry wall, whereas Fig. 1(b) depicts the 

final collapse mechanism. Good agreement can be observed by comparing the computed re-

sults using the proposed GA-NURBS procedure with the outcomes of both original experi-

ments and different numerical procedures found in literature (i.e. [30,31]). In Fig. 1(c), the 

failure mechanism computed in [30] through a homogenized finite-element limit analysis ap-

proach is shown whereas in Fig. 1(d) experimental and numerical out-of-plane force-

displacement curves referred to Specimen SB02 are reported. 
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Figure 1: SB02 masonry panel with a rectangular opening tested in [27]. (a) Initial mesh. (b) Failure mechanism 

through the proposed GA-NURBS procedure. (c) Failure mechanism obtained by FEM homogenized limit anal-

ysis [30]. (f) Comparison in terms of collapse load with experiments and other numerical approaches [30,31]. 

2.2     San Pietro in Coppito façade 

The second example considered relates to the masonry façade of the S. Pietro in Coppito 

church [28]. The church of San Pietro di Coppito in L’Aquila, damaged by the April 6, 2009 

earthquake, dates to the mid-13th century; it was progressively transformed up to the 19th 

century and then restored to its initial appearance in 1969–1972. The church features a central 

nave and a single aisle, and is therefore highly asymmetrical along its length, the transept is 

split into two parts of different shapes and heights. The most significant and visible damage 

the church incurred during the earthquake involves the façade and the bell tower; the top por-

tion of the façade is unconstrained, since the back portion of the church roof does not reach 

the same height. The façade of the church and its geometry, characterized by complex open-

ings of circular and semicircular shape, are depicted in Fig. 2(a-b).  

A NURBS description of the surface comes particularly handy in the present case, since 

NURBS allows for an exact representation of openings of arbitrarily complex geometry. Tra-

versal walls have been considered as well. All the walls are assumed with fixed constraints at 

the base. Material parameters are reported in Table 1. Two load conditions have been applied: 

a triangular out-of-plane pressure linearly increasing with height (Fig. 2(a)), and an asymmet-

ric linear out-of-plane pressure distribution increasing with both height and length (Fig. 2(b)).  

The initial NURBS mesh of the façade is composed of sixteen quadrangular elements, ob-

tained by subdividing the parameters space starting from a 5x5 lattice of nodes. Lateral walls 

have been subdivided into quadrangular elements starting from a 3x4 lattice of nodes.  
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Figure 2: S. Pietro in Coppito façade. (a-b) Geometry and two load conditions. (c) Failure mechanism obtained 

through GA-NURBS procedure for the first load condition. (d) Failure mechanism obtained through GA-

NURBS procedure for the second load condition. 

The position of every node is governed by two parameters, except for edge-nodes that are 

ruled by a single parameter. Therefore, the general problem is governed by a total of thirty 

parameters. Fig. 2(c-d) show the collapse mechanism obtained through the proposed GA-

NURBS approach.  

Finally, it should be noticed that there is a good agreement between the failure mechanism 

shown in 2(d) and the actual collapse mechanism observed after L’Aquila 2009 earthquake 

and depicted in [28], i.e. the local collapse of the upper left corner of façade. 

2.3     S. Giacomo Maggiore in Polesine apse 

The last example analyzes to the masonry apse of the S. Giacomo Maggiore in Polesine 

(Mantua) church [29]. The church of S. Giacomo Maggiore in Polesine was damaged by the 

May 2012 Emilia seismic swarm and dates back to the 14th century; it was progressively 

transformed up to the 18th century when it acquired the present form. The church features a 

central nave. The most significant and visible damage the church incurred during the earth-

quake involves the lateral walls and the bell tower; the apse did not undergo significant dam-

age, nevertheless it has been chosen to demonstrate the capability of the proposed NURBS-

based approach to deal with very complex (even curved) geometries. The semicircular apse of 

the church, with rectangular openings, and its geometry, is depicted in Fig. 3(a).  
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Figure 3: S. Giacomo in Polesine apse. (a) Geometry. (b) NURBS geometric model. (c) Failure mechanism ob-

tained through GA-NURBS procedure. (d) Failure mechanism obtained through GA-NURBS procedure. 

Again, the NURBS description of the surface (see Fig. 3(b)) is particularly helpful, since 

NURBS allows for an exact representation of the semicircular wall and openings. The walls 

are assumed with fixed constraints at the base. Material parameters are reported in Table 1. A 

uniform unitary horizontal acceleration has been applied as a live load.  

The initial NURBS mesh of the apse is composed by three NURBS patches (a semicircular 

and two planar lateral walls) subdivided in a 4x4 lattice of nodes each. The position of every 

node is governed by two parameters, except for edge-nodes that are ruled by a single parame-

ter. Symmetry and compatibility conditions between patches reduce the total number of pa-

rameters governing the problem to seven. 
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Fig. 3(c) shows the collapse mechanism obtained through the proposed GA-NURBS ap-

proach. The failure mechanism found is compatible with many observations of damaged apses 

in masonry churches hit by earthquakes. 

3     CONCLUSIONS 

Through a number of technically meaningful examples and comparisons with both numerical 

and experimental results, the GA-NURBS approach presented in [14] has shown to be able to 

well predicting the load bearing capacity and failure mechanism of out-of-plane loaded ma-

sonry walls with complex geometries. The strength of the method lies in the fact that it is pos-

sible to get accurate results by using very few elements. Such peculiarity allows to maximize 

both accuracy and computational speed.   
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Abstract. A comprehensive numerical investigation on a medieval masonry church in Ca-
labria region (Southern Italy) is presented. The church has historical and architectural inter-
est, being one of the first examples of Christian temples in the area. It exhibits a number of 
irregularities in plan and elevation, plus a visible state of degradation of the masonry materi-
al that make the investigation of its vulnerability under horizontal loads advisable, also in 
light of an expected short term and strong seismic event in the area. 

The safety assessment under horizontal loads is done using a variety of numerical analyses, 
ranging from Response Spectrum Analyses RSAs, non-linear static (pushover) and limit anal-
yses (both on pre-assigned failure mechanisms and with FEs). 

A refined full 3D plate and shell FE model is adopted, after detailed in situ inspection of the 
geometry and perusal of the historical documentation. Numerical results are obtained both by 
means of a noncommercial full 3D software developed by one of the authors (FE limit analy-
sis), and a commercial code (Strand7®). Limit analyses with pre-assigned failure mechanisms, 
as per Italian guidelines for cultural heritage, are also performed, with evaluated collapse 
accelerations and associated mechanisms matching well with FE results. 

As a matter of fact, a remarkable consistency among all the different procedures is found, 
meaning that even simplified approaches (like limit analysis with pre-assigned failure mecha-
nisms) or RSA (typically not recommended because of the linearity hypothesis for masonry) 
can provide -if critically analyzed – useful hints on possible damage patterns and active fail-
ure mechanisms in case of a seismic event. In all cases, numerical computations proved to be 
valuable tools to predict the most probable behavior in case of an expected strong earthquake, 
suggesting the most suited way for an effective strengthening.  
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1 INTRODUCTION 

The evaluation of the seismic vulnerability of masonry churches is a key issue in the 
preservation of the cultural heritage [1]. A correct estimation of their load carrying capacity 
against horizontal loads should be therefore considered mandatory to guarantee their safe-
guard, allowing focusing restoration interventions on the base of quantitative information and 
on the expected structural behaviour in occasion of earthquakes. In the technical literature, 
several advanced numerical approaches are available for single case studies [2-8]. 

The seismic vulnerability of churches is generally high and it is mainly a consequence of 
the peculiar geometrical features (such as the presence of slender and long masonry walls, 
tympana and pinnacles), the low masonry tensile strength and the absence of enough stiff hor-
izontal structural elements favoring the box behaviour. According to post-earthquake surveys, 
the typical way in which the ancient masonry churches fail is for the formation of partial col-
lapse mechanisms activating well defined portions of the structures remaining roto-translating 
around cylindrical hinges [1]. 

In this paper a case study is critically examined, namely a Medieval small/medium mason-
ry church located in Southern Italy. The church has historical and architectural interest, being 
one of the first examples of Christian temples in the area. It exhibits a number of irregularities 
in plan and elevation, plus a visible state of degradation of the masonry material that make the 
investigation of its vulnerability under horizontal loads advisable, also in light of an expected 
strong seismic event in the area. 

The safety assessment under horizontal loads is done using a variety of numerical ap-
proaches [9-14], ranging from Response Spectrum Analyses RSAs, non-linear static (pusho-
ver) and limit analyses. 

A refined full 3D plate and shell FE model is adopted, after detailed in situ inspection of 
the geometry and perusal of the historical documentation. Numerical results are obtained both 
by means of a noncommercial full 3D software developed by one of the authors (FE limit 
analysis) [7, 14-16], and commercial code (Strand7®). Limit analyses with pre-assigned fail-
ure mechanisms, as per Italian guidelines for cultural heritage [1], are also performed, with 
evaluated collapse accelerations and associated mechanisms matching well with FE results. 

From a comparative analysis of the results obtained, a remarkable consistency among all 
the different procedures is experienced, meaning that even simplified approaches (like LA 
with pre-assigned failure mechanisms) or RSA (typically not recommended because of the 
linearity hypothesis for masonry) can provide -if critically analysed - useful hints on possible 
damage patterns and active failure mechanisms in case of a seismic event. In all cases, numer-
ical computations proved to be valuable tools to predict the most probable behavior in case of 
an expected strong earthquake, suggesting the most suited way for an effective strengthening.  

2 DESCRIPTION OF THE CASE STUDY 

Gallicianò is located 620 m asl, on a rocky spur on the right bank of a torrent (Amendolea) 
inside Aspromonte.  

The church of San Giovanni Battista, see FIGURE 1 and FIGURE 2, which is the object of 
the present structural investigation, is a single nave church, trapezoidal in plan divided into 
two main parts: the nave and the chancel which is accessed by crossing the triumphal arch. 
The nave is illuminated by three windows: one located on the western side, above the en-
trance portal and two on the south side. Two other windows along the north side of the nave 
appear to be buffered long time ago. A door on the south wall of the nave leads to the vestry. 
The chancel takes light from a window in the South side. The survey of the building along 
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with the study of the available historical documents allow to affirm that this church dates from 
the late Middle Ages and the present structure is the result of transformations that altered the 
original masonry construction. 

FIGURE 1:The case study used to benchmark the numerical procedure, Gallicianò church. 

West Elevation 

South Elevation 3D FE model (RSA) 

FIGURE 2: Plan, elevation views and 3D mesh of the church. 

The main façade, for example, presents an articulated eighteenth century style composed by 
columns (having decorative function) and a tympanum characterized with typical frames. The 
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church has continuous foundations realized with mixed stones which mainly consist of gran-
ites and schists bonded by a hydraulic mortar having poor mechanical properties.  

At present the church has a provisional gabled roof (which may be considered totally flexi-
ble in the seismic analysis) with an inclination lower with respect to the outer edge of the 
tympanum and consists of corrugated metal sheet fixed on lightweight steel trusses. 

3 NUMERICAL ANALYSES CONDUCTED 

The numerical approaches utilized to evaluate the seismic vulnerability of the church are 
the following: 1) eigen-frequency elastic analyses, 2) pushover and 3) limit analyses (both 
with pre-assigned failure mechanisms and with FEs). All approaches provide –within the 
simplifications deriving from the hypotheses done on materials and load application- specific 
information on the behavior of the church under horizontal loads. In particular, all of them 
contribute in a correct estimation of the collapse acceleration and a prediction of the most 
vulnerable parts of the structure, which eventually would profit for a strengthening application.  

Modal analyses may appear at a first glance unsuited for churches, because masonry does 
not behave elastically, even under very low horizontal forces. However, it has been shown in 
[10], that they can provide a preliminary insight into the activation of possible partial failure 
mechanisms.  

The application of limit analysis is certainly the most indicated, because very straightfor-
ward and coherent with the actual masonry behavior, but the reduction, as suggested by the 
Italian Guidelines on the Built Heritage [1], to 28 pre-assigned failure mechanisms could po-
tentially lead to an overestimation of the load carrying capacity, without a sufficiently correct 
reproduction of the active failure mechanisms [7, 14].  

As a matter of fact pushover and FE limit analysis remain certainly the most suited ap-
proaches to estimate the vulnerability of a church, but the computational effort required and 
the experience of the user in the field are key issues that should be taken into account with 
care. 

4 DISCUSSION OF THE RESULTS 

Modal analysis results are summarized in FIGURE 3, where meaningful vibration modes 
in transversal (left) and longitudinal (right) direction are also depicted. In addition, in the cen-
tral-top part of the figures, the spectra (elastic and that scaled by the behaviour factor) are de-
picted, while, in the lower part, the modal participating mass ratios (Meff), of the first 
meaningful modes, are plotted against the vibration period (T) and represented through a bul-
let. 

Concerning the participating mass ratio of each vibration mode, a small contribution is 
usually observed, [10], therefore, in order to well describe the dynamic behavior of the struc-
ture, it was necessary to take into account several successive modes, obtaining a total partici-
pating mass ratio greater than 85% of the total mass, as prescribed by the Italian code. Even if 
the graph cannot be read easily, because of the great number of bullet points, it is very clear 
that almost all vibration modes are associated to low excited mass (less than 10%) but with 
peaks concentrated on the maximum acceleration of the spectrum. 
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Mode 1 Mode 3 Mode 4 Mode 7 
T 0.370 T 0.192 s T 0.186 s T 0.151 s 
Mass X 13.7 % Mass X 16.6  % Mass Y 16.4  % Mass Y 9.1  % 

FIGURE 3: Modal analysis results and modal deformed shapes. 
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FIGURE 4: Pushover Force-Displacement of the control node capacity curves and normalized maximum base shear. 

Pushover analyses are carried out assuming for masonry an elasto-plastic behavior with 
Mohr Coulomb failure criterion and with the mechanical properties of TABLE 1, and apply-
ing both G2 (constant) and G1 (inverse triangular) distributions along longitudinal (Y) and 
transversal (X) directions. The obtained capacity curves are depicted in FIGURE 4. Only G1 
distribution results are shown, being the less conservative. As it always occurs in practical 
design for churches, G2 distribution provides more conservative results.  

In FIGURE 4 we also reported using histograms the horizontal acceleration normalized 
against gravity acceleration, i.e. the ag/g associated with the activation of a failure mechanism 
in the church. 
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Material w fm t0 E G ν e0 
 [kN/m3] [MPa] [MPa] [MPa] [MPa]  [%] 
Masonry Materi-
al 

19 1.0 0.02 870 290 0.25 0.35 

Note: multiplication factors applied: presence of rows of bricks to align stones (1.3) and good 
transversal interconnection (1.5) 

TABLE 1: Mechanical properties used to model the church. 
 

In FIGURE 5 the deformed shapes near collapse provided by pushover analyses, with indi-
cation of the location of control points and the corresponding pushover curves (on the right) 
are also represented to give an idea of the active failure mechanisms and the amount of dis-
placement reached by the different nodes monitored during the analyses. Only X- and Y- load 
cases are shown for the sake of conciseness, but it is interesting to notice that failure mecha-
nisms are always local, a peculiar behavior for such kind of structures [2-13]. Similar results 
are found by the authors for the seismic load applied along the positive directions of the geo-
metric axes (i.e. X+ and Y+). 
 

X- direction 

Nd. 5626

Nd. 2943

Nd. 8351

Y- direction 
Nd. 2235

Nd. 10237
Nd. 12041

.  

FIGURE 5: Deformed shapes at collapse from pushover analyses with indication of the control points and push-
over curves (on the right), G1 distributions. 

Some analyses according to Italian Guidelines for the Built Heritage specifics [1], i.e. us-
ing the kinematic theorem of limit analysis on 28 possible pre-assigned failure mechanisms, 
are also performed. 

Collapse multipliers found through the application of the upper bound theorem of limit 
analysis on the mechanisms depicted in FIGURE 6 are summarized in FIGURE 7. From an 
overall analysis of LA results, a quite satisfactory agreement with global pushover is worth 
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noting, with almost the same out-of-plane mechanisms active and similar collapse accelera-
tions. 

The four failure mechanisms in FIGURE 8 are finally found using a sophisticated FE limit 
analyses approach by one of the authors [7, 8, 14], applying G1 horizontal loads along the 
longitudinal and transversal directions. As can be noted, the most vulnerable elements are 
again the façade and lateral walls, all exhibiting rather low collapse multipliers. The longitu-
dinal direction exhibits relatively higher collapse multipliers, but still too low if compared 
with the PGA assumed by the Italian Code for spectral analysis.  

Summarizing, all limit analyses results address a high seismic vulnerability and are again 
in good agreement with both pushover and pre-assigned failure mechanisms predictions. 

Façade Gable Wall Triumphal Arch

FO-1 

FO-2 

FSF-1 

FSF-2 

FSF-3 

TO-1 

TO-2 

TRN-1 

TRN-2 

TAF-1 

TAF-2 

FIGURE 6: Macro elements and failure modes (indicated by Italian Guidelines for Built Heritage) analyzed for the 
church under investigation. FO ≡ Façade Overturning; FSF ≡ Façade Shear Failure; TO ≡ Tympanum Overturning; 

TRN ≡ Transversal Response of the Nave; TAF ≡ Triumphal Arch in-plane Failure. 

Façade 

Wall

Arch

2419



G.A. Cundari, G. Milani and G. Failla 

FIGURE 7: Collapse multipliers λ=ag/g for in-plane and out-of-plane mechanisms associated with the failure of 
the different macro-elements. 

Y+   λ=ag/g=0.13 Y-   λ=ag/g= 0.11 

X+   λ=ag/g= 0.10 X-   λ=ag/g= 0.08 

FIGURE 8: Deformed shapes from FE limit analyses and corresponding ag/g=lam collapse values 
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5 CONCLUSIONS 

 In the present paper, a seismic vulnerability assessment on a Medieval masonry church
located in Southern Italy, conducted by means of different numerical approaches, has
been presented.

 The numerical approaches used are Modal Analyses, non-linear static (pushover) and
limit analyses (both on pre-assigned failure mechanisms and with FEs). A refined full 3D
plate and shell FE model is adopted, coherent with the in-situ investigations conducted.

 A remarkable consistency among all the different procedures is found, meaning that even
simplified approaches (like limit analysis with pre-assigned failure mechanisms) or EAs
(typically not recommended because of the linearity hypothesis for masonry) can provide
-if critically analyzed- useful hints on possible damage patterns and active failure mecha-
nisms in case of a seismic event.

 Numerical computations proved to be valuable tools to predict the most probable behav-
ior in case of an expected strong earthquake, suggesting the most suited way for an effec-
tive strengthening.

REFERENCES 

[1] D.P.C.M. 9 febbraio 2011, Italy. Linee guida per la valutazione e la riduzione del ri-
schio sismico del patrimonio culturale con riferimento alle Norme tecniche per le co-
struzioni di cui al decreto del Ministero delle Infrastrutture e dei trasporti del 14 gennaio 
2008. GU n. 47 del 26-02-2011 - Suppl. Ordinario n.54. 

[2] A.S. Araújo, P.B. Lourenço, D.V. Oliveira, J. Leite, Seismic  assessment   of   St  James 
Church  by  means  of  pushover  analysis  –  before  and  after   the  New  Zealand 
earthquake. Open Civil Engineering Journal, 6(SPEC.ISS.1), 160-172, 2012.  

[3] G. Brandonisio, E. Mele, R. Santaniello, A. De Luca, Seismic safety of basilica church-
es: Analysis of ten case studies. Structural Analysis of Historic Construction: Preserv-
ing Safety and Significance - Proceedings of the 6th International Conference on 
Structural Analysis of Historic Construction (SAHC08), 2, 1261-1269, 2008.  

[4] M. Betti, A. Vignoli, Numerical assessment of the static and seismic behaviour of the 
basilica of Santa Maria all'Impruneta (Italy). Construction and Building Materials, 
25(12), 4308–4324, 2011. 

[5] M. Betti, A. Vignoli, Modelling and analysis of a Romanesque church under earthquake 
loading: Assessment of seismic resistance. Engineering Structures, 30(2), 352–367, 
2008. 

[6] G. Milani, Lesson learned after the Emilia-Romagna, Italy, 20-29 May 2012 earth-
quakes: A limit analysis insight on three masonry churches. Engineering Failure Analy-
sis, 34, 761–778, 2013.  

[7] G. Milani, M. Valente, Comparative pushover and limit analyses on seven masonry 
churches damaged by the 2012 Emilia-Romagna (Italy) seismic events: Possibilities of 
non-linear finite elements compared with pre-assigned failure mechanisms. Engineering 
Failure Analysis, 47(PA), 129–161, 2015.  

2421



G.A. Cundari, G. Milani and G. Failla 

[8] G. Milani, G. Venturini, Safety assessment of four masonry churches by a plate and 
shell FE nonlinear approach. Journal of Performance of Constructed Facilities, 27(1), 
27-42, 2013.  

[9] F. Da Porto, B. Silva, C. Costa, C. Modena, Macro-scale analysis of damage to church-
es after earthquake in Abruzzo (Italy) on April 6, 2009. Journal of Earthquake Engi-
neering, 16(6), 739-758, 2012. 

[10] G. Brandonisio, G. Lucibello, E. Mele, A. De  Luca, Damage and performance evalua-
tion of masonry churches in the 2009 L’Aquila earthquake. Engineering Failure Analy-
sis, 34, 693–714, 2013.  

[11] Y. Endo, L. Pelà, P. Roca, F. Da Porto, C. Modena, Comparison of seismic analysis 
methods applied to a historical church struck by 2009 L’Aquila earthquake. Bulletin of 
Earthquake Engineering, 13(12), pp. 3749-3778, 2015. 

[12] S. Lagomarsino, Damage assessment of churches after L'Aquila earthquake (2009). Bul-
letin of Earthquake Engineering, 10(1), 73-92, 2012.  

[13] S. Lagomarsino, On the vulnerability assessment of monumental buildings. Bulletin of 
Earthquake Engineering, 4(4), 445–463, 2006. 

[14] G.A. Cundari, G. Milani, Homogenized and heterogeneous limit analysis model for 
pushover analysis of ancient masonry walls with irregular texture. International Journal 
of Architectural Heritage, 7(3), 303-338, 2013. 

[15] G. Milani, P.B. Lourenço, A. Tralli, Homogenised limit analysis of masonry walls, Part 
I: Failure surfaces. Computers and Structures, 84(3–4), 166–180, 2006. 

[16] G. Milani, P.B. Lourenço, A. Tralli, Homogenised limit analysis of masonry walls, Part 
II: Structural examples. Computers and Structures, 84(3–4), 181–195, 2006. 

2422



COMPDYN 2017 

6th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, M. Fragiadakis (eds.) 

Rhodes Island, Greece, 15–17 June 2017 

NON LINEAR STATIC AND DYNAMIC ANALYSES OF THE 

AUGUSTUS BRIDGE IN NARNI, ITALY: AN INSIGHT INTO THE 

MECHANICAL PROPERTIES OF ROMAN CONCRETE 

E. Bertolesi
1
, G. Milani

1
, and M. Acito

1

1 
Politecnico di Milano 

Piazza Leonardo da Vinci 32, 20133 Milan, Italy 

e-mail: {elisa.bertolesi, gabriele.milani, maurizio.acito}@polimi.it 

Keywords: Masonry arch Roman bridges, Roman concrete, Earthquake, Non-linear static 

analysis (pushover), Non-linear dynamic analysis. 

Abstract. The present paper is devoted to the discussion of the results obtained by a series of 

non-linear static and dynamic analyses performed on a relevant structural Roman artwork: 

the Augustus bridge in Narni (Central Italy). The Roman bridge, which was in origin ar-

ranged into four arches with a maximum span of approximately 32 m, is nowadays constitut-

ed by the lateral left arch and a portion of the right part of the abutment. As a matter of fact, 

it ruined some centuries ago because of a combination of different causes. A recent experi-

mental investigation pointed out the role played by a vertical foundation settlement mecha-

nism that took place at the base of the second pier and probably led to the collapse of the two 

central arches. In addition, the highly prone seismic area and the great variability of the me-

chanical properties of the Roman concrete used to construct the bridge clearly played a cru-

cial role. The present work is aimed at investigating the influence of such parameters on the 

collapse of the original structure. To this scope, a 3D model has been created starting from 

the geometric survey of the original four arched bridge. The double leaf masonry used by 

Romans has been considered in the present analyses subdividing the adopted discretization 

into two materials: the Travertine stone adopted for the outer leaf and the Roman concrete 

used as filling. Two series of non-linear static and dynamic analyses are performed respec-

tively applying: (i) a G1 distribution of the horizontal loads along the height of the bridge and 

(ii) a spectrum-compatible accelerogram with two components along the vertical and trans-

versal directions. The results are comparatively assessed with respect to the experimental ob-

servations of the ruins of the Augustus bridge. Particular attention is focused on the global 

force-displacement capacity curve and the damage maps obtained at the end of the analyses. 

The numerical results, in addition to the experimental observations, clarified the strong nega-

tive effect that a vertical settlement of the ground had on the stability of the bridge.
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1 INTRODUCTION 

Roman bridges were an essential part of the road system of ancient Rome, which at the time 

of Diocletian reached a length of about 53000 miles, giving rise to several road systems of 

many modern nations around the Mediterranean Sea. As a matter of fact, Romans developed a 

particular technique to build their bridges, especially piers and abutments, i.e. external mason-

ry coats made by large stones filled with pozzolanic concrete. Such building technology gave 

rise to extremely resistant structures, which still survive. The construction of bridges and via-

ducts grew and extended gradually to the entire Roman Empire during the first century BC. 

With the rise of Augustus and the consequent beginning of the Imperial Age, there has been 

throughout the Empire, an energetic restoration of numerous road layouts with the resulting 

construction or rebuilding of many bridges. From the late Republican bridge, meant as civil 

structure of crossing, in the Augustan age the bridge started to be considered as a monument, 

tangible expression of unity and power. 

Figure 1: Hypothetical configuration of the Augustus Bridge in Narni (picture taken from [1]). 

The present paper is intended to analyze the seismic behavior of one of the most relevant Ro-

man artwork: the Augustus bridge. The existing parts of the structure are depicted in Figure 1 

in a darker color, whereas the hypothetical reconstruction of the original bridge is clearer. As 

can be noticed, only a portion of the bridge is nowadays still visible, indeed it ruined some 

centuries ago due to a combination of different causes, which have been investigated in the 

present work. As confirm by recent experimental campaigns, probably a vertical foundation 

settlement mechanism took place at the base of the second pier, leading to the collapse of the 

two central arches. In addition, the highly prone seismic area and the great variability of the 

mechanical properties of the Roman concrete used to construct the bridge clearly played a 

crucial role. To understand the influence of such parameters into the failure of the original 

construction, a wide numerical investigation has been conducted by the authors. For the sake 

of brevity, in the present paper only the most relevant results have been presented and critical-

ly discussed.  

2 AUGUSTUS BRIDGE IN NARNI 

The Augustus Bridge is located near Narni, an Umbrian town in the Central Italy [1][2]. It 

was probably built in 27 BC, in occasion of a restoration of the Via Flaminia, motivated by 

military reasons. Probably the bridge was already partially collapsed in the seventh century 

and it has been rebuilt reusing the materials recovered from the collapse and following the 

example of the previous design. Later, in 1053 or 1054 AD, according to many scholars, it 

seems that an overflow of the river (caused by the collapse of a dam upstream) definitely 

brought down the superstructure of the bridge that was not rebuilt anymore. It happened prob-

ably because the knowledge and the techniques of that period did not allow a reconstruction in 

the original configuration, and so the function of crossing the valley was taken from the medi-

Figure 1:Hypothetical configuration of the Augustus Bridge in Narni (picture taken from Error! Reference source 

not found.). 
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eval bridge built a little further upstream, whose piers were made mostly with salvaged mate-

rials coming from the collapse of the Augustus Bridge of XI century. In the nineteenth centu-

ry, there was a real working plan of restoration of Augustus Bridge, after the collapse of 

medieval bridge, in 1819 AD. But the situation changed only in 1885 AD, when a flood of the 

river Nera overthrew the second pier from left, reducing it into pieces. The geometrical con-

figuration of the Augustus bridge, which was in origin arranged into four arches with a maxi-

mum span of approximately 32 m, is showed in Figure 1. The numeration of piers and arches 

is done in ascending order from left to right (or from South to North). Considerably interest-

ing, from the structural point of view, are the existing geometrical and mechanical insights [1], 

concerning the concrete infill and the travertine coating. In [1], basing on analyses and studies 

conducted on the bridge, the authors trace the causes of the collapse to a progressive founda-

tion settlement of pier II. As a matter of fact, on the basis of geometrical surveys and histori-

cal constructive considerations, it is believed that the original configuration was the one with 

4 arches with springers of circular arch II at the same height. The lowering of about 2.9 me-

ters of the dosseret block of pier II, according to [1], is due to the foundation settlement of the 

pier itself occurred during two thousand years. 

3 NUMERICAL ANALYSES 

Two series of non-linear static and dynamic analyses have been performed on both the en-

tire structure and the still standing part of the Augustus bridge. From a structural point of 

view, such Roman artwork has been built adopting a peculiar construction technique, known 

as “Opus quadratum”. It consists of dry stones with regular parallelepiped ashlars positioned 

mostly in horizontal rows (Figure 2-a). As clearly visible in Figure 2-a, arches, piers and 

abutments of the Augustus bridge have been constructed using the aforementioned technique. 

As a matter of fact, masonry blocks of travertine have been arranged in an outer coating, 

whereas the infill is in Roman concrete [1][3][4][5]. 

 

-a 

  

-b 

  
Figure 2: Discretization adopted to perform the non-linear analyses: still standing part (-a) and entire structure 

(-b). 
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In order to understand the role played by the concrete infill into the structural behavior of the 

Augustus bridge, the authors decided to separately model the outer layer of the travertine and 

the Roman concrete. To this scope, a refined discretization has been employed to perform the 

analyses. The meshes, which are depicted in Figure 2 are composed by 12480 and 38136 FEs, 

respectively for the two considered models. The elastic mechanical properties of the constitu-

ent materials are summarized in Table 1. It is worth mentioning that such parameters have 

been preliminarily validated through a series of numerical-experimental comparisons based 

on the results obtained by some dynamic investigations. The inelastic stress-strain curves em-

ployed within the FE software Abaqus [6] are depicted in Figure 3 for all the materials in-

volved into the simulations. In particular, the authors decided to adopt a Concrete Damage 

Plasticity model, which is already available into the adopted FE software, to describe the ten-

sile and compressive behaviors of both travertine and Roman concrete. As a matter of fact, 

brittle materials frequently exhibit a poor behavior in tension and are particularly prone to ex-

perience severe damages when subjected to alternate tensile-compressive actions like those 

produced by a seismic event. From a numerical point of view, the CDP model allows to con-

sider both tensile cracking and compressive crushing failure mechanisms, as well as the pro-

gressive degradation of the stiffness as a result of damage phenomena. It is opinion of the 

authors that such model is particularly suited to study the damaging processes caused by dy-

namic excitations. 

Young Modulus [MPa] Poisson’s ratio [-] Specific weight [kg/m
3
] 

Travertine 10000 0.1 2200 

Roman concrete 10000 0.1 2250 

Table 1 Mechanical properties adopted for the constituent materials, according to Cecchi (2003). 

-a -b 

Figure 3: Uniaxial stress-strain behaviors adopted for Roman concrete and travertine in tension (-a) and in com-

pression (-b). 
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4 NUMERICAL RESULTS 

In the present section, the results obtained by a series of non-linear static and dynamic anal-

yses are presented and critically discussed. 

4.1 Pushover analyses 

A series of non-linear static (pushover) analyses have been conducted on the Augustus bridge 

adopting both the discretizations showed in Figure 2. The simulations have been carried out 

according to the Italian code, which suggests adopting two different distributions of the hori-

zontal forces along the height of the structure. For the sake of brevity only the analyses per-

formed assuming a G1 distribution of the horizontal loads (reverse triangular) are herein 

discussed. In order to study the structural response of the bridge when subjected to a seismic 

event, the mechanical properties of the constituent materials have been varied. As a matter of 

fact, the following inelastic parameters have been adopted for the Roman concrete: ft=1.0 

MPa and fc=20 MPa and c=0.17 MPa and φ=36°. The peak strengths assumed for the traver-

tine are scaled accordingly, so that ft=1.216 MPa and fc=10 MPa in the first case and c=0.20 

MPa with φ=36° in the second. It is worth mentioning that, in the second series of analyses, 

poor mechanical properties have been assumed for both the constituent materials, simply be-

cause such parameters are similar to those used by the Italian code to represent a common 

masonry material. The comparison between the results obtained at the end of the pushover 

analyses is depicted in Figure 4-a. The curves have been obtained monitoring the horizontal 

displacements of a control point located in the keystone of the first and second arches, respec-

tively for the still standing part and the whole bridge. 

(-b) 

(-a) (-c) 

Figure 4: Pushover curves obtained assuming a G1 distribution of the horizontal loads (-a) and corresponding 

damage maps obtained at failure (-b and –c). Results are depicted in terms of normalized acceleration ag/g. 

As can be noted, the active failure mechanism for the still standing part is constituted by the 

formation of a horizontal cylindrical hinge at the base of the pier and a sliding hinge at the 

crown of the arch. The failure is basically due to the overturning of the pier, as clearly visible 

in the damage patterns found numerically at the end of the analyses (see Figure 4-b and -c). 

Slightly different results have been obtained for the whole structure. In this case, there is a 

clear formation of an arch effect along the out-of-plane direction, favored by the continuity of 
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the deck and the sufficient out-of-plane thickness of the bridge. As expected by the authors, 

the still standing part shows quite high normalized collapse accelerations, whereas the entire 

bridge appears much more vulnerable under horizontal loads. In case of infill with poor me-

chanical properties, the ultimate acceleration of the bridge is particularly low, with diffused 

damages observed even after the application of the self weight only. 

4.1 Numerical analyses 

The vulnerability of the structure has been deeply studied by means of a series of non-linear 

dynamic analyses conducted on both the proposed models. To this scope, two accelerograms 

have been adopted: (i) a spectrum-compatible accelerogram generated by the response spec-

trum expected (life-safety limit state: SLV, reference period: VR=100 years) for the Narni and 

(ii) the Umbria-Marche (1997) natural accelerogram. The horizontal as well as the vertical 

components have been applied at the base of both the structures. The results, in terms of dis-

placement histories are depicted in Figure 5-a and -b, respectively for the still standing part 

and the whole bridge. 

As clearly visible in Figure 5-a, the residual relative displacement of the keystone does not 

exceed 2-2.5 cm. Such result suggests that some damage occurred inside the bridge as a con-

sequence of the application of the accelerogram (see Figure 6-a), but the absolute value indi-

cates that the displacement is quite moderate, meaning that a failure mechanism is still not 

active. The results obtained for the whole bridge are depicted in Figure 5-b only for the key-

stone of the second arch. It is interesting to notice that the damages found (see Figure 6-b) are 

compatible with a possible failure of the central part of the bridge, an outcome which fully 

justifies the hypothesis of a partial collapse caused by a seismic event. Even in this case, the 

residual displacements seem again relatively small (less than 5 cm), which suggest that the 

activation of the failure mechanism is not yet occurred completely. 

(-a) 

(-b) 

Figure 5: Relative displacements of: (-a) the keystone (still standing part) and (-b) on the top of the second arch 

(whole bridge). 
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(-a) 

 

Damage map 

 0 

 0.2 

 0.4 

 0.6 

 0.8 

(-b) 

 
Figure 6: Tensile damage patterns obtained at the end of the non-linear dynamic analyses for: (-a) the still 

standing part and (-b) the whole bridge. 

5 CONCLUSIONS 

In the present paper, the seismic behavior of the Augustus bridge, which represents one of the 

most relevant Roman artwork in Italy, has been deeply investigated. In order to study the 

causes that led to the collapse of the structure, the bridge has been analyzed performing a se-

ries of non-linear static and dynamic analyses. As a matter of fact, several historical sources 

pointed out that probably it ruined some centuries ago due to a combination of different caus-

es. In the present work, particular attention has been focused on its seismic behavior, because 

the high prone seismic area where it is located suggests the hypothesis that its collapse might 

be a consequence of an earthquake or a series of them (repeated accelerograms). The pro-

posed hypothesis has been evaluated on the basis of the results obtained at the end of the sim-

ulations. As expected, the whole bridge resulted particularly vulnerable to dynamic 

excitations. The damage patterns found at the end of both the static and dynamic analyses 

confirmed the partial activation of a failure mechanism that involved the central arch. This 

finding is fully in agreement with the present configuration of the ruined bridge. 
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Abstract. Archaeological discoveries made all over the Mediterranean area – highly prone 
to earthquakes – have highlighted the use of fictile tubules for the building of walls and domes 
in thermal baths and masonry kilns since the Roman Empire. Fictile tubules are cylindrical 
clay bricks with a hollow conformation that ensures lightness and provides thermal insulation 
for the structural element. This well serves the purposes of thermae and kilns, since heat dis-
persion affects their functionality. Fictile tubules were usually either embedded in mortar or 
assembled with a female-male coupling system. This paper investigates the behavior of struc-
tural elements employing such technology via experimental tests and numerical analyses. 
First, tubules and mortar are considered separately. The behavior of each element is investi-
gated by performing compressive and three-point bending tests to define their mechanical 
properties. These are inserted into existing material models in the 3D FE software Abaqus. 
They are then calibrated in order to match the experimental tests. Second, the mechanical be-
havior of an elementary cell composed of tubules embedded in mortar is investigated. Tensile 
and compressive numerical tests are performed via Abaqus to derive the mechanical behavior 
of this homogenized material. Finally, linear and nonlinear static analyses are performed on 
an arch through the exploitation of the new homogenized material. 

2431



S. Tiberti, C. Scuro, R. Codispoti, R.S. Olivito, G. Milani 

1 INTRODUCTION 

Calabria is a region located in Southern Italy which is often subject to destructive earth-
quakes, often leading to the loss of human lives. Among the many powerful seismic shocks 
that have occurred in this region over history, one in particular stands out for its deadliness. 
On December 28, 1908 the cities of Messina and Reggio Calabria were struck by an earth-
quake characterized by a moment magnitude of 7.1, with an estimated death toll of 100,000. 
While most of the buildings were obliterated, a few resisted where hollow clay bricks called 
“fictile tubules” were used in the construction. Indeed, during the reconstruction of the city in 
1909, an engineer by the name Pasquale Frezza proposed the creation of an aseismic house 
with walls made of such hollow bricks [1]. 

Fictile tubules are ceramic elements introduced during the Roman Empire in Calabria and 
neighboring regions, which were part of existing trade routes between Africa and Italy [2]. 
They have been used since the third century A.D. to build barrel and cross vaults, domes and 
partition walls. The traditional technique for creating fictile tubules requires that the potter 
removes impurities and air from the clay – the raw material of which these objects are made. 
The clay is then put on the potter's wheel and the potter gives shape to the object by applying 
pressure with moistened hands (Fig. 1a) [2]. 

Often fictile tubules are characteristic of structures in archaeological sites or buildings pro-
tected by superintendence of cultural heritage. Samples from existing sites are few, hence new 
fictile tubules (NFTs) were created by the ceramic industry (Fig. 1b). NFTs specimens were 
produced with newer and faster techniques using special machines, thus reducing preparation 
time, then completed on the potter's wheel. 

The shape of NFTs was inspired by common shapes of tubules in Calabria. A thorough in-
vestigation on the geological map of clays in the region was conducted in order to find build-
ings erected with fictile tubules. In the whole area of Calabria this study identified 52 
structures built with this technique, which are widespread and not unique examples [3]. The 
study subdivided the tubules in Calabria into three categories characterized by shape and size. 
Each type is often similar to tubules found in adjoining Italian regions. Fictile tubules in 
Northern Calabria display a cylindrical, truncated cone and amphora shapes, with a base to 
height ratio approximately equal to 1:3 and a height ranging from 15 to 20 cm (Fig. 1c-1). 
Conversely, tubules in the provinces of Crotone, Vibo Valentia and Catanzaro are shorter than 
the previous ones, with a base to height ratio equal to 1:2 and a height varying from 12 to 16 
cm. These are characterized by a cylindrical and truncated cone shape (Fig. 1c-2) [4]. Moreo-
ver, tubules in and around Reggio Calabria (Roccella Jonica, Locri, Gerace, Caulonia, Siderno, 
Riace) are similar to those found in Sicily. These tubules are low and squat, presenting a cy-
lindrical shape, with a base to height ratio equal to 1:1 and a height between 7 and 10 cm (Fig. 
1c-3) [5]. 

The structures investigated in the aforementioned study were added to a summary abacus, 
and it must be noted that they were built before 1908. Also, barrel vaults and other structures 
were placed in areas always struck by powerful earthquakes, albeit the moment magnitude in 
those areas never reached a value of 7. They usually withstood quakes without showing seri-
ous damage, thus highlighting the importance of using this technique in zones with high seis-
mic risk – as did engineer Frezza with his patent in 1909. Fictile tubules allowed the building 
of vertical structures, vaults and domes characterized by medium-to-high resistance while de-
creasing the weights and participating mass during the earthquake, in addition to limiting the 
formation of cracks and the instability of structures. 
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a) 

b) c) 

Figure 1: a) Preparation of fictile tubules with the traditional technique; b) New fictile tubules made in industry; 
c) Different types of fictile tubules in Calabria. 

2 EXPERIMENTAL PROGRAM 

The aim of the experimental program was to independently investigate the mechanical 
properties of fictile tubules and mortar. All experimental tests were conducted at the Materials 
and Structures Engineering Laboratory of Civil Department of University of Calabria. The 
experimental mechanical properties obtained were later used to calibrate the numerical mod-
els of the two materials. 

2.1 Materials and tests set-up  

Uniaxial compression tests were performed on five NFTs (Fig. 2a) replicating the tradi-
tional tubules of Northern Calabria. The testing machine used for the tests operated with a 
displacement control. The position and the lowering of the loading plate was provided at any 
instant and controlled through displacement sensors connected to the CPU of the test machine 
control panel. The strain of the specimens was measured via strain gauges. The cylindrical 
loading plate has a diameter equal to 15 cm and a height equal to 2.5 cm (Fig. 2b). The com-
pressive tests were performed with a crosshead speed equal to 1 mm/min. The geometric 
properties of the five specimens are listed in Table 1. 
 

Specimen 
Weight  

[kg] 
Height  
[mm] 

Diameter  
[mm] 

Resistant area resA  

[mm2] 
C1 0.253 137 65 584.04 
C2 0.255 134 65 584.04 
C3 0.248 136 66 588.75 
C4 0.262 137 58 435.68 
C5 0.267 138 58.5 439.6 

Table 1: Characteristics of specimens used 
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The mortar tested was the M 2.5 labelled as “bastarda” according to Table 11.10.IV of the 
Italian Building Code [6]. Three-point bending and compressive tests were carried out in ac-
cordance with EN 1015/11 [7] on four specimens prepared in the laboratory. First, as recom-
mended by standards, three-point bending tests were performed on prism-shaped specimens 
with dimensions equal to 160x40x40mm3 (Fig. 2c), then compressive tests were carried out 
on the halves originating from the previous tests. 

The three-point bending testing machine is composed of three steel rollers: two of them 
support the specimen and have a mutual distance of about 100 mm, while the third acts on the 
upper side and is devoted to the application of the load (Fig. 2d). The load was applied at a 
uniform rate with a speed of 10 N/s. 

a) b) c) d) 

Figure 2: a) Carosello specimens; b) Set-up compression machine; c) Specimens of mortar; d) Set-up three 
points bending machine 

2.2 Experimental results 

The mechanical properties obtained from the experimental tests are compressive strength 
and elastic modulus for fictile tubules and compressive strength and flexural tensile strength 
 fmf  for mortar. The force-displacement diagrams of compressive tests on fictile tubules are

plotted in Fig. 3a. All specimens clearly display a brittle mechanical behavior with a strong 
linearity prior to failure. Also, the presence of strain gauges allowed the evaluation of a con-
stitutive law for the fictile tubules. Figure 3b shows the compressive stress-strain diagram re-
lated to specimen C1. 
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Figure 3: Results of compressive tests on fictile tubules: a) Force-displacement diagrams; b) Compressive stress-
strain diagram. 
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For the mortar specimens, force-displacement diagrams for both flexural and compressive 
tests are plotted in Fig. 4. Each specimen was weighed and measured. The flexural tensile 
strength was determined according to [7]: 

3fm d

Fl
5.1f 

where F is the maximum force, l is the length between the two supporting rollers equal to 100 
mm (Fig. 2d) and d is the transversal dimension of the prism equal to 40 mm. The tensile 
strength was calculated as 80% of the flexural tensile strength, whereas the compressive 
strength was evaluated as the ratio between the maximum force and the cross section area 
perpendicular to the load application. 
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Figure 4: Results of experimental tests on mortar: a) Force-displacement diagrams related to compressive tests; b) 
Force-displacement diagrams related to three-point bending tests. 

The average values of mechanical properties obtained from experimental tests on mortar 
and fictile tubules are summarized in Table 2. 

Compressive strength fmf  tmf Young’s modulus 

[N/mm2] [N/mm2] [N/mm2] [MPa] 
Mortar 2.46 1.25 1 300 

Fictile tubules 10.5 - - 4455 

Table 2: Mechanical properties obtained from experimental tests 

3 NUMERICAL MODELS 

The commercial finite element software Abaqus was employed in this paper. Numerical 
models for fictile tubules and the mortar were independently developed and validated by sim-
ulating the experimental tests. Then homogenization was performed on an elementary cell to 
obtain a single material able to describe the mechanical behavior of a structure consisting of 
fictile tubules and mortar. Homogenization is a common technique used for the modelling of 
masonry and masonry-like structures [8]. 
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3.1 Fictile tubules  

The dimensions for the numerical model of the fictile tubule are listed in Table 3. A finite 
element mesh was adopted consisting of 8305 nodes and 5784 elements (5608 bricks C3D8 
and 176 wedges C3D6) as shown in Fig. 5a. 

 

Specimen 
Height  
[mm] 

Diameter  
[mm] 

Resistant area resA  

[mm2] 
C1 137 65 584.04 
C2 134 65 584.04 
C3 136 66 588.75 
C4 137 58 435.68 
C5 138 58.5 439.6 

Numerical 
model 

133.3 62 505.22 

Table 3: Characteristics of numerical model compared to specimens 

The brittle cracking model provided by Abaqus [9] was employed to simulate the mechan-
ical response of the tubules. Although it was conceived to describe the brittle behavior of con-
crete, this model is suitable to describe all materials displaying brittle cracking in tension. 
Conversely, linear elasticity is assumed in compression. A cracking behavior based on Mode I 
fracture energy was used for the tubule. Also, a brittle failure criterion is included in the mod-
el, thus allowing removal of elements from the mesh and a direct observation of crack initia-
tion and formation in the model. Furthermore, taking into account the fact that postcracked 
behavior includes Mode II as well as Mode I, a shear retention model in which the post-
cracked shear stiffness is defined in power law form as a function of the opening strain across 
the crack. 

The elastic properties and the main parameters of the brittle cracking model are shown in 
Table 4. 

 
Young’s 
modulus 
[MPa] 

Poisson’s 
ratio [-] 

Tensile failure 
stress [MPa] 

Mode I fracture 
energy [N/mm] 

e p
Direct cracking 
failure displace-

ment [mm] 
4200 0.15 3 0.1 0.05 1 0.01 

Table 4: Main properties for the fictile tubule. 

The experimental compressive test was replicated via a quasi-static analysis. As in the 
physical test, a speed of 1 mm/min was applied to the loading plate, which was modelled as a 
discrete rigid element. The interaction between the tubule and the loading plate was modelled 
with the general contact algorithm available in Abaqus, setting a tangential friction coefficient 
equal to 0.4 and a normal behavior based on the “hard contact” feature. 

The force-displacement diagram for the numerical model is plotted against the area of the 
experimental ones in Fig. 5b, and in Fig. 5c-5d the failure mechanism developed by the tubule 
is shown. 
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Figure 5: a) Fictile tubule; b) Force-displacement diagrams; c); Failure mode; d) Crack formation (in blue). 

3.2 Mortar 

A computational model for the mortar was created aiming at the simulation of the three-
point bending tests, presenting the same dimensions of the specimens used in the tests 
(160x40x40 mm3). A finite element mesh consisting of 1701 nodes and 7737 tetrahedron 
C3D4 elements was adopted, as shown in Fig. 6a. 

The concrete damaged plasticity model (CDP) available in Abaqus [9] was used for repli-
cating the behavior of mortar. Due to its versatility, it befits the characterization of quasi-
brittle materials exhibiting damage, such as mortar. Different inelastic behavior for tension 
and compression can be assumed, and two distinct scalar parameters can be introduced to de-
fine damage in tension and compression. 

This model also requires the definition of few other parameters for a full description of the 
material, and they are listed in Table 5. 

2437



S. Tiberti, C. Scuro, R. Codispoti, R.S. Olivito, G. Milani 

 

Symbol Name Description 
Default 
value 

є Eccentricity 
Distance between the points of intersection with 
the p-axis of the cone and the hyperbola (in the 

p-q plane) 
0.1 

0c

0b
f

f  Strength 
ratio 

Ratio between the biaxial and uniaxial com-
pression strength 

1.16 

ψ 
Dilation 

angle 
Angle due to a variation in volume of the mate-
rial following the application of a shear force 

7° 

cK  - 
Ratio between distance from the hydrostatic 

axis of the maximum compression and traction 
respectively 

0.666 

Table 5: Concrete damaged plasticity parameters. 

A further quantity, called “viscosity parameter”, was required. It is related to the use of a 
viscoplastic regularization of the constitutive equation, aimed at overcoming possible severe 
convergence difficulties due to the softening behavior and stiffness degradation of the materi-
al. However, since the numerical analysis is run under Abaqus/Explicit, the parameter was 
ignored by the software. 

The tensile behavior was expressed in terms of tensile strength and Mode I fracture energy, 
whose values are presented in Table 6 along with the Young’s modulus and Poisson’s ratio. 
The damage parameter in tension was expressed as a function of displacement and its evolu-
tion is also displayed in Table 6. 

 

Young’s 
modulus 
[MPa] 

Poisson’s 
ratio [-] 

Tensile 
strength 
[MPa] 

Mode I frac-
ture energy 

[N/mm] 

 
Displacement 

[mm] 

Damage 
parameter 

[-] 

300 0.2 0.4 0.02 
 0 0 
 0.2 0.99 

Table 6: Tensile behavior parameters. 

The compressive constitutive law was derived from the force-displacement diagrams re-
sulting from the compressive tests, with a peak value of 2.46 MPa (Fig. 6b). 

 

 
a) b) 

Figure 6: a) Mortar specimen; b) Constitutive law in compression.  

A quasi-static analysis was run to replicate the three-point bending test. Mirroring the ex-
perimental condition, a vertical load was applied at a speed of 10 N/s, as requested by [7]. On-
ly the loading roller was modelled as a discrete rigid element, while the two supporting roller 
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were substituted by a simple support constraint. The interaction between the loading roller 
and the mortar specimen was modelled again with a general contact algorithm, imposing a 
tangential friction coefficient of 0.6 and again making use of the “hard contact” for the normal 
behavior. The distortion control algorithm available in Abaqus was exploited in order to help 
the analysis reach convergence, with the distortion control length assumed as 0.01. 

The force-displacement diagram for the numerical model is plotted against the envelope of 
the experimental ones in Fig. 7a, and the output at failure is displayed in Fig. 7b. 
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Figure 7: a) Force-displacement diagrams; b) Failure mode. 

3.3 Elementary cell 

In order to derive homogenized properties for the two materials, a numerical model of an 
elementary cell was created. This cell consisted of one tubule embedded in mortar and sur-
rounded by four quarters of tubules. The finite element mesh presented 27920 nodes and 
60599 elements (49118 tetrahedron C3D4 for the mortar, and 11014 bricks C3D8 and 467 
wedges C3D6 for the tubules) as shown in Fig. 8a. Perfect adherence between tubules and 
mortar was considered; therefore tie constraints were set between mortar and each element. 
Uniaxial compressive and tensile tests were performed on the elementary cell, by applying 
different displacements along the X axis in tension and compression using a numerical load-
ing plate, modelled as a discrete rigid element. The interaction between the cell and the plate 
was modelled with a general contact algorithm, imposing a tangential friction coefficient of 
0.4 and making use of the “hard contact” for the normal behavior. The force-displacement 
diagrams of the two uniaxial tests are shown in Fig. 8b and 8c, and the failure modes in com-
pression and tension are shown in Fig. 8d and 8e respectively. 

a) b) c) 
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d) e) 

Figure 8: a) Finite element mesh for the heterogeneous elementary cell; b) Force-displacement diagram in com-
pression; c) Force-displacement diagram in tension; d) Failure output in compression; e) Failure output in ten-

sion. 

The failure mode in compression involved damage in mortar and crushing of the tubules, 
while the failure mode in tension showed the full development of a crack only in the mortar, 
with the tubules left intact. Moreover, both diagrams displayed a clear brittle mechanical be-
havior for the cell. Due to this fact, the homogenized material was conceived using the brittle 
cracking model previously described. The chosen main parameters for the model are listed in 
Table 7. 

Young’s 
modulus 
[MPa] 

Poisson’s 
ratio [-] 

Tensile failure 
stress [MPa] 

Mode I fracture
energy [N/mm] 

e p
Direct cracking 
failure displace-

ment [mm] 
690 0.15 0.62 0.05 0.05 3 0.03 

Table 7: Main properties for the homogenized material. 

The numerical model for the homogenized numerical cell used a different mesh with re-
spect to the previous case, consisting of 18642 nodes and 15721 elements (15114 bricks 
C3D8 and 607 wedges C3D6), as shown in Fig. 9a. The comparison between the heterogene-
ous and the homogenized materials in terms of force-displacement diagrams is shown in Fig. 
9b and 9c, and the outputs at failure for the homogenized case are shown in Fig. 9d and 9e. 

The diagrams in compression followed the same initial elastic branch in both cases. While 
the homogeneous diagram evolved along that branch until sudden failure occurred, the heter-
ogeneous one started deviating when a certain value of displacement was attained due to the 
damage in the mortar. After a small plateau, the diagram again evolved along a line with the 
same slope of the elastic branch, and then sudden failure occurred. It must be noted that fail-
ure in both cases occurred with the same trend. While there was only a fair correspondence 
between the two cases, the homogenized model correctly grasped the overall mechanical be-
havior in compression. 

The diagrams in tension followed again the same initial elastic branch in both cases. The 
heterogeneous diagram had a more regular evolution, after which sudden failure occurred, 
whereas the homogeneous one showed a clearer brittle behavior. This was certainly due to the 
fact that in the heterogeneous case the mortar employed a plastic model, hence the regular 
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evolution of the diagram, while the homogenized material was purely brittle thus leading to a 
true brittle failure in the model. In both cases a small knee appeared during the sudden de-
crease in the diagram. Again, despite only a fair correspondence of the two diagrams, the ho-
mogenized material was able to describe the overall behavior in tension. 

The failure mode in compression showed the crushing of the homogenized material in cor-
respondence of the loading plate (right face in Fig. 9d), in a fashion similar to the one for the 
heterogeneous case. The failure mode in tension displayed the formation of a full crack at the 
midsection of the homogenized cell, as it had to be expected since there was no more distinc-
tion between mortar and tubules. 

a) b) c) 

d) e) 

Figure 9: a) Finite element mesh for the homogeneous elementary cell; b) Force-displacement comparison in 
compression (homogeneous in grey); c) Force-displacement comparison in tension (homogeneous in grey); d) 

Failure output in compression; e) Failure output in tension. 

4 NUMERICAL INVESTIGATIONS OF AN ARCH 

A numerical model of an arch made of mortar and fictile tubules was created to further ob-
serve the response of the homogenized material, and to investigate the behavior of an actual 
structure displaying this building technique. 

The arch presented 32 rows of tubules, placed in a staggered way (each row consisted ei-
ther of 6 or 7 elements). The finite element mesh consisted of 75266 nodes and 88958 ele-
ments (60046 tetrahedron C3D4 for the mortar, and 28496 bricks C3D8 and 416 C3D6 for the 
tubules), as shown in Fig. 10. The arch was considered simply supported to the ground. 
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Linear and nonlinear static analyses were performed on the arch, both employing the ho-
mogenized material model and considering the two materials with their own properties. Non-
linear static analyses are also known as “pushover analyses” and have been largely employed 
to investigate the behavior of masonry structures under horizontal actions in a rather simple 
way [10] [11]. 

 

 
Figure 10: Finite element model for the arch. 

4.1 Linear static analyses  

A vertical displacement of 5 mm was applied at the keystone extrados section. Fig. 11 
shown the stress map of the two cases when the materials were considered linear elastic 
(which means removing brittle cracking and CDP in both cases). A comparison in terms of 
damage maps is shown in Fig. 12 for increasing values of vertical displacement at the key-
stone. 

 

a) b) 

Figure 11: Stress maps for the linear static analyses with elastic materials: a) heterogeneous case; b) homogene-
ous case. 

Except for edge effects in the mortar, the stress state in the fictile tubules was similar for 
the two cases, again demonstrating the overall correctness of the homogeneous model with 
respect to the heterogeneous one. 
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d = 1.25 mm: crack formation at the keystone. d = 1.25 mm: crack formation at the keystone. 

d = 2.125 mm: crack formation at the bases. 
d = 1.875 mm: full development of hinge at the key-

stone. 

d = 2 mm: crack formation at the base on the right. 

d = 4.375 mm: full development of hinges at the key-
stone and at the bases. 

d = 2.125 mm: crack formation at the base on the left. 

d = 4.5 mm: crack formation at 45° on the left and on 
the right. 

d = 4.5 mm: full development of hinges at the bases. 
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d = 4.625 mm: crack formation at 50° on the left. 
  

 

d = 4.75 mm: crack formation at 40° on the right. 

d = 5 mm: final output. d = 5 mm: final output. 

Figure 12: Damage map evolution for the heterogeneous case (left) and damage map evolution for the homoge-
neous case (right) for the linear static analyses. 

With respect to the evolution of the damage maps, the two cases showed a few key differ-
ences. At a certain stage, the heterogeneous case displayed the simultaneous development of 
cracks at the bases and at the keystone, whereas the homogeneous one displayed a clear se-
quence (keystone first, bases next). Moreover, in the heterogeneous case two more cracks ap-
peared simultaneously at 45°, instead in the homogeneous one they formed one after another 
and with slight differences in the location. One possible reason for these different outputs 
could be the asymmetry of the mesh with respect to the vertical axis Z. 

4.2 Pushover analyses 

The pushover analyses were carried out by applying a load along the positive direction of 
the X axis. The load distribution varied linearly with the height, and it was increased mono-
tonically until failure occurred. The control point considered for the evaluation of displace-
ments was located at the very center of the keystone extrados section. The comparison 
between the two cases in terms of force-displacement diagram is plotted in Fig. 13, and a 
comparison in terms of deformed shapes and damage maps is shown in Fig. 14. 
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Figure 13: Force-displacement at control point comparison for the nonlinear static analyses. 

The heterogeneous diagram evolved in a complex way. After a first relative maximum, it 
displayed a slight, sudden decrease, followed by a reprisal of increase. Once it attained the 
maximum force at the bases, another sudden decrease occurred which was followed by a clear 
stiffness recovery. After reaching a second relative maximum, the diagram decreased once 
again in a more regular fashion down to low values of the reaction force at the bases, suggest-
ing that a complete mechanism had formed in the arch. 

