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Abstract
In this paper we use a phenomenological continuum theory of the Ginzburg-Landau
type to address emulsion formation in water/light hydrocarbon/asphaltene systems.
Based on the results of recent molecular dynamics simulations, we first calibrate the
model parameters and show, that the theory produces a reasonable equation of state.
Next, the coalescence of oil droplets is studied by a convection-diffusion dynamics as
a function of both the surface coverage and the viscosity contrast between the asphaltene and the bulk liquids. We show, that, besides the traditional thermodynamic
interpretation of emulsion formation, the timescale of drop coalescence can be controlled independently from the interfacial tension drop, which offers an alternative,
solely kinetic driven mechanism of emulsion formation.
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Introduction
Emulsions are known as mechanically stable mixtures of at least two, immiscible liquids,
which is due to the presence of a foreign material, called surfactant. 1 Emulsions appear in
many fields of everyday life, ranging from cosmetics and food processing, 2 to medical applications, 3–5 or even enhanced crude oil recovery. 6,7 Regarding the latter, asphaltene stabilized
systems are surrounded by constantly increasing interest for two reasons: (i) separation of
water containing crude oil emulsions is a complex process, 8 and (ii) understanding the microscopic mechanisms involved in emulsion formation in these systems might help in designing
new generation of surfactants, 9,10 which would open the possibility of developing a new, environmentally sound and efficient technique for combined CO2 sequestration and Enhanced
Oil Recovery.
In the traditional interpretation, emulsions forms by thermodynamic reason. The molecules
of the surfactant migrate to the liquid-liquid interfaces and lower the interfacial tension. The
interfacial tension is a monotonously decreasing function of the surfactant concentration, and
tends to zero. Since the thermodynamic driving force of the phase separation is the interfacial tension, the phase separation process practically stops at vanishing interfacial tension,
and the mixture is stabilized. Although this is a simple and generally accepted explanation, this is not the only possible mechanism of emulsion formation (at least theoretically).
The general requirement for emulsion formation is the termination of the phase separation
process. Besides the thermodynamic driving force (i.e. the interfacial tension), the process
speed also depends on kinetic factors, therefore, the phase separation also stops for diverging
viscosity and vanishing diffusion coeffients, independently from the interfacial tension drop.
This might happen in asphaltene containing oil/water systems: Asphaltenes are solid in
the bulk, and, according to the results of molecular dynamic simulations, 11 even monolayers
forming at oil/water interfaces behave like the bulk solid. In this case, the fluid flow is locally
suppressed (because of the diverging viscosity in the solid layer), and the deformation of the
solid layer is possible only by diffusion, which is usually slower by at least 3 orders of magni2

tude than convective transport. If the diffusion of liquid molecules is also suppressed in the
surfactant layer, phase separation practically stops, since the transport of liquid molecules
accross the interface is forbidden. The macroscopic picture of this scenario is simple: When
oil-filled ping-pong balls floating in water meet, no drop coalescence happens, since the thin
solid plastic shell completely blocks the transport of oil and water. The question is, whether
this scenario is adequate on the nanoscale. If it is, it can reveal the mechanism of emulsion
formation in asphaltene containing oil/water systems, in which the interfacial tension drop
is found to be strongly limited (. 50%), 12–14 but the emulsion still forms. 15,16
In measuring the interfacial tension, atomistic approaches can be used to model equilibrium interfaces, and the results are in good agreement with experimental data. 11 Nevertheless, the simulations are very limited in both space and time, thus necessitating the
development of a mesocale theory capable of addressing the emulsion formation process itself. Continuum theories describing a surfactant coated interfaces originate from Gompper
and Zschocke, 17 and Theissen and Gompper, 18 while the model of Teramoto and Yonezawa 19
has been used to describe droplet growth dynamics in the oil/water system. A most successful version of the theory is developed by van der Sman and van der Graaf, 20–22 which
was generalized by Liu and Zhang. 23 A similar approach was published by Teng, Chern and
Lai. 24 The models have been applied for addressing the Marangoni effect appearing in these
systems due to the inhomogeneous interfacial tension. A comparative study of the aforementioned models is available by Li and Kim, 25 while a detailed numerical analysis was done by
S. Engblom and co-workers. 26 Theoretical analyses and consistent formulation of the generalized van der Sman / van der Graaf model for two qualitatively different systems, as well
as numerical simulations of spinodal decomposition in diffusion driven systems have recently
been published by Tóth and Kvamme. 9,10 All the aforementioned works addressed thermodynamics driven emulsion formation in liquid systems, i.e. a situation, in which the phase
separation stops because of the vanishing interfacial tension. Although some works include
hydrodynamics, while others do not, the phase separation speed is expected to be essentially
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proportional to the interfacial tension, since constant kinetic parameters (viscosity and diffusion coefficients) were used in these works. In contrast, a recent study of Tóth and Kvamme 10
addressed surfactant assisted liquid phase separation in water/heptane/asphaltene systems
by a convection-diffusion dynamics with local composition dependent viscosity. According
to the results, a composition dependent viscosity may have a major effect on the speed of
phase separation. Therefore, in the present work we study the process of drop coalescence as
a function of both the surface coverage and the viscosity of the asphaltene to check whether
the concept of dynamic emulsion formation is relevant for these systems.

