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a b s t r a c t
Almost two decades of research on applications of the mathematical formalism of quantum theory as a
modeling tool in domains different from the micro-world has given rise to many successful applications
in situations related to human behavior and thought, more speciﬁcally in cognitive processes of decisionmaking and the ways concepts are combined into sentences. In this article, we extend this approach to
animal behavior, showing that an analysis of an interactive situation involving a mating competition
between certain lizard morphs allows to identify a quantum theoretic structure. More in particular,
we show that when this lizard competition is analyzed structurally in the light of a compound entity
consisting of subentities, the contextuality provided by the presence of an underlying rock-paper-scissors
cyclic dynamics leads to a violation of Bell’s inequality, which means it is of a non-classical type. We
work out an explicit quantum-mechanical representation in Hilbert space for the lizard situation and
show that it faithfully models a set of experimental data collected on three throat-colored morphs of a
speciﬁc lizard species. Furthermore, we investigate the Hilbert space modeling, and show that the states
describing the lizard competitions contain entanglement for each one of the considered confrontations of
lizards with different competing strategies, which renders it no longer possible to interpret these states
of the competing lizards as compositions of states of the individual lizards.
© 2014 The Authors. Published by Elsevier B.V. Open access under CC BY license.

1. Introduction
This article looks into the challenging question of whether quantum structures are present in aspects of animal behavior. More
speciﬁcally, we discuss an example that reveals contextuality and
the appearance of entanglement in a proposed quantum theoretic
model for the mating competition of three male morphs of Uta
stansburiana lizards.
The ﬁrst step leading to the result we put forward in the present
article was related to our study of biological evolution based on a
speciﬁc situation involving the rock-paper-scissors (RPS) game as
an example. We observed (Aerts et al., 2011) that when the RPS
game was regarded as a coincidence experiment, it allowed for
violation of Bell’s inequality (Bell, 1964).
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The presence of contextuality in a situation of a compound entity
consisting of two subentities essentially means that what happens
with one of the subentities affects the behavior of the other subentity, which as a general situation is quite common. Contextuality
can hence readily be identiﬁed in the case of the RPS dynamics,
when the two players involved in the interaction are looked upon
as a compound entity comprising two subentities. Indeed, whether
one of the players wins or loses depends essentially on what the
other player does.
It has been shown in the foundations of quantum theory that
if this contextuality – in addition to its readily identiﬁable effect
of one subentity functioning as a context for the other subentity –
leads to a violation of Bell’s inequality, this is indicative of the presence of a special type of contextuality which cannot be modeled
classically and which, when modeled quantum-mechanically, is
expressed by the appearance of entanglement in the state of
the compound entity (Accardi and Fedullo, 1982; Aerts, 1986;
Pitowsky, 1989). In the following we will refer to this type of
‘Bell’s inequality violating contextuality’ as ‘non-classical contextuality’. The presence of entanglement in the state of the compound
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entity means that this state cannot be described any longer as the
composition of two states, where each one is a state of one of the
subentities. The compound entity entails a new type of difﬁculty
when attempted to be interpreted as two subentities, which is the
ﬁngerprint of the presence of quantum structure for any situation
of compoundness. This is why ﬁnding Bell’s inequality to be violated by the ideal RPS game to us was a straightforward reason to
investigate whether a quantum structure was involved in this RPS
dynamics.
The relevance of this insight to biology only became clear when
some of us learned that the RPS game had been used as a modeling scheme for speciﬁc types of dynamical situations in population
ecology, including the famous ‘paradox of the plankton’, where
it is referred to as cyclic or multiple competition (Huisman and
Weissing, 1999; Huisman et al., 2001; Schippers et al., 2001; Laird
and Schamp, 2008; Allesina and Levine, 2011). Also, situations of
competing lizard species were studied intensively by considering cyclic competition as a fundamental aspect of their dynamics.
More speciﬁcally, one of us discovered an RPS strategy in the mating behavior of the side-blotched lizard species Uta stansburiana
(Smith, 1996; Sinervo and Lively, 1996). It was found that males,
having either orange, blue or yellow throats, follow heritable mating strategies. As in the RPS game, where scissors cut paper, rock
crushes scissors, and paper wraps rock, the three-morph mating
system is such that the wide-ranging ultradominant strategy of
orange males is defeated by the sneaker strategy of yellow males,
which is in turn defeated by the mate-guarding strategy of blue
males. The orange strategy defeats the blue strategy, to complete
the dynamic cycle. This ‘lizard game’ presents a stable pattern in the
replicator dynamics where the dynamical system follows closed
orbits around a mixed strategy Nash equilibrium (Smith, 1996;
Sinervo and Lively, 1996; Sinervo, 2001; Sinervo et al., 2006, 2007).
And indeed, if we regard two competing lizard morphs as a compound entity of two individual lizard morphs, we can recognize
the same type of contextuality that we identiﬁed for the ideal RPS
game; whether one of the lizards in competition will impregnate
a female depends essentially on the color of the other lizard. Additionally, Bell’s inequality is violated also for the lizard morphs, as
we will explicitly show in Section 4, investigating in detail the contextuality that is apparent in the lizard competition. This explains
our motivation to build a quantum-theoretic model for this lizard
ecosystem.
Identiﬁcation of quantum structure in the lizard dynamics can
be seen as an example of the use of the mathematical formalism
of quantum theory as a modeling instrument in domains different
from the micro-world. This approach has led to interesting results
in recent years and is now an active and emergent research ﬁeld in
itself. In cognitive science (concept theory and decision theory), in
economics (ﬁnance and behavioral economics), and in computer
science (semantic theories, information retrieval, and artiﬁcial
intelligence), several situations have been identiﬁed where application of classical structures is problematic, whereas modeling based
on quantum structures is successful (Aerts and Aerts, 1995; Van
Rijsbergen, 2004; Aerts and Czachor, 2004; Aerts and Gabora, 2005;
Busemeyer et al., 2006, 2011; Pothos and Busemeyer, 2009, 2013;
Bruza et al., 2009; Aerts, 2009; Lambert-Mogiliansky et al., 2009;
Khrennikov, 2010; Trueblood and Busemeyer, 2011; Aerts et al.,
2013b,a; Busemeyer and Bruza, 2012).
An important point to be made for the above-mentioned
approaches is that it is not the presence of microscopic quantum
processes that is considered to be at work to give rise to the appearance of quantum structure in these different domains. Rather the
situation is such, that it is possible to identify in these domains some
typical quantum features, such as the quantum-type of contextuality and entanglement, and it are these features themselves that
give rise to the presence of quantum structure. We will identify this
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type of quantum structure for the lizard ecosystem. It is interesting
to mention in this respect, that in a comparable way such quantum structure has been found to be quite systematically present in
human cognition, in the processes of decision-making (Aerts and
Aerts, 1995; Busemeyer et al., 2006, 2011; Pothos and Busemeyer,
2009, 2013; Trueblood and Busemeyer, 2011; Busemeyer and
Bruza, 2012), and in the dynamics of how humans use and combine concepts (Aerts and Gabora, 2005; Aerts, 2009; Aerts et al.,
2013b,a).
In our investigation of the lizard ecosystem we construct an
explicit quantum-theoretic representation in a complex Hilbert
space of the underlying RPS-like dynamics that gives rise to the
cyclic pattern of frequencies in the population identiﬁed experimentally. To accomplish this, we make use of the speciﬁc rules
of the quantum formalism to calculate the probabilities in this
underlying RPS-like dynamics in a way that allows to faithfully
represent the experimental data gathered by one of us on the population frequencies over the last two decades. In Sections 2 and 3,
we introduce our lizard system and explain the main aspects of
our approach and modeling of the underlying RPS-like dynamics.
We analyze how contextuality is one of its essential features. The
latter notion is analyzed in detail with respect to the lizard competition in Section 4. In Section 5, we put forward the notions of
the quantum-mechanical formalism that are needed in our paper,
and in parallel we work out a Hilbert space model for the RPS-type
lizard game. We show that the self-adjoint operators representing
the confrontation events (called ‘measurements’ in quantum jargon) in the lizard competition do not commute, which means that
the probability structure connected to them is non-classical. In Section 6 we analyze the ‘lizard morphs situation’ explicitly from the
perspective of a compound entity consisting of a subentities situation, a situation well-known and studied in quantum theory, and
we show that, following such a quantum analysis of compoundness,
this lizard morphs situation involves entanglement in its states for
each of the considered measurements. The problem with a Kolmogorovian probability model for the lizard game is analyzed in
Section 7. Finally, in our conclusions of Section 8, we put forward
ideas for future investigation. The general result obtained supports
intuitions that dynamical systems based on non-Kolmogorovian
probability may provide a fruitful conceptual framework for reallife interactions of populations (Aerts et al., 2013).

