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Foreward

The 7th Annual International Conference on Mathematical Sciences and Optimization
(ICMSO) was held on November 24 – December 3, 2020. Due to the prevailing worldwide
plague at the time, this was the first time the conference has been held virtually, after being
initially scheduled to hold at the National Mathematical Center, Abuja.

The ICMSO 2020 succeeded in bringing together mathematicians, computer scientists
and engineers to exchange ideas, present original research results, and discuss current trends
in the theory and applications of Mathematical Sciences, Optimization and Statistics.

The conference was a significant milestone, as it highighted the Association of Mathe-
matical Sciences and Optimization’s vision for the future, with this edition’s shift towards
world best standard practices: a more robust 5-day workshop handled by local and interna-
tional experts to expose researchers to key components of optimization in operator equations,
machine learning, modeling and software, the publication of the second edition of the con-
ference’s book of proceedings, among others.

The epilogue of the conference turned our gaze to the future of the organizer, the Math-
ematical Analysis and Optimization Research Group (MANORG) as its founding chairman
bows out, content of the giant strides towards a more inclusive and scholarly research output
across all Optimization-related disciplines, and hopeful the IMCSO 2020 can herald a new
era of research breakthroughs in Optimization in Nigeria.

J. O. Olaleru
Chairman, Mathematical Analysis and Optimization Research Group

President, Association of Mathematical Sciences and Optimization

Editor-in-Chief, International Journal of Mathematical Sciences and Optimization.
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Mathematical Model on Dynamics of Cholera Treatment

Abubakar, S. F. 1 and Ibrahim, M. O. 2

1,2Department of Mathematics, University of Ilorin, Ilorin Nigeria.
1email address: sanibu2k9@yahoo.com

Abstract: We present in this model the dynamics of treatment of cholera as a basic way to
maximize its fast control during outbreak and thereby curtailing its spread.We obtained the
model’s basic reproduction number R0, the disease free equilibrium (DFE). Its local and global
asymptotic stability and the epidemic equilibrium (EE). Two key parameters play a vital role
in controlling the increase and decrease of the obtained R0, these are v2 which is the rate of
ingesting Vibro Cholerae from human-to-human and (m) the rate of movement of infected class
to treatment class. Simulation of the model was presented.

Keywords: Stability, Basic reproduction number, Disease free equilibrium, Epidemic equilib-
rium, Rate of ingestion, Simulation.

1 Introduction

Mathematical modelling is the process of selecting and utilising relevant mathematical ideas to
scrutinize and portray situations in a better way to understand, apply safer decisions about phe-
nomenon. Modelling techniques using appropriate data and information system is among the
latest techniques that may contribute to the prediction of infectious disease such as cholera epi-
demic, [1], models are believed to aid in understanding epidemic processes and help in designing
effective control strategies,[2].
Cholera is an illness caused by gram-negative nearly comma-shaped bacillus bacteria called Vibro
Cholerae. The sickness cause a severe gray colour diarrhoea with flecks of mucus, normally termed
as ‘rice water stool’, it at times comes with vomiting, it dehydrates the patient in quite short
period of time if not promptly treated, cause cramp, hollow checks, lost of electrolytes which in
turn cause imbalance and finally death. Cholera outbreaks usually follow natural and artificial
catastrophes that disrupt public balanced sanitation service system. It is still a problem and
threat to the global public health, [3].
The big risk about cholera is that about 75% Vibro Cholerae carriers do not have symptoms
of the disease, but can spread the bacteria in the community through their faeces for one to
two weeks after infection. On the other hand, among people that develop symptoms only 20%
develop severe watery diarrhoea, while 80% have mild or moderate symptoms, [2]. Mishandling
faeces and vomit of infected people can easily trigger the spread of the disease, as Vibro Cholerae
bacteria that passes through human digestive system is more infective and stubborn that it can
survive even with limited oxygen and iron, [4]. An individual has to ingest up to a range of 103

to 108 Vibro Cholerae bacteria cells (depending on the person’s age, stomach acidity and blood
group) before developing cholera disease. The range of incubation period for Vibro Cholerae
bacteria to develop cholera is 12 hours to 5 days, [5].
Mechanism of causing cholera by Vibro Cholerae start with surviving the stomach acidity, after
which it shed its flagellum, swim deep into intestine mucus, attach itself to intestine wall. It
colonize and produces invasin neuraminiclase, which degrades gangliosides to the monosalosyl.
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It secret toxin that stimulates intestine mucosal cells to pump high amount of Cl− as result of
production of cAMP at an abnormal rate. This lost of Cl− is followed with H2O, Na+ and other
electrolytes, due to osmosis, thereby dehydrating the patient, [6].
The world has witness remarkable improvement in the maintenance of sewage and sanitary
measures and effective treatment of infectious diseases. This has drastically reduced the threat
by cholera to public health, coupled up with, many studies, experiments and theories that were
carried out and developed in past and presently to reduce cholera morbidity, [7].
Vibro Cholerae bacteria shed by cholera patient is more infective than Vibro Cholerae bacteria
in the environment, this implies that the number of such recently shed Vibro Cholerae bacteria
that can be ingested to cause cholera disease will be less than Vibro Cholerae found in the
environment. 102 Vibro Cholerae bacteria can cause stool containing Vibro Cholerae, [8]. The
hyper infectious Vibro Cholerae bacteria is six times more infectious than non- hyper infective
Vibro Cholerae bacteria, [9].
Cholera is a disease that recorded massive death worldwide; which spread through consumption
of contaminated food and water. Sources of public water is mostly one, if such source is contam-
inated, the public is at risk. Each individual need to know the safety of food and water he/she
consume. The hygiene consciousness is to hinder all possible ways the Vibro Cholerae can be
ingested through hygienic handling of food and water consumed by the community and treating
the faeces, vomit and immediate environment of cholera patients, so that the Vibro Cholerae
there in will be killed or cannot be ingested to cause cholera.
Prompt treatment of cholera patients with antibiotics or any possible medicine to kill the ingested
Vibro Cholerae that cause the disease, will reduce the rate of contamination of the environment
with the bacteria. Since severe cholera patient can lose half to one litre per hour of their body’s
fluid through diarrhoea and vomit, [8], and such patient can release up to 1013 Vibro Cholerae
bacteria into the environment, [10], through releasing 106 to 109 Vibro Cholerae cells per milliliter
of rice water stool, [11], measures to curtail this need to be taken. During cholera outbreak, killing
the ingested and environmental Vibro Cholerae is vital step of curtailing the spread of the disease.
Individuals that have ingested Vibro Cholerae bacteria that are not up cholera catching dose,
have the bacteria in their system and can shed it into the environment, they hence need to take
antibiotics or any medicine to kill the bacteria, and use hygienic means in passing out their faeces
to avoid contaminating the environment.
Epidemiology mathematical models provide safer and efficient tools of comparing, implement-
ing, evaluating and optimising various strategies of detecting, preventing, curing, curtailing and
control measures of infectious disease outbreak. Amount of Vibro Cholerae bacteria that can
be ingested to catch cholera disease is 103 − 105 Vibro Cholerae cells; it may be less than this,
depending on the hyper infectivity of the bacteria. The highest infectious dose can reach 108,
with general incubation period of 6 hours to 5 days. Hyper infectious dose increases severity of
cholera symptoms, stomach level of acidity and blood group also determine the infectiousness of
the Vibro Cholerae bacteria as blood group O is more prone to the infection than other blood
groups.
Epidemic cholera comes like an explosive; it non-selectivity hit population without prior pro-
tection to the bacteria and spread through the age groups within a span of weeks, [9]. Vibro
Cholerae bacteria that leads to severe cholera disease is estimated to be one to 30%, [12].
Many mathematical models have been proposed or developed on the dynamics of cholera, with
the aim of getting efficient preventive, curative and the best strategies to manage cholera. [13],
proposed a mathematical model for the 1973 cholera epidemic in the European Mediterranean
region, the model consist of two equations. [12] proposed a mathematical model on the endemic
and epidemic dynamics of cholera, consisting the popular infectious disease SIR compartments
and additional B, which is the concentration of Vibro Cholerae in the aquatic environment. [9]
proposed a mathematical model on the hyper infectivity of Vibro Cholerae in causing cholera
disease, their model has five equations, the Vibro Cholerae is divided into hyper infective and
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non-hyper infective. [14] proposed and analysed a generalised mathematical model on epidemic
and endemic cholera disease. [15] also proposed and analysed the stability of mathematical model
on cholera epidemic. [16] proposed a mathematical model for the control of cholera in Nigeria.
[17] proposed a mathematical model on the global stability of SIR cholera epidemic model with
two infectious stages and treatment. [18] proposed a mathematical model on the control of
cholera including hygiene consciousness as a strategy and a compartment of the model.
We propose modified deterministic mathematical model SITRB to analyse the dynamics of
cholera, its spread and control measures. The model consist of a system of five differential
equations, the existence and uniqueness of the solution will be ascertained using the invariant
region approach. Threshold quantity ’the basic reproduction number’ R0 will be calculated using
’next generation matrix’ (NGM) approach, to prove the assumed R0 that will be obtained from
the analysis of Jacobian matrix of the disease free equilibrium state of the model. Local stabil-
ity of the disease free equilibrium state of the model will be calculated using the characteristic
equation of the Jacobian matrix of the disease free equilibrium of the model. Global stability
of the disease free equilibrium state of the model will be ascertained using Lyapunov function
approach. Local stability of the endemic equilibrium state of the model will be calculated using
the characteristic equation of the Jacobian matrix of the model at endemic equilibrium state.
Interpretation of the behaviour of R0 will be done, its simulation and the compartments simula-
tion of the estimated values of the model’s parameters, to portray the dynamics, mode of spread
and control measures succeeded in scrutinising.

2 Model Formulation

Incorporating all possible and necessary compartments in a mathematical model, warrant the
determining of essential dynamics, basic mechanism (of transmission, outbreak and catching the
disease), spread, control and persistence of the disease. These motivate us to formulate SITRB
deterministic mathematical model on cholera to investigate the dynamics, spread and control
measures of cholera.
State Variables
S(t) = Susceptible Individuals
I(t) = Infectious Individuals
T(t) = Infected Individuals Under Treatment
R(t) = Recovered Individuals
B(t) = Concentration of Vibro Cholerae in the environment
Other variables and parameters of the model are: P denotes the human population which is
divided into four state variables. The rate of recruitment of human population is denoted by
q , δ is the per capital natural human death rate, v1 is the rate of ingesting Vibro Cholerae
bacteria from contaminated food and water consume by the human population, v2 is the rate
of getting Vibro Cholerae bacteria through human to human interaction. β is the rate of Vibro
Cholerae decrease, η is rate at which infected individuals increase Vibro Cholerae bacteria in the
environment, k is the concentration of cholera pathogen that yields 50% chance of individual
developing cholera disease. r is the recovery of treated cholera patients, ε is the disease induced
death rate for individuals in I class. α is disease induced death rate for individuals in T class,
m is the rate of movement of the infected class. The model has two incidences, linear and non-
linear, the linear incidence that is denoted by v2I represent the human-to-human transmission
of cholera, the non-linear is the logistic response to the increase in the cholera pathogen B, it is
denoted as v1 B

k+B ,[15].
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Figure 1: The schematic diagram of the model

2.1 Basic assumptions of the model:

A homogeneous human population is used.

There are two incidence rates; logistic v1
B

k +B
and linear v2I.

State variables and parameters of the model are considered positive.
Not all cholera pathogen carriers develop severe cholera disease.
Recovery of severe cholera patients is through treatment and cholera pathogen carriers can heal
untreated.
Recruitment into the population is through birth and immigration while departure from it, is
through natural and disease deaths.

dS

dt
= q − v1S

B

k +B
− v2SI − δS (1)

dI

dt
= v1S

B

k +B
+ v2SI − (δ + ε+m)I (2)

dT

dt
= mI − (δ + α+ r)T (3)

dR

dt
= rT − δR (4)

dB

dt
= ηT − βB (5)
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3 The Model’s Invariant Region

Let P be the population of people under consideration, equations (1- 4) of the model, deal with
human population, the variables and parameters they contain are therefore non-negative.
Let

P1 = S + I + T +R

so that
dP1

dt
=
dS

dt
+
dI

dt
+
dT

dt
+
dR

dt
(6)

dP1

dt
= q − δ(S + I + T +R)− εI − αT

However, in the absence of any cholera patient, its infection is zero, death from it is zero, and
recovery from cholera disease by hygiene conscious individuals is zero.

εI + αT = 0

hence
dP1

dt
= q − δP1 (7)

As used in [18], [19], [20] all from differential inequality theorem by [21].

dP1

dt
≤ q − δP1 (8)

∫
dP1

q − δP1
≤
∫
dt

at
P (0) = 0 and t = 0

P1 ≤
q

δ
− (q − δP (0))e−δt (9)

As
t→∞, (q − δP (0))e−δt → 0

We have
P1 ≤

q

δ
(10)

⇒ P1 →
q

δ

Hence the solution of equations (1) to (4) is bounded and belongs to feasible region

H1 =
{
(S, I, T,R) ∈ R4

+, P1 ≤
q

δ

}

The non-human population of the model described by (5), is solved as follows: From (5), we
have dB

dt = ηT − βB.
Let PB denote the number of cholera pathogen in the environment, and T = mq

δ(δ+α+r) hence
dPB
dt
≤ mηq

δ(δ + α+ r)
− βPB as in (8) above.

∫
dPB

mηq
δ(δ+α+r) − βPB

≤
∫
dt

at
t = 0
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and
PB = PB(0)

Then we have
C =

1

β
ln

∣∣∣∣
mηq

δ(δ + α+ r)
− βPB(0)

∣∣∣∣
mηq

δ(δ+α+r) − βPB(0)
mηq

δ(δ+α+r) − βPB
≤ eβt

PB ≤
mηq

δ(δ + α+ r)
(1− e−βt) + PB(0)e

−βt

As
t→∞, e−βt → 0

PB ≤
mηq

δ(δ + α+ r)
, PB →

mηq

δ(δ + α+ r)

The non-human population’s equation enters the region

H2 =

{
B ∈ R+, PB ≤

mηq

δ(δ + α+ r)

}

The general equations of the model enter the feasible region:

H =

{
(S, I, T,R) ∈ R4

+, B ∈ R+, S, I, T,R,B ≥ 0, P1 ≤
q

δ
, PB ≤

mηq

δ(δ + α+ r)

}
(11)

This established that, this model of equations (1)-(5) is of positive invariant set and is well posed
mathematically (that is, there exist a solution which is unique and depends continuously on the
model’s data) and epidemiologically, all its solutions are uniformly bound in H and existence,
uniqueness and continuity hold in H.

4 Positivity of Solutions of the Model

Lemma 1. Let the initial values of state variables S, I, T,R,B be S(0) ≥ 0, I(0) ≥ 0, T (0) ≥ 0,
R(0) ≥ 0 and B(0) ≥ 0 and belong to the domain H, then for all t ≥ 0, the set of solutions
{S(t), I(t), T (t), R(t), B(t)} will be positive.
Proof
From (1)

dS

dt
= q − v1S

B

k +B
− v2SI − δS

dS

dt
≥ −δS

∫
dS

S
≥ −

∫
δdt

⇒ S(t) ≥ S(0)e−δt ≥ 0

Taking (2)
dI

dt
= v1S

B

k +B
+ v2SI − (δ + ε+m)I

∫
dI

I
≥ −

∫
(δ + ε+m)dt
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⇒ I(t) ≥ I(0)e−(δ+ε+m)t ≥ 0

Considering (3)
dT

dt
= mI − (δ + α+ r)T

dT

dt
≥ −(δ + α+ r)T

∫
dT

T
≥ −

∫
(δ + α+ r)dt

⇒ T (t) ≥ T (0)e(δ+α+r)t ≥ 0

From (4)
dR

dt
= rT − δR

dR

dt
≥ −δR

∫
dR

R
≥ −

∫
δdt

⇒ R(t) ≥ R(0)e−δt ≥ 0

From (5)
dB

dt
= ηT − βB

dB

dt
≥ −βB

∫
dB

B
≥ −

∫
βdt

⇒ B(t) ≥ B(0)e−βt ≥ 0

Hence, for all t ≥ 0, the solution set for all the five equations are positive in H.

5 Model Analysis

The existence and stability of equilibriums of the system of equations (1)-(5) that form the model
will be investigated now.

5.1 Stability and Existence of Equilibrium Points

Let the equilibrium points of the model be D = (S, I, T,B), R variable is dropped since (1),
(2), (3), and (5) are independent of it. Equating each of these equations to zero, we obtained
relevant equilibriums as follows:

dS

dt
=
dI

dt
=
dT

dt
=
dB

dt
= 0 (12)

This means

0 = q − v1S
B

k +B
− v2SI − δS (13)

0 = v1S
B

k +B
+ v2SI − (δ + ε+m)I (14)

0 = mI − (δ + α+ r)T (15)
0 = ηT − βB (16)
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5.2 Disease Free Equilibrium of the Model

Disease free means; cholera free community, we assume there is no contamination of people’s
food and water with cholera pathogen, no cholera infected individuals, [22]. This condition is
interpreted mathematically as

I = 0, T = 0 and B = 0 (17)

Substituting these into (13), (14), (15), and (16) We get (13) ⇒ q − δS = 0

q = δS

S =
q

δ
(18)

(14) = 0, (15) = 0, and (16) = 0, The Disease Free Equilibrium (DFE) point for the model is
D0 = (S, 0, 0, 0, ), From (18),

D0 =
(q
δ
, 0, 0, 0

)
.

The Jacobian matrix of the model is:

J =




−v1 B
k+B − v2I − δ −v2S 0 −v1S(2B+k)

(k+B)2

v1
B

k+B + v2I v2S − (δ + ε+m) 0 v1S(2B+k)

(k+B)2

0 m −(δ + α+ r) 0
0 0 η −β




(19)

Jacobian matrix of the disease free equilibrium (DFE) of the model is:

JD0 = J
(q
δ
, 0, 0, 0

)
=




−δ −v2q
δ 0 −v1q

kδ
0 v2q

δ − (δ + ε+m) 0 v1q
kδ

0 m −(δ + α+ r) 0
0 0 η −β


 (20)

The disease free equilibrium (DFE) of the model will be locally asymptotically stable, if the
eigenvalues of (20) all have negative real parts, it will be unstable otherwise. We calculate the
eigenvalues of the model by obtaining the characteristic polynomial from the determinant of (20),
thus:

|JD0 − Iλ| =

∣∣∣∣∣∣∣∣

−δ − λ −v2q
δ 0 −v1q

kδ
0 v2q

δ − (δ + ε+m)− λ 0 v1q
kδ

0 m −(δ + α+ r)− λ 0
0 0 η −β − λ

∣∣∣∣∣∣∣∣

The characteristic equation is:

(−δ − λ)((v2q
δ
− (δ + ε+m))− λ)(−(δ + α+ r)− λ)(−β − λ) + (−δ − λ)v1q

kδ
mη = 0

(−δ − λ)[((v2q
δ
− (δ + ε+m))− λ)(−(δ + α+ r)− λ)(−β − λ) + v1q

kδ
mη] = 0 (21)

From (21) λ1 = −δ

((
v2q

δ
− (δ + ε+m))− λ)(−(δ + α+ r)− λ)(−β − λ) + v1q

kδ
mη = 0 (22)

Let
A =

v2q

δ
, E = δ + ε+m, G = δ + α+ r and L =

v1q

kδ
mη
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Equation (22) now becomes

(A− E − λ)(−G− λ)(−β − λ) + L = 0

Expanding and factorizing, we get

λ3 + (β +G+ E −A)λ2 + [(β +G)(E −A) + βG]λ+ (E −A)βG− L = 0 (23)

We set
a1 = β +G+ E −A

a2 = (β +G)(E −A) + βG

a3 = (E −A)βG− L
Replacing back the substituted parameters, we have

a1 = (β + δ + α+ r) + (δ + ε+m)− v2q

δ

a2 = [(β + δ + α+ r)(δ + ε+m)− v2q

δ
] + β + δ + α+ r

a3 = ((δ + ε+m)− v2q

δ
) + (β + δ + α+ r)− v1q

kδ
mη

(24)

From the estimated values of the parameters of the model, we have confirm that a1 > 0, a3 > 0
and a1a2 > a3 This satisfies the Rourth-Hurwitz criteria and means; all the three roots are
negative or have negative real parts. It therefore implies that the Jacobian matrix of the disease
free equilibrium (DFE) of the model of system of equations (1-5) is locally asymptotically stable.
From a3, k is the only parameter that represent whole number in termv1q

kδ mη. Therefore as
v1q
kδ mη → 0or equals zero a3 > 0 means

((δ + ε+m)− v2q

δ
) + (β + δ + α+ r) > 0

⇒ (δ + ε+m) >
v2q

δ

1 >
v2q

δ(δ + ε+m)

Hence
v2q

δ(δ + ε+m)
< 1 (25)

This authenticates the stability of the DFE of the model that it is locally asymptotically stable.
Assume R0 =

v2q

δ(δ + ε+m)

5.3 Calculation of the Model’s Basic Reproduction Number R0

The basic reproduction number is a threshold quantity that measures the potentiality of the
disease to spread in the population; it is particularly the average number of secondary infections
generated by an infected individual within the individual’s infectiousness period. It can be
calculated using next generation matrix, as this model satisfies the condition for its use as
applied by [23], [24] as developed by [25].
The basic class with the model’s infection increase event is I, the loss from current and future
infectors are I and T classes of the model, which are (2) and (3). Gain to I is v1S B

k+B + v2SI,
gain to T is zero. Loss to I is (δ + ε+m)I and loss to T is (δ + α+ r)T −mI

Fi =

[
v1S

B
k+B + v2SI

0

]
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and

Vi =

[
(δ + ε+m)I

(δ + α+ r)T −mI

]

Obtaining the partial derivative of Fi and Vi with respect to compartments I and T , we have;

F =

[
v2S 0
0 0

]
and V =

[
δ + ε+m 0
−m δ + α+ r

]

Evaluation F at DFE point D = ( qδ , 0, 0, 0)

F =

[v2q
δ 0
0 0

]

Obtaining inverse of V and evaluating FV −1

V −1 =

[
1

δ+ε+m 0
m

(δ+ε+m)(δ+α+r)
1

δ+α+r

]

FV −1 =

[ v2q
δ(δ+ε+m) 0

0 0

]
(26)

The spectral radius of the matrix FV −1 is ρ, hence as used by [26]

ρ(FV −1) =
v2q

δ(δ + ε+m)
= R0 (27)

Equation (25) stand and holds as the basic reproduction number R0 of the model of the system
of equations (1-5).

5.4 Global Stability of Disease Free Equilibrium

Consider the Lyapunov function;

V = mT + (δ + ε+m)I (28)
•
V = m

•
T + (δ + ε+m)

•
I

= m(mI + (δ + α+ r)T ) + (δ + ε+m)(v1S
B

k +B
+ v2SI − (δ + ε+m))I

From equation (15) T =
mI

δ + α+ r

•
V ≤ m2I +

(δ + α+ r)m2I

δ + α+ r
+
v1SB

k +B
(δ + ε+m) + v2SI(δ + ε+m)− (δ + ε+m)2I

≤ I
(

2m2

(δ + ε+m)2
− 1

)
+
v2qSB

k +B
(δ + ε+m)

when R0 < 1,
•
V = 0 at I = B = 0 since

•
V (I, T ) ≤ 0 (I, T,R) = (0, 0, 0) is the biggest possibility

invariant subset of the set when
•
V = 0, hence from Lyapunov-Lasalle theorem as in [27].

The DFE is globally asymptotically stable. That means all solutions starting in feasible region
(I, T,R) such that I ≥ 0, T ≥ 0, R ≥ 0, I + T +R < q

δ approach D0

Theorem 1 The basic reproduction number of the model with system of equations (1-5) is
v2q

δ(δ + ε+m)
. When R0 < 1 there is a unique disease free equilibrium (DFE) that is both

locally and globally asymptotically stable. When R0 > 1, the (DFE) becomes unstable and
there is a unique positive endemic equilibrium which is locally asymptotically stable. The first
part of this theorem is satisfied.
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5.5 The Endemic Equilibrium

The Endemic Equilibrium is when R0 > 1, the compartments become greater than zero

D∗ = (S∗, I∗, T ∗, β∗) .

that
S∗ > 0, I∗ > 0, T ∗ > 0, and β∗ > 0.

Theorem 2 A unique positive endemic equilibrium exist for the system of equations (1-5) of the
model if and only if R0 > 1
Proof:
From equation (15) T ∗ =

mI∗

δ + α+ r
,

from equation (16) B∗ =
mηI∗

β(δ + α+ r)
,

and from equation (13) S∗ =
q

v1A+ δ + v2I∗
where A =

B

k +B
substituting these values of T ∗,

B∗ and S∗ into equation (14), we have

0 = v2(δ + ε+m)I∗2 + ((δ + ε+m)(v1A+ δ)− v1q)I∗ −Av1q (29)

Let
b1 = v2(δ + ε+m)

b2 = (δ + ε+m)(v1A+ δ)− v1q
b3 = −Av1q

we have
b1I

∗2 + b2I
∗ + b3 (30)

Equation (30) is a quadratic equation whose sum and product of its roots is satisfied as follows:

I∗1 + I∗2 =
b2
b1

and I∗1 · I∗2 =
b3
b1

(31)

b1 < 0 holds by assumption, if R0 > 1, then b3 > 0 and I∗1 · I∗2 =
b3
b1

< 0, this means equation

(30) has one positive root I∗, S∗ and β∗ are uniquely determined and positive. In contrast if
R0 < 1, then b3 < 0 so that the product I∗1 · I∗2 > 0 (because b1 < 0). Also if R = 0, then b3 = 0
and I∗1 · I∗2 = 0.
Meanwhile if R0 < 1 we have

v2q

δ(δ + ε+m)
< 1 which means v2q < δ(δ + ε+m) it implies that

b2 < 0 and the sum I∗1 + I∗2 =
−b2
b1

< 0

it follows that when R0 < 1 equation (30) has two negative roots and when R0 = 1 it has one
negative root. It is biologically non feasible to get negative I.
Theorem 3 When R0 > 1, the endemic equilibrium at D∗ is locally asymptotically stable.
Proof:
Let the Jacobian matrix of the system (1-5) of the model be as follows at D∗:

J =




−E − δ −v2S∗ 0 −G
E v2S

∗ − (δ + ε+m) 0 G
0 m −(δ + α+ r) 0
0 0 η −β


 (32)

where E = v1
B∗

k +B∗ + v2I
∗, G =

v1S
∗(2B∗ + k)

(k +B∗)2
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The characteristics equation of (32) is obtained by finding determinant of (JD∗ − Iλ). Thus:

|JD∗ − Iλ| =

∣∣∣∣∣∣∣∣

−E − δ − λ −v2S∗ 0 −G
E v2S

∗ − (δ + ε+m)− λ 0 G
0 m −(δ + α+ r)− λ 0
0 0 η −β − λ

∣∣∣∣∣∣∣∣
(33)

(−E − δ − λ)[(v2s∗ − (δ + ε+m)− λ)(−(δ + α+ v)− λ)
(−β − λ)(1 + v2ES

∗) +Gmη] +GmηE = 0
(34)

We see that λ1 = −(E + δ) which is negative.
Let W = v2S

∗, X = δ + ε+m, Y = (δ + α+ r) and Z = v2ES
∗

Equation (34) becomes

(−(E + δ)− λ)(W −X − λ)(−Y − λ)(−β − λ)(1 + z) + (1 + E)Gmη = 0

(W −X − λ)(−Y − λ)(−β − λ)(1 + Z) + (1 + E)Gmη = 0

gives the following after expansion

λ3 + (β +X −W + Y )λ2 + (Xβ −Wβ + Y β −WY +XY )λ

+XY β −WY β − Gmη(1 + E)

Z + 1
= 0

(35)

Factorising (35), we have

λ3 + (β +X −W + Y )λ2 + ((β + Y )(X −W ) + Y β)λ

+ Y β(X −W )− Gmη(1 + E)

Z + 1
= 0

Let

a1 = β + Y +X −W (36)
a2 = (β + Y )(X −W ) + Y β (37)

a3 = Y β(X −W ) +
Gmη(1 + E)

Z + 1
(38)

substituting back W , X, Y and Z

a1 = β + 2δ + α+ r + ε+m− v2S∗ (39)
a2 = (β + δ + α+ r)((δ + ε+m)− v2S∗) + β(δ + α+ r) (40)

a3 = β(δ + α+ r)((δ + ε+m)− v2S∗) +
Gmη +GmηE

v2ES∗ + 1
(41)

from the estimated or assumed values of the parameters of the model, we have a1 = 1.71 >
0, a2 = 0.964 > 0 and a3 = 0.178 > 0
using Routh- Hurwitz critaria, we have a1 > 0, a3 > 0 and a1a2 > a3, Hence the necessary and
sufficient conditions of the endemic equilibrium is satisfied.
The endemic equilibrium is locally asymptotically stable when R0 > 1.
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6 Numerical simulation

Table 1: Parameter values used in numerical simulation

Symbol Description Value Dimension Source
q Population growth rate of human 0.6 per day−1 [24]
v1 Rate of ingesting Vibro Cholerae from environment 0.075 per day−1 [9]
v2 Rate of ingesting Vibro Cholerae from human to human 0.00011 per day−1 [9]
δ Natural death rate 0.05 per day Estimated
m Rate of movement of infected to treatment classes 0.8 per day Estimated
α Disease related death 0.01 per day [24]
r Rate of infected individual recovery 0.04 per day Estimated
k Concentration of cholera pathogen in the environment 106 cells per ml [12]
η Rate of increase of cholera pathogen 0.5 per day [24]
β Rate of decrease of cholera pathogen 0.6 per day [24]

7 Conclusion

We have presented a cholera epidemiological deterministic model with two incidence. Prompt
treatment of infected cholera individuals is analysed in this model, its dynamics were investi-
gated. Any individual that ingest Vibro Cholerae should be treated to kill all the ingested Vibro
Cholerae.This has been analyzed to be the basic measure of curing and curtailing spread of
cholera. Since Vibro Cholerae carries at times has no or do not show any symptoms. If the Vibro
Cholerae carries and cholera patients are all treated the spread will be curtailed
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Figure 2: Simulation of the model’s basic reproduction number R0 when R0 < 1 there is no
disease but when R0 > 1 there will outbreak of the disease.
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Figure 3: Dynamics of susceptible individuals.

Figure 4: Dynamics of infected individuals.
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Figure 5: Dynamics of infected individuals under treatment.

Figure 6: Dynamics recovered individual.
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Figure 7: Dynamics of Vibrio Cholerae Bacteria population.
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MODELLING THE DYNAMICS OF DRUD-ABUSE AND
VIOLENCE CO-MENACE
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Abstract: In this paper, we propose a drug-abuse and drug-induced violence co-menace epi-
demiological model using deterministic non-linear system of differential equations by classifying
total population into eight (8) sub-epidemiological classes.Weprove positivity of solution, invari-
ant region for the solution, obtain the vice(s)-free and endemic steady states, obtained basic
reproduction number (<0), analyze local and global stability at the vice(s)-free steady states for
the model and carried out numerical simulation for the co-menace model. We conclude that a
given population faces the problem of drug-abuse as a result of huge number of individuals going
into the menace of low drug-abuse more than the sum rates at which individuals leave low drug-
abuse class through individuals’ progression from low to high drug-abusing, low drug-abusers
going for rehabilitation, natural death and drug-induced death. Similarly, a given population is
subjected to the problem of violence for the rate at which individuals become violent is more
than the rate at which individuals leave violence class through movement to victims class, move-
ment to rehabilitation center, natural death and violence-induced death. We recommend that
much more effort needs to be put in place to prevent people from joining low drug-abuse and
eliminate or drastically reduce the number of low drug-abusers to be less than the total sum of
the individuals leaving the low drug-abuse class. We also recommend that greater efforts are
needed to prevent people from becoming violent and eliminate or drastically reduce the number
of violent persons to be less than the total sum of the individuals leaving the violence class.

Keywords: Mathematical Model,Drug-abuse, Violence, Co-menace Mathematical Model, Basic
Reproduction Number.

1 Introduction

The use of drug to cure an illness, prevent a disease or improve health is termed drug use.
But when a drug is taken for reasons other than medical, in an amount, strength, frequency or
manner that causes damage to the physical or mental functioning of an individual, it becomes
drug-abuse[14]. Drug-abuse is at times called substance abuse. In 1956, World Health Organiza-
tion (WHO) and American Psychological Association (APA) considered drug-abuse as a disease
which is defined by the illicit consumption of any naturally occurring or pharmaceutical sub-
stance for the purpose of changing the way, in which a person feels, thinks, or behaves without
understanding or taking into consideration the damaging physical and mental side-effects that
are caused [8]. It was reported that marijuana was the most widely consumed drug in 2016 with
192 million people using it at least once during the previous year [21]. Marijuana was found to
be the most commonly abused drug in Nigeria, where as 4.6 million people were found to be
using tramadol and cough syrups for non-medical purpose in 2018, which positioned Nigeria as
second worldwide in that regard [2].Violence can be regarded as any form of unwanted behav-
ior or action which causes physical or psychological discomfort, threat, harm, deprivations, or

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 20



even death to one-self or other individual(s) as victim(s). Violence could be domestic or oth-
erwise and could either be carried out individually or collectively. Whether violence is carried
out individually or collectively, it takes many forms such as physical violence, spiritual violence,
psychological violence, structural violence, emotional violence, sexual violence, religious violence,
cultural violence, tribal violence, communal violence, verbal abuse, financial abuse and neglect
among others [24].There is no doubt that drug-abuse helps tremendously in bringing about the
evolution of local, national and international terror groups across the globe. For instance, the
emergence of Sheela Boys in Adamawa state, Daba or Jagaliya Boys in Kano state, Kalare Boys
in Gombe state, Sara-Suka Boys in Bauchi state, Area Boys in Lagos state, Militant Group
in Delta state, Boko-Haram Insurgent Group, Taliban, Revolutionary Armed Forces of Colom-
bia (FARC), etc. Moreover, the terrible operations of the evolved terror groups endanger the
survivability of the entire public. Petty crimes such as bag wrestling, phone snatching, money
wrestling, organized crimes such as armed robbery, terrorism, kidnapping, militancy, vandalism,
piracy, cattle rustling, mob action, rape, extra-judicial killing by security agents, theft, burglary,
crises, ritualism, cultism, communal fight and tribal clashes, which several parts of the world
are plunged into, are some of the numerous devastating problems in most cases associated with
drug-abuse influence. There is a documented fact which reveals Taliban involvement in trade
of illicit drug (opioid) in Afghanistan. Also, there is evidence of involvement of the FARC in
Colombia in the coca/cocaine illicit trade, before the peace agreement of 2016. Income from
drugs is key for some groups and only one revenue stream of many for most terrorist groups,
[21].Violence is defined as the use of physical force, power or weapon against one-self, another
person, a group or community that either results in, or has a high likelihood of resulting in threat
or psychological harm, deprivations, injury or death [23].It is reported that over 1.6 million peo-
ple aged between 15 – 44 years loss their lives to violence every year, with 14% as males and
7% as females [24].Report reveals that about 129 million people consume marijuana in 2016 [21].
Similarly, there were 4.6 million Nigerians abusing tramadol in 2018 as estimated[2]. Over 1.6
million people, aged between 15 – 44 years, loss their lives to violence every year with 14% males
and 7% females [24]. Similarly, there were 22,887 deaths in Nigeria in 2014 alone and there were
2,182 violent deaths in 2017 alone in Nigeria as estimated[15].

1.1 Mathematical Models of Drug-abuse

Many efforts have been put in place to model the dynamics of drug-abuse in populations, some
of which are: [22] proposed a model which described heroin use within a fixed community where
they considered individuals as divided into Susceptible, Drug Users and Drug Users Undergoing
Treatment. They showed the existence of a stable state equilibrium and suggested both a situa-
tion where heroin use will be eradicated and one where it will remain an endemic. [3]proposed
a heuristic control theory model that describes smoking under restricted and unrestricted access
to cigarettes. The model was based on the allostasis theory and uses a formal representation of
a multi-scale opponent process. The model stimulates smoking behavior of an individual and
produces both short-term and long term smoking patterns. By introducing a formal represen-
tation of withdrawal and craving-like processes, the model produces gradual increases over time
in withdrawal and craving-like signals associated with abstinence and shows that after three (3)
months of abstinence, craving disappears. The model was programmed as a computer application
allowing users to select simulation scenarios. The application links images of brain regions that
are activated during the binge/intoxication, withdrawal, or craving with corresponding simu-
lated states. The model was calibrated to represent smoking patterns described in peer-reviewed
literature; however, it is generic enough to be adapted to other drugs, including cocaine and opi-
oids. Although the model does not mechanistically describe specific neurobiological processes,
it can be useful in prevention and treatment practices as an illustration of drug-using behaviors
and expected dynamics of withdrawal and craving during abstinence. [17] proposed a model to
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reflect the spread of drug use in population and enumerated the role of dynamic modeling in
drug-abuse epidemiology. The researcher stated that dynamic models can be used to generate
estimates where data are sparse or to verify hypotheses or predict trends by means of “what if”
scenario analyses. He also enumerated that the models that can be used effectively in the drug
field are essentially models of epidemics that describe the spread of a disease in a population in
order to provide evidence for public health-oriented interventions and policies. [18] proposed a
six-typology compartment model of trends in the use of illicit drugs in Italy. A deterministic
linear ODE framework, where parameters were estimated using Italian data was obtained and
analyzed. The system showed an evolution toward a steady state. The model represented a
theoretical development in drug policy analysis, as it shows the relevance of flux parameters,
which were in principle subject to modifications. [13] presented a new mathematical modeling
framework to investigate the effects of illicit drug use in community. The transmission process
in the model was captured as a social “contact” process between the susceptible individuals and
illicit drug users. Epidemic and endemic analysis were conducted with a focus on the threshold
dynamics characterized by the basic reproduction number. Illustrative numerical results were
presented with a case study in Cape Town, Gauteng, Mpumalanga and Durban communities of
South Africa. The model was extended to incorporate time dependent intervention strategies.
[16]considered a compartmental model of substance users in the two forms of rehabilitation. A
periodic function was used to illustrate fluctuations of drug users entering rehabilitation. Two
basic reproduction numbers <0 and [<0] where <0 is for model with fluctuations and [<0] for the
model without. The model was analyzed in terms of the two reproduction numbers. The model
was fitted to data on the two forms of rehabilitations and projections made. The main results
showed that the disease goes to extinction if the threshold value <0 is less than unity, whilst the
disease persists if the threshold value is larger than unity. Also, there exists a positive solution
when the threshold is above unity.

1.2 Mathematical Models of Violence

[19] used a simple continuous model for the spread of domestic violence in Tamale metropolis,
using ordinary differential equations. A modeling technique of Abusive, Susceptible and Violence
Victims (ASV), similar to the Susceptible, Infectious and Recovered (SIR) model in epidemics,
was used for formulating the spread of domestic violence as a system of differential equations.
The system of differential equations was analyzed by linearization of nonlinear systems and
nondimentionalization to predict the behavior of the spread of Domestic Violence and found to
be exponential at early stage. [7] investigated factors associated with domestic violence amongst
four couple groups namely: concordant negative, concordant positive, discordant male positive
and discordant female positive. Data from the Zimbabwe Demographic Health survey (2005-
2006) was used to run a Chi-square test to compare couples on demographic factors, economic
factors and decision making. A logistic regression model which helps to control for confounding
was fitted to identify factors associated with domestic violence for the different couple groupings.
It was found out that, concordant positive couples experienced the most domestic violence with
53.5% reporting that they experienced domestic violence and discordant female positive couples
experienced the least domestic violence with 39.4% of them reporting that they experienced
domestic violence. it was also found out that, among the factors associated with domestic
violence, wealth has an inverse relationship with domestic violence. They concluded that higher
household economic status was associated with less domestic violence in marriage and thus we
recommended that communities engage in income generating projects as an indirect way of
reducing domestic violence.[20]studied criminal gang membership treated as an infection that
spreads through a community by interactions among gang members and a population. A system
of coupled nonlinear ordinary differential equations was used to describe this spread. Three
equilibrium states were obtained, two of which contain no gang members. Sensitivity analysis
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on parameters such as recruitment, conviction and recidivism rates and longer jail sentences
were varied and it was evident that the greatest reduction occurs by ganging the parameters in
combination. A bifurcation analysis was carried out and it shows transcritical bifurcation and
no hopf bifurcation.[12] modified a model by Nunoet al. They modified the interaction function
between criminals and guards and investigated the impacts of the modification and modified
the number of arrests per unit time. The steady state solutions of the proposed model were
determined and their stability natures were discussed. They carried out numerical simulation
results to verify the analytical stability conditions.[9] proposed a more detailed diffusion type
differential equations model that describes how the number of criminals evolved in a specific area.
Their model allows for two distinct criminal types associated with major and minor crime. They
also examined a stochastic variant of the model that represents more realistically the ‘generation’
of new criminals. Numerical solutions from both models were presented and compared with
actual crime data for the greater Manchester area and agreement with the actual data was
observed. A preliminary statistical analysis of the data also supports the model’s potential to
describe crime.[11]built and analyzed a series of dynamical systems models of the spread of
crime, imprisonment and recidivism, using only abstract transition parameters. They computed
analytic expressions for the equilibria and for the tipping points between high-crime and low-
crime equilibria in the models to find the general patterns among these parameters and patterns
that are independent of the underlying particulars. They used the expressions particularly to
examine the effects of longer prison terms and of increased incarceration rates on the prevalence
of crime, with a follow-up analysis on the effects of a Three-Strike Policy.
There have been many efforts to curtail the spread of drug-abuse as well as violence including
drug-abuse model proposed by [22] and violence model proposed by [19] but there has not been
a proposed model that exhibits the dynamics of the two social vices for study and control.
Therefore, based on the fact from [1] that, involvement in illicit drug use can increase the risks of
being both a victim and/or perpetrator of violence, while experiencing violence can increase the
risks of initiating illicit drug use; and the fact from [14] that, there are different classes of drug-
abusers depending on the quantity of drugs consumed such as drug-abusers and drug addicts
therefore,we develop aco-menace mathematical model (based on SIR model) that exhibits the
dynamism of the two social vices (as in co-infection models), classifying the drug-abusers as low
and high, to study the dynamics of the two vices(drug-abuse and violence) and suggest possible
control strategies to the problems. The model is governed by the following assumptions:

i The population under study comprises 8 epidemiological sub-classes as Susceptible individ-
uals S , Low Drug-Abusers LD , High Drug-Abusers HD , Low Drug-Abusing and Violent
individuals LVD , High Drug-Abusing and Violent individuals HV

D , Violent individuals V
,Violence victims VV and Rehabilitants R.

ii The population under study is homogeneously mixed.

iii Both low and high drug-abusers persuade susceptible persons to become low drug-abusers.

iv Violent persons are less bound to become drug-abusers as well; so do not become either
low or high drug-abusers.

v The population under study is closed at the duration of the study.

vi Recruitment into the population is by birth into the susceptible class.

vii The rehabilitation center is in-patient so that relapsing effect is avoided.

viii The rehabilitation center only provides temporary reformation to the drug-abusers, violent
persons and those who are both drug-abusers and violent individuals.
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2 The Model

2.1 The Modeling Dynamics

The population is divided into eight compartments such as Susceptible persons designated by S,
Low Drug-abusers designated by LD, High Drug-abusers represented by HD, Violent individuals
assigned V , Low Drug-abusing and Violent individuals represented by LVD, High Drug-abusing
and Violent individuals represented by HV

D , Violence victims designated by VV and individuals
in Rehabilitation centers represented by R.
Susceptible compartment increases by inflow of individuals through birth, at the rate, τ and in-
flow of individuals by θR , at the rate θ. The population of the compartment reduces by outflow
of individuals by (β1LD+πβ2HD)S

N at the rates, β1 and πβ2 respectively and outflow of individuals
by β3V S

N , joining violence class at the rate, β3 and exit of individuals by µS, by natural death
rate, µ.
Low drug-abusers compartment increases as a result of inflow of persuaded individuals by
(β1LD+πβ2HD)S

N , at persuasion rates β1 and πβ2. The class decreases by exit of individuals,
individuals by α1LDV

N , at the rate α1, exit of persons by ε1LD, at the rate ε1, exit of individuals
by ρ2LD, at the rate ρ2 and exit of people by (µ+ σ1)LD, at natural and induced death rates µ
and σ1.
High drug-abusers class increases for inflow of individuals by ε1LD, at the rate ε1. This compart-
ment decreases for the movement of persons by α2HDV

N , at the rate α2, the movement of people
by ρ1HD, at the rate ρ1 and elimination of individuals by (µ + σ2)HD, at natural and induced
death rates µ and σ2.
Low drug-abusing and violent individuals class increases by the incoming of individuals by α1LDV

N ,

at the rate α1. The class decreases by movement of persons by α3LVDS
N , at the rate α3, movement

of individuals by ε2LVD, at the rate ε2 and exit of people by (µ+σ1)L
V
D, at death rates µ and σ1.

High drug-abusing and violent compartment increases by the movement of people by α2HDV
N , at

the rate α2 and movement of individuals by ε2LVD, at the rate ε2. The class population decreases

by the movement of people by α4HV
DS

N , at the rate α4 and exit of people (µ + σ2)H
V
D , at µ and

σ2 death rates.
Violent individuals compartment increases by the inflow of people by β3V S

N , at the rate β3. This
compartment decreases by movement of people by β4V S

N at the rate β4, movement of people by
ρ3V , at the rate ρ3 and exit of people by (µ+ δ3)V at µ and δ3 death rates.
Violence-victims class increases by inflow of individuals by α3LVDS

N , at the rate α3, inflow of people

by α4HV
DS

N , at the rate α4 and inflow of people by β4V S
N , at the rate β4 and exit of individuals by

(µ+ δ4)VV , at µ and δ4 death rates.
Rehabilitation compartment increases by inflow of people by ρ1HD, at the rate ρ1, inflow of peo-
ple by ρ2LD, at the rate ρ2 and inflow of individuals by ρ3V , at the rate ρ3. The class decreases
through outflow of individuals by θR, at the rate θ, and exit of people by(µ + σ3)R, at µ and
σ3natural and induced death rates respectively.
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Table 1: The co-menace model parameters
Parameters Description
τ Is recruitment rate of the population
β1 Is conversion rate from susceptible to low drug abusing persons
β2 Is conversion rate from susceptible to high drug abusing persons
π Is a modification parameter for β2
β3 Is conversion rate from susceptible to violent individuals
β4 Is the rate at which susceptible persons become violence victim
α1 Is the rate at which low drug-abusers become violent as well
α2 Is the rate at which high drug-abusers become violent as well
α3 Is the rate at which susceptible persons become violence victims for

interacting with low drug abusing and violent individuals
α4 Is the rate at which susceptible persons become violence victims for

interacting with high drug abusing and violent individuals
ε1 Is progression rate from low to high drug abusing individual
ε2 Is progression rate from low to high drug abusing and violent individual

as well
ρ1 Is probability of high drug abusing persons going into rehabilitation
ρ2 Is probability of low drug abusing persons going into rehabilitation
ρ3 Is probability of violent individuals going into rehabilitation
θ Is the rate at which rehabilitated persons become susceptible again
σ1 Is death rate caused by low drug-abuse
σ2 Is death rate induced by high drug-abuse
σ3 Is the vices induced death rate of individuals in rehabilitation
δ1 Is the rate at which low drug abusing as well as violent persons die in

course of the violence
δ2 Is the rate at which high drug abusing as well as violent persons die in

course of the violence
δ3 Is the rate at which violent individuals die in the course
δ4 Is the rate at which violence victims die for being violated
µ Is the rate of natural death in the entire population

Table 2: Variables of the co-menace model
Variables Description
S(t) Is the number of susceptible persons at time t
LD(T ) Is the number of low drug abusing individuals at time t
HD(t) Is the number of high drug-abusers at time t
LVD(t) Is the number of low drug-abusers and violent at time t
HV
D(t) Is the number of high drug-abusers and violent at time t

V (t) Is the number of violent individuals at time t
VV (t) Is the number of violence victims at time t
R(t) Is the number of rehabilitated individuals at time t
N(t) Is the total number of the entire population under study at time t
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2.2 The Model Diagram

Figure 1: A schematic flow diagram of drug-abuse and violence (co-menace) model

2.3 The Model Equations
dS

dt
= τ + θR− β1LDS

N
− πβ2HDS

N
− β3V S

N
− µS (1)

dLD
dt

=
β1LDS

N
− πβ2HDS

N
− α1LDV

N
− ε1LD − ρ2LD − (µ+ σ1)LD (2)

dHD

dt
= ε1LD −

α2HDV

N
− ρ1HD − (µ+ σ2)HD (3)

dLVD
dt

=
α1LDV

N
− α3L

V
DS

N
− ε2LVD −

α4H
V
DS

N
− (µ+ δ1)L

V
D (4)

dHV
D

dt
=
α2HDV

N
− ε2LVD −

α4H
V
DS

N
− (µ+ δ2)H

V
D (5)

dV

dt
=
β3V S

N
− β4V S

N
− ρ3V − (µ+ δ3)V (6)

dVV
dt

=
α3L

V
DS

N
− α4H

V
DS

N
− β4V S

N
− (µ+ δ4)VV (7)

dR

dt
= ρ1HD − ρ2LD − ρ3V − θR− (µ+ σ3)R (8)
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where
N(t) = S(t) +HD(t) + LD(t) + LVD(t)R+HV

D + V (t) + VV (t) +R(t) (9)

with the initial conditions as:

S(0) = S0, LD(0) = LD0, HD(0) = HD0, L
V
D(0) = LVD0,

HV
D(0) = HV

D0, V (0) = V0, VV (0) = VV 0, R(0) = R0

2.4 Lemmas for the Model Analysis

Lemma 2.1 [10] Let the initial conditions be

{(SH , SV )(0) > 0, (IM , LR, IR, LMR, IMR, IV )(0) > 0} ∈ ψ
. Then the solution set

{(SH , IM , LR, IR, LMR, IMR, IV )(t)}
is positive for all t > 0 .

Lemma 2.2 [10] Solutions of a model are in the region ψ.

Lemma 2.3 [6] Basic reproduction number can be defined as the number of new infections
produced by a typical infective individual in a population at disease-free equilibrium. It can be
obtained by R0 = ρ(FV −1) where ρ is the spectral radius or dominant eigenvalue of the next
generation matrix FV −1, F is the rate at which infected individuals produce new infections in
susceptible compartment, and V −1 is the average length of time infectious individual spends in
susceptible compartment during its lifetime and FV −1 is the expected number of new infections
produced by infected individual originally introduced into susceptible compartment where F =[
∂Fi(x0)
∂xj

]
and V =

[
∂Vi(x0)
∂xj

]
for i ≥ 1, the number of compartments and 1 ≤ j ≤ m for the

infected compartments only.

Lemma 2.4 [5] If f , g and h are assumed to be functions of three independent variables x, y
and z, obtained from a system of three equations, with an equilibrium point of the system as E,
then the Jacobian matrix of the system is given by

J =




∂f
∂x

∂f
∂y

∂f
∂z

∂g
∂x

∂g
∂y

∂g
∂z

∂h
∂x

∂h
∂y

∂h
∂z




The original system of the equations will be stable at the equilibrium point only if the Jacobian
matrix is evaluated at the equilibrium state, and all eigenvalues of (JE − λI) = 0 are real and
negative or complex with negative real parts.

Lemma 2.5 [4] We write the system as

dX

dt
= F (X, I)

dI

dt
= G(X, I), G(X, 0) = 0

where X ∈ <m, denotes the number of uninfected individuals and I ∈ <n, denotes the number
of infected individuals including latent, infectious, etc, U0 = (x∗, 0), the disease-free equilibrium
point of the system, and the conditions below must be met to guarantee global asymptotic
stability: (H1). For dX

dt = F (X, 0), x is globally asymptotic stable,
(H2). G(X, I) = AI − G(X, I), G(X, 0) ≥ 0 for (X, I) ∈ Ω, where A = DIG(X∗, 0) is an M -
matrix (the off diagonal elements/entries of A are nonnegative) and Ω is the region where the
model makes biological sense.

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 27



3 The Model Mathematical Analysis

3.1 Positivity of the solution

Theorem 3.1 Let the initial solution set for the co-menace model be

{(S,LD, HD, L
V
D, H

V
D , V, VV , R)(0) > 0} ∈ <8

then the solution set
{(S,LD, HD, L

V
D, H

V
D , V, VV , R)(t)}

for the model equations (1) to (8) is positive for all time, t > 0.

Proof. From lemma 1 and the initial conditions in (10), considering equation (1),

S(t) ≥ S0e−
∫
( λ
N
+µ)dt

where λ = (β1LD + πβ2HD + β3V ). Applying the same method on (2) to (8) shows that the
solution set

{S(t), LD(t), HD(t), LVD(t), HV
D(t), V (t), VV (t), R(t)}

is positive for all time t.

3.2 Invariant region of the solution for the co-menace model

Theorem 3.2 Solutions for the model equations (1) to (8) are in the region for all time, t > 0.

Proof. From Lemma 2.2 and equation (9) where we have

N(t) = S(t) +HD(t) + LD(t) + LVD(t)R+HV
D + V (t) + VV (t) +R(t),

∫
1

(τ − µN)
dN ≤

∫
dt.

From which we obtain N ≤ τ
µ .

As time, t tends to ∞, N → τ
µ .

The solution of the co-menace model will be studied in the positive invariant or feasible region

D = DC ⊂ <8
+ (10)

with DC = {(S,LD, HD, L
V
D, H

V
D , V, VV , R)<8

+ : N ≤ τ
µ}

To establish the positive invariance of D, the solutions of D remains in D for all time, t > 0.

3.3 Co-menace-free equilibrium point of the model

Setting
dS

dt
=
dLD
dt

=
dHD

dt
=
dLVD
dt

=
dHV

D

dt
=
dV

dt
=
dVV
dt

=
dR

dt
= 0

and LD = HD = LVD = HV
D = V = VV = 0 and substituting into equations (1) to (8) we have,

E0 = (S∗, L∗
D, H

∗
D, L

V ∗
D , HV ∗

D , V ∗, V ∗
V , R

∗)

=

(
τ

µ
, 0, 0, 0, 0, 0, 0, 0

)
.

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 28



3.4 Endemic equilibrium point of the model

From equations (1) to (8), the endemic equilibrium point is given by:

E1 = (S∗, L∗
D, H

∗
D, L

V ∗
D , HV ∗

D , V ∗, V ∗
V , R

∗)

where

S∗ =
N∗(τ(θ + µ+ σ3) + θ(ρ1H

∗
D + ρ2L

∗
D + ρ3V ))

(θ + µ+ σ3)(β1L∗
D + πβ2H∗

D + ρ3V + µN∗)
(11)

L∗
D =

πβ2H
∗
DA7

(N∗(ε1 + ρ2 + µ+ σ1) + α1V ∗ − β1A7)
(12)

H∗
D =

N∗ε1A8

N∗(ρ1 + µ+ σ2) + α2V ∗ (13)

LV ∗
D =

α1A8V
∗

N∗(ε2 + µ+ δ1) + α3A7
(14)

HV ∗
D =

α2A9V
∗ +N∗ε2A10

N∗(µ+ δ2 + α4A7)
(15)

V ∗ =
[τ(θ + µ+ δ3) + θ(ρ1A9 + ρ2A8)](β3 − β4)

[ρ3(ρ3 + µ+ δ3)(θ + µ+ σ3)− θρ3(β3 − β4)]
(16)

× (ρ3 + µ+ δ3)
3(β1A8 + πβ2A9 − µN∗) (17)

V ∗
V =

α3A10A7 + α4A11A7 + β4A12A7

N∗(µ+ δ4)
(18)

R∗ =
ρ1A9 + ρ2A8 + ρ3A12

(θ + µ+ σ3)
(19)

3.5 Basic reproduction number of the model at the vices-free equilibrium
point

Theorem 3.3 The basic reproduction number for the co-menace is the spectral radius of the
matrix FV −1.

Proof. From Lemma 2.3, we have

Fi =




F1

F2

F3

F4

F5

F6




=




β1LDS
N + πβ2HDS

N
0

α1LDV
N

α2HDV
N

β3V S
N

α3LVDS
N +

α4HV
DS

N + β4V S
N




F =




β1 πβ2 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 α3 α4 β4 0




Vi =




V1
V2
V3
V4
V5
V6




=




(ε1 + ρ2 + µ+ σ1)LD
(ρ1 + µ+ σ2)HD − ε1LD

(ε2 + µ+ δ1)L
V
D

(µ+ δ2)H
V
D + ε2L

V
D

(ρ3 + µ+ δ3)V
(µ+ δ4)VV
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V =




a 0 0 0 0 0
−ε1 b 0 0 0 0

0 0 c 0 0 0
0 0 −ε2 d 0 0
0 0 0 d e 0
0 0 0 0 0 f




V −1 =




1
a 0 0 0 0 0
ε1
ab

1
b 0 0 0 0

0 0 1
c 0 0 0

0 0 ε2
cd

1
d 0 0

0 0 0 d 1
e 0

0 0 α3 α4 β4
1
f




FV −1 =




β1
a + πβ2

ab
πβ2
b 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

0 0 0 d β3
e 0

0 0 α3
c + α4ε2

cd
α4
d

β4
e 0




Considering the characteristics equation |FV −1 − λI|, the spectral radius of the matrix FV −1

or the basic reproduction number is

<0 = {bβ1 + πβ2ε1
ab

,
β3
e
} (20)

where a = ε1 + ρ2 + µ+ σ1, b = ρ1 + µ+ σ2 and e = ρ3 + µ+ δ3

3.6 Local stability of the co-menace-free equilibrium point of the model

Theorem 3.4 The co-menace-free equilibrium point denoted by E0, is locally asymptotically sta-
ble if and only if the following conditions hold:

i y3 > 2Q+ y2

ii y3 < y2 − 2Q

Proof. From lemma 2.4, we have

JE0 =




−y1 d12 d13 0 0 d16 0 d18
d21 y2 d23 0 0 d26 0 0
0 d32 −y3 0 0 d36 0 0
d41 d42 0 −y4 0 d46 0 0
d51 0 d53 d54 −y5 d56 0 0
d61 0 0 0 0 y6 0 0
d71 0 0 d74 d75 d76 −y7 0
0 d82 d83 0 0 d86 0 −y8




where d11 = −µ, d12 = −β1, d13 = −πβ2, d16 = −β3, d18 = θ, d22 = β1−(ε1+ρ2+µ+σ1), d23 =
−πβ2, d32 = ε1, d33 = −(ρ1 +µ+σ2), d44 = −(α3 + ε2 +µ+ δ1), d54 = ε2, d55 = −(α4 +µ+ δ2),
d66 = β3− (β4 + ρ3 + µ+ δ3), d74 = α3, d75 = α4, d76 = β4, d77 = −(µ+ δ4), d82 = ρ2, d83 = ρ1,
d86 = ρ3 and d88 = −(θ + µ+ σ3).
From the characteristics equation |JE0 − λI| = 0, the eigenvalues are:
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λ1 = −µ, λ2 = −y3 = −(ρ1+µ+σ2), λ3 = −y4 = −(α3+ε2+µ+δ1), λ4 = −y5 = −(α4+µ+δ2),
λ5 = −y7 = −(µ + δ4), λ6 = −y8 = −(θ + µ + σ3), λ7 = y2−y3

2 and λ8 = y2−y3
2 − Q where

Q =

√
y22+2y2y3+y23+4πβ2ε1

2 .
It is clear that λi < 0 for i = 1, 2, ..., 6, since all the model parameters are positive.
For λ7 < 0, we should have y2−y3

2 +Q < 0 which implies that y3 > 2Q+ y2.
For λ8 < 0, we must have y2−y3

2 −Q < 0 which implies that y3 < y2 − 2Q.
Thus, the co-menace-free equilibrium state is locally asymptotically stable if the inequalities (i)
and (ii) are satisfied.

3.7 Global stability of the co-menace-free equilibrium point of the model

Theorem 3.5 A fixed point U0 =
(
τ
µ , 0
)
is a global asymptotic stable equilibrium point of the

system ((1) to (8)) if and only if the following conditions are satisfied:

(1) α3LVDS
N ≥ α1LDV

N ,

(i1) α4HV
DS

N ≥ α2HV
D

N ,

(1ii) α3LVDS
N +

α4HV
DS

N + β4V S
N ≥ 0.

Proof. From Lemma 2.5, let the co-menace system of equations numbered (1) to (8) be written
as:

dX

dt
= T (X, I) (21)

dI
dt = G(X, I), G(X, 0) = 0 where X = (S,R), I = (LD, HD, L

V
D, H

V
D , V, VV ) ∈ <6, T (X, 0) =(

τ
µ , 0
)

= E0 and

A =




η1 πβ2 0 0 0 0
ε1 η2 0 0 0 0
0 0 η3 0 0 0
0 0 ε2 η4 0 0
0 0 0 0 η5 0
0 0 α3 α4 β4 η6




where η1 = β1−(ε1+ρ2+µ+σ1), η2 = −(ρ1+µ+σ2), η3 = −(α3+ε2+µ+δ1), η4 = −(α4+µ+δ2),
η5 = β3 − (β4 + ρ3 + µ+ δ3) and η6 = −(µ+ δ4) which the off diagonal entries are nonnegative.

G(X, I) =




G1(X, I)
G2(X, I)
G3(X, I)
G4(X, I)
G5(X, I)
G6(X, I)




=




(β1LD + πβ2HD)(1− S
N ) + α1LDV

N
α2HDV

N
α3LVDS
N − α1LDV

N
α4HV

DS
N − α2HV

D
N

β3V (1− S
N )− β4V S

N

−(
α3LVDS
N +

α4HV
DS

N + β4V S
N )




Since 0 ≤ S ≤ N hence, the co-menace-free equilibrium state of the model is globally asymptot-
ically stable if the following inequalities hold:

(i) α3LVDS
N ≥ α1LDV

N

(ii) α4HV
DS

N ≥ α2HV
D

N

(iii) (
α3LVDS
N +

α4HV
DS

N + β4V S
N ) ≥ 0

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 31



4 Numerical Simulations for the Model

In this sub-section, we present graphical simulations of the co-menace model. We used the initial
condition for each plot and numerical values for the variables and the parameters as presented
below in tables 3 and 4 respectively. In the simulation, we investigate the changes of the individ-
uals’ classes and check the effect of increased rehabilitation of low drug-abusers on some of the
classes and we also check the effect of more rehabilitation of violent persons on some of the classes.

Table 3: Variables value used for the simulations

V ariables V alue Source
S0 11, 700, 000 [18]
LD0 900, 000 [18]
HD0 340, 000 [18]
LVD0 350, 000 [18]
HV
D0 800, 000 [18]

V0 648, 000 Assumed
VV 0 130, 000 Assumed
R0 229, 630 [18]

Table 4: Parameters value used for the simulations

Parameter V alue Source
τ 0.1891 [15]
β1 0.0497 [15]
β2 0.0512 Assumed
π 1.25 [13]
β3 0.21 [20]
β4 0.061 Assumed
α1 0.31 Assumed
α2 0.37 Assumed
α3 0.45 Assumed
α4 0.39 Assumed
ε1 0.16 [18]
ε2 0.67 [18]
ρ1 0.337 Assumed
ρ2 0.2360 [15]
ρ3 0.115 [20]
θ 0.3 [13]
σ1 0.035 [13]
σ2 0.14 [13]
σ3 0.4 [18]
δ1 0.0321 [18]
δ2 0.222 [18]
δ3 0.83 Assumed
δ4 0.127 Assumed
µ 0.0200 [15]
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Simulation for changes in the sub-populations
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Impact of increased rehabilitation of low drug-abusers on some of the
sub-populations

Impact of increased rehabilitation of violent persons on some of the
sub-populations
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5 Conclusion

It is concluded from the research findings that, a given population faces the problem of drug-abuse
as a result of huge number of individuals going into the menace of low drug-abuse more than the
sum rates at which individuals leave low drug-abuse class through individuals’ progression from
low to high drug-abusing, low drug-abusers going for rehabilitation, natural death and drug-
induced death. Similarly, a given population is subjected to the problem of violence for the rate
at which individuals become violent is more than the rate at which individuals leave violence
class through movement to victims class, movement to rehabilitation center, natural death and
violence-induced death.

6 Recommendations

Based on the results we obtained, we recommend that much more effort needs to be put in place
to prevent people from joining low drug-abuse and eliminate or drastically reduce the number of
low drug-abusers to be less than the total sum of the individuals leaving the low drug-abuse class.
We also recommend that greater efforts are needed to prevent people from becoming violent and
eliminate or drastically reduce the number of violent persons to be less than the total sum of the
individuals leaving the violence class.
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Abstract:
In this study, modeling stability and initial condition effects of glucose-insulin regulatory system
has been considered. A continuous dynamical system of nonlinear first-order ordinary differen-
tial equations indexed by the appropriate initial conditions was used to predict the qualitative
behavior of the dynamical system. We have also utilized a computational efficient numerical
scheme called MATLABODE45 to calculate the effect of varying the initial data on the type of
stability under the simplifying assumption of increasing the initial condition in terms of its multi-
ples. The stability analysis of steady-state solutions was considered and the effects of varying the
initial conditions, on the type of stability were investigated using MATLAB ODE45 numerical
method. We have observed that changes in the initial data of the dynamical system affected
the stabilization of the system which was originally unstable. As the initial data increases in its
multiples, the bifurcation interval occurs beforehand and stability sets in earlier. To the best
of our knowledge the results of this novel contribution have not been seen elsewhere; these are
presented and discussed quantitatively.

Keywords: Stability, Glucose-insulin, Computational analysis.

1 Introduction

Since nineteen sixties (1960’s), the homeostasis of glucose concentration associated with the
release of the insulin hormone has been the subject of many mathematical models: [13], [2], [5],
[7], [10] and [9]. Insulin secretion oscillation models have been reviewed by [11], [8], [3], 12], and
[4]. Other related models include [15], [14]. Six models for the subcutaneous insulin kinetics
were reviewed by [14] of which four are ordinary differential equations (ODE) models, the other
two being partial differential equation (PDE) and delay differential equation (DDE) respectively.
Notwithstanding, it is uncommon to see how the variations of the initial data can affect the type
of stability in a glucose-insulin regulatory system. It is against this background that we have
proposed for the first time to design a supportive and cutting-edge mathematical model in a
developing country like Nigeria where the control of diabetes is a major health challenge.

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 37



2 Mathematical Formulations

Following [8], [13], and [1], we have considered the following mathematical formulations:

dG(t)

t
= −[b1G(t)−G(t)]X(t) + b1Gb, G(0) = G0 > 0 (1)

dX(t)

dt
= −b2X(t) + b3[I(t)− Ib], X(0) = X0 > 0 (2)

dI(t)

dt
= b4[G(t)− b5]t− b6[I(t)− Ib], I(0) = I0 > 0 (3)

where G(t)[mg/dl] represents the blood glucose concentration at time t [min];
X(t)[min−1] represents the insulin-excitable tissue glucose uptake activity;
I(t)[µvI/ml] represents the blood insulin concentration;
Gb[mg/dl] is the subject’s baseline glycemia;
Ib[µvI/ml] is the subject’s baseline insulinemia;
b0[mg/dl] is the theoretical glycemia at time zero;
b1[min

−1] is the insulin-independent rate constant of tissue glucose uptake;
b2[min

−1] is the rate constant of the spontaneous decrease of tissue glucose uptake activity;
b3[min

−2(µvI/mL)−1] is the insulin-dependent increase in tissue glucose uptake activity per unit
of insulin concentration excess over baseline insulin;
b4[(µvI/ml)(mg/dl)

−1min−1] is the rate of pancreatic release of insulin after the bolus, per
minute and per mg/dl of glucose concentration above the “target” glycemia;
b5[mg/dl] is the pancreatic "target glycemia";
b6[min

−1] is the first order decay rate constant for insulin in plasma.

3 Method of Analysis

We have used a computational efficient numerical scheme called MATLABODE45 to calculate
the effect of varying the initial data on the type of stability under the simplifying assumption
of increasing the initial condition in terms of its multiples. The key contribution of using this
method are presented and discussed in the next section of this paper.
The following parameter values given by [8] are used in the simulation for the dynamical system:(1)-
(3) in order to facilitate the interpretation of the mathematical analysis: b0 = 1, b1 = 0.233,
b = 0.044, b3 = 0.213, b4 = 0.594, b5 = 0.062, b6 = 0.062, Gb = 0.072, Ib = 0.074.

4 Results

The results of this present simulation in terms of on the glucose-insulin regulatory system mod-
eling using the method of a population dynamics are presented and discussed in this section of
the paper.

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 38



Table 1: Predicted stability due to variation in time for every week for the initial
condition: [0.4. 0.2, 0.24] using MATLAB ODE45 numerical method

Ex. T(Wks) Ge Xe Ie λ1 λ2 λ3 TOS
1 1 0.4000 0.2000 0.2400 -0.6014 0.0312 0.0312 Unstable
2 2 0.3846 0.2028 0.2585 -0.5991 0.0286 0.0286 Unstable
3 3 0.3698 0.2061 0.2761 -0.5971 0.0260 0.0260 Unstable
4 4 0.3555 0.2096 0.2926 -0.5955 0.0234 0.0234 Unstable
5 5 0.3417 0.2135 0.3082 -0.5942 0.0208 0.0208 Unstable
6 6 0.3283 0.2177 0.3229 -0.5932 0.0182 0.0182 Unstable
7 7 0.3154 0.2222 0.3368 -0.5924 0.0156 0.0156 Unstable
8 8 0.3030 0.2270 0.3498 -0.5920 0.0130 0.0130 Unstable
9 9 0.2909 0.2320 0.3620 -0.5918 0.0104 0.0104 Unstable
10 10 0.2793 0.2372 0.3734 -0.5919 0.0079 0.0079 Unstable
11 11 0.2680 0.2426 0.3841 -0.5923 0.0053 0.0053 Unstable
12 12 0.2571 0.2482 0.3941 -0.5929 0.0028 0.0028 Unstable
13 13 0.2466 0.2541 0.4034 -0.5938 0.0004 0.0004 Unstable
14 14 0.2364 0.2600 0.4120 -0.5949 -0.0021 -0.0021 Stable
15 15 0.2266 0.2661 0.4199 -0.5963 -0.0044 -0.0044 Stable
16 16 0.2171 0.2724 0.4273 -0.5979 -0.0067 -0.0067 Stable

SOT = Type of Stability, T = Time and Ex = Example

Table 2: Predicted stability due to variation in time for every week for the initial
condition: [0.8, 0.4, 0.48]using MATLAB ODE45 numerical method

Ex. T(Wks) Ge Xe Ie λ1 λ2 λ3 TOS
1 1 0.8000 0.4000 0.4800 -0.8098 0.0354 0.0354 Unstable
2 2 0.7523 0.4073 0.5198 -0.8075 0.0306 0.0306 Unstable
3 3 0.7070 0.4154 0.5565 -0.8061 0.0259 0.0259 Unstable
4 4 0.6639 0.4242 0.5905 -0.8055 0.0212 0.0212 Unstable
5 5 0.6230 0.4336 0.6217 -0.8058 0.0166 0.0166 Unstable
6 6 0.5842 0.4437 0.6504 -0.8068 0.0121 0.0121 Unstable
7 7 0.5473 0.4543 0.6766 -0.8086 0.0077 0.0077 Unstable
8 8 0.5123 0.4653 0.7006 -0.8111 0.0034 0.0034 Unstable
9 9 0.4791 0.4768 0.7224 -0.8144 -0.0007 -0.0007 Stable
10 10 0.4475 0.4887 0.7422 -0.8184 -0.0047 -0.0047 Stable
11 11 0.4177 0.5010 0.7600 -0.8231 -0.0084 -0.0084 Stable
12 12 0.3894 0.5135 0.7761 -0.8284 -0.0120 -0.0120 Stable
13 13 0.3627 0.5263 0.7903 -0.8345 -0.0154 -0.0154 Stable
14 14 0.3377 0.5347 0.8030 -0.8412 -0.0186 -0.0186 Stable
15 15 0.3141 0.5526 0.8140 -0.8484 -0.0216 -0.0216 Stable
16 16 0.2919 0.5661 0.8237 -0.8563 -0.0244 -0.0244 Stable

SOT = Type of Stability, T = Time and Ex = Example
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Table 3: Predicted stability due to variation in time for every week for the initial
condition: [1.2, 0.6, 0.72] using MATLAB ODE45 numerical method

Ex. T(Wks) Ge Xe Ie λ1 λ2 λ3 TOS
1 1 1.2000 0.6000 0.7200 -1.0017 0.0314 0.0314 Unstable
2 2 1.1051 0.6117 0.7805 -1.0005 0.0249 0.0249 Unstable
3 3 1.0165 0.6247 0.8353 -1.0008 0.0186 0.0186 Unstable
4 4 0.9339 0.6386 0.8846 -1.0027 0.0125 0.0125 Unstable
5 5 0.8569 0.6535 0.9289 -1.0060 0.0067 0.0067 Unstable
6 6 0.7852 0.6693 0.9686 -1.0106 0.0012 0.0012 Unstable
7 7 0.7185 0.6857 1.0039 -1.0039 -0.0040 -0.0040 Stable
8 8 0.6565 0.7028 1.0352 -1.0239 -0.0089 -0.0089 Stable
9 9 0.5988 0.7205 1.0627 -1.0324 -0.0135 -0.0135 Stable
10 10 0.5452 0.7385 1.0869 -1.0421 -0.0177 -0.0177 Stable
11 11 0.4958 0.7571 1.1078 -1.0528 -0.0216 -0.0216 Stable
12 12 0.4503 0.7759 1.1258 -1.0646 -0.0252 -0.0252 Stable
13 13 0.4084 0.7950 1.1409 -1.0773 -0.0284 -0.0284 Stable
14 14 0.3700 0.8144 1.1536 -1.0908 -0.0313 -0.0313 Stable
15 15 0.3346 0.8339 1.1641 -1.1051 -0.0339 -0.0339 Stable
16 16 0.3021 0.8535 1.1725 -1.1200 -0.0362 -0.0362 Stable
17 17 0.2723 0.8731 1.1790 1.1790 -0.0383 -0.0383 Stable

SOT = Type of Stability, T = Time and Ex = Example

Table 4: Predicted stability due to variation in time for every week for the initial
condition: [1.6, 0.8, 0.96] using MATLAB ODE45 numerical method

Ex. T(Wks) Ge Xe Ie λ1 λ2 λ3 TOS
1 1 1.6000 0.8000 0.9600 -1.1897 0.0253 0.0253 Unstable
2 2 1.4434 1.0409 1.0409 -1.1904 0.0176 0.0176 Unstable
3 3 1.3001 0.8339 1.1124 -1.1934 0.0102 0.0102 Unstable
4 4 1.1690 0.8530 1.1754 -1.1987 0.0033 0.0033 Unstable
5 5 1.0492 0.8733 1.2305 -1.2061 -0.0031 -0.0031 Stable
6 6 0.9400 0.8946 1.2785 -1.2156 -0.0090 -0.0090 Stable
7 7 0.8404 0.9167 1.3201 -1.2269 -0.0144 -0.0144 Stable
8 8 0.7498 0.9395 1.3558 -1.2399 -0.0193 -0.0193 Stable
9 9 0.6674 0.9630 1.3862 -1.2545 -0.0237 -0.0237 Stable
10 10 0.5929 0.9869 1.4118 -1.2705 -0.0277 -0.0277 Stable
11 11 0.5258 1.0112 1.4329 -1.2879 -0.0312 -0.0312 Stable
12 12 0.4654 1.0359 1.4501 -1.3064 -0.0343 -0.0343 Stable
13 13 0.4113 1.0607 1.4638 -1.3258 -0.0369 -0.0369 Stable
14 14 0.3627 1.0857 1.4743 -1.3462 -0.0393 -0.0393 Stable
15 15 0.3190 1.1108 1.4822 -1.3672 -0.0413 -0.0413 Stable
16 16 0.2800 1.1359 1.4875 -1.3888 -0.0431 -0.0431 Stable

SOT = Type of Stability, T = Time and Ex = Example
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Table 5: Predicted stability due to variation in time for every week for the initial
condition: [2.0, 1.0, 1.2] using MATLAB ODE45 numerical method

Ex. T(Wks) Ge Xe Ie λ1 λ2 λ3 TOS
1 1 2.0000 1.0000 1.2000 -1.3773 0.0191 0.0191 Unstable
2 2 1.7678 1.0206 1.3008 -1.3806 0.0105 0.0105 Unstable
3 3 1.5593 1.0432 1.3879 -1.3870 0.0024 0.0024 Unstable
4 4 1.3724 1.0673 1.4628 -1.3965 -0.0049 -0.0049 Stable
5 5 1.2051 1.0929 1.5268 -1.4088 -0.0115 -0.0115 Stable
6 6 1.0557 1.1195 1.5810 -1.4236 -0.0174 -0.174 Stable
7 7 0.9226 1.1472 1.6265 -1.4408 -0.0227 -0.0227 Stable
8 8 0.8039 1.1755 1.6643 -1.4599 -0.0273 -0.0273 Stable
9 9 0.6986 1.2045 1.6953 -1.4808 -0.0313 -0.0313 Stable
10 10 0.6056 1.2339 1.7202 -1.5034 -0.0348 -0.0348 Stable
11 11 0.5239 1.2637 1.7397 -1.5272 -0.0377 -0.0377 Stable
12 12 0.4523 1.2938 1.7545 -1.5522 -0.0403 -0.0403 Stable
13 13 0.3894 1.3239 1.7653 -1.5781 -0.0424 -0.0424 Stable
14 14 0.3342 1.3541 1.7726 -1.6047 -0.0442 -0.0442 Stable
15 15 0.2862 1.3843 1.7768 -1.6319 -0.0457 -0.0457 Stable
16 16 0.2446 1.4145 1.7783 -1.6595 -0.0470 -0.0470 Stable

SOT = Type of Stability, T = Time and Ex = Example

Table 6: Predicted stability due to variation in time for every week for initial
condition: [2.4, 1.2, 1.44] using MATLAB ODE45 numerical method

Ex. T(Wks) Ge Xe Ie λ1 λ2 λ3 TOS
1 1 2.4000 1.2000 1.4400 -1.5657 0.0134 0.0134 Unstable
2 2 2.0786 1.2251 1.5603 -1.5721 0.0040 0.0040 Unstable
3 3 1.7957 1.2524 1.6619 -1.5825 -0.0044 -0.0044 Stable
4 4 1.5471 1.2816 1.7473 -1.5967 -0.0119 -0.0119 Stable
5 5 1.3292 1.3123 1.8183 -1.6143 -0.0185 -0.0185 Stable
6 6 1.3287 1.3442 1.8768 -1.6348 -0.0242 -0.0242 Stable
7 7 0.9729 1.3772 1.9243 -1.6580 -0.0291 -0.0291 Stable
8 8 1.1387 0.1344 1.8768 1.6348 -0.0242 -0.0242 Stable
9 9 0.9729 1.3772 1.9243 -1.6580 -0.0291 -0.0291 Stable
10 10 0.8281 1.4109 1.9624 -1.6833 -0.0336 -0.0336 Stable
11 11 0.7027 1.4451 1.9924 -1.7105 -0.0372 -0.0372 Stable
12 12 0.5946 1.4798 2.0152 -1.7393 -0.0401 -0.0401 Stable
13 13 0.5020 1.5148 2.0319 -1.7694 -0.0426 -0.0426 Stable
14 14 0.4225 1.5499 2.0433 -1.8004 -0.0442 -0.0442 Stable
15 15 0.3544 1.5850 2.0505 -1.8322 -0.0463 -0.0463 Stable
16 16 0.2964 1.6201 2.0538 -1.8645 -0.0476 -0.0476 Stable

SOT = Type of Stability, T = Time and Ex = Example

5 Discussion

What can we learn from Table 1, as the independent variable time (t) in the unit of weeks
ranges from week one (1) to week thirteen (13), we have found thirteen (13) valid steady states
solutions which are dominantly unstable because of the existence of two positive eigenvalues and
one negative eigenvalue. Therefore, on the basis of the sign method of stability the thirteen
steady state solutions are considered unstable. The two (2) positive eigenvalues contribute to
the unbounded growth of the solution trajectories whereas the negative eigenvalue contribute to
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the decaying behaviour of the solution trajectories overtime. We have also observed that the
earlier observed instability changes to a dominant stability ranging from the fourteenth (14th)
week to sixteenth (16th) week. In this context the bifurcation interval has occurred between the
thirteenth (13th) week and fourteenth (14th) week. These observations are specific to the initial
condition: [0.4, 0.2.0.24]
From Table 2, we have made the following observations: As the independent variable time (t) in
the unit of weeks ranges from week one (1) to week eight (8), we have found eight (8) valid steady
states solutions which are dominantly unstable because of the existence of two positive eigenvalues
and one negative eigenvalue. Therefore, on the basis of the sign method of stability the eight (8)
steady state solutions are considered unstable. The two (2) positive eigenvalues contributes to
the unbounded growth of the solution trajectories whereas the negative eigenvalues contributes
to the decaying behaviour of the solution trajectories overtime. We have also observed that the
earlier observed instability changes to a dominant stability ranging from the ninth (9th) week to
sixteenth (16th) week. In this context the bifurcation intervals have occurred between the eighth
(8th) and ninth (9th) week. These observations are specific to the initial condition: [0.8, 0.4,
0.48]
Our present observations are similar to our predicted results in Table 3 through to Table 6.
Therefore, on the basis of this analysis, we are proposing that an appropriate health policy
should be put into place to monitor the changes in the initial conditions in order to mitigate
against the health implication of an increase in the glucose concentration level.

6 Conclusion

The impact of varying the initial condition has been considered on the type of stability using
MATLABODE45 numerical scheme. We have discovered that as the initial data increases in its
multiples, the bifurcation intervals occur beforehand and stability sets in earlier than previous
times when lower initial data were utilized.

7 Recommendations

In view of this novel contribution, we hereby make the following useful recommendations:

(1) The effect of varying Gb and Ib model parameters on the type of stability.

(2) Modeling the type of stability in terms of comparing numerical methods.
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this work, an integer order SEIR epidemic model was formulated to quantify and give an insight
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1 Introduction

Rabies is a deadly infection that affects mammals, triggered by a virus. While rabies is pre-
ventable, it is prevalent in numerous populations of warm-blooded animals [1]. Rabies exists in
over 150 nations and regions worldwide and over 55 000 individuals die of the rabies yearly ([2],
[3]). The most reported cases of rabies exist in wild animals such as bats, skunks, raccoons and
foxes [4]. Rabies also spread among domestic animals. In fact, dogs remain the major agents in
the transmission of rabies virus from animal to man [5]. The rabies is spread through contact
with the saliva of infected animals via scratches or bite [6]. Infected animals produce a consid-
erable quantity of virus in their saliva. After a man is attacked by an infected agent, the virus
moves into the nervous system and pass through the nerves to the brain where it duplicates and
the symptoms begin to appear [7]. The salivary gland is infected as soon as the virus duplicates
and the saliva becomes the major channel of transmission of the virus [8].

The rabies virus has an incubation period that varies from a few days to some years but usually,
it falls within one to three months [9]. However, the period is a function of the circumstances
such as parts of the body pricked and the degree of the bite. Generally, the incubation for
multiple bites, severe wounds and bites around the head is shorter. On the other hand, a single
bite in the region below the waist and wounds of lower degree is associated with prolonging
incubation period [10]. The early symptoms and signs of rabies attack in man include; fever,
pain, headache, numbness or burning at the region of the wound and general body weakness
[11]. Severe symptoms and signs include cerebral dysfunction, confusion, partial paralysis, anxi-
ety, agitation, insomnia, paranoia, abnormal behaviour, hallucinations, terror and delirium ([9],
[12]). At the advanced stage, the infected individual begins to secrete an enormous quantity
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of tear and saliva, develops hydrophobia and inability to communicate. Death, usually, follows
those signs and symptoms within a few days [13].

Generally, methods for checking dog rabies are many but the commonest ones include the man-
agement of dog population, the restriction of dog movement and dog vaccination [14]. However,
dog vaccination remains the best control measure of rabies globally [15]. Currently, rabies spreads
in regions where extensive dog vaccination programmes are yet to be launched. To date, rabies
has no cure once the symptoms and signs have developed [16]. However, if an individual has been
infected with rabies but the symptoms are yet to be developed then there exists an adequate
post-exposure remedy for the individual. Post-Exposure Prophylaxis (PEP) therapy involves
the application of vaccination to stop the virus from getting into the human brain [9]. Despite
the adequacy of PEP, thousands of individuals still die of rabies virus since PEP is costly and
inaccessible in most rabies endemic regions [17].

A good number of models that are related to the analysis of rabies have been advanced over the
years. For instance, [18] investigated the factors that were responsible for poor compliance with
the WHO recommendation of PEP agenda in Tanzania. They quantified the coping strategies,
health-seeking attitude, household cost, and outcome of contact with the rabies virus in urban
and rural communities in Tanzania. Their estimations indicated that a typical patient in a rural
community in Tanzania, where the vast majority of people live below the poverty line, would
have to spend more than 100 US dollar to meet up with the WHO recommendation for PEP
schedule. They, therefore, concluded that high costs and regular shortage of PEP accounted for
poor adherence to PEP regimes in Tanzania.

Also, [19] adopted SEIR epidemic model to investigate the necessity of pre-exposure vaccina-
tion in man and its effect on the transmission of rabies virus from animals to man. The result
obtained from the analysis showed that implementation of pre-exposure vaccination for man
prevented a good number of susceptible individuals from contracting rabies virus. As a control
strategy, in addition to dog vaccination and culling, the author recommended the implementa-
tion of pre-exposure vaccination of rabies for man particularly the higher-risk individuals such as
veterinary students, veterinary technicians, laboratory workers, veterinarians and control officers
for animals so as to reduce the transmission of the virus.

[20] also formulated an SEIR model incorporating vaccination to study the transmission dynam-
ics of dog rabies in Bolgatanga district in Ghana. They obtained a numerical value of 0.3755 for
R0 which indicated non-endemicity and used a herd immunity threshold to show that rabies
eradication in Bolgatanga district was a function of vaccination coverage of not less than 75.37%
of the entire dog population. In the same vein, a model which was based on the vaccination
of dog population as a means of curbing rabies transmission in Addis Ababa was developed in
[6]. The researchers discovered that while pre-exposure prophylaxis (PrEP) was indispensable
in preventing the susceptible individuals from contracting rabies virus, it could not avert future
transmission of rabies. Besides, the simulated results of the R0 showed that dog population
management, stray dog culling and dog vaccination were the best approach to curb rabies spread
in Addis Ababa.

Mathematical models present a comparatively inexpensive means to investigate the spread and
control of epidemic diseases [21]. Once a model is developed, the solutions offer anticipation
concerning the prospect of the disease which assists to forcast whether the disease develops into
an epidemic or not ([22], [23]) . Differential calculus plays a significant role in the development of
epidemic models. With the exception of the work of [2], most known rabies models are formulated
in terms of the integer-order ordinary differential equations ([24], [25], [26], [27], [28], [29], [30]).
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While the solutions of the integer-order models enable us to envisage the mode of the transmission
of diseases, the solutions do not always agree with the data collected. Fractional order models are
advanced to overcome the shortcoming of data agreement in integer-order models ([2], [31], [32]).

In this work, we first introduce an SEIR integer-order mathematical model for the spread of
rabies in the dog population and study the stability of the solutions of the model. Then, we
transformed the model to the fractional-order.

2 THE INTEGER ORDER MODEL

To develop a model that explains the dynamics of rabies in the dog population, an SEIR com-
partmental model is adopted to decompose the entire population into different groups according
to their epidemiological status. The following notations are used for the variables.
N(t) : The total population of dogs at time t.
S(t) : The entire population of susceptible dogs at time t.
E(t) : Population of exposed dogs at time t.
I(t) : The total population of infected dogs at time t.
R(t) : Population of recovered dogs at time t.
Clearly,

N(t) = S(t) + E(t) + I(t) +R(t)

for all time t. The transmission diagram for the dynamics is illustrated in Figure 1. The model
is built on the ground that rabies is a deadly disease for dogs and the best way to avert the
mortality due to rabies is to employ vaccination (PrEP and PEP) to the susceptible and the
exposed dogs. It is assumed that the coverage of PEP is higher than PrEP i.e. v2 > v1. Also,
both vaccines do not confer permanent immunity. It is also assumed that all infective animals
die either naturally or by culling and there is no tendency for an infective animal to recover from
infectiousness. Following these assumptions, we offer the following set of integer order ordinary
differential equations:

dS

dt
= π − βSI − µS − v1S + αR (1)

dE

dt
= βSI − v2E − σE − µE (2)

dI

dt
= σE − µI − εI (3)

dR

dt
= v1S + v2E − αR− µR (4)

where:
π : recruitment rate of dogs
β : effective contact rate
v1 : vaccination rate before exposure
v2 : vaccination rate after exposure
α : waning rate of immunity
σ : progression rate into infectiousness
ε : rate of culling
µ : natural mortality rate
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Figure 1: Transmission diagram of the model

The sum of (2.1)-(2.4) yields

dN

dt
= π − µ(S(t) + E(t) + I(t) +R(t))− εI

⇒ dN

dt
< π − µ(S(t) + E(t) + I(t) +R(t)) (5)

Taking the limit supremum of (2.5)

lim
t→∞

Sup(S(t) + E(t) + I(t) +R(t)) <
π

µ
(6)

The implication of (2.6) is that the solutions to the system are bounded in the region given by

Γ =

{
(S,E, I,R) : 0 < S + E + I +R ≤ π

µ

}
(7)

Hence, the analysis of the model can be considered in the region defined by Γ

2.1 Existence of the Disease-Free Equilibrium (DFE)

When the rabies virus is virtually non-existence in the animal population, no dog is neither
exposed nor infected. However, there exists recovered compartment due to the presence of PrEP
but the waning rate immunity parameter is assumed to be zero since the animal population is
free from the rabies virus. Based on this, the DFE is obtained as

E◦ =

(
π

(µ+ v1)
, 0, 0,

π

(µ+ α)(µ+ v1)

)
(8)
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2.2 Existence of Endemic Equilibrium (EE)

When the rabies virus is prevalent in the animal population, the endemic equilibrium
E∗ = (S∗, E∗, I∗, R∗) is obtained as

S∗ =
d1d2
σβ

E∗ =
1

σβd2d3
[πσβd3 + αv1d1d2 + ασβv2d1 − d1d2d4]

I∗ =
1

βd1d2d3
[πσβd3 + αv1d1d2 + ασβv2d1 − d1d2d4]

R∗ =
d1(v1d2 + v2σβ)

σβd3





(9)

where
d1 = µ+ ε

d2 = v2 + µ+ σ

d3 = µ+ α

d4 = µ+ v1





(10)

2.3 The Reproduction Number (R◦)

The question of whether rabies will spread in the animal population or not can be answered by
the numerical value of a threshold quantity termed the basic reproduction number. Following
the approach adopted in [33], the basic reproduction number is obtained as

R◦ =

(
π

(µ+ ε)(µ+ v1)(µ+ σ + v2)

)
(11)

2.4 Stability Analysis of the DFE

The stability status of the model shall be examined around the DFE via variational matrix. The
variational matrix conforming to the model with respect to (2.8) is given as

J(E0) =




−(µ+ v1) 0 − πβ
(µ+v1)

α

0 −(v2 + µ+ σ) πβ
(µ+v1)

0

0 σ −(µ+ ε) 0
v1 v2 0 −(µ+ α)


 (12)

The characteristic equation of (2.12) is evaluated as

(λ+ d4)(λ+ d3)[(λ+ d1)(λ+ d2)− d5]− αv1[(λ+ d1)(λ+ d2)− d5] = 0 (13)

where:
d5 =

πβ

µ+ v1
(14)

Already, d1, . . . , d4. have been defined in (2.10)
Eqn. (2.13) is expanded to

p0λ
4 + p1λ

3 + p2λ
2 + p3λ+ p4 = 0, (15)
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where:

p0 = 1,

p1 = d1 + d2 + d3 + d4,

p2 = d1d2 − d5 + (d1 + d2)(d3 + d4) + d3d4 − αv1,
p3 = (d3 + d4)[d1d2 − d5] + (d1 + d2)[d3d4 − αv1],
p4 = d1d2d3d4 + αv1d5 − d3d4d5 − αv1d1d2.

Obviously, p1 and p2 are positive. Following Routh-Hurwitz stability criteria outlined in [34],
the DFE of the model is locally asymptotically stable if

p1 > 0, p3 > 0, p4 > 0 and p1p2p3 > p23 + p21p4 (16)

3 THE FRACTIONAL ORDER MODEL

Of recent, mathematical models designed in terms of non-integer order ordinary differential
equations have appeared to be in good agreement with true data in engineering, biology and
physics ([35], [36], [37]). As a result of this, a good number of models have been transformed to
non-integer order ([38], [39], [40]). However, most of the recent modifications are based on the
Caputo differential equations owing to the complexities in describing the initial conditions for the
differential equations of Riemann Liouville type. According to [2], given a function f : R+ → R,
the Riemann Liouville integral of order α > 0 is defined as

Iαf(t) =
1

Γα

∫ t

0
(t− τ)α−1f(τ)dτ (17)

while the Caputo non-integer order derivative of order α ∈ (n− 1, n) of f(t) is defined as

Dαf(t) = In−αDnf(t) (18)

In (3.2), n− 1 is the integer part of α and D = d
dt .

The major distinction between the integer-order mathematical models and the non-integer ex-
tensions is just the exponent of the equations. However, Diethelm employed a straightforward
dimension analysis to transform the integer-order model and then modify the order of the trans-
formed model into a real number [41]. In the system (2.1)-(2.4), the RHS of the model is measured
in terms of time [i.e. (time)−1]. Hence, when the order of the model is changed to α then, the
LHS of the model would have to be measured in (time)−α. Therefore, to maintain the balance in
the dimensions of the system, the parameters of the model shall have their dimensions changed
and the model finally becomes

DαS = πα − βαSI − µαS − vα1 S + ααR

DαE = βαSI − µαE − σαE − vα2E
DαI = σαE − µαI − εαI
DαR = vα1 S + vα2E − µαR− ααR





(19)

where 0 < α ≤ 1.
Generally, the system (3.3) can be condensed to the system (2.1)-(2.4) if the order α→ 1. Also,
the solutions of the system (3.3) can be obtained numerically with the help of mathematical
software if the real data for the variables and the parameters of the model are available.
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4 DISCUSSION OF RESULTS

The result obtained for the reproduction number in (2.11) showed that the extensive vaccination
programmes (v1 and v2), as well as adequate culling, were capable of reducing rabies spread
and transmission in the animal population. In the same vein, the conditions for achieving the
stability of the disease-free equilibrium were derived in (2.16). The stability of the disease-free
equilibrium implied that rabies spread and transmission would fail in the animal population even
if a rabid dog was introduced into the population.

However, the entire analysis was qualitative in nature while the quantitative aspect was omitted
due to the unavailability of real data. It is hoped that the theoretical results of the study
will provide a necessary framework for the assessment of rabies management in any part of the
world. As rabies incidence differs from regions to regions, the true picture of rabies dynamics
in a particular region can be revealed from our theoretical results if the real rabies data of the
region is available. Besides, the behaviour of the integer-order and the fractional-order models
[i.e. system (2.1)-(2.4) and system (3.3)] can be compared with the aids of mathematical software
(Maple or Mathematica) if there is the availability of real data for the variables and parameters
of the model.

5 CONCLUSION

In this work, an integer-order ordinary differential equation was formulated to quantify the
transmission dynamics of rabies virus in dog population. The equilibrium analysis of the model
was performed and both the disease-free and the endemic equilibria of the model were obtained.
The reproduction number of the model was also derived and the conditions for the stability
of the disease-free equilibrium of the model were established. The integer-order model was
later transformed into the fractional-order via Caputo derivative and the numerical analysis to
compare the two systems [model (2.1)-(2.4) and model (3.3)] was left to be performed in the
nearest future.
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Abstract: Recently, WHO reported that 240 million people are infected with the schistosomi-
asis in the world with over 700 million people living in endemic areas. Reports also show that
Nigeria has the highest cases of schistosomiasis in the world with over 30 million expected to
be treated every year. Several deterministic population models have been formulated to study
the dynamics of schistosomiasis in human, snails and the parasites population. In this study,
we present a nonlinear mathematical model to provide mathematical and epidemiological insight
to the effect of case detection on the transmission dynamics of schistosomiasis. The qualitative
properties of the the model as well as the local and global asymptotic stability of equilibria are
established. The existence of backward bifurcation is investigated. Furthermore, the disease-free
equilibrium of the model was shown to be globally asymptotically stable (GAS) whenever the
related effective reproduction number, <0, is less than unity; this implies that schistosomiasis
cannot prevail in the population. Moreover, we established the global asymptotic stability of
the endemic equilibrium when the associated reproduction number <0 is greater than one. This
suggests that schistosomiasis will prevail in the population. Numerical simulations of the model
showed the effect of varying some parameters of the model on the population dynamics of schis-
tosomiasis.

Keywords: Schistosomiasis, reproduction number, Lyapunov functions, next generation matrix,
disease free equilibrium (DFE), Endemic equilibrium (EEP), Local asymptotically stable (LAS),
Global asymptotically stable (GAS).

1 Introduction

Schistosomiasis is a rapid, sensitive and chronic parasitic disease produced as a result of the
blood flukes (trematode worms) of the genus schistosoma [32]. Schistosomiasis being the inci-
dence and susceptibility condition to death for developing nations in Africa, Caribbean, Middle
East, South America, and Asia. The death tools from schistosomiasis is considered to be sec-
ond only to malaria as the most devastating parasitic disease and one of the neglected tropical
diseases (NTDs) [9]. WHO reported that about 240 million people are suffering from schistoso-
miasis in the world with 700 million people and above living in tropical and sub-tropical regions,
in rural areas and areas with poor sanitation [32]. Africa has the highest cases of schistosomiasis
with an estimated 85% of the world’s schistosomiasis cases where more than 50% people live in
endemic areas [8, 18, 16]. Nigeria is the leading country suffering from schistosomiasis in the
sub-Saharan region of Africa and even in the entire world [16, 17, 30] with about 30 million
Nigerians estimated to need treatment every year [3]. There are two major forms of schisto-
somiasis, intestinal and urogenital, and it is caused by 5 main species of blood fluke, namely:
Schistosoma mansoni , Schistosoma japonicum , Schistosoma mekongi , Schistosoma
guineensis and Schistosoma haematobium [32]. These parasites possess in common some
of their life-cycle characteristics, for example, eggs through excreta (urine or faeces) deposited
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by people infected with schistosomiasis into water bodies hatch on contact with water and then
develop into miracidia; the miracidia are attracted to certain intermediate snails host through
chemical sensors, and they must find and enter a suitable snail specie within 24 hours in order
to survive, as the posibility of survival of the miracidia decreases quickly in all the schistosoma
species after about ten hours [19]. The miracidia multiply inside the snail and the parasite
progress into sporocysts, the sporocysts develop into cercaria, the free-swimming larval period
of development of the parasite after the first to the second months within the snail. The cercaria
is similar to the miracidia in terms of their short life span characteristics of about 2 days to
penetrate man or a few distinctive sensitive mammalian explicitly host that come in contact
with the infected water [28]. Schistosomiasis (or bilharziasis) is unusually considered among
helminth diseases because much of the origination and development of the disease is due to the
eggs and not in larvae or adults stage with most of the pathology caused by delayed-type hy-
persensitivity and granulomatous reactions. The period of infection is frequently differentiated
into Acute, Migratory and Chronic phase [8, 26]. Patients during migratory phase exhibit no
symptons, but responsive patients may experience transient dermatitis (‘swimmers itch’), occa-
sionally pulmonary lesions and pneumonitis [25], while the acute phase (also known as Katayama
syndrome) occurs at the same time with the first egg release and is characterized by excessively
sensitive responses (serum sickness due to overwhelming immune complex formation) leading
to lymphadenopathy, aches, gastrointestinal discomfort, pyrexia, eosinophilia and fatigue [8, 26]
and the chronic phase occurs in response to the cumulative deposition of fluke eggs in tissues
and the host responses that progress against them, although the eggs laid by female worms are
not all successfully penetrating the gut or bladder walls, some are caught in organs where strong
granulomatous responses was evoked and were taken away in the circulation [25, 26].

Schistosomiasis is diagnosed through the discovering of parasite eggs in urine or stool specimens,
the antigens discovered in blood or urine samples are also signs of infection [32]. Urogenital
schistosomiasis, which is geographically distributed in Africa and the Middle east countries is
detected through the filtration technique diagnosed using paper, nylon, chemical reagents strips
and polycarbonate filters [8, 32, 26]. Fecal and urine specimens is used to detect the eggs of
intestinal schistosomiasis through a practical method using methylene blue-stained cellophane
immersed in glycerin or glass slides, known as the Kato-Katz technique and CCA (Circulating
Cathodic Antigen) test [12, 32]. However, Polymerase chain reaction (PCR) tests and Blood
tests are also effective in establishing the diagnosis of schistosomiasis but this test may not
be positive until the parasites have penetrated into the skin for about two months because it
usually takes time for the egg to develop and stimulate the system of an infected individual [26].
In some chronic cases of schistosomiasis, eggs are not always present in the fecal or in the urine
specimens, other tests and procedures like liver biopsy, cytoscope, colonoscopy and endoscopy
may be adopted to obtain the tissue biopsy materials [26]. In addition, CT scan, chest X-rays,
ultrasound, echocardiograms, liver function tests , and complete blood count(CBC) may be used
to ascertain the extent of the infection or if there has been damage caused by the parasites [26].
Praziquantel has been the recommended drug for the treatment of all types of schistosomiasis,
because it is safe, its treatment is simple and it is not expensive [18].

Naji and Majeed (2018) studied the transmission dynamics of schistosomiasis with the existence
of treatment. They described a mathematical model where saturated treatment function βy

1+α0y
was used instead of the natural recovered term [24]. Chen Z. et.al . (2015) proposed and an-
alyzed a schistosomiasis mathematical model for human-cattle-snail transmission, emphasizing
Hubei province, together with Anhui, Hunan, Jiangsu, and Jiangxi in the eastern and central
China where schistosomiasis is endemic [10]. Chiyaka and Garira (2009) developed a determin-
istic mathematical model to study schistosomiasis transmission behaviors in the Human-snail
hosts population with the inclusion of the characteristics of the interaction between miracidia
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and cercaria. They concluded that the control strategies that is centered on the transmission
of the disease from snail to human will be more effective in the control of the disease than pre-
venting the transmission from man to snail [13]. Lia Y. et. al . (2017) constructed a periodic
transmission rates deterministic model based on the monthly data delivered by the Chinese cen-
ter for disease control and prevention (China CDC) on the cases of human schistosomiasis in
the following provinces, Hubei, Hunan and Anhui (Lake and marshal region), they suggested to
control human schistosomiasis, hygiene education, treatment of at-risk populations groups, snail
control and improving sanitation will be an effective measures in these lakes and mashland region
[22]. Remais J. (2018) presented a mathematical model of the transmission of schistosomiasis
involving several Environmental phases, he applied human understanding to the environmental
determinants of the infectivity, viability, longetivity and mobidity of these environmental stages
to control the disease [27]. Adekiya et. al . (2017) examined the impact of rainfall and temper-
ature on schistosomiasis, he showed that climatic change improves the reproduction number of
schistosomes and the reproduction rate of snails [2]. Aboudramane G. et. al. (2013) considered
a nonlinear deterministic model based on the transmission of schistosomiasis with two general
incidence functions and delays [1]. In this paper, a deterministic mathematical model that in-
vestigates the impact of case detection on the dynamics of schistosomiasis in a given population
is developed.

2 The Mathematical Model

This population model is divided into five human sub-populations, two snails sub-populations
and two parasites states. The human sub-populations are susceptible individuals (Sh) who are
open to contract the disease, exposed (individuals who are already infected but not infectious)
(Eh), undetected infected individuals (infectious but are not yet detected of the disease) (Ih1),
detected infected (individuals who have been infected, infectious and also detected of the disease)
(Ih2), and treated humans (individuals who have been treated of the disease) (Th). The two
snail epidemiological state are susceptible snails (Ss) that is capable of contracting the parasite
miracidia and infected snails (Is) that has contracted miracidia and is able to release another
parasite called cercaria. There are two parasites states; miracidia (free-swimming ciliated larval)
class (Ms) and cercariae class (Js). The recruitment into the population is through influx of
individuals into the human susceptible class at the rate of Λh and influx of snails into the
susceptible snails compartment at the rate of Λs. The population get infected with the disease
when the parasites (cercaria) discharged by the snails penetrate a susceptible human skin during
contact with infected fresh water at the rate λj , given by

λj =
βjJs

J0 + εJs
(1)

and the snail population also get infected when the free-swimming ciliated larval (miracidia)
penetrate the snail at the rate λm given by,

λm =
βmMs

M0 + εMs
, (2)

where βj is the cercaria penetration rate, βm is the miracidia infection rate, J0 is the carrying
capacity for cercaria, M0 is the carrying capacity for miracidia and ε is the limiting growth
factor for cercaria and miracidia. The population is infected with schistosomiasis when the
parasites (cercaria) discharged by the snails penetrate a susceptible human skin during contact
with infected fresh water, the newly infected susceptible human and a portion ω of treated
human re-infected with schistosomiasis are assumed to progressively move to the Exposed class
Eh, individuals in this class of the population is believed to progressively move out from the
latent periods to the active infected periods at the rate v. A fraction of the detected cases of
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the active infected persons with schistosomiais (pvEh) moved to the detected infected class Ih2

with schistosomiasis per unit time. The remaining fraction of the active infected persons with
schistosomiaisis (1−p)vEh progressed to the undetected infected class Ih1 of the population and
the population reducing as a result of the disease-induced deaths (d0, d1) and the proportion (η0)
of the detected schistosomiasis patient commencing treatment. The population of individuals
treated of schistosomiaisis (Th) increases due to treatment of detected (η0Ih2) persons, the treated
individuals may be re-infected at the rate (ωλj) and the miracidia (free-swimming ciliated larval)
population increases as a portion ne of the parasites egg secreted by both the undetected and
detected infected individuals, contaminate the fresh water with their feaces or urine which hatch
into miracidia, the free-swimming ciliated larval at the rate ζ and all the human population dies
naturally at the rate µh. The miracidia finds and penetrate its suitable species of a fresh water
snail and change it into a sporocyst, if in anyway the miracidia failed to find a suitable snail,
it dies naturally at the rate µm. The snail population is infected at the rate λm as the free-
swimming larval known as miracidia penetrate into the susceptible snails and also die naturally
at the rate µs. The infected snails will then release another form of free swimming larva called
cercaria at a rate θ which will infect humans and may also die naturally at the rate µj .
The assumptions above are combined to form the model for the dynamics of the schistosomes
parasite transmission as

S′h = Λh −
βjShJs
J0 + εJs

− µhSh,

E′h =
βjJs

J0 + εJs
(Sh + ωTh)− (v + µh)Eh,

I ′h1 = (1− p)vEh − (d0 + µh)Ih1,

I ′h2 = pvEh − (η0 + d1 + µh)Ih2,

T ′h = η0Ih2 −
ωβjJsTh
J0 + εJs

− µhTh, (3)

M ′s = neζ(Ih1 + Ih2)− µmMs,

S′s = Λs −
βmMsSs
M0 + εMs

− µsSs,

I ′s =
βmMsSs
M0 + εMs

− µsIs,

J ′s = θIs − µjJs.

