A Heuristic Model for 3D Layered Materials with 2D
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Honeycomb layered oxides are a novel class of materials generally exhibiting high ionic conductivity with battery applications. Owing to their honeycomb structure and layered framework, this class of materials is thought to harbor unique electrochemistry and physics. Here,
a heuristic diffusion model of the charged alkali cations (such as lithium, sodium or potassium) in two-dimensional (2D) honeycomb layers within the three-dimensional (3D) crystal of
honeycomb layered oxide is proposed. The model relates the excitation of cationic vacancies
(by applied electromagnetic fields) to the Gaussian curvature deformation of the 2D surface.
The quantum properties of the cations and their interlayer mixing through quantum tunneling are also considered. This work offers a novel theoretical framework for the study of 3D
layered materials with 2D cationic diffusion currents, whilst providing pedagogical insights
in the role of geometry in Brownian motion and quantum theory.
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Introduction

Condensed matter physics is primarily concerned with studying the properties of all phases of
matter vis-a-vis fundamental physics principles. Typically, this entails identifying an idealised,
highly symmetrica or topologically constrained theoretical model which captures the physics of
the relevant phenomena in question. In this regard, much of theoretical and experimental efforts
mainly focus on highly symmetric crystal lattices with specific topologies where the bulk of the
desirable physics occurs. Fairly recently, a burgeoning class of layered oxides with a honeycomb
lattice (honeycomb layered oxides) has garnered interest due to a host of desirable electrochemical,
magnetic and topological properties such as high voltage (high energy-density) capacity, magnetospin interactions and high ionic conductivity.1–16 These properties are attributed to their diversity
of composition and the honeycomb lattice of the alkali charge carriers.

Here, we first introduce this diversity by classifying them in general formulae of the honeycomb layered compounds, whilst focusing on an exemplary sub-class adopting the composition
2+ 6+
+
2+ 6+
A+
2 L2 D O6 (or equivalently as A2/3 L2/3 D1/3 O2 ), where A = K, Li or Na is an alkali cation

(potassium, lithium or sodium respectively) constituting high ionic conductivity. Due to the large
interslab/inter-layer separation distance (∆z  l where l is the screening length of electromagnetic interactions along the z direction), the A cationic transport channels are typically confined to
two dimensions (2D).

Secondly, we explore this cationic transport by considering a heuristic model of an idealised
a

symmetries of the crystal, the action or quantum anomalies

2

three-dimensional (3D) layered material that we conjecture to capture the electrodynamics and diffusion properties of the cations in the honeycomb-layered materials described above. The idealised
layered material admits diffusion currents along two dimensions (2D), where the inter-layers act
as tunnel barriers classically untraversable by the cations. Finally, further insights are provided on
possible effects of the honeycomb topology, applied magnetic fields and other crystalline symmetries expected to significantly impact the predictions of our heuristic model.

Throughout the paper, we set Planck’s constant and the speed of light in the crystal to unity
(h̄ = c̄ = 1.) We employ Einstein’s summation convention together with the Minkwoski 2D
+ 1 and 3D + 1 metrics, gab ≡ diag(1, −1, −1) and gµν ≡ diag(1, −1, −1, −1) to lower the
Roman and Greek indices respectively. The Roman indices i, j, k are reserved for Euclidean space
gij ≡ diag(1, 1, 1). We will apply minimal coupling procedure when considering curved spacetime.
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Honeycomb Layered Oxides

Honeycomb layered oxides are a growing class of compounds, which generally adopt the following compositions:
+
2+ 6+
+
3+ 4+
+ 2+ 6+
+ 2+ 6+
3+ 4+
A+
3 L D O5 (A6/5 L2/5 D2/5 O2 ), A4 L D O6 (A8 L2 D2 O12 or A4/3 L1/3 D1/3 O2 ),
+ 2+ 4+
+
2+ 4+
+
3+ 5+
+ 2+ 5+
3+ 5+
+ 2+ 5+
A+
2 L D O5 (A4/5 L2/5 D2/5 O2 ), A3 L2 D O6 (A L2/3 D1/3 O2 ), A2 L D O6 (A2/3 L1/2 D1/3 O2 ),
+ 2+ 6+
+
2+ 6+
+ 2+ 4+
∗+ 3+ 5+
+ ∗+ 3+ 5+
A+
3 A L D O6 (A A1/3 L1/3 D1/3 O2 ), A2 L2 D O6 (A2/3 L2/3 D1/3 O2 ), A2 L3 D O6
+ 3+ 5+
+ 3+ 5+
+
3+ 5+
2+ 4+
(or equivalently as A+
2/3 L D1/3 O2 ), A4 L D O6 (A8 L2 D2 O12 or A4/3 L1/3 D1/3 O2 ),

