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Abstract

Metal-organic frameworks (MOFs)– tunable,
nano-porous materials– are alluring recognition
elements for gas sensing. Mimicking human
olfaction, an array of cross-sensitive, MOF-
based sensors could enable analyte detection in
complex, variable gas mixtures containing con-
founding gas species. Herein, we address the
question: given a set of MOF candidates and
their adsorption properties, how do we select
the optimal subset to compose a sensor array
that accurately and robustly predicts the gas
composition via monitoring the adsorbed mass
in each MOF? We first mathematically formu-
late the MOF-based sensor array problem under
dilute conditions. Instructively, the sensor ar-
ray can be viewed as a linear map from gas com-
position space to sensor array response space
defined by the matrix H of Henry coefficients
of the gases in the MOFs. Characterizing this
mapping, the singular value decomposition of H
is a useful tool for evaluating MOF subsets for
sensor arrays, as it determines the sensitivity
of the predicted gas composition to measure-
ment error, quantifies the magnitude of the re-
sponse to changes in composition, and recovers
which direction in gas composition space elicits
the largest/smallest response. To illustrate, on
the basis of experimental adsorption data, we
curate MOFs for a sensor array with the objec-
tive of determining the concentration of CO2

and SO2 in the gas phase.
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1 Introduction

Gas/vapor sensors are crucial to monitor and
control industrial processes,1 ensure safety, and
detect security threats.2 New applications for
gas sensors are emerging, e.g., in food quality
assessment,3 urban air quality monitoring,4,5

and diagnosis of disease.6 For both emerg-
ing and existing markets for gas sensors, im-
provements are needed in the limits of detec-
tion, sensitivity and specificity (if classification)
or accuracy (if regression) and the robustness
thereof to a diversity of environments and con-
founding/interfering gas species (i.e., mitigat-
ing cross-sensitivity), chemical and thermal sta-
bility, portability/size, lifetime, response time,
and cost.

Solid state gas sensors function as follows.
Analyte molecules from the gas phase inter-
act (physically or chemically) with a mate-
rial (the recognition element) and induce a
change in its property. A transducer then
converts this change in property into a mea-
surable signal, thereby providing information
about the concentration of the analyte. As
example recognition elements for gas sensors:
conducting polymers7,8 exhibit a change in
electrical resistance when gas molecules ad-
sorb into the polymer matrix and interact
with it; metalloporphyrins offer open coordina-
tion metal sites that bind gas molecules and
change color depending on the identity of the
gas species bound;9 semiconducting metal ox-
ides10–12 exhibit a change in electrical conduc-
tivity when gas interacts/reacts with the sur-
face and chemisorbed oxygen on its surface
to change the concentration of charge carriers
(electrons/holes).

In this work, we consider gas sensors
comprised of a quartz crystal microbalance
(QCM)13 coated with a nanoporous material
thin film, such as a metal-organic framework
(MOF) film.14–17 As the recognition element,
MOFs harbor large internal surface areas18

and adsorb (and concentrate) gas molecules
discriminately.19 Therefore, the total mass of
adsorbed gas in the porous material sensitively
depends on and therefore provides information
about the composition of the gas phase. As for

the transducer, QCMs can detect mass changes
on the order of nanograms by applying an al-
ternating electrical current to the piezoelectric,
quartz crystal and measuring its vibration fre-
quency. The Sauerbrey equation20 relates a
change in the vibrational frequency of the crys-
tal to a change in mass loading (caused by a
change in the amount of gas adsorbed in the
MOF) under simplifying assumptions.15 Sev-
eral studies21–29 demonstrate that MOF-coated
QCMs can reliably detect changes in composi-
tion of the gas phase; though, typically exper-
iments are conducted only with simple (e.g.,
binary) gas mixtures.

Monitoring the adsorption in a single porous
material is likely inadequate for gas sensing in
practical applications due to cross-sensitivity.
Exposed to a complex gas mixture, such as the
breath of a patient,30 a porous material will ad-
sorb all constituents of the mixture, although
to varying degrees. Because each constituent of
the mixture contributes to the measured (total)
mass of adsorbed gas in a porous material, we
cannot definitively associate mass changes with
any analyte in particular1. To provide more in-
formation and distinguish changes in the con-
centration of the target analyte from changes in
concentrations of confounding/interfering gas
species (i.e., to address cross-sensitivity), the
key is to monitor the response of an array of
different QCM-MOF sensors responding to the
same gas mixture.31–33 The information-rich re-
sponse pattern, or fingerprint, of a sensor ar-
ray can then be parsed to determine the con-
centration of the target analyte, teasing out
the contribution to the response by interfer-
ing/confounding gas species in the mixture to
which each material in the sensor array is ex-
posed. Such a set of diverse yet, likely, highly
cross-sensitive sensors responding to the same
gas mixture is coined an electronic nose (e-
nose).34,35

MOFs have garnered much attention for
use as recognition elements in gas/vapor sen-

1We are precluding here the unlikely possibility that
we can synthesize a MOF that is extremely selective for
the analyte and excludes all other gas species, which
would enable us to attribute all adsorbed mass changes
to changes in the analyte concentration.
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Box 1: Mimicking human olfaction

Interestingly and instructively, a sensor
array mimics the human olfactory system.
Inside our nasal cavities are bipolar, ol-
factory sensor neurons. The dendrite of
these neurons possesses cilia exposed to the
airspace. Odorant molecules bind to and ac-
tivate transmembrane proteins, olfactory re-
ceptors, on the cilia.36 There are ca. 400 dif-
ferent37,38 olfactory receptors, and each ol-
factory neuron is thought to express only one
type of them.39,40 The axons of the olfactory
sensory neurons extend through the skull
and signal to the brain, which interprets the
response pattern of the olfactory neurons
and brings awareness to the aromas around
us. Importantly, the olfactory receptors are
cross-sensitive, as opposed to each type of re-
ceptor being activated by only one odorant;
several different odorants bind and active a
given olfactory receptor, and each odorant
activates several olfactory receptors.39 This
is analogous to a MOF-based sensor array
where, practically, no MOF will exhibit per-
fect adsorptive selectivity. Yet, despite the
cross-sensitive olfactory neurons, the human
olfactory system can (a) distinguish among
a very large41 but disputed42,43 number of
odors and (b) detect trace concentrations
of odors; e.g., our detection threshold for
hydrogen sulfide is < 1 ppb.44 Instructed
by our own remarkable olfactory system, we
conclude that engineering an accurate sen-
sor for complex, highly variable gas mixtures
does not necessitate a set of materials with
[impractically] perfect adsorptive selectivity
for each constitutive analyte in the mix-
ture, but, rather can be achieved by moni-
toring the response pattern of a set of cross-
sensitive (yet diverse) materials.31,45 Analo-
gous to the brain, we need a (computational)
pattern recognition algorithm to interpret
the high-dimensional signal produced by the
sensors, e.g. an artificial neural network,
principal component analysis, or linear dis-
criminant analysis.35,46,47 See Refs.48,49 for
reviews on mathematical/statistical meth-
ods to parse a sensor array response.

Box 2: Classifying distinctive mix-
tures

A goal of a gas sensor array could also
be to discriminate between complex and dis-
tinctive gas mixtures (classification) whose
constituents are not necessarily known. For
example, the response of a sensor array
to human breath could distinguish healthy
from ill patients;50 signatures of volatile or-
ganic compounds in the breath are biomark-
ers for lung51 and colon cancer.52 Here, the
goal is not necessarily to directly identify the
constituents in the breath that distinguish
healthy from ill patients (which could be
daunting), but merely to build a sensor array
whose response contains enough information
to distinguish healthy from ill patients as
a diagnostic tool. Conceptually, within the
high-dimensional response space of the sen-
sor array, the desired outcome is for the re-
sponses to the breath of healthy and can-
cer patients to congregate in disparate re-
gions, separated by a (learnable) manifold
embedded in this high-dimensional space.
Without incorporating knowledge about the
compounds in the breath that distinguish
healthy from cancer patients, Machado et
al.53 constructed a sensor array of 32 poly-
mer composites and discriminated between
the breath of patients with and without lung
cancer, and Peng et al. constructed a sensor
array of 14 cross-sensitive, organically func-
tionalized gold nanoparticles and discrim-
inated between patients with and without
colon cancer.52 Such an aim to classify sen-
sor array responses contrasts to the goal in
this work of predicting the concentration of
a set of known analytes in the gas phase (re-
gression).

sors16,17,54–56 for several reasons. (1) MOFs of-
fer large internal surface areas and extensive
porosity18 for selectively concentrating analytes
in their pores and eliciting a sensitive response
to composition changes in the gas phase. (2)
The diversity of pore geometries and internal
surface chemistries among the tens of thousands
of MOFs synthesized57 enables the curation of
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a diverse set of materials to comprise a sensor
array that yields an information-rich response
pattern. The tunability of MOFs stems from
their modular synthesis, where metal nodes
or clusters and organic linkers self-assemble to
form a crystalline framework.58 (3) MOFs of-
ten exhibit high thermal and chemical stabil-
ity.59 (4) Sensors based on reversible physical
adsorption are reusable, as opposed to single-
use. (5) The crystalline nature of MOFs facili-
tates their reproducible fabrication. (6) MOFs
simplify portable sensing devices by combining
concentration and detection of the analyte in
one step, as opposed to other analytic meth-
ods that first pre-concentrate the analyte.60–62