2. The RPS-type nature of the lizard dynamics
Before we provide proof of a quantum-like dynamical structure
underlying the competing morphs of the lizard Uta stansburiana, we
brieﬂy sketch some game-theoretic aspects of population ecology.
Species competition can be reformulated in terms of evolutionary game dynamics describing how the frequencies of strategies
within a population change in time, according to their success.
Game theory typically deals with an individual (player) who is
engaged in a given interaction (game) with other players and can
decide between different options (strategies). Depending on the
strategies of a player and its co-players a payoff is realized, and
the possible maximization of this payoff is one of the fundamental
aspects of game-theory. Evolutionary game dynamics thus deals
with populations of players programmed – genetically or possibly also induced by the environment – to use the same strategy.
Strategies with high payoff will spread within the population,
where the payoffs depend on the actions of the co-players and
hence on the frequencies of the strategies within the population.
In classical evolutionary game theory, one typically assumes that
the elements of the pay-off matrix are time invariant and evolution of the system takes place as frequency-dependent ﬁtness
changes, thereby changing the relative success and the probability
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of encountering each strategy over time. In evolutionary biology,
the strategies can be identiﬁed with morphs, and many species
exhibit color polymorphisms associated with alternative male
reproductive strategies (Sinervo and Lively, 1996; Sinervo et al.,
2007; Sinervo and Calsbeek, 2006). The prevalence of multiple
morphs is a challenge to evolutionary theory because a single strategy should prevail unless morphs have exactly the same ﬁtness or a
ﬁtness advantage when rare. One of us has shown in several papers
that the three color morphs of side-blotched lizards, Uta stansburiana, follow an underlying RPS-like dynamics (Sinervo and Lively,
1996; Sinervo, 2001; Sinervo et al., 2006; Sinervo and Calsbeek,
2006; Bleay et al., 2007). More precisely, males have either orange
(o), blue (b) or yellow (y) throats and each type follows a ﬁxed
mating strategy, as follows:
(i) Orange-throated males are strongest and do not form strong
pair bonds; instead, they ﬁght blue-throated males for their
females. Yellow-throated males, however, manage to copulate
with females in the orange male harems. The large size and
aggression is caused by high testosterone production (Mills
et al., 2008).
(ii) Blue-throated males are smaller in size and form strong pair
bonds. While they are outcompeted by orange-throated males,
they can defend against yellow-throated ones via co-operation
with other blue-throated neighbors. Because blue-throated
males produce less testosterone, they are not as strong as
the orange-throated males, but it gives them the advantage
of being less aggressive and able to form strong pair bonds,
and also engage in territorial co-operation with neighboring
blue-throated males (Sinervo et al., 2006).
(iii) Yellow-throated males are smallest, and their coloration mimics females. This enables them to approach females in the
harems of orange-throated males and mate when the latter
are distracted. This is less likely to work with a female that has
bonded with a blue-throated male, and by virtue of his vigilant
co-operative blue-throated male partner.
Points (i)–(iii) can be summarized as “o beats b, b beats y, and y
beats o”, which is similar to the RPS rules. Therefore o and y provide
contexts for b, and in turn, b and y provide contexts for o, and ﬁnally
o and b provide contexts for y. Thus, the interaction of the ‘RPS
lizards’ exposes a deeper underlying contextuality beyond the individual players, since their strategy is unchangeably ﬁxed by their
color.
Fundamentally it is the structure of the underlying RPS-like
dynamics that entails the quantum structure of the model we
will construct. For an ideal RPS-situation, where paper beats rock,
scissors beats paper, and rock beats scissors, no probabilities are
involved but certitudes (probabilities equal to 1 or 0). We will see
in the following that, even for this ideal RPS situation, Bell-type
inequalities are violated, which shows that also in this deterministic limit case, contextuality is present. It is contextuality which gives
rise to non-classical quantum-like structure tested by the Bell-type
inequalities. Of course, the real-world situation, with male lizards
confronting each other in competition for a female, does not reﬂect
the ideal RPS-situation. The experimental data (next section) shows
that outcome probabilities not equal to 1 or 0 are valid for the
real-world situation. This means that the contextuality – which is
deterministic for the true RPS-game – is probabilistic in the realworld case of the lizards.
We must therefore ﬁrst calculate, for the underlying RPS-like situation, the outcome probabilities of male lizards of different colors
winning or losing a mutual competition for females. Although these
outcome probabilities are at the origin of the measured cyclic ﬂuctuations in the frequency data collected in lizard experiments, they
cannot be measured directly. In the next section we explain how
we calculate the outcome probabilities starting from data collected

by Bleay et al. (2007). The ﬁrst step in our aim is to (i) prove that
the RPS-like outcome probabilities violate Bell’s inequalities, and
hence cannot be represented within a Kolmogorovian probability
model and, (ii) build a Hilbert space model that does represent these
probabilities quantum-theoretically, and show explicitly how the
considered measurements correspond to non-commuting observables within this Hilbert space representation.
3. Calculating the RPS-type outcome probabilities
In Bleay et al. (2007), the mutual confrontations of the different
lizard morphs are described as a cyclic RPS-like dynamics: orange
beats blue, blue beats yellow and yellow beats orange. So we can
choose to identify orange with rock, blue with scissors and yellow
with paper.
In order to identify the RPS-like scheme quantitatively we consider their experiments more closely. The relevant data (Bleay et al.,
2007, Figue 1) concerns ‘male ﬁtness’, measured by counting the
proportion of clutch sired by the different male morphs, orange,
yellow, or blue in a frequency-controlled female environment. The
experiments were performed in three variations, with each variation speciﬁcally controlling the ‘male morph frequency within
a female’s social neighborhood’. In particular, one variation controlled the orange male morph frequency within a female’s social
neighborhood, the second variation, the yellow male morph frequency, and the third, the blue male morph frequency.
A ﬁrst consideration of these data shows how the ‘outcome
probabilities’ are contained in the morph color frequency of the
female’s clutch measured in the experiment. E.g. in the variant with
controlled frequency of orange morphs in a female’s social neighborhood, the all-orange female environment leads to the clutch
proportions of 0.28 orange hatchlings, 0.53 yellow hatchlings,
and 0.19 blue hatchlings. Thus, socially surrounded by all-orange
morphs, the yellow ‘sneakers’ manage to sire more hatchlings than
the orange ones. The blue morphs are less successful in this situation. These clutch color proportions therefore express a weighted
mean of outcome probabilities of mutual morph color competitions.
In order to extract outcome probabilities from these clutch color
proportions, we put forward the following hypotheses concerning
the competition for a female between a particular color morph and
another particular color morph, where the female’s clutch is sired
by one of them.
(i) Only one of the competing males sires the given progeny of the
female, and since it is color proportion we measure, only one of
the male morph colors ‘wins’ and the other morph color then
‘loses’, with respect to this measurement of fertility. We thus
deﬁne ‘win’ and ‘lose’ in the following way. A speciﬁc morph
color ‘wins’ in a competition with another morph in case its
color is transferred – as a result of male confrontations and
sperm competition – to the hatchlings being born in the given
progeny of the female they compete for. The morph is deﬁned
to ‘lose’ in case it does not win.
(ii) We specify in a way compatible with our general deﬁnition of
‘win’ and ‘lose’ what happens in case of a ‘draw’. With the winlose deﬁnition we just introduced, in the case of two morphs of
the same color competing, a hatchling is sired by their common
color and as a consequence they both win.
(iii) The competition situation is symmetric. We will suppose that
only the confrontation of the two different strategies corresponding to the two morph colors determines the dynamics
and hence the result of winning or losing.
(iv) Since even if in a female’s social neighborhood males of only
one morph color are maximally present, all morph colors still
appear among the hatchlings, the underlying dynamics cannot
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be that of the ideal RPS-game. Thus color competition outcome
probabilities can be different from both 1 and 0.
We introduce the following notation to be able to express the
content of hypotheses (i), (ii), (iii) and (iv). We denote by
p(ab)11

p(ab)12

p(ab)21

p(ab)22

(1)

the probabilities that for two morphs with colors a and b confronting each other, there is a situation of ‘win, win’, this is p(ab)11 ,
of ‘win, lose’, this is p(ab)12 , of ‘lose, win’, this is p(ab)21 , and of ‘lose,
lose’, this is p(ab)22 . Hence, the ‘1’ or ‘2’ in the subscript slots signify
‘win’ and ‘lose’.
We will, for a and b interchangeably, allow the colors of the
morphs to be used, with letters o, y and b. Since the four outcomes
{11, 12, 21, 22} exhaust all possibilities, we have:
2


p(ab)ij = 1

(2)

ij=1

The above-mentioned hypotheses can now be expressed mathematically by means of these probabilities.
p(ab)11 = p(ab)22 = 0 p(ab)12 + p(ab)21 = 1 if a =
/ b

(3)

p(aa)11 = 1,

(4)

p(aa)12 = p(aa)21 = p(aa)22 = 0

p(ab)ij = p(ba)ji

(5)

0 ≤ p(ab)ij ≤ 1

(6)

Now we complete the model with the observation we previously made in the experiment (Bleay et al., 2007), and its ﬁrst
variation and speciﬁcally in its all-orange female social neighborhood. Let us denote by wo (o) = 0.35, wo (y) = 0.41 and wo (b) = 0.24
the proportions of orange, yellow and blue hatchlings found in
the female’s clutch. Each of these color appearances is the consequence of competitions taking place in the all-orange environment.
And competitions can in principle be of six different types, orangeorange, orange-yellow, orange-blue, yellow-yellow, yellow-blue
and blue-blue. In a given situation of a female’s social neighborhood the color proportions in the clutch are therefore determined
completely by (i) the fraction of each type of the six possible confrontations taking place, and (ii) the outcome probabilities for each
of the confrontations, because indeed, due to (3) and (4), each one of
such confrontationd leads to one unique color in the clutch, and the
probability of this happening is given by the outcome probability.
Since we do not know the relative importance of each type of
confrontation, we will assign a number Pc (ab) to the fraction of
confrontations of colors a and b taking place in the female social
neighborhood of color c. Since color confrontations are symmetric,
these assigned weights satisfy Pc (ab) = Pc (ba). Since Pc (ab) represent
fractions, we have, for an arbitrary c, the following normalization:
Pc (ob) + Pc (oy) + Pc (oo) + Pc (yb) + Pc (yy) + Pc (bb) = 1

