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ABSTRACT: The incorporation of quantum chemical effects of solvation into molecular dynamics 

simulation has been a challenging issue due to solvent diffusion. To this end, various adaptive 

quantum mechanics/molecular mechanics (QM/MM) methods have been proposed, in which free 

solvent exchanges are allowed via a flexible switching of their identities between QM and MM 

models according to their distances from the QM solute. However, temporal and spatial 

discontinuities that remain in the standard implementations continue to hamper stable and 

accurate dynamics simulations using adaptive QM/MM approaches. We previously demonstrated 

that the size-consistent multi-partitioning (SCMP) method achieved temporal continuity while 

avoiding spatial discontinuities to some extent. In the present study, however, we demonstrate 

that the residual spatial discontinuity may lead to severe problems under certain conditions; via 

quantitative analysis, we show that not only adaptive QM/MM but also all multiscale approaches 

might share these problems implicitly, which have not been investigated in depth so far. To 

alleviate these artifacts, we propose a correction based on the SCMP approach and conduct 

benchmark simulations using bulk water systems. 
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INTRODUCTION  

Although quantum chemical effects of solvation play critical roles in solution chemistry and 

biochemistry, incorporating these effects in molecular simulations has been one of the most 

challenging issues. To this end, not only the solute molecule of interest but also the surrounding 

solvent molecules have to be treated at the quantum mechanical (QM) level. However, due to the 

high computational cost of QM calculations, it is typically not realistic to treat the entire solution 

system using QM models. Alternatively, hybrid computational models that combine QM and 

molecular mechanics (MM) potentials have been widely applied to large condensed phase 

systems, in which the part of central interest is evaluated via QM whereas the rest is modeled 

with the more approximate MM model. However, there remains an important technical issue for 

molecular dynamics (MD) simulations with QM/MM potentials. In the course of MD 

simulations, free solvent molecules modeled via QM, which are usually in the vicinity of the QM 

solute at the beginning of the simulation, are bound to diffuse away and replaced by MM solvent. 

As a result, the quantum chemical effects of solvation are lost since the solute is now surrounded 

by MM solvents. Therefore, simulation frameworks are needed to maintain the QM solvent near 

the QM center while preserving the validity of the simulation. Over the past two decades, many 

research groups have proposed respective QM/MM techniques, which can be classified into two 

groups, namely “constrained QM/MM” and “adaptive QM/MM”.  

Most constrained QM/MM techniques are based on a single QM/MM partitioning scheme, 

such as FIRES1, BEST,2 and BCC3. In these methods, bias potentials are introduced to prevent 

solvent exchange between the QM and MM regions. As a result, the QM/MM boundary is 

closed, and the molecular identities of the solvent molecules remain fixed during MD 

simulations. Note that the resulting dynamics are no longer realistic and these methods focus on 
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reproducing an equilibrium ensemble. For instance, they cannot be used to treat reaction and 

diffusion dynamics, but equilibrium properties such as the solvation structure can be evaluated.  

By contrast, adaptive QM/MM methods are open-boundary approaches and allow for the free 

exchange of solvent molecules; they therefore aim at computing not only equilibrium properties 

but also realistic dynamics. To this end, the molecular properties of solvents have to be smoothly 

switched between QM and MM models according to their distance from the QM solute. Most 

adaptive QM/MM methods are based on multi-partitioning schemes, whereby various QM/MM 

partitionings that have different combinations of QM solvents are defined. Accordingly, the 

effective potential energy 𝑉eff is defined as  

𝑉eff(𝑞) = ∑ 𝜎(𝑛)(𝑞)𝑉(𝑛)(𝑞)𝑛 , (1) 

where 𝑉(𝑛) and 𝜎(𝑛) are the QM/MM potential energy and the normalized weight function of the 

n-th partition, respectively, and q indicates the atomic coordinates. The differences between 

adaptive QM/MM methods lie in the definition of partitionings and the specific form of the 

weight function. 

To date, different adaptive QM/MM methods have been proposed and they have respective 

advantages and disadvantages.4-11 To compare these adaptive QM/MM methods, there are three 

important aspects worth considering: (1) the existence of a Hamiltonian, (2) the differentiability 

of 𝑉eff, and (3) the physical rigor of the resulting dynamics and ensemble.  

The first aspect can be paraphrased as whether the equations of motion are properly derived 

from the Hamiltonian. Dynamics based on the Hamiltonian ought to be symplectic, which 

ensures time-reversibility and stable MD simulations. Note that this feature does not depend on 

whether the Hamiltonian is potential-oriented or force-oriented, as described below. To our 

knowledge, the ONIOM-XS,4 PAP,5 SAP,5 DAS,6 and SCMP10 methods satisfy this requirement.  
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The second aspect, i.e., potential continuity, is mainly related to the weight function 𝜎(𝑛) in 

Eq. 1. In general, the number of possible QM/MM partitionings is ∑ (
𝑁
𝑚

)𝑁
𝑚 , where N denotes the 

total number of solvent molecules in the system. It is not realistic to treat all the partitionings 

with limited computational resources. Thus, only representative partitionings are considered in 

practice, and the partitionings whose QM regions are fragmented are replaced by those whose 

QM regions are compact during the MD simulation (partitioning update). However, abrupt 

updates lead to temporal discontinuities in 𝑉eff before and after the update step. Thus, the weight 

function 𝜎(𝑛)  is designed to suppress discontinuities in 𝑉eff  such that partitionings 

included/excluded during the update have a weight of zero. (Scheme 1) Potential continuity can 

be ensured via the conservation of the Hamiltonian. The SAP, PAP, and SCMP methods realize a 

smooth potential, although it is not realistic to use the PAP method in practice because of the 

enormous number of partitionings that need to be included. 