(7) As opposed to e.g., metal oxide sensors10–12

that operate at elevated temperatures, MOFs
can operate at room temperature. (8) Intrigu-
ingly, coordinatively unsaturated (open) metal
sites in MOFs63 are a striking analogy to the
open metal sites thought to bind odorants in
mammalian olfactory receptors.64 (9) We can
use molecular models and simulations to com-
putationally predict the adsorption properties
of MOFs,65 then, on the basis of these simu-
lated adsorption properties, judiciously curate
a set of MOFs for an application-specific sensor
array based on adsorbed mass changes.66,67 As
candidates, databases of hundreds of thousands
of experimental and theoretical MOF structures
have been curated.57,68,69

Gustafson and Wilmer66,67 pioneered the
computational selection of MOFs for sensor ar-
rays on the basis of predicted mixed-gas ad-
sorption via molecular simulations. First, they
posed a sensor array score that characterizes
the norm of the sensor array response when the
gas phase composition changes, quantifying the
ability of the response to distinguish between
two gas mixtures.66 Importantly, Gustafson and
Wilmer found that a different set of MOFs is
optimal depending on the pressure of the mix-
ture; i.e., the optimal set of MOFs depends on
the operating condition.66 Second, Gustafson
and Wilmer67 accounted for experimental mea-
surement error by adding noise to simulated ad-
sorption measurements in each MOF within a
sensor array, then using the simulated sensor ar-
ray response to predict the composition of the

(known) gas mixture. They quantified the in-
formation content in the sensor array response
by computing the Kullback-Liebler divergence
between the distribution of predicted gas com-
positions and a uniform distribution over com-
position space.

Fig. 1 summarizes the central question we ad-
dress herein: given a set of candidate MOFs
and their (experimental or predicted) adsorp-
tion properties, how do we choose the optimal
subset of MOFs to constitute a QCM-MOF sen-
sor array that accurately and robustly predicts
the composition of the gas phase in the face of
measurement error? We consider dilute condi-
tions, where adsorption is governed by Henry’s
law. Although restrictive, this lends the system
to be instructively viewed as a linear transfor-
mation from gas composition space to sensor
array response space.70 We show that the sin-
gular value decomposition71 of the matrix of
Henry coefficients of the gases in the MOFs in
the sensor array (i) determines the sensitivity
of the predicted gas composition to measure-
ment error, (ii) quantifies the magnitude of the
sensory array response to changes in the gas
composition, and (iii) reveals the anisotropic
nature of the sensor array response and recov-
ers which direction in composition space elicits
the largest/smallest array response. Therefore,
we can assess the performance of a hypotheti-
cal QCM-MOF sensor array with the singular
value decomposition of the matrix of Henry co-
efficients of the different gases in the candidate
MOFs; this serves as a screening tool for choos-
ing a subset of MOFs among a large number
of candidates for a QCM-MOF sensor array on
the basis of experimental or simulated adsorp-
tion properties. While valid only at dilute con-
ditions, this framework can be extended outside
the dilute regime, accounting for saturating ad-
sorption, via a linearized model approximately
valid in a neighborhood surrounding a baseline
gas composition. Finally, we outline mathemat-
ical arguments that adding an additional QCM-
MOF to an incumbent sensor array, under some
assumptions, can only improve the accuracy of
the prediction of the gas composition.
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Figure 1: Given a set of MOF candidates and their adsorption properties, how do we choose
the optimal subset to build a QCM-MOF sensor array to determine the composition of the gas
phase under measurement error? As a demonstration, we address this question in the context of
determining the concentrations of CO2 and SO2 in the gas phase with an array of two or three
QCM-MOF sensors. (a) Crystal structures of the set of MOF candidates.73–77,79,81–85 (b) Schematic
of a sensor array composed of two QCMs coated with two MOF films, immersed in a gaseous
CO2/SO2 mixture at room temperature. (c) The correlation (scatter plot) and spread (marginal
histograms [orange]) of the Henry coefficients of CO2 and SO2 in the candidate MOFs, HCO2

and HSO2 , respectively, extracted from experimentally reported adsorption isotherms near room
temperature.25,74,80,83,85–89

2 Framing the QCM-MOF

sensor array problem

2.1 Adsorption model for a sen-
sor array in dilute conditions

We first pose an adsorption model, valid in di-
lute conditions, for a sensor array composed of
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n QCM-MOF sensors responding to a gas phase
with g constituents.

QCM i will measure the total mass of gas
adsorbed– with contributions from each of the
g gases– on the MOF thin film that coats it, mi

[g gas]. Under Henry’s law, the contributions of
each gas species to adsorption are additive and
linear in partial pressure:

mi = Hi,1p1 +Hi,2p2 + · · ·+Hi,gpg, (1)

where Hi,j is the Henry coefficient [g gas/bar]
of gas j in the MOF coating QCM i and pj is
the partial pressure [bar] of gas j, felt by each
MOF in the sensor array. Henry’s law in eqn. 1
is valid only in dilute conditions and assumes
that the adsorbed gas molecules do not interact
(attraction/repulsion) with each other.90

In vector form, the adsorption model for an
array of n QCM-MOF sensors responding to a
gas phase with g constituents is:

m = Hp, (2)

where m ∈ Rn is the vector of QCM mass mea-
surements, p ∈ Rg is the vector of partial pres-
sures of the gases, and H is the n×g Henry coef-
ficient matrix whose element (i, j) is the Henry
coefficient of gas j in MOF i (Hi,j in eqn. 1).

For convenience, we introduce deviation vari-
ables p∗ and m∗ to describe changes in the
gas composition and sensor array response, re-
spectively, from a nominal basal, “business-as-
usual” gas composition p̄ and its associated re-
sponse m̄:

p∗ := p− p̄ (3)

m∗ := m− m̄ (4)

Since m̄ = Hp̄ by definition of m̄, eqn. 2 ex-
pressed in deviation form is:

m∗ = Hp∗. (5)

The change in the sensor array response now
follows from a change in the gas composition
from basal conditions, with the Henry coeffi-
cient matrix H unchanged. We restrict p̄ to
lay in the Henry regime of each MOF.

Note that eqn. 5 neglects the dynamics asso-

ciated with ad/desorption, takes the gas phase
as in thermodynamic equilibrium with the ad-
sorbed phase, and assumes isothermal condi-
tions.

2.2 The sensor array computa-
tion under dilute conditions

A sensor array for g gases comprised of n QCM-
MOFs operates in dilute conditions as follows.
First, as calibration, we measure the Henry co-
efficients of each of the g gases in each of the n
MOFs to construct the Henry coefficient ma-
trix, H. Then, during sensor array deploy-
ment, we observe the mass measurements by
the QCMs, m. On the basis of H and m, we
then use eqn. 2 to predict the gas phase com-
position p.

2.2.1 Case n < g: underdetermined

A sensor array composed of fewer sensors than
gas phase constituents (n < g) is inadequate be-
cause m = Hp is underdetermined. Such a sen-
sor array response contains insufficient informa-
tion to arrive at a unique prediction of the gas
composition, p, though constrains p to lie in a
subspace of gas composition space. Clearly, we
need as many sensors as gas phase constituents
(whose partial pressures are unknown) to deter-
mine p.

2.2.2 Case n = g: determined

If n = g and the MOFs coating the QCM are
distinct, H−1 exists, and the predicted gas com-
position p is uniquely determined from eqn. 2
as p = H−1m. This excludes the highly im-
probable outcome (under the constraint of the
MOFs being unique) that H has linearly depen-
dent rows or columns to render it singular.

2.2.3 Case n > g: overdetermined

If n > g and the MOFs coating the QCM
are distinct, m = Hp is overdetermined and
a solution for p does not exist. This excludes
the highly improbable outcome that zero error
emanates from the measurements and model
such that m lies in the column space of H.
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For an overdetermined system, we predict p
by minimizing the norm of the model error,
e(p̃) := m−Hp̃:

p := arg min
p̃
||m−Hp̃||2. (6)

The solution to this least squares optimization
problem (see Sec. S2) satisfies the so-called nor-
mal equation:

HᵀHp = Hᵀm. (7)

Provided that H has independent columns, a
unique solution to eqn 7 exists, p = H+m,
where the matrix H+ = (HᵀH)−1Hᵀ is the left
inverse of H that projects the vector m onto
the column space of H.

