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The curse of dimensionality exists in multiple phenomena. For example, spurred by
advances in detector technology and X-ray optics, beamline upgrades for the Advanced
Photon Source will produce an exponential growth in the volume and complexity of experi-
mental data. Similarly, understanding the mechanics and structure of materials at nanoscale
presents an ever-growing challenge related to the huge number of degrees of freedom borne
from the high-dimensional spaces in which increasingly high-fidelity material models are
defined. Domain-, data-, and approximation-based hierarchies are present in many such
problems, but can be challenging to expose and exploit for purposes of design and discov-
ery. Although computational resources have grown significantly over the last few years,
their growth alone will not suffice to address the volume and complexity encountered in
such applications. Additionally required are mathematical algorithms that, when coupled
with complex modeling approaches and parallel techniques, can be scaled up to the size and
structure necessary to handle the challenges in this era of exploding dimensionality.

Multilevel optimization methods present one avenue for taking advantage of a known
hierarchy. Multilevel methods are extensions of the traditional multigrid technique that
enable broader application and stronger guarantees of convergence [2]. In addition to faster
results, experience shows that optimized multilevel algorithms can provide better quality
solutions [1]. However, such an approach relies on existence of carefully designed hierarchical
models of an underlying optimization problem. In this hierarchy, calculations on coarser
levels, which are less expensive but also of less fidelity than finer levels, are used to accelerate
the progress of the optimization on the finest level. Because exploitable hierarchies are often
hidden and/or difficult to construct, applications of multilevel optimization to potential
applications including data analysis, inverse problems, and quantum chemistry are still
underexplored.

Emission/transmission tomographic reconstruction and nonorthogonal configuration in-
teraction for calculating multielectron excited states are two examples we use to illustrate
these challenges.
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For tomography, hierarchy exists naturally on the discretized image/sample grid, and
multilevel optimization should formulate a consistent set of coarse-scale optimization prob-
lems and then solve the original finest-scale inverse problem by moving between fine and
coarse resolution levels recursively. The data space admits a natural hierarchy as well. The
question is how to design the interpolation/restriction operators when facing multiple types
of parameters living in different spaces (e.g., the data and sample spaces) so that the coarse
level problem can be cheaper while still preserving the coherence between these two spaces
on the finest level. [3] has shown a successful application of multilevel method on opti-
cal diffusion tomography where multilevel optimization showed almost mesh-independent
convergence speed. However, multilevel optimization did not prove to be as robust for emis-
sion/transmission tomography. One obstacle is to find an appropriate underlying solver that
is able to separate the high and low frequency of the underlying Hessian of the optimization
problems across levels.

In condensed matter physics, understanding coupled multielectron systems is a chal-
lenging problem. Within nonorthogonal configuration interaction, the optimization of the
orbital coefficients can be exceptionally tricky [4]. One method, known as few determinants
(FED), optimizes only a small part of the expansion at a time, whereas resonating Hartree
Fock (ResHF) optimizes the whole expansion at once. FED has seen wider use in large
expansions due to the complexity and difficulties of optimizing the whole expansion, but
ResHF gives both a better answer and has better theoretical properties. By exploring the
hierarchical structure in the parameters of ResHF, which can quickly grow into tens of
thousands of parameters, one can design a corresponding multilevel optimization approach
to accelerate the performance. Based on the given objective function, the challenges are:
1) how to design the coarse level surrogate model when the hierarchy is not obvious; 2)
How to directly construct the coarse level surrogate model when the analytical derivative
information is unavailable while still maintaining consistency of the optimization problems
across levels.

Successful exploitation of multilevel optimization requires appropriate choices of the
underlying solver, restriction/interpolation operators, and the coarse level surrogate model.
Furthermore, more rigorous theoretical results would help to guide the performance of
multilevel optimization on a broad class of problems.

References

[1] Zichao Di, Maria Emelianenko, and Stephen Nash. Truncated newton-based multigrid
algorithm for centroidal voronoi diagram calculation. Numerical Mathematics: Theory,
Methods and Applications, 5(2):242–259, 2012.

[2] Stephen G Nash. Convergence and descent properties for a class of multilevel optimiza-
tion algorithms, 2010.

[3] Seungseok Oh. Nonlinear multigrid inversion algorithms with applications to statistical
image reconstruction. PhD thesis, Purdue University, 2005.
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