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Integration of Judgmental and Statistical Approaches for 

Demand Forecasting: Models and Methods 

Andrey Davydenko 

 

ABSTRACT 

The need for the composite use of judgmental and statistical approaches in forecasting 

is caused by the fact that each of these approaches itself cannot ensure the desired 

quality of forecasts. The topic of integrating forecasting methods has been long 

addressed in literature. However, due to the specific nature of demand data existing 

solutions in this area often cannot be efficiently applied in demand forecasting. The aim 

of the research is to develop efficient models and methods which would better 

correspond to realistic problem definitions in the context of demand forecasting. 

The first question that requires resolution is measuring the quality of demand forecasts. 

A critical analysis of existing error measures has shown that they are not always 

suitable for demand data due to their statistical properties. To provide a more robust and 

interpretable indication of forecasting performance the use of an enhanced statistic is 

proposed. 

One area of the research relates to the correction of judgmental forecasts. Since 

judgmental forecasts are inherently affected by cognitive biases, special means are 

required for producing an adequate probabilistic representation of future demand. 

Alongside the analysis of independent judgmental forecasts the research has examined 

the statistical properties of judgmental adjustments to statistically generated forecasts. 

Empirical analysis with real-world datasets shows that classical assumptions do not 

hold true and therefore standard procedures and tests cannot be correctly applied. 

Therefore more flexible methods have been designed to ensure more efficient and 

reliable analysis of judgmental forecasts. The results from the proposed techniques 
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make it possible i) to reveal and eliminate systematic errors, and ii) to adequately 

evaluate the uncertainty associated with judgmental forecasts. 

Another area of research has focused on using prior judgmental information as an input 

into statistical modelling, thereby obtaining consistent forecasts using both expert 

knowledge and latest observations. The proposed approach here is based on 

constructing a model with a combined dataset where available actual values and expert 

forecasts are described by means of corresponding regression equations. This allows the 

use of judgmental information in order to derive the prior characteristics of a data 

generation process. Model estimation is done using Bayesian inference and iterative 

algorithms, which make it possible to use sufficiently flexible model specifications. 

Analysis based on real data has shown that the approach and the proposed models can 

be easily and efficiently applied in practice. 

In summary, the contribution of the thesis is as follows. 

i) A number of previously unstudied effects are identified that can potentially lead 

to misinterpretation of measurement results obtained with the use of various 

well-known accuracy measures including MAPE, MdAPE, GMRAE, and 

MASE. 

ii) A new general error measure with improved statistical properties is proposed to 

overcome some imperfections of existing error measures. 

iii) New models and methods for efficient processing of point independent 

judgmental forecasts and judgmental adjustments to statistical forecasts are 

proposed based on Bayesian numerical analysis. 

iv) A new approach is proposed for the efficient incorporation of judgment into a 

statistical model of process dynamic. 
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1. Introduction 

1.1. Research Background and Aims 

Demand forecasting plays an important role in business management. Short-term 

demand forecasts form a basis for optimal decision-making in inventory control and 

production scheduling. Longer-term forecasts are essential for successful financial 

planning and are also used in capacity and workforce planning. Nowadays the role of 

demand forecasting is becoming even more important as companies try to manage their 

resources more efficiently in modern highly competitive markets. 

By measuring the financial cost of forecast error it is possible to demonstrate that the 

accuracy of demand forecasts can have a considerable impact on company profitability 

(Kahn, 2003). But improving the accuracy of forecasts requires additional costs and 

managerial efforts. Therefore when choosing a forecasting method it is important to 

recognise a balance between the benefits from increased accuracy and the extra cost of 

providing the improved forecasting (Nadar and Vijayan, 2009). 

Today’s software makes various statistical techniques for time series extrapolation 

readily available for practical usage in the area of demand forecasting. Modern 

enterprise software systems permit automated demand forecasting and the integration of 

forecasts into planning (Kusters, McCullough, and Bell, 2006). The data needed to 

prepare forecasts can be obtained in a real-time mode through point-of-sales (POS) 

systems, call centres, web sites, etc., which helps automate the forecasting process. 
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One aim of automated forecasting based on statistical methods is to minimise human 

participation in situations when a large number of forecasts must be generated or 

forecasts must be updated frequently. Such situations often occur in practice when 

future demand forecasts are required for each stock-keeping-unit (SKU) on a daily, 

weekly, or monthly basis. Some software systems implement special procedures that 

can be used in order to automatically select an appropriate statistical forecasting 

technique without the aid of a skilled analyst (Leonard, 2002). Therefore statistical 

techniques can be used even when skilled analysts are not available or when finding an 

appropriate model for each time series requires a considerable time. 

Another advantage of statistical forecasting in comparison with using expert judgment 

is that statistical estimates provide optimal and objective results that correspond to 

modelling assumptions. At the same time, it is well-known that judgment under 

uncertainty is affected by the presence of cognitive biases and human thinking is not 

optimal when processing stochastic data (Tversky and Kahneman, 1974). 

However, the use of statistical methods in demand forecasting often presents difficulties 

due to a large number of factors influencing demand and insufficient amount of relevant 

data. It is known that the factors that exert an influence on future demand of a 

commodity or service include its price, the prices of related goods or services, income 

of the consumer, consumer preferences and many others (Nadar and Vijayan, 2009). In 

practice building a statistical prediction model that would include even some of the 

factors is often unreachable since relevant data is either impossible or very difficult to 

obtain. Moreover, explanatory variables for future demand are often unknown 

quantities themselves and must be estimated as well (and this should be done by 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



12 

 

forecasting these variables or based on surveys). This requires the use of stochastic 

regressors, which results in increased uncertainty. Therefore a common approach in 

demand forecasting is to use a univariate forecasting method that explains future values 

based only on previous sales values. In existing demand forecasting software this can be 

done by means of exponential smoothing, curve fitting, state-space modelling and 

Kalman filtering, neural networks, and other well-known techniques. The major 

disadvantage of this approach is that important factors are often not taken into account. 

This can lead to inaccurate predictions and extrapolating inappropriate trends. 

But even in the case when several explanatory variables are available, additional 

difficulties arise due to the fact that the relationships between variables evolve in time 

because of the changes of consumer preferences. Therefore past historical patterns 

cannot be extrapolated far in future. Also, the number of historical observations that are 

relevant to current dependencies are often limited, which does not permit confident 

estimation of parameters of statistical models. In such cases the number of explanatory 

variables can be comparable to the number of observations and therefore the problem 

can become ill-conditioned. The use of such techniques as time-varying parameters 

modelling does not solve the problem since using additional assumptions and 

introducing additional variables again results in an unacceptably high uncertainty 

associated with forecasts. 

The abovementioned difficulties are amplified by the need to take into account various 

stages of product lifecycle and special events such as promotions, advertising, 

competitor activities, sporting events, political events, etc. Also, in the special case of 

forecasting new products a history of observations is not available. 
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Thus, relying on purely statistical methods cannot guarantee acceptable results in 

demand forecasting, especially in a medium or long range perspective. In fact, practical 

evidence shows that in many large companies the use of expensive forecasting software 

implementing extrapolative techniques has been ineffective and even led to serious 

losses (Worthen, 2003). For example, in 2001 Nike company executives acknowledged 

an inventory write-off up to 90 million dollars because the forecasts from automated 

demand forecasting software had been largely inaccurate. At the same time, the 

company ended up with approximately 100 million dollars shortfall on popular models. 

Such large forecasting errors happened as a result of relying exclusively on automated 

projections. Thematic examples of unsuccessful investment in forecasting software also 

include the implementation of automated demand forecasting in Goodyear and Cisco 

companies. In these examples the use of inherently limited technology of purely 

extrapolative statistical forecasting reduced the effectiveness of inventory control after 

several years of exploiting forecasting software. 

Therefore both theoretical considerations and practical evidence suggest that statistical 

methods cannot completely replace the use of expert judgment in the task of demand 

forecasting. Surveys indicate that practitioners have traditionally relied on judgmental 

methods when producing demand forecasts (Dalrymple, 1987; Mentzer and Cox, 1984; 

Mentzer and Kahn, 1995; Sanders and Manrodt, 1994; Fildes and Goodwin, 2007). 

Judgmental methods assume that final forecasts are obtained from experts who can be 

managers that have the latest information about market conditions. This way of 

producing forecasts is based on using experts’ knowledge, experience, and intuition. 
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The primary reason for using judgmental methods is that they allow the incorporation 

of known information about marketing plans, current market conditions and competitor 

plans. Also, judgmental methods can take into account ‘soft’ information in a form of 

rumours or hearsay (Sanders and Ritzman, 2004). This type of information is 

qualitative and highly subjective, however it can be valuable in prediction, especially in 

changing environments (Webby and O’Connor, 1996). Experts can also base their 

judgments on the results of consumer intentions surveys and relevant marketing 

research, which is an important additional source of information in demand forecasting. 

A number of additional organisational factors exist why companies use judgmental 

methods (Goodwin, 1998; Goodwin, 2002). In particular, complex mathematical and 

econometric procedures may be not transparent to managers and forecast users and 

therefore such procedures may be judged less desirable (Taylor and Thomas, 1982; 

Mady, 2000). Forecasters may also feel that they have no control over the forecasting 

process when using extrapolative predictions (Goodwin, 1998). In fact, a sales manager 

can partly control the conditions that exert influence on future demand, for example, by 

changing the price of a product. In some cases forecasters may be reluctant to adopt 

statistical methods since they may feel that their skills are being replaced by automated 

procedures (Kleimuntz, 1990). Many organisations rely solely on judgmental forecasts 

because of the lack of personnel who are skilled in the use of statistical methods (Fildes 

and Hastings, 1994; Mady, 2000). 

As mentioned previously, judgmental methods have their well-known shortcomings 

that arise due to the limitations of human cognitive abilities. Judgmental forecasts 

cannot deliver optimal results because the human mind has limited information 
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processing ability (Hogarth, 1987). Also, it is known that people employ various 

simplifying strategies or heuristics when making judgments under uncertainty, which 

lead to cognitive biases that can affect the quality of predictions (Tversky and 

Kahneman, 1974). 

Up to date a large number of cognitive biases have been documented in the literature. A 

summary given in (Goodwin, 2002) describes the following types of well-known 

cognitive biases that are especially relevant to forecasting in companies. When 

extrapolating time-series patterns judgmental forecasters tend towards underestimating 

the real magnitude of growth or decay (Hogarth and Makridakis, 1981; Goodwin and 

Wright, 1993). This anchoring bias can be a result of a heuristic when sales time series 

is extrapolated using one period’s figure as a starting point for estimating next period’s 

sales. People also tend to overreact to random fluctuations present in most recent 

observations. When a group of experts meet to prepare forecasts, the final result can be 

distorted by the presence of a dominating opinion that can be wrong (Asch, 1965; Janis 

and Mann, 1979). 

The subjectivism of experts can show itself in overoptimism and overconfidence 

(Wheelwright and Makridakis, 1985). Survey results presented in (Gartner and Thomas, 

1989) indicated that in 63 newly founded companies yearly sales forecasts were on 

average 29 per cent above corresponding actual figures. Overoptimistic forecasts were 

also predominant in some studies of judgmental forecasts at SKU level (Fildes et. al, 

2009; Franses and Legerstee, 2009). Moreover, companies can overestimate their future 

sales intentionally in order to achieve their financial aims. For example, overoptimistic 

figures can be used as a signal to attract more investors (Muller, 2010). The effect of 
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overconfidence in judgmental forecasting becomes evident when judgmental 

forecasters are asked to estimate the accuracy of their forecasts. Some empirical studies 

have shown that the real hit rate is often below its judgmentally predicted value (Arkes, 

2001). 

Thus, judgmental forecasts cannot guarantee adequate probabilistic representation of 

future demand. The abovementioned problems are amplified when trying to 

complement point forecasts with prediction intervals. At the same time, reporting 

probability-based prediction intervals is essential for efficient planning in a company 

(Kusters, McCullough, and Bell, 2006). Without the measurement of uncertainty, it is 

not possible to efficiently apply forecasting results to replenishment and scheduling 

strategies. Essentially, optimal calculations of lot sizes, replenishment levels and 

intervals require the knowledge of forecast error distributions. 

In case if many time series require attention, judgmental forecasting can also be 

uneconomic. In practice the number of time series can be counted in thousands or even 

millions (Leonard, 2002). In such settings preparing each forecast by experts becomes 

highly impractical. 

In order to improve the process of forecasting some companies resort to various ways 

of integrating judgmental and statistical approaches. In particular, a common practice in 

companies, especially when producing SKU-level forecasts, is to use judgmental 

adjustments to statistically generated forecasts (Fildes and Goodwin, 2007; Fildes et. al, 

2009). This approach assumes that first a baseline statistical forecast is calculated based 

on available historical data. Then the statistical forecast can be revised by an expert or a 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



17 

 

panel of experts who can incorporate their knowledge of additional factors that are not 

included into a statistical model. An alternative approach is when sales departments 

provide ‘prior’ independent judgmental forecasts that are then compared with 

computer-generated forecasts and reviewed at a higher level of management. For 

example, this approach was adopted in some well-known companies (including Alcatel 

and Victor) to forecast highly important variables with the aim of reducing the risk of 

large errors (Worthen, 2003). 

The above practices assume that the statistical forecast is presented to the judgmental 

forecaster who can then decide how to use this forecast when producing final forecast. 

The disadvantage of this way of integration is that final forecast is still quite subjective 

and prone to the biases and inefficiencies discussed above. The use of judgmental 

interventions to statistical forecasts can even lead to some additional biases (Goodwin, 

2002). For example, some effects may be already taken into account by a statistical 

model and the judgmental forecaster may double count these effects. Also, people tend 

to completely ignore statistical forecast even in situations when it might be more 

accurate or can be useful as baseline estimate (Goodwin and Fildes, 1999). In addition, 

when producing the baseline statistical forecast the data base should still be cleansed in 

order to remove the presence of unusual events (such as strikes or large customer 

returns), which requires additional efforts (Lawrence, 1977). And if the data cleansing 

is not appropriately done, this can undermine the rationale of the whole methodology. 

Recent studies suggest that manual overriding of statistical forecasts leads to biases and 

does not bring substantial improvements in accuracy compared to the initial statistical 

forecast (Fildes et. al, 2009; Franses and Legerstee, 2009). 
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The topic of how to efficiently use both statistical and judgmental approaches in order 

to improve forecasting in companies has been addressed in many academic publications 

including (Collopy and Armstrong, 1992; Armstrong and Collopy, 1998; Sanders and 

Ritzman, 2004; Goodwin, 1998; Goodwin, 2002; Fildes et al., 2009). This area of 

research involves many aspects and considerations because forecasting can be 

performed in different settings and under different constraints on manpower and 

financial resources. 

In order to reduce the risk of harmful judgmental interventions some researchers have 

proposed providing special guidance to forecasters or requiring forecasters to document 

the reasons for their decisions (Willemain, 1991; Lim and O’Connor, 1995; Goodwin, 

2000; Fildes et al., 2009; Goodwin et al., 2011). For example, in (Goodwin, 2000b) 

forecasters were required to indicate the reasons for adjusting statistical forecast, which 

led to significant improvements of accuracy of final forecast. In (Goodwin et al., 2011) 

users of forecasting systems were advised to make adjustment in promotion periods, but 

not to adjust in non-promotion periods. However, this did not help improve accuracy. In 

general, methods such as restrictiveness or guidance have had only limited success and 

in most cases did not improve forecasting (Goodwin, 2002; Goodwin et al., 2011). In 

fact, modifying statistical forecast voluntarily still has its inherent limitations due to the 

subjective nature of the final forecasts. As a result this type of integration cannot 

guarantee obtaining adequate probabilistic representation of future demand and, in 

addition, can be quite labour intensive. 

A more objective approach to integration is based on statistical modelling with the 

optimal use of both formalised expert judgment and available statistical data. In this 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



19 

 

case it is possible not only to eliminate judgmental biases and to obtain more accurate 

point forecasts, but also to adequately evaluate the level of uncertainty associated with 

final forecasts. Moreover, statistical modelling can be used to find optimal point 

predictions in accordance with different loss functions, and to provide judgmental 

forecasters with adequate feedback on the properties of their forecasts. In particular, 

based on the history of previous judgmental forecasts it is possible to assess their 

optimality as well as the patterns and the magnitude of systematic errors. Therefore this 

type of modelling is urgently needed to ensure more efficient support of judgmental 

forecasting in forecasting support systems with the aim of improving the quality of 

demand forecasts (Fildes, Goodwin, and Lawrence, 2006). 

Up to now many methods for statistical processing of judgmental information are 

known. For example, a well-known method proposed in (Theil, 1966) is to regress 

available realisations on corresponding past forecasts in order to identify and eliminate 

systematic errors in subsequent forecasts. As demonstrated in (Goodwin, 1996; 

Goodwin, 2000), this method can be successfully used to improve the accuracy of point 

judgmental forecasts in companies and to complement point judgmental forecasts with 

prediction intervals. When judgmental forecast is produced in a form of judgmental 

adjustment to initial computer-generated forecast, then both the adjustment and 

statistical forecast can be used as regressors when explaining future demand values 

(Fildes et al., 2009). There are also methods to incorporate other forms of judgmental 

information into a statistical model such as Bayesian modelling with subjective priors 

(Yelland, 2004) or rule based forecasting (Collopy and Armstrong, 1992). 
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While various methods to integrate judgmental and statistical approaches have been 

proposed, in practical settings of demand forecasting a number of problems and 

scenarios exist where these methods cannot be used efficiently and consistently. In 

particular, in some cases this happens because of oversimplification of assumptions 

relating to the statistical properties of available data. Also, some specific forecasting 

scenarios and specific types of information provided by managers (for example, when 

managers estimate aggregated demand and do not produce forecasts for individual 

periods) may render existing methods inapplicable to real situations. The identification 

of these problems along with a survey of relevant literature will be presented in the next 

section. 

The aim of this thesis is to develop a mathematical-statistical framework for the 

efficient use of both judgmental information and observed data in practical settings that 

characterize demand forecasting. In particular, the research aims to 

(i) develop mathematical-statistical models which would correspond to 

realistic problem definitions; 

(ii) construct effective algorithms for producing forecasts based on the 

proposed models; 

(iii) construct methods to analyse the statistical properties of judgmental 

estimates; 

(iv) evaluate the effectiveness of the developed algorithms in application to real 

data. 
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In addition to the insufficient support for the use of judgmental information modern 

forecasting software systems lack capabilities to appropriately track forecasting 

accuracy (Kusters, McCullough, and Bell, 2006). In fact, the problem of choosing 

appropriate metrics to report the accuracy of forecasts when forecasting data contains 

many time series has been long discussed in academic literature. Recently it has been 

demonstrated in (Hyndman and Koehler, 2006) that traditional error measures (such as 

MAPE, MdAPE and others) are not generally applicable, do not allow for a clear and 

useful interpretation, and even can produce misleading results. 

An additional aim of this thesis is to find most suitable approaches to measure the 

quality of forecasts in demand forecasting systems. 

1.2. Existing Methods and Identified Problems 

The previous section has argued that judgment is used extensively and in a variety of 

different ways to produce final demand forecasts. At the same time, statistical 

processing of judgmental inputs is essential in order to ensure adequate and complete 

representation of future demand. This section will briefly discuss existing approaches to 

forecasting with the use of judgment and identify unresolved problems associated with 

each of them. In particular, the following four distinct approaches will be discussed: i) 

unaided judgment, ii) judgmental adjustments to statistical forecasts, iii) combining 

judgmental and statistical forecasts produced independently, iv) building a single 

statistical model that incorporates both formalised judgment and observed data. 

Overcoming the problems identified in this section forms the core of the thesis. 
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Unaided Judgment 

In many practical situations an adequate statistical model that describes demand 

dynamic is unavailable and companies resort to unaided judgmental forecasting. This 

can happen either because features of the data generation process are too complex or 

simply because statistical methods are not used due to the organisational factors 

described in the previous section. Usually judgmental forecasters produce only point 

forecasts (Goodwin, 1998). In this case the tasks of statistical modelling are to 

i) identify persistent systematic errors (systematic deviations from optimal 

forecasts in terms of some given loss function) based on past point 

judgmental forecasts and corresponding outcomes, 

ii) test if systematic errors are statistically significant, 

iii) optimally correct subsequent point judgmental forecasts in terms of some 

given loss function, 

iv) describe and visualise systematic errors conveniently in order to provide 

forecasters with adequate feedback on their performance, 

v) estimate the level of uncertainty associated with subsequent point 

judgmental forecasts. 

In (Theil, 1966) it was proposed to employ a two-variable classical linear regression 

model to analyse forecast biases and to optimally correct forecasts. This method is 

known as Theil’s optimal linear correction. In this method real outcomes are used the 

dependent variable and initial forecasts are used as the independent variable. In order to 

find optimally corrected forecasts under quadratic loss it was proposed to use the 
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ordinary least squares (OLS) fitting. The method can be used to detect and to remove 

two types of bias, mean and regression bias. Mean bias is a constant tendency to 

overestimate or underestimate actual values. Regression bias arises when forecasts tend 

to be too high when outcomes are relatively low and too low when outcomes are 

relatively high, or vice versa. The presence of mean and regression bias is detected 

when the estimate of the intercept coefficient substantially differs from 0. Obtaining the 

slope coefficient estimate that substantially differs from 1 indicates the presence of the 

regression bias. If the assumptions of the classical linear normal regression (CLNR) 

model hold true then testing for unbiasedness of forecasts can be performed using 

standard significance tests applied to the intercept and slope coefficients (Goodwin, 

1996; Fildes et al., 2009). 

Studies conducted to date show that Theil’s optimal linear correction can be 

successfully used to improve judgmental forecasts in various tasks. In particular, in 

(Goodwin, 1996) the correction of analysts’ company earnings forecasts significantly 

reduced MSE of out-of-sample forecasts. In (Goodwin, 2000a) the correction improved 

managers’ sales forecasts in terms of MdAPE. 

If the CLNR assumptions are correct then standard regression analysis methods can 

also be employed to convert point judgmental predictions into density forecasts (in the 

form of probability distributions for future outcomes) and thereby to evaluate the 

uncertainty associated with future point judgmental forecasts. It was also shown in 

(Goodwin, 1996) that the resulting conditional distribution for future outcomes can be 

used to find optimal point forecasts in terms of some given asymmetric linear loss 

function. However, these methods were only developed for the case of a linear loss 
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function. Also, corresponding significance tests for the unbiasedness of forecasts in 

terms of a user-specified loss function were not presented. Therefore even if the CLNR 

assumptions hold true, the methods presented still cannot be used to test whether or not 

judgmental forecast contains persistent systematic deviations from optimal forecasts 

under some arbitrary user-specified loss function. 

While there are examples of situations when the existing methods can be successfully 

applied, in practical settings the CLNR model often cannot adequately capture the 

specific features of demand data. In particular, demand time series usually contain non-

negative count observations, which results in skewed conditional distributions of actual 

outcomes, a non-linear type of the true regression function, and heteroscedastic errors. 

In these circumstances OLS estimates and standard significance tests are inappropriate 

and can even give misleading results, especially when the number of observations is 

limited. Also, OLS estimates are not robust. Therefore the existing methods cannot be 

used directly in the presence of outliers caused by heavy-tailed error distributions. 

Moreover, quite often demand data contains censored observations that correspond to 

so-called surplus demand (Kusters, McCullough, and Bell, 2006). This happens when 

the actual sales are lower than the actual demand. Using such observations in the same 

way as ordinary observations leads to substantial biases. Therefore when applying 

standard techniques surplus demand periods should be excluded, which reduces the 

number of available observations. Additional difficulties arise when the number of 

observations within each time series is insufficient to find precise estimates of 

regression parameters. In this case the resulting estimates may be very uncertain and 

special techniques to pool data across many time series may be needed. 
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One problem addressed by this thesis is to perform the statistical analysis of unaided 

point judgmental forecasts while taking into account the peculiarities of demand data. 

Judgmental Adjustments to Statistical Forecasts 

Another common situation in demand forecasting is when major dynamic can be 

extrapolated using some statistical method, but experts can adjust this baseline 

statistical forecast in order to incorporate additional information into the final forecast. 

Statistical analysis of judgmental adjustments is needed to 

i) find out whether or not judgmental adjustments improve the accuracy of the 

baseline statistical forecasts, 

ii) assess the magnitude and the significance of changes in accuracy, 

iii) give recommendations on how to improve judgmental adjustments, 

iv) solve the tasks described for the previous scenario. 

In the given situation the available data for the analysis includes past baseline statistical 

forecasts together with corresponding judgmental adjustments and real outcomes. 

Up to date only a few studies have employed statistical models of judgmental 

adjustments in order to detect biases and inefficiencies and to perform optimal 

correction of forecasts. In (Fildes, et al., 2009) actual outcomes were regressed on both 

judgmental adjustments and baseline statistical forecasts. Additional regressors could 

also be included such as lagged sales and lagged errors of judgmentally adjusted 

forecast. This model was used to detect inefficiencies of judgmental adjustments and to 
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find optimally corrected forecast. Also, Theil’s optimal linear correction model 

described previously was applied to judgmentally adjusted forecasts with the aim to 

detect the presence of mean and regression bias. In order to pool data across time series 

all the available variables were scaled using the standard deviation of sales for each 

time series. The scaling was required because of the limited number of observations 

within each time series. Estimation of regression coefficients was performed based on 

the CLNR assumptions with the use of the OLS method. In (Trapero et al., 2011) it was 

proposed to apply non-linear modelling techniques in order to relax some of the 

assumptions of the CLNR when constructing the optimal correction model. However, 

the proposed techniques are still based on the assumption of normality of errors and on 

the use of scaled variables. 

Similar to the previous scenario, the abovementioned procedures for modelling 

judgmental adjustments are not always applicable in practice due to the specific features 

of available data. In particular, it is natural to expect that the conditional distributions of 

count values will be non-normal and highly skewed. 

Moreover, the use of ‘standardized’ measurements in regression analysis leads to 

statistical shortcomings even if raw variables for each object conform to the statistical 

requirements of CLNR. Up to now many authors have warned about the implications of 

the data manipulations when both the dependent and independent variables are divided 

by some scale variable in order to take account for size effects. Performing a cross-

sectional regression analysis based on such measurements is problematic due to the 

presence of stochastic regressors and the effect of spurious correlation (Kuh and Meyer, 

1955; Atchley et al., 1976; Packard and Boardman, 1987, 1988; Jackson, Harvey, and 
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Somers, 1990; Jackson and Somers, 1991; Kronmal, 1993; Packard and Boardman, 

1999; Barraclough, 2007). The spurious correlation takes place since regression errors 

become dependent on covariates, which contradicts with the OLS assumptions and 

leads to biased estimates. Most works cite (Pearson, 1897) as the first publication where 

the problem of spurious correlation was identified. Pearson showed that two variables 

having no correlation can become highly correlated when divided by a third 

uncorrelated variable. In Pearson’s definition a ‘spurious correlation’ is ‘the amount of 

correlation which would still exist between the indices, were the variables on which 

they depend distributed at random’. The extent to which the regression results become 

distorted due to these biases is often hard to assess and the results may become 

unpredictable and even counterintuitive. Therefore the use of ratios with common 

denominator in regression analysis is generally not recommended (Atchley et al., 1976; 

Jackson, Harvey, and Somers, 1990; Jackson and Somers, 1991; Kronmal, 1993; 

Berges, 1997; Barraclough, 2007). The disadvantages of using scaled variables when 

analysing adjustments data will be later discussed in section 4.5.2. An additional 

limitation of the existing methods based on scaled variables is the inability to 

adequately estimate the uncertainty associated with future point judgmentally adjusted 

forecasts. Optimal forecasts depending on a user-specified loss function are also not 

readily available. 

In a number of publications the accuracy of judgmentally adjusted forecasts has been 

compared with the accuracy of baseline statistical forecasts. But these studies have 

mainly employed traditional error measures based on percentage errors such as MAPE, 

MdAPE, RMSPE, and others. Different studies reported different results depending on 
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the data set and on the error measure. In fact, even for the same data set the result of 

accuracy comparison could be different depending on the error measure used. For 

example, in (Fildes et al., 2009) judgmental adjustments improved statistical forecasts 

in terms of MdAPE, however, in terms of trimmed MAPE there was an opposite result. 

The use of percentage errors to compare forecasting accuracy has been long criticised in 

literature because the percentage-based measures cannot deliver easily interpretable and 

useful results (Hyndman and Koehler, 2006). However, the choice of an alternative 

error measure that would adequately reflect changes in accuracy in terms of some 

specified loss function still requires additional research. 

In the light of the abovementioned considerations, another problem addressed by this 

thesis is to ensure more adequate and more comprehensive analysis of judgmental 

adjustments in demand forecasting systems. 

Combining Independent Judgmental and Statistical Forecasts 

Apart from making judgmental adjustments, an alternative approach is to produce 

statistical and judgmental forecasts independently and then use a mathematical 

procedure to combine the constituent forecasts in an optimal way. After the seminal 

article (Bates and Granger, 1969) the topic of combining alternative forecasts has been 

extensively researched in literature. Many of the methods proposed are based on taking 

a weighted sum of the values of the constituent forecasts. Originally, for the case of two 

alternative forecasts it was proposed to compute weights based on the forecast errors of 

the constituent forecasts (Bates and Granger, 1969). Then more general approaches 
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have been proposed such as using least-squares regression (Granger and Ramanthan, 

1984). Surveys of existing studies (Clemen, 1989; Timmermann, 2006) suggest that in 

general combining forecasts leads to improved accuracy. However, (Timmermann, 

2006) points out that combination weights can be very unstable. In practical settings 

combining independent forecasts can be problematic because of oversimplified 

assumptions with regard to forecast errors and the lack of relevant data to find a useful 

statistical forecast and then estimate the combining weights. This may be the reason 

why many studies show that a simple average often performs better then alternative 

weighting schemes (Blattberg and Hoch, 1990; Armstrong, 2001). As noted in (Sanders 

and Ritzman, 2004) within an organizational context it can be difficult to implement 

combining of independent forecasts because of low sense of ownership. Other authors 

(e.g., Goodwin, 2002) support this opinion. In some sense methods for processing 

independent forecasts are equivalent to the methods for processing judgmentally 

adjusted forecasts. Essentially, both types of methods assume running a regression of 

actual outcomes on the values of individual forecasts in order to obtain a combined 

forecast with better properties. Therefore many of the issues relating to the analysis of 

judgmental adjustments are also relevant to combining independent forecasts. 

Building a Single Statistical Model of Judgment and Observations 

In some practical forecasting situations neither judgmental adjustments nor combining 

independent forecasts can be applied and different approaches are required to integrate 

judgment with statistical methods. In particular, judgmental forecasts can relate to a 

sales plan that addresses a higher level of aggregation in terms of both time and product 
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in comparison with operational plan (Kusters, McCullough, and Bell, 2006). For the 

purposes of operations management these forecasts should then be prorated into 

shorter-range forecasts being automatically updated as new data becomes available. 

There also can be the need to recalculate the aggregated forecasts in the light of the new 

data. Moreover, several experts can participate in an organisational forecasting process 

and their opinions should be processed in an appropriate and efficient way. Surveys 

show that modern forecasting systems lack capabilities for prorating of aggregate 

forecasts and aggregation of individual forecasts and that an appropriate methodology 

to solve these tasks is not yet developed (Kusters, McCullough, and Bell, 2006). 

Also, in some situations obtaining a baseline statistical forecast for making a 

judgmental adjustment can be problematic even where an adequate statistical model of 

the process dynamics exists. For example, when forecasting demand for a new product 

with a few observations a statistical forecast can produce results with unacceptably high 

uncertainty. In some cases it might be useful to represent various events (such as 

promotions, strikes, low changes, etc.) by means of additional functions that are 

superimposed on the major dynamic model (Leonard, 2005). The shape of such 

function can be chosen by a user. But the resulting estimates of parameters can become 

too uncertain due to the lack of relevant data making the statistical forecast inapplicable 

for further use. 

Many researchers agree that in principle it would be preferable to construct a single 

encompassing prediction model that would synthesise expert judgment and the 

available observations instead of combining independent forecasts or using manual 

adjustments (Diebold, 1989; Armstrong and Collopy, 1998; Sanders and Ritzman, 
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2004; Dhuyvetter, 2005). One such approach is to take into account experts’ knowledge 

by means of Bayesian modelling where prior subjective probabilities for model 

parameters are provided by experts. However, this approach assumes that i) the 

parameters of trend function should have easily interpretable meaning so that experts 

could estimate these parameters, and ii) experts should have the required skills to 

perform this task correctly. Though there examples of successful implementation of this 

methodology (Yelland, 2004), in most cases the above assumptions are unrealistic 

(Wright and Ayton, 1986). Moreover, due to the subjectivism of judgmental estimates 

the presence of cognitive biases still cannot be eliminated. More typically, in practice 

experts can only provide their estimates of future values in a form of point or interval 

forecasts. 

While building a single combined model ensures a greater theoretical coherence, 

appropriate models to ensure such integration are often not yet readily available 

(Sanders and Ritzman, 2004) and require development. An important objective of this 

thesis is to present a flexible and versatile approach to implement the integration based 

on a single combined model. 

Among other tasks this thesis aims to develop a consistent mathematical-statistical 

framework that could be used in at least one of the following situations: 

i) judgmental information is given in a form of aggregated forecasts in terms 

of time or product, but corresponding disaggregated forecasts should be 

produced and updated in the light of new observations; 
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ii) updating aggregated forecasts based on both latest observations and 

available judgmental information is required; 

iii) an adequate statistical model of process dynamics exists, but resulting 

estimates are too diffuse, therefore additional expert information is required 

to reduce the level of uncertainty; 

iv) the frequency of obtaining new demand observations is higher than the 

frequency of producing judgmental forecasts. 

A particular objective here is to support the use of judgmental information provided in a 

practically convenient way while taking into account the peculiarities of demand data. 

Summary: the Focus of the Thesis and Research Questions 

While judgment lies at the heart of many if not most organizationally based forecasting 

current methods and the associated software have not yet been developed to ensure the 

final forecasts are as efficient as they could be. The thesis aims to develop a consistent 

probabilistic framework for incorporating judgment information. There still will remain 

the challenging job of rendering the methods suitable for implementation within 

organisations. 

In summary, the thesis aims to make a contribution to the area of research on 

judgmental forecasting by addressing the following questions: 

1. How to assess the accuracy of demand forecasts, in particular, of judgmental 

SKU-level demand forecasts, in an informative and reliable way? 
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2. How to process point independent judgmental forecasts or judgmental 

adjustments to statistical forecasts more efficiently and under more adequate 

assumptions in comparison with the existing methods? More specifically: 

a. How to obtain forecasts optimised for a given loss function? 

b. How to assess the uncertainty associated with individual judgmental 

forecasts? 

c. How to assess the magnitude, the patterns, and the statistical significance 

of systematic errors of judgmental forecasts? 

3. How to efficiently integrate judgment and available observations within a single 

statistical model of process dynamic? 

In making this contribution to understanding how judgmental information can be 

incorporated most efficiently with statistical models the benefits of using advanced 

modelling methods are also demonstrated as discussed in the next section. 

1.3. Employed Techniques 

Recent advances in numerical computational methods alongside with rapidly increasing 

hardware capabilities have substantially broadened the range of possible forecasting 

models that can that can be used in practical applications. Nowadays it has become 

possible to employ various computationally intensive approaches in order to overcome 

many inadequacies of traditional approaches that are based on closed form solutions 

and thereby to improve the quality of forecasts. 
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In particular, many practical forecasting tasks can now be solved by fitting complex 

models to available data with the use of Bayesian methods (Geweke, 2005). Until 

recently it has been difficult to use such methods because of intractable integration 

problems. At present the application of the Bayesian theory can be facilitated by the 

implementation of Markov chain Monte Carlo (MCMC) techniques. The use of MCMC 

techniques allows constructing algorithms for simulating draws from intractable joint 

distributions and, thus, calculating the desired predictive distributions. When a 

reasonable parameterization is available then an exact predictive distribution for future 

values can be obtained with no inherent reliance on asymptotic assumptions. 

Alternatively, in the presence of sufficient observations various non-parametric 

approaches can be applied to perform analyses by relying on the properties of the 

observed distributions (rather than on an assumption that some parametrical model is 

true). For example, one popular modern method to approximate stochastic 

dependencies is known as locally weighted scatterplot smoothing or LOESS (Cleveland 

and Devlin, 1988). This method performs regression analysis by fitting low order 

polynomial models to localized subsets of data. As a result, a smoothed curve 

representing a regression function can be constructed. When a complete joint 

distribution of variables is required, more advanced techniques can be used such as 

kernel density estimation (KDE). 

Recent surveys indicate that computationally intensive approaches are promising when 

addressing practical forecasting tasks (Armstrong, 2001). However, these approaches 

are not yet widely used in practice and have not yet found their way into commercial 

forecasting software (Kusters, McCullough, and Bell, 2006). 
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This thesis will consider how Bayesian methods and nonparametric estimation 

techniques can be applied in demand forecasting systems in order to ensure adequate 

modeling of different kinds of available information. The detailed description of the 

particular models and estimation methods will be given in the appropriate chapters. 

1.4. Chapters Overview 

The thesis proceeds as follows. 

Chapter 2 starts with a critical survey of existing measures of forecast accuracy. Based 

on both theoretical considerations and real world examples it is shown that traditional 

error measures based on percentage errors (such as MAPE and MdAPE) are generally 

unsuitable in the context of demand forecasting, especially when evaluating SKU-level 

forecasts. In many practical situations percentage errors cannot ensure easily 

interpretable results and do not adequately reflect relative changes in accuracy in terms 

of standard loss functions used when producing optimal forecasts. In addition to well-

known disadvantages of percentage measures some new undesirable effects are shown. 