2.3 View as a linear map

Eqn. 5 provides a useful geometric perspective:
an array of n QCM-MOF sensors responding
to the gas phase with g constituents is a linear
mapping of a vector p∗ ∈ Rg in gas composition
space to a vector m∗ ∈ Rn in sensor array re-
sponse space.70 This linear mapping p∗ 7→ m∗

is defined by the n × g Henry coefficient ma-
trix H, i.e., by the adsorption properties of the
MOFs, and will aid our judicious curation of
MOFs for a sensor array. Before parsing Fig. 2
that displays visualizations of this linear map
under different scenarios, we introduce the sin-
gular value decomposition.

2.3.1 The singular value decomposition

The singular value decomposition (SVD)71,91 of
the n× g Henry coefficient matrix H is:

H = UΣVᵀ, (8)

where U is an n × n orthogonal matrix whose
columns are the left singular vectors that lie in
sensor array response space, V is a g×g orthog-
onal matrix whose columns are the right singu-
lar vectors that lie in gas composition space,
and Σ is an n × g diagonal matrix containing
the singular values σ1 ≥ σ2 ≥ · · · ≥ σmin(n,g) of
H running down the diagonal in non-increasing
order. Via HV = UΣ, right singular vector vi

is mapped to left singular vector ui scaled by
its cognate singular value σi, for i ∈ {1, 2, ..., k},
while vi for i ∈ {k+1, k+2, ..., g} lie in the null
space of H, given that k is the rank of H.

The SVD of H breaks down the mapping
of a (g − 1)-sphere ({p∗ ∈ Rg : ||p∗|| =
r} with r the radius of the (g − 1)-sphere)
in gas composition space to sensor response
space into a sequence of three transformations:
Hp∗ = UΣVᵀp∗. The (g−1)-sphere is first ro-
tated/reflected by the orthogonal matrix Vᵀ.
Next, it is embedded (n > g) or collapsed
(n < g) into the n-dimensional sensor response
space and stretched/compressed along the co-
ordinate axes by Σ, with the singular values
as scaling factors. A zero singular value re-
sults in the collapse of a dimension. Finally,
this k-dimensional ellipsoid (where k is the rank
of H) is rotated/reflected in the n-dimensional
response space by the orthogonal matrix U.
The principal semi-axes of the resulting k-
dimensional ellipsoid in sensor response space
point in the direction ui and are of magnitude
σi. In summary, the SVD shows that the image
of a (g−1)-sphere in gas composition space un-
der rank k matrix H is (if H is full column rank,
the surface of) a k-dimensional ellipsoid embed-
ded in the n-dimensional sensor array response
space. Right singular vector vi in gas composi-
tion space is mapped to the ellipsoid’s principal
semi-axis σiui in sensor array response space for
i ∈ {1, 2, ..., k}. The index of the singular value
ranks the ellipsoid’s semi-axes by length.

Understood by this sequence of linear maps,
the SVD of H reveals the largest and smallest
norm of the sensor array response m∗ among all
p∗ laying on a (g − 1)-sphere of a given radius:

||H||op := max
p∗ 6=0

||Hp∗||
||p∗||

= σ1 (9)

min
p∗ 6=0

||Hp∗||
||p∗||

= σmin(n,g). (10)

The first relation is defined as the operator
norm of the matrix H. The maximum and
minimum factors by which a vector’s norm can
be scaled upon being transformed by H is the
largest and smallest singular value, respectively.
The singular values of H are central to evaluat-
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ing a set of candidate MOFs for a sensor array
because they determine the maximum and min-
imum norm of the sensor array response under
changes in gas composition of a given magni-
tude.

2.3.2 Caricatures of linear maps p∗ 7→
m∗

To gain insights for the design of a sensor ar-
ray, we next visualize how a circle in g = 2-
dimensional gas composition space is mapped
to sensor array response space for n ∈ {1, 2, 3}
sensors. See Fig. 2 for caricatures we discuss
below. Clearly, the sensor array response is
anisotropic: though exposed to gas composition
changes of the same magnitude, the magnitude
of the sensor array response depends on the di-
rection moved in composition space.

One sensor. See Fig. 2(a). One sensor ro-
tates the circle, collapses it into a line segment
in the 1D sensor response space, then stretches
or compresses it. This mapping is not invert-
ible, as two gas compositions are mapped to
the same sensor response (see color). One of the
right singular vectors is mapped to the zero vec-
tor; a gas composition change in this direction
elicits zero response because the adsorption of
one species equates the desorption of the other
species.

Two duplicate sensors. See Fig. 2(b). Two
duplicate sensors (neglecting measurement er-
ror) result in an inherently 1D response, as the
circle is rotated, then collapsed to a line seg-
ment, then rotated again, all the while remain-
ing in a 2D space. The line segment makes
a π/4 angle with the m1-axis because the two
MOFs adsorb an identical amount of gas at all
compositions. Again, (i) the mapping is not in-
vertible since two compositions are mapped to
the same point in response space and (ii) one
of the right right singular vectors is mapped to
the zero vector since two duplicate rows in H
render it singular, manifesting in σ2 = 0.

Two similar sensors. Rather than coating
two QCMs with the same MOF, suppose in-

stead we graft a functional group on the internal
surface of the pore in one the MOFs, resulting
in two MOFs that are not identical but differ
only marginally. Owing to structural similarity,
we expect the Henry coefficient matrix for such
a sensor array to take the form:

H =

[
H1,1 H1,2

H1,1 + ε H1,2 + δ

]
, (11)

where the Henry coefficients of the two gases
in the two MOFs deviate by only small num-
bers ε and δ. Fig. 2(c) shows the linear map
of a circle in composition space by such a sen-
sor array composed of two similar MOFs. The
resulting ellipse in sensor array response space
is highly eccentric and differs only marginally
from the duplicate sensor case in Fig. 2(b). A
change in composition in the direction of the
first right singular vector elicits a much larger
sensor response than in the direction of the sec-
ond right singular vector, i.e., the response is
highly anisotropic. The semi-major axis of the
ellipse makes a near-π/4 angle with the m1-axis
because the masses of gas adsorbed by the two
MOFs are similar regardless of gas composition.
In contrast to the duplicate sensor case, how-
ever, the mapping in Fig. 2(c) is one-to-one (see
color). Though m = Hp is determined here,
the rows of H in eqn. 11 point in a similar di-
rection and, as a comparison of Fig. 2(b) and
(c) suggests, H is, colloquially, “almost singu-
lar”.

Two diverse sensors, ideal. In an ideal
sensor array, MOF i is perfectly selective for
gas i, for i ∈ {1, 2, ..., g}. Sensor i in the array
can then be independently analyzed to deter-
mine the concentration of gas phase constituent
i. Fig. 2(d) shows that an ideal sensor array
maps a circle in gas composition space to an
ellipse in sensor response space whose principal
axes are aligned with the coordinate axes. The
left and right singular vectors are all in the di-
rection of the coordinate axes. The response
could still be anisotropic, however, depending
on how the Henry coefficients Hi,i compare.
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Figure 2: The view of a sensor array in dilute conditions as a linear map from gas composition
space (top) to sensor array response space (middle) via the Henry coefficient matrix H (bottom);
see eqn. 5. Caricatures of the linear mapping of a circle in a g = 2-component gas composition
space to an ellipse/ellipsoid in sensor array response space for (a) n = 1 sensor, (b-e) n = 2 sensors,
(f) n = 3 sensors. A point of a given color in composition space is mapped to the same color in
sensor space. Gray arrows in gas composition and sensor response space, respectively, denote the
right singular vectors, vi, and left singular vectors scaled by their cognate singular values, σiui, of
H.

Two diverse sensors, cross-sensitive.
Practically, each MOF will exhibit cross-
sensitivity and adsorb all gases to some extent.
In this case, any given sensor in the array can-
not be independently monitored to determine
the concentration of any given gas phase con-
stituent; the response m as a whole must be
analyzed to pinpoint the concentration of any
particular gas species. Fig. 2(e) shows the lin-
ear map under a cross-sensitive sensor array
composed of two QCMs coated by two diverse
MOFs that each adsorb both gases. The image
of a circle differs from the ideal sensor array in
that both of the following are not aligned with
the coordinate axes: (i) the principal axes of
the ellipse in sensor response space (left sin-
gular vectors) and (ii) the directions in gas
composition space that elicit the largest and
smallest sensor array response (right singular
vectors).

Three diverse sensors. Finally, Fig. 2(f)
displays the mapping of a circle in gas
composition space by three diverse, cross-

sensitive QCM-MOF sensors. The circle
is first rotated and embedded into the 3D
sensor array response space. Second, it is
stretched/compressed along two coordinate
axes. Finally, it is rotated in the 3D sensor
response space. The mapping here is one-to-
one (see coloring), but, if the sensor array re-
sponse m∗ does not lie on the same plane as
the ellipse– i.e., if m∗ is not in the column
space of H– there is no solution to eqn. 5 since
no point in composition space is mapped to
that response m∗. Owing to measurement and
model error, this is the practical outcome, and
we resort to eqn. 6 to project m∗ onto the plane
on which the ellipse in Fig. 2(f) lies.

