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Abstract
This thesis is on a new method for improving the convergence speed of the normalised
least mean square (NLMS) algorithm when the input is a coloured signal, such as speech,
that can be decorrelated using linear prediction. The proposed method gives a significant
improvement in the convergence speed and requires very little additional computation in
terms of arithmetic operations and memory space. It is also very easy to implement. An
important aspect of the proposed method is its inherent stability irrespective of the order
of the prediction-error filter or the manner in which it is adapted. This allows the
proposed method to be used without any restrictions beyond those of the conventional
NLMS algorithm. Following the stability analysis, a further improvement to the basic
proposed method is suggested. This improvement is restricted to the cases where the
input signal is decorrelated by a prediction-error filter of up to order two. The proposed
method finds immediate application in acoustic echo cancellation in hands-free
telephones where the impulse response of the system (echo path) to be identified is very
long and the identification has to be done in real time. Such an application requires an
algorithm with low computational complexity and a fast rate of convergence. In general,
the proposed method can be used where the input coloured signal can be decorrelated
using linear prediction.

VI

1. Introduction

When implementing adaptive systems, the least mean square (LMS) algorithm [I], [2]
and its commonly used normalised form the NLMS algorithm [3], [4] are very popular.
This is because they are easy to implement, have a very low computational complexity
and are robust. One area where these algorithms have found a wide application is in
acoustic echo cancellation in hands-free telephones. In this application, the system (the
echo path) to be identified can have a very long impulse response and it has to be
identified in real time. Hence the LMSINLMS algorithms, due to their low computational
complexity, are the preferred methods for updating the adaptive filter. Whereas the
convergence speed of these algorithms is very good when the input is a white noise
signal, the convergence speed is severely degraded when the input is a coloured signal
such as speech. This is a major drawback of these algorithms.

In a bid to improve the convergence speed of the NLMS algorithm, several authors have
suggested modifications to the basic algorithm. Modifications that use step-size control
have been suggested as in [5]-[7]. A geometrical interpretation of the NLMS algorithm
[8] has been used to develop projection algorithms such as those suggested in [9]-[13].
Sub-banding techniques for improving the convergence speed of the NLMS algorithm
have been proposed in [14]-[21].

Linear prediction [22] can be used to decorrelate a class of coloured signals that can be
modelled as autoregressive CAR) processes. A number of authors [23]-[30] have
suggested methods that use the decorrelated signal in the adaptation loop to improve the
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convergence speed. One advantage of these methods is that the additional computation
load is minimal. They will be reviewed further in Chapter 4 in connection with their
application in acoustic echo cancellation, as the work presented in this thesis is based on
this technique.

It must be emphasised that the list given here, of the techniques used to improve the
convergence speed of the NLMS, concentrates mainly on those methods that find
application in acoustic echo cancellation and so it cannot be said to be exhaustive. Other
methods have been suggested that are tailored to meet specific applications. It should also
be noted that some of the methods mentioned here combine, say, decorrelation with step
size control, subbanding with step size control or even decorrelation, subbanding and step
size control. Hence the grouping given above is quite loose.

This thesis is un the improvement of the convergence speed of the normalised least meansquare (NLMS) algorithm by use of pre-whitening techniques. The improvement is done
with an application in acoustic echo cancellation, in hands-free telephones, in mind. The
thesis is organised into eight chapters.

Chapter 2 introduces the general concepts of adaptive systems. The various factors that
need to be considered when designing adaptive systems are discussed. The discrete-time
optimum Wiener filter is reviewed and the normal equations are discussed. Two
stochastic gradient algorithms, namely the steepest descent and the LMS algorithms are
singled out for special attention. The effect of the nature of the input signal on the
convergence speed of these two methods is discussed, where it is shown that white noise
leads to a fast convergence speed and a coloured signal leads to a slow convergence
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speed. The factors that affect the convergence and stability of these methods are also
discussed.

In Chapter 3, the decorrelation of a stationary discrete-time stochastic process, USIng
linear prediction, is discussed. Linear prediction is carried out by use of an all-zero
prediction-error filter. The autoregressive (AR) modelling of the stochastic process is first
introduced where it is shown that the AR process can be considered as the output of a
linear all-pole filter driven by white noise. The complementary nature of the AR
modelling and linear prediction is highlighted and it is shown that the prediction-error
filter can be used to analyse the AR process to extract the underlying white-noise process.

The white-noise process extracted from the stochastic process has been used by several
authors to improve the convergence speed of the LMSINLMS algorithms in the presence
of a coloured input signal. A review of some of these methods is carried out in Chapter 4.
This review is mainly of those methods that use the prediction-error filter to pre-whiten
the coloured input signal. The review is further narrowed to those methods that find
application in acoustic echo cancellation in hands-free telephones. The review serves to
illustrate the various factors that need to be considered in the development of these
methods and to identify the aspects that require further research.

In Chapter 5, a new pre-whitened algorithm, designed to improve the convergence speed
of the NLMS algorithm is proposed. This method addresses three main factors that need
to be taken into account when developing pre-whitening techniques. These are:
improvement of the convergence speed, additional computation load and stability. The
proposed method approximates the ideal case in the least-squares sense. A computational
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complexity analysis of the proposed method is carried out and the computation load is
compared to that of the conventional NLMS algorithm and some of the other prewhitening methods which are closely related to the proposed method.

The issue of stability is so important that Chapter 6 is devoted to a stability analysis of the
proposed method. The proposed method is shown to be stable for any order of predictionerror filter allowed to adapt without any restrictions. Following the stability analysis, a
further improvement to the proposed method is suggested. This improvement gives a
faster convergence speed but places a restriction on the order of the prediction-error filter
used to decorrelate the coloured signal.

Computer simulations carried out to test the performance of the proposed method are
presented in Chapter 7. Particular emphasis is put on the acoustic echo problem and
hence, in most of the simulations, the input signal is speech. However, to test the
performance of the method when the input signal has a very large eigenvalue ratio (EVR),
some simulations are carried out with the input as an AR process with parameters chosen
to give the desired EVR.

The conclusions drawn from this study are discussed in Chapter 8. The achievements and
limitations of the proposed method are discussed. Suggestions are also made on possible
areas where further work needs to be carried out to enhance the performance of the
proposed method.

Throughout the body of the thesis, various references are cited. These include published
papers and books. A list of these references is included at the end of the thesis. The
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format adopted is that of the Institute of Electrical and Electronic Engineers (IEEE)
Journals. In the appendix, the computer programmes used to carry out the simulations are
presented.
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2. Adaptive Systems

2.1 Introduction
In general, the design of signal processing systems requires a priori knowledge of the
information to be processed. When this information is unknown, either exactly or
statistically, it may not be possible to design the desired optimal system. One way of
dealing with such a situation is to use an adaptive system. An essential feature of an
adaptive system is its time-varying, self-adjusting performance. Such a system relies for
its operation on a recursive algorithm. The algorithm starts from some predetermined set
of initial conditions, representing complete ignorance about the environment in which the
system is operating, and converges to the optimal system after a number of iterations. In
developing recursive algorithms, various factors, some of them conflicting, have to be
considered. The main ones [2], [31] are briefly discussed next:
(1) Rate of convergence: This is defined as the number of iterations required for

the algorithm to converge to the optimum value in a stationary environment. A
fast rate of convergence is desirable. In a non stationary environment, a fast
convergence rate enables the algorithm to satisfactorily track the variations.

(2) Misadjustment: This parameter provides a quantitative measure of the amount
by which the final value of the error deviates from the minimum error defined
by the cost function.

(3) Robustness: This refers to the ability of the algorithm to operate satisfactorily
with ill conditioned input data.
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(4) Computational complexity: This includes (a) the number arithmetic operations

required in one iteration of the algorithm; (b) the memory size required to
store data and the program and (c) the ease with which the algorithm can be
programmed on a computer.
(5) Numerical properties: The issues of concern here are (a) the manner in which

error introduced at an arbitrary point in the algorithm propagates to future
time instants and (b) the effects of round-off noise on the output.
(6) Structure: This refers to the structure of information flow in the algorithm. A

structure with high modularity, parallelism or concurrency, is well suited for
implementations using very-large scale integration (VLSI).

Adaptive systems have found a wide range of applications in digital signal processing of
sampled random signals [2],[32]-[34]. One such application is direct system identification
where the unknown system is modelled by a tapped-delay-line filter.

2.2 Direct System Identification
In direct system identification we assume that both the input to and the output of the
unknown system are available for measurement. The task is to develop a model for this
system as a Finite Impulse Response (FIR) filter implemented in transversal form. This
consists of a set of delay-line elements and a corresponding set of adjustable coefficients
which are connected as shown in Fig. 2.1. At time n, the input consists of M samples
u(n), u(n-I), ... ,u(n-M+ I) which are multiplied by the corresponding tap weights wo,
Wl, ... ,WM_l

to give the output signal y(n). The difference between y(n) and d(n), the actual

output of the unknown system, is the estimation error e(n). The estimation error e(n) is
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used as the input to an adaptive control algorithm which makes corrections to the tap
weights in the transversal filter. The tap weights take on a new set of values for use in the
next iteration. This process is repeated for a sufficiently large number of iterations until
e(n) is minimised in some statistical sense. It can then be said that the values of the tap
weights model the unknown system. When the unknown system is time varying, the
adaptive algorithm has to continually track the variations in the system.

urn)
Unknown System

u(n-M+2)

u(n-2

W

_
M 1

den)

+
)---+(

L }---+(
ern)

Adaptive Control Algorithm

Fig. 2.1 Modelling of an Unknown System

2.3 The Discrete Wiener Filter
To express the discrete Wiener filter theory [35], matrix notation is used and real-valued
data is assumed. The tap weight vector denoted by w is of dimension M by I, given by:

w = [wo, W 1"'"

8

WM_1]T

(2.1)

and the input vector u(n) is also of dimension M by I, given by

u(n)

=[u(n), u(n -I),.··, u(n -

M

+ 1)

r

(2.2)

In Wiener filter theory, the mean square error criterion is used to optimise the filter.
Specifically, the tap weights are chosen to minimise an index of performance J(w),
defined as the mean-square value of the estimation error e(n). J(w) is expressed as:

J(w) =

E[le(n)I']

(2.3)

where El.] is the mathematical expectation operator.

The output of the filter, yen), is the inner product of wand u(n) and so the estimation
error, e(n), defined as the difference between yen) and the desired output, den) can be
expressed as

e(n)

= den) -

w T u(n)

Therefore
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(2.4)

J(W) = E[\e(n)\2]

(2.5)

= E[d 2(n)] - WTE[u(n)d(n)]- E[d(n)u T(n)]w + w TE[u(n)u T(n)]w
Assuming that u(n) and den) are jointly stationary and that den) has zero mean. Eq. (2.5)
may be written as

(2.6)

where cr~ =E[d 2(n)] is the variance of the desired response; p=E[u(n)d(n)] is the M by 1
cross-correlation vector between u(n) and den) and R=E[u(n)u \n)] is the M by M
autocorrelation matrix of the tap input vector u(n).

From Eq. (2.6). J(w) is found to be a second order function of the tap-weight vector w
and hence has a global minimum. To determine the optimum tap-weight vector Wo. J(w)
is differentiated wi th respect to w to get the gradient vector V and the resul t set equal to
zero.

(2.7)
=-2p+2Rw

When w = Wo. V is a null vector and hence from Eq. (2.7) the following result is obtained

10

Rwo=P

(2.8)

Eq. (2.8) is the discrete Wiener-Hopf equation [35], [36] also known as the normal
equation. Its solution yields the optimum tap-weight vector Wo as follows
Wo

= R-'p

(2.9)

The requirement an adaptive algorithm has to satisfy is to find a solution for the tapweight vector that satisfies the normal equation. In the following two sections, two
algorithms which are used to solve the normal equation are briefly discussed.

2.4 The Method of the Steepest Descent
Although the solution of Eq. (2.8) is straightforward, it presents serious computational
difficulties, especially when the filter contains a large number of taps and the input data
. rate is high. In acoustic echo cancellation, filters with 1000 taps are not uncommon. This
will result in a 1000 by 1000 autocorrelation matrix R. If the speech signal is sampled at
the rate of 8kHz, the duration of each iteration is 0.125ms and the inversion of R, among
other computations, has to be done within this time. The method of steepest descent
provides an alternative to this problem. This method is summarised in four steps as
follows [31]:
I. An initial value, w(O), for the tap-weight vector is chosen. Typically, w(O) is set

equal to the null vector.
2. The gradient vector is computed using this initial guess, w(O), or the present
estimate, w(n), for other than the first iteration.
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3. The next estimate of the tap-weight vector is computed by making a change in
the initial guess or present estimate in a direction opposite to that of the
gradient vector.
4. We go back to step 2 and repeat the process.
Successive corrections of the tap-weight vector in the direction of the negative gradient
should eventually lead to the minimum mean-square error J min at which point wen) = WO'

If V(n) and wen) denote the values of the gradient vector and tap-weight vector
respectively at time n, then according to the method of the steepest descent, the updated
value of the tap-weight vector at time n+ I is computed by the recursive relation

I
wen + I) = wen) --IlV(n)
2

(2.10)

where 11 is a positive real-valued constant and 112 is introduced for convenience. If Rand
P are assumed to be known, replacing V(n) in Eq. (2.10) by its equivalent of Eq. (2.7)
gives the following updating equation.

wen + I) = wen) + Il{p - Rw(n)}

(2.11 )

The parameter 11 controls the size of the incremental correction applied to the tap-weight
vector from one iteration to the next. It is an important parameter and its choice is critical
since it affects the performance of the algorithm as will be discussed in Section 2.6.
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2.5 The Least Mean Square Algorithm

In practice, exact measurements of the gradient vector are not possible and the gradient
vector has to be estimated from the available data. In this case, the tap-weight vector is
updated in accordance with an algorithm that adapts to the incoming data. One such
algorithm is the Least Mean Square (LMS) algorithm [I], [2]. The main feature of this
algorithm is its simplicity, since it requires neither the evaluation of the correlation
functions nor matrix inversion.

