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Abstract

Controlled school choice over public schools has been an important concern for both the

parents of students and schools. It gives numerous options for how fairness and diversity con-

siderations can be balanced. The notion of diversity is often imposed by limiting the number of

admitted students who have the same type (quotas), or by reserving seats for each student type

(reserves). The controlled school choice rule that we explore in this paper is the combination

of “reserves” and “quotas,” where schools implement minimum reserves (a “soft” bound) and

maximum quotas (a “hard” bound) together. In this paper, we provide a full characterization

of the mixed bounds approach, and show that it satisfies the requirements for the existence of

a student-optimal stable matching.

1 Introduction

School choice has been an important issue for parents because it grants them the chance to

optimize their child’s education by selecting the best school possible. However, it is not only parents

who are looking for the best match for their child, but also the schools as well. It is in schools’

interest to create a diverse environment for students, but this is sometimes contrary to parental

preferences. Controlled School Choice tries to find a balance between providing parental choice

and diversifying the student population according to different categories such as race, ethnicity,

and socioeconomic background. Before school choice policies were implemented in certain areas

in the United States, almost all the students were assigned to their neighborhood schools based

on their address and school districts. However, inner city neighborhood-based assignments caused

problems due to heavily segregated populations based on various diversity factors. In heavily

segregated cities like Los Angeles, for example, maintaining diversity still remains as an issue.

Also, socioeconomically segregated neighborhoods pose a serious problem for schools and policy
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makers to achieve a diverse environment. To avoid these problems, controlled school choice has

gained more spotlight in recent years.

Controlled school choice programs, however, need to address two seemingly compromising ob-

jectives: a stable assignment of students to schools, and school districts’ diversity considerations.

Recent school choice programs have tried to institute a stable assignment of students to schools

(Abdulkadiroğlu and Sönmez, 2003; Abdulkadiroğlu et al., 2005). However, laws in several states

require each school district to adopt a school choice program that is not simply based on the

neighborhood-based assignment. conflict starts from the fundamental difference of how schools

view students. Theoretically, the school choice mechanism treats the students as substitutes in

schools’ choices. When diversity considerations are accounted for in the controlled school choice

problem, students with various types are considered complements. In this paper, we assume that

students belong to one of multiple types such as gender, race, ethnicity, or socioeconomic status.

The two prominent controlled school choice models that this paper is based on are quotas and

reserves. Quotas sets a maximum number of students for each type who can be admitted (Ab-

dulkadiroğlu and Sönmez 2003). These maximum caps for each type of students can be described

as hard upper bounds, and the school chooses the highest-ranked students under a condition that

it will not exceed any hard bounds. Pathak and Sönmez (2012) describes the quotas system that

Chicago public schools use to admit their students. They divide students into four types based

on their socioeconomic status: Tier 1, Tier 2, Tier 3, and Tier 4. Each public school in Chicago

allocates 40 percent of their seats for the highest-ranked students out of all the applicants. With

the remaining 60 percent, each school sets 15 percent maximum quotas for each tier. Quotas are

a good way to impose diversity considerations but it is possible that each school might have some

seats unfilled. The controlled school choice with reserves studied by Ehlers et al. (2013) gives more

flexibility than quotas. Rather than limiting the number of students who are admitted, controlled

school choice with reserves save seats for each type. These minimum reserves for each type can

be described as soft lower bounds, and if these lower bounds are met, then the school chooses the

highest-ranked students according to its preference regardless of students’ type until the school’s

capacity is filled.

Ultimately, one question that can be asked is, how can we balance diversity considerations

and the theory of stable matchings? Echenique and Yenmez (2013) show that both quotas and

reserves are compatible with both of these ideas by characterizing school’s choices using diversity

and rationality axioms. In their paper, the quotas and reserves, which are already adopted by

some school districts around the world, can be uniquely determined by combinations of axioms

including substitutability, which is essential in guaranteeing a stable matching. Characterization

of choice rules is important because it gives schools a way to build a choice rule that best suits

them. A school district can consider a list of axioms and choose the ones that are most applicable

to the region. School districts usually have two methods of determining students’ preferences. One
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method is by ranking the students individually according to different criteria such as test scores,

students’ previous academic transcripts, or the distance between students’ residences and schools.

The other method is to consider the composition of student body, which directly relates school

districts’ need to satisfy concerns for diversity. With these factors in mind, school districts can

settle on the axioms and build a particular controlled school choice rule that they desire.

In this paper, we take a mixed bounds approach, where the controlled school choice encompasses

both aspects of quotas and reserves. A school initially is required to select at least minimum reserves

(soft lower bounds, or soft floors). If all the minimum reserves are met, then the school goes onto

the second stage, where it selects the highest-ranked students without exceeding the maximum

quotas for each type (hard upper bounds, or hard ceilings). This choice rule, in some sense, takes

into account both quotas and reserves, and possibly the realistic targets of school districts. School

districts likely prefer to reserve a certain number of seats for each type of students, but also would

like to limit to selecting certain predominant types of students in the applicant pool. This is

also a more flexible rule compared to a choice rule with hard floors and hard ceilings. We show

that the mixed bounds approach can also be uniquely determined by characterizing the choice

rule generated by soft floor and hard ceiling using substitutability and other diversity axioms.

Ultimately, this characterization shows that the mixed bounds approach satisfies both stability

and diversity considerations as well. Furthermore, we show that the mixed bounds approach also

satisfies the law of aggregate demand, which guarantees the existence of strategy-proof assignments

(Hatfield and Kojima, 2009). By the work of Roth and Sotomayor (1990), one can use the deferred

acceptance algorithm (DAA) with the mixed bounds approach and find the student-optimal stable

matching.

This paper focuses the characterization of the mixed bounds approach on controlled school

choice, but the result is not only constrained to the school choice problem. The mixed bounds

approach may be applied to matching markets that also require, or prefer diversity considerations.

For example, the choice rule generated by soft floors and hard ceilings may be more useful in

college admissions, because colleges are looking to admit at least certain numbers of students for

each department, but also would like to limit the number of students they accept. Also, entry-level

labor markets can be considered to target a specific range of worker groups based on their race,

gender, or socioeconomic status.

Related Literature

Abdulkadiroğlu and Sönmez (2003) propose the student proposing deferred acceptance algorithm

(also known as Gale-Shapley student optimal algorithm) as one of the practical solutions to ad-

dressing the school choice problem. Deferred acceptance algorithm (DAA) is used to find the fair

assignment, that is preferred to any other fair assignments that match students and schools. One

solution that they offer is based on quotas.
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One of the recent papers by Kojima (2012) investigates the welfare effects of affirmative action

policies in school choice. Kojima finds that the controlled school choice with a quota for the

majority students may hurt minority students, which compromises the overall reasoning behind

imposing affirmative actions on school districts. To address this problem, Hafalir, Yenmez, and

Yildirim (2013) introduce affirmative action based on minority reserves. In their paper, they show

that the DAA from minority reserves Pareto dominates DAA with majority quotas. The idea of

the mixed bounds approach comes from the work of Ehlers et al. (2013), where it specifies minority

reserves as having both soft lower and upper bounds. There are other literature such as Westkamp

(2010) and Kominers and Sönmez (2012), that consider specific choice rules related to affirmative

action.

Echenique and Yenmez (2013) take the controlled school choice problem in a different way.

They do not focus on the matching market as a whole, but the preferences of individual schools.

They give schools choices to satisfy certain axioms that are desirable so that schools can build their

unique rules to select their students, without changing the mechanism (the deferred acceptance al-

gorithm). The characterization of the mixed bounds approach in this paper is based on Echenique

and Yenmez (2013).