2.4 The optimal, robust sensor
array

Given that m = Hp is not underdetermined,
it is not immediately apparent that one set of
MOFs is more suitable than another– i.e., that
one Henry coefficient matrix H is better than
another– for determining p from the array re-
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sponse m. Though, comparison of Figs. 2(b)
and (c) suggests that the sensor array composed
of two similar sensors differs only marginally
from the duplicate sensor case (underdeter-
mined). We now show that acknowledging mea-
surement error is the key to understanding how
to curate MOFs for robust and accurate sensor
arrays. We outline two disparate perspectives
below that lead to the following tool to eval-
uate subsets of MOFs for sensor arrays in di-
lute conditions: the subset of MOFs with which
to coat QCMs to compose the most robust and
accurate sensor array under measurement er-
ror is the one whose Henry coefficient matrix
H has the largest smallest singular value (i.e.,
the largest σg(H), assuming n ≥ g).

2.4.1 A linear map perspective

Consider when the mass measurements by the
QCMs are corrupted by error and we aim to
simply determine from m∗ whether the gas
composition has moved a distance from basal
conditions p̄ or not (i.e., if ||p∗|| > r with r
some threshold distance for e.g., toxicity). Un-
der normally distributed measurement error, we
are not confident enough to distinguish a sen-
sor array response of small magnitude from a
m∗ = 0 response corresponding to p = p̄. From
the perspective of the linear maps in Fig. 2,
then, we seek a set of MOFs that elicit a re-
sponse to {p∗ : ||p∗|| = r} large enough to
distinguish from measurement error (assumed
not to scale with ||m∗||). Therefore, accord-
ing to eqn. 10, we desire the smallest singu-
lar value of H to be large to guarantee that–
regardless of the direction moved in gas com-
position space– the norm of the sensor array
response ||m∗|| = ||Hp∗|| will be large. For
example, the map p∗ 7→ m∗ under the sensor
array composed of similar sensors in Fig. 2(c)–
where H was “almost singular”– indicates that
the sensor array response is very small and, un-
der measurement error, indistinguishable from
zero if the gas changes composition in a certain
direction. Relating to the mapping perspec-
tive in Sec. 2.3.1: ensuring the smallest singular
value of H is large guarantees the image of the
(g−1)-sphere in composition space, which is the

surface of an ellipsoid provided H is full column
rank, is sufficiently far from the origin so as to
distinguish from measurement error.

2.4.2 A conditioning perspective

We now consider the conditioning of m = Hp,
i.e., how much the predicted gas composition
changes upon small changes in the measured
adsorbed masses by the QCMs or Henry coef-
ficients. We aim to choose a subset of MOFs
for a sensor array such that the solution to
m = Hp is insensitive to small perturbations
in H and m. We now show this aim is met by
choosing the subset of MOFs whose H possesses
the largest smallest singular value. Consider a
small perturbation in the estimated Henry co-
efficients H and adsorbed mass measurements
by the QCMs m, δH (an n × g matrix) and
δn ∈ Rn, respectively. These perturbations
result in a change in the predicted gas phase
composition, δp ∈ Rg, which we desire to be of
small magnitude2. Notably, because generally
p 7→m is anisotropic, δp depends on the direc-
tion we move in composition space, but we will
seek an upper bound on its norm for a robust
sensor array.

Determined systems, n = g. For a deter-
mined system, the perturbed problem is:

m + δm = (H + δH)(p + δp) (12)

where m + δm is the perturbed measurement
of the mass adsorbed in each MOF thin film by
the QCMs and H + δH is the perturbed Henry
coefficient matrix; p + δp is the predicted gas
composition under these perturbations, which
differs from p = H−1m in the unperturbed
problem by δp by definition. We seek an upper
bound on ||δp||. Taking existence of H−1, we
solve eqn. 12 for δp after neglecting the second
order error term and noting m = Hp is the
unperturbed problem:

δp = H−1(δm− (δH)p). (13)

2This assumes that we value an accurate estimation
of all g gases equally.
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Applying the triangle inequality to eqn. 13 and
using definition of the operator norm, we arrive
at:

||δp|| ≤ ||H−1||op(||δm||+ ||δH||op||p||). (14)

Therefore, to guarantee that ||δp|| is small,
we require the operator norm of H−1 to be
small. In terms of the SVD of H in eqn. 8,
H−1 = VΣ−1Uᵀ; therefore, the operator norm
of H−1 is the inverse of the smallest singular
value of H, i.e., ||H−1||op = 1/σn(H). We con-
clude that a robust sensor array insensitive to
small changes in measured Henry coefficients
and adsorbed masses by the QCMs will pos-
sess a Henry coefficient matrix H whose small-
est singular value is large.

Overdetermined systems, n > g. For
an overdetermined system, we resort to least
squares optimization in eqn. 6 to estimate the
gas composition. The perturbed normal equa-
tion (see eqn. 7) is:

(H+δH)ᵀ(H+δH)(p+δp) = (H+δH)ᵀ(m+δm).
(15)

Neglecting higher order error terms and not-
ing HᵀHp = Hᵀm is our unperturbed normal
equation, we solve eqn. 15 for δp assuming that
H has independent columns so that its left in-
verse H+ exists:

δp = H+(δm− (δH)p) + (HᵀH)−1(δH)ᵀe.
(16)

Eqn. 16 is analogous to eqn. 13 for determined
systems, but with an additional term involving
the error e := m−Hp after solving for the least
squares solution p in the unperturbed problem.
Applying the triangle inequality and the defini-
tion of the operator norm, we arrive at an upper
bound for the norm of δp:

||δp|| ≤ ||H+||op(||δm||+ ||δH||op||p||)+
||(HᵀH)−1||op||(δH)ᵀ||op||e||. (17)

Again, we find that the smallest singular value
of H, σg(H), plays a determining role in the
upper bound on ||δp||. In terms of the SVD of

H in eqn. 8, the left inverse of H is:

H+ = (HᵀH)−1Hᵀ = VΣ+Uᵀ, (18)

where Σ+ is a g by n matrix constructed by
transposing Σ and replacing the (nonzero) sin-
gular values of H on its diagonal with their
reciprocals. Therefore, we see ||H+||op =
1/σg(H). We can also write (HᵀH)−1 in terms
of the SVD of H, revealing that ||(HᵀH)−1||op =
1/[σg(H)]2. We conclude from eqn. 17, for
overdetermined systems, the predicted gas com-
position is insensitive to small changes in the
Henry coefficients and adsorbed mass measure-
ments by the QCMs if the smallest singular
value of H, σg(H), is large. Compared to
the bound on ||δp|| for determined systems in
eqn. 17, overdetermined systems have an extra
term arising from the error ||e||, which scales
with the square of the inverse of the smallest
singular value of H.

3 Demonstration: curating

MOFs for CO2/SO2 sens-

ing

Having framed the QCM-MOF sensor ar-
ray problem under dilute conditions, we now
demonstrate the selection of the optimal sub-
set of metal-organic frameworks (MOFs) to
coat quartz crystal microbalances (QCMs) to
compose a sensor array for carbon dioxide and
sulfur dioxide sensing. CO2 and SO2 are re-
leased from human endeavours, such as fossil
fuel combustion,92,93 as well as from natural oc-
currences, mainly volcanic eruptions.92,94 High
atmospheric SO2 concentration causes poten-
tially fatal respiratory diseases95 and adversely
affects the environment via acid deposition.96

While not as toxic as SO2, exposure to high
concentrations of CO2 leads to hyperventila-
tion, drowsiness, and eventually death.97 These
safety and environmental concerns solidify the
need to monitor CO2 and SO2 concentrations.
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Box 3: CO2/SO2 from volcanic
eruptions

The 1783-1784 Laki (Skaftár Fires) vol-
canic eruption in Iceland was estimated to
have released around 122 Mt of SO2 and
350 Mt of CO2, making it one of the largest
natural atmospheric pollution events in his-
tory.98,99 Much of the crops and livestock
in Iceland were affected by the eruption,99

leading to a famine and the death of ca. 20%
of the human population on Iceland.99 The
volcanic pollution spread over a large por-
tion of the northern hemisphere, with ev-
idence that both Alaska and China ob-
served the sulfur aerosol plumes.99 As the
ratio of CO2 to SO2 concentration in vol-
canic plume gas is predictive of the im-
minence of volcanic eruptions (as demon-
strated in the Mount Etna and Stromboli
volcanoes100,101), CO2/SO2 sensors could
give people ample time to get to safety.