The third aspect is further divided into two issues: (i) the formulation of the Hamiltonian, and 

(ii) artifacts from the QM/MM boundary. Although the first issue has been discussed extensively 

in the literature, the second issue has rarely been discussed because it is assumed that such 

artifacts can be largely suppressed via the smooth switching functions in adaptive QM/MM 

methods. In the present study, we demonstrate that, while this assumption is partially correct, the 

residual artifacts are not negligible. Moreover, we also discuss how these two issues are rooted in 

the same cause and are closely intertwined. 

 

To better explain these points, it is useful to review the concepts of potential-oriented and 

force-oriented approaches. In potential-oriented approaches, the Hamiltonian is written as 
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𝐻 = ∑
𝑝𝑗

2

2𝑚𝑗
𝑗

+ 𝑉eff. (2) 

Then, the effective force 𝐹eff used to propagate the MD trajectory is,  

𝐹eff =
−𝜕𝑉eff

𝜕𝑞
 

= ∑ 𝜎(𝑛)(𝑞)𝑓(𝑛)

𝑁

𝑛

− ∑
𝜕𝜎(𝑛)

𝜕𝑞
𝑉(𝑛)(𝑞)

𝑁

𝑛

 

= 𝐹 + 𝐹trans, 

(3) 

where 𝑓(𝑛), the force in the n-th QM/MM partitioning, is given as the negative derivative of 

𝑉(𝑛). The second term, 𝐹trans, sometimes referred to as the transition force, is not physically 

realistic because it arises from the derivative of the artificial weight function 𝜎(𝑛). Because the 

transition force can lead to unrealistic dynamics and solvation structure,6 it is important to 

minimize 𝐹trans in potential-oriented approaches. Note that the contribution of 𝐹trans to 𝐹eff  is 

significant in magnitude in multi-scale partitioning approaches, such as PAP, SAP, and DAS, in 

which partitionings have different numbers of QM solvent molecules. Because the potential 

energy of a QM model is usually much more negative than that of an MM model, the QM/MM 

energy 𝑉(𝑛) becomes increasingly negative as the number of QM solvent molecules increases. 

Since 𝐹eff  should work to minimize 𝑉eff , the solvation structure can be distorted such that 

partitionings with larger QM regions have a larger value of 𝜎(𝑛) . In contrast, because all 

partitionings have the same number of QM solvent molecules in the SCMP method, the potential 

energy differences among partitionings are much smaller than those in multi-scale partitioning 

approaches and, correspondingly, the artifacts are smaller.  

In force-oriented approaches, the Hamiltonian is written as  

𝐻 = ∑
𝑝𝑗

2

2𝑚
𝑗

+ ∑ 𝜎(𝑛)(𝑞)𝑉(𝑛)(𝑞)

𝑛

− ∑ ∫
𝜕𝜎(𝑛)

𝜕𝑞
𝑉(𝑛)(𝑞)𝑑𝑞

𝑛

 (4) 
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= 𝐾(𝑝) + 𝑉eff(𝑞) + 𝐵(𝑞), 

where B(q) is a bookkeeping term, as proposed by Bulo et al.6 Then, the effective force is  

𝐹eff = ∑ 𝜎(𝑛)(𝑞)𝑓(𝑛)(𝑞)

𝑁

𝑛

 (5) 

In contrast to potential-oriented approaches, force-oriented approaches do not exhibit artifacts 

due to the weight function and yield more realistic dynamics. Instead, the bookkeeping term can 

monotonically decrease over the course of the MD simulation. Correspondingly, internal energy 

that consists of K and 𝑉eff also increases, when the Hamiltonian is conserved. As a result, the 

trajectory does not yield an accurate ensemble regardless of whether the temperature is held 

constant via a thermostat. Thus, to avoid this, the bookkeeping term should be kept constant. 

Since the bookkeeping term is linked to the transition force in potential-oriented approaches and 

the SCMP method yields a smaller transition force, the drift of the bookkeeping term in SCMP is 

also smaller than that of multi-scale partitioning methods. Indeed, previous studies demonstrated 

that temperature drifts coupled to the bookkeeping term obtained via SCMP simulations were 

less than 0.06 K/ps, which is negligible for MD simulations of dozens of picoseconds.10, 12 This 

is in contrast with multi-scale methods, which caused temperature drifts of more than 100 K/ps, 

although these may partially arise from the potential discontinuity.13 However, in the Results 

section, we demonstrate that, even with the SCMP method, the bookkeeping term can exhibit a 

large drift depending on the molecular model employed; this implies that other factors can cause 

significant drifts in the bookkeeping term.  

Throughout this paper, we employ the approximate density functional tight binding method, 

DFTB3, as the QM model in the SCMP method. DFTB3 is an approximation of density 

functional theory (DFT) via expansion of the DFT energy functional up to the third order.14 
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Although DFTB3 is an attractive choice for QM MD simulations because of its computational 

efficiency, it has well-documented errors in the description of hydrogen-bonding interactions 

involving water,14 especially for bulk properties,15-16 which are important challenges to popular 

DFT methods well.17-19 In a recent study, as an investigation of the sensitivity of bulk water 

properties to DFTB3 parameters, Goyal and co-workers employed an inverse Monte Carlo 

approach to adjust the O-H repulsive potential to reproduce the radial distribution function of 

bulk water at ambient condition. It was observed that the resulting 3OBw model, which features 

a small perturbation (on the order of kBT) in the O-H repulsive potential, was able to 

considerably improve the structural properties of bulk water; some dynamical properties 

(diffusion and orientational relaxation) and infrared spectrum of water were also described fairly 

well. It was noted, however, that the 3OBw model reduced the degree of oversolvation of 3OB at 

the cost of considerable error in energetic properties such as the enthalpy of vaporization, 

suggesting that a transferable DFTB model requires improvements of the electronic components 

of DFTB3; the implication of this is discussed below, where we compare DFTB3/MM 

simulations with 3OB and 3OBw models.  

