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This white paper addresses some aspects of Questions 1.a, 1.b and 2.b from the Whitepaper
Questionnaire relevant to the formulation, analysis and computation of Heterogeneous numerical
methods (HNMs). An HNM describes a complex, multidisciplinary system incorporating many
different computational “parts” functioning as one whole. HNM simulations on next generation
computer platforms (NGPs) can advance multiple scientific and technological aspects of DOE’s
mission [2], ranging from examining the integrity of the nuclear stockpile and weapon surety in
abnormal environments to assessing the vulnerabilities and risks of natural and human systems to
climate change. Delivering on this promise depends on tackling two principal challenges: (i) trans-
lation of increasingly sophisticated mathematical descriptions of complex physical phenomena into
compatible, stable, accurate, and physical property-preserving numerical models, and (2) ensuring
that these numerical models are performant on NGPs.

There is a growing consensus that the translation of more and more complex mathematical de-
scriptions into predictive numerical models requires new mathematical and algorithmic approaches
for the formulation of HNMs in which “different types of discretizations, appropriate to a par-
ticular scale in different portions of the domain, are employed” [1, p.29]. Although compatible
and structure-preserving discretizations may be available for the basic constituent components of
a complex mathematical model, their assembly into a stable and accurate HNM on the one hand,
and ensuring that the latter preserves physical properties on the other hand, is not trivial and
does not follow from the compatibility of its “parts”. In particular, stable and structure-preserving
does not imply property-preserving. Thus, addressing this task requires us to go beyond compatible
discretizations and seek new strategies for developing the next generation of numerical methods.
Its urgency is further underscored by the inability of the currently dominant multiphysics solution
strategies, derived from first-order-accurate operator splitting and decoupled or loosely coupled
nonlinear solution methods, to deliver on the promise of exascale simulations. These strategies
often rely on heuristics to control splitting errors, and lack the stability properties needed to carry
out simulations over dynamic scales of interest [13, §3.1].

At the same time, as the mean time between failures on NGPs is projected to shrink to hours
or even minutes, while only small speed improvements are expected in the conventional disk-
based checkpointing of the full system state, the lack of “smart” fault tolerance technologies could
become one of the critical stumbling blocks on the path to exascale. In particular, it could drive
application utilization, a measure of useful work performed by high-performance computing (HPC)
systems, to essentially zero. Schroeder et. al. [12] argue that taking faster checkpoints is the
most effective and possibly the only viable strategy for sustained application utilization at extreme
scales, recommending that any application capable of compressing its checkpoint size should pursue
this path.

We submit that multiple aspects of these challenges can be addressed by leveraging optimiza-
tion and control ideas in the development of new classes of Property Preserving (PP) and Heteroge-
neous Numerical Methods, as well as the development of optimally efficient, physics-based checkpoint
compression and restarting algorithms for fault-tolerant, exascale simulations. The success of this
strategy rests on two key factors: (1) our ability to couch a given computational task or collec-
tion thereof, into a constrained optimization problem, and (2) availability of scalable optimization
algorithms for the latter.
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Our previous work in optimization based remap and transport [8, 7, 9] provides a proof of
principle for this strategy in the context of property preserving methods, while development of
optimization-based decomposition and synthesis methods [5, 4, 10, 6] demonstrates the potential
of optimization ideas for the development of HNMs.

The optimization-based approach derives its key computational advantages from the fact that
it represents a divide-and-conquer strategy that separates accuracy considerations at the level of
each constituent component and at the HNM level from the preservation of physical properties.
Specifically, we define the solution as an optimal state that minimizes the mismatch to a given
target solution that has the best possible accuracy subject to constraints enforcing the desired
physical properties. In so doing the optimization approach avoids imposing restrictive mesh and
representation conditions on the discretization that would be otherwise required to maintain a
desired physical property such as a discrete maximum principle [11, 14] or local solution bounds
[3]. In summary, we conjecture that

Development of fast, scalable optimization algorithms for new classes of optimization
problems resulting from the above optimization-based strategy could play the same role
for Heterogeneous Numerical Methods as the development of fast, scalable linear solvers
did in the past for conventional PDE methods.
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