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Abstract: By applying the Theorem regarding Primitive solutions of the Pythagorean equation, 

this paper initially sets out how a group of Pythagorean triples, that is triples (x, y, z) each 

comprising of positive integers such that x2 + y2 = z2, are constructed from consecutive positive 

integers, n and n + 1. This paper then explains how progressions can be formulated for the 

sequences of the odd numbers in y and z (having categorised x, y and z using the Convention for 

Pythagorean triples) which arise from those triples. From the results it was apparent that in this 

group of triples, the values of y can be represented by the arithmetic progression 1 + 2n. As 

such, the progression for the values of y contains the entire set of odd numbers from 3 onwards 

and hence by definition also contains the entire set of prime numbers, except for 2. Similarly it 

was apparent that the values of z take the form “4k + 1”, but each term in the progression of the 

z values was found to be based on the previous term, and therefore the progression could be 

represented by the formula zn = zn-1 + 4n. Finally, following a review of the group of triples for 

the occurrences of primes in either or both of y and z and for values of z < 1 million, 42 triples 

were identified which contained pairs of primes. Based on all the findings, an explanation is put 

forward to support why there can be infinite primitive Pythagorean triples which contain pairs 

of primes.  

It is, of course, unlikely any new ideas or mathematics have been developed in this paper, so it 

will not meet the criteria for journal publication. It is therefore for interest only and should not 

be relied on in any way. 
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1 Introduction 

In mathematics, a Pythagorean triple [1], labelled x, y and z for the purposes of this paper, is 

defined as a triple of positive integers that satisfies the Pythagorean equation x2 + y2 = z2. 

However, being a type of a Diophantine equation means this equation has many solutions, some 

of which are to be found by scaling other solutions.  

 

Consequently, a refinement can be made to the definition for the purposes of removing 

solutions that are merely scalings of other solutions and this is achieved by making the equation 

“primitive” [2, 3] which requires the greatest common divisor of x and y (gcd x, y) to equal 1.  

 

An implication of this refinement, however, means x and y cannot both be even, otherwise x 

and y would both be divisible by 2. However, they both cannot be odd either since z2, being a 

square, can only take the form of congruent modulo 4 to either 0 or 1 [10, 11] If x and y were 

both odd, this would have produced a value which is congruent modulo 4 to 2. Consequently 

one of x and y has to be even and the other has to be odd [4]. Following the Convention for 

Pythagorean triples [9] x is taken to represent the even number, whilst y represents the odd. 

This requirement also results in z being odd too [12]. 

 

For the purposes of this paper, therefore, I have generated a group of primitive Pythagorean 

triples x, y and z by applying the Theorem for Primitive solutions of the Pythagorean equation 

[5, 6, 7, 8] using consecutive integers n and n + 1 for n = 0, 1, 2, 3, 4, ….. , to generate the 

values of  x, y and z for each triple.  

 

Since by definition n and n + 1 are relatively prime and have opposite parity to each other, 

with n + 1 being greater than n, the triples used in this paper have been generated using: 

 x = 2 n (n + 1) ,  y = (n + 1)2 - n2   and  z = (n + 1)2 + n2    for n = 0,1,2,3,4……. (1) 

For completeness the generated triples were each tested to ensure they satisfied the equation 

x2 + y2 = z2.  

 

From this population of triples, the values for y and z were analysed for occurrences of prime 

numbers, including instances of pairs of primes in any one triple. As a reminder, a prime 

number [16], is defined as any positive integer greater than 1 which has no other positive 

integer divisors apart from itself and 1. If a positive integer does have other positive integer 

divisors apart from itself and 1, it is defined as composite. 

 

As part of the analysis on the occurrence of primes, formulae were also identified for each 

series of positive integers generated by the equation in (1) above for each of y and z 

respectively, since equation (1) utilises consecutive values of n. The results of these findings are 

set out below and in conclusion, the questions of whether infinite primes exist in each of y and z 

and whether there are infinitely many Pythagorean triples with pairs of primes have been 

considered. 