Theory
In the Ginzburg-Landau type approach of the van der Sman and van der Graaf, 20 the free
energy F of the inhomogeneous system is given in terms of the two conserved order parameters: the difference of the local and temporal mass densities of the liquids normalized by
their equilibrium values, i.e. φ(r, t) := [ρ2 (r, t)/ρ02 ] − [ρ1 (r, t)/ρ01 ], and the normalized surfactant mass density ψ(r, t) := ρ3 (r, t)/ρ03 . The dimensionless phenomenological free energy
functional reads: 9,10,20,26
Z
F=

dr {fCH (φ) + fψ (ψ) + f1 (φ, ψ)} ,

(1)

where

fCH (φ) = g(φ) + (∇φ)2 ;
fψ (ψ) =

1
[ψ log(ψ) + (1 − ψ) log(1 − ψ)] + γ(∇ψ)2 ;
β

f1 (ψ, φ) = α ψfc (φ) .

Here fCH (φ) is the usual Cahn-Hilliard free energy density of a phase separating binary
system, where g(φ) =

(1−φ2 )2
.
4

The logarithmic term in fψ (ψ) is the entropic part of the free
4

energy of mixing of the surfactant with the bulk phase, while the square gradient term is
the lowest order contribution to the energy accounting for spatial correlations in interacting systems. 27,28 In general, the free energy density should contain all ∇ci · ∇cj terms in
an N -component systems characterized by the compositions {c1 , c2 , . . . , cN }, however these
terms are neglected here. Finally, fc (φ) = fe (φ) − δS (φ) linearly couples the binary phase
separation to the surfactant field. The enthalpic contribution fe (φ) = φ2 /2 expresses that
presence of the surfactant is energetically penalized in the bulk liquids, while the surface delta
function δS (φ) can be regularized on several fashions for continuum models. 26 In agreement
with the results of our previous works 9 we choose δS (φ) = g(φ) resulting in broadening interface with increasing surfactant composition. In the surfactant-free case (i.e. ψ(r, t) ≡ 0),
Eq. (1) reduces to a simple Cahn-Hilliard model generating the equilibrium planar interface solution φ0 (x) = tanh(x/2). Accordingly, the length scale λ = δ/2 and the free
energy density scale f0 = (3/2)(σ/δ) results in the dimensional free energy F = F0 F, where
F0 = (3/2)(δ/2)D (σ/δ) (here D is the spatial dimensionality of the problem), generating
thus the surfactant-free planar interface solution φ0 (z) = tanh(z/δ) with interfacial tension
σ. The parameters α, β and γ can be interpreted as follows: α is a coupling parameter expressing that the surfactant wants to migrate from the bulk liquids (φ = ±1) to the interface
(φ = 0), while β is necessary to establish (Langmuir or Frumkin type) physical adsorption
isotherms. 9 Furthermore, γ controls the expansion of the surfactant at the interfaces. It is
worth mentioning, that additional terms mimicking interactions related to the presence of
the surfactant 29 are also can be included in the free energy functional. While some of the
possible extra terms (like adding a term ∝ ψ 2 accounting for the interactions between surfactant layers) make no qualitative difference in the behavior of the model, including more
complex interactions do: For instance, modeling steric interactions necessitate the introduction of the geometry of the surfactant molecules, which can be done by re-formulating Eq.
~ New terms in Eq. (1) then can be included expressing
(1) in terms of a vector phase-field ψ.
~ ψ|
~ must mach with the normal
that (i) the orientation of the surfactant molecules ~nψ = ψ/|