3

+
4+
+
3+ 6+
+
3+ 6+
4+
A+
2 D O3 (A4/3 D2/3 O2 ), A4.5 L0.5 D O6 (A1/2 L1/6 D1/3 O2 ), where L can be Zn, Mn, Fe, Co, Cu,

Ni, Cr, Mg; D can be Bi, Te, Sb, Ta, Ir, Nb, W, Sn, Ru, Mo; A and A∗ can be alkali atoms (such
as Li, Cu, K, Rb, Cs, Ag and Na with A 6= A∗ ), transition metal atoms, for instance Cu or noble
metal atoms (e.g., Ag, Au, Pd, etc). Over the years we have been witnessing a proliferation of various honeycomb layered compositions being reported.1–11, 17–38, 40 From a crystal structural point of
view, honeycomb layered oxides comprise alkali cations A+ sandwiched in a framework containing layers or slabs of L and D atoms, coordinated octahedrally with oxygen atoms. The LO6 and
DO6 octahedra assume a honeycomb configuration within the layers; thus the name – honeycomb
layered oxides. Figure 1 shows a honeycomb layered oxide framework with a general formula:
2+
+
2+
6+
6+
A+
2 L2 Te O6 (A2/3 L2/3 Te1/3 O2 ), where A = Li, Na and K. We shall focus on this interesting

oxide series due to its high ionic conductivity.1, 2, 5–8 Indeed the manner in which the non-magnetic
A cations are sandwiched between the magneto-active honeycomb layers of LO6 and TeO6 octahedra, endows the alkali A cations with very high diffusivity along the layers. Owing to their diversity
of composition and high energy density, honeycomb layered oxides play host to rich electrochemistry that has found numerous applications especially in battery technology.1–5, 7, 9, 10, 12, 16, 30, 31, 39

In the next section, we shall explore generic properties such as the ionic transport along the
2D honeycomb channels by introducing a useful model from heuristic arguments.
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The Model

~ xy V = (Ex , Ey , 0) in the x and y direction
We introduce a voltage, V producing an electric field −∇
along the x − y (honeycomb) plane of the crystal and preclude electromagnetic interactions and
classical motion of A cations along the z direction (shown in Figure 1) which we assume are
negligible due to the condition ∆z  l, where ∆z is the inter-layer/interslab separation and l is
the screening length for electromagnetic interactions along the z direction.

Considering a single layer, and treating the cations as a fluid of charge density ρ, we can
proceed to introduce the charge density vector j a = (ρ, ~j), where local charge conservation on the
x − y plane imposes the divergence condition ∂a j a = 0 with a solution, j a = σxy εabc ∂b Ac where
σxy is the conductivity of the cations in the x − y plane, Aa is the electromagnetic vector potential
and εabc is the totally anti-symmetric Levi-Civita symbol. This solution means that electromagnetic
theory in 2D naturally leads us to the Chern-Simons term εabc ∂b Ac .41, 42 This term contains only
three electromagnetic fields: the magnetic field in the z direction, Bz and the electric fields, Ex
and Ey in the x and y direction respectively, as displayed in Figure 2(a) & 2(b).