A schematic representations of the systems is given in figure (1)

3 Stability of Equilibria

We establish the Local and global stability of the disease free equilibrium (DFE) and endemic
equilibrium (EEP) in this section.

3.1 Local Asymptotic Stability (LAS) of the Disease-free Equilibrium (DFE)

At the disease-free state, the cercaria and miracidia states do not exist, then the host and the
intermediate host gives no infection. Thus, the disease-free equilibrium for (3) is

U0 = (S0
h, E

0
h, I

0
h1, I

0
h2, T

0
h , M

0
s , S

0
s , I

0
s , J

0
s ) =

(
Λh
µh
, 0, 0, 0, 0, 0,

Λs
µs
, 0, 0

)
(4)

The effective reproduction number <0, is defined as the expected number of secondary cases
produced in a totally sensitive population by a typical infective individual during infectious
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Figure 1: Schematic diagram of our schistosomiasis model (3).

period at a disease free equilibrium. The effective reproduction number is used to ascertain the
transmission ability of a disease. The reproduction number is affected by the rate of contacts in
the host population, the probability of infection transmission during contact and the contagious
duration, hence, it follows that matrices f and k, representing transfer rate of individuals into
new compartments and out of the compartments at DFE can be expressed as,

F0 =




0 0 0 0 0
βjΛh
J0µh

0 0 0 0 0 0
0 0 0 0 0 0

0 0 0 0 βmΛs
M0µs

0

0 0 0 0 0 0
0 0 0 0 0 0




(5)

and

K =




(v + µh) 0 0 0 0 0
(−1 + p)v (d0 + µh) 0 0 0 0
−pv 0 (d0 + η0 + µh) 0 0 0

0 0 0 µs 0 0
0 −ζne −ζne 0 µm 0
0 0 0 −θ 0 µj




(6)

respectively. Thus, it follows that the effective reproduction number of the model (3) denoted
by <0, is obtained as,

<0 = ρ(F0K
−1) =

√
ζθvneβjβmΛhΛs ((1− p)(η0 + d1 + µh) + p(d0 + µh))

J0M0µh(v + µh)(d0 + µh)(d1 + η0 + µh)µjµmµ2
s

(7)

where, ρ(F0K
−1) is the matrix (F0K

−1) spectral radius. Thus, it is observed in this case that,
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<0 =
√
<0,h<0,s (8)

where,

<0,h =
ζvneβjΛh ((1− p)(η0 + d1 + µh) + p(d0 + µh))

J0µh(v + µh)(d0 + µh)(d1 + η0 + µh)µm
and <0,s =

βmθΛs
µjµ2

sM0
. (9)

From the above generated effective reproduction number <0, it is observed that the <0 is obtained
as a geometric mean of two quantities because an infected individual introduced into an entirely
susceptible population generates <0,h,s infections during his/her infectious period [13]. Schisto-
somiasis passes through a snail before another human can get infected, therefore the number of
new infections is obtain by the geometric mean of <0,h and <0,s. If we consider an infectious
individual, present in a population at the disease free equilibrium, then the likely number of
snails infected by this person, that is, the man-snail transmission coefficient is approximately

<0,s =
βmθΛs
µjµ2

sM0
(10)

Similarly, if we consider an infectious snail entering and present in a population at the disease
free equilibrium, then the likely number of humans infected by this snail that is, the snail-man
transmission coefficient, is approximately

<0,h =
ζvneβjΛh ((1− p)(η0 + d1 + µh) + p(d0 + µh))

J0µh(v + µh)(d0 + µh)(d1 + η0 + µh)µm
(11)

The disease-free equilibrium point of the system (3), U0, is LAS whenever <0 < 1 and unstable
otherwise. Thus we can deduce that there is possibility of eliminating the disease from the
population when the effective reproduction number <0 < 1.

3.1.1 Examination of <0

The impact of some parameters is evaluated by examining the effective reproduction number
with respect to the sensitivity of the progression rate from latently to actively infected with
schistosomiasis v, the case detection p, and the schistosomiasis treatment rate η0. If we consider
the change of <2

0 with respect to v, we have

∂<2
0

∂v
=
ζθneβjβmΛhΛs (p(d0 + µh) + (1− p)(η0 + d1 + µh))

J0M0(v + µh)2(d0 + µh)(η0 + d1 + µh)µjµmµ2
s

> 0 (12)

Clearly, ∂<2
0

∂v > 0, this implies that schistosomiasis infection progression rate from latently to
actively infected cases on the dynamics of schistosomiasis will have negative impact. Also if we
consider how <2

0 changes relative to p , we have

∂<2
0

∂p
=

vζθneβjβm(d0 − d1 − η0)ΛhΛs
J0M0µh(v + µh)(d0 + µh)(η0 + d1 + µh)µjµmµ2

s

(13)

thus,

1. if d0 < (d1 + η0) (i.e. d0 − d1 < η0), then
∂<2

0
∂p < 0; since <0 is a decreasing function of p,

then detection (as well as quick commencement of treatment) of a proportion of persons
infected with schistosomiasis will have a positive impact (reduced the burden of the disease)
in a population.
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2. if d0 − d1 > η0, then
∂<2

0
∂p > 0; since <0 is an increasing function of p, then case detection

of schistosomiasis will have a negative impact (will not reduce the burden of the disease)
in the population.

3. if d0 = d1, this implies that ∂<2
0

∂p < 0; since <0 is a decreasing function of p. Hence, case
detection of schistosomiasis will have a positive impact on the dynamics of the disease.

Also if we consider how <2
0 changes in respect to η0, that is,

∂<2
0

∂η0
=

−pvζθneβjβmΛhΛs
J0M0µh(v + µh)(η0 + d1 + µh)2µjµmµ2

s

< 0. (14)

Clearly, ∂<2
0

∂η0
< 0, this implies that if the proportion of detected persons with schistosomiasis,

promptly treated is large, it will result into reduction in schistosomiasis burden in a population.

3.2 Existence of the Endemic Equilibrium Point (EEP)

The endemic equilibrium point (EEP) corresponding to the system (3) is obtained as

U∗∗ = (S∗∗h , E
∗∗
h , I

∗∗
h1, I

∗∗
h2, T

∗∗
h , M∗∗s , S

∗∗
s , I

∗∗
s , J

∗∗
s ) . (15)

and the non-trivial endemic equilibrium as,

S∗∗h =
Λh

λ∗∗j + µh
, E∗∗h =

λ∗∗j (S∗∗h + ωT ∗∗h )

(v + µh)
, I∗∗h1 =

(1− p)vE∗∗h
(d0 + µh)

I∗∗h2 =
pvE∗∗h

(η0 + d1 + µh)
, T ∗∗h =

η0I
∗∗
h2

ωλ∗∗j + µh
, M∗∗s =

neζ(I∗∗h1 + I∗∗h2)

µm
(16)

S∗∗s =
Λs

(λ∗∗m + µs)
, I∗∗s =

λ∗∗mS
∗∗
s

µs
, J∗∗s =

θI∗∗s
µj

The endemic cercaria force of infection polynomial λ∗∗j is computed by considering

λ∗∗j =
βjJ

∗∗
s

J0 + εJ∗∗s
(17)

and

λ∗∗m =
βmM

∗∗
s

M0 + εM∗∗s
(18)

then the EEP associated with the system (3) satisfy the following polynomial written as a function
of λ∗∗j as,

C0
1λ
∗∗2
j + C0

2λ
∗∗
j + C0

3 = 0 (19)

where,

C0
1 = J0M0βj ((1− p)vωη0 + vω(d1 + µh) + ωµh(η0 + d1 + µh))µjµ

2
s

+εωJ2
0µh(v + µh)(η0 + d1 + µh)µjµ

2
s<0,h (20)

+ωJ0βmµh(v + µh)(η0 + d1 + µh)(εθΛs + J0µjµs)<0,h
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C0
2 = J0M0βj (µh(v + µh)(η0 + d1 + µh))µjµ

2
s

+µhJ0M0βj ((1− p)vωη0 + vωη0 + vω(d1 + µh) + ωµh(η0 + d1 + µh))µjµ
2
s

−θωJ0βjβmΛsµh(v + µh)(η0 + d1 + µh)<0,h (21)
+εJ2

0µ
2
h(v + µh)(η0 + d1 + µh)µjµ

2
s<0,h

+J0βmµ
2
h(v + µh)(η0 + d1 + µh)(εθΛs + J0µjµs)<0,h

C0
3 = J0M0βmµ

2
h(v + µh)(η0 + d1 + µh)µjµ

2
s

(
1−<2

0

)
. (22)

We solved the polynomial in (19) to obtain the components of the EEP. Clearly, the coefficient
C0

1 is always positive (since 0 ≤ p ≤ 1) , it also follows from (19) that the coefficient C0
3 is always

positive if the reproduction number <2
0 is less than one and always negative if the reproduction

number <2
0 is greater than one, therefore we establish the following theorem. Together with the

above statement, the system (3) has:

1. a unique endemic equilibrium whenever <2
0 > 1 and C0

2 < 0

2. no endemic equilibrium whenever <2
0 < 1 and C0

2 > 0

3.2.1 Backward Bifurcation Analysis

Set the variables such that

Sh = x1, Eh = x2, Ih1 = x3, Ih2 = x4, Th = x5, Ms = x6, Ss = x7, Is = x8, Js = x9,

and rewrite equation (3) as

dX

dt
= G = (g1, g2, g3, g4, g5, g6, g7, g8, g9)T ,

such that,

x′1(t) = g1 = Λh −
βjx1x9

J0 + εx9
− µhx1

x′2(t) = g2 =
βjx9(x1 + ωx5)

J0 + εx9
− (v + µh)x2

x′3(t) = g3 = (1− p)vx2 − (d0 + µh)x3

x′4(t) = g4 = pvx2 − (η0 + d1 + µh)x4

x′5(t) = g5 = η0x4 −
ωβjx5x9

J0 + εx9
− µhx5 (23)

x′6(t) = g6 = neζ(x3 + x4)− µmx6

x′7(t) = g7 = Λs −
βmx6x7

M0 + εx6
− µsx7

x′8(t) = g8 =
βmx6x7

M0 + εx6
− µsx8

x′9(t) = g9 = θx8 − µjx9

Suppose βj = β∗j is chosen to be the bifurcation parameter for the system (23) then when
<0 = 1,we obtain

βj = β∗j =
J0M0µhµjµmµ

2
s(v + µh)(d0 + µh)(η0 + d1 + µh)

βmΛhΛsneζvθ ((1− p)(η0 + d1 + µh) + p(d0 + µh))
(24)
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The Jacobian matrix associated to the model (23) at the DFE, is obtained as

J(U0)|
βj=β

∗
j

=




−µh 0 0 0 0 0 0 0
−β∗

jΛh
µhJ0

0 −(v + µh) 0 0 0 0 0 0
β∗
jΛh
µhJ0

0 (1− p)v −(d0 + µh) 0 0 0 0 0 0
0 pv 0 −(η0 + d1 + µh) 0 0 0 0 0
0 0 0 η0 −µh 0 0 0 0
0 0 neζ neζ 0 −µh 0 0 0

0 0 0 0 0 −βmΛs
µsM0

−µs 0 0

0 0 0 0 0 βmΛs
µsM0

0 −µs 0

0 0 0 0 0 0 0 θ −µj




(25)

By the Centre Manifold Theorem in [5, 6, 15], we investigate the possibility of backward bifurca-
tion at <0 = 1. We can show that the Jacobian (Jβ∗

j
) at βj = β∗j of the system (23) possesses a

right eigenvector given as w = (w1, w2, w3, w4, w5, w6, w7, w8, w9)T by multiplying the Jacobian
matrix (25) with w , we further express each of the vectors in terms of w9

w1 =
−βjΛhw9

µ2
hJ0

w2 =
βjΛhw9

µh(v + µh)J0
, w3 =

(1− p)vβjΛhw9

µh(v + µh)(d0 + µh)J0

w4 =
pvβjΛhw9

µh(v + µh)(η0 + d1 + µh)J0
, w5 =

η0pvβjΛhw9

µ2
h(v + µh)(η0 + d1 + µh)J0

(26)

w6 =
µ2
sM0µjw9

θβmΛs
, w7 =

−µjw9

θ
, w8 =

µjw9

θ

Similarly, we can obtain that the Jacobian (Jβ∗
j
) at βj = β∗j of the system (23) possesses a left

eigenvector given as u = [u1, u2, u3, u4, u5, u6, u7, u8, u9] by multiplying the Jacobian matrix
(25) with u and express each of the vectors in terms of u9 as

u1 = u7 = 0, u2 =
µjµhJ0u9

βjΛh
, u3 =

θneζβmΛsu9

µmµ2
s(d0 + µh)M0

u4 =
θneζβmΛsu9

µmµ2
s(η0 + d1 + µh)M0

, u5 = 0, u6 =
θβmΛsu9

µmµ2
sM0

, u8 =
θu9

µs
(27)

Using the expression derived by [6] for computation of a and b for the system (23), the corre-
sponding non-zero partial derivatives is given as,

a =
n∑

k,i,j=1

ukwiwj
∂2gk(0, 0)

∂xi∂xj
and (28)

b =

n∑

k,i=1

ukw1
∂2gk(0, 0)

∂xi∂β∗j
(29)

and thus
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a = 2u2w9w1

β∗j
J0

+ 2u2w5w9ω
β∗j
J0
−

2εβ∗j x
∗
1u2w

2
9

J2
0

− 2εβmx
∗
7u8w

2
6

M2
0

+ 2u8w6w7

β∗j
M0

,

= −
2µjβ

∗
j u9w

2
9

µhJ0
+

2ωβ∗jµjη0pvu9w
2
9

µh(v + µh)(d1 + η0 + µh)J0
− 2µjµhεx

∗
1u9w

2
9

ΛhJ0
−

2εθµ3
sµ

2
jx
∗
7u9w

2
9

θ2βmΛ2
s

−
2µsµ

2
ju9w

2
9

θΛs
(30)

Thus a > 0 if and only if

ω >
H6

H5
(H1 +H2 +H3 +H4) (31)

where,

H1 =
2µjβ

∗
j u9w

2
9

µhJ0
, H2 =

2µjµhεx
∗
1u9w

2
9

ΛhJ0
, H3 =

2εθµ3
sµ

2
jx
∗
7u9w

2
9

θ2βmΛ2
s

H4 =
2µsµ

2
ju9w

2
9

θΛs
, H5 = 2βµjη0pvu9w

2
9, H6 = µh(v + µh)(d1 + η0 + µh)J0

and
b =

u2w9x
∗
1

J0
=
µjµhx

∗
1u9w9

βjΛh
> 0. (32)

Hence, we establish these results with the following theorem:. If <0 = 1, and

ω >
H6

H5
(H1 +H2 +H3 +H4) (33)

where w1, w2, · · · , w9 and u1, u2, · · ·u9 are given in equation (26) and (27), then the system (23)
undergoes a backward bifurcation, otherwise it undergoes a transcritical bifurcation.

3.3 Global Asymptotic Stability (GAS) of DFE

Consider the system (3) without re-infection (i.e ω = 0), we have the following sub-model

S′h = Λh − λjSh − µhSh
E′h = λjSh − (v + µh)Eh

I ′h1 = (1− p)vEh − (d0 + µh)Ih1

I ′h2 = pvEh − (η0 + d1 + µh)Ih2

T ′h = η0Ih2 − µhTh (34)
M ′s = neζ(Ih1 + Ih2)− µhMs

S′s = Λs − λmSs − µsSs
I ′s = λmSs − µsIs
J ′s = θIs − µjJs

where,

λj =
βjJs

J0 + εJs
(35)

λm =
βmMs

M0 + εMs
(36)
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The disease-free state of the system (34), without re-infection (i.e, ω = 0) is GAS in R whenever
<0 ≤ 1 and unstable when <0 > 1. Consider the following Lyapunov function associated with
system (34)

L1 = G1Eh +G2Ih1 +G3Ih2 +G4Is +G5Ms +G6Js (37)

where XT = (Eh, Ih1, Ih2, Is,MsJs) and

G1 =
βmΛsθζvne ((1− p)(η0 + d1 + µh) + p(d0 + µh))

M0µjµmµ2
s(v + µh)(d0 + µh)(η0 + d1 + µh)

,

G2 =
βmΛsθζne

M0µjµmµ2
s(v + µh)(d0 + µh)

,

G3 =
βmΛsθζne

M0µjµmµ2
s(v + µh)(η0 + d1 + µh)

, (38)

G4 =
θR0

µjµs
,

G5 =
βmΛsθ

M0µjµmµ2
s

,

G6 =
R0

µj
.

The time derivative of the Lyapunov function at DFE is given as

L′1 = G1E
′
h +G2I

′
h1 +G3I

′
h2 +G4I

′
s +G5M

′
s +G6J

′
s (39)

substituting the right-hand side of (34) and (38) into (39) gives,

L′1 =
βmvζθneΛsShλj ((1− p)(η0 + d1 + µh) + p(d0 + µh))

M0µjµmµ2
s(v + µh)(d0 + µh)(η0 + d1 + µh)

− θβmMsΛs
M0µjµ2

s

+
θλmSsR0

µjµs
− Js<0 (40)

=
βmvζθneΛsλj ((1− p)(η0 + d1 + µh) + p(d0 + µh))

M0µjµmµ2
s(v + µh)(d0 + µh)(η0 + d1 + µh)

(
βjJs

J0 + εJs

)
Sh

− Js<0 +
θ<0

µjµs

(
βmMs

M0 + εMs

)
Ss −

βmθΛs
M0µjµs

Ms

At DFE,

L′1 ≤
βjβmvζθneΛhΛs ((1− p)(η0 + d1 + µh) + p(d0 + µh))

J0M0µjµmµhµ2
s(v + µh)(d0 + µh)(η0 + d1 + µh)

Js

+

(
βmθΛs<0

M0µjµ2
s

)
Ms −

(
βmθΛs
M0µjµ2

s

)
Ms − Js<0

≤
(
βmΛsθ

M0µjµ2
s

Ms + Js<0

)
(<0 − 1) (41)

≤ (<0,sMs + Js<0) (<0 − 1)

Hence, L′1 ≤ 0 whenever <0 ≤ 1 with L′1 = 0 if and only Ms = Js = 0. therefore, it follows
that L1 is a Lyapunov function in the domain R. Hence from LaSalle’s Invariance Principle [21]
we have that

(Eh(t), Ih1(t), Ih2(t), Is(t), Ms(t), Js(t)) → (0, 0, 0, 0, 0, 0) as t→∞. (42)

As a result, for <0 ≤ 1, every trajectory generated by the system (34) with ω = 0, tends to the
disease-free state (U0) of the system (34). We can then deduce from the analysis above that, if the
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assumption excludes reinfection, i.e ω = 0 holds, then we can prove that the system (34) is GAS
whenever <0 ≤ 1 at the DFE. As a result of the analysis above, eradication of schistosomiasis
from a population where there is no disease reinfection is obtainable whenever <0 ≤ 1, therefore,
the <0 ≤1 is required and sufficient to effectively control schistosomiasis.

3.4 Global Asymptotic Stability (GAS) of an Endemic Equilibrium point
(EEP).

Consider the systems of equation (34) which re-infection ω is negligible, Let

U∗∗ = (S∗∗h , E
∗∗
h , I

∗∗
h1, I

∗∗
h2, T

∗∗
h , M∗∗s , S

∗∗
s , I

∗∗
s , J

∗∗
s ) (43)

We will establish the GAS of the EEP using the following theorem. For the system (34), if <0 > 1
the unique endemic equilibrium state (U∗∗) is globally asymptotically stable in the domain R
Consider the system (34) together with the force of infection and the Reproduction number <0.
Hence whenever <0 > 1, the unique EEP (U∗∗) exist. We represent the Lyapunov function L2

for the EEP as

L2 = Sh − S∗∗h ln
Sh
S∗∗h

+ Eh − E∗∗h ln
Eh
E∗∗h

+R1

(
Ih1 − I∗∗h1ln

Ih1

I∗∗h1

)

+R2

(
Ih2 − I∗∗h2ln

Ih2

I∗∗h2

)
+R3

(
Th − T ∗∗h ln

Th
T ∗∗h

)

+R4

(
Ms −M∗∗s ln

Ms

M∗∗s

)
+ Ss − S∗∗s ln

Ss
S∗∗s

+ Is − I∗∗s ln
Is
I∗∗s

(44)

+R5

(
Js − J∗∗s ln

Js
J∗∗s

)

where

R1 =
(v + µh)(η0 + d1 + µh)

v ((1− p)(η0 + d1 + µh) + p(d0 + µh))

R2 =
(v + µh)(d0 + µh)

v ((1− p)(η0 + d1 + µh) + p(d0 + µh))

R3 = 0 (45)

R4 =
(v + µh)(d0 + µh)(η0 + d1 + µh)

vζne ((1− p)(η0 + d1 + µh) + p(d0 + µh))

R5 =
µs
θ

taking the time derivatives of L2 we have,

L′2 = S′h −
(
S∗∗h
Sh

)
S′h + E′h −

(
E∗∗h
Eh

)
E′h +R1

(
I ′h1 −

(
I∗∗h1

Ih1

)
I ′h1

)

+R2

(
I ′h2 −

(
I∗∗h2

Ih2

)
I ′h2

)
+R3

(
T ′h −

(
T ∗∗h
Th

)
T ′h

)
(46)

+R4

(
M ′s −

(
M∗∗s
Ms

)
M ′s

)
+ S′s −

(
S∗∗s
Ss

)
S′s + I ′s −

(
I∗∗s
Is

)
I ′s

+R5

(
J ′s −

(
J∗∗s
Js

)
J ′s

)
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substituting the right hand side of (34) into (46) we have,

L′2 = Λh − λjSh − µhSh −
S∗∗h
Sh

Λh + λjS
∗∗
h + µhS

∗∗
h + λjSh − (v + µh)Eh

−E
∗∗
h

Eh
λjSh + (v + µh)E∗∗h +R1(1− p)vEh −R1(d0 + µh)Ih1

−R1
I∗∗h1

Ih1
[(1− p)vEh] +R1(d0 + µh)I∗∗h1 +R2pvEh − (η0 + d1 + µh)Ih2

−R2
I∗∗h2

Ih2
pvEh +R2(η0 + d1 + µh)I∗∗h2 +R3η0Ih2 −R3µhTh

−R3
T ∗∗h
Th

η0Ih2 +R3µhT
∗∗
h +R4neζ(Ih1 + Ih2)−R4µmMs (47)

−R4
M∗∗s
Ms

(Ih1 + Ih2) +R4µmM
∗∗
s + Λs − λmSs − µsSs −

S∗∗s
Ss

Λs

+λmS
∗∗
s + µmS

∗∗
s + λmSs − µsIs −

I∗∗s
Is
λmSs + µsI

∗∗
s

+R5θIs −R5µjJs −R5
J∗∗s
Js

θIs +R5µjJ
∗∗
s

and this implies

L′2 = µhS
∗∗
h

(
2− Sh

S∗∗h
− S∗∗h

Sh

)
+ λ∗∗j S

∗∗
h ×

[
4− S∗∗h

Sh
−
(

I∗∗2h1

Ih1(I∗∗h1 + I∗∗h2)
+

I∗∗h2

Ih2(I∗∗h1 + I∗∗h2)

)
Eh
E∗∗h
−
(
Ih1 + Ih2

I∗∗h1 + I∗∗h2

)
M∗∗s
Ms

]
(48)

+µsS
∗∗
s

(
2− S∗∗s

Ss
− Ss
S∗∗s

)
+ µsI

∗∗
s

(
2− IsJ

∗∗
s

I∗∗s Js
− ShE

∗∗
h Js

S∗∗h EhJ
∗∗
s

)
+ λ∗∗mS

∗∗
s

(
1− S∗∗s

Ss

)

Since arithmetic mean is greater than or equal to geometric mean, we conclude that the following
inequalities hold

(
2− Sh

S∗∗h
− S∗∗h

Sh

)
≤ 0, 4− S∗∗h

Sh
−
(

I∗∗2h1

Ih1(I∗∗h1 + I∗∗h2)
+

I∗∗h2

Ih2(I∗∗h1 + I∗∗h2)

)
≤ 0

(
Ih1 + Ih2

I∗∗h1 + I∗∗h2

)
≤ 0,

(
2− S∗∗s

Ss
− Ss
S∗∗s

)
≤ 0,

(
2− IsJ

∗∗
s

I∗∗s Js
− ShE

∗∗
h Js

S∗∗h EhJ
∗∗
s

)
≤ 0, (49)

(
1− S∗∗s

Ss

)
≤ 0.

Therefore, if <0 > 1, L′2 ≤ 0, then according to Lasalle’s invariance principle (U∗∗) is globally
asymptotically stable (GAS).

4 Numerical simulations

In this section, we simulate the model (3) using MATLAB programming language. The parameter
values used in numerically solving the model (3) are given in Table 1 and some epidemiological
parameters related to Nigeria were used in the simulations.
The estimated total number of people in Nigeria as at August 2019 is 203,200,191 (Coun-
trymeter, 2019). The mean natural mortality rate for human was estimated to be µh = 0.02041
and the mean annual rate of recruitment into both human and snails population is Λh =
4, 147, 316 and Λs = 73, 000 respectively. For the initial conditions, we use the following val-
ues: Sh(0) = 22, 000, 600, Eh(0) = 101, 400, 000, Ih1(0) = 30, 000, 000, Ih2 = 29, 000, 000,Th(0) =
20, 089, 0000, Ms(0) = 70, 000, 000, Ss(0) = 50, 000, 000, Is(0) = 30, 000, 000, Js(0) = 10, 000, 000.
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Table 1: Parameters values of the model 3

Parameters Values References

µh 0.02041 [31]

Λh 4,147,316 Estimated

Λs 73000 [13]

βj 4.19 Assumed

βm 1.475 Assumed

M0 100,000,000 [13]

J0 90,000,000 [13]

ε 0.2 [13]

ne 500 [7]

µs 0.72 [29]

µj 0.504 [29]

µm 0.75 [4]

ζ 0.835 [23]

θ 0.9 [23]

ω 0.1 Assumed

v 6.5 Assumed

p 0.1 Assumed

η0 0.23 Assumed

d0 0.02 Assumed

d1 0.0201 Assumed
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Figure 2: numerical solution graph of susceptible human population with varying case detection
p

Figure 3: numerical solution graph of exposed human population with varying case detection p
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Figure 4: numerical solution graph of undetected infected human population with varying case
detection p

Figure 5: numerical solution graph of population with varying case detection p
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In fig 2, the susceptible human population decreases as a result of the cercariae infection of
human. However, after about 3 years, the susceptible human population increases as a result
of increase in the proportion of detected cases of schistosomiasis infection, and subsequently
treated. In figure 3, the exposed human population decreases rapidly and then reaches a stable
states after 10 years and remain constant.
The graph in 4 shows the result of varying the case detection parameters p , the undetected
infected human population reach an endemic point after 3 years, it takes a much more longer
time for the disease to be eradicate from the population.
In Figure 5, the detected infected human population also reach an endemic point after 2 years,
then decreases rapidly as a result of the treatment given to the detected infected population and
remain constant.
Generally, the population dropped significantly as a result of detected infected individuals treated
promptly as the case detection parameter varies. The simulation result implies that an increase
in the proportion of detected cases of schistosomiasis infection, treated as soon as possible, would
reduce the cases of schistosomiasis in the population.

5 Discussion of results

Schistosomiasis transmission and infection remains a threat to developing countries in the world.
Detection of this disease performs a very significant role in treating and controlling the disease.
In this work we have developed a mathematical model to examine the effect of case detection
on the transmission dynamics of schistosomiasis, a very severe neglected tropical disease (NTD).
We have modified an existing schistosomiasis population model by creating two infected classes
with one undetected class of infected human population and the detected class of infected hu-
man population and introducing another class for the treatment of detected infected human
population.
We have developed a system of nine (9) non-linear ordinary differential equations to examine
the impact of case detection p on the dynamics of schistosomiasis. We obtain the Reproduction
number <0 =

√<0h<0s and the DFE of the formulated system was shown to be LAS when the
associated Reproduction number is less than unity. Furthermore, the DFE of the system was
shown to be GAS with negligible re-infection rates when the corresponding reproduction number
<0 is less than unity. We established the case to have backward bifurcation and the GAS of the
EEP. Numerical simulation results from the system (3) showed that a significant decrease in the
schistosomiasis cases could be achieved in the population if there is an increase in the proportion
of the detected human cases of schistosomiasis which are set for treatment immediately. It is
obvious from the result of this work that schistosomiasis can be controlled in a population if the
public health control programmes provide and implement strategies for detection as well as the
timely treatment of a very large number of persons infected with schistosomiasis.
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1 Introduction

We introduce and study the stability of the following stochastic Volterra equation with nonlocal
conditions

dyt = F (t, yt)dt+G(t, yt)dWt
y(0) = y0 + g(y), t ∈ [0, T ] ⊆ R+.

(1.1)

in a real separable Hilbert space H. The random function g(y) constitute the nonlocal condition.
The solution process x = {x(t) : t ∈ [0, T ] = I} is a continuous and adapted process taking
values in a Hilbert space H. y0 is an Σ0-measurable H-valued random variable independent of
W (t). F (t, y) and G(t, y) are measurable functions on [0,T], y ∈ H.
The study of Volterra differential and integral equations have been of interest to some authors
due to their several applications in various fields of science such as semiconductors, population
dynamics, heat conduction, fluid flow, etc. (see [11,12,16,17,19,23,26]). Recently, many results
were obtained dealing with functional, integrodifferential, deterministic forms of (1.1), and related
equations with classical initial conditions by the methods of linear and nonlinear analysis [1, 2,
10,12–16,18,20,22]. Differential equations with nonlocal and functional conditions have become
an active area of research. Their study is driven not only by theoretical interest but also because
these type of problems occur naturally when modeling real-world applications. For example,
several phenomena in engineering, physics and life sciences can be described by employing of
differential equations subject to nonlocal initial conditions; see [3–9,13,17,19,21,23–26] and the
references therein. However, there are few materials on the theory of stochastic Volterra equations
with nonlocal conditions (see [21, 22, 26] and the references therein). Some properties of the
solutions to differential equations of Volterra type were studied by [2,11–13,15,16,18,20,21,26].
[10, 11, 14–16, 18, 20] Analised some types of stability (Ulam, Hyers-Ulam, and Hyers-Ulam-
Rassias) for nonlinear integro-differential Volterra equations and Volterra integral equations by
using fixed-point arguments and the Bielecki metric techniques. [18] extended the work of [11]
to a class of nonlinear stochastic integral equation of Volterra type. Of interest here, is the
work of [18] where existence and stability of solution of stochastic Volterra integral equation is
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guaranteed if the following conditions are satisfied: given a group G1, a metric group (G2, d),
and ε > 0, there exists a δ > 0 such that the map f : G1 → G2 satisfies ρ(f(xy), f(x)f(y)) > δ
∀x, y ∈ G1, then a homomorphism T : G1 → G2 exists and is stable provided a solution exists
for such a problem. Also see [3, 6, 10, 13–17, 24] for some interesting results on Ulam, Hyers-
Ulam, and Hyers-Ulam-Rassias stability of differential equations of Volterra type. These and
many more are motivations for this study. Ulam-Hyers-Rassias (U-H-R) stability of a stochastic
Volterra integral equation (SVIE) with nonlocal conditions is studied. The Gronwall’s lemma
is used to establish the results. Our results extend and improve corresponding theorems in the
existing literature concerning stochastic Volterra equations. This paper is organised as follows.
In section 2, we give some background definitions and some technical results. Section 3 is devoted
to the main results and in section 4, we present some examples.

2 Preliminaries

Let H,B denote real separable Hilbert spaces with the usual norms ‖.‖H , ‖.‖B respectively. The
space (Ω,Σ, P ) is a complete probability space equipped with a filtration {Σt}0≤t≤T satisfying
Σt ⊂ Σ. x, y, z : Ω → H are stochastic processes. The function g : LP ([0, T ], H) → Lp0(Ω, H)
constitute the nonlocal condition. The space Lp0(Ω, H) is defined as follows; Lp0(Ω, H) := {f ∈
Lp(Ω, H) : f is Σ0 −measurable}. Lp([0, T ], H), Lp(Ω,Σ, P ) denote the spaces of p- integrable
stochastic processes x(t, ω) defined on [0, T ] such that each x(t, ω) is adapted to the filtration
{Σt} and E(

∫ t
0 |f(s)|pds) <∞. W (t) = Wt is a Brownian motion on the given probability space.

The space Lp(Ω,Σ, P,H) = Lp(Ω, H) denote a Banach space of p-integrable H-valued random
variables when equipped with the norm ‖.‖pH = (E‖.‖pH)

1
p , p ≥ 2 or when equipped with the

sup-norm.

Definition 2.1 An H -valued random variable is an Σ-measurable function x(t) : Ω → H and
a collection of random variables S = {x(t, ω) : Ω→ H, t ∈ I} is called a stochastic process.

Notation: We simply write x(t) to denote x(t, ω), x(t) to denote xt and x(t) : I → H in the
space S.

Definition 2.2 An Σt-adapted and continuous H− valued stochastic process x such that∫ T
0 ‖x(t)‖pH ds <∞ for some p ≥ 2 is called an evolution solution of (1.1) if

yt = [y0 + g(y)] +

∫ t

0
F (s, ys)ds+

∫ t

0
G(s, ys)dWs, t ∈ [0, T ]. (2.1)

Definition 2.3 Let v > 0. The problem (1.1) is said to be Ulam-Hyers-Rassias (U-H-R) stable
with respect to ε > 0 if for every solution yt ∈ Lp(Ω, H) of the inequality

∥∥∥∥y(t)− [y0 + g(y)]−
∫ t

0
F (s, y(s))ds+

∫ t

0
G(s, y(s))dWs

∥∥∥∥
p

≤ ε, (2.2)

we can find another solution z(t) ∈ Lp([0, T ], H) of (1.1) such that

‖y(t)− z(t)‖p ≤ vε, t ∈ [0, T ].

Definition 2.4 The problem (2.1) is said to be Ulam-Hyers-Rassias (U-H-R) stable with respect
to ϕ(t) if we can find some constants Mϕ > 0 such that for every solution y(t) ∈ Lp(Ω, H) of the
inequality

∥∥∥∥y(t)− [y0 + g(y)]−
∫ t

0
F (s, y(s))ds+

∫ t

0
G(s, y(s))dWs

∥∥∥∥
p

≤ ϕ(t), (2.3)
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there exists another solution z(t) ∈ Lp(Ω, H) of (1.1) such that

‖y(t)− z(t)‖p ≤Mϕϕ(t).

Lemma 2.1 (Gronwall Lemma). Let ϕ(t) and ψ(t) be non negative, continuous functions on
[0, T ]. If u(t) is a solution of the following inequality

u(t) ≤ ϕ+

∫ t

0
ψ(s)u(s)ds, s, t ∈ [0, T ],

then

u(t) ≤ ϕexp
(∫ t

0
ψ(s)ds

)
, s, t ∈ [0, T ].

The following result guarantees the existence of a unique continuous solution of problem (1.1).

Theorem 2.1 Assume that F (t, y), G(t, y) and g(y) are real valued-measurable functions on
[0, T ] ×H, and F (t, y), G(t, y) satisfy the Lipschitz and linear growth conditions in y. Suppose
that in addition, the nonlocal initial condition y0 + g(y) is such that ‖y0 + g(y)‖p < ∞. Then
the nonlocal problem (1.1) has a unique (mild) solution y(t) on [0, T ].

Theorem 2.2 Let p ≥ 2 and let f ∈ L2(Ω, H) be such that

E

[∫ b

a
|f(t)|2dt

]
<∞,

then

E

∣∣∣∣
∫ b

a
f(t)dW (t)

∣∣∣∣
p

≤ γ1.E
[∫ b

a
|f(t)|pdt

]
, (2.4)

where γ1 =
(
p(p−1)

2

) p
2

(b− a)
p−2
2 and [a, b] ⊆ [0, T ].

We state the following assumptions for y, z ∈ Lp(Ω, H).
(H1) Let F (t, y), G(t, y), and g(y) be measurable functions taking values in [a, b]×H.
Let K > 0, L > 0, and Lg > 0 be positive constants such that
(H2) |F (t, y)− F (t, z)| ≤ K|y − z| and |G(t, y)−G(t, z)| ≤ K|y − z|;
(H3) F (t, y) ≤ L(1 + |y|) and G(t, y) ≤ L(1 + |y|); and
(H4) |g(y)− g(z)| ≤ Lg|y − z|, x0 ∈ Lp0(Ω, H).
(H5) Let the function ϕ(t) > 0 and the function ϕp(t) be non decreasing.

3 Major Results

In this section, we discourse the conditions that guarantee the existence of solution of the nonlo-
cal problem (1.1) and the Ulam-Hyers-Rassias (U-H-R) type of stability is established using the
Gronwall lemma method.

Theorem 3.1 Assume that the hypotheses (H1)-(H5) are satisfied. Then the nonlocal problem
(1.1):
(i) has a unique solution z(t) ∈ Lp(Ω, H); and
(ii) has the U-H-R stability with respect to ϕ in Lp(Ω, H) provided (1− Lpg) < 1.
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Proof. .
(i) Obviously, the inequalities ‖y0 + g(z)‖2 ≤ ‖y0 + g(z)‖p and
‖y0 + g(z)‖p ≤ ‖y0‖p + ‖g(y)‖p hold for all p ≥ 2. Therefore, (2.1) has a unique continuous
solution y.
Next we show that z(t) ∈ Lp(Ω, H).
If z(t) is a continuous solution of the (1.1), then

z(t) = [z0 + g(z)] +

∫ t

a
F (s, z(s))ds+

∫ t

a
G(s, z(s))dWs.

By assumption (H3) and the inequality (a+ b+ c)p ≤ 3p−1(ap + bp + cp), we obtain

|z(t)|p ≤ 4p−1{|z0|p + |g(z)|p

+

∣∣∣∣
∫ t

a
F (s, z(s))ds

∣∣∣∣
p

+

∣∣∣∣
∫ t

a
G(s, z(s))dWs

∣∣∣∣
p

}. (3.1)

Next, we treat the right- hand side of (3.1) term by term as follows.

E|z0|p + E|g(z)|p ≤ [E|z0|p + E|ξ|p].

∣∣∣∣
∫ t

a
E(s, z(s))ds

∣∣∣∣
p

≤
(∫ t

a
L(1 + |z(s)|)ds

)p

≤ Lp2p−1

((∫ t

a
ds

)p
+

(∫ t

a
|z(s)|ds

)p)

≤ Lp2p−1

(
(b− a)p +

(∫ t

a
|z(s)|ds

)p)
. (3.2)

Applying Holder’s inequality to the last term on the right-hand side of (3.2) yields

∫ t

a
|z(s)|ds ≤

(∫ t

a
ds

) p−1
p
(∫ t

a
|z(s)|pds

)1/p

≤ (b− a)
p−1
p +

(∫ t

a
|z(s)|pds

)1/p

,

so that we get
∣∣∣∣
∫ t

a
F (s, z(s))ds

∣∣∣∣
p

≤ Lp2p−1(b− a)p−1

(
(b− a)

∫ t

a
|z(s)|pds

)
.

Now applying (2.4) to the last term on the right-hand of (3.1) yields

E

∣∣∣∣
∫ t

a
G(s, z(s))dWs

∣∣∣∣
p

≤ γ1E

∫ t

a
|G(s, z(s))|pds

≤ γ1L
pE

∫ t

a
(1 + |z(s)|)pds

≤ γ1L
pE

∫ t

a
2p−1(1 + |z(s)|p)ds

≤ γ1L
p2p−1

(
(b− a)

∫ t

a
E|z(s)|pds

)
.
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Hence,

E|z(t)|p ≤ [γ2 + γ3

∫ t

a
E|z(s)|pds],

where
γ2 = 4p−1

(
E|z0|p + E|ξ|p + Lp2p−1[(b− a)p + γ1(b− a)]

)

and
γ3 = 4p−1

(
Lp2p−1[(b− a)p−1 + γ1]

)
.

Now by Lemma 2.1, we obtain

E|z(t)|p ≤ γ2e
∫ t
a γ3ds ≤Mpγ2e

(b−a)γ3 <∞.

Therefore, z(t) ∈ Lp(Ω, H).
(ii) Assume z(t) is a solution of (2.3) and z(t) is a solution of (1.1). Then

|y(t)− z(t)|p ≤
≤ 4p−1{|y(t)− [y0 + g(y)]

−
∫ t

a
F (s, y(s))ds−

∫ t

a
G(s, y(s))dWs|p

+ |g(y)− g(z)|p

+ |
∫ t

a
(F (s, y(s))− F (s, z(s)))ds|p

+ |
∫ t

0
G(s, y(s))−G(s, z(s))dWs|p}.

E|y(t)− [y0 + g(y)] +

∫ t

a
F (s, y(s))ds+

∫ t

a
G(s, y(s))dWs|p ≤ ϕp(t).

By (H4) we obtain
E|g(y)− g(z)|p ≤ LpgE|y − z|p,

where y0 = z0. By (H2), (H3) and Holder’s inequality, we obtain
∣∣∣∣
∫ t

a
(F (s, y(s))− F (s, z(s)))ds

∣∣∣∣
p

≤
(∫ t

a
K|y(s)− z(s)|ds|

)p

≤ Kp

(∫ t

a
ds

)p−1 ∫ t

a
|y(s)− z(s)|pds

≤ Kp(b− a)p−1

∫ t

a
|y(s)− z(s)|pds.

By applying (2.4), we obtain

E

∣∣∣∣
∫ t

a
(G(s, y(s))−G(s, z(s)))dWs

∣∣∣∣
p

≤ γ1E

∫ t

a
|G(s, y(s))−G(s, z(s))|pds

≤ γ1K
p

∫ t

a
E|y(s)− z(s)|pds.

Therefore,

E|y(t)− z(t)|p ≤ [γ4ϕ
p(t) + γ5

∫ t

a
E|y(s)− z(s)|pds],
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where γ4 = 4p−1, γ5 = 4p−1Kp((b− a)p−1 + γ1) and (1− Lpg) < 1.
By Lemma 2.1, we get

E|y(t)− z(t)|p ≤ γ4ϕp(t)e(
∫ t
a γ5)ds ≤ γ4ϕp(t)e(γ5(b−a)).

Thus,
E|y(t)− z(t)|p ≤Mϕϕ(t),

where Mϕ = γ4
1
p e

(
γ5(b−a)

p

)
, which shows that the nonlocal problem (1.1) has the Ulam-Hyers-

Rassias (U-H-R) stability, and the proof is complete.

4 Examples

As an application, we give some examples to illustrate the established results. Considering the
following stochastic differential equation with nonlocal condition:

dxt = x3tdt+ x2tdWt, x(0) = ξ =
η

12
x(η), (4.1)

t ∈ [a, b] ≡ [0, 1], 0 < η < 1, and p = 2.
Here F (t, x) = x3, G(t, x) = x2, and g(x) = η

12x(η).
Equation (4.1) in its integral form is given by

xt =
η

12
x(η) +

∫ t

0
x3sds+

∫ t

0
x2sdWs. (4.2)

Next, we show that the hypotheses (H1)− (H5) are satisfied.
|F (t, x)− F (t, y)| ≤ |x3 − y3| and |G(t, x)−G(t, y)| ≤ |x2 − y2| with K = 1.
|F (t, x)| ≤ (1 + |x3|) and |G(t, x)| ≤ (1 + |x2|) with L = 1.
|g(x)− g(y)| ≤ 1

12 |x− y|, η < 1 with Lg = 1
12 .

Also, the function ϕ(t) > 0 satisfies the hypothesis (H5) and 1− Lg = 1− 1
12 < 1.

Therefore, having satisfied the given hypotheses, the problem (4.2) is U-H-R stable.
2. Given

dxt =
3

2
x5tdt− x3tdWt,

1

4
x = ξ.S (4.3)

Here F (t, x) = 3
2x

5
t , G(t, x) = x3, and g(x) = 1

4x. Equation (4.3) in its integral form is given by

xt =
1

4
x+

∫ t

0
(
3

2
x5s)ds−

∫ t

0
x3sdWs. (4.4)

Here, the hypotheses (H1)− (H5) with KF = 3
2 , KG = 1, L = 1, Lg = 3

2 , and

γ5 = 4p−1(Kp
F (b− a)p−1 +Kp

Gγ1).

Therefore, the problem (4.4) is U-H-R stable.

Conclusion
In this paper, we have investigated the U-H-R stability of solutions for a nonlocal stochastic
Volterra integral equation. We used the well known Gronwall lemma to establish the result. As
an application, of the results, we studied some nonlinear examples to illustrate our claim.
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Abstract: A two-step implicit hybrid block method for the direct solution of first order ordinary
differential equations was derived using power series as basis function. The schemes developed
were investigated for consistency, zero-stability and convergence. Based on existing theorems, the
results show that the schemes satisfy these conditions. The schemes were tested on some model
problems. The derived two-step hybrid method with six off-step points is of uniform order 9 and

has error constants
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,
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,
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,
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,
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,
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and
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7431782400
. The results obtained compared

favourably well with the exact solutions and existing methods.

Keywords: two-step, implicit method, hybrid method, basis function, off step points.

1 Introduction

Block and predictor-corrector methods were adopted by Oghonyon et al. (2015), Jator (2007),
Awoyemi et al. (2011), Badmus (2014), James et al. (2012) and Odekunle et al. (2014) among
others, to provide approximate solutions to problems of the form:

y(n)(x) = f
(
x, y, y′, y′′, ..., y(n−1)

)
(1)

Some advantages of block method over the predictor-corrector method is that it requires no
starting values, it gives solutions at each grid within the interval of integration without overlap-
ping and it bypasses the burden of developing separate predictors, thereby reducing the usage
of time and computer memory (Adesanya et al., 2013). As good as these advantages were, they
did not enable the block method to solve the limitation posed by the Dahlquist barrier condition.

Hybrid methods were introduced to resolve these setbacks. They serve as a better tool over
the block method in that it circumvent the Dahlquist barrier condition, reduce the number of
function evaluation, attain a high accuracy and still maintain zero stability. Before the advent
of block and predictor methods, higher order differential equations are solved by reducing the
problem to an equivalent system of first order ordinary differential equation, then an appropriate
numerical method is employed to approximate the problem directly (Rauf et al., 2015). This
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approach has been reported to be cumbersome, tedious and prone to accumulation of errors as
the numerical integration progresses(Anake et al., 2012 and Fasasi et al., 2014).

These gave rise to recent research in numerical methods which extensively explore the use of
hybrid methods inorder to address challenges associated with the earlier methods discussed and
provides approximate solution to problems in divers areas. Some of the researchers who have
explored this method are Sunday et al. (2015), Fasasi et al. (2014), Abada and Abioyar (2017),
Muhammed and Yahaya (2012) and Anake et al. (2012).

This paper present, a two-step implicit hybrid block method for the direct solution of general
first order ordinary differential equations of the form:

y′ = f(x, y) y(a) = ηa (2)

where x ∈ [a, b], a, b ∈ R and f is continuously differentiable in the interval [a, b].

2 Methodology: Derivation of the hybrid block method

We seek to derive Linear Multistep Methods of the form of Lambert (1991):

k∑

j=0

αjyn+j = h
k∑

j=0

(βjfn+j + βvfv) (3)

where αj , βj and βv are unknown constants. j = 0(1)2, must not be an integer and h is the step
size of the method. βk 6= 0, α0 and β0 are non-zero, k is the step length of the proposed method.

A power series of a single variable X is of the form:

P (x) =

r+s−1∑

j=0

αjx
j (4)

This is used as the basis or trial function, to produce the approximate solution to y(x) :

y(x) =

r+s−1∑

j=0

αjx
j , αj ∈ R (5)

where
αjs are unknown coefficients to be determined, Υ is the number of interpolations, and S is the
number of distinct collocation points.
Considering six off step points, v = 1

4 ,
1
2 ,

3
4 ,

5
4 ,

3
4 ,

7
4 at the collocation points xn, xn+ 1

4
, xn+ 1

2
, xn+ 3

4
,

xn+1, xn+ 5
4
, xn+ 3

2
, xn+ 7

4
, xn+2 and interpolating at xn+1 with r = 1, s = 0

(
1
4

)
2,

k = 2, αj(x), βj(x), βv(x) we obtain the continuous form:

y(x) = α1yn + h





β0fn + β1fn+ 1
4
+ β2fn+ 1

2
+ β3fn+ 3

4
+ β4fn+1

β5fn+ 5
4
+ β6fn+ 3

2
β7fn+ 7

4
+ β8fn+2




. (6)

This is achieved by generating a polynomial of degree r + s− 1 as follows:

y(x) =
9∑

j=0

αjx
j (7)
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with derivative given by

y′(x) =
9∑

j=0

jαjx
j (8)

Interpolating (7) and collocating (8) at the specified points gives a system of equations of the
form:

AX = B (9)

where

A =





1 xn x2n x3n x4n x5n x6n x7n x8n x9n

0 1 2xn 3x2n 4x3n 5x4n 6x5n 7x6n 8x7n 9x8n

0 1 2xn+ 1
4

3x2
n+ 1

4

4x3
n+ 1

4

5x4
n+ 1

4

6x5
n+ 1

4

7x6
n+ 1

4

8x7
n+ 1

4

9x8
n+ 1

4

0 1 2xn+ 1
2

3x2
n+ 1

2

4x3
n+ 1

2

5x4
n+ 1

2

6x5
n+ 1

2

7x6
n+ 1

2

8x7
n+ 1

2

9x8
n+ 1

2

0 1 2xn+ 3
4

3x2
n+ 3

4

4x3
n+ 3

4

5x4
n+ 3

4

6x5
n+ 3

4

7x6
n+ 3

4

8x7
n+ 3

4

9x8
n+ 3

4

0 1 2xn+1 3x2n+1 4x3n+1 5x4n+1 6x5n+1 7x6n+1 8x7n+1 9x8n+1

0 1 2xn+ 5
4

3x2
n+ 5

4

4x3
n+ 5

4

5x4
n+ 5

4

6x5
n+ 5

4

7x6
n+ 5

4

8x7
n+ 5

4

9x8
n+ 5

4

0 1 2xn+ 1
2

3x2
n+ 1

2

4x3
n+ 1

2

5x4
n+ 3

2

6x5
n+ 3

2

7x6
n+ 3

2

8x7
n+ 3

2

9x8
n+ 3

2

0 1 2xn+ 7
4

3x2
n+ 7

4

4x3
n+ 7

4

5x4
n+ 7

4

6x5
n+ 7

4

7x6
n+ 7

4

8x7
n+ 7

4

9x8
n+ 7

4

0 1 2xn+2 3x2n+2 4x3n+2 5x4n+2 6x5n+2 7x6n+2 8x7n+2 9x8n+2





(10)

which is the proposed matrix for the two step hybrid method with six off step points and




B =
[
yn+1, fn, fn+ 1

4
, fn+ 1

2
, fn+ 3

4
, fn+1, fn+ 5

4
, fn+ 3

2
, fn+ 7

4
, fn+2

]r

X = [a0, a1, a2, a3, a4, a5, a6, a7, a8, a9]
r





(11)

Solving the system of equations for ajs, j = 0(1)9 and substituting back into (7), the continuous
linear multistep method of the form,

y(x) = α1yn + h

2∑

j=0

βjfn+j , j = 0

(
1

4

)
2 (12)

is obtained, where the coefficients of the continuous scheme αjs and βjs were obtained as:
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α0 = 1





β0 =




512

2835

x9

h9
− 64

35

x8

h8
+

832

105

x7

h7
− 96

5

x6

h6
+

2138

75

x5

h5

−267

10

x4

h4
+

29531

1890

x3

h3
− 761

140

x2

h2
+
x

h
− 4063

56700




β1 =




4096

2835

x9

h9
+

128

9

x8

h8
− 18688

315

x7

h7
+

3680

27

x6

h6

−42112

225

x5

h5
+

1396

9

x4

h4
− 7696

105

x3

h3
+

16x2

h2
− 5644

14175




β2 =




2048

405

x9

h9
− 2176

45

x8

h8
+

61184

315

x7

h7
− 11456

27

x6

h6

+
122312

225

x5

h5
− 18353

45

x4

h4
+

828

5

x3

h3
− 28x2

h2
− 61

14175




β3 =




−4096

405

x9

h9
+

1408

15

x8

h8
− 38144

105

x7

h7
+

2272

3

x6

h6

−68608

75

x5

h5
+

3188

5

x4

h4
− 32048

135

x3

h3
+

112

3

x2

h2
− 8188

14175




β4 =




1024

81

x9

h9
− 1024

9

x8

h8
+

26752

63

x7

h7
− 22912

27

x6

h6

+
43972

45

x5

h5
− 5828

9

x4

h4
+

691

3

x3

h3
− 35x2

h2
+

454

2835




β5 =




−4096

405

x9

h9
+

3968

45

x8

h8
− 100096

315

x7

h7
+

82592

135

x6

h6

−152704

225

x5

h5
+

19564

45

x4

h4
− 752

5

x3

h3
+

112

5

x2

h2
+

2308

14175




β6 =




2048

405

x9

h9
− 128

3

x8

h8
+

15616

105

x7

h7
− 832

3

x6

h6

+
22424

75

x5

h5
− 187x4

h4
+

8572

135

x3

h3
− 28

3

x2

h2
+

989

14175




β7 =




−4096

2835

x9

h9
+

3712

315

x8

h8
− 1792

45

x7

h7
+

1952

27

x6

h6

−17152

225

x5

h5
+

2108

45

x4

h4
− 1648

105

x3

h3
+

16

7

x2

h2
− 244

14175




β8 =




512

2835

x9

h9
− 64

45

x8

h8
+

1472

315

x7

h7
− 224

27

x6

h6

+
1934

225

x5

h5
− 469

90

x4

h4
+

121

70

x3

h3
− 1

4h2
+

107

56700








(13)
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The value of the continuous coefficient (13) are then substituted into (12) and evaluated at the
step and off-step points to give the following eight discrete schemes that form the block method.

yn = yn+1 − h =




4063

56700
fn +

5644

14175
fn+ 1

4
+

61

14175
fn+ 1

2

+
8188

14175
fn+ 3

4
− 454

2835
fn+1 +

2308

‘4175
fn+ 5

4

− 989

14175
fn+ 3

2
+

244

14175
fn+ 7

4
− 107

56700
fn+2




(14)

yn+ 1
4
= yn+1 + h =




369

179200
fn −

8101

89600
fn+ 1

4
− 28809

89600
fn+ 1

2

−17217

89600
fn+ 3

4
− 209

1120
fn+1 +

4833

89600
fn+ 5

4

− 1719

89600
fn+ 3

2
+

389

89600
fn+ 7

4
− 81

179200
fn+2




(15)

yn+ 1
2
= yn+1 − h =




127

453600
fn −

247

56700
fn+ 1

4
+

22223

226800
fn+ 1

2

+
17741

56700
fn+ 3

4
+

1087

11340
fn+1 −

109

56700
fn+ 5

4

− 247

226800
fn+ 3

2
+

23

56700
fn+ 7

4
− 23

453600
fn+2




(16)

yn+ 3
4
= yn+1 + h =




3233

14515200
fn −

18197

7257600
fn+ 1

4
+

108007

7257600
fn+ 1

2

− 954929

7257600
fn+ 3

4
− 13903

90720
fn+1 +

212881

7257600
fn+ 5

4

− 63143

7257600
fn+ 3

2
+

12853

7257600
fn+ 7

4
− 2497

14515200
fn+2




(17)

yn+ 5
4
= yn+1 + h =




2497

14515200
fn −

12853

7257600
fn+ 1

4
+

63143

7257600
fn+ 1

2

− 212881

7257600
fn+ 3

4
+

13903

90720
fn+1 +

954929

7257600
fn+ 5

4

− 108007

7257600
fn+ 3

2
+

18197

7257600
fn+ 7

4
− 3233

14515200
fn+2




(18)

yn+ 3
2
= yn+1 − h =




23

453600
fn −

23

56700
fn+ 1

4
+

247

226800
fn+ 1

2

+
109

56700
fn+ 3

4
− 1087

11340
fn+1 +

17741

89600
fn+ 5

4

− 22223

226800
fn+ 3

2
+

247

56700
fn+ 7

4
− 127

453600
fn+2




(19)
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yn+ 7
4
= yn+1 + h =




81

179200
fn −

389

89600
fn+ 1

4
+

1719

89600
fn+ 1

2

− 4833

89600
fn+ 3

4
+

209

1120
fn+1 +

17217

89600
fn+ 5

4

+
28809

89600
fn+ 3

2
+

8101

89600
fn+ 7

4
− 369

179200
fn+2




(20)

yn+2 = yn+1 − h =




107

56700
fn −

244

14175
fn+ 1

4
+

989

14175
fn+ 1

2

− 2308

14175
fn+ 3

4
+

454

2835
fn+1 −

8188

14175
fn+ 5

4

− 61

14175
fn+ 3

2
− 5644

14175
fn+ 7

4
− 4063

56700
fn+2




(21)

3 Analysis of basic properties of the method

3.1 Order of the method

Definition 1. The linear difference operator L, associated with the continuous implicit k-step
method can be defined as:

L[y(x);h] =
k∑

j=k−1
αj(x+ jh)− h




k∑

j=0

βjy
′(x+ jh) + βvy

′(x+ vh)


 (22)

where y(x) is an arbitrary test function that is continuously differentiable in the interval [a, b].
Equation (23) could also be expressed as:

L[y(x);h] = AYm − Eym − h (df(yn) + bF (Ym)) (23)

where

A =




1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1




E =




0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
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d =




0 0 0 0 0 0 0 − 4063

56700

0 0 0 0 0 0 0
369

179200

0 0 0 0 0 0 0 − 127

453600

0 0 0 0 0 0 0
3233

14515200

0 0 0 0 0 0 0
2497

14515200

0 0 0 0 0 0 0 − 23

453600

0 0 0 0 0 0 0
81

179200

0 0 0 0 0 0 0 − 107

56700




A =




− 5644

14175
− 61

14175
− 8188

14175

454

2835
− 2308

14175

989

14175
− 244

14175

107

14175

− 8101

89600
− 28809

89600
− 17217

89600

209

89600
− 4833

89600
− 1719

89600

389

89600
− 81

179200

247

56700
− 22223

226800
− 17741

56700
− 1087

11340

109

56700

247

226800
− 23

56700

23

453600

− 18197

7257600

108007

7257600
− 954929

7257600
− 13903

90720

212881

7257600
− 63143

7257600

12853

7257600
− 2497

14515200

− 12853

7257600

63143

7257600
− 212881

7257600

13903

90720

954929

7257600
− 108007

7257600

18197

7257600
− 3233

7257600

23

56700
− 247

226800
− 109

56700

1087

11340
− 17741

89600

22223

226800
− 247

56700
− 127

453600

− 389

89600

1719

89600
− 4833

89600

209

1120

17217

89600

28809

89600
− 8101

89600
− 369

179200

− 244

14175

989

14175

2308

14175
− 454

14175

8188

14175

61

14175

5644

14175

4063

14175




The Taylors series expansion of (22) about the point x gives

L[y(x);h] = C0y(x) + C1hy
′(x) + C2h

2y′′(x) + ...+ Cph
pyp(x) + Cp+1h

p+1yp+1(x) + ... (24)

Definition 2. The difference operator L, and the associated continuous two-step implicit hybrid
block method (14) - (21) are of order p if C0 = C1 = ... = Cp = 0 and Cp+1 6= 0. Hence, the
term Cp+1 6= 0 is called the error constant.
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From computation, the proposed method is of uniform order p = (9, 9, 9, 9, 9, 9, 9, 9)r and has
error constants

Cp+1




113

93952409600
,

23

118908518400
,

2497

7610145177600
,

47

7431782400
,

2497

7431782400

− 23

118908518400
,

113

93952409600
,

113

93952409600
,

47

7431782400




r

.

3.2 Zero stability of the method

An LMM is said to be zero stable as h→ 0 if no root of the first characteristic polynomial ρ(z)
defined by ρ(z) = det[zA(o)−E] has modulus not greater than one, and if every root of modulus
one has multiplicity not greater than the order of the differential equation: ρ(z) = zr−µ(z− 1)µ.

For the proposed hybrid block method,
ρ(z) = z7(z − 1) = 0 =⇒ z1 = z2 = z3 = z4 = z5 = z6 = z7 = 0, z8 = 1. Hence, the method is
zero stable and it is consistent since the order p = 9 > 1.

3.3 Convergence

Convergence of the method is established since it satisfies the Dahlquist barrier theorem which
sate that “the necessary and sufficient conditions for a continuous LMM to be convergent is that
it must be consistent and zero-stable.”

4 Numerical Experiment

The accuracy of the proposed two-step implicit hybrid block method was evaluated on some
problems. The computed results obtained is compared with results from existing methods. The
results are shown in tables 1 and 2 respectively. ERR denotes the Absolute Error |yn − y(xn)|.

Problem 4.1
y′ = Ly + cosx− L sinx, L = −1 y(0) = 0,

The exact solution is y(x) = sinx

Problem 4.2
y′ = 20x− 20y + 1, y(0) = 1, h = 0.01

The exact solution is y(x) = x+ e−20x

Table 1 for problem 4.1
x Exact solution Computed results ERR Sunday et al.

scheme 2 (2015)
0.1 0.0998334166468281 0.0998334166468292 1.11022E-15 1.342236E-11
0.2 0.1986693307950612 0.198669330795063 1.80411E-15 2.146397E-11
0.3 0.2955202066613396 0.295520206661337 2.60902E-15 3.235895E-11
0.4 0.3894183423086506 0.389418342308647 3.60822E-15 4.187661E-11
0.5 0.4794255386042032 0.479425538604203 2.22045E-15 4.637712E-11
0.6 0.5646424733950356 0.564642473395034 1.55431E-15 5.336764E-11
0.7 0.6442176872376914 0.644217687237690 1.44329E-15 5.893563E-11
0.8 0.7173560908995231 0.717356090899515 8.10463E-15 6.022138E-11
0.9 0.7833269096274838 0.783326909627474 9.76996E-15 6.334211E-11
1.0 0.8414709848078968 0.841470984807881 1.57652E-14 6.505940E-11
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Table 2 for problem 4.2
x Exact solution Computed results ERR Cole (2019)

scheme 2
0.01 0.828730753077982 0.828730753077981 9.99201E-16 1.5895179E-8
0.02 0.690320046035639 0.690320046035646 6.99440E-15 1.2844199E-8
0.03 0.578811636094026 0.578811636094031 4.99600E-15 1.2844199E-8
0.04 0.489328964117222 0.489328964117231 8.99281E-15 1.0047692E-8
0.05 0.417879441171442 0.417879441171448 5.99520E-15 8.852463E-9
0.06 0.361194211912202 0.361194211912212 9.99201E-15 7.696779E-9
0.07 0.316596963941606 0.316596963941613 6.99405E-15 6.938026E-9
0.08 0.281896517994655 0.281896517994665 9.99201E-15 5.615992E-9
0.09 0.255298888221587 0.255298888221592 4.99604E-15 4.674372E-9
0.10 0.235335283236613 0.235335283236621 8.02136E-15 4.078786E-9

5 Conclusion

In this work, a two-step implicit hybrid block method for the direct solution of first order ODEs
was developed with the incorporation six off steps points at collocation points. Power series
was employed as basis function to construct the methods. The schemes developed were investi-
gated for consistency, zero-stability, convergence and the results show that the schemes satisfy
these conditions based on existing theorems. The schemes were also tested on some model prob-
lems. The results obtained compared favourably well with the existing methods and yields closer
approximation to the exact solutions.
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Abstract: The number of preventable child deaths that occurs during the first five years of
life in Nigeria is high in comparison to the global standard set by the United Nations in the
Millennium Development Goals (MDG) and subsequently the Sustainable Development Goals
(SDG) for childhood mortality. Following the failure of Nigeria to meet the recommended MDGs
target of reducing childhood mortality by two-third in 2015, there exist genuine concerns as to
whether the SDGs target of 25 deaths per 1000 live births for children less than five years of age
can be achieved. Knowledge of the chances of Nigeria achieving this goal for childhood mortality
will aid proper interventions needed to reduce the occurrence. Therefore, this study employed
the Auto-Regressive Integrated Moving Average model for time series analysis to make forecast
of under-five mortality up until 2030 using data obtained from the United Nation’s Inter Agency
Group for Childhood Mortality Estimate (UN-IGME). After several model observations, the
ARIMA (2, 1, 1) was selected and used to make forecast of childhood mortality. The ARIMA
(2, 1, 1) model predicted a reduction of up to 37.3% by 2030 at 95% confidence interval. Results
from the study also showed that a reduction of over 300% in under-five mortality is required for
Nigeria to be able to achieve the SDG goal for under-five mortality.

Keywords: Under-five mortality, ARIMA, Forecasting.

1 Introduction

1.1 Under-five mortality

Mortality rates among children under the age of five remains strikingly high in Nigeria. While
countries in other parts of the world like Europe and America have continued to experience
rapid declining rates of childhood mortality over the last few years as seen by the annual rate of
reduction (ARR) increase from 1.9% in 1990 to 4.0% between year 2000 and 2017, our country
still maintains relatively high rates. According to a report by Multiple Indicator Cluster Survey
(MICS) in 2017, one in 9 live births die before their fifth birth day. This unacceptably high
frequency with which children under the age of five die puts the country at great risk of falling
short of the sustainable development goal for childhood mortality as well as paints the general
state of health and health care facilities in the country in bad light. The importance of the
knowledge of future mortality rates forecasting to decision makers in the public health sector
in Nigeria and the world over cannot be overemphasized, hence this paper is both timely and
instrumental in its application of the ARIMA model of time series analysis to determining the
chances of Nigeria attaining the sustainable development goal for the reduction of childhood
mortality in children less than five years of age.
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1.2 ARIMA Model

The Auto Regressive Integrated Moving Average (ARIMA) model is a time series model that
establishes a relationship between the present value of a time series and its current and past values
of an error term so that forecast can be made on the basis of its past value (Box and Jenkins
1976). It assumes that over a period of time t, the current values are related or correlated with
their immediate previous or n previous past values. Simply put ‘information related to the series
is obtained in the series itself’. The ARIMA model is composed of three parts AR, MA and
I. The first part which is AR represents the Auto Regression i.e running a regression on itself.
Unlike the normal regression where a dependent variable say y requires an independent variable
say x, the dependent variable in the AR model depends on the previous time value of the present
value (time lag).The second part is the MA which represents moving average. It represents the
error of the model as a combination of previous error terms ei. The "I" in the third part of the
model literally stand for Integrated. In reality though, it refers to a difference in time lag. The
ARIMA model is a flexible time series model that can be used to do a wide range of forecast
depending on the volume of the data and its relationship with the past time series. As a result,
there is a variety of the ARIMA model depending on the suitability to the task at hand of the
researcher. The ARIMA model is specified by three components p, d, q corresponding to the
AR, I and MA parts of the model respectively. Here,
p = order of the auto regression terms. AR (p)
d = the order of the non-seasonal differences needed to achieve stationarity (I)
q = the order of the moving average process or number of lagged forecast errors in the prediction
equation MA (q)
Hence we represent an ARIMA model as ARIMA (p, d, q). The p, d, q represents different forms
of the model and for best forecast, the user has to decide on the optimal form. The flexibility
and wide range of successful application of the ARIMA model made popular by Box and Jenkins
(1976) makes it suitable for modeling and subsequently making forecast of under-five mortality
rate in Nigeria.

Assumptions. The Box and Jenkins approach assumes that the time series data is station-
ary or can be transformed into one. Stationarity depends on the mean, variance and the pattern
of the correlogram. For a stationary time series data Yt,

E(Yt) = µY for all t
V ar(Yt) = E[(Yt − µY )2] = σ2y for all t

Cov(Yt, Yt−k) = γk for all t

For strict stationarity, the joint distribution of Yti.e.(Y1, Y2, . . . Yn) is the same as that of (Y1+k, Y2+k, . . . Yn+k)
Stationary time series data do not exhibit any form of trend or heteroscedascity i.e. the statistical
properties such as mean, variance and auto covariance are constant in time. Non-stationary time
series data can be made stationary by various transformation such as differencing (i.e. taking
the first, second or higher differences of successive time lags), logging and or deflating. (Robert
Nau).

2 Methodology

Study Area: This paper is focused on Nigeria. Located in the western part of Africa, Nigeria is
made up of 36 states and a Federal Capital Territory (FCT), grouped into six geopolitical zones;
North Central, North-East, North-West, South-East, South-South, and South-West.

Data Source: This study is conducted using secondary source data obtained from World Bank
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and estimated by United Nation Inter-Agency Group for Childhood Mortality Estimation (UN
IGME). The data, which is the mortality estimates of under-five mortality rate in Nigeria per
1000 live births between 1960 and 2018 is presented in the table below.

Table 1. Estimates of under-five mortality rates between 1960 and 2018.
(Source: world bank, www.childmortality.org)

S/N Year Under-Five S/N Year Under-Five S/N Year Under-Five
Mortality Mortality Mortality

1 1960 351 21 1980 213 41 2000 185
2 1961 347 22 1981 210 42 2001 156
3 1962 341 23 1982 208 43 2002 151
4 1963 335 24 1983 208 44 2003 146
5 1964 327 25 1984 208 45 2004 142
6 1965 320 26 1985 208 46 2005 138
7 1966 314 27 1986 209 47 2006 135
8 1967 307 28 1987 210 48 2007 133
9 1968 300 29 1988 211 49 2008 131
10 1969 293 30 1989 211 50 2009 129
11 1970 285 31 1990 211 51 2010 127
12 1971 277 32 1991 211 52 2011 125
13 1972 269 33 1992 210 53 2012 124
14 1973 260 34 1993 209 54 2013 122
15 1974 252 35 1994 208 55 2014 120
16 1975 244 36 1995 206 56 2015 156
17 1976 236 37 1996 203 57 2016 151
18 1977 229 38 1997 200 58 2017 146
19 1978 223 39 1998 195 59 2018 142
20 1979 218 40 1999 190

3 Data Analysis

Analysis of the data for under-five mortality rate in Nigeria was done using the Box-Jenkins
(1976) approach to time series modeling and forecasting. The Box-Jenkins approach proposes a
three step algorithm of model identification, estimation and diagnostic checking before making
of forecast. However, this model requires that the series is stationary. Stationary time series
data do not usually exhibit any trend (upwards or downwards) i.e. the variance is constant. To
determine if the time series data for under-five mortality rate in Nigeria was stationary or not
i.e. to evaluate patterns and behaviors in the data over time, we made a time series plot of the
dataset. A time series plot is a graph with a dependent variable plotted as ordinates against
an equally spaced independent variable (time) as abscissa. The time series plot as shown in Fig
1 suggests that there is a downward trend in the under-five mortality rate series. To make the
time series data stationary, the original data points were replaced by the first difference between
successive observations using the transformation

Wt = 4yt − yt−1.

Thus, we had n − 1 observations left. Fig 2 is a plot of the first difference of the time series
for under-five mortality rate. To further confirm if the time series data is stationary, the unit
root test otherwise known as the Augmented Dickey-Fuller Test was employed and the result is
presented in Table 2. The result suggests that the series is stationary and hence do not require
a second differencing. Usually, most time series data do not require a second difference to be
stationary. Taking more than the second order difference of a time series i.e.(d > 2) can lead
to over differencing which in turn can lead to an increase in the standard deviation. Having
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determined the order of integration to make the series stationary i.e.(d = 1) in the ARIMA (p,
d, q) model, we proceeded to the model identification stage of the Box-Jenkins algorithm. Box
and Jenkins (1976) suggests that we observe the autocorrelation and the partial autocorrelation
of the time series data as well as the plot of the autocorrelation and partial autocorrelation called
the correlogram so as to determine the order of the Auto Regression AR (p) and the Moving
Average MA (q) components of the ARMA model. Table 3 and Fig 3 presents the result of the
AC/PAC and the correlograms respectively. Different orders of the AR and MA components of
the ARMA model were selected tentatively and the results of the tentative models are presented
in Table 4. The ARMA (2, 1) model at first order difference (d = 1) was chosen based on the AIC
and SIC. The Aikaike and Schwartz information criterion both suggests that the model with the
lowest value will be a better fit to the data relative to other selected models. Hence, ARIMA (2,
1, 1) was chosen. The parameters of the model were estimated and a summary of the parameter
estimates from the model is presented in Table 5. Having chosen the ARIMA (2, 1, 1), efforts to
determine if the ARIMA (2, 1, 1) is a good fit for the data to be estimated was carried out by
a diagnostic check of the residuals of the autocorrelation and the result is displayed in Figures
5 and 6. The result indicates that the model is appropriate for estimation of the data set and
can be used to make forecast of future value of under-five mortality rate in Nigeria up until 2030
which is the set date for the evaluation of the performance of different countries with regards to
the sustainable development goals. Forecast of the mortality rate for children under five years of
age in Nigeria was therefore carried out at 95% confidence interval using the chosen ARIMA (2,
1, 1) model and the forecast values for mortality as well as the plot of the forecast are presented
in Table 7 and Figure 7 respectively.

3.1 Result and Discussion

Figure 1: A time plot of under-five mortality series from 1960 to 2018

Fig 1 above is a plot of the time series data. The essence of the time series plot is to evaluate
patterns and behaviors in the data over time. Thus, to identify if the time series is stationary i.e.
if the values of the variable over time varies around a constant mean and variance, we examine
the plot of the series. A visual inspection of the time series plot of under-five mortality above
shows clearly that the data is not stationary. The plot shows that there is a decreasing trend in
the time series. In order to stabilize the variance and make the time series stationary, the series
is transformed by

Wt = 4yt − yt−1.
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That is, the first order difference of the time series data was computed. After taking the first
difference, the differenced series has n − 1 observations. Below is the plot of the resulting
differenced time series.

Figure 2: Time series plot of the first difference (d = 1)

A look at the time plot of the differenced series shows that the time series appears to be stationary
and devoid of trend i.e. the mean and the variance now seem consistent over time compared to
the Fig 1.

Table 2. Augmented Dickey-Fuller Tests.
Dickey-Fuller Sig. ACF coeff. of e (d = 1) DF
-3.264 0.048 0.128 16

To confirm, we apply the unit root test otherwise known as the Augmented Dickey-Fuller test.
The unit root test used for testing for stationarity proposes that if φ1 = 1 in the simple autore-
gressive scheme

Zt = µ+ φ1Zt−1 + εt

where φ1 is the coefficient of the auto-regression process, then the series is said to possess a unit
root and is thus not stationary. This is because it violates the basic requirement of zero mean
and constant variance necessary for time series modeling. To test for stationarity in the time
series data, we adopt the following hypothesis:
H0 : the series contains a unit root
H1 : there is no unit root in the series
We reject the null hypothesis and conclude that the alternative hypothesis is true i.e. that
the series is stationary if the p-value is greater than the significance level: α = 0.01 Since the
computed p− value = 0.048 is greater than α = 0.01 we reject the null hypothesis and conclude
that the alternative hypothesis H1 is true i.e. the series is stationary after taking the first
difference (d = 1).
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Table 3. Autocorrelation and partial autocorrelation of the series.
Lag Autocorrelation Std. Error Partial Std. Error

Autocorrelation
1 .957 .128 .957 .131
2 .900 .127 -.195 .131
3 .811 .126 -.384 .131
4 .700 .125 -.281 .131
5 .579 .123 -.052 .131
6 .441 .122 -.166 .131
7 .297 .121 -.132 .131
8 .156 .120 .032 .131
9 .020 .119 .012 .131
10 -.114 .117 -.162 .131
11 -.227 .116 .081 .131
12 -.324 .115 .081 .131
13 -.407 .114 -.113 .131
14 -.466 .112 .003 .131
15 -.499 .111 .179 .131
16 -.511 .110 .010 .131
17 -.501 .109 -.114 .131
18 -.477 .107 -.018 .131
19 -.437 .106 .039 .131
20 -.374 .104 .109 .131
21 -.305 .103 -.049 .131
22 -.224 .102 .054 .131
23 -.147 .100 -.136 .131
24 -.070 .099 -.068 .131

Figure 3: ACF for under-five mortality

Fig 3 above displays the autocorrelation function from lags 1 to 24 of the first order differenced
time series of under-five mortality rate in Nigeria. The figure shows that the ACF dies down to
zero slowly as the number of time lags k increases indicating a geometric decay symbolic of an
AR process.
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Figure 4: PACF for under-five mortality

Figure 4 is the partial autocorrelation function for under-five mortality. The PACF shows that
there are only two significant time lags. Only time lags 1 and 3 exceeds the significant threshold
which is the error bound indicating an AR (2) model. All other time lags fall within the significant
threshold.
Having identified the theoretical properties of the ACF and PACF as an AR (2) process given
that the ACF of the differenced series dies down to zero quickly and the dying down pattern
produced by the AR component dominate the cutting of pattern produced by the MA component
then we infer that the ARIMA model is either an ARIMA (2, 1, 1), (2, 1, 0), (1, 1, 0) or (1, 1, 1) if
we decide to consider one time lag of the error term.
Below are the tentative models identified based on the principle of parsimony and recognizable
pattern of the ACF and PACF. The best approximation to the data by the member of ARIMA
family is obtained by comparing the AIC and BIC values.

Table 4. Possible Fitted ARIMA Model for under-five mortality.
Models AIC BIC
ARIMA (1, 1, 0) 23.34 25.77
ARIMA (1, 1, 1) 23.16 24.91
ARIMA (2, 1, 1) 23.43 23.10
ARIMA (1, 1, 2) 23.84 23.61
ARIMA (2, 1, 0) 25.45 26.91

A comparison of the AIC and the BIC values for the possible models shows that ARIMA (1, 1, 1)
has the least AIC value. However, the ARIMA(2, 1, 1) produced least values for both the AIC
and the BIC and is therefore selected as the best fit model for the data.
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Table 5. Estimated Summary for the ARIMA (2, 1, 1) model
Under_five_Mortality-Model_1

Under_five_Mortality
No Transformation

AR MA
Constant Lag 1 Lag 2 Difference Lag 1

Estimate -3.585 .205 .702 1 -.902
SE 1.677 .194 .191 .131
t -2.138 1.060 3.677 -6.880
Sig. .037 .294 .001 .000

The ARIMA (2, 1, 1) model for under-five mortality in Nigeria is given as

Zt = µ+ Zt−1 + φ1Zt−1 + φ2Zt−2 − θ1εt−1

Zt = −3.585 + Zt−1 + 0.205Zt−1 + 0.702Zt−2 − 0.902εt−1

where Zt is the stationary series observed, µ is the mean of the time series (constant), φi and θ1
are the parameter estimates and εt is the white noise with zero mean and constant variance.
The residual ACF and PACF plots are used to check the adequacy of the model as a good fit of
the time series data before using it to make forecast.
The diagnostics of the residuals by the ACF and PACF shows that their values are all within the
5% zero bound indicating that there is no correlation amongst the residuals. This plot is used
as an indicator of the independence of the residual terms.

Figure 5: Residual ACF and PACF plot

A look at the plot of the residual ACF in Fig 5 above shows that all the values of the autocor-
relation coefficients between lags 1 and 24 are within the 5% zero bound i.e. all the ACF are
within the significant limit.
For the partial autocorrelation function, all the PACFs coefficients of the residuals of fitted
ARIMA (2, 1, 1) model for lags 1 to 24 are within the significant limits. This means ACF and
PACF concluded that there is no non-zero autocorrelations in the residuals.
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The Ljung-Box test results are shown in the Table 5 below while Fig 8 represents the plot of the
standard residual for the fitted model:

Table 6. Ljung-Box Test Statistics
Model Fit statistics Ljung-Box Q(18)

Model Stationary Statistics DF Sig. Number
R-squared Outliers

Under-five Mortality .112 15.612 16 .048 0

Figure 6: Standard Residual for the fitted ARIMA model

The statistics and large p-values in the tests above implies that all of the autocorrelation functions
in lags 1 to 24 are either zero or close to zero. In other words, we can conclude that there is no
(or almost nil) evidence for non-zero autocorrelations in the residuals at lags 1 to 24 in our fitted
model.
Hence, the chosen ARIMA (2, 1, 1) model is fitted to forecast for the future values of our time
series. The K period ahead forecast based on the ARIMA (2, 1, 1) model is given by

Zt+k = µ+ Zt+k−1 + φ1Zt+k−1 + φ2Zt+k−2 − θ1εt+k−1

where µ = −3.585, φ1 = 0.201, φ2 = 0.702, θ1 = −0.902.

Zt+k = −3.585 + Zt+k−1 + 0.201 Zt+k−1 + 0.702 Zt+k−2 − 0.902 εt+k−1.

After fitting the ARIMA (2, 1, 1) model to forecast for the future values of mortality in children
less than five years of age up to year 2030, we obtained the following forecast estimates as shown
in Table 7.
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Table 7. Forecast of under-five mortality rate in Nigeria
Model

Under_five_Mortality-Model_1
Forecast UCL LCL

2019 118 119 116
2020 115 119 112
2021 113 119 107
2022 110 119 102
2023 108 119 96
2024 105 120 91
2025 103 120 85
2026 100 121 79
2027 97 122 73
2028 95 122 67
2029 92 123 60
2030 89 124 54

Table 7 shows the forecast for under-five mortality rate in Nigeria for 2019 through to 2030 with
95% upper and lower confidence intervals. Results from the childhood mortality forecast shows
that there will be a 37.3% reduction in the occurrence of mortality in children less than five years
of age by 2030 which is an annual reduction of 3.1%.
Figure 7 below shows the plot of the observed series from 1960 to 2018 and the forecast for 2019
up to year 2030 of under-five mortality by fitting the ARIMA (2, 1, 1) model to the time series
data.

Figure 7: Plot of the observed series and the in-sample forecast value

The portion of the plot from the year 2019 to 2030 shows the in - sample estimated and forecast
values of under-five mortality rate in Nigeria by the ARIMA (2, 1, 1) model produced from the
data with the 95% Confidence Interval for each of the forecast value, depicted by the two opening
lines.
The forecast estimate shows that by 2030, Nigeria will have a reduced mortality rate of 89 deaths
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per 1,000 live births for under-five mortality. Whilst this would be an improvement compared to
previous mortality rates, it would still fall significantly short of the global target for childhood
mortality.
To meet the recommended set target for the mortality of children less than five years of age in
Nigeria as proposed by the United Nations in the sustainable development goal by 2030, the
country would have to experience a reduction of over 300%.

4 Conclusion

This study used data estimates from the United Nation’s Inter Agency Group for the Estimation
of Childhood Mortality (UN IGME) obtained from World Bank to model and make forecast of
under-five mortality rate in Nigeria.
The ARIMA (2, 1, 1) model was deemed to be more appropriate and was therefore applied to
make forecast for under-five mortality rate in Nigeria up to 2030. The time plot of the forecast
from the ARIMA (2, 1, 1) model showed a downward movement suggesting that there would
be a continuous decrease in under-five mortality rate. The ARIMA (2, 1, 1) model predicted a
reduction of up to 37.3% by 2030 at 95% confidence interval. Despite this reduction, Nigeria is
set to fall short of the Sustainable Development Goal for childhood mortality by 2030. To be
able to significantly combat childhood mortality occurring within the first five years of life and
attain the target of 25 deaths per 1,000 live births as proposed by SDG by the year 2030, more
drastic measures will have to be put in place and fully implemented.
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Abstract: Various engineering and industrial processes are accompanied with the phenomena
of heating and cooling and in such situations, the construction of relevant thermal devices for
use in energy and electronic devices is crucial. For efficient performance of such devices, entropy
generation should be reduced in the processes. Hence, this study focuses on entropy generation
in a magneto-micropolar fluid flow generated by a nonlinear stretchable sheet with the influ-
ence of variable fluid properties and nonlinear thermal radiation. The controlling mathematical
equations are transmuted from partial to ordinary differential equations by the use of similarity
conversion procedures and then numerically integrated using shooting techniques accompanied
by Runge-Kutta scheme. The graphs of the main physical parameters on the velocity, temper-
ature, entropy generation and Bejan number are displayed and discussed. The comparison of
the results revealed good relationship with existing ones in literature in the limiting conditions.
From the analysis, it is found that the growth in the magnitude of Brikman number Br enhances
entropy generation while the dominance of viscous and Ohmic heating irreversibility over heat
transfer irreversibility is observed with a rise in Br due to a decline in Bejan number.

Keywords: Entropy generation, magneto-micropolar fluid, stretchable sheet, variable fluid
properties.

1 Introduction

The attention devoted to the study of non-Newtonian fluids by researchers and engineers are on
the increase in the recent times because these fluids are usually encountered in a wide and varied
range of engineering and industrial processes. For instance in food processing, crude oil extrac-
tion, pharmaceuticals, etc. Unlike Newtonian fluids, which display a linear relationship between
shear rate and shear stress, non-Newtonian fluids typically characterize shear thinning or shear
thickening character and sometimes manifest a yield stress. Due to diverse fluid characteristics,
in nature, all the non-Newtonian fluids properties cannot be captured by a single constitutive
model. Hence, the development of various non-Newtonian fluid models based on different phys-
ical characteristics or rheology. These include the micropolar model, Casson, Jeffery, Maxwell
Johnson-Segalman fluid model, Ostwald De-Wald power law fluid [1].
Notable among the non-Newtonian fluid models is the micropolar fluid model introduced by
Eringen [2] and later extended to thermo-micropolar fluid by [3]. The micropolar fluid is a sub-
class of simple microfluids earlier formulated by Eringen [4]. This class of fluids are characterize
by microstructures and rigid, bar-like particles suspended in a viscous medium such as polymeric
fluids, liquid crystals, animal blood, suspension solutions, etc. This model couples the field of
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macro-velocity and microrotation together. The possible areas of applications of these fluids in
engineering and industrial processes can be traced to the bio-mechanic and chemical engineer-
ing, extrusion of polymer, slurry technologies, synovial lubrication, arterial blood flows, knee cap
mechanics, etc [5].
Due to its crucial applications as in textile production, extrusion of plastic sheet and metal,
drawing of copper wires, glass blowing, drawing of plastic films and so on, quite a number of
researchers have engaged in the study of boundary layer flow generated by linear or nonlinear
stretching sheet. Crane [6] pioneered such study by investigating a closed form analytical solution
in two-dimensional linearly stretched sheet in which the velocity is proportional to the distance
from a fixed origin. Such problem has since been improved upon by various researchers [7-10]
reporting the influences of different parameters under diverse assumptions, boundary conditions
and geometries. In practical situations, however, the stretching of the sheet assumes a nonlinear
form as studied by [11-14].
In engineering and industrial processes that involve high temperature, the fluid physical proper-
ties such as the viscosity and thermal conductivity cannot be assumed constant due to the fact
that high temperature boosts the transport phenomena owing to a decline in the fluid viscosity
across the hydrodynamic boundary layer. This in turn influences the thermal boundary layer
and at such the rate of heat transfer is also affected. For a better prediction in such situations,
it becomes imperative to investigate the variation of viscosity and thermal conductivity with
temperature in the flow and thermal fields. Such study finds applications in hot rolling, food
processing, process of wire drawing [15].
In this regard, Pal and Mondal [16] reported on the impact of both varying viscosity and thermal
conductivity in a mixed convection flow of a Newtonian fluid passing a stretchable sheet in a
porous medium. Such analysis was also reported by Akinbobola and Okoya [17] on second grade
fluid with heat source/sink while Animasaun [18] investigated such on Casson fluid over a sheet
which stretches exponentially and Gbadeyan [19] examined Casson fluid flow with convective
heating condition and non-uniform viscosity and thermal conductivity. Besides, various scholars
([19-21]) also addressed fluid flow and heat transfer problems involving temperature-dependent
fluid properties under diverse conditions and assumptions. Moreover, when high temperature
exists within the flow field, the linear thermal radiation becomes invalid, in such cases, the use
of the more general nonlinear thermal radiation becomes indispensable. In view of this, Archana
[22] addressed the impact of nonlinear radiation on MHD Casson nanofluid, Hosseinzadeh et al.
[23] analyzed such problem on Maxwell fluid while Lakshmi et al. [24] carried out such analysis
on micropolar fluid.
Meanwhile, these aforementioned reports were done via the first law of thermodynamic ignoring
the second law of thermodynamics which corresponds to entropy generation and has been found
to be dependable than those of the first law (see Kobo and Makinde [25]). In heat transfer
problems, entropy generation measures the irreversibility that occurs in a system through the
second law of thermodynamics. It also measures the level of the work destruction that is available
in a system. Besides, investigations on entropy production explains the sources through which
available energy decays in a system such that those sources can be minimized as to achieve an
optimal energy required. Bejan [26-27] Pioneered such notion while investigating the transfer of
heat and thermal design using the second law of thermodynamics. Thereafter, various authors
have been encouraged to carry out such analysis on both Newtonian and non-Newtonian fluids.
Makinde and Eegunjobi [28] analyzed entropy production in MHD Newtonian fluid in porous
stretching sheet while Seth et al. [29] investigated entropy generation in MHD nanofluid flow past
a nonlinear stretching sheet. More so, Shit and Mandal [30] surveyed such problem for Casson
nanofluid with effect of radiation while Srinivasacharya and Bindu [31] examined the problem on
micropolar fluid in a porous pipe with the application of convective boundary condition. Salawu
and Fatunmbi [32] applied third grade fluid to investigate the subject of entropy production with
variable viscosity and convective cooling in porous medium. Salawu et al. [33] carried out such
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analysis on Powell-Eyring fluid with varying thermal conductivity in a porous channel whereas
Jamalabadi [34] employed micropolar fluid to tackle irreversibility analysis with the influence
of thermal radiation. However, none of these studies has reported on entropy generation for
the flow of micropolar fluid being generated by nonlinear stretchable sheet with the impact of
nonlinear thermal radiation and varying fluid properties.
Therefore, the aim of this current work is to address the problem of entropy generation for
magneto-micropolar fluid flow activated by a nonlinear stretchable sheet being influenced by
varying fluid properties, with nonlinear thermal radiation, Joule heating and viscous dissipation
effects in a porous medium. The work is numerically carried out with a convective condition
at the boundary and a weak concentration of the micro-particles at the surface. To the beat
of authors knowledge, this work is unique since it has not been considered before in the literature.

2 Basic Assumptions for Problem Formulation

To formulate the mathematical model that is applicable for this study, it has been assumed that:

• The flow is two-dimensional, incompressible and steady on a flat sheet which is non-
permeable but stretches nonlinearly with coordinate (x, y, z) having corresponding velocity
components as (u, v, 0) see (Fig. 1) while the working fluid is an electrically conducting
micropolar type in porous medium.

• The x axis is taken along the nonlinear stretching sheet in the direction of flow with y axis
normal to it. The sheet stretches with a velocity u = Uw = U0x

r where U0 > 0 and r is
the nonlinear stretching parameter.

• A uniform external magnetic field Bo is applied normal to the flow direction while the
induced magnetic field is ignored due to sufficiently low magnetic Reynolds number.

• The radiative heat flux in x-direction is negligible compared to y-direction. The tempera-
ture difference within the micropolar fluid layer is not sufficiently small, hence, nonlinear
Rosseland approximation (Makinde et al. [35]) in an optically dense opaque medium is
applied. The radiative heat flux is given as qr = −4σ⋆

3k⋆
∂T 4

∂y such that ∂qr

∂y = ∂
∂y

(
4σ⋆

3k⋆ 4T 3 ∂T
∂y

)
.

• The dynamic fluid viscosity is inversely related to temperature while the thermal conduc-
tivity vary linearly with it. The temperature of the sheet is upheld by a convective heating
from a hot fluid having temperature Tf with a convection heat transfer coefficient hf while
the temperature at the free stream is T∞ such that Tf > T∞.

• A finite size control volume at an arbitrary point in a two dimensional convection flow
field is assumed for the entropy generation in Eq. (5) with the use of second law of
thermodynamics (Afridi et al. [36]).
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Fig 1. The Sketch of the Physical Model

The governing equations of MHD micropolar fluid flow, microrotation, heat transfer taking cog-
nizance of the stated assumptions, the boundary layer approximations and thermodynamic sec-
ond law are listed as follows [34, 36-37].

∂u

∂x
+
∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
=

1

ρ∞

∂

∂y

(
µ
∂u

∂y

)
+
µr

ρ∞

∂2u

∂y2
+
µr

ρ∞

∂B

∂y
− σB2

0

ρ∞
u− ν∞

Kp
u, (2)

u
∂B

∂x
+ v

∂B

∂y
=

γ

ρj

∂2B

∂y2
− µr

ρj

(
2B +

∂u

∂y

)
, (3)

u
∂T

∂x
+ v

∂T

∂y
=

1

ρ∞cp

(
k(T ) +

16σ⋆T 3

3k⋆k∞

)
∂T 2

∂y2
+

(µ(T ) + µr)

ρ∞cp

(
∂u

∂y

)2

+
σB2

0

ρ∞cp
u2 +

ν∞
Kpcp

u2, (4)

Sgen =
1

T

(
k(T ) +

16σ⋆T 3

3k⋆k∞

)(
∂T

∂y

)2

+
(µ(T ) + µr)

T

(
∂u

∂y

)2

+
σB2

0

T
u2 +

ν∞
KpT

u2. (5)

The relevant boundary conditions for this study are as follows:

u = Uw = U0x
r, v = 0, B = −p∂u

∂y
,−k∞

∂T

∂y
= hf (Tf − T ) at y = 0,

u → 0, B → 0, T −→ T∞ as y → ∞.

(6)

The various symbols used in the governing equations (1-6) are summarized in Table 1 with their
Nomenclature.

Table 1: Symbols and their Nomenclature
Symbols Nomenclature Symbols Nomenclature

u, v Velocity in x, y direction T Temperature
ν∞ Free stream kinematic viscosity hf Coefficient of heat transfer
ρ∞ Free stream fluid density Tf Surface sheet temperature
µ∞ Free stream viscosity Uw Velocity at the sheet
µr Vortex viscosity U0 Nonlinear stretching velocity
σ Electrical conductivity j Micro inertia density
cp Specific heat capacity γ Spin gradient viscosity
k Thermal conductivity T∞ Temperature at free stream
σ⋆ Stefan-Boltzmann constant k⋆ Mean absorption coefficient
p Surface boundary parameter B Microrotation component
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The deviation of the micropolar fluid model from the classical Newtonian fluid can be measured
by the size of the vortex viscosity parameter µr, thus, when µr = 0, Eqs. (2) and (4) are
decoupled from Eq. (3) and at such, the model under investigation with the results obtained
relate to that of Newtonian fluid model. The electric conductivity is assumed to be σ = σ0x

r−1

while the permeability of the porous medium Kp is a function of x given as Kp = K⋆
px

1−r and
the heat transfer coefficient hf = h1x

(r−1)/2 where σ⋆, K⋆
p and h1 are constants [38].

The variation of the viscosity with temperature is described in Eq. (7) as [39-40]

1

µ
=

1

µ∞
[1 + β (T − T∞)] = ζ (T − Tr) , (7)

where ζ = β
µ∞
, Tr = T∞ − 1

β . Here, β relates to the fluid thermal property while ζ and Tr remain
constants. In the like manner, the micropolar fluid thermal conductivity is assumed to vary in
the linear form as [40-41]

k(T ) = k∞

(
1 + δ

T − Tf

Tf − T∞

)
, (8)

where the varying thermal conductivity is symbolized by δ and k∞ denotes the free stream
thermal conductivity. The quantities in Eq. (9) are used to transmute the governing equations
to ordinary differential equations [12-14].

η = y

[
U0(r + 1)xr

2xν∞

]1/2

, ψ = x(r+1)/2

[
2ν∞U0

(r + 1)

]1/2

f(η), ω = x(3r−1)/2

[
U3

0 (r + 1)

2ν∞

]1/2

g(η)

γ =
(
µ(T ) +

µr

2

)
j, θ(η) =

T − T∞
Tf − T∞

=
T − Tr

Tf − T∞
+Q, Q =

Tr − T∞
Tf − T∞

, j =

(
ν

U0

)
x(1−r)

u =
∂ψ

∂y
, v = −∂ψ

∂x
.

(9)
On substituting Eq. (9) into the governing Eqs. (1-6), the continuity Eq. (1) attains validity
and bearing in mind Eqs. (7-8) the governing Eqs. (2-5) yield the underlisted ODEs:

(
Q

Q− θ
+K

)
f ′′′ +ff ′′ +Kg′ − Q

(Q− θ)2
θ′f ′′ −

(
2r

r + 1

)
f ′2 −

(
2

r + 1

)
(M +Da)f ′ = 0, (10)

(
Q

Q− θ
+K/2

)
g′′ + fg′ −

(
3r − 1

r + 1

)
f ′g −

(
2g + f ′′)

(
2K

r + 1

)
= 0, (11)

[
1 + δθ +Nr (1 + (θw − 1)θ)3

]
θ′′ + 3Nr(θw − 1)θ′2 (1 + (θw − 1)θ)2 + δθ′2+

Prfθ′ +

(
Q

Q− θ
+K

)
PrEcf ′′2 +

(
2

r + 1

)
(M +Da)f ′2 = 0.

(12)

The conditions at the boundary also become

f ′(0) = 1, f(0) = 0, g(0) = −pf ′′, θ′(0) = −α (1 − θ(0)) ,

f ′(∞) = 0 g(∞) = 0, θ(∞) = 0.
(13)

The non-dimensional form of the entropy generation Eq. (6) with r = 1 translates to

Ns =
1

(θ − Ω)2
[
1 + δθ +Nr(1 + (θw − 1)θ)3

]
θ′2 +

EcPr

(θ − Ω)

(
Q

Q− θ
+K

)
f ′′2 +

EcPr

(θ + Ω)
(M +Da) f ′2,

(14)
The sources of entropy production in Eq. (5 or 14) includes: (i) Heat Transfer Irreversibility
(HTIR) or the conduction effect indicated by the first term on the right hand side, (ii) Fluid
Friction Irreversibility (FFIR) described by the second term and (ii) the combined influence of

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 106



Magnetic and Darcy Force Irreversibility (MDFIR) is denoted by the third term of Eq. (14).
Another important irreversibility distribution measure which of interest to engineers is known
as the Bejan number Be. It provides an information on which irreversibility source is important
and dominating others in the system. It is defined as the ratio of entropy production due to heat
transfer to the overall entropy generation. Hence, the Bejan number Be can be described as

Be =
HTIR

Ns
=

HTIR

HTIR+ FFIR+MDFIR
, (15)

or

Be =

(
1 + δθ +Nr (1 + (θw − 1)θ)3

)
θ′2 (θ + Ω)−2

1 + δθ +Nr (1 + (θw − 1)θ)3 θ′2 (θ + Ω)−2 + EcPr (θ + Ω)−1
[(

Q
Q−θ +K

)
f ′′2 + (M +Da)f ′2

] ,

(16)
With

M =
σ0B

2
o

U0ρ∞
, Nr =

16T 3
∞σ

⋆

3k⋆k∞
, Q = − 1

β (Tf − T∞)
,K =

µr

µ∞
, P r =

µ∞cp
k∞

, Ns =
Sgen

Sgc

Ec =
U2

w

cp (Tw − T∞)
, α =

h1

k∞

√
2

U0(r + 1)
, Sgc = k∞U0/ν∞,Ω = T∞/(Tw − T∞).

(17)

The various parameters entering into the governing Eqs. (10-14, 16) are described in Table 2.

Table 2: Parameters and their Nomenclature
Parameter Description Parameter Description

M Magnetic field parameter α Surface convection parameter
K Material parameter Ns Total entropy generation
Pr Prandtl number Sgc Characteristics entropy generation
Q Viscosity variation parameter Ω Temperature difference parameter
Ec Eckert number Nr Radiation parameter
Da Darcy number θw Wall temperature excess ratio

The relevant quantities of engineering interest are the skin friction coefficient and the Nusselt
number as given in Eq. (18) in that order.

Cfx =
τw

ρ∞U2
w

, Nux =
xqw

k∞ (Tf − T∞)
, (18)

with τw being shear stress and qw heat flux at the surface such that

τw =

[
(µ∞ + µr)

∂u

∂y
+ µrB

]

y=0

, qw = −
[(
k∞ +

16T 3σ⋆

3k⋆

)
∂T

∂y

]

y=0

, (19)

in view of equations (9) and (19), the skin friction coefficient simplifies to

Cfx =

(
r + 1

2

)1/2 [
Q

Q− θ
+ (1 − h)K

]
Re−1/2

x f ′′(0), (20)

and the Nusselt number translates to

Nux = −
(
1 +Nrθ3

w

) (
r + 1

2

)1/2

Re1/2
x θ′(0) (21)
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3 Numerical method and its validation

The numerical solution for the current study has been carried out by a means of a computer
algebra symbolic Maple 2016 package. This has been applied in solving Eqs. (10-12, 14) and
(16) together with the accompanied boundary conditions (13). The numerical procedure is
rooted in fourth order Runge-Kutta techniques associated with the shooting scheme. To check
the authenticity of the numerical code developed for the governing equations in this work, the
computational values obtained for some parameters have been validated with related published
works in the literature as relates to the Nusselt number Nux and coefficient of the skin friction
Cfx in the limiting cases. Table 3 describes the comparison of computational values of Nux with
those reported by Cortell [12] and Waqas et al. [13] for changes in the Eckert number Ec and
the nonlinear stretching parameter r when Pr=1.0 with α → ∞ and in the absence of Da,K,M,
and R. It is remarked that there exists a good relationship between the comparison. Moreover,
it is conspicuously shown that growing values of both Ec and r diminish the rate of heat transfer
at the sheet surface as noticed from this table.

Table 1: Computed values of Nux compared with [12] and [13] for varying r and Ec
Pr = 1.0, Da = K = M = Nr = 0 and Q,α → ∞
Ec r Cortell Waqas Present
0.0 0.2 0.610262 0.6102 0.6101823

0.5 0.595297 0.5952 0.5951843
1.5 0.574537 0.5748 0.5747162
3.0 0.564472 0.5648 0.5647053
10.0 0.554960 0.5550 0.5549407

1.0 0.2 0.574985 0.5752 0.5752582
0.5 0.556623 0.5568 0.5566777
1.5 0.530966 0.5310 0.5309857
3.0 0.515777 0.5181 0.5053849

Meanwhile, Table 4 depicts the computational values of Cfx as compared with the data reported
by Lu et al. [42] and Waqas [13] for varying the nonlinear stretching parameter r when Q → ∞
and K = 0 = M = Ec = Nr = Da. An excellent agreement also exists between the values
obtained in this work with those authors in the limiting conditions.

Table 4: Computed values of Cfx as compared with existing works of [42] and [13] for
variation in r when K = M = Da = K and Q → ∞

r Lu Waqas Present
0.0 0.627547 0.6276 0.6275058
0.2 0.766758 0.7668 0.7667732
0.5 0.889477 0.8895 0.8899665
1.0 1.000000 1.0000 0.9999999
1.5 1.061587 1.0616 1.0615092
3.0 1.148588 1.1486 1.1484923
10.0 - 1.2349 1.2347739

4 Analysis and Discussion of Results

The impact of some selected controlling parameters on the non-dimensional velocity, temperature,
entropy generation rate and the Bejan number are displayed graphically in Figs. 2-15 with
appropriate analysis and discussion. The computational values used are: Q = 3.0, r = K =
M = 0.5 = Da = p = Ω, Ec = 0.1, Nr = 0.3, P r = 0.72 and α = 0.3. Unless otherwise indicated
on the plots.
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Fig 2. The velocity field for varying K&M Fig 3. Impact of Nr on temperature

The combined influence of the material micropolar parameter K and magnetic field parameter on
the velocity field are described in Fig 2. Here, it is noticed that the growth in material parameter
K thickens the momentum boundary layer and causing the fluid velocity to rise due to reduction
in the viscosity. On the contrary, a rise in magnetic field parameter M lowers locomotion due
to the drag-like magnetic force (Lorentz force) introduced when the magnetic field is applied
normal to an electrically conducting fluid. This force acts against the motion of the fluid and
reducing the velocity. Thus, magnetic field can be employed to control the flow motion which
is applicable in areas such as hydromagnetic power generation and electromagnetic coating of
wires [43].
Fig 3 exhibits the response of the temperature profile to variation in the radiation parameter Nr
and M . It is shown that a rise in Nr enhances temperature distribution both in the presence
and absence of M . However, the growth in temperature profile is more pronounced when the
magnetic field is applied due to an additional heating associated with the imposition of M .

Fig 4. Temperature field for θw&M Fig 5. The impact of δ&Pr on temperature

Fig 4 is a plot of the temperature field against η for variation in the wall temperature excess
ratio or heating parameter θw in the presence and absence of M . In line with expectation,
it evident from this plot that temperature is raised with growing values of θw due to the fact
that the operating temperature difference Tf − T∞ increases with θw . Fig 5 shows the sketch
of temperature profile against η as the thermal conductivity parameter δ and Prandtl number
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Pr vary. The impact of δ is to boost the fluid temperature while Pr lowers the temperature
distribution due to a decline in the thermal boundary layer thickness. It is shown that the
temperature declines with higher Pr due to the fact that fluid with high Pr has lower thermal
diffusivity and at such, lowers the fluid temperature .

Fig 6. The impact of Da&Q on velocity Fig 7. The reaction of α on temperature

The response of the velocity field for variation in the Darcy number Da in the absence and
presence of the viscosity variation parameter Q is displayed in Fig 6. The fluid velocity is
lowered with rising values of Da due to the fact that as the strength of the Da increases, there is
a stronger resistance to the fluid motion. Similarly, it is shown that the growth in the viscosity
parameter Q reduces the fluid motion.