Various imperfections of the design of existing alternative accuracy measurement 

schemes are also discussed that may lead to ambiguous measurement results. It is 

concluded that existing approaches are generally not reliable when used in demand 

forecasting applications. A new indicator of relative changes in accuracy is proposed 

based on using an improved scheme of aggregating benchmark ratios. 
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Chapter 3 considers the situation when judgmental forecasters produce unaided point 

forecasts for each period of interest. The chapter first describes how the analysis of this 

type of judgmental forecasts can be performed using the existing methods that are based 

on the CLNR model. Then using analysis of residuals it is shown that for real world 

demand time series the CLNR assumptions can be violated. The chapter also describes 

a Monte Carlo experiment that shows that the application of Theil’s linear optimal 

correction can give misleading estimates of coefficients in case when conditional 

distributions have properties that are close to those of real-world data examples. In 

order to improve the quality of regression analysis various non-linear approaches are 

then applied. In particular, the chapter describes parametric modelling based on 

transformed data and the application of Bayesian methods and MCMC techniques to fit 

parametric models for count data. Also, non-parametric analysis based on KDE 

techniques is described. Parametric and non-parametric tests for detecting the presence 

of systematic errors in point judgmental forecasts are proposed. Finally, the 

effectiveness of various alternative techniques for correcting judgmental forecasts are 

compared using the error measures proposed in Chapter 2. 

Chapter 4 focuses on methods for analysing the properties of judgmental adjustments to 

baseline statistical forecasts. In the beginning a survey of existing approaches for 

processing adjustments data is given. Various imperfections of existing approaches are 

described. The major difficulty in the analysis of adjustments in practice is caused by 

the fact that data from different time series should be analysed simultaneously. 

Otherwise resulting estimates at a level of individual time series can become too 

diffuse. A Monte Carlo experiment is described that shows that existing schemes for 
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scaling source variables in order to eliminate differences between time series give 

incorrect results due to the presence of spurious correlation. At the same time, pooling 

data based on Bayesian methods bears a risk of incorrect parameterisation. A new 

method is proposed that is based on modelling relative measurements in order to 

employ dimensionless observations. The modelling is performed using flexible 

assumptions about the features of the data. The chapter reports the effectiveness of the 

proposed method for optimal correction of judgmental adjustments. Also, the chapter 

describes various statistical properties of adjustments discovered as result of the 

analysis based on relative measurements. 

Chapter 5 proposes a new general approach to incorporate expert judgment into a 

statistical prediction model. This approach assumes that expert judgment and actual 

outcomes are used simultaneously when fitting a model of process dynamics. The 

chapter considers flexible and realistic problem definitions that correspond to a wide 

range of scenarios including the use of aggregated judgmental forecasts. A general 

combined model to use formalized judgmental information together with observed data 

is described alongside a corresponding estimation algorithm based on applying 

Bayesian methods and MCMC techniques. To construct the combined model it is 

proposed to represent expert forecasts by means of additional regression equations of a 

statistical prediction model. The combined model can be used to find interval forecast 

for different horizons and to update forecasts in the light of new observations. The 

application and the advantages of the proposed approach are illustrated based on 

various examples. As will be shown, the inclusion of judgmental prior information 

leads to more adequate and more accurate modelling. In particular, it becomes possible 
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to avoid unacceptably wide prediction intervals for future values that are often met in 

case of using exponential smoothing or autoregressive models. 

Finally, chapter 6 summarises the results presented in the previous chapters, describes 

the limitations of the proposed methods, and suggests areas where further development 

of the proposed framework may prove useful. 
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2. Measuring the Quality of Demand Forecasts 

2.1. Introduction 

The effectiveness of operations management largely depends on the quality of demand 

forecasts. In order to assess the quality of forecasts it is possible to compare predicted 

values and corresponding known actual outcomes for a given period of time in the past. 

For this purpose various statistical measures can be used, showing the variability of 

forecasting errors. 

The assessment of accuracy on a single series is usually performed using absolute or 

squared errors. Since squared error loss is a widely used loss function in statistics, the 

comparison of alternative forecasting models is often based on mean square error 

(MSE). In order to avoid heavily weighted outliers many authors recommend using 

alternative measures such as mean absolute error (MAE) instead. Some authors (e.g., 

Hyndman, 2006) justify their choice of MAE by the reason that this measure is easiest 

to understand and compute. 

In demand forecasting it is often the case that the available data base contains many 

time series relating to different products. In these conditions scale-dependent accuracy 

measures such as MSE or MAE become unsuitable since available time series are 

measured in different units or scales (Chatfield, 1988; Fildes, 1992a). For example, a 

method can be ranked first in accordance with the MSE just because this method is 

particularly accurate for only one series for which typical errors are significantly larger 
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than for the remaining series. Therefore the use of scale-independent (also called unit-

free) measures is required to indicate overall forecasting performance. 

This chapter will first examine the behaviour of various existing scale-independent 

error measures and their applicability to demand forecasting. Up to now a large number 

of different schemes aimed to remove the effect of scale dependence have been 

proposed. However, the problem of selecting an appropriate measure is not 

straightforward. As shown in a number of publications (e.g., Armstrong and Collopy, 

1992; Fildes, 1992a, 1992b; Armstrong and Fildes, 1995; Hyndman and Koehler, 2006) 

some measures that are nowadays widely adopted in practice and in the academic 

literature generally do not meet certain essential criteria. In particular, (Fildes, 1992b) 

justifies the following criteria by which the adequacy of an error measure should be 

judged: i) interpretability, ii) sensitivity to outliers (robustness), iii) reliability, and iv) 

the level of providing information of the underlying distribution of errors. 

Perhaps the most popular error measure currently used in practice of demand 

forecasting is mean absolute percentage error (MAPE) (Fildes and Goodwin, 2007). 

However, MAPE has its weaknesses and has long been criticised, most recently by 

(Hyndman and Koehler, 2006). In particular, the major difficulty in applying 

percentage measures to demand data lies in extremely high percentages arising from 

division by relatively low actual demand values. 

In this chapter it will be demonstrated that MAPE and many other well-known scale-

independent error measures are not advisable for applying in demand forecasting and 

can even give misleading results. This happens both due to the imperfection of the 
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procedures used to aggregate performance metrics across series and due to the specific 

nature of demand data. Based on real world demand data examples this chapter 

discusses the undesirable effects and their consequences arising from the imperfection 

of existing error measures. Some of the effects discussed are well-known and others 

have not been previously described in literature. 

Recently it was proposed in (Hyndman and Koehler, 2006) to use mean scaled absolute 

error (MASE) as a generally applicable alternative to traditionally employed scale-

independent measures. Here it will be proven that the MASE is equivalent to the 

weighted arithmetic mean of MAE ratios calculated across time series. As a result of 

using the arithmetic mean MASE scheme does not represent the average relative MAE 

correctly and introduces a bias towards overrating the benchmark forecast. 

To ensure a more reliable evaluation of forecasting performance this chapter proposes 

an enhanced statistic based on aggregating relative characteristics of errors across time 

series. In contrast to MASE, the suggested averaging procedure is based on using the 

weighted geometric mean for averaging benchmark ratios. This allows for a correct 

aggregation of ratios and ensures an unbiased and unambiguous result. The relative 

characteristics of errors can be defined using various measures applicable for a single 

series. In particular, it is possible to use MAE or MSE ratios. Based on the analysis of 

the distribution of possible relative characteristics additional methods are suggested in 

order to improve the robustness of the proposed measure. The proposed approach aims 

to obtain the following advantages compared to the MASE scheme: i) an unbiased 

aggregation procedure, ii) the ability to compare forecasting performance in terms of 
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different loss functions or different measures of variability (thereby allowing more 

flexible and more complete evaluation), iii) greater robustness. 

Some results of this chapter were presented in (Davydenko, 2010b, 2010c; Davydenko, 

Fildes, and Trapero, 2010b). 

2.2. Source Data 

The behaviour of various error measures has been examined using real-world data. The 

data relates to a company specialising on manufacturing of fast-moving consumer 

goods (FMCG) and was collected at a stock-keeping unit (SKU) level. Table 2.1 

summarises the dataset, showing the number of cases used for the analysis. Each case 

contains i) one-step-ahead monthly forecast prepared using some statistical method, ii) 

corresponding judgmentally adjusted forecast, and iii) corresponding actual demand 

value. The statistical forecast was obtained using an enterprise software package and 

the judgmentally adjusted forecast was obtained as a result of revising the statistical 

forecast by experts (Fildes et al., 2009). The two forecasts coincide for cases when 

experts had no additional information. This data is representative for most FMCG 

manufacturing or distribution companies where it is usually needed to deal with a large 

number of time series of different lengths relating to different products. Fig. 2.1 

illustrates how the scale, the variation of elements, and the length of time series can 

differ depending on SKU. 
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Since the data relates to FMCG, the cases of zero demand periods and zero errors are 

not frequent (Table 2.1). However, the further analysis also considers possible 

situations when data involves small counts and zero observations occur more frequently 

(e.g., which is common with intermittent demand data). 

 

Table 2.1: Source Data Summary 

 

Total number of cases* 7544 

Total number of SKUs 413 

Period of observations Jan 2004 to Dec 2007 

Total number of adjusted statistical forecasts 

(% of total number of cases) 

4665 (62%) 

Number of zero actual demand periods 

(% of total number of cases) 

85 (1%) 

Number of zero errors of statistical forecast 

(% of total number of cases) 

8  (<1%) 

Number of zero errors of judgmentally adjusted forecast 

(% of total number of adjusted forecasts) 

51 (1%) 

* Each case contains the three following values: i) one-step-ahead monthly forecast prepared 

using a statistical method, ii) corresponding judgmentally adjusted forecast, and iii) 

corresponding actual demand value. 
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Figure 2.1. Examples of time series. The data contains observed monthly values of actual 

demand at SKU level, corresponding one-step-ahead statistical forecasts, and 

judgmentally adjusted forecasts (observations for September 2005 were not available for 

inclusion into the data base). 
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2.3. Appropriateness of Existing Measures 

2.3.1. Percentage Errors 

A traditional way to compare the accuracy of forecasts across multiple time series is 

based on using absolute percentage errors (Hyndman and Koehler, 2006). A survey 

conducted in 1999 (Kahn, 1999) showed that measures based on percentage errors were 

the most widely used means for assessing accuracy of demand forecasts in companies 

(based on data from forty companies including consumer product firms and industrial 

companies). Recently measures based on percentage errors have been employed in 

many studies of methods for the integration of judgmental and statistical approaches in 

demand forecasting (Nikolopoulos et al., 2005; Fildes and Goodwin, 2007; 

Nikolopoulos, 2008; Fildes et al., 2009). 

Let the forecasting error for a given time period   and SKU   be 

              , 

where      is a demand value for SKU   observed at time  ,      is the forecast of     . 

The percentage error is calculated as 

                 ⁄ . 

The most popular measures based on percentage errors are MAPE and MdAPE (median 

absolute percentage error) which are defined as follows: 
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where              denotes the sample mean of        over all available values, and 

               is the sample median. When calculating the sample mean or sample 

median we assume that APEs from all available time series and all available time 

periods are treated as one single set of observations. 

Percentage errors have the advantage of being scale-independent and therefore they can 

be used to compare errors from different time series. However, percentage errors have a 

number of well-known limitations. In particular, percentage errors cannot be computed 

with zero actual values (if       ) and are relevant only for non-negative data with a 

meaningful zero (Chatfield, 2001; Hyndman and Koehler, 2006). The meaningful zero 

requirement means that the origin of the time series measurements scale must not be 

arbitrary. For example, for a temperature data we can arbitrarily choose either the 

Celsius scale or the Fahrenheit scale and depending on the scale the MAPE value will 

be different (even if observations are non-negative on both scales). Examples of series 

measured on a meaningful zero are numbers of customers, years of education, net 

income, closing price, etc. Though demand data measured on the original scale satisfies 

the requirement of a meaningful zero, in some situations the frequent occurrences of 

zero periods of demand (e.g., in the case of intermittent demand) can make the use of 

the above measures impossible (Hyndman, 2006). In addition, as was noticed in 

(Armstrong and Collopy, 1992), percentage errors put heavier penalty on positive errors 

than on negative errors. 
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The statistical properties of percentage measures will be further described based on the 

empirical analysis of the source data. It will be shown that due to the features of the 

data these measures are unsuitable for assessing the accuracy of demand forecasts. 

Alongside these well-known weaknesses of percentage errors some new effects will be 

demonstrated that can lead to confusing results and even false conclusions. 

Demand data often exhibits a high degree of variation among actual values due to 

seasonal effects and different stages of a product life cycle. For the given data base the 

number of cases with zero actual values that should be excluded from the analysis is 

negligible (see Table 2.1 in section 2.2). However, in many observations the actual 

value is relatively small compared to the forecast error, which results in extremely large 

percentage errors that are difficult to interpret and to analyse. As it can be seen from 

Fig. 2.2 the APE is often larger than 100%. Such extreme percentage values do not 

allow for a meaningful interpretation since they do not necessarily mean that 

corresponding forecasting errors are harmful or damaging. Large percentages can arise 

merely due to relatively low actual values. 

 

Figure 2.2. Box-and-Whisker plot for APEs (log scale). For the given dataset the 

range and the variation of percentage errors is extremely high, which makes 

them difficult to interpret and to analyse. Here and throughout the thesis the 

values represented by the whiskers are           and          , where 

    – interquartile range,    – the first quartile,    – the third quartile. 
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As a result of dividing by relatively small actuals the distribution of APEs becomes 

highly skewed with a heavy right tail (Fig. 2.3). For the source data set the shape of the 

empirical distribution of APEs is close to that of the log-logistic distribution. 

 

Figure 2.3. Distribution fitting for APEs. 

Due to the large influence of outliers the sample mean in a highly skewed distribution 

becomes inefficient. In other words, for highly skewed distributions it can take a very 

big sample size before the most likely value of the sample mean approaches the true 

population mean (Taleb, 2001; Fleming, 2008). Therefore many researchers avoid the 

use the direct formula for MAPE. In order to average APEs more efficiently it is 

possible to use various alternative schemes based on trimmed or Winsorized means, 

medians, or data transformations. Though these approaches lead to more stable 

estimates, it will be further shown that quite often they still cannot ensure the desirable 

properties of error measure. 
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The trimmed MAPE is often used as a robust alternative to MAPE (for the same 

purpose the Winsorized MAPE can be used). However, identifying outliers in a skewed 

distribution is a non-trivial problem where it is necessary to determine an appropriate 

trimming level in order to find robust estimates, while at the same time not losing too 

much information. Usually authors choose the trimming level for MAPE according to 

their intuition and experience as 1% or 2% (Nikolopoulos, 2008; Fildes, et al. 2009), 

but this decision still remains highly subjective. Depending on the choice of the 

trimming level the results of the evaluation can be different. Additional drawback of 

using trimmed or Winsorized means is caused by the fact that the underlying 

distribution of APEs is non-symmetric. Therefore the resulting estimate can be largely 

biased. 

To improve the properties of percentage measures it is possible to apply logarithmical 

transformations to APEs as was suggested in (Swanson et al., 2000). In fact, the 

analysis based on log-transformed APEs is more correct since percentage errors 

represent relative variables. This approach is equivalent to averaging APEs using the 

geometric mean instead of using the arithmetic mean. Empirical analysis has showed 

that for the given data the log-transformed APEs follow a symmetric distribution. In 

particular, in accordance to the result shown in Fig. 2.4, here the logistic distribution 

can serve as a good approximation. According to its statistical properties the sample 

mean of log-transformed APEs can be judged as a more preferable alternative to the 

trimming procedures mentioned previously. One possible disadvantage of this scheme 

is that cases with zero forecast errors should be excluded from the analysis. For the 
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given data the number of zero errors is not unacceptably large (see Table 2.1 in section 

2.2). 

 

 

 

 

Figure 2.4. Distribution fitting for log-transformed APEs. 

A widely used robust alternative to MAPE is MdAPE. This study has shown that 

MdAPE is not easily interpretable and is not sufficiently indicative of changes in 

accuracy when forecasting methods have different shapes of error distributions. The 

sample median of APEs is resistant to the influence of extreme cases, but at the same 

time it is insensitive to large errors even if they are not outliers or extreme percentages. 

In section 2.7 it will be shown that while MdAPE indicates that judgmental adjustments 

improve the accuracy for the given dataset, the trimmed MAPE suggests the opposite 

result. This happens because the distribution of percentage errors arising from 

judgmentally adjusted forecasts has much heavier tails compared to the distribution of 

statistical forecast error. Therefore additional indicators are required to draw better 

substantiated conclusions with regard to relative forecasting accuracy. 
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An additional potential risk of misinterpretation of accuracy measurements obtained 

using percentage errors arises due to the possible correlation between the error and the 

scale. When such correlation exists the improvements in accuracy discovered based on 

percentage measurements will not adequately reflect the changes that take place on the 

original scale in terms of a corresponding loss function. For example, an improvement 

of accuracy in terms of MAPE for a particular time series can be accompanied by a 

reduction of accuracy in terms of MAE (which corresponds to a linear loss function) 

and vice versa. As a result, if the aim is to choose a method that is better in terms of a 

linear loss then the values of PE-based measures can be misleading. This effect will be 

illustrated below with regard to measuring the effectiveness of judgmental adjustments 

of different signs. 

For the data set described in the previous section it has been found that most damaging 

positive adjustments typically correspond to low actuals, while worst negative 

adjustments correspond to high actuals. More specifically, the following general 

dependency takes place within most time series. Let the improvement in terms of 

absolute errors be defined as 

     |    
 |  |    

 |  

where |    
 | and |    

 | denote absolute judgmental (final) forecast error and absolute 

statistical forecast error respectively. In this research it has been found that      is 

positively correlated with actual value      for positive adjustments, while for negative 

adjustments there is a negative correlation. To reveal this effect distribution-free 

measures of association between variables have been used. For each time series   
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Spearman’s   coefficients have calculated representing the correlation between the 

improvement      and actual value     . Fig. 2.5 shows the distribution of coefficients   
  

calculated for positive adjustments and   
  that correspond to negative adjustments. For 

the given dataset        
        and        

        , which indicates that the 

improvement in forecasting markedly correlates with actual demand values. Also, this 

correlation is inversely different for positive and negative adjustments (i.e., shifts from 

positive to negative depending on the sign of adjustment). 
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Figure 2.5. Spearman’s   coefficients showing correlation between the 

improvement in accuracy and actual demand value for each series. 

Consequently, the improvement in terms of percentage errors expressed as     

(|    
 |  |    

 |)     ⁄   will underrate the accuracy of positive adjustments as a result of 

dividing the difference of absolute errors by higher actuals. In the same way the 

accuracy of negative adjustments will be overrated. Since the difference in MAPEs is 

calculated as a mean improvement in terms of percentage errors, the comparison of 

forecasts using MAPE will also give a biased result towards overestimating positive 
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adjustments and underrating negative adjustments. Since the forecast errors arising 

from adjustments of different signs are penalised differently, the MAPE measure 

becomes flawed when making the comparison of the performance of adjustments of 

different signs. One of the aims of the present research therefore has been to reconsider 

the results of previous studies of adjustments with the use of alternative measures. 

Other well-known measures based on percentage errors including root mean square 

percentage error (RMSPE), symmetric median absolute percentage error (sMdAPE), 

and others are also affected by the various undesirable effects described above. 

Therefore these measures are generally unsuitable for measuring the quality of demand 

forecasts. 

2.3.2. Measures Based on Relative Errors 

Another approach to obtaining scale-independent measures is based on using relative 

errors. The relative error (RE) is defined as 

               
   

where     
  is forecast error obtained from a benchmark method. Usually a naïve forecast 

is taken as the benchmark method. 

Well-known measures based on relative errors include (Hyndman and Koehler, 2006): 

                                         |     |   

                                              |     |   
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                                                    (|     |)  

Averaging ratios of absolute errors across individual observations overcomes the 

problems related to dividing by actual values. In particular, the RE-based measures are 

not affected by the presence of low actual values and by the correlation between errors 

and actual outcomes. However, REs have a number of limitations as well. 

The calculation of       requires dividing by non-zero error of benchmark forecast     
 . 

In case of calculating GMRAE it is also required that       . The actual and 

forecasted demands are usually count data, which means that forecasting errors are 

count data as well. With count data the probability of zero error of benchmark forecast 

can be non-zero. Such cases should be excluded from the analysis when using relative 

errors. With intermittent demand data the use of relative errors becomes impossible due 

to the frequent occurrences of zero errors (Hyndman, 2006; Syntetos and Boylan, 

2006). 

As pointed out in (Hyndman and Koehler, 2006), in case of continuous distributions the 

benchmark forecast error     
  can have a positive probability density at zero. Therefore 

the use of MRAE can be problematic. In particular,       can follow a heavy-tailed 

distribution for which the sample mean becomes a highly inefficient estimate that is 

vulnerable to outliers. In addition, the distribution of         is highly skewed. At the 

same time, while MdRAE is highly robust, it can be not sufficiently informative as it is 

insensitive to large REs lying on the tails of the distribution. Thus, even if large REs are 

not outliers arising from the division by relatively small benchmark errors, they will 

still not be taken into account when using MdRAE. Averaging absolute REs with use of 
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GMRAE is more preferable compared to MRAE and MdRAE as it gives a reliable 

estimate that at the same time takes into account the values of REs lying at the tails of 

the distribution. 

When averaging benchmark ratios the geometric mean also has the advantage of 

producing rankings that are invariant to the choice of the benchmark (Fleming and 

Wallace, 1986). Suppose method   is compared with method  . Let method   is used 

as the benchmark and the arithmetic mean of absolute REs indicates that method   is 

superior. Then if method   is used as a benchmark instead of method   then the 

arithmetic mean can indicate that now method   is superior. Such results are ambiguous 

and can lead to confusion in their interpretation. Of the measures based on REs the 

GMRAE is the only measure that has the property of not changing the ranking 

depending on what method is used as the benchmark. 

In (Fildes, 1992a) it is recommended to use the Relative Geometric Root MSE 

(RelGRMSE). The RelGRMSE for a particular time series   is defined as: 

                                                     (
∏ (    )

 
    

∏ (    
 )

 
    

)

 
   

  

where    – a set containing time periods for which non-zero errors      and     
  are 

known,    – the number of elements in   . 

Then (Fildes, 1992a) recommends finding a geometric mean of RelGRMSEs across all 

time series, thus obtaining                 . As pointed out in (Hyndman, 2006) 
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the Geometric Root MSE (GRMSE) and the Geometric Mean Absolute Error (GMAE) 

are identical because the square root cancel each other in a geometric mean. Similarly, 

in Appendix A it is shown that 

                      . 

An alternative representation of GMRAE is: 

         [
 

∑   
 
   

∑ ∑   |     |
    

 

   
]  

where   – the total number of time series, and other variables retain their previous 

meaning. 

For the given dataset only a small proportion of observations contains zero errors (see 

Table 2.1 in section 2.2). Empirically it has been found that for the data set under 

consideration the log-transformed absolute REs   |     | can be approximated with a 

distribution which has finite variance. In fact, even if a heavy-tailed distribution of 

  |     | arises then the influence of extreme cases can be eliminated based on various 

robustifying schemes such as trimming or Winsorizing. In contrast to APEs the use of 

such schemes for   |     | is unlikely to lead to seriously biased estimates since the 

distribution of   |     | is not highly skewed. 

Though GMRAE (or, equivalently,                 ) has some desirable statistical 

properties and can give a reliable aggregated indication of changes in accuracy, its use 

can be complicated because of the following two reasons. Firstly, as mentioned 
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previously, zero-error forecasts cannot be taken into account. Secondly, in a similar 

way to the median, the geometric mean of absolute errors generally does not reflect 

changes in accuracy under standard loss functions. For instance, for a particular time 

series GMAE can compare methods in favour of a method producing errors with a 

heavier tailed-distribution, while for the same series MAE or MSE can suggest the 

opposite ranking. 

The latter aspect of using GMAE can be illustrated based on the following example. 

Suppose that for a particular time series method   produces errors   
  that are 

independent and identically distributed variables following a heavy-tailed distribution. 

More specifically, let   
  follow the t-distribution with     degrees of freedom: 

  
      . Also, let method   produce independent errors that follow the normal 

distribution:   
          . Let method   be the benchmark method. It can be 

analytically shown that the variances for   
  and   

  are equal:    (  
 )        

   

 . Thus, the relative RMSE (RelRMSE) for this series is 1. However, the Relative 

Geometric RMSE (or GMRAE) will show that method   is better than method  : 

           (based on     simulated pairs of   
  and   

 ). Now if, for example, 

  
             than RelRMSE and GMRAE will be 1.10 and 0.76 correspondingly. 

This means that now method   is be preferable in terms of the variance of errors, while 

method   is still (substantially) better in terms of the GMRAE. But the average relative 

error is rarely used when optimising predictions with the use of mathematical models. 

Some authors claim that the comparison based on RelRMSE can be more desirable as 

in this case the criteria used for the optimisation of predictions corresponds to the 

evaluation criteria (Zellner, 1986; Diebold, 1993; Granger, 1993). 
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As pointed out in (Armstrong and Fildes, 1995) the real loss function used in practice 

can depend on errors in a complex way and usually it differs from the loss function used 

to optimise forecasts. However, the ability of an error measure to assess accuracy in 

terms of the loss function that was used for optimisation is still desirable. 

Thus, analogously to what was said with regard to PE-based measures, if the aim of the 

comparison is to choose a method that is better in terms of a linear loss or a quadratic 

loss then GMRAE may be not sufficiently indicative. An extended measurement 

scheme to characterise the changes in the underlying distribution of errors in 

accordance with different user-specified loss functions will be proposed in section 2.4. 

2.3.3. Mean Absolute Scaled Error (MASE) 

In order to overcome the imperfections of the above measures (Hyndman and Koehler, 

2006) proposed the MASE (mean absolute scaled error). For the situation when 

forecasts are produced from varying origins but with a constant horizon the MASE is 

found as follows (see Appendix B): 

         (      )          
    

    
 
   

where     
  – mean absolute error (MAE) of the naïve (benchmark) forecast for series 

 . Here it is assumed scaled absolute errors are averaged across all available time series 

to obtain the MASE value (see Appendix B for calculation details). 
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Though it was not specified in (Hyndman and Koehler, 2006), it is possible to show 

(Appendix B) that in the given scenario MASE is equivalent to the weighted arithmetic 

mean of relative MAEs where the number of known values of      are used as weights: 

     
 

∑   
 
   

∑   

 

   
          

    

    
 
                                             

where   – total number of series,    – the number of known values of      for series  , 

    
  – MAE for a benchmark forecast for series  ,      – MAE for the forecast 

being evaluated against the benchmark. 

The advantage of the MASE is that, when summarising across a number of series, it 

avoids the problems caused by using a measure that involves ratios of errors, which is 

obviously a problem if there is a zero error. There would presumably be much smaller 

likelihood of zero MAE for a series. But due to the use of arithmetic averaging of MAE 

ratios the MASE scheme has a number of disadvantages. 

It is known that the arithmetic mean is not strictly appropriate for averaging 

observations representing relative quantities and in such situations the geometric mean 

should be used instead (Spizman and Weinstein, 2008). As a result of using the 

arithmetic mean of MAE ratios formula (2.1) introduces a bias towards overrating the 

accuracy of a benchmark forecasting method. In other words, the penalty for bad 

forecasting becomes larger than the reward for good forecasting. 

To show how MASE rewards and penalises forecasts it can be represented as 
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∑   
 
   

∑   

 

   
        

The reward for improving benchmark MAE from   to   (   ) in a series   is found 

as             , while the penalty for reducing benchmark MAE from   to   in 

the same series is             . Since       the reward given for improving 

benchmark MAE cannot compensate the penalty given for reducing benchmark MAE 

by the same quantity. As a result, obtaining        does not indicate that the 

accuracy of the benchmark method an average was better, which cannot ensure 

unambiguity of the comparison of the accuracy of forecasts. 

For example, suppose the performance of some method is compared with the 

performance of the naïve method across two series (   ) containing equal number of 

forecasts and observations. For the first series the MAE ratio is        and for the 

second series the MAE ratio is the opposite:       . The improvement in accuracy 

for the first series was the same as the reduction for the second series. However, 

averaging the ratios gives                    , which indicates that the 

benchmark method was better. 

With regard to the case data the bias introduced by MASE was found to be substantial, 

especially in case of short series and large differences in accuracies. In addition, using 

MASE (in the same way as MAPE) results in unstable estimates as the arithmetic mean 

is severely influenced by extreme cases arising from dividing by relatively small values. 

In this case outliers occur when dividing by relatively small MAEs of benchmark 

forecast which can appear in short series. 
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Fig. 2.6 shows that for the case data the absolute scaled errors found according to the 

MASE scheme follow a non-symmetrical distribution and can take extremely large 

values. Outliers commonly occur in short series where the MAE of the naïve forecast is 

smaller than the error of judgmental forecast. For adjustments data the lengths of series 

vary substantially, which makes MASE seriously affected by outliers. 

The next section presents an improved statistic which is more suitable for comparing 

accuracy of SKU-level forecasts. 

 

 

Figure 2.6. Box-and-whisker plot for absolute scaled errors found according to the 

MASE scheme (log scale). Extreme cases arise due to dividing by small values of the 

statistical forecast MAE. 

2.4. Recommended Forecast Evaluation Scheme 

The recommended forecast evaluation scheme is based on averaging relative 

characteristics of errors represented by performance ratios across time series. The 

geometric mean is the appropriate average to use for averaging ratio quantities since it 

gives equal weight to reciprocal relative changes. In (Fleming and Wallace, 1986) it is 
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argued that the geometric mean is the only correct way to average benchmark results 

such as performance ratios. The same paper also shows that using the arithmetic mean 

to average performance ratios can give grossly misleading results. 

Based on using the geometric mean it is possible to define unbiased measures 

representing average relative characteristics of forecasting performance across time 

series. 

Generally, the proposed statistic representing average relative performance is 

constructed as 

  (∏   
  

 

   
)
  ∑   

 
   

       
  

  
 
                                         

where   – total number of time series,   
  – characteristic of forecasting errors of a 

benchmark method (which can be the naïve method as a particular case) calculated for 

series  ,    – characteristic of forecasting errors of the method being compared against 

the benchmark calculated for series  ,    – number of actual observations used to 

calculate   . The weighted average is required since the impact that    has on overall 

average performance depends on the number of available observations used for 

assessing the performance in time series  . 

The following particular metrics can be used to characterise average relative mean 

absolute error (AvgRelMAE) and average relative mean squared error (AvgRelMSE): 
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     – error of forecast being evaluated against benchmark method for period   and 

series  ,     
  – error of benchmark forecast for period   and series  ,    – number of 

available values of      for series  ,   – total number of time series,    – a set containing 

time periods for which both      and     
  are available. 

AvgRelMAE and AvgRelMSE indicate improvements in terms of linear and quadratic 

loss functions respectively. In comparison with GMRAE (described in section 2.3.2) 

the proposed statistics give the following advantages: 

i) the criterion for the comparison of forecasts can be adjusted to the criterion 

used when finding optimal forecasts based on mathematical models; 

ii) AvgRelMAE and AvgRelMSE allow zero and close to zero errors of 

individual forecasts and therefore can be used in a wider range of settings. 
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In fact, it can be shown that the GMRAE recommended in (Fildes, 1992a) is a special 

case of the general measure described by formula (2.2) where    is the Relative 

Geometric Root MSE (see Appendix A). Also, the AvgRelMSE is antilog of the 

statistic proposed in (Thompson, 1990) calculated without the use of weights. 

Based on formula (2.2) one can assess changes in the median of absolute error using the 

following statistic: 

           (∏         
  

 

   
)
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where      
  and       are the sample medians of forecasting errors in series   for 

the benchmark method and for the method being evaluated against the benchmark 

respectively. 

Yet another characterisation of the differences in the dispersion of errors can be 

obtained if in formula (2.2)     is the ratio of interquartile ranges (IQR). 

 Analogously, the following statistic can be constructed to assess the relative bias 

in the forecasts: 
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The above metrics are immediately interpretable and represent the average relative 

characteristics of errors. They show how the forecast being evaluated against a 

benchmark improves/reduces the quality of forecasts. For the given measures obtaining 

    means that on average      
  and forecasting quality is improved compared to 

the benchmark, while     indicates the opposite. The average improvement of a 

given characteristic in percentages can be found as          . 

Equivalently,   in formula (2.2) can be found as the geometric mean of benchmark 

ratios: 

     [
 

∑   
 
   

∑       
 

   
]  

Therefore obtaining ∑       
 
      means an average improvement of accuracy, 

∑       
 
      has the opposite meaning. 

 In order to eliminate the impact of outliers (time series with unusual behaviour) 

and find more stable estimates of   the log-ratios mean in the original formula can be 

found using various robust methods: 

           

where   is a an estimate found by means of a robust alternative to the originally used 

sample mean  
 

∑   
 
   

∑       
 
   . For example, the trimmed mean or the Winsorized 

mean can be used instead of the sample mean. Analogously to what was said in section 
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2.3.2 with regard to GMRAE, applying trimming or Winsorizing to average        it is 

usually valid since the underlying distribution is not largely skewed. 

Since no scaling by actual values is required, the proposed measures can be applied in 

cases of low or zero actuals, as well as in cases of zero forecasting errors. 

Consequently, it is suitable for intermittent demand forecasts. The only limitation is that 

the error characteristics    and   
  in should be greater than zero for all series. But the 

probability of obtaining   
      is usually very low. 

Thus, the major advantages of the recommended scheme are that it i) gives easily 

interpretable results, ii) indicates forecasting performance reliably and objectively 

(without introduction of additional biases or outliers as a result of data manipulations 

required, the resulting rankings are invariant to the choice of the benchmark), iii) is 

informative and efficiently uses available information (i.e., without losing too many 

data points as a result of any data manipulations required, also errors lying at the tails of 

heavy-tailed distributions can be taken into account), iv) allows the comparison of 

forecasting performance in accordance with different possible criteria, and v) is 

applicable in a wide range of settings with minimal assumptions about the features of 

the data. 

In this study it has been empirically found that unlike the APEs and absolute scaled 

errors the log-transformed relative measures are not severely affected by outliers and 

follow a more symmetrical distribution (Fig. 2.7). Therefore the proposed statistics can 

serve as a more reliable and robust indicator of changes in accuracy. This approach is 

less vulnerable to the cases when the denominator takes relatively small values. 
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Figure 2.7. Box-and-whisker plot for the weighted log-transformed relative MAEs 

(      ). 

 

 

2.5. Additional Considerations When Analysing 

Errors of Demand Forecasts 

Sometimes the real demand for a given period is not known and the available 

observation of sales      relates to a service level that was less than 100%. This can 

happen in such situations as out-of-stock items and deficits. Corresponding forecasting 

errors found based on sales data no longer adequately represent the accuracy of 

forecasts for such observations and should be excluded from the analysis. 

In addition, demand time series usually contain count observations, whereas forecasts 

produced by statistical methods can be real numbers. Fractional parts of statistical 

forecasts have no impact on the final forecasting performance in real settings. Therefore 

to measure the accuracy correctly statistical forecasts should be rounded to integer 

numbers where it is necessary. 
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2.6. Error Measures Summary 

The features and the applicability of the error measures described above are 

summarised in Table 2.2. 

 

Table 2.2: Features, applicability, and limitations of 

error measures discussed in Chapter 2 

 

Measure Summary 

Measures based on 

percentage errors 

Percentage errors can be aggregated across time periods and time 

series. However, as a result of dividing original errors by actual 

values the percentage errors 

i) cannot be calculated in case of zero actual values; 

ii) are affected by extreme cases arising due to dividing by 

relatively low actual values (in such cases large percentage 

values do not allow for a useful interpretation since they are 

not necessarily harmful or damaging, but arise due to the low 

actual values only); 

iii) are inapplicable for the evaluation of intermittent demand 

forecasts due to a large proportion of zero and close to zero 

actual values; 

In addition, the comparison of forecasting performance based on 

percentage errors can give misleading results when the 

improvement in accuracy correlates with actual value on the 

original scale. 

MAPE (and other 

measures based on the 

sample mean of percentage 

variables) 

The sample mean of percentage variables in case of a skewed and 

diffuse distribution gives a highly inefficient estimate and is 

severely affected by extreme cases. 
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MdAPE (and other 

measures based on the 

sample median of 

percentage variables) 

The sample median of APEs is resistant to the influence of extreme 

cases, but at the same time it is insensitive to large errors even if 

they are not outliers or extreme percentage values. Comparing 

accuracy using MdAPE shows the improvements related to 50% of 

lowest APEs. However, the improvement of MdAPE can be 

accompanied by more damaging remaining errors lying above the 

median if the shapes of error distributions differ. 

Therefore MdAPE is not easily interpretable and is not sufficiently 

indicative of changes in forecasting performance when methods 

have different shapes of error distributions. If the dispersion of 

errors remains the same, MdAPE makes a comparison in favour of 

a method producing errors with a heavier tailed distribution. 

Trimmed/Winsorized 

MAPE 

- eliminates outliers, but gives a biased estimate of population mean 

since the underlying distribution is highly skewed. The choice of 

the trim level is highly subjective. 

Measures based on log-

transformed APEs 

- improve the properties of underlying distribution, however cannot 

be used with a large number of zero errors; 

- not indicative of changes in accuracy in terms of linear or 

quadratic loss in cases when error correlates with actual. 

Measures based on relative 

errors (MRAE, MdRAE, 

GMRAE) 

These measures are based on averaging ratios of absolute errors (or 

relative absolute errors, RAEs) across individual observations. The 

major limitations of these measures are in that the RAEs 

i) cannot be obtained in cases of zero forecasting errors (when the 

actual and forecasted demands coincide); 

ii) take extremely large values when original errors are close to 

zero 

iii) are problematic for assessing accuracy on intermittent-demand 

data due to the frequent cases when both the actual and 

forecasted demands are zero; 

In addition, these measures are not easily interpretable and not 

sufficiently informative since averaging benchmark ratios across all 

observations distorts the original ratios of characteristics of errors 
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within individual time series. 

