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Abstract
I-D Multivariable system theory has been developed richly over the past
fifty years using various approaches. The classical approach includes the matrix fraction description (MFD), the state-space approach etc., while the behavioural approach is relatively new. Nowadays, however there is an enormous
need to develop this theory for systems where information depends on more
than one independent variable i.e. the n-D system theory (n 2: 2), due to
the vast number of applications for these kind of systems. By contrast to the
I-D system theory, the n-D system theory is less developed and its main aspects are not yet complete, where generalising the results from I-D to n-D has
proved to be not straight forward nor smooth. This could be attributed to the
n-D polynomial matrices which are the basic elements used in the analysis of

n-D systems. n-D polynomial matrices are more difficult to manipulate when

compared to the I-D polynomial matrices used in the analysis of I-D systems,
because the ring of n-D polynomials to which their elements belong does not
possess many of the favourable properties which the ring of I-D polynomials
possesses. The work proposed in this thesis considers the Rosenbrock system
matrix and the matrix fraction description approaches to the study of n-D
systems.
The first part of this work considers the algebraic structure of the n-D
polynomial matrices used in the analysis of n- D systems. A detailed definition of the zero structure of an n- D polynomial matrix is given. The nature
of the invariance of this zero structure is considered in both the polynomial
matrix and the polynomial system contexts. The algebraic structure of n-D
rational matrices are considered in the second part of this work via the natural generalisation of the I-D Smith McMillan form to the n-D, and via the
numerator-denominator zero structures of its MFDs. The aim is to consider
the possibility of defining the algebraic pole-zero structure of an n- D transfer
function matrix via these methods. Finally, the third part presents an n-D
system matrix reduction procedure which reduces an arbitrary system matrix
to a first-order state space form of importance in the n-D context.
vii

Glossary of Notation

C

the field of complex numbers

lR

the field of real numbers

F

a field taken invariably to be lR or C

F[Zl]

the ring of polynomials in the single indeterminate Zl with
coefficients in the field Fi the ring of I-D polynomials
the ring of polynomials in the two indeterminate Zl, Z2
with coefficients in the field F

F[z] or F[Zl,.'" Zn]

the ring of polynomials in the n indeterminates (Zl, ... , zn)
with coefficients in the field F; the ring of n-D polynomials

F[z]PX q

the ring of matrices with elements from F[z] and consists of
p

Ai.l,i~, ... ,i~

Jl,J2,···,Ji

rows and q columns

the

kth

order minor formed by selecting the rows il, i 2 , ... , 'ii

and the columns ]1, ]2, ... , ]i
the determinant of the

p'1'(z)

the transpose of the n-D polynomial matrix P

p-1(Z)

the inverse of the n- D polynomial matrix P

alb

the polynomial a divides the polynomial b

rank(P(z))

the rank of the n-D polynomial matrix P

min(p, q)

the minimum of p and q

!emU, g)
liP)

the least common multiple of

v (IJP))

the variety defined by the ideal It)

r

ll- D

polynomial matrix P

IP(z)1 or det(P(z))

f and g

the ideal generated by the r x r order minors of the matrix P
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Chapter 1
Introduction to Linear
Multivariable Systems

1

2

1.1 Introduction

1.1

Introduction

Over the past fifty years the theory of 1-D linear multivariable systems has
been extensively researched and developed. However, more recent attention
has been directed towards multidimensional linear systems due to the variety
of their applications, e.g. x-ray image enhancement, n-D digital filtering, etc ..
There is one fundamental difference between 1-D and n-D systems, and
that is underlying ring structure of the polynomial matrices used as the basic
ingredient in their analysis. In contrast to the ring of 1-D polynomials which is
a Eudidean domain, the ring of n-D polynomials is only a unique factorisation
domain, thus lack the Euclidean division algorithm. This division algorithm
is vital for the elementary operations used to algorithmically transform a 1-D
polynomial matrix to its equivalent canonical forms such as the 1-D Smith
form [66]. As a consequence the existing results about I-D linear systems do
not generalise readily to n-D systems. During the last thirty years work has
been done to extend the 1-D methods, and in many ways new techniques and
other fields of mathematics have been utilised to develop a complete theory
of n-D systems.

However, the progress made in the theory is seen to be

relatively little, which reflects the inherent difficulties and complexities of the
n- D systems.

This chapter gives a brief overview of some of the common methods used
in the analysis of one dimensional linear multivariable systems, followed by a
concise account of some of the notable references in the general area of 2-D
and 71- D systems theory. Finally, an outline of the main elements of this thesis
is presented.

1.2 One dimensional Linear Multivariable Systems

1.2
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One dimensional Linear Multivariable Systems

Linear multivariable systems are used to mathematically represent many physical systems such as a rocket, an economy, the spread of an epidemic or an
electric circuit, etc .. Some of the most common methods used to describe the
dynamical behavior of 1-D linear multivariable systems are the matrix fraction description of the transfer function matrix, the state space approach, the
polynomial matrix descriptions, and the behavioural approach.
In the early sixties, the state space approach became popular through the
work of many researchers, see for example ([35], [36]). A typical state space
representation of a 1-D linear multivariable system is of the form

x(t) = A(t)x(t) + B(t)u(t)

(1.1)

+ D(t)u(t)

(1.2)

y(t) = C(t)x(t)

where the overdot denotes differentiation with respect to time t. x( t) is n x 1
vector function of time called the STATE VECTOR, u(t) is lx 1 vector function
of time called the INPUT signal, and y( t) is m x 1 vector function of time
called the OUTPUT signal. The first equation (1.1) is called the STATE
EQUATION since it describes how the state of the system is evolving with
time, while equation (1.2) is called the OUTPUT EQUATION as it describes
the formation of the output. The state space representation is said to be time
invariant if the coefficient matrices A(t), B(t), C(t), and D(t) are constant, and
time varying if any entry of any coefficient matrix varies with time. There are
many leading texts that have discussed the state space approach thoroughly,
see for example ([34], [66], [68]).
By the late sixties early seventies, the polynomial matrix approach was
mainly introduced by Rosenbrock [66]. Rosenbrock started to translate the
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time domain results of the state space approach to a polynomial matrix framework using the already known results about polynomial matrices through the
work of Wedderburn [75], MacDuffee [46] and Gantmacher [23]. By the end of
the decade, the polynomial matrix descriptions became a robust method for
analysing linear systems. Notable research in this field has also been undertaken by many research groups afterwards, see for example Wolovich [81].
The state space equations represent a linear system which is described by a
set of first order differential equations. However, more likely one dimensional
linear mulivariable systems are described by a mixture of high order linear
differential equations with constant coefficients and linear algebraic equations.
These equations have the following form:

T(p)x(t) = U(p)u(t)
y(t) = V(p)x(t)

(1.3)

+ W(p)u(t)

(1.4)

where T(p), U(p), V(p), W(p) are polynomial matrices in the differential operator p

== 1ft of appropriate dimensions. x(t) E IRr is the vector of system

variables, u(t) E IRI is the input vector, and v(t) E IRm is the output vector.
Taking Laplace transformation of (1.3) and (1.4) and assuming zero initial
conditions transform these equations to the frequency domain where now the
matrices T, U ,V and Ware polynomial matrices in the Laplace transform
variable s.

T(s)x(s) = U(s)u(s)

y(s) = V(S)X(8)

(1.5)

+ W(s)u(s)

(1.6)

Rosenbrock noted the following compact notation for the study of systems
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in the above form

T(s)rxr
U(S)rxl) ( E(s) )
( -V(s)mxr W(S)mxl
-u(s) =
where the (r

+ m)

x (r

+ l)

(0)
-y(s)

polynomial matrix

P(S) = (T(S)rxr
U(S)rxl)
-V(s)mxr W(S)mxl
is known as the ROSENBROCK's SYSTEM MATRIX. The system matrix
is a valuable tool for the analysis of linear multivariable systems [66J. The
physical properties of the system are encoded as algebraic properties of the
partioned matrix, where for example, the controllability of the original system
is equivalent to the relative left primeness of the block matrix (T( s) U(s) ) ,
similarly, the observability of the physical system is equivalent to the relative
right primeness of the block matrix (TT (s ) V T (s )) T.
Eliminating E(s) between the plant equation (1.5) and the output equation
(1.6) gives

yts) = {V(S)T-l(S)U(S)

+ W(s)}u(s)

(1.7)

The input-output behaviour of the system represented by ((1.5), (1.6)) is
thus described by the m x I rational matrix

G(s) = V(s)T-l(s)U(s)

+ W(s)

(1.8)

called the TRANSFER FUNCTION MATRIX associated with P(s).
In case

T(s) = sI - A; U(s) = B
V(s) = C;

W(s) = D(s)

(1.9)
(1.10)

1.2 One dimensional Linear Multivariable Systems
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P(s) is said to be in STATE SPACE FORM with transfer function matrix
G(s) = C(sI - A)-l B + D(s).
The MATruX FRACTION DESCRIPTION has been adequately developed in for example the work of Rosenbrock [66], Wolovich [81] and Kailath

[34]. The matrix fraction description is an effective way for representing and
analysing the transfer function matrix of multi variable linear systems. It decomposes the rational matrix into two polynomial matrices: a numerator and a
denominator mimicking the scalar rational function. A typical representation
is

G(s)

N(s)D-l(S)

(1.11)

G(s) = iJ-l(s)iT(s)

(1.12)

=

where (1.11) is a right fraction description and (1.12) is a left fraction description, N, iT are the numerator matrices, and D, iJ are the denominator matrices. Extracting the greatest right (left) common divisors from [DT NTjT

([iJ iT]) respectively will render the block matrices [DT NTjT and [iJ iT] relatively prime. The result of this process is not unique, but nevertheless a matrix
fraction description is called irreducible if its denominator and numerator are
relatively prime.
Matrix fraction descriptions reveal various structural features of 1-D systems. For example, the pole-zero structure of the transfer function is fully
displayed by the zero structure of the denominator and the numerator matrices of irreducible matrix fraction descriptions [34].
The transfer function matrix method, the state space approach and the
polynomial matrix descriptions to one dimensional linear multivariable systems
are tightly related. The various transfer relations between any two of these
representations can be found in Wolovich [81] and in Vardulakis [73].

7
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The behavioural approach to systems theory was developed initially by
Willems [80] in the I-D case. The system in the behavioural approach is
defined as a triple

E=(A,q,B)
where A denotes the signal space, q E Z+ is the number of components and

B <;;; Aq is a set of trajectories, called the system behaviour [83J .
The set of trajectories B <;;; Aq is the solution space in Aq of a finite set of
constant linear differential or difference equations. Such behaviours are called
DIFFERENTIAL and DIFFERENCE BEHAVIOURS, formally called AUTOREGRESSIVE BEHAVIOURS [82]. Differential behaviours are described
using polynomial matrices in one variable, where this variable denotes the
differential operator d/dt. Thus if R E F[Zl]mx q , F = lR. or IC, then the
differential behaviour described by the polynomial matrix R is given by

(1.13)

R is called a KERNEL REPRESENTATION of B, and A is a vector space
over F, and has the structure of a module over a suitable ring of differential
operators. Kernel representations are not unique for each system. Describing
the differential behaviours using polynomial matrices indicates that the study
of polynomial matrices lies in the heart of the behavioural theory.
Inputs and outputs are main features of the other approaches discussed
above. In the behavioural approach to linear systems there is no initial division of variables into input and output ones, where as seen by the behavioural
theorists [72] the Rosenbrock system matrix is a by product of the more general behavioural setting. Rosenbrock system matrix describes the differential
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equations

T(d/dt)
( V(d/dt)

U(d/dt)
W(d/dt)

~I

)

c:) ~

0

(1.14)

and thus described by the state-input-output behaviour [82]

B
- ker (T(d/dt)
x.u.y A
V(d/dt)

U(d/dt)
W(d/dt)

(1.15)

where the behavioural system variables are now partitioned into (w x , w u , w y ),
and A is any (discrete or continuous) 1-D signal space.
In 1991, Willems has produced the extensive expository article "Paradigms
and Puzzles in the Theory of Dynamical systems" [80] which explained the
fundamentals of his theory of models and system theory. This piece of work
included work which was published previously, e.g. [76], [77], [78], [79], and
has also included new notions which were not discussed else where, such as
the notions of latent variables, controllability and observability [4].

1.3 Multidimensional LineaI' Multivariable Systems

1.3
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Multidimensional Linear Multivariable Systems

Multidimensional (n- D) systems are systems that can be viewed as being defined by sets of partial differential or multidimensional difference equations. In
multidimensional n-D systems, information propagates in two or more independent directions. The independent variables may represent different space
coordinates, as in image processing applications [69], or mixed space and time
coordinates as in seismic data processing [89].
As been mentioned, applications of n-D systems theory are numerous, they
include multidimensional digital filtering [26], signal and image processing
([24], [42]), distributed parameter systems, X-ray image enhancement, seismic data processing [89] and linear repetitive processes ([16], [22]) such as
long-wall coal cutting, bench mining and metal rolling techniques.
The state space approach to 2-D and n-D systems has been developed in
many contexts. The 2-D Roesser model [65] was one of the first 2-D models that has directly generalised the well-known state space model for time
discrete systems to two dimensional space model for linear image processing.
The parallel between the I-D state space model and the 2-D Roesser model
has allowed the generalisation of some of the fundamental 1-D concepts to
the 2-D, such as the notions of controllability and observability. Other models, introduced around the same time, are the models of Attasi ([2], [3]) and
Fornasini-Marchesini [17]. In different state space models for 2-D systems,
each author had different view about the form of a 2-D state space model,
resulting on different notions of controllability, observability and minimality.
In 1977, Kung et. al. [38] held a comparison between different 2-D state space
models and discussed the definitions of state, controllability, observability and
minimality. Other 2-D models were considered afterwards, such as the general
2-D model of Kurek [39] and its Singular version of Kaczoek [33]. Kaczorek
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[32] provides a good source of information about the state space approach
to 2-D linear systems and considers system properties such as controllability,
observability, minimality, and possible canonical forms.
Rosenbrock system matrix approach has been generalised to the n- D through
the work of many authors. For example, Morf et. al. [48] and Youla-Gnavi
[90] have dealt with factorization and coprimeness of 2-D and n-D polynomial
matrices. Levy's PhD thesis [41] has considered equivalence transformations
and the applications of 2-D polynomial matrices in the modelling of 2-D dynamical systems. In 1985, Bose [5] produced a collection of articles by various
authors including himself. This historically important collection still provides
a beneficial reference to some of the current research topics in

n-D systems.

Equivalence transformations and reduction of n- D polynomial system matrices
as well as their zero structure have been studied by Pugh et. al. in his work
in the area of n-D systems, see for example ([55], [56], [57], [58], [59], [60]).
Johnson [30], Clulow [14] and McInerney [47] have adopted the Rosenbrock system matrix approach, and the matrix fraction description in their
work. Johnson [30] used the three different notions of coprimeness of n-D polynomial matrices to define three types of transformations for polynomial and
system matrices, the extent to which each transformation defines an equivalence relation was examined together with the invariant properties of each
transformation, also considered the internal structure of matrix fraction descriptions of 2-D transfer function matrices, and the type of coprime MFD's a
particular transfer function possesses (external structure).
Clulow [14] discussed the relation between the invariant polynomials of left
minor coprime MFD's and right factor coprime MFD's, also considered the
, internal structure of the transfer function matrix using the n- D Smith McMillan form, and investigated the relation which the numerators (denominators)
of the elements of the n- D Smith McMillan form bear with the invariant polynomials of the numerator (denominator) matrices of a minor cop rime MFD of

1.3 Multidimensional Linear Multivariable Systems
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the same transfer function matrix.
McInerney [47J has considered a definition of a 2-D least order realisation
and has shown that zero coprime system equivalence forms the basis of the
generalisation of Rosenbrock's characterization of all least order polynomial
realisations of a transfer function matrix for the case of 2-D systems [57J. He
also considered n-D irregular systems and a number of reduction procedures
which reduce system matrices to generalised state space forms [56J. For some
more references on the polynomial matrix approach see also ([31], [70], [71],

[91]) .
The behavioural approach as claimed by its pioneers provides a unified
frame work for analysing linear systems, with particular impact in the field
of multidimensional n-D systems ([S2], [92], [96]). The behavioural approach
to linear systems is principally due to Willems [SOJ in the 1-D case. It was
extended to the 2-D case by Rocha and Willems, see for example ([61], [62],

[63], [64]). Notions of controllability, observability, poles and zeros, state space
models, Rosenbrock system matrices, primeness of n-D polynomial matrices,
structure indices and many other system theoretic concepts of n- D systems
were discussed in ([S3], [S4], [85], [S6], [S7], [92], [93]). The behavioural approach to n-D systems makes extensive use of commutative algebra. This is
due to Oberst's ([49], [50], [51], [52]) duality theorem [S2J. According to [S2J
it is this duality between modules over polynomial rings and behaviours given
by constant linear differential or difference equations is what allowed the extension of much of Willems' and Rocha's work to the much more difficult n-D
systems case.
New techniques and other areas of mathematics have been utilised to facilitate the study of n- D systems. For example the Griibner basis technique
principally due to Buchberger ([S], [10]) has been used to solve many mathematical problems in multidimensional systems theory ([11], [12], [54], [SS]). In
Bose's historical collection [5], already referred to, chapter six by Buchberger

1.3 Multidimensional Linear Multivariable Systems
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[9] introduced the Grobner basis technique to the system theorists. By 2001,
Bose has published a special issue of the Multidimensional Systems and Signal
Processing on Applications of Grobner bases to n-D systems. This special
issue has included papers by a number of system theorists e.g. Oberst et. al.
[53], Zerz [96], Lin et. al. [45] and Charoenlarpnopparut and Bose [13].

1.4 Outline of Thesis

1.4
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Outline of Thesis

This thesis deals with multidimensional linear multi variable systems, adopting
the matrix fraction description and the Rosenbrock system matrix approaches
in its analysis. It builds on the work of previous PhD students, Johnson [30],
Clulow [14] and McInerney [47], and employs the Griibner basis technique and
basic facts of ideal theory. The thesis comprises six chapters, with Chapters 3,
4 and 5 detailing the main work done during this period of research. Chapter 1
has introduced I-D and n-D systems in very general terms, Chapter 2 gives the
preliminary definitions, notations and results required for the work that follows
and Chapter 6 discusses the results of this research and offers recommendations
for further research.
Manipulating n-D polynomial matrices -the basic entities used in the analysis of n-D systems- is far more complicated than manipulating their I-D
counter parts. This can mainly be attributed to the ring of n-D polynomials
which lack many of the nice properties which the ring of I-D polynomials possesses. Differences between the ring of n-D polynomials and the ring of I-D
polynomials are discussed in Chapter 2, in an attempt to reflect the effect of
these differences on the resulting complications which hinder the progress of
the methods used to deal with I-D polynomial matrices to n-D. Griibner bases
are also discussed in this chapter, since it offers powerful tools for manipulating
n-D polynomials that parallel the I-D methods.

As has been mentioned in Section 1.2, the I-D system theory has been
extensively researched in particular through the classical approach methods
([34], [66], [73], [81]), and as a result of this research the main fcatures and
aspects of this theory are thus well established. For example, the zcro structure of a 1-D polynomial matrix is fully captured by its Smith form, and the
implications of this zero structure on the system matrix in terms of particular system properties such as controllability and observability are well known.

1.4 Outline of Thesis
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Moreover, this zero structure is known to remain invariant under the transformation of strict system equivalence ([18], [66]) which can be equally defined by
the computationally efficient method of elementary operations or by pre- and
post- multiplication by unimodular matrices. Under this type of equivalence
transformation in the system context, a polynomial system matrix can be easily reduced to the well known first-order state space system where, by such
means, much of systems analysis, identification and computation is facilitated.
Further, the pole-zero structure of a I-D system can be equally computed from
the system matrix itself, from the irreducible matrix fraction descriptions of
its transfer function or from the Smith McMillan form which conveys transparently the finite pole-zero structure of the transfer function matrix. The
physical interpretations of these poles and zeros are also well understood ([34],
[66]).
On the contrary, in n- D the situation is not so clear, and complications
immediately arise with, for example the I-D single notion of equivalence giving
rise to seemingly three different notions in n- D. This thesis considers some of
the above mentioned issues in the n- D context by algebraically investigating
the zero structure of polynomial matrices, polynomial system matrices and
rational matrices, in an attempt towards developing a clearer and a more
complete n-D system theory.
Based on the work of Johnson [30] and McInerney [47], Chapter 3 discusses
further the three notions of n-D equivalence transformations which arise from
the I-D strict system equivalence namely: elementary operation system equivalence, unimodular system equivalence and zero coprime system equivalence.
A detailed zero structure of an n-D polynomial matrix based on that given by
Zerz in [93] is then introduced. The invariance of this zero structure is then
investigated with respect to the transformation of zero coprime equivalence,
the one which is seen to possess the widest equivalence classes when compared
to the other two and which holds particular relevance in the n- D context. The
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invariance of this zero structure is then addressed for the case of regular polynomial system matrices and for the more general cases of admissible systems
[95] and well posed irregular systems [28]. Finally, the implications of this
zero structure are discussed, in particular with regards the behavioural frame
work, where a classical interpretation of them is not yet completely available.
Chapter 4 of this thesis continues on the work of Johnson [30] and Clulow
[14] on matrix fraction descriptions (MFD) and studies the algebraic structure
of n-D transfer function matrices in an attempt to characterise its pole-zero
structure in a way that parallels the I-D classical methods. First it considers
the generalisation of the I-D Smith McMillan form to the n-D context. It then
utilises the matrix zero structure developed in Chapter 3 to investigate the
internal zero structure of coprime matrix fraction descriptions of n-D transfer
function matrices.

The issue of whether the pole-zero structure of a n- D

rational matrix can be defined via the numerator and denominator matrices
in its MFD is considered.
The transformation of one system representation into another equivalent,
perhaps of simpler form is one of the basic problems of systems theory. ID and 2-D reduction procedures have been developed in the work of many
authors, for example ([6], [7], [19], [20), [21], [47], [56], [66]). These transformations facilitates systems analysis, identification and computation in I-D,
and are expected to play a similar role in n-D. In this vein Chapter 5 of this
thesis presents an n-D matrix reduction procedure which reduces a polynomial
matrix to a first-order n- D pencil, that mimics the 2-D first-order pencil on
which the singular Roesser model ([33], [65]) is based.
Finally, Chapter 6 briefly discusses the conclusions drawn from this research, and proposes few topics for further work in n- D system theory.

Chapter 2
Preliminary Mathematics
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Introduction

Whichever approach is adopted, say the classical one of [66] or the behavioural
one of [80] one is lead invariably to the study of polynomial matrices as a basic
element in much of the analysis of linear systems. As has already been said,
the algebraic structure of n-D polynomial matrices is far more complicated
than its 1-D counterpart. This can be attributed to the fact the the ring
of n-D polynomials, to which the elements of the n-D polynomial matrices
belong, lacks many of the nice properties of the ring of 1-D polynomials. The
differences between the ring of n-D (polynomials) polynomial matrices and
1-D (polynomials) polynomial matrices are considered in this chapter.
The aim of Section 2.2 of this chapter is to layout the necessary background of notations, definitions and results about n-D polynomial matrices
and the underlying ring of n- D polynomials required for the work that follows
in this thesis. Grobner basis [8] is considered a very powerful tool in manipulating n-D polynomials, as it can be seen as a generalisation of the theory of
polynomials in one variable. A study involving n-D polynomial matrices benefits naturally from this tool. Section 2.3 of this chapter is intended to give a
brief introduction of the elementary aspects and applications of the Grobner
basis.

2.2 n-D Polynomial Matrices: Preliminary Notations and Definitions
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n-D Polynomial Matrices: Preliminary No-

tations and Definitions
The following notation will be used throughout this thesis. Let F[z] denote
F[Zb ... , znJ;

the ring of polynomials in the n indeterminates

Zl, ... , Zn

with

coefficients in the field F. Invariably, the field F will be taken as lR or IC. C is
algebraically closed, while the algebraic closure of lR is

lE. = c.

An n- D polynomial matrix A (z) of size p x q is a rectangular array consisting
of p rows and q columns and whose elements, called n-D polynomials, belong
to F [z J. n- D polynomial matrices can be typically represented by

= 1, ... , P and j = 1, ... q. The polynomial matrix is
called square in case p = q and is said to be of order n if its dimension is n x n.

where aij E F[zJ for i

Definition 2.2.1. An ith order MINOR of an n-D polynomial matrix A(z)pxq,
i ::; min(p, q) is the determinant of the polynomial matrix formed by selecting
i rows and i columns of P(z).

The ith order minor denoted by Aj~',~~·:.··.',1i is

formed by selecting the rows i 1 , i 2, ... ,ii and the columns j1, 12, ... ,ji of A( z).

Definition 2.2.2. The RANK of an n-D polynomial matrix A(z)pxq is r if
there is a non-zero minor of order r, and all the minors of order r
zero. A matrix is said to be of full normal rank if r

+1

are

= min(p, q).

The following two results are known as Laplace's expansion [67J and the
Cauchy-Binet formula [66J. Laplace's expansion [67J expands the determinant
of a square matrix of order n say in terms of minors of any order less than n.
The Cauchy-Binet formula [66J expresses any r x r minor of a product matrix
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minors of the matrices A

and B. These two well known results are fundamental to a number of results,
in particular the proof of the main theorem of Chapter 3.
Recall that the determinant of a square matrix A

(aij) expressed in
terms of the elements of the row i and their complementary (n - 1)th order
=

minors Mij is given by
n

(2.1)

Similarly in terms of the elements of the jth column,
n

l(aij)1 =

L

= aij( _1)i+j Mij

(2.2)

i=l

An alternative expression to (2.1) for

IAI is [67]:

IA I = L Jj:;:. . . j: O,rIJl ar2 .i2 ..• o,rnjn

(2.3)

j

where the symboI8'j~j;. . .;: is +1 if 1')1'2 . .. 1'n is an even permutation of jd2 ... jn,
-1 if

1')1'2' .. l' n

permutation of

is an odd permutation of
hj2 ... jn.

jd2 ... ]n,

0 if

1')1'2' . . 1'n

is not a

The summation in (2.3) is to be taken over all

permutations] of 1,2, ... , n into ])]2 ... ]n. For a definition of odd and even
permutations see [67].
In (2.1), (2.2) the determinant of a square matrix A of order n is expanded
in terms of the elements of its ith row (i h column respectively) and their
complementary (n - 1)th order minors. Laplace's expansion is the natural
generalisation of this which considers the expansion of the determinant of an

nth order matrix A in terms of minors of any order. Laplace's expansion works
as follows: Select any q rows of the matrix A say
original order of the rows unchanged (i.e.

1')

<

1'2

1'),1'2, ... ,1'q ,

keeping the

< ... < rq). Form all the
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possible minors of order q from these rows. Then form the sum of the products
of these minors with their (n each term in the sum by

q)th

order complementary minors multiplying

S';;';;..;: [67].

Thus mathematically Laplace's expansion of

IAI

can be written as follows

[67]:

IAI = 'L 6"'2,n
JIJ2···Jn

a rI j1

a r1 jq

arq + 1 jq+l

arq+Iin

(2.4)
a rqlI

arqjq

arn jq+l

arnjn

where T), T2, ... , r q, j1, 12, ... , jq represent the rows and the columns of the selected minor, and r q+1, Tq+2, ... , Tn, j q+1, jq+2, ... , jn the rows and the columns
of its complementary minor. The sum is taken over all possible selections of
j1

< j2 < ... < jq and

jq+1

< jq+2 < ... < jn·

Laplace's expansion of determinants will play a vital role in the proof of
the main theorem in Chapter 3, and a good comprehension of it is required.
The following is an illustrative example of calculating the determinant of a
matrix using Laplace's expansion
Example 2.2.1. Consider Laplace's expansion of IAI in terms of its pt, 3,d
and 5th

TOWS

IAI=

all

a12 a13 a14 a15

an

a22 a23 a24 a25

a31

a32 a33 a34 a35

a41

a42 a43 a44 a45

a51

a52 a53 a54 a55
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The 3 x 3 minors formed by selecting the

an a12 a13

all a12 a14

all

a31 a32

a31

a32

a31 a32 a35

a51 a52 a53

a51

a52 a54

an a14 a15
a31 a34

a331

a35 ,

a51 a54 a55

pt,

3Td and 5th rows are

an a13 a15

all

a13 a14

a3!

a33 a34

a52 a55

a51

a53 a54

a51 a53 a55

a12 a13 a14

a12 a13 a15

a12

a14

a15

a13 a14 a15

a32 a33

a32 a33 a35

, a32

a34 ,

a34 ,

a52 a53 a54

a51

a12 a15
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a52 a53 a55

1

a34 a35

a52 a54 a55

While their respective complementary 2 x 2 minors are

and the signs of the respective minors are given as follows
8 1,3,5,2.4 -

8 1,3,5,2,48 1 ,2,3,4,5 -

(_1)3 -

8 1 ,3,5,2,4 -

8 1,3,5,2,48 1 ,2,3,4,5 -

(_1)3(_1)1 -

+1

8 1,3,5,2,4 1,2,5,3,4 -

8 1 ,3,5,2,48 1 ,2,3,4,5 1,2,3,4,5 1,2,5,3,4 -

(_1)3(_1)2 -

-1

8 1,3,5,2,4 -

8 1,3,5,2,48 1 ,2,3,4,5 -

(_1)3(_1)2 -

-1

8 1 ,3,5,2,4 1,3,5,2,4 -

81,3,5,2,4 01,2,3,4,5 1,2,3,4,5 1,3,5,2,4 -

(_1)3(_1)3 -

+ 1

8 1,3,5,2,4 -

8 1,3,5,2,48 1 ,2,3,4,5 -

(_1)3(_1)4 -

-1

8 1 ,3,5,2,4 -

,3,5,2,48 1 ,2,3,4,5
511,2,3,4,5
2,3,4,1,5

(_1)3(_1)3 -

+1

8 1,3,5,2,4 -

8 1,3,5,2,48 1 ,2,3,4,5 -

(_1)3(_1)4 - - 1

8 1 ,3,5,2,4 2,4,5,1,3 -

8 1 ,3,5,2,48 1 ,2,3,4,5 1,2,3,4,5 2,4,5,1,3 -

(_1)3(_1)5 -

+1

8 1,3,5,2,4 -

8 1,3,5,2,48 1 ,2,3,4,5 -

(_1)3(_1)6 -

-1

1,2,3,4,5 1,2,4,3,5 -

1,3,4,2,5 -

1,4,5,2,3 2,3,4,1,5 -

2,3,5,1,4 -

3,4,5,1,2 -

1,2,3,4,5 1,2,3,4,5

~

1,2,3,4,5 1,2,4,3,5 -

1,2,3,4,5 1,3,4,2,5 -

1,2,3,4,5 1,4,5,2,3 -

-

-

1,2,3,4,5 2,3,5,1,4 -

1,2,3,4,5 3,4,5,1,2 -

-

-1

-

-

-

-

-

-

, a3!

, a33

a33

a3S

a34 a35

a53 a54 a55

,
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Laplace's expansian af IAI is thus
an

IAI=-

0.12

0.13
0.24

0.31

0.32

0.33

0.51

0.52

0.53

all

0.12

0.15

0.44

0.23
0.31

0.32

0.35

0.51

0.52

0.55

all

0.13

0.15

0.43

+

+

+

0.22
0.31

0.33

0.35

0.51

0.53

0.55

0.12

0.13

0.14

0.42

0.21
0.32

0.33

0.34

0.52

0.53

0.54

0.12

0.14

0.15

0.41

0.21
0.32

0.34

0.35

0.52

0.54

0.55

0.25
0.45

+

an

0.12

0.14

0.31

0.32

0.34

0.51

0.52

0.54

all

0.13

0.14

0.31

0.33

0.34

0.51

0.53

0.54

all

0.14

0.15

0.31

0.34

0.35

0.51

0.54

0.55

0.12

0.13

0.15

0.32

0.33

0.35

0.52

0.53

0.55

0.13

0.14

0.15

0.33

0.34

0.35

0.53

0.54

0.55

0.24
0.44

0.24
0.44

0.25
0.45

0.23

0.41

0.43

0.23

0.25

0.43

0.45

0.22

0.25

0.42

0.45

0.22

0.23

0.42

0.43

0.21

0.24

0.41

0.44

0.21

0.22

0.41

0.42

Example 2.2.2. Cansider Laplo.ce 's expo.nsian af

IAI=

2 -1

3

2

5

1

4

0

-1

6

2

6

-1

5

-3

7

3

-2

0

1

0

1

0

4 -2

in terms af its

pt,

3Td and 5th raws. Direct substitutian in the farmula given
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by Example 2.2.1 gives:
2 -1

IAI = -

2

o

2 -1

5

6

-3

4 -2

0

2

5

3

2 -1 -3

4
-1

+

-1

6

4 -2

2

+

3

0

0
3

2

-1 6

o

1

o

-1

-2

0

4 -1

3

0

2 -1 2

+

+

6

5

5 -3

-2 1

0

5

232
- 2 -1 5
401

225
- 2 5 -3

1 6

1

6

4 -2 1

6 -1 5
7 1
-2 o 1
-1 2

2

0

7 -2

4 1

0

o

-1

-2

o

4 6
3 1

4

0

3 -2

-1

3
5
1 -1
6 -1 -3
7 0
-2 o 0

325
-1 5 -3

o

1

0

1 4
7 3

=2361
Similar to the above well known important result [67] is the Cauchy-Binet
formula [66]. The Cauchy-Binet formula is given in the following theorem [66]:
Theorem 2.2.1. Let A, B be matrices over a ring R, respectively I x 17.,
Then the r x r minors of the product matrix C

=

17. X

m..

AB are
(2.5)

where
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< 12 < ... < jr :S
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m

and the sum is taken over all indices kq satisfying

1 :S kl < k2 < ... < kr :S n

0

Proof. see [66].