5

of liquid-liquid interfaces ~nφ = ∇φ/|∇φ|, and that (ii) the spatial change of ~nψ is penalized.
Such a description can be done on the basis of orientation / vector field based phase-field
descriptions, 30 or alternatively, multidomain-field models. 31
The general planar (1-dimensional) equilibrium solution of Eq. (1) can be determined
by solving the Euler-Lagrange equations δF/δφ = 0 and δF/δψ = µ, where δ/δy stands for
the functional derivative of F with respect to y = φ, ψ, i.e.:
δF
δφ
δF
δψ

= (1 − α ψ)(φ3 − φ) + α ψ φ − 2 (∇2 φ)


φ2
1
ψ
= −α g(φ) + α + log
− 2 γ (∇2 ψ) ,
2
β
1−ψ

(2)
(3)

while µ = (δF/δψ)ψ0 is the equilibrium diffusion potential of the surfactant in the bulk
liquids, i.e. far from the interface. We note, that the value of φ0 emerges from the symmetry
properties of the Euler-Lagrange equations and is related to ψ0 as
φ20 =

1 − 2 α ψ0
.
1 − α ψ0

(4)

The time evolution of the system is driven by a convection-diffusion type dynamics.
Assuming incompressible flow, the scaled kinetic equations read as: 10

φ̇ = ∇2 (δF/δφ)
τ ψ̇ = ∇ · [ψ(1 − ψ)∇(δF/δψ)]
v̇ = ∇ · (R + D)
∇·v = 0 ,

(5)
(6)
(7)
(8)

where v(r, t) is the macroscopic velocity field, ẏ = ∂y/∂t + v · ∇y denotes the material
derivative, τ is the relative time scale of the surfactant diffusion, while the reversible and
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viscous stress tensors read as:

R = −p I − w [(∇φ ⊗ ∇φ) + γ (∇ψ ⊗ ∇ψ)]
D = ν h(φ, ψ) [(∇ ⊗ v) + (∇ ⊗ v)T ] ,

(9)
(10)

where p is the non-equilibrium thermodynamic pressure, w emerges from the scaling, and ν is
the dimensionless average viscosity of the liquids. We note, that the form of the non-classical
reversible stress R defined by Eq. (9) emerges from the least action principle, 32 yielding the
Gibbs-Duhem relation :
∇ · R = −φ ∇

δF
δF
−ψ∇
.
δφ
δψ

(11)

In order to model the solid-like behavior of the bulk surfactant, we use

h(φ, ψ) :=

1+φ
1−φ
x1 +
x2 + A[exp(b ψ) − 1] ,
2
2

(12)

where x1 and x2 are the viscosities of the liquids relative to the average liquid viscosity,
while A and b are experimental constants accounting for the presence of the asphaltene.
As indicated by Table 1, the time scale  and the dynamic parameters τ , w and ν can be
expressed in terms of physical quantities, such as the equilibrium interfacial tension (σ) and
interface thickness (δ), the liquid-liquid and the surfactant diffusion constants (D0 and Dψ ,
respectively), the average mass density of the system (ρ), and the average dynamic viscosity
of the liquids (µ).
From the viewpoint of physical consistency, it is important to justify the assumption of
incompressibility. In case of constant total density (ρ0 ), the local volume fraction (ϕi =
dVi /dV ) and mass fraction (ci = dmi /dm) of a component coincide (ci = ϕi = ρi /ρ0 , where
ρi = dmi /dV is the local mass density of the component), 33–35 and can be related to the
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variables of the model as:

ϕ1 (r, t) = [1 − φ(r, t) − ψ(r, t)]/2 ;

(13)

ϕ2 (r, t) = [1 + φ(r, t) − ψ(r, t)]/2 ;

(14)

ϕ3 (r, t) = ψ(r, t) .

