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Supplement A: Limitation of Fraunhofer approximation and RCWA 

In X-ray simulation, the Fraunhofer approximation is widely used because it can directly 

obtain the image of the scatterer using Fourier transformation [1]. The Fraunhofer 

approximation is easy to understand, but its usage in this study is problematic. The 

Fraunhofer approximation can calculate only a plane plate or a hole in a plate, but the purpose 

of this study is to determine the fine structure of a plate. We discuss this in detail below. 

The Fraunhofer approximation assumes that the scatterer size is small compared to the 

distance from the scatterer to the screen [1]. This applies only in the far field and cannot 

evaluate the near field. In this study, there are two scatterers: the Pt layer and the SiN layer. 

As the width of the Pt layer is less than that of the SiN layer, the diffraction of the Pt layer 

should affect the diffraction of the SiN layer (see Supplement C). Therefore, to obtain the 

diffraction of the SiN layer, we need information on the diffraction of the Pt layer. 

The Fraunhofer approximation can provide the correct diffraction pattern when  
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where R is the distance from the scatterer to the screen (CCD), w is the width of the scatterer, 

and λ is the wavelength [1]. 

If w =1 μm and λ = 10 nm, R is theoretically larger than 20000λ (200 μm). This is much 

larger than the thickness of the Pt layer. The resolution can be less than this, depending on the 

scatterer’s size and shape. We estimate that it is about 100λ, from the examples found in our 

references [2,3].  

Another problem of Fraunhofer approximation is that it cannot calculate the diffraction 

pattern of a 2D or 3D scatterer with depth along the optical axis [1]. It can only address a 

plate of zero thickness. However, to simulate the diffraction pattern of the Pt layer and the 

SiN layer, we need information on the diffraction pattern of the corners of the Pt layer. 

The space between the corners of the Pt layer and the SiN layer is several wavelengths 

across. This distance is in the range of the resonance domain (approximately 1–10 

wavelengths). The third problem of the Fraunhofer approximation is that it does not evaluate 

polarization. As the diffraction effect is strong in this range, the polarization effect could 

likewise be strong [4]. Hence, evaluation of the polarization is important. Scalar 

approximations, including Fraunhofer approximation, are not able to differentiate the 

polarization, and polarization effects can be large [5,6].  

As shown above, the Fraunhofer approximation is not suitable for the simulation of the 

angular diffraction pattern of the scatterer with thickness. By contrast, RCWA has a wide 

range of applications, as mentioned in the introduction. We have summarized the size of the 

sample and the resolution of the Fraunhofer approximation and vector field theory including 

RCWA in Fig. S1 [2,3,7–9]. 



 

Fig. S1 Resolution and allowed scatterer sizes of the measurement methods in cross-sectional 

shape evaluation. The wavelength for each case is shown at the left side of the data points. 

In this report, two-layered rectangles are analyzed by CSDaVe, in addition to 

conventional ellipses, rectangles, and triangles [10–12]. At a minimum, CSDaVe’s analysis is 

possible if the diffraction pattern can be calculated by RCWA without simulator power issues, 

and it can be assumed that the shape is one of these structures. 

Supplement B: Scattering pattern estimation using RCWA  

B.1 Reduction of the size of the scatterer for simulation 

Here, we describe the method we used to simulate a scatterer of the order of 100 wavelengths 

by using RCWA on a common computer. The method is useful for fast calculation of 

diffraction patterns with a small amount of memory to construct a database of various shapes. 

Our aim is to estimate the original scattering pattern by using that of a reduced-size scatterer. 

This was achieved by using a longer wavelength to reduce the apparent size. This corresponds 

to the theory that the sine of diffraction angle d of a crystal is proportional to λ / a, when a is 

space between atoms and λ is the wavelength of the X-ray. 

When the scatterer is polyhedral and the ray simply passes through the scatterer without 

changing its direction, the scattering pattern on the CCD often changes periodically, and its 

period is inversely proportional to the size [13,14]. This period can be estimated roughly with 

the use of aperture diffraction theory, such as rectangular aperture diffraction in the 

Fraunhofer approximation [1]. As the Fraunhofer approximation is not available for 

calculation of the two layers, the validity is later verified by RCWA. 

According to Babinet’s principle, a columnar scatterer has the same scattering pattern 

with a slit aperture of the same width [1,15]. In this case, the diffraction pattern of the larger 

wavelength can be estimated by reducing the angle of the original pattern. The diffraction 

angle for each wavelength was converted by  

arcsin(sin( ) / ),dred d i redC  = −                                                                                            (S2)

 

 

where dred is the reduced angle and Cred is the reducing coefficient for each wavelength. 

Here, the actual wavelength λ is 10 nm, and Cred is given by 

  /10 nm,red redC =                                                                                                                 (S3) 

where λred is a parameter for the simulation of the wavelength to change the apparent size 

of the scatterer.  