The following example is an illustration of the Cauchy-Binet formula.
Example 2.2.3. Consider the matrix C = AB given by

C12

C13

C21

c22

c23

C31

c32

c33

('"

'H) - (""

a12 a13 a14

""

C24

a21 a22 a23 a24 a25

C34

a31 a32 a33 a34 a25

)

bll

b12 b13 b14
b21 b22 b23 b24
b31 b32 b33 b34

b41 b42 b43 b44
b51 b52 b53 b54

Using the Cauchy-Binet formula the following 2 x 2 minor of C is calculated:
C23

C24

C33 C34

-

a21

a22 b13 b14

a31 a32 U23 U24

+

a21 a23 b13 b14
a31 a33 U33 U34

+

a21 a24 b13 b14
a31 a34 U43 U44

+

a21 a25 b13 b14
0.31 0.35 b53 b54

+

a22 a23 b23 b24
0.32 0.33 b33 b34

+

a22 a24 b23 b24
0.32 0.34 b43 b44

+

a22 a25 ~3 b24
a32 0.35 bS3 U54

+

a23 a24 b33 b34
a33 a34 b43 b44

+

a23 a25 b33 b34
0,33 0,35 b53 b54

+

a24 a25 b43 b44
a34 a25 b53 b54

In a similar manner, all the i x i, i

= 1,2,3

minors of C can be written as

linear combinations of the i x i minors of A and B.
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Example 2.2.4. Consider the matrix C

-12

9

21

3

~2) (~
=

= AB given by
1

2

032

2

1 -3

104

302

3

-1 3 -1

o

040

1

6 -3 2 -7

-12 50 -9

25

5

-2
1

Using the Cauchy-Binet formula the following 3 x 3 minor ofG is calculated:
8

-12

o

21

9

1

0

3 1 2

3 = 2

1

0 2 1 -3

13 -12 50

5

6 -3 2 3 0

+

1

0

2

1

5

1

2 1 -3

0

0 4

+

+

+201302
620040
2

2

o

2

-5

1

4

1

-1 3 -1

0

040

2

4

1 -3

132

125

2 0

2

4

1

2

-5

2

4

1

o

1 -3

1 -3

0

1

2

5

-1 3 -1
0

4

0

3 -5 2 1 -3

+101302
-3 2

6 2 -7 -1 3 -1

-3 -7

2

1

6 -7

+204302

+

2

6 2 -7 -1 3 -1

0

1 3 -5 1 2 5

1 3

125

6 -3 -7 -1 3 -1

2

-5 1 2

6 -3

+

102

1 -3

+

0

0 4

3

0

3

2

-5

0

4

1

-1 3 -1

o

040

2 -7

0

2

=5763

In a similar manner, all the i x i, i = 1,2,3 minors of C can be written as
linear combinations of the i x i minors of A and B.
On comparing Example 2.2.1 to Example 2.2.2 and Example 2.2.3 to Ex-
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ample 2.2.4, it becomes obvious that Laplace's expansion and Cauchy-Binet
formula are not a computational means of evaluating minors. Their importance is purely theoretical.

Definition 2.2.3. The polynomial matrix U(z) E F[z]PXP is said to be UN/-

MODULAR over F[z] if its determinant is a unit of F[z], i.e. [U(z)[ E F.
Equivalently, a unimodular matrix in F[z] is a polynomial matrix whose
inverse is a polynomial matrix. Note that any polynomial matrix A(z) E

F[z]PXP satisfying [A(z)[ oF 0 is invertible however the result will in general be
a matrix over the field of rational functions F(z) i.e. a RATIONAL MATRIX.
Recall that the elementary row (resp. column) operations in the case of
matrices over a field F are defined as follows:
(EOl)F multiply any row (resp. column) by a nonzero element of F
(E02)F add to any row (resp. column) a multiple by an element of F of any

other row (resp. column)
(E03)F interchange any two rows (resp. columns)

In exactly the same way the elementary row (resp. column) operations on
a matrix over F[z] are defined:
(EOl)F[zl multiply any row (resp. column) by a unit of F[z] (i.e. by a non zero
element of F)
(E02)F[zl add to any row (resp. column) a multiple by an element of F[z] of
any other row (resp. column)
(E03)F[zl interchange any two rows (resp. columns)
The effect of any series of elementary row (resp. column) operations over

F[z] on a particular matrix A(z)Pxq can be achieved by pre- multiplying (resp.
post-multiplying) A(z) by the llnimodlllar matrix obtained by effecting these
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elementary row (resp. column) operations on the unit matrix of appropriate dimension. The class of unimodular matrices obtained by performing elementary
row (resp. column) operations on the unit matrix are called ELEMENTARY
MATRICES.
The converse of the above is only true for the case of polynomial matrices
over F[Z1J, where pre- multiplication (resp. post-multiplication) of A(Z1) by
any unimodular matrix can be achieved by performing the appropriate series of
elementary row (resp. column) operations on A(Z1)' thus any I-D unimodular
matrix can be split into a product of elementary matrices. In the general
case of n-D polynomial matrices n ;:0: 2, Sebeck [70] has shown that there
are unimodular matrices which cannot be written as a product of elementary
matrices using the following counterexample [70].
Example 2.2.5. The solution of the 2-D polynomial equations:

+ zi h(Z1, 22) = 1
(1- Z1Z2)/3(Z1, Z2) + Zi!4(Z1, Z2) = 0

(1 - Z1Z2)11 (Z1, 22)

zi) (1+:

( I - Z 1 Z2
''----."v---''
C
'

-zi) = (1 0)

1 2
Z

1- Z1 Z2

z2

v

(2.6)

(2.7)

(2.8)

'

U

Now IU I = 1 and in the matrix C:

z? does not divide any term of (1- Z1 Z2)

and

conversely the leading term -Z1Z2 of (1- Z1Z2) does not divide zf. This means
there exist no elementary operations which could be applied to the matrix C to
reduce it to

(1 0).

Hence the unimodular matrix U(Z1' Z2) can not be written

as a product of some elementary matrices in F[Z1' Z2].
The reason behind what is revealed by the above example is explained as
follows. There is one fundamental difference between a study based on polyno-
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mials in one indeterminate and one based on polynomials in many indeterminates, and that is the underlying ring structure. The ring of polynomials in one
indeterminate, IR[zJJ, is Euclidean [74J whereas the ring of polynomials in more
than one indeterminate, IR[Zl,"', zn], is a Unique Factorization Domain and
non-Euclidean [27J. The Euclidean nature of lR[ZlJ allows a division algorithm
to be defined. This division algorithm is critical in the manipulation of matrices over lR[ZlJ. For example the Smith canonical form, which yields much
structural information about a matrix, can be obtained by pre- and postmultiplication by unimodular matrices. Furthermore, since the polynomial
ring IR[ZlJ is Euclidean, all unimodular matrices are products of elementary
matrices [40J. Thus the Smith form can be derived by a series of row and
column operations, Le by computational means. Unfortunately non-Euclidean
rings do not possess the Euclidean division algorithm, hence the elementary
operations which are used to manipulate matrices over IR[Zl, .. . ,znJ do not
fully define the class of unimodular matrices [70J. The unimodular matrices
which cannot be broken down into the product of elementary matrices seen in
Example 2.2.5 are known as SECONDARY MATRICES. The basic problem
caused by the non-Euclidean nature of the ring IR[Zl, ... ,znJ arises in computational derivations based on elementary operations of canonical forms such as
the Smith form. Therefore, to define the invariant polynomials and hence the
Smith form of an n- D polynomial matrix, an alternative definition involving
the determinantal divisors is employed.
Definition 2.2.4. The ith DETERMINANTAL DIVISOR d;(z), of a p x q
polynomial matrix A(z) is the greatest common divisor of the ith order minors
of A(z).

Definition 2.2.5. The ith INVARIANT POLYNOMIAL f;(Z), of a p x q
polynomial matrix A(z) is the polynomial given by

f;(Z)

0=

d;(z).
fort
(

d;~l Z

)

0=

.
1, ... , "lmn(p, 'I) and do

0=

L
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Definition 2.2.6. The SMITH FORM SA(Z) of a polynomial matrix Apxq(z)
is defined as follows:

if

q>p

Q(z)

if

q=p

Q(z) )
( O(p-q)xq

if

q<p

(Q(Z)

OPX(q_P))

where

Q(Z) ~ h(z), E2(Z)"", Emin(p,q)(z)}
and Ei(Z), i = 1, ... , min(p, q) is the ith invariant polynomial of the n-D polynomial matrix A(z).
In the 1-D Smith canonical form: each Ei(ZI) divides Ei+I(ZI), i = 1, ... ,

min(p -1, q - 1). This fact is actually a basic result of the algorithmic method
of the proof which uses elementary operations to establish that any matrix

A(ZI) is equivalent to a matrix of the form of SA(ZI) [67]. Although, it is
taken as a matter of fact that the n-D invariant polynomials

'11.

> 1 possess the

same divisibility property, however a formal proof of this is not well known.
In the 1-D case: Any polynomial matrix A(ZI) can be reduced to its Smith
form SA(ZI) (definition 2.2.6) by a series of row and column operations [67].
Moreover the invariant polynomials of a 1-D polynomial matrix and hence its
Smith form do characterise exactly when the matrix loses rank. However, this
is not true for the case of

'11.- D

polynomial matrices n > 1 as the following

example reveals.
Example 2.2.6. Consider the simple 2-D polynomial matrix

where by definition 2.2.4 dl = 1, do = 1, and by definition 2.2.5

El

= 1. Hence
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the Smith canonical form of A is given by:

as outlined in definition 2.2.6. The information carried by the Smith form
implies that the matrix will not lose rank for any value (a1, a2) E 1[;2, however
it is obvious that for Z1

=

0, Z2

=

0 the matrix loses rank. Hence, the n-

D Smith form n > 1 does not characterise the rank loss points of an n-D
polynomial matrix completely.

The above problem is considered in Section 3.4, where a more encompassing definition is adopted. The above example can be used to highlight one
other difference between 1-D and n-D polynomials. Factor coprimeness and
zero coprimeness are equivalent notions in the case of 1-D polynomials, which
divides into two non-equivalent notions in the case of n-D polynomials. In this
example, the two entries of the matrix all = Z1 and a12 = Z2 E lR[Z1, Z2] are
factor coprime, however they can both be identically equal to zero at the point
(0,0) E 1[;2, i.e. they are not zero coprime. This means the non existence of
a common factor does not necessarily imply the non existence of common zeros, and common zeros do not necessarily imply a common factor. The terms
"factor coprime (set of) polynomials" and "zero coprime (set of) polynomials
" will be used frequently in this work hence presenting formal definitions for
them is desirable.
Definition 2.2.7. The set S = {ft, ... , fs} is said to be ZERO COPRIME if
there exists no value a = (a1' ... ,an) E

I[;n

such that

ft, ... ,fs

are identically

zero.

Definition 2.2.8. The set S = {ft, .. . ,fs} is said to be FACTOR COPRIME
if there exists no 9 E F[z1'" ., zn], which is a common divisor of ft·· ., fs·

The following result which involve a set of factor coprime polynomials is
required in the sequel.
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Lemma 2.2.1. Let g, hE F[Zl, ... , znl and suppose that 9 divides fih (written
glfih) for i

=

1, ... , s, where S

= {h, ... , fs}

is a factor coprime set of

polynomials, then glh.

Example 2.2.6 can also be used to highlight one other difference between

I-D and n-D polynomial matrices, and to which the phenomenon described in
this example may be attributed. I-D Factor coprime polynomial matrices do
not lose rank for any common point

Zl

E <C. This single notion of coprimeness

in the case of I-D polynomial matrices splits into three different notions of
coprimeness in the case of n-D polynomial matrices n

> 2, namely zero, minor

and factor coprimeness. The three different notions of coprimeness of n- D
polynomial matrices are defined as follows.
Definition 2.2.9. (90) Two p x q,p x I n-D polynomial matrices T(z), U(z)
with p ::; q + I, are said to be

(i) LEFT ZERO COPRIME (written lzc) if
rank (T(z)

U(z))

= p,

'if z E en.

(2.9)

(ii) LEFT MINOR COPRIME (lmc) in case the pxp minors of ((T(z) U(z))
are factor coprime

(iii) LEFT FACTOR COPRIME (lfc) in case the existence of a polynomial
factorisation
((T(z)

U(z))

implies Qpxp(z) is unimodular.

= Q(z) ((T'(z) U1(z))

(2.10)
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Lemma 2.2.2. Under the conditions of Definition 2.2.9

T, U are lzc

<==> the high order minors of the matrix (T

U)

are zero coprzme

T, U are lmc ~ the high order minors of the matrix (T

u)

are factor coprime

In this thesis coprimeness will be referred to in its most specific form. Thus
for example minor coprime refers to a matrix pair which are not additionally
zero coprime. The words "coprime" and "coprimeness" are used when talking
about a pair of matrices, and "prime" or "primeness" are used when a single
matrix is involved. For example, T(z) and U(z) are said to be left factor
coprime, while the block matrix ((T(z)

U(z)) is said to be left factor prime.

In Example 2.2.6, the matrix A(Zb Z2) = (ZI Z2) is left minor prime but
not addit.ionally left zero prime. It also follows from the definit.ion of zero
coprimeness that any unimodular matrix is left zero prime and right zero
prime.

Example 2.2.7. The unimodular matrix

of Example 2.2.5 is left and right zero prime since

(ZI, Z2) E

1(;2

IUI = 1; there exist no value

where U would lose rank. Hence rank(U)=2 '<I(ZI, Z2) E

1(;2.

In the case of I-D polynomial matrices the above three definitions of coprimeness (Definit.ion 2.2.9) are equivalent., where the term "relatively left
prime" is generally used to describe any two matrices which satisfy any of
the above definitions (Definition 2.2.9). The following theorem establishes the
connections that hold between the different notions of coprimeness in the n-D
setting:
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Theorem 2.2.2. (90J

(i) For 2-D polynomial matrices
ze'f'O coprimeness

==?

minor coprimeness

~

jactor coprimeness

==?

jactor coprimeness

(ii) For n-D polynomial matrices, n > 2
ze'f'O coprimeness

==?

minor coprimeness

It is seen from Definition 2.2.9 that in n-D the basic form of coprimeness

(factor coprimeness) is that achieved by cancelling common factors, however
it will be seen that the more special kinds of coprimeness possess the nicer
algebraic characterisations.
Any two minor coprime polynomial matrices are characterised by the following Bezout identities:
Lemma 2.2.3 ([90]). Thepxq,pxl (withp:S q+l) n-D polynomial matrices

T(z), U(z) are lmc iff jor each i = 1, ... , n :J a non-zero polynomial '1fJi(Z)
independent oj the variable Zi and polynomial matrices Xi(z), Y;(z) such that
T(z)Xi(z)

+ U(z)Y;(z) = IjJi(z)Ip

(2.11)

While any two zero coprime polynomial matrices satisfy the following
equivalent conditions.
Lemma 2.2.4 ([90], [91]). The p x q,p x I (with p:S q + I) n-D polynomial

matrices T(z), U(z) are lzc iff one oj the jollowing equivalent conditions holds:
(i) :3 polynomial matrices X(z), Y(z) such that
T(z)X(z)

+ U(z)Y(z)

= Ip

(2.12)
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(ii) (T(z) U(z)) can be extended to a unimodular matrix (T

U)
X' Y'

Examples involving illustrations of Lemma 2.2.3 and Lemma 2.2.4 are presented in Chapter 4.
Factor primeness does not appear to possess a similar kind of characterisation. Moreover, on the contrary to the case of zero and minor primeness where
there exist a clear method to check whether a matrix is zero prime or minor
prime, factor primeness is not so readily checkable and in specific examples
one has to resort to first principles. These deficiencies together with another
complication regarding a method to extract the greatest common left (or right)
matrix divisors to render a matrix left (or right) factor prime are discussed
further in Section 4.4. Examples involving factor coprime polynomial matrices
can be found in Section 4.4 and Section 4.5.
Zerz ([93], [94], [95]) has employed another notion of factor primeness,
defined as follows [49]:
Definition 2.2.10. Two polynomial matrices Tpxq(z), Upx1(z) are said to be
GENERALISED LEFT FACTOR COPRIME if the existence of a factorisation

(where X, T 1 , U1 are polynomial matrices and X not necessarily square) implies the existence of a polynomial matrix Y such that

T1 = YT

and U1 = YU

This definition amounts to Definition 2.2.9 (iii) in the special case of a
full row rank matrix E = (T(z) U(z)) and a square common left divisor X, or
when restricted to a regular matrix T(z) (i.e. T is square and invertible) and a
square common factor X [94]. On the other hand left (right) factor primeness
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does not necessarily imply generalised left factor primeness as shown in [93].
Note also that any left minor prime matrix is generalised left factor prime [84].
Also when the matrix E = (T(z) U(z)) has full row rank p generalised left
factor primeness of the matrix E reduces to the factor coprimeness of its p x p
minors, i.e. E is left minor coprime (definition 2.2.9 (ii)) [95].
The notion of generalised left factor primeness was firstly introduced by
[49], and is viewed by ([93], [95]) to be the most suitable for 71,-D systems.
There is an algorithm to test a polynomial matrix for generalised left (right)
factor primeness which can be implemented on computer algebra packages [94].
In the above results and definitions, similar statements hold for right coprimeness which is defined by transposition. For example, the two matrices

Tpxq(z) and Vmxq , p + m 2: q are right minor coprime if TT(Z) and VT(z) are
left minor coprime.
In this section, some elementary definitions and results about polynomial
matrices were outlined and when appropriate the differences between I-D polynomial matrices and 71,- D polynomial matrices 71, > 1 were discussed.
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Grobner Bases: The Algebra of Ideals

A study involving n-D polynomial matrices requires manipulating n-D polynomials, for example finding the solution of a system of n-D polynomials,
checking whether or not a polynomial say

J belong to

an ideal I (The ideal

membership problem) [1], and whether any two ideals are equal or not etc.
The Grobner bases introduced by Bruno Buchberger in 1965 ([8], [9], [10])
offer solutions to the above mentioned problems which can be considered as a
few of the abundant applications of the Grobner bases [l1J.
The basic features of Grobner Basis are outlined in this section, which
starts with some preliminary definitions and notations, that are required before
presenting the main features of Grobner bases and Buchberger's algorithm [8J.
The main definitions and results for Grobner basis as presented in this section
can be found concisely in [1 J.
Any MULTIVARIATE POLYNOMIAL J(z) = J(ZI,'" , zn) E F[z] is a
finite sum of terms of the form

where a E F, and (3i E N, 'i = 1, ... , n where N = {O, 1,2,3, ... } the set
of non-negative integers.

Zfl ... z~n

is called A POWER PRODUCT and is

denoted by z~ where (3 = ((31,' .. ,(3n) E Nn. The set of all power products is
denoted by:

1I'n = {Zf' ... z~n I (3i E N,i = 1, ... , n}
Definition 2.3.1. The IDEAL generated by the mult'ivariate polynomials h,··
F[Zb'" ,zn], denoted by I = (h, .. . , is), is defined as
s

(h, ... ,Is) ~

(Ludi IUi E F[Zlo'"
i=:l

,zn],i = 1, ... ,s}

., is E
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S = {h, ... , fs} is then called a GENERATING SET for I. A Grobner
basis for an ideal I <;;; F[z] is a finite generating set for I, that has additional
special properties.
There are many ways to order the set

']['n.

However, there are some essen-

tial properties an order must satisfy. For example, for an order to define a
division (or reduction) algorithm, the order has to EXTEND DIVISIBILITY
RELATIONS [1]. That is, if z'" divides z{l then we should have z'" ::; z{l, or
equivalently if OCi

::; (3i

for all i

= 1, ... , n, then z'" ::; z{3.

The order on the set ']['n must also be a TOTAL ORDER, that is given any
z"', z{3 E ']['n, exactly one of the following three relations must hold [1]:
z" < z{3 , z'" = z{l , z"
Lastly, the order on the set

']['n

> zll

need to be a WELL-ORDERING, that is,

there is no infinite descending chain

Z'"

> z"" > z'" > ." in

otherwise

']['n,

the reduction will not come to an end [1]. An order that satisfies the above
three conditions is called a TERM ORDER, and it has turned out that these
three conditions are captured in the following definition [1]:
Definition 2.3.2. By a TERM ORDER on

']['n

we mean a TOTAL ORDER

< on ']['n satisfying the following two conditions:
(i) 1 < z{3 for all z!3 Er, z{l f 1.

There are many types of term orders on ']['n, the lexicographical (lex) term
order is a typical example of a term order and is defined as follows.
Definition 2.3.3. The LEXICOGRAPHIC ORDER on

... > Zn is defined as follows: For

']['n

with

ZI

>

Z2

>
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define
the first coordinates exi and (3i in

(Y

and (3,

from the left, which are different, satisfy exi < (3;.

For example,

Note that an order on the variables

Zl, ... , Zn

must be fixed first, before

implementing any kind of term order on the power products. For example,
for an order on the variables

n - 1, ... , 1 for all non-zero

>

Zn

Zn-l

> ... >

Zl,

we have z~ >

z;,

i =

E N.

{1., ).

The following notation is adopted in the sequel. First fix the term order to
be the lex term order on 1fTh with

Zl

>

Z2

> ... >

Zo"

Write

f

E

F[z], f f 0

as:

where 0

f

ai E F,

Z"i

E Tn, and

z'" > z'" > ... > z"r. Then define

• Ip(J)= z"', the leading power product of
• lc(J)= al, the leading coefficient of

f.

f.

• It(J)=alz"', the leading term of f.
Example 2.3.1. If

then according to the above notation

A special case of the polynomial reduction procedure described by Buchberger [11J is the division of

f by g, where f, g E F[zJ.
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Definition 2.3.4. Given f, g, h in F[z], with 9

0, then f reduces to h

modulo 9 in one step written

if and only if lp(g) divides a non-zero term X that appears in f and

X

h

f

----->9

2zlz~

-

2Zl Z2

2z5- 2z~

----->9 -

+ Z2

2Z5 - 4z~

----->9 -2ZIZ2 -

f - It(9)9.

=

(f - ZIZ29)

+ Z2

(f - ZIZ29-2z~g)

+ 5z 2

(f -

ZlZ29 -

Generally f is reduced modulo a set of polynomials S

2z~9 + 2Z29)

= {h, ... , fs} in the

n-D setting [1].

Definition 2.3.5. Let f, hand
0, i

h, ... , fs

be polynomials in F[z] with fi

01

= 1, ... , s, and let S = {h, ... , fs}. Then f reduces to h modulo S,

denoted

f

----->s

h,

if and only if there exist a sequence of indices i l , i 2 , ... , it E 1, ... , s and a
sequence of of polynomials hI' ... ' h t - I E F[z] such that

f

----->f·'1

hI

Example 2.3.3. Let S

f =

ZIZ~

----->f·~2

h2

----->f·~ ... -----;f·~t-l

= {h, h}

where

h =

ht _ 1

ZlZ2 - Z2,

-----;f·~t

h =

h
z~ - 1 and let

+ 2z l .

Definition 2.3.6. A polynomial r is called REDUCED with respect to a set
of non-zero polynomials S = {h, ... , f,} if r

=

°

or no power product that

appears in r is divisible by anyone of the lp(fi), i = 1, ... , s.
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Definition 2.3.7. If f -->s rand r is reduced with respect to 8, then r is

called a REMAINDER for

f with respect to 8.

The above reduction process can be used to define a division algorithm
that mimics the division algorithm of the 1-D polynomials. For instance, in
Example 2.3.3, since 2zr + 1 is REDUCED with respect to 8, / can be written
as follows

where Ur = 2z2, U2 = 1 E F[z] are the quotients, and r = 2zr + 1 E F[z]
is the REMAINDER of the division algorithm. For a complete description of
the n-D division algorithm see [1].
Note that in Example 2.3.3

where again 3zr is reduced with respect to 8 = {fr, h}. This indicates that
the remainder of / with respect to 8 is not unique. This problem can be
fixed if S is generated by a better generating set i.e. a Grobner basis which is
originally defined by Buchbergcr [9] as follows.
Definition 2.3.8. A set of non-zero polynomials in F[z] denoted G = {gr, ... , g,}
is a GROBNER BASIS if for all f E F[z] the remainder

0/ the division of /

by G is unique.
Before, presenting a method to check whether a given set of polynomials
is a Grobner basis or not and an algorithm to compute a Grabner basis for a
given set of polynomials, the following definition is fundamental.
Definition 2.3.9. Let /,g E F[z], f,g

polynomial

L

8(1, g) =

f

O. Let L

ltU/ -

is called the S-polynomial of f and g.

L
It(.'l)g

= lcm(lp(l), lp(g)). The

2.3 Grobner Bases: The Algebra of Ideals

41

The following theorem ([8], [9]) gives a criterion that can be used to check
whether a given set of polynomials is a Griibner basis or not.
Theorem 2.3.1. Let G

= {gl,"" g,} be a set of non-zero polynomials in

F[z]. Then G is a Grobner basis for the ideal I
for all i

=

(gl,'" ,g,) if and only if

=f. j,

Example 2.3.4. In Example 2.3.3: L = ZlZ~ and

Hence S

= {JI, h} is not a Grobner basis.

The following is Buchberger's algorithm [9] for computing a Griibner basis
of a set of polynomials

{iJ, ... , fs}.

Step 1: Set the Griibner bases equal to the original set of polynomials, i.e. G :=

{h, .. . ,is}
Step 2: Form the set

g:= {(ji,fj)1 fi =f. fj}

Step 3: Choose any pair (j, g) E 9
Step 4: Update 9 such that
Step 5: Compute S(j, g)
Step 6: If It

=

g:= 9 - {(j,g)}

---'>Q

h, where h is reduced with respect to G.

0: repeat Step 3 - Step 6 until 9

as follows:

g:= gu {(u,h)1 for all U

E

G}

G:= Gu {h}
Step 7: Repeat Step 3 - Step 6 until 9

= 0.

=

0, otherwise update 9 and G
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The following theorem guarantees the termination of Buchberger's algorithm [9].
Theorem 2.3.2. Given S = {ft,.··, fs} with fi

of 0 (1

~ i ~ s), Buch-

berger's algorithm (given above) will produce a Grobner basis for the ideal
I = (11, ... , fs).
D

Proof. see [1].
Example 2.3.5. Consider S = {ft, fz} where

ft =

ZlZ2 -

of Example 2.3.3.
Step 1: G:= {h h}
Step 2: g:= {(ft,h)}
Step 3: Choose (h h) E 9
Step

4: g:= 9 - {(ft,h)} = 0

Step 5: S(h, h) -->c

h of 0

Step 6: since

(Zl -

1) =

h

update 9 and G

9 := {(ft, h), (h, h)}
G :=

{h, 12, h}

Step 7: Repeat Step 3 - step 6 until 9 =

0.

Step 3: Choose (h h) E 9
Step

4: 9

:= 9 -

{rh, h)}

=

{rh, h)}

Step 5: S(h, hl -->c 0
Step 6: since h

= 0: repeat Step 3 - Step 6 until 9 = 0

Step 3: Choose (12, hl E 9
Step

4: 9 := 0

Z2

and fz = z~ - 1
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Step 5: S(h, h)

----->G

0

Hence the Grobner basis of S is {fI, J2, h} where
and

h = Z1Z2

- Z2,

12 = z~ -

1

13 = Z1-1.

Definition 2.3.10. A Grobner basis G = {g1, ... , g,} is called a REDUCED
Grobner basis if for all i, lc(gi) =1 and gi is reduced with respect to G - {gi}.
That is, for all i, no non-zero term in gi is divisible by any lp(gj) for any
j

-I i.
According to this definition the Grobner basis returned by implementing

Buchberger's algorithm in Example 2.3.5 is not reduced. To obtain a reduced
Grobner basis: for all i, i = 1, ... , t, reduce gi with respect to G - {gd.
Example 2.3.6. Consider G
and

fa =

= {h, 12, h}

where

h = Z1Z2 - Z2, 12 =

z~ - 1

ZI - 1 which are returned by implementing Buchberger's algorithm

in Example 2.3.5. Reduce h with respect to G - {h}

h

from G. Now G = {h, /J}. None of the leading power

products of 12 and

13 divide any of the terms of the other. Thus G = {J2, h}

hence eliminate

is a reduced Crobner basis for the ideal it generates.

Reduced Grobner basis are of special importance because of the following

[1].
Theorem 2.3.3. (Buchberger) Every non-zero ideal I has a unique reduced
Grobner basis with respect to a given term order.

Thus two ideals I, J c::; F[z] are equal if and only if I and J have the same
reduced Grobner basis with respect to the same term order. In particular,

1= F[z] if and only if the reduced Grobner basis for I is {I}.
Regarding the ideal membership, a polynomial
if the remainder of the division of

f

E

F[z] is in I if and only

f by the polynomials in the Grobner basis
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G = {91, ... , 9t} is zero where accordingly
t

f =

L ui9i,

Ui E F[zJ

i=l

The solution set of a set of n- D polynomials is called the variety and is
defined as follows.
Definition 2.3.11. The VARIETY defined by the ideal I = (h, ... , fs), denoted V(I), is defined to be the set of all solutions in

re

of the system of

algebraic equations

h

=

0, fz

=

0, ... , f,

=

(2.13)

0

z.e. V(I)~{a=(a1, ... ,an)Ecn;fi(a)=0,i=1, ... ,s}
Any a E V(I) is called a ZERO of h,···, fs.

The notation of the above definit.ion is adopted throughout this work. Solving a set of n-D polynomials can be facilitated enormously by finding a Grobner
basis for the ideal they generate [1 J. The following result signify when the variety is empty, i.e when a set S = {h, ... , fs

I fi

E

F[z], i = 1, ... , s} is zero

coprime.
Theorem 2.3.4. V(I) =

0 if and

only if 1 E G, where G is some Grobner

basis for the ideal I.
Proof. see [lJ.

o

h, ... ,f" then there are no solutions to the system
0, fz = 0, ... , f, = 0 in re if and only if {I} is the reduced Grobner basis
= (f1, ... '/s)· While ifthe system of equations h = 0, fz = 0, ... , fs = 0

Given the polynomials

h

=

for I

has a finite solution set (i.e. V(h, ... , f,) has a finite number of points), the
variety defined by I = (h, ... , fs) =J F[zJ is called ZERO DIMENSIONAL,
and is characterised by the following theorem.
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Theorem 2.3.5. The variety V (!I, ... , fs) is zero dimensional iff for each

= 1, ... , n, there exists j E 1, ... , t such that lp(gj) = zi for some
where G = {gl, ... , gt} is a Grobner basis for the ideal (!I, ... , fs).

i

Proof. see [1].

v E N,

o

Corollary 2.3.1. Let I be a zero dimensional ideal and G = {gl,"" gt.} be
the reduced Grobner basis for I with respect to the lex term order with Zn <
Zn_l

< ... < ZI. Then gl, ... , gt can be ordered such that gl is a polynomial

in Zn alone, g2 is a polynomial in Zn-l and Zn only with Ip(g2) being a power
of Zn_l alone, g3 is a polynomial in Zn-2, Zn_l and Zn and Ip(Q3) is a power of
Zn_2 alone and so forth until gn'
Proof. see [1].

o

Thus solving a system of equations determined by a zero dimensionall, is
reduced to solving for the roots of polynomials in one variable. The following
example is an illustration of Corollary 2.3.1.

Example 2.3.7. Consider the ideal {lJ

The reduced Grobner basis for I with respect to the lex ordering with z < y < x
is computed using Maple and is given by:
91 =z4 - Z3,

+ 3y8z - 2y7 _ 4y4z + y3 + y2 + 2y + z3 - Z2 + Z + 1,
g3 =x 2 + y3 + Z,
g4 =yz 2 + z2,
95 =xy + X + y7 + 2 y 4z - y3 - Z2 - z,
g6 =xz + yl0 _ y9 + y8 + 3y7 Z _ y7 _ 2y 6z _ y6 + 2y 5z + y5
g7 = - 2y4z - y4 - 2y3z+y3+y2z - yz+y- Z3 +5z 2 + z+ 1

92 =y11
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Using the notation of corollary 2.3.1: gl
Also g2

= yll +3y 8 z -

= Z4 - Z3 is a polynomial in Z alone.

2y7 _4 y4Z+ y 3+ y2+2y+z3 - Z2 +z+ 1 is a polynomial

in y and z only with leading power product Ip(g2)= yll a power of y only. And
finally g3 = x 2 + y3 + z is a polynomial in x, y and z only with leading power
product Ip(g3)= x 2 a power of x only.
To find the variety defined by I, solve for z in gl
z

=1

or z

= O.

=

Z4 - Z3 which gives

Substitute the values of z in g2 and solve for the

11th

degree

equations g2(y, 0) = 0 and g2(y, 1) = 0 to find the corresponding values of y.
Continue in this manner with g3 to find the corresponding values of x. The
solutions obtained in this way are the only possible solutions. However, these
solutions are still to be tested on the equations g4
g7

= 0, g5 = 0, g6 = 0 and

= 0 in order to obtain the variety of the whole system of equations

i1J.

The theory involving zero dimensional varieties is abundant in both pure
algebra ([1], [15]) and n-D system theory ([11], [93]) because of their simplicity.
On the other hand a variety is called HIGHER DIMENSIONAL if it contains
an infinite number of points. Higher dimensional varieties are known to be
much more complicated, and thus quite difficult to deal with [45J.
In the case of higher dimensional varieties, there are two possible cases

[451: either the variety is infinite with respect to all the n variables, or the
variety is infinite with respect to only some variables, say Zi+l, ... , Zn-b Zn,
and thus finite with respect to some variables say

Zj, •.• ,

Zi' The meaning of

"a variety being finite with respect to some of the variables" is explained using
the following example [45J:
Example 2.3.8. Consider a variety V(I) E

rc 3 .

All the points in V(I) can be
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listed as follows:
(Zl1) Z211, Z311),

(Z111 Z212, Z312),

(Z11' Z213, Z313),

(Z121 Z221, Z321),

(Z121 Z222, Z322) ,

(Z121 Z223, Z323),

where p is a positive integer. Clearly, there are only a finite number of different
Zli, i

= 1, ... ,p

in V(I). Hence, V(I) is said to be finite with respect to ZI·

Conversely, there are an infinite number of Z2ij and Z3ij, i
j

=

1, ...

,00

=

1, ... ,p and

in V(I). Hence, V(I) is said to be infinite with respect to Z2 and

Z3 {45}.

The general n-D case can be analogously explained. According to the above
notation, zero dimensional varieties are finite with respect to all the variables
Zt, ... , Zn.

In the 2-D case, if the ideal I is generated by a factor coprime set

of polynomials, then V (I) is known to contain only a finite number of points
i.e. zero dimensional [26].
Example 2.3.9. Consider the 2-D ideal

I is a Grobner basis for the ideal it generates, since all the S-polynomials
reduce to zero. Let

g3

= xy

According to Definition 2.3.10 I is a reduced Grobner basis since for all i,

= 1, ... ,3, IC(lJi)= 1, and no non zero term in 9i is divisible by any Ip(IJ.i)
for any j oF i. And by Theorem 2.3.5 V(I) is finite since gl is a polynomial

i
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in x only and g2 is a polynomial in y only. This structure of I also gives the
expected agreement with Corollary 2.3.1 which predicts the structure of reduced
Grobner basis of zero dimensional varieties.

The finiteness of the variety in the above example illustrates the above
discussion about factor coprime polynomials when n

= 2. Unfortunately, for

n- D polynomials (n > 2) varieties defined by factor coprime polynomials are
not necessarily zero dimensional. However Lin et.a!. [45] has introduced a
method to determine whether V(I) is finite with respect to some variables
using Grobner basis in case the variety is defined by an ideal I which is generated by factor coprime n-D polynomials. The following is the statements of
this result by [45] given first for the case of 3-D factor coprime polynomials
then for the n- D case.
Lemma 2.3.1. !45j, Let

JI, ... , fs

E IC[ZI, Z2, Z3] be factor coprime and I

denote the ideal generated by fl, . .. , fs.

