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There is a significant need for developing mathematical tools for projecting high-dimensional dynamics into
a set of low dimensional field variables. Specifically, we need a systematical computational framework for
constructing high fidelity models of multiscale multiphysics systems that no longer fit into traditional hypothesis-
driven based description, to mathematical rigorous models accounting for nonlocal spatial/temporal correlations
and scale-dependent fluctuations arising from interactions on smaller scales. This will enable us to establish
predictive modeling of both the non-equilibrium dynamic process as well as uncertainty quantification of target
quantities of interest for various multiscale multiphysics systems relevant to DOE’s missions in BES, BER, etc.
One example is the predictive modeling of nanoscale material synthesis. Currently, there is no numerical method
that can establish the accurate pathway between sub-nanoscale interactions and various assembly structures
observed at the millimeter scale.

During the past few decades, a large body of numerical methods have been developed and achieved great
success in computational modeling based on equations that model activities at certain scales and strong coupling
between phenomenological descriptions with empirical scale separation and parameterization. This approach is
primarily based on strong assumptions on the implications of the smaller scales to the scale of interest and has led
to models characterized by partial differential equations which are local in space and time. Various hypothesis-
driven modeling equations have been proposed to approximate the evolution path within low dimensional space
of field variables, such as Einstein’s pioneer work on Brownian motion, heat equation, Navier-Stokes equation,
etc. However, for multiscale multiphysics modeling, due to the generally nonlocal energy-dissipation process
of such systems, hypothesis-driven based modeling equations may still exhibit limitations to characterize the
evolution dynamics. For example, for nanoscale synthesis modeling, governing principles such as Fick’s, Darcy’s
and Fourier’s law break down in general; the subtle nanoscale interactions play a profound effect on the final
assembly structure, which can not be characterized and predicted by the current computational frameworks.

In order to establish predictive modeling of multiscale-multiphysics systems, new mathematical tools are
needed to construct high fidelity physics-compatible models beyond hypothesis-driven modeling. These physics-
based models will need to be derived in a rigorous way from representations at a more fundamental scale so that
all the effects of the smaller scales on the scales of interest are properly accounted for. The construction of such
mathematical rigorous model is centered around the projection of the full phase space dynamics onto a set of low
dimensional field variables. While a mathematical framework such as the Mori-Zwanzig formalism provides a
general way for constructing such projections, there are two essential research gaps that still remain largely open.

The first obstacle lies in the accurate parameterization of the constructed model with nonlocal spatial/temporal
correlations and fluctuations. It is well-known that the Mori-Zwanzig formalism leads to a memory term rep-
resenting the non-Markovian energy-dissipation process. The numerical evaluation of such a term becomes
computationally intractable for practical systems, which limits the application of the projection formalism. Re-
cent work in Ref. [1] circumvents partially this difficulty by developing a data-driven approach to parameterize
the memory term of the linearized generalized Langevin equation with rational functional approximation which
accurately predicts non-equilibrium properties such as the reaction rate. On the other hand, efficient parameteri-
zation of the model equations with non-linear field variables and memory remains an open question.

The second obstacle lies in setting up the mathematical framework for the constructed stochastic models
with non-local fluctuations. Due to the non-Markovian nature of the energy-dissipation process, the stochastic



modeling equations involve in general a colored noise contribution. For such systems, the density evolution can-
not be characterized accurately by a traditional Fokker-Planck equation. Moreover, the theoretical framework of
non-equilibrium transition dynamics (e.g., Kramers’ theory) as well as transition path sampling techniques (e.g.,
string method) developed for white noise process can not be applied herein. Further investigation is needed to es-
tablish the mathematical framework that enables predictive modeling of the non-equilibrium transition properties
of multiscale multiphysics systems.

In summary, by filling the aforementioned gaps, research work along this direction is expected to bring
broad impact on predictive modeling of multiscale multiphysics systems such as nanoscale hierarchical material
synthesis, transport process in porous media, biomolecule and soft matter assembly, as well as numerical methods
on improving the convergence rate of multiphysics system such as climate model coupled with sub-grid model
equations.
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