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This document provides supplementary information to "Nonlinear Fourier transform for optical data
processing and transmission: advances and perspectives," https://doi.org/10.1364/optica.4.000307. First
we present Table S1, containing the list of the acronyms used in the main article. Then we write
down the Gelfand-Levitan-Marchenko equations (GLME), i.e., the inverse nonliner Fourier
transform (INFT) operation formulated in terms of right scattering data; definition and explicit
expressions for the pure multisoliton solutions (when the continuous nonlinear spectrum
component is absent); Darboux transform used for creating multisoliton solutions from seed
scattering data; and additional details of the periodic NFT (PNFT) operations, including the
expressions for the auxiliary nonlinear spectrum and its evolution, with some comments on
the inverse PNFT calculation. The remaining part of our Supplementary material contains the
supporting content for Section 5 “Numerical algorithms for the NFT” of the main text, providing
the additional details and comments on the Toeplitz inner bordering (TIB) and superfast
nonlinear Fourier transform (NFT) methods, both the direct and inverse parts. We also provide
the explicit algorithms for these methods. Finally we append the algorithms with some data
regarding the stability of the superfast inverse NFT (INFT) algorithm. The reference list of this
document is autonomous. © 2017 Optical Society of America
https://doi.org/10.1364/optica.4.000307.s001

1. LIST OF ACRONYMS USED IN THE MAIN
ARTICLE AND SUPPLEMENT

2. GLME IN THE CASE OF RIGHT SCATTERING DATA

Insofar as our manuscript contains a large number of acronyms
referring simultaneously to the transmission-related problems
and to the nonlinear Fourier transform-related quantities, in Table S1 we provide the explicit meaning of all acronyms that we
used, to simplify reading the text of our review.

The simultaneous formulation of the IST in terms of left and
right scattering data is amply presented in the monograph by
Lamb [1]. For the anomalous dispersion we introduce the quantity R(τ ) that can contain contributions from both solitonic
(discrete) and radiation (continuous) spectrum parts, R(τ ) =

2

Table S1. List of acronyms used in the main article and

supplement

Acronym

Rsol (τ ) + Rrad (τ ),
Rsol (τ ) = i ∑ rn e−iζ n τ ,

Meaning

NLSE

nonlinear Schrödinger equation

ASE

amplifier spontaneous emission

NFT

nonlinear Fourier transform

INFT

inverse nonlinear Fourier transform

IST

inverse scattering transform

FT

Fourier transform

FFT

fast Fourier transform

EDFA

Erbium-doped fiber amplifiers

DRA

distributed Raman amplification

WDM

wavelength division multiplexing

SDM

space-division multiplexing

DSP

digital signal processing

SNR

signal-to-noise ratio

DBP

digital back-propagation

ZSP

Zakharov-Shabat problem

GLME

Gelfand-Levitan-Marchenko equation

GNLSE

generalized NLSE

AWGN

additive white Gaussian noise

FWHM

full width at half maximum

LPA NLSE

lossless path-averaged NLSE

RC

reflection coefficient

NF

nonlinear Fourier

NFD

nonlinear Fourier domain

PNFT

Periodic NFT

PAPR

peak-to-average power ratio

BO

Boffetta-Osborne (method)

AL

Ablowitz-Ladik (method)

TIB

Toeplitz inner bordering (method)

LP

Layer peeling (method)

OFDM

orthogonal frequency division multiplexing

NFDM

nonlinear frequency division multiplexing

NIS

nonlinear inverse synthesis

SE

spectral efficiency

MD

minimum distance

OOK

on-off-keying

QAM

quadrature amplitude modulation

GPU

graphics processing unit

flop

floating point operation

SLAE

system of linear algebraic equations

n

Rrad (τ ) =

1
2π

∫∞

dξ r (ξ ) e−iξτ , (S1)

−∞

where we have again assumed that all discrete eigenvalues
have a unit multiplicity. (As before, for the normal dispersion
case the solitonic contribution in (S1) is absent, Rsol (τ ) ≡ 0, for
any localized input). For the right set of scattering data, the
GLME for the unknown functions M1,2 (τ, τ ′ ) are rewritten as
∫∞

M̄1 (τ, τ ′ ) + dy R(τ ′ + y) M2 (τ, y) = 0 ,
τ

(S2)