Fig. 1b is a cartoon of our sensor array com-
prised of n = 2 QCMs monitoring the mass of
adsorbed gas in their respective thin-film coats
of MOFs. The sensor array is immersed in a
mixture of g = 2 gases, CO2 and SO2, at room
temperature3. Our objective is to choose the
optimal subset of MOFs to coat n ∈ {2, 3}
QCMs to compose a robust sensor array that
accurately predicts the partial pressures of CO2

and SO2 in the gas phase in spite of three chal-
lenges: (a) the concentrations of both CO2 and
SO2 are variable, (b) all candidate MOFs for
the sensor array adsorb both CO2 and SO2 ap-
preciably (we must resort to a cross-sensitive
sensor array), and (c) the QCM measurements
and our estimates of Henry coefficients of CO2

and SO2 in the MOFs are corrupted by er-
ror. Fig. 1a displays the crystal structures of
the set of 12 MOF candidates we consider for
coating the QCMs, chosen based on the avail-
ability of experimental CO2 and SO2 adsorp-
tion data near room temperature (293 K to 298
K).25,74,80,83,85–89 To characterize the Henry co-

3Equivalently, we assume all other gas species in the
air do not significantly adsorb in the MOF so that our
gas composition space is g = 2-dimensional.

efficient matrix H in eqn. 2 for different selec-
tions of MOFs, we extracted CO2 and SO2 ad-
sorption isotherms from plots in the literature,
then identified their Henry coefficients by fit-
ting a line with zero intercept to the low pres-
sure data (see Sec. S1). Fig. 1c shows the spread
and correlation of the Henry coefficients of CO2

and SO2, HCO2 and HSO2 , respectively, among
the MOF candidates. Most of the MOFs dis-
played a larger HSO2 than HCO2 , with the ex-
ception of KAUST-7 and KAUST-8. KAUST-7
has the largest HCO2 (11.5 g/(g-bar)) whereas
NOTT-300 has the largest HSO2 (31.0 g/(g-
bar)). Without loss of generality, we assume
below that the same mass of MOF is deposited
on each QCM.

3.1 Curating an n = 2 sensor ar-
ray

First, we determine the optimal pair of MOFs
from Fig. 1a to coat n = 2 QCMs. Exclud-
ing duplication of a MOF, there are 66 distinct
pairs of MOFs to evaluate.

We visualize the linear map from gas compo-
sition space to sensor response space in Fig. 3
for an example pair of MOFs, {MFM-300(In),
Mg-MOF-74}. The concentric circles in com-
position space are mapped to the concentric
ellipses in response space, and a point with a
given color in composition space is mapped to
the same color in response space. This pair of
MOFs gives rise to a cross-sensitive sensor ar-
ray as in the caricature in Fig. 2(e). The right
singular vectors v1 and v2 show which direc-
tions in composition space elicit the largest and
smallest responses, which are in the direction
of u1 and u2, respectively. The largest sen-
sor array response corresponds to an increase
or decrease in both pCO2 and pSO2 , whereas the
smallest response occurs when pCO2 increases
and pSO2 decreases or vice versa.

Comparing the linear maps p∗ 7→ m∗ un-
der two different pairs of MOFs allows us to
juxtapose their suitability for a sensor array.
Fig. 4a shows a circle in composition space
and its image under {NOTT-202a, KAUST-7}
(σ1 = 11.9, σ2 = 9.5) and {MFM-600, Mg-
MOF-74} (σ1 = 13.1, σ2 = 1.4). The Henry
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Figure 3: The linear map from gas composition space (left) to sensor array response space (right)
via the Henry coefficient matrix H of a QCM-MOF sensor array in Fig. 1b using Mg-MOF-74 and
MFM-300(In). The colors and concentric circles/ellipses on the left and right correspond and show
how a change in composition of SO2 and CO2 is mapped to a change in total adsorbed mass in the
MOFs in the array. The right singular vectors of H, v1 and v2, are mapped to the responses σ1u1

and σ2u2, respectively, which are its corresponding left singular vectors scaled by their cognate
singular values. Note the anisotropy in the sensor array response; changes in composition space of
a given magnitude in the direction of v1 and v2 elicit the largest and smallest, respectively, sensor
array responses (σ1 = 16.0, σ2 = 5.9).

coefficient matrix H of the latter pair displays
a smaller σ2. Included in Fig. 4a is a hypo-
thetical “error zone”, representing the limit of
detection of the QCM mass measurements; re-
sponses that fall in this error zone are indistin-
guishable from m∗ = 0 owing to measurement
error/noise. The QCM-sensor based on {MFM-
600, Mg-MOF-74} (σ2 = 1.4) maps the circle
to an ellipse with a semi-minor axis that fails
to escape the error zone; with this MOF pair,
some composition changes on the circle fail to
generate a response discernible from m∗ = 0.
Meanwhile, the QCM-sensor based on {NOTT-
202a, KAUST-7} (σ2 = 9.6) maps the circle to
an ellipse with a longer semi-minor axis that
escapes the error zone. Therefore, this MOF
pair results in a more robust sensor, as it elicits
a response that is distinguishable from m∗ = 0
regardless of the direction of the change in com-

position space.
Comparing the reverse linear maps m∗ 7→ p∗

(straightforward only for determined systems
where H−1 exists) under two pairs of MOFs is
also an instructive juxtaposition of their suit-
ability for a sensor array. For the same MOF
pairs appearing in Fig. 4a, Fig. 4b shows the
mapping of the boundary of the “error zone”
back into composition space by H−1; the re-
sulting ellipses encompass all points in compo-
sition space whose responses we cannot distin-
guish from m∗ = 0. The QCM-sensor based on
{MFM-600, Mg-MOF-74}, whose H possesses
the smallest small singular value (σ2 = 1.4),
has a much larger region in composition space
that cannot be distinguished from m∗ = 0 com-
pared to a QCM-sensor based on {NOTT-202a,
KAUST-7}.

Fig. 4 reinforces that the singular values of
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H are essential for comparing two QCM-MOF
sensor arrays. Considering the operator norm
of H in eqn. 9, in Fig. 4a we desire a pair
of MOFs that harbors a large σ2 so the re-
sponses to all compositions will escape the
“error zone”. Under the reverse mapping in
Fig. 4b, since ||H−1||op = 1/σ2(H), the MOF
pair whose σ2(H) is smallest will most amplify
the error zone, leading to more drastic compo-
sition changes whose responses cannot be dis-
tinguished from m∗ = 0.

Finally, in Fig. 5, we conduct a visual high-
throughput screening of MOF pairs for a sensor
array by, for all 66 possible pairs, construct-
ing the Henry coefficient matrix H, then (i)
as in Fig. 3, visualizing the mapping of a cir-
cle in composition space to an ellipse in sen-
sor array response space and (ii) computing
the smallest singular value of H arising from
that pair. The length of the semi-minor axis
of each ellipse in response space is determined
by σ2(H) of the respective pair; the blue bar
above each ellipse represents the relative mag-
nitude of σ2(H) among the pairs. The optimal
pair of MOFs to compose a robust sensor array
is {KAUST-7, NOTT-300}, highlighted yellow
in Fig. 3, because its σ2(H) is the largest of all
pairs. Sensor arrays containing MOFs such as
Zn[Co(CN)6]2, Co[Co(CN)6]2, Zn(bdc)(ted)0.5,
MFM-600, and Ni(bdc)(ted)0.5 are compara-
tively poor because of the small Henry coeffi-
cients of both CO2 and SO2 in these MOFs (see
Fig. 1c) that render their responses insensitive
to changes in gas composition. Each MOF in
the pairs that tend to form the most robust sen-
sor arrays (Mg-MOF-74, KAUST-7, KAUST-8,
NOTT-300, MFM-300-In, NOTT-202a, MFM-
601) tends to exhibit larger Henry coefficients
of both gases, rendering their responses sen-
sitive to changes in gas composition in all di-
rections. Notably, the mapping of a circle un-
der {NOTT-300, KAUST-7} is an ellipse whose
semi-axes are nearly aligned with the coordi-
nate axes, resembling the ideal sensor array in
Fig. 2(d). Indeed, NOTT-300 has a high affin-
ity for SO2 and a low affinity for CO2, while
KAUST-7 has a high affinity for CO2 and a
low affinity for SO2. On the other hand, rela-
tively robust sensor arrays based on MOF pairs

{Mg-MOF-74, KAUST-7}, {NOTT-300, Mg-
MOF-74}, and {NOTT-202a, Mg-MOF-74} are
highly cross-sensitive and possess ellipses whose
semi-axes are not aligned with the coordinate
axes; indeed, Fig. 1c shows that the Henry co-
efficients of both CO2 and SO2 in Mg-MOF-74
are large. Still, though both CO2 and SO2 con-
tribute to the response of these cross-sensitive
QCM-MOF sensors, we can accurately deter-
mine the contribution by each and thus the gas
composition p by solving m = Hp.