MASE MASE is based on averaging absolute errors scaled by MAE of the 

naïve method. This helps overcome some limitations of previous 

methods, however, as a result of using the arithmetic mean to 

aggregate ratios the MASE scheme 

i) induces a bias towards overrating benchmark; 

ii) is affected by extreme cases when MAE of benchmark 

forecast is relatively low (which happens in short time series). 

The proposed class of 

average relative 

characteristics of errors:  

AvgRelMAE, 

AvgRelMSE, 

AvgRelIQR, 

AvgRelGRMSE≡GMRAE, 

AvgRelMdAE, 

 etc. 

This class of metrics is based on averaging performance ratios 

across time series using the weighted geometric mean. The 

advantages of this approach is that it 

i) overcomes many limitations of standard well-known 

measures; 

ii) gives easily interpretable and informative (useful) results; 

iii) ensures objective comparison without introduction of biases 

or outliers induced by the calculation procedure itself; 

iv) produces rankings that are invariant to the choice of the 

benchmark method; 

v) is suitable for intermittent demand or low actual demand data, 

as well as for data containing zero errors or negative 

observations; 

vi) does not assume meaningful zero and therefore can be used 

with time series representing relative changes, etc. 

vii) enables a comparison of forecasts according to various 

possible criteria (such as average relative improvements in 

terms of a specified loss function); 

viii) can be directly extended to robust schemes. 
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In summary, the proposed class of metrics can be used to obtain more informative 

aggregated indicators of forecasting performance in comparison with well-known 

standard error measures. A single metric is insufficient to provide a comprehensive 

feedback on the quality of forecasts. Therefore it is important to use a set of indicators 

characterising changes according to different loss functions. The proposed scheme of 

averaging benchmark ratios is sufficiently general and flexible to accommodate to 

different types of error characteristics. 

The measures described in this chapter assume that each time series is equally 

important when aggregating the error characteristics across time series. However, in 

real-world situations the relative importance of different time series can differ 

substantially. Therefore time series can separated into different groups depending on 

their importance to the decision-maker. For example, this can be done using ABC-XYZ 

analysis where time series are classed based the role that sales of corresponding 

products have in company’s overall profitability. Then the measures shown in Table 2.2 

can be used to evaluate forecasting performance for each group of time series 

separately. 

2.7. Measurement Results 

The results of applying the measures described above to the source dataset are shown in 

Table 2.3. 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



72 

 

Table 2.3: Accuracy of Statistical and Judgmentally Adjusted Forecasts 

in Terms of Different Error Measures 

 

 Positive 

adjustments 

Negative 

adjustments 

All nonzero 

adjustments 

Statistical 

forecast 

Adjusted 

forecast 

Statistical 

forecast 

Adjusted 

forecast 

Statistical 

forecast 

Adjusted 

forecast 

MAPE, % 

(2% trimmed) 

30.98 40.56 48.71 30.12 34.51 37.22 

MdAPE, % 25.48 20.65 23.90 17.27 24.98 19.98 

MASE 0.97 0.97 0.95 0.70 0.96 0.90 

AvgRelMAE 1.00 0.96 1.00 0.71 1.00 0.90 

AvgRelMAE 

(5% trimmed) 

1.00 0.96 1.00 0.73 1.00 0.89 

Avg. improve-

ment in MAE 

(1-AvgRelMAE) 

 0.04  0.29  0.10 

Table 2.3 shows that MdAPE and MAPE values are different and suggest different 

conclusions about the effectiveness of adjustments. While MdAPE is resistant to 

outliers, it is not sufficiently informative as it is insensitive to APEs lying above the 

median. In addition, the improvement in terms of percentage errors is biased since the 

improvement on a real scale within each series markedly correlates with the actual 

value (as was described in section 2.3.1). Therefore applying percentage errors in the 

current settings leads to ambiguous results and brings confusion in their interpretation. 
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In terms of a linear loss function the AvgRelMAE scheme more adequately represents 

the effectiveness of adjustments and gives a directly interpretable meaning. The 

AvgRelMAE result shows improvements corresponding both to positive and negative 

adjustments, whereas according to MAPE and MASE only negative adjustments 

improve accuracy. For the whole sample adjustments improve MAE of statistical 

forecast on average by 10%. Positive adjustments are less accurate than negative 

adjustments and bring only minor improvements. 

To determine if the probability of a successful adjustment is higher than 0.5 a two-sided 

binomial test was applied. The results are shown in Table 2.4. 

Table 2.4: Results of Using a Binomial Test to Analyse 

the Frequency of a Successful Adjustment 

 

Adjust-

ment 

sign 

Total 

number 

of adjust-

ments 

Number of 

adjustments 

that improved 

forecast 

p-

value 

Probability 

of a 

successful 

adjustment 

95% confidence 

interval for the 

probability of a 

successful adjustment 

Positive 3161 1662 0.004 0.526 0.508 0.543 

Negative 1504 1034 0.000 0.688 0.663 0.711 

Both 4665 2696 0.000 0.578 0.564 0.592 

 

According to the obtained p-values for each sample it can be concluded that 

adjustments improved accuracy of forecasts more frequently rather than reduced it. 

However, for positive adjustments the probability of success was rather low. 
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2.8. Conclusions 

A critical analysis of existing error measures has shown they are not always suitable for 

SKU-level demand data. Alongside with well-known weaknesses of existing measures 

some new effects have been described that can complicate the interpretation of 

measurement results and even can lead to incorrect conclusions. 

The chapter has proposed a general scheme that overcomes many limitations and 

disadvantages of well-known error measures. It can be efficiently used to compare the 

quality of SKU-level forecasts across time series with minimal assumptions about the 

features of the data. The proposed general metric to assess average relative forecasting 

performance is based on aggregating benchmark ratios across time series using the 

weighted geometric mean. This metric ensures informative and objective results of the 

comparison with the benchmark method. Using the general scheme it is possible to 

construct aggregated indicators of relative performance in accordance with different 

criteria such as improvements in MAE or MSE. 

The example of application to real-world data has shown that the proposed metrics can 

be used to perform a comprehensive and reliable analysis of forecasting performance in 

practical settings. 
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3. Modelling Errors and Biases of Judgmental Forecasts 

3.1. Introduction 

Forecasting software has made statistical extrapolative techniques and econometric 

models easily accessible for practical usage. However, due to a large number of rapidly 

changing factors it is often difficult or impossible to find a statistical model that would 

adequately and accurately describe future demand values. Instead of statistical 

forecasting in these situations decision-makers rely on judgmental forecasts obtained 

from experts. Judgmental forecasts are based on experts’ experience, intuition, and 

knowledge. The advantages of this approach are that i) it can save resources used to 

produce forecasts since no statistical modelling is required, ii) it enables taking into 

account the latest changes that cannot be predicted based on the analysis of historical 

patterns, and iii) makes forecasters confident in their forecasts since final estimates are 

solely based on their opinion. A review given in (Goodwin, 2002) based on the analysis 

of relevant literature sources provides a more detailed examination of the reasons why 

judgment can be predominant compared to statistical forecasting. As pointed out in 

(Sanders and Ritzman, 2004), studies of forecasting practices in business repeatedly 

show that practitioners rely heavily on judgmental forecasting methods (Dalrymple, 

1987; Mentzer and Cox, 1984; Mentzer and Kahn, 1995; Sanders and Manrodt, 1994). 

Apart from the advantages of judgmental forecasting, there are also well-known 

weaknesses of this approach. Firstly, evidence suggests that judgment is affected by 

cognitive biases due to the inadequacies of human information processing (Tversky and 

Kahneman, 1974). Secondly, experts usually provide point forecasts only and obtaining 
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prediction intervals can present difficulties because of incompetency of experts. Survey 

results presented in (Dalrymple, 1987) indicate that the majority of respondents did not 

provide prediction intervals on a regular basis. Moreover, as noticed in (Goodwin, 

1998) it is not always clear whether the point forecast represents the expert’s estimate 

of mean, median, or mode or other estimates in terms of some specific loss function. 

Therefore judgmental forecasts are inherently non-optimal and do not provide adequate 

statistical representation of future demand values. At the same time, making sound 

decisions in operations management requires adequate and complete probabilistic 

information including prediction intervals (Kusters, McCullough, and Bell, 2006). 

The modelling of errors of judgmental forecasts is needed to assess the uncertainty 

associated with forecasted values, to reveal and correct systematic errors, and, 

ultimately, to improve the quality of forecasting. As it will be shown in this chapter the 

required modelling procedures are not readily available. Existing approaches for 

examining the properties of forecasts cannot be used efficiently as they are based on 

oversimplified assumptions and do not allow the complete analysis required. The aim of 

this chapter is to develop a more appropriate methodology that would better correspond 

to the features of the data that are met in practical settings of demand forecasting. 

Since it was noted in (Tversky and Kahneman, 1974) that heuristics of thinking under 

uncertainty results in systematic and predictable errors, this phenomenon has been long 

researched in literature. In particular, the research in this area led to the development of 

prospect theory (Tversky and Kahneman, 1979) that assumes that probabilities of 

events are not adequately perceived by humans and should be reweighted. Empirical 

findings suggest that people tend to overreact to small probability events, but underreact 
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to medium and large probabilities. Corresponding mathematical models have been 

developed for revising the subjective probabilities of events. However, for quantitative 

analysis of cognitive biases in forecasting applications these models cannot be used 

directly as it is required to revise subjective information given in a form of forecasts. As 

shown in (Goodwin, 2000a) to examine the properties of judgmental forecasts for the 

presence of cognitive biases it is possible to use Theil’s optimal linear correction 

proposed in (Theil, 1966). The idea of this approach is to perform a linear regression of 

actual outcomes on judgmental forecasts and thereby to model and correct possible 

systematic deviations. In a number of studies (e.g., Goodwin, 2000; Goodwin, 2002) it 

was shown that this approach can be successfully applied to improve the accuracy of 

judgmental forecasts. In macroeconomic forecasting the linear regression of actual 

outcomes on forecasts has also been known as Mincer-Zarnowitz regression presented 

in (Mincer and Zarnowitz, 1969).  

This chapter demonstrates that the assumptions of the classical linear model are 

unlikely to hold true in practical settings of demand forecasting. Based on real-world 

examples I have found that the distribution of errors of judgmental forecasts is skewed, 

heavy-tailed, and exhibits heteroscedasticity versus the judgmental forecast. In fact, it is 

natural to expect this behavior of residuals since demand data usually contains count 

observations. Therefore the use of the original linear model cannot give adequate 

representation of errors and can even produce misleading conclusions. 

In order to improve the evaluation of properties of judgmental forecasts this chapter 

focuses on finding appropriate non-linear modelling procedures for solving the 

following tasks 
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i) finding density forecast, which then allows deriving corresponding prediction 

intervals and performing optimal correction of point forecast in terms of a 

specified loss function, 

ii) performing statistical tests for the presence of bias in judgmental forecast in 

terms of a specified loss function, 

iii) revealing the patterns and the magnitude of persistent systematic errors 

depending on a specified loss function. 

It will be shown that in many cases parametric techniques based on transformations of 

original data can be successfully applied to adequately model the conditional 

distribution of errors. The chapter also considers the use of count data regression 

methods for more accurate analysis. In order to ensure greater flexibility and robustness 

of statistical analysis the application of non-parametric methods will be described as 

well. Based on extended non-linear modelling it has been possible to discover typical 

patterns of systematic errors of demand forecasts for the case of non-symmetric 

distributions. 

Ultimately, the proposed models and methods aim to enhance the capabilities of 

forecasting software allowing for quick, efficient, flexible, and robust modelling of 

errors of judgmental forecasts. 

The chapter proceeds as follows. In the next section the problem is formulated and 

necessary notation is introduced. After that the source data set used for empirical 

analysis is described. The next section looks at the limitations of linear modelling. 

Subsequent sections describe how the analysis of judgmental forecasts can be improved 
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with the use of non-linear approaches. A special section describes a Monte-Carlo study 

that shows how the violation of assumptions of classic linear model can affect the 

properties of linear estimates. Then an assessment is made of accuracy of various 

modelling procedures. Conclusion contains summary of results, describes current 

research limitations, provides practical recommendations, and outlines possible further 

research areas. 

3.2. Problem Formulation 

3.2.1. Available Data and Desirable Output from Statistical Modelling 

The problem of the analysis of judgmental forecasts in forecasting systems can be 

formulated in the following general way (Fig. 3.1). For some given time series and for 

some given period of time   a point judgmental forecast    is produced by an expert or a 

panel of experts. To produce this forecast experts use both tacit knowledge and explicit 

information    available at the moment of producing the forecast. Tacit knowledge 

involves knowledge based on expert’s experience, intuition, and information that 

cannot be easily formalised. Contrasting with tacit knowledge, explicit information    

can be formalised and stored in a database. For example, it can contain facts about 

future promotions, price changes, as well as alternative forecasts from different sources 

including statistical forecasts, and other types of data. In addition, experts can access 

available historical data    that includes history of sales, previous forecasts, and 

possibly other historical facts stored in a database. 
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Expert(s)

Tacit knowledge

Statistical modelling of 

errors of judgmental 

forecast

Density forecast,

p(Yt|Ft,Dt,Ht)

Interval predictions

Optimally corrected 

forecasts for a specified loss

Indication of systematic 

deviations
Current explicit 

information, Dt

Historical data, Ht

Point judgmental 

forecast, Ft

Forecast users

 

Figure 3.1. A general scheme of processing judgmental forecasts for 

producing necessary information for forecasts users and decision-makers. 

The tasks of statistical modelling in the context given are as follows: i) obtain density 

forecast, ii) find prediction intervals, iii) find optimal forecast for a specified loss 

function, iv) detect the magnitude and the pattern of systematic errors in terms of a 

specified loss function, v) test judgmental forecast for the presence of bias. Depending 

on the modelling procedure chosen to address the above tasks the problem formulation 

differs. Section 3.2 presents a general formulation and notation that will be further 

applied to more specific problems. 

3.2.2. Statistical Inference and Obtaining Density Forecast  

The first task of statistical modelling lies in finding an adequate probabilistic 

characterisation of future demand based on the use of the available data. The desirable 

output of statistical modeling should include adequate density forecast that can be 
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expressed as the estimated conditional probability density function (PDF) or probability 

mass function (PMF) for future demand value    for period   given the current forecast 

   together with the available sets of data,    and   . Finding a density forecast 

requires i) building a regression model and ii) choosing a probabilistic inference 

method. 

It is commonly accepted that at present there are two major methods for probabilistic 

inference: frequentist and Bayesian (Bayarri and Berger, 2004). In the frequentist 

statistic the most common approach to prediction is to find optimum point estimates of 

model parameters (e.g. using the maximum likelihood method) and then replace the 

unknown parameters in the conditional PDF/PMF for future unknown data value with 

estimates obtained (sometimes this is called ‘a plug-in’ approach). Often this provides 

sensible point predictors, however, it rarely provides sensible density forecasts since the 

uncertainty of estimating the parameters is not taken into account. Many authors have 

now shown that substituting unknown parameters with their maximum likelihood (ML) 

estimates leads to inferior density forecasts (e.g., Aitchison, 1975; Levy and Perng, 

1986; Geisser, 1993; Komaki, 1996). Only in relatively simple cases (such as the 

CLNR model) there are well-developed means to adequately take into account all the 

uncertainty about model parameters when finding density forecasts using point ML or 

least squares estimates. But when it comes to more complex cases, especially when a 

cross-sectional analysis is used, the results of the frequentist inference may become 

largely inadequate (Hox and Roberts, 2010). 

The Bayesian approach overcomes the above limitation of the frequentist inference by 

treating model parameters as random variables and margining them out with respect to 
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a prior distribution (Chen, 2010). Bayesian computations can be carried out numerically 

using MCMC methods allowing for a high level of flexibility in specifying conditional 

distributions for observations. Also, applying Bayesian analysis together with MCMC 

makes it possible to carry out posterior inference with respect to functions of 

parameters. This is required when testing for unbiasedness with respect to an arbitrary 

loss functions and arbitrary models (this topic will be discussed in Section 3.2.5). 

The modelling procedures proposed in this chapter will be mainly based on the 

Bayesian approach and special comments will be given if other approaches are used. 

The purpose of the subsequent part of this chapter will be to find most appropriate 

models and estimation algorithms that most adequately correspond to the features of 

demand data. 

In Bayesian context the density forecast corresponds to the predictive PMF/PDF 

defined as the posterior PDF/PMF for the future demand value. The predictive density 

will be further denoted as               . The formulae within Section 3.2 will be 

given assuming    is a continuous variable. In case if    is a discrete random variable, 

corresponding formulae with summation operators instead of integral operators should 

be used. A detailed illustration of how the density forecast is obtained in accordance 

with the Bayesian approach using MCMC methods will be provided in Section 3.6.2. 

3.2.3. Obtaining Prediction Intervals 

Based on the predictive PDF/PMF is possible to obtain prediction intervals that 

characterise the uncertainty associated with future demand values in a concise way. In 
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this chapter the following rules for finding PIs will be used. Following (Zellner, 1971), 

the PI endpoints   and   for a specified probability   are chosen so that 

∫               
 

 
     , which means that the posterior probability that    lies in 

the interval       is  . In addition, it will be required that the values of   and   are 

chosen so that the probability of being below the interval is the same as being above it. 

3.2.4. Finding Optimal Point Forecasts and Estimating Systematic Errors 

Estimates of the measures of central tendency such as the mean, the median, or the 

mode of the conditional PDF can be used as a point forecast. When a loss function is 

specified         ̂  , where  ̂  is estimate of   , then optimally corrected forecast  ̂  

is found by minimising the expected loss (Zellner, 1971): 

   
  ̂

∫  (    ̂ )                  

   

  

where    
 – existence domain for   . 

The error of the judgmental forecasts will be defined as         . 

Estimated systematic error will be defined as  ̂   ̂               ̂    . In other 

words, estimated systematic error  ̂  is the quantity that is to be added to the judgmental 

forecast    in order to obtain optimal forecast  ̂  in terms of the specified loss function 

 . Importantly, systematic error depends on the loss function. 
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It is known (Zellner, 1971) that under quadratic loss  (    ̂ )   (    ̂ )
 
,    , the 

optimally corrected forecast corresponds to the mean of the predictive PDF/PMF: 

 ̂                . Therefore, under quadratic loss  ̂                . In case of 

using linear loss  (    ̂ )   |    ̂ |,    , optimal forecast corresponds to the 

median of the predictive PDF/PMF:  ̂                  . Importantly, if the 

predictive density is symmetric then systematic errors for quadratic and for linear loss 

functions will coincide, and if the predictive density is non-symmetric, they will not. 

When no closed-form solution is available the optimal forecast can be found with the 

use of numerical optimisation methods. This task presents no difficulties and can be 

solved by discretizing the density forecast. In practice a loss function can be non-

symmetric. For example, (Goodwin, 1996) describes a typical loss function for a 

manufacturing company where underestimation is more costly than overestimation. 

In order to visualise the patterns of systematic errors this chapter will use graphs 

depicting a regression of forecast errors on judgmental forecasts and a regression of 

actual outcomes on judgmental forecasts. The latter is known as the ‘prediction-

realization diagram’ first introduced in (Theil, 1966). The suggested way to assess the 

average magnitude of persistent systematic errors is based on out-of-sample evaluation 

of optimally corrected forecasts. 

While estimating the deviations from optimal predictions is important, another 

important task is to check whether or not the estimated deviations are statistically 

significant. This task is addressed below. 
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3.2.5. Testing for Unbiasedness of Judgmental Forecasts 

Testing for unbiasedness of forecasts is usually done in the econometric literature using 

one of the following two approaches. 

The first approach (e.g., described by Holden and Peel, 1985; Goodwin, 2000; Fildes et 

al., 2009) is based on running a linear regression of actual outcome    on corresponding 

forecast   : 

           , 

where   and   – unknown parameters,    – error term. 

The hypothesis of unbiasedness is accepted if   is not significantly different from one 

and   not significantly different from zero. The authors who apply this approach 

suggest employing an F-test to test the joint hypothesis that     and    . 

Importantly, this procedure is only appropriate when all the assumptions of CLNR hold 

true (which is often not the case for demand data as will be demonstrated in this 

chapter). 

If all the necessary assumptions do hold true then performing the above test is 

equivalent to defining the following condition for unbiasedness. Since          

     , the forecast    can be said to be unbiased with respect to the actual outcome 

   if the conditional expectation for    is equal to   :             for any possible 
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value of   . This also means that    is an optimal estimate of    with respect to a 

symmetric quadratic loss function. 

Another approach to defining unbiasedness was described by (Holden and Peel, 1990) 

where the following definition was given:    is an unbiased forecast of    if      

      or            . Holden and Peel say that the conventional test for 

unbiasedness (described above) provides a sufficient, but not a necessary, condition for 

   to be an unbiased forecast of    (in accordance with the new definition that they 

introduced). Holden and Peel recommend applying a t-test in order to test the 

hypothesis that           . Importantly, the appropriate use of this procedure 

requires that the error of forecast should an i.i.d. variable following a normal 

distribution. 

The second approach has not been widely used in the literature. One possible 

disadvantage of testing the hypothesis that            lies in the inability to 

identify some common patterns of systematic errors in forecasting. For example, 

(Goodwin, 2000) points out that ‘forecasts may tend be too high when outcomes are 

low and too low when outcomes are high’. In order to test for this kind of bias the use 

of the regression of    on    is required. Moreover, it can be seen that if     then the 

first approach becomes equivalent to the second approach. Therefore the (Holden and 

Peel, 1990) definition is a special case of the definition based on the linear regression. 

Both of the above approaches for testing for unbiasedness have the following 

limitations: i) they are appropriate only if the corresponding assumptions hold true 

(which is often not the case with demand data); ii) the mean-unbiasedness is assumed, 
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which implies that systematic errors are only assessed in terms of a quadratic loss 

function; iii) the F-test and t-test correspond to the frequentist inference and cannot be 

applied in the Bayesian context where all model parameters are considered as random 

variables. 

In the thesis an extended notion of unbiasedness will be used in order to overcome the 

above limitations. Let us first consider the case when the true conditional PDF for    is 

known. Let it be denoted as         . Here we do not assume a linear relationship 

between          and    or the normality of errors. Also, let the loss function of 

estimating    by     be denoted as          . Then the expected value of the loss 

function given some fixed    and      is 

    
                 ∫                         

. 

Thus, the forecast that gives the minimum value of the expected loss is found as 

  
    

                           
     

                . 

It can be shown that in case of the quadratic loss the expected loss attains it minimum 

when the estimate corresponds to the expected value of the conditional PDF (see, e.g., 

Zellner, 1971):   
          . 

The following definition of unbiasedness will be used:    is an unbiased estimate of    

if there are no reasons to reject the hypothesis that      
  given all the available data 
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including   . For a quadratic loss testing for unbiasedness is therefore equivalent to 

testing the hypothesis that            . 

Since in the Bayesian context   
  is itself a random variable (that is a function of model 

parameters), we will base the procedure for testing for unbiasedness on assessing the 

marginal posterior distribution for   
 :     

           . Generally, a marginal posterior 

PDF for a function of model parameters can be obtained numerically by means of 

MCMC simulation methods (see, e.g., Kery, 2010). According to this approach, model 

parameters are sampled from a PDF that converges to the joint posterior PDF in order 

to obtain then a posterior sample for the function of interest. In our case a posterior 

sample for   
  is obtained simply by computing   

  at every iteration of the MCMC 

simulation. Then the resulting posterior sample can be used for inference about   
 . An 

example of the MCMC sampling scheme to perform testing for unbiasedness will be 

given in Section 3.6.2. 

A Bayesian procedure to perform a two-sided test defined as testing          
  versus 

        
  is done as follows. In accordance with a commonly accepted convention 

(Lindley, 1961; Zellner, 1971) we reject    at a significance level of  % for values that 

fall out of the         % highest posterior density (HPD) region. A set      is an 

HPD region of content         % for   
  if  i)      

                  and 

ii) for all      and     ,            , where      is the posterior PDF for   
 . 

Generally, the HPD region can contain a series of disjoint intervals, however, this is 

highly uncommon and happens only if the posterior PDF is multimodal. As shown by 
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(Box, 1965) for a unimodal posterior PDF the HPD region is represented by interval 

      such that i)           and ii) ∫       
 

 
    . 

Thus, we define the following test for unbiasedness: the hypothesis that forecast    is 

unbiased is rejected at a significance level of  % if    falls out of the         % 

HPD region for   
 . In case of a quadratic loss we say that forecast is biased if    falls 

out of the         % HPD for         . If the assumptions of CLNR regression are 

met and non-informative priors are used then the         % HPD region for 

         corresponds exactly to the confidence interval obtained using standard 

frequentists inference (Zellner, 1971). Therefore the conventional regression approach 

described earlier is a special case of this more general definition provided that the 

CLNR assumptions hold true and the quadratic loss is used. 

 

3.2.6. Additional Assumptions 

This chapter focuses on a special case of the general scheme described above when 

additional current information    is not used in modelling (though it can still be used 

by experts). Thus, this chapter looks at the methods for modelling the errors of 

judgmental forecasts resulting in finding            , where historical data    includes 

the history of previous judgmental forecasts and corresponding outcomes. It will be also 

further assumed that all forecasts used in modelling have the same horizon. 
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As pointed out in (Goodwin, 1996), in order to improve forecasts it is possible to 

regress actual outcomes on both judgmental forecasts and various additional cue 

variables. In the current notation it means that    and    can theoretically contain 

additional explanatory variables for constructing more accurate regression models. In 

the next chapter a special case will be addressed when    and    contain statistical 

forecasts available to experts at the point of making their forecasts. 

Some authors (e.g., Goodwin, 1997) note that the features of judgemental forecast may 

change over time and special statistical means can be used to take this phenomenon into 

account. However, in this thesis it was found that due to the limited amount of data 

modelling non-stationary behaviour of model parameters becomes inefficient. In 

Section 3.7 it will be shown that confidence intervals for model parameters are quite 

wide even for simple regression models. Additional analysis has shown that modelling 

time-varying parameters inevitably leads to overparameterisation of models, which 

harms accuracy, especially in the presence of outliers. 

3.3. Source Data 

The source data for the analysis in this chapter was originally used in (Goodwin, 2000a) 

to demonstrate the advantages of modelling of systematic errors by means of Theil’s 

optimal regression. The data relates to a European textile company and includes 

monthly demand values collected over a period of 2.5 years. The dataset contains 15 

time series relating to different products. Judgmental forecasts and corresponding actual 

outcomes are available. Fig. 3.2 presents a time series from the data set. 
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Figure 3.2. Judgmental forecasts of product demand and corresponding actual outcomes. 
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3.4. Theil’s Optimal Correction 

Theil’s optimal correction is based on constructing a regression model which represents 

a linear dependency between the actual value and judgmental forecast: 

                                                                

where    – actual demand value observed for period  ,    – judgmental forecast relating 

to period  ,    – error term,   and   – unknown parameters that should be estimated. 

If such dependency exists, the model can be used to find a corrected forecast that is 

more accurate than the original judgmental forecast. This happens, for example, when 

high demand values are overrated and low values are underrated, or simply when 

judgmental estimates    are constantly lower or higher than corresponding real values 

  . 

Alternatively, the model can be specified as follows: 

            ,  (3.2) 

where    – the error of judgmental forecast (        ) relating to period  ,    – 

judgmental forecast relating to period  ,    – the error term,   and   – unknown 

parameters that should be estimated (with relation to model (3.1)      ). 

The previous empirical studies of using this approach in demand forecasting relied on 

the assumption that    are zero-mean i.i.d. random numbers following a Gaussian 
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distribution with some unknown variance (Goodwin, 1996; Goodwin, 2000). The 

ordinary least squares (OLS) method was used to estimate the model parameters. As 

pointed out in (Goodwin, 1996) the above model can be used to convert point 

judgmental forecasts into distribution forecasts using the standard regression analysis. 

If   observations are used to estimate the parameters of model (3.1) then the PDF for a 

future value    relating to period   corresponds to a Student’s t-distribution with 

      degrees of freedom: 

    ̂    

   

        

where    
  √  

 

 
 

     ̅  

∑      ̅   
   

,  ̅ – sample mean of all previous judgmental 

forecasts   ,  
  – sample variance of regression residuals,  ̂      ̂    ̂,  ̂ and  ̂ – 

OLS estimates,    – current judgmental forecast relating to period  . 

A corresponding          % confidence interval is obtained as  ̂        
          , 

where            – the point that gives the area of     in the right tail of the t-

distribution. 

As an approximation it is possible to use a Gaussian distribution since as the number of 

degrees of freedom increases, the t-distribution approaches the Gaussian distribution. 

Applying statistical tests to assess the significance of coefficients of model (3.1) or 

model (3.2) helps detect the presence of bias in judgmental forecasts. In particular, this 
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can be accomplished by using an F-test to test the joint hypothesis that     and 

    as was done in (Fildes at al., 2009). If there are no reasons to reject the joint 

hypothesis, this means that the available historical data does not exhibit the presence of 

bias in terms of quadratic loss. In fact, since the conditional median and the conditional 

mean for the linear model coincide, this also means that there is no evidence of bias in 

terms of linear loss as well. However, these results are valid only under the above 

assumptions. 

3.5. Limitations of the Classical Linear Model 

Fig. 3.3 and Fig. 3.4 show the results of applying model (3.1) and model (3.2) 

respectively to the data shown on Fig. 3.2 (product 2).  The parameters estimated for 

this time series are shown in Table 3.1. Here the OLS method was used, but Bayesian 

posterior estimates with non-informative priors correspond exactly to the OLS results 

(Zellner, 1971). 

The results indicate the presence of biases in judgmental forecasts since   significantly 

differs from 1 and   significantly differs from 0. 

Table 3.1: Linear model parameters estimation results 

Parameter Estimated expected value 95 % confidence interval 

  0.528 0.158 0.899 

  103.93 26.06 181.80 
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Figure 3.3. Results of applying model (3.1). The shaded area indicates demand 

values that are covered by 95% prediction interval, but are at the same time 

outside of the non-negative domain. 
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Fig. 3.4. Results of applying model (3.2). The shaded area indicates demand 

values that are covered by 95% prediction interval, but are at the same time 

outside of the non-negative domain. Here it can be better seen that for the given 

example according to the linear model the magnitude of estimated systematic 

errors is substantial for both forecasts of relatively high demand and forecasts 

of relatively low demand. 
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The graph shown on Fig. 3.3 is known as the prediction-realisation diagram introduced 

by (Theil, 1966). This type of diagrams can be used to show the magnitude and the 

pattern of systematic deviations from optimal predictions in terms of a specified loss 

function. In case of a quadratic loss the conditional expectation should correspond to 

      line for an unbiased forecast. If for a given forecast    corresponding 

conditional             then judgmental forecaster systematically overestimates real 

value for the given value of   . If             then there is systematic 

underestimation for the given value of   . Fig. 3.4 directly shows the estimated bias of 

judgmental forecast  ̂       . 

Though the linear model can be used to analyse and improve judgmental forecasts, by 

looking at the features of the demand data it can be found that the assumptions of the 

classical linear regression are not likely to hold true. In particular, real demand values 

have a non-negative domain, whereas model (3.1) presents demand as a normally 

distributed variable that can take negative values. Fig. 3.3 and Fig. 3.4 illustrate the 

inadequacy of the prediction intervals obtained using model (3.1). 

A more thorough analysis based on statistical tests can show that the residuals    in 

model (3.1) (as well as in model (3.2)) are unlikely to follow the assumptions of 

normality and homoscedasticity. Table 3.2 presents results of applying tests of 

normality and homoscedasticity to the available time series. The Breusch-Pagan test of 

homoscedasticity (Breusch and Pagan, 1979) and the Jarque-Bera test of normality 

(Jarque and Bera, 1987) have been applied. 
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Table 3.2: Results of applying tests to the residuals of model (3.1) 

Time 

series 

P-values 

Breusch-Pagan test of 

homoscedasticity 

Jarque-Bera test of 

normality 

1                         0.033 **                      0.976 

2                         0.360                      0.000 *** 

3                         0.008 ***                      0.000 *** 

4                         0.139                      0.778 

5                         0.079 *                      0.574 

6                         0.338                      0.565 

7                         0.308                      0.454 

8                         0.046 **                      0.748 

9                         0.428                      0.607 

10                         0.004 ***                      0.887 

11                         0.131                      0.285 

12                         0.811                      0.955 

13                         0.009 ***                      0.584 

14                         0.380                      0.829 

15                         0.508                      0.221 

       Significance codes: *** (0.01), **(0.05), *(0.1). 

 

 For many series p-values have been found to be rather low. As a result of the violation 

of the assumptions, the probability density function for future demand values when 

using the above model may be not sufficiently accurate. In addition, in case of non-

symmetric distributions the estimates obtained by means the OLS can approximate 

systematic deviations only in terms of the quadratic loss. 

The next section focuses on finding more adequate models that would allow a more 

accurate and more comprehensive analysis of judgmental forecasts. 
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3.6. Non-linear Modelling of Forecasting Errors 

3.6.1. Double-Log Model 

In order to capture the non-linear features of demand data the conditional distribution of 

demand values is often approximated with the use of log-normal distribution. In 

particular, double-log equations (where both demand and cue variables are log-

transformed) are widely used in building demand models and studying demand 

elasticity (Blaylock and Smallwood, 1983). This subsection considers the use of 

double-log models for the purpose of modelling the errors of judgmental forecasts. 

In case of the double-log model the equation for actual demand value on the original 

scale takes the following form: 

       
    ,           ,  (3.3) 

where   is the natural number,  ,  , and     are model parameters to be estimated, and 

it is assumed that    are i.i.d. variables. This can be expressed as a linear regression 

model by taking natural logarithm of both sides:  

                ,           ,  (3.4) 

where       . 

The double-log model is only relevant to the situation where the forecasts and actual 

observations take positive values. However, for the source data set described in Section 

3.3 there were no cases when either forecast or actual observations were zero (or less). 
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Table 3.3 shows the results of testing the residuals of model (3.4) for normality and 

homoscedasticity. 

Table 3.3: Residuals diagnostics for model (3.4) 

Time 

series 

Breusch-Pagan test 

of homoscedasticity, 

p-value 

Jarque-Bera test 

of normality, p-

value 

Largest 

DFFITS 

value 

Number of 

potentially 

influential 

points 

1 0.694 0.882 1.42 2 

2 0.523 0.113 0.78 0 

3 0.003 *** 0.423 -2.61 1 

4 0.554 0.464 -0.46 0 

5 0.530 0.511 0.16 0 

6 0.630 0.407 -0.46 0 

7 0.024 * 0.865 1.23 1 

8 0.899 0.547 -0.91 1 

9 0.861 0.615 -0.35 0 

10 0.164 0.503 -1.94 1 

11 0.279 0.748 0.31 0 

12 0.216 0.320 -0.69 0 

13 0.032 * 0.677 0.87 1 

14 0.711 0.963 -0.72 0 

15 0.722 0.868 0.43 0 

Significance codes: *** (0.01), **(0.05), *(0.1), bolded text indicates time series 

containing potentially influential points. 

 

Based on the results shown in Table 3.3 it can be seen that model (3.4) compares 

favourably with model (3.1) (see Table 3.2) as there are less cases when the tests 

indicate the violation of the assumptions. 
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Table 3.3 also contains the results of checking for influential points. This has been 

performed using the Welsch-Kuh’s distance or DFFITS (Belsley, Kuh, and Welsch, 

1980). The purpose of this measure is to indicate observations which exert a large 

influence on the regression estimates. Such points can be met as a result of unusual 

events and therefore can potentially distort the results of regression analysis. The 

DIFFS statistics is defined as the change in the predicted value (difference of fits) 

scaled by the estimated standard deviation of the fit at that point: 

        
 ̂   ̂    

    √    

  

where  ̂  – the prediction obtained for point   based on all available data,  ̂     – the 

prediction obtained for point   obtained without point  ,      – the standard error 

estimated without point  ,      – the leverage for point  . Here all estimates relate to 

model (3.4). Based on the assumptions of normality the following size-adjusted critical 

value for           can be used (Gross, 2003):  √       , where   – number of 

parameters in the model,   – number of observations used to fit the model. 

Observations having           above the critical value should be investigated as they 

can either relate to unusual events that are not described by the model or indicate model 

misspecification. For example, for the given data set the unusual observations can 

correspond to situations when actual sales did not reflect real demand because the 

product was out-of-stock for a long period of time. Unfortunately, no information is 

available as to why these points could have occurred in the given data set. After 

eliminating the extreme points detected using the above critical value the properties of 

residuals have become acceptable. 
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Methods described in the previous section can be applied to find the conditional PDF 

for a log-transformed future value      given     . As it has been shown, this PDF can 

be approximated using a Gaussian distribution. Consequently, the PDF for the non-

transformed future value    can be represented using a log-normal distribution with 

corresponding parameters. 

Thus, based on the double-log model the PDF for the future demand value    given the 

current judgmental forecast    and the available historical data    can be approximated 

as: 

            
 

   √  
 

 
       ̂  

 

                                         

where  ̂   ̂   ̂     ,  ̂ and  ̂ – parameter estimates for model (3.4) found using the 

OLS,    – estimated variance for  ̂  obtained for the linearized model,    denotes the 

history of actual outcomes and corresponding judgmental forecasts: 

                        , and       is the number of the last observation 

available. 

The estimate of the conditional median is found as   ̂ , conditional mean as   ̂      , 

and conditional mode as   ̂    
. 

