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Abstract  
One of the most important problems in geometry is to find the shortest 

path or geodesic between the two points. In Finsler geometry, geodesics for 

an metricare considered as the curves of the associated Riemannian 

space  that are bent by form . In this paper, we find equations of 

geodesic for square metric in a two dimentional Finsler 

space and we also illustrate the main result with giving some examples. 
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1. Introduction 

Let  be the tangent bundle of an -dimensional manifold and  be its 

canonical coordinate system that is induced from .A Finsler metric is a 

function such thathas the following properties [1]: 

1- Regularity: is smooth in any point of  

2- Positive homogeneity: , for all  . 

3- Strong convexity: The Hessian matrix  is a positive definiteat 

any point of  

Finsler metrics are a natural extension of the Riemannian metrics which have 

many applications in physics and engineering. This is why we are seeing many 

advancements in Finsler geometry. Much of these advancements are due to the 

special Finsler metrics called  metrics, because of their computability. 

The  metrics are composed of a Riemannian metric  and 

a -form . By definition[1],the Finsler meric  is called the 

metric if is a homogeneous function of degree one with respect to the 

variables and .   

Finsler spaces with  metrics have been investigated with details in [1]. 

In this paper, we focus on geodesics of two-dimensional Finsler spaces 

with  metrics. 

Consider an oriented curve on  from  to , . 

If the curve  satisfies in the following Euler equations  

 

where and , then  is called geodesic of  with 

respect to Finsler metric [2].  

Since the application of  metrics in many scientific fields is increasing 

and also because of the importance of the theory of geodesics in differential 

geometry, in recent years, special attention has been paid to finding geodesics 

for this class of Finsler metrics in two dimensional spaces. The first studies on 

this field were done by Matsumoto and Park. In years 1997 and 1998, they 

found the geodesics in two dimensional Kropina  , Randers

 and Matsumoto  spaces as the second order ordinary 

differential equations (where  is an 

isothermal coordinate system in two dimensional Finsler space) by regarding  

in the form of an infinitesimal of degree one and neglecting the infinitesimals of 
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degree more than one ([3], [4]). Also, in recent years, Chaubey obtained the 

equations of geodesic with respect to another special metrics in two-

dimensional Finsler spaces ([6]). 

In this paper, we continue the study of geodesics for metrics and we 

find the equations of geodesic for square metric in a two 

dimentional Finsler space. We arranged this paper is asfollows: In section , we 

give the necessary preliminaries to find geodesics with respect to  

metrics in two-dimensional Finsler spaces. In section , we obtain the geodesics  

in a two-dimensional square space. Finally, in the last section, we explain the 

main result(Theorem ) by presenting some examples. 

2. Preliminaries 

Process of finding geodesics for metricsin two-dimensional Finsler 

spaces is constructed on the basis of the following considerations [5,6,7]: 

Let be a two-dimensional Finsler space with an metric. From [5], 

we know that near every point ,there exists an isothermal 

coordinate system such that is written 

as , , and .Also we 

have, , and

.Since the Christoffel coefficients on are calculate by the 

following formula: 

 

then according to the isothermal coordinate system , we 

obtain the Christoffel coefficients  as follows: 

 

Now Let we havean orthonormal coordinate system ,  with 

parametric equations in a threedimensional space.Further, 

let be a surface in this three dimensional space. The tangent plane to at 

every point is spanned by two vector fields and

. Also the normal vector on is given by and 

.Consider a constant vector field along  on the coordinate 

system with coefficients on two vectors and  on  , 

i.e. 

                                           (2.2) 

Also we have the following linear form 
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                 (2.3) 

consequently the linear form  is induced of constant vector field 

. 

From [8], we have 

(2.4) 

where  is the second fundamental tensor of .Now, taking the 

covariant differentiation of (2.2) and setting the values(2.4), we get 

 

Putting , it follows that namely . Then, we conclude 

that  and  are gradient vector fields on .  

Denote . As mentioned, we can use the coordinates  and 

 instead of and respectively.Then  is written in the form 

. Also, choosing  of  as the 

parameter , we have ,  [5]. Hence  reduced to 

(2.5) 

According to [8, p:46], we can suppose the constant vector field  is parallel to 

the  axis. Namely where  is a positive constant. Therefore 

. By putting(2.2) in and since , 

we  can obtain  

We take the quantity of forman infinitesimal of degree one and neglect the 

infinitesimals of degree more than one. Hence, the quantities , ,  , 

and are also of degree one. We call the three infinitesimals of 

degree one as follows:  

 

where .  