In the next section, we also demonstrate via quantitative analysis that artifacts arise from the 

QM/MM boundary. As mentioned above, although it has been assumed that the QM/MM 

boundary effect was effectively removed in adaptive QM/MM methods, we show that 

considerable artifacts can still remain. Therefore, to suppress the bookkeeping term beyond the 

size-consistency requirements, further improvements in existing methods are required. We 

propose a simple scheme to reduce such errors and benchmark the performance.  
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RESULTS 

The Bookkeeping term: Figure 1a shows that the Hamiltonian is numerically conserved in 

SCMP simulations with DFTB3/3OBw, which is consistent with previous studies10, 12 that used 

DFTB3/3OB. This highlights the continuity in potential function in the SCMP method regardless 

of the DFTB parameters. On the other hand, the bookkeeping terms in Figure 1b show 

monotonic drifts over the course of the MD simulations for both DFTB parameters. Note that, 

however, the magnitude of the drift depends significantly on the DFTB parameters, which are 

−8.5 kJ/mol/ps for 3OB and −39.2 kJ/mol/ps for 3OBw.20  Because the Hamiltonian is conserved 

in SCMP, the drift of the bookkeeping term is coupled to the increase of the internal energy, 

which consists of kinetic and effective potential energies. Indeed, the simulation with the 3OBw 

parameters shows a temperature drift of 0.18 K/ps under microcanonical (NVE) conditions, 

whereas the 3OB parameters result in a much smaller temperature drift of 0.04 K/ps, in 

agreement with previous studies.10, 12, 21 As expected, this increase is consistently observed for 

the effective potential as well (data not shown).  

We note that the continuous drifts of the bookkeeping term imply systematic differences in 

potential energy between ordered and disordered partitionings. Suppose that the n-th partitioning 

is perfectly ordered, satisfying 𝜎(𝑛) = 0  at MD time point t1. Over the course of the MD 

simulation, the partitioning is bound to become disordered due to solvent diffusion, leading to 

𝜎(𝑛) > 0. Eventually, it will be completely disordered at t = 𝑡2, and then 𝜎(𝑛) = 0 again. The 

contribution of the n-th partition to the bookkeeping term for the time period between 𝑡1 and 𝑡2 is 

∆𝐵(𝑛) = − ∫
𝜕𝜎(𝑛)

𝜕𝑞
𝑉(𝑛)(𝑞)𝑑𝑞

𝑞2

𝑞1

 (6) 

where 𝑞1 = {𝑞(𝑡1)}  and 𝑞2 = {𝑞(𝑡2)} . Therefore, if ∆𝑉(𝑛) = 𝑉(𝑛)(𝑞2)– 𝑉(𝑛)(𝑞1) ≠ 0 , then 

∆𝐵(𝑛) ≠ 0.  
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Because the bookkeeping term is the sum of ∆𝐵(𝑛) over all partitionings, a monotonic decrease 

indicates that the QM/MM potential energies statistically satisfy ⟨∆𝑉(𝑛)⟩ < 0. Furthermore, in 

SCMP simulations, because disordered partitions are updated with an ordered partitioning, a 

non-zero ∆𝐵 continuously accumulates, resulting in the constant drift of the bookkeeping term. 

Thus, the present results suggest that, for an arbitrary time period, the averaged potential energy 

difference ⟨∆𝑉(𝑛)⟩ for 3OBw is greater in magnitude than that for 3OB.  

Figure 2 shows the potential energy curves for water dimers along the oxygen distance. A 

reference calculations using the CAM-B3LYP functional with 6-311++G(3df, 3pd) basis set 

yield ca. 23.1 kJ/mol at a distance of 2.88 Å. The homodimer modeled by SPC-Fw22 

overestimates the minimum depth as 28.8 kJ/mol at 2.73 Å, whereas homodimer pairs of 

DFTB3/3OB and DFTB3/3OBw show weaker hydrogen bonds, with a minimum of ca. 19.3 and 

16.8 kJ/mol, respectively. In addition, heterodimer pairs of QM and MM water yield the same 

depth of 23.4 kJ/mol regardless of whether 3OB or 3OBw is used, where the QM and MM 

models are proton acceptor and donor, respectively. Note that the potential energy curve is 

consistent with an interchange between donor and acceptor in a modest distance range (data not 

shown).  

Therefore, there exist three types of hydrogen bonds in the present SCMP simulations, namely 

QM-QM, QM-MM, and MM-MM, and the energy differences between these three types of 

hydrogen bonds are more distinct for DFTB3/3OBw than for DFTB3/3OB. Suppose that a 

partitioning divides a homogeneous system into two regions modeled by methods A and B, 

respectively. If models A and B are identical, the QM/MM potential energy 𝑉(𝑛) is independent 

of the shape and size of the QM region. By contrast, as the energy difference between A and B 

becomes large, the potential energy is more dependent on the shape of the QM region. Thus, 
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considering the hydrogen bonding energies shown in Figure 2, the QM/MM potential energy 

𝑉(𝑛) obtained with the 3OBw parameters likely varies according to the shape of the QM region 

more than that obtained with the 3OB parameters, implying that ∆𝑉3OBw < ∆𝑉3OB < 0 . 

Therefore, the hydrogen bonding energy shown in Figure 2 is in accordance with the observation 

in Figure 1b that the 3OBw parameters result in a larger drift in the bookkeeping term. 

Furthermore, the fact that an ordered partitioning has statistically higher potential energy than a 

disordered partitioning implies that there exist driving forces that promote solvent diffusion. In 

other words, on average, a systematic set of repulsive forces act on the QM solvent molecules 

from the QM center and/or attractive forces act on the MM solvent. Because a homogenous 

system modeled with a single molecular model does not have such driving forces, they are 

clearly an artifact due to the spatial discontinuity associated with the QM/MM partitioning. 