If model (3.4) is valid, its coefficients can be used to check judgmental forecasts for the 

presence of bias in the following way. If there are no reasons to reject the joint 

hypothesis that     and    , this means that both the conditional median 
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             and the conditional mean                do not differ significantly 

from 0 for any     . This, in turn, means that      is likely to be an unbiased 

estimator of      both under linear and under quadratic loss. When transforming      

back to the original scale it cannot be guaranteed that the property of unbiasedness in 

terms of the mean still remains. However, it can be shown that the property of median-

unbiasedness is invariant under non-linear transformations (Brown, 1947). Thus, by 

assessing the significance of coefficients of model (3.4) it is possible to detect the 

presence of bias in judgmental forecasts in terms of a linear loss function and to see 

how likely it is that judgmental forecast is a median-unbiased estimator of actual 

outcome on the original scale. 

Fig. 3.5 and Fig. 3.6 demonstrate the application of the double-log model to the time 

series analysed in the previous section. In contrast to the classical linear model the 

double-log model indicates that substantial bias corresponds only to high demand 

forecasts. Also, the variance of judgmental forecast error rises as the forecast increases. 

Table 3.4 shows the estimates found for the linearized model. For other time series from 

the source data set similar results have been obtained. 

Table 3.4: Estimation results for model (3.4) 

Parameter Estimated expected value 95 % confidence interval 

  0.618 0.300 0.936 

  2.040 0.398 3.682 
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Figure 3.5. Results of applying a linear model to log-transformed data. 
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Figure 3.6. Results of using the double-log model. 
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(

 

    
)
 

(  
 

    
)
  

                               

where      – parameters that should be estimated based on available data,   – the 

gamma function. 

As it is known,          and              
   . 

A common assumption in negative binomial regression is that      is a linear function 

of covariates. Here this function is 

                                                                           

where   and   are model parameters. 

Thus, the model has 3 unknown parameters:  ,  , and  . The vector of the unknown 

parameters will be further denoted as  . The problem of finding the parameters of the 

negative binomial regression model has now been well-researched in literature. In order 

to model the uncertainty of all the parameters with more flexibility and better precision 

it is possible to use numeric estimation procedures based on Bayesian inference. In this 

section this is done using recommendations and program codes from (Ntzoufras, 2009). 

In accordance with the Bayesian approach the parameters of the model are treated as 

random variables with a known joint prior probability density function (PDF)     . The 

joint posterior PDF for the parameters of the model is proportional to the product of the 

likelihood function and the joint prior PDF: 
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            ∏           
   

   
  

where     denotes the history of actual outcomes and corresponding judgmental 

forecasts:                          and       is the number of available 

observations. 

The forecasting task becomes to estimate the value of future demand    that correspond 

to a given point judgmental forecast    using the historical data   . This is done based 

on the predictive PMF which is the marginal posterior distribution for a future yet 

unobserved value found using all the available information: 

            ∫                    

  

  

where    is the existence domain for   and            is defined in accordance with 

(3.6) and (3.7). 

Once             is found, PIs and optimal forecasts in terms of a specified loss 

function are obtained in accordance with the methods described in section 3.2. Since a 

closed-form solution for the computation of             is unavailable, the standard 

approach to find the above integral is based on the use of MCMC numerical integration 

methods. The idea of MCMC methods to generate a sequence of model parameters 

values                  whose joint distribution converges to the true joint posterior 

PDF        . Based on the realizations of   it is then possible to sample the values of 

   that follow the predictive PMF            . Having enough realizations of    the 
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predictive PMF can be empirically obtained. In addition, based on the realizations of   

marginal a posterior distribution for any function of the parameters of the model can be 

empirically obtained. 

With the use of MCMC methodology it is also possible to assess the presence of 

systematic errors in judgmental forecasts in terms of some given loss function. For a 

given significance level      , judgmental forecast   , and loss function   

      ̂  , where  ̂  is estimate of   , the test is performed using the following steps: 

1. Generate realizations of model parameters values                  whose 

joint distribution converges to the true joint posterior PDF        . 

2. For each              calculate   
           assuming that   

    
        is 

the optimal forecast that corresponds to the conditional PMF for    given   and 

  :   
                ̂ 

∑  (    ̂ )            
. Since   

  is a function of  , 

the distribution of the generated realizations of   
  converges to the marginal 

posterior PMF     
        . 

3. Calculate   and   as    
 

 
  and    (  

 

 
)  empirical quantiles of 

    
         respectively. 

4. Check whether or not    lies within the interval      . If this is not the case 

then we reject the null hypothesis    that      
        (i.e.,    is unbiased in 

terms of  ) at the       level of significance. 

In order to implement the MCMC sampling a proper prior distribution      must be 

specified. A common practice is to use uninformative (diffuse) PDFs with sufficiently 
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large variances. In particular, the gamma prior PDF is commonly used for the scale 

parameter  , while Gaussian prior PDFs are used for the regression coefficients   and 

 . In this case full conditional PDFs for the parameters are well-known and the 

procedure to generate realizations of   and    and obtain forecasts can be summarized 

as follows: 

1. Set initial values      (              )
 

.  

2. For         repeat the following steps 

a. Sample      based on well-known full conditional PDFs for      and  . 

Since these PDFs do not belong to any standard distribution family, use 

a Metropolis-Hastings algorithm to perform the following steps 

i. Conditional on knowing        and       , draw      from 

           . 

ii. Conditional on knowing        and     , draw      from 

           . 

iii. Conditional on knowing      and     , draw      from 

           . 

b. Conditional on knowing     ,     , and     , draw   
   

 based on equation 

(3.6) and (3.7). 

c. Store      and   
   

. 

3. Discard first    draws (where the values generated exhibit non-stationarity) as 

a burn-in period. 
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4. Find optimal point forecast for a given loss function  (    ̂ ) as 

        ̂ 
∑  (    ̂ )             

, where             is approximated based 

on   
   

. 

5. Find PI as empirical quantiles of   
   

. 

The example below will illustrate the use of MCMC sampling to estimate the negative 

binomial regression model. The MCMC estimation procedure for this example has been 

implemented in WinBUGS environment (Gilks, Richardson, and Spiegelhalter, 1995). 

The program code is given in appendix C. 

Fig. 3.7 presents marginal posterior PDFs for the model parameters obtained for the 

time series analysed in the previous subsection. The total number of realizations used is 

     . Table 3.5 presents corresponding point estimates. 

Fig. 3.8 shows PIs and optimally corrected forecasts for the same series. As it can be 

seen, the results obtained using the negative binomial regression are similar to those for 

the double-log model. 

 

Table 3.5: Posterior summaries for negative binomial model parameters 

 

Parameter Mean 
Standard 

deviation 

2.5 % 

quantile 
Median 

97.5 % 

quantile 

  0.657 0.172 0.319 0.657 0.999 

  1.904 0.889 0.150 1.907 3.654 

  8.264 2.290 4.455 8.034 13.370 
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Figure 3.7. Marginal posterior distributions (unscaled) for 

negative binomial regression parameters. 
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Figure 3.8. Results of using negative binomial regression. 

 

One of the advantages of applying the Bayesian approach to the task is that it is possible 

to take into account any prior knowledge of the parameters domain. More specifically, 

in practice it can be assumed that the slope coefficient   in equation (3.7) can take only 

positive values. Otherwise it would mean that outcome negatively correlates with 

judgmental forecast, which makes the model unrealistic. When using a classical 

approach or defining uninformative priors for   the result can indicate a non-zero 
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probability that    . Such result contradicts the meaning of the coefficient and 

therefore the modelling can be improved by specifying a gamma PDF as a more 

appropriate prior for  . For the example given above using this improvement would not 

lead to any noticeable differences since the number of observations is sufficient to 

conclude that     with a very high probability. However, in case of scarce data, 

taking the parameter domain into account can give more adequate results. The same 

considerations apply to the double-log model discussed earlier. 

Another advantage of numerical Bayesian analysis is the ease of handling censored 

observations. This is useful in cases of surplus demand when observed sales are lower 

than real demand value. As mentioned by some authors, modelling censored demand 

observations in the same way as non-censored observations leads to substantial biases 

(Kusters, McCullough, and Bell, 2006). On the other hand, completely omitting such 

observations means reducing the amount of data used for modelling, which is 

undesirable when working with small samples. A consistent approach to modelling 

censored observations helps use all the available data efficiently. Within the Bayesian 

methodology if an observation is censored from below then it can be modelled as an 

additional parameter of the model that has a left-truncated conditional PDF or PMF 

(Chib, 1992). In case of model (3.6)-(3.7) this means that if it is known that the real 

demand    is above some observed value   
  then the conditional PMF for    is the 

negative binomial PMF described by formula (3.6), but additionally has the domain that 

is bounded below by   
 . 

In addition, the use of Bayesian methodology provides a convenient framework for 

pooling data across time series. This can be useful when the number of observations 
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within individual time series is insufficient to find forecasts with acceptable PIs. A 

more detailed analysis of the possibilities for pooling data across time series will be in 

the next chapter in section 4.5.3. 

3.6.3. Nonparametric Modelling 

 

Since a fully-specified model for modelling judgmental forecast error is unknown, the 

assumptions of parametric models can be violated when applying them to real data sets. 

This subsection demonstrates the application of more flexible nonparametric techniques 

that make it possible to capture the features of demand data in a more reliable way. 

Though these procedures are more flexible and resistant to outliers, they produce the 

results at the cost of higher uncertainty associated with the final forecast. However, 

with the increase of the amount of the available data the advantages of non-parametric 

modelling become more tangible. 

Here kernel density estimation (KDE) is applied to construct density forecast. This is a 

well-known and widely used non-parametric way of estimating the probability density 

function of a random variable. In econometrics it is also known as the Parzen-

Rosenblatt window method. In this method a known density function (the kernel) is 

aggregated across the observed data points to create a smooth approximation. 

The advantages of KDE over alternative non-parametric approaches such as locally 

weighted scatterplot smoothing or LOESS (Cleveland and Devlin, 1988) are that it i) 

keeps the prediction model as generic as possible (in particular, no symmetry of 

regression errors is assumed) and ii) allows obtaining forecast in a form of a posterior 
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conditional PDF. The use of KDE for the evaluation of judgmental forecasts was 

previously presented in (Davydenko, 2010c). 

Generally, multivariate KDE is performed as follows. For a  -variate random sample 

  ,   , …,    the estimate of the joint PDF is obtained as (Mittelhammer, Judge, and 

Miller, 2000) 

 ̂    
 

       
∑             

 

   

  

where   –     vector representing the point for which the joint PDF is estimated,   – 

    matrix controlling the smoothing of estimation and known as the bandwidth 

matrix,    – multivariate kernel function. 

It is known that the choice of the kernel is not crucial to the performance of the 

estimator (Scott, 1992). Here the standard normal kernel is used: 

                ( 
 

 
   )  

At the same time, the choice of the bandwidth largely affects the quality of estimates. 

Recent publications recommend the use of an automatic data-driven smoothed cross-

validation selector as a generally applicable approach (Duong and Hazelton, 2005). In 

the present study the implementation of this approach in the ‘ks’ package for R 

language (Duong, 2007) has been used. 
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The use of the multivariate KDE permits estimation of a conditional PDF for one of the 

variables (Cameron and Trivedi, 2005). However, this procedure is still based on the 

assumption that   ,   , …,    is a random sample drawn from the joint PDF. In our 

case in order to estimate the conditional PDF          it is necessary to assume that a 

bivariate sample                           is drawn from joint PDF         . 

According to the definition of the conditional density                        , 

where       denotes the marginal density for   . 

Based on the above methods it is possible to estimate the joint posterior PDF  ̂       . 

The conditional density for    is estimated as follows:  ̂         ̂         ̂    , 

where  ̂     is a univariate kernel density estimate. The conditional PDF  ̂        can 

then be used as the predictive PDF. 

The following analysis has been performed for one of the time series from the source 

data set. Firstly, the data has been log-transformed in order to be better represented by 

the unbounded Gaussian kernel. Then the two-dimensional kernel density estimation 

with automatic data-driven bandwidth selection has been applied to the log-transformed 

data (Fig. 3.9). The results obtained after back transformation are shown on Fig. 3.10. 

As it is seen, the estimator has proved sufficiently reliable even given that one point is 

markedly distant from the rest of the data, which could have led to inadequate 

parametric modelling. 
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Figure 3.9. Modelling log-transformed data using kernel density estimation. 

 

 

 

 

 

 

4.0 4.5 5.0 5.5

4
.0

4
.5

5
.0

5
.5

logarithm of judgmental forecast

lo
g
a
ri
th

m
 o

f 
a
c
tu

a
l 
s
a
le

s

estimated conditional median
80% prediction interval
conditional median of unbiased forecast

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



118 

 

 

 

 

 

Figure 3.10. Results of applying kernel density estimation. 
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3.7. Pooling Data across Time Series 

A common situation in demand forecasting is when the number of observations at a 

level of an individual series is insufficient to find estimates that would lie within useful 

confidence bounds. In fact, even though the parametric models described previously 

contained only three parameters (including the slope, intercept, and noise variance) and 

the available history contained      observations, the estimates obtained were quite 

diffuse. Table 3.6 shows estimates of the model parameters and corresponding standard 

errors obtained for each time series using all the available data at a level of an 

individual time series. The confidence intervals that correspond to the estimates 

obtained are rather wide although historical data relates to a period of 2.5 years (29 

months), and is it not uncommon in practice to find the history can contain fewer 

observations. 

Based on the estimates obtained it is hard to make conclusions about the true location of 

the model parameters, and, hence about the features of the judgmental forecasts (such 

as the presence of certain types of bias and the magnitude of systematic errors). Also, 

the confidence intervals that correspond to future demand values are quite wide as can 

be seen from the prediction-realisation diagrams shown in Fig. 3.3, 3.6, 3.8. This raises 

the level of uncertainty associated with future demand values and brings difficulties 

when solving various inventory control tasks such as defining safety stock and others. 

Ultimately, modelling based on insufficient data can result in predictions that are even 

less accurate than the original judgmental forecasts. 
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Table 3.6: Estimates of the negative binomial model parameters found using data 

for individual time series (for each time series the history of observations contains 

     points) 

 

Time 

series 

Slope Intercept 

95 % CI Mean 95 % CI Mean 

1 0.402 0.780 0.590 1.083 2.817 1.954 

2 0.338 0.970 0.651 0.292 3.553 1.932 

3 0.265 0.897 0.578 0.756 4.385 2.580 

4 0.316 1.061 0.690 -0.423 3.283 1.414 

5 0.602 1.330 0.963 -1.706 1.902 0.107 

6 0.419 1.364 0.898 -2.290 3.271 0.445 

7 0.187 0.970 0.584 0.026 3.478 1.711 

8 0.291 1.241 0.762 -1.024 3.425 1.209 

9 -0.092 0.876 0.386 0.808 6.431 3.647 

10 0.119 0.578 0.345 2.298 4.819 3.576 

11 0.100 0.622 0.360 2.349 5.508 3.931 

12 0.246 0.741 0.492 1.822 5.110 3.474 

13 0.276 0.722 0.499 1.869 4.778 3.319 

14 0.431 0.932 0.682 0.491 3.820 2.150 

15 0.241 0.862 0.551 1.013 5.356 3.182 

 

In addition, when available data contains only a few tens of observations there is a high 

risk that a statistical model can overreact to outliers and influential points such as 

described in Section 3.6.1. And the identification of such points in cases of limited data 

is itself a task that is difficult to implement.  Also, the dependency between judgmental 

forecasts and actual outcomes can change with time, making the model coefficients 

non-stationary (Goodwin, 1997). The issue of the non-stationarity of model coefficients 

describing the features of judgmental forecasts was tackled in (Goodwin, 1997) by 

applying a weighted regression where more weight is given to most recent observations. 

Another possible approach is to restrict the historical data to a fixed window of recent 
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observations. But both approaches increase the risk of overreacting to outliers, and are 

likely to make estimates even more uncertain. 

In order to improve the modelling of panel data, i.e. data observed on cross-sections of 

units and over time (such as the source data used in this chapter), the econometric 

literature suggests the use of special modelling approaches (Gelman and Hill, 2007). 

The major idea of the analysis of panel data is to describe all available observations 

relating to different cross-sections and time periods in a single model, but to assume 

that some parameters of this model relate to specific data groups only. 

One approach that has been widely in applied research is to assume a model that has the 

same slope parameter for all groups of data, but different intercepts allowing for cross-

sectional heterogeneity. The rationale behind this approach is to remove the effect of 

time-invariant characteristics that are specific to individual data groups so that we could 

assess the predictors’ net effect. This type of model is known as ‘varying-intercepts 

model’ (Gelman and Hill, 2007). We can also assume different variances for each 

individual group of observations. 

The ‘varying-intercepts model’ assumes that the slopes are equal for all cross-sectional 

units. With regard to this assumption (Kennedy, 2008) says the following in his review 

of panel data methods: 

(Robertson and Symons, 1992) claim that this is hard to detect and that even 

small differences in slopes can create substantial bias, particularly in a dynamic 

context. On the other hand, (Baltagi, Griffen, and Xiong, 2000) claim that 
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although some bias may be created, the efficiency gains from the pooling more 

than offset this. This view is supported by (Attanasio, Picci, and Scorcu, 2000). 

(p. 289) 

As mentioned in Section 3.6.2, since demand data usually contains count observations, 

negative binomial regression is better suited to modelling the features of judgmental 

demand forecasts compared to methods based on CLNR assumptions. In order to 

analyse panel data the negative binomial regression model can be extended as follows: 

            (       )                        (3.8) 

                     

where       – actual demand for period   for  th
 product (dependent variable),      – 

judgmental forecast for period   for  th
 product (independent variable),   (       ) 

denotes a negative binomial distribution with      and    for mean and overdispersion, 

respectively,    – intercept parameter that is different for each product  ,   – slope 

parameter,   – number of time series,   – number of time periods. Here the 

overdispersion parameter    is assumed to be different for each product  . 

Model (3.8) can be estimated using both the maximum-likelihood method and Bayesian 

estimation. However, the Bayesian estimation of this type of models is preferable since 

it is not based on asymptotic results and delivers more adequate confidence intervals 

(Hox and Roberts, 2010). In order to find posterior estimates for model parameters is it 

is possible to employ an MCMC estimation algorithm that is constructed analogously to 

that used in Section 3.6.2. 
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Marginal posterior estimates for model (3.8) are shown in Table 3.7. It can be seen that 

the panel data estimates have narrower confidence bounds compared to estimates based 

on individual time series shown in Table 3.6. Empirical analysis of effectiveness 

presented in Section 3.9 will show that forecasts obtained using model (3.8) are more 

accurate in terms of both linear and quadratic loss. Moreover, when the number of 

observations is limited (    ) correction of judgmental forecasts using data for 

individual time series do not improve judgmental forecasting since there are not enough 

observations to fit the model properly. But for the same history (    ) the panel data 

analysis still delivers results that can improve judgmental forecast significantly. 

Table 3.7: Posterior estimates for model (3.8) with      and      

 

Parameter 95 % CI Mean 

   1.468 2.494 2.005 

   1.672 2.825 2.270 

   1.907 3.170 2.564 

   1.504 2.603 2.071 

   1.521 2.629 2.095 

   1.799 3.101 2.474 

   1.329 2.379 1.863 

   1.625 2.677 2.170 

   1.979 3.253 2.642 

    1.745 2.891 2.348 

    1.982 3.250 2.648 

    2.254 3.651 2.986 

    2.198 3.584 2.925 

    2.189 3.607 2.937 

    2.331 3.821 3.117 

  0.465 0.679 0.565 
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The advantage of pooling data across time series is that the estimates of model 

parameters become more stable and therefore the features of judgmental forecasts can 

be interpreted with higher confidence. With regard to the source data given, based on 

model (3.8) it can be concluded that judgmental forecasts for each of the time series 

contain systematic errors since confidence intervals for both the slope and the intercept 

do not contain their optimal values (see Table 3.6). Also, since       and     , 

judgmental forecasters are likely to overestimate when predicting relatively high 

demand value, and underestimate when predicting relatively low demand value. This 

pattern is consistent with results obtained in some previous studies of judgmental 

demand forecasts (Fildes et al., 2009). 

3.8. Monte-Carlo Experiment 

This section describes a small Monte-Carlo experiment aimed to demonstrate that the 

use of linear regression of outcomes on forecasts can produce misleading results. This 

can happen when the conditional probability distribution of the outcome is skewed 

(which is often the case in practice as has been shown above). In such cases linear 

regression coefficients can indicate the presence of substantial bias even when in truth 

forecasts are unbiased in terms of a symmetric linear loss function. 

In this example sampling distributions of regression coefficients are examined 

according to the principle described in (Griffiths, Hill, and Judge, 1993, pp. 219 - 223). 

The experiment involves the following steps: 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



125 

 

(1) A random number generator is used to draw a (pseudo) random sample 

containing   forecasts and corresponding outcomes. 

(2) Estimates of linear model coefficients for the sample of size   are calculated. 

(3) Steps (1) and (2) are replicated   times. 

(4) For each of the coefficients the empirical distribution of the   estimates is 

examined. 

Let outcomes    corresponding to forecasts    be generated in accordance with the log-

log model presented in section 3.6.1 (as has been seen earlier, this is often a reasonable 

assumption about the data generation process): 

                 ,              
  ,        , 

where      and    are the stochastic elements that should be randomly generated;   , 

  ,   
  are the exogenous parameters that are assumed to be known before running the 

experiment. 

Let    be sampled from a log-normal distribution: 

            
  ,        , 

where      
  are the exogenous parameters that are assumed to be known before 

running the experiment. 
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In this experiment it is assumed that forecasts are median-unbiased, i.e.      and 

    . This means that forecasts are optimal in terms of a symmetric linear loss (see 

section 3.2). 

In order to attain similarity with the real-world time series the following values for the 

remaining exogenous parameters of the model are used:       ,     ,       . 

These values were obtained based on the analysis of one of the time series from the 

source data set. The values of    and    were found by fitting the marginal distribution 

of forecasts. The value of    was obtained based on the estimate of the noise variance 

of the double-log model presented in section 3.6.1. 

The sample size (i.e., the number of pairs of    and    to be generated) is chosen to be 

     . This, for example, can correspond to the history of 4 years of weekly 

observations. Thus, in step (1)   pairs of    and    are generated according to the data 

generation process described above. 

The linear model used to evaluate forecasts is: 

             ,           , 

where parameters   ,   , and    are assumed to be uknown and should be estimated 

using the simulated data set. The values of interest are the estimates of    and   . In 

step (2) these estimates are calculated using the OLS method. 
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In step (3) the single experiment involving steps (1) and (2) is replicated a large number 

of times       in order to obtain the sample distributions for the estimates of the 

coefficients. Step (4) performs the analysis of the sample of the estimates and assesses 

confidence intervals for expected values. 

The simulation has been implemented by means of a computer program written in R 

language. The program listing is given in Appendix D. Fig. 3.11 shows the empirical 

frequency distribution of the OLS estimates and Table 3.8 contains summary statistics. 

 
 

 

Figure 3.11. Empirical frequency distribution of OLS estimates. 
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Table 3.8: Monte-Carlo Experiment Results (number of replications:      ) 

Variable Sample 

mean 

95%  confidence 

interval for the 

expected value 

Sample 

median 

25% 

quantile 

75% 

quantile 

Slope coefficient 

estimate 

1.136 1.132 1.139 1.121 1.012 1.242 

Intercept coefficient 

estimate 

-0.324 -0.823 0.175 1.179 -15.220 16.890 

 

The confidence interval for the expected value, with confidence level  , has been 

approximated using the standard formula (Cochran, 1963): 

   ̅          
 

√ 
     ̅          

 

√ 
   

where  ̅ is the sample mean,    is the sample variance, and          is the        -

fractile of the normal distribution in standard form, and   is the sample size. The 

rationale for using this formula is the central limit theorem, which guarantees that the 

sampling distribution of the sample mean approaches a normal distribution as the 

sample size approaches infinity. 

The scatterplot on Fig. 3.12 shows one of the data sets generated. The figure also shows 

how the true conditional median differs from the OLS-based estimate of the conditional 

median. According to the results on average the linear model indicates the presence of 

substantial regression bias in forecasts. The sample mean of the OLS estimates of the 

slope coefficient lies close to 1.14. However, according to the data generation scheme 
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forecasts in truth are optimal in terms of a symmetric linear loss. The discrepancy 

occurs due to the violation of the assumptions of the classical linear regression. 

Based on the results of this study it can be concluded that the analysis of forecasts 

should be i) based on adequate models and ii) performed in correspondence with the 

loss function to be optimised. The use of oversimplified models or optimising using a 

different loss function can potentially lead to incorrect conclusions. Therefore the aim 

of this chapter has been to develop a sufficiently flexible methodology for the analysis 

required. 

 
Figure 3.12. Prediciton-realisation diagram for one of the data sets generated. The 

true conditional median is represented by the line      . The estimated 

conditional median (found using OLS estimates) is represented by the line 

                  .  

0 100 200 300 400 500 600

0
1
0
0

2
0
0

3
0
0

4
0
0

5
0
0

6
0
0

forecast

o
u
tc

o
m

e

true conditional median

estimated conditional median

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



130 

 

3.9. Effectiveness Evaluation 

The effectiveness of the above approaches has been evaluated with regard to the 

available data set. One part of the data set (about 60% of observations relating to the 

first 17 months) has been used for model estimation, while the remaining data has been 

used for accuracy evaluation. When relative error measures were used the unadjusted 

judgmental forecast was used as a benchmark. 

Appendix E contains out-of-sample MAE and RMSE values calculated for each of the 

time series. Corresponding relative values (RelMAE and RelMSE) with judgmental 

forecast as a benchmark are given in Appendix F. 

Tables 3.9 and 3.10 analyse the percentage of time series for which judgmental forecast 

has been improved. The estimated probabilities presented in these tables are often 

known as the ‘Percent Better’ measure (Armstrong and Collopy, 1992; Hyndman, 

2006). According to the results, for the most of the time series the correction methods 

have helped improve forecasting accuracy in terms of both MAE and MSE. The one-

sided binomial test has been applied in order to compare the estimated probabilities 

with 0.5. As it can be seen, the count data regression has shown the best performance in 

accordance with the ‘Percent Better’ measure. 
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Table 3.9: Percentages of Improvements of Judgmental Forecast MAE 

 

Method 

Number of 

series for 

which 

RelMAE<1 

Estimated 

probability of 

improvement 

of MAE 

p-value 

(binomial 

test) 

Theil’s optimal correction 11 0.73      0.0592 * 

Double-log model 11 0.73      0.0592 * 

Negative binomial regression 13 0.87      0.0037 *** 

Nonparametric modeling 9 0.60      0.3036 

Negative binomial regression 

(panel data) 

12 0.80      0.0180 ** 

 

Total number of time series: 15. 

Significance codes: *** (0.01), **(0.05), *(0.1). 

 

 

 

 

Table 3.10: Percentages of Improvements of Judgmental Forecast MSE 

 

 

Method 

Number of 

series for 

which 

RelMSE<1 

Estimated 

probability of 

improvement 

of MSE 

p-value 

(binomial 

test) 

Theil’s optimal correction 9 0.60      0.3036 

Double-log model 8 0.53      0.5000 

Negative binomial regression 11 0.73      0.0592 * 

Nonparametric modelling 6 0.40      0.8491 

Negative binomial regression 

(panel data) 

10 0.67      0.1510 

 
Total number of time series: 15. 

Significance codes: *** (0.01), **(0.05), *(0.1). 
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The amount of improvement in accuracy has been evaluated across time series using the 

measures introduced in the previous chapter. In order to assess average relative 

improvement under linear and quadratic loss functions the AvgRelMAE and 

AvgRelMSE statistics have been used. The results are presented in Table 3.11. The 

table also contains the MAPE and MdAPE values. However, percentage errors here are 

not indicative of changes in terms of the loss functions used for the optimisation of 

forecasts. In addition, due to the highly skewed distribution of percentage errors the 

sample estimates become highly inefficient and difficult to analyse and to interpret 

(Hyndman, 2006). Therefore these values are given here for reference only. 

Table 3.11: Accuracy of models of errors of judgmental forecasts 

(out-of-sample evaluation) 

 

 AvgRelMAE AvgRelMSE MAPE 

(2% trim), 

% 

MdAPE, 

% 

Judgmental forecast 1.00 1.00 32.74 23.68 

Theil’s optimal correction 0.90 ** 0.88 29.04 *** 21.21 

Double-log model 0.87 ** 0.82 26.65 *** 21.92 

Negative binomial 

regression 

0.87 ** 0.80 ** 28.13 *** 20.60 

Nonparametric modelling 0.91 0.89 27.86 ** 22.77 

Negative binomial 

regression (panel data) 

0.85 *** 0.79 ** 26.71 *** 20.55 

    

   Significance codes for improvements in accuracy: *** (0.01), **(0.05), *(0.1) , 

   (the significance of changes for MdAPE has not been assessed). 

   Total number of series : 15. 

   Total number of observations used for evaluation : 180. 
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The results show that the average improvement in MAE and MSE values as a result of 

the analysis of systematic errors can be substantial. Depending on the correction 

method used the average improvement in MAE and MSE has ranged from 9% to 13% 

and from 11% to 20% respectively. To assess the significance of improvements in 

terms of MAPE the Wilcoxon test has been applied to the differences of APEs. The 

significance of improvements in terms of relative measures has been assessed based on 

log-transformed RelMAE and RelMSE values. The improvements yielded by the use of 

the correction methods have been found to be significant. It has also been discovered 

that under quadratic loss the negative binomial regression has substantially 

outperformed Theil’s linear correction method (p-value 0.04 based on the Wilcoxon 

test for the log RelMSE statistic with the Theil’s method as a benchmark). 

The parametric non-linear regression methods presented in this chapter have proven to 

be more accurate in comparison with the original linear approach. For the given data set 

the negative binomial regression method has outperformed other alternative 

approaches. This suggests that non-linear methods can capture the features of count 

data more accurately compared to the OLS when analysing the properties of judgmental 

forecasts. 

Tables 3.9-3.11 show the performance of various methods given that 17 observations 

were used in order to estimate the parameters and the remaining 12 observations were 

used to evaluate accuracy. But if the amount of historical data is reduced statistical 

estimates found based on individual time series data can become highly unstable, which 

eventually can harm accuracy. Table 3.12 shows evaluation results when instead of 17 

only 10 last observations were used for estimation and, as previously, 12 observations 
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were used for evaluation. The results shown in Table 3.12 indicate that none of the 

methods based on analysing individual time series gave improvements in accuracy in 

these settings. However, modelling based on panel data regression still gave 

considerable improvements that are comparable to those obtained using larger historical 

data. 

Table 3.12: Accuracy of models of errors of judgmental 

forecasts for a reduced estimation sample 

 

 AvgRelMAE AvgRelMSE MAPE 

(2% trim), 

% 

MdAPE, 

% 

Judgmental forecast 1.00 1.00 32.74 23.68 

Theil’s optimal correction 1.14 1.36 38.47 26.12 

Double-log model 1.09 1.26 36.05 25.11 

Negative binomial 

regression 

1.10 1.28 37.87 25.99 

Nonparametric modelling 1.23 1.63 39.72 28.40 

Negative binomial 

regression (panel data) 

0.93 0.89 30.54 22.57 

 

3.10. Conclusions 

Modelling of errors of judgmental forecasts is needed to assess the uncertainty 

associated with judgmental forecasts and to reveal and correct persistent systematic 
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errors. This chapter has focused on finding appropriate models and methods to analyse 

the properties of point judgmental forecasts in practical settings of demand forecasting. 

It has been shown that existing methods of evaluating forecasts are based on 

oversimplified assumptions that are often violated in practice. The applicability simple 

linear regression of realisations on judgmental forecasts (in accordance with Theil’s 

optimal linear correction method) has been examined. Based on real-world time series 

relating to FMCG it has been found that the residuals of this model exhibit non-

normality and heteroscedasticity versus the judgmental forecast. Moreover, in the given 

context realisations exist only in non-negative domain and the distribution of errors of 

judgmental forecasts has been found to be non-symmetric. These features lead to 

inadequate representation of errors and incorrect results of applying statistical tests. In 

fact, this behaviour should be expected in demand forecasting as demand data usually 

contains count observations. Generally, while the linear model can give approximations 

of systematic errors under quadratic loss, it cannot guarantee satisfactory results when 

performing tests for biasness, or finding density forecasts, or analysing systematic 

deviations under a loss function that is different from quadratic (for example, even if it 

is a symmetric linear function). 

In this chapter more adequate modelling procedures have been suggested to deliver 

density forecasts when regressing forecasts on realisations. Applying power 

transformations to the original data helped considerably improve the properties of joint 

distribution and obtain a satisfactory model. The study has also examined the use of 

count data regression based on negative binomial distribution. The negative binomial 

regression has proven more adequate and enabled obtaining forecast in a form of a 
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discrete probability distribution for future time series values. Since a convincing 

theoretical model of the data generation process for errors of judgmental forecasts is 

unavailable, in order to reduce the risk of model misspecification special non-

parametric approaches have been suggested. The non-parametric approach can be 

recommended as a flexible, resistant to outliers, and more reliable alternative that, 

however, requires greater amount of data for the analysis. 

In order to deal with the problem of limited data it was proposed to use panel data 

regression. A negative binomial model based on a pooled data set was constructed and 

estimated using MCMC methods. Empirical analysis has shown that this approach 

helped substantially improve modeling in case of short time series. 

Corresponding methods to supplement point judgmental forecasts with prediction 

intervals leading to optimally corrected forecasts have been presented. The methods 

presented also have the flexibility of dealing with general loss functions. The 

prediction-realisation diagrams have been constructed to visualise systematic errors to 

forecast users and decision-makers. 

With the use of the proposed procedures to obtain non-symmetric conditional 

probability density functions it has become possible to discover and to explore new 

patterns of systematic errors in judgmental forecasts. 

To help in the interpretation of these results a simulation experiment was conducted that 

showed that applying linear models in case of non-Gaussian data can potentially lead to 
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incorrect conclusions about the biasness of judgmental forecasts. Therefore linear 

models should be used with caution with a careful analysis of assumptions. 

The effectiveness of the models described has been empirically evaluated with the use 

of the new metrics introduced in Chapter 2. The use of the new statistics has helped 

give more comprehensive and reliable aggregated indication of accuracy across series 

compared to the use of alternative unit-free measures. For various models the average 

improvement in MAE and MSE values as a result of the correction of systematic errors 

has ranged from 9% to 13% and from 11% to 20% respectively. Count data regression 

modelling has outperformed other alternative approaches for the given dataset. 

The practical purpose of the proposed methodology has been to compensate for the lack 

of capabilities of forecasting systems to support the use of judgmental forecasting. 

The next chapter considers a common situation when judgmental forecast is produced 

when alternative statistical forecast is available to expert. This statistical forecast is then 

used as an additional explanatory variable in modelling. 
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4. Analysis of Judgmental Adjustments to SKU-level Statistical 

Forecasts 

4.1. Introduction 

This chapter considers a special case of judgmental forecasting when final forecasts are 

produced in a form of judgmental adjustments to statistically generated forecasts. This 

approach has become a standard practice in demand forecasting, especially at a stock 

keeping units (SKU) level (Fildes et al., 2009). Since demand is influenced by a large 

number of rapidly changing factors, relevant historical demand data is often insufficient 

to produce adequate statistical extrapolations. Manually overriding baseline statistical 

forecasts in a form of making judgmental adjustments allows the rapid incorporation of 

additional information known to experts into final forecasts. 

As was discussed in the previous chapter, judgments under uncertainty are affected by 

various types of biases. Particularly, this relates to judgmental adjustments employed in 

numerical predictions. Biases can arise due to inadequacies of human information-

processing and motivational factors. Thus, due to their subjective nature judgmental 

adjustments cannot guarantee optimal use of available information. 

Moreover, current commercial forecasting systems do not provide the functionality of 

estimating prediction intervals associated with judgmentally adjusted forecasts. 

Although software systems can produce prediction intervals for baseline statistical 

forecasts, such prediction intervals become irrelevant in the presence of judgmental 

adjustments. At the same time, accurate prediction intervals are important for solving 
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such tasks as setting safety stock in order to implement optimal inventory control and 

maintain high levels of customer service. The inability to correctly evaluate the 

uncertainty associated with future demand values does not allow finding efficient 

solutions for operations management tasks and eventually has a negative impact on 

company’s overall profitability. Thus, special statistical tools are required in order to 

obtain a correct probabilistic characterisation of future demand values in the presence of 

judgmental adjustments to statistical forecast. It is also important to provide users of 

forecasting systems with adequate feedback on the effectiveness of adjustments. 

In the light of the above considerations this chapter focuses on the development of 

appropriate methodology in order to 

- find corrected optimal forecasts in accordance with a given loss function using 

available data, 

- derive prediction intervals corresponding to judgmental adjustments, 

- test if judgmental adjustments optimally use available information, 

- evaluate overall effectiveness of adjustments and optimal adjustments correction 

procedures. 

The previous chapter has presented various models and methods to analyse the features 

of judgmental forecasts. However, when analysing judgmental adjustments some 

additional requirements arise. Firstly, the available information for modelling now 

includes the baseline statistical forecast. This forecast can be used as an additional 

explanatory variable to make the analysis more complete and accurate. Secondly, when 

analysing SKU-level adjustments available data usually contains a large number of time 

series of different lengths related to different products with different scales and units of 
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measurement. As a result, observations available at the level of an individual series are 

not sufficient to draw conclusions about the systematic deviations of forecasts from 

corresponding real demand values. Thus, special methods are required in order to 

perform analysis based on pooled data. 

The topic of the analysis and correction of judgmental adjustments is relatively new. A 

number of publications have reported the results of empirical evaluation of the accuracy 

of adjustments. A smaller number of publications have focused on building statistical 

models for analysing the features of adjustments and producing optimally corrected 

forecasts. The author is not aware of any publications addressing the task of producing 

prediction intervals and density forecasts that would correspond to SKU-level 

judgmental adjustments except (Davydenko and Fildes, 2008). 