(15)

Consequently, the physical interpretation of φ(r, t) and ψ(r, t) is recovered via [ρ2 (r, t)/ρ02 ] −
[ρ1 (r, t)/ρ01 ] = ϕ2 (r, t) − ϕ1 (r, t) = φ(r, t) and ρ3 (r, t)/ρ03 = ϕ3 (r, t) = ψ(r, t). Moreover,
the conservation of the component densities indicate the conservation of φ(r, t) and ψ(r, t).
Finally, the incompressibility is also satisfied, since:
3
X

ρi (r, t) = ρ0

i=1

3
X

ϕ(r, t) ≡ ρ0 ,

(16)

i=1

independently from the value of φ(r, t) and ψ(r, t).
Table 1: Parameters of the dynamic equation. See the main text for details.


τ

w

ν

δ2
2 D02

1 D0
2 β Dψ

3σδ
D02 ρ

µ 2
ρ D0

Results
Calibration
In order to calibrate the theory, the equation of state (EOS) has to be determined numerically.
The EOS is defined as the interfacial tension (relative to the surfactant-free system) as a
function of the surface coverage. The relative interfacial tension (κ) and the scaled surface
8

coverage (ω) read:
3
κ =
4
Z
ω =

+∞

Z

dx {I[φ∗ (x), ψ ∗ (x)] − I[φ0 , ψ0 ] − µ [ψ ∗ (x) − ψ0 ]}

(17)

−∞
+∞

dx {ψ ∗ (x) − ψ0 } ,

(18)

−∞

where I[.] stands for the total integrand of Eq. (1), φ∗ (x) and ψ ∗ (x) denote the solution of
the Euler-Lagrange equations for the bulk surfactant load ψ0 [the corresponding φ0 is defined
by Eq. (4)]. For a schematic 1-dimensional solution of the EL equations see Fig 1. The
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Figure 1: Schematic equilibrium planar interface solution of the model. The liquid-liquid
interface is represented by a −1 → +1 transition in the liquid-liquid order parameter φ
(solid blue curve), while the surfactant composition ψ shows a maximum at the interface
(red curve). The scenario is characterized by the bulk liquid density (φ0 ) and surfactant
composition (ψ0 ), the surface load ψa , and/or the total amount of absorbed surfactant per
unit area, the surface coverage (ω).
dimensional surface coverage (Γ, measured in molecules/nm2 ) can be calculated as

Γ = n̄(δ/2)w ,

(19)

where n̄ is the average molar density of asphaltenes (in the bulk state), and δ the interface
width of the surfactant-free system. For the Nexbase 2002 water/hydrocarbon/asphaltene
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system the EOS is known from experiments, indicating the Langmuir form: 14

κ(Γ) = 1 +

RT
σ





Γ
Γ∞ log 1 −
,
Γ∞

(20)

where σ0 is the interfacial tension in the surfactant-free system, R = 8.31 J/(mol K) the
gas constant and T the temperature. Fig. 2 shows the experimental equation of state for
T = 300 K, σ = 40 mJ/m2 and Γ∞ = 3 molecules/nm2 , 14 corresponding to ω∞ = 20 for
δ = 2.5Å (indicating ≈ 0.5 nm 10% − 90% interface width 11 ) and n̄ = 2000 mol/m3 . To
find the best fitting model EOS, we solved the 1-dimensional diffusion equations described
by Eqns. (5)-(6) for v ≡ 0 as a function of the model parameters (α, β, γ) and the surface
coverage ω. The reason is that the dynamic equations prescribe conserved variables, i.e. the
total amount of the surfactant is fixed in a calculation. At fixed values of the model parameters the dynamic equations were solved on an N = 4096 pixel 1-dimensional grid with grid
spacing h = 0.1 for 128 different surfactant loads simultaneously on one GPU (Graphical
Processing Unit) by using a quasi-spectral, semi-implicit operator splitting based numerical
scheme, 36,37 indicating thus periodic boundary conditions. The initial conditions for the different surfactant loads read φ(x, 0) = {1 − tanh[(x − x0)/2]}{1 + tanh[(x + x0)/2]}/2 − 1 and
ψ(x, 0) = 2 Ωi /L, i = 1 . . . 250. Here L = N h and x0 = L/4, while the spatial coordinate
for grid index j = 0 . . . N − 1 is calculated as x = j h − L/2. Note that for almost perfectly
absorbing interfaces Ωi ≈ ωi , i.e. the surface coverage should be equal to the total amount
of surfactant. After 25 million time steps with dt = 0.1, the maximal relative change in the
bulk surfactant load / surface coverage / interfacial tension was less than 10−7 in 100.000
time steps. The convergent numerical equation of state κ(ω) for α = 0.625, β = 32 and
γ = 0.25 is shown in Fig 2, which indicates a reasonable fit to the experimental curve in
the following sense: The experimental curve ends at a certain interface coverage, since in
most cases only monolayers of big surfactant molecules can form at an interface, therefore,
the interface coverage has a certain limit. Beyond this limit, the extra surfactant molecules

