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This document provides supplementary information to “Extended phase matching of high harmonic 
generation by plasma-induced defocusing,” https://doi.org/10.1364/optica.4.000976. First, we discuss 
macroscopic phase matching equations, especially for tight focusing geometry. Second, we discuss how to 
numerically determine the phase matching cutoff. Third, phase matching zones of HHG for ≈40 eV and 
≈65 eV harmonics found by our time–frequency analysis are discussed in more detail. Finally, we 
compare the pressure dependence of the harmonic yield in two gas cells, of 0.8-mm and 8-mm long, to 
distinguish conventional phase matching  and defocusing-assisted phase matching. © Optical Society of 
America   2017 
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A. Phase matching condition in free focusing

geometry

In free focusing geometry, the total wavevector mismatch ∆𝑘𝑘  of q
order harmonic is given by 
∆𝑘𝑘 = 𝜃𝜃𝑞𝑞𝛤𝛤𝛻𝛻𝐼𝐼𝐿𝐿������⃑���
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where 𝜃𝜃𝑞𝑞𝛤𝛤  is the intrinsic phase coefficient, 𝛤𝛤  is the index of specific 
trajectories,  𝛻𝛻𝐼𝐼𝐿𝐿������⃑  is the intensity gradient, ω is the angular frequency of the 
driving laser, 𝜂𝜂  is the ionization level,  ∆𝑛𝑛 = 𝑛𝑛1𝑎𝑎𝐼𝐼𝑎𝑎 − 1 , 𝑛𝑛1𝑎𝑎𝐼𝐼𝑎𝑎  is 
refraction index of gas at one atmosphere, 𝑟𝑟𝑎𝑎 is the classical electron radius, 
N1atm is the gas density at one atmosphere, zR is the Rayleigh range of the 
focusing beam [1,2]. 

In waveguide or loosely focusing geometry, the intrinsic phase and the 
geometric terms can often be ignored due to slow variations in both laser 
intensity distribution and Gouy phase shift, thus the phase matching mainly 
relies on the balance between neutral atom and the plasma dispersions. 
Therefore, the phase mismatch can be simplified as 

  ∆𝑘𝑘 = 𝑃𝑃 ∙ 𝑞𝑞 𝜔𝜔
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The critical ionization level 𝜂𝜂𝐼𝐼  for phase matching (∆𝑘𝑘  =0) can be 
obtained as 𝜂𝜂𝐼𝐼 = (1 + 𝜆𝜆02𝑁𝑁1𝑎𝑎𝐼𝐼𝑎𝑎𝑟𝑟𝑎𝑎/2𝜋𝜋∆𝑛𝑛)−1 , where 𝜆𝜆0  is the 
wavelength of the driving laser. One of the most common experimental 
examples is that the phase matching cutoff of HHG in argon is around 45 eV 
using a 800nm Ti-sapphire laser, where 𝜂𝜂𝐼𝐼 = 3.5% (see Fig. S2 and main 
text Fig. 2). 

In tight focusing geometry, however, a huge negative value of 
mismatch from Gouy phase, together with the plasma worsen the phase 
matching (Fig. S1). Fortunately, when one places the gaseous medium 
slightly after the focus point, the intrinsic phase actually provides a positive 
value of wavevector mismatch [3]. The intrinsic phase, created by strong 
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intensity gradient, can compensate a negative value of mismatch from 
Gouy phase and plasma dispersions to realize phase match for relatively low 
order harmonics. Most surprisingly, both our experimental results and 
theoretical calculations found that plasma-induced defocusing effect would 
further provide more positive intrinsic phase, resulting in the extension of 
cutoff in HHG. For example, Fig. S1 (e) shows 91 eV harmonic can be phase 
matched when the defocusing effect is included. Since high energy  