The following two statements are

equivalent:
1. A reduced Grobner basis gl, ... , gt E iC[zJ, Z2, Z3] can be constructed for
the ideal I such that gl depends on ZI only, i.e., gl E iC[ZI]
2. The variety of I is finite with respect to ZI.
D

Proof. see [45]

In the proof of lemma 2.3.1 part (2)

-->

(1) the reduced Grobner basis for I

is constructed by particularly choosing a lexicographic term order with ZI the
least yariable. To check whether a variety is finite with respect to anyone of
the variables

Zi,

i

= 1, ... ,3, the reduced Grobner basis need to be computed

using the lex term ordering with

Zi

the least variable. Thus for 3-D ideals,

the reduced Grobner basis need to be computed for at most three times, to
determine whether or not the variety of I is finite with respect to any of the
three variables [45].
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11, ... , fs E «::[Z1"'" znl be factor coprime and I
denote the ideal generated by 11, ... , fs. The following two statements are

Lemma 2.3.2. i45j, Let

equivalent :
1. A reduced Grobner basis g1,··· , gn-2,gn-1, ... ,gr E IC[Z1, ... , znl can be
constructed for the ideal I such that the variety of the ideal generated by
g1, ... , gn-2 is finite with respect to the variables

Z1, ... , Zn-2.

2. The variety of I is finite with respect to the variables Z1, ... , Zn-2.
It is important to note that in the above lemma the reduced Grobner

basis is particularly constructed by choosing a lexicographic term order with

Z1, ... , Zn-2 the least n - 2 variables. It follows similarly that for an ideal
I generated by an arbitrary set of n-D factor coprime polynomials, reduced
Grobner basis need to be computed at most n times choosing lex term order
with

Zi,

i

= 1, ... , n the least variable, to check whether V(I) is finite with

respect to any of the n variables.
Example 2.3.10. Consider the 3-D ideal I given by

1= (-z1(1- Z1)(Z2 - Z1), -z2(1- Z1)(Z2 - Z1), -Z3(1- Z1)(Z2 - Z1),
- Z1 (1 - Z1)(Z~ - Z2), -z2(1 - Z1)(Z~ - Z2), -Z3(1- Z1)(Z~ - Z2),
z1z3(1 - z1),z2z3(1 - z1),z5(Z3 - Z1))

Note that I is generated by a factor coprime set of polynomials. Using Maple
V(I) is given by:
V(I) = {(O, 0, 0), (0,0,0), (1,;3,0), (1,;3,1)1;3

E

IC}

which illustrates the finiteness of V (1) with respect to Z1, Z3 and its infiniteness
with respect to Z2 as explained in Example 2.3.8.

------------------------------------------------------------------------------------
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Maple has computed the elements of the reduced Grobner basis of I with
respect to the lex term ordering Z3 < Z2 <

Zl

to be as follows:

3
gl =Z34 - Z3>

g2 =Z2 Z33 - Z2 Z32
3
g3 =ZI Z32 - Z3>

g4 =ZIZ2Z3 - Z2 Z3>
3

g5 =ZI Z2

-

223

Z1 Z2 + Z2 - Z2'

g6 =zr Z3 - ZI Z3,
g7

2

=Zj

Z2 - Z1Z22 - Z1Z2

+ Z22 >

gs =ZI3 - ZI2 - Z1 Z22 + Z22
gl is a polynomial in Z3 only. This implies that V(I) is finite with respect to
Z3 as predicted by Lemma 2.3.1.
If the lex term ordering with ZI < Z2 < Z3 is chosen, Maple returns
gl =Z{ - 2z{

+ z~ ,

232

g2 =Z2Z1 - Z2Z1 - Z1

g3 =Z22 Z1 -

+ Z\,

232

Z2 -

Z1

+ Z1,

g4 =Z3Z12 - Z3 Z]'
g5 =Z3Z2Z1 - 23 Z2,
_,3
Z23 Z1
g6 -""'3
to be the elements of the reduced Griibner basis of I. In this reduced Griibner
basis, g1 is a polynomial in Z1 only, i. e. V (I) is finite with respect to Z1 giving
the expected agreement with Lemma 2.3.1. It is clear that the Grobner basis
computed with respect to lex term order where Z3 < Z2 < Z1 is completely
different from the one constructed with respect to lex term order where Z1 <
Z2 < Z3' This illustrates the fact that a reduced Griibner basis is unique for

I

---------------------------------------------------------------------------------~-
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a fixed term order (Theorem 2.3.3) and not for any term order. According to
Lemma 2.3.1, since V(I) in this example is clearly infinite with respect to

Z2,

it is thus expected that the reduced Grobner basis of I computed choosing lex

term ordering with
polynomial in

Z2

Z2

the least variable will not contain an element which a

only.

Examples 2.3.7, 2.3.9 and 2.3.10 have demonstrated many of the results
mentioned in this section, such as Lemma 2.3.1, Theorem 2.3.3, Definition
2.3.10, Theorem 2.3.5 and Corollary 2.3.1.
Generally, computing Grobner basis by hand is cumbersome, and may be
impractical in many occasions. However with the development of fast computers, Buchberger's algorithm is now implemented in many Computer Algebra
packages e.g. Maple, Mathematica, Singular [25] and CoCoA (for more information about CoCoA, see Appendix A in [1]).
The algebra of ideals benefits tremendously from the Grobner basis concept. Few of the many properties and wide range of applications ofthe Griibner
basis have been discussed in this section. For a broad introduction to the aspects and applications of the Grobner basis see [lJ. Grobner basis also plays
an important role in algebraic geometry, although little has been mentioned
in this section. For a good exposition of the applications of the Grobner basis
in the area of algebraic geometry see [15].

,
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Conclusions

Section 2.2 has served as a brief introduction to the notations, definitions and
known results which are a prerequisite to the work done in this thesis. n-D
polynomial matrices; the basic entities used in the analysis of multidimensional systems were defined, and many results involving their manipulation
were discussed. For example Laplace's expansion of determinants and the
Cauchey Binet formula were explained, to help in providing a good understanding of the proof of the main theorem in Chapter 3. These two initially
1-D techniques for polynomial matrices generalise straight forwardly to the
n-D context. However, unfortunately, this was seen to be not the case with

many other properties and results. It was shown that this difficulty can be
attributed mainly to the underlying ring structure of n-D polynomials which
are naturally more complicated when compared to their 1-D counterpart. For
example, the fact that the ring of n-D polynomials lacks the division algorithm which the 1-D polynomials possesses has been seen to hinder the full
generalisation of the properties of 1-D Smith canonical to the n- D context.
The main features of the Gr6bner basis were introduced briefly in Section
2.3 and was shown to play a very powerful role in solving problems concerning
n-D polynomials, where particular emphasis was given to those required in the

work that follows in this thesis.

Chapter 3
Zero Structure of n-D Systems
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Introduction

Structural (algebraic) invariants play a crucial role in control systems analysis, since such an invariant frequently encapsulates some particular system
property. Thus in classical multivariable theory [66] the zeros of a polynomial matrix are fundamental to the study of, for example, system stability,
controllability and observability. The analysis of a system is frequently aided
by transforming it to some simpler (reduced) but equivalent form, and in this
situation the extent to which structural invariants are invariant under such
transformations is an important issue. The relevant indicators of a system's
behaviour must not be changed by such action, if the conclusions of the reduced system's behaviour are to remain valid for the original system.
In contrast to classical linear multi variable systems theory, it is again the
case that the analysis of muti-dimensional (n-D) systems is much less developed, in part due to a less than complete understanding of the way in which
specific system properties are encoded as invariants of a particular polynomial matrix. However [93J has established the connection between a basic
zero structure (appropriately defined) of an n-D polynomial matrix, and the
controllability and observability (in a behavioral setting) of the system it represents. Further results in this vein have subsequently been developed by [83]
and [92]. This chapter presents a refinement of the definition of zero structure originally given by [93], and presents results concerning its invariance
with respect to a transformation which has particular relevance to the n- D
systems setting. This transformation is known to permit reduction of a general n-D polynomial matrix to pencil form [56J and also to provide the basic
connection between appropriately defined least order system matrices in 2-D
[57J. It is thus a transformation of increasing relevance in n- D systems theory,
and knowledge of its invariants is of essential importance. We will see further
examples of its importance in Chapter 5.
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In 1-D linear multivariable systems theory the situation is essentially resolved by the existence of one notion of equivalence. For example, Rosenbrock's
strict system equivalence [66], whether in its original senses of equivalence by
elementary operations or by pre- and post-multiplication by unimodular matrices, or in the sense of Fuhrmann [18], is the all-encompassing notion. In n-D
the situation is not so well understood, with the above three interpretations of
the 1-D strict system equivalence transformation giving rise to seemingly three
different notions of equivalence. These three notions of n- D equivalence transformations and connections that hold between them are discussed in Section
3.3.
The detailed zero structure of an n- D polynomial matrix is developed in
Section 3.4, and its invariance with respect to the transformation of zero coprime equivalence is established in Section 3.5. In Section 3.6, the nature of
the invariance of this zero structure is addressed for n-D polynomial system
matrices with respect to zero coprime system equivalence.
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n-D Regular, Admissible and Non-Regular

Well Posed Systems
An n-D regular polynomial system matrix describing a I input, m output n-D
linear system is, in the manner of Rosenbrock [66], a partitioned matrix of the
specific form

P(z) = (T(Z)
U(Z))
-V(z) W(z)

(3.1)

where T(z), U(z), V(z), W(z) are respectively r x r, r x I, m x r, m x I n-D
polynomial matrices, T(z) is invertible and the rational matrix G

=

VT-1U +

W is the transfer function of P(z).
In [95], a more general class of n-D systems has been considered where the
conditions on the plant matrix T(z) (in the notation of equation (3.1)) have
been relaxed to allow for rectangular full row rank T-matrices. This more
general type of system is called an ADMISSIBLE SYSTEM and is defined as
follows.
Definition 3.2.1. [95} An ADMISSIBLE SYSTEM
L:

= (T, U, V, W)

with the associated system matrix

is given by n-D polynomial matrices T, U, V, W of size p x q, p x I, m x q, rn
respectively, with the following properties:

(i) T has full row rank;
(ii) There exists a rational matrix H such that V = HT

X

I
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The rational matrix G = HV
and

L

+W
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is called the transfer function of

L,

is said to be a realisation of G [95].

Clearly, any regular n-D system is admissible, however the reverse statement is not true.
Hou et. al. [28) has studied 1-D algebraic-integro-differential equations,
where in the notation of (3.1), the matrices T, V, V, Ware allowed to be rational, and the plant matrix T can be non-square and not of full row rank. The
results of [28J has been generalised to the n-D case by [47], however restricted
to the case of algebraic-differential equations only (i.e. T, U, V, Ware polynomial matrices). This section will only consider a particular class of the n-D
algebraic-differential equations called WELL POSED NON-REGULAR SYSTEMS. However before defining well posed non-regular systems, the following
definition of input consistency is required.
Definition 3.2.2. (28j, An input u is said to be CONSISTENT for the system if there exists at least one trajectory x satisfying Tx

= Uu for the given

input, in which case the system is said to be INPUT CONSISTENT WITH
RESPECT TO THE SPECIFIED u. The system is said to be COMPLETELY
INPUT CONSISTENT if arbitrary u is consistent for the system.

Definition 3.2.3. (28j, A non-regular system
P(z) = (T(Z)
VIZ))
-Viz) Wiz)

(3.2)

where T(z), U(z), Viz), Wiz) are respectively p x q, p x I, m x g, m x I n-D
polynomial matrices, T( z) is not necessarily invertible nor of full 'rOw rank is
said to be WELL POSED if it is completely input consistent and pmduces a
unique output for every consistent

11..

Input consistency and output uniqueness are characterised by the following
results [28J:
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Theorem 3.2.1. A n-D non-regular system is COMPLETELY INPUT CON-

SISTENT (i.e. Tx = Uu is solvable for every u) if and only if
(3.3)

where T- denotes an arbitrary generalised inverse ofT satisfying TT-T

=

T.
D

Proof. see [47]

Theorem 3.2.2. A consistent input u produces a unique output y for an n-D

system if and only if

V(I - T-T) = 0

(3.4)

for any generalised inverse T- and in which case the unique y is given by
y = (VT-U + W)u

(3.5)
D

Proof. see [47]
It was also shown that

Theorem 3.2.3. A n-D non-regular system is well posed if and only if it

possesses a unique transfer function matrix.
D

Proof. see [47]

Obviously, non-regular well posed systems are not admissible since T is not
assumed to be of full row rank as in the case of admissible systems. However,
there is something that could be said regarding the converse statement.
Lemma 3.2.1. (I - TT-)U

= 0 if and only if there exist a rational matrix J

such that U = T J.
Proof. If (I -TT-)U = 0 then U = TT-U. Therefore U = T J with J = T-U.
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Conversely if U = T J then

(I - TT-)U = (I - TT-)T J

= (T- TT-T)J
=0

o
Lemma 3.2.2. V(I - T-T) = 0 if and only if there exist a rational matrix H
such that V = HT.

o then

Proof. If V(I - T-T)
V

HT with H

V

=

VT-. Conversely if

= HT then
V(1 - T-T) = HT(1 - T-T)

= H(T - TT-T)
=0

o
Corollary 3.2.1. An admissible system satisfies the following two conditions:
1. (I - TT-)U

=0

2. V(I - T-T) = 0
Proof. Since T is full row rank, there exist a rational matrix X such that

TX
.J

=

I, and hence there exist a rational matrix J such that U

=

T J with

= XU. (1) then follows from Lemma 3.2.1, while (2) follows directly from

Lemma 3.2.2.

0

Lemma 3.2.3. An admissible system has a solution

.T

for every input n, pro-

duces a unique output y for each given u, and possesses a unique transfer
function given by HU

+ W.
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Proof. T is of full row rank then Tx

60

= Uu is consistent for all u, since

= Rank[T]. Moreover since T is full row rank, there exist a rational
matrix X such that T X = I and hence the general solution for the admissible
Rank[T U]

system L:; is

x

=

XUu+ (I -XT)K

where K is an arbitrary vector. The general solution for the output y is thus
y= Vx+Wu

= VXUu+ V(I - XT)K + Wu
= VXUu + HT(I - XT)K + Wu since V = HT
= VXUu+H(T-TXT)K + Wu

= (VXU + W)u
= (HU + W)u
Hence an admissible system produces a unique output for any input
possesses the unique transfer matrix HU

'U,

and

+ W.

D

Remark: The proof of the above lemma also follows from Corollary 3.2.1 and
Theorems 3.2.2 and 3.2.3.
Theorem 3.2.4. An admissible system is a well posed non-regular system.
Proof. The proof of this theorem is a direct consequence of Corollary 3.2.1 and

Lemma 3.2.3.

D

It is clear from the above that any regular system is admissible, and any

admissible system is well posed. Thus the class of n-D well posed non-regular
systems is the most general of the three classes.
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Notions of Equivalence and Connections
in the n-D Context

Elementary row and column operations are the basis for computational developments, and lead to the following basic form of equivalence.
Definition 3.3.1. Two n-D polynomial matrices Pt(z), P2 (z) E F[z]mXl are
said to be ELEMENTARY OPERATIONS EQUIVALENT (written EO-E) if
one can be obtained from the other by a sequence of elementary row and column
operations over F[z] (EOl-3)Flzj presented in Section 2.2.

Similarly
Definition 3.3.2. The system matrices Pt(z), P2 (z) E F[z](p+m)x(q+l) are said
to be ELEMENTARY OPERATION SYSTEM EQUIVALENT (written EOSE) in case one can be obtained from the other by a sequence of the following
elementary row and column operations over F[z],'

(SEOl) multiply any of the first prows (resp. q columns) by a unit of F[z]
(SE02) add to any row (resp. column) a multiple by an element of F[z] of
any of the first prows (resp. q columns)

(SE03) interchange any two of the first prows (resp. q columns)
It is clear that if the matrix EL (z) is the result of performing the elementary

row operations on the unit matrix Im and the matrix ER(z) is the result of
performing the elementary column operations on the unit matrix 11 then the
relation of EO-E between p](z), P2 (z) E F[z]mXl can be written as

(3.6)
The corresponding statement for EO-SE is

Y(Z))
11

(3.7)
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where X (z), Y (z) are

71.- D

polynomial matrices of the appropriate dimensions

and with EL(Z), ER(Z) now p x p and q x q respectively, but otherwise formed
as before.
A general form of equivalence of this type is

Definition 3.3.3. If L(z), R(z) are resp. m

X

m, I x l unimodular matrices

such that

(3.8)
then the polynomial matrices PJ(z), P 2 (z) E F[z]mxt are said to be UNIMODULAR EQUIVALENT (written U-E).

Similarly

Definition 3.3.4. The system matrices PJ(z), g(z) E F[z](p+m)x(q+t) are said
to be UNIMODULAR SYSTEM EQUIVALENT (written U-SE) in case
P2 (z)

= (L(Z)
X(z)

0)

Im

PJ(z) (R(Z)
0

Y(Z))
It

(3.9)

for some n-D polynomial matrices X(z), Y(z), and unimodular matrices L(z),
R( z) with dimensions p x p and q x q respectively.

Matrices such as EL(z), ER(z) of (3.6), which are formed by performing
elementary operations on the unit matrix are called ELEMENTARY. It is
clear that elementary matrices are unimodular and so it is seen immediately
that EO-E is a special case of U-E. It is well known however that unimodular
matrices are not necessarily elementary as seen in Section 2.2 Example 2.2.5
[70], and so U-E does not imply EO-E. Precisely the same statements can
be made in relation to the system versions of these transformations, namely,
U-SE and EO-SE.
A third form of equivalence relates to the set of matrices P(m, I) defined as the n-D polynomial matrices of dimension (Pi

+ m)

X

(qi

+ I)

where
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Pi, qi < min(m, I) satisfying Pi - qi = constant, Vi E 1,2,3, .... Note that
the subset Ps(m, I) of P(m, I) obtained by restricting Pi, qi > 0 represents the
n-D polynomial system matrices, when the partitioned structure of such matrices is taken into account. For example, for any set of n-D system matrices
P;(z) E Ps(m,I), i

=

= ... =Pr -

1,2, ... ,r, PI - ql =P2 - q2

Definition 3.3.5. Two n-D polynomial matrices

qr'

g (z), P2(z) E P(m, I) are

said to be ZERO COPRIME EQUIVALENT (ZC-E) in case :J polynomial
matrices L( z), R( z) of appropriate dimensions such that
(3.10)
with L, P2 left zero coprime, and PI, R right zero coprime.
Similarly

Definition 3.3.6. Two n-D polynomial system matrices Pi(Z) E Ps(m, I),
i

= 1,2 of dimension (Pi + m) x (qi + I), PI -

ql

= P2 - q2 related by an

equation of the form
L(Z)
( X(z)

0) Pl(z) = P2(z) (R(Z)

Im

''--~v~--'

Y(Z))

'v

[;

(3.11)

lz

0

'

R

are said to be ZERO COPRIME SYSTEM EQUIVALENT (ZC-SE) in case

C, P2 are left zero coprime and PI, R are right zero coprime.
In I-D Definitions 3.3.2 and 3.3.4 mount down to Rosenbrock's strict system equivalence [66], where equivalence by elementary operations and equivalence by pre- and post-multiplication by unimodular matrices define the same
equivalence class, while Definition 3.3.6 is the direct generalisation of strict
system equivalence in the sense of Fuhrmann [18].
Clearly P(m, /) (resp. Ps(m, I)) is much larger than the class of matrices
to which EO-E (EO-SE) and U-E (U-SE) relate. It is also clear that U-E
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(V-SE) is a special case of ZC-E (ZC-SE). For example, Equation 3.8 can be
written as
(3.12)
where L -1(Z), P1(z) are left zero coprime and P2(Z), R(z) are right zero coprime
since L-1(Z), R(z) are unimodular matrices and hence zero prime.
ZC-E (ZC-SE) is apparently the most general of the three transformations,
however there are certain other observations that can be made concerning
the converse statements. The 2-D version of the first of these results has
been reported in [59J for polynomial matrices which satisfy the restriction
Pi

=

qi, i

= 1,2, and is the generalisation of some results of Kailath [34J to the

n- D setting.

Theorem 3.3.1. Two n-D polynomial matrices P1 (Z),P2 (z) E P(m,l) are

ZC-E if and only if any trivial expansions of them are U-E.

Proof. Suppose P1(z), P2(z) ofrespective dimensions (P1 +m) x (q1 +1), (P2 +
rn) x (q2 + I) are ZC-E and related by (3.10). Since L, g are left zero coprime, and Pt, R are right zero coprime, it follows that :J polynomial matrices
H(z), K(z), A(z), B(z) such that

(3.13)

The equations (3.10) and (3.13) may be written as

-B) (['-R1
(A
L P
2

(3.14)

!

3.3 Notions of Equivalence and Connections in tile n-D Context
where J =

AH - BK.

gives, for A
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Pre-multiplying by

= A - JL,E

=

-

E+ JP2 ,

(3.15)
It follows therefore in particular that

(A-E)
P2

L

(3.16)

is unimodular.
Observe on the basis of (3.10) that

(3.17)
Now

(A;I ~2:J e~~ I ~ RE)
+

(3.18)

q2 1

establishes that

is unimodular, and hence that (3.17) is a statement of U-E between trivial
expansions of PI, P2 •
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For the converse suppose that the following statement of U-E holds. i.e.

A B) (IpOP0) = (IqOP0) (GKRH)
(CL
I

(3.19)

2

where compatibility of the partitioning requires p - q = P2 - PI

= q2 -

ql. Note

that the (2,2) block equation gives immediately that

(3.20)
Now from the (2,1) block equation C = P2 K and so

(~ ~)

unimodular ==?

(AgK B)
L

unimodular

= P2 + m V (Zl,"" zn) E en

==?

rank (P2K L)

==?

P2K, L left zero coprime

==? P2 K X
==?

+ LY = I p2 +m

for some X, Y

g, L left zero coprime
(3.21)

In an analogous way it can be shown that PI, R are right zero coprime, and
so (3.20) is a relation of ZC-E between PI, P2 .

0

The extension of this result to system matrices is given in the following.
Corollary 3.3.1. PI(z), g(z) E Ps(m, I) are ZC-SE if and only if any trivial
expansions of them are U-SE.
Proof see [47J for the special case of n-D polynomial system matrices wit.h

square T-blocks. Minor modifications are required to adapt the proof for the
more general case of polynomial systems with non-square T-blocks.

o
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It is apparent therefore that despite its seeming generality, ZC-E (or its
counterpart ZC-SE) offers no more flexibility than U-E (U-SE), indeed both
essentially describe the same equivalence classes.
This section has shown that in the case of n- D linear systems equivalence by
pre- and post-multiplication by unimodular matrices and the Fuhrmann type
of equivalence (ZC-E) can be viewed, in a way to be described, as possessing
identical equivalence classes. These equivalence classes are wide enough to
contain many interesting reduced forms of a system matrix and in particular
the general singular 2-D model ([33], [56]).
Equivalence by elementary operations ([20], [21]) which is the second of
the two distinct notions of equivalence in the n- D case has greater attraction
because it forms the basis of any computational approach. Unfortunately its
equivalence classes are much narrower than those of the Fuhrmann type of
equivalence and may not be sufficiently wide to contain all of the reduced
system matrix forms of interest. However the extent of this limitation in
regard to a new system reduction procedure will be considered in Chapter 5
of this thesis.
The following sections will develop a matrix zero structure and consider its
invariance under the transformation of zero coprime equivalence.
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3.4

Matrix Zero Structure

It was seen in Section 2.2 that primeness has only one connotation in the

case of polynomials in one indeterminate. Common zeros of such polynomials
correspond to common divisors and vice versa. However it was also noted
that in general, where n > 1, even if a set of n-D polynomials do not possess
a non-trivial common divisor (Le. they are factor coprime), they might still
possess a common zero (Le. they are not zero coprime).
Example 3.4.1. The two 2-D polynomials

/J(Zl,Z2) ~ Zl, h(Zl,Z2) ~ Z2

are factor coprime, but not zero coprime as they possess the common zero
(Zl, Z2)

= (0,0).

These facts have direct implication for the definition of the zero structure
of matrices whose elements are n-D polynomials.
Consider the n-D polynomial matrix P(z) over F[Zb"" z,,] whose dimensions are p x q and whose rank is r. The zero structures one can define for P(z)
are all based on the property that a zero is associated with a rank reduction
of the matrix. An obvious definition is as follows.
Definition 3.4.1. The il" DETERMINANTAL DIVISOR di(Z) , i = 1, ... , r,
of the matrix P(z) is the greatest common divisor of the ith order minors of
P(z). The zeros of di(Z) are called the il" DETERMINANTAL ZEROS of
P(z).

The p. determinantal divisor is unique modulo a multiplicative constant
c E IC\{O} and so this definition is the direct extension of the 1-D case where
it characterises exactly the situation in which a 1-D matrix loses rank. The
simple example P(z) =

(Zl Z2)

considered in Section 2.2 has revealed the

inadequacy of this definition for general n-D polynomial matrices, where the
matrix P( z) has d1 (z) = 1 and so has no determinantal zeros, nevertheless

P( z) still loses rank for
required.

Zl

=

Z2

= O. A more encompassing definition is thus

-

I

I

I

I
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For any n-D polynomial matrix P(z), let ml(Pl)
denote an individual i xi
',J
minor of P(z) where i

~ T

and

.
J = 1, ... , k;

p!

q!

= z."(p _ z.
')' z."( q _ z.
')'

Denote the ideals generated by the i x i minors of P(z) by

and write
IIPI
, = djlPI
' ,

where

Jtl is the ideal generated by the set of polynomials which result from

the i x i minors of P(z) when the ith determinantal divisor d;(z) is removed.
Clearly each ideal

.ItI is generated by a set of factor coprime polynomials.

This set, however, may not be additionally zero coprime which is a distinctive
feature of n-D (n 2: 2), and the situation which the previous simple example

P(z) = (Zl Z2) illustrates. These considerations lead to the following definition
which finds its origin in Zerz [93]. It is worth mentioning at this point that
McInerney [47] has proposed a definition for the invariant zeros, however there
is a problem with McInerney's definition and this problem will be discussed in
a comment that will follow Example 3.4.2.
Definition 3.4.2. The ith ORDER INVARIANT ZEROS, i = 1, ... , r, of an
n-D polynomial matrix P(z), are the elements of V(It l ), the variety defined
by the ideal Itl.

In these terms the definition given in [93] is of the

Tth

order invariant zeros.

Details of further structure are as follows.
Definition 3.4.3. The ALGEBRAIC ORDER of an invariant zero a = (al, .. " an)
E

<en is the positive integer n( a) defined as
n(a)

A

r - rank Pia)
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Definition 3.4.4. The ith GEOMETRIC DEGREE, Di(a) i = 1, ... , T, of an
invariant zero a E

en is the number of times a occurs in the variety V (It]).

The above definition makes sense because intuitively any point in any variety occurs for a specific number of times (known by its MULTIPLICITY).
However impractical since computing the multiplicity of a point in high dimensional n- D varieties is quite complicated, where there is no well known
algorithm which offers an answer to this problem.
The fact that every i x i minor can be written as a linear combination of

(i - 1) x (i - 1) minors has a number of consequences, which in 1-D are to
some extent summarised by the relationships

di(z)ldi+l(Z), i = 1, ... , r - 1

(3.22)

In n-D the implications are various.
Theorem 3.4.1. If P(z) is a p

X

q matrix then

liP] c.·. c ]lP]
r

-

-

Proof. As noted above any i x i minor,

1

rn(i,j)

can be expressed in terms of

(i - 1) x (i -1) minors and so
m(i,j)

E

IP]

1'-1

Hence I!P] <;; I!~;, It follows from this that if a E V(I!~\) then a E V(I)P])
and the result follows.

0

It is clear from the above that if a. E
P(z) then it is also an (i
always be an

rlh

+ l)th

e is an 1:'"

order invariant zero of

order invariant zero and, in particular, will

invariant zero. Thus every invariant zero as defined here is
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an invariant zero in the sense of [93], and vice versa. What differs here is the
additional detail of the structure associated with the invariant zeros, that the
above definitions identify.
In terms of the geometric degrees of a given invariant zero one can thus
say
Corollary 3.4.1. If a is an invariant zero of P(z) of algebraic order n(a),

and if Oi (a), i = 1, ... , r, are its geometric degrees then

Corollary 3.4.2. If di(z) denotes the ith determinantal divisor of P(z) then

d1 1dz ...

Idr

and so

(d r ) <;;: ... <;;: (d1 )
V((dr )):2 ... :2 V((d 1 ))
Immediate consequences of the defined zero structure are
Theorem 3.4.2. The p x q (with pS; q) n-D polynomial matrix P(z) is left

zero prime iff P(z) possesses no invariant zeros, i.e. V(I~PI)

=

0.

Proof. P(z) is left zero prime if rank(P(z))=p, Vz E en (definition 2.2.9 (i)).
Thus the p x p minors of P(z) are zero coprime i.e. P(z) has no pth order
invariant zeros, and hence no invariant zeros.
D

Theorem 3.4.3. The p x q (with pS; q) n-D polynomial matrix P(z) is left

minor prime iff the ideal Ij;1 is generated by a factor coprime set of polynomials.
Proof. P( z) is left minor prime if its p x p order minors form a factor coprime
set of polynomials (definition 2.2.9 (ii)). The result hence follows from the
definition of Irl.

D
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Analogous statements to Theorem 3.4.2, Theorem 3.4.3 hold for right zero
prime polynomial matrices.
Despite the inclusion results given in Theorem 3.4.1 and Corollary 3.4.2
it is not possible to determine equivalent results for the ideals

Jtl as the

following example illustrates.
Example 3.4.2. Consider the 3-D polynomial matrix given by
X2

P(x,y,z) =

(

0

xv)

o

xz

z2

The idea.ls generated by the first and second order minors (we:

I~PI

=

ItI =

(x 3z, x 2Z2, - xyz 2)

(3.23)

(x 2, X'y, xz, z2)

(3.24)

It is clear that 12 C h. as every element of [2 can be written in terms of
elements in

h. Note that d2

= xz, d] = 1 and so (d 2 ) <:;; (d]). It follows then

that

(3.25)
(3.26)
Now, for example, -yz E API but it clearly cannot be expressed as a linear
l and so -yz rf: JjFI.
combination of the elements of the generating set for

Jt

Jt

Jt

l %JjPl. Also xy E JjPI but xy rf:
l , for the same reason. Thus
Therefore
Jt l ~ Jtl. This illustrates the non-existence of a definite inclusion between
l in the general case of an n-D polynomial matrix P(z).
the ideals

Jt

According to McInerney [47], the

ith

order invariant zeros of a matrix P(z)

are defined to be equal to [V(J}pI)- V(Jl~i)J. This kind of subtraction between
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V(J)pJ) and v(J)~i) is incorrect, since there exist no definite inclusion between
J)pJ and J)~i as demonstrated by the above example.
The following section will investigate the nature of the invariance of the
zero structure defined in this section with respect to the transformation of zero
coprime equivalence (definition 3.3.5).
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3.5

The Invariant Nature of Zeros

ZC-E is an equivalence relation in the formal sense ([30], [41]) and the following
theorem which details some of its invariants is one of the main results of this
thesis.
Theorem 3.5.1. Suppose that the n-D polynomial matrices Pi(z), ofmnk ri

and with dimensions Pi x qi, i

= 1,2 where PI - ql = P2 -q2(= P- q) are ZC-E

according to the relation

(3.27)
Then

(3.28)
where r = min(rl,r2). For any i 2: r, I~;~i = (1) m case rl - i > 0 or

I~:~i = (1) in case

'1'2 -

i

2: O.

The proof of this theorem is quite involved, thus will be given in three
parts.

Proof.

Part 1
Suppose that hI = min(PI, ql), h2 = min(P2, q2) and let i E {1,2} and its
complement i' in {I, 2} be such that hi :S hi"
Let

P;(z)

~

(hi,_ho i P;(z)
0)

It is clear that the ideals generated by the various minors of Pi (z), P[ (z) are

3.5 The Invariant Nature of Zeros

75

related as

. .
.-.
(3.29)

.- .

Now Pi(z), P!(z) are Z-CE as either of the statements

confirms. Hence from the transitivity of the Z-CE relation it follows that

P{(z), Pf(z) are Z-CE. We establish the theorem for P{(z), P~(z) which are of
identical dimensions p' x q', say.

Part 2
Let h

=

min(p', q'), then from the coprimeness requirements of ZC-E :J

polynomial matrices X(z), Y(z), W(z), Z(z) of appropriate dimensions such
that
(3.30)

NIX+P{Y=Ip '
WP~ +ZN

= Iq'

From (3.27) and (3.30) it follows that

w
( NI

-Z) (P~
P'1

X)
-N Y

= (Iq,
0

J)

Jp'

(3.31)
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where J = WX - ZY.

For any matrix Qlet Q~:::'.'.:j~ denote the k x k submatrix formed from rows
i), ... , ik and columns), ... , )k. Consider then the following equation formed

from (3.31)

EiM"
.. ·,i

k

0) (P;

P'1

(

. XY)

JI ,···,Jk

=

-N)l,···,)k.

(3.32)

~'--~v---~"~---vv--~'

A

where 1 :s; k

B

:s; h, and Ei" ... ,ik

is that matrix whose t, 8 th element is 1 if.9 = it,

and zero otherwise.
Take determinants of both sides of (3.32), and use the Cauchy-Binet theorem to expand the left hand side. This gives

(3.33)
m

Now the form of A indicates that any factor of A of the type occurring in the
left hand side of (3.33) for which {i), ... ,i k } is not a subset of {m), ... ,mp'+k}
is zero. Thus all minors of A which occur in the left hand side of (3.33)
contain the columns {i), ... ,i k }. Such a factor is then expressible via Laplace
expansion in terms of products of minors of M and P{. The smallest minor
of P{ occuring in this Laplace expansion is of order k.

I

Thus IP;;~:::.:;: is

expressible as a linear combination of minors of P{ of order k and greater.
Since any minor can be expanded in terms of lower order minors, it follows
that

IP.21'hJl,,··,Jk
,... ,ik I can be written as a linear combination of the order k minors of

P{. It thus follows that
k
I kIPf] C IIP!]
k'

where h = min(p', q').

= 1, ... , h

(3.34)

77

3.5 The Invariant Nature of Zeros
By the symmetry property of the ZC-E relation :J p' x p', q'

X

q' polynomial

matrices M'(z), N'(z) such that

where M'(z),

P~(z)

are zero left coprime, and P{(z), N'(z) are zero right co-

prime. Applying the same procedure as above gives:

where k

= 1, ... , h.

Hence
[P{I - I[P;I
Ik
k

for k = 1, ... , h.

Part 3
Let i E {1,2} and i' its complement in {1,2} be such that hi :S hi', It
follows from the above and the relations (3.29) that in terms of the original
matrices P1 (z), H(z) we have

.
·- .

·

(3.35)

· .
·- .

Now since ri' = rankPi , we have
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It follows from what has been proven in (3.35) that

Hence

and so the relations (3.35) reduce to

· .
·- .

i P,,]

- liP,]
1

Ti,-Ti+1 -

I;;',]r, = (1)
·· -

(3.36)

.

.

D

which completes the proof.

