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Abstract
Positivity is one of the most common and most important characteristics of mathematical
models, yet it is very diﬃcult to preserve numerically. In fluid flow problems, for instance,
densities, pressures, and concentrations are always positive, and is the depth of water.
However, numerical discretizations of the equations describing such flows frequently generate
negative values. This leads to meaningless solutions and, in many cases, to outright failure
of the computation. While some progress has been made in recent years, the existing theory
generally does not apply to realistic situations, or prescribes step-sizes that are too small
for practical use.
This project seeks to improve the existing theory positivity and strong stability preserving discretizations, and to develop robust positivity preserving methods for realistic applications. Building on recent work of the PIs, a theory of positivity preserving methods will
be developed for initial value problem ODEs. This theory will be used to develop optimized
numerical methods. The methods will then be applied to complex applications including
combustion chemistry, multicomponent compressible flows, and electrical discharges.
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– Gábor Takács, András Horváth (faculty, minor time commitment)

• At the University of Massachussetts-Dartmouth:
– Sigal Gottlieb (PI): 20% time commitment
– 1 student
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1 Research Narrative
1.1 Summary
The goal of this project is to investigate numerical methods that preserve important physical
properties of time-dependent problems. One such fundamental physical property is positivity:
for example, in a simulation of gas dynamics the pressure cannot physically be negative. Hence a
physically meaningful numerical simulation must not generate negative pressure values! To this
end, we focus our study on numerical methods that preserve positivity and the related property
of strong stability. We first seek to extend and refine the theory in order to provide more
realistic and widely applicable conditions for positivity preservation. Then we will validate the
theory using applications in combustion chemistry, multicomponent fluid mixing, and electrical
discharge problems.

1.2 Motivation and Examples
Perhaps the most common and fundamental mathematical requirement in physical models is
that of positivity. For instance, pressures, densities, concentrations, and probability densities
are, by definition, non-negative. Hence, positivity constraints are inherent in many important
scientific problems. However, numerical solutions of scientific models often generate negative
values. This may happen even when the numerical method is stable and highly accurate. In
fact, the tendency to produce negative values may, paradoxically, increase with the order of
accuracy of the numerical discretization.
In real problems, it is common that the solution value in some region may be exactly or
nearly zero; for instance, the depth of a body of water must go to zero at the shore. This is
especially challenging numerically. Loss of positivity may cause a computation to fail or produce
meaningless results. Practitioners commonly resort to crude fixes, such as resetting a negative
value to a small positive threshold. This typically adds some unphysical mass or energy and
degrades the accuracy of the solution. This ”fix” has the virtue of ensuring that the simulation
always provides an answer, even if it is the wrong one. However, it is not a satisfactory approach
when an accurate solution is required.
Here we present two illustrative examples of numerical positivity violation. The examples
are meant to emphasize that positivity preservation is a challenge in diverse applications, both
simple and complex.
1.2.1

An Epidemiological Model

The first example is taken from [3], and involves a model for the spread of rabies in a fox
population. The mathematical model is a diﬀusion-reaction system of SIR type with variables
s, q, r representing the susceptible, the infected but non-infectious, and rabid, infectious foxes,
respectively. Similar systems appear in many chemical combustion problems; in fact, reactiondiﬀusion models like this are common in many important applications. In the real application
and in the true solution of the mathematical model, s, q, and r remain always non-negative.
In [3] Estep shows a numerical solution corresponding to a positive initial condition, computed
by the professional software package PDEASE. PDEASE is a component of MACSYMA, which
uses an adaptive finite element method. The figure below shows the equations and the numerical
result, which includes a large negative value of r. In fact, this negative value grows if the desired
error tolerance is reduced.
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1.2.2

Industrial problem: high voltage breaker simulation.

The second example involves a code developed at Széchenyi István University to model high
voltage circuit breakers. The code was designed and validated by a large group of researchers to
solve the equations of compressible gas flow with radiation and moving boundaries. The target
problem domain involves extreme temperatures, pressures, velocities, and conductivities.
Here we consider a simpler validation problem that involves only fluid dynamics. A 3D
chamber is filled with hot gas, which then flows out through a nozzle. In the pictures below we
display the density (ρ) and the temperature (T ) distribution in a plane section near a nozzle.
The time step used is based on a linear stability analysis. After several steps, the code breaks
down due to violation of positivity. Negative values occur first in the temperature and then in
the pressure.
Analysis of a model test problem shows that the CFL constant indicated by linear stability
analysis should be halved in order to ensure positivity. Applying this reduced time step cured
the problem in the more complex flow problem as well.