2 Sequence of Pythagorean Triples Generated 

Applying the consecutive integers n and n + 1 for successive values of n = 0, 1, 2, 3, 4,…, a 

group of Pythagorean Triples have been produced from the equation: 
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 x = 2 n (n + 1) , y = (n + 1)2 - n2 , and z = (n + 1)2 + n2  for n = 0,1,2,3,4……. (1) 

Table 1 below provides a brief summary of the entries being generated when using this 

equation.  

n 0 1 2 3 4 Etc. 706 

n + 1 1 2 3 4 5 Etc. 707 

x =2n(n + 1) 0 4 12 24 40 ……. 998,284 

y = (n+1)2 – n2 1 3 5 7 9 ……. 1,413 

z = (n+1)2 + n2 1 5 13 25 41 ……. 998,285 

Table 1. Table showing Pythagorean Triples generated by Equation (1) for z < 1million. 

3 Progressions for y and z 

3.1 Progression for y 

As set out in a previous paper I wrote on “Does the Progression of the Differences between the 

Cubes of adjacent integers contain infinite primes?”[30], it is established mathematics that the 

difference between the squares of two adjacent positive integers equals the sum of those two 

integers, as represented by:  

 (n + 1)2 -  n2  =  (n + 1) + n =  1 + 2 n (2) 

Accordingly, since y = (n + 1)2 - n2 then it also equals 1 + 2 n. [20. 21].  As such, a 

progression for y can be represented by the following arithmetic progression [23]:  

 y = 1 + 2 n for n = 0, 1, 2, 3, 4, …… (3) 

The obvious property of this progression is that it generates all the odd numbers in the set of 

positive integers, being: 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, ……. . This is significant as by 

definition it also means that when using equation (1) to generate Pythagorean Triples, the 

values generated for y will include, besides composites, the entire set of prime numbers except 

for 2 [17, 18, 19, 22] 

 

3.2 Progression for z 

The progression to represent the values generated for z by equation (1) is more complicated 

than for y. However since this paper is dealing with consecutive integers n to generate the 

Pythagorean Triples it becomes apparent, as shown in Table 1 above, that the value of zn can be 

found by adding 4n to the value for zn-1. Accordingly this means the formula for generating the 

progression can be represented by: 

 zn = 1 for n = 0, otherwise zn = zn-1  +  4n for n = 1, 2, 3, 4, …… (4) 

One observation from the results of z is that this progression generates only numbers of the 

form “4k + 1”,   [13,14, 15, 26], being: 
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 1, 5, 13, 25, 41, 61, 85, 113, 145, 181, 221, 265 313, 365, 421,..995461, 998285 … (5.1) 

This of course is not surprising since the series begins with zn = 1 for n = 0 and then successive 

values of 4n (for n = 1, 2, 3, 4, ...) are added to it. 

Another interesting observation is the repetitive trends of the final digit in the consecutive 

integers for z for n ≥ 1 which are: 

 5, 3, 5, 1, 1, 5, 3, 5, 1, 1, …….5, 3, 5, 1, 1,…….. (5.2) 

and this continues for values of z > 1 million. Obviously, one implication of this when 

considering the next section is that it is already known that at least 2/5th , that is 40%, of the 

values of z will be composite to the extent they have 5 as a divisor.  

 

4 Presence of Primes 

As mentioned in paragraph 3.1 above, the sequence of y will, besides composites, generate the 

entire set of prime numbers except for 2, on the basis the arithmetic progression for y generates 

all the odd numbers in the set of positive integers. 

 

However, whereas the sequence for y increases with an incremental difference of 2 for 

successive values of n, the increase in z is much more rapid. Consequently when producing 

values for z up to just under 1 million, the highest value occurs when n = 706 and n + 1 = 707, 

with  x = 998284, y = 1413 and z = 998285.   

Furthermore, from paragraph 3.2 above, it is expected z will have at least 40% composites. 