Potentials of the Mean Force: To gain a deeper understanding of these artifacts, we calculate 

the potentials of the mean force (PMFs) acting on the oxygen and hydrogen atoms in the QM and 

MM water molecules, as shown in Figure 3. These PMFs are evaluated with 𝑓(𝑛) (Eq. 5) via 

conventional QM/MM calculations in a post-processing step following the SCMP simulations. 

Because the PMF represents an averaged influence, including direct and indirect effects, on the 

solvent from the QM solute oxygen, it should attenuate and reach a plateau as distance increases. 

However, this is not the case for the computed PMFs of the QM solvent molecules. On the 

contrary, the PMF slopes become steeper at long distances for both oxygen and hydrogen atoms. 

It is clear that these unexpected characteristics arise from the artificial transition between the QM 

and MM regions. In addition, both oxygen and hydrogen PMFs exhibit a distinct minimum at 

approximately 6–7 Å. This implies that the QM solvent molecules, on average, are subject to 
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repulsive forces from the QM center toward the minimum around the QM/MM boundary, which 

features stronger water-water interactions (see Figure 2). 

In contrast to the QM solvent, the MM solvent showed a flat PMF at the long-distance limit. 

Instead, the short-range behavior seemed to be distorted. As shown in Figure 3, the PMFs of MM 

oxygen and hydrogen have a maximum at the positions that correspond to the minima of QM 

oxygen and hydrogen, respectively, although their positions are slightly shifted to the shorter 

side. Note that both PMFs abruptly drop from the peak to the shorter side, which indicates a 

significant attraction to the QM solute. In particular, hydrogen can unboundedly approach the 

QM center (QM solute oxygen), whereas oxygen presumably has a minimum at approximately 

4.5 Å (Supporting Information). This indicates that MM solvent molecules are more stable in the 

vicinity of the QM center than QM solvent molecules, and thus driving the MM solvent 

molecules toward to the QM region. Altogether, the resulting PMFs showed that the artifacts on 

the QM and MM solvent molecules emerge as driving forces that promote solvent exchange. In 

other words, the obtained PMFs imply that ⟨∆𝑉(𝑛)⟩ < 0 , which is in accordance with the 

observed monotonic decrease of the bookkeeping term shown in Figure 1b.  

Note that these artifacts are not specific to SCMP simulations, but are a general consequence 

of the QM/MM setup because the resulting PMFs are evaluated from conventional QM/MM 

calculations as a post-processing step and therefore are free from the SCMP force compositions. 

Thus, we expect that most QM/MM calculations are subject to these artifacts, although they 

presumably emerge more distinctively in dynamics simulations. Moreover, note that these 

artifacts are alleviated in the SCMP method to some extent. To determine this, the QM profile 

𝜔(𝑗) that we previously proposed10 is a useful metric and defined as   
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𝜔𝑗 = ∑ 𝜎(𝑛)𝛿𝑗
(𝑛)𝑁

𝑛 , (7) 

where 

𝛿𝑗
(𝑛)

= {1 if  𝑗 ∈ 𝑆(𝑛)

0 otherwise
 (8) 

and 𝑆(𝑛) is a subset of the QM solvent in the n-th partitioning. The QM profile indicates how 

much the respective solvents behave as a QM molecule. Its values range from 0 to 1 and the 

value of unity means that the corresponding solvent behaves as a QM solvent molecule, whereas 

zero means it behaves as a MM solvent molecule. As shown in Figure 4, the QM profile 

smoothly dampens to zero as the distance to the QM center increases from 5.0 to 8.5 Å. Note that 

one can roughly estimate an effective solvent PMF by using the QM profile 𝜔(𝑗) as the mixing 

ratio of the PMFs of the QM and MM solvents. Although the exact PMF can be obtained with 

the radial distribution function (RDF), the use of the QM profile provides useful insights into the 

artifacts via the solvent characteristics in the transition region. The obtained effective PMFs for 

3OB and 3OBw in Figure 3 indicate that QM characteristics do not contribute to the solvation 

dynamics in the distance range where 𝜔 = 0. Likewise, the resulting dynamics are free from the 

artifacts seen in the PMFs of MM solvents in the range where 𝜔 = 1. Note that the effective 

PMF of oxygen, shown in Figure 3a, decreases by ca. 1.5 kJ/mol in the range from 6.0 to 8.0 Å, 

indicating that the solvent is subject to repulsive forces from the QM solute. As a result, this 

leads to an underestimation of the RDF, as discussed below, which indicates that QM/MM 

artifacts cannot be completely removed in the SCMP method.  

Because SCMP simulations with the DFTB3/3OB parameters results in a smaller drift of the 

bookkeeping term, it is insightful to compare the resulting PMF curves with those obtained using 

the 3OBw parameters. Whereas the hydrogen PMFs appear to be similar in shape to those of the 
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3OBw simulations, the oxygen PMFs show distinct differences in that the QM PMFs increase 

and the MM PMFs decrease in the transition region. Although these behaviors are not realistic, 

the resulting curve appears to be symmetric with respect to 6 Å in the transition region as well as 

in the QM profile, and thus these artifacts are canceled out in the effective force ∑ 𝜎(𝑛)𝑓(𝑛), 

presumably yielding flat PMFs in the analyzed range. It should be noted that we employed 

different transition ranges described by parameters s and t (details can be found in the 

literature9,15) for the 3OB and 3OBw simulations because they yield different densities around 

the QM regions and the proper transition range for efficient simulations differs accordingly, as 

discussed in the literature.23 To verify the influence of the transition range on the PMF, we have 

carried out additional SCMP simulations using different values of s and t (Supporting 

Information), and confirmed that, although the transition range can affect the maximum and 

minimum positions of the PMFs to some extent, it does not cause changes as drastic as those 

seen for different DFTB parameters. Thus, we conclude that the significant PMF differences 

shown in Figure 3 mainly arise from differences in the QM models rather than from the 

transition parameters and that the 3OB parameters yield better results in QM/MM simulations 

because of the stronger QM-QM hydrogen bonds and error cancellations, as discussed above. 