This paper proceeds as follows. Section 2 formalizes the model of a controlled school choice prob-

lem. Section 3 visits the choice rules that are generated by quotas (hard ceiling) and reserves (soft

floor) with characterizations proposed by Echenique and Yenmez (2013) (Theorem 1 and Theorem

2). In Section 4, we consider the mixed bounds approach, which can be reiterated as a controlled

school choice problem generated by soft floor and hard ceiling (SFHC). In this section, we propose

a full characterization (Theorem 3) of the mixed bounds approach using certain normative axioms.

In Section 5, we consider implications of the controlled school choice and its matching markets

using the deferred acceptance algorithm. Section 6 concludes. In our appendix, we show the full

proof of the characterization of Theorem 3, and check for independence of the axioms that are used

in our proof.

2 Characterizations of Choice Rules: Overview

2.1 Notations

For any vector x ∈ Zd+, and let ‖x‖ =
∑d

i=1 xi be the sum of its coordinates. For any x, y ∈ Zd+,

let x ∧ y = (min{x1, y1}, . . . , min{xd, yd}) and x ∨ y = (max{x1, y1}, . . . , max{xd, yd}) be the

infimum and supremum of x and y, respectively. For a finite set A, |A| denotes the cardinality of

A, and P(A) denotes the power set of A.
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2.2 Admissions Choices

In contrast to other papers, we consider the admissions choices of an individual school, not a

matching market as a whole.

Let S be a non-empty finite set of all students. We define a choice rule as a function

Ch : P(S) −→ P(S) such that Ch(S′) is a subset of S′ for all S′ ⊆ S. The interpretation of

a choice function Ch is the following. Suppose there is a school and if it has freedom to admit

students out of S′, then it would accept Ch(S′) students.

A preference on S is a binary relation on S that is complete, transitive, and antisymmetric

(often called a strict preference).

For each school, we let q ∈ Z+ to be a capacity of that school. Capacity is defined as the

number of available seats in that school. Intuitively, a school only has q number of seats available

to consist of its student body. Hence, the constraint is |Ch(S)| ≤ q for all S ⊆ S.

The set of students is partitioned into students of different types. Types are based on various

factors such as gender, race, ethnicity, or socioeconomic status. We assume that there exists a set

T = {t1, . . . , td} of different student types. We define a type function τ : S −→ T so that it maps

an individual student s ∈ S to a certain type t ∈ T . For any set of students S ⊆ S, we define

St ≡ S ∩ St.
For each school c, we also have the type-specific diversity constraint vectors

qT = (q
t1
, . . . , q

td
) and qT = (qt1 , . . . , qtd) such that

q
t
≤ qt ≤ q for all t ∈ T and ‖qT ‖ ≤ q ≤ ‖qT ‖.

These vectors represent minimum and maximum quota, respectively, for students of type t at

the school. The minimum quota q
t

represents the minimum number of seats that the school has

to allocate to students of type t. It can also be referred to as the floor or lower bound for type

t student at the school. Similarly, the maximum quota q̄t represents the greatest number of seats

that the school can allocate to students of type t. It can be referred as the ceiling or upper

bound for type t student at the school.

Finally, we use a function ξ : P(S) −→ Zd+ to note how many students of each type a given set

of students has. We let

ξ(S) ≡ (|St1 |, |St2 |, . . . , |Std |) ∈ Zd+

which consists of the number of students of each type in S.

The first axiom that we introduce is the concept of substitutability.

Axiom 1. A choice rule Ch satisfies gross substitutes (GS) if s ∈ S ⊆ S′ and s ∈ Ch(S′) imply

that s ∈ Ch(S).
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The axiom of gross substitutes tells us that if a student s is rejected from a set of applicants

S, then this student has to be rejected from a larger applicant pool S′ that contains S. Qualita-

tively, this statement is saying that no student should be considered complement to other students.

Substitutability was first introduced by Kelso and Crawford (1982). We show later that the mixed

bounds approach satisfies gross substitutability, and this result is essential to our paper. This is

because school choices that satisfy GS has a guaranteed existence of stable matching.

3 Controlled School Choice with Quotas and Reserves

3.1 Quotas (Hard Upper Bounds)

One of the models that is widely used in school admissions is the quotas system. In this case, a

school may want to limit the number of students who have the same type to be admitted. Therefore,

the school enforces a quota for each type t ∈ T . The quota for each student type can be interpreted

as having a hard upper bound. If the quotas are not exceeded, the school will not differentiate

between students with different types. Abdulkadiroğlu and Sönmez (2003) studies this model in

their paper, and as Echenique and Yenmez (2013) points out, quotas are used in the United States

(Chicago) and in Indian college admissions.

Choice rule Ch is generated by quotas if there exist a strict priority � over S and a vector

(q̄t)t∈T ∈ Zd+ such that for any S ⊆ S,

(1) |Ch(S)t| ≤ q̄t

(2) If s ∈ Ch(S), s′ ∈ S \ Ch(S) and s′ � s, then it must be the case that τ(s) 6= τ(s′) and

|Ch(S)τ(s)| = q̄τ(s′).

(3) If s ∈ S \ Ch(S), then either |Ch(S)| = q or |Ch(S)τ(s)| = q̄τ(s).

In this choice rule, q̄t was used as a hard upper bound for type t students. The school will

choose the students according to its preference �, under a condition that each quota will not be

exceeded.

Now we define that S is ineffective for t if there is S′ such that |St| = |S′t| and |Ch(S)t| <
|Ch(S′)t|. In words, a set is ineffective for type t if the school does not accept the maximum number

of type t students compared to other sets of type t students that have the same cardinality. Using

this definition, Echenique and Yenmez (2013) construct the following axiom:

Axiom 2. Choice rule Ch satisfies the effective strong axiom of revealed preference (E-

SARP) if there are no sequences {sk}Kk=1 and {Sk}Kk=1, of students and sets of students, respec-

tively, such that, for all k

(1) sk+1 ∈ Ch(Sk+1) and sk ∈ Sk+1 \ Ch(Sk+1);

6



(2) τ(sk) = τ(sk+1) or Sk+1 is ineffective for τ(sk).

(using addition mod K)

E-SARP rules out cycles in the revealed preference of the choice rule. If sk+1 and sk have the

same type, it is revealed that sk+1 is preferred to sk. However, if they have different types, then

sk+1 is preferred to sk only if Sk+1 is ineffective for τ(sk). This implies that the school actually

can admit more students of type τ(sk).

Now, the next axiom address diversity considerations for the controlled school choice.

Axiom 3. Choice rule Ch satisfies rejection maximality (RM) if s ∈ S\Ch(S) and |Ch(S)| < q

imply that |Ch(S)τ(s)| ≥ |Ch(S′)τ(s)| for every S′.

Rejection maximality states that whenever a school rejects a student with type t is rejected

from a school even though the capacity is not filled, it must be the case that the school has filled

all the spots allotted for that student type. Using these two axioms and GS, we have a following

theorem:

Theorem 1. (Echenique and Yenmez (2013), Theorem 3) A choice rule Ch satisfies GS, RM, and

E-SARP if and only if Ch is generated by quotas.

Echenique and Yenmez (2013) provide a full characterization of the controlled school choice

with quotas in their paper.

3.2 Reserves (Soft Lower Bounds)

The second model that we mention here is the choice rule generated by reserves. As it is

described in a paper by Ehlers, Hafalir, Yenmez, and Yildirim (2013), a school reserves a certain

number of seats for each type of students. As long as the reserves are all filled, this choice rule

allows the school to choose students according to its preference regardless of students’ types. The

minimum reserve for each student type can be interpreted as having a soft lower bound.