1.3 Aims
Positivity is one important example of an inequality constraint that is often violated in numerical
solutions. A closely related constraint is that of strong stability or monotonicity, which mean
that some convex functional of the solution is non-increasing in time. In fact, these properties
are related to the presence of an invariant manifold, which indicates the fundamental dynamics
of a system. A numerical solution that seeks to capture the qualitative behavior of such a system
must discretely preserve this manifold in some sense. For brevity, in this proposal we will often
use the term positivity preservation generically to indicate preservation of qualitative properties
like positivity or strong stability.
We aim to investigate widely used numerical methods of applied mathematics from the point
of view of preservation of positivity, strong stability, and other ordering preservation concepts.
We explicitly exclude consideration of equality constraints like energy conservation, whose numerical preservation is described by a very diﬀerent and well-developed theory. By comparison,
numerical positivity preservation is much less well understood.
The existing theory of strong stability preservation (cite here) and of positivity preservation
([10], [12]) rely on very general assumptions regarding the numerical method and system of differential equations. This allows their straightforward application to the analysis of new problems
and methods, but limits the sharpness of the theory for specific classes of problems. This project
aims to further develop, extend, and apply this theory in the following ways.
Investigate the absolute monotonicity radius and its limitations. The existing theory prescribes a timestep restriction proportional to the absolute monotonicity radius R of the
method. In several respects, R is not fully understood.
1. Study and prove important open conjectures regarding the maximal value of R for
general linear methods
2. Examine the relationship between very large R and poor accuracy
3. Develop methods using downwinding with optimal R, and establish accurate ways to
implement boundary conditions for these methods
4. Formulate a theory of absolute monotonicity for exponential, Rosenbrock, and general
split methods
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Figure 1: Number of contagious foxes (generated by a commercial package; note the large negative
value)

Figure 2: Density(left) and temperature (right) distribution at subsequent time steps. Black
cells denote negative values.
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5. Develop optimized absolutely monotonic methods applicable to advection-diﬀusionreaction type equations (Runge-Kutta Chebyshev, exponential, and Rosenbrock methods)
Develop more practical step-size restrictions for positivity and SSP. In practice, the stepsize indicated by R is often too conservative. We will develop better criteria for positive
or SSP step-size selection.
1. Investigate barriers and optimal methods in terms of the monotonicity radius. The
monotonicity radius is less restrictive than the absolute monotonicity radius and more
relevant for some applications
2. Identify optimal step-sizes for positivity by finding attractive, positively invariant
subsets
3. Extend the present theory of positivity preservation and SSP for general linear methods to include starting procedures.
4. For interesting classes of linear methods, find suitable starting procedures that optimize the step-sizes for SSP of the combined scheme.
Develop positivity preserving discretizations for challenging applications. The ultimate
goal of the theory developed here is to provide eﬃcient and robust integration methods
for realistic problems. Applications that will be investigated as part of the project include
combustion chemistry, multicomponent compressible flows, and electrical streamers.
1. Develop a theory for locally adapted methods. The properties of positivity preservation and SSP are relevant for PDEs in the vicinity of shocks or steep gradients. In
spatial regions where the solution is smooth the discretizations in time and space may
be chosen such that local accuracy and linear stability are optimal.
2. Develop and validate positivity preserving methods for very large combustion chemistry systems, in collaboration with researchers in KAUST’s clean combustion research
center.
3. Develop and validate positivity preserving and SSP methods for multicomponent compressible flow simulations with shocks.
4. Develop and validate positivity preserving and SSP methods for modeling electrical
streamers.
These aims are described in the next three sections.