The homogeneous diagram reached a relative maximum and again displayed a slight de-
crease, albeit smaller than in the previous case. The reprisal of increase occurred once more, 
but in this case the maximum force attained is higher than the one of the heterogeneous case 
(31133 N v. 28009 N). Then the diagram displayed a relevant, sudden decrease down to very 
low values of the reaction force at the bases, suggesting again the formation of a complete 
mechanism in the arch. 
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A – First relative maximum: crack formation at the 
bases. 

A – First relative maximum: crack formation at the 
bases and at 30° and 60° on the left. 

B – Absolute maximum: full development of hinges at 
the bases and at 35° on the left, crack formation on the 

right. 

B – Absolute maximum: full development of hinges at 
the bases and at 30° and 60° on the left, crack for-

mation on the right  MECHANISM. 

 

C – Second relative maximum: full development of 
hinges at 50° on the left and at 40°-45° on the right  

MECHANISM. 
 

D – Low resistance: further cracks on the right, de-
tachment of tubules. 

C – Low resistance: full development of hinges at 30°-
60° on the right. 
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E – Ultimate state: collapse of the arch. D – Ultimate state: collapse of the arch. 

Figure 14: Damage map and deformed shape evolution for the heterogeneous case (left) and damage map evolu-
tion and final deformed shape for the homogeneous case (right) for the nonlinear static analyses. 

Although the evolution of the force-displacement diagrams was different, the damage maps 
were sufficiently similar in the two cases. The main discrepancy consisted of the stiffness re-
covery displayed by the heterogeneous diagram, which delayed the formation of the full 
mechanism, but otherwise a fair correspondence could be noticed between the two cases in 
general and also in the ultimate state. 

5 CONCLUSIONS  

Fictile tubules were a common construction technique in Southern Italy. They helped the 
buildings resisting disastrous earthquakes typical of that region. Different areas presented dif-
ferent shapes of tubules. Fictile tubules and mortar were each experimentally tested to charac-
terize the two materials. Experimental tests were simulated via numerical analyses in Abaqus 
to obtain mechanical properties with material models available in the software. A numerical 
model of an elementary cell was created for homogenization purposes. The homogenized ma-
terial was able to correctly mirror the overall behavior of the two materials placed in full in-
teraction. 

Linear static analyses performed on an arch consisting of tubules and mortar showed suffi-
cient accuracy of the homogenized material, albeit displaying a few key differences in terms 
of damage evolution that could be explained by an asymmetric mesh. Moreover, nonlinear 
static analyses on the same arch led to slightly different force-displacement diagrams, whilst 
displaying a similar evolution in damage maps. 

Linear and nonlinear static analyses could be repeated using a more regular mesh to check 
if the discrepancies disappear. As a further development, nonlinear dynamic analyses could be 
performed using the accelerogram of an earthquake occurred in the region to check the behav-
ior of the arch under seismic actions. 
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Abstract. The out-of-plane dynamic response of a masonry element is investigated, both expe-
rimentally and numerically. The results of shaking table tests on a tuff masonry wall, subjected
to harmonic acceleration histories, are presented. An isotropic nonlocal damage-plastic model,
accounting for the masonry strength-stiffness degrading and hysteresis mechanisms, is intro-
duced in a finite element procedure to numerically describe the masonry structural response.
A simplified scheme is analysed, where the wall is completely restrained at the base and free
at the top. The measured top displacement history is compared with that numerically evalua-
ted, obtaining a satisfactory agreement. Moreover, the effects of the onset and evolution of the
degrading mechanisms in the masonry wall are highlighted.
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1 INTRODUCTION

In the last decades, many efforts have been devoted to develop efficient procedures for the
assessment of the seismic safety of masonry structures. This is a challenging task, especially
related to the wide spread of masonry buildings in the Italian historical and architectural heri-
tage. Moreover, the recent Italian earthquakes have further highlighted the relevance of this
issue. The analysis of the earthquake’s effects on masonry structures [1, 2] has led to define a
collapse hierarchy, considering three main mechanisms: crumbling, out- and in-plane failure.
When the masonry crumbling is prevented, it has been widely assessed that the out-of-plane
collapse mechanisms are the most frequent. Regarding the out-of-plane behavior of unrein-
forced masonry walls, several theoretical and experimental studies have highlighted that these
walls show a deformable behavior during the first stage of the response. As the loading process
proceeds, depending on the wall boundary conditions, the concentration of the damage in small
areas of the walls leads to the formation of nonlinear hinges and the panels rotate as rigid blocks
[3]. Although the out-of-plane response is affected by many factors, such as the level of axial
force and the boundary conditions [4, 5], simplified structural schemes are commonly adopted.
Different modeling approaches can be used [6], that is microscopic, macroscopic, multi-scale,
as well as simplified macro-element formulations. All account for the masonry nonlinear con-
stitutive behavior, by introducing damage-plastic models to describe the degrading of strength
and stiffness and the hysteresis mechanisms, typically occurring in masonry response.

This study focuses on the out-of-plane dynamic response of a tuff masonry wall, subjected
to harmonic acceleration histories, both experimentally and numerically. The main aim is to
investigate the effects of the nonlinear phenomena, such as the onset and propagation of micro-
cracking, on the wall dynamic response. Experimental tests are performed on a one-direction
horizontal shaking table, considering a simple scheme for the wall, rigidly connected to the
table at the base and free at the top. Sinusoidal acceleration motions with increasing amplitudes
are assigned. Such simple inputs are selected, instead of natural earthquake histories, to better
characterize the wall dynamic response and its dependence on the main properties of the loading
history, such as frequency and amplitude [7]. The wall is equipped with various instruments,
to measure the displacement and acceleration response, as well as the variation of the natural
frequencies after each loading stage. A numerical study of the analyzed wall is also performed,
by adopting the macroscopic damage-plastic model for masonry presented in [7, 8] and limiting
the analysis to the range where the wall exhibits a deformable behavior, before the transition
to the rigid block response. The adoption of a macroscopic modeling approach represents a
fair compromise between accuracy of results and computational effort. The model mechanical
parameters are identified on the basis of experimental tests and a finite element (FE) procedure
is adopted to perform the numerical analysis. The experimental and numerical outcomes are
compared in terms of top displacement response and damage distribution, giving a satisfactory
agreement regarding the main features of the wall nonlinear dynamic behavior.

2 DAMAGE-PLASTIC MODEL

A macroscopic isotropic damage-plastic model is adopted to investigate the dynamic re-
sponse of a tuff masonry wall. This model, formulated on the basis of that presented in [8], is
able to capture:

• the degrading processes developing in masonry material for prevailing tensile and com-
pressive states, through the introduction of two different scalar damage variables Dt and
Dc, respectively;
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• the onset and growth of irreversible strains by means of a classical J2 plasticity model
with kinematic hardening;

• the unilateral effect linked to the re-closure of the tensile cracks, when the material un-
dergoes compression strain states.

Thus, the following stress-strain relationship is proposed:

σ = [(1−Dt)αt + (1−Dc)αc]
2C (ε− εp) (1)

where C is the elastic constitutive matrix for plane-stress conditions, and ε and εp denote the
total and plastic strain vectors, respectively. Dt and Dc are the damage scalar variables for
prevailing tensile and compression strain states, respectively. These range between 0 (initial
undamaged material) and 1 (completely damaged material), and satisfy the irreversible thermo-
dynamic constraint, that is Ḋt/c ≥ 0. The evolution of the damage variables is driven by two
equivalent strain measures, Yt and Yc, defined on the basis of the total principal strains ε̂i, as:

Yt =

√√√√ 3∑
i=1

〈ei〉2+ Yc =

√√√√ 3∑
i=1

〈ei〉2− + κ
3∑

i=1

∑
j 6=i

〈ei〉− 〈ej〉− (2)

with,

ei = (1− ν) ε̂i + υ
3∑

j=1

ε̂j , (3)

The weigthing coefficients αt and αc in Eq. (1) are defined as:

αt =
Y e
t /Yt0

Y e
t /Yt0 + Y e

c /Yc0
αc = 1− αt , (4)

where the principal elastic strains ε̂ei are introduced to evaluate Y e
t/c. Note that the parameter αt

takes the unit value for pure tensile states and vanishes in pure compression. Therefore, in all
possible strain states, αt/c varies in the range [0, 1].
Two different damage limit functions, Ft and Fc, are defined to rule the evolution of Dt/c , as
follows:

Ft = (Yt − Yt0)−Dt (atYt + bt) (5)
Fc = (Yc − Yc0)−Dc (acYc + bc)

Mac’Auley brackets 〈•〉+/− in Eq. (2) select the positive and negative part of the quantity; Yt0
and Yc0 are the damage initial thresholds in tension and compression; at/c and bt/c govern the
shape of the constitutive law, affecting mainly the slope of softening branches and the peak
strengths, respectively. Note that the equivalent compressive strain Yc in Eq. (2) contains the
material parameter κ, which influences the shape of the limit function for bi-axial compression
states.
To overcome the mesh-dependency problems emerging in presence of strain-softening beha-
vior, a classical nonlocal integral procedure is adopted [9], and the integral definition, Ỹt/c, of
the damage associated variables is introduced.
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The classical J2 plasticity model for plane stress problems [10] is adopted to account for the
onset and growth of the irreversible strains, denoting with σy and Hk the yield stress and the
kinematic hardening, respectively.

In Figure 1, the uni-axial cyclic stress-strain law is depicted with reference to the mechanical
parameters in Table 1. Note that the adopted constitutive law correctly reproduces the unilateral
effect, as well as the hysteresis loops. The presented formulation has been introduced in a
9-node quadrilateral finite element and implemented in the FEAP code [11].
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Figure 1: (a) Uni-axial cyclic stress-strain law, (b) tensile constitutive response and (c) imposed strain.

3 EXPERIMENTAL TEST

3.1 Geometry and material properties

The test specimen consists in a single leaf wall schematically shown in Figure 2(a). This is
made of 19 corses of tuff bricks arranged in running bond with natural hydraulic lime mortar
joints. The sizes are H = 2280 mm, L = 570 mm and B = 260 mm. The brick first row is
clamped in a steel beam C300 with the interposition of a mortar bed joint, linking the wall to
the beam. Thus, the wall is considered as completely restrained at the base.

Dynamic identification tests have been performed to measure the specimen natural frequen-
cies and the initial undamaged elastic modulus. To this end, an instrumented hammer and an
accelerometer have been placed at the last corse of bricks in the middle of the wall. Figure
3(a) shows the Fast Fourier Transform (FFT) of each impact (solid grey lines) and the average
curve (black line). The results obtained by the different impacts are comparable in terms of
natural frequencies. Moreover, the ratio between the first natural frequency, equal to 7.3 Hz,
and the second, equal to 42.9 Hz, confirms that the fully restrained base condition is correctly
reproduced, as this approaches the ratio analytical value equal to 5.94, evaluated by means of
the Timoshenko beam theory. The mass density of the masonry material has been measured
through a load cell, resulting equal to ρ = 1577 kg/m3. On the basis of the natural frequencies
and the mass density values, the Young’s modulus of the homogenized masonry material has
been computed.
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Some other relevant material properties have been derived from previous experimental tests
on the same masonry material [12].

Table 1 contains the adopted material parameters, used to perform the numerical analysis.
Finally, in Figure 2(b) the numerically computed uni-axial compressive stress-strain law is com-
pared with the experimental one, showing a good match.
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Figure 2: (a) Schematic of the specimen; (b) stress-strain curves under uni-axial compression.

Elastic parameters Plastic parameters
E [MPa] ν σy [MPa] Hk [MPa]

1300 0.18 3.7 0.1E
Damage parameters

Yt0 Yc0 at ac bt bc
1.0E-05 1.0E-03 0.995 0.995 3.5E-05 6.0E-03

Table 1: Masonry material parameters.

3.2 Test setup and input motions

The wall in Figure 2 has been experimentally tested in the laboratory of the Department of
Structural and Geotechnical Engineering of Sapienza University of Rome, placing it on a one-
direction horizontal shaking table. The sizes in plane of the table are of 1500 mm× 1500 mm,
the upper and lower bounds of the imposed displacement are ±200 mm and the exciting fre-
quencies can range between [1÷ 20] Hz. The out-of-plane dynamic response of the wall, con-
nected to the shaking table, has been investigated by measuring accelerations and displace-
ments in the direction of motion. More in details, three linear variable displacement trasducers
(LVDTs) have been placed: two at the top of one vertical side of the wall, so as to observe any
torsional motions, and one at the base of the shaking table. Moreover, five accelerometers have
been set: one at the base of the wall, two on the top, and the others at the center of the two
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vertical sides orthogonal to the motion direction. In Figure 4 (a) the picture and (b) the scheme
of the test setup are shown: here the LVDTs and the accelerometers are depicted with square
and circular markers, respectively.

Concerning the input motions, sinusoidal accelerations with different amplitudes and fre-
quencies have been considered. Hereafter, the most relevant results are presented, correspond-
ing to the excitation frequency Ω lower than the first natural frequency of the wall ω1, as the
resonance frequency is moved leftward, when the degrading processes occur. Table 2 contains
the amplitudes of the applied accelerations, considering η = Ω/ω1 = 0.65, corresponding to
the input frequency Ω = 4.7 Hz.
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Figure 3: Natural frequencies of (a) the elastic and (b) damaged wall.

As shown in Table 2, the first applied input motions (Run 1 and 2a) immediately achieve their
designed amplitude, while the others are characterized by five incoming and outgoing fading
cycles. These have permitted to avoid amplified transient responses that could have caused
undesirable damages, making the monitored results unsuitable.

Run 1 2a 2b 3 4 5
Amplitude [mm/s2] 200 300 300 500 700 900

Fade in cycle X X X X

Table 2: List of the input sinusoidal waves.

3.3 Experimental and numerical results

The experimental results, in terms of time histories of the wall top relative displacement, are
shown in Figure 6(a) with black line. These highlight that the wall structural response, arranged
in sequence according to the imposed input motions, is strongly affected by the nonlinear de-
grading mechanisms evolving in the masonry. Indeed, the specimen has exhibited a degradation
of the mechanical properties during the tests, causing a relevant modification of its structural
response. This is also evident in Figure 3(b), where the frequencies of the damaged wall are
shown. These have been deduced by the FFTs of the measured top displacement responses.
The reduction of the wall first frequency points out that a progressive damage has occurred. As
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(a) (b)

Shaking table

Displacement
trasducers

Accelerometers

Figure 4: (a) Picture and (b) schematic of the test setup.

the amplitude of the applied acceleration has been increased, the degrading process has evolved
and the first natural frequency of the damaged structure has approached to the input frequency,
moving the structural element towards the resonance condition. During Run 3, the wall top
displacement shows a progressive slight amplification, while during Run 4 a steep growth, typ-
ical of the resonant conditions, occurs. After this, a fairly stable response is noted, showing
that the further variation of the natural frequency during Run 4 distances the structure from the
resonance conditions. Furthermore, no significant plastic phenomena occur, as, due to the ge-
ometry of the wall, the damaging flexural mechanisms located at the wall base are predominant.
Indeed, all the damage seems to be concentrated in a mortar bed joint at the base, which causes
MODE I collapse of masonry. Concerning the numerical simulations, a mesh of 26× 3 9-node
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Figure 5: Comparison between the recorded and target input signals.
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quadrilateral FEs is used, setting the nonlocal radius lc = 130 mm. A damping ratio of 3% is in-
troduced. The Newmark implicit time integration scheme is adopted to solve the FE governing
equations, together with the Newton-Raphson procedure to determine the nonlinear solution in
each time step. It is worth noting that a little discrepancy (see Figure 5) between the sinusoidal
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Figure 6: (a) Experimental and numerical top displacement response and (b) tensile damage distribution.

target inputs (red line) and those recorded by the shaking table (black line) has emerged, such
differences resulting more evident in the case of the lower amplitude inputs. The input signals
recorded by the table have been used for the numerical simulations. However, the analyses have
shown that the wall overall behavior is not affected by these slight discrepancies. In Figure
6(a) the numerically obtained results are depicted in red, considering the material parameters
in Table 1. The results are presented by arranging the numerical response to each input mo-
tion according to the sequence shown in Table 2, aiming at reproducing the actual pattern of
the degrading process. On the overall, the model is able to describe the main aspects of the
wall dynamic response. Indeed, the actual resonance condition and the maximum displacement
experienced by the wall are satisfactorily matched. However, the main discrepancy between
the experimental and numerical response emerges in Run 3, where the degrading process in the
numerical simulation evolves much more slowly than in the experimental response. Indeed, the
resonant response starts during Run 3 and ends in Run 4 in the experimental outcomes, whereas
this is concentrated in Run 4 as concerns the numerical results. This is probably due to the
effect of the fatigue damage, which is not included in the presented model. Furthermore, both
numerical and experimental curves show slight differences in the response amplitude between
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Run 4 and 5, although the amplitude of the input signal exhibits an increase of 30%. This means
that the wall has departed from the resonance conditions.

In Figure 6(b), the damage maps are shown at the end of each Run. These are in agreement
with the degrading processes observed during the experimental tests. During Run 1, no damage
occurs in the numerical simulation, despite a decay of 4% in the first natural frequency has been
experimentally estimated. However, the displacement responses are overlapped, which means
that damaging process has not substantially affected the structural behavior. No increase of
damage appears between Run 2a, 2b and 3, as the maximum displacements exhibited by the
wall are the same. During Run 4, where the wall experiences the resonance conditions, the
formation of severe damaged zones located at bottom corners of the walls appears.

To highlight the model ability in reproducing the actual progression of the degrading process
in the wall, a further numerical simulation has been performed, assigning the input sequence
made of Run 3 and 4 on the initial undamaged wall. A modified degraded value of the Young’s
modulus, E = 1080 MPa, is adopted, set consistently with the FFT results reported in Figure
3(b). The obtained numerical response (green line) is shown in Figure 7(a), compared with
the experimental curve (black line). In this case, the model better describes the experimental
outcomes with respect to the results shown in Figure 6(a). Despite the numerical resonance
condition is slightly shifted with respect to the actual one, there is a better match in terms of
top displacement amplitude. This is also confirmed in Figure 7(b) and (c), where the FFT of
the top displacement response is presented both for the experimental case (black line) and for
the numerical simulations reported in Figure 6(a) (red line) and 7(a) (green line), respectively,
pointing out a satisfactory agreement in terms of frequency content and amplitude. The re-
sponses are characterized by two main frequencies, that are the forcing and the natural one,
and show, once again, the variation of the wall natural frequencies, when the degrading process
evolves.
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Figure 7: (a) Experimental and numerical top displacement response and their Fourier spectra during (b) Run 3
and (c) Run 4.

4 CONCLUSIONS

• A shaking table test has been carried out to investigate the out-of-plane dynamic behavior
of a tuff masonry wall. The top displacement response of the specimen has been moni-
tored under sinusoidal acceleration input with a fixed frequency and increasing amplitude.
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• The experimental results have highlighted the significant influence of the nonlinear mecha-
nisms evolving in the masonry on the structural response. A reduction of the wall first
frequency is associated with the onset of damage. Thus, the panel initially approaches to
the resonance conditions, then, comes out when further degradation occurs.

• A finite element procedure has been implemented, introducing a nonlocal damage-plastici-
ty model. In spite of the complexity of the phenomena, the experimental and numerical
results are in good agreement, as both the resonant response and the maximum displace-
ment experienced by the wall are satisfactorily matched. Slight differences arise regarding
how the damage evolves, more regular in the experimental tests compared with numerical
simulations. This could be probably due to some limitations of the adopted model, which
currently does not account for the degrading process related to the repeated cycle loading.
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Abstract. Villa Diomede is a great roman building located on the western corner of the modern 
archaeological site of Pompeii, built during III century BC and discovered between 1771 and 
1774 during archaeological excavations. The system is composed by three levels: the road level, 
the garden level, which hosts the portico structure, and the underground level.  
The building includes diverse types of masonry with a wide range of unit shapes, dimensions 
and materials (i.e. tuff, limestone, volcanic stone, clay brick etc.). Besides, an unconventional 
tuff masonry type was observed on some structures of the garden; it reveals inclined head joints, 
whose structural function is still unknown. 
The paper reports the numerical micro-modeling of this particular texture of masonry, where 
the constitutive materials (tuff units and mortar) are discretized. The main goal of the work is 
the assessment of inclined masonry joints as an aseismic detail compared with widespread 
traditional tuff running bond masonry. 
Micro models of masonry wallettes were created assigning a non-linear constitutive behavior, 
i.e. total strain crack model (with a parabolic behavior in compression and an exponential 
softening behavior in tension, whereas damage due to tensile cracking was modeled adopting 
a rotating crack model). Moreover, brittle 2D interfaces were modeled between mortar and 
units at inclined joints surfaces. 
The paper focuses on numerical prediction of compressive response of masonry models 
subjected to uniaxial compressive tests. 
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1 INTRODUCTION 

The ancient town of Pompeii was founded in VII century BC by Oscii civilization and then 
conquered by Romans during III century BC. Thus, it became one of the most important cities 
of the Campanian region, developing its urban area and economy thanks to oil and wine trade. 
Unfortunately, two disastrous events occurred during AD I century: the earthquake of AD 63 
and the Vesuvius eruption of AD 79. The latter constituted the end of Pompeii, burying the 
town and conserving it until XVIII century, when archaeological excavations brought it to light. 
Nowadays, the archaeological site of Pompeii is probably one of the greatest examples of 
Roman cultural heritage, where a wide range of ancient buildings are conserved and visited by 
millions of people every year. Nevertheless, the importance and extension of the site require a 
great effort for its preservation, in which both archaeological and structural engineering fields 
are involved. 

In this framework, Villa Diomede is a great ancient villa which arises along Via delle Tombe, 
on the western corner of the modern archaeological site and near the famous Villa dei Misteri 
(Figure 1a). It was the object of a research campaign carried out in 2015 by Ecolé Normale 
Supérieure of Paris and the Department of Civil, Environmental and Architectural Engineering 
of University of Padova.  

1.1 Villa Diomede 

The building was built during III century BC and discovered during excavations of Pompeii 
of XVIII century (1771-1774), when a renewed interest in archaeological buildings and sites 
grew in Europe. Its history can be subdivided into three major periods: Pre-Roman period, 
Augustan period and Nero-Flavio period [1]. Modern aspect of the building is the result of 
transformations and events it suffered, as seismic event of AD 63, which damaged some 
portions of the structure and caused collapse of a part of portico structure. 

The villa consists of three levels: the road level, the garden level and the underground level 
(Figure 1b). The road level, at the highest location, hosts the entrance, a courtyard and the main 
rooms of the house (e.g. kitchen, baths, bedrooms etc.). From this floor is possible to descend 
in the level of the garden that has a square plan on which the portico structure (i.e. quadriportico, 
four sided colonnade) stands. At last, the underground level (i.e. cryptoportico) constitutes the 
ancient cellars. 

Masonry is the major structural material and it is composed of several types of resistant 
elements in terms of dimensions, shapes and materials, such as Neapolitan yellow tuff,  

 
a) 

 
b) 

Figure 1. Villa Diomede: a) location in the archaeological site of Pompeii, b) survey of the three levels.  
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Nocera tuff, Sarno limestone, volcanic stone and clay brick. At road level, structural elements 
are often built with opus incertum and opus mixtum techniques, whereas at garden level running 
bond tuff masonry is the predominant construction material (Figure 2a) [3][4]. In addition, an 
unconventional masonry typology was observed, characterized by inclined head joints with 
trapezoidal and parallelogram units (Figure 2b, 2c). 

a) b) c) 

Figure 2. Details of running bond tuff masonry (a), inclined head joints tuff masonry (b,c) 

This peculiar masonry texture is located in some portions of southern colonnade pillars and 
perimeter walls. It was rarely encountered and its aim is still unknown: one of the possible 
hypothesis may be its adoption as an aseismic structural detail. 

The object of the paper is the numerical characterization of the compressive behavior of in-
site inclined joints masonry and widespread running bond masonry. This is achieved by means 
of finite element analyses of representative specimens consistent with structural and geometric 
surveys. 

1.2 On-site inspections 

In 2015 a survey campaign was performed by the University of Padova, in which structural 
and geometrical information were obtained. These provided data for a critical survey map, 
where damage status and construction phases were reported. Most widespread damage was 
chemical and physical decay, which affects stone units and lime mortar, often found in a 
pulverized status. 

Furthermore, a series of non-destructive inspections (NDT) were performed, i.e.: (i) direct 
sonic pulse velocity tests and sonic tomographic tests, to evaluate the status of the masonry 
structures, to detect internal voids and damages and to a qualitative evaluation of the masonry 
composition; (ii) endoscopies, applied all through the floors on existing holes, in order to 
measure the depth of damages and the inner masonry composition; (iii) dynamic identification 
tests, executed on the remaining structural elements of the villa to extract their dynamic 
properties. 

Sonic tests reported a scarce conservative state of masonry structures, which usually are 
plenty of voids due to binder pulverization. The low average velocities of sonic pulse recorded 
on-site suggest a low quality of masonry. Endoscopic tests confirmed the presence of irregular 
soft stones held together by a great amount of mortar.  At last, dynamic identification tests 
showed a global dynamic behavior of the quadriportico structure, thus suggesting a good 
attachment between the four colonnades. Otherwise, walls of road level showed individual 
behaviors, as the attachment between them is quite scarce.  
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2 MODELING STRATEGY/METHODOLOGY 

In order to perform the numerical prediction of compressive behavior of widespread 
masonry typologies surveyed at garden level of Villa Diomede, i.e. running bond masonry and 
inclined head joints masonry with tuff units and lime mortar, the following procedure was 
adopted: 

1. Analysis of masonry textures surveyed at garden level in CAD environment; 
2. Design of representative simplified geometrical models; 
3. Generation of 3-D finite element micro-models of specimens; 
4. Implementation of material properties provided from scientific literature; 
5. Execution of uniaxial compressive test on micro-models under displacement control; 
6. Sensitivity analysis performance of compressive behavior to mechanical parameters; 
7. Elaboration and discussion of results. 

2.1 Geometry 

The generation of a FE micro-model requires the design of a simplified little size geometrical 
model able to simulate mechanical behavior of masonry components (i.e. units, mortar and their 
bond). Thus, masonry textures surveyed on-site were analyzed and reproduced in CAD 
environment, in order to extrapolate micro mechanical samples (Figure 3). 

 a) 

 

b)  c)  

d)  e)  

Figure 3. Scheme of geometrical micro models extrapolation. Analysis of masonry textures (a); RRB (b), IRB 
(c), PIJ (d), TIJ (e) geometrical samples 

Two types of inclined head joints specimens and two types of running bond specimens were 
generated for a total of 4 models of 3 rows of units, namely: 

a) Running bond masonry (RRB); 
b) Irregular running bond masonry, with vertical head joint moved at the third of the 

brick (with the purpose to simulate irregular head joints in archaeological running 
bond masonry) (IRB); 

c) Inclined head joints and parallelogram units (PIJ); 
d) Inclined head joints and trapezoidal units (TIJ). 

2.2 FE modeling 

As micro-modeling approach the so-called meso model was adopted ([5][6]), in which units 
and mortar are discretized assuming a perfect bond between them. In addition, inclined bond 
surfaces (in inclined head joints specimens) were modeled introducing zero-thickness interface 
elements, whose failure occurs by separation under tension and shear slipping. 
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The analyses was performed with the FE code TNO DIANA FEA 9.6 [7]: meshing process 
was here applied on geometrical samples in order to generate finite elements. 3-D models were 
generally discretized adopting 8-noded (HX24L) and 6-noded (TP18L) linear brick elements. 
Element size is 5×5×5 mm. Besides, 8-noded interface elements Q24IF were implemented in 
inclined joints samples. Therefore, sample no. 1 and no. 2 were both composed by 81216 
HX24L elements outlined by 22445 nodes. Sample no. 3 and no. 4 were both composed by 
75024 HX24L and 1152 TP18L brick elements, while 11124 Q24IF 2-D interface elements are 
added at inclined surfaces. 

The thickness of the specimens was halved in order to reduce computational effort, thus 
exploiting the existing symmetry in a single leaf masonry. Boundary conditions are the same 
for all models: base is fixed, whereas symmetry constraints are applied on the back surface. 
Lateral surfaces have no constraints, relying on low height of the model, so reducing potential 
buckling effect. On the top surface compressive displacement load was applied. 

The four final finite element models are reported in Figure 4. 

a) b) c) d) 

Figure 4. Finite element models: regular running bond - RRB (a), irregular running bond IRB - (b), inclined head 
joints masonry with parallelogram units - PIJ (c), inclined head joints masonry with trapezoidal units - TIJ (d) 

2.3 Material models 

TNO DIANA permits to implement various constitutive models for compressive and tensile 
behaviors, i.e. the so-called total strain based crack model, which adopts a pressure dependent 
plasticity curve in compression and a smeared cracking model in tension, whereas tensile 
cracking is described by a rotating crack model. 

Compressive behavior was modeled adopting a parabolic curve based on fracture energy Gf,c 
[7], which is described by three characteristics strain values [9] (i.e., εc/3, εc, εu), as shown in 
Figure 5a. In addition, the increase of strength due to lateral confinement is modeled through 
Hsieh-Ting-Chen failure surface [10] and Selby & Vecchio proposal [11]. 

Tensile behavior was modeled adopting a linear stress-strain relationship until tensile 
strength is reached. The post peak is described by an exponential softening curve governed by 
tensile fracture energy (Figure 5b). A crack bandwidth h=(V)1/3 is assumed, where V is the 
finite element volume [11]. 

The shear behavior was simulated by adopting a rotating crack approach, where shear 
stresses at cracks are set to zero. Therefore, shear stiffness was not reduced after cracking. 

The interface between units and mortar was simulated through a discrete cracking model 
based on a total deformation theory, where interface tensile forces are function of relative 
displacements and a very high normal stiffness. Elastic relationship was assumed until tensile 
strength peak achievement (where brittle failure occurs), with normal stiffness set to zero. As 
for normal stiffness, interface shear stiffness was assumed equal to zero after cracking, 
following a brittle behavior. 
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a) b) 

Figure 5. Total strain based crack model: compressive constitutive law (a) and tensile constitutive law (b) [5]. 

2.4 Assumed values 

Materials surveyed on garden level walls were mainly Neapolitan yellow tuff, Campanian 
grey tuff and lime mortar. Destructive tests were not allowed on the structures of Villa Diomede, 
thus units and binder properties were not experimentally known. Therefore, numerical values 
were derived from scientific literature [8].  

Element 
E 

[Mpa] 
ρ 

[KN/m3] 
ν 

fc

[MPa] 
Gfc 

[N/mm] 
ft

[MPa] 
Gft

[N/mm] 
En,i

[N/mm3] 
Es,i

[N/mm3] 
ft,i

[MPa] 
Tuff 1800 12 0.15 2.5 2.5 0.25 0.00625 - - - 

Mortar 450 18 0.2 1.5 1.5 0.15 0.0025 - - - 
Interface - - - - - - - 106 106 0.15 

Table 1. Numerical materials data 

2.5 Solution method and loading 

Nonlinear analysis procedure was Secant (Quasi-Newton) with Crisfield method and a 0,1% 
energy norm. A Line search algorithm was also used to predict iterative displacements 
increments. The loading was applied as a displacement, increasing by 0.25 mm size steps, in 
order to control equivalent applying force discretization. The convergence criterion was based 
on displacement, force and energy for iterations check (whose maximum number was limited 
to 100). Parallel direct sparse solver in DIANA code was selected. 

3 RESULTS 

Current modeling strategy for compressive behavior prediction of masonry structures was 
validated by research work performed by Drougkas et al. [6]. The method is intended to be 
applied in specimens where units have a higher compressive strength and stiffness than mortar. 

Numerical compressive test allows identifying material stress-strain compressive 
constitutive law and to extrapolate parameters such as Young’s modulus, compressive strength 
and strain. This approach provides the identification of masonry properties from components 
characteristics such as materials parameters and elements shapes, by means of nonlinear 
structural analysis. Analyses results of the four specimens were compared to investigate the 
influence of the inclined joints. Finally, nonlinear sensitivity analyses were performed to 
generate sensitivity curves of masonry specimens and assess their global properties starting 
from the variation of the mechanical parameters of the constitutive materials (mortar and units). 

2465



M. Salvalaggio, P. Roca Fabregat, M. R. Valluzzi, F. Lorenzoni 

Specimen Et [MPa] Es [MPa] fc [MPa] εe [mm/mm] εu [mm/mm] 
01_RRB 1320 1220 2.44 0.177% 0.333% 
02_IRB 1315 1220 2.43 0.177% 0.271% 
03_PIJ 1300 1215 2.13 0.167% 0.187% 
04_TIJ 1300 1215 2.12 0.167% 0.187% 

Table 2. Comparison of numerical analysis results of the four cases 

3.1 Analysis of results 

Tests results are reported in Table 2 and stress-strain curves in Figure 6a. Failure mode crack 
patterns of specimens are reported in Figure 6b, c, d, e. 

The RRB and IRB cases revealed similar behaviors. Compressive curves showed a linear 
elastic behavior until 0.177% strain value and the appearance of first cracks in the head joints. 
At 0.25% strain value, crushed mortar joints expansion caused an increment of units stress and 
the damage of horizontal mortar-unit bond. Here maximum stress peak of 2.43 MPa was 
reached, thus achieving maximum compressive strength of units. The post-peak behavior was 
different between IRB and RRB specimens: the former collapsed with a little increment (at 
0.271% strain value), whereas the latter was able to keep a stable configuration until the 
achievement of 0.333% strain value. 

Although crushing of units is not usual for running bond masonry, however it may occur and 
affect global collapse mode when units and mortar have comparable compressive strength [6], 
as in this case.  

 
a) 

 
b) RRB 

 
c) IRB 

 
d) PIJ 

 
e) TIJ 

Figure 6. Numerical stress-strain diagrams comparison (a). Failure mode crack status for RRB (b), IRB (c), PIJ 
(d), TIJ (e): blue dots indicate partially open and loading cracks, pink dots indicate partially open and unloading 

cracks, red dots indicate open and unloading cracks. 

The PIJ and TIJ samples showed similar behaviors. Stress-strain relationship was linear until 
0.167% strain value: first cracks were concentrated in inclined mortar joints and did not affect 
horizontal mortar-unit bond (Figure 7b). After that, units began to slide on inclined planes 
generated by joints’ failure, so increasing stress status on adjacent (upper and lower) units and 
causing the vertical opening cracks passing through the thickness of the specimen. Failure 
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occurred soon at 0.187% strain value, when cracks reached the whole height of the bricks 
(Figure 7c).  

The quasi-fragile collapse mechanism observed in inclined head joints samples was thus 
governed by head joints, which rule cracks generation (Figure 7). On the contrary, failure mode 
of running bond specimens involved units strengths and allowed specimens developing their 
nonlinear capacity. This difference led to a reduction in terms of strain capacity and ductility in 
inclined head joints samples, as reported in Figure 6a. 

a) b)  c) 

Figure 7. Evolution of crack status of PIJ specimen for 0.0729% (b), 0.1458% (c) and 0.187% (d) strain values. 

3.2 Sensitivity analysis for compression test 

The lack of information about archaeological structures of Pompeii makes any numerical 
result subjected to wide approximation and error ranges. Thus, the relationship between 
masonry global properties and its components was investigated through sensitivity analysis. 
Numerical tests demonstrated that the mechanical properties of the components (mortar and 
units) have a strong influence on the global behavior. 

Eu 

[MPa] 
Em 

[MPa] 
fcu,

[MPa] 
Gfc,u 

[N/mm] 
fcm,

[MPa] 
Gfc,m 

[N/mm] 
ftu 

[MPa] 
Gft,u 

[N/mm] 
ftm 

[Mpa] 
Gft,m 

[N/mm] 
1800 450 2.5 2.5 1.5 1.5 0.25 0.00625 0.15 0.0025 
1200 300 1.8 1.8 1 1 

0.1 0.001 
0.10 0.001 

600 200 1.2 1.2 0.5 0.5 0.05 0.00025 

Table 3. Mechanical parameters subjected to sensitivity analyses 

Sensitivity analyses were performed through uniaxial compressive tests and varying the 
parameters reported in Table 3. This type of analysis requires long computation time, especially 
if performed in nonlinear field. Thus, in order to reduce the complexity of sensitivity nonlinear 
problem, fracture energies were related to tensile and compressive strength, as follows: 

Gfc = d ‧ fc  [11] (1) 

Gft = 0.025( 2ft )2 [12] (2) 

In addition, only two most representative specimens of each typology were tested (i.e. RRB 
and TIJ).  

One of the most interesting results were obtained for mortar compressive strength variation. 
In RRB specimen, a reduction in terms of ductility factor and compressive strength was 
observed (Figure 8a). Actually, failure mode moves to a quasi-brittle failure for mortar 
compressive strength decreasing (with units compressive strength kept fixed). The same 
variation in TIJ specimen showed a clear reduction of ultimate capacity and compressive 
strength (Figure 8b). 
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a) 

 
b) 

Figure 8. Stress-strain relationship in function of variations of mortar compressive strength: RRB case (a) and 
TIJ (b) 

The variation of mortar Young’s modulus confirmed the main role played by head joints in 
inclined joints masonry failure mode: actually, the confinement effect of mortar due to the in-
crement of its deformability was majorly enhanced in TIJ sample than RRB one, as reported 
in Figure 9. At mortar elasticity modulus decreasing, ultimate strains basically remained the 
same in RRB case, whereas in TIJ case they have a significant variation. 

 
a) 

 
b) 

Figure 9. Stress-strain relationship in function of variations of mortar Young’s modulus: RRB case (a) and TIJ 
(b) 

4 CONCLUSIONS 

Micro mechanical finite element modeling is a powerful tool, able to simulate a wide range 
of masonry specimens in a relatively little computation time. Conclusions derived by numerical 
studies cannot be assumed as absolute statements, nevertheless their comparison with other 
validated numerical studies allows outlining some preliminary qualitative indications, as 
follows: 
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- Inclined head joints masonry has minor compressive displacement capacity and 
compressive strength than widespread running bond; 

- The closed values of mechanical parameters (e.g. compressive strength and Young’s 
modulus) assumed by mortar and units in archaeological masonry affect the failure 
mode of the composite; 

- The role of inclined head joints in failure mode is remarkable, thus suggesting the 
need of further experimental investigations. 
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Abstract.  In this paper, we discuss the main issues concerning the use of point-based models 

to represent contact interactions in computational limit analysis and non-smooth contact dy-

namics of masonry structures. To investigate the response of masonry structures, numerical 

models composed of rigid blocks interacting at contact points located at the vertexes of the 

interfaces are used. A no-tension behavior with finite friction and infinite compressive strength 

is assumed at contact interfaces. The limit analysis problem and the contact dynamic problem 

are formulated in terms of equilibrium equations, which relate external and contact forces, 

kinematic equations, which ensure compatibility between contact displacement rates and block 

degrees of freedom, and additional relationships to model the behavior of contacts. Mathemat-

ical programming is used to solve the optimization problems arising from both limit analysis 

and the dynamic of the block assemblages. The accuracy and computational efficiency of the 

implemented formulations are discussed with reference to case studies selected from the liter-

ature. 
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1 INTRODUCTION 

Recent studies on rigid block modelling of masonry structures revealed that the use of point-

contact models leads to simple and efficient formulations both in the case of collapse mecha-

nism analysis of buildings subjected to lateral loads and settlement induced effects, as well as 

in the case of dynamic analysis under ground motion excitation [1-5]. 

When a point contact model is adopted to represent interactions, it is assumed that the blocks 

interact via a number of contact points, which are usually located at the corners of the interface. 

In this case, the static variables associated to contact interactions are simply related to normal 

and shear forces at a contact point. This modelling approach represents an alternative method 

to the classic surface contact formulation, where stress resultants acting at a single point are 

considered to represent contact interaction, thus including bending and eventually torsion mo-

ments (the last ones in the case of 3D formulations) in addition to normal and shear forces [1, 

3, 6].  

In the case of the point contact model and when a no-tension, associative frictional behavior 

for displacement rates is assumed, the equations governing the limit equilibrium analysis and 

the contact dynamic problem are simplified considerably and can be cast as simple mathemat-

ical programming problems, for which very efficient solution algorithms exist [3, 7] . 

 In this paper, we present the formulations previously developed in [3, 7] according to a 

unified approach, in order to point out similarities and differences between the limit equilibrium 

analysis and contact dynamics problems of dry-jointed masonry structures. 

 The manuscript is organized as follows. In Sections 2, the static and kinematic variables as 

well as the relationships governing the behavior of the rigid block model are presented. The 

formulation of the mathematical programming problems that are used to solve limit analysis 

and the contact dynamic problems are reported in Section 3. In Section 4, a numerical case 

study taken from the literature and consisting into a set of block panels subjected to lateral loads 

is considered for validation and to compare the limit equilibrium and the dynamic formulation. 

2 THE RIGID BLOCK MODEL FOR COLLAPSE MECHANISM AND DYNAMIC 

ANALYSIS 

The masonry panel is discretized into a multi-body assemblage made of rectangular rigid 

blocks i interacting at potential contact points k located at the vertexes of the interface j (Fig. 

1). Although the modelling approach proposed can be extended to irregular textures and block 

shapes, in this study we assume a regular stretcher bonded (or ‘running bond’) texture, with the 

blocks staggered in each successive course by half a block. 

A no-tension and associative frictional behavior with infinite compressive strength is as-

sumed at contact interfaces. 

The contact variables are the internal forces acting at each contact point k, which are located 

at a vertex of interface j of block i (Fig. 2a). These variables are collected in vector c and include 

the shear force component tk and the normal force nk along the local coordinate axes. 

External loads applied to the centroid of rigid block i are collected in vector of external forces 

f  (Fig. 2a). 

The kinematic variables associated in a virtual work sense to the contact forces are the rela-

tive displacement rates at the contact points, namely the tangential and normal displacement 

rates  Δutk and  Δunk (Fig. 2b), which are collected in the vector 𝚫𝒖. The positions xi, yi and ωi 

related to the degrees of freedom of each block i are collected in the vector x. 
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Figure 1: a) Rigid block assemblage; b) Rigid block i , interface j and contact point k. 

Figure 2: a) Contact forces and b) kinematic variables at block centroid i, and contact point k. 

The dynamic model is formulated following the approach proposed in [8-11] for granular 

materials, though now detailed for two-dimensional assemblages of rectangular blocks [7].  

The equations of motions are discretized with respect to time using the θ-method and assum-

ing: 

�̇�(𝑡) =
1

𝜃
[

𝜟𝒙

𝛥𝑡
− (1 − 𝜃)�̇�𝟎] (1) 

where 𝜟𝒙 = 𝒙 − 𝒙𝟎 is the displacement vector, 𝒙𝟎 and �̇�𝟎 are the known position and ve-

locity at time t0 and  ≥0.5. 

On the basis of the incremental expression (1), the equations of motion of the rigid block 

assemblage interacting at potential contact points can be posed as follows: 

�̅�𝜟𝒙 + 𝑨𝟎𝒄 = 𝒇
𝟎

(2) 

where: 

𝑨𝟎 is the equilibrium matrix corresponding to contact forces; (3) 
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�̅� =
1

𝜃𝛥𝑡2 𝑴, being 𝑴 the mass matrix collecting the mass mi and the mass moment of inertia 

Ji of each block; (4) 

𝒇
𝟎
= 𝒇 + �̅��̇�0𝛥𝑡, (5) 

Contact conditions are expressed imposing that the normal component of the relative dis-

placement at contact point k is lesser than or equal to the initial gap, as follows: 

�̂�𝟎𝒌
𝐓  𝚫𝒖𝒌 ≤ g0𝑘 (6) 

where �̂�𝟎𝒌 is the initial normal associated with the surface j and
0 k

g is the initial gap. 

For contact interactions, a complementarity condition is included as follows: 

𝑛𝑘[�̂�𝟎𝒌
𝐓  𝚫𝒖𝒌 − g0𝑘] = 0 (7) 

Considering that nk ≥0, this condition ensures that contact forces occur only if the gap is 

closed otherwise are zero.   

Eqs. (6), (7) express the so-called Signorini unilateral contact conditions at a contact point k in 

terms of displacement rates. 

The behaviour at contact interfaces undergoing sliding failure is governed by failure condi-

tions which are expressed according to the Coulomb friction law.  

In vector notation, the limit conditions for sliding failure can be written as: 

±𝒕 ≤ 𝜇𝒏 (8) 

where μ is the friction coefficient. 

3 FORMULATION OF THE MATHEMATICAL PROGRAMMING PROBLEMS 

Under the assumption of associative flow rule for displacement rates, the equilibrium equa-

tions, kinematic conditions and sliding friction conditions are equivalent to the following force–

based problem [7-11]:  

max −
1

2
𝒓𝐓 �̅�−𝟏𝒓 − 𝒈𝟎

𝐓𝒄

s. t. 𝒓 + 𝑨𝟎𝒄 = 𝒇
𝟎

±𝒕 − 𝜇𝒏 ≤ 𝟎,   𝒏 ≥ 𝟎

(9) 

where r is the vector of dynamic forces associated with the degrees of freedom of the blocks. 

If we now express external forces as the sum of dead and live loads multiplied by the collapse 

load factor, the formulation of the limit equilibrium problem can be posed as follows : 
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max 𝛼
s. t. 𝑨𝟎𝒄 = 𝒇𝑫 + 𝛼𝒇𝑳

±𝒕 − 𝜇𝒏 ≤ 𝟎,   𝒏 ≥ 𝟎
(10) 

It is interesting to note that, in the limit of dynamic forces and contact gaps tending to zero, 

the dynamic problem (9) is formally equivalent to the one presented in (10), provided that the 

vector external forces reported in (9) is properly decomposed in terms of dead and live loads as 

in (10). 

The optimization problems (9) and (10) were actually implemented and solved by posing 

that the kinematic variables are derived as Lagrange multipliers associated with the various 

constraints, and implementing an incremental procedure to calculate and update positions of 

the blocks and contact gaps in the case of dynamic analysis.  Further details on the assumptions 

behind the formulation and on the theoretical basis of the proposed formulations can be found 

in [7]. 

From an operative point of view, the proposed solution procedure was implemented in a 

computer code, DynoBlock_2D, which provides as outputs the time histories of contact forces 

and kinematic variables as well as the plots of the failure mechanisms at different time steps.  

The mathematical programming problems associated to (9) and (10) were solved using the 

primal–dual interior-point solver in MOSEK [12].  

The analyses were carried out using a PC containing a 3.3GHz Intel Xeon E3-1245 processor 

with 8 GB of RAM.  

4 APPLICATION TO IN-PLANE LOADED MASONRY WALLS 

In this section the block panels analyzed by Ferris and Tin-Loi [13] and subsequently inves-

tigated by Gilbert et al. [14] using different formulations for contact models and computational 

limit analysis are considered. The main goal of this analysis was to compare results obtained 

with the point contact formulation with those previously obtained within the framework of limit 

equilibrium analysis adopting a surface contact model [14].  

The investigated wall panels are subject to vertical and in-plane horizontal loads. The size 

of a full block is 0.4×0.175m, the friction coefficient is 0.65 and the unit weight is 1.0 kN/m3. 

To simulate the load cases of the limit analysis formulation, where each full block is subject to 

a horizontal live load expressed as a factor of the block weight, in the contact dynamic formu-

lation the blocks are subject to a constant value of horizontal acceleration and to the gravity 

acceleration. The analysis is repeated increasing the horizontal acceleration by step of  0.001g 

until rocking motion is initiated. Once the minimum value of acceleration is obtained, a constant 

acceleration is applied to the panel to analyze the evolution of the failure mechanism over time.  

The sizes of the numerical models, expressed as the number of blocks b and contact points 

c, are reported in Table 1, together with the numerical results in terms of accelerations and 

ultimate load factors obtained from limit equilibrium analysis, as well as CPU times. For con-

tact dynamic analyses, the time increment was set equal to 0.002 sec, considering that the mag-

nitude of acceleration for initiation of rocking motion is not influenced by the time step size. 
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The computed acceleration magnitudes are in good agreement with the load factors obtained 

using previously presented limit equilibrium formulations (Table 1).  

The plot of failure mechanisms for the considered examples is also shown in Figure 3. In the 

case of dynamic analysis, slight differences can be noted with results obtained from limit equi-

librium analysis [3, 14] which can be mainly ascribed to the simple model adopted for contact 

point specification and large displacement regime. 

Case study Model size 

(b × c) 

Point contact formulation Surface contact 

formulation 

Limit equilibrium analysis Dynamic analysis Limit equilibrium 

analysis [14] 

α 
CPU Time 

(s) 
ag (g) 

CPU Time* 

(s) 
α 

Example no. 1 33 × 174 0.643 0.1 0.641 80.5 0.643 

Example no. 2 55 × 290 0.580 0.1 0.568 100.5 0.580 

Example no. 3 46 × 240 0.404 0.1 0.387 97.5 0.404 

Example no. 4 55 × 296 0.332 0.1 0.307 103.0 0.332 

Example no. 5 61 × 300 0.240 0.1 0.229 106.5 0.240 

Example no. 6 146 × 814 0.348 0.2 0.302 214.0 0.348 

*Referred to 3.3GHz CPU, per unit time duration of dynamic analysis (second) in the case of dynamic analysis.

Table 1: In-plane loaded masonry walls: comparison of collapse load factors from LA formulations and accelera-

tions obtained from mathematical programming problems. 

In terms of computational efficiency, it is evident that the dynamic formulation is more com-

putationally expensive than limit analysis formulations when the objective of numerical inves-

tigations is the determination of failure mechanism and collapse load under constant and 

uniformly distributed horizontal acceleration. Besides, the adopted dynamic formulation can be 

conveniently used to investigate masonry panels subjected to earthquake excitation considering 

that, within the framework of the applications developed so far, a good agreement in terms of 

structural response and failure mechanism together with numerical stability and computational 

efficiency were observed.   
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Figure 3: In-plane loaded masonry walls: failure mechanism obtained from the contact dynamic formulation con-
sidering a constant and uniformly distributed acceleration value.  

 

5 CONCLUSIONS  

 Two formulations for limit equilibrium and dynamic analysis of masonry block structures 

were presented in this paper. The formulations are based on a point contact model, assume 

a no-tension, associative frictional behavior at interfaces and use mathematical program-

ming to solve the associated contact problems.  

 The formulations were applied to a set of dry-jointed masonry block panel from the litera-

ture and a good agreement in terms of failure mechanism and collapse load was observed 

with outcomes from the literature using different (surface) contact models.   
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Abstract. The paper presents a comparison between different numerical modelling ap-
proaches aiming to simulate the in-plain behaviour of three types of earthen materials, name-
ly adobe masonry, rammed earth and cob. For this purpose, uniaxial and diagonal 
compression tests were carried out, which allowed determining important mechanical param-
eters, such as compressive strength, Young’s modulus, Poisson’s ratio, shear strength and 
shear modulus. Furthermore, the tests allowed assessing the level of non-linear behaviour of 
the respective stress–strain relationships as well as the failure modes. The experimental re-
sults were then used for the calibration of numerical models (based on the finite element 
method) for simulating the non-linear behaviour of the earth materials under in-plane shear 
loading. Both macro- and micro-modelling approaches were considered for this purpose. The 
procedures adopted for model calibration established the reliability of various modelling 
strategies for the different loading conditions. The simplified approach based on macro-
modelling shows a satisfactory accuracy and low computational costs. The results reproduc-
ing the uniaxial compression are in good correspondence with the post-elastic behaviour ob-
served in the experimental campaign. The micro-modelling approach adopted to reproduce 
the shear behaviour, even with higher computational cost, represents a suitable tool to pre-
dict the adobe masonry and rammed earth collapse mechanisms. 
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1 INTRODUCTION 

Earthen materials show interesting environmental advantages when used as building mate-
rials [1, [2]. There are several available techniques where these materials are employed with 
structural purposes, namely as earth blocks (adobe), compressed earth blocks (CEB), rammed 
earth and cob [3]. 

Adobe masonry is built with earth block units laid with mortar, usually an earth mortar. 
The manufacture of adobe masonry usually follows the same principles as those used for fired 
clay brick masonry. These blocks are produced by throwing a handful of a malleable mass of 
earth into a mould, and then are demoulded and put to dry under the sun.  

Rammed earth is an earthen construction technique in which moistened earth is compacted 
in consecutive layers within a wooden formwork. Rammed earth exhibits two distinctive 
physical characteristics: a low moisture content, usually below the plastic limit of earth (‘soil-
moist’) when filled into the formwork and a wide, poorly sorted particle size distribution 
ranging from clay to gravel-size (up to 64 mm) fractions.  

Cob is a mixture of earth and plant fibres, where walls made of cob can be regarded as fi-
bre-reinforced monolithic structural elements. The largest particle size of the soil usually does 
not exceed the sand fraction. The earth is mixed with water to a plastic consistency and then 
the straw fibres are worked upon to shape the walls, layer by layer [4, 5].  

In last decade several studies were carried out to numerically model the behaviour of 
earthen materials under static [7, 8, 9, 11, 12, 13, 14, 15, 16, 17] and under pseudo-dynamic 
loading [18, 19, 20]. This article presents a comparative study on the numerical modelling of 
three different earthen materials under static in-plane loading. 

The material characterization and its modelling are hardly predictable due the variability 
shown by the raw earthen materials. For this reason, a detailed characterisation of the earthen 
materials properties is required when the use of complex constitutive laws is necessary. In ad-
dition, considering the aforementioned aspects, the constitutive model, selected referring to 
the material behaviour and the analysis computational demand, needs to provide a good match 
between representativeness, complexity, accuracy and reliability.  

The first part of the paper presents the mechanical characterisation of earthen materials 
carried out. Earthen wallets were tested in the BAM laboratories within an experimental pro-
gram whose goal was to derive the basic mechanical properties to employ in the numerical 
simulation. The second part of the paper deals with the numerical modelling of the earthen 
wallets implemented in FEM software TNO DIANA 9.6 [21].  

The aim of the numerical analysis is to simulate the non-linear shear behaviour of earthen 
materials. For adobe masonry the non-linear constitutive laws are based on the multi-
directional fixed crack model and combined interface model. A total strain rotating crack 
model (TSRCM) was used for rammed earth and cob. The macro-modelling approach was 
considered for the simulation of the experimental tests, and the respective FEM models were 
calibrated according to the experimental results obtained. Additionally, the micro-modelling 
approach intended to evaluate the influence of the interfaces between layers on the shear be-
haviour of rammed earth and failure mechanism block-mortar in adobe masonry.  

2479



Lorenzo Miccoli, Rui A. Silva, Angelo Garofano and Daniel V. Oliveira 

2 EXPERIMENTAL PROGRAM  

2.1 Materials and preparation of the samples 

In the experimental program the earthen wallets were tested under uniaxial compression 
and diagonal compression. Earthen materials for the experiments were sourced from a local 
manufacturer of prefabricated earthen building products. Earth blocks were produced by a 
mechanised moulding procedure (no compression) with a size of 240 mm × 115 mm × 
71.5 mm. Earth mortar was provided as pre-mixed dry mortar and was mixed with water for 
sample preparation according to DIN 18946 [22]. Adobe masonry wallets of size 500 mm × 
500 mm × 115 mm with a bulk density (γ) of 1870 kg/m3 were produced by laying six earthen 
unit courses in accordance with EN 1052-1 [23]. Samples were built without pre-wetting the 
earth blocks for compression tests. For the shear tests, samples with wetted blocks were built.  

The rammed earth wallets were manufactured with approximate dimensions of 500 mm × 
500 mm × 110 mm. The manufacturing process consisted in manually compacting fairly dry 
earth (moisture content 9–10%) in six layers within a plywood formwork, with a timber ram-
mer. The resulting average layer thickness after compaction was of about 84 mm. The wallets 
showed a γ of 2190 kg/m3. For the basic cob formulation, the premixed earth was first mixed 
with water to plastic consistency. Afterwards the straw fibres were added and mixed thor-
oughly in a high performance shear mixer. The cob mass was then thrown onto the cob heap 
in a diagonal pattern. By throwing the plastic cob, mass void space and air inclusions are min-
imized. Wallets of 420 mm × 420 mm × 115 mm were cut from a large cob heap showing a γ 
of 1430 kg/m3. After production, the wallets were stored in a climate room at 23 °C and 50% 
relative humidity (RH) for drying. Samples were removed from the climate room shortly be-
fore mechanical testing took place. The detailed description of material characterisation is re-
ported elsewhere [5, 6]. 

2.2 Uniaxial compression tests 

A layer of low strength cement mortar was used between the top and bottom surfaces of 
samples and the supports to regularise the contact surfaces. The distribution of the load ap-
plied to the samples was given by means of two I-shaped steel profiles fixed at the top and 
bottom surfaces. The compression tests were performed under displacement control. The test 
speed was set at constant value to reach the failure within 20–30 min. The deformations of the 
samples were measured through linear variable differential transformers (LVDTs).  

For adobe masonry, the compressive strength (fc) values ranged between 2.7 and 
3.8 N/mm2. The Young’s modulus (E) was in the range of 587–1071 N/mm2. Failure was 
usually abrupt after maximum stress was reached, it was visible by vertical or diagonal cracks 
with sometimes cone shaped cracking pattern, at least one side, sometimes on both sides. 
Crack patterns of the wallets are shown in Fig. 1a. Accordingly the stress-strain curves (Fig. 
1b) exhibit a short phase of post-peak strain softening under compression, due to its brittle 
behaviour under uniaxial load. Fig. 2a depicts the crack pattern at the failure of one of the 
rammed earth wallets. The crack pattern was characterized by the formation of a cone shape 
at the top, bottom or at both regions. The wallets exhibited a brittle failure in a short time after 
achieving their maximum compressive stress. The axial stress-strain curves obtained from the 
compression tests are presented in Fig. 2b, as well as the respective envelope. These curves 
thoroughly highlight the non-linear behaviour of rammed under uniaxial compression, which 
starts from low stress levels. It should be noted that fc showed relatively low scattering and 
varied between 3.3 and 3.9 N/mm2, while E presented relatively high scattering and varied 
between 2844 and 5048 N/mm2. 
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         (a)                (b)

Figure 1: Compression tests on adobe masonry: (a) crack pattern of a wallet; (b) compression stress-axial strain 
curves and respective envelope. 

A typical crack pattern at the failure of one of the cob wallets tested is shown in Fig. 3a. 
Fig. 3b reports the compression tests results in terms of axial stress-strain curves and the re-
spective envelope. These curves draw attention to the non-linear behaviour of cob under com-
pression. The values of fc showed relatively low scattering and varied in the range of 1.55–
1.63 N/mm2. Also E presented relatively low scattering and varied in the range of 977–
1084 N/mm2.  

The deformations of the samples were relatively high, where the maximum values meas-
ured for axial strain (ε) were higher than 30 mm/m. Due to the presence of straw, the cob 
samples showed a ductile behaviour under compressive load, without distinctive maximum in 
a long post-peak phase. Crack patterns after the tests were almost random and only in one 
sample a cone shaped failure was observed.  

             (a)                  (b)

Figure 2: Compression tests on rammed earth: (a) crack pattern of a wallet; (b) compression stress-axial strain 
curves and respective envelope. 