Ansatz 1 However, the honeycomb introduces further constraints on the electrodynamics of the
cations. In particular, since the cations (absent the applied voltage) is known to form a 2D honeycomb lattice where the cations that contribute to the diffusion current (mobile cations) are assumed
to be extracted by the potential energy of the applied voltage/electric fields (as shown in Figure
2(b)), the total number of these mobile cations (g ∈ integer) ought to be related (e.g. through
Figure 2(c)) to the quasi-stable 2D configurations displayed in Figure 2(d), 2(e) & 2(f), where
5

each configuration supplies a unit mass m and charge q (where q = +e ' 1.6 × 10−19 C for
A = K, Na, Li, etc) leaving a vacancy in the lattice while simultaneously constituting a diffusion
current,
~
~j ≡ qρxy (~n × ~v ) = σxy (~n × E)

(1)

~ = (Ex , Ey , Ez ) is the applied electric field, ~n =
where ~v = (vx , vy , vz ) is the velocity vector, E
(0, 0, 1) is the unit vector normal to the honeycomb surface oriented in the x − y plane, ρxy =
−mK(x, y)/4π is their 2D mass density (equivalent to their 3D number density), K(x, y) is the
Gaussian curvature43 of the honeycomb surface M after extraction of g cations which satisfies the
definite integral (Gauss-Bonnet theorem44 )

R
M

d(Area)K(x, y) = 2πχ where χ = 2 − 2g is the

Euler characteristic of the unbounded surface M with g ∈ integer the genus of M . This means that
R

d(Area) ρxy ≈ mg for g  1 leading to

M

R
M

d(V ol) ρxy ≡

R
M

d(Area)

R
1/m

dz ρxy (x, y) ≈ g.

Ansatz 2 We proceed by considering a second ansatz,
Z
S(t, ~x) = i

i
∂
dt hψ| |ψi −
∂t
2

Z

d~x · ~n × D−1~v ,

(2a)

where S(t, ~x) is the classical action, |ψi is the quantum mechanical wavefunction (kernel) of the
charged fluid of the cations respectively and D is the diffusion coefficient of the cations. Note that
setting d~x/dt = ~v , the kernel has the solution |ψi = exp(iS) as expectedb (and thus satisfies the
normalisation condition, hψ|ψi = 1), since the second term becomes
1
2

R

1
2

R

dt (d~x/dt) · ~n × D−1~v =

dt (dxk /dt)D−1 εijk ni v j = 0 which identically vanishes.

For a closed path ∂M however, it need not vanish. In particular, plugging in eq. (1) into eq.
b

by Feynman’s path integral reformulation of quantum mechanics45
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(2a) yields
1
2

I

σxy ~
1
d~x · ~n ×
E=
qDρxy
2
∂M

Z

~ xy ·
d(Area) ∇

M

σxy ~
E.
qDρxy

Substituting the Einstein-Smoluchowski relation D = µβ −1 and the Langevin result for ionic conductivity σxy = q 2 µρxy yields by Stoke’s theorem, 12 qβ

R
∂M

(Ey dx−Ex dy) = 21 qβ

R
M

~ xy ·
d(Area)∇

~ Naively, we are tempted to substitute Gauss’ law of electromagnetism ∇
~ ·E
~ = qρxy (x, y)/ to
E.
this result where  is the permittivity within the 3D crystal. However, we ought to consider that the
dynamics of the cations is confined in 2D where a Chern-Simons theory applies. This means that
the 2D charge density is proportional to the flux46 within the boundary ∂M shown in Figure 2(b).
~ xy · E
~ = −8πρxy /q = 2K(x, y)/q c and the argument of |ψi transforms
Thus, instead we have ∇
as S → S + i2πβmΦ where we have defined the potential Φ as,
Z
d(Area) K(x, y) ≡ −2πΦ(x, y).

(2b)

Consequently, the solution for |ψi transforms to,
|ψi = exp i(S + i2πβmΦ).