An estimate of the gradient at time n, V(n), is found by using an estimate of Rand p. The
simplest choice of the estimator for Rand p is the instantaneous estimates that are based
on sample values of the tap-input vector u(n) and the desired response den). These
estimates, are given by the following equations, where a hat over the symbol is used to
distinguish the estimates from the actual values.

R(n)

= u(n)u

T

(n)

pen) = u(n)d(n)

(2.12a)
(2.12b)

Hence, the instantaneous estimate of the gradient vector is

V(n) = -2u(n)d(n) + 2u(n)u T (n)w(n)

(2.13)

Such an estimate is said to be unbiased since its expected value equals the true value of
the gradient vector. Substituting Eq. (2.13) in Eq. (2.10), (the steepest descent algorithm
equation), the following recursive relation for updating the tap-weight vector is obtained.
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wen + I) = wen) + ~u(n){d(n) - UT (n)w(n)}
(2.14)
= wen) + ~u(n)e(n)

Eq. (2.14) is the updating equation for the LMS algorithm. The LMS algorithm is also
known as the stochastic gradient algorithm. It is important to note, however, that the
allowed set of directions along which one moves from one iteration to the next is quite
random and cannot therefore be thought of as being gradient directions.

To make the statistical analysis of the LMS algorithm mathematically tractable, the
fundamental assumption is used which is broken down into four parts as follows [31]:
I. Each input vector, u(n), is statistically independent of all previous vectors u(k) ..
That is

E[uT(n)u(k)]=O

k=O,I, ... ,n-1

(2.15)

2. Each input vector, u(n), is statistically independent of all previous samples of
the desired response, d(k)

E[u(n)d(k)] = 0

k = O,I, .... ,n-1

(2.16)

3. The sample den) is dependent on the corresponding input vector, u(n), but
statistically independent of all the previous samples d(k), k=O, I ,.... ,n-l.

14

4. u(n) and den) consist of mutually Gaussian distributed random variables for all

n.
The statistical analysis of the LMS algorithm based on the fundamental assumption is
called the independence theory.

If now the expected values of both sides of Eq. (2.14) are taken and the independence
theory applied, the result is

E[ wen + I)] =

E[ w(n)] + f.l{ E[u(n)d(n)]- E[ u(n)u T (n) ]E[ Iv(n)

J}

(2.17)

This reduces to

wen + 1) = wen) + f.l{p - Rw(n)}

(2.18)

which is the same as the Eq. (2.11), the updating equation for the steepest descent
algorithm. This allows for a stability analysis for the method of the steepest descent to be
carried out that also applies to the LMS algorithm in the mean.

2.6 Stability and Convergence Analysis
The parameter f.l controls the size of the incremental correction applied to the tap-weight
vector from one iteration to the next. It is also variously referred to as the step-size
parameter, weighting constant or convergence factor. It is an important parameter and its
choice is critical since it determines whether the algorithm is stable or not. The maximum
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value that it can assume is determined by the maxImum eigenvalue of the input
correlation matrix R.

R is a symmetric positive definite matrix [37] and may be expressed using similarity
transformation as follows:

(2.19)

Q has its columns an orthogonal set of the eigenvectors of R. A is a diagonal matrix and
has its diagonal elements the eigenvalues of R. These eigenvalues, denoted by AI,

A2, .... AM are all positive and real.
?

Let the weight-error vector c(n) at time n be defined as

c(n) = wen) -

Wo

(2.20)

Eliminating p between Eqs. (2.8) and (2.11), the result can be rewritten using c(n) to get

c(n + I) = {I - JlR }c(n)

(2.21)

Substituting for R in Eq. (2.21), and premultipling both sides by QT noting that QT=Q.I,
the following result is obtained.

(2.22)

16

If yen) is defined as

yen) = QTc(n) = QT {wen) - wo}

(2.23)

then Yen) should approach zero as the number of iterations increases. Rewriting Eq.

(2.22), we have

v(n + I)

= {I -!lA }v(n)

(2.24)

If the initial tap-weight vector, w(O), is assumed set to zero as is usually the case, then

v(O) = Q T{w(O) - wo}

(2.25)
=_QT Wo

Considering the kth element of the vector v(n+ I) denoted by vk(n+ I), we have

k = 1,2, ... ,M

(2.26)

where Ak is the kth eigenvalue of R.

Eq. (2.26) is a homogenous difference equation of the first order. Assuming vk(n) has
initial value Vk(O), the solution is easily obtained as
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k

= 1,2, ... ,M

(2.27)

vk(n) will exhibit no oscillations since all Ak are positive and real.

For stability of the steepest descent algorithm, the magnitude of (H1Ak ) must be less than
I for all k. Then as the number of iterations, n, approaches infinity, all elements vk(n) die
out. Since all Ak are real and positive, it follows that the necessary and sufficient
condition for convergence of the steepest descent algorithm, and hence convergence in
the mean of the LMS algorithm, is that the step-size, J.1, satisfy the following condition

(2.28)

where Amax is the largest eigenvalue of R.

The choice of J.1

as in Eq. (2.28) ensures that the LMS algorithm will ultimately

converge, in the mean, to the optimum Wiener solution. However, this convergence does
not usually take place uniformly. The rate of decay of each element vk(n) depends on the
magnitude of the term (\-J.1Ak) and since, in general, these eigenvalues will be distinct,
some modes will converge more slowly than others. The exception to this is if all of the
eigenvalues of the correlation matrix R are equal, as is the case when the input signal is
white. The problem of non-uniform convergence due to eigenvalue disparity is one of the
major disadvantages of the LMS algorithm. The overall effect of a big spread in
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eigenvalues is to slow down the convergence speed since the upper bound on 11 is set by
the reciprocal of the maximum eigenvalue which means that the mode corresponding to
the minimum eigenvalue will converge very slowly.

Some authors [38]-[40] have shown that, for stability, a much tighter bound than that
given in Eq. (2.28) for the step size is necessary. Moreover, in most practical applications,
prior knowledge of the correlation matrix R is not available and hence it is difficult to
estimate the value of Am• x. A much tighter bound given by

2

0<11 <-M-2,A,

(2.29)

k=J

where Ak are the eigenvalues of R, is normally used. This imposes a smaller upper bound
on the step size 11 since Am" ::; 2,~=1 A, . This bound is also easier to estimate since the
sum of the eigenvalues of a matrix equals the trace of the matrix. Thus

M

2,A, = tr[R]

(2.30)

k=1

The trace of R equals the sum of the mean-square values of the tap inputs and the
unbiased instantaneous estimate of tr[R] is given by the squared norm of the input vector
u(n). This leads to the normalised least mean-square (NLMS) algorithm whose updating
equation is gi ven by
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·
u(n)e(n)
w (n + I) = w (n) + ~ ---"-r'--'---'-'U (n)u(n)

(2.31 )

where now 0 :0; ~ :0; 2. This updating equation is identical to that of Nagumo and Noda [3],
where they refer to their method as "learning identification".

2.7 Summary and Discussion
In this Chapter the essential features of adaptive systems and their areas of application
have briefly been discussed. One such application is in the direct system identification
where the unknown system is modelled by a tapped-delay-line filter. The discrete Wiener
filter .theory is then discussed where the normal equation, defining the optimum filter, is
derived. Two adaptive algorithms, the steepest descent and the LMS algorithms are then
introduced. These are just two of the many algorithms used to seek the optimum Wiener
solution. The stability and convergence characteristics of these two methods are discussed
where the eigenvalues of the correlation matrix are seen to play an important role in
determining the value of the step-size and the convergence speed. The ideal input signal
for the LMS algorithm is the white noise. This is because white noise has an eigenvalue
ratio (EVR) of unity where EVR is the ratio of A.mw< to

A.min.

In this study, this problem of the slow convergence of the LMS algorithm when the
correlation matrix of the input signal has a big eigenvalue spread is addressed. Coloured
signals such as speech have a large EVR. If an unknown system, excited by speech, is to
be identified using the LMS algorithm, the problem of slow convergence can be very
restrictive especially if the unknown system has a long impulse response. The acoustic
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echo path in hands-free telephones is an example of such a system. The acoustic echo
path can have an impulse response of several hundred taps and it has to be identified in
real time for effective cancellation of the echo. The low computational complexity and
robustness of the LMS algorithm makes it an obvious choice for such an application,
however since speech is the exciting signal, the convergence speed is severely degraded.

In Chapter 3, decorrelation of autoregressive CAR) processes by use of linear prediction is

briefly discussed. Since speech can be modelled as an AR process, the technique
discussed can also be used to decorrelate speech. The use of the decorrelated coloured
signal to improve the convergence speed of the LMS algorithm will be central to this
study.
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3. Linear Prediction of Stationary Discrete-time Stochastic Processes

3.1 Introduction

The term stochastic process or random process is used to describe the time evolution of a
statistical phenomenon according to probabilistic laws [41). Speech signals. television
signals and the output of a communication channel are some examples of a stochastic
process. A stochastic process is said to be strictly stationary if its statistical properties are
invariant to a time shift. Specifically. for a discrete-time stochastic process [42). [43)
represented by the time series u(n). u(n-I) •...• u(n-M+I) to be strictly stationary. the joint
probability density of these observations made at times n. n-I •...• n-M+ I must remain the
same no matter what values are assigned to n for fixed M.

Usually. it is not possible to determine. by means of suitable measurements. the joint
probability density function for an arbitrary set of observations made on a stochastic
process. However partial characterisation of the process can be made by specifying its
first and second moments. The first moment of the process {u(n)), is the mean-value
function. f.!(n). defined as

f.!(n)

= E[ u(n)]

(3.1)

where E is the mathematical expectation operator. The second moment is the
autocorrelation function defined as
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r(n, n - k)

= E[ u(n)u(n -

k)],

k=O, ±l, ±2,. .. ,

(3.2)

where real-valued data is assumed.

For a discrete-time stochastic process that is strictly stationary, these two quantities
assume simpler forms. The mean-value function is a constant and the autocorrelation
function depends only on the difference between the observation times nand n-k. Thus

fl(n)

= fl,

for all n

(3.3a)

and
r(n, n - k) = r(k)

(3.3b)

When k = 0, corresponding to a lag of zero, reO) equals the mean-square value of u(n):

reO)

= E[lu(n)j'l

(3.4)

The conditions defined by Eq. (3.3) are not sufficient to guarantee that the discrete-time
stochastic process is strictly stationary. However, if these conditions are satisfied, the
process is said to be wide-sense stationary, weakly stationary or stationary to the second
order. For stochastic process {u(n)} to be wide-sense stationary, the following condition
must also be satisfied [62].

(3.5)
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This condition is ordinarily satisfied by stochastic processes encountered in the physical
sciences and engineering.

3.2 Autoregressive Model of a Stochastic Process
A stationary discrete-time stochastic process can be modelled as the output of a linear
discrete-time filter driven by white noise process as input [44]. The stochastic model that
will be considered here is the autoregressive (AR) model. A time series u(n), u(n-I), ... ,
u(n-M) is said to represent the realisation of an AR process of order M if it satisfies the
following difference equation

u(n)+a1u(n-l) + ... +aMu(n-M)=v(n)

(3.6)

where ai, a2, ... , aM are constants called the AR parameters, and yen) is a white noise
process assumed to have zero mean and variance cr;. That is

E[v(n)]=O

foralln

(3.7a)

