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This document provides supplementary information to “Direct sampling of a light wave in air,” https://
doi.org/10.1364/OPTICA.5.000402. The results of numerical calculations and experimental measurements 
that support the arguments made in the main article are included. 

In this supplementary information, we provide additional information related to the manuscript entitled “Direct Sampling of a Light Wave in Air.” Throughout the supplementary information, we used the same notation used in the main text and the following notations. -   : Intensity of the fundamental or signal pulse. -   : Duration of the fundamental or signal pulse in the full width at half maximum. -   : Angular frequency of the fundamental or signal pulse. -   : Wavelength of the fundamental or signal pulse. - : Time delay between the fundamental and the signal pulse 
S1. Spectral analysis of the TIPTOE measurement 

S1.1. Validity of the first order approximation We use the first order approximation to derive Eq. 1 in the main text. In this section, we test the validity of the first order approximation and estimate the higher order contributions in the modulation of the ionization yield. The ionization rate with the fundamental and signal pulses can be written as 
+ = +

+ 12 … (S1) 

Neglecting the depletion of the ground state, the total ionization yield  can be obtained by integrating Eq. S1. The integration of the 0th order term on the right side of Eq. S1 yields =. The integration of the 1st order term yields = ⁄ |  which is used for theTIPTOE measurement. The integrations of the 2nd =2⁄ |  and 3rd = 6⁄ | order terms may contribute to the modulation of the ionization yield. The relative strengths of the higher order contributions can be estimated using the ADK model as summarized in Table. S1.  
⁄  ⁄  ⁄  ⁄  

 1.471 0.930 0.323
 0.465 0.093 0.010
 0.147 0.009 3.2e-4
 0.047 0.001 1.0e-5

Table. S1, Relative strength of the higher order contribution in 
the modulation of the ionization yield. The relative strengths of the higher order contributions are estimated using the ADK ionization model (Ar, = 1 × 10  W/cm ). 
When the intensity ratio ⁄  is 10 , the peak amplitude of the first order modulation is 0.465. The peak amplitudes of the 2nd and 3rd order modulations are 0.093 and 0.01. Since the 2nd and 3rd order contributions are proportional to  and , they form an near dc and higher order frequency components. These 



arshfiltFigthsaforof 15sparsplinexcoth
S1In shwhto of raasarhaco

rtificial signals cahown in Table S1tering. gure S1 shows he experimental /  was obtaame data shownr 10 laser shots f the modulation5% of near dc apectral amplitudrtificial dc and pectral filtering fne in Fig. S1(xperimental noisontributions are he spectral filteri
1.2. TIPTOE mean the main text, how that Eq. 2 here the ionizati the total ionizaf the ionization⁄ |ate behaves like s ⁄ |re the peak ampalf optical cyconsecutive half o

Fig. S1. Spectramodulation of th(5 mbar) by avemodulation of tfrom 0.3 to 0.6 Palso shown in Figmodulation is sh
an be reduced b1. Or, it can be rean example of tdata. The modained in Ar ( =n in Fig. 4(b) in thare averaged forn exhibits a moand below 5% de as shown in Fihigher order from 0.3 PHz to (a) The spectrse. These analysnot serious, andng. 
surement with Eq. 1 is simplifiis valid even foions from multipation yield. As exn yield can b. Since a delta function= ∑plitudes of the dcles. The optical cycles [i.e

al filtering of thehe ionization yieleraging 10 laser the ionization yiePHz are shown wg. 4(b) in the maiown. 
by decreasing themoved by applythe spectral filtedulation of the = 1 × 10  W/che main text. Thr each time delaodulation ampliof the 2nd ordeig. S1(b). In ordecomponents, w0.6 PHz as showral filtering alsses show that thd it can be remo

long fundamentfied to Eq. 2. In or the long funple half optical cxplained in S1.1,be approximatethe derivative on, we may replac− 2⁄ . Thderivatives ⁄have alternate., = | | −