10

relative interfacial tension

1
0.9
0.8
0.7
0.6
0.5
0.4

1

surface coverage

10

Figure 2: Relative interfacial tension drop [equation of state (EOS)] in the present model
(solid curve) as a function of the surface coverage ω. Red squares denote the location of the
numerical simulations for the drop coalescence study. For comparison, an experimental EOS
is also shown (dashed curve).
remain in the bulk phases, and often form micelles beyond the solubility limit. This limit is,
however, not included in our model, i.e. the interfaces can be infinitely loaded. Nevertheless, the interfacial tension saturates for large loads, therefore, similarly to the experimental
results, the relative interfacial tension cannot be less than 0.5, and the thermodynamics
driven emulion formation (attributed to vanishing interfacial tension) is excluded. Since the
slowdown of the drop coalescence is a qualitative effect (i.e. the drop colascence speed must
decrease by orders of magnitude), the model EOS together with the phenomenologically
contructed viscosity should be suitable to address the phenomenon, despite the lack of quantitativeness. Fig 3 shows order parameter profiles for surface coverage ω = 24, which was a
fitting point to molecular dynamics data 11 (for the water/heptane/asphaltene model system)
in our previous study. (In the MD simulations ω = 24 was possible to reach, since it was a
slightly different model system compared to the experimental one.) Since the figure shows
a reasonable agreement between the results of molecular dynamics data and our numerical
order parameter profiles, indicating thus the physically correct calibration of highly loaded
interfaces. We note, that our goal is not to choose a specific material but to describe the
characteristic properties of water/light hydrocarbon/asphaltene systems.
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Figure 3: Order parameter profiles for the highly loaded equilibrium planar interface from
molecular dynamics simulations (dashed curves) and from the present model (solid curves)
for surface coverage ω = 24.
The parameters of the dynamic equations were chosen to coincide with the parameters in
our previous study. Therefore, typical values mimicking a water/heptane/asphaltene system
were used: At reservoir circumstances (room temperature, T ≈ 300K, and 10 − 100 MPa
pressure) the mass average mass density of the constituents reads as ρw ≈ 850 kg/m3 . 11
The diffusion constant for the heptane in water is approximately D0 ≈ 7.0 × 10−10 m2 /s, 38
while the typical diffusion constant of the asphaltene in heptane reads as Dψ ≈ 1.5 × 10−10
m2 /s. 39 The kinematic viscosities read as µ0w = 1 mPas 40 and µ0h = 0.4 mPas 41 for the pure
water and heptane, respectively. The viscosity of the heptane/asphaltene system can be
approximated by Eq. (12), resulting in b ≈ 25.75, 41 while A is to be determined according
to the desired viscosity contrasts in the simulations. finally, the physical parameters result
in the model parameters τ̃ψ = 0.073, w̃ = 1.73 × 104 , whereas the dimensionless viscosities
read as ν̃w = 2857 and ν̃h = 1633.