1
This requires that Φ(x, y) ≡ − 4π

R

(2c)

~ xy · ν~v = 2K(x, y) such that 1/ν =
d~x · ~n × ν~v → −∇

mµ = mD/kB T is the mean free time between collisions of the cationsd where Φ(x, y)|M = −χ.
c
d

The factor of 8π is required for consistency with eq. (7)
R
~ xy · E
~ = −8πρxy /q are consistent with the Langevin
The definitions Φ(x, y) = −(4πm)−1 d~x ·~n × µ−1~v and ∇

~ + ~η and 0 = d~
~ + ~η with the random force ~η = 0.
equations 0 = d~
p/dt = −µ−1~v + q E
p/dt = −µ−1~n × ~v + q~n × E
See also eq. (4) and eq. (9c).
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Notice that Φ(x, y) is reminiscent of a fictitious imaginary Aharonov-Casher phasee and
R

d(V ol)ψ ∗ ψ ≡ hψ|ψi = exp(−4πβmΦ) ≡ hni takes the form of a Boltzmann factorf represent-

ing the dynamics of the cations. Setting ψ = hρxy i1/2 exp(iS) and |ψi = hni1/2 exp(iS) implies
R

d(V ol)ψ ∗ ψ =

R

d(V ol)hρxy i = −hχi/2 = hgi − 1 leading to the bosonic identity,
hgi − hni = 1.

(3a)

In second quantisation formalism, the wavefunction can be defined as a Bogoliubov transformation,47
ψ̂ = hgi1/2 â + hni1/2 exp(iS)â† ,

(3b)

ψ̂ † = hgi1/2 â† + hni1/2 exp(−iS)â,

(3c)

where â and â† are harmonic oscillator annihilation and creation operators respectively satisfying
the commutation relation [â, â† ] = [ψ, ψ † ] = 1 which is equivalent to eq. (3a). Thus, the wavefunction acts on the harmonic oscillator ground state as â |0i = 0 and h0| â† = 0 which guarantees
ψ̂ |0i = |ψi and hψ| = h0| ψ̂ † . Finally, Boltzmann’s entropy formula, S = ln g, where the genus
g ≥ 1 is taken as the number of microstates in the system, guarantees the entropy vanishes when
n = 0 and the g = 1 torus given in Figure 2(d) represents the ground state of the system.

Typical diffusion dynamics in 3D We first note that for an Itō process driven by the standard
Wiener process, the charge density function ρ of diffusive charges at equilibrium temperature sate

Aharonov-Casher phase γAC = −

R
∂M

~ is the geometric phase acquired by the wavefunction of a
d~x · µ
~ ×E

neutral particle along a path ∂M around charges, where µ
~ is the magnetic moment of the neutral particle.48, 49
√
f
Alternatively, since the wavefunction is no longer normalised when Φ 6= 0, it is clear that hni ≡ Z can also be
interpreted as a Lehmann weight renormalising the wavefunction |ψi → |Ψi =

8

√

Z −1 |ψi and hΨ|Ψi = 1.

isfy the Fokker-Planck equation,50
0=

∂ρ
~ · ρ~v + ∇
~ · D∇ρ,
~
= −∇
∂t

equivalent to the Langevin equation
0=m

1
d~v
~
= − ~v + q ∇V,
dt
µ

(4)

and the Boltzmann factor ρ ∝ exp −βqV which are typically used to derive σxy = q 2 µρxy = qµρ
and the Einstein-Smoluchowski relation D/kB T = µ.

Diffusion dynamics of the cations in 2D However, as per Ansatz 1, 4πmΦ 6≡ qV is assumed to
be directly linked to topology. Using our solution ρ ∝ exp(−4πβmΦ) where Φ = (−1/4πm)

R

d~x·

~n × µ−1~v is defined consistent with eq. (2a), we find that the appropriate Fokker-Planck equation
at equilibrium for ρ is given by,
0=

∂ρ
~ · (~n × ρ~v ) + ∇
~ · D∇ρ.
~
= −∇
∂t

(5a)

Together with the Chern-Simons current density ~j = σxy εiab ∂a Ab , the Fokker-Planck equation is
solved by Fick’s first law of diffusion,
~
~j = −D∇ρ,

(5b)

to yield eq. (1).