B.2 Treatment of extinction coefficient 



 We checked whether the above reduction was valid for the scatterer of the two layers 

using RCWA. The problem is the treatment of the refractive index. As the 

thickness/wavelength ratio becomes smaller as the wavelength changes, the transmissivity 

becomes larger if the complex refractive index is the same. Here, we used the following two 

scenarios to try to ensure that the transmissivity remains the same.  

1. Set the coefficient k larger when the layer thickness is thinner.  

2. Set the coefficient k sufficiently large such that the transmissivity becomes 

almost zero irrespective of the thickness.  

Here, parameter k is the extinction coefficient. In our case, there are three layers, which 

we distinguish by assigning the values 1, 2, and 3 to parameter m, which we defined for this 

purpose. In scenario 1, k'm, the simulation parameter of the extinction coefficient is given by 

' /  10 nm,m m redk k =                                                                                                             (S4) 

where the value of km is available in the literature for a wavelength of 10 nm with m=1, 2, 

3. The complex refractive indices of Pt, Cr, and Si3N4 are 0.9511 + 0.0172i, 0.9596 + 0.0215i, 

and 0.9854 + 0.0202i, respectively, and the real parts were fixed [16].  

In scenario 2, k'm is given by 

'  1,       1,  2,  3 .mk m= =
                                                                                                         (S5)

 

 

Scenario 2 presents an effective approximation method because the transmissivity of the 

Pt layer is 1% and that of the SiN layer is 8%. To ignore the transmission, we set the 

extinction coefficient k to be 1, which is sufficiently large such that the transmissivity of the 

SiN layer becomes 10-55.  

B.3 Verification of the simulation model 
Here, the diffraction pattern for the large width/λ ratio is to be estimated by using a small 

ratio. For this purpose, diffraction patterns of different sizes are compared to check the 

dependency of the diffraction pattern on the size of the column, as shown below.  

When the pattern projected onto the CCD by parallel incident light is a rectangle, the 

diffraction pattern can be predicted by a rectangular aperture. In this case, a large-sized 

scatterer diffraction pattern is estimated by reducing the angular distribution by using a larger 

value of Cred in Eq. (S2). Here, we should consider the effect of the scatterer’s thickness on 

the angular distribution. To check this effect, we performed a simulation using RCWA. 

λred is 0.02, 0.04, 0.08, or 0.16 µm, and Cred is 2, 4, 8, and 16, respectively, according to 

Eq. (S3). The simulation model is shown in Fig. 4, where w1 is 0.688 µm and w2 is 0.86 µm. 

We ensure the validity of the simulation by comparing the diffraction patterns with different 

sizes in Figs. S2 and S3. If the simulation is valid, patterns with different sizes should be the 

same. We also assumed that the pattern should be the same if the size is sufficiently large. 

The validity of this idea is explained by ray tracing. The scattering pattern may be determined 

by ray tracing [17] because the diffraction effect becomes smaller as the size increases. The 

scattering pattern determined by ray tracing does not depend on the size at this time.  

The angle of the peaks in scenario 1 is larger than those in scenario 2 in these figures. This 

may be an effect of the light transmitted through the columnar scatterer. In both scenarios, the 

angles of the corresponding peaks and valleys are similar when the diffraction angle is less 

than 2°. Based on the results, we decided to set the wavelength to 0.08 µm, rather than 

0.04 µm to get enough resolution of the angle.  

As mentioned in the main body of this paper, we applied this method to the experimental 

results. In scenario 1, the resultant values of w1 and w2 are 0.94 µm and 1.00 µm, respectively. 

On the other hand, in scenario 2, w1 is 0.86 µm and w2 is 0.94 µm. The angular space between 

the peaks obtained in scenario 1 is wider than that in scenario 2 for the same wavelength. For 

the same experimental angle, the columnar width obtained by scenario 1 is larger than that of 

scenario 2, which agrees with the above-mentioned consideration. Therefore, the relationship 



between w1 and w2 is consistent between scenarios 1 and 2. The results of scenario 2 agree 

more closely with those of SEM than those of Scenario 1. The results of Scenario 2 in Fig. 

S2(b) shows that when the wavelength is in the range from 0.04 to 0.16, the pattern is similar 

for angles less than 2°, in which case we can simulate the experimental results with some 

accuracy. Finally, we adopted the results of scenario 2. 

 If the effect of light transmitted through the layers is dominant in the diffraction pattern, 

data obtained using scenario 1 are expected to more closely approximate the SEM data than 

scenario 2 data. However, this result contradicts this assumption. The results obtained for 

scenario 2, the Fraunhofer approximation, and SEM were similar (Table S1), suggesting that 

the effect of transmitted light is negligibly small. Here, the result of the Fraunhofer 

approximation was derived from the data in Fig. 5 under the assumption that the two layers 

were one plate.  