2481



Lorenzo Miccoli, Rui A. Silva, Angelo Garofano and Daniel V. Oliveira 

       
            (a)        (b)

Figure 3: Compression tests on cob: (a) crack pattern of a wallet; (b) compression stress-axial strain curves and 
respective envelope. 

Pull-off tests were performed to obtain an estimation of the tensile strength (ft) for adobe 
masonry and cob. In the case of cob, the strength obtained from these tests is expected to be 
higher than the real tensile strength, due to some limitations of the test, such as resin impreg-
nation and lack of control regarding the failure mechanism. The average value obtained corre-
sponds to about 20% of fc, which is a relatively high relation when compared with the 10% 
relation generally assumed in the modelling of masonry materials. Table 1 summarises the 
mechanical properties obtained from compression and pull-off tests. 

 
Material  fc (N/mm2) E (N/mm2) ν (-) ft (N/mm2) 
Adobe masonry  3.28 (0.40) 803b (204) 0.37 (0.13) 0.52c (0.12)/0.30d (0.08) 
Rammed earth  3.73 (0.23) 4207a (921) 0.27 (0.03) nd 
Cob 1.59 (0.03) 1021a (50) 0.14 (0.06) 0.32 (0.06) 

Table 1: Results of the uniaxial compression and pull-off tests. a Calculated between 5% and 30% of fc by linear fitting; 
b determined at 1/3 of maximum stress; c adobe; d mortar; standard deviations in brackets; nd = not determined.  

2.3 Diagonal compression tests 

Diagonal compression tests were performed according to the standard ASTM E 519-10 
[24]. The LVDTs were fixed at both sides of the samples. A layer of low strength cement 
mortar was used between the bases of samples and the supports to regularise the contact sur-
faces. Diagonal compression tests on adobe masonry were carried out under displacement 
control. According to the standard test method, the loading speed was adjusted in a way that 
the failure point was reached after 1–2 minutes. The experimental results evidenced how the 
global performance of adobe masonry elements is mainly governed. The sample yields the 
stress until a first diagonal crack appears by exceeding the maximum elastic horizontal strain. The 
crack ran not only along joints but also through blocks (Fig. 4a). At the second yielding point the 
sample failed by sliding of the blocks along the joints until complete collapse. The stress-strain 
curve of most of samples showed a distinctive yielding point, when the elastic limit of the samples 
was reached and first cracks appeared (Fig. 4b). This type of stress-strain response is linked to the 
actual failure mode of the sample. Details on mechanical testing are reported in a previous study 
[9, 10]. The shear strength (fs) of the samples was calculated from the maximum load. The fs val-
ues ranged between 0.15 and 0.30 N/mm2. The initial shear strength (fvo) of the earth mortar and 
its bond behaviour to the earth block is a crucial factor. Therefore, shear tests according to EN 
1052-3 [25], procedure A, were carried out.  
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    (a) (b)

Figure 4: Diagonal compression tests on adobe masonry: (a) crack pattern of a wallet; (b) shear stress-shear 
strain curves and respective envelope. 

For rammed earth and cob the tests were performed under force control at a rate of about 
130 N/s. The failure of the rammed earth samples was typically preceded by the appearance 
of a crack close to the early peak shear stress. Then, further cracks developed forming a sys-
tem of running cracks that crossed diagonally the sample from the top to the bottom support 
(Fig. 5a). Cracking at the interface between the layers was also observed, where the diagonal 
systems of cracks tended to follow partially this interface. 

Fig. 5b presents the shear stress-shear strain curves, as well as the respective envelope. In 
general, the wallets exhibited an early peak shear stress, which was followed by shear harden-
ing. The shear hardening phase imparts most of the shear deformations occurring in the tested 
samples. Both fs and shear modulus (G) showed relatively high scattering, where fs varied be-
tween 0.54 and 0.83 N/mm2 and G varied between 1260 and 2146 N/mm2. Details on me-
chanical testing are reported in a previous study [8]. 

(a)         (b)

  Figure 5: Diagonal compression tests on rammed earth: (a) crack pattern of a wallet; (b) shear stress-shear 
strain curves and respective envelope. 

The cob samples failure occurred with the initiation of a main crack at the middle of the 
samples, which progressed towards the supports in diagonal direction. Cracking initiation was 
observed to occur near the maximum load. The typical failure mode of the wallets is illustrat-
ed in Fig. 6a showing the cracking pattern at failure. 
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Fig. 6b presents the shear stress-shear strain curves, along with the respective envelope. In 
opposition to the compressive behaviour of cob, the shear behaviour presents very high scat-
tering. The wallets exhibited a noticeable non-linear behaviour in shear, with a very large 
hardening phase. This phase is probably depending from the contribution of the fibres to the 
shear behaviour, allowing the wallets to achieve large shear strains γs (higher than 8 mm/m) 
before failure. All parameters showed relatively high scattering, where fs varied in the range 
of 0.37–0.64 N/mm2, shear strain at the maximum shear stress (γs) varied in the range of 5.6–
10.7 mm/m and G in the range 311–634 N/mm2. Details on mechanical testing are reported in 
a previous study [26]. The results of the diagonal compression tests are listed in Table 2. 
 

          
                        (a)                      (b) 

Figure 6: Diagonal compression tests on cob: (a) crack pattern of a wallet; (b) shear stress-shear strain curves 
and respective envelope. 

Material  fs (N/mm2) G (N/mm2) fvo (N/mm2) 
Adobe masonry  0.21 (0.05) 397b (340) 0.018 
Rammed earth  0.70 (0.11) 1582a (333) - 
Cob 0.50 (0.11) 442a (100) - 

Table 2: Results of the diagonal compression tests. a Calculated between 5% and 30% of fs by linear fitting; b 
determined at 1/3 of maximum stress, standard deviations in brackets. 

 

3 NUMERICAL MODELLING 

3.1  Geometry, boundary conditions and loading 

The finite element method (FEM) was used to numerically simulate the mechanical behav-
iour of the wallets tested under uniaxial and diagonal compression tests. The models were 
prepared and implemented by means of the FEM software TNO DIANA 9.6 [21]. 

A plane stress state was assumed for all models, allowing analysis with lower complexity 
and computer processing demand. The 2D analysis represents a valid assumption given the 
geometry of the wallets and the in-plane loading applied. Eight-noded quadrilateral elements 
(CQ16M) were used to simulate the three earthen materials in both macro- and micro-
modelling approaches. In the micro-modelling approach, interfaces between layers were 
simulated using six-noded zero-thickness interface elements (CL12I). The load was applied 
by imposing uniformly distributed vertical displacements on the constrained nodes at the top 
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of the FEM models. As the self-weight was expected to have marginal contribution to the 
stress state, it was not considered in the modelling. 

In the simulation of the compression tests of adobe masonry, the two constraining rigid 
steel beams were also included in the model, by means of two additional surfaces at the base 
and on top of the wallet, each with a height of 120 mm. The wallets tested under diagonal 
compression were modelled similarly to the uniaxial compression test previously described. 
The diagonal load was applied through the steel shoes, included in the model, and placed at 
two opposite corners of the wallet to correctly distribute the load over the wallet. The width of 
the steel supports over the two sides of the corner was 149 mm. modelled with six-noded tri-
angular elements (CT12M). The boundary conditions were defined by considering a width of 
the supports of about 125 mm.  

Both macro- and micro-modelling approaches were considered. In the first case adobe ma-
sonry was considered as a homogeneous and continuous material, whereas in the second case 
the inhomogeneity of masonry was taken into account through the definition of a discontinu-
ous system of units connected by interfaces at the centre of the mortar joints. The macro-
model is a suitable tool for practical application in large structures and was based on plasticity 
formulations for isotropic quasi-brittle materials with consideration of the cracking behaviour. 
For the micro-model, the approach undertaken was based on the definition of appropriate el-
ements whose behaviour was governed by a composite interface material model. The compo-
site interface model allows capturing all possible masonry failure mechanisms, such as tensile 
cracking, frictional slip and crushing along the interfaces. 

Rammed earth was firstly treated as a homogeneous continuum medium, which allows ob-
taining models with lower complexity than those obtained from a micro-modelling approach. 
Then, the rammed earth was treated as a set of stacked layers of finite elements to simulate 
the interfaces between compaction layers. Cob was modelled only as a homogenous and con-
tinuous material using macro-modelling. Then, the mechanical parameters were calibrated 
through the comparison of the numerical outcomes with the experimental results presented in 
the previous section. Characteristics of numerical models are reported in Table 3. 

Material  Adobe masonry Rammed earth Cob 
Modelling Macro Micro Macro Micro Macro Micro 
Dimension (mm)  500 × 500 × 115  499 × 505 × 117  401 × 407 × 123  

Mesh elements  
CQ16M CQ16M 

CT12M 
CQ16M CQ16M 

CT12M 
CQ16M - 

No. of elements 484a/ 576b 1140 400 560a/ 580b 400 - 

Table 3: Numerical modelling approach and geometry; a uniaxial compression; b diagonal compression. 

3.2 Adobe masonry 

3.2.1. Constitutive laws 

A multi-directional fixed crack model was assumed [27] where cracking is specified as a 
combination of tension cut-off, tension softening and shear retention. A constant tension cut-
off according to Rankine criterion was used, combined with a yielding criterion for compres-
sion according to Von Mises criterion (Fig. 7a). The shear retention was assumed to be con-
stant (Fig. 7b). Table 4 reports the values of the mechanical properties considered for the 
macro-model. In particular, the assumed E and ν correspond to the mean values obtained from 
uniaxial tests. 
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E  
(N/mm2) 

ν  
(-) 

ft

(N/mm2) 
fc

(N/mm2) 
β  
(-)  

Compressive  
behaviour 

Tensile  
behaviour 

803 0.37 0.30 3.28 0.20 Multi-linear law (Fig. 7d) Brittle 

Table 4: Initial values of parameters assumed for adobe masonry macro-model (uniaxial compression). 

The fc was assumed as the mean value from the tests as well. As a comparison, the mean 
compressive strength was calculated also excluding the extreme values obtained from the 
tested wallets. However, a difference of 0.87% with respect to the value used in the numerical 
model was found being not relevant for the outcomes of the analysis. The coefficient of shear 
retention (β) was chosen in the range of 0.15–0.25 typical of similar brittle or quasi-brittle ma-
terials. This parameter allows to describe the post-cracking shear behaviour and was defined 
in order to provide the sample with a certain value of stiffness after cracking due to interlock-
ing phenomena [27, 28, 29].  

The uniaxial constitutive law considered for tension is brittle (Fig. 7c) due to limited in-
formation regarding the tensile behaviour of the tested masonry. The ft = 0.3 N/mm2 was as-
sumed as the tensile strength of the mortar employed for the joints. For compression, a 
multilinear law (Fig. 7d) was assumed, based on the results of the experimental tests under 
uniaxial compression in terms of stress-strain diagram, which lead to satisfactory results. 

 (a)       (b) (c)                 (d) 

Figure 7: Material model assumed in the macro-modelling of adobe masonry: (a) Rankine/Von Mises plasticity 
models; (b) constant shear retention law; (c) brittle tensile behaviour; (d) compressive behaviour [21]. 

In the micro-modelling approach the model was built considering geometrically expanded 
units represented by continuous elements, while the behaviour of the mortar joints and unit-
mortar interface is lumped into discontinuous interface elements. According to this approach, 
each joint, consisting of a mortar layer and the two unit-mortar interfaces, is lumped into a 
‘mean’ interface while the units are expanded in order to keep the geometry unchanged. Ma-
sonry is thus considered as a set of elastic blocks bonded by potential fracture/slip lines at the 
centre of joints. 

The higher level of accuracy of the micro-model in the reproduction of the obtained exper-
imental results lays in the possibility to take into account all the masonry failure mechanisms. 
In the present case, all the damage was considered to be concentrated in the weak joints and in 
potential pure tensile cracks in the blocks, vertically placed in the model in the middle of each 
unit. Therefore, according to the geometry outline reported in Fig. 8a, the wallet was subdi-
vided into expanded block elements connected through joint interfaces. A second type of in-
terface was also included on the half of each block. This method accounted for potential 
cracks through the units, and resulted to be quite a reliable method from the convergence 
point of view compared to the use of smeared crack models for the units, thus effective in 
preventing a wall’s response characterised by overstrength [30, 31]. 

In the micro-model such extended elements, representing the earth block units, were de-
scribed through a linear-elastic material, while the non-linearities have been concentrated at 
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the interfaces. A good approximation of the failure mechanisms for the in-plane loaded ma-
sonry wallets can be described by the constitutive model developed by Lourenço and Rots 
[32], shown in Fig. 8b. This model assumes three failure modes: tension cut-off, compression 
cap, and shear failure, developed under plasticity concepts. The internal damage associated 
with each failure mechanism is modelled in the mortar joints using internal parameters related 
to fracture energy in tension, compression and shear. Such interface material model allows 
considering possible tensile cracking, crushing or sliding along the joints. 

The E and ν of the units are taken from the characterisation tests on adobe samples [9]. The 
ft value of earth blocks obtained from the tests was assumed for the potential block cracks, 
while for their stiffness and tensile fracture energy (GI

f) values available in the literature [30, 
33] were assumed. The micro-modelling approach based on interface finite elements requires 
the definition of the joint stiffness. In the present case, the values assumed in the numerical 
models were calculated from the mean value of E obtained from the experimental uniaxial 
compression tests (Table 1). In the followed approach, the stiffness of the units was kept un-
modified, while the normal joint stiffness (Kn,joint) was calculated using the following equation 
[33]: 

 
                                              Kn,joint = 1 / (h(1 / Ewall – 1 / Eblock)) (1) 

 
Whereby the height of the block (h) is equal to 72 mm, and the tangential stiffness (Ks,joint) 

was calculated directly from the normal stiffness using the theory of elasticity as follows: 
 
                                                     Ks,joint = Kn,joint / 2(1 + ν). (2) 

 
Furthermore, in order to describe the possible mechanism of cracking of the units, an addi-
tional interface discrete cracking law was included in the model. The law is based on a total 
deformation theory, which expresses the tractions as a function of the total relative displace-
ments, the crack width, and the crack slip. For tensile softening an exponential law has been 
assumed (Fig. 8c). The micro-properties assumed for earth blocks and earth mortar are report-
ed in Table 5. 
 

 
(a) (b) (c) 

Figure 8: Discretisation and connectivity adopted in the micro-modelling (a). Combined cracking-shearing-
crushing model for joint interfaces (b) and discrete cracking relationship for tensile half-block cracks (c) [21]. 

 
Unit  Joint (stiffness) Unit crack   
E 
(N/mm2) 

ν 
(-) 

Kn.joint 

(N/mm3) 
Ks,joint 

(N/mm3) 
kn  

(N/mm3) 
ks  

(N/mm3) 
ft,crack 

(N/mm2) 
GI

f,crack 

(N/mm) 
2197 0.45 17.57 6.41 1.0 · 104 1.0 · 103 0.52 0.08 

Table 5: Elastic properties for blocks, joints and potential block cracks of adobe masonry. 
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The inelastic properties of the joint interfaces are reported in Table 6. 

Tension Shear Compression
ft,joint 

(N/mm2) 
GI

f

(N/mm) 
c 
(N/mm2) 

tanφ 
(-) 

tanψ  
(-) 

GII
f

(N/mm) 
fc,joint  
(N/mm2) 

Css

(-) 
Gc

f

(N/mm) 
0.01 0.005 0.018 0.575 0 0.05 3.28–3.0–2.19 16 0.6 

Table 6: Inelastic properties for the joints of adobe masonry. 

3.2.2. Calibration of the models and results 

As expected, the macro-model, based on the experimental data, is able to provide results in 
agreement with the experimental tests in terms of uniaxial stress-strain behaviour (Fig. 9). The 
numerical analysis was also carried out considering a parabolic law for compression. Howev-
er, the model resulted to be unsatisfactorily able to follow the non-linear behaviour of the 
tested wallet after the linear branch. In Fig. 10 the cracking pattern of the wallet at different 
load levels is reported, showing the progression of damage in the homogeneous material. In 
this case, the model gives a less realistic representation of the cracks in the wallets, which re-
sulted in a symmetric pattern, while in the reality an asymmetric distribution arises.  

Figure 9: Comparison between experimental and macro-model numerical results under axial compression. 

(a)          (b)       (c) 

Figure 10: Cracking progression in the adobe masonry macro-model under axial compression at different levels 
of compressive strain: (a) ε = 5 mm/m; (b) ε = 7.5 mm/m; (c) ε = 12 mm/m. 
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In the first phase, a numerical analysis was performed considering the same material model 
assumed for the uniaxial compression tests, with the aim to reproduce the shear behaviour as 
well. The results of the analysis showed a shear strength of the masonry higher than the exper-
imental one, assumed to be due to the poor performance of the employed yielding criterion in 
reproducing the behaviour of a simple element subjected to diagonal compression. Further-
more, an attempt was carried out setting the ft of the masonry to the value of cohesion (c) (ini-
tial shear strength fv0) obtained from the shear tests on the earth block/mortar joint samples 
equal to 0.018 N/mm2. The only sensitive difference observed from the model was in the ini-
tial stiffness of the curve. Therefore, a Mohr-Coulomb criterion was included in the material 
model to simulate the behaviour of the sample tested in diagonal compression. The adopted 
parameters for materials are summarised in Table 7.  

E  
(N/mm2) 

ν 
(-) 

ft

(N/mm2) 
fc

(N/mm2) 
β  
(-)  

c 
(N/mm2) 

sinφ 
(-) 

Tensile  
behaviour 

803 0.37 0.30 3.28 0.20 0.018 0.755 Brittle 

Table 7: Initial values of parameters assumed for adobe masonry macro-model (diagonal compression). 

In particular, the same parameters already employed in the uniaxial compression model 
were used. The Mohr-Coulomb criterion is based on the definition of the cohesion coefficient 
and friction angle: such values were assumed equal to the values obtained from the shear tests 
on the earth block/mortar joint samples. As it can be seen from Fig. 11, a good approximation 
of the experimental shear behaviour was obtained.  

Figure 11: Comparison between experimental and macro-model numerical (Mohr-Coulomb criterion) results for 
adobe masonry under diagonal compression. 

An improvement of the model behaviour for higher values of tangential strain can be at-
tained if more information about the softening behaviour of parameters such as the cohesion 
coefficient or the friction angle is provided. In Fig. 12, the cracking pattern of the wallet is 
given, evidencing that the simplified modelling strategy was not able to reproduce the exact 
cracking pattern observed during the tests, particularly for higher loading steps, requiring for 
this purpose a more detailed material description and accounting for interface failure mecha-
nisms. 
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(a)          (b)       (c) 

Figure 12: Cracking progression in the adobe masonry macro-model under diagonal compression at different 
levels of shear strain: (a) γs = 1.2 mm/m; (b) γs = 5 mm/m; (c) γs = 20 mm/m. 

The results obtained from the experimental characterisation of materials carried out in the 
present study were considered for the values of fc, c and tangent of friction angle (tanφ). For 
the tensile fracture energy of the interface, data available in the literature suggest values in the 
range of 0.005–0.2 N/mm, depending on the unit-mortar combination [34]. The tangent of the 
dilatancy angle (tanψ) was assumed to be zero, as the angle approaches the zero-mark when 
the normal stress increases and to avoid a non-conservative shear strength prediction [35]. For 
the values of shear fracture energy and the parameter (Css), typical values have been initially 
considered in the analysis [30, 36] and afterwards calibrated on the basis of the experimental 
results. Several analytical cases were carried out to calibrate and assess the influence of some 
interface model parameters on the non-linear shear behaviour of the wallet. The parameters 
examined were the effect of the tanφ, the interface compressive strength (fc,joint), the interface 
compressive fracture energy (Gc

f), and the parameter Css, which allows to take into account 
the contribution of shear stress to failure. The results of the analysis on the micro-model under 
uniaxial compression load are reported in Fig. 13. 

Figure 13: Comparison between experimental and micro-model numerical results for adobe masonry under axial 
compression. 

The analysis was carried out considering a value of fc,joint of 3.28 N/mm2, equal to the com-
pressive strength of the earthen masonry. This value was considered as an upper limit, and 
two values of 3.0 N/mm2 and 2.19 N/mm2 (Table 6) took into account the high variability of 
the mechanical properties of the joints mortar with moisture content and curing time, and for 
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possible micro-cracking phenomena occurring in the masonry joints during curing and han-
dling operations of the wallets prior to testing. The σ-ε curves correspond to different values 
of compressive strength of the joints, as indicated in Table 6. They show the significant de-
pendence of the non-linear behaviour of the micro-model on the characteristics of the joints, 
in the case of uniaxial compressive loading. In fact, in this case, all the sources of non-
linearity were concentrated in the unit-joint interfaces’ behaviour for which it was only possi-
ble to set a parabolic softening law for the compression side. Such a law is not able to perfect-
ly follow the experimental post-peak behaviour, especially in the case of simple uniaxial 
compressive loading. On the contrary, this drawback was not found in the case of the macro-
model, where it was possible to set a generic multilinear law for compression. In Fig. 14, the 
numerical non-linear τ-γ curves obtained for two values of the interface compressive strength 
are illustrated and compared with the experimental results.  

Figure 14: Comparison between experimental and micro-model numerical results for adobe masonry under diag-
onal compression. 

The value of fc,joint = 3.28 N/mm2 resulted in a shear curve, which approximated the exper-
imental curves corresponding to higher shear strength, while the value of fc,joint = 2.19 N/mm2 
led to a curve in good agreement with the experimental results. With respect to the latter case, 
as indicated in the graph, four analysis steps have been considered: (a) 0.5 τmax = 0.13 N/mm2; 
γs = 1.8 mm/m; (b) τmax = 0.26 N/mm2; γs = 6.6 mm/m; (c) τ = 0.15 N/mm2; γs = 17 mm/m; (d) 
τ = 0.095 N/mm2; γs = 3.0%. For the considered steps, Fig. 15 shows the minimum (compres-
sive) principal stress distribution. The evolution of the compressed strut which forms diago-
nally in the wallet during the loading process is shown as well.  

(a) (b) (c) (d)

Figure 15: Minimum principal stresses (N/mm2) of the micro-model of the adobe masonry under diagonal com-
pression at different levels of shear strain: (a) γs = 2 mm/m; (b) γs = 7 mm/m; (c) γs = 17 mm/m; (d) γs = 30 

mm/m. Yellow and white colours indicate cracking. 
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3.3 Rammed earth 

3.3.1. Constitutive laws 

The material behaviour of rammed earth and cob wallets was simulated by using the 
TSRCM. The TSRCM consists on a model of distributed and rotating cracks based on total 
strains. In this model, the crack direction rotates with the principal strain axes [37, 38, 39], 
and it embodies several possible non-linear stress-strain relationships for the compressive and 
tensile behaviours. TSRCM is often used in the numerical modelling of historical construc-
tions, where the compressive behaviour of masonry is in general represented with a parabolic 
relationship [40, 41]. However, this relationship was shown to be excessively stiff and inca-
pable of representing the large non-linear behaviour of earthen materials [8, 42].  

These relationships were initially assumed to be parabolic in compression (Fig. 16a) and 
exponential in tension (Fig. 16b). However, it should be noted that the parabolic relationship 
in compression was later changed to a multi-linear relationship, as discussed in the next sec-
tion. The crack band width (h) of the elements was assumed to be dependent on the area of the 
element (A), according to Eq. (3). The unloading and reloading of the TSRCM is simulated by 
a secant approach, see [21, 43] for further details. The initial values assumed for the parame-
ters required by the TSRCM are reported in Table 8. The average results obtained from the 
uniaxial compression tests were used to define the initial values of fc, E and . The initial val-
ues of the remaining parameters were assumed on the base of recommended values for histor-
ical masonry. The compressive fracture energy (Gc) was estimated as 1.6fc, the tensile 
strength (ft) as 0.1fc, the mode-I tensile fracture energy (GI

f) as 0.029ft. The micro-model inter-
face elements were modelled using the non-linear Coulomb friction model (Fig. 16c). 

h A (3)

TSRCM 
Material E  

(N/mm2) 
ν 
(-) 

fc 
(N/mm2) 

Gc 
(N/mm) 

ft 
(N/mm2) 

GI
f 

(N/mm)
Rammed earth 4207 0.27 3.7 5.98 0.37 0.011 
Coulomb friction model 
Material kn 

(N/mm3) 
ks 
(N/mm3) 

c 
(N/mm2) 

tanφ 
(-) 

tanψ 
(-) 

fi
t 

(N/mm)
Interface 4.21 · 105 1.66 · 105 0.56 0.75 0 0.25 

Table 8: Initial values of parameters assumed for the numerical modelling of rammed earth. 

(a)          (b)       (c) 

Figure 16: Stress-strain relationships adopted in the TSRCM for rammed earth modelling: (a) compression; 
(b) tension. Coulomb friction model used in the modelling of the interfaces between rammed earth layers: (c). 
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The parameters required by this model were neither determined experimentally nor availa-
ble in the literature for the case of rammed earth. This means that these parameters had to be 
carefully estimated with basis on recommended values for the micro-modelling of historical 
masonry. The initial values of the interface normal stiffness (kn) and of the shear stiffness (kt) 
were firstly assumed to be very high, to avoid concentrating the elastic deformations in the 
interface elements. Therefore, kn was assumed as 100E and ks was estimated using Eq. (4). 
The cohesion (c) was estimated as a function of the tensile strength estimated for the rammed 
earth, namely as 1.5ft. The friction angle () was assumed to be 37º and the dilatancy angle () 
as zero. The tensile strength of the interfaces (ft

i) was defined as 2/3ft, while taking into ac-
count that the maximum value mathematically allowed by the model is c/tan. Finally, the 
tensile behaviour of the interfaces was assumed as brittle. 

2(1 )
n

s

k
k


 (4)

3.3.2. Calibration of the models and results 

The calibration of the models consisted in an iterative process where the numerical re-
sponse was compared against the experimental envelopes. Firstly, the values adopted for the 
stiffness of the interface elements were assessed by comparing the macro- and micro-model 
tests. This process was carried out by considering the initial values of the parameters, and by 
increasing and decreasing both in about one order magnitude. Fig. 17a presents the uniaxial 
compressive stress-axial strain curves of the models. 

The values of the stiffness adopted for the interfaces of the reference micro-model (Mi-
cro_ref) seem to be compatible with the deformability of the reference macro-model (Mac-
ro_ref), since the curves were almost coincident. Adopting a stiffness one order of magnitude 
higher than the reference value (Micro_10k) seems to bring the curves even closer. However, 
it was observed that adopting excessively high values of interface stiffness caused conver-
gence problems in the models of the diagonal compression tests. On the other hand, a value of 
stiffness one order of magnitude lower than the reference value (Micro_0.1k) deviates consid-
erably the curve from that of the macro-model. This means that in this case the deformation of 
the model concentrated mainly in the interfaces. Therefore, it was decided to keep the initial 
values of the stiffness. Fig. 17a also shows that the models seem to be excessively stiff for 
simulating the compressive behaviour of rammed earth. In fact, the numerical curves present a 
good fitting with the experimental envelope up to about 1/3 of the maximum compressive 
stress (~1.2 N/mm2), where the experimental behaviour is apparently linear. Beyond this point, 
the adopted numerical models are not able to follow the early non-linear behaviour depicted 
by the experimental envelope. However, the parabolic relationship available in TNO DIANA 
software [21] does not allow adjusting its pre-peak behaviour, in terms of deformability, to 
overcome this limitation. Therefore, a multi-linear relationship was adopted, instead. This re-
lationship was calibrated considering the average curve of the uniaxial compression tests, re-
sulting in the curve depicted in Fig. 17b. The second point of the multi-linear relationship was 
defined for 0.3fc and taking into account the experimental E. 
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(a)  (b)

Figure 17: Stress-strain curves of the rammed earth models under compression: (a) Influence of the stiffness of 
the interface elements on the deformability; (b) Multi-linear relationship substituting the parabolic relationship in 

compression. 

Fig. 18a presents the shear stress-shear strain curves of the macro- and micro-model of the 
diagonal compression tests using the reference values of the parameters and the multi-linear 
relationship previously calibrated under uniaxial compression. Both models present similar 
curves and a behaviour much more brittle than that of the experimental curves. This means 
that the calibration of the models requires adjusting GI

f, which is the main parameter control-
ling the brittleness. Fig. 18b depicts the curves of the calibrated models, which resulted from 
an increase of the initial value of this parameter in about 10 times. This important increase is 
justified by the fact that rammed earth behaves as a monolithic material more than masonry 
does. Furthermore, the rammed earth features a broad particle size distribution (PSD), which 
includes particles with large dimensions. This factor has great contribution for the interlock-
ing at the crack surfaces by promoting its roughness. This aspect enhances the fracture energy 
of rammed earth relative to historical masonry, where cracking occurs mostly at less rough 
surfaces, namely the interfaces between mortar and masonry units. The curve of the macro-
model is characterized by an early peak shear stress, followed by a small shear hardening until 
the maximum shear stress is achieved. On the other hand, the curve of the micro-model does 
not exhibit this early peak shear stress. 

(a) (b)

Figure 18: Behaviour of the macro- and micro-model of the rammed earth under diagonal compression: (a) using 
the initial parameters; (b) after calibration. 
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The model achieves first the maximum shear stress, followed by a drop in stress with a 
subtle shear softening. Possibly, this drop in stress is related to the failure of interface ele-
ments, which is then compensated with stress redistribution. However, the development of the 
macro-model curve is closer to those obtained from experimental tests. The macro-model pre-
sents higher maximum shear stress than the micro-model, whose values are 0.69 N/mm2 and 
0.63 N/mm2, respectively. Both values correspond to a minor underestimation of the average 
shear strength obtained from the experimental tests (0.70 N/mm2). In general, it is shown that 
both curves fit within the experimental envelope, meaning that the use of the TSRCM might 
provide good results when modelling full rammed earth structures. 

The failure modes of both models were also analysed. Fig. 19 and Fig. 20 present the max-
imum principal strains obtained for an imposed vertical displacement of 1.00 mm. The dam-
age of both models is shown to concentrate in the middle due to the development of tensile 
stresses, and at the supports due to stress concentration. This corresponds to the evolution of 
the system of cracks observed in the experiments. In the macro-model, damage is also ob-
served to occur at the four borders of the model, which indicates that these regions are vulner-
able to the occurrence of delamination failure. The micro-model confirms the occurrence of 
this failure mode, since it is possible to observe the failure of interface elements at two of the 
borders, as also observed in the experimental tests.  
 

 
Figure 19: Maximum principal tensile strains for an imposed vertical displacement (Δu) of 1 mm: rammed earth 

diagonal compression macro-model. 
 

 

Figure 20: Maximum principal tensile strains for an imposed vertical displacement (Δu) of 1 mm: rammed earth 
diagonal compression micro-model. 

2495



Lorenzo Miccoli, Rui A. Silva, Angelo Garofano and Daniel V. Oliveira 

Furthermore, this model also shows that delamination can occur in the central region, 
where the diagonal system of cracks is developed. In general, both models are capable of de-
tecting potential zones of failure by delamination. However, the macro-model does not allow 
controlling this failure mode, neither allows differentiating it from the failure of the rammed 
earth material. 

3.4 Cob 

3.4.1. Constitutive laws 

A multi-linear approach for the compressive behaviour, proposed by Miccoli et al. [8], is 
adopted here for the modelling of cob, which is presented in Fig. 21. This relationship in-
cludes a linear branch up to 0.3fc, proportional to the average E. The compression tests did not 
allow defining the post-peak behaviour in its full extension, although it was observed to be 
very resilient. Thus, a negative stiffness equal to 2.0% of the average E was considered. As 
shown in Fig 17b, the relationship in tension was presumed to be exponential. 

Figure 21: Stress-strain relationship in axial compression adopted in the TSRM for modelling cob. 

As for rammed earth, the crack band width (h) was assumed to depend on the element area 
(Eq. 3). The unloading and reloading of the TSRCM is simulated by a secant approach [21, 
43]. The initial values assumed for the parameters required by the TSRCM were based on av-
erage values obtained from the compression tests, namely fc, E and ν. Since the estimation of 
tensile strength provided by the pull-off tests is expected to lead to an overestimation of this 
parameter, it was decided to estimate the parameters required by the exponential relationship 
with basis on suggested values for historical masonry. The values of ft and GI

f were estimated 
as 0.1fc and 0.029ft, respectively. Table 9 summarises the initial values of the parameters 
adopted in the model. 

fc  
(N/mm2) 

E  
(N/mm2) 

ν  
(-) 

ft 
(N/mm2) 

GI
f 

(N/mm) 
1.59 1021 0.14 0.159 0.0046

Table 9: Initial values of the parameters assumed for the macro-model of cob. 
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3.4.2. Calibration of the models and results 

The calibration of the model was carried out through an iterative process of comparison be-
tween the numerical response and the experimental envelope. This process was carried out by 
fixing the initial values of the parameters obtained directly from tests, namely fc, E and ν, 
while ft and GI

f were adjusted. Fig. 22a presents the shear stress-shear strain curve of the 
model considering the initial values of the input parameters and those after calibration. The 
initial values adopted seem not to promote a good match with the experimental results. In this 
case, the fs of the model achieves a value of about 0.35 N/mm2, which corresponds to 70% of 
the average value obtained from the experimental tests. The respective strain γs achieved a 
value of 12.7 mm/m, which corresponds to a deviation of 51% in relation to the experimental 
average. Furthermore, the numerical response seems to lead to a rather brittle failure when 
compared with the experimental behaviour, where the shear strain boosts after achieving a 
peak shear stress. This means that the relationships typically used for historical masonry for 
estimating ft and GI

f do not seem to be adequate in the case of cob.  
The calibration of the model was achieved after increasing the initial values of ft and GI

f in 
about 1.3 and 25 times, respectively (see Table 10).  

fc  
(N/mm2) 

E  
(N/mm2) 

  
(-) 

ft 
(N/mm2) 

GI
f 

(N/mm) 
1.59 1021 0.14 0.207 0.1155

Table 10: Calibrated values of the parameters assumed for the macro-model of cob. 

The fact that cob is a monolithical material (absence of discrete joints) and that presents 
straw (fibres) in its constitution, justifies an increase in tensile strength with respect to the ini-
tial value. The presence of straw also justifies a much larger fracture energy value. For in-
stance, Aymerich et al. [44] reports bending tests on beams made of earth reinforced with 
wool fibres, where the calculated GI

f achieves to values of about 2 N/mm, which is still higher 
than the value used in the calibrated model.  

On average terms, the calibrated model shows good match with the experimental response. 
The model achieved a maximum shear stress of about 0.45 N/mm2, which corresponds to 90% 
of the average value obtained from the experimental tests, while the respective shear strain 
was of about 7.6 mm/m, corresponding to a deviation of about 10%. The shear modulus found 
in the calibrated model was of about 363 N/mm2, corresponding to a deviation of about 18% 
in relation to the average of the experimental values. The shear modulus of the calibrated 
model is controlled by the elastic parameters (E and ν), which were defined with basis on the 
compression tests. Despite of the deviation found, these parameters still result within the 
range of variation of the experimental tests for the shear modulus.  

The judgement on the agreement between numerical and experimental responses is largely 
affected by the high scattering observed in the diagonal compression tests. Therefore, it was 
decided to assess the agreement in terms of normalised shear stress-shear strain curves, see 
Fig. 22b. Each of the experimental curves was normalised by dividing shear stresses and shear 
strains by the corresponding fs and γs, respectively. The normalised experimental curves show 
lower scattering than the non-normalized ones, meaning that the development of the former is 
very similar. With respect to the normalised numerical response, a good agreement is found 
with the experimental results. This means that the numerical model is fully capable of captur-
ing the development of the pre-peak shear stress-shear strain curves. 
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(a) (b) 

Figure 22: Comparison of the responses of the numerical model and experimental tests of cob: (a) shear stress-
shear strain curves; (b) normalised shear stress-shear strain curves. 

The simulation of the damage occurring in the experimental tests was also possible, as 
shown by the numerical maximum principal strains in four critical load levels. These load 
levels are given in Fig. 23 and were defined as function of fs, namely 0.83 fs, 0.92 fs, 0.97 fs 
and 1.0 fs.  

Figure 23: Critical points used to compare the damage in the model and that occurred in the cob wallets. 

The maximum principal strains obtained in these critical load levels are compared in Fig. 
24. The numerical model replicates well the damage observed in the wallets during their test.
In stress level 0.83fs, no relevant cracking was detected in the samples, where the numerical 
model demonstrates also lack of this type of damage. The initiation of cracking damage was 
observed in the samples to occur just before 0.92fs, where the numerical model seems to show 
the initiation of a middle crack. The numerical model in stress level 0.97fs evidences the de-
velopment of the middle crack towards the supports and the development of damage in terms 
of crack widening. Finally, stress level 1.0fs shows the full development of the crack in both 
the samples and the model. However, the numerical model is incapable of capturing the diag-
onal orientation of the crack observed in the experimental tests, which is most probably a con-
sequence of lack of symmetry in the samples (e.g. imperfections) and testing setup. 
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(a)   (b)    (c)   (d) 

Figure 24: Maximum principal strains obtained in the numerical model of cob for the critical points: (a) 0.83fs; 
(b) 0.92fs; (c) 0.97fs; (d) 1.0fs. 

4 CONCLUSIONS 

An analysis of the mechanical properties of three traditional earthen construction materials 
is presented based on compressive and shear test results. Uniaxial compressive and diagonal 
compression tests on wallets were carried out to determine basic mechanical parameters and 
in particular the post-peak strain behaviour.  

The experimental results were used to calibrate the behaviour of adobe masonry, rammed 
earth and cob wallets by means of non-linear finite element method based on the macro- and 
micro-modelling approaches. Appropriate constitutive behaviour was considered and the cho-
sen geometries were in respect with the restraint conditions observed in laboratory testing. For 
adobe masonry, a finite element macro-model calibrated on the basis of the experimental data 
was firstly developed, which resulted in a useful prediction of the strength of adobe masonry 
elements. The numerical stress-strain curve provided by the macro-model of the wallet tested 
under uniaxial compression was in good correspondence with the experimental ones, also 
considering the post-elastic behaviour. A simplified approach based on macro-modelling and 
the homogeneous equivalent material calibrated in this phase can be adopted for the study of 
larger structural systems or entire buildings, being characterised by satisfactory accuracy and 
lower computational cost. Although the global stress-strain behaviour was found to be satis-
factory, the appropriateness of such non-linear isotropic continuum models for adobe masonry 
is not fully confirmed considering the observation of the crack pattern.  

A detailed analysis of the mechanical behaviour of the tested adobe wallets was carried out 
following a micro-modelling approach. The model allowed to take into account all the possi-
ble failure mechanisms occurring in the masonry elements and was found to be particularly 
suitable for the description of masonry shear behaviour. The analysis of principal stresses dis-
tribution during the non-linear analysis provided information about the actual mechanisms of 
load transfer between blocks and mortar joints. The micro-models were able to reproduce the 
correct non-linear behaviour of earthen masonry and represent a suitable tool for the predic-
tion of the masonry collapse mechanisms, as shown by the comparison with the failure modes 
observed during the tests.  

A list of recommended values for the parameters in the models is presented in Table 11, 
based on the results from experimental testing and with basis on the numerical analysis per-
formed in this paper. 

The non-linear behaviour of rammed earth was modelled using the TSRCM to simulate the 
behaviour of the rammed earth material, while the Mohr-Coulomb failure criterion was used 
to model the interfaces between layers. The compression behaviour of the rammed earth was 
simulated using a multi-linear relationship. This relationship was built considering the aver-
age stress-strain curve of the compression tests. This assumption was necessary to obtain a 
good agreement with the experimental results of the compression tests.  
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Equivalent homogeneous material (macro-modelling) 
Compressive behaviour  
(multi-linear constitutive law*) 

Tensile behaviour  
(brittle constitutive law) 

E 
(N/mm2) 

ν 
 (-) 

fc

(N/mm2) 
εmax

(%) 
Gc

f (N/mm) 
E
(N/mm2) 

ν 
(-) 

ft

(N/mm2) 

* * *
(2.8−3.2)
fc / E

Multi-linear 
relations.* 

* * (0.09−0.11)fc 

Shear behaviour (constant shear retention) Mohr-Coulomb criterion 
β 
(-) 

c  
(N/mm2) 

tanϕ  
(-) 

0.2 (0.05−0.10)ft 0.575−1.15 
Micro-modelling 
Blocks Block cracks
E 
(N/mm2) 

ν 
(-) 

ft,crack

(N/mm2) 
GI

f,crack

(N/mm) 
* * * (0.1−0.5)ft,crack 
Joint interface 
ft,joint 

(N/mm2) 
GI

f

(N/mm) 
fc,joint 

(N/mm2) 
Gc

f

(N/mm) 
c 
(N/mm2) 

tanϕ 
(-) 

GII
f

(N/mm) 
(0.03− 
0.10)ft 

0.5 ft,joint 
(0.67−
1.00)fc

(0.25− 
0.50)fc,joint

(0.05−0.10) 
ft 

0.575−1.15 0.05 

Table 11: Recommended values for the numerical analysis of adobe masonry. * From testing. 

Furthermore, the important non-linear behaviour of rammed earth seems to deem the com-
pression behaviour of this material as non-compatible with relationships traditionally used for 
modelling masonry. Regarding the simulation of the diagonal compression tests, the calibrat-
ed macro- and micro-models demonstrated good comparison with the experimental envelope 
of the shear stress-shear strain curves and with the experimental damage pattern. The micro-
model allowed capturing the failure by delamination of the interfaces between layers, similar 
to the one observed in the experimental tests. This revealed to be the main advantage of the 
micro-model approach, yet the macro-model seemed to provide an equivalent numerical 
simulation of the shear behaviour. Therefore, the macro-modelling approach here presented is 
sufficiently accurate to simulate the global shear behaviour of the rammed earth walls tested. 
This approach requires the definition of adequate stress-strain relationships. The use of the 
micro-modelling approach, where an additional computational effort is required, is justified 
when specific collapse mechanisms involving failure of the interfaces between layers are ex-
pected. The calibration of the models provided a better insight on the macro- and micro-
modelling of rammed earth walls with the TSRCM and the Coulomb friction model, namely 
with respect to the definition of the stress-strain relationships and respective parameters. A list 
of recommended values for the parameters in the models is presented in Table 12, based on 
the results from compression tests and with basis on the numerical analysis performed in this 
paper.  
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TSRCM 
Material E  

(N/mm2) 
ν 
(-) 

fc 
(N/mm2) 

Gc 
(N/mm) 

ft 
(N/mm2) 

GI
f 

(N/mm) 

Rammed earth

* * Multi-linear 
relations.* 

Multi-linear 
relations.* 

(0.08‒0.12)
fc 

(0.10‒0.50)
ft 

Coulomb friction model 
Material kn 

(N/mm3) 
ks 
(N/mm3) 

c 
(N/mm2) 

tanφ 
(-) 

tanψ 
(-) 

fi
t 

(N/mm) 

Interface

100E 
2(1 )

n
s

k
k




(1.5‒2.0) 
ft 

0.58‒1.00 0 (0.67‒1.00) 
ft 

Table 12: Recommended values for the numerical analysis of rammed earth. * From testing. 

For numerical modelling of the shear behaviour of cob, the TSRCM was adopted. The cal-
ibration of the model allowed to verify that relationships typically used for estimating tensile 
parameters in historical masonry (namely ft and GI

f) are not adequate for cob. With this re-
spect, the calibration of the model resulted in new relationships, where ft was estimated as 
0.13fc and GI

f  as 0.558 ft. These relationships are of great numerical interest as testing the be-
haviour in tension is often a difficult task. 

The response of the wallets tested under diagonal compression was found to present great 
variability. However, the numerical model was found to present good match with the experi-
mental data, on average terms. Furthermore, the numerical model was found to capture well 
the development of the shear stress-shear strain curves and the development of the damage 
generated during the tests. Therefore, the modelling approach used seems adequate to provide 
a reliable simulation of the local and global shear behaviour of cob. A list of recommended 
values is reported in Table 13. 

fc  
(N/mm2) 

E  
(N/mm2) 

ν 
(-) 

ft 
(N/mm2) 

GI
f 

(N/mm) 
* * * (0.10−0.16)fc (0.3−0.8)ft  

Table 13: Recommended values for the numerical analysis of cob. * From testing. 
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Abstract. In this contribution, a simple and effective discrete element model based on rigid 
blocks and elastic interfaces with fixed contact topology, originally introduced for modeling 
regular masonry panels, is extended to the case of random masonry by introducing a pertur-
bation parameter able to vary the width of each block. The proposed model is then able to 
better reproduce the microstructural behavior of historical masonry, that is characterized by 
dry or weak mortar joints between strong blocks, and, in particular, that is characterized by 
blocks often arranged irregularly. 
The hypothesis of rigid blocks, together with fixed contact topology between blocks due to the 
small displacements assumption, allows adopting an efficient solution method based on the 
determination of the stiffness matrix of the masonry assemblage. In this case, the stiffness ma-
trix is able to account for the irregular block arrangement and, similarly to the case of regu-
lar masonry, the stiffness matrix is based on local joint stiffness, given that the contact actions 
along the joints are function of the relative displacements between adjacent blocks and the 
corresponding interface stiffness. 
Several numerical tests varying the random perturbation parameter are performed in order to 
evaluate the influence of randomness on masonry specimen behavior with respect to the regu-
lar case. Particular attention is given to the dynamic field by performing out-of-plane modal 
analysis of masonry panels. 
Furthermore, a homogenization procedure is applied to the random masonry and a numerical 
evaluation of the scatter between the discrete models and a 2D Reissner-Mindlin plate model 
is performed for varying perturbation parameter and for increasing heterogeneity parameter. 
As expected, when the number of heterogeneities in the structure is large enough, the average 
response of the random discrete model converges to an asymptotic response. 
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1 INTRODUCTION 
As well known in the community of architects and civil engineers, the assessment of ma-

sonry structural behavior is of particular interest, given that masonry constructions are one of

the most widespread type of traditional building in Europe and in Italy in particular. Moreo-

ver, recurring seismic events represent one of the main causes of collapse for this category of

buildings, with in- and out-of-plane collapse mechanisms that need to be evaluated and pre-

vented. The literature dedicated to the assessment of masonry at different scale levels by

means of analytic and numeric models is huge [1,2]. On one hand, refined models are able to

investigate the local behavior of masonry at a small scale level, but modeling and computa-

tional difficulties may arise when entire buildings or building portions need to be studied. On

the other hand, continuous models are able to study masonry structures as a whole, accounting

for average material mechanical properties based on single constituent characteristics, but

they are unable to evaluate local behavior governed by material microstructure or by architec-

tural details.

Considering historical masonry, real case studies are often characterized by walls having

blocks arranged irregularly. The literature dedicated to this aspect is present [3-8], but most of

the existing analytical and numerical models are dedicated to the case of regular masonry. Re-

fined numerical models such as the discrete ones [9] are able to study the behavior of inde-

pendent (distinct) elements in contact with several neighbors, then they are able to represent

the mechanical properties of historical masonry, that is characterized by weak and small joints

with respect to strong and well-sized blocks, allowing to assume that damage occurs more

frequently along joints. Furthermore, random arrangement can be taken into account without

varying significantly the complexity of the discrete system and the consequent computational

effort of the numerical analysis.

Here, a simple and effective discrete model, originally introduced for studying regular mason-

ry in the elastic field subject to in- and out-of-plane loads [10], already extended to the field

of material nonlinearity [11], is extended to the case of random or quasi-periodic masonry by

introducing a perturbation parameter able to vary the width of each block. For this purpose,

the work of one of the authors [6] is considered and improved, given that the hypothesis of

fixed contact topology between blocks, together with the hypothesis small displacements, al-

low to adopt an efficient solution method based on the determination of the stiffness matrix of

the masonry assemblage, that is extended to the case of random masonry.. Attention is devot-

ed to the out-of-plane behavior, given that out-of-plane vibrating frequencies and collapse

mechanisms can be activated more easily than in-plane ones. As well known, masonry behav-

ior is nonlinear even at low stress levels, hence the proposed model is also able to account for

material nonlinearity, by assuming a Mohr-Coulomb yield criterion for restraining interface

actions [11], as it has been done by authors also with a combined finite-discrete element code

[12]. However, this aspect is not investigated in this work.

Numerical tests on rectangular masonry specimens with several types of random and regular

arrangements ('running' and 'stack' bond) are performed, by also considering blocks arranged

with intermediate dimension along panel length ('head' bond). Modal analyses are carried on

in order to evaluate the influence of blocks arrangement on frequencies and modal shapes of

masonry panels. Furthermore, a homogenized 2D Reissner-Mindlin plate model identified

from the discrete system is adopted for comparing results obtained with the discrete model.

Moreover, the heterogeneity parameter represented by block standard size with respect to

specimen dimensions is increased and, as expected, when the number of heterogeneities in the

structure is large enough, the average response of the random discrete model converges to an

asymptotic response.
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2 DISCRETE RANDOM MODEL 

2.1 Geometric random model 
In order to describe the random model, a regular one following the standard 'running bond' 

texture is considered for first. It is characterized by a generic block Bi,j
 in contact with six sur-

rounding blocks by means of six interfaces, where j can assume any integer value and i is 

such as i + j is always even. Neighboring blocks and the corresponding interfaces are identi-

fied as 1 2,i k j kB  
 and 1 2,k kS , respectively, with coefficients k1, k2 defined as follows in clock-

wise direction (Fig. 1a): 

 1 2( , ) {( 1, 1), ( 1, 1), ( 2,0), ( 1, 1), ( 1, 1), ( 2,0)}k k             (1) 

Block dimensions are: width b, height a, and thickness t. Then, horizontal interface length 

is equal to block half width b/2 and vertical interface length is equal to block height a. A 3D 

Cartesian coordinate system y1y2y3 is introduced. Blocks are considered as rigid bodies, 

whereas the elastic and inelastic behavior of the system is lumped at interface or joint level, 

with dry or mortar joints modeled as elastic-plastic interfaces and considering plane stress hy-

pothesis. 

a

B i,j B
B

BB
B

B     i-1,j-1       i+1,j-1

       i+1,j+1      i-1,j+1

    i+2,j    i-2,j

b

a y1

y2

y i,j

zi,j

 

 

b

Bi,j

b

y1

y2

i,j

y

y

yy
y

y     i-1,j-1       i+1,j-1

       i+1,j+1      i-1,j+1

    i+2,j    i-2,j
y i,j

p

p

p p

p

p
zi,j

p

 

Figure 1: Representative elementary volumes (REVs) for masonry: (a) regular REV; (b) REV with perturbed 

block width. 

The random discrete model introduced by Cecchi and Sab [6] is adopted, then all blocks 

keep the same height a, whereas block width b is subject to the effect of perturbation parame-

ters that modify the horizontal position of vertical interfaces, but that keep six surrounding 

blocks around the generic one. The position of Bi,j
 center is yi,j

 = i (b/2) e1 + j a e2, then, the 

coordinates of the center of a vertical interface between two adjacent blocks Bi-2,j
 and Bi,j

 are: 

zi,j
 = (i + k1/2) (b/2) e1 + (j + k2/2) a e2. The random model is introduced by defining a random 

parameter in horizontal direction p in order to vary the horizontal position of vertical interfac-

es between two adjacent blocks (Fig. 1b) as follows: 

 , , ,

1 1(1/ 2 )( / 2)i j i j i j
p p X b  z z e . (2) 

where Xi,j
 is the realization of a uniform random variable defined on [0 1] and 0 ≤ p < 1. 
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Then, the new horizontal positions of two consecutive vertical interfaces, ,i j
pz  and 2,i j

p
z , al-

low to define the position of the new block center ,i j
py  and the new block width bi,j

. It is worth

noting that the random model chosen maintains the original block contact topology, character-

ized by six neighboring blocks around Bi,j
, by simply varying the length of the four horizontal

contact surfaces around the block. Furthermore, the sum of the new block width along a ge-

neric course j still gives the initial width of the masonry assemblage: Σi bi,j
 = Lj

 = L (see the

following Fig. 2b, e with panels having random arrangement).

The displacement of a generic block with a random position is given by the block centre

translation and by the block rigid rotation with respect to its centre as follows:

,, , ,
1 1,1 3 2

, , , , , , , ,

2 3 1 2 2,

, ,, ,
2 13 3 3,

0 ω ω
( ) ( ) ω 0 ω

ω ω 0

i ji j i j i j
p

i j i j i j i j i j i j i j i j
p p

i j i ji j i j
p

y yu
u y y
u y y

    
                

           

u y u Ω y y . (3)

Vector , , , , , , ,

1 2 3 1 2 3{ ω ω ω }i j i j i j i j i j i j i j Tu u uq  collects displacement components of Bi,j
, given by

three translations and three rotations with respect to the coordinate system.

2.2 Mechanic model 
As previously stated, model deformability and damage are considered at interface level on-

ly. Interfaces are assumed to have an elastic-perfectly plastic behavior. Following the notation

of previous authors contributions, each interface may be identified by integers k1,k2, connect-

ing blocks Bi,j
 and 1 2,i k j kB  

 [10]. Elastic behavior is given by interface stiffness that allows to

define interface actions as function of block relative displacements. For instance, relative dis-

placements 1 2 1 2 1 2 1 2 1 2 1 2 1 2, , , , , , ,

1 2 3 1 2 3{ }
k k k k k k k k k k k k k k Td d d   d  are three relative translations and three

relative rotations between two adjacent blocks, that may be defined as functions of global

block displacements: 1 2 1 2 1 2, , ,k k k k k kd H q , by means of a 'compatibility matrix' 1 2,k kH  [13]. This

matrix collects distances between block centers as follows:

1 2,
,

k k  
   

I D I D
H

0 I 0 I

2

1

2 1

0 0
1

0 0 .
2

0

dy
dy

dy dy

 
   
  

D (4a,b)

Where I is the 3x3 identity matrix and D varies for each couple of adjacent blocks, accounting

for the random block positions. Interface actions 1 2 1 2 1 2 1 2 1 2 1 2 1 2, , , , , , ,

1 2 3 1 2 3{ }
k k k k k k k k k k k k k k Tf f f m m mf

are obtained by integrating interface normal and shear stresses over the contact area 1 2,k kS ,

leading to a normal and two shear forces and to a torsion and two bending moments, depend-

ing on interface orientation. For instance, in case of a vertical interface, normal force is f2 = fn

and shear forces are f1 and f3, leading to an overall shear action 2 2 2

1 3( )sf f f  ; moreover,

bending moments are m1, m3, and torsion is m2. Interface elastic behavior is represented by

interface normal and shear stiffness kn and ks, that characterize the linear relationship between

interface relative displacements and actions: 1 2 1 2 1 2 1 2 1 2 1 2, , , , , ,
( )

k k k k k k k k k k k k f Κ d Κ A d , with

diag{ }s n s n s nk k k k k kK  and 1 2 3diag{ }S S S I I IA  for a horizontal interface. Such stiff-

ness values may be related to actual mortar elastic modulus and Poisson ratio EM
, νM

, together

with joint thickness e in case of mortar joints [10], whereas in case of dry joints, a fictitious
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mortar material may be defined. Furthermore, interface stiffness values account also for con-

tact surface area, moment of inertia and polar inertia. Assembling interface matrices in terms

of block displacements by means of compatibility matrices, the stiffness matrix of the whole

masonry assemblage is obtained and the problem of a masonry panel subject to external forc-

es Fext
 may be statically solved: panel panel extΚ q F .

Interface plastic behavior is activated when actions reach their corresponding elastic limits,

that are based on a tension strength and Mohr-Coulomb yield criterion and, in particular, that

account for possible combined effects. All these aspects and further details related to interface

elastic limits may be found in the work of Orduña and Lourenço [14] and in a recent contribu-

tion proposed by authors [11]. When actions reach the corresponding elastic limits, the corre-

sponding stiffness values are set equal to zero. Then, interface stiffness matrix and the

stiffness matrix of the whole masonry assemblage are updated together with interface actions

and an incremental analysis accounting for decreasing structural stiffness can be performed,

following the common procedures adopted for nonlinear analysis with finite elements ac-

counting for material nonlinearity.

2.3 Dynamic and modal analysis 
The equation of motion of the discrete system representing a masonry panel or assemblage

is given as follows:

2 2( / ) .panel panel panel extt   M q K q F (5)

Where Mpanel
 is the mass matrix of the panel collecting block mass and polar inertias with re-

spect to coordinate axis. Assuming ρ for the volumetric weight of the blocks, in this case mass
and inertias have to account for the random masonry pattern, hence to the random block width

bi,j
. For instance, block mass is  mi,j

 = ρ (bi,j a t) and block polar inertias are
, 2 2

1 ( ) /12i jJ m a t  , , , 2 2

2 [( ) ] /12i j i jJ m b t  , , , 2 2

3 [( ) ] /12i j i jJ m b a  .

In case of a large number of degrees of freedom involved in the problem due to a large num-

ber of blocks, a dynamic solution with statically applied loads (or dynamic loads) should be

preferred instead of determining the stiffness matrix of the assemblage. Moreover, setting Fext

= 0, a standard eigenvalue problem is obtained ( 2det[ η ] 0pan lpanel e K M ) and the vibrating

frequencies λi = ηi/(2π) of the assemblage are determined, together with the corresponding

modal shapes and mass participation factors. It is worth noting that common discrete model

codes are not able to perform modal analysis, since they do not determine the stiffness matrix

of the discrete assemblage.

3 HOMOGENIZED REISSNER-MINDLIN PLATE MODEL 
Discrete Element model is compared with a homogenized plate model, in which masonry

is described as an equivalent continuum obtained by means of analytical homogenization pro-

cedure. The hypothesis of rigid blocks connected by elastic mortar interfaces is assumed. An

orthotropic Reissner-Mindlin plate is adopted in order to account for the shear effects in the

continuous model equivalent to masonry [10,15]. The better performance of a Reissner-

Mindlin plate with respect to a Love-Kirchhoff plate has been already investigated by authors

for simply supported plates equivalent to masonry panels [16].

The homogenized model is not able to represent a casual random pattern, but it is able to ac-

count for a fixed perturbation parameter over the entire specimen. For instance, it is able to

model a 'stack bond' pattern with aligned vertical joints [6], that may be obtained with the

random discrete model by setting, for instance, p = 0.99, and that is expected to represent a
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lower bound of the random behavior, due to its larger out-of-plane deformability given by a

very small engagement between blocks.

Four masonry patterns are considered: running bond, stack bond, head running bond and head

stack bond. The last two cases are characterized by an actual block width equal to one half of

original width b. Flexural homogenized constants for running bond 
R
ijklD , 

R
ijF  and for stack

bond 
S
ijklD , 

S
ijF , where i,j,k,l = 1,2, are obtained in an analytical form with reference to the

works [10,17,18]. Assuming 'K  and ''K  as the bulk and shear moduli of mortar joints, the

analytical expressions of homogenized moduli in the case of running bond and head running

bond are:

2 2

1111 1122

4 ' '' ''
4

, 0,
12

4

v v v

R R
h v

e b e b eK K t K b
a a a a atD D

e e
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While in case of stack bond and head stack bond are defined as:
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4 NUMERICAL TESTS 
A set of numerical tests is performed in order to evaluate the effectiveness of the random

discrete model in representing the behavior of masonry panels with random texture, with re-

spect to several regular cases. Random block arrangement is considered by applying the ran-

domness in vertical interface positions, starting from a 'running bond' pattern, characterized

by the following block dimensions: b = 250 mm, a = 55 mm, s = 120 mm, and with a density

ρ = 1800 kg/m3
. Joint thickness is assumed equal to 1 mm both for horizontal and vertical in-

terfaces, and mortar elastic modulus and Poisson ratio are EM
 = 1 GPa and νM

 = 0.2. A rectan-

gular masonry panel having n1 = 6 blocks along horizontal direction and n2 = 16 blocks along

vertical direction is considered (Fig. 2a). Then, panel width L is equal to 1.56 m, whereas
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panel height H turns out to be equal to 1.04 m. Assuming these overall dimensions fixed, a

'head running bond' pattern is also considered, with n1 = 12 blocks having b = 120 mm (Fig.