3.1.1 Response anisotropy and non-
robust sensors

We focused on identifying pairs of MOFs that
form robust sensor arrays, i.e., that elicit a re-
sponse of large magnitude regardless of the di-
rection moved in composition space, hence the
focus on σ2(H) (see eqn. 10). We remark that,
if we aim to detect only a certain composi-
tion change– i.e., only when p∗ points in a cer-
tain direction– we would instead screen pairs of
MOFs based on ||Hp∗|| for that particular di-
rection, as in Ref.66 Such a scenario might arise
when the source/sink of CO2 and SO2 is ex-
pected from a set of well-characterized reactions
that constrain the stoichiometry. As the sensor
array response can be highly anisotropic, then,
a most robust sensor array does not necessarily
elicit a larger response in the typical direction
p∗ (e.g., compare the linear maps of {Mg-MOF-
74, KAUST-7} to {MFM-300-In, KAUST-8} in
Fig. 5).

3.2 Curating an n = 3 sensor ar-
ray

We now determine the optimal triad of MOFs
from Fig. 1a to coat n = 3 QCMs. There are
220 distinct triads, excluding the duplication of
a MOF. Owing to inevitable measurement and
model error, such an array composed of more
sensors than gases (n = 3 > 2 = g) gives rise to
an overdetermined system, necessitating least
squares to predict the gas composition from the
array response (see Sec. 2.2.3). Still, however,
in Sec. 2.4.2, we argued to select the MOF triad
with the largest σ2(H).
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Figure 4: Juxtaposing two MOF pairs [green: {NOTT-202a, KAUST-7} (σ1 = 11.9, σ2 = 9.5),
purple: {MFM-600, Mg-MOF-74} (σ1 = 13.1, σ2 = 1.4)] via their [invertible here] linear map
between gas composition space (left) and sensor array response space (right) dictated by their
respective Henry coefficient matrix H. The orange heatmap represents an error zone; owing to
measurement noise/error, we cannot confidently distinguish a response in the error zone from
m∗ = 0. (a) The circle in composition space (black) is mapped to response space by the two MOF
pairs (green, purple). The response of the more robust pair (green) escapes the error zone, whereas
the response of the poorly robust pair (purple) fails to escape the error zone for some composition
changes. (b) The boundary of the error zone (black) is mapped to composition space for the two
MOF pairs (green, purple) via their respective H−1. The image of the boundary of the error zone
in response space into composition space is larger for the poorly robust pair (purple), indicating
there is a larger region in composition space that elicits a response indistinguishable from m∗ = 0.
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Figure 5: High-throughput screening of MOF pairs for a sensor array for CO2 and SO2 by visualizing
the linear map of a circle in gas composition (bottom left) to an ellipse an sensor response space
(panels in upper diagonal). The pair whose response is shown is determined by the row and column,
with MOF crystal structures on the diagonal. The top right panel displays the scale shared among
all response space axes. The bars above each ellipse are colored blue proportionally to the smallest
singular value σ2 of H for that pair. Because its σ2(H) is the largest, {KAUST-7, NOTT-300},
highlighted yellow, forms the most robust sensor array.

Fig. 6 displays the mapping of a circle in com-
position space by the Henry coefficient matrix
H of a sensor array using {MFM-300(In), Mg-
MOF-74, KAUST-8}. As in Fig. 2(f), the im-
age is an ellipse on a plane in the 3D response

space. Through eqn. 10, σ2(H) determines the
length of the semi-minor axis of the response
ellipse. As the most robust n = 3 sensor ar-
ray elicits a response of large magnitude for
all directions moved in composition space of a
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given magnitude, from a geometric perspective,
the most robust triad of MOFs will give rise to
the largest σ2(H). Owing to measurement and
model error, the response m∗ is unlikely to lie
on the plane in which the ellipse resides (orange
in Fig. 6). The least squares approach to pre-
dict the gas composition in eqn. 6 is equivalent
to projecting the response m∗ onto this plane.

Exhaustively exploring all 220 possible MOF
triads for a sensor array by constructing the H
for that triad and computing its smallest sin-
gular value, we find that the most robust triad
of MOFs is {NOTT-300, KAUST-7, Mg-MOF-
74}; not surprisingly, the most robust triad in-
cludes the optimal pair of MOFs to yield a ro-
bust n = 2 QCM-MOF sensor in Fig. 5.

While it is difficult to visualize the linear map
p∗ 7→m∗ in dimensions greater than three, our
methodology to curate MOFs for robust sensor
arrays holds for n, g > 3 as well; select the sub-
set of MOFs yielding the largest σg(H) (take
n ≥ g).

3.3 Can an additional sensor be
detrimental?

An important question is whether adding an
additional sensor to an incumbent sensor array
can be a detriment to its prediction of the gas
composition.

First, we show that adding another QCM
coated with a MOF with a nonzero Henry co-
efficient increases the smallest singular value of
the Henry coefficient matrix of the sensor ar-
ray. Consequently, the bounds on the norm of
the error in the predicted gas composition ||δp||
for a given ||δm||, ||δH||op, and ||e||, found in
eqns. 14 and 17, can only be tightened by an
additional sensor. Further, from the linear map
perspective in Fig. 4, the sensor array response
is more likely to escape the error zone when
an additional sensor is added. Let H0 be the
n−1×g Henry coefficient of an incumbent sen-
sor array comprised of n − 1 QCM-MOFs and
exposed to a gas mixture with g species. Upon
adding another QCM-MOF sensor to the array,

the Henry coefficient matrix becomes:

H =

[
H0

Ha

]
(19)

where Ha is the 1×g row contributed by the ad-
ditional sensor. To relate the smallest singular
value of H to that of H0, note:

||Hp||2 = ||H0p||2 + ||Hap||2. (20)

for all p ∈ Rg. Dividing by ||p||2 where p 6= 0,
taking the minimum of both sides, and noting
the minimizer could differ for the two terms on
the right:

min
p6=0

||Hp||2

||p||2
≥ min

p6=0

||H0p||2

||p||2
+ min

p6=0

||Hap||2

||p||2
.

(21)
Recognizing that the minimum of the square of
a function with a positive range is the square
of the function’s minimum, we arrive at a rela-
tionship between the smallest singular value of
H and that of its two submatrices H0 and Ha

via eqn. 10:

[σg(H)]2 ≥ [σg(H0)]
2 + [σ1(Ha)]

2, (22)

where n− 1 ≥ g is assumed. We conclude that
adding another QCM coated with a MOF ex-
hibiting a nonzero Henry coefficient (guarantee-
ing σ1(Ha) 6= 0) to a given sensor array serves
to increase the smallest singular value of its
Henry coefficient matrix.

Second, we explicitly model the mass mea-
surement errors by the QCMs as independent
and normally distributed random variables with
variance γ2 and show that an additional sensor
in the array leads to, on average, a more ac-
curate prediction of the gas composition. Let
m denote the true masses of gas adsorbed in
the MOFs and p denote the true gas composi-
tion, so that m = Hp (neglecting errors in H).
The measured sensor array response is m+δm,
with δm ∼ N (0, γ2I) the measurement error.
As a result, the predicted gas composition dif-
fers from the truth p by random vector δp.
Eqn. 15 therefore holds (taking δH = 0 and
despite subtle differences in the definitions of
the variables), and we find δp = H+δm. We
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Figure 6: A visualization of the linear mapping from gas composition space (left) to sensor array
response space (right) dictated by a tall (n = 3× 2 = g) Henry coefficient matrix H using {MFM-
300(In), Mg-MOF-74 and KAUST-8}. A circle in 2D gas composition space is mapped to a 2D
ellipse embedded in 3D sensory array response space. Three 2D projections of the 2D ellipse are
broadcasted on the walls of the bounding box within which the ellipse lies. The orange surface
shows the plane on which the ellipse lies.

aim to find how the expected norm of δp un-
der the measurement error δm depends on the
properties of H:

〈||δp||2〉 = 〈(δm)ᵀ
(
H+
)ᵀ

H+δm〉 (23)

= γ2 Tr
[(

H+
)ᵀ

H+
]

(24)

= γ2||H+||2F (25)

= γ2
g∑

i=1

1

[σi(H)]2
, (26)

where Tr(·) is the trace, || · ||F is the Frobe-
nius norm, and n ≥ g is assumed. Again, the
singular values of H play a central role in de-
termining the expected norm of the error in the
predicted gas composition under mass measure-
ment error. In Sec. S3, we use a relation be-
tween the eigenvalues of a symmetric matrix
and a rank-one perturbation of it102 to show
that, in the context of eqn. 19, σi(H) ≥ σi(H0)
for i = 1, ..., g. Eqn. 26 therefore implies that
〈||δp||2〉 decreases when an additional sensor is
added to an incumbent array. This analysis

neglects model error that could emanate from
adding a MOF to the array where p is outside
of its Henry regime.

4 Extension beyond the

Henry regime

Until now, we applied Henry’s law under the
assumption of dilute conditions. While Henry’s
law gave rise to a linear model (eqn. 2) conve-
nient for analysis, in practice, equilibrium ad-
sorption in MOFs is nonlinear and saturates as
pores are filled with gas. We show that our
modeling framework can be adapted to address
these deficiencies by linearizing a non-linear ad-
sorption model that accounts for saturation.
Such a linearized model is valid only near the
nominal basal gas composition p̄ about which
we perform the Taylor expansion.