and
E[ v(n)v(k)] =

{g,L

~~~rwise

(3.7b)

Eq. (3.6) can be written as a convolution sum

M

L,aku(n-k)= v(n)
k=O
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(3.8)

where

<IQ

= I. By taking the z-transforrn of both sides of Eq. (3.8), the difference equation

has the equivalent form

TA (z)U(z) = V(z)

(3.9)

where TA(z) denotes the z-transforrn of the sequence {an}. Eq. (3.9) can be interpreted in
two ways depending on whether the AR process {u(n)} is viewed as the input or output.
I. With the AR process {u(n)} as the input, the filter with transfer function
T A(z)=V(z)IU(z) will produce the white noise process {v(n)}. TA(z) is a finite
impulse response (FIR) filter and it is called the AR process analyser.
2. With the white noise process {v(n)} as the input, the filter with transfer
function T dz)=U(z)N(z)=lfT A(Z) will produce the AR process {u(n)}. T dz)
is an infinite impulse response (IJR) filter and it is called the AR process
generator.

T A(Z) is an all-zero filter and hence it is inherently stable. T dz) is an all-pole filter and
for it to be stable, all its poles must lie inside the unit circle in the z-plane. This in turn
requires the zeros of T A(Z) to lie within the unit circle since T G(z) is the inverse of T A(Z).

If both sides of Eq. (3.8) are multiplied by u(n-I) and expectation applied, the following

equation is obtained.

E[~ a

k

u(n - k)u(n -I)] = E[ v(n)u(n -I)]
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(3.10)

The right hand side of Eq. (3.10) is zero for 1>0 since u(n-I) only involves samples of the
white noise process up to time n-I, which are uncorrelated to the white noise sample v(n}.
The left hand side is simplified by interchanging the expectation and the summation and
recognising that E[u(n-k)u(n-I)] equals the autocorrelation function r(l-k) of the AR
process for a lag of I-k. Thus Eq. (3.10) simplifies to

M

I,akr(l- k) = 0,

(3.11 )

1>0

k=O

where

ao =

I. It is seen that the autocorrelation function of the AR process satisfies the

difference equation

r(l) = b,r(i- 1) + b,r(i- 2)+" +bMr(i- M),

(3.12)

1>0

where bk = :ak, k = 1,2, ... , M. If Eq. (3.12) is written for J =.1,2, ... , M, a set of M
simultaneous equations is obtained as follows

r(O)

r(l)

r(M-I)

b,

r(l)

r( -1)

r(O)

r(M - 2)

b,

r(2)

=
r(-M+I)

r(-M+2)

r(O)

(3.13)

r(M)

The set of equations given in (3.13) is known in the statistical literature as the YuleWalker equations [44], [45] and can be written compactly as
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Rb=r

(3.14)

Eq. (3.14) can be solved for b to get the desired vector a = -b, of the AR parameters.

3.3 One Step Forward Linear Prediction
Given a set of past sample values of a stationary discrete-time stochastic process, it is
possible to estimate a future value of the process by linearly combining the past values.
This operation is termed linear prediction. Many papers have been written on this subject
and an excellent review is given by Makhoul [22) and the relevant papers are cited
therein. Specifically, given the time series u(n), u(n-I), ... , u(n-M), representing (M+ I)
samples of such a process up to and including time n, the operation of prediction involves
linearly combining the sample values u(n-I), u(n-2), ... , u(n-M) to make an estimate of
u(n). This operation corresponds to one-step prediction into the future, measured with
respect to time u(n-I), and is referred to as forward linear prediction.

Let the estimated value of u(n) be denoted by li(n). Then lien) is given by

M

lien) = I,[ku(n-k)
k=1

(3.15)
=fTu(n-l)

where f and u(n-I) are M by I vectors given by [fl h ... , fM)T and [u(n-I), u(n-2), ... , u(nM»)T respectively. fk are constant coefficients referred to as predictor coefficients. The
prediction error e(n) is defined as
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e(n) = u(n) - u(n)
(3.16)
=u(n)-f T u(n-1)

With the input assumed to have zero mean, e(n) will likewise have zero mean. The
coefficients fk are usually unknown and they have to be determined from the incoming
data. These coefficients are chosen such that they minimise the mean-square error J(f)
defined as

(3.17)

where reO) is as defined in Eq. (3.4), r is the cross-correlation vector between the taps
input vector u(n-I) and the sample to be estimated u(n), and R is the correlation matrix of
the tap inputs. Eq. (3.17) is quadratic in f and hence it has a global minimum. To get the
optimum weights vector fo, Eq. (3.17) is differentiated with respect to f and the result
equated to zero. This yields the normal equation

Rfo =r
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(3.18)

which can be solved for the optimum predictor coefficients vector f o.

A comparison of the normal equation (3.18) for the forward predictor with the YuleWalker equation (3.14) for the AR process, shows that these two systems have the same
mathematical form. Thus it can be stated that when a forward predictor is optimised in the
mean-square sense, its tap weights take on the same values as the corresponding
parameters of the AR process. When the process is not autoregressive, however, the use
of a predictor provides an approximation to the process.

3.4 Computation of the Predictor Coefficients
A number of methods, such as the Levinson-Durbin recursive procedure [46], [47], exist

for solving Eq. (3.18) for the predictor coefficients. These are well documented by
Makhoul [22]. The method discussed here uses the LMS algorithm to adaptively compute
the predictor coefficients [31].

A 'comparison of Eq. (3.18) for the optimum vector of the predictor coefficients with Eq.

(2.8) for the optimum taps weight vector in direct system identification shows that they
have the same form. Hence a predictive filter can be modelled in the same manner as a
direct system identification filter. The desired response now is u(n) and the input to the
tap weights is the M by I vector u(n-I) = [u(n-I), u(n-2), ... , u(n-M)]T where M is the
order of the predictor. Fig. 3.1 shows the structure of the adaptive prediction-error filter.
The updating equation is simply

fen + I)

= fen) + Ilu(n -I)e(n)
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(3.19)

where 11 is the step size and e(n) is the predictor error.

u(n)

u(n-2)

u(n-M+l)

Adaptive Control Algorithm

Fig 3.1 Adaptive Prediction-error Filter

3.5 Whitening Property of the Prediction-error Filter
In Section 3.2, the white-noise process {v(n)} was defined as consisting of a sequence of
uncorrelated random variables. The process has zero mean and variance cr~ as given in
Eq. (3.7b) which is repeated here for ease of reference.

E[v(n)v(k)] =

{cr~, k=n
0,

.
otherwIse

(3.20)

At time n, the value of the process is uncorrelated with all past and future values of the
process. Hence white noise is unpredictable since prediction relies on the presence of
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correlation between adjacent samples of the input process. As the order of the predictionerror filter is increased, the correlation between adjacent samples of the input process is
successfully reduced until ultimately a point is reached where the output process consists
of a sequence of uncorrelated samples. The whitening of the input process is thereby
achieved.

The whitening property of a prediction-error filter, operating on a stationary discrete-time
stochastic process is intimately related to the AR modelling of the process. The operation
of prediction-error filtering may be viewed as one of analysis .. The prediction-error filter
is an all-zero filter. By choosing the prediction order M sufficiently large, the operation
whitens the process (u(n)} since the prediction error e(n) consists of uncorrelated
samples. When this condition has been achieved, (u(n)} is represented by the predictor
tap weights (fk ) and the pr~diction error power cr; = Elle(n)1

2

].

The operation of AR

modelling of (u(n)} may be viewed as one of synthesis. (u(n)} is generated by applying a
white-noise process (v(n)} to the input of an all-pole filter whose parameters are set equal
to the AR parameters (bd = -(ad as described in Eq. (3.12) and evaluated using Eq.
(3.14). The parameters of these two operations are related as follows

= -b k

(3.2Ia)

cr , = cr 2v

(3.2Ib)

fk

and
2

The all-pole synthesis filter must have all its poles inside the unit circle for stability. The
all-zero analysis filter is an inverse of the all-pole synthesis filter and hence its zeros are
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located in exactly the same positions, inside the unit circle, as the poles of the synthesis
filter. Such a filter is said to be minimum phase [48].
3.6 Summary and Discussion
In this Chapter the autoregressive (AR) modelling of a stationary discrete-time stochastic
process has been briefly discussed. This consists of an all-pole linear filter with the input
as white noise with zero mean and constant variance, and the output as the desired
process when the AR parameters are appropriately chosen. One step forward linear
prediction of a stationary stochastic process has also been discussed. The prediction-error
filter was found to be an all-zero filter. When the prediction order is high enough, the
prediction error is white noise with zero mean and constant variance. The roles of this
two operations - AR modelling and linear prediction - are complementary. The operation
of AR modelling can be viewed as one of synthesis, and that of prediction-error filtering
as one of analysis.

The whitening property of the prediction-error filter will play a central role in this study.
It was shown in Chapter one that white noise was the ideal signal for exciting the LMS

algorithm. Having found a means of extracting the underlying white-noise process in a
stationary stochastic process, the task now is to find a way or ways of using the white
noise thus extracted to improve the convergence speed of the LMS algorithm when the
input is a coloured signal. In Chapter 4, a brief review, of some suggested methods which
use the prediction-error filter to improve the convergence speed of the LMS algorithm, is
carried out.
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4. The Acoustic Echo Canceller in Hands-free Telephones

4.1 Introduction
In Chapter 2, the adaptive identification of an unknown system using the NLMS algorithm
was discussed. Whereas the NLMS algorithm is easy to implement it was found to have
one major disadvantage - slow convergence speed when the input is a coloured signal. The
convergence speed of the NLMS is however quite good when the input is white noise. In
Chapter 3, the decorrelation of a class of coloured signals was discussed. The underlying
white noise extracted from such signals can be and has been used to improve the
convergence speed of the NLMS algorithm.

In this Chapter, the problem of acoustic echo in hands-free telephones is first considered.
This is a problem of direct system identification. Its choice in this study is due to the fact
that, apart from being currently an active area of research, it is a system with a long
impulse response excited by a speech signal thus creating an environment where the
conventional NLMS algorithm performs poorly. A number of improvements of the
NLMS algorithms, based on the pre-whitening of the input coloured signal using the
prediction-error filter, are then briefly reviewed. It should be emphasised the review is not
exhaustive and only concentrates on those methods used to solve the problem of acoustic
echo in hands-free telephones.
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4.2 Acoustic Echo in Hands-free Telephones
Hands-free telephones are very common in mobile telephony and video-conferencing. For
reasons of safety, many countries recommend or even legislate hands-free operation of
vehicle mounted mobile telephones during driving. However, hands-free operation, with
remotely located microphone(s) and loudspeaker(s) is very sensitive to the car cabin's or
room's acoustic environment in terms of reflections. Since round-trip delays of the order
of lOOms are quite common in communication systems [49], this echo can be very
annoying. To obtain acceptable speech quality, it is necessary to suppress the acoustic
echo resulting from the reflection of sound waves and acoustic coupling between the
loudspeaker and microphone.

An effective way of reducing the echo signal is to use an echo-canceller. Fig. 4.1 shows
the block diagram of a model of an acoustic echo cancelling system.

urn)

CAR
CABIN
ern)

ADC

LPF

Fig. 4.1 Model of an Acoustic Echo Cancelling System
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u(n) denotes the nth sample of the real valued input speech signal, y(n) is the output of
the adaptive filter which gives the estimated echo signal and e(n) is the residual echo
which is output of the echo canceller (EC). G A is the adjustable loudspeaker amplifier
gain which is usually available for adjustment by the near end speaker. Without the EC,
this adjustment can result in round-trip gain of OdB which leads to howling. G F is usually
a fixed gain for amplifying the microphone signal. ADC and DAC represent the analogue
to digital converter and digital to analogue converter respectively. LPF is a low pass filter
and AF is the adaptive filter.

From Fig. 4.1, it is obvious that this is a direct system identification problem similar to
that of Fig. 2.1. The acoustic echo path is the unknown system that need to be identified.
The echo canceller, (EC), is required to adaptively model the echo path impulse response.
The echo path impulse response can be several hundred taps. As an example, if the
speech signal is sampled at the rate of 8kHz, and the acoustic echo duration is about
60ms, then an EC of about 500 taps would be required to model the echo path. The
reverberation time can be 400ms [49] thus requiring an adaptive filter with a large
number of taps to model the echo path. Moreover, the echo path can be highly nonstationary and so the adaptive system has the additional task of tracking this changes.
Examples of room impulse response of a typical family car, with a person sitting on the
drivers seat, are shown in Fig. 4.2 [50]. In Fig. 4.2(a), the driver is sitting with both hands
on the wheel and in Fig. 4.2(b), the driver is sitting with one hand raised. It is seen that
small changes in the car cabin results in major changes of the room impulse response. So
the EC has the additional task of tracking these variations.
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Fig. 4.2 Acoustic Impulse Response of a Car Cabin with a Person Sitting at the Driver's
Seat. (a) The driver sitting with both hands on the wheel; (b) The driver sitting
with one hand raised [50].
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4.3 Review of Some Pre-whitened NLMS Algorithms Used in Acoustic Echo
Cancellation
In Section 4.2, the problem of acoustic echo cancellation was examined. A number of
authors have suggested various techniques of implementing the EC. Most of these
methods are based either on the NLMS algorithm or the Recursive Least Square (RLS)
algorithm. Hansler [51) has given a detailed update of the methods used in the hands-free
telephone problem. Due to the large number of taps required to model the echo path, the
NLMS algorithm, owing to its low computational complexity, is the preferred method in