(7)

Each Pc (ab) represents the fraction of confrontations (ab) that,
due to (3) and (4), can lead to offspring with either color a or b.
This means that, for a =
/ b, and applying (3), Pc (ab)p(ab)12 is the
proportion of a-colored offspring in the clutch, for a female environment of color c – since p(ab)12 is the probability that a wins
over b – and Pc (ab)p(ab)21 is the proportion of b-colored offspring
in the clutch, for a female environment with color c, since p(ab)21
is the probability that b wins over a. Finally applying (4), we ﬁnd
Pc (aa)p(aa)11 = Pc (aa) is the proportion of a-colored offspring in the
clutch, for a female environment of color c.
We expect in environment c most of the confrontations to be of
the type (ca), with a one of the three colors, and hence confrontations of the type (ab), with a =
/ c, and b =
/ c, to be minimal, possibly
negligible. The derivation of the outcome probabilities from the
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data in Bleay et al. (2007) that we present in the following, is general enough to take into account this asymmetry due to the focus
on the social environment color of the female, as will become clear
in the following. Besides the colored proportions of the clutch in
orange social environment wo (a), we introduce now the notation
wc (a) expressing the proportions of a-colored hatchlings found in
the female’s clutch for a social environment of color c in general.
Since all color-speciﬁc proportions constitute the full clutch, we
have for arbitrary c,
wc (o) + wc (y) + wc (b) = 1

(8)

and the values of all nine wc (a) were determined experimentally in
Bleay et al. (2007). We have introduced now all necessary elements
to derive the equations for calculating the outcome probabilities
from the fractions of the colors in the clutch. For an arbitrary c,
representing the color of the female social environment, we have
Pc (oo)p(oo)11 + Pc (oy)p(oy)12 + Pc (ob)p(ob)12 = wc (o)

(9)

Pc (yy)p(yy)11 + Pc (oy)p(oy)21 + Pc (yb)p(yb)12 = wc (y)

(10)

Pc (bb)p(bb)11 + Pc (ob)p(ob)21 + Pc (yb)p(yb)21 = wc (b)

(11)

Let us interpret these equations, for example, for an orange
social environment of the female. There are three of the six possible confrontations that can give rise to orange offspring, they are
(oo), (oy), and (ob). Each time, however, they will contribute to
orange offspring only if ‘orange wins’. The outcome probabilities
expressing these events are p(oo)11 = 1, p(oy)12 and p(ob)12 . This is
the content of (9) for c being orange. There are also three of the six
possible confrontations that can give rise to yellow offspring, they
are (yy), (oy), and (yb). Each time, however, they will contribute to
yellow offspring only if ‘yellow wins’. The outcome probabilities
expressing these events are p(yy)11 = 1, p(oy)21 and p(yb)12 . This is
the content of (10) for c being orange. There are again three of the six
possible confrontations that can give rise to blue offspring, they are
(bb), (ob), and (yb). Each time, however, they will contribute to blue
offspring only if ‘blue wins’. The outcome probabilities expressing
these events are p(bb)11 = 1, p(ob)21 and p(yb)21 . This is the content
of (11) for c being orange. In a straightforward generalization, the
six additional equations, three for c being yellow, and three for c
being blue, are interpreted analogously.
We must now solve these nine equations. The right-hand side
elements of the equations are experimentally determined, and
more speciﬁcally we extract from Bleay et al. (2007), Figure 1, the
following values
wo (o) = 0.28

wo (y) = 0.53

wo (b) = 0.19

(12)

wy (o) = 0.15

wy (y) = 0.30

wy (b) = 0.55

(13)

wb (o) = 0.54

wb (y) = 0.14

wb (b) = 0.32

(14)

the
three
trivial
outcome
probabilities
Also
p(oo)11 = p(yy)11 = p(bb)11 = 1 are known. Only three of the outcome probabilities p(ab)ij are independent due to symmetries and
closure, (3), (5), and ﬁfteen of the fractions of confrontations Pc (a,
b) are independent due to symmetry and closure.
While this system of equations does not lead to a unique solution, one can check as proof of concept that the following solutions
solve the system of equations:
p(oy)21 = 0.88

p(oy)12 = 0.12

(15)

p(yb)21 = 0.82

p(yb)12 = 0.18

(16)

p(bo)21 = 0.72

p(bo)12 = 0.28

(17)

with
Po (oo) = 0.10

Po (oy) = 0.49

Po (ob) = 0.17

(18)
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Po (yy) = 0.08

Po (yb) = 0.08

Po (bb) = 0.08

(19)

Py (oo) = 0.08

Py (oy) = 0.11

Py (ob) = 0.08

(20)

Py (yy) = 0.11

Py (yb) = 0.55

Py (bb) = 0.07

(21)

Pb (oo) = 0.08

Pb (oy) = 0.07

Pb (ob) = 0.63

(22)

Pb (yy) = 0.06

Pb (yb) = 0.08

Pb (bb) = 0.08

(23)

This solution was generated using a simplex algorithm and can
be steered by feeding initial values to the parameters. The present
solution should not necessarily reﬂect a true natural conﬁguration,
but only one possibility steered for small weights to confrontations
between two morph colors in a third-color social environment.
The model thus shows that the outcome probabilities obtained
from the experimental data conﬁrm RPS-like probabilities: p(oy)21 ,
p(yb)21 and (bo)21 are all inclined to 1 for the RPS-‘win’, while
p(oy)12 , p(yb)12 and p(bo)12 are inclined to 0 for the typical RPS‘lose’.
4. Contextuality, the violation of Bell inequalities and of
the marginal law
The analysis in the foregoing section reveals the essential aspect
of the underlying RPS-type dynamics giving rise to the cyclic
permutations in the population densities, when the outcome probabilities are to be modeled. It consists in considering the interaction
situation of two lizards competing for a female from the perspective of a compound entity (the two interacting lizards), consisting of
two subentities (each of the two lizards apart), and joint measurements to be performed on the compound entity (the competing
strategies of the two lizards), resulting in outcomes that can be
interpreted for each of the subentities apart (both lizards can win
or lose, deﬁned by ‘transferring its color to the offspring’, and hence
the ‘win’ or ‘lose’ is deﬁned for each of the lizards apart). This situation of ‘compound entity’ and ‘joint measurements performed on
the compound entity, with outcomes interpretable as outcomes for
the subentities’, was investigated in great detail in quantum theory, and will be used to analyze the lizards conﬁguration (Aerts and
Sozzo, 2013a,b,c).
The Clauser-Horne-Shimony-Holt (CHSH) variant of Bell’s
inequalities is deﬁned in physics by means of the ‘expectation
values’ of the joint measurements. These expectation values are
nothing but the weighted average value of an outcome, and the outcome values themselves are typically set to +1 or −1. We will ﬁrst
brieﬂy explain the content of the CHSH inequality and subsequently
relate it to the present biological context.
Regarding the general content of the CHSH inequality, one
begins by considering a compound entity S comprising two subentities S1 and S2 and prepared in a given state. This is followed by
simultaneous measurements of the observables a and b, each with
possible outcomes ±1, on S1 and S2 , respectively. The statistics
of outcomes are collected and one calculates the expectation values E(ab) = p(ab)11 + p(ab)−1−1 − p(ab)−1+1 − p(ab)−1+1 . Here, p(ab)ij
(with i, j = ±1) is the probability of obtaining the pair (i, j) when measuring ab, the joint measurement of a on S1 and b on S2 , on the joint
system S. This procedure is repeated for the pair of measurements
(a, b ), (a , b) and (a , b ). It is possible to prove that the collected
joint probabilities can be cast into a global classical Kolmogorovian
probability space if and only if the following ‘Bell’s inequality’ is
satisﬁed


−2 ≤ E(ab) − E(ab ) − E(a b) + E(a b ) ≤ 2

(24)

It has been shown for micro-physical entities described by quantum theory that if the initial state of the compound entity and
the measurements are properly chosen, the Bell’s inequality in

(24) is violated, which entails in particular that quantum probabilities cannot be recovered in a Kolmogorovian framework, i.e.
they are non-Kolmogorovian. A case in which this violation occurs
is the case where the compound entity is prepared in a suitable
‘entangled state’, i.e. a state that cannot be written as a product of a state of S1 and a state of S2 (see Section 6). One refers
to such a situation of violation due to the presence of an entangled state as entanglement, and identiﬁes entanglement as one
of the most important non-classical aspects of quantum theory.
Obviously, since the CSHS-inequality is merely a statistical tool, it
can be applied to any kind of entities, not necessarily pertaining
to particles of physics. It is straightforward to adapt it to the lizard
ecosystem, by suitably introducing states, joint measurements and
probabilities of outcomes, and it is remarkable that a simple calculation sufﬁces to obtain the violation of the inequalities.
To this end, we proceed as follows. In the foregoing section we
introduced the joint probabilities for the joint measurements. For
the case of two interacting lizards with colors a and b considered
as a compound entity of the two subentities which are the two
individual lizards, they are given in (1). In line with its deﬁnition
in probability theory, we assign the value ‘+1’ to the outcome if a
confrontation of two morphs is of the symmetric type ‘win, win’,
or ‘lose, lose’. And we assign the value ‘−1’ to the outcome if a
confrontation of two morphs is of the mixed type ‘win, lose’, or
‘lose, win’. This means that the expectation value for such a joint
measurement is
E(ab) = p(ab)11 − p(ab)12 − p(ab)21 + p(ab)22
We can then use (24) above, where a, b,
colors of morphs.
For two colors a and b we have

a ,

(25)
and

b

are different

E(ab) = −1 if a =
/ b

(26)