The theorem has its origins in [411 while the first. formal version of it appears
in [30].

In both cases however the result only refers to the determinantal

divisors and hence the determinantal zeros of definition 3.4.1. A result closer
to the one reported here appears in [47], where a different definition of zero
structure is used. In both [30] and [47] the proofs are incomplete as regards
their treatment of the issue of PI

oF P2, ql oF Q2.

The theorem has a number of corollaries.

Corollary 3.5.1. If V(I) is the var-iety generated by the ideal I, then under
the conditions of Theorem 3.5.1
(3.37)
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while for any i 2: r, V(I~;~i) =
r2 - i 2:

0 in case r1 -

79
i 2: 0, and V(I~:~i)

= 0 in case

o.

Proof. This is a direct consequence of the equality of the associated ideals,
from which the varieties are defined, established in Theorem 3.5.1.

0

Corollary 3.5.2. If a E IC is an invariant zero of PI with algebraic order n( a)

and nonzero geometric degrees Orl- n (a)+1 (a), ... , orl (a) then a is a zero of P2
with identical algebraic order and nonzero geometric degrees.
Proof. The previous Corollary establishes the invariance under ZC-E of the
varieties from which invariant zeros and their algebraic orders and geometric
degrees are defined.

0

Theorem 3.5.1 taken together with Lemma 2.2.1 gives
Corollary 3.5.3. Let dl Pd , d1 P2 ] denote the ith determinantal divisors of the

matrices PI, P2 respectively, related as in Theorem 3.5.1. Let V((dI Pd )),
V( (dI P2 ])) denote the varieties defined by the ideals generated by d1 P1 ], d1 P2 ] then

d\~~i = Ci d\~~i
V( (d~~~i)) = V( (d~~i))
where i

=

0, ... , r -1, and Ci E IC\{O}. For any i 2: r, d~~~i

V(I~;~i) = 0) in case
in case r2 - i 2: O.

7"1 -

i ?: 0, while d~~i

=

Ci(# 0) (and so

= Ci(# 0) (and so V(I~:~i) = 0)

Proof. From Theorem 3.5.1

i.e. V i = 0, ... , ,. - 1

(3.38)
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where

kh-i)

k(Tl-i)

P2!
q2!
= (r2 - i)!(P2 - (r2 - i))! (r2 - i)!(q2 - (r2 - i))!
Pt!
qt!
= h - i)!(Pl - (rt - i))! (rt - i)!(qt - (rt - i))!

Extracting d~~i from the left hand side of (3.38) and d~~~i from its right hand
side gives

(3.39)

1= 1, ... , k(Tl-i)

Now d?,'~i divides the left hand side of (3.39) for each i = 0, ... , r - 1, and
since the set {m[::~i,l) 11 = 1, ... , krr,-i)} is factor coprime, by Lemma 2.2.1
it follows that
(3.40)

Repeating the argument with the roles of rn[~:~i,l) and rn[~:~i,j) interchanged in
(3.38) completes the first part of the statement, while the second part follows
directly from the equality established in the first part.

0

Suppose the ideal I; generated by the i x i minors of the n-D matrix P
is written as d;Jt l . Although it was shown that no particular relation of
inclusion holds between the ideals

Jtl there is something that can

be said

about the corresponding ideals of matrices Pt and P2 related by ZC-E

Corollary 3.5.4. Let the matrices Pt and P2 be related as in Theorem S.5.i,and
the ideals JIHI
, and J ,IP21 be as defined above then
IPl1
J1'1-1

V(JIJ'l!)
1'l-Z

=

IP,!
J1'21

P
= V(JI1'2-t
2!)

where i = 0, ... , r - 1. For any i 2: r, J!;~i = (1) (and so V(J;';~i) = 0) in
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case rl - i 2: 0, while J!:~i

= (1)

(and so V(I!:~i)

= 0)

in case r2 - i 2: O.

Proof. By Theorem 3.5.1:

(3.41)
and by Corollary 3.5.3:
(3.42)
The result then follows by cancelling d~~~i from both sides of equation
D

(3.42).

Corollary 3.5.5. If an n-D polynomial matrix P(z) is (left or right) zero
prime or (left or right) minor prime, then its coprimeness type is invariant
under ZC-E.
Proof. The (left or right) zero primeness follows from Corollary 3.5.1 and The-

orem 3.4.2, while the (left or right) minor primeness follows from Theorem 3.5.1
and Theorem 3.4.3.

D

Example 3.5.1. The matrices
P1(x,y,z)= (X2
0

HI",,)

~ (;

z2

y
x )
xz

0

y

;);2

yz

0

Z2

0

:Y)
XZ

are related as

(: :) (~

0
Z2

xv)
xz

(:

0 y
x2 yz
0

Z2

:)
xz

0 -y 0

1

0

0

0

1

0

0

0

1
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which is a statement of ZC-E (definition 3.3.5) between PI and P2, since the
block matrix
A

=

0 0 1 02 Y 0)
(o1 01 0Z x0 yzz2 xyxz

has A:'~'~ = 1, hence is left zero prime and the block matrix
x2

B=

has

xy

0

0
Z2

0

-y

0

1

0

0

0

1

0

0

0

1

XZ

Et·g·;
. . = 1, hence is right zero prime .
The ideals for H(x, y, z) have been given previously in Example 3.4.2 as
(3.43)
(3.44)

the ideals of P2(.r, y, z) may be determined as
_ (X 2 Z 2 ,x 3 z,
l 3iP,] ~

l 2iP,]
liP,]
1

_

2
xyz,
,r 3 y __y2)

= (2
X ,xY,X 2 Y,xy 2 ,z 2 ,XZ,xyz,Z 3 ,xz 2 ,x 2 z 2 ,x3z)
= (1 ' y " z x 2, yz , xy , Z2 , xz)

where in each case only the nonzero minors have been listed.

(3.45)
(3.46)
(3.47)
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It is clear from the form of the generating polynomials of these ideals that
I 2lPd -- liP,)
3
l iP,) _ IIP2 )
1

and clearly It,i

-

2

(1) which gives the expected agreement with Theorem 3. 5.1.

=

It is also clear that

dr,i = drd (= xz)
dr,i = d\Pd (= 1)

d\P2 i = 1
as predicted by Corollary 3.5.3.
The li ideals for P1(x,y,z) and P2(x,y,z) can be easily determined and
are as follows:

Jt,i = (x 2 , xz, -yz)
Jt d = (x 2, xy, xz, z2)

(3.48)

(3.49)

and
AP,i = (xz, x 2 , -yz, x 2 yz)

JJJ>21

=

(J.:2 : xy, xo2 y, :L'y2, Z2, XZ, xyz, z3

l 1iP,]

=

(1 ,y,z,x 2 ,yz,xY,z
•
2
,xz )

where it is obvious that

(3.50)
j

2
;tZ ,

x 2 z2) ;1;3 z)

(3.51)
(3.52)
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J,2[p,] -- J,I3P2)

J1IP'] -- J2IP2 )

(1) =
which verifies Corollary 3.5.4.

JIP

2

)

-------------------

-----

---------------------------------------
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Zeros in the n-D System Context

A detailed zero structure of an n-D polynomial matrix was developed in section 3.4, and its invariance with respect to the transformation of zero coprime
equivalence was established in the previous section. In this section, the nature
of the invariance of this zero structure is addressed for the n-D polynomial system matrix setting with respect to the transformation of zero coprime system
equivalence.
The system matrices considered are assumed to belong to the class of n-D
well posed non-regular systems, unless mentioned otherwise. The following
definition was given before in section 3.3, however appears here again for the
homogeneity and compatibility of this section.
Definition 3.6.1. Two n-D polynomial system matrices P;(z) E Ps(m, I),
i

= 1,2

of dimension (Pi

+ m)

x (q;

+ I),

PI - ql

=

P2 - q2 related by an

equation of the form

v

v

8, (z)

1',(2)

Tl(Z)
Ul(Z») (Qz(Z)
( -Vl (z) W l (Z)
0
,

(3.53)
R2(Z»)

1/

~,

v

.,

S,(2)

are said to be ZERO COPRIME SYSTEM EQUIVALENT (ZC-SE) in case
SI, PI are left zero coprime and S2, P2 are right zero coprime.

The following lemma relates the system zero coprimeness conditions with
the coprimeness of the constituent matrices.
Lemma 3.6.1. (SO) Let P;(z) E Ps(m, I), i = 1,2 be two n-D polynomial system matrices related by a transformation of the form (3.53), then SI(Z), P l (z)
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are left zero coprime if and only if QJ(z), TJ(z) are left zero coprime. A similar statement also holds for the right zero coprimeness of the pairs P2(z), S2(Z)
and T2(Z), Q2(Z),

o

Proof see [30J.

This lemma thus yields an alternative statement of the requirements of
ZC-SE as follows.

Lemma 3.6.2. Two n-D polynomial system matrices Pi(z) E Ps(m, I), i

=

1,2 related by a transformation of the form (3.53), are ZC-SE if and only if
QJ(z), Tl(Z) are left zero coprime and T2(Z), Q2(Z) are right zero coprime.

The transformation of ZC-SE is an equivalence relation in the formal sense.
An indication of its likely importance in the n- D system context is revealed in
the following results. The first is a key result on which the main theorem of
this section rests.

Lemma 3.6.3. Let the two n-D polynomial system matrices P;(z) E Ps(m, l),
i

= 1,2

be related by a ZC-SE transformation of the form

(3.54)

Then the following pairs of polynomial matrices are related by ZC-E:

(i) P1(z), P2 (z)
(ii) TJ(z), T2(z)
(iii) (T,(z), Ui(z)) for i
(iv) (Ti(Z) ) for i

-1I;(z)

= 1,2

= 1,2.
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Proof. The relationship of ZC-SE in the notation of equation (3.53) gives the

following connections between the indicated matrices.

S1P2 = P1S 2
QITz = TIQ2
Ql (T2 U2) = (Tl U1) S2
SI ( Tz )
-];2

(3.55)

= ( Tl ) Q2
-VI

It follows from Definition 3.6.1 and Lemma 3.6.2 that each of these statements
is one of ZC-E, from which the result follows.

o

An immediate consequence of the above lemma is:
Corollary 3.6.1. Let the two n-D polynomial system matrices Pi(z) E Ps(m, I),
i = 1,2 be related by a ZC-SE transformation of the form (3.54). Then ap-

propriate trivial expansions of the following pairs of polynomial matrices are
related by U-E (definition 3.3.3):

(i) Pl(Z), P2(z)
(ii) TJ(z), T2 (z)
(iii) (Ti(z), U;(z)) fori = 1,2
(iv)

Ti(Z) ) for i = 1,2.

( - \I;(z)

Proof. This result follows from Theorem 3.3.1 and Lemma 3.6.3.

o

The invariant zeros of the above matrices have implications in the study
of many problems in n-D systems theory ([45], [93], [95], [83], [92]), and this
will be discussed at the end of this section. The following theorem will determine the nature of their invariance with respect to the transformation of zero
coprime system equivalence.
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Theorem 3.6.1. Let the two n-D polynomial system matrices P;(z) E Ps(m, I),
i = 1,2 with dimensions (Pi + m) x (qi

+ I), PI -

ql = P2 - q2 be related by the

ZC-SE transformation of the form (3.54) then

(i) for h = min(hb h 2), where hi = min(pi

+ m, qi + l), i = 1,2

for i

(ii) for

l'

= min(rb 1'2),

where ri

= 0, ... , h - 1

= min(Pi, qi), i =
for i

(iii) for P = min(Pl,P2), where Pi ~ qi

1,2

= 0, ... , l' - 1

+ l, i = 1,2
for i = 0, ... , P - 1

(iv) for q = min(ql' Q2), where qi ~ Pi

+ m, i

=

1,2

for i = 0, ... , q - 1

where for any i 2: h, Ih~~i = (1), V(Ih~~i)

= 0 in

case hi - i 2: 0, or Ih~~i

=

(1), V(Ir,~i) = 0 in case h2 - i 2: 0. Also for any i 2: r, I,r~'~i = (1) in case
rl - i 2: 0, or IJ~~i = (1) in case T2 - i 2: 0. Similar statements hold for any
i 2: P or i 2: q, with obvious consequences for the associated varieties.
Proof. Lemma 3.6.3 indicates that the indicated pairs of matrices are related

by ZC-E, and application of Theorem 3.5.1 and Corollary 3.5.1 then establishes
the result.

D
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Corollary 3.6.2. If

P(Z)

= (T(Z)

U(Z))
-V(z) W(z)

is an n-D polynomial system matrix then the invariant zeros of P(z), T(z),
( T(z) U(z)), (T(Z) ) together with their associated algebraic orders and
-V(z)
nonzero geometric degrees are invariant under ZC-SE.
Proof. This follows from Theorem 3.6.1 in the manner that Corollary 3.5.2
follows from Theorem 3.5.1

0

Corollary 3.6.3. If

U(Z))
P(z) = ( T(z)
-V(z) W(z)
is an n-D polynomial system matrix then

(i) if P(z) is (left or right) zero prime or (left or right) minor prime, then
itscoprimeness type is invariant under ZC-SE.

(i) if T(z) is (left or right) zero prime or (left or right) minor prime, then
its coprimeness type is invariant under ZC-SE.

(ii) if (T(z) U(z)) is left zero prime or left minor prime, then its coprimeness type is invariant under ZC-SE.
(iii) if ( T(z) ) is right zero prime or right minor prime, then its coprime-V(z)
ness type is invariant under ZC-SE.
Proof. Theorem 3.4.2 and Theorem 3.4.3 has characterised zero and minor
coprimeness in terms of the invariant zeros, and in terms of the ideals which
define their varieties, while Theorem 3.6.1 has proved the invariance of these
ideals and varieties for the indicated block matrices under ZC-SE. Hence the
result follows.

o
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Thus the zero structure defined in Section 3.4 remains invariant under the
transformation of ZC-SE (definition 3.6.1) for the general class of n-D well
posed non-regular systems, which has been shown in Section 3.2 to include
both the class of admissible systems and the class of regular systems. To close
this section, the implications of the invariant zeros and their invariance in the
multidimensional linear system theory are discussed.

3.6.1

Implications of the invariant zeros in multidimensional systems

The invariant zeros of an arbitrary n-D polynomial matrix or of the plant maT

trix T(z), the input block (T(z) U(z)), the output block (TT(Z)

-VT(z))

and the system matrix P(z) in the notation of equation 3.1 have implications
in the study of problems such as, for example, stability in n-D systems theory
[45], and controllability and observability of n-D systems ([93], [83], [95]). The
following are a few examples of the implications of the invariant zeros and
their invariance under ZC-E and ZC-SE.
Example 3.6.1. In !95j, an admissible system

L =

(T, U, V, W) is said to

be STRONGLY CONTROLLABLE if T, U are left zero coprime, and if additionally T, V are ri9ht zero coprime, then

L

is called CANONICAL i.e. an

admissible system is strongly controllable if the input block possesses no invariant zeros, and is canonical if the input and the out blocks possess no invariant
zeros (Theorem 3.4.3). Hence, it follows immediately from Theorem 3.6.1 and
Corollary 3.6.3 that the property of an admissible system being strongly controllable, or canonical remains invariant under the transformation of ZC-SE.

Example 3.6.2. It has been shown in !93} that a behaviour represented by
R(z)w = 0 is controllable if R is a generalised left factor prime matrix. And
if R(z)w

=0

from

iff the polynomial matrix R z is right zero prime and it is weakly

1111

is written as R j (Z)W1

=

R 2(z)W2' then W2 is strongly observable

observable from Wj iff Rz is weakly right zero prime. In other words, W2 is
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Wl
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if! the polynomial matrix R2 possesses no invariant

zeros (Theorem 3.4.3) and it is weakly observablefromwl if! the variety defined
by the ideal generated by the high order minors of R2 is finite. It therefore
follows from Theorem 3.5.1 and Corollary 3.5.1 that under the transformation
of ZC-E strong observability and weak observability remain invariant. In the
case of a polynomial matrix with full row rank generalised left factor primeness
amounts to left minor primeness [94] which is shown by Corollary 3.5.5 to be
invariant under ZC-E. It thus follows that the controllablility of a behaviour is
invariant under ZC-E incase its kernel representation is of full row rank.
Example 3.6.3. Consider an n-D system represented by the transfer function

P(z)

=

N(z) D-l(z) E iC[zjmxi, where Nand D are (not necessarily coprime)

n-D polynomial matrices. Let ab" . , a{3 be the high order minors of F =
T
(N T DT) ,and d their greatest common divisors. Then bl = "et, ... , ba =

a;

are called the REDUCED MINORS of F and also of P in [45] (formerly called
the GENERATING POLYNOMIALS of F and also of Pin [44]). Proposition
3 in {45] has characterised feedback stabilizability of an n-D system using conditions on the variety defined by the ideal generated by bl , ... , bfJ. Now since
the variety structure (the invariant zeros) of a polynomial matrix F(z) (F here
is as defined above with respect to the transfer function P) is invariant under
ZC-E (Corollary 3.5.1), hence if the n-D system P(z) is feedback stabilizable
according to Proposition 3 in (45] then any system PI(z)

=

NI(z)D,-I(z) is

feedback stabilizable if the polynomial matrix F'(z) is equivalent to F(z) under
ZC-E, where F' = (NIT

D'Tf. Note that Proposition 3 in (45] only apply

to an n-D system whose V(b l , ... , bll ) is infinite with respect to not more than
two variables, i.e. to a restricted class of n-D linear systems.
Example 3.6.4. In the behavioural approach to linear n- D systems the fol-

lowing classical system of equations:
T(z)x(t) = U(z)u(t)
y(t) = V(z)x(t)

(3.56)

+ W(z)u(t)

(3.57)
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where z

= (Zl, ... ,Zn) here denotes (8/8t 1, ... ,8/8tn) has the kernel repre-

sentation [83):
T

Bxuy=Ker
(V
"

-U

W

(3.58)

In the notation of equation (3.58), {83} has shown that the pole points of the
Rosenbrock system matrix

(~

: ) are the points where T(z) loses rank. It

has also shown that the unobsevable pole points are the points at which the output block loses rank and the uncontrollable pole points are the points at which
the input block loses rank, i. e. the pole points are the invariant zeros of the
plant matrix, the unobsevable pole points are the invariant zeros of the output
block and the uncontrollable pole points are the invariant zeros of the input
block. Now since the invariant zeros of these block matrices remain invariant
under ZC-SE {Theorem 3.6.1}. Hence the pole points, the unobservable pole
points and the uncontrollable pole points are invariant under the transformation of ZC-SE.
In the classical approach to 1-D linear systems, the invariant polynomials
fully characterise the rank loss points of a polynomial system matrix. The implications of these points on for example, the controllability, the observability
and the pole-zero structure of a 1-D linear system are fully understood and
characterised. In the general case of n-D linear systems, the invariant polynomials have failed to fully characterise the rank loss points of a polynomial
system matrix as seen in Section 3.4, where as a result the invariant zeros have
been brought out to overcome this problem. Yet regarding the implications
of the invariant zeros on for example, the controllability, observability and the
pole-zero structure of an n-D linear system, the classical approach theory is
not yet well exposed or developed. However as seen in the above examples, in
the behavioural approach to n- D linear systems; there are established connections ([83], [92], [95], [93]) between the invariant zeros discussed here and the
controllability, observability and the pole-zero structure of an n-D system.
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Conclusions

This chapter has firstly considered three classes of n- D polynomial system
matrices namely; the class of well posed non-regular systems [28], the class of
admissible systems [95J and the class of regular systems, and has established
connections between them. It has been shown that the class of n-D well posed
systems is the most general of the three classes, where an admissible system
is well posed and any regular system is admissible. Accordingly all the results
that has followed in the chapter has been proved for the general class of n- D
well posed systems, and hence work for the more special classes of admissible
and regular systems.
Section 3.3 of this chapter has considered three seemingly different definitions of equivalence of n- D polynomial system matrices, and found that there
are just two distinct notions of equivalence. The first of these (ZC-SE), as has
been seen, is essentially equivalence by pre- and post-multiplication by unimodular matrices. This is the more appealing of the two in the sense that it
possesses wide equivalence classes leading, in certain respects, to an expectedly
more relevant set of equivalent system matrix forms and invariants. The other
distinct notion of equivalence ([20], [21]) is equivalence by elementary operations (EO-SE) and this is appealing at least from the fact that it is framed
in a computationally exploitable manner. Its deficiency however is that it has
rather narrow equivalence classes and so it may not necessarily relate all of the
system matrix forms which one might view as being equivalent. In particular
it is to be expected that there will be limitations as to the kind of n- D state
space form to which a given matrix may be reduced by EO-SE. Despite this
it will be seen in Chapter 5 of this thesis that it is still possible to effect a
reduction by elementary operations to a singular Roesser type matrix ([33],
[65]) of some relevance.
The key problem considered in this chapter is the fact that on the con-
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trary to the I-D case where the invariant polynomials fully characterise the
rank loss points of a polynomial matrix, it has been seen in Section 3.4 by
a simple example that this is not the situation for the general case of n-D
polynomial matrices. A certain detailed zero structure of an n-D polynomial
matrix, based on that given in [93], has thus been developed to overcome this
problem and the question of the nature of the invariance of this structure is
addressed. Specifically its invariance with respect to the transformation of
zero coprime equivalence is established. This invariance would seem to be an
essential requirement of the defined zero structure, since ZC-E is known ([56],
[59]) to play a fundamental role in the problem of the reduction of linear nD system equations to simpler, but nevertheless equivalent forms. It is thus
apparent that the zero structure defined here of a general n-D polynomial matrix is identical, in the manner described, to that of any matrix generated by
a ZC-E reduction procedure.
The definitions adopted here appear to capture a seeming totality of independent invariants of ZC-E, although what has not been established is their
completeness. Such a result is even not available in I-D multivariable theory
in, for example, the case of strict system equivalence [66]. The investigation
of this issue in the n-D context is likely to be further complicated by the noncorrespondence of equivalence by elementary row and column operations with
equivalence by unimodular matrices, and therefore ZC-E as has been shown
in section 3.3.
In the I-D theory the zero structure of polynomial matrices plays a vital
role, in for example the controllability, stability and observability of a system,
since the connection between such structure of a particular matrix and a given
physical system property is particularly well understood. This connection is
not so clearly understood in the case of the classical approach to the n-D system properties, however some of the connections established in the behavioural
approach to n-D linear systems ([83], [92], [95], [93]) in this regard have been

3.7 Conclusions

95

documented in Section 3.6. Another area of continuing interest thus concerns
the further detail of the invariant zero structure identified here and its implications particularly as regards the classical approach to the system response,
stability, controllability and observability.

Chapter 4
The Algebraic Structure of n-D
Transfer Function Matrices

96

4.1 Introduction

4.1

97

Introduction

In linear multivariable systems ([34], [66]) the poles and zeros of a rational
matrix play a central role, governing response and transmission properties.
These poles and zeros can be defined in a number of ways, for example via
the Smith-McMillan form, via matrix fraction descriptions (MFDs), or via
polynomial matrix desciptions. Whichever approach is adopted a consistent
notion of the pole-zero structure is obtained and the theory is well expoused.
The counterpart of this analysis in linear multidimensional (n- D) theory is
by contrast more recent and incomplete. As yet in the literature, no complete
theory of poles and zeros has been proposed for n-D MIMO systems, in line
with, say, Rosenbrock's [66] classical approach to control theory. On the other
hand, in the behavioural approach to linear systems (Willems [80]), Wood et.
a!. [83] has characterised controllable poles of linear multidimensional systems, which can be captured in the structure of the transfer function matrix.
Zaris et a!. [92] has also used the behavioural approach to define and characterise the controllable zeros of n- D systems, and has shown that they bear a
strong relation with the associated transfer function matrix. However up to
the knowledge of the author, the poles and zeros of an n-D transfer function
matrix are not yet explicitly defined or fully characterised.
One reason behind the complexity encountered when defining the pole-zero
structure of n-D multivariable systems, is the multivariable (n-D) polynomials
which are the constituents of the n-D polynomial matrices used in the study
of these kind of systems. In contrast to the ring of I-D polynomials where
the multiplicity of a root is well defined and many algorithms to find the
variety defined by an ideal generated by I-D polynomials are available, varieties
defined by ideals generated by n-D polynomials are much more complicated.
Varieties defined by n-D ideals are classified according to whether the variety
is empty or contains a finite number of points, or contains an infinite number

4.1 Introduction

98

of points. Research was done about zero dimensional varieties in both pure
algebra, see for example ([1], [15]) and n-D system theory, see for example
([11], [93]). Higher dimensional varieties are much more complicated, and
quite difficult to deal with [45], leaving the multiplicity of a root in an n-D
variety a complicated question which is difficult to answer.
This chapter examines the algebraic structure of an n-D transfer function
matrix employing some of the classical approach methods [66J namely the
Smith-McMillan form and the matrix fraction descriptions, in an attempt to
characterise its pole-zero structure.
In section 4.2 of this chapter, the natural extension of the I-D SmithMcMillan form to the n-D context is considered. Section 4.3 discusses the
splitting of I-D reduced MFDs into three different coprime types in the nD context, and the complications which arise as a consequence. Section 4.4
considers the possible types of coprime MFDs an n-D rational matrix can
possess. Finally, the zero structure of the numerator and the denominator
matrices of coprime matrix fraction descriptions of n- D rational matrices are
considered in Sections 4.5 and 4.6.
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The Smith-McMillan Form

The finite poles and zeros of a 1-D transfer function matrix G (Zl) are most
naturally defined through the Smith-McMillan form
i = 1, ... ,r

where r is the normal rank of G(Zl) and {<i(Zl), 7,bi (Zl)} are relatively prime
manic polynomials satisfying:

iii. 7/J!(ZI)

= the least common denominator of all the elements of G(ztJ.

Definition 4.2.1.
The finite poles of G(Zl) are the roots of the polynomial:

7/)1 (Zl) ... 7/),(Zl)
The finite zeros of G(Zl) are the roots of the polynomial:
<1 (Zl)

... <,(Zl)

where r the normal rank of G(Zl).

There are two methods one can use to generate the Smith-McMillan form
of a 1-D G(Zl). The more appealing one from a computational point of view is
the elementary operations over F[ZlJ method. The other method uses the

ith

determinantal divisors (definition 2.2.4). Unfortunately, generalising the 1-D
definition to the n-D context cannot be achieved by the elementary operation
method, since in contrast to the ring of 1-D polynomials which is a Euclidean
Domain, having a defined division algorithm, the ring of n- D polynomials is
only a Unique Factorisation Domain. The drawbacks of the fact that the ring
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of n- D polynomials is non-Euclidean was discussed in section 2.2. Hence the
1-D Smith-McMillan form can only be generalised to the case of n-D rational

matrices using the method which involves the

ith

determinantal divisors. The

n-D Smith-McMillan form can be defined as follows:

Definition 4.2.2. Let G(z), z

= (ZI' ... ,zn)

be a p x q n-D transfer function

matrix of normal rank r, factor out d(z) the least monic common denominator
of all the elements of G(z) to give

1
G(z) = d(z) N(z)
where N(z) is now a polynomial matrix, whose Smith form

SN(z)

can now be

constructed as detailed in section 2.2 (definitions 2.2.4-2.2.6). In the rational
matrix s~;), there may be common factors between the numerator and the
denominator in the elements on the leading diagonal. Cancel these common
factors and write the result as follows.

(Q(z)
Mc(z)

OpX(q-P))

Q(z)

=

Q(z) )
( O(p-q)xq
where
<1(z)

'h(z)

Q(z) ~

where I

= min(p,q),

Note that ,ul(Z)

0

0
l2(Z)
'h(z)

0

0

0

0

and in case r < I, Er +l(Z)

= d(z),

if

q>p

if

q=p

if

q<p

o
o
o
= ... = Et(Z) = o.

for the contrary would imply that every element of

N(z) was divisible by a factor of d(z). However, the nice divisibility properties
which work for the 1-D Ei(Zl) and ,ui(Zl), i = 1, ... , r are not yet proved in
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the literature to apply to the n-D ones. The generalisation of these divisibility
properties from the 1-D case to the n- D case is not as straight forward as one
would expect because the proof in the 1-D case is based on the elementary
operations over F[ZlJ used to derive the Smith canonical form of the 1-D polynomial matrices, a computational advantage from which the n-D polynomial
matrices are deprived.
To illustrate the definition of the n-D Smith-McMillan form consider the
following 3-D rational matrix.
Example 4.2.1. Let
G(z) - (
-

(Z3+0. 5 )
(Zj +3)(Z3+2.5)

The least common denominator of the elements of G(z);
d(z)

= (Zl + 3)(Z3 + 2.5)(Z3 + 4.5)

is factored out of G(z) to give
N(z)

=

(h + 0.5)(Z3 + 4.5)

(Z2

+ 2)(Z3 + 2.5))

In N(z): the pt determinantal divisor dIN(z)] = 1, it follows that the pt invariant polynomial f\N(z)] = 1 and that its Smith form

No common factors exist in the elements of SN(z) and d(z), hence the SmithMcMillan form of G(z) is

MG(z)

=

(Zj+3)(Z3+~.5)(Z3+4.5)

0)

Note that the Smith-McMillan form of this rational matrix has E;MC(d

1
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which implies that G(z) has no zeros if the natural generalisation of Definition
4.2.1 to the n-D context is considered, nevertheless G(z) obviously loses rank
for (a, -2, -0.5), a E IC.
The above simple example has shown that using the n-D Smith-McMillan
form to define the poles and zeros of general n-D transfer function matrices (by
considering the natural generalisation of Definition 4.2.1 to the n-D context)
is inadequate. Write
1

(4.1)

Gpxq(z) = d(z) N(z)

where as in Definition 4.2.2: d(z) is the least monic common denominator
of all the elements of G(z), and N(z) E JE.pxq[zJ. Following the notation of
Section 3.4:

where
fJNI is the ideal generated by the

T

x

T

minors of N (z)

r is the normal rank of N (z)
d~NI is the greatest common divisor of the r x r minors of N(z)

JJNI is the ideal generated by the r x r minors of N(z) after d~NI is removed
Clearly JINI is generated by a set of factor coprime n-D polynomials, which
may not be additionally zero coprime (n > 1). In case n

=

1; V(JJNI)

=

0,

while in case n = 2; V(JJNI) is known to contain a finite number of points, i.e.
zero dimensional [26J.
It is worth mentioning here that it is because of this distinctive feature of
I-D ( V(J}NI) = 0), the I-D Smith-McMillan form adequately characterises
the pole-zero structure of I-D rational matrices. On the contrary, as seen
in Example 4.2.1 JjNI = ((Z3

+ 0.5)(Z3 + 4.5), (Z2 + 2)(zs + 2.5))

and hence

V(.JJNI) is not empty. The fact that V(JJNI) is not necessarily empty in n-D
might explain the reason behind the failure of the n-D Smith-McMillan form
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(n> 1) in displaying the pole-zero structure of an n-D rational matrix when

considering the natural generalisation of Definition 4.2.1 to the n-D context.
Hence, one natural way to overcome this problem is to adopt a similar method
to the one used to define the zeros of an n- D polynomial matrix, discussed in
Section 3.4, since it has considered the contribution of the variety V( J?l) to
the zero structure of a polynomial matrix P(z).
One possible way to define the poles and zeros of a rational matrix algebraically could be:

Definition 4.2.3. An n-tuple of complex numbers a = (al,"" an) E en is

called a POLE of G(z) if the denominator of any element of G(z) is zero at
the point a. Denote the set of poles of G(z) by P( G).
Definition 4.2.4. A ZERO of G(z) is an n-tuple of complex numbers a

=

(al,'" ,an) E en which causes a rank loss in the numerator matrix N(z), i.e.
N(a) has rank less than the normal rank of N(z). Denote the set of zeros of
G(z) by Z(G).
Lemma 4.2.1. a = (0,1,"" an) E en is a pole of G(z) if and only if a E

V(d(z)).
Proof. Since G(z) = ~(~z;, where the 1 x 1 minors of N(z) and d(z) form a factor
coprime set of n- D polynomials, it follows immediately that if (ab . .. ,an) is
a pole of G(z), it must be zero of d(z).
For sufficiency, if (0,1,"" an) E V(d(z)), then obviously (al,"" an) E

V([d(z)JJ). Now since
G(z) = [d(z)JtlN(z)
then it follows that if (0,1,"" an) E V([d(z)JJ), then (ab"" an) must be a
pole of G(z).
Denote the greatest common divisor of d~NI and d(z) by

0
Cr,

and denote J~NI

by J;[N] when er is extracted from its elements. The set of points which cause

~--

- - - -
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a rank loss in N(z) is given by V([~NI). In V(I~NI), denote the set of points
which are not in V(d(z)) by {V(I~NI) - V(d(z))} when the geometric degree
(Definition 3.4.4) of all the points in both varieties are taken into account.
Proposition 4.2.1. The zeros of G(z) are given by:
1. V(I;INI), if d(z) and djNl have a common factor.

2. {V(I~NI) - V(d(z))} if Cr = 1.
To illustrate Proposition 4.2.1 and Lemma 4.2.1 consider again G(z) of
Example 4.2.1.
Example 4.2.2.

G(z) -

(("3+0.5)

(ZI +3)(z3+2.5)

((Z3

(Z2+ 2»)
(ZI +3)(Z3+4.5)

+ 0.5)(Z3 + 4.5) (Z2 + 2)(Z3 + 2.5))
(Zl + 3)(Z3 + 2.5)(Z3 + 4.5)

where
d(z) =(Zl

+ 3)(Z3 + 2.5)(Z3 + 4.5)

+ 0.5)(Z3 + 4.5) (zd 2)(Z3 + 2.5))
=((Z3 + 0.5)(Z3 + 4.5), (Z2 + 2)(Z3 + 2.5))

N(z) = ((Z3
[jNI

It is clear from d(z) and [jNI that

Cl

(4.2)

(4.3)
(4.4)

= 1 and that

V (d(z)) ={ (-3, /9, A), ((1', /3, - 2.5), ((1', /3, -4.5) 1(1', /3, A E re}

(4.5)

V(IjNI) ={(a, -2, -0.5), (a, -2, -4.5)la E re}

(4.6)

Now according to Lemma 4.2.1 and Proposition 4.2.1 the poles and zeros of
G(z) are as follows:

4.2 The Smith-McMillan Form
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P( C) ={( -3,;3, A), (a,;3, -2.5), (a,;3, -4.5)la,;3, A E IC}
Z(C) ={(a, -2, -0.5)la

E

C, a

# -3}

(4.7)
(4.8)

This example has illustrated Proposition 4.2.1 case (2), since

Cr

=

1. Note

also that {V(IiNI) - V(d(z))} and V(d(z)) do not share any common points,
which suggests that the rational matrix in this example does not have a pole
and a zero at the same location.