A choice rule Ch is generated by reserves if there exist a strict priority � over S and a

vector (q
t
)t∈T ∈ Zd+ with ||qT || ≤ q such that for any S ⊆ S,

(1) |Ch(S)t| ≥ q
t
∧ |St|

(2) If s ∈ Ch(S), s′ ∈ S \ Ch(S) and s′ � s, then it must be the case that τ(s) 6= τ(s′) and

|Ch(S)τ(s)| ≤ q
τ(s)

.

(3) If S \ Ch(S) 6= ∅, then |Ch(S)| = q.

In this choice rule, q
t

was used as a soft lower bound for each type of students. The school will

choose the students according to its preference �, under a condition that all the reserves are met.
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Now we define that t ∈ T is saturated at S if there is S′ such that |St| = |S′t| with S′t \
Ch(S′)t 6= ∅. The interpretation is that if t is saturated at S then the school does not accept all of

the students in St because of diversity considerations. Using the definition of saturation, Echenique

and Yenmez (2013) define the following axiom:

Axiom 4. Choice rule Ch satisfies the adapted strong axiom of revealed preference (A-

SARP) if there are no sequences {sk}Kk=1 and {Sk}Kk=1, of students and sets of students, respec-

tively, such that, for all k

(1) sk+1 ∈ Ch(Sk+1) and sk ∈ Sk+1 \ Ch(Sk+1);

(2) τ(sk) = τ(sk+1) or τ(sk+1) is saturated at Sk+1.

(using addition mod K)

A-SARP also rules out the existence of certain cycles in revealed preference. If sk+1 and sk

have the same type, it is revealed that sk+1 is preferred to sk. However, if they have different types,

then sk+1 is preferred to sk only if τ(sk+1) is saturated at Sk+1. This axiom helps us to build a

priority order over students.

Now we define the following axiom:

Axiom 5. Choice rule Ch satisfies efficiency (Eff) if Ch(S) = S when |S| ≤ q, and |Ch(S)| = q

when |S| > q.

This axiom tells us that if a school is efficient, then it is not going to leave a seat empty unless

it’s capacity is full.

Using these two axioms and GS, we have a following theorem:

Theorem 2. (Echenique and Yenmez (2013), Theorem 4) A choice rule Ch satisfies GS, Efficiency,

and A-SARP if and only if Ch is generated by reserves.

Once again, Echenique and Yenmez (2013) provide a full characterization of the controlled

school choice with reserves.

4 Mixed Bounds Approach: Controlled School Choice with Soft

Floors and Hard Ceilings

We introduce the main result of this paper in this section. This is another flexible rule that is

based on the combination of quotas and reserves. A school reserves seats for each type of students,

based on their race, ethnicity, gender, or socioeconomic status. If the school fills up all the minimum

reserves for each type, then it selects the remaining students based on the maximum quotas that

is set up for each type of students. Ehlers et al. (2013) study the concept of having hard lower
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and upper bounds. The controlled school choice with soft floors and hard ceilings is an expansion

of their work. In the school choice with hard floors and hard ceilings, if a number of applicants of

students with type t is less than the hard lower bound, then none of those students would not be

admitted (C̃h(S)t = ∅ if |St| < q
t
). Our mixed bounds approach makes this hard lower bound to

be flexible by making it a soft lower bound, so that this case does not occur.

A choice rule C̃h = Ch(1) ∪ Ch(2) is generated by soft floors and hard ceilings (SFHC) if

there exist a strict priority � over S and vectors (q
t
)t∈T ∈ Zd+ with ‖qT ‖ ≤ q, and (q̄t)t∈T ∈ Zd+

with ‖q̄T ‖ ≥ q, and q
t
≤ q̄t ≤ q such that for any S ⊆ S,

1. |Ch(1)(S)t| = q
t
∧ |St| for all t ∈ T .

2. If s ∈ Ch(1)(S), and s′ ∈ S \ Ch(1)(S), and s′ � s, then it must be that τ(s) 6= τ(s′).

3. |Ch(2)(S)t| ≤ q̄t − qt for all t ∈ T .

4. If s ∈ Ch(2)(S), and s′ ∈ S \ C̃h(S), and s′ � s, then it must be that τ(s) 6= τ(s′) and

|C̃h(S)τ(s
′)| = q̄τ(s′).

5. If s ∈ S \ C̃h(S), then either |C̃h(S)| = q or |C̃h(S)τ(s)| = q̄τ(s).

First, a school reserves seats for each student type t. In the first stage, the school fills up the

minimum reserve seats and reject the other students according to its preference �. Then in the

second stage, from the remaining S \ Ch(1)(S) students (including the students who were rejected

from the first stage), the school considers the highest-ranked students conditional on not exceeding

any of the quotas q̄t. Here q̄t works exactly as the upper bound from quotas. If we combine the

students who are admitted in both the first and the second stage, we have the set of students who

are admitted to the school at the end.

Using the definitions of ineffectiveness and saturation from quotas and reserves, we build a new

axiom below:

Axiom 6. Choice rule Ch satisfies the modified strong axiom of revealed preference (M-

SARP) if there are no sequences {sk}Kk=1 and {Sk}Kk=1, of students and sets of students, respec-

tively, such that, for all k

(1) sk+1 ∈ Ch(Sk+1) and sk ∈ Sk+1 \ Ch(Sk+1);

(2) (i) τ(sk) = τ(sk+1) or

(ii) Sk+1 is ineffective for τ(sk) and τ(sk+1) is saturated at Sk+1.

(using addition mod K)
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M-SARP rules out cycles in the revealed preference of the choice rule. This axiom carefully

observes the choice made by a school, and it infers a revealed preference from the choice made. In

the first case, when sk+1 and sk have the same type, it is revealed that sk+1 is preferred to sk.

However, when they have different types, it is revealed preferred that sk+1 � sk only if Sk+1 is

ineffective for τ(sk) and τ(sk+1) is saturated at Sk+1.

This can be seen intuitively by considering the following. we can divide a school into two

separate small schools. The first school can be considered to have the maximum capacity of q∗,

which is equal to the sum of all the minimum reserves (q∗ =
∑
t∈T

q
t
). Then the first school selects

all the students upto the maximum capacity q∗. Hence, the first school is going to accept all of St

unless the capacity q∗ is satisfied.

In our characterization, the following rationality axiom is used. This axiom has been used in

the matching context by Alkan (2002), and Alkan and Gale (2003).

Axiom 7. Choice rule Ch satisfies irrelevance of rejected students (IRS) if Ch(S′) ⊆ S ⊆ S′

implies that Ch(S) = Ch(S′).

IRS says that removing of rejected students does not affect the the set of chosen students. It

is shown by Echenique and Yenmez (2013) that if a choice function Ch satisfies GS and RM, then

IRS is satisfied as well.

Now, using GS, RM, and M-SARP, we state our main theorem below:

Theorem 3. Choice rule C̃h satisfies GS, RM, and M-SARP if and only if C̃h is generated by

soft floors and hard ceilings.

In our proof, we build minimum reserves (soft lower bounds) using gross substitutability, and

build maximum quotas (hard upper bounds) using rejection maximality. We provide the proof of

this theorem in the appendix.

5 Implications for School Choice and Matching Markets

We define a matching market to be a tuple 〈C,S, (�s)s∈S , (Chc)c∈C〉, in which C is a finite set

of schools, and S is a finite set of students. For each s ∈ S, we define �s as a strict preference

order over C ∪ {s} where {s} is the outside option for student s. Also, for each c ∈ C, Chc is a

choice rule over S.