In this chapter it will be shown that existing models developed to analyse judgmental 

adjustments impose strict assumptions which do not always correspond to the features 

of the data. This can make these models inadequate when assessing the optimality of 

the adjustments and for finding prediction intervals. To overcome the limitations of 

existing approaches this chapter presents a special methodology that allows a flexible 

analysis of judgmental adjustments based on modelling using relative measurements. 

Also, the chapter discusses the peculiarities of measuring forecasting accuracy when 

analysing SKU-level judgmental adjustments. 

Some results of this chapter were presented in (Davydenko and Fildes, 2008; 

Davydenko, 2009a, 2009b, 2009c; Davydenko, Fildes, and Trapero, 2010a, 2010b; 

Trapero, Fildes, and Davydenko, 2011). 
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The chapter proceeds as follows. The next two sections describe the process of making 

adjustments and the formulation of the problem after introducing the necessary 

notation. After that the source data used for modelling is described. Then an overview 

of existing approaches for modelling adjustments is given followed by the description 

of the proposed improved modelling procedures. Then a special section discusses the 

issues related to measuring the effectiveness of adjustments. The subsequent section 

provides the empirical evaluation of adjustments and adjustments modelling procedures 

based on the available data sets. The concluding section contains a summary of results 

and discusses the limitations of the analysis presented. 

4.2. The Process of Making Judgmental Adjustments 

The chapter considers a typical process of making judgmental adjustment. This process 

is performed sequentially and only includes the two following steps (Fildes et al., 

2009). A fixed lead time for forecasts will be further assumed. Most commonly, one-

step-ahead forecasts are used. In this chapter we will use the term ‘system forecast’ to 

denote initial software-generated statistical forecasts as was done in (Fildes et al., 

2009). 

At first, for a given period in future   and a given product or SKU   a system forecast 

      is generated by means of a special software package. Usually, this is accomplished 

by applying a simple univariate forecasting method, and the source data set for that 

method concerns only past values of sales: 
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        {         } . 

After that the model-based forecast       is reviewed by experts (they can be 

representatives from marketing, sales, logistics or production departments). After what 

might include a number of discussions, the system forecast may be adjusted in order to 

take into account the shared information about exceptional circumstances. The final 

forecast becomes 

                  , 

where   – SKU index,   – a given period in future,        – corresponding judgmental 

adjustment. 

If experts are fully satisfied with the system forecast and have no additional knowledge 

about the environment, it is assumed that         . 

The same procedure is repeated to prepare final forecasts for each SKU  . 

In (Franses and Lagerstee, 2009) it was suggested to use additional considerations when 

analysing judgmental adjustments. These considerations arise from the fact that expert 

adjustment itself can be partly predicted by means of regressing expert forecasts on 

system forecasts. Let the value of adjustment predicted based on available past data be 

denoted as    ̂
       ̂

    {    } . Let the part of adjustment that cannot be predicted 

be denoted as       (this variable is called ‘adjustment dependently’ in (Franses and 

Lagerstee, 2009)). The initial adjustment can then be decomposed as           ̂
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     . The authors proposed to use this decomposition to find out if experts make any 

useful contribution to final forecast. 

4.3. Problem Formulation 

Let the real demand value (outcome) for period   and a SKU   be denoted as     . The 

error of judgmental forecast will be denoted as                  . 

The primary task of statistical modelling here is to find a regression model that would 

adequately represent the relationship between     ,      , and       . In particular, it is 

desirable to have a model that would estimate the conditional expectation of      given 

      and        that will be denoted as                     . 

If there are no reasons to reject the hypothesis that  (    |            )       , or, 

equivalently,  (      |            )   , for any possible       and any possible       , 

then it is unlikely that the regression model can produce a better forecast than the final 

forecast       in terms of a quadratic loss function. Hence, in this case there are no 

reasons to conclude that the judgmental adjustment is non-optimal based on the 

regression modelling with the use of the available data. Once the conditional 

expectation estimate  ̂     ̂(    |            ) is found based on regression analysis, it 

then can be used as an optimal forecast under quadratic loss. 

When adopting the approach described in (Franses and Lagerstee, 2009) it is possible to 

check if experts add any valuable information when producing final forecast. Suppose 
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there are no reasons to reject the hypothesis that  (    |         ̂
         )  

 (    |         ̂
   ), where    ̂

     ̂               and       was defined in the 

previous section. Then this can mean that experts do not bring any significant 

contribution to the forecasting process. However, in order to find    ̂
    the use of 

previous adjustments is still required. Therefore this test is quite specific and its results 

might occur difficult to interpret in practice. This chapter will further focus on the 

properties of the original adjustment        rather than using the contributed value 

represented by      . 

When it is possible to estimate the conditional PDF for      given       and        then 

this estimate can be used as a density forecast. Let the conditional PDF for      

estimated using all available observations be denoted as  (    |             {    }). 

Interval predictions can then be found as quantiles of this PDF. When a loss function is 

specified           ̂    , where  ̂    is estimate of     , then optimally corrected forecast 

 ̂    is found by minimising the expected loss (Zellner, 1971): 

   
 ̂   

∫  (      ̂   ) (    |             {    })      

     

  

where      
 – existence domain for     . 

This chapter does not address the task of the optimisation of the above expression and is 

only confined to the methods of finding the required PDF. When no closed-form 

solution is available the optimisation can be done numerically. 
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As is well-known, the optimal prediction in terms of a symmetric linear loss is found as 

an estimate of the conditional median    (    |             {    }). 

Theoretically, various additional explanatory variables can be used when building a 

model for predicting     . In particular, lagged expert forecast errors or lagged actual 

outcomes were used in (Fildes et al., 2009). However, the same paper reported that 

including lagged variables did not give any tangible benefit in terms of the accuracy of 

the optimally corrected forecast. In (Franses and Lagerstee, 2009) it was pointed out 

that when regressing outcomes on system forecasts and adjustments autoregressive 

residuals can appear. Nonetheless, when estimating model coefficients (Franses and 

Lagerstee, 2009) assumed independent errors ‘for the sake of computational simplicity’. 

This chapter considers using only       and        as explanatory variables since it has 

been found that including lagged variables does not improve the accuracy of modelling. 

When needed it is still possible to construct more sophisticated models with additional 

explanatory variables within the approaches presented below. 

It will be further assumed that forecasts       and       have been based on constant 

forecasting horizon. Modelling and empirical analysis has been based on one-step-

ahead monthly forecasts. 

The chapter considers methods for i) finding conditional point estimates of     , ii) 

finding estimates of the conditional PDF for     , and iii) performing tests for optimality 

in terms of a symmetrical linear loss. 
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In order to perform the empirical evaluation of the effectiveness of adjustments and the 

adjustments modelling procedures the methods introduced in Chapter 2 will be 

employed. These methods express the effectiveness as an aggregated indicator of 

relative accuracy in terms of a specified loss function. 

4.4. Source Data 

The empirical analysis in this chapter is has been based on data collected from two 

companies specialising on distribution of fast-moving consumer goods (FMCG). The 

data contains observed monthly values of actual demand at SKU level, corresponding 

one-step-ahead system forecasts, and judgmentally adjusted forecasts. Table 4.1 

contains a summary of the data. 

Table 4.1: Source Data Summary 

Data set Period of 

observa-

tions 

Total 

number of 

observa-

tions 

Total 

number of 

SKUs 

Number of 

non-zero 

observa-

tions* 

Number of non-

zero observa-

tions with 

         

McB, 

Summerfield 

2004/03-

2007/07 

2 058 134 1 732 1 211 

McB, ASDA 2004/03-

2007/07 

5 925 373 4 585 3 118 

JC 2003/01-

2007/12 

25 898 914 11 005 7 533 

* where         and         and       . The database contained many observations with 

        that apparently corresponded to situations when no system forecast was available. 

. 
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The data employed is representative for most FMCG manufacturing or distribution 

companies. In such settings it is usually needed to deal with a large number of time 

series with different units of measurement. 

4.5. Overview of Available Approaches 

4.5.1. Combining Forecasts 

One approach to combine the baseline statistical forecast and the corresponding 

judgmentally adjusted forecast is to take a weighted average of their values. It was first 

shown analytically by (Bates and Granger, 1969) that if two forecasts of the same event 

are available then under some conditions it is possible to find a combined forecast that 

is generally more accurate than the constituent forecasts. More specifically, if the two 

forecasts are unbiased (either naturally or after a correction had been applied) and their 

performance is constant over time then it is possible to find a combined forecast whose 

variance of errors is no greater than the smaller of the individual variances. In this case 

the combined forecast is found as a weighted arithmetic mean of the two individual 

forecasts with sum of weights equal to 1. But in order to find optimal weights for the 

linear combination of forecasts the properties of errors of the individual forecasts 

should either be known a priori or assessed based on available data. 

Up to now a number of methods for the optimal combination of forecasts in accordance 

with different assumptions have been proposed in the literature (Degooijer and 

Hyndman, 2006). In particular, (Granger and Ramanathan, 1984) proposed to use the 

OLS method to fit a linear combination of the individual forecasts with unrestricted 
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sum of weights and a constant term in order to take account of biases at once. Some 

authors also noted that the linear combination is not necessarily the best possible 

scheme to handle available forecasts. For example, if actual outcomes have a log-

normal conditional PDF than the geometric average gives optimal results. Basically, the 

major idea of most of the existing methods is to regress actual realisations on the values 

of individual forecasts in order to obtain a combined forecast with better properties. 

Surveys of existing studies indicate that in general the methods for the optimal 

combination of forecasts improve forecasting accuracy (Clemen, 1989; Timmermann, 

2006). However, the same surveys show that in empirical application the simple 

average with equal weights is repeatedly found to outperform more sophisticated 

weighting schemes. The possible reasons for that can lie in i) violations of the 

assumptions of the regression methods and ii) finite (often rather small) samples used to 

estimate the combining weights. 

While it is possible to increase the complexity of the model in order to use more 

realistic assumptions, this will automatically induce higher estimation errors, which, in 

turn, can result in reducing the accuracy of the combined forecast. Some works of the 

author of this thesis suggest that due to the above reason it might be difficult to obtain 

tangible benefits from using various existing methods to combine judgmental and 

statistical methods in demand forecasting support systems (Davydenko, 2006a, 2007b). 

These works show that quite often the major difficulty of using the existing methods 

lies in the lack of data within individual time series. Also, one additional potential 

problem in processing forecasts is the multicollinearity of forecasts, therefore special 

methods such as regularisation can be useful (Davydenko, 2008). In fact, some authors 
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recommend completely avoiding the correlation between errors of individual forecasts 

in order to improve the features of accuracy of the combined forecast (Smith and 

Wallis, 2009). However, these procedures add some complexity and some level of 

arbitrariness. Also, in practice such methods are not likely to be adopted due to the 

organisational reasons such as described in (Goodwin, 2002) when people lack trust in 

statistical methods. 

With regard to the analysis of SKU-level judgmental adjustments the problem of the 

insufficient data becomes especially critical. This happens because not only the length 

of each series is short (for monthly data usually about 20-30 observations), but also not 

every system forecast is judgmentally adjusted (as reported in (Fildes et al., 2009), the 

percentage of adjusted forecasts can be about 60%), which reduces the number of 

available observations. At the same time, it is also natural to expect that for count 

demand data the assumptions of linear regression methods are violated, which requires 

finding more adequate regression models. 

This chapter will further focus on various methods for pooling data across time series in 

order to obtain more stable estimates. Apart from finding optimal combined forecasts, it 

will be additionally described how to obtain adequate PIs and to perform the test for the 

optimality of judgmentally adjusted forecasts. 

4.5.2. Modelling Based on Scaled Variables 

In (Fildes et al., 2009) the analysis of judgmental adjustment was performed using the 

following regression equation: 
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                      (4.1) 

Where     
  

    

  
      

  
     

  
       

  
      

  
, and    is the sample standard deviation of 

all observed actual values      belonging to series  . 

In order to use dimensionless variables and to pool data across time series the variables 

in equation (4.1) are scaled using the standard deviation of actual outcomes for each 

series. Also, in order to take account of the differences in the features of adjustments of 

different signs, positive and negative adjustments were modelled separately. 

The model’s objective is to correct adjustments by predicting persistent systematic error 

and thereby to improve forecasting accuracy. As was shown in (Fildes et al., 2009) the 

model can be used to produce demand forecasts with better accuracy (in terms of 

MdAPE) than the original final forecast 

The advantage of the model is its simplicity and the ease of implementation. 

However, the use of scaled variables may complicate the interpretation of the 

coefficients of the above model. Using ratios for data standardization leads to a risk of 

so called ‘spurious inference’ or ‘spurious correlation’. Up to date the statistical 

shortcomings related to regression analysis based on scaled data have been addressed 

by a number of studies including (Kuh and Meyer, 1955; Atchley, Gaskins, and 

Anderson, 1976; Packard and Boardman, 1988; Kronmal, 1993; Barraclough, 2007) 

among many others. It is known that scaling variables of interest by some other random 

variable induces additional dependencies as a result of using the common divisor in 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



151 

 

ratios. Therefore the relationship between the numerator variables is generally not the 

same as it is between the scaled variables (as we explore below). Thus, coefficients in 

formula (4.1) can give a biased representation of the coefficients in equations at an 

SKU level. 

The effect of the spurious correlation can be demonstrated using the following 

simulation experiment. Suppose 

i) there are       time series each containing      outcomes; 

ii) for each         and         the independent variables are sampled 

as                   ,                    ; 

iii)      is sampled as 

                                        .   (4.2) 

Estimation based on model (4.1) gives  ̂              and  ̂               

(estimate ± standard error). Thus, the results obtained contain some bias and do not 

correspond to the original model (4.2) where both regression coefficients are equal to  . 

The bias arises due to dividing both parts of equation by additional random variable. 

Basically, this means that even though adjustments are optimal as they were generated 

using model (4.2), the estimates based on model (4.1) still indicate the presence of non-

optimality. 

In the above experiment actual outcomes were generated with constant variance for all 

time series and even in this case the resulting estimates are biased. The true coefficients 

are to some (relatively small) extent higher than those obtained based on the scaled 
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data. However, in reality the variance of actual outcomes is different for each time 

series (in fact, this is the reason why the initial measurements were scaled). If the scale 

is not collinear with all the regression variables then the amount of spurious correlation 

is amplified and the results of the regression analysis are counterintuitive (Berges, 

1997). 

Thus, due to the unwanted effects of spurious correlation the estimates based on model 

(4.1) become inconsistent. Besides, the use of a common divisor in response and 

predictor variables invalidates the standard testing procedures such as the t-test or the F-

test (Kronmal, 1993; Barraclough, 2007). 

Moreover, it cannot be always guaranteed that the assumptions of the classical normal 

linear regression (CNLR) will hold true with respect to the scaled variables. In 

particular, according to model (4.1) future demand value      can be negative with some 

non-zero probability. However, demand data has non-negative domain, which violates 

the assumptions of model (4.1). A normal distribution of errors and a linear relationship 

are also not likely to be met with count non-negative demand data (even if variables are 

scaled using the above scheme). 

To improve the prediction based on scaled variables earlier research I was involved in 

proposed to use various non-linear approaches that relax some of the assumptions of the 

CNLR (Davydenko et al., 2010a; Davydenko, 2010c; Trapero et al., 2011). 

In (Trapero et al., 2011) two non-linear approaches were proposed. The first approach is 

non-parametric and is implemented as follows. Using all available values of       
  a 
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variational series is constructed:       
          

 .  Let values of     
  and      

  

corresponding to       
 ,        , be denoted as     

  and      
  respectively. Then 

the proposed model is:  

    
         

             
                    (4.3) 

In order to let the parameter    vary with adjustment,    was modelled using an 

integrated random walk process: 

(
       

       
 )  (

 
 
 
 
 
) (

     

     
  )  (  

    
  )      (4.4) 

where       and      
  are associated to the changing level and slope of the state 

dependent parameter      ,      
          

  ,   
  is an unknown hyperparameter. 

The full model is formulated as a state space system by assembling the observation 

equation (4.3) and the state equation (4.4). Estimation of the model is done with the use 

of Kalman filtering algorithm. The hyperparameters   
  and    are found using the 

method of maximum likelihood.  

When using model (4.3)-(4.4) the following major issues may arise: 

i) the assumption of normality of the error term in equation (4.3) is usually 

inadequate as demand is a non-negative count variable; 

ii) model (4.4) gives a biased estimate of the state-dependent parameter since 

it assumes a symmetric posterior PDF for        
 , while the graph given in 
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(Trapero et al., 2011) indicates that a derivative of a function describing 

      changes monotonically (see also the parametric representation 

below); thus, applying formula (4.4) is equivalent to interpolating a 

function with monotonically decreasing derivative by means of an 

integrated random walk process; 

iii) the adjacent values of       
  are not equidistant as is assumed when using 

Kalman filtering for modelling time series, which leads to overfitting the 

model for small adjustments and underfitting for large adjustments of  both 

signs; 

iv) the cost of estimating hyperparameters is not taken into account. 

The second approach proposed in (Trapero et al., 2011) is to use the following 

parametric representation: 

    
         

          
  (      

         
 
)       

                             (4.5) 

where      is a dummy variable such as: 

     {
          

          
 . 

Model (4.5) was then estimated using non-linear least squares. Here, again, the 

assumption that the error term in equation (4.5) is normally distributed with constant 

variance is usually inadequate as demand is a non-negative count variable. 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



155 

 

In order to relax the assumptions about the error term and the shape of the regression 

function in (Davydenko et al., 2010a) it was proposed to apply a non-parametric 

technique known as ‘loess’ (Cleveland and Devlin, 1988).  This technique is based on 

producing fitted values by using locally weighted regression.  The details of the ‘loess’ 

smoothing are described in the next section. By fitting the ‘loess’ model the following 

regression model was estimated: 

      
   (      

 )        

where       
      

       
 ,   – regression function,      – error term. Generally, no 

assumptions of normality or homoscedasticity are required for the error term, however, 

it is desirable that the errors should be symmetrically distributed in order to obtain 

adequate estimates of the conditional expectation. Also, the derivative of   and the 

distribution of      should not change too fast with the change of the argument so that 

they could be adequately captured with the local polynomial smoother. It was also 

proposed in (Davydenko et al., 2010a; Davydenko, 2010c) to use the MAE or RMSE of 

system forecast as a scale in order to improve the efficiency of modelling. 

In (Davydenko, 2010c) a two-factor model based on the ‘loess’ procedure was applied 

in order to predict the scaled error more accurately: 

      
   (     

        
 )        

The above two models can be used for the purpose of finding conditional expectation of 

the scaled error of judgmental forecast. However, since in truth it is known that     
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 , obtaining an adequate estimate of the full conditional PDF for     
  can be problematic 

due to the fact that      has unbounded distribution. Thus, additional data transformation 

procedures may be required. In particular, this can be done with the use of Box-Cox 

transformations to multinormality as described in (Velilla, 1993). In this case the 

relationship should be studied based on transformed values of      
 ,      

 , and     
 . 

Generally, due to the presence of stochastic repressors and the consequences of 

inaccurate assumptions about the scale the models based on scaled variables cannot 

guarantee adequate prediction intervals/PDFs and correct results of applying statistical 

tests. In the presence of sufficient data these models can be applied to non-scaled data 

in a single time series. However, usually, estimations based only on one time series are 

quite diffuse and do not allow finding a prediction with acceptable precision. 

4.5.3. Bayesian Modelling 

In order to avoid the use of scaled variables it is possible to use Bayesian models for 

pooled data that reflect both common and individual features of time series.  One such 

model was presented in (Davydenko and Fildes, 2008). The model is based on the 

following regression equation: 

                                 
    

  
    ,  (4.6) 

where         
  – model parameters,    denotes the t-distribution with   degrees of 

freedom.  
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The model specification has the following features. Variances for each SKU are 

modelled separately and are represented by introducing special variables   
 . At the 

same time, common coefficients       are used across time series. The error term      is 

modelled by means of heavily-tailed distributions since the analysis showed that they 

represent errors more adequately (    or  ). 

As noted in (Davydenko and Fildes, 2008) model (3.6) can be extended in order to take 

into account some special cases. In particular, to represent the fact that the parameters 

may evolve in time, a window of past observations can be used. In addition, the 

parameters can be represented as evolving time-dependent stochastic processes. 

Specifically, the random walk process with normally distributed errors can be used: 

(
    

    
)  (

      

      
)  (

    

    
)     (

    

    
)       , 

where the elements of the covariance matrix   are then estimated together with other 

parameters. The elements of   can also be assumed to be time-varying. 

Another challenging situation arises if the amount of data within the SKU level is 

insufficient to obtain estimates of error term variances. The approach we adopt here is 

to use an additional assumption that ratios of variances will remain the same between 

SKUs. 
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The assumption that    and    remain the same for all the time series is quite strict, 

therefore an additional level of hierarchy can be used in order to define a prior 

distribution from which the regression coefficients are sampled. 

Finally, to take into account the heteroscedasticity that is present in demand time series 

it can be useful to apply logarithmical transformations (that is, to use       ,        , 

and         in equation (4.6)). Alternatively, parametric models for count data can be 

used. To model intermittent demand data it is possible to use zero-inflated distributions. 

Model (4.6) is estimated numerically using Bayesian inference with non-informative 

priors for model parameters. Based on this approach it is possible to obtain forecast in 

terms of the exact predictive PDF  (    |             {    }). 

This approach overcomes the limitations of modelling related to using scaled data in the 

sense that it produces unbiased estimates in accordance with the assumptions. However, 

the major issue when applying this approach relates to finding adequate parametrisation 

of distributions used to specify regression equations. Model (4.6) describes the 

approximate relationship between variables, and when these assumptions are violated a 

search for a more adequate model can require considerable efforts. At the same time, 

when the assumptions of the hierarchical model do not hold true, its coefficients can no 

longer be used for testing for the optimality of adjustments. The major risk here is that 

even when adjustments are in truth optimal the use of inadequate model can indicate 

deviations from optimality. In addition, the above approach is computationally intensive 

and requires special program environment to implement the estimation procedure. 
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4.5.4. 50% Model, 50% Manager 

In (Blattberg and Hoch, 1990) it was found that a simple method to combine forecasts 

that involves taking the mean of management judgmental and system forecasts can be 

successful. If this ‘50% model, 50% manager’ is applied to adjustments data (although 

the judgmental forecast here is not independent, but is done using the statistical baseline 

forecast), then a corrected forecast can be expressed as  ̂                     

                   . 

Empirical analysis performed in (Fildes et al., 2009) suggests that the ‘50% model, 50% 

manager’ performed well when applying it to adjustments data. In particular, it was 

found that for monthly data the simple average of statistical and final forecasts 

outperformed (in terms of MdAPE) the original final forecast, the system forecast, and 

the optimally corrected forecast found based on the regression model defined by 

equation (4.1). However, for weekly data this approach showed worse performance, and 

the use of either system forecast or final forecast alone could give better results. 

Although for some data sets the use of simple average of forecasts can improve 

forecasting accuracy, this approach does not guarantee optimal results as it does not rely 

on the features of the data. Additionally, adequate representation of forecasting errors 

(i.e., in a form of the conditional PDF) is not available in this case. Therefore a more 

comprehensive analysis of the behaviour of adjustments is still required in order to 

solve the tasks outlined earlier. 
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4.5.5. Modelling Based on Relative Measurements 

It was suggested in (Nikolopoulos et al., 2005) that the analysis of adjustments across a 

set of time series can be performed using relative measurements. In particular, the 

following model was used: 

                          ,             , 

where           is relative adjustment defined as           
      

     
,           is 

relative error of system forecast defined as           
          

     
, and      is the error 

term. 

The optimality of adjustments was studied by estimating the regression coefficient  . 

According to (Nikolopoulos et al., 2005) if   statistically differs from   then 

adjustments are non-optimal since it can be shown that in this case 

 (    |            )        (the conditional expectation of future demand value given 

both the system forecast and the adjustment is not equal to the final forecast). 

The disadvantage of the above model is the assumptions of the CLNR are likely to be 

violated due to the use of ratios, which can potentially lead to wrong conclusions about 

the properties of adjustments. In particular, it is natural to expect that the error term will 

exhibit extreme heteroscedasticity and have a highly skewed distribution. The next 

section describes how to perform the analysis of adjustments based on relative 

measurements using more adequate modelling procedures. 
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4.6. Improved Modelling Based on Relative Measurements 

This section describes how statistical properties of adjustments can be analysed by 

means of a regression model where relative adjustment is used as a dimensionless 

explanatory variable. 

As previously, let relative adjustment be defined as           
      

     
 . If the final 

forecast       is divided by system forecast       then the resulting ratio  
     

     
 represents 

the predicted ratio of outcome and system forecast. This ratio is related to the relative 

adjustment by the following equation:  
     

     
 

            

     
            . The real 

ratio of outcome and system forecast is 
    

     
. Based on the relative values of outcomes 

and final forecasts the following model can be constructed: 

  
    

     
  (  

     

     
)      ,    (4.7) 

where   – regression function,      – error term. Possible assumptions with regard to   

and      will be discussed further. 

In model (4.7) logarithms of ratios are used to represent reciprocal negative and positive 

changes on a symmetrical scale. This also avoids extreme heteroscedasticity. Instead of 

logarithms it is possible to use other types of transformations in order to improve the 

features of the error term. Leaving ratios untransformed can lead to a pronounced 

heteroscedasticity that is difficult to model. Once the posterior PDF 
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 (  
    

     
|   

     

     
 {    }) is obtained, it is then possible to find the predictive PDF for 

future demand value                    {    } . 

If the conditional median    (  
    

     
|   

     

     
) differs from   

     

     
 then adjustments 

can be said to be non-optimal under linear loss. This property here is understood in the 

sense that based on given       and       a better estimate of      can be found in terms 

of a symmetric linear loss function. A line representing points for which    
    

     
 

  
     

     
 will be called a line of optimal adjustments. If    (  

    

     
|   

     

     
) coincides 

with the line of optimal adjustments, this means that the optimal forecast found based 

on model (4.7) under linear loss is equal to      . 

In equation (4.7) the properties of the ratios per se are of interest rather than the 

statistical relationship between their numerators. Therefore even though the ratios have 

a common denominator the effect of spurious correlation does not distort the results of 

the inference (Lev and Sunder, 1979). 

The scatterplot on Fig. 4.1 contains data points relating to one of the data sets 

(company: McB, product brand: Summerfield). For the data set shown it has been found 

that the CNLR assumptions do not hold true. A quick way to solve this problem lies in 

applying flexible nonparametric approaches to approximate the regression function  . 

Various alternative methods are available to relax the assumptions of the CNLR 

including splines, polynomial fitting, kernel density estimation, and others. Assuming 

zero-mean symmetrically distributed errors it is possible to apply the locally weighted 
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scatterplot smoothing method (also known as ‘loess’) that was mentioned in section 

4.5.2. Together with the data points, Fig. 4.1 depicts the results of applying the ‘loess’ 

method. 

 

Figure 4.1. Results of using ‘loess’ method to estimate regression equation (4.7) for 

one of the data sets (company: McB, product brand: Summerfield). The orange 

line depicts estimated values of the regression function, the red lines depict 95% 

confidence intervals for the values of the regression function, the blue line is the 

line of optimal adjustments. The smoothing parameter is       . 
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The ‘loess’ method is implemented as follows (Natrella, 2010). Weighted least squares 

fitting is performed for each point of the data giving more weight to points near the 

point whose response is being estimated and less weight to points further away. The 

value of the regression function for the point is then obtained by evaluating the local 

polynomial using the explanatory variable values for that data point. The subsets of data 

used for each weighted least squares fit in ‘loess’ are determined by a nearest neighbour 

algorithm. A user-specified smoothing parameter   determines how much of the data is 

used to fit each local polynomial. The smoothing parameter   is a number between 

        and 1, with   denoting the degree of the local polynomial and   denoting 

the total number of observations. The value of   is the proportion of data used in each 

fit. The subset of data used in each weighted least squares fit is comprised of the    

(rounded to the next largest integer) points whose explanatory variables values are 

closest to the point at which the response is being estimated. The traditional weight 

function used for ‘loess’ is the tri-cube weight function:  

     {  
               
                            

  . 

The weight for a specific point in any localized subset of data is obtained by evaluating 

the weight function at the distance between that point and the point of estimation, after 

scaling the distance so that the maximum absolute distance over all of the points in the 

subset of data is exactly one. 

In this analysis the smoothing parameter   is chosen based on an automatic selection 

method proposed in (Hurvich, Simonoff, and Tsai, 1998). The method is based on a 
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version of the corrected Akaike’s information criterion (AICc) defined for non-

parametrical linear smoothers. 

Fig. 4.1 shows the results of smoothing by means of a local polynomial of first order, 

i.e.,    . The regression residuals exhibited acceptable properties with no evidence of 

autocorrelation or a skewed distribution (Table 4.2). 

Table 4.2: Residual diagnostics for the residuals of the ‘loess’ method 

Residual diagnostic Value 

Skewness -0.61 

Durbin-Watson test p-value 0.202 (DW=1.929) 

In order to attain better correspondence with the assumptions of the CNLR it is possible 

to apply Box-Cox transformations. In particular, instead of using logarithms in equation 

(4.7) it is possible to transform ratios 
    

     
 and 

     

     
  simultaneously to joint normality 

with the use of the following transformation function:         
    

 
,  where   – 

transformation parameter,   – variable to transform. Parameters    and    needed to 

transform each of the variables are selected in such way that the transformed variables  

 (
     

     
   ),  (

    

     
   ) are as close to multivariate distribution is possible. This is 

ensured with the use of the maximum likelihood method (Velilla, 1993). 

For the data points shown on Fig. 4.1 the transformation parameters obtained by means 

of the maximum likelihood method are          and        . After the 

transformation it has been possible to obtain a model that has satisfactory properties of 
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residuals when building the CNLR model (Table 4.3, Fig. 4.2). The total number of 

available observations is 579 from which 5 points having studentized residuals greater 

than 2 have been excluded as outliers. 

Thus, for the given data set it has been possible to build the following model: 

 (
    

     
   )     (

     

     
   )                         ,      (4.8) 

where OLS estimates of parameters are  ̂              and  ̂               

(estimate ± standard error). In the given example the posterior PDF and the prediction 

intervals for  (
    

     
   ) can be obtained based on the standard regression analysis. 

Then these characteristics can be transformed into posterior estimates for     . The 

prediction intervals are found by back-transforming the ratios as quintiles are invariant 

under monotone transformations. Obtaining the posterior PDF can be done numerically 

and this task also presents no difficulties. 

The results of running the CNLR on the transformed variables are shown on Fig. 4.3.  

Table 4.3: Results of residuals tests for a linear model 

based on Box-Cox transformed data 

Test p-value 

Durbin-Watson 0.152 (DW=1.915) 

Studentized Breusch-Pagan 0.378 

Jarque Bera 0.384 

RESET 0.173 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



167 

 

 

 

 

 

 

Figure 4.2. Analysis of residuals of a linear model based on Box-Cox transformed data. 

The red line is a ‘loess’ smoother line with smoothing parameter 0.75. 
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Figure 4.3. Results of fitting model (4.8). The orange line depicts estimated values 

of the regression function, the red lines depict 95% confidence intervals for the 

values of the Box-Cox transformed dependent variable, the brown lines depict 95% 

confidence intervals for the values of the regression function. 
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Though model (4.8) has ‘passed’ the RESET test for linearity (Ramsey, 1969), the 

residuals of the model still exhibit some degree of non-linearity when smoothed using 

the ‘loess’ procedure (Fig. 4.2). This suggests that the ‘loess’-based estimation remains 

preferable for the regression analysis. However, the transformation to multinormality 

still helps achieve better behaviour of residuals. Therefore it can be recommended to 

use both approaches: firstly, to transform the data and then to apply the smoothing 

technique. 

Analysis of other available data sets has shown that the features of the data can differ 

substantially between companies and even between product categories within one 

company. It has also been found that in many cases the dependency described by model 

(4.7) can be markedly non-linear. Moreover, it is not always guaranteed that the 

multivariate Box-Cox transformations described above will lead to an adequate CNLR 

model. 

Fig. 4.4 and Fig. 4.5 depict results of applying the ‘loess’ method directly to obtain 

estimates of regression function of model (4.7) for two more data sets. Since in these 

examples the distribution of errors can be assumed to be symmetric, these estimates 

represent both the conditional median and the conditional mean for the dependent 

variable. 
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Figure 4.4. Results of ‘loess’ smoothing (Company: McB, product brand: 

ASDA). The orange line depicts estimated values of the regression function 

in equation (4.7), the red lines depict 95% confidence intervals for the 

values of the regression function, the blue line is the line of optimal 

adjustments. 
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Figure 4.5. Results of ‘loess’ smoothing (company: JC). The orange line 

depicts estimated values of the regression function in equation (4.7), the red 

lines depict 95% confidence intervals for the values of the regression 

function, the blue line is the line of optimal adjustments. 
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Based on the results shown on Fig. 4.1, Fig. 4.4, and Fig. 4.5 the following conclusions 

as to the optimality of adjustments can be drawn: 

i) For the data set shown on Fig. 4.1 it is seen that for positive adjustments 

(when   
     

     
  ) the conditional median    (

    

     
|
     

     
) is significantly 

lower than 
     

     
  (the conditional median lies below the line of optimal 

adjustments). This indicates that adjustments are non-optimal and positive 

adjustments on average are higher than needed. Negative adjustments are 

also non-optimal since the conditional median lies above the line of optimal 

adjustments. This indicates that the magnitude of negative adjustments is 

too high as well. 

ii) Fig. 4.4 shows the results where there are no reasons to conclude that 

negative adjustments are non-optimal since the confidence intervals for the 

conditional median enclose the line of optimal adjustments. At the same 

time, it can be concluded that positive adjustments are on average higher 

than needed. However, the properties of relatively low positive adjustments 

(for which               or, equivalently,   
     

     
    ) are close to 

optimal. 

iii) In Fig. 4.5 the conditional median markedly deviates from the line of 

optimal adjustments for the adjustments of both signs, which indicates their 

non-optimality. 
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As the median is invariant under monotone transformations, back-transforming the 

estimates of the conditional median    (
    

     
|
     

     
) allows obtaining estimates of the 

conditional median of real outcomes corresponding to given judgmental and system 

forecasts. In the same way, the quantiles of the posterior PDF 

 (  
    

     
|   

     

     
 {    }) can be converted into interval predictions. If building the 

CNLR based on the Box-Cox transformed variables is intractable, the quantiels for the 

posterior PDF can be approximated with the use of kernel density estimation (KDE). 

The description of this approach was given in the previous chapter and here it is applied 

analogously. Fig. 4.6 shows the results of using KDE to approximate the conditional 

PDF for   
    

     
. 

Fig. 4.7(a) shows the corrected point forecasts and interval predictions found for one of 

time series using the above methodology. It could have been possible to use several 

points from this time series and calculate corrected forecasts, for example, using Theil’s 

optimal linear correction described in the previous chapter. Fig. 4.7(b) shows that the 

corresponding interval predictions become very diffuse since the history of observations 

is very limited. Thus, the use of the proposed methodology can reduce the level of 

uncertainty associated with judgmentally adjusted forecasts. However, when using the 

above scheme it is assumed that the relationship described by equation (4.7) remains 

similar for different time series. Otherwise individual features of each time series can 

render forecasting results inaccurate. Nonetheless, testing for optimality based on 

relative measurements can be adequately performed even if the structure of the data set 

exhibits irregular patterns in the behaviour of relative measurements across time series. 
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Figure 4.6. The results of applying KDE to approximate the quantiles of the conditional 

PDF for   
    

     
. The orange line depicts estimated conditional median, the red lines depict 

95% prediction intervals for   
    

     
, the blue line is the line of optimal adjustments. 

 

Figure 4.7. Optimally corrected forecasts and corresponding prediction intervals 

obtained using different approaches. Red lines – system forecasts, blue lines – judgmental 

forecasts, dashed orange lines – 95% prediction intervals, solid orange line – optimally 

corrected forecast, black lines – actual outcomes. (a) – modelling using relative 

measurements (all data relating to the previous year was used for estimation); (b) – 

Theil’s optimal correction (5 first points of the time series were used for estimation). 
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4.7. Notes on Measuring the Effectiveness of Adjustments 

One important question which relates to the use of judgmental adjustments is whether 

or not judgmentally adjusted forecasts are more accurate compared to the baseline 

system forecast. As noted in (Fildes et al., 2009), making judgmental adjustments can 

involve considerable management effort and time. If judgmental participation does not 

improve forecasting accuracy then this can mean the need to revise the organisation of 

the forecasting process in a company because substantial resources are not used 

efficiently. The general issues of measuring the quality of SKU-level forecasts have 

already been discussed in Chapter 2. This section will i) briefly look at existing 

literature that contain empirical results on measuring the accuracy of judgmental 

adjustments and ii) point out some peculiarities of measuring the accuracy of 

judgmental adjustments that can render standard approaches undesirable and 

misleading. 

At present a number of publications have reported the results of empirical evaluation of 

the accuracy of adjustments (e.g., Mathews and Diamantopoulos, 1986, 1989, 1990; 

Diamantopoulos and Mathews, 1990; Fildes et al., 2009; Franses and Legerstee, 2009; 

Syntetos et al., 2009; Trapero et al., 2011, and others). The results reported suggest that 

in some settings judgmental adjustments can improve accuracy, while in other 

situations no improvements yielded by the use of adjustments were found. The early 

works by Mathews and Diamantopoulos were based on multiple measures of forecast 

accuracy and showed that judgmental adjustments tend to improve accuracy, though 

sometimes only marginally. In (Fildes et al., 2009) it was found that only negative 

adjustments improved accuracy in terms of MAPE, while positive adjustments did not 
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give significant improvements. However, based on the results of the same paper it can 

be found that in terms of MdAPE both types of adjustments are more accurate than 

corresponding system forecasts. Other studies reported different results that were 

obtained using different approaches to accuracy measurement and related to different 

sets of data. Generally speaking, the results of measuring the effectiveness of 

adjustments depended on the company, on the data set, and on the metric used for 

accuracy evaluation. 