It is clear that Proposition 4.2.1 has gone one step further in an attempt
to solve the problem which was highlighted by Example 4.2.1. However, the
following example will reveal its inadequacy.
Example 4.2.3. Consider

where
d(z) =zf + z~

N(Z)=(Zl

(4.9)

Z2)

(4.10)

f1[NI = ( Zl,Z2 )
It is clear from d( z) and flNI that

Cl

=

1 and that

V(d(z)) ={(O, 0), (t, ti), (ti, t)lt E 1ft, i
V(IINI) ={(O, On

(4.11)

= yCI}

(4.12)
(4.13)

Now according to Lemma 4.2.1 and Proposition 4.2.1 the poles and zeros of

4.2 The Smith-McMillan Form
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G(z) are as follows:
P(G) ={(O, 0), (t, ti), (ti, t)lt E JR, i = A}
Z(G)

=0

(4.14)
(4.15)

According to Proposition 4.2.1 G(z) has no zeros, which is not obviously correct.
Characterising the zeros and the poles of a rational matrix doesn't seem
to be straight forward, however one could possibly characterise the points

a = (al, ... , an) E en where G(a) is well defined and has rank less than that
of G(z).
Lemma 4.2.2. For an n-tuple of complex numbers a = (al, ... , an) E en,

G(a) is well defined and has rank less than G(z) if and only if a E V(IJNJ) and
not in V(d(z)).
Proof. 'la rf- V(d(z)), G(a) is well defined. Now since G(z) = d(\)N(z), it thus
follows that 'la rf- V(d(z)) rank(G(z)) = rank(N(z)), and hence rank(G(a)) =
rank(N(a)). Hence, G is well defined and losses rank below its normal rank
'la E V(IJNJ) and rf- V(d(z)), where V(IJNI) gives precisely the points were N
loses rank.

0

Zaris et. al. [92] has also characterised the points where a transfer function
matrix G(z) is well defined and has rank less than its norlIlal rank. The
statement of this characterisation is as follows:
Lemma 4.2.3. !92j, Let B be a behaviour with transfer matrix G, and take

(aj, ... ,an)

E

en. Then G(al, ... ,an ) is well defined and has rank less than

that of G(ZI,"" zn) if and only if (al, ... , a.,.) is a controllable zero point but
not a controllable pole point.
For the proper definition and characterisation of the controllable poles and
the controllable zeros see [83] and [92] respectively.
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Example 4.2.4. Consider again Example 4.2.3 where

According to Lemma 4.2.2, the set of points where G is well defined and loses
rank is empty. G(z) can be decomposed into the following left factorisation:

This left factorisation is obviously minor coprime since the 1 x 1 minors of the
compound matrix

(D N)

are factor coprime.

The controllable poles are given by V(zi
zeros are given by V(Zl, Z2) [92j.

+ z~) [83},

while the controllable

Hence, by Lemma 4.2.3 [92}, the set of

points where G is well defined and loses rank is empty, which gives the expected
agreement with Lemma 4.2.2.

Example 4.2.5. Consider the 3-D transfer matrix of (92]

The least common denominator of the elements ofG(z);
d(z)

= (1- Zl)

is factored out of G(z) to give
z2(1 -

Zl))

Z3
-ZlZ3

(4.16)
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In N(z): d~NI = dr l = 1, d~NI = 0, hence its Smith form

SN(Z)

1 0 0)

= 0 1 0
(

000

No common factors exist in the elements of SN(z) and d(z), hence the SmithMcMillan form of G(z) is
1
l-Z1

MG(z)

~

=
(

In the Smith-McMilan form of G(z):

El

= 1, E2 = 1 so accordingly G(z) has

no zeros, nevertheless it is clear that G(z) loses rank at (0,0,0).
The determinant of N(z) in (4.16) is zero hence the rank of N is 2. The
ideal generated by the 2 x 2 minors is as follows:

IJNI =(-Zl(1- Zl)(Z2 - ztJ, -z2(1 - Zl)(Z2 - Zl)' -z3(1- Zl)(Z2 - Zl),

- Zl(1- zl)(zi - Z2), -z2(1- zl)(zi - Z2), -z3(1- zl)(zi - Z2),
ZlZ3(1 - Zl), z2z3(1 - Zl), z~(1- Zl))
It is clear from d( z) and IJNI that
V(d(z)) ={(1, fJ, A)lfJ, A E

q

V(IJNI) ={(1, (J, A), (0,0, O)I{J, A E q

(4.17)
(4.18)

The point which is in V(Itl) and not in V(d(z)) is (0,0,0). Hence by Lemma

4.2.2; G(z) is well defined and loses rank at (0,0,0).

-

---------------------------------------------------------------------
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G(z) can be factored into the following left minor coprime MFD [92j:

The controllable poles are given by V(I~bJ)
[83/,

= V(l- Z1) = {(I, (3, )1.)/(3,)1. Ere}
while the controllable zeros are given by V(IJ1'i J) = V(zi, z~, z§, Z1Z2, Z1Z3, Z2Z3)

{(O, 0, On [92]. Hence by Lemma 4.2.3 and as given by (92/, G(z) is well defined but loses rank at the point (0,0,0), as predicted by Lemma 4.2.2.

The above example has re-highlighted the Smith-McMillan form as inadequate when dealing with n-D transfer function matrices and has illustrated
Lemmas 4.2.2 and 4.2.3 which give two possible ways of predicting the points
where an n- D rational matrix is well defined but loses rank.
This section has examined the natural generalisation of the I-D SmithMcMillan form to the n-D context. The n-D Smith-McMiIlan form has been
shown to be inadequate in displaying the pole-zero structure of a general n- D
transfer function matrix. One possible way of characterising the points were
an n-D rational matrix is well defined but loses rank has been suggested and
compared to the one proposed by [92J.

=
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4.3

n-D Matrix Fraction Descriptions

Matrix fraction descriptions have been used extensively in realising 1-D transfer function matrices and defining their pole-zero structure.

For example,

consider the p x q 1-D rational matrix

where D1h), N1(Zl), N 2(Zl), D 2(Zl) are polynomial matrices, D1(Zl), N1(Zl)
are left coprime and N2 (zIl , D 2 (Zl) are right coprime, and recall the following
well known result [66]:
Theorem 4.3.1. The polynomial matrices D1(Zl) and N1(ztl E lR[Zl] with
dimensions p x p and p x q respectively, are said to be left coprime if and only
if anyone of the following equivalent conditions is satisfied:

(i) For any factorisation

Q(ZI) is unimodular.
(ii) The rank of (D1(ZI) N1(ZI)) is p for all Zl E

c.

Analogous statements hold for right coprimeness.
Any coprime matrix fraction description of the form (4.19) can be used to
define the pole-zero structure of G(ZI) [34]:
the poles of G(ZI) are the roots of det D(ZI) = 0, where D(ZI) is
the denominator of any coprime MFD of G(ZI)'
the zeros of G(Zl) are the roots of the invariant polynomials of
the numerator of any coprime MFD of G(ZI)'

4.3 n-D Matrix Fraction Descriptions
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The I-D single notion of coprimeness splits into three distinct notions in n-D,
hence giving rise to three different types of coprime matrix fraction descriptions. The factorisation of the p x q n-D rational matrix G(z) given by

(4.20)
where D 1 (z), N 1 (z) are polynomial matrices, is said to be:
(i) LEFT FACTOR COPRIME MFD if D 1 (z), N 1 (z) are left factor coprime
matrices (definition 2.2.9 (iii)).
(ii) LEFT MINOR COPRIME MFD if D 1 (z), N 1 (z) are left minor coprime
matrices (definition 2.2.9 (ii)).
(i) LEFT ZERO COP RIME MFD if D 1 (z), N 1 (z) are left zero coprime
matrices (definition 2.2.9 (i)).
Similar statements hold for right coprimeness.
The above paragraph brings into question a number of tenets of I-D theory,
for example, the coprimeness type of a MFD, its constancy across the left and
right handedness of the various MFDs of an n-D rational matrix, and whether
the pole-zero structure of n- D G (z) (n > 1) can be defined via the numerator and denominator matrices in a MFD. The answers to these questions are
considered in the following sections.

4.4 Types of n-D Matrix Fraction Descriptions
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Types of n-D Matrix Fraction Descriptions

Suppose the p x q n-D rational matrix G(z) is written as
(4.21)

where D1(z), N1 (z), N 2 (z), D2 (z) are polynomial matrices, D1 (z), N1(z) are
the denominator, numerator matrices of the left MFD D1(z)-lN1(z) respectively. Similarly, D2 (z), N2 (z) are the denominator, numerator matrices of the
right MFD N 2 (z)D 2 (z)-1 respectively.
The coprimeness type of matrix fraction descriptions can only be guaranteed to be factor coprime (definition 2.2.9 (iii)), but may exceptionally be
minor coprime (definition 2.2.9 (ii)) or, more so, zero coprime (definition 2.2.9
(i)). In n-D, factor coprimeness is the most basic form of coprimeness achieved
by cancelling all non-unimodular common factors. However the more special
kinds of coprimeness (namely; minor and zero coprimeness) possess the nicer
algebraic characterisations.
Minor and zero coprime polynomial matrices are characterised by the
Bezout identities given by lemma 2.2.3 and lemma 2.2.4 respectively. Moreover, one can easily check whether two polynomial matrices are minor coprime
or zero coprime by just investigating the ideal generated by their high order
minors. Explicitly,
Lemma 4.4.1.

The polynomial matrices D 1 (z), N1(z) are left minor coprime if IJD1Nd is
generated by a factor coprime set of polynomials.
The polynomial matrices D1(z), N1(z) are left zero coprime if the reduced
Grobner basis of IJD1Nd is 1, i.e. V(IJDINd) = 0.
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where r is the normal rank

OnDl Nd.

On the other hand, when two polynomial matrices are not minor coprime,
nor zero coprime according to the above characterisations; a problem of a
two-fold nature is faced:
1. In contrast to the 1-D case, where there is a computationally based
algorithm to extract the greatest common divisor to form a coprime
MFD, extracting the greatest common divisor to form an n-D coprime
MFD is challenging: it is not known whether an algorithm exists to
systematically calculate this form.
2. There is no one method, algorithm or characterisation analogous to those
given in Lemma 4.4.1 (for the cases of minor and zero coprimeness) by
which one could check whether any two polynomial matrices are factor
coprime or not.
As a result, whenever a pair of polynomial matrices is claimed to be factor
coprime in an example, a specific proof to this particular pair of matrices has to
be given. This explains why the number of examples involving factor coprime
matrices is limited in the literature. A few examples of this type are however
presented in this work. The following example is by Youla and Gnavi [90]
and illustrates the complexity of this process for a single pair of polynomial
matrices.
Example 4.4.1. Let

and

Dl =

ZI
(

o

0)
ZI

The matrices NI (z) and Dl (z) are not right zero coprime nor right minor
coprime, since the high order minors of the compound matrix

(DlN (z)
(Z)) possess
1

the common factor

ZI.
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To prove that the matrices NI (z) and Dl (z) are right factor coprime,
firstly consider the matrix N 1 (z) which admits no polynomial decomposition
N 1 (z)

= N 3 (z)N4 (z) if N3(Z) and N 4 (z) are both non-unimodular. Thus for

any polynomial factorisation N 1 (z) = N 3(z)N4 (z) either N3(Z) or N 4 (z) is a
unimodular matrix. See (gO) for the proof of this. Note,
det(NI )

= ZI ,(zf -

3Z~Z2Z3

+ ZIZ~ + zg)

v

'

/3

Suppose now that (Dl(Z») is not right factor prime, i.e. there exist a facN 1 (z)
torisation
Dl(Z»)
( N 1 (z)

=

(A(Z») Q(z)
B(z)

(4.22)

such that A(z) and B(z) are polynomial matrices and Q(z) is a non-unimodular

= B(z)Q(z), where by the previous ar-

polynomial matrix. From (4.22) NI(z)

gument about N 1 (z), either B(z) or Q(z) is unimodular, but Q(z) can not be
unimodular. Hence, B(z) has to be unimodular. Thus
det(Q(z»

= zd3

Now
det(Dl(Z»

= det(A(z»det(Q(z»

z~

=a

==}

ZI

=

==}

(3

X

zJ!3

all

I ZI

This is false and hence gives an immediate contradiction.
N 1 (z) are right factor coprime [90;'

Thus DI (z) and
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Now the question arises as whether the coprimeness type of, say, a left
MFD is always the same.
Theorem 4.4.1. All left (resp. right) coprime MFDs of the same n-D rational
matrix have the same type of coprimeness.
Proof. see [30].

o

As regards the comparative coprimeness of left and right MFDs, [30] has
shown that if a 2-D rational matrix possesses one MFD which is zero coprime
then every coprime MFD of G(Zj, Z2) is zero coprime. The proof of this has
excluded the existence of any minor coprime factorisation in case there exist a
zero coprime one (left or right) by using the Bezout characterisations of minor
and zero coprimeness. Also since minor and factor coprimeness coincide, it
can then be concluded that in 2-D the coprimeness type of an MFD is entirely
a property of G(Zj, Z2)'
In n- D, there are basically six combinations one could think of regarding
the comparative coprimeness of left and right MFDs. G(z) may either have
1. zero left and right coprime MFDs,

2. minor left and right coprime MFDs,
3. factor left and right coprime MFDs,
4. zero left and minor right coprime MFDs (or vice versa),
5. zero left and factor right coprime MFDs (or vice versa),
6. minor left and factor right coprime MFDs (or vice versa).
The first three combinations together with the last one are possible and
examples illustrating them do exist in [30]. Concerning the fourth combination,
[30] has proved that the combination of a zero left coprime MFD and a minor
right coprime MFD (or vise versa) of the same rational matrix does not exist.
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116

The proof has again involved the Bezout characterisations of minor and zero
coprimeness. The fifth combination (zero left and factor right coprime MFDs
(or vice versa)), is generally excluded because it is taken as a matter of fact
-without a formal proof in the literature up to the knowledge of the authorthat if G (z) possesses one zero coprime MFD then every MFD (left or right) is
zero coprime. One reason behind the complexity of proving the non-existence
of this fifth combination directly might be the lack of Bezout identities for
factor coprime matrices. The following theorem will prove the non-existence
of this combination indirectly by proving formally that if G(z) possesses one
zero coprime MFD then every MFD of G (z) (left or right) is zero coprime.
Theorem 4.4.2. If a rational matrix has one zero coprime MFD then all of

its coprime MFDs, both left and right, are zero coprime.

Proof. Let G(z) = D-l N be left zero coprime factorisation of C. By Lemma
2.2.4 :I polynomial matrices X and Y such that

is unimodular, and hence :I polynomial matrices such that

(X'Y' -N')
= (I 0)
(XDN)
Y
D'
I

(4.23)

0

The 2,2 block equation

-XN' + YD' = I

(4.24)

indicates that D', N' are right zero coprime. To show that D' is invertible,
suppose :I a vector

7)

such that D'7)

= O. Fom (4.23)

-DN' +ND' = 0
and so DN'7) - 0 which, since D is invertible, implies N'7) -

O.

Post-
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multiplying (4.24) by 'TI thus gives T)
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= O. Hence D' is invertible and so N'D,-l

is a right zero coprime MFD of G. Thus by Theorem 4.4.1, all right coprime
MFDs of G are zero coprime.

D

The above results can be summarised in the following table
Right
Left

Zero Minor Factor

Zero

:J

Minor

~

Factor

~

~
:J
:J

~
:J

:J

Hence zero coprimeness of a MFD of an n- D rational matrix G (z) is a property
of G (z) rather than a property of the specific MFD.
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The Internal Structure of Left (resp. Right)

n-D MFDs
With the establishment of the various combinations of coprimeness types for
MFDs of G (z) in the previous section, the concern addressed in this section
is the nature of the structural information which the MFDs carry through the
ideals determined by the minors of their numerator and denominator matrices.
An obvious initial question that arises is whether all left (resp. right) MFDs
of G(z) carry the same information, and the first result is discouraging.

4.5.1

Left (Right) Factor Coprime Factorisations

Lemma 4.5.1.

!44),

If G(z) has a left (resp.

right) factor coprime MFD

then it possesses left (resp. right) coprime MFDs which are not related by a
unimodular factor.

o

Proof. see [44J.

Clearly it follows from this that if G(z) has say a left factor coprime MFD
then any other left coprime MFD will not necessarily carry the same structure
as determined by the ideals of its numerator and denominator.
The following example illustrates the problem which the above result entails
Example 4.5.1. Consider the 3-D rational matrix
('3+0.5)2

G(z) =

('2+ 2 )(Z3+ 2 .5 )
(Z3+ 0 .5 )
(

_.-

----------

----------------
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G(Z) has the right MFD f44J N 2(z)D 21 (Z) with

N2 = (

(Z3 - 0.5)(Z3 + 0.5)

0

)

o
(Z3 - 0.5)(Z3 + 0.5)
(Z2 + 2)(Z3 + 2.5)
-(ZI + 3)(Z3 + 2.5)
)
D2 = (
-(Z2 + 2)(Z3 + 0.5)(Z3 + 4.5) (ZI + 3)(Z3 + 0.5)2(Z3 + 4.5)
Lin has shown that the matrix (D2(Z)) is right factor prime in 143j.
N 2 (z)
G(z) can also be factored to the right MFD NI(z)D11(z) with
NI

3))

_ ((Z3 - 0.5)(Z3 + 0.5) (ZI +
o
(z2+2)

-

(Z2 + 2)(Z3 + 2.5)
(
DI = -(Z2 + 2)(Z3 + 0.5)(Z3 + 4.5) (ZI

0)

+ 3)(Z2 + 2)(Z3 + 4.5)

We now prove that the matrices NI (z) and DI (z) are right factor coprime. Let
Q(z) denote the greatest common right divisor of NI(z) and D1(z). Suppose
that Q(z) is non-unimodular. Now

+ 2)(Z3 - 0.5)(Z3 + 0.5)
det(D I ) = (ZI + 3)(Z2 + 2)2(Z3 + 2.5)(Z3 + 4.5)
det(NI) = (Z2

imply that det(Q) = (Z2

+ 2).

If Dl can be factored into polynomial matrices, then this decomposition will
take the following form:
DI = XU-IUYV-IVW
= (;

~) U-IU (Z2;2

(4.25)
(4.26)
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Consider the polynomial decomposition of NI into

(Z3 - 0.5)(Z3
(

+ 0.5)

o

(ZI
(Z2

3)) (a b) (x Y)

+
+ 2)

(4.27)

=

c d

w

s

- (a db) and Q- = (xw y)s .

such that a, b, c, d, x, Y, w, sE F[zr, Z2, Z3], N =

c

The (i,1) equation in (4.27) gives:
ax + bw

= (Z3 - 0.5)(Z3 + 0.5)

(4.28)

and the (1,2) equation in (4.27) gives:
ay + bs = (ZI

+ 3)

(4.29)

Prom the (1,1) equation x and w do not have the common factor (Z2
otherwise (Z2

+ 2) would have appeared on the right hand side of

+ 2)

(4.28). Simi-

larly, from the (1,2) equation y and s do not have the common factor (Z2 + 2).
It thus follows from the form of the right factor in the polynomial decomposition of Dl in (4.26) that NI and Dl do not possess a common right divisor
which is non-unimodular. Thus N 1 (z) and D 1 (z) are right factor coprime.
The ideal sUuctures of the numerator and the denominator matrices of the
right factor coprime MFD N2D:;1 are as follows

Ij N2}

= ((Z3 - 0.5)(Z3 + 0.5))

It

= ((Z3 - 0.5)2(Z3 + 0.5)2)

2

}

+ 3), (Z2 + 2))
= ((ZI + 3)(Z2 + 2)(Z3 + 0.5)(Z3 -

1;D2} = ((ZI

IJD2}

0.5)h + 2.5)(Z3

+ 4.5))

while the ideal structures of the numerator and the denominator matrices of

-

-------------------------------------------------------------------
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the other right factor coprime MFD NIDjl are as follows

+ 3), (Z2 + 2), (Z3 - 0.5)(Z3 + 0.5))
l~NII = ((Z2 + 2)(Z3 - 0.5)(Z3 + 0.5))
liDII = ((Z2 + 2)(Z3 + 2.5), -(Z2 + 2)(Z3 + 0.5)(Z3 + 4.5), (ZI + 3)(Z2 + 2)(Z3 + 4.5))
l~Dd = ((ZI + 3)(Z2 + 2)2(Z3 + 2.5)(Z3 + 4.5))
liNII = ((ZI

From which it is obvious that the ideal structures of the two right factor coprime factorisations of the above transfer function matrix do not carry identical
information on the zero structure of the respective numerators

01"

denomina-

tors. Hence there appears no relation of equality or inclusion to be concluded
about the zero structures of corresponding ideals, in line with Lemma 4.5.1.
On comparing the determinantal divisors of both MFD's which are given
as follows

dr,J = 1
d1NII = (Z2 + 2)(Z3 - 0.5)(Z3 + 0.5)
dlD,J = (Z2 + 2)
d1D,J = (ZI + 3)(Z2 + 2)2(Z3 + 2.5)(Z3 + 4.5)
and

dlN21 = (Z3 - 0.5)(Z3 + 0.5)
d1NzI = (Z3 - 0.5]2(Z3 + 0.5)2
dlD21 = 1
d1D21 = (ZI + 3)(Z2 + 2)(Z3 + 0.5)(Z3 -

0.5)(Z3

+ 2.5)(Z3 + 4.5)

One could conclude that the determinantal divisors (definition 3.4.1) of left
(right) factor coprime MFD's are neither equal nor divide in any way, and
hence no relation of equality or inclusion could be determined for the determinantal zeros (definition 3.4.1). Note also that det(DI)

= (ZI +3)(Z2+2)2(Z3+

--------------------------------------------------------------------
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2.5)(Z3 + 4.5) is not equal to det(D 2) = (Zl
2.5)(Z3

122

+ 3)(Z2 + 2)(Z3 + 0.5)(Z3 -

0.5)(Z3 +

+ 4.5)

The above example has illustrated the complicated situation faced when
left (right) factor coprime factorisations are involved, where as seen no common
information are carried by the numerator and the denominator matrices of two
right factor coprime factorisations of the same transfer function matrix.

4.5.2

Left (Right) Minor Coprime Factorisations

As regards left (right) minor coprime factorisations the following is a crucial
result.
Lemma 4.5.2. G(z) has a left (resp. right) minor coprime MFD if! all left
(resp. right) MFDs of G(z) differ only by a unimodular factor.
Proof.

For necessity (only if), see [30].
For sufficiency (if), suppose that all left MFDs of G(z) are related by
a unimodular factor. If G(z) has a left factor coprime MFD then Lemma
4.5.1 gives an immediate contradiction. Hence G(z) has left minor coprime
MFDs.

0

Lemma 4.5.2 has appeared in [14], however the proof given here is outstandingly more straightforward and much shorter.
Theorem 4.5.1. If the n-D rational matrix G(z) has a left (resp. right) minor
coprime MFD, then all left (resp. right) coprime MFDs of G(z) give rise to
identical numerator and denominator ideal str·ucture.
Proof. Suppose G(z) has a left minor coprime MFD, then all left coprime

MFDs of G(z) are minor coprime by Theorem 4.4.1. If DIIN1

= D;/N2 are

two such left MFDs then by Lemma 4.5.2 (D2' N 2) = U(D 1 , NI) for some
unimodular matrix U.

-
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Q)::,::',j: denote the k x k submatrix formed from rows

h, ... ,jk. The Cauchy-Binet Theorem and the relation

D2 = U Dl then gives

ID2'i1, ... ,ik.IlI,···,)k

from which it is clear that lID21 C;; lID11. In a similar way the relation Dl
U- 1

=

D2 yields lID21 :::2 lID11 since U is unimodular, and so

o
It is thus seen that left (resp. right) MFDs of the rational matrix G(z)

have identical numerator-denominator structures provided they are at least
left minor coprime (right minor coprime).
Corollary 4.5.1. lfthe n-D rational matrix G(z) has a left (resp. right) zero
coprime MFD, then all left (resp. right) coprime MFDs of G(z) give rise to
identical numerator and denominator ideal structure.
Proof. The result follows directly from the fact that zero coprimeness implies

minor coprimeness, taken together with Theorem 4.5.1.
Example 4.5.2. Let

o
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G(Z) can be decomposed to the left minor coprime MFD D11(z)N1(z) with

D1 -_ ((Z2 + 2)(Z3 + 2.5) -(Z1 + 1)(Z3 + 2.5))
2(Z2

+ 2)

(Z1

+ 1)(3z3 + 11.5)

N1 -_ ((Z3 - 0.5)(Z3 + 0.5) 0)
5(Z3

+ 0.5)

3

To check that D1 (z) and N1 (z) are left minor coprimei calculate the high order
minors of the compound matrix C = (D 1(z)

N 1(z)) to get:

cU = 3(Z1 + 1)(z2 + 2)(Z3 + 2.5)(Z3 + 4.5)

ct:; = 3(Z2 + 2)(Z3 + 0.5)(Z3 + 4.5)
cU = 3(':2 + 2)(Z3 + 2.5)
cg = (ZI + 1)(z3 + 0.5)2(Z3 + 4.5)
c~:~ = -3(ZI

ci:i

+ 1)(z3 + 2.5)
= -3(Z3 - 0.5)(Z3 + 0.5)

Clearly, the high order minors ofC = (D 1 (z) N 1 (z)) form a factor coprime
set of polynomials which are not additionally zero coprime since for example
if (ZI' Z2, Z3) = (-1, -2,0.5) all the above minors are zero. Hence, D1(z) and
NI (z) are left minor coprime.
G(z) can also be factored into the left minor coprime MFD D2"I(Z)N2 (z)
with

_(2ho+

D2 -

N2

2)

(ZI + 1)(3z3 + 11.5)
)
(ZI + 1)(z3 + 2.5)(Z3 + 4.5)

5(Z3+0.5)

3)

=(
(Z3 + 0.5)(Z3 + 4.5) (Z3 + 2.5)
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=

(D 2(z)
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by:

Di:~

= 2(ZI + 1)(z2 + 2)(Z3 + 2.5)(Z3 + 4.5)

Di:;

= 2(Z2 + 2)(Z3 + 0.5)(Z3 + 4.5)

Di:~

= 2(Z2 + 2)(Z3 + 2.5)

+ 1)(z3 + 0.5)2(Z3 + 4.5)
D~:~ = -2(zl + 1)(z3 + 2.5)
D~'; = -2(zl

D}~

= 2(Z3 - 0.5)(Z3 + 0.5)

It can be easily seen that the high order minors of D = (D 2(z)
equal to the high order minors of C

=

(DI (z)

N 2(z)) are

NI (z)) modulo a non-zero

constant, from which it can be concluded that D2 (z) and N2 (z) are left minor
coprime since the above argument about C exactly applies to D.
The reason behind this interesting equality between the high order minors
of D

=

(44j,

where the relation of equality between the high order minors of any two left

(D 2(z)

N 2(z)) and C

=

(D1(z)

N1(z)) is explained thoroughly in

(or right) MFDs (not necessarily coprime) of a rational matrix is established;
mind their greatest common divisor is removed.
The reduced Grobner bases of the ideals generated by the 1 x 1 and the 2 x 2
order minors of the numerator and the denominator matrices of the left minor
coprime MFD D;-I(Z)NI(z) are given respectively by:
fjNd = (1)

f1Nd =
fjDd
fJDd

+ 0.5))
= ((ZI + 1), (Z2 + 2))
= ((ZI + 1)(z2 + 2)(za + 2.5)(Z3 + 4.5))
((Z3 - 0.5)(Z3
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While the reduced Grobner bases of the ideals generated by the 1 x 1 and the

2 x 2 order minors of the numerator and the denominator matrices of the left
minor coprime MFD D 21(Z)N2(z) are given respectively by:
fjN2!

= (1)

+ 0.5);
= «(Zl + 3), (Z2 + 2);
= «(Zl + 3)(Z2 + 2)(Z3 + 2.5)(Z3 + 4.5);

Ir'2! = «(Z3 - 0.5)(Z3
fjD2!

f~D2!

Prom comparing the above sets of Grobner bases; it becomes immediately obvious that
] 1[N2! -_fiNd
1
f 2[N2! -_ fiNd
2
] 1[D2! -_ ][D,!
1
f 2[D2! -_ f[Dd
2

which verifies Theorem 4·5.1.
Note that computing the reduced Grobner bases for the ideals used in the
above example has facilitated showing equality between the required ideals, particularly for the case of :

flDd = «(Z2

+ 2)(Z3 + 2.5), -(Zl + 3)(Z3 + 2.5), 2(Z2 + 2), (Zl + 3)(3z3 + 11.5»)

and

D

fj 2!

= (2(Z2 + 2), (ZI + 3)(3z3 + 11.5), (ZI + 3)(Z3 + 2.5)(Z3 + 4.5))

Concluding equality between the above two ideals is not obvious from looking at
them, while attempting to show that every element in flDd can be written as a
linear combination of the elements in

lID !,
2

hence belongs to it and vise versa
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to establish equality between the two ideals would have been a troublesome job.
In the previous section, the coprimeness type of the MFD has been seen
to be unique to its handedness. In this section, the internal structure of left
(right) MFDs has been investigated, where it has been seen that there is unified
agreement in the numertor-denominator structure of left (resp. right) minor
coprime MFD's, and a complete disagreement in the case of left (resp. right)
factor coprime MFD's.
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The Internal Structure of Corresponding
Left and Right n-D MFDs

It remains to determine how these structures correspond between the different

left and right MFDs. The following result is required.
Lemma 4.6.1. If G(z) is a p x q rational matrix with p :::: q and coprime

factorisations
(4.30)

then
(4.31)

are factorisations of the square rational matrix G'(z)

= (G(z),Op,p_q) of the

same coprimeness types as the corresponding factorisations in (4.30) where

(4.32)

(D'r N'r)
are identical to those of (Df Ni'), similarly for the case of (D; Ni) and
(Dl N It thus follows that any factorisation in (4.31) is zero (resp. miProof. It is clear that the non-zero high order minors of, for example,

1 ).

nor) coprime iff the corresponding factorisation in (4.30) is zero (resp. minor)
copnme.
For factor coprimeness suppose that D2 , N2 have a common right factor

Q. Then

T
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immediately implies that

i.e. any common right factor of D2 , Nz will give rise to a common right factor
of D~, N~.
For the converse suppose that

D~, N~

have a common right factor Q. Then

writing Q = (Qll Q1Z) gives
Q21 Q22

=

D" D~:
D")
D~:

(N"

N"

11

12

(Qll Q12)
Q21 Q22

The 2,2 block equation is

which indicates that

D~1' D~2

are zlc. Thus :J polynomial matrices X, Y such

that

z= (;, :,,)
21

is unimodular. Now

and

22
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is unimodular. Thus

is a right factor of

(~~) since Q is such a factor. Thus :J polynomial matrices

such that

The 1,1 and 3,1 block equations then give
=
(D2)
"
"2

Thus

(D~ T N~T) Tis

(D;l)
N'

Q'

11

factor right coprime iff

11

(D2 T N2 T) Tis factor right

coprime.
To establish that

(D; N{)

is factor left coprime iff (Dl Nl) is factor

left coprime, suppose that D l , Nl have a common left factor Q. Then

immediately implies that

Hence any common left factor of D l , Nl is a common left factor of D;, N{.
For the converse suppose that D;, N{ have a common left factor Q. Then
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immediately implies that

D

which completes the proof.

The following corollaries detail the relations that hold between the ideal
structures of the numerator and denominator matrices of the factorisations of
the square rational matrix G'(z)

= (G(z), Op,p_q) in

(4.31) and the correspond-

ing factorisations of G(z) in (4.30) as given by Lemma 4.6.1.
Corollary 4.6.1. Under the conditions of lemma 4.6.1, the following hold for
the ideal structures of the numerator matrices of the factorisations in (4.30)
and (4.31)
(4.33)

and
(4.34)

where

l'

is the rank of G(z).

Corollary 4.6.2. Under the conditions of lemma 4.6.1, the following hold for
the ideal structures of the denominator matrices of the factorisations in (4.30)
and (4.31)
(4.35)

While the ideals of D z , D; correspond as follows
(4.36)

and for any q ::; i ::; p - 1, I~~jl

= (1).

A similar result to Lemma 4.6.1, and correspondence of ideals (Corollaries
4.6.1 and 4.6.2), holds for q > p.
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Example 4.6.1. Consider the two 2-D rational matrix

X

G(x, y) =

X'fY
(

Y+2)

~

(4.37)

which possesses the left factorization

Dl1(X'Y)N1(X'Y)=(~ ~ 7)_1(~ ~)
o

x -x

X

y-

(4.38)

X

and the right jactoriztation

(4.39)

The high order minors of the compound matrices
(4.40)
(4.41 )

are given by:

B1,21,2 =xy

A 1,2.3
1,2,3

=-xy,

A l ,2,3

= _ x2 ,

A l ,2,3

=-xy,

A 1,2,3

l ,5
B 1,2
=xy

A 1,2,3

=x(x + y),
_y2
- ,

A l ,2,3

=_x 2 ,

Bi'i = -

1,2,4

1,2,5

1,3,4
1,3,5

1,4,5

BU =X(y2 + 2y)
Bl,4 _y2
1,2 -

Bi:g = - x 2 y
x(x+y)
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-

B 1,2

2,3,4

A 1 ,2,3
2,3,5
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= -

X(y2

Bi'i = -

+ 2y),

A 1 ,2,3

3 ,5
B 1,2

A 1 ,2,3

4
B 1,2,5 -_X2

2,4,5

3,4,5

__
-

(X 2y + 2xy + 2X2)
2 2
X

A is left minor prime and B is right minor prime since their high order minors
are factor coprime, and not additionally zero coprime. Thus D11(x, y)N1(x, y)
and N 2(x, y)D:;1(X, y) are left and right minor coprime factorisations ofC(x, y)
respectively.
Consider now the corresponding factorisations of the square rational matrix

(4.42)

where

0 -y
D;-l(X, y)N;(.1:, y) =

(:

r(

0

Y

x

-x

X7]

+ 2:r

0

2

x

Y
y-x

x

:)

(4.43)

and

Ty

N~(x, y)D;-l(X, y) =

X+ y
(

x

y

0)
0

.1:

0

(Y

0 0)_1
0 x 0

(4.44)

0 0 1

are left and right factorisations of C' (x, y). Th'is ca.n ht '{!(T'i/icd m.8ily hy din,d
multiplication. The high order minors of the compound matrices
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A'=

(:

B'=

0 -y 0

2

0

2

x

y
-x x

y-x

y

0

0

0

x

0

0

0

1

xy

(4.45)

:)

(4.46)

xy+2x 0

x+y

y

0

x

x

0

are given by:
A,1,2,3
1,2,3

Btl ,2,3

=-xy,

1,2,3 =xy
B,1,2,4 -0

1,2,4

2,
-_x
-

A,1,2,3
1,2,5

=-xy,

B,1,2,5 -0

=0,

B,1,2,6 -0

A,l,2,3

A,1,2,3
1,2,6

A,1,2,3
1,3,4

A,l,2,3
1,3,5

A,1,2,3
1,3,6

A,I,2,3
1,4,5

A,1,2,3
1,4,6

A,1,2,3
1,5,6

A,1,2,3
2,3,4

A,1,2,3
2,3,5

A,l,2,3
2,3,6

A,},2,3
2,4,5

A,1,2,3
2,4,6

=x(x

1,2,3 -

1,2,3 -

1,2,3 -

+ y),

B,1,3,4 _ _
1,2,3 -

B,1,3,5

=y2,

Btl ,3,6

_

1,2,3 -

B,I,4,5 -0

=0,

B,1,4,6 -0

=0,

B,1,5,6 -0

= _ x 2y,

= - 2x 2,

B,2,3,4
1,2,3
B,2,3,5
1,2,3
B,2,3,6
1,2,3
B,2,4,5

=0,

B,2,4,6 -0

= - X(y2
=0,

2
,

xy

-

= _ x 2,

( 2+2 )
XY
Y
Y

1,2,3 = -

=0,

1,2,3 -

1,2,3 -

1,2,3 -

+ 2y),
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2

=x Y
(
)
=x X + y
=X
-0

1,2,3 -

1,2,3 -

2
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A,I,2,3

B,2,5,6 -0

=0,
=x 2y + 2xy + 2X2,

2,5,6

A,J,2,3
3,4,5

A,I,2,3

1,2,3 -

B,3,4,5
=x 2y + 2xy + 2X2
1,2,3
B,3,4,6 __ 2

=0,

3,4,6

A,l,2,3

1,2,3 -

B,3,5,6

=0,

3,5,6

A,I,2,3

2

X

2

1,2,3 =X

B,4,5,6 -0

=0,

4,5,6
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1,2,3 -

On comparing the non-zero high order minors of A in (4.40) and A' in (4.45),
it becomes obviously clear that they are identical.