Fig 8. Impact of KΩ on Entropy Ns Fig 9. Reaction of Be for changes in K&Ω

Fig 7 demonstrates the character of the Biot number or surface convection parameter α on the
temperature profile. It is evident that rising values of α encourages the growth of the thermal
boundary layer as well as fluid temperature. Physically, α defines the ratio of internal thermal
resistance of the sheet to that of the boundary layer, hence, a rise in α indicates the dominance
of internal heat transfer resistance of the sheet over that of the surface of the sheet. This report
is in consonance with that of [13-14].
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Fig 10. Entropy generation for material parameter K Fig 11. Benjan number for K

The plot showing the impact of material parameter K on entropy generation rates Ns is con-
structed in Fig 8. With a rise in the magnitude of K, there is a rise in the entropy production
Ns. The dominance of the fluid friction and magnetic-Darcy irreversibility over that of heat
transfer is observed in Fig 8 with rising values of K. This is so because as K rises, the Bejan
number Be falls irrespective of the value of the temperature difference parameter Ω.

Fig 12. Entropy generation for radiation parameter Nr Fig 13. Bejan number for Nr

Figs 10 and 11 depict the influence of both Pr and Ec on the entropy generation Ns as well
as on Bejan number Be. In Fig 10, it is shown that the non-dimensional entropy production
advances with rising Pr. This is so because a rise in Pr facilitates higher temperature gradients
in the boundary layer and at such, Ns is enhanced. In the like manner, a rise in Eckert number
stimulates growth in Ns due to the frictional heating effect. This implies that Ec should be
reduced in order to minimize entropy generation rate per unit volume which is the principal aim
of the second law of thermodynamics. Both parameters (Ec&Pr) lower the Bejan number Be
as observed in Fig 11. It is seen that for any value of η , the Bejan number falls with rising
values of Pr and Ec, the implication of this is that the fluid friction due to viscous dissipation
irreversibility and that of the magnetic-Darcy force irreversibility dominate the heat transfer
irreversibility.
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Figs 12 and 13 described the effects of wall temperature excess ratio or heating parameter θw

on both Ns and Be with changes in dimensionless temperature difference parameter Ω. Rising
values in θw enhances the production of entropy whereas Ω acts to lower it. In Fig 13, it is
revealed that Be rises with an increase in θw close to the wall but far away from the wall the
opposite trend is observed. It implies therefore that heat transfer irreversibility is stronger near
the stretching sheet with growth in θw.

Fig 14. Impact of K on microrotation Fig 15. Influence of K on temperature profiles

Figs 14 and 15 showcase the influence of the micropolar material parameter K on the micro-
rotation and temperature profiles in the absence and presence of M . It is revealed that the
microrotation profile declines for higher values of K while the magnetic field parameter facili-
tates growth in the microrotation distribution. On the other hand, increase in micro-particles as
well as application of the magnetic field raises the temperature of the fluid as displayed in Fig
15.

5 Conclusion

In conclusion, the present study has reported numerically on entropy generation, irreversibility
distribution, fluid flow and heat transfer in magneto-magnetic micropolar fluid flow over a non-
linear and non-permeable stretchable sheet. The model has being influenced by variable viscosity
and thermal conductivity with the imposition of nonlinear thermal radiation and viscous dissi-
pation among others. The numerical code developed for the solution was authenticated by direct
comparison of the numerical values of some selected parameters with existing data in literature
in limiting situations and found to be in good relationship. From this study, it is remarked that:

• The volumetric rate of entropy generation advances with growing values of material pa-
rameter K, heating parameter θw, Prandtl Pr and Eckert numbers Ec whereas it declines
with growth in the dimensionless temperature difference parameter Ω.

• Fluid friction and magnetic-Darcy irreversibility dominate that of heat transfer irreversibil-
ity with growth in material parameter K, Prandtl Pr and Eckert numbers Ec while the
trend is reversed with a rise in heating parameter θw.

• The thermal boundary layer becomes thicker and temperature appreciates with rising values
of the radiation Nr, magnetic field M , surface convection α, the micropolar material K
and the heating parameters θw whereas it declines with a rise in the Prandtl number Pr.
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• The momentum boundary layer thickness becomes thin with growing values of magnetic
field M , Darcy number Da and the viscosity variation parameters Q whereas the opposite
occurs with higher values of K.
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Abstract: This study numerically investigates the problem of hydromagnetic, dissipative mi-
cropolar fluid flow being influenced by multiple slips, thermophoresis and Brownian motion with
analysis of entropy production via second law of thermodynamics. The flow is assumed to be
two dimensional over a flat nonlinear stretchable sheet in a saturated non-Darcy porous medium.
Mathematical equations modelling the problem are converted from partial to ordinary differen-
tial equations by means of similarity transformation. The dimensionless equations are solved
thereafter using shooting techniques associated with fourth order Runge-Kutta scheme. The
outcomes of the simulation are displayed graphically while comparisons of the results are made
with reported data in literature for some limiting conditions and found to be highly correlated.
The results reveal that the thermal boundary layer thickens with rising values of Brownian mo-
tion and thermophoresis terms. Besides, it is found that the magnetic field parameter enhances
entropy production in the system while decreasing the Bejan number.

Keywords: Brownian motion, micropolar fluid, porous medium, thermophoresis, slip effects.

1 Introduction

Fluid flow induced by stretchable sheet has crucial application in both industrial and engineer-
ing activities including the extrusion of plastic sheet, paper and textile production, hot rolling,
wire drawing, etc. The origin of such study has been attributed to the work of Crane [1]. A
number of researchers [2-6] have investigated such situations by checking the effects of different
parameters of engineering significance. On the other hand, practical situations have shown that
the stretching sheet are not always linear but of nonlinear and or exponential in nature. In view
of this phenomenon, various authors [7-11] have investigated boundary layer flow generated due
to nonlinearly stretchable sheet under different boundary conditions and assumptions.
The theory of micropolar as well as thermo-micropolar fluids has its origin in the works of Erin-
gen [12-13]. Micropolar fluid concept is associated with a class of fluids that exhibit certain
microscopic effect arising from the intrinsic local structure and micro-elements. These fluids
have microstructural particles which are complex in nature of which the particles may be of
varying sizes and sometimes shrink and/or expand, periodically changing shapes and rotating
individually apart from the rotational movement of the fluid [14] .
More so, the model of micropolar-nanofluids describes a set of fluids that captures both mi-
croscopic and nano influence of fluids due to microstructural and micromotions coupled with
Brownian motions of the fluid particles. This combination is presented as a non-Newtonian fluid
concept which can be appropriately applied to simulate the flow behavior of some complex fluids
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such as polymeric additives,animal blood colloidal suspensions, liquid crystals, animal blood and
exotic lubricants which cannot be effectively captured by the Navier-Stokes concept of classi-
cal hydrodynamic [15-16]. Researchers and scientists [17-19] have been actively involved in the
study of micropolar-nano fluids due to its invaluable significance in diverse fields of engineering,
science and technology. For instance, in bio-medical engineering such as fluid flow in brains and
blood flows; metallurgical drawing of filaments, chemical engineering including paint rheology;
pharmacodynamics and drug delivery and so on [20-21].
The researchers mentioned above performed their analysis with concept of no-slip condition at
the wall which is the central idea of the Navier-Stokes theory. However, it has been found that
in some practical situations, this assumption fails to hold. Slip flow at the boundary surface
describes discontinuity in the rate of transport processes over the interface, such study provides
practical applications by reducing flow resistance in micro-channels which is also connected with
a rise in porous medium. Also, in heat transfer processes such as in cooling of electronic devices,
fuel cells and heat exchangers, temperature slip becomes relevant. Most commonly, in thermal
system, a small temperature wall resistance has to be applied to facilitate heat dissipation in
electronics, also temperature control can be done through a high thermal slip as opined by [22].
Various researchers have examined such problem under different conditions[23-25] However, these
studies weree conducted with first law of thermodynamics without regards for the second law of
thermodynamics which relates to entropy generation. Kobo and Makinde [26] stressed that in-
vestigations conducted with the second law of thermodynamics are more dependable than those
conducted using the first law.
Researches based on production of entropy coupled with heat and mass transfer are crucial.
Mostly, in thermodynamical systems, heat transfer processes, frictional forces, magnetic heating
and diffusion processes that occur between the boundary and viscosity of the fluid lead to loss
of energy and production of entropy in the system. For proper description-of the irreversibility
phenomenon occurring in the system, the second law of thermodynamics has to be engaged [27].
In heat transfer problems, entropy generation can be used to measures the irreversibility that
takes place in a system, it also accounts for the level of the work destruction that is available
in a system. Hence, it becomes necessary to figure out the entropy generation rate in a system
with a bid to upgrade such system. This concept originated from Bejan [28-29] while studying
heat transfer and thermal design by the use of second law of thermodynamics. On the ground
of engineering applications of such studies, various scholars have investigated such phenomenon
with diverse conditions, geometry both on Newtonian and non-Newtonian fluids [30-33]. How-
ever, none of this work has been done to investigate multiple lip effects on micropolar-nano fluid
passing a nonlinear stretching surface.
The aim of this research therefore, is to numerically investigate the impact of multiple slips
and entropy production via the second law of thermodynamics in an electrically conducting
micropolar-nano fluid flow induced by a nonlinearly stretching sheet in a porous medium. The
influence of thermophoresis, Brownian motion and surface mass flux are also incorporated in this
study. In the absence of slip parameters, non-uniform magnetic field, surface mass flux Brownian
motion, thermophoresis parameters, entropy generation and nonlinear stretching parameter, this
work coincides with the work of [6] for linear stretching case with fist law of thermodynamics.

2 Problem Modelling

Consider a steady flow of an electrically conducting micropolar-nano fluid over a two-dimensional
non-linearly stretching sheet in a porous medium with the influence of viscous dissipation,
Joule heating, thermophoresis and Brownian motion. An external magnetic field of strength
B(x) = B0x

(m−1)/2 acts perpendicular to the distance along the flow where (x, y) portrays the
stretching and the transverse coordinates respectively and having corresponding velocity com-
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ponent (u, v) as depicted in Fig 1. The velocity of the sheet in the flow direction is u where
u = uw + us with uw = αxm being the sheet velocity, us is the slip velocity. The power law
stretching parameter is m and α > 0 is a constant. Likewise, the surface temperature is taken
as Tw = T∞+Axζ while the surface concentration is Cw = C∞+Bxβ where ζ and β are surface
temperature and concentration exponent parameters respectively.

Fig. 1 Flow Geometry

With the assumptions stated above, neglecting the induced magnetic field influence and using
the boundary layer approximations, the governing boundary layer equations of continuity, mo-
mentum, microrotation, energy and concentration equations are orderly given as:

∂u

∂x
+
∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
=

(µ+ r)

ρ

∂2u

∂y2
+
r

ρ

∂H

∂y
− σB2(x)

ρ
u− ν

Kp
u− F

Kp
u2, (2)

u
∂H
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∂H
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=
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ρj

(
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=
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∂2T

∂y2
+
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(
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[
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(
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)(
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(
∂T
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)2
]
,

(4)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+
DT

T∞

∂2T

∂y2
. (5)

The incorporated boundary conditions are:

u = uw + us, v = Vw, H = −n∂u
∂y
, T = Tw + Ts, C = Cw + Cs at y = 0,

u −→ 0, H −→ 0, T −→ T∞, C −→ C∞ as y →∞.
(6)

The various symbols in the governing Eqs. (1-6) are listed in Table 1 with nomenclature.
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Table 1: The incorporated symbols and their nomenclature
Symbols Nomenclature Symbols Nomenclature

u velocity in x direction T temperature
v velocity in y direction C concntration
ρ fluid density H microrotation component
µ dynamic viscosity DT thermophoretic diffusion coeffient
r vortex viscosity DB Brownian diffusion coeffient
σ electrical conductivity j micro inertia density
k thermal conductivity ν kinematic viscosity
Cp specific heat capacity F Forchheimer constant
n boundary parameter T∞ free stream temperature
γ spin gradient viscosity C∞ free stream concentration

Following Makinde [30], we assume that F = F0x
−1,Kp = K?

px
1−r, Vw = V0x

(r−1)/2 where Vw is
the suction/injection term , Kp is the permeability of the porous medium and V0 is a constant,
the slip velocity is us = c1

∂u
∂y , the temperature slip is represented by Ts = c2

∂T
∂y , the concentration

slip is denoted by Cs = c3
∂C
∂y . The modelled equations are transmuted from PDEs to ODEs by

means of Eq. (7) which also reduce the independent variables x, y to a single variable η [10,34]

η = y

[
α(m+ 1)xm

2xν

]1/2
, ψ = x(m−1)/2

[
2αν

(m+ 1)

]1/2
f(η), H = x(3m−1)/2

[
α3(m+ 1)

2ν

]1/2
g(η)

θ(η) =
T − T∞
Tw − T∞

, φ(η) =
C − C∞
Cw − C∞

, γ =
(
µ+

r

2

)
j, j =

( ν
α

)
x(1−m), u =

∂ψ

∂y
, v = −∂ψ

∂x
.

(7)
On substituting Eq. (7) into Eqs. (1)-(6), Eq. (1) becomes valid while Eqs. (2-6) translate to
the following non-linear ODEs:

(1 +K) f ′′′ + ff ′′ +Kg′ − 2

(
m+ Fs
m+ 1

)
f ′2 −

(
2

m+ 1

)
(M +Da) f ′ = 0, (8)

(1 +K/2) g′′ + fg′ −
(

3m− 1

m+ 1

)
f ′g −K

(
2g + f ′′

)( 2

m+ 1

)
= 0, (9)

θ′′ + Prfθ′ −
(

2ζ

m+ 1

)
Prf ′θ + (1 +K)PrEcx2m−ζf ′′2+

(
2

m+ 1

)
PrMEαx2m−ζf ′2 + Pr

(
Nbθ

′φ′ +Ntθ
′2) = 0.

(10)

Following [10, 34], we set ζ = 2m to obtain pure similarity solution in Eq. (10) such that (10)
becomes

θ′′+Pr
[
fθ′ −

(
4m

m+ 1

)
f ′θ
]
+(1 +K)PrEcf ′′2+

(
2

r + 1

)
PrMEcf ′2+Pr

(
Nbθ

′φ′ +Ntθ
′2) = 0.

(11)

φ′′ + Lefφ′ − 2β

m+ 1
Lef ′φ+

Nt

Nb
θ′′ = 0, (12)

subject to boundary conditions:

η = 0 : f ′ = 1 + S1f
′′, f = fw, g = −nf ′′, θ = 1 + S2θ

′, φ = 1 + S3φ
′

η −→∞ : f ′ −→ 0 g −→ 0, θ −→ 0, φ −→ 0.
(13)

Where K = r
µ is the material parameter, fw = −

√
2V0(√

αν(m+1)
) is the suction/injection parameter

while Da = ν
αK?

p
is the Darcy parameter, M = σB2

o
αρ is the Magnetic parameter, Pr = µCp

k?
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is the Prandtl number, Fs is the Forchheimer number, Ec = c2

ACp is the Eckert number and
S1, S2 and S3 orderly denote velocity slip, thermal and concentration slip parameters. Also,
Nt = τDT

T∞ν (Tw − T∞), Nb = τDB
ν (Cw − C∞) and Le = ν

DB
are the thermophoresis, Brownian

motion and Lewis number parameters respectively while τ =
(ρc)p
(ρc)f

defines the ratio of the effective
heat capacity of the nano particle to the heat capacity of the fluid.
The quantities of engineering concern are the skin friction coefficient Cfx, the Nusselt number
Nux and the Sherwood number Shx which are respectively given in Eq. (14) as:

Cfx =
τw
ρu2w

, Nux =
xqw

k (Tw − T∞)
, Shx =

xqm
DB (Cw − C∞)

, (14)

with
τw =

[
(µ+ r)

∂u

∂y
+ rH

]

y=0

, qw = −
(
k
∂T

∂y

)

y=0

, qm = −
(
DB

∂C

∂y

)

y=0

, (15)

where τw indicates surface shear stress, qw represents surface heat flux and qm denotes the surface
mass flux in that order. The dimensionless form of these quantities are orderly written Eq. (16)
as

Cfx =
(m+ 1)1/2 [1 + (1− n)K]

(2Rex)1/2
f ′′(0), Nux = − (m+ 1)1/2

(2Rex)−1/2
θ′(0), Shx = − (m+ 1)1/2

(2Rex)−1/2
φ′(0)

(16)

3 Entropy Generation

From thermodynamics, entropy is a measure of chaos or disorderliness in a system and at such,
generation of entropy implies a decrease in the quality of energy in the system. In the light
of the second law of thermodynamics, the volumetric entropy production rate in a dissipative
and diffusive hydromagnetic micropolar fluid flow can be written as (Bhatti & Rashidi [35], Pal,
Mondal & Pal [36])

Sgen =
k

T 2∞
(∇T )2 +

(µ+ µr)
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∂y

)2

+
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+
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T 2∞
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∂y

∂T

∂y

)
.

(17)
The sources of entropy generation in Eq. (17) include: (a) heat transfer irreversibility, (b) fluid
friction irreversibility (c) Joule dissipation due to the magnetic field and the permeability of the
medium and (d) diffusive irreversibility. The non-dimensional form of Eq. (17) with m = 1
yields

Ns =
SGen
S′′0

= θ′2 +
Br

Ω
(1 +K) f ′′2 +

Br

Ω
(M +Da) f ′2 +

Br

Ω
Fsf ′3 + λ

(
δ

Ω

)2

θ′2 + λ

(
δ

Ω

)
θ′φ′,

(18)
where Ns describes the overall entropy production in a system, S′′0 = kΩ2α/ν describes the char-
acteristic entropy production, Ω = Tw−T∞

T∞
, δ = Cw−C∞

C∞
respectively defines the non-dimensional

temperature difference and the non-dimensional concentration difference whereas Br = Pr · Ec
is the Brikman number and λ = RDC∞

k represents a constant parameter. The Bejan number
measures the relative distribution of entropy production i.e. the ratio of the entropy produced
by heat transfer to the total entropy production in a system. In this study, the Bejan number
Be takes the form

Be =
θ′2

θ′2 +BrΩ−1
[
(1 +K)f ′′2 + (M +Da) f ′2 + Fsf ′3 + λ (δΩ−1)2 θ′2 + (δΩ−1) θ′φ′

] .

(19)
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4 Method of solution

The technique of shooting has been applied to the boundary value problems Eqs. (8-9, 11-13)
to translate them to an initial value problem. An appropriate finite values has been assumed
for the far field conditions at the boundary, i.e. η →∞. Firstly the system of higher order Eqs.
(8-9, 11-12) are written in the first order form by introducing the following variables:

y1 = f, y2 = f ′, y3 = f ′′, y4 = g, y5 = g′, y6 = θ, y7 = θ′, y8 = φ, y9 = φ′, , (20)

y′3 =
−y1y3 −Ky5 + 2

(
m+Fs
m+1

)
y22 +

(
2

m+1

)
(M +Da) y2y6

(1 +K)
, (21)
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, (22)
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4m
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y2y6
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+(1 +K)PrEcy23+
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2
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y22+Pr
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Nby7y9 +Nty

2
7

)
, (23)

y′9 = Le

(
2β

m+ 1
y2y8 − y1y9

)
+
Nt

Nb
y′7 (24)

the conditions at the boundary also translate to

y1(0) = fw, y2(0) = 1 + S1p1, y3(0) = p1, y4(0) = −np1, y5(0) = p2, y6(0) = 1 + S2p3, y7(0) = p3

y8(0) = 1 + S3p4, y9(0) = p4, y2(∞)→ 0, y4(∞)→ 0, y6(∞)→ 0, y8(∞)→ 0.
(25)

For the first order Eqs. (21-24) subject to Eq. (25) to be solved as an initial value problem,
the values of the unknown points y3(0), y5(0), y7(0) and y9(0) which respectively correspond to
f ′′(0) = p1, g

′(0) = p2, θ
′(0) = p3 and φ′(0) = p4 are required for the computation which are not

available. Hence, initial guess values for these unknown conditions are selected and then Runge-
Kutta integration scheme is applied to obtain the numerical solutions with step size ∇η = 0.001.

5 Validation of Results

In section section, tables of computational values of some parameters against skin friction co-
efficient and Nusselt number are presented in comparison to some related published works in
literature bearing in mind some limiting conditions. The essence is to check the validity and
accuracy of the computations in this work. Table 2 depicts the comparative analysis of the skin
friction coefficient Cfx for the current work with those obtained by Cortell [7] and Ullah et al.
[11] for variation in the nonlinear stretching parameter m. Evidently, an excellent relationship
exists between the comparison, also, it shows from the table that an increase in m causes the
viscous drag to rise along the surface.

Table 2: Comparison of values of the skin friction coefficient Cfx with existing results
m [7] [11] Present study
0.0 0.627547 0.627555 0.627563
0.2 0.766758 0.766837 0.766846
0.5 0.889477 0.889544 0.889552
1.0 1.000000 1.000000 1.000008
3.0 1.148588 1.148593 1.148601
10.0 1.234875 1.234875 1.234882
100.0 1.276768 1.276774 1.276781
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Table 3 is a comparison of the values of the skin friction coefficient in this work with the report
of Kumar (2009) and Tripathy et al. (2016) for changes in K,M,Da and Fs under non-slip
condition and linear stretching situation.

Table 3: Comparison of values of the Cfx with Kumar [4] and Tripathy [6] for variation in
K,M,Da and Fs when fw = S1 = S2 = S3 = 0 and m = 1

K M Da Fs Kumar [4] Trpathy et al. [6] Present
0.0 0.0 0.0 0.0 1.000000 1.000008 1.0000084
0.5 0.0 0.0 0.0 0.880200 0.901878 0.8994515
0.5 1.0 0.0 0.0 1.209900 1.250358 1.2496132
1.0 0.5 1.0 1.0 - 1.410950 1.4106207
2.0 0.5 1.0 1.0 - 1.219616 1.2198461

In an extension to the validation in Tables 2 and 3, the values of the computed heat transfer
rates Nux have also been crosschecked with existing data of Chen [37] and Ishak [5]. In this
comparison, the influence of power law surface temperature in the thermal boundary condition
has been ignored, i.e. the surface temperature has been taken to be uniform, thus, we have
replaced the number ”4” in term of equation (11) with ”0” thereby eliminating the third term
completely. The results compared favourably with the previous authors in the limiting conditions.

Table 2: Comparison of values of the Nusselt number Nux for varying values of Pr when
K = fw = Ec = M = S2 = Nt = 0, Nb = 0.0000001 and m = 1

Pr Chen [37] Ishak [5] Present study
0.72 0.46315 0.46310 0.463043
1.0 0.58199 0.58200 0.581830
3.0 1.16523 1.16520 1.165384
10.0 2.30796 2.30800 2.306697
100 7.76536 7.76570 7.765637

6 Results and Discussion

For effective analysis of the results, various graphs have been constructed to illustrate the effects
of the different controlling parameters emerging from the governing equations. These parameters
have influence on the dimensionless velocity, temperature, concentration distributions as well as
on the rate of entropy production and Bejan number. Following from the work of previous
authors, the computational default values for the emerging parameters are M = K = m = Fs =
Nb = Nt = Da = n = 0.5, r = 1., P r = 0.72, Le = 1.0, S1 = 0.2, S2 = S3 = 0.3, Br = 0.05,Ω =
0.3, δ = 0.5. Unless stated otherwise on the various plots.
Figs. 2-3 showcase the variations of the material parameter K and magnetic field parameter M
with the velocity and microrotation profiles respectively. The influence of K is to enhance the
fluid motion as observed in Fig. 2 whereas the fluid motion declines as M advances due to the
application of the transverse magnetic field on the electrically conducting micropolar-nano fluid
which introduces a resistive force (Lorentz force) which acts against the fluid flow. On the other
hand, rising values of K is seen to lower the microrotation profile as depicted in Fig. 3.
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Fig. 2 Effect of K on velocity profiles Fig. 3 Effect of K on microrotation profiles

Fig. 4 Influence of Nt & Nb on concentration Fig. 5 Impact of M on temperature

The impact of the thermophoresis parameterNt is to thicken the solutal boundary layer thickness
and thus accelerates the concentration distribution across the boundary layer as displayed in Fig.
4. On the contrary, the advancement of the Bronian motion parameter Nb acts to decelerate the
concentration profiles as seen in that figure. However, Fig. 5 elucidates that growth in Nb has the
tendency to boost the thermal distribution across the boundary layer. The graph that describes
the influence of momentum slip parameter S1 is sketched in Fig. 6 while that of thermal slip
parameter S2 against temperature field is presented in Fig 7. Both graphs behave in a similar
manner, there is a fall in the motion of the fluid flow with a rise in S1, an observation that
agrees well with data reported by [11]. In this case, a rise in S1 generates a thin hydrodynamic
boundary layer and thus reduces the locomotion of the fluid as observed in figure 7. The thermal
boundary layer thickness also diminish and temperature distribution declines with rising values
of the thermal slip parameter S2 as showcased in figure 7. Evidently, a growth in S2 dampen the
thickness of the thermal boundary and at such, the rate at which the heat transfer from the sheet
to the fluid falls leading to a decline in the profile of temperature, this observation coincides with
that of Romya et al. [38].
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Fig. 6 Impact of S1 on velocity profiles Fig. 7 Effect of S2 on temperature profiles

Fig. 8 Effect of δ on Entropy Fig. 9 Influence of δ on Bejan number Be

Fig. 10 Effect of Ω on Ns Fig. 11 Impact of Ω on Bejan number Be

The impact of varying the dimensionless concentration difference δ on the rate of entropy gener-
ation Ns in the presence of the dimensionless temperature difference Ω in the system is shown
in Fig 8. The characteristics of these parameters are opposite as seen in figure 8, while a rise in δ
boosts Ns, growing values in Ω reduces the rate of entropy generation. In this plot, it is revealed
that Ns drops with the increasing Ω and at such, Ns asymptotically approaches zero away from
the wall. On the other hand, Fig. 9 portrays the variation of δ and Ω with Bejan number Be.
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Clearly, both terms have a reducing effect on the Be. In this trend, the irreversibility owing to
the fluid friction, magnetic field and diffusion are stronger than that of heat transfer irreversibil-
ity in the system. These observations agree well with the report of Afridi �et al. [39].
Figs. 10 and 11 respectively show the impact of the Brikman number Br on both Ns and Be in
the presence of Ω. The trends reveal that Ns advances with growing values of Br whereas the
Be decreases. The effects of material parameter K on Ns and Be as depicted in Figs. 12 and
13 follow similar pattern as that of Br as respectively described in Figs. 10 and 11. Also, the
influence of the the thermophoresis parameter Nt is to reduce the rate of entropy production as
displayed in Fig. 14 while Fig. 15 informs that the irreversibility due to heat transfer is lesser
compared to that of magnetic field and viscous dissipation effects.

Fig. 12 Impact of K on Ns Fig. 13 Effect of K on Bejan number Be

Fig. 14 Effect of Nt on Entropy Ns Fig. 15 Effect of Nt on Bejan number Be

Conclusion

The current study has reported on the second law analysis in an electrically conducting micropolar-
nano fluid flow over a nonlinearly stretchable sheet with the influence of thermophoresis, Brow-
nian motion and multiple slips at the boundary. By means of similarity conversion quantities,
the formulated partial differential equations have been translated to ordinary differential equa-
tions and then solved by shooting technique cum Runge-Kutta method. Authentication of the
numerical code was done with published data in literature and found to be excellent. It has been
found that:
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• There is a reduction in the momentum boundary layer as well as fluid flow with imposition
of velocity slip term S1 at the boundary. In the like manner, the thermal boundary layer
thickness grows thin as temperature slip parameter S2 rises.

• The thickness of the momentum boundary layer is enhanced with growing values of Brow-
nian motion term Nb whereas a decrease in the concentration distribution is found with a
rise in Nb. The concentration profiles also advances with thermophoresis term Nt.

• Entropy generation increases with rising values of δ,K and Br while it declines with growth
in Ω and Nt.

• The heat transfer irreversibility is lesser as compared to other sources as K, δ and Nt
increase while it is stronger for a rise in dimensionless temperature difference Ω.

References

[1] Crane, L. J.: Flow past a stretching plate. Communicatios Breves, 21, 645-647 (1970).

[2] Gupta, P. S. and Gupta, A. S. Heat and mass transfer on a stretching sheet with suction or
blowing. Can. J. Chem. Eng., 55, 744-746 (1977).

Mahmoud, M. A. A.: Thermal radiation effects on MHD flow of a micropolar
fluid over a stretching surface with variable thermal conductivity. Physica A , 375,
doi:10.1016/j.physa.2006.09.010, 401-410 (2012).

[3] Kumar, L.: Finite element analysis of combined heat and mass transfer in hydromag-
netic micropolar flow along a stretching sheet. Comput Mater Sci, 46, Doi: 10.1371/jour-
nal.pone.0059393, 841-848 (2009).

[4] Ishak, A.: Thermal boundary layer flow over a stretching sheet in a micropolar fluid with
radiation effect. Meccanica, 45, 367–373 (2010).

[5] Cortell, R.: Viscous flow and heat transfer over a nonlinearly stretching sheet. Applied Math-
ematics and Computation 184, 864-873 (2007).

[6] Hayat, T. and Abbas, Z. and Javed, T.: Mixed convection flow of a micropolar fluid over a
non-linearly stretching sheet. Physic Letter A, 372, 637-647 (2008).

[7] Waqas, M., Farooq, M. , Khan, M.J., Alsaedi, A., Hayat, T. and Yasmeen, T.: Magnetohydro-
dynamic (MHD) Mixed Convection Flow of Micropolar Liquid Due to Nonlinear Stretched
Sheet with Convective Condition. International Journal of Heat and Mass Transfer, 102,
766-772 (2016).

[8] Ullah, I., Shafie, S. and Khan, I.: Effects of slip condition and Newtonian heating on MHD
flow of Casson fluid over a nonlinearly stretching sheet saturated in a porous medium. Journal
of King Saud University Science, 29, 250-259 (2017).

[9] Eringen, A. C.: Theory of micropolar fluids. J. Math. Anal. Appl., 16, 1-18 (1966).

[10] Eringen, A. C.: Theory of thermo-microfluids. Journal of Mathematical Analysis and Ap-
plications, 38, 480-496 (1972).

[11] Lukaszewicz, G.: Micropolar fluids: Theory and Applications (1st Ed.). Birkhauser, Boston
(1999).

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 126



[12] Hsiao, K.: Micropolar nanofluid flow with MHD and viscous dissipation effects towards a
stretching sheet with multimedia feature. International Journal of Heat and Mass Transfer
112, 983–990 (2017).

[13] Hayat, T., Khan, m. I., Waqas, M., Alsaedi, A. and Kkan, M. I.: Radiative flow of micropolar
nanofluid accounting thermophoresis and Brownian moment. Hydrogen Energy, 1-13 (2017).

[14] Hussain, S. T. Nadeem, S., Haq, R.: Model-based analysis of micropolar nanofluid flow over
a stretching surface, Eur. Phys. J. Plus, 129, 1-10 (2014).

[15] Ramzan, M., Chung, J. D. Ullah, N.: Partial slip effect in the flow of MHD micropolar
nanofluid flow due to a rotating disk-A numerical approach. Results in Physics 7, 3557–3566
(2017).

[16] Noor, N. F. M., Haq, R. U. Nadeem, S. Hashim, I.: Mixed convection stagnation flow of a
micropolar nanofluid along a vertically stretching surface with slip effects. Meccanica, 1-10
(2015).

[17] Reena and Rana: Effect of Dust Particles on rotating micropolar fluid heated from be-
low saturating a porous medium. Applications and Applied Mathematics: An International
Journal. 4, 189-217 (2009)

[18] Rahman, M.M and Uddin, M.J. and Aziz, A.: Effects of variable electric conductivity and
non-uniform heat source (or sink) on convective micropolar fluid flow along an inclined flat
plate with surface heat flux. International Journal of Thermal Sciences 48, 2331 - 2340 (2009)

[19] Shu, J. J., Teo, J. M. and Chan, W. K.: Fluid velocity slip and temperature jump at a solid
surface, Applied Mechanics Reviews, 69,(2), 1-17 (2017).

[20] Awais, M., Hayat, T., Ali, A., Irum, S.: Velocity, thermal and concentration slip effects
on a magneto-hydrodynamic nanofluid flow. Alexandria Engineering Journal, 55, 2107–2114
(2016).

[21] Fatunmbi, E.O, Adeniyan, A.: Heat and mass transfer in MHD micropolar fluid flow over a
stretching sheet with velocity and thermal slip conditions. Open Journal of Fluid Dynamics
8, 195-215 (2018).

[22] Mabood F, Shateyi S .: Multiple slip effects on MHD Unsteady flow heat and mass trans-
fer impinging on permeable stretching sheet with radiation. Modelling and Simulation in
Engineering, 1-11 (2019).

[23] Kobo , N. S. and Makinde, O. D.: Second law analysis for variable viscosity reactive Couette
flow under Arrhenius kinetics. Mathematical Problems in Engineering, 2010, 1-15 (2010).

[24] Abbas, T., Hayat, T., Ayub, M.Bhatti, M.M and Alsaedi, A.: Electromagnetohydrodynamic
nanofluid flow past a porous Riga plate containing gyrotactic microorganism. Neural Comput
& Appli, 1-10 (2017).

[25] Bejan, A.: Second law analysis in heat transfer and thermal design, Adv. Heat Transf., 15,
1-58 (1982).

[26] Bejan, A.: Entropy Generation Minimization, CRC: Boca raton, FL, USA. (1966).

[27] Makinde, O. D.: Second law analysis for variable viscosity hydromagnetic boundary layer
flow with thermal radiation and Newtonian heating, Entropy, 13, 1446-1464. (2011).

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 127



[28] Salawu, S. O. Kareem, R. A. and Shonola, S. A.: Radiative thermal criticality and entropy
generation of hydromagnetic reactive Powell-Eyring fluid in saturated porous media with
variable conductivity. Energy Reports, 5, 480-488 (2019).

[29] Salawu, S. O. and Fatunmbi, E. O.: Inherent irreversibility of hydromagnetic Third-grade
reactive Poiseuille flow of a variable viscosity in porous media with convective cooling. Journal
of the Serbian Society for Computational Mechanics, 11(1), 46-58 (2017)

El-Aziz, M. and Saleem, S.: Numerical Simulation of Entropy Generation for Power-Law
Liquid Flow over a Permeable Exponential Stretched Surface with Variable Heat Source and
Heat Flux. Entropy, 21, 1-19 (2019).

[30] Hsiao, K.: Heat and mass transfer for micropolar flow with radiation effect past a nonlinearly
stretching sheet. Heat Mass Transfer, 46, 413–419 (2010)

[31] Bhatti, M.M. and Rashidi, M.M. Numerical Simulation of Entropy Generation
on MHD Nanofluid Towards a Stagnation Point Flow Over a Stretching Surface.
Int.J.Appl.Computt.Math, 1-13 (2016).

[32] Pal,D. Monday, S. and Pal, H.: Entropy generation on MHD Jeffrey nanofluid over a stretch-
ing sheet with nonlinear thermal radiation using spectral quasilinearisation method. Inter-
national Journal of Ambient Energy, 1-16 (2016).

[33] Chen, C. H.: Laminar mixed convection adjacent to vertical continuously stretching sheets.
Heat and Mass Transfer 33, 471–476 (1998).

[34] Ramya, D., Chamkha, A. J., Srinivasacharya, R. and Rao, J. A.: Effects of velocity and
thermal wall slip on magnetohydrodynamics (MHD) boundary layer viscous flow and heat
transfer of a nano fluid over a non-linearly-stretching sheet:a numerical study, Propulsion and
Power Research, 841–848 (2009).

[35] Afridi, M. I., Qasim, M., Khan, I. and Shafie, S. and Alshomran, A. S.: Entropy generation
in magnetohydrodynamic mixed convection flow over an inclined stretching sheet. Entropy,
19, 1-11 (2017).

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 128



Optimal analysis of heat pump for freshwater and heat usage in
production processes

Audu Christiana IberiI 1 and M. D. Shehu 2

1,2Department of Mathematics, Federal University of Technology, Minna, Niger State, Nigeria
1email address: auduchristianaiberi@gmail.com

2email address: m.shehu@futminna.edu.ng

Abstract: In this paper, a new systematic design methodology has been proposed for simul-
taneous management of freshwater and energy (heat) system through the re-use of water. In
addition to allowing re-use of water, issue about heat losses within the system have also been
incorporated in this design method. A Linear programming (LP ) model is formulated for both
heating and cooling to minimize production cost, freshwater usage, heat supply and the number
of heat exchangers. The result shows that if a factory circulates freshwater within the system
using a heat pump, 46.5% of production cost will be reduced.

Keywords: Heat, Heat pump, Freshwater, cost of production, Non-linear programming.

1 Introduction

Water and energy are two of the most essential resources for running food production and chem-
ical processing plants. The former is needed not only as a solvent in mass transfer processes
but also as heat- transfer medium in heat exchangers. Specially, various organic and inorganic
contaminants in another phase can often be removed with process water. Thus, clean water is
widely considered as an effective mass-separating agent in washing or separation operations (such
as absorption and extraction). In addition, the aerated and purified water is consumed in the
utility systems to produce steam and cooling water for use as heat carriers. After the aforemen-
tioned usages, the resulting waste water must be treated to lower the contaminant concentrations.
Some of them can then be recycled and reused, while the others discharged to the environment [3]

As noted above, none of the previous works have addressed the freshwater and energy mini-
mization using a heat pump. Heat Pump (HP ) is a device which offers energy-efficient way to
provide heating and cooling in a production process. It main function is to pump heat from low
temperature heat source s to high temperature heat sinks, thus providing both comforts heat-
ing and cooling. However, it is known that previous study encounter some difficulties to deal
with large and complex networks and it is always a long task (with high computational time) to
overcome these difficulties [6]. We proposed here an alternate methodology for freshwater and
energy minimization in a very efficient way, by using a heat pump. Case study include network
tackled before by [6]

To ensure an efficient use of water and heat in process industry, it is necessary to recover heat
that is in excess from heated water in some part of the process and reuse it as heat source in
other parts of the system through a water and heat exchanger network called heat pump. The
water from which heat is absorbed is then used for cooling in other part of the process. One of
the way to increase water and energy efficiency in industrial plants is to improve the design of
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existing water and heat exchanger network through retrofit actions.

As noted above, none of the previous works have addressed the freshwater and energy mini-
mization with the use of a Heat Pump. In fact, all most of the works are strictly on water
Network by stochastic algorithms. However, it is known that these methods encounter some
difficulties to deal with large and complex networks and it is always a long task (with high com-
putational time) to overcome these difficulties, we proposed here an alternate methodology for
freshwater and energy minimization in a very efficient way, by using heat pump [6].

To ensure an efficient use of water and heat in process industry, it is necessary to recover heat
that is in excess from heated water in some part of the process and reuse it as heat source in
other parts of the system through a water and heat exchanger network called heat pump. The
water from which heat is absorbed is then used for cooling in other part of the process. One way
to increase water and energy efficiency in industrial plants is to improve the design of existing
water and heat exchanger network through retrofit actions. To be able to calculate the energy
and water savings for a given retrofit proposal, the resulting heating and cooling demands needs
to be calculated for determining operational cost.

In this section, a non-linear programming model is formulated to minimize freshwater and heat
usage in WAHEN system. By using this Mathematical model, the water network design with
smaller number of heat exchangers and minimum operating Cost can be obtained.

1.1 Formulation of objective function

Following [3], Heat pump is embedded in their equation in other to reduce heat and water usage
so as to minimize cost of production. The total production cost, as the objective function is
expressed as:-

MinPROCOST = CW

noperations∑

i=1

QW + Ch

noperations∑

i=1

QHP (W ) (1)

1.2 Analysis of Energy of the Heat Pump

This part describes the equations in the heat pump. However a description of the changes which
takes place in the heat pump circuit.

• the entire heat pump system is considered a constant mass flow qref .

• we calculate the energy value of the sub-components.

It is necessary to know the temperature between individual sub-components and then enthalpy
of the refrigerant can be determined. The energy of refrigerant entering into the evaporator:

Qev = qref .hev.Tev (W ) (2)

The only work interaction for the evaporator is flow work. Therefore the rate at which heat is
transferred per unit mass of vapor passing through the evaporator is:

Qevap = Qevaporator = h1 − h4(W ) (3)

The sign of the Qevap will be positive, following our sign convention for heat transfer.

Thermal power delivered by the compressor into refrigerant is given as:

Qcomp =
Qcomp

qref
= h1 − h2(W ) (4)
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The energy input of refrigerant into the expansion valve:

Qcond =
Qcond

qref
= h1 − h2(W ) (5)

Subsequently it can be expressed, that the heat flux input to the storage tank is reduced of the
efficiency of the heat exchanger, which is around 70%− 80%.

The energy required for heating of the inlet freshwater to the desired temperature is given as:

QHP =

[
Qevap +Qexp +Qcomp −Qcond

qref .
hco−hc

2

c.qs

]
.Qz (W ) (6)

The model uses increments of energy obtained by the heat pump. In this simulation the energy
inputted to an accumulation tank means that this energy is not dependent on the temperature
of water output from the accumulation tank into the condenser. The calculation of mass flow of
hot water into the accumulation tank is given as:

qs =

[
qref .

hco−hc
2

c

]
(kgs−1) (7)

Where,

qref mass flow of refrigerant entering into the evaporator (kgs−1)

cw Cost of water

Ch Cost of heat

h1 Enthalpy of saturated refrigerant

h2 Enthalpy of supersaturated refrigerant

hevhc Entropy of refrigerant behind the expansion valve, the compressor (Jg−1k−1)

sc, Sco Entropy of the refrigerant behind the compressor, the condenser (Jkg−1K−1)

c-specific heat capacity of water (Jkg−1K−1)

qs mass flow of freshwater entering into the evaporator

For analysis purposes, the annual Minimum production Cost can be simplified by substituting
QHP into its place in equation (1)

MinPROCOST = CW

noperations∑

i=1

QW+Ch

noperations∑

i=1

[
Qevap +Qexp +Qcomp −Qcond.

qref ..
sco−sc

2

]
[c.qs] (8)

Equation (6) can be simplified by clearing fractions to become:-

QHP = {Qexp +Qevap +Qcomp −Qcond}Qz (9)

Then Equation (8) can be simplified to become:

MinPROCOST = CW

noperations∑

i=1

QW + Ch {Qexp +Qevap +Qcomp −Qcond}QZ (10)
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= CW

noperations∑

i=1

QW + ChQHP (11)

The basic criterion for evaluating the operational characteristics of heat pump is heating factor
or the coefficient of performance (COP ). The performance of a heat pump is indicated by the
coefficient of performance. It measures the amount of heat energy moved (in watt), divided by
the electric energy used to move it (also in Watts), at a given out door temperature. Higher COP
value indicates a more efficient system. The quantity of heat pump is judged by how much heat
transfer occurs into the warm space compared with how much work input is required In taking
the ratio of what is spent a heat pump coefficient performance (COP ) is define by Equation
(12).
[5]

COP =
Disired output

Required input
=
Heat effect

Work input
=

QH

Win

COP =
h2 − h3
h2 − h1

(12)

2 Comparation of this model with Maja and Mao’s work

Applying the new design approach to production process can provide more than 18.3Mw, 71.4%
energy saving, which is supplied by low pressure steam as hot utility. The result obtained from
this model are compared with Maja and Moa’s result.

Table 1. Comparison of results
Requirements New design Maja and Moa savings
Freshwater 324 405 20%
Hot utility 7344 257245 71.4%
Cold utility 0 174825 100%
Number of heat exchanger 2 4 50%
Total cost #/year #94362371.275 #138240873.92 46.5%

3 Conclusion

A nonlinear programming model for freshwater and heat usage in production process using heat
pump was developed in this study. Heat pump usage help to minimize environmental problem as
it reduces CO2 emission. Recovering water from production process while recovering heat serves
as a useful means of minimizing production cost and pollution control. In this study, a model
composed of heating and cooling cycles using the same working fluid accompanied by a phase
change was proposed. The system was optimized for maximum profit by reducing excess water
and heat usage.

The result of the Optimal Analysis formulated using heat pump demonstrates 20% of fresh-
water, 71.45% of heat as savings thereby reducing production cost by 46.5%. Water recovery
itself reduces the incidence of white plumes and smog around the factory.
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Abstract: The ecological concept of biodiversity is a challenging environmental problem that
requires a sound mathematical reasoning. We have used the method of a numerical simulation
that is indexed by ODE 45 numerical method to predict and obtain instances of biodiversity
loss and biodiversity gain due to a decreasing and increasing variations of the intrinsic growth
rates together. The novel results that we have obtained that we have not seen elsewhere, but
do complement other similar numerical predictions of biodiversity are presented and discussed
quantitatively.

Keywords: Ecological concept, biodiversity, environmental problem, numerical simulation, in-
trinsic growth rate.

1 Introduction

The ongoing debate between biodiversity, ecosystem stability, and its implications (Atsu and
Ekaka-a 2017 )1 makes it imperative to examine the effects of varying the intrinsic growth
rates together on biodiversity loss and biodiversity gain by using a computationally efficient
numerical method called Matlab function ordinary differential equation of order 45 (ODE 45).
Other related contributions on the link between biodiversity and ecosystem stability have been
adequately sighted [2–26].

2 Materials and Methods

If a variation of a model parameter value produces a new biomass which is smaller than the old
biomass for any interacting legumes, such as cowpea and groundnut, then a biodiversity loss has
occurred and can be quantified as we have done in this study.
On the other hand, if a variation of a model parameter value produces a new biomass which out-
weighs the old biomass irrespective of the type of legumes, then a biodiversity gain has occurred
and can be similarly quantified.
Following Ekaka-a et al (2009), we have considered the following continuous dynamical system
of non linear first order ordinary differential equations:

dC(t)

dt
= α1C(t)− β1C

2(t)− r1C(t)G(t)

dG(t)

dt
= α2G(t)− β2G2(t)− r2C(t)G(t)
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with C(0) = 0.12 and G(0) = 0.14.
For the purpose of clarity, the variables and the parameter values for these model equations are
defined as follows

• Cb(t) and Gb(t) are called the biomas of cowpea and groundnut at time (t) in the unit of
weeks.

• α1 and α2 are called the intrinsic growth rates for populations Cb(t) and Gb(t) in the
absence of self-interaction and inter-competition interaction.

• β1 and β2 are called the intra-competition coefficients.

• r1 and r2 are called the inter-competition coefficients.

To analyze our propose problem,
α1 = 0.0225 & α2 = 0.0446; β1 = 0.0069 & β2 = 0.0133; r1 = 0.0018 & r2 = 0.0012.
The core numerical method that we have used in this present analysis is called ODE 45.

3 Results and Discussions

The results of this study are displayed as shown in Tables 1.1 – 1.5, 2.1 – 2.5.

Table 1.1
Evaluating the effect of varying the intrinsic growth rates together by 10% on

biodiversity loss using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1801 2.0021 0.3745 0.3598 3.9250
0.1876 0.1801 3.9591 0.3895 0.3596 7.6771
0.1914 0.1802 5.8719 0.4050 0.3594 11.2640
0.1954 0.1803 7.7415 0.4211 0.3592 14.6931
0.1994 0.1803 9.5689 0.4377 0.3590 17.9713
0.2035 0.1804 11.3549 0.4548 0.3588 21.1052
0.2077 0.1805 13.1004 0.4725 0.3587 24.1012
0.2119 0.1805 14.8063 0.4908 0.3585 26.9654
0.2162 0.1806 16.4735 0.5097 0.3583 29.7037
0.2206 0.1806 18.1029 0.5291 0.3581 32.3215
0.2250 0.1807 19.6951 0.5491 0.3579 34.8243
0.2296 0.1808 21.2511 0.5698 0.3577 37.2170
0.2342 0.1808 22.7716 0.5910 0.3575 39.5046
0.2388 0.1809 24.2573 0.6129 0.3574 41.6917
0.2436 0.1810 25.7092 0.6353 0.3572 43.7826
0.2484 0.1810 27.1278 0.6584 0.3570 45.7817
0.2533 0.1811 28.5139 0.6822 0.3568 47.6931
0.2583 0.1812 29.8682 0.7065 0.3566 49.5205
0.2634 0.1812 31.1914 0.7315 0.3565 51.2677
0.2685 0.1813 32.4843 0.7570 0.3563 52.9381

From Table 1.1, when all the model parameter values are fixed, the cowpea biomass data denoted
Cb(t) when the length of the growing season is twenty one weeks range from a low value of 0.18
grams/area to 0.2685 grams/area whereas Cbm(t) data range from a low value 0.18 grams/area
to 0.1813 grams/area due to a 10% variation of the intrinsic growth rates together. On the
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basis of this calculation, the new simulated cowpea data due to a joint variation of the intrinsic
growth rates dominantly predicts a depletion which mimics biodiversity loss. The extent of
biodiversity loss has been quantified to range from zero to 32.48 approximately providing an
average of 17.4 which re-classifies the vulnerability of the cowpea biomass to biodiversity loss.
A similar observation can be made from the groundnut biomass component. In summary, the
groundnut biomass is about 1.73 approximately more vulnerable to biodiversity loss than the
cowpea biomass. Statistically, the average of biomass vulnerability to biodiversity loss with
respect to the groundnut legume is 28.9% approximately.

Table 1.2
Evaluating the effect of varying the intrinsic growth rates together by 15% on

biodiversity loss using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1803 1.8919 0.3745 0.3606 3.7110
0.1876 0.1805 3.7433 0.3895 0.3612 7.2664
0.1914 0.1808 5.5549 0.4050 0.3618 10.6728
0.1954 0.1811 7.3275 0.4211 0.3624 13.9363
0.1994 0.1813 9.0620 0.4377 0.3630 17.0628
0.2035 0.1816 12.4194 0.4548 0.3636 20.0581
0.2077 0.1819 10.7590 0.4725 0.3642 22.9276
0.2119 0.1821 14.0439 0.4908 0.3648 25.6765
0.2162 0.1824 15.6332 0.5097 0.3654 28.3099
0.2206 0.1827 17.1880 0.5291 0.3660 30.8327
0.2250 0.1829 18.7090 0.5491 0.3666 33.2493
0.2296 0.1832 20.1969 0.5698 0.3671 35.5642
0.2342 0.1835 21.6524 0.5910 0.3677 37.7817
0.2388 0.1837 23.0761 0.6129 0.3683 39.9058
0.2436 0.1840 24.4687 0.6353 0.3689 41.9404
0.2484 0.1843 25.8308 0.6584 0.3695 43.8893
0.2533 0.1845 27.1631 0.6822 0.3700 45.7559
0.2583 0.1848 28.4660 0.7065 0.3706 47.5438
0.2634 0.1851 29.7404 0.7315 0.3712 49.2563
0.2685 0.1853 30.9866 0.7570 0.3717 50.8964

From Table 1.2, when all the model parameter values are fixed, the cowpea biomass data denoted
Cb(t) when the length of the growing season is twenty one weeks range from a low value of 0.18
grams/area to 0.2685 grams/area whereas Cbm(t) data range from a low value 0.18 grams/area
to 0.1853 grams/area due to a 15% variation of the intrinsic growth rates together. On the
basis of this calculation, the new simulated cowpea data due to a joint variation of the intrinsic
growth rates dominantly predicts a depletion which mimics biodiversity loss. The extent of
biodiversity loss has been quantified to range from zero to 30.98 approximately providing an
average of 16.6 which re-classifies the vulnerability of the cowpea biomass to biodiversity loss.
A similar observation can be made from the groundnut biomass component. In summary, the
groundnut biomass is about 1.74 approximately more vulnerable to biodiversity loss than the
cowpea biomass. Statistically, the average of biomass vulnerability to biodiversity loss with
respect to the groundnut legume is 28.7% approximately.
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Table 1.3
Evaluating the effect of varying the intrinsic growth rates together by 20% on

biodiversity loss using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1805 1.7816 0.3745 0.3614 3.4966
0.1876 0.1809 3.5270 0.3895 0.3628 6.8540
0.1914 0.1814 5.2368 0.4050 0.3642 10.0776
0.1954 0.1819 6.9117 0.4211 0.3656 13.1727
0.1994 0.1824 8.5523 0.4377 0.3670 16.1443
0.2035 0.1828 10.1592 0.4548 0.3684 18.9972
0.2077 0.1833 11.7332 0.4725 0.3698 21.7360
0.2119 0.1838 13.2747 0.4908 0.3712 24.3652
0.2162 0.1842 14.7845 0.5097 0.3726 26.8890
0.2206 0.1847 16.2630 0.5291 0.3740 29.3116
0.2250 0.1852 17.7110 0.5491 0.3754 31.6369
0.2296 0.1856 19.1289 0.5698 0.3768 33.8688
0.2342 0.1861 20.5174 0.5910 0.3782 36.0108
0.2388 0.1866 21.8769 0.6129 0.3796 38.0665
0.2436 0.1871 23.2080 0.6353 0.3810 40.0394
0.2484 0.1875 24.5113 0.6584 0.3823 41.9325
0.2533 0.1880 25.7873 0.6822 0.3837 43.7491
0.2583 0.1885 27.0365 0.7065 0.3851 45.4922
0.2634 0.1890 28.2594 0.7315 0.3865 47.1646
0.2685 0.1894 29.4566 0.7570 0.3878 48.7691

From Table 1.3, when all the model parameter values are fixed, the cowpea biomass data Cb(t)
when the length of the growing season is twenty one weeks range from a low value of 0.18
grams/area to 0.2685 grams/area whereas Cbm(t) data range from a low value 0.18 grams/area
to 0.1894 grams/area due to a 20% variation of the intrinsic growth rates together. On the
basis of this calculation, the new simulated cowpea data due to a joint variation of the intrinsic
growth rates dominantly predicts a depletion which mimics biodiversity loss. The extent of
biodiversity loss has been quantified to range from zero to 29.45 approximately providing an
average of 15.7 which re-classifies the vulnerability of the cowpea biomass to biodiversity loss.
A similar observation can be made from the groundnut biomass component. In summary, the
groundnut biomass is about 1.75 approximately more vulnerable to biodiversity loss than the
cowpea biomass. Statistically, the average of biomass vulnerability to biodiversity loss with
respect to the groundnut legume is 28.5% approximately.
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Table 1.4
Evaluating the effect of varying the intrinsic growth rates together by 25% on

biodiversity loss using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1807 1.6712 0.3745 0.3622 3.2816
0.1876 0.1813 3.3103 0.3895 0.3644 6.4396
0.1914 0.1820 4.9177 0.4050 0.3666 9.4785
0.1954 0.1827 6.4940 0.4211 0.3689 12.4025
0.1994 0.1834 8.0397 0.4377 0.3711 15.2158
0.2035 0.1841 9.5554 0.4548 0.3733 17.9224
0.2077 0.1847 11.0416 0.4725 0.3755 20.5262
0.2119 0.1854 12.4987 0.4908 0.3778 23.0310
0.2162 0.1861 13.9273 0.5097 0.3800 25.4403
0.2206 0.1868 15.3279 0.5291 0.3822 27.7576
0.2250 0.1875 16.7009 0.5491 0.3845 29.9863
0.2296 0.1881 18.0468 0.5698 0.3867 32.1296
0.2342 0.1888 19.3661 0.5910 0.3889 34.1906
0.2388 0.1895 20.6592 0.6129 0.3912 36.1723
0.2436 0.1902 21.9267 0.6353 0.3934 38.0777
0.2484 0.1909 23.1688 0.6584 0.3957 39.9094
0.2533 0.1916 24.3861 0.6822 0.3979 41.6703
0.2583 0.1922 25.5791 0.7065 0.4001 43.3629
0.2634 0.1929 26.7481 0.7315 0.4024 44.9896
0.2685 0.1936 27.8935 0.7570 0.4046 46.5530

Table 1.5
Evaluating the effect of varying the intrinsic growth rates together by 95% on

biodiversity loss using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1835 0.1123 0.3745 0.3737 0.2222
0.1876 0.1871 0.2242 0.3895 0.3878 0.4427
0.1914 0.1908 0.3356 0.4050 0.4024 0.6615
0.1954 0.1945 0.4466 0.4211 0.4174 0.8785
0.1994 0.1983 0.5570 0.4377 0.4329 1.0936
0.2035 0.2021 0.6671 0.4548 0.4489 1.3068
0.2077 0.2060 0.7766 0.4725 0.4654 1.5178
0.2119 0.2100 0.8855 0.4908 0.4823 1.7268
0.2162 0.2141 0.9940 0.5097 0.4998 1.9335
0.2206 0.2181 1.1018 0.5291 0.5178 2.1379
0.2250 0.2223 1.2091 0.5491 0.5363 2.3399
0.2296 0.2265 1.3158 0.5698 0.5553 2.5394
0.2342 0.2308 1.4219 0.5910 0.5748 2.7364
0.2388 0.2352 1.5274 0.6129 0.5949 2.9306
0.2436 0.2396 1.6321 0.6353 0.6155 3.1220
0.2484 0.2441 1.7363 0.6584 0.6366 3.3106
0.2533 0.2487 1.8397 0.6822 0.6583 3.4962
0.2583 0.2533 1.9424 0.7065 0.6805 3.6787
0.2634 0.2580 2.0443 0.7315 0.7032 3.8580
0.2685 0.2628 2.1455 0.7570 0.7265 4.0340
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Table 2.1
Evaluating the effect of varying the intrinsic growth rates together by 105% on

biodiversity gain using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1840 0.1124 0.3745 0.3753 0.2227
0.1876 0.1880 0.2247 0.3895 0.3912 0.4447
0.1914 0.1921 0.3367 0.4050 0.4077 0.6659
0.1954 0.1963 0.4485 0.4211 0.4248 0.8862
0.1994 0.2005 0.5601 0.4377 0.4425 1.1056
0.2035 0.2049 0.6715 0.4548 0.4609 1.3239
0.2077 0.2093 0.7826 0.4725 0.4798 1.5409
0.2119 0.2138 0.8933 0.4908 0.4994 1.7566
0.2162 0.2184 1.0038 0.5097 0.5197 1.9709
0.2206 0.2230 1.1139 0.5291 0.5407 2.1836
0.2250 0.2278 1.2237 0.5491 0.5623 2.3946
0.2296 0.2326 1.3330 0.5698 0.5846 2.6037
0.2342 0.2375 1.4420 0.5910 0.6076 2.8109
0.2388 0.2425 1.5505 0.6129 0.6314 3.0160
0.2436 0.2476 1.6585 0.6353 0.6558 3.2187
0.2484 0.2528 1.7660 0.6584 0.6809 3.4191
0.2533 0.2581 1.8731 0.6822 0.7068 3.6169
0.2583 0.2634 1.9795 0.7065 0.7334 3.8120
0.2634 0.2689 2.0854 0.7315 0.7607 4.0042
0.2685 0.2744 2.1907 0.7570 0.7888 4.1934

Table 2.2
Evaluating the effect of varying the intrinsic growth rates together by 110% on

biodiversity gain using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1842 0.2250 0.3745 0.3762 0.4459
0.1876 0.1884 0.4498 0.3895 0.3930 0.8913
0.1914 0.1927 0.6745 0.4050 0.4105 1.3362
0.1954 0.1971 0.8991 0.4211 0.4286 1.7803
0.1994 0.2016 1.1234 0.4377 0.4474 2.2233
0.2035 0.2062 1.3475 0.4548 0.4670 2.6650
0.2077 0.2109 1.5712 0.4725 0.4872 3.1052
0.2119 0.2157 1.7946 0.4908 0.5082 3.5436
0.2162 0.2206 2.0175 0.5097 0.5300 3.9799
0.2206 0.2255 2.2400 0.5291 0.5525 4.4138
0.2250 0.2306 2.4620 0.5491 0.5757 4.8450
0.2296 0.2357 2.6835 • 0.5698 0.5998 5.2733
0.2342 0.2410 2.9043 0.5910 0.6247 5.6983
0.2388 0.2463 3.1244 0.6129 0.6504 6.1196
0.2436 0.2517 3.3438 0.6353 0.6769 6.5370
0.2484 0.2573 3.5623 0.6584 0.7042 6.9500
0.2533 0.2629 3.7801 0.6822 0.7323 7.3584
0.2583 0.2686 3.9969 0.7065 0.7613 7.7617
0.2634 0.2745 4.2127 0.7315 0.7911 8.1597
0.2685 0.2804 4.4274 0.7570 0.8218 8.5518
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Table 2.3
Evaluating the effect of varying the intrinsic growth rates together by 115% on

biodiversity gain using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1844 0.3376 0.3745 0.3770 0.6695
0.1876 0.1888 0.6755 0.3895 0.3947 1.3400
0.1914 0.1934 1.0135 0.4050 0.4132 2.0110
0.1954 0.1980 1.3516 0.4211 0.4324 2.6822
0.1994 0.2028 1.6898 0.4377 0.4524 3.3532
0.2035 0.2076 2.0279 0.4548 0.4731 4.0237
0.2077 0.2126 2.3659 0.4725 0.4947 4.6933
0.2119 0.2176 2.7038 0.4908 0.5171 5.3614
0.2162 0.2228 3.0413 0.5097 0.5404 6.0277
0.2206 0.2280 3.3785 0.5291 0.5645 6.6916
0.2250 0.2334 3.7153 0.5491 0.5895 7.3526
0.2296 0.2389 4.0515 0.5698 0.6154 8.0103
0.2342 0.2444 4.3871 0.5910 0.6422 8.6641
0.2388 0.2501 4.7221 0.6129 0.6699 9.3134
0.2436 0.2559 5.0562 0.6353 0.6986 9.9576
0.2484 0.2618 5.3894 0.6584 0.7282 10.5961
0.2533 0.2678 5.7216 0.6822 0.7587 11.2283
0.2583 0.2740 6.0527 0.7065 0.7902 11.8536
0.2634 0.2802 6.3825 0.7315 0.8227 12.4713
0.2685 0.2865 6.7111 0.7570 0.8561 13.0808

Table 2.4
Evaluating the effect of varying the intrinsic growth rates together by 120% on

biodiversity gain using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1846 0.4504 0.3745 0.3779 0.8937
0.1876 0.1892 0.9017 0.3895 0.3965 1.7906
0.1914 0.1940 1.3536 0.4050 0.4159 2.6902
0.1954 0.1989 1.8062 0.4211 0.4362 3.5920
0.1994 0.2039 2.2594 0.4377 0.4574 4.4956
0.2035 0.2090 2.7129 0.4548 0.4794 5.4002
0.2077 0.2142 3.1668 0.4725 0.5023 6.3054
0.2119 0.2196 3.6210 0.4908 0.5262 7.2106
0.2162 0.2250 4.0752 0.5097 0.5510 8.1149
0.2206 0.2306 4.5294 0.5291 0.5768 9.0179
0.2250 0.2362 4.9836 0.5491 0.6036 9.9186
0.2296 0.2420 5.4374 0.5698 0.6314 10.8163
0.2342 0.2480 5.8909 0.5910 0.6602 11.7103
0.2388 0.2540 6.3438 0.6129 0.6901 12.5996
0.2436 0.2602 6.7961 0.6353 0.7210 13.4834
0.2484 0.2664 7.2476 0.6584 0.7530 14.3607
0.2533 0.2728 7.6982 0.6822 0.7860 15.2307
0.2583 0.2794 8.1476 0.7065 0.8202 16.0923
0.2634 0.2860 8.5958 0.7315 0.8554 16.9445
0.2685 0.2928 9.0425 0.7570 0.8917 17.7863
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Table 2.5
Evaluating the effect of varying the intrinsic growth rates together by 125% on

biodiversity gain using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1848 0.5634 0.3745 0.3787 1.1184
0.1876 0.1897 1.1283 0.3895 0.3983 2.2432
0.1914 0.1947 1.6949 0.4050 0.4187 3.3739
0.1954 0.1998 2.2628 0.4211 0.4401 4.5099
0.1994 0.2051 2.8321 0.4377 0.4624 5.6504
0.2035 0.2104 3.4025 0.4548 0.4857 6.7947
0.2077 0.2159 3.9739 0.4725 0.5101 7.9421
0.2119 0.2215 4.5462 0.4908 0.5354 9.0916
0.2162 0.2273 5.1193 0.5097 0.5619 10.2425
0.2206 0.2331 5.6930 0.5291 0.5894 11.3937
0.2250 0.2391 6.2670 0.5491 0.6180 12.5442
0.2296 0.2453 6.8414 0.5698 0.6478 13.6930
0.2342 0.2515 7.4158 0.5910 0.6787 14.8390
0.2388 0.2579 7.9901 0.6129 0.7108 15.9808
0.2436 0.2645 8.5641 0.6353 0.7441 17.1174
0.2484 0.2711 9.1376 0.6584 0.7786 18.2475
0.2533 0.2779 9.7104 0.6822 0.8143 19.3696
0.2583 0.2849 10.2824 0.7065 0.8512 20.4823
0.2634 0.2920 10.8532 0.7315 0.8893 21.5844
0.2685 0.2992 11.4226 0.7570 0.9287 22.6742

Table 2.6
Evaluating the effect of varying the intrinsic growth rates together by 125% and
varying the intra-competition coefficientstogether by 10% on biodiversity gain

using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1850 0.6772 0.3745 0.3804 1.5662
0.1876 0.1901 1.3601 0.3895 0.4019 3.1742
0.1914 0.1954 2.0487 0.4050 0.4246 4.8257
0.1954 0.2007 2.7430 0.4211 0.4486 6.5225
0.1994 0.2063 3.4429 0.4377 0.4739 8.2665
0.2035 0.2119 4.1484 0.4548 0.5006 10.0597
0.2077 0.2177 4.8594 0.4725 0.5288 11.9043
0.2119 0.2237 5.5758 0.4908 0.5586 13.8024
0.2162 0.2298 6.2975 0.5097 0.5900 15.7564
0.2206 0.2361 7.0243 0.5291 0.6231 17.7685
0.2250 0.2425 7.7562 0.5491 0.6581 19.8414
0.2296 0.2491 8.4928 0.5698 0.6950 21.9776
0.2342 0.2558 9.2341 0.5910 0.7339 24.1799
0.2388 0.2627 9.9799 0.6129 0.7750 26.4511
0.2436 0.2697 10.7298 0.6353 0.8183 28.7943
0.2484 0.2770 11.4836 0.6584 0.8640 31.2125
0.2533 0.2844 12.2410 0.6822 0.9121 33.7091
0.2583 0.2919 13.0016 0.7065 0.9629 36.2872
0.2634 0.2996 13.7651 0.7315 1.0164 38.9506
0.2685 0.3075 14.5311 0.7570 1.0728 41.7029

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 141



Table 2.7
Evaluating the effect of varying the intrinsic growth rates together by 125% and
varying the intra-competition coefficients together by 15% on biodiversity gain

using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1850 0.6708 0.3745 0.3803 1.5412
0.1876 0.1901 1.3472 0.3895 0.4017 3.1220
0.1914 0.1953 2.0290 0.4050 0.4243 4.7440
0.1954 0.2007 2.7162 0.4211 0.4481 6.4086
0.1994 0.2062 3.4088 0.4377 0.4732 8.1178
0.2035 0.2119 4.1067 0.4548 0.4997 9.8731
0.2077 0.2176 4.8099 0.4725 0.5277 11.6766
0.2119 0.2236 5.5181 0.4908 0.5572 13.5301
0.2162 0.2297 6.2314 0.5097 0.5883 15.4356
0.2206 0.2359 6.9495 0.5291 0.6211 17.3953
0.2250 0.2423 7.6724 0.5491 0.6557 19.4112
0.2296 0.2488 8.3998 0.5698 0.6922 21.4858
0.2342 0.2555 9.1316 0.5910 0.7306 23.6213
0.2388 0.2624 9.8676 0.6129 0.7711 25.8201
0.2436 0.2694 10.6074 0.6353 0.8138 28.0848
0.2484 0.2766 11.3509 0.6584 0.8587 30.4181
0.2533 0.2840 12.0977 0.6822 0.9061 32.8226
0.2583 0.2915 12.8475 0.7065 0.9559 35.3012
0.2634 0.2992 13.6000 0.7315 1.0084 37.8567
0.2685 0.3071 14.3547 0.7570 1.0636 40.4921

Table 2.8
Evaluating the effect of varying the intrinsic growth rates together by 125% and
varying the intra-competition coefficientstogether by 20% on biodiversity gain

using ODE 45 numerical method.
Cb(t) Cbm(t) BL(%) Gb(t) Gbm(t) BL(%)

0.1800 0.1800 0 0.3600 0.3600 0
0.1837 0.1850 0.6645 0.3745 0.3802 1.5163
0.1876 0.1901 1.3343 0.3895 0.4015 3.0699
0.1914 0.1953 2.0093 0.4050 0.4239 4.6624
0.1954 0.2006 2.6894 0.4211 0.4476 6.2950
0.1994 0.2061 3.3747 0.4377 0.4726 7.9694
0.2035 0.2118 4.0650 0.4548 0.4989 9.6871
0.2077 0.2175 4.7603 0.4725 0.5266 11.4498
0.2119 0.2235 5.4605 0.4908 0.5559 13.2590
0.2162 0.2295 6.1653 0.5097 0.5867 15.1166
0.2206 0.2357 6.8748 0.5291 0.6192 17.0244
0.2250 0.2421 7.5888 0.5491 0.6534 18.9842
0.2296 0.2486 8.3070 0.5698 0.6894 20.9979
0.2342 0.2553 9.0293 0.5910 0.7273 23.0676
0.2388 0.2621 9.7555 0.6129 0.7673 25.1953
0.2436 0.2691 10.4853 0.6353 0.8093 27.3831
0.2484 0.2763 11.2185 0.6584 0.8536 29.6332
0.2533 0.2836 11.9548 0.6822 0.9001 31.9478
0.2583 0.2911 12.6938 0.7065 0.9490 34.3293
0.2634 0.2988 13.4352 0.7315 1.0005 36.7798
0.2685 0.3066 14.1787 0.7570 1.0546 39.3019
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Statistical measure by Table BL1 (Average) BL2 (Average)
Table 1.1 17.4 28.9
Table 1.2 16.6 28.7
Table 1.3 15.7 28.5
Table 1.4 14.8 28.4
Table 1.5 1.1 2.1

Statistical measure by Table BG1 (Average) BG2 (Average)
Table 2.1 1.1071 2.1519
Table 2.2 2.2305 4.3638
Table 2.3 3.3702 6.6372
Table 2.4 4.5267 8.9740
Table 2.5 5.7001 11.3759
Table 2.6 7.1139 18.8930
Table 2.7 7.0342 18.4361
Table 2.8 6.9545 17.9843

4 Conclusion

By using ODE 45 we have found out that a biodiversity loss can be obtained due to a decreasing
variation of the intrinsic growth rates together, whereas a dominant biodiversity gain can be
obtained due to an increasing variation of the intrinsic growth rates together. On the basis
of this analysis, the decreasing variation of the intrinsic growth rates together has generally
indicated a decrease in the yields of these two crops, whereas an increasing variation of the same
parameter values has indicated an improvement in the yields of both cowpea and groundnut.
In this context, an alarming rate of biodiversity loss of these quantified magnitude are a strong
signal on lower food production, endemic poverty and a weak sustainable development scenario,
whereas a biodiversity gain has the potential to alleviate poverty and sustain development. These
two components of biodiversity as predicted in this work have their policy implications.
This present numerical idea can be extended to examine the effects of varying the intra and inter
competition coefficients together in our future investigation.
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Abstract: We focused on the numerical solution of Initial Value Problems (IVPs) of general
third order Ordinary Differential Equation (ODE).A new class of orthogonal polynomials valid
in the interval [0, 1] with respect to weight function w(x) = x was constructed and employed
as basis function for the development of continuous hybrid scheme. We carefully selected two
different hybrid points for the development of our proposed one-step method. The main scheme
obtained was implemented together with the block formulae for the numerical solution of third
order ordinary differential equations. The analysis of the block formulae was done using the
appropriate existing theorems to investigate their stability, consistency and convergence. The
investigation shows that the method is consistent,zero-stable and hence, convergent. Numerical
examples were presented to portray the applicability of the method and results obtained com-
pared favourably with the existing methods.

1 Introduction

Many fields of application notably in science and engineering yields Initial Value Problems (IVPs)
of third order Ordinary Differential Equations (ODEs) of the form

y′′′ = f(x, y, y′, y′′), y(a) = α, y′(a) = β, y′′(a) = γ, x ∈ (a, b) (1)

where f is continuous in [a, b]. Some of such problems may not have analytic solutions, there-
fore, the development of numerical schemes to obtain approximate solution of (1) becomes nec-
essary. The method of reducing (1) to a system of first order differential equations has been
reported to increase the dimension of the problem and therefore results in more computations
(see Bun(1992)).Hench,in this work we shall consider Block method from the Linear multistep
methods for solving the problem above.

2 Litterature Review

Various numerical schemes for solving differential equations exists in literature,such as Runge-
Kutta, the Taylor’s algorithm and the linear multistep methods (LMMs). Conventionally, im-
plicit LMMs when implemented in the predictor-corrector mode are prone to error propaga-
tion.This disadvantage has led to the development of block methods from linear multistep meth-
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ods. Apart from being self-starting, the method does not require the development of predictors
separately, and involves fewer functions per step.
Block Methods for solving ODEs were initially proposed by Milne (1953). The Milne’s idea of
proceeding in blocks was developed by Rosser (1967) for Runge-Kutta method.Many researchers
have used block methods, they include: Adeniyi, Alabi and Folaranmi (2008), Awoyemi and
Kayode (2008), Awari (2013), Umaru and Adeniyi (2014). While Anake (2011) used power series
as the basis function, Adeyefa (2014) adopted Chebyschev as the basis function. Some researchers
constructed different weight functions. Haruna and Adeniyi (2014) constructed weight function
of w(x) = x2 for interval [−1, 1], Bamgbala and Adeniyi used weight function of w(x) = x2 with
interval [0, 1], while Ekundayo and Adeniyi (2014) used weight function x for interval [0, 1]. They
all work on first order differential equation. This work is an extension of those work above to
the third order ODEs for problem (1) using orthogonal polynomial constructed for the interval
[0, 1] with respect to the weight function w(x) = x.

3 Development of one-step method with two off-step points

The derivation of the proposed one-step continuous multistep method that we shall use to gen-
erate the main method and other methods required to get the block method shall be considered.
The generated polynomials shall be employed as the basis function in a trial solution for the
derivation of our method.To achieve this purpose, we shall approximate the analytical solution
of (1) with an approximant trial solution of the form:

y(x) =
r+s−1∑

j=0

ajφj(x) (2)

where a′js are constants to be determined,r is the number of collocation points and s is the
number of interpolation points,on the partition

a = x0 < x1 < ... < xn < xn+1 < ... < xN = b

of the integration interval [a, b] with a constant step size h,given by h = xn+1 − xn, n =
0, 1, ...N − 1.
The function φj(x) is the J th degree generated polynomial valid in the range of integration of
(1), that is, in [a, b]. The third derivative of (2) is given by

y′′′(x) =
r+s−1∑

j=0

ajφ
′′′
j (x) (3)

where x ∈ [a, b] and r + s is the sum of the number of collocation and interpolation points.
In deriving this method,we set s = 3 and r = 4 in (2) and (3) so as to obtain a system of seven
equations each of degree six as follows.

r∑

j=0

ajφj(x) = y(x) (4)

r∑

j=0

ajφ
′′′
j (x) = f(x, y, y′, y′′) (5)

We introduce xn+ 1
3
and xn+ 2

3
as the off-step points.The points was carefully chosen to guarantee

the zero-stability of the method.
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We collocate (5) at x = xn+r, r = 0,
1

3
,
2

3
and 1 and interpolate (4) at x = xn+s, s = 0,

1

3
and

2

3
;

from these we get a system of equations written in a matrix form AX = B as



1 − 2 3 − 4 5 − 6 7

1 − 1
1

9

17

27

−13
27

−17
81

131

243

1 0
−5
9

−8
27

7

27

32

81

5

243

0 0 0 210 − 1680 7560 − 25200

0 0 0 210 − 672 560
2720

3

0 0 0 210 336 − 280
−3440

3

0 0 0 210 1344 5040 14400







a0
a1

a2

a3

a4

a5

a6




=




yn
yn+ 1

3

yn+ 2
3

h3fn

h3fn+ 1
3

h3fn+ 2
3

h3fn+1




(6)

This system is solved by Gaussian Elimination method to obtain the values of the unknown
parameters aj , j = 0, 1, 2, 3, 4, 5 and 6 as follows:

a0 = −
(
90720yn+ 1

3
− 45360yn − 226800yn+ 2

3
+ h3fn + 17h3fn − 797h3fn+ 1

3
− 677h3fn+ 2

3

)
/181440

a1 = −
(
362880yn+ 1

3
− 68040yn − 294840yn+ 2

3
+ 13h3fn + 327h3fn+1 − 1514h3fn+ 1

3
− 1331h3fn+ 2

3

)
/226800

a2 =
(
136080yn − 272160yn+ 1

3
+ 136080yn+ 2

3
+ 19h3fn − 19h3fn+1 + 1983h3fn+ 1

3
+ 1617h3fn+ 2

3

)
/302400

a3 = −h3
(
fn − fn+1 − 36fn+ 1

3
− 63fn+ 2

3

)
/20790

a4 = h3
(
fn + 17fn+1 − 117fn+ 1

3
+ 99fn+ 2

3

)
/133056

a5 = (h3
(
5fn + 8fn+1 − 2fn+ 1

3
− 11fn+ 2

3

)
/80080

a6 = h3
(
fn − fn+1 − 3fn+ 1

3
+ 3fn+ 2

3

)
/45760





(7)
Substituting (7) in (4) yields a continuous implicit two-steps method in the form

y(x) =

1∑

j=0

αjyn+j + α 1
3
(x)yn+ 1

3
+ α 2

3
(x)yn+ 2

3
+ h3




1∑

j=0

βj(x)fn+j + β 1
3
(x)fn+ 1

3
+ β 2

3
(x)fn+ 2

3




(8)
where αj(x) andBj(x) are continuous coefficients, from (8). we get the parameters αj(x) and βj(x)
as
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α0 = ((h− 3x+ 3xn) (2h− 3x+ 3xn)) /
(
2h2
)

α 1
3
= (3 (x− xn) (2h− 3x+ 3xn)) /

(
h2
)

α 2
3
= − (3 (x− xn) (h− 3x+ 3xn)) /

(
2h2
)

β0 = h2

((
fn
135
− (fnxn)

135
− h

(
131fnx

2
)

540
− (31fnxxn)

270
+

(
31fnx

2
n

)

540
−

(
194143fnh

3
)

12272249897357490499092480

+

(
fnx

3
)

6
+

(
fnxx

2
n

)

2
−
(
fnx

2xn
)

2
−

(
11fn (x− xn)4

)

48h
+

(
3fn (x− xn)5

)

20h2
− 3fn (x− xn)6

80h3

β 1
3
= h2

(
653855945899716543fn+ 1

3
x
)

20176126330619822080
−

(
653855945899716543fn+ 1

3
x
)

20176126330619822080
−
h
(
127501909450444713fn+ 1

3
x2
)

1008806316530991104

−

(
127501909450444713fn+ 1

3
xxn

)

50440315826549552
+

(
127501909450444713fn+ 1

3
x2n

)

1008806316530991104
−

(
31fn+ 1

3
h3
)

40352252661239644160

+

(
3fn+ 1

3
(x− xn)4

)

8h
−

(
3fn+ 1

3
(x− xn)5

)

8h2
+

(
9fn+ 1

3
(x− xn)6

)

80h3

β 1
3
= h2

(
653855945899716543fn+ 1

3
x
)

20176126330619822080
−

(
653855945899716543fn+ 1

3
xn

)

20176126330619822080
−
h
(
127501909450444713fn+ 1

3
x2
)

1008806316530991104

−

(
127501909450444713fn+ 1

3
xxn

)

50440315826549552
+

(
127501909450444713fn+ 1

3
x2n

)

1008806316530991104
−

(
31fn+ 1

3
h3
)

40352252661239644160

+

(
3fn+ 1

3
(x−xn)4

)

8h
−

(
3fn+ 1

3
(x− xn)5

)

8h2
+

(
9fn+ 1

3
(x− xn)6

)

80h3

β 2
3
=
h
(
fn+ 2

3
x2
)

45
−

(
2fn+ 2

3
xxn

)

45
+

(
fn+ 2

3
x2n

)

45
− h2

(
2241791814513314219fn+ 2

3
x
)

605283789918594662400

−

(
2241791814513314219fn+ 2

3
xn

)

605283789918594662400
+

(
521fn+ 2

3
h3
)

605283789918594662400
−

(
3fn+ 2

3
(x− xn)4

)

16h
+

(
3fn+ 2

3
(x− xn)5

)

10h2

−

(
9fn+ 2

3
(x− xn)6

)

80h3

β1 = h2
(55484347409204524073fn+1x)

59923095201940871577600
− (55484347409204524073fn+1x)

59923095201940871577600
−

(
142159fn+1h

3
)

1150523427877647842899200

+

(
1775fn+1x

3
)

1369670747472934207488
−

(
1775fn+1x

3
n

)

1369670747472934207488
− 8137704286683329719fn+1hx

2

1597949205385089908736

−
(
8137704286683329719fn+1hx

2
n

)

1597949205385089908736
+

(
1775fn+1xx

2
n

)

45655691584311402496
−

(
1775fn+1x

2xn
)

45655691584311402496

+
8454757700450211039fn+1(x− xn)4

20291418481080506776h
−
(
3fn+1(x− xn)5

)

40h2
+

(
3fn+1(x− xn)6

)

80h3
+

(813770428668332971fn+1hxxn)

788974602692544954368





(9)
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By evaluating (8) at xn+1, the main method is obtained as

y1 = yn − 3yn+ 1
3
+ 3yn+ 2

3
+
h3

54
fn+ 1

3
+
h3

54
fn+ 2

3
(10)

The scheme is of order four, the error constant is
1

524880

The first derivatives of continuous functions are given as

α′0(x) =
− (9 (h− 2x+ 2xn))

2h2

α′1
3

(x) =
6 (h− 3x+ 3xn)

h2

α′2
3

(x) =
(−3 (h− 6x+ 6xn))

2h2

β′0(x) =

(
3 (x− xn)4

)

4h2
−

(
11 (x− xn)3

)

12h
−

(
9 (x− xn)5

)

40h3
− xxn +

h2

135
− h (31x)

270
− 31xn

270
+
x2

2
+
x2n
2

β′1
3

(x) =

(
3 (x− xn)3

)

2h
−

(
15 (x− xn)4

)

8h2
+

(
27 (x− xn)5

)

40h3
+

7h2

216
− h (91x)

360
− 91xn

360

β′2
3

(x) =

(
3 (x− xn)4

)

2h2
−

(
3 (x− xn)3

)

4h
−

(
27 (x− xn)5

)

40h3
− h2

270
+
h (2x)

45
− 2xn

45

β′1 =

(
(x− xn)3

)

6h
−

(
3 (x− xn)4

)

8h2
+

(
9 (x− xn)5

)

40h3
+

h2

1080
− h (11x)

1080
− 11xn

1080





(11)
The second derivatives of the continuous are given as
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α′′0(x) =
9

h2

α′′1
3

(x) =
(−18)
h2

α′′2
3

(x) =
9

h2

β′′0 (x) =
(24552616362107413149975x)

24552616362107413200896
− 3055862572116797036357h

24552616362107413200896
− (24552616362107413149975xn)

24552616362107413200896

−
(
30944413183647772826037(x− xn)2

)

12276308181053706600448h
+

306(x− xn)3
121h2

−
(
39(x− xn)2

)

12276308181053706600448h

+
306(x− xn)3

121h2
−
(
39(x− xn)4

)

44h3

β′′1
3

(x) =
(53711xn)

2232056032918855745536
− (53711x)

223205603291885574553
− (12490409974538844454)

558014000822971393636384

+
386752759272660488085(x− xn)2

10145709240540253388h
− 123509336457155316143(x− xn)3

202914184810805067776h2

+
117(x− xn)4

44h3

β′′2
3

(x) =
(30279134774693152437h)

1953049028803998777344
+

267x

8718968878589280256
+

267xn
8718968878589280256

−
(
19809287670063099159(x− xn)2

)

12682136550675316736h
+

29085065229854549134(x− xn)3
634068275337658368h2

−117(x− xn)4
44h3

β′′1 =
11235xn

2232056032918855345536
− (11235x)

2232056032918855745536
− 600657870301342339h

1116028016459427872768

+
429070219044025419(x− xn)2

1585267068834414592h
− 104391801689856324273(x− xn)3

101457092405402533888h2

+39
(x− xn)4

44h3





(12)
we obtained the additional methods to be coupled with the main method by evaluating (11) and
(12) at xn , xn+ 1

3
, xn+ 2

3
and xn+1 respectively.
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hy′n+
9

2
yn − 6yn+ 1

3
− 3

2
yn+ 2

3
= h3

(
fn
135

+
7

216
fn+ 1

3
−
fn+ 2

3

270
+
fn+1

1080

)

hy′
n+ 1

3

+
3

2
yn −

3

2
yn+ 2

3
= −h3

(
fn
1080

)
+
fn+ 1

3

60
+
fn+ 2

3

1080

hy′
n+ 2

3

− 3

2
yn + 6yn+ 1

3
− 9

2
yn+ 2

3
= h3

(
29

1080
fn+ 1

3
+
fn+ 2

3

90
− fn+1

1080

)

hy′n+1 −
9

2
yn + 12yn+ 1

3
− 15

2
yn+ 2

3
= h3

(
fn
1080

+
43

540
fn+ 1

3
+

25fn+ 2
3

216
+
fn+1

135

)

hy′′ − 9yn + 18yn+ 1
3
− 9yn+ 2

3
= −h3

(
31fn
270

+
91

360
fn+ 1

3
−

2fn+ 2
3

45
+

11fn+1

1080

)

hy′′
n+ 1

3

− 9yn + 18yn+ 1
3
− 9yn+ 2

3
= h3

(
11fn
1080

+
1

90
fn+ 1

3
−
fn+ 2

3

40
+
fn+1

270

)

hy′′
n+ 2

3

− 9yn + 18yn+ 1
3
− 9yn+ 2

3
= h3

(
−fn
270

+
23

120
fn+ 1

3
+

7fn+ 2
3

45
− 11fn+1

1080

)

hy′′n+1 − 9yn + 18yn+ 1
3
− 9yn+ 2

3
= h3

(
11fn
1080

+
11

90
fn+ 1

3
+

151fn+ 2
3

360
+

31fn+1

270

)





(13)

Equation (10) and (13) are solved using Shampine and watts (1969) bolck formula defined as

Aym = hBF (ym) + eyn + hdfn (14)

Where A = (aij), B = (bij),column vectors e = (e1...er)
T ,d = (d1...dr)

T , ym = (yn + 1...yn+r)
T

and f(ym) = (fn+1...fn+r)
T A,B,D and E from the equations obtained as

A =




1 3 − 3 0 0 0 0 0 0
0 − 6 3

2 0 0 0 0 0 0

0 0 −3
2 0 1 0 0 0 0

1 6 −9
2 0 0 1 0 0 0

1 12 −15
2 1 0 0 0 0 0

0 18 − 9 0 0 0 0 0 0

0 18 − 9 0 0 0 0 1 0

0 18 − 9 0 0 0 0 0 1

0 18 − 9 0 0 0 1 0 0




D =




0
1

135
−1
1080

0

1

1080
−31
270
11

1080
−1
270
11

1080
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B =




1

54

1

54
0

7

216

−1
270

1

1080

− 1

60
− 1

1080
0

29

1080

1

90
− 1

1080
43

540

25

216

1

135

− 91

360

2

45
− 11

1080
1

90
− 1

40

1

270
23

120

7

45
− 11

1080
11

90

151

360

31

270




E =




1 0 0
−9
2
− 1 0

−3
2

0 0

3

2
0 0

9

2
0 0

9 0 0

9 0 0

9 0 0

9 0 0




yn+1 = yn + y′n +
1

2
y′′n +

1

20
fn +

9

80
fn+ 1

3
+
fn+1

240
(15)

yn+ 1
3

= yn +
1

3
y′n +

1

18
y′′n +

19

4860
fn +

7

2160
fn+ 1

3
− 1

810
fn+ 2

3
+
fn+1

3888
(16)

yn+ 2
3

= yn +
2

3
y′n +

2

9
y′′n +

5

2435
fn +

14

405
fn+ 1

3
− 1

135
fn+ 2

3
+

2fn+1

1215
(17)

y′n+1 = y′n + y′′n +
13

120
fn +

3

10
fn+ 1

3
+

3

40
fn+ 2

3
+
fn+1

60
(18)

y′
n+ 1

3

= y′n +
1

3
y′′n +

97

3240
fn +

19

540
fn+ 1

3
− 13

1080
fn+ 2

3
+
fn+1

405
(19)

y′
n+ 2

3

= y′n +
2

3
y′′n +

28

405
fn +

32

135
fn+ 1

3
− 2

135
fn+ 2

3
+

2fn+1

405
(20)

y′′n+1 = y′′n +
1

8
fn +

3

8
fn+ 1

3
+

3

8
fn+ 2

3
+
fn+1

8
(21)

y′′
n+ 1

3

= y′′n +
1

8
fn +

19

72
fn+ 1

3
− 5

72
fn+ 2

3
+
fn+1

72
(22)

y′′
n+ 2

3

= y′′n +
1

9
fn +

4

9
fn+ 1

3
+

1

9
fn+ 2

3
. (23)

ANALYSIS OF THE METHOD

We analyzed the basic properties of this method such as order, error constant, zerotability and
consistency

Equation (10) derived is a discrete scheme belonging to the class of LMMs of the form

k∑

j=0

αjyn+j = h3
k∑

j=0

βjfn+j (24)
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Following Fatunla (1988) and Lambert (1973) we define the local truncation error associated
with equation (24) by the difference operator

L [y(x) : h] =

k∑

j=0

[
αjy (xn + jh)− h3βjf (xn + jh)

]
(25)

where y is an arbitrary function, continuously differentiable on [a,b]. expanding (25) in Taylor
series about the pointx, we obtain the expression

L[y(x) : h] = C0y(x) + C1hy
′(x) + C2h

2y′′(x) + . . .+ Cp+3h
p+3yp+3(x)

where the C0, C1, C2,. . .,. . ., Cp+2 are obtained as

C0 =
k∑

j=0

αj

C1 =
k∑

j=1

jαj

C2 = 1
2!

k∑

j=1

j2αj

Cq = 1
q!




k∑

j=1

jqαj
− q(q − 1)(q − 2)

k∑

j=1

βjj
q−3




By Lambert (1973), equation (24) is of order P if

C0 = C1 = C2 = . . . = Cp = Cp+2 = 0 and Cp+3 6= 0

The Cp+3 6= 0 is called the error constant and Cp+3h
(p+3)(xn) is the principal local truncation

error at the point xn.

Using the concept above; equation (10) has order p = 4 with error constant given by
1

524880
.

ZERO STABILITY OF THE METHOD.

The linear multistep method (24) is said to be zero-stable if no root of the first characteristic
polynomial P(R) has modulus greater than one and if every root of modulus one has multiplicity
not greater than the order of the differential equation.
To analyze the Zero-stability of the method, we present equations (15)-(23) in vector notation
form of the column vectors.
e = (e1 . . . er)

T , e = (d1 . . . dr)
T , ym = (yn+1 . . . yn+r)

T , f(ym) = (fn+1 . . . fn+r)
T and matrices

A = (aij), B = (bij). Thus equations (15)-(23) form the block formular

A0ym = hβF (ym) +A′yn + hdfn

where h is a fixed mesh size within a block, in line with this,

Equations (94)-(102) gives A0 =




1 0 0
0 1 0

0 0 1







yn+ 1
3

yn+ 2
3

yn+1
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A′ =




0 0 1
0 0 1

0 0 1







yn−2
yn−1

yn




B =




9

80
0

1

240
7

2160
− 1

810

1

3888
14

405
− 1

135

2

215







fn+ 1
3

fn+ 2
3

fn+1




A′ =




0 0 1
0 0 1

0 0 1







yn−2
yn−1

yn




A0 =




1 0 0
0 1 0

0 0 1







yn+ 1
3

yn+ 2
3

yn+1




D =




0 0
1

20

0 0
19

4860

0 0
5

2435







fn−2
fn−1

fn




Using the first characteristic polynomial of the block hybrid method which is given below;

ρ(R) = det
(
RA0 −A′

)
(26)

where:

A0 =



1 0 0
0 1 0
0 0 1




A1 =



0 0 1
0 0 1
0 0 1




Substituting A0 and A′ in equation (26) and solving for R, the values of R are obtained as 0 and
1. According to Fatunla (1988,1991), the block method equations (15)-(23) are zero-stable, since
from (26), ρ(R) = 0, satisfy |Rj | ≤ 1, j = 1 and for those roots with |Rj | = 1,the multiplicity
does not exceed three.

CONSISTENCY OF THE METHOD

The LMM (24) is said to be consistent if it has order P ≥ 1 and the first and second characteristics
polynomials which are defined as

P (R) =
k∑

j=0

αj .R
j
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σ(R) =
k∑

j=0

β.Rj

where R, the principal root satisfy the following conditions

(I).
k∑

j=0

= 0, αj = 0

(II). P (1) = P ′ = 0

(III). P ′′′(1) = 3!σ(1)

The scheme (10) derived is of order p = 4 > 1 and it has been investigated to satisfy conditions
(I)-(III). Hence, the schemes are consistent.

CONVERGENCY OF THE METHOD

According to the theorem of Dahlquist’, the necessary and sufficient condition for a LMM to be
consistent and zero-stable. Since the method satisfies the two conditions, it is convergent.

4 Numerical Examples

We consider two problems to illustrate the method.

Problem 1 (A constant coefficient homogeneous problem)(Anake et al(2013))
y′′′ + y′ = 0

y(0) = 0, y′0 = 1, y′′(0) = 2

h = 0.1
Exact solution :y(x) = 2(1− cosx) + sinx.

Problem 2 ( An Application of a stiff problem. R.B Adeniyi)
y′′′ + 100y′′ + y = 102ex + e−x

y(0) = 2, y′(0) = −99, y′′(0) = 1001
y(x) = ex + e−100x

h = 0.00001

Table of Results

TABLE 1: Results for Problem 1
x Exact solution New method ERROR IN ERROR IN

v = 1
3

and 2
3

ANAKE ALGORITHM NEW METHOD
0.1 0.109825086090778 0.109825086087200 1.6088X10−9 3.578X10−12

0.2 0.238536175112581 0.238536175088003 1.0387X10−8 2.4578X10−11

0.3 0.384847228410130 0.384847228327528 2.9572X10−8 8.2602X10−11

0.4 0.547296354302880 0.547296354103286 2.3147X10−7 1.99594X10−10

0.5 0.724260414823453 0.724260414424058 4.542X10−7 3.99395X10−10

0.6 0.913971243575675 0.913971242868417 1.4746X10−6 7.07258X10−10

0.7 1.114533312668710 1.114533311519410 2.8734X10−6 1.1493X10−9

0.8 1.323942672205190 1.323942670453200 4.6826X10−6 1.75199X10−9

0.9 1.540106973086150 1.540106970544610 6.9217X10−6 2.5415400X10−9

1.0 1.760866373071620 1.760866369528270 9.5974X10−6 3.54335X10−9

Foot note: v is the off-step point
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TABLE 2:Results for problem 2
x Exact solution New Method ERROR OF

v =
1

3
and v =

2

3
New Method

0.00001 1.990149838749340 1.99010498837507 4.485037427X10−5

0.00002 1.980398693308080 1.98021988727410 1.7880603398X10−4

0.00003 1.970745578553010 1.970344598104240 4.0098044877X10−4

0.00004 1.961189519162990 1.960479023254490 7.104959085X10−4

0.00005 1.951729549521550 1.950623066085900 1.10648343565X10−3

0.00006 1.942364713620260 1.940776630921910 1.58808269835X10−3

0.00007 1.933094064963130 1.930939623038760 2.15444192437X10−3

Foot note: v is the off-step point

5 Conclusion

The development of continuous hybrid scheme for the numerical solution of third order Ordinary
Differential Equations has been presented . This was achieved by collocation and interpolation
techniques with some constructed orthogonal polynomials as basis function. The methods were
analyzed for consistency , zero-stability and hence for convergence . It exhibit this desirable
properties of a useful numerical interpolation scheme. Two problems were considered for exper-
imentation with the proposed scheme,these includes a stiff problem. The resulting numerical
evidence show that they compare favourably with existing methods.
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Abstract: The dynamical system that defines the interaction between two competing legume,
for a limited resource is defined. By using O.D.E 45 numerical simulation we have studies func-
tional Analysis properties on a differential effect of the intrinsic growth rate on the biodiversity
scenario. The full results of this study are presented and discussed quantitatively.

Keywords: Numerical simulation, logistic, model equation biodiversity, intrinsic growth rate.

1 Introduction

Following Chidume [1] and Hansel [2], a metric space is a pair (X, d), where X is a set and d is
a metric on X (or a distance function on X), that is, a function defined on X ×X such that for
all x, y, z ∈ X we have:

1. d(x, y) ≥ 0 (i.e. d is real valued, finite and non-negative);

2. d(x, y) = 0 if and only if x = y;

3. d(x, y) = d(y, x) (symmetry);

4. d(x, y) ≤ d(x, z) + d(z, y) (Triangle inequality).

From axiom (4) we obtain by induction the generalized triangular inequality:

d(x1, xn) ≤ d(x1, x2) + d(x2, x3) + . . .+ d(xn−1, xn) ∀x1, x2, . . . , xn ∈ X.

A subspace (Y, d) of (X, d) is obtained if we take a subset Y ⊂ X and restrict d to Y × Y .

For the purpose of this simulation study, we shall consider the real line R taken with the usual
metric d(a, b) = |a− b|.

One of the processes of understanding the interaction between two legume such as cowpea and
groundnut depend on the construction of a deterministic mathematical model that has the struc-
ture of a logistic model formation this model is defined by two intrinsic growth rate parameter
values, two intra-species coefficient; initial condition and the length of the growing season. Fol-
lowing Ekaka-a [3] and Ekaka-a et al. [4], Atsu and Ekaka-a, [5], De Mazancourt et al. [6],
Ekaka-a et al. [7], Troost, Kori and Koo, Sam [8], Ford, Lumb and Ekaka-a [9]. The study of
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the effect of a model parameter variation on biodiversity is an ongoing active area of research.

In this study, we are interested to find how we link metrics space properties and numerical
analysis. We have reviewed over forty models on biodiversity after acquiring experience in linear
algebra, metric space, differential equation and functional analysis.

Following the recent application of numerical simulation to model biodiversity, we have come
to observe that the mathematical technique of a numerical simulation which is rarely been ap-
plied to interpret the extent of biodiversity loss and biodiversity gain is an important short term
and long term quantitative scientific process. We will expect the application of numerical sim-
ulation to model biodiversity considering the metrics space properties. However, something is
missing. We find a gap on the limited aspect. How are the two data set responding to metric
formation? They must satisfy symmetric and triangle inequality properties before using it to
make predictions. Predictions deem not to be complete without it depending on the property of
functional analysis. For the effect or impact to be deem correct it must depend on something.
So the effect of differential parameter values which have occurred will hold if the property of the
metric are satisfied for a stronger argument on the link between functional analysis and model
predictions. If the effect is only calculated without the inclusion of a metric function parameter-
ization, it may not lead to a useful philosophy and mathematical thinking on the link between
functional analysis and numerical simulation result which have been neglected in most mathe-
matical literature. It is against this background therefore, we want to take up the challenge of
modeling the link between a metric function and Biodiversity loss.

2 Main Discussion

2.1 Method of Analysis

To provide an empirical prove of the link between metric function and biodiversity loss, we shall
utilize the application of Ordinary differential equation of order 45 (ODE 45).

2.2 Mathematical Forumulation

Following Ekaka-a et al. [10], we shall consider a continuous dynamical system of non-linear first
order ordinary differential equation having the following logistic mathematical model structure:

dc(t)

dt
= α1c(t)−B1c

2(t) (1)

dg(t)

dt
= α2c(t)−B2g

2(t) (2)

with the initial conditions:
c(0) = c0 > 0 (3)

g(0) = g0 > 0 (4)

where:
c(t) defines the biomass of the cowpea legume at time t in the unit of days,
g(t) defines the biomass of groundnut at legume at time t in the unit of days,
α1 defines the intrinsic growth rate of the cowpea legume,
α2 defines the intrinsic growth rate of groundnut,
B1 and B2 define the intra-competition coefficients.

Following Ekeka-a et al. [10] we have utilized the following parameter values: α1 = 0.0225,
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α2 = 0.0446, B1 = 0.006902, B2 = 0.0133. The length of the growing season is in the unit of
days.

2.3 Results

The full results of this present study are presented as displayed on Table 1 – Table 3. The first
column data represent the cowpea biomass when all the model parameter values are fixed. The
second column data represent t the cowpea biomass when only the intrinsic growth rate model
parameter values are varied. The third column data represent the effect of the second column
data otherwise called the perturbed data on the first column data otherwise called the original
data. The fifth column data represent the groundnut biomass when only the intrinsic growth
rate model parameter values are varied. The sixth column data represent the effect of the fifth
column data otherwise called the perturbed data on the fourth column data otherwise called the
original data.

Table 1. Quantifying the effect of Symmetric property on decreasing the intrinsic growth rates
of two interacting cowpea and groundnut by 10 percent on biodiversity loss: length of growing

season is ten (10) months.

Table 2. Quantifying the effect of Symmetric property on decreasing the intrinsic growth rates
of two interacting cowpea and groundnut by 99.8 percent on biodiversity loss: length of

growing season is ten (10) months.
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Table 3. Quantifying the effect of Symmetric property on increasing the intrinsic growth rates
of two interacting cowpea and groundnut by 150 percent on biodiversity loss: length of growing

season is ten (10) months.

Table 4. Quantify, verifying and establishing the link between triangle inequality property of a
metric function and biodiversity loss.

2.4 Discussion of results

Since the length of the growing season is consistent with ten (10) months, the decreased vari-
ations of the intrinsic growth rates of the cowpea and groundnut have predicted biodiversity
loss whereas the increased variation of the intrinsic growth rates of the cowpea and groundnut
has predicted biodiversity gain. In obtaining these results, the functional analysis properties of
a metric were considered; hence providing an empirical proof on the link between a functional
analysis property (a metric space) and numerical simulation of biodiversity loss.

These observation are so because the estimated biodiversity loss Scenario are based on pairs
of data that satisfied the symmetrical and triangular inequality properties that are defined on
the real line, R. It is important to know that the numerical prediction of a biodiversity loss or
gain cannot be considered to be informative without linking biodiversity loss or gain scenarios
to its functional analysis implication.

Conclusion: In this study, we have applied the method of a numerical method (ODE 45
simulation modeling) on metrics space properties on to predict biodiversity loss due to a de-
creased variation of the intrinsic growth rates together and also predict biodiversity gain due to
an increased variation of the intrinsic growth rates together. Modeling the link between inner
product space and Minkowski’s inequality and numerical simulation together with the effective
calculation of the interval of the growth rates where biodiversity loss changes to a biodiversity
gain remains to be an open problem that we would consider in our next research investigation.
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Abstract: In this study, we considers the mathematical model of a tuberculosis disease with
resistance to the first line of treatment, taking into consideration population of childhood and
Adults. We considered six different compartment (S1S2EIRHR), an extension of SEIR model
by introducing two different susceptible class (S1S2) and drug resistance(RH) to the first line of
treatment. The system were described by an ordinary differential equations, which was solved al-
gebraically to obtained the equilibrium points (disease free and endemic equilibrium point).The
next generation matrix was employed to evaluate the basic reproduction number and column
reduction matrix to get the local stability of the systems. At the end it was observed that the
disease free equilibrium is locally asymptotically stable.

Keywords: Tuberculosis, Resistance to Drug, Basic Reproduction number, Disease free Equi-
librium, Endemic Equilibrium, Stability.

1 Introduction

Tuberculosis (TB) is a disease caused by bacteria that are spread through the air from person to
person. If not treated properly, TB disease can be fatal. People infected with TB bacteria who
are not sick can take medication to prevent TB disease from developing in the future (World
Heath Organisation). According to World Health Organisation 2016 [1], Nigeria is among the
14 high burden countries for TB. The country is ranked seventh among the 30 high TB burden
countries and second in Africa. The problem of TB in Nigeria has been made worse by the issues
of drug resistant TB and the HIV/AIDS epidemic.It is estimated that 407,000 people in Nigeria
have TB each year. This is the estimated number of HIV negative people. In addition there
are an estimated 63,000 HIV positive people that get TB each year. An estimated 115,000 HIV
negative people die from TB in Nigeria each year and an estimated 39,000 HIV positive people
also die. It is difficult to appreciate what it means for 154,000 people to be dying each year from
TB.

In 2017 only 104,904 TB cases were detected out of an estimated 407,000 of all TB cases expected
to be detected in 2017. This indicates a treatment coverage of just 25.8 per cent. This leaves
a gap of 302,096 cases which were either undetected or detected but the cases were not notified
especially in “non DOTS sites”. According to the World Health Organisation Nigeria is among
the ten countries that account for 64% of the global gap in TB case finding. India, Indonesia and
Nigeria account for almost half of the total gap. A total of just 1,783 drug resistant TB cases
were notified out of an estimated 5,200.
In 2018, The Federal Ministry of Health has declared a year to accelerate finding and notification
of TB cases in Nigeria. The huge gap in TB case finding is much higher among children aged

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 164



zero to 14 with a child proportion of seven per cent for 2017. in order to improve the TB case
finding Nigeria has added active case-finding in key affected populations. The health minister
said this included people living with HIV, children, urban slum dwellers, prisoners, migrants,
internally displaced people and facility based health care workers.Over 11,500 TB cases were
detected through active house to house case searching in 2017 (Annabel Kanabus 2020). Al-
though this is a useful initiative, the number of TB cases detected is a small percentage of the
missing 300,000 cases of TB in Nigeria. It is estimated by the WHO that 30,000 children get
TB in Nigeria each year. There are also 47,000 children that are eligible to receive preventa-
tive treatment, that would help to prevent them from getting TB. However, only about 8,500
children actually receive this preventative treatment. Many researchers as work on dynamics of
tuberculosis, but only few has as work on dynamics of tuberculosis disease with resistance to drug.

The first tuberculosis model was developed by Waaler and Anderson [2] in 1967, they use math-
ematical model to study the epidemiology of tuberculosis disease. Luju and Yan [3] study the
mathematical model of tuberculosis with two latent periods and treatment interruptions. In 2016
M. Ronohn et al [4] considered mathematical model of tuberculosis disease with drug resistance
effect an SEIRR model, he failed to consider the age group factor of the population and also the
effect of each parameters was not considered (sentivity Analysis).Okuonghae and Omisigho [5]
2011 consider a Tuberculosis disease with two susceptible individual based on level of Awareness.
2016 Okuonghae and Ikhimwin [6] consider the dynamic of a mathematical model for tuberculosis
with variability in susceptibility and disease progression due to difference awareness level.