e experimental d (blue dots) is oshots at each timeld after the spewith the red line.in text. (b) The sp
e ratio ⁄  asying the spectraering applied toionization yieldcm ). This is thehe data obtaineday. The spectrumitude of arounder harmonics iner to remove thewe applied thewn with the redso reduces thethe higher orderoved by applying
tal pulses this section, wendamental pulsecycles contribute the modulationed as =of the ionizationce the derivativehe constants ⁄  at the ting signs for−1 ]. Thus, the

data. (a) The obtained in Ar me delay. The ectral filtering . This result is pectrum of the 
s l o d e d m d n e e d e r g 
e e e n =n e   r e 

modumain 
(S2)First, arbitrS2 can

If the odd =can b
(S4)The sfunctithe d

Fig. 
altercycleComEq. S

ulation of the totext can be rew
∝

we consider rary amplitude an be written as
∝

e signal pulse haorder harmon= 2 − 1 , hbe simplified as 
∝

summation in Eqtions, which canduration of |. Thus, we final

S2. Summatio
rnating signs. (aes of the (a) 5mparisons of the oS2 using the (c) 5 

otal ionization yiwritten as 
| |⋯, , , ,…

a signal pulseA  and angu
|⋯, , , ,…+ 2

as the center freqnic of the fuhere  is a posi
⋯, ,q. S4 is a cross-cn be safely appr| is much sholly obtain ∝

on of the delaa–b) Contribution5 fs and (b) 7 original signal pufs and (d) 7 fs fun
ield described in

−1 +
e A expular frequency 

| −1
+

quency correspondamental freitive integer num
| | +, , ,…correlation of twroximated as orter than the 
. 

ayed signal puns from the fs Gaussian puulses and  esndamental pulses
n Eq. 1 in the 

2 . 
 with an . Then, Eq. 

2 . (S3) onding to the quency (i.e., mber), Eq. S3 
+ 2 . 
wo amplitude  because duration of 

(S5) 

ulses with half optical ulses. (c–d) stimated by s. 

2



Eq. S5 (Eq. 2 in the main text) is also highly accurate for chirped signal pulses. The validity of Eq. S5 for the chirped signal pulse can be understood based on the examples shown in Fig. S2. Gaussian fundamental pulses with durations of 5 fs (Figs. S2a and S2c) and 7 fs (Figs. S2b and S2d) using Ar atoms and an intensity of 1 × 10  W/cm  are employed for the calculations. The amplitudes  are estimated using the ADK ionization model. They are found to be = -0.34, = 1, and = -0.34 for the 5 fs fundamental pulse and = 0.1, = -0.58, = 1, = -0.58, and = 0.1 for the 7 fs fundamental pulse. The signal pulse is Gaussian with a spectral bandwidth of 3 fs and has a group delay dispersion of 10 fs  and a third order dispersion of 40 fs , as shown in Figs. S2c and S2d. The contributions from the  half cycles, +2⁄ , have alternating signs and are delayed by 2⁄ , as can be seen from Figs. S2(a) and S2(b). The summation of those contributions does not change the temporal shape if the signal pulse has the center frequency corresponding to the odd order harmonic of the fundamental frequency.  

If the signal pulse has the frequency corresponding to the even order harmonics of the fundamental frequency (i.e., =2 , here  is a positive integer number), the ionizations from the consecutive half optical cycles can be destructively superposed. Their summation can be canceled out depending on the duration of the fundamental pulse. Thus, the modulation amplitude of the ionization yield varies depending on the frequency of the signal pulse. This spectral response is analyzed in Sec. S1.3. 
S1.3. TIPTOE measurement for different signal frequencies The ionization contributions from multiple half optical cycles can be constructively or destructively superposed depending on the frequency of the signal pulse. We calculate the modulation amplitude of the ionization yield using the monochromatic signal pulse at different signal frequencies by solving the TDSE and ADK model. These calculations allow us to estimate the bandwidth of the signal pulse that can be measured in the TIPTOE method. 