This applies similarly to

the non-zero high order minors of B in (4.41) and B' in (4.46).

It thus

follows that A' and B' are respectively left and right minor prime and that
D'~I(X, y)Ni(x, y) and NHx, y)D';/ (x, y) are respectively left and right minor

coprime factorisations of G'(x, y), which gives the expected agreement with
Lemma 4.6.1.
The ideals generated by the i x i, i

=

1,2,3 order minors of NI and Dl in

(4.38) and of N2 and D2 in (4.39) are given respectively by:

IjNd = (1)

IjNzI = (x, y)

I~N11 = (x)

1~N21

IjD11 = (1)

IjD21 = (x, y)

I~Dd

= (x, y)

IJDzI = (xy)

I1

= (xy)

D

d

While the ideals generated by the i x i, i

=

(x 2 , xy)

= 1,2,3 order minors of N; and

D; in the left minor coprime MFD (4.43) of G'(x, y) and of N~ and D; in the
right minor coprime MFD (4.44) ofG'(x,y) are given respectively by:
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It{] = (x)
It{] = (0)

I tf ) = (x 2 , xy)
I tfJ = (0)

= (1)
IJD;] = (x, y)

IID~J = (1)

I1D ;] = (xy)

I1D~]

IIDU
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IJD~J = (x, y)

= (xy)

Prom comparing the above sets of ideals; it becomes immediately obvious that
IIND _ IIN,]

IINf) _ IIN,]

IINn _ iN,]

IINfJ _ I[N,)

It') = (0)
I[DiJ _ I[Dd

I1Nf)

= (0)

I1D&)

= (1)

1

2

I

-

-

-

1

2

I

1

2

-

-

I[D;I _ r[Dd

I[D~) _
2
-

r[Dn _ r[D,)

rID~)

2

3

-

2

3

3

I

2

1[D2 J
1

_ I[D 2 )

-

2

which verifies Corollaries 4.6.1 and 4.6.2.
As seen in Section 4.4 there are various combinations of coprimeness types
for the left and right MFDs of G(z). The left zero coprime-right zero coprime
combination gives:

4.6.1

The Left Zero-Right Zero Coprime Combination

Theorem 4.6.1. If the p x q rational matrix G(z), of rank

T,

possesses the

left zero coprime and right zero coprime factorisations
(4.47)
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Then

(4.48)
and

(4.49)
where h

= min(p, q).

For any i ;:: h, I~~;l

=

(1) in case p-i ;:: 0 or I~~;l

=

(1)

in case q - i ;:: O.
Proof. By Lemma 4.6.1 expand G(z) to ensure it is I x I where I = max(p, q).

The associated correspondence of ideals is detailed in (4.33), (4.34), (4.35) and
(4.36).
Following exactly the same argument in the proof of Theorem 3.5.1, starting from Equation (3.30) in Part two through to the end of Part 2 establishes

While an entirely analogous argument, with the roles of Nb N2 and Db D2
interchanged, completes the proof.
D

Corollary 4.6.3. Under the conditions oJ Theorem 4.6.1

(4.50)
and

(4.51)
while Jor any i ;:: h, V(I~~:I) =
q - i ;::

0 in case p -

i ;:: 0, and V(IJ~:I)

= 0 in case

o.

Suppose the ideal Ii generated by the i x i minors of the n-D matrix P
is written as d;Jt1. Although it was seen in section 3.4 that no particular
relation of inclusion holds between the ideals

Jt

1

there is still some kind of
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relation that can be proved about the corresponding Ji ideals of the numerator
and denominator matrices of the zero right and left coprime MFDs of an n-D
rational matrix.

Corollary 4.6.4. Under the conditions of Theorem 4.6.1
JINll
T-"i.

= JI N2 l
T-t

N2 l)
V(]fNd)
= V(JIT-l
T-t
where i = 0, ...

,T -

1, and

where i = 0, ... , h - 1, h = min(p, q). For any i :::: h, J~~:l = (1) (and so

V(JJ~:l) = 0) in case p - i :::: 0, while JJ~~l = (1) (and so V(JJ~;l) = 0) in
case q - i :::: o.
Corollary 4.6.5. Under the conditions of Theorem 4.6.1

d IN, ] = iN,]
T-t

T-1,

IN2l )
V(dINd)
= V(dT-t
T-l
where i = 0, ... ,r - 1, and
dl1h]
P-l

lD2l
= dq-l

IDzl )
V(dIDd)
= V(d q-l
P-l
where i = 0, ... , h - 1, h = min(p, q). FaT any i :::: h, d~r:.~l = 1 (and so

V(d~~l) = 0) in case p - i :::: 0, while d1r:.~l = 1 (and so V(d;lr:.~l) = 0) in case
q - i ::::

o.

Example 4.6.2. Consider the following simple transfer function matrix:
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with the following left and right factorisations:
-1

DI

NI

_

-

((ZI

+ 1)(z2 + 2)(Z3 +

o

-1 _(1

N2D2 -

o

3) 0) (1

(ZI

0 (ZI

1

0

0

-1

+ 1)(z2 + 2)(Z3 + 3)

+ 1)(z2 + 2)(Z3 + 3)

)

) ((ZI + 1)(z2 + 2)(Z3 + 3) 0)-1
0

1

The high order minors of the compound matrices
A

= CZI + 1)(Z2: 2)(Z3 + 3)

o

1

1 0 (ZI

(ZI

B=

+ 1)(z2 + 2)(Z3 + 3)
o

~

2)(Z3 +

3))

1

o

1

o
are zero coprime since A~:~

+ 1)(z2
o

(ZI

+ 1)(z2 + 2)(Z3 + 3)

= 1 and Bi:g =

l. Thus DjI NI and N2D:;I are

left zero coprime and right zero coprime factorisations of G(z).
Prom the simple structure of the matrices DI and D 2 , NI and N2 it becomes
immediately obvious that:
fjNll = fjN'1 = (1)
I!Nd = I!N,I = ((ZI

+ 1)(z2 + 2)(Z3 + 3))

fjnd

= Ijn,l = (1)

I!Dll

= f!D21 = ((ZI + 1)(z2 + 2)(Z3 + 3))
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and consequently

V(It,1 ) = V(IjN21)

=0

V(I~Nd) = V(I~N21) = {(-1,{J,"Y),(a,-2,"Y), (a, {J,"Y)\ex, {J,"Y E IC}

V(IjDd)

= V(IjD21) = 0

V(I~Dll) = V(IJ D2 1) = {(-I, (J, "Y), (a, -2, "Y), (a, {J, "Y)\a, {J, "Y E IC}
which illustrates Theorem 4.6.1 and Corollary 4.6.3. Similarly Corollary

4- 6·4

can be easily verified.

Example 4.6.3. Consider

G(z) =

(~
ZI

i Z2)
Zl

1..
ZI

with the following left and right MFDs:

The high order minors of the compovnd matrices
A

=

(Zl 0 Z3
o Zl 1

1
0

Z2)
1

-

------------------------------------------------------------------------
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-1

0

ZI (Z3 - Z2)
0 0
1
0

B=

Z3
1
.
.
are zero copT"!me
smce

4:5 =

AI2

1

0

0

0

345
1 an dB 1:2:3

'7''h us DIN
= - 1. 1.
1 1 an dND
2;- 1

are left zero coprime and right zero coprime factorisations of G(z).

= 1,2,3

The ideals generated by the i x i, i

minors of DJ and D 2 , NI and

N2 are given by:

Ir'd = (1, (Z3 - Z2))

IJN,i = (1, Z3)

IjNd = (1, Z2, Z3)

IjN2i = (1)

I~Dli

1~D2i

=

(z~)

D2

= (zD

= (Z~A(Z3 - Z2), ZI)
1)D2i = (1, (Z3 - Z2), ZI)

I)D1I = (ZI)

IJ

i

consequently

V(I! N2 i) = V(l!Nd) = 0
V(IjN2i) = V(I)Nd) = 0
V(I~D2i) = V(I!Dli)

= {(O,!J,))I!],) E q

V(I1 D2i ) = V(IjDd) = {(O,,6, ))1,6, l' E q
V(IjD2i) = 0
which gives the expected agreement with Theorem
Similarly Corollary

4.6.4 can be easily

4.6.1 and Corollary 4.6.3.

ver~fied.

The above results reveal the commonality of the numerator-denominator
zero structures of any rational matrix which possesses a zero coprime MFD.
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The other cases are considered next.

4.6.2

The Left Minor-Right Minor Coprime Combination

Theorem 4.6.2. If the p x q ratianal matrix G(z), of rank r, possesses the

left minor coprime and right minor coprime factorisations
(4.52)

Dj(z) and Nj(z), D 2 (z) and N2(z) are characterised by the following Bezo'ut

identities af minar coprime equivalence [90},
NjXm + DjYm = rPm(z)Ip

(4.53)

W mD2 + ZmN2 = 7f;m(z)Iq
where 7f;m(Z), rPm(z), m = 1, ... , n are non-zero polynomials which do not contain the variable Zm. Then

i

= 0, ... , 'I' - 1,

m

lJ'~:J ;;> <p.",(z]P I!~:J

(4.54)

I,I~:J ;;> 7f;m(z)'I l;~:J

(4.55)

= 1, ... , nand
(4.56)
(4.57)

i

= 0, ... ,h-1,

'IT!

= 1, ... ,n

and h

= min(p,q).

For any i >
- It , liD,]
p-z = (1)

in case p - i 2: 0 or 1,;~;J = (1) in case q - i 2: O.
Proof. By Lemma 4.6.1 expand G(z) to ensure it is I x I where I = max(p, q).
The associated correspondence of ideals is detailed in (4.33), (4.34), (4.35) and

--------------

------------------
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(4.36). (4.52) implies that
(4.58)
In the minor coprimeness requirements (4.53): the polynomials rPm(z),'l/Jm(z)
do not contain the variable Zm' Thus each set {rPl,"" rPn}, {'l/JJ, ... , 'l/Jn} is
factor coprime.
From (4.58) and (4.53) it follows that

(4.59)

Consider then the following equation formed from (4.59), which is analogous to (3.32),

(4.60)

where 1 ~ k ~ /, and

Eil •... ,ik

is that matrix whose t, 8 th element is 1 if s

= it,

and zero otherwise.
Repeating the argument that follows Equation (3.32) in the proof of Theorem 3.5.1 Part 2 reveals that rPm.(z)PIN2 j:::::j:1 can be written as a linear
combination of the k order minors of NJ from which it follows that

i = 0, ... r -1, m = 1, ... ) n
1

Continuing as in the proof of Theorem 3.5.1 Part 2 gives
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i = 0, ... , r - 1, m = 1, ... , n.

An entirely analogous argument, with the roles of NI, N2 and D 1 , D2 in-

0

terchanged, completes the proof.

The above theorem proclaims the non-existence of any kind of equality nor
N2 i
. b etween I[r-i
· t'mcI uSlOn
d Itec
an d I[N!].
r-i , Z = O
, ... , r l
- d
an b etween I[D2i
q-i
[Dli'Z
and I p-i'

t £or z. = 0:
= 0 , ... , h
- ;I
excep

I[qD2 i

=

I[D,i·
p
SInce

each 0 f these

two ideals are generated by one single polynomial which is their determinant.
Following the argument in the proof of Theorem 4.6.2 for DI and D2 reveals
that in case i = 0: <pm(x)Pdet(D 2 ) can be written as a multiple of det(D J )
from which it follows that

since <Pm(x)P, m = 1, ... , n are factor coprime (Lemma 2.2.1). Continuing as
in the proof of Theorem 4.6.2, together with an entirely analogous argument
to the above gives

In the very special case of G (z) being square of order p say, and det (G (z)) oF

0, an entirely analogous argument to the above, with the roles of D 1 , D2 and
NI, N2 interchanged, will prove that

fJNd

=

fJN2i, 'r

= p.

Corollary 4.6.6. Under the conditions of Theorem 4.6.2

V(I~~:i) <;;; V(<Pm(z)P f~~;i)
V(I~~;i) <;;; V(1,bm(z)Q f~J~:i)
i = 0, ... , r - 1, m = 1, ... , nand

i = 0, ... , h - 1, m = 1, ... , nand h = min(p, q).

-

-------.~--------

-

---

-

--.~~~~~~~~~~~~~~~
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According to the above discussion following Theorem 4.6.2 V (I~DJ]) V(I4V21 ). Also restricted to the very special case stated above V(I~N'I) V(I~N21).

Johnson [30J has proved the equality of the invariant polynomials of the
numerator-denominator matrices of left minor coprime and right minor coprime factorisations of an n-D rational matrix, given here in terms of the
determinantal divisors (definition 3.4.1).
Corollary 4.6.7. Under the conditions of Theorem 4.6.2
lN21 .. - 0
lN,j -- dr-i'
. 1
dr-i
'l , ... , r -

(4.61)

and

(4.62)
D
h. = min (
were
h
p, )
I] . ror
any

> h.,

1.. _

dlD,1
- 1m
. case p - 1.. >
- 1 2n
.
'p-i _ 0 or dlP,1
'q-i -

case q - i 2: O.

Corollary 4.6.8. Under the conditions of Theorem 4.6.2

\d~~lil) = \d":-~I)
V((d":-'}))

where 'i

= 0, ... , r -

= V(\d~~~I))

1. A similar statement holds in relation to Dj, D 2 ..

Example 4.6.4. Consider again the 2-D rational matrix given in Example

-

-------------------------------------------------------------------------
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4·6.1:

D1I(x,y)N1(x,y) and N 2 (x,y)D 21 (X,y) are left and right minor coprime
factorisations ofG(x,y) as shown in Example 4.6.1.

DI , NI are characterised by the following Bezout identities of minor coprime equivalence (Lemma 2.2.3),

(4.63)

(4.64)

While the Bezout identities characterising D 2, N2 are given by:

G~ ~) + (~x

-(y + 1)

(~~ ~1)N2+(_(X~1)

-(y + 1)

N2

-1

) D2 = xI2

o )

D2 = yI2
.

(4.65)

(4.66)
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Prom the B ezout identities given above:

The ideals generated by the minors of NI and N2 are:

IjNd = (2,'x, y, x, Y - x) = (1); 1jN21 = (xy, xy + 2x, x

+ y, y, x, x) =

(x, y)

Note the correspondence between the ideals of NI, N2 given above and the ideals
of N{,Nf given in Example 4·6.1 of the extended transfer function matrix.
It is clear from the reduced Grobner bases of the above ideals that

which illustrates the argument that follows Theorem 4.6.2. The exact relations
that exist between the ideals generated by the minors of NI and N2 are given
by:
It d = (x) =:J x 3(xy, x 2) = <P2 3It 21
It d = (x) =:J y3(xy, x 2) = <p/ f~N21
1jNd = (1) =:J x 3(x, y) = <P23 fjN21
IjNl1 = (1) =:J y3 (x, y) =

<PI 31j

N2

1
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and by

It 2 ) = (xy, x 2) ::J x 2(x) = 'l/J2 2I~Nl)
It2 ) = (xy, x 2) ::J y2(X) = 'l/J12 I~Nd
Ij N2) = (x, y) ::J x 2(1) = J22I jNd
IjN2) = (x, y) ::J y2(1) = 'l/J12Ij Nd

v

as predicted by Theorem 4.6.2.
The determinantal divisors of NI and N2 are given by:

dr = x
dr') = 1
2

)

and the determinantal divisors of Dl and D2 are given by:
d~D')

= xy

dlD2 ) = 1
which demonstrate Corollary 4.6.7. Corollary 4.6.6 and Corollary 4.6.8 can
be accordingly verified. The relationship between the ideals generated by the
different order minors of the denominator matrices may be similarly worked
out.

4.6.3

The Left Minor-Right Factor Coprime Combination and visa versa

The following result will display the relation between the ideal structures of
the numerator-denominator matrices of an 71.- D rational matrix which possesses
left minor coprime and right factor coprime factorisations or visa versa.
Theorem 4.6.3. If the p x q rational matrix G(z), of rank

T,

possesses the
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left minor coprime and right factor coprime factorisations

(4.67)
where accordingly D1(z), N1(z) are left minor coprime and D 2 (z), N 2 (z) are
right factor coprime then

(4.68)
i

= 0, ... , r

- 1, m

=

1, ... , nand

(4.69)
i

=

0, ... ,h-l, m

=

1, ...

,71.

andh

= min(p,q). HerecPm(z),

m

=

1, ...

,71.

are

non-zero polynomials which do not contain the variable Zm and are determined
by the following Bezout identities of minor coprime equivalence (90J,

(4.70)
Proof. The left minor coprimeness of D 1 , Nl may be exploited as in Theorem

4.6.2 to give the result. The lack of a Bezout identity for factor coprimeness
precludes the reverse inclusion statements, and so similar results to (4.55) and
(4.57) of Theorem 4.6.2 cannot be made.

D

Corollary 4.6.9. Under the conditions of Theorem 4.6.3

(4.71)
i = 0, ... , r - 1, m = 1, ... , nand

(4.72)
i

= 0, ... , h - 1, m = 1, ... , nand h = min(p, q).
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Example 4.6.5. Consider
G(z) =

(~)

with the following right and left jactorisations

D1 NI =

(~

N2DiI =

G:)

I

:r

l
(::)

(Z2tl

N2DiI is obviously a right minor coprimejactorisation ofG(z). D 1I N I is a

left factor factorisation for the jollowing reasoning. An exhaustive list of all
the possible polynomial factorisations of NI

= (::)

is:

modulo any unimodular matrix.
Now suppose DI has a polynomial jactorisation with the left factor Q', i.e.

0)

0) (a b)

Z2
= (Z3
( OZ2
01
where a, V, c, dE F[ZI' Z2, Z3J
The (1,1) block equation in (4.73)

cd

(4.73)
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gives an immediate contradiction since a = ;;

t/: F[ZI, Z2, Z3].
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Thus DJ can not

have a polynomial factorisation with Q' as a left factor. Repeating the same
argument will similarly prove that Q" and Q'" can not be left divisors of D 1 . It
thus follows that Dl and NI can only have unimodular common factors. Hence

DJ and NI are left factor coprime.
The Bezout identities that characterise Dz and Nz are given by:
(1) Dz

+ (1

0) Nz

(Z3) Dz

+ ((ZI-Z2)

(Zl - 2Z3) Dz

+ (2Z2

-2z3)Nz

ZJ) Nz

hence

The ideals generated by the minors of the numerator and denominator matrices
of the right and left factorisations of G(z) are given by:
f IlN,1

= ( Zl, Z3 )
1)D21 = (zz)

f 1iNd

=

(Z11 Z 3 )

l~Dll = (z~)

IjDtI = (zz)
From which it becomes clear that
<pANd

= !/Ji(ZI, Z3); i = 1,2,3

M~Dll = cP;(z5); i = 1,2,3

as anticipated by Theorem 4.6.3 where accordingly Corollary 4.6.9 can be verified.

In the I-D setting det(Dl) = det(Dzl (modulo a non-zero constant) for a
right cop rime factorisation NzD:;1 and a left coprime factorisation Dll NI of
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a transfer function matrix G
that det( D I )

=

z~

of
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= N2D:;1 = Djl NI. In the above example note

det(D2 ) =

Z2'

This fact has already been noted by Lin

[44] for the factorisations of a rational matrix in case (n > 2).
Consider now facto ring G of the above example into left and right factor
coprime factorisations in the generalised sense (Definition 2.2.10).

are right factor coprime in the generalised sense where GDo = No and

Do=

are left factor coprime in the generalised sense such that
Note that ljDol =

(Z2)

of

l!Dol = (z~,

Z2ZI, Z2Z3)

DoG = No

[94] .

which indicates that using

the notion of factor coprimeness in the generalised sense (Definition 2.2.10)
has also failed in generalising the above mentioned 1-D phenomenon to the
multidimensional setting (n > 2).
A special case of Theorem 4.6.3 can be found in [14], where it has been
proved that the invariant. polynomials of t.he numerator-denominator matrices
of left minor coprime factorisations divide the corresponding invariant polynomials of right factor coprime factorisations of an n-D rational matrix. This
result is given here in terms of the determinantal divisors (Definition 3.4.1).
Corollary 4.6.10. Under the conditions of Theorem 4.6.3. Let d\1 denote the
i ' " determinantal divisor of the indicated matrix. Then

(4.74)
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and

(4.75)
where h

= min(p, q).

case q - ·i

~

For any i ~ h, d1~~J

=

1 in case p - i ~ 0 or d~Pzl

=

1 in

O.

In terms of the determinantal zeros (Definition 3.4.1) Corollary 4.6.lO gives:

Corollary 4.6.11. Under the conditions of Theorem 4.6.3

(d~~J) :2 (d~"':~J)
V((d~~J)) t:;; V((d~"':~J))
where i = 0, ... , 1"

-

L A similar statement holds in relation to D 1 , D 2 •

Example 4.6.6. Consider the same transfer function of Example 4.5.1

G(Z) has the left MFD Di 1 NI with

DI -_ ((Z2 + 2)(Z3 + 2.5) -(ZI + 3)(Z3 + 2.5))

2h + 2)

N1

(Z1

+ 3) (3z 3 + 11.5)

_ ((Z3 - 0.5)(Z3 + 0.5) 0)
5(Z3 + 0.5)
3

-

This is minor coprime since the compound matrix C

3(Z1

+ 3)(Z2 + 2)(Z3 + 2.5)(Z3 + 4.5)

coprime. By Theorem

4.4.2

=

(D1 N1)

and ci:~ = 3(Z3 - 0.5)(Z3

has Ci,'i

+ 0.5)

=

factor

the above factorisation can't be additionally zero

coprime because its corresponding right factorisation is factor coprime as seen
below.
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G(z) has the right factor coprime MFD !44} N2D;;1 with
_ ((Z3 - 0.5)(Z3 + 0.5)
N2 -

o

(Z2

0
(Z3 - 0.5)(Z3

+ 2)(Z3 + 2.5)

)

+ 0.5)
-(ZI + 3)(Z3 + 2.5)

D2 = (
-(Z2 + 2)(Z3 + 0.5)(Z3 + 4.5) (ZI + 3)(Z3 + 0.5)2(Z3 + 4.5)

)

The determinantal divisors of the numerator matrices are given by:

d1N1 ) = 1
d~Nd = (Z3 - 0.5)h

dINZ ) = (Z3 - 0.5)(Z3

+ 0.5)

d~NzJ = (Z3 -

+ 0.5)
0.5)2(Z3 + 0.5)2

While the determinantal divisors of the denominator matrices are given by:
,
d\D ) =1

d\D2) =1

d~Dd

d~D2J =(ZI

+ 3)h + 2)
(Z3 + 2.5)(Z3 + 4.5)

=(ZI

+ 3)(Z2 + 2)(Z3 - 0.5)
(Z3 + 0.5)(Z3 + 2.5)(Z3 + 4.5)

Clearly

d\Dd Id\D z)
iD')ldIDZ)
2

2

which illustrates Corollan} 4·6.10. Accordingly, Corollary 4.6.11 can be demonstrated.

Sections 4.5 and 4.6 have utilised the matrix zero structure discussed in
section 3.4 to investigate the internal structure of coprime matrix fraction
descriptions of n-D transfer function matrices. In Section 4.4 the coprimcness type of the MFD has been seen to be unique to its handedness, while
this coprimencss type is only seen to be unique to G(z) when it possesses a
zero coprime MFD. In this case there is unified agreement of the numerator-
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denominator structure, whichever MFD is used. In the other cases, when
minor coprime MFD's are involved, there appears only partial agreement between these structures as has been described. While in the case of factor
coprime MFD's the situation appears to lack any kind of commonality in the
numerator-denominator structures.
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4.7 Conclusions
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Conclusions

This chapter has considered the generalisation of the 1-D Smith-McMillan
form and the 1-D matrix fraction descriptions of a rational matrix to the

71- D

context, in an attempt to consider their possible role in defining the pole-zero
structure of an

71- D

rational matrix.

The natural generalisation of the 1-D Smith-McMillan form to the n-D setting has been proved to be inadequate in characterising the algebraic structure

> 1). This inadequacy may be attributed to the
fact that n-D factor cop rime polynomials (71 > 1) may not be additionally zero
of n-D rational matrices

(71

coprime. A new method has been introduced in consequence which have taken
into account this tenet. However, it has also been shown to be inadequate.
Finally, a characterisation of the points where an n- D rational matrix is well
defined but loses rank has been considered and compared to the one proposed
by [92J.
The definition of the zero structure of an n-D polynomial matrix detailed
in section 3.4 originating from [93J has been used to investigate the zero structure of MFDs to consider their possible role in the definition of the pole-zero
stucture of n-D rational matrices. The coprimeness type of the MFD has been
seen to be unique to its handedness. This fact is closely connected with the
fact that this coprimeness property is in fact a property of the behaviour of the
kernel representation associated with the MFD. If one MFD is factor coprime,
then this behaviour is controllable, so every MFD must be factor coprime, etc.
However, this coprimeness type is only seen to be unique to G(z) when it
possesses a zero coprime MFD. In this case there is unified agreement of the
numerator-denominator zero structure, whichever MFD is used. In the other
cases, of minor or factor coprime MFDs, there appears only partial agreement
between these structures as has been described. The work presented in this
chapter has not succeeded to produce the nice connections which one would

4.7 Conclusions
look for as in the 1-D case.
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However, the results still provide interesting

comparison with the 1-D case where there is consistent agreement across all
such structures, and highlight the complexities inherent in n-D.

Chapter 5

A Reduction Procedure for n-D
Systems
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Introduction

The transformation of one system representation into another equivalent, perhaps of simpler (reduced) form is one of the important problems of systems
theory. The analysis of a system is frequently aided by such transformations.
The nature of the equivalence must however be clearly understood to ensure
the relevant indicators of a system's behaviour are left invariant by such action, if the conclusions drawn about the reduced system's behaviour are to
remain valid for the original system.
Basically, a 1-D reduction procedure reduces a system of linear ordinary
differential equations of high order to linear ordinary differential equations
of order one. For example the Rosenbrock system matrix can be reduced to
state space form by a sequence of elementary operations, or by pre and post
multiplication by unimodular matrices, which define exactly the same equivalence class [66]. Other I-D reduction procedures were also studied by ([6],
[29], [37]). By such reduction procedures much of systems analysis, identification and computation is facilitated. The nature of their equivalence and
its invariants have been extensively researched ([34], [66], [73]) and well understood, thus conclusions drawn about one representation from analysis of
the other are valid, to within the prescribed limitations of the equivalence
transformation.
An n-D reduction procedure (n 2 2) reduces a system of linear partial
differential equations in n independent variables of high order (i.e. of order
2 or more) to linear partial differential equations in n independent variables
of lower order, possibly of order one. However in n-D systems (n 2 2), the
situation is complicated, by the splitting of the single notion of equivalence, in
the 1-D case, into two non-equivalent notions namely ZC-E and EO-E as seen
in Section 3.3. The difficulty which arises is that the notion of equivalence
(EO-equivalence) which is natural from a compntational point of view is the
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less preferable of the two in the sense that it possesses the narrower equivalence
classes. This indicates a limitation of the computational approach in that it
may not be possible by computational means to generate all the polynomial
(system) matrices which may be reasonbly viewed as equivalent (as described
by the ZC-E equivalence class) to the given matrix. In particular it appears
that reduction by elementary operations to the first order (state space type)
forms may be restricted. The extent of this limitation in the context of a
matrix reduction procedure is considered in this chapter. Reduction of a 2-D
polynomial matrix to pencil form has also been studied by ( [7], [19], [47], [56]),
while the transformations of ZC-E and EO-E and their invariants have been
studied at length by Pugh et. al. ([57], [60]), Galkowski ([19], [21]), Johnson

[30J and in chapter three of this thesis. The reduction procedure proposed
here will involve a number of steps, and will be seen to reduce an arbitrary
polynomial matrix to the matrix pencil which arises in the study of systems
described by the singular Roesser model ([33], [65]).
In section 5.3 of this chapter a new matrix reduction method is given in
the context of 2-D polynomial matrices. Section 5.4 details the modifications
necessary for it to yield a 2-D system matrix reduction procedure. Section 5.5
establishes the type of equivalence which connects the given system matrix to
its reduced equivalent form. Section 5.6 generalises the reduction procedure
from the 2-D case to n-D. Finally an illustrative example is presented in section
5.7.
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5.2

2-D State Space Models

The system matrix reduction procedure developed in this chapter will be seen
to yield a 2-D singular Roesser model ([33], [65]), which holds interest for a
number of applications, among them, the discrete linear repetitive processes
[22], In this section various 2-D models are discussed briefly,
The Roesser model [65] is given by the following equations

Xh(i + 1,j)) = (A11 A12) (Xh(i,j))
( x "("~, J + 1)
A 21 A 22
"(' J')
X~,

+ (B1)
B2

u i ')
(,J

(5,1)

(' ') (c C) (xh (oi, Jj)) + Du ('t, J')

y ~, J =

1

2

")

XV(~,

where i, j E Z are the horizontal and the vertical coordinates respectively,

xh( i, j) E ][.tn, is the horizontal state vector, XV (i, j) E ][.tn2 is the vertical state
vector, u(i,j) E][.tl is the input vector, y(i,j) E][.tm is the output vector, and

All, A 12 , A21 , A 22 , B 1, B2, Cl, C2 and D are real matrices of appropriate
dimensions, Taking the discrete (s, z)-transform and assuming weak (local)
[38] initial conditions of the form Xh(O,j) = xV(i, 0) = 0, for i,j:::: 0 gives the
(n1

+ n2 + m)

x (n1

+ n2 + I)

system matrix for the standard 2-D ROESSER

MODEL

(5,2)
where A, B, C, D, El, E2 are constant matrices of appropriate dimensions with

A = (-A11 -A12), B = (B1), C = ( Cl C2 ) and El, E2 having the
-A21 -A22
B2
specific form

E2 =

(0o 0)
In2

(5,3)
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In case El, E2 do not have the specific form (5.3), then (5.2) is said to be in
SINGULAR Roesser form [33], while the pencil

(5.4)
(El, E2 do not have the specific form (5.3)) is called the GENERAL 2-D SIN-

GULAR PENCIL.
The 2-D Roesser model given above is a typical first order model, since the
states (x h(i+1,j) and x V(i,j+1)) only depends on the immediately preceding
points (xh(i,j) and xV(i,j)). It is seen to be a natural generalisation of the
standard state space form of linear 1-D systems theory to 2-D. There are other
2-D state space models introduced by different authors, see for example ([2],
[3], [17], [39]), where each author had a different conception about the form
of a 2-D state space model, resulting on different notions of controllability,
observability and minimality. Kung et. al. [38] have noted the Roesser model
to be the most general 2-D state space model, since it has shown that the
models of Attasi ([2], [3]) and Fornasini-Marchesini [17] can be imbedded in
the Roesser model. Thus conclusions and results drawn about the Roesser
model will remain true for the other two models ([2], [17]). On the other
hand, Kurek [39] has considered a more general model for 2-D linear digital
systems, where the Roesser model now becomes a special case of this unified
model.
The general 2-D model of Kurek [39] is given by

x(i + l,j

+ 1) =

+ AlX(i + l,j) + A 2 x(i,j + 1)
+ Bou(i,j) + BlU(i + l,j) + B 2 u(i,j + 1)
y(i, i) = Cx(i, i) + Dn(i, j)
Aox(i,j)

(5.5)

where .r, 11., y are the state, input and output vectors of the appropriate dimensions and Ai, B i , D, i = 0,1,2 are constant real matrices of appropriate
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dimensions. It is clear that in the contrary to the Roesser's model, Kurek's
model is not a first order type of model since x( i + 1, j

+ 1) depends on x( i, j),

i.e. the states depend on the information at the previous two levels. In case

Ao = 0

Bo = 0
A2 =

(A~l A~2)

E2 =

(B~l)

Kurek's model given by (5.5) reduces to the Roesser model of (5.1). In case

Kurek's model given by (5.5) gives the First Fornasini-Marchesini model [38J

x(i + 1, j

+ 1) = Aox(i,j) + AIX(i + 1, j) + A 2x(i,j + 1) + Bou(i, j)

y(i,j) = Cx(i,j)
which is also an example of a second order model, where x(i + 1, j
on x( i, j) and x(i + 1, j), x(i, j

+ 1).