Based on the SEM results in Fig. S4, we estimated the value of w1 to be 0.86 µm, when 

considering a column without burr (see Visualizations 1 and 2, and Dataset 1). Using the 

Fraunhofer approximation for a column with no transmission, the width becomes 0.92 µm, 

which corresponds to w2 when considering the low transmissivity of the SiN layer. The use of 

RCWA with almost no transmission yields values for w1 and w2 of 0.86 µm and 0.94 µm, 

respectively. On the other hand, when using RCWA with a certain amount of transmission, w1 

and w2 become 0.94 µm and 1.00 µm, respectively. This seemed to indicate that either the 

light was scattered by the SiN layer or the coherency decreased. This layer seemed opaque 

when viewed under the optical microscope in visible light, which suggested that it either had 

a convex surface or was inhomogeneous.  

 

 Fig. S2 Diffraction pattern for scenarios 1 and 2 at different scales. The two scenarios are 

prescribed by Eqs. (S4) and (S5). The horizontal axis of each data value is reduced in 

accordance with its scale. The incident angle is 0°. (a) Scenario 1. (b) Scenario 2. 



 

Fig. S3 Diffraction pattern for scenarios 1 and 2 at different scales. The incident angle is 30°.  

 

Fig. S4 Frequency distribution of the width by SEM. The width is counted by 0.009 μm step 

along the column of Fig. 3(b). 

Table S1 Estimated width of Pt and SiN columns by different methods 

Method w1 (μm) w2 (μm) 

SEM 0.855  0.906  

Fraunhofer approximation ––––––––– 0.92±0.03 

RCWA: scenario 1 0.94±0.02 1.00±0.02 

RCWA: scenario 2 0.86±0.02 0.94±0.02 

                                                                                 The width of the SEM is the averaged value of Fig. S4. 

The values of w1 and w2 differ by several wavelengths. A difference of this magnitude 

causes light to be diffracted and not reflected, and this could be a source of error in the 

simulation. With respect to this point, we examined the effect of diffraction by changing the 

wavelength. A large diffraction effect would cause large variations in the angles of the peaks 

and valleys in Figs. S2 and S3 when the wavelength was changed. However, the simulation 

does not exhibit large variations near the optical axis.  

Supplement C: Effect of width on diffraction patterns in simulation 

Resolution, precision, and accuracy are important factors for selecting a measurement method. 

The resolution is the measurable fineness of the width. We note that the resolution of the 

width of a wide plate is different from that of two neighboring particles. In Section 3, 

precision is derived from the deviation of the peak and valley angles of the experimentally 

measured diffraction pattern from those of the ideal pattern. By contrast, accuracy is derived 

from calculation correctness as well as experimental correctness. This section discusses 

accuracy and resolution to verify the effectiveness of the vector field theory. The layer 

number and number of incident angles affect the resolution [11]. Here, to simplify the 

situation, the simulation condition is that the only parameter is w1 and that there is only one 



incident angle. Furthermore, the pixel size of the CCD is assumed to be sufficiently small. In 

the following estimation, it is noted that the resolution has been enhanced as much as Cred 

times. 

Henn et al. applied the least-squares method to scatterometry using diffraction efficiency 

parameters. Thus, they used the diffraction efficiencies of the grating [7]. Here, the concept of 

the diffraction order of a grating is not applicable. We focused on the angles of the peaks and 

valleys. We confirmed the effect of changing width, w1, on the diffraction pattern so that we 

could estimate the resolution. Here, Scenario 2 was used (see Supplement B). The width w1 

was changed and the width w2 was set to 0.86 μm. The incident angle was set at 30° because 

we expected the effect of the difference between w1 and w2 on the diffraction pattern to be 

more likely to be influenced by the oblique incident light rather than the normal incident light. 

Wavelength λred was 0.08 μm and the size of the calculation area was 91 λ. Other conditions 

were the same as those used in Fig. S3. In Fig. S5, when w1 changed by 0.02 μm, at least one 

of the angles of peaks or valleys changed in width ranged from 0.80 μm to 0.86 μm. For 

example, when w1 changed from 0.82 μm to 0.84 μm, the angle of the valley changed from -

1.41° to -1.34°. Therefore, a resolution of less than 0.02 μm is to be expected.  