The wavefunction in 2D + 1 dimensions It is necessary to establish the equation of motion for
|ψi = exp i(S + i2πβmΦ). In standard quantum mechanics, |ψi simply satisfies the Schrodinger
equation, i∂ |ψi /∂t = Ea |ψi where −∂S/∂t = Ea ' m is the (activation) energy and mass
9

(equivalence relation) of a single cation. The presence of a finite screening length of electromagnetic interactions along the z direction presupposes that the inter-layer crystalline structures such
as MO6 and TeO6 octahedra shown in Figure 1 will act as tunnel barriers for the cations in the
layers of the manifold M . This implies that, when ∆z  l ' 1/m, the action (quantum phase) S
satisfies the dynamics of a large tunnel junction,51

∂µ S =

q ν
n Fµν ,
m

where Fµν = ∂µ Aν − ∂ν Aµ is the electromagnetic field tensor and nµ = (0, ~n) is the unit normal
four-vector along the z direction. Then, it is straightforward to show that |ψi =

√
N exp iS now

obeys,


Z
q ν
q
µ ν
i∂µ ln |ψi = n fµν → |ψi = exp −i
dx n fµν ,
m
m

(6)

ε σρ ∂σ Aρ is equivalent (in vector
where S → ln |ψi and Fµν → fµν = ∂µ Aν − ∂ν Aµ + i βm
2 µν
~ + i βm B
~ and is dual, G
~ =B
~ + i βm E.
~g
notation) to the Riemann-Silberstein52 vector F~ = E
2
2

Connection of the wavefunction, ψ to Gaussian Curvature In Riemannian geometry, the Gaussian curvature of a bounded 2D manifold M is given by, K = R/2 where R is the Ricci scalar
~ xy · E
~ = −8πρxy /q, by assumof the manifold M . Moreover, in Ansatz 2, we assumed ∇
ing the proportionality (equivalence) of charge and flux in 2D.46 Introducing a Hermitian tensor
g

Strictly speaking, fµν is in the form of the (self-dual) Cabbibo-Ferrari tensor53 given by ∂µ Aν − ∂ν Aµ +

εµνσρ ∂σ aρ , where aµ = i βm
2 Aµ is the dual of the electromagnetic potential, Aµ . This self duality is taken as a
consequence of the proportionality of flux and charge in 2D.
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Kµν = Rµν + iqFµν defined on a 3D + 1 Reimannian manifold,h we impose the condition,
∇ν Kνµ = −

8π ∗
ψ ∂µ ψ,
m

(7)

where Rµν is the Ricci tensor, ∇µ is the metric compatible covariant derivative and ∇σ gµν =
0. Thus, this theory necessarily introduces a new field gµν (an emergent gravitational field54 )
describing the physics in the crystal.i This should not be entirely a surprise since the partition
function is given by N = exp(−4πβmΦ) and hence the free energy of the system F = 4πmΦ is
proportional to a gravitational potential Φ.

Substituting S = m

R

R
√
dxµ Uµ ≡ −m dτ in ψ = ρxy exp(iS) where U µ is the four-

velocity vector of the cations and using the Bianchi identity ∇ν Rµν = ∂µ R/2, the real part and
imaginary parts of eq. (7) become,
8π
∂µ ρxy ,
m

(8a)

∇ν F νµ = −8πρxy U µ /q,

(8b)

∂µ R = −

respectively. The solution for eq. (8a) is given by δR ≡ R − 4Λ = −8πρxy /m, where R is
the 3D + 1 Ricci scalar and 4Λ is taken as the initial curvature of the manifold with no cations
h

Kµν is defined to satisfy [Dµ , Dν ]U µ = Kµν U µ with Dµ = ∇µ − iqAµ the covariant derivative and Uµ = ∂µ S

the velocity four-vector.
i

It is important to check the extent that gµν satisfies Einstein Field Equations.55 Using eq. (9a), eq. (8a) and

eq. (8b) together Bianchi identity, eq. (7) can be shown to transform to Rµν − 12 Rg µν + Λg µν = −κT µν with
T µν = mρxy U µ U ν + 0 (F αµ Fαν − 14 F αβ Fαβ g µν ), κ = 8π/m2 and 0 =

q2
8π .

