Supplemental materials
A. Truncated Levy model for TDTR Experiment
Single Pulse response T3D(r,t) using equations (4) &(11) in [Ref. 24]

Numerical Hankel transform
Numerical Fourier Transform

Green's function G(h,f) of semi-infinite semiconductor

Thermal quadrupoles model
transducer-semiconductor coupling across thermal interface resistance

INPUT gaussian pump beam
WEIGH OUTPUT with probe beam

Single Laser pulse response of transducer surface

Mathematical processing [Ref.28,29]
pulse repetition, modulation, lock-in detection

Ratio of In-phase to out-of-phase signal versus pump-probe delay

Compare to Experimental DATA and extract best fitting parameters

B. Raw Data Fittings using Truncate Levy model

C. Error Analysis
A MATLAB function lsqnonlin has been used to Extract TL model paramters by minimizing the
error [F(X)] between experimental ratio curves and simulated one using TL model.
The Estimation Error is to be evaluated using the Variance –covariance matrix extracted as
following:
𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 − 𝐶𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 = 𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 ∗ (𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 ∗ 𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛𝑇 )−1
The Jacobian is evaluated as following:
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Where X will be TL parameters and Fm is the error function at certain delay time.
Residual is the difference between the Experimental ratio curves and simulated one at the
optimum extracted parameters.
𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝐸𝑟𝑟𝑜𝑟 = √𝐷𝑖𝑎𝑔(𝑣𝑎𝑟 − 𝑐𝑜𝑣𝑎𝑟 𝑚𝑎𝑡𝑟𝑖𝑥)
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Covariance between α and uBD
The covariance for control sample is higher than all nanoparticles sample except 0.5% (almost
equal). However, Error map for the 0.5% sample show the confidence area to be confined and
kind of far from hyperbolic shape (sign for correlation). It worth saying that for our nonlinear
problem, the covariance is not ultimate measure to the correlation but we can make
comparative judgments through it. This implies higher correlation for the control sample.
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Figure C1: Error map (logarithm of the cumulative square
error) with confidence intervals for the extracted TL
parameters (α, uBD). Error map for 0.5 % ErAs/AlInGaAs
sample. The confidence interval shows that the
correlation between α, uBD is very minimal.

D. Scattering mechanisms vs normalized frequency

In this section, we present the frequency dependence of scattering rate for different
mechanisms. Also, the effective scattering rate using Mathieson‘s rule is shown. For
three nanoparticles concentrations (0.1%,1%,10%), Umklapp mostly dominates at
low frequency (relevant range for thermal conductivity at low temperature); while
the nanoparticles starts to affect the middle region of the frequency range. Then,
alloy scattering dominates at high frequency range.

E. The Impact of Al transducer thickness on the Extracted Parameters
From the sensitivity analysis, Aluminum transducer thickness is known to be the largest source of
uncertainty. Even though Al thickness is measured independently using acoustic echoes in the TDTR
signal1, a small error of ~1ps in identifying the location of the acoustic echo will correspond to variation
in extracted thermal conductivity by ~10% .
The Al transducer for all ErAs:InGaAlAs samples was deposited at the same time such that any deviation
in the desired thickness will be the same for all samples. However, it is still very useful to study how the
variation of the Al thickness will impact the extracted parameters. The nominal thickness of the Al
transducer layer was 50nm based on electron beam evaporator setting. Acoustic echo in the TDTR signal
was at the same location for all ErAs samples and it showed an Aluminum thickness of 50.1nm. In the
figures below, we have run the fitting algorithm for Al thicknesses larger and smaller than the nominal
thickness by 3nm (6%). For the extracted thermal conductivity, the variations by 11-12% are almost
twice as the variation in the Al thickness. This is similar to the results obtained in Fourier parameter
identification. For the ballistic-diffusive transition length (uBD), the estimated number is within 4%. This
can be understood from its relation with the effective mean-free-path that should vary in response to
the thermal conductivity variation. More importantly, the fractal Levy exponent (α) is robust against the
variations in the Al thickness (<0.6%).
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*Note: The 10% ErAs nanoparticle results are not shown above. It turns out that varying Al layer by 3nm,
will introduce large errors in extracted Levy transport parameters for this particular sample. We have observed
that error bounds for samples with short range superdiffusive transport are relatively large (see Error maps & Error
bars in the main manuscript). In cases where Lévy transport happens over very small length scales (short u BD), it is
hard to extract non-diffusive characteristics of the transport with narrow confidence interval.