such an application. However, since the exciting signal is speech, the convergence speed
of the NLMS algorithm is degraded due to the large eigenvalue spread (EVR) of speech
signals. In Chapter one, various publications that seek to improve the convergence of the
NLMS algorithm in such an environment, were cited. The review here will be confined to
those methods based on the NLMS, where the coloured input signal is decorrelated using
prediction-error filters.

In Chapter 2, it was shown that white noise is the ideal signal for the NLMS algorithm. In
Chapter 3, the decorrelation of stationary stochastic processes such as speech, using a
prediction-error filter, to obtain the underlying white noise process was considered. The
task then is to develop schemes that incorporate the decorrelated speech signal in the
NLMS algorithm to improve the convergence speed. To make them viable, such schemes
should be stable and should not increase unduly the computational complexity of the
basic NLMS algorithm. In this section, a review of some of these schemes is carried out.
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Various pre-whitening techniques have been suggested. Most of these algorithms
decorrelate the input coloured signal, and the output or the error signal, using predictionerror filters, then carry out the adaptation of the compensation filter in the residual signal
domain. One of the earliest papers to report the use of pre-whitening by linear prediction
to improve the convergence of the NLMS algorithm was by Yamamoto et al [23]. Their
application was in telephone echo cancellation, but the concepts developed are applicable
to acoustic echo cancellation.

In [24], Hansler suggests a structure that employs two pre-whitening filters and an
inverse filter. One of the pre-whitening filters is used to decorrelate the input to the
adaptive filter (AF). The other pre-whitening filter is placed after the microphone and
thus decorrelates the output of the echo path (unknown system). These decorrelated
signals are used in the adaptation loop. The inverse filter, placed after the summing
junction, is used to recover the near end speech. Simulation results show that the
convergence speed of the NLMS is greatly improved. If the pre-whitening filters are made
adaptive, care should be taken to make sure that the inverse filter, which is an IIR filter,
does not have poles outside the unit circle.

Acker et al [25] have systematically developed a structure that employs two predictionerror filters; one to decorrelate the input signal and the other to decorrelate the error
signal. Whereas the input to the adaptive filter (AF) is the speech signal, the adaptation of
the AF is carried out using the decorrelated signals which replace the actual speech and
error signals in the NLMS algorithm. In another paper, Acker and Vary [27] suggest a
method that combine predictive speech coding with echo cancellation. This is possible
because in predictive speech coding, the decorrelated speech as well as the predictor
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coefficients are available. The predictor coefficients are copied onto the error path to
decorrelate the error signal. To compensate for the retardation caused by the cancellation
filter and the echo path, a delay is introduced in the prediction filter of the error signal.
This delay need to be optimised and in [27], the optimisation is done experimentally. This
realisation gives a modest increase in echo return loss enhancement (ERLE) and a
reduction in computational complexity when compared to [25].

Antweiler and Schmitz [29] have suggested a method that combines two orthogonolising
techniques. The decorrelation of the input and error signals is carried out as in [25].
However, before decorrelating the input signal, a periodic perfect sequence is added to
the input signal. In order to recover the perfect sequence after the linear prediction, the
perfect sequence is first inverse filtered using the predictor coefficients. Perfect sequences
. are characterised by their periodic autocorrelation function which vanishes for all out-ofphase values, i.e. all N phase shifted perfect sequences are orthogonal in the Ndimensional vector space. This makes the perfect sequence an even better signal than
white noise for the NLMS algorithm since white noise is orthogonal in the infinite vector
space. As the power ratio of input signal to the perfect sequence is decreased by
increasing the loudness of the perfect sequence, the performance of this algorithm is
correspondingly improved. On the other hand, the power of the perfect sequence must be
limited to keep the subjective annoyance to the near-end listener sufficiently small. The
authors give a power ratio of 40 dB as an appropriate compromise. The combination of
the two orthogonolising techniques gives a performance better than that attained by each
orthogonolising technique acting alone.
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Frenzel and Hennecke [28]. have proposed a method that uses pre-whitening and step size
control to improve the performance of the NLMS algorithm. Two decorrelation filters.
which are periodically updated using the Levinson-Durbin algorithm [46]. [47] are used
to decorrelate both the input and output of the unknown system. The decorrelated signals
are used in the NLMS algorithm to get the compensator coefficients. These coefficients
are then copied to a second compensator whose input is the undecorrelated signal. The
output of this second compensator is subtracted from the undecorrelated output of the
unknown system to give the desired error signal. This arrangement ensures that there is
no corruption of both the loudspeaker and error signals. Operation in noisy environments
requires control of the step size within the stable range. The authors suggest a method for
adapting the step size that uses an estimate of the system mismatch vector. that is. the
difference between the unknown system and the compensator coefficients' vectors.

Mboup et al [30] present a structure similar to [25] with a detailed analysis of the
transient mean behaviour of the pre-whitened NLMS algorithm. To facilitate this
analysis. the input is modelled as a stationary complex signal in a broad-band noise
background whose EVR can be adjusted by varying the ratio of the complex signal power
to the background noise power and the length of the input vector. In this analysis. it is
shown that pre-whitening does indeed improve the convergence speed of the NLMS
algorithm and the range of the step sizes for which the pre-whitened algorithm is stable is
derived. The coupling effect between the prediction-error filter and compensation filter is
also analysed. In an earlier paper [26]. Mboup et al had presented a paper with a title
similar to that of [30]. In [26. Fig. 2] a simplified structure is presented where only the
input signal is decorrelated. This is promoted by the fact that filtering of the error signal
can attenuate the rapid variations of the echo path buried in the error signal. In [26].
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stability analysis of the "filtered" NLMS structure for a first order fixed prediction-error
filter, with the input signal the same as in [30], is carried out where the conditions that
need to satisfied for stability are derived. These conditions are dependent on the
coefficients of the predictor filter and the parameters of the exciting signal.

4.4 Summary and Discussion
In this Chapter the acoustic echo problem in hands-free telephones was considered. It was
found that the echo path can be modelled as a transversal filter which can be very long
depending on the acoustic environment. Moreover, small changes in the room can result
in major changes in the echo path impulse response. To effectively cancel the acoustic
echo, it was found that the echo path need to be adaptively identified. Due to its low
computational complexity and its robustness, the NLMS algorithm is the preferred
method for updating the compensating filter. However, since speech has a large EVR, the
convergence speed of theNLMS algorithm is severely degraded;

A number of papers which suggest pre-whitening techniques to improve the convergence
speed were reviewed. The aim of these techniques is to improve the convergence speed
without too much overheads in computational complexity. The performances of these
pre-whitened algorithms are usually measured against the conventional NLMS algorithm
using either echo return loss enhancement (ERLE), the mean-square error (MSE) or the
system distance as the performance criteria. As Hansler [51] reckons, there is a lack of
generally accepted performance measures when such a big cross section of papers, where
different test signals are used in different environments, are to be compared among
themsel ves.
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In some of the structures reviewed, inverse filters have been used to recover a desired
signal. These filters are inverses of the respective FIR predictor filters, and hence they are
IIR filters. In Chapter 3, it was shown that prediction-error filters for decorrelating speech
will have their zeros inside the unit circle and so their in verses should be stable IIR filters.
However, in the case where the prediction-error filters are adaptively updated, the
randomness of the adaptation process may at times place some zeros outside the unit
circle. This may cause instability of the inverse filters. One way of avoiding this is to
choose a very small step size for the prediction-error filter. The overall effect of this is to
slow down the compensation process since the input signal is not whitened fast enough.
An'other way is to incorporate some mechanism to check for zeros outside the unit circle.
This requires additional computation. Still another way is to have a prediction-error filter

.
with fixed coefficients, but this would assume that the statistics of the input signal are
known a priori.

The pre-whitening techniques reviewed in this Chapter have a filter or filters added either
to decorrelate the coloured signal, to inverse-filter or simply to introduce a delay as
desired. The result is that the cross-correlation matrix in the pre-whitened NLMS
adaptation equation may no longer be positive (semi-) definite and therefore it may have
complex eigenvalues with negative real part. As was shown in Chapter 2, such a situation
would render the algorithm unstable for all values of the step size. This scenario has not
been adequately addressed in the papers reviewed.

In the following chapters, a new pre-whitened NLMS algorithm is proposed and tested.
The proposed algorithm will be shown to significantly improve the convergence speed of

42

the conventional NLMS algorithm with an additional computation load that is minimal.
The issue of stability will also be addressed where the proposed method will be shown to
be stable.
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S. A New Pre-whitened Adaptive Algorithm

5.1 Introduction

In the last Chapter. a number of pre-whitening techniques. designed to improve the
convergence speed of the LMS algorithm when the input is a coloured signal. were
reviewed. In this Chapter. a pre-whitening method is proposed that decorrelates only the
input signal using a prediction-error filter. modifies it and uses it in the adaptation loop
without affecting the input to both the·unknown system and the adaptive filter (AF). Two
significant differences between this method and some of the previously suggested
methods is that no decorrelation of either the output signal or the error signal is carried
out and there is no inverse filtering.

In developing the new algorithm. three main factors are taken into consideration.
I. The proposed scheme should significantly improve the convergence speed of
the LMS algorithm. Although there isa lack of a generally accepted
performance measure [511. the scheme should approximate in some sense. the
convergence speed that would have been achieved if the input signal was
actually the white noise extracted from the coloured signal.
2. The additional computational complexity should be minimal. One of the
reasons why the NLMS algorithm is chosen in the first place is its low
computational complexity as opposed to other algorithms such as the RLS
algorithm. A compromise needs to be struck between the additional
computation load and the corresponding gain in the convergence speed. At any
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rate, the overall computational complexity of any proposed scheme should be
far less than that of the RLS algorithm.
3. The proposed algorithm should be stable. The conventional NLMS algorithm is

inherently stable within the allowable range of step sizes. Pre-whitened
algorithms require additional filters that may introduce instability as was
explained in Section 4.4. A good measure of stability in this case would be to
require the proposed algorithm be at least stable under the same conditions that
the conventional LMS algorithm is stable. Sometimes this may not be possible.
However, any restrictions imposed to ensure stability should be such that they
do not compromise too much what was set to be improved in the first place.
Also any mechanisms incorporated to ensure stability should not add too much
to the computational complexity.

Theoretically, the proposed method improves the convergence speed in that it
approximates the Ideal condition, described in factor 1 above, in the· least squares sense.
y

In Chapter 7, this will be confirmed experimentally. The additional computation load will

be shown to be minimal. In Chapter 6, the proposed method will be shown to be stable
for any order of the prediction-error filter with the predictor coefficients allowed to adapt
without any restrictions.

5.2 The Basic Structure of the Proposed Algorithm
In Fig. 5.1, the basic block diagram of the proposed pre-whitening method is shown. It

should be emphasised that the main purpose of this structure is to help in explaining the
principle of the proposed algorithm and in the derivation of the relevant equations and
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does not necessarily give the actual implementation of the proposed algorithm. u(n) is the
input signal and s(n) is the additive ambient white noise at the output which is
uncorrelated to u(n). In the conventional NLMS algorithm, the filters P(z) and B(z) are
absent and the tap input vector u(n)=[u(n),u(n-I), ... ,u(n-M+I)]T, where M is the length
of AF, is used in the adaptation loop as given in Eq. 5.1.

I) =wn
() +Jl
(
wn+

u(n)e(n)
UT (n)u(n)
(5.1)

_ ()
u(n)u T (n) {h - w(n)}
u(n)s(n)
-wn+Jl
2
+Jl
2
[[u(n)[[
[[u(n)[[

where 11.11 indicates the norm of the vector. wen), and w(n+ I) are the estimated coefficient
vectors, of length M, of the AF at times nand n+ I respectively, h is the unknown system
and Jl is the step size.
s(n)

r~~~~====}-~d~'(~n)~~
Unknown System
+

+

E\--~

den)

+

u(n)

~

/

/

P(z)

E}----,

/
Adaptive Filter

yen)

B(z)
Control Algorithm

v(n)

+
L-~~E}-----------------~----~

x(n)

+

Fig. 5.1 Structure of the Proposed Adaptive Algorithm
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e(n)

In the proposed method, the input coloured signal is first decorrelated using a predictionerror filter P(z) to get the underlying white noise process v(n). A new sequence x(n) is