E(aa) = +1

(27)

Indeed, suppose that a =
/ b, then from (3) we have
p(ab)11 = p(ab)22 = 0 and p(ab)12 + p(ab)21 = +1. This means that
E(ab) = p(ab)11 − p(ab)12 − p(ab)21 + p(ab)22 = −1

(28)

Using (4), and hence p(aa)11 = 1, and p(aa)12 = p(aa)21 = p(aa)22 = 0,
it follows that
E(aa) = p(aa)11 − p(aa)12 − p(aa)21 + p(aa)22 = +1

(29)

To violate the CHSH variant of Bell’s inequality, consider the
following colors. We take a to be orange, b also to be orange,
a to be yellow and b to be blue. We then have E(oo) = +1 and
E(ob) = E(yo) = E(yb) = −1. This gives
E(oo) − E(ob) − E(yo) − E(yb) = +4

(30)

hence a maximal violation with value +4 of the inequality.
Instead of analyzing exactly what the violation of the inequalities (24) implies for the lizards system, we will in the remainder of
this paper explicitly construct the entangled states for the lizards
system, which are the real source for the violation of these inequalities. Indeed, it should be noted that in effect the violation of
the CHSH inequality with the expectation values captures only a
restricted aspect of the source of this entanglement. This is also the
case in micro-physics, and it explains why many entangled states
can be realized that do not violate the inequalities. The inequalities
are only violated for speciﬁc and rather ‘extreme’ states of entanglement. This means that it provides deep structural insights neither
here nor in micro-physics to focus on the violation itself, such structural insights being linked to the source of the violation, which is
entanglement. However, it can be shown that if the inequalities are
violated, the presence of entanglement must be the cause of this
violation.
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Additionally, in physics the connection has been investigated
(Accardi and Fedullo, 1982; Aerts, 1986; Pitowsky, 1989) between
the Bell inequality, its being satisﬁed or violated, and the possibility
to ﬁt the joint probability used for its expectation values in a general
Kolmogorovian model. More precisely, it has been proven that if
the Bell-inequality is violated, the joint probabilities used for its
expectation values cannot be ﬁt into a global Kolmogorovian model
for the considered situation – this will be investigated in detail in
Section 7.
Let us identify contextuality in the speciﬁc case of the lizards. As
we can see here, the question of which lizard wins or loses depends
essentially on the other lizard. This is true of the RPS game and it is
true of the ideal lizard dynamics. None of the players can inﬂuence
the outcome of a speciﬁc strategy in any way, because it wholly
depends on the other player’s strategy. This type of direct outcome dependence, within a situation of a compound entity, and
outcomes and joint measurements identiﬁable for the subentities,
is known as ‘contextuality’. Of course, the above situation can also
be simply a case of classical contextuality. However, since we have
shown that Bell-type inequalities like CHSH (24) are violated for the
lizard situation, and, as we remarked already, this violation proves
the existence of entanglement, we can state that also the contextuality identiﬁed in the lizard situation is of a non-classical type,
linked to the presence of entanglement. Additionally, in Section 5
below we will show that the lizard contextuality is related in a
direct way to non-commutativity of measurements, which makes
it non-classical also with respect to this aspect of non-classicality,
i.e. non-commutativity. How it is connected to entanglement itself
will be investigated in detail in Section 6.
There is another law which is important from a modeling perspective, namely ‘the marginal probability law’. This law refers to
the possibility to attribute individual probabilities to the outcomes
for each of the subentities, independently of the other subentity.
Violation of the marginal law involves a ‘deeper’ contextuality,
meaning that in addition to the outcome of one subentity depending on the state of the other subentity, the probability of an outcome
of this subentity depends on the state of the other subentity. The
situation of a compound entity, with joint measurements and outcomes interpretable for the subentities, indeed allows to calculate
separate probabilities for each outcome of one subentity. In accordance with the marginal law, such a calculation for one of the
subentities must produce values independently of what happens
with the other subentity.
This law is violated in our lizard situation. Indeed, consider any
color a for one of the lizards, and call p(a)1 the probability that
this morph of color a ‘wins’. We can then calculate the probability
in different ways, depending on what the other morph is. Indeed,
suppose that b is a color different from a, then we have
p(a)1 = p(aa)11 + p(aa)12 = +1

(31)

p(a)1 = p(ab)11 + p(ab)12 = p(ab)12

(32)

And p(ab)12 is different for different combinations of a and b,
and is only equal to 1 for some combinations in the ideal game.
More speciﬁcally, for the solution that we calculated from the data
in Bleay et al. (2007), and that we presented in the foregoing section
in (16), (15) and (17), we have
p(y)1 = p(yo)11 + p(yo)12 = 0.88

(33)

p(y)1 = p(yb)11 + p(yb)12 = 0.18

(34)

p(y)1 = p(yy)11 + p(yy)12 = 1

(35)

which gives three different values for the probability that ‘a yellow
morph wins’, each value depending on what color the other morph
is. Given the RPS dynamics, we can understand that when the other
morph is orange this probability is bigger than when it is blue.
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It can be shown that the violation of the marginal law – in a way
rather similar to the violation of Bell’s Inequality – also induces the
presence of entanglement. However, as we will analyze in Section
6, the entanglement caused by the violation of the marginal law is
structurally such that it cannot be modeled in the state alone and
also appears on the level of the measurements.
In the next section, we start elaborating an explicit Hilbert space
model providing our analysis with the necessary technical detail to
make explicit all elements we have introduced so far.

5. The construction of a Hilbert space model
In this section we construct an explicit Hilbert space model for
the probabilities that we propose as a solution in (15), (16) and
(17) for the data in Bleay et al. (2007). Parallel to its concrete construction, we will explain the mathematics of quantum modeling
in Hilbert space, and the mathematics of Hilbert space itself. By
proceeding in this parallel way, we can likewise put forward the
essential elements of the type of model building we are engaging
in here. It will also enable us to point out in detail, in Section 7,
the problem that is encountered when a classical Kolmogorovian
model is attempted for this situation.
1. When quantum theory is applied for modeling purposes, the
entity to be modeled is associated with a complex Hilbert space H.
Before we explain in detail the way in which this association
is made, let us specify what a complex Hilbert space H is. It is a
vector space over the ﬁeld C of complex numbers, equipped with
an inner product  ·|·  mapping two vectors u| and |v to a complex number u|v. We denote vectors by using the bra-ket notation
introduced by Paul Adrien Dirac, one of the founding fathers of
quantum theory (Dirac, 1958). Vectors can be kets, denoted by
|u, |v, or bras, denoted by u|, v|. The inner product between
the ket vectors |u and |v, or the bra-vectors u| and v|, is realized by juxtaposing the bra vector u| and the ket vector |v, and
u|v is also called a bra-ket, and it satisﬁes the following properties: (i) u|u≥0; (ii) u|v = v|u∗ , where v|u∗ is the complex
conjugate of u|v; (iii) u|(z|v + t|w) = zu|v + tu|w, for z, t ∈ C,
where the sum vector z|u + t|w is called a ‘superposition’ of vectors |u and |w in the quantum jargon. From (ii) and (iii) follows
that the bra-ket is linear in the ket and anti-linear in the bra, i.e.
(zu| + tv|)|w = z ∗ u|w + t ∗ v|w.
For those not acquainted at all with the structure of a complex
Hilbert space, but knowledgeable about vectors spaces in general
over real numbers, we mention that a complex Hilbert space is
exactly the same as a real vector space, except that real numbers
are exchanged by complex numbers. The bra-ket replaces what is
called the inner product of two vectors in a real vector space. Calculating in a complex Hilbert space is the same, except that the
calculation rules or complex numbers need to be applied whenever
numbers are multiplied. Let us add some more aspects of complex numbers, and the vectors of Hilbert space, that are needed for
modeling.
We recall that the absolute value of a complex number is deﬁned
as the square root of the product of this complex
number times
√
its complex conjugate. In a formula, |z| = z ∗ z. A complex number z can either be decomposed into its Cartesian form z = x + iy, or
into its goniometric form z = |z|ei = |z|(cos  + i sin ). Hence we have
√
|u|v| = u|vv|u. We deﬁne the ‘length’ of a ket (bra) vector |u
√
(u|) as |||u|| = ||u||| = u|u. A vector of unit length is called a
‘unit vector’. We say that the ket vectors |u and |v are ‘orthogonal’ and write |u ⊥ |v if u|v = 0. This introduces the necessary
mathematics to describe the ﬁrst modeling rule of quantum theory.
2. First modeling rule: The different situations that the modeled
entity can be encountered in, which are called ‘states’ by physicists,
are represented by the ket vectors |u of unit length, i.e. u|u=1,
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hence unit vectors, of the complex Hilbert space H associated with
the entity.
Representing the situations, or states, of the considered entity is
one fourth of the Hilbert space quantum representation procedures.
The other parts consist of the rules and prescriptions to represent
measurements, probabilities, and the composition of entities. We
will explain these in the following, and also apply them parallel to
our lizard situation in constructing a concrete quantum model for
it. Hence, now we ﬁrst need to introduce some additional mathematics of Hilbert space to explain the way in which measurements
are represented.
Measurements are essentially represented by what are called
‘self-adjoint operators’ on the Hilbert space H. For the purpose of
the Hilbert space representation we built for the lizard situation, we
do not need to explain all mathematical aspects of this representation of measurements by self-adjoint operators. The situation we
encounter is simpler than the general one, because we will work in
a ﬁnite dimensional Hilbert space, while general quantum theory is
made to cope with inﬁnite dimensions. Each self-adjoint operator
in a ﬁnite dimensional Hilbert space is uniquely determined by a
set of vectors, which are called the ‘eigenvectors’ of this self-adjoint
operator. Each eigenvector corresponds to one of the outcomes, and
the number of eigenvectors is also the number of dimensions of
the Hilbert space. Each of such eigenvectors is orthogonal to each
other one, and if we also decide to choose them of length equal to
1 – which we always can – then such a set of eigenvectors forms
an orthonormal basis of the Hilbert space. With ‘basis’, we mean
what is ordinarily meant for an arbitrary vector space, i.e. a set
of vectors such that each vector of the space can be written as a
linear independent combination of these vectors. Such a combination is called a ‘superposition’ in the quantum jargon. It is the
existence of superposed states which is at the origin of the ‘interference effects’ observed with quantum particles. We will construct
the measurements by directly identifying, for each measurement,
its orthonormal set of eigenvectors.
3. Second modeling rule: A measurement is represented by a
self-adjoint operator H on H, and, for a ﬁnite dimensional Hilbert
space, this operator H is determined by its set of eigenvectors, {|h1 ,
. . ., |hn } which we can choose as an orthonormal basis of H. Each
eigenvector corresponds to an outcome of the measurement, and
the dimension of the Hilbert space is determined by the number of
eigenvectors of a typical measurement.
Let us apply this second modeling rule to our lizards situation,
and introduce the necessary notations, operators and vectors. We
denote a measurement where a morph of color a competes with a
morph of color b, by means of the operator H(ab). Such a measurements H(ab) contains always four possible outcomes, i.e. ‘win, win’,
‘win, lose’, ‘lose, win’ and ‘lose, lose’. Since each outcome requires
a corresponding different eigenstate, we will have to determine for
each measurement a basis of four orthonormal vectors, so that the
Hilbert space we will use for our modeling is the four-dimensional
complex Hilbert space. Let us introduce the notation for the eigenvectors. For a measurement H(ab) we introduce the orthonormal
basis of eigenvectors