1.4 Investigation of the absolute monotonicity radius
The problem we seek to solve takes two forms. In the first, we are given an initial value problem
(IVP) for time dependent diﬀerential equation (or initial-boundary value problem for PDE),
a qualitative property, such as positivity, and a numerical method. The task is to find the
step-sizes, as large as possible, such that the numerical method applied to the IVP preserves
the property. In the second form, we are given the IVP and the property, along with a class of
numerical methods. The goal is to find, among this class, the method that preserves the property
under the largest step-size.
The existing theory states that the time step condition ∆t ≤ τ0 R is suﬃcient for positivity
or strong stability preservation. Here ∆t is the numerical time step size, and τ0 and R depend
on the system of diﬀerential equations and on the time integration method, respectively [11, 5].
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Specifically, τ0 can be interpreted as the largest stepsize under which the Explicit Euler method
(EE) preserves the qualitative property, and R is the absolute monotonicity radius of the method.
Given the importance of R as the method-dependent factor determining the positive or SSP
step size, our first objective is to improve theoretical understanding of R for the class of general
linear methods and extend the theory to useful methods outside this class.
Conjectures on the absolute monotonicity radius. The value of the absolute monotonicity radius R is subject to several limitations, some proven and others conjectured. We will
seek to resolve some of the open conjectures, such as:
• R ≤ 2s for 2nd order GLMs, where s is the number of stages
• GLMs with maximal R are diagonally implicit
• The order p satisfies p ≤ 2k + 2 for k-step GLMs with R > 0
Accuracy of methods with large absolute monotonicity radius. Outside the class
of GLMs, it is possible to have R > 2s and p > 2; in fact we can even have unconditional
strong stability (R = ∞). Very large or infinite values of R can be achieved by diagonallysplit Runge-Kutta methods and by Runge-Kutta methods with downwinding (see below), but
in both cases the methods suﬀer from poor accuracy when the the time-step is large. We will
investigate whether there is an intrinsic tradeoﬀ between high accuracy and large monotonicity
radius. A result in this direction would have far-reaching consequences for numerical integration
with qualitative constraints.
Methods using downwinding. In the discretization of hyperbolic conservation laws, it is
often possible to define semi-discretizations that are dissipative in either the forward or backward
time directions, by use of upwinding or downwinding, respectively. This has led to a generalization of the absolute monotonicity radius [7, 8, 6]. Several important questions remain open
regarding these methods:
• What is the optimal way to write a given Runge-Kutta method as a ”split” method involving downwinding (cf. Higueras 2005)
• Can the radius of absolute monotonicity be infinite for implicit methods with downwinding?
• How does one implement boundary conditions for downwind methods?
Absolute monotonicity for new classes of methods. The theory of positive and SSP
methods has so far been limited to the classical families of Runge-Kutta and linear multistep
methods. SSP theory was recently extended to general linear methods [18], and positivity theory
has been extended to diagonally split methods [10]. We will extend the full theory of positive
invariance preserving methods to include general linear methods and general split methods.
This will allow a better understanding of existing methods in these classes, and may enable
development of methods with better properties than what is possible among Runge-Kutta and
multistep methods.
Additionally, we will develop a theory of absolute monotonicity for exponential and Rosenbrock methods, which are important in the solution of stiﬀ semilinear DEs and will enable the
study of combustion chemistry and electric streamer applications below. Once the theory of
positivity is established for these broad classes of methods, we will investigate optimal positivity
preserving methods in these classes. This will include numerical optimization of the absolute
monotonicity radius. We will also investigate optimized methods with specialized linear stability
properties, such as Runge-Kutta-Chebyshev methods for mildly stiﬀ problems.
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1.5 Necessary step-sizes for positivity and SSP
Although for certain problems and initial values the bound τ0 R is strict, i.e. it is the largest
step-size that guarantees the preservation of positivity or strong stability, in many important
applications this theory cannot be applied or it is too pessimistic. Reasons for this are:
• In many practical cases, the explicit Euler method does not preserve the qualitative property with any fixed positive step-size from all initial values, i.e. τ0 > 0 cannot be proven
• Many methods of practical importance (for example, the classical fourth order Runge–
Kutta) have radius of absolute monotonicity R = 0 .
• Even if τ0 and R are positive, in several cases the simulation preserves the desired qualitative
property even with much larger step-size than τ0 R.
In light of these deficiencies, we seek to develop sharper step-size restrictions for positivity and
SSP.
The monotonicity radius. Positivity and SSP can be considered as positive (i.e. forward
in time) invariance of certain convex sets. For some classes of problems there exists a positively
invariant set that attracts all solutions with positive initial conditions, and the step size threshold
for the positive invariance of this set is much larger than τ0 R. Here, instead of the radius of
absolute monotonicity R, another measure of the numerical scheme called monotonicity radius
(see [11]) becomes relevant. The monotonicity radius can be much larger than R and provides
a sharp step-size restriction in important practical situations. We will examine important properties of the monotonicity radius, such as the maximal monotonicity radius with respect to the
number of stages, steps, and order of a method, the maximal order of methods whose radius is
positive or infinite, and so forth. We will also search for methods with optimal monotonicity
radius by numerical optimization.
Attractive and positively invariant subsets. By considering attractive, positively invariant sets, it is possible to improve not only the factor R, but also τ0 . A relevant property