then formed by combining urn) and v(n) as shown in Fig. 5.1. The vector x(n) of length
M, such that x(n)=[x(n),x(n-I), ... ,x(n-M+I)]T is used, instead of urn), to give the
following updating equation

x(n)e(n)
wen + I) = wen) + Jl11x(n)llllu(n)11
(5.2)

( )
= w n + Jl

x(n)u T (n){h - w(n)}
x(n)s(n)
Ilx(n)llllu(n)11
+ Jl;;-llx(-'-n)-io1111o'-'u(n'-;;)11

The predictor coefficients are updated at every iteration using the conventional NLMS
algorithm. The coefficients of B(z) are also updated every iteration using the current
. coefficients of P(z) as will be shown later. For decorrelation of speech, a predictor of
order 8 to 12 is usually uses! [24]. Since the number of predictor taps is far much smaller
than that of the compensator, the predictor adapts very fast relative to the compensator.
The pre-whitener only appears in the adaptation loop and does not affect the input to both
the unknown system and the compensator.

5.3 The concept of the Proposed Method
As was explained in Chapter 2, the eigenvalue ratio (EVR) of the correlation matrix
Ruu=E[u(n)uT(n)], where E[.] is the mathematical expectation operator, determines the
speed of convergence and stability of the NLMS algorithm. Correspondingly, in the
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proposed algorithm, these: two will be determined by the cross-correlation matrix Rxu
=E[x(n)uT(n)]. To improve the convergence speed, the EVR of the cross-correlation
matrix Rxu has to be better than that of Ruu. If yen), the white noise sequence extracted
from u(n), was actually used to excite both the unknown system and the compensator, and
adaptation carried out using the conventional NLMS algorithm, the resulting autocorrelation matrix would be R vv , where Rvv = E[v(n)vT(n)]. This would give the best
achievable EVR in this kind of pre-whitening. However, this cannot be done since the
input-output relations, without the pre-whitener, have to be preserved. Nevertheless, Rvv
is a good measure of what Rxu should approximate.

The cross-correlation matrix Rxu comes about as a result of the updating equation.
However, from Fig. 5.1, it is seen that, using the transfer functions P(z) and B(z), it is
possible to relate the three correlation matrices of interest, namely Ruu , Rvv and Rxu.
The task is to adjust the coefficients of B(z) using the coefficients of P(z) such that Rxu
approximates Rvv in some sense. The idea behind this is that if Rxu is made to
•

approximate Rvv in the pre-whitener, the same will be reflected in the proposed
adaptation equation.

5.4 z-Domain Analysis of the Correlation and Transfer Functions
To simplify analysis, the sequences under consideration are assumed to be stationary and
hence can be described in terms of their correlation functions. Thus for any two
sequences, say x(n) and yen), the cross-correlation function I\lxy(k) and auto-correlation
function I\lxx(k) are defined as follows [2], [52]
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4>xyCk) = E[x(n)y(n + k)],

-=<k<=

(S.3a)

4>xx (k) = E[ x(n)x(n + k)],

-=<k<=

(S.3b)

The z-transforms of these correlation functions are defined as follows

-

<l>x, (z) = L 4>x, (k)Z-k

(S.4a)

k=--

-

<l>xx (z) = L4>xx (k)Z-k

(S.4b)

k=-oo

If X(z) and Y(z) are the z-transforms of x(n) and yen) respectively, and if the two
sequences are related through a transfer function T(z) such that Y(z) = T(z)X(z), then,
using Eqs. (S.3) and (S.4), the following relationships are easily derived [2], [S2].

<l>x, (z)

= T(z)<I>xx (z)

(S.Sa)

<I>,x (z)

= T(z-' )<1>" (z)

(S.Sb)

<1>" (z)

= iT(z)i2 <1>" (z)

(S.Sc)

Using the z-transforrns of the various transfer and correlation functions in Fig. S.l, the
following relationships are developed. The subscripts associated with each <I> indicate the
correlation function being considered.

X(z)

= (P(z) + B(z) }U(z)
(S.6)
= Q(z)U(z)
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where
Q(z)

= {P(z) + B(z)}

(5.7)

Using P(z) and Q(z) and Eq. (5.5), the correlation functions of interest are shown to be
related as follows

(5.8)
and
(5.9)

From Eqs. (5.8) and (5.9), it is found that if <Pxu(z) has to approximate <Pvv(z), then the
.. transfer function Q(z-l) has to approximate the transfer function IP(z)1 2 both

In

magnitude and phase. Since lP(z)12 = P(z)P(z'\ then Q(z) also approximates IP(z)1 2 .

5.5 Least Squares Approximation
In Section 5.4, it was shown that the approximation of Rvv by Rxu can be reduced to the
approximation of P(Z)p(Z·l), by Q(z) where Q(z) is as given in Eq. (5.7). In the proposed
algorithm, this approximation is done using the least squares method.

For analysis purposes {v(n)} will be assumed to be a white noise process derived from
{u(n)} by use of a FIR filter P(z) of length N, with a transfer function as follows.

(5.10)
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The coefficients {Pk}at time n are obtained from the predictor-error filter coefficients
{fd as follows

I,
Pk = { -f

k'

k=O

O<k$N-I

(5.11)

where fk are the weights of the predictor filter at time n. Hence lP(z)12 will be

2

Ip(z)1 = P(Z)p(Z-I)

(5.12)

where C.k = Cb and in particular,

(5.13)

Eq. (5.12) represents the transfer function of a non-causal filter. This transfer function
will be approximated by a causal filter. The approximation is done by assuming a causal
FIR filter Q(z) of order 2N-I, equate it to Eq. (5.13) and minimise the error squared over
the interval

-It $ (i) $ It.

Thus

(5.14)
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This can be written in matrix notation as follows

= [ ZN-I

.. z I

To minimise the error squared over the interval

Z-I

-It :0;

..

co

Z-N+I]

:0; It,

(5.15)

each z in Eq. (5.15) is

ei"

and then each side of the resulting equation is premultiplied by [I, e·

j", ... ,e-i<"2N.l)]H,

where H denotes hermitian transposition. The elements of the resulting

replaced by

(2N-l)x(2N-I) matrices are each integrated, with respect to co, over the interval
It.

This leads to
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-It:O;

co:o;

(0,0)

(0,-1)

(0,-2N + I)

(1,0)

(1,-1)

(I,-2N + I)

qo

(O,N -I)

=
.(2N -1,-2N + I)

(2N - 1,0)

(0,0)

(O,-N

(N -I, N-I)

(N -I,-N

(2N -I,N -I)

q2N-1

+ I)
+ I)

(2N - I,-N + I)

(2N - 1,0)

C_ N+ 1

•

Co
eN_I

(5.16)

where the entries denoted by (k,l) in the (2N-I)x(2N-I) matrices are evaluated as follows

o

(k, I)

= J(ei"*e i"" )dco

(5.17)

-0

Evaluation of the elements ofEg. (5.16) using Eg. (5.17) gives

21t

0

0

21t

0
0

0
go

0 0

0

21t

0

0

21t

0

=
0

21t

g2N-l

C. N + 1

Co

0

0

(5.18)

C N_1

Eg. (5.18) is of the form

Aq=Bc pp
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(5.19)

where A is a (2N-l)x(2N-1) diagonal matrix with element 2n; q and cpp are (2N-l)xl
column vectors of the coefficients of Q(z) and P(Z)p(Z·I) respectively and B is a (2NI )x(2N-l) matrix with all the elements equal to zero apart from the diagonal
corresponding to k+I=O whose entries are equal to 27t. Solving for q it is found that the
first N elements of q correspond to the last N elements of cpp and the last N-I elements of
q are all zero. The last N elements of cpp will be denoted by an N by 1 vector c. Hence the
least squares solution for Q(z) is

(5.20)

Thus qk = Ck, k = O,I, ... ;N-I, where qk are the coefficients of Q(z). Initially Q(z) was
assumed to be a FIR filter of order 2N-1 but from Eq. (5.20), Q(z) is seen to reduce to a
FIR filter of order N-I. Q(z) is used to obtain x(n) from u(n).

5.6 Evaluation of the Coefficients of the Decorrelating Filter
In Eq. (5.20), it was shown that the coefficients qk are simply Ck for k=O, I, ... ,N-1. The
coefficients Ck are obtained from the expansion of P(Z)p(Z·I) and the Ck of interest
(k=O,I, ... ,N-I) can be obtained using matrix notation as follows

Co

Po

PI

Cl

PI

P2

PN-I

PN-I
0

Po
PI
(5.21)

=
CN_1

PN-I

0

0
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PN-I

Eq. (5.21) can written as

c=Pp

(5.22)

where c is an N by I vector of the coefficients of interest in the expansion of P(Z)p(Z-I), p
is also an N by I vector of the coefficients of P(z) and P is an N by N hankel matrix [53],
[57] generated by the vector p. It should be noted that q = c where q is the N by I vector
of the coefficients of Q(z).

From Fig. 5.1 it was seen that Q(z) is realised by the parallel combination of P(z) and
B(z) where B(z) is also of order N-l. Thus

Q(z) = P(z) + B(z)

(5.23)

Therefore the coefficients of B(z) are as follows

bk=qk-Pk'

k=O,I,-··,N-l

(5.24)

Using Eqs. (5.22) and (5.24), and the fact that q = c, the N by 1 vector b of the
coefficients of B(z) can be written as

b=Pp-p
(5.25)
=(P- I)p
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The coefficients bk, and hence qk , are updated every iteration using the current values of
the predictor coefficients. As was mentioned in Section 5.2, the main purpose of the
structure of Fig. 5.1 was to help in explaining the principle of the proposed method and in
the derivation of the necessary equations. The coefficients of Q(z) can be obtained
directly from the coefficients of P(z) by use of Eq. (5.21). Once Q(z) is known, it can be
implemented in any suitable manner. One consideration when implementing Q(z) is the
amount of computation needed to obtain x(n) from u(n).

5.7 Computational Complexity of the Proposed Method
In Chapter 2, it was pointed out that one of the factors to be considered, when developing
recursive algorithms, is the computational complexity. This includes (a) the number
arithmetic operations required in one iteration of the algorithm; (b) the memory size
required to store data and the program and (c) the ease with which the algorithm can be
programmed on a computer.

The conventional LMS algorithm has a very low computational complexity. Its adaptation
equation requires only M multiplications and M additions where M is the length of the
adaptive filter. Calculation of the error e(n) requires the same amount of arithmetic
operations. So, ignoring the few arithmetic operations that do not change with the length
of the AF, implementation of the LMS algorithm requires only 2M multiplications and
2M additions. The vectors u(n) and wen) need to be stored and hence the LMS demand
on memory space is 2M.
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In carrying out a computational complexity analysis of the proposed method, emphasis is
put on those aspects of computation that increase with an increase in filter lengths. Eq.
(5.2), the adaptation equation of the proposed method, is repeated here for ease of
reference.

w(n + I) = w(n) + Il

llx

x(n)e(n)
(n)llllu(n)11

(5.26)

At time n, the vector u(n) is obtained from u(n-l) by simply dropping the last element
u(n-M) of u(n-l), and introducing the sample u(n) as the first element of the new vector.
Thus, for stationary processes, the calculation of the squared norm of u(n) can be made
independent of the length of the vector by use of the following approximation.

(5.27)

where M is the length of the vector. Such an estimate is unbiased. This involves two
multiplications one division and one addition. To get the norm, extraction of the square
root is necessary. A similar operation is used for x(n). From this, it is found that
computation of lle(n)/{llu(n)llllx(n)ll} is independent of length of the vectors. If x(n) is
assumed available, implementation of the proposed algorithm as given in Eq. (5.26),
requires the same amount of arithmetic operations as the conventional LMS algorithm. So
the additional computational complexity is as a result of generation of the new sequence
x(n) and storage of the new vector x(n).
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The prediction-error filter is adapted using the conventional NLMS algorithm. Hence,
assuming a prediction-error filter of length N, implementation of the predictor requires
2N multiplications, 2N additions and a memory space of 2N. The N by I vector q of the
coefficients of Q(z) is given by q

= Pp where P is the N by N hankel matrix generated by

the N by I vector p of the predictor-error filter coefficients. This requires N 2
multiplications and N 2 additions. q requires a memory space of Nand P a memory space
of N2 . x(n) is generated from u(n) by the inner product of q and the N by I input vector to
the predictor-error filter which requires N mUltiplications and N additions. To store the
new vector x(n), an additional memory space of M is required. At a glance, the additional
computation might appear to be excessive. However since the order of N is very low about 8 in case of speech - the additional computational complexity is minimal. These
computations are compared in Table 5.1 where an example is worked out for the case of
M = 500 and N = 8. Only those computations that change with the length of the filters are
included.

Mboup's and Acker's methods have been chosen for comparison since their structures are
closely related to that of the proposed method. It is seen that the proposed method has a
slightly higher computational complexity. For the example given, the proposed method
would have about 9% more multiplications and additions than the conventional NLMS.
This percentage decreases as M increases.

58

Algorithm

Multiplications

Additions

Memory

Conventional NLMS

2M

2M

2M

1000

1000

1000

2M+3N+N"

2M+3N+N2

3M+3N+NL

1088

1088

1588

Mboup's Simplified

2M+2N

2M+2N

3M+2N

Structure [25, Fig. 2]

1016

1016

1516

Mboup's Method [30]

2M+3N

2M+3N

3M+3N

and Acker's Method [25]

1024

1024

1524

Proposed Method

Table 5.1: Comparison of Computational Complexity (M=500, N=8)

5.8 Summary and Discussion

In this Chapter a new pre-whitening algorithm designed to improve the convergence
speed of the NLMS, with very little additional computation, has been proposed. The
method approximates, in the least squares sense, the performance that would have been
achieved if the decorrelated signal was actually used to excite the unknown system.
Before the predictor taps adapt, the proposed method's performance is as good as that of
the conventional NLMS and improves as they adapt. Since the prediction-error filter is
very short compared to the compensator, the predictor coefficients adapt to their final
values well before those of the compensator and hence pre-whitening is achieved for
almost the entire adaptation of the compensator.
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To implement the proposed method, a new sequence, x(n), has to be generated. This
requires additional computation over and above that of the conventional NLMS
algorithm. The additional computation is proportional to the length of the predictor-error
filter. The length of this filter is usually very short compared to the length of the
compensator and so the percentage increase in computation is small.

The important question of stability will be addressed in the next Chapter, Chapter 6,
where this method will be shown to be unconditionally stable. After the stability analysis
is carried out, a further modification, that gives an additional improvement in the
convergence speed will be suggested. This modification employs an additional filter in
series with the parallel combination of P(z) and B(z), whose transfer function is equal to
their parallel combination, that is Q(z). However, due to stability considerations, this can
only be added if the magnitude of the real part of Q(z) is greater than or equal to the