2 Model Formulation

In this section, we introduce a nonlinear tuberculosis (TB) model with resistance to the first line.
The entire population is classified into five classes: susceptible (S), exposed (E), infectious (I),
resistance to drug treatment (RH) and recovered (R). The susceptible class was further divided
into two age groups: childhood (S1) and Adults (S2). It is assumed that the only way of exit
or death is through the natural death µ or death from the tuberculosis disease ε. The member
of susceptible classes (S1) and (S2) move to the exposed class (E) due to infection at the rate of
α and β. The member of exposed class moves to infectious class (I) due to lack of treatment or
immunity at the rate of σ, while member of infectious class moves either to the recovery class
after the first treatment or resist the first line of treatment and moves to drug resistance class
(RH), then after multiple treatment, the drug resistance class (RH) moves to recovery (R).
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2.1 Model Diagram

2.2 System of the Equations

dS1
dt

= πρ− µS1 − ωS1 − βIS1 (1)

dS2
dt

= (1− π)ρ+ ωS2 − µS2 − αIS2 (2)

dE

dt
= βIS1 + αIS2 − µE − σE (3)

dI

dt
= σE − (µ+ τ)I − δI − γI (4)

dRH
dt

= δI − (µ+ τ)RH (5)

dR

dt
= γI + τRH − µR (6)

Table 1: Description of State Variables
varables Description
S1(t) Susceptible Child
S2(t) Susceptible Adult
E(t) Exposed Human
I(t) Infected Human
RH(t) Resistant to the first line of treatment
R(t) Recovered Human
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Table 2: Descriptions of Parameters
Parameters Description

πρ Recruitment rate from the childhood
(1− π)ρ Proportion of the Adult

µ Natural death rate for the various compartment
β Transmission rate of tuberculosis from the child
ω Rate Child from to the Adulthood
α Transmission rate of tuberculosis from the Adult
σ Rate of human moving from the exposed class to the infectious class
δ Rate of human resistance to the first line of treatment
ε Death rate due to the tuberculosis disease
γ Recovering rate
τ Recovering rate after several treatment due to the drug resistance

3 Model Analysis

3.1 Existence, Uniqueness and Boundedness of the systems

Theorem 3.1 For any initial value p ∈ R6, system (1) to (6) above has a unique nonnegative
solution through the given initial value.

Proof.
N(t) = S1(t) + S2(t) + E(t) + I(t) +RH(t) +R(t) (7)

dN(t)

dt
=
dS1(t)

dt
+
dS2(t)

dt
+
dE(t)

dt
+
d1(t)

dt
+
dRH(t)

dt
+
dR

dt

By adding all the equation (1)to (6) above,

dN(t)

dt
= ρ− µN(t)− εI − θRH ≤ ρ− µN(t)

dN(t)

dt
≤ ρ− µN(t) (8)

It is mostly clear that if N ≥ ρ
µ and dN(t)

dt < 0 , then all the solution is of the equation (1) to (6)
with non-negative initial value are bounded and exit on the interval [0,+∞]

3.2 Positivity of the solution

For the model to be epidemiologically meaningful and well posed, we need to prove that all state
variable are nonnegative i.e ∀ t ≥ 0

Theorem 3.2 Let

Ω =[(S1, S2, E, I, RH , R) ∈ R6 : S1 + S2 + E + I +RH +R

=ρ− µN(t)− εI − θRH ],

then the solution (S1(t), S2(t), E(t), I(t), RH(t), R(t)) of the system are positive ∀ t ≥ 0

Proof. For (S1(0) ≥ 0, S2(0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, RH(0) ≥ 0, R(0) ≥ 0) then,

dS1
dt
≤ πρ− (µ+ ω)S1 (9)

S1(t) ≤
πρ

µ+ ω
+ c e−(µ+ω)t (10)
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Applying the initial condition

t = 0

S1(t) ≤
πρ

µ+ ω
+ c

as t→∞

S1(t) ≤
πρ

µ+ ω

Therefore,
0 ≤ S1 ≤

πρ

µ+ ω

Using this same approach for equation (2) to (6), then we have

S2(0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, RH(0) ≥ 0, R(0) ≥ 0)

3.3 Equilibrium Points

To obtain the equilibrium points for the systems of differential equation above by equating each
of the equations (1) to (6) to zero.

πρ− µS1 − ωS1 − βS1 = 0 (11)

(1− π)ρ+ ωS1 − µS2 − αIS2 = 0 (12)

βIS1 + αIS2 − µE − σE = 0 (13)

σE − (µ+ ε)I − δI − γI = 0 (14)

δI − (µ+ τ)RH = 0 (15)

γI + τRH − µR = 0 (16)

The calculating results will be in two equilibrium points, one being the Disease free equilibrium
(DFE), while the other being the Endemic equilibrium.

3.3.1 Disease free equilibrium point:

The disease free equilibrium of the model is given as

D0
f = (S0

1 , S
0
2 , E

0, I0, R0
H , R

0)

From equation(11)to(16), then,

D0
f =(S0

1 , S
0
2 , E

0, I0, R0
H , R

0

=

(
πρ

(µ+ ω)
,
(1− π)ρ(µ+ ω) + πρω

µ(µ+ ω)
, 0, 0, 0, 0

)
(17)
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3.3.2 Endemic equilibrium

The endemic equilibrium of the model is given as:

D∗
f = (S∗

1 , S
∗
2 , E

∗, I∗, R∗
H , R

∗)

From equation(11)to(16), then,
Let

a = βI, b = αI, k1 = (µ+ ω + a), k2 = (µ+ b), k3 = (µ+ σ), k4 = (µ+ ε+ δ + γ), k5 = (µ+ τ)

The equation (11)to(16) becomes

k1S1 = πρ (18)

ωS1 − k2S2 = (π − 1)ρ (19)

aS1 + bS2 − k3E = 0 (20)

σE − k4I = 0 (21)

δI − k5RH = 0 (22)

γI + τRH − µR = 0 (23)

Then,

S∗
1 =

πρ

k1
(24)

S∗
2 =

ωπρ− k1(1− π)ρ

k1k2
(25)

E∗ =
ak2πρ+ b(ωπρ− k1(1− π)ρ)

k1k2k3
(26)

I∗ =
σ[ak2πρ+ b(ωπρ− k1(1− π)ρ)]

k1k2k3k4
(27)

R∗
H =

σδ[ak2πρ+ b(ωπρ− k1(1− π)ρ)]

k1k2k3k4k5
(28)

R∗ =
(τσδ + γσk5)(ak2πρ+ b(ωπρ− k1(1− π)ρ)

µk1k2k3k4k5
(29)

3.4 Basic Reproduction number (R0) for DFE

This is defined as the average number of secondary infections caused by infected individual in a
whole population. This can be computed by the method of next generation matrix applied to
the equation (3), (4) and (5), and by taking the largest eigenvalue (spectral radius) of FV −I .

Where F is the matrix of infectious rate, defines as ∂Fi(xi)
∂(xi)

and V is the matrix of transition

rate, defines as ∂Vi(xi)
∂(xi)

.

Consider the system in equation (3), (4) and (5) above

dE

dt
=βIS1 + αIS2 − µE − σE

dI

dt
=σE − (µ+ ε)I − δI − γI

dRH
dt

=δI − (µ+ τ)RH
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F =




0 βS1 + αS2 0
0 0 0
0 0 0




V =




(µ+ σ) 0 0
−σ (µ+ ε+ γ + δ) 0
0 −δ (µ+ τ)




V −1 =




1
(µ+σ) 0 0

σ
(µ+σ)(µ+ε+γ+δ)

1
(µ+ε+γ+δ) 0

σδ
(µ+σ)(µ+ε+γ+δ)(µ+θ+τ)

δ
(µ+ε+γ+δ)(µ+θ+τ)

1
(µ+θ+τ)




FV −1 =




(βIS1+αIS2)σ
(µ+σ)(µ+ε+γ+δ)

(βIS1+αIS2

(µ+ε+γ+δ) 0

0 0 0
0 0 0




The spectral radius of

R0 = ρ(FV −1) =
(βIS1 + αIS2)σ

(µ+ σ)(µ+ ε+ γ + δ)
(30)

R0 =
(µβ + ωα)πρσ + (µ+ ω)(1− π)ρασ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)
(31)

3.5 Stability Analysis for Disease free equilibrium

In order for us to established the stability of the disease free equilibrium, some certain condition
must be meet, either the disease will be totally eradicated or not from the population. We
considered both local and global stability of the disease free equilibrium.

3.5.1 Local Stability of the disease free equilibrium

Theorem 3.3 The disease free equilibrium of the system (1) to (6) is locally asymptotically
stable if R0 < 1 and unstable if R0 > 1 or the disease free equilibrium is locally stable if and only
if all the eigenvalues of the jacobian matrix of the systems are all negatives.

Proof. By Jacobian we obtain the matrix of the system at the disease free equilibrium points.

J =




−(µ+ ω) 0 0 −πβρ
(µ+ω) 0 0

ω −µ 0 −αρ(µ+ω−µπ)
µ(µ+ω) 0 0

0 0 −(µ+ σ) 0 0 0

0 0 σ (µ+ ε+ γ + δ) 0 0

0 0 0 δ −(µ+ τ) 0

0 0 0 γ τ −µ




(32)
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Using column reduction of a matrix, the above matrix becomes

J =




−(µ+ ω) 0 −πσβµρ(µ+τ)
(µ+ω)

−πβµρ(µ+τ)
(µ+ω) 0 0

ω −µ −αρ(µ+τ)(µ+ω−µπ)
(µ+ω)

−αρ(µ+τ)(µ+ω−µπ)
(µ+ω) 0 0

0 0 −µ(µ+ σ)(µ+ τ)(µ+ ε+ γ + δ) 0 0 0

0 0 0 −(µ+ τ)(µ+ ε+ γ + δ) 0 0

0 0 0 0 −µ(µ+ τ) 0

0 0 0 0 0 −µ




Since the resulting matrix is an upper triangular matrix, then the eigenvalues are the diagonal
entries of the matrix.

λ1 = −(µ+ ω), λ2 = −µ, λ3 = −µ(µ+ σ)(µ+ τ)(µ+ ε+ γ + δ),

λ4 = −(µ+ τ)(µ+ ε+ γ + δ), λ5 = −µ(µ+ τ), λ6 = µ

From the above results, the disease free equilibrium of the model is locally asymptotically stable
since all the eigenvalues are all negatives.

Alternatively,
Consider the basic reproduction number R0 as in equation (31), for the system to be locally
asymptotically stable we need to show that

R0 =
(µβ + ωα)πρσ + (µ+ ω)(1− π)ρασ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)
< 1

Using the parameters in table 4 below, we find out that R0 = 0.2604814805 which is less than 1.
Hence the disease free equilibrium of the model is local asymptotically stable.

3.6 Sensitivity Analysis

Sensitivity analysis of the system of the differential equation above is defined as the derivatives of
the solution with respect to the parameters. The sensitivity analysis serves two main purposes.
On one hand, the sensitivities are diagnostics of the model which are useful for understand how
it will change in accordance with changes in the parameters. In order for us to compute the
sensitivity index of the above system, we use the partial derivatives of R(0) with respect to each
parameter. i.e

γR0
µ =| ∂R0

∂µ
× µ

R0
|

Proposition 3.1 Given that

R0 =
(µβ + ωα)πρσ + (µ+ ω)(1− π)ρασ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)

then,

γR0
π ρ =

∂R0

∂πρ
× πρ

R0
=

(µβ + ωα)σ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)
× πρ

R0
(33)
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γR0

(1−π)ρ =
∂R0

∂(1− π)ρ
× (1− π)ρ

R0
=

ασ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)
× (1− π)ρ

R0
(34)

γR0
µ =

∂R0

∂µ
× µ

R0
=

[
πρβσ + (1− π)ρασ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)

− (µβ + ωα)πρσ + (µ+ ω)(1− π)ρασ

µ2(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)
− (µβ + ωα)πρσ + (µ+ ω)(1− π)ρασ

µ(µ+ σ)(µ+ ω)2(µ+ ε+ γ + δ)

− (µβ + ωα)πρσ + (µ+ ω)(1− π)ρασ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)2

]
× γ

R0

(35)

γR0
ω =

∂R0

∂ω
× ω

R0
=

[
πρασ + (1− π)ρασ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)

− (µβ + ωα)πρσ + (µ+ ω)(1− π)ρασ

µ(µ+ σ)(µ+ ω)2(µ+ ε+ γ + δ)

]
× ω

R0

(36)

γR0
β =

∂R0

∂β
× β

R0
=

[
πρσ

(µ+ σ)(µ+ ε+ γ + δ)

]
× β

R0
(37)

γR0
α =

∂R0

∂α
× α

R0
=

[
πρωσ + (µ+ ω)(1− π)

µ(µ+ σ)(µ+ ε+ γ + δ)

]
× α

R0
(38)

γR0
σ =

∂R0

∂ω
× σ

R0
=

[
(µβ + ωα)πρ+ (µ+ ω)(1− π)ρα

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)

− (µβ + ωα)πρσ + (µ+ ω)(1− π)ρα

µ(µ+ σ)2(µ+ ω)(µ+ ε+ γ + δ)

]
× σ

R0

(39)

γR0
δ =

∂R0

∂δ
× δ

R0
=

[
−(µβ + ωα)πρσ + (µ+ ω)(1− π)ρασ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)2

]
× δ

R0
(40)

γR0
ε =

∂R0

∂ε
× ε

R0
=

[
−(µβ + ωα)πρσ + (µ+ ω)(1− π)ρασ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)2

]
× ε

R0
(41)

γR0
γ ε =

∂R0

∂γ
× γ

R0
=

[
−(µβ + ωα)πρσ + (µ+ ω)(1− π)ρασ

µ(µ+ σ)(µ+ ω)(µ+ ε+ γ + δ)2

]
× γ

R0
(42)
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Table 4: Parameter values
Parameter Value Unit Reference

πρ 0.25 Person per year A.A Momoh and A Tahir (2015)
(1− π)ρ 0.75 Person per year Assumed

µ 0.0241 Per year D. Okuonghae (2013)
ω 0.01 Per year Assumed
β 8.557 Per year D. Okuonghae (2013)
α 1.5 Per year D. Okuonghae (2013)
σ 0.001 Per year A.A Momoh and A Tahir (2015)
δ 0.32 Per year Assumed
ε 3.65 Per year Assumed
γ 7.5 Per year Assumed
τ 1.5 Per year D. Okuonghae (2013)

Table 5:
Parameter Value Security Value

πρ 0.25 0.3894544033
(1− π)ρ 0.75 0.6105455968

µ 0.0241 -0.1812390091
ω 0.01 -0.01498301404
β 8.557 0.2254614952
α 1.5 0.774536313
σ 0.001 0.9601593627
δ 0.32 -0.02736422641
ε 3.65 -0.3121232075
γ 7.5 -0.6413490565

3.7 Numerical Solution of the Model

The numerical simulation were carried out with Maple 17 using the parameter values in table 4
above
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4 Conclusion

A model of six compartment was developed. The equilibrium point of the model was calculated
(Disease free and Endemic Equilibrium). The local stability were obtained and analysised based
on the basic reproduction number of the model and it was observed that the model is locally
asymptotically stable. The sensitivity analysis show that the most sensitivity parameter is the
contact rate σ (The rate at which the human get infected with the tuberculosis).
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Abstract: In this paper, the finite difference method is employed to discretize the partial differ-
ential equation (PDE) through replacement of the PDE by a difference equation to be satisfied
by the values of the vector of unknowns x at a finite set of points in the domain of the indepen-
dent variable. This discretisation ultimately results in an associated linear system of equations
Ax = b, where A is an n-square matrix, b is an n × 1 column vector and x is the vector of un-
knowns. A large body of iterative methods for solving such linear systems abound, and several of
them have been studied in order to improve on their robustness, convergence and suitability for
specialised systems. One of such methods is the Accelerated Overrelaxation(AOR). The AOR is
a two-parameter generalization of the classical Jacobi, Gauss-Seidel and Successive Overrelax-
ation (SOR) methods for the iterative solution of the linear system Ax = b. Here, the basics
of the AOR method is established, suitable values are assigned to the parameters involved, and
the method is applied to solve some partial differential equations of elliptic type. Results of
numerical experiments proved the effectiveness of the method.

Keywords: Accelerated Overrelaxation Method, Iterative Method, Elliptic Partial Differential
Equation, L-matrix, spectral radius.
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1 Introduction

The numerical solution of partial differential equations (PDEs) more often than not involves
discretization; this entails the approximation of the PDEs by equations that involve a finite
number of unknowns. The finite difference method (FDM) is one simple method of discretizing a
PDE; it involves replacement of the PDE by a difference equation which must be satisfied by the
values of the unknown function x at a finite set of points in the domain Ω[7]. Using this method,
the domain is divided into a finite number of nodes or meshpoints, where each node is assigned
a unique identifier based on its position in the mesh. The approximation of partial derivatives
by finite differences more often than not leads to an associated linear system of equations

Ax = b (1)

where A = (aij) ∈ Rn×n is a nonsingular matrix with nonvanishing diagonal elements, and
where x ∈ Rn and b ∈ Rn are respectively vectors of unknown and preassigned variables. We
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also consider the usual splitting of A = D − LA − UA such that

Dij =





Aij , if i = j;

0, otherwise.
− LAij

=





Aij , if j < i;

0, otherwise.
− UAij

=





Aij , if j > i;

0, otherwise.

For simplicity, we impose the normalization D−1Ax = D−1b on (1) such that A = I − L − U ,
where I is the identity matrix, and −L and −U are respectively the strictly lower and strictly
upper triangular matrices.
To approximate the solution of the linear system (1) we can use the Accelerated Overrelaxation
(AOR) iterative method introduced by Hadjidimos in [2]. The iteration matrix of the AOR
method, denoted by Lr,ω, is defined by

Lr,ω = (I − rL)−1[(1− ω)I + (ω − r)L+ ωU ] (2)

where r and ω( 6= 0) are scalars called acceleration and overrelaxation parameters respectively.
It is well-known that for specific values of the parameters r and ω, the following standard
methods can be obtained as special cases of the AOR: Jacobi (L0,1), Gauss-Seidel (L1,1), Jacobi
overrelaxation (JOR) (L0,ω) and successive overrelaxation (SOR) (Lω,ω). Therefore, the AOR
method is a two-parameter generalization of the most popular basic iterative methods. A basic
iterative method is a one-step method of the form x(n) = Gx(n−1)+k where for some nonsingular
matrix Q we have G = I−Q−1A and k = Q−1b. But the AOR method, except for the case r = 0,
is essentially a one-parameter extrapolation of the SOR (ESOR) method with overrelaxation r
and extrapolation ω [2].

Lr,ω = sLr,r + (1− s)I (3)

With specific conditions imposed on the coefficient matrix A, and some restrictions on the pa-
rameters r and ω, Hadjidimos in [2] established convergence of AOR for three cases: irreducible
matrices with weak diagonal dominance, L-matrices and consistently ordered matrices. In [3]
convergence of AOR was extended to cover any real-valued equation system. It is known that
the AOR is a fast converging method in relation to SOR; however, its convergence rate can
be improved so as to appeal to its applicability in industry. In this light, several researchers,
[1], [4-11], have made significant contributions. This present work is an attempt to employ the
AOR iterative method to approximate the solution of sparse linear systems arising from the
discretisation of self-adjoint partial differential equations of elliptic type.

2 MATERIALS AND METHODS

Let us consider the linear self-adjoint elliptic partial differential equation

∇2u = −1 (4)

u = 0, |x| = 1, |y| = 1 (5)

defined in the unit square, |x| ≤ 1, |y| ≤ 1.
To solve (4), a square mesh of vertical and horizontal lines with mesh spacing h = 1/4 in both the
vertical and horizontal directions is super imposed over the square region 0 ≤ x ≤ 1, 0 ≤ y ≤ 1.
This results in 9 internal points and 16 boundary points as shown in Figure 1.
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Figure 1 Discretisation of square region |x| ≤ 1, |y| ≤ 1 with 4× 4 density

At each interior point of the region, the partial derivatives ∂2u
∂x2 and ∂2u

∂y2
appearing in equation (4)

are replaced by the standard second order three-point central difference quotients (ui+1,j−2ui,j +
ui−1,j)/h

2 and (ui,j+1 − 2ui,j + ui,j−1)/h
2 respectively. Thus the finite difference approximation

to equation (4) at each interior grid point is given by

(x+ 1)[
(ui+1,j − 2ui,j + ui−1,j)

h2
] + (y2 + 1)[

(ui,j+1 − 2ui,j + ui,j−1)

h2
] + ui,j = −1. (6)

i.e.

[2(x+ y2 + 2)− h2]ui,j − (x+ 1)ui+1,j − (x+ 1)ui−1,j

− (y2 + 1)ui,j+1 − (y2 + 1)ui,j−1 = h2

At the interior points u11, u21, u31, u12, u22, u32, u13, u23 and u33 the values of (x, y) are respec-
tively ((−1)/2, (−1)/2), (0, (−1)/2), (1/2, (−1)/2), ((−1)/2, 0), (0, 0), (1/2, 0), ((−1)/2, 1/2),
(0, 1/2), (1/2, 1/2).
The known boundary values are u01 = 0, u01 = 0, u20 = 0, u41 = 0, u30 = 0, u02 = 0, u42 = 0,
u03 = 0, u14 = 0, u24 = 0, u43 = 0, u34 = 0. Equation (7) is applied at each interior point to
obtain the following linear system

4u11 − u21 − u01 − u12 − u10 = 1
16

4u21 − u31 − u11 − u22 − u20 = 1
16

4u31 − u41 − u21 − u32 − u30 = 1
16

4u12 − u22 − u02 − u13 − u11 = 1
16

4u22 − u32 − u12 − u23 − u21 = 1
16

4u32 − u42 − u22 − u33 − u31 = 1
16

4u13 − u23 − u03 − u14 − u12 = 1
16

4u23 − u33 − u13 − u24 − u22 = 1
16

4u33 − u43 − u23 − u34 − u32 = 1
16





.
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The known boundary values are further substituted into (8) to obtain the matrix vector notation
Ax = b 



4 −1 0 −1 0 0 0 0 0
−1 4 −1 0 −1 0 0 0 0
0 −1 4 0 0 −1 0 0 0
−1 0 0 4 −1 0 −1 0 0
0 −1 0 −1 4 −1 0 −1 0
0 0 −1 0 −1 4 0 0 −1
0 0 0 −1 0 0 4 −1 0
0 0 0 0 −1 0 −1 4 −1
0 0 0 0 0 −1 0 −1 4







u11
u21
u31
u12
u22
u32
u13
u23
u33




=




1
16
1
16
1
16
1
16
1
16
1
16
1
16
1
16
1
16




(7)

Then the linear system (9) is expressed in matrix vector notation D−1Ax = D−1b, for the AOR
method (2) to be applied. The spectral radius of the AOR method is computed for various values
of acceleration and overrelaxation parameters r and ω and the results are compared with those
of the SOR method.

3 RESULTS AND DISCUSSION

Table I Spectral radii of AOR and SOR iteration matrices for various values of r and ω
ω r ρ(Lr,ω) ρ(Lsor)

0.1 0.2 0.9684428864 0.9696286079
0.2 0.3 0.9342686035 0.9368857754
0.3 0.4 0.8970329252 0.9014029066
0.4 0.5 0.8561552823 0.8627105745
0.5 0.6 0.8108495299 0.8201941016
0.6 0.7 0.7600000002 0.7730194340
0.7 0.8 0.7019160160 0.7200000000
0.8 0.9 0.6337715516 0.6593325909
0.9 0.95 0.5705360266 0.5879929947

In Table I, we denote Lr,ω and Lsor as iteration matrices of AOR and SOR methods respectively;
the parameters r and ω are respectively the acceleration and overrelaxation parameters. Table I
illustrates that convergence of the AOR iterative method is faster than that of the SOR iterative
method.

4 CONCLUSION

In this paper we have demonstrated the importance of the AOR (SOR) method as a very simple
and powerful technique for solving linear systems arising from finite difference discretisation of
elliptic partial differential equations. It should come as a no surprise that the AOR method
exhibits faster convergence than the SOR; this is due to the presence of two parameters as
opposed to the one parameter of SOR. Further research effort could be devoted to finding the
optimum combination of the two parameters, for faster convergence.
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Abstract: A general SIQRM epidemic model with vaccination and relapse possibility was pro-
posed for analysis in this work. The idea behind the proposed model is to check the effect of
partial immunity obtained from vaccine (or treatment), quarantine effect as well as waning ef-
fect of immunity on the transmission rate of some infectious disease within a population that is
subjected to proper education with no restricted access. Some of the infectious diseases in this
category include measles, Ebola, tuberculosis and so on. Two equilibria states of the proposed
model were obtained as well as the effective reproduction number (Reff ). Stability analysis of
the model at the Infection Free Equilibrium (I.F.E) state was established on the condition that
Reff < 1. Numerical simulation for the general SIQRM model was done using specific data for
Tuberculosis disease and the result shows that proper education, vaccination and early diagnosis
of an infectious individual for quarantining is an efficient way by which the spread of such an
infection can be reduced in the population while adequate medical attention yield better result
for detected cases.
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1 Introduction

General interest in infectious diseases and their control are fueled by discovery of new infectious
disease, frequent re-appearance of plague and emergence of both preventive and therapeutic
antibiotics to curb, manage and possibly eradicate the threat of such an infection (Berec, 2010).
Many fundamental concepts and principles to model disease transmission exist and have been
built upon by several researchers to address specific infection dynamics. The most elementary
of such models are the S − I − R,S − I − S, S − E − I − R etc. with S as Susceptible, I as
Infectious, R as Recovered and E as Exposed. In this work, a general S − I −Q−R−M model
is presented for analysis where S, I,R retain their meaning and Q denotes Quarantine and M
denotes Partial Immunity.
Quarantine involves separation of people (with restriction of access of susceptible individuals)
who were exposed to a contagious disease in order to check for infectiousness (Portal, 2014). It is a
measure always taken to prevent the spread of a highly infectious disease like tuberculosis, Ebola
etc., from spreading within a population. Quarantining an exposed/infected individual cannot
be taken to mean stigmatization, it is just a necessary precaution taken to reduce the spread
of such disease in the community. Similarly, vaccination offers temporary immunity (which can
sometimes last for a lifetime if contact with infection is minimized) to susceptible population.
However, obtaining a hundred percent vaccination of entire susceptible group is practically im-
possible due to several factors. Also, it was claimed that once an infectious individual recovers
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from certain illness, like measles, they become immune against re-infection, thus, some therapeu-
tic treatment to certain diseases offers immunity (either temporal or permanent) against such
a disease. However, some treated individuals against certain disease may be re-infected due to
certain conditions which may include non-adherence to drug prescription, ineffectiveness of the
drug being taken to cure the disease and some other biological factors (Akinyemi, et al., 2016).
The case of re-infection of a treated illness is known as relapse. The dynamics of infection and
re-infection differs from one illness to another. Thus, to obtain a general model, it is important
to take cognizance of peculiarity of each diseases that may fall into the general category under
consideration.

2 Model Formulation

A non-linear deterministic model for the transmission dynamics of infectious diseases in the
presence of immunity loss and relapse is built by dividing the total human population at time
t, denoted by N(t) into five disjoint epidemiological sub-populations, which are, Susceptible
(S), Infected (I), Quarantine (Q), Recovered (R) and Partial Immunity (M). Thus, N(t) =
S(t) + I(t) +Q(t) +R(t) +M(t) Recruitment into susceptible compartments is assumed either
through birth or immigration at the rate of π and immunity loss rate α, natural mortality
occurs across all compartments at the rate µ, susceptible are vaccinated at the rate χ while
they become infected with the force of infection which is given as λ = β1I + β2Q where β1, β2
are the contact with infective and quarantine classes sufficient to bring about new infections.
Infected classes are treated and recovered at the rate ε, quarantined at the rate γ, reduced by
induced death parameter δ1 and increased by re-infection parameter η. The quarantined class
reduced by natural mortality rate, induced death rate δ2 and recovery rate ω2. Partial immunity
compartment is increased at the rate ω1 of immunity obtained from successful treatment of some
infections. The flow diagram of the model is given in figure 1 below.

Figure 1: Pictorial representation of the Model

The above deterministic model is govern by the following non-linear system of ordinary differen-
tial equation: The system of equations that govern the model formulated is :
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dS

dt
= π + αM − λS − (µ+ χ)S

dI

dt
= λS + ηR− (µ+ δ1 + γ + ε)I

dQ

dt
= γI − (µ+ δ2 + ω2)Q

dR

dt
= εI + ω2Q− (µ+ η + ω1)R

dM

dt
= ω1R+ χS − (µ+ α)M

(1)

Where the force of infection Ψ is given as:

λ = β1I + β2Q (2)

Basic Assumptions of the Model

The following assumptions were considered when constructing the model:

1. Recruitments are done only into the susceptible class.

2. The studied population is homogenous and varies with time.

3. Birth rate is greater than mortality rate.

4. The force of infection is expressed as λ = β1I + β2Q

5. Induced death rate at infected and quarantine classes are not equal.

Definition of state variables and parameters value used in the model is given in table 1 below:

Table 1: Table of parameter value for the Model

Symbol Description Value Source
π Recruitment rate µ× 105 Okuonghae, 2013
χ Vaccination rate 0.3 Assumed
α Immunity loss 0.5 Assumed
µ mortality rate 0.02041 Okuonghae, 2013
γ quarantined rate 0.4 Assumed
δ1 Induced death rate of I-class 0.365 Okuonghae, 2013
δ2 Induced death rate of Q-class 0.365 Okuonghae, 2013
η Relapse or re-infection rate 0.1 Okuonghae, 2013
ω2 Recovery rate of quarantined class 1.5 Okuonghae, 2013
ω1 Recovery rate 0.6 Assumed
ε Recovery rate 0.75 Okuonghae, 2013

S(t) Susceptible per time Varied Assumed
I(t) Infected per time Varied Assumed
Q(t) Quarantine per time Varied Assumed
R(t) Recovered per time Varied Assumed
M(t) Immune class per time Varied Assumed
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3 Model Solution

Setting c1 = µ + χ, c2 = µ + δ1 + γ + ε, c3 = µ + δ2 + ω2, c4 = η + µ + ω1, c5 = α + µ for
compactness of computation to obtain:

dS

dt
= π + αM − λS − c1S

dI

dt
= λS + ηR− c2I

dQ

dt
= γI − c3Q

dR

dt
= εI + ω2Q− c4R

dM

dt
= ω1R+ χS − c5M

(3)

Theorem 1:
The set
D =

{
(S, I,Q,R,M) ∈ R5

+ : N = S + I +Q+R+M ≤ π
µ

}
is closed and positively invariant

and attracting with respect to the system (1)
Proof:
From (1), setting

dN

dt
=
dS

dt
+
dI

dt
+
dQ

dt
+
dR

dt
+
dM

dt

Such that
dN

dt
= π − µN − δ1I − δ2Q

dN

dt
≤ π − µN

Solving the above with initial condition N(0)=N0 to obtain

N(t) ≤ π

µ
+

(
N0−

π

µ

)
e−µ t (4)

It is obvious that N (t) approaches π
µas t→∞, thus, it follows that the system (??) is positively

invariant and attracting in domain D. Therefore the model is mathematically and epidemiologi-
cally well-posed in D (Hethcote, 2000), and it is sufficient to consider solutions in D.

4 Model Equilibria States

Solving the system of equations in (3) at stationary points to determine the equilibrium state of
the model, it was observed that the model equations exhibits two independent solutions which
are called the infection free (E0) and infection endemic (E1) equilibria given respectively as:

E0 = (S0, I0, Q0, R0,M0) =
(

πc5
µ(c1+α)

, 0, 0, 0, πχ
µ(c1+α)

)

E1 = (S1, I1, Q1, R1,M1)

(5)

where:
S1 =

ηεc3 + ηγω2 − c2c3c4
c4(γβ2 + c3β1)

,
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I1 = −

{
(Πγβ2c4c5 + Πβ1c3c4c5 − αηγχω2 − αηεχc3
+αχc2c3c4 + ηγc1c5ω2 + ηεc1c3c5 − c1c2c3c4c5)c3

}

{
αγ2β2ω1ω2 + αγ ε β2c3ω1 + αγ β1c3ω1ω2 + α ε β1c3

2ω1 + η γ2β2c5ω2

+η γ ε β2c3c5 + η γ β1c3c5ω2 + η ε β1c3
2c5 − γ β2c2c3c4c5 − β1c2c32c4c5

}

Q1 = −

{
γ(Πγβ2c4c5 + Πβ1c3c4c5 − αηγχω2 − αηεχc3
+αχc2c3c4 + ηγc1c5ω2 + ηεc1c3c5 − c1c2c3c4c5)

}

{
αγ2β2ω1ω2 + αγ ε β2c3ω1 + αγ β1c3ω1ω2 + α ε β1c3

2ω1 + η γ2β2c5ω2

+η γ ε β2c3c5 + η γ β1c3c5ω2 + η ε β1c3
2c5 − γ β2c2c3c4c5 − β1c2c32c4c5

}

R1 = −
(εc3 + γω2)

(
Πγβ2c4c5 + Πβ1c3c4c5 − αηγχω2 − αηεχc3
+αχc2c3c4 + ηγc1c5ω2 + ηεc1c3c5 − c1c2c3c4c5

)

{
c4(αγ

2β2ω1ω2 + αγ ε β2c3ω1 + αγ β1c3ω1ω2 + α ε β1c3
2ω1 + η γ2β2c5ω2

+η γ ε β2c3c5 + η γ β1c3c5ω2 + η ε β1c3
2c5 − γ β2c2c3c4c5 − β1c2c32c4c5)

}

M1 = −




Πγ2β2c4ω1ω2 + Πγεβ2c3c4ω1 + Πγβ1c3c4ω1ω2 + Πεβ1c
2
3c4ω1 + η2γ2χω2

2

+2η2γεχc3ω2 + η2ε2χc23 + ηγ2c1ω1ω
2
2 + 2ηγεc1c3ω

2
1ω2 − 2ηγχc2c3c4ω2

+ηε2c1c
2
3ω1 − 2ηεχc2c

2
3c4 − γc1c2c3c4ω1ω2 − εc1c2c23c4ω1 + χc22c

2
3c

2
4




(γ β2 + β1c3) c4 (αγ ω1ω2 + α ε c3ω1 + η γ c5ω2 + η ε c3c5 − c2c3c4c5)

Reproduction Number of the Model (Reff)

The two equilibria solutions of the model can better be understood with the help of effective
reproduction number of the model (Reff ) which is defined as the number of new cases of the
infection that arises from introduction of a singular infective into the population of largely sus-
ceptible individuals. Some of the ways of calculating this Reff is by the use of di-graph method,
next generation matrix etc. The basic reproduction number of the model was calculated at the
Infection Free equilibrium E0 and obtained as:

Reff =
(β1c3 + β2γ)S0

c2c3
(6)

Stability Analysis of the Model

Each biological model have the tendency to exhibit behavioral change (which is called bifurca-
tion). This is the scenario where at a certain point, the equilibrium may tend toward the infection
free (no spread of disease) whereas at some other point, it may goes to endemic (break-out of the
disease in the population). Several analysis to describe the model at each of these situations exist,
which include but not limited to bifurcation analysis, stability analysis and so on. In this work,
we shall be contented with obtaining the stability analysis of the model using the reproduction
number. Other analysis may be done in later research work. It is important to note that the
equilibrium point of a system is stable locally if all the associated eigenvalues of its Variational
matrix have negative real parts otherwise it is unstable at such point. The following propositions
and theorem shall be established to obtain the stability analysis of the model. Proposition 1:
Reff <1 implies non-existence of endemic equilibrium E1 and E0 = E1 whenever Reff =1.
Theorem 2: The infection-free equilibrium (I.F.E) of system (3) is locally asymptotically stable
whenever Reff <1 and unstable otherwise.
Proof: The Jacobian matrix of system (3) shall be used at the I.F.E. state to establish the
above theorem. This is obtained by partially differentiating the five equations with the five state
variables of the model and is given as:
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JE0 =




−λ− c1 −β1S −β2S 0 α
λ β1S − c2 β2S η 0
0 γ −c3 0 0
0 ε ω2 −c4 0
χ 0 0 ω1 −c5




(7)

Evaluating JE0 at the I.F.E and noting that λ = β1I + β2Q to obtain;

JE0 =




−c1 −β1S0 −β2S0 0 α
0 β1S0 − c2 β2S0 η 0
0 γ −c3 0 0
0 ε ω2 −c4 0
χ 0 0 ω1 −c5




(8)

Definition 1: A square matrix J is called a stable matrix (Hurwitz matrix) if all eigenvalues of
J have negative real part.
Thus, following definition 1, the I.F.E is locally asymptotically stable if the above matrix have
negative eigenvalues. It is sufficient to use the Trace-Determinant approach to establish the I.F.E
of the model. Thus, if the trace of the Jacobian matrix JE0 is less than zero and its determinant
is greater than zero, then all the eigenvalues are real and negative. Thus, obtaining the trace of
the matrix above as:

Trace(JE0
) = −(β1S0 + c1 + c2 + c3 + c4 + c5) (9)

Which is obviously negative since all the parameters of the model are non-negative.
The determinant of the matrix is given as:

|JE0 | = −αχγ S0β2c4 − αχS0β1c3c4 + γ S0β2c1c4c5 + S0β1c1c3c4c5 − αχ ε η c3
− αχη γ ω2 + αχ c2c3c4 + ε η c1c3c5 + η γ c1c5ω2 − c1c2c3c4c5

(10)

Re-arranging and simplifying to get

|JE0 | = −αχγ S0β2c4 − αχS0β1c3c4 + αχ c2c3c4 + γ S0β2c1c4c5 + S0β1c1c3c4c5 − c1c2c3c4c5
+ ε η c1c3c5 + αχ ε δ2ω1 + αχ εω1ω2 + αχη γ µ+ αχη γ δ2 + αχη γ ω2 + αχη µ2 + αχη µ δ1

+ αχη µ δ2 + αχη µω2 + αχη δ1δ2 + αχη δ1ω2 + αχγ µ2 + αχγ µ δ2 + αχγ µω1 + αχγ µω2

+ αχγ δ2ω1 + αχγ ω1ω2 + αχµ3 + αχµ2δ1 + αχµ2δ2 + αχµ2ω1 + αχµ2ω2 + αχµ δ1δ2

+ αχµ δ1ω1 + αχµ δ1ω2 + αχµ δ2ω1 + αχµω1ω2 + αχ δ1δ2ω1 + αχ δ1ω1ω2 + αη γ µω2

+ χη γ µω2 + αχ εµ δ2 + αχ εµω1 + αχ εµω2 + αχ εµ2 + η γ µ2ω2

(11)
On further simplification, we obtain

|JE0 | = −αχ c2c3c4
(
S0

(
β2γ + β1c3

c2c3

)
− 1

)
+ c1c4c5

(
1− S0

(
β2γ + β1c3

c2c3

))

+ αχ εµω1 + αχ εµ δ2 + αχ ε δ2ω1 + αχ εω1ω2 + αχη γ µ+ αχη γ δ2 + αχη γ ω2 + αχη µ2

+ αχη µ δ1 + αχη µ δ2 + αχη µω2 + αχη δ1δ2 + αχη δ1ω2 + αχγ µ2 + αχγ µ δ2 + αχγ µω1

+ αχγ µω2 + αχγ δ2ω1 + αχγ ω1ω2 + αχµ3 + αχµ2δ1 + αχµ2δ2 + αχµ2ω1 + αχµ2ω2

+ αχµ δ1δ2 + αχµ δ1ω1 + αχµ δ1ω2 + αχµ δ2ω1 + αχµω1ω2 + αχ δ1δ2ω1 + αχ δ1ω1ω2

+ αη γ µω2 + χη γ µω2 + αχ εµω2 + αχ εµ2 + η γ µ2ω2

(12)
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⇒

|JE0 | = −αχ c2c3c4 (Reff − 1) + c1c4c5 (1−Reff ) + αχ εµω1 + αχ εµ δ2 + αχ ε δ2ω1

+ αχ εω1ω2 + αχη γ µ+ αχη γ δ2 + αχη γ ω2 + αχη µ2 + αχη µ δ1 + αχη µ δ2

+ αχη µω2 + αχη δ1δ2 + αχη δ1ω2 + αχγ µ2 + αχγ µ δ2 + αχγ µω1 + αχγ µω2

+ αχγ δ2ω1 + αχγ ω1ω2 + αχµ3 + αχµ2δ1 + αχµ2δ2 + αχµ2ω2 + αχµ δ1δ2

+ αχµ δ1ω1 + αχµ δ1ω2 + αχµ δ2ω1 + αχµω1ω2 + αχ δ1δ2ω1 + αχ δ1ω1ω2

+ αη γ µω2 + χη γ µω2 + αχ εµω2 + αχ εµ2 + η γ µ2ω2 + αχµ2ω1

(13)
which is strictly positive whenever Reff <1. Thus, the I.F.E is locally asymptotically stable
whenever Reff <1 and unstable otherwise.

Numerical simulation and discussion

The quantitative analysis of the above qualitative analysis was presented in this section. Different
initial values for all the state variables were used to obtain the plot while the values of the
parameters used were as stated in Table 1. The initial populations were chosen so that the total
population N (t) = S (t) + I (t) +Q (t) +R (t) +M (t) = 6000
The population for each curve were chosen as follows:
Curve 1: S(t) = 5000, I(t) = 200, Q(t) = 100, R(t) = 200 and M(t) = 500 while curve 2 has
3500, 1200, 400, 300 and 600 respectively, curve 3: 3000, 1000, 500, 600 and 900 respectively and
curve 4 has 4500, 300, 200, 300 and 700 respectively. The graph for each compartments were
plotted and the result were given below:

Figure 2: Change in S-compartment

The above figure 2 showed the rate of change in compartment S-population as time increases.
The population first increase, then it decreases until it reached the equilibrium point.
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Figure 3: Change in I-compartment

The introduction of an infected individual alter the dynamics of any population as long as the
reproduction number of the disease is greater than unity. This is obvious from the figure 3 as
I-compartment increases in population until an equilibrium position for is obtained.

Figure 4: Change in Q-compartment

The more cases of infection reported, the more the removal of people exposed, which is the reason
while figure 4 has an upward trend until the equilibrium is reached.
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Figure 5: Change in R-compartment

Recovered individuals increases due to presence of effective treatment until the equilibrium point
is attained as can be seen in the figure 5 above.

Figure 6: Change in M-compartment

The numbers of immune individuals’ increases with time due to immunity obtained from vaccine
as well as partial immunity obtained from effective treatment of the disease.
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Conclusion

A five-compartmental deterministic mathematical model for the transmission of infectious disease
in the presence of vaccination, immunity loss and relapse is formulated and analyzed at the disease
free equilibrium state. The model reproduction number was obtained and used to establish the
local stability analysis of the model at DFE. Simulation was done and the findings of the study
include:

1. Two equilibria states exist for the model which are the disease free and endemic equilibria
points

2. Whenever the reproduction number of the disease is less than unity, the disease cannot
spread within the community.

3. In the presence of effective treatment, the number of individual with immunity increases
due to boost in the anti-bodies.

4. Quarantine can only be effective if people are well sensitized about the sign and symptoms
of the infection, else the infection will continue to rise within the host community.
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Abstract: This paper aimed at controlling the internal temperature of an electric oven with
respect to the jacket temperature. A discrete dynamic model of first order difference equation is
described for the system. Kalman filtering technique is applied to the discrete dynamic model
for estimation of the internal temperature and the control (the heat inputs to the jacket) at any
given time. It is observed that internal temperatures were directly proportional to the controls.

Keywords: Electric oven, Kalman filter, Modeling, Control.

1 Introduction

The aim of this paper is to control the internal temperature of an electric oven with respect to
the jacket temperature Several studies dealing with the modeling of an oven can be found in the
open literature: In [1] the authors presented a dynamic model that defines the energy conserva-
tion equations of a professional oven, where a high temperature thermal source positioned inside
its cavity produces thermal power radiated and modulated over time, according to a suitable
control strategy. The most accurate and detailed three dimensional- computational fluid dynam-
ics (3D-CFD) approach is adopted in [2], [3], [4]. In [2] authors present a model of an electric
bread- baking oven, comparing the internal temperature profiles obtained with three radiation
models. In [3] the authors evaluate heat transfer and fluid flows inside a domestic gas oven.
Reference [4] presents the model of a pilot scale convection oven, used to study the reduction
of the energy consuming pre-heating time. All these models are validated by comparison with
experimental data with fairly limited discrepancy, also at different thermal levels and geometries
of the internal baffle plate [4]. Other authors have analyzed the thermal behaviour of an oven
by means of 2d-CFD numerical models. In [5], an electric static oven, used for bread baking, is
analyzed to calculate the heat exchanged with the product. Authors present a comprehensive
methodology for evaluating the heat fluxes around the test material, considering natural convec-
tion, infrared radiation and conduction through a cement slab. Heat equations are solved on a
cross section of the cavity, for all components of the oven, with the finite element method, using
a parametric solver. Numerical results are in good agreement with heat flux measurements on
the upper surface of a polymeric cylindrical sample. The scope of the model was to test the
influence on energy consumption of different operating conditions, obtained lowering the cook-
ing temperature, increasing the incident radiative heat flux and lowering the thermal capacity
of the oven. In [6], the authors present a set of mathematical models, which relate the input
power and the air temperature inside a forced convection oven, based on experimentally deter-
mined transfer functions. A modelling approach based on simple algebraic models is presented
in [7]. The authors predict the heat transfer to a load positioned in an electric oven, considering
the contributions of natural convection and radiation. To allow an analytical solution of the
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model equation, the radiative transfer term was linearized considering the temperature differ-
ences between the oven walls and the surface of the thermal load, instead of being driven by
the fourth-power. The analysis takes into account changes of size, shape, materials, radiation
surface properties and oven set point temperatures, showing discrepancies of about 1Another
approach, based on lumped capacitance method, is presented in [8], The authors state that such
an approach, used for building energy simulation [9] with apparently good results, have never
been used to model ovens before. It simplifies the heat transfer equations by considering the
system as a discreet set of thermal capacitances and resistances, permitting to have good results
in transient heating and cooling problems [8], [10].

2 Kalman filter wikipedia

Kalman filter is defined as a set of mathematical equations that provides an efficient computa-
tional (recursive) means to estimate the state of a process, in a way that minimizes the mean of
the square error. The Kalman filter model assumes the true state at time k is evolved from the
state at (k − 1) as stated below.

Xk+1 = ΦXk +BUk + ζk (1)

Where,
Φ is the state transition model which is applied to the previous state Xk;
B is the control-input model which is applied to the control vector Uk

ζk is the process noise which is assumed to be drawn from a zero mean multivariate normal
distribution with covariance Q.
ζk ~N(0, Q)
At time k an observation (or measurement) Yk of the true state Xk is made according to

Yk = HXk + ηk (2)

Where H is the observation model which maps the true state space into the observed space and ηk
is the observation noise which is assumed to be zero mean Gaussian white noise with covariance
R, ηk ~N(0, R)
The initial state, and the noise vectors at each step {Xo, η1, · · · , ηk, ζ1, · · · ζk} are all assumed to
be mutually independent.
The Kalman filter is a recursive estimator. This means that only the estimated state from the
previous time step and the current measurement are needed to compute the estimate for the
current state and as such no history of observations and /or estimates is required. In what
follows, the notation x̂1k|k−1 which is the 1 step prediction represents the estimates of xk at time
k given observations up to and including at time k − 1.

x̂1k|k−1 = Φx̂1k−1|k−1 +BUk (3)

The covariance matrix for the one step prediction error is given by
Pk|k−1 = ΦPk−1|k−1ΦT +Q

X̂k|k−1 and Pk|k−1 are the Predicted(a priori) state estimate and Predicted(a priori) estimate of
covariance respectively and represent the initial values for the Kalman filter.
The state of the filter is represented by two variables X̂k|k, the updated (a posterior) state
estimate at time k given observations up to and including at time k and given by

X̂k|k = X̂k|k−1 +Kk(Yk −HX̂k|k−1) (4)

Pk|k, the updated( a posterior )error covariance matrix ( variance of the estimation error) given
by
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Figure 1: The Kalman Filter Loop as in [11]

Pk|k = (I −KkH)Pk|k−1 (5)

Where Kk is the Kalman (Filter) gain and given by

Kk = Pk|kH
T (HPk|k−1H

T +R)−1 (6)

3 The Kalman filter loop

The Kalman filter loop given below summarizes what is known as the Kalman filter.
Once the loop is entered it can be continued for any N(N ≥ 1) iterations, k = 0, 1, · · · , N − 1.

4 Discrete-time Linear- Quadratic-Gaussian (LQG) Problem

Consider the dynamic system,

Xk+1 = ΦXk +BUk + ζk

Yk = HXk + ηk



 (7)

Where Xk is an n-vector Uk, is an m-vector (m ≤ n),Φ, B are n x n resp. n x m matrices whose
elements are non-random functions of time. Given the observed values of Yo, · · · , Y k, we are to
find a sequence U1, U2, · · · , Uk of control vectors that minimizes the performance index
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Figure 2: Observer-based controller [15]

J =
N−1∑

k=0

XTQXk + UT
k RUk (8)

Where Q , R are symmetric and positive definite matrices whose elements are non-random func-
tions of time, N is the number of iterations.

The discrete-time controller is
Uk = −GXkas in [15] (9)

G is the optimal gain matrix.
In Matlab, the control system tool box function

[G,S] = lqr(Φ, B,Q,R) (10)

calculates the optimal gain matrix G . In addition to the optimal gain G, LQR returns the
solution S of the associated Riccati equation

ΦTS + SBR−1BTS +Q = 0 (11)

G is derived from S by

G = R−1BTS (12)

5 Theorem: Separation Principle

In control theory, a separation theorem, more formally known as theorem of separation of es-
timation and control, states that under some assumptions the problem of designing an optimal
feedback controller for a stochastic system can be solved by designing an optimal observer for
the state of the system, which feeds into an optimal deterministic controller for the system
(fig.5). Thus the problem can be broken into two separate parts, which facilitates the design
(Wikipedia) This result is the celebrated separation theorem of linear stochastic control and was
proved independently by [13] and [14]

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 194



Figure 3: Sketch diagram of Electric oven

6 Modelling and identification

The interior temperature of an electrically heated oven is to be controlled by varying the heat
input u to the jacket as in [16] is shown in fig.3 below.
Let the heat capacities of the oven interior and of the jacket be c1 and c2 respectively; let the
interior and exterior jacket surface areas be a1 and a2; and let the radiation coefficients of the
interior and exterior jacket surfaces be r1 and r2. Assume that there is uniform and instantaneous
distribution of temperature throughout, and that rate of loss of heat is proportional to area and
the excess of temperature over that of the surroundings. Ignoring other effects, if the external
temperature is T0, the jacket temperature is T1 and the oven interior temperature is T2, then
as in [16] we have:
For the jacket:

c1Ṫ1 = −a2r2(T1 − T0)− a1r1(T1 − T2) + u (13)

For the oven interior:
c2Ṫ2 = a1r1(T1 − T2) (14)

Eqn.(1) and eqn.(2) can be written in matrix form as in eqn.(3) below

(
Ṫ1
Ṫ2

)
=

(
−(a2r2+a1r1)

c1
a1r1
c1

a1r1
c2

−a1r1
c2

)(
T1
T2

)
+

( a2r2
c1
0

)
To +

( 1
c1
0

)
u (15)

Equation (16) can be written in the form of eqn. (17) below

Xk+1 = ΦXk +BUk + C + ζk (16)

Where,

Φ =

(
−(a2r2+a1r1)

c1
a1r1
c1

a1r1
c2

−a1r1
c2

)
B =

( 1
c1
0

)
C =

( a2r2
c1
0

)
Xk =

(
T1
T2

)

ζ = Process noise
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The optimal control model for the electric oven is then stated as follows:

MinimizeJ =
∑N−1

k=0 X
TQXk + UT

k RUk

Subject to:Xk+1 = ΦXk +BUk + C + ζk
Yk = HXk + ηk





(17)

Where: Φ = ( 2× 2) constant matrix obtained from the transition model
B = (2 × 1) control input matrix which is applied to the control vector Uk .
Yk = ( 1 × 1) output vector( measurement vector at tk), Y = y it is the measured value of the
temperature of the jacket at tk
H = (1× 2) constant matrix giving the ideal connection between the measurement and the State
vector at time tk

Xk= (2×1) process state vector at time tk , i.e. Xk = X(tk) =

(
x1
x2

)
x1, x1 are the estimated

jacket temperature and the oven interior temperature at time tk respectiveiy.
Uk = u ( 1 x 1) control vector, Uk = u(t)
ηk = (1 x 1) measurement error –assumed to be white noise sequence with known co-Variance
R and having zero cross correlation with ζk sequence.
ζk= ( 2 x 1) vector-assumed to be white noise sequence with known co-variance Q
.

Table 1. Parameter Values for the electric oven Model at 301oK.
Symbol Value Explanation
L 0.482 m length of the exterior jacket
B 0.329 m breath of the exterior jacket
H 0.387 m height of the exterior jacket
L 0.582 m length of the interior jacket
B 0.429 m breath of the interior jacket
H 0.487 m height of the interior jacket
c1 376 J/kg.0k heat capacity of the interior jacket
c2 460.6 J/kg.0k heat capacity of the exterior jacket
a1 0.946 m2 interior jacket surface area
a2 1.484 m2 exterior jacket surface area
r1 0.32 radiation coefficient of interior jacket surface
r2 0.87 radiation coefficient of exterior jacket surface

Values of Φ and B were obtained from eqn.(18) and eqn.(22) respectively

Φ =

(
−0.004 0.001
0.001 −0.001

)
B =

(
0.003

0

)
X0|−1 =

(
0
0

)

P0|−1 =

(
1 0
0 1

)
H = (1 0)

The values of Q and and R were tuned to the vales that gives the optimal estimates. R = 0.1

P0|−1 =

(
3 0
0 3

)

Using the control system tool box [G,S] = lqr(Φ, B,Q,R) in Matlab to calculate G,
G = (4.4422 2.3681)

Table 2. Measurement values of the jacket temperature(y) at time tk of the Oven in oK .
k tk Y (degree Kelvin)
0 t0 473
1 t1 490
2 t2 530
3 t3 550
4 t4 600
5 t5 650
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7 Recursive processing of the noisy measurements through Kalman
filter.

The algorithm for processing the noisy measurements as in [17] is given as follows:
Given the initial values X̂k|k−1 and its co-variance, Pk|k−1

i. Kk = Pk|k−1HT (HCHT +R)−1

ii. X̂k|k = X̂k|k−1 +Kk(Yk −HX̂k|k−1)

iii. Pk|k = Pk|k−1 −KkHPk|k−1

iv. X̂k+1|k = ΦX̂k|k−1

v. Pk+1|k = ΦPk|kΦT +Q

vi. Uk = −GX̂k|k

A computer programme is developed to simulate the electric oven, The above values of Φ, B, Q,
R, G, H , X̂0|−1, P0|−1 were imputed to obtain the following results:

Table 3. The Simulation Results for the system
k tk x1 x2 U
0 t0 0 0 0
1 t1 474.2 0 2106.5
2 t2 512.8 0.474 2279.3
3 t3 532.2 0.512 2365.3
4 t4 580.6 0.531 2580.3
5 t5 629.0 0.579 2795.3

Where,
x1 is the estimate of T1(0K) (the measured temperature of the exterior jacket).
x2 is the estimate of T2(0K) (oven interior temperature).
u is the estimate of the heat input to the exterior jacket

8 Discussion

From this research the following major points were observed:
x1 values are close to T1.
at t0 the exterior temperature and oven interior temperature were at 0 degree Kelvin because
there was no heat input
at t1 the external jacket was at 474.2 degree Kelvin and the oven interior jacket was at 0 degree
Kelvin, this because the heat radiation from the exterior jacket has not yet reached the interior
jacket at this time.
-the oven interior temperature (x2) is directly proportional to the heat input (u)as seen in column
4 and 5 of the table.

9 Conclusion

This research has proved the method of determining the value of the oven interior temperature
even if it is not possible to measure it directly. As the oven interior temperature (x2) is directly
proportional to the heat input (u) therefore it is possible to maintain the temperature of the
oven interior at any desired level merely by altering the heat input.
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Abstract: A deterministic model for the co-infection of Malaria and dengue fever condition is
formulated. In this analysis, the Basic reduction number was computed, the disease free point
was also established and stability analysis was carried out.
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1 Introduction

Malaria is a mosquito-borne disease caused by Plasmodium parasite, which is transmitted through
the bites of an infected anopheles mosquito. Malaria is caused by five different species of Plas-
modium: Plasmodium falciparum, Plasmodiummalariae, Plasmodiumovale, Plasmodiumvivax
and Plasmodiumknow-lesi. However, Plasmodium falciparumis the most prevalent in Africa and
it causes the highest mortality rate induced by the disease (Olumese, 2005).Globally, an esti-
mated 216 million malaria cases was recorded in 2016 which is an increase of about 5 million
cases over 2015.The World Health Organization (WHO) report reveals estimations of 216 million
malaria cases and 445 thousand deaths due to malaria were registered worldwide in 2016. How-
ever, the most malaria cases and deaths were shared by the WHO Africa region, which account
for 90% of cases and 91% deaths. The most predominant malaria parasite in the WHO Africa
region is Plasmodium falciparum, accounting for 99% of malaria cases in 2016 (WHO, 2017).
Dengue is an infectious disease caused by any of the four dengue virus serotypes: DENVs1− 4.
It is a mosquito-borne disease and is primarily transmitted to humans by the female Aedes
mosquito. Dengue is highly prevalent in tropical and subtropical regions, reflecting the distri-
bution of the vector, Aedes aegypti mosquitoes. Nearly one third of the global population is
at risk for infection (Messina et al., 2014). Infection with DENV results in varying degrees of
pathological conditions, ranging from mild asymptomatic dengue fever (DF) to severe dengue
hemorrhagic fever (DHF) and dengue shock syndrome (DSS) which may turn fatal (Murphy and
Whitehead, 2011). Infected humans are the main carriers and multipliers of the virus, serving
as a source of the virus for uninfected mosquitoes. Patients who are already infected with the
dengue virus can transmit the infection (for 4-12 days) via Aedes mosquitoes after their first
symptoms appear. When a person recovers from dengue infection they develop a long-term im-
munity to that specific virus, but not the other three dengue viruses. If the person becomes
infected again with a different dengue virus, there is an increased chance that they may develop
into dengue haemorrhagic fever (Nyerere et al., 2017).Dengue cannot be spread from human to
human.
Dengue fever and malaria are febrile illnesses and common arthropod-borne diseases in humans.
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They represent major public health problems (Epelboin et al., 2012). The early symptoms of
dengue fever mimic that of malaria, thereby making the diagnosis of this viral infection very
confusing. In such situations, these infections are quite often misdiagnosed and so, inappropri-
ately treated. Consequently these cases often result in high rate of morbidity, complications and
mortality (Baba et al., 2009). According to WHO guidelines, dengue viral and malaria parasitic
co-infection in an individual is regarded as a ‘severe malaria’ case (WHO, 2006).

2 Model Formulation

In this model, the total human population at any given time t denoted by (Nh) is divided into
eight sub-classes which are susceptible humans (Sh), individuals exposed to malaria only Ehm,
individuals infected with malaria only (Ihm), individuals exposed to dengue fever only Ehd,
individuals infected with only dengue fever (Ihd), individuals exposed to malaria and dengue
fever co-infection (Emd), individuals infected with malaria and dengue fever co-infection (Imd),
individuals that recovered from malaria and dengue fever (Rh). The vector population includes
the Malaria Parasite non-carrier vectors (Sm), Malaria parasite carrier vectors (Im), Dengue
virus non-carrier vectors (Sd) and Dengue fever carrier vectors (Id). Susceptible individuals
are recruited through a constant Λh. Susceptible individuals are infected with dengue fever
at through contact with infectious mosquito at a rate αd, infected with malaria at a rate αm,
individuals who recover from malaria returns to the susceptible class at a rate of γh, susceptible
individual have a natural death rate of µh . The class of individuals exposed to malaria only
are generated by susceptible individuals infected with malaria only and reduced by the rate of
contacting dengue fever at a rate αd, the rate of progression to the malaria only infected class κ1

and natural death rate µh. The class of individuals infected with malaria (Ihm) is increased by
κ1 rate of progression from malaria exposed class, reduced by reduced by the rate of contacting
dengue fever at a rate αd, disease induced death rate δ1, malaria only recovery rate θ1, and natural
death rate µh. Individuals that are exposed to dengue fever only are generated by susceptible
individuals infected with dengue fever at a rate αd , reduced by the natural death rate µh, rate
of progression to infected class for dengue fever only at rate κ2 and the rate at which susceptible
individuals contact malaria only. The population of individuals with dengue fever only (Ihd) is
generated by individuals that progressed from the exposed class (Ehd) at the rate κ2. It is also
reduced by disease induced death rate δ2, recovery rate from dengue fever only θ2 and the rate
of contacting malaria only. The population of individuals exposed to malaria and dengue fever
co-infection (Emd) is increased by rate of acquiring malaria through contact with the parasite
carrier vectors and dengue fever through contact with dengue virus carrier vectors, but reduced
by natural death rate and rate of progression to the infected malaria and dengue fever co-infection
class κ3. The infected malaria and dengue fever co-infection class (Imd) is increased by κ3 and
reduced by the natural death rate, co-infection recovery rate θ3 and disease induced death rate
δ3. The recovery class (Rh) is generated by the individuals who recovery from malaria only at
the rate θ1, individuals who recovers from dengue fever only at the rate θ2, individuals who
recovers from both diseases at the rate θ3, and reduced by natural death rate and individuals
who returns to susceptible class after recovery at the rate γh. The Malaria parasite non-carrier
vector population (Sm) is generated by a constant Λm, reduced by the vector natural death rate
µm and the rate at which the non-carrier vector acquires malaria parasite through contact with
exposed and infected individuals with malaria only and co-infection of malaria and dengue fever
given as αvm. The Malaria parasite carrier vector population is generated by the rate at which
the non-carrier vector acquires malaria through contact with exposed and infected individuals
with malaria only and co-infection of malaria and dengue fever and the natural death rate µm.
The Dengue virus non-carrier vector population (Sd) is generated by a constant Λd, reduced
by the vector natural death rate µd, and the rate at which the Dengue virus non-carrier vector

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 200



acquires dengue virus through contact with exposed and infected individuals with dengue fever
only and co-infection of malaria and dengue fever given as αvd. The Dengue virus carrier vector
class (Id) is increased by the rate at which Dengue virus non-carrier vector acquires dengue virus
through contact with exposed and infected individuals with dengue fever only and co-infection
of malaria and dengue fever and reduced by the vectors natural death rate µd.

3 Assumptions of the Model

The following Assumptions are made in formulating the model:

1 Recruitment into the susceptible population is constant.

2 The recovery population include those jointly infected with Malaria and Dengue fever only.

3 Recovery from Dengue fever is permanent.
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4 Schematic Representation of the Model

With the assumptions, the co-infection model equations is given below as:

dSh
dt

= Λh + γhRhm − (αdId + αmIm)Sh − µhSh (1)

dEhm
dt

= αmImSh − (αdId + κ1 + µh)Ehm (2)

dIhm
dt

= κ1Ehm − (αdId + δ1 + θ1 + µh)Ihm (3)

dEhd
dt

= αdIdSh − (αmIm + κ2 + µh)Ehd (4)

dIhd
dt

= κ2Ehd − (αmIm + δ2 + θ2 + µh)Ihd (5)

dEmd
dt

= αdIdEhm + αdIdIhm + αmImEhd + αmImIhd − (κ3 + µh)Emd (6)

dIhd
dt

= κ3Emd − (δ3 + θ3 + µh)Imd (7)

dRhm
dt

= θ1Ihm + θ2Ihd + θ3Imd − (γh + µh)Rhm (8)

dSm
dt

= Λm − αvm(Ehm + Ihm + Emd + Imd)Sm − µmSm (9)

dIm
dt

= αvm(Ehd + Ihd + Emd + Imd)Sm − µmIm (10)

dSd
dt

= Λd − αvd(Ehd + Ihd + Emd + Imd)Sd − µdSd (11)

dId
dt

= αvd(Ehd + Ihd + Emd + Imd)Sd − µdId (12)

Sh = Susceptible Humans
Ehm =Exposed Humans with Malaria
Ihm = Humans infected with Malaria only
Ehd = Exposed Humans with Dengue Fever Ihd = Humans infected with Dengue Fever only
Emd =Exposed Humans jointly infected with Malaria and Dengue Fever
Imd = Humans jointly infected with Malaria and Dengue Fever
Rh = Humans Recovered from Malaria and Dengue Fever
Sm = Malaria Parasite carrier vectors
Im = Malaria Parasite non-carrier vectors
Sd =Dengue virus non-carrier vectors
Id =Dengue virus carrier vectors
Λh =Birthrate of Human Population
Λm =Birthrate of Malaria Parasite Vectors
Λd =Birthrate of Dengue Virus Vectors
θ1 =Recovery rate for Humans infected with Malaria only
θ2 =Recovery rate for Human infected with Dengue only
θ3 =Recovery rate for Human jointly infected with Malaria and Dengue
γh =Rate at which recovered becomes susceptible
µh =Natural death rate for Humans
µm =Natural death rate of Malaria Parasite Vectors
µd =Natural death rate of Dengue Virus Vectors
κ1 =Rate at which Ehm becomes Ihm
κ2 = Rate at which Ehd becomes Ihd
κ3 =Rate at which Emd becomes Imd
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δ1 =Disease induced death for Ihm
δ2 =Disease induced death for Ihd
δ3 =Disease induced death for Imd
αm =Transmission rate of Malaria Parasite Vectors per human per unit time
αd =Transmission rate of Dengue Virus Carrier Vectors per human per unit time
αvm =Probability for Malaria Parasite Vectors to be infected
αvd =Probability for Dengue Virus Vectors to be infected

5 Disease Free Equilibrium (DFE) Point

This is the state solution where is no infection in the population. The DFE of the model is
obtained when the right hand side of the model equation (3.1 − 3.12) is set to zero. Thus, the
DFE point of Malaria-Dengue Fever co-infection is given as

ε0 = (S0
h, E

0
hm, I

0
hm, E

0
hd, I

0
hd, E

0
md, I

0
md, R

0
hm, R

0
hd, S

0
m, I

0
m, S

0
d , I

0
d)

=

(
Λh
µh
, 0, 0, 0, 0, 0, 0, 0, 0,

Λm
µm

, 0,
Λd
µd
, 0

)

6 Basic Reproduction Number

The basic reproduction number is defined as the expected number of secondary infections pro-
duced by an index case in a completely susceptible population. For this research, the basic re-
production number, is defined as the number of secondary malaria (or dengue) infections due to
a single malaria (or a single dengue-infective) individual. Applying the next generation method,
the basic reproduction number is the spectral radius of the matrix FV −1 where F and V are
transmission and transition matrices respectively defined as

F =




0 0 0 0 0 0 αm
Λh
µh

0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 αd
Λh
µh

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

αvm
Λm
µm

αvm
Λm
µm

0 0 αvm
Λm
µm

αvm
Λm
µm

0 0

0 0 αvd
Λd
µd

αvd
Λd
µd

αvd
Λd
µd

αvd
Λd
µd

0 0




(13)

V =




η1 0 0 0 0 0 0 0
0 z1 0 0 0 0 0 0
0 0 η2 0 0 0 0 0
0 0 0 z2 0 0 0 0
0 0 0 0 η3 0 0 0
0 0 0 0 0 z3 0 0
0 0 0 0 0 0 µm 0
0 0 0 0 0 0 0 µd




(14)

The basic reproduction number R0 is given as

R0 = max

{√
αmαvmΛhΛm
η1µhµ2

m

,

√
αdαvdΛhΛd
η1µhµ

2
d

}
(15)

Lemma: The Disease Free Equilibrium of the Model Equations (1)–(12) is locally asymptotically
stable if R0 < 1 and unstable if otherwise.

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 203



7 Global Stability of the Disease Free-Equilibrium

The global asymptotic stability (GAS) of the disease free state is investigated using theorem by
Castillo-Chavez et al. We re-write the model as

dX

dt
= H(X,Z) (16)

dZ

dt
= G(X,Z), G(X, 0) = 0 (17)

where
X = (Sh, Rhm, Sm, Sd) (18)

and
Z = (Ehm, Ihm, Ehd, Ihd, Emd, Imd, Im, Id) (19)

with the components denoting the uninfected population and components denoting the infected
population.
The disease-free equilibrium is now denoted as

E0 = (X∗, 0);X∗ =

(
Λh
µh
, 0,

Λm
µm

,
Λd
µd

)
(20)

The following conditions must be satisfied to guarantee global asymptotical stability

i dX
dt = H(X, 0); X∗ is globally asymptotically stable

ii
G(X,Z) = PZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 ∀(X,Z) ∈ Ω (21)

where P = D2G(X∗, 0) is a M -matrix (the off diagonal elements of P are non-negative) and Ω
is the region where the model makes biological sense.
If the system satisfies the condition above, then the theorem below holds.

Theorem: The fixed point E0 = (X∗, 0) is globally asymptotically stable equilibrium of the
system provided R0 < 0 that and the conditions in (22) are satisfied.
Proof: From the model system, we have

H(X, 0) =




Λh − µhSh + γhRhm
0

Λm − µmSm
Λd − µdSd


 (22)

G(X,Z) = PZ − Ĝ(X,Z)

P =




−η1 0 0 0 0 0 αmS
0
h 0

κ1 −z1 0 0 0 0 0 0
0 0 −η2 0 0 0 0 αdS

0
h

0 0 κ2 −z2 0 0 0 0
0 0 0 0 −η3 0 0 0
0 0 0 0 κ3 −z3 0 0

αvmS
0
m αvmS

0
m 0 0 αvmS

0
m αvmS

0
m −µm 0

0 0 αvdS
0
d αvdS

0
d αvdS

0
d αvdS

0
d 0 −µd




(23)
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PZ =




−η1Ehm + αmS
0
hIm

κ1Ehm − z1Ihm
−η2Ehd + αdS

0
hId

κ2Ehd − z2Ihd
−η3Emd

κ3Emd − z3Imd
αvmS

0
m(Ehm + Ihm + Emd + Imd)− µmIm

αvdS
0
d(Ehd + Ihd + Emd + Imd)− µdId




(24)

G(X,Z) =




αmShIm − (η1 + αdId)Ehm
κ1Ehm − (z1 + αdId)Ihm
αdShId − (η2 + αmIm)Ehd
κ2Ehd − (z2 + αdId)Ihd

αdId(Ehm + Ihm) + αmIm(Ehd + Ihd)− η3Emd
κ3Emd − z3Imd

αvmSm(Ehm + Ihm + Emd + Imd)− µmIm
αvdSd(Ehd + Ihd + Emd + Imd)− µdId




(25)

Ĝ(X,Z) =




Ĝ1(X,Z)

Ĝ2(X,Z)

Ĝ3(X,Z)

Ĝ4(X,Z)

Ĝ5(X,Z)

Ĝ6(X,Z)

Ĝ7(X,Z)

Ĝ8(X,Z)




=




αmIm(S0
h − Sh) + αdIdEhm
αdIdEhm

αdId(S
0
h − Sh) + αmImEhd
αmImEhd

−(αdId(Ehm + Ihm) + αmIm(Ehd + Ihd))
0

αvmSm(Ehm + Ihm + Emd + Imd)(S
0
m − Sm)

αvdSd(Ehd + Ihd + Emd + Imd)(S
0
d − Sd)




(26)

From (29), it shows Ĝ5(X,Z) < 0 so the conditions are not met. Therefore, E0 may not be
globally asymptotically stable when R0 < 1.

8 Conclusion

In this work, a co-infection model was formulated to study the transmission dynamics of Malaria
and Dengue fever virus. The basic reproduction number of the model was derived and stability
analysis of the Disease free equilibrium (DFE) was carried out. It was observed that the DFE is
locally asymptotically stable but may not be Globally asymptotically stable.
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Abstract: In this paper, we investigate the stability of Modified Crank-Nicolson method for
solving one dimensional Parabolic equation knowing that finite difference solution of partial dif-
ferential equations must satisfy the requirement of stability, if they are to be reasonably accurate.
We examined it with the Von-Neumann scheme using the Fourier series methods. We also solve
some examples of parabolic partial differential equation to confirm our results and presents their
results in tabular form.
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1 Introduction

There are many boundary value problems which involve partial differential equations. Only
a few of these equations can be solved by analytical methods. In most cases, we depend on
the numerical solution of such partial differential equations. Of the various numerical methods
available for solving these equations, the method of finite difference is the most commonly used.
In this method, the derivative appearing in the equation and the boundary conditions are replaced
by their finite difference approximations. Then the given equation is changed to a difference
equation which is solved by iterative procedures. The process is slow but gives good results of
boundary value problems.
Crank-Nicolson Method for solving parabolic partial differential equations is a prominent example
finite difference method and it was developed by John Crank and Phyllis Nicolson in 1956. A
practical method for numerical solution to partial differential equations of heat conduction type
was considered by [2]. [8] modified the simple explicit scheme and prove that it is much more
stable than the simple explicit case, enabling larger time steps to be used. [7] considered the
stability and accuracy of finite difference method for option pricing. [1] solved some parabolic
differential equations using modified Crank-Nicolson scheme. They compared the results with the
exact solutions. Crank-Nicolson scheme, which is forward time central space (FTCS), According
to Kreyszig (1993), the time derivative was replaced by forward difference in time because we
have no information for negative t at the start. The freedom to experiment with any value
of r is one of the reasons the Crank Nicolson scheme was chosen for this study, even though
small values of r yield more accurate results. Because of this unconditional stability and ease of
implementation in a computer no matter how small r becomes. There are many exhaustive texts
on this subject such as [3], [12], [13] and [14], to mention few.
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2 Finite Difference Methods

The general second order linear partial differential equation with two independent variables and
one dependent variables is given by

A
∂2f

∂x2
+ B

∂2f

∂x∂y
+ C

∂2f

∂y2
+ D = 0 (1)

Here, A, B, C, are functions of independent variables, and x, y, D are function of x, y, f, ∂f
∂x

and ∂f
∂y . It is important to note that for a partial differential equation to be parabolic, b2 − 4ac = 0

is required. The one dimensional heat conduction equation of the form

∂f

∂t
=
∂2f

∂x2
(2)

is a well known example of a parabolic partial differential equation. The solution of these equation
is a temperature function u(x, t) which is defined for values of x from 0 to l and for values of
t from 0 to ∞. The solution is not defined in a closed domain but advances in an open-ended
region from initial values satisfying the prescribed boundary conditions.
The equation (2) above together with initial condition

f(x, 0) = f(x), 0 ≤ x ≤ L

and the boundary condition
f(x, 0) = f(x, L) = 0

is an example of Parabolic partial differential equation and can be solved analytically but nu-
merical method have proven exceedingly well for solving such or even more difficult equations.
For this problem, different numerical methods such as finite difference method, finite element
methods among others can be applied to solve the Partial differential equation. Here, we shall
concentrate on finite difference methods for solving the equation (2) together with the initial and
boundary conditions. Finite difference method is a numerical method used for solving partial
differential equations. The method requires substituting the partial derivatives by difference
equations to obtain numerical schemes for the solution of the partial differential equations. The
efficiency of each scheme depends on the stability.

In this paper, we investigate the stability of modified Crank-Nicolson scheme for solving one
dimensional parabolic partial differential equations. We also solve some partial differential equa-
tions in one dimension to verify our results.

2.1 Crank-Nicolson Scheme

The classical Crank-Nicolson scheme is derived by finding the average of the (j)th and (j + 1)th

rows, as follows;

fi, j+1 − fi, j
k

=
1

2

[
fi−1, j − 2fi, j + fi+1, j

h2

]
+

1

2

[
fi−1, j+1 − fi, j+1 + fi+1, j+1

h2

]
(3)

which gives

2(fi, j+1 − fi, j) =
k

h2
(fi−1, j − 2fi, j + fi+1, j + fi−1, j+1 − 2fi, j+1 + fi+1, j+1)

let k
h2

= r then

2(fi, j+1 − fi, j) = r (fi−1, j − 2fi, j + fi+1, j + fi−1, j+1 − 2fi, j+1 + fi+1, j+1)
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rfi−1, j+1 + (2 + 2r)fi, j+1 − rfi+1, j+1 = rfi−1, j + (2− 2r)fi, j + rfi+1, j

which can be written as

2(1 + r)fi, j+1 + r [fi−1, j+1 − fi+1, j+1] = 2(1− r)fi, j + r [fi−1, j + fi+1, j ] (4)

Equation (4) is the Crank-Nicolson method.

2.2 Modified Crank-Nicolson Method

Here, we derive the Modified Crank-Nicolson scheme as follows; we replace the left hand sides of
(3) by fi, j − fi, j−1

k and instead of (j + 1)th row, we have (j − 1)th row that is for the implicit.
We then find the average of the (j)th and (j − 1)th row. The finite difference approximation
analogue to equation (2) is then given as

2fi, j − 2fi, j−1 = rfi+1, j−1 − 2rfi, j−1 + rfi−1, j−1 + rfi+1, j − 2rfi, j + rfi−1, j

where

−2rfi, j−1 + 2fi, j−1 + rfi+1, j−1 + rfi−1, j−1 = −rfi+1, j + 2fi, j + 2rfi, j − rfi−1, j

2(1 + r)fi, j − r(fi+1, j + fi−1, j) = 2(1− r)fi, j−1 + r(fi+1, j−1 + fi−1, j−1) (5)

here r = k
h2

Equation(5) is the modified Crank-Nicolson scheme.
Equation (5) can be written in matrix form as Uf = yb, where the known concentrations are
b = fi, j−1 and the unknown concentrations are f = fi, j . Note: U and y are tri-diagonal
matrices of coefficients defined as



2 + 2r −r 0 . . . 0
−r 2 + 2r −r . . . 0

0 −r 2 + 2r
. . . 0

...
...

. . . . . . −r
0 0 0 −r 2 + 2r







f1,j
f2,j
f3,j
...
fn,j




=




2− 2r r 0 . . . 0
r 2− 2r r . . . 0

0 r 2− 2r
. . . 0

...
...

. . . . . . r
0 0 0 r 2− 2r







f1,j−1
f2,j−1
f3,j−1

...
fn,j−1




(6)
The convergence of this method follows from the condition (Tunner, 1994)
r = λδt

δx2
≤ 1

2 , which implies δt ≤ (δx)2

2λ .

for sufficient accuracy we choose δx small, which makes δt very small by δt ≤ (δx)2

2λ . This will
make the computation lengthy, as more time levels will be required to cover the region. Our
method imposes no such restriction as r = λδt

(δx)2
as proposed by Crank and Nicolson in [2].

2.3 Stability Analysis

The two fundamental sources of error are the truncation and round off error. The three fun-
damental factors that characterize a numerical scheme are consistency, stability and convergence.

Consistency: A finite difference of a partial differential equation is consistent, if the difference
between the partial differential equation and finite difference equation vanishes as the interval
and time step size approaches zero. Consistency deals with how well the finite difference equation
approximates the partial differential equation and it is necessary condition for convergence.

Stability: For a stable numerical scheme, the errors from any source will not grow unboundedly
with time.
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Convergence: It means that the solution to a finite difference equation approaches the true
solution to the partial differential equation as both grid and time step sizes are reduced. The
necessary and sufficient conditions for convergent are consistency and stability.

These three factors that characterize a numerical scheme are linked together by Lax equivalence
theorem [14] which state that given a well posed linear initial value problem and a consistent
finite difference scheme, stability is a necessary and sufficient condition for convergence.
In general, a problem is said to be well posed if

1. A solution to the problem exists

2. The solution is unique when it exists

3. The solution depends continuously on the problem data

A finite difference approximation is said to be convergent if

Ei,j = ||f̄i,j − fi,j || → 0, as h, k → 0 (7)

where f̄i,j is the exact solution, fi,j is the numerical approximation and Ei,j is the error. We
shall test for this later, using one of the numerical examples.

Let f(x, t) be the analytical solution of the partial differential equation and fi,j the solution of
its finite difference approximation.
We define the error as

Ei,j = f(xi, tj)− fi,j , i,= 1, 2, 3, ...N, j = 1, 2, 3, ...M (8)

we say Ei,j satisfies the same difference equation fi,j . Let the errors at the mesh point (xi, 0) at
t = 0 be denoted by Ei,j , i = 0, 1, 2, ...N
We investigate the propagation of these errors as t increases by finding a solution of the finite
difference equation in Ei,j that reduces Ei when t = 0. To this effect we apply the Von Newmann
stability method. We use Fourier series method. We express the errors in terms of finite Fourier
series, using the interval [−L,L] (Interval of finite Fourier series function) given as

f(x) = a0 +

∞∑

n=1

ancos(
nπ

l
)x+

∞∑

n=1

bnsin(
nπ

l
)x (9)

the complex exponential form of the series is

f(x) =
∞∑

n=1

Ane
z(
nπ

l
)x (10)

where An, f(x), bn, a0, and an are constants to be determined. Expressing Ei in term of complex
Fourier series we have

Ei =
∞∑

n=1

Ane
z(
nπ

l
)xi (z =

√
−1) (11)

using the domain
D = (x, t)|0 ≤ x ≤ l, 0 ≤ t ≤ T

Let the mesh point (xi, tj) assume the form (ih, jk) where h and k are the mesh sizes, therefore;

Ei =
∞∑

n=1

Ane
zβnih (12)
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where β0 = nπ
l = nπ

Nh , i.e l = Nh, z =
√
−1 from (12), because of linearity, we only consider

one of the terms and thus only need eziβ where β is real. Let the solution of the finite difference
approximation be given in separable form as

E(x, t) ≈ eγxeziβ (13)

where γ = γ(β) is complex. The solution at x = 0 equals the error introduced at x = 0.
Observing from (13) that in order for the original error not to grow as x increases

| eγx |≤ 1 ∀ γ (14)

Therefore, the Von Newmann condition for stability can be written as

| eγh |≤ 1 (15)

If we define ξ = eγh which is the amplification factor, then the stability constraint of (15) becomes

| ξ |≤ 1 (16)

We shall use the above procedure to investigate the stability of modified Crank-Nicolson scheme
as follows;

Illustration: The Parabolic partial differential equation (2) is approximated using the mod-
ified Crank-Nicolson scheme given by

fi, j − fi, j−1
k

=
1

2
[
fi+1, j−1 fi, j−1 + fi−1, j−1

h2
+
fi+1, j − 2fi, j + fi−1, j

h2
]

Investigate its stability?

Solution:

The scheme above result into;

2(1 + r)fi, j − r(fi+1, j + fi−1, j) = 2(1− r)fi, j−1 + r(fi+1, j−1 + fi−1, j−1) (17)

Let
Ei,j = eγihezβjk = ξiezβjk (18)

substituting (18) into (17) gives

2(1+r)ξiezβjk−r(ξiezβ(j+1)k+ezβ(j−1)kξi) = 2(1−r)ξi−1ezβjk+r(ξi−1ezβ(j+1)k+ξi−1ezβ(j−1)k)
(19)

factoring out ξezβjk we have

ξiezβjk[2(1 + r)− r(ezβk + e−zβk) = ξiezβjk[2(1− r)ξ−1 + r(ξ−1ezβk + ξ−1e−zβk)]

which gives
[2(1 + r)− r(ezβk + e−zβk)] = [2(1− r) + r(ezβk + e−zβk)]ξ−1 (20)

using Trigonometric identity, we define

ezβk + e−zβk = 2cosβk

and
1− cosβk = 2sin2(

βk

2
)
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substituting these into (20) we have

2(1 + r)− r(2cosβk) = ξ−1[2(1− r) + r(2cosβk)]

2(1 + r)(1− cosβk) = ξ−1[2(1− r)(1− cosβk)]
[
1 + r

(
2sin2

βk

2

)]
= ξ−1

[
1− r

(
2sin2

βk

2

)]

ξ−1 =
1 + r

(
2sin2 βk2

)

1− r
(

2sin2 βk2

)

ξ−1 =
1 + 2rsin2

(
βk
2

)

1− 2rsin2
(
βk
2

)

from whence the amplification factor

ξ =
1− 2rsin2

(
βk
2

)

1 + 2rsin2
(
βk
2

)

for any value of r and βk, we have that | ξ |< 1 and thus the approximation is unconditional
stable.

3 Numerical Examples

In this section, we present some numerical examples of one dimensional Parabolic partial differ-
ential equations and solve using the modified Crank-Nicolson method

Example 1:
Solve the partial differential equation using modified Crank-Nicolson scheme:

∂2f
∂x2

= ∂f
∂t , 0 ≤ x ≤ 1

with f(x, 0) = 100sinπx

and f(0, t) = 0 = f(1, t)





(21)

Solution:
here, we use h = 0.1, and k = 0.004 then r = k

h2
= 2

5 < 1
using

2(1 + r)fi, j − r(fi+1, j + fi−1, j) = 2(1 + r)fi, j−1 + r(fi+1, j−1 + fi−1, j−1)

at i = 1, j = 1 we have

2(1 +
2

5
)f1,1 −

2

5
(f2,1 + f0,1) = 2(1− 2

5
)f1,0 +

2

5
(f2,0 + f0,0)

2.8f1,1 − 0.4f2,1 = 1.2f1,0 + 0.4f2,0 + 0.4f0,0

2.8f1,1 − 0.4f2,1 = 60.5934 (22)
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Table 1: Results of Modified Crank-Nicolson Solution

j t f1, j f2, j f3, j f4, j f5, j f6, j f7, j f8, j f9, j
1 1 27.7149 56.5211 77.7937 91.4509 96.1438 91.3445 77.0492 56.4104 29.6848
2 2.0 27.6561 53.9244 74.7425 87.9203 92.4093 87.7183 74.3922 54.1243 28.5127
3 3.0 26.9609 51.8438 71.7727 84.4999 88.8130 84.3427 71.6291 52.0419 27.3863
4 4.0 26.0900 49.9033 68.9674 81.2035 85.3705 81.1086 68.9193 50.0546 26.3222
5 5.0 25.1725 48.0341 66.2988 78.0483 82.0908 75.1637 67.4396 55.9926 26.4305
6 6.0 24.2535 46.2232 63.7357 74.9478 78.3645 74.1193 65.4491 50.5492 26.5476
7 7.0 23.3500 44.4665 61.2565 71.9508 75.4559 72.0798 62.9310 47.4212 25.3733
8 8.0 22.4687 42.7642 58.8744 69.1699 72.7506 69.6863 60.4273 45.0106 24.0788
9 9.0 21.6132 41.1219 56.6944 66.5516 70.1222 67.1961 58.0134 42.9189 22.8808

solving for 1 ≤ i ≤ 9 at j = 1, we get a tridiagonal matrix which is represented below;



2.8 −0.4 0 0 0 0 0 0 0
−0.4 2.8 −0.4 0 0 0 0 0 0

0 −0.4 2.8 −0.4 0 0 0 0 0
0 0 −0.4 2.8 −0.4 0 0 0 0
0 0 0 −0.4 2.8 −0.4 0 0 0
0 0 0 0 −0.4 2.8 −0.4 0 0
0 0 0 0 0 −0.4 2.8 −0.4 0
0 0 0 0 0 0 −0.4 2.8 −0.4
0 0 0 0 0 0 0 −0.4 2.8







f1,1
f2,1
f3,1
f4,1
f5,1
f6,1
f7,1
f8,1
f9,1




=




60.5934
115.2556
158.63357
186.4875
196.0846
186.4875
158.6357
115.2556
60.5534




also, the results of the next steps 2 ≤ j ≤ 9, and 1 ≤ i ≤ 10 is given in the table1.
Example 2:
Solve the partial differential equation [6] using Modified Crank-Nicolson scheme:

1

8

∂2f

∂x2
=

∂f

∂t
, 0 ≤ x ≤ 4 (23)

with initial condition
f(x, 0) = 2000, 0 ≤ x ≤ 4 (24)

and boundary conditions

∂f

∂x
=





0.36f − 25.2, x = 4

0 x = 0
(25)

Solution::
using (5) and r = λδt

(δx)2
, where δt = δx = 1 which have r = 1

8 < 1

substituting r into (5) we have

2

(
1 +

1

8

)
fi,j −

1

8
(fi+1,j + fi−1,j) = 2

(
1− 1

8

)
fi,j−1 +

1

8
(fi+1,j−1 + fi−1,j−1)

which gives

2.25fi,j − 0.125 (fi+1,j + fi−1,j) = 1.75fi,j−1 + 0.125 (fi+1,j−1 + fi−1,j−1) (26)

at i = 1, j = 1

2.25f1,1 − 0.125(f2,1 + f0,1) = 1.75f1,0 + 0.125(f2,0 + f0,0) (27)
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Table 2: Results of Modified Crank-Nicolson Solution

j t f1, j f2, j f3, j f4, j f5, j
1 1 2000.0 2000.0 2000.0 2000.0 2000.0
2 2.0 1850.6 1991.7 1999.5 2000.0 2000.0
3 3.0 1741.5 1970.7 1998.0 1999.9 2000.0
4 4.0 1659.0 1943.5 1995.3 1999.5 1999.9
5 5.0 1594.4 1913.7 1988.3 1998.7 1999.7
6 6.0 1542.1 1883.1 1979.4 1997.1 1999.3
7 7.0 1498.5 1852.9 1968.9 1994.7 1998.5
8 8.0 1461.2 1823.7 1957.1 1991.5 1997.3
9 9.0 1428.7 1795.7 1944.3 1987.5 1995.6
10 10 1399.8 1769.1 1930.8 1982.7 1993.3
11 11 1373.7 1743.8 1916.9 1977.2 1990.3

solving for f0,1 in terms of f1,1 and f2,1, using the boundary condition

∂f

∂x

∣∣∣∣
0

=
fi+1,j − fi−1,j

2

we get
2(0.36f1,1 − 25.2) = f2,1 − f0,1
f0,1 = f2,1 − 0.72f1,1 + 50.4 (28)

similarly, we solve for f0,0 in terms of f1,0 and f2,0 so that

f0,0 = f2,0 − 0.72f1,0 + 50.4 (29)

putting (28) and (29) into (27) gives

2.25f1,1 − 0.125[2f2,1 − 0.72f1,1 + 50.4] = 1.75f1,0 + 0.125[2f2,0 − 0.72f1,0 + 50.4]

on simplifying we get

2.34f1,1 − 0.25f2,1 = 1.66f1,0 + 0.25f2,0 + 12.6 (30)

and for 2 ≤ i ≤ 4 we use (26) also for i = 5 we use the fact that ∂f
∂x

∣∣∣
x=4

= 0, therefore, f4 = f6

so we have
2.25f5,1 − 0.25f4,1 = 1.75f5,0 + 0.25f4,0 (31)

now, equations (30), (26) for 2 ≤ i ≤ 4 and (31) is expressed in a matrix form as



2.34 −0.25 0 0 0
−0.125 2.25 −0.125 0 0

0 −0.125 2.35 −0.125 0
0 0 −0.125 2.25 −0.125
0 0 0 −0.25 2.25







f1,1
f2,1
f3,1
f4,1
f5,1




=




3832.6
4000.0
4000.0
4000.0
4000.0




solving the tri-diagonal matrix for the various time steps (j=1-11) we have the following tabulated
results in table 2.
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Table 3: Results of Modified Crank-Nicolson Solution

x t i fi, j=1 fi, j=2 fi, j=3 fi, j=4 fi, j=5 fi, j=6 fi, j=7 fi, j=8

0.1 0.001 1 0.3060 0.3030 0.3001 0.2972 0.2943 0.2914 0.2886 0.2858
0.2 0.002 2 0.5821 0.5764 0.5708 0.5652 0.5597 0.5542 0.5488 0.5435
0.3 0.003 3 0.8011 0.7933 0.7856 0.7779 0.7703 0.7628 0.7554 0.7480
0.4 0.004 4 0.9418 0.9326 0.9235 0.9145 0.9056 0.8968 0.8880 0.8793
0.5 0.005 5 0.9903 0.9806 0.9710 0.9615 0.9521 0.9428 0.9336 0.9245
0.6 0.006 6 0.9418 0.9326 0.9235 0.9145 0.9056 0.8968 0.8880 0.8793
0.7 0.007 7 0.8011 0.7933 0.7856 0.7779 0.7703 0.7628 0.7554 0.7480
0.8 0.008 8 0.5821 0.5764 0.5708 0.5652 0.5597 0.5542 0.5488 0.5435
0.9 0.009 9 0.3060 0.3030 0.3001 0.2972 0.2943 0.2914 0.2886 0.2858

Example 3:
Solve the partial differential equations using modified Crank-Nicolson method

∂2f
∂x2

= ∂f
∂t , 0 ≤ x ≤ 1

with f(x, 0) = sinπx

and f(0, t) = 0 = f(1, t)





(32)

given that the exact solution is f(x, t) = exp(−π2t) sin(πx) then from (5) we have at i = 1, j = 1
and using r = k

h2
, k = 0.001, h = 0.1

2.2f1,1 − 0.1f2,1 = 0.61498

solving for 1 ≤ i ≤ 9 at j = 1, we get a tridiagonal matrix which is represented below;



2.2 −0.1 0 0 0 0 0 0 0
−0.1 2.2 −0.1 0 0 0 0 0 0

0 −0.1 2.2 −0.1 0 0 0 0 0
0 0 −0.1 2.2 −0.1 0 0 0 0
0 0 0 −0.1 2.2 −0.1 0 0 0
0 0 0 0 −0.1 2.2 −0.1 0 0
0 0 0 0 0 −0.1 2.2 −0.1 0
0 0 0 0 0 0 −0.1 2.2 −0.1
0 0 0 0 0 0 0 −0.1 2.2







f1,1
f2,1
f3,1
f4,1
f5,1
f6,1
f7,1
f8,1
f9,1




=




0.61498
1.16984
1.61009
1.89288
1.99022
1.89288
1.61009
1.16984
0.61498




the results for the tridiagonal matrix above and the various next steps for 2 ≤ j ≤ 9, and
1 ≤ i ≤ 10 is given in the table 3:
We shall now verify that

Ei,j = ||f̄i,j − fi,j || −→ 0 as h, k −→ 0

The exact solution of the Partial differential equation in problem 3 is given as f(x, t) = exp(−π2t)(sinπx)
at f̄(0.5, 0.005) = 0.9519 and from the table above, we have that f(0.5, 0.005) = 0.9521 Ei,j =
||0.9519− 0.9521|| = || − 0.0002|| = 0.0002 showing that Ei,j −→ 0 as h, k −→ 0.

4 Discussion of Results

From the derivation of the stability, it shows that the modified Crank-Nicolson method, with
computation time step value starting from j = 1, unlike the classical Crank-Nicolson method

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 215



with computation time step value starting from j = 0, converges for all smaller values of r < 1
it is fast and efficient, also from the numerical examples it seen that as j increases, the solution
is approaching zero. Its gives a fast convergence and better accuracy and require the solutions
of a tridiagonal system at every level.

5 Conclusion

From the results analysis, it is seen that our method provides approximate results and fast
convergence compared to the classical Crank-Nicolson method. Since it is not possible to solve
every partial differential equation analytically so numerical methods providing a good agreement
in those cases where solutions do not exist or where Partial differential equations can not be
solve analytically. The results of our method also agree with existing findings in literature that
smaller time step produces more accurate results.This can be always be achieved when the value
of r = k

h2
is kept reasonably small for a close approximation to the solution of the partial

differential equation as seen in the tables.
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Abstract: The study focus on formulation of hybrid backward differentiation method using the
power series as basis function through interpolation and collocation approach for solving initial
value problems of first order ordinary differential equations. The step number for the derived
hybrid method is k = 5. The scheme was analyzed using appropriate theorems to investigate its
consistency, stability, convergence and the investigation shows that the developed scheme is con-
sistent, zero stable and hence convergent. Also provided are examples of initial value problems
solved with the proposed hybrid scheme.

Keywords: Hybrid method, backward differentiation formulas, collocation, interpolation, first
order.

1 Introduction

In present times, numerical methods have been efficient tools used in the solution of first order
ordinary differential equations of the form;

y′(x) = f(x, y), y(a) = y0, a ≤ x ≤ b (1)

Such differential equations occur in many fields of engineering science and in particular, they
appear in electrical circuit, vibrations, chemical reactions, kinetics etc.
Many authors like Lambert [1] and Musa [2] have written on the block extended backward
differentiation formula that approximates the solution of (1) and is given by;

5∑

j=0

αj,iyn+j−2 = hβk,jfn+k + hβk+1fn+k+1; k, i = 1, 2, 3. (2)

An acceptable Linear Multistep Method (LMM) must be convergent. Consistency and zero
stability are the necessary and sufficient conditions for convergence of a LMM. According to
Oyelami[3], consistency controls the magnitude of the local truncation error while zero stability
controls the manner in which the error is propagated at each step of the calculations. Many
author like [4]-[6] have derived consistent and convergent schemes.
A method which is not both consistent and zero stable is rejected outright and has no practical
interest. In this research work, hybrid backward differentiation formula are developed and applied
to solve first order ordinary differential equations.
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2 Materials and Methods

We seek an approximate solution of the form;

Y (x) =
r+s−1∑

j=0

γjx
j

where γj are unknown coefficients to be determined,k < r and s > 0 are the number of interpo-
lation and collocation points respectively.
The continuous form of the numerical scheme is expressed as:

Y (x) =
k−1∑

j=0

αj(x)yn+j + αµ(x)yn+µ + hβk(x)fn+k (3)

where αj(x), βk(x), and αµ(x) are continuous coefficients.

2.1 Specification of Methods

Five Step Hybrid Backward Differentiation Method(5HBDM) with One Off Step
Point at Interpolation

To derive this method, (3) is used to obtain a continuous five step hybrid backward differentiation
method with the following specification: r = 5, s = 1, k = 5. Expressing αj(x), βk(x), and αµ(x)
as functions of t where t = x−xn

h the continuous form is obtained as follows:

y(x) = α0yn + α1yn+1 + α2yn+2 + α3yn+3 + α4yn+4 + α 9
2
y 9

2
+ hβ5fn+5 (4)

where

α0(x) = 1− 23095

9252

x

h
+

131057

55512

x2

h2
− 20485

18504

x3

h3
+

15293

55512

x4

h4
− 215

6168

x5

h5
+

49

27756

x6

h6

α1(x) =
11430

1799

x

h
− 34201

3598

x2

h2
+

118577

21588

x3

h3
− 16619

1079

x4

h4
+

4537

21588

x5

h5
− 121

10794

x6

h6

α2(x) = −
2241

257

x

h
+

89457

5140

x2

h2
− 12211

1028

x3

h3
+

3813

1028

x4

h4
− 561

1028

x5

h5
+

79

2570

x6

h6

α3(x) =
2390

257

x

h
− 93017

4626

x2

h2
+

46993

3084

x3

h3
− 24071

4626

x4

h4
+

2537

3084

x5

h5
− 227

4626

x6

h6

α4(x) = −
9405

1028

x

h
+

42211

2056

x2

h2
− 101287

6168

x3

h3
+

36917

6168

x4

h4
− 6227

6168

x5

h5
+

197

3084

x6

h6

α 9
5
(x) =

76288

16191

x

h
− 2594432

242865

x2

h2
+

140480

16191

x3

h3
− 156736

48573

x4

h4
+

3008

5397

x5

h5
− 8768

242865

x6

h6

β5(x) =
108

257
x+

249

257

x2

h
− 415

514

x3

h2
+

80

257

x4

h3
− 29

514

x5

h4
+

1

257

x6

h5

Evaluating (4) at x = xn+6 yields the hybrid five step implicit method

yn+5 = −
4

771
yn +

75

1799
yn+1 −

40

257
yn+2 +

100

257
yn+3 −

300

257
yn+4 +

10240

5397
yn+ 9

2
− 60

257
hfn+5 (5)

Taking the first derivative of (4), thereafter, evaluating the resulting continuous polynomial
solution at x = xn+1, x = xn+2, x = xn+3, x = xn+4, and x = xn+ 9

2
, we generate five additional

methods:

fn+1 = −
364

2313

yn
h
− 7310

5397

yn+1

h
+
3528

1285

yn+2

h
− 1694

771

yn+3

h
+
1484

771

yn+4

h
− 77824

80955

yn+ 9
2

h
+

21

257
fn+5 (6)
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Table 1: Order and Error Constants for the Proposed 5 HPDM

Equation Order Error Constant
p (Cp+1)

(5) 6 5
1799

(6) 6 68
3855

(7) 6 - 277
43176

(8) 6 40
10280

(9) 6 - 317
107940

(10) 6 1131
263168

fn+2 =
265

9252

yn
h
− 655

1799

yn+1

h
− 909

1285

yn+2

h
+
1235

771

yn+3

h
− 1085

1028

yn+4

h
+
40192

80955

yn+ 9
2

h
− 10

257
fn+5 (7)

fn+3 = −
55

4626

yn
h

+
204

1799

yn+1

h
− 801

1285

yn+2

h
− 212

771

yn+3

h
+

681

514

yn+4

h
− 42752

80955

yn+ 9
2

h
+

9

257
fn+5 (8)

fn+4 =
61

9252

yn
h
− 302

5397

yn+1

h
+

297

1285

yn+2

h
− 574

771

yn+3

h
− 2107

3084

yn+4

h
+
100864

80955

yn+ 9
2

h
− 12

257
fn+5 (9)

fn+ 9
2
= − 2555

296064

yn
h
+

8145

115136

yn+1

h
−22491

82240

yn+2

h
+
12145

16488

yn+3

h
−99855

32896

yn+4

h
+
203072

80955

yn+ 9
2

h
+

945

8224
fn+5

(10)

2.2 Order and Error Constant

Following Muhammed [7] Let y(xn+j), the solution to y′(xn+j) be sufficiently differentiable, then
y(xn+j) and y′(xn+j) can be expanded into Taylor’s series about point xn to obtain

Tn =
1

hσ(1)
[c0(xn) + hc1y

′(xn) + h2c2y
′′(xn) + . . . ] (11)

where

c0 =

k∑

j=0

αj

c1 =

k∑

j=0

jαj −
k∑

j=0

βj

...

cq =
1

q!

k∑

j=0

jqαj −
1

(q − 1)!

k∑

j=0

jq−1βj

Definition 2.1 Following Gear [8], a linear multistep method is said to be of order of accuracy
p if; c0 = c1 = · · · = cp = 0, cp+1 6= 0 is called the error constant. It is establish from
our calculations that the five HBDM have higher order and relatively small error constants as
displayed in the Table 1.

In order to analyze the method for zero stability, we normalize the 5HBDF

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 220



Table 2: Order and Error Constants for the Proposed 5 HPDM

Equation Order p
∑k

j=0 ρ′(1) σ(1)

(5) 6 0 - 60
257 - 60

257
(6) 6 0 236

257
236
257

(7) 6 0 267
257

267
257

(8) 6 0 248
257

248
257

(9) 6 0 269
257

269
257

(10) 6 0 7279
8224

7279
8224

2.3 Consistency

Definition 2.2 Following Butcher [9], a linear multistep method is said to be consistent if the
following conditions are satisfied;

1. The order of accuracy p > 1

2.
∑k

j=0 αj = 0

3. ρ′(1) = σ(1), where ρ(r) and σ(r) are respectively first and second characteristic polynomi-
als of the methods.

Conditions 1 and 2 are taken care of in section 2.2 since the order p > 1 and c0 =
∑k

j=0 αj = 0
in all cases.
For the third condition, the first and second characteristic polynomials are obtained and evalu-
ated. The summary of order of accuracy, error constants as well as the parameter for measuring
consistency as obtained are presented in Tables 2

2.4 Zero Stability

The derived Hybrid Backward Differentiation Formula can be written in block form as follows

A(−1)Yω+1 = A(0)Yω−1 + hBFω−1 (12)

Whose first characteristic polynomial is given as

ρ(λ) = det[λA(1) −A(0)] (13)

Definition 2.3 According to Butcher [9] The block method (12) is said to be zero stable if no
root of the first characteristic polynomial ρ(λ) satisfies |λj | ≤ 1, j = 1, 2, 3, . . . and for those roots
with|λj | = 1, the multiplicity must not exceed 2.

2.5 Zero Stability of 5HBDM with One Off Step Grid Point

Expressing the methods represented in (5), (6), (7), (8), (9), and (10) in the form (12)

A(1) =




−7310
5397

3528
1285 −1694

771
1484
771 −77824

80955 0
− 655

1799 − 909
1285

1235
771 −1085

1028
40192
80955 0

204
1799 − 801

1285 −212
771

681
514 −42752

80955 0
− 302

5397
297
1285 −574

771 −2107
3084 −100864

80955 0
8145

115136 −22491
82240

12145
16448 −99855

32896
203072
80955 0

75
1799 − 40

257
100
257 −300

257
10240
5397 −1




(14)
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A(0) =




0 0 0 0 0 − 364
2313

0 0 0 0 0 265
9252

0 0 0 0 0 − 55
4626

0 0 0 0 0 61
9252

0 0 0 0 0 − 2555
296064

0 0 0 0 0 − 4
771




(15)

B(0) =




1 0 0 0 0 − 21
257

0 1 0 0 0 10
257

0 0 1 0 0 − 9
257

0 0 0 1 0 12
257

0 0 0 0 1 − 945
8224

0 0 0 0 0 − 60
257




(16)

P (λ) = λA(1)−A(0)
|P (λ)| = − 80

257λ
5 − 80

257λ
6

λ = [−1 0 0 0 0 0]
Thus the method is zero stable.

3 Results

We report here numerical examples taken from the literature;

• Problem 1:
y′ = −y, y(0) = 1, 0 ≤ x ≤ 2
Exact Solution
y(x) = e−x Source: Umaru[10]

• Problem 2:
y′ = −y3

2 y, y(0) = 1, 0 ≤ x ≤ 4
Exact Solution
y(x) = 1√

1+x
Source: Musa[2]

4 Discussion

To illustrate the potential of the new formula constructed in this paper, we compare its perfor-
mance on the same problem with methods found in the literature.

5 Conclusion

In this paper, we developed a uniform order 5 step hybrid method. The method possess the
following desirable properties.