In (Davydenko et al., 2010a, 2010b; Davydenko, 2010c) it was shown that standard 

metrics used for accuracy measurement (such as based on percentage errors, MASE, 

and others) cannot be easily interpreted when analysing the effectiveness of 

adjustments. In particular, it was shown that the improvement yielded by judgmental 

adjustment correlates with actual outcomes, which magnifies the penalties that 

percentage errors give to the errors of adjustments. Also, since negative adjustments 

correspond to higher actuals, and positive adjustments correspond to lower actuals, the 

penalty for positive adjustment can be higher than the penalty for negative adjustment. 

Thus, MAPE may be not sufficiently indicative of changes under linear loss. In 

addition, the distribution of errors of judgmental forecasts has a higher kurtosis than the 

distribution of errors of system forecast. This means that MdAPE can overrate the 

accuracy of adjustments by not taking account of the errors residing on the tails of the 

distribution. The interpretation of other well-known errors measures was also shown to 

be not straightforward. A more detailed overview of the disadvantages of using existing 

error measures (particularly, relating to demand forecasting at SKU level) is given in 

Chapter 2 of the thesis. 
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Thus, the issue of the choice the metric for measuring forecasting quality remains most 

important when evaluating the effectiveness of adjustments. In this chapter the 

evaluation of the effectiveness of adjustments and of the adjustments correction 

procedures is done based on the relative metrics introduced in Chapter 2. These metrics 

can be used to evaluate relative effectiveness of adjustments in terms of a specified loss 

function. 

4.8. Empirical Evaluation of the Effectiveness of Adjustments and 

Adjustments Correction Procedures 

This section describes the results of evaluating the effectiveness of adjustments and of 

the proposed procedure for optimal correction of adjustments.  

Optimal forecasts of future demand values have been found based on model (4.7) by 

applying the ‘loess’ smoothing method. Estimates of the conditional median of future 

demand value have been used as the optimal forecasts. Fitting the model has been based 

on data relating to years 2004-2006, while data for the year 2007 was used for the out-

of-sample accuracy evaluation. Only non-zero adjustments have been used for 

evaluation and observations with zero forecasts or zero actual outcomes have not been 

used. Table 4.4 contains the results of measuring accuracy based on the AvgRelMAE 

measure that was introduced in Chapter 2. This measure reflects average relative 

change in accuracy in terms of MAE. The final forecast was used as the benchmark. 

The significance of improvements in terms of relative measures has been assessed 

based on log-transformed RelMAE values using the one-sided Wilcoxon test. 
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Table 4.4: Results of out-of-sample empirical evaluation based on AvgRelMAE 

Data set 

AvgRelMAE 

System 

forecast 

Final 

forecast 

Corrected forecast 

Model (4.7) with 

‘loess’ estimation 

The Blattberg–Hoch 

approach (the 

simple average) 

McB, ASDA 1.27 1.00 0.93***         0.97    

McB, Summerfield  0.86 1.00  0.74***         0.77*** 

JC 1.06 1.00 0.96***         0.96*** 

  *** significant improvement of accuracy of final forecast at 0.01 level. 

 

Table 4.5 contains the results obtained using MdAPE. As was noted in Chapter 2, since 

the shape of the distribution of errors can change, MdAPE does not allow for a clear 

interpretation and may not accurately reflect changes in terms of MAE. Thus, this 

measure cannot serve as a good indicator of the effectiveness of the adjustment 

correction procedure. In Chapter 2 and in the previous section it was shown that other 

well-known measures (including MAPE, MASE, GMRAE, and others) may also prove 

unsuitable for the evaluation of SKU-level adjustments. Generally, these measures do 

not correspond to the criteria according to which the optimally corrected forecast was 

produced. Therefore the effectiveness of the correction procedure is better represented 

by the results shown in Table 4.4. 

Both AvgRelMAE and MdAPE indicate that the effectiveness of adjustments is 

different for different data sets. It can be noted that for one of the data sets (namely, for 
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McB’s Summerfield) adjustments even harmed accuracy. In all cases the use of the 

procedure for optimal correction has led to significant improvements in accuracy 

compared to both the final forecast and system forecast. 

 

Table 4.5: Results of out-of-sample empirical evaluation based on MdAPE 

Data set 

MdAPE, % 

System 

forecast 

Final 

forecast 

Corrected forecast 

Model (4.7) 

with ‘loess’ 

estimation 

The Blattberg–

Hoch approach 

(the simple 

average) 

McB, ASDA 23.86 17.18 16.27 17.29 

McB, Summerfield 47.60 45.95 36.71 32.26 

JC 30.66 27.07 25.65 26.25 

4.9. Conclusions 

A critical survey of existing approaches for modelling SKU-level judgmental 

adjustments has shown that these approaches are based on strong assumptions that are 

not always guaranteed to hold true. Also, these approaches are mainly aimed at 

producing estimates of conditional expectation of future demand values and not all of 

them are capable of providing adequate density forecasts. This makes it difficult to use 

these approaches for producing optimal forecasts in terms of a given loss and for 

computing adequate prediction intervals. 
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In fact, the Bayesian modeling based on pooled data is the only approach from those 

analysed that does allow for adequate evaluation of the conditional PDF provided that 

the assumptions hold true. However, this approach may require substantial effort to find 

an appropriate parameterisation of distributions. Incorrect assumptions when using 

parametric models can indicate non-optimality in the adjustments even if in truth they 

are optimal. 

A more flexible approach has been proposed here that is based on modelling using 

relative measurements. In this approach non-parametric techniques are used to keep 

model assumptions as generic as possible with regard to both the regression function 

and the error term. The proposed modelling procedures can be used to i) identify non-

optimality of judgmental adjustments in terms of a symmetric linear loss function, ii) 

produce optimal forecasts in terms of a specified loss, iii) produce interval predictions 

and density forecasts. The advantages of the approach are that it reduces the risk of 

model misspecification and allows for a quick and visual analysis. A possible limitation 

of the approach is that it does not take into account individual features of each time 

series. More specifically, when computing prediction intervals and finding optimally 

corrected forecasts it is assumed that the behaviour of relative measurements remains 

similar across time series. Also, a large proportion of zero forecasts is not allowed, 

which can make the approach not appropriate for intermittent-demand data. To 

overcome these limitations the use of the Bayesian hierarchical parametrical models 

with realistic parameterisation of distributions may still be required. Nonetheless, the 

empirical evaluation using FMCG data sets has shown that analysis based on relative 
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measurements can be successfully applied, especially for the purpose of testing for 

optimality of SKU-level adjustments. 

The proposed approach has been applied to three real-world data sets containing large 

number of observations and relating to two different companies. Each of the data sets 

exhibited individual patterns of statistical properties of judgmental adjustments. 

Generally, adjustments have been found to be non-optimal in terms of a symmetric 

linear loss function. However, for one of the data sets there has been no reason to 

conclude that adjustments of negative sign are non-optimal. The magnitude of 

deviations from optimal predictions has also varied depending on the data set. In all 

cases of non-optimality the adjustment on average was too high by its absolute value. 

This may indicate that experts overweigh the factors that can make the demand higher 

or lower compared to the baseline system forecast. It has been reported in previous 

studies that negative adjustments are nearly optimal, whereas positive adjustments are 

not. The results of this chapter partly comply with what has been reported previously, 

however, for two of the three data sets it has been shown that negative adjustments are 

non-optimal as well. 

Chapter 2 has shown that existing approaches for measuring forecasting accuracy are 

not suitable for SKU-level adjustments data. In particular, they do not reflect the 

changes in terms of standard loss functions, which complicates the interpretation of 

measurement results. In this chapter some additional disadvantages of using the 

percentage errors have been pointed out. The improved schemes introduced in Chapter 

2 have been applied to empirically evaluate the accuracy of adjustments. The results of 

the empirical evolution have been different for different data sets. For one company the 
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average improvement yielded by the use of adjustments was only about 5 % of MAE. 

For another company for one data set representing a particular retail account the 

improvements were substantial (about 30 % of MAE), whereas for the same company 

for another retail account data set adjustments substantially harmed accuracy (by about 

15 % of MAE). The proposed approach for optimal correction of adjustments has led to 

significant improvements of accuracy under linear loss for all three datasets analysed. 

Since the statistical properties of adjustments can vary substantially depending on 

company, expert, product group, etc. it can be recommended to perform analysis in 

each individual case and draw conclusions based only on the features of the data. 
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5. Bayesian Forecasting Using Prior Judgmental Information 

in the Form of Forecasts 

5.1. Introduction 

A common situation in economic forecasting is when experts provide their own 

estimates at some points of time, but forecasts need to be updated as new observations 

become available. The frequency of updating short-term or medium-term predictions 

needed for decision-making can be much higher than the frequency of obtaining new 

estimates from experts. Moreover, quite often prior expectations are given by experts in 

an aggregated form (for example, most probable total or average yearly values), while it 

is important for practical purposes produce timely shorter-range forecasts as well. 

For example, managers usually provide their estimates of total sales of a product 

corresponding to certain stages of a product lifecycle. For the purposes of operations 

management this information must then be transformed into weekly or daily 

predictions, which are recalculated in the light of new sales data. Similar problems are 

also common in financial forecasting when long-range forecasts are issued by analysts 

several times per year; however, continuous updating is required for obtaining adequate 

short-term extrapolations. 

In cases such as those mentioned above well-known statistical techniques based on 

analysing past data (using standard univariate methods such as exponential smoothing, 

ARIMA, or state-space modelling together with Kalman filtering) cannot ensure the 

desired quality of forecasts. Not taking into account important information known to 
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experts leads to a high risk of extrapolating irrelevant historical patterns and the 

inability to handle forthcoming events. It is also often the case that the amount of 

available historical data is insufficient to find estimates with acceptable confidence 

intervals. In this case the problem becomes ill-conditioned, or forecasts are found with 

very wide prediction intervals. The need for the integration of management judgment 

and statistical methods in order to improve forecasts have been emphasised in many 

publications (for example, (Collopy and Armstrong, 1992; Goodwin, 2002; Goodwin, 

2005) among many others). Practical evidence suggests that forecasting based on 

historical data alone can result in considerable losses to companies (Worthen, 2003). At 

the same time, the number of time series to forecast may be enormous or the forecasts 

may need to be updated frequently, which may limit the possible contribution to be 

made from human participation (Leonard, 2002). 

As was said in the previous chapter a widely used approach to compensate for the 

imperfections of purely extrapolative methods is making judgmental adjustments to 

statistical forecasts. However, this approach assumes producing statistical forecasts that 

are then revised by experts for each period of interest. Thus, frequent updating of short-

term forecasts using this approach may require excessive human participation and 

therefore may be impractical and inefficient. Moreover, finding an adequate statistical 

forecast for using as a baseline for making judgmental adjustment is intractable in case 

of insufficient historical data or long-range horizons. An additional problem is that 

special events such as promotions can distort extrapolations of the trend obtained by 

statistical methods. Therefore experts may need to perform data cleansing or special 

correction of historical data and this task is not always straightforward. The same 
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reasons limit the application of methods for combining independent judgmental and 

statistical forecasts. 

An alternative approach to forecasting lies in using expert information as an input to 

statistical modelling. One known approach here is based on Bayesian modelling where 

experts provide prior probability density functions (PDFs) for model parameters 

(Zellner, 1971; Yelland, 2004). Though (Yelland, 2004) demonstrates examples of 

successful implementation, this can be done only if model parameters have easily 

interpretable meaning. Usually experts are not competent in providing prior PDFs for 

model parameters, and therefore such methods are difficult to adopt in practice. Another 

approach to integrate judgmental and statistical methods is rule-based forecasting 

(RBF) proposed in (Collopy and Armstrong, 1992).  The idea of this approach is to use 

a system of rules that helps select and weight extrapolation techniques. However, 

extrapolative techniques can give unacceptably high level of uncertainty about future 

time series values in cases of insufficient data or more than several horizons. Moreover, 

the rules system itself is subjective and does not allow for an optimal use of expert 

knowledge and for providing expert information in a convenient form. A recent 

software overview presented in (Kusters, McCullough, and Bell, 2006) indicates that 

the RBF has not found its way into operational planning. The same survey has indicated 

that at present no convenient mathematical models exist for prorating of aggregate 

forecasts that include information about special events known to experts. Thus, most 

planners are restricted to using automatic extrapolation procedures that cannot take into 

account the casual effects known to experts. 
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This chapter aims at presenting an approach that allows the effective incorporation of 

prior expert information into a statistical prediction model based on flexible and 

plausible assumptions corresponding to common practical settings. In particular, the 

following features can be taken into account: 

(i) the expert information can be provided in a form of estimates of future time 

series values or as estimates of functions of future time series values representing 

aggregation in time (such as expected total or average values), over products, or over 

locations; also, forecasts can be provided by several experts; 

(ii) the underlying data generation process can have complex features such as 

stochastic trends, non-linear dependencies, seasonal effects, and a non-negative 

domain; 

(iii) no prior knowledge of the exact type of the trend function is available; 

(iv) observations history can be limited and contain missed values, outliers or 

censored observations (for example, in case of out-of-stock items). 

The proposed approach is based on constructing a model with a combined data set 

where available actual values and expert forecasts are described by means of 

corresponding regression equations. This allows the use of judgmental information in 

order to derive the prior characteristics of data generation process. Consistent forecasts 

are obtained with the use of Bayesian inference as characteristics of posterior 

probability density function for future time series values in accordance with a given loss 

function. 
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The chapter considers sufficiently general semi-parametric model specifications 

applicable in situations when demand dynamics are changing due to product lifecycle 

phases or other reasons that can be foreseen by experts. 

The model based on a combined data set is presented in the next section. After that the 

application of Bayesian inference for finding optimal forecasts is described. Subsequent 

sections present illustrative examples of using the proposed modelling procedures. The 

concluding section summarises the results and discusses the advantages and the scope 

of the use of the methodology presented in the chapter. 

Some results of this chapter were presented in (Davydenko, 2006b, 2007a, 2007c, 

2010a, 2010d) and (Fildes and Davydenko, 2012). 

5.2. Building a Model Based on a Combined Set of Data 

5.2.1. General Model Formulation 

Let the history of observed values                until the present time   be 

known (    if no history is present). The future unknown time series values starting 

from     until some period   will be denoted as                   . Suppose 

both past and future time series values can be adequately represented by a set of 

regression equations: 

     (                    )                   (5.1) 
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where   – regression function,   – vector of regression parameters,    – vector of non-

stochastic explanatory variables relating to period   that are known at time  ,     – 

lag order,    – noise term represented by some known stochastic process that can 

possibly have some unknown parameters. If     then    for           can be 

modelled as additional unknown parameters. 

Alongside the statistical data it is assumed that a number of expert forecasts are 

available, which relate to   and these are denoted as               . These 

forecasts are estimates of values of some known functions of the past and future time 

series elements: 

                           (5.2) 

where         – a function whose value is estimated by experts,    – error 

corresponding to expert forecast   ,   – number of judgmental forecasts. For example, 

if forecast    is an estimate of   , where        , then           . If    is an 

expected total value (i.e., cumulative forecast) for a period between     and     

        then         ∑   
   
     , etc. If, for example, two cumulative judgmental 

forecasts were available for the next two seasons each having   disaggregated periods 

then     and         ∑   
   
     ,         ∑   

    
       . 

Further it will be assumed that the distribution of expert errors    and the parameters of 

this distribution can be approximated based on available data. One way to model the 
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features of expert errors is to regress previous forecasts on known outcomes as was 

described in Chapter 3. 

Thus, equations (5.2) represent an additional set of observations   that are related to the 

future yet unobserved time series values  . The use of these additional observations 

allows us to build a model based on a combined set of data that includes both the 

observed time series elements   and the expert forecasts  . Ultimately, the forecasting 

task becomes that of finding estimates of the future time series values   in accordance 

with some specified loss function. A general scheme of estimating   based on Bayesian 

inference using hierarchical priors will be given in section 5.3. 

5.2.2. Possible Specifications of Model Components 

The choice of regression function and exact specification of error models for    and    

in model (5.1)-(5.2) depend on the nature of the process being forecast and on the 

features of expert errors. Various plausible specifications are possible, the requirement 

being that they should be robust and flexible enough to accommodate both the historical 

data pattern and the expert forecasts. This section provides recommendations of how 

this can be done with the use of semiparametric methods. 

One approach that is widely used for modelling economic time series is to assume that 

time series elements are generated by a random walk with drift process: 
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where    – independent random fluctuation,   – unknown drift parameter required to 

reflect the presence of an expected upward or downward tendency. 

A more flexible approach that can be used to model processes with richer dynamics is 

to assume that the drift term gradually changes over time: 

                              (5.3) 

where      – some analytical function of time argument  . 

One simple way to define      is to use a linear spline function, which is the equivalent 

to using a piecewise linear approximation. In this case the drift term      on the interval 

      can be modelled as 

            ∑            

 

   
  

where   ,   ,…,      – regression coefficients to be estimated,   ,…,    – spline knots 

locations (not counting the boundary knots,      and       ),        if     

and   otherwise. 

When using spline functions it is needed to i) select the number of spline knots and ii) 

decide where they should be placed. It is known that generally the placement of knots 

has much less impact on the quality of fit compared to the number of knots (Stone, 

1986). Therefore a standard practice is to use uniformly distributed knots. As pointed 

out in (Keele, 2008), in most practical applications for sample sizes above 100 four or 
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five knots provide a good compromise between flexibility and overall fit. If visual 

analysis shows that the fit is too rough, knots can be added. Keele also recommends that 

for sample sizes below 30 three knots can be used as a starting point. The aim is to 

select a minimal number of knots that would ensure a satisfactory representation of both 

expert opinion and available actual outcomes. 

Apart from the visual method, another method is to select a model with an appropriate 

number of knots by minimising the AIC criterion (Eilers and Marx, 1996). The latter 

method is less arbitrary and can be used in a more automatic fashion. Since the AIC is 

only valid asymptotically, when the number of data points is small (less than 30) the 

small-sample-size corrected version of the AIC (AICc) should be used instead (Hurvich 

and Tsai, 1989). If some prehistory of a process under consideration is available then 

the AIC or AICc can be used to find a ratio of time series length to the number of knots. 

When the number of observations is insufficient, this ratio can be obtained based on 

existing time series which have similar behaviour (such as histories of sales for obsolete 

products). Fortunately, the spline fit is usually not overly sensitive to the number of 

knots selected (Keele, 2008). 

Yet another method for automatic selection of the number of knots is based on a 

backward elimination procedure (Smith, 1982). The procedure starts with a large 

number of equidistant knots (so that there are about four or five data points per one 

knot). Then the number of knots is reduced by one at a time until all the regression 

coefficients for the remaining knots become statistically significant. This method can be 

implemented based on assessing the posterior PDFs for the regression coefficients after 
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estimating the combined model using the MCMC algorithm described in the next 

section. 

Fig. 5.1 shows the results of applying the linear spline approximation to a differenced 

time series representing product demand history (the original time series relates to one 

of the products developed by the Sun Microsystems company and was presented in 

(Yelland, 2004)). The approximation function with larger number of knots shown on 

Fig. 5.1(b) ensures a better fit in terms of in-sample RMSE, however, in accordance 

with the AICc it is better to choose the function with fewer parameters that is shown on 

Fig. 5.1(a) in order to avoid over-fitting. 

To better capture the local behaviour of time series it is possible to use smooth semi-

parametric functions. In particular, in this research it has been found that a reasonably 

good approximation in many cases can be obtained with the use of trigonometric 

polynomials (Grasselli and Pelinovsky, 2008): 

 
       ∑                    

 

   
  (5.4) 

where         – unknown regression coefficients,      ,   – a minimal number of 

harmonic components that ensures a satisfactory fit. The methods for the selection of   

can be the same as those described for choosing the number of knots for a spline 

function (i.e., the visual method, the AICc-based method, or assessing the significance 

of regression coefficients based on their posterior distributions). The use of formula 

(5.4) will be demonstrated in Section 5.4. 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



193 

 

 

 

Figure 5.1. The results of applying the linear spline approximation (OLS 

estimates): (a) – 3 knots, (b) – 5 knots. 
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Fig. 5.2 shows the results of trigonometric and ordinary polynomial approximation for 

the series used in the previous example. Generally, approximation with the use of 

ordinary polynomials is not desirable because of the problem of high oscillation at the 

edges of interpolating interval (also known as polynomial wiggle or Runge’s 

phenomenon). The use of trigonometric polynomials helps avoid this problem 

(Grasselli and Pelinovsky, 2008). On Fig. 5.2(b) it can be seen that the polynomial 

function yields a trajectory with a markedly steeper derivative compared to the 

trigonometric approximation with the same number of parameters. One advantage of 

trigonometric approximation over splines is that it dispenses with the choice of the 

placement of knots. At the same time linear splines have the advantage of the ease of 

the interpretation of regression coefficients. Various alternative approaches such as 

linear penalised splines, cubic splines, Hermite splines, wavelets, Akima interpolation, 

and others are also available. But usually simpler functions are already sufficient to 

capture time series behaviour.  

Table 5.1 compares of the quality of fit for various alternative models for the data 

shown on Fig. 5.1. Based on the AICc value it can be seen that for this example a 

reasonable compromise between the model parsimony and flexibility is achieved when 

the total number of regression coefficients equals to 3. 

The noise term    in equations (5.1) can be represented by a Gaussian distribution with 

unknown variance. However, in order to ensure greater robustness of the model a heavy 

tailed distribution can be chosen instead, such as Student’s t-distribution with the 

degrees of freedom parameter taken as 5 or so (Venables and Ripley, 1998). 
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Figure 5.2. Polynomial and trigonometric approximation (OLS-estimates). 

For the functions shown on graphs (a) and (b) the total number of regression 

coefficients used is 3 and 4 respectively. Three last points of the series were 

not used when fitting the approximating functions in order to illustrate the 

difference in the out-of-sample projections. 
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Table 5.1: Comparison of quality of fit for various alternative models 

Model 

Total number 

of regression 

coefficients 

AIC AICc 
in-sample 

RMSE 

Constant level 1 234.5 235.3 104.3 

Straight line 2 228.6 230.2 84.8 

Linear spline with 3 knots 3 226.8 229.7 76.7 

Linear spline with 4 knots 4 226.7 231.4 72.6 

Linear spline with 5 knots 5 226.6 233.6 68.6 

Polynomial of order 2 3 226.8 229.6 76.6 

Polynomial of order 3 4 227.0 231.6 73.0 

Polynomial of order 4 5 228.6 235.6 72.3 

Polynomial of order 6 7 227.7 242.1 63.6 

Trigonometric approximation,  =1 3 225.8 228.7 74.7 

Trigonometric approximation,  =2 5 228.9 235.9 72.9 

Trigonometric approximation,  =3 7 227.3 241.7 62.9 

 

If    takes only positive values, a Box-Cox transformation can be applied to    or 

censored distributions used for   . The use of censored distributions will be illustrated 

in Section 5.4.3. 

The expert errors    in equations (5.2) are modelled using Gaussian or t-distribution 

with variances provided by experts or found based on previous forecasts unless there is 

enough empirical data to deduce another form of the distribution. The estimation 

algorithm outlined below allows a choice from a wide variety of possible distributions 

to represent the errors of expert forecasts. 
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5.3. Bayesian Inference and MCMC Estimation 

One benefit of the Bayesian approach is that it allows for the use of complex models 

with hierarchical structure of parameter dependencies (Geweke, 2005). The combined 

model represented by equations (5.1) and (5.2) has a hierarchical structure where   

depends on  , and   depends on other unknown parameters of the model. A general 

scheme of applying Bayesian methodology to find forecasts based on the combined 

model is as follows. 

Let the time series model represented by equations (5.1) have the following parameters: 

i) the parameters of the regression function (previously defined as  ), 

ii) the parameters of the stochastic process that generates the random component 

  , and 

iii) any additional variables that are used to fully specify the model (such as 

starting values of    when they are not yet observed). 

Let all the unknown parameters of model (5.1) be denoted as  . In accordance with the 

Bayesian approach these parameters are treated as random variables. It will be assumed 

that the prior distributions for elements of   are taken as non-informative. The choice of 

priors when implementing numerical integration methods will be described below. Let 

the available values of the explanatory variables    used in equations (5.1) be denoted 

as   〈          〉. Apart from   the combined model (5.1)-(5.2) also includes the 

vector of unknown future time series elements   as a random variable.  
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The optimal forecast is found based on the marginal posterior PDF for future unknown 

time series values  . This PDF is defined as 

           ∫               

  

  

where    – the existence domain for   and              – the full joint posterior PDF 

for model parameters. 

Assuming a loss function        ̂ , where  ̂ – point forecast of  , is specified, then 

the optimal point forecast is found based on the marginal posterior PDF by minimising 

the expected loss: 

    
 ̂

∫      ̂ 

  ̂

              (5.5) 

For a quadratic loss function optimal forecast is found as the mean of the marginal 

posterior PDF (Zellner, 1971):  ̂            . Quantiles of the marginal posterior 

PDF can be used as interval predictions. The diffuseness of this PDF may help assess 

whether any additional judgmental participation is needed. 

A general expression for the full joint posterior PDF              is obtained using a 

hierarchical structure of priors. Specifically, the joint posterior PDF            that is 

obtained based on the data set described by equations (5.1) is used as a joint prior PDF 

when finding estimates based on equations (5.2). In accordance with this approach 
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where   denotes proportionality,                       – the likelihood function 

for   derived based on equations (5.2),            – the joint posterior PDF for   and 

  given   and  . This posterior PDF is found as 

                                

where            – the conditional PDF for   given  ,  , and   derived based on 

equations (5.1),          – the posterior PDF for   given   and   calculated from the 

prior PDF for  . 

An exact analytic solution for evaluating the marginal posterior PDF for   is usually not 

available. A widely used approach for dealing with such problems is to implement 

numerical integration based on MCMC methods (Geweke, 2005). The purpose of 

MCMC methods is to sample values of unknown quantities from a distribution that 

eventually converges to the full posterior PDF. Empirical summary statistics are then 

used in order to draw inferences about the quantities of interest. 

Applying MCMC methods requires a model to be specified by means of a sequence of 

conditional PDFs. For the model under consideration this sequence should include the 

conditional PDFs corresponding to time series elements 

                                   the conditional PDFs corresponding to expert 

forecasts  (  |   )          and the prior PDF for model parameters         

       where    are the elements of  . In order to implement MCMC sampling 
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independent proper non-informative prior PDFs with sufficiently large variances are 

usually chosen according to the following widely accepted rules (Gelman, 2004): the 

inverted Gamma PDF in case of strictly positive parameters (such as variances) and the 

Gaussian PDF for parameters with         as the domain. 

If the observations history contains missing or censored observations, they are modelled 

as additional unknown parameters. If an observed actual sales value   
  is known to be 

less than the real demand    (which happens, for example, if service level for period   

was less than 100%) then the following additional equation is introduced into the 

model:   
       , where    – an unknown positive parameter for which the 

inverted Gamma prior PDF is used in accordance with the above rules. 

Specifying a time series model by means of a sequence of conditional PDFs is common 

in Bayesian forecasting (Geweke, 2005). For simple linear autoregressive processes 

obtaining corresponding models in terms of conditional PDFs presents no difficulties. 

Moreover, it is possible to specify much more complex models (such as ARIMA) when 

  includes not only parameters as usually conceived, but also latent variables 

convenient in model formulation. This extension immediately accommodates non-

standard distributions and time varying parameters (Geweke, 2005). Thus, for data 

points represented by equations (5.1) well-known models based on conditional PDFs 

can be used. The conditional PDFs corresponding to expert forecasts are obtained 

straightforwardly based on equations (5.2). 

Once the model is fully specified, MCMC sampling is performed as follows. 
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Let   denote all stochastic quantities of the combined model: 

  〈                                〉. 

All terms in the above expression can be considered stochastic since we defined 

corresponding conditional PDFs and prior PDFs. 

For each quantity   in   let    denote all quantities from which   depends directly (the 

parents of  ). The conditional independence assumptions represented by the sequence 

of conditional PDFs mean that the full joint distribution of all quantities   has the 

following factorisation: 

      ∏       

   

  (5.6) 

For any quantity  , let the remaining quantities be denoted as    . Based on (5.6) the 

full conditional distribution          is found as 

                         ∏        

    

  

where    – all quantities from which v depends directly (the parents of  ),    – all 

quantities that depend directly on   (the children of  ),    – all quantities from which 

  depends directly (the parents of  ). Thus, having the sequence of conditional PDFs 

obtaining the full conditional distribution for each quantity presents no difficulties. 
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The major principle of MCMC estimation is to successively generate samples from the 

full conditional PDF of each unknown quantity given all the other quantities. Under 

broad conditions this process eventually provides samples from the joint posterior PDF 

of the unknown quantities. For the given model by sampling each unknown   in   

successively a sample drawn from the marginal posterior PDF            is obtained. 

Based on this sample the marginal posterior PDF is then approximated and optimal 

forecasts are found based on expression (5.5). 

In general, a direct method for sampling a random number from the full conditional 

PDF is unavailable. In such cases updating of random quantities can be performed in 

accordance with the Metropolis-Hastings method (Geweke, 2005). 

At present a number of software packages are available that can be used to implement 

MCMC estimation when a model is represented as a collection of conditional PDFs. 

These packages implement algorithms that are capable of identifying relevant terms 

when finding the full conditional PDFs, multiplying them together, and choosing a most 

appropriate sampling method. One of these packages is WinBUGS (Lunn et al., 2000) 

and this has been used to implement the examples below. The codes for some of the 

examples are given in Appendix G and Appendix H. 

5.4. Illustrative Examples 

This section contains illustrative examples that aim to 
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i) demonstrate the application of the proposed approach in various practical 

settings, describe corresponding types of prior judgmental information that 

can be incorporated into statistical modelling; 

ii) assess potential gains in forecasting accuracy that can be achieved through 

the use of the proposed approach and describe the conditions under which 

its application is most efficient; 

iii) show the advantages of using prior judgmental information as an input to 

statistical modelling in comparison with conventional methods for 

combining forecasts. 

Examples given in Section 5.4.1 consider most simple settings where available 

information contains a history of daily observations together with a single judgmental 

forecast relating to an individual period of time in future. The examples illustrate 

sensitivity of joint model forecast to the accuracy of judgmental forecast and show 

how the trajectory of stochastic process projected using prior judgmental information 

changes as new data becomes available. Also, in order to assess the effectiveness of 

joint modelling depending on the accuracy of judgmental forecast a Monte-Carlo 

experiment is conducted. For this experiment judgmental forecasts are generated using 

a pre-defined model. 

Subsequent examples presented in Sections 5.4.2-5.4.4 are based on real-world data 

and illustrate the use of joint modelling in situations when aggregate judgmental 

forecast must be prorated into individual periods of time. Section 5.4.2 shows how to 

convert yearly judgmental demand forecasts into monthly predictions and update them 

as new actual outcomes become available. Section 5.4.3 considers the case of 
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forecasting quarterly data based on historical data together with yearly judgmental 

forecasts of total demand. Section 5.4.4 discusses the task of forecasting daily time 

series using aggregate judgmental forecasts given in a form of estimates of average 

monthly time series values. 

5.4.1. Stock Prices Forecasting 

5.4.1.1. Example Setup 

In order to illustrate the application of the joint model we will use a time series of daily 

closing prices for Hewlett-Packard Company stock (Fig. 5.3). This time series was 

used by (Cowpertwait and Metcalfe, 2009) as an example of a financial time series that 

can be adequately described with the use of a random walk with drift model. Here we 

shall assume the same model for the time series: 

                      (5.7) 

               

In a number of studies model (5.7) was found to be useful in predicting stock prices 

(e.g., Lo and MacKinlay, 2002). Thus, it was proven that stock prices are to a certain 

extent predictable (which contradicts with the pure ‘random walk’ hypothesis 

advocated by some earlier works (e.g., Cootner, 1964; Malkiel, 1973)). However, 

statistical forecasting assuming the presence of a stochastic trend leaves a very high 

uncertainty about future values, which can make prediction intervals corresponding to 

medium-range forecasts (10-20 days ahead) unacceptably wide. Let us consider a 

situation where a history of daily observations containing six months (125 trading 
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days) is available and it is needed to find forecast for forthcoming six months. Fig. 5.3 

shows results of forecasting obtained using model (5.7). In these settings point 

forecasts and corresponding prediction intervals can be found using standard methods 

(see, e.g., Heij et al., 2004). From Fig. 5.3 it can be seen that interval forecasts are 

quite diffuse and therefore statistical forecasting based on historical data alone leaves 

quite high uncertainty about future time series values. 

 
 

Figure 5.3. Daily closing prices of Hewlett-Packard stock. Statistical forecasts 

based on model (5.7) and corresponding 95% PIs. 

At the same time, apart from historical data experts can possess additional information 

about long-term behavior of prices, such as potential profitability of a company over a 

given period. The frequency of obtaining expert forecasts in stock markets analysis is 

typically about one year or six months. In the stock market a projected price of stock 

produced by investment analysts is also known as a ‘target price’. 
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In this example we assume that model (5.7) is valid, but an investment analyst reports 

a six-months-ahead estimate   (or a six-month ‘target price’) alongside with the 

standard error of his/her estimate   . Let the forecasting task be to find point and 

interval estimates of future unknown time series values given both time series 

historical data and the additional information provided by an expert. We also assume 

that it is required to automatically update forecasts in the light of new observations. 

5.4.1.2. Obtaining Joint Model Forecasts 

We model the judgmental forecast   as if forecaster knows the real future price value 

     subject to some error   which is not correlated with any other variable: 

             ,     (5.8) 

          
  . 

In reality this dependency may be different, but by regressing past actuals on 

corresponding forecasts an appropriate model can be constructed. 

The joint model of judgment and time series based on equations (5.7) and (5.8) is 

                                  (5.9) 

             
  . 

Based on model (5.9) forecasts are found in accordance with the procedures described 

in Section 5.3. A point forecast for origin    and horizon   is obtained as a posterior 

mean for       given all the available data:  ̂                        
      . 
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Corresponding prediction intervals for each period of interest are found as quantiles of 

                   
      . 

5.4.1.3. Modelling Results and Sensitivity to Accuracy of Judgmental 

Forecast 

Fig. 5.4 shows forecast obtained using model (5.9) when      and     . The 

forecast shown on Fig. 5.4 has narrower PIs compared to the pure statistical forecast 

found using a random walk with drift model (see Fig. 5.3). The length of the PIs 

obtained using model (5.9) depends on    and as    becomes smaller the predicted 

accuracy of final forecast becomes higher. To illustrate this effect Fig. 5.5 shows 

forecasting results for     . 

 

 
Figure 5.4. Results obtained using model (5.9) with      and     . 
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Fig. 5.6 illustrates that forecast from the joint model gets closer to the target price    

as takes smaller values. As    goes to infinity forecast from the joint model 

approaches the pure statistical forecast (that was shown on Fig. 5.3). 

 
Figure 5.5. Results obtained using model (5.9) with      and     . 

 

Figure 5.6. Sensitivity of forecast obtained using model (5.9) to the 

standard error of judgmental forecast,   . 
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Fig. 5.7 shows how forecasts are updated as new data becomes available (judgmental 

forecast is given as      and     ). It can be seen that in comparison with pure 

statistical forecasting the joint model ensures narrower confidence bounds. Another 

advantage of the joint model is that it produces more stable estimates of the drift 

parameter. 

Fig. 5.7 may illustrate the following scenario. At origin 125 a six-month-ahead 

judgmental forecast is provided and the joint model forecast is found. Then at origins 

150, 200, and 225 the joint model forecast is updated in the light of new data. But the 

graphs shown for origins 150, 200, and 225 may also correspond to situations when 

judgmental forecaster makes a 100, 50, and 25 days-ahead forecast respectively. It can 

be seen that the joint model can correct short-range judgmental forecasts to a high 

extent when there is substantial amount of historical data. At the same time, in case of 

long-range judgmental forecasts the joint model corrects them to a lesser extent. This 

happens because in this case judgmental forecast becomes the major source of 

information about the process being forecast. 

Generally, provided that modelling assumptions are correct the gains in accuracy that 

the joint model gives in comparison with pure statistical forecasting or other 

alternative methods can be assessed through the examination of corresponding PIs. 
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Figure 5.7. Updating forecasts using on the random walk with drift model (left side) and with the 

joint model (right side). Model forecasts and 95% PIs are shown for different origins. 
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5.4.1.4. Comparison with Optimal Linear Combination of Forecasts 

Instead of building a single model an alternative way to incorporate available 

judgmental information into final forecast is to combine statistical and judgmental 

forecasts produced independently. Most popular method of combining independent 

forecast is finding a weighted average of constituent forecasts proposed in (Bates and 

Granger, 1969). For the above example the combined forecast can be found as 

                       (5.10) 

where   – judgmental forecast,      – random walk with drift forecast,       – 

optimal weights calculated depending on the features of errors of constituent forecasts. 

However, formula (5.10) can be used only in situations when both judgmental and 

statistical forecast are available for a given period of interest. In the above settings this 

cannot always be done since judgmental forecast relates to      only. And if, for 

instance, we needed to obtain a combined forecast of     , we would first need to 

obtain a judgmental forecast for that period of time. Therefore one important 

advantage of the joint model is that forecasts can be found for any period of time. This 

becomes possible because in a single model the available judgmental information is 

used to improve estimates of parameters of time series model and therefore relates to 

all time periods. Also, modelling based on a single model can be used to prorate 

aggregate judgmental forecasts, which is unattainable in case of combining forecasts. 
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Moreover, sometimes it is difficult to find a statistical forecast needed for combining 

because of insufficient number of observations. 