here is the mathematical concept of ordering preservation (also called the cone property) [19],
which provides powerful tools to prove long term behavior of continuous-time and discrete-time
dynamical systems (see, e.g. [9, 1]). Ordering preservation often shows the presence of an inertial
manifold, which determines the maximal step-sizes guaranteeing a qualitative property after a
while – this can be much less severe than considering conditions valid for the whole state space.
In our case, we are able to use the concept of a tangent cone to identify step-sizes which will
preserve positivity and certain strong stability conditions. Starting from these suﬃcient and
necessary conditions, we will construct appropriate polyhedral and ellipsoidal invariant sets, and
the corresponding optimal τ0 .
Starting procedures for general linear methods. In the standard theory on positivity
and SSP properties of general linear methods arbitrary input values are considered. Often this
leads to severe time-step restrictions.
For a class of linear two-step methods it is known [15, 16] that much better results can be
obtained by considering – instead of arbitrary input values – suitable starting procedures. At
present these results are put in a wider perspective for some specific classes of linear multistep
methods (work in progress by Hundsdorfer, Mozartova & Spijker, based on the general results
obtained in [14]). The step-size restrictions obtained for such combinations of linear multistep
methods and starting procedures are in good agreement with observations in numerical tests.
We want to extend these results for linear multistep methods to interesting classes of general
linear methods, in particular predictor-corrector methods and hybrid multistep methods. Apart
from the benefit of allowing larger step-sizes, a theory which includes starting procedures is much
closer to actual implementation of a general linear method.
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1.6 Eﬃcient positivity preserving discretizations for challenging applications
Simple test problems will be used throughout the project in order to confirm theoretical results
and guide development of good methods. However, the purpose of the theoretical work is to
develop eﬃcient methods for realistic applications.
Locally adapted schemes. Many applications involve complex dynamics only in small
localized spatial regions; for example, the solution of a hyperbolic conservation law will in general
have shocks and contact discontinuities in a small part of the spatial domain, whereas in the
rest of the domain the solution is smooth. If one applies a WENO discretization in space,
this discretization will adapt itself automatically to the local smoothness. It can then also be
beneficial to adapt the time stepping method. In the non-smooth regions the method should have
good monotonicity properties, but in the smooth regions classical linear stability requirements
will be more important, and this may allow larger time steps and/or better accuracy in the
smooth regions.
However, if diﬀerent methods are applied locally, then accuracy at the interfaces is a matter
of concern. For a combination of the implicit BDF2 method and its explicit, extrapolated
counterpart, it was shown in [13] that for linear problems with a steady interface the accuracy
will not be adversely aﬀected, but general results of this kind are not known at present.
It is to be expected that the accuracy at the interfaces may be disappointing for certain combinations of methods. In that case a mollified approach will be investigated, where there is no
abrupt change in method but a gradual change using smooth partitions of unity. For the development of such locally adapted schemes a thorough understanding of the local discretization errors
(in the PDE sense) and their transfer to global errors is required. Along with the error analysis
and the selection of suitable methods, we will also give attention to eﬃcient implementations.
Application to combustion chemistry: Combustion models often involve hundreds or
thousands of chemical species, reacting in a nonlinear fashion over a wide range of time scales.
Numerically, this often leads to loss of positivity of some species concentrations. We will focus
here on a problem posed to us by KAUST researcher Fabrizio Bisetti. Dr. Bisetti is especially
interested in the use of Krylov-subspace based exponential integrators, which are well-suited to
such problems because of the sparse nature of the Jacobian. Dr. Bisetti came to us because he
found that a theory for positivity preservation in this context is lacking, and the existing linear
stability theory is not adequate to prescribe appropriate step-sizes.
Application to multicomponent mixing of inviscid compressible flows: These problems frequently involve discontinuities or sharp gradients. Specially designed spatial discretizations can handle these shocks and remain stable, but their combination with the time-stepping
methods is critical for maintaining stability. As mentioned above, maintaining the positivity of
pressure and density is a challenging problem (see e.g. [2], [17]). Preserving positivity of the
mass fraction for the various components is also a challenge. These diﬃculties are especially
challenging when shocks approach low-density regions. This application is also of high interest
for KAUST’s clean combustion center.
Application to electrical streamers. If a strong electric field is imposed on a non-ionized
medium, electric break-down initially occurs in the form of so-called streamers: growing ionized channels in the non-ionized background. Streamers occur in atmospheric processes (various
forms of lightning) as well as in industrial applications; for instance, removal of volatile organic
compounds from waste gases. Streamer propagation is described by a system of advectiondiﬀusion-reaction equations for the electrons and various ions, together with a Poisson equation
for the electric potential. If negative concentrations of electrons are introduced in a simulation, the direction of the local electric field will be incorrect, leading to non-physical dynamical
behaviour.
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For some of these problems we shall investigate applications involving complex 3D geometries
(drawn by, for example, ProEngineer) with unstructured meshes generated by industrial meshers
(such as Altair’s HyperMesh). This requires the use of sophisticated production codes; for the
sake of productivity and performance we shall use an existing code framework provided by Zoltán
Horváth and collaborators in Gyor.