2d). Starting from these regular cases, two generic random patterns are then introduced by

varying vertical interface positions with a random parameter p for each interface (Fig. 2b and

e shows two specimens generated casually); then, assuming p = 0.99 for all interfaces, panels

with vertically aligned interfaces ('stack bond') are also considered (Fig. 2c and f).

Focusing on the actual random cases (Fig. 2b and e), it must be pointed out that at least ten

different specimens are casually generated and studied, in order to evaluate the average effect

of the randomness, but also to highlight the cases with larger differences with respect to the

regular ones.

a b c

d e f

Figure 2: Rectangular masonry panel having (a) running bond, (b) random running bond, (c) stack bond, (d) head

running bond, (e) random head bond, (f) head stack bond.

4.1 Modal analysis with discrete model 
Modal analyses are performed on the six masonry panel types showed in Fig. 2 and having

fixed base. Results obtained with the discrete model are showed in Figs. 3 and 5 in terms of

modal shapes and frequencies. First and second modal shapes are always a flexural out-of-

plane one in vertical direction and a torsional one, independently on blocks arrangement. The

third modal shapes are flexural out-of-plane with two half-waves only for specimens obtained

from the running bond texture and, similarly, the fourth modal shapes are characterized only

by an in-plane flexural deformation. Considering specimens with regular and random head

bond texture, the third modal shapes are flexural with a double-curved shape and the fourth

modal shapes are flexural with two half waves in vertical direction. It is worth noting that the

frequencies of the flexural modal shapes, with one and two half-waves, are not affected by

random arrangement, given that a flexural out-of-plane mode involves only the deformation

of horizontal interfaces, together with the interface stiffness in vertical direction, that depends

on vertical relative distances between blocks. On the other hand, the torsional modal shapes

are strictly affected by block arrangement and block size and, more generally, by the number

and the position of vertical interfaces. The head stack bond case (Fig. 2f) is characterized by

the lowest frequency, with a value about 34% smaller than the frequency of the running bond

case, whereas the running stack bond case (Fig. 2c) is characterized by a reduction close to
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14%. For instance, the effect of the decreasing blocks engagement starting from the running

bond case, increasing the perturbation parameter p, is showed in Fig. 4 for torsional frequency,

together with similar information for the in-plane flexural mode, characterized by frequencies

at least 4% smaller than those of the regular case.

However, both stack bond cases represent lower bounds that are never reached by any one of

the random specimens generated casually; in fact, average frequencies obtained with random

running and head bond textures are slightly smaller than the corresponding ones obtained with

the regular textures, as it is showed by the values in the second column of Figs. 3 and 5, that

are closer to the values of the first column, rather than those of the third one, with values at

least 1-2% smaller than those obtained with regular textures.

running bond random running bond stack bond

39.13 Hz 39.13 Hz 39.13 Hz

110.49 Hz 109.09 Hz 95.27 Hz

233.59 Hz 233.41 Hz 233.62 Hz

249.11 Hz 247.75 Hz 240.83 Hz

Figure 3: First four modal shapes and corresponding frequencies for masonry panels with regular and random

textures obtained starting from the 'running bond' one. Block thickness is not represented for simplicity.
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Figure 4: Differences between frequencies related to the first three modal shapes for specimens starting from a 

running bond regular texture and increasing the perturbation parameter. 

 
head running bond random head bond head stack bond 

 
39.13 Hz 

 
39.13 Hz 

 
39.13 Hz 

 
80.31 Hz 

 
80.05 Hz 

 
73.04 Hz 

 
202.88 Hz 

 
202.41 Hz 

 
182.37 Hz 

 
233.63 Hz 

 
233.58 Hz 

 
225.51 Hz 

Figure 5: First four modal shapes and corresponding frequencies for masonry panels with regular and random 

textures obtained starting from the 'head bond' one. Block thickness is not represented for simplicity. 
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4.2 Modal analysis with homogenized model 
Modal analysis are carried on also by means of a homogenized Reissner-Mindlin plate

model. Panels are modeled with quadrilateral shell elements. The use of a FE model is justi-

fied by the fact that analytical solutions in closed form for modal analysis is available only in

the specific case of plate supported on the four sides [16]. Running bond, stack bond, head

running bond and head stack bond patterns are considered and the corresponding homoge-

nized flexural and shear moduli are listed in Table 1, whereas Fig. 6 shows the modal shapes

and the relative frequencies obtained for the four patterns and the rectangular panel (1.66 x

1.04) m
2
 already studied with the discrete model.

As in the case of DEM, first and second modal shapes are always a flexural out-of-plane one

in vertical direction and a torsional one, independently on blocks arrangement. Instead, look-

ing at subsequent modal shapes, head bond and head stack bond patterns are characterized by

a third double-curved flexural modal shape with a smaller frequency with respect to the flex-

ural modal shape with two half-waves, that assumes the same value for the four patterns con-

sidered and appears as the third modal shape for running and stack running bond cases. The

in-plane flexural modal shape appears as the fourth one for the running bond case only.

homogenized

flexural and shear moduli 
running

bond

stack

bond

head

running bond

head

stack bond

D1111 50730 26050 15910 12500

D1122 0 0 0 0

D2222 5731 5731 5731 5731

D1212 11750 3757 3934 3134

F11 22250 10420 7727 5000

F22 2292 2292 2292 2292

Table 1: Elastic parameters of the homogeneous material equivalent to the four masonry patterns.

The scatter between frequencies obtained with homogenized and discrete models is evalu-

ated for increasing the number of heterogeneities n1 = L/b, keeping fixed panel and block in-

plane dimension ratios, together with panel and block thickness. Attention is paid to the first -

flexural- and second -torsional- modal shapes (Figs. 7 and 8). With a small number of blocks

n1 = 3, the homogenized model is not able to follow the behavior of the discrete one, and dif-

ferences are generally large, close to 20-30% or more for all the patterns considered and both

modal shapes. Increasing the number of blocks, differences generally decrease; however, the

flexural modal shapes are all characterized by differences close to 15%, independently on the

masonry pattern, i.e. block engagement, given that such a modal shape is mainly governed by

horizontal interfaces and, consequently, by D2222 homogenized modulus that is the same for

the four cases considered. Torsional modal shapes turn out to be very close to those obtained

with the discrete model if small blocks typical of head and head stack bond patterns are mod-

eled, given that differences are close to 8-9%, but also in case of a running bond pattern.

Stack bond pattern, instead, is characterized by frequencies quite far from the corresponding

ones obtained with discrete models.

It is worth noting that, increasing the number of blocks, the computational effort needed for

performing analysis with the homogeneous model do not vary, since the same mesh refine-

ment should be adopted, whereas the discrete model is characterized by an increasing compu-

tational effort that limits the maximum number of blocks that can be considered and may

require to consider out-of-plane degrees of freedom independently from the in-plane ones.
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Figure 6: First four modal shapes and corresponding frequencies for masonry panels different textures modelled 

with homogenized plate finite elements. 
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Figure 7: Differences for the first (squares) and the second (triangles) frequencies obtained with the continuous 

model, with respect to discrete model results, increasing the number of heterogeneities. 
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Figure 8: Differences for the first (squares) and the second (triangles) frequencies obtained with the continuous
model, with respect to discrete model results, increasing the number of heterogeneities.

5 CONCLUSIONS 

 The proposed discrete model turns out to be fast, simple and effective for performing

modal analysis of masonry specimens characterized by quasi-periodic patterns with ran-

dom position of vertical interfaces. The discrete model is able to generate automatically a

set of casual random patterns in order to evaluate the average effects on the overall be-

havior of masonry panels; moreover, the matrix solution approach allows to perform

modal analysis that are usually not performed by common discrete model codes.

 Considering masonry panels modeled with discrete elements, the random position of ver-

tical interfaces do not influence significantly out-of-plane frequency and modal shapes

with respect to the regular cases; only stack bond textures are characterized by a large

torsional deformability that leads to decreasing frequencies for increasing the perturba-

tion parameter p.

 Homogenized panels modeled with Reissner-Mindlin plate elements turn out to slightly

converge to the corresponding discrete ones for increasing the number of heterogeneities.

As expected, flexural modal shapes turn out to be not influenced by random patterns.

However, only head bond and head stack bond patterns turn out to have the same tor-

sional behavior of the discrete model, thanks to the larger number of blocks.

 The homogenized model is able to account for the different block arrangement in bend-

ing and shear stiffness parameters, but it is unable to account for the local torsional iner-

tia during the determination of the mass matrix. For this aspect, homogenized model

converges to the discrete one more slowly with respect to simple static analysis, where

only stiffness parameters are involved [16].

 The discrete model is stiffer than the homogenized one and it is more suitable for study-

ing masonry with actual thin joints with respect to block dimensions. However, for in-

creasing panel size, discrete model is characterized by an increasing number of degrees

of freedom that require a larger computational effort with respect to the homogenized

model, that turns out to be simpler and faster, given that the same FE mesh refinement

may be adopted for increasing panel size.

 Further developments of this work will regard pushover and dynamic analysis of speci-

mens with random texture, in order to evaluate the influence of randomness on collapse
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mechanisms and ultimate loads, also accounting for randomness in vertical direction by 

varying the height of each course of blocks, as it has been recently done by authors for 

the in-plane case [19]. 

 Further developments of this work will regard the study of actual 3D specimens such as 

small buildings or building portions with orthogonal walls, slabs, roofs and openings. 
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Abstract. In the present paper, a simple predictive approach for the seismic vulnerability of 
existing masonry towers is proposed evaluating it on a series of “idealized” benchmark cases 
using different simplified approaches, namely the procedure proposed by the Italian code and 
pushover conducted with two commercial codes (UDEC and 3Muri). In UDEC the geometry 
is intentionally idealized into quadrilateral elements with different thickness, in order to 
properly reproduce the hollow square cross-section. The utilization of a 2D approach drasti-
cally reduces the computational effort required in carrying out medium scale systematic com-
putations. In 3Muri macro-elements are used, providing very fast predictions as well. Within 
such simplified frameworks, 16 different cases that can be encountered in practice are criti-
cally analyzed, changing two key parameters that proved to be important for the vulnerability 
determination, namely slenderness and transversal shear cross area. 

The simplifications introduced in the modelling phase allow for fast sensitivity analyses in the 
inelastic range and an estimation of the acceleration factor in that range of slenderness that 
is useful for practical purposes. Simplified formulas fairly representing the obtained seismic 
vulnerability are also reported and put at disposal to any practitioner interested in a prelimi-
nary estimation of the behavior of the towers before doing any calculation. 
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For validation purposes, the results obtained previously by one of the authors by means of 
refined full 3D Abaqus discretization on 25 existing towers located in the Northern Italy are 
also reported. Good agreement between the predictions provided by the simplified method 
here proposed and previously presented reference data is obtained. 

1 INTRODUCTION 

The preservation of the architectural heritage is a task of great societal importance for de-
veloped countries in Europe and technically a very challenging aim, especially in seismic area. 
Masonry towers in form of medieval defense, clock and churches bell towers are quite dif-
fused all over Europe and are an important part of the historical and architectural heritage to 
be preserved. Recent seismic events have highlighted that ancient masonry towers are particu-
larly susceptible to damage and prone to partial or total collapses under earthquake excitations. 
The safety assessment of such unique masterpieces against horizontal loads is therefore para-
mount and this paper deals with such particular topic. As a matter of fact, old masonry towers 
usually show peculiar morphologic and typological characters, which are at the base of all the 
difficulties encountered in the recent past to find a standardized methodology to predict their 
behavior under horizontal loads and hence give a reliable safety assessment. 

In ancient times, towers were exclusively conceived to be able to withstand vertical loads. 
Recently, however, national [1]-[3] and international standards [4] have imposed the evalua-
tion of the structural performance in presence of horizontal loads, which simulate earthquake 
excitations, encouraging the use of sophisticated non-linear methods of analysis. 

According to the previous remarks, it is pretty clear that the most accurate approach to deal 
with the analysis of masonry towers under horizontal loads should require specific ad hoc FE 
devices [5]-[19] in order to deal with the complexity of the problem through a suitable level 
of accuracy. 

However, in engineering practice, the utilization of non-linear methods and full 3D Finite 
Element models is not so common, because commercial codes with advanced material models 
should be adopted by users that are supposed to have a strong mechanical background and 
deep knowledge on sophisticated non-linear analyses conducted with FEs. 

To cope with this key issue, the Italian code for the built heritage [3] allows evaluating the 
seismic vulnerability of masonry towers by means of a simple cantilever beam approach, 
where only flexural failure is taken into consideration. Such procedure is very straightforward 
and can be tackled even by unexperienced practitioners without the need of using any FE code. 
The drawback is represented by the impossibility to account for a combined shear and flexural 
failure of the towers, which in practice is common in case of low slenderness. 

In order to put at disposal to practitioners some formulas to preliminarily estimate the 
seismic vulnerability of an existing tower (without the need to perform any calculation), in the 
present paper we analyze a series of “idealized” benchmark cases using different simplified 
approaches, namely the procedure proposed by the Italian code and pushover conducted with 
two commercial codes (UDEC [20]-[26] and 3Muri [27]). The geometry is intentionally ideal-
ized into parallelepiped blocks with hollow square cross-section, thus favoring the utilization 
of 2D approaches, in order to drastically reduce the computational effort required in carrying 
out medium scale systematic computations. Within such simplified framework, 16 different 
cases that can be encountered in practice are critically discussed, changing two key parame-
ters that proved to be important for the vulnerability determination, namely slenderness and 
transversal shear cross area. 

The simplifications introduced in the modelling phase allow for fast sensitivity analyses in 
the inelastic range and an estimation of the vulnerability in that range of slenderness that is 
useful for practical purposes. Simplified formulas fitting the obtained seismic vulnerability 
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are also reported and put at disposal to any practitioner interested in a preliminary estimation 
of the behavior of the towers before doing any calculation. 

For validation purposes, the results obtained previously by one of the authors [15]-[18] by 
means of refined full 3D Abaqus [28] discretization on 25 existing towers in Northern Italy 
are also reported. Good agreement between the predictions provided by the simplified method 
here proposed and real data is obtained. 

2 SENSITIVITY ANALYSIS CONDUCTED 

The sensitivity analysis conducted in the present paper is aimed at covering the majority of 
the real cases that can be encountered in practice. It relies into the investigation of the struc-
tural behavior of 16 “ideal” masonry towers, with different geometric features, such as a vari-
ety of heights, thicknesses and transversal cross sections, as illustrated in Figure 1. 
Intentionally, the ideal towers do not exhibit any form of irregularity, such as changes of 
thickness of the perimeter walls, presence of perforations of any kind (doors, windows, bell 
cells, etc.) and internal walls, stairs or vaults. The aim is indeed to simplify the approach to a 
great extent, in order to provide results in terms of seismic vulnerability that are dependent on 
only two geometric parameters, namely slenderness and cross shear area. 

REGION B (m) b (m) H (m) t (cm) 
Base edge 

length 
Base edge 

length 
Height thickness 

Abruzzo 4–10 4–10 20–50 130–150 
Campania 6–13 5–13 30–75 60–100 
Emilia-Romagna 2–12 2–12 16-87 45-160 
Marche 2.50-9 2.50-8 16-45 60-120 
Molise 5-6.50 5-7 20-35 100-200 
Toscana 5-10 6-10 27-55 130-260 
Veneto 4-15 4-10 20-58 80-200 

Table 1: Initial survey conducted in different Italian regions to investigate the typical geometrical features most 
diffused in the national territory 

According to a preliminary survey conducted in some Italian regions and synoptically re-
ported in Table 1, the ideal towers exhibit typical slenderness   and normalized shear area   

(defined respectively as  =H/B and  22 22 /B B t B      , as depicted in Figure 2, where

also minimum and maximum values of   and   found during the survey are represented with 
green circles.  

As can be noted, the ideal towers fit well the general geometric characteristics of the real 
towers, meaning that they can be used to have a rough prediction of real cases under seismic 
loads. 

Each ideal tower is represented with its own symbol, differing in shape and color, so tow-
ers having small  s are depicted with cold colors (blue and cyan), whereas those with large 
 s with cool colors (yellow and red). Different  s are represented with different symbols, 
namely squares, triangles, circles and diamonds. Each tower belonging to the same series (de-
noted with A, B, C and D) is characterized by the same  . 
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Figure 1: Geometric properties of the “ideal” case studies analyzed in the present paper. Each tower is labeled 
with a different symbol. Warm colors indicate large equivalent shear cross areas (>0.5), whereas cold colors 

indicate small equivalent cross areas. 
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Figure 2: Relation between normalized shear cross area and slenderness for the different “ideal” towers ana-
lyzed for comparison purposes (green dots represent maximum and minimum values in different Italian re-

gions, according to a survey by the authors). 

3 METHODOLOGY OF EVALUATION OF THE SEISMIC VULNERABILITY 

Three different numerical methods are utilized in this Section to have a quantitative insight 
into the seismic vulnerability of the towers, namely the simplified approach according to Ital-
ian code specifics (also known as Equivalent Static Analysis ESA), a distinct element ap-
proach carried out within UDEC code and pushover analyses with 3Muri. 

3.1 Italian code simplified approach (Equivalent Static Analysis ESA) 

According to the Italian Guidelines for the built heritage, equivalent static analyses (ESAs) 
should be carried out to estimate the seismic vulnerability of a masonry tower. They are con-
ducted according to § 5.4.4 of the Guidelines [3], subdividing the tower in blocks with hori-
zontal cross sections and adopting a distribution of horizontal forces on the blocks 
proportional to the product Wizi, being Wi the weight associated to the i-th block and zi the 
vertical position of its barycenter. When evaluating the resultant horizontal force as Fh = 0.85 
Se(T1) W/(qg), reference is made to the elastic response spectrum Se provided by the NTC 
2008 [1], reduced by the behavior factor q = 3.6 suggested by the above Guidelines in the 
case of geometry and mass regularity along the height. The spectral ordinate corresponding to 
the fundamental period T1 is here referred for a seismic zone Z1 by EC8 with soil D. Italian 
code is not utilized in this case because the spectrum is given there only knowing the latitude 
and longitude of tower location instead giving distinct seismic zones. 

Period T1 can be evaluated rigorously in this case using well known results on vibration of 
Euler-Bernoulli beams. In particular the frequency, assuming a cantilever beam hypothesis is 
given by the following simple formula: 

A

EI

L
f i

i 


22


( 1 )
Where   is the density of the structure, E  is the Young modulus, A  and I  the cross sec-

tion area and inertia moment, L  the height and i =3.5156. 
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According to the Italian Guidelines, it is necessary to compare the acting bending moments 
on different transversal sections, within the application of equivalent static loads and under 
the hypotheses of class use and soil done, with the resisting ones.  

For towers with rectangular section, FEM may be avoided and simplified formulas could 
be adopted according to Italian Guidelines specifics [22]. Under the hypothesis that the nor-
mal pre-compression does not exceed 0.85 df A , the ultimate bending moment of a masonry 
rectangular sections is: 
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Where a  is the transversal edge length of the section, b  the longitudinal length edge, A  
the section area, 0 /W A   the average pre-compression (W : tower weight above the section 
considered) and df  the design compressive strength. 

External moments, within a cantilever beam hypothesis (subdivided into n elements), may 
be evaluated at the generic section j as: 
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( 3 )

With  10.85 /e dF S T W g  ( dS  spectrum, 1T  first period of the structure, g  gravity accelera-

tion). 
In order to evaluate the seismic vulnerability of the tower, the Italian code suggests the 

evaluation of the so-called acceleration factor ,a SLVf . 

The acceleration factor is the ratio between soil peak accelerations corresponding to the 
capacity and the expected demand:  

SLVg

SLV
SLVa a

a
f

,
, 

 
( 4 )

where SLVa  is the soil acceleration leading to the SLV ultimate state and ,g SLVa  is the accel-

eration corresponding to the reference return period. The acceleration factor is a purely me-
chanical parameter, which may be useful for an evaluation of the weakness of the structure in 
terms of strength.  

The evaluation of the acceleration of the response spectrum corresponding to the instant 
where SLV limit state is reached on the i-th section can be obtained taking into account the 
reduction induced by the confidence factor as follows: 
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 ( 5 )

Where q is the behavior factor, g the gravity acceleration, ,R iM  is the resistant bending 

moment on the i-th section, zk and Wk are the height and the weight in correspondence of the 
k-th section, respectively, W the total weight, FC the confidence factor (here assumed equal to 
1.35), zi the height of the i-th section with respect to the base and n the number of cross sec-
tions.  
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3.2 UDEC pushover analyses 

UDEC (Universal Distinct Element Code), see for reference for instance [20]-[24], is a 
very general code, capable of modelling many types of jointed systems, ranging from assem-
blies of many discrete blocks to extended continua crossed by a few major fractures.  

Among the most important capabilities of UDEC that make it very suitable for masonry, 
we could mention the possibility to choose rigid or deformable blocks, the ability to simulate 
progressive failure associated with crack propagation, the capability of simulating large dis-
placements/rotations between blocks, the possibility to use rounded corners to overcome in-
terlocking, etc. 

Each deformable block is independently discretised into an internal element mesh. An ex-
plicit, large deformation, Lagrangian formulation with constant-strain triangles is used. While 
the original formulation follows the finite-difference approach, these triangular zones are 
equivalent to finite elements. General constitutive relations can be assumed for the block ma-
terial.  

The soft contact approach is used, so a finite normal stiffness is taken to represent the 
measurable stiffness that exists at a contact or joint. A joint is represented numerically as a 
contact surface formed between two block edges. The representation of the interface between 
blocks relies on sets of point contacts. For each pair of blocks that touch (or are separated by a 
small gap), data elements are created to represent point contacts. Adjacent blocks can touch 
along a common edge segment or at discrete points where a corner meets an edge or another 
corner. No special joint element or interface element is defined.  

A point contact hypothesis is used. In the point contact approach, the interaction force at 
each contact is a function of solely the relative displacement between blocks at that location. 
This assumption implies that a larger number of contact points is needed to get an accurate 
contact stress distribution on the joint surface. 

When two blocks come into contact, a force develops between them which can be resolved 
into normal and shear components, as shown in Figure 3 (left). 

Fs

Fn

us

un

Old position

New position

Kn

Normal interaction

, c
Ks

Shear interaction

Figure 3: Forces between blocks (left) and Representation of joints within DEM (blocks are in contact, separa-
tion is shown for clarity) 

Towers under consideration are discretized in UDEC as shown in Figure 1. Such discreti-
zation has the following characteristics: 

1) It is two-dimensional, but takes into account the actual geometry assuming for the
flanges (lateral walls) a thickness equal to B and for the core a thickness equal to 2t. 

2) By means of the discretization adopted, the code can provide failure modes under a
pure flexural behavior, pure shear, vertical cracks or a combination of the previous typ-
ical failure modes observed in practice.  

 is the friction angle 
c is the cohesion 
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A typical series of pushover curves obtained with UDEC is depicted in Figure 4 (only D ty-
pology is shown for the sake of conciseness). 
Mechanical properties assumed for the masonry material require some discussion. As a matter 
of fact, According to Italian Code NTC2008 [1], Chapter 8, and subsequent Explicative Notes 
[2], the mechanical properties to assume for the masonry material depend on the so called 
knowledge level LC, which is related to the so called Confidence Factor Fc. There are three 
LCs, labeled from 1 to 3, related to the level of knowledge that one has on the mechanical and 
geometrical properties of the structure. LC3 is the maximum, whereas LC1 is the minimum. 
For the case at hand, obviously in absence of specific in-situ test results and with the aim of 
providing straightforward preliminary estimations, a LC1 level is assumed. 
FC summarizes the level of knowledge regarding the structure and the foundation system, 
from a geometric and mechanical point of view. It can be determined defining different partial 
confidence factors FCk (k=1,4), on the base of some numerical coefficients presents in the 
Italian Code (Table 4.1 Italian Line Guides). Due to the limited level of knowledge achieved 
in this case, the highest confidence factor is adopted FC = 1.35. 
Values adopted for cohesion and masonry elastic moduli are taken in agreement with Table 
C8A.2.1 of the Explicative Notes [2], assuming a masonry typology constituted by clay bricks 
(approximate dimensions 210x52x100 mm3) with very poor mechanical properties of the joint 
and quite regular courses. Such kind of masonry is typical for towers located in the Northern 
Italy, but calculations can be repeated also assuming different mechanical characteristics ac-
cording to Table 4.1. 
Elastic and inelastic material properties utilized in all the simulations within the different 
analysis strategies are summarized in Table 2.  
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Figure 4: Typical pushover curves obtained with the software UDEC (D typology). 
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Masonry with clay 
bricks and poor mortar 

fm t0 E G w 
MPa MPa MPa MPa kN/m3 

2.4 0.06 1500 500 18 

Table 2: Mechanical properties adopted for masonry and vaults infill 

3.3 3Muri macro-elements analysis  

The four types (A, B, C and D) of towers under investigation have been also modelled by 
means of the 3Muri macro-elements analysis software [27]. Four masonry macro-elements 
have been assembled all together with effective joints at their intersection in order to create 
the box structure of the towers, which have been covered with a plane bi-directional rigid 
floor at the top (Figure 5-a). Therefore, towers are susceptible to undergo in-plane mecha-
nisms only under the formation of shear and compression-bending failures, whereas local out-
of-plane collapses have not been taken into account. 

The same mechanical properties assumed for the previous two models have been adopted 
in 3Muri, see Table 2. A cracked condition has been assumed for Young and Shear moduli of 
the masonry, which however does not affect the calculation of the acceleration factor. Linear 
dynamic (to estimate the first vibration mode) and non-linear static analyses have been per-
formed on the towers considered with a spectrum as per EC8, according to previous computa-
tions.  

The analysis of the collapse mechanisms detected from pushover analyses shows that, 
when seismic accidental eccentricity is considered, in all cases towers with the lowest slen-
derness (A1, B1, C1 and D1) exhibit the strongest coupling between translational displace-
ment and torsion rotation (Figure 5-b). On the other hand, all the remaining towers have a less 
pronounced torsion behavior (Figure 5-c). However, in all investigated cases, towers show 
compression-bending plastic behaviour and collapses only, without exhibiting shear failures. 

No damage

Plastic (compres-
sion – bending 

moment) 

Failure (compres-
sion – bending moment) 

-a -b -c 

Figure 5: Seismic pushover analysis in direction x with accidental eccentricity: the 3Muri model (a) and 
collapse mechanisms for the shortest tower (b) and the remaining ones (c) 

y 

x 
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4 DISCUSSION OF THE RESULTS OBTAINED 

Results obtained with the three models proposed in terms of acceleration factor (Z1 ac-
cording to EC8) are depicted from Figure 6 to Figure 8. In particular, Figure 6 refers to Italian 
Guidelines, Figure 7 to UDEC and Figure 8 to 3Muri. In the horizontal axis, slenderness is 
represented.  

In the same figures, the results obtained in previous studies by one of the authors [15]-[18] 
are reported for the sake of comparison and in order to benchmark the approach proposed 
against real cases that can be encountered in common practice. Such results, represented in 
the figures with green diamonds, have been obtained by means of sophisticated non-linear 
(both static and dynamic) analyses performed on detailed full 3D FE discretizations by means 
of the commercial code ABAQUS [28], assuming for masonry a Concrete Damage Plasticity 
(CDP) model. The reader interested in further details is referred to [15][16][29].  

A fitting exponential function is also reported with the corresponding equation, in order to 
give the possibility to any practitioner interested to enter into the diagrams and predict an ac-
celeration factor on a real tower without the need to perform any computation. As a matter of 
fact, only the value of slenderness is needed.  

From an overall analysis of the obtained results, the following considerations are worth 
noting: 

1) Italian Guidelines and 3Muri outputs are almost completely independent from the nor-
malized cross shear area, as shown by Figure 6 and Figure 8, where blue symbols al-
most superimpose with the corresponding red ones. Such results are quite obvious,
because the observed failure mechanisms in 3Muri are flexural and the Italian Guide-
lines a priori exclude shear failures. In addition, as far as the Italian Guidelines are
concerned, the evaluation of the resistant bending moment by means of formula ( 2 ) is
little influenced by walls thickness, and this explains the small differences observed be-
tween series D (large shear area) and A (small shear are).

2) UDEC results are quite sensible to shear area (see Figure 7), especially and as expected
for low slenderness, i.e. where a shear failure is more likely. When slenderness in-
creases, the two fitting curves (one for large shear areas the other for small shear areas)
tend obviously to coincide, a clear indication that failure is purely flexural.

3) The vulnerability of the real 25 towers is generally well predicted by the fitting curves
provided by all models. Italian Guidelines curve slightly overestimates the acceleration
factor, clearly because it does not take into account the presence of irregularities.

4) Fitting functions provided by all models are almost superimposable, with probably the
most accurate prediction provide by UDEC analyses, which also are sensitive to the
different shear areas of the towers, thus providing also an implicit indication on the
failure mode.
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Figure 6: Italian Guidelines for the Built Heritage. Acceleration factor vs slenderness, comparison between ideal-
ized approach and real case studies. 

5 CONCLUSIONS  

The paper has presented a simplified fitting formula to predict, without any computation, 
the vulnerability of an existing masonry tower, with the only knowledge of the most im-
portant geometrical parameters of the structure, namely slenderness and cross shear area. 
Such formula has been calculated conducting a sensitivity analysis on 16 “idealized” towers 
without any irregularity and with different slenderness and shear area. Three different simpli-
fied approaches have been used to cross-check results, namely the procedure proposed by the 
Italian code and pushover conducted with two commercial codes (UDEC and 3Muri). In 
UDEC the geometry is intentionally idealized into quadrilateral elements with different thick-
ness, in order to properly reproduce the hollow square cross-section. In 3Muri macro-
elements are used and again very fast computations of the pushover curves have been provid-
ed.  

The results have been also benchmarked using previously presented vulnerability studies 
conducted on 25 real case-studies, showing a very good agreement between the predictions 
provided by the simplified method and real data. 
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Figure 7: UDEC software. Acceleration factor vs slenderness, comparison between idealized approach and real 
case studies. 
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Figure 8: 3Muri software. Acceleration factor vs slenderness, comparison between idealized approach and real 
case studies. 
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Abstract. In this paper a masonry church is analysed in order to assess its seismic vulnerability 

with respect to the actual state of conservation, including past retrofitting.  The case study is 

the “Santa Maria della Carità” church, located in Ascoli Piceno, a small town of Marche re-

gion, in the Centre of Italy, where two major earthquakes occurred in August and in October 

2016, causing widespread damage. The church has a large historical, architectural value be-

cause is one of the most important example of the Barocco age in the region, and contains a lot 

of precious paintings of local artists. Moreover it has also a social value for the city of Ascoli 

Piceno, because it is the only one that is opened to the devotees for every moment of day and 

night. Stroked also by the L’Aquila earthquakes (2009) the church was subjected to a retrofit 

intervention (2010), in order to obtain a better “box-like behaviour”. Churches are usually 

characterised by a high seismic vulnerability due to their structural and geometric configura-

tions, heterogeneous and deteriorated materials. These structures have very large and high 

external walls without internal orthogonal walls: the space thus created is often covered by 

some thin vaults or thrusting arches. In this work using an advanced FEM approach (a 3D 

nonlinear solid numerical model has been used to evaluate the seismic capacity) the structure 

has been studied to establish its significant deficiencies, in order to obtain a clear understand-

ing of the structural behavior. The results should be useful to design a reliable strengthening 

intervention, but they could be also extrapolated to the wide variety of historical churches, and 

generalized for a wide masonry building category. 
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1 INTRODUCTION 

The seismic vulnerability assessment of historical constructions with great architectural 

value, like churches, is of strategic importance considering the richness of the European and 

Italian architectural heritage [1,2]. The earthquakes that hit Italy last years (L’Aquila 2009, 

Emilia Romagna 2012, Centre-Italy 2016) confirmed the high vulnerability of this type of struc-

tures [3–5], and also the recent advances in structural assessment of this building typology con-

firm the centrality of the matter [6,7]. Churches are usually characterized by very large and high 

external walls without internal orthogonal walls: the space thus created is often covered by 

some thin vaults or thrusting arches. Due to the lack of a rigid intermediate horizontal dia-

phragm and a lack of walls interlocking, historic churches often show the absence of “box-like 

behavior”: these monumental buildings cannot be reduced to any standard structural scheme, 

and this makes difficult to evaluate their seismic reliability.  

In this paper is presented the case study of Santa Maria della Carità church, firstly hit by 

L’Aquila earthquake (2009) and closed after this seismic event. The church was re-opened after 

a retrofitting (2010) but it was successively re-closed, as a precaution, in August 2016 due to 

the Marche-Umbria-Lazio-Abruzzo earthquakes.  

After a first phase dedicated to a deep knowledge of the building (to determine exactly the 

historical building evolution, crucial for this kind of studies [8]) a structural assessment was 

developed. 

Using advanced numerical tools to perform nonlinear three-dimensional (3D) analyses, pos-

sible failure mechanisms of the structure, when subjected to an earthquake and to establish the 

significant deficiencies of the structure was investigated, to capture the aspects to be considered 

in future restoration interventions. 

2 THE CASE STUDY: “SANTA MARIA DELLA CARITÀ” CHURCH 

The church of Santa Maria della Carità in Ascoli Piceno has a significant historical and ar-

chitectural value: it is one of the most prominent example of the Barocco age in the Marche 

Region and contains a lot of valuable paintings of local artists (Fig. 1). Moreover, it has also a 

social value for the city of Ascoli Piceno, because it is the only one opened to the devotees all 

time in the day and night [9]. The construction age is not known, the first proof of the existence 

of a little church, grow up at 1306, can be found in a parchment. Later, since the early years of 

the 16th century to 1583 the building has been partially demolished and re-built, in several steps, 

in the same place, modifying basically the facade with the tympanum raising and front doors 

opening. Further to this intervention the nave has been covered with a masonry vault and has 

been connected by a triumphal arch with the apse, built at the same time. Therefore, icono-

graphical documents attest the presence of a pre-existing bell-tower on the different side respect 

to the actual. So, the triumphal arch was built during the 16th century, but the actual bell-tower 

was built only at the end of 17th century, after almost one hundred years [10,11]. The church 

has a unique nave of 12.93 m wide, 23.15 m long and has a maximum height of 16.5 m, it ends 

with a rectangular apse 6.55 m wide, 8.30 m long and a height of 11.95 m (Fig. 2). The apse is 

inside the sacristy, who have two floors, and it has a maximum height of 15.90 m. In the sacristy, 

there is also the bell-tower: it has a square shape with side 4.31 m and has a maximum height 

of 27.80 m. The thickness of walls is variable between 2.21 m (piers of the nave) and 0.91 m 

(walls of the nave). The bearing structure are made of stone masonry, the main façade, charac-

terized by three front doors, has ornaments with classical pattern (columns, tympanum, cornice) 

and the masonry layer is constituted by white travertine, the nave is covered by a brick elliptic 

vault (like the apse zone) with lunettes that create small ornamented niches jointing with the 

columns included inside walls. Also in Santa Maria della Carità, like many other Italian 
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churches, the triumphal arch separates nave area from the apse. It is inserted in a masonry panel, 

with an elliptically shaped opening has a thickness of about 1.2 m. The church walls have dif-

ferent masonry materials (i.e., brick, travertine, stone, etc.), in the walls of the nave there is two 

distinct type of masonry in elevation, this can be explained by the different age of edification. 

At a height of 11.08 m there is travertine block, and up there is irregular stone. 

Figure 1. The main façade of the church (left) and view of the internal space (right). 

Figure 2. Floor planning (left) and section (right) of the church. 

3 STRUCTURAL MODEL 

In this work, the nonlinear damage behavior of the masonry is considered within a continuum 

mechanics theory, based on a smeared crack approach [12,13] where the cracks are not de-

scribed one by one but are instead continuously spread within the body and affect (reduce) the 

medium stiffness, a concept that offers a variety of possibilities, ranging from fixed single to 

fixed multi-directional and rotating crack approaches. Here, the distinction lies in the orienta-

tion of the crack, which is either kept constant, updated in a stepwise manner or updated con-

tinuously [14]. Due to the limited data required, the smeared crack models are practice-oriented 
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[15]. The panels were modeled with solid tetrahedron elements with 4 nodes, and optimized 

regular mesh was used for discretization. The nonlinear behavior of the masonry panels of the 

historical complex is represented by a Total Strain Crack Model based on fixed stress–strain 

law concepts available in Midas FEA©. In this way, the cracks are fixed in the direction of the 

principal strain vectors being unchanged during the loading of the structure. The tension/com-

pression behavior of the masonry was modelled by the constitutive laws reported in Figure 3.  

a) b) 

Figure 3. Stress–strain constitutive relations used for the simulation: a) masonry uniaxial compression; b) ma-

sonry uniaxial tension. 

About materials properties, the masonry mechanical parameters used in the model (from in 

situ survey and from Italian Codes for existing masonry buildings [16,17]) are reported in Table 

1. 

fc ft 𝛾 E ν Gc Gf 
Confidence Factor (CF) 

[MPa] [MPa] [N/mm3] [MPa] [N/mm] [N/mm] 

Squared block stone masonry thin joins 

KL1 5.33 0.53 0.000022 3840 0.3 3.74 0.04 1.35 

Squared block stone masonry 

KL1 4.44 0.44 0.000022 2800 0.3 3.29 0.03 1.35 

Solid bricks and lime mortar masonry good mortar 

KL1 2.67 0.27 0.000018 2250 0.3 2.30 0.02 1.35 

Disordered rubble stone masonry 

KL1 0.74 0.07 0.000019 870 0.3 0.94 0.01 1.35 

Solid blocks and disordered rubble stone masonry 

KL1 1.25 0.12 0.0000194 1677 0.3 1.35 0.01 1.35 

Squared block stone and disordered rubble stone masonry thin joins 

KL1 1.24 0.12 0.00002 2202 0.3 1.35 0.01 1.35 

Table 1. Mechanical characteristics of the main elements. 

The shear retention factor (β) gives the shear stiffness after cracking, which can be a constant 

(low) value between 0 and 1, or a value depending on the crack opening. Here, a constant value 

equal to 0.05 was adopted like requested in [18].  

The Numerical Model (NM) has been built to reproduce the geometry of the structures, fo-

cusing on the variations in wall thickness, on geometrical and structural irregularities, and on 

wall connections. Finally, the major openings in the buildings have been reproduced. The NM 

consider a complete separation between the church and the annex, since as previously said, the 

annex could have been built later than the church. About the diaphragm stiffness (a choice that 
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could significantly affect the overall response [17]), they have been considered as flexible floors, 

in fact the hypothesis of rigid floors may be unrealistic in case of existing buildings (e.g. his-

torical masonry structures), where various ancient constructive technologies (i.e. timber floors 

and roofs, structural brick or stone vaults) can be found for floor and roofing systems. The NM 

consider the contribution of the retrofit intervention executed in 2010 (after the L’Aquila 

eartquake of the year 2009). 

After meshing, the final 3D NM is shown in Fig. 4, it counts 17136 nodes, 59632 solid 

elements and 49827 degrees of freedom (d.o.f.). Nonlinear static analyses (i.e., pushover) re-

ported in the next sections have been performed assuming a rigid ground foundation (fixed base 

model) and the following parameters have been adopted during the analyses: 

• Maximum number of iterations of load increment: 200;

• Maximum analysis number of sub-steps: 1500;

• Minimum analysis number of sub-steps: 5;

• Initial load factor 0.01.

Figure 4. Numerical Model of the church. 

4 NONLINEAR STATIC ANALYSIS: CONSIDERATIONS AND RESULTS 

The seismic behavior has been analyzed by using a nonlinear static analysis method: under 

conditions of constant gravity loads a monotonically increasing horizontal loads have been ap-

plied using a pushover analysis [19]. Based on this method, the effects of the seismic loads have 

been evaluated by applying two systems of horizontal forces perpendicular to one another, not 

acting simultaneously. The first load distribution is directly proportional to the masses of the 

structures (PushMass) on each floor; the second load distribution is proportional to the main 

mode in the considered direction (PushMode). These two load distributions could be considered 

as two limit states of the building capacity. 

It is noteworthy to point out that a conventional pushover is assumed in the study, i.e. loads 

applied to the building do not change with the progressive degradation of the structure that 

occurs during loading. This means that the conventional pushover does not account for the 

progressive changes in modal frequencies due to yielding and cracking on the structure during 

loading [20,21]. Hence, the hypothesis of invariance of static loads could cause an overestima-

tion in the analysis of the masonry building seismic capacity especially when a non-uniform 
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damage on the buildings or a high level of cracking are expected. However, also in its conven-

tional form, the pushover provides an efficient alternative to expensive computational nonlinear 

dynamic analyses and can never the less offer useful and effective information on the damage 

state that the building can develop under seismic loads [21]. The main capacity curves obtained 

by nonlinear static analysis are reported in Fig. 5.  

 

 
Figure 5. Capacity curves for the 3D NM. 

 

   a) b) 

Figure 6. Cracking patterns obtained from Pushover analysis: uniform load –X (a), and –Y direction (b).  
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The X-Direction have a brittle behaviour. Meanwhile, in the Y-Direction a more ductile 

behaviour is observed. Analysing the damages for increasing values of the transversal load, as 

reported in Fig. 6a, can be seen that the cracking evolution is concentrated around the tower 

near the connection between the triumphal arch and the nave walls, but when the load acts along 

Y-Direction (Fig. 6b) more diffuse damages appear in the main vault and on its connection with 

the nave walls. 

To summarize the seismic performances of the church, the Seismic Risk Index IR is used: 

𝐼𝑅 = (
𝑇𝑅,𝑐

𝑇𝑅,𝐷
)
0.41

(1) 

It might be worth to remind that IR >1 corresponds to a safe structure, IR<1 corresponds to 

an unsafe building on the standard of the new constructions [22]. The TR,C in Eq. (1) is the 

return time of the seismic action that produces, for the requested SLSD, the non-respect of the 

inequalities d*max ≤ d*u (d*max is the demand, and d*u is the capacity in the equivalent s.d.o.f. 

system [23]). In the case of “Santa Maria della Carità” church the index has a value of 0.35. 

5 CONCLUSIONS 

To provide a contribution on the topic of the seismic vulnerability of Italian building heritage 

the behaviour of a study case, the “Santa Maria della Carità” church, has been analysed under 

earthquake loading. For this purpose, a 3D NM of the church has been set up and a nonlinear 

analysis has been developed. The seismic analyses allow to obtain a screening of the most vul-

nerable elements of the structure, which are the eccentrically tower and the main vault. This 

information can be used to design local and global retrofitting works. It is believed that the 

results obtained with respect to the seismic assessment of this case study could be extrapolated 

to the wide variety of historical churches, and generalized for a wide masonry building category. 
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Abstract. During the last years, the application of Structural Health Monitoring (SHM) sys-
tems to heritage constructions has received a great interest due to the low invasiveness and
low-cost of the necessary equipment. When applied to monumental structures and, more in
general, to cultural heritage ones, such SHM systems represent an effective solution for pre-
ventive conservation against both material degradation and damages derived by natural haz-
ards, such as earthquakes. Among the various technical solutions currently available for SHM,
vibration-based systems deserve a special attention, but their application in the context of his-
torical constructions is still quite rare and challenging, with very few documented applications,
mostly limiting to masonry towers and bell-towers for their slenderness properties.

In this work, the first months of continuous vibration monitoring of the dome of the Basilica
of Santa Maria degli Angeli in Assisi are presented. At first, a dynamic identification has been
carried out using five high-sensitivity accelerometers, three of them installed at the base of the
drum and two at the base of the dome. Then, a fully automated identification technique has been
used to extract time series of natural frequencies during the monitoring period. Moreover, some
statistical tools have been applied in order to select the best configuration, in terms of number
and position of sensors, necessary to obtain a continuous frequency tracking of the first natural
modes in view of the use of this information for rapid post-earthquake structural assessment.

Moreover, a preliminary investigation about the seismic assessment has been carried by
means of a Finite Element (FE) nonlinear dynamic analysis. The damage map obtained by
the numerical simulation has been compared with the actual crack scenario present on the
structure, giving further information about the structural dynamic response.
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1 INTRODUCTION

In the last decades the structural monitoring of constructions has received great interest from
both scientific community and professional engineers, with special attention to the identification
of damage scenarios occurred after seismic events. Within this framework, the dynamic moni-
toring of architectural heritage can be still considered as a challenge, due to the complexity of
the structures and of their behaviour [1, 2, 3, 4]. In particular, vibration-based SHM techniques
applied to historical constructions are giving interesting results in terms of damage detection
especially after earthquakes of even small intensity [5, 6, 7, 8, 9].

The seismic events that stroke the centre of Italy during the second half of 2016 have affected
a large part of the national area, in which several monuments and historical constructions of
relevant interest are placed. Even if the distance from the epicentre of a strong motion determine
a significant reduction of the energy and the accelerations of the ground motions, continuous
input of small and medium intensity could cause cumulative damage scenario on a structure that
are not always directly visible by a fast visual inspection.

In this work, the dynamic response of the dome of the Basilica of Santa Maria degli Angeli in
Assisi is presented. The slenderness of the drum-dome system gives to the structure particular
features making it a quite interesting case of study and research. At first, a dynamic identifi-
cation has been carried out using five high-sensitivity accelerometers, three of them installed
at the base of the drum and two at the base of the dome. Then, a fully automated identifica-
tion technique has been used to extract time series of natural frequencies during several months
of monitoring period. A numerical FE model has been tuned on the natural frequencies and
related mode shapes extracted by the experimental data. On the base of the tuned numerical
model, nonlinear dynamic analyses have been performed by applying a seismic input recorded
by a near station belong to the accelerometric national network and the numerical response, in
order to assess the damage scenario observed on the structure. The reliability of the results have
allowed to carry out vulnerability investigations in order to identify critical situations.

2 THE BASILICA OF SANTA MARIA DEGLI ANGELI IN ASSISI

The Basilica of Santa Maria degli Angeli in Assisi, built between the 16th and the 17th
centuries, consists of a latin cross plan, with 126m and 65m dimensions, with a nave, two
aisles and a semicircular apse. The Basilica contains the Porziuncola, a little ancient chapel
representing a symbol of Franciscan spirituality and an important pilgrims destination. This
chapel is located at the intersection between the transept and nave. Figures 1(a) and 1(b) show
the plan and the lateral perspective drawings of the Basilica [10].

A great importance is given to the basilica from the inner presence of the Porziuncola, a little
ancient chapel placed in the central part of the structure under the dome. The presence of the
Porziuncola inside the basilica has always attracted thousands of pilgrims every year from all
over the world. For this reason, the need of providing a well visible sign for pilgrims has induced
the architect to design an uncommonly high drum-dome system. The dome is characterized by a
single shell with a inner diameter of approximately 20m and a variable thickness of the unique
shell from 1.80 m at the bottom up to 0.90 m at the top. The inner perimeter of the drum is
circular, while the outer one is octagonal; the coupled pilasters at the angles of the octagon
become stiffening ribs over the dome’s extrados, joining at the oculus, the base of the lantern,
that gives to the architectural complex an overall height of approximately 75 m.

The singular slenderness of the drum-dome system appears more evident if compared with
the roles of constructions reported in the architectural treatises of the 17th and 18th centuries,
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Figure 1: Basilica of Santa Maria degli Angeli in Assisi: (a) plan; (b) lateral perspective.

Figure 2: Dynamic monitoring system installed on the drum-dome system of the basilica.

e.g. the treatise of Carlo Fontana [11, 12]. A close comparison between the section of the
case of study and the drawings of the architectural treatise highlights that the drum is high
almost twice than the roles proposed by Fontana, conferring to the structure a really unusual
slenderness and unique architectural feature. This significant slenderness motivated the authors
towards the implementation of a vibration-based monitoring system for the dome.

3 DYNAMIC MONITORING SYSTEM AND DATA PROCESSING

3.1 Dynamic investigations

The dynamic monitoring system consists of five high-sensitivity (10V/g) uni-axial accelerom-
eters installed at the base of the drum and at the base of the dome, as illustrated in Figure 2 [13].
In particular, the sensors A1, A2 and A3 have been placed on the easily accessible external
side of the drum base, while the sensors A4 and A5 in the highest accessible location inside the
dome structure, at the top of the drum, in the space of the internal staircases (Figure 2).

The vibration data have been continuously recorded in operational condition by using a
multi-channel system (carrier model cDAQ-9188 with NI 9234 data acquisition modules, 24-
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Figure 3: Representation of the identified mode shapes.

bit resolution, 102 dB dynamic range and anti-aliasing filters), with a sample rate of 100 Hz
and stored in 30-minutes long time histories, representing the data sets. The monitoring system
has started since October 16th of 2015 up to the end of May 2016. The operational conditions
of the structure are mainly characterized by wind and traffic actions and, periodically, by the
vibrations induced by the swinging bells of the adjacent bell-tower.

By analysing a data-set corresponding to a particular wind storm action (October 23th 2015,
03:00-03:30) a preliminary dynamic identification of the structure has been carried out by means
of the Frequency Domain Decomposition technique, from which seven modes have been ex-
tracted (Figure 3). In particular the first two are flexural in y (Fy1) and x (Fx1) directions
respectively, i.e. across and along the nave direction, the third is torsional (T1) and the others
are flexural alternatively in y and x direction of second (Fy2, Fx2) and third order (Fy3, Fx3).

3.2 Automated frequency tracking

The dynamic monitoring system has been installed on the structure with the purpose of
investigating the evolution in time of the natural frequencies of the structure in order to have
an effective system to use for early damage detection. Owing to technical problems the system
stopped on May 2016. Modal parameters of the drum-dome system have been continuously
extracted from the acquired data by using a fully automated Stochastic Subspace Identification
(SSI) technique [14]. Among the seven modes previously identified, the fourth, the sixth and
the seventh mode cannot be consistently identified, due to the low level of vibration.

A first contribution given in this paper is to compare the frequency tracking obtained by using
all the five sensors installed on the structure (see Figure 2) and a reduced number of sensors, in
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Figure 4: Time histories of the first five natural frequencies of the drum-dome system identified using five (a) and
two (b) accelerometers, having A1-A2-A3-A4-A5 and A4-A5 layout respectively, with reference to Figure 2.

order to install a permanent system constituted by a small number of accelerometers. The com-
parison has been made by using only the accelerometers A4 and A5 as the alternative sensors
layout. In Figure 4 the time histories of the first five frequencies obtained by the application
of the SSI techniques with the complete layout of sensors (Figure 4(a)) and the reduced one
(Figure 4(b)) are compared. The plot is limited to the first days of acquisition, in order to give
a more clear visualization.

In Figure 4 is evident as the low level of vibration of the drum base (related to the sensors
A1, A2, and A3) does not allow to obtain a consistent identification also for the first modes.
However, a statistical comparison between the data identified in the two sensor layouts have
been made in terms of mean and standard deviation of the time histories, for each natural fre-
quency. Figure 5 summarizes the comparison for the first three modes, from which it should be
noted that a vibration-based dynamic monitoring can be effectively carried out by using a small
number of sensors even for historical constructions generally unusual for such applications.

4 NUMERICAL ANALYSIS

4.1 FE modelling

The numerical model, elaborated by means of a Finite Element commercial code, comprises
both hexahedral and tetrahedral finite elements, necessary for the modelling of some irregular
structural geometries. More in detail, a structured mesh has been used in the pillars, some
regions of the drum and the dome, and a free mesh in the remain parts. Particular attention has
been devoted to the modelling of the internal staircases of the drum, which play a fundamental
rule in the results of the nonlinear analysis for the localization of damage regions. The near
structural elements, such as the nave, the apse and the lateral transepts have been modelled only
to confer a consistent lateral stiffness to the central part. A sketch of the numerical model and a
detail of the internal staircases of the drum are shown in Figures 6(c) and 6(b) respectively.

Four main different regions can be identified in the model of the drum-dome system: the
pillars, the triumphal arches and the drum-dome structure. The choice of these regions is related
to the tuning operations for the correlation between the experimental and numerical modal
characteristics. Homogeneous isotropic material have been used in all the parts of the model.
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Figure 5: Statistical distributions of the first three natural frequencies (Fy1, Fx1 and T1) identified by using five
sensors (a-c) and only two sensors (d-f).

Figure 6: (a) Sketch of the 3D model. (b) Details of the drum internal staircases model.

Considering that all the structure has been mainly constructed by using brick masonry in a quite
good condition, as a first attempt, the elastic parameters have been taken in the range proposed
by the Italian code for brickwork [15], in exception of the pillars, which are made by stone
masonry. In addition, the corrective multiplicative coefficients suggested by the standard in
the case of good conditions of mortar have been considered for brickwork material (γb = 1.5),
while the case of thin thickness of mortar joints (γs = 1.2) for stone masonry. By varying the
mechanical parameters of the materials, a modal sensitivity analysis has been carried out to
perform a model updating. By a few steps of manual tuning, a consistent numerical model has
been obtained. Tables 1 and 2 summarize the results of the model updating process regarding
the elastic properties of the materials and the frequencies derived by the modal analysis. Figure
7 shows the modal shape of the first five modes obtained by the numerical model.
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Structural part Young’s modulus [MPa] Poisson’s ratio [-] Weight [kN/m3]
before tuning after tuning before tuning after tuning before tuning after tuning

Drum-dome 2700 1400 0.15 0.30 18 20
Triumphal arch 2700 1400 0.15 0.30 18 20

Pillars 3850 4000 0.15 0.15 22 23

Table 1: Elastic parameters of the isotropic constitutive model before and after model tuning.

Mode f exp f FEM ∆ f %
Fy1 1.763 1.767 0.198
Fx1 1.811 1.883 3.968
T1 3.056 3.134 2.555
Fy2 3.498 3.644 4.187
Fx2 4.407 4.486 1.794
Fy3 5.903 5.624 4.732
Fx3 6.039 6.057 0.299

¯∆ f % 2.534

Table 2: Comparison between experimental and numerical structural frequencies after tuning.

4.2 Nonlinear numerical analysis

A consistent FE model allows to perform predictive analyses of the structural response both
to assess possible damage scenarios already present on a structure and to predict critical situa-
tions related to the occurrence of particular damage conditions. In the following the results of
a first dynamic investigation regarding the nonlinear response of the structure is presented. It
should be noted that both the drum and the dome are characterized by a complex damage pattern
due to several earthquakes occurred during the last centuries. The most important seismic event
is dated back to 1832, which caused the collapse of the central nave. No specific interventions
have been made on the structural masonry of drum-dome system other than an overall confine-
ment of the drum through three orders of iron tension rings, after the event of 1832. Also the
recent seismic sequence occurred in the central Italy in the second half of 2016 did not cause
new relevant damage pattern.

The main purpose of the following study is to achieve a consistent interpretation of the state
of damage, by means of a nonlinear dynamic analysis. The earthquake of Umbria-Marche of
1997, occurred on September 26th at 9:40 UTC, has been used as seismic input, due to the fact
that a near seismic station has recorded the local ground motion (Figure 8). A concrete damage
plasticity (CDP) model has been used in the numerical analysis to reproduce the behaviour of
the masonry material beyond the elastic field, considering damage effects in both tension and
compression. The CDP model consists of a modification of the shape of the yield surface of the
well-known Drucker-Prager criterion by means of specific parameters and allows to describe
the behaviour of quasi-brittle materials, such as concrete, rock and masonry. The damage pa-
rameters are locally defined as mainly functions of the equivalent plastic strain, with different
behaviour in tension from compression.

Figures 9 and 10 show a comparison between the localization of damage obtained by the
numerical simulations and a cracks survey made on the structure by using photo images on
the eight internal sides of the drum and the above dome slice. The results highlights that the
complex damage scenario is mainly due to dynamic actions, being the most damaged zones
concentrated in the walls parallel to the y direction, i.e. the direction of the first natural mode and
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Figure 7: Mode shapes of the first five modes obtained by the numerical model.

Figure 8: Umbria-Marche earthquake of 1997 (September 26th at 9:40 UTC) recorded by the Assisi station. (a)
Acceleration time histories in x and y directions. (b) Pseudo-acceleration spectra of the acceleration signals.

then the most stressed. The numerical results are in a good agreement with the actual scenario
while further investigations are needed to analyse the level of damage in order to predict critical
situations.

5 CONCLUSIONS

In this paper a dynamic investigation of a historical masonry dome have been carried out,
with the purpose of the definition of a right sensor layout constituted by a small number of ac-
celerometers. Seven month of continuous dynamic monitoring have been performed using five
high-sensitivity accelerometers installed a the base of the drum and at the base of the dome. A
detailed dynamic identification has allowed to estimate the modal parameters of the structures
and, by means of a fully automated dynamic identification procedure based on the SSI tech-
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Figure 9: Maps of the damage parameter obtained by FE nonlinear dynamic analysis after the application of the
Umbria-Marche earthquake (1997 September 26th) compared with the actual damage state in the North, North-
East, East and South-East sides.
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Figure 10: Maps of the damage parameter obtained by FE nonlinear dynamic analysis after the application of the
Umbria-Marche earthquake (1997 September 26th) compared with the actual damage state in the South, South-
West, West and North-West sides.
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nique, the time histories of the first five natural frequencies of the structure have been traced.
The frequency tracking has been made by using both all the sensors and only the two sensors
placed in the highest part, at the base of the dome. The statistical analysis of the samples ob-
tained during the first months of dynamic monitoring have highlighted that using even a small
number of sensors it is possible to consistently identified the first natural modes.

Moreover, a FE numerical model has been constructed and tuned on the identified natural fre-
quencies and a nonlinear dynamic analysis has been carried out using as seismic input the data
recorded in a near station during the Umbria-Marche earthquake of 1997. The damaged zone
obtained by the numerical analysis has confirmed that the complex crack pattern observed in
the dome can be mainly associated to seismic actions. Further investigation are needed in order
to perform the damage assessment and to predict critical scenario by numerical simulations.
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Abstract. The paper investigates the possibility and the effectiveness of reducing the seismic 

vulnerability of masonry towers by means of composite materials and traditional steel bands. 

Masonry towers are very widespread in Italy, both as bell towers for churches and defense towers 

in medieval cities and castles. Masonry material, presenting low mechanical properties, is not 

suitable to withstand significant tensile and compression stresses induced by earthquake loading. 

The slenderness of these structures is another factor that can reduce the bearing capacity when 

significant stresses are present in specific structural parts. The seismic vulnerability of masonry 

towers is very high, as a consequence of both poor material properties in tension and high 

compression levels at the base of the structure. Moreover, Italy is characterized by a high potential 

risk to be stricken by moderate/high seismic events, as experienced in the last decades. In such a 

situation, the seismic upgrading of masonry towers could appear rather important. 