A matching (or an assignment) µ is a function on the set of students such that

(1) µ(c) ⊆ S for all c ∈ C and µ(s) ∈ C ∪ {s} for all s ∈ S;

(2) s ∈ µ(c) if and only if µ(s) = c for all c ∈ C and for all s ∈ S.
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When we consider a matching market, we would like to find matchings that are stable. For a

matching to satisfy stability condition, it has to satisfy individual rationality and no blocking pair

property that we formalize below.

Definition 1. A matching is stable if

(1) (individual rationality) Chc(µ(c)) = µ(c) for all c ∈ C, µ(s) �s {s} for all s ∈ S; and

(2) (no blocking pair) there exists no (c, S′) such that S′ 6⊆ µ(c) such that S′ ⊆ Chc(µ(c) ∪ S′)
and c �s µ(s) for all s ∈ S′.

These definitions are crucial for matchings to be stable. First, individual rationality tells us

that for schools, they cannot be better off by rejecting some of the students who are admitted.

For students, it is better to go to their assigned schools than being home-schooled. Secondly, no

blocking means that nobody agents (schools and students) are better off by rematching among

themselves. These definitions come from the works of Roth and Sotomayor (1990). We can use the

deferred acceptance algorithm (DAA) proposed by Gale and Shapley (1962), which finds a stable

matching. DAA is heavily used in market design, because it contains many attractive properties.

It is already adopted by the New York and Boston school districts (Abdulkadiroğlu, Pathak, Roth,

and Sönmez (2005)).

The description of the deferred acceptance algorithm is the following:

Deferred Acceptance Algorithm (DAA)

Step 1: Each student applies to his most preferred school. Suppose that S1
c is the set of students who

applied to school c. School c tentatively admits students in Chc(S
1
c ) and permanently rejects

the rest. If there are no rejections, the algorithm stops.

Step k: Each student who was rejected at Step k − 1 applies to his next preferred school. Suppose

that Skc is the set of new applicants and students tentatively admitted at the end of Step

k − 1 for school c. School c tentatively admits students in Chc(S
k
c ) and permanently rejects

the rest. If there are no rejections, the algorithm stops.

We know that the algorithm stops in finite time, because at least one student is rejected at each

step.

Now, we need to consider the concept of a group strategy-proofness. We let PS be the set of

student preference profiles (�s)s∈S andM be the set of matchings between schools C and students

S. A mechanism is a function Φ : PS −→M.
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Definition 2. Mechanism Φ is group-strategy proof for students if there exists no group of

students S′, preference profiles (�s)s∈S , and (�′s)s∈S′ such that

Φ((�′s)s∈S′ , (�s)s∈S\S′) �s Φ((�s)s∈S)

for all s ∈ S′.

This definition is important to establish an optimal stable matching. If a mechanism is group-

strategy proof for students, then there is no incentive for students to purposefully misinform their

preferences so that they can be matched with better schools. Hence, with group-strategy proofness,

we can guarantee that the students are revealing their preferences truthfully. We now introduce

the following axiom that is critical to show the group-strategy proofness.

Axiom 8. A choice rule Ch satisfies the law of aggregate demand (LAD) if S ⊆ S′ implies

|Ch(S)| ≤ |Ch(S′)|.

The law of aggregate demand tells us that if more applicants apply to the school, then it has

to select more students. 1 This property was first introduced by Alkan (2002) and Alkan and Gale

(2003). Hatfield and Milgrom (2005) adopts the property of LAD in matching with contracts.

To show that the controlled school choice with soft floor and hard ceiling satisfies group-strategy

proofness, we show that it satisfies the law of aggregate demand by proving the following theorem.

Theorem 4. If C̃h is generated by SFHC, then C̃h satisfies LAD

Proof. Let S ⊆ S′. Then for all t ∈ T , we have

St ≡ S ∩ St ⊆ S′ ∩ St ≡ S′t

and hence, |St| ≤ |S′t|. We have two following cases.

(i) Suppose |Ch(2)(S′)t| = q̄t − qt for all t ∈ T . By using the properties (1) and (3) of SFHC,

|C̃h(S)t| = |Ch(1)(S)t|+ |Ch(2)(S)t|

≤ (q
t
∧ |St|) + (q̄t − qt)

≤ (q
t
∧ |S′t|) + (q̄t − qt)

= |Ch(1)(S′)t|+ |Ch(2)(S′)t|

= |C̃h(S′)t|

Then, we have

|C̃h(S)| =
∑
t∈T
|C̃h(S)t| ≤ |

∑
t∈T
|C̃h(S′)t| = |C̃h(S′)|

1The school can also select the same number of students as before, when the applicants were not increased.
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(ii) Suppose |Ch(2)(S′)t∗ | < q̄t∗ − qt∗ for some t∗ ∈ T . By the property (5) of SFHC, this means

that |C̃h(S′)| = q. This is true, because a school would continue to accept students if the

quotas for each type are not filled, unless the school’s maximum capacity is reached. Hence

we have that |C̃h(S)| ≤ q = |C̃h(S′)|.

Hence, either case we have that |C̃h(S)| ≤ |C̃h(S′)| and this proves that C̃h satisfies the law of

aggregate demand.

This result is crucial, because under the mixed bounds approach, every student is going to

truthfully reveal his preferences. Hence we have the following theorem which summarizes our

findings. This theorem is based on the works of Roth and Sotomayor (1990), Hatfield and Milgrom

(2005), and Hatfield and Kojima (2009).

Theorem 5. Suppose that schools’ choice rule satisfy IRS and GS. Then DAA produces the best

stable matching for all students. Furthermore, suppose that the choice rule satisfies LAD. Then

DAA results in group strategy-proof for students and each school is matched with the same number

of students in any stable matching.

From our paper, it is shown that the mixed bounds approach satisfies IRS, and GS from the

characterization. Also, we just showed that the mixed bounds approach satisfies LAD. Hence, the

outcome of the deferred acceptance algorithm of the choie rule generated by soft floor and hard

ceiling creates the student-optimal stable matching.

6 Conclusion

Desegregation in schools has been one of the most prominent goals that the school systems

have been trying to achieve around the world, and especially in the United States. One solution

to desegregation in schools has been trying to find effective controlled school choice problems.

However, a balance of diversity considerations and preferences of parents and schools has been a

key issue. Hence, various ways of effective affirmative action models are addressed in matching

theory literature. In this paper, we pay attention to quotas and reserves, which are the school

choice rules that are currently used in many different school districts. Our work is based on the

characterizations of quotas and reserves done by Echenique and Yenmez (2013).

In this paper, we have studied the mixed bounds approach: the controlled school choice with

soft floor and hard ceiling. It combines the minimum reserves and maximum quotas so that the

schools can select a range of students for each type based on their race, ethnicity, gender, or

scioeconomic status. With axiomatization, schools can understand what the choice rule entails

qualitatively. We provide a full characterization of the mixed bounds approach in this paper. By

showing that the mixed bounds approach satisfies substitutability, schools can not only utilize this

choice rule according to axioms that they choose, but also use the deferred acceptance algorithm
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and find a stable matching. Furthermore, we show that the mixed bounds approach satisfies the

law of aggregate demand, which makes it group-strategy proof. With these results, we conclude

that the deferred acceptance with the mixed bounds approach results in the student-optimal stable

matching.

Echenique and Yenmez (2013) provide a comparison between quotas and reserves and con-

clude that the outcome of DAA with reserves Pareto dominates the outcome of DAA with quotas.

However, our conjecture is that we cannot find a strict Pareto dominating relationship between

the mixed bounds approach and quotas, or reserves. A natural question that we can ask is, why

should a school choose the mixed bounds approach over reserves or quotas? Further research to

this question is the next step of our project.