occur, is given by |u|hm |2 , which is the square of the absolute value
of the bra-ket between the state and the eigenvector.
Let us apply this probability modeling rule to our lizard situation. There are nine different measurements to consider, namely
H(oo), H(oy), H(ob), H(yo), H(yy), H(yb), H(bo), H(by) and H(bb). For
each of the nine measurements we have to construct a set of four
orthonormal eigenvectors that satisfy the probability laws. From
(4) follows

|ab11  |ab12  |ab21  |ab22 

(36)

|u|by11 |2 = p(by)11 = 0

(55)

abij |abkl  = 0 for

(37)

|u|by12 |2 = p(by)12 = 0.82

(56)

|u|by21 |2 = p(by)21 = 0.18

(57)

|u|by22 |2 = p(by)22 = 0

(58)

abij |abij  = 1

ij =
/ kl

(38)

4. Next we have to introduce the modeling rule that introduces
the probabilities. This can be achieved fairly simply using all the
machinery previously introduced. The probabilities are determined
as follows. Suppose the considered situation is represented by the
unit vector |u of the Hilbert space H. For a measurement H, determined by its orthonormal basis of eigenvectors {|h1 , . . ., |hn }, the
probability for an outcome corresponding to eigenvector |hm  to

|u|aa11 |2 = p(aa)11 = 1

(39)

|u|aa12 |2 = p(aa)12 = 0

(40)

|u|aa21 |2 = p(aa)21 = 0

(41)

|u|aa22 |2 = p(aa)22 = 0

(42)

which gives us all the probability laws to be satisﬁed for the three
measurements H(oo), H(yy) and H(bb). Indeed, for equal-color confrontations, we have probability equal to 1 that a ‘win, win’ outcome
results. For the other color combinations, we use the symmetry and
anti-symmetry conditions, and the probabilities that we have calculated in Section 3. Hence, from (3), (5), (16), (15) and (17) follows
that, for measurement H(oy), we have
|u|oy11 |2 = p(oy)11 = 0

(43)

|u|oy12 |2 = p(oy)12 = 0.12

(44)

|u|oy21 |2 = p(oy)21 = 0.88

(45)

|u|oy22 |2 = p(oy)22 = 0

(46)

and, due to (5), we have for H(yo)
|u|yo11 |2 = p(yo)11 = 0

(47)

|u|yo12 |2 = p(yo)12 = 0.88

(48)

|u|yo21 |2 = p(yo)21 = 0.12

(49)

|u|yo22 |2 = p(yo)22 = 0

(50)

For measurement H(yb) we have
|u|yb11 |2 = p(yb)11 = 0

(51)

|u|yb12 |2 = p(yb)12 = 0.18

(52)

|u|yb21 |2 = p(yb)21 = 0.82

(53)

|u|yb22 |2 = p(yb)22 = 0

(54)

and, due to (5), we have for H(by)

And, for measurement H(bo), we have
|u|bo11 |2 = p(bo)11 = 0

(59)
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|u|bo12 |2 = p(bo)12 = 0.28

(60)

see how this works. Applying (70), we have

|u|bo21 |2 = p(bo)21 = 0.72

(61)



|u|bo22 |2 = p(bo)22 = 0

(62)



∗

= (e−ioo ) (0) + (0)

and, due to (5), we have for H(ob)



1
1
oo11 |oo21  = (e−ioo , 0, 0, 0)| 0, √ , − √ , 0
2
2

 1 
√

2



1
+ (0) − √
2



=0

(75)

|u|ob11 |2 = p(ob)11 = 0

(63)

|u|ob12 |2 = p(ob)12 = 0.72

(64)

|u|oo11 |2 = |(1, 0, 0, 0)|(e−ioo , 0, 0, 0)|2 = |e−ioo |2 = 1

|u|ob21 |2 = p(ob)21 = 0.28

(65)

|u|ob22 |2 = p(ob)22 = 0

(66)

The ﬁrst shows that these two vectors are orthogonal. To prove
orthonormality, we need to check also the orthogonality with the
others and show that their lengths equal 1, but these calculations
are analogous. The second shows that (39) is satisﬁed for a being
orange. All the others, i.e. (40), (41) and (42), and for all other colors,
are proven analogously.
The eigenvectors for the remaining six measurements H(oy),
H(ob), H(yo), H(yb), H(bo) and H(by) are more difﬁcult to determine,
because their probabilities do not follow just from the properties
of the situation itself, but contain also the traces of the real-world
data measured in Bleay et al. (2007). Let us make the construction
for H(yo). Some simpliﬁcation still follows from the overall structure of the situation. For example, because of (47) and (50), we can
take, without loss of generality

Eqs. (47)–(62) are all we need to construct the Hilbert space model.
We construct an explicit complex Hilbert space model by making use of the canonical complex Hilbert space C4 , namely the set of
all 4−tuples of complex numbers, equipped with an addition and
multiplication by a complex number, and an inner product deﬁned
as follows.
C4 = {(z1 , z2 , z3 , z4 )|z1 , z2 , z3 , z4 ∈ C}

(67)

(z1 , z2 , z3 , z4 ) + (z1 , z2 , z3 , z4 ) = (z1 + z1 , z2 + z2 , z3 + z3 , z4 + z4 )
(68)

(z1 , z2 , z3 , z4 ) = (z1 , z2 , z3 , z4 ) for  ∈ C

(69)

(z1 , z2 , z3 , z4 )|(z1 , z2 , z3 , z4 ) = z1∗ z1 + z2∗ z2 + z3∗ z3 + z4∗ z4

(70)

|yo11  =

|yo22  =






1
1
0, √ , √ , 0
2
2



|u = (1, 0, 0, 0)

|yo21  = (c, 0, 0, de )

(71)

First we determine the unit vectors representing the eigenstates
for the draw measurements H(oo), H(yy) and H(bb), hence satisfying
(39), (40), (41) and (42). We also make sure that each measurement
is determined by a different set of eigenvectors. There is no unique
solution, hence the one we present here is one of the possible solutions.

|oo21  =





1
1
0, √ , − √ , 0 , |oo22  = (0, 0, 0, 1)
2
2

|yy11  = (e−iyy , 0, 0, 0), |yy12  =
|yy21  =



1
1
0, √ , 0, − √
2
2






1

1
0, 0, √ , − √
2
2



1
1
0, √ , 0, √
2
2



1
0, 0, √ , √
2
2

(79)

iı

(80)

with a2 + b2 = c2 + d2 = 1, which is needed for the vector to have a
length equal to 1, and such that (48) and (49) are satisﬁed, which
means that
iˇ

(81)

iı

(82)

0.88 = |u|yo12 |2 = (1, 0, 0, 0)|(a, 0, 0, be ) = a2

(72)

√
is given by a = 0.88 = 0.94, and c =
Hence, a solution 
√
√
√
0.12 = 0.34. Then b =
1 − a2 = 1 − 0.88 = 0.12 = 0.34, and

√
√
d=
1 − c 2 = 1 − 0.12 = 0.88 = 0.94. This gives us

(73)

|yo12  = (0.94, 0, 0, 0.34 · eiˇ )

(83)

|yo21  = (0.34, 0, 0, 0.94 · eiı )

(84)




1

iˇ

0.12 = |u|yo21 |2 = (1, 0, 0, 0)|(c, 0, 0, de ) = c 2

,

, |yy22  = (0, 0, 0)

|bb11  = (e−ibb , 0, 0, 0), |bb12  =
|bb21  =



1
1
0, √ , √ , 0 ,
2
2

(78)

and look for |yo12  and |yo21  for a solution, in the form
|yo12  = (a, 0, 0, be )