In General Relativity, κ = 8πG

where G is the gravitational constant and 0 is the permittivity of free space. Comparing the two theories implies that
our approach is equivalent to Einstein’s gravitational theory with a charged particle of Planck mass m =
and Planck charge q =

√

8π0 .
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√

G−1 = l−1

extracted from the x − y plane by the electric field. Consequently, Ansatz 1 requires that the
curvature variation δR → R = 2K reduces to the 2D Ricci scalar R under certain conditions
satisfied by the honeycomb layered oxide.

j

Particularly, this limit entails introducing a time-like

killing vector ξ µ = (1, ~0) and a space-like Killing vector nµ = (0, ~n), which impose the conditions
ξ µ ∂µ R = ∂R/∂t = 0 and nµ ∂µ R = ∂R/∂z = 0 respectively.k

4

Significance

Electrodynamics of the cations. Notice that eq. (7) is invariant under the transformations ∂µ →
R
R
R
∂µ − iqbµ and S = −m dτ → −m dτ + q bµ U µ dτ where bµ is a gauge potential. The
choice bµ =

1
2

R

µνσρ ∂σ Aρ dxν with µνσρ ∝ εµνσρ the un-normalised Levi-Civita symbol (the

normalisation factor to be determined) where 0iσρ ∂σ Aρ = Bi and ijσρ ∂σ Aρ = εijk Ek are the
unnormalised magnetic and electric fields respectively, leads to equation of motion for the cations,l

mU ν ∇ν U µ = qUν νµσρ ∂σ Aρ .
j

(9a)

Since K(x, y) is independent of t and z, the limit δR → 2K(x, y) requires the Ricci scalar R to also be indepen-

dent of t and z.
k

A Killing vector K µ satisfies56 ∇µ ∇ν K µ = Rµν K µ . Using the anti-symmetry relation ∇ν Kµ = −∇µ Kµ

and the Bianchi identity ∇ν Rµν =

1 µ
2 ∇ R,

the divergence ∇ν ∇µ ∇ν K µ = ∇ν (Rµν K µ ) =

1 µ
2 K ∇µ R

identically

vanishes.
l

Deriving the equation of motion for the cations: ∂µ S = mUµ + qbµ and ∇ν ∂µ S = m∇ν Uµ + q∇ν bµ . Using the

fact that ∇ν ∂µ S = ∇µ ∂ν S is symmetric, we find m∇ν Uµ − m∇µ Uν = q∇µ bν − q∇ν bµ . Contracting the expression
with U ν and using U µ Uµ = −1 → ∇ν (U µ Uµ ) = 2U µ ∇ν Uµ = 0, we find mU µ ∇µ U ν = qU ν (∇µ bν − ∇ν bµ )
equivalent to eq. (9a).
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Recall, we introduced a t-like vector ξ µ and z-like Killing vector nµ to guarantee the independence of the Ricci scalar R on these coordinates. In the weak field limitm diag(gµν ) '
~ and Uµ ' exp(Φ)(1, −V)
~ such
(1, −1, −1, −1) + small corrections with U µ ' exp(Φ)(1, V)
√
that U µ Uµ = −1 → U 0 = dt/dτ = exp(Φ) = 1/ 1 − V 2 → Φ ≥ 0, eq. (9a) reduces to,
dU 0
~ · B,
~
= qV
dt

(9b)

~
d(U 0 V)
~ 00 /2 + q B~ + q(V
~ × E),
~
= mU 0 ∇g
dt

(9c)

m
m

where g00 is the time-time component of the metric tensor related to ξ µ = (1, ~0) by g00 = ξ µ ξµ .
p
~ = ~n 1 − exp(−2Φ) as the velocity vector
Substituting eq. (9b) into eq. (9c) and identifying V
of the tunneling cations (pointing solely in the z direction) reduces eq. (9a) to,
1
~ 00 ≡ ~n · ∇Φ
~ = 0,
− ~n · ∇g
2
p
∂
q
q
~
Φ = ~n · B~ exp(2Φ) − 1 ≡
~n · B,
∂t
m
4πm
p
~ 00 = q ~n × E~ exp(2Φ) − 1 ≡ q ~n × E,
~
~ ≡ − 1 ∇g
∇Φ
2
m
4πm

(9d)
(9e)
(9f)

R
where we have substituted g00 = 1−2Φ satisfying the weak field limit 0 ≤ Φ = (−1/4πβm) d~x ·
~n × µ−1~v  1, thus identifying Φ as the Newtonian potential and identified 4π B~
~ and 4π E~
B

exp(2Φ) − 1 =

p
~ as the magnetic field and the electric field as expected, thus fixing
exp(2Φ) − 1 = E

the normalisation factor for the Levi-Civita symbol to εµνσρ = 4πµνσρ
m

p

p
exp(2Φ) − 1.