Appendix

Proof of Theorem 3

We include a full proof of the characterization of the mixed bounds approach in this section.

Suppose that C̃h satisfies RM, GS, and M-SARP. We show that C̃h is generated by soft floors

and hard ceilings.

Construction of Ch(1)

We first construct the choice rule Ch(1). For any x ≤ ξ(S), let F (x) = {ξ(Ch(S)) : ξ(S) = x}
and

f̂(x) = ∧
f(x)∈F (x)

f(x)

The proof requires the following lemma.

Lemma 1. (Echenique and Yenmez (2013), Lemma 10) Let Ch satisfy GS. If y ∈ Zd
+ is such that

f̂(y)t < yt then f̂(y + et′)t < yt + 1t=t′.

Using lemma 1, we can construct the vector qT of minimum quotas as follows. We let x̄ = ξ(S).

The previous lemma states that if f̂(yt, x̄−t)t < yt then f̂(y′t, x̄−t)t < y′t for all y′t > yt. Then there

exists q
t
∈ N such that yt > q

t
if and only if f̂(yt, x̄−t) < yt. This q

t
is the minimum quota for the

type t students.

We first show that C̃h satisfies the following properties. For any S ⊆ S,

1. |C̃h(S)t| = q
t
∧ |St| for all t ∈ T .

2. If s ∈ C̃h(S), and s′ ∈ S \ C̃h(S), and s′ � s, then it must be that τ(s) 6= τ(s′).

We show that |C̃h(S)t| = q
t
∧ |St| for all t ∈ T . Let S ⊆ S. We have the two following cases:
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(i) We prove that if |St| ≤ q
t

then |C̃h(S)t| = |St| for all t ∈ T . It can be concluded that

f̂(q
t
, x−t) = q

t
for any x and t, because if there is x and t such that f̂(q

t
, x−t) < q

t
then

lemma 1 would imply that f̂(q
t
, x̄−t) < q

t
. This is a contradiction with the minimum quota

q
t

that we constructed. Moreover, for any x, t and yt, if yt ≤ q
t

then f̂(q
t
, x−t) = q

t
and

lemma 1 imply that f̂(yt, x−t) = yt. Hence, where y = ξ(S),

yt = |St| = |C̃h(S)t| ≥ f̂(y)t = yt

From this, we have that |C̃h(S)t| = |St| for all t ∈ T .

(ii) We prove that if |St| > q
t
, then |C̃h(S)t| = q

t
for all t ∈ T . We prove this by contradiction,

and assume that |C̃h(S)t| 6= q
t

for some t ∈ T and for some S ⊆ S.

(Case 1) Suppose that |St| > q
t

and |C̃h(S)t| < q
t

for some t ∈ T and for some S ⊆ S.

We let Ŝ = C̃h(S) ∪ S′ such that S′ ⊆ St \ C̃h(S)t so that |Ŝt| = q
t
. Here, we need to state

another lemma.

Lemma 2. (Echenique and Yenmez (2013), Lemma 9) If Ch satisfies GS and RM, then it

also satisfies IRS.

Since the choice rule C̃h satisfies GS and RM, it will also satisfy IRS. We notice that C̃h(Ŝ) ⊆
C̃h(S) ⊆ Ŝ. By IRS, C̃h(Ŝ) = C̃h(S), and

f̂(ξ(Ŝ))t ≤ |C̃h(Ŝ)t| = |C̃h(S)t| < q
t
.

However, since

ξ(Ŝ)t = |Ŝt| = q
t

this contradicts the definition of q
t
.

(Case 2) Suppose that |St| > q
t

and |C̃h(S)t| > q
t

for some t ∈ T and for some S ⊆ S.

In this proof, we will utilize the fact that |C̃h(S)t| 6< q
t
. We set S∗ ≡ C̃h(S). Then, |(S∗)t| =

|C̃h(S)t| > q
t
. We let S̄ ≡ S∗ \ S′′ where S′′ ⊆ (S∗)t is such that |S̄t| = q

t
. This implies that

q
t

= |C̃h(S̄)t| < |C̃h(S∗)t|. Since we know that C̃h satisfies RM, its contrapositive needs to

hold as well. Hence, by the contrapositive, either |C̃h(S̄)| = q or S̄ \ C̃h(S̄) = ∅ has to hold.
2 Suppose we have |C̃h(S̄)| = q. Since |C̃h(S∗)| = |C̃h(S̄)| + |C̃h(S′′)| = q + |C̃h(S′′)|, the

result is |C̃h(S∗)| > q, which is not possible. So it has to be the case that C̃h(S̄) = S̄. Now,

we find Ŝ such that Ŝ ≡ S̄ ∪ (S \ S∗). Then |Ŝt| > q
t
, and |C̃h(Ŝ)t| = |C̃h(S)t| = |(S)t| = q

t
.

2The contrapositive of RM is, ”If there exist some Ŝ such that |Ch(Ŝ)τ(s)| > |Ch(S)τ(s)|, then either S\Ch(S) = ∅
or |Ch(S)| ≥ q.” The latter implication can be re-written as |Ch(S)| = q, because a school cannot select more than
its maximum capacity q.
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Hence |C̃h(Ŝ)t| = q
t
< |C̃h(S)t|, by our assumption. By the contrapositive of RM, we have

|C̃h(Ŝ)| = q or Ŝ \ C̃h(Ŝ) = ∅.

If Ŝ \ C̃h(Ŝ) = ∅, then q
t
< |(Ŝ)t| = |C̃h(Ŝ)t| = q

t
, which is a contradiction. So it has to be

the case that |C̃h(Ŝ)t| = q. Hence

|C̃h(S)| = |C̃h(Ŝ)|+ |C̃h(S′′)| = q + |C̃h(S′′)|,

and thus |C̃h(S)| > q, which is a contradiction.

Hence, if |St| > q
t
, then |C̃h(S)t| = q

t
for all t ∈ T . This completes the proof of property (1).

We now prove the property (2). Let �∗ be defined as follows: let s �∗ s′ if there exists S ⊇ {s, s′}
such that s ∈ C̃h(S), s′ ∈ S \ C̃h(S) and either

(i) τ(s) = τ(s′) or

(ii) S is ineffective for τ(s′) and τ(s) is saturated at S.

By M-SARP, �∗ has a linear extension � to S, which proves an existence of a strict priority � over

S.

Suppose that s ∈ C̃h(S), s′ ∈ S \C̃h(S) and s′ � s. Then, it must be the case that τ(s) 6= τ(s′).

If τ(s) = τ(s′), then by our definition of �∗ above, we have s �∗ s′. By M-SARP, this can be

linearly extended to s � s′, and this is a contradiction to our assumption that s′ � s. Therefore,

τ(s) 6= τ(s′). This completes the proof of the property (2).

We have shown that C̃h satisfies the properties (1) and (2) of SFHC. Using this, we define Ch(1)

as C̃h satisfying the properties (1) and (2), and the construction of Ch(1) is completed.

Construction of Ch(2)

Let S ⊆ S. First, we define the characteristic function χ as following:

Definition 3. Let s ∈ S.

χ
C̃h(S)

({s}) =

1 if s ∈ C̃h(S),

0 if s 6∈ C̃h(S).
(1)

We define

Ch(2) ≡ [I − Ch(1)] χ
rangeC̃h
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where I is an identity function. For all S ⊆ S,

Ch(2)(S) =
(
[I − Ch(1)] · χ

rangeC̃h

)
(S)

=
(
[I · χ

rangeC̃h
− Ch(1) · χ

rangeC̃h
]
)
(S)

=
(
I · χ

rangeC̃h

)
(S)−

(
Ch(1) · χ

rangeC̃h

)
(S)

= I(S) · χ
rangeC̃h

(S)− Ch(1)(S) · χ
rangeC̃h

(S)

since I(S) = S,

Ch(2)(S) = S · χ
C̃h(S)

(S)− Ch(1)(S) · χ
C̃h(S)

(S).