∫∞

∓ M̄2 (τ, τ ′ ) + R(τ + τ ′ ) + dy R(τ ′ + y) M1 (τ, y) = 0.
τ

Having solved the GLME (S2) for M1,2 (τ, τ ′ ), the sought solution in the space-time domain is recovered as q(t) = −2M1 (t, t).
For the soliton-free case we have Rsol (τ ) = 0, and the only
quantity participating in (S2) is the FT of right reflection coefficient (RC) r (ξ ): R(τ ) ≡ rrad (τ ). When one is interested in the
solution q(z0 , t) at distance z = z0 , the quantity r (ξ ) in (S1) is
replaced with r (z0 , ξ ), and rn with rn (z0 ), see Eqs. (14) of the
main review text. So the resulting solution of the GLME (S2)
becomes the function of z0 : M1,2 (z0 ; τ, τ ′ ).

3. MULTI-SOLITON SOLUTIONS
Perhaps, the most famous class of the NLSE solution (we address the anomalous dispersion case and time-localized profiles) is the N-soliton solutions (multisolitons), characterized by
the set of N discrete ZSP eigenvalues ζ n (we assume that all zeros of a(ζ ) at each ζ n are simple). Together with eigenvalues,
we also have the corresponding set of N norming constants rn
(here we write down the corresponding expressions using the
right set of scattering data). We also assume that the radiation
components are absent, i.e. l (ξ ) = r (ξ ) = 0 and, respectively,
Lrad = Rrad = 0. Introducing the quantities
Zn = −iζ n t − iζ n2 z,

(S3)

the general N-soliton solution can be presented as [2–5]
[
]
N
q(z, t) = 2i ∑ r j exp( Zj − Z̄k ) Λ−1 ,
j,k =1

jk

(S4)

where the elements of N × N matrix Λ depend only on discrete
scattering data ζ n , rn :
[
]
1
exp(− Zk − Z̄j ) + r̄ j rk exp( Zk + Z̄j ) . (S5)
Λ jk =
ζ̄ j − ζ k
The special case of multisoliton solution refers to the so-called
breathers (also known as bound multisoliton states, though the
binding energy of a breather is exactly zero), when all eigenvalues have the same real part. These special solutions are described in [6], see also [7] and references therein. In particularly, it is exactly the breathers that were used for the nonlinear
spectral data modulation in the original “Eigenvalue communication” paper by Hasegawa and Nyu [8], the progenitor of all
NFT transmission studies. The special properties of breathers
(i.e. the possibility of periodic solutions in z-dimensions when
the beating frequencies of all breather constituents are commensurable, see p. 58, Eq. (4.3.11) in monograph [6]) were also recently studied with respect to the optical transmission applications [9].
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4. DARBOUX TRANSFORM FOR GENERATING NLSE
SOLUTIONS WITH ENCODED NONLINEAR SPECTRUM
The Darboux transform is a method to obtain the new solutions starting from a seed one (i.e. starting from the solution for
which we know all scattering data) in a recursive manner. This
method was used in Ref. [10] to compose multisoliton solutions
with the encoded spectral data. Here we present the explicit expression only for the case of pure multisolitons although the
Darboux method is general and one can begin its iteration starting from any known NLSE solution that can contain arbitrary
radiative contribution [11].
Assume that we have a multisoliton solution containing N
solitary components without radiative part, q N (t, z) = q(ζ i , t, z)
for i = 1, . . . , N. Assume that we know, say, the right twocomponent Jost function (i.e. the solutioin of ZSP, see Eq. (6)
of Section 4A, the main paper text) corresponding to a specific
given eigenvalue ζ N +1 : ϕ(t, ζ N +1 , r N +1 ). We note that this Jost
function also involves the new norming constant r N +1 , or, in
other words, for the modulation purpose one adds a desired
eigenvalue ζ N +1 and the desired norming constant r N +1 making up a new constellation point in the NF discrete spectrum.
Then we can construct the multisoliton solution of the order
N + 1 using the expression:
q N +1 (t, z) = q N (t, z) − 2i (ζ̄ N +1 − ζ N +1 )

ϕ̄2 ϕ1
,
|ϕ12 | + |ϕ22 |

(S6)

where ϕi are the components of the Jost ZSP solution. This
procedure can be started from the zero solution, q0 (z, t) ≡ 0,
and then one can get the multisolitons of the arbitrary order. A
more involved generalized variant of the Darboux transformation with the explicit formulas of how to compose a new NLSE
solution when a discrete eigenvalue is added to the otherwise
continuous nonlinear spectrum is described in [11].