The  metric is homogeneous of degree one in  and . Thus we 

have[9, p:35], 

 

From , we get that setting in , we obtain

From , we again obtain  which substituting in 

, we get Then we have 
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which is called Weierstrass invariant for [5,9]. 

In the same way, considering of form  and since is homogeneous 

of degree one in  and , then we obtain the Weierstrass invariant as 

follows [5]: 

 

The relation of Weierstrass invariant and Weierstrass is given by [5]:  

 

As it mentioned, the geodesics of a Finsler space are given by . For two 

dimensional Finsler space with metric, the geodesics can be found by 

the following equation[7]: 

 

where   ,  , 

 ,  ,   and 

 . 

Now if we calculate  ,  ,  and set in , we get: 

Theorem ([2])The differential equations of geodesic for an metric 

in a two dimensional Finsler space with an isothermal coordinate system 

are as:  

                      (2.10) 

where,  

                                            (2.11) 

Proof. See [7]. 

3. Geodesics in a Two Dimensional Finsler 
Space with Square Metric 

An important class of  metrics is square metric which has many 

particular geometric properties. In 1929, L. Berwald introduced the following 

Finsler metric.  
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on the unit ball [10]. 

We can also express the Finsler metric in terms ofRiemannian metric  

and -form  as follows: 

 

where 

 and [10]. 

Definition 3.1 [10].The  metric  is called a square metric. 

The purpose of this paper is to find the equations of geodesic for square metric 

in a two dimensional Finsler space. Firstly, we consider an isothermal 

coordinate system in two dimensional square space

.Hence we have  

     ,           ,     .      (3.3) 

From (2.6), we have  

,   ,      .(3.4) 

Putting(3.3) and (3.4)in (2.10), we obtain 

  ,                                     (3.5) 

Next, we neglect the infinitesimals of degree more than one in (3.5).Then (3.5) 

is reduced to . Since , then it is concluded that

 . Therefore 

                                                   (3.6) 

As we mentioned earlier, if  of is taken as a parameter , then we have 

, , ,  and   [5]. Thus(2.11) is 

converted to 

 .                                                (3.7) 

If we set (3.7) in (3.6), we obtain  

                                  (3.8) 

Now, putting ,  in (3.8) , we get  

           (3.9) 
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where  ,  and 

.  

Therefore we have the following theorem: 

Theorem In a two-dimensional Finsler space with an isothermal coordinate 

system ,the differential equations of geodesic for square 

metric  are as second order differential equations given by 

(3.9).  

4. Illustration 

In the following examples, we denote : 

Example 4.1.Let be a circular cylinder with  ,

and .We consider the coordinates of a point of  by 

.The geodesics in the circular cylinder with square metric 

are found as follows: 

 

 

Since , then we conclude that Also, from 

(2.2), we have  

 

Therefore we obtain  and

Moreover,due to , we have 

and Then 

 

 

Now, setting the above calculations in (3.9), we obtain 

                                               (4.1) 

and 

 

Now taking the initial conditions  and  and solving of 

(4.1)with the help of software Maple, we get :   

 

which has the following graphs for different values of :  
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Example 4.2. Now consider a circular cylinder be with 

 , and .Again, We denote the coordinates of a point 

of  by .Then the equations of geodesic in the circular 

cylinder with square metric are obtained as follows: 

 

 

According to (2.2), we have  

 

which it follows that  and

Moreover,since , then we obtain and  

Hence 

 

 

Next, putting the above calculations in (3.9), we get 

                                                  (4.4) 

and 

 

The solution of the equation (4.4) with the help of Maple software and taking 

the initial conditions  and  is as follows: 

 

In the following graph,  is shown for different values of : 
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Two above graphs have been drawn using Maple .  

Summarizing the above, we have: 

Corollary 4.3.In the circular cylinder with , the 

equations of geodesic for square metric  are given 

by(4.1)which have the solution , taking the initial conditions  and 

. The behavior of these geodesics has been shown for different values 

of in Figure 1.Further the Riemannian metric  and -form in  are as (4.2). 

Corollary 4.4.Theequations of geodesic for square metric in 

the circular cylinder with  are given by(4.4)which have 

the solution , taking the initial conditions  and . These 

geodesics behave like the figure 2.Moreover the Riemannian metric  and -

form in  are of form (4.5). 
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