That is,

S · χ
C̃h(S)

(S) = Ch(2)(S) ∪ Ch(1)(S) χ
C̃h(S)

(S) for every S ⊆ S.

Proposition 1. Ch(1)(S) ∩ Ch(2)(S) = ∅ for every S ⊆ S.

Proof. We proceed this proof by contradiction. Suppose that there exists s∗ ⊆ S such that s∗ ∈
Ch(1)(S) ∩ Ch(2)(S). That is, s∗ ∈ Ch(1)(S) and s∗ ∈ Ch(2)(S). (By this, we know that s∗ ∈
Ch(2)({s∗}).) By the construction of Ch(2),

{s∗} = Ch(2)({s∗}) = S · χ
C̃h({s∗})({s

∗})− Ch(1)({s∗}) · χ
C̃h({s∗})({s

∗}).

Hence, s∗ ∈ C̃h(S) \Ch(1)(S). However, this contradicts our assumption s∗ ∈ Ch(1)(S). Hence the

proposition 1 holds.

For each t ∈ T , we let

q̄t ≡ max
S⊆S
|C̃h(S)t|.

This q̄t is a maximum quota for the type t students. We show that C̃h satifies the property (3) of

SFHC. Let S be any subset of S, and let S̃ = S \ Ch(1)(S). By the definition of the choice rule

Ch(2), it selects students from the set S̃. We need to consider the case when |St| > q
t
,
(

otherwise,

|Ch(1)(S)t| = |St| by property (1), and Ch(2) would be empty, and hence |Ch(2)(S)t| = 0 ≤ qt−qt.
)

Hence |Ch(1)(S)t| = q
t

by property (1). Then we have

max
S⊆S
|Ch(2)(S)t| = max

S⊆S
|Ch(2)(S̃)t|

= max
S⊆S
|Ch(2)

(
St \ Ch(1)(S)t

)
|

= max
S⊆S
|C̃h(S)t − Ch(1)(S)t|

= qt − qt.

Hence, |Ch(2)(S)t| ≤ q̄t − qt, and this concludes the proof of property (3).
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Now we prove property (4). Let �∗ be the same definition that we used to prove property (2)

above. By M-SARP, �∗ has a linear extension � to S. Let s ∈ Ch(2)(S) and s′ ∈ S \ C̃h(S)

with s′ � s. If τ(s) = τ(s′), then by the definition of �∗ above, s �∗ s′. By M-SARP, s � s′

has to hold, but this is a contradiction to the assumption that s′ � s. Therefore τ(s) 6= τ(s′). To

prove that |C̃h(S)τ(s
′)| = q̄τ(s′), suppose, towards, a contradiction, that |C̃h(S)τ(s

′)| 6= q̄τ(s′), that

is, |C̃h(S)τ(s
′)| < q̄τ(s′).

We shall prove that S is ineffective for τ(s′) and τ(s) is saturated at S, which yields the desired

contradiction by M-SARP, as � is an extension of �∗. Let S∗ ≡ Sτ(s
′). Then, |S∗| = |(S∗)τ(s′)| =

|Sτ(s′)| holds. We want to check if |C̃h(S)τ(s
′)| < |C̃h(S∗)τ(s

′)|. (proving ineffectiveness)

(i) Suppose |C̃h(S∗)| = q. Then, since there is s ∈ Ch(2)(S) ⊆ C̃h(S) and τ(s) 6= τ(s′),

|C̃h(S)τ(s
′)| < q̄τ(s′) ≤ q = |C̃h(S∗)τ(s

′)|. Therefore S is ineffective for τ(s′).

(ii) Suppose that |C̃h(S∗)| < q and |C̃h(S∗)| < |S∗|. By rejection maximality, |C̃h(S∗)τ(s
′)| ≥

|C̃h(S)τ(s
′)| for all S ⊆ S. This also means |C̃h(S∗)τ(s

′)| = q̄τ(s′) > |C̃h(S)τ(s
′)|. Hence, S is

ineffective for τ(s′).

(iii) Consider the case |C̃h(S∗)| < q and |C̃h(S∗)| = |S∗|. Then, |C̃h(S∗)τ(s
′)| = |C̃h(S∗)| >

|C̃h(S)τ(s
′)|, because s′ ∈ Sτ(s′) \ C̃h(S)τ(s

′). So S is ineffective for τ(s′).

Now we shall show that τ(s) is saturated at S. Since s ∈ Ch(2)(S)τ(s), automatically s /∈
Ch(1)(S)τ(s), because the two choice rules are disjoint. Since s /∈ Ch(1)(S)τ(s) and s ∈ Sτ(s),

Ch(1)(S)τ(s) ⊂ Sτ(s). Let

Ŝ ≡ Sτ(s) ∪ ( ∪
t6=τ(s)

St)

Then, we have Ŝτ(s) = Sτ(s) and therefore |Ŝτ(s)| = |Sτ(s)|. By the property (1) of SFHC, we have

|Ch(1)(Ŝ)τ(s)| = q
τ(s)
∧ |Ŝτ(s)|

= q
τ(s)
∧ |Sτ(s)|

= q
τ(s)

< |Sτ(s)| = |Ŝτ(s)|,

and hence Ch(1)(Ŝ)τ(s) ⊂ Ŝτ(s). We also note that the same thing holds for Ch(2) as well. To

show this by contradiction, suppose that Ch(2)(Ŝ)τ(s) = Ŝτ(s). Since C̃h(Ŝ)τ(s) = Ch(1)(Ŝ)τ(s) ∪
Ch(2)(Ŝ)τ(s) = Ŝτ(s), Ch(1)(Ŝ)τ(s) has to be empty. This is a contradiction to |Ch(1)(Ŝ)τ(s)| =
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q
τ(s)

> 0. 3 We conclude that Ch(2)(Ŝ)τ(s) ⊂ Ŝτ(s). Hence, we have C̃h(Ŝ)τ(s) ⊂ Ŝτ(s). That is,

(Ŝ)τ(s) \ C̃h(Ŝ)τ(s) 6= ∅

and we conclude that τ(s) is saturated at S.

Since S is ineffective for τ(s′) and τ(s) is saturated at S, we find that s �∗ s′ according to

the definition of �∗. With linear extension, we have that s � s′. However this contradicts the

assumption that s′ � s. Hence, C̃h(S)τ(s
′) = q̄τ(s′).

Finally, we prove the property (5). That is, we prove that if s ∈ S \ C̃h(S), then either

|C̃h(S)| = q or |C̃h(S)τ(s)| = q̄τ(s). Suppose |C̃h(S)| < q. By rejection maximality, s ∈ S \ C̃h(S)

and |C̃h(S)| < q implies that |C̃h(S)τ(s)| ≥ |C̃h(S′)τ(s
′)| for all S′. By assumption, q̄t is the supre-

mum of {|Ch(S∗)t| : S∗ ⊆ S}, and therefore |C̃h(S)τ(s)| = q̄τ(s). Now suppose that |C̃h(S)τ(s)| <
q̄τ(s). For the desired contradiction, let |C̃h(S)| < q. By RM, |C̃h(S)τ(s)| = q̄τ(s), so |C̃h(S)| = q.

To finish the proof, suppose that the choice rule C̃h is generated by soft floors and hard ceilings.