Drop coalescence study
After fitting the model parameters resulting in a reasonable equation of state and order
parameter profiles, drop coalescence has been studied as a function of the surface coverage
and the viscosity contrast between the bulk surfactant and the liquids. Our previous study
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predicted significant hydrodynamic effect even for small surface coverage during the eraly
stage of phase separation, therefore, we investigated the speed of drop coalescence in an
already developed emulsion. As a first step, a circular droplet was equilibrated for a fixed
surface coverage by solving the dynamic equations. The equations have been solved for v ≡ 0
on a 2048 × 2048 domain with grid spacing h = 0.5 and δt = 0.1 time step. The physical
diameter of a droplet was then d ≈ 0.1 µm. The initial condition was interpolated by using
the 1-dimensional planar interface solution. After 1 million time steps the droplet was equilibrated. As the initial condition of the drop coalescence calculations, we put 2 equilibrated
droplets from the previous calculation next to each other with a slight (≈ 10% corresponding
to ψ = 0.1) overlap in the surfactant fields (see Fig 4), thus mimicking the event when two
droplets meet. The drop coalescence simulations were performed on a 4096x4096 grid with

Figure 4: Initial condition for the drop coalescence simulations: liquid-liquid order parameter
(φ(r, 0), on the left), and surfactant concentration (ψ(, 0), on the right). Two equilibrated oil
droplets at a certain surface coverage are placed into the water next to each other. Note that
only the surfactant layers are in contact with each other (on the right). Correspondingly, a
thin water layer can be observed between the two oil droplets (on the left).
grid spacing h = 0.5 and dt = 2.5 × 10−3 in the presence of fluid flow. The phenomenon
was studied as the function of both the surface coverage and the viscosity contrast between
the bulk surfactant and the liquids (see Eq. 12). After starting a simulation, fluid flow was
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generated at the liquid-liquid interfaces (due to the capillary stress), initiating thus the drop
coalescence process. To quantify the speed of the process, we detected r(t), the position of
the φ(r, t) = 0 contour line along the vertical axis (see Fig 5) as a function of time. Naturally,

Figure 5: Snapshot of the liquid-liquid order parameter φ(r, t) during a drop coalescence
simulation. To describe the process, the position of the φ(r, t) = 0 isoline along the vertical
axis (indicated by the green arrow in the figure) is tracked as a function of time. The velocity
field is indicated by blue vectors.
no such point exists at t = 0 in the present of surfactant, since the two droplets are separated by a thin liquid layer: Note, that the surfactant layers are in contact in the initial
condition, not the φ = 0 contour lines of the two droplets (except the surfactant free case).
Therefore, a transient time t0 is needed until this point appears [t0 ≈ 250 in Fig 6(a)]. The
front position r(t) then has two characteristic regimes: (i) a quasi-linear developing period
between t0 and t1 = t(r = r1 ), where r1 ≈ r0 /3, and r0 is the final radius of the coalesced
droplet, and (ii) the saturation regime for t > t1 . To measure the speed of drop coalescence
we used two definitions [see Fig 6(b)]: (i) we measured the total elapsed time τ until the
front position reaches a particular value r1 , and (ii) we also measured ∆τ , the time elapsed
14