Fig. S3. Amplitude and phase of the ionization modulation at different signal frequencies. (a) The 3.9-fs 800-nm fundamental pulses (red line) are used at the intensity of 1 × 10  W/cm . The ionization rate (black line) is calculated in a He atom using the ADK model. (b-c) The amplitude (b) and phase (c) of the ionization modulation are calculated using the TDSE and the ADK ionization model for the monochromatic signal pulses at different signal frequencies. The intensity of the signal pulse is 0.01% of the fundamental intensity. (d) The 3.9-fs 800-nm fundamental pulses (red line) are used at the intensity of 5 × 10  W/cm . The ionization rate (black line) is calculated in a H atom using the ADK model. The signal intensity is 0.01% of the fundamental intensity. (e-f) The same calculations shown in (b) and (c) are repeated with a H atom and the field shown in (d). (g) The 11.6-fs 800-nm fundamental pulse (red line) is used at the intensity of 5 × 10  W/cm . The ionization rate (black line) is calculated in a H atom using the ADK model. (h-i) The same calculations shown in (b) and (c) are repeated with a H atom and the field shown in (g). The signal frequency lower than 0.4 ω  could bot be calculated for the TDSE model due to the computational limitation. 
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In the first example shown in Fig. S3(a), the ionization rate is calculated in a He atom using the ADK ionization model (τ = 3.9 fs,  λ = 800 nm, = 1 × 10  W cm⁄ , ⁄ =10 ). Since the duration of the fundamental pulse is very short, the tunneling ionization occurs only once at the peak. To see the spectral response of the TIPTOE method, we calculate the amplitude and the phase of the modulation using the TDSE and the ADK models for the monochromatic signal pulses at different signal frequencies as shown in Fig. S3(b) and S3(c). The ADK calculations show that the modulation amplitudes slightly decrease as the signal frequency increases. On the other hand, the TDSE calculations show that the modulation amplitudes gradually increase as the frequency increases. Since the frequency dependence is not properly taken into account in the ADK model, the TDSE results should be more reliable. The modulation amplitudes are strong enough to be measured for the spectral range from 0.1 ω  to 4 ω . Also, the phase of the modulation for the different frequencies is almost flat as shown in Fig. S3(c). 
The modulation amplitude varies depending on the signal frequency because of two reasons. First, the tunneling ionization rate +  depends not only on the fundamental frequency but also on the signal frequency. The modulation amplitude gradually increases in the TDSE calculations as shown in S3(b). Second, the ionizations from multiple half optical cycles can be constructively and destructively superposed as explained 

in Sec. S1.2. Therefore, the modulation amplitude can be suppressed when the signal frequency corresponds to the even order harmonics of the fundamental frequency. In the first example shown in Fig. S3(b), these suppressions are weak because the ionization effectively occurs only once at the peak.  
In the second example shown in Fig. S3(d-f), we use a hydrogen atom ( τ = 3.9 fs, λ = 800 nm, = 5 × 10  W cm⁄ ,⁄ = 10 ). Although we reduced the intensity, but the ionization rate is greatly increased due to the lower ionization potential. Although the duration of the fundamental pulse is not changed, the ionizations occur from the adjacent half optical cycles as shown in Fig. S3(d). Due to the contributions from adjacent half optical cycles near the peak, the suppression of the even harmonics is clearer as shown in Fig. S3(e). However, the modulation amplitudes for the full spectral range (0.1 to 4 ω ) is still strong enough to be measured in both the TDSE and the ADK calculation results. The phase is almost flat for the entire spectral range. 