For example, a non-linear model for equilib-
rium multicomponent adsorption of g gases in
a MOF offering M identical, independent ad-
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sorption sites is the competitive Langmuir ad-
sorption model:103

m(p) = M
Kᵀp

1 + Kᵀp
, (27)

where m is the total mass of gas adsorbed and
K is the vector of Langmuir constants describ-
ing the affinity of the g gases for the adsorp-
tion site. In contrast to Henry’s law in eqn. 1,
eqn. 27 accounts for saturation as the adsorp-
tion sites fill with gas. Approximating eqn. 27
with a first-order Taylor polynomial around the
basal gas phase composition p̄ gives rise to the
linearized adsorption model:

m(p) ≈ m(p̄)+
1

(1 + Kᵀp̄)2
MKᵀ(p−p̄), (28)

which geometrically approximates m(p) with
a hyperplane passing through p̄ and tangent
to m(p). As p̄ → 0, we recover Henry’s
law m(p) = MKᵀp. As the adsorption sites
saturate with gas, using eqns. 3 and 4, (1 +
Kᵀp̄)−2MKᵀ behaves as a vector of “pseudo-
”Henry coefficients and diminishes as p̄ in-
creases. Therefore, a MOF operating near the
saturation regime would result in small pseudo-
Henry coefficients for all gases, and, from the
perspective of Fig. 5, elimination of this candi-
date since the magnitude of its (insensitive) re-
sponse to a change in the gas composition would
be too small to distinguish from measurement
error.

Box 4: Fabricating QCM-MOF sen-
sors

Current synthesis methods for QCM-
MOF structures can be classified into two
categories. The first is indirect synthesis,
where prepared, powdery MOF crystals are
physically loaded onto a QCM.29,104 How-
ever, the stability of a QCM-MOF struc-
ture prepared this way is questionable. The
second is direct synthesis, where MOF thin
films are chemically synthesized on a pre-
pared surface. To encourage MOF growth
on the QCM substrate, its Au surface is
prepared either with a self-assembled mono-

layer (SAM) exposing appropriate func-
tional groups22,23,105–113 such as COOH or
plating it with an appropriate metal such
as Cu for growth of Cu3(BTC)2.

21 SAMs
typically consist of long, thiol-based or-
ganic chains and attach to surfaces of gold.
The growth of a thin film of MOF is then
achieved through a solution-based reaction–
either conventional, one-pot solvothermal
synthesis22,23 or step-by-step (cycling be-
tween metal and organic linker precursor
solutions) liquid phase epitaxy105–113 on a
SAM– or electrochemical deposition of the
MOF on a pre-coated metal layer.21 Due to
its relatively strong adhesion of the MOF
layers with preferred growth orientation,
SAMs are most widely adopted in MOF thin
film fabrication. In consideration of sen-
sor response time, it is crucial to determine
an appropriate thickness of MOF films on
QCMs.104 Fabrication of the thin film in a
stepwise/additive manner, such as layer-by-
layer liquid phase epitaxy, lends control over
the film thickness during synthesis, and, in
addition, is able to be automated.

5 Discussion

We mathematically framed a sensor array prob-
lem under dilute conditions: in the face of
measurement error, aiming to accurately de-
termine the composition of a gas phase with
g constituents from measurements of the (i)
Henry coefficients of the g gases in the n MOFs
(as calibration) and (ii) adsorbed masses in
the n MOFs (via the QCMs, during deploy-
ment). We viewed n QCM-MOF sensors as
a linear map from g-dimensional gas compo-
sition space to n-dimensional sensor response
space, which lent intuition for curating MOFs
for sensor arrays. Given a large set of MOF
candidates, we showed that the optimal subset
of MOFs to coat QCMs to compose a sensor
array form a Henry coefficient matrix H with
the largest smallest singular value, guarantee-
ing (a) more insensitivity of the predicted gas
composition to measurement error and (b) a
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large response to changes in gas composition in
all directions (so as to distinguish the response
from mass measurement noise/error). We de-
ployed our insights and demonstrated the cura-
tion of pairs/triads of MOFs to coat n ∈ {2, 3}
QCMs for CO2/SO2 sensor arrays, given the
MOF candidates in Fig. 1a. This culminated
in a visual high-throughput screening in Fig. 5
that displayed the linear maps of circles in com-
position space to ellipses in response space for
each candidate pair. The singular value de-
composition of H was crucial for interpreting
the linear map p∗ 7→ m∗, bounding errors in
predicted gas composition resulting from per-
turbations in the measurements, evaluating the
robustness of sensor arrays, and understand-
ing the anisotropy of the response. Lastly, we
outlined mathematical arguments to show that
adding another sensor to an incumbent array re-
sults in, on average, a more accurate prediction
of the gas composition, provided that (a) ad-
sorption in the additional MOF obeys Henry’s
law and (b) the mass measurement error on the
additional QCM is identical to the other QCMs
in the array.

Our work has several limitations. Most im-
portantly, while the adsorption model in eqn. 1
lends the instructive view of sensor arrays as
a linear mapping, it is valid only at dilute
conditions– a restrictive assumption. Henry’s
law does not account for saturation of the sen-
sor response; when the pores of the MOF are
nearly filled with gas, the mass of gas ad-
sorbed in the MOF is insensitive to changes
in the gas phase composition– detrimental for
sensing. Our linearized model in Sec. 4 ac-
counts for saturation by systematically as-
signing a small “pseudo-”Henry coefficient to
a MOF whose pores are nearly full of gas
molecules at the baseline composition p̄. How-
ever, such a linearized model is valid approx-
imately only in a small neighborhood in com-
position space surrounding the basal condition
p̄. Mixed gas adsorption isotherms m(p) could
be highly non-linear and non-additive in con-
tributions by each species due to e.g., cooper-
ative adsorption,114,115 pore filling,116 or guest-
induced linker rotation,117 or discontinuous due
to e.g., guest-induced structural backbone tran-

sitions.118 Second, the Henry coefficients of CO2

and SO2 in the MOFs displayed in Fig. 1c and
used for our demonstration in Sec. 3 are subject
to error emanating from (a) our manual extrac-
tion of adsorption data from plots found in the
literature, (b) the lack of adsorption data at ex-
tremely low pressures (i.e., possibly inappropri-
ate fitting to adsorption data that is outside the
Henry regime), (c) the number of data points
we used in the fitting procedure,119 (d) slight
differences in temperature at which the adsorp-
tion was measured. Third, our demonstration
assumed that the gas composition space was
two-dimensional– i.e., that no gases other than
CO2 and SO2 adsorb in the MOF.

The ideas and intuition generated in our ar-
ticle lay a foundation for future work in sen-
sor array development. (1) Though we focused
on CO2/SO2 sensing for context, it is practi-
cally relevant since (a) high concentrations of
CO2 and SO2 are determinental to health and
the environment95–97 and (b) CO2 and SO2 con-
centrations in volcanic plume gas are predictive
of the imminence of volcanic eruptions.100,101

Therefore, we aim to experimentally verify our
prediction that NOTT-300 and KAUST-7 com-
pose a robust QCM-MOF sensor array for CO2

and SO2 sensing (see Fig. 5), assuming other
gas species do not adsorb appreciably. (2)
Using molecular models,65,90 we aim to sim-
ulate adsorption of common gas molecules in
a large database of computation-ready, experi-
mental MOF structures;69 on the basis of these
predicted Henry coefficients, we can apply the
framework herein to select the optimal subset
to compose robust QCM-based sensor arrays
at dilute conditions for more complicated (i.e.,
more than two components) gas sensing appli-
cations. (3) We seek to extend our ideas for
choosing subsets of MOFs for robust sensor ar-
rays to the case where the mapping from com-
position to response space (as in Fig. 3) is non-
linear, accounting for (a) saturation and (b)
non-independent contributions to adsorption by
each gas species. Gustafson and Wilmer66,67

properly account for (a) and (b) through the
evaluation of MOF-based sensor arrays by con-
ducting a grand-canonical Monte Carlo simula-
tion of adsorption at each gas phase composi-
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tion/condition to which the MOFs are exposed.
However, this comes at greater computational
cost compared to our technique in Fig. 5; with
measurement of just four Henry coefficients,
the 2-array response to all compositions (in
the Henry regime) followed. Analogously, our
aim to characterize adsorption isotherms with
a non-linear analytical model m(p) would allow
a computation-efficient selection of MOF sub-
sets to compose a robust sensor array while still
accounting for saturation and non-independent
contributions to adsorption by each gas.