Radial distribution function (RDF): The RDF provides an alternative view for analyzing the 

effective PMF in SCMP simulations and evaluating error suppression. First, Figure 5 shows that 

the first peak of the SCMP simulation with the 3OB parameters is higher than the experimental 

RDF, indicating oversolvation, and that the position of the second peak is shifted toward the 

long-distance side; this is consistent with the full QM simulation, as shown in previous studies.21, 

23-24 Next, as reported in a previous study,25 the RDF obtained from the full QM MD simulation 

with DFTB3/3OBw shows good agreement with experimental results,20 although the heights of 
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first peaks of both oxygen and hydrogen RDFs are slightly overestimated. Nevertheless, the use 

of the 3OBw parameters in the SCMP approach resulted in an overall underestimation in the 

short-distance range compared with the full QM simulation, although the peak positions are in 

good agreement. The sparse QM center seems to be in accord with the effective PMF estimated, 

as shown in Figure 3, which implies that artificial forces statistically promote solvent exchange. 

Because RDFs are linked to the PMF as  

〈𝐹eff(𝑟)〉 = 𝑘𝐵𝑇
𝑑

𝑑𝑟
ln𝑔(𝑟) , (9) 

we can evaluate the deviation of the PMFs based on the SCMP effective force 𝐹eff  from 

experimentally determined ones (Supporting Information). The PMFs of both oxygen and 

hydrogen atoms exhibited deviations at most of 1.0 kJ/mol in a distance range where the QM 

profile 𝜔 is 0 < 𝜔< 1.  

Artifact correction: In this subsection, we propose a correction to alleviate the artifacts 

arising from the QM/MM boundary, namely the residual spatial discontinuity discussed above. 

To this end, we introduce additional pairwise potentials 𝑈(𝑛)(𝑞), which describe interactions 

between the QM solute and solvent molecules. Then, we replace the respective QM/MM 

potential 𝑉(𝑛) in Eq. 4 by 𝑉′(𝑛) = 𝑉(𝑛)(𝑞) + 𝑈(𝑛)(𝑞). The Hamiltonian is accordingly written as, 

𝐻 = ∑
𝑝𝑗

2

2𝑚𝑗 + ∑ 𝜎(𝑛)(𝑞)𝑉′(𝑛)(𝑞)𝑛 − ∑ ∫
𝜕𝜎(𝑛)

𝜕𝑞
𝑉′(𝑛)(𝑞)𝑑𝑞𝑛 , (10) 

because the derivative of 𝑈(𝑛) in the bookkeeping term is canceled out. The corrective force 

𝐹𝑖
corr acting on the i-th solvent molecule is 

𝐹corr = − ∑ 𝜎(𝑛) 𝜕𝑈(𝑛)

𝜕𝑞
𝑛

 

= ∑ 𝜎(𝑛)

𝑛

𝔉(𝑛) 

(11) 
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Note that 𝑈(𝑛)  is arbitrary except for three requirements: (A) correction of the solvation 

structure, (B) suppression of the bookkeeping term drift, and (C) continuity in the region where it 

applies.   

In addition, note that 𝑈(𝑛) can work simultaneously on the QM and MM solvents, if required. 

Moreover, the corrective potential 𝑈(𝑛)  is allowed to have different forms, namely 𝑈QM  and 

𝑈MM, for the QM and MM solvents, respectively. Both 𝑈QM and 𝑈MM are preferably monotonic, 

and the difference between the corrective potential as solvent exchange progresses should satisfy 

∆𝑈(𝑛) = 𝑈(𝑛)(𝑞2)– 𝑈(𝑛)(𝑞1) < 0 to suppress the drift of the bookkeeping term. In other words, 

𝐹(𝑛) acting on the QM solvent should be attractive toward the QM center, whereas 𝐹(𝑛) on the 

MM solvent should be repulsive. Because of requirement (C), 𝑈QM should be continuous where 

𝑟 < 𝑡QM, whereas 𝑈MM should be continuous where 𝑟 > 𝑠MM, with 𝑡QM and 𝑠MM being transition 

parameters that define the progress functions 𝜆QM  and 𝜆MM  (details can be found in the 

literature10, 23). Here, the underestimation of the RDFs when using the 3OBw parameters implies 

that the artifacts from the QM/MM boundary lead to a repulsive force in total. Thus, to satisfy 

requirements (A) and (B), we chose 𝐹(𝑛) to be an attractive force acting on the QM solvent 

molecules. Note that the progress function 𝜆 , which ranges between 0 and 1, satisfies the 

monotonic and continuous requirements stated above. In the present study, we define 𝑈QM as 

𝑈QM
(𝑛)

(𝑞) = 𝑈 ∙ 𝜆(𝑞), (12) 

where U is a constant parameter and corresponds to the height of the additional potential 

barrier that the QM solvent molecules have to overcome during solvent exchange. Although the 

progress functions 𝜆QM and 𝜆MM are not unique, in the present study, they are described by three 

spline curves as proposed in a previous study.23 Likewise, 𝜆 in Eq. 12 also consists of the three 
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spline curves defined in the range 𝑠MM < 𝑟 < 𝑡QM  (details can be found in the Supporting 

Information).  

Benchmark simulations: We evaluate the time evolution of the bookkeeping term with 

various values of U in Eq. 12 by applying the same value to oxygen and hydrogen. First, we 

confirm that the Hamiltonian is still numerically conserved, as shown in Figure 6a, supporting 

the continuity of U. Next, Figure 6b shows that the drift of the bookkeeping term largely depends 

on the value of U. As U becomes larger, the drift becomes smaller. When U is 2.5 kJ/mol, the 

bookkeeping term remains at almost zero during the MD simulation, although it fluctuates 

around the average value, which is even smaller than that obtained with the 3OB parameters 

(Figure 1). This result indicates that with a properly chosen U, the drift of the bookkeeping term 

can be drastically suppressed. Correspondingly, the temperature is kept almost constant, as 

shown in Figure 6c. Therefore, the resulting trajectories represent an accurate ensemble under 

microcanonical conditions.  