Fig. S4. TIPTOE method with long fundamental pulses. (a-d) The modulation of the ionization yield is calculated in an Ar atom using the ADK model. The 5-fs (a and b) and 15-fs (c and d) fundamental pulse with an intensity of 1 × 10  W/cm  is used for the chirped signal pulse that has a bandwidth of a 5-fs pulse and 0.01% intensity of the fundamental pulse. The intensity profile (blue line in (a) and (c)) and the spectral amplitude and phase (blue lines in (b) and (d)) of the chirped signal pulse are shown. The intensity profile (red dashed line in (a) and (c)) and the spectral amplitude and phase (red dashed lines in (b) and (d)) of the signal pulse calculated from the ionization yield are shown. The reconstructed signal pulse after correcting the spectral amplitudes is shown with black dots in (c). 
Fig. S5. Measurement of the ionization yield. (a) The ionization yield was determined for every laser shot by detecting the minimum peak (red circle) of the voltage signal from the current amplifier (blue line). (b-c) The ionization yields are measured for 10 laser shots for each time delay from the signal channel (b) and the reference channel (c). A part of the data in a dotted box is shown in the upper right panel in (b) and (c). 
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In the third example, we increase the duration of the fundamental pulse ( τ = 11.6 fs, λ = 800 nm, = 5 ×10  W cm⁄ , ⁄ = 10 ). Due to the long fundamental pulse, the ionizations from multiple half optical cycles contribute to the total ionization yield as shown in Fig. S3(g). The modulation amplitudes for the even order harmonics of the fundamental pulse are completely suppressed as shown in Fig. S3(h). It means that the spectral component of the signal pulse near the even order harmonics cannot be measured. This spectral response of the measurement limits the spectral bandwidth of the signal pulse that can be measured in the TIPTOE method. The measurable bandwidth can be estimated from the results shown in Fig. S3(h). The bandwidth of the fundamental pulse in amplitude FWHM is 0.17 ω . The FWHMs of the modulation amplitude are 0.58 ω  (ADK) and 0.52 ω  (TDSE). Here, ω  is the angular frequency of the fundamental pulse. It should be noted that the phase of the modulation is still flat for those spectral range. Thus, the signal pulse that has the bandwidth three times broader than that of the fundamental pulse can be measured if the spectral response of the TIPTOE measurement is calibrated.  
We test the validity of the TIPTOE method using the ADK model for the long fundamental pulse as shown in Fig. S4. In the first 

example shown in Fig. S4a-b, the 5-fs fundamental pulse is used to measure the chirped signal pulse that has a transform limited bandwidth of a 5-fs pulse as shown in Fig. S4(a) The temporal profile and the spectral amplitude and phases are accurately reproduced as shown in Fig. S4(a) and S4(b). In the second example shown in Fig. S4(c) and S4(d), the 15-fs fundamental pulse is used to measure the same signal pulse. The temporal profile is slightly different from the original signal pulse. The spectral amplitude is underestimated at both sides as shown in Fig. S4(d). This is due to the spectral response shown in Fig. S3(h). However, the spectral phase is still very accurate as shown in Fig. S4(d). Thus, we reconstruct the signal pulse using the spectral amplitude of the original pulse and the spectral phase calculated from the ionization yield. The temporal profile of the reconstructed signal pulse (black dots) accurately reproduces the original signal pulse as shown in Fig. S4(c). The calibration of the spectral amplitude can be implemented in the experiment by separately measuring the spectrum of the signal pulse. It should be noted that the spectral calibration is required only when the signal bandwidth is much broader than the fundamental bandwidth. Thus, the spectral calibration is not applied for the experimental data shown in the main text because the fundamental and the signal pulses have the same spectrum. 

Fig. S6.  TIPTOE measurements using the differential and 
single channel measurement.  (a-d) The modulation of the ionization yields obtained in air (1bar) from the differential ((a) and (b)) and single channel ((c) and (d)) measurements are shown ( = 1 × 10  W/cm ). The modulations obtained for 10 laser shots ((a) and (c)) and 1 laser shot ((b) and (d)) are shown in each panel. (e) The modulations after applying spectral filtering for (a) and (c) are shown, respectively. The range of the spectral filtering is 0.3 – 0.6 PHz (500 – 1000 nm). 