(77)

1
1
0, √ , − √ , 0
2
2

We start by choosing the unit ket vector |u representing the
situation of the lizards without any measurement being involved,
by the ﬁrst canonical base vector of C4 .

|oo11  = (e−ioo , 0, 0, 0), |oo12  =

(76)

,
(74)

, |bb22  = (0, 1, 0, 0)

We can easily verify that the above choices for the eigenvectors constitute an orthonormal basis for each of the measurements
andsatisfy (39), (40), (41) and (42). Let us check some of them to

The phases ˇ and ı can now be chosen to make these vectors orthogonal. We choose ˇ = 0 and ı = , and hence eiˇ = +1 and
eiı = −1. This gives us the following solution for the orthonormal set
of eigenvectors of the measurement H(yo).
|yo11  =





1
1
0, √ , √ , 0
2
2

(85)
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|yo12  = (0.94, 0, 0, 0.34)

(86)

|yo21  = (0.34, 0, 0, −0.94)

(87)

|yo22  =





1
1
0, √ , − √ , 0
2
2

(88)

In a very analogous way, we construct a solution for the measurement H(by), but starting from
|by11  =
|by22  =





1

1
0, √ , 0, √
2
2

1
1
0, √ , 0, − √
2
2

(89)

|oy21  = (0.94, 0, 0, i · 0.34)

|oy22  =

|yb11  =



and hence we get
|by12  = (0.91, 0, 0.42, 0)

(91)

|by21  = (0.42, 0, −0.91, 0)
(92)
√
√
where 0.91 = 0.82 and 0.42 = 0.18. Hence the orthonormal set
of eigenvectors of H(by) can be taken to be
|by11  =



(93)

|by12  = (0.91, 0, 0.42, 0)

(94)

|by21  = (0.42, 0, −0.91, 0)

(95)

|by22  =




1

1
0, √ , 0, − √
2
2

|ob11  =



(97)

|ob21  = (0.53, −0.85, 0, 0)

(99)


1

1
0, 0, √ , − √
(100)
2
2
√
√
where 0.85 = 0.72 and 0.53 = 0.28.
Let us now also construct orthonormal sets of eigenvectors of
the remaining measurements H(oy), H(yb) and H(bo). Let us ﬁrst
consider H(oy). Remark that, because of p(yo)12 = p(oy)21 = 0.88, and
p(yo)21 = p(oy)12 = 0.12, in the construction procedure we adapted
for the three foregoing measurements, we might consider the two
measurements to be equivalent. This is in fact even the case for
the situations that we have been considering. Let us show, however, that Hilbert space allows us to make a construction such that
both measurements are described by a different orthonormal basis.
If in the future more reﬁned measurements on the situation are
made, it may prove necessary to distinguish both measurements.
It is also a way to show how the phases and hence the complex
nature of the Hilbert space play a role in this possibility of distinguishing between H(oy) and H(yo), although there is no difference
with regard to the probabilities that have been measured. Indeed,
instead of choosing ˇ = 0 and ı = , in the step we made from (83)
and (84), to (86) and (87), we can choose ˇ = /2, and ı = 3/2. It is
a property of the two-dimensional complex Hilbert space, which
is the subspace we are working in with this choice of phase, that
there are these different ways for vectors to be orthogonal, namely
whenever the difference in angle between the phases equals . Let
us also recall that ei/2 = i, and ei3/2 = − i. This choice gives us the
following orthonormal basis of eigenvectors for H(oy).

|oy11  =



(105)

(107)

|yb22  =



1
i
0, √ , 0, − √
2
2



i
1
0, 0, √ , √
2
2


(108)


(109)

|bo12  = (0.53, −i · 0.85, 0, 0)

(110)

|bo21  = (0.85, i · 0.53, 0, 0)

(111)



1
1
0, 0, √ , √
2
2

(98)

|ob22  =



|yb21  = (0.91, 0, i · 0.42, 0)

(96)

|ob12  = (0.85, 0.53, 0, 0)



1
i
0, √ , 0, √
2
2

(106)

|bo11  =

For the measurement H(ob) we analogously construct the following orthonormal set of eigenvectors

(104)

|yb12  = (0.42, 0, −i · 0.91, 0)



1
1
0, √ , 0, √
2
2



1
i
0, √ , − √ , 0
2
2

and in an analogous way we construct the orthonormal basis of
eigenvectors for the two remaining measurements H(yb) and H(bo).
They are


(90)



(103)



i
1
0, √ , √ , 0
2
2

|oy12  = (0.34, 0, 0, −i · 0.94)

(101)
(102)

|bo22  =



1
i
0, 0, √ , − √
2
2


(112)

This completes the construction of the orthonormal basis for all
measurements.
In our explanation of the use of the quantum formalism for
modeling purposes, we have introduced a measurement as characterized by an orthonormal basis. We did mention that the common
way to represent a measurement is by a self-adjoint operator, and
that is how one will ﬁnd it described in quantum theory textbooks.
The step from the orthonormal basis to a self-adjoint operator is
straightforward in the case of a ﬁnite dimensional Hilbert space.
Indeed, such a self-adjoint operator can then be represented as a
square Hermitian matrix H(ab)ij , with size equal to the dimension of
the Hilbert space used. Hermitian means that the diagonal elements
are real, and the off-diagonal elements are complex conjugates, i.e.
∗
H(ab)ij = H(ab)ji . The vectors representing a measurement as an
orthonormal basis are the eigenvectors of this matrix. When the
matrix is diagonalised, and hence contains only real numbers on
its diagonal, and zero’s for all its other elements, these real numbers are the eigenvalues. These eigenvalues are numbers given to
identify the different outcomes, hence if we want to distinguish
the four different outcomes in each one of our joint experiments,
we need to choose for each self-adjoint operator four different real
numbers 1 , 2 , 3 , 4 , each of the numbers characterizing one of
the four outcomes.
We will calculate two of such self-adjoint operators for the lizard
situation, because we want to show explicitly that they do not
commute. Non-commuting self-adjoint operators are indeed the
hallmark of non-classicality of the probability model within the
quantum formalism. We calculate the matrix corresponding to a set
of eigenvectors, and eigenvalues,using standard techniques from
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linear algebra, as follows

⎛ 0 ⎞
⎜ √1 ⎟
⎜
⎟ 
1
⎜ 2⎟
H(by) = 1 · ⎜
⎟· 0 √
1
⎜√ ⎟
2
⎝ 2⎠

⎛
1
√
2


0

0.91

⎞

⎛

⎜ 0 ⎟ 
⎜

⎜
⎟
⎜
⎝ 0 ⎠ · 0.91 0 0 0.42 + 3 · ⎝

+ 2 ·

⎞

0.42

⎟ 

⎟ · 0.42 0 0 −0.91
⎠

0
0
−0.91

0.42

0

⎛ 0 ⎞
⎛0
⎜ √1 ⎟
⎜
⎜
⎟ 
 ⎜0
1
1
⎜ 2 ⎟
⎜
+ 4 · ⎜
⎟ · 0 √ −√ 0 = ⎜
⎜ − √1 ⎟
⎜0
2
2
⎝
⎠
⎝
2
0

−0.383

−0.383

0 0
0

0

0

0

0

0

⎛0

⎞

1
1
2

1
1
2

0

0

0

0

⎞

⎛ 0.82

0⎟
⎟

0

0

0.382

0

0

0

0

0

0

0

0

0.382

0

0

0.182

2

⎟ ⎜
⎟+⎜
⎝
0⎟
⎠

⎞
⎟
⎟
⎠

0

⎞
0

0

1
⎜0 1
− 4 0 ⎟
4
⎟
⎟ ⎜
2
2
⎜
⎟
0
⎟+⎜
⎟
⎠
1
1
⎜
⎟
0
⎝ 0 − 2 4 2 4 0 ⎠
0.823
0

0

⎜
⎜
⎜
=⎜
⎜
⎜
⎝

0
1
1
2

0

⎛ 0.18
3
⎜
0
+⎜
⎝
0
⎛

0
1
1
2

0

0

0.822 + 0.183

0

0

0.38(2 − 3 )

0

1
(1 + 4 )
2

1
(1 − 4 )
2

0

0

1
(1 − 4 )
2

1
(1 + 4 )
2

0

0.38(2 − 3 )

0

0

0.182 + 0.823

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠
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where 1 , 2 , 3 and 4 are four different real numbers that identify
respectively the outcomes ‘win, win’, ‘win, lose’, ‘lose, win’ and ‘lose,
lose’ for a competition of two morphs of color ‘blue’ and ‘yellow’.
In an analogous way we calculate, for example, H(bo)

⎛

⎞

⎛
⎞
0.85
⎜
⎟
⎜
⎟ 

⎜ 0 ⎟ 

1
1
⎜
⎟
⎟
H(bo) = 1 · ⎜
+ 2 · ⎜
⎟· 0 √ 0 √
⎝ 0.53 ⎠ · 0.85 0 0.53 0
⎜ 0 ⎟
2
2
⎝
⎠
0
1
√
2
1
√
2

0

⎛

⎛

⎞

0
1
√
2

⎞

0.53
⎜
⎟
⎜
⎟ 

⎜ 0 ⎟ 

1
1
⎜
⎟
⎟ · 0.53 0 −0.85 0 + 4 · ⎜
0 −√
+ 3 · ⎜
· 0 √
⎟
⎝ −0.85 ⎠
⎜ 0 ⎟
2
2
⎝
⎠
1
−√
2