Hence it is not surprising that just for n = 1 to 706, there are 222 primes plus 484 composites in 

the values of y and 175 primes plus 531 composites in the values of z. Within these there are 42 

Pythagorean triplets in which both y and z are prime numbers, being:  

4,3,5 9660,139,9661 163020,571,163021 539760,1039,539761 

12,5,13 16380,181,16381 199080,631,199081 552300,1051,552301 

60,11,61 19800,199,19801 205440,641,205441 571380,1069,571381 

180,19,181 36720,271,36721 218460,661,218461 595140,1091,595141 

420,29,421 60900,349,60901 273060,739,273061 637320,1129,637321 

1740,59,1741 71820,379,71821 282000,751,282001 662400,1151,662401 

1860,61,1861 83640,409,83641 337020,821,337021 685620,1171,685621 

2520,71,2521 100800,449,100801 388080,881,388081 697380,1181,697381 

3120,79,3121 106260,461,106261 431520,929,431521 926160,1361,926161 

5100,101,5101 135720,521,135721 491040,991,491041 xxxx 

8580,131,8581 161880,569,161881 531480,1031,531481 xxxx 

Table 2. Table showing Pythagorean Triples with Pairs of Primes for z < 1million.  
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It has already been mentioned that all values of z take the form of 4k + 1. For an alternative 

view, however, as my earlier paper “A View of Primes, Twin Primes and Composites in 

Arithmetic Progressions” [29] considered progressions in the form of:  

 i  =  a + 30k  for a = 7, 11, 13, 17, 19 ,23 , 29, 31   and  k = 0, 1, 2, 3, 4, …………….. (6) 

then it is of interest to analyse the values of y and z of the above 42 Pythagorean Triples with 

pairs of primes for z < 1million in the context of these. As a reminder, in my previous paper I 

demonstrated that each of progressions arising from equation (6) contains infinite primes and 

collectively they contain all the primes except for 2, 3 and 5.  

 

My findings on considering modulo 30, can be summarised as follows: 

Modulo 30 congruent to y z 

3 1 0 

5 1 1 

11 14 0 

13 0 1 

19 11 0 

29 5 0 

31 10 40 

Total 42 42 

Table 3. Analysis of 42 Pairs of Primes for y and z in the context of modulo 30. 

Hence, except for z = 5 and 13, the values of z are all from the formula 30k + 31 for k = 0, 1, 2, 

3... , and, except for y = 3 and 5, the values of y take one of the forms of 30k + 11, 30k + 19, 

30k + 29 or 30k + 31 for k = 0, 1, 2, 3... .  

 

5 Infinite Pairs of Primes 

The choice for computing the Pythagorean Triples using consecutive numbers n and n +1 

means that the values for y are the entire set of consecutive odd numbers, alternating between 

the forms of 4k + 3 and 4k + 1, and as such contain the entire set of prime numbers except for 2. 

It also means that the values for z take the form of 4k + 1, since successive n2 take the 

alternating form 4k + 1, 4k, 4k + 1, 4k, ………, whereas successive (n + 1)2 take the form 4k, 4k 

+ 1, 4k, 4k + 1, ………, such that when (n + 1)2 and n2 are added together for the same value n, 

they give a sum which takes the form of 4k + 1. Since it is known progressions of the form 4k + 

1 contain infinite primes [27, 28], then the progression in z will contain infinite primes. 

 

Alternatively, looking at z from the perspective of modulo 30, gives rise to a repeat pattern 

for successive values, being modulo 30 congruent to 1, 5, 13, 25, 11, 1, 25, 23, 25, 21, 11, 25, 
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13, 5, 1. This pattern is repeated after every 15th value of z. Modulo 30 congruent to 5 produces 

composites, and as already mentioned in paragraph 3.2 above, z will have at least 40% 

composites (this time being calculated as 6/15). Similarly modulo 30 congruent to 21 only 

produces composites.   

 

However, as demonstrated in my paper “A View of Primes, Twin Primes and Composites in 

Arithmetic Progressions” [29], based on Dirichlet’s Theorem [24,25], infinite primes exist in 

the progressions which take the form 30k + 11, 30k + 13, 30k + 23, 30k + 29 or 30k + 31 for k = 

0, 1, 2, 3... (bearing in mind 30k + 31 is equivalent to 30(k+1) + 1). Furthermore, as 

demonstrated in paragraph 4 above, except for z = 5 and 13, the values of z for the occurrences 

of pairs of primes are all derived from a formula of the form 30k + 31. 

 

Hence there is no reason why there cannot be infinite Pythagorean triplets with pairs of 

primes, although the frequency of occurrence may be limited due to the need for primes in y 

and z to co-incide. 

 

It is unlikely this paper contains any new developments or mathematics and is therefore for 

interest only and should not be relied on in any way. 
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