Seismic upgrading by introducing both traditional steel bars and composite materials as strips or 

rebars is analyzed in detail for different towers. Based on some a priori assumed failure modes 

(one proposed by Heyman), simplified models from a limit analysis approach are here discussed 

and used to define the most suitable retrofitting solution. The retrofitting possibilities consist of: 

a) horizontal hooping rings; b) vertical pre-stressed tie rods; c) vertical composite strips. A

simplified straightforward relationship is found between the retrofitting requirements and seismic 

hazard. The procedure is applied for a wide range of geometrical properties and appears to be 

fast and reliable.  
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1 INTRODUCTION 

Recent seismic events have highlighted that existing masonry towers and churches are 

particularly vulnerable under earthquake excitations; hence, national and international standards 

have imposed the evaluation of their structural performance, even in the presence of horizontal 

loads, [1], [2]. However, seismic vulnerability is not the only threat for masonry towers; for 

instance, approximately one century ago, the Civic Tower of Pavia collapsed due to self-weight 

and the degradation of the material, [3]. Other examples of the collapse of masonry towers could 

be found, e.g. the bell tower in Piazza San Marco in Venice (Italy, 1902) and the bell tower of 

Saint Magdalena church in Goch (Germany, 1992). As a matter of fact, masonry material has low 

mechanical properties, exhibits very limited ductility and is characterized by a brittle failure. The 

safety assessment of masonry towers against earthquakes appears to be of relevant importance in 

such circumstances, for historical, social and cultural reasons. 

The behavior of masonry towers under vertical and seismic loads is widely studied in the 

literature. Different levels of analysis, such as FE (finite element) analyses [4]–[9], rigid elements 

[10], Limit Analysis (LA) [11] and simplified models [7], [12], are available in the literature. As 

regards the towers performance upgrading, very few cases that could be found consist of 

horizontal and vertical tied rods, which are used to increase the global structural capacity under 

horizontal loads, [13], [14]. In recent research, different authors have studied the applicability of 

new composite materials for the retrofitting of existing masonry constructions, [15]–[17], 

including the possibility to introduce some intrados FRP sheets for the seismic upgrading of bell 

towers, [18].  

The numerical results of a simplified LA procedure are presented in this paper, remarking the 

collapse mechanism, the corresponding lateral collapse load and the retrofitting design. A 

subroutine procedure is implemented for different towers, varying the base width from 4 to 12 m 

and varying the height from 20 to 70 m. A dynamic amplification concept, which correlates the 

load multiplier of the tower self-weight and the corresponding ground acceleration, is introduced. 

The results highlight the seismic risk for a limited range of height and width combinations 

corresponding to a slenderness variation from 4 to 7. For some combinations of the geometrical 

properties it is quite difficult to reduce the seismic vulnerability with traditional methods; hence, 

other advanced techniques are recommended. The proposed procedure is quite simple and gives 

reliable results for a fast seismic retrofitting design of masonry towers. 

2 FAILURE MECHANISMS 

Masonry towers may exhibit different failure modes due to their peculiar properties, mostly 

related to the level of pre-compression, masonry quality and structural irregularities. Figure 1 

illustrates four possible collapse mechanisms of masonry towers due to lateral loads: vertical shear 

crack (#1), rocking failure (#2), rocking failure with limited tensile strength (#3) and horizontal 

sliding (#4), [5], [11], [19], [20]. These mechanisms represent simple cases where the stiffness of 

the tower as a block is relatively high compared to small deformations. Hence, it is possible to 

make simplified considerations using limit analysis (LA), which results to be a fast and reliable 

tool, about the capacity and the vulnerability of such constructions, [6], [7], [21], [22]. Such 

simplified models are developed and recommended for a quantitative evaluation of the seismic 

risk in Italia Codes, [1], [2]. A FE upper bound limit analysis has been proposed [23], deliberately 

to evaluate the load multiplier of the most probable failure mechanism, without predefining the 

failure mechanisms. The first predefined failure mechanism is likely to occur when the wall 

thickness is relatively small and relatively large openings are present, [3], [6]. The third failure 

mechanism is very likely to occur if an existing crack pattern, as shown in the image, is prone to 

be active. Such circumstances are very common for leaning towers, which are very diffused in the 

Po River valley (Italy), [12], [24]. The failure mechanisms follow the crack pattern propagating 

through mortar interfaces. A horizontal sliding could occur if low quality deteriorated mortar 

2555



G. Milani, R. Shehu and M. Valente 

constituting the bed joints is combined with low levels of pre-compression [20], e.g. low density 

or short towers. 

Figure 1. Geometrical properties and possible failure mechanisms of masonry towers. 

3 RETROFITTING POSSIBILITY 

Generally, masonry towers exhibit high vulnerability to lateral loads and consequently their 

seismic upgrading should be considered. As a matter of fact, their structural behavior is quite 

complex and their retrofitting is a difficult task, mainly when dealing with cultural heritage 

preservation. For instance, some proposed retrofitting techniques in the literature consist of: 

horizontal high-strength bars [25], pre-stressed vertical tie rods [14], viscous dampers at the base 

[26], intrados FRP sheets [18], masonry material properties upgrading [27]. The efficiency of any 

retrofitting technique is primarily related to the expected failure mechanism and the strictness of 

the implementation. Based on the above-mentioned failure mechanisms, some conceptual 

retrofitting possibilities are proposed in Figure 2.  

Figure 2. Conceptual retrofitting possibilities for different failure mechanisms of masonry towers. 

The possibility of the herein proposed techniques consists of vertical elements, which provide 

higher capacity against overturning, and horizontal elements, which pre-compress the masonry in 

order to increase the shear capacity. Vertical elements may be of different typologies, i.e. pre-

stressed or not pre-stressed, and different materials, i.e. steel, FRP bars/sheets. Such elements are 

introduced into the numerical model as applied external forces, limiting their value to the 

corresponding material strength or related to debonding phenomenon.  

4 LIMIT ANALYSIS APPROACH 

As previously mentioned, a LA approach is developed to investigate the performance of the 

masonry towers under lateral loads. Taking advantage of the feasibility of the method, a 

parametric study is performed. The procedure allows for the design the retrofitting devices as a 

function of the seismic intensity level. 
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4.1 Load multiplier at collapse 

Based on the specified geometry and the virtual works principle, the following collapse load 

multipliers are extracted for each failure mechanism: 

𝜆#1 =
𝛾 a  (a − t)  + a 𝜏0 +

∑ 𝑃
2 𝑡 𝐻

 𝑎 tan 𝜑

2  𝛾 t (a − t) 𝐻 
 

(1) 

𝜆#2 =
2 𝛾 a 𝑡  𝐻 + 𝑅

2  𝛾 t  𝐻2 
 (2) 

𝜆#3 =
𝑊(𝑎,𝑡,𝐻,𝛾,𝜃)𝑑(𝑎,𝑡,𝐻,𝛾,𝜃) + 𝑅(𝑎 − 𝑡)

𝑊(𝑎,𝑡,𝐻,𝛾,𝜑)ℎ(𝑎,𝑡,𝐻,𝛾,𝜃) 
 (3) 

𝜆#4 =
4 t (a − t)[(𝜏0 + γ(H − ℎ𝑣) tan 𝜑) sec 𝜑 −  𝛾 ℎ𝑣 sin 𝜑] +

∑ 𝑃
2 𝑡 𝐻

𝑎 tan 𝜑

𝛾 4 t(a − t)ℎ𝑣 cos 𝜑
 (4) 

where, 𝑊(𝑎,𝑡,𝐻,𝛾,𝜃) is the weight of the tower section above the crack, 𝑑(𝑎,𝑡,𝐻,𝛾,𝜃) is the distance 

from the mass center of the tower section above the crack to the pivot point, ℎ(𝑎,𝑡,𝐻,𝛾,𝜃) is the 

distance from the mass center of the tower section above the crack to the base of the tower, 𝜃 is 

the angle between the cracked plane and the horizontal line, 𝜑 is the friction angle of the masonry 

material and ℎ𝑣 is the height of the tower block above the sliding plane. The last mechanism is 

considered without pre-stressing, just to prevent any relaxation of the steel due to temperature or 

creeping effect. 

4.2 Retrofitting design 

The above equations of the load multiplier have a similar form given by equation (5): 

𝜆#i =
𝑆𝑠  + R

I 
 (5) 

where 𝑆𝑠 is the stabilizing contribution of the unreinforced tower, R of the retrofitting and 𝐼 is 

the horizontal load contribution. The units of 𝑅 could be [kN] if the failure mechanism is governed 

by shear or [kNm] if the failure mechanism is represented by overturning. If a proportional 

relationship between 𝑆𝑠 and R is considered, then 𝑅 = 𝐾 𝑆𝑠 . Hence the retrofitting design, related 

to the lowest allowed load multiplier [𝜆], can be performed through the following equation. 

𝑅 =
𝐼 [𝜆]

𝑆𝑠  + 1
𝑆𝑠 (6) 

4.3 Acceleration factor 

The framework of the retrofitting device design for four different failure mechanisms in terms 

of load multiplier is here defined. For a rigid body approach, this load multiplier can be used for 

design purposes and corresponds to the design ground acceleration. Despite the rigid block 

assumption, the masonry towers are flexible and have a dynamic response due to ground shaking. 

Under a seismic load, one can assume that the tower is safe if the acceleration factor facc is greater 

than 1: 

𝑓𝑎,𝑆𝐿𝑉 =
𝑎𝑆𝐿𝑉

𝑎𝑔,𝑆𝐿𝑉
 (7) 

where 𝑎𝑆𝐿𝑉  is the soil acceleration leading to the SLV ultimate state and 𝑎𝑔,𝑆𝐿𝑉  is the 

acceleration corresponding to the reference return period. The acceleration factor is a purely 

mechanical parameter, which may be useful for an evaluation of the weakness of the structure in 

terms of strength. We can assumed in the computations 𝑎𝑔,𝑆𝐿𝑉 = 𝑆𝑑(𝑇1) with a behavior factor 𝑞 

equal to 2.8, which is on the safe side because it should be 3.6 for regular masonry towers [1]. 
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EC8 spectrum for zone 1 is used for the sake of simplicity. 𝑇1 is the fundamental vibration period, 

which can be evaluated analytically in case of regular towers by the following equation: 

𝑇1 =
𝐻2

𝛼1

√
𝜌 ∙ 𝐴

𝐸 ∙ 𝐼
(8) 

It is worthy to note that when the period of the structure increases, the spectral acceleration 

decreases and the corresponding peak ground acceleration of the collapse multiplier increases.  

5 CASE STUDIES 

A numerical investigation is performed for a wide range of heights and base widths of different 

towers by means of a subroutine implemented in MATLAB by the Authors. The geometrical 

properties and the failure mechanisms introduced into the code are those explained in the previous 

sections. Two different situations are considered: a) the un-retrofitted case where a retrofitting 

design is performed in a second step; b) the retrofitted case where the safety checks for the required 

seismic upgrading are performed. 

5.1 Seismic vulnerability assessment 

Figure 3 depicts different views of four failure mechanisms for masonry towers with different 

heights and base widths, represented by surfaces. It is notable that different surfaces intersect each 

other, highlighting that geometrical parameters control the most probable failure mode. The load 

multiplier is quite proportional with the base width increase and inversely proportional with the 

tower height increase. Among all the failure mechanisms, the relevant one for a tower is the one 

activating a failure mechanism with the lowest load multiplier. In this case, a failure surface 

composed by the lowest load multiplier for a given base and height is defined, Figure 4. For the 

sake of clarity, the slenderness and the first fundamental period of the idealized towers studies are 

reported respectively in Figure 5-a,b).  

a) b) c) 

Figure 3. Variation of the load multipliers of the different failure mechanisms for different tower 

heights and base widths. a) 3D view; b) Variation of the load multipliers for different tower base 

widths; c) Variation of the load multipliers for different tower heights. 

Using equation (7), it is possible to evaluate for each tower an ag/g that makes the acceleration 

factor equal to 1. The acceleration factor is reported in Figure 5-c). It is worthy to note that the 

acceleration factor gives a straightforward view of the potential vulnerability of the tower, as a 

function of slenderness, base width and height, see Figure 6. All the cases exhibiting values lower 

than 1 are unsafe, therefore, they require further structural reinforcement to mitigate the potential 

risk. 
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a) b) c) 

Figure 4. Minimum load multiplier causing the collapse of the towers. a) 3D view; b) Variation of the 

critical load multiplier for different tower base widths; c) Variation of the critical load multiplier for 

different tower heights. 

   
a)  b) c) 

Figure 5. a) Values of slenderness investigated; b) Fundamental vibration period of the towers 

investigated; c) Corresponding acceleration factor. 

   
a)  b) c) 

Figure 6. a) Variation of the acceleration factor for different tower widths; b) Variation of the 

acceleration factor for different tower heights; c) Variation of the acceleration factor for different 

tower slenderness values. 

5.2 Results of the retrofitted case 

It was highlighted that if the structure exhibits a capacity to withstand an acceleration smaller 

than that required by the seismic zone, a retrofitting design should be introduced. Figure 7 gives 

an insight into the geometrical combinations for which the towers require the introduction of 

retrofitting devices. The information is given by means of ag/g increase needed (i.e. Sd(T1)-  ) to 

make the acceleration factor equal to 1 and by means of a non-dimensional retrofitting parameter 
r , where r =R/W if R is in [kN] (equation (6)) or r =R/(W H/2) otherwise. 
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a)  b) 

Figure 7. a) Sd(T1)-  ; b) parameter �̃�(amount of retrofitting needed normalized against tower weight), 

for different failure mechanisms of masonry towers. 

The influence of horizontal and vertical bars (i.e. or any strengthening material) is investigated 

with regard to the vulnerability mitigation. Three different strengthening configurations in terms 

of vulnerability reduction to zero are reported in Error! Reference source not found. and Error! 

Reference source not found.. The unsafe zone is a combination of two quasi triangles, where the 

right one corresponds to shear failure and the left one corresponds to rocking failure. Increasing 

the horizontal bars/strips/hoops, the right triangle decreases; the same result is obtained for the 

left triangle when vertical elements are introduced.  

a)  b) c) 

Figure 8. Retrofitting possibilities with horizontal bars. a) 1 m step; b) 0.5 m step; c) 0.1 m step. 

a) b) c) 

Figure 9. Retrofitting possibilities with vertical bars. a) 20 bars; b) 50 bars; c) 100 bars. 

The optimal upgrading performance is achieved by a combination of horizontal and vertical 

elements, and results are reported in Error! Reference source not found.. Table 1 shows different 

configurations for the required optimal retrofitting. The best options are those with high strength, 

because they will occupy less space and will be more practical to be implemented in an effective 

way. As a matter of fact, the delamination phenomenon is present when retrofitting the masonry 

structures with composites strips, [28], thus the specified strength of the CFRP strips should be 

reduced as compared with their strength. The reference retrofitting material corresponds to a 

specimen steel bar with a strength in tension equal to 260 MPa and diameter equal to 25 mm. 
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a) b) c) 

Figure 10. Optimal retrofitting with 80 vertical bars and 0.25 m step for horizontal bars. 

Table 1. Different materials configurations for the optimal retrofitting. 

 Steel bars S 260 NC Steel bars B450C 

 
fy 

[MPa] 

A 

[mm2] 

d 

[mm] 
nr 

fy 

[MPa] 

A 

[mm2] 

d 

[mm] 
nr 

Vertical 260 37500 25 80 450 37500 25 46 

Horizontal 260 1875 25 4 450 1875 25 3 
 

 CFRP strips CFRP bars 

 
fy 

[MPa] 

A 

[mm2] 

b 

[mm] 

t 

[mm] 

fy 

[MPa] 

Area 

[mm2] 

d 

[mm] 
nr 

Vertical 100 37500 4000 9.375 1000 37500 25 20 

Horizontal 100 1875 1000 1.875 1000 1875 25 1 

6 CONCLUSIONS 

Masonry towers presenting significant slenderness are highly vulnerable under seismic actions. 

Recent seismic events and numerical investigations have demonstrated their low capacity to resist 

lateral loads. Their seismic performance upgrading is a very important task required by Technical 

Codes and Built Heritage Conservation Guidelines.  

A simplified LA approach to investigate the vulnerability of masonry towers under lateral loads 

and further considerations about the retrofitting possibility are presented in this paper. Different 

geometrical properties are considered for the towers and their behavior is numerically investigated 

in detail considering four failure mechanisms. For each failure mechanism a retrofitting solution 

using traditional or innovative materials is then proposed. The procedure is found to be quite 

suitable to provide fast and reliable results. 
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Abstract. Structural health monitoring (SHM) systems represent an acknowledged low-invasiveness
and low-cost solution enabling real time condition assessment of civil structures, providing
useful information for preventive conservation and maintenance activities. The various doc-
umented successful applications of SHM systems to bridges and large infrastructural systems
has recently led many researchers to investigate their effectiveness in the case of monumen-
tal and historical buildings, often vulnerable to both anthropogenic a natural (e.g. seismic)
hazards. The countries in the Mediterranean Basin are especially committed to this kind of
research, being, at the same time, rich of built cultural heritage and highly exposed to seismic
and other natural hazards. Among the various types of historic buildings, Italian Cities are
especially characterized by an extensive presence of bell and civic masonry towers, which also
deserve a special attention because of their slenderness, making them suitably monitored via
vibration-based systems, and because of their seismic vulnerability.

Framing in the afore-depicted scenario, the authors have started in the last years a research
activity on vibration-based permanent SHM of slender historic towers, finalized at the imple-
mentation of new approaches for the optimal management of the limited available budgets for
conservation and restoration activities. In the present paper the results concerning this activ-
ity are presented with specific reference to two study cases in the city of Perugia, Italy: the
bell tower of the Basilica of San Pietro and the civic tower called “Torre degli Sciri”. The
two considered monuments present completely different characteristics and complexities from
both structural and architectural points of view, making them worth interesting investigating
as typological benchmarks. The work discusses both ambient vibration testing and permanent
mon-itoring applications, including considerations regarding the adopted sensing hardware.
The feasibility of a rapid post-earthquake damage detection via SHM is finally explored with
reference to the study case of the San Pietro bell tower, with particular attention to the recent
seismic events.
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1 INTRODUCTION

Within the context of seismic hazard and vulnerability of cultural heritage structures, main-
tenance and conservation of historic monumental buildings is a very onerous duty and a real
challenge for public administrations and governments, with a limited budget. For this reason
historical monuments and constructions, such as masonry towers, palaces and churches, have
been widely studied in the last decades, in order to improve the knowledge and the instruments
useful for their conservation and preservation [1, 2, 3]. In this regard, with a real economic
potential and a cost-effective management, structural health monitoring (SHM) systems can
improve protection and conservation of monumental buildings by providing real-time diagnos-
tic and prognostic data, thus enabling condition-based maintenance for an automated structural
performance assessment and early stage damage detection. However, taking into account sev-
eral challenges of cultural heritage structures like the minimal invasiveness, the historical and
architectural respect conforming to international criteria preservation, the selection of the proper
sensing hardware, the appropriate number and configuration of sensors and the proper signal
processing tools necessary to achieve an effective health assessment, SHM is yet to be broadly
implemented.

In order to detect anomalies in the structural behaviour associated with local changes in
stiffness and modification of the global dynamic behaviour, typically produced by earthquakes
or other types of dynamic loads, vibration-based SHM systems are generally associated to ef-
fective statistical tools for the analysis of the structural dynamic parameters. More in details,
reliable modal parameter estimates, like natural frequencies of vibration, can be obtained from
in-service response data through automated operational modal analysis (OMA) techniques [4],
[5], [6], typically using a small number of sensors [7]. In addition, powerful tools recently
developed allow to track the evolution in time of the parameters associated with a specific
structural mode, which is referred to as modal tracking, and furthermore, to remove the effects
given by environmental actions (typically temperature and humidity) through the use of statis-
tical models, such as multiple data regression and principal component analysis [8], and finally
to detect anomalies in the structural behaviour corresponding to very small variations in fre-
quencies by means of statistical process control tools, such as control charts. The effectiveness
of such procedures allows to observe significant deviations of the data from normal conditions,
even in presence of small changes in the structural behaviour, which can be automatically de-
tected, for instance occurred after an earthquake. In this regards, natural frequencies have been
rediscovered to be a very effective damage sensitive features for long-term vibration SHM.

Several applications of vibration-based techniques to masonry towers can be found in lit-
erature [9, 10, 11, 12, 13, 14], due to the slenderness and quite simple requirements in the
interpretation of the structural behaviour. This paper is focused on the analysis of two historical
masonry towers, located in Perugia, in the centre of Italy, and is essentially divided in two parts:
the San Pietro bell-tower and the civic Sciri tower, both masonry towers. Section 2 presents the
monumental bell-tower of San Pietro (brief historical background, as well as geometrical and
material survey), its monitoring system (sensing and data acquisition hardware) and the analysis
of the dynamic response of the bell-tower, besides to operational conditions, to the 2016 Cen-
tral Italy seismic sequence and the earthquakes occurred on January 18th 2017 in terms of (i)
recorded accelerations, (ii) changes of time histories of the natural frequencies of vibration after
the earthquakes and finally (iii) control chart as output of the SHM system. Section 3 presents
the Sciri tower with its monitoring system, analysis of ambient vibrations, AVTs carried out
in January 2017, spectral analysis and the dynamic response to the earthquakes occurred on
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January 18th 2017. Finally, Section 4 concludes the paper.

2 THE SAN PIETRO BELL-TOWER

2.1 Historical and geometrical description

The monumental masonry bell-tower of the Basilica of San Pietro is a 61.45 m high tower
situated in the southern part of Perugia, Italy. Restrained in the st 17 m by the surrounding
buildings of the Basilica and the Abbey, it is subdivided in three structural portions: (i) the
dodecagonal shaft in the first 26 m, made of stone masonry, with large external portions realized
in brick masonry as structural rehabilitation measures due to the occurrence of several damages;
(ii) the belfry with hexagonal cross section rising up to 40.8 m, architecturally characterized by
large Gothic openings and made of brick masonry covered by an external curtain of stone and
(iii) the cusp completing the tower on the top, made of brick masonry (see Fig. 1). Erected
for the first time in the 13th century, several interventions have been implemented to the tower
throughout the centuries. The last important consolidation was carried out in 2002, after being
severely damaged by the 1997 Umbria-Marche earthquake, with damages which mostly affected
the columns of the belfry and the cusp.

Figure 1: View of the San Pietro bell-tower (a) and sketch of the structural monitoring system: A, T and φ

denote acceleration, temperature and humidity sensors, respectively (b) (A4, A5 and A6 sensors were only used
for ambient vibration testing in February 2015, all other sensors are permanently installed on the tower).

2.2 Vibration-based SHM and damage detection

Continuously monitored since December 9th 2014, through a simple long-term vibration-
based SHM system aimed at detecting low return period earthquake-induced damages, there are
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three high sensitivity (10 V/g) accelerometers installed at the base of the cusp, able to measure
micro tremors induced by traffic and wind. In addition, for environmental conditions character-
ization, eight temperature and two humidity Tinytag sensors, from Gemini Data Loggers, are
also deployed on the structure [14]. A sketch of the monitoring system, with indication of the
x-y reference system, is shown in Fig. 1.
Data recorded by the three accelerometers are consecutively stored in files containing 30 minute
acceleration time series with a sampling frequency of 100 Hz, and downloaded by a network
connection with TCP/IP communication protocol from the computer located on site to a ded-
icated server placed in the Laboratory of Structural Dynamics of the Department of Civil and
Environmental Engineering of University of Perugia. Here, data are processed and modal pa-
rameters estimates are extracted, which is a very useful tool for SHM purposes.

In order to identify the main vibration modes of the structure to be tracked by the monitoring
system, an ambient vibration test (AVT) was carried out in February 2015, by using six high-
sensitivity accelerometers (A1, . . . , A6 as shown in Fig. 1(b)). Seven modes of vibration
were identified within the range from 0 to 10 Hz. These modes are three flexural modes in x
direction (E-W direction), denoted as Fx1, Fx2, Fx3, three flexural modes in y direction (N-S
direction), denoted as Fy1, Fy2 and Fy3, and one torsional mode, T1. Five of these modes,
namely Fx1, Fy1, T1, Fy2 and Fy3, have been effectively and consistently identified during the
whole monitoring period, while modes Fx2 and Fx3 have not allowed a continuous successful
identification and are therefore not useful for monitoring purposes.

Given that, significant variations of identified natural frequencies with changing temperature
have been observed, the natural frequencies of the seven modes after removing temperature
effects have been considered. This removal has been carried out by means of a Multiple Lin-
ear Regression (MLR) of natural frequencies versus temperature, using 20◦C as the reference
temperature. The vibration-based SHM method consists of a MLR model combined with PCA
which remove the effects of changes in environmental and operational conditions from time
series of natural frequencies and of a control chart which is based on T 2-statistic and detect
deviations from normal conditions possibly related to a structural damage.

2.3 Structural responses to the 2016 Central Italy seismic sequence and to the earth-
quakes occurred on January 18th 2017

The main earthquakes of 2016 Central Italy seismic sequence are the following: (i) Accu-
moli Mw6.0 earthquake occurred on August 24th at 01:36 UTC ; (ii) Ussita Mw5.9 earthquake
occurred on October 26th at 19:18 UTC and (iii) Norcia Mw6.5 earthquake occurred on Oc-
tober 30th at 06:40 UTC. Ground motion records for these earthquakes have been provided by
the Italian Strong Motion Network (RAN) of the Department of Civil Protection (DPC) and by
the Italian Seismic Network (RSN) of the National Institute of Geophysics and Vulcanology
(INGV). Taking into account, that the San Pietro bell-tower is located at a distance of about 80
km in the NW direction from the epicenter of Accumoli earthquake and approximately 65 km
from the epicenters of Ussita and Norcia earthquakes, a relatively significant distance from the
epicenters, it is very interesting the study of the response of the tower to these earthquakes.

Maximum values and root mean square (RMS) values of response accelerations on top of
the bell-tower during the seismic sequence and events of January 18th 2017 are reported in
Tab. 1. Measurement channels are numbered as depicted in Fig. 1(b). In particular, Channel
1 and Channel 2 refer to A1 and A2 sensors, measuring accelerations in x (E-W) and y (N-S)
directions, respectively, while Channel 3 refers to A3 sensor that is deployed in y direction.
In addition,for comparative purposes, Tab. 1 also reports information on the response of the
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Channel 1 Channel 2 Channel 3 Resultant 1-2[
m/s2] [

m/s2] [m/s2]
[
m/s2]

Accumoli 0.5861 (0.0922) 0.7632 (0.1109) 0.7948 (0.1128) 0.9140 (0.1442)
Ussita 0.6065 (0.0810) 0.3781 (0.0491) 0.3008 (0.0472) 0.6445 (0.0947)
Norcia 0.9423 (0.1596) 0.7627 (0.1018) 0.6487 (0.1008) 0.9469 (0.1893)
Montereale 0.1604 (0.0262) 0.2162 (0.0225) 0.1633 (0.0228) 0.2168 (0.0345)
Capitignano 0.1717 (0.0192) 0.1634 (0.0263) 0.1603 (0.0269) 0.1777 (0.0325)
Capitignano 0.0739 (0.0137) 0.0824 (0.0124) 0.0988 (0.0126) 0.1051 (0.0184)
Cagnano 0.1102 (0.0163) 0.1606 (0.0176) 0.1206 (0.0178) 0.1630 (0.0240)
Bells 0.0339 (0.0114) 0.0278 (0.0087) 0.0269 (0.0084) 0.0351 (0.0143)
Wind storm 0.0249 (0.0011) 0.0447 (0.0009) 0.0242 (0.0009) 0.0719 (0.0019)
Normal conditions (0.0002) (0.0002) (0.0002) (0.0002)

Table 1: Maximum values of accelerations recorded on top of the bell-tower (corresponding RMS values are
reported in brackets) during 2016 Central Italy seismic sequence and earthquakes of January 18th 2017. For
comparative aims, accelerations produced by swinging bells on June 5th 2016, during a wind storm occurred from
March 4th to March 6th 2015 and in normal everyday conditions (RMS values only) are showed.

structure under relatively strong dynamic excitations and in normal operational conditions. In
particular, swinging bells in the morning of June 5th 2016 and a wind storm occurred from
March 4th to March 6th 2015, are chosen as two specific cases which represent the relatively
strong dynamic excitation. It is noteworthy to stress that earthquake-induced accelerations were
at least one order of magnitude greater than those measured in these last two cases and two
orders of magnitude greater than those measured in normal everyday conditions. Also, similar
values of the peak structural acceleration are observed in Accumoli and Norcia earthquakes,
while the peak response to Ussita earthquake was a little smaller.

Fig. 2 shows the time histories of measured accelerations on top of the bell-tower, in x (E-
W) and y (N-S) directions, during the earthquakes of the seismic sequence and of January 18th
2017. During Accumoli earthquake, acceleration in y direction was predominant with a peak
value of 0.7632 m/s2. On the contrary, during Ussita and Norcia earthquakes, acceleration in x
direction was predominant, with peak values of 0.6065 m/s2 and 0.9423 m/s2, respectively. As
for measured accelerations during January 18th 2017 earthquakes, they are relatively smaller
than the seismic sequence, peak values of 0.2162 m/s2 in y direction and of 0.1717 m/s2 in x
direction, are observed during the 1st and the 2nd shock, respectively.

Fig. 3 shows the time histories of the natural frequencies of vibration of the five modes of
the bell-tower continuously identified and tracked during the monitoring period (modes Fx1,
Fy1, T1, Fy2 and Fy3). Daily and seasonal fluctuations associated to changing environmental
conditions and, primarily, ambient temperature, are visible in these plots . More importantly,
it is clearly highlighted that permanent frequency decays have occurred during the seismic se-
quence, whereby the horizontal dashed lines in Figs. 3 (a,b,c) represent the mean values of the
natural frequencies computed before and after the 1st shock, and the vertical dashed lines rep-
resent the dates of the main earthquakes of the seismic sequence, highlighting the instantaneous
decays in natural frequencies induced by the same events. In particular, frequency decays are
very evident for modes Fx1 and Fy1 in the plot of Fig. 3 (a), as well as for mode T1 and Fy2 in
the plot of Fig. 3 (b) and for mode Fy3 in Fig. 3 (c).

Finally, by mean of control chart generated as output of the vibration-based SHM system,
permanent earthquake-induced effects on the dynamic response of the bell-tower are high-
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Figure 2: Measured dynamic response of the bell-tower in terms of acceleration during the three main shocks of the
seismic sequence: Accumoli earthquake (a), Ussita earthquake (b) and Norcia earthquake (c) and during the four
earthquakes occurred on January 18th 2017: Montereale, L’Aquila (d), Capitignano, L’Aquila (e,f) and Cagnano
Amiterno, L’Aquila (g).

lighted. The chart is built by using the time series of identified natural frequencies after removal
of the effects of changing environmental conditions. Fig. 4 clearly highlights that a deviation of
the structural behaviour from normal conditions has occurred after Accumoli earthquake, and
a notable increase in the relative frequency of outliers after the shock is observed. In addition,
as shown in the detailed view of the control chart in the period of the main earthquakes until
January 31st 2017, the effects of Ussita and Norcia earthquakes are also evident, confirming
that the structure has accumulated damage during the seismic sequence .

3 THE SCIRI TOWER

3.1 Historical and geometrical description

Built in the 13th century, the civic tower called ”Torre degli Sciri” is a 42 m high tower
situated in the heart of the historical center of Perugia, Italy (Fig. 5(a)). In the first 16 m the
structure is restrained by the bordering masonry buildings (see Fig. 5). Originally built by the
noble family of degli Oddi and then later bought by the degli Sciri, today it is the last civic
tower of Perugia, remaining from the Middle Age, thus being one of the symbols of the city.
Perhaps because it was built with its original function, the defensive one, is the only survivor
of about 70 towers mentioned in the cadastral sources, however too many for giving to Perugia
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Figure 3: Time histories of identified natural frequencies of the bell-tower showing earthquake-induced decays
immediately after the earthquakes (horizontal dashed lines represent the mean values of the natural frequencies):
modes Fx1 and Fy1 (a); modes Fy2 and T1 (b) and mode Fy3 (c).

the epithet ”turrita”. With a quadrangular form ,two structural portions can be clearly identified
in the tower. These are: (i) the first part in the first 8.5 m, with large stone masonry thick walls,
where there are the rooms of an old church ; (ii) the second slender part rising up to 42 m, also
in stone masonry. The masonry is made of white limestone blocks of homogeneous measure.
Essentially, there are some small openings only in the first part. Recently, in 2015, the tower was
restored and consolidated. The intervention did not change in any way the masonry structure of
the tower and buildings, it was a structural recovery and conservative restoration of the entire
complex paying particular attention to the area of the church and to that of the tower.

3.2 Vibration-based SHM system and data analysis

In the context of an initial dynamic investigation, the tower has been preliminary monitored
for one week, from January 16th 2017 to January 23th 2017, through a simple vibration-based
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Figure 4: Control chart of the entire monitoring period (a) and detailed view showing increased number of outliers
after the earthquakes (b).

SHM system. This continuous dynamic monitoring system comprises three high sensitivity
(10 V/g) piezoelectric uniaxial accelerometers (A1, A2 and A3), model PCB 393B12, suitable
to measure micro tremors induced by traffic and wind, installed at height of 41 m with the
configuration depicted in Fig. 5 (c). They have been placed in the same location which is
planned for the permanent monitoring in a near future. Similarly to San Pietro bell-tower,
these sensors have a real time data acquisition (via cable) through an acquisition system placed
also inside the structure. The continuous monitoring data are recorded using a data acquisition
system model NI CompactDAQ-9132 with the following technical characteristics: processor
1.33 GHz Dual-Core Atom, 2 GB RAM, 16 GB SD storage, 4-Slot, operating system Windows
Embedded Standard 7 (24-bit resolution, 102-dB dynamic range, and anti-aliasing filters). Data
are consecutively stored in separate files containing 30 minute acceleration time series with
a sampling frequency of 100 Hz, afterwards processed with the purpose of extracting modal
parameters estimates for SHM purposes.
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Figure 5: View of the Sciri tower (a), images of some accelerometers (10 V/g sensitivity) (b) and sketch of the
structural monitoring system (c).

3.3 Analysis of ambient vibrations and structural responses to the earthquakes occurred
on January 18th 2017

In order to investigate typical levels of vibration of the structure, all recorded data have
been analyzed. The purpose of this investigation is to evaluate the dynamic response of the
bell-tower in operational conditions, and furthermore to some seismic events. Being monitored
for one week, from January 16th 2017 to January 23th 2017, analysis of dynamic responses
in operational conditions highlighted very low levels of ambient vibrations. By computing
the maximum value of acceleration for each file, Fig. 6 (a) shows a plot of time histories of
measured accelerations. In particular, acceleration of channels 2 and 3 remained under values
of 0.01 m/s2 almost all the time of the monitoring period. In addition, Fig. 6 (b) shows a plot
of root mean square (RMS) values of acceleration, which did not exceed 0.001 m/s2, except on
January 18th. Main sources of excitation are wind, traffic and small earthquakes. In this case,
the largest peak acceleration responses are those induced by small earthquakes.

With the aim of estimating modal parameters of the bell-tower, some ambient vibration tests
(AVTs) were carried out on the 1st day of monitoring period using nine accelerometers (A1,
. . . , A9) distributed in 3 different levels of the tower, as shown in Figs. 5(b,c), with data con-
taining operational structural responses with excitation mainly provided by wind and traffic.
Five modes of vibration were identified within the range from 0 to 10 Hz and identified natural
frequencies are summarized in Tab. 2. These modes are two flexural modes in NW direction
(x direction as depicted in Fig. 5(c)), denoted as Fx1 and Fx2, two flexural modes in SW di-
rection (y direction), denoted as Fy1 and Fy2 , and one torsional mode, called T1. The 1st
AVT is accomplished by the Frequency Domain Decomposition (FDD) technique using all 9
accelerometers of the sensors layout shown in Fig. 5 (c). The 2nd AVT is accomplished by the
Frequency Domain Decomposition technique using just 7 accelerometers (A1, A4 . . . , A9). The
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Figure 6: Measured acceleration and RMS acceleration at the top of Sciri tower during the monitoring period from
January 16th 2017 to January 23th 2017.

Mode number Mode type Frequency [Hz]
AVT1 AVT2 AVT3 AVT4 PSD Average

1 Fx1 1.655 1.655 1.662 1.661 1.660
2 Fy1 1.856 1.856 1.853 1.854 1.855
3 T1 5.690 5.676 5.709 5.706 5.674
4 Fx2 8.044 8.004 7.994 7.959 8.027
5 Fy2 9.591 9.604 9.578 9.653 9.570

Table 2: Identified natural frequencies of the bell-tower in the AVT carried out on January 16th 2017 and from the
average power spectral density analysis of all records of accelerations in the monitoring period.

3rd and the 4th AVTs are realized with the same sensors layout of the 1st and the 2nd, respec-
tively, but are based on the Enhanced Frequency Domain Decomposition (EFFD) technique.
Both techniques are implemented by ARTeMIS [15], an Operational Modal Analysis commer-
cial software, which outputs are validated estimates of the mode shapes, natural frequencies
and damping ratios, directly from the raw measured time series data of structures under natural
conditions.

In order to consolidate the identification of vibration modes of structure and, in particular, of
its natural frequencies, power spectral density (PSD) analysis has been performed. An average
of the PSDs of all 30 minute records of accelerations collected within the monitoring period has
been computed. With reference to the 1st/2nd singular values of PSD matrix of the recorded
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accelerations, the main PSD, namely average (see Fig. 7), has been constructed as the average
of all PSDs of the 1st singular value (the dominant one) of the monitoring period. Fig. 7 shows
also the plot of PSDs associated to Channel 2 and 3, constructed as the average of all PSDs of
Channel 2 and 3 of the monitoring period. Tab. 2 summarizes the natural frequencies identified
in the AVTs and, for comparative purposes, the natural frequencies obtained from the average
power spectral density (PSD) analysis. A good consistency between natural frequencies form
the AVTs and those from the Average PSD analysis is observed. In particular, Channel 2 and
Channel 3 refer to A2 and A3 sensors, measuring accelerations in East-West and North-South
directions, respectively.

Figure 7: Power spectral density analysis of all 30 minute records of accelerations in the monitoring period from
January 16th 2017 to January 23th 2017.

Regarding the analysis of dynamic response of Sciri tower to seismic events, four major
earthquakes occurred on January 18th 2017 are considered : (i) Montereale, L’Aquila Mw5.3
earthquake occurred at 9:25 UTC ; (ii) Capitignano, L’Aquila Mw5.4 earthquake occurred
at 10:14 UTC ; (iii) Capitignano, L’Aquila Mw5.3 earthquake occurred at 10:25 UTC ; (iv)
Cagnano Amiterno, L’Aquila Mw5.1 earthquake occurred at 13:33 UTC. The Sciri tower is lo-
cated at a distance of about 95 km in the NW direction from these epicenters. The time histories
of measured accelerations on top of tower,in East-West direction (channel 2) and in North-South
direction (channel 3), during the four earthquakes, are shown in Fig. 8. Despite the distance of
the epicenters, located about 95 km far from Sciri tower, it is noteworthy to mention that the
highest value of acceleration in North-South direction is observed during the 2nd shock with
0.1325 m/s2, while, 0.1886 m/s2 represent the highest value in East-West direction, observed
during the 1st shock. The 3rd and the 4th shock are characterized by relatively smaller values
of response accelerations.

Maximum values and root mean square (RMS) values of response accelerations during seis-
mic events of January 18th 2017 are reported in Tab. 3. Measurement channels, Channel 1 and
Channel 2 refer to A1 and A2 sensors, measuring accelerations in East-West direction, while
Channel 3 refers to A3 sensor that is deployed in North-South (see Fig. 5(c)). During the Mon-
tereale earthquake, acceleration in East-West direction was predominant with a peak value of
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0.1886 m/s2. Similarly, during the 2nd shock, acceleration in East-West direction was predom-
inant, with peak values of 0.1666 m/s2. As for the highest value of acceleration in North-South
direction it is observed during the second shock with 0.1325 m/s2. The 3rd and 4th shock pre-
sented lower levels of earthquake-induced acceleration.

Figure 8: Dynamic responses of the tower in terms of acceleration to the earthquakes occurred on January 18th
2017: Montereale, L’Aquila earthquake (a), Capitignano, L’Aquila earthquake (b,c) and Cagnano Amiterno,
L’Aquila earthquake (d) .

Channel 1 Channel 2 Channel 3 Resultant 2-3[
m/s2] [

m/s2] [m/s2]
[
m/s2]

Montereale 0.1886 (0.0162) 0.1752 (0.0159) 0.1045 (0.0123) 0.1779 (0.0160)
Capitignano 0.1666 (0.0161) 0.1615 (0.0157) 0.1325 (0.0152) 0.1636 (0.0158)
Capitignano 0.0795 (0.0098) 0.0726 (0.0097) 0.0625 (0.0085) 0.0728 (0.0097)
Cagnano 0.0774 (0.0090) 0.0703 (0.0088) 0.0827 (0.0087) 0.0705 (0.0088)

Table 3: Maximum values of accelerations recorded on top of the Sciri tower (corresponding RMS values are
reported in brackets) during the earthquakes of January 18th 2017.

It is noteworthy and very interesting to stress that the same seismic events of January 18th
2017 have presented, in San Pietro bell-tower compared to civic Sciri tower and viceversa,
both in historical center of Perugia, different levels of acceleration and highest peak values
in different directions. Probably, this is due to different material properties, soil mechanical
properties and, off course, different dynamic behavior of these two towers.

4 CONCLUSIONS

This paper has shown the results of vibration-based SHM applied to 2 historical masonry
towers situated in Perugia, Italy: the bell-tower of Basilica of San Pietro and the civic Sciri
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tower.
The 1st case study, being by fare more complete than the 2nd one, and, object of previous

studies by the authors, has presented analysis of the response to the 2016 Central Italy seis-
mic sequence and to the earthquakes occurred on January 18th 2017, in terms of acceleration.
The seismic events have produced consistent decays in identified natural frequencies after each
shock and on the other hand, increasing percentage of outliers as shown in the plot of control
chart, thus, validating the SHM procedures for earthquake-induced damage detection.

In the 2nd case of study, the Sciri tower, after a brief historical and geometrical background,
preliminary dynamic investigations have been carried out, with the purpose to achieve a reliable
knowledge of the structural dynamic behaviour, for the definition of a permanent vibration-
based SHM to be installed. The tower has been monitored for one week and some Ambient
Vibration Tests were carried out on January 16th 2017, from which the modal properties have
been extracted. In particular, spectral analysis have consolidated the natural frequencies identi-
fication. Furthermore, the responses to the Mw5.1-5.4 earthquakes occurred on January 18th are
shown, which enrich knowledge about the dynamic behavior of the tower and the effectiveness
of the vibration-based system to measure low-intensity earthquake-induced accelerations.
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Abstract. Recently, research community has shown a growing interest in inorganic matrix 

composite materials (referred to as Fiber Reinforced Cementitious Matrices, FRCMs, or Tex-

tile Reinforced Mortars, TRMs, or Inorganic Matrix-Grid composites, IMGs) as an effective 

solution for external strengthening of existing masonry walls. Such composites are typically 

made of a composite grid immersed in an inorganic mortar, making their mechanical behav-

ior different from conventional fiber reinforced polymers, FRPs. While the in-plane behavior 

of unreinforced masonry (URM) walls strengthened with FRCM systems has been investigat-

ed through extensive experimental campaigns and numerical approaches, a comprehensive 

understanding of the out-of-plane behavior is still lacking, with particular reference to failure 

modes, analytical formulations and effects of different FRCM strengthening systems. In the 

present work, the available experimental outcomes on the out-of-plane behavior of strength-

ened URM walls are firstly collected, encompassing different URM types, eccentric load ap-

plications, FRCM strengthening systems. Then, a fiber-based sectional model of URM walls 

with single-side FRCM strengthening is proposed and validated with proper experiments. The 

tensile behavior of FRCM systems is modelled considering different characteristic phenome-

na of such materials, i.e. matrix cracking and fiber sliding. The results of the fiber-based 

analysis are in good agreement with experiments. 
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1 INTRODUCTION 

In recent years, a wide variety of strengthening techniques has been developed for existing 

unreinforced masonry, URM, structures often considering reversibility, low invasiveness, me-

chanical compatibility and sustainability as fundamental prerequisites for the structural inter-

vention. 

The use of techniques based on Fiber-Reinforced Polymers (FRPs) has become a common 

engineering practice over the last decade, being characterized by a number of advantages, in-

cluding high strength-to-weight ratios, negligible increment of global masses, high resistance 

to corrosion and fatigue, ease of installation. However, issues related to low high temperature 

or fire resistance, high cost of epoxy resins or qualified labor, lack of water vapor permeabil-

ity, mechanical incompatibility of epoxy resins with some substrate materials (especially in 

the case of masonry structures) have expanded the sector of materials for strengthening to al-

ternative solutions. 

A recently proposed solution consists in the replacement of the polymer-based matrix with 

an inorganic one, resulting in innovative strengthening systems commonly identified as Fiber 

Reinforced Cementitious Matrix systems (FRCM), or, depending on the nature of the constit-

uent materials, as textile-reinforced mortar (TRM), textile-reinforced concrete (TRC), ce-

mentitious matrix-grid (CMG), inorganic matrix-grid systems (IMG), carbon fiber cement 

matrix (CFCM), steel reinforced grout (SRG) systems. Such composites are typically made of 

a composite grid (made of synthetic fibers such as glass, carbon or PBO, or of natural fibers 

such as flax or hemp) immersed in an inorganic mortar (based on cement, lime or geopolymer 

material), making their mechanical behavior different from conventional FRPs [1-4]. The 

choice of the matrix and reinforcing material along with the determination of total thickness 

of the composite system mostly depends on the type of substrate and mechanical contribution 

requested from the intervention. For instance, cement mortar is commonly used for concrete 

constructions, while lime mortar is mainly employed for strengthening historical and masonry 

buildings. Indeed, the interaction between similar materials ensures better chemical, thermal 

and mechanical compatibility between the strengthening system and the substrate. 

Experimental procedures for FRCM mechanical characterization along with appropriate 

design criteria for their engineering use are still discussed in the field of study of structural 

retrofit [5, 6]. The major difficulty lies in handling their heterogeneous nature which yields a 

complex non-linear mechanical behavior, making the interaction with the substrate onto 

which FRCMs are applied even more complex. 

At the scale of the structural application, numerous experimental and numerical activities 

have been conducted so far, and were mainly aimed to determine the increase in shear 

strength of URM walls strengthened with FRCM systems through diagonal compression tests 

[7-9]. In particular, it was found that the employment of FRCM systems typically led to an 

increase in shear strength in a variable range between 50% and 500% compared to the URM, 

also considering that the lower was the shear strength or stiffness of the non-reinforced sam-

ples, the greater increase in the reinforced samples was achieved. Minor influence on the 

same mechanical properties was observed for wall panels reinforced with different percent-

ages of eternal FRCM reinforcements, mainly before matrix cracking. On the contrary, it was 

found that the FRCM strengthening systems had a major influence on the in plane post-peak 

behavior, providing a higher residual shear strength after cracking associated with a stress re-

distribution in tension, allowing the masonry to achieve significant values of deformation ca-

pacity. In many cases, the effect on the deformation capacity was attributed to a pseudo-

ductile behavior. 
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In addition, it was observed that some of the failure mechanisms of FRCM are different 

from traditional FRP and may be activated under certain load conditions. In particular, the 

failure of the fibrous/grid systems within the FRCM was rarely attained in terms of fiber 

breakage while the most frequent failure mechanisms consisted in delamination/detachment 

from the masonry substrate or grid sliding inside the cementitious/inorganic matrix which 

might be at the basis of the aforementioned pseudo-ductile behavior.  

Despite extensive works have been conducted so far on the in-plane behavior of URM 

strengthened with FRCM systems, a comprehensive understanding of the out-of-plane behav-

ior is still lacking, with particular reference to failure modes, analytical formulations and ef-

fects of different FRCM strengthening systems. The available experimental outcomes were 

devoted to the determination of the flexural strength of URM strengthened with different sin-

gle-side FRCM systems, and can be grouped in 4 different types of tests: 

1. application of eccentric compressive load [10-11]; 

2. application of airbag loading [12]; 

3. three or four points bending [13-14]. 

 

For cases involving single side strengthening, the effectiveness of different FRCM systems, 

the effect of the number of applied layers and the possibility of having physical connectors 

were also investigated. Overall, it was found that most of the strengthening systems investi-

gated were able to provide a considerable gain in terms of flexural strength. The failure under 

flexural loads was frequently characterized by a progressive loss of strength once reached the 

maximum applied load, achieving a satisfactory deformation capacity. With reference to 

FRCM systems, it was reported that fibers/grids characterized by low stiffness (e.g. natural 

fibers) allowed for a homogeneous spread of tensile crack onto the strengthened surface. On 

the contrary, in strengthening systems using stiff FRP grids the failure progression was char-

acterized by the opening of a single crack at the mid-height of the strengthened masonry wall, 

resulting in grid sliding inside the FRCM system or mortar matrix detachment from the rein-

forcing grid/fabric/textile. 

In the present work, we implement a fiber-based sectional approach for URM walls with 

single-side FRCM strengthening based on proper constitutive laws for masonry and FRCM 

systems. In the following sections the approach is validated with suitable experiments.  

2 FIBER-BASED SECTIONAL ANALYSIS 

The proposed fiber-based sectional analysis can be applied to URM walls with single-side 

FRCM strengthening and subjected to out of plane flexural loads. The mechanical analysis 

includes two different materials characterized by non-linear constitutive behaviors, offering 

the possibility of evaluating both the flexural strength and deformability/ductility of the target 

cross-section. The strengthened URM cross-section is divided in i = {1,…n} finite elements 

of reduced size, with areas Ai and distances di from the centroid of its cross-section. The dis-

cretization of the section is employed to calculate the average strain of each fiber and corre-

sponding level of stress for each constituent material (URM and FRCM). The following 

assumptions have been made for the sectional analysis: 

 

1) Plane sections remain plane and normal to the structural element axis after deformation 

(Euler–Bernoulli beam theory assumption); 

2) Non-linear constitutive behavior of the constituent materials (i.e. masonry and FRCM); 

3) The stresses in each finite element/fiber are dependent only on the level of average de-

formation they undergo; 
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4) The application of the load and the consequent deformation are monotonic;

5) Each FRCM layer is concentrated at a depth equal to its mid thickness;

6) Perfect bonding between the FRCM and the masonry substrate is assumed while the rein-

forcing grid of the FRCM can slide inside of it.

The numerical integration is then developed considering the strain values at the center of 

gravity of discrete elements corresponding to each i-th fiber of the strengthened cross-section. 

In particular, the complete logic scheme adopted for the determination of the analytical resist-

ing moment vs curvature relationship of single side strengthened URM is showed in Figure 1. 

The flexural capacity at the ultimate limit state is evaluated with reference to the center of 

gravity of the entire section making use of equilibrium equations.  For each value of axial 

force and moment acting on the section being considered (i.e. applied eccentricity), the mo-

ment-curvature relationship is established by incrementally increasing the curvature of the 

section and iterating through horizontal and rotational equilibrium equations until tolerance 

verification is satisfied for each curvature step (Figure 1). The resulting moment-curvature 

analytical relationship is finally normalized with respect to the URM mechanical and geomet-

rical properties, i.e. the axial force associated with the peak compressive strength Nm and 

height Hm  of the masonry wall. Therefore, the curves obtained were plotted in the dimension-

less space M/(Nm ∙ Hm) vs  ∙ Hm.  

To model the stress–strain relationship of URM and FRCM materials, non-linear constitu-

tive behaviors are considered. In particular, the URM material model refers to the works con-

ducted by Parisi and Augenti [15, 16] and includes both compression and tensile behavior. 

The details of this constitutive model can be found in [15] while a representative behavior is 

reported in Figure 2a where the stress-strain values are normalized with respect to the peak 

values p and p (dimensionless compression and traction to peak). The constitutive behavior 

of FRCM material herein proposed is based on mechanical evidences derived from experi-

mental campaigns conducted on different FRCM systems [17-19]. A representative behavior 

is showed in Figure 2b in terms of normalized force, f/fu, vs normalized strain /fu, where fu 

and fu are the ultimate force and strain at failure of the reinforcing fibers only (or, more in 

general, of the reinforcing grid embedded in the FRCM system). The constitutive behavior is 

composed of the three main stages. In the first stage, the FRCM material behaves as a linear 

elastic material in which the stiffness is determined through the rule of mixture applied to 

mortar (matrix) and FRP grid constituents of each FRCM layer. After reaching initial major 

matrix cracking (second phase), the resisting force progressively reduces to the tensile force 

of the reinforcing system embedded in the FRCM by means of possible tension stiffening or 

crack diffusion between matrix and reinforcing grid. Depending on the type of matrix and re-

inforcing grid adopted in the FRCM system, the third phase may alternatively lead to grid 

sliding/detachment form the mortar or grid tensile failure.  
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Figure 1: Logic scheme of the fiber-based sectional approach 
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Figure 2: Normalized stress or force vs strain behavior of (a) URM and (b) FRCM material 

3 RESULTS 

The fiber-based sectional analysis is applied to the results of the experimental campaign 

conducted by Cevallos et al. [10]. In that study, three different types of masonry panels were 

considered and made of clay bricks bonded with a natural hydraulic lime mortar combined 

with a flax or polyparaphenylene benzobisoxazole (PBO) fabric-reinforced cementitious ma-

trix (FRCM) composite used as external strengthening systems. The flexural behavior was 

assessed by applying concentric and eccentric loads to the URM and FRCM-strengthened ma-

sonry walls. As general outcome, it was found that both strengthening systems were able to 

improve strength and deformability of the URM panels; however, they reported that the 

strength of the composite system was not a decisive factor. For a sake of length, we report on-

ly on representative data of PBO-FRCM system for which major considerations can be made 

on the effectiveness of the model itself. The model parameters for the URM constitutive mate-

rial model were retrieved from the uniaxial compressive tests conducted by the same author 

[10]. On the other side, FRCM material properties were determined on the basis of available 

experimental tests on PBO fibers and PBO based FRCM systems [17-19].  

In Figure 3 normalized momentum vs curvature curves are showed and referred to URM 

experimental sample (black line), single side strengthened masonry panel (red line) and ana-

lytical results of strengthened URM.  In terms of experimental results, the strengthened URM 

was characterized by an increase of flexural capacity of approximately 20% and a relatively 

wide post peak response. The analytical fiber-based sectional model was able to satisfactorily 

reproduce the flexural behavior of the strengthened samples. In particular, the model captured 

the initial variation of flexural stiffness related to the mortar-based matrix cracking and diffu-

sion in the FRCM system. With regard to the maximum bending moment, the predicted nor-

malized value resulted very close to the experimental one, being equal to 0.122 and 0.129 for 

experimental and analytical case, respectively. It’s worth noting that, by implementing the 

fiber-based sectional model, it was possible to identify the level of strain and stress in the 

FRCM system in correspondence of the maximum bending moment and, consequently, eval-

uate the effectiveness of this system. In detail, it was found that the effective strain of the 

FRCM system at the maximum value of the bending moment was in the order of magnitude 

of the 10% of the failure strain of the PBO reinforcing grid, demonstrating the limited effec-

tiveness of very stiff reinforcing systems adopted for FRCM when applied to masonry struc-

tures. This result is in accordance with the considerations made by authors [10] according to 
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which the higher stiffness and lower strain capacity of the PBO fibers greatly affected the ef-

ficacy of the PBO-FRCM. 
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Figure 3: Comparison between of analytical and experimental results [10] in terms of normalized momentum 

vs curvature curves 

 

4 CONCLUSION 

In this study, we reported on the implementation of a fiber-based sectional model suitable 

for the analysis of the flexural behavior of URM walls with single-side FRCM strengthening. 

The analytical procedure is based on a logic scheme in which an incremental increase of the 

curvature of the section is made while iterating through horizontal and rotational equilibrium 

equations until tolerance verification is satisfied for each curvature step. Proper constitutive 

laws for masonry and FRCM systems were considered and based on experimental-based non-

linear constitutive behaviors. By applying the proposed analytical approach to available ex-

perimental tests, it was found a satisfactory matching between numerical and analytical nor-

malized momentum vs curvature curves, either for the prediction of the flexural capacity and 

for post peak response. In addition, by identifying the level of strain and stresses within the 

FRCM system in reference to the applied flexural loads, it was possible to verify the effec-

tiveness of the FRCM system itself in increasing the flexural capacity of the URM. The out-

comes achieved with regard these aspects, were in agreement with results obtained by several 

authors reporting that the higher stiffness and lower strain capacity of some reinforcing sys-

tems greatly affected the efficiency of the FRCM itself. 
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Abstract. This paper presents a study of a reconstruction hypothesis of collapsed masonry 
vaults with archaeological value, by taking advantage of the features of frictional bearings, 
either flat or curvilinear. Such study finds a natural application to the case of the “Galleria 
delle Volte Crollate”, which is a collapsed rubble masonry barrel vault, dating back to the I 
century BC and placed in the Roman Forum, in Italy. The proposed intervention strategy is 
based on the need to fulfill both philological and structural criteria. As to the former, the solu-
tion has to reconstruct the original geometry, while suggesting the historical memory of the 
occurred collapse. As to the latter, both geometrical and tribological features of the isolation 
system have to be designed in order to fulfill both static and seismic ultimate limit states. This 
design can be carried out by means of a parametric study. In fact, based on the case-study 
herein dealt with, parametric studies are conducted in order to single out the values of the 
parameters corresponding to the optimal solution. Non-linear dynamical analyses with site-
spectrum compatible accelerograms are performed by means of the commercial Finite Element 
software SAP2000®. The innovative aspects of the proposed solutions are highlighted along 
with limits and possible further developments. 
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1 INTRODUCTION 

The Italian Archaeological Heritage presents numerous buildings roofed by masonry vaults. 
Many of these are still standing, even though in need for a retrofitting intervention due to in-
trinsic structural deficiencies, while many others collapsed, either partially or totally. In this 
scenario, it is necessary to distinguish the type of intervention for either case, adopting the most 
suitable design strategy, given the boundary conditions. 

The current Italian Building Code [1], as to the design of retrofitting interventions on existing 
buildings, does not provide information on the choice of intervention type on vaults. An applic-
ative document complementing the Italian Building Code [2] deals with the topic more exten-
sively, suggesting methods both to consolidate the vaulted roofs and to reduce the stress level 
in its masonry components. In particular, this document gives some indications about the inter-
ventions. It discourages the construction of a reinforced concrete vault at the extrados of the 
existing one, since it increases masses and introduces a clear discontinuity in terms of stiffness 
in the transversal cross section, thus altering the original mechanical behavior. The heavy filler 
should be replaced by either stiffening masonry ribs (frenelli in Italian) or lightweight material 
such as expanded clay, for example. Typical overturning of the piers can be avoided by means 
of either steel tie rods or buttresses. These latter are also useful to maintain the pressures within 
the central core of inertia. The use of Fiber Reinforced Polymer (FRP) strips is also allowed. In 
more general terms, the restoration theories are promoters of interventions based on the follow-
ing applicative criteria: a) minimal intervention, b) reversibility, c) recognizability and d) com-
patibility [3,4]. These criteria substantially imply that the structural strengthening intervention 
should not modify the original mechanical behavior of the monument and the added structural 
elements should be removable without bringing any damage. Furthermore, the assessment of 
historical buildings should be carried out by means of methods developed specifically for the 
given monuments, in order to reduce the risk to propose invasive interventions, which might 
alter their structural behavior and permanently modify their cultural value. 