We initially embarked on this study with the
aim of distinguishing changes in CO2 concen-
tration from variable humidity via a two QCM-
MOF sensor array. However, we found exper-
imentally reported Henry coefficients of water
in MOFs120 to be much larger than those of
CO2; water dominated the sensor response (i.e.,
the ellipses in Fig. 3 were flattened). Moreover,
most MOFs would saturate with water in hu-
mid conditions, rendering their adsorbed mass
insensitive to small changes in the gas phase
composition. We conclude that an important
research direction is to synthesize hydrophobic
MOFs for practical sensing applications. Alter-
natively, owing to the strong affinity that wa-
ter has for most MOFs, dehumidification of the
sample gas via e.g., a desiccant such silica gel121

is likely required prior to exposing the QCM-
MOF array to the gas for analysis.

We assumed isothermal conditions through-
out. While perhaps not practically applicable,
interestingly, a QCM-MOF array can determine
the temperature of the gas phase as well if
the temperature-dependence of the Henry co-
efficients is accounted for in eqn. 1, although
leading to a non-linear model.

The singular value decomposition is a widely
useful matrix factorization71 with additional
uses in gas sensing, including to reduce the di-
mensionality of sensor array data (SVD is di-
rectly related to principal component analy-
sis)49 and denoise sensor array responses.122 In
control theory, the SVD is used to analyze how
the gain in a multi-input, multi-output control
system depends on the direction taken in input
space,123 directly analogous to the anisotropy
of the mapping from composition to sensor re-

sponse space here.
While we focused on coating QCMs with

MOFs and gathering information about the
gas phase composition by measuring adsorbed
mass changes, MOFs can operate as recogni-
tion elements through several other fundamen-
tally different mechanisms. First, flexibility and
adsorbate-induced stress on the MOF118,124,125

can be leveraged for gas sensing. For exam-
ple, Allendorf et al.126 deposited a thin film of
HKUST-1– a MOF whose unit cell contracts
upon dehydration127– on the surface of a mi-
crocantilever with a built-in piezoresistive sen-
sor to detect adsorption-induced stress. The
electrical resistance in the sensor correlated
strongly with the concentration of water va-
por in nitrogen. Freund et al. recently lever-
aged the gas-induced large↔ narrow pore tran-
sition of breathing MOF MIL-53(Al) to con-
struct a CO2 sensor.128 Second, luminescent
MOFs129 can be leveraged for gas sensing by
observing shifts in the emission spectra or en-
hancement/quenching of the intensity induced
by adsorbed gas.17 Takashima et al.130 com-
bined luminescence and flexibility to demon-
strate a MOF sensor by synthesizing a MOF
(a) composed of two entangled nets that dis-
place upon gas adsorption and (b) that fluo-
resces at an intensity that is non-linearly re-
lated to the concentration of toluene in a helium
gas stream. In addition to QCMs, MOFs can
be coated as thin films on other transducers to
compose a gas sensor, including cantilevers33

and surface wave acoustic devices.131,132 Ar-
guably, QCM-MOF sensors are the most ami-
able for computation-informed MOF selection
because predicting the mass of gas adsorbed in
a MOF under a given bulk gas condition (tem-
perature, pressure, composition) is a relatively
mature research area.65
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S1 Identifying Henry coefficients from experimental

adsorption isotherms

According to Henry’s law, the equilibrium adsorption of a gas species is proportional to its

partial pressure:

m = Hp.

Here, m is the mass of gas adsorbed in the adsorbent, H is the Henry coefficient of the

adsorbate in the adsorbent [mass of gas/(mass of material-bar)] and p is the partial pressure

of the adsorbate in the gas phase [bar]. Henry’s law assumes infinite dilution, where there are

no interactions between gas molecules, and the only interactions accounted for are between

the adsorbate and adsorbent. This assumption can be limiting, but is valid at low pressures

– in the Henry regime – allowing us to estimate Henry coefficients by finding the initial

(p→ 0+) slope of adsorption isotherms by fitting to low-pressure adsorption data.

The CO2 and SO2 experimental adsorption isotherms in the MOFs in Fig. 1a were ex-

S1



tracted from literature1–9 using g3data Graph Analyzer. With 12 CO2 adsorption isotherms

and 12 SO2 adsorption isotherms, the number of points chosen to fit the Henry coefficient

to were manually chosen (see Jupyter notebooks on https://github.com/SimonEnsemble/

sensor_arrays) rather than automatically because the number of data points in the Henry

regime for each adsorption isotherm might differ. We searched for adsorption isotherms in

the range of 293 - 298 K. This method is not without deficiencies, as errors are introduced in

a few steps in this process: (1) errors associated with the original experiment, (2) errors in

the isotherm extraction using g3data, (3) errors in the fitting procedure by (possibly) inap-

propriately fitting to data outside the Henry regime and (4) slight temperature differences

among the measurements.

The Henry coefficient fitting procedure involved using a linear least squares method, as

implemented by the MultivariateStats.jl package in Julia, where the mean squared error

between the line described by eqn. S1 and the data points is minimized by varying H. For

the procedure, the intercept of the line is constrained to be at the origin. Figs. S1-S11 show

the result of the Henry coefficient fitting procedure for all the adsorption isotherms. The

orange points show the adsorption isotherm data obtained from the literature. The filled

squares where used in the Henry coefficient fitting procedure, while the hollow squares were

not used in the fitting procedure. The red dashed line shows the resulting Henry’s law in

eqn. S1 from the identified Henry coefficient H; the Henry’s law model is extended past

the Henry regime, highlighting how poor of an approximation Henry’s law is outside of the

Henry regime (e.g., Figs. S3a, S6b, S7b). To see the Henry coefficient fit more clearly, a

zoomed-in version of the graph near the origin is shown in the inset on the bottom right of

each figure.

The resulting spread and correlation of Henry coefficients identified from these adsorption

isotherms are depicted in Fig. 1c.
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(a) (b)

Figure S1: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of MFM-
600.2

(a) (b)

Figure S2: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of MFM-
601.2
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(a) (b)

Figure S3: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of Mg-
MOF-74.3,4

(a) (b)

Figure S4: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of
Ni(bdc)(ted)0.5.

3,5
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(a) (b)

Figure S5: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of MFM-
300(In).5,6

(a) (b)

Figure S6: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of NOTT-
202a.7
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(a) (b)

Figure S7: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of NOTT-
300.8

(a) (b)

Figure S8: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of
Co3[Co(CN)6]2.

9
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(a) (b)

Figure S9: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of
Zn3[Co(CN)6]2.

9

(a) (b)

Figure S10: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of
KAUST-7.1
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(a) (b)

Figure S11: The Henry extraction of the (a) CO2 and (b) SO2 adsorption isotherms of
KAUST-8.1
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S2 Overdetermined systems: least squares

and the normal equation

In the case where we have an overdetermined system m = Hp (i.e., more (distinct) QCM-

MOF sensors than number of gas phase components n > g), we can use least squares to

arrive at a prediction of the partial pressures of the gases. The least squares procedure is to

choose the p such that the error, e(p) = m−Hp, is as close to the zero vector as possible:

p = arg min
p̃
||m−Hp̃||2. (S1)

The p that minimizes the error satisfies:

∇p||m−Hp||2 = 0. (S2)

Note that:

||m−Hp||2 = (m−Hp)ᵀ(m−Hp) (S3)

= mᵀm− 2pᵀHᵀm + pᵀHᵀHp (S4)

Since ∇p(mᵀm) = 0, the minimizer p satisfies:

∇p(−2pᵀHᵀm + pᵀHᵀHp) = 0. (S5)

Recalling some matrix calculus, for a vector x and a matrix A:

∇x(xᵀA) = A (S6)

and

∇x(xᵀAx) = (A + Aᵀ)x. (S7)
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Applying matrix calculus to eqn. S5:

−2Hᵀm + 2HᵀHp∗ = 0. (S8)

This leads to the so-called normal equation which the minimizer p in eqn. S1 satisfies:

HᵀHp = Hᵀm. (S9)

S3 On the singular values when a row is added to H

The singular values of H in eqn. 19 are the square roots of the eigenvalues of the g×g matrix

HᵀH:

HᵀH =

[
Hᵀ

0 Hᵀ
a

]H0

Ha

 = Hᵀ
0H0 + Hᵀ

aHa. (S10)

The matrix Hᵀ
0H0 is symmetric, and Hᵀ

aHa is a positive semi-definite g × g matrix of rank

one. Ref.10 claims that, because HᵀH is a rank-one, positive semi-definite perturbation of

the symmetric matrix Hᵀ
0H0, the following relationship holds for the eigenvalues λi, where

λ1 ≥ λ2 ≥ · · · ≥ λg:

λi(H
ᵀH) ≥ λi(H

ᵀ
0H0). (S11)

for i ∈ {1, 2, ..., g}. Since the singular values of a tall matrix A are the square roots of the

(non-negative) eigenvalues of ATA, we have shown:

σi(H) ≥ σi(H0) (S12)

for i ∈ {1, 2, ..., g}. i.e., adding another sensor to a sensor array increases (or keeps constant)

all singular values of the Henry coefficient matrix of the array. The implication is that

〈||δp||2〉 in eqn. 26 decreases or stays the same (a desirable situation) upon adding another

sensor to the array.
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