Finally, we compare the RDFs computed with the correction term with the original SCMP 

results. As shown in Figure 7, the correction leads to an increase in the height of peaks in both 

Oc-O and Oc-H RDFs, whereas the peak positions show no distinct differences. As expected, the 

value of U dictates the increase in the RDF peak heights. It is also notable that the best U value 

for the suppression of the drift in the bookkeeping term, namely U = 2.5 kJ/mol, also leads to the 

best agreement in RDFs with those obtained from the full QM calculations. Therefore, the results 

confirm that the artifacts in the QM/MM potential 𝑉(𝑛) are manifested in both distortion of the 

solvation structure and drift in the bookkeeping term. On the other hand, the first minimum of 

both oxygen and hydrogen RDFs are still underestimated, which suggests that the present 

correction cannot remove all artifacts from the QM/MM boundary. 
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Discussion 

The proposed correction approach is similar to HAMBC, which was proposed by Boereboom 

et al.26 using SAP and implemented into mPAP later as well.27 However, the basic concepts and 

their practical implementation are different. In the HAMBC method, an additional potential was 

included in the potential-oriented Hamiltonian of a multi-scale partitioning method as  

𝐻 = ∑
𝑝𝑗

2

2𝑚
𝑗

+ ∑ 𝜎(𝑛)(𝑞)𝑉(𝑛)(𝑞)

𝑛

− ∑ (𝜎(𝑛)(𝑞) ∑ 𝛿𝑗
(𝑛)

𝐶

𝑗

)

𝑛

, (13) 

where 𝛿𝑗
(𝑛)

 equals unity when the j-th solvent is QM in the n-th partitioning and C is a constant 

parameter, which is usually chosen according to the energy differences in the solvent between 

the QM and MM models in the gas phase. The effective forces can be described as  

𝐹eff = ∑ 𝜎(𝑛)𝑉(𝑛)

𝑛

 

− ∑
𝜕𝜎(𝑛)

𝜕𝑞
(𝑉(𝑛) − ∑ 𝛿𝑗

(𝑛)
𝐶

𝑗

− 𝑉MM(𝑞)) ,

𝑛

 

(14) 

where 𝑉MM is a potential energy fully described by the MM model. Note that Eqs. 13 and 14 

contain a sum of the constant value C, and thus this term is proportional to the QM size in a 

partitioning. Therefore, the HAMBC approach is based on the same concept as the SCMP 

method for minimizing the transition force via the size-consistency of the partitionings, although 

the SCMP method is advantageous because it ensures size-consistency without any 

parameterization. In other words, the SCMP method can remove all the artifacts caused by the 

derivative of 𝜎(𝑛). Therefore, the SCMP method can attribute the drift of the bookkeeping term 

purely to the QM/MM boundary artifacts, in 𝑉(𝑛) which makes available detailed analyses, and 

allows for performing a simple correction. In addition, although we apply the correction potential 
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only to the QM solvent in this work, it is also possible to apply different corrections to the QM 

and MM solvents and to oxygen and hydrogen respectively. However, this also means that the 

choice of correction potentials is not unique. Besides, the form of a suitable correction function 

can vary depending on the system. Because we found the proper conditions by changing the 

value of U to suppress the drift of the bookkeeping term, it is disadvantageous that the present 

approach requires preliminary calculations for accurate production runs.  The present study also 

demonstrates a clear guideline for better spatial continuity in that the energy differences between 

the QM and MM models must be minimized. The DFTB models (DFTB3/3OB and 3OBw) used 

in the present study underestimate the hydrogen bonding energy more than the MM models. 

After comparing the results for different DFTB parameters, it was found the original 

DFTB3/3OB parameters can be used to carry out reliable SCMP simulations for at least several 

hundreds of picoseconds, as previously demonstrated in the literature.12, 21 On the other hand, the 

3OBw parameters lead to more severe structural discontinuities in SCMP simulations, although 

they reproduce more accurate solvation structures when employed in full QM simulations. 

Therefore, the use of other QM models that have a more balanced hydrogen bonding energy as 

compared to MM models likely results in more stable and accurate QM/MM simulations.   

This conclusion is consistent with the recent work of Jiang et al.,28 who proposed a tailored 

MM modeling approach by tuning the MM parameters to reproduce the energetics of a QM 

model and demonstrated the excellent agreement between their RDF results with experimental 

data. Although their tailored MM approach was based on the single-partitioning method FIRES, 

we expect that it is also effective for adaptive QM/MM methods. However, tailoring MM models 

seems to require a tremendous effort, in particular for inhomogeneous systems. As an alternative, 

including a correction potential to balance interactions across the QM/MM boundary as we have 
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done here is more straightforward. Along this line, we note that hydrogen atoms in most MM 

water models, such as SPC-Fw, do not have Lenard–Jones parameters; including explicit 

Lenard–Jones interactions for hydrogens may further improve the consistency across the 

QM/MM interface.  