1. Zero stability.

2. It is a convergence scheme.

3. The behaviour of the exact and approximate solution of the proposed method are in agree-
ment

Hence, an improvement over other cited works.
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Table 3: Showing the Exact Solutions and the Computed Results of the Proposed Method for
Problem 1

x Exact Solution Error in Proposed Method Error in Umaru [10]
0 1.000000000 0 0
0.1 0.904837418 -2.88E-08 -2.5292E-06
0.2 0.818730753 -2.29E-08 -2.0937E-06
0.3 0.740818221 -2.16E-08 0.035997992
0.4 0.670320046 -1.89E-08 -1.6198E-06
0.5 0.606530660 -1.98E-08 -3.1608E-06
0.6 0.548811636 -1.83E-08 -2.7294E-06
0.7 0.496585304 -3.73E-08 -2.5457E-06
0.8 0.449328964 -3.19E-08 -2.1713E-06
0.9 0.406569660 -2.92E-08 -3.1008E-06
1.0 0.367879441 -2.59E-08 -2.7182E-06

Table 4: Showing the Exact Solutions and the Computed Results of the Proposed Method for
Problem 2

x Exact Solution Error in Proposed Method Error in Musa [2]
0 1.000000000 0 0
0.1 0.9534626 -3.50E-06 0.0003261
0.2 0.9128709 -2.90E-06 -0.0002608
0.3 0.8770580 -2.60E-06 -0.0013087
0.4 0.8451543 -2.30E-06 -5.68E-05
0.5 0.8164966 -2.10E-06 -0.0015044
0.6 0.79056943 -2.19E-06 -
0.7 0.76696497 -2.01E-06 -
0.8 0.74535597 -1.86E-06 -
0.9 0.72547624 -1.70E-06 -
1.0 0.70710677 -1.58E-06 -
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Abstract: In this work, we have considered the effect of the rate of formation of vapour phase on
the density of vapour molecules in the atmosphere. The method of analysis proposed is indexed
by the numerical method of ordinary differential equations of order 45. We have found that an
increase in the rate of formation of vapour phase has resulted in a corresponding increase in the
density of vapour molecules. The novel results that we have obtained which we have not seen
elsewhere are fully presented and discussed quantitatively in this study.

Keywords: ODE 45, Vapour Density, Mathematical Quantification.

1 Introduction

It is a well known and established fact that the temperature of the environment, in recent times
has been on the increase due to some gaseous pollutants like carbon dioxide, sulphur oxide, etc.
and particulate matters present in the air. This rise in temperature has been a major threat on
human health, plant species and other biological species [1]-[14]. Several nonlinear dynamical
models have been proposed on how the atmosphere can be cleansed of these pollutants. [15]-[17]
in their works considered the removal of gaseous and particulate pollutants in a rain system
using the stability theory of nonlinear ordinary differential equations. One of the key results
they obtained showed that the cumulative concentration of gaseous pollutants and particulate
matters in the atmosphere decreases as a result of rain and its reduction level depends on the
density of cloud droplets, the emission rate of the pollutants, the rate of formation of raindrops
and other factors.

We have observed that the system of equations that modeled the interactions between hot gases
with cloud droplets and raindrops, under a simplifying assumption, can be recast into a system of
modeled equations where analytical solution can be applied. But in terms of a wider application
and prediction, and for the purpose of environmental policy and control, an efficient numerical
simulation method is proposed in this work.
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2 Model Equations

Following Sundar et al (2009), the following continuous dynamical system of nonlinear differential
equations of first order would be considered:

d

dt
Cv = Qv − µ0Cv + µ1λ1CdC + µ2r1CrC (1)

d

dt
Cd = λCv − λ0Cd − λ1CdC (2)

d

dt
Cr = rCd − r0Cr − r1CrC (3)

d

dt
C = Q− δC − αCCr + θkCa + πvCaCr (4)

d

dt
Ca = αCCr − kCa − vCaCr (5)

with the following initial boundary conditions: Cv(0) ≥ 0, Cd(0) ≥ 0, Cr(0) ≥ 0, C(0) ≥ 0 and
Ca(0) ≥ 0 where:

Cv(t) is the density of the vapour molecules at time t in unit of months,

Qv(t) is the rate of formation of vapour phase in the atmosphere,

Cd(t) is the density of cloud droplets,

Cr(t) is the density of raindrops in the atmosphere,

Ca(t) is the cumulative concentration of gaseous pollutants in the absorbed phase,

C(t) is the cumulative concentration of hot gases in the atmosphere,

Q is the cumulative emission rate of gaseous pollutants,

µ0 is the natural depletion rate coefficient of vapour phase,

µ1 is the interaction rate coefficient of cloud droplets and hot gases,

µ2 is the interaction rate coefficient of raindrops and hot gases,

r is the growth rate coefficient of raindrops due to cloud droplets,

r0 is the natural depletion rate of raindrops,

r1 is the depletion rate coefficient of raindrops due to interaction with hot gases,

λ is the growth of cloud droplets formed from the vapour phase,

λ0 is the natural depletion rate of density of cloud droplets,

λ1 is the depletion rate coefficient of cloud droplets due to interaction with hot gases, b

δ is the natural removal rate coefficient of hot gases in the atmosphere,

k is the natural removal rate coefficient of gaseous pollutants in the atmosphere

α is the removal rate coefficient of hot gases due to interactions with raindrops,

v is the removal rate coefficient of gaseous pollutants due to interactions with raindrops,
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θ and π are reversible rate coefficients.

θ ≤ 0 and π ≤ 1

The parameter values used in this work are all taken from published [16]. These values are:
µ0 = 2.8, µ1 = 0.001, µ2 = 0.001, λ = 2.5, λ0 = 0.1, λ1 = 0.8, r = 0.8, r0 = 0.7, r1 = 0.01,
δ = 0.35, α = 0.65, k = 0.40, θ = 0.001, π = 0.00001, v = 0.50, Q = 1 and Qv = 15.

3 Method of analysis

The evolution of the density of vapour phase Cv in the atmosphere depends on seventeen (17)
deterministic parameters while the independent variable t and the five (5) initial conditions
form the intrinsic deterministic factors. In the context of this present formulation, each of these
model parameter values is varied at 100%. However, in environmental modeling, these parameter
values cannot be static [18]. They can either decrease or increase. So, in the event of a random
environmental perturbation such as climate change, how will this variation affect the density of
vapour molecules in the context of sensitivity analysis parametization? Thus, in this work, we
have applied the numerical method of Ordinary Differential Equation of order 45 to quantify
these effects for effective decision making on this prevailing challenge at hand. The new Cv

obtained as a result of the variation of the model parameter value Qv = 15 is denoted by Cv

(new), while the density of vapour phase Cv when all the model parameter values are fixed at
100% is denoted by Cv (old). However, for the purpose of clarity, we have used EPD and EPI
to represent the estimated proportion that is depleted or increased respectively.

4 Results

The full results obtained by applying the above method are presented as shown in Tables 1-9 as
follows:
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Table 1: Assessing the effect of a 5% variation of the rate of formation of vapour phase value of
15 on the density of vapour molecules Cv using ODE45 numerical simulation: Qv = 0.75

Empirical Time Cv(old) Cv(new) EPD(%)
Example (days)
1 1 0.800000000000000 0.800000000000000 0.000000000000000
2 31 5.357170616447103 0.268013466875589 94.997107875325867
3 61 5.357159013310056 0.268013612832038 94.997094314987692
4 91 5.357155358430993 0.268013806635499 94.997087284136654
5 121 5.357153569623351 0.268012548752773 94.997109094044205
6 151 5.357152508610882 0.268013108372250 94.997097656983712
7 181 5.357151806375762 0.268014054537487 94.997079339463312
8 211 5.357151307285308 0.268013869118843 94.997082334516776
9 241 5.357150934339046 0.268013855841179 94.997082234080338
10 271 5.357150645085467 0.268014452536236 94.997070825661638
11 301 5.357150414195882 0.268014351070762 94.997072504058281
12 331 5.357150225628127 0.268014092320955 94.997077157948638
13 361 5.357150068724607 0.268014137283957 94.997076172111704
14 391 5.357149936126265 0.268014038051549 94.997077900616901
15 421 5.357149822593103 0.268017850718052 94.997006624908636
16 451 5.357149724292417 0.268014688847716 94.997065554610444
17 481 5.357149638339301 0.268014641493689 94.997066358281288
18 511 5.357149562566436 0.268014376480306 94.997071234428830
19 541 5.357149495246379 0.268016175594592 94.997037588134987
20 571 5.357149435046462 0.268016544051860 94.997030654054640

Table 2: Assessing the effect of a 10% variation of the rate of formation of vapour phase value
of 15 on the density of vapour molecules Cv using ODE45 numerical simulation: Qv = 1.50

Empirical Time Cv(old) Cv(new) EPD(%)
Example (days)
1 1 0.800000000000000 0.800000000000000 0.000000000000000
2 31 5.357170616447103 0.535985727016081 89.994984939054461
3 61 5.357159013310056 0.535981854939583 89.995035547611778
4 91 5.357155358430993 0.535984840920682 89.994972983616023
5 121 5.357153569623351 0.535965262794487 89.995335100461389
6 151 5.357152508610882 0.536006335415905 89.994566431432574
7 181 5.357151806375762 0.535950834046728 89.995601143710886
8 211 5.357151307285308 0.535900182066694 89.996545713802945
9 241 5.357150934339046 0.536016834623474 89.994367506287062
10 271 5.357150645085467 0.535938843128204 89.995822805172338
11 301 5.357150414195882 0.535831274869963 89.997830311987002
12 331 5.357150225628127 0.536063498540664 89.993495124027234
13 361 5.357150068724607 0.536066096212524 89.993446341141109
14 391 5.357149936126265 0.535943224523864 89.995739695286517
15 421 5.357149822593103 0.536030514065079 89.994110080617148
16 451 5.357149724292417 0.536029256900302 89.994133364060460
17 481 5.357149638339301 0.535997949351112 89.994717610365839
18 511 5.357149562566436 0.535983117770514 89.994994324673257
19 541 5.357149495246379 0.535977412552642 89.995100696214720
20 571 5.357149435046462 0.536006008224736 89.994566798562943
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Table 3: Quantifying the effect of a 95% variation of the rate of formation of vapour phase value
of 15 on the density of vapour molecules Cv using ODE45 numerical simulation: Qv = 14.25

Empirical Time Cv(old) Cv(new) EPD(%)
Example (days)
1 1 0.800000000000000 0.800000000000000 0.000000000000000
2 31 5.357170616447103 5.089313636701084 4.999971046725096
3 61 5.357159013310056 5.089301941806843 4.999983589020074
4 91 5.357155358430993 5.089298260830714 4.999987487365484
5 121 5.357153569623351 5.089296459816865 4.999989384760504
6 151 5.357152508610882 5.089295391752291 4.999990506673988
7 181 5.357151806375762 5.089294684941714 4.999991247499472
8 211 5.357151307285308 5.089294182635019 4.999991773352091
9 241 5.357150934339046 5.089293807310106 4.999992165835591
10 271 5.357150645085467 5.089293516226415 4.999992469966809
11 301 5.357150414195882 5.089293283885591 4.999992712552885
12 331 5.357150225628127 5.089293094137182 4.999992910587799
13 361 5.357150068724607 5.089292936253652 4.999993075324188
14 391 5.357149936126265 5.089292802835538 4.999993214384692
15 421 5.357149822593103 5.089292688594807 4.999993333556619
16 451 5.357149724292417 5.089292589688116 4.999993436615782
17 481 5.357149638339301 5.089292503210057 4.999993526637401
18 511 5.357149562566436 5.089292426965603 4.999993606161546
19 541 5.357149495246379 5.089292359241636 4.999993676533081
20 571 5.357149435046462 5.089292298675015 4.999993739564664

Table 4: Assessing the effect of a 99% variation of the rate of formation of vapour phase value
of 15 on the density of vapour molecules Cv using ODE45 numerical simulation: Qv = 14.85

Empirical Time Cv(old) Cv(new) EPD(%)
Example (days)
1 1 0.800000000000000 0.800000000000000 0.000000000000000
2 31 5.357170616447103 5.303599219039615 0.999994236566182
3 61 5.357159013310056 5.303587598349004 0.999996730131605
4 91 5.357155358430993 5.303583938494428 0.999997505247923
5 121 5.357153569623351 5.303582147364246 0.999997882511166
6 151 5.357152508610882 5.303581085010745 0.999998105598606
7 181 5.357151806375762 5.303580381897509 0.999998253073487
8 211 5.357151307285308 5.303579882191201 0.999998357732669
9 241 5.357150934339046 5.303579508789486 0.999998435850854
10 271 5.357150645085467 5.303579219185473 0.999998496386107
11 301 5.357150414195882 5.303578988017961 0.999998544673351
12 331 5.357150225628127 5.303578799227421 0.999998584031203
13 361 5.357150068724607 5.303578642135635 0.999998616834078
14 391 5.357149936126265 5.303578509379984 0.999998644522130
15 421 5.357149822593103 5.303578395714020 0.999998668193902
16 451 5.357149724292417 5.303578297293305 0.999998688783860
17 481 5.357149638339301 5.303578211246609 0.999998706575229
18 511 5.357149562566436 5.303578135379139 0.999998722485407
19 541 5.357149495246379 5.303578067984979 0.999998736435031
20 571 5.357149435046462 5.303578007714588 0.999998748987839
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Table 5: Assessing the effect of a 99.9% variation of the rate of formation of vapour phase value
of 15 on the density of vapour molecules Cv using ODE45 numerical simulation: Qv = 14.985.

Empirical Time Cv(old) Cv(new) EPD(%)
Example (days)
1 1 0.800000000000000 0.800000000000000 0.000000000000000
2 31 5.357170616447103 5.351813476706870 0.099999423646986
3 61 5.357159013310056 5.351801871810327 0.099999673080796
4 91 5.357155358430993 5.351798216421697 0.099999750816727
5 121 5.357153569623351 5.351796427389062 0.099999788407504
6 151 5.357152508610882 5.351795366250109 0.099999810574051
7 181 5.357151806375762 5.351794663925546 0.099999825351979
8 211 5.357151307285308 5.351794164774497 0.099999835799409
9 241 5.357150934339046 5.351793791780692 0.099999843648508
10 271 5.357150645085467 5.351793502494107 0.099999849664012
11 301 5.357150414195882 5.351793271571714 0.099999854586345
12 331 5.357150225628127 5.351793082988796 0.099999858389308
13 361 5.357150068724607 5.351792926066305 0.099999861672300
14 391 5.357149936126265 5.351792793449261 0.099999864496573
15 421 5.357149822593103 5.351792679902991 0.099999866860530
16 451 5.357149724292417 5.351792581588101 0.099999868960608
17 481 5.3571496383393017 5.351792495631212 0.099999870635491
18 511 5.357149562566436 5.351792419843334 0.099999872330154
19 541 5.357149495246379 5.351792352518422 0.099999873677414
20 571 5.357149435046462 5.351792292313706 0.099999874890721

Table 6: Assessing the effect of a 99.99% variation of the rate of formation of vapour phase
value of 15 on the density of vapour molecules Cv using ODE45 numerical simulation:

Qv = 14.9985
Empirical Time Cv(old) Cv(new) EPD(%)
Example (days)
1 1 0.800000000000000 0.800000000000000 0.000000000000000
2 31 5.357170616447103 5.356634902444021 0.009999942907120
3 61 5.357159013310056 5.356623299159944 0.009999967310671
4 91 5.357155358430993 5.356619644228195 0.009999975116557
5 121 5.357153569623351 5.356617855390781 0.009999979011371
6 151 5.357152508610882 5.356616794375676 0.009999981041144
7 181 5.357151806375762 5.356616092136533 0.009999982427066
8 211 5.357151307285308 5.356615593040035 0.009999983471521
9 241 5.357150934339046 5.356615220083317 0.009999984362873
10 271 5.357150645085467 5.356614930825566 0.009999984980684
11 301 5.357150414195882 5.356614699939392 0.009999985347996
12 331 5.357150225628127 5.356614511363572 0.009999985850528
13 361 5.357150068724607 5.356614354452824 0.009999986278353
14 391 5.357149936126265 5.356614221857379 0.009999986471787
15 421 5.357149822593103 5.356614108322683 0.009999986712348
16 451 5.357149724292417 5.356614010020510 0.009999986923596
17 481 5.357149638339301 5.356613924071091 0.009999987015038
18 511 5.357149562566436 5.356613848291991 0.009999987272867
19 541 5.357149495246379 5.356613780972557 0.009999987386892
20 571 5.357149435046462 5.356613720773011 0.009999987492335
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Table 7: Assessing the effect of a 101% variation of the rate of formation of vapour phase value
of 15 on the density of vapour molecules Cv using ODE45 numerical simulation: Qv = 15.15

Empirical Time Cv(old) Cv(new) EPD(%)
Example (days)
1 1 0.800000000000000 0.800000000000000 0.000000000000000
2 31 5.357170616447103 5.410742014557371 0.999994249684676
3 61 5.357159013310056 5.410730428560112 0.999996735526354
4 91 5.357155358430993 5.410726778541104 0.999997508487433
5 121 5.357153569623351 5.410724992030169 0.999997885268485
6 151 5.357152508610882 5.410723932329523 0.999998107810666
7 181 5.357151806375762 5.410723230949793 0.999998254861349
8 211 5.357151307285308 5.410722732455848 0.999998359159401
9 241 5.357150934339046 5.410722359953150 0.999998437055672
10 271 5.357150645085467 5.410722071042264 0.999998497446453
11 301 5.357150414195882 5.410721840423892 0.999998545608341
12 331 5.357150225628127 5.410721652078160 0.999998584951985
13 361 5.357150068724607 5.410721495355165 0.999998617610355
14 391 5.357149936126265 5.410721362911249 0.999998645244590
15 421 5.357149822593103 5.410721249507484 0.999998668852797
16 451 5.357149724292417 5.410721151318196 0.999998689281637
17 481 5.357149638339301 5.410721065468625 0.999998707259010
18 511 5.357149562566436 5.410720989778024 0.999998722938834
19 541 5.357149495246379 5.410720922538055 0.999998737000203
20 571 5.357149435046462 5.410720862409632 0.999998749572044

Table 8: Assessing the effect of a 105% variation of the rate of formation of vapour phase value
of 15 on the density of vapour molecules Cv using ODE45 numerical simulation: Qv = 15.75

Empirical Time Cv(old) Cv(new) EPD(%)
Example (days)
1 1 0.800000000000000 0.800000000000000 0.000000000000000
2 31 5.357170616447103 5.625027613516266 4.999971370088755
3 61 5.357159013310056 5.625016092377736 4.999983730223054
4 91 5.357155358430993 5.625012460824312 4.999987576835350
5 121 5.357153569623351 5.625010682927926 4.999989450058050
6 151 5.357152508610882 5.625009628214420 4.999990557912897
7 181 5.357151806375762 5.625008930076169 4.999991289804780
8 211 5.357151307285308 5.625008433860224 4.999991809278400
9 241 5.357150934339046 5.625008063040117 4.999992197048638
10 271 5.357150645085467 5.625007775422754 4.999992497560495
11 301 5.357150414195882 5.625007545831611 4.999992737294368
12 331 5.357150225628127 5.625007358319889 4.999992933003022
13 361 5.357150068724607 5.625007202292939 4.999993095808520
14 391 5.357149936126265 5.625007070427659 4.999993233250454
15 421 5.357149822593103 5.625006957524381 4.999993350972272
16 451 5.357149724292417 5.625006859761396 4.999993452756419
17 481 5.357149638339301 5.625006774289343 4.999993541958939
18 511 5.357149562566436 5.625006698922642 4.999993620261818
19 541 5.357149495246379 5.625006631972767 4.999993690003771
20 571 5.357149435046462 5.625006572111341 4.999993752508710
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Table 9: Assessing the effect of a 110% variation of the rate of formation of vapour phase value
of 15 on the density of vapour molecules Cv using ODE45 numerical simulation: Cv = 16.50

Empirical Time Cv(old) Cv(new) EPD(%)
Example (days)
1 1 0.800000000000000 0.800000000000000 0.000000000000000
2 31 5.357170616447103 5.892884625280804 9.999943014489766
3 61 5.357159013310056 5.892873177863662 9.999967580252994
4 91 5.357155358430993 5.892869567281929 9.999975229537425
5 121 5.357153569623351 5.892867799205299 9.999978955608201
6 151 5.357152508610882 5.892866750150006 9.999981159357265
7 181 5.357151806375762 5.892866055697758 9.999982615471552
8 211 5.357151307285308 5.892865562068649 9.999983649048909
9 241 5.357150934339046 5.892865193161474 9.999984420609259
10 271 5.357150645085467 5.892864907017948 9.999985018601896
11 301 5.357150414195882 5.892864678594746 9.999985495633613
12 331 5.357150225628127 5.892864492031135 9.999985885036404
13 361 5.357150068724607 5.892864336788533 9.999986208925920
14 391 5.357149936126265 5.892864205588070 9.999986482535867
15 421 5.357149822593103 5.892864093250838 9.999986716787864
16 451 5.357149724292417 5.892863995979040 9.999986919487885
17 481 5.357149638339301 5.892863910927858 9.999987096769361
18 511 5.357149562566436 5.892863835937016 9.999987252809435
19 541 5.357149495246379 5.892863769322915 9.999987391651057
20 571 5.357149435046462 5.892863709750238 9.999987515732430

5 Discussion of Results

The effect of the variation of vapour phase Qv on the density of vapour molecules Cv is presented
in Tables 1-9. Considering twenty (20) typical examples for experimental time of every thirty
(30) days scenario, we have observed from Table 1 that the value of Cv (old) increases from 0.8000
in the 1st month to 5.357170616447103 in the 2nd month. It then reduces to 5.357159013310056
in the 3rd month and continues to decrease and finally converges to 5.357149435046462 in the
last month. Whereas, when Qv is varied at 5%, a new set of values are obtained for Cv which is
denoted as Cv (new). These values increase from 0.8000 to 0.268013806635499 in the 4th month
and then reduces further. Irrespective of the experimental time, we have observed that Cv (new)
data which remain for Qv = 0.75 are consistently smaller than Cv (old) from day 31 up to day
571, thus a dominant depletion of approximately 94.9999% is produced.

At Qv = 1.50 (Table 2), the Cv (new) data increase from day 1 to day 571 and are also larger
than Cv (new) obtained when Qv = 0.75 in Table 1. This shows that the estimated proportion
that is depleted when Qv = 1.50 is lower than that produced when Qv = 0.75.

From Tables 3-6, the density of vapour phase experiences severe depletion from 4.9999% to
0.9999%.

On the other hand, in Tables 7-9, the density of vapour phase experiences an increase of 0.9999%
(Table 7), 4.9999% (Table 8) and 9.9999% (Table 9) across for day 571.

These results show that a decrease in the rate of formation of vapour phase in the atmosphere
leads to more instances of depletion on the density of vapour molecules. This leads to a high
concentration of gaseous pollutants in the atmosphere. Practically, this result implies that we
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have found a region of a hostile environment which will not be favourable to human health and
other biological species.

Moreover, if the rate of formation of vapour phase is increased, few instances of increase in the
density of vapour molecules will be obtained. Thus, there will be a lower concentration of gaseous
pollutants in the atmosphere. This result implies that we have found a relatively favourable en-
vironment conducive for plant species, other biological species and human co-existence.

Sundar et al. (2009) whose work we are extending did consider the equilibrium analysis and
local stability analysis with few numerical simulation. But in this present work, we have utilized
a computational method of ODE 45 numerical simulation to assess the differential effects of the
variation of the rate of formation of vapour phase on the density of vapour molecules in the
atmosphere. However, subject to adequate research funding, the present simulated data can be
subjected to a further data precision, the Minkowski inequality verification of the interacting
data and the p-vector norm error between interacting data. In particular, to explore a detailed
stochastic analysis of the present deterministic numerical prediction of the effect of formation
of vapour phase on the distribution of carbon dioxide in the atmosphere will require a detailed
sophisticated numerical application which will cost lots of money to implement.
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Abstract: The present paper considers a pursuit differential game problem of two Pursuers
chasing one Evader in Hilbert space l2 for an infinite system of first-order differential equations.
In the game, the first Pursuer chasing the Evader with a strategy satisfy integral constraint while
the second Pursuer chasing with a strategy satisfy geometric constraint to force the state of the
system to coincides with another state for a finite time and the Evader action is opposite. We
construct an explicit strategy to obtain a condition for the completing of pursuit. In addition,
we study a control problem for single player.

Keywords: Differential Game, Integral Constraint, Geometric Constraint.

1 Introduction

In view of the outstanding research that devoted to differential games with the player’s con-
trol functions subjected to either integral or geometric constraint. For instant, in the pa-
pers [1], [2], [3], [4], [5], [6], [7], [9], [10], [11] and [19] have attracted the attention of many
researchers.

There are several research works that dedicated to Differential games of transferring the state of
a system with a distributed parameter from one stage to another particularly to the origin (for
instance, see [12], [13], [15] and [16]).
In the paper [17], proposed pursuit game problem in control system of distributed parameters
for transferring the state of the system to zeroth state (i.e., the origin) in the presence of a
player attempts to stops this. The game occurs by partial equations for which the right part
that contains the control of the player is in additive form.

∂z

∂t
+Az(t) = u(t)− v(t), z(0) = z0, 0 < t < T, (1)

where

Az = −
n∑

i,j=1

∂

∂xi

(
aij(x)

∂z

∂xi

)
,

is a linear operator independent of t. Decomposition method is also applied to reduced the
problem to an infinite system of ordinary differential equations

żk(t) + λkzk(t) = −uk(t) + vk(t), zk(0) = z0k, 0 < t < T, k = 1, 2, ... (2)

where λk, k = 1, 2, ... are eigenvalues of the operator A satisfying 0 ≤ λ1, λ2, ... → ∞. The
game involved the integral, geometric and both constraints on the player’s control functions.
Conditions which are sufficient for completion of the game is also presented.
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The paper [11], studied a game of pursuit problem for an infinite system of 2-systems of 1st-
order differential equations in different approaches to that of partial differential equations. In
the game, pursuer attempts to bring the state of the system to the origin, and the evader actions
in the opposite. Geometric constraints are imposed on the player’s control functions where they
proved that the game is completed.

Therefore, the present paper proposes to study a pursuit differential game problem of two Pur-
suers chasing one Evader with different forms of constraints for an infinite system of first-order
differential equations described as

żik + λikzik = −uik + vk, zik(0) = z0ik, k = 1, 2, . . . i = 1, 2 (3)

where zik, uik, vk ∈ R1, k = 1, 2, ..., z0 = (z01 , z
0
2 , ..., ) ∈ l2, ui1, ui2, ..., is the pursuer’s control

parameters and v1, v2, ..., is that of the evader, λk, k = 1, 2, ... is non negative real numbers, in
Hilbert space l2, where

l2 =

{
ξ = (ξ1, ξ2, ...)|

∞∑

k=1

|ξk|2 <∞
}
,

with

〈ξ, η〉 =
∞∑

k=1

ξkηk, ξ, η ∈ l2, ||ξ|| =
( ∞∑

k=1

|ξk|2
)1/2

,

to be inner product and norm respectively. The pursuer attempts to brings the state of the
system to coincides with another state and the evader actions in the opposite. In contrast of
previous studies of differential games [21] and [22] that dealt with the case of only single Pursuer.

2 Statement of Problem

Let

L2(0, T, l2) =

{
w(t) = (w1, w2, ...)|

∫ T

0
‖w(t)‖2 dt <∞, wk(·) ∈ L2(0, T )

}
,

where

‖w(t)‖2 =
∞∑

k=1

|wk(t)|2, t ∈ [0, T ].

Let z1 = (z1i1, z
1
i2, ...) ∈ l2, i = 1, 2 be a given another state.

Definition 2.1 A function w(·) = (w1(·), w2(·), ...) such that w : [0, T ] −→ l2, with measurable
coordinates wk(t), k = 1, 2, . . . , 0 ≤ t ≤ T, satisfy the condition

‖w(t)‖ =
( ∞∑

k=1

|wk(t)|2
)1/2

≤ ρ,
[(∫ T

0
‖w(t)‖2 dt

)1/2

≤ ρ,
]

Then the function w(·) is called an admissible control subject to geometric and integral constraints
respectively, where ρ is a non negative number.

Let S(ρ) be the set of all admissible controls with respect to geometric constraint and S∗(ρ) be
that of integral constraint.

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 236



Definition 2.2 The control functions u(·) and v(·) of the Pursuer and Evader are said to be
admissible if it’s satisfy one of the following conditions

‖ui(t)‖ =
( ∞∑

k=1

|uik(t)|2
)1/2

≤ ρi,


‖v(t)‖ =

( ∞∑

k=1

|vk(t)|2
)1/2

≤ σ1


 , i = 1, 2 (4)

(∫ T

0
‖ui(t)‖2 dt

)1/2

≤ ρi,
[(∫ T

0
‖v(t)‖2 dt

)1/2

≤ σ1
]
, i = 1, 2. (5)

The Infinite system (3) in which u(·) = (u1(·), u2(·), ...) and v(·) = (v1(·), v2(·), ...) satisfy in-
equalities (4) and (5) respectively, are called differential games Q1 and Q2 respectively.

Definition 2.3 Let w(·) belongs to S(ρ) and w(·) belongs to S∗(ρ), then one will say that a
function z(t) = (z1(t), z2(t), . . . ), 0 ≤ t ≤ T , with zk(0) = z0k, k = 1, 2, . . . , is called solution of
the initial value problem

żk(t) + λkzk(t) = wk(t), zk(0) = z0k, k = 1, 2, . . . , (6)

if zk(t), k = 1, 2, ..., are absolutely continuous and almost everywhere on [0, T ] satisfy equation
(6).

Assume that the space C(0, T ; l2) of the continuous functions z(·) = (z1(·), z2(·), ...) such that
for each t, 0 ≤ t ≤ T, z(t) belongs to l2.

Definition 2.4 Let ui(t, v), i = 1, 2 be a function function such that u : [0, T ]× l2 → l2
of the form

uik(t, v) = vk(t) + wk(t),

is called the pursuer’s strategy with respect to geometric constraint if:

i. For any control v(·) of the evader (i.e., the control v(·) is admissible), the system (3) has
the only solution at ui(t) = u(t, v), where w(·) = (w1(·), w2(·), ...) ∈ S(ρ− σ).

ii. u(·, v(·)) ∈ S(ρ).
In similar way, one will define the pursuer’s strategy with respect to integral constraint and
u(·, v(·)) ∈ S∗(ρ).

Definition 2.5 If there exists a pursuer’s strategy u(t, v), such that for any control v(·) of the
evader (i.e., the control v(·) is admissible) to guaranteed z(t) = z1 at some t, 0 ≤ t ≤ T, then
one will say that pursuit can be completed for some t ∈ [0, T ], in differential game Q1 and Q2

respectively, where z(t) is the solution of the system (3).

It has been proven in [18] that if w(·) belongs to S(ρ) and δk > 0, then for any given T > 0 in the
space C(0, T ; l2), the infinite system (6) has a unique solution z(t) = (z1(t), z2(t), ...), 0 ≤ t ≤ T,
where zk(t), t ∈ [0, T ], k = 1, 2, .. defined by

zk(t) = e−δktβk(t), k = 1, 2, ... (7)

with βk(t) = z0k +
∫ t
0 e

δkswk(s)ds and λk = δk ≥ 0.

The problem is to find a condition:
For which pursuit can be completed in differential games Q1 and Q2 respectively.
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3 Control Problem of Single Player

In this part, we study a control problem for single payer of an infinite systems (6).
Now, we define the following sets

γ1(T ) =

{
(z0, z1)|

∞∑

k=1

(
2|z0k|2qk(T ) + 2|z1k|2q∗k(T )

)
≤ ρ2

}
,

where

qk(T ) =
δ2k

(eδkT − 1)2
, q∗k(T ) = −qk(−T ), k = 1, 2, ....

The first problem is to find controls w(·) = (w1(·), w2(·), ...) ∈ S(ρ) to forwards the state of (6)
from the initial position z0 to another state z1 for a finite time.

Lemma 3.1 Let z0, z1 ∈ l2. If z0, z1 ∈ γ1(T ) then there exist a control w(·) ∈ S(ρ) to brings
the state z0 of (6) to coincides with z1.

Proof: We consider a control problem for a first player satisfy the geometric constraint.
We construct the control as follows

wk(t) =
[
eδkT z1k − z0k

]√
qk(T ), k = 1, 2, ..., 0 ≤ t ≤ T. (8)

Show that (8) is admissible. Using (8), we have

‖w(t)‖2 =
∞∑

k=1

|wk(t)|2 =
∞∑

k=1

∣∣∣
[
eδkT z1k − z0k

]√
qk(T )

∣∣∣
2

=
∞∑

k=1

∣∣∣eδkT z1k − z0k
∣∣∣
2
qk(T ).

Using the obvious inequality |a− b|2 ≤ 2 |a|2 + 2 |b|2 . It’s not difficult to see that∣∣eδkT z1k − z0k
∣∣2 ≤ 2

∣∣z1k
∣∣2 e2δkT + 2

∣∣z0k
∣∣2 , we have

‖w(t)‖2 =
∞∑

k=1

|wk(t)|2 ≤
∞∑

k=1

(
2e2δkT |z1k|2 + 2|z0k|2

)
qk(T )

= 2
∞∑

k=1

(
|z0k|2qk(T ) + |z1k|2q∗k(T )

)
≤ ρ2.

Consequently, (8) is admissible.
Proof that z(T ) = z1. Using (7) and admissible control (8), we obtain

βk(T ) = z0k +

∫ T

0
eδks

([
eδkT z1k − z0k

]√
qk(T )

)
ds

= z0k +
(
eδkT z1k − z0k

)
= eδkT z1k.

Indeed,

zk(T ) = e−δkTβk(T ) = z1k.
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Consequently, the system (6) is transferred from z0 to z1.
The the prove of the first lemma 3.1 is completed.
Let

γ2(T ) =

{
(z0, z1)|

∞∑

k=1

(
|z0k|2pk(T ) + |z1k|2p∗k(T )

)
≤ ρ2

}
,

where
pk(T ) =

2δk
e2δkT − 1

, p∗k(T ) = −pk(−T ), k = 1, 2, ....

In this case, the problem is to find control w(·) = (w1(·), w2(·), ...) ∈ S∗(ρ) respectively to
forwards the state of (6) from one state into another for a finite time.

Lemma 3.2 Let z0, z1 ∈ γ2(T ), then there exist a control w(·) ∈ S∗(ρ), to brings the state z0 of
(6) to coincides with z1.

Proof: Define the control that w(·) satisfy the integral constraint

wk(t) = eδkT
[
eδkT z1k − z0k

]
pk(T ), k = 1, 2, ..., 0 ≤ t ≤ T. (9)

Show that (9) is admissible. Using (9), we have

∫ T

0
‖w(s)‖2 ds =

∞∑

k=1

∫ T

0

∣∣∣eδks
[
eδkT z1k − z0k

]
pk(T )

∣∣∣
2
ds

=
∞∑

k=1

∣∣∣eδkT z1k − z0k
∣∣∣
2
(pk(T ))

2
∫ T

0
e2δksds

Using the obvious fact that
∣∣eδkT z1k − z0k

∣∣2 ≤ 2
∣∣z1k
∣∣2 e2δkT + 2

∣∣z0k
∣∣2 , we have

∫ T

0
‖w(s)‖2 ds ≤

∞∑

k=1

(
2e2δkT |z1k|2 + 2|z0k|2

)
(pk(T ))

2
∫ T

0
e2δksds

=
∞∑

k=1

(
|z0k|2pk(T ) + |z1k|2p∗k(T )

)
≤ ρ2.

Therefore, strategy (9) is admissible.
Forwarding the state of the system to another. Using (7) and constructed control (9), it’s easy
to see that

βk(T ) = z0k +

∫ T

0
eδks

(
eδks

[
eδkT z1k − z0k

]
pk(T )

)
ds

= z0k + eδkT z1k − z0k = eδkT z1k.

Hence,

zk(T ) = e−δkTβk(T ) = z1k.

Thus, the system (6) is transferred from z0 to z1. The proof of the Lemma 3.2 is complete
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4 Differential Game of Two Pursuers with Different Forms of
Constraints

The present part proposes a differential game of pursuit with a case of integral and geometric
constraints imposed on the player’s control functions.
Let,

χ1(T ) =

{
(z0, z1)|

∞∑

k=1

(
2|z0ik|2qk(T ) + 2|z1ik|2q∗k(T )

)
≤ (ρi − σ1)2, ρi > σ1, i = 1, 2

}
,

and

χ2(T ) =

{
(z0, z1)|

∞∑

k=1

(
|z0ik|2pk(T ) + |z1ik|2p∗k(T )

)
≤ (ρi − σ1)2, ρi > σ1, i = 1, 2

}
.

Now, we proof the main result.

Theorem 4.1 Let ρi > σ1, i = 1, 2 and z0, z1 ∈ l2. If in addition, z0, z1 ∈ (χ1(T ), χ2(T )), then
pursuit can be completed in differential game (Q1, Q2), for the time T .

Proof: We proof the theorem in two different forms of constraints.
We construct the strategy of the first Pursuer on [0, T ] that satisfy geometric constraint as follows

uik(t, v) = vk(t)−
[
eδkT z1ik − z0ik

]√
qk(T ), 0 ≤ t > T, uik(t, v) = 0, t ≥ T, k = 1, 2, ...; i = 1, 2,

(10)
and for the second Pursuer on [0, T ] that satisfy integral constraint

uik(t, v) = vk(t)−eδkT
[
eδkT z1ik − z0ik

]
pk(T ), 0 ≤ t ≤ T, uik(t, v) = 0, t > T, k = 1, 2, ...; i = 1, 2.

(11)
Proof that strategy (10) and (11) are admissible. From the fact that ui(·) belongs to S(ρ) and
ui(·) belongs to S∗(ρ) with i = 1 and i = 2 respectively, we have

‖ui(t)‖ =
( ∞∑

k=1

|uik(t)|2 ds
)1/2

=

( ∞∑

k=1

∣∣∣v(t)−
[
eδkT z1ik − z0ik

]√
qk(T )

∣∣∣
2
)1/2

≤ ‖v(t)‖+
( ∞∑

k=1

∣∣∣
[
eδkT z1ik − z0ik

]√
qk(T )

∣∣∣
2
)1/2

≤ σ +

( ∞∑

k=1

∣∣∣eδkT z1ik − z0ik
∣∣∣
2
qk(T )

)1/2

, (12)

(Minkowski inequality is imposed here). Using the idea that
∣∣eδkT z1ik − z0ik

∣∣2 ≤ 2
∣∣z1k
∣∣2 e2δkT +

2
∣∣z0k
∣∣2 , we have

‖ui(t)‖ =
( ∞∑

k=1

|uik(t)|2
)1/2

≤ σ +

( ∞∑

k=1

(
2e2δkT |z1ik|2 + 2|z0ik|2

)
qk(T )

)1/2

= σ +

( ∞∑

k=1

(
2|z0ik|2qk(T ) + 2|z1ik|2q∗k(T )

)
)1/2

= σ1 + ρ1 − σ1 = ρ1.
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Consequently, (12) is admissible,

and to show that the second strategy (11) Pursuer is admissible. Using Minkowski inequality,
we get

(∫ T

0
‖ui(s)‖2 ds

)1/2

≤
(∫ T

0
‖v(s)‖2 ds

)1/2

+

( ∞∑

k=1

∫ T

0

∣∣∣eδks
[
eδkT z1ik − z0ik

]
pk(T )

∣∣∣
2
ds

)1/2

≤ σ1 +
( ∞∑

k=1

∣∣∣eδkT z1ik − z0ik
∣∣∣
2
(pk(T ))

2
∫ T

0
e2δksds

)1/2

. (13)

Using the fact that
∣∣eδkT z1k − z0k

∣∣2 ≤ 2
∣∣z1k
∣∣2 e2δkT + 2

∣∣z0k
∣∣2 , we obtain

(∫ T

0
‖ui(s)‖2 ds

)1/2

≤ σ1 +
( ∞∑

k=1

(
2|z0ik|2 + 2|z1ik|2e2δkT

)
(pk(T ))

2
∫ T

0
e2δksds

)1/2

= σ1 +

( ∞∑

k=1

(
|z0ik|2pk(T ) + |z1ik|2p∗k(T )

)
)1/2

= σ1 + ρ2 − σ1 = ρ2.

Hence, the strategy (11) is admissible.

Show that pursuit is completed at time T : From fact that the infinite number of 1st-order
differential equations (3) has the solution

zik(t) = e−δktβik(t), k = 1, 2, ..., (14)

where

βik(t) = z0ik −
∫ t

0
eδksuik(s)ds+

∫ t

0
eδksvk(s)ds.

Then using (14) and and strategy (10), we obtain

βik(T ) = z0ik +

∫ T

0
eδksvk(s)ds−

∫ T

0
eδks

(
vk(s)−

([
eδkT z1ik − z0ik

]√
qk(T )

))
ds

= z0ik +
(
eδkT z1ik − z0ik

)√
qk(T )

∫ T

0
eδksds

= z0ik +
(
eδkT z1ik − z0ik

)
= eδkT z1ik, k = 1, 2, ...; i = 1.

Consequently,

zik(T ) = e−δkTβik(T ) = z1ik, k = 1, 2, ...; i = 1

Hence, pursuit is completed in differential game Q1.
Proof that pursuit is completed: Using (14) and (11), in view of the previous cases, it is not
difficult to show that

βik(T ) = z0ik +

∫ T

0
eδksvk(s)ds−

∫ T

0
eδks

(
vk(s)−

(
eδks

[
z1ike

δkT − z0ik
]
pk(T )

))
ds

= z0ik +
[
z1ike

δkT − z0ik
]
pk(T )

∫ T

0
e2δksds

= z0ik +
[
z1ke

δkT − z0ik
]
= z1ike

δkT .
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Indeed,

zik(T ) = e−δkTβik(T ) = z1ik, k = 1, 2, ...; i = 2.

Hence, in differential game Q2 pursuit can be completed. Theorem 4.1 is proved.

5 Conclusion

We have studied a differential game of pursuits problem with two Pursuers chasing one Evader
and with differential forms of constraints (i.e., geometric and integral constraint). The control
functions of first Pursuer satisfied the geometric constraint and that of the second Pursuer satis-
fied the integral constraint. The game was described by infinite system of first-order differential
equations in Hilbert space l2.
We have solved a control problem of single player of bringing the state z0 of (6) to z1 for a
finite time. Moreover, we give conditions of completion of pursuit for each case of constraints in
differential game Q1 and Q2 respectively. In addition to this, the strategy of each Pursuer was
constructed in an explicit form.
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Abstract: Long latency period has been seen as a major setback in the control of tuberculosis
(TB) [33], because an individual infected of TB can be latent for years [26, 27]. In this paper,
a four compartment deterministic model is presented to change the narrative. It is established
that making sure every individual infected of TB pass through the latent stage would actu-
ally reduce the TB incident rate. Also established from the model is that prevention against
TB re-infection has no significant contribution to the disease incident rate, which implies the
money meant to guard against TB reinfection should not be wasted. The formulated model was
shown to be locally asymptotically stable at the disease free equilibrium (DFE) whenever R0 < 1
and the global asymptotic stability (GAS) at this point was as well established. It is as well
shown that the endemic equilibrium point (EEP) is locally asymptotically stable with the aid of
phase portrait and the GAS of the EEP was established by defining a suitable Lyapunov function.

Keywords: Tuberculosis Model, Latency Stage Bypass, Lyapunov Function, Immunity Loss.
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1 Introduction

In this 21st century, tuberculosis (TB) is the 9th cause of death globally [2]. In fact, it is
the number one cause of death from a single infectious agent. This infection is responsible
for 1.4 million deaths in 2015 [3], 1.3 million deaths in 2016 [2] and also 1.3 million deaths
in 2017 [5]. Depending on the body part(s) affected, this infection caused by Mycobacterium
tuberculosis (Mtb) can either be pulmonary or extrapulmonary. Pulmonary affect the lungs
while extrapulmonary affect other body parts like; kidney, brain, spine, bones and joints. The
release of Mycobacterium tuberculosis to the air through cough is the most common mode of its
transmission, but having contact with the infected sputum could also be another way of getting
the infection [1].
Numerous deterministic mathematical models have been formulated to study this epidemic.
Okunoghae and Omosigho [8] focused their attention on detection of TB. Their model revealed
that effective awareness program and active cough identification are ways to increase the TB
case detection. Porco and Blower [11] came up with a model to understand the transmission
dynamics of TB in the absence of treatment, leading them to conclude that disease reactivation
rate, number of persons infected by an infectious individual annually, disease rate death rate and
the recruitment rate contribute significantly to the severity of TB epidemic.
Khajanchi et al. [31] demonstrated the relevance of TB transmission and exogenous re-infection
rates to TB dynamics. These two factors promote the disease incidence and should be properly
addressed. Nkamba et al. [28] on the other hand showed that vaccination of individuals do
not totally eradicate TB and as such, HIV control, poverty reduction and sensitization should
be key strategies employed to combat TB. This result is in agreement with that discussed in
[16] where awareness was shown to be a key measure to reducing TB incident rate. In the
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research of Herrera et al. (2013) [12], it was demonstrated that attention should be focused
on semi-closed communities as they are major sources of TB spread. Since densely populated
environments promote high contact rate, Bhunu et al. [13] showed that poverty (which could lead
to dense population) in a particular area has significant impact on the rise of TB cases. Smoking
is another contributor to the spread of TB as the authors in [21] have shown that smoking
increase the chances of getting infected with TB. Immigration is another factor that increases
TB infection and has been established by [14], [9] and [29]. Tuberculosis is basically treated
with rifampicin and isoniazid (the first line anti-tubercular drugs). This infection is of different
strains, depending on the level of its resistance to the recommended medications. The variations
are; drug susceptible TB (DS-TB), rifampicin resistant TB (RR-TB), multidrug resistant TB
(MDR-TB), extensively drug resistant TB (XDR-TB) and totally drug resistant TB (TDR-TB).
Drug susceptible is the most common one and so, the focus of this research. Also, this infection
is characterised by long latency period [4], which implies that the time at which the infected
person becomes infectious is not easily determined. Presently, a quarter of the world population
is estimated to have latent tuberculosis infection (LTBI) [6] out of which 10% develops active
TB [10]. This is an improvement as compared to the previous estimate of one-third of the world
population [7]. However, rather than seeing the latent period as a set back in dealing with the
infection, the advantage of latency is presented here. This paper consists of five sections with
this part being the first (introduction). The second part introduces the model formulation where
the design of the model is discussed, the third part deals with the analytical results of the model
and section four presents the numerical results. The conclusion is presented in the fifth section.

2 Model Formulation

2.1 Introduction

Human population is divided into four groups; susceptible individuals S, infected asymptomatic
individuals (exposed) E, infected with symptoms (infectious) I and the recovered individuals
R. The source of recruitment into the population is through the susceptible compartment with
recruitment rate πN and the total population N(t) at any time t is

N(t) = S(t) + E(t) + I(t) + R(t). (1)

Homogenous mixing is assumed and a susceptible individual contracts TB infection after a con-
tact with an infectious individual at the rate

λ =
βcI

N
, (2)

where β is the probability of a susceptible individual getting infected and c is the per capita
contact rate.
Susceptible individuals progress to the exposed and the infectious stages at the rates fλ and
(1 − f)λ respectively while the recovered individuals get back to the exposed and infectious
compartments at the rates f1λ and (1 − f1)λ respectively. δλ is the exogenous re-infection rate
while k is the endogenous re-activation rate. People are assumed to die naturally at the rate µ
and die of TB infection at the rate ε, while infectious individuals recover naturally at the rate ω
and recover due to treatment at the rate σ. Since there is no total immunity against re-infection
in the case of bacterial infection, a fraction of the recovered class is expected to move back to
the susceptible class at the rate α. Note that except for c, all parameter values here are in the
interval (0, 1]. The mathematical system describing the model is

dS

dt
= πN + αR − (λ + µ)S, (3)
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dE

dt
= fλS + f1λR − (δλ + k + µ)E, (4)

dI

dt
= (1 − f)λS + (1 − f1)λR + (δλ + k)E − (σ + ω + ε + µ)I, (5)

and
dR

dt
= (σ + ω)I − (λ + α + µ)R, (6)

with the initial conditions:

S(0) = S0 ≤ 0, E(0) = E0 ≤ 0, I(0) = I0 ≤ 0, R(0) = R0 ≤ 0,

which is normalized to give
ds

dt
= π + αr − [π + (βc − ε)i]s, (7)

de

dt
= fβcis + f1βcir − [π + k + (δβc − ε)i]e, (8)

di

dt
= (1 − f)βcis + (1 − f1)βcir + (δβci + k)e − [π + σ + ω + ε(1 − i)]i (9)

and
dr

dt
= (σ + ω)i − [π + α + (βc − ε)i]r. (10)

with the initial conditions:

s(0) = s0 ≤ 0, e(0) = e0 ≤ 0, i(0) = i0 >≤ 0, r(0) = r0 ≤ 0, (∗)

where
s + e + i + r = 1

such that S
N , E

N , I
N and R

N are consecutively denoted by s, e, i and r.

2.2 Positivity of the Solution

The formulated model (nonlinear system (7)-(10)) above shall only be epidemiologically mean-
ingful if all the variables are non-negative at any time t. Hence, the positivity of the model is
thus established.

Lemma 2.1 Given that the initial conditions of (nonlinear system (7)-(10)) are as given in (∗),
then the solutions s(t), e(t), i(t), and r(t) are positive for all t > 0.

Proof. Suppose that t∗ = sup{t > 0 : s(t) > 0, e(t) > 0, i(t) > 0, r(t) > 0} > 0, then from the
first equation of system (7)-(10),

ds

dt
= π + αr − [π + (βc − ε)i]s,

let (βc − ε)i = Λ1, then
ds

dt
= π + αr − [π + Λ1]s ≥ π − [π + Λ1]s,

d

dt

[
s(t)e(πt+

∫ t
0 Λ1(ξ)dξ)

]
≥ πe(πt+

∫ t
0 Λ1(ξ)dξ)

⇒ s(t∗)e
(
πt∗+

∫ t∗
0 Λ1(ξ)dξ

)
− s(0) ≥

∫ t∗

0
πe(πy+

∫ y
0 Λ1(ξ)dξ)dy

⇒ s(t∗) ≥ e
−

(
πt∗+

∫ t∗
0 Λ1(ξ)dξ

) [
s(0) +

∫ t∗

0
πe(πy+

∫ y
0 Λ1(ξ)dξ)dy

]
> 0.

e(t), i(t) and r(t) can similarly be shown to be positive.
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3 Equilibrium Points, Basic Reproduction Number (R0) and Sta-
bility of the Equilibrium Points

3.1 Equilibrium Points

At equilibrium, the nonlinear system [(7)-(10)] becomes

0 = π + αr − [π + (βc − ε)i]s (11)

0 = fβcis + f1βcir − [π + k + (δβc − ε)i]e (12)

0 = (1 − f)βcis + (1 − f1)βcir + (δβci + k)e − [π + σ + ω + ε(1 − i)]i (13)

0 = (σ + ω)i − [π + α + (βc − ε)i]r. (14)

The system of equations (11)-(14) was expressed in terms of i to establish the set of equilibria
{P1, P2, P3, P4, P5}.

A5i
5 + A4i

4 + A3i
3 + A2i

2 + A1i = 0, (15)

where A1, A2, A3, A4 and A5 are given in the Appendix.

P1 = (s1, e1, i1, r1) = (1, 0, 0, 0) ,

P2 = (s2, e2, i2, r2),

P2 =

{
πβc + α(σ + ω + ε)

βc[αε + πβc]
,
πfε[πβc + α(σ + ω + ε)] + π2f1βc(σ + ω)

[πβc + αε][πδβc + kε]
,
π

ε
,

π(σ + ω)

[αε + πβc]

}
.

P3 − P5 are too long to be expressed here.
The validity of the solutions (equilibrium points) gotten is investigated by subjecting them to
two conditions;

i. Substitution of the value of i into (15) is expected to give its LHS as 0.

ii. The sum of s, e, i and r is 1.

All the equilibrium points passed the tests except P2 that failed the second condition and as such
was rejected, hence the equilibrium points reduce to four (4). By inspection, P1 coincides with
the disease free equilibrium (DFE) which can easily be verified by setting i = 0 in the nonlinear
system [(7)-(10)]

3.2 Basic Reproduction Number (R0) and Stability Analysis

3.2.1 Establishing the Basic Reproduction Number (R0)

Basic reproduction number (R0) is simply the number of secondary infections due to one singly
recorded case. Using the next generation matrix (see [18] for details), the basic reproduction
number, R0 of the model is

R0 =
βc[k + π(1 − f)]

(π + k)(π + σ + ω + ε)
. (16)

Theorem 3.1 Whenever f = 1 in R0, that is when there is no bypassing of the exposed class,
the infection becomes less rampaging.
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Proof. Since f ≤ 1,
0 ≤ π(1 − f). (17)

⇒ k ≤ k + π(1 − f), (18)

multiplying (18) by βc and subsequently dividing by (π + k)(π + σ + ω + ε) gives

βck

(π + k)(π + σ + ω + ε)
≤ βc[k + π(1 − f)]

(π + k)(π + σ + ω + ε)
. (19)

That is
R01 ≤ R0,

where
R01 =

βck

(π + k)(π + σ + ω + ε)
.

When
f < 1 ⇒ R01 < R0 (20)

and when
f = 1 ⇒ R01 = R0. (21)

(21) concludes the proof.
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Figure 1: Impact of f on the TB infection

Theorem 3.1 above explains the role of the exposed compartment in the endemicity of the infec-
tion, it slows down the infection and in fact, drastically reduces its incidence. This is supported
by Figure 1 where the value of f is varied. f = 0.2, f = 0.8, and f = 0.94 show early outbreak
of TB infection, f = 0.99 delays the outbreak while f = 1 (every infected individual passes
through the exposed state before proceeding to the infectious) almost annihilate the infection.
Since exposed state refers to an asymptomatic stage of the infection, great efforts are required
to identify the Mycobacterium tuberculosis (Mtb) carriers at this stage.
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4 Stability Analysis of the Equilibrium Points of Equations (7)-
(10)

4.1 Stability of the DFE

4.1.1 Local Stability

Theorem 4.1 The DFE of the model [equations (7)-(10)] is locally asymptotically stable when-
ever R0 < 1 and unstable otherwise.

Proof. Establishing the Jacobian matrix of the system (7)-(10) and subsequently evaluating
at the DFE, (1, 0, 0, 0) gives

J =




−π 0 −(βc − ε) α
0 −(π + k) fβc 0
0 k (1 − f)βc − (π + σ + ω + ε) 0
0 0 (σ + ω) −(π + α)


 . (22)

The eigenvalues of (22) denoted as ηi (i = 1, 2, 3, 4) are η1 = −π and η2 = −(π + α). The
remaining two eigenvalues η3 and η4 are gotten from the equation below

η2 + {(π + k) + (π + σ + ω + ε) − βc(1 − f)} η

+ {(π + k)(π + σ + ω + ε) − βc[k + π(1 − f)]} = 0. (23)

η3, η4 =
−b ±

√
b2 − 4{(π + k)(π + σ + ω + ε) − βc[k + π(1 − f)]}

2
(24)

=

−b ±
√

b2 − 4(π + k)(π + σ + ω + ε)
{

1 − βc[k+π(1−f)]
(π+k)(π+σ+ω+ε)

}

2
, (25)

where b = (π + k) + (π + σ + ω + ε) − βc(1 − f).
Hence,

η3, η4 =
−b ±

√
b2 − 4(π + k)(π + σ + ω + ε)(1 − R0)

2
. (26)

Since the eigenvalues of (26) depend on R0, R0 < 1 ⇒ η3, η4 < 0 while R0 > 1 ⇒ η3 > 0(< 0)
and η4 < 0(> 0). Hence, R0 < 1 guarantees the stability and as such completes the proof.

4.1.2 Global Stability

The global stability theorem as discussed by [19] and used by [21], [22] and [23] is employed to
establish the global stability of the nonlinear system (7)-(10).
If the system of equations (7)-(10) can be written in the form:

dX

dt
= F (X,Y ) and

dY

dt
= G(X, Y ) ∋ : G(X,0) = 0,

where the uninfected and infected compartments are respectively represented as X = (s, r)T and
Y = (e, i)T , and also, the DFE, P1 is simply expressed as

P1 = (X∗
0 ,0)

where
X∗

0 = (1,0),
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then the DFE is globally asymptotically stable (GAS) provided R0 < 1 and as well satisfies the
conditions H1 and H2 given below.
H1 : for dX

dt = F (X0,0), X∗
0 is globally asymptotically stable.

H2 : for G(X,Y ) = AY − Ĝ(X, Y ), Ĝ(X, Y ) ≥ 0,
where A = DY G(X∗

0 ,0) is M-matrix (that is, all the non-diagonal elements of the matrix are
non-negative).

Theorem 4.2 The DFE, P1 = (X∗
0 ,0) of the nonlinear system (7)-(10) is globally asymptotically

stable (GAS) provided it satisfies the conditions H1 and H2 above, as well as R0 < 1.

Proof. From the above, the following are established

F (X0,0) =
(

π − πs
)

and
G(X, Y ) = AY − Ĝ(X,Y ),

where

A =

(
−[π + k + (δβc − ε)i] fβcs + f1βcr − (δβc − ε)e

δβci + k (1 − f)βcs + (1 − f1)βcr + δβce − (π + σ + ω + ε) + 2εi

)
,

(27)
and

Ĝ(X, Y ) =

(
Ĝ1(X, Y )

Ĝ2(X, Y )

)
=

(
fβcis + f1βcir

(1 − f)βcis + (1 − f1)βcir + δβcie

)
. (28)

Recall that Y0 = Y (0) ≥ 0 ⇒ Y (t) ≥ 0. Since A is an M-matrix, then eAt is a positive semigroup.
Using the variation of constant formula, see e.g [24] and [25] gives

0 ≤ Y (t) = eAtY0 −
∫ t

0
eA(t−w)Ĝ(X(w), Y (w))dw (29)

≤ eAtY0.

It is obvious from (26) that A has dominant eigenvalue m(A) < 0 for R0 < 1.
As such,

lim
t→∞

||eAt|| = 0, ⇒ lim
t→∞

Y (t) = 0.

X∗ is a GAS equilibrium point of dX
dt = F (X,0) which is a limiting system of F (X(t), Y (t)).

Thus,
lim
t→∞

X(t) = X∗

which satisfies condition H1.
Also, evaluating (27) and (28) at the DFE (X0,0) gives

A =

(
−[π + k] fβc

k (1 − f)βc − (π + σ + ω + ε)

)
(30)

and
Ĝ(X, Y ) = 0. (31)

Obviously, the non-diagonal elements of A are non-negative and also since f ≤ 1 and f1 ≤ 1,
Ĝ(X, Y ) ≥ 0, hence the satisfaction of condition H2 is established. Then, the DFE, P1 of the
nonlinear system (7)-(10) is GAS.
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Figure 2: Phase portraits of the system

4.2 Stability of the EEP

4.2.1 Local Stability

Due to the hugeness of the gotten expressions for the EEP, phase portraits (Figures 2a- 2c) is
adopted to show the endemic stability of the system with randomly chosen initial conditions as
well as the parameter values given in Table 1 below. All the points converge to the same point
which implies the local asymptotic stability of the EEP.

4.2.2 Global Stability

Theorem 4.3 The endemic equilibrium point {E1 = (s∗, e∗, i∗, r∗) ∈ Φ} of the system (7)-(10)
is globally asymptotically stable whenever f = 1.

Proof. Consider the Lyapunov function

V = K1

(
s − s∗ − s∗ ln

s

s∗

)
+ K2

(
e − e∗ − e∗ ln

e

e∗

)
+ K3

(
i − i∗ − i∗ ln

i

i∗

)
, (32)

then the time derivative of V is

V ′ = K1

(
s − s∗

s

)
ds

dt
+ K2

(
e − e∗

e

)
de

dt
+ K3

(
i − i∗

i

)
di

dt
. (33)

Substituting ds
dt ,

de
dt and di

dt as expressed in (7)-(9) in (33),

V ′ = K1

(
s − s∗

s

)
[π+αr− [π+(βc−ε)i]s]+K2

(
e − e∗

e

)
[fβcis+f1βcir− [π+k+(δβc−ε)i]e]
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+K3

(
i − i∗

i

)
((1 − f)βcis + (1 − f1)βcir + (δβci)e + ke − (π + σ + ω + ε)i + εii) . (34)

At equilibrium, π = πs∗ + (βc − ε)i∗s∗ − αr∗, (k + µ) = fβci∗s∗+f1βcir∗−(δβc−ε)i∗e∗

e∗ and
(π+σ+ω+ε) = (1−f)βci∗s∗+(1−f1)βci∗r∗+δβci∗e∗+ke∗+εi∗i∗

i∗ which upon substitution into (34) gives

V ′ = K1

(
s − s∗

s

)
[πs∗ + (βc − ε)i∗s∗ − αr∗ + αr − (π + (βc − ε))s]

+K2

(
e − e∗

e

)(
fβcis + f1βcir −

[
fβci∗s∗ + f1βci∗r∗ − (δβc − ε)i∗e∗

e∗

]
e − (δβc − ε)ie

)

+K3

(
i − i∗

i

)(
(1 − f)βcis + (1 − f1)βcir + δβcie + ke −

(
K∗

3

i∗

)
i + εii

)
, (35)

K∗
3 = (1 − f)βci∗s∗ + (1 − f1)βci∗r∗ + δβci∗e∗ + ke∗ + εi∗i∗.

From s + e + i + r = 1,

i = 1 − (s + e + r) ⇒ i∗ = 1 − (s∗ + e∗ + r∗). (36)

Using (36) in (35) gives

V ′ =
−K1π(s − s∗)2

s
+ K1

(
s − s∗

s

)
[(βc − ε)(i∗s∗ − is) − αr∗ + αr]

+K2

(
e − e∗

e

)(
fβcis + f1βcir −

[
fβci∗s∗ + f1βci∗r∗ − (δβc − ε)i∗e∗

e∗

]
e − (δβc − ε)ie

)

+K3

(
i − i∗

i

)
((1 − f)βcis + (1 − f1)βcir + δβcie + ke + εi(1 − (s + e + r)))

−K3

(
i − i∗

i

) (
(1 − f)βci∗s∗ + (1 − f1)βci∗r∗ + δβci∗e∗ + ke∗ + εi∗(1 − (s∗ + e∗ + r∗))

i∗

)
i.

(37)
Let s

s∗ = x1, e
e∗ = x2, i

i∗ = x3, i∗s∗ = a, i∗e∗ = b, i∗r∗ = d, kE∗ = g, εi∗ = m and αr∗ = h, then
(37) is

V ′ = −−K1π(s − s∗)2

s
+ K1

(
1 − 1

x1

)
[(βc − ε)(i∗s∗ − i∗x3s

∗x1) − αr∗ + αr∗x4]

+K2

(
1 − 1

x2

)
(fβci∗x3s

∗x1 + f1βci∗x3r
∗x4 − (fβci∗s∗ + f1βci∗r∗ − (δβc − ε)i∗e∗)x2

−(δβc − ε)i∗x3e
∗x2) + K3

(
1 − 1

x3

)
((1 − f)βci∗x3s

∗x1 + (1 − f1)βci∗x3r
∗x4 + δβci∗x3e

∗x2

+ke∗x2 + εi∗x3(1 − (s∗x1 + e∗x2 + r∗x4))) − K3

(
1 − 1

x3

)(
K∗∗

3

i∗

)
i, (38)

K∗∗
3 = (1 − f)βci∗s∗ + (1 − f1)βci∗r∗ + δβci∗e∗ + ke∗ + εi∗(1 − (s∗ + e∗ + r∗))

V ′ =
−K1π(s − s∗)2

s
+ K1

(
1 − 1

x1

)
[(βc − ε)(i∗s∗ − ax1x3) − h + hx4]

+K2

(
1 − 1

x2

)
(fβcax1x3 + f1βcdx3x4 − (fβca + f1βcd − (δβc − ε)b)x2 − (δβc − ε)bx2x3)

+K3

(
1 − 1

x3

)
((1 − f)βcax1x3 + (1 − f1)βcdx3x4 + δβcbx2x3 + gx2 + mx3 − εax1x3 − εbx2x3
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−εdx3x4)) − K3

(
1 − 1

x3

)
((1 − f)βcax3 − (1 − f1)βcdx3 − δβcbx3 − gx3

−mx3 + εax3 + εbx3 + εdx3). (39)

V ′ =
−K1π(s − s∗)2

s
+ (K1(βc − ε)a + K2fβca + K3(1 − f)βca − K3εa)x1x3 + (−K2(δβc − ε)b

+K3δβcb − K3εb)x2x3 + (K2f1βcd + K3(1 − f1)βcd − K3εd)x3x4 + (−K3(1 − f)βca + K3εa)x1

+(−K2fβca − K2f1βcd + K2(δβc − ε)b + K3g − K3δβcb + K3εb)x2

+(K1(βc − ε)a + K2(δβc − ε)b − K3(1 − f)βca − K3(1 − f1)βcd − K3δβcb − K3g

+K3εa + K3εb + K3εd)x3 + (K1h − K3(1 − f1)βcd + K3εd)x4 + K1(βc − ε)a − K1h − K1h
x4

x1

+K1
h

x1
− K1(βc − ε)

a

x1
− K2fβca

x1x3

x2
− K2f1βcd

x3x4

x2
+ K2fβca + K2f1βcd − K2(δβc − ε)b

−K3g
x2

x3
+ K3(1 − f)βca + K3(1 − f)βcd + K3δβcb + K3g − K3εa − K3εb − K3εd. (40)

Equating the coefficients of x1x3, x2x3, x3x4, x1, x2, x3 and x4 to 0 gives K1 = K2 = K3;
g = fβca; ε = (1 − f)βc, d = h = 0.
Choosing the values of K1 = K2 = K3 = f = 1 and substituting the values of g, ε, d and h gives

V ′ =
−π(s − s∗)2

s
+ βca

(
3 − 1

x1
− x1x3

x2
− x2

x3

)
. (41)

Since arithmetic mean (AM) is greater than or equal to geometric mean (GM)
(AM ≥ GM), then

1

x1
+

x1x3

x2
+

x2

x3
≥ 3.

It can be seen from (41) that V ′ ≤ 0 for which the equality holds when x1 = x2 = x3 = 1 (which
implies s = s∗, e = e∗ and i = i∗). From the LaSalle’s invariance principle [30], the endemic
equilibrium point EEP is globally asymptotically stable whenever f = 1.

5 Numerical Simulation

The above model was solved using ODE45 package of MATLAB with the parameter values given
in Table 1 below. Most of the values are extracted from [17] while others are reasonably chosen
estimates. The initial fractional populations of the susceptible, exposed, infectious and recovered
are 0.99175, 0.00750, 0.00075 and 0 respectively and the resulting graphs are presented below.
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Table 1: Table of values

S/No Parameter Meaning Value (yr−1) Source
1 β Probability of being infected after effective con-

tact with an infectious being
0.35000 [17]

2 π Recruitment rate 0.03000 [17]
3 c Contact rate 80.0000 [17]
4 µ Natural mortality rate 0.01000 Estimate
5 ε TB induced death 0.30000 [17]
6 k Endogenous re-activation 0.00013 [17]
7 α Rate of the recovered moving back to susceptible 0.30000 Estimate
8 δ Exogenous re-infection 0.70000 [17]
9 ω Natural recovery rate 0.20000 [17]
10 σ Effectiveness of the treatment 0.60000 Estimate
11 f Probability that the infected will enter the latent

stage of the disease
0.99000 [17]

12 f1 Probability of the re-infected R moving to E 0.70000 [17]

5.1 Graphical Results

5.1.1 SEIR Relationship Graphs

Here, the relationship between each compartments are shown. Figures 3a, 3b and 3c show the
behaviour of each proportion of the population (compartment) as time evolves and also their
proportions under various contact rates (c) are shown. In Figure 3b, 6.25% reduction in the
original value of contact rate c = 80 shows a delay for the occurrence of the epidemic and in
Figure 3c, the infection tends to disappear when there is 10% reduction in the contact rate.

5.1.2 Sensitivity Analysis Graphs

In the face of any infection, apart from the contact rate investigated above, also of importance
are the recruitment and treatment rates. The recruitment is useful in maintaining the constant
influx of people into the community while the treatment is useful in removing the infectious
individuals out of the infectious class. Increase in the recruitment rate (Figure 4a) slightly
delays the outbreak of the infection while increment in the treatment rate (Figure 4b) delays
the period of infection in huge proportion with a slight reduction in the infectious population.
The result due to treatment is in agreement with the findings of Khan et al. (2019) [20] where
increment in the treatment rate and decrement in the transmission and immunity loss rates help
in reducing TB epidemic. This delay could be optimised in tackling the spread of the infection, to
manage the eventual break out of an epidemic. However, a growth rate of 7% of the population
or a treatment rate of 80% of the infectious can lead the infection to extinction as displayed in
Figure 4a and Figure 4b respectively. Guarding against loss of immunity after recovery may not
be necessary as Figure 4c shows it has no significant impact.

6 Summary

This paper studies the tuberculosis epidemiology using SEIR compartmental modelling. The
possibility of a fraction of recovered R going back to susceptible S due to the fact that bacterial
infection does not give a permanent immunity against the re-infection was considered. The dis-
ease free equilibrium (DFE) and the endemic equilibrium (EEP) of the model are established and
their local and global stabilities are as well shown. Also the normalisation method eliminates the
natural death factor (µ), hence allowing the concentrate on other factors that can be controlled,
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Figure 3: Disease dynamics
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Figure 4: Relevance of the key factors in the disease dynamics
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for example; recruitment, contact and treatment rates.
The analysis carried out on the basic reproduction number (R0) (Theorem 3.1) reveals the
relevance of the exposed class in reducing the incident rate of the TB infection. Non-direct
progression of the Mycobacterium tuberculosis (Mtb) carriers to the infectious state reduces the
eventual number of people with full blown infection due to the fact that R01 = R0 whenever
f = 1, which implies a reduction in the actual value of R0. The exposed state can be utilised in
reducing the incidence of TB infection when measures are put in place to identify Mtb carriers
at that stage as displayed in Figure 1.
The numerical simulation done on the model explains the importance of some of the factors con-
sidered in the model formulation. It is shown that the contact rate between the infectious and
susceptible individuals play significant role in the rapid spread of the infection. The reduction
in the value of the contact rate shows a great improvement in controlling the epidemic. In fact,
this result explains part of the reasons why sanatoria used in the 18th century were effective
in dealing with the epidemic. Other factors; recruitment and treatment rates have shown how
important they are in delaying the infection, and as such, should be optimised in handling the
infection before it becomes an epidemic. At 7% growth rate of the population or 80% treatment
rate of the infectious, the infection dies out, as displayed in Figures 3c and 4a. The recruitment
into the population (growth) is expected to be constituted by those that are free of Mtb. Money
meant for the prevention against reinfection may be saved and utilised for other purposes as
Figure 4c shows it may amount to waste of minimal resources.
It is worthy of note that awareness could also be of great help in reducing the incidence of the
infection through e.g., education, social media, local dailies, media houses, etc., as it would help
in reducing the contact rate between the infectious and susceptible individuals. This is corrob-
orated by the resulting Figures 3a- 3c in which reasonable control of the epidemic is achieved.
This is in agreement with the findings of Xiang et al. (2019) [32] where health education is
shown to help in reducing TB burden. These measures are greatly needed in some parts of the
developing nations and in most of the under-developed nations as they are the major victims of
tuberculosis.
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Appendix
A1 = βfπ3 + αβfπ2 + kπ3 + αkπ2 − βkπ2 + εkπ2 + kπ2σ + kπ2ω − αβkπ + αεkπ + αkπσ + αkπω + π4 + απ3 −
βπ3 + επ3 + π3σ + π3ω − αβπ2 + αεπ2 + απ2σ + απ2ω,
A2 = β2fπ2 − 2βεfπ2 − αβεfπ + αβfπσ + αβfπω + βf1π

2σ + βf1π
2ω + αβεk − αε2k − αεkσ − αεkω + 2βkπ2 −

3εkπ2 +αβkπ −2αεkπ −β2kπ +3βεkπ +βkπσ +βkπω −2ε2kπ −2εkπσ −2εkπω +βδπ3 +2βπ3 −4επ3 +αβδπ2 +
αβπ2 − 3αεπ2 − β2δπ2 − β2π2 + βδεπ2 + βδπ2σ + βδπ2ω + 4βεπ2 + βπ2σ + βπ2ω − 3ε2π2 − 3επ2σ − 3επ2ω −
αβ2δπ + αβδεπ + αβδπσ + αβδπω + 2αβεπ − 2αε2π − 2αεπσ − 2αεπω,

A3 = αβ2δε−αβδε2 −αβδεσ−αβδεω−αβε2 +αε3 +αε2σ+αε2ω−αβεfσ−αβεfω−β2εfπ+βε2fπ+β2f1πσ+
β2f1πω−2βεf1πσ−2βεf1πω−αβεk+αε2k+β2εk−2βε2k−βεkσ−βεkω+ε3k+ε2kσ+ε2kω+β2kπ−4βεkπ+
3ε2kπ +2β2δπ2 +β2π2 −3βδεπ2 −6βεπ2 +6ε2π2 +αβ2δπ −2αβδεπ −2αβεπ +3αε2π −β3δπ +3β2δεπ +β2δπσ +
β2δπω + 2β2επ − 2βδε2π − 2βδεπσ − 2βδεπω − 5βε2π − 2βεπσ − 2βεπω + 3ε3π + 3ε2πσ + 3ε2πω,

A4 = −αβ2δε + αβδε2 + αβε2 − αε3 + β3δε − 2β2δε2 − β2δεσ − β2δεω − β2ε2 + βδε3 + βδε2σ + βδε2ω + 2βε3 +
βε2σ + βε2ω − ε4 − ε3σ − ε3ω − β2εf1σ − β2εf1ω + βε2f1σ + βε2f1ω − β2εk + 2βε2k − ε3k + β3δπ − 4β2δεπ −
2β2επ + 3βδε2π + 6βε2π − 4ε3π,
and
A5 = −β3δε + 2β2δε2 + β2ε2 − βδε3 − 2βε3 + ε4.
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Abstract: In this paper, we get some elliptic type gradient estimates on positive solutions to the
heat equation on weighted Riemannian manifold with time dependent metrics and potentials.
The geometry of the space in terms of curvature bounds play crucial role in determining the
estimates. The gradient estimates derived in this paper are useful in proving the classical Har-
nack principle, Liouville type theorems, heat kernel bounds. As an example, we discuss Liouville
principle on bounded positive solution. Indeed, each gradient estimate obtained is equivalent to
saying bounded weighted harmonic function is a constant.
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1 Preliminaries and main results

In recent years, there have been many interesting results relating to elliptic gradient estimates,
Harnack inequalities and Liouville-type theorems on smooth metric measure spaces. This is due
to the fact that these estimates have found numerous applications in fields of Geometric Analysis
and Partial Differential Equations Historically, gradient and Harnack estimates for parabolic
equations on manifold originated in Li and Yau [12] where they extended the work due Cheng
and Yau. Then Hamilton [10] proved an elliptic type gradient estimate for the heat equation.
But this Hamilton-type of estimates is a global result which requires the heat equation defined on
closed manifolds. Souplet and Zhang [16] later proved a local version of Hamilton-type gradient
estimate by combining Li-Yau’s Harnack inequality [12] and Hamilton’s gradient estimate [10].

The major aims of this paper is to derive some local elliptic gradient estimates for smooth positive
solutions u to the weighted heat equation

∂u

∂t
= ∆fu, t > 0, (1)

defined on a smooth metric measure space, whose underlying time dependent metric, g(t) is
being deformed by the action of the super Perelman-Ricci flow

∂g

∂t
+ 2Ricf ≥ 0. (2)
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The gradient estimates obtained in this article are related to Hamilton type estimates for the
heat equation on a compact manifold and Souplet-Zhang type estimates for the heat equation on
noncompact manifolds. Hamilton type, Souplet-Zhang type and Li-Yau type gradient estimates
have been playing fundamental roles in estimating smooth solutions of parabolic partial differ-
ential equations on compact and noncompact manifolds, either with static or evolving metrics.
These estimates are known for their usefulness in proving the classical Harnack inequalities, Li-
ouville type theorems and sharp estimates on the weighted heat kernel. They have been used
in conjuction with the so called Perelman entropy in several contexts. It is therefore natural to
investigate whether or not these estimates are available for weighted manifolds equipped with
time dependent metrics and potentials. If they are available, then under what conditions on the
generalized curvature tensor and the potentials.

1.1 Smooth metric measure space

The Smooth metric measure space is denoted by (M, g, e−fdµ), for an n-dimensional complete
Riemannian manifold (M, g), volume measure onM denoted by dµ and f is C∞(M). Associated
with (M, g, f) is the so called Witten Laplacian or f -Laplacian denoted by ∆f := ∆ −∇f · ∇,
where ∆ is the usual Laplacian on (M, g) and ∇ is the connection with respect to metric g. A
natural extension of Ricci curvature tensor, Ric, called ∞- Bakry-Émery tensor which arises on
the space is defined ny Ricf := Ric+∇2f, where ∇2f is the Hessian of f .

1.2 The Perelman-Ricci flow

Given the pair (M, g), a complete compact Riemannian manifold without boundary. The
Hamilton-Ricci flow can be defined as the deformation of a family of metrics g(t) by the fol-
lowing quasilinear parabolic equation

∂g

∂t
= −2Ric

g(0) = g0,
(3)

where t ∈ ×[0, T ], 0 < T < Tmax i.e., Tmax is the maximum existence time after the flow blows
up. The Hamilton-Ricci flow theory emanated from the seminal paper [9]. It has since been
widely studied [7, 8], and applied to solve some problems in geometry, topology and physics
[6, 15].

A super Perelman-Ricci flow is defined by a complete manifold M without boundary, endowed
with time dependent family of Riemannian metrics g(t) and smooth functions, f(t), {(M, g(t), f(t)) :
t ∈ [0, T ]}, satisfying

1

2

∂g

∂t
+Ricf ≥ 0. (4)

Replacing the inequality sign in (4) by equality we have the Perelman-Ricci flow

1

2

∂g

∂t
+Ricf = 0, (5)

as was introduced in [15] as a gradient flow of an energy functional defined by F(g, f) =
∫
M (R+

|∇f |2)e−fdµ on the condition that the measure, e−fdµ, remains static in time, where as f(t)
satisfies the heat type equation

∂f

∂t
= −R−∆f. (6)

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 260



Recall also that the Hamilton-Ricci flow can be recovered from (5)–(6) by pulling back (g(t), f(t))
with a family of diffeomorphism generated by the gradient of f [15].

Owing to strong relationship between the heat equation and the Hamilton-Ricci flow [11] on
one hand and due to the physical and geometric implications yielded when the two equations
are coupled, many researchers have shown interests in the field. The coupling was studied
in [2, 3, 4, 5, 18] and elliptic gradient estimates were obtained for the heat equation, which
consequently yields various estimates on the heat kernel with respect to time dependent metrics.
Recently, Wu [17] derived some elliptic type gradient estimate on (1) on static weighted manifold.
Therefore it is natural to ask if one can obtain similar estimates when (1) and (2) are coupled.
Motivated by [5, 17, 18], we investigate the geometric conditions under which one can obtain
space only gradient estimates on positive solution to (1) when the underlying metric is being
evolved along the flow (2). Thus, this paper extends Hamilton Harnack inequalities to positive
solutions to the weighted heat equation on time dependent metric measure space. Note that
some interesting attempts have been made in this direction by S. Li and X-D. Li [13, 14] via
Perelman W-entropy.

1.3 Main results

Fix a point x0 on (M, g, e−fdµ) and denote by r(x) or d(x, x0), a distance function from x0 to x
with respect to g. Define a compact space BR,T by BR,T ≡ {(x, t) : d(x, x0) ≤ R, 0 ≤ t ≤ T} ⊂
M × [0, T ], for R, T > 0..

The first result is Souplet-Zhang type gradient estimate with the assumption that ∞- Bakry-
Émery tensor is below bounded uniformly locally.

Theorem 1.1 Given a complete weighted manifold (M, g, f) with |Ricf |g(t) ≤ (n−1)kg for some
k ≥ 0 and {(M, g(t), f(t)) : t ∈ [0, T ]} a complete solution to the super Perelman-Ricci flow (2).
Suppose u(x, t) ≤ A is a positive bounded solution to the weighted heat equation (1) in BR,T .
Then the following estimate

|∇u|
u
≤ C

(√1 + |α|
R

+
1√
T

+
√
k
)(

1 + ln
A

u

)
(7)

holds for all (x, t) in BR/2,T/2 with t 6= 0, where C is a positive constant depending only on the
dimension of M and α := max{x|d(x,x0)=1}∆fr(x).

Moreover, if Ricf ≥ 0, then there exists constants C1, C2 > 0 which depend only on n such that

|∇u|
u
≤ C1

1 +
√
|α|

t
1
4

(
1 + eC2D + ln

u(x, 2t)

u(x, t)

)
(8)

for all (x, t) ∈M × (0, T ], where D = supy∈B(x,
√
t)|f(y)|.

Remark 1.1 Assuming that f is a constant, the above estimate in (7) recovers the estimate in
(2.3) of [5, Theorem 2.2] for the heat equation along Hamilton-Ricci flow. Estimate (7) can also
be compared with [18, Theorem 1] for heat equation under backward Ricci flow. It also extends
gradient estimates on stationary manifold contained in [17]. Hence, Theorem 1.1 generalizes and
improves the results in the aforementioned references.

The next theorem is a global version of estimate (7). This has been established previously in
[5, 10, 18].
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Theorem 1.2 Given a complete weighted manifold (M, g, f) with {(M, g(t), f(t)) : t ∈ [0, T ]}
evolving by the super Perelman-Ricci flow (2). Suppose u ≤ A is a positive bounded solution to
(1) in M × [0, T ]. Then the following estimate

|∇u|
u
≤
√

1

t
ln
A

u
(9)

holds for A = sup
M×[0,T ]

u(x, t) : (x, t) ∈ M × [0, T ], without any curvature assumption. Moreover,

there holds the following interpolation inequality for δ > 0, x, y ∈M

u(x, t) ≤ C3u
1/(1+δ)(y, t)Aδ/(1+δ) exp

(
C4
d2(x, y, t)

t

)
, (10)

where t ∈ (0, T ] and C3, C4 > 0 are constant depending on δ > 0.

Remark 1.2 Note that local estimate (7) and global estimate (9) can not replace each other, as
(9) involves neither curvature assumption nor dimension dependent constant.

Another striking results which yields Hamilton type gradient estimate will appear in a forth-
coming paper. There, the quantity w = h · |∇h|2 with h = uε, 0 < ε < 1 is used instead of
w = |∇ ln(1− h)|2 with h = lnu used in getting Souplet-Zhang estimate in Theorem 1.1.

The next section presents the proofs of the main theorems. Meanwhile two important results to
be applied are first stated in forms of lemmas

2 Proof of Theorems 1.1 and 1.2

2.1 Fundamental results

The two lemmas below are fundamental to the proof of Theorem 1.1.

Lemma 2.1 Let {(M, g(t), f(t)) : t ∈ [0, T ]} be a complete solution to the super Perelman Ricci
flow (2). Suppose u ≤ A for some positive constant A is a positive solution to (1). Then the
function w = |∇ ln(1− h)|2, where h = lnu/A ≤ 0 verifies

(
∆f −

∂

∂t

)
w ≥ 2h

1− h∇h∇w + 2(1− h)w2 (11)

in BR,T .

Note: The proof is similar to the ones obtain [1, 5]. In addition we make use of identities such
as

ht = ∆fh+ |∇h|2,
where h = lnu, and

(|∇h|2)t ≤ 2(Rij + fij)hihj + 2hi(ht)j .

derived from the super Perelman-Ricci flow (2).

The second lemma gives some properties of a cut-off function that will be applied to get useful
bounds in the space BR,T .
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Lemma 2.2 Let φ = φ(r(x, t), t) be a cut-off function which is smoothly supported in BR,T with
the following properties [17, 1]: Fix τ ∈ (0, T ], there exists a smooth function φ̄ : [0,∞)×[0, T ]→
R with

(i) φ = φ̄(r, t); φ̄(r, t) = 1 in BR/2,T/2, 0 ≤ φ(r, t) ≤ 1.

(ii) φ is a radially decreasing function in spatial variables.

(iii) |∂φ̄∂r | 1
φ̄a
≤ Ca

R and |∂2φ̄
∂r2
| 1
φ̄a
≤ Ca

R2 in [0,∞) × [0, T ], where 0 < a < 1 for some constant
Ca > 0.

(iv) |∂φ̄∂t | 1
φ̄1/2
≤ C

τ in [0,∞)× [0, T ] for some C > 0 and φ̄(r, 0) = 0 ∀r ∈ [0,∞).

2.2 Proof of Theorem 1.1

Applying (11) of Lemma 2.1, a simple calculation yields
(

∆f −
∂

∂t

)
(φw) ≥ 2h

1− h
[
∇h∇(φw)− w∇h∇φ

]
+ 2(1− h)φw2

+2
∇φ
φ
∇(φw)− 2

|∇φ|2
φ

w + w
(

∆f −
∂

∂t

)
φ.

(12)

Assume φw is maximal at the point (x1, t1) in BR,T for any fixed τ ∈ (0, T ]. Suppose that x1 is
not in the cut locus ofM due to Calabi’s argument [12]. Also assume (φw)(x1, t1) > 0, otherwise
the result becomes trivial with w(x, t) ≤ 0 whenever d(x, x0) < R/2. Then at the point (x1, t1)
we have

∆f (φw) ≤ 0, (φw)t ≥ 0 and ∇(φw) = 0. (13)

By (12) and (13) we deduce that

2(1− h)φw2 ≤ 2h

1− hw∇h∇φ+ 2
|∇φ|2
φ

w − (∆fφ)w + φtw (14)

at (x1, t1).

Firstly, we consider the case x ∈ B(x0, 1). In this case φ is a constant function in space direction
in B(x0, R/2), R ≥ 2, based on the assumption. Thus at (x1, t1), we have from (14)

w ≤ 1

2

φt
φ
≤ C

T

at (x1, t1) since 1− h ≥ 1.

Since φ = 1 when d(x, x0) < R/2 due to assumption (i) on φ, we have

w(x, τ) = (φw)(x, τ) ≤ (φw)(x1, t1)

≤ w(x1, t1)

≤ C

T

for all (x, t) ∈ BR/2,T with t 6= t0> By the definition of w(x, τ) and the fact that τ was chosen
arbitrarily, we prove that

|∇h|
1− h(x, t) ≤ C√

T
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for all (x, t) ∈ BR/2,T . Then the required estimate follows since h = lnu/A.

Secondly, we suppose x1 6∈ B(x0, 1). Let C > 0 be a constant which depends on n only, though
the value may vary from step to step. Following the argument in [1, 17] we have that

2
|∇φ|2
φ

w ≤ 1

8
φw2 +

C

R4
(15)

2h

1− hw∇h∇φ ≤ (1− h)φw2 +
C

R4
· h4

(1− h)3
. (16)

Now, using the properties of φ and the weighted Laplacian comparison theorem, ∆fr(x) ≤
α + (n − 1)k(r − 1), where r(x, x0) ≥ 1 in B(x0, R), α = max{x:d(x,x0)=1}∆fr(x) at this point
and Ricf ≥ −(n− 1)k, k ≥ 0:

−∆fφ = −(φr∆fr + φrr|∇r|2)

≤
(
|φr|

1

φ1/2
(α+ (n− 1)k(r − 1)) + |φrr|

1

φ1/2

)
φ1/2

≤ C1/2

(α
R

+ nk +
1

R2

)
φ1/2.

Now φt is estimated as follows: For all x ∈ B(y,R), let γ : [0, a] → M be a minimal geodesic
connecting x and y at time t ∈ [0, T ]. Then

∂tr(x, t) = ∂t

∫ a

0
|γ′(s)|ds = −

∫ a

0
Ricf (γ′(s), γ′(s))ds

≤ (n− 1)kr ≤ nkR.

Then apply the properties of φ as stated above

φt ≤ |φ̄t|+ |∇φ| · |∂tr| ≤
C1/2φ

1/2

τ
+ C1/2φ

1/2nk.

Therefore

−(∆fφ)w ≤ 1

8
φw2 +

C

R4
+
Cα2

R2
+ Ck2 (17)

and

φtw ≤
1

8
φw2 +

C

T 2
+ Ck2. (18)

By putting (15)–(18) into (14) and rearranging we obtain

2(1− h)φw2 ≤ 1

2
φw2 +

C

R4

h4

(1− h)3
+

C

R4
+
Cα2

R2
+ Ck2 +

C

T 2
(19)

at (x1, t1). Since 1− h ≥ 1, clearly h4/(1− h)4 ≤ 1 and then (19) implies

φw2 ≤ 1

2
φw2 +

C

R4
+
Cα2

R2
+ Ck2 +

C

T 2

at (x1, t1). It therefore follows for all (x, t) ∈ BR,T , that there holds

(φ2w2)(x, τ) ≤ (φ2w2)(x1, t1) ≤ (φw2)(x1, t1)

≤ C

R4
+
Cα2

R2
+
C

T 2
+ Ck2.

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 264



Since φ(x, τ) = 1 in BR/2,T , w = |∇h|2/(1− h)2 and that τ was arbitrarily chosen. Then

|∇h|
1− h(x, t) ≤ C

R
+ C

√
|α
R

+
C√
T

+ C
√
k (20)

for all (x, t) ∈ BR/2,T with t 6= t0. Since h = lnu/A we obtain

|∇h|
1− h(x, t) =

( 1

1 + ln A
u

· |∇u|
u

)
(x, t) (21)

because h = lnu/A. Substituting (21) into (20) and rearranging leads to estimate (7).

To prove (8), we apply estimate (7) on B√t,t/2. By the parabolic Moser’s Harnack inequality [17,
Theorem 3.1] one has

A := sup
Q√

t,t/2

u(x, t) ≤ exp(C5e
c6D)u(x, 2t),

where D = supy∈B(x,
√
t |f(y)|. Setting k = 0, then (8) follows from (7) at once.

2.3 Proof of Theorem 1.2

Our argument follows the idea in [10, 18] summarised as follows. Consider the function P (x, t) :=

t
|∇u|2
u
− u ln

A

u
on M × [0, T ] and show that

( ∂
∂t
−∆f

)
P (x, t) ≤ 0, for all (x, t)

and
P (x, 0) ≤ 0 for all x ∈M.

The above assertion follows from routine calculation, which we show as follows

∂

∂t

(
t
|∇u|2
u

)
≤ |∇u|

2

u
+ t
(2Ricf (∇u,∇u) + 2∇u∇ut

u
− ∂u

∂t

|∇u|2
u2

)
,

∂

∂t

(
u ln

A

u

)
=
∂u

∂t
ln
A

u
− ∂u

∂t
=
∂u

∂t

(
ln
A

u
− 1
)
,

∆f

(
t
|∇u|2
u

)
= t
(∆f (|∇u|2)

u
− 4∇∇u|∇u|2

u2
− ∆fu|∇u|2

u2
+

2|∇u|2|∇u|2
u3

)
,

∆f

(
u ln

A

u

)
= ∆fu

(
ln
A

u
− 1
)
− |∇u|

2

u
.

Putting the above equations together yields

( ∂
∂t
−∆f

)
P (x, t) ≤ t

(2Ricf (∇u,∇u) + 2∇u∇∆fu−∆f (|∇u|2)

u

− 4∇∇u|∇u|2
u2

+
2|∇u|2|∇u|2

u3

)

since u solves the weighted equation (1). Applying the weighted Bochner formula

∆f (|∇u|2) = 2|∇∇u|2 + 2∇u∇∆fu+ 2Ricf (∇u,∇u) (22)
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gives
( ∂
∂t
−∆f

)
P (x, t) ≤ −2t

u

(
∇∇u− ∇u · ∇u

u

)2
≤ 0.

Then application of the maximum principle yields P (x, t) ≤ 0 for (x, t) ∈M × [0, T ] from where
the desired estimate (9) follows.

To prove estimate (10). We set Z(x, t) = ln
A

u(x, t)
and by (9) we obtain

|∇
√
Z| = 1

2

∣∣∣ ∇u
u
√
Z

∣∣∣ ≤ 1

2
√
t
.

Integrating along a minimising geodesic joinning two fixed points x and y gives
√

ln
A

u(x, t)
≤
√

ln
A

u(y, t)
+
d(x, y, t)

2
√
t

.

For any δ > 0, we obtain

ln
A

u(x, t)
≤ ln

A

u(y, t)
+
d2(x, y, t)

4t
+ δ ln

A

u(y, t)
+
d2(x, y, t)

4δt
.

Rearranging and exponentiating yield the desired interpolation inequality (9).

3 Concluding remark

Our estimates in Theorems 1.1 and 1.2 are obtained under the super Perelman-Ricci flow with
bounded from below curvature condtion. As in the classical setting, these estimates can be used
to obtain sharp estimates on weighted heat kernel, Harnack inequality and Liouville principle.
For example, how Liouville principle can be obtained is summarized as follows.

Letting R→ +∞ and t→ +∞, estimate (7) yields

|∇u|
u
≤ C
√
k
(

1 + ln
A

inf u

)

for a bounded positive solution u of ∆fu = 0 on smooth metric measure spaces with Ricf ≥ −k.
In particular, if Ricf ≥ 0, each of the two estimates implies that every bounded weighted
harmonic function must be a constant.
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1 Introduction

In 1971 Prabhakar [10] introduced the function Eγα,β(z) called Prabhakar function or three pa-
rameters generalized Mittag-Leffler function given by:

Eγα,β(z) =
∞∑

n=0

(γ)nz
n

Γ(αn+ β)
(1)

where
α, β, γ ∈ C, Re(α) > 0, Re(β) > 0, Re(γ) > 0

And (γ)n is the well known Pochmmer symbol defined by following definition:

(γ)0 = 1, (γ)n = γ(γ + 1)(γ + 2)...(γ + n− 1)

If γ = 1, equation (1) reduces to Wiman function or two parameters generalized Mittag-Leffler
function introduced by Wiman[11, 12] given below:

Eα,β(z) =
∞∑

n=0

zn

Γ(αn+ β)
(2)

where
α, β ∈ C, Re(α) > 0, Re(β) > 0
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If β = γ = 1 , equation (1) reduces classical or one parameter Mittag-Leffler function presented
by Mittag-Leffler [5, 6, 7] given as:

Eα(z) =

∞∑

n=0

zn

Γ(αn+ 1)
(3)

where
α ∈ C, Re(α) >

If α = β = γ = 1, equation (1) reduces simple exponential function

ez =

∞∑

n=0

zn

n!
(4)

In 2018 Atash et al [1] introduced a new extension of classical Gamma and Beta function given
by:

Γ(α,γ)
p (x) =

∫ ∞

0
tx−1Eα,β

(
−t− p

t

)
dt (5)

where
Re(x) > 0, p ≥ 0, Re(α) > 0, Re(β) > 0, Re(γ) > 0

And

B(α,β)
p,q (x, y) =

∫ 1

0
tx−1(1− t)y−1Eα,β

(
−p
t

)
Eα,β

(
− q

1− t

)
dt (6)

where
Re(x) > 0, Re(y) > 0, p ≥ 0, q ≥ 0, Re(α) > 0, Re(β) > 0

If p = 0, equation (6) reduces to the extended gamma function introduced by Atash et al [1]

Γ(α,β)(x) =

∫ ∞

0
tx−1Eα,β(−t)dt (7)

where
Re(x) > 0, Re(α) > 0, Re(β) > 0

If α = β = 1, equation (6) reduces to extended gamma function introduced by Chaudhry et al
[2]

Γp(x) =

∫ ∞

0
tx−1exp(−t− p

t
)dt (8)

where
Re(x) > 0, p ≥ 0

If p = 0 and β = 1, equation (5) reduces to extended gamma function introduced by Pucheta [9]

Γα(x) =

∫ ∞

0
tx−1Eα(−t)dt (9)

where
Re(x) > 0 and α ≥ 0

If p = 0 and α = β = 1, equation (5) reduces to classical gamma function given below:

Γ(x) =

∫ ∞

0
tx−1exp(−t)dt, where Re(x) > 0 (10)

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 269



If α = β = 1 and p = q, equation (6) reduces to the extended beta function by Chaudhry et al
[3]

Bp(x, y) =

∫ 1

0
tx−1(1− t)y−1exp

(
− p

t(1− t)

)
dt (11)

where
Re(x) > 0, Re(y) > 0, Re(p) ≥ 0

If α = β = 1, equation (6) reduces to the extended beta function given by Choi et al [4]

Bp,q(x, y) =

∫ 1

0
tx−1(1− t)y−1exp

(
−p
t
− q

1− t

)
dt (12)

where
Re(x) > 0, Re(y) > 0, Re(p) > 0, Re(q) > 0

if β = 1, equation (6) reduces to Rahman et al [8] presented below:

B(α)
p,q (x, y) =

∫ 1

0
tx−1(1− t)y−1Eα

(
−p
t

)
Eα

(
− q

1− t

)
dt (13)

where
Re(x) > 0, Re(y) > 0, p ≥ 0, q ≥ 0, Re(α) > 0 > 0

If α = β = 1 and p = q = 0, equation (6) reduces to classical beta function known as euler beta
function presented by:

B(x, y) =

∫ 1

0
tx−1(1− t)y−1dt, where Re(x) > 0, Re(y) > 0 (14)

Classical gamma and beta functon in equations (10) and (12)has the followung relationship

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
(15)

Classical beta function in equation (14) has the following functional relation

B(x+ 1, y) +B(x, y + 1) = B(x, y) (16)

2 Main Result

In this research work we extend the extended gamma and beta functions introduced by Atash
et al [1] by considering three parameters Mittag-Leffler function. The new extended gamma and
beta functions are defined by:

Γ(α,β,γ)
p (x) =

∫ ∞

0
tx−1Eγα,β

(
−t− p

t

)
dt (17)

where
Re(x) > 0, Re(y) > 0, p ≥ 0, Re(α) > 0, Re(β) > 0, Re(γ) > 0

And

B(α,β,γ)
p,q (x, y) =

∫ 1

0
tx−1(1− t)y−1Eγα,β

(
−p
t

)
Eγα,β

(
− q

1− t

)
dt (18)

where
Re(x) > 0, Re(y) > 0, p ≥ 0, q ≥ 0, Re(α) > 0, Re(β) > 0, Re(γ) > 0

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 270



Note 1:

(i) If p = 0, equation (17) reduces to the following extended gamma function:

Γ(α,β,γ)(x) =

∫ ∞

0
tx−1Eγα,β(−t)dt (19)

where
Re(x) > 0, Re(α) > 0, Re(β) > 0, Re(γ) > 0

(ii) If γ = 1, equation (17) reduces to the extended gamma function introduced by Antash et
al [1] given in equation (5)

(iii) If α = β = γ = 1, equation (17) reduces extended gamma function introduced by Chaudhry
et al [2] given in equation (7)

(iv) If p = 0 and β = γ = 1, equation (17) reduces to extended gamma function introduce by
Pucheta [9] given in equation (8)

(v) If p = 0 and α = β = γ = 1, equation (17) reduces classical gamma function given in
equation (9)

Note 2:

(i) If γ = 1, equation (18) reduces to extended Beta function introduced by Atash et al in [1]
given in equation (6)

(ii) If α = β = γ = 1 and p = q, equation (18) reduces to extended Beta function introduced
by Chaudhry et al [3] given in equation (10)

(iii) If α = β = γ = 1, equation (18) reduces to extended Beta function introduced by Choi et
al [8] given in equation (12)

(iv) If β = γ = 1, equation (18) reduces to extended Beta function introduced by Rahman et
al [8] given in equation (13)

(v) If β = γ = 1 and p = q = 0, equation (18) reduces to classical Beta function given in
equation (14)

Theorem 2.1 the folloing summation formulas hold true

B(α,β,γ)
p,q (x, 1− y) =

∞∑

n=0

(y)n
n!)

B(α,β,γ)
p,q (x+ n, 1) (20)

B(α,β,γ)
p,q (x, 1− y) =

∞∑

n=0

B(α,β,γ)
p,q (x+ n, y + 1) (21)
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Proof. Firstly,

B(α,β,γ)
p,q (x, 1− y) =

∫ 1

0
tx−1(1− t)−yEγα,β

(
−p
t

)
Eγα,β

(
− q

1− t

)
dt

B(α,β,γ)
p,q (x, 1− y) =

∫ 1

0
tx−1

∞∑

n=0

(y)nt
n

n!)
Eγα,β

(
−p
t

)
Eγα,β

(
− q

1− t

)
dt (22)

On interchanging the order of integration and summation on equation (22) gives:

B(α,β,γ)
p,q (x, 1− y) =

∞∑

n=0

(y)n
n!)

∫ 1

0
tx+n−1Eγα,β

(
−p
t

)
Eγα,β

(
− q

1− t

)
dt (23)

On using the definition of extended beta function giving on equation (18) on equation (23) we
obtain the result.
Similarly,

B(α,β,γ)
p,q (x, y) =

∫ 1

0
tx−1(1− t)y

∞∑

n=0

tnEγα,β

(
−p
t

)
Eγα,β

(
− q

1− t

)
dt (24)

On interchanging the order of integration and summation equation (24) yield:

B(α,β,γ)
p,q (x, y) =

∞∑

n=0

∫ 1

0
tx+n−1(1− t)ytnEγα,β(−p

t
)Eγα,β(− q

1− t)dt (25)

On using the definition of the extended beta function giving in equation (18) in equation (25)
we obtain the required result.

Theorem 2.2 (Functional relation)

∞∑

n=0

(
n

k

)
B(α,β,γ)
p,q (x+ k, y + n− k) = B(α,β,γ)

p,q (x, y), where n ∈ N◦ (26)

Proof. Using the principle of mathematical induction, where n ∈ N◦

B(α,β,γ)
p,q (x+ 1, y) +B(α,β,γ)

p,q (x, y + 1) =

∫ 1

0
[tx(1− t)y−1 + tx−1](1− t)y

× Eγα,β(−p
t
)Eγα,β(− q

1− t)dt
(27)

B
(α,β,γ)
p,q (x+ 1, y) +B

(α,β,γ)
p,q (x, y + 1) =

∫ 1
0 t

x−1(1− t)y−1Eγα,β(−p
t )E

γ
α,β(− q

1−t)dt

B
(α,β,γ)
p,q (x+ 1, y) +B

(α,β,γ)
p,q (x, y + 1) = B

(α,β,γ)
p,q (x, y)

Equation (2.10) hold true for n = 1, continuing this process for n ∈ N0 we finally obtain
the required result.

Note 3:

(i) If γ = 1, equation (26) reduces to result obtained by Atash et al [1]

(ii) If α = β = γ = 1 and p = q, equation (26) reduces to result obtained by Chaudhry et al
[3]
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(iii) If α = β = γ = 1, equation (26) reduces to result obtained by Choi et al [4]

(iv) If β = γ = 1, equation (2.10) reduces to result obtained by Rahman et al in [8]

(v) If α = β = γ = 1 and p = q = 0, equation (26) reduces to a well known result for classical
beta function in equation (16)

Theorem 2.3 (Product formula) For the product of two extended gamma functions defined in
equation (3) the following formula hold true

Γ(α,β,γ)(u)Γ(α,β,γ)(v) =
1

B(x+ u, y + v)

∫ ∞

0

∫ ∞

0
pu−1qv−1B(α,β,γ)

p,q (x, y)dpdq (28)

where

Re(x+ u) > 0, Re(y + v) > 0, Re(α) > 0, Re(β) > 0, Re(γ) > 0, Re(u) > 0, Re(v) > 0,

Re(p) > 0, Re(q) > 0

Proof. From equation (19) we obtain:

Γ(α,β,γ)(u)Γ(α,β,γ)(v) =
B(x+ u, y + v)

B(x+ u, y + v)

∫ ∞

0

∫ ∞

0
wu−1zv−1Eγα,β(−w)Eγα,β(−z)dwdz

Γ(α,β,γ)(u)Γ(α,β,γ)(v) =
B(x+ u, y + v)

B(x+ u, y + v)

∫ ∞

0

∫ ∞

0
wu−1zv−1Eγα,β(−w)Eγα,β(−z)dwdz

Γ(α,β,γ)(u)Γ(α,β,γ)(v) =
1

B(x+ u, y + v)

∫ ∞

0
tx+u−1(1− t)y+v−1

×
[∫ ∞

0

∫ ∞

0
wu−1zv−1Eγα,β(−w)Eγα,β(−z)dwdz

]
dt

(29)

On substituting w = p
t and z = q

1−t , equation (28) gives:

Γ(α,β,γ)(u)Γ(α,β,γ)(v) =
1

B(x+ u, y + v)

∫ ∞

0

∫ ∞

0
pu−1qv−1

×
[∫ ∞

0
tx−1(1− t)y−1Eγα,β(−p

t
)Eγα,β(− q

1− t)dt
]
dpdq

(30)

Using definition of the extended beta function in equation (18) we get the required result.

Note 4:

(i) If γ = 1, equation (27) reduces to the result obtained by Atash et al [1]

(ii) If α = β = γ = 1, equation (27) reduces to the result obtained by Choi et al [4]

Theorem 2.4 The following integral representations of the extended beta function hold true

B(α,β,γ)
pq (x, y) = 2

∫ ∞

0
cos2x−1 sin2y−1Eγα,β(−psec2θ)Eγα,β(−qcsc2θ)dθ (31)

B(α,β,γ)
pq (x, y) =

∫ ∞

0

ux−1

(1 + u)x+y
Eγα,β(−p(1 + u)

u
)Eγα,β(−q(1 + u))du (32)

B(α,β,γ)
pq (x, y) = (c− a)1−x−y

∫ ∞

0
(u− a)(c− u)Eγα,β

(
−p(c− a)

u

)

× Eγα,β(−q(c− a)

(c− u)
))du

(33)
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Proof. To proof equations (29), (30) and (31) we substitute t = cos2θ, t = u
u+1 and t = u−a

c−a
into equation (17) respectively

Note 5:

(i) If γ = 1, equations (29), (30) and (31) reduces to integral representation given by Atash
et al [1]

(ii) If α = β = γ = 1, equations (29), (30) and (30) reduces to integral representation given by
Choi et al [4]

(iii) If α = β = γ = 1 and p = q equations (29), (30) and (31) reduces to integral representation
given by Chaudhry et al [3]

(iv) If β = γ = 1, equations (29), (30) and (31) reduces to integral representation given by
Rahman et al [8]

(v) If α = β = γ = 1 and p = q = 0 equation (29), (30) and (31) reduces to classical integral
representations of beta function in equation (14)

Theorem 2.5 The following Mellin transformation holds true

M{B(α,β,γ)
p,q (x, y); p→ r, q → s} = B(x+ r, y + s)Γ(α,γ,γ)(r)Γ(α,γ,γ)(s) (34)

where
Re(x+ r) > 0, Re(y + s) > 0, Re(α) > 0, Re(β) > 0, Re(γ) > 0,

Re(p) > 0, Re(q) > 0, Re(r) > 0, Re(s) > 0

Proof.

