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1.  Introduction 
Nonlinear  and  dispersive  properties  of  Bose-Einstein  condensate  (BEC)  provide  a  pos
sibility  of  formation  of  various  nonlinear  structures  such  as  vortices  and  bright  and  dark 
solitons  (see,  e.g.,  [1]).  Yet  another  type  of  nonlinear  wave  patterns  has  been  observed  in 
a  series  of  experiments  on  the  BEC  ﬂow  past  macroscopic  obstacles  [2].  In  [3]  these  struc
tures  have  been  associated  with  spatial  dispersive  shock  waves.  Spatial  dispersive  shock 
waves  represent  dispersive  analogs  of  the  the  well-known  viscous  spatial  shocks  (oblique 
jumps  of  compression)  occurring  in  supersonic  ﬂows  of  compressible  ﬂuids  past  obstacles. 
In  a  viscous  ﬂuid,  the  shock  can  be  represented  as  a  narrow  region  within  which  strong 
dissipation  processes  take  place  and  the  thermodynamic  parameters  of  the  ﬂow  undergo 
sharp  change.  On  the  contrary,  if  viscosity  is  negligibly  small  compared  with  dispersion 
eﬀects,  the  shock  discontinuity  resolves  into  an  expanding  in  space  oscillatory  structure 
which  transforms  gradually,  as  the  distance  from  the  obstacle  increases,  into  a  “fan”  of 
stationary  solitons.  If  the  obstacle  is  small  enough,  then  such  a  “fan”  reduces  to  a  single 
spatial  dark  soliton  [4].  Here  we  shall  present  the  theory  of  these  new  structures  in  BEC. 
2.  Generation  of  spatial  dark  solitons  in  an  expanding  BEC 
In  the  mean-ﬁeld  approximation,  dynamics  of  BEC  is  described  very  well  by  the  GrossPitaevskii  (GP)  equation  [1] 
i 

∂ψ 
1 
=  − Δψ  +  V  (r)ψ  +  |ψ| 2 ψ, 
∂t 
2

(1) 

which  is  written  in  standard  non-dimensional  units  (see,  e.g.,  [3]).  Here  ψ(r)  denotes  the 
condensate  order  parameter  and  V  (r)  is  the  potential  of  the  external  forces  acting  on  the 
condensate,  as,  e.g.,  the  conﬁning  potential  of  the  trap  and/or  the  potential  of  an  obstacle 
inside  the  BEC.  In  [2],  the  ﬂow  arising  due  to  free  expansion  of  a  BEC  after  its  release  from 
the  trap  was  actually  two-dimensional,  r  = (x,  y),  and  radially  symmetrical.  To  illustrate 
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Figure  1.  Generation  of  a  pair  of  spatial  dark  solitons  by  an  impenetrable  disc  of  radius 
r  =  1  placed  at  (0,  0)  in  a  BEC  radially  expanding  from  the  center  at  (−25,  0).  The 
density  plot  is  shown  at  t  =  12.  Initial  radius  of  the  condensate  R  =  25. 

the  process  of  generation  of  waves  by  the  obstacle,  we  have  studied  the  time-dependent 
numerical  solution  of  the  GP  equation  (1)  where  V  (r)  corresponds  to  interaction  of  the 
obstacle  with  the  condensate.  In  our  simulations,  the  ﬂow  was  modeled  by  a  free  expansion 
of  a  BEC  after  its  release  from  strongly  conﬁning  trap,  and  the  obstacle  was  modeled  by 
an  impenetrable  disk  with  radius  r  =  1.  The  results  of  these  simulations  are  shown  in 
Fig.  1  where  a  pair  of  spatial  dark  solitons  is  clearly  seen  behind  the  obstacle.  It  is  clear 
that  radial  symmetry  is  not  essential  for  a  phenomenon  of  generation  of  such  solitons.  In 
fact,  in  real  experiments  the  ﬂow  near  the  obstacle  can  be  approximated  by  a  uniform  ﬂow 
with  constant  velocity  M  where  in  our  notation  M  is  the  Mach  number.  The  conditions 
for  good  enough  accuracy  of  such  an  approximation  can  be  found  as  follows. 
It  is  convenient  to  temporarily  return  to  dimensional  units.  To  be  deﬁnite,  we  shall 
consider  here  free  expansion  of  a  BEC  in  a  pancake  geometry,  that  is  the  condensate  is 
supposed  to  be �
conﬁned  in  axial  direction  by  a  strong  potential,  so  that  its  axial  size  is 
given  by  a�  =  �/mω� ,  ω�  being  the  frequency  of  the  harmonic  potential  in  the  axial 
direction.  Let  the  transverse  frequency  ω⊥ be  small  enough  so  that  the  Thomas-Fermi 
approximation  is  applied  to  the  distribution  of  BEC  in  radial  (transverse)  direction.  Then, 
before  switching  oﬀ  the  transverse  potential  the  stationary  radial  density  distribution  is 
given  by 
�
� 
n(r) =  C  1  −  r 2 /l2 ,
�

2  2
C  =  mω⊥
l /2g2D , 

(2)

�1/4 
√
3
2
2 
where  l  =  (16/ 2π)N a�  as ω� /ω⊥ 
is  the  radius  of  BEC  before  its  release  from  the 
√
trap,  and  g2D  =  g/ 2πa�  is  the  eﬀective  nonlinearity  constant  in  the  pancake  geometry. 
An  explicit  time-dependent  solution  of  the  cylindrical  GP  equation  for  the  condensate 
freely  expanding  in  radial  direction  from  the  initial  equilibrium  state  (2)  is  given  by  (see, 
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e.g.,  [5]) 
�
� 
r2
C

n(r,  t) =

1  −
 2
,

2  2 
2  2
1 +  ω⊥
t
l (1  +  ω⊥
t ) 

u(r,  t) =


2 
ω⊥
tr

.

2  2 
1 +  ω⊥
t

(3)


−1 
Now,  let  us  consider  the  regions  of  BEC  not  too  far  from  the  axis,  r  �  lωt,  for  t  �  ω⊥
.

Then  in  these  approximations  we  obtain 

n(r,  t)  ∼
=  C/ω 2 t2  , 

u(r,  t)  ∼
=  r/t, 

(4)

that  is  the  density  is  practically  uniform  but  varying  with  time.  In  the  same  approximation 
the 
√ local  healing  length  ξ  and  the  local  sound  velocity 
√ cs  are  given  by  ξ  =  �t/ml,  cs  = 
∼
l/ 2t.  Hence,  the  local  Mach  number  M  =  u/cs  =  2r/l  asymptotically  does  not  depend 
on  t.  Thus, 
we  get  a  supersonic  ﬂow  past  obstacle  if  we  place  the  obstacle  at  the  distance 
√
d  >  l/ 2  from  the  axis. 
Now,  the  ﬂow  can  be  considered  as  uniform  if  the  size  of  the  obstacle  (scaled  here  as 
the  healing  length  ξ  for  a  chosen  moment  of  observation)  satisﬁes  the  condition  ξ/d  �  1. 
For  d  ∼  l  this  gives 
t  �  ml2 /�. 

(5) 

This  condition  does  not  contradict  to  the  condition  t  �  1/ω⊥ if  N as /a�  �  1  which  is 
nothing  but  the  standard  condition  of  applicability  of  the  Thomas-Fermi  approximation 
supposed  in  the  beginning  of  our  discussion. 
At  last,  the  characteristic  time  of  establishing  the  soliton  distribution  is  about  t  ∼
ξ/cs  ∼  mξ 2 /�  and  also  satisﬁes  the  condition  (5),  so  that  the  ﬂow  can  be  considered  as 
quasi-stationary. 
Thus,  we  have  shown  for  this  example  of  BEC  dynamics  that  the  conditions  of  homo
geneity,  uniformity  and  quasi-stationarity  of  the  ﬂow  can  be  satisﬁed  in  experiments  with 
BEC.  Thus,  we  can  simplify  our  treatment  of  oblique  dark  solitons  by  supposing  that  the 
ﬂow  is  uniform  and  homogeneous,  u  = (M,  0)  at  |x| → ∞,  where  M  denotes  the  ratio  of 
the  asymptotic  velocity  of  the  ﬂow  to  the  sound  velocity  corresponding  to  the  asymptotic 
value  of  the  density  n  =  n0  =  1.  Let  at  the  initial  moment  t  =  0  there  be  no  disturbance 
in  the  condensate  so  that  it  is  described  by  the  plane  wave  function 
ψ(x,  y)|t=0  =  exp(iM x) 

(6)

corresponding  to  a  uniform  condensate  ﬂow.  To  be  speciﬁc,  let  us  take  M  =  5.  The 
density  plot  at  t  =  20  is  shown  in  Fig.  2.  It  can  be  clearly  seen  how  a  pair  of  oblique 
solitons  is  formed  behind  the  obstacle.  As  our  simulations  show,  their  length  grows  with 
time  and,  except  in  the  vicinity  of  the  end  points,  the  density  distributions  does  not 
demonstrate  any  vorticity. 
3.  Oblique  soliton:  analytic  solution 
To  obtain  an  analytic  description  of  spatial  dark  solitons  in  a  BEC,  we  notice  that  far 
enough  from  the  obstacle  its  potential  can  be  neglected,  so  we  transform  Eq.  (1)  to  the 
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Figure  2.  Generation  of  a  pair  of  oblique  dark 
solitons  after  “switching  on”  a  uniform  supersonic  ﬂow  (M  =  5)  past  a  disk-shaped  impenetrable  obstacle  of  radius  r  =  1  located  at 
(0,  0).  The  direction  of  the  ﬂow  is  from  left  to 
right.  Density  plot  is  shown  for  t  =  20.  The 
dark  structures  correspond  to  oblique  dark 
solitons,  which  in  turn  generate  the  vortex 
streets  near  the  end  points. 
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Figure  3.  Cross  sections  of  the  density  distributions  for  x  =  20  (dashed  line),  x  =  60 
(solid  line)  and  y >  0  obtained  from  numer
ical  solution  of  the  GP  equation  (1)(M  =  5, 
t  =  20).  These  are  compared  with  soliton 
proﬁles  (13)  with  slope  a  =  10  shown  as  func
tions  of  y  at  the  same  values  of  x  (x  =  20 
corresponds  to  “crosses”  and  x  =  60  to  “cir
cles”). 