imaginary part of Q(z) at any given frequency.
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6. Stability Analysis of the Proposed Algorithm

6.1 Introduction
In Chapter 2, it was shown how the convergence and stability of the LMS algorithm

depends on the eigenvalues of the input auto-correlation matrix R. R was shown to be
both symmetric and positive definite and hence its eigenvalues are all real and positive.
The eigenvalue spread determines the value of the step size. Real and positive
eigenvalues ensure that the algorithm does not oscillate or diverge when the step size is
chosen within the allowable limits.

The suggested pre-whitening algorithms introduce filters in the adaptation loop. Such
kind of algorithms are generally called "filtered" LMS algorithms [2]. Introduction of
these filters result in a cross-correlation matrix whose eigenvalues determine the
convergence and stability of the algorithm. The cross-correlation matrix is in general nonsymmetric and hence has complex eigenvalues. Moreover, the real parts of the
eigenvalues may be negative. This would render the algorithm unstable for all values of
the step size.

In this Chapter, the proposed algorithm will be shown to be stable irrespective of the

manner in which the predictor coefficients adapt. To carry out the stability analysis, the
frequency domain model of the LMS algorithm [54], and in particular the "filtered" LMS
algorithm [55], is adopted. The proposed method is shown to meet the stability criterion
of [55, Eq.(2.15)]. After the stability analysis is carried out, a modification of the
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proposed algorithm will be suggested which improves further the convergence speed. The
conditions under which this modification can be implemented, without affecting the
stability, will be specified.

6.2 Frequency Domain Representation of The "filtered" LMS Algorithm

The conventional frequency domain LMS adaptive filter is described in [54] and is
illustrated in Fig. 6.1 below.

Y,
u(n)

E,
K·POlNT
FFr

+

H---------->I

U2

Y2

0
0
0

K·POINT
IFFf

y(n-K)

o

E2

o
o

+

UK

D,

EK
D2

000

K·POINTFFf

den)

Fig. 6.1 LMS Adaptive Filtering in the Frequency Domain

The input signal u(n) and the desired response den) are accumulated in buffer memories
to form K-point data blocks. They are then transformed by K-point FFTs. Each of the

62

FFr outputs comprises a set of K complex numbers U and D respectively. The input

transform values are subtracted from the desired response transform values at
corresponding frequencies to form K complex error signals E. There are K complex
weights W, one corresponding to each spectral bin. Each weight is independently updated
once for each data block. The weighted outputs Y are fed to an inverse FFr operator to
produce the output signal y(n-K), delayed by the number of samples K in the input data
block. From this description, the updating equation for the weight in the frequency bin i is
given by [54], [SS]

W, (n + I) = W, (n) + ~E, (n)U: (n)

where

(6.1)

* indicates complex conjugation and

Wj(n) = complex weight in frequency bin i at iteration n,
Uj(n) = FFT of the input sequence u(n) in frequency bin i at iteration n ,
Ej(n) = Dj(n)- W/n)Uj(n),
Dj(n) = FFT of the output sequence den) in frequency bin i at iteration n ,
= H(jro)Uj(n)

where H(jro) is the transfer function of the unknown system.

To develop a frequency domain model of the proposed algorithm, the output additive
noise s(n) will be assumed to be zero. Normalisation involves dividing by a positive
scalar and hence it does not affect the signs of the eigenvalues. So it will be dropped
when carrying out the stability analysis and reintroduced when determining the range of
the step size. For derivation of the stability criterion, the filter Q(z), used to generate the
new sequence x(n) from the input u(n) in Fig. 5.1, will be assumed to be time invariant.
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After the conditions for stability have been established, all the possible values Q(z) can
take will be examined to show that they meet these conditions. Proceeding as in Eq. (6.1),
the updating equation for the weight in the frequency bin i is given by

Wi (n + I) = Wi (n) + JlE i (n)X: (n)

(6.2)

where Xj(n) = QUro)Uj(n). Substituting for Xj(n) and Ej(n) in Eq. (6.2), the following
updating equation is obtained

WJn + I) = Wi (n) + Jl{H(jro) - Wi (n) }U i (n)Q' (jro) U: (n)

= Wi (n) + Jl{H(jro) - Wi (n) ~Ui (nli' Q' (jro)

=

{I- JlIU i (n)1

2

(6.3)
2

Q' (jro) }Wi (n) + JlH(jro)IU i (n)1 Q' (jro)

Taking the expected values of both sides of Eq. (6.3), and assuming the complex scalar
weight at time n to be independent of Uj(n), the following difference equation, describing
the evolution of the mean value of the weight in the frequency bin i, is obtained

E[Wi (n + 1)] =

{I- JlE[IU i(n)nQ' (jro)}E[Wi (n)]+ JlH(jro)E[lu i (nf ]Q' (jro)
(6.4)

= {I- JlP;Q' (jro) }E[W, (n)] + JlP;H(jro)Q' (jro)

where E[.] is the mathematical expectation operator and P~
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=E[IU j(n)12].

Eq. (6.4) is a difference equation, describing the evolution of the mean value of the
weight in the frequency bin i and its solution yields

Eq. (6.5) converges for large n if the following condition is satisfied

(6.6)

Eq. (6.6) is equivalent to

(6.7)

From Eq. (6.7) it found that for the algorithm to be stable the convergent factor

~,

should

satisfy the following condition in the frequency bin i.

(6.8)

where Re{.} indicates the real part.
Recalling that

~

should be a positive factor, it should be noted that if

Re{Q(j<o)} < 0
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(6.9)

there is no value of f1 for which the complex scalar weight in the frequency bin i is stable.
Eq. (6.9) corresponds to that given in Eq. (2.15) of [55]. Therefore for the algorithm to be
stable, the real part of Q(joo) should satisfy the following condition.

o S; 00 S; 21t

Re{Q(joo} ;:: 0,

(6.10)

This is an important stability criterion since if it is met, a value of f1 can always be found
for which the algorithm converges. In the next section, it will be shown that Re{ Q(joo)}
satisfies this condition for all values of 00.

6.3 Behaviour of Real Part of the Decorrelating Filter
When carrying out stability analysis, Q(z) was assumed to be time invariant. However the
coefficients of Q(z) are updated every iteration depending on the current values of the
predictor filter. For this algorithm to be stable, the real part of the transfer function Q(z),
with z replaced by

dO, should be non-negative for all

values of 00 irrespective of how the

predictor coefficients adapt. The real part of Q(joo) is given by

Re{Q(jOO)}

= qo + q, cos(oo) + q2 cos(2oo)+· +qN-' cos(N -1)00

This can be written in matrix notation as follows
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(6.11)

Re{Q(jro»)=(i

cos(ro)

= [I cos( ro)

. . cos(N-I)ro][qo

ql

. . qN-J

Po

PI

PI

P2

PN-I

PN-I
0

Po
PI

cos(N -I)ro]

(6.12)

PN-I

0

0

PN-I

=rTpp

where r is the N by I vector of the cosine terms and P is an N by N symmetric hankel
matrix [53], [57] generated by the vector p of the predictor coefficients.

The Re{ QUro») will always be greater than or equal to zero if there exists a regular
positive (semi-) definite N by N matrix A such that

(6.13)

This is easily verified by substituting Eq. (6.13) in Eq. (6.12) and noting that if A is
positive (semi-) definite, so also are AT and A-I. Re{QUro) becomes

Re{Q(jro)} = r TP(A -If pTr

(6.14)

which is non-negative if A is positive (semi-) definite. The task now is to show that such
a matrix exists for any set of the predictor coefficients denoted by the vector p.
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Carrying out the mUltiplication in Eq. (6.13) and equating term by term, the desired
matrix A is found to be

0

0

cos(oo)
A=

0

0

cos(2oo)

cos(oo)

0

0

0

(6.15)

0
cos(N -1)00

cos(N - 2)00

cos(oo)

which is a lower triangular matrix with all the elements in the main diagonal equal to 1
and all the elements in each sub-diagonal equal. A is regular with det(A) equal to one. It
is a non-symmetric matrix but if As> the symmetric part of A, is positive (semi-) definite,
then so is A [37), [56). As, is given by

As =.!.(A+AT)
2
(6.16)
cos(N - 1)0)

2

cos(oo)

cos(oo)

2

cos(N -1)0)

cos(N -2)00

cos(oo)

cos(N - 2)0)

1
=2
2

As is found to be a toeplitz matrix [57) which can be generated from the vector
II2[2,cos(oo), ..... ,cos(N-I)oo).
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The matrix As can be broken into a sum of a simpler toeplitz matrix B and an identity
matrix I. Thus

2A, =B +1

(6.17)

where B is given by

1

cos(oo)

cos(oo)

1

cos(N - 1)00
cos(oo)

cos(N - 2)00
(6.18)

B=
1

cos(N - 1)00 cos(N - 2)00

With cos(oo) replaced by t, -1

~

t

~

1, each entry in B is found to be a Chebyshev

polynomial in t of first kind [58], [59] of the corresponding order. Evaluating the
determinants of the upper left submatrices Bk the following result is obtained.

k= 1

1,

det(B k )= l_t
(
0,

2

,

k =2
k> 2

(6.19)

From Eq. (6.19), it is found that the determinants of all the upper left submatrices of Bare
non-negative. In general, for N>2, B will have two positive eigenvalues and N-2 zero
eigenvalues. The multiplicity of the zero eigenvalues increases to N-I when t equals I or1. Hence B is positive semi-definite.
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If S is a matrix whose columns are the eigenvectors of B and AB a diagonal matrix whose

entries are the eigenvalues ofB, Eq. (6.17) can be rewritten as

(6.20)

The diagonal entries of AB! are all greater than or equal to one and so As is a positi ve
definite matrix for all

0)

with a minimum eigenvalue Amin<':O.S. Thus Re{ QUO)} >0 for all

values of 0).

The essence of this result is that any FIR filter, with a coefficients vector t which can be
facto red such that t = Hkk, where k is any vector of the same length as t and Hk is the
hankel matrix generated by k, will have a transfer function whose real part is always
positive. So, irrespective of how the predictor coefficients adapt, Re {QU 0)

}

will always

be positive and hence stability is assured.

6.4 Approximation of the Upper Bound on the Step Size

Eq. (6.8) can be analysed to approximate the upper bound on the step size for which the
proposed method converges. This equation is repeated here for ease of reference.
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(6.8)

J.l<

I 2Re{Q(jco)}

P~

IQ(jco)I'

The first thing to note is that for the conventional NLMS algorithm, Q(z) = I. Hence in
this case, Re(QUco))

= IQUco)12 = I. With normalisation carried out in the usual

manner,

dividing by lIu(n)1I 2, Eq. (6.8) reduces to the well-known stability condition, 0 < J.l < 2.

In the proposed method, normalisation is carried out by dividing by Ilu(n)1I IIx(n)11. When
this normalisation is introduced in Eq. (6.8) for each frequency bin, the following
equation is obtained

J.l<

I 2 Re{ Q(jco)} Ipu IIQ(jco)llpu 1

I 2 Re{Q(jco)} Ipullp,1

P~

IQ(jco)I'

P~

I

IQ(jco )1'
(6.21)

_2Re{QCico)}
-

IQ(jCO)1

Experimental results show that the magnitude of the imaginary part of QUco),
IIm{QUco)}I, is in general less than or equal to IRe{Q(jco)}1 at all frequencies. The only
exception to this is when the zeros of the prediction-error filter P(z) are at or very close to
the unit circle. In this case IIm{Q(jco)}I may be slightly bigger than IRe{Q(jco)}1 for a
small band of frequencies. Assuming the case when IIm{QUco)}1 equals IRe{QUco)}I, Eq.
(6.21) can be written as follows

71

<
!l

2 Re{Q(jOl)}

_

2 Re{Q(jOl)}

[(Re{Q(jOl)})' + (Im{Q(jOl)})']'" - [2(Re{Q(j0l)})'r
(6.22)

=

2

.J2

The upper bound on the step size would be slightly less than that given in Eq. (6.22) if the
zeros of the prediction-error filter P(z) are at or very close to the unit circle. The term due
to the output additive noise also restricts the upper bound on the step size if good
performance is to be achieved below the noise floor. An adaptive step size [60], [61] can
be employed to improve the performance below the noise level.

6.5 An Improvement to the Basic Method
In the proposed method, Q(z) approximates IP(z)1 2 in the least square sense. This
approximation has been shown to meet the stability criterion since the Re{ QUOl)} is
always greater than zero. Experimental results show that the EVR of Rxu can be further
improved, and hence the convergence speed, if the sequence x(n) is generated from u(n)
by connecting in series two filters each of which is equivalent to Q(z). The resulting filter,
which will be denoted by Q2(z), will have a real part given by
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The N by N matrix D is not positive (-semi) definite. Indeed it has a maximum of two
non-zero eigenvalues, one of which is always positive and the other is either zero or
negative. Hence the real part, Re{ Q2(jro»), cannot be guaranteed to be non-negative.
However when the vector q is generated from the vector p as given in Eq. (5.22),
Re{ Q2(jro)}

~

0 for N

:0;

3 for all such vectors. This corresponds to a predictor of order 2

or I. Thus this improvement to the basic method can only be wholly guaranteed to be
stable if the input stochastic process is decorrelated using a first or a second order
prediction-error filter. Fig. 6.2 shows The block diagram of the modified method.

s(n)
d'(n)
Unknown System

-"r~+
+

den)

u(n)

+

1
/

Q(z)
/

-~

/
Adaptive Filter

yen)

Q2(z)

[ Q(z)

Control Algorithm

e(n)

x(n)

Fig. 6.2 Block Diagram of the Modified Method

Note that another way of looking at the stability of this improved method is to recognise
that Re{ Q2(jro)} can be expressed in terms of Re{ Q(jro») and Im{ Q(jro») as follows.
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Re{Q2(jro)} =iRe{Q(jro) W -iIm{Q(jro)W

(6.24)

So for stability, the following condition must be satisfied at all frequencies.

iRe{Q(jro) ~ ~ iIm{ Q(jro) ~

6.23)

It should be emphasised that the justification of this improvement to the basic method is
more experimental than theoretical. Indeed, if IRe{QUro)}1 = Irm{QUro)}I, the upper
bound on the step size would theoretically reduce to zero. This would make the suggested
improvement untenable. However, experimental results with speech as input, show the
improved method performing without instability even with prediction-error filters of
orders higher than two. This is because the zeros of the filter, P(z), for decorrelating
speech, are usually not at or very near the unit circle in the z-plane.

6.5 Summary and Discussion

In this Chapter, the proposed basic algorithm has been shown to be stable for any order of
the prediction-error filter with the coefficients allowed to adapt without any restrictions.
The stability criterion used is that the real part of the filter generating the new sequence
x(n) from the input u(n) be non-negative at all frequencies. Although not explicitly
shown, this ensures that the eigenvalues of the cross-correlation matrix Rxu have a real
part that is non-negative.
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The upper bound on the step size for the proposed method is shown to be approximately
equal to

.J2. This bound however needs to be slightly lower than this if the zeros of the

prediction-error filter P(z) are at or very close to the unit circle. For most practical