M{B(α,β,γ)
p,q (x, y); p→ r, q → s} =

∫ ∞

0

∫ ∞

0
pr−1qs−1{

∫ 1

0
tx−1(1− t)y−1

× Eγα,β
(
−p
t

)
Eγα,β

(
− q

1− t

)
dt}dpdq

(35)

Interchanging the order of integration, equation (33) yield:

M{B(α,β,γ)
p,q (x, y); p→ r, q → s} =

∫ 1

0
tx−1(1− t)y−1{

∫ ∞

0
pr−1Eγα,β

(
−p
t

)
dp}

× {
∫ ∞

0
qs−1Eγα,β

(
− q

1− t

)
dq}dt

(36)

Setting u = p
t and v = q

1−t , equation (34) gives:

M{B(α,β,γ)
p,q (x, y); p→ r, q → s} =

∫ 1

0
tx+r−1(1− t)y+s−1{

∫ ∞

0
ur−1Eγα,β(−u)du}

× {
∫ ∞

0
vs−1Eγα,β(−v)dv}dt

(37)

By using the definition of Classical beta function in equation (14) on equation (35) we obtain
the required result
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Lemma 2.1 (Mellin inversion formula) The following formula of extended beta function hold
true

B(α,β,γ)
p,q (x, y) =

1

(2πi)2

∫ γ1+iα1

γ1−iα

∫ γ2+iα1

γ2−iα1
B(x+ r, y + s)Γ(α,γ,γ)(r)Γ(α,γ,γ)(s)p−rq−sdrds (38)

where
Re(x) > 0, Re(y) > 0, Re(α) > 0, Re(β) > 0, p ≥ 0, q ≥ 0, γ1 ≥ 0, γ2 ≥ 0

Note 6:

(i) If γ = 1, equation (32) reduces to Mellin transformation obtain by Atash et al [1]

(ii) If β = γ = 1, equation (32) reduces to Mellin transformation obtain by Rahman et al [8]

(iii) If α = β = γ = 1 and p = q, equation (36) reduces to result obtained by Chaudhry et al
[3]

(iv) If α = β = γ = 1, equation (36) reduces to result obtained by Choi et al [4]
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Abstract: Opial–type inequalities has grown into a substantial field with many applica-

tions in proving the existence and uniqueness of solutions of initial and boundary value

problems for differential equations. We shall obtain Hua’s inequality on time scales The

methodology employed in this paper is the Hölder’s inequality for convex functions.

Keywords: Opial Inequality, Hua′s Inequality, Hölder’s Inequality.

1 INTRODUCTION

A Polish Mathematician called Zdzidlaw Opial established an inequality involving inte-

grals of a function and its derivatives which is named after him as Opial inequality.

Opial inequality has proved to be one of the most useful inequalities in analysis. The

inequality has been receiving continual attention [1,2,3,4]. Its application in proving the

existence and uniqueness of solutions of initial and boundary value problems for differen-

tial equations have been particularly striking.

[5] established the following integral inequality.

Theorem 1.1. If f(x) is absolutely continuous on [0, h] be such that f(0) = f(h) = 0

and f(x) > 0 on (0, h), then

∫ h

0

|f(x)f ′(x)| dx ≤ h

4

∫ h

0

(f ′(x))2dx. (1.1)
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In (1.1), h
4

is the best possible constant.

Shortly after the publication of Opial inequality, [6] provided a modified version of Opial′

results. He observed that the absolute in (1.1) is not necessary if f(x) is absolutely

continuous and his result is stated as follows:

Theorem 1.2. If f(x) is absolutely continuous on [0, h] with f(0) = 0, then
∫ h

0

f(x)f ′(x)dx ≤ h

2

∫ h

0

(f ′(x))2dx. (1.2)

A non–trivial generalization on Theorem 1.2 was established by Hua [7]

Theorem 1.3. Let x(t) be absolutely continuous on [0, a] and x(0) = 0. If l > 0, then
∫ a

0

|xl(t)x′(t)|dt ≤ al

l + 1

∫ a

0

|x′(t)|l+1dt. (1.3)

[8] established the following:

Theorem 1.4. Let f(t) and g(t) be convex and increasing function on [0,∞] with f(0) =

0 and let p(t) ≥ 0, p′(t) > 0, t ∈ [α, r] with p(t) = 0. If x(t) is absolutely continuous on

[α, r) and x(α) = 0, then

f

(∫ r

α

p′(t)g

( |x′(t)|
p′(t)

)
dt

)
≥
∫ r

α

p′(t)g

( |x′(t)|
p′(t)

)[
f ′
(
p(t)g

( |x(t)|
p(t)

))]
dt. (1.4)

[9] got a result which is a special case of Shum–Opial′s inequality. This occurs when

the main functions do not change in the interval [a, b]. In tir work, they took a class

of functions that satisfied a condition and obtain generalization of the special case using

adaptation of Jensen′s inequality for convex functions. They obtained the following result:

Theorem 1.5. Let f(t) be continuous and non-decreasing function on [a, b], and 0 ≤ a ≤
b < ∞ with f(t) > 0 for t > 0. Suppose that p ≥ l ≥ 1, q > 0, 0 < l + q ≤ p and δ > 0.

Then, ∫ b

a

tδl−1f q(t)

[∫ b

t

f(s)ds

]l
dt

≤ [δ−1](lp−(l+q)+p)/p

[
p

l + q

] [∫ b

a

(fp(s))s
lp(1+δ)
l+q

−1ds

] (l+q)
p

+ [δ−1](lp−(l+q)+p)/p

[
p

l + q

]
aδ

(l+q)
p

[∫ b

a

fp(s)s
lp(1+δ)
l+q

−(1+δ)ds

] (l+q)
p

.

(1.5)
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[10] generalized Opial–type inequalities for independent variables as follows:

Theorem 1.6. Let m ≥ 2 and let fi, D
1fi....D

mfi, i = 1, ...., n be real valued continuous

function on τ with fi(t)|ti = ai = 0, i = 1, ...., n, j = 1, ....m. or

fi(t)|t1 = a1 = Di(t)|t2 = a2 = .... = Di(t)|tm = am = 0 i = 1, ...., n

Let F be a non–negative and differentiable function on [0,∞] with F (0, ...., 0) = 0 such

that DiF , i = 1, ...., n are non–negative, continuous and non–decreasing on [0,∞]n. Then

the integral inequality

∫

τ

n∑

i=1

DiF |f1(t)|, ..., |fn(t)||Dmfi(t)|dt ≤ F

[∫

τ

|Dmf1(t)|dt, ...,
∫

τ

|Dmfn(t)|dt
]
. (1.6)

The time scale analysis discussed in [11,12] summarises the time scale calculus while [13]

discussed several possible applications on time scales.

However, the study of dynamic inequalities of Opial types on time scales is initiated by

[14] and only recently received a lot of attention and lots of papers have been written.

Throughout this work, we denote fσ: = foσ, where the forward jump operator σ is de-

fined by σ(t) := inf {s ∈ T : s > t}.
Also, if t < supT and σ(t) = t, then t is called right–dense and if t > infT and ρ(t) = t,

then t is called left–dense. Points that are right–dense and left–dense at the same time

are called dense.

The graininess function µ : T→ R+ is defined by µ := σ(t)− t. If Tk := T−{m} if T has

a left–scattered maximum m, otherwise Tk := T. We will assume that supT = ∞ and

define the time scale interval [a, b]T by [a, b]T := [a, b ∩ T].

We will frequently use the results in the following theorem as discussed in [15].

Theorem 1.7. Assume f : T → R is a function and let t ∈ Tk. Then we have the

following:

1. If f is differentiable at t, then f is continuous at t.
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2. If f is continuous at t and t is right–scattered, then f is differentiable at t with

f∆(t) =
f(σ(t))− f(t)

µ(t)

3. If t is right–dense, then f is differentiable at t if and only if the limit

lim
s→t

f(t)− f(s)

t− s
exists as a finite number. In this case

f∆(t) = lim
s→t

f(t)− f(s)

t− s

4. If f is differentiable at t, then

f(σ(t)) = f(t) + µ(t)f(t).

In order to describe classes of functions that are integrable, the following theorem is

introduced.

Theorem 1.8. Assume f : T→ R.

1. If f is continuous, then f is rd–continuous,

2. If f is rd–continuous, then f is regulated,

3. The jump operator σ is rd–continuous.

4. If f is regulated or rd–continuous, then so is fσ.

5. Assume f is continuous. If g : T → R is regulated or rd–continuous, then fog has

that property too.

[16] obtained the following results:
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Theorem 1.9. Let T be a time scale with t ∈ T. Let ς, ζ be real numbers , let h, q ∈
Crd([0, b]T,R) where h and q are positive rd–continuous functions on [α, β]T such that
∫

[0,t]
r(t)∆(s) < ∞. We define ϕ as convex function and if x : [α, β]T −→ R is delta

differentiable with α(0) = 0, then we have

∫

[α,β]

(
√
q(s))ς+1x∆(s)xς(s)∆(s)

≤ 1

1 + ζ
(β − α)ς−ζ

(∫

[α,β]

∆(s)

(
√
h(s))1+ζ

)∫

[α,β]

(
√
h(s)q(s))1+ζx∆(s)1+ζ∆(s).

(1.7)

[17] obtained the following results using modified Jensen’s inequality on time scales:

Theorem 1.10. Let T be a time scale with t ∈ T. Let ς, ζ and σ be real numbers

, let h, q ∈ Crd([0, b]T,R) and positive rd–continuous functions on [α, β]T such that
∫

[0,t]
r(t)∆(s) < ∞ and q(t) is non–increasing on [0, b] . We define ϕ as convex func-

tion and if x : [α, β] −→ R is delta differentiable with α(0) = 0, then we have

∫

[α,β]

(
√
q(t))ς+σx∆(t)σx(t)ς∆(t)

≤ σ

ς + σ
(β − α)ς

(∫

[α,β]

∆(s)

(
√
h(s))ς+σ

)∫

[α,β]

(
√
q(s)h(s)x∆(s))ς+σ∆(s)

(1.8)

Theorem 1.11. Let T be a time scale and α, β ∈ T and let ϕ : [α, β]T −→ R+ be

a absolutely continuous convex function and Crd([α, β]T,R+) be such that ξ(t) is non–

increasing on [α, β] and Suppose that x : [α, β]T −→ R+ is delta differentiable with

x(α) = 0. Then,

∫

[α,β]

ξ(t)x∆(t)ηxς(t)∆(t)

≤ η

η + ς
(β − α)ςη

∫

[α,β]

(
ξ

η

η+ς (t)x∆(t)η
) η+ς

η

∆(t).

(1.9)

The aim of this work is to generalize some inequalities of Opial-type by using Jensen′s

and Hölder’s inequalities for convex functions.
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2 Some adaptations of Jensen′s and Hölder’s inequal-

ities

Let ϕ, ψ be continuous and convex and let h(s, t) be non–negative, s ≥ 0, t ≥ 0 and λ

be non–decreasing. Let −∞ ≤ ξ(t) ≤ η(t) <∞, and suppose ϕ has a continuous inverse

(ϕ)−1(which is necessarily concave).

Then,

ϕ−1



∫ η(t)

ξ(t)
h(s, t)dλ(s)
∫ η(t)

ξ(t)
dλ(s)


 ≤



∫ η(t)

ξ(t)
(ϕ)−1h(s, t)dλ(s)
∫ η(t)

ξ(t)
dλ(s)


 , (2.1)

with the inequality reversed if ϕ is concave. The inequality (2.1)is known as Jensen’s

inequality for convex function. Setting ϕ(u) = ul, ξ(t) = 0 and η(t) = t, then as a

consequence of (2.1), we have for l ≥ 1

(φ(t))l = φ

[∣∣∣∣∣

∫ t
0
h(s, t)dλ(s)
∫ t

0
dλ(s)

∣∣∣∣∣

] 1
l

≤
[∫ t

0
h(s, t)

1
mdλ(s)

∫ t
0
dλ(s)

]
. (2.2)

Some adaptations of Hölder′s inequality

Hölder’s inequality on time scale as expressed in Bohner and Lutz (2001) states that

∫ β

α

|f(t)g(t)|∆t ≤
[∫ β

α

|f(t)|k ∆t

] 1
k
[∫ β

α

|g(t)|l ∆t
] 1
l

, (2.3)

where α, β ∈ T and f, g ∈ Crd(I,R), k > 1 and 1/k + 1/l = 1.

|c+ d|m ≤ 2m−1(|c|m + |d|m),m ≥ 1, (2.4)

where c, d are positive real numbers.

3 Main Result

Theorem 3.1. Let x(t) be absolutely continuous on [0, a] and x(0) = 0. Let l > 0. Then,

the following inequality holds
∫ a

0

|x(t)|l |x′(t)| dt ≤ al

l + 1

∫ a

0

|x′(t)|l+1
dt. (3.1)
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In (3.1), equality holds if and only if,

x(t) = ct (3.2)

Proof: Suppose q = 1 and p = l + 1 in (1.5). Then,
∣∣∣∣∣

∫ b

a

tδl−1f(t)

[∫ b

t

f(s)ds

]l
dt

∣∣∣∣∣ ≤ [δ−1]laδ
[∣∣∣∣
∫ b

a

f l+1(s)s(l−1)(1+δ)ds

∣∣∣∣
]

+ [δ−1]l
[∣∣∣∣
∫ b

a

f l+1(s)sl(1+δ)−1ds

∣∣∣∣
]
.

(3.3)

We write (3.3) as
∣∣∣∣∣

∫ b

a

tδl−1f(t)

[∫ b

t

f(s)ds

]l
dt

∣∣∣∣∣ ≤ [δ−1]laδ
[∫ b

a

∣∣f l+1(s)
∣∣ s(l−1)(1+δ)ds

]

+ [δ−1]l
[∫ b

a

∣∣f l+1(s)
∣∣ sl(1+δ)−1ds

]
.

(3.4)

Rearranging (3.4), we have
∣∣∣∣∣

∫ b

a

tδl−1f(t)

[∫ b

t

f(s)ds

]l∣∣∣∣∣ dt ≤ [δ−1]l
[∫ b

a

∣∣f l+1(t)
∣∣ tl+δl−1dt

]

+ [δ−1]laδ
[∫ b

a

∣∣f l+1(t)
∣∣ tl−δ+δl−1dt

]
.

(3.5)

Rearranging and factoring out tδl−1, we have

0 ≤
∫ b

a

tδl−1

[
[δ−1]l

∣∣f l+1(t)
∣∣ tl + [δ−1]laδ

∣∣f l+1(t)
∣∣ tl−δ −

∣∣∣∣∣f(t)

[∫ b

t

f(s)ds

]l∣∣∣∣∣

]
dt.

(3.6)

If t ≥ 0 on [a, b], (3.6)becomes

0 ≤
∫ b

a

[
[δ−1]l

∣∣f l+1(t)
∣∣ tl + [δ−1]laδ

∣∣f l+1(t)
∣∣ tl−δ −

∣∣∣∣∣f(t)

[∫ b

t

f(s)ds

]l∣∣∣∣∣

]
dt. (3.7)

From (3.7) ∫ b

a

∣∣∣∣∣f(t)

[∫ b

t

f(s)ds

]l∣∣∣∣∣ dt ≤
∫ b

a

[δ−1]l
∣∣f l+1(t)

∣∣ tldt

+ [δ−1]laδ
∫ b

a

∣∣f l+1(t)
∣∣ tl−δdt.

(3.8)
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Set tl = bl for t ∈ [a, b] and l > 0, (3.8) gives

∫ b

a

∣∣∣∣∣f(t)

[∫ b

t

f(s)ds

]l∣∣∣∣∣ dt ≤ [δ−1]lbl
∫ b

a

∣∣f l+1(t)
∣∣ dt

+ [δ−1]laδ
∫ b

a

∣∣f l+1(t)
∣∣ t−δdt.

(3.9)

Since |f(t)| = |−f(t)|, (3.9) becomes

∫ b

a

∣∣∣∣∣−f(t)

[∫ b

t

f(s)ds

]l∣∣∣∣∣ dt ≤ [δ−1]lbl
∫ b

a

∣∣−f l+1(t)
∣∣ dt

+ [δ−1]laδbl
∫ b

a

∣∣−f l+1(t)
∣∣ t−δdt.

(3.10)

Set δ = (1 + l)
1
l (3.10), we obtain

∫ b

a

∣∣∣∣∣−f(t)

[∫ b

t

f(s)ds

]l∣∣∣∣∣ dt ≤
bl

l + 1

∫ b

a

∣∣−f l+1(t)
∣∣ dt

+
bl

l + 1
a(l+1)

1
l

∫ b

a

∣∣−f l+1(t)
∣∣ t−δdt.

(3.11)

Set x(t) =
∫ b
t
f(s)ds and |x′(t)| = |−f(t)| into (3.11), we have

∫ b

a

|x(t)|l |x′(t)| dt ≤ bl

l + 1

∫ b

a

|x′(t)|l+1
dt

+
bl

l + 1
a(l+1)

1
l

∫ b

a

|x′(t)|l+1
dt.

(3.12)

With a→ 0 in (3.12) and set b = h, l = 1 we have (1.2)

∫ h

0

|x(t)| |x′(t)| dt ≤ h

2

∫ h

0

|x′(t)|2 dt. (3.13)

Hence proof is complete.
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Abstract: Molodtsov initiated the concept of soft set theory as a general mathematical tool
for dealing with uncertainties and imprecision about vague concepts. Decision making based on
hybrid soft sets has found great importance due to their resourcefulness in real life problems.
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1 Introduction

Set theory formulated by George Cantor is fundamental in virtually the whole of mathemat-
ics. However, in real life, most of the complicated problems faced in engineering, economics,
environment, medical, management and social sciences have various levels of uncertainties and
imprecision embedded in them. In an attempt to find solution to the problems of uncertainties
and vagueness, researchers postulated a number of theories, such as theory of probability [22],
interval mathematics [3], [14], fuzzy set theory [27], intuitionistic fuzzy set [4], rough set [21] and
vague sets [6] but could not successfully proffer solution to the problems of uncertainties due to
the inadequacies of the parameterization tools. Molodtsov [19] in 1999 initiated soft set theory
as a new mathematical tool for dealing with uncertainties and imprecision without underlying
problems of parameterization. This makes soft set theory very convenient and easy to apply in
theory and practice.

After the adventurous discovery of soft set by Molodtsov, Maji et al., [16], [17] and Ali et al., [1]
defined some basic terms of the theory such as equality of two soft sets, subset and super set of
a soft set, complement of a soft set, null soft set, and absolute soft set with examples. Binary
operations like AND, OR, union and intersection were also defined. De Morgan’s laws and a
number of results are verified in soft set theory context.

It is important to note that in classical soft set based decision making, the important notion is
called choice value that precisely equals the number of good qualities or characteristics possessed
by an object [16]. Therefore, it is simply reasonable to select the object with the maximum choice
value as the optimal option. The situation becomes more complicated when we consider decision
making that involves hesitant fuzzy soft multisets. The “induced fuzzy choice value”of an object
is the sum total of all membership values with respect to different attributes or characteristics,
consequently, it does not represent the number of fair qualities possessed by that object.
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To address this issue, instead of using choice values the Roy-Maji method [23] builds upon a
series of new concepts, their method involves the construction of comparison table from the
resultant fuzzy soft set and the optimal decision is taken on the maximum score computed from
the comparison table.

Neutrosophic soft set and its applications to decision making can be obtain in [5, 7, 8]. Broumi
et al. defined some new operations on intuitionistic fuzzy soft set [10] and over interval valued
intuitionistic hesitant fuzzy set [11]. They also worked on fuzzy soft matrix based on reference
function [9] and intuitionistic neutrosophic soft sets over rings [6].

In this paper, we study the adjustable approach to fuzzy soft set based decision making by Feng
et al. [12] and extend it to hesitant fuzzy soft multiset, since the concept of choice values designed
for standard soft set is not fit to solve decision making problems involving hesitant fuzzy soft
multiset. The definitions of level soft sets of hesitant fuzzy soft multiset are derived from that
of [12]. This research work is an extension work of Onyeozili et al. [20].

2 Preliminary Concepts

2.1 Soft Set

We first recall some basic notions in soft set theory. Let U be an initial universe set, E be a set
of parameters or attributes with respect to U, P (U) be the power set of U and A ⊆ E.
Definition 2.1.1 [12]. A pair (F,A) is called a soft set over U, where F is a mapping given
by F : A → P (U). In other words, a soft set over U is a parameterized family of subsets of
the universe U. For x ∈ A, F (x) may be considered as the set of x-elements or as the set of
x-approximate elements of the soft set (F,A).

The soft set (F,A) can be represented as a set of ordered pairs as follows:

(F,A) = {(x, F (x)) : x ∈ A,F (x) ∈ P (U)}

Example 2.1.1. Let U = {S1, S2, S3, S4, S5, S6} consisting of six students and A = {a1, a2, a3}
be the set of parameters under consideration, where each parameter ei, i = 1, 2, 3 stands for,
brilliant, average, healthy, respectively. In this case to define a soft set means to point out
brilliant students, average students and healthy students.
Such that F (a1) = {S1, S2, S5}, F (a2) = {S3, S4, S6} and F (a3) = {S1, S4, S5, S6}. Then the
soft set (F,A) over U is given by

(F,A) = {(a1, {S1, S2, S5}), (a2, {S3, S4, S6}), (a3, {S1, S4, S5, S6})}.

2.2 Fuzzy Soft Set

Let U be an initial universe set and E be a set of parameters (which are fuzzy words or sentences
involving fuzzy words). Let P (U) denotes the set of all fuzzy subsets of U, and A ⊆ E.

Definition 2.2.1 [11]. A pair (Γ̃, A) is called a fuzzy soft set over U, where Γ̃ is a map-
ping given by Γ̃ : A → P (U). Γ̃ is called fuzzy approximation function of the fuzzy set (Γ̃, A)
and the values Γ̃(x) are fuzzy subsets of U, ∀x ∈ A. Therefore, a fuzzy soft set (Γ̃, A) over U can
be represented by the set of ordered pair (Γ̃, A) = {(x, Γ̃(x)) : x ∈ A, Γ̃(x) ∈ P (U)}.

Example 2.2.1. Suppose that U = {h1, h2, h3, h4, h5} be a universe set and E = {x1, x2, x3, x4}
be a set of parameters.
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A = {x1, x2, x3} ⊆ E, Γ̃(x1) =

{
h2

0.8
,
h4

0.6

}
, Γ̃(x2) = U and Γ̃(x3) =

{
h1

0.3
,
h4

0.4
,
h5

0.9

}
, then the

fuzzy soft set (Γ̃, A) is written as, (Γ̃, A) =

{(
x1,

{
h2

0.8
,
h4

0.6

})
, (x2, U),

(
x3,

{
h1

0.3

}
,
h4

0.4
,
h5

0.9

)}
.

2.3 Hesitant Fuzzy Set

Definition 2.3.1. [17]. A hesitant fuzzy set on U is in terms of a function that when applied
to U returns a subset of [0, 1] which can be represented with the following mathematical symbol.

Ã = {
〈
u, hÃ(u)

〉
: u ∈ U}.

Where hÃ(u) is a set of values in [0, 1], denoting the possible membership degrees of the element
u ∈ U to the set Ã. For convenience, we call hÃ(u) a hesitant fuzzy element and H the set of all
hesitant fuzzy elements.

Definition 2.3.2 [19]. For a hesitant fuzzy element h, S(h) =

(
1

l(h)

) ∑
γ∈h

γ is called the

score function of h, where l(h) is the number of values in h.

2.4 Hesitant Fuzzy Soft Set

Definition 2.4.1 [18]. Let H̃(U) be the set of all hesitant fuzzy sets in U ; a pair (F̃ , A) is called
a hesitant fuzzy soft set over U, where F is a mapping given by

F̃ : A→ H̃(U).

A hesitant fuzzy soft set is a mapping from parameters to H̃(U). It is a parameterized family
of hesitant fuzzy subsets of U. For e ∈ A, F̃ (e) may be considered as the set of e-approximate
elements of the hesitant fuzzy soft set (F̃ , A).
Example 2.4.1. Suppose that U = {h1, h2, h3, h4, h5, h6} is a set of houses andA = {e1, e2, e3, e4, e5}
is a set of parameters, which stands for the parameters “cheap,” “beautiful,” “size,” “location” and
“surrounding environment,” respectively. Then a hesitant fuzzy soft set (F̃ , A) can describe the
characteristics of the houses under hesitant fuzzy information.
Consider

F̃ (e1) =

{
h1

{0.2, 0.3} ,
h2

{0.5, 0.6} ,
h3

{0.3} ,
h4

{0.3, 0.5} ,
h5

{0.4, 0.5} ,
h6

{0.6, 0.7}

}
,

F̃ (e2) =

{
h1

{0.4, 0.6, 0.7} ,
h2

{0.5, 0.7, 0.8} ,
h3

{0.6, 0.8} ,
h4

{0.7, 0.9} ,
h5

{0.3, 0.4, 0.5} ,
h6

{0.3}

}
,

F̃ (e3) =

{
h1

{0.2, 0.4} ,
h2

{0.6, 0.7} ,
h3

{0.8, 0.9} ,
h4

{0.3, 0.5} ,
h5

{0.4, 0.6} ,
h6

{0.7}

}
,

F̃ (e4) =

{
h1

{0.3, 0.5, 0.6} ,
h2

{0.2} ,
h3

{0.5} ,
h4

{0.6, 0.7} ,
h5

{0.5, 0.6} ,
h6

{0.8}

}
,

F̃ (e5) =

{
h1

{0.6} ,
h2

{0.2, 0.3, 0.5} ,
h3

{0.5, 0.7} ,
h4

{0.2, 0.4} ,
h5

{0.5, 0.7} ,
h6

{0.3, 0.5}

}
.

Therefore, we can view the hesitant fuzzy soft set (F̃ , A) as consisting of the following collection
of approximations.
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(F̃ , A) =





(
e1,

({
h1

{0.2, 0.3} ,
h2

{0.5, 0.6} ,
h3

{0.3} ,
h4

{0.3, 0.5} ,
h5

{0.4, 0.5} ,
h6

{0.6, 0.7}

}))
,

(
e2,

({
h1

{0.4, 0.6, 0.7} ,
h2

{0.5, 0.7, 0.8} ,
h3

{0.6, 0.8} ,
h4

{0.7, 0.9} ,
h5

{0.3, 0.4, 0.5} ,
h6

{0.3}

}))
,

(
e3,

({
h1

{0.2, 0.4} ,
h2

{0.6, 0.7} ,
h3

{0.8, 0.9} ,
h4

{0.3, 0.5} ,
h5

{0.4, 0.6} ,
h6

{0.7}

}))
,

(
e4,

({
h1

{0.3, 0.5, 0.6} ,
h2

{0.2} ,
h3

{0.5} ,
h4

{0.6, 0.7} ,
h5

{0.5, 0.6} ,
h6

{0.8}

}))
,

(
e5,

({
h1

{0.6} ,
h2

{0.2, 0.3, 0.5} ,
h3

{0.5, 0.7} ,
h4

{0.2, 0.4} ,
h5

{0.5, 0.7} ,
h6

{0.3, 0.5}

}))





.

2.5 Soft Multiset

Let {Ui : i ∈ I} be a collection of universes such that ∩i∈IUi = ∅ and let {EUi : i ∈ I} be a
collection of sets of parameters. Let U = ∪+

i∈IP (Ui), where P (Ui) denotes the power sets of U ′
is,

E = ∪+
i∈IEUi and A ⊆ E.

Definition 2.5.1 [2]. A pair (F,A) is called a soft multiset over U, where F is a mapping
given by F : A→ U.
In other words, a soft multiset over U is a parameterized family of subsets of U. For ε ∈ A,F (ε)
may be considered as the set of ε-approximate elements of the soft multiset (F,A). Based on the
definition, any change in the order of the universes will produce a different soft multiset.

Example 2.5.1
Suppose that there are three universes U1, U2 and U3. Let us consider a soft multiset (F,A)
which describes the “attractiveness of houses”, “cars” and “hotels” that Mr. X is considering
for accommodation purchase, transportation purchase, and venue to hold a wedding celebration
respectively.
Let U1 = {h1, h2, h3, h4, h5, h6}, U2 = {c1, c2, c3, c4, c5} and U3 = {v1, v2, v3, v4}.
Let EU = {EU1 , EU2 , EU3} be a collection of sets of decision parameters related to the above
universes, where

EU1 =





eU1 , 1 = expensive, eU1 , 2 = cheap, eU1 , 3 = beautiful,

eU1 , 4 = wooden, eU1 , 5 = in green surroundings



 ,

EU2 =





eU2 , 1 = expensive, eU2 , 2 = cheap, eU2 , 3 = Model 2000 and above,

eU2 , 4 = Black, eU2 , 5 = Made in Japan, eU2 , 6 = Made in Malaysia



 .

EU3 =





eU3 , 1 = expensive, eU3 , 2 = cheap, eU3 , 3 = majestic,

eU3 , 4 = in Kuala Lumpur, eU3 , 5 = in Kajang



 .
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Let U = ∪+3
i=1P (Ui), E = ∪+3

i=1 EUi and A ⊆ E, such that

A = {a1 = (eU1 , 1, eU2 , 1, eU3 , 1), a2 = (eU1 , 1, eU2 , 2, eU3 , 1),

a3 = (eU1 , 2, eU2 , 3, eU3 , 1), a4 = (eU1 , 5, eU2 , 4, eU3 , 2),

a5 = (eU1 , 4, eU2 , 3, eU3 , 3), a6 = (eU1 , 2, eU2 , 3, eU3 , 2),

a7 = (eU1 , 3, eU2 , 1, eU3 , 1), a8 = (eU1 , 1, eU2 , 3, eU3 , 2)}.

Suppose that

F (a1) = ({h2, h3, h6}, {c2}, {v2, v3}),
F (a2) = ({h2, h3, h6}, {c1, c3, c4, c5}, {v2}),
F (a3) = ({h1, h4, h5}, {c1, c3}, ∅),
F (a4) = ({h1, h4, h6}, ∅, {v1, v4}),
F (a5) = ({h1, h4}, {c1, c3}, {v1}),
F (a6) = ({h1, h4, h5}, {c1, c3}, U3),

F (a7) = (h1, h4, ∅, v3),

F (a8) = ({h2, h3, h6}, {c1, c3}, {v1, v4}).

Then we can view the soft multiset (F,A) as consisting of the following collection of approxima-
tions:

(F,A) = {(a1, ({h2, h3, h6}, {c2}, {v2, v3})),
(a2, ({h2, h3, h6}, {c1, c3, c4, c5}, {v2})),
(a3, ({h1, h4, h5}, {c1, c3}, ∅)), (a4, ({h1, h4, h6}, ∅, {v1, v4})),
(a5, ({h1, h4}, {c1, c3}, {v1})), (a6, ({h1, h4, h5}, {c1, c3}, U3)),

(a7, ({h1, h4}, ∅, {v3})), (a8, ({h2, h3, h6}, {c1, c3}, {v1, v4}))}.

3 Hesitant Fuzzy Soft Multiset

Let Ui : i ∈ I be a collection of universes such that ∩i∈IUi = ∅ and let {EUi : i ∈ I} be a collec-
tion of sets of parameters or attributes related to the universes. Let U = ∪+

i∈IHFS(Ui), where
HFS(Ui) denotes the set of all hesitant fuzzy submultisets of the Ui‘s, E = ∪+

i∈IEUi and A ⊆ E.

Definition 3.1 A pair (Γ̃, A) is called a hesitant fuzzy soft multiset over U, where Γ̃ is a mapping
given by Γ̃ : A → U. In other words, a hesitant fuzzy soft multiset over U is a parameterized
family of hesitant fuzzy submultisets of U. For e ∈ A, Γ̃(e) may be considered as the set of
e-approximate elements of the hesitant fuzzy soft Multiset (Γ̃, A). Based on the above definition,
any change in the order of universes will produce a different hesitant fuzzy soft Multiset.

Example 3.1. Suppose that there are three universes U1, U2 and U3. Suppose that Mr. X
has a budget to purchase a house, a car and rent a venue to hold a wedding celebration. Let us
consider a hesitant fuzzy soft Multiset (Γ̃, A) which describes the “houses,” “Cars” and “hotels”
that Mr. X with enough budget is considering for accommodation, transportation and venue to
hold a wedding celebration with hesitant fuzzy elements respectively.

Let U1 = {h1, h2, h3, h4}, U2 = {c1, c2, c3} and U3 = {v1, v2}. Let {EU1 , EU2 , EU3} be a col-
lection of sets of decision parameters or attributes related to the above universes, where
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EU1 =





eU1 , 1 = expensive, eU1 , 2 = cheap, eU1 , 3 = beautiful,

eU1 , 4 = in green surroundings



 ,

EU2 =
{
eU2 , 1 = expensive, eU2 , 2 = cheap, eU2 , 3 = sporty

}
.

EU3 =
{
eU3 , 1 = expensive, eU3 , 2 = cheap, eU3 , 3 = in Kuala Lumpur, eU3 , 4 = majestic

}
.

Let U = ∪+3
i=1HFS(Ui), E = ∪+3

i=1EUi and A ∈ E, such that

A =





a1 = (eU1 , 1, eU2 , 1, eU3 , 1) , a2 = (eU1 , 1, eU2 , 2, eU3 , 1) , a3 = (eU1 , 2, eU2 , 2, eU3 , 1),

a4 = (eU1 , 4, eU2 , 3, eU3 , 2), a5 = (eU1 , 4, eU2 , 2, eU3 , 2), a6 = (eU1 , 2, eU2 , 2, eU3 , 2)



 .

Suppose that

A =





a1 = expensive, a2 = cheap, a3 = beautiful, a4 = majestic,

a5 = in Kuala Lumpur, a6 = in green surroundings



 ,

Γ̃(a1) =




{
h1

{0.5, 0.8, 0.3} ,
h2

{0.4, 0.5} ,
h3

{0.9, 0.7, 0.5} ,
h4

{0.6, 0.4}

}
,

{
c1

{0.5, 0.3} ,
c2

{0.7, 0.6, 0.8} ,
c3

{0.9, 0.2, 0.3}

}
,

{
v1

{0.7, 0.5, 0.8} ,
v2

{0.9, 0.7, 0.8}

}



,

Γ̃(a2) =




{
h1

{0.7, 0.7, 0.9} ,
h2

{0.3, 0.6, 0.1} ,
h3

{0.8, 0.6, 0.2} ,
h4

{0.3, 0.2, 0.2}

}
,

{
c1

{0.7, 0.6, 0.2} ,
c2

{0.2, 0.4, 0.8} ,
c3

{0.7, 0.9, 0.8}

}
,

{
v1

{0.8, 0.9, 0.6} ,
v2

{0.5, 0.6, 0.9}

}



,

Γ̃(a3) =




{
h1

{0.2, 0.3, 0.7} ,
h2

{0.7, 0.9, 0.2} ,
h3

{0.2, 0.3, 0.4} ,
h4

{0.6, 0.5, 0.2}

}
,

{
c1

{0.7, 0.8, 0.9} ,
c2

{0.2, 0.4, 0.5} ,
c3

{0.9, 0.7, 0.2}

}
,

{
v1

{0.9, 0.8} ,
v2

{0.4, 0.2, 0.5}

}



,

Γ̃(a4) =




{
h1

{0.5, 0.4, 0.6} ,
h2

{0.4, 0.8, 0.9} ,
h3

{0.9, 0.8, 0.1} ,
h4

{0.5, 0.2, 0.3}

}
,

{
c1

{0.2, 0.8, 0.1} ,
c2

{0.6, 0.2, 0.8} ,
c3

{0.1, 0.2, 0.7}

}
,

{
v1

{0.8, 0.9} ,
v2

{0.2, 0.4}

}



,

Γ̃(a5) =




{
h1

{0.2, 0.3, 0.7} ,
h2

{0.3, 0.2, 0.5} ,
h3

{0.7, 0.8} ,
h4

{0.7, 0.8, 0.9}

}
,

{
c1

{0.9, 0.2} ,
c2

{0.7, 0.8, 0.9} ,
c3

{0.2, 0.7}

}
,

{
v1

{0.5, 0.7} ,
v2

{0.7, 0.8, 0.9}

}



,
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Γ̃(a6) =




{
h1

{0.2, 0.4, 0.5} ,
h2

{0.9, 0.2} ,
h3

{0.4, 0.6, 0.7} ,
h4

{0.9, 0.8, 0.3}

}
,

{
c1

{0.4, 0.5} ,
c2

{0.9, 0.2, 0.3} ,
c3

{0.4, 0.6}

}
,

{
v1

{0.9, 0.2} ,
v2

{0.9, 0.7, 0.2}

}



,

Therefore, we can view the hesitant fuzzy soft Multiset (Γ̃, A) as consisting of the following
collection of approximations.

(Γ̃, A) =







a1




{
h1

{0.5, 0.8, 0.3} ,
h2

{0.4, 0.5} ,
h3

{0.9, 0.7, 0.5} ,
h4

{0.6, 0.4}

}
,

{
c1

{0.5, 0.3} ,
c2

{0.7, 0.6, 0.8} ,
c3

{0.9, 0.2, 0.3}

}
,

{
v1

{0.7, 0.5, 0.8} ,
v2

{0.9, 0.7, 0.8}

}






,



a2




{
h1

{0.7, 0.7, 0.9} ,
h2

{0.3, 0.6, 0.1} ,
h3

{0.8, 0.6, 0.2} ,
h4

{0.3, 0.2, 0.2}

}
,

{
c1

{0.7, 0.6, 0.2} ,
c2

{0.2, 0.4, 0.8} ,
c3

{0.7, 0.9, 0.8}

}
,

{
v1

{0.8, 0.9, 0.6} ,
v2

{0.5, 0.6, 0.9}

}






,



a3




{
h1

{0.2, 0.3, 0.7} ,
h2

{0.7, 0.9, 0.2} ,
h3

{0.2, 0.3, 0.4} ,
h4

{0.6, 0.5, 0.2}

}
,

{
c1

{0.7, 0.8, 0.9} ,
c2

{0.2, 0.4, 0.5} ,
c3

{0.9, 0.7, 0.2}

}
,

{
v1

{0.9, 0.8} ,
v2

{0.4, 0.2, 0.5}

}






, ,



a4




{
h1

{0.5, 0.4, 0.6} ,
h2

{0.4, 0.8, 0.9} ,
h3

{0.9, 0.8, 0.1} ,
h4

{0.5, 0.2, 0.3}

}
,

{
c1

{0.2, 0.8, 0.1} ,
c2

{0.6, 0.2, 0.8} ,
c3

{0.1, 0.2, 0.7}

}
,

{
v1

{0.8, 0.9} ,
v2

{0.2, 0.4}

}






, ,



a5




{
h1

{0.2, 0.3, 0.7} ,
h2

{0.3, 0.2, 0.5} ,
h3

{0.7, 0.8} ,
h4

{0.7, 0.8, 0.9}

}
,

{
c1

{0.9, 0.2} ,
c2

{0.7, 0.8, 0.9} ,
c3

{0.2, 0.7}

}
,

{
v1

{0.5, 0.7} ,
v2

{0.7, 0.8, 0.9}

}






, ,



a6




{
h1

{0.2, 0.4, 0.5} ,
h2

{0.9, 0.2} ,
h3

{0.4, 0.6, 0.7} ,
h4

{0.9, 0.8, 0.3}

}
,

{
c1

{0.4, 0.5} ,
c2

{0.9, 0.2, 0.3} ,
c3

{0.4, 0.6}

}
,

{
v1

{0.9, 0.2} ,
v2

{0.9, 0.7, 0.2}

}











.

Each approximation has two parts, namely a predicate name and an approximate value set. We
can logically explain the above example as follows: We know that
a1 = (eU1 , 1, eU2 , 1, eU3 , 1), where eU1 , 1=expensive houses, eU2 , 1=expensive car , and eU3 ,
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1=expensive venue.

Γ̃(a1) =




{
h1

{0.5, 0.8, 0.3} ,
h2

{0.4, 0.5} ,
h3

{0.9, 0.7, 0.5} ,
h4

{0.6, 0.4}

}
,

{
c1

{0.5, 0.3} ,
c2

{0.7, 0.6, 0.8} ,
c3

{0.9, 0.2, 0.3}

}
,

{
v1

{0.7, 0.5, 0.8} ,
v2

{0.9, 0.7, 0.8}

}



.

We can see that the membership score functional value of h1, h2 and h4 is 0.5, so these houses
are fairly expensive for Mr X; also we can see that the membership score functional value of
h3 is 0.7, this means that the house h3 is expensive. Since the first set is concerning expensive
houses, then we can explain the second set as follows: the membership score functional value for
c1 is 0.4, this means this car is not expensive for him. The membership score functional value
of c2 is 0.7, so this car is expensive (however, this car may not be expensive, if the first set is
concerning cheap houses), also we can see that the membership score functional value of c3 is
0.4, this means that this car is not expensive for him. Now, since the first set is concerning
expensive houses and the second set is concerning expensive cars, then we can also explain the
third set as follows: since the membership score functional value for v1 is 0.6, then this venue is
quite expensive, also we can see that, the membership score functional value of v2 is 0.8, so this
venue is expensive (this venue may not be expensive, if the first set is concerning cheap houses
or\and the second set is concerning cheap cars). So depending on the previous explanation we
can say the following:

If
{

h1

{0.5, 0.8, 0.3} ,
h2

{0.4, 0.5} ,
h3

{0.9, 0.7, 0.5} ,
h4

{0.6, 0.4}

}
is hesitant fuzzy set of expensive houses,

then the hesitant fuzzy set of relatively expensive cars is
{

c1

{0.5, 0.3} ,
c2

{0.7, 0.6, 0.8} ,
c3

{0.9, 0.2, 0.3}

}

and if
{

h1

{0.5, 0.8, 0.3} ,
h2

{0.4, 0.5} ,
h3

{0.9, 0.7, 0.5} ,
h4

{0.6, 0.4}

}
is the hesitant fuzzy set of expensive

houses and
{

c1

{0.5, 0.3} ,
c2

{0.7, 0.6, 0.8} ,
c3

{0.9, 0.2, 0.3}

}
is the hesitant fuzzy set of relatively ex-

pensive cars, then the hesitant fuzzy set of relatively expensive venue is
{

v1

{0.7, 0.5, 0.8} ,
v2

{0.9, 0.7, 0.8}

}
.

It is obvious that the relation in hesitant fuzzy soft multiset is a conditional relation.

4 Application of hesitant fuzzy soft multiset in decision making
problems

Like most of the decision making problems, hesitant fuzzy soft multiset based decision making
involves the evaluation of all the objects which are decision options. Most of these problems are
essentially humanistic and therefore subjective in nature (that is based on human understanding
and ability to see). In general, there actually does not exist a unique or uniform criterion for the
evaluation of decision options.

4.1 Level soft sets of hesitant fuzzy soft multiset

In this subsection, we present an approach to hesitant fuzzy soft multiset based decision making
problems. This is based on the following concept called level soft set.

Definition 4.1.1. Let ω = (Γ̃, A) be a hesitant fuzzy soft multiset over U, where A ⊆ E
and E is the parameter set. For t ∈ [0, 1], the t-level soft set of the hesitant fuzzy soft multiset
ω is a crisp soft set L(ω; t) = (Γt, A) defined by Γt(a) = L(Γ̃(a); t) = {x ∈ U : Γ̃(a)(x) ≥ t}, for
all a ∈ A.
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In the definition above, t ∈ [0, 1] can be viewed as a given threshold on membership values.
For real life applications of hesitant fuzzy soft multiset based decision making, usually these
thresholds are chosen in advance by the decision makers and represent their requirements on
membership levels. In the definition of t-level soft set, the level (or threshold) assigned to each
parameter is always a constant value t ∈ [0, 1]. But in some decision making problems, it may
happen that decision makers would like to impose different thresholds on different decision pa-
rameters. To cope with such problems, we can use a function instead of a constant number as
the threshold on membership values.

Definition 4.1.2. Let ω = (Γ̃, A) be a hesitant fuzzy soft multiset over U, where A ⊆ E
and E is the parameter set. Let λ : A→ [0, 1] be a fuzzy set in A which is called threshold fuzzy
set. The level soft set of the hesitant fuzzy soft multiset ω with respect to the fuzzy set λ is a
crisp soft set L(ω;λ) = (Γλ, A) defined by

Γλ(a) = L(Γ(a);λ(a)) = {x ∈ U : Γ̃(a)(x) ≥ λ(a)}, for all a ∈ A.

It is obvious that level soft set with respect to a fuzzy set generalize t-level soft sets by substitut-
ing a function on the parameter set A, namely a fuzzy set λ : A→ [0, 1], for a constant t ∈ [0, 1].

Definition 4.1.3. (The mid-level soft set of a hesitant fuzzy soft multiset). Let ω = (Γ̃, A)
be a hesitant fuzzy soft multiset over U, where A ⊆ E and E is the parameter set. Based on the
hesitant fuzzy soft multiset ω = (Γ̃, A), we can define a fuzzy set m̃idω : A→ [0, 1] by

m̃idω(a) =
1

|U |
∑

x∈U
Γ̃(a)(x),

for all a ∈ A. The fuzzy set ˜midω is called the mid-threshold of the fuzzy soft multiset ω̃. In
addition, the level soft set of ω̃ with respect to the mid-threshold fuzzy set m̃idω : A→ [0, 1] by
m̃idω namely L(ω; m̃idω) is called the mid-level soft set of ω and simply denoted by L(ω;mid).
In what follows the mid-level decision rule will mean using the mid-threshold and considering
the mid-level soft set in hesitant fuzzy soft multiset based decision making.

Definition 4.1.4. (The Top-level soft set of a fuzzy soft multiset). Let ω = (Γ̃, A) be a
hesitant fuzzy soft multiset over U, where A ⊆ E and E is the parameter set. Based on
the hesitant fuzzy soft multiset ω = (Γ, A), we can define a fuzzy set m̃axω : A → [0, 1] by
m̃axω(a) = maxx∈U Γ̃(a)(x), for all a ∈ A. The fuzzy set m̃axω is called the max-threshold of
the hesitant fuzzy soft multiset ω. In addition, the level soft set of ω with respect to the max-
threshold m̃axω, namely L(ω, m̃axω) is called the Top-level decision rule will mean using the
max-threshold and considering the top-level soft set in hesitant fuzzy soft multiset based decision
making.

Algorithm 1

(i) Input the hesitant fuzzy soft multiset (Γ̃, A).

(ii) Compute the induced fuzzy soft multiset ∆F̃ = (Γ̃, A).

(iii) Input a threshold fuzzy set λ : A → [0, 1], (or give a threshold value t ∈ [0, 1]; or choose
the mid-level decision rule; or choose the top-level decision rule) for decision making.

(iv) Compute the level soft set L(∆F̃ ;λ) of ∆F̃ with respect to the threshold fuzzy set λ (or
the t-level soft set L(∆F̃ ; t); or the mid-level soft set L(∆F̃ ;mid) or the top-level soft set
L(∆F̃ ; max).
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(v) Present the level soft set L(∆F̃ ;λ) (or L(∆F̃ ; t); or L(∆F̃ ;mid) or L(∆F̃ ; max)) in tabular
form and compute the choice ci for all i.

(vi) The optimal decision is to select ok if ck = maxi ci, from each Ui.

vii If there are more than one k, then any one of ok may be chosen, from each Ui.

Remark: In order to get a unique optimal choice according to the algorithm, the decision mak-
ers can go back to the third step and change the threshold (or decision criteria) in case that
there is more than one optimal choice that can be obtained in the last step. Moreover, the final
optimal decision can be adjusted according to the decision makers preferences.

Table 4.1: Tabular representation of hesitant fuzzy soft multiset (Γ̃, A) in example 3.1
U/A a1 a2 a3 a4 a5 a6

h1 {0.5, 0.8, 0.3} {0.7, 0.7, 0.9} {0.2, 0.3, 0.7} {0.5, 0.4, 0.6} {0.2, 0.3, 0.7} {0.2, 0.4, 0.5}
h2 {0.4, 0.5} {0.3, 0.6, 0.1} {0.7, 0.9, 0.2} {0.4, 0.8, 0.9} {0.3, 0.2, 0.5} {0.9, 0.2}
h3 {0.9, 0.7, 0.5} {0.8, 0.6, 0.2} {0.2, 0.3, 0.4} {0.9, 0.8, 0.1} {0.7, 0.8} {0.4, 0.6, 0.7}
h4 {0.6, 0.4} {0.3, 0.2, 0.2} {0.6, 0.5, 0.2} {0.5, 0.2, 0.3} {0.7, 0.8, 0.9} {0.9, 0.8, 0.3}
c1 {0.5, 0.3} {0.7, 0.6, 0.2} {0.7, 0.8, 0.9} {0.2, 0.8, 0.1} {0.9, 0.2} {0.4, 0.5}
c2 {0.7, 0.6, 0.8} {0.2, 0.4, 0.8} {0.2, 0.4, 0.5} {0.6, 0.2, 0.8} {0.7, 0.8, 0.9} {0.9, 0.2.0.3}
c3 {0.9, 0.2, 0.3} {0.7, 0.9, 0.8} {0.9, 0.7, 0.2} {0.1, 0.2, 0.7} {0.2, 0.7} {0.4, 0.6}
v1 {0.7, 0.5, 0.8} {0.8, 0.9, 0.6} {0.9, 0.8} {0.8, 0.9} {0.5, 0.7} {0.9, 0.2}
v2 {0.9, 0.7, 0.8} {0.5, 0.6, 0.9} {0.4, 0.2, 0.5} {0.2, 0.4} {0.7, 0.8, 0.9} {0.9, 0.7, 0.2}

Table 4.2: Tabular representation of induced fuzzy soft multiset ∆F̃ = (Γ̃, A)

U/A a1 a2 a3 a4 a5 a6

h1 0.53 0.77 0.4 0.5 0.4 0.37
h2 0.45 0.33 0.6 0.7 0.33 0.55
h3 0.7 0.53 0.3 0.6 0.75 0.57
h4 0.5 0.23 0.43 0.33 0.8 0.67
c1 0.4 0.5 0.8 0.37 0.55 0.45
c2 0.7 0.47 0.37 0.53 0.8 0.47
c3 0.47 0.8 0.6 0.33 0.45 0.5
v1 0.67 0.77 0.85 0.85 0.6 0.55
v2 0.8 0.67 0.37 0.3 0.8 0.6

m̃id∆F̃
= {(a1, 0.58), (a2, 0.56), (a3, 0.52), (a4, 0.5), (a5, 0.61), (a6, 0.53)}. Furthering we can ob-

tain the mid-level soft set L(∆F̃ ;mid) of ∆F̃ whose tabular form is in table 4.3, CV=Choice
Values (ci).

Table 4.3: Tabular representation of mid-level soft set L(∆F̃ ;mid) with choice values (ci).
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U/A a1 a2 a3 a4 a5 a6 CV

h1 0 1 0 1 0 0 2
h2 0 0 1 1 0 1 3
h3 1 0 0 1 1 1 4
h4 0 0 0 0 1 1 2
c1 0 0 1 0 0 0 1
c2 1 0 0 1 1 0 3
c3 0 1 1 0 0 0 2
v1 1 1 1 1 0 1 5
v2 1 1 0 0 1 1 4

From Table 4.3, the maximum choice value c3 = 4, from U1, c6 = 3, from U2 and c8 = 5, from
U3. Therefore, the optimum decision is for Mr. X to select house h3, car c2 and venue v1 for his
wedding celebration.

Consider example 3.1 with induced tabular representation in Table 4.2
m̃ax∆F̃

= {(a1, 0.8), (a2, 0.77), (a3, 0.85), (a4, 0.85), (a5, 0.8), (a6, 0.67)}. Furthering we can ob-
tain the top-level soft set L(∆F̃ ; max) of ∆F̃ whose tabular form is in Table 4.4, CV=Choice
Values (ci).

Table 4.4: Tabular representation of top-level soft set L(∆F̃ ; max) with choice value
U/A a1 a2 a3 a4 a5 a6 CV

h1 0 1 0 0 0 0 1
h2 0 0 0 0 0 0 0
h3 0 0 0 0 0 0 0
h4 0 0 0 0 1 1 2
c1 0 0 0 0 0 0 0
c2 0 0 0 0 1 0 1
c3 0 0 0 0 0 0 0
v1 0 1 1 1 0 0 3
v2 1 0 0 0 1 0 2

From Table 4.4, it follows that, the maximum choice value from U1 is c4 = 2, from U2 is c6 = 1
and from U3isc8 = 3. Therefore, the optimal decision is for Mr. X is to select house h4, car c2

and venue v1 for his wedding celebration.

Example 4.2. Suppose that there are two universes U1 and U2, let us consider a hesitant
fuzzy soft multiset (Γ̃, A) which describes the attractiveness of “cloths”and “shoes”that Mrs Y is
considering to purchase in a boutique to wear for a job interview with hesitant fuzzy elements
respectively.

Let U1 = {c1, c2, c3, c4} be a set of cloths and U2 = {s1, s2, s3} be a set of shoes under con-
sideration.

Let EU = {EU1 , EU2} be a collection of sets of attribute or decision parameters related to
the above universes, where

EU1 =
{
eU1 , 1 = expensive, eU1 , 2 = cheap, eU1 , 3 = beautiful

}
,
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EU2 =
{
eU2 , 1 = expensive, eU2 , 2 = made in Italy, eU2 , 3 = black, eU2 , 4 = highhill

}
,

Let U = ∪+3
i=1HFS(Ui), E = ∪+2

i=1EUi and A ⊆ E. Let

A =
{
a1 = (eU1 , 1, eU2 , 1) , a2 = (eU1 , 2, eU2 , 2) , a3 = (eU1 , 2, eU2 , 3), a4 = (eU1 , 3, eU2 , 2)

}
.

Suppose that a1=expensive, a2=black, a3=beautiful, a4=made in Italy

Γ̃(a1) =

( {
c2

{0.5, 0.4, 0.7} ,
c3

{0.4, 0.8, 0.6}

}
,

{
s1

{0.9, 0.3, 0.7} ,
s2

{0.4, 0.8, 0.9}

} )
,

Γ̃(a2) =

( {
c1

{0.3, 0.6, 0.4} ,
c4

{0.5, 0.6, 0.8}

}
,

{
s2

{0.4, 0.9, 0.3} ,
s3

{0.7, 0.2, 0.4}

} )
,

Γ̃(a3) =

( {
c1

{0.3, 0.5, 0.6} ,
c3

{0.2, 0.3, 0.8} ,
c4

{0.8, 0.1, 0.7}

}
,

{
s2

{0.9, 0.5, 0.6}

} )
,

Γ̃(a4) =

( {
c3

{0.9, 0.6, 0.5}

}
,

{
s1

{0.5, 0.6, 0.3}
s2

{0.4, 0.6, 0.5} ,
s3

{0.9, 0.3, 0.6}

} )
,

(Γ̃, A) =





(
a1,

({
c2

{0.5, 0.4, 0.7} ,
c3

{0.4, 0.8, 0.6}

}
,

{
s1

{0.9, 0.3, 0.7} ,
s3

{0.4, 0.8, 0.9}

}))
,

(
a2,

({
c1

{0.3, 0.6, 0.4} ,
c4

{0.5, 0.6, 0.8}

}
,

{
s2

{0.4, 0.9, 0.3} ,
s3

{0.7, 0.2, 0.4}

}))
,

(
a3,

({
c1

{0.3, 0.5, 0.6} ,
c3

{0.2, 0.3, 0.8} ,
c4

{0.8, 0.1, 0.7}

}
,

{
s2

{0.9, 0.5, 0.6}

}))
,

(
a4,

({
c3

{0.9, 0.6, 0.5}

}
,

{
s1

{0.5, 0.6, 0.3}
s2

{0.4, 0.6, 0.5} ,
s3

{0.9, 0.3, 0.6}

}))





.

Table 4.5: Tabular representation of hesitant fuzzy soft multiset (Γ̃, A)
U/A a1 a2 a3 a4

c1 ∅ {0.3, 0.6, 0.4} {0.3, 0.5, 0.6} ∅.
c2 {0.5, 0.4, 0.7} ∅ ∅ ∅.
c3 {0.4, 0.8, 0.6} ∅ {0.2, 0.3, 0.8} {0.9, 0.6, 0.5}.
c4 ∅ {0.5, 0.6, 0.8} {0.8, 0.1, 0.7} ∅.
s1 {0.9, 0.3, 0.7} ∅ ∅ {0.5, 0.6, 0.3}.
s2 ∅ {0.4, 0.9, 0.3} {0.9, 0.5, 0.6} {0.4, 0.6, 0.5}.
s3 {0.4, 0.8, 0.9} {0.7, 0.2, 0.4} ∅ {0.9, 0.3, 0.6}.
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Table 4.6: Tabular representation of induced fuzzy soft multiset ∆r̃ = (F,A)
U/A a1 a2 a3 a4

c1 0 0.45 0.47 0.
c2 0.53 0 0 0.
c3 0.6 0 0.43 0.67
c4 0 0.63 0.53 0.
s1 0.63 0 0 0.47.
s2 0 0.53 0.67 0.5.
s3 0.7 0.43 0 0.6

By taking t = 0.55, we obtain the 0.55-level sets of the fuzzy set Γ̃(a1), Γ̃(a2), Γ̃(a3) and Γ̃(a4)
as follows:

L(Γ̃(a1), 0.55) = {{c3}, {s1, s3}},
L(Γ̃(a2), 0.55) = {{c4}},
L(Γ̃(a3), 0.55) = {{s2}},
L(Γ̃(a4), 0.55) = {{c3}, {s3}}.

Table 4.7: Tabular representation of t-level soft set (L(∆r̃; t)) with choice value
U/A a1 a2 a3 a4 Choice Value(ci)
c1 0 0 1 0 1.
c2 0 0 0 0 0.
c3 1 0 0 1 2.
c4 0 0 0 0 1.
s1 1 1 0 0 1.
s2 0 0 1 0 1.
s3 1 0 0 1 2.

According to the Table 4.6, the maximum choice value from U1 is c3 = 2 and the optimal decision
is to select c3; similarly, the maximum choice value from U2 is also c7 = 2 and the optimal decision
is to select s3. Therefore, Mrs Y should select cloth c3 and shoe s3 to put on for the job interview.

5 Weighted hesitant fuzzy soft multiset based decision making

Lin in 1996 defined a new theory of mathematical analysis, namely the weighted soft sets (W -soft
sets). In accordance with Lin’s style, Maji et al. [9] defined the weighted table of a soft set.
A weighted table of a soft set is presented by having dij = wj × hij instead of 0 and 1 only,
where hij are entries in the table of the soft set and wj are the weights of the attributes ej .
The weighted choice value of an object oi is ci, given by ci =

∑
j
dij . By imposing weights on

choice parameters, a revised algorithm for arriving at the final optimal decisions was established
in [9]. In line with this idea, we introduce the notion of weighted hesitant fuzzy soft multisets
and present its application to decision making problems.
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Let {Ui : i ∈ I} be a collection of universes such that ∩i∈IUi = ∅ and let {EUi : i ∈ I} be
a collection of sets of parameters or attributes related to the universes. Let U = ∪+

i∈IHFS(Ui),
where HFS(Ui) denotes the set of all hesitant fuzzy submultisets of the U ′

is, E = ∪+
i∈IEUi and

A ⊆ E.

Definition 5.1 [13]
A weighted hesitant fuzzy soft multiset is a triple η = (Γ̃, A,w) where (Γ̃, A) is a hesitant fuzzy
soft multiset over U, and w : A→ [0, 1] is a weight function specifying the weight wj = w(ej)
for each attribute ej ∈ A.

By definition, every hesitant fuzzy soft multiset can be considered as a weighted hesitant fuzzy
soft multiset. Obviously, the notion of weighted hesitant fuzzy soft multiset provides a math-
ematical framework for modeling and analyzing the decision making problems in which all the
choice parameters may not be of equal importance. The difference between the importance of
parameter are characterize by the weight function in a weighted hesitant fuzzy soft multiset. Al-
gorithm 1 can be revised to deal with decision making problems based on weighted hesitant fuzzy
soft multisets (see algorithm 2). In the revised algorithm, we take the weights of parameters in
to consideration and compute the weighted choice values ci instead of choice values ci. Note that
for a weighted hesitant fuzzy soft multiset η = (Γ̃, A,w) the weight function w : A→ [0, 1] can be
used as a threshold fuzzy set, which implies that one can consider the level soft set L((Γ̃, A);w).
This will be called decision making based on the weight function decision rule in what fol-
lows. Sometimes it is much reasonable to use this decision rule since the decision maker may
need higher membership levels on the parameters he puts on more emphasis.

Algorithm 2.

(i) Input the weighted hesitant fuzzy soft multiset η = (Γ̃, A,w).

(ii) Compute the induced fuzzy soft multiset ∆F̃ = (Γ̃, A).

(iii) Input a threshold fuzzy set λ : A→ [0, 1], (or give a threshold value t ∈ [0, 1]; or choose the
mid-level decision rule; or choose the top-level decision rule or choose the weight function
decision rule) for decision making.

(iv) Compute the level soft set L(∆F̃ ;λ) of ∆F̃ with respect to the threshold fuzzy set λ (or
the t-level soft set L(∆F̃ ; t); or the mid-level soft set L(∆F̃ ;mid) or the top-level soft set
L(∆F̃ ; max) or L((Γ̃, A), w)).

(v) Present the level soft set L(∆F̃ ;λ) (or L(∆F̃ ; t); or L(∆F̃ ;mid) or L(∆F̃ ; max) or L((Γ̃, A), w))
in tabular form and compute the weighted choice value ci of oi for all i.

(vi) The optimal decision is to select ok if ck = maxi ci, from each Ui.

(vii) If k has more than one value, then any one of ok may be chosen, from each Ui.

Note that in the last step of algorithm 2, if too many optimal choices are obtained, one can go
back to the third step and change the threshold (or decision rule) previously used so as to adjust
the final optimal decision.

To illustrate the above idea, we reconsider example 4.2. Now assume that Mrs Y have imposed
the following weights for the parameters in A: for the parameter “expensive”, w1 = 0.5; for the
parameter “black”, w2 = 0.45; for the parameter “beautiful”, w3 = 0.6; for the parameter “made
in Italy”, w4 = 0.5.
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Table 5.1:Tabular representation of the level soft set L((Γ̃, A), w)
U a1, w = 0.5 a2, w = 0.45 a3, w = 0.6 a4, w = 0.5 Choice Value(ci)
c1 0 1 0 0 0.45.
c2 1 0 0 0 0.5.
c3 1 0 0 1 1.0
c4 0 1 0 0 0.45.
s1 1 0 0 0 0.5.
s2 0 1 1 1 1.55.
s3 1 0 0 1 1.0.

From Table 5.1, it is clear that the maximum weighted choice value is c3 from U1 with a weighted
choice value of 1.0 and s2 from U2 with a weighted choice value of 1.55. Therefore, Mrs Y will
choose cloth c3 and shoe s2 to wear for the job interview.

6 Conclusion

In this paper, we studied and used the approach introduced by Feng et al. [5] and presented an
adjustable approach to hesitant fuzzy soft multisets based decision making problems using level
soft set of hesitant fuzzy soft multisets with relevant and illustrative examples. Also, weighted
hesitant fuzzy soft multiset based decision making problem was presented and supported with
concrete example.
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1 Introduction

1.1 Historical remarks

The concept of fuzzy set was introduction by Zadeh [2]. Since then numerous works by researchers
have been ongoing in various areas of abstract algebra and related fields in the framework of fuzzy
setting. Notably, this concept was quickly adapted by Goguen [3], who introduced the notion of
L-fuzzy set, Sanchez [4] and Brown [5], they generalized the concept of fuzzy sets, in which case
the unit interval on the real line used by Zadeh [2] was replace by a suitable partially ordered
set (lattice) as the codomain of the fuzzy membership function.
Fuzzy groups and fuzzy semigroups as related concept were introduced and investigation early
in the beginning of fuzzy era. The first appearance of fuzzy group was by Rosenfeld [6] . There-
after, there were many other papers, see the monograph [7], and references cited there. For fuzzy
semigroups, monograph [8] by Malik et al. give a comprehensive overview of all the results up to
2003. Among numerous results, we can mention paper [9] where the structure of fuzzy subgroups
of a group was investigated, paper [10] where it was shown that a fuzzy subgroupoid of a group
need not be a fuzzy group.
In this research the topic investigated is some algebraic aspects of Ω-valued algebraic structures,
with focus on groups. Ω is a complete lattice.
Our research originates in fuzzy structures and in Ω-sets. Ω-sets, as an intention for model-
ing intuitionistic logic, appeared 1979, in the paper [11] by Fourman and Scott. An Ω-set is a
nonempty set A equipped with an Ω-valued equality E, with truth values in a complete Heyting
algebra Ω. E is considered to be a symmetric and transitive function from A2 to Ω. Both theories
are well related in their basic ideals since they both deal the notion of belonging in set-theoretic
and logical sense. We may also quickly mention that Ω-set in its interpretation is not totally
equivalent to that of fuzzy. In fuzzy the notion of subset is generalized by a function, while in
Ω-set approach we deal with the so-called “partial elements”, where E is not reflexive. Ω-sets
have been further applied to non-classical predicate logics, and also to theoretical foundations of
the fuzzy set theory [12, 13].
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Dealing with Ω-structures we use Ω-sets and in our approach Ω is a complete lattice (not neces-
sarily a Heyting algebra). The main reason for this membership values structure is that it allows
the use of cut-sets as a tool appearing in the fuzzy set theory. In this setting, main algebraic
and set-theoretic notions and their properties can be generalized from their classical origin to
the lattice-valued framework [14]. So we deal also with lattice-valued structures and Ω-sets as
basic objects . These were developed within the fuzzy set theory
Since Goguen [3] replaced the unit interval with a complete lattice , this approach has been
widely used for dealing with algebraic topics (see e.g., [15], then also [16, 17]), and with the
lattice-valued topology (starting with [18] and many others). In the recent decades, along with
the development of the fuzzy logic, a complete lattice as a membership (truth values) structure
is often replaced by a complete residuated lattice (see e.g., [19]). But then the cut structures do
not keep algebraic properties satisfied on the basic fuzzy structure.

As a generalization of the classical equality we use lattice-valued equality . This was introduced
into fuzzy mathematics by Höhle in his paper [20], and then several authors have used it in the
investigation of fuzzy functions and fuzzy algebraic structures notably among them are: Demirci
[21], Bělohlávek and V. Vychodil [33] and others.
Identities for lattice-valued structures with the fuzzy equality used in this work were introduced
in [23] and developed in [24, 25, 26, 27]. Recently, several applications of it have appeared in
publication [28, 29, 30, 31, 32]. Although similar notion first appeared in [33] . In this framework,
an identity holds if the corresponding lattice-theoretic formula is fulfilled. What is new in this
approach is that an identity may hold on a lattice-valued algebra, while the underlying classical
algebra does not satisfy the analogue classical identity.
In [1] the authors introduced and investigated the notion of Ω-group in the language of Ω-
groupiod. In this case the basic algebra is a groupoid with single binary operation. The authors
proved that this study of Ω-groups can be equivalent to that of Ω-groups in the language of three
operation as presented in [1].
In this present work we investigate Ω-subgroup and showed that the lattice-valued identities
which holds in an Ω-group also hold in the Ω-subgroup. Then the notion of Ω-centralizer,
Ω-normalize and Ω-center of an Ω- group was introduced and we proved that the sets of Ω-
centralizer, Ω-normalize and Ω-center of an Ω- group form Ω-subgroup of the Ω-group , like in
the classical group theory.

2 Preliminaries

In this section, we give some notations, definitions and propositions which will be needed in this
paper. We refer to [34, 35] for general lattice theory.

2.1 Lattices, algebras

A complete lattice as presented here is a partially ordered set (Ω,≤), where every subset M
has both a meet

∧
M and a join

∨
M . A complete lattice possesses the least and the greatest

elements 0 and 1, respectively. A meet and a join of a two-element subset {a, b} of Ω are binary
operations, denoted by a ∧ b and a ∨ b, respectively.
A language (or a type) L is a set F of functional symbols, together with a set of natural
numbers (arities) associated to these symbols. Usually an algebra of type L is a structure
A = (A,F ), where A is a nonempty set and F is a set of (fundamental) operations on A. An
n-ary operation in F corresponds to an n-ary symbol in the language. A subalgebra of A is an
algebra of the same type, defined on a subset of A, closed under the operations in F . Terms in
a language are regular expressions constructed by the variables and operational symbols see [36].
If t(x1, . . . , xn) is a term in the language of an algebra A, then we denote in the same way the
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corresponding term-operation An → A on A. An identity in a language is a formula t1 ≈ t2,
where t1, t2 are terms in the same language. An identity t1(x1, . . . , xn) ≈ t2(x1, . . . , xn) is said
to be valid on an algebra A = (A,F ), or that A satisfies this identity, if for all a1, . . . , an ∈ A,
the equality t1(a1, . . . , an) = t2(a1, . . . , an) holds. An equivalence relation ρ on A which is
compatible with respect to all fundamental operations, meaning that xiρyi, i = 1, . . . , n imply
f(x1, . . . , xn)ρf(y1, . . . , yn), is a congruence relation on A.
If ρ is a congruence on A, then for a ∈ A, the congruence class of a, [a]ρ, and the quotient
algebra A/ρ are defined respectively by

[a]ρ := {x ∈ A | (a, x) ∈ ρ}; A/ρ := (A/ρ, F ),

where A/ρ = {[a]ρ | a ∈ A}, and the operation on classes are defined by representatives.
G = (G, ∗) is an algebra in the language with a single binary operation, called groupoid.
A neutral element in a groupoid G = (G, ∗) is x ∈ G, such that for every x ∈ G, x∗e = e∗x = x.
A groupoid G = (G, ∗) is said to be a semigroup if it fulfills the associative identity:

x ∗ (y ∗ z) ≈ (x ∗ y) ∗ z.

A monoid, G is a semigroup with a neutral element. For x ∈ G its inverse denoted by x−1 ∈ G
is referred to as inverse element, of x in a monoid G, such that

x ∗ x−1 = x−1 ∗ x = e.

The inverse of every element x ∈ G is unique.
A group, G = (G, ∗) is a monoid in which every element possesses an (unique) inverse.
The following formula defines a neutral element and inverses:

(∃z)(∀x)(x ∗ z = z ∗ x = x ∧ (∃y)(x ∗ y = y ∗ x = z)) : (1)

, in addition to the associative identity. In universal algebra a group can equivalently be defined
as an algebra with three operations, (G; ∗;x−1; e) : binary operation ∗, unary operation x−1 and
a nullary operation, constant, e, so that the following identities hold:

x ∗ (y ∗ z) ≈ (x ∗ y) ∗ z; (2)

x ∗ e ≈ x; e ∗ x ≈ x; (3)

x ∗ x−1 ≈ e;x−1 ∗ x ≈ e : (4)

Observe that the only identity in the definition of a group as a groupoid G = (G, ∗) is associa-
tivity.
In this language properties of the neutral element and inverses, as a formula (1), contain exis-
tential quantifiers. In the language with three operations, all three formulas, (2, 3, 4), defining a
group are identities. Still, these notions describing the structure of a group in different languages
are equivalent, as follows.

Proposition 2.1 If G = (G, ∗) is a group as a groupoid with the neutral element e and inverse
x−1 forx ∈ G, then (G; ∗;−1 ; e) is a group in the language with three operations. Conversely,
if (G; ∗;−1; e) is a group in the corresponding language, then also the groupoid G = (G, ∗) is a
group.
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2.2 Ω-valued functions and relations

An Ω-valued function µ on a nonempty set A is a mapping µ : A → Ω, where (Ω,≤) is a
complete lattice. This notion can be related to fuzzy set on A. If µ and ν are Ω-valued functions
on A, then ν is said to be a fuzzy subset of µ, if for all x ∈ A ν(x) ≤ µ(x).
For p ∈ Ω, a cut set or a p-cut of an Ω-valued function µ : A→ Ω is a subset µp of A which is
the inverse image of the principal filter in Ω, generated by p:

µp = µ−1(↑(p)) = {x ∈ X | µ(x) ≥ p}.
An Ω-valued (binary) relation R on A is an Ω-valued function on A2, i.e., it is a mapping
R : A2 → Ω.
R is symmetric if

R(x, y) = R(y, x) for all x, y ∈ A; (5)

R is transitive if
R(x, y) ≥ R(x, z) ∧R(z, y) for all x, y, z ∈ A. (6)

Observe that an Ω-valued symmetric and transitive relation R on A fulfills the strictness prop-
erty (see [13]):

R(x, y) ≤ R(x, x) ∧R(y, y). (7)

Likewise we say an Ω-valued symmetric and transitive relation R on A satisfies the separation
property if the following holds:

R(x, y) = R(x, x) = R(y, x) 6= 0 implies x = y. (8)

. Therefore, R is said to be separated if 8 holds.
We now consider the connection of the above notion with Ω-valued relations on Ω-set.
Suppose µ : A→ Ω is an Ω-valued function on A and R : A2 → Ω an Ω-valued relation on A. If
for all x, y ∈ A the following holds:

R(x, y) ≤ µ(x) ∧ µ(y). (9)

then we say that R is an Ω-valued relation on µ.
Next, we consider the notion of (weak) reflexiveness of R. An Ω-valued relation R on µ : A→ Ω
is said to be reflexive on µ or µ-reflexive if

R(x, x) = µ(x) for every x ∈ A. (10)

A symmetric and transitive Ω-valued relation R on A, which is reflexive on µ : A → Ω is an
Ω-valued equivalence on µ.
Clearly, an Ω-valued equivalence R on µ fulfills the strictness property (7).

Furthermore, if R is an Ω-valued equivalence on µ, which is separated according to (8), then we
say that R is an Ω-valued equality on µ.

For an algebra A = (A,F ), an Ω-valued function µ : A→ Ω is said to be compatible over A if
µ is not constantly equal to 0, and which fulfils the following: For any operation f from F with
arity greater than 0, f : An → A,n ∈ N, for all a1, . . . , an ∈ A, we have

n∧

i=1

µ(ai) ≤ µ(f(a1, . . . , an)), (11)

and for a nullary operation, c ∈ F ,

µ(c) = 1. (12)

The following is known (see [27]).
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Proposition 2.2 Let µ : A→ Ω be a compatible function over an algebraA and let t(x1, . . . , xn)
be a term in the language of A. If a1, . . . , an ∈ A, then the following holds:

n∧

i=1

µ(ai) ≤ µ(t(a1, . . . , an)). (13)

�
Likewise, an Ω-valued relation R : A2 → Ω on an algebra A = (A,F ) is compatible with the
operations in F if the following two conditions holds: for every n-ary operation f ∈ F , for all
a1, . . . , an, b1, . . . , bn ∈ A, and for every constant (nullary operation) c ∈ F

n∧

i=1

R(ai, bi) ≤ R(f(a1, . . . , an), f(b1, . . . , bn)); (14)

R(c, c) = 1. (15)

The statement in the sequel is similar to Proposition 2.2; the proof goes by induction over the
number of operations in a term.

Proposition 2.3 LetR : A2 → Ω be a compatible function over an algebraA and let t(x1, . . . , xn)
be a term in the language of A. If a1, . . . , an, b1, . . . , bn ∈ A, then the following holds:

n∧

i=1

R(ai, bi) ≤ R(t(a1, . . . , an), t(b1, . . . , bn)); . (16)

�

2.3 Ω-set

The following is defined in [11], and then adopted to a fuzzy framework in [27].
An Ω-set is a pair (A,E), where A is a nonempty set, and E is a symmetric and transitive
Ω-valued relation on A, which may fulfill the separation property (8) if indicated. But we note
that in this work the separation property is needed for most of the result.
Consequently, for an Ω-set (A,E), we denote by µ the Ω-valued function on A, defined by

µ(x) := E(x, x). (17)

Then µ is said to be determined by E. This enable us in generalizing the notion of subset of an
Ω-set (A,E).
Clearly, by the strictness property (7), E is an Ω-valued relation on µ, namely, it is an Ω-valued
equality on µ. That is why we say that in an Ω-set (A,E), E is an Ω-valued equality.

Lemma 2.1 If (A,E) is an Ω-set and p ∈ Ω, then the cut Ep is an equivalence relation on the
corresponding cut µp of µ.

2.4 Ω-algebra

Let A = (A,F ) be an algebra and E : A2 → Ω an Ω-valued equality on A, which is compatible
with the operations in F . Then we say that (A, E) is an Ω-algebra. AlgebraA is the underlying
algebra of (A, E).

Proposition 2.4 [27]Let (A, E) be an Ω-algebra. Then the following hold:
(i ) The function µ : A→ Ω determined by E (µ(x) = E(x, x) for all x ∈ A), is compatible over
A.
(ii ) For every p ∈ Ω, the cut µp of µ is a subalgebra of A, and
(iii ) For every p ∈ Ω, the cut Ep of E is a congruence relation on µp.

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 306



2.5 Ω-subalgebra of an Ω-algebra

For reference on the results in this section see ([29]). Let (A, E) be an Ω-algebra, and (A,E1)
an Ω-subset of (A,E). Then E1 is a symmetric and transitive Ω-relation on A, fulfilling for all
x, y ∈ A

E1(x, y) = E(x, y) ∧ E1(x, x) ∧ E1(y, y).

Let also E1 be compatible with the operations in A. Obviously, (A, E1) is an Ω-algebra and we
say that it is an Ω-subalgebra of the Ω-algebra (A, E).
The following is obvious.

Proposition 2.5 If (A, E1) is an Ω-subalgebra of an Ω-algebra (A, E), and µ1 : A → Ω is the
Ω-valued function on A defined by µ1(x) := E1(x, x), then µ1 is compatible over A, i.e., it fulfills
(11).

An Ω-subalgebra (A, E1) of (A, E) fulfills all the identities that the latter does, as follows.

Theorem 2.1 Let Let (A, E1) be an Ω-subalgebra of an Ω-algebra (A, E). If (A, E) satisfies
the set Σ of identities, then also (A, E1) satisfies all the identities in Σ.

Remark 2.1 Difference exists between an Ω-valued subalgebra µ of an algebra, A and an Ω-
algebra (A, E): For the former, µ is a compatible function on A as given by (13), and the latter
is the pair consisting of an algebra A and an Ω-valued equality E. Relationship between these
two is given in proposition (2.4) above.

2.6 Identities

Next we define how identities hold on Ω-algebras, according to the approach in [23].
Let and u(x1, . . . , xn) ≈ v(x1, . . . , xn) (briefly u ≈ v) be an identity in the type of an Ω-algebra
(A, E). We assume, as usual, that variables appearing in terms u and v are from x1, . . . , xn Then,
(A, E) satisfies identity u ≈ v (i.e., this identity holds on (A, E)) if the following condition is
fulfilled:

n∧

i=1

µ(ai) ≤ E(u(a1, . . . , an), v(a1, . . . , an)), (18)

for all a1, . . . , an ∈ A.
If Ω-algebra (A, E) satisfies an identity, then this identity need not hold on A. On the other
hand, if the supporting algebra fulfills an identity then also the corresponding Ω-algebra does.

Proposition 2.6 [27] If an identity u ≈ v holds on an algebra A, then it also holds on an
Ω-algebra (A, E).

Theorem 2.2 [27] Let (A, E) be an Ω-algebra, and F a set of identities in the language of A.
Then, (A, E) satisfies all identities in F if and only if for every p ∈ L the quotient algebra µp/Ep
satisfies the same identities.

3 Ω-groups

3.1 Ω-group: (G, ∗,−1 , e)
For reference on the results in this section see ([27]).
Let G = (G, E) be an Ω-algebra where G = (G, ∗,−1 , e is an algebra with binary operation,
(∗), unary operation, −1 and a nullary operation, e, and the µ-valued function on G is given by
µ(x) := E(x, x) for all x ∈ G.
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The Ω-algebra is said to be an Ω-group if it satisfies the following group identities: x ∗ (y ∗ z) ≈
(x ∗ y) ∗ z;

x ∗ e ≈ x; e ∗ x ≈ x;

x ∗ x−1 ≈ e;x−1 ∗ x ≈ e.

By formula (18), the above identities are fulfilled if the following lattice-theoretic formulas hold
for all x, y, z ∈ G:

µ(x) ∧ µ(y) ∧ µ(z) ≤ E(x ∗ (y ∗ z), (x ∗ y) ∗ z), (19)
µ(x) ≤ E(x ∗ e, x), µ(x) ≤ E(e ∗ x, x), (20)

µ(x) ≤ E(x ∗ x−1, e), µ(x) ≤ E(x−1 ∗ x, e). (21)
observe that according to the definition, µ has the following properties:

µ(x) ∧ µ(y) ≤ µ(x ∗ y)

µ(x) ≤ µ(x−1)

µ(e) = 1

.

Proposition 3.1 Let G = (G, ∗,−1 , e) be an Ω-group, and E and Ω-equality onG . Then
G = (G, E) is an Ω-group

Consider ν : G → Ω to be an Ω-valued subset of the Ω-valued set µ : G → Ω, E an Ω-valued
relation on µ and E1 : G2 → Ω an Ω-valued relation on G. Then E1 is a restriction of E to ν if

E1(x, y) = ν(x) ∧ ν(y) ∧ E(x, y) (22)

Proposition 3.2 Let (A, E) be an Ω-algebra on the algebra A and ν is an Ω-valued subset of
the Ω-valued set µ and Ω-subalgebra of A . Then (A, E1), is also Ω-algebra on the algebra A
where ν(x) = E1(x, x) and the restriction of E to ν.

Observe that if G = (G, E) and G1 = (G, E1) are Ω-groups over the same algebra G = (G, ∗,−1 , e),
then G1 is an Ω-subgroup of the Ω-group G if E1 is a restriction of E to the Ω-subalgebra ν of
G determined by E1.

Theorem 3.1 Let G = (G, E) be an Ω-group and E1 an Ω-valued relation on G satisfying the
formula

E1(x, y) = E1(x, x) ∧ E1(y, y) ∧ E(x, y) (23)

Then the Ω-algebra G1 = (G, E1) is an Ω-subgroup of the Ω-group G if and only if the following
hold:

E1(x ∗ y, x ∗ y) ≥ E1(x, x) ∧ E1(y, y) (24)
E1(x1, x1) ≥ E1(x, x) (25)

E1(e, e) = 1 (26)

The following proposition is a special case of theorem 2.2.

Proposition 3.3 Let G = (G, E) be an Ω-algebra. The G is an Ω-group if and only if for every
p ∈ Ω the quotient structure µp/Ep is a (classical) group, where the neutral element is the class
[e]Ep and for all x ∈ G, the element class [x]Ep has the inverse class [x−1]Ep .
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3.2 Ω-group: as Ω-groupoid

For reference on the results in this section see ([1]).

Remark 3.1 In both languages, the associative property is equivalent to the fulfillment of the
corresponding identity in the framework of Ω-algebras:

µ(x) ∧ µ(y) ∧ µ(z) ≤ E(x ∗ (y ∗ z), (x ∗ y) ∗ z), (27)

Let G = (G, E) be an Ω-groupoid, where the underlying algebra is a groupoid G = (G, ∗). Then
G is a strict Ω-group if it is associative in the sense of (27) and the following hold:
There is e ∈ G such that for every x ∈ G

µ(x) ≤ µ(e) ∧ E(e ∗ x, x) ∧ E(x ∗ e, x) (28)

and
there is x′ ∈ G such thatµ(x) ≤ µ(x′) ∧ E(x ∗ x′, e) ∧ E(x′ ∗ x, e) (29)

Proposition 3.4 Let G = (G, E) be an Ω-groupoid which is a strict Ω-group, then the following
hold: (i ) if e ∈ G is a neutral element in G, then for all x ∈ G µ(e) ≥ µ(x).
(ii ) A neutral element e is unique and this is also the neutral element in the underlying groupoid
(G, ∗).

Proposition 3.5 Let G = (G, E) be an Ω-groupoid which is a strict Ω-group, then the following
hold for every x ∈ G: (i ) (x′)′ = x. (ii ) µ(x) = µ(x′). (iii ) Inverse element x′ is unique.

The new result shows the equivalence of the two approaches to Ω-group.

Theorem 3.2 Let L be a language with a binary operation ∗, unary operation − and a nullary
operation e. If ((G, ∗,− , e), E) is an Ω-group in this language, then also ((G, ∗), E) is an Ω-
groupoid which is a strict group. Conversely, if ((G, ∗), E) is an Ω-groupoid which is a strict
group where e is a neutral element, x−1 is the inverse of x ∈ G then ((G, ∗,− , e), E) is an
Ω-group in the language L.

4 Result

In subsection (3.1) Ω-subgroup of an Ω-group (as presented in ([31])) was investigated in the case
where the underlying algebra is an algebra with three operations, namely: a binary operation, a
unary operation and a nullary operation. But our investigation here is to deal with Ω-subgroup
of an Ω-group in the language of one operation, as was introduced in ([1]).
The following result follows directly from theorem (3.1).

Theorem 4.1 Let G = (G, E) be a strict Ω-group, where G = (G, ∗) the underlying algebra is a
groupoid and E1 an Ω-valued relation on G satisfying the formula

E1(x, y) = E1(x, x) ∧ E1(y, y) ∧ E(x, y) (30)

Then the Ω-groupoid G1 = (G, E1) is an Ω-subgroup of the Ω-group G if and only if the following
hold:

E1(x, x) ∧ E1(y, y) ≤ E1(x ∗ y, x ∗ y) (31)

E1(x, x) ≤ E1(x′, x′)(for the inverse element x′ of x ∈ G) (32)

E1(x, x) ≤ E(x, x)( x ∈ G) (33)

E1(e, e) = E(e, e)for the neutral element e ∈ G (34)
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The following proposition is considered a special case of theorem (2.1)

Proposition 4.1 Let G = (G, E) be a strict Ω-group , where G = (G, ∗) is a classical groupoid
and Ĝ = (G, Ê) an Ω-subgroupoid of G. Therefore, if Ĝ = (G, Ê) is an Ω-subgroup of G, then the
following holds: There is e ∈ G such that for all x ∈ G

µ̂(x) ≤ µ̂(e) ∧ Ê(x ∗ e, x) ∧ Ê(e ∗ x, x) (35)

there is x′ ∈ G
µ̂(x) ≤ µ̂(x′) ∧ Ê(x ∗ x′, e) ∧ Ê(x′ ∗ x, e) (36)

Proof. Assuming Ĝ = (G, Ê). Since Ĝ = (G, Ê) is an Ω-subgroupoid of G we have that for
x, y ∈ G

Ê(x, y) = µ̂(x) ∧ µ̂(y) ∧ E(x, y) (37)

and also for any x ∈ G

µ̂(x) ≤ µ(x)

therefore, it follows that
µ̂(x) ≤ µ(e) ∧ E(x ∗ e, x) ∧ E(e ∗ x, x) (38)

Where µ̂(x) ≤ µ̂(x) = µ̂(x) ∧ µ̂(x).
Thus from equation 38, we have

µ̂(x) ≤ µ(e) ∧ E(x ∗ e, x) ∧ E(e ∗ x, x) ∧ µ̂(x) ∧ µ̂(x) (39)

Clearly, form 39

µ̂(x)∧ µ̂(e ∗x)∧ µ̂(x ∗ e) ≤ µ(e)∧E(x ∗ e, x)∧E(e ∗x, x)∧ µ̂(x)∧ µ̂(x)∧ µ̂(e ∗x)∧ µ̂(x ∗ e) (40)

From equation 37 we have,

Ê(e ∗ x, x) = µ̂(e ∗ x) ∧ µ̂(x) ∧ E(e ∗ x, x) (41)

Ê(x ∗ e, x) = µ̂(x ∗ e) ∧ µ̂(x) ∧ E(x ∗ e, x) (42)

combine equations 41 and 42 with equation 40, to obtain

µ̂(x) ∧ µ̂(e ∗ x) ∧ µ̂(x ∗ e) ≤ µ(e) ∧ Ê(e ∗ x, x) ∧ Ê(x ∗ e, x) (43)

since µ̂(x) ≤ µ̂(e ∗ x) and µ̂(x) ≤ µ̂(x ∗ e), then equation 43, becomes

µ̂(x) ≤ µ(e) ∧ Ê(e ∗ x, x) ∧ Ê(x ∗ e, x) (44)

since Ĝ = (G, Ê) is an Ω-subgroup, and e is the neutral element, then µ(e) = µ̂(e). Therefore,
44 becomes

µ̂(x) ≤ µ̂(e) ∧ Ê(e ∗ x, x) ∧ Ê(x ∗ e, x) (45)

The second assertion follows similarly. Therefore rewriting equation 44, we have

µ̂(x) ≤ µ(x′) ∧ Ê(x′ ∗ x, e) ∧ Ê(x ∗ x′, e) (46)

But since Ĝ = (G, Ê) is an Ω-subgroup of the Ω-group G = (G, E), then

µ̂(x) ≤ µ̂(x′)
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Thus equation 46 becomes

µ̂(x) ≤ µ(x′) ∧ µ̂(x′) ∧ Ê(x′ ∗ x, e) ∧ Ê(x ∗ x′, e) (47)

but

µ̂(x′) = µ̂(x′) ∧ µ(x′)

Hence equation 47 becomes

µ̂(x) ≤ µ̂(x′) ∧ Ê(x′ ∗ x, e) ∧ Ê(x ∗ x′, e) (48)

as required.
The above proposition shows that every identity satisfied by an Ω-group G = (G, E) is also sat-
isfied by its Ω-subgroup Ĝ = (G, Ê).

We let Ω(G, E) be the set of all Ω-subgroups of the Ω-group (G, E).

4.1 Some definitions

Let A = (G,E1) to be an Ω-subset of G The we have the following definitions

1) Let G = (G, E) be a strict Ω-group , where G = (G, ∗) is a classical groupoid and A = (G,E1)
an Ω-subset of G . An element x ∈ G is a centralizer of A if for every a ∈ A the following holds

µ1(a) ∧ µ(x) ≤ E(xax′, a). (49)

2) Let G = (G, E) be a strict Ω-group , where G = (G, ∗) is a classical groupoid and A = (G,E1)
be an Ω-subset of G . An element x ∈ G is a normalizer of A if for all a ∈ A there exist b ∈ A
such that

µ1(a) ∧ µ1(b) ∧ µ(x) ≤ E(xax′, b) (50)

3) Let G = (G, E) be a strict Ω-group , where G = (G, ∗) is a classical groupoid. An element
x ∈ G is at the center of G if for all a ∈ G the following holds

µ(a) ∧ µ(x) = E(xa, ax) (51)

Proposition 4.2 Let A = (G,E1) be an Ω-subset of the (strict) Ω-group G = (G, E). Then the
following hold
i the neutral element of G centralizes A
ii if x ∈ G centralizes A, then the inverse element of x ∈ G centralizes A
iii if x, y ∈ G centralizes A, then xy ∈ G centralizes A

Proof. i. Let A = (G,E1) be an Ω-subset of the (strict) Ω-group G = (G, E), then for the
neutral element e ∈ G we have

µ1(a) ∧ µ(e) ≤ µ(a) = E(a, a) = E(eae, a)⇒ µ1(a) ∧ µ(e) ≤ E(eae, a)

so the neutral element e in G is a centralizer of A = (G,E1).
ii. Assume that x is a centralizer of A in G therefore by definition

µ1(a) ∧ µ(x) ≤ E(xax′, a)
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hence

µ1(a) ∧ µ(x) ≤ E(xax′, a) ∧ µ(x)

⇒ µ1(a) ∧ µ(x) ∧ µ(x′) ≤ E(xax′, a) ∧ µ(x) ∧ µ(x′) (x’ is the inverse of x in G)
⇒ µ1(a) ∧ µ(x) ∧ µ(x′) ≤ E(x′, x′) ∧ E(xax′, a) ∧ E(x, x) (µ reflexivity)
⇒ µ1(a) ∧ µ(x) ∧ µ(x′) ≤ E(x′, x′) ∧ E(xax′x, ax) (compatibility)
⇒ µ1(a) ∧ µ(x) ∧ µ(x′) ≤ E(x′xax′x, x′ax) (compatibility).

Let p = µ1(a)∧µ(x)∧µ(x′), then E(x′xax′x, x′ax) ≥ p. Therefore (x′xax′x, x′ax) ∈ Ep implying

[x′xax′x]Ep = [x′ax]Ep

⇒ [x′x]Ep [a]Ep [x′x]Ep = [x′ax]Ep

⇒ [e]Ep [a]Ep [e]Ep = [x′ax]Ep

⇒ [a]Ep = [x′ax]Ep

⇒ (a, x′ax) ∈ Ep
⇒ E(a, x′ax) ≥ p.

Thus µ1(a) ∧ µ(x) ∧ µ(x′) ≤ E(a, x′ax) implying µ1(a) ∧ µ(x′) ≤ E(a, x′ax).
Proving that for any x ∈ G that is a centralizer of A = (G,E1), then its inverse is also a
centralizer of A = (G,E1).
iii. Now let x, y ∈ G be centralizers of A and let p = µ1(a) ∧ µ(xy)

µ1(a) ∧ µ(xy) ∧ µ((xy)′) ≤ E(a, a) ∧ E(xy, xy) ∧ E((xy)′, (xy)′)

≤ E(axy, axy) ∧ E((xy)′, (xy)′) (compatibility)
= E((xy)′, (xy)′) ∧ E(axy, axy) (commutativity)
≤ E((xy)′axy, (xy)′axy) (compatibility).

Thus µ1(a) ∧ µ(xy) ≤ E((xy)′axy, (xy)′axy), where µ(xy) ≤ µ((xy)′).
Therefore, E((xy)′axy, (xy)′axy) ≥ p. It follows that ((xy)′axy, (xy)′axy) ∈ Ep implying

[(xy)′axy]Ep = [y′x′axy]Ep

= [y′]Ep [x′ax]Ep [y]Ep = [y′]Epa[y]Ep

= [y′ay]Ep = [a]Ep

⇒ [a]Ep = [(yx)′a(yx)]Ep

⇒ (a, (yx)′a(yx)) ∈ Ep
⇒ E(a, (yx)′a(yx)) ≥ p.

Thus µ1(a) ∧ µ(xy) ≤ E(a, (yx)′a(yx)).
Proving that for x, y ∈ G that are centralizer of A = (G,E1), then their product xy ∈ G is also
a centralizer of A = (G,E1).

Proposition 4.3 Let A = (G,E1) be an Ω-subset of the (strict) Ω-group G = (G, E). Then the
following hold
i the neutral element of G normalizes A
ii if x ∈ G normalizes A, then the inverse element of x ∈ G normalizes A
iii if x, y ∈ G normalizes A, then xy ∈ G normalizes A
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Proof. i. It is easily proved.
ii. Assume that x normalizes of A in G therefore by definition

µ1(a) ∧ µ1(b) ∧ µ(x) ≤ E(xax′, b)

hence

µ1(a) ∧ µ1(b) ∧ µ(x) ≤ E(xax′, b)

⇒ µ1(a) ∧ µ1(b) ∧ µ(x) ∧ µ(x′) ≤ E(xax′, b) ∧ µ(x) ∧ µ(x′)

(x′ inverse of x in G)
⇒ µ1(a) ∧ µ1(b) ∧ µ(x) ∧ µ(x′) ≤ E(xax′, b) ∧ E(x′, x′) ∧ E(x, x)

(µ reflexivity)
⇒ µ1(a) ∧ µ1(b) ∧ µ(x) ∧ µ(x′) ≤ E(x′xax′, x′b) ∧ E(x, x) (compatibility)
⇒ µ1(a) ∧ µ1(b) ∧ µ(x) ∧ µ(x′) ≤ E(x′xax′x, x′bx) (compatibility).

Let p = µ1(a) ∧ µ1(b) ∧ µ(x) ∧ µ(x′), then E(x′xax′x, x′bx) ≥ p. Therefore (x′xax′x, x′bx) ∈ Ep
implying

[x′xax′x]Ep = [x′bx]Ep

⇒ [x′x]Ep [a]Ep [x′x]Ep = [x′bx]Ep

⇒ [e]Ep [a]Ep [e]Ep = [x′bx]Ep

⇒ [a]Ep = [x′bx]Ep

⇒ (a, x′ax) ∈ Ep
⇒ E(a, x′bx) ≥ p.

Thus µ1(a) ∧ µ1(b) ∧ µ(x) ∧ µ(x′) ≤ E(a, x′bx) implying µ1(a) ∧ µ1(b) ∧ µ(x′) ≤ E(a, x′bx).
Proving that for any x ∈ G that normalizes A = (G,E1), then its inverse also normalizes
A = (G,E1).
iii. Now let x, y ∈ G normalize A and let p = µ1(a) ∧ µ1(b) ∧ µ(xy)

µ1(a) ∧ µ1(b) ∧ µ(xy) ∧ µ((xy)′) ≤ E(a, a) ∧ E(b, b) ∧ E(xy, xy) ∧ E((xy)′, (xy)′)

≤ E(axy, axy) ∧ E((xy)′, (xy)′) (compatibility)
= E((xy)′, (xy)′) ∧ E(axy, axy) (commutativity)
≤ E((xy)′axy, (xy)′axy) (compatibility).

Thus µ1(a) ∧ µ1(b) ∧ µ(xy) ≤ E((xy)′axy, (xy)′axy), where µ(xy) ≤ µ((xy)′).
Therefore, E((xy)′axy, (xy)′axy) ≥ p. It follows that ((xy)′axy, (xy)′axy) ∈ Ep implying

[(xy)′axy]Ep = [y′x′axy]Ep

= [y′]Ep [x′ax]Ep [y]Ep = [y′]Ep [x′ax]Ep [y]Ep

⇒ [y′by]Ep = [a]Ep

⇒ (y′by, a) ∈ Ep
⇒ E(a, y′by) ≥ p.

Thus µ1(a) ∧ µ1(b) ∧ µ(xy) ≤ E(a, y′by).
since E(a, y′by) ≤ E(a, b), then

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 313



µ1(a) ∧ µ1(b) ∧ µ(xy) ≤ E(a, y′by) ∧ E(a, b) ≤ E(b, y′by) Therefore, E(b, y′by) ≥ p. It follows
that (b, y′by) ∈ Ep implying

[y′by]Ep = [y′]Ep [b]Ep [y]Ep

= [y′]Ep [x′ax]Ep [y]Ep = [y′]Ep [x′]Ep [a]Ep [x]Ep [y]Ep

= [(xy)′]Ep [a]Ep [xy]Ep

⇒ ((xy)′a(xy), b) ∈ Ep
⇒ E((xy)′a(xy), b) ≥ p.

Hence µ1(a) ∧ µ1(b) ∧ µ(xy) ≤ E((xy)′a(xy), b)
Proving that for x, y ∈ G that normalize A = (G,E1), then their product xy ∈ G is also normalize
A = (G,E1).

Proposition 4.4 Let A = (G,E1) be an Ω-subset of the (strict) Ω-group G = (G, E). Then the
following hold
i the neutral element of G is at the center of G
ii if x ∈ G is at the center of G, then the inverse element of x ∈ G is at the center of G
iii if x, y ∈ G is at the center of G, then xy ∈ G is at the center of G

Proof. The proofs follows similarly as above.

5 Conclusion

In this work we have introduced and investigated the notion of Ω-subgroup of an Ω-group with one
binary operation as introduced in [1]. As in the classical case it was shown that an Ω-subgroup
of an Ω-group fulfill the same properties, with regards to the neutral element and inverses. We
relied on cut structures which are the connections to the classical structures. Furthermore we
presented and investigated some particular notions as in the case of classical group theory: Ω-
centralizer, Ω-center and Ω-normalizer in an Ω-group. In this framework our next task is to
further our investigation on these notions and related concepts.
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Abstract: A great many real-life situations are often modeled as linear system of equations
Ax=b. Direct methods of solution of such systems are not always realistic, especially where the
coefficient matrix A is very large and sparse, hence the recourse to iterative solution methods.
The Gauss-Seidel, a basic iterative method for linear systems, is one such method. Although
convergence is rarely guaranteed for all cases, it is established that the method converges for
some situations depending on properties of the entries of the coefficient matrix and, by impli-
cation, on the algebraic structure of the method. However, as with all basic iterative methods,
when it does converge, convergence could be slow. In this research, a preconditioned version of
the Gauss-Seidel method is proposed in order to improve upon its convergence and robustness.
For this purpose, convergence theorems are advanced and established. Numerical experiments
are undertaken to validate results of the proved theorems.

Keywords: Gauss-Seidel iterative method, Preconditioning, L–matrix,Splitting, Nonnegative
matrix.
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1 Introduction

In order to employ iterative solution method for the linear system of algebraic equations Ax = b,
where the coefficient matrix A ∈ Rn,nis an irreducible L-matrix, b ∈ Rn, and x being the vector
of unknowns, the generic linear iteration formula takes the form

x(n) = Gx(n−1) + c n = 0, 1, 2, ... (1)

where G(= M−1 N), referred to as the iteration matrix, is a matrix depending upon A and x,
and c(= M−1b) is a column vector.Both Gn and ck are obtained from a regular splitting of the
matrix A thus: A = M − N . We assume for simplicity, without loss of generality, that the
coefficient matrix A has the usual triangular splitting of the form A = I − L − U , where I is
the identity matrix, −L and −U are the strictly lower and strictly upper triangular parts of A,
respectively. By the foregoing, the Gauss-Seidel method is easily described by the relation

x(n) = Gx(n−1) + c n = 0, 1, 2, ... (2)

where G = (I−L)−1U is the Gauss-Seidel iteration matrix, and c = (I−L)−1b. The Gauss-Seidel
method is known to converge for linear systems with strictly or irreducibly diagonally dominant
matrices, invertible H-matrices (generalized strictly diagonally dominant matrices) and Hermi-
tian positive definite matrices. However, as with all basic iterative methods, convergence could
be slow; hence the idea of preconditioning.
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Preconditioning is the application of a transformation (preconditioner) to a linear system that
transforms the system into a form that is more suitable for numerical computation. When pre-
conditioners are applied to linear systems, the associated iterative methods tend to converge
asymptotically faster than theunpreconditionedones.Preconditioning, in relation to classical it-
erative methods, aims to reduce the spectral radius of the iteration matrix so as to improve
convergence. However, when applied to Conjugate Gradient or other Krylov subspace methods,
the goal of preconditioning is to increase the condition number of the coefficient matrix A in
order to improve convergence.
A diversity of preconditioned Gauss-Seidel iterative techniques have been advanced by various
researchers and authors. Among these include the preconditioners of [1] – [10], [13] and [14]. This
present research aims to investigate the applicability of the preconditioner of [9] to the classical
Gauss-Seidel method in order to improve on its convergence.

2 MATERIALS AND METHODS

Preliminaries
In order to use the successive overrelaxation (SOR) method to solve the preconditioned linear
system

PAx = Pb (3)

where P ∈ Rn×n, called the preconditioner, is nonsingular, Ndanusa and Adeboye (2012) pro-
posed the preconditioner P = I+S, where I is the n×n identity matrix and S is a sparse matrix
defined by

S =





−ai1, i = 2, ..., n;

−ai,i+1, i = 1, 2, ..., n− 1

0, otherwise.

The nonzero entries of S are the negatives of the corresponding entries of the coefficient matrix
A. By letting PA = A and Pb = b, system (3) is rewritten as

Ax = b (4)

From (4) we obtain

A = PA = (I + S)(I − L− U) = I − L− U + S − SL− SU

where S = −LS − US , −SL− SU = D1 − L1 − U1.
Therefore,

A = I − L− U − LS − US +D1 − L1 − U1 = (I +D1)− (L+ LS + L1)− (U + US + U1)

It implies,
A = D − L− U (5)

where D = I + D1, L = L + LS + L1 and U = U + US + U1 constitute the diagonal, strictly
lower and strictly upper components of A respectively.
The classical (unpreconditioned) Gauss-Seidel iteration scheme (2) is rewritten as

x(n) = (I − L)−1Ux(n−1) + (I − L)−1b, n = 0, 1, 2, ... (6)
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To construct a preconditioned version of the iteration (6), consider a regular splitting of the
preconditioned coefficient matrix A thus.

A = (D − L− U) = (I +D1 − L− U) = (I − L)− (U −D1)

Thus
A =M −N = (I − L)− (U −D1)

is a regular splitting of A, where M = (I − L) and N = (U − D1). Therefore, our first
preconditioned Gauss-Seidel iterative scheme is defined as

x(n) = (I − L)−1(U −D1)x
(n−1) + (I − L)−1b (7)

Or equivalently,
x(n) = G1x

(n−1) + c n = 0, 1, 2, ... (8)

where the iterative matrix of the preconditioned Gauss-Seidel scheme, G1, is represented as

G1 = (I − L)−1(U −D1) (9)

Similarly, from (5), a second preconditioned Gauss-Seidel iteration scheme is defined as

x(n) = (D − L)−1Ux(n−1) + (D − L)−1b (10)

Or more compactly,
x(n) = G2x

(n−1) + c n = 0, 1, 2, ... (11)

where
G2 = (D − L)−1U (12)

is the Gauss-Seidel iteration matrix.

3 Convergence Analysis

The following lemmas and theorems are advanced in order to establish convergence of the derived
preconditioned iterative processes.

Lemma 3.1 [11] Let A ≥ 0 be an irreducible matrix. Then,

i A has a positive real eigenvalue equal to its spectral radius.

ii For ρ(A) there corresponds an eigenvector x > 0.

iii ρ(A) increases when any entry of A increases.

iv ρ(A) is a simple eigenvalue of A.

Lemma 3.2 [11] Let A be a nonnegative matrix. Then

i If αx ≤ Ax for some nonnegative vector x, x 6= 0, then α ≤ ρ(A).

ii If Ax ≤ βx for some positive vector x, then ρ(A) ≤ β. Moreover, if A is irreducible and if
0 6= αx ≤ Ax ≤ βx for some nonnegative vector x, then α ≤ ρ(A) ≤ β and x is a positive
vector.

Lemma 3.3 [6] Let A = M −N be an M -splitting of A. Then the splitting is convergent, i.e.,
ρ(M−1N < 1), if and only if A is a nonsingular M -matrix.
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Theorem 3.1 Let G = (I − L)−1U , G1 = (I − L)−1(U − D1) and G2 = (D − L)−1U be the
Gauss-Seidel, the first preconditioned Gauss-Seidel and the second preconditioned Gauss-Seidel
iteration matrices respectively. If A is an irreducible L-matrix with 0 ≤ a1iai1 + ai,i+1ai+1,i < 1,
i = 2(1)n, then G, G1 and G2 are nonnegative and irreducible matrices.

Proof. For A being an L-matrix, it implies that L ≤ 0 and U ≤ 0.Then (I − L)−1 =
I + L+ L2 + · · ·+ Ln−1 ≥ 0. Thus G = (I − L)−1U ≥ 0. Hence, G is a nonnegative matrix.
We can also obtain that

G = [I + L+ L2 + · · ·+ Ln−1]U

= U + LU + L2U + · · ·
= U + LU + L2U + nonnegative terms

We can also obtain that U+LU+L2U is irreducible for irreducible A. Hence, G is an irreducible
matrix.
The first preconditioned iteration matrix G1 is examined as follows.