The most recent seismic events in Italy (Abruzzo 2009; Emilia Romagna 2012; Lazio-
Marche 2016) confirmed the limits of some interventions that, based on the alleged need to 
safeguard the traditional construction techniques, obstinately aim at rebuilding structures that 
were clearly affected by structural deficiencies ab origine. 

Among the innovative techniques, the implementation of base isolation systems for the re-
duction of the seismic action on buildings has become a common alternative to conventional 
strengthening measures [5]. It has been estimated that altogether a total of approximately 
16,000 structures have been protected in different parts of the world by seismic isolation, en-
ergy dissipation and other anti-seismic systems [6]. Most of them are located in Japan, although 
they are more or less numerous in over 30 other countries. A base isolation system consists of 
an isolation layer placed between the building and the ground, which, in case of dynamic actions, 
decouples the building and the soil motions. Smaller inertia forces, smaller inter-story drifts, 
and smaller seismic forces in structural elements therefore characterize base-isolated buildings. 
Techniques have been developed that can be used to insert base isolation under existing build-
ings with some additional costs, which might be justified especially in the case of historic build-
ings with extremely high or even inestimable value (e.g. [7-12]). However, these retrofitting 
interventions, most of which realized abroad, end up being very invasive due to the necessity 
to create a rigid plane both at the intrados and at the extrados of the so-called isolation plane. 
In fact, in order to fulfill such need, in most of those cases, a thick reinforced concrete slab was 
realized at the extrados of the isolation layer. Such heavy interventions are not allowed by the 
Italian building Code that only prescribes seismic amelioration for historical buildings. 
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In some cases of collapse, when the original vault element was affected by intrinsic and 
inherent structural problems, reconstructing faithfully to the original features may not make 
sense. In fact, in the extreme cases, such intervention philosophy may imply: a) rebuilding the 
deficient vault, and b) retrofitting it, according to the criteria and with the techniques above, 
before considering it safe to be open to the visitors. In such cases, a reasonable reconstruction 
intervention may be based on the following two philological criteria: 1) recreate the original 
geometric shape, and 2) keep memory of the history of the monument, including the collapse 
due to the wrong original conception. Moreover, such philological approach may be imple-
mented exploring the possibility to use both new materials and innovative techniques, which 
would help ameliorate the structural behavior of the monument, ensuring a longer life and thus 
preserving it for future generations. 

In particular, in the present work, with reference to the case of lowered barrel vaults, we 
have explored the possibility of building a self-supporting roof to rest on the pre-existing wall 
structures and to which only the cortical portions of the heavy blocks resulting from the collapse 
will be fastened. A steel truss may realize the structure of the roof. It must be stressed that the 
adoption of steel structures in the retrofitting interventions of ancient masonry structures was 
already accepted and implemented by the community of restoration practitioners and academics 
[13]. The bearing of such structure may be of the frictional type. The transversal cross-section 
may be either flat or curvilinear, while the longitudinal dimension may be either point-wise or 
continuous. The transverse cross-section is dictated by the zone seismicity: if seismicity is null 
or negligible, the flat bearing can be used otherwise, if the seismicity is high, the spherical 
bearing can be used. This latter eventuality contemplates the use of the so-called friction pen-
dulum devices that should ensure re-centering after the motion. The longitudinal dimension of 
the bearing is dictated by the static combination of loads and it is more or less extended (i.e., 
point-wise or continuous) as function of the need to limit the relevant value of the vertical stress 
transmitted to the underlying masonry. The value of the friction coefficient, and in turn the 
corresponding pair of materials defining the sliding interface, is dictated by the necessity to 
limit, taking advantage of the rigid-perfectly plastic Coulomb-type frictional law, the maximum 
value of the horizontal force transmissible to the underlying wall in correspondence of the seis-
mic load combination. 

The present work is divided in three main parts. The first part shows some examples of 
reconstruction and the proposed strategy of intervention by means of frictional bearings. The 
second part describes the case study of the Galleria delle Volte Crollate, placed in the central 
archaeological area of Rome, in Italy. The third part describes the mechanical model of the 
structure and the parametric studies, carried out by means of a non-linear dynamic analysis, to 
optimize the design. Such analyses were carried out by means of Finite Element model devel-
oped in the commercial software SAP2000® [14]. The so-called Galleria delle Volte Crollate 
is an important archaeological monument located in the Roman Forum, atop the Palatinum Hill. 

2 INTERVENTIONS IN CASE OF PARTIAL OR COMPLETE COLLAPSE 

2.1 Examples of reconstruction 
Ancient monuments, especially after the collapse of some of their parts, show structural de-

ficiencies that represent singular situations and whose solutions require special design implica-
tions and a technological creativity in the intervention strategy. One example is the “Oratorio 
di San Filippo Neri” in Bologna (Italy), which was restored in 2000. In fact, in 1944 the Oratory 
was bombed, and the roof, the vaults, the dome were destroyed (Fig. 1a) [15]. The restoration 
design redefines the original shape of the dome and the vaults, building a wooden structure 
made of supporting ribs and slats (Fig. 1b). The wooden structure integrates the original one 
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collapsed, properly reinforced by means of steel rods and carbon fibers. The qualities of the 
wood, as a material fully compatible with the restoration philosophy, are numerous: lightness, 
mechanical resistance, easy workability and reversibility (dry technology). 

a) b) c) 

d) e) f) 

g) h) 

Figure 1: Examples of either partial or complete reconstruction: San Filippo Neri Oratory in the city of Bologna 
a) soon after the 1944 bombing and b) after restoration of 2000; c,d) San Peter’s Basilica in Siracusa; e,f) Domus

Tiberiana in Rome; g,h) huge vault of Villa Adriana Stadium in Tivoli . 

The paleo-Christian Basilica of “San Pietro” in Syracuse is a further example of a restoration 
design that uses the wood material to re-propose the architectural geometry of a structural ele-
ment no longer in existence (Fig. 1c,d) [16]. The false ceiling in wooden slats is set up at the 
height of the paleo-Christian age barrel vault without ever touching the perimeter wall (Fig. 1d) 
and is supported by the overhanging truss roof. This clearly follows the criteria of minimal 
intervention and is easily reversible. 
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For the “Domus Tiberiana” in Rome (Fig. 1e,f), the reconstruction of some masonry vaults 
was adopted as a strategy for structural amelioration of the monument. The monument had been 
affected by the collapse of its vaults, which have been completely reconstructed during the 
restoration intervention due to the favorable boundary conditions. Such reconstruction was car-
ried by firstly assembling a wooden-rib supporting structure (Fig. 1e) [17]. 

In a typically archaeological context, a restoration example, similar in terms of structural 
problems to the case study presented in the next section, is the “Voltone” at the “Stadium of 
Villa Adriana” in Tivoli [13]. Before the restoration, some large barrel vault blocks of the mon-
ument lay on the ground due to the collapse of the piers originally supporting the roofing system 
(Fig. 1g). The restoration had foreseen: 1) the reconstruction of two new reinforced concrete 
pillars, 2) the construction of a wooden rib, 3) the repositioning of the blocks on the rib, and 4) 
the integration of the missing parts with new material similar to the ancient vaults (Fig. 1h). 
This solution was made possible thanks to the new pillars reconstruction that offer maximum 
guarantees of resistance to the compressive stresses imposed by the heavy blocks. 

a) b) c) d) 
Figure 2: Frictional bearings’ possible design solutions for both steel truss deck (left) and new masonry 

vault (right): a) long, and b) point-wise flat bearing, c) long and d) point-wise cylindrical SFP. 

2.2 Proposed solutions based on frictional bearings 

In the case of collapsed vaults, when the supporting walls are sufficiently rigid not to neces-
sitate the construction of an invasive rigid diaphragm under the isolation layer, the isolation 
technique may be adopted together with the reconstruction of the vaulted roof by new materials 
that may reduce the masses and provide a rigid plane. 

Continuous support
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In some particular cases, as in the case study herein presented, due to the already stiff un-
derstructure, the possibility of seismic isolation can be explored as a way to intervene also on 
ancient masonry structure, to fulfill a twofold need: 1) bringing the least disturbance to the 
ancient structures, and 2) decoupling them from the earthquake-induced ground motion. 

Some innovative proposals, contemplating for the first time the use of frictional isolation 
bearings in an archaeological environment, were herein developed hypothesizing two possible 
intervention scenarios: 1) the reconstruction of a new masonry vault, and 2) spatial reposition-
ing of vault portions by means of a steel-truss-deck supporting structure. Only some portions 
of the old masonry structure may be hung to the steel truss deck. 

A first design solution (Fig. 2a,b) proposes the insertion of flat sliding devices, with Poly-
Tetra-Fluor-Ethylene (PTFE) and stainless steel interface, in order to limit the horizontal force 
transmitted by the new structure to the underlying supporting masonry during an earthquake, 
by seizing the rigid-perfectly plastic Coulomb’s friction behavior. Since such devices may not 
guarantee the necessary displacement re-centering after a seismic event, a second design solu-
tion (Fig. 2c,d) foresees the use of devices characterized by a circular shape. These bearings, 
known as Friction Pendulum Devices (FPDs), are available in the market, for the case of point-
wise bearing, and are composed of spherical sliding surfaces (e.g., [18,19]). They are supposed 
to warrant re-centering due to the tangential component of the gravity load. In the present work, 
we are assuming that they can be produced with a cylindrical sliding surface (Fig. 2). In fact, 
as already stated above, given the presence of long walls, these can support the seismic hori-
zontal force directed along their length, while the orthogonal action should be limited as func-
tion of the masonry strength. Such limitation can be guaranteed by suitably selecting the friction 
coefficient and in turn, the materials constituting the sliding pair. 

As to the masonry solution, regardless of the type of the bearing cross section, either flat or 
cylindrical, the necessity to recreate an horizontal rigid plane at the extrados of the isolation 
layer, would imply the use of a horizontal steel truss made by tie rods (Fig. 2b,d). 

3 FROM DISINTEGRATION TO STRUCTURAL RECOMPOSITION: THE CASE 
STUDY OF THE “GALLERIA DELLE VOLTE CROLLATE” 

3.1 Ante Operam 

The so-called “Galleria delle Volte Crollate” (The Collapsed Vaults Gallery) is located in 
the central archaeological area of Rome, the Roman Forum, precisely in the south-west area of 
Augustus’ House, an important archaeological site atop the Palatinum hill (Fig. 3). 

The Gallery was originally roofed by a depressed barrel vault made by a conglomerate com-
posed of irregularly shaped tuff stones and pozzolanic mortar, according to a technique called 
opus caementicium. The vault collapsed, disintegrating in large conglomerate blocks, in an un-
specified time of its history, probably due to an earthquake [20]. These resulting blocks were 
rearranged in the second half of the twentieth century (between 1960 and 1980) by a complex 
and heterogeneous structural system comprising steel beams, squat brick masonry walls, and 
wood struts (Figs. 4,5). Only some portions of the vault are still standing in their original posi-
tions. The structures beneath the level in question, including the foundations, have not been 
excavated yet. 
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Figure 3: Urban localization: general view of the central archaeological area of Rome. 

In plan, the Gallery is ideally divided into three parts (Fig. 6): a) the first one of length 
12,41 𝑚𝑚 and variable width between 3,27 𝑚𝑚 and 3,44 𝑚𝑚, b) the second one is 7,14 𝑚𝑚 long and 
2,60 𝑚𝑚 wide, c) and the third one of length 15,81 𝑚𝑚 and variable width between 3,29 𝑚𝑚 and 
3,36 𝑚𝑚. 

a) b) 
Figure 4: Previous retrofit intervention (XX century): a) plan view with optical cones of images, 

details of the steel beams, squat brick walls and wooden struts, and b) rendering. 

The depressed barrel vault constituting the roof is characterized by the following geometrical 
features: its spring line is 4,45 𝑚𝑚 and its rise is 0,59 𝑚𝑚. For what concerns the materials: the 
“structural part” of the vault is made of tuff conglomerate and pozzolanic mortar, while the 
filling is composed of two layers. The former is made of mortar and flint aggregates and the 
latter, a thinner layer, in cocciopesto aggregates (Fig. 5a). The extrados shows traces of the so-
called suspensurae, that is, short brick walls supporting the pavement and spaced apart in order 
to create a ventilated interspace, and a pavement in bessali, a typical Roman brick, that leaves 
guess that the gallery was also accessible at the extrados (Fig. 5a). 
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a) b) 

Figure 5: Previous retrofit intervention (XX century): a) plan view with optical cones of images,  
details of the steel beams, squat brick walls and wooden struts, and b) rendering. 

3.2  Structural restoration design 

After having realized the inefficacy of the previous retrofitting intervention, described in the 
previous paragraph, different alternative retrofitting strategies were contemplated [20] at a pre-
liminary stage. The selected retrofitting strategy, among these alternatives, consists of a roof 
made by a three-dimensional steel truss deck, with flat walkable extrados and barrel vault-
shaped intrados, which is meant to recreate the same cylindrical surface of the original barrel 
vault. Such steel structure lies on the two existing longitudinal walls by means of flat and con-
tinuous isolation bearings, whose interface is composed of PTFE and stainless steel. Only the 
cortical part of the resulting masonry blocks will be preserved while the remaining parts will 
be discarded. The cortical layers, at both the intrados and the extrados, will be cut into easily 
maneuverable pieces that will be fastened to the intrados of the steel structure. This solution 
was chosen since it fulfills both conservation needs and structural safety. As to the latter, it 
guarantees: 1) minimum disturbance to the existing ancient masonry walls due to the low bear-
ing pressure, and 2) safety against a transversal earthquake, thus eliminating one of the defects 
that may probably have caused the collapse of the original vault. Since the new roof of the 
gallery is seismically isolated, it can be designed for gravity load combinations only. This is in 
perfect analogy with what happens in the seismic design of isolated bridges, in which the overall 
geometry and the pier/deck sections are designed for non-seismic load conditions only [21]. 
Thus, the only design variable is represented by the Isolation System (IS). Since we know the 
maximum transversal force that the longitudinal supporting walls can stand, we can design the 
isolation system accordingly. The details of the resulting structure are described in this para-
graph, while further information about the calculations can be found elsewhere [21]. 

The retrofitting strategy of the Gallery involves the construction of a bridge-like steel truss 
deck whose cross-section is such as to recreate the same intrados profile of the original vault 
and to which the blocks of vault are fixed. The extrados of this new structure will be an acces-
sible panoramic viewpoint. 

This solution was designed to satisfy the following objectives: 1) repositioning the blocks of 
the vault; 2) optimizing all operations and the various processes to be performed in safety; 3) 
causing the minimum disturbance to the supporting ancient walls, distributing the stresses ex-
erted by the steel structure, and 4) achieving a reversible intervention. 
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Figure 6: Modular steel truss deck adopted for the restoration design of the “Galleria delle volte crollate”: 
plan view of the several prefabricated modules assemblage in situ. 

In order to both facilitate and speed up the construction process, thus reducing the interven-
tion costs, the gallery may be realized by a partially prefabricated steel truss deck (Fig. 6). This 
latter may be obtained by the in situ assemblage of prefabricated modules, each composed of 
two transversal steel truss beams. In the basic module, the two beams are spaced apart 2 𝑚𝑚, 
while in correspondence of the gallery extremities, such distance is less than 2 𝑚𝑚 (Fig. 6). 

Figure 7: Restoration design of the “Galleria delle volte crollate”:  
transversal cross section of the steel truss deck and detail of the longitudinal joint between adjacent modules. 

portion of original barrel vault

HEA

module (2m)

joint (0,75m)

double C

double C
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The principal truss beams have diagonals and rods made with double “C” profiles and con-
nected to the lower and the upper current HEA type (Fig. 7). The longitudinal beams are made 
by much more rigid diagonal rods than the transverse struts. The deformation of these latter 
allows to load the diagonals, so distributing the stresses uniformly to the underlying masonry 
(Fig. 7). Furthermore, the longitudinal supporting beam is a composite box girder (similar to 
the runways of bridge cranes), which is very rigid so as to further contribute to the stress distri-
bution (Fig. 7). 

The cutting of the blocks of vault in cortical parts, both at the intrados (curvilinear) and at 
the extrados (flat) fixed respectively to the upper and lower steel structure, allows to consider-
ably reduce the loads (Fig.7). The cortical layers portions sizes are dictated by both maneuver-
ability and self-bearing capacity. The whole structure will simply lie on the ancient masonry, 
by means of the PTFE/stainless steel interface. In this way, the new roof may be easily removed, 
thus adequately fulfilling the reversibility criterion. 

The design envisages the following phases: 1) moving the blocks outside the gallery perim-
eter, 2) positioning the prefabricated steel truss modules on the longitudinal supporting walls 
and assembling them on site, 3) cutting of the cortical part of the blocks, both intrados (curvi-
linear) and extrados (flat), 4) positioning and fastening of the cortical parts, whose dimensions 
may be such as to allow bare hands movement, 5) construction of the walkable floor at the 
extrados. This latter will be realized by a reinforced concrete slab at the extrados, cast as com-
pletion of a cold-formed profiled sheet. 

 
 

a) b) 

Figure 8: Finite Element Model (FEM) of the new roof’s steel truss deck: a) numerical model and b) extru-
sion details. 

4 MECHANICAL MODELLING 

The structural model of the new reticular roof was developed with SAP2000® to both opti-
mize the calculation procedures and perform design and static verifications of all steel elements 
(Fig. 8).  

Sliding isolation devices reduce the seismic force transmitted to the extrados of the lateral 
longitudinal walls by limiting the shear transfer across the sliders. The attention is focused on 
the transversal response of the steel truss, which is the most critical one, due the lower strength 
offered by the walls cross-section. The total mass of the new superstructure amounts to 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡 =
60,21 𝑘𝑘𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠2 𝑚𝑚⁄ , whereas the original masses (masonry vault) amounted to 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡 =
199 𝑘𝑘𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠2 𝑚𝑚⁄ , which is less than one-third. 

Masses in the seismic combination [1] were evaluated as follows: 
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𝐺𝐺𝑘𝑘1  + 𝐺𝐺𝑘𝑘2 +  �𝜓𝜓2𝑗𝑗 ∙ 𝑄𝑄𝑘𝑘𝑗𝑗 (1) 

where: 𝐺𝐺𝑘𝑘1 and 𝐺𝐺𝑘𝑘2 are the characteristic values of the structural and non-structural dead load, 
respectively; 𝑄𝑄𝑘𝑘𝑗𝑗 is the characteristic value of the j-th variable load and 𝜓𝜓2𝑗𝑗 is the coefficient 
to obtain the quasi-permanent load value. As to the variable loads, we assumed the presence of 
people only, thus implicitly assuming as highly unlikely the concomitance of people and snow. 
Moreover, we assumed a characteristic value of 2.0𝑘𝑘𝑘𝑘 𝑚𝑚2⁄  since such structure will be subject 
to the weight of a limited number of people, thus excluding the possibility to use it for crowded 
events. 

4.1 Assumptions 

As first approximation, the following assumptions were made: 
1) for the time being, due to the squat form of the longitudinal ancient masonry walls, their

movement was considered uncoupled from the deck’s;
2) attention was focused on the modular structure, thus neglecting any collaboration be-

tween adjacent unit-length wall panels;
3) since the masonry walls have a much higher strength and stiffness in the longitudinal

direction, only the transverse earthquake was considered;
4) due to the transversal vicinity of the two longitudinal walls, the seismic action at their

bases is considered as synchronous, thus allowing the assumption of the in-phase oscil-
lations of the walls.

As to the third item: the cylindrical FPD will be outfitted with a longitudinal retainer (Fig. 2) 
that will substantially allow the transfer of the longitudinal earthquake-induced force to the 
underlying masonry. The vertical contact surface between the FPD and the retainer will be 
provided with a very low friction coefficient (𝜇𝜇𝑑𝑑 ≅ 0,5%) by means of a lubricated liner, thus 
limiting the interaction between pad and retainer. 

4.2 Typical values of friction coefficient 
In order to single out the most suitable value of the friction coefficient and, in turn, of the 

corresponding materials constituting the relevant kinematic pair, the typical values for typical 
materials were retrieved from the literature (Table 1) [23-26]. 

Friction coefficient Low velocity High velocity 
𝜇𝜇𝑠𝑠 𝜇𝜇𝑑𝑑 

Metal on metal 0,15-0,60 0,60 
Stainless steel – PTFE 0,01 0,08-0,18 

Stainless steel – Graphite 0,10 0,10 
Stainless steel – GF-PTFE 0,01 0,01 
Stainless steel – UHMWPE 0,02-0,05 0,025-0,055 

Table 1: Typical ranges of values of the friction coefficient for kinematic pairs. 

The range of values for the friction coefficient was distinguished between low velocity and 
high velocity, contemplating values that can be met with materials used in practice so far. For 
instance, 𝜇𝜇𝑑𝑑 can vary from 0,01, in the case of lubricated PTFE-stainless steel interface, by 
using the Glass-Filled Teflon (GF-PTFE) [24,25], up to 0,6 in case of steel-steel. Among the 
intermediate values, 0,1  can be obtained by using graphite-stainless steel interface. Even 
though in most applications the sliding kinematic pair is composed of stainless steel and PTFE, 
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other materials are being applied, such as for instance Ultra High Molecular Weight Poly-Eth-
ylene UHMWPE [27]. This latter is reported to provide outstanding properties as to: a) load 
bearing, b) resistance to wear, c) stability, d) durability, e) absence of the stick-slip phenomenon, 
f) low ratio between static and dynamic friction [27]. UHMWPE material, similarly to what
happens for the more conventional PTFE, can be employed in the lubricated version, by means 
of superficial recesses containing the lubricant. 

The value of the dynamic friction coefficient depends on both velocity and bearing pressure. 
However, for the range of velocity values expected in seismic applications, the velocity de-
pendence of 𝜇𝜇𝑑𝑑 is negligible. On the contrary, the loading pressure dependence is not negligible 
and in particular 𝜇𝜇𝑑𝑑 decreases as the vertical load increases. For the time being, and for the sake 
of brevity, we neglect such dependence. 

Figure 9: Modeling of the bearing through a Non-Linear Link. 

4.3 Adopted rheological model of FPD 

The bearing was modelled by a friction pendulum isolator Non-Linear Link (NL-L) available 
in SAP2000® (Fig. 9). This is a biaxial friction-pendulum isolator with the following features: 
a) coupled friction properties for the two shear deformations, b) post-slip stiffness in the shear
directions due to the pendulum radii of the slipping surfaces, c) gap behavior in the axial direc-
tion, and d) linear effective-stiffness properties for the three moment deformations. 

This element can also be used to model gap and friction behavior between contacting sur-
faces by setting the radii to zero, indicating a flat surface. In fact, for the longitudinal direction 
of the deck, due to the adoption of a cylindrical SFD, we assumed 𝑅𝑅3 = 0. 

The depth of the pad (Fig. 7) was assumed equal to 0,3 𝑚𝑚. The length of the pad, is equal to 
the cylindrical FPD length so that it changes accordingly. In order to evaluate the mechanical 
properties and tributary masses for the relevant NL-L, the steel prism equivalent to the pad and 
the upper sliding plate was considered. For this latter, the mechanical properties to be input in 
the software were evaluated as indicated hereinafter. 

Elastic shear stiffness 𝑘𝑘2, for the direction transversal to the gallery (𝑢𝑢2), and axial stiffness, 
were evaluated based on the elastic deformability of the equivalent parallelepiped (Fig. 11) as: 

K=P/R1
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𝑘𝑘2 = 𝐺𝐺𝑠𝑠 ∙
𝑑𝑑𝑖𝑖 ∙ 𝐿𝐿𝑖𝑖
ℎ𝑖𝑖

(2) 

𝑘𝑘1 = 𝐸𝐸𝑠𝑠 ∙
𝑑𝑑𝑖𝑖 ∙ 𝐿𝐿𝑖𝑖
ℎ𝑖𝑖

(3) 

where: 𝐸𝐸𝑠𝑠 and 𝐺𝐺𝑠𝑠 are the axial and shear elasticity modulus, respectively; ℎ𝑖𝑖, 𝑑𝑑𝑖𝑖 and 𝐿𝐿𝑖𝑖 are the 
height, depth (along 𝑢𝑢2) and length (𝑢𝑢3) of the FPD equivalent parallelogram. 

Thus, the vertical gap element (Fig. 9) has the following equation: 

𝐹𝐹𝑢𝑢1 = 𝑃𝑃 = �𝑘𝑘1 ∙ 𝑢𝑢1      𝑖𝑖𝑖𝑖      𝑢𝑢1 < 0
0                𝑜𝑜𝑜𝑜ℎ𝑠𝑠𝑒𝑒𝑒𝑒𝑖𝑖𝑠𝑠𝑠𝑠

(4) 

The mass of the FPD was evaluated as follows: 

𝑚𝑚𝑆𝑆𝑆𝑆𝑆𝑆 = 𝑚𝑚𝑁𝑁𝑁𝑁−𝑁𝑁 = 𝛾𝛾𝑠𝑠 ∙ 𝑉𝑉𝑆𝑆𝑆𝑆𝑆𝑆 (5) 

where: 𝛾𝛾𝑠𝑠 is the steel unit weight, and 𝑉𝑉𝑆𝑆𝑆𝑆𝑆𝑆 is the volume of the equivalent parallelepiped. 
The rotational inertia around the i-th local axis: 

𝐽𝐽𝑖𝑖 =
1

12
∙ 𝑚𝑚𝑆𝑆𝑆𝑆𝑆𝑆 ∙ (𝑎𝑎𝑖𝑖2 + 𝑏𝑏𝑖𝑖2) (6) 

where: 𝑎𝑎𝑖𝑖 and 𝑏𝑏𝑖𝑖 are the dimensions of the cross section orthogonal to the 𝑖𝑖-th axis. 
Equivalent linear stiffness: 

𝑘𝑘𝑒𝑒 = 𝑘𝑘𝑆𝑆𝑑𝑑 ∙ �
1
𝑅𝑅

+
𝜇𝜇𝑑𝑑
𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚

� (7) 

and equivalent viscous damping ratio: 

𝜉𝜉𝑒𝑒 =
2
𝜋𝜋
∙

1
𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚
𝜇𝜇𝑑𝑑 ∙ 𝑅𝑅

(8) 

where: 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum value of the displacement induced by the earthquake and 𝑅𝑅 is the 
radius of the sliding concave surface. As to 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚, though an iterative procedure should be car-
ried out in order to obtain the right value, the average value (𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚 = 8,0 𝑠𝑠𝑚𝑚), equal to half of 
the maxim capacity 𝑢𝑢𝑅𝑅𝑑𝑑 = 16 𝑠𝑠𝑚𝑚 was herein assumed. 

The lateral force provided by a FPD is given by (Fig. 9): 

𝐹𝐹 =
𝑘𝑘𝑆𝑆𝑑𝑑
𝑅𝑅

∙ 𝑢𝑢 + 𝜇𝜇𝑑𝑑 ∙ 𝑘𝑘𝑆𝑆𝑑𝑑 = 𝑘𝑘𝑝𝑝𝑠𝑠 ∙ 𝑢𝑢 + 𝜇𝜇𝑑𝑑 ∙ 𝑘𝑘𝑆𝑆𝑑𝑑  (9) 

where: 𝑘𝑘𝑆𝑆𝑑𝑑 is the weight of the structure, 𝑅𝑅 is the FPD curvature radius, 𝑢𝑢 is the lateral dis-
placement, 𝜇𝜇𝑑𝑑 is the dynamic friction coefficient, which also depends on the velocity and ap-
plied pressure and 𝑘𝑘𝑝𝑝𝑠𝑠 is the post-sliding stiffness. 

The dependence of the friction coefficient on the value of the velocity was modelled as fol-
lows: 

𝜇𝜇 = 𝜇𝜇𝑑𝑑 − (𝜇𝜇𝑑𝑑 − 𝜇𝜇𝑠𝑠) ∙ exp (−𝑒𝑒 ∙ �̇�𝑢) (10) 

where: 𝑒𝑒 is a rate parameter, herein assumed equal to 0,8, that defines the smoothness of the 
exponential curve describing the dependence of the friction coefficient on the velocity. 
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4.4 Local-spectrum-compatible natural accelerograms 

Rigorously, the non-linear dynamic analyses should be carried out adopting seven natural 
accelerograms whose mean spectrum matches closely the site spectrum. The generation of the 
seven accelerograms was carried out by means of the REXEL software [28]. The elastic site 
spectrum was evaluated adopting the following values for the input parameters [29]: a) class 
soil 𝐴𝐴; b) topographic category 𝑇𝑇1; c) nominal life 50 years, and d) functional class 𝐼𝐼𝐼𝐼. As to 
this latter, we have assumed that, given the archaeological nature of the monument, it is rea-
sonable to foresee a normal crowd. The site spectrum was evaluated for the Life Safety Limit 
State (LSLS) as indicated by the MiBACT document [30]. For the sake of brevity, only the 
numerical results concerning one of the seven selected accelerograms, that is the Umbria-
Marche 1997 earthquake, are presented. The LSLS site spectrum and the relevant natural ac-
celerogram are depicted in Fig. 10. 

Figure 10: Earthquake information: a) local site spectrum for the LSLS,  
and b) one of the seven natural accelerograms compatible with the spectrum. 

4.5 Parametric studies to single out the optimal solution 

Assuming that a single cylindrical friction pendulum device was adopted for the case study 
analyzed, the non-linear dynamic analyses were carried out parametrically in order to single out 
the optimal solution in terms of input parameters. The parameters whose influence was inves-
tigated are the followings (Fig. 11): dynamic friction coefficient 𝜇𝜇𝑑𝑑; curvature radius of the 
sliding surface 𝑅𝑅𝑖𝑖; and length of the FPD 𝐿𝐿𝑖𝑖. The range of values for each of the input parame-
ters are listed in Table 2, along with those of the reference solution. The value of the static 
friction coefficient was assumed equal to 𝜇𝜇𝑠𝑠 = 1% since what substantially affects the analyses 
is the value 𝜇𝜇𝑑𝑑 of the dynamic friction. 

The output results analyzed were the following: a) the ratio 𝜎𝜎1𝑆𝑆𝑑𝑑,𝑆𝑆𝑡𝑡 𝜎𝜎1𝑅𝑅𝑑𝑑,𝑠𝑠𝑡𝑡⁄  between the max-
imum vertical stress transferred to the underlying masonry in the static limit state load combi-
nation 𝜎𝜎1𝑆𝑆𝑑𝑑,𝑆𝑆𝑡𝑡 and the masonry design capacity 𝜎𝜎1𝑅𝑅𝑑𝑑,𝑠𝑠𝑡𝑡; b) the ratio 𝜏𝜏2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞 𝜏𝜏2𝑅𝑅𝑑𝑑,𝐸𝐸𝑞𝑞⁄  between the 
transversal shear stress transferred to the underlying masonry in the LSLS seismic load combi-
nation and the masonry design capacity 𝜏𝜏2𝑅𝑅𝑑𝑑,𝐸𝐸𝑞𝑞; c) the ratio 𝑢𝑢2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚 𝑢𝑢2𝑅𝑅𝑑𝑑,𝐸𝐸𝑞𝑞⁄  between the 
maximum transversal displacement demand corresponding to the LSLS seismic load combina-
tion 𝑢𝑢2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚 and the relevant device capacity 𝑢𝑢2𝑅𝑅𝑑𝑑,𝐸𝐸𝑞𝑞; d) the ratio 𝑢𝑢2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞,𝑟𝑟𝑑𝑑𝑟𝑟 𝑢𝑢2𝑅𝑅𝑑𝑑,𝐸𝐸𝑞𝑞⁄  be-
tween the residual transversal displacement at the end of the earthquake and the relevant device 
capacity 𝑢𝑢2𝑅𝑅𝑑𝑑,𝐸𝐸𝑞𝑞 . The values of the masonry capacities 𝜎𝜎1𝑅𝑅𝑑𝑑,𝑠𝑠𝑡𝑡  and 𝜏𝜏1𝑅𝑅𝑑𝑑,𝐸𝐸𝑞𝑞  were evaluated 
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adopting the minimal values listed in Table C8A.2.1 of the explanatory document annex to the 
Italian Building Code [31]. Such values were taken for a masonry made of irregularly shaped 
tuff blocks and assuming safety factors 𝛾𝛾𝑚𝑚 equal to 3 and 1 for static and seismic conditions, 
respectively, and Confidence Factor 𝐶𝐶𝐹𝐹 = 1,35 corresponding to a limited knowledge level. 

a) b) 

Figure 11: Steel truss deck Module adopted for the restoration design of the “Galleria delle volte crollate”: 
a) plan and b) lateral view. Note that the frictional bearing is here represented by the equivalent prism.

The parametric studies were carried out taking advantage of the batch file utility offered by 
the software SAP2000® and for four earthquakes, that are: 1) the earthquake Marche-Um-
bria1997 (MU97) (Eq1); 2) the earthquake MU97 scaled by 1,5 (Eq2), 2 (Eq3) and 2,5 (Eq4). 
The peak ground acceleration ranged from 0,157 𝑔𝑔 to 0,38 𝑔𝑔. The non-linear time history anal-
yses were carried out using a modal analysis based on the load-dependent Ritz vectors method. 

Input parameters 𝝁𝝁𝒅𝒅 𝑳𝑳𝒊𝒊 𝑹𝑹𝒊𝒊 
[%] [cm] [m] 

Reference solution 9,0 1,3 3,5 
Range of variation 1,0-18,0 0,6-2,0 2,0-5,0 
Optimal solution 18,0 0,6 2,0 

Table 2: Values for the input parameters adopted for the parametric studies. 

The optimal solution can be identified as the combination of values of the input parameters, 
i.e., 𝐿𝐿𝑖𝑖, 𝑅𝑅𝑖𝑖, and 𝜇𝜇𝑑𝑑 that yield the simultaneous fulfillment of the following four criteria:

𝜎𝜎1𝑆𝑆𝑑𝑑,𝑆𝑆𝑡𝑡 𝜎𝜎1𝑅𝑅𝑑𝑑,𝑠𝑠𝑡𝑡⁄ ≤ 100 % (11) 

𝜏𝜏2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞 𝜏𝜏2𝑅𝑅𝑑𝑑,𝐸𝐸𝑞𝑞⁄ ≤ 100 % (12) 
𝑢𝑢2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚 𝑢𝑢2𝑅𝑅𝑑𝑑,𝐸𝐸𝑞𝑞⁄ ≤ 100 % (13) 

𝑢𝑢2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞,𝑟𝑟𝑑𝑑𝑟𝑟 𝑢𝑢2𝑅𝑅𝑑𝑑,𝐸𝐸𝑞𝑞⁄ ≤ 100 % (14) 

These inequalities will help single out the range of values for the input parameters corre-
sponding to the possible solutions as indicated qualitatively in Fig. 12 below.  

A View A-A  
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Figure 12: Optimization procedure based on the results of the parametric studies: qualitative expected trends. 

As to the case study of the Galleria delle Volte Crollate, the results of the parametric studies 
are represented in the next figures from Fig. 13 to Fig. 15. Note that the several curves plotted 
refer not only to the earthquake UM97 (Eq1) but also to the scaled-up earthquakes (Eq2 to Eq4), 
even if these latter were taken into consideration only for comparison purposes. In case all the 
seven earthquakes were considered, what depicted in Fig. 12 would still apply, except that the 
average curve would be considered, instead. The trends obtained for the curves corresponding 
to the parametric study concerning Eq1 are in agreement with what expected. For instance, as 
to the influence of the friction pendulum curvature radius (Fig. 13), when 𝑅𝑅𝑖𝑖 is increased, the 
post-slipping stiffness 𝑘𝑘𝑝𝑝𝑠𝑠 would decrease and both the maximum and the residual displace-
ments would increase accordingly. 

As to the influence of the friction coefficient 𝜇𝜇𝑑𝑑 (Fig. 14), as expected, by increasing it, the 
tangential stress exerted on the extrados of the masonry in earthquake conditions increases since 
the Coulomb Friction Law threshold increases in turn. On the contrary, both the maximum 
𝑢𝑢2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚 and residual 𝑢𝑢2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞,𝑟𝑟𝑑𝑑𝑟𝑟 transversal displacement decrease.  

Figure 13: Results of the parametric studies concerning the effect of the FPD curvature radius. 
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Figure 14: Results of the parametric studies concerning the effect of the FPD friction coefficient. 

By increasing the longitudinal extension 𝐿𝐿𝑖𝑖 of the bearing (Fig. 15), both the maximum value 
of the static vertical pressure 𝜎𝜎1𝑆𝑆𝑑𝑑,𝑆𝑆𝑡𝑡 and the maximum value of the seismically induced tan-
gential stress 𝜏𝜏2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞 exerted on the underlying masonry decrease since the same loads, vertical 
and horizontal respectively, are spread over a larger surface. On the contrary, both the maxi-
mum 𝑢𝑢2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚 and residual 𝑢𝑢2𝑆𝑆𝑑𝑑,𝐸𝐸𝑞𝑞,𝑟𝑟𝑑𝑑𝑟𝑟 displacement slightly increase by increasing 𝐿𝐿𝑖𝑖. 

Note that, all the curves referring to the Eq1, that is UM97, are below the value of 100%, 
for the case study herein analyzed. This is due to a twofold reason: 1) the zone seismicity is 
relatively low, and 2) the masses were drastically reduced by preserving only the cortical parts 
of the collapsed masonry blocks. In such cases, the value for each of the input parameters may 
be based on an economical criterion. We can choose the larger value of 𝜇𝜇𝑑𝑑 since it will gener-
ally imply the use of more common materials – plain PTFE instead of PTFE lubricated by Glass 
insertions. Likewise, we can choose the shorter value of 𝐿𝐿𝑖𝑖  since it will imply the use of a 
shorter and less expensive cylindrical bearing. Moreover, we can choose the larger value of  
𝑅𝑅𝑖𝑖 since it will mean, for the same value of depth of the bearing, less smoothing work.  
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Figure 15: Results of the parametric studies concerning the effect of the FPD length. 

5 CONCLUSIONS 

The present work dealt with the topic of the reconstruction of collapsed archaeological-val-
ued masonry vaults starting from the case study of the Galleria delle Volte Crollate, in Rome. 

The possibility to intervene by adopting frictional bearings was explored. Such devices can 
be either flat, in case of low seismicity zones, or cylindrical, in case of higher seismicity. This 
is due to the necessity of warranting a suitable displacement re-centering capability. Moreover, 
the length of such devices can be calibrated on the basis of the maximum vertical stress that the 
underlying masonry can stand. Likewise, the friction coefficient can be calibrated on the basis 
of the maximum transversal load that the underlying masonry can bear during an earthquake. 
After calibrating the friction coefficient, the corresponding couple of materials constituting the 
kinematic pair can be suitably selected. 

The selection of the optimal combination of values for the input parameters was obtained by 
means of parametric studies. As first approximation, the movement of the underlying walls and 
the steel truss deck were considered uncoupled, but such approximation will be removed in 
further developments. 

Further parametric studies will be carried out in order to deduce more information that may 
be useful for practitioners interested in applying the solution strategies herein described. More-
over, the possibility to come up with a more formally elegant and compact optimization strategy 
will be investigated.  
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Abstract. This paper presents the experimental and analytical validation of the lateral 

strength of dry block masonry walls under in-plane loading. The analytical evaluation of the 

in-plane frictional resistances activated at the onset of the rocking-sliding mechanisms is re-

visited in order to account for the different contributions of the self weight of the wall and ad-

ditional loads. It is assumed that the wall is arranged in a running bond pattern, with rigid 

blocks and dry contact interfaces governed by cohesionless Coulomb failure criterion. The 

accuracy and robustness of the analytical results are assessed by experimentally testing both 

the resultant frictional resistances and their applications points. Both pure sliding and rock-

ing-sliding failure modes are simulated with a testing device designed and realized ad hoc (no 

standard equipments and procedures were found in the literature). A good agreement be-

tween the analytical and experimental results is shown for the selected cases. 
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1 INTRODUCTION 

In the past forty years, several approaches for modeling masonry structures have been de-

veloped to evaluate the seismic vulnerability of historic masonry buildings. Among these, 

many studies are based on the direct observation of recurrent damage and collapse mecha-

nisms in seismic scenarios and are aimed at calculating the ultimate load factors by means of 

limit-state analysis [1]. 

In particular, the macro-block modelling approach has demonstrated to be useful for ma-

sonry buildings without a box-type behaviour, where frictional resistances might play a pre-

dominant role at the onset of in-plane and out-of-plane failure mechanisms [2-14]. According 

to it, each block represents a portion of masonry which remains undamaged and is separated 

from others by a number of localized cracking where the frictional resistances can take place. 

This modelling strategy relies on the advantage that the collapse load factor is easily comput-

able by means of few equilibrium equations based on limit analysis methods. It could also be 

useful to further develop recent innovative research in the field of rocking rigid block dynam-

ics [15-18]. 

Crucial to this approach is the assessment of the frictional resistances along the cracks. 

In this paper, considering the masonry block wall as a single leaf wall arranged in a run-

ning bond pattern, the analytical model proposed in [19] for the calculation of in-plane fric-

tional resistances was reconsidered to define more accurately the lateral strength of the wall. 

To this aim, a revisited formulation for the frictional resistances was presented by identifying 

two distinguished contributions, one due to the self weight of the wall and the other due to the 

possible overloading. Then the experimental validation of these analytical results was provid-

ed by investigating the effects of applying the horizontal loadings at different points along the 

vertical side face of the wall. The testing device was designed and realized ad hoc since no 

standard equipments and procedures were found in the literature and, to date, it does not ap-

pear that the frictional resistances of a dry stone masonry panel were ever tested. More details 

can be found in another work [20]. 

2  IN-PLANE FRICTIONAL RESISTANCES ALONG A CRACK 

A rigid-perfectly plastic model with dry contact interfaces governed by cohesionless Cou-

lomb failure criterion is herein adopted for the assessment of frictional resistances within in-

plane loaded masonry walls, assumed to be single leaf walls arranged in a running bond pat-

tern (Fig. 1). According to this model, the crushing of rigid blocks is ignored, the plastic dis-

sipation is reduced to contact interfaces, in particular to bed joints, and the possible failure 

modes (rocking and/or sliding) take place along defined patterns of lines (cracks), which fol-

low disposition of joints. Experimental and analytical investigation on 3D frictional behavior 

was recently carried out by Casapulla and Portioli [21, 22] to evaluate the frictional strength 

parameters in terms of shear, torsion and bending moments and combinations of them. 

Although the limiting shear force due to friction at a single bed joint can easily be comput-

ed as the weight of the upper column of half-blocks multiplied by the friction coefficient 

(Coulomb’s law), its resultant on all the bed joints along a given crack, also considering the 

presence of overloading, does not correspond in a simplistic way to the total weight of the 

moving portion times the friction coefficient. In fact, this resultant can only be derived ac-

cording to two different formulations which actually give the same results [19]. One of these 

formulations is revisited in this paper in order to define more accurately the contributions of 

the self weight of the wall and the possible overloading. 

The shape factor of the single unit depicted in Fig. 1(a) is defined as the angle αb = tan
-

1
(v/h), where v = l/2 and h and l are the height and the length of the unit, respectively. Also, 
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the shape factor of the wall in Fig. 1(b) of width L and height H is defined as the angle 

αp = tan
-1

(L/H). The following considerations are limited to angles of crack αc ≤ αb, as mech-

anisms with a greater angle of cracks are unlikely to occur under the current assumptions. 

(a)      (b) 

Figure 1: (a) Masonry unit dimensions; (b) inclinations for the unit and wall shape ratios and for the variable 

angle of crack. 

2.1 Proposed formulation 

The resultant frictional resistance on all the bed joints along a given crack only depends on 

the number of courses that the crack line actually crosses [5, 7]. 

In the following, this assumption is revisited only with reference to the case of αc ≤ αp. In 

this case, typical for long walls, the total shear strength is independent of the angle of crack, 

as the number of rows crossed by the crack line is always that corresponding to the total 

height of the wall. It is also independent of whether the unit shape factor is greater or smaller 

than the wall shape factor. These results are described within the following two different con-

ditions. 

Case (a) αb ≤ αp (Fig. 2) 

The total force F results from the sum of two contributions: FW, related to the weight of the 

wall acting on all the bed joints and FQ, related to the uniformly distributed load q for unit of 

length, acting at the top wall. It is worth noting that the distribution of these contributions 

along the height of the wall is linear for the former and uniform for the latter. 

In particular, being n the number of rows crossed by the generic crack line, the limiting 

shear force due to friction at contact interface i, in absence of overloading, is given by the 

weight of the upper column of half-blocks multiplied by the friction coefficient f, i.e. accord-

ing to the cohesionless Coulomb’s law: 

bi WfiS =           i = 1, 2, 3, …, n (1) 

where Wb = γbvh is the weight of a single half-block (γ is the specific weight of the materi-

al). The first resultant will be: 

( )
f

nn
bhvSF

n

iW
2

1

1

+
γ==∑ (2) 
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and it will be applied at 2/3 of the height of the cracked part from the top of the panel, 

since Si linearly increases from the top to the bottom wall [13, 19]. 

On the other hand, the resultant due to the overload is expressed in the form: 

 qnvfFQ =  (3) 

and it is applied at half-height of the wall, as illustrated in Fig. 2. 

The total frictional resistance is therefore the sum of Eqs. (2) and (3), i.e.: 

 QW FFF +=  (4) 

which is clearly independent of the angle of crack. Its application point can easily be ob-

tained with the expression: 

 
QW

QW

F
FF

nhFnhF
y

+

+
=

2/3/
 (5) 

 
     Case (a)    Case (b) 

Figure 2: Proposed frictional resistances for: Case (a) with αb ≤ αp and Case (b) with αb ≥ αp. 

 

Case (b) αb ≥ αp (Fig. 2) 

As introduced above, also in this case the number of surfaces crossed by the crack line 

does not change with αc and it is always equal to the total number of courses in the panel con-

sidered. This allows obtaining the same total shear strength as Case (a), i.e. equal to Eq. (4). 
 

3 EXPERIMENTAL VALIDATION OF FRICTIONAL RESISTANCES 

A series of laboratory tests were carried out to experimentally validate the frictional re-

sistances described in the previous section. To this aim it was verified that a horizontal point-

load applied, with opposite sign, to the same application point of the resultant frictional re-

sistance exerted by the wall effectively implied pure sliding failure mode, while involving a 

mixed rocking-sliding failure when different application points were considered. 

The tested wall was 800 mm x 468 mm x 50 mm (length x height x width) in size and had 

twelve courses of stretcher blocks. It was constructed using 100 mm x 39 mm x 50 mm 

(length x height x width) Neapolitan tuff stones arranged in a running bond pattern and with 

an average unit weight equal to 13.1 kN/m
3
. All masonry blocks were cut mechanically leav-

ing a smooth surface and placed within the wall without mortar (dry joints). The friction coef-

ficient between the faces of the tuff stones was calculated experimentally using the same 

setup of the wall and was found to be equal to 0.52. In order to allow the same frictional re-

sistance at each involved contact surface, an additional course of stretcher tuff stones horizon-

tally constrained was placed between the tested wall and the rigid and fixed supporting base. 
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Different loading conditions were considered to simulate both pure sliding and mixed rock-

ing-sliding failure modes. 

3.1 Test setup 

The test setup was designed and realized ad hoc since no standard equipments and proce-

dures were found in the literature. This consisted of the application of a horizontal point-load 

to the side face of the dry stone masonry wall specimen by means of a universal electrome-

chanical testing machine, as schematically shown in Fig. 3.  

Figure 3. Test setup. 

In order to simulate the predicted failure modes and to distribute the point-load along the 

vertical side face of the wall, the horizontal load was applied to a vertical steel rod (550 mm 

long, 10 mm diameter) inserted in six eye screws attached to the half-block on alternating 

stretching courses. The rod was rigid enough to support the maximum load used during the 

tests without deformation. It was also suspended on the upper eye screw to avoid any contact 

with the base support and was unilaterally constrained at its base in horizontal direction 

through a wooden spacer to prevent inward displacement during its rotation. In fact, it is 

worth underlying that to avoid interpenetration of blocks this rod was only allowed to trans-

late outward and unilaterally rotate about the pivot point. 

The loading scheme was designed to apply the point-load at a variable height within the 

vertical midplane of the wall and to involve all the possible in-plane displacements transmit-

ted by the steel rod. To activate the failure mechanisms, a monotonically increasing horizontal 

force was applied using the testing machine. A steel cable, supported by a system of small 

pulleys and a steel frame, was used to connect the steel rod to the actuator of the testing ma-

chine running in the vertical direction. In order to apply the point-load along the horizontal 

direction, the lower pulley was allowed to shift vertically. The load was applied under dis-

placement control at a constant rate of 5 mm/min, using the control system of the testing ma-

chine to calibrate the speed of the vertical actuator. 

The force was measured using a load cell with a maximum capacity of 500 N and an ac-

quisition frequency of 10 Hz. The displacements were measured using three Linear Variable 

Displacement Transducers (LVDT) with a displacement range of ± 50 mm. These LVDTs, 
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supported by the steel frame, were positioned to the first, fourth and last half-block of the side 

face of the tested wall from its top to the bottom. The purpose of the LVDTs was to measure 

the displacements along the height of the wall to distinguish the pure sliding mechanisms 

from the rocking-sliding ones. The load cell and the transducers were connected to a digital 

scanner to acquire forces and displacements. 

In some tests the wall was subjected to a constant overload of 320 N, which was about 

34% larger than its self weight. This overload was uniformly distributed along the top wall 

through the use of a steel H-beam, weighing 66 N and placed with horizontal web (Fig. 6(c)), 

supporting nine cast iron cylinders, each with an average weight of about 28.2 N (254 N total 

cylinders).  

3.2 Testing programme 

The experimental programme was planned in order to validate the frictional resistance of 

the tested dry stone masonry wall in the cases of absence (Test 1) or presence (Test 2) of the 

overload. These cases were expected to involve pure sliding failure modes only. The addition-

al Tests 3 and 4, implying mixed rocking-sliding mechanisms, allowed to validate the applica-

tion point of the frictional resistance both in the absence and presence of overload. 

Experimental tests were carried out for Case (a) only (αc ≤ αb ≤ αp), since Case (b) 

(αc ≤ αp ≤ αb) can be directly derived from Case (a). Table 1 summarizes the chosen values of 

the overload and the application points of the point-load for each test. The last row is referred 

to the values of the application points measured from the bottom of the rod instead of the bot-

tom of the wall to take into account the pivot point in the cases of rotation of the rod. The dis-

tance between the pivot point and the bottom of the wall was measured to be d = (z -

 y) ≈ 20 mm. 

 
Table 1. Experimental tests with the chosen values of the overload and the application points of the force. 

 Pure sliding failure Rocking-sliding failure 

 Test 1 Test 2 Test 3 Test 4 

Overload, Q [N] - 320 - 320 

Application point from the 

bottom of the wall, y [mm] 
156 212 312 312 

Application point from the 

bottom of the rod, z [mm] 
176 232 332 332 

 

The application points of the force for Tests 1 and 2 were determined using Eq. (5), which 

considers the effects of both the self weight and the overload. Instead, the force was applied at 

2/3 of the wall height for Tests 3 and 4. 

3.3 Experimental results and comparisons 

3.3.1 Pure sliding failure 

Wall panel Test 1 was carried out without overloading and by applying the horizontal force 

at 1/3 of the wall height from its bottom (156 mm). 

The results of the test were reported both in terms of failure mode and of the average fric-

tional resistance to be compared with analytical results. 

The first evidence observed in Fig. 4(a) is that effectively pure sliding mechanism occurred 

when considering the chosen application point. In fact, although a slightly smeared distribu-

tion of sliding movements can be detected along the courses, a clear separation of a portion of 
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wall with nearly the same amount of the total horizontal displacement for each course can be 

distinguished. 

0

10

20

30

40

50

60

0 1 2 3 4 5 6 7 8 9 10
H

o
ri
z
o

n
ta

l 
lo

a
d
 [

N
]

Displacement [mm]

Load cell - LVDT 1

Load cell - LVDT 2

Load cell - LVDT 3

(a) (b) 

Figure 4: (a) Failure mode for the wall specimen and (b) load-displacement curves for Test 1. 

In Fig. 4(b) the results of Test 1 are plotted in terms of three load-displacement curves de-

rived from the combinations of the load cell with the three positioned LVDTs. For all the 

graphs reported in this section, the upper displacement transducer was LVDT 1 (blue continu-

ous line), while LVDT 2 (green dashed line) and LVDT 3 (red dotted line) were the interme-

diate and the lower ones, respectively. As expected, the signals registered by the three LVDTs 

were nearly coincident, with an almost vertical branch representing the rigid behavior of the 

block interfaces and the maximum load occurring at the first noticeable movement. Although 

it appears quite difficult to identify the first noticeable movement and the corresponding load, 

it can be reasonable to assume the maximum load in the range 0-1 mm, i.e. F = 51.2 N in this 

case. The displacements registered after this point show the stick-slip behaviour which is typ-

ical of frictional sliding [23]. However, although the kinematics of the failure is beyond the 

scope of this paper, it is worth noting that the enhancement of displacement occurred without 

substantially increase in the loading force. 
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Figure 5: (a) Failure mode for the wall specimen and (b) load-displacement curves for Test 2. 
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The second test (Test 2), considering the overload applied on the top wall, was carried out 

by applying the horizontal force at the distance from the bottom of the wall obtained using Eq. 

(5), i.e. 212 mm. Also in this case an actual pure sliding failure can be observed (Fig. 5(a)), 

though the moving portion of the wall had a different shape and could be identified as a trian-

gular block. The results in terms of load-displacement curves are reported in Fig. 5(b) where 

trends similar to the curves in Fig. 4(b) can be observed. The first almost vertical branch can 

still represent the rigid behaviour of the block interfaces (the displacements less than 1 mm 

can be disregarded), while the stick-slip behavior after the onset of the mechanism appeared 

less pronounced. The maximum load was reasonably chosen as F = 207.1 N. 

These first results were a clear indication of the correctness of the chosen application 

points obtained according to Eq. (5) and may effectively allow validating the linear and con-

stant distributions of the frictional resistances described in the previous section. However, a 

further confirmation of the good agreement with analytical results will be shown later on 

within the comparisons between the experimental and predicted values of the applied horizon-

tal force. 

3.3.2 Rocking-sliding failure 

Tests 3 and 4 were carried out to demonstrate that mixed rocking-sliding mechanisms may 

occur when the application points are chosen different from those activating pure sliding fail-

ure modes, in the absence and presence of overload, respectively (Fig. 6). 
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Fig. 6. Failure mode for the wall specimen and load-displacement curves for (a-b) Test 3, (c-d) Test 4. 
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In these figures, the failure modes and the corresponding load-displacement curves are re-

ported for such tests, where the activated rocking-sliding mechanisms can be observed for all 

cases. In particular, Fig. 6(a) shows that the portion of the wall moving outward for Test 3 is 

quite similar to that in case of pure sliding (Fig. 4(a)), but with horizontal displacements in-

creasing from the bottom to the top, due to the rotation of the steel rod about the pivot point. 

A similar phenomenon can be observed in presence of overloading for Test 4 in Fig. 6(c), 

where the rotation of the rod appeared amplified because of the greater displacements of the 

upper blocks. The load-displacement curves reflected the observed failure modes through the 

registration of quite linear distributions of the displacements, increasing from the lower 

LVDT 3 to the upper LVDT 1, when reached the applied loads activating the mechanisms. 

Considering the first noticeable movement of the upper LVDT 1 in the range 0-1 mm (as also 

assumed for pure sliding failure), these maximum loads were reasonably chosen as 

F = 21.1 N and F = 119.3 N for Tests 3 and 4, respectively. 

3.3.3 Comparisons with analytical results 

In Table 2 all the experimental results described above were compared to those obtained by 

the analytical formulations presented in Section 2, in terms of applied horizontal force. Both 

failure modes of pure sliding and rocking-sliding were considered. 

In the cases of pure sliding mechanisms, i.e. Tests 1 and 2, the values of the frictional re-

sistances and the applied horizontal loads were directly compared each other and Eq. (4) was 

used for analytical results, since no level arms must be computed. In the cases of rocking-

sliding failure (Tests 3 and 4), instead, it is worth underlining that the analytical values of the 

applied horizontal loads were obtained through the rotational equilibrium of the steel rod 

about the pivot point. This means that the predicted forces, reported in Table 2, were obtained 

by the following relation: 

( )
z

dyF
F F +

=1 (6) 

where F and yF are given by Eqs. (4) and (5), respectively, z is the distance of the applica-

tion point from the bottom of the rod (Table 1) and d is the difference of about 20 mm be-

tween the bottom of the rod and the bottom of the wall, as introduced above in this section. 

The comparison of the analytical results against experimental evidence shows that the pre-

dicted limiting forces agree well with the observed experimental results, both in terms of the 

frictional resistance and of its application point. 

Table 2. Comparison of experimental and analytical results. 

Pure sliding failure 

y [mm] z [mm] Exp F [N] Analytical F [N], Eq. (4) Diff. Analytical vs. exp. [%] 

Test 1 156 176 51.2 50.6 -1.2 

Test 2 212 232 207.1 175.4 -15.3 

Rocking-sliding failure 

y [mm] z [mm] Exp F [N] Analytical F1 [N], Eq. (6) Diff. Analytical vs. exp. [%] 

Test 3 312 332 21.1 23.8 12.8 

Test 4 312 332 119.3 118.9 -0.3 

In particular, the frictional resistances assessed by the formulations proposed in Section 2 

were validated by the experimental results for Tests 1 and 2, which show a relatively small 

percentage difference of about 1% and 15%, respectively. Moreover, it should be noted that 
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the analytical results are conservative with respect to the experimental ones and that the fail-

ure mode was assessed as pure sliding for both test performances. 

A good agreement between the results can also be observed for Tests 3 and 4, which con-

firmed the correctness of the application points of the predicted frictional resistances in the 

cases when rocking-sliding failure modes were involved. 

The percentage difference between the analytical - still conservative - and measured forces 

for Test 4 was effectively very small, i.e. about 0.3%, confirming the robustness of the analyt-

ical formulations, while an unconservative result was registered for Test 3, with about 13% of 

percentage difference (positive sign). This can be explained by the general observation that 

the experimental tests are locally influenced by some random factors, e.g. variations of nor-

mal pressure force or inhomogeneous asperity of contacting surfaces, which could vary from 

test to test. Notwithstanding, the percentage difference registered for Test 3 still was relatively 

small and the failure mode observed in Fig. 6(a) still confirmed the validity of the proposed 

formulations. 