1.7 Rationale for funding by KAUST
This research is of fundamental importance to computational science, since it promises to benefit
any simulation involving intrinsically positive quantities. Important application areas where positivity preserving simulations are essential include some of KAUST’s main research thrusts, such
as combustion modelling, population models in marine science, fluid flow problems in catalysis,
just to name a few.
Throughout the project, attention will be paid to maintaining a balanced focus advances
that are both theoretically important and practically meaningful. Each of the PIs has a strong
record in conducting research that with strong impact in both mathematics and computational
applications.
Two additional unique strengths characterize this project. First, it places a heavy emphasis
on the education and training of new Ph.D.’s through collaborative, interdisciplinary research.
In fact, most of the requested funding goes to support five doctoral students. The second
remarkable feature of this proposal is the strong commitment of the collaborators and their
institutions, evidenced by matching funding and detailed collaboration plans. More than one
third of the funding for this project will be provided by other sources.

2 Management Plan
2.1 PI’s Responsibilities and Resource Commitment
David Ketcheson will coordinate and manage the project, and the other PI’s will report progress
to him on at least a monthly basis. Each PI will be responsible for subprojects (defined in the
work plan) on which he is the lead, as well as for the budget at his institution. Additionally,
each PI will be responsible for advising one or more students involved in the project at his own
institution, and for mentoring involved students from the other instutions during visits.
Each of the graduate students involved will be assigned to one or possibly two related subprojects, partitioned in a way appropriate to the development of a doctoral dissertation. The
student will meet with his advisor at least once weekly to discuss progress. The students will
also be involved in video conferences with the other PIs and students working on the same or
closely related subprojects. Finally, each student will visit at least one of the partner institutions
for several weeks to work with the PI there on a subproject diﬀerent from his thesis work.

2.2 Responsibility for subprojects
David Ketcheson and his two graduate students involved in this project will have primary responsibility for resolving open conjectures on the absolute monotonicity radius (with Gottlieb) and
developing a theory of absolute monotonicity for exponential and Rosenbrock methods (with
Horváth), as well as applying this theory to positivity of combustion problems of interest to
KAUST’s clean combustion research center. In addition, Dr. Ketcheson will collaborate with
Sigal Gottlieb on optimal design of methods with downwinding and with Zoltán Horváth on
construction of positively invariant sets. Dr. Ketcheson will devote at least 30% of his time, and
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will have two Ph.D. students working full-time on the project. Additionally, Dr. Ketcheson’s
baseline funds will be used to fund 50% of the costs at KAUST.
Zoltán Horváth will work with a PhD student (to be recruited) on theory and applications
concerning positively invariant sets. This group will create a unified theory of positivity, SSP and
other qualitative properties based on positively invariant sets. This work will focus particularly
on Runge-Kutta and Rosenbrock type methods. This group will also work in collaboration with
David Ketcheson on investigating positivity of general linear methods and split methods, and
will collaborate with Willem Hundsdorfer’s group studying starting procedures for multistep
methods by use of positively invariant sets. Z. Horváth and his group will also be responsible
for investigating inertial manifolds for problems in combustion chemistry, heat transfer and
mixing of fluids. The concept of monotonicity radius will then be applied to these problems.
Finally, this group will construct invariant sets for the project applications, in collaboration with
Sigal Gottlieb. Two faculty members from Széchenyi István University will be involved as well,
particularly in supervising coding and discussions connected to applications. This group will test
conditions on positivity developed by the other PIs of the projects and provide support for the
PIs for making their own codes within the framework. Zoltán Horváth will devote 15% of his
total time on this project.
Sigal Gottlieb, with a graduate student, will be responsible for a thorough study of the eﬀect
of downwinding on the allowable time-step, including the analysis of the class of split methods,
numerical optimization to arrive at optimal methods, numerical and mathematical analysis of
the reduction of order phenomenon if it occurs, and a comparison to this phenomenon in other
methods (in collaboration with David Ketcheson). Among the topics examined will be an analysis
and implementation of boundary conditions. They will also work on proofs of the time-step
bounds and order barriers for SSP general linear methods, and join with Zoltán Horváth in an
investigation of the positivity properties bounds in selected cases. Finally, she will work with all
three PIs on applications of optimal methods to prototype problems to investigate the sharpness
of the time-step restriction. Dr. Gottlieb will devote at least 15% of her total time to this
project.
Willem Hundsdorfer, with one graduate student, will be responsible for the study of starting
procedures and the local adaptation of discretizations. Along with these topics, Hundsdorfer will
also examine, in collaboration with Horváth and Ketcheson, variants of Runge-Kutta-Chebyshev
methods to improve the positivity properties of such methods. Hundsdorfer will spend at least
20% of his total time on this project.