But even if both independent statistical and judgmental forecasts are available, the 

joint model can be more preferable because of the following reasons. As mentioned in 

(Bates and Granger, 1969) there may be two kinds of independent information that is 

missed in one forecast, but present in another: i) one forecast is based on information 

that other forecast has not considered and ii) forecasts make a different assumptions 

about the form of the relationship between the variables. In our case we do not make 

different assumptions about a time series model in different forecasts. Therefore 

combining aims to improve accuracy by using the additional judgmental information 

not considered by statistical forecast. But if available data is indeed generated by a 

data generation process that corresponds to model (5.9) then procedures based on other 

models cannot guarantee efficient estimators. Thus, model (5.10) can be only an 

approximation of the dependencies described by model (5.9). Moreover, important 

dependencies between model parameters and judgmental forecast are not taken into 

account when finding independent statistical forecast for subsequent combining. As a 

result, using separate estimation leads to increased uncertainty associated with future 

time series values. 

The advantages of simultaneous estimation can be illustrated using the following 

example. It is known (see, e.g., Wallis, 2011) that if errors of constituent forecasts are 

identically independently distributed random variables then formula (5.10) produces 

forecasts with the following dispersion of errors: 
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where   
  – MSE of forecast  , and     

  – MSE of forecast     . 

If      is based on model (5.7) then     
  can be estimated using standard methods 

(see, e.g., Heij et al., 2004). For the example shown on Fig.     
      . We assume 

that   
  is provided by experts. 

Table 5.2 compares the dispersion of forecast errors estimated based on formula (5.10) 

and the dispersion of forecast errors that correspond to the joint model for different   
  

values shown on Fig. 5.6. The dispersion of the forecasting error of the joint model,  

   
 , was calculated based on the procedures described in Section 5.3. 

Table 5.2: Gains in quality of forecasts in comparison 

with optimal linear combination 

 

Standard error 
Relative 

improvement in 

comparison with 

the optimal linear 

combination 

Judgmental 

forecast 

Statistical 

forecast 

(random-

walk with 

drift) 

Optimal 

linear 

combination 

Forecast 

form the 

joint model 

                      
   

  
  

3 5.18 2.60 2.53 2.55 % 

5 5.18 3.60 3.45 4.24 % 

10 5.18 4.60 4.05 12.03 % 

20 5.18 5.01 4.45 11.26 % 

30 5.18 5.10 4.99 2.24 % 
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From Table 5.2 it can be seen that for the example given simultaneous estimation 

based on model (5.9) ensures higher quality of forecasts compared to combining 

independent forecasts using model (5.10). 

5.4.1.5. Monte-Carlo Evaluation of Effectiveness 

The aim of this experiment is to empirically assess the extent to which the joint model 

can improve short- and medium-term statistical forecasts when long-term judgmental 

forecast is available. In particular we consider the following setup: i) judgmental 

forecaster provides a six-month (125 days) target price with accuracy    ii)  -days-

ahead forecast is required (      ) and must be updated each day as new actual 

observation becomes available. Knowing    and real value      we simulate   

random realizations of   in accordance with model (5.8). Based on a sufficiently large 

number of realizations we evaluate relative effectiveness of the joint model for various 

values of    and  . 

Assume    and   are given. The evaluation procedure contains the following steps: 

1) Evaluate the accuracy of the joint model (5.9) 

a. For each   in       

i. generate judgmental forecast   using model (5.8); 

ii. for each origin   from     to       calculate  -step-

ahead forecast based on the joint model (5.9); 
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iii. obtain MAE and MSE values for the forecasts obtained, 

denote them as     
     

 and     
     

, respectively; 

b. Calculate mean MAE and mean MSE for the joint model: 

   ̅̅ ̅̅ ̅̅ ̅     
 

 

 
∑     

      
            ̅̅ ̅̅ ̅̅      

 
 

 
∑     

      
   ; 

2) Evaluate the accuracy of the random walk with drift model (5.7) 

a. for each origin   from     to       calculate  -step-ahead 

forecast based on the random walk with drift model; 

b. calculate MAE and MSE values for the random walk with drift 

model, denote them as     
    and     

   , respectively. 

3) Compare    ̅̅ ̅̅ ̅̅ ̅     
 with        and     ̅̅ ̅̅ ̅̅      

 with       . 

To carry out the experiment a sufficiently large   is chosen in order to ensure that 

   ̅̅ ̅̅ ̅̅ ̅     
 and    ̅̅ ̅̅ ̅̅      

 are estimates of population mean with acceptable standard 

error (     ). 

Let us first assume that experts predict real values with some accuracy       . The 

results of this experiment are shown in Table 5.3. 

Analogously, relative values of MAE and MSE can be obtained for various values of 

  . Table 5.4 and Table 5.5 present these results. 
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Table 5.3: The comparison of accuracy of the joint model (      ) 

and the random walk with drift model 

 

Horizon, 

  

Mean 

MAE of 

joint 

model, 

   ̅̅ ̅̅ ̅̅ ̅     
 

MAE of 

random 

walk with 

drift 

model, 

       

MAE ratio 

(random 

walk with 

drift is the 

benchmark) 

Mean 

MSE of 

the joint 

model, 

   ̅̅ ̅̅ ̅̅      
 

MSE of 

random 

walk 

with drift 

model, 

       

MSE ratio 

(random 

walk with 

drift is 

benchmark) 

1 0.26 0.26 1.00 0.16 0.17 0.99 

5 0.57 0.57 1.00 0.64 0.67 0.94 

10 0.79 0.81 0.99 1.03 1.15 0.90 

15 0.93 1.01 0.96 1.36 1.63 0.83 

20 1.06 1.25 0.93 1.74 2.30 0.76 

25 1.19 1.46 0.87 2.16 3.11 0.69 

30 1.22 1.58 0.77 2.30 3.72 0.62 

35 1.30 1.81 0.72 2.49 4.36 0.57 

40 1.29 1.89 0.68 2.41 4.67 0.52 

 

 

From Table 5.4 and Table 5.5 it can be seen that for the settings described above 

medium-term forecasts (    ) can be substantially improved using the joint model. 

At the same time, several days ahead forecasts can still be obtained with acceptable 

accuracy using the random walk with drift model. Therefore, in this example, the joint 

model proved to be most efficient when it is needed to update medium-term forecasts 

in the light of new data, but when initial expert forecasts should still be taken into 

account. These results are consistent with the results of modelling based on real-world 

data presented in sections 5.4.2 and 5.4.4. 
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Table 5.4: MAE ratios for different horizons and different dispersions of judgmental 

forecast error 

 

Horizon, 

  

MAE ratio for different values of 

the dispersion of judgmental forecast error,   
  

   1                                    

1 1.00 1.00 1.00 1.00 0.99 1.00 1.00 1.00 

5 1.00 1.00 1.00 1.00 0.99 1.00 1.00 1.00 

10 1.00 0.99 1.00 0.99 0.99 1.00 1.00 1.00 

15 0.87 0.86 0.92 0.95 0.97 1.00 1.00 1.00 

20 0.72 0.73 0.90 0.91 0.94 1.00 1.00 1.00 

25 0.65 0.67 0.86 0.88 0.92 0.98 1.00 1.00 

30 0.57 0.59 0.81 0.82 0.90 0.97 0.99 1.00 

35 0.51 0.53 0.76 0.78 0.88 0.95 0.97 0.99 

40 0.50 0.49 0.74 0.76 0.87 0.95 0.97 0.98 

 

 

Table 5.5: MSE ratios for different horizons and different dispersions of judgmental 

forecast error 

 

Horizon, 

  

MSE ratio for different values of 

the dispersion of judgmental forecast error,   
  

   1                                    

1 0.96 0.98 0.99 0.99 0.99 0.99 0.99 1.00 

5 0.91 0.91 0.93 0.96 0.97 1.00 1.00 1.00 

10 0.81 0.82 0.93 0.94 0.95 1.00 1.00 1.00 

15 0.69 0.70 0.90 0.90 0.92 1.00 1.00 1.00 

20 0.56 0.57 0.82 0.85 0.90 0.99 1.00 1.00 

25 0.45 0.47 0.76 0.78 0.86 0.98 1.00 1.00 

30 0.32 0.34 0.70 0.72 0.83 0.96 1.00 1.00 

35 0.30 0.30 0.67 0.69 0.82 0.95 1.00 1.00 

40 0.27 0.30 0.62 0.65 0.80 0.94 1.00 1.00 
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5.4.2. Tourism Demand Forecasting 

5.4.2.1. Example Setup and Obtaining Joint Model Forecasts 

This example demonstrates the use of the proposed approach in application to 

Australian tourism demand data. Fig. 5.8 shows a series containing seasonally adjusted 

monthly numbers of total short-term departures starting from January 2004 (data taken 

from Australian Bureau of Statistics website). 

Fig. 5.8(a,b) shows the results of applying two popular automatic univariate forecasting 

algorithms, ARIMA and exponential smoothing. The two algorithms were implemented 

in accordance with (Hyndman and Khandakar, 2008) using the ‘forecast’ package 

(version 2.19) for the R system for statistical computing (R Development Core Team, 

2007). The major idea behind these automatic forecasting algorithms is to select the 

model that minimises the AIC (or the AICc) value amongst all possible alternative 

models. In all the models the error term follows a normal distribution. In case of the 

exponential smoothing approach the best model is chosen from a collection of 

innovations state space models that underlie exponential smoothing methods. 
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Figure 5.8. Tourism demand forecasts obtained using automatic 

forecasting methods (a,b) and the proposed expert-statistical model (c). 

Conditional expectation estimates and 80% prediction intervals are 

shown. 
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From Fig. 5.8(a,b) it can be seen that the use of the automatic forecasting algorithms for 

this series cannot ensure adequate extrapolation, especially for long-range horizons. 

Suppose only first 27 points are available (from Jaunary 2004 till March 2006). 

Amongst all possible ARIMA models the best model chosen (according to the AICc) is 

ARIMA(0,1,0), which is equivalent to a random walk model. As known, a random walk 

time series has no trend in the mean values of the variable and slowly turns one way or 

the other (see, e.g., Hill et al., 2001). However, the rest of the data has a pronounced 

upward trend that could not be detected based on the prehistory available. Predictions 

yielded by the automatically chosen exponential smoothing model are even worse since 

the AICc-based automatic model selection algorithm detects a downward trend in the 

data. In fact, the AICc estimates only relative support for a model, and there is a non-

zero probability that the model chosen will become not flexible enough to describe 

subsequent observations. Thus, the use of algorithms for automatic extrapolation based 

on purely on historical data has the risk of choosing a wrong model, especially when 

conditions are changing or available data is limited. Moreover, even when an adequate 

model is chosen, its prediction intervals may be unreasonably wide since such model 

will describe a process with a very general behaviour. 

The approach proposed in this chapter can be used to incorporate available expert 

forecasts into a statistical predictive model and thereby to improve the quality of 

forecasts (Fig. 5.8(c)). Expert forecasts for this example are taken from a report issued 

by Tourism Research Australia (TRA) in April, 2006. Table 5.6 shows TRA forecasts 

along with examples of corresponding variances found based on forecasts with known 
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outcomes. As a result of using both sets of data it becomes possible to narrow 

prediction intervals and better approximate the process dynamics. 

Table 5.6: Expert Forecasts of Tourism Demand 

Year 2006 2007 2008 

Total departures (‘000 000)  st.dev. 50.38  1.1 52.61  3.2 54.38  4.9 

 

Fig. 5.8(c) presents forecasts found using the following model. Let the history of   

subsequent time series values is available:           . Let the expert forecasts given 

in Table 5.6 be denoted as           , and the corresponding standard deviations be 

denoted as   ,   ,…,   . In this example     expert forecasts that represent 

estimates of aggregated time series values are given. The future unknown time series 

values of interest will be denoted as               . The total number of time series 

values including past actual observations and future unknown values is     . The 

combined model that relates the existing observations, expert forecasts, and future 

unknown time series values is 

 

{
 
 

 
 

 

 
                                              

     ∑   

    

             (    
 )                     

  (5.11) 

where    – all time indexes relating to year  ,                   is defined as a 

trigonometric polynomial according to equation (5.4) with     and     . The 

variance of   , and the parameters of      are treated as unknown model parameters 
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with uninformative priors. Once the future unknown time series values   ,      , 

are estimated, the corresponding estimates can be used as a forecasts. 

In order to implement MCMC estimation of model (5.11) the following collection of 

conditional PDFs was used: 

                        
          

               

                                                         

                                 (     
 )             

              ∑       
   

                   

                                                  

where       – a sufficiently large number used to specify proper non-informative 

priors and            denotes the gamma distribution with scale   and shape  . 

The unknown quantities of the model are given as   〈                         〉. 

The known quantities of the model are given as 

  〈                        
    

      
 〉. For each element of   the posterior 

marginal PDF can be obtained using the MCMC algorithm described in section 5.3. In 

order to calculate forecasts one needs to obtain posterior marginal PDFs for future time 

series values,        ,      . Point forecasts are then found in the form of 

posterior means. Prediction intervals for each period of interest are found as quantiles of 

       . 

A WinBUGS program to estimate the combined model is given in Appendix G. 
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5.4.2.2. Modelling Results 

Table 5.7 presents posterior point estimates for some of the parameters of model (5.11). 

Fig. 5.9 shows corresponding unscaled marginal posterior distributions. 

Table 5.7: Posterior summaries for model (5.11) 

Parameter Mean 
Standard 

deviation 

10 % 

quantile 
Median 

90 % 

quantile 

  0.026 0.049 -0.036 0.026 0.089 

   0.007 0.026 -0.025 0.007 0.041 

   -0.007 0.063 -0.088 -0.007 0.073 

  0.099 0.015 0.081 0.097 0.118 

 

 

 

 

Figure 5.9. Marginal posterior distributions (unscaled) for model (5.11). 

 

Since the regression coefficients described in Table 5.7 are not significant, this may 

indicate over-parameterisation and a simpler model may be preferable. If the number of 

𝑎  𝑏  

𝑐 𝜎 
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regression coefficients is reduced to one then      is modelled as a constant:       , 

       . Table 5.8 presents corresponding posterior summary statistics and Fig. 5.10 

shows the posterior distribution for  . Forecasts for this model are shown on Fig. 5.11. 

The major tendency shown on Fig. 5.11 is similar to that shown on Fig. 5.8(c), which 

suggests that for the given example the combined model is not overly sensitive to the 

number of regression coefficients used to define     . Since the drift term   is 

statistically significant, it can be concluded that the series exhibits an upward trend. 

However, this could be found only when expert forecasts are available. In the presence 

of historical data alone, the best ARIMA model does not contain the drift term (Fig. 

5.8(a)) and state space models for exponential smoothing even show a downward trend 

(Fig. 5.8(b)). 

Table 5.8: Posterior Summaries for Model (5.11) with        

Parameter Mean 
Standard 

deviation 

10 % 

quantile 
Median 

90 % 

quantile 

  0.022 0.014 0.004 0.022 0.040 

  0.096 0.014 0.080 0.094 0.114 

 

 

 

Figure 5.10. Posterior distributions (unscaled) of   and   for model 

(5.11) with       . 

 

𝑐 𝜎 
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Figure 5.11. Forecasts found using model (5.11) with       . Conditional 

expectation estimates and 80% prediction intervals are shown. 

 

 

5.4.2.3. Analysis for Alternative Expert Forecasts 

In the next several examples it will be illustrated how the features of expert estimates 

used in the combined model impact the final forecast. 

Suppose that instead of the upward trend prediction which is given in Table 5.2 experts 

had predicted a downward trend. An example of such expert forecasts is presented in 

Table 5.9. Also, suppose that in this example a linear spline function is chosen in order 

to model the drift term. By applying the backward elimination method for the selection 

of the number of knots described in section 5.2.2 it can be found that the appropriate 

number of knots for the given set of data is two (the choice of a larger number of knots 

leads to obtaining regression coefficients that are not significant at 20% level). This is 

equivalent to specifying the drift term as a simple linear function of the time argument. 

The corresponding combined model in a form of a collection of conditional PDFs is 

constructed as 
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                             (     
 )             

                

                                              

(5.12) 

where    and   
  are given in Table 5.9,    and   are defined as previously. 

Table 5.9: Alternative Expert Forecasts Example 

Year 2006 2007 2008 

Total departures (‘000 000)  st.dev. 47.5  1.1 45.11  3.2 43.18  4.9 

 

Fig. 5.12 shows the results of applying the combined model in case of the alternative 

prior expert information. Table 5.10 and Fig. 5.13 show corresponding posterior 

estimates. 

Fig. 5.14 shows how the final forecast found using the combined model depends on the 

variance of judgmental estimates. In these examples the initial expert estimates given in 

Table 5.6 were used but with different variances. The drift term was modelled as a 

linear function as in model (5.12). 
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Figure 5.12. Forecasts found using model (5.12) based on the 

alternative expert forecasts given in Table 5.9. Conditional expectation 

estimates and 80% prediction intervals are shown. 

 

 

Table 5.10: Posterior Summaries for Model (5.12) 

Parameter Mean 
Standard 

deviation 

10 % 

quantile 
Median 

90 % 

quantile 

   0.039 0.027 0.005 0.039 0.074 

   -0.001 9.8E-4 -0.002 -0.001 -1.424E-4 

 

 

 

 

Figure 5.13. Marginal posterior distributions (unscaled) for model (5.12). 
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Figure 5.14. Results of forecasting depending on the variance of expert forecasts: 

(a) the variance is twice larger than in Table 5.6, (b) – the variance is twice smaller 

than in Table 5.6. Expert estimates of the mean values are the same as in Table 5.6. 

Conditional expectation estimates and 80% prediction intervals are shown. 

 

5.4.2.4. Effectiveness Evaluation 

Table 5.11 and Table 5.12 compare the accuracy of different alternative forecasting 

approaches: i) naïve method, ii) automatic ARIMA forecasting based on the 

implementation described in (Hyndman and Khandakar, 2008) with exhaustive search 

of models, and iii) the joint model (specified as (5.11)). In the case of one-step-ahead 

forecasts automatic ARIMA outperforms both the naïve method and the combined 

model in terms of both MAE and MSE. This may happen due to the fact that the 
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combined model does not take into account stationary autoregressive dependencies in 

differenced time series and therefore cannot process available data as efficiently as the 

ARIMA model. However, for longer range horizons the combined model outperforms 

other methods, sometimes substantially. Thus, the advantages of the proposed 

procedure for combined modelling become apparent when producing medium-range 

and long-range forecasts. Also, as can be seen from the comparison of Fig. 5.8(b) and 

Fig. 5.8(c) using the combined model helps avoid implausibly large prediction intervals 

that appear in case of using purely autoregressive models such as exponential 

smoothing. 

In general, the gains in accuracy depend on the features of judgmental forecasts. That 

is, the gains are higher when judgmental forecasts are closer to the true dynamics of 

process. However, it is also important that the variances of the judgmental estimates 

should be reasonable. Otherwise, the combined forecasts can be unjustifiably biased 

towards the estimates of the experts. 

Table 5.11: MAE and RelMAE of Out-of-sample Tourism Demand Forecasts Relating 

to Periods from April, 2006 till December, 2008 

Horizon 

(months) 

MAE RelMAE 

Naïve 

forecast 

Automatic 

ARIMA 

Combined 

model 

Naïve 

forecast 

Automatic 

ARIMA 

Combined 

model 

1 0.100 0.092 0.099 1.00 0.92 0.99 

5 0.159 0.160 0.129 1.00 1.01 0.81 

10 0.310 0.322 0.177 1.00 1.04 0.57 

15 0.476 0.489 0.226 1.00 1.03 0.47 
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Table 5.12: RMSE and RelRMSE of Out-of-sample Tourism Demand Forecasts 

Relating to Periods from April, 2006 till December, 2008 

Horizon 

(months) 

RMSE RelRMSE 

Naïve 

forecast 

Automatic 

ARIMA 

Combined 

model 

Naïve 

forecast 

Automatic 

ARIMA 

Combined 

model 

1 0.126 0.114 0.118 1.00 0.90 0.94 

5 0.182 0.187 0.148 1.00 1.03 0.82 

10 0.345 0.351 0.200 1.00 1.01 0.58 

15 0.510 0.519 0.243 1.00 1.01 0.48 

 

 

5.4.3. Forecasting Demand over the Product Lifecycle 

Fig. 5.15 shows an example of a demand time series sampled at different phases of the 

product lifecycle (the series was taken from (Yelland, 2004)). Due to the specific 

features of this series automatic extrapolation based on purely historical data cannot 

give acceptable results (Fig. 5.15(a,b,c)). When using historical data alone to fit 

statistical models the automatic forecasting procedures extrapolate irrelevant trends and 

cannot capture future changes efficiently. Moreover, forecasts may become 

unreasonably diffuse because the forecasting models used are too general. 

The proposed semi-parametric approach for constructing the combined model aims to 

better capture the dynamics of the series in a situation when expert forecasts are 

available. Table 5.13 presents an example of expert forecasts that could have been 

obtained before launching the product. Using the data from Table 5.13 it is possible to 

find and update quarterly forecasts that utilise both prior judgmental information and 

the latest data on actual sales (Fig. 5.15(d,e,f)). 
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Figure 5.15. Product demand forecasts and corresponding 80% prediction intervals 

obtained at different points using exponential smoothing state space models (a,b,c) and 

the proposed approach (d,e,f). 

 

 

( a )

-200

0

200

400

600

800

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 2Q u arter     

S ales , u n i ts

( d )

-200

0

200

400

600

800

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 2Q u arter     

S ales , u n i ts

( b )

-200

0

200

400

600

800

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 2Q u arter     

S ales , u n i ts

( e )

-200

0

200

400

600

800

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 2Q u arter     

S ales , u n i ts

( c )

-200

0

200

400

600

800

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 2Q u arter     

S ales , u n i ts

( f )

-200

0

200

400

600

800

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 2Q u arter     

S ales , u n i ts

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



232 

 

Table 5.13: Expert Forecasts of Yearly Product Demand 

Provided before Launching the Product 

Year 1 2 3 4 5 

Total sales  

st.dev. 

500  250 2200  300 1900  300 1100  300 200  100 

 

The forecasts shown on Fig. 5.15(d,e,f) were found using a modified version of model 

(5.11). The difference from model (5.11) is that in this example in order to represent the 

non-negative domain of demand values the conditional PDFs for    were specified 

using the left-truncated Gaussian (LTG) distribution. The use of the LTG distribution to 

model demand levels has been advocated by some authors as this distribution often 

provides a better representation of the actual demand patterns compared to the Gaussian 

distribution (Johnson and Thomopoulos, 2002). As in model (5.11) the drift term was 

specified using the trigonometric polynomial defined in equation (5.4) with     . In 

this example the order of the trigonometric polynomial was chosen as     since 

increasing the complexity of the model did not lead to obtaining new significant 

regression coefficients at 20% level. The medians of the posterior distributions for 

future time series values were taken as point forecasts, and corresponding quantiles 

were used to find prediction intervals. A WinBUGS language program for this example 

is given in Appendix H. 

As in the previous example, the combined model helps avoid the unwanted pessimistic 

estimates of uncertainty that are common when producing several-steps ahead forecasts 

using exponential smoothing methods. The exact evaluation of possible gains in 

accuracy for this example would not be indicative of real-world behaviour of the 
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proposed model since the expert forecasts used were taken arbitrary, for illustration 

only. 

The use of the Bayesian approach to model product lifecycle was also proposed in 

(Yelland, 2004). However, he assumed that the trend function had a known shape and 

expert information was given in a form of prior PDFs for the parameters of the trend 

function. The approach described here does not assume any known shape of the trend 

function. Expert information is provided directly in a form of forecasts and included in 

the system of regression equations. 

5.4.4. Forecasting Exchange Rates 

The following example demonstrates how the proposed approach can be applied to 

forecasting daily exchange rates for GBP/USD pair using the expert forecasts shown in 

Table 5.14. 

Table 5.14: Expert forecasts of GBP/USD exchange rates taken from 

forecasts.org, published on October 16, 2009 

Month October 2009 November 2009 December 2009 January 2010 

Average rate 

+/- 50% correct 
1.637 +/- 0.025 1.648 +/- 0.031 1.657 +/- 0.035 1.663 +/- 0.038 

 

In this example time series elements,   , were represented by a sum of random walk and 

white noise processes: 
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                       (5.13) 

             (5.14) 

Since expert forecasts relate to average values, they were modelled as 

   
∑       

  
                

where    – expert forecast representing average daily value for month  ,    – all time 

indexes relating to month  ,     – number of days in month  .  

Noise components          were modelled as i.i.d. variables with Gaussian distribution, 

variances of    were derived from Table 5.14 data, other variances and    were taken as 

model parameters to be estimated. Fig. 5.16 shows the results of forecasting made at 

point   (October 16, 2009). 

The process defined by equations (5.13) and (5.14) is very widely used in forecasting of 

economic time series. As was shown in (Muth, 1960) optimal predictions corresponding 

to this process can be obtained using simple exponential smoothing. However, due to 

the flexible structure of the process the uncertainty associated with future elements can 

be unacceptably high. The proposed approach helps incorporate available expert 

information to reduce the variance of estimates. Strictly speaking, model (5.13)-(5.14) 

assumes that no prior knowledge about the future trend is available, therefore it will 

dump experts’ predictions of changes with respect to current exchange rate. However, 

the level of uncertainty associated with this model is sufficiently high in order to treat 

this effect as negligible. As an alternative to model (5.13)-(5.14) it is possible to use 
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models based on equation (5.4) as in previous examples. In this case the prior 

information about the trend (given by experts in the form of forecasts) will be converted 

into prior distribution of parameters of equation (5.4). 

 

Figure 5.16. GBP/USD exchange rate forecasts obtained with the use of the 

combined model: observations, forecast obtained using the combined model 

(estimates of mean) and corresponding 80% prediction intervals. 

 

In order to evaluate the performance of the model, forecasts with different horizons 

were calculated at every origin starting from October 17, 2009 till February 18, 2010 

using the latest available expert information. As shown in Table 5.15, the use of the 

combined model has reduced the MAE and RMSE of out-of-sample forecasts compared 

to the naïve forecast. 

Though in this example the combined model has been superior in all cases, the gains in 

accuracy for longer range horisons are not as high as in the tourism demand forecasting 
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example. This, in part, can be due to the fact that the source aggregated expert forecasts 

of exchange rates were quite diffuse.  

Table 5.15: Comparison of Accuracy of Out-of-sample Exchange Rates 

Forecasts 

Horizon 

MAE RMSE 

RelMAE RelRMSE 
Naïve 

forecast 

Combined 

model 

Naïve 

forecast 

Combined 

model 

5 days 0.0235 0.0221 0.0285 0.0276 0.94 0.97 

10 days 0.0310 0.0279 0.0363 0.0339 0.90 0.93 

15 days 0.0324 0.0294 0.0385 0.0365 0.91 0.95 

20 days 0.0297 0.0269 0.0351 0.0349 0.91 0.99 

 

5.5. Conclusions 

This chapter has focused on the development of a new model and methods that aim to 

incorporate expert knowledge into a statistical prediction model. In contrast to the use 

of judgmental adjustments or combining independent forecasts this approach does not 

require calculating statistical forecasts based purely on historical data as a first step. 

Instead, it is assumed that expert knowledge and statistical data are used simultaneously 

when estimating unknown variables of a statistical prediction model. Thus, this type of 

integration avoids the necessity of extrapolation based on scarce data and does not 

require excessive human participation. Also, forecasts for different horisons can be 

updated as new statistical data becomes available. 
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An overview of existing methods has indicated that they often cannot be efficiently 

applied in practice because they require expert information to be provided in a way that 

does not correspond to the expertise of experts. The chapter has considered more 

relevant problem definitions that assume that expert information is provided directly in 

a form of forecasts. These forecasts can relate either to single future elements or to their 

aggregated values. 

In this chapter a general model has been described that is based on a combined data set 

consisting of historical data, values of possible explanatory variables, and expert 

information given in a form of forecasts. Appropriate exact model specifications have 

been proposed in order the approach to be applicable in practical settings under flexible 

and realistic assumptions. The corresponding estimation techniques we have introduced 

are based on the use of Bayesian approach together with numerical integration methods. 

This enables using a wide variety of possible types of distributions and functional 

dependencies in order to achieve the desired realism of models. The use of Bayesian 

inference also makes it possible to find exact estimates for small samples, to handle 

censored or missing observations, and to find interval predictions and optimal forecasts 

in terms of a specified loss function. The diffuseness of the posterior PDF for future 

time series elements may be used to assess whether additional expert information is 

needed. 

Analysis of different series has shown that the quality of forecasts can be substantially 

improved as a result of applying the proposed modelling procedures. In particular, it has 

been possible to find more accurate forecasts, to obtain more adequate confidence 

intervals, and to reduce the risk of extrapolating irrelevant patterns. 
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In this chapter it has been shown that the use of additional expert information can lead 

to different conclusions about time series behaviour compared to the case when only 

historical data is used. It has been demonstrated that the proposed approach can be 

applied not only to find consistent forecasts, but also in order to test the hypothesis 

about the presence of trend when formalised expert opinions are available. 

The presented approach can be easily implemented in practice as it is based on 

sufficiently general assumptions, does not require the exact knowledge of a trend 

function, and allows subjective information to be provided in a convenient way. 

It has been shown that one particular scenario where the proposed modelling 

procedures are most useful is producing short-term forecasts when experts occasionally 

provide their estimates for longer-term tendencies. However, theoretically, if 

appropriate functions are defined that represent the effects of ‘fast’ events (such as 

promotions) then expert knowledge may be utilised based on the same principles. 
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6. Conclusions 

6.1. Achievement of Aims and Research Contribution 

The topic of the efficient use of expert judgment in demand forecasting is highly 

important since the use of statistical methods alone generally cannot ensure acceptable 

quality of demand forecasts. Leaving aside organizational issues this happens because 

of the large number of factors potentially influencing demand values and insufficient 

amount of relevant historical data. On the other hand, evidence suggests that a pure 

judgmental approach cannot give adequate probabilistic representation of future 

demand due to the subjective nature of judgmental forecasts. 

The aims of this thesis were related to the development of new and more appropriate 

methods and models for the composite use of judgmental and statistical approaches in 

demand forecasting under various conditions that are typically met in practice. The 

thesis has focused not only on the methods and models aimed to improve the quality of 

forecasts, but also on the search of enhanced error measures that could be used in order 

to adequately evaluate the quality of forecasts. A more detailed formulation of the aims 

of the thesis was given in Chapter 1. 

6.1.1. Measuring the Quality of Demand Forecasts 

The need for the search of enhanced error measurement schemes is caused by the fact 

that existing measures are not always suitable for demand data. The thesis has 

examined the statistical properties of various existing error measures with regard to 
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SKU-level demand data based on both theoretical considerations and empirical 

analysis. Alongside with well-known weaknesses of existing measures some new 

effects have been described that can complicate the interpretation of measurement 

results and even can lead to incorrect conclusions. In particular, one well-known 

disadvantage of the MAPE measure is that it is vulnerable to the influence of extremely 

large APEs arising from the division by relatively small actual values. In this research 

based on the analysis of real-world data containing SKU-level observations it has been 

confirmed that APEs follow a highly skewed distribution. In these settings the sample 

mean of APEs becomes a highly inefficient statistic as it can require too large a sample 

before the most likely value of the sample mean approaches the true population mean. 

However, as has been shown in Chapter 2, the highly skewed shape of the distribution 

of APEs is not the only reason why the use of MAPE and other measures based on 

percentage errors can be unadvisable. In particular, the following previously unstudied 

effects have been identified that can lead to misinterpretation of results obtained using 

percentage errors, especially when comparing the accuracy of judgmental and statistical 

forecasts: 

(i) Albeit MdAPE is resistant to the influence of extreme cases, at the same time it 

is insensitive to large errors even if they are not outliers or extreme percentage 

values. As a result, MdAPE may be not easily interpretable and not sufficiently 

indicative of changes in forecasting performance when methods have different 

shapes of error distributions. For instance, if the dispersion of foresting errors 

remains the same, MdAPE makes a comparison in favour of a method that 

produces errors with a heavier tailed distribution. In fact, some earlier studies of 

judgmental forecasting methods concluded that judgmental forecasts were better 
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compared to statistical forecasts in terms of MdAPE, but worse in terms of 

MAPE (Nikolopoulos, 2008; Fildes et al., 2009). Some authors claimed that 

since MAPE can be affected by outliers, the conclusions about the performance 

of judgmental forecasters should therefore be based on the MdAPE values 

(Nikolopoulos, 2008). In Chapter 2 it has been empirically found that the 

distribution of percentage errors arising from judgmental forecasts had heavier 

tails compared to the distribution of statistical forecast percentage errors. 

Therefore when comparing the accuracy of forecasts it should be taken into 

account that the use of MdAPE alone is not sufficient to adequately analyse 

changes in the underlying distribution of forecasting errors. 

(ii) If errors of forecasts correlate with actual values within individual time series 

then MAPE can give measurement results that are not indicative of changes 

under linear loss. More specifically, for a particular time series a statistically 

significant improvement of accuracy in terms of MAPE can be accompanied by 

a statistically significant reduction of accuracy in terms of MAE and vice versa. 

As a consequence, MAPE values can become confusing and difficult to interpret 

even when the distribution of APEs is not particularly affected by observations 

close to zero. This effect has been demonstrated with regard to measuring the 

accuracy of judgmental adjustments to statistical forecasts of product demand. 

Several previous studies reported a curious fact that judgmental adjustments of 

positive sign (when judgmental forecast was higher than statistical forecast) 

harmed accuracy in terms of MAPE, whereas adjustments of negative sign 

improved it (Nikolopoulos, 2008; Fildes et al., 2009). In chapter 1 based on 

empirical analysis it was shown that within an individual series the error arising 
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from the judgmental adjustment correlates both with the sign of adjustment and 

with the actual outcome. Due to this correlation the errors of positive 

adjustments on average are penalised heavier than the errors of negative 

adjustments. As a result, the MAPE measure and other measures based on 

percentage errors become flawed when making the comparison of the 

performance of adjustments of different signs. While for the data set analysed in 

Chapter 2 positive adjustments harmed accuracy in terms of MAPE, alternative 

measures (that did not require scaling by actual values) did not confirm this 

result. 

Thus, due to the combination of undesirable effects the measurement results obtained 

using percentage errors can become confusing and sometimes misleading. Alternative 

popular measures include measures based on relative errors (such as GMRAE) and the 

MASE measure recently proposed in (Hyndman and Koehler, 2006). In chapter 1 it was 

demonstrated that measures based on averaging absolute relative errors generally are 

not indicative of changes in the underlying distribution of errors in terms of standard 

loss functions. This is a similar result to that seen with MdAPE. For example, for a 

particular series GMRAE can compare methods in favour of a method producing errors 

with a heavier tailed distribution, while for the same series the use of MAE or RMSE 

can suggest the opposite ranking. As a result, measures based on relative errors do not 

ensure the ability to assess changes in accuracy in terms of the loss function that was 

used for the optimisation of forecasts. 

Chapter 2 has also illustrated that the use of the MASE measure can be problematic 

because of the following two reasons. Firstly, it has been empirically found that the 
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distribution of absolute errors divided by MAE of the naïve forecast is skewed and 

particularly affected by outliers arising from division by relatively low MAEs of naïve 

forecast. This behaviour of absolute scaled errors is especially evident when many short 

time series are present. Therefore, as with MAPE, the MASE value is likely to be 

vulnerable to the influence of outliers. Secondly, it was also demonstrated that the 

MASE is equivalent to the weighted arithmetic mean of MAE ratios calculated across 

time series. A well-known disadvantage of averaging benchmark ratios with the use of 

the arithmetic mean is that it does not give equal weight to reciprocal relative changes. 

As a consequence, when using the MASE formula the penalty for reducing the MAE of 

the benchmark forecast is not symmetric to the reward for improving the MAE of the 

benchmark forecast. On average as a result of this asymmetric scaling scheme the 

performance of the benchmark method is overrated. Thus, the MASE formula 

introduces ambiguity when interpreting the results of measurement. 

In order to overcome the imperfections of these well-known error measures Chapter 2 

has proposed an improved general metric of relative forecasting performance that can 

be adjusted to a particular user-specified loss function. The proposed general metric is 

based on aggregating benchmark ratios of user-specified loss functions across time 

series using the weighted geometric mean. The proposed scheme for the aggregation of 

relative performance indicators has the following advantages. 

Firstly, the use of user-specified loss functions to define benchmark ratios enables the 

construction of aggregated indicators of relative performance in accordance with 

different criteria such as improvements in MAE or RMSE. Therefore the criteria used 

to evaluate forecasts can be adjusted to the criteria used to find optimal predictions 
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based on mathematical modelling. Moreover, using a range of loss functions the 

changes in the underlying distribution of errors can be characterised in a more 

comprehensive way. It has also been proven that the GMRAE is a particular case of the 

general metric proposed when the relative loss function is defined as the relative 

Geometric Root Mean Square Error recommended in (Fildes, 1992a). 

Secondly, the use of the geometric mean for the aggregation of relative performance 

indicators ensures obtaining measurement results that are invariant with respect to the 

choice of the benchmark method. Also, the reward given for the improvement of the 

value of the loss function of the benchmark method is symmetric to the penalty given 

for the reduction of the benchmark’s performance in terms of the same loss function. 

Thirdly, the proposed approach can be used to compare the quality of SKU-level 

forecasts across time series with minimal assumptions about the features of the data. In 

particular, it is possible to compare accuracy of methods in the presence of zero-error 

forecasts or non-positive actual values. Also, in contrast to percentage errors the 

assumption of possessing a meaningful zero is not required. Besides, the proposed 

general metric can be directly extended to robust schemes. 