We show that this choice rule C̃h = Ch(1) ∪ Ch(2) satisfies GS, RM, and M-SARP.

(rejection maximality) Suppose s ∈ S \ C̃h(S) and |C̃h(S)| < q. Since C̃h is generated by

SFHC, it must be that |C̃h(S)τ(s)| = q̄τ(s). Since q̄t = max
S′⊆S
|C̃h(S′)t|, |C̃h(S′)t| ≤ q̄t for all S′ ⊆ S

and for all t ∈ T . Therefore, |C̃h(S)τ(s)| = q̄τ(s) ≥ |C̃h(S′)τ(s)| for every S′ ⊆ S and RM is satisfied.

(gross substitute) Let s ∈ S ⊆ S′ and s ∈ C̃h(S′). In order to see s ∈ C̃h(S), we prove it by

contradiction. Suppose that s ∈ S \ C̃h(S). Since C̃h satisfies the property (5),

|C̃h(S)| = q or |C̃h(S)τ(s)| = qτ(s).

(Case i) Suppose |C̃h(S)| = q. Then,

|S′| ≥ |S| > |C̃h(S)| = q,

the second ineqality holds since s ∈ S\C̃h(S), and hence |C̃h(S′)| ≤ |C̃h(S)| = q. Since s ∈ C̃h(S′)

and |C̃h(S′)| ≤ q, the ranking of the student s is at most q in C̃h(S′). Since s ∈ S ⊆ S′, the ranking

of s is also at most q in C̃h(S), and hence it must be that s ∈ C̃h(S), since |C̃h(S)| = q. This is a

contradiction.

3Here, we assume that q
τ(s)

is greater than 0, because if not, the choice rule is not different from the choice rule

with quotas. To differentiate between the mixed bounds approach and quotas, we impose that q
t
> 0 for all t.
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(Case ii) Suppose |C̃h(S)τ(s)| = qτ(s). Then we have

|(S′)τ(s)| ≥ |Sτ(s)| > |C̃h(S)τ(s)| = qτ(s).

Since qt ≡ max
S∗⊆S

|C̃h(S∗)t|, we have |C̃h(S′)τ(s)| ≤ |C̃h(S)τ(s)| = qτ(s). Since s ∈ C̃h(S′) and

|C̃h(S′)τ(s)| ≤ qτ(s), the ranking of s is at most qτ(s) in C̃h(S′)τ(s). Since s ∈ S ⊆ S′, the

ranking of s is also at most qτ(s) in C̃h(S)τ(s), and hence it must be that s ∈ C̃h(S)τ(s), since

|C̃h(S)τ(s)| = qτ(s). Therefore s ∈ C̃h(S), which is a contradiction. Hence the choice rule C̃h

satisfies gross substitute.

(M-SARP) Let {sk}Kk=1 and {Sk}Kk=1 be sequences of students and sets of students, respec-

tively. Suppose that sk+1 ∈ C̃h(Sk+1) and sk ∈ Sk+1 \ C̃h(Sk+1). We show that τ(sk) 6= τ(sk+1)

and that either Sk+1 is not ineffective for τ(sk) or τ(sk+1) is not saturated at Sk+1. Since C̃h

satisfies SFHC, there exists a strict priority � over S.

Suppose sk � sk+1. If sk+1 ∈ Ch(1)(Sk+1), it is immediate that τ(sk) 6= τ(sk+1), since sk ∈
Sk+1 \ Ch(1)(Sk+1). If sk+1 ∈ Ch(2)(Sk+1), then similarly τ(sk) 6= τ(sk+1) holds. In any case, we

have that τ(sk) 6= τ(sk+1).

Now we show that Sk+1 is effective for τ(sk). Let S′ be any subset of S such that |Sτ(sk)k+1 | =

|S′τ(sk)|. Since sk ∈ Sk+1 \ C̃h(Sk+1), by the property (5) of the SFHC, it has to be that either

|C̃h(Sk+1)| = q or |C̃h(Sk+1)
τ(sk)| = q̄τ(sk). Either case, we have that Sk+1 is effective for τ(sk),

because |C̃h(Sk+1)
τ(sk)| ≥ |C̃h(S′)τ(sk)| for all S′ ⊆ S with |Sτ(sk)k+1 | = |S

′τ(sk)|. 4

Finally, we show that if Sk+1 is ineffective for τ(sk), then τ(sk+1) is not saturated at Sk+1. To

reach the desired contradiction, suppose that there exists S′ ⊆ S with |Sτ(sk+1)
k+1 | = |S′τ(sk+1)| and

S′τ(sk+1) \ C̃h(S′)τ(sk+1) 6= ∅.

(1) Suppose that sk+1 ∈ Ch(1)(Sk+1). By our assumption, Ch(1)(S′)τ(sk+1) ⊂ C̃h(S′)τ(sk+1).

Then by the property (1) of SFHC, we have |Ch(1)(S′)τ(sk+1)| = q
τ(sk+1)

∧ |S′τ(sk+1)|. By our

assumption, |Ch(1)(S′)τ(sk+1)| = q
τ(sk+1)

< |S′τ(sk+1)| = |Sτ(sk+1)
k+1 |. We note that

|Ch(1)(Sk+1)
τ(sk+1)| = |Ch(1)(S′)τ(sk+1)|.5

Hence, we have |Ch(1)(Sk+1)
τ(sk+1)| < |Sτ(sk+1)

k+1 |. That is, Ch(1)(Sk+1)
τ(sk+1) ⊂ S

τ(sk+1)
k+1 .

Hence there exists s∗ such that s∗ ∈ Sτ(sk+1)
k+1 \ Ch(1)(Sk+1)

τ(sk+1). Since sk+1 ∈ Ch(1)(Sk+1),

with the assumption τ(sk+1) = τ(s∗) 6, the result is sk+1 � s∗ by the property (2) of SFHC.

There are two cases:

4If |C̃h(Sk+1)| = q, then there is no such set S′ as defined above, because the choice rule C̃h already reached the

school’s maximum capacity. If |C̃h(Sk+1)τ(sk)| = q̄τ(sk) is true, then since q̄t ≡ max
S′⊆S
|C̃h(S′)t|, there is no S′ that

makes S ineffective.
5|Ch(1)(S′)τ(sk+1)| = q

τ(sk+1)
∧ |S′τ(sk+1)| = q

τ(sk+1)
∧ |Sτ(sk+1)

k+1 | = |Ch(1)(Sk+1)τ(sk+1)|.
6This is because s∗ ∈ S

τ(sk+1)

k+1
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(i) Suppose s∗ /∈ Ch(2)(Sk+1). Then, s∗ /∈ C̃h(Sk+1) by the choice of s∗. So sk+1 ∈
C̃h(Sk+1) and s∗ ∈ Sk+1 \ C̃h(Sk+1). Hence, by the assumption from above, s∗ � sk+1.

This is a contradiction to our finding sk+1 � s∗.

(ii) Suppose s∗ ∈ Ch(2)(Sk+1). Since s∗ ∈ Ch(2)(Sk+1) and sk ∈ Sk+1 \ C̃h(Sk+1), we have

that sk � sk+1 � s∗. By property (4), τ(s∗) 6= τ(sk) and |C̃h(Sk+1)
τ(sk)| = q̄τ(sk).

Hence, |C̃h(Sk+1)
τ(sk)| = q̄τ(sk) ≥ |C̃h(Ŝ)τ(sk)| for all Ŝ ⊆ S. However, the assumption

was that Sk+1 is ineffective for τ(sk), which is a contradiction to the assumption.