2.3 Preparation of reports
The partner financial reports will be prepared separately by each PI. Each PI will also separately
prepare the portions of the Technical Progress Report related to sub-projects over which he has
primary responsibility. Each portion, including the activities completed, acitivities planned, and
collaborative activities, will be prepared at least 2 weeks in advance of the report deadline. The
integration of these reports into a single document will be done in turns, with each PI taking
overall responsibility for one or two of the 6 required semi-annual reports. When possible, a
workshop (see below) will be scheduled shortly prior to reporting deadline, so that the report
may be assembled at the workshop.

2.4 Communication
Monthly video conference meetings will be held using Skype or or Google Wave, to report and
coordinate work among the PIs. More frequent (weekly or bi-weekly) communication will be
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conducted between parties working together on specific sub-projects.
The project will also require substantial face-to-face communication, which will naturally take
place during planned workshops, conference sessions, visits, and student exchanges, as outlined
in the collaboration plan. Based solely on already-planned visits and events (discussed below),
the PIs will meet directly on at least seven diﬀerent occasions during the first year of the project.
Further meetings are being planned.

3 Collaboration Plan
The proposed research is interdisciplinary in that it involves expertise in the fields of numerical
analysis, dynamical systems, numerical optimization, algorithms, and application-specific knowledge in chemistry, and compressible flows. Each of the PIs possess unique knowledge and tools
that will facilitate this work. In fact, the proposed work is in some respects an eﬀort to combine
and generalize work that has been done independently by diﬀerent PIs. In our experience, it is
precisely this kind of interaction that often leads to substantial breakthroughs.

3.1 Complementarity
Dr. Ketcheson is an expert in the theory and optimization of nonlinearly stable time integrators.
The proposed work builds on Dr. Ketcheson’s previous work on optimal and eﬃcient strong
stability preserving methods, and makes it practically useful for applications in chemistry and
compressible flow, which are of interest to his collaborators at KAUST. His group’s unique
contributions will include experience and codes for numerical optimization of time integrators.
Zoltán Horváth is an expert in positivity preservation and dynamical systems theory, and
also brings substantial experience related to practical problems in real, industrial problems. His
group will facilitate testing of newly developed time integrators on industrial 3D engineering
problems supplied by his collaborators in the automotive industry.
Sigal Gottlieb is a founder of the field of numerical strong stability preservation, and is an
expert in spatial discretization methods for PDEs, including spectral, WENO, and discontinuous
Galerkin methods. Together with David Ketcheson and Chi-Wang Shu, she is authoring a book
that will be the definitive work on strong stability preserving methods. Her group’s unique
contributions will include expertise on strong stability preservation for hyperbolic PDEs, and
codes for implementation and testing of specialized time integrators in conjunction with these
important classes of spatial discretizations.
Willem Hundsdorfer is an expert on discretization methods for time-dependent partial differential equations. Together with Jan Verwer, Hundsdorfer wrote in 2003 a monograph for the
Springer Series in Computational Mathematics, where positivity and related monotonicity properties have been treated extensively. Along with theoretical investigations, the contributions of
this group will include the expertise for large-scale applications in physics, in particular electrical
gas discharges, and related problems with sharp interfaces.