5. SOME ADDITIONAL DETAILS OF PNFT
Evaluating the fundamental matrix (i.e. the matrix comprising
two independent Bloch solutions as its columns, see Section
4C of the main paper) at t = t0 + Tp (where Tp is the period
of the NLSE solution), one gets the 2 × 2 monodromy matrix,
M(t0 ; ζ ), with ζ being the spectral parameter of the periodic
Zakharov-Shabat problem. According to the different kinds of
Bloch solutions determined by the particular value of the complex number ζ, the complex plane is divided into two regions.
First, we have the stability bands in which the Bloch ZSP solutions are stable under the translations in time variable. At the
endpoints of these bands the Bloch solutions are (anti-)periodic
and the corresponding values of ζ form the main spectrum.
There are two definitions for the auxiliary nonlinear spectrum (the dynamical part of the PNFT signal spectrum). Each
definition corresponds to its own motion equation along the z
direction and solution construction, namely: Kotlyarov definition and Ma-Ablowitz definition [12–14] (for the explicit comparison of these definitions see [15]). Here we only address the
Kotlyarov definition, where the auxiliary spectrum µ for a finitezone signal with g modes is defined at an arbitrary space-time
point (z′ , t′ ) as
[
]g
A = µ(z′ t′ )| M11 (t′ ; µ(z′ , t′ )) = 0} = {µ j (z′ , t′ ) j=1 ,
(S7)
where M11 is the corresponding element of the 2 × 2 monodromy matrix M(t0 ; ζ ). Time and space evolution of auxiliary

spectrum are governed by the “motion equations”:
√
2g+2
−2iσj ∏n=1 µ j − ζ n
∂t µ j (z, t) =
,
g
∏n=1,n̸= j µ j − µn


g
2g+2
1
ζ n ∂t µ j (z, t) ,
∂z µ j (z, t) =−2  ∑ µn −
2 n∑
=1
n=1,n̸= j

(S8)

where σj = ±1 is sheet index, µ j (z, t) and ζ n are the auxiliary
and main spectrum points, respectively. Having obtained the
solution of these equations, one can find the solution of NLSE
in the space-time domain, q(z, t), by using the following reation:
(
g
∂t ln q(z, t) = 2i ∑n=1 µn (z, t) −

1
2

)
2g+2
∑ n =1 ζ n .

(S9)

However, a more convenient way to construct the NLSE solution in space-time domain (i.e., in fact, to solve the inverse
scattering problem) is to use the periodic finite-gap NLSE solution representation in terms of the Riemann theta-functions
given in the main text, see Eqs. (19), (20) from Section 3C. The
procedure of finding the Riemann spectrum from the nonlinear
spectrum is as follows.
• Since the solutions of Eqs. (S8) lie on a specific Riemann
surface, we can change the variables in such a way that the
auxiliary parameters have a trivial dependency on z and t
[14, 16]. So, at this stage one has to construct the Riemann
surface and define the appropriate differential equations
on it.
• Using the above-mentioned differential equations and by
defining proper loops on the Riemann surface, one can find
the Riemann matrix τ by calculating some loop integrals
(for more details see [16]).
• From these loop integrals it is possible to get the simple
evolution of the auxiliary spectrum recast in the form k, ω ,
and δ ; the definition of these parameters is given in Section
4C of the main text.

6. TIB ALGORITHM FOR THE DIRECT AND INVERSE
NFT
First we provide more explicit details for the Toeplitz inner
bordering procedure [17], addressed in Section 5B of the main
text. We assume that the Gelfand-Levitan-Marchenko equations (GLMS) are recast in the form of Eq. (26), Section 5B of
the main paper, and consider the discretization procedure. We
denote the length of time interval as T, and introduce the discrete grids of independent variables yk , τn′ , τm :
h = 2 T/M,
yk = h k,
τm = h m/2,

τn′ = h n,

for n, k = 0, . . . , m ,

(S10)

for m = 1, . . . , M .