applications, the step size employed is usually far less than this if good performance is to
be achieved below the noise level.

An improvement to the basic method was also suggested, which, as experimental results
will show, increases further the convergence speed. The stability of this improved method
can only be guaranteed for predictor filters of up to order two. Although predictor filters
of order 8 to II are required to adequately decorrelate speech signals, experimental
results show that pre-whitened algorithms perform quite well even when speech is
decorrelated by second order prediction-error filters. Hence the modified method can also
be used when the input is a speech signal.
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7. Computer Simulation Results

7.1 Introduction
In Chapter 5, a new method that improves the convergence speed of the LMS algorithm
was proposed. Theoretically, the method was shown to approximate the ideal situation in
the least squares sense. In Chapter 6, a stability analysis of the proposed method was
carried out and the method was shown to be stable irrespective of how the predictor
coefficients adapt. Following the stability analysis, a further improvement to the method
was suggested subject to some conditions being met. In this Chapter, results of computer
simulations, carried out to test the performance of the proposed method and its
modification, are presented. All the simulations were carried out using MATLAB version
4.2c.

Two performance measures are used in these simulations. One is the system distance,
D(n), defined as

D(n) = IOl0g

{w(n)-hV{w(n)-h}
T

h h

dB

(7.1)

where wen) is the vector of the adaptive filter coefficients at time n, and h is the
'unknown' system. In practice, the system to be identified is unknown and hence it would
be impossible to measure the system distance. However, for testing purposes, a synthetic
'unknown' system is simulated and hence the system distance can be measured.
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The other performance measure is the echo return loss enhancement, (ERLE), defined as

2

ERLE = IOl0g

E[d (n)]
2

dB

E[e (n)]

(6.2)

where E[d2(n)] and E[e 2(n)] are the expected values of the received signal power and the
residual echo signal power respectively. These two quantities are available for
measurement and hence ERLE is the performance measure that would usually be used in
a real situation. However, as pointed out in [23], ERLE changes with variation of the
characteristics of the input signal, while the system distance is independent of these
variations. Therefore, the system distance gives the rate of convergence more accurately
and it will be the performance measure used in most of the simulations presented here.

The predictor coefficients are adapted using the conventional NLMS algorithm. Since the
order of the predictor-error filter is very small compared to that of the compensator, the
predictor-error filter adapts very fast relative to the compensator. This ensures that the
pre-whitened signal is available to the compensator in its early stage of adaptation. The
output additive white noise, s(n), which is uncorrelated to the input, u(n), was generated
using the MATLAB routine RANDN. This routine generates white Gaussian noise with
zero mean and a variance of unity.

7.2 Behaviour of the Real Part of the Decorrelating Filters

The stability of the proposed method depends on the real part of the filter used to generate
the new sequence, x(n), from the coloured input signal, u(n). The real part has to be non-
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negative for all values of the angular frequency

00.

The real part of Q(joo), the transfer

function of the basic structure, was shown to be unconditionally non-negative.
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Fig. 7.1 A Segment of a Speech Signal

To observe the behaviour of the real parts of the filters P(z) and Q(z), used in the
decorrelation path, a segment of speech, shown in Fig. 7.1, was decorrelated using an
adaptive NLMS prediction-error filter of order 8. A predictor of order 8 can be considered
adequate for decorrelating speech. After complete adaptation, the vector p of the
coefficients of the decorrelating filter, P(z), was found to be p = [1.0, -1.6791, 0.6165,
0.2676, -0.0350, 0.0191, -0.2531, 0.1986, -0.0699]T. Evaluation of the zeros shows that
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they are all inside the unit circle in the z-plane as expected. P(z) is used to generate the
eighth order filter Q(z).

In Fig. 7.2. the real parts of P(jw). and Q(jw) and the magnitude of the imaginary part of
Q(jw). are plotted against w. qo has been normalised to unity. It is seen that the real part of
P(jw) is negative at some frequencies while the real part of Q(jw) is positive for all
frequencies. This would make any scheme. implemented with P(z) alone without any
restrictions or modifications as suggested in [26]. to exhibit instability. IIm (Q(jw)} I is less
than Re{ Q(jw)} at all frequencies and so the upper bound on the step size given by Eq.
(6.22) holds for this case.
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3

7.3 Performance of the Proposed Basic Method for Different Speeds of Predictor
Adaptation
In Chapter 5, it was shown that the proposed basic method is stable irrespective of how

the predictor-error filter coefficients adapt so long as they converge. Computer
simulations were carried out to test the performance of the proposed method, against that
of the conventional NLMS algorithm, for different step sizes, 11, of the predictor-error
filter. The input signal was speech which was decorrelated using prediction-error filters of
order 8, with 11 = 0.1, 0.01, 0.001 and 0.0001. The length M of the synthetic 'unknown'
system was lOO taps. The level of the output additive noise, s(n), was 40dB. The step
size, 11, for all the compensators, including the one implemented using the conventional
NLMS algorithm, was unity. The performance measure used was the system distance
D(n).

In Fig. 7.3, a typical impulse response of the 'unknown system' used is shown. Fig. 7.4
gives a comparison of the convergence speeds where the proposed method is seen to have
a better performance than the conventional NLMS algorithm for all predictor step sizes.
The performance of the proposed method is as good as that of the conventional NLMS
before the predictors adapt and improves as they adapt. A step size for the predictionerror filter should be chosen for maximum speed of adaptation so as to make the prewhitened signal available to the compensator as early as possible. A very big step size
leads to a noisy adaptation of the prediction-error filter coefficients which in turn may
affect the performance of the compensator. Fig. 7.5 shows the adaptation of the
coefficients PI of the prediction-error filters where it is seen that for 11

= 0.1,

the

adaptation is noisy. This noisy adaptation does not seem to unduly affect the performance
of the corresponding compensator in Fig. 7.4.
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7.4 Comparison of the Basic and Modified Methods
Following the stability analysis of the basic method in Chapter 6, a modification to the
basic structure was suggested. Computer simulations were carried out to compare the
performance of these two structures. Two types of input signals were used· speech and a
second order AR process. The parameters of the AR process were chosen to give an
eigenvalue ratio (EVR) of 100 [31, pp.244]. This can be considered as a very ill·
conditioned signal.

The input speech signal was decorrelated using a predictor of order 2, to facilitate
comparison. The AR process was also decorrelated using a predictor of order 2 (the AR
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process is second order). The step size,

Tj,

for both prediction-error filters was 0.05. All

the other test conditions were as in Section 7.3.

In Fig. 7.6, a section of the second order AR process with an EVR of lOO is shown. The
comparison results are presented in Figs. 7.7 and 7.8 for speech and the AR process
respectively. It seen that the modified structure gives a remarkable increase in the
convergence speed especially when the input signal is the ill-conditioned second order
AR process.
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7.5 Echo Return Loss Enhancement Performance of the Proposed Method
The experiment of Section 7.4 with speech as input was repeated and the echo return
loss enhancement (ERLE) performance measure used. Both time and ensemble
averaging were used to smoothen out the curves. For time averaging, a sliding
rectangular window with a width of 80 samples was used in each run. A total of 40
runs was made and ensemble averaging carried out. The results are presented in Fig.
7.9, where both the basic proposed method and the improved method are seen to
significantly improve the ERLE.
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7.6 A Brief Comparison of the Proposed Method and Other Pre-whitened
Methods
Simulations were carried out to test the performance of the proposed method against
those proposed by Mboup et al [26]. [30] and Acker[25]. This methods are chosen for
comparison since tbeir structures are closely related to the proposed one. As Hansler
[51] has pointed out. there is a lack of generally accepted performance measures when
comparing such methods where different test signals were used in different
environments in the original papers.

In the comparison done here the simplified structure suggested in [26] was
implemented using an adaptive prediction-error filter rather than a fixed one. This will
illustrate why P(z) cannot be used alone. unless it is fixed to ensure a positive real part
at all frequencies. The other method. suggested in [25] and [30]. had its step size
chosen to maximise its speed of convergence without diverging. This was found
experimentally to be about 0.7 when the method was implemented in its normalised
form. The step size for the proposed algorithms and the conventional NLMS
algorithm was unity. A predictor of order two. updated with a step size 11=0.05. was
used to decorrelate the speech signal for all methods. The other test conditions were as
before - (M=lOO. SNR=40dB).

The results are presented in Fig. 7.10. The method which uses P(z) alone on the input
side is seen to diverge after some time. This happens after the predictor coefficients
have adapted to a value that gives rise to a negative real part of P(z) at some
frequencies as indicated in Fig. 7.2. No value of step size would make this method
stable. The only solution is to have a fixed P(z) as was done in [26]. In the other
method suggested in [25] and [30]. the coefficients of P(z) are copied to decorrelate
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the error signal. This has it stabilising effect but from the simulations results. it is seen
to make the method more susceptible to the output additive noise.
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Fig. 7.10 Comparison of Pre-whitening Methods

7.7 Summary and Discussion
In this Chapter the computer simulations carried out to test the performance of the
proposed algorithm have been presented. The main aim of these simulations was to
test the convergence speed of the proposed method and its stability. The proposed
method. and its suggested improvement. were seen to have a much better convergence
speed than the conventional NLMS algorithm for both the speech signal and the AR
process.
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A brief comparison with two other pre-whitening methods, is carried out in Section 7.6.
This comparison is not exhaustive but it serves to illustrate the problem of instability
when filters are introduced in the adaptation loop.
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8. Conclusions

8.1 Summary of the Achievements

This study set out to improve the convergence speed of the NLMS algorithm when it is
excited by a class of coloured signal that can be decorrelated by linear prediction. In
addition to improving the convergence speed, the proposed method had to be stable and
its computational complexity should not be very much in excess of that of the
conventional NLMS algorithm. These are the three conditions specified in Section one of
Chapter five. In this Chapter, a summary of the conclusions drawn from this study are
presented and suggestions for further research are given in Section two.

8.1.1 Convergence Speed

Excitation by white noise gives the best convergence speed of the NLMS algorithm. The
underlying white-noise process extracted from a coloured signal by linear prediction
cannot be applied directly to excite the system since this would affect the input-output
relationships. This white-noise process is used in the adaptation loop in such a manner
that the ideal situation is approximated in some sense. The proposed method uses the
least squares approximation which leads to a causal filter approximating a non-causal
filter. The least squares approximation is a commonly used method of approximation that
is mathematically tractable. The net result is a cross-correlation matrix with a better EVR
than the input auto-correlation matrix. Theoretically, this should lead to an improved
convergence speed. Computer simulations presented in Chapter seven show that the
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proposed method has a faster convergence speed than the conventional NLMS algorithm
for both speech and an ill conditioned AR process.
8.1.2 Computational Complexity.

In Section seven of Chapter five, a computational complexity analysis of the proposed
method was carried out and the results presented in Table 5.1. The additional
computation, in terms of arithmetic operations, needed to implement the proposed
method is very little. When compared to the conventional NLMS algorithm, this
additional computation is less than 10% for a compensator of about 500 taps. When
adaptation is done in real time, the number of arithmetic operations per iteration is
important. Since the proposed method can be said to have met this factor, it can be used
for real time adaptation as in acoustic echo cancellers.

8.1.3 Stability

The proposed method can be put in the category of "filtered" NLMS algorithms.
Instability in such algorithms is mainly due to two reasons:
I. Filtering using the inverse of the prediction-error filter.
2. The resulting cross-correlation matrix having eigenvalues with negative real
parts.
The proposed method does not need inverse filtering and so the first problem is avoided.
The real part of the filter generating the new sequence, x(n), was shown to have a real
part that is positive at all frequencies. Although not explicitly shown, this leads to a crosscorrelation matrix whose eigenvalues have a positive real part. Hence the basic proposed
method is stable for any order of the prediction-error filter.
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The upper bound on the step size was shown to be approximately equal to

J2

which is

less than that of the conventional NLMS. However this is not very restrictive since in
practice a step size of up to unity is normally used.

Following the stability analysis, an improvement to the basic method was suggested. This