4 CONCLUSIONS 

In this paper the lateral strength of dry block masonry walls under in-plane loading was 

measured by frictional resistances. Assuming the wall arranged in a running bond pattern, 

with rigid blocks and dry contact interfaces governed by cohesionless Coulomb failure crite-

rion, its lateral strength was assessed by accounting for two contributions, one due to the self 

weight of the wall and the other due to the overloading. This allowed obtaining more accurate 

results for the resultant frictional resistances, as confirmed by the experimental investigation 

carried out to validate the analytical formulations. Both pure sliding and rocking-sliding fail-

ure modes were simulated with the testing device designed and realized ad hoc (no standard 

equipments and procedures were found in the literature). 
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Abstract. The reuse of historical centers requires to solve in a reliable manner the problem 
of seismic analysis of the residential units belonging to building clusters. This implies com-
plex interactions at the structural level, which influence the seismic response and damage 
mechanisms of the individual units. Even if a rigorous approach would require the analysis of 
the entire aggregate, in the professional practice, the safety assessment is typically performed 
on the single unit [1]. At the regional scale, empirical methodologies aimed at taking into ac-
count the variation of the vulnerability according to the position of the unit within the aggre-
gate and some geometrical features were developed. In the case studies here presented, a 
computational modelling in the non-linear dynamic field is performed, which allows to cali-
brate the fragility curves for the building aggregate. The case studies are two large building 
clusters located in Puglia (in the historical centers of Foggia and Sant'Agata di Puglia [2]). 
Preliminary FEM simulations under seismic actions provided information about the overall 
response in terms of vibration and deformation modes, allowing to select the most significant 
ones. Then, it was possible to define a simplified plane model, able to represent the transver-
sal response, which revealed to be the predominant one. Moreover, some partial, simplified 
models were defined for limited architectural parts that are particularly representative re-
garding the development of mechanisms of damage and collapse [2]. These models, consist-
ing of an assembly of quadrilateral elements, are formulated in accordance with a RBSM 
approach [3,4]. Non-linear dynamic analyses have shown that the vulnerability is very differ-
ent from the one predicted by classical vulnerability methods, highlighting that in the case of 
complex cluster, a more detailed and specific tool for the vulnerability analysis is required. 
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1 INTRODUCTION 
The paper presents a research study concerning the regional seismic vulnerability assess-

ment of the building stock in the historical centres of the Province of Foggia (Puglia, Southern 
Italy). It was part of the Research Project “Antaeus” funded by Regione Puglia (Fund CIPE 
20/2004) and managed by “Autorità di Bacino della Puglia” (Basin Authority of Puglia) in 
cooperation with a number of Public Institutions (Department Dicatech of the University 
“Politecnico di Bari”, Municipality of Foggia, Administration of the Province of Foggia). The 
general objective of the project was to provide the local administration with multi-level meth-
odologies and tools for the seismic vulnerability assessment of the regional territory [2]. After 
developing and testing vulnerability methods at the regional scale, a detailed study was per-
formed on masonry aggregate buildings in the City of Foggia. In particular, the paper presents 
the results of a series of mechanical analysis performed first by Finite Element Modeling [5] 
and then by a specific Rigid Body and Spring Model [3,4,6,7]. As a case study, a representa-
tive structural typology of the ancient historical center of Foggia was chosen, with the objec-
tive of characterizing the seismic response of local building types and allowing the validation 
of the 1st level vulnerability assessment already carried out in the Project but also, in the fu-
ture, the derivation of specific fragility curves. 

1.1 Seismic vulnerability assessment at the regional scale: reference framework and 
peculiarity of the local application context (Puglia) 
The assessment of the seismic vulnerability of a territory is one of the crucial elements of 

seismic risk prevention and mitigation strategies which are the challenges that are being faced 
in the last decades. Many recent earthquakes have clearly shown that the existing building 
stock in many countries all over the world is severely at Risk, and that in many cases the poli-
tics adopted in the past have been inadequate or completely absent, leaving space to extempo-
raneous actions, with ineffective or even detrimental effects. These questions are – first of all 
– a political and administrative matter, but also directly involve the scientific community, that
is required to develop the theoretical reference framework and effective operative tools. A 
structural vulnerability analysis involves the assessment of the consistency of the existing 
building stock in a given area both from a qualitative and quantitative point of view, with a 
specific regard to the propension of buildings to suffer damage after an earthquake. First of all, 
a vulnerability methodology should specify how the inventory of the buildings has to be car-
ried out, establish the desired level of detail and develop suitable models for the correlation of 
the ground motion severity and the possible physical damage and losses, both tangible and 
intangible. Finally, the buildings shall be classified per a priority list. It is important to point 
out that the application of any kind of method is conditioned by the great amount of basic data 
and the relevant computational effort is required for the assessment at the scale of the building. 
If the methodology is to be applied to a large urban area, it is then appropriate to single out a 
set of typological models able to represent a plurality of buildings, and to adopt some simpli-
fications in the approach. In the past twenty years, two different approaches for the seismic 
vulnerability assessment at the geographic scale have been developed, generally known as 1st 
Level and 2nd Level approach: 

• 1st level procedures are aimed at a preliminary evaluation based on few empirical
parameters, and input data are limited to information that can be gathered by simple
and quick visual inspections [8-13];

• 2nd level procedures include more detailed elements about the structural characteris-
tics and damage modes. They always do operate at a territorial or urban scale, but
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are usually specifically devoted to a building type (churches, palaces, bridges,. . . ) 
and collect much more detailed data [14-18]. 

It is evident anyway that the results provided at a large scale (both regional and urban) 
have only a relative validity within the considered set of buildings (which shall be sufficiently 
“homogeneous” regarding the typological, structural and constructive aspects). This guaran-
tees that the previsions of the models, although approximate, will have a relative validity 
within the considered set. It will be possible to sort by vulnerability/risk level the elements of 
the reference set in order to budget the different intervention options and support the defini-
tion of mid and long term mitigation strategies, whereas comparing the results obtained on 
very different geographic areas could be misleading. Finally, the actual safety level of an in-
dividual building can be obtained only by means of a complete structural calculation of the 
building, that is sometimes referred to as the 3rd level analysis [19-22]. 

2 THE CASE STUDY 
The object of the vulnerability study is the historical center of the City of Foggia (Puglia, 

Southern Italy – Fig.1). Most part of the old town is the result of the reconstruction work that 
took place after the earthquake of 1731, within the two central districts of “Borgo Croci” and 
“Quartieri Settecenteschi” (Fig. 1).  

Figure 1: Map of the historical center of Foggia; position of the selected building aggregate (#330). 
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The building aggregate selected for the analyses (its position on the map of the old town of 
Foggia is shown in Fig. 1, where it is marked with the number 330) well represents the most 
widespread structural type in the historic center of the city of Foggia, and is moreover highly 
vulnerable. In these buildings, the first floor dates back to the reconstruction that took place 
after the devastating earthquake of 1731. 

Ground Floor 

Prospect View – West side  

Prospect View - East side 

Figure 2: Plan view and prospect views from the main streets. 

The geometry of the building aggregate – an elongated rectangle - is quite regular in plan, 
as it can be observed from the plan of the ground floor shown in Fig. 2-top. 

Figure 3: General views of the building aggregate from the two sides. 

On the other side, a situation of severe irregularity in elevation is observed (Fig. 2, 3), 
mainly due to two factors: 
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1) there is a widespread and chaotic presence of superelevations, new floors and roofs
added to the original layout of the ground floor, which dates back to the reconstruction
that took place after the devastating earthquake of 1731.

2) the position of openings on the main façades facing the main streets is very irregular
and inconsistent, especially in correspondence of later superelevated floors.

Figure 4 shows the results of the 1st level vulnerability investigation performed during An-
taeus Project. From these figures, it can be observed that most of the structural units surveyed 
near the building aggregate chosen as case study present a vulnerability index comprised 
within the range 0.4-0.6 (the range of the index is [0-1]), represented in yellow. More specifi-
cally, the vulnerability index of the structural units belonging to aggregate 330 is almost com-
pletely homogeneous, with some exceptions. In particular, it is worth noting that there is an 
increase of vulnerability in the corner structural units, whereas some units located in the mid-
dle, and with no superelevated floors exhibits lower vulnerability indexes.  

Constructive system 

Masonry 
RC 
Unknown 

Vulnerability Index (0-1) 

Invalid form 

Figure 4: View of the vulnerability map of the City of Foggia in the District “Quartieri Settecenteschi” and detail 
on the building aggregate #330.  

Of course, the quick vulnerability assessment through survey forms does not allow to ob-
tain an indication about the safety level of the individual building, but rather should be con-
sidered as a relative value within an homogeneous set of building units. It should also be 
considered that in these kind of investigations, the reliability of results strongly depends on 
the human factor: data are collected via direct surveys performed by trained teams of techni-
cians, and being based on subjective judgement, are affected by possible misunderstanding. 
With regard to this aspect, it is interesting to analyze the map of Fig. 5, which shows the reli-
ability of the survey teams, based on the completeness and quality of data reported in the 
forms.  

Reliability 

Invalid form    

Figure 4: Reliability map of the City of Foggia in the District “Quartieri Settecenteschi” and detail on the build-
ing aggregate #330. 
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In the Figure, the scale ranges from 0 to -3.5 (the score 0 corresponds to maximum reliabil-
ity, and negative scores progressively indicate lower reliability). It can be observed that sever-
al structural units within the building aggregate #330 present a very low reliability index, that 
is to say, the limitations of vulnerability index estimates obtained through rapid surveys 
should be always kept in mind, and when the objective is to derive specific indications about 
the vulnerability of individual units, more detailed investigations and models must be intro-
duced. 

3 COMPUTATIONAL MODELING OF THE SEISMIC BEHAVIOUR OF THE 
BUILDING AGGREGATE: FE MODEL 

The numerical modelling is based on detailed data and information provided by the tech-
nical office of the Municipality of Foggia. A full survey, including detailed plan views of the 
different floors, section views, photographic documentation. 

3.1 Geometry and characteristics of the materials 
In order to understand the overall behavior a numerical model describing the geometry of 

the entire building aggregate has been implemented, by adopting the finite element code 
"Abaqus" [5]. The objective of this first FE model is to obtain useful information to character-
ize both the static behavior under the effect gravity loads and the dynamic behavior, in terms 
of natural vibration modes. 

The geometry has been simplified as much as possible, both to contain the number of vari-
ables of the numerical problem and to facilitate the subsequent processing and interpretation 
and of the results obtained. The objective, in fact, was not to realize a faithful reproduction of 
the specific aggregate, but rather to grasp its essential and characteristic features, the essential 
characteristic, which can be considered representative of a typical and recurrent cases within 
the historical center of Foggia 

Figure 5: Overall geometry of the FE model. Vertical structural elements are shown in yellow, whereas horizon-
tal structures and roofs are shown in blue.  

Figure 5 shows the axonometric view of the simplified geometrical FE model of the aggre-
gate building. In order to evaluate the overall behavior in the linear elastic field, two materials 
have been defined, one for vertical structures (tuff masonry, represented in yellow in Fig.5), 
and one for horizontal structures and roofs (represented in blue in Fig.5). The first material 
employed (vertical structures) is orthotropic, with the following material properties: mass 
density ρ=1800 kg/m3, Young’s Modulus E=900 MPa (for all directions); Poisson's ratio 
ν=0.05; Shear Modulus G=150 MPa (for all directions). The orthotropy of the material has 
been exploited in order to define a shear deformability much lower than the one theoretically 
allowed in the case of isotropic material. With regard to the second material (horizontal struc-
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tures and roofs), it is assumed to be isotropic, with the following material properties: Young’s 
Modulus E=3000 MPa; Poisson's ratio ν=0.05; and mass per unit area 300 kg/m2. 

3.2 Discretization of the geometry 
The discretization of the overall geometry was made by using plane finite elements of 

“shell” type, which in Abaqus are labelled with the code S4R. Figure 6 shows two views of 
the model, in which the mesh according 4-nodes S4R elements can be seen. 

Figure 6: Axonometric views of the FE model.  

The FE model of the entire aggregate comprises a total number of 44783 nodes and 44182 
elements, for a total of 268.698 degrees of freedom. At the base, elements have a fixed con-
straint to the ground. The possible presence of excavated underground levels has been ne-
glected.  

3.3 Analysis of the 3D Model under gravity loads  
The analysis under gravity loads provides stress values which are quite low, as it could be 

expected considering the low height. Figure 7 shows the map of the vertical component S22, 
where it can be observed that only at the base the values reach 0.1 MPa. 

It should be noted that this preliminary analysis does not indicate any particularly critical 
situation, even where the distribution of openings is particularly irregular in elevation. 

2625



Siro Casolo, Giuseppina Uva and Carlo A. Sanjust 

Prospect View - West side 

Longitudinal Section 

Prospect View - North side 

Figure 7: Map of the S22 stress component under gravity loads [N/m2].  

3.4 Modal Analysis: Eigenvalues and eigenvectors  
The modal analysis of this model shows that it is not easy to clearly identify a vibration 

mode that involves the entire building aggregate, because of the complexity of the geometry 
and the presence of many irregularities in elevation. Figures 8 and 9 show the first five modal 
shapes with the indication of the value of the corresponding period Ti. 

Table 1: Modal participation factors and effective masses in the two horizontal directions. 
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Table 1 summarizes the Modal Participation Factors and the Effective masses in the two 
horizontal directions, as calculated by the code Abaqus [5]. From these data, it can be noted 
that for modes higher than the 5th, Modal Participation Factors and Effective Masses are very 
low, and therefore such modes are not significantly excited by the ground motion. By looking 
at the deformed modal shapes (Figs. 8, 9), it can be concluded that the mode that significantly 
involves the entire aggregate is the 5th, differently from regular structures, for which this hap-
pens for the shortest period mode. Mode 5 is characterized by oscillations directed along the 
transversal and short direction (Y), and has the largest value of effective mass. On the other 
side, the modal analysis points out that the motion becomes very irregular and complex for 
the end structural units, especially at the short northern front. In all the modal shapes, the 
most critical parts of the entire structure tend to be always those which correspond to the two 
short ends of the aggregate. 

First Mode

Second Mode

Second Mode

Figure 8: Eigenvalues analysis: deformed shapes and periods corresponding to the first three modes. 

. 
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Fourth Mode

Fifth Mode 

Figure 9: Eigenvalues analysis: deformed shapes and periods corresponding to the 4th and 5th modes. 

Those located at the north side appear to be the most stressed, both with respect to motions 
having the prevalent component oriented along the longitudinal of the aggregate (X compo-
nent), and along the transverse direction (Y component). The presence of a quote of torsional 
movement can also be observed, which is the consequence of the asymmetry and irregularity 
in elevation. 

4 THE RBS MODEL 

4.1 The modeling approach 
In order to perform a quantitative assessment of the seismic response of the case study un-

der potentially destructive seismic events, it was necessary to perform nonlinear dynamic 
analyses, considering the non-linear behavior and damage development of structural elements. 

The complete three-dimensional FE model described in the previous section was unsuita-
ble to this scope, both for the difficulty of implementing a proper constitutive model of ma-
sonry, both because of the high number of degrees of freedom, equal to 268698, which makes 
nearly impossible the performance of dynamic analyses from the point of view of the required 
computational resources. 

These analyses have been performed by means of a specific mechanistic model, made by 
rigid masses and springs, (RBSM) which considers only the in-plane dynamics. This model 
can describe higher vibration modes, as well as the combined axial and shear deformation and 
damage of the material by means of a simplified heuristic approach, which has been devel-
oped both for the out-of-plane behaviour [23-27] and for the in-plane behaviour [3-4, 6-7] 
here applied. The application of the mentioned RBSM model is particularly effective since it 
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allows to considerably reduce the computational burden while keeping, at the same time, the 
information about the meso-scale effects of the masonry behavior. It has been, in fact, fruitful-
ly employed both for the analyses of complex, real buildings [19-22] and when it is used to 
perform a large number of analyses for calibrating simplified macro-models of masonry pan-
els [28,29]. 

4.2 Definition of representative plane models 
In order to perform a quantitative assessment of the seismic response of the case study un-

der potentially destructive seismic events, it was necessary to perform non linear dynamic 
analyses, considering the non-linear behavior and damage development of structural elements. 

The complete three-dimensional FE model described in the previous section was unsuita-
ble to this scope, both for the difficulty of implementing a proper constitutive model of ma-
sonry, both because of the high number of degrees of freedom, equal to 268698, which makes 
nearly impossible the performance of dynamic analyses from the point of view of the required 
computational resources. 

Thence, proper 2D “sub-models” have been identified, in which the geometry is plane and 
simplified, but the mechanical model can describe the development of the relevant mecha-
nisms of damage and collapse [30]. Actually, this approach is often the only real possibility, 
provided that the simplified model is properly calibrated so as to make it dynamically equiva-
lent and able to describe the kinematics of the case study. Some applications of this approach 
to the computational modelling of masonry historical buildings characterized by a great geo-
metrical complexity can be found in the scientific literature [31]. 

Three plane models capable to represent the kinematic highlighted in modal analysis have 
been defined. In particular, the first two models are intended to represent the response of the 
North end-unit along X and Y directions.  

Figure 10: The sections used to extract the plan models, with indication of the 3D pertaining area. 

In Figure 10 the two sections, called “Section 1” and “Section 2”, are represented, showing 
in blue and red, respectively, the area pertaining to the three-dimensional model. The motion 
that involves the entire aggregate in the transverse direction is described by means of a model 
extracted from the “Section 3” (Fig. 10). From the above-mentioned Sections, three corre-
sponding computational plane models have been defined, by an assembly of quadrilateral el-
ements having the geometry shown in Figure 11. These models are formulated in accordance 
with the aforementioned RBSM approach.  

It is worth remembering that the objective is not to reproduce the actual behavior of the 
specific case study, but to evaluate by in quantitative terms the seismic vulnerability of a rep-
resentative structural type of the city of Foggia. 
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Figure 11: The RBS plane models corresponding to the sections shown in Figure 10. 

A summary of the characteristics of the three models in terms of engagement of computing 
resources, and therefore of practical feasibility of many dynamic analyses in the non-linear 
field, is reported in Table 2. 

Section 1  Section 2 Section 3  
Number of elements 377  273  198 
DoF 1131 819 594 
Number of springs 2031 1557 1155 
Band width 62 47 35 
Total mass 733 876 181 

Table 2: Characteristics of the three RBSM numerical models. 

In Figure 12, the scheme of the constitutive behaviour used for the materials is shown. 

Figure 12: Scheme of the hysteretic behaviour adopted for the materials. 
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Figure 13. Artificial accelerograms used in the non-linear dynamic analyses, and corresponding spectra com-
pared with those of the seismic zones 1, 2, 3, 4. 

With regard to the seismic action, only the horizontal component was considered. In theory, 
the vertical component interacts with the horizontal response, but for this case, the differences 
between bending and axial vibration modes - in terms of eigenvalues – were relevant, and 
considered thence to be negligible. A set of artificially generated accelerograms was consid-
ered, as shown in Figure 13.  

4.3 Results of the non-linear dynamic analyses  
After calibrating the plane models in the elastic field by means of modal analyses and 

comparisons with the results of the full 3D model, non-linear dynamic analyses of the three 
models have been performed under accelerograms corresponding, respectively, to the 4 mac-
ro-seismic zones of the Italian territory (characterized by a growing hazard from 4 to 1). 

In the following, the results obtained for the models in terms of time history of the horizon-
tal displacements (calculated at the level of the top floor), cumulated hysteretic and kinetic 
energy, S22 stress component and final deformed shape are presented and discussed.  
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Plane Model “Section 1” 
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Figure 14. Plane model Section “1”: Displacement time history, kinetic and hysteretic energy. 

Figure 14 shows the time history of the horizontal displacements calculated at the level of 
the top floor, and the cumulated hysteretic and kinetic energy. It can be noted that, in the case 
of the most severe accelerogram (Z1), the maximum horizontal displacement is 2 cm. This 
value can be considered incompatible with the safety of this type of buildings. Moreover, at 
the end of the time history, a permanent displacement of approximately 5 mm is attained. 

Also under the accelerogram corresponding to the Zone 2 (Z2), the maximum displace-
ment is quite high (1 cm). Looking at the diagram of the hysteretic dissipation, it can be noted 
that also in this case important plastic dissipation occurs, and for masonry structures this im-
plies a significant irreversible damage. 

Results in terms of maps of S22 stress component and the deformed shape at the end of the 
loading history is shown in Figure 15 for the accelerograms Z1, Z2, Z3, Z4. 
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Z1: final deformed shape Z2: final deformed shape 

Z1: S22 Stress component Z2: S22 Stress component 

Z4: final deformed shape 

Z4: S22 Stress component 

Z3: final deformed shape

Z3: S22 Stress component

Figure 15. Plane model Section “1”: Final deformed shape and S22 stress component for the 4 accelerograms. 

The accelerogram Z4 does not produce significant damage, since the trend of the distribu-
tion of S22 stress component is substantially the same than that under gravity loads. This is 
also confirmed by the final deformed shape. 

In the results of the accelerogram Z3, some significant damage can be observed, predicta-
ble also based on the hysteretic energy dissipation (Fig. 14). More in detail, the map of the S22 
stress component shows a peak in the central piers of the building, with values of the order of 
0.3 MPa. The damage mechanism can be deduced from the observation of the final deformed 
shape. The central wall piers, between the openings of the second level shows a vertical shift. 
Overall, this framework can be classified as slight damage. 

The accelerogram Z2 produces a medium/high level of damage, with relevant plastic phe-
nomena, as highlighted by the diagram of the hysteretic energy (Fig. 14). The map of the S22 
stress component is similar to the previous case, with a peak in the central piers of the build-
ing, with values of the order of 0.35 MPa. Also, the damage mechanism is similar to the pre-
vious one. Overall, this framework can be classified as medium-high damage, with the 
possibility of local collapse mechanisms in the central area of the aggregate. The analysis of 
the damage patterns previously described points out that a strong vulnerability factor is related 
to the misalignment of the openings. 

The accelerogram Z1 produces very severe damages, with a probable collapse of the entire 
building. The high values of hysteretic energy highlighted in Figure 14 are very well ex-
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plained by the presence of relative translations between entire blocks, both horizontal and ver-
tical. The map of S22 stress component is completed altered with respect to the behavior under 
gravity loads. Basically, this means that the structure, at the end of the earthquake, has no re-
sidual safety margin with respect to vertical actions. The mechanism of damage is different 
from the previous ones, because it shows a strong shear component, both along horizontal 
cracks at the first level, and along vertical fractures that completely crushes the masonry walls 
into separate pieces. Overall, this framework can be classified as a complete collapse. 
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Figure 16. Plane model Section “3”: Displacement time history, kinetic and hysteretic energy. 
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Z4: final deformed shape 

Z4: S22 Stress component 

Z3: final deformed shape 

Z3: S22 Stress component 

Z2: final deformed shape 

Z2: S22 Stress component 

Z1: final deformed shape 

Z1: S22 Stress component 

Figure 17. Plane model Section “3”: Final deformed shape and S22 stress component for the 4 accelerograms. 

Plane Model “Section 2” 

The results obtained for the second plane model are quite similar to those of Section 1, and 
will not be here discussed in detail, for brevity sake. 
Plane Model “Section 3” 

Under the accelerogram Z4, no damage is observed, as shown by the distribution of S22 
stress component, which is substantially the same than that under gravity loads. This is also 
confirmed by the final deformed shape. Also, the accelerogram Z3 does not produce signifi-
cant damage, as it can also be seen by the plot of the dissipated hysteretic energy, which is 
very low (Fig. 16). The map of the S22 stress component, like in the previous case, is substan-
tially the same than that under gravity loads. No significant damage mechanism is observed 
and, overall, this case can be classified as almost negligible damage. The accelerogram Z2 
produces very low level of damage, with hardly appreciable plastic phenomena, as also as 
highlighted by the diagram of the hysteretic energy (Fig. 16). Overall, this case can be classi-
fied as very low damage level. 

Even the accelerogram Z1 induces low damages. However, in this case the values of the 
dissipated hysteretic energy are higher than those attained in the previous cases, but anyway 
there is no a significant degradation of the overall structural behavior. Overall, this situation 
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can be classified as low damage level, but only in consideration of the presence of some dissi-
pated energy. 

5 CONCLUSIONS 
The objective of the research study was to make a comparison between the results of 1st 

level vulnerability assessment and a more detailed analysis based on a mechanical modeling 
performed by different approaches. 

For the analyses a reference aggregate building has been considered. Its morpho-
typological and mechanical properties were defined based on the survey and analysis of the 
residential buildings present in the historical center of Foggia (“Quartiere Borgo Croci”). This 
part of the city dates to the 18th century, when the city was reconstructed after the disastrous 
earthquake occurred in 1731, and buildings were constructed according to basic anti-seismic 
criteria: regularity in plan and elevation, resistant masonry walls, reduced slenderness of the 
walls. Subsequent historical events strongly altered the original configuration, leading to the 
present situation, which is extremely irregular and badly organized, mainly because of the 
proliferation of super-elevations, poorly designed and executed. 

The methodology adopted in the research study consisted in performing an initial study at 
the scale of the entire building aggregate, and then focus to a more detailed scale, in which 
three plane models were defined, corresponding to the two end sections and to an intermediate 
section. The numerical analyses in dynamic non-linear field have shown significant differ-
ences in the vulnerability between the different parts of the aggregate. 

"Section 1" and "Section 2" exhibit total collapses under the accelerogram Z1, partial col-
lapses under the accelerogram Z2, and substantial damage under the accelerogram Z3. On the 
other hand, the mechanical model that refers to the "Section 3" (corresponding to a structural 
unit located in a central position) does not show significant damage, except than under the 
accelerogram Z1, but also in this case damages are very limited. 
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Abstract. The protection of existing historical masonry structures represents a relevant topic 

in view of the high social and economic values of such constructions. Many strengthening 

techniques for the rehabilitation of existing monumental structures have been introduced. 

Some of these strategies are based on the application of fiber reinforced composite materials 

on the masonry surface. Among these, the application of FRP (Fiber Reinforced Polymers) is 

a low invasive retrofitting strategy able to improve both the in-plane and the out of plane ma-

sonry behaviour applicable to many different structural geometrical layouts. In this paper, by 

taking advantage of a parsimonious discrete element approach already introduced by the au-

thors, a new strip macro-element for the interaction modeling between masonry elements and 

FRP reinforcement is proposed. This new element is able to provide a satisfactory simulation 

of the FRP layer applications toin masonry structures although maintaining a very low com-

putational effort. In the paper, after a theoretical description of the proposed strategy, some 

numerical applications on case-studies, already investigated in the literature, highlight the 

capability of the proposed approach to properly describe the collapse behaviour of FRP rein-

forced masonry structures.  
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1 INTRODUCTION 

Historical and monumental constructions require a special care in their structural mainten-

ance and restoration since the adopted strategies must respect the criteria of low invasiveness 

and reversibility. The application of FRP (Fiber Reinforced Polymer) is one of the most 

adopted retrofitting strategy due to its easy application and capacity to adapt to the masonry 

surface. Numerous numerical models have been proposed in the literature to model the com-

plex interaction between the reinforcement and the masonry support, particularly with refer-

ence to the debonding of the FRP reinforcement and to the delamination whose simulation 

requires a proper bond slip behaviour. The latter aspect is usually crucial to assess the overall 

bearing capacity of a strengthened structure and has been investigated [5],[6], even consider-

ing a curved support [7] by means of the formulation of specific constitutive laws able to ade-

quately simulate the propagation of damage and the progressive transfer of the tangential 

force along the FRP-masonry interface. A simple and reliable finite element model, specifi-

cally conceived for the analysis of FRP-reinforced masonry arches, has been recently pro-

posed by Bertolesi et al. [8]. The approach proposed relies on the reduction of mortar joints to 

interfaces exhibiting a non-linear holonomic behaviour under mixed mode conditions. The 

FRP reinforcements glu are modelled by means of truss bar 2-node elements connecting con-

tiguous nodes of the discretized support, with elastic-brittle behaviour in tension and no 

strength in compression.  

In this paper, a new flat element to account for the presence of FRP strips along the maso-

nry surface is introduced. The proposed new element is consistent with a discrete macro-

element able to simulate the nonlinear response of masonry curved structures [9],[10] within a 

wider macro-modelling strategy originally introduced to simulate the in-plane nonlinear re-

sponse of masonry walls [11]. The new nonlinear flat element, able to simulate the presence 

of FRP strips, interacts with the masonry support by means of a new discrete interface for the 

masonry-FRP interaction, able to simulate the delamination phenomena both by normal pure 

opening (mode I) and by shear bond-slip (mode II). The proposed modelling strategy is suita-

ble for detailed simulations since it is able to grasp the progressive transfer of the tangential 

force between the FRP strips and the masonry support and to explicitly distinguish the failure 

modes of the FRP (tensile failure) and of the FRP-masonry interface by delamination; on the 

other hand, since it is based on a discrete macro-element modelling strategy, it is suitable for 

the simulation of large structural elements, such as arches and vaults, keeping reasonable 

computational requirements. A further advantage of the proposed element is that, besides the 

limited computational effort required, the three-dimensionality of the structural model is 

guaranteed and the FRP flat element can be consistently arranged on the actual surface where 

the FRP strip is applied. The latter property allows to capture the geometry effect due to the 

actual disposal of the reinforcements at the intrados or extrados of the masonry layer. 

The new FRP flat element, implemented in the software code HiStrA (Historical Structures 

Analysis) [12], enriches a larger computational framework, based on a macro-element ap-

proach, devoted to the numerical simulation of the seismic behavior of historical masonry 

structures .  

The model is here validated against experimental tests carried out both on shear pull-out 

specimens [13], for which a detailed modelling is needed, and strengthened masonry arches 

[3], and compared to other numerical strategies whose results are available in the literature 

[13],[14].  
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2 THE DISCRETE MACRO-ELEMENT APPROACH FOR MASONRY 

STRUCTURES 

In the present work, with the aim of developing a parsimonious numerical strategy for the 

assessment of the effectiveness of the application of FRP reinforcements on Historical Maso-

nry Structures, a macro-element approach is employed. According to this approach both the 

FRP elements and the masonry are simulated by means of macro-elements. In particular, ma-

sonry is modeled through an approach, already proposed in the literature [9],[15], originally 

introduced for modeling the in-plane behavior of Unreinforced Masonry Structures [11]. The 

plane element is based on a flat mechanical model constituted by a hinged quadrilateral with 

rigid edges (panel), endowed with an internal diagonal link to model the shear diagonal beha-

vior. The interaction between two contiguous panels, or between one panel and the external 

support, is modeled by discrete interface elements which take into account the flexural and 

sliding behaviour. The considered mechanical scheme of the element is able to model the 

main failure mechanisms of the masonry in its own plane, Figure 1a. Then, in order to account 

for the out of plane (spatial) behavior, typical of historical constructions, the element was up-

graded [16],[17] by adding new degrees of freedom and by considering multiple rows of 

transversal links and two additional out of plane sliding links to rule the out of plane shear 

behavior and the torsion, Figure 1b. The spatial element  is able to catch the out of plane be-

havior of plane walls but is not suitable to model structures with a curved geometry, such as 

vaults and domes. In order to overcome this limit the model was further upgraded to obtain a 

shell macro-element characterized by an irregular geometry , variable thickness along the 

element and skew interfaces [9],[10], Figure 1c. The calibration procedures, concerning the 

mechanical properties of the links, were properly extended in order to account for the more 

complicated geometry of the element, but keeping the same general philosophy.  

Numerical and experimental validations of the proposed approach, with reference to full 

scale structures can be found in [17]. More details on the adopted macro-element approach 

can be found the literature already referenced.  

(a) (b) (c) 

Figure 1: Evolution of the discrete element approach employed for the modeling of masonry: (a) plane element, 

(b) spatial regular element and (c) shell element. 

In the proposed approach the presence of the fiber reinforced elements is modeled by 

means of zero thickness rigid plates, partially or totally lying on the top or the bottom surface 

of the panel, as shown in Figure 2. The interaction between the reinforcements and the panels 

are allowed by zero-thickness non-linear interfaces whose kinematics is related to the relative 

displacement between the masonry and reinforcement macro-elements. The interface discreti-

zation is here performed according to a discrete distribution of nonlinear links whose nonli-

near laws account for the presence of the adhesive, organic or cementitious, matrix by 

allowing the mutual reinforcement-masonry normal and tangential stresses. According to the 
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discretization adopted herein, the interface can be regarded as nxm transversal NLinks and 

two longitudinal NLinks, as showed in Figures 2.  

 

 

 

Figure 2: A simplified representation  of the FRP reinforce  macro-element . 

Since the quadrangular plane element is assumed to be flat and rigid, the mechanicalcha-

racteristics of the composite are lumped on the interfaces whose representation follows a fiber 

discretization approach. Namely, each link is calibrated according to a pertinence area and the 

adopted constitutive laws are related to the involved failure mechanisms and to the mechani-

cal properties of the FRP laminates. In the applications reported in the following the mechani-

cal properties for the FRP laminates have been assumed according to a simple elasto-fragile 

law attributed to a homogenous material, with an equivalent thickness (tf), characterized by a 

Young's modulus (Ef) and tensile strength (y), incapable to resist to compression loads, Fig-

ure 3.  

 

Figure 3: Mechanical characterization of the constitutive law relative to the FRP. 
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3 THE FRP-REINFORCE MACRO-ELEMENT 

The interaction between FRP reinforcement and the masonry support is a crucial aspect of 

this retrofitting technique and its numerical simulation strategy is the novelty of this study. 

Typically the damage at the interface between masonry and FRP strips can occur according to 

two possible modes, that is debonding and delamination. These two failure modes are mod-

elled according to the proposed strategy by means of a zero thickness interface, characterized 

by two sets of nonlinear links; a layer of links, orthogonal to the interfaces governing the de-

bonding failure mode, and two sliding links for the delamination. A qualitative scheme of the 

interface is reported in Figure 2, while a description of the two mechanisms and of the rele-

vant calibration procedures are reported in the following two subsections. 

3.1 Debonding constitutive law 

The debonding at the interface between masonry and FRP surfaces is due to the achieve-

ment of the limit tensile strength at the matrix or at the masonry substrate. This failure mode 

occurs as a progressive detachment of FRP strips from the masonry with loss of capacity also 

with respect to the tangential force. In the proposed strategy this behavior is governed by a 

layer of nonlinear links orthogonal to the interfaces and is governed according to a simple 

elasto-plastic constitutive law, as showed in Figure 4, whose properties are inferred by the 

following mechanical parameters: n=interface normal stiffness, ft=tensile strength, Gf=tensile 

fracture energy, fm=compressive strength, Gm=compressive fracture energy. 

Figure 4: Normal  constitutive law. 

The orthogonal links are simply calibrated according to their pertinence area A= c r  , be-

ing r, c the link inter-axes in the two main directions. The stiffness, the limit tensile and 

compressive forces and the corresponding limit displacements of each orthogonal link are 

given by the simple expressions: 
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3.2 Bond-slip constitutive law 

The bond-slip (delamination) is ruled by a bilinear law whose limit is related to a Mohr 

Coulomb criterion, as shown in Figure 5. The needed mechanical and geometrical properties 

are: s=interface shear stiffness, Gs=delamination fracture energy, c=cohesion, =friction 

coefficient, Aeff=effective contact area, su=ultimate slip 

 

Figure 5: Bond slip constitutive law: (a) tangential stress versus slip in absence of normal load, (b) Mohr-

Coulomb domain. 

The corresponding nonlinear link governing the delamination behavior possesses the fol-

lowing parameters corresponding to stiffness, limit force and limit displacement: 

 s s effK k A   (4) 
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It is worth to notice that the contact area may change during the analysis in view of the de-

bonding phenomenon. 

4 NUMERICAL APPLICATIONS 

The validation of the proposed FRP-reinforced macro-model is here performed by means 

of a comparison with the results of an experimental campaign led at the University of Minho 

[3], [13]. Firstly the coupled masonry-FRP reinforcements behaviour by means of delamina-

tion tests are considered [13]; secondly, some simulations of experimental tests on unstreng-

thened and strengthened masonry arches [13] are considered.  

4.1 Numerical simulations of delamination tests 

In order to validate the capability of the proposed model to  predict delamination pheno-

mena, the bond-slip tests, performed within the above mentioned experimental campaign [13], 

are numerically reproduced. The reference specimen, identified by G150R, is made of a ma-

sonry block, whose dimensions are: length 260 mm, width 130 mm and height 100 mm. The 

GFRP strip, with a 25 mm width and 150 mm length, is glued to the top surface of the maso-

nry prism and then pulled along its length. 

In order to investigate the effects of the anchorage length (L) and of the radius (R) of con-

vexity of masonry support two further configurations are considered:  

- G200R: flat surface and L=200 mm; 

s



su

Gs

ks

lim
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- G150X: convex surface of the masonry support with R= 1262.5 mm, and L=150mm. 

The mechanical properties that identify the FRP mechanical behaviour are summarized in 

Table 1, while the bond-slip mechanical properties are reported in Table 2. 

Table 1: Adopted bond-slip mechanical properties for the masonry-FRP reinforcement interfaces. 

Material Ef [MPa] ft [MPa] max tf [mm] 

GFRP 45000 1473 3.19 0.149 

Table 2: Adopted mechanical properties for the FRP reinforcements. 

ks [N/mm
3
] c [MPa]  Gs [N/mm]

20 1.3 0.75 2.5 

Figure 6 shows the results of the numerical simulations of the delamination tests, where the 

numerical curves, in terms of external force (F) and displacement at the loaded point, are 

compared with the envelope of the experimental data (grey area). In the same pictures the 

numerical results obtained by Basilio in [13] through a nonlinear FEM model, are also re-

ported. In all the investigated cases the proposed model is able to simulate experimental tests 

with a very good agreement. 

(a) (b)

(c) 

Figure 6: Bond-slip response on curved support with R=1262.5 mm; (a) G150R; (b) G200R and (c)  G150X. 

4.2 Applications to circular arches 

In the following the numerical simulations relative to several circular brick arches tested at 

the university of Minho [13] are reported. The arch width is 450 mm while its inner ray is 

1500 mm and the thickness is 50 mm. Five configurations have been considered in the expe-

rimental campaign, but in the numerical simulations here reported only two layouts have been 

considered: 

- US - unstrengthened arch, Figure 7a; 
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- CSI - arch strengthened at the extrados with 2x50 mm width GFRP continuous strips, 

Figure 7b. 

All the arches were subjected to the same load scenario, that is a concentrated vertical load 

applied at a quarter of the arch span. Further details on the test layout can be found in [13].  

(a) (b) 

Figure 7: Experimental layout for the arches: (a) US, (b) CSI. 

A homogenized continuous material is considered for the masonry support. The mechani-

cal properties adopted in the analyses are reported in Table 3. The mechanical parameters that 

govern the bond-slip and debonding interaction between masonry and FRP reinforcements, 

are reported in Table 4. 

 
E 

[MPa] 
t 

[MPa] 
Gt 

[N/mm]
c 

[MPa] 
Gc 

[N/mm]
G 

[MPa] 
c 

[MPa]  Gs 
[N/mm] 

w 
[kN/m

3
] 

2040 0.28 0.02 7.8 90 850 0.28 0.4 0.1 15 

  

Table 3: Mechanical properties adopted for the masonry support. 

kn 
[N/mm

3
] 

t 
[MPa] 

Gt 
[N/mm]

c 
[MPa] 

Gc 
[N/mm]

ks 
[N/mm

3
] 

c 
[MPa]  Gs 

[N/mm] 

48 0.44 0.15 7.8 90 20 0.65 0.75 0.25 

 

Table 4: Adopted mechanical properties for the masonry-FRP reinforcement interfaces. 

The non-linear behaviour of the structures is expressed in terms of capacity curve, that is 

the external applied force versus the vertical displacement in correspondence of the force. The 

results are reported also in terms of collapse mechanisms, in which the opening sequence of 

the plastic hinges and their location is showed. The results are compared with the experimen-

tal tests as well as with the numerical simulations reported in [13] and in [14]. The numerical 

approach adopted in [13] is based on a classic nonlinear FEM approach, in which the interac-

tion between the masonry strips and the masonry is also ruled by zero thickness interface. In 

[14] an original approach was proposed, accounting for the presence of FRP reinforcements 

by means of equivalent uniaxial rods, whose strength is assessed according to the minimum 

strength among all the possible failure modes which involve the FRP reinforcement; in par-

ticular the results reported in the applications are relative to the Set III strategy reported in  

[13]. 

The experimental tests for the case of the unstrengthened arches lead to the observation 

that the collapse is due to the opening of four flexural hinges. The opening sequence repro-

duced in the numerical simulation, performed in the software Histra [18], is consistent with 

the experimental results and with the numerical simulations reported in [13], while some dif-

ferences have been encountered with respect to the results reported in [14]. The results ob-
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tained with the numerical simulations are compared both in terms of pushover curves and col-

lapse mechanism. In particular, in Figure 8 the pushover curve obtained with the numerical 

simulation is compared to the envelope of the load displacement curves obtained with the two 

experiments and the capacity curves reported by Basilio in [13] and Berolesi at al. in [14]. In 

the same picture the correspondence with the opening of the four hinges is enhanced. In the 

graph the continuous line and circles correspond to the proposed model, the dashed elements 

correspond to the results reported by Basilio in [13] and the dashdot lines correspond to the 

results reported by Berolesi at al. in [14]. 

Figure 8: Comparison of the pushover curves for the US arch. 

The experimental tests for the case of the arches continuously strengthened at the intrados 

lead to the observation that the collapse is due to the opening of four flexural hinges. However 

in this case the carrying capacity is mainly governed by the delamination phenomenon at the 

interface between the FRP reinforcement and the masonry.  

H1 

H2 H3 

H4 

H1 

H2 
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H3 

H1 
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Figure 9: Comparison of the pushover curves for the CSI arch. 

The sequence of hinge openings obtained with the proposed model, Figure 9, is not per-

fectly coincident with those obtained by the other numerical simulations. However the pu-

shover curve shows a good agreement with the experimental envelope obtained through two 

experiments performed under the same conditions. 

In Figure 10 the collapse mechanisms relative to the two considered cases are reported. In 

the same figure a grey-scaled damage distribution, in terms of plastic strain, and the hinges 

locations are represented. The obtained results show a very good agreement with the experi-

mental tests in terms of pushover curve, collapse mechanism, damage pattern and its evolu-

tion. 

  (a) 

  (b) 

Figure 8: Collapse mechanism of the (a) US and (b) CSI arches. 

5 CONCLUSIONS  

In this paper a new macro-element numerical strategy to assess the structural behaviour of 

masonry vaults and arches retrofitted by means of the application of FRP reinforcements is 

presented. The FRP-reinforced macro-elements are modeled by means of a flat rigid element 

which can interact with other masonry macro-elements  by means of zero-thickness interfaces. 

The proposed innovative approach allows a proper description of damage propagation at  the 

interface between masonry and the FRP reinforcement, with a limited computational effort, 

compared to nonlinear FEM approaches, although maintaining a full geometrical consistency. 

The suitability and reliability of the proposed approach has been proved by a comparison 

with some experimental and numerical results already reported in the literature. 

REFERENCES  

[1] Napoli, A., de Felice, G., De Santis, S., Realfonzo, R. Bond behaviour of Steel Rein-

forced Polymer strengthening systems (2016) Composite Structures, 152, pp. 499-515. 

H1 

H2 

H3 

H4 

H3 

H1 

H4 

H2 

2648



S. Caddemi, I. Caliò, F. Cannizzaro, P.B. Lourenço and B. Pantò 

[2] Marcari, G., Manfredi, G., Prota, A., Pecce, M. In-plane shear performance of masonry 

panels strengthened with FRP (2007) Composites Part B: Engineering, 38 (7-8), pp. 

887-901. 

[3] Oliveira, D.V., Basilio, I., Loureņço, P.B. Experimental behavior of FRP strengthened 

masonry arches (2010) Journal of Composites for Construction, 14 (3), pp. 312-322. 

[4] Valluzzi, M.R, Valdemarca, M., Modena, C. Behavior of brick masonry vaults streng-

thened by FRP laminates. Journal of Composites for Construction ASCE 2001:163e9. 

[5] Yuan, H., Lu, X., Hui, D., Feo, L., Studies on FRP-concrete interface with hardening 

and softening bond-slip law (2012) Composite Structures, 94 (12), pp. 3781-3792. 

[6] Ferracuti, B., Savoia, M., Mazzotti, C., Interface law for FRP-concrete delamination 

(2007) Composite Structures, 80 (4), pp. 523-531. 

[7] Malena, M., de Felice, G., Debonding of composites on a curved masonry substrate: 

Experimental results and analytical formulation (2014) Composite Structures, 112 (1), 

pp. 194-206. 

[8] Bertolesi, E., Milani, G, Fedele, R. Fast and reliable FE approach for the analysis of 

FRP-reinforced masonry arches (2016) Composites Part B, 88, pp. 189-200. 

[9] Cannizzaro, F, (2010). “Un nuovo approccio di modellazione della risposta sismica de-

gli edifici storici: un approccio ai macro-elementi.” University of Catania, PhD Thesis 

in Structural Engineering, in italian. 

[10] Caliò, I., Cannizzaro, F, Marletta, M. A discrete element for modeling masonry vaults 

(2010) Advanced Materials Research, 133-134, pp. 447-452. 

[11] I. Caliò, M. Marletta, B. Pantò. “A new discrete element model for the evaluation of the 

seismic behaviour of unreinforced masonry buildings”. Engineering Structures, 40, 

327-338, 2012. 

[12] I. Caliò, F. Cannizzaro, B. Pantò, D. Rapicavoli. HiStrA (Historical Structure Analysis). 

HISTRA s.r.l, Catania, Italy. Release 17.2.3, April 2015. <http://www.histra.it> 

[13] Basilio, I, (2007). “Strenghtening of arched masonry structures with composite mate-

rials.” University of Minho, PhD Thesis in Civil Engineering. 

[14] Bertolesi, E., Milani, G, Fedele, R. Fast and reliable FE approach for the analysis of 

FRP-reinforced masonry arches (2016) Composites Part B, 88, pp. 189-200. 

[15] Pantò, B., Cannizzaro, F., Caddemi, S., Caliò, I., 3D macro-element modelling approach 

for seismic assessment of historical masonry churches (2016) Advances in Engineering 

Software, 97, pp. 40-59. 

[16] Pantò, B, (2007). “La Modellazione Sismica degli Edifici in Muratura. Un Approccio 

Innovativo Basato su un Macro-Elemento Spaziale.” University of Catania, PhD Thesis 

in Structural Engineering, in italian. 

[17] S. Caddemi, I. Caliò, F. Cannizzaro, B. Pantò, "The seismic assessment of historical 

masonry structures", in B.H.V. Topping, P. Iványi, (Editors), "Proceedings of the 

Twelfth International Conference on Civil, Structural and Environmental Engineering 

Computing", Civil-Comp Press, Stirlingshire, UK, Paper 77, 2014. 

[18] I.  Caliò,  F. Cannizzaro, B. Pantò, D. Rapicavoli, "HiStrA (Historical Structure Anal-

ysis)." HISTRA s.r.l, Catania, Italy. Release 17.2.3, April 2015. <http://www.histra.it> 

2649



S. Caddemi, I. Caliò, F. Cannizzaro, P.B. Lourenço and B. Pantò 

[19] F. Cannizzaro, P.B. Lourenço, "Document Simulation of Shake Table Tests on Out-of-

Plane Masonry Buildings. Part (VI): Discrete Element Approach", International Journal 

of Architectural Heritage (2017) 11(1), 125-142. 

[20] P.B. Lourenço, "An anisotropic macro-model for masonry plates and shells: Implemen-

tation and validation". Report nº 03.21.1.3.07, Technical University of Delft and Minho 

University (1997), 70 pp. 

[21] B. Pantò, L. Giresini, M. Sassu, I. Caliò, "Non-linear modeling of masonry churches 

through a discrete macro-element approach", Earthquakes and Structures (2017) 12(2), 

223-236. 

2650



COMPDYN 2017 

6th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, M. Fragiadakis (eds.) 

Rhodes Island, Greece, 15–17 June 2017 

HEALTH MONITORING OF A MONUMENT AT ACROPOLIS USING 

AN EXPERT ACQUISITION SYSTEM AND WIRED OPTICAL 

SENSORS 

Constantine C. Spyrakos 1, Cosmas P. Fessas2, and George A. Andrikopoulos3 

1 Professor and Director of Laboratory for Earthquake 

Engineering at NTUA 

cspyrakos@central.ntua.gr 

2 M.Sc. in Technically Oriented Business Administration, University of Stuttgart, CEO of Osmos Hel-

las SA 

fessas@eren.com.gr  

3Civil Engineer M.Sc. N.T.U.A, Projects Manager of Osmos Hellas SA 

andrikopoulos@osmos-group.com.gr 

Keywords: Health Monitoring, Optical Sensors, Monumental Structure. 

Abstract. Maintenance and preservation of monuments requires a balance between structur-

al safety needs and respect to their architectural and historical value. Structural health moni-

toring (SHM) is a rapidly evolving methodology that has been increasingly implemented to 

maintain this balance.  

This paper presents the development and the implementation of a state – of – the - art meth-

odology using an expert acquisition system (EAS) and wired optical sensors to monitor evolv-

ing deformations during a period of twenty – one months on a monumental structure 

“Propylaea” of the Acropolis in Athens. The aim of the on-going SHM program is to monitor 

deformations and increase the structural knowledge of the behavior of the ancient monument 

in order to take any precautionary measures and avoid excessive deformations. 
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1 INTRODUCTION 

Built at the western side of the Acropolis hill, Propylaea constitutes the monumental en-

trance building to the temple of Athena. In the known-to-us form, Propylaea comprises of a 

main building flanked by two wings, the northwest and the southwest corner, respectively. 

Northwest of the Propylaea, the Gallery building founded on an irregular, rocky background 

stands out as a two-sided building structure, consisting of the foundation made of limestone 

and upper-structure made of marble. The basement beneath the modern nearly constructed 

flooring of the Gallery is empty with observable conservation works, and the members of tu-

fa-monument are substantial parts of the foundation of the Propylaea during Classical Times. 

Over time the structural shell of the Gallery has suffered many critical damages either from 

the natural environmental actions (earthquakes, passive earth pressure, corrosion of materials, 

etc.) or by human intervention (siege-weapons, bombing, manufacturing defects, etc.). Visible 

wide-cracks around the walls illustrate an active trend or a potential slip progression of the 

northwest corner of the structure to the north side of the hill. The specific location and con-

struction state, require constant monitoring [1,2]. 

Figure 1: Propylaea drawings.  Figure 2: Western Side (1850).  Figure 3: Western side (Today) 

2 OBSERVED AND MONITORED RESPONSE OF THE PROPYLAEA GALLERY 

Of prominent importance are the observed deformations of the still standing structural el-

ements of the Acropolis Propylaea. The in-plane and out-of-plane deformations are more in-

tense on the north-western side of the Propylaea Gallery. 

The north wall of the Propylaea Gallery presents an almost generalized settlement of 3cm 

as well as slight horizontal deformation extruding towards the outer plane in some areas and 

towards the inner plane in others. Towards the western edge the wall exhibits an intensive ro-

tational behavior attributed to the deformational elongation of the western wall. As a conse-

quence, the vertical joints have widened especially towards the inner surface. 

The western wall of the Propylaea Gallery presents a generalized settlement, increasing 

from the edges (3cm) towards the middle (7cm at the outer section) and general displacement, 

flexure and divergence towards the outer plane. The deformation of the western wall presents 

a complex combination of individual mechanisms, consisting of mechanisms that trigger both 

longitudinal and lateral differential settlements, as well as an outer flexure mechanism that 

causes the wall elongation (wedge-shaped widening of vertical joints in plan view). 

The analysis of the deformational behavior of the Propylaea Gallery aims at correlating the 

vertical and horizontal structural deformations and settlements with the real causes of these 

evolving phenomena. The identification and quantification of the aforementioned parameters 

up to this day have resulted in an evolving condition of bi-axial structural behavior directly 

linked to the on-going differential compression of the walls’ structural bearing elements of the 

walls and the foundation rock subsidence, or partially connected to a preceding (not evolving) 

condition of lateral instability because of lateral upper-structure pressures. 
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3 MONITORING SCOPE 

The main purpose of structural health monitoring is the effective evaluation of the lime-

stone foundation of the Propylaea Gallery’s structural behavior during aging, natural phenom-

ena such as earthquakes, extreme weather conditions, materials deficiencies, structural 

inconsistencies, etc. 

The structural monitoring of the substructure provides a continuous provision of data, the 

exploitation of which facilitates the identification of the innate causes and their active defor-

mational tendency. Use of the implemented optical technology can serve as a valuable tool 

and instrumentation. 

The monitoring criteria can be categorized as short-term and long-term. 

The short-term criteria are implemented in order to: 

(i) Detect the evolution of unforeseeable and abnormal events. 

(ii) Evaluate the response of the structure under seismic or other accidental loads. 

(iii) Eliminating doubts concerning the existing cracks. 

(iv) Accurate determination of temperature impact on the bearing structure. 

Long-term criteria are used in order to: 

(i) Forecast of structural changes associated with the fixation conditions between the thinner 

underlying rock mass (north-west section of the Acropolis Rock) and the structural foun-

dation system. 

(ii) Quantify measurable deformational parameters correlated with the structural response of 

the bearing system. 

(iii) Assess the vulnerability of the bearing structure and categorization of potential risks. 

(iv) Identify frequency and repetitiveness of adverse phenomena. 

(v) Determine the seasonal temperature impact on the bearing structure. 

(vi) Assess the structural behavior in terms of deformation. 

The installation was implemented according to the monitoring scope and based on both the 

short and the long term criteria. The final monitoring scenario took into account the following 

parameters: 

1. Most critical zones of the masonry bearing structure, based on the acknowledged pathol-

ogies and the geometry of the structure.

2. The deformational behavior of the structure in both directions (Vertical & Horizontal)

and the correlation between them.

3. The assumption that the structure is based directly on an uncertain, in terms of stability,

ground surface, consisting of different layers of soil and bare rock mass.

Under this framework, four innovative sensors (2.0 m length), based on optical fiber tech-

nology, were installed at the northern and western side of the Propylaea Gallery substructure 

both at the inner and outer surface [3]. The nomenclature, the geometry of the instrumentation 

and the final locations of the sensors, are all presented in Table 1. Figures 4 and 5 indicate the 

schematic location of sensors OS1 – OS4 as well as a corresponding photograph. The selec-

tion of the locations where the sensors were installed was based on two criteria: (i) the ob-

2653



C.C. Spyrakos, C.P. Fessas, G.A. Andrikopoulos 

served deformation on the walls and (ii) the anchorage requirements. The OS1 and OS2 are 

anchored on masonry, while the other two sensors are attached to concrete. 

Sensor Installation Date Location 

OS_1 02/06/2015 Out / West / Vertical  

OS_2 02/06/2015 Out / West / Horizontal 

OS_3 28/05/2015 In / West / Horizontal 

OS_4 28/05/2015 In / North / Horizontal 

Table 1: Instrumentation. 

Figure 4: OS_1 & OS_2 Sensors locations / West side. 

Figure 5: OS_3 & OS_4 Sensors locations / Plan view. 
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4 EVALUATION OF THE MEASURED DATA 

After the installation of the monitoring system, a first observation phase was required in 

order to evaluate the normal behavior of the structure under operational loads (1 month peri-

od). The purpose of such measurements was the definition of the main engineering parameters 

and characteristics which constitute the basis for future interpretation of the monitoring results. 

Moreover, it was essential to evaluate the temperature effect on the measurements and deter-

mine its impact on the structure. 

Figures 6-7: 1st Observation Phase (1st month – June 2015) / Axial deformation in function of Temperature. 

As far as the initial observation data is concerned, it is clear that all sensors fully follow the 

temperature changes with an inverse behavior both on a daily and a seasonal basis. The daily 

deformational variations of the structure because of temperature effects are strictly related to 

the thermal, coefficient of each material (OS_1 & OS_2: Masonry / OS_3 & OS_4: Concrete). 

The interpretation of measurements during the first observation stage indicate that the influ-

ence of the temperature is elastic on all sensors, as the deformation returns to its initial state 

after one complete temperature daily cycle. 
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Proceeding to the evaluation of the collected data, by completing a twenty-one (21) month 

period of structural health monitoring, there is a clear and comprehensive view of the overall 

response of the Propylaea Gallery north-western side wall under static loads in both directions 

(horizontal and vertical). As far as the vertical direction of the western side is concerned, an 

evolution of an irreversible deformational state with a clear compressive behavior is displayed 

(900μm, Fig.8). The sharp evolution of compressive deformations during the 2015 winter sea-

son is correlated with the sudden and extreme changes in weather conditions (strong storms, 

autumn 2015) which seem to have affected the Gallery support conditions. The phenomenon 

continues with less intensity for the rest of the monitoring period, whilst maintain the inelastic 

deformation of the system that never returns to its initial deformational state. Table 2 and Fig-

ures 9 -12 present the data collected during the three monitoring periods of the vertical and 

the biaxial deformations. 

The compressive behavior in the vertical direction of the northwest corner of the Gallery 

leads to certain redistribution of permanent loads towards its side, which is associated with 

the overall movement mechanisms of the Propylaea structural system and should be evaluated 

in a context of a broader systematic monitoring process in order to give useful and significant 

conclusions. Possible unstable behavior of structure and rock-mass fixation conditions, related 

to the seasonal temperature cycles and environmental conditions, can prove the activation of 

the existing visible cracks both in the eastern and western side of the Gallery, although the 

original cause of these cracks might be completely different. 

In the horizontal direction of the north-western side of the structure, a total residual com-

pressive deformation in the range of 100 - 200mm has been recorded. The participation of the 

horizontal direction in the estimated structural deformational mechanism is significantly di-

minished, in comparison to the vertical one. Besides, all sensors tend to return to their initial 

state by completing deformational cycles entirely related to seasonal temperature variations. 

A finite element analysis model (Fig.12) was conducted as a rough approximation to simu-

late the Gallery’s structure in relation to a slightly unstable subsoil-foundation system, which 

is subject to differential settlements because of possible soil deterioration [4,5]. The model 

indicates an ongoing distribution of internal stresses, as measured by the optical sensors, en-

hancing the belief that the long-term exposure to extreme weather conditions leads to a criti-

cally short (but still measurable) attenuation of support conditions on the north-western side 

of the Propylaea Gallery. 

Figure 8: Overall Diagram of all sensors / Deformation in function of Temperature. 
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The overall diagram presents the time-history of the structure’s western-side deformational 

behavior in both directions, vertical and horizontal, as detected by the external sensors in the 

western side OS_1 and OS_2 respectively. The dynamic evolution of compressive defor-

mation in the vertical direction, in comparison to the lower participation of the horizontal one 

is depicted in the estimated overall deformational mechanism of the structural system and ful-

ly demonstrated in the records of the optical sensors. 

Percentage of total 

vertical deformation 

1st Monitoring period 2nd Monitoring period 3rd Monitoring period 

70% 15% 15% 

Table 1: Instrumentation. 

Figures 9-11: Biaxial deformational behavior over 3 monitoring periods. 

(a) (b) 

Deformed state based on: (a) 3D view and (b) plan view 

Figure 12: Finite element analysis model. 

Finally, it is important to mention that all conclusions regarding the deformational behav-

ior of the structure, are solely attributable to static actions, as no dynamic event (earthquake, 

etc.) has been detected during the overall monitoring period. The monitoring of the dynamic 

response of the structural system under seismic stimulation is considered as necessary in order 

to fully assess the dynamic vulnerability of the bearing structure and assess its potential risks 

[6,7]. It should be pointed and that vibrational testing using modal parameters as a means to 

apply SHM on stiff masonry bodies, such as the “Propylaea”, can be subject to critical diffi-

   1st Monitoring period                                                   2nd Monitoring period      3rd Monitoring period  

 (2/6/2015 – 30/11/2015)                                             (1/12/2015 – 30/05/2016)   (1/6/2016 – 31/12/2016) 
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culties [8]. Combination of other techniques, such as the one presented in this work appears to 

be a promising methodology for SHM of masonry structures. 