The weak field limit entails taking the small corrections to be related to the Newtonian potential. In particular,

since U µ ∇µ U ν = dU ν /dτ + Γνσρ U σ U ρ , where Γνσρ = g µν (∂σ gρµ + ∂ρ gσµ − ∂µ gσρ )/2 is the Christoffel symbol,
~ 00 /2.57
in the weak field limit given by diag(gµν ) = (g00 , 1, 1, 1), the symbol is non-vanishing only for Γi00 = −∇g
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Equilibrium condition In the weak field static limit when the magnetic field vanishes as shown
in Figure 2(b), ∂Φ/∂t = qBz /m = 0, eq. (8a) reduces,
4π
1 2
∇ g00 = − ρxy U 0 U 0 → ∇2xy Φ = −K exp(2Φ).
2
m

(10)

Equation (10) takes the form of the well-known Liouville’s equation where K = −4πρxy /m is
evidently the Gaussian curvature. For a constant conductivity, the charge density should vary
spatially very slowly and an approximation can be made to solve eq. (10) with a constant Gaussian
~ →∇
~ xy ) is a consequence of
curvature K = K0 + δK → K0 . Since the shift from 3D to 2D (∇
imposing the Killing vector nµ on the metric tensor gµν in 3D + 1 dimensions, we first solve the
eq. (10) in 3D to yield, g00 = 1 − ln K0 |~x − ~x0 |2 = 1 − 2Φ with ~x = (x, y, z) and ~x0 = (x0 , y0 , z0 ),
then restrict the solution to the x − y plane by setting z = z0 .

This solution can be plugged into eq. (2b) to yield 2πχ =
−2πχ ln(K0 r2 )

2/χ

R
M

K(r)d(Area) = −π ln(K0 r2 )|M =

|M which requires that (K0 r2 )2/χ → exp(−1) = limχ/2→0 (1 − χ/2)2/χ to sat-

isfy the Gauss-Bonnet theorem. Thus, this approximation suggests that perturbing K0 around the
2
→ 1−χ/2 = g which is an expression
ground state, χ/2 = 1−g → 0 of the system leads to K0 rM
2
of area quantisation, AM (g) ∝ rM
= gK0 , of the surface where in our case we can freely choose

AM (g = 1, 2, 3, · · · ) to be the unit area of the quasi-stable configurations with g = 1, 2, 3 · · ·
vacancies as depicted in Figure 2(d), (e) & (f).

Quasi-stable configurations as the analogues of Tori in 2D We shall name each configuration
a (3) three-(leaf) clover where each honeycomb area is taken as a single leaf in the clover. Consequently, each vacancy g lies within a 3-leaf clover at the leaf stalk. We label each cation in the
14

honeycomb lattice as a vertex V , the line connecting to their adjacent neighbour as an edge E and
each honeycomb unit area as A. Our theory then requires the number of honeycomb unit areas
to be left unchanged by the extraction process.n Thus, for a honeycomb lattice with no vacancies,
A = F and χ = A − E + V = 2. On the other hand, introducing −g vacancies (equivalent to
extracting g cations from the honeycomb surface) each at the stalk of the 3-leaf configuration, we
find A → A, E → E +3g and V → V +g. Thus, the Euler characteristic defined above transforms
to χ → χ0 = A − (E + g) + (V + g) = (A − E + V ) − 2g = 2 − 2g as expected.

5

Discussion

We are left to puzzle the question of why a geometric (gravitational) theory arises in the crystal and
its explicit relation to the honeycomb. We note that the 3D crystal is considered electrochemically
neutral when the 2D honeycomb structure bears no vacancies in the lattice. However, its intrinsic
Gaussian curvature given by 2Λ is not guaranteed to vanish. Since adiabatic variations from this
intrinsic curvature can occur by extraction of cations from the honeycomb surface leading to vacancies which we identify as the genus of the surface, this links the curvature variations to changes
in the number density of the extracted cations. In essence, this is the origin of the geometric (gravitational) description. Hence, the physics of these curvature deformations which affect the transport
properties of the cations are captured by an emergent field Φ that has a gravitational description.