The resolution is proportional to the observed angle range because the deviation caused by 

the width change is large for a large diffraction angle. The deviation can increase by as much 

as a factor of 10 if the range increases from 3° to 30°, as shown in Fig. S5. The resolution is 

also proportional to the size of the simulation area. This is because the larger this area size, 

the narrower the angular spacing of the calculation. The limit of resolution of our system is 

0.02 μm under the above conditions. Using a supercomputer with 256 GB memory, the area 

size can be increased as much as a factor of 60 compared to our system. Considering the 

observed angle range and the size of the simulation area, the limit of resolution for the two 

widths can be 600 times better than 0.02 μm if the only parameters are the two widths and if 

the shape and refractive index of each layer are known. It is our assessment that a resolution 

of more than 0.02 μm could theoretically be achieved for a simple structure. The resolution of 

the data analysis is assured by this result and by the bowl shape of the mean square error 

against w2 in Fig. 7.  

 

 Fig. S5 Diffraction pattern for width w2 set to 0.86 μm in Scenario 2, with different width 

values for w1. The intensity is multiplied by 1, 2, 4, 8, and 16 for w1 = 0.80, 0.82, 0.84, 0.86, 

and 0.88 in this order. The orange dotted line indicates the line of same diffraction angle. 

One concern is that, as the size/wavelength ratio approaches one, the diffraction effect 

becomes larger. As the diffraction effect grows, the fluctuation of the diffraction intensity 



against wavelength increases, and the correspondence of the diffraction pattern of small Cred 

to that of large Cred becomes complicated. Unless the relationship between the angle shift of 

the peak and the width change of the Pt layer is stable and monotonous, the analysis becomes 

impossible. From this perspective, it is monotonous in Fig. S5, when w1 changes from 0.80 to 

0.88. Furthermore, the data curve in Fig. 7 is a bowl shape, which suggests that the widths are 

uniquely determined. Therefore, we believe that the relationship is well behaved for the 

analysis of the width of the Pt layer.  

In addition, we checked this relationship using the smaller width of the layer in Figs. S6 

and S7. In this case, 10 nm is the wavelength, and Cred is set to 1. Fig. S6 shows that the 

simulated peak angles are roughly the same. In Fig. S7, we calculated the variation of the 

peak angles against w1 for Cred =1 and Cred =8. If it is monotonous and has the same sign for 

both Cred, the relationship is well behaved. w2 was set to 0.28 μm and w1 was changed for 

simulation of the diffraction pattern. The peaks’ and the valleys’ angle shift signs were 

compared. We pay attention to one of the peaks in particular. When w1 is changed from 0.20 

μm to 0.28 μm, the signs are the same for Cred =1 and Cred =8. Fig. S8 shows the electric field 

calculated by RCWA for both Cred values. Here, w1 = 0.24 μm. The fields have a similar 

pattern regarding the flow of light around the scatterer. As their electric fields are similar, the 

diffraction mechanism seems to be similar. This may be one of the reasons that the diffraction 

pattern is similar. For example, triangles with the same diffraction mechanism produce 

similar diffraction patterns [18]. 

These results indicate that the reduction of size is applicable to this system. Although the 

estimation of w1 and w2 is performed for Cred =8 in Fig. 7, the resultant widths are expected to 

be the same as those of Cred =1. This also implies that a unique set of widths is given by the 

analysis of Cred =1. 

The above discussion on the resolution provides the basic information to determine the 

accuracy. Next, we check the accuracy of vector field theory. The researchers calculated the 

diffraction pattern and compared it with other reliable methods, such as the Mie theory 

[10,19]. We can estimate the error from the deviation of the peak angle of the diffraction 

pattern against the correct angle [10]. It was found that the calculated diffraction pattern had 

high reliability, and that error was a few percent for the diffraction angle of a wavelength 

order scatterer. A scatterer of this size is likely to result in a large error because its diffraction 

pattern is sensitive to size change [4,20]. Therefore, if the shape is known, we can say that the 

error is less than a few percent and the accuracy is a few wavelengths for a sample with size 

of 100 wavelengths. 

To check the calculation time, four cases in Fig. S6 were evaluated. The calculation times 

of “0.01,” “0.02,” “0.04,” and “0.08” are 390 s, 196 s, 86 s, and 58 s, respectively. The 

calculation area, measured in wavelength units, was proportional to the thickness along the z-

axis because the width along the x-axis was set constant. The calculation time would be 

expected to be proportional to the thickness, and we found that the calculation time can be 

reduced as expected. 



 

Fig. S6 Diffraction pattern of the two layers. w1 = 0.24 μm and w2 = 0.28 μm. 

 

 

Fig. S7 Diffraction pattern of the two layers. w2 = 0.28 μm. (a) λred = 0.01 μm. (b) λred = 0.08 

μm. 

 

Fig. S8 Electric field intensity of the diffraction around the two layers. The incident light is 

TM polarized and the incidence angle i is 30°. The dotted black line indicates the two layers. 

Incident light travels in the negative z direction. (a) λred = 0.01 μm. (b) λred = 0.08 μm. 
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