0

⎛

⎞

⎛
⎞ ⎛
⎞
0.722 0 0.452 0
0.283 0 −0.453 0
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1 0
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2
2
⎜
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⎟
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(114)
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where this time 1 , 2 , 3 and 4 are four different real numbers, identifying respectively the outcome ‘win, win’, ‘win, lose’,
‘lose, win’ and ‘lose, lose’ of a competition of two morphs with colors ‘blue’ and ‘orange’. Let us show that H(yo) and H(by) do not
commute. We have
H(yo)H(by)ij =



H(yo)ik H(by)kj

(115)

k

Consider for example the element in the ﬁrst column and second row of the two products, i.e. the elements H(yo)H(by)21 and
H(by)H(yo)21 . We have
H(yo)H(by)21 = H(yo)21 H(by)11 + H(yo)22 H(by)21 + H(yo)23 H(by)31
+ H(yo)24 H(by)41 =

1
(1 − 4 ) · 0.45(2 − 3 )
2
(116)

H(by)H(yo)21 = H(by)21 H(yo)11 + H(by)22 H(yo)21 + H(by)23 H(yo)31
+ H(by)24 H(yo)41 =

1
(1 − 4 ) · 0.38(2 − 3 )
2
(117)

Let us mention here that the commutation of two self-adjoint
operators in the way they represent measurements in quantum
theory is equivalent to the commutation of the projectors on their
orthonormal base of eigenvectors, which shows that the speciﬁc
value of the eigenvalues plays no role in it. Hence, it is sufﬁcient
to observe that (116) is different from (117) for speciﬁc values of
1 , 2 , 3 , 4 and 1 , 2 , 3 and 4 , to conclude about the non
commutativity of the two self-adjoint operators representing the
joint measurements for ‘blue’ and ‘yellow’ competing morphs, and
‘yellow’ and ‘orange’ competing morphs.
6. Quantum compoundness, subentities, submeasurements
and entanglement
We have constructed a four dimensional Hilbert space model
for the compound entity consisting of the two interacting lizards.
In this section we will analyze the way in which the two individual
lizards and the measurements we have deﬁned with respect to their
winning and losing appear as subentities and submeasurements,
and show that quantum entanglement is involved for both.
Contrary to classical theory, where compoundness appears in
a way equivalent to how two subsets are ‘joined’ by means of the
‘joining of subsets’, and hence no ‘new is added’, in quantum theory compoundness involves the emergence of new states and new
measurements. These new states and measurements arise as a consequence of the mathematical structure of quantum theory. It is
indeed the vector space structure of the set of states and the linear
algebra structure of the set of measurements that generate these
new states and measurements for a situation of compoundness. It
is, in effect, this property of emergence which makes quantumlike structures better suited as compared to classical structures to
model situations of compoundness in the natural world. Indeed, in
a natural situation usually new states and new measurements arise
when two entities are joined. Since in a situation modeled by classical structures compoundness is reduced to a simple union of the
existing subentities and submeasurements, these subentities and
submeasurements can easily be retrieved from the structure of the
compound entity and measurements. In a situation of the natural
world, and certainly so in a situation modeled by quantum theory,
retrieving the subentities and submeasurements is more complicated, and involves complex aspects due to the effect of emergence.

Hence, to analyze this situation of compoundness, we carefully
employ the mathematical procedures of quantum theory designed
for retrieving the subentities and measurements. As we will see,
the two lizards, interacting following RPS-like internal dynamics,
constitute an example of non-classical compoundness in a very signiﬁcant way. The aim of the present section is to investigate this
situation in detail.
We continue the approach we initiated in Section 5, and introduce the fourth quantum modeling rule, explaining how compound
entities are analyzed in function of their constituting subentities,
while in parallel we investigate the situation of the lizards with
respect to compoundness.
3. Suppose that the compound entity S is made up of two
subentities S1 and S2 , and that S, S1 and S2 are described by the
complex Hilbert spaces H, H1 and H2 , respectively, following the
standard quantum formalism, i.e. a modeling as explained in Section 5. Identifying the subentities and submeasurements consists in
considering an isomorphism between the Hilbert space H and the
tensor product H1 ⊗ H2 of the two Hilbert spaces H1 and H2 . The
image of this isomorphism of states and measurements is interpreted in this tensor product. Entanglement in a state indicates
the situation where the image of this state cannot be written as a
product state in the tensor product.
The tensor product is in many ways the only possible structure to constitute the basis for the description of the compound
entity of two subentities within the quantum formalism. It is the
Hilbert space generated linearly by the product states, but it can
also be proven to model the compound entity from an operational
axiomatic point of view (Aerts and Daubechies, 1978).
To model the compound entity of the two interacting lizards, we
have explicitly introduced the four-dimensional complex Hilbert
space in its canonical form C4 . Each of the lizards is individually modeled as a subentity in a two-dimensional complex Hilbert
space, and its canonical form is C2 . The tensor product C2 ⊗ C2 is
a four-dimensional complex Hilbert space, which is to be used to
identify the subentities and submeasurements of the entity of the
interacting lizards. It is deﬁned as follows
C2 ⊗ C2 =

⎧
⎨
⎩

ij |vi ⊗ |wj | |vi , |wj ∈ C2 , ij ∈ C

ij

⎫
⎬
⎭

(118)

where the tensor product ⊗ is an operation with the usual properties of a product, i.e. for |u, |v, |w, |t ∈ C2 and , , ,  ∈ C, we
have
(|u + |v) ⊗ (|w + |t) = |v ⊗ |w + |v ⊗ |w
+ |v ⊗ |t + |v ⊗ |t

(119)

The bra-ket is deﬁned as follows
(u| ⊗ v|)(|w ⊗ |t) = u|wv|t

(120)

It can be veriﬁed straightforwardly that if {|o1 , |o2 } and {|y1 ,
|y2 } are orthonormal bases of C2 , then {|o1  ⊗ |y1 , |o1  ⊗ |y2 ,
|o2  ⊗ |y1 , |o2  ⊗ |y2 } is an orthonormal basis of C2 ⊗ C2 . The tensor
product is not commutative, i.e. in general we have
|v ⊗ |w =
/ |w ⊗ |v

(121)

We make explicit what entanglement is on the level of
the states. Suppose we have constructed an orthonormal basis
{|o1  ⊗ |y1 , |o1  ⊗ |y2 , |o2  ⊗ |y1 , |o2  ⊗ |y2 }, starting from two different orthonormal bases {|o1 , |o2 } and {|y1 , |y2 } of C2 , and, for
12 and 21 both different from zero, consider the following vector
of C2 ⊗ C2 ,
|u = 12 |o1  ⊗ |y2  + 21 |o2  ⊗ |y1 

(122)

D. Aerts et al. / Ecological Modelling 281 (2014) 38–51

then it is not possible to ﬁnd vectors |v, |w ∈ C2 , such that |u =
|v ⊗ |w is a product of such two vectors. This can be shown right
away, but let us try it out. Suppose that we are looking for two such
vectors |v, |w ∈ C2 , such that |u = |v ⊗ |w. Then, since {|o1 , |o2 }
and {|y1 , |y2 } are both bases of C2 , we can write
|v = 1 |o1  + 2 |o2 

(123)

|w = 1 |y1  + 2 |y2 

(124)

where, for 1 , 2 , and 1 , 2 , for each couple, at least one of them
is different from zero. Then we have
|v ⊗ |w = (1 |o1  + 2 |o2 ) ⊗ (1 |y1  + 2 |y2 )

(125)

= 1 1 |o1  ⊗ |y1  + 1 2 |o1  ⊗ |y2  + 2 1 |o2  ⊗ |y1 
+ 2 2 |o2  ⊗ |y2 

(126)

Since {|o1  ⊗ |y1 , |o1  ⊗ |y2 , |o2  ⊗ |y1 , |o2  ⊗ |y2 } is a an
orthonormal basis of C2 ⊗ C2 , from |u = |v ⊗ |w then follows that
1 1 = 0 1 2 = 12

2 1 = 21

2 2 = 0

(127)

which are four equations impossible to be satisﬁed together for the
four complex numbers 1 , 2 , 1 and 2 . Indeed, from 1 1 = 0
follows that 1 = 0 or 1 = 0, and hence at least one of 12 or 21 is
zero, which by construction of the vector |u is not the case.
If the compound entity is in such a state |u, this means that
it cannot be interpreted as the two subentities being in individual
states each of them. Hence |u is an example of a new emergent
state of the compound entity.
Let us show that it is exactly states of this nature that appear
in our modeling of the lizard interactions, when we introduce the
tensor product procedure to identify the subentities and submeasurements of the compound lizard entity. Suppose that for the
individual lizards, using the complex Hilbert space C2 to represent
its states, we model the measurements that can result in an individual win or lose, by the orthonormal basis {|o1 , |o2 }, {|y1 , |y2 },
and {|b1 , |b2 }, for the different colors. Concretely, this means that
in case one of the two lizards is in state |v ∈ C2 , and the other one in
state |w ∈ C2 , then o1 is the outcome of an orange morph that wins,
and o2 the outcome of an orange morph that loses. Similarly, y1 is
the outcome of a yellow morph that wins, and y2 is the outcome of
a yellow morph that loses, and b1 is the outcome of a blue morph
that wins, while b2 is the outcome of a blue morph that loses.
Taking into account our construction of the orthonormal basis
for measurements on individual lizards, it follows that |v|o1 |2
(|w|o1 |2 ) is the probability for the ﬁrst (the second) individual
orange morph to win, |v|o2 |2 (|w|o2 |2 ) for the ﬁrst (the second)
individual orange morph to lose. Similarly, |u|y1 |2 is the probability for the ﬁrst (the second) individual yellow morph to win, |v|y2 |2
(|w|y2 |2 ) for the ﬁrst (the second) individual yellow morph to
lose, and |v|b1 |2 (|w|b1 |2 ) for the ﬁrst (the second) individual
blue morph to win, while |v|b2 |2 (|w|b2 |2 ) for the ﬁrst (the second) individual blue morph to lose. This means that we apply the
quantum Hilbert space formalism, and all of its modeling rules, to
individual morphs.
We should point out that, since the physical animals which
are the individual lizards, cannot change colors – although there
is some evidence that suggests that the polymorphism of the Uta
stansburiana might occasionally also be environmentally triggered
– and hence cannot change strategies, we do not model the physical
animal itself. In our model, a morph’s color is therefore considered
to be a variable. One interpretation is to imagine a speciﬁc ‘competition situation’ which consists in two morphs appearing in this
situation competing for a female. The potential states of these two
morphs in this situation are those described in the model, and color
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is included in this potential. The different possible competition situations as such are modeled by |v for one of the morphs, and by
|w for the other morph, and by |u for the compound of the two
morphs.
We propose the following isomorphism with the tensor product
space.
Ioy : C4 → C2 ⊗ C2