3.2 Workshops
At least once yearly, KAUST or one of the partner institutions will host a 1-week workshop,
during which all of the involved personnel will gather in one place to report on their progress
and plan the next year’s work. The workshop will also feature presentations by scientists and
engineers working in relevant applications, who will discuss their application area and examples
of where positivity or strong stability preservation constraints play a role. The semi-annual
reports will also be assembled during these workshops.
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At least two of these workshops will be held at KAUST, one each during the first and third
years. A workshop for this purpose is already being organized at Széchenyi István University
in February 2011. The workshop is entitled ”Positivity Preservation in Numerical Methods for
Diﬀerential Equations”. The cost of this workshop will be furnished by the host institution.
The cost of these workshops will be very small, since it will involve only the project PIs,
students, and several applications researchers at the host institution. Thus the main cost will
be the travel expenses of the project participants. Optionally, a workshop may be organized to
coincide with a relevant conference.

3.3 Conference Sessions
At least once yearly, but probably more often, the PIs will organize sessions at international
conferences dedicated to developments in positivity and strong stability preservation. This will
provide additional opportunities for the PIs to do collaborative work in person, as well as serving
to communicate results to the broader community. These sessions may also emphasize relationships with applications, or with high performance computing, for instance, and will include
presentations by researchers doing related work but not involved in this project.
Sessions of this kind already organized by the PIs include minisymposia at the SIAM 2010
Annual Meeting in July and the ICNAAM conference in September 2010, as well as at the
”Conference on Simulation and Optimization” at Széchenyi István University in July 2011.

3.4 Visits and Student Exchanges
This project will involve students at KAUST, Széchenyi István University, U. Mass.-Dartmouth,
and CWI. In addition to their participation in the monthly video conferences and semi-annual
workshops, each student involved in the project will be hosted for several weeks each year at one
of the partner institutions, working with one of the project PIs. In this way, the students will
receive broad exposure to all of the tools and scientific disciplines related to the project. These
exchanges will also serve to enhance the collaboration between the PIs.
Some initial exchanges have already been planned. David Ketcheson’s students will attend
the positivity workshop at Széchenyi István University in February 2011 and will remain for a
short time as they learn how to work with the simulation framework developed there.
Additional short visits will be arranged by the PIs on occasion, in order to facilitate brief but
intense collaborative work. For example, David Ketcheson will visit Sigal Gottlieb’s group during
July 21-23, 2010, to work together on proving conjectures on the absolute monotonicity radius.
Three of the PI’s (Ketcheson, Gottlieb, and Horváth will meet at the SIAM annual meeting
in July for additional work. Prof. Ketcheson will also visit Zoltan Horváth’s group during
September 29-30, 2010, to begin work on a general theory of numerical forward invariance of
positive sets.

4 Outcomes & Impact
Interdisciplinary scientific impact. Numerical preservation of positivity is fundamental to
almost any scientific work that involves simulation. Important application areas where positivity
preserving simulations are essential include some of KAUST’s main research thrusts. Strong
stability and other ordering preservation properties are also very important to simulations in
these and other fields. Hence, this fundamental research project will have very broad long-term
impact across disciplines, by enabling more accurate and robust simulations in many scientific
fields.
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More specifically, this research will provide eﬃcient time integration methods that preserve
positivity, strong stability, and other ordering preservation properties inherent in physical quantities. In addition, this research will provide specific guidance as to which time-stepping methods
are best suited to specific applications.
Often, the impact of new numerical techniques takes years or decades to be felt in applications. This delay can be avoided by closer interaction between mathematicians and application
scientists. The PIs all have collaborations with scientists in one or more of the project’s application fields, and will accelerate this impact by helping their non-mathematician collaborators
to use the numerical methods developed in this work. This will lead to a new generation of
application codes that will not suﬀer from problems like the loss of positivity observed in section
1.2.
More immediately, this work will substantially improve simulation techniques in its application focus areas of combustion chemistry, mixing of compressible gases, and electrical streamers.
The new methods developed and tested in this work will give practitioners in these fields a much
better alternative to the crude ”reset” fix mentioned in section 1.2. This will, in turn, lead to
more accurate simulations and better understanding of these fields.
This work will also have significant broad impact in numerical analysis, by clarifying general
situations in which linear stability analysis is not suﬃcient to ensure nonlinear stability properties, and enhancing understanding of nonlinearly stable time integration methods. Sponsoring
fundamental work like this will help to position KAUST as a leader in scientific computing
research.
Educational Impact. A major thrust of this proposal is the training and education of multidisciplinary computational scientists. The demand for computational mathematics and modern
applied mathematics has dramatically increased in the last few decades, and with it the critical
need to train students in these subjects. In April of 2009, the World Technology Evaluation
Center (WTEC) released a blue-ribbon panel report [4], sponsored by the NSF, DOE, NIH, DOD,
NIST, and NASA titled ”International Assessment of Research and Development in SimulationBased Engineering and Science.” One of their primary conclusions was that ”Education and
training of the next generation of computational scientists and engineers proved to be the number
one concern at nearly all of the sites visited by the panel. ”
This project will support five doctoral students, including two at KAUST. The students will
benefit from international collaboration with the PIs and their institutions, as well as multidisciplinary interactions and applications with the PI’s collaborators. This training will prepare
them well for the collaborative, interdisciplinary nature of computational science research.
Mechanisms. To maximize their impact, results of this work will be widely disseminated
through lectures and minisymposia at international meetings, and through publication in highimpact journals in the fields of applied mathematics and computational science. Additionally,
results on applied problems will be published journals of the application field, in order to promote
the use of the new methods by scientists in that field.