Note that for a finite interval [0, T ], the kernal function L(τ ) =
0 for τ < 0. Replacing the integrals in Eq. (26) of the main paper
by finite sums according to the trapezoidal rule, some straightforward algebra yields a system of linear algebraic equations
(SLAE), giving us the 2-nd order accuracy in the integrals approximation. The matrices of the system have a block structure,
and the resulting SLAE can be presented in the matrix form for
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any order of m = 1, . . . , M. Omitting the index (rank) m for
vectors and matrices for simplicity, we arrive at
   
u
a
G  =  ,
v
b

(S11)
Algorithm 2. TIB algorithm for the Direct NFT Problem

where u, v are unknown vectors, and a, b form the right hand
side of the SLAE,


G=

I

∓L†

L

I


,

1
2 L0


 L
 1
L = h
 ..
 .

L m −1



0

···

0

1
2 L0

..
.

···
..
.

0
..
.

L m −2

···

1
2 L0




, (S12)




where I is the identity matrix of the rank m. For the right hand
side of (S11) and for the unknown vectors we have the following expressions
(
)
h (m)
h (m)
a = ∓ vm l̃,
b = − 1 + u1
l,
2
2
(S13)
(m)
(m)
u = ( u1 · · · u m ) T ,
l = ( L1 · · · L m ) T ,
(m)

v = ( v1

mentioned, the TIB algorithm for the inverse problem can be inverted to solve the direct scattering problem for the both signs
of dispersion in the ZS system. The resulting reciprocal algorithm is given as Alg. 2.

(m)

· · · vm ) T .

Here (·) T denotes the transpose. Note that we need to find

1. m = 1, L0 = −q0 /2
2. β m = −h qm /2
algorithm.

◃ upload initial values.
◃ Find the main parameter of the

(
)
(m)
(m)
−1
3. Lm = β m − h ∑m
L
y
/y0
◃ The output at
m
−
j
j =0
j
every step: find the impulse response Lm .
4. cm = 1±|1β |2 ,
m

5.

y ( m +1)

= cm 

dm = − β m cm
y(m)



◃ Calculate coefficients.



 + dm 


0

∓z̄˜ (m)




(m)
z
0
 + dm 

z ( m +1) = c m 
0
ȳ˜ (m)
auxiliary vectors.
0

,

◃ Determine the

(m)

only the last component of the unknown solution vector vm .
This component returns the solution of the inverse scattering
problem through the 2-nd order synthesis equation for the m-

6. m → m + 1; goto 2.

◃ Increment m, go to step 2.

(m)

th component of the unknown potential: qm = 2vm . The TIB
algorithm for the inverse problem for the focusing as well as
for the defocusing NLSE is given as Alg. 1. As it was already

7. DIRECT AND INVERSE SUPERFAST NFT ALGORITHMS

Algorithm 1. TIB algorithm for the INFT
(1)

(1)

1. m = 1, q0 = −2L0 , y0 = 1±h2 |1L |2 /4 , z0
0
◃ upload initial values.
−1
2. β m = h ∑m
j =0 L m − j y j
algorithm.

(m)

(1)

= −y0 hL0 /2

• Input: Polynomials p1 ( Z ), . . . , p M ( Z ), M is a power of two

◃ Find the main parameter of the


5.

y ( m +1)

= cm 

dm = − β m cm
y(m)



◃ Calculate coefficients.



 + dm 


0

∓z̄˜ (m)




(m)
z
0
 + dm 

z ( m +1) = c m 
0
ȳ˜ (m)
auxiliary vectors.
0

• Output: Polynomial p( Z ) = p M ( Z ) p M−1 ( Z ) × · · · × p1 ( Z )
• If M = 1: return p1 ( Z )

3. qm = −2β m /h.
◃ The output at every step: find the
component of potential qm .
4. cm = 1±|1β |2 ,
m

Algorithm 3. Fast product of M polynomials

,

◃ Determine the

• for k = 1, . . . , M/2: p′k ( Z ) := p2k ( Z ) p2k−1 ( Z )
• p( Z ) := output of Alg. 3 with inputs p1′ ( Z ), . . . , p′M/2
The polynomials in this algorithm can be conventional polynomials or Laurent polynomials. In both cases, the polynomial
products in this algorithm need to be computed quickly in order to make the algorithm fast, e.g., using the FFT [18].
Before giving the pseudocode for the superfast realization of
the Ablowitz-Ladik (AL) direct NFT procedure (see Section 5A
and 5C of the main text), we first provide some more details
on the idea of the superfast inverse algorithm, again for the AL
case (Section 5D of the main text). We introduce

Tm1 →m2 ( Z ) = Tm2 ( Z )Tm2 −1 ( Z ) × · · · × Tm1 ( Z ),
6. m → m + 1; goto 2.

