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Topological reconstruction of stretched 
transparent surface relief grating via optical 
diffraction pattern: supplemental document  
 

The optical characterization of transparent and stretchable patterned surfaces replicated from 
the fabrication of quasi-crystal structures on azopolymer thin films is presented. The 
complexity of the quasi-crystal surface fabrication is given by superimposed multiple light 
exposures. Azopolymer surface patterns are used as a replica molding master. The 
microscopic elongation of nanocavities induced by a macroscopic stretching of the 
elastomeric quasi-crystal replication is characterized via optical diffraction. An original 
numerical method is presented to reconstruct the structured surface deduced from the optical 
diffraction measurements. The measurements show that drastic topologic changes, like going 
from cavities to a canal, happens on the surface. This could be ingeniously used for creating 
actionable structured surfaces or nanoparticles trapping surfaces. 

 

• Section 1: Mathematical description of the SRG 
• Section 2: Optical height measurement of the SRG 
• Section 3: Raw diffraction pattern evolution during PDMS stretching 
• Section 4: Evolution of the pitch of the sinusoidal gratings with stretching the PDMS 
• Section 5: Flow chart of the reconstruction algorithm 
• Section 6: Evolution of the surface of the PDMS during stretching via optical measurement 
• Section 7: Cavities found by MVEE on a 8-fold quasi-crystal SRG 
• Section 8: Estimation of reconstruction accuracy, resolution and range 
• Section 9: Source code 

1. Mathematical description of the SRG 

The PDMS surface acts as a phase grating. Indeed, PDMS is transparent in the visible part of 
the spectrum and consequently doesn’t absorb light, however, it changes its phase. 
The main hypothesis for this mathematical description of the sample is that the SRGs created 
by the light interference pattern create sinusoidal height modulation on the azo-polymer 
surface. These modulations are then replicated on the PDMS surface. 

1.1 1D sinusoidal phase grating 
At 1D, the surface can be depicted as in the figure 1. 
The transmittance of the grating can be written as: 
     (x) =  sin (2π )                         (1) 
with: 
• =  √−1 
•  

                                                                = 2 ( )
        (2) 

 
is the phase contrast of the grating with:  1. nPDMS the refractive index of PDMS (taken as 1.4) 2. λr the reading wavelength 



3. s the peak-to-peak amplitude of the grating (its height in nm) 
 
• Λ is the pitch of the grating 
• x is the abscissa along the 1D grating. 
 

 
Fig. 1. Modeling of the 1D sinusoidal phase grating surface. From George Barbastathis, Colin Sheppard, and Se 
Baek Oh. 2.71 Optics. Spring 2009. Massachusetts Institute of Technology: MIT OpenCourseWare, 

https://ocw.mit.edu. License: Creative Commons BY-NC-SA. 
 
Indeed, the phase shift corresponds to the amount of PDMS that the wave has crossed. If we 
take, for phase reference, the lowest point on the sinusoid, then the additional thickness d of 
crossed PDMS for a point at x (taking for the origin of the x axis such as sin(x) = 0) is equal 

to: 
 

                          ( ) =  2 +                                                              (3)
                 

The sinus is comprised between -1 and 1, or between 0 and 2 with the shift, hence a division 
by 2 for s/2 is obtained. The associated phase shift is equal to: 
 

    Δ = 2 ( )
        (4) 

 
Interferences arise from phase shift of two wave and consequently we have to compare the 
phase shift of a beam crossing the thickness d(x) of PDMS to the phase shift of a beam 
crossing the same amount of air (nair = 1): 
 

    Δ = 2 ( ) = 2 ( )
                   (5) 

 
In the end, the total phase shift is: 
 

                    ∆ = 2 ( ) ( ) = 2 ( )  2 =  2            (6) 

  



and consequently tg(x) is:  
 

     ( ) = | Δ | = 2                                  (7) 
 
This expression can be rewritten using the Bessel function, J, of the first kind. For that the 
identity is used: 
 
                                                 sin ( ) =  ∑ ( )                               (8) 
 
tg(x) is then: 
 

    ( ) =  ∑ ( ) 2       (9) 

 
Physically, each q term of the sum corresponds to a plane wave propagating with the 

angle = , that is to say one diffraction order of the grating. 