5 Work Plan
Below we list the subprojects that form part of this work. For each subproject, we also list
the PI(s) who will be responsible and the project years during which it will be conducted. The
details of each subproject are given in sections 1.4-1.6.
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Sub Project
Conjectures on the
absolute monotonicity
radius

Year
1-2

Absolutely monotonic
methods with
downwinding
Splitting methods
and accuracy of
methods with R = ∞
Absolute monotonicity of
exponential, Rosenbrock,
and RKC methods

1

Research Timeline
Researchers in Charge
Ketcheson, Gottlieb
Ketcheson will travel to UMassD, in July 2010
to begin this project with 3 days of intense
collaborative work.
Gottlieb, Ketcheson

2

Ketcheson, Gottlieb, Horváth

1-3

Discretization of
inertial manifolds
in applications
Investigation of the
monotonicity radius
Numerical positive
invariance of sets

1-2

Horváth, Ketcheson, Hundsdorfer
During years 1-2, a theory of absolute monotonicity
for exponential and Rosenbrock methods
will be developed. During years 2-3 optimal
methods in these classes will be found.
Horváth

1-2

Horváth, Ketcheson

1-3

Positivity and SSP
for general linear
methods with
starting procedures
Locally adaptive
time stepping
with positivity
Positivity and
SSP discretizations
in applications

1-3

Horváth
During year 1, a general theory of numerical preservation
of positively invariant sets will be developed.
During years 2-3, this work will focus on
construction of positive invariant sets
for particular problems and discretizations.
Hundsdorfer, Horváth
(with invariant sets)

1-3

Hundsdorfer

2-3

Gottlieb, Horváth, Hundsdorfer, Ketcheson
This will include study of problems in
combustion chemistry, multicomponent mixing in
compressible flows, and modeling of electrical streamers.

6 Justification of Resources
The primary expense of this work is the support of the graduate students involved in the project.
This reflects the strong commitment of the PIs and of KAUST to training exceptional researchers
in applied mathematics and computational science.
This project makes judicious use of leveraged support from other available resources, enabling
the funding provided by KAUST’s university research fund to go much further. At KAUST, 50%
of the project costs will be paid from David Ketcheson’s baseline funding. At Széchenyi István
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University, 60% of the funding for the project will be paid from another source during the first
year (this source will not be available in later years). Additionally, Széchenyi István University
will host at least one workshop for the project (in Feb. 2011) and will pay the costs for this
workshop. At CWI, more than 50% of the overhead costs will be provided by institutional funds.
At U. Mass.-Dartmouth, tuition fees have been waived. At all four institutions, all or part of the
PI salary for time dedicated to this project will come from institutional funds. Hence the value of
the project is very great relative to the small cost to KAUST. In fact, the total contributed funds
(without even including all of the contributed workshop expenses) are more than $439K, which
represents more than one third of the total budget for the project. Furthermore, the eﬀective
overhead rate charged by the partner institutions is less than 28%, meaning that a very high
proportion of the KAUST-provided funds will directly support research activities.
In addition to the costs associated with the involved students, funding has been requested
for small amounts of summer support for the PIs Gottlieb and Horváth, in order to allow them
to dedicate more of their research time to the project. At Széchenyi István University, a very
small amount ($2K/year) is requested for the support of two researchers who will facilitate the
use of codes essential to the application portions of the project. These researchers will also be
involved in training the students in application areas and in these codes.
Small but significant amounts of travel funding requested at each institution will allow the
collaborative work described in the proposal (workshops, student exchanges, visits, and conference sessions). Additional funds have been requested for hosting workshops at KAUST during
year 1 and year 3. Finally, funds have been requested for customary supplies and for student
laptops.
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