Fig. S1. In free focusing geometry with a Rayleigh range of zR,  the phase 
mismatch ∆𝑘𝑘  contributed from (a) intrinsic phase :  ∆𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼. , (b) neutral 
atoms : ∆𝑘𝑘𝐼𝐼𝑎𝑎𝑒𝑒 , (c) plasma : ∆𝑘𝑘𝑝𝑝𝑒𝑒𝑎𝑎𝐼𝐼𝑎𝑎𝑎𝑎  and (d) Gouy phase : ∆𝑘𝑘𝐻𝐻𝑜𝑜𝑒𝑒𝐺𝐺 . (e) 
The sum of phase mismatch : ∆𝑘𝑘 =  ∆𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼. + ∆𝑘𝑘𝐼𝐼𝑎𝑎𝑒𝑒 + ∆𝑘𝑘𝑝𝑝𝑒𝑒𝑎𝑎𝐼𝐼𝑎𝑎𝑎𝑎 +
∆𝑘𝑘𝐻𝐻𝑜𝑜𝑒𝑒𝐺𝐺. Top two figures in (a) show the intensity distribution, together with 
HHG intrinsic phase vectors ∆𝒌𝒌𝒊𝒊𝒊𝒊𝒊𝒊., without (left) and with (right) including 
the plasma-induced defocusing. In this calculation, a 600 μJ, 30 fs, 800 nm 
driving pulse is focused by a 15 cm focal lens. The backing pressure of Ar is 
kept at 0.1 atm, and the incident beam diameter is 8 mm. This phase 
matching result happens at the leading of the pulse (t = -10 optical cycle). 
For the defocusing, we assume there is one effective defocusing lens 
𝑓𝑓𝑝𝑝𝑒𝑒𝑎𝑎𝐼𝐼𝑎𝑎𝑎𝑎 = −0.25 mm, placed at z=0. In (e), yellow areas mark the perfect 
phase matching zones, where ∆𝑘𝑘 = 0. Thanks to tight focusing geometry, 
which provides a certain positive HHG intrinsic dispersion ∆𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼. right after 
the focal spot. High harmonics up to 76 eV can be phase matched. Most 
importantly, when the plasma-induced defocusing is included, it creates an 
even larger positive ∆𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼.  helping extend phase matching cutoff, e.g., 
harmonics > 91 eV. 

harmonics are generated under higher laser intensity, a larger positive 
intrinsic dispersion ∆𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼. is required to compensate more negative plasma 
dispersion ∆𝑘𝑘𝑝𝑝𝑒𝑒𝑎𝑎𝐼𝐼𝑎𝑎𝑎𝑎. Moreover, we emphasize that an iris, which changes 
the f-number, would also influence Gouy phase shift and plasma dispersions 
as discussed in [4,5]. However, in tight focusing geometry with a high 
pressure cell, 3-D macroscopic simulations verify that an iris is mainly to 
control the laser defocusing effect. By adjusting the aperture of the iris, good 

phase matching was found at the leading edge of the laser pulse at locations 
away from the center of the beam. 

In the main text, the generalized wavevector mismatch ∆𝑘𝑘 is written as 
  ∆𝑘𝑘 = ∆𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼. + ∆𝑘𝑘𝐼𝐼𝑎𝑎𝑒𝑒 + ∆𝑘𝑘𝑝𝑝𝑒𝑒𝑎𝑎𝐼𝐼𝑎𝑎𝑎𝑎 + ∆𝑘𝑘𝐻𝐻𝑜𝑜𝑒𝑒𝐺𝐺

 ≅ 𝜃𝜃𝑞𝑞Γ∆𝐼𝐼/∆𝑧𝑧�������
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 ,                                      (S3) 

where typically ∆𝑘𝑘𝐼𝐼𝑎𝑎𝑒𝑒 is small and can be neglected (see Fig. S1(b)),  ∆𝐼𝐼 is 
the change of intensity over a propagation distance ∆𝑧𝑧, and ∆𝑡𝑡 is the shift 
in time of the peak electric field mainly due to ∆𝑘𝑘𝑝𝑝𝑒𝑒𝑎𝑎𝐼𝐼𝑎𝑎𝑎𝑎 + ∆𝑘𝑘𝐻𝐻𝑜𝑜𝑒𝑒𝐺𝐺 . Thus 
phase matching of each harmonic order is directly influenced by the 
dynamical evolution of the driving laser. Here, by carefully truncating the 
laser beam to adjust the intensity and the beam size of the fundamental 
field entering the cell, the phase advance of the HHG field due to free 
electron dispersion (∆𝑡𝑡/∆𝑧𝑧) can be compensated by the retardation of the 
HHG quantum phase caused by negative intensity gradient (∆𝐼𝐼/∆𝑧𝑧). We 
call this defocusing-assisted phase matching (DAPM) which operates in a 
highly ionized gas medium (tight focusing), to contrast with conventional 
phase matching (CPM) which operates at low ionization level with little 
change of the fundamental (loosely focusing or waveguide). 