Moreover, the extracted cations contribute to a diffusion current density via an adiabatic
(weak field limit) Chern-Simons term that naturally arises in 2D electrodynamics. In addition, nonn

The number of honeycomb faces F does not remain unchanged.
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adiabatic extractions ought to lead to the propagation of stress, energy and momentum through the
crystal as sound waves, analogous to gravitational waves in general relativity. Quantum mechanically, the sound waves act as phonons that offer a mechanism to mediate an attractive force between
the cations leading to the Cooper-pair problem and the onset of superconductivity.58, 59 Finally, we
believe that the heuristic model proposed herein offers a glimpse of the relationship between geometry, quantum mechanics and thermodynamics perhaps useful in formulating a quantum theory
of gravity.
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Appendix

A

Inter-distance Tuning

The possibility of tuning the distance between the honeycomb layers (viz., interslab / inter-layer
distance) with the introduction of A cations with larger ionic radii, avails avenues to tune the interlayer magnetic couplings; hence the feasibility to adjust the dimensionality of the magnetic lattice.
6+
6+
2+
+
2+
Honeycomb layered compositions of A+
2 L2 Te O6 (A2/3 L2/3 Te1/3 O2 ) had initially been rele-

gated to A = Li, Na; however, recent reports have shown that such compositions can be extended
to lithophile large-atoms such as K.1 This is an additional advantage as these series of honeycomb
compositions may be expanded to new compositions where A = Rb+ , Cs+ , Ag+ , Au+ , Cu+ , H+ ,
and so forth. A correlation exists between the ionic radii of A and the inter-layer distance (z), as
explicitly shown in inset of Figure 1. Moving from Li, Na to K, it is clear that there is a propensity
of the inter-layer distance to increase; which consequently should affect the transport properties (id
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est, diffusion nature of alkali A atoms) along the two-dimensional (2D) surface. Figure 1 (inset,
right) depicts the nature of motion of K+ in K2/3 Ni1/3 Te1/3 O2 (K2 Ni2 TeO6 ) ,1 which is greatly
influenced by the arrangement of NiO6 and TeO6 octahedra that reside in the slabs.
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Figure 1: Trend in increase of the interslab/inter-layer distance (z) for honeycomb layered oxides,
+2
+
2+
6+
6+
adopting the composition A+
2 Ni2 Te O6 (A2/3 Ni2/3 Te1/3 O2 ), with increase in ionic radius of A

cations. Inset (left) shows a polyhedral view of the layered structure of A2 Ni2 TeO6 along the zaxis: Ni octahedra are shown in purple, Te octahedra are in blue, while A ions are brown spheres
and O ions are small red spheres. Inset (right) depicts a fragment of the honeycomb structure
along the x − y plane with a two-dimensional (2D) motion of A ions that reside above or below
the honeycomb slabs.
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Figure 2: Various quasi-stable configurations of the cation honeycomb layers and the directions of
the electric and magnetic field. (a) The cations arranged in a honeycomb fashion with no cationic
vacancies (g = 0) topologically equivalent to the sphere. (b) The extraction process of g → ∞
cations from the honeycomb surface by applied electric fields Ex and Ey . The magnetic field in
the Bz = 0 is taken to be zero. Vacancies created by this extraction process can be counted by
tracking the change in the electric fields at the boundary of the honeycomb surface ∂M . (c) The
equation that tracks the changes where m and q are the mass and charge of a single cation and
K the Gaussian curvature of the surface. Applying Stokes’s theorem transforms the equation to
the Gauss-Bonnet theorem where g is the genus. (d) The honeycomb surface with vacancy g = 1
equivalent to a torus. (e) The honeycomb surface with vacancy g = 2 equivalent to a double torus.
(f) The honeycomb surface with vacancy g = 3 equivalent to a triple torus.
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