Fraunhoffer’s diffraction pattern is the Fourier transform of the transmittance of the 
object.  
We observe the diffraction pattern at a distance z = 4 cm from the diffracting object (with a 
typical size of a ≈ 1μm) so that the far field criteria z >> a2/λr for using Fraunhoffer’s 
diffraction is satisfied.  
The Fourier transform of the function exp [jx0] is: 
 

   2 =  − =  ( − )    (10) 

 
where: 
• kx is the relative variable ( ( ) =  ( ) ) in the Fourier space: it is an 
angular frequency. 
• δ is the Dirac function 

• fr =  is the spatial frequency of the grating 

 
The Fourier transform of the transmittance can be written as: 
 

     ( ) = ∑  2 =  ∑  2  (11) 

 
consequently, the light vibration amplitude U(kx) is (via equation 10): 
 

                 ( ) = ( ) =  ∑ −                     

(12) 
 
If we put a screen at distance D from the diffracting object, the spatial frequency kx gives rise 

to a measurable distance. More precisely, the function −  is a point in the angular 

frequency space. It means than a plane wave (i.e. a beam) is propagating out of the grating 
with the angular frequency kx = qΛ, or, said differently, with the angle θq such as: 
 

     =   

 



The beam creates a spot on the screen at position X as: 
 =   

 

Finally, the spatial frequency =   creates a position X such as: 

 = .  ( )      (13) 

 
Conversely, if we measure X, we have access to the spatial frequency fr = 1/Λ via: 
 

    =       (14) 

 
The screen where the diffraction pattern is formed has the same axis of frequency kx with a 
magnification factor given by formula 13. 
If we go back to the electrical field (eq. 12), we obtain the normalized intensity with the 
square of the electrical field. Strictly speaking, we have: 
 

                                ( ) =  | ( )| =  ∑ −                               

(15) 
 
In principle, we should consider all double products of the form J0/J1. However, thanks to the 
delta function all these double products are canceled out because the different points, q/Λ, in 
the frequency space are never superposed and consequently they can’t be non-zero at the 
same time. 
Consequently, we have: 
 

 ( ) =  ∑ −    ≈  ∑ −    (16) 

 
Which, if we limit the sum to the first terms, gives: 
 

      ( ) =  (0) + + + −  + …          

(17) 
      order 0     order -1                         order +1 
                        

1.2 2D sinusoidal phase grating 

The transmittance (eq. 1) has to be adapted (eq. 1): 
 

   ( , ) = 2 ( )  ( )
    (18) 

 
α is the angle of the grating relative to the axis x which can be rewritten as: 
 

    ( , ) = sin ( )     (19) 

 
with  



• Kff, the wave vector of the grating with: 
 

                                                             =  (cos ( ) +  sin ( ))   (20) 

 
· r = xex + yey, the position vector on the plan defined by the 2D grating.  
Using once again the Bessel functions: 
 ( , ) =  ∑ = ∑ 2  ( ) 2  ( )

 

     (21) 
 
Then, the Fourier transform of the grating becomes: 
 

  , =  ∑ −  ( ) −  ( )
   (22) 

 
For each order q, we have, in the frequency space, a point at coordinates (cos a/Λ, sin a/Λ). 
For instance, for α = 0, that is to say a grating with a vector Kff parallel to the axis x, or stated 
differently; with vertical fringes (along y), we have a point at coordinate (1/Λ, 0), that is to 
say 
on axis x. 
As before, this point in the angular frequency space gives to rise to a beam that creates a spot 
on a screen, placed at distance D, at the coordinate (X, Y) such as: 
 

   X = . arcsin ( )   

   Y = . arcsin ( )      (23) 

 
And the following equations can be written: 
 

  =  =     (24) 

 

  , =  ∑ −  ( ) −  ( )
  (25) 

 

1.3 Sum of 2D sinusoidal phase gratings 

Assuming there are no interactions between the N gratings, we have to sum the transmittances 
of all of them: 

 

          ( , ) =  ∑ 2 ( )  ( ) =  ∑       (26) 

 
Then: 
 

 , =  ∑ ∑ −  ( ) −  ( )
   (27) 

 
And finally: 
 

       , =  ∑ ∑ −  ( ) −  ( )
  (28) 



 
In our experiment, as soon as N > 2, the orders with q > 1 are not visible anymore and we can 
write considering that ( ) =: ( ): 
 , =  ∑ (0) + +  ( ) +   ( ) + −  ( ) −   ( )

       

 (29) 

 

1.4 Sinusoidal grating amplitude from intensity measurements  

From the intensity of the diffracted spots, we get a relative scale between the different value 
of si. If we want an absolute scale for the si, we have to measure the ratio, γi, of the intensity 
of the order 0 beam, I0, and the intensity of one of the first orders, I1(i), beam, that is to say: 
 

    =  ( ) =  ∑                    (30) 

 
Then, we can make two estimations: 
The diffraction efficiency is very small. All the light’s energy is with the 0th order and 
consequently all J0(mi/2)2 term are almost equal: 
 