between the two front positions r1 ± ∆r. The only important thing is that all the front
positions should be in the quasi-linear developing stage, since in the long-time regime r(t)
converges to the same value, r0 , independently from the parameters. Accordingly, we chose
r1 := 150 ≈ r0 /3, and ∆r = 50, and evaluated τ and ∆t as a function of both the surface
coverage and the viscosity contrast. The simulations were performed for surface coverages
ω ≈ 0, 0.75, 2.5, 5.5, 9.7, 15.5, 22 and 30 (shown in Fig 2), while the values A = 1.5 × 10−8+p
(p = 1, 2, 3) were used in Eq. (12) indicating thus bulk surfactant / bulk liquid viscosity
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Figure 6: Time dependence of the front position [r(t), see Fig 5 for the definition] during
drop coalescence. The speed of coalescence is quantified by (i) the total elapsed time (τ )
from the beginning of the simulation, until the front position reaches a certain value (shown
by the red arrow), or (ii) the elapsed time between two front positions (∆τ , indicated by the
blue arrow).
rized in Fig. 7, where the relative elapsed time s(ω) := τ0 /τ (ω) [and ∆τ0 /∆τ (ω)] is shown
for different viscosity contrasts. Here τ0 (and ∆τ0 ) is the elapsed time in the surfactant free
system, therefore, the relative elapsed time shows the deceleration factor of the process. As
expected, all curves start at s(0) = 1 (surfactant-free system), and show decreasing tendency
with increasing surface coverage, meaning that the presence of the surfactant decelerates the
coalescence. The same is can be observed as a function of the viscosity contrast: increasing
viscosity contrast results in decreasing process speed. The most interesting part is, that at
high interface loads (ω ≈ 20 − 30, while ω = 24 is the fitting for the highly loaded profile, see Fig 3) the process slows down enormously, i.e. by orders of magnitude (note the
logscale on Fig 7). Roughly speaking, the slowdown of the coalescence process is inversely
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Figure 7: Relative drop coalescence speed τ (0)/τ (Γ) (on the left) and ∆τ (0)/∆τ (Γ) (on the
right) as a function of the surface coverage Γ. The effect of viscosity contrast (at constant
diffusion coefficients, on the top) and variable diffusion coefficient (at fixed viscosity contrast,
on the bottom) are shown. For comparison, the equation of state (black solid curves) and
the expected upper diffusion limit (red/blue solid curves) are also shown.
proportional to the viscosity contrast. This indeed explains why the asphaltene-containing
oil-water systems can be ”stable” emulsions: In real systems, the viscosity contrast between
the (otherwise solid) bulk asphaltene and the liquids can be 12 orders of magnitude. Even
if the nanometer-thick asphaltane monolayers formed at the liquid-liquid interfaces do not
show this enormous contrast in their effective viscosity, the asphaltene surely suppress the
flow generated by capillary forces at the interfaces, resulting thus in orders of magnitude
longer lifetime of the droplets / slower phase separation. This happens independently from
the interfacial tension drop, which is then not responsible for the emulsion formation.

Although the numerical simulations are limited to finite viscosity contrasts, the question
what happens in case of highly loaded interfaces (ω ≈ 20 − 30) in the absence of fluid flow
(corresponding to infinite viscosity contrast) still must be answered. First of all, the system
becomes diffusion dominated for |v|  |∇ · JD | [i.e. when the velocity field is negligible
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compared to the magnitude of the diffusion fluxes in Equations (5) and (6)]. According
to our previous study, the speed of phase separation follows the EOS in this case. In the
surfactant-free system, our simulations suggest an ≈ 104 faster fluid flow driven process
compared to pure diffusion (when v ≡ 0 is set). Therefore, for highly loaded interfaces and
infinite viscosity contrast the relative drop coalescence speed in our simulations is expected
to be lower than the surface tension reduction × diffusion/flow process speed contrast in the
surfactant-free system. But this refers only to constant diffusion coefficients, and the effect
of the thin water layer between the two initial droplets also has to be taken into account. It
is reasonable to assume, that an asphaltene monolayer blocks not only the capillary forces,
but also the diffusive transport of liquid molecules. The simplest way of including this
effect is utilizing the Stokes-Einstein relationship for the diffusion coefficient of the liquids.
Consequently, Eq. (5) can be replaced by

φ̇ = ∇ · [d(φ, ψ)∇(δF/δφ)] ,

(21)

where the dimensionless diffusion coefficient d(φ, ψ) := h(φ, 0)/h(φ, ψ) is introduced [h(φ, ψ)
is defined by Eq. (12)]. Note that d(φ, ψ) is inversely proportional to the local viscosity
contrast, and d(φ, ψ) ≡ 1 for ψ(r, t) ≡ 0 (surfactant-free case). d(φ, ψ) is then expected
to reduce further the speed of phase separation as a function of surface coverage. As it is
indicated in Fig. 7, the slowdown factor of 2 − 3 emerges from this source in case of the
bulk viscosity contrast of 100. The expected overall reduction factor is then surface tension
reduction × diffusion/flow process speed contrast in the surfactant-free system × diffusion
contrast × factor emerging from the thickening water layer. Our calculations suggest that
for highly loaded interfaces the diffusion driven coalescence process does not start (i.e. the
oil droplets are not in contact with each other) in t ∼ O(106 ), indicating thus at least one
order of magnitude extra slowdown from this source. This result also suggests, that even
the diffusion controlled system does not follow the interfacial tension drop prescribed by the
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EOS. The overall slowdown with constant diffusion contrast is expected to be then at least 5
orders of magnitude compared to the surfactant-free case, which is further increased by the
diffusion contrast, resulting thus in the ”stable” emulsion.