Fig. S7. Stability of the TIPTOE measurement. (a-b) The modulations of the ionization yields are measured 20 times without changing the experimental condition to test the stability of the measurement (Air 1bar, ≈ 1 ×10  W/cm ). The differential (a) and the single channel measurements (b) are compared. 
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We analyzed the spectral response of the TIPTOE measurement up to 4.0 ω . For the atomic targets, we do not expect the lower limit of the method. However, the upper limit of the signal frequency can be set by the resonance enhanced ionization. According to the TDSE calculations, two photon transition occurs in the hydrogen atom from the ground state (-13.6 eV) to the second excited state (-1.5 eV) when the photon energy of the signal pulse is 6 eV (200 nm in wavelength). For higher atoms that have the higher ionization potential, the resonance-enhanced ionization occurs at much higher energy. Since the model potential that we use for the TDSE calculation is accurate only for a small atom, we could analyze the H and He atom. These calculations show that the TIPTOE method can be applied for the spectral range up to 6 eV. For the molecules in air, the analysis would be more complicated. We experimentally showed that there is no resonance effect for the wavelength range from 1 um to 500 nm. Since the ionization potentials of the molecules (N2: 15.6 eV, O2: 12.1 eV, Ar: 15.8 eV, CO2: 13.8 eV, H2O: 12.6 eV) in air are comparable with the hydrogen, we expect a similar behavior for the electronic transition.  
S2. Differential and single channel measurement We use the differential measurement to reduce the experimental noise. In this section, we compare the differential and single channel measurement. In the experiment, the ionization yield is detected by a pair of potential-biased metal plates which is connected to the current amplifier. The voltage signal from the current amplifier is read by the data acquisition board connected to the computer. Typical ionization signals are shown in Fig. S5a which show a series of the peaks for each laser shot. To compare the differential and single channel measurement, the ionization yields with 10 laser shots are measured for each time delay from the signal channel shown in Fig. S5(b) +  and from the reference channel shown in Fig. S5(c) . 
In the first example shown in Fig. S6(a), the modulation of the ionization yield is obtained using the differential measurement. 

The ionization yield = +  is obtained from the signal channel (Fig. S5(b)) and the ionization yield = is obtained from the reference channel (Fig. S5(c)). The modulation is obtained as ⁄ = ⁄ − 1. The modulation of the ionization yield shows clear oscillation of the signal pulse. In the second example shown in Fig. S6(b), the modulation is obtained in the same way, but only one data for a single laser shot is used for each time delay. The modulation of the ionization yield shows a higher noise level.  In the third and fourth example, the same data set is used. However, the modulation of the ionization yield is obtained only using the data from the signal channel. The modulation amplitude is obtained as ⁄ = ⁄ − 1. Here,  is the average of  for all time delays. The modulations is obtained for 10 laser shots for each time delay in Fig. S6(c). The modulation obtained with a single laser shot is also shown in Fig. S6(d). Although the modulations show more noise than that obtained in the differential measurement, the modulations obtained after applying the spectral filtering show a good agreement for both the differential and single channel measurement as shown in Fig. S6(e). These analyses confirm that the TIPTOE method can also be applied for the signal channel measurement.  
The stability of the TIPTOE measurements was also tested as shown in Fig. S7. The energy fluctuation, measured with a photodiode, after the hollow core fiber was 2% in the root-mean-square. The modulations of the ionization yield were measured 20 times under the same experimental condition. Since the ionization yields were separately recorded for the signal and the reference channels, the modulation of the ionization yield could be estimated using the same data sets for the differential scheme (Fig. S7a) and also for the single channel scheme (Fig. S7b). In both cases, the modulation of the ionization yields were well overlapped each other, showing a good stability of the measurements. 

Fig. S8. Experiment setups for the TIPTOE and the petahertz optical oscilloscope. The beam path was modified to switch from (a) the TIPTOE method to (b) petahertz optical oscilloscope. The beam splitter BS2 was replaced by the quartz delay plate, the achromatic quarter waveplate and the half waveplate. The high harmonic radiation generated using a Ne gas jet was recorded using the CCD camera by imaging the MCP after the XUV grating. 
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