(128)

Ioy |oy11  = |o1  ⊗ |y1  Ioy |oy12  = |o1  ⊗ |y2 

(129)

Ioy |oy21  = |o2  ⊗ |y1  Ioy |oy22  = |o2  ⊗ |y2 

(130)

Let us calculate the image of the state |u, respecting, of course,
our choice for the Hilbert space modeling regarding the competition compound entity situation in Section 5. We recall that we
choose |u = (1, 0, 0, 0) as speciﬁed and explained in (71). To calculate the image of |u, let us write |u as a linear combination in the
orthonormal basis {|oy11 , |oy12 , |oy21 , |oy22 } of C4 , because the
isomorphism Ioy is deﬁned by its actions on these vectors. We have
|u = |oy11 oy11 |u + |oy12 oy12 |u
+|oy21 oy21 |u + |oy22 oy22 |u

(131)

= 0.34|oy12  + 0.94|oy21 

(132)

where we used (102) and (103). This means that we have
Ioy |u = Ioy (0.334|oy12  + 0.994|oy21 )

(133)

= 0.34Ioy |oy12  + 0.94Ioy |oy21 

(134)

= 0.34|o1  ⊗ |y2  + 0.94|o2  ⊗ |y1 

(135)

This is exactly the type of vector which we introduced in (122),
with 12 = 0.34 and 21 = 0.94, and we proved it to be entangled.
It can be shown that the image of the self-adjoint operator
Hoy representing the orange yellow competition measurement is a
product operator. This means that the entanglement of the orange
yellow competition situation can be fully entered into the state.
However, if we want to accomplish this for other color combination
competitions, we will have to consider different isomorphisms, one
speciﬁc one for each color combination. This is due to the marginal
probability law being violated, like we have shown in (33), (34) and
(35). We have analyzed this aspect of an entanglement situation in
detail in Aerts and Sozzo (2013c).
7. Non-Kolmogorovity in the RPS game
We mentioned in Section 1 that it was the violation of Bell’s
inequalities for the RPS dynamics that caught our attention, and
more speciﬁcally that such a violation indicates the presence of a
non-Kolmogorovian structure for the considered probability model
(Accardi and Fedullo, 1982; Pitowsky, 1989). In this section we
analyze the concrete meaning of this violation by constructing a
Kolmogorovian model and identifying where and why it fails. Again,
of course, this analysis is from the speciﬁc viewpoint of considering
the two individual lizard morphs as subentities of the compound
lizard system.
Hence, suppose there exists a Kolmogorovian model for the situation of competing lizards considered as a compound situation of
two lizards. This means that we have a sample space , and a probability measure  on . The situation of one of the lizards, its colors,
and its possibility of winning or losing, is now presented by subsets
and their complements of this sample space, and so for the other
lizard. Concretely, this means that we have Lo ⊆ , LoC ⊆ , representing the ﬁrst orange morph, with(Lo ) and (LoC ) = 1 − (Lo )
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the probabilities of winning or losing in a competition, respectively. Similarly we have Ly ⊆ , LyC ⊆ , representing the ﬁrst
yellow morph, with (Ly ) and (LyC ) = 1 − (Ly ) the probabilities of
respectively winning or losing in a competition, and Lb ⊆ , LbC ⊆ ,
representing the ﬁrst blue morph, with (Lb ) and (LbC ) = 1 − (Lb )
the probabilities of respectively winning or losing in a competition. We have an equivalent situation in the sample space for the
second morph, hence Mo ⊆ , MoC ⊆ , representing the second
orange morph, with (Mo ) and (MoC ) = 1 − (Mo ) the probabilities of respectively winning or losing in a competition. Similarly,
we have My ⊆ , MyC ⊆ , representing the second yellow morph,
with (My ) and (MyC ) = 1 − (My ) the probabilities of winning or
losing in a competition, respectively, and Mb ⊆ , MbC ⊆ , representing the second blue morph, with (Mb ) and (MbC ) = 1 − (Mb )
the probabilities of winning or losing in a competition, respectively.
For the situation of both morphs joining in a competition, we
consider the joint probabilities as constructed in a Kolmogorovian
approach. Hence, for example, (Lo ∩ My ) represents the probability that the ﬁrst morph being orange and the second being yellow,
both win, (Lo ∩ MyC ) represents the probability that the ﬁrst morph
being orange wins and the second being yellow loses, (LoC ∩ My )
represents the probability that the ﬁrst morph being orange loses
and the second being yellow wins, and (LoC ∩ MyC ) represents the
probability that the ﬁrst morph being orange and the second being
yellow both lose.
It is easy to show that the marginal law is always satisﬁed within
such a Kolmogorovian model. Indeed, we have
(Ly ) = (Ly ∩ (Mo ∪ MoC )) = ((Ly ∩ Mo ) ∪ (Ly ∩ MoC )
= (Ly ∩ Mo ) + (Ly ∩ MoC )

(136)

but also
(Ly ) = (Ly ∩ (Mb ∪ MbC )) = ((Ly ∩ Mb ) ∪ (Ly ∩ MbC )
= (Ly ∩ Mb ) + (Ly ∩ MbC )

(137)

and also

morphs of the side-blotched lizard Uta Stansburiana. We have calculated in Section 3 the joint probabilities from the data, and shown
that they give rise to a non-ideal probabilistic RPS type of interaction dynamics for the competing lizard morphs. We have analyzed
the contextuality following from this dynamics for the lizard morph
encounters, and shown in Section 4 that indeed Bell’s inequality
and the marginal probability law are violated. In Section 5 we have
constructed an explicit complex Hilbert space description modeling this contextually and also in a faithful way all the experimental
data, and we have proven that the operators representing the measurable quantities do not commute, which explicitly shows the
presence of non-classicality in the situation. In Section 6 we have
investigated in detail the structure of the lizard interaction making use of the Hilbert space representation developed in Section 5,
and we have proven the presence of quantum entanglement in
the situation of the competing lizard morphs. In this entanglement
analysis we have made use of results of similarly studied situations
in human cognition where quantum entanglement was encountered (Aerts and Sozzo, 2013a,b,c). Finally, we have identiﬁed in
Section 7 why a single Kolmogorovian probability space, with joint
probabilities as measures of interactions of individual events, is not
possible.
The result may have far-reaching consequences, since several
biological systems are believed to contain sub-dynamics of the
cyclic competition type (Sinervo and Calsbeek, 2006). For example,
the coexistence of a large number of phytoplankton species competing for a limited variety of resources in aquatic ecosystems (the
paradox of the plankton) is believed to result from cyclic competition (Huisman and Weissing, 1999; Huisman et al., 2001; Schippers
et al., 2001), and hence could incorporate the type of quantumstructural aspects we identiﬁed for the lizard morph interactions.
Our investigation links up with the new developments of
‘identiﬁcation of quantum structure in domains different from
the micro-world’, and extends to animal behavior the results
obtained in the context of human cognition. Furthermore, it suggests that ecological systems are intrinsically contextual, and
constitutes a powerful support for systematic applications of
quantum-structural modeling in biology.

(Ly ) = (Ly ∩ (My ∪ MyC )) = ((Ly ∩ My ) ∪ (Ly ∩ MyC )
= (Ly ∩ My ) + (Ly ∩ MyC )

(138)

While from (33), (34) and (35), we know that these are not equal
following from the experimental data.
8. Conclusions
Cyclic competition, an evolutionary analog of the RPS game, is
relevant to population ecology. However, modeling the intrinsic
probabilities involved in RPS structures, revealed a fundamental
difﬁculty. If the competitive encounters of the individual players
are analyzed as subentities interacting within a compound entity,
the joint probabilities describing the interactions turn out to violate
Bell’s inequalities and the marginal probability law. This implies
that such an interaction cannot be modeled in a Kolmogorovian
probability space where the joint probabilities are measures of conjunctions of the events of the individual players. Following typical
investigations of similar situations in the foundations of quantum
physics, it is known that an occurrence of violation of Bell’s inequality and the marginal probability law is indicative of the presence
of contextuality of a quantum nature. This means that the complex Hilbert space formalism of quantum mechanics is a natural
candidate for the modeling of such a situation.
In this paper, we have worked with the set of experimental data
collected in Bleay et al. (2007) on the RPS cycles of the three colored
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