Limitations of the numerical method
To solve Equations (5)-(8) numerically we use an operator-splitting based quasi-spectral
semi-implicit method. 36 The time stepping for a variable is done in the spectral space as:

y t+∆t (k) := y t (k) +

1
f t (k) ,
1 + ∆t sy (k) t

(22)

where fyt (k) denotes the Fourier component of the right-hand side of the equation ∂y/∂t =
fy (. . . ) at time point t, and sy (k) is a suitably chosen splitting operator in the form
(y)

(y)

(y)

sy (k) = S1 k 2 + S2 k 4 + S3 k 6 + . . . ,
(y)

where Si

(23)

are non-negative constants determined by the mathematical structure of fy (. . . ).

(For details, see Reference 27, for example.) For the Navier-Stokes equation, S1v is proportional to magnitude of the scaled viscosity. The time stepping scheme is nearly unconditionally stable for arbitrary ∆t, which is a huge advantage, but the numerical error of the solution
is proportional to the magnitude of ∆t sy (k). It means, that for increasing viscosity contrast, smaller ∆t should be chosen in order to control the error, while, coincidentally, longer
physical time of the simulation is needed because of the slowdown of the drop coalescence
process. These factors then work against each other, making large (> 1000) viscosity contrasts practically inaccessible. In order to take all time scales into account simultaneously,
including the fluid-flow dominated surfactant-free system to the high-viscosity contrast, slow
process speed scenarios, novel numerical methods (such as rigid body techniques based on
the dynamic detection of solid-like areas 42,43 ) must indeed be applied.
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Summary
In this work the drop coalescence process has been studied qualitatively in water/oil/asphaltene
systems. In a scenario, where the interfacial tension drop is limited, emulsion stability cannot
be interpreted by the traditional picture of emulsion formation. The formation of emulsions
in these systems is rather due to kinetic effects related to the solid-like behavior of the surfactant layer. The phenomenon was addressed by using an convection-diffusion type dynamics
utilizing a phenomenological free energy functional. This approach defines two time scales
for the system: the time scale of diffusion, and the time scale of fluid flow. In the surfactantfree water-hydrocarbon system fluid flow dominates over diffusion down to the microscale,
since capillary forces generate 3 orders of magnitude stronger velocity fields compared to the
magnitude of diffusion fluxes. The presence of the surfactant (asphaltenes), however, changes
the situation: A rigid asphaltane monolayer forming at the water / oil interface compensates
capillarity, i.e. locally suppresses the fluid flow. Consequently, the surfactant layer can be
deformed only by diffusion, which is also the only possible transport mode for the liquid
molecules to travel through this layer. This phenomenon can be modeled by using a local
composition dependent shear viscosity prescribing high contrast between the viscosities of
the bulk asphaltene and the bulk liquids. According to our results, the phase separation
process / speed of drop coalescence decreases roughly proportional to the viscosity contrast.
This effect is limited by the diffusion, which comes into play when the velocity field becomes
negligible compared to the diffusion fluxes. Although the maximal expected slowdown of
the drop coalescence process is 3 orders of magnitude compared to the surfactant-free case,
this applies only in the case of constant diffusion coefficients. Nevertheless, the diffusion
coefficients are also expected to be local composition dependent, indicating thus that the
asphaltene layer may block the transport of liquid molecules between the two sides of the
interface, which apparently leads to a ”stable” emulsion. Summarizing, we have a strong
theoretical evidence that emulsion formation in water / light hydrocarbon / asphaltene systems can be driven solely by a fluid flow → diffusion controlled kinetic transition, where the
19

interfacial tension drop is irrelevant.
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(36) Tegze, G.; Bansel, G.; Tóth, G. I.; Pusztai, T.; Fan, Z.; Gránásy, L. J. Comp. Phys.
2009, 228, 1612 – 1623.
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