+ 1) depends

In the special case of

the First Fornasini-Marchesini model gives the Attasi's model [38J. Finally in
case

Ao = 0

Eo = 0

5.2 2-D State Space Models
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Kurek's model given by (5.5) reduces to the following first order model

x(i + 1,j + 1) = AJx(i + 1,j) + A 2 x(i,j + 1) + BJu(i + 1,j) + B 2u(i,j + 1)
y(i, j) = CX(i, j)

+ DU(i, j)

called the Second Fornasini-Marchesini model [47].
Taking the discrete (s, z)-transform Kurek's model given by (5.5) yields
the polynomial system matrix
(5.6)

In case I sz in the first block of the system matrix (5.6) is replaced by Esz
where E is a real singular matrix of appropriate dimensions, then (5.6) yields
the singular general model for 2-D systems studied by Kaczoek in [33].
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5.3

A 2-D Matrix Reduction Procedure

In this section the core reduction procedure for 2-D polynomial matrices is
given and in the subsequent section the detailed modifications necessary to
convert this to a system matrix procedure are presented.
Consider the 2-D m x / polynomial matrix P(s, z) and write this in the
matrix polynomial form

P(s,z) = Po(z)

+ P1(Z)S + ... + Pq(z)sq

(5.7)

Let PE(s, z) denote the following trivial extension of P(s, z),

PE(s, z)

(Ilq

l;

o

0)

(5.8)

P(s, z)

where 0 denotes a zero matrix of the appropriate dimensions. The reduction
procedure we give is phrased in terms of PE(s, z) and comprises two steps.
Consider firstly the (q/

+ m)

x (q/

+ m)

matrix

o
o

It

o

o
o
(5.9)

o

0

L(1)(S, z) L~1)(S, z)
where

L(1)(S,Z)

=

Pq(z)

L~1)(s,z) = Pq(z)s

+ Pq_1(z)

=
L~~1(S, z) = Pq(Z)sq-2 + Pq_1(Z)sq-3 + ... + P2(z)
L~1)(s,

z) = Pq(Z)sq-1

+ Pq_1(z)sq-2 + ... + P1(z)

(5.10)
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It is immediately clear that L(I)(S,z) of (5.9) is unimodular.
Consider now the (q

+ 1)1 x (q + 1)1 matrix
11 -SIl
0

h

0

0

0

-SIl

0

0

R(I)(S, z) '"

(5.11)
0

0

0

11 -SIl

0

0

0

0

11

This is clearly unimodular.
The first step of the proposed reduction procedure is then
Lemma 5.3.1. The 2-D polynomial matrix Pds, z) is U-E to

p(I)(S, z)

11

-SIl

0

0

0

0

11

-SIl

0

0

~

(5.12)
0

Pq(z)

0

0

Pq-l(z) Pq- 2 (z)

-sI1
11
Pl(z) Po(z)

Proof. It follows from direct multiplication that
p(1)(s, z) = L(1)(s, z)PE(s, z)R(I)(s, z)

(5.13)

and since L(1)(s, z), R(I)(S, z) are unimodular matrices, the result follows.

0

In terms of the original matrix P(s, z) the above result may be phrased as
Corollary 5.3.1. The m x I 2-D polynomial matrix P(s, z) is ZC-E to the

matrix p(1)(s, z) of (5.12), and the explicit form of this transformation is
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(5.14)

Proof. The matrix equation in (5.14) can be verified by direct multiplication
and it can be seen that the block matrices
P(s, z)
sqII
s q-1II
s/z

0

11

-sII

0

0

0

0

0

11

-sII

0

0

0

0

0

0

11

-sII

Im Pq(z) Pq-1(z) Pq- 2 (z)

11

P1(z) Po(z)

each have a high order minor equal to 1. Hence the above block matrices are
right zero prime and left zero prime respectively, and therefore the require-

o

ments for zero coprime equivalence are satisfied.

As regards the second step of the reduction procedure write p{l)(s, z) of
(5.12) as follows

p{l)(s, z) = Qo(s) + Q1Z + ... + QpzP

(5.15)

It follows from the structure of p(1)(s, z) that

It

-sII

0

0

0

0

It

-sIt

0

0

Qo(s) =

(5.16)
0

0

0

Aq.o A q- 1.O Aq- 2 ,o

It

-sII

A1,o

Ao,Q
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and

o

o

o

o

o

o

o

o

Aq,k

A q- 1,k

A 1,k

AO,k

l~k~p

,

(5.17)

where

+,,·+Ao,p zP+A 1,p SZP+···+A q -1 ,p sq-1 z P+A q,p sqzp

"" "" Ai,jS'zJ

(5.18)

j=p i=q

='"

~~
.i=O i=O

(5.19)

..

It is noted that while Qo(s) is linear in the indeterminate s, the matrices

Qi, i

=

1, ... ,p, are constant.

Consider the [Pl(q + 1) + Iq + m]

X

[pl(q

+ 1) + Iq + m]

matrix

I I(q+1)

0

0

0

0

I I(q+1)

0

0

L(2)(8, z) =

(5.20)
0

0

L~2)(S, z)

L~2)(s, z)

I I(q+1)

Lp(2) ( s,

z)

0

I 1q+m

where
L1(2) ( S, Z)

=

Qp

L2(2) ( S, Z) = CJpz

+ CJp-1
(5.21)

+ Qp_1Zp-3 + ... + Q2
Q pZ P-1 + Qp_1Zp-2 + ... + Q1

L~~1 (s, z) = Q pZP-2
L~2)(S, z) =
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L(2)(8, z)

is unimodular, and as a consequence of the structure of Qo in (5.16)

and the structure of Qk in (5.17), it is seen that the matrices Lj2)(8, z), z =
1, ... , p, are independent of the indeterminate s.

And consider the l(q + l)(p + 1) x l(q + l)(p + 1) matrix

R(2)(8,

where

1[(q+l)

-z!z(q+1)

0

0

0

0

1[(q+l)

-z1[(q+1)

0

0

z) "

R(2) (s, z)

(5.22)
0

0

0

1[(q+l)

-Z1[(q+l)

0

0

0

0

1[(q+l)

is unimodular.

Let Pg)(s,z) denote the following trivial extension of P(!)(s,z) of (5.12)
and (5.15)
p(l) (s
E'

z) =

(1

p [(Q+I)

0

0)

p(I)(S,

(5.23)

z)

The second step of the reduction procedure is then
Lemma 5.3.2. The 2-D polynomial matrix p~I)(S,

z)

of (5.23) is U-E to

1[(q+l)

-zI1(q+l)

0

0

0

0

1[«[+1)

-z1[«[+I)

0

0

p(2)(8, z) ~

(5.24)
0

0

0

1[(q+l)

-Z1[(q+l)

Qp

Qp-I

Qp-2

QI

Qo(s)

Proof. It is easily verified by direct multi plication that
p(2)(8, z)

= L(2)(8, Z)p~I)(S, Z)R(2)(8, z)

(5.25)
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while the result follows because £(2)(S, z), R(2)(s, z) are unimodular.

0

In terms ofthe original matrix p(I)(S, z) of (5.12) the above result becomes
Corollary 5.3.2. The 2-D polynomial matrix p(1)(s, z) is ZC-E to the matrix

p(2)(S, z) of (5.24), and the explicit form of this transformation is
zP Il(qH)

Zp-l Il(q+l)
OPl(qH)X(ql+m))
(

p(1)(s, z) = p(2)(S, z)

(5.26)

I(ql+m)
zIl(qH)
Il(q+l)

Proof. This is readily verified by direct multiplication, while the requirements
for zero coprime equivalence are satisfied because the block matrices

p(1)(s, z)
zP Il(qH)

Zp-l Il(qH)

(5.27)

Ml =
zIl(qH)
Il(q+l)

1\12

0

Il(qH)

-zIl(q+l)

0

0

0

0

0

Il(qH)

-zIl(qH)

0

0

(5.28)

=
0

0

0

0

Il(q+l)

-zIl(q+l)

Im

qp

qp-l

Qp-2

Ch

qo(s)

are right zero prime and left zero prime respectively, since both Ml and M2
have a high order minor which is equal to 1.

o

The overall reduction of P(s, z) of (5.7) is then described by
Theorem 5.3.1. The m x I 2-D polynomial matrix P(s, z) is ZC-E to the
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p(2) (s,
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z) of (5.24), and the explicit form of the transformation is given

by

X(s)
zp-IX(S)
zP

(5.29)

zX(s)
X(s)
where

X(s)

~

(sQ[r sq-1Ir ...

sIr Ir)T

Proof. The explicit form of the transformation is obtained by successive ap-

plication of the transformations (5.14) and (5.26). The transitivity property

o

of zero coprime equivalence yields the result.
It is noted that

p(2)(S,

z) is of the general form
(5.30)

where A, El, E2 are constant matrices, and is thus of the form of a 2-D singular
pencil on which the singular Roesser type system matrix is based ([33], [65]).
It thus follows that any 2-D polynomial matrix is zero coprime equivalent to

a pencil of this form and so the analysis of 2-D polynomial matrices (modulo
zero coprime equivalence) is reduced to the analysis of such pencils. In view of
Lemmas 5.3.1 and 5.3.2 it is also clear that an appropriate trivial expansion of
the original matrix P(s, z) will be U-E to the singular pencil form

p(2)(o,

z).

---------------------
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The reduction procedure presented in the previous section will now be adapted
to create a system matrix reduction procedure for the (r

+ m)

x (r

+ l)

2-D

polynomial system matrix

F (s,z ) =

Z))

T(s,z) U(s,
( -V(s,z) W(s,z)

(5.31)

In fact the reduction procedure presented here remains valid for the general
case of non-square T. However, the case of T assumed to be square will be
presented here for the sake of presentation simplicity.
The essential point is to carry out the reduction procedure on the normalized form of P(s,z) given by

FN(s, z) =

T(s, z)rxr
-V(s, z)mxr

Im

a
a

alxm

Il

-Im

a

Orxm

alxr

U(s, z)rxt
W(s, Z)mxl
-It

a

a

( TN UN)
-VN W N
(5.32)

Regarding the normalised form of F(s, z), J'vIcInerney [47] has proved that

F(s, z) in (5.31) and FN(s, z) in (5.32) are zero cop rime system equivalent,
however the following result concerning their equivalence is more powerful.
Theorem 5.4.1. The normalised form (5.32) is elementary operation system

-----------------

-
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equivalent (EO-SE) to the system matrix

eT

0

0

T(s, z)

U(s, z)

-V(s,z)

W(s,z)

)

(5.33)

Proof. The proof is based on block row and column operations which can

be easily seen to be row and column operations of the elementary operation
system equivalence (EO-SE) discussed in Section 3.3. The block operations
are detailed as follows:

T

U

0

0

-V

W

Im

0

0

-It

0

It

0

0

-Im

0

T

U

0

0

C:z-C3 W

0

0

Im

0

Cl+C3V

0

-It

0

It

-V

W

-Im

0

T

0

0

U

0

0

Im

0

0

-It

0

It

-V

W

-Im

0

T

0

0

U

0

0

Im.

0

0

-It

0

It

-V

W

0

0

T

0

0

U

0

0

Im

0

0

-It

0

0

-V

W

0

W

--.

--.
1'1 +r3U

--.
1'4+1'2

--.
C4+CZ

(5.34)

(5.35)

(5.36)

(5.37)
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T

0

0

U

0

0

0

0

-It

Im
0

-V

0

0

W

---4
T4+ r 3 W

(5.38)

0

Finally, interchanging the pt and the 3rd columns and the pt and the 3rd
rows then interchanging the 1st and the 2nd rows yields the system matrix of
(5.33).
Analogously, applying the inverse of the above block row and column operations to the system matrix (5.33) will transform it to the normalised fonn
(5.32), which completes the proof.

0

By the inclusions noted in Section 3.3, it follows therefore that the normalised form (5.32) is U-SE to (5.33), and that it is ZC-SE to

pes, z) of (5.31).

Now let PNE(S, z) denote the following trivial extension of PN(s, z) of
(5.32),
Iq(r+l)

0

0

0

o

P(s,z)

(O~:m)

0

Olxm

It

-Im

0

o
o

0

(5.39)

where here, and subsequently, some obvious block dimensions have been omitted.
The first stage of the matrix reduction procedure of the previous section is
now applied to PNE(S, z). Write

pes, z) in the matrix polynomial form
(5.40)

Here, and subsequently, the exact notation of the previously described matrix
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procedure will be used, with the proviso that now r

+ m, r + I replaces

m, I

respectively, unless explicitly declared. Note that

Pe(s, z)

The [(q + l)(r

(

a) a

Im

(5.41)

+ I) + 2m][(q + l)(r + l) + 2mJ matrix L~)(s, z)
L(1)(8, z)
L~\5,Z)£

a
a

(
and the [(q + l)(r + I)

+ I + m]

X

a a)
Il

a

a

Im

[(q + l)(r + I)
R(1)(8,Z)

R~)(8, z) £

a
a

(

is

(5.42)

+ I + m]

matrix R~\s, z) is

a a)
In!

a

a

Il

(5.43)

with L(1)(s, z), R(l)(s, z) as in (5.9), (5.11). L~)(s, z), R~)(s, z) are unimodular
and of the form required for U-SE.
Direct multiplication of

will give the 2-D system matrix
p(1)(s, z)

P~\8,Z) £

a

c:)

a

alxm

11

-Im

0

(5.44)

-

-

--------------------------------
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with

P(1)(S,

z) of the form (5.12).

It follows that since L~) (s, z), R~)(s, z) are of the form required for U-SE,

piPes, z) is U-SE to

PNE(S,

z) of (5.41).

Now write p(l)(s, z) as

(5.45)
The second stage of the matrix reduction procedure detailed in the previous
section is now applied to the trivial extension of pJi)(s, z) given by

p(1)(s
NE

'

z)

I p(q+1)(r+l)

0

0

0

0

p(l)(s, z)

C:)

0

Olxm

Il

-Im

0

~

0

0

0

(5.46)

Note that
(1) (
)
PE S,Z

p(1) (s z) ~
NE

'

0

Now the [(p

+ l)(q + l)(r + I) + 2mJ x

C:)

0

01xm

Il

-Im

0

(5.47)

[(p + l)(q + l)(r + I)

+ 2mJ

matrix

L~)k z) is

(5.4S)

and the [(p + l)(q + 1)(r + 1) + I + m]
R~)(s,z) is

X

[(p + l)(q + l)(r + 1) + I + m] matrix
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(5.49)

with L(2) (s, z), R(2)(S, z) as in (5.20), (5.22). These are unimodular and of the
form required for V-SE.
Direct multiplication of

L(2)(S
z)p(1)
(s Z)R(2)(S
.)
S
,
NE'
S
, ...
then gives the singular Roesser type system matrix

p(2)(S, z)
p};)(s, z) ~
0

C:)

0

Ofxm

If

-Im

0

(5.50)

with p(2) (s, z) of the form (5.24).
Note that p(2)(S, z) results from the matrix reduction procedure being
applied to P(s, z) on viewing it as a matrix, rather than a system matrix.

p};\s, z) is then simply the normalised form of p(2)(S, z) when this latter
matrix is subsequently viewed as a system matrix.
It follows, since L~)(s, z), R~\s, z) are of the form required for V-SE, that

p};)(s, z) is V-SE to P~~(s, z). It can thus be said that
Theorem 5.4.2. The (r+m) x (r+l) 2-D polynomial system matrix P(s,z)
of (5.31) is ZC-SE to a sing·u.lar Roesser system matrix in the form

(5.51)

-

-

-

--

--------
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Proof. Any trivial expansion of a system matrix is a transformation of ZC-SE

and all the other steps of the system matrix reduction procedure are transformations of U-SE and therefore of ZC-SE. This establishes that the normalised
form of Pis, z) is ZC-SE to p;';){s, z) of (5.50). It follows from Theorem 5.4.1
that this normalised form is also EO-SE to a trivial expansion of P{ s, z) and
so is U-SE and thus ZC-SE to Pis, z). By transitivity Pis, z) is then ZC-SE
to p;';){s, z) which is in the singular Roesser form (5.51).
Recall from Chapter 3 that if P(z)

=

(T(Z)

0

U(Z») is an n-D poly-

-Viz) Wiz)

nomial system matrix then the invariant zeros of P(z), T(z), (T(z) U(z»),
T(z) ) together with their associated algebraic orders and nonzero geo( -Viz)
metric degrees are invariant under zero coprime system equivalence. It thus

follows, since the transformation linking the polynomial system matrix to its
reduced singular Roesser model is zero coprime system equivalence, that
Theorem 5.4.3. The transformation of the (r

+ m) x (r + I)

2-D polynomial

system matrix Pis, z) of (5.31) to its equivalent singular Roesser system matrix PSR(s, z) of (5.51) under the reduction procedure detailed above preserves
the transfer function matrix [57). It also preserves the invariant polynomials
[3~},

the ideal structure and the zero structure (Them"em 3.6.1) of the following

matrices:
1. Pis, z) and PSR(s, z) viewed directly as matrices rather than system ma-

trices.
2. T{s,z) and

(A+E1 s+E2Z)

3. (T{s,z) U{s,z») and (A+E1 s+E2z B)

4.

T{s, z) ) and (A
( -V(s,z)

+ E1s + E2Z)

-c
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Proof. Theorem 5.4.2 has established the equivalence transformation between

P(s, z) and PSR(s, z) to be of the ZC-SE type. Lemma 3.6.3 and Theorem
3.6.1 hence completes the proof.

o

Any 2-D polynomial system matrix is shown to be zero coprime system
equivalent to a singular Roesser system matrix of the form (5.51) and so the
analysis of 2-D polynomial system matrices (modulo ZC-SE) is reduced to
the analysis of such models. A special feature of this reduction procedure
is that it simply reduces to applying the matrix reduction procedure of the
previous section to the system matrix on viewing it as a matrix, rather than
a system matrix, then normalising the outcome. The outcome of the matrix
reduction procedure is thus a singular Roesser system matrix which is ZC-SE
to the original system matrix. Further features of this reduction procedure are
discussed in the following section.
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5.5

Reduction by Elementary Operations

In the previous sections a procedure which effects a reduction of a 2-D polynomial matrix (respectively, system matrix) to a singular pencil (resp. singular
Roesser type system matrix) by the transformation of ZC-E (resp. ZC-SE) was
given. This is a pleasing, although not an entirely unexpected result, since it
has been observed in Chapter 3 that the equivalence classes of ZC-E (resp.
ZC-SE) are the widest of all the equivalence notions detailed there. With regard to the reduction procedure however, a much more surprising observation
can be made. Firstly the following lemma is noted.
Lemma 5.5.1. The matrices L(1)(s, z), L(2)(S, z), R(1)(s, z), R(2)(S, z) of both
the matrix and the system matrix reduction procedures (developed in Sections
5.3 and 5.4) are elementary matrices.
Proof. In the case of the matrix reduction procedure, and

let

o

£(1)(8,

z) of (5.9),

o

o

o

(5.52)

o
Let £t denote the matrix £)l)(s, z) with all elements, except element j, h, set
to zero and define

£l.1,h ~

Clearly

1/

0

0

0

1/

0

0

U,h

Im

(5.53)

L'r is an elementary matrix, since it can be represented as a single el-
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ementary row (or column) operation on the unit matrix Iq!+m' Since a product
of elementary matrices is also elementary, it follows from

(5.54)

that

L; (s, z) is an elementary matrix. It thus follows from
q

L(1)(s, z) =

IT L;(s, z)

(5.55)

i=l

that L(1) (s, z) is elementary.
The prooffor L(2)(S, z) follows along the same lines, while R(l)(S, z), R(2)(S, z)
are clearly elementary since they are unimodular polynomial matrices involving only a single indeterminate.
The proof for the system matrix reduction procedure follows identical lines.
D

The above result leads to the following theorem.
Theorem 5.5.1. For the m x I 2-D polynomial matrix P(s, z) define

PI(S, z)

~

(II(Pq+P+q)

o

0)

P(s, z)

(5.56)

then PI(S, z) can be reduced to the pencil form p(2)(S, z) of (5.24) by a finite
sequence of elementary operations over F[s, z].
Proof. The transformation of U-E relating P'ts, z) and p(2)(s, z) is

(5.57)
,
,
where the matrices L (2)(S, z), L (l)(S, z), R'(ll(s, z), R'(2)(S, z) are appropriate
trivial extensions of L(2)(8, z), L(1)(8, z), R(1)(8, z), R(2)(8, z) respectively, and
so will also be elementary matrices. Hence p(2)(s, z) can be obtained from
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o

pi (s, z) by a sequence of elementary operations.
Corollary 5.5.1. For the (r

+ m)

X

(r

+ I)

system matrix P(s, z) of (5.31)

define the system matrix

(5.58)
where PN(s, z) is the normalised form of P(s, z), then P;,(s, z) can be reduced
to the singular Roesser form (5.51) by a finite sequence of system elementary
operations (Definition 3.3.2).
Proof. Direct application of Theorem 5.5.1 yields the result.

o

Corollary 5.5.2. An appropriate trivial expansion of the system matrix P(s, z)
of (5.31) can be reduced to the singular Roesser form (5.51) by a finite sequence
of system elementary operations (Definition 3.3.2).
Proof. This follows directly from Theorem 5.4.1 and Corollary 5.5.1.

0

It is surprising that the reduction to the singular pencil, or singular Roesser,

form can be achieved by elementary operations. The scope of such operations
is well known to be extremely limited (as seen in Example 2.2.5 and discussed
in Section 3.3), due in part to the lack of a division algorithm within the underlying ring nt[s, zJ. This particularly hampers computational developments in
2-D systems theory. The proposed procedure is thus valuable, since it enables
the analysis of 2-D systems to be concentrated on the study of 2-D singular
Roesser models and specifically on pencils of the form A

+ El s + E 2 z.

The

relevant singular model, or pencil, is readily constructed by the algorithmic
means of elementary operations.
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5.6

An n-D Matrix Reduction Procedure

In this section the core reduction procedure for 2-D polynomial matrices is
generalised to give a reduction procedure for n-D polynomial matrices. In the
sequel P(z) is used to denote P(zr, ... , zn), an m x l polynomial matrix with
elements from the ring of n-D polynomials, Q(zf, ... , ziJ denotes a polynomial
matrix which is independent of the variables

Zl, . .. , Zi,

denotes a 1-D polynomial matrix in the variable

5.6.1

The

Ith

and obviously

Q(Zi)

Zi.

Step of the n-D Reduction Procedure

Consider the n-D m x l polynomial matrix P(z) and write this in the matrix
polynomial form
jI=Pl

L

P(z) =

(5.59)

Qj:\zf)zi'

jl=O

Let Pe(z) denote the following trivial extension of P(z),

PE(z)

~

(Io 0)
p

(5.60)

,!

P(z)

where 0 denotes a zero matrix of the appropriate dimensions. The reduction
procedure comprises n steps. The first step is phrased in terms of PE(z).
Consider firstly the (prl

L(1)(z)

+ m)

x (Pll

+ m)

matrix

11

0

0

0

0

1/

0

0

~

(5.61)
0

0

L\I)(z) L~!)(z)

11

0

L1;)(z) Im
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where
£;I)(Z) = Q~~)(zD
£(I)(z)
= Q(I)(zc)z
2
PIll

+ Q(I)
(ZC)
Pl-l 1
(5.62)

+ Q(I)
(zc)ZP,-3 + ... + Q(I)(ZC)
PI-Ill
2
1
= Q(I)(ZC)Zp,-1
+ Q(I)
(zC)Zp,-2
+ ... + Q(I)(zC)
PIll
PI -1
1 1
1
1

£(1) (z) = Q(I)(zc)zp,-2
Pl-l

£(1)(z)
PI

PIll

It is immediately clear that £(I)(Z) of (5.61) is unimodular.

Consider now the (PI

+ 1)1 X

(PI

+ 1)1 matrix

It -Zl f /
0

R(I)(Z)

1/

0

0

0

-ZI I /

0

0

~

(5.63)
0

0

0

1/ -zl f /

0

0

0

0

1/

R(I)(Z) is clearly unimodular. Note that R(I)(Z) is a polynomial matrix in ZI
only.
The first step of the proposed reduction procedure is then
Lemma 5.6.1. The n-D polynomial matrix PE(z) is U-E to

p(I)(Z)

It

-ZI I /

0

0

0

0

1/

-ZI I /

0

0

~

0
0
Q(I)
(C)
Q(I)
(C)
Q1;) (zJ)
Pl-l z1
PI-2 21
0

-ZI I /
1/
Q;I) (zi) Qhl )(zi)
(5.64)

Proof. see proof of lemma 5.3.1

D

---

----.-----------------------------------------------------------------
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In terms of the original matrix P(z) the above result may be phrased as
Corollary 5.6.1. The mxl n-D polynomial matrix P(z) is ZC-E to the matrix
p(1)(z) of (5.64), and the explicit form of this transformation is

(5.65)
ZI I f

If

o

Proof. The proof follows the same lines of Corollary 5.3.1.

The first step of the reduction procedure has resulted on a matrix p(1)(z)
of (5.64), which is linear in the first variable

5.6.2

The

ith

ZI.

Step of the n-D Reduction Procedure

In this section the ith step of the reduction procedure is proposed. The starting
point of this step is naturally

the matrix resulting from the i -1 step of

p(i-l),

the reduction procedure. The dimensions of

p(i-l)

are denoted by

mi-l X li_l

where
ml

= m +Pll

mi-I

=

li-I

=

ml

+ k~1 Pk

("ff

(p",

+

CIT

1))

I,

1

(Pa + 1)) l, i
i

~2

~3

(5.66)

(5.67)

0'=1

and in terms of which the dimensions of the transforming matrices of the it/'
step of the reduction procedure (L(i)(z) and R(i)(z), i = 1, . .. , n) are given.
The it" step of the reduction procedure summarises the n steps of the reduction procedure when i = 1, ... , n, and p(O)(z), mo x 10 are set equal to P(z)
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the original matrix, m x I the dimensions of the original matrix respectively.
As regards the

ith

step of the reduction procedure write p~:I!XI'_1 (z) as

follows

ji=Pi

p(i-l)(Z)

=

Qg)(zf)

+L

Qj:)(z~, ... , zDz{'

(5.68)

ji=l

i = 1, ...

,71., ii = 1, ... , Pi, where Pi is the highest power of

in P(z). Note that Qg\z[) is now linear in
Zi,

ZI, ... , Zi-l

Zi

that appears

and does not contain

in a similar manner to Qo(s) of (5.16) which is linear in the indeterminate

s, and does not contain the variable z. Note also that

Q);) , ii

= 1, ... ,Pi are

independent of the variables z], .. . , zi'

L(i)(Z)

11,_1

0

0

0

0

Ili~l

0

0

=

(5.69)
0

0

L\i)(Z) Lg) (z)

I li _ 1

0

L1:)(z)

lmi_l

where on omitting arguments

(5.70)

L(i)(Z)
Pi

= Q(i)
Zp,-1 + Q(i) ZPi- 2 + ... + Q(i)
Pi
Pi-1
1
t

t

Note that '</ i = 1, ... ,71.: £(i)(z) are unimodular, and L;;) (z), ii
are independent of the variables
Consider also the (Pi

+ 1)1i-J

ZI,""

X

(Pi

Zi-].

+ l)li _]

matrix

= 1, ... ,Pi

----------------------------------------------------------------------------
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It.-I

-ziIli_l

0

0

0

0

It.-l

-ziIli_l

0

0

R(i)(z) "

R(i) (z), i

(5.71)
0

0

0

It.-I

-ziIli_l

0

0

0

0

lli_l

= 1, ... , n are also unimod ular and depends only on Zi.

Let p~-l)(Z) denote the following trivial extension of p~:l/Xli_1 (z)

(5.72)

The

itk

step of the reduction procedure then yields

Lemma 5.6.2. The n-D polynomial matrix p~-l)(Z) is U-E to

I li _ 1 -z.J
1 1i - I

0

h-I

0

0

0

-Zi]li_l

0

0

p(i)(z) !Eo

(5.73)
0
Q(i)
Pi

0
Q(i)

Pi- 1

0
Q(i)

Pi- 2

I 1i _ 1
Qii)

I

-Zi li_l

Q~i)

Proof. It is easily verified by direct mult.iplication that
p(i)(Z)

=

L(i)(Z)p~-l)(z)R(i)(Z)

where as seen above L«)(z), R(i)(Z) are unimodular.

(5.74)

o

In terms of the matrix pCi-l)(Z) the above result becomes
Corollary 5.6.2. The n-D polynomial matrix pCi-l)(Z) is ZC-E to the matrix

------------------------------------------------------------------------
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p(i)(z) of (5.73), and the explicit form of this transformation is

(5.75)

o

Proof. The proof is similar to that of Corollary 5.3.2

From the structure of Qg)(zf) and P(i)(z), it is obvious that the matrix
p(i)(Z)

of (5.73) resulting from the

1, ... , n) is linear in the variables

5.6.3
The

The

nth

nth

ith

step of the reduction procedure (i =

ZI, ... , Zi.

Step of the n-D Reduction Procedure

step of the reduction procedure is given for the sake of completion

and display of the final form of the product of the n-D reduction procedure.
As regards the last step of the reduction procedure write P~':~)Xln-l (z) as
follows
jn=Pn

p(n-l)(z) = Q!;)(z~)

+

L

Qt)z~n

(5.76)

jn=l

where

·mn-l

and

In-l

can be calculated directly from the Formulas (5.66) and

(5.67).
It follows from the structure of p(n-l)(z) that

-

-

-------------------------------
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11

0

0

0

11

0

0

0

0

0

0

0

0

0

0

0

0

0
0
0
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0

-Zn-l 1/

0

0

0

0

0

0

0

-Zn-l 11

0

0

0

0

0

0

0

0

0

0

0

0

-Zn-1Il

0

0

0

-Zn_l 11

0

0

0

0

0

-Zi 11

0

0

-ztIl

0

0

0
0

0

0

11

0

0

0

0

h

0

0

0

11

0

0

0

0

0

0

0

0

11

0

0

0

0

0

0

11

0

0

0

11

0

0

0

0

0

0

Ab

0

0
0

0

-zi 11

0

0

Aa

0

0

-zlll

0

0

11

-z l l 1

A,.
(5.77)

-

-

-

----------------------------------------------------------------------
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where the dimensions of the
last block row are

mO x In-I

ZI

block of rows are

Zi

block of rows are

Zn-I

ml - mo x In_I

block of rows are

mi and li are given by

mi

= ml + ~Pk

li =

(g

(Pc.

+

c!r(pa + 1))

1))

10

10 for i 2: 2

for i 2: 1

(5.78)

(5.79)

where ml = mo + PI/O, mo = m, 10 = I and PI the highest power of ZI in P(z).
(5.80)

i5 = (Ph" . ,Pi,··· ,Pn-I, 0)
f)

= (.il,'"

,]i,'"

(5.81)

,.in-I,O)

1= (0, ... ,0)

(5.82)

0

0

0

0

0

0

0

0

Q(n) _
k -

A(Pl, ... ,Pi,. .,k)

, 1 ::; k ::; P"
A()1 '·",].i,
. ..,k)

A(o,. .. ,o,k)

(5.83)
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where

(5.84)

-i

= 1, ... , nand

ji

= 0, ... ,Pi, e.g.

jl

= 0, ... ,PI, where

Pi

is the highest

power of Zi in P(z). It is noted that while Q6n)(z~.l is linear in the indetermi.
Q(n)
· depen dent 0 f Zn, t h e matnces
nate Zt, ... , Zn-l an d III
k ' k = 1, ... , Pn, are
constant.

L(n)(z)

I ln _ l

0

0

0

0

I Zn _ 1

0

0

=

(5.85)
I Zn _ 1

0
0
L\n)(z) L~n)(z)

0

L1:)(z) I mn _ 1

where
L (n) (z) = Q(n)
I
Pn
L (u) (z) = c)(n) z
2

'(PT!.

n

+ Q(n)
Pn-l
(5.86)

L(n) (z) = Q(n) zPn- 2 + Q(n) zPn-3
Pn-l

L(n)(z)
pn

+ .. , + Q(n)
2
= Q(n)ZPn-l
+ Q(n)
Zpn-2 + ... + Q(n)
Pn n
Pn-1 n
1
Pn

Pn-1 n

n

Clearly L(n) (z) is unimodular and as a consequence of the structure of p(n-I) (z),
it is seen that the matrices L~n)(z), q = 1, ... ,Pn are polynomials in the variable z" only.
Consider also the (Pn

+ 1) In-I

X (Pn

+ 1) In- 1 matrix

-

-

- - - - - - -

-----------------------

5.6 An n-D Matrix Reduction Procedure

R(n)(z)
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I 1n _1

-ZnIln_l

0

0

0

0

I 1n _1

-ZnIln_l

0

0

~

(5.87)
0

0

0

1l »_1

0

0

0

0

-ZnIln_l
I1n _1

which is also unimodular.
Let P1n- 1)(z) denote the following trivial extension of p(n-l)(z)

(5.88)

The

nth

step of the reduction procedure then yields

Lemma 5.6.3. The n-D polynomial matrix pj,n-l)(z) is U-E to

l[n_1

0
p(n)(z)

-ZnIln_l

hn _

J

0

0

0

- znlt n _ 1

0

0

~

(5.89)

0
Q(n)
pn

0
Q(n)
Pn- 1

0
Q(n)
Pn- 2

I tn _ 1 -znltn _ 1
Q\n) Q(n)
o (znC)

Proof. It is easily verified by direct multiplication that
p(n)(z) = L(n)(z)P1n- 1 )(z)R(7O)(z)

(5.90)

o

and as seen above L(n)(z), R(n)(z) are unimodular.

It is obvious from the structure of p(7O)(z) in (5.89) and from the structure
of Q6n)(z~) in (5.77) -being linear in the variables

ZI,""

Z7O_l-

that p(n)(z)

-the final product of the n-D reduction procedure- is linear in all the variables
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Zl, ... , Zn.

And by "linear" one means here that all the n variables are to the

power of 1 and that every row contains a single entry which is a variable in
one indeterminate to the power of 1, as conveyed by the structure of Q6n)(z~)
in (5.77).
In terms of the matrix p(n-l)(z) the above result becomes
Corollary 5.6.3. The n-D polynomial matrix p(n-1)(z) is ZC-E to the matrix

p(n)(z) of (5.89), and the explicit form of this transformation is
z!;:l1Zn _ 1
zpn- 1

n

I l n-1
(5.91)

o

Proof. see proof of Corollary 5.3.2.

In terms of the original matrix P(z), the overall reduction is then described
by
Theorem 5.6.1. The m x I n-D polynomial matrix P(z) is ZC-E to the matrix
p(n)(z) of (5.89), and the explicit form of the transformation is given by

zJ;" X n - 1 (z)
Z~"-l X n - 1 (z)
(5.92)
Z."X.,,_l(Z)

X n - 1 (z)

--------------------------

5.6 An n-D Matrix Reduction Procedure

194

where

r

X 1(z)

~

X 2(z)

~ (Z~2X1(Z) Z~2-lX1(Z)

(zf'11 Zf,-111 ...

Z1 11 11
...

Z2X1(Z) X 1(z)r

(5.93)
(5.94)
(5.95)
(5.96)

Proof. The explicit form of the transformation is obtained by successive ap-

plication of the transformations (5.75), i = 1, ... , n, where for example the
transformations for i

=

1 and i

=

n are given by (5.65) and (5.91) respectively.

