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This document provides supplementary information to "Inline detection and reconstruction of 
multiphoton quantum states," https://doi.org/10.1364/optica.6.000041. In Sec. S1 we specify the 
object of study and classify different detector types and detection schemes, making clear their 
individual characteristics. We also include a discussion on the success rate of N-fold correlation 
measurements for multiplexed click detectors. In Sec. S2 we outline some basics of the condition 
number used throughout this work for estimation of the quantum state reconstruction sensitivity to 
noise. In Sec. S3 we analyze the regime of non-negligible coupling between the waveguide and detector 
and formulate the strategy to maintain the optimal condition number in this case. In Sec. S4 we 
discuss the influence of experimental errors on the reconstruction, including an analysis of main 
sources of error in our proof-of-principle classical experiment.

S1. N-PHOTON DENSITY MATRIX AND DETECTION SCHEMES
The object of study in this work, termed multi-photon quantum state in the manuscript, refers to 
the N-photon density matrix in a certain representation, e.g. spatial mode as the example shown in 
the manuscript. It is defined by tracing out all other degrees of freedom ρ N = ∑ i α i |ψi〉 〈ψi|, leaving 
only the discrete spatial mode representation. In a two-port system, for an N-photon state ρN is a 
2N × 2N Hermitian matrix. Generally, such a ρN contains 4N real-valued unknowns (since ρN is not 
normalized). Note that in this most general case the photons can be distinguishable, as they have 
other degrees of freedom than the spatial modes, e.g. frequency and polarization. Our approach 
targets such an experimentally realistic density matrix, which has a clear distinction with works 
assuming indistinguishable photons, e.g. in Ref. [1].

There are two main dimensions in the consideration of detection. Firstly, there are detectors that 
can only recognize on-off events, known as click or bucket detectors (for details on the terminology 
of detectors, see page 128 of Ref. [2]), without a knowledge of how many photons are detected in 
one detection event. In contrast, another type of detector is the so-called photon-number-resolvable 
detector that can detect the number of photons. Secondly, there exist the so-called distinguishable 
and indistinguishable detection schemes, depending on whether or not the detectors can tell which 
photon is which among the N photons from some extra degree of freedom. In Tab. S1, using the 
analysis presented in the supplementary of Ref. [3] on reduced N-photon density matrices including 
relevant calculations, we summarize the number of independent unknowns with both arbitrary d 
modes (e.g. d waveguides) and d = 2 case for both distinguishable and indistinguishable detection 
cases. We also show in Tab. S1 the number of distinct N-fold correlations one can get out of M
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multiplexed number-resolvable or click detectors for both distinguishable and indistinguishable
detection schemes.

Table S1. Basics of N-photon density matrix measurement by M multiplexed detectors.

Detection scheme

Distinguishable Indistinguishable

Free parameters in the reduced density matrix ρN d2N (N+d2−1)!
N!(d2−1)!

Free parameters in the reduced density matrix ρN (d = 2) 22N (N+3)!
N!3!

N-fold correlations (number-resolvable detectors) MN (M+N−1)!
N!(M−1)!

N-fold correlations (click detectors) M!
(M−N)!

M!
N!(M−N)!

To enable reconstruction of the quantum state, the number of correlations has to be no less than
the number of unknowns in the reduced density matrix. In particular, for indistinguishable click
detectors this leads to a necessary condition M ≥ N + 3 for d = 2 waveguides, presented in Eq. (5)
of the manuscript.

Another consideration for selecting the number of click detectors is related to their collective
efficiency in simultaneously detecting N photons. We can estimate this as a ratio (ζ) of distinct N-fold
correlations between click and number-resolvable detection schemes. Then, for indistinguishable
detection and d = 2 waveguides we have

ζ =
M!(M− 1)!

(M− N)!(M + N − 1)!
. (S1)

For the minimum required number of click detectors for our in-line scheme, ζ = 1., 0.714286, 0.466667,
0.212121, 0.125874, 0.041958, . . . for N = 1,2,3,4,5,6, . . . and M = 6,6,8,8,10,10, . . .. We see that the
relative detection efficiency decreases for larger photon numbers, but still remains reasonably high
up to N = 5 photon states. This efficiency can be boosted by employing a larger number of click
detectors M, which optimal configuration will also depend on the specific detector characteristics
such as dark count rate and dead time.

We note that photon-number-resolvable detectors would enable reconstruction of N-photon states
using our in-line approach with a higher detection success rate compared to click detectors, for the
same overall loss of the transmitted photons.

Our method can be generalized to knowing the maximum photon number Nmax in a measured
photon system [4]. More specifically, it is possible to firstly use Nmax-fold correlations to reconstruct
the photon states in the Nmax sub-Fock-space with the same method as introduced in the main
manuscript. Then one can simply measure the (Nmax-1)-correlations and exclude those events
caused by Nmax-fold correlations, and reconstruct the density matrix in the (Nmax-1) sub-Fock-space.
Following this procedure, it is possible to reconstruct the spatial-mode density matrix ranging from
Nmax to 1 sub-Fock-space.