B. Phase matching cutoff in free focusing

geometry

To determine the maximum phase matched photon energy in free
focusing geometry, we have to include all mismatch sources. As the 
ionization level 𝜂𝜂 grows temporally step by step at every moment when E-
field peaks encounter the gas target, the total mismatch ∆𝑘𝑘 also varies 
with time. Fortunately, it is always possible that there is one specific 
moment at which 𝜂𝜂  makes ∆𝑘𝑘  zero, while the maximum phase 
matched photon energy, so-called phase matching cutoff – 𝐸𝐸𝑃𝑃𝑃𝑃𝑃𝑃 , is 
determined by this instantaneous intensity 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼  as 𝐸𝐸𝑃𝑃𝑃𝑃𝑃𝑃 ≅ 3.17 ∙
𝜆𝜆2 ∙ 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 . 

Fig. S2. Solid lines show the predicted HHG phase-matching-cutoff as a 
function of Ar pressure in two different free focusing geometries of f=75 cm 
and 30 cm without considering the plasma-defocusing effect. Blue (Pink) 
solid circles show the observed phase-matching-cutoff when f = 75 cm in a 
10-mm waveguide [6] or a 1.2-mm cell (f = 30 cm in a 8-mm or a 0.8-mm 
cell). See main text Fig. 2. Tight focusing geometry with a short and high 
pressure cell would provide more plasma-defocusing gradient, assisting in 
extending  𝐸𝐸𝑃𝑃𝑃𝑃𝑃𝑃. 
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Fig. S3. The time-frequency analysis of HHG emission driven by the truncated beam of 0.47 W0 at different off-center positions of the beam (r=0, 10, 22, 30 
μm) are shown with (a) a 0.8 mm and (b) an 8 mm propagation in a 50 torr Ar cell. Horizontal stripes represent the conventional phase-matching cutoff (using 
CPM) without considering HHG quantum phase, which helps extend phase-matching cutoff (DAPM). 

Fig. S2 shows phase matching cutoff (𝐸𝐸𝑃𝑃𝑃𝑃𝑃𝑃) as a function of Ar pressure 
under two different focusing geometries. In this calculation, the parameters 
are chosen to be similar to those in our experiment. We assume that there 
is no defocusing effect, the pulse duration of driving laser is 30 fs, the central 
wavelength is 800 nm, the input pulse energy is 600 μJ with a beam 
diameter of 8 mm and the ionization rate is estimated by the Ammosov-
Delone-Krainov (ADK) model. It clearly shows that using a short focus, the 
phase matching cutoff increases. This is because with the help of a positive 
intrinsic phase ∆𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼. right after the focus as discussed in Fig. S1(a), more 
ionization dispersion ∆𝑘𝑘𝑝𝑝𝑒𝑒𝑎𝑎𝐼𝐼𝑎𝑎𝑎𝑎 can be compensated, resulting in higher 
phase matching cutoff. Moreover, in tight focusing geometry, strong laser 
field induces strong plasma defocusing effect, providing an extra positive 
intrinsic dispersion. As a result, even higher 𝐸𝐸𝑃𝑃𝑃𝑃𝑃𝑃  of HHG can be observed. 
We emphasize that since the phase matching zone is very short in tight 
focusing geometry, especially when the plasma-induced defocusing is 
included, a gas cell much shorter than the Rayleigh range is essential as 
indicated in Fig. S2(e), which is also in excellent agreement with our 
experimental observations (see main text Fig. 2). 