The transitivity property of zero coprime equivalence yields the result.
It is noted that

p(n) (z)

0

is of the general form
(5.97)

where A, El, ... , En are constant matrices, and is typically in the form of an
n-D first order pencil akin to the 2-D singular pencil on which the singular

Roesser system matrix is based ([33], [65]). It thus follows that any n-D
polynomial matrix is zero coprime equivalent to a pencil of this form and so
the analysis of n-D polynomial matrices (modulo zero coprime equivalence)
is reduced to the analysis of such pencils. In view of Lemmas 5.6.1, 5.6.2
and 5.6.3 it is also clear that an appropriate trivial expansion of any n-D
polynomial matrix P(z) will be U-E to a singular pencil form (5.97).
In section 5.4 the 2-D matrix reduction procedure has been adapted to
reduce an arbitrary system matrix to the form of a singular Roesser system
matrix ([33], [65]), where it has Iwen shown that. t.lw final product. of t.he system matrix reduction procedure result.s from the matrix reduction procedure
being applied to the original system matrix on viewing it as a matrix, rather
than a system matrix, then putting the outcome of this in normalised form.
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This normalised form is subsequently viewed as a system matrix, and yields
the result. Thus, without any further modifications required the 2-D system
reduction procedure can be extended to the n-D case inline with the extensions
given in this section.
On inspection of Lemma 5.5.1, it immediately follows that it holds for the

n-D £(i)(Z) matrices, i = 1, ... ,n of (5.69), while the matrices R(i)(z), i =
1, ... , n of (5.71) are clearly elementary since they are unimodular polynomial

matrices involving only a single indeterminate Zi. The n- D version of Lemma
5.5.1 is thus
Lemma 5.6.4. The matrices £(i)(z) and R(i)(z), i

= 1, ... , n of the n-D

matrix reduction procedure (developed in Section 5.6) are elementary matrices.

o

Proof. Follows from the proof of Lemma 5.5.1.
The following results are hence evident.
Theorem 5.6.2. For the m x I n-D polynomial matrix P(z) define

P'(z)

~ (Im n-m
o

0)

P(z)

(5.98)

then P'(z) can be reduced to the pencil form p(n)(z) of (5.89) by a finite
sequence of elementary operations over F[zJ.
Proof. The transformation of U-E relating P'(z) and p(n)(z) is
p(n)(z) = £,(n)(z) ... £,(i)(Z) ... £'(I)(z)P'(z)R'(I)(Z) ... R,(i)(Z) ... R,(n)(z)
(5.99)
where the matrices L,(i)(z) , R'(i)(z), i = 1, ... , n are appropriate trivial extensions of L(i)(z), R(i)(z) respectively of (5.69) and (5.71), and so will also be
elementary matrices. Hence p(n) (z) can be obtained from P' (z) by a sequence
of elementary operations.

o
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In terms of the (r

+ m)

x (r

+ I)

n-D polynomial system matrix

P(Z) = (T(Z)

U(Z))

-V(z) W(z)

(5.100)

the above result is

Corollary 5.6.4. For the (r

+ m)

x (r

+ I)

system matrix P(z) of (5.100)

define the system matrix

(5.101)
where m~J denotes mn when the values mo and 10 are initialised by r + m and
r + I respectively in the Formulas 5.78 and 5.79 with i = n, and where PN(z)
is the normalised form of the system matrix P(z) in (5.100), then PIv(z) can
be reduced to

PS/l(z) =

A + Ejzj

+ ... + Eizi + ... + Enzn

(

-c

(5.102)

akin to the 2-D singular Roesser form (5.51) by a finite sequence of system
elementary operations.
Proof. Direct application of the system matrix version of Lemma 5.6.4 and

Theorem 5.6.2 yields the result.

0

Corollary 5.6.5. An appropriate trivial expansion of the system matrix P(z)
of (5.100) can be reduced to the first order form (5.102) by a finite sequence
of system elementary operations.
Proof. This follows directly from the n-D version of Theorem 5.4.1 taken to-

gether with Corollary 5.6.4.

0

Note that the n-D version of Theorem 5.4.1 is a direct generalisation of the
2-D one, since the proof of Theorem 5.4.1 does not depend on the number of
variables.

--

---

------------------------------------------------------------------------
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It also follows, since the transformation linking the polynomial system

matrix P(z) (5.100) to its reduced form (5.102) is zero coprime system equivalence, that
Theorem 5.6.3. The transformation of the (r + m) x (r + /) n-D polynomial

system matrix P(z) of (5.100) to its equivalent form (5.102) under the reduction procedure detailed in this chapter preserves the transfer function matrix
(57]. It also preserves the invariant polynomials (30), the ideal structure and
the zero structure (Theorem 3.6.1) of the following matrices:
1. P(z) and PSR(z) viewed directly as matrices rather than system matrices.
2. T(z) and (A+EIZl+···+EiZi+ .. ·+Enzn)
3. (T(z) U(z)) and (A+EIZl+ ... +EiZi+···+Enzn B)
i
4. ( T(z) ) and (A + E1z1 + ... + Eiz + ... + Enzn)
-Viz)
-c
Proof. Since P(z) and PSR(z) are related by the transformation of zero coprime

0

system equivalence, Theorem 3.6.1 completes the result.

Corollary 5.6.6. The invariant zeros of the following matrices together with

their associated algebraic orders and nonzero geometric degrees are invariant
under the reduction procedure developed in this chapter.
1. P(z) of (5.100) and Psn(z) (5.102) viewed directly as matrices rather
than system matrices.
2. T(z) and (A

+ E1z1 +". + Eizi + ... + Enzn)

3. (T(z) U(z») and (A

+ E1z + ... + Eiz + ... + Enzn
j

j

4. ( T(z) ) and (A + E1z1 + ... + Eizi + ... + Enzn)
-Viz)
-c

B)
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Proof. See the proof of Corollary 3.6.2

Corollary 5.6.7. The following statements hold under the reduction procedure
developed in this chapter:

(i) if P(z) is (left or right) zero prime or (left or right) minor prime, then
PSR(z) possesses the same coprimeness type.

(i) ifT(z) is zero prime, then the pencil (A
.
.
2S zero pnme.

+ Ejzj + ... + Eizi + .,. + Enzn)

(ii) if (T(z) U(z)) is left zero prime or left minor prime, then
(A

+ Ejz j + ... + Eizi + ... + Enzn

B) possesses the same copnme-

ness type.

(iii) if ( T(z) ) is right zero prime or right minor prime, then
-V(z)
A

+ Ejz j + ... +_CEiZi + ... + Enzn)

(
type.
Proof. See the proof of Corollary 3.6.3

possesses the same coprimeness

o

The system reduction procedure detailed in Section 5.4 has assumed that
the system matrix under consideration is regular or at least possesses a square
T-block, and on that basis the generalisation to the n-D context has been
established in this section. However, in light of this reduction procedure,
Theorem 5.6.3 and Corollaries 5.6.6 and 5.6.7, it can be seen that this reduction
procedure can be applied similarly with no further modifications required to
the admissible systems and the well posed non-regular systems discussed in
Section 3.2, with the above results still true.
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•

Example

Consider the 3-D matrix F(s, z, w) given by

P(s,z,w ) =

2S2Z + sw 3 + 6zw 2 + 1
(

4s 2 zw 3

(5.103)

+ 5zw 2 + 2

Writing P(s, z, w) as a polynomial in s

(5.104)
where the coefficient matrices are given by

2+ 1 -Zw). _ (W3
_
(6ZW
Po ,P
5zw 2 + 2

0

1 -

0

0)

3 ; P2 =

(2Z
4zw 3

1)

W

(5.105)

Then the block matrices

o
(5.106)

I2
L 2(I) ( S,

Z,W

)

where

L\I)(S, z) = P2(z, w)
L~I)(S, z) = P2(z, w)s

+ P1(z, w)

(5.107)

(5.108)

L(1)

and

R(I)

are clearly unimodular. Trivially expanding P(s, z, w)

(5.109)
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The first step of the proposed reduction procedure corresponding to Lemma
5.6.1 is given by pre-multiplying PE(s, z, w) of (5.109) by L(l)(S, z, w) of (5.106)
and post-multiplying it by

p(l)(S, z, w) £

R(l)(S,

z, w) of (5.108) to give

1

0 -s

0

1

0

0

0

0

0

-s

0

0

0

1

0

-s

0

0

0

0

1

0

-s

2z

1

'w

0

6zw 2

4zw 3

W

0

3

5zw 2 +2

3

+1

(5.110)

-zw
0

Where obviously the 3-D polynomial matrix PE(s, z, w) of (5.109) is U-E to

p(!)(s, z, 111) of (5.110), since L(l)(S, z, w), R(l)(S, z, 10) are unimodular matrices
The 2 x 2 3-D polynomial matrix P(s, z, w) is thus ZC-E to the matrix

p(!)(s, z, w) of (5.110), and the explicit form of this transformation is

(5.111)

Applying the second step of the reduction procedure to p(1)(s, z, w) m
(5.110) by writing p(!)(s, z, w) as a polynomial in z

(5.112)

- _..

_------------------------------
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with the coefficient matrices given by

Qo=

1 0

-8

0

0

0

0 1

0

-8

0

0

0 0

1

0

-8

0

0 0

0

1

0

-8

1

w3

0

1

0

0 w

0

3

2

0

0

QI=

0

0 0 0

0

0

0

0 0 0

0

0

0

0 0 0

0

0

0

0 0 0

0

0

2

0 0 0 6w 2 -w

4w 3 0 0 0 5w 2

(5.113)

(5.114)

0

Then constructing the block matrices

L (2)( 8,Z,W ) -_

(

(2)

h

LI (S,Z,W)

(5.115)

where
L(2)(S
1

"

z W) = Q 1

(5.116)

and

-Zh)
h

(5.117)

Trivially inflating p(I)(s, z,w)

(I)
PE(8,Z,W)=

(h
0

(5.118)

The second step of the reduction procedure is then given by pre-multiplying
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pj,l)(S, z, w) of (5.118) by L(2)(S, z, w) of (5.115) and post-multiplying it by
R(2)(S,Z,w) of (5.117) to give p(2)(s,z,w) =

1

0 0 0

0

0

-z

0

0

0

0

0

0

1 0 0

0

0

0

-z

0

0

0

0

0

0 1 0

0

0

0

0

-z

0

0

0

0

0 0 1

0

0

0

0

0

-z

0

0

0

0 0 0

1

0

0

0

0

0

-z

0

0

0 0 0

0

1

0

0

0

0

0

-z

0

0 0 0

0

0

1

0

-s

0

0

0

0

0 0 0

0

0

0

1

0

-s

0

0

0

0 0 0

0

0

0

0

1

0

-s

0

0

0 0 0

0

0

0

0

1

0

-8

0

1

0
w3

0

1

0

0

W

0

3

2

0

0 0 0 6w 2 -w
4w 3 0 0 0 5w 2 0
2

(5.119)

where it is clear that p(2)(S, z, w) of (5.119) is U-E to p~l)(S, Z, w) of (5.118),
since L(2)(S, z, w), R(2)(S, z, w) are unimodular.
The matrix p(1)(s,z,w) in (5.110) is ZC-E to the matrix p(2)(S,Z,w) in
(5.119), and the explicit form of this transformation is

(O~:6) p(1)(s,z,w) = p(2)(S,Z,w) (Z~6)

(5.120)

As regards the last step of the reduction procedure write p(2)(S, z, w) as a
polynomial in w

p(2)(" z, w) = Go(s, z)

+ G1w + G2W2 + G3W 3

(5.121)

-

-

--

-

------------

-

-

-

------------------~
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where
1 0 0 0 0 0 -z

Go =

0

0

0

0

0

0 1 0 0 0 0

0

-z

0

0

0

0

0 0 1 0 0 0

0

0

-z

0

0

0

0 0 0 1 0 0

0

0

0

-z

0

0

0 0 0 0 1 0

0

0

0

0

-z

0

0 0 0 0 0 1

0

0

0

0

0

-z

0 0 0 0 0 0

1

0

-8

0

0

0

0 0 0 0 0 0

0

1

0

-8

0

0

0 0 0 0 0 0

0

0

1

0

-8

0

0 0 0 0 0 0

0

0

0

1

0

-8

2 0 0 0 0 0

0

1

0

0

1

0

0 0 0 0 0 0

0

0

0

3

2

0

G1 =

0 0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0 -1 0 0 0 0 0 0
0 0 0 0 0

0

0 1 0 0 0 0

(5.122)

(5.123)
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0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
C2

=

0 0 0 0 0 0 0 0 0 0 0 0

(5.124)

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 6 0 0 0 0 0 0 0
0 0 0 0 5 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

C3

=

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0

(5.125)
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Constructing the block matrices

112
0

L(3)(s, z, W) =

0

0

0

h2

0

0

0
0
h2
L(3) (w) L~3)(W) L~3) (W)

(5.126)

0

h2

where

L(3)(W) = G3

= G3W + G2
L~3)(W) = G 3W2 + G2W + G 1
L~3)(W)

(5.127)

and

R(3)(S,Z,W) !i!,

0
0
112 -wI12
0
0
-wI12
112
0
0
h2 -WI12
0
0
0
h2

(5.128)

Trivially infiating p(2)(S, z, w) gives:

(5.129)

Pre-multiplying p~2)(S, z, w) of (5.129) by L(3)(8, z, w) of (5.126) and postmultiplying it by R(3)(S, z, w) of (5.128) gives

p(3l(s, z, w) !i!,

0
h2 -wI12
0
h2 -wI12

0
0

0

0

112

-wI12

G3

G2

G1

Go

(5.130)

where Go, G l , G 2 , G 3 are given in (5.122), (5.123), (5.124) and (5.125) respectively. It is clear that p(3)(s, z, w) of (5.130) is U-E to p~)(s, z, w) of (5.129),
since L(3)(S, z, w), R(3)(S, z, w) are unimodular.
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p(2)(S, z, w) in (5.119) is ZC-E to the matrix p(3)(s, z, w) in (5.130), and
the explicit form of this transformation is

w3 h2
w2h2
W112

(5.131)

112

The original matrix P(s, z, w) is ZC-E to the final product of the reduction
procedure p(3)(S, z, w) of (5.130), and the explicit form of the transformation
is given by
w 3 X 2 (s, z)

(

046X2)
12
P (s,z,w ) = P (3)( s,z,w )

w 2 X 2 (s, z)

WX2(S,Z)

(5.132)

X 2 (s, z)
where

p(3)(S, Z, 1lI) of (5.130) is now of the general form
(5.133)
where the constant matrices A, El. E 2 , E3 are given by

A=

112

0

0

0

0

112

0

0

0

0

112

0

C3 C 2 Cl C'0
where

C~

is Co of (5.122) with any entry containing s or z set to zero

(5.134)
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E1 =

012X 12

012x12

012X12

012x12

012X 12

012x12
G"0

012X12 012x12 012x12
where

G~

(5.135)

is Go of (5.122) with all the elements set to zero except the entries

which contains s are set to -1.

E2

where

G~'

=

012x12

012X12

012X12

012X 12

(5.136)

012x12

012X12
012X12 012x12 012x12 Gill
0

is Go of (5.122) with all the elements set to zero except the entries

which contains z are set to -1.

0 -112
E3

=

0

0

0

0

-112

0

0

0

0

-112

0

0

0

0

(5.137)

The reduction procedure developed in Section 5.6 has been applied step
by step to P(s, z, w) of (5.103) and the result was p(3)(s, z, w) of (5.130).
However p(3)(S, z, w) in (5.130) can be written on the spot by implementing
the Formula (5.84) to write P(s, z, w) in terms of powers of s, z, w, and using
the Formulas (5.78) and (5.79) to work out the dimensions of the resultant
matrix as follows. Write P(s,z,w) of (5.103)

(5.138)
j.w=Ojz=Oj,~.::::::O
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where

A(o,o,o)

=

G~) ,

A(o,l,o)

=

(~ ~) ,

A(o,o,l)

=

(~ ~) ,

A(O,I,I)

=

(~

-1)

A

A(O,0,2)

=

(~ ~) ,

A(0,1,2)

= (:

A(0,0,3)

A(0,l,3)

A(I,o,o)

=

(~

0)
3 '

A(2,0,O)

=

(~ ~),

(5.139)

A(1,I,O)

=

(~

0)

A(2,I,O)

=

G~),

(5,140)

A(2,O,I)

(5.141)
= (00 1
0)
'

_
(1,1,1) -

A(2,1,l)

= (0 0)

A

_
(1,0,2) -

A(2,0,2)

=

(~ ~),

(5.143)

~) ,

A

_
(1,1,2) -

A(2,l,2)

=

(~ ~),

(5.144)

=

(~ ~) ,

A

(1,0,3) -

A(2,0,3)

=

(0 0)

(5.145)

=

(~ ~),

A

_
(1,1,3) -

A(Z,I,3)

=

G~),

(5.146)

°'

A(1,O,I)

°'
= (~ 0)
°'
(0
° °0) '
(0° 0)
°'
(0° 0)
°'
0)
°
C° '
(0° °0) '

°° '

°° '

(5.142)

Using the Formulas (5.78) and (5.79) to work out the dimensions of the matrices resulting from the first, second and third step of the reduction procedure
give:

= mo + Pll o = 6
I1 = (PI + 1)10 = 6
m2 = ml + P2(PI + 1)10 = 6 + 1(2 + 1)2 = 12
b = (PI + 1)(p2 + l)lo = 3(2)(2) = 12
m3 = ml + P2(PI + 1)10 + P3(PI + 1)(pz + 1)10
= 6 + (1)(2 + 1)(2) + (3)(2 + 1)(1 + 1)(2) = 48

ml

-

--

-.-~~--

--------------------
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12 = (PI

+ 1)(p2 + 1)(P3 + 1)10 =

3(2)(4)(2) = 48

since mo = 2, 1o = 2 and PI = 2, P2 = 1, P3 = 3. Accordingly

(5.147)

and
p (2)( s,z,w)

='"

(h -Zh)
(2)

Q1

(5.148)

(2)

Qo

and hence the final product of the reduction procedure is

p(3)(s, z,w) ~

112

-W112

0

0

0

h2
0

-Wh2

0

112
QP)

-W112

0

Qi

3

)

Q~3)

(5.149)

Q~3)

where

Q(3) _

°-

12

0

0

-z12

0

0

0

12

0

0

-z12

0

0

0

lz

0

0

-zlz

0

0

0

12

-s12

0

0

0

0

0

lz

-812

A(2,I,o)

A(1,I,o) A(o,l,o)

A(2,0,o) A(1,o,o) A(o,o,o)

(5.150)
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and

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

A(2,1,k)

A(1,l,k)

A(O,l,k)

A(2,O,k)

A(l,O,k)

A(O,O,k)

Q(3) _
k

-

(5.151 )
where the

AU"j.,jw)

are given above by (5.139)-(5.146).

Finally, if P(s, z, w) of (5.103) is a system matrix rather than a matrix
then the outcome of the system reduction procedure will simply be:

p(3)(S,Z,W)

(0) 0
I",

o
with

p(3)(S,

z, w) given by (5.149).

-lm

(5.152)
0

211

5.S Conclusions

5.8

Conclusions

This chapter has developed a 2-D matrix reduction procedure which reduces
an arbitrary 2-D polynomial matrix to a first-order matrix pencil which arise
in systems described by the 2-D singular Roesser model ([33], [65]).

The

matrix reduction procedure has involved two steps: In the first step, the matrix
whose elements E F[s, z] is written in the form of a polynomial in one of the
variables say s with the coefficient matrices then in z. This step has resulted
on a polynomial matrix which is linear in s. In the second step, the matrix
resulting from the first step is written in the form of a polynomial in the other
variable z with the coefficient matrices then in s. This final step has resulted
in a polynomial matrix which is linear in sand z. Thus a system of high
order partial differential equations in two variables has been reduced to an
equivalent system of order 1.
The 2-D matrix reduction has been successfully adapted in Section 5.4
to reduce any polynomial system matrix to a generalised state space model,
particularly the singular Roesser system matrix ([33], [65]), which has proved
important in analysing discrete linear repetitive processes [22]. It has also been
successfully extended in Section 5.6 to reduce any n-D polynomial (system)
matrix to an equivalent form which is linear in the n variables. The resulting
n-D pencil has been seen to have the form A

+ E1z1 + ... + Enzn-

All the

results derived for the 2-D (system) matrix reduction procedure, have also
been shown to hold for the n-D reduction procedure.
ZC-SE (ZC-E) has been proved to be the transformation linking the n-D
system matrix (polynomial matrix) to its equivalent singular Roesser system
matrix (pencil) form under the proposed system (matrix) reduction procedure.
Hence analysis of n-D polynomial system matrices (modulo ZC-SE) is reduced
to the analysis of such models. The structural invariants of ZC-SE and their
n-D implications have been discussed in Chapter 3. It is thus seen that since

5.8 Conclusions

212

some relevant indicators of a system's behaviour are left invariant under the
proposed reduction procedure, conclusions drawn about the reduced system's
behaviour are hence valid for the original system modulo the limitations of
ZC-SE. It is also apparent that the zero structure defined in Chapter 3 of a
general n- D polynomial matrix is identical, in the manner described, to that
of any matrix generated by a ZC-E reduction procedure. In that, in the n-D
systems context, a certain singular Roesser type system matrix is the result of
the reduction process proposed here, it would appear interesting to investigate
the extent to which computationally this facilitates the determination of the
invariant zero structure.
On the contrary to ZC-SE which possesses wide equivalence classes leading,
in certain respects, to an expectedly more relevant set of equivalent system
matrix forms and invariants, equivalence by EO-SE ([20], [21]) has rather narrow equivalence classes and so it is to be expected that there will be limitations
as to the kind of n-D state space form to which a given matrix may be reduced
by EO-SE. Despite this it has been shown in Section 5.5 that it is possible to
effect the proposed reduction procedure of an arbitrary system matrix (polynomial matrix) to an equivalent singular Roesser type matrix (pencil) by the
computational means of elementary operations.
In comparison with [47], it should be noted that the particular Roesser
form resulting from the algorithm presented here can actually be written down
directly in terms of the data in the intial system matrix, as (5.84) indicates.
[47] have extended a I-D reduction procedure given by Bosgra and Van Der
Weidens's [6] to reduce a 2-D system matrix to state space form. However,
this reduction procedure requires inspection at each stage of the algorithm
to remove some matrix factors to ensure that the transformation linking the
original matrix to the resulting pencil involves polynomial matriccs only, more
specifically is that of ZC-E.
Galkowaski ([19], [20], [21]) has extensively studied the elementary oper-
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ation approach, and used it to reduce a polynomial matrix to pencil form.
Galkowaski's procedure is to be considered complicated when compared to
the one presented in this chapter since it involves the inspection of the matrices at each stage of the reduction procedure to find the equivalent pencil.
While the elementary operations required to effect the reduction procedure of
this chapter are easily catalogued as shown in Lemma 5.5.1. However comparing the dimensions of the resulting pencil in Galkowaski's procedure to the
one presented here, Galkowaski's procedure results in pencils of smaller dimensions. The main draw back of the presented reduction procedure lies in
the dimensions of the resulting state space form (pencil), which are also large
compared to the dimensions of the original system matrix (matrix).
Boudellioua and Chentouf [7] have also proposed a 2-D reduction procedure, where ZC-E is the transformation linking the polynomial matrix to its
equivalent pencil. In comparison to the reduction procedures discussed above,
it should be noted that none of them have been generalised to the n-D case.
It is conjectured that trivial expanding the polynomial (system) matrix

bear a strong relation with the reduction given here being proved to be affected by the means of elementary operations. Hence, interpreting the trivial
expansions in terms of modules and algebra might give the underlying reasoning. This would definitely require investigation and verification and thus left
as an open question for further research.
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Conclusions

The work presented here is a contribution to the fast growing research in the
field of multidimensional systems. The work has tried to tackle some of the
many open problems in this field, and in this attempt a number of original
and interesting results have been developed.
The study of linear systems pioneereded by Rosenbrock [66] has considered matrices over the polynomial ring lR.[ ZI], and the theory is well developed.
Linear multi-dimensional systems theory involves the study and manipulation
of matrices over the polynomial ring lR.[ZI, ... , zn]. However, generalising the
1-D results to the n-D has not proved to be fruitful for many reasons. One
example is the underlying ring structure which constitutes one fundamental
difference between a study based on polynomials in one indeterminate and
one based on polynomials in many indeterminates. The ring of polynomials
in one indeterminate, lR.[ZI], is Euclidean [74] whereas the ring of polynomials
in more than one indeterminate, lR.[ZI ... , zn], is a Unique Factorization Do-

main and non-Euclidean [27]. The Euclidean nature of lR.[ZI] allows a division
algorithm to be defined. This division algorithm is critical in the manipulation of matrices over lR.[ZI]' For example the Smith (rational canonical) form,
which yields much structural information about a matrix, can be obtained by
pre- and post-multiplication by unimodular matrices. Furthermore, since the
polynomial ring lR.[ZI] is Euclidean, all unimodular matrices are products of elementary matrices. Thus the Smith form can be derived by a series of row and
column operations, i.e by computational means .. Unfortunately non-Euclidean
rings do not possess such properties; the elementary operations which are used
to manipulate matrices over lR.[ZI, .. . , zn] do not fully define the class of unimodular matrices [70]. The basic problem caused by the non-Euclidean nature
of the ring lR.[ZI"'" zn] arises in computational derivations based on elementary operations of canonical forms such as the Smith form, and hence hinders
the generalisation of the 1-D results to the n-D.
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In the classical approach to 1- D linear systems, the invariant polynomials
fully characterise the rank loss points of a polynomial system matrix and hence
its zero structure. The connections between such structure of a particular
matrix and a given physical system property is particularly well understood.
However, in the general case ofn-D linear systems (n 2: 2), the invariant polynomials have failed to fully characterise the rank loss points of a polynomial
system matrix as seen in Section 3.4. This has been seen to be attributed to the
fact that extracting the greatest common divisor (the determinantal divisors
from which the invariant polynomials are derived) from the ideal generated by
the high order minors of an n-D polynomial matrix are factor coprime, but not
additionally (necessarily) zero coprime. Chapter 3 has developed a detailed
zero structure of an n-D polynomial matrix based on that given in [93], and has
shown that this defined zero structure fully characterise the rank loss points of
an n- D polynomial matrix. This zero structure has then been shown to remain
invariant under the transformation of zero coprime equivalence and has been
also addressed for the polynomial system matrix context. The transformation
of zero coprime (system) equivalence is known to play a fundamental role in
the problem of the reduction of linear n-D (system) equations to simpler, but
nevertheless equivalent forms including the n- D reduction procedure given in
Chapter 5. It thus follows that the zero structure defined in Chapter 3 of a
general n-D polynomial matrix is identical, in the manner described, to that of
any matrix generated by a ZC-E reduction procedure ([7], [56]) including also
the first order pencil form generated from the reduction procedure presented
in Chapter 5.
Regarding the implications of the invariant zeros on for example, the controllability, observability and the pole-zero structure of an n-D linear system,
the classical approach theory is not yet well exposed or developed. However,
the implications of this zero structure with regard the behavioural approach to
n-D linear systems ([83], [92], [93], [95]) are numerous, where few of these im-

plications have been discussed briefly. The results of Chapter 3 have all been
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developed for a regular polynomial system matrix which is pleasing, however
further, these results were all shown to hold for the more general kind of
systems, namely the admissible systems [95] and the well posed non-regular
systems [28].
Analysing the pole-zero structure of a dynamical system is necessary to
get a complete theory for linear multivariable systems. In the classical approach to one-dimensional linear systems [66] the pole-zero structure encodes
important information about the system's dynamics, structure and control.
Moreover, there are various ways to define the pole-zero structure of a 1-D
multivariable linear system. All of them lead to the same pole-zero structure
and the same dynamical interpretation for anyone I-D linear system. In the
n-D context, the pole-zero structure of an n-D linear multivariable system

is naturally foreseen to play a fundamental role in control. In Chapter 4 of
this thesis, the algebraic structure of an n-D rational matrix was examined
employing some of the classical 1-D methods: the Smith McMillan form and
the numerator-denominator matrices of matrix fraction descriptions. The n-D
Smith McMillan form was shown to not fully characterise the pole-zero structure of an n-D rational matrix, in a manner which is similar to the failure
of the n-D Smith canonical forms in characterising the zero structure of n-D
polynomial matrices. Chapter 4 has then built on the work of Johnson [30]
and Clulow [14] on n-D matrix fraction descriptions, employing the detailed
zero structure developed in Chapter 3 to investigate the zero structure of the
numerator-denominator matrices, and considered its possible role in the definition of the pole-zero stucture of a n-D rational matrix G(z) via its MFDs.
The coprimeness type of the MFD has been seen to be unique to its handedness, while this coprimeness type is only seen to be unique to G(z) when
it possesses a zero coprime :YIFD. In this case there is unified agreement of
the numerator-denominator structure, whichever MFD is used. In the other
cases, of minor or factor coprime MFDs, there appears only partial agreement
between these structures as has been described. The results provide interest-
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ing comparison with the 1-D where there is consistent agreement across all
such structures, and highlights the complexities inherent in n-D. These results
can be seen to elude the possibility of using the MFD's in characterising the
pole-zero structure of an n-D rational matrix, in a manner which is similar to
the way the 1-D MFD's have characterised the pole-zero structure of a I-D
rational matrix.
It should be noted that [83J and [92J have developed a theory for the poles
and zeros of n-D systems with physical interpretations in the n-D context. The
controllable poles and zeros defined have been seen to bear strong relations
with the poles and zeros of an n-D transfer function matrix. However, a
consistent theorem akin to the I-D -Roesnbrock's Structure theorem [66J ,
where the poles and zeros of a 1-D system are equally computed from the
Smith McMillan form of G or from the Smith canonical forms of the system
matrix and its plant matrix does not seem to be yet available.
In conventional linear systems theory, and in the context of Rosenbrock
polynomial models, the facility to transform the system representation to a
different but equivalent form is a fundemental requirement. By such means
much of systems analysis, identification and computation is facilitated. The
nature of the equivalence must however be clearly understood to ensure the
validity of conclusions drawn about one representation from anlysis of another.
In Chapter 5 of this work an n-D reduction procedure is proposed that reduces
an arbitrary n-D polynomial matrix to first order pencil form akin to the 2-D
pencil on which the singular Roesser model ([33], [65]) is based. The matrix
reduction procedure has been successfully adapted to reduce n-D system matrices to n- D first order state space form similar to the singular Roesser system
matrix. The nature of the equivalence transformation that hold between the
original system and the reduced system under the proposed reduction procedure has been shown to be zero coprime system equivalence, which has been
extensively studied by Johnson [30], McInerney [47J and in Chapter 3 of this
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thesis.
The n-D reduction procedure presented here possesses some interesting
features. Firstly, using equation (5.84) and as illustrated in Section 5.7, the
particular Roesser form resulting from the algorithm presented here can actually be written down directly in terms of the data in the intial system matrix.
Secondly, it has been shown in Section 5.5 that it is possible to affect the proposed reduction procedure of an arbitrary system matrix (polynomial matrix)
to an equivalent singular Roesser type matrix (pencil) by the computational
means of elementary operations. This is appealing at least from the fact that
it is framed in a computationally exploitable manner. However, this is surprising since its deficiency is that it has rather narrow equivalence classes and
so it is not normally expected to relate all of the system matrix forms which
one might view as being equivalent. In particular it is natural to expect that
there will be limitations as to the kind of 2-D state space form to which a
given matrix may be reduced by EO-SE. The proposed reduction procedure
is seen to overcome this limitation. However, one draw back of this reduction
procedure which is conjectured to be tightly related to the fact that the reduction procedure can be affected by elementary operations is the dimensions
of the resulting pencil. The dimensions of the resulting matrix are quite large
when compared to the dimensions of the original matrix, and when compared
to the dimensions of other pencils resulting from other reduction procedures.
There are many other reduction procedures proposed for the l-D and 2-D
systems, for example [47] has proposed two 2-D reduction procedures, the first
one is an extension of the 1-D reduction procedure proposed by Bosgra and
Van Der Weidens's [6J and involves inspection at each stage of the algorithm
to remove some matrix factors to ensure that the transformation linking the
original matrix to the resulting pencil is zero coprime equivalence. The second reduction procedure could be seen in some sense to be similar to the one
proposed here, since it involves unimodular matrices in the reduction proce-
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dure, however of different form, and was also shown to be readily computable
by using elementary operations. However, it has not been shown to work
for polynomial system matrices nor has it been generalised to the n-D case

n > 2 as in the case of the one proposed here. Galkowski ([19], [20], [21])
has extensively employed the elementary operations in I-D and 2-D reduction
procedures. However, his procedures could be considered complicated since
they require inspection in the intermediate stages of the reductions, while on
the other hand they are favourable when considering the dimensions of the
resulting pencils.

221

6.2 Further Work

6.2

Further Work

The following are some problems which are recommended for further work and
have remained unanswered in the course of this research:
• In Section 2.2 the differences between the 1-D Smith form and its n-D
version have been discussed. It is known that the 1- D invariant polynomials divide, and this comes as a by product of the proof that shows
that any 1-D polynomial matrix can be transformed to its Smith form
by the means EO-E over ~[Zl] [66]. This proof can not be generalised to
the n-D case because the elememtary opertaions do not fully define the
class of unimodular matrices in n-D. It would be quite interesting if an
example of an n-D matrix where the invariant polynomials do not divide
is found or a proof of their divisibility properties is developed .
• Sebeck's counter example [70] has been discussed in Section 2.2 where it
has been seen that the unimodular matrix

u=

(1 -

uv

u2

2
_V

1 + vv

)

(6.1)

cannot be written as a product of some elementary matrices in ~[v, u].
i.e. U can not be reduced to h (its Smith form) using elementary operations over

~[v,

u].

However, it has been noticed during this research that trivial inflating
U by one column and one row allowed U to be written as a product

of elementary matrices. These elementary matrices can be constructed
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from the following elementary operations:

T1 +VT3

--->

7'1+Ur2

The questions this raises are:
Is Sebeck's matrix a canonical form to which other matrices may
reduce, i.e. is it the only matrix which manifest this behaviour?
If not, then does there exist other matrices, particularly secondary

matrices that can be reduced to their Smith form using elementary
operations?
The answer to these two questions was given by considering the unimod-

223

6.2 FUrther Work
ular matrix
3

v )
1- uv

which can be reduced to its Smith form if trivially inflated by two rows
and columns. Hence, one can say that U given by (6.1) is not the only
2 x 2 secondary matrix that manifest the phenomena described above.
It can be seen that trivial expansion (inflation) bears a strong relation

with the fact these matrices can be reduced to their Smith form using
elementary operations. There appears to be some underlying rule: "expansion allows manipulation". This can also be strongly emphasised if
the reduction procedure presented in Chapter 5 is taken into consideration, where trivial expansion has been used extensively as a mathematical
tool and has been shown to be implemented using elementary operations.
It is believed that interpreting trivial expansion (inflation) of polynomial

matrices in terms of module theory might give the underlying reasoning.
Hence two questions need further research:
what is the role played by trivial inflation?
Is there an elementary operations based algorithm that can reduce
an arbitrary polynomial matrix to its smith form, in a manner that
mirrors the I-D method?
• The reduction procedure in Chapter 5 has been seen to possess interesting properties. A computer algorithm has not yet been devised. It would
be very useful if a computer programme is written to implement this reduction procedure using computers. It is suggested that Maple could be
used in writing this code. Maple is a known symbolic package that deals
powerfully with repetitive and tedious symbolic computations, where a
programme can be divided into many independent procedures. This is
quite helpful because it facilitates recognising the source of errors .
• It has been seen that a certain singular Roesser type system matrix is
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the result of the reduction algorithm presented in Chapter 5, it would
appear interesting to investigate the extent to which computationally this
facilitates the determination of the invariant zero structure developed in
Chapter 3 .
• An appropriate definition of a polynomial matrix zero structure has been
developed in Chapter 3, and has been shown to cover all the rank loss
points of a polynomial matrix. A meaningful definition for the multiplicity of these points has been suggested. However, a method and (or) a
computer algorithm that can compute these multiplicities require further
work.
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