The application to real-world data showed that the general metric proposed in Chapter 2 

can be used to perform a comprehensive and reliable analysis of forecasting 

performance in practical settings. In subsequent chapters the proposed metric has been 

used to perform empirical evaluation of the effectiveness of various models for 

improving the accuracy of forecasts. 
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Thus, the aim of finding appropriate error measurement schemes that could be used to 

adequately evaluate demand forecasts in a wide range of practical settings has been 

accomplished. Based on the results of Chapter 2 it is possible to construct appropriate 

metrics in order to adequately track the accuracy of judgmental forecasts and to 

compare forecasting performance of different methods. In (Fildes, 1992b) the following 

criteria were described by which the adequacy of an error measure should be judged: i) 

interpretability, ii) sensitivity to outliers (robustness), iii) reliability, and iv) the level of 

providing information of the underlying distribution of errors. The proposed scheme not 

only complies with these criteria but also meets the following additional requirements: 

i) invariance of the resulting rankings to the choice of the benchmark, ii) 

correspondence between optimisation and evaluation criteria, and iii) the ability to 

handle zero errors and non-positive forecasts. 

6.1.2. Modelling of Point Judgmental Forecasts and Judgmental 

Adjustments to Statistical Forecasts 

Chapter 3 has focused on the tasks of modelling of the errors of judgmental forecasts in 

a typical situation when available data contains 

(i) a history of point judgmental forecasts for previous periods of time, 

(ii) corresponding actual outcomes. 

It is assumed that all judgmental forecasts used in modelling have the same forecasting 

horizon and relate to the same time series. For a judgmental forecast to be helpful what 

is needed is a statistical model to: 
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(i) find a density forecast and prediction intervals that correspond to a point 

judgmental forecast given for some future period of time, 

(ii) find optimal forecasts in terms of some user-specified loss function, 

(iii) test if the previous point judgmental forecasts were optimal in terms of some 

user-specified loss function, 

(iv) reveal the patterns and the magnitude of persistent systematic errors depending 

on some user-specified loss function. 

Existing solutions to the above tasks are based on the use of CLNR and on the 

assumption that a symmetrical quadratic loss function is used as a user-specified loss 

function. Also, a known solution for task (ii) exists where CLNR assumptions hold true 

and the user-specified loss function used to find optimal forecasts is confined to the 

class of linear non-symmetric functions. 

In this thesis using a real-world data set relating to FMCG it has been demonstrated that 

the assumptions of CLNR are unlikely to hold true in practical settings of demand 

forecasting. In fact, this result could be expected a priori since demand data usually 

contains count observations. Besides, the loss function used implicitly in demand 

forecasting may well be different from the symmetrical quadratic loss or non-

symmetrical linear loss assumed in existing solutions. The aim here has been therefore 

to develop more adequate modelling procedures and to ensure the possibility of using 

an arbitrary specified loss function (including non-linear non-symmetrical functions). 

Chapter 3 has presented two appropriate parametrical regression models that can be 

used to represent the dependency between actual outcome and judgmental forecast for 
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the available FCMG data set. The first model is based on power-transformed variables. 

Empirical analysis has shown that applying power-transformations to the original data 

set helps considerably to improve the properties of the joint distribution of the 

regression variables. As a result, it has been possible to obtain a satisfactory model with 

well-behaved residuals. The second model presented is a count data regression model 

based on the use of the negative binomial distribution. The negative binomial regression 

provided more accurate modelling compared to the model based on power-transformed 

variables. In addition, applying this approach with respect to count observations is more 

adequate since the forecast can be obtained in a form of a discrete probability 

distribution (or probability mass function, PMF). 

In order to obtain density forecasts and prediction intervals based on parametric models 

the Bayesian approach was applied together with MCMC integration techniques. In 

accordance with this methodology the density forecast is obtained directly in a form of 

posterior PDF (or PMF in case of discrete dependent variable) for future unobserved 

values of product demand that are viewed as unknown model parameters. In the given 

context the use of numerical Bayesian analysis gives the following benefits: 

(i) The cost of estimating model hyperparameters is taken into account. The 

Bayesian approach assimilates all sources of variation in a consistent way and 

thereby dispenses with the need to apply so-called ‘plug-in’ approaches. 

(ii) Exact estimates are produced for small samples. 

(iii) The above model specifications can be extended in order to accommodate more 

complex data features if necessary. In fact, any parametrical representation can 
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be used as long as the model is fully specified in terms of a collection of 

conditional distributions. 

(iv) Prior knowledge of parameters domain can be taken into account. In particular, 

it can be assumed that only positive correlation between judgmental forecasts 

and actual outcomes can take place (otherwise the situation would have been 

unrealistic). As a result it is possible to find narrower credible intervals for 

model parameters. In turn, this helps reduce the level of uncertainty associated 

with future demand values, especially in case of small samples. 

(v) Censored observations in case of surplus demand can be taken into account. In 

chapter 3 surplus (non-fulfilled) demand observations were modelled with the 

use of left-truncated conditional distributions. 

(vi) In case of insufficient observations in each time series observations can be 

pooled across time series with the use of hierarchical models. 

(vii) Arbitrary user-specified loss functions can be used for optimisation and for 

testing for the presence of biases. 

In order to obtain optimal forecast in terms of an arbitrary user-specified loss the 

expected loss was minimized based on the posterior density in accordance with the 

Bayesian methodology (either analytically or numerically). Persistent systematic errors 

in terms of a given loss function have been estimated as a difference between the initial 

judgmental forecast and corresponding optimised forecast. The results of assessing 

systematic errors and finding prediction intervals for some of time series from the 

source data set have been visualised by means of prediction-realisation diagrams. 
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Chapter 3 has also proposed a procedure for testing for the optimality of forecasts in 

terms of an arbitrary user-specified loss function. The proposed procedure is based on 

the use of MCMC sampling. At each step the MCMC algorithm generates a new set of 

values of model parameters whose joint distribution converges to the joint posterior 

distribution. Based on the empirical sample of the values of model parameters it is then 

possible to generate corresponding values of optimised predictions in terms of a given 

loss function. For any value of judgmental forecast it is then possible to test if the given 

value of judgmental forecast resides inside the corresponding credible interval for the 

optimised prediction. 

Thus, a sufficiently flexible parametric framework to solve all the above mentioned 

tasks of processing point judgmental demand forecasts has been presented. 

In addition, chapter 3 has also explored the possibility of using non-parametric 

modelling in order to obtain adequate prediction intervals and find optimal forecasts in 

terms of a given loss function. The kernel density estimation (KDE) approach was 

chosen since it requires minimal assumptions about the features of the data. In 

particular, in case of using KDE no symmetry of regression residuals or linearity of the 

regression function is required. Automatic bandwidth selector based on a cross-

validation technique has been used. Based on the empirical analysis it has been 

demonstrated that the KDE approach can be successfully applied in practice. The 

advantage of KDE compared to parametric modelling is that the step of finding 

appropriate parameterisation is not required. Therefore KDE can be used as a quick 

data-driven tool for the analysis of judgmental forecasts. But this advantage comes at 

the cost of higher uncertainty associated with final forecasts. 
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A Monte-Carlo simulation experiment has been conducted that has shown that applying 

linear models in case of non-Gaussian data can potentially lead to wrong conclusions 

about any bias in the forecasts. Therefore linear models should be used with caution 

with a careful analysis of assumptions. 

The effectiveness of both parametric and non-parametric approaches has been 

empirically evaluated in terms of various error measures. The use of non-linear 

parametric approaches proposed in chapter 3 led to significant improvements in 

accuracy compared to the classical linear regression model. The negative binomial 

regression has outperformed alternative approaches. 

In summary, the abovementioned models and methods achieved the objectives of 

chapter 3. 

Chapter 4 has focused on the analysis of judgmental adjustments to statistical forecasts. 

The tasks of statistical modelling here are similar to those solved in chapter 3, but 

additionally the following considerations have been taken into account. Firstly, the 

available information for modelling now includes the baseline statistical forecast. This 

forecast is used as an additional explanatory variable in modelling. Secondly, when 

analysing SKU-level adjustments, typical data usually contains a large number of time 

series of different lengths related to different products with different scales. As a result, 

observations available at a level of an individual series are not sufficient to draw 

conclusions about the systematic deviations of forecasts from corresponding real 

demand values. Therefore special approaches are required to pool data across time 

series in order to reduce the level of uncertainty associated with final forecasts. 
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The topic of modelling judgmental adjustments to statistical forecasts is relatively new 

and only a few modelling procedures have been proposed up to date. In order to bring 

data on a common scale previously proposed procedures analysed in this thesis assume 

that data first is scaled by a standard deviation of actual outcomes in each time series. 

After that actual outcomes are modelled as the dependent variable, while statistical 

forecast and judgmental adjustment are modelled as independent variables. Chapter 4 

demonstrated that such models suffer from the effect of spurious correlation arising as a 

result of dividing both parts of regression equation by a scale variable. As a 

consequence, regression errors become correlated both with dependent and independent 

variables. Thus, the assumptions of OLS become violated and OLS estimates become 

inconsistent. Also, this normalisation procedure invalidates the results of standard 

regression tests. 

The analysis demonstrated that due to the effect of spurious correlation modelling based 

on scaled data generally shows that judgmental adjustments are non-optimal even if in 

truth they are optimal. Moreover, the tasks of finding optimal forecasts in terms of a 

specified loss function, the assessment of prediction intervals, and testing for non-

optimality in terms of a specified loss function have not been resolved in previous 

studies. 

In order to obtain models producing consistent estimates based on pooled data chapter 4 

proposed the use of the following procedures. 

The first modelling procedure proposed is based on hierarchical Bayesian modelling. In 

this case it is possible to attain all the benefits of the Bayesian approach described 
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above for the results obtained in chapter 3. The proposed model specification here is 

based on introducing additional model parameters that would describe individual 

features of each of the time series. At the same time some of the parameters (such as 

regression coefficients) are still common for all the time series. Alternatively, it can be 

assumed that regression coefficients are sampled from some common distribution. 

When a parametric model is defined as a set of conditional distributions it is then 

possible to apply the methods described in chapter 3 to find prediction intervals, 

optimal forecasts, and to assess the optimality of adjustments. However, applying this 

approach is associated with the need to find adequate parameterisation of distributions 

used to specify the regression equations, which in practice can require substantial effort. 

At the same time, when the assumptions of the hierarchical model do not hold true, 

there is a risk of obtaining biased estimates. 

Chapter 4 has also proposed a more practically tractable modelling procedure that is 

based on the analysis of relative measurements. The relative measurements are obtained 

by scaling actual outcomes and judgmental adjustments by the values of statistical 

forecasts. Thus, only the relationship between relative adjustment and relative actual 

outcome is analysed. In this approach non-parametric techniques are used to keep 

model assumptions as generic as possible with regard to both the regression function 

and the error term. The proposed modelling procedure can be used to i) identify non-

optimality of judgmental adjustments in terms of a symmetric linear loss function, ii) 

produce optimal forecasts in terms of a specified loss, iii) produce interval predictions 

and density forecasts. The advantages of the approach are that it reduces the risk of 

model misspecification and allows for a quick and visual analysis. The proposed 
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approach has been applied to three real-world data sets containing large number of 

observations and relating to two different companies. Each of the data sets exhibited 

individual patterns of statistical properties of judgmental adjustments. Generally, 

adjustments have been found to be non-optimal in terms of a symmetric linear loss 

function. The results of this analysis partly comply with what has been reported in 

previous studies of judgmental adjustments, however, for two of the three data sets it 

has been shown that negative adjustments are non-optimal as well. Previous studies 

have reported that negative adjustments are optimal. 

In chapter 4 the improved schemes introduced in chapter 2 have been applied to 

empirically evaluate the accuracy of judgmental adjustments. The results of the 

empirical evolution have been different for different data sets depending on product 

brand. For some data sets the improvements yielded by the use of judgmental 

adjustments were substantial, while for others there was a substantial reduction in 

accuracy. 

On the whole, chapter 4 demonstrated that the accuracy and the patterns of systematic 

errors of judgmentally adjusted forecasts can vary depending on company, expert, 

product group, etc. Thus, for a forecasting manager to understand where problems arise 

it is necessary to perform analysis in each individual case and draw conclusions based 

only on the particular features of the data. 
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Thus, the aims of chapter 3 and chapter 4 have been accomplished by utilising Bayesian 

parametric modelling and non-parametric approaches. As a result it has been possible to 

develop a sufficiently flexible methodology for processing point judgmental forecasts 

and judgmental adjustments to statistical forecasts that overcomes many disadvantages 

and limitations of existing approaches. 

 

6.1.3. Forecasting Using a Joint Model of Judgment and Time Series 

Chapter 5 has been devoted to the development of an approach that is based on the 

incorporation of expert knowledge into a single statistical prediction model.  In contrast 

to the use of judgmental adjustments or combining independent statistical and 

judgmental forecasts this approach does not require producing statistical forecasts based 

purely on historical data as a first step. Instead it is assumed that available expert 

knowledge and statistical data are used simultaneously when estimating unknown 

variables of a statistical prediction model. This approach to integration offers a number 

of advantages over alternative approaches and can be applied in a wider range of 

settings. In particular: 

(i) Since the use of a joint model dispenses with the need for finding the baseline 

statistical forecast, joint modelling can be carried out even in situations when 

the amount of data is insufficient to construct a useful forecast based purely on 

historical data. Moreover, additional efforts for cleansing the historical data for 

the presence of causal events are not required if they are properly described by a 

joint model. 
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(ii) Providing expert forecasts for each period of interest is also not required, which 

helps avoid excessive human participation, and this is typical of many 

applications. This is especially important when analysing high frequency data. 

(iii) At different points of time forecasts for different horizons can be updated 

automatically as new observations become available. 

Previously proposed approaches to joint modelling with the use of judgment and time 

series models were based on Bayesian inference where experts could provide prior 

informative distributions for model parameters. The major limitation of this 

methodology is connected with the difficulties of eliciting informative priors from 

expert opinions. Usually experts do not have enough skill to provide estimates of model 

parameters directly. In addition, it is often the case that the parameters of the model do 

not have intuitively interpretable meaning, therefore they cannot be assessed directly. 

Some authors have proposed applying algebraic transformations of various trend 

functions in order to make the regression parameters more interpretable. However, such 

solutions are tailored to very specific situations and are still difficult to implement in 

practice. 

Chapter 5 has aimed to develop a more flexible and more general approach that would 

correspond to more realistic problem definitions. In particular, it has been assumed that 

expert information is provided either in a form of forecasts for individual periods of 

time or in a form of aggregated forecasts relating to a number of future time series 

values. Also, the joint model should be flexible enough to accommodate various 

complex features of time series model such as stochastic trends, non-linear 

dependencies, seasonality effects, and a non-negative domain. Usually no prior 
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knowledge of the shape of the trend function is available. Additionally, it is has been 

assumed that observed data history can be limited or can contain missing values, 

outliers or censored observations. 

A general model formulation has been proposed that is based on a combined data set 

consisting of historical data and judgmental information given in a form of forecasts. In 

order to achieve the desirable features of the joint model the judgmental forecasts were 

described by means of a set of additional regression equations that relate judgmental 

estimates with future unknown time series values. It has been proposed to obtain 

consistent forecasts based on the joint model by means of Bayesian hierarchical 

modelling. A general MCMC algorithm to estimate the joint model has been described. 

Based on the MCMC algorithm optimal point forecasts and prediction intervals for the 

joint model are found as characteristics of posterior probability density function for 

future time series values. 

Chapter 5 has proposed algorithms that can be used to automatically obtain an exact 

specification of the joint model in a wide range of practical situations. The proposed 

algorithms are based on the use of semi-parametric functions that automatically 

accommodate their shape in accordance with the features of the available data. In 

particular, methods based on spline functions and trigonometric polynomials have been 

described. 

Analysis of different real-world time series has shown that the quality of forecasts can 

be substantially improved as a result of applying the proposed modelling procedures. In 

particular, it has been possible to find forecasts with better approximation of process 
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dynamics, to obtain more adequate confidence intervals, and to reduce the risk of 

extrapolating irrelevant patterns. It has been shown that one particular scenario where 

the proposed modelling procedures are most useful is producing short-term forecasts 

when experts occasionally provide their estimates for longer-term tendencies. 

It has also been shown that the use of additional expert information can change the 

conclusions about time series behaviour compared to the case when only historical data 

is used. It has been demonstrated that the proposed approach can be applied not only to 

find consistent forecasts, but also in order to test the hypothesis about the presence of 

trend when formalised expert opinions are available. 

Thus, in chapter 5 a general framework for joint modelling of judgement and time 

series has been developed and automatic algorithms for choosing an exact specification 

of the joint model have been presented. The modelling procedures proposed overcome 

some serious limitations of earlier well-known approaches and accomplish the aims laid 

out for chapter 5. 

6.2. Practical Importance and Scope of the Research 

The practical purpose of the models and methods proposed in the thesis has been to 

compensate for the lack of capabilities in demand forecasting systems to support the use 

of judgmental forecasting. As discussed in chapter 1 most modern forecasting systems 

do not implement adequate mathematical procedures that can calculate well-calibrated 

prediction intervals associated with judgmental forecasts. However, this functionality is 
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essential in order to ensure efficient inventory control and production planning. Finding 

optimally corrected forecasts is also unavailable in commercial forecasting software. In 

some practical situations there is also a need for mathematical procedures for prorating 

of aggregated judgmental forecasts into individual periods. The results presented in this 

thesis are aimed to solve the above tasks and thereby to enhance the functionality of 

enterprise forecasting systems and to improve forecasting performance in companies. 

It has been shown in chapter 3 and chapter 4 that the use of oversimplified approaches 

can be inefficient and even result in false conclusions about the features of judgmental 

forecasts. For example, as a result of spurious correlation or oversimplified assumptions 

about the conditional distributions of errors it is possible to detect a moderate bias in the 

judgmental forecasts even if in truth they are optimal. Moreover, as shown in chapter 2 

the presence of a combination of undesirable effects when measuring forecasting 

accuracy can confuse users of forecasts as to what method should be chosen for 

practical use. One of the practical purposes of this thesis has therefore been to warn 

researchers and practitioners about the potential risks of using oversimplified and 

inappropriate methods when analysing judgmental demand forecasts. 

It has been found empirically that the results of the thesis can be used to improve the 

quality of SKU-level demand forecasts for FMCG products. However, some of the 

models and methods can be used in a wider range of applications. In particular, the joint 

model of judgment and time series proposed in chapter 5 and corresponding algorithms 

for automatic model specification can be directly applied some types of high frequency 

financial data (such as exchanger rates, stock indices, etc.). One limitation of the model 

specifications proposed in this thesis is that they cannot be used directly for processing 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



259 

 

intermittent demand data. However, the general parametric framework presented in 

chapters 3-5 is sufficiently flexible to accommodate special types of conditional 

distributions that can be used to model intermittent demand. 

Perhaps the major potential limitation of this research is related to the fact that some of 

the modelling procedures proposed would be difficult to adopt by users of forecasting 

support systems (FSS). Due to this reason it is important that the user interface is visual 

enough to ensure better understanding of the methods (for example, with the use of the 

prediction-realization diagrams). It is obvious that the implementation of the additional 

features will require additional expenses on the development and training. But, on the 

other hand, the implementation of flexible methods to support judgment and to provide 

feedback on forecasting performance can lead to greater effectiveness, commercial 

attractiveness, and user acceptability of a FSS (Fildes, Goodwin, and Lawrence, 2005). 

The general scheme for measuring relative forecasting performance presented in 

chapter 2 has its own practical importance. The proposed scheme can be used in various 

areas where it is needed to compare alternative forecasting methods across many series 

with respect to a user-specified loss function. One of the advantages of the proposed 

scheme is that it can be used for both FMCG data and intermittent demand data. 

6.3. Possible Directions for Further Research 

One possible direction for further research is to extend the parametrical framework 

presented in chapters 3 and 4 by using zero-inflated count data distributions (such as 
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zero-inflated negative binomial distribution) in order to model intermittent demand 

data. Having found appropriate parameterizations it is possible to build corresponding 

models of judgmental forecasts of intermittent demand based on pooled data within the 

general framework proposed in the thesis. Also, in many cases experts can associate 

different levels of confidence with their own forecasts in different periods of time. 

Therefore it can be interesting to consider the inclusion of an additional variable 

representing an expert’s confidence associated with his/her forecast. 

Another promising area is related to further development of the joint model of judgment 

and time series presented in chapter 5. It has been shown in chapter 5 that based on 

semi-parametric functions such as splines or trigonometric polynomials it is possible to 

represent gradually occurring changes in trend that can be foreseen by experts.  

However, in some cases (such as promotions, sport events, etc.) changes can occur 

more rapidly and it might be possible to describe the effects of such casual events more 

efficiently by means of functions of a special type such as shown in (Leonard, 2005). In 

these situations the trend component in the joint model can modelled as superposition 

of a function representing regular component and the special function representing 

some casual event. Judgmental forecasts can then be incorporated into the model in a 

form of estimates of the effects of a causal event or in the form of forecasts. 

The behavior and the effectiveness of the joint model with respect to high frequency 

financial data can also present interest. In particular, in order to optimize investments 

and daily operations many companies are interested in forecasts of exchange rates, 

stock indices, commodities prices, etc. Such forecasts are especially important for 

companies operating in international markets due to the need for frequent currency 
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exchange operations. While some web sites and other sources periodically provide 

long-range forecasts of financial variables, for efficient decision-making it is also 

necessary to timely update medium-range and short-range forecasts based on both 

available expert forecasts and latest data. 

Yet another area of development of the joint model is information sharing between 

retailer and manufacturer. Usually manufacturers operate with aggregated forecasts or 

forecasts on less frequent time scales whereas retailers deal with disaggregated short-

term forecasts (Kusters, McCullough, and Bell, 2006). By utilizing the advantage of 

hierarchical Bayesian modelling with different levels of aggregation it is possible to 

automatically update manufacturer’s aggregated forecasts as new observations from 

retailers become available. 

In summary, this thesis had demonstrated that judgmental information can be 

successfully combined into a statistical modeling framework and that in many practical 

situations that combination will lead to improved accuracy (which should be 

appropriately measured). While the general framework has been presented and its 

benefits described, additional empirical analysis is still required in order to assess the 

effectiveness of the proposed modelling procedures in various practical applications. In 

particular, this relates to processing of observations of surplus demand and analysing 

judgmental forecasts in cases of short time series by means of the Bayesian numeric 

methods presented in chapter 3. Also, it remains to be determined whether the methods 

and visual tools presented in this thesis can be easily adopted by the users of FSSs. 
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List of Acronyms and Abbreviations 
 

AIC – Akaike information criterion 

AICc – the small-sample-size corrected version of AICc 

APE – absolute percentage error 

AvgRelMSE, AvgRelMAE, AvgRelRMSE – average relative MSE, MAE, and RMSE 

respectively (defined in section 2.4) 

BUGS – Bayesian inference using Gibbs sampler (software package) 

CLNR – classical normal linear regression 

FMCG – fast moving consumer goods 

FSS – forecasting support system 

GRMAE – geometric mean relative absolute error 

i.i.d. – independent and identically distributed 

KDE – kernel density estimation 

loess – locally weighted scatterplot smoothing 

MAE – mean absolute error 

MAPE – mean absolute percentage error 

MASE – mean absolute scaled error 

MCMC – Markov chain Monte Carlo 

MdAPE – median absolute percentage error 

MSE – mean squared error 

OLS – ordinary least squares 
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PDF – probability density function 

PE – percentage error 

PI – prediction interval 

PMF – probability mass function 

RMSE – root mean squared error 

RE – relative error 

RW – random walk 

SKU – stock keeping unit 

WinBUGS – Windows version of BUGS (software package) 
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Appendix A. Alternative Representation of GMRAE 
 

Let     
  – error of a benchmark forecast for period   in series   (assuming a fixed lead 

time), 

     – error of a forecast being evaluated against the benchmark for period   in 

series   (with the same horizon), 

       – relative absolute error for period   in series  :                  
   (the 

       value is available if both      and     
  have been observed and have non-zero 

values), 

   – a set containing all periods   for which the values of        are available in 

series  , 

   – number of available values of        in series  , 

  – total number of time series, 

      
  – benchmark Geometric Root Mean Square Error (GRMSE) for series   

(in accordance with the definition given in (Fildes, 1992a): 

        
  √∏ (    

 )
 

    

   

, 

       – GRMSE being evaluated against the benchmark for series  : 

         √∏       
 

    

   
, 

                       
  – relative GRMSE (Fildes, 1992a).  

 

Then 

      (∏∏      

    

 

   

)

 
∑   

 
   

⁄

 

                 (∏∏
|    |

|    
 |

    

 

   

)

 
∑   

 
   

⁄

 

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



284 

 

                 (∏
∏ |    |    

∏ |    
 |    

 

   

)

 
∑   

 
   

⁄

 

                  

(

 
 

∏

(

 
√∏ |    |    

  

√∏ |    
 |    

  

)

 

  

 

   

)

 
 

 
∑   

 
   

⁄

 

                  

(

 
 

∏

(

 
√∏ (    )

 
    

   

√∏ (    
 )

 
    

   

)

 

  

 

   

)

 
 

 
∑   

 
   

⁄

 

                   (∏(
      

      
 
)

  
 

   

)

 
∑   

 
   

⁄

 

                  (∏         
  

 

   

)

 
∑   

 
   

⁄

  

  

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



285 

 

Appendix B. Alternative Representation of MASE 
 

According to (Hyndman and Koehler, 2006) for the situation when forecasts 

are made from varying origins but with a constant horizon the scaled error is defined 

as
1
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where     
  – MAE from the benchmark (naïve) method for series  ,      – error of a 

forecast being evaluated against the benchmark for period   in series  ,    – number of 

elements in series  ,      – actual value observed at time   in series  . 

Let the mean absolute scaled error (MASE) be calculated by averaging absolute 

scaled errors across time periods and time series: 
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where    – number of available values of      in series  ,   – total number of series,    

– a set containing time periods   for which the errors      are available in series  . 
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 The formula corresponds to the software implementation described in (Hyndman and Khandakar, 

2008). 
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where      – MAE for the forecast being evaluated against the benchmark. 
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Appendix C. WinBUGS Program for Negative Binomial Regression 
 

# Input data: 

# 

# N    number of observations 

# x    a list with judgmental forecasts for previous periods 

# y    a list with real outcomes corresponding to judgmental 

forecasts 

# x_n  new judgmental forecast for which no outcome is known 

yet 

# 

# 

# Random variables: 

# 

# a,b      coefficients defined in equation (7)    

# mu,k     parameters defined in equation (6)    

# lambda   auxiliary variable for distribution 

reparameterization 

# lambda_n -//- 

# p, p_n   -//- 

# y_n      future demand corresponding to the new judgmental 

forecast  

 

model{ 

      # modelling observed data 

  for( i in 1 : N ) { 

        # stochastic component         

        y[i]~dnegbin(p[i],k) 

   

        # link and linear predictor 

          p[i]<-k/(k+lambda[i]) 

        log(lambda[i])<-a+b*log(x[i]) 

  }   

 

 

      # calculation of PMF for future value 

      y_n~dnegbin( p_n, k) 

       p_n<-k/(k+lambda_n) 

  log(lambda_n)<-a+b*log(x_n) 

   

  

  # prior distributions 

a ~ dnorm(0.0,0.00001) 

  b ~ dnorm(0.0,0.00001) 

   

  k ~ dgamma(0.00001,0.00001)  

 }  
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Appendix D. Monte-Carlo Simulation Program for R Language 
 

 

The Monte-Carlo simulation has been implemented by means of the following 

program written in R language. 

 

 

# set exogenous parameters 

sigma_F=0.4 

mu_F=5 

sigma_Y=0.5 

N=200 

R=10000 

 

# create arrays to store OLS estimates 

b1=array(dim=R) 

b2=array(dim=R) 

 

for(i in c(1:R)) 

{ 

 # generate N values of forecasts and outcomes 

 lnF=rnorm(N,mean=mu_F,sd=sigma_F) 

 lnY=rnorm(N,mean=lnF,sd=sigma_Y) 

 F=exp(lnF) 

 Y=exp(lnY) 

 

 # calculate OLS estimates  

 fit<-lm(Y~F) 

 

 # store OLS estimates 

 b1[i]=fit$coef[2] 

 b2[i]=fit$coef[1] 

} 

 

# construct histograms for OLS estimates 

hist(b1) 

hist(b2) 

 

# output summary statistics for OLS estimates 

summary(b1) 

summary(b2) 
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Appendix E. Comparison of Out-of-sample MAE and RMSE Values 

for Chapter 3 
 

Table E1: Out-of-sample MAE Values 

 

Time 

series 

MAE 

Judgmental 

forecast 
Theil’s 

optimal 

correction 

Double-

log model 

Negative 

binomial 

regression 

Nonparametric 

modelling 

1 22.33 23.33 19.67 18.00 20.67 

2 56.33 52.00 59.17 52.58 59.75 

3 100.42 95.83 113.92 91.50 114.00 

4 56.75 48.42 46.92 50.25 47.33 

5 53.67 53.75 52.08 53.67 55.50 

6 106.58 100.08 93.25 98.92 92.42 

7 33.83 25.58 23.42 25.17 23.00 

8 35.50 49.75 42.00 47.00 43.83 

9 111.00 100.92 87.92 89.33 129.67 

10 110.42 64.92 60.83 59.00 64.83 

11 148.83 136.67 137.92 135.92 142.42 

12 233.42 138.17 143.33 140.75 144.58 

13 119.08 99.67 95.83 101.67 95.00 

14 122.17 119.42 120.08 120.92 119.00 

15 213.08 240.67 232.58 240.58 239.67 

 

 

 

Table E2: Out-of-sample RMSE Values 

 

Time 

series 

RMSE 

Judgmental 

forecast 
Theil’s 

optimal 

correction 

Double-

log model 

Negative 

binomial 

regression 

Nonparametric 

modelling 

1 26.12 28.21 25.24 22.80 26.91 

2 82.60 81.52 87.68 80.60 86.91 

3 116.50 133.14 145.13 116.15 147.31 

4 65.54 64.13 66.87 66.34 66.80 

5 59.23 61.10 59.56 60.25 65.92 

6 139.24 119.44 112.91 118.95 111.29 

7 40.21 32.88 30.66 33.12 29.98 

8 45.29 63.33 52.82 58.24 55.82 

9 139.57 134.37 114.70 119.75 163.54 

10 186.35 93.46 77.37 77.01 87.33 

11 165.57 168.26 166.53 163.69 168.82 

12 268.47 186.00 189.97 189.71 193.77 

13 140.64 129.07 123.92 132.02 122.84 

14 156.54 151.29 149.50 150.63 152.25 

15 282.74 302.25 296.63 301.23 304.61 

  

Davydenko, A. (2012). Integration of judgmental and statistical approaches for demand
   forecasting: Models and methods (doctoral dissertation). Lancaster University, UK.



290 

 

Appendix F. Comparison of Out-of-sample Relative MAE and 

RMSE Values for Chapter 3 
 

Table F1: Out-of-sample Relative MAE Values 

 

Time 

series 

RelMAE 

Judgmental 

forecast 
Theil’s 

optimal 

correction 

Double-

log model 

Negative 

binomial 

regression 

Nonparametric 

modelling 

1 1.00 1.04 0.88 0.81 0.93 

2 1.00 0.92 1.05 0.93 1.06 

3 1.00 0.95 1.13 0.91 1.14 

4 1.00 0.85 0.83 0.89 0.83 

5 1.00 1.00 0.97 1.00 1.03 

6 1.00 0.94 0.87 0.93 0.87 

7 1.00 0.76 0.69 0.74 0.68 

8 1.00 1.40 1.18 1.32 1.23 

9 1.00 0.91 0.79 0.80 1.17 

10 1.00 0.59 0.55 0.53 0.59 

11 1.00 0.92 0.93 0.91 0.96 

12 1.00 0.59 0.61 0.60 0.62 

13 1.00 0.84 0.80 0.85 0.80 

14 1.00 0.98 0.98 0.99 0.97 

15 1.00 1.13 1.09 1.13 1.12 

 

 

Table F2: Out-of-sample Relative RMSE Values 

 

Time 

series 

RelRMSE 

Judgmental 

forecast 
Theil’s 

optimal 

correction 

Double-

log model 

Negative 

binomial 

regression 

Nonparametric 

modelling 

1 1.00 1.17 0.93 0.76 1.06 

2 1.00 0.97 1.13 0.95 1.11 

3 1.00 1.31 1.55 0.99 1.60 

4 1.00 0.96 1.04 1.02 1.04 

5 1.00 1.06 1.01 1.03 1.24 

6 1.00 0.74 0.66 0.73 0.64 

7 1.00 0.67 0.58 0.68 0.56 

8 1.00 1.96 1.36 1.65 1.52 

9 1.00 0.93 0.68 0.74 1.37 

10 1.00 0.25 0.17 0.17 0.22 

11 1.00 1.03 1.01 0.98 1.04 

12 1.00 0.48 0.50 0.50 0.52 

13 1.00 0.84 0.78 0.88 0.76 

14 1.00 0.93 0.91 0.93 0.95 

15 1.00 1.14 1.10 1.14 1.16 
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Appendix G. WinBUGS Program for Tourism Demand Forecasting 

Example 
 

 

model { 

 

#time series values 

   for(i in 2:L) { 

    x[i] ~ dnorm(f[i],taux) 

    f[i] <- x[i-1] + h[i] 

    h[i] <- c + a1*cos(i*pi/L) + b1*sin(i*pi/L) 

  } 

  pi<-3.14159 

    sigma <- 1/sqrt(taux) 

 

#actual outcomes 

  for(i in 1:T) { 

    x[i] <- obs[i] 

  } 

 

#judgmental forecasts 

   for(j in 1:m) { 

   JFC[j,3] ~ dnorm(g[j],JFC[j,4])  

   g[j] <- sum(x[JFC[j,1]:JFC[j,2]]) 

  } 

 

#priors 

  taux ~ dgamma(1.0E-3,1.0E-3) 

  c    ~ dnorm(1.0E-3,1.0E-3) 

  a1   ~ dnorm(1.0E-3,1.0E-3) 

  b1   ~ dnorm(1.0E-3,1.0E-3) 

   

} 

 

 

 

#data 

 

list( 

m=3 , # number of expert forecasts 

T=27, # number of available actual outcomes (forecast origin) 

L=60, # total number of time series values that includes 

      # available actual outcomes and future unknown values 

 

# expert forecasts of total annual departures, 10^6, 

# each row contains: 

# <first month in the year>, 

# <last month in the year>, 

# <expected total departures>, 

# 1/<st.dev.>^2 

JFC = structure( 

      .Data=c( 
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          25,   36,   50.38,   0.83, 

          37,   48,   52.61,   0.10, 

          49,   60,   54.38,   0.04), 

      .Dim=c(3,4) 

      ), 

 

 

#actual outcomes (monthly departures), 10^6 

obs=c( 

3.420, 3.405, 3.523, 3.604, 3.533, 3.584, 3.684, 3.579, 3.668, 

3.730, 

3.816, 3.912, 3.897, 3.844, 3.921, 3.829, 3.926, 4.057, 3.998, 

4.038, 

4.071, 3.819, 3.962, 3.980, 3.979, 3.910, 3.852, 4.139, 4.058, 

4.275, 

4.094, 4.090, 4.105, 4.209, 4.115, 4.249, 4.297, 4.177, 4.486, 

4.428, 

4.453, 4.552, 4.611, 4.636, 4.595, 4.712, 4.683, 4.795, 4.773, 

4.696, 

4.841, 4.827, 4.940, 4.798, 4.804, 4.920, 4.851, 4.849, 4.669, 

4.909) 

) 

 

 

 

#initial values 

 

list( 

 taux = 1.0, 

 c=0, 

 a1=0, 

 b1=0, 

) 
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Appendix H. WinBUGS Program for the Forecasting Over the 

Product Lifecycle Example 
 

 

model { 

 

#time series values 

    for(i in 2:L) { 

       x[i] ~ dnorm(f[i],taux)I(0,) 

       f[i] <- x[i-1] + h[i]        

       h[i] <- sum[i,d+1] 

 

       #calculation of trigonometric polynomial 

       sum[i,1]<-c 

       for(k in 1:d) { 

          sum[i,k+1] <- sum[i,k] + a[k]*cos(k*i*pi/L) + 

b[k]*sin(k*i*pi/L) 

       } 

    } 

 

    pi <- 3.14159 

    sigma <- 1/sqrt(taux) 

 

#actual outcomes 

    for(i in 1:T) { 

  x[i] <- obs[i] 

    } 

 

#judgmental forecasts 

    for(j in 1:m) { 

 JFC[j,3] ~ dnorm(g[j],JFC[j,4])  

 g[j] <- sum(x[JFC[j,1]:JFC[j,2]]) 

    } 

 

#priors 

    taux ~ dgamma(1.0E-3,1.0E-3) 

    c    ~ dnorm(1.0E-3,1.0E-3) 

   

    for(k in 1:d){ 

  a[k] ~ dnorm(1.0E-3,1.0E-3) 

      b[k] ~ dnorm(1.0E-3,1.0E-3) 

    }   

} 

#data 

list( 

m=5 , # number of expert forecasts 

T=4,  # number of available actual outcomes (forecast origin) 

L=20, # total number of time series values that includes 

      # available actual outcomes and future unknown values 
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d=2,  # number of harmonic components 

 

# expert forecasts of yearly product demand, 10 units, 

# each row contains: 

# <first quarter in the year>, 

# <last quarter in the year>, 

# <expected total demand>, 

# 1/<st.dev.>^2 

JFC=structure( 

    .Data=c( 

        1,   4,  50, 0.0016, 

        5,   8, 220, 0.0011, 

        9,  12, 190, 0.0011, 

       13,  16,  70, 0.0016, 

       17,  20,  20, 0.0100), 

    .Dim=c(5,4) 

    ), 

 

#actual outcomes (quarterly demand), 10 units 

obs=c( 

 1.0,  6.2, 19.1, 40.0, 55.9, 45.3, 49.6, 51.7, 56.9, 50.6, 

53.5, 54.3, 45.4, 23.8, 17.9, 11.3,  7.7,  2.4,  2.5,  0.5) 

) 

 

#initial values 

 

list( 

 taux = 1.0, 

 c=0, 

 a=c(0,0), 

 b=c(0,0), 

) 
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