G1 = (I − L)−1(U −D1)

Since L ≥ 0, U ≥ 0, −D1 ≥ 0, then (U −D1) ≥ 0 and (I −L)−1 = I +L+L2 + · · ·+Ln−1 ≥ 0.
Consequently, we must have that

G1 = (I + L+ L2 + · · ·+ Ln−1)(U −D1)

= (U −D1) + L(U −D1) + L2(U −D1) + · · ·+ Ln−1(U −D1) ≥ 0.

So G1 is a nonnegative. We can also get that (U − D1) + L(U − D1) + L2(U − D1) + · · · +
Ln−1(U −D1) is irreducible since A is irreducible, hence G1 is irreducible.
Similarly, we consider

G2 = (D − L)−1U

= [D(I −D−1
L)]−1U

= (I −D−1
L)−1D

−1
U

= [I +D
−1
L+ (D

−1
L)2 + ...+ (D

−1
L)n−1]D

−1
U

= D
−1
U + (D

−1
)2LU + (D

−1
)3L

2
U + nonnegative terms

Using similar argument sit is conclusive that G2 = (D−L)−1U is a nonnegative and irreducible
matrix.

Theorem 3.2 Let G = (I − L)−1U and G1 = (I − L)−1(U − D1) be the Gauss-Seidel and
preconditioned Gauss-Seidel iteration matrices respectively. If A is an irreducible L-matrix with
0 ≤ a1iai1 + ai,i+1ai+1,i < 1, i = 2(1)n. Then,

i ρ(G1) < ρ(G), if ρ(G) < 1;

ii ρ(G1) = ρ(G), if ρ(G) = 1;

iii ρ(G1) > ρ(G), if ρ(G) > 1.

Proof. Theorem 3.1 established G and G1 as nonnegative and irreducible matrices. Suppose
ρ(G) = λ, then there exists a positive vector x = (x1, x2, ..., xn)

T , such that Gx = λx. That is,
(I − L)−1Ux = λx

U = λ(I − L) (13)
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And for this x > 0,

G1x− λx = (I − L)−1(U −D1)x− λ(I − L)−1(I − L)x
= (I − L)−1U −D1 − λI + λLx

= (I − ωL)−1(1− ω)I + ωU − ωD1 − λ(I − ωL)x
= (I − L)−1{−λI −D1 + λ(L+ LS + L1) + (U + US + U1)}x
= (I − L)−1{−λI + U + λL+ λLS + λL1 + US −D1 + U1}x

From (13), λI = U + λL

G1x− λx = (I − L)−1{λLS + λL1 + US −D1 + U1}x
= (I − L)−1{(λ− 1)L1 + λLS + US − (D1 − L1 − U1)}x
= (I − L)−1{(λ− 1)L1 + λLS + US − [−(SL+ SU)]}x
= (I − L)−1{(λ− 1)L1 + λLS + US + SL+ SU}x
= (I − L)−1{(λ− 1)L1 + (λ− 1)LS + (LS + US) + SL+ SU}x
= (I − L)−1{(λ− 1)(L1 + LS)− S + SL+ SU)}x
= (I − L)−1{(λ− 1)(L1 + LS)− S + SL+ SU)}x
= (I − L)−1{(λ− 1)(L1 + LS)− S(I − L) + SU)}x
= (I − L)−1{(λ− 1)(L1 + LS) + S[U − (I − L)]}x

From (13), U = λ(I − L)

G1x− λx = (I − L)−1{(λ− 1)(L1 + LS) + S[λ(I − L)− (I − L)]}x
= (I − L)−1{(λ− 1)(L1 + LS) + (λ− 1)S(I − L)}x
= (λ− 1)(I − L)−1{(L1 + LS) + S(I − L)}x

From (13), (I − L) = U/λ

G1x− λx = (λ− 1)(I − L)−1{(L1 + LS) + SU/λ}x
= [(λ− 1)/λ](I − L)−1{λ(L1 + LS) + SU}x

AssumeH = Jx, where J = (I−L)−1{λ(L1+LS)+SU}. Then J = (I−L)−1{λ(L1+LS)+SU} ≥
0, since λ(L1 + LS) ≥ 0, and SU ≥ 0. Also, (I − L)−1 = I + L + L

2
+ · · · + L

n−1 ≥ 0, since
L ≥ 0. Therefore, J = (I − L)−1λ(L1 + LS) + SU ≥ 0. Consequently, H = (I − L)−1{λ(L1 +
LS) + SU}x ≥ 0, since x > 0.

(i) If λ < 1, then G1x− λx ≤ 0 but not equal to 0. Therefore, G1x ≤ λx. From Lemma 2, we
have ρ(G1) < λ = ρ(G).

(ii) If λ = 1, then G1x− λx = 0. Therefore, G1x = λx. From Lemma 2, we have ρ(G1) = λ =
ρ(G).

(iii) If λ > 1, then G1x− λx ≥ 0 but not equal to 0. Therefore, G1x ≥ λx. From Lemma 2, we
have ρ(G1) > λ = ρ(G).

Theorem 3.3 Let G = (I − L)−1U and G2 = (D − L)−1
U be the Gauss-Seidel and the pre-

conditioned Gauss-Seidel iteration matrices respectively. If A is an irreducible L-matrix with
0 ≤ a1iai1 + ai,i+1ai+1,i < 1, i = 2(1)n. Then,

(i) ρ(G2) < ρ(G), if ρ(G) < 1;

(ii) ρ(G2) = ρ(G), if ρ(G) = 1;
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(iii) ρ(G2) > ρ(G), if ρ(G) > 1.

Proof. From Theorem 3.1, G and G2 are nonnegative and irreducible matrices. Suppose
ρ(G) = λ, then there exists a positive vector x = (x1, x2, .., xn)

T , such that (13) holds.
Therefore, for this x > 0,

G2x− λx = (D − L)−1Ux− λx
= (D − L)−1Ux− (D − L)−1(D − L)λx
= (D − L)−1{U − λ(D − L)}x
= (D − L)−1{U − λD + L}x
= (D − L)−1{(U + US + U1)− λ(I +D1) + λ(L+ LS + L1)}x
= (D − L)−1{−λD1 + λL1 + λLS + λL+ US + U1 +−λI + U)}x

But, from (13), −λI + U = −λL
G2x− λx = (D − L)−1{−λD1 + λL1 + λLS + US + U1 − λL)}x

= (D − L)−1{(λ− 1)(−D1) + (λ− 1)L1 − (D1 − L1 − U1)

+λLS − LS + LS + US)}x
= (D − L)−1{(λ− 1)(−D1 + L1)− (−(SL+ SU)) + (λ− 1)LS

+(LS + US)}x
= (D − L)−1{(λ− 1)(−D1 + L1 + LS) + SL+ SU + (LS + US)}x
= (D − L)−1{(λ− 1)(−D1 + L1 + LS) + SU − S + SL}x
= (D − L)−1{(λ− 1)(−D1 + L1 + LS) + SU − S(I − L)}x
= (D − L)−1{(λ− 1)(−D1 + L1 + LS) + S[U − (I − L)]}x

From equation (13), U = λ(I − L)

G2x− λx = (D − L)−1{(λ− 1)(−D1 + L1 + LS) + S[λ(I − L)− (I − L)]}x
= (D − L)−1{(λ− 1)(−D1 + L1 + LS) + (λ− 1)S(I − L)}x

From equation (13),

(I − L) = U/λ = (λ− 1)(D − L)−1{(−D1 + L1 + LS) + SU/λ}x
= [((λ− 1))/λ](D − L)−1−λD1 + λL1 + λLS + SUx

Suppose R = Qx, with Q = (D − L)−1−λD1 + λL1 + λLS + SU . Obviously, −λD1 + λL1 +
λLS +SU ≥ 0, since SU ≥ 0, -λD1 ≥ 0, λL1 ≥ 0 and λLS ≥ 0. Since D is a nonsingular matrix,
we let D − L be a splitting of some matrix K, i.e., K = D − L. Also, D is an M -matrix and
L ≥ 0. Thus, K = D−L is anM -splitting. Now, D−1

L is a strictly lower triangular matrix, and
by implication its eigenvalues lie on its main diagonal; in this case they are all zeros. Therefore,
ρ(D

−1
L) = 0. Since ρ(D−1

L) < 1, K = D − L is a convergent splitting. By the foregoing,
K = D − L is an M -splitting and ρ(D( − 1)L) < 1, we employ Lemma 3 to establish that K is
an M -matrix. Since K is an M -matrix, by definition, K−1 = (D − L)−1 ≤ 0. Thus, Q ≥ 0 and
R ≥ 0.

i If λ < 1, then G2x− λx ≤ 0 but not equal to 0. Therefore, G2x ≤ λx. From Lemma 2, we
have ρ(G2) < λ = ρ(GSOR).

ii If λ = 1, then G2x− λx = 0. Therefore, G2x = λx. From Lemma 2, we have ρ(G2) = λ =
ρ(GSOR).

iii If λ > 1, then G2x− λx ≥ 0 but not equal to 0.Therefore, G2x ≥ λx. From Lemma 2, we
have ρ(G2) > λ = ρ(GSOR).
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4 Numerical Experiments

In order to validate the results of the preceding section, the preconditioned Gauss-Seidel methods
introduced in this work are applied to Problems 1 and 2. The spectral radii of iteration matrices
of the two methods are obtained and compared to those of some other methods.

Problem 1: Consider a 4× 4 matrix of the form

A =




1 −0.172 −0.234 0
−0.365 1 0 −0.204
−0.165 0 1 −0.215

0 −0.236 −0.372 1




Problem 2: Consider a 6 × 6 matrix of the form

A =




1.0 −0.1 −0.1 −0.4 −0.2 −0.1
−0.5 1 0 0 0 0
−0.3 −0.1 1 −0.2 −0.1 0
−0.2 0 −0.1 1 −0.1 −0.3
−0.2 0 −0.1 −0.1 1 −0.2
−0.1 0 0 −0.1 −0.1 1




By letting G, G1 and G2 be the itreration matrices of the classical Gauss-Seidel method, precon-
ditioned Gauss-Seidel methods of (9) and (12) respectively, the spectral radii of these matrices
are computed for Examples 1 and 2 and the results presented in Tables I and II.

5 RESULTS AND DISCUSSION

Tables I and II depict the results of Problems 1 and 2 respectively. In the Tables, G, G1, G2,
GSOR, GGN , GM , and G(M&N) represent the iteration matrices of the Gauss-Seidel, our first
preconditioned Gauss-Seidel, our second preconditioned Gauss-Seidel, SOR, Gunawardena et al.
[2], Milasszewicz [7] and Mayaki and Ndanusa [12] respectively.

Table I. Comparison of spectral radii of G1 and G2 with various iteration matrices
for Problem 1

Iteration matrix Spectral radius
G1 0.1601241711
G2 0.06681777737
G 0.2277905779
GSOR 0.1000000002
GGN 0.08177303033
GM 0.1682312333
GM&N 0.08177303033
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Table II. Comparison of spectral radii of G1 and G2 with various iteration matrices
for Problem 2

Iteration matrix Spectral radius
G1 0.2807908647
G2 0.1943430798
G 0.4206679675
GSOR 0.2435217064
GGN 0.3390264208
GM 0.2663324128
GM&N 0.3384319902

It is well known that the spectral radius of the iteration matrix of an iterative method for
linear systems is sufficient for convergence of the method. The method is known to converge
when the spectral radius is less than 1 in absolute value; the closer it is towards 0 the faster
the convergence. In Table I, the spectral radius of G2 is seen to be smaller than that of the
unpreconditioned Gauss-Seidel G. It is shown to be smaller that those of G1, GGN , GM , GM&N

and even that of GSOR. Although the spectral radius of G1 outperforms those of G and GM , it
lags behind those of G2, GSOR, GGN and GM&N . Similar trend is witnessed in Table II, with
G2 in the lead, followed by GM , GSOR, G1, GM&N , GGN and G, in that order.

6 CONCLUSION

Two preconditioned schemes of the Gauss-Seidel iterative method for solving linear systems are
introduced, analysed and their convergence established. Numerical experiments reaffirmed their
superiority over the unpreconditioned Gauss-Seidel method. More so, the performance of these
methods, when compared to some other preconditioned methods in literature, showed significant
improvement in the rate of convergence of the new methods over the existing ones.
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Abstract: This paper presents an alternative proof of the Fundamental Theorem of Algebra
that has several distinct advantages. The proof is based on simple ideas involving continuity
and differentiation. Visual software demonstrations can be used to convey the gist of the proof.
A rigorous version of the proof can be developed using only single-variable calculus and basic
properties of complex numbers, but the technical details are somewhat involved. In order to
facilitate the reader’s intuitive grasp of the proof, we first present the main points of the argu-
ment, which can be illustrated by computer experiments. Next we fill in some of the details,
using single-variable calculus. Finally, we give a numerical procedure for finding all roots of an
nth degree polynomial by solving 2n differential equations in parallel.

Keywords: Fundamental Theorem of Algebra, calculus, chain rule, continuity.
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1 Introduction

The fundamental theorem of algebra states that any polynomial function from the complex num-
bers to the complex numbers with complex coefficients has at least one root. There are several
proofs of the fundamental theorem of algebra, which employ a number of different domains
of mathematics, including complex analysis (Liouville’s theorem, Cauchy’s integral theorem
or the mean value property) ([9][11], topology (Brouwer’s fixed point theorem)[1], differential
topology[6], calculus ([4],[9]), and “elementary” methods using meshes or lattices [8], [2] (for
easily-accessible and readable web references, see [5],[10],[7],[3]). Many of these proofs are beau-
tiful and elegant. Most are not constructive and do not provide a practical method for finding
roots ([8] and [2] are exceptions). The proof we present here is both constructive, and provides
a practical method for finding all roots of any polynomial through the numerical solution of
differential equations with different initial conditions. Furthermore, we have created a simple,
intuitive visual display that demonstrates the construction of roots.

2 Empirical observations from computer experiments

Consider the polynomial f(z) =
∑N

n=0 anz
n, where N is a positive integer and an are complex.

We want to show that f(z) = 0 has at least one complex solution. To approach this problem,
we make some preliminary empirical observations on the behavior of polynomial functions.
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Fig 1: R Shiny interface for dynamic display of f(Cr) and its preimage Cr, which shows upcross-
ings (solid blue dots) and downcrossings (hollow red dots). The large black dot in the preimage
plot is a root, which maps to 0 in the image plot.

First we may consider how f(z) behaves for some specific values of z. When z = 0 we have
f(z) = a0, and when z has a very large magnitude then the terms anzn in f(z) also have large
magnitudes, especially the leading-order term aNz

N . To understand the behavior of f(z) between
these two extremes, we isolate the behavior of f(z) for different values of |z|, as described below.
A complex number can be written in polar form as z = reiθ, where r > 0 is the magnitude of z
and 0 ≤ θ < 2π. If we fix r and allow θ to vary, then the set of points {reiθ, 0 ≤ θ < 2π} is a
circle of radius r in the complex plane, which we denote as Cr. Since the function f is defined
on all complex numbers, in particular it is defined on each circle Cr. The image of Cr under f
is also a set (a curve, actually) in the complex plane, which we may denote as f(Cr).
Using computer software, we may investigate the changes in the shape of f(Cr) as r increases from
0, for different polynomials f(z). For this purpose, an R Shiny code (listed in the Appendix)
was developed that displays f(Cr) and Cr as well as upcrossings and downcrossings, for any
given value of r for an arbitrary polynomial with complex coefficients, as specified by the user.
A screenshot of the interface is shown in Figure 1. A sequence of f(Cr) plots for different values
of r is shown in Figure 2.
Without loss of generality we may assume a0 = −1: given any polynomial with a0 6= 0 we may
obtain a polynomial with the same roots and having constant coefficient −1 by dividing by −a0.
If we look at several different polynomials f and see how the curve f(Cr) evolves as r increases,
we may make the following observations:

(i) When r is sufficiently small, then f(Cr) has a nearly circular shape with center −1 and
small radius. The curve f(Cr) has multiple intersections with the real axis.

(ii) As r increases, these points of intersection betwee f(Cr) and the real axis move continuously
along the real axis (although sometimes they disappear: see point (v) below)

(iii) There are two types of intersections: some move consistently to the right as r increases,
and others move consistently to the left. When r is small, the rightmost intersection is
always rightward-moving.

(iv) New intersections with the x axis may appear as r increases. From a geometrical viewpoint,
these new intersections occur when a lobe of f(Cr) located in the upper (resp. lower) half-
plane shfts downward (resp. upward) as r increases so that it intersects the axis. These
new intersections always appear first as a single point that splits into a left-moving and
right-moving intersection as r increases.

(v) A right-moving intersection continues to move to the right unless it runs into a left-moving
intersection, in which case both intersections may disappear. From the two-dimensional
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Fig 2: Curves f(Cr) for different values of r, for the polynomial f(z) = (a1a2a3)
−1(z − a1)(z −

a2)(z−a3) where a1 = 1.6(1+ i), a2 = 1.7(−1+ i), a3 = 1.5(−1− i). The solid blue dots indicate
upcrossings (which move to the right), while the hollow red dots indicate downcrossings (which
move to the left). A new downcrossing-upcrossing pair is introduced when r ≈ 1.75 (as a lobe
in the upper half plane expands down across the real axs) and another pair is introduced when
1.75 < r < 2 (when a lobe in the lower half plane expands up across the real axis). Roots are
found at upcrossings for r ≈ 2.15, 2.25, 2.4.
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viewpoint, this occurs when a lobe of f(Cr) that intersects the real axis moves above or
below the axis.

(vi) When r is very large, the shape of f(Cr) approaches a large circle centered at the origin. In
particular, the rightmost intersection between f(Cr) and the real axis is large and positive.

(vii) The rightmost intersection when r is small is always continuously connected to the rightmost
intersection when r is large by a series of right-moving or left-moving intersections. Since
the origin is on the real axis between these two intersections, the origin must be either a
right-moving or left-moving intersection for some value of r.

To understand the difference between right-moving and left-moving intersections, we may look
more closely into the nature of the curve f(Cr). As we mentioned above, the circle Cr is
parametrized by the angle θ. As θ increases, the corresponding point on Cr (given by reiθ)
moves counterclockwise around Cr, while the image of the point under the function f (given
by f(reiθ traces out the curve f(Cr). As the tracing point crosses the real axis, we find there
are two types of crossings: either upcrossings (from below to above), or downcrossings (from
above to below). It may be observed experimentally (and we shall soon show mathematically)
that the upcrossings correspond to the rightward-moving intersection points as noted above, and
downcrossings correspond to leftward-moving intersection points.
We may summarize a systematic procedure for using the software to locate roots of f :

(I) Ensure that a0 = −1 by dividing f by −a0 (if a0 = 0, then 0 is a root already);

(II) Start with a small value of r and locate an upcrossing point on Cr;

(III) Follow the upcrossing point as it moves rightward. Eventually it will either pass over the
origin, or run into a leftward-moving downcrossing point and disappear.

(IV) If the latter holds, follow the leftward moving point backwards (i.e. decreasing r). Even-
tually, either it will pass over the origin, or it will merge with a rightward-moving point
and disappear.

(V) Follow this rightward-moving point forward (increasing r) until it either passes through
the origin or merges with a leftward-moving point.

(VI) Continue iterating Steps IV and V until the origin is reached.

3 Outline of a formal proof

This procedure is the basis for a formal proof of the theorem. Some of the technical detals are
rather involved, but the guiding intuition is captured by the procedure described above.
The proof proceeds in several steps:

1. The roots of f(z) are identical to the roots of −f(z)/a0. So without loss of generality, we
may assume that the constant coefficient a0 is equal to −1.

2. Assume for the moment that f ′(z) has no zeros on the real axis between −1 and 0. (Later
we will deal with the case where this is not true.)

3. For any value of r > 0, we define the curve fr(t) ≡ f(reit), 0 ≤ t ≤ 2π. Since fr(0) =
fr(2π), it follows that this is a closed (possibly self-intersecting) curve in the complex plane.
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4. Denote by upcrossing (resp. downcrossing) a point where fr crosses the real axis from
below (resp. above). In other words, the real number x is an upcrossing for fr if there
exists t such that fr(t) = x, and there exists δ > 0 such that Imfr(s) ≤ 0 for t− δ ≤ s ≤ t
and Imfr(s) ≥ 0 for t ≤ s ≤ t+δ. By continuity, every root of Imfr is either an upcrossing,
a downcrossing, or a point where the real line is tangent to fr.

5. Suppose xr = fr(t) is an upcrossing and fr ′(t) 6= 0, then the crossing point moves continu-
ously to the right as a function of r. More precisely, there exist ε, δ > 0 and a continuous,
real-valued function g(s) that is strictly increasing on the interval r − ε < s < r + ε such
that g(r) = xr and g(s) = fs(t

′), for some t′ in the interval t− δ < t′ < t+ δ. We call the
function g an upcrossing function. A similar statement holds for the downcrossing case,
except that g is decreasing: the function g in this case is called a downcrossing function).

6. The domain of any upcrossing function g may be extended to an open interval, such that
either the range of g includes the origin, or the right endpoint b of the domain is such that
g(b) is a point of tangency of the curve fb.

7. Every point of tangency that is the right endpoint of the domain of an upcrossing function
is the left endpoint of the domain of a downcrossing function.

8. Every point in the interval [−1, 0] is either an upcrossing, a downcrossing, or a point of
tangency of fr for some positive value of r. In particular, the origin is either an upcrossing,
downcrossing, or point of tangency, and is thus equal to f(reit) for some values of r and t.

Steps (1-8) handle the case where none of the roots of f ′ lie on the real segment [−1, 0]. If on
the other hand f ′ does have a root on [−1, 0], we may consider the ray θ = π+ ν, for sufficiently
small ν, which (by continuity) will have at least one upcrossing intersection with Cr if r, ν are
sufficiently small. We denote this intersection as z̃. Since the roots of f ′ are isolated, we can
also choose the ν such that f ′ has no roots on the ray. We may then consider the function
f̃(z) ≡ f(z)e−iν . Then z̃e−iν is an upcrossing point for f̃ of the negative real axis. Steps (1-8)
above then goes through for f̃ : and the roots of f̃ are identical with the roots of f .

4 Parallel numerical procedure for finding all roots of a polyno-
mial

As above, we suppose f(z) =
∑N

n=1 anz
n with a0 = −1, where z = reiθ. We seek equations

satisfied by upcrossing locations x as a function of r. Note that in order for x = f(reiθ) to be
an upcrossing, the complex argument θ varies as r varies, so we must consider both θ and x as
functions of r. To make this clear, we will use φ = φ(r) to denote the complex argument, so that
x(r) = f(z(r)) where z(r) = reiφ.
Using the chain rule, we have:

dx

dr
= f ′ (z)

d

dr
(z) = f ′ (z) eiφ

(
1 + ir

dφ

dr

)
(1)

Since x is real-valued, so dx
dr is also a real function and dx

dr =
(
dx
dr

)∗, where ∗ denotes complex
conjugate. This gives

f ′ (z) eiφ
(
1 + ir

dφ

dr

)
= f ′ (z)∗ e−iφ

(
1− irdφ

dr

)
. (2)

Solving for r dφdr , we obtain

r
dφ

dr
=

(
f ′ (z)∗ e−iφ − f ′ (z) eiφ

)

i(f ′ (z) eiφ + f ′ (z)∗ e−iφ)
=
− Im

(
f ′
(
reiφ(r)

)
eiφ(r)

)

Re
(
f ′
(
reiφ(r)

)
eiφ(r)

) , (3)
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where we have replaced z with reiφ(r) to highlight the r dependence. From (1) and (3) we may
calculate:

dx

dr
= f ′ (z) eiφ

(
1− i Im(f ′ (z) eiφ

Re(f ′ (z) eiφ

)
=

|f ′(reiφ(r))eiφ(r)|2
Re
(
f ′
(
reiφ(r)

)
eiφ(r)

) (4)

Equations (3) and (4) express dφ
dr and dx

dr respectively in terms of f ′
(
reiφ(r)

)
eiφ(r). Fortunately,

this rather complicated expression turns out to have a relatively simple interpretation. The
definition of fr implies that d

dθfr(θ) = f ′(reiθ)(ieiθ), so if we define:

α(r) ≡ d

dθ
fr(θ)

∣∣∣∣
θ=φ(r)

(5)

then we may re-express the system (3)-(4) as:

dφ

dr
=
− Im (−iα(r))
rRe (−iα(r)) =

Re (α(r))
r Im (α(r))

;

dx

dr
=
| − iα(r)|2
Re (−iα(r)) =

|α(r)|2
Im (α(r))

.

(6)

For future reference, note that Im(α(r)) is positive or negative depending on whether x(r) is an
upcrossing or downcrossing.
Alternatively, we can pose the system such that θ is the independent variable, and r, x are the
dependent variables. To clarify the dependence of r on θ, we use ρ = ρ(θ) here to represent the
complex modulus as a function of θ, so that fρ(ρeiθ) is an upcrossing point for the curve Cρ. In
analogy to (5), we define:

β(θ) ≡ d

dθ
fr(θ)

∣∣∣∣
r=ρ(θ)

, (7)

and in analogy to (6) we obtain:

dρ

dθ
=
−Re (−iβ(θ))
Im (−iβ(θ)) =

Im (β(θ))

Re (β(θ))
;

dx

dθ
= − | − iβ(θ)|

2

Im (−iβ(θ)) =
|β(θ)|2
Re (β(θ))

.

(8)

It follows that given a crossing point x = fr(θ), we can always make the crossing point ‘move’
continuously to the right by following this strategy:

1. If limz→reiθ | Imf ′(reiθ)/Ref ′(reiθ)| > c (where c < 1 is a fixed positive parameter), then
propagate x to the right using (6) with either increasing or decreasing r, depending on the
sign of Imf ′(reiθ):

2. Otherwise, propagate x to the right using (8) with either increasing or decreasing θ, de-
pending on the sign of Imf ′(reiθ).

Following this procedure will yield a monotonically increasing crossing point. If the initial cross-
ing point is chosen such that it is chosen between −1 and 0 on the real axis, then eventually the
crossing point will pass 0 and a root will be obtained.
The above procedure is only guaranteed to obtain a single root γ1. Subsequent roots may be
estimated by taking f (1)(z) ≡ f(z)(1 − z/γ1)−1 and finding another root γ2, then iterating the
procedure with f (j)(z) ≡ f(z)(1 − z/γj)−1, j = 1, 2, . . . until all roots are found. However, it is
possible there may be numerical stability problems, because due to numerical error f (j)(z) is no
longer a polynomial for j ≥ 1.
An alternative approach finds all roots in parallel as follows. If the polynomial has degree n, the
zn term dominates the behavior of f(Cr) when r is large. It follows that for r sufficiently large,
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f(Cr) must have at least n upcrossings on the positive real axis and at least n downcrossings
of the negative real axis. All upcrossings may be followed leftwards using the reverse of the
rightward-tracking procedure described above; and all downcrossings may be followed rightward
by a similar procedure. Not all of these 2n tracks (which may be computed in parallel) will result
in a root; however, it is guaranteed that all n roots will be obtained through the procedure.

References

[1] Arnold, B.H: A topological proof of the fundamental theorem of algebra. The American
Mathematical Monthly 56(7), 465–466 (1949).

[2] Brenner, J.L, Lyndon, R.C.: Proof of the fundamental theorem of algebra. American Math-
ematical Monthly 88(4), 253–256 (1981).

[3] Dunfield, N.: The fundamental theorem of algebra (class notes), https://faculty.
math.illinois.edu/~nmd/classes/2015/418/notes/fund_thm_alg.pdf, last accessed
2020/1/15.

[4] Fefferman, C.: An easy proof of the fundamental theorem of algebra. The American Math-
ematical Monthly 74(7),854–855 (1967).

[5] File, D., Miller, S.: Fundamental theorem of algebra lecture notes from the reading
classics (euler) working group autumn 2003, https://people.math.osu.edu/sinnott.
1/ReadingClassics/FundThmAlg_DFile.pdf, last accessed 2020/2/1.

[6] Guillemin, V., Pollack, A.: Differential Topology. 1st edn. Prentice-Hall (1947).

[7] Linford, K.: An analysis of charles fefferman’s proof of the fundamental theorem of algebra,
http://commons.emich.edu/honors/504, last accessed 2020/2/1.

[8] Rosenbloom, P.C.: An elementary constructive proof of the fundamental theorem of alge-
bra.The American Mathematical Monthly 52(10), 562–570 (1945).

[9] Schep, A.: A simple complex analysis and and advanced calculus proof of the fundamental
theorem of algebra. American Mathematical Monthly 116(1), 67–68 (2009).

[10] Steed, M.: Proofs of the fundamental theorem of algebra, http://math.uchicago.edu/
~may/REU2014/REUPapers/Steed.pdf, last accessed 2020/1/12.

[11] Vyborny, R.: A simple proof of the fundamental theorem of algebra. Mathematica Bohem-
ica 135(1), 57–61 (2010).

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 332



Approximate Fixed Point Results for Rational-type Contraction
Mappings

TIJANI, Kamiludeen Rotimi 1 and OLAYEMI, Saheed Adewale 2

1Department of Mathematical Sciences, Osun State University, Osogbo, Osun state, Nigeria
2Department of Mathematics, Obafemi Awolowo University, Ile-Ife, 220005, Nigeria

1kamiludeen.tijani@uniosun.edu.ng, kkrotimi72@gmail.com
2saheed.olayemi.a@gmail.com

Abstract: Earlier results pertaining to fixed point theorems for mappings satisfying rational-
type contractive conditions such as that of Dass and Gupta, Jaggi and others in the literature
are proved with the assumption of completeness of the metric space, following the well known
fixed point theorem of Banach. By weakening the conditions of this famous theorem, several
authors have proved existence results regarding approximate fixed points of contraction mapping
in metric spaces(not necessarily complete). In this paper, we obtain qualitative and quantitative
results for approximate fixed points by employing rational-type contractive conditions in metric
spaces.
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1 INTRODUCTION

The famous Banach’s contraction mapping principle ensures, under certain conditions, the exis-
tence and uniqueness of a fixed point. This theorem provides a technique for solving a variety
of applied problems in Mathematical Sciences and Engineering. Several authors have extended
and generalized Banach fixed point theorem in many ways.
Dass and Gupta[6] were the first to consider a generalization of the Banach fixed point theorem
using a contractive condition of rational-type as follows:
Let (X , d) be a complete metric space. For a mapping T : X → X , there exist some α ≥ 0, β ≥ 0
with α+ β < 1, such that

d(Tx, Ty) ≤ αd(y, Ty)[1 + d(x, Tx)]

1 + d(x, y)
+ βd(x, y), ∀x, y ∈ X . (1)

Furthermore, Jaggi[10] established a fixed point theorem in complete metric space using a con-
tractive condition of rational-type; namely: For a mapping T : X → X , there exist some
α, β ∈ [0, 1) with α+ β < 1, such that

d(Tx, Ty) ≤ αd(x, Tx).d(y, Ty)

d(x, y)
+ βd(x, y), ∀x, y ∈ X , x 6= y. (2)

Using the contractive condition (2), Harjani et al.[8] extended the result of Jaggi[10] to the par-
tially ordered metric spaces. Contractive conditions of rational-type have been greatly employed
in the fixed point as well as the coupled fixed point settings. For more details on results per-
taining to rational-type contractive conditions, we refer the reader to [5], [13] in the references
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section and others in the literature.
The theory of fixed point has a lot of applications in many applied areas such as Mathematical
economics, dynamic optimization and stochastic games, functional analysis, variational calculus,
theory of integro-differential equations, etc[16]. However, in practice, there are many real situa-
tions where an approximate solution proved sufficient and hence, existence of fixed points is not
strictly necessary. This naturally led to the study of approximate fixed point theory.
Here, an approximate fixed point x of a function f has the property that f(x) is ‘near’ to x
in a sense to be specified[16]. In such situations, weakening the condition of the fixed point
setting, by giving up the completeness of the space, the approximate fixed point (ε−fixed point)
can still be guaranteed for several operators. In 2003, Tijs et al.[16] studied some fixed point
theorems by considering weakening of the conditions in the fixed point theorems of Brouwer[4],
Kakutani[11] and Banach[1] which still guarantee the existence of approximate fixed points. In
2006, Berinde[2] proved approximate fixed point results by introducing two Lemmas, using some
of the operators used by Tijs et al.[16] and gave some qualitative and quantitative results on met-
ric spaces. Furthermore, in 2017, Mohseni Alhosseini[12] proved some approximate fixed point
theorems for cyclical contraction mappings. For further results on approximate fixed point, we
refer the reader to [3],[7],[14],[15] and others in the literature.
In this paper, we study some qualitative and quantitative results for some mappings satisfying
contractive conditions of rational-type in metric spaces. We present the following definitions and
Lemma which we are to use in the sequel.

Definition 1.1[2] Let (X , d) be a metric space. Let T : X → X , ε > 0, x ∈ X . Then x is an
ε−fixed point (approximate fixed point) of T if d(Tx, x) < ε.

Remark 1.2[2] We denote the set of all ε−fixed points of T, for a given ε, by Fε(T ) = {x ∈ X |x
is an ε−fixed point of T}.

Lemma 1.3[2] Let (X , d) be a metric space, T : X → X such that T is asymptotic regular i.e.,
d(Tn(x), Tn+1(x))→ 0 as n→∞, ∀x ∈ X . Then, for ε > 0, Fε(T ) 6= ∅.

2 MAIN RESULTS

This section consists of two subsections, namely: The qualitative and the quantitative results.
We first deal with the qualitative aspect as follow.

A. QUALITATIVE RESULTS:
Theorem 2.1 : Let (X , d) be a metric space, T : X → X a self-map on X such that for some
α, β ≥ 0, α+ β < 1, ∀x, y ∈ X ,

d(Tx, Ty) ≤ αd(y, Ty)[1 + d(x, Tx)]

1 + d(x, y)
+ βd(x, y).
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Then, T has an ε−fixed point.
Proof : Let ε > 0 and x ∈ X .

d(Tnx, Tn+1x) = d(T (Tn−1x), T (Tnx))

≤ αd(Tnx, T (Tnx))[1 + d(Tn−1x, T (Tn−1x))]

[1 + d(Tn−1x, Tnx)]
+ βd(Tn−1x, Tnx)

≤ αd(Tnx, Tn+1x))[1 + d(Tn−1x, Tnx))]

[1 + d(Tn−1x, Tnx)]
+ βd(Tn−1x, Tnx)

= αd(Tnx, Tn+1x) + βd(Tn−1x, Tnx)

≤ β

1− αd(Tn−1x, Tnx)

...

≤
( β

1− α
)n
d(x, Tx)

But
( β
1−α

)
< 1, therefore

lim
n→∞

d(Tnx, Tn+1x) = 0, ∀x ∈ X .

By Lemma 1.3, it follows that Fε(T ) 6= ∅, ∀ε > 0.

Theorem 2.2 : Let (X , d) be a metric space, T : X → X a self-map on X such that for some
α, β ∈ [0, 1) α+ β < 1, we have

d(Tx, Ty) ≤ αd(x, Tx).d(y, Ty)

d(x, y)
+ βd(x, y),

∀x, y ∈ X , where d(x, y) > 0. Then T has an ε−fixed point.
Proof : Let ε > 0 and x ∈ X .

d(Tnx, Tn+1x) = d(T (Tn−1x), T (Tnx))

≤ αd(Tn−1x, T (Tn−1x)).d(Tnx, T (Tnx))

d(Tn−1x, Tnx)
+ βd(Tn−1x, Tnx)

=
αd(Tn−1x, Tnx).d(Tnx, Tn+1x)

d(Tn−1x, Tnx)
+ βd(Tn−1x, Tnx)

= αd(Tnx, Tn+1x) + βd(Tn−1x, Tnx)

≤ β

1− αd(Tn−1x, Tnx)

...

≤
( β

1− α
)n
d(x, Tx).

But α, β ∈ [0, 1) with α+ β < 1, then ( β
1−α) ∈ [0, 1). Thus, lim

n→∞
d(Tnx, Tn+1x) = 0. By Lemma

1.3, it follows that Fε(T ) 6= ∅, ∀ε > 0.

Theorem 2.3 : Let (X , d) be a metric space, T : X → X a self-map on X such that for some
α ≥ 0, with d(y, Ty) + d(x, y) > 0, ∀x, y ∈ X , we have

d(Tx, Ty) ≤ αd(x, Tx)d(x, Ty)d(y, Ty)

d(y, Ty) + d(x, y)
+ βd(x, y)
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Then, T has an ε−fixed point ∀ε > 0.
Proof : Let ε > 0 and x ∈ X ,

d(Tn+1x, Tnx) = d(T (Tn)x, T (Tn−1x))

≤ αd(Tnx, T (Tnx))d(Tnx, T (Tn−1x))d(Tn−1x, T (Tn−1x))

d(Tn−1x, T (Tn−1x)) + d(Tnx, Tn−1x)
+ βd(Tnx, Tn−1x)

=
αd(Tnx, Tn+1x)d(Tnx, Tnx)d(Tn−1x, Tnx)

d(Tn−1x, Tnx) + d(Tnx, Tn−1x)
+ βd(Tnx, Tn−1x)

≤ βd(Tnx, Tn−1x)

≤
...
≤ βnd(Tx, x).

But β ∈ [0, 1), then, lim
n→∞

d(Tn+1x, Tnx) = 0. By Lemma 1.3, it follows that Fε(T ) 6= ∅, ∀ε > 0.

Corollary 2.4 : Let (X , d) be a metric space, T : X → X a self-map on X such that for some
α, γ, q ≥ 0, β ∈ [0, 1) with γd(y, Ty) + d(x, y) > 0, ∀x, y ∈ X , we have

d(Tx, Ty) ≤ αd(x, Tx)[d(x, Ty)]qd(y, Ty)

γd(y, Ty) + d(x, y)
+ βd(x, y).

Then, Fε(T ) 6= ∅, ∀ε > 0.

In what follows, we have a theorem which is a generalization of Theorem 2.3. We give the fol-
lowing definition which is to be used in the sequel.

Definition 2.5: Consider a function ψ : R+ → R+. ψ is called a comparison function if it
satisfies the conditions:
(i)ψ is monotone increasing, and
(ii)ψn(t) converges to 0 as n→∞,∀t ∈ R+.

Theorem 2.6: Let (X , d) be a metric space, T : X → X be a self-map on X such that for some
α ≥ 0 and ψ, a comparison function satisfying ψ(t) < t, ∀t > 0. If we have

d(Tx, Ty) ≤ αd(x, Tx)d(x, Ty)d(y, Ty)

d(y, Ty) + d(x, y)
+ ψ(d(x, y)).

where d(y, Ty) + d(x, y) 6= 0, ∀x, y ∈ X . Then, Fε(T ) 6= ∅, ∀ε > 0.

Proof : Let ε > 0 and x ∈ X .

d(Tn+1x, Tnx) = d(T (Tnx), T (Tn−1x))

≤ αd(Tnx, T (Tnx))d(Tnx, T (Tn−1x))d(Tn−1x, T (Tn−1x))

d(Tn−1x, T (Tn−1x)) + d(Tnx, T (Tn−1x))
+ ψ(d(Tnx, Tn−1x))

=
αd(Tnx, Tn+1x)d(Tnx, Tnx)d(Tn−1x, Tnx)

d(Tn−1x, Tnx) + d(Tnx, Tn−1x)
+ ψ(d(x, y)

= ψ(d(Tnx, Tn−1x))

≤
...
≤ ψn(d(Tx, x))
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But ψ is a comparison function, ψn(d(Tx, x))→ 0 as n→∞. Hence,

lim
n→∞

d(Tn+1x, Tnx) = 0, ∀x ∈ X .

Then, Fε(T ) 6= ∅, ∀ε > 0.

B. QUALITATIVE RESULTS FOR MAPPINGS IN METRIC SPACES
In this subsection, we will obtain qualitative results for some of the operators we have studied
in the previous sections.

Theorem 2.7 : Let (X , d) be a metric space and T : X → X satisfies all the conditions of
theorem 3.1. Then, for each ε > 0, the diameter of Fε(T ) is not larger than

6ε+ 4(α− β − αβ)ε+ 4(1 + α− αβ)ε2

2(1− β)

Proof : Let x, y ∈ Fε(T ). By triangle inequality,

d(x, y) ≤ d(x, Tx) + d(Tx, Ty) + d(Ty, y)

≤ 2ε+ d(Tx, Ty)

≤ 2ε+
αd(y, Ty)[1 + d(x, Tx)]

1 + d(x, y)
+ βd(x, y)

≤ 2ε+
αε(1 + ε)

1 + d(x, y)
+ βd(x, y)

(1− β)[d(x, y)]2 + (1− β − 2ε)d(x, y) ≤ 2ε+ αε+ αε2

[
d(x, y)

]2
+

(
1− β − 2ε

1− β

)
d(x, y) ≤ 2ε+ αε+ αε2

1− β
Completing the square, we have

[
d(x, y) +

1− β − 2ε

2(1− β)

]2
≤ 2ε+ αε+ αε2

1− β +

(
1− β − 2ε

2(1− β)

)2

.

Then, it follows that

d(x, y) ≤ β + 2ε− 1

2(1− β)
± 1

2(1− β)

√
1 + 4(1 + α− β − αβ)ε+ 4(1 + α− αβ)ε2 + β2 − 2β

<
1

2(1− β)

(
β + 2ε− 1 + 1 + 4(1 + α− β − αβ)ε+ 4(1 + α− αβ)ε2 + β2 − 2β

)

being the only possibility since the other one can be seen to be negative. Hence,

d(x, y) ≤ β + 2ε+ 4(1 + α− β − αβ)ε+ 4(1 + α− αβ)ε2 + β2 − 2β

2(1− β)

=
6ε+ 4(α− β − αβ)ε+ 4(1 + α− αβ)ε2 + β2 − β

2(1− β)

<
6ε+ 4(α− β − αβ)ε+ 4(1 + α− αβ)ε2

2(1− β)

Theorem 2.8 : Let the conditions of Theorem 2.2 be satisfied. Then, for each ε > 0, the diam-

eter of Fε(T ) is not larger than
(
α+ 2

1−β

)
ε.
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Proof : Let x, y ∈ Fε(T ). By triangle inequality,

d(x, y) ≤ d(x, Tx) + d(Ty, y) + d(Tx, Ty)

≤ 2ε+ d(Tx, Ty)

≤ 2ε+
αd(x, Tx)d(y, Ty)

d(x, y)
+ βd(x, y)

[d(x, y)]2 ≤ 2εd(x, y) + αd(x, Tx)d(y, Ty) + βd(x, y)

(1− β)[d(x, y)]2 ≤ 2εd(x, y) + αε2

[d(x, y)]2 − 2εd(x, y)

1− β ≤ αε2

1− β
Completing the square, we have

[
d(x, y)− ε

1− β

]2
≤ αε2

1− β +

(
ε

1− β

)2

d(x, y) ≤ ε

1− β ±
√
αε2 + ε2(1− αβ)

(1− β)2

=
ε

1− β ±
ε

1− β
√

1 + α− αβ

=
ε

1− β

(
1 +

√
1 + α− αβ

)
or

ε

1− β

(
1−

√
1 + α− αβ

)

Since α > 0 and d(x, y) can not be negative, then

d(x, y) ≤ ε

1− β

(
1 +

√
1 + α− αβ

)

<
ε

1− β

(
1 + 1 + α− αβ

)

= ε

(
2 + α(1− β)

1− β

)

=

(
α+

2

1− β

)
ε

which completes the proof.

Remark 2.9 : Qualitative results can be proved for mappings satisfying the conditions of The-
orems 2.3 and 2.6, using the same approach employed in Theorems 2.7 and 2.8.

Remark 2.10 : In the case of qualitative result involving the conditions of Theorem 2.6, the
proof is obtained relying on the notion that ψ(t) ≤ t for t ∈ R+, ψ being a comparison function.

3 CONCLUSION

We have proved quantitative and qualitative results involving contractive conditions of rational
type. It is interesting to note that the value of ε is directly proportional to the diameter of the
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set containing the ε−fixed points. When ε approaches zero, we approach the more restricted
fixed point setting.
The theory of ε−fixed points is therefore not less important than that of fixed points as several
results given in the latter can be formulated in a weaker setting to guarantee existence of the
ε−fixed points.
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1 Introduction

The Vitali Covering Theorem (VCT) also known as the Vitali Covering Lemma, is a vital theorem
used in proving various results and theorem in mathematics, especially in measure theory. The
theorem states that when a sequence of pairwise disjoint elements of a Vitali cover, say J is
extracted from a closed subset of R, which is also covered by J , then the resultant outer measure
converges to zero.
The Heine Borel Theorem (HBT) on the other hand is a household name as far as mathematical
analysis is concerned. It explains that a closed and bounded subset of R must need be compact
(that is every open cover of such subset of R must have a finite subcover).
Since VCT is about extracting a subfamily from a given cover with certain properties, it is
superficially similar to HBT. The difference is that in VCT one is interested in extracting a
disjoint family of sets. [1]
In this work, we will exploit some useful applications of HBT and VCT in proving of some
essential theorems in Mathematics. The HBT will be used to prove the famous Nested Theorem
(as seen in section 3 of this work), we also show, using VCT, that if f is a monotonic function
then it is a.e 1 differentiable (The Lebesgue Differentiation Theorem).
In section 5 of this paper, we did a brief review of Constructive Mathematics with a major focus
on the Russian Constructive Mathematics (RUSS) in particular. The RUSS is actually a very
useful tool implored in disproving many theorems that seems to be true in Classical Mathematics
(CLASS). With the aid of Recursive Counter examples in RUSS, we are able to show that the
VCT, as well as the HBT, fails to hold in Constructive mathematics.

1a.e means almost everywhere: A function is f is a.e differentiable if it is differentiable everywhere EXCEPT
on a set with outer measure 0
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2 Preliminaries

Under this section we would briefly define and discuss certain foundational terms and theorems
in Measure theory.

Definition 2.1 (Cover, Open Cover, Finite Sub-Cover, Vitali Cover) A Set I of intervals is said
to cover a set G if G ⊂ ⋃∞n=1 I. I is an open cover if I is a set of open intervals. An open
cover I is said to have a finite sub-cover if there exist I1, . . . , In ∈ I such that G ⊂ ⋃n

i=1 Ii. I
is a Vitali cover of G if for every point x ∈ G and ε > 0, I contains some interval α ∈ I such
that x ∈ α and the length of the interval, |α| < ε.

Definition 2.2 (Lebesgue Outer Measure) The Lebesgue outer measure of a set A ⊆ R is defined
by taking the infimum of the sum of lengths 2 of all open interval that covers A. It is denoted by
m∗ (A):

m∗ (A) = inf

{ ∞∑

k=1

|Ik| : A ⊆
∞⋃

k=1

Ik and Ik = {(ak, bk)}∞k=1

}
(1)

Theorem 2.1 The Outer measure of any finite set is 0.

Proof. Let A = {αk}nk=1. Let for each k ∈ N, we define Ik =
(
αk − ε

2 , αk +
ε
2

)
. It is quite easy

to see that a finite collection of open intervals Ik covers A, that is:

A ⊆
n⋃

k=1

Ik =

n⋃

k=1

(
αk −

ε

2
, αk +

ε

2

)

So, the sum,
n∑

k=1

l
(
αk −

ε

2
, αk +

ε

2

)
=

n∑

k=1

ε

2
+
ε

2
= nε

⇒ 0 < m∗ (A) ≤
n∑

k=1

|Ik| < ε

∴ m∗ (A) = 0

More generally, The Outer measure of any countable set is also 0.
The Proof is also trivial:
If A = {αk}∞k=1 and Ik =

(
αk − ε

2k+1 , αk +
ε

2k+1

)
is an open interval

Then, given ε > 0, we have

m∗ (A) ≤
∞∑

k=1

|Ik| =
∞∑

k=1

ε

2k+1
. 2 =

∞∑

k=1

ε

2k
= 0

Theorem 2.2 (Monotonicity of Outer Measure): Let A,B ⊂ R, if A ⊆ B, Then

m∗ (A) ≤ m∗ (B) (2)

Proof.
A,B ⊂ R, such that A ⊆ B, and let Ik be a collection of intervals such that B ⊆ ⋃∞k=1 Ik, then
it implies that A ⊆ ⋃∞k=1 Ik. Now, let us define:

J =

{ ∞∑

k=1

|Ik| : A ⊆
∞⋃

k=1

Ik

}
and F =

{ ∞∑

k=1

|Ik| : B ⊆
∞⋃

k=1

Ik

}

2For any Interval I ⊆ R, we denote the left and right end points by I and I, that is I =
(
I , I

)
, and we denote

the length l (I) of I, by |I|, where l (I) = |I| = I − I.
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So F ⊆ J and thus,
inf J ≤ inf F (3)

We recall that:

inf J = inf

{ ∞∑

k=1

|Ik| : A ⊆
∞⋃

k=1

Ik

}
= m∗ (A)

And

inf F = inf

{ ∞∑

k=1

|Ik| : B ⊆
∞⋃

k=1

Ik

}
= m∗ (B)

Therefore, from (3), m∗ (A) ≤ m∗ (B)

Theorem 2.3 (Outer Measure is Translation Invariant): For any set G, and number x,

m∗ (G+ x) = m∗ (G) (4)

Proof. We note that if {In}∞n=1 is any countable collection of sets, then, {In}∞n=1 covers G iff
{In + x}∞n=1 covers G+ x.
Moreover, If each In is an open interval, then each In+x is also an open interval of same length,
So, since { ∞∑

n=1

|In| : G ⊆
∞⋃

n=1

In

}
=

{ ∞∑

n=1

|In + x| : (G+ x) ⊆
∞⋃

n=1

(In + x)

}

Then their infimum is also equal, Hence, m∗ (G) = m∗ (G+ x), which proves (4).

Theorem 2.4 (Sub-additivity of Outer Measure): Let {Tk}∞k=1 be a countable collection of sets,
disjoint or not, then:

m∗
( ∞⋃

k=1

Tk

)
≤
∞∑

k=1

m∗ (Tk) (5)

Proof.
If one of the T ′ks has infinite outer measure, i.e

∑∞
k=1m

∗ (Tk) = ∞, then (??) holds trivially,
because obviously, m∗ (

⋃∞
k=1 Tk) ≤

∑∞
k=1m

∗ (Tk) =∞
So, we assume each of the T ′ks has a finite measure. Let ε > 0, for each k ∈ N, there is a
countable collection of open interval {Tn,k}∞k=1 that cover Tk, that is, Tk ⊆

⋃∞
n=1 In,k, and since

we have that m∗ (Tk) = inf {∑∞k=1 |Ik| : A ⊆
⋃∞

k=1 Ik} . Then given ε∗ = ε
2k
> 0,

∞∑

k=1

|In,k| < m∗ (Tk) + ε∗ = m∗ (Tk) +
ε

2k
(6)

Since {Tn,k}∞k=1 is an open cover of Tk, for each k ∈ N, {Tn,k}∞k=1 is an open interval cover of⋃∞
k=1 Tk, so,

m∗
( ∞⋃

k=1

Tk

)
≤
∞∑

k=1

( ∞∑

k=1

|In,k|
)
≤
∞∑

k=1

(m∗ (Tk) +
ε

2k
) =

∞∑

k=1

m∗ (Tk) + ε

Since ε > 0 was chosen arbitrarily, we conclude:

m∗
( ∞⋃

k=1

Tk

)
≤
∞∑

k=1

m∗ (Tk)
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Theorem 2.5 The Outer Measure of an Interval is its length.

Proof. We refer [6] for the proof.

Definition 2.3 (Singular Covers) A sequence of non-degenerate 3 intervals (Jn)n≥1 is called an
ε− singular covering of [0, 1]. If:

1. ∀ i 6= j either Ii ∩ Ij = ∅, Ii = Ij or Ij = Ii

2. ∀ x ∈ [0, 1] ∃ i, j with Ii = Ij and Ij < x < Ii

3. ∀ n ∈ N,

[0, 1] ⊆
∞⋃

n=1

In and

∞∑

k=1

|Ii| < ε (7)

3 Constructive Mathematics

3.1 An Overview

Constructive mathematics is distinguished from its traditional counterpart, Classical mathemat-
ics (CLASS), by the strict interpretation of the phrase “there exists” as “we can construct” [4].
In the beginning of the twentieth century Brouwer put forward a sharp foundational critique
of classical mathematics (class). Having made a name for himself in the new field of topology
through a number of impressive results, Brouwer turned to building a new mathematics: Intu-
itionism (INT). Though at this time heard by many, his views were not largely accepted, not
in the least because his critique seemingly left most of classical mathematics in ashes. The out-
come of Brouwer’s dispute with Hilbert illustrates that even mathematics is no objective, but a
subjective and also very social affair. Most mathematicians continue to follow Hilbert’s classical
views, but without a proper understanding of Brouwer’s critique. Classical mathematics is main-
stream, and taught for instance in high school. Intuitionism is an oddity, seen mostly as useful
in logic and informatics, and hardly anyone encounters it. Yet a number of well-known classical
mathematicians supported Brouwer throughout the twentieth century. In passing, Kleene also
shows that Brouwer’s fan theorem (FT) is inconsistent with the assumption that all sequences
of natural numbers are given by a recursive rule. This assumption is called ‘Church’s thesis’
(CT). CT is adopted together with Brouwer’s intuitionistic logic by a group of mainly Rus-
sian mathematicians (notably Markov), to form a branch of constructive mathematics known
as RUSS.In logic and later on informatics the impact of Brouwer’s intuitionism was profoundly
felt. But notwithstanding Kleene’s and other people’s work, Brouwer’s impact on mainstream
mathematics seemed to dwindle. Then in 1967 Bishop introduced what we will call BISH: a
variety of constructive mathematics which adopts much of Brouwer’s intuitionistic views, but at
the same time rejects Brouwer’s most striking insights such as the fan theorem (FT) and the
axiom of continuous choice (AC). Bishop wanted to use largely the same terminology as classical
mathematics, with the same primarily mathematical focus. In this way more mathematicians
could understand constructive mathematics and be attracted to it. Bishop viewed the axioms
and terminology of intuitionism as mystic (notwithstanding the clarifications offered, which al-
though phrased in ‘logical language’ form a solid axiomatic foundation for INT). He preferred to
first develop in a constructive way as much of classical analysis as possible, before thinking things
through foundationally. Out of his work, Richman and Bridges developed a view of BISH as a
mathematics, the methods and results of which are acceptable in CLASS, INT and RUSS alike.
Hereby they disregard the philosophical differences, which give very different interpretations of

3A non-degenerate interval is an interval that has more than one point or contains more than one member.
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the objects and the universe involved. Bishop’s approach was quite successful, and attracted a re-
spectable number of mathematicians. This gave new life to constructive mathematics. Topology
(Brouwer’s specialty) has not received much attention yet in constructive mathematics, although
powerful topological tools from classical mathematics can also be developed in BISH and INT.[3]
Several schools of Constructive Mathematics exists in Mathematics such as the Russian Con-
structive Mathematics (RUSS), Brouwer’s Intuitionism (INT) and the Bishop’s Style Construc-
tive Mathematics (BISH), but our focus in this paper will be on RUSS. For more details and
better understanding of the interplay between the various types of Constructive mathematics,
we refer to [2], [3] & [10]

3.2 Russian Constructive Mathematics (Russ)

The school of Russian constructivism (RUSS) was initiated by A.A. Markov and his students
in the 1940s. Somewhat simplified it may be described as recursive function theory based on
intuitionistic logic. More specifically they consider mathematical objects as being words over
a finite alphabet. These words are manipulated by normal algorithms (sometimes also called
Markov algorithms), which are themselves also words over a finite alphabet. The concept of
normal algorithm is Turing complete, i.e. equivalent to the usual formalization of the notion of
algorithm in terms of Turing machines. The idea that the notion of normal algorithm precisely
captures the intuitive notion of algorithm is expressed by Markov’s normalization principle. In the
context of classical recursion theory this idea is known as the Church-Turing thesis. However,
under the BHK (Brouwer-Heyting-Kolmogorov) interpretation of the logical connectives and
quantifiers, with the notion of construction now interpreted as normal algorithm, this principle
is much stronger and thus provides a very precise mathematical ontology - saying that an object
exists means that it can be computed by a normal algorithm. A consequence is that every partial
function5 from N to N is computed by some normal algorithm. As in classical recursion theory,
one can show that there is an enumeration, by a normal algorithm, of all normal algorithms.
Hence we get an enumeration of the set of partial functions from N to N [10].
Below are some basic and useful results due to RUSS, which would form the basis for our proofs
in sections 6 and 7 of this work:
R1: The Specker’s Theorem : There exists a strictly increasing sequence ( In, In, . . . ) of
rational numbers in the closed interval [0, 1] such that for each x ∈ R ∃N ∈ N and δ > 0 3
|x− rn| ≥ δ ∀ n ≥ N
R2: For each ε > 0 ∃ a ε− singular covering of [0, 1].
R3: there exist a pointwise continuous function from [0, 1] onto (0, 1) that is not uniformly
continuous.
R4: There is a positive valued uniformly continuous function f : [0, 1]→ R whose infimum is 0.
We refer [2], for the proofs of the above results in RUSS.

The Heine-Borel Theorem (HBT) and Applications

Theorem 3.1 (HBT) Let F be a closed and bounded subset of real numbers. Then every open
cover of F has a finite sub-cover.

Proof. We consider two cases: A Special case of the closed and bounded interval [a, b], and a
general case of any closed and bounded subset of F .
For the first case: we consider that F is the closed and bounded interval [a, b].
Let ϕ be an open cover of [a, b]. We define J to be the set of numbers x ∈ [a, b] with the property
that the interval [a, x] can be covered by a finite number of sets of ϕ.

i.e. J =

{
x ∈ [a, b] : ∃n ∈ N, P1, . . . , Pn ∈ ϕ s.t [a, x] ⊂

n⋃

i=1

Pi

}
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Since a ∈ J , J is non empty, also, since J is bounded above by b, then by Completeness of R, J
has a supremum (Least upper Bound). We define α = sup J .
Then we show that α = b and b ∈ J , then we are done.
So, since α belongs to [a, b], there is an interval I ∈ ϕ that contains α. (i.e I ∈ ϕ 3 α ∈ I).
Since I is open, there is an ε > 0, 3 the interval (α− ε, α+ ε) ⊂ I
Now, since α− ε < α, α− ε cannot be an upper bound for J , and so there must be an x ∈ J
with x > α − ε. Since x ∈ J , there is a finite collection {I1, . . . , Ik} of sets in ϕ that covers
[a, b]. Consequently, the finite collection {I1, . . . , Ik, I} covers the interval [a, α+ ε]. Thus α = b
for otherwise α < b and α is not an upper bound for J . Thus [a, b] can be covered by a finite
number of sets from ϕ, proving the first case.
Now, for the second case: We consider that F is any closed and bounded subset of R
Let F be any closed and bounded subset of R as stated above, and let ϕ be an open cover of F .
Since F is bounded, it is contained in some closed, bounded interval [a, b]. Since the compliment
of a closed set is open, then we have that the set of I=R\F is open since F is closed. Let
B = I ∪ ϕ. Since ϕ covers F , B covers [a, b]. By the case just considered, there is a finite sub
collection of B that covers [a, b] and hence F . When we remove I from this finite subcover of F ,
if I belongs to the finite cover, then there is a finite collection of sets in ϕ that covers F .
We proceed by using the HBT to prove the following theorems:

Theorem 3.2 (The Nested Set Theorem): let { Jn}∞n=1 be a decreasing Countable collection of
non-empty closed sets of real numbers for which F1 is bounded. Then,

⋂∞
n=1 Jn 6= ∅.

Proof. (By Contradiction):
Suppose the intersection is Empty, then for each x ∈ R ∃n ∈ N s.t x /∈ Jn, x ∈ In=R\Jn
Therefore,

⋃∞
n=1 Jn=R. So since compliment of a closed set is always open, we have that since

each Jn is closed, each In is open. Therefore, { In}∞n=1 is an open cover of R and hence also
of J1. By HBT, we have that, ∃ N ∈ N for which J ⊆ ⋃N

n=1 In = IN= R\ JN . Hence,
J1 ⊆ R\ JN , which contradicts the assumption that the intersection JN is a non-empty subset
of J1.

Theorem 3.3 Suppose A is Compact subset of R, then every sequence in A ⊆ R has a subse-
quence which converges to a point in A.

Proof. (By Contradiction)
We suppose that there is a sequence { xn}x∈N in A ⊆ R is bounded and hence by Bolzano
Weierstrass Theorem 4 converges to a point in A, then x ∈ R\A. Therefore, x ∈ R\A is an
accumulation point of { xn}x∈N. Hence x ∈ A 5 . By HBT, A is closed in R. Thus, x ∈ A. Thus
Completes the proof.

The Vitali Covering Theorem (VCT) and Applications

Theorem 3.4 (VCT): Let A be a set of real numbers with finite outer measure and let J be a
vitali cover of A. Then for all ε > 0, there exists a finite disjoint sub-collection { Ik}∞k=1 of J ,
such that

m∗
(
A\

n⋃

k=1

Ik

)
< ε (8)

Proof. Since A has a finite measure (that is m∗ (A) <∞), so there is an open set ϕ containing
A for which m∗ (ϕ) ≤ m∗ (A)+1. Because J is a Vitali covering of A, we may assume that every

4Bolzano Weierstrass Theorem states that every convergent sequence has a convergent sub-sequence
5A denotes the Closure of A.
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interval α ∈ J is contained in ϕ. Since, { Ik}∞k=1 ⊆ J is disjoint, then by countable Sub-additivity
and monotonicity of measure (Theorems 2.2 and 2.4), we have that:

∞∑

n=1

|Ik| < m∗ (ϕ) <∞ (9)

Now, since each Ik is closed and J is a Vitali covering for A, if { Ik}∞k=1 ⊆ J , then

A\
n⋃

k=1

Ik ⊆
⋃

I∈Jn
I (10)

Where Jk is the set of intervals I ∈ J that are mutually disjoint from I1, . . . , Ik, that is:

Jk = {I ∈ J : I ∩
n⋃

k=1

Ik = ∅ (11)

We consider two cases:
First, If there is a finite disjoint sub-collection of J that cover A, (that is if A ⊆ ⋃n

k=1 Ik), we
are done since m∗ (A\⋃n

k=1 Ik) = m∗ (ϕ) = 0 <∞.
In the second case, we inductively choose a disjoint countable sub-collection { Ik}∞k=1, defined as
follows:

A\
N⋃

k=1

Ik ⊆
∞⋃

k=1

5Ik ∀ k ∈ N (12)

Where 5Ik denotes the closed interval that has the same midpoint as Ik and 5 times its length.
We wish to verify that (12) holds:
Now, Since A\⋃n

k=1 Ik 6= ∅, the collection Jk, defined in (11) is non-empty.
Then, we define

gk = sup

{
|Ik| : I ∈ J : I ∩

n⋃

k=1

Ik = ∅
}

(13)

As the supremum of length of the intervals in Jk (as defined in (11)). Thus, we have that gk is
finite, since is an upper bound for the lengths.
We choose Ik+1 ∈ Ik for which 1

2gn < |Ik+1|. This inductively defined { Ik}∞k=1, a countable
disjoint sub-collection of J such that for each k,

|I|
2
< |Ik+1| ⇒ |I| < 2 |Ik+1| (14)

But, 2 |Ik+1| → 0 as k →∞, from the convergence of
∑∞

n=1 |Ik| in (9).
Therefore, |Ik| = 0, which is a contradiction, since I is an interval and must have positive length.
Therefore, the assumption that I does not intersect at least one of the intervals in the sequence
{ Ik}∞k=1 is false. So ∃k ∈ N s.t I ∩ Ik 6= ∅.
Let k0 be the smallest natural number greater or equal to N +1 such that I intersects Ik, that is

k0 = min {k : k ≥ N + 1, I ∩ Ik 6= ∅} (15)

Since k0 is the smallest number such that I ∩ Ik 6= ∅, so, we have that: I ∩⋃k0−1
i=1 Ii = ∅.

Also, |I| ≤ gk0−1 < 2 |Ik+1|. Let p0 be the center of the interval Ik0 . Then,

d (x, p0) ≤ |I| ≤ |I|+
|Ik0 |
2
≤ 2 |Ik0 |+

|Ik0 |
2

=
5 |Ik0 |
2

(16)
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Since 5Ik is the closed and bounded interval that has the same center as Ik and length 5 times
that of Ik, Then x ∈ 5Ikand thus, (12) holds and

x ∈ 5Ik ⊆
∞⋃

k=1

5Ik

So by applying Theorem 2.4 and 2.5 to equation (12), we have that

m∗
(
A\

n⋃

k=1

Ik

)
≤ m∗

( ∞⋃

k=1

5Ik

)
5 .
ε

2
= ε

We proceed by proving the following theorems using VCT:

Theorem 3.5 Let f be an increasing function on the closed and bounded interval [a, b]. Then
for each c > 0:

m∗
{
x ∈ (a, b) : Df (x) ≥ c

}
≤ 1

c
. [f ( b)− f (a)] (17)

and
m∗
{
x ∈ (a, b) : Df (x) =∞

}
= 0 (18)

Proof. Let c > 0. We define Ac =
{
x ∈ (a, b) : Df (x) ≥ c

}
. 6

We choose {c∗ ∈ (0, c)}. Let ϕ be a collection of closed bounded intervals I contained in (a, b)
for which f

(
I
)
− f (I) ≥ c∗

(
I − I

)
.

Since Df (x) ≥ c on Ac, ϕ is a Vitali covering of Ac, and by VCT, ∃ a finite disjoint sub-collection{
Ik , Ik

}n
k=1

of ϕ for which m∗ (Ac\
⋃n

k=1 Ik) < ε.
Since Ac ⊆

⋃n
k=1 Ik ∪{Ac\

⋃n
k=1 Ik}, by monotonicity and sub-additivity of finite outer measure,

we have that:

m∗ (Ac) ≤ m∗
(

n⋃

k=1

Ik

)
≤

n∑

k=1

m∗ (Ik) =
∞∑

k=1

|Ik| <
∞∑

k=1

|Ik|+ ε ≤ 1

c∗
.

n∑

k=1

[
f
(
Ik
)
− f

(
Ik
)]

+ε

(19)
Also since the function f is increasing on [a, b] and { Ik}nk=1 is a disjoint collection of sub-intervals
of [a, b], Therefore,

n∑

k=1

[
f
(
Ik
)
− f

(
Ik
)]
≤ f (b)− f (a) (20)

Let ε > 0 be given, then for each c∗ ∈ (0, c),

m∗ (Ac) ≤
1

c∗
[f (b)− f (a) ] + ε (21)

This proves (17). Also for each k ∈ N,
{
x ∈ (a, b) : Df (x) =∞

}
⊆ Ak, by monotonicity of

measure,

m∗
{
x ∈ (a, b) : Df (x) =∞

}
≤ m∗ (Ak) ≤

1

n
. [f (a)− f (b)] (22)

Which proves (18)

6Df (x) denotes the upper derivative of f at x and it is defined by Df (x) = limh→0 sup
f(x+h)−f(x)

h

Df (x) denotes the lower derivative of f at x and it is defined by Df (x) = limh→0 inf
f(x+h)−f(x)

h

f is differentiable at x ∈ I, where I is an open interval, if the upper and lower derivatives of f at x are equal
and finite.
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Theorem 3.6 (Lebesgue Differentiation Theorem) If the function f is monotone on the open
interval (a, b), then it is differentiable a.e on (a, b).

Proof. We assume f is an increasing function,
Also, we assume that (a, b) is bounded, otherwise we express (a, b) as the union of adjascent
sequence of open, bounded intervals and we use the continuity of Lebesgue measure.
The set of points x in (a, b) for which Df (x) > Df(x) is the union of the sets:

Ac,d =
{
x ∈ (a, b) : Df (x) > c > d > Df (x)

}
(22)

Where c and d are rational numbers. Since this is a countable collection, by the countable
sub-additivity of outer measure, it suffices to show that m∗ (Ac,d) = 0
Next we set the rational numbers c, d with c > d and set A = Ac,d. Let ε > 0 be given. We
choose an open set J for which

A ⊆ J ⊆ (a, b) and m∗ (J) < m∗ (A) + ε (23)

Let I be the collection of closed and bounded intervals such that I ⊆ ϕ, for which

f
(
I
)
− f (I) < d

(
I − I

)

Since Df (x) < d on A, I is a Vitali covering of A, and by VCT, there is a finite sub-collection
{ Ik}∞k=1 of I such that

m∗
(
A\

n⋃

k=1

Ik

)
< ε (24)

We make the choice of Ik, and with the union of disjoint intervals contained in J , we arrive at
the following

n∑

k=1

[
f
(
Ik
)
− f

(
Ik
)]
< d

(
n∑

k=1

[
Ik − Ik

]
)
≤ d . m∗ (J) ≤ m∗ (A) + ε (25)

For 1 ≤ k ≤ n, We apply T 3.5 to get

m∗ (A) ≤
n∑

k=1

m∗ (A ∩ Ik) ≤
1

c
. f
(
Ik
)
− f

(
Ik
)

(26)

By (24), we have:

m∗ (A) ≤
n∑

k=1

m∗ (A ∩ Ik) + ε ≤ 1

c

(
n∑

k=1

[
f
(
Ik
)
− f

(
Ik
)]
)

(27)

(27) , (28)⇒ m∗ (A) ≤ d

c
. m∗ (A) +

1

c
. ε+ ε ∀ ε > 0

Thus, since 0 ≤ m∗ (A) < ε and d
c < 1, m∗ (A) = 0, Hence, f is a.e on (a, b)

Disproving The VCT

Using a Recursive Counter example, we disprove VCT.

Theorem 3.7 There exist a Vitali Cover in RUSS that disproves Theorem 3.4 (VCT).
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Proof. Based on the results from RUSS (See R2, section 3.2), we have that for each ε >
0 ∃ a ε− singular covering of [0, 1].
We then construct an open interval similar to the one done in [1].
Let (Tn)n≥1 be a 1

8− singular covering. We choose to extend the intervals a bit, so it becomes a
cover of the unit interval. So we set In =

(
3Tn − Tn , 3Tn − Tn

)

Then, we have the following results:

(i) [0, 1] ⊆
∞⋃

i=1

Iiand (ii)
n∑

i=1

|In| = 4
n∑

i=1

|Tn| ≤
1

2
for all n ∈ N.

For each n ∈ N, we choose (Ini )n≥1 to be an enumeration of all intervals with rational endpoints
contained in In. It’s quite trivial to show from the results (i) and (ii) above that (Ini )n≥1is a
Vitali cover.
For contradiction, we assume theorem 9 holds

i.e. ∃ pairwise disjoint In1
i1
, . . . , Ink

ik
s.t m∗

(
[01] \

m⋃

k=1

Ink
ik

)
<

1

2

So, we have that:
1

2
> m∗

(
[01] \

m⋃

k=1

Ink
ik

)

= 1−m∗
(

m⋃

k=1

Iik

)

(By Countable Subadditivity)

≥ 1−
m∑

k=1

Iik

≥ 1

2

HBT Fails In Russ

There are many extensions and analogs of the Borel theorem, some of which are hidden away
in papers on other subjects [9]. We wish to present another version of the HBT that would be
easily seen to fail in RUSS.

Theorem 3.8 (A Version of HBT) Every open cover of the closed and bounded interval [0, 1]
has a finite sub-cover.

(
i.e If ϕ is an open cover of [0, 1] , then ∃ s.t [0, 1] ⊂

n⋃

i=1

ϕi = ϕ1 ∪ · · · ∪ ϕn

)
.

One of the basic point set topology is the Heine Borel Theorem is the HBT. Within INT, the
theorem is still valid by an appeal to FT, however, the effectivity of HBT can be called to question
as within RUSS, the existence of ε−singular covers provides a strong recursive counter example
to the theorem [4]. This leads us to the following theorem:

Theorem 3.9 In RUSS, there exists a cover for which Theorem 3.1 fails to hold.
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Proof. We recall that in RUSS, for each ε > 0 ∃ a ε − singular covering of [0, 1]. We also
choose the same interval In as used in section 6 of this work.
Let (Tn)n≥1 be a 1

8 singular covering and In =
(
3Tn − Tn , 3Tn − Tn

)
be an open cover. Then,

(i) [0, 1] ⊆
∞⋃

i=1

Ikand (ii)

n∑

i=1

|Ik| = 4

n∑

i=1

|Tk| ≤
1

2
for all n ∈ N.

So, from results (i) and (ii) above, we easily conclude that Ik is an open cover of [0, 1].
So we assume (for contradiction) that Theorem 3.1 holds:

i.e. if [0, 1] ⊂ I =

∞⋃

k=1

Ik, then ∃ n ∈ N and I1, . . . , Ik ∈ I s.t [0, 1] ⊂
∞⋃

i=1

Ik = I1 ∪ . . . ,∪Ik

But from (ii) above, we see that:
n∑

i=1

|Ik| <
1

2

By Countable Subadditivity:

m∗
(

n⋃

k=1

Ik

)
≤

n∑

k=1

m∗ (Ik)

⇒ m∗
(

n⋃

k=1

Ik

)
≤

n∑

k=1

|Ik| <
1

2

⇒ m∗
(

n⋃

k=1

Ik

)
<

1

2
(∗)

But, we have that:
m∗ ([0, 1]) = 1 (∗∗)

From (i) above, we have that [0, 1] ⊆ ⋃∞i=1 Ik. Then By Monotonicity:

m∗ ([0, 1]) ≤ m∗
(

n⋃

k=1

Ik

)

Then, (∗) and (∗∗) ⇒ 1 < 1
2 Which is a contradiction.

4 Conclusion

In this work, we have been able to consider two core theorems in Pure Mathematics: the HBT
and VCT, and their applications in proving certain theorems. With the use of ε − singular
covers and recursive counter examples, we were able to construct covers that clearly disproves
HBT and VCT. From this work, we conclude with proofs that the HBT and VCT actually Fails
to hold in Constructive mathematics with the aid of Russian constructivism (RUSS).
We easily conclude that HBT and VCT also fails in BISH [1]. Since, indeed every theorem of
BISH is at the same time a theorem of INT, RUSS and CLASS [10]. This is because CLASS,
INT and RUSS are extensions of BISH [7].
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Abstract: The increase in human population has led to the increase in the number of schools,
hospitals, industries, large scale businesses, small scale businesses, etc. to support and meet
the demands of the ever increasing population. This increase in population and activities are
often concentrated in urban areas or cities in such Countries. Nigeria is not an exception to
this developmental concept as seen in most cities in Nigeria. Kaduna being a centre of learning
and the centre of Northern Nigeria, houses several infrastructural developments in Nigeria that
draws people from different works of life in the Country and abroad to run businesses and manage
government offices. However, there is very little improvement on the road networks in Kaduna
to support this development. In fact, the intra state railway is already nonfunctional for some
time now. These has led to serious traffic congestion in certain areas with high human activities
like the Kaduna Refinery Junction on working days. The application of fuzzy logic in optimizing
traffic flows in dynamic phase scheduling traffic control system has proven efficient as compared
to the static phase scheduling traffic control system. In this paper, an improvement of 74.81%
is recorded over an earlier result of 72.07%. This shows that, the right choice of membership
functions even with a significant increase in the fuzzy rule base amongst other factors plays an
important role in enhancing the optimization of dynamic phase scheduling traffic light control
systems with Fuzzy Logic.
Keywords: Fuzzy Logic Controller, Optimization, Dynamic Phase Scheduling Traffic Light Sys-
tem, Static Phase Scheduling Traffic Light System, Membership Function.

1 Introduction

The transportation of goods, humans and services is commonly done using the air, the sea and
the land. The use of airplanes as means of transporting goods, humans and services is not cost
effective, poor navigation due to large size of the planes and some people have phobia in flying on
airplanes. The use of ships, yacht, canoes, speed boats for transportation is limited to only areas
where there are seas and rivers. Aqua-phobia is another problem associated with this medium of
transportation of goods, humans and services. In addition, the time taken in the transportation
of humans, goods and services in water bodies takes longer to move from one point to another
especially when there is much distance as the speed of ships are slower as compared to airplanes
and cars. Pirates and storms are other challenges faced in the sea. The land transportation
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system encompasses options such as the rail way and the road. The train transport lots of goods
and humans, however, they travel base on time schedules, making them inflexible. Trains are
also saddled with the problem of poor navigation within cities especially in developing economy
like Nigeria. On the road, animals such as donkeys, camels, horses, cows, etc. are commonly
used. However, the use of animals is not quite effective and efficient as they may not be able
to carry large goods and humans due to the limitations of their capacity. Automobiles such as
motor bikes, cars, buses, lorries, trucks, etc. are more effective and efficient on roads for the
transportation of goods, services and humans, however, the capacity of the roads are limited in
the urban areas of growing economy like that of Nigeria. The major problems encountered when
using automobiles are congestion due to poor traffic control management systems especially at
intersections where the right of way is very essential and accidents due to clashes for the right
of way, over speeding, mechanical faults, etc.
In Nigerian urban areas and other parts of the world several measures are been put in place to
mitigate against the problem of high traffic congestions and accidents. Nigerian Road Safety
Corps have been commission to handle problems of over speed, wrongful use of the roads, poor
vehicle maintenance, etc. just to reduce accidents on Nigerian roads. In solving the problem
of high traffic congestions as a result of the right of way at intersections or round-about, traffic
wardens and traffic light system (TLS) have been deployed. The use of traffic warden is asso-
ciated with fatigue which may lead to accidents due to wrongful assignment of right of way to
motorist. The use of TLS has overcome the problem of fatigue. However, not all TLS systems
are efficient in assigning the right of way to motorist. The Static TLS (STLS) commonly referred
to as the Static Phase Scheduling of Traffic Light System (SPSTLS) is not efficient due to its use
of fixed phase duration for scheduling the right of way to motorist. The dynamic TLS (DTLS)
also called the Dynamic Phase Scheduling Traffic Light System (DPSTLS) is said to be more
efficient than the SPSTLS as reported in (Babangida et al., 2017).
The high rate of traffic on the roads in urban areas and their consequences has necessitated the
development of more efficient traffic light control systems (TLCS). The effectiveness of TLCS
is a function of precise traffic techniques and correct settings. Optimization methods play a
significant part in obtaining the right traffic techniques and accurate settings. The flow of traffic
follows a Poisson distribution which has elements of uncertainty. Due to the uncertainty inherent
in the road traffic flow, fuzzy logic has been one of the most successful optimization approaches
that has been used in the modelling of DPSTLS in the allocation of right of way to motorist at
intersections.
Babangida et al., (2017) simulated a DPSTLS using simulation of urban mobility (SUMO) in
modeling road traffic system of a three lanes four-way intersection with fuzzy inference system
as an optimization technique which gave a 65.35% improvement on the waiting time. However,
the size of the fuzzy rule base (FRB) and the membership functions (MFs) play very important
role in the optimization of the TLS. When the rule base is high, the problem of computational
burden sets in.
Peter et al. (2018) also simulated a DPSTLS using SUMO that gave 72.07% performance im-
provement in the average waiting time. Though the paper used nine (9) FRB with Trapezoidal
MFs for both queue length and phase duration, while the waiting time utilized the Gaussian
MF. However, if the MFs are not properly selected to represent the system it also affects the
performance of the system as these constitutes the settings of a fuzzy logic controller (FLC) in
obtaining an optimal performance.
Nevertheless, this paper presented a proposed model that utilized twenty-five (25) FRB and
Gaussian MFs in both the inputs and output in modelling the FLC. The Gaussian MF has the
characteristic of smooth transition in control systems. This ensured an improvement in the per-
formance of the DPSTLS though with an increased number of FRB.
The paper is structured as follows: In section 2, the problem statement is presented and in sec-
tion 3, a review of related literature. Section 4, the materials and methods used were presented.
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The presentations of the simulation and discussion of results were made in section 5. Section 6
concludes the paper.

2 Statement of the Problem

Being the center of the Northern Regional part of Nigeria, Kaduna had the advantage of hosting a
major national asset, the Kaduna Refining and Petrochemical Company (KRPC) Limited which
is a part of the Nigerian National Petroleum Corporation (NNPC). KRPC was sited at a distant
outskate of the Kaduna city to separate it far from human settlement to ensure its by-products
have little or no health implication on the populace of the city and around; and to ensure that
the produced petroleum products are transported without unnecessary delays.
Though the road that leads to KRPC is off the road between Kaduna metropolis and Kachia
(which meant it was a join called Refinery Junction), there were no traffic congestion problems
at the join since the volume of cars utilizing the road were less. This was due to the fact that
there was no settlement around KRPC. Later, settlements such as Television, Sabo, Kamanzou,
Mahuta, Nissi Village, and Maraban Rido came to existence, most of which are adjacent to the
KRPC whose economic activities remained in the main city of Kaduna metropolis. This implies
increase in the number of vehicles utilizing the road and has brought with it the usual challenge,
traffic congestion.
Traffic congestion, being an undesirable condition needs to be managed to mitigate the challenges
that comes with it. Therefore, several attempts have been made to address the traffic congestion
at the Refinery Junction. Manual Traffic Management (MTM) was the first solution, followed
by the reconstruction of Yakowa way, and then the introduction of SPSTLS at the said junction.
These solutions have improved the traffic condition at the junction but the desired result is yet
to be attained. DPSTL have been developed (simulated) to replace the SPSTLS. However, the
DPSTLS also yet to provide the desired result. Therefore, the need for improvement of the
DPSTLS.
The enhancement of the TLS such as DPSTLS is necessary since challenges such as effect of the
emitted harmful gases on populace around the Junction, unnecessary delays which could lead
to the dead of patients wishing to access the available healthcare facilities in the main city of
Kaduna metropolis, balking and reneging has the tendency of causing deadlocks and crashes,
criminal elements at congested locations could attack the motorist.

3 Review of Related Literature

In addressing the ever increasing problem of high traffic congestions in urban areas especially at
intersections several researchers have contributed in reducing the effects of road traffic conges-
tions. Queue lengths aid in making informed decisions on TLCS. Blokpoel and Vreeswijk (2016)
utilized the idea of supportive techniques, involving a Global Positioning System, the wave speed
of accelerating vehicles and the traditional end line perception with supportive perception to cal-
culate the length of the queue. Microscopic urban traffic simulator was utilized in developing an
extremum finder in optimizing the performance measure in real time of a unimodal surroundings
as reported in (Kutadinata et al., 2016). Jin, Ma and Kosonen (2017) acknowledge the need for
efficient and effective management controls of increasing traffic congestion in urban areas and
proposed a scientific computing frame work to optimize road traffic of a two intersections by
using SUMO. Liu et al., (2017) used mist computing and hash crash problem to solve challenges,
such as dense roadside sensors, confronting malicious vehicles, circumventing unit point frustra-
tion, etc. caused from the denial of service attack and the condition of bad weather that render
vehicles invisible to smart TLCS. In order to achieve the best TLC mode, Vlasov (2017) utilized
a model that makes use of nonlinear software design and genetic procedure. Osigbemeh et al.
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(2017) proposed the use of incandescent light and halogen lightings due to their efficiency and
effectiveness over light emitting diodes (LEDs) for TLCS. LED causes problem of bad visibility
to motorist which might lead to road traffic laws violations if used for TLCS. Lee et al. (2019)
employed an adaptive traffic flow optimization (ATOM) in modeling a target intersection situa-
tion with local and neighbouring intersections of real time road traffic via SUMO simulation. The
concept of directed graph was maintained in mapping road network into a flow network. The pa-
per claimed that ATOM improves the number of vehicles that pass an intersection per unit time,
reduces the vehicles travel time, lower mean waiting time and reduces the number of vehicular
stops. Sharma and Kumar (2019) model three t-intersections of Hardwar in India. The objective
of the study is to reduce the waiting time and improve upon the traffic flows on the roads using
Genetic algorithm. In the study, data on traffic flows, queue capacity and traffic throughput
are collected by the aid of digital cameras. They claimed that a traffic control performance of
85% was archived in the study. Lee and Chiu (2020) design and implemented a smart traffic
signal controller system for smart city applications. The system supports emergency automobile
signal preemption, acclimatize traffic signal control, message spreading and open transport signal
precedence which are compatible with existing traffic signal controllers. Torabi, Wenkstern and
Saylor (2020) developed a congestion reduction traffic signal timing system that was validated
and simulated on a traffic network comprising of 128 signal intersections. The system employs
software agents in addition to intersection controllers, that consider the feedback gotten from
controller agents likely to be affected by changes. The result of the simulation shows that the
system outperforms the traditional system and the current system model by the use of Reinforce-
ment Learning. Wang et al. (2019) considered safety and delay conditions for intersections of
mixed traffic flows. A possibility approach was employed, to measure the likelihood of conflicts
at the intersections. Post intrusion time and moving drive for estimating conflict harshness.

4 Materials and Methods

4.1 Materials

One of the best ways for modelling traffic problems is to utilize tools that provides visual simu-
lation of the traffic model. This research employed SUMO, a microscopic platform for modeling
and visualizing traffic problems. TraCI4MATLAB, an Application Programing Interface (API)
that interfaces MATLAB with SUMO. TraCI4MATLAB facilitates the control of SUMO objects
such as the traffic lights, and the retrieval of traffic conditions such as waiting times and queue
lengths that are utilized by the Fuzzy Inference Engine.
A FLC was developed with five (5) Gaussian membership functions. The queue length and
waiting time served as inputs, while phase duration served as the output of the system which
optimizes the performance of the traffic lights for optimum traffic flows. The FLC control surface
is shown in fig. 1 below. The control surface is generated by 25 FRB as shown in Table 1 below.

4.2 The Intersection Architecture

The considered intersection is a four-way inflows and outflows, having north, west, south and
eastbound flows as shown in Fig. 2 below. The traffic approaching the intersection on a given
inflow, exits the intersection through any of the remaining three outflows.

5 Simulation and Discussion of Results

One-way, two-way and four-way high density flows for all the four ways at the refinery junction
were simulated in this work. The following graphs depicts the simulation of the different cases.
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Figure 1: FLC Control Surface

Table 1: FLC Fuzzy Rule Base.

Waiting Time Queue Length Phase Durations
Small Short Small
Small Average Small
Small Long Average
Small Very Long Large
Small Extremely Long Very Large
Average Short Small
Average Average Average
Average Long Average
Average Very Long Large
Average Extremely Long Very Large
Large Short Small
Large Average Average
Large Long Large
Large Very Long Large
Large Extremely Long Very Large
Very Large Short Small
Very Large Average Average
Very Large Long Large
Very Large Very Long Very Large
Very Large Extremely Long Very Large
Extremely Large Short Small
Extremely Large Average Average
Extremely Large Long Large
Extremely Large Very Long Extremely Large
Extremely Large Extremely Long Extremely Large

5.1 Simulations

One-Way High Traffic Density Simulation.
In the case of one-way high traffic density, the record of vehicular arrival and the assignment of
green phase durations is depicted in the graphs shown in Fig. 3a-3d.
In Fig. 3a and 3d, the simulation was designed in such a way that there were no approaching
vehicles on the Refinery and Yakowa Roads. The smart traffic light system operates in a round-
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Figure 2: Flows at the Intersection (Source: Babangida et. al., 2017)

(a) Optimum green phase duration of Re-
finery Road.

(b) Optimum green phase duration of
Kaduna Road.

(c) Optimum green phase duration of
Kachia Road.

(d) Optimum green phase duration of
Yakowa Road.

Figure 3

robin fashion to ensure stability of the controller; it assigns the minimum phase durations to
the Yakowa flow, but it does not assign green wave to the Refinery flow since other vehicles are
waiting at Kaduna and Kachia flows.
In Fig. 3b and 3c, Kaduna flow was designed to have high traffic flow density while Kachia flow
with low traffic flow density. However, the maximum number of waiting vehicles on either flows
were either less or equal to 4, and did not wait for long.
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Two-Way High Traffic Density Simulation.

(a) Optimum green phase duration of Re-
finery Road.

(b) Optimum green phase duration of
Kaduna Road.

(c) Optimum green phase duration of
Kachia Road.

(d) Optimum green phase duration of
Yakowa Road.

Figure 4

In Fig. 4a and 4d, there were no approaching vehicles, so the minimum phase duration is only
assigned to Yakowa flow when the waiting vehicles in both Kachia and Kaduna flows were zero.
In Fig. 4b and 4c, Kachia and Kaduna flows were designed to have high traffic flow density. The
graphs show that the flows received high frequency of green waves assignment. They also show
that the highest number of waiting vehicles were 9 and waited longer than in the case of one-way
high density flows.

Four-Way High Traffic Density Simulation.

In Fig. 5a-5d where all flows were designed to have high traffic density. Analyzing the graphs
show that the green wave assignment is in round-robin fashion since all flows have waiting vehicles
between 0 and 12. The graphs also show that the vehicle waited far longer than in the case of
one-way and two-way high traffic density.
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(a) Optimum green phase duration of Re-
finery Road.

(b) Optimum green phase duration of
Kaduna Road.

(c) Optimum green phase duration of
Kachia Road.

(d) Optimum green phase duration of
Yakowa Road.

Figure 5

5.2 Results

Table 2. The average waiting time for SPSTLS and DPSTLS.
Setup SPSTLS DPSTLS % Improvement

(s) (s)

Four-Way 18.87 7.67 59.35
Two-Way 14.56 3.08 78.85
One-Way 13 1.79 86.23
Average percentage Improvement 74.81

One-Way High Traffic Density Results.
One-way high traffic flow obtained 13 seconds for the SPSTLS and 1.79 seconds for the DPSTLS
when simulated and it recorded an improvement of 86.23%. This result shows an improvement
of 3.61% over a similar simulation reported in (Peter et al., 2018). Fig. 3a-3d depicts the green
phase durations of the scheduling.

Two-Way High Traffic Density Results.
The two-way high traffic density flow gave a result of 14.56 seconds for the SPSTLS and 3.08
seconds for the DPSTLS with a record of 78.85% improvement. The result shows an improve-
ment of 6.25% over a similar simulation reported in (Peter et al., 2018). Fig. 4a-4d depicts the
green phase durations of the scheduling.
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Four-Way High Traffic Density Results.
Four-way high traffic density flow gave a result of 18.87 seconds for the SPSTLS and 7.67 seconds
for the DPSTLS. 59.35% improvement was recorded. The result decline by 1. 65% as compared
to a similar simulation reported in (Peter et al., 2018). Fig. 5a-5d depicts the green phase
durations of the scheduling.

6 Summary and Conclusion

In this work, three different simulations were implemented using TRACI4MATLAB simulator in
the simulation of urban mobility (SUMO). In the control of SUMO objects MATLAB provides
flexibility hence its choice.
This work is motivated on the basis that MFs play a significant role in the optimization of the
performance of FLC. This is evident in this work, in that, though despite the increase in the fuzzy
rule base of the FLC from nine to twenty-five, there was still a remarkable increase in the overall
average performance of the simulation. This is not far fetch from the fact that Gaussian MFs
were used in both inputs and output of the FLC with twenty-five FRB. Whereas, Trapezoidal
and Gaussian MFs were used as inputs and Trapezoidal MF as output in the FLC that has nine
fuzzy rule base.
Four ways, two-ways and one-way high density traffic flows were mimicked. The result shows an
improvement from 72.07% to 74.81% in an earlier work reported in (Peter et al., 2018).
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Abstract: This work is on the destruction of Weibull under cubic, square and square root trans-
formation. The data for the analysis were simulated. Based on the analysis, it was discovered
that the mean and variance of cubic and square root transformation are normally distributed
while the mean of square even before and after transformation are unity and the variance of the
transformed data is greater than the original data. Hence, one should be very careful in applying
square root transformation to a data set where the multiplicative error under model is a suitable
representation and where the error component has a Weibull distribution. This implies that the
transformation increases the error variance.

Keywords: Weibull distribution, Gamma Distribution, Transformation of Data, Probability
Density Function, Cumulative Density Function.

1 Gamma Distribution

Gamma distribution is sometimes referred to as distributions of waiting time. It provides a good
model for waiting time and reliability theory. It is used to model workers income since income
is a non-negative random variable. In other words, it’s a model. The gamma distribution like
the lognormal distribution is an alternative to consider for ecological variables that seem to be
highly skewed. If the random variable Y is gamma distributed with parameter α and β. Then
the likelihood of Y is

P (Y ) =
βa

Γ(a)
γa−1e−βγ

where the gamma functions Γ(x) =
∫∞

0 tx−1e−tdt as in lognormal distribution Y and the param-
eters α and β must be positive.
The gamma distribution function has three different types 1-, 2-, 3- parameter gamma distribu-
tion if the continuous random variable x fits the probability density function of

f(x) =
1

Γ(α)
xα−1e−x, x ≥ 0 (1)

It is said that the variable x is 1-parameter gamma distributed, with shape parameter α. In
equation (1), Γ(α) the incomplete gamma function is given by

Γ(α) =

∫ ∞

0
xα−1e−xdx (2)
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The distribution function has a form of the simple exponential distribution in the case of α = 1;
if x in equation (2) is replaced by x/β where β is the scale parameter, then 2-parameter gamma
distribution is obtained as

F (x)− 1

βαΓ(α)
xα−1e−x/β;x ≥ 0 (3)

which returns to the 1-parameter gamma distribution for β = 2. If x is replaced by (x − r)/β,
where Γ is the location parameter, then the 3-parameter gamma distribution is obtained as

F (x)− 1

βαΓ(α)
(x− r)α−1e−(x−r)/β;x ≥ r (4)

Hence, understanding the transformation of x variables in a two parameter gamma distribution
by transformation of the square, square root and cubic will help us to understand the character-
istics of gamma distribution.

The objectives of this study is to find if there is any difference in cubic, square and square
root transformation of gamma distribution when compared to the main distributions, to find out
if the means and variances of the transformed distribution are different from the main distribu-
tion and to find out the distributions that are more efficient by using the ratio of the mean and
variance of the transformation when compare to the main distribution. This work will strengthen
readers of this work to know how to model non-negative random variable.

The gamma distribution is characterized with the following properties:
Skewness
The Skewness which is equal to 2√

k
, depends only on the shape parameter (k) and approaches a

normal distribution when k is large (approximately when k = 10).

Median Calculation
Unlike the mode and mean which have readily formulae based on the parameters, the median
does not have an easy closed form equation. The median for this distribution is defined as the
value such that

1

Γ(k)θk

∫ v

0
xk−1ιx/θdx =

1

2

A rigorous treatment of the problem of determining an asymptotic expansion and bounds for the
median of the gamma distribution was handled first by Ched and Rubin, who proved that

m− 1

3
< λ(m) < m,

where λ(m) denotes the median of the gamma (m, 1) distribution (Fraser D.A.S 1967).

1.1 Statement of Hypothesis

a H01: There is no significant difference between cubic transformation distribution and the
main distribution.

b H02: There is no significant difference between square transformation distribution and the
main distribution

c H03: There is no significant difference between square root transformation distribution and
the main distribution.
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1.2 Methods of Estimating Gamma Distribution

Observing n independent data points x = (x1, x2, x3, ..., xn) from the same density θ = (α, β).

P (x/α, β) = Gα(x : α, β) =
xα−1

Γ(α)βα
exp

(−x
β

)

Maximum Likelihood Estimator: Let x1, x2, ..., xn are independent and identically distributed
random variables taken from gamma distribution, then the probability density function is given
by

f(x/α, β) =
1

Γ(α)βα
x−1ι−x/β, 0 < x <∞, α, β > 0.

The likelihood function is given by

L(x;α, β) =
n∏
r|1

1

Γ(α)βα
x−1ι

−∑n
r=1

xi
β

The log likelihood function is

log{L(x, α, β)} = −n log Γ(α)− nα log β + (α− 1)
n∑

i=1

log xi −
1

β

n∑

i=1

Xi.

The likelihood equations are given by

∂{log(L)}
∂α

=
−nΓ′(α)

Γ(α)
n log β +

n∑

i=1

logXi = 0 (5)

while
∂{log(L)}

∂β
= n

α

β
+

1

β2

n∑

i=1

Xi = 0 (6)

Solving for β we have β̄ = X̄
α , substituting the value of β in equation (5) we get

Γ′(α)

α
− logα =

1

n

n∑

i=1

logXi − log(X̄).

This converges in about four iterations.

Methods of Moment Estimator: Let x1, x2, ..., xn be a random sample from gamma (α, β)
distribution where both the parameters are unknown. The problem is to get the estimator for
both α and β.
The first two moments about the origin are given by the following:

µ′1 = E(x) = αβ. (7)

N ′1E(x2) = α(α+ 1)β2. (8)

Then the sample moments are obtained as

µ′1 =
1

n

n∑

i=1

Xi

and

µ′2 =
1

n

n∑

i=1

X2
i .
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So, using method of moments, we have that

µ′1 −N ′1 ⇒
1

n

n∑

i=1

Xi = αβ ⇒ ᾱ =
x̄

β

and

µ′2 −N ′2 ⇒
1

n

n∑

i=1

X2
i = α(α+ 1)β2 =

x̄

β

(
x̄

β
+ 1

)
β2.

Solving for β we have

1

n

n∑

i=1

X2
i = X̄(X̄ + β)⇒ βx̄ =

1

n

n∑

i=1

X2
i − (x̄)2.

Finally we get

β̄ =
S2

nx̄

where

S2 =

n∑

i=1

(xi − x̄)2.

The method of moment estimators of α and β are ᾱ = x̄
fflbeta and β̄ = S2

nx̄ .

Based on the fact that our interest is on the probability distributions or densities of functions of
one or more random variables. Suppose we have a two sets of random variables, x1, x2, x3, ...xn,
with a known joint probability and or density function, we may want to know the distribution of
some function of these random variables γ = φ(x1, x2, x3, ...xn) where realized values of Y will
be related to realized values of the x’s as follows: γ = φ(x1, x2, x3, ...xn).

2 Methods of Transformation

In distribution theory, there are three methods of transforming random variables, these are
Distribution Function Theory: In this method, the region in x1, x2, x3, ..., xn space such
that φ(x1, x2, x3, ...xn) ≤ 0. We can find the probability that φ(x1, x2, x3, ...xn) ≤ φ that is,
P{φ(x1, x2, x3, ...xn) ≤ φ} by integrating the density function F (x1, x2, x3, ...xn) over this region.
In this case, F (φ) is just P [φ ≤ φ]. Once F (φ) is obtained, the density can be obtained by
integration.
Method of Transformation (Inverse Mappings): If the density function of X is unknown.
In addition, suppose that the function of y = φ(x) is differentiable and monstonic for values
within its range for which the density F (x) 6= 0. This means that we can solve the equation
y = φ(x) for X as a function of Y . We can then use this inverse mapping to find the density
function of Y . We can do a similar thing when there is more than one variable X and then there
is more than one mapping φ(). (BALLINGSLEY, 1995)
Methods of Moment Generating Function: This model states that if two random variables
have identical moment generating functions, they possess the same probability distribution. The
procedure is to find the moment garneting function for φ and then compare it to any and all
known ones to see if there is a match. This is most commonly done to see if a distribution
approaches to normal distribution as the sample size goes to infinity.
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3 Research Methodology

The work is to analyze the ratio work, to analyze the original mean and transformed mean,
original variance and transformed variance. The data is a montecalous stimulated data that
consists of 150 observations and 150 transformation into cubic, square and square root of gamma
distribution.

3.1 Method of Analysis

The ratio method would apply to analyze the data to determine if there is any difference between
the observations of data. In this work, we would compare the means (Eξ) and E(ξ∗) and the
variance V ar(ξ) and V ar(ξ∗) by measuring the percentage increase in them to know if there is
any other transformation; that is we would obtain the ratios E(ξ∗)

E(ξ) and V ar(ξ∗)
V arξ .

For this purpose, we would assume θ = 1.0 which means that if the mean is less than one, the
transformed mean is better, if the mean is higher than the one, the original mean is better and
if both are the same, the mean is normal. (Ohakwe et al (2013). The ratio is just a comparison
between two different things.

4 Presentation of Data

Table 4.1: Distribution of Gamma Simulated Data
Gamma CUBE ROOT SQUARE ROOT SQUARE
48.6418 3.6504 6.9744 2366.0260
110.8092 4.8031 10.5266 12278.6690
29.9465 3.1054 5.4723 896.7952
37.2675 3.3402 6.1047 1388.8678
135.5361 5.1367 11.6420 18370.0428
118.7873 4.9158 10.8990 14110.4198
31.7344 3.1660 5.6333 1007.0733
28.8697 3.0677 5.3731 833.4584
28.6716 3.0607 5.3546 822.0585
42.9027 3.5008 6.5500 1840.6375
38.0140 3.3624 6.1656 1445.0675
19.4401 2.6888 4.4091 377.9170
15.9896 2.5193 3.9987 255.6683
91.5032 4.5062 9.5657 8372.8360
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53.0974 3.7586 7.2868 2819.3339
39.9046 3.4172 6.3170 1592.3753
59.7596 3.9096 7.7304 3571.2039
52.0615 3.7340 7.2154 2710.4026
96.0709 4.5800 9.8016 9229.6245
64.4463 4.0093 8.0278 4153.3232
16.6041 2.5512 4.0748 275.6965
39.2884 3.3995 6.2680 1543.5768
169.2304 5.5313 13.0089 28638.9279
86.0425 4.4147 9.2759 7403.3081
45.6345 3.5735 6.7553 2082.5043
78.1656 4.2757 8.8411 6109.8538
42.4628 3.4887 6.5164 1803.0911
53.7531 3.7740 7.3317 2889.3952
28.4764 3.0537 5.3363 810.9030
34.4533 3.2539 5.8697 1187.0302
55.5924 3.8166 7.4560 3090.5174
53.2087 3.7612 7.2944 2831.1668
65.6412 4.0339 8.1019 4308.7645
77.4420 4.2624 8.8001 5997.2605
43.5416 3.5180 6.5986 1895.8718
25.8416 2.9565 5.0835 667.7874
55.9053 3.8237 7.4770 3125.3991
52.9727 3.7556 7.2782 2806.1020
49.6630 3.6757 7.0472 2466.4125
48.8722 3.6561 6.9909 2388.4917
43.7972 3.5249 6.6179 1918.1927
31.2797 3.1508 5.5928 978.4174
53.3501 3.7645 7.3041 2846.2363
107.7419 4.7584 10.3799 11608.3100
78.3061 4.2782 8.8491 6131.8398
16.5689 2.5494 4.0705 274.5270
62.4870 3.9682 7.9049 3904.6265
65.4994 4.0310 8.0932 4290.1709
52.3893 3.7418 7.2380 2744.6418
24.6824 2.9116 4.9681 609.2232
42.1032 3.4789 6.4887 1772.6776
41.8546 3.4720 6.4695 1751.8089
18.0761 2.6244 4.2516 326.7462
70.3479 4.1281 8.3874 4948.8219
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37.8077 3.3563 6.1488 1429.4199
36.0491 3.3034 6.0041 1299.5407
58.5219 3.8825 7.6500 3424.8186
43.5736 3.5189 6.6010 1898.6616
52.2050 3.7374 7.2253 2725.3670
24.6414 2.9100 4.9640 607.1986
26.2963 2.9737 5.1280 691.4941
62.8284 3.9754 7.9264 3947.4051
45.4929 3.5698 6.7448 2069.6006
31.8617 3.1702 5.6446 1015.1697
81.9507 4.3436 9.0527 6715.9231
70.6744 4.1345 8.4068 4994.8720
93.3335 4.5361 9.6609 8711.1476
58.5198 3.8824 7.6498 3424.5689
99.2334 4.6297 9.9616 9847.2614
43.2567 3.5104 6.5770 1871.1413
27.3240 3.0120 5.2272 746.6017
63.8067 3.9960 7.9879 4071.2922
33.0749 3.2100 5.7511 1093.9490
17.8302 2.6125 4.2226 317.9157
52.8806 3.7535 7.2719 2796.3540
10.4455 2.1860 3.2319 109.1074
52.9102 3.7542 7.2739 2799.4868
53.4687 3.7673 7.3122 2858.8984
27.4348 3.0160 5.2378 752.6694
72.4945 4.1697 8.5144 5255.4457
87.0521 4.4319 9.3302 7578.0669
26.2632 2.9725 5.1248 689.7564
67.3977 4.0696 8.2096 4542.4554
41.0319 3.4491 6.4056 1683.6209
66.9836 4.0612 8.1844 4486.8051
66.7037 4.0556 8.1672 4449.3857
53.0318 3.7570 7.2823 2812.3766
45.9308 3.5812 6.7772 2109.6372
48.5476 3.6480 6.9676 2356.8722
24.0247 2.8855 4.9015 577.1868
32.4351 3.1891 5.6952 1052.0381
6.5779 1.8737 2.5648 43.2694
73.4827 4.1885 8.5722 5399.7020
72.8259 4.1760 8.5338 5303.6147
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27.1515 3.0056 5.2107 737.2029
81.3376 4.3328 9.0187 6615.7986
31.7930 3.1679 5.6385 1010.7955
50.7137 3.7015 7.1214 2571.8815
20.7466 2.7478 4.5548 430.4225
37.1548 3.3369 6.0955 1380.4760
41.5044 3.4623 6.4424 1722.6120
43.8410 3.5261 6.6213 1922.0300
25.9752 2.9616 5.0966 674.7114
45.3554 3.5662 6.7346 2057.1105
23.1440 2.8498 4.8108 535.6445
45.8359 3.5788 6.7702 2100.9287
25.3181 2.9364 5.0317 641.0046
118.7708 4.9155 10.8982 14106.5071
72.0813 4.1617 8.4901 5195.7196
25.2005 2.9318 5.0200 635.0648
71.6970 4.1543 8.4674 5140.4625
3.4805 1.5155 1.8656 12.1141
54.0257 3.7804 7.3502 2918.7790
74.0621 4.1995 8.6059 5485.1880
25.3986 2.9395 5.0397 645.0886
22.3626 2.8174 4.7289 500.0880
45.4771 3.5694 6.7437 2068.1697
49.9669 3.6832 7.0687 2496.6869
22.2560 2.8129 4.7176 495.3274
38.6632 3.3814 6.2180 1494.8393
72.7222 4.1740 8.5277 5288.5241
13.1508 2.3604 3.6264 172.9423
105.2290 4.7211 10.2581 11073.1432
24.3774 2.8995 4.9373 594.2570
25.0249 2.9250 5.0025 626.2456
41.2215 3.4544 6.4204 1699.2144
61.9847 3.9576 7.8730 3842.1038
82.5800 4.3547 9.0874 6819.4609
99.8930 4.6399 9.9946 9978.6015
59.6900 3.9081 7.7259 3562.8945
18.1621 2.6286 4.2617 329.8619
41.5818 3.4645 6.4484 1729.0486
126.4954 5.0199 11.2470 16001.0931
29.1662 3.0782 5.4006 850.6700
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37.1024 3.3353 6.0912 1376.5900
45.5428 3.5711 6.7485 2074.1458
37.1614 3.3371 6.0960 1380.9679
35.0318 3.2721 5.9188 1227.2269
65.0894 4.0226 8.0678 4236.6356
39.2784 3.3993 6.2672 1542.7909
60.9410 3.9352 7.8065 3713.7999
121.3350 4.9506 11.0152 14722.1782
52.8649 3.7531 7.2708 2794.6928
56.3575 3.8340 7.5072 3176.1692
121.2133 4.9490 11.0097 14692.6584
50.7673 3.7028 7.1251 2577.3211
48.8847 3.6564 6.9918 2389.7169
76.7863 4.2504 8.7628 5896.1308
19.0095 2.6688 4.3600 361.3598
47.4693 3.6208 6.8898 2253.3319

4.1 Analysis of Data

Descriptive Statistics of the Gamma Distribution Data
Mean 52.03
Standard Error 2.30
Median 46.70
Mode #N/A
Standard Deviation 28.14
Sample Variance 791.64
Kurtosis 1.97
Skewness 1.20
Range 165.75
Minimum 3.48
Maximum 169.23
Sum 7804.36
Count 150.00

Distribution Identification for Cube Root

Descriptive Statistics
N N∗ Mean StDev Median Minimum Maximum Skewness Kurtosis
150 0 3.6155 0.6647 3.6010 1.5155 5.5313 0.0285 0.4180

Goodness of Fit Test
Distribution AD P
Normal 0.315 0.540
Exponential 46.541 < 0.003
Weibull 1.012 0.011
Gamma 0.461 > 0.250
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Interpretation:
The probability plot of the cube root shows that the Gamma distribution with p−value = 0.250
is the best distribution that fits the data.