(2) Suppose sk+1 ∈ Ch(2)(Sk+1). Then, by our assumption that τ(s) is saturated at S, (S′)τ(sk+1)\
Ch(2)(S′)τ(sk+1) 6= ∅. That is, Ch(2)(S′)τ(sk+1) ⊂ (S′)τ(sk+1). Hence, |Ch(2)(S′)τ(sk+1)| <
|(S′)τ(sk+1)| = |Sτ(sk+1)

k+1 |. If |Ch(2)(Sk+1)
τ(sk+1)| = |Sτ(sk+1)

k+1 |, then

|Sτ(sk+1)
k+1 | ≥ |C̃h(Sk+1)

τ(sk+1)| = |Ch(1)(Sk+1)
τ(sk+1)|+ |Ch(2)(Sk+1)

τ(sk+1)|

= |Ch(1)(Sk+1)
τ(sk+1)|+ |Sτ(sk+1)

k+1 |.

Hence |Ch(1)(Sk+1)
τ(sk+1)| = 0, and this is a contradiction. This is because we still require

q
τ(sk+1)

to be greater than 0. Hence, we have |Ch(2)(Sk+1)
τ(sk+1)| < |Sτ(sk+1)

k+1 |. Since we know

that sk+1 ∈ Ch(2)(Sk+1) and Ch(1) and Ch(2) are disjoint, sk+1 /∈ Ch(1)(Sk+1). From this,

we have |Ch(1)(Sk+1)
τ(sk+1)| < |Sτ(sk+1)

k+1 |. Hence, we have

|C̃h(Sk+1)
τ(sk+1)| < |Sτ(sk+1)

k+1 |.

Thus, there exists a student ŝ such that ŝ ∈ S
τ(sk+1)
k+1 \ C̃h(Sk+1)

τ(sk+1). Hence, sk+1 ∈
Ch(2)(Sk+1) ⊆ C̃h(Sk+1) and ŝ ∈ Sk+1 \ C̃h(Sk+1)

τ(sk+1). By our assumption, ŝ � sk+1.

However, this is a contradiction, because by the property (4) of SFHC, since τ(ŝ) = τ(sk+1),

it must be that sk+1 � ŝ.

It is easy to see that the case sk+1 � sk is guaranteed not to happen. Hence, the choice rule

generated by SFHC satisfies M-SARP.

Independence of Axioms

In this section, we check the independence of axioms that are used in Theorem 3. The following

axiom is useful in our examples below.

Axiom 9. Choice rule Ch satisfies the strong axiom of revealed preference (SARP) if there

are no sequences {sk}Kk=1 and {Sk}Kk=1, of students and sets of students, respectively, such that, for

all k,

(1) sk+1 ∈ Ch(Sk+1) and sk ∈ Sk+1 \ Ch(Sk+1).
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(using addition mod K)

SARP is stronger than E-SARP and A-SARP (Echenique and Yenmez, 2013) and hence,

stronger than M-SARP. Also, we define a type-weak axiom of revealed preference that we use

to prove the independence of axioms.

Axiom 10. Choice rule Ch satisfies the type-weak axiom of revealed preference (t-WARP)

if, for any s, s′, S, and S′ such that τ(s) = τ(s′) and s, s′ ∈ S ∩ S′,

s ∈ Ch(S) and s′ ∈ Ch(S′) \ Ch(S) imply s ∈ Ch(S′)

This revealed preference axiom is necessary for the existence of some underlying priority order-

ing over students. Since t-WARP is weaker than both E-SARP and A-SARP by Echenique and

Yenmez (2013), the definition of M-SARP implies that t-WARP is weaker than M-SARP. Hence, if

we show that a choice rule violates t-WARP, it will also violate M-SARP. We now list the following

three examples that show the independence of GS, RM, and M-SARP, based on Echenique and

Yenmez (2013).

Example 1 (GS, M-SARP, but not RM)

Let S = {s1, s2, s3}, q = 2, and τ(s1) = τ(s2) = τ(s3) = t. We consider the following choice rule

Ch, where

Ch(s1, s2, s3) = Ch(s1, s2) = Ch(s1, s3) = Ch(s1) = {s1}

Ch(s2, s3) = {s2, s3}

Ch(s2) = {s2}, and Ch(s3) = {s3}.

This choice rule clearly satisfies GS and SARP (and hence, M-SARP). We show that this choice

rule does not satisfy RM. Since Ch(s1, s2) = {s1}, we have that s2 ∈ {s1, s2} \ Ch(s1, s2). Also,

|Ch(s1, s2)| = 1 < q = 2. However, |{s1}| = |Ch(s1, s2)| < |Ch(s2, s3)| = |{s2, s3}|, and since

τ(s1) = τ(s2) = τ(s3) = t, Ch does not satisfy RM.

Example 2 (GS, RM, but not M-SARP)

Let S = {s1, s2, s3, s4}, q = 2, and τ(s1) = τ(s2) = τ(s3) = τ(s4) = t. Consider the following choice

rule Ch:

Ch(s1, s2, s3, s4) = Ch(s1, s2, s3) = Ch(s1, s2, s4) = Ch(s1, s2) = {s1, s2},

Ch(s1, s3, s4) = Ch(s1, s3) = {s1, s3},

Ch(s2, s3, s4) = Ch(s2, s4) = {s2, s4}, and

Ch(S) = S, for all S ∈
{
{s1}, {s2}, {s3}, {s4}, {s1, s4}, {s2, s3}, {s3, s4}

}
.
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It is clear that this choice rule satisfies GS. By Echenique and Yenmez (2013), Efficiency implies

RM. Hence it is enough to show that Ch satisfies Eff.

(Case 1) If S = {s1, s2, s3, s4}, then we have

|S| = 4 > q and |Ch(S)| = |{s1, s2}| = 2 = q.

(Case 2) If S ∈
{
{s1, s2, s3}, {s1, s2, s4}, {s1, s3, s4}, {s2, s3, s4}

}
, then we have

|S| = 3 > q and |Ch(S)| = 2 = q.

(Case 3) If S ∈
{
{s1}, {s2}, {s3}, {s4}, {s1, s2}, {s1, s3}, {s1, s4}, {s2, s3}, {s2, s4}, {s3, s4}

}
, then we

have

|S| ≤ q and Ch(S) = S.

By (Case 1), (Case 2), and (Case 3), Ch satisfies Eff, and hence RM. Hence, it is enough to show

that Ch does not satisfy t-WARP, because t-WARP is weaker than M-SARP. We set

S = {s1, s3, s4} and S′ = {s2, s3, s4}.

Then

(i) Ch(S) = {s1, s3} and Ch(S′) = {s2, s4}.

(ii) s3, s4 ∈ S ∩ S′ with t = τ(s3) = τ(s4).

(iii) s3 ∈ Ch(S) and s4 ∈ Ch(S′) \ Ch(S), but s3 /∈ Ch(S′).

Hence Ch does not satisfy t-WARP, and hence does not satisfy M-SARP.

Example 3 (RM, M-SARP, but not GS)

Let S = {s1, s2, s3, s4} and T = {t1, t2}. Suppose that τ(s1) = τ(s2) = t1 and τ(s3) = τ(s4) = t2.

Also, let q = 2. We define the choice rule to be:

Ch(S) =


S if |S| ≤ 2,

{s1, s2} if {s1, s2} ⊆ S,

{s3, s4} if {s3, s4} 6⊆ S and |S| > 2.

(2)

This follows from the example 12 from Echenique and Yenmez (2013). They illustrate the example

that satisfy A-SARP, Efficiency, but not GS. Since A-SARP is stronger than M-SARP and Efficiency

is stronger than RM, this example satisfies M-SARP and RM. However, Echenique and Yenmez

(2013) show that this example does not satisfy GS.
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