improvement is based on the fact that the EVR of the cross-correlation matrix Rxu can be
further improved, and hence the convergence speed, if the sequence x(n) is generated
from u(n) by connecting in series two filters each of which is equivalent to Q(z).
Theoretically, this improved method can only be guaranteed to be wholly stable for
prediction-error filters of up to order two. However, with speech as input, experimcntal
results show that this improved method can be used with higher order prediction-error
filters without affecting stability. The suggested improvement gives a considerable
increase in the convergence speed.

8.2 Suggestions for Further Research
The sequence x(n) was generated from the input sequence u(n) using a FIR filter Q(z).
Q(z) was chosen to approximate P(z)P(z") in the least squares sense where P(z) is the
transfer function of the prediction-error filter. P(z)P(z") is a zero-phase function but it
was shown that if the real part of the approximating filter is non-negative at all
frequencies, the algorithm will be stable. Other forms of approximation need to be
investigated to find out whether the convergence speed can be further improved while
still maintaining stability.
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In Section 6.5, an improvement to the new method was suggested. The stability of this
improvement can only be guaranteed when prediction-error filters of up to order two are
used. In this case Re{Q(jw)} 2: IIm{Q(jw)}1 for all

00.

However experimental results show

that the improved method is stable for orders higher than two if the zeros of the
prediction-error filter are located away from the unit circle as in the case of speech. Since
this improvement gives a substantial increase in the convergence speed, further work
needs to be done to establish more precisely the location of the zeros of the predictionerror filter, P(z), that make IIm{Q(jw)}1 > Re{Q(jw)}. This would enable the stability of
the proposed improvement to be more clearly defined.

Most methods designed to improve the convergence speed of the NLMS algorithm
inevitably lead to a poor performance below the noise floor unless an adaptive step size is
used. The proposed method is no exception and an adaptive step size would be necessary
if the output additive noise is excessive. A number of methods for controlling the step
size have been suggested which can be successfully applied to the proposed algorithm.
However, the possibility of developing a step size control, which would be most
appropriate for the proposed algorithm needs to be investigated.
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APPENDIX: Computer Programmes

A.I MatIab Source Code for the Comparison of the Real Parts of the Decorrelating
Filters

..,) .,
..,) .,

itr=inputCNumber of iterations
wp=inputCOrder of the predictor

stpp=0.05;

% Predictor step size.

alpha=O.OOOOO I;

% Small positive value to avoid division
% by zero in the normalisation.

hp=zeros(wp, I);

% Initialise predictor's weight vector.

up=zeros(l,wp);

% Initialise predictor's input vector.

load speech\spO

% Load pre-recorded speech signal

u=spO'; clear spO

for n= I :itr

% * Start of run

yp=up*hp;

% Output of the prediction-error filter.

v=u(n)-yp;

% Prediction error.

upnorm=up*up';

% The norm squared of the predictors' input vector.

denomp=alpha+ up norm;

% Normalising term for the predictor update.

hp=hp+(stpp*v*up'/denomp);

% Predictor taps update

up=[u(n),up(:,1 :wp-l)];

% Predictors' input vector.

end

% * End of run

p=[ I ,-hp'];

% Coefficients of the fully adapted predictor, P(z).

ph=hankel(p);

% Hankel matrix generated by the coeffs of P(z).

q=ph*p';

% Coefficients of Q(z) generated by the
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% fully adapted prediction-error filter.

q=q/q(l);

% Normalise the coefficient qo of Q(z).

% EVALUATE THE REAL AND IMAGINARY PARTS OFP(z) AND Q(z)

points=S12;

% Set the number of points for drawing the curves.

zz=zeros(l,points);
realp=zz; realq=zz; imagq=zz;

% Initialise vectors.

angv=zeros(l, wp+ 1);

% Initialise angles vector

for k= 1:points

% ** Start calculation of real parts.

theta= pi*(k-l)/(points-l);

% The angular frequency in radians at time k.

m=l:wp+l; angv(m)=theta*(m-l);

% Updates the angles vector.

realp(k)=cos( angv )*p';

% Real part of P(z)

realq(k)=cos(angv)*q;

% Real part of Q(z)

imagq(k)=sin(angv)*q;

% Imaginary part of Q(z).

end

imagq=abs(imagq) ;

% ** End calculation of real parts.

% Magnitude of the imaginary part of Q(z).

mm= 1:points; omega(mm)=(pi/S12)*mm;

% Changes points to corresponding

% angular frequencies.

close
plot(omega, realp),hold, plot(omega, realq,'r'), plot(omega, imagq,'g')
xlabelC Angular Frequency (Radians)'),y labelCRe{ P(jro)}, Re ( Q(jro) l. IIm ( Q(jro) }I')
pause,close
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A.2 Matlab Source Code for the Main Simulations' Programme
REMARKS: This programme is written such that is can be easily adapted for use in all
the simulations of sections 7.3, 7.4, 7.S and 7.6. For each simulation, the
unwanted code is disabled by inserting the percentage mark (%) at the
beginning of the code statement. Minor changes can be made to use the
desired signal as input or to plot the desired curve. The values of the
constants can also be changed appropriately. The programme as presented
here can be used for simulations of Section 7.3.

% START OF THE PROGRAMME

wl=inputCLength of the estimator.

·.,).,

wp=inputCOrder of predictors

·.,).,

snr=inputCSignal to Noise Ratio in dB

·.,).,

av=inputCAveraging window width for calculation of ERLE
itr=inputCNumber of iterations per run

·.,).,
.,)
. .,

runs=inputCNumber of runs

.,).
. ,

% CONSTANTS

stppl=.0001;stpp2=.00l;stpp3=.01;stpp4=.I;

% Predictors' step sizes.

stp=l;

% Step size for the compensators.

alpha=O.OOOOOl;

% Small positive value to avoid division
% by zero in the normalisation.
% Constant for use in the calculation

snrl =(1 O)"(snr/lO);

% of additive noise.

beta=(wl-l)/wl;

% Constant {(M-l)/M}for use in the
% calculation of the input vectors' norms.
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% GENERATE THE "THE UNKNOWN SYSTEM"

hl=(randn( I, wl)); ce=-3/wl;
forc=l:wl
h(c)=hl(c)*exp(ce*c); % Generates an exponentially decaying random "unknown
system" h of length wl.
end
clear hI, clear c, clear ce
hm=h*h';

% Norm squared of h for use in system distance calculations.

% INITIALISE VECTORS FOR USE IN ALL RUNS

% A I by i tr zeros vector;

zz=zeros(1,itr);
csd=zz; csd 1=zz; csd2=zz; csd3=zz; csd4=zz;

% Cumulative system distance vectors.

chhl=zz; chh2=zz; chh3=zz; chh4=zz; % Cumulative leading predictors' coeffs vectors.

sqee=zz; sqeel=zz;sqee2=zz;

% Cumulative error squared

sqee3=zz; sqee4=zz; sqd=zz;

% and system output squared vectors.

load speech\spO

% Load pre-recorded speech signal. Note that the AR
% process generated as in A.3 can be used instead of the
% speech as desired.

uf=spO'; clear spO
x=l;

* Start of the runs

for m=l :runs

%

u=uf(:,x:x+itr-l);

% The input signal for run m.
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% GENERATE THE OUTPUT PLUS THE ADDITIVE NOISE

dO=filter(h,l,u);

% The output of the "Unknown system".

dern=dO."2;

% energy of the o/p.

snr2=(dernlsnrl ).".5;
vs=randn( I ,itr);

% White Gaussian Noise with zero mean and variance of unity.

s=snr2. *vs;

% additive noise.

d=dO+s;

% olp of the "unknown" system + noise.

clear dO, clear dern, clear snr2, clear vs, clear s

% clears unwanted vectors.

% INITIALISE VECTORS FOR USE IN EACH RUN

hp I=zeros(wp, I); hp2=hp I; hp3=hp I; hp4=hp I; % Initialise predictors' weights
%vectors.
up=zeros(l,wp);

% Initialise predictors' input vector.

uq=zeros( I, wp+ I);

% Initialise Q(z)s input vector.

hc=zeros(wl, I); hc1=hc;hc2=hc;hc3=hc;hc4=hc; % Initialise compensators' weights
% vectors.

uc=zeros(l "wl)' xcl=uc'xc2=uc'xc3=uc'xc4=uc'
,
,
,
,

% Initialise compensators' input
% vectors.

unorm=O; xlnorm=O; x2norm=0; x3norm=0; x4norm=0; % Norm squared scalars

sd=zz; sd I =zz; sd2=zz; sd3=zz;sd4=zz; % System distance vectors for each run
xl=zz;x2=zz;x3=zz;x4=zz;

% The new sequences, x(n)s, vectors.

e=zz;el=zz;e2=zz;e3=zz;e4=zz;

% Compensators' Error vectors.

vl=zz;v2=zz;v3=zz;v4=zz;

% Predictors' Error vectors.

hhl=zz;hh2=zz;hh3=zz;hh4=zz;

% Leading predictors' coeffs' vectors.
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for n=1 :itr

% ** Start of each run

% GENERATION OF THE NEW SEQUENCE x(n)

ypl=up*hpl; yp2=up*hp2; yp3=up*hp3; yp4=up*hp4; % Outputs of the predictors.
v I (n)=u(n)-yp I; v2(n)=u(n)-yp2; v3(n)=u(n)-yp3; v4(n)=u(n)-yp4; % Predictors' errors.

pl=[I,-hpl']; p2=[I,-hp2']; p3=[I,-hp3']; p4=[l,-hp4'];

% Coeffs of the P(z)s.

pi h=hankel(p I); p2h=hankel(p2);

% Hankel matrices generated

p3h=hankel(p3); p4h=hankel(p4);

% by the coeffs of the P(z)s.

ql=plh*pl'; q2=p2h*p2'; q3=p3h*p3'; q4=p4h*p4'; % Coeffs ofQ(z)s.

% The Q(z)s input vector.

uq=[u(n),uq(:,l :wp)];

x I (n)=uq*ql; x2(n)=uq*q2; x3(n)=uq*q3; x4(n)=uq*q4; % The new sequences x(n)s.

% COMPENSATORS' OUTPUTS AND ERRORS

uc=[u(n),uc(:,I:wl-I)];

% NLMS input vector.

xcl=[xl(n),xcl(:,I:wl-l)];

% New Method input vector - stppl.

xc2=[x2(n),xc2(:,I:wl-I)];

% New Method input vector - stpp2.

xc3=[x3(n),xc3(:,1 :wl-l)];

% New Method input vector - stpp3.

xc4=[x4(n),xc4(:,I:w)-I)];

% New Method input vector - stpp4.

y=uc*hc; yl=uc*hcl; y2=uc*hc2;

% Outputs of the

y3=uc*hc3; y4=uc*hc4;

% compensators.
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e(n)=d(n)-y; e 1(n)=d(n)-y 1;eZ(n)=d(n)-yZ; % Error signals.
e3(n)=d(n)-y3; e4(n)=d(n)-y4;

% CALCULATION OF INPUT VECTORS NORMS AND NORMALISING TERMS

unorm=u(n)AZ+beta*unorm;

% Norm squared of uc.

x Inorm=x 1(n)I\Z+beta*x Inorm;

% Norm squared of xcI.

xZnorm=xZ(n)AZ+beta*xZnorm;

% Norm squared of xcZ.

x3norm=x3(n)AZ+beta*x3norm;

% Norm squared of xc3.

x4norm=x4(n)I\Z+beta*x4norm;

% Norm squared of xc4.

denom=alpha+unorm;

% Normalising term for the NLMS

denom I=alpha+(unorm*x Inorm)A0.5;

% Normalising term for the New Method

denomZ=alpha+(unorm*xZnorm)A0.5;
denom3=alpha+(unorm*x3norm)1\0.5;
denom4=alpha+(unorm*x4norm)A0.5;

% UPDATING THE COMPENSATORS' AND PREDICTORS' COEFFICIENTS

hc=hc+(stp*e(n)*uc'/denom);

% Coefficients Update - NLMS.

hcl=hc 1+(stp*e 1(n)*xcl '/denoml);

% Coefficients Update - New method (stpp I).

hcZ=hcZ+(stp*eZ(n)*xcZ'/denomZ);

% Coefficients Update - New method (stppZ).

hc3=hc3+(stp*e3(n)*xc3'/denom3);

% Coefficients Update - New method (stpp3).

hc4=hc4+(stp*e4(n)*xc4'/denom4);

% Coefficients Update - New method (stpp4).

hhl(n)=hpl(l);hhZ(n)=hpZ(l);

% The leading coefficients

hh3(n)=hp3(l);hh4(n)=hp4(l);

% of the predictors.
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upnorm=up*up';

% The norm squared of the predictors' input vector.

denomp=alpha+upnorm;

% Normalising term for the predictors update.

hp l=hp I +(stpp I *v I (n)*up'/denomp);

% Predictor taps update- stpp I

hp2=hp2+(stpp2*v2(n)*up'/denomp);

% Predictor taps update- stpp2

hp3=hp3+(stpp3*v3(n)*up'/denomp);

% Predictor taps update- stpp3

hp4=hp4+(stpp4*v4(n)*up'/denomp);

% Predictor taps update- stpp4

up=[u(n),up(:,l:wp-I)];

% Predictors' input vector.

% SYSTEM DISTANCE PER ITERATION

sd(n)=«hc-h')'*(hc-h'))/hm;

% System distance - NLMS.

sdl(n)=«hcl-h')'*(hcl-h'))/hm;

% System distance - New Method (stppl)

sd2(n)=«hc2-h')'*(hc2-h'))/hm;

% System distance - New Method (stpp2)

sd3(n)=«hc3-h')'*(hc3-h'))/hm;

% System distance - New Method (stpp3)

sd4(n)=«hc4-h')'*(hc4-h'))/hm;

% System distance - New Method (stpp4)

% ** End of the mth run.

end
x=x+itr;
csd=csd+sd;

% Cumulative system distance - NLMS.

csd I =csd I +sd I;

% Cumulative system distance - New method (stpp I).

csd2=csd2+sd2;

% Cumulative system distance - New method (stpp2).

csd3=csd3+sd3 ;

% Cumulative system distance - New method (stpp3).

csd4=csd4+sd4;

% Cumulative system distance - New method (stpp4).

sqee=sqee+(e. *e);

% Cumulative error squared - NMLS.

sqeel=sqeel+(el.*el);

% Cumulative error squared - New method (stppl).

sqee2=sqee2+(e2.*e2);

% Cumulative error squared - New method (stpp2).
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sqee3=sqee3+(e3. *e3); . % Cumulative error squared - New method (stpp3).
sqee4=sqee4+(e4.*e4);

% Cumulative error squared - New method (stpp4).

sqd=sqd+(d.*d);

% Cumulative unknown system output squared.

chhl=chhl+hhl; chh2=chh2+hh2;

% Cumulative sums of the

chh3=chh3+hh3;chh4=chh4+hh4;

% leading predictor coeffs.

% * End of all runs

end

% OVERALL SYSTEM DISTANCE IN dB

msd= I O*log IO(csd/m);

% Mean system distance in dB - NLMS

msd 1= IO*logIO(csdllm);

% Mean system distance in dB - New method (stpp I)

msd2= I O*log IO(csd2/m);

% Mean system distance in dB - New method (stpp2)

msd3= I O*log I O(csd3/m);

% Mean system distance in dB - New method (stpp3)

msd4= IO*log IO(csd4/m);

% Mean system distance in dB - New method (stpp4)

mhh I=chh lIm; mhh2=chh2/m;

% Mean values of the

mhh3=chh3/m; mhh4=chh4/m;

% leading predictor coeffs.

% EVALUATION OFERLE (dB)

points=itr-av; st= I;
msqee=zeros(l,points); msqeel=msqee; msqee2=msqee;

% Initialise vectors for

msqee3=msqee; msqee4=msqee; msqd=msqee;

% use in time averaging.

for k= 1:points
eeav=sqee(:,stst+av-I);

% Applies a sliding window of width av

ee 1av=sqee I (:,stst+av-I);

% to the squared values of the errors and output.

ee2av=sqee2( :,stst+av-J);
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ee3av=sqee3(:,st:st+av~ I);

ee4a v=sqee4(: ,st:st+av-I);
dav=sqd(: ,st:st+av-I);

msqee(k)=mean(eeav);

% Computes the mean value of the

msqeel (k)=mean(ee 1ay);

% samples in each window.

msqee2(k)=mean(ee2av);
msqee3 (k)=mean( ee3av);
msqee4(k)=mean(ee4av);
msqd(k)=mean(dav);

st=st+l;
end

erle= 1O*log 1O(msqd.lmsqee);

%ERLE-NLMS

erle 1= 1O*log 1O(msqd.lmsqee I);

% ERLE - New Mthod (stppl)

erle2= 1O*log IO(msqd.lmsqee2);

% ERLE - New Mthod (stpp2)

erle3= 1O*log IO(msqd.lmsqee3);

% ERLE - New Mthod (stpp3)

erle4= 1O*log IO(msqd.lmsqee4);

% ERLE - New Mthod (stpp4)

% PLOTS

plot(msd),hold,plot(msd 1,'r'),plot(msd2,'g')

% Plots the system distances.

plot(msd3,'m'),plot(msd4,'b')
xlabel('lterations'),ylabel(,System Distance (dB)'),pause,close % Labels the axes.

plot(mhh I, 'r'),hold,plot(mhh2, 'g'),plot(mhh3, 'm'),p lot(mhh4, 'b')
xlabel('lterations'),ylabel(The Leading Coefficients of the Predictors'),pause,close
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plot( erle ),hold,plot(erle I ,'r'),plot(erle2, 'g')

% Plots the ERLEs.

plot(erle3,'m'),plot(erle4,'b')
xlabel('Iterations'),ylabel('ERLE (dB)'),pause,close % Labels the axes.
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A.3 Matlab Source Code for the Generation of Second Order Autoregressive
Processes

evr=input(The eigenvalue spread: either 1,3,10,100
length=input(The desired record length

if evr==1 , a=[O,O],;

..,) .,
..,) .,

% Eigenvalue spread of I (white noise).

elseif evr==3, a=[-0.975,0.95]';

% Eigenvalue spread of 3.

elseif evr== 10, a=[ -1.5955,.95],;

% Eigenvalue spread of 10.

else if evr== I00, a=[-1.9114,0.95]';

% Eigenvalue spread of 100.

end

al=[I;a];

% vector to use with "filter";

v=randn( I ,length);

%Generates Gaussian white noise «=0, (v2=1).

u=filter(l ,a 1,v);

% The desired AR process.
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