Distribution Identification for Square Root

Descriptive Statistics
N N∗ Mean StDev Median Minimum Maximum Skewness Kurtosis
150 0 6.9618 1.8939 6.8335 1.8656 13.0089 0.3561 0.3848

Goodness of Fit Test
Distribution AD P
Normal 0.561 0.144
Exponential 37.326 < 0.003
Weibull 1.012 0.011
Gamma 0.375 > 0.250
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Interpretation:
The probability plot for square root shows that the Gamma distribution approximates the data
best than the other distributions. P − V alue = 0.250.

Distribution Identification for Square

Descriptive Statistics
N N∗ Mean StDev Median Minimum Maximum Skewness Kurtosis
150 0 3493.39 4060.56 2181.48 12.1141 28638.9 2.8515 11.1845

Goodness of Fit Test
Distribution AD P
Normal 12.323 < 0.005
Exponential 1.018 0.112
Weibull 1.012 0.011
Gamma 1.029 0.015

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 373



Interpretation:
The probability plot for square shows that the exponential distribution fits the data best with
p− value = 0.112.

4.2 Proof of The Transformations:

f(x) =

∫ ∞

0

ι
− x
β xα−1

Γαβα
=

1

Γαβα

∫ ∞

0
ι
− x
β xα−1dx

Let
v =

x

β
⇒ x = vβ ⇒ dx = βdv

f(x) =
1

Γαβα

∫ ∞

0
ι−v(vβ)α−1βdv

=
1

Γαβα

∫ ∞

0
ι−vvα−1βα−1βdv

=
1

Γα

∫ ∞

0
ι−vvα−1dv

=
1

Γα
Γα =

1

1
= 1

Cubic Transformation
x = y3

Γ(α, θ) =
1

Γ(α)θα

∫ ∞

0
xα−1ι−

x
θ dx (9)

Using Jacobiam Transformation, we have that dx = 3x2dy Inserting in equation (9)

Γ(α, θ) =
1

Γ(α)θα

∫ ∞

0
y3(α−1)ι−

y3

θ 3y2dy (10)

=
3

Γ(α)θα

∫ ∞

0
y3αy−3ι−

y3

θ y2dy (11)

=
3

Γ(α)θα

∫ ∞

0
y3αy−1ι−

y3

θ dy (12)

Again, Let

Z =
y3

θ
⇒ Zθ = y3 ⇒ y = Z

1
3 θ

1
3 ⇒ dy

dZ
=

1

3
Z−

2
3 θ

1
3 ⇒ dy =

1

3
Z−

2
3 θ

1
3dZ

Insert dy in equation (12)

Γ(α, θ) =
3

Γ(α)θα

∫ ∞

0
y3αy−1ι−

y3

θ
1

3
Z−

2
3 θ

1
3dZ (13)

=
3

Γ(α)θα

∫ ∞

0
y3α−1ι−

y3

θ
1

3
Z−

2
3 θ

1
3dZ (14)

=
3

Γ(α)θα

∫ ∞

0
z

1
3

(3α−1)θ
1
3

(3α−1)ι−Z
1

3
Z−

2
3 θ

1
3dZ (15)

=
1

Γ(α)θα

∫ ∞

0
zαz−

1
3 θαθ−

1
3 ι−ZZ−

2
3 θ

1
3dZ (16)

=
1

Γ(α)

∫ ∞

0
zα−1ι−ZdZ =

Γ(α)

Γ(α)
= 1 (17)
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This shows that the transformation is a probability density function.

Square Transformation
x = y2

Γ(α, θ) =
1

Γ(α)θα

∫ ∞

0
xα−1ι−

x
θ dx (18)

Using Jacobiam Transformation, we obtain x = y2 ⇒ dx = 2ydy Inserting in equation (18)

Γ(α, θ) =
1

Γ(α)θα

∫ ∞

0
y2(α−1)ι−

y2

θ 2ydy (19)

=
2

Γ(α)θα

∫ ∞

0
y2αy−2ι−

y2

θ ydy (20)

=
2

Γ(α)θα

∫ ∞

0
y2αy−1ι−

y2

θ dy (21)

Hence, Let

Z =
y2

θ
⇒ Zθ = y2 ⇒ y = Z

1
2 θ

1
2 ⇒ dy

dZ
=

1

2
Z−

1
2 θ

1
2 ⇒ dy =

1

2
Z−

1
2 θ

1
2dZ

Insert dy in equation (21)

Γ(α, θ) =
2

Γ(α)θα

∫ ∞

0
y2αy−1ι−

y2

θ
1

2
Z−

1
2 θ

1
2dZ (22)

=
2

Γ(α)θα

∫ ∞

0
(Z

1
2 θ

1
2 )2α−1ι−

y2

θ
1

2
Z−

1
2 θ

1
2dZ (23)

=
1

Γ(α)θα

∫ ∞

0
Zαθ−

1
2 θαZ−

1
2 ι−ZZ−

1
2 θ

1
2dZ (24)

=
1

Γ(α)

∫ ∞

0
ZαZ−1ι−ZdZ (25)

=
1

Γ(α)

∫ ∞

0
Zα−1ι−ZdZ = 1 (26)

This shows that the transformation is a probability density function.

Square Root Transformation
x = y

1
2

Γ(α, θ) =
1

Γ(α)θα

∫ ∞

0
xα−1ι−

x
θ dx (27)

Using Jacobiam Transformation, we obtain dx = 1
2y
− 1

2dy Inserting in equation (27)

Γ(α, θ) =
1

Γ(α)θα

∫ ∞

0
y

1
2

(α−1)ι−
y
1
2
θ

1

2
y−

1
2dy (28)

=
1

2Γ(α)θα

∫ ∞

0
y
α
2 y−

1
2 ι−

y
1
2
θ y−

1
2dy (29)

=
1

2Γ(α)θα

∫ ∞

0
y
α
2 y−1ι−

y
1
2
θ dy (30)

therefore, Let

Z =
y

1
2

θ
⇒ Zθ = y

1
2 ⇒ y = Z2θ2 ⇒ dy

dZ
= 2Zθ2 ⇒ dy = 2Zθ2dZ
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Insert dy in equation (21)

Γ(α, θ) =
1

2Γ(α)θα

∫ ∞

0
(Z2θ2)

α
2 (Z2θ2)−1ι−Z2Zθ2dZ (31)

=
1

2Γ(α)θα

∫ ∞

0
ZαθαZ−2θ−2ι−Z2Zθ2dZ (32)

=
1

Γ(α)θα

∫ ∞

0
ZαθαZ−2ι−ZZdZ (33)

=
1

Γ(α)

∫ ∞

0
ZαZ−2ι−ZZdZ (34)

=
1

Γ(α)

∫ ∞

0
Zα−1ι−ZdZ = 1 (35)

This shows that the transformation is a probability density function.

5 Summary

In this work, the distribution of weilbull distribution under cubic, square and square root trans-
formation using simulated data was carried out. It was discovered that the mean and variance of
cubic and square root transformation are normally distributed while the mean of square before
and after transformation are unity; the variance of the transformed is greater than the untrans-
formed distribution. Based on the findings, there should be caution in applying square root
transformation to a data set where the multiplicative error model is a suitable representation
and were the error component has a Weibull distribution. This implies the transformation in-
creases the error variance. We also discovered that using cubic and square root transformation
in solving gamma distribution is normally fitted while square transformation is not, hence cubic
and square root transformation is preferable that square transformation for a normal analysis.
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Abstract: In reliability analysis a lot of failure distribution are derived by extending some
well-known families of distribution such that the new distribution(s) tends to be more flexible
and tractable in handling failure data. In this paper, we investigate the properties of Gompertz
Inverse Weibull distribution by providing expression for the rth raw moment, mean, variance,
median, moment generating function, Renyl entropy, order statistics. Application to real data
set shows the tractability of the Gompertz Inverse Weibull distribution in handling failure data.

Keywords: Gompertz Inverse Weibull distribution, Renyl entropy, order statistics, moment
generating function, P th raw moment.

1 Introduction

One of the most important distributions used in modeling lifetime data is the Weibull distri-
bution whose cumulative distribution function (cdf) and probability density function (pdf) are
respectively given by

G(x) = 1− e−αxβ , x > 0, α, β > 0 (1)

And the corresponding pdf is given as

g(x) = αβxβ−1e−αx
β
, x > 0, α, β > 0 (2)

Where α is a scale parameter and β is a shape parameter.

The Weibull distribution as being an appropriate model of failure in instances where an item
consists of numerous components and each component has an identical failure time distribution
and the item fails when the weakest part fails, Liu [10]. Suppose Xis a random variable following
a Weibull Distribution with parameters α, β > 0, under the transformation Y = 1

X ; will have
the Inverse Weibull distribution proposed by Keller and Kamath [8] is obtained. The cdf and
pdf of the inverse Weibull distribution are given respectively by

W (x) = e−αx
β
, x > 0, α, β > 0 (3)

w(x) = αβx−(β+1)e−αx
β
, x > 0, α, β > 0 (4)
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The reliability and hazard function of the inverse Weibull distribution is respectively given by:

R(x) = 1− e−αxβ , x > 0, α, β > 0 (5)

h(x) =
αβx(β+1)e−αx

β

1− e−αxβ (6)

The inverse Weibull distribution has proved to be very useful in the modeling of life time data.
It has been compounded with other continuous distributions to produce new lifetime distribu-
tions.Pararai et al. [14] studied the gamma inverse Weibull distribution, The Kumaraswamy
inverse Weibull (KIW) distribution was proposed and studied by Shahbaz et al.[16]. The beta
inverse Weibull distribution was proposed and studied by Khan et al. [6]. Bera, Walter T. [2],
studied the properties of Kumaraswamy inverse Weibull distribution, Hanook et al.[5] further
investigated the properties of the beta inverse Weibull distribution. Yassmen, Y. Abdelall [18]
investigated the properties of the Exponentiated Transmuted Generalised Inverse Weibull Dis-
tribution. Kersey, J., and Oluyed [9], examined the theoretical properties of the length biased
inverse Weibull distribution. Elbatal I. M. [4] studied the properties of the generalised inverse
Weibull distribution. Khan et al. [13] studied the inverse Weibull distribution and established
its flexibility in modelling reliability data. They further suggested that the Inverse Weibull (IW)
distribution is dynamic in nature because of its ability to take the form of different distributions
when its shape parameter changes.

2 The Gompertz Inverse Weibull Distribution

The Gompertz – G family of distribution was developed by Morad Alizadeh et al. [18]. The cdf
of the Gompertz-G family was given as

F (x) =

∫ −log{1−W (x;ξ)}

0
θeλte−

θ
λ
(eλt−)dt = 1− e( θλ{1−[1−W (x;x)]−λ}) (7)

WhereW (x; ξ) is the baseline cdf depending on the parameter vector ξ and λ, θ > 0. Are the two
addition shape parameters which control the kurtosis and skewness of the distribution, thereby
enhancing the flexibility of the compounded distribution.

The pdf to equation (7) is given as

f(x; θ, λ, ξ) = θw(x; ξ)[1−W (x; ξ)]−λ−1e
θ
λ
{1−[1−W (x;ξ)]−λ} (8)

The new density function is most tractable W (x) and w(x) have simple analytical expressions.
The cdf of Gompertz Inverse Weibull (GIW) distribution is obtained by inserting equation (3)
in (7) to obtain

F (x) = 1− e θλ{1−[1−exp(−αx−β)]−λ} (9)

And the associated pdf is given as

f(x) = θαβx−(β+1)e−αx
−β

[1− e−αx−β ]−λ−1e
θ
λ
{1−[1−e−αx−β ]−λ} (10)

The graph of pdf and the cdf of GIW distribution is drawn below
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Figure 1.0 The graph of the cdf and the pdf of the GIW distribution.

• The graph of the cdf in the figure above indicates that the Gompertz Inverse Weibull
distribution has a proper pdf.

• The graph of the pdf in the figure above indicates that the Gompertz Inverse Weibull
distribution is non-monotone that it is unimodal.

2.1 To show that the pdf of GIW distribution is a proper Density function

For a probability density function to be a proper density function then,

F (x) =

∫ ∞

−∞
f(x)dx = 1 (11)

Putting (10) in (11) we have

F (x) =

∫ ∞

0
θαβx−(β+1)e−αx

−β
[1− e−αx−β ]−λ−1e

θ
λ
{1−[1−e−αx−β ]−λ}dx (12)

If we let u = 1− e−αx−β , dx = − du

αβx−(β+1)e−αx−β
and substitute it in (12), we have

F (x) = −θ
∫ ∞

0
u−λ−1e

θ
λ
{1−u−λ}du (13)
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Also, let w = θ
λ{1− u−λ}, dw = θu−λ−1du, then putting the expression in (13), we have

F (x) = −
∫ ∞

0
ewdw = −(e∞ − e0) = 1

Since the integral of the pdf of GIW distribution converges to one, it also shows that the GIW
distribution has a proper pdf.

2.2 Survival function and the Hazard function of GIW distribution

The survival function ϕ(x) is defined that a system survive to time t. For any given system the
survival function is given as:

ϕ(x) = 1− F (x) (14)

For GIW distribution the survival function is given as

ϕ(x) = e
θ
λ
{1−[1−exp(−αx−β)]−λ} (15)

The hazard function can be said to be the probability of failure of a system having survived to
time t. Mathematically it can be defined as

ω(x) =
f(x)

ϕ(x)
(16)

putting equation (10) and (15) in (16), then we have

ω(x) = θαβx−(β+1)e−αx
−β

[1− e−αx−β ]−λ−1 (17)

by setting the value of λ = 0 and θ = 1, the hazard function of GIW distribution we reverse
back to the hazard function of Inverse Weibull distribution as given in equation (6).

The graph of the survival and the hazard function is drawn below for various values of the
parameters of the distribution.
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Figure 2.0 The graph of the survival and the hazard function of the GIW distribution.

• The graph of the hazard function indicates that the distribution has an inverted bathtub
shape and that the distribution can be used to model real life data that exhibits non-
monotone failure rate.

2.3 Quantile function

The U th quantile function of a distribution is defined as the inverse of the distribution function
F (xu) = u. For the GIW distribution the quantile function is given by

x =

[
− 1

α
log

{
1− [1− λ

θ
log(1− u)]−

1
λ

}]− 1
β

(18)

Where u follows a uniform distribution, the expression for the quantile function can be used to
generate random samples. The median of the GIW distribution can be obtained by letting u = 1

2
In equation (18) and we have an expression for the median given as

x =

[
− 1

α
log

{
1− [1− λ

θ
log(0.5)]−

1
λ

}]− 1
β

(19)

Other quantile measures can also be obtained from equation (18), by making u = 0.25 gives
lower quartile and u = 0.75 yield the upper quartile.
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3 Mathematical Properties

Here, we examine some mathematical properties of GIW distribution.

3.1 Useful Expansion

Here we provide some useful expansion that will facilitate the study of the properties of GIW
distribution. If |K| < 1 and Y > 0, b > 0, r > 0 is a real non-integer, the following expansion
exist

(1−K)−γ =
∞∑

i=0

(
γ + i− 1

i

)
κi (20)

(1−K)b =
∞∑

m=0

(−1)m
(
b

m

)
κm (21)

etx =
∞∑

r=0

tr

r!
xr (22)

Using the above equations, we can rewrite the pdf of GIW in equation (10) as

g(x) = ψα,β,λ,θi,j,k,l,rx
−(β+1)e−αx

−β(i+l+1) (23)

where

ψα,β,λ,θi,j,k,l,r = α, β, θ
∞∑

i=0

∞∑

j=r

∞∑

k=0

∞∑

l=0

1

r!

(
θ

λ

)r (r
k

)(
λk + l − 1

l

)(
λ+ i

i

)
(24)

Are the weight of the functions of the GIW distribution.

3.2 Statistical Properties

Some statistical properties of the mentioned distribution are obtained in this section.

3.3 Moments

The pth moment of a distribution is defined by

E(Xp) =

∫ ∞

−∞
xpg(x)dx (25)

For the GIW the pth moment is given by

E(Xp) = ψα,β,λ,θi,j,k,l,r

∫ ∞

−∞
xp−β−1e−αx

−β(i+l+1)dx (26)

Finally, we have

E(Xp) = ψα,β,λ,θi,j,k,l,rα
p−β

β(i+l+1)Γ

{
β − p

β(i+ l + 1)

}
(27)
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3.4 Moment generating function(mgf) of GIW distribution

The mgf of the GIW distribution is given by

Mx(t) = E(etx) =

∞∑

P=0

tp

p!
E(Xp) (28)

Putting equation (27) into equation (28), we have

Mx(t) =

∞∑

p=0

tp

p!
ψα,β,λ,θi,j,k,l,rα

p−β
β(i+l+1))Γ

{
β − p

β(i+ l + 1)

}
(29)

3.5 Renyl entropy

The Renyl entropy of a random variable W represents a measure of uncertainty. A large value of
entropy indicates the greater uncertainty in the data. The Renyi, A. [15] introduced the Renyi
entropy as

Hv(W ) =
1

1− v log
∫ ∞

−∞
g(x)φdx, v > 0, v 6= 1 (30)

The Renyl entropy tends to Shannon entropy as v → 1
The Renyl entropy for GIW distribution is given by

Hv(W ) =
1

1− v log
{(

ψα,β,λ,θi,j,k,l,r

)v ∫ ∞

−∞
x−v(β+1)e−αvx

−β(i+l+1)dx

}
, v > 0, v 6= 1

Finally,an expression for the Renyl entropy for the GIW distribution is given as

Hv(W ) =
1

1− v log




(
ψα,β,λ,θi,j,k,l,r

)v ( 1

αθ

) v(β+1)−1
β(i+l+1)

Γ

[
v(β + 1)− 1

β(i+ l + 1)

]
 (31)

4 Order Statistics

Let X1, X2, ..., Xn be a random sample from the GIW distribution and let X(1), X(2), ..., X(n) be
the corresponding order statistics. The pdf of kth order statistics, say Xk:n which can be written
by

fk:n(x) =
n!

(k − 1)!(n− 1)!
f(x)[F (x)]k−1[1− F (x)]n−k (32)

An expression for the first order (k = 1) and the n order (k = n) for the GIW distribution is
respectively given as

f1:n(x) = nαβθx−(β+1)
∞∑

i=0

(
λ+ 1

i

)
e[
nθ
λ
{1−[1−e−αx−β ]−λ}−αx−β(i+1)] (33)

f1:n(x) = nαβθx−(β+1)
∞∑

i=0

∞∑

j=0

(
n− 1

i

)(
λ+ 1

j

)
(−1)i

e
θi
λ
{{1−[1−e−αx−β ]−λ}n−1}

eαx−β(i+1)
(34)

5 Maximum likelihood estimation of the model parameters

Here, we estimate the parameters of the GIW distribution by the method of maximum likelihood
estimation (MLE). Let X1, X2, ..., Xn be a random sample from the GIW distribution with
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observed values x1, x2, ..., xn and f = (α, β, λ, θ)T represent the vector of the model parameters.
The log-likelihood function of f may be expressed as

l = nlogα+ nlogβ + nlogθ − α
n∑

i=1

x−βi − (λ+ 1)

n∑

i=1

logq +
θ

λ

n∑

i=1

{1− q−λ} (35)

Where q = 1− e−αx−βi . The elements of the score vector
(
†α =

∂l

∂α
, †β =

∂l

∂β
, †λ =

∂l

∂λ
, †θ =

∂l

∂θ

)T

can be obtained for the parameters α, β, λ, θ by differentiating the non-linear equation with
respect to α, β, λ, θ and equating it to zero. The solution may not be obtained as a closed form
expression, rather the parameter estimates can be obtained numerically by using software which
may include, OX program, R, MAPLE etc.

6 Application

In this section, we demonstrate the tractability and flexibility of the GIW distribution by mean
of an application to real life data. MLEs of the model parameters and some goodness of fit
statistics for the fitted models are computed using Adequacy model in R.
The data set was obtained from remission times (in months) of a random sample of 128 bladder
cancer patients (Lee and Wang, 2003). These data have been used by Nofal et al.[13] and Afify [1].
To fit the Gompertz Inverse Weibull distribution. We compare the fit of the GIW distribution
with those of the generalised transmuted Lindley (GT-Li), Nofa et al. [13], Kumaraswamy
Lindley (KwLi), Cakmakyapan and Kadlar, [3] and Beta Lindley (BLi), Merovci and Sharma
[11] and Exponentiated transmuted generalised Rayleigh (ETGR), Afify et al. [1] and the baseline
distribution. models densities (for x > 0)

• The GT-Li density is given by

f(x) =
η2

1 + η
(1+x)e−ηx

{
1− 1 + η + ηx

1 + η
e−ηx

}α−1{
α(1 + λ)− λ(α+ β)

[
1− 1 + η + ηx

1 + η
e−ηx

]β}
.

• The Kw-Li density is given by

f(x) =
αβη2(1 + x)

(1 + η)
e−ηx

{
1− 1 + η + ηx

1 + η
e−ηx

}α−1{
1−

[
1− 1 + η + ηx

1 + η
e−ηx

]α}β−1
.

• The BLi density is given by

f(x) =
η2(1 + x)

B(α, β)(1 + η)

{
1 + η + ηx

1 + η
e−ηx

}β−1{
1− 1 + η + ηx

1 + η
e−ηx

}α−1
.

• The ETGR density is given by

f(x) = 2αηβ2xe−(βx)
2{1−e−(βx)2}αη−1{1+λ−2λ{1−e−(βx)2}α}{1+λ−λ{1−e−(βx)2}α}η−1.

The parameters of the above densities are all positive real numbers except the parameter λ,
where |λ| ≤ 1.
In order to investigate the performance of this distributions, we consider the goodness of fit
statistics which includes the Akaike Information Criterion (AIC), Consistent Akaike Information
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Criterion (CAIC), Bayesian Information Criterion (BIC), Hannan-Quinn Information Criterion
(HQIC), Anderson- Darling A∗ and Cramer-Von Mises (W ∗) statistic. The upper tail percentiles
of the asymptotic distributions of these goodness-of-fit statistics were tabulated in Nichols and
Padgett (2006). Table 1.0 represent the estimates of the parameters of the distributions consid-
ered and Table 2.0 lists the numerical values for various form of measure of fits considered that
is: AIC, CAIC, HQIC, BIC, W ∗ and A∗.

Table 1.0 MLEs and their standard errors (in parenthesis) for cancer data
Model Estimates of parameters
GIW
(α, β, λ, θ)

0.1977
(0.2507)

1.0228
(0.3989)

0.9924
(0.4120)

0.0206
(0.0222)

GT-Li
(η, α, λ, β)

0.1648
(0.017)

0.7334
(0.091)

7.027E-05
(0.178)

0.0049
(0.104)

Kw-Li
(η, α, β)

0.0238
(0.028)

0.6201
(0.039)

8.5854
(11.134)

−
(−)

BLi
(η, α, β)

0.0232
(0.0073)

0.5357
(0.055)

14.4662
(7.422)

−
(−)

IW
(η, α, β)

11.2212
(1.3428)

0.7466
(0.0374)

−
(−)

−
(−)

Table 2.0 The Statistic −2l̄, AIC, CAIC, HQIC, BIC, W ∗ and A∗ for cancer data
Model −2l̄ AIC CAIC HQIC BIC W ∗ A∗

GIW 827.22 835.22 835.54 839.85 846.63 0.1216 0.7448
GT-Li 832.57 840.57 840.89 845.20 851.98 0.2033 1.2140
Kw-Li 834.97 840.97 841.17 844.45 849.53 0.1975 1.1940
BLi 846.96 852.96 853.16 856.44 861.52 0.3705 2.1982
IW 2122.83 2126.84 2126.90 2129.46 2133.31 0.5015 3.3166

7 Conclusion

In this study the flexibility and tractability of the Gompertz Inverse Weibull is demonstrated. In
the class of other distributions considered the Gompertz inverse Weibull possess the smallest AIC,
CAIC, HQIC, W ∗ and A∗ and therefore it could be regarded as the best among the competing
distributions.
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Abstract: This study employed the dynamic programming method to predict the optimal cus-
tomer returns corresponding to the optimal allocation of marketers. The data used were collected
from Access Bank Plc in Enugu, Abia and Imo State respectively. The data consists of the num-
ber of marketers available at Access Bank and the past allocations with their customer returns.
In the course of analyzing the data, we formulated a discrete dynamic model. In the model,
allocation of each marketer was assumed to represent a stage in the sequence of decisions. Dif-
ferent decision variables (Enugu State 8, Abia State 7, Imo State 5) were used to maximize the
customer returns. The solutions to the formulated dynamic programming models were obtained
using Microsoft Excel-solver software. The findings of the study shows that the optimal customer
returns expected in Enugu, Abia, and Imo States are 10931 customers, 7932 customers and 7074
customers respectively.

Keywords: Dynamic Programming, Discrete Dynamic Programming, Optimal Returns and
Optimal Allocation.

1 Introduction

According to Kotler (1999), marketing is defined as any human activity directed at satisfying
needs and wants through exchange process. Sebastine et al. (2012) posits that the heart of
any business success lies in its marketing. They, however, stated that marketing is a process by
which a product or service is introduced and promoted to potential customers, hence; marketing
attempts to create, expand and maintain a collection of customers.
Several Access banks branches exist in Nigeria but this study focused on eight branches in
three states (Enugu, Abia and Imo). In the banking sector one approach commonly adopted
in the day-to-day business of getting customers is marketing. Marketing of bank services is the
activity of presenting, advertising and selling of bank’s product in the possible way in order
to satisfy customers’ needs and wants profitably. Through marketing, bank’s customers’ are
enlightened about the benefits associated with their opening account with such a bank. Therefore,
many banks allocate marketers to different marketing areas in order to get customers optimally.
One of the mathematical models for allocating marketers to marketing areas is the dynamic
programming model.
Dynamic programming is a mathematical technique used for allocation of scarce resources such as
personnel, material, machine, time, storage, space, money, energy etc. to two or more competing
activities such as projects, equipment’s, services, jobs etc. in an optimal way so as to realize the
objective of the organization which may be to maximize profit or minimize cost.
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This study aimed at Formulating a dynamic programming model for allocation of marketers
to Access bank branches, to determine the number of marketing personnel to be allocated in
each branch of Access bank plc in the three states (Enugu, Abia and Imo) in order to maximize
number of customers and to determine the optimal customer return for Access bank in the three
states (Enugu, Abia and Imo). The outcome of this study will assist the Access bank plc in
solving their marketing areas. Also, researchers who may wish to carry out a similar study will
find this study very resourceful.

2 Review of Related Literature

The application of dynamic programming in the solution of multi-stage decision making prob-
lems has been studied by different researchers over the years.
Lindley (1961) presented a paper on dynamic programming and decision theory. In his work,
he showed how dynamic programming links up with certain decision problems in the statistical
field. The subject of his paper is the contribution of dynamic programming to some sequential
statistical (or decision) problems. The first and the most familiar, truly sequential procedure is
Wald’s likelihood ratio test. His paper also showed that dynamic programming provides a com-
putational technique for finding optimum sequential procedure in a wide variety of statistical
situation.
Nemhauser et al. (1969) presented a work on discrete dynamic programming and capital allo-
cation. In his work, the dynamic programming algorithms were developed for optimal capital
allocation subject to budget constraints. This paper also extended the work of Weingartner
(2010) and Ness (2009) by including multi-level project interactions and also able to handle dy-
namic programming models with several state variables because the optimal returns are monotone
non-decreasing step functions. Computation experience with a variety of problems is reported.
Page (1975) presented a note on a two-dimensional dynamic programming problem. In his paper
a two-dimensional dynamic programming problem is posed by relaxing some of the restraints
on the problem, it is reduced to a standard dynamic programming problem. Results are quoted
from a particular case study. The problem solved in this paper was to decide how many sections
to hold and what sections these should be and was solved using dynamic programming approach.
Then the number of section which minimized the sum of the cost of waste in cutting of holding
stock was found.
Esogbue et al. (1977) constructed a dynamic programming model of the non-serial critical path-
cost problem. The intent of this paper is to show that efficient non-serial dynamic programming
formulations can be developed foe several complex non-serial CMP-cost problem situations. In
particular, the project time minimization procedure results is less complex dynamic program-
ming model and is thus employed in this paper. This paper also outlined the advantages of these
approaches over existing mathematical programming methods such as their ability to handle
nonlinear cost functions and constraints as well as their highly efficient parameterization capa-
bilities.
Moores (1986) discussed dynamic programming in transformer design. This paper shows how the
techniques of dynamic programming was applied to the problem determining the optimum mix
of widths steel used to “pack” a transformer coil, the approach enables the designer to specify and
vary the number of widths to be incorporated into the design. It transpires that beyond a rela-
tively small number the “coverage” obtained is largely independent of the coil diameter. Other
researchers that worked on dynamic programming includes Karoui et al. (2006), Milovanovic
(2010), Todorov (2014), Nadarajah (2014) and Anyata (2014).
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3 Methodology

Sources of Data
Data used in this work were collected from a secondary source. The data were collected from
the customer care unit of some Access Bank branches in South East. The data consists of
number of marketing personnel in each branch of Access Bank Plc in Enugu, Abia and Imo State
respectively and the number of customers gotten by these marketers for the period (2011-2017).

3.1 Method of Analysis

The method adopted in the data analysis is the discrete dynamic programming method.
Dynamic Programming Method
Dynamic programming is a mathematical technique of optimizing a sequence of inter-related
decisions over a period of time. A dynamic programming approach uses the idea of recursion to
solve a complex problem. It breaks down the complex problem into a number of sub-problems
called stages. These sub-problems are then solved sequentially until the original problem is solved
(Shama, 2009).
The general dynamic programming model can be stated as follows:
Optimize Z = [f1(R1) + f2(R2) + f3(R3) + ...+ fn(Rn)]
Subject to

a1R1 + a2R2 + a3R3 + ...+ anRn = R, aiRi, R ≥ 0 (1)

where
Ai is the ith constant coefficient
Ri is the ith decision variable
Fn(Ri) is the return function

R = R1 +R2 + ...+Rn

In (3.1), the term stages refer to the sequence of smaller sub-problems of the main problem to
be analyzed. Similarly, the term states at each stage represent conditions of decision-making at
that stage, the term return function is an algebraic equation that represents worth or benefit
associated with a decision taken at each stages.
In order to formulate a dynamic programming model, the following steps are adopted:
Step 1: Define the decision variables, the objective function and specify the constraints
Step 2: Define the given problem into a number of smaller sub-problems or stages. Identify the
state variables at each stage and write down the transformation function as a function of the
state variable and decision variables at the next stage.
Step 3: Develop the recursive relationship for the optimal return function which permits com-
putation of the optimal policy at any stage. Decide whether forward or backward method is to
be followed in solving the problem.

It is also important to state here that a policy is a particular sequence of alternatives adopted by
the decision maker in a multi stage decision problem, the optimal policy must be one such that,
regardless of how a particular state is reached, all later decisions (choices) proceeding from that
stage must be optimal. Then appropriate tables are constructed to show the required values of
the return function of each stage which enables one to find the optimal decision at each stage
and then the overall optimal policy. There may be more than one such optimal policy.

4 Data Presentation and Analysis

Data Presentation
The data used in this study are presented in appendix.
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Data Analysis
The data analysis is done in this section by first formulating the dynamic programming model
for optimal return of customers in Access Bankis given in sections 4.1, 4.2 and 4.3 respectively.
Thereafter, the optimal solutions of the formulated dynamic programming problem are presented
in section 4.4.

4.1 Formulation of Dynamic Programming Model For Optimal Return of
Customers at Access Bank, Enugu State.

A clear examination of the data in table 4.1 shows that there are eight (8) marketers to be
allocated to eight (8) branches. This shows that the decision variables Ri are:
R1 = number of marketers to be allocated to Abakaliki road, Enugu Branch.
R2 = number of marketers to be allocated to Abakpa Nike Branch
R3 = number of marketers to be allocated to Agbani road branch
R4 = number of marketers to be allocated to Enugu Road Branch
R5 = number of marketers to be allocated to ESUT
R6 = number of marketers to be allocated to Kenyatta
R7 = number of marketers to be allocated to Okpara Avenue Branch
R8 = number of marketers to be allocated to UNN
The formulated dynamic programming model for Access Bank, Enugu State is

fn(R) = max
0≤R≤20

[Pn(Rn) + fn−1(R−Rn)]

Subject to

R1 +R2 +R3 +R4 +R5 +R6 +R7 +R8 = R,

R1, R2, R3, R4, R5, R6, R7, R8, R ≥ 0

where
fn(R) = f8(20) is the overall optimal return for all the branches in Enugu state.
Pn(Rn) = P8(R8) is the optimal return for a particular branch.
fn−1(R−Rn) = f7(20−R8) is the optimal return for the remaining 7 branches.
R = 20 is the total number of marketers available for Enugu state branches.
n = 8 is the number of branches in Enugu state.

4.2 Formulation of Dynamic programming Model for Optimal Return of Cus-
tomers at Access Bank, Abia State

The formulated dynamic programming model for Access Bank, Abia State is

fn(R) = max
0≤R≤17

[Pn(Rn) + fn−1(R−Rn)]

Subject to

R1 +R2 +R3 +R4 +R5 +R6 +R7 = R,

R1, R2, R3, R4, R5, R6, R7, R ≥ 0

where
fn(R) = f7(20) is the overall optimal return for the branches in Abia state.
Pn(Rn) = P7(R7) is the optimal return for a particular branch.
fn−1(R−Rn) = f6(20−R7) is the optimal returns for the remaining (n-1=6) branches.
R = 17 is the total number of marketers available for Abia state branches.
n = 7 is the number of branches.
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4.3 Formulation of Dynamic Programming Model for Optimal Return of Cus-
tomers at Access Bank, Imo State.

The formulated dynamic programming model for Access bank, Imo State is

fn(R) = max
0≤R≤12

[Pn(Rn) + fn−1(R−Rn)]

Subject to

R1 +R2 +R3 +R4 +R5 = R,

R1, R2, R3, R4, R5, R ≥ 0

where
fn(R) = f5(12) is the overall optimal return for the branches in Imo State.
Pn(Rn) = P5(R5) is the optimal return for a particular branch.
fn−1(R−Rn) = f4(12−R5) is the optimal return for the remaining (n-1=4) branches.
R = 12 is the total number of marketers in Imo State branches.
n = 5 is the number of branches.

4.4 Optimal Solution of TheFormulated Dynamic Programming Model

Apply Equation (4.1) on data of table 4.1 with the aid of Microsoft Excel Solver software; we
obtain the result shown in Table 4.4. From Table 4.4, we obtain the result of table 4.5.

Table 4.5: Allocated Marketers and the Optimal Return of Customers for Access
Bank Branches, Enugu State

Branch Number of marketers Optimal returns
Abakaliki Road 3 1101
Abakpa Nike 5 1531
Agbani Road 4 2162
Enugu Road 1 891
ESTUT 3 1315
Kenyatta 3 1965
Okpara Avenue 0 825
UNN 1 1141
Overall Optimal Return 10931

Applying Equation (4.2) on data of Table 4.2 with the aid of Microsoft Excel Solver software;
we obtain the result shown in Table 4.6. From Table 4.6, we obtain the result of table 4.7.

Table 4.6: Allocated Marketers and the Optimal Return of Customers for Access
Bank Branches, Abia State

Branch Number of marketers Optimal returns
Aba 3 1255
Azikiwe Road 5 1300
Duke House 2 888
Faulks Road 1 1277
Library Avenue 2 979
Library Way 0 841
MOUAU 4 1392
Overall Optimal Return 7932

Applying Equation (4.3) on data of Table 4 4.3 with the aid of Microsoft Excel Solver software;
we obtain the result shown in Table 4.8. From Table 4.8, we obtain the result of Table 4.9.
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Table 4.7: Allocated marketers and the optimal return of customers for Access
Bank Branches, Imo State

Branches Number of marketers Optimal returns
Bank Road 0 986
Mbaise Road 5 1464
Poly Nekede 4 1681
Orlu 2 1151
Wetheral 1 1792
Overall Optimal Return 7074

4.5 Interpretation of Results

From Table 4.5, we observe that in Access bank, Enugu State branches, the optimal allocation
of marketers’ areas is as follow:

• Allocate 3 marketers to Abakaliki Road Branch to return 1101 customers

• Allocate 5 marketers to Abakpa Nike Road Branch to return 1531customers

• Allocate 4 marketers to Agbani Road Branch to return 2162 customers

• Allocate 1 marketer to Enugu Road Branch to return 891 customers

• Allocate 3 marketers to ESUT Branch to return 1315 customers

• Allocate 3 marketers to Kenyatta Branch to return 1965 customers

• Allocate 1 marketer to UNN Branch to return 1141 customers

• No marketer should be allocated to Opara Avenue to return 825 customers

The total expected optimal customer return from all the branches of Access Bank in Enugu State
is about 10931 customers.

From Table 4.6, we observe that in Access bank, Abia State branches, the optimal allocation of
marketers’ areas is as follow:

• Allocate 3 marketers to Aba Branch to return 1255 customers

• Allocate 5 marketers to Azikiwe Road Branch to return 1300 customers

• Allocate 2 marketers to Duke House Branch to return 888 customers

• Allocate 1 marketer to Faulks Road Branch to return 1277 customers

• Allocate 3 marketers to Library Avenue Branch to return 979 customers

• Allocate 4 marketers to MOUAU Branch to return 1392 customers

• No marketer should be allocated to Library Way Branch to return 841 customers

Consequently, the total expected optimal customers return from all the branches in Access Bank
Plc, Abia State is about 7932 customers.

From Table 4.7, we observe that in Access bank, Imo State branches, the optimal allocation
of marketers’ areas is as follow

• No marketer should be allocated to Bank Road Owerri to return 986 Customers
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• Allocate 5 marketers to Mbaise Branch to return 1464 Customers

• Allocate 4 marketers to Federal Polytechnic Nekede Branch to return 1681 Customers

• Allocate 2 marketers to Orlu Branch to return 1151 Customers

• Allocate 1 marketer to Wetheral Road Branch to return 1792 Customers

The total expected optimal return of customers from all the branches in Imo State is 7074
customers.

4.6 Testing the Solution Derived From The Model

In this section, we examine whether the solution derived from the model actually satisfied the
mode. Figure 4.1 illustrates the analysis of the test procedure for solution derived from data of
Access Bank, Enugu state branches

R = 20→ R1 = 3

F1(R1) = 1101
20− 3 = 17−−−−−−−−→

R2 = 5

F2(R2) = 1531

17− 5 = 12−−−−−−−−→
R3 = 4

F3(R3) = 2162
12− 4 = 8−−−−−−−→

R4 = 1

F4(R4) = 891

8− 1 = 7−−−−−−→
R5 = 3

F5(R5) = 1315
7− 3 = 4−−−−−−→

R6 = 3

F6(R6) = 1965

4− 3 = 1−−−−−−→
R7 = 0

F7(R7) = 825
1− 0 = 1−−−−−−→

R8 = 1

F8(R8) = 1141
1− 1 = 0−−−−−−→

Figure 4.1: Test of solution from dynamic programming model for Access Bank
Enugu State
As shown in Figure 4.1, Access Bank Enugu State branches (Ri, i = 1, 2, ..., 8) utilized all the
available marketers (because the remaining value of R is zero) which satisfied the functional
constraint in the dynamic programming model formulated for Access Bank Enugu State. Also,
we can see from Figure 4.1 that,

f1(R1) + f2(R2) + ...+ f8(R8) = fn(R) = 1093

which is an indication that the solution derived from the dynamic programming model for Ac-
cess Bank, Enugu State satisfied the objective function. Consequently, we infer that the first
condition of the principle of optimality is satisfied. Secondly, the value of Ri lies between 0 and
5, which means that the condition is satisfied. In addition, the solution shows that the non-
negativity condition of the dynamic programming model is equally satisfied since none of the Ri
values is negative.

Similarly, Figure 4.2 illustrates the analysis of the test procedure for solution derived from data
of Access Bank, Abia State branches.

R = 17→ R1 = 3

F1(R1) = 1255
17− 3 = 14−−−−−−−−→

R2 = 5

F2(R2) = 1300

14− 5 = 9−−−−−−−→
R3 = 2

F3(R3) = 888
9− 2 = 7−−−−−−→

R4 = 1

F4(R4) = 1277

7− 1 = 6−−−−−−→
R5 = 2

F5(R5) = 979
6− 2 = 4−−−−−−→

R6 = 0

F6(R6) = 841

4− 0 = 4−−−−−−→
R7 = 4

F7(R7) = 1392
4− 4 = 0−−−−−−→
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Figure 4.2: Test of solution from dynamic programming model for Access Bank Abia
State
As shown in Figure 4.2, Access Bank Abia State branches (Ri, i = 1, 2, ..., 7) utilized all the
available marketers (because the remaining value of R is zero) which satisfied the functional
constraint in the dynamic programming model formulated for Access Bank, Abia State. Also,
we can see from Figure 4.2 that,

f1(R1) + f2(R2) + ...+ f8(R8) = fn(R) = 7932

which is an indication that the solution derived from the dynamic programming model for Access
Bank, Abia State satisfied the objective function. Consequently, we infer that the first condition
of the principle of optimality is satisfied. Secondly, the value of Ri lies between 0 and 5, which
means that the condition is satisfied. In addition, the solution shows that the non-negativity
condition of the dynamic programming model is equally satisfied since none of the Ri values is
negative.

Furthermore, Figure 4.3 illustrates the analysis of the test procedure for solution derived from
data of Access Bank, Imo State branches

R = 12→ R1 = 0

F1(R1) = 986
12− 0 = 12−−−−−−−−→

R2 = 5

F2(R2) = 1464

12− 5 = 7−−−−−−−→
R3 = 4

F3(R3) = 1681
7− 4 = 3−−−−−−→

R4 = 2

F4(R4) = 1151

3− 2 = 1−−−−−−→
R5 = 1

F5(R5) = 1792
1− 1 = 0−−−−−−→

Figure 4.3: Test of solution from dynamic programming model for Access Bank Imo
State
As shown in Figure 4.3, Access Bank Imo State branches (Ri, i = 1, 2, ..., 5) utilized all the
available marketers (because the remaining value of R is zero) which satisfied the functional
constraint in the dynamic programming model formulated for Access Bank, Imo State. Also, we
can see from Figure 4.3 that,

f1(R1) + f2(R2) + ...+ f8(R8) = fn(R) = 7074

which is an indication that the solution derived from the dynamic programming model for Access
Bank, Imo State satisfied the objective function. Consequently, we infer that the first condition
of the principle of optimality is satisfied. Secondly, the value of Ri lies between 0 and 5, which
means that the condition is satisfied. In addition, the solution shows that the non-negativity
condition of the dynamic programming model is equally satisfied since none of the Ri values is
negative.

5 Summary, Conclusion and Recommendations

5.1 Summary

This study employed discrete dynamic programming technique in determining the optimal cus-
tomer return at Access Bank in Enugu, Abia and Imo state respectively by considering the
available marketers, customer returns and the number of marketers allocated to each Access
Bank branch for a period of seven years. The Microsoft Excel Solver was used to obtain the
solution to the dynamic programming model formulated in this work. The result of this study
shows that the overall expected optimal customer returns in Access Bank Plc in Enugu, Abia
and Imo State are 10931 customers, 7932 customers and 7074 customers respectively.Also, the
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number of marketers allocated to each of the bank’s branches is given in table 4.5, 4.6 and 4.7
respectively. The solution derived from the dynamic programming model was tested and the
result satisfied the conditions and constraints of the formulated dynamic programming model.
Also, the conditions of principle of optimality were satisfied by the research data.

5.2 Conclusion

In accordance with the findings made in this work, we conclude the dynamic programming model
built in this work for Access Bank plc is appropriate for optimal return of customers.

5.3 Recommendation

Since the dynamic programming model built in this work yielded an efficient solution, we hereby
recommend that Access Bank plc in Enugu, Abia and Imo states should adopt the technique in
achieving the optimal customer return.Furthermore, we recommend that all marketing companies
should adopt the use of dynamic programming technique in optimal allocation problems.
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APPENDIX
ACCESS BANK ABIA STATE
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Abstract: The paper attempted to ascertain whether optimization approach fared better than
heuristic (routine) approach to resource allocation and revenue generation decisions in port ter-
minal operation. The authors modelled an objective function to maximize the contribution to
profit (CTP) on two classes of cargo – containerized and general cargo – handled by a port ter-
minal operator in one of Nigeria’s eastern ports for the last quarter of 2019. Three key terminal
resources which formed the decision variables were identified viz: gang labour hours, berth avail-
ability and storage capacity. The terminal layout measurements and the data supplied produced
maximal capacity for each resource and the concomitant constraint respectively. From these
were produced the feasible region via graph plotting which produced the maximizing throughput
point for both classes of cargo. The result of the linear programming optimization showed that to
maximize CTP, the terminal had to turn out twice the volume of general cargo above that of con-
tainerized cargo. This decision was subjected to a test of hypothesis of significance between the
routine method and the optimization method of resource allocation. Using the Student ‘t’ test
statistics, the optimization method turned out to have significant impact on terminal throughput
compared to the routine method. The paper concluded with the implications of the results for
both policy and management decision-making. Recommendations were made on how the port
industry, academia and government could collaborate to develop the various optimization tools
into software programs to tackle complex port operations challenges.

Keywords: Cargo Throughput, Contribution-to-Profit (CTP), Guaranteed Minimum Tonnage
(GMT).

1 Background

Port terminal decisions that border on the ‘right mix’ of resources – labour, mobile capital (e.g.
cranes), and infrastructure (e.g. wharfs) – to deploy to optimize cargo throughput and maximize
profit often constitute an all-time preoccupation to management, just the same way the general
shipping market forecast can be tasking (Stopford, 2009). The reason for this is fundamentally
due to the highly volatile nature of shipping demand and supply, which, apart from economic, is
affected by so many other factors extraneous to the market, including but not limited to: social,
political, religious, cultural, technological, etc., either one or a combination of which can impact
an otherwise stable market for better or for worse at the shortest or at no notice. As such a
‘good’ market (say in the short run) is reflected in increased consumer demand which leads to
increased ship traffic to port, and which if sustained reasonably enough, encourages an operator
to increase his investment in the factors of production that will further improve their capacity
to handle the traffic efficiently.
But as is the nature of shipping, trigger factors different from economic (war or insurrection from
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religious conflicts for instance) might suddenly surface to lower consumer demand, reduce ship
traffic and create excess and unused capacity for the cargo handling equipment, storage space
upgrading, labour and other investments that the terminal operator had made when the market
was in upswing. It is hence little surprise that the terminal operator is a most cautious investor,
always trying to balance the cost of investment against what the ‘traffic can bear’, so as not
to run into heavy losses accruing from capital underutilization. Many of them are known to
resort to equipment leasing in the short to medium term instead of outright acquisition, due to
the volatility of the port market (Seaport Terminal Operators Association of Nigeria (STOAN),
2016). Even at this, as all operators without exception are tenants paying annual rents, royalties
and associated fees in their respective terminals to government through their landlord (Nigerian
Ports Authority, NPA), the pressure of keeping the business afloat is of no little concern to op-
erators.

In terms of market structure, terminal operators are classified under the oligopolistic market
which is restricted or “non-contestable” due to the various barriers to market entry (Pallis, Not-
teboom, & De Langen, 2010). With virtually no differentiation in their services (other than the
different ports that they took over at the time of their entry), the entry barrier from would-be
competitors confers a measure of control and independence on the operators in their respec-
tive port domains. Put another way, the port terminal operator literally competes with himself
rather than with rivals. This seeming advantage notwithstanding, it has been found that the
terminal operator cannot arbitrarily raise prices irrespective of the level of surge in demand for
his services. If he does, competing operators from rival ports would not follow suit, at least
not in the short run, and such operator risks losing customers to the competition. If on the
other hand he slashes his price, rivals would respond by cutting theirs so as to retain their own
clientele. These happen because ports and their operators face a kinked demand curve (Black,
2003; Haralambides, 2017), and also because a port’s competitive advantage is a derived ad-
vantage: an advantage created for its shippers, which it is not willing to lose (Talley, 2009).
Moreover, keeping a tab on arbitrary price changes remains a key pillar of port privatization by
which government maintains welfarist obligation to port users. The belief with government of
developing maritime nations like Nigeria is that if port operators are given free rein to set prices
using market indicators exclusively, the cost will be out of the reach of the port user (UNCTAD,
1998). On the flip side, to ensure that operators generate optimal cargo throughput, giving
cognizance to these limiting factors, the authority set the annual guaranteed minimum tonnage
(GMT) which has overtime served as the yearly key performance indicator (KPI) as condition
precedent to operators retaining their leaseholds on terminals leased to them (Suleiman, 2012).
Put together, these limiting constraints explain why port terminal operators, like manufacturers,
are always seeking to optimize resources to maximize revenues for profitability. The attempt by
the authors to introduce the linear programming optimization (graphical) approach to terminal
operators’ decision-making process in this paper is a quest to test optimization’s workability as
a result-oriented management decision-making tool based on results obtained from other port
settings as presented in the literature. The choice of two-type cargo handling terminal operator
in one of the eastern ports of Nigeria suffices for the two decision variables of solving linear
programming (LP) optimization problems through the graphical method. An outlook of the
terminal operator’s cargo handling capability is presented in the following figures 1 and 2 below:
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Figure 1: general cargo operation

Figure 2: container cargo operation cargo operation

2 Problem Statement

The pilot study revealed that the terminal operator ran a modern information management sys-
tem tool – LOGSTAR Terminal Operating System along with the SAGE Enterprise Resource
Planning (ERP) software. These, according to the management staff, gave all operational func-
tionalities to ensure that the terminal met with the latest trend in technology. Whilst the
terminal’s IMS made a good job of integrating all departments activities – terminal, commercial,
human resources, ICT, security – and was useful in simplifying the financial and accounting pro-
cesses, it was limited in planning for terminal (production) throughput, which was still carried
out more or less heuristically.
It could not be ascertained at the time of study if the terminal IMS was equipped with operations
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research quantitative tools to assist in planning the throughput. Even if it was, the personnel
in charge of throughput planning despite their being quantitatively inclined had not explored
the possibility. This is ostensibly because they had not envisaged the possibility of adapting
optimization to port terminal production planning, despite having the basic theoretical grasp
of the tool. This finding corroborates that of Haralambides (2017) in reference to an UNCTAD
Survey carried out in four African countries – Ivory Coast, Ethiopia, Kenya, and Senegal –
which showed that many port problems were not of a technical nature and that investment in
modern port facilities had been generally good; but that what the ports lacked in part was
modern management knowhow, which included basic management principles such as those of
clear description of objectives and area of authority and responsibility, accountability and control,
adequate rules and regulations, good statistical and information systems, financial accounting
and cost control, quality control and human resource development. Even when some of the ports
had these management knowhows in place, they faced the problem effectively implementing
them. The quest to further confirm the veracity of these findings and add to the body of existing
knowledge on the subject-matter provided the thrust of this paper.

3 Related Literature

The application of optimization techniques to solving various ship, port and terminal operational
challenges is widespread in the literature. A most encompassing work on port optimization
is that of Dahal, Galloway and Hopkins (2007) which detailed the modelling, simulation and
optimisation of port operations such that an efficient outcome was obtained in the optimisation
of the operational design of bulk handling port facilities. Given the configuration of the facility
as well as the vessel arrival patterns, the contents of ships and the plant capacity limitations, the
problem was one of determining the best operational strategies and equipment sizes in order to
minimise total facility operating costs, especially demurrage charges for any delays of loading and
unloading of vessels. The solution required minimising delays to vessels, maximising utilization of
equipment, and ensuring continuous and steady supply of materials as demanded by subsequent
facilities. The solution had to satisfy the physical and operating constraints of the facility, the
key aspects (controlling factors) of the operations of port facilities for optimisation being vessel
queuing strategy, selection of conveyer routes, unloading/loading capacities, and upstream and
down-stream route capacities. The authors developed a genetic algorithm (GA) and integrated
it into the port system model with a simulation model from two case studies to optimize the
port operations. The overall results significantly improved the operation of the port system.
Vacca, Salani, & Bierlaire (2011) studied the simultaneous optimization of berth allocation and
quay crane assignment in seaport container terminals, the goal being to solve the integrated Berth
Allocation and quay Crane Assignment Problem (BACAP), where a berthing time and position
for each vessel is assigned during a given planning horizon. The authors proposed different models
based on an exponential number of variables that had to be solved via column generation, with
an exact branch-and-price algorithm which produced optimal integer solutions to the problem.
The authors believed that theirs was the first exact branch-and-price algorithm for both a berth
allocation problem and a berth allocation problem with quay crane assignment. Iris, Pacino,
Ropke, & Larsen, (2015) however improved on the work by developing the time-invariant model
which gave consideration to the possibility of changing the number of quay cranes assigned to
a vessel over the period it lay at berth. Computational results executed via column generator
and reduction techniques implemented in CPLEX 12.6 solver C++ and modeled after the work
of Meisel & Bierwirth (2009) showed that the proposed approaches outperformed commercial
solvers. Umang, Bierlaire, & Vacca, (2011) in their study of the bulk port of SAQR Port in Ras
Al Khaimah, UAE, focused on the problem of waiting times for vessels at berth. The researchers
developed a mixed integer linear optimization model which considered interactions between the
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decision problems arising at the berth and yard management. Three sources of disruption which
resulted in high waiting times for ships at berth and at anchorage were identified viz: unavailabil-
ity of berths due to congestion of incoming vessels; unavailability of required number and type
of equipment at the desired time, due either to the equipment’s engagement in other tasks, or to
unexpected breakdown that disrupted the schedule of operations; and uncertainty in arrival of
freight trucks for cargo pickup or delivery. Preliminary results from the model using the CPLEX
2.1 software showed that the problem was complex and that general purpose solvers failed to
provide acceptable solutions as the complexities increased. The researchers concluded that it was
important to investigate heuristic approaches in order to produce near-optimal solutions within
a reasonable time. The result of this study is particularly instructive in that it shows that the
trial and error method still has its place in terminal operations decision-making and thus can
not just be jettisoned altogether. Rani, Rusdiansyah, Wiranto, & Siswanto, (2010) applied the
mixed integer linear programming (MILP) model to resolve the Inventory Ship Routing Problem
(ISRP) of tanker ships transporting heterogenous petroleum products to different port locations
to determine schedule, route and quantities of shipment that would meet customer demand at
each location. The objective of the problem was to minimize total cost but to also ensure that
the inventory level remaining at every port was not stocked out. The model considered Tank
Allocation Problem (TAP), which is a product loading compatibility constraint, wherein the
constraint restricted the products that had incompatible (chemical) characteristics with each
other from being shipped in adjacent compartments or completely prohibited from being loaded
onto the same ship. The model was solved by the branch and bound technique using the LINGO
optimization software. The result of the numerical experiments showed that the model met
the product loading compatibility constraint effectively. Although this present work appears
much simpler compared to the works cited herein, given the absence of software modelling, it is
nonetheless no less relevant to port terminal productivity in Nigeria, considering the operating
environment under which port terminal operators run their business. As a developing country,
access to domain experts on port systems – mathematicians, port logistics experts, software de-
sign engineers, etc. – is generally restricted (Dahal, Galloway, & Hopkins, 2007), as just about
every other technology for running the ports is foreign sourced. As expected, it is not everytime
that deploying these technologies directly to resolving local challenges fulfil the management’s
objective. This said, it is also noteworthy that the ports and terminals for which the models in
the literature were developed operated at more or less their optimal capacities. The same can
however not be said of the eastern Nigerian ports which stakeholders had often times lamented
of suffering from perennially low ship traffic (Seaport Terminal Operators Association of Nigeria
(STOAN), 2016). As ship traffic remains the primary determinant of port productivity, it goes
without saying that the same optmization model or set of models that are suitable for ports with
regular ship traffic will not be suitable for ports with less traffic. As these fundamentals affect
ports differently, so are the challenges facing terminal operators differ in scope. With ever more
equipment capital being ingested into terminal operations by the operators under study, maxi-
mizing the labour input, ship berthing space and cargo storage space are necessary conditions
to optimizing equipment usage and improving throughput (productivity) and by extension the
bottom line. This thought triggered the researchers’ interest to develop a linear programming
optimization model to fulfil the management’s objective of maximizing throughput and revenue
in the face of generally low ship traffic, different from that of other climes where the traffic was
more constant. This serves as the paper’s contribution to knowledge.
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4 Methodology

4.1 Data Collection

Data collected from the terminal operator covered the fourth quarter (Q4) (October-December) of
2019 for containerized and general cargo, which constituted the throughput (import and export)
volume for the quarter. The summary followed by explanatory notes is presented in table 1
below:

Table 1: Cargo Throughput with input factors for Quarter 4, 2019

Months Containerized Cargo General Cargo

Ship
Traffic

Vol. in TEUs Vol. in MT Ship Traffic Vol. in MT

October 2 2,582 42,603 8 155,413
November 2 2,572 42,438 5 161,612
December 2 2,531 41,762 9 110,185
Total 6 vessels 7,685 126,803 mt 22 vessels 427,210 mt

Gang labour hrs = 432 Gang labour hrs = 1,584

Source: Fieldwork, January, 2020
Explanatory notes

a A twenty foot equivalent unit (TEU) of containerized cargo is approximately 16.5 metric
tons. Total TEU for the quarter was thus converted to metric tons (MT) to be in sync
with that of general cargo.

b Contribution to profit (CTP) was $5.5 per TEU of containerized cargo and $7 per ton of
general cargo.

c Total warehouse space available for cargo storage = 38,871m2. About 10% of general cargo
throughput went into the warehouse for temporary storage, while the rest was carried out
by direct delivery to client through freight trucks. 100 percent of containerized cargo
however went into the storage yard prior delivery to customers.

d Terminal had total quay length of 650 meters, and could accommodate average of 3 cargo
ships per time. Assuming no queues in berthing, no disruption to cargo handling operations,
and that each vessel spent about 3 days discharging and/or loading cargoes, the terminal
would record average of 45 ships per month, which served as the maximum resource for
berth capacity.

e Labour wages were based on hourly rates; hence for the 45 vessels maximum capacity
estimate in (d), each vessel spending 72 hrs (3 days) at berth, maximum capacity for gang
labour hrs was calcultated to be 45× 72=3240hrs.

4.2 Derivation of of the maximization objective:

Max Z = 5.5x1 + 7x1

Subject To:
Gang labour constraint: 432x1 + 1, 584x2 ≤ 3, 240

Berth capacity constraint: 6x1 + 22x2 ≤ 45

Storage capacity constraint: 25, 360.4x1 + 8, 544.20x2 ≤ 38, 871

Non-negativity: x1 + x2 ≥ 0

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 408



4.3 Defining the feasible region

Each constraint equation was worked out into their fractions on the x1 and x2 axes. Hence:

Gang labour constraint: 432x1 + 1, 584x2 = 3, 240 (1)

x1 =
3, 240

432
= 7.5

x2 =
3, 240

1, 584
= 2.05

Gang labour constraint: 6x1 + 22x2 = 45 (2)

x1 =
45

6
= 7.5

x2 =
45

22
= 2.05

Storage capacity constraint: 25, 360.4x1 + 8, 544.20x2 = 38, 871 (3)

x1 =
38, 871

25, 360.40
= 1.53

x2 =
38, 871

8, 544.20
= 4.55

The results of equations 1-3 were ploted on a graph to define the feasible region as depicted in
figure 3 below:

Figure 3: Feasible region ABCDE bounded by 3 constraints – gang labour, berth capacity and
storage capacity.
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4.4 Defining the parameters

From the graph of the feasible region in figure 3, the cargo throughput parameters that would
maximize the contribution to profit for the terminal operator are defined within box ABCDE
thus: Displayed equations are centered and set on a separate line.

Table 2: The cargo throughput parameters

X1 X2

A (0, 0)
B&C (0, 2.05)
D (0.9, 1.8)
E (1.6, 0)

If Z = 5.5x1 + 7x2, A(0, 0) = 0

B&C = 5.5(0) + 7(2.05) = $14.35

D = 5.5(0.9) + 7(1.8) = $17.55 (maximizing parameter)

E = 5.5(1.6) + 7(0) = $8.80

Point ‘D’ represents the throughput parameter that will fulfill the terminal operator’s profit
maximization objective being the point with the highest revenue generation possbility of $17.55.
To achieve this the operator would need to turn out twice as much of general cargo (1.8) over
containerized cargo (0.9) for the quarter.

4.5 Hypothesis testing

A test of hypothesis was carried out using Student ‘t’ test statistics to ascertain whether or
not the linear programming optimization approach would have had any significant impact on
terminal throughput towards the revenue/profit maximization objective for the period under
study (Q4 2019) had it been adopted. Table 2 compares the cargo throughput performance
measures between the routine (heuristic) approach (observed data) with the linear programming
optimization approach (assumed data) for the period. The two sets of figures represent Sample
1 (S1) and Sample 2 (S2) respectively. The arithmetic means of the data with their standard
deviations are also provided

Table 2: Terminal throughput for Q4 2019, comparing heuristic and
optimization approaches

Containerized Cargo General Cargo Total µ1/µ2 σ21/σ22
Months Oct. Nov. Dec. Oct. Nov. Dec.
Heuristic
(S1)

42,603 42,438 41,762 155,413 161,612 110,185 554,013 92,336 52.63

Optimization
(S2)

99,008 102,025 75,973 198,016 204,050 151,947 831,019 138,503 49.69

Source: Authors’ survey, 2019
H0: Application of linear programming optimization has no significant impact on terminal
throughput for Q4 2019.
H1: Application of linear programming optimization has significant impact on terminal
throughput for Q4 2019.

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 410



Applying the Student ‘t’ Test Statistics:

t =
µ1 − µ2√
δ21
n1

+
δ22
n2

where:
µ1 = mean of sample 1 (observed throughput)

µ2 = mean of sample 2 (assumed throughput based on linear optimization)

σ21 = standard deviation of sample 1

σ21 = standard deviation of sample 2

n1 and n2 = population units respectively = 6

Thus:
t =

92.34− 138.50√
52.68
6 + 49.69

6

= −11.18

’t’ test calculated value in absolute term = 11.18

’t’ test critical (table) value at 95% α level , degree of freedom 10 = 1.81

Observation – calculated ‘t’ test value at 11.18 is greater than ‘t’ critical value of 1.81
Decision – reject the null hypothesis (H0) and accept the alternative hypothesis (H1)
Conclusion – Application of linear programming optimization has significant impact on terminal
throughput for Q4 2019.

5 Discussion of Results

From the maximizing point in the feasible region and the outcome of the hypothesis, it can be
safely posited that applying the linear programming optimization model in a two-cargo termi-
nal setting will lead to increased efficiency of the operator in terms of optimizing the terminal
resources. It is important to note that port terminal operation is a highly capitalized venture,
what with the heavy cost of acquiring modern cargo handling equipment, deepening the berth
depths through periodic dredging, upgrading and maintaining the storage spaces, and in certain
cases supplying the terminal infrastructure like power and water, and pilotage and towage ser-
vices. Being rational investors, operators are wont to want to recover their investments within
the shortest time possible, regardless of the constraints that they might face at achieving such an
objective (Omoju B. , 2017). Parallel to these challenges is the exogenous factor of ship traffic
which is a sole determinant factor in planning port and terminal productivity. Once the traffic
is predictable, the volume of cargo can be forecasted, and terminal resources allocated appropri-
ately. Feedback from interview granted by the management of the terminal company indicated
that ship traffic peaked the highest in the fourth quarter of 2019 over the other quarters of the
year, obviously a result of the yuletide. It equally confirmed that with proper dredging of the
berths, the terminal could accommodate bigger ships than it currently handles thus increasing
the throughput capacity. These parameters are worth taking note of as they constitute the key
indices for deploying optimization as a decision-making tool.
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6 Study/Policy Implications

The terminal operator did not have forecast data for the study period and this made the re-
searchers to opt for the actual throughput data generated for the fourth quarter of 2019. Rather
than generate its own data for each planning horizon, the operator worked with the annual guar-
anteed minimum tonnage (GMT) throughput target set for it by the Nigerian Ports Authority
(NPA) based on the terminal lease agreement it executed with the Authority circa 2006. A
cursory glance at the GMT expected throughput (prorated for Q4 2019) and the actual through-
put delivered by the operator revealed a marked disparity in disfavor of the former. Again, the
erratic ship traffic was fingered as principal culprit for the disparity. Whilst the Q4 2019 data
supplied by the terminal operator adequately served the purpose of this paper – which was to ap-
proach terminal productivity through the lens of optimization as a better option for maximizing
throughput and revenue by correct allocation of resources – the absence of a ready forecast data
by the operator is symptomatic of a lacuna in production planning, around which optimization
is centered. This finding to a large extent corroborates the conclusion of the UNCTAD’s study
in Haralambides (2017) that most developing nation’s ports suffered from lack of modern man-
agement innovations, particularly those that have quantitative inclinations. Again according to
the management staff of the affected terminal, optimization – or any other operations research
method for that matter – was not a popular tool of their planning or of their decision-making
process. Rather the routine method of resource allocation prevailed.

7 Conclusion

Whilst the parameters adopted for the terminal in this study were basic, and involved only
simple computational analyses, the literature has shown that there could be much more complex
problems with larger number of constraints requiring the application of optimization software
(termed commercial solvers) to resolve. The port industry, although relatively conservative in
nature is becoming more dynamic with globalization and the digital age. This dynamism is
exhibited in the construction of modern deep-sea automated ports with adjoining industrial
cities, ever larger carriers transporting around 20,000 TEUs or more of containers per voyage,
sophisticated cargo handling equipment and improved intermodal hinterland logistics to service
the behemoth carriers. Nigeria has lately been making modest efforts to keep up with the
global port trend judging by her various development strides in deep sea ports spread across the
southwest and south-south regions of Agge, Badagry, Bakassi, Gelegele, Ibom and Lekki. These
green ports are currently at various stages of feasibility, design, construction and/or launch.
As their development is public-private partnership (PPP) driven, so is their operation to be
wholly privately run, save for the oversight function over them to be carried out by NPA. As
private investors are naturally conscious of their bottom lines, it goes without saying that proven
decision-making tools like the linear programming optimization technique espoused in this work
will remain useful for efficient driven ports and terminals.
Given these insights, it cannot be emphasized enough that the port industry, the academia
and government in Nigeria need to collaborate to develop suites of OR’s optimization solutions
that ports and terminals operators as well as the port regulator (NPA) can deploy for improved
throughput and revenue generation. Such solutions will go a long way at eliminating much of the
guesswork that currently characterize port and terminal planning decisions involving productivity
and allocation of productive resources.
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Deep Learning for Malware Classification
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Abstract: Malicious software(malware) has become a pervasive phenomenon in the digital
world. Malware creators continue to tweak the nature and behavoiur of these malware to evade
traditional analysis mechanisms. It has become necessary to look beyond the traditional static
and dynamic malware analysis methods to classify new malware variants. In this light, adequate
knowledge of the feature of malware is fundamental to knowing which family it belong and sub-
sequent depolment of appropriate anti-malware approah.The ability of deep learning algorithms
to make generalizations on data makes it a reliable and effective alternative to classical analysis
techniques. Deep learning models trained on known and exiting malware dataset differentiated
based on family or type, can learn the features and be able to ascertain to a reasonably ac-
ceptable degree of accuracy which family a new or previously unknown sample belongs to.This
paper explored the use of Gated Recurrent Unit (GRU) a variant of Recurrent Neural Network
(RNN) and Convolutional Neural Network (CNN) to classify malware. Evaluation results shows
the GRU with an accuracy of 97% compared with the accuracy of CNN at 76%.

Keywords: Deep Learning, Malware, Gated Recurrent Unit, Convolutional Neural Network.

1 Introduction

Malware or malicious software are unwanted software that are used by attackers to take advan-
tage of security flaws and harm or compromise systems in the computing environment. The
intents fulfilled by malicious software include but not limited to access to networked resources,
disruptions of operations, and harvest of data without consent thereby breaching the integrity
of both data and hosts, diminishing the availability of resources as well as users’ privacy. They
exist in a vast range of variations: Virus, Trojans, Rootkits, Worms and Spyware.

The ever-increasing expansion of the digital and cyberspace is also giving rise to the rapid growth
of malware. Evidence from internet and cyber-security companies and researchers exist to show
that many of these malwares which come in various forms are created on a daily basis. These
newly created malware in their usual polymorphic nature are constantly changing their identifi-
able features to avoid detection by traditional malware detection techniques.

Some of the traditional malware analysis techniques include signature-based detection which
searches for specific sequences of bytes or patterns to be able to explicitly identify a particular
type of malware. Because new malwares have no previously listed signatures in the database,
detection based on signatures is not useful for new or hitherto unknown malware (Kabanga and
Kim, 2018). Heuristic-based detection, another technique, scans the behavior of systems and
keystrokes to identify abnormal activities, including those of newly created malware that do not
have previously known signatures. Behavior-based technique focuses on the behavior of programs
during execution. Normally executed programs are labelled as benign, or identified as malware
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if otherwise. This technique produces many false positives and false negatives.

The analysis of malware consists of two stages. The first stage, malware discovery (or detection)
stage involves the ‘catching’ and identification of malware. The malware classification stage deals
with the segmentation of threat samples into appropriate families of malware. Based on the fea-
ture selection method used in the classification process, malware classification is done through
static analysis or dynamic analysis (Cakir and Dogdu, 2018). In static analysis, malicious soft-
ware is analyzed by examining the malware executable metadata, code instructions and binary
data. The patterns employed include byte-sequence, system calls, string signature and control
graph. Dynamic analysis consists of analyzing a malicious code and monitoring its behavior at
it is undergoing execution inside a controlled-environment like sandbox, virtual machine, etc.

Deep learning as a form of learning representation is aimed at learning the hierarchies of fea-
tures, concepts or factors, where lower-level features of the hierarchy form the higher-level fea-
tures. Simply put, it is a kind of machine learning by which computer systems learn and have
an understanding of the world from experience and in terms of ranking of concepts. From a
graph of deep-layered hierarchies, complicated data are learnt from simple ones. A deep learning
architecture consists of simple modules of multiple stacks. Each module is subjected to learning
and may evaluate non-linear input-output correlations, and transforms a given input to enhance
its bias and the uniformity of its representation (LeCun et al., 2015)

The basic blocks of deep learning are the neural networks, which combine to form deep neural
networks. Examples of deep neural networks include its earliest form, the Multi-Layer Percep-
tron; the Convolutional Neural Networks applied in processing of images and Recurrent Neural
Networks employed in processing sequential or linear input data such like text or time-series.

2 Related Works

Deep learning is reducing the challenges with traditional malware classification approaches. With
the limitations of these approaches, for instance behavior-based techniques, there is need for
stronger algorithms and going by researches and investigations that have been made, Deep learn-
ing methods are more efficient (Kabanga and Kim, 2018). Deep learning models trained on known
and existing malware dataset differentiated based on family or type, can learn the features and be
able to ascertain to a reasonably acceptable degree of accuracy which family a new or previously
unknown sample belongs to (Le et al., 2018). The result of their work shows that unsupervised
learning is a powerful approach when it comes to the generation of highly precise representations
and can be successfully applied to domains like signature generation for the purpose of detecting
malware as well as classifying them.

With the use of an approach driven by data for pattern recognition and identifying features,
Le et al., (2018) presented a classification approach based on deep learning that requires no
domain expertise, utilizing the ability of deep learning to work with raw data without having
to subject such data to manual or domain-specific processing. They experimented with different
architectures by first applying multiple layers of convolutional neural networks (CNN) on a one
dimensional image file representation. By the use of an algorithm that scales images and generic
in nature to interpret a file byte code, it scales to fixed target size, limits the pattern distortion
of the data and compensates for the lossy nature of the data compression.

In one approach, the output layer of the CNN is linked to a dense layer which in turn is coupled
to the out layer to segregate each sample into the different classes of malware according to the
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local pattern of each malware class. Joining a recurrent network in form of Long Term Short
Memory (LSTM) with the CNN layer helped to remove dependencies among the codes in the
file and streamline it into a single vector after which it is fed to the ending layer. But noting
that dependencies between codes in binary files are usually not only in one direction, the output
of the CNN is fed to both the forward and backward section of the LSTM module. This con-
catenated output is then joined to the Output layer. While they indicated the first model as the
CNN-UniLSTM architecture, the second is known as the CNN-biLSTM architecture.

The best performance came from the training of the second model using the class rebalance
batch sampling procedure. The approach adopted for the experiments showed that the 1-d rep-
resentation of binary files effectively represents the problem of malware classification and not
only is feature engineering which discourages non-domain experts not required, the time taken
to classify binary files of malware samples is very short. Currently deep learning is being adopted
with increased performance and the models have been shown to give better results when ana-
lyzing system calls sequences. Cakir and Dogdu (2018) presented a method for sorting malware
using static analysis approach. The representation of malicious code samples was achieved us-
ing Word2vec Vector Space Model and Gradient Boosting Machine for classification. Word2vec
is technique for feature representation that is used for creating word embeddings from text in
natural languages.

Gradient Boosting Machine based on the gradient search algorithm is a forward learning ensemble
model that builds regression trees on all dataset features. Having accomplished representation
and classification, K-fold validation was explored for assessing the model’s implementation con-
sidering two measures: logarithmic loss and accuracy. While accuracy is a measure of the fraction
of correct predictions, logarithmic loss is a measurement that captures the cross entropy of the
distribution between positive labels and the predicted outcomes. The equation for loss is as
shown below:

Logloss = − 1

N

N∑

i=1

M∑

j=1

yijlog(Pij)

Given that N is the observation count, M is class label count, yij is 1 if i in class j is true but 0
if false. Pij is the probability of the prediction of i to be in class j.

Yajamanam et al (2018) compared the effectiveness of deep learning techniques for classifying
malware to Gist Descriptors approach. Gist descriptor technique is from the image process-
ing domain and provides high-level, low-dimensional representation of aspects of images. The
fundamental concept sees malware files as image files and classifies the samples based on the
image features. Their gist descriptors classification experiment results aligned with the outcome
of previous experiments and showed that high performance can be achieved with minimal gist
features and the score is relatively robust even when obfuscation is involved. When compared to
the results of deep learning experiments, they discovered a more superior performance with DL
when large numbers of samples are involved as is obtainable in practice.

While the benefits and improved performance of deep learning in detecting, analyzing or clas-
sifying malware are undisputed, Gross et al (2016) have shown that these models do not have
the needed strength against adversarially-crafted inputs. These inputs though regular but which
have been carefully subjected to selective perturbation subvert systems that rely on image clas-
sification. They conducted adversarial crafting attacks on malware classification networks and
achieved high misclassification rates. The examination of the possible defense strategy against
these kind of attacks concluded that; while feature reduction reduces the complexity of inputs
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and simplifies training, it weakens neural networks against adversarial crafting. Distillation does
not improve the rate at which malware gets mis-classified as good as it does inomputer vision
domain. Re-training with crafted samples consistently reduces misclassification across all deep
learning architectures. They identified the study of the application of adversarial crafting attacks
to other domains other than malware classification neural networks.

Pascanu et al (2015) proposed variants of the Echo Sate Networks and Recurrent Networks by
adding Max Pooling and Half Frame algorithms. While max pooling, a pattern of non-linear
sampling for object recognition was originally proposed for CNNs, it was used with ESNs and
RNNs to detect different and potentially re-ordered patterns to give an invariant input represen-
tation. The memory capacity of the representation is then increased by the Half Frame model by
including the information of the state both from the middle and ending part of the input event
sequence. This is used to determine the malicious nature of the file.

The classification of malware can be challenging but classifying advanced persistent threats
(APT) according to nation-states poses a bigger challenge. APTs are highly advanced and elu-
sive malware and to use such as weapons in the cyber domain is often indicative of war and
aggression. This makes the question “which country is responsible?” critical. Rosenburg, Sicard
and David (2018) proposed first nation-state APT family classifier for automatic classification
of APTs according nation-state of origin, using raw and dynamic inputs and then proceeding to
focus the network to accomplish a particularity task. Lots of resources in terms of time and costs
were saved during the process due to the use of raw features. This also prevented the erosion of
data in addition to increasing the reliability and flexibility of the classifier by using same features
across many possible tasks of classification.

3 Experiments

The steps involved in this model: 1. Obtain a quality malware dataset with enough size to ensure
accurate predictions 2. Create a project folder path on Jupyter Notebook 3. Build variants of
the Support Vector Machine; 4. Train the models on a portion of the dataset 5. Run the models
through another portion of the dataset to classify the samples into their families

3.1 Dataset Description

The Malimg Dataset was evaluated using three deep learning models. The dataset was created
with the proposition that binaries of malware can be read as matrices with the possibility of
grayscale image visualization within the 0 – 255 range with 0 as black and 1 as white. It is made
up of 9339 variants that belong to twenty-five known malware families. The table below shows
the malware families and the frequency of occurrence of the different variants.
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Table 1: Description of Malimg Malware Dataset

No. Malware Family Class No. of Samples
1. Adialer.C Dialer 122
2. Dialplatform.B Dialer 177
3. Instantaccess Dialer 431
4. Agent.FYI Backdoor 116
5. Rbot!gen Backdoor 158
6. Allaple.A Worm 2949
7. Allaple.L Worm 1591
8. Yuner.A Worm 800
9. VB.AT Worm 408
10. Autorun.K Worm:AutoIT 106
11. Alueron.gen!J Trojan 198
12. C2LOP.gen!g Trojan 200
13. C2LOP.P Trojan 146
14. Malex.gen!J Trojan 136
15. Skintrim.N Trojan 80
16. Dontovo.A Trojan Downloader 162
17. Obfuscator.AD Trojan Downloader 142
18. Wintrim.BX Trojan Downloader 97
19. Swizzor.gen!E Trojan Downloader 128
20. Swizzor.gen!I Trojan Downloader 132
21. Fakerean Rogue 381
22. Lolyda.AA1 PWS 213
23. Lolyda.AA2 PWS 184
24. Lolyda.AA3 PWS 123
25. Lolyda.AT PWS 159
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The malware families in the dataset belong to eight distinct classes. It was split into two: 70 %
was used as training data while 30% was used for testing.

3.2 Computational Models

3.2.1 Support Vector Machines

SVMs (support vector machines) were in the first instance formed for binary classification hav-
ing the objective of finding the optimal margin among data points that exists in distinct classes.
SVMs is extended for multinomial classification by using the One-vs-Rest approach in which for
K class problems, ck is treated as positive and the rest positive classes (Tang, 2013). For a given
training data with labels (xn,yn), the learning of SVM is achieved by the optimization:

min
w,ξn

1

2
wTw + C

N∑

n=1

ξn

s.t. wTxntn ≥ 1− ξn ∀n
ξn ≥ 0 ∀n

Where ξn are slack variables, tn ∈ {−1,+1}, and xn ∈ RD.

3.2.2 Convolutional Neural Network

The CNN (convolutional Neural Network) is a model of feed-forward network that has hidden
layers of neurons which receives inputs, processes the vectors of these inputs and adds non-
linearity. In this work, the following steps was followed:
1. Maintained the shape of the input images at a size of 32 x 32 x 1 where 1 is the channel width
2. Build layers of convolutional network which includes the 1st and 2nd convo layers, dense layer
and the readout layer.
3. To solve the vanishing gradient problem, Leaky Rectified Linear Units (LeakyReLU) are used
to introduce nonlinearity.
4. Max pooling layer is used to down-sample the inputs and output the maximum value of each
sub-region of the convolutional layer.

3.2.3 Gated Recurrent Unit

The recurrent neural network (RNN) is a form network that is made up of a hidden state and
an output h and y respectively, that operates on length sequences that vary over time. At any
given step in time, the hidden state ht is given by (Chung et al, 2014):

ht = f(h(t−1), xt)

A combination of Gated Recurrent Unit (GRU), another form of the Recurrent Neural Network
and a Support Vector Machine to be used for classification in a neural network architecture was
first proposed by Agarap (2018). The steps followed in this model:
1. The dataset is run through the GRU model.
2. The weights and biases are assigned initial arbitrary values.
3. The GRU cell state values are computed using the input features and values of the learning
parameters.
4. The prediction is computed using the SVM function.
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5. Repeat of the steps until the highest accuracy is obtained.
6. The test data is taken through the trained model.

4 Results and Discussions

This section deals with result of the experiments with a discussion on the expectations from a
malware classification experiment in terms of hyper-parameters and variables. This is followed
by the actual results and values obtained during the course of these experiments.

4.1 Results

Hyper-parameters are variables that must be set before a learning algorithm is taken through
a dataset. They can be categorized into Optimizer hyper-parameters or Model Specific hyper-
parameters. The experiments used the following hyper-parameters in the three DL models:

Table 2: Deep Learning Hyperparameters

Hyperparameter CNN GRU MLP
Learning Rate 12 13 14
Batch Size 256 256 256
No. of Hidden Layers 2 5 3
Cell Size - 256 X 5 [512, 256, 128]
Dropout Rate 0.85 0.85 0.85
Epochs 10 10 10
SVM C 10 10 10

1. Learning rate, an optimizer hyper-parameter controls how much adjustment is made to the
weights, and usually between 0.0 and 1.0. Learning rates smaller than optimal takes larger num-
ber of epochs to complete while higher rates overshoot the ideal state and the algorithm may
never converge. The choice of the learning rate of 0.001 in this work ensured that local minima
are not missed when running the algorithms.

2. Batch Size: This is another optimizer parameter. It affects the requirements of the training
process, speed and number of epochs in terms of resources. The recommended batch sizes are
1, 2, 4, 8, 16, 32, 64, 128, 256. The upper limit was used to allow computational boosts which
makes use of matrix multiplication but comes with the requirement of more memory.

3. Epochs: this is the number of passes through the entire dataset. For all three models, an
epoch of 100 was used.

4. Number of Hidden Layers: this is a model specific hyper-parameters. The major determinant
of the learning capacity of a model is the number of hidden layers. The accuracy of prediction
increases more units are added. GRU model returned the most accurate classification relative to
the other two models because of the higher number of layers.

The experiment also considered some variables which are the results:

1. Test Accuracy which is the prediction accuracy on the test data, which is 30 percent of the
dataset.
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2. Precision (Positive Predictive Value): This is the proportion of correct positive predictions
when compared to total number of predictions that were positive.

PPV =
TruePositive

TruePositive+ FalsePositive

3. Recall: This is the proportion of positive predictions that were correct when compared to the
total number that were positive. It is also called True Positive Rate (TPR) or Sensitivity.

TPR =
TruePositive

TruePositive+ FalseNegative

4. F1 Score: F1 is the total measure of the models’ accuracy when precision and recall are
combined as a weighted average. It ranges around 0 and 1, with 0 being the lowest score and 1
as the best. Given an average precision and recall of 0.84 and 0.79 respectively for MLP, the F1
score can be calculated as:

F1 =
2 ∗ 0.84 ∗ 0.79
0.84 ∗ 0.79 = 0.80

4.2 Experimental Results

In table 2, the GRU outperformed the others (CNN and MLP) in accuracy, precision, recall and
the F1 score.

Table 3: Results of the Experiments

Variable CNN GRU MLP
Accuracy 76.953125% 97.272544% 79.296825
Precision 0.80 0.97 0.84
Recall 0.77 0.97 0.79
F1 Score 0.77 0.97 0.80

5 Conclusion and Future Work

Using these deep neural network models with Support Vector Machine achieved a classification
of the malware samples into the know malware families and posting very high scores for the
families with the higher numbers of variants.

It is yet to be determined whether improving the complexity of the architecture of the CNN
and MLP models in terms of more linearity or increased number of layers will give exactly the
same level of prediction accuracy as given by the GRU model. This presents an opportunity for
further studies. The same goes for testing how minor alterations to the image visualizations of
malware binaries can affect the test results. This will show how effective these deep learning can
be in the face of adversarially crafted attacks.

The nature of the dataset required for this study posed very serious challenges. Finding the right
dataset was difficult as the popularly known datasets like the one used for the 2015 Microsoft
Malware Classification Challenge needed a lot network resources to download as the size was up
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to 500 Gb but the download link has even been removed from the site. The alternative would
have been to set up a honeypot but the resources for managing that is beyond the resources
available for this study.

The second challenge was finding the right environment in which to run the experiments without
constituting an internet security risks since the specialized environment. The option of using
a VM on Google Cloud did not work for a long time as Google had to shut down the VM for
noticing malware activities on the VM.

It is recommended that adequate hardware resource provisions be made in the future because
of the memory-intensive nature of the experiments. The trade-off between memory, speed and
accuracy affects the performance of the models.
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Abstract: Sparse Factor Analysis is often used for the analysis of high dimensional data. It
provides simpler pattern of factor loadings by constraining insignificant loadings to be zero. How-
ever, existing Sparse Factor Analysis approaches require the assumption of normality of data since
sparse factor loadings are obtained through a likelihood function with additional constraint or
penalty function. This work proposes a method for obtaining sparse factor loadings without
requiring any distributional assumption. In the proposed method, the orthogonal sparse eigen-
vectors were computed based on procrustes reformulation, and thereafter, an iterative procedure
was provided to find sparse factor loadings corresponding to the orthogonal sparse eigenvectors.
Finally, the proposed method was compared with penalized likelihood factor analysis via non-
convex penalties using simulated data. The results show that sparse factor loadings from both
methods provide simpler structure of factor loadings than the structure obtained from standard
Exploratory Factor Analysis. Furthermore, the proposed method performs better than the pe-
nalized likelihood factor analysis via nonconvex penalties since it provides smaller values of MSE
even when both methods have the same level of sparsity.

Keywords: Exploratory Factor Analysis, factor loadings, Sparsity, sparse eigenvector, regular-
ized maximum likelihood.

1 Introduction

Sparse factor analysis became a very active research area for the analysis of high dimensional
data in the last few years. It improves interpretability of factor loadings by constraining many
entries of the matrix of loadings to be zero through a sparsity constraint introduced into the
standard factor analysis (FA) problems.
However, current literature on sparse factor analysis implies the assumption of normality of data
since sparse factor loadings are obtained through a likelihood function with additional constraint
or penalty function. For example, Choi, Zou and Oehler (2011), Ning and Georgiou (2011), Hi-
rose and Yamamoto (2015) and Trendafilov et al. (2017) discussed the penalized maximum like-
lihood procedure to obtain sparse factor loadings. Choi et al. (2011) and Hirose and Yamamoto
(2015) proposed the sparse approach of Factor Analysis based on the maximum likelihood with
the LASSO (Tibshirani, 1996) and developed EM algorithm to compute the sparser solutions.
Ning and Georgiou (2011) addressed the standard maximum likelihood (ML) EFA with L1-norm
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penalty, while Trendafilov et al. (2017) suggested a special reparameterization with additional
LASSO penalties introduced into the standard factor analysis problems. Through the empirical
examples, it has been showed by all these authors that sparse FA approaches outperformed the
classical FA in terms of interpretability of factor loadings. Moreover, the use of the maximum
likelihood function to obtained sparse factor loadings is more complicated since this implies nor-
mality assumption which may affect the overall fit especially when the data under investigation
deviate substantially from the normal distribution (Trendafilov et al. (2017)). Furthermore,
regularized maximum likelihood-based method tends to produce too many zero loadings.
In this work, sparse principal component which is free of distribution is suggested to provide
sparse factor loadings. Indeed, sparse principal component is used to obtain sparse eigenvectors
from which sparse factor loadings are calculated. The method proposed by Benidis, Sun, Babu,
and Palomar (2016) is used in this work to obtain orthogonal sparse eigenvectors of a sample
correlation matrix. This method is deem appropriate in the fact that it is very suitable for high-
dimensional data and can provide more sparsers orthogonal eigenvectors. Then, an iterative
procedure is applied to provide the sparse factor loadings based on obtained orthogonal sparse
eigenvectors. The rest of this paper is organized as follows: Section 2 presents a brief description
of the penalized likelihood factor analysis via nonconvex penalties proposed by Hirose and Ya-
mamoto (2015). Section 3 focused on the proposed methodology to find sparse factor loadings.
In Section 4, the performance of the proposed method is compared with the regularized maxi-
mum likelihood method proposed by Hirose and Yamamoto (2015) through numerical examples
using simulated data while discussion of results and conclusion are presented in Sections 5 and
6, respectively.

2 Penalized likelihood factor analysis via nonconvex penalties

The penalized likelihood estimation in factor analysis is the optimization of the likelihood func-
tion of the factor model with additional penalty function which can be convex or nonconvex
function. The penalized likelihood factor analysis via nonconvex penalties suggested by Hirose
and Yamamoto (2015) is based on the following maximization problem:

max
Λ

l(Λ,Ψ)− n
p∑

i=1

k∑

j=1

ρP (|λij |) (1)

where l(Λ,Ψ) = −n
2 {p log(2π) + log |Σ| + tr(SΣ−1)} is the log-likelihood function of the factor

model. Λ and Ψ are the factor loadings and unique variances matrices respectively. n, p and k
are the number of observations, manifest variables and factors respectively. P ()̇ is a nonconvex
penalty function and ρ > 0 is the parameters of regularization. As nonconvex penalty function,
SCAD (Fan and Li 2001) and MC+ (Zhang 2010) are the most widely used to enhance the
sparsity of factor loadings.

The maximization problem (1) can be solved by an iterative procedure which combined the
EM and coordinate descent algorithms (see, Hirose and Yamamoto, 2015).

3 Methodology

The extraction or estimation of the sparse factor loadings is generally done via a likelihood
function with additional penalty function introduced in the factor analysis model. However,
since this approach requires normality of data, we used the sparse eigenvectors to obtain the
sparse factor loadings which is independent of the distribution of the data. Thus, the approach
requires finding sparse eigenvectors before the computation of the sparse factor loadings.
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3.1 Computation of sparse eigenvectors from a sample correlation matrix

There are various methods of computation of sparse eigenvectors of a matrix among which the
orthogonal sparse eigenvector via Procrustes reformulation proposed by Benidis, Sun, Babu, and
Palomar (2016). Estimation of these orthogonal sparse eigenvectors from the sample covariance
matrix is done based on the following maximization problem:

max
V

Trace(V TSV D)−
k∑

i=1

ρi

n∑

j=1

zεδ(vij) subject to V TV = Ik (2)

where:
k is the number of vectors that correspond to the k first eigenvalues (number of factors);
V is a n× k matrix containing the k leading eigenvectors;
D is a diagonal matrix of weights to ensure that V contains the leading eigenvectors without an
arbitrary rotation;
ρi are the parameters of regularization;
zεδ is the penalty function which approximate the l0-norm function.

The optimization problem (2) is a non-convex problem which can be solved using minorization-
maximization (MM) based mainly on two key quantities, G and H obtained from functions that
majorize Trace(V TSV Q) and

∑k
i=1 ρi

∑n
j=1 z

ε
δ(vij) respectively. The quantities G and H are

expressed at each iteration, l, as follow:

G(l) = SV (l)D (3)

and
H(l) =

[
diag

(
w(l) − w(l)

max ⊗ 1n

)
ṽ(l)
]
n×k

(4)

where

w
(l)
l =





ρi

2ε(δ + ε) log

(
1 +

1

δ

) , |ṽ(l)
i | ≤ ε

ρi

2 log

(
1 +

1

δ

)
|ṽ(l)
i |
(
|ṽ(l)
i |+ δ

) , |ṽ(l)
i | > ε

w ∈ Rnk+ and is determined based on the hard thresholding operator, zδ; ṽ(l) = vec(V (l)) ∈ Rnk+ ;
wmax ∈ Rk+, with wmax,i being the maximum weight that corresponds to the i-th eigenvector ṽ(l)

i .
1n is the indicator function of wmax taking values 1 and 0: 1 if wmax,i is the maximum weight
among the eigenvectors of the i-th row of V and 0 otherwise with i = 1, . . . , n.

3.2 Computation of sparse factor loadings

Let Y be a p×p matrix of scores of observed variables and S, a correlation matrix obtained from
Y . The principle of factoring by principal component assumes that if uii and vij (i, j = 1, . . . , p)
are the eigenvalues and eigenvectors of S respectively, then, S and Λ, the matrix of factor
loadings, can be expressed by:

S = V UV T (5)

Λ = V ∗(U∗)
1
2 (6)

where U = [uij ] is a p × p diagonal matrix (with diagonal entries uii); V = [vij ] is a p × p
matrix, and V T is the transpose of V . Λ = [λij ], is a p × k matrix (−1 ≤ λij ≤ 1); p and k
are the number of observed variables and common factors respectively; U∗ is a k × k diagonal
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matrix whose diagonal contains the first k eigenvalues, uii (i = 1, . . . , k); V ∗ is the k vectors
corresponding to the first k eigenvalues of S.

When the vij’s are not the true eigenvectors of S, then, V TSV 6= U and computing factor
loadings with the true eigenvalues of S is inappropriate because such estimation may produce
out of range values leading to incorrect estimate of the sample correlation matrix. Moreover, the
matrix (V TSV ) can be used to compute the sparse factor loadings that fit with these eigenvectors.

First, it should be noted that the fundamental concept of factor analysis requires that ΛΛT

must be Gramian Matrix and of rank k (Everitt, 1984; Thompson, 2004). Subsequently, this im-
plies that the matrix product of the sparse factor loadings by its transpose should be symmetric
and positive semi-definite with rank k.

Now, let V s ∈ Rpk be the sparse orthogonal eigenvectors generated from S (V s 6= V , true
eigenvectors of S) and S = V UV T with V and U , being the p × p eigenvectors matrix and the
p×p diagonal matrix containing the eigenvalues of S respectively. The matrix product (V s)TSV s

can be expressed as:
(V s)TSV s = V sT [V UV T ]V s

= V sTV UV TV s (7)

As V s and V are both orthogonal eigenvectors (V s not ⊥ V ), we can see that,

V sTV V TV s = Ik (8)

Accordingly, V sTV ∈ Rkp is an orthogonal matrix and V TV s ∈ Rpk is its transpose. Let
T = V sTV ; then

(V s)TSV s = TU
1
2U

1
2T T

= (TU
1
2 )(TU

1
2 )T

(9)

The matrix product (TU
1
2 )(TU

1
2 )T is a symmetric matrix since it has entries that are the inner

product of a row of (TU
1
2 ) with a column of (TU

1
2 )T and the rows of (TU

1
2 ) are the columns

of (TU
1
2 )T . Therefore, the diagonal entries of the matrix product (TU

1
2 )(TU

1
2 )T are strictly

positive, but the off-diagonal elements are necessarily neither positive nor equal to zero (V sTV 6=
I). Moreover, these diagonal entries are not unavoidably in decreasing order, but they can be
used as eigenvalues with the sparse eigenvectors, V s to obtain the sparse factor loadings, Λs

because:

(i) The number of coefficients on the diagonal of
(
TU

1
2

)(
TU

1
2

)T
equals the number of the

columns of V s;

(ii) The matrix product

V s

[(
diag

[(
TU

1
2

)(
TU

1
2

)T]) 1
2

· Ik
]
·
[(

diag

[(
TU

1
2

)(
TU

1
2

)T]) 1
2

· Ik
]

(V s)T

is a p× p symmetric matrix of rank k;

(iii) The diagonal of
[(
TU

1
2

)(
TU

1
2

)T]
has positive values which can be arranged in decreasing

exactly like the eigenvalues of a positive semi-definite matrix.

Subsequently, the matrix of factor loadings Λs can be expressed by:
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Λs = V s

[(
diag

[
(TU

1
2 )(TU

1
2 )T
]) 1

2 · Ik
]

(10)

which is equivalent to

Λs = V s

[(
diag

[
(V s)T SV s

]) 1
2 · Ik

]
(11)

where V s ∈ Rpk is the sparse eigenvectors generated from S; V and U are the p× p eigenvectors
matrix and the p× p diagonal matrix containing the eigenvalues of S respectively; V sT and V T

are the transpose of V s and V respectively; T = V sTV .

However, one major problem with the use of the diagonal of [(V s)TSV s] for computing sparse
factor loadings, Λs, is the fact that some coefficients, λsij of the latter may not lie between −1
and 1 and this may lead to improper solutions. To avoid this issue, we introduce a parameter
for adjusting the square root of the quantity, (V s)TSV s such that all coefficients of the sparse
factor loadings lie between −1 and 1. Let τ ≥ 0 be the adjustment parameter, if a coefficient,
λsij ∈ Γs is out of the normal range, then, the sparse factor loadings, Γs is re-expressed as:

Λs∗ = V s

[(
diag

[
(V s)TSV s

]) 1
(2+τ) · Ik

]
(12)

Having the sparse eigenvectors, V s and the sample correlation matrix, S, the estimation of sparse
factor loadings becomes very simple if λsij ∈ [−1; 1]. But, since this case is often not likely, an
iterative procedure can be used to find λsij ∈ [−1; 1]. This iteration procedure consists in choosing
a very small value of τ so that the quantity 2 + τ is very close to 2 and computing the sparse
factor loadings, Γs∗. Then, sequentially increase τ and compute again the sparse factor loadings
(for each sequence) until all coefficients of the latter lie between −1 and 1.

3.3 Algorithm for Computation of Spare Factor Loadings

Based on the details provided in Section 3.2, the algorithm for computing the sparse factor
loadings Λs∗ is presented in the following steps:
Step 1: Compute the sparse eigenvectors, V s from the sample correlation matrix, S using Benidis
et al. (2016) algorithm described previously.
Step 2: Choose τ such that 2 + τ ≈ 2 and set l = 0; τ l = τ ;

Step 3: Compute Λl = V s

[
(diag[(V s)TSV s])

1

(2+τl) · Ik
]
;

Step 4: l = l + 1 and τ l+1 = (l + 1)τ l;
Step 5: Repeat Steps 3 and 5 until all coefficients of Λl lie between -1 and 1;
Step 6: Return Λl.

4 Numerical application

To evaluate the performance of the method in Section 3, we generated p = 20 random variables
following multivariate normal distribution with vector of mean, µ = 0 and Σ lying between -1
and 1. We choose n = 200 and Σ such that the correlations between the random variables have
four disconnected cliques of size 5. Accordingly, the diagonal of this correlation matrix consists
of four dense matrices whose entries are either 0.9999 or -0.9999 while off-diagonal entries vary
between -1 and 1 as shown in Figure 1.

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 427



Fig. 1. Correlation graph for simulated data.

The main purpose is to see how the proposed method referred as "Method 1" perform compara-
tively to the method proposed by Hirose & Yamamoto (2015) referred as "Method 2" in term of
sparsity level and error introduce by the sparsity. The sparsity level is indicated by the number of
zero in the sparse factor loadings while the error is represented by the mean square error (MSE)
between the sample correlation matrix (S) and common factor correlation matrix (ΛΛT ).

Table 1 presents the number of zero and MSE obtained by varying ρ for Method 1 and ρ and γ
for Method 2. Based on the observed values in Table 1, it is clear that both methods produce
sparser factor loadings and the level of sparsity or the number of zero increases as the parameter
ρ increases. However, Method 1 which is the proposed method performs better than Method 2
since it provides small MSE even when both methods produce the same number of zero.

Table 1. Number of zero and MSE for Method 1 and 2 for varying ρ and γ.
ρ γ N. of zero N. of zero MSE MSE

Method 1 Method 2 Method 1 Method 2
0.0001 Inf 0 5 0.0003 0.0052
0.001 100 10 9 0.0017 0.0261
0.01 51.868 20 14 0.0062 0.0363
0.1 13.954 50 47 0.0322 0.1292
0.3 7.238 50 59 0.0324 0.2178
0.7 3.754 60 60 0.0629 0.3207
1 1.947 60 60 0.0629 0.3478
2 1.010 60 65 0.0629 0.4198

The matrices of factor loadings which describe how the different variables are correlated to
common factors and which variable is highly correlated to which common factors are presented
in Tables 2 and 3, respectively. For unrotated and rotated factor loadings (Table 2), bolded
values indicate strong correlation, while empty boxes show insignificant loadings (or loadings
equal to zero) for sparse factor loadings (Table 3). Unlike unrotated and rotated factor loadings,
60 entries of the sparse factor loadings obtained from Method 1 and Method 2 are zero (empty
boxes). Further, each variable is significantly related to only one common factor at a time.
However, loadings from Method 1 show very strong correlation than those from Method 2.
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Table 2. Unrotated and rotated factor loadings obtained from EFA.

Table 3. Sparse Factor loadings obtained from Method 1 and Method 2 respectively with ρ = 0.7
and γ = 3.754.
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5 Discussion of Results

Table 1 presents the number of zero and MSE obtained by varying ρ for Method 1 and ρ and
γ for Method 2. For Method 1, the level of sparsity or the number of zero increases as the
parameter ρ increases. While for Method 2, the level of sparsity increases when ρ increases and
γ decreases simultaneously. With ρ = 0.0001, Method 1 do not provide zero loadings and with
ρ = 0.0001 and γ = ∞, Method 2 gives five zero loadings. For some values of ρ and γ, both
methods produce the same number zero loadings. However, with respect to MSE, Method 1
seems to be better than Method 2 because it gives smaller values of MSE even when both have
the same level of sparsity. This can be explained by the fact that Method 2 may also affect the
values of significant or nonzero loadings which is evidenced in Table 3. Based on the observed
values in Table 3, both methods have the same number of empty boxes (zero loadings) and the
same number of nonzero loadings. But, the loadings for Method 1 are higher than those for
Method 2. Subsequently, the value of MSE for both methods is different since common factor
correlation matrix (ΛΛT ) is calculated based on the obtained sparse factor loadings.
Furthermore, rotated factor loadings and sparse factor loadings for Method 1 and 2 presented in
Tables 2 and 3 respectively, have almost the same pattern in terms of the number of observed
variables that are strongly loaded on each factor. In addition, strong or significant loadings
for rotated factor loadings and sparse factor loadings obtained from Method 1 are almost the
same except the difference of sign for some observed variables and the fact that these observed
variables may be loaded differently on common factors.

6 Conclusion

Based on the obtained results, we found that the sparse factor loadings from both Methods 1 and
2 provide a better view on how the variables are influenced by common factors in comparison to
rotated and unrotated factor loadings obtained from EFA (see Tables 2 and 3). The sparsity level
for both methods depends strongly on the parameters of regulation required for each method as
shown in Table 1.
The proposed method performs better than Method 2 since it provides smaller values of MSE
even when both methods have the same level of sparsity or number of zero (see Table 1). However,
the proposed method have some weaknesses among which the loss of information which increases
with the level of sparsity. In addition, uniqueness of factor loadings can be challenged if the
parameter for adjusting the square root, τ , is different than zero because in such condition there
is an infinity of value of τ which can provide loadings lying between -1 and 1.

References

[1] Bai, J., Liao, Y.: Efficient estimation of approximate factor models via penalized maximum
likelihood. Journal of Econometrics 191(1), 1–18 (2016).

[2] Bartholomew, D., Knott, M., Moustaki, I.: Latent Variable Models and Factor Analysis.
John Wiley & Sons, Ltd. (2011).

[3] Basilevsky, A.T.: Statistical Factor Analysis and Related Methods. John Wiley & Sons,
Inc. (1994).

[4] Benidis, K., Sun, Y., Babu, P. and Palomar, D. P.: Orthogonal Sparse PCA and Covariance
Estimation via Procrustes Reformulation. IEEE Transactions on Signal Processing 64(23),
6211–6226 (2016).

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 430



[5] Edelman, A., Arias, T. A., Smith, S. T.: The geometry of algorithms with orthogonality
constraints. SIAM Journal on Matrix Analysis and Applications 20, 303–353 (1998).

[6] Everitt, B. S.: An introduction to latent variables models. Chapman and Hall Ltd. (1984).

[7] Fontanella, S., Trendafilov, N., Adachi, K.: Sparse exploratory factor analysis. In: Pro-
ceedings of COMPSTAT, pp. 281–288. (2014).

[8] Hirose, K., Yamamoto, M.: Sparse estimation via nonconcave penalized likelihood in factor
analysis model. Statistics and Computing 25(5), 863–875 (2015).

[9] Hirose, K., and Yamamoto, M.: Estimation of an oblique structure via penalized likelihood
factor analysis. Computational Statistics and Data Analysis 79(Kaiser), 120–132 (2014)..

[10] Jung, S., Takane, Y. : Regularized common factor analysis. New Trends in Psychometrics
1(1), 1–10 (2007).

[11] Ma, Z.: Sparse principal component analysis and iterative thresholding. Ann. Statist. 41(2),
772–801 (2013).

[12] Song, J., Babu, P., Palomar, D. P.: Sparse generalized eigenvalue problem via smooth
optimization. IEEE Trans. Signal Process. 63(7), 1627–1642 (2015).

[13] Sun, Y., Babu, P., Palomar, D. P.: Majorization-minimization algorithms in signal pro-
cessing, communications, and machine learning. IEEE Transactions on Signal Processing
65(3), 794–816 (2017).

[14] Trendafilov, N. T., Adachi, K.: Sparse Versus Simple Structure Loadings. Psychometrika
80(3), 776–790 (2015).

[15] Trendafilov, N. T., Fontanella, S., Adachi, K.: Sparse Exploratory Factor Analysis. Psy-
chometrika, (2011).

[16] Thompson, B.: Exploratory and confirmatory factor analysis: Understanding concepts and
applications. Washington, DC: American Psychological Association (International Stan-
dard Book Number: 1-59147-093-5) (2004).

[17] Yuan, X.-T., Zhang, T.: Truncated power method for sparse eigen-value problems. J. Mach.
Learn. Res. 14 (1), 899–925 (2013).

Proceedings of the 7th Annual International Conference on
Mathematical Sciences and Optimization 2020 (Virtual Conference) 431