 

Concluding Remarks 

In the present study, we conduct a quantitative analysis on the spatial discontinuities arising at 

the QM/MM boundary, which distort the solvation structure as shown by the RDFs. Although 

these artifacts are more critical to dynamics simulations than to static ones, the present results 

indicate that all QM/MM simulations are potentially subject to these artifacts, which have not 

been discussed in depth in previous work. In addition, the present study also demonstrates that 

even though the obtained dynamics are free from the transition forces in adaptive QM/MM 

methods, the bookkeeping term can drift because of these boundary artifacts, which can be 

linked to temperature drifts in the resulting Hamiltonian dynamics. Thus, the artifacts not only 

destabilize the simulation, but also prevent the methods from yielding an accurate statistical 

ensemble. These artifacts presumably originate from energy imbalances between the QM and 

MM solvent models, in particular with respect to hydrogen bonding interaction between water 

molecules. Therefore, these artifacts are more evident when using the DFTB3/3OBw parameters 

in combination with SPC-Fw than when using the DFTB3/3OB parameters because of the large 

energy differences between the DFTB3/3OBw and MM interactions. Furthermore, these artifacts 

can cause large errors in the RDF in DFTB3/3OBw/MM simulations. 

To alleviate the boundary artifacts, we propose a correction potential that attempts to better 

balance the QM and MM interactions across the QM/MM boundary, leading to the suppression 
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of artificial solvent exchange; this is similar in spirit to the adjustment of van der Waals 

potentials between QM and MM components to balance QM-QM and MM-MM interactions.29-30 

The correction is observed to significantly suppress the drift of the bookkeeping term and 

improve the RDFs in DFTB3/3OBw/MM simulations. Note that, however, the simple correction 

adopted here does not remove all spatial discontinuities. Moreover, the proper form of the 

correction potential is not obvious for anisotropic system such as the gas-liquid interface, 

biomolecular surface/binding pocket, although there exist increasing demands of multi-scale 

simulations in practical applications.31-34 On the QM side, there is considerable interest and 

efforts to improve approximate QM methods to achieve a good trade-off with computational 

efficiency.20, 35-38 On the MM side, significant efforts have been made to develop polarizable 

models,39-42 including in QM/MM simulations.43 In addition to these efforts, the present study 

further highlights that, as emphasized in previous studies44-45, it is crucial to treat the interaction 

between QM and MM components in a balanced fashion at QM-QM, QM-MM and MM-MM 

levels.  

 

Computational details 

We implemented the SCMP method in a local version of the GROMACS 5.0.7 package46-48. 

Throughout all the SCMP simulations, a total of 80 QM/MM partitionings were considered. The 

system consisted of 2048 water molecules in a periodic cubic box with a side length of 40.28 Å 

so that an experimental density of 0.997 g/cm3 was realized for bulk water at 300 K. Each 

partitioning contains one QM solute water molecule and 32 solvent water molecules. The 

transition parameters 𝑠QM, 𝑡QM, 𝑠MM, and 𝑡QM used for the SCMP method are listed in Table 1. In 

the partitioning updating protocol, we allowed updated partitionings to have a degree of order of 
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75 % for efficiency, as discussed before.23 We employed the SPC-Fw water model22 for the MM 

model in the SCMP method, as well as the Lenard–Jones terms of the QM/MM interactions. For 

the QM part, we employed DFTB314, 49 implemented in GROMACS as reported previously.50 

For the DFTB3 parameters, we used the standard 3OB51 and the 3OBw sets.20 The electrostatic 

interactions in the MM–MM and QM–MM models were calculated with the particle-mesh Ewald 

method52 with a switching function in the range from 8.5 to 9.0 Å. Likewise, the electrostatic 

potentials on the QM atoms induced by the charges of the MM atoms were obtained with the 

smooth particle-mesh Ewald method with a switching function for electrostatic interactions 

(electrostatic embedding), whereas van der Waals interactions were damped to zero with a 

switching function in the range between 8.5 and 9.0 Å, as detailed in the literature.50 

All MD simulations were conducted for 100 ps with a timestep of 0.5 fs under NVE conditions 

with initial velocities generated with a Maxwell–Boltzmann distribution at 300 K. PMFs were 

computed from QM/MM calculations with f(n) in Eq. 5 evaluated using 5000 atomic coordinates 

sampled through three independent 100-ps SCMP simulation trajectories. Note that 80 QM/MM 

calculations based on different partitionings were carried out for each atomic coordinate set.  

For comparison, we conducted a full QM MD simulation with DFTB3 for a bulk water system 

consisting of 2048 water molecules under periodic boundary conditions over 1 ps. With the 

DFTB+ program,53 the water molecules were simulated in a cubic box with a side length of 

41.48 Å under NVE conditions. 

 

Supporting Information 

Details in progress functions and the transition parameters, Details in evaluation of the 

effective PMF, QM profiles based on the solvent index (Figure S1), Cumulative coordinate 
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number of solvent molecules (Figure S2), mean forces versus distance from the QM center 

(Figure S3), oxygen and hydrogen PMFs shown with larger range of potential energy (Figure 

S4); PMFs with different transition parameters (Figure S5) and the used parameter set (Table 

S1).  
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Figure 1. Hamiltonian (top), temperature (middle), and bookkeeping term (bottom) over the 

course of the MD simulations. The black and red lines represent SCMP simulations using 

DFTB3/3OB and DFTB3/3OBw as the QM model, respectively.  
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Figure 2. Potential energy curves for a water pair in vacuo. The black, red, green, and blue lines 

represent homodimers modeled with the CAM-B3LYP with 6-311++G(3fd, 2pd) basis set, SPC-

Fw, DFTB3/3OB, and DFTB/3OBw models, respectively. The violet line represents a 

heterodimer in which hydrogen binding donors and acceptors were modeled with DFTB3/3OBw 

and SPC-Fw, respectively. 
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Figure 3. Potential of the mean force of oxygen (top) and hydrogen (bottom) versus distance 

from the QM center. The obtained PMFs for the QM and MM solvent molecules are represented 

by dashed and dotted lines, respectively. The resulting PMF curves obtained using the 3OB and 

3OBw parameters are colored in red and black, respectively. For oxygen, its effective PMFs are 

estimated by combining the QM and MM PMFs using the QM profile w(j) (see Figure 4) as the 

mixing ratio; they are represented by solid lines.  
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Figure 4. QM profiles, w(j), defined in Eq. 7, versus distance from the QM center obtained using 