    ∑  ≈     (31) 

  

where m is the mean phase contrast. 
Consequently: 

 

        =  ( )  ≈        (32) 

 
The phase contrast values, mi, are also small and we can use the asymptotic form of the 
Bessel function J1: 
 

     ( ) ≈                    (33) 

 
If we summarize: 
• From the measurement of γi (cf eq. 32), via a numerical resolution (for instance dichotomy), 
we have access to the phase contrast, mi, of grating i and consequently to the absolute peak-
to-peak amplitude, si, of grating i, from the formula 2 
• The relative peak-to-peak amplitude, si and sj, between two sinusoidal gratings can be 
deduced from their relative intensities, Ij and Ii, respectively, using the formula 33: 
 

     =                  (34) 

 
Let’s stress the fact that this relation is not linear. 
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Fig. 3. Evolution of 6-fold PDMS SRG diffraction pattern with stretching. a) no stretching b-g) stretching 1 mm 

to 5mm. Second orders of diffraction spots (q=2) were not seen on the recorded picture. 
 

4. Evolution of the pitch of the sinusoidal gratings with stretching the PDMS 
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Fig. 7. Evolution of the ellipticy of the diffraction pattern and pitch for 8 sinusoidal gratings with 
stretching the PDMS. 0° and 22.5° gratings are oriented following the direction of elon- gation, 
90° and 112.5° gratings are oriented perpendicularly. The line fit gives a elongation of 47 nm and 
a compression of 24 nm per 1 mm of stretch. Insert on the top figure is an AFM im- age of the 
surface while insert on the bottom image is an experimental image of the diffraction pattern. 

 
 
 
 
 
 
 
 
 
 

 
 

5. Flow chart of the reconstruction algorithm 

 



 
 

Fig. 8. Flow chart of the reconstruction algorithm 
 
 
 
 
 

6. Evolution of the surface of the PDMS during stretching via optical 
measurement 



 
Fig. 9. Evolution of the 6-folds quasi-crystal SRG on PDMS with a) 0mm, b) 1mm, c) 2mm, d) 
3mm, e) 4mm and f) 5mm of stretching 
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7. Cavities
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the reading wavelength and a the groove of the grating, one can see that the maximum angle 
of diffraction is reached when λ = a. 

 
Gratings with pitch a smaller than the wavelength λ cannot be measured. The range of the 

measurement can be extended using for instance a 405 nm reading laser instead of the 632,8 
nm used here.  

  
Once again, this is only the range of measurement of a single grating. The reconstruction 

algorithm that study the interferences of multiple gratings can, theoretically, measure much 
smaller dimension. 

Reconstruction accuracy: 
  
Systematic errors, as usual, are quite complicated to identify. We have checked that the 

pictures obtained from the camera did not show significant signs of distortion, or aberration in 
general, in the area where the diffraction pattern is recorded. A lot of attention has been paid 
to the measurement of the calibration factor used for transforming position in pixels on the 
camera in actual dimension. The reading laser was sent at 90° onto the PDMS sample using 
two mirrors and checking that the faint reflection of the beam reflected from the PDMS was 
collinear with the incident beam. 

  
We can estimate random errors on the measurements of each grating, based on the 

different step used to obtain the angle, the pitch, and the height of the gratings. We propagate 
the errors based on conservative estimations of the uncertainty on the measurement of D (the 
sample to screen distance), Xi and Yi, (the X-axis and Y-axis coordinate of the diffraction 
spot measured in terms of pixel position on the camera) and si (the relative peak to peak 
amplitude of the gratings that are obtained from the spot brightness on the camera).  

  
- The error ΔD on D is estimated to be 0.5mm (while D equals 52mm) 
- The errors on Xi and Yi are estimated to be 1 pixel which translates to 40µm. The 

position of a diffraction spot is estimated from the center of mass of the corresponding blob 
on the camera. 

- The errors on the diffraction spot amplitude are due to noise on the camera and possible 
nonlinearity of the sensor (which is actually a systematic error).  We only keep the red 
channel of the camera that is coded on 8-bit. The noise level is on average around 0.4 for the 
longer exposition time and is negligible compared to the intensity of the diffraction spot 
which is comprised between 100 and 200. Each diffraction spot spread around 1000 pixels 
hence averaging the read-out noise.  From these considerations, we have decided to not take 
into account random error on the pixel intensity and, consequently, the peak-to-peak 
amplitude of the SRG.  

  
From their defining equation we propagate the errors leading to the corresponding 

estimations of the random uncertainties: 
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