S2. CONDITION NUMBER FOR N-PHOTON STATE RECONSTRUCTION
In quantum frame theory, the optimal design of projective measurements aims at optimizing the
condition of reversibility of the instrument matrix (see, e.g., Ref. [5]). In general, the measurement
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process can be described by
~O = J~S, (S2)

where a to-be-measured vector ~S that contains all unknowns of a state is transformed to another
vector ~O that contains the observables by an instrument matrix J. The instrument matrix is basically a
description of the measurement device. A widely used and convenient measure of the reversibility of
the instrument matrix is the so-called condition number, which essentially quantifies the amplification
of error in the reconstruction. Specifically for the measurement of the density matrix of a quantum
system, ~S is a vector that contains all independent elements in the measured density matrix. Then J is
inherently the transformation implemented by the measurement setup. Hence ~O is a vector containing
the observables (typically positive-valued from projective measurements, e.g. correlations).

From the measurement readout ~O, one may use the inversion (or pseudo-inversion) J−1 to retrieve
the reconstructed ~S (denoted as ~S′), i.e.

~S′ = J−1~O, (S3)

where it is vital to know how well J can be reversed. This essentially depends on to what extent an
error in ~O gets amplified in such a construction process as described by Eq. (S3). Now consider a
vector denoting such errors ∆~O from the measurement, which will then propagate to another vector
∆~S impacting on the reconstructed ~S′. These error vectors are also linked by the instrument matrix J:

∆~S = J−1∆~O. (S4)

If we calculate the norm, denoted by || · ||, of all quantities in Eq. (S4), according to the Cauchy’s
Inequality, ||∆~S|| has an upper bound

||∆~S|| ≤ ||J−1|| ||∆~O||. (S5)

For the relative error ||∆~S||/||~S′|| with respect to the reconstructed vector, using Eq. (S3) and again
the Cauchy’s Inequality we can find its upper bound

||∆~S||
||~S′||

≤ ||J|| ||J−1|| ||∆
~O||
||~O||

, (S6)

where ||J|| ||J−1|| can act as a upper bound of the amplification of the relative error in such a
reconstruction process. In other words, it quantifies the robustness of the system against error
propagation in the reconstruction. Therefore such a quantity is defined as the condition number κ

κ(J) = ||J|| ||J−1||. (S7)

An infinite κ means that, for a given measurement ~O, one cannot derive a unique ~S′. Hence we can
tell that the reconstruction is ill-conditioned. By contrast, the closer a finite κ gets to its minimum
value, the more robust this system is against error amplification in the reconstruction.

In the specific context of our paper, the matrix B in Eq. (4) of the main text plays the role of
the instrument matrix J described above. In this case, ~S is a vector that contains all independent
real-valued parameters {r1, r2, · · · , rS} in the reduced N-photon density matrix, and ~O corresponds
to Γ that contains all accessible N-fold correlation observables.

Throughout our paper, including Eq. (S7), we employ Euclidean norm. While other norms have
been used in the literature, such as Hilbert-Schmidt norm in Ref. [5] formulating optimal frames
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for polarization state reconstruction, for all definitions the minimum condition number universally
corresponds to the optimal regime of reconstruction with minimum errors. For a reconstruction of
classical or single-photon density matrices in a two-mode system, the best possible value of condition
number is κ =

√
3 (it is the Euclidean norm for an optimal frame with an analytical proof in Ref. [5]),

which is achieved in our in-line detection scheme. An analytical derivation of the optimal condition
number for the reconstruction of several entangled photons (N ≥ 2) still remains an interesting open
problem.

S3. NON-NEGLIGIBLE DETECTOR COUPLING EFFICIENCIES
In the main manuscript, we mainly discussed the case of the so-called weakly coupled detectors to
the waveguides, where weak refers to a negligible coupling efficiency γm of photons propagating
in waveguides to each detector number m. In practice, to make the detection process quicker, a
larger γm may be relevant. For non-negligible γm from the waveguide to a detector, all the detectors
further along the waveguides will be affected by coupling loss at the detectors positioned at smaller
z, since the baseline of photon probability is reduced via multiplying by a factor of (1− γm) after
each each detector. Therefore here we analyze the impact that a non-negligible γm leaves onto the
reconstruction and detection, including the condition number and the transmission from the output.

Fig. S1. Influence of identical coupling efficiency to each detector γm = γ on the (a) inverse con-
dition number 1/κ and (b) output single-photon transmission efficiency µ. Simulations are per-
formed for M = 6 and N = 2.

In order to make sure that the output photon state is maintained only up to an overall loss, it
is necessary to require equal coupling efficiencies for pairs of detectors at the same propagation
distance z, i.e. γm = γm+1 for m = 1, 3, 5, · · · . Here the numbering of detectors are following a same
rule as shown in Fig. 1(a) of the main text. We then discuss the following two cases.

