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Abstract

Our problem is a variant of the well-known Vertex Cover problem. In our problem, a vertex
cover is already given, our task is to decide whether the given solution is optimal, i.e., minimum. This
is to show that any purported heuristic algorithm needs something more novel.
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1. Problem definition and claim

We consider the following problem.

Definition 1.1. Vertex Cover Variant problem
Input: An undirected graph G(V,E) together with a vertex cover C ⊆ V
Output: Yes if there exists a vertex cover C ′ ⊆ V such that |C ′| = |C| − 1, No otherwise.

Our main claim is now stated.

Claim 1.2. We have that Clique ≤p Vertex Cover Variant.

The difficulty of Clique was shown in [1].

2. Proof of claim 1.2

We describe the construction and then proceed to prove its correctness.

2.1. Describing the reduction

First it is obvious that the above problem is in NP . Our reduction uses the well-known reductions
from clique problem to independent set problem and from independent set problem to vertex cover
problem.

The Clique problem is as follows:
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Definition 2.1. Clique problem:
Input: a graph G of size n, parameter k
Output: Yes iff there is a clique in G of size k, No otherwise

Now, first we add a clique of size k − 1 into G. For sake of presentation, we denote the resulting
graph by G′. Then, we create the corresponding complement of G′, denoted by Ĝ. Denote Ĝ = (V̂ , Ê)
and let Vclique ⊆ V̂ be the set of vertices corresponding to the original clique of size k − 1 in G. The

reduction is a polynomial transformation. Note that |V̂ | = n + k − 1.

2.2. Proof of correctness

In this subsection, we prove the correctness of the construction in the previous subsection.

Proof. The graph G contains a clique of size k if and only if G′ contains a clique of size k, since adding
a clique of size k− 1 does not affects if G has a clique of a larger size. Using the same arguments done
in reduction from clique problem to the independent set problem and from independent set problem
to vertex cover problem, we derive that G contains a clique of size k if and only Ĝ contains a vertex
cover of size |V̂ | − k = n− 1.

Using similar arguments, we derive that Vclique is an independent set in Ĝ, and thus the set

V̂ \ Vclique is a vertex cover in Ĝ of size |V̂ | − (k − 1) = n.
Finally, let Lclique and Lvertex be the corresponding languages of the clique and our vertex cover

problem variant. Then, (G, k) ∈ Lclique iff (Ĝ, V̂ \ Vclique) ∈ Lvertex (i.e., there exists a clique of size k

in G iff there is a vertex cover of size |V̂ \ Vclique| = n− 1 in Ĝ).

3. Conclusion

Garey and Johnson [1] shape their theory based on previous primal works of Cook, Levin and
Karp. Johnson [2] moves on and write the guide to this theory. As long as we study a mathematical
conjecture, we should encourage ourselves to have enough labor hours on popular mathematical books
like these. Then, reading some articles on theory of computing like [3] is a good practice. Only after
that, could we think of the ultimate final for all mathematical sciences.
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