◃ Increment m, go to step 2.

m1 ≤ m2 ,

where Tm ( Z ) was given in Eq. (27), Section 5C of the main text.
Due to the special form of the factors Tm ( Z ), T1→m ( Z ) turns out
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to be a Laurent polynomial of degree m,
m

T 1→ m ( Z ) =

∑

k=−m

Algorithm 4. Superfast inverse scattering for the AL discretiza-

tion
(k )
T 1→ m Z k ,

(m)

with the special property that the sample qm can be recovered
from the highest two coefficients,
/
( m −1)
(m)
∓ ϵq̄m = [T1→m ]21 [T1→m ]11 .
(S14)
The samples q1 , . . . , q M can thus be recovered from T ( Z ) =
T1→ M ( Z ) by iterative application of the step
q m = ± ϵ −1

( m −1)

[T̄1→m ]21
(m)

[T̄1→m ]11

,

T 1→ m −1 ( Z ) = T m ( Z ) −1 T 1→ m ( Z ) ,
(S15)

where m = M, M − 1, ... , 1 and


T m ( Z ) −1 = √

1
1 + ϵ2 | q m |2



Z −1

−qm

q̄m

Z


.

(S16)

This technique is known as layer peeling in the literature [19,
20]. Due to the simple structure of the matrix in Eq. (S16), the
costs of one iteration of Eq. (S15) are approximately 2Cm flops,
where C is a constant. This leads to a total complexity of C ( M2 +
M) flops. The costs of this scheme can be reduced as follows.
1. Since only the highest two coefficients of the Laurent polynomial T1→m ( Z ) need to be known in order to recover
the sample qm via Eq. (S14), it suffices to compute the
(k )

nonnegatively indexed coefficients T1→m , k ≥ 0 of the
Laurent polynomials T1→ M ( Z ), . . . , T1→ M/2+1 ( Z ) in order to reconstruct q M , q M−1 , · · · , q M/2+1 . By ignoring the
negatively indexed coefficients in Eq. (S15), the samples
q M , q M−1 , · · · , q M/2+1 can be found with a numerical complexity of approximately C (( M/2)2 + M/2) = C ( M2 /4 +
M/2) flops.
2. Once the qm are known for m = M/2 + 1, · · · , M,
−1
we use Alg. 3 in order to compute T M/2
+1→ M ( Z ) =
−1
−1
T M/2+1 ( Z ) × · · · × T M ( Z ). The costs of this operation are
O[ M log2 ( M)] flops. Then, we compute

−1
T1→ M/2 ( Z ) = T M/2
+1→ M ( Z )T1→ M ( Z )

using the FFT [18], which requires O( M log M ) flops.
3. We again use Eq. (S14) to recover q M/2 , q M/2−1 , . . . , q1 from
T1→ M/2 ( Z ). Since the degrees of the Laurent polynomials
T1→m ( Z ) are m/2 for m = M/2, . . . , 1, the complexity of
this step again becomes C ( M2 /4 + M/2).
The total costs of the three steps are C ( M2 /2 + M) +
O( M log2 M) flops. The original layer-peeling scheme in
Eq. (S15) required C ( M2 + M) flops. For larger M, the computational costs therefore have approximately been reduced by
a factor of two. This was achieved by splitting the original problem of recovering q1 , . . . , q M up into two simpler problems of recovering q1 , . . . , q M/2 and q M/2+1 , . . . , q M . Note that the same
idea can now be applied to each of the two simpler problems,
resulting in four even simpler problems. Through further iteration of this idea, the original problem of recovering q1 , . . . , q M

M
m
• Input: Transfer matrix T1→ M ( Z ) = ∑m
=− M T1→ M Z , M is
a power of two

• Output: q1 , . . . , q M , T1−→1 M ( Z )
• If M = 1: return q M as given in Eq. (S14) and T1→ M ( Z ) =
T M−1 ( Z ) as given in Eq. (S16), both for m = M.
(m+ M/2) m
Z

M/2
• T1U→ M ( Z ) := ∑−
M/2 T1→ M

−1
• q M , q M−1 , . . . , q M/2+1 and T M/2
+1→ M ( Z ) : =output of Alg.
4 with input T1→ M′ ( Z ) = T1U→ M ( Z ), M′ = M/2
−1
• T1→ M/2 ( Z ) := T M/2
→ M ( Z )T1→ M ( Z )
1
• q M/2 , q M/2−1 , . . . , q1 and T1−
→ M/2 ( Z ) : =output of Alg. 4
′
with input T1→ M′ ( Z ), M = M/2
1
−1
−1
• T1−
→ M ( Z ) : = T1→ M/2 ( Z )T M/2→ M ( Z )