Case 1: same coupling efficiency γm = γ for all detectors
In this case, detectors at zm will reduce the probability of photons arriving in the detectors positioned
at larger z. Mathematically, this will lead to a reduced magnitudes of coefficients in the transfer matrix
T at larger z, reflecting lower photon counts due to preceding coupling losses. Due to this departure
from the optimal form of the instrument matrix, we expect that an increasing γ will decrease the
inverse condition number 1/κ, making the reconstruction condition worse. We have numerically
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verified this effect for N = 2 and M = 6 as a representative example, and plot the inverse condition
number 1/κ and the single-photon transmission µ versus γ in Figs. S1(a) and (b), respectively.

As seen from Fig. S1, for the identical values of γm = γ, the condition number departs from the
optimal value as γ increases. Still, a well-conditioned reconstruction is possible for relative coupling
loss at each detector up to γ ∼ 0.1, i.e. up to 10% probability of a photon to be captured when
propagating past each of the detectors.

Case 2: same probability for photons to get into each detector
We reveal that optimal reconstruction can be realized by specially varying the coupling to each
detector, in order to ensure the photons have an equal probability entering all M detectors. Indeed, in
this regime the instrument matrix is scaled by the same overall detector coupling, exactly preserving
the optimal condition number. For example, such a requirement can be achieved for M = 6 with
different couplings γ1 = γ2 ≤ 1/3, γ3 = γ4 = γ1/(1− γ1), γ5 = γ6 = γ1/(1− γ1)/(1− γ3). We
plot 1/κ and µ versus γ1 in Fig. S2(a) and (b), respectively, for a representative example of N = 2
and M = 6.

Fig. S2. Influence of coupling efficiency γ1 = γ2 in the first line of detectors on the (a) inverse
condition number 1/κ and (b) the output single-photon transmission efficiency µ. The detector
couplings γ3,4,5,6 are chosen such that the probability of photons arriving at each detector is the
same. Simulations are performed for M = 6 and N = 2.

The numerical simulations presented in Fig. S2(a) confirm the analytical prediction that the
condition number now stays the same for any level of coupling loss, throughout the whole range of
γ from 0 to 1/3. In Fig. S2(b) we observe that the transmission decays linearly with γ1 and reaches
zero at γ1 = 1/3, when γ5 = γ6 = 1 and all photons get captured by detectors m = 5, 6.

Comparing the two cases discussed above, we find that it is better to choose the coupling efficiency
of detectors in a way that the photons arrive at each detector pair at different positions along the
waveguides (zm) with the same probability, as described in Case 2 above. This approach enables one
to choose the best coupling efficiency that balances the measurement speed and overall loss, while
preserving the optimal condition number for reconstruction.

S4. INFLUENCE OF EXPERIMENTAL ERRORS
As discussed above, the condition number of an instrument matrix quantifies the amplification of
error in reconstruction. Here we firstly discuss the errors in the determination of the instrument
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matrix from fabrication and its calibration using characterizations. Then we analyze specifically the
main sources of error in our proof-of-principle experiment.

An important feature of our measurement scheme is that it is not necessary to know precisely
the parameters of the fabricated waveguide circuit, such as the detuning of propagation constant
β, coupling C and coupling efficiency γm to each detector. Instead, after the fabrication the circuit
needs to be characterized once to determine the transfer matrix, defining the photon propagation and
coupling to each of the detectors. Such measurement can be accomplished with attenuated coherent
light or single-photon sources, by preparing several specific input states and collecting the photon
counts from each detector. Such an experimentally determined transfer matrix will incorporate all
the features of fabrication imperfections, and thereby enable highly accurate reconstruction of the
quantum states without a need to consider individual parameters of the device.

We note that the fabrication imperfections would lead to a deviation of the experimental transfer
matrix from the ideal theoretical design, leading to a slightly higher amplification of errors in the
reconstruction. Importantly, this influence can be fully evaluated by calculating the condition number
of the characterized transfer matrix, additionally serving as a quality-test of the fabricated circuit.

For our proof-of-principle experiment shown in the main text, we still used the characterization
of β and C only due to the fact that we solely used a single site excitation and did not prepare
several specific states. Therefore we assumed that the waveguides are uniform along propagation
and used a coupled mode theory to characterize the Hamiltonian and then indirectly obtain the
transfer matrix. This is a reasonable assumption as verified for various samples of the laser-written
waveguide couplers, where the experimental measurements were consistent with such a coupled
mode theory.

The main source of measurement error of the proof-of-principle experiment lies in the fluores-
cence measurement with a moving microscope along the propagation z axis to take the images.
The measured power evolution, integrated from the images at the varying steps, exhibits a small
percentage of fluctuation. Our high fidelity shows that these measurement errors only weakly affect
the reconstruction. This happens because for couplers with a non-zero detuning β reasonably close
to the optimal value in agreement with Fig. 2(c) in the main manuscript, the condition number
remains finite and reasonably close to optimal (for our experiment, we determined that κ = 2.8). It
is the condition number which sets the fundamental limit on the fidelity from the reconstruction
process, under the condition of specific noise level. In quantum regime, the fundamental limit in
measurement is due to shot noise. In our classical measurements, the measurement is in a relatively
high intensity regime, and shot noise was not significant. Although the source of error was different,
the experiment acts as an important proof-of-principle evidence of the reconstruction scheme being
robust in presence of noise.
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