so-called  “hydrodynamic  form”  by  substitution 
� �  r 
� 
�
�
�
ψ(r) =  n(r)  exp  i 
u(r )dr exp  (−iµt)  , 

(7) 

Substituting  (7)  into  (1)  and  separating  real  and  imaginary  parts  we  obtain  a  system  of 
equations  for  the  density  n(x,  y)  and  the  velocity  ﬁeld  u  = (u(x,  y), v(x,  y)), 
(nu)x  + (nv)y  = 0, 
�
n2 x  +  n2 y nxx  +  nyy 
uux +  vuy  +  nx  + 
− 
= 0,

8n2
4n

x 
� 2
�
nx  +  n2y  nxx  +  nyy 
uvx  +  vvy  +  ny  +
− 
= 0,

8n2 
4n 
y 
�

(8)


where  we  have  omitted  tildes  for  convenience.  Our  aim  now  is  to  ﬁnd  the  solution  of  this 
system  under  the  conditions  that  the  BEC  ﬂow  is  uniform  at  inﬁnity 
n  = 1,

u  =  M, 

y

v  = 0  at  |x| → ∞, 

(9)

where  M  denotes  the  ratio  of  the  asymptotic  velocity  of  the  ﬂow  to  the  sound  velocity, 
i.e.  the  Mach  number. 
Let  us  seek  a  solution  of  the  form  n  =  n(θ),  u  =  u(θ),  v  =  v(θ),  where  θ  =  x  −  ay  and 
a  denotes  the  slope  of  a  line  with  a  given  phase  (e.g.,  location  of  a  wave  crest)  with  the 
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y-axis.  Substitution  of  this  ansatz  into  the  system  (8)  followed  by  a  simple  integration, 
yields  expressions  for  the  velocity  components  in  terms  of  the  density 
M (1  +  a2 n) 
u  = 
, 
(1 +  a2 )n

v  =  − 

aM (1  −  n) 
, 
(1  +  a2 )n

(10) 

where  the  integration  constants  were  chosen  according  to  condition  (9).  Besides  that,  we 
get  the  ordinary  diﬀerential  equation  for  the  density 
1
(1 
4 

+  a 2 )(n2	θ  −  2nnθθ ) + 2n 3 −  (2  +  p)n 2 +  p  = 0,	

(11)

where 
p  =  M 2 /(1  +  a 2 ).	

(12) 

Equation  (11)  with  the  condition  (9)  for  the  density  at  inﬁnity  can  be  easily  integrated 
(see  [4]  for  details)  to  give  the  desired  solution  in  the  form  of  a  dark  soliton 
n(θ) = 1  − 

1  −  p 
√
. 
cosh [ 1  −  p  θ/ 1 +  a2 ] 
2

√

(13) 

The  velocity  components  can  then  be  found  by  substitution  of  this  solution  into  Eqs.  (10). 
Thus,  formula  (13)  gives  the  exact  dark  spatial  soliton  solution  of  the  GP  equation.  We 
call  it  “oblique”  because  it  is  always  inclined  with  respect  to  the  direction  of  the  supersonic 
ﬂow.  To  compare  the  analytic  solution  (13)  with  the  results  of  numerical  simulations,  we 
have  calculated  the  parameter  p  from  Eq.  (12)  using  the  value  of  the  slope  a  inferred  from 
the  numerical  solution.  A  comparison  of  the  theoretical  proﬁle  of  the  oblique  dark  soliton 
given  by  Eq.  (13)  with  the  corresponding  part  of  the  density  proﬁle  in  the  full  numerical 
solution  is  shown  in  Fig.  3.  The  excellent  agreement  between  these  two  proﬁles  conﬁrms 
that  the  line  patterns  in  Fig.  2  are  indeed  oblique  dark  solitons  generated  by  the  obstacle. 
The  developed  here  theory  explains  qualitatively  the  patterns  observed  in  the  experi
ment  [2]  where  the  large  amplitude  nonlinear  waves  generated  by  the  BEC  ﬂow  past  an 
obstacle  are  clearly  seen. 
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