The polynomial products in this algorithm need to be computed
quickly, e.g., using the FFT [18].
from T1→ M ( Z ) can be reduced to M trivial problems of recovering qm from Tm→m ( Z ). It turns out that this idea reduces the
total numerical complexity to O( M log2 M ) flops.
We would like to remark that while the superfast NFT here
was developed for the AL discretization, it is also possible to apply the same approach to other discretization schemes as long
as discretization of the transfer matrix can be described as a ratio of polynomials like in Eq. (29), Section 5C of the main paper.
Several examples such as the Crank-Nicolson discretization for
this are given in [15, 21]. The transfer matrix of the BofettaOsborne (Section 5A of the main text) scheme however is irrational and therefore not suited for this approach. Note that for
other discreitzations, it can become necessary to normalize the
intermediate products while computing the monomial expansions in order to avoid numerical problems [15].
We conclude this section with Table S2, in which an
overview of the fast forward and inverse NFT algorithms that
have been published so far is provided.

8. NUMERICAL STABILITY OF SUPERFAST INFT
The superfast inverse scattering scattering procedure in Alg. 4
belongs to the family of so-called layer peeling methods, see
Section 4B of the main text. In layer peeling, one starts with reconstructing the last sample q M , removes its contribution to the
transfer matrix, and repeats. In fiber Bragg gratings synthesis,
the samples correspond to the layers of the grating; hence the
name layer peeling. Layer peeling methods have a reputation
of being numerically unstable [22], which is even mentioned by
McClary himself in the paper on which Alg. 4 is based on, [23].
However, we would like to stress that the situations in which
numerical instabilities arise are different from the situations we
have in fiber-optic communications. The conventional stability analysis of layer peeling considers the scenario where only
a noisy version of the transfer matrix is known. The transfer
matrix therefore does not correspond exactly to the unknown
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Table S2. Overview of Fast Forward and Inverse NFTs

Type

Spectrum

Complexity
2

References

Fwd

Continuous

O( M log M)

[15, 21]

Fwd

Discrete

O ( M2 )

[15, 21]

O(k iter M log2 ( M ))

[25]

Purely discrete

O( M log2 M)

[26]

Purely discrete

2

[27]

O( M log M)

[28]

O( MN + M log2 M)

[29]

(matrix method, no
tuning required)
Fwd

Discrete
(search method,
good initial
guesses required)

Inv
Inv
Inv

Purely

O( MN + M log M)
2

continuous
Inv

Continuous
and discrete

medium that is represented through the samples qm . In general, there will be no choice of samples qm that corresponds to
the noisy transfer matrix, making the problem to reconstruct
the samples from the noisy transfer matrix ill-posed since it has
no exact solution. Skaar and Waagaard have coined the term
of a spectrum that is not “realizable” to describe this problem
[24]. However, this is not the scenario we have in fiber-optic
communications. For example, when considering “modulation
in the NFD”, the received signal will be noisy but since that
noise is present in the potential itself, the transfer matrix that is
obtained after the NFT is performed will match this noisy potential. The difference is that there exist samples that lead to
the transfer function under consideration, even though these
samples do correspond to a noisy version of the signal of interest. We illustrate this fundamental difference in Fig. S1. We
consider the simple signal q(t) = 0.5 exp(−t2 ) in the defocusing regime. The upper graph in Fig. S1 shows the result
when we compute the transfer matrix of q(t), then add noise
to the transfer matrix, and use layer peeling trying to recover
the potential from the noisy transfer matrix. As expected, the
reconstructed signal bears no resemblence to the original signal. The lower graph in Fig. S1 shows the result when compute
the transfer matrix based on noisy samples of the potential and
use the layer peeling to recover these samples. The problem
is no longer ill-posed since the noise enters before the transfer
matrix is computed, and the layer peeling algorithm can reconstruct the original, noisy samples without any problems. This
is the situation that we have in fiber-optic communations. We
do not have formal proof of stability for this scenario at the moment, but several of the the numerical experiments described
in the main manuscript suggest that layer peeling does not suffer from numerical problems when used in typical fiber-optic
communication setups.
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