SCMP (for the oxygen of the QM solute water). The red and black lines represent the results 

obtained with the 3OB and 3OBw parameters, respectively. 
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Figure 5. Radial distribution functions (RDFs) of oxygen (top) and hydrogen (bottom) versus 

distance from the oxygen of the QM solute (a water molecule in the center). The black and red 

lines represent the results for the SCMP simulations using DFTB3/3OBw and DFTB3/3OB, 

respectively. The full QM simulation using DFTB3/3OBw is represented in magenta. The green 

line represents experimental results.25  
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Figure 6. Hamiltonian (top), temperature (middle), and bookkeeping term (bottom) over the 

course of the SCMP simulations with correction potential (Eq. 12). The red, green, and black 

lines represent the results for the SCMP simulations using U = 1.0, 2.0, and 2.5 kJ/mol, 

respectively. The bookkeeping term and temperature obtained with the 3OBw parameters and U 

= 0.0 kJ/mol are also presented as a reference using a blue line. 
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Figure 7. RDFs obtained from the SCMP simulations with a correction potential. The blue, red, 

green, and black lines represent the SCMP simulation results using U = 0.0, 1.0, 2.0, and 2.5 

kJ/mol, respectively. The results of the full QM simulation with DFTB3/3OBw are also 

presented using a magenta line. 
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Scheme 2.  Weight functions and partitioning update. 
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Table 1. Transition parameters (Å) used for the SCMP simulations 

DFTB parameter 𝑠𝑀𝑀 𝑡𝑀𝑀(𝑠𝑄𝑀) 𝑡𝑄𝑀 

3OBw 4.5 6.6 8.8 

3OB 3.8 6.0 8.8 
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The progress functions 

In the present study, the progress function 𝜆 in Eq. 12 is described via three spline curves S0, 

S1, S2. For a solvent molecule at distance r from the QM center between s and t, the spline curves 

are defined as,   

𝜆(𝑟) = {

 𝑆0 for   𝑟 < 𝑠
 𝑆1 for    𝑠 ≤ 𝑟 ≤ 𝑡
 𝑆2 for   𝑡 < 𝑟

 (S1) 

Then, these three curves are smoothly connected with the following conditions 

𝑆0(𝑠) = {
1
0

     for QM solvent

     for MM solvent
   𝑆′0(𝑟) = 0, 

𝑆0(𝛼) = 𝑆1(𝛼), 𝑆′
0(𝛼) = 𝑆′

1(𝛼), 𝑆′′
0(𝛼) = 𝑆′′

1(𝛼), 

𝑆1(𝛽) = 𝑆2(𝛽), 𝑆′
1(𝛽) = 𝑆′

2(𝛽), 𝑆′′
1(𝛽) = 𝑆′′

2(𝛽), 

𝑆2(𝑡) = {
0
1

     for QM solvent

     for MM solvent
   𝑆′2(𝑟2) = 0 

(S2) 

where 𝛼 =
2𝑠+𝑡

3
 and 𝛽 =

𝑠+2𝑡

3
. The progress functions used in the present study are define via 

the transition parameter s and t, which differ for the QM and MM solvents (i.e., 𝜆QM is defined 

by sQM and tQM, while 𝜆MM is characterized via sMM and tMM). The correction potential in the 

present study also uses the progress functions via Eq. 12, where 𝜆 is defined by sMM and tQM. 
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Evaluation of the effective PMF 

The QM profiles 𝜔𝑗 in Eq. 7 are not based on the distance, but the solvent molecule index in 

ascending order according to distance from the QM center, as shown in Figure S1. To convert 

the index-based QM profile 𝜔𝑗  into the distance-based one 𝜔(𝑟) , we use the cumulative 

coordinate numbers obtained by RDFs (Figure S2), where the QM profiles at the specific 

distances are evaluated by interpolation. Next, the mean effective forces on the solvents are 

computed as the weighted sum of the QM and MM mean forces as 

〈𝐹eff〉 = 𝜔(𝑟)〈𝑓QM〉 + (1 − 𝜔(𝑟))〈𝑓MM〉. (S3) 

Figure S3 showed the obtained effective mean forces 〈𝐹eff〉 in comparison to 〈𝐹QM〉 and 〈𝐹MM〉.  

In the end, effective PMFs in Figure 3 are evaluated by the integration of 〈𝐹eff〉 over distance. 
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Figure S1. QM profiles 𝜔𝑗 based on the solvent index in ascending order according to distance 

from the QM center. 
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Figure S2. Cumulative coordinate number of solvent molecules along distance from the QM 

center. The black and red lines represent the results obtained using DFTB3/3OBw and 

DFTB3/3OB as the QM method, respectively. 
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Figure S3. Mean forces versus distance from the QM center employing DFTB3/3OBw (top) and 

DFTB3/3OB (bottom) for the QM calculations. The mean forces on the QM, 〈𝑓QM〉, and MM 

solvent molecules, 〈𝑓MM〉, are represented by dashed and dotted lines, respectively. The effective 

mean forces evaluated as the weighted sum of QM and MM mean forces (Eq. S3) are 

represented by solid line.  
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Figure S4. PMFs of oxygen (top) and hydrogen (bottom) versus distance from the QM center. 
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Figure S5. PMFs of oxygen (top) and hydrogen (bottom) versus distance from the QM center 

obtained using different sets of the transition parameter as listed supplementary table; the QM 

model is DFTB3/3OBw.  

 

 

 



 9 

Table S1. Transition parameters (Å) used for the SCMP simulations.  

DFTB parameter  𝑠MM 𝑡MM(= 𝑠QM) 𝑡QM 

3OBw 

narrow 5.6 6.6 7.8 

middle 4.5 6.6 8.8 

wide 4.3 6.6 9.4 

3OB  3.8 6.0 8.8 
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