C. Simulation method

The single-atom response is calculated using the quantitative
rescattering (QRS) model which improves the standard strong-field 
approximation (SFA) [7] by replacing the plane wave used in SFA with an 
accurate scattering wave in the calculation of the complex photo-
recombination transition dipole, while the returning electron wave packet 
is the same as that in the SFA. The macroscopic propagation for both high 
harmonics and the driving laser field in the gaseous medium is obtained by 
solving 3D Maxwell’s wave equations [8-10]. The fundamental Gaussian 
laser beam is truncated and focused by using a Hankel Transform before it 
enters the gas cell. In the propagation of the driving laser pulse, effects of 
diffraction, atomic dispersion, absorption due to ionization, nonlinear Kerr 
self-focusing, and plasma defocusing are all taken into account. For the high 
harmonics, absorption and nonlinear polarization due to the fundamental 
laser are included.  The simulation parameters were chosen to be similar to 
those in our experiment. The laser pulse in time domain was modeled by 
having a Gaussian envelope, 10-cycle FWHM (26.7 fs) and pulse energy of 
600 µJ. Pulses are focused by a 30 cm focal lens into a 50 torr Ar cell. 

D. Phase matching zones for 40 eV and 65 eV

harmonics

To illustrate how phase matching occurs at different radius r of the
beam as well as propagation distance z, Fig. S3 compares the time–
frequency analysis of HHG emission driven by 10-cycles and truncated 0.47 
W0 pulses. Fig. S3 (a) shows when z=0.8 mm, bright 65 eV harmonics are 
prominently generated at r < 20 μm. Simulations point out high-energy 
photons (above 60 eV) actually are mostly generated from r=6 μm to 16 μm, 
i.e., off-axis harmonic emissions. While for ≈40 eV harmonics, there are too 
many trajectories contribute to this energy and HHG quantum phase 
changes too rapidly over the first 0.8 mm propagation, destroying the final 
emission. As the propagation distance is increased from 0.8 mm to 8 mm, 
electric field depletes quickly, however, is enough for generating ≈40 eV 
harmonics.  In this case, the change of the laser field is small during the 
buildup of the harmonic, and harmonic is generated near the axis as shown 
in Fig. S3(b). 

E. The pressure dependence of HHG emissions

Fig. S4 shows the experimental emission spectra as a function of
pressure driven by 800 nm pulses in two Ar gas cells of 0.8 mm and 8 mm 
long. The observed harmonic cutoff extension by the truncated Gaussian 
beams has been optimized by adjusting the opening of the aperture of the 
iris. From the pressure scan, for both gas cells, the harmonics below 50 eV 
grow quadratically with pressure approximately at low pressure, as 
expected for CPM. In a short gas cell bright harmonics above 60 eV were 
observed, but not in a long gas cell. The bright ≈63eV harmonics show a 
large P5 dependence in the 0.8 mm cell, while for the long 8 mm cell, the 
same harmonics grow linearly with the pressure and two orders of 
magnitude weaker. The different behavior between harmonics below 50 eV 
and near 65 eV was attributed to different phase matching mechanisms, 
CPM for the former and DAPM for the latter. 

By increasing the pressure, we can maximize harmonic brightness until 
gas reabsorption limits the ≈65eV harmonic flux. At an optimized backing 
pressure of 2.5 atm (the real pressure inside the gas cell was measured as 
1.5 atm), the absorption length Labs at ≈65eV is 0.2 mm. The length of the 
gas cell 0.8-mm is already four times longer than Labs and the estimated 
average coherence length 0.6-mm is three times longer than Labs. Our 
approach thus supports the propagation and optimal growth of high energy 
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harmonics. This brightness of 65 eV harmonics is at the theoretical 
absorption-limit for the density-length gas medium we can use [11]. 

Fig. S4. Experimental pressure-tuned HHG spectra as a function of pressure 
using a 0.8 mm (a) and 8 mm (b) argon gas cell, together with the lineouts 
showing the pressure dependence of the harmonics around 45 eV (blue 
square), 51 eV (green triangle) and 63 eV (red circle). In both cases, a proper 
iris size is set for optimizing HHG in the high energy region. A 0.8 mm long 
cell demonstrates bright ≈63 eV harmonic emission with high P5 
dependence on the pressure, while for the 8 mm long cell the harmonic is 
much weaker and grows almost linearly with pressure. 
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