5 CONCLUSIONS 

The work presents the results of SHM investigation on a most prelevant historic structure. 

Use of the state – of – the – art fiber technology combined with an effective evaluation of the 

recorded data revealed the on – going deformation of the structure. Assessment of the results 

warrants avoidance of excessive damage and the implementation of precautionary measures. 

The method is most suitable to monitor stiff monumental structures. It can also comple-

ment other instrumentation (e.g., deployment of accelerometers, GPS technology measure-

ments) as well as FEM analysis in order to develop a reliable and effective SHM for flexible 

monumental structures. 
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Abstract. In recent decades, a great deal of effort has been made to develop solutions to re-

duce destructive damage and casualties due to blast loads and impacts, also in light of a ma-

jor protection of the built heritage against terrorist attacks. In the present study, a simple and 

reliable Homogenization approach coupled with a Rigid Body and Spring Model (HRBSM) 

accounting for high strain rate effects is utilized to analyse masonry panels subjected to im-

pact load. 

The homogenization approach adopted relies into a coarse FE discretization where bricks are 

meshed with a few elastic constant stress triangular elements and joints are reduced to inter-

faces with elastic-plastic softening behaviour including friction, a tension cut-off and a cap in 

compression. Strain rate effects are accounted for assuming the most meaningful mechanical 

properties in the unit cell variable through the so-called Dynamic Increase Factors (DIFs), 

with values from literature data. The HRBS model, which has been implemented at structural 

level in the commercial code ABAQUS resorts on a discretization into rigid quadrilateral el-

ements with homogenized bending/torque non-linear springs on adjoining edges. 

The model is tested on a masonry parapet subjected to a standardized impact. A number of 

previous results obtained by literature models are available for comparison, as well as exper-

imental data. Satisfactory agreement is found between the present results and existing litera-

ture in the field, both experimental and numerical. 
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1 INTRODUCTION 

Cultural heritage buildings are structures that outline a set of particular values which sym-

bolically allow them to become part of a given culture identity and continuity [1]. Masonry is 

an ancient and still widespread construction material [2]. It is known that existing Unrein-

forced Masonry buildings (URM) present a high seismic vulnerability [3] even for low forces 

applied  [4]. This aspect can be explained by: (i) the poor out-of-plane strength that is directly 

associated with the low tensile strength of URM; (ii) lack of capacity to dissipate energy; (iii) 

absence of seismic requirements in the time of its construction [3][5]; (iv) the lack of proper 

connections between structural elements [6]; (v) the flexibility of floors [7]; (vi) the material 

deterioration over time [8]. 

This highlights the importance of their maintenance and conservation, but also the need of 

mitigating excessive risk making them more prone to resist dynamic actions such as impacts 

or other possible extreme loading cases. A scientific-based intervention is less exposed to in-

adequate actions and thus in the evaluation of its safety, the numerical modelling is a valuable 

tool. Insomuch, it is mandatory to understand the behaviour of unreinforced masonry (URM) 

structures due to fast non-linear dynamic analyses [9–12]. 

The present paper addresses a simple two-step procedure within the scope of homogenization 

approach. The purpose is the macroscopic study of the out-of-plane dynamic behaviour of 

masonry walls under fast dynamics, suitable for impacts. It is known that URM walls subject-

ed to dynamic loads can resist accelerations higher than their static strength and thus, accord-

ing to the applied load strain rate, material properties may exhibit a dynamic enhancement 

[13]. In this regard, a bespoke simple Homogenized rate-dependent model coupled within a 

novel Rigid Body and Spring Model (hereafter, HRBSM), extended to a commercial software 

package (ABAQUS [14]), is described. The strategy is intended to be a fast and an accurate 

predictor tool. Its validation will be achieved through comparison with experimental results 

on masonry structures subjected to blast and impact loads ([15] and [16], respectively). 

2 MESO-SCALE: HOMOGENIZED MODEL 

2.1 Overview 

A multi-scale approach is assumed for the study of masonry panels subjected to different 

load types. Such strategy lies on the periodicity feature of a given media and it is therefore a 

suitable strategy for masonry [17,18]. First, a micro-scale mechanical characterization on a 

representative volume element (hereafter, RVE) is achieved by solving a boundary value 

problem (BVP). Then, the macroscopic constitutive response is accomplished through the as-

semblage of these RVE units. The main features will be explained in what follows and, for 

further information of the quasi-static approach, the reader is referred to [19] and [20]. Please 

note that the description will be made for a running bond texture, see Fig. 1. 

In brief, homogenization consists in deriving the upper-scale properties by introducing aver-

aged quantities for macroscopic strain and stress tensors (E and Σ, respectively) obtained at a 

micro-scale on the RVE (Y, elementary cell). The main concept of the homogenization pro-

cess implies that the macroscopic stress and strain tensors are calculated as Eq. (1). 

(1) 

where <*> is the average operator,  is the local strain value, which is directly dependent of 

the displacements field ,  is the local stress value and V is the volume of each elementary 

cell. The latter is governed by the Hill-Mandel principle [21,22] that establishes the energy 
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equivalence between the macroscopic stress power with the micro-scale stress power over the 

volume of the RVE. All the mechanical quantities are considered as additive functions and 

periodicity conditions (local periodicity) are imposed on the stress field σ and the displace-

ment field u [23] so that: 

 periodic on  and  antiperiodic on (2) 

periodic on (3) 

In the present model, the RVE is modelled as a continuum FE model, whereas joints are re-

duced to interfaces with zero thickness and bricks are discretized by means of a mesh consti-

tuted by plane-stress elastic triangles, Fig. 1. The formulation assumes that cracking and all 

non-linearity of each RVE are concentrated exclusively on interfaces between adjoining ele-

ments, both on brick and joints. The elastic domain of joints is bound by a composite yield 

surface that includes tension, shear and compression failure with softening (see Fig. 1). A 

multi-surface plasticity model is adopted, with softening, both in tension and compression. 

The parameters ft and fc are, respectively, the tensile and compressive Mode-I strength of the 

masonry or mortar–brick interfaces, c is the cohesion, F is the friction angle, and Y is the an-

gle which defines the linear compression cap. 

Fig. 1. Micro-mechanical model adopted for the present homogenized model and strength domain for mortar 

joints reduced to interfaces. 

The response of the RVE under out-of-plane actions is obtained subdividing along the thick-

ness the unit cell into several layers (40 subdivisions). A displacement driven approach is 

adopted, meaning that macroscopic curvature increments 11, 22, 33 are applied through 

suitable periodic boundary displacement increments. 

In this way, homogenized curves are approximated to define the nonlinear behaviour of the 

interfaces. For each interface at a structural scale, the cross-section equilibrium is iteratively 

calculated aiming to obtain the M- homogenized curves. The strategy to derive these curves 

is based on the macroscopic mode-I and mode-II stresses. Such assumption is plausible be-

cause masonry failure mechanisms tend to be mainly governed by joints failure due to its low 

tensile strength. The interface orientations accounted at a meso-scale are guided by the dis-

crete mesh representation at a structural scale. 
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Quasi-static range 

Young’s modulus of the brickwork composite (MPa) 20000 

Young’s modulus of the mortar (MPa) 1500 

Young’s modulus of the brick (MPa) 20000 

Poisson coefficient (-) 0.30 

Density of the brickwork composite (kg/m3) 2295 

Shear modulus (MPa) 600 

Cohesion, c (MPa) 0.63 

Tensile strength ft (MPa) 0.45 

Compressive strength fc (MPa) 30.0 

Friction angle () (degrees) 30.0 

Linearized compressive cap angle () (degrees) 50.0 

Mode I fracture energy,  (N/mm) 0.012 

Mode II fracture energy,  (N/mm) 0.019 

Kn - axial truss (MPa) 174.43 

Kn - torque truss (MPa) 130449 

Table 1. Static Mechanical properties adopted for the homogenization step. 

2.2 Strain-rate effect 

Existing research proves that the use of static strength properties can lead to unreliable re-

sults for the masonry behaviour under fast dynamic actions, see [13,24]. Static strength mate-

rial properties may exhibit an enhancement according to the strain rate level of the applied 

load. A useful and practical way to numerically represent the material properties change is to 

define dynamic increase factors (DIFs). The use of DIF laws is found suitable to study mason-

ry structures subjected to fast loads application [24,25]. In this way, a homogenized model 

that may account the latter is relevant. 

Focusing on the present homogenized approach, the material model reflects the dynamic 

characteristics of mortar and brick, and is derived from the static in-plane homogenized model 

(see also [20]). The values that define the elastic behaviour and the strength envelope of the 

unit cell, i.e. the parameters that directly rule the plasticity model, are strain-rate dependent. 

Specifically, the Young’s modulus of the brick Eb, Young’s modulus of the mortar Em, tensile 

strength of the mortar ftm, shear modulus of the mortar Gm and cohesion c. Compressive be-

haviour is in practice scarcely active in out-of-plane loaded periodic masonry and therefore, 

excluded from the present considerations on DIF for the sake of simplicity. According to the 

strain rate level, the values of the material properties are obtained through the product be-

tween the quasi-static property value and DIF, Eq. (4). 

 (4) 

Therefore, it is required to define such DIFs by: (i) introducing strain-rate laws, typically log-

arithmic curves, for each selected parameter; or (ii) using a discrete DIF value, independent 

from the strain rate level, which is a priori assumed and adopted as a constant value. If the 

former yields more realistic values, it is also true that the latter is a straightforward, simple 

and more aligned with normative proposals.  
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For the present study, the information proposed by [24] is used to obtain rate dependent ho-

mogenized relations and so, the former strategy is adopted. The bending and torsional mo-

ment curves may be integrated along the thickness for each strain rate level. The nonlinear 

curvature-bending moment flexural and torsional behaviours of the interfaces are approximat-

ed using 5-node simplified curves, see for instance the curves defined in [20]. The implemen-

tation of this information in a finite element package at a macro-scale will allow to represent 

and study three-dimensional structures due to out-of-plane dynamic actions. 

3 MACRO-SCALE: DISCRETE FE-MODEL 

3.1 Overview 

The adopted two-fold strategy relies into a homogenization approach at a meso-scale and 

on a discrete FE model at a macro-scale level. The dynamic out-of-plane analyses of masonry 

walls are performed using a novel discrete mechanical system at a macro-scale. Fig. 2 pre-

sents the model for a clear understanding and was already validated for quasi-static purposes, 

see [20]. The work by Kawai [26,27] serves as background for its formulation. 

Briefly, the system is composed by quadrilateral rigid plates. On the interfaces and connecting 

these rigid elements, deformable truss and rigid beams are placed on each node. These truss-

beam system mimics the presence of flexural and torsional springs, governing the deformation 

and damage of the equivalent continuum. Additionally, mid-span hinges placed on interfaces 

allow to fix the axis of rotation for torsion movements without compromising the deformed 

shape. It should be noted that a decoupled characterization of flexural and torsional actions is 

adopted and such behaviour is ruled by the mechanical and material information derived be-

forehand at a meso-scale level. Nodal mass elements are lumped on the centre of each rigid 

plate. These elements concentrate the mass of the equivalent basic cell of the system, see Fig. 

2. 

Fig. 2. Description of the novel discrete element system proposed. 

3.2 Material properties 

A proper constitutive model able to interpret the latter information obtained from a previ-

ous step and scale is essential. The model should be capable to allocate the mechanical infor-

mation and, thus, mimicking effectively the elastic and inelastic response of the defined 

masonry RVE. The concrete damage plasticity (hereafter, CDP) model is selected, given the 

better representation of the inelastic laws. The reader is referred to e.g. [28,29] for a general 

overview of its main features and application. 

The model combines a stress-based plasticity with strain-based scalar damage. It is able to 

assign different yield strengths, different stiffness degradation and recovery effect terms both 

in tension and compression regimes. Thus, effective stresses tend to govern the plastic part of 
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these models [30]. Moreover, it does consider the latter in the presence of material strain-rate 

dependency which may successfully idealize both the flexural and torsional interfaces dynam-

ic and/or cyclic loading. 

It may be noted that the strain-rate dependent homogenization model allows obtaining the 

macroscopic masonry material properties accounting for the strain softening regime. The nov-

el HRBSM model implemented in the finite element package ABAQUS must be able to re-

ceive such data to fully represent the inelastic behaviour of masonry through stress-strain 

curves for axial and shear trusses of the system. But first, an identification of the desired mesh 

dimensions at a macro-scale and the geometrical characteristics of the masonry structure un-

der study may be performed. This task is required to calibrate the elastic response of the input. 

The procedure described next converts the latter information into valid input data for the FE 

package used at a structural scale. Bearing in mind that rectangular-square elements are as-

sumed for the sake of simplicity, two different angles are considered for the interfaces: 0 and 

90 degrees. The behaviour of the interfaces is obviously orthotropic with softening, because it 

derives from the aforementioned homogenization strategy. The material orthotropy is repro-

duced at a structural level because the approach offers the possibility to reproduce different 

input stress-strain relationships according to the trusses plane. The conversion between mo-

ment and stress values is achieved by Eq. (5): 

   (5) 

Here, M is the bending moment, Linfluence is the influence length of each truss, t is the thick-

ness of the wall, H the length of each quadrilateral panel, AAxial is the axial truss area given by 

0.25×t×H and ATorque is the torque truss area given by 0.5×e×H, where e (value of 10 mm) is 

the gap between the rigid plates, which ideally should be zero but in practice is assumed small 

enough to be able to place trusses between elements. 

At last, the stress homogenized input curves may be properly calibrated. An elastic calibration 

for the stress curves is conducted. The latter is guaranteed separately for both flexural and tor-

sional movements and, therefore, a decoupled behaviour is derived. Briefly, by assuring the 

energy equivalence between the discrete mechanism and a homogeneous continuous shell el-

ement, it can be easily derived that, for both case studies, the Young’s moduli of axial (Eflexural) 

and torque trusses (Etorque) are: 

 and  (6) 

For the simulations, the CDP model in ABAQUS requires that information regarding the post-

failure stress-strain behaviour may be introduced for each element that features material non-

linearity, i.e. the truss beams. Specifically, the cracking strain  must be obtained for each 

point of the homogenized curve by Eq. (7): 

 

(7) 

where is the elastic strain corresponding to the undamaged material and  is the total 

strain of the holonomic curve. Damage parameters dt should also be introduced, which link 

the undamaged elastic modulus with that of the damaged material in the unloading phase, as 

, obtained through a plastic strain and total strain relation. 

4 NUMERICAL MODEL VALIDATION 

The interest of researchers regarding the dynamic analysis of masonry structures subjected 

to impacts has been growing, but experimental studies on the behaviour of these structures is 
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still scarce [11]. Recognizing the importance to develop further studies on the field, numerical 

models play an important role. In this framework, a discrete homogenized strain-rate sensitive 

model is proposed here and the main features of the discrete model were discussed in previous 

Sections. 

To assess the ability of the approach proposed for the study of impact loading, a ‘stretcher’ 

bond masonry parapet tested by Gilbert et al. [31] is used. The wall is subjected to a low ve-

locity impact load that tries to represent the impact of a vehicle. The comparisons will be per-

formed by means of the experimental determined data [31], but also with numerical results 

collected from the studies of [25,32]. The selected parapets (from 21 tested) are designated as 

C6 and C7 and are replicates, see Fig. 3. Their assemblage was executed with strong concrete 

blocks and weak mortar (class iii mortar according to BS-5628). The walls and brick dimen-

sions are 9150 x 1130 x 215 mm3 (length x height x thickness) and 440 x 215 x 215 mm3 

(length x height x thickness), respectively. 

At the wall base, the surface was coated with epoxy sand to reproduce the roughness of a giv-

en street floor. For the lateral supports, two abutment blocks connected to the walls through 

epoxy mortar were used. Numerically, the boundary conditions are considered to be fixed for 

each lateral edge and simple supported at the base of the walls. Aiming to model a car-like 

impact at both mid-height and length of the walls, a triangular out-of-plane load was applied 

through a steel plate. The load is idealized as a triangular time history distribution, in which 

the peak value is equal to 110 kN [31]. The deformation of the studied parapets was recorded 

in a node located 580 mm above the base and deviated 250 mm from the centre. 

Fig. 3. Geometry of the running bond masonry parapets C6 and C7 studied by [31]. 

In the present model, the numerical simulation of the parapet walls will be accomplished 

through the aforementioned discrete element homogenized methodology. Firstly, the homog-

enization step at a meso-scale is performed to mechanically characterize the running bond 

masonry. The static material properties required are gathered in Table 1 and the rate-

dependency issue is addressed. Hao and Tarasov [24] studied the experimental dynamic be-

haviour of a series of brick and mortar specimens under uniaxial compressive tests through a 

tri-axial static-dynamic apparatus. The analytical expressions required to describe the value of 

the DIFs derive from the latter research. It may be noted that the study by Rafsanjani et. al. in 

[32] that covers the current masonry parapets, use the same laws hereby presented to define 

the strain-rate dependency of masonry interfaces using a micro-modelling strategy. 

The implementation of such laws in the homogenized model allows deriving stress-strain rate-

dependent homogenized curves. Additionally, moment-curvature relationships are simply de-

rived by the integration of the latter stress-strain curves through the thickness of the wall.  

Fig. 4a reports the displacement magnitude with respect to time. A numerical model with a 

mesh size of 200 mm was adopted at a macro-scale. Curves resultant from (i) the experi-

mental results [31], (ii) the numerical model by Burnett et. al [25], (iii) the numerical model 
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by Rafsanjami et. al [32] and, the simulation results of the discrete homogenized-based model 

are depicted. The curve by Burnett et. al [25] leads to excessive displacements (and understiff 

response) because it considers quasi-static values for the material parameters. Conversely, 

both the present and the micro-model by Rafsanjami et. al [32] are accurate in predicting the 

peak displacement, with a relative error of around 10%. 

Fig. 4b indicates the observed damage pattern for the present model. Vertical cracks are clear 

around both the central area and the two supported edges. Also, horizontal cracks spread from 

the centre along the height of the masonry parapet. As expected, it is evident that damage 

tends to concentrate on the impact zone. This was implicitly concluded in the experiments 

tests [31]. 

 

Fig. 4. (a) Time history of the out-of-plane displacement for the control node of parapets C6 and C7, with de-

formed shape for the instant 180 ms; (b) Damage pattern obtained for the applied load wall side: horizontal 

cracks and vertical cracks. 

5 CONCLUSIONS 

A two-step homogenization procedure has been presented for the out-of-plane dynamic 

study of masonry walls subjected to an impact load. The approach relies on an up-ward meth-

odology, where a Homogenization scheme links the meso-scale orthotropic mechanical de-

scription of a masonry representative volume element with a novel Rigid Body Spring Model 

(HRBSM) developed at a structural scale.  

At a meso-scale, a simple FE discretization of the unit cell through constant stress triangle 

elements, within a plane-stress analysis, and joints reduced to interfaces allows to obtain a 

good response at a cell level at a very low computational effort. The nonlinearity is concen-

trated on mortar joints within a plasticity model that accounts for a tension cut-off, a Coulomb 

friction and compressive cap model. Through a homogenization process, the macroscopic 

stress and strains are derived and, by considering a Kirchhoff-plate hypothesis, the macro-

scopic bending- and torsional- moment-curvature are found by integration over the masonry 

thickness. On the other hand, to account for the material properties enhancement that typically 

occurs in case of fast dynamic events such as those investigated, a strategy based on dynamic 

increase factors (DIFs) has been chosen. In this way, a procedure based on a simple strain-rate 

dependent homogenization approach has been developed and ready to be implemented at a 

macro-scale level. 

At the upper-scale, a HRBSM model has been implemented into a standard advanced nonlin-

ear finite element code, namely ABAQUS [14]. This strategy has inherent advantages due to 

the robust numerical procedures available in the software. The discrete model makes use of 
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rigid quadrilateral plates connected at the edges with a system of deformable truss and rigid 

beams that receives the information transferred between the different scales. These elements 

govern the deformation and damage propagation and have an independent constitutive model 

from the foregoing scale. Additionally, the imposition of both plasticity and damage on one-

dimensional elements critically reduces the required computational costs to perform the anal-

yses. It allows easy strain-rate calculations in uniaxial damage plasticity models to control the 

macro-model response. 

For the model validation, dynamic analyses have been performed in masonry panels subjected 

to an impact load [31]. The adopted material properties stand in existent literature. Even if it 

is often recommended the use of an explicit procedure to solve dynamic problems, an implicit 

one that makes use of a Hilber-Hughes-Taylor solution method has been adopted. The authors 

do not report any issue regarding the numerical convergence. 

The results show a satisfactory agreement with the ones obtained experimentally for both the 

cases studied, as far as the peak load and damage patterns are concerned. The considered sim-

plified assumptions, in both scale-levels, make possible a good trade-off between accuracy 

and computational effort. In fact, the total required time to perform the analyses was 12:38 

minutes. It may be finally noted that the time needed also depends on the fact that a full 

strain-rate description is undertaken instead of a constant DIF value approach.  

6 ACKNOWLEDGEMENTS 

This work was supported by FCT (Portuguese Foundation for Science and Technology), 

within ISISE, scholarship SFRH/BD/95086/2013. This work was also partly financed by 

FEDER funds through the Competitivity Factors Operational Programme - COMPETE and 

by national funds through FCT – Foundation for Science and Technology within the scope of 

the project POCI-01-0145-FEDER-007633. 

REFERENCES 

[1] Sir Bernard M. Feilden. Conservation of Historic Buildings. 3rd ed. London: 

Butterworth-Heinemann; 2003. 

[2] Tomazevic M. Earthquake-resistant design of masonry buildings. Vol. 1. World 

Scientific; 1999. 

[3] Lagomarsino S. On the vulnerability assessment of monumental buildings. Bull Earthq 

Eng 2006;4:445–63. doi:10.1007/s10518-006-9025-y. 

[4] Griffith M, Magenes G. Evaluation of out-of-plane stability of unreinforced masonry 

walls subjected to seismic excitation. J Earthq Eng 2003;7:141–69. 

[5] Ramos LF, Lourenço PB. Modeling and vulnerability of historical city centers in 

seismic areas: a case study in Lisbon. Eng Struct 2004;26:1295–310. 

doi:10.1016/j.engstruct.2004.04.008. 

[6] Bruneau M. Seismic evaluation of unreinforced masonry buildings - a state-of-the-art 

report. Can J Civ Eng 1994;21:512–39. 

[7] Mendes N, Lourenço PB, Campos-Costa A. Shaking table testing of an existing 

masonry building: assessment and improvement of the seismic performance. Earthq 

Eng Struct Dyn 2014;43:247–66. doi:10.1002/eqe.2342. 

2667



Luís C. Silva, Paulo B. Lourenço and Gabriele Milani 

[8] Cardoso R, Lopes M, Bento R. Seismic evaluation of old masonry buildings. Part I: 

Method description and application to a case-study. Eng Struct 2005;27:2024–35. 

doi:10.1016/j.engstruct.2005.06.012. 

[9] Macorini L, Izzuddin BA. Nonlinear Analysis of Unreinforced Masonry Walls under 

Blast Loading Using Mesoscale Partitioned Modeling. J Struct Eng 

2014;140:A4014002. doi:10.1061/(ASCE)ST.1943-541X.0000931. 

[10] Wang M, Hao H, Ding Y, Li Z-X. Prediction of fragment size and ejection distance of 

masonry wall under blast load using homogenized masonry material properties. Int J 

Impact Eng 2009;36:808–20. doi:10.1016/j.ijimpeng.2008.11.012. 

[11] Wei X, Stewart MG. Model validation and parametric study on the blast response of 

unreinforced brick masonry walls. Int J Impact Eng 2010;37:1150–9. 

doi:10.1016/j.ijimpeng.2010.04.003. 

[12] Rafsanjani SH, Lourenço PB, Peixinho N. Implementation and validation of a strain 

rate dependent anisotropic continuum model for masonry. Int J Mech Sci 2015;104:24–

43. doi:10.1016/j.ijmecsci.2015.10.001. 

[13] Burnett S, Gilbert M, Molyneaux T, Tyas A, Hobbs B, Beattie G. The response of 

masonry joints to dynamic tensile loading. Mater Struct 2007;40:517–27. 

doi:10.1617/s11527-006-9160-6. 

[14] Abaqus. Dassault Systèms Simulia Corporation 2006. 

[15] Gilbert M, Hobbs B, Molyneaux TC. The performance of unreinforced masonry walls 

subjected to low-velocity impacts: mechanism analysis. Int J Impact Eng 2002;27:253–

75. doi:10.1016/S0734-743X(01)00050-1. 

[16] Pereira JM, Campos J, Lourenço PB. Masonry infill walls under blast loading using 

confined underwater blast wave generators (WBWG). Eng Struct 2015;92:69–83. 

doi:10.1016/j.engstruct.2015.02.036. 

[17] Pegon P, Anthoine A. Numerical strategies for solving continuum damage problems 

with softening: Application to the homogenization of Masonry. Comput Struct 

1997;64:623–42. doi:10.1016/S0045-7949(96)00153-8. 

[18] Chiozzi A, Milani G, Tralli A. A Genetic Algorithm NURBS-based new approach for 

fast kinematic limit analysis of masonry vaults. Comput Struct 2017;182:187–204. 

doi:10.1016/j.compstruc.2016.11.003. 

[19] Milani G, Lourenço P, Tralli A. Homogenization Approach for the Limit Analysis of 

Out-of-Plane Loaded Masonry Walls. J Struct Eng 2006;132:1650–63. 

doi:10.1061/(ASCE)0733-9445(2006)132:10(1650). 

[20] Silva LC, Lourenço PB, Milani G. Nonlinear discrete homogenized model for masonry 

walls out-of-plane loaded. J Struct Eng 2017:(accepted for publication). 

[21] Hill R. A self-consistent mechanics of composite materials. J Mech Phys Solids 

1965;13:213–22. doi:10.1016/0022-5096(65)90010-4. 

[22] Mandel J, Centre international des sciences mécaniques. Plasticité classique et 
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Abstract. This paper presents the results of the analysis regarding the seismic risk assess-

ment of a historic three-story masonry structure, part of a building complex in central Athens. 

The building complex has been declared as preserved because of its historic, architectural 

and structural characteristics. 

Based on data selected through in situ measurements both linear and nonlinear (pushover) 

analysis as well as kinematic analysis have been conducted. The analysis has revealed the 

need for limited strengthening measures in accordance with state-of-the-art practice on mon-

umental structures. 
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1 INTRODUCTION 

The construction of the historic complex “Prosfygika” located in central Athens dates back 

to the 1930s. It consists of eight three-story blocks of flats, with a total number of 228 flats, 

constructed in an area of 14500m2. The complex was constructed to house Greek refugees that 

arrived from the East Minor. Because of its historical, architectural and structural characteris-

tics the complex has been declared a monument by the state. 

Figure 1: “Prosfygika” historic complex. 

The dimensions of each building are 69.60m (length of the facade) by 8.90m (width) by 

10.60m (height). Τhe load bearing walls are constructed of stone masonry and the floors of 

reinforced concrete. The load bearing masonry walls are interrupted by reinforced concrete 

floors, a characteristic that attributes to them a historical character in the evolution of building 

construction and is the primary reason for their enhanced seismic behavior. They represent the 

predecessor of the modern reinforced concrete construction with infill walls. 

Figure 2: Façade of a typical building of the complex. 

Today these buildings have deteriorated to a certain extent and proper maintenance is nec-

essary. However, there is no significant damage on the load bearing walls of the structure. 
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2 ANALYSIS OF THE STRUCTURE AT ITS CURRENT STATE 

Several in-situ tests at different locations of a representative structure tests were carried out 

in order to assess the mechanical characteristics of the load bearing stone masonry. Based on 

measurements, e.g., tests shown in Figure 3, the compressive strength of the stones was 

measured to be: fbc = 50MPa. Based on the characteristics and the composition of the poor 

quality mortar, its compressive strength was taken as: fmc = 1MPa. 

With the aid of an endoscope, the composition of the masonry walls along their thickness 

(Figure 4) was examined showing relatively large voids of a construction closely resembling 

to a three-leaf masonry. 

 

 

Figure 3: Rebound hammer test.                                         Figure 4: Endoscope test. 

Three types of analysis were performed: a) Modal Response Spectrum Analysis, b) Non-

linear Static (Pushover) Analysis and c) Kinematic Analysis. 

Three different models of the structure were created, each one suitable for the correspond-

ing analysis type. For the modal response spectrum analysis, the load bearing walls were 

modeled using shell elements [1, 2]. For the pushover analysis, frame elements were used. For 

the kinematic analysis parts of the load bearing walls were modeled as rigid bodies (macro-

elements) [3]. 

The static loads used for the analysis were: Stone masonry self-weight: 26 kN/m3; concrete 

self-weight: 25 kN/m3; floor additional load: 1.50 kN/m2; floor live load: 2.00 kN/m2. 

In order to calculate the compressive strength of the stone masonry, the following expres-

sion was used [4]: 

 
















 mcobcwc ffff 

3

2
 (1) 

where: 

wcf  is the compressive strength of the masonry 

wm VV ,  is the volume of the mortar and the volume of the masonry, respectively 

bcf  is the compressive strength of the stones 

  is a bond factor between stones and mortar. It can be taken as equal to 0.50 

for rough stones and equal to 0.1 for very smooth stones 

0f  is a factor (MPa), that takes into account the degree of carving of the 

stones. It takes the following values 

0.00 for carved stone masonry 

0.50 – 1.00 for stone masonry constructed of partially carved stones 

1.50 – 2.50 for stone masonry constructed of stones without carving, de-

pending on the construction quality 
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  is a factor that accounts for effect of the thickness of the mortar joints, 

where: 

   0.15.31:1 0  kk

k (mortar volume) / (masonry volume) wm VV /

30.00 k  

if 30.0/ wm VV  then the value received is 00.1  

Considering the medium roughness of the stones, λ = 0.25. The stones used are without 

carving and medium construction quality, thus, fo = 2.0. The ratio of the volume of the mortar 

to the volume of the masonry is lower than 0.30, thus, ξ = 1.00. 

In order to calculate the compressive strength of the stone masonry, the following expres-

sion was used [4]: 

   


 21/2
1

,, iciece

Rd

wc fff (2) 

where: 

  the ratio of the thickness of the outer leaf to the thickness of the inner leaf 

icec ff ,, , the compressive strength of the outer leafs and the inner leaf, respectively 

ie  ,  
empirical factors, that account for the interaction between the outer leafs 

and the inner leaf. They are taken as equal to 0.80 and 1.20, respectively 

Rd uncertainty factor, considered equal to 1.50 

The building is constructed from a three-leaf masonry with a total thickness of 60cm and a 

thickness of 20cm for each one of the three leafs. 

By applying expressions (1) and (2) the compressive strength of the masonry is calculated: 

fwc = 1.84MPa. 

The modulus of elasticity was obtained from the masonry compressive strength according 

to the following expression: 

wcwc fE 1000 (3) 

Table 1 presents the data used for the analysis, as well as the results obtained from Equa-

tions (1 - 3): 

Stones Compressive Strength fbc 50 N/mm2 

Mortar Compressive Strength fmc 1 N/mm2 

Masonry 

Compressive Strength fwc 1.84 N/mm2 

Tensile Strength fwt 0.20 N/mm2 

Shear Strength τ0 0.028 N/mm2 

Modulus of Elasticity Ewc 1840 N/mm2 

Specific Weight W 26 kN/m3 

Table 1 

The knowledge level was considered as “KL1: Limited knowledge” according to Eurocode 

8-3 [5], since the number of the tests performed was limited. Thus, the value of the confidence 
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factor is: CFKL1 = 1.35. However, in order to evaluate the influence on the results, the calcula-

tions were repeated for the highest knowledge level “KL3: Full knowledge”. In this case, the 

value of the confidence factor is: CFKL3 = 1.00. 

The complex was constructed during a period when there were no seismic regulations in 

Greece. As a result no seismic analysis was performed at the time. The following assessment 

has been performed for the three different seismic loads according to the provisions of the 

three different seismic regulations that have been implemented in Greece over the last six 

decades. These three regulations are the following: (i) Seismic code of 1959 [6]; (ii) seismic 

code of 1985 [7]; (iii) Eurocode 8 (EC8) [5]. 

2.1 Modal response spectrum analysis 

As stated in §3.1, for the modal response spectrum analysis the load bearing walls were 

modeled using shell elements. The model of the structure is presented in Figure 5: 

 

 

Figure 5: 3D model of the structure using shell elements. 

According to the seismic code of 1959 [6] the maximum response acceleration of the struc-

ture is ε = 0.07g. The seismic code of 1985 [7] specifies as the maximum response accelera-

tion of the structure the same value, that is ε = 0.07g, but in this regulation an importance 

factor of 1.5 is also taken into account for structures of major importance. As a result, the re-

sponse acceleration was increased to ε = 0.07·1.5 = 0.105g, in order to account for the histori-

cal importance of the structure. 

The spectra, both elastic and design, are presented in Figure 6, the latter obtained by reduc-

ing the elastic by application of the reduction factor q = 1.5. 
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Figure 6: Response spectra: (a) design 1959 [6]; (b) elastic 1959 [6]; (c) design 1985 [7]; (d) elastic 1985 [7]. 

According to Eurocode 8-1 [5], for the horizontal components of the seismic action, the 

design spectrum, Sd(T), is defined by the following expressions: 
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where: 

 TSd  is the design spectrum; T  is the vibration period; ga  is the design ground accelera-

tion on type A ground  
gRIg aa   ); I  is the importance factor; S  is the soil factor; q  is 

the behavior factor; BT  is the lower limit of the period of the constant spectral acceleration 

branch; CT  is the upper limit of the period of the constant spectral acceleration branch; DT  is 

the value defining the beginning of the constant displacement response range of the spectrum; 

  is the lower bound factor for the horizontal design spectrum  2.0 .

The corresponding values of the parameters for the structure are: gagR 16.0  for the 

seismic zone Z1; 0.1I ; 1.2 for importance class II and III, respectively; 2.1S  for 

ground type B; 5.1q  for unreinforced masonry; sec15.0BT , sec5.0CT , sec5.2DT  

for ground type B. 
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The response spectrum according to the provisions of Eurocode 8-1 [5] for 0.1I  is pre-

sented in Figure 7: 

0
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Figure 7: Design and elastic response spectra Eurocode 8-1 [5]. 

From the assessment of the structure for the seismic loading according to the seismic code 

1959 [6] and for limit state of damage limitation (DL), a significant number of failures (in 

bending and shear) were observed (approximately 44% of the piers). 

According to Eurocode 8-3 [5] the damage limitation (DL) is a limit state where the struc-

ture is only lightly damaged with structural elements prevented from significant yielding and 

retaining their strength and stiffness properties. Permanent drifts are negligible. The structure 

does not need any repair measures. As a result, the structure is insufficient for limit state of 

damage limitation (DL) even for the lowest seismic loads. Consequently, the structure is as-

sessed for the limit state of significant damage (SD) as elaborated in the following section. 

2.2 Non-linear static (pushover) analysis 

The pushover analysis is the most reliable analytical method to assess masonry structures, 

after the non-linear time history analysis, which is rarely implemented [3]. The pushover 

analysis can assess the structure more accurately for the limit state of significant damage (SD) 

and at the same time estimate the actual value of the behavior factor, q [8, 9, 10]. 

As stated in §3, for the pushover analysis the load bearing walls are modeled using frame 

elements. The model of the structure is presented in Figure 8: 
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Figure 8: 3D model of the structure using frame elements. 

In order to perform the pushover analysis the calculation of the elastic response spectrum 

for the three cases of seismic loading is used, that is the curves (b) and (d) of Figure 6. Thus, 

the maximum elastic response acceleration of the structure is ε = 0.07·1.5 = 0.105g for the 

seismic code of 1959 [6]. According to the seismic code of 1985 [7] the maximum elastic re-

sponse acceleration of the structure is ε = 0.105·1.5 = 0.1575g. 

According to Eurocode 8-1 [5], for the horizontal components of the seismic action the 

elastic spectrum, Sd(T), shall be defined by the following expressions: 
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where: 

 TSe  is the elastic response spectrum;   is the damping correction factor with a value of 

1  for 5% viscous damping. 

The elastic response spectrum according to the provisions of Eurocode 8-1 [5] is presented 

in Figure 7. 

The pushover analysis is performed using two lateral load distributions: (i) a “unimodal” 

distribution (A) with lateral forces proportional to the fundamental mode of vibration; and (ii) 

a “uniform” distribution (B) with lateral forces proportional to mass regardless of elevation. 

From the assessment of the structure for the seismic loading according to the seismic code 

1985 [7] and for limit state of significant damage (SD), the capacity curve of the structure has 

been calculated. An indicative capacity curve for the multi degree-of-freedom system is pre-

sented in Figure 9: 
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Figure 9: Indicative capacity curve for the seismic load of the combination Y+0.3X for the unimodal lateral load 

distribution. 

According to Eurocode 8-3 [5] the significant damage (SD) is a limit state where the struc-

ture is significantly damaged with some residual lateral strength and stiffness, while the verti-

cal elements are capable of sustaining vertical loads. Moderate permanent drifts are present. 

The structure can sustain after-shocks of moderate intensity. The structure is likely to be une-

conomic to repair. 

In Figures 10-13 four bilinear capacity curves of the equivalent single-degree-of-freedom 

system are presented, out of the sixteen analysis performed in total. The seismic loading of 

this analysis is that of the seismic code 1985 [7]. The result is that the structure is sufficient 

for this level of seismic loading. 

Figure 10: Bilinear capacity curve and target displacement for the seismic load for the combination X+0.3Y with 

the unimodal lateral load distribution. (a) 1985 [7] elastic spectrum; (b) bilinear capacity curve; (c) 1985 [7] non-

linear spectrum. 
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Figure 11: Bilinear capacity curve and target displacement for the seismic load for the combination Y-0.3X with 

the unimodal lateral load distribution. (a) 1985 [7] elastic spectrum; (b) bilinear capacity curve; (c) 1985 [7] non-

linear spectrum. 

Figure 12: Bilinear capacity curve and target displacement for the seismic load for the combination -X+0.3Y 

with the uniform lateral load distribution. (a) 1985 [7] elastic spectrum; (b) bilinear capacity curve; (c) 1985 [7] 

nonlinear spectrum. 
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Figure 13: Bilinear capacity curve and target displacement for the seismic load for the combination -Y-0.3X with 

the uniform lateral load distribution. (a) 1985 [7] elastic spectrum; (b) bilinear capacity curve; (c) 1985 [7] non-

linear spectrum. 

It should be also stated that the structure is insufficient for the seismic loading according to 

Eurocode 8 [5]. 

2.3 Kinematic analysis 

The kinematic analysis is an assessment method that evaluates structural behavior for the 

development of local failure mechanisms. The kinematic analysis should always be imple-

mented before any analysis that considers the structure behaving as a whole [3, 9, 11]. Initial-

ly a local failure mechanism is considered. Then the kinematic analysis calculates the ground 

acceleration for which it can be activated, considering each part of the mechanism as a rigid 

body (composition of macro-elements). If the acceleration that activates the failure mecha-

nism is lower than the design ground acceleration, then strengthening measures should be im-

plemented in order to avoid local failure. 

At all the floor levels there are rigid diaphragms. As a result there is a small number of 

failure mechanisms that could be activated. Indicative forms of failure mechanisms are pre-

sented in Figures 14-18. 

The result of the kinematic analysis is that the acceleration that activates the mechanisms is 

even higher than the acceleration of Eurocode 8-1 [5]. To be more specific the ground accel-

eration according to the provisions of EC8-1 [5] is ag = 1.0 · 0.16 = 0.16g. While, the mini-

mum acceleration that activates a mechanism is ag = 0.847g (Mechanism 1). Thus, no 

measures to avoid local failure mechanisms are needed. 
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Figure 14: Mechanism 1.  Figure 15: Mechanism 2. 

Figure 16: Mechanism 3.  Figure 17: Mechanism 4. 

Figure 18: Mechanism 5. 
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3 RETROFIT AND STRENGTHENING MEASURES 

Concerning the interventions, it is common practice to implement limited interventions that 

respect the architectural and historical characteristics of the structure, even without complying 

with the provisions of the current seismic code. This issue is elaborated in [12]. 

From the analysis, it is clear that the structure is sufficient when analyzed with seismic 

loads specified in the older versions of the seismic code. As a result the interventions should 

aim to strengthen the structure to comply as close as possible with the current code [7] with 

the minimum possible interventions. 

The proposed interventions that would enhance the seismic behavior of the structure are 

the following: (1) Consolidation of the three-leaf masonry walls by injecting grout with the 

proper composition, (2) Jointing at both sides of the masonry. The extent of these interven-

tions should be determined after detailed in-situ investigation of the load carrying members of 

the structure. Also, rehabilitation of reinforced concrete members is needed, because they 

have deteriorated over time [8, 13]. 

The behavior of the strengthened structure is examined in the following. 

From the assessment of the strengthened structure for the seismic loading according to the 

Eurocode 8 [5] and for limit state of significant damage (SD), the capacity curve for the struc-

ture before and after applying the proposed interventions is presented in Figure 19: 

Figure 19: Indicative capacity curves before and after applying the proposed interventions for the seismic load of 

the combination Y+0.3X with the unimodal lateral load distribution. 

Pushover analysis demonstrated that the structure is still insufficient for the seismic load-

ing according to Eurocode 8 [5]. 

If further strengthening of the structure is desired, so that it can comply with the provisions 

of the current seismic code [5], additional strengthening measures will be required, provided 

that they respect the historical character of the structure [3, 12, 14]. 

4 CONCLUSIONS 

For the assessment of the historic masonry complex “Prosfygika” in central Athens a series 

of in-situ tests were performed in order to estimate the mechanical characteristics of the mate-

rials of the load bearing stone masonry walls. 
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A series of analyses were performed: (1) Modal response spectrum analysis, (2) Pushover 

analysis and (3) Kinematic analysis, in order to evaluate the capacity of the existing and the 

strengthened structure. The results are the following: 

 Assessing a masonry structure with modal response spectrum analysis underestimates its 

capacity. 

 Pushover analysis can assess the capacity of the masonry structure more accurately, lead-

ing to limited strengthening measures. 

 The historic masonry complex “Prosfygika” is sufficient for the seismic loading required 

by the older versions of the Greek seismic code (1959 [6] and 1985 [7]), but it is insuffi-

cient for the seismic loading required by Eurocode 8 [5]. 

 Further strengthening of the historic masonry structure can be achieved through strength-

ening measures that respect its architectural and historical characteristics. 
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Abstract. This work aims to analyze and reveal critical features of the papers published since 

1990 on the topic of masonry structures under earthquake loading. In particular, detailed in-

formation for nearly three thousand papers (exactly 2909) was extracted from the Scopus da-

tabase [1], and investigated in two stages. Initially, the papers were analyzed in terms of 

simple statistics and keyword time series – as either raw or normalized data – in order to de-

scribe the evolution of the relevant research during the past twenty-seven years (1990-2016, 

inclusive). In a second phase, bibliometric maps of the papers were developed, regarding 

their similarities with respect to a variety of the papers’ characteristics such as: author key-

words and author names. The resulting diagrams constitute comprehensive maps of the rele-

vant literature, with respect to the associations among the particular characteristics. The 

bibliometric maps were constructed based on a rigorous methodology, which converts each 

item (for example, keyword) to a two-dimensional (x, y) point on the bibliometric map. These 

distances between items reflect the dissimilarities between them, for a particular characteris-

tic. The numerical procedure involved in the construction of the map is a constrained optimi-

zation problem which was formulated and solved with an efficient methodology. 
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1 INTRODUCTION 

The number of research papers published in scientific journals during the last years has 

shown an exponential growth. Bornmann and Mutz [2] investigated the rate at which science 

has grown since the mid-1600s, identifying three essential growth phases in the development 

of science, which each led to growth rates tripling in comparison with the previous phase: 

from less than 1% up to the middle of the 18th century, to 2 to 3% up to the period between 

the two world wars, and 8 to 9% to 2010 [2]. Lately, the evolution of global scientific output, 

is equivalent to a doubling every nine years on average, as shown in a recent study by Van 

Noorden [3]. Thus, for writing a literature review paper, a researcher nowadays needs to ana-

lyze a vast amount of research papers which is a highly demanding task to do solely by read-

ing the papers and manually extracting any important information. The task keeps getting 

even harder as the production of scientific papers continues to grow exponentially. Accord-

ingly, new automated techniques have evolved, called bibliometric analysis, bibliometrics, 

scientometrics, scientific mapping etc., where with the aid of computer algorithms, an analy-

sis of a vast amount of research papers is possible. Nowadays, these techniques can signifi-

cantly help the individual researchers on exploring the literature, writing literature reviews or 

can even automate, to some extent, these processes [4]. 

The main purpose of such analyses is to construct bibliometric maps of the scientific field 

studied. Bibliometric maps, take into account associations among keywords, authors as well 

as references, through their distances on a two-dimensional map, revealing significant infor-

mation about how the papers studied are inter-related, i.e. appearing simultaneously in re-

search papers. Thus, the conclusions regarding the scientific field studied, are based on an 

extended database of papers, and through a rigorous computational procedure, the outcomes 

are documented precisely. On the other hand, such tools need to be used with caution and care 

and not to be forced to produce results or identify patterns where they simply do not exist. In 

a recent study published in Nature Methods [5], it is described how clustering analysis may be 

misleading, identifying non-existent patterns in data when used the wrong way. 

In the present work, bibliometric maps were constructed based on a rigorous methodology, 

which converts each item to a two-dimensional (x, y) point on the bibliometric map. The dis-

tances between items reflect the dissimilarities between them. The numerical procedure is a 

constrained optimization problem where the objective function of the problem is directly re-

lated to the multidimensional scaling error. Thus, the researcher, is able to evaluate the per-

formance of the clustering procedure, for the particular problem studied. 

2 PAPERS DATASET AND THE METHODOLOGY TO OBTAIN IT 

All the data used in the study have been taken from Scopus [1]. Scopus is a bibliographic 

database containing abstracts and citations for academic journal articles, covering nearly 

22,000 titles from over 5,000 publishers, of which 20,000 are peer-reviewed journals in the 

scientific, technical, medical, and social sciences [1]. The total number of entries in the data-

base today is more than 69 million, with 1.4 billion cited references dating back to 1970. Sco-

pus is owned by Elsevier and is available online by subscription. 

Figure 1: Searching the Scopus database with the query “Masonry+Earthquake”. 
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First, we searched the database using the query “Masonry+Earthquake”, and the option 

“Article title, Abstract, Keywords” as shown in Figure 1. The query was made on 9 March 

2017 and returned 3152 results (papers) in total. These results included also old papers which 

needed to be removed: 182 papers with year earlier than 1990 and another 11 old papers with 

no year information (193 old papers in total). They also included 50 new papers from year 

2017 which needed also to be removed, since 2017 is not a full year yet and we cannot have 

complete information for it (all 2017 papers appearing in Scopus) until the first months of 

2018. As a result, the final database included 3152-182-11-50=2909 papers in total, covering 

a period of 27 years, from 1990 (inclusive) to 2016 (inclusive). Scopus provides a lot of in-

formation which includes but is not limited to the following for each entry (paper): Authors, 

Title, Year, Source title, Volume, Issue, Cited by, DOI, Authors with affiliations, Abstract, Au-

thor keywords, Index Keywords, Publisher, ISSN, among others. The full information was ex-

tracted first in csv format and then it was converted to MS Excel xlsx compressed format. The 

final xlsx file (2909 entries) had a size of 6.1 MB. 

2.1 Papers per year 

Figure 2 shows the total number of papers for each year (left vertical axis, blue color). We 

see that there is a significant increase in the number of papers published from 1990 to 2016 in 

the fields of “masonry” and “earthquake”. In 1990, only 19 papers had been published in the 

area, while the corresponding number of papers for 2016 was 290 (and also 307 for 2015). 

Figure 2: Total number of papers and total number of keywords, for each year (1990-2016). 

3 KEYWORD ANALYSIS 

Scopus provides rich information on the author keywords of each paper. Figure 2 (above) 

depicts the total number of keywords of papers for each year (right vertical axis, orange color). 

A significant increase is revealed regarding the number of keywords of published papers, fol-

lowing the same trend as the papers. In 1997, the total number of keywords of published pa-

pers was 103, while the corresponding number for 2016 is 1312. 

Another significant observation has to do with the average number of keywords per paper 

for each year, which is graphically depicted in Figure 3. We see that there is a significant in-

crease in the number of keywords per paper, from a value of 1 for 1990 to a value of 4.52 for 

2016. This means that researchers tend to use more keywords to describe their work, com-

pared to the past. The average number of keywords used during the last 5 full years (2012 to 

2016, inclusive) is 4.23. 
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Figure 3: Average number of (keywords per paper), for each year (1990-2016). 

3.1 Top-15 keywords 

Figure 4 presents the number of occurrences of the top-15 keywords in the total 2909 pa-

pers in the period 1990-2016 (27 full years). The top-5 keywords are “masonry”, “earth-

quake”, masonry structure”, “seismic performance” and “seismic vulnerability”, as shown in 

the figure. 

Figure 4: Νumber of occurrences of each of the top-15 keywords in the total 2909 papers. 

3.2 Time series of the top-15 keywords 

Figure 5 presents the time series of the occurrences of the top-15 keywords for all 2909 

papers in the period 1990-2016, i.e. how many times each keyword appeared for each year. In 

Figure 5, it is shown that all keywords exhibit an increasing trend in their occurrences from 

past to present. This is mainly due to the general increase in the number of papers and key-

words, as we approach from the past years to the latest years (see Figure 2). 

Thus Figure 5 needs to be “corrected” (normalized) taking into account the number of pa-

pers (or keywords) for each year. Figure 6 presents the same time series, where the number of 

occurrences of each keyword has been divided by the total number of papers for each year. 

Thus, Figure 6 presents the time series of the average number of keyword occurrences per 

paper, for each of the top-15 keywords, aiming to a more objective interpretation. 

2688



Vagelis Plevris, Nikolaos Bakas, Gro Markeset and John Bellos 

Figure 5: Total number of occurrences of each of the top-15 keywords, for each year. 

Figure 6: Average number of keyword occurrences per paper, for each of the top-15 keywords, for each year. 

Figure 7 depicts the matrix of Pearson Correlation coefficients for the normalized time series 

presented in Figure 6. Correlation between sets of data is a measure of how well they are re-

lated. In the particular case of Figure 7, if a cell has a value close to 1 (close to yellow color) 

then there is a strong positive relationship between the time series of the corresponding key-

words, i.e. the two time series show similar behavior (either increase together or decrease to-

gether with time). If a cell has a value close to -1 then again there is a strong relationship 

between the time series of the corresponding keywords, but in the opposite direction, i.e. the 

occurrence of one keyword increases with time while the other decreases. If a cell has a value 

close to zero then there is no correlation between the corresponding keywords. 

By examining Figure 7 it can be observed that the time series of some specific keywords 

have a good correlation with some others, while for many others there is no correlation. For 

example, the time series of the pairs “earthquake” and “seismic performance” show a strong 

correlation with r=0.73, which is also the case for “unreinforced masonry” and “vulnerability” 

with r=0.65. 
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Figure 7: Color representation of the Pearson Correlation coefficients for the time series of the top-15 keywords. 

3.3 Co-occurrence Matrix for the top-10 keywords 

It is interesting to observe the co-occurrence of keywords in papers. Some keywords tend 

to have simultaneous occurrences (be present in the same paper) while others tend not to co-

exist. The co-occurrence matrix for the top-10 keywords is depicted in Figure 8 where the 

colors correspond to a scale from zero to 45, indicating the number of simultaneous occur-

rences of the keywords in papers of the database. The diagonal of the matrix has been set to 

zero for better presentation of the results. 

Figure 8: Colored representation of the co-occurrence matrix for the top-10 keywords. 

The importance of the co-occurrences stems from their link to the conceptual association 

among the keywords. For example, the pair of keywords “masonry” and “strengthening” has a 

high number of co-occurrences (24), which is also the case for the pair “masonry” and “retro-

fitting” (21), which clearly indicates that the masonry related literature deals with the im-

provement of the structural characteristics of existing rather than new buildings. Similarly, the 

co-occurrence of the keywords “earthquake” and “strengthening” is 9, while the association of 

“unreinforced masonry” with “earthquake” is 5, signifying that the seismic performance of 

masonry structures without reinforcement has comprehensively concerned the researchers. 

2690



Vagelis Plevris, Nikolaos Bakas, Gro Markeset and John Bellos 

These results are significant from a statistics perspective, since they are based on a large 

number of papers (2909) which cover a wide range of years (1990-2016). 

Although meaningful and interesting conclusions can be made just by looking at the co-

occurrence matrix of Figure 8 (which depicts the co-occurrence of 10 keywords only), it is 

very difficult to interpret this matrix globally, especially if the total number of unique key-

words (4910 items) has been taken into account which would make the matrix extremely large 

(4910×4910). For such a high number of keywords, the associations between them can be fur-

ther analyzed utilizing the bibliometric maps methodology which will be presented in the fol-

lowing section. 

4 BIBLIOMETRIC MAPS 

A bibliometric map is a visual representation of the solution of the multidimensional scal-

ing problem [6, 7], which is based on the assembly and further processing of the co-

occurrence matrix. In the present work, the steps of the numerical procedure implemented for 

the construction of the bibliometric map are presented in Table 1. 

1. cij: The (i,j) entry of the co-occurrence matrix c

2. sij: The (i,j) entry of the similarity matrix s

3. dsij: The (i,j) entry of the dissimilarity matrix ds, 1ij ijds s

4. dij: Distance on the map ij i jd  x x

5. eij: The (i,j) entry of the error matrix, ij ij ije ds d 

Objective function (to minimize): 2

ij

i j

f e

6. Are the optimality criteria satisfied?

7. End => Draw the bibliometric map

Table 1. Steps of the bibliometric map generation algorithm. 

The procedure is generic; thus, the term “object” will be used, denoting either keywords, 

authors or references, etc. The similarity matrix s is generated from the co-occurrence matrix 

c with proper normalization and has values in the region [0, 1]. All the matrices c, s, ds, d and 

e are symmetric. The vector x describes the design variables of the optimization problem. It 

denotes a point in the 2D space with components (x1, x2) or simply (x, y). Ideally, all the er-

rors eij should be minimized, but this cannot be the case in reality as we try to present com-

plex multi-dimensional relationships in the 2D space. 

The algorithm starts with the initial calculation of the co-occurrence table of the studied 

objects (keywords, authors or references). Accordingly, the similarity and dissimilarity matri-

ces are obtained. Afterwards, the optimization algorithm initializes randomly the positions xi 

= (xi, yi) of each object, and computes the distances between the elements on the bibliometric 

map. The objective function is the sum of squares of the absolute difference between the 

pairwise distances, and the corresponding dissimilarities. The optimal values of the positions 

xi are utilized to visualize the results on the bibliometric map. For the solution of the optimi-

zation problem, the Levenberg-Marquardt (LM) algorithm, also known as the damped least-

squares method, has been used, working specifically with loss functions which take the form 

of a sum of squared errors. The algorithm works efficiently without computing the exact Hes-

sian matrix. Instead, it utilizes the gradient vector and the Jacobian matrix. 

Optimization 
Algorithm 

YES
NO
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4.1 Bibliometric map for the top keywords 

By means of the proposed approach, a graphical representation of the links between the 

keywords is accomplished, through the bibliometric map which is shown in Figure 9. 

Figure 9: Bibliometric map for the top-10 keywords. 

The bibliometric map has the following general attributes: 

• Each object (in this particular case: keyword) is represented as a point on the 2D map,

with its (x, y) coordinates.

• Each object’s font size is proportional to the number of its occurrences.

• The objects with co-occurrences are connected with a line. The line thickness represents

the link strength, which is proportional to the similarity (co-occurrence) between the ob-

jects.

• The distances between the objects are indicators of their dissimilarity. The exact value of

the dissimilarity is written in the middle of each link with an indicative arrow (->), while

the corresponding distance on the graph is written in parenthesis.

Figure 10: Bibliometric map for the top-30 keywords (no lines are included for better readability). 
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Hence, the entire information is embedded on the bibliometric map in an integrated manner. 

Figure 9 exhibits a clear representation of the top-10 keywords’ map, with all the relative in-

formation (distances, dissimilarities, etc.) as mentioned above. In particular, it was found that 

“earthquake” and “masonry” keywords, exist at the center of the map, due to the particular 

formulation of the database query, suggesting that the procedure worked properly. 

If we take more keywords into account, in particular 30 instead of 10, we end up with the 

map depicted in Figure 10. According to this map, the keywords most related with “masonry”, 

found to be the: “strengthening”, “retrofitting”, “damage”, “vulnerability” and “rehabilitation”, 

among others as shown in the figure. This further strengthens the hypothesis that the majority 

of the papers regarding masonry structures, deal with existing structures and their rehabilita-

tion, rather than new ones. 

The analysis of even more keywords can reveal new information and identify other pat-

terns, especially when proper visualization tools (zoom, hide etc.) are employed. 

4.2 Bibliometric map for the top authors 

If some authors tend to cooperate (write usually papers together) then there is a strong 

connection between them and their names appear together in papers. If we take the authors 

into account, instead of the keywords, and apply the same methodology, we end up with some 

interesting results. The bibliometric map for the top-30 authors, exhibits a sparse image, as 

shown in Figure 11. A sparse image means that the corresponding papers are written basically 

by individual researchers, rather than research groups. However, a specific cluster of authors 

was found, with authors J.M. Ingman, P.B. Lourenco, G. Magenes, S. Lagomarsino and oth-

ers being the key players, as demonstrated in Figure 11. By using the proposed methodology, 

a researcher can easily and rapidly obtain valuable information regarding the clusters or coop-

erating groups among the scientific community, which is very significant for the literature re-

view part of any research work as well as for review papers or surveys [8, 9]. 

 

 

Figure 11: Bibliometric map for the top-30 authors. 

The same can also be done with the references of each paper. A bibliometric map can be 

made for the references, revealing the relationship between papers that have been referenced 

by the papers of the database. Co-citations is a good indicator of similarities among papers 

[10, 11] which supplementary clarifies the bounds among disciplines as well as their interac-

tions. This type of bibliometric map is outside the scope of the present paper and may be ex-

amined in a future work. 
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5 CONCLUSIONS 

This work demonstrates a new approach to multidimensional scaling, particularly applied 

for the construction of bibliometric maps. Through a rigorous numerical procedure, an in-

depth analysis of thousands of research papers is possible. The aim is to reveal the significant 

research topics in a subject area, as well as to identify associations between thematic areas, 

authors, references, institutions, etc. The overall management of this vast amount of infor-

mation regarding scientific knowledge, is a demanding task, as the growth rate of the scien-

tific output is exponential. Utilizing the prosed approach, the literature review part of any 

research work, can be thoroughly analyzed and documented, avoiding the focus on topics of 

minor interest and detecting interdisciplinary associations. 

The specific application was made on the topic of masonry structures under seismic excita-

tions, but the described procedure is generic and can be easily applied to other scientific areas 

as well. Two bibliometric maps for the top-10 and top-30 keywords were investigated. The 

results showed that the majority of papers regarding masonry structures, deal with existing 

structures and their rehabilitation, rather than new ones. The investigation of the bibliometric 

maps for the top-30 authors identified a cluster of authors who tend to cooperate with each 

other, and also other isolated authors who prefer to work on their own. 
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