
Experimental simulation of a quantum channel without 
the rotating-wave approximation: testing quantum 
temporal steering: supplementary material
SHAO-JIE XIONG1,2, YU ZHANG1, ZHE SUN1,*, YU LI1, QIPING SU1, XIAO-QIANG 
XU1, QING-JUN XU1, JIN-SHUANG JIN1, JIN-MING LIU2, KEFEI CHEN3,*, AND
CHUI-PING YANG1,*
1Department of Physics, Hangzhou Normal University, Hangzhou 310036, China
2State Key Laboratory of Precision Spectroscopy, Department of Physics, East China Normal University, Shanghai 200062, China 
3Department of Mathematics, Hangzhou Normal University, Hangzhou 310036, China
*sunzhe@hznu.edu.cn, kfchen@hznu.edu.cn, yangcp@hznu.edu.cn

This document provides supplementary information to "Experimental simulation of a quantum 
channel without the rotating-wave approximation: testing quantum temporal steering," https://
doi.org/10.1364/optica.4.001065. We briefly introduce a kind of numerical method, i.e., the 
hierarchy equation method, which can be used to accurately describe the open-system dynamics. 
It was introduced by Tanimura et al. [1–3], who established a set of hierarchical equations that 
includes all orders of system-bath interactions and avoids using the Born, Markov, rotating-wave, 
and perturbation approximations. Only the zero-temperature case with a Lorentz-type coupling 
spectrum is shown in this supplemental file. More details for the finite-temperature case can be 
found in the literature [1–3]. 

Let us introduce the numerical method used in this paper, i.e.,
the hierarchy equation method. The initial system-bath state is
in a product form as ρTot (0) = ρS (0)⊗ ρB (0), the system-bath
Hamiltonian is

H = HS + HB + HInt, (S1)

where HS = ω0
2 σz is the free Hamiltonian of the qubit (assuming

h̄ = 1), with σz being the Pauli operator of the qubit and ω0
standing for the transition frequency between the two levels of
the qubit; HB = ∑k ωkb†

k bk is the free Hamitonian of the bosonic
bath with b†

k and bk being the bosonic creation and annihilation
operators of the kth mode of frequency ωk; and

HInt = ∑
k

V
(

gkbk + g∗k b†
k

)
(S2)

is a general form of the interaction Hamiltonian between the
qubit and the bath with gk being the coupling strength between
the qubit and the kth mode of the bath. V denotes the system
operators (we let V = σx in this paper). Therefore, the exact
dynamics of the system in the interaction picture can be derived
as [1–3]

ρ
(I)
S (t) = T̂ exp{−

∫ t

0
dt2

∫ t2

0
dt1V×(t2) [CR (t2 − t1)V×(t1)

+iCI (t2 − t1)V◦ (t1)]}ρS (0) , (S3)

where T̂ is the chronological time-ordering operator, which
orders the operators inside the integral such that the time ar-
guments increase from right to left. Two superoperators are
introduced, A×B ≡ [A, B] = AB− BA and A◦B ≡ {A, B} =
AB + BA, which simplifies the dynamical equation as well as
the following derivation of the hierarchy equations. In above
CR (t2 − t1) and CI (t2 − t1) are the real and imaginary parts of
the bath time-correlation function

C (t2 − t1) ≡ 〈B (t2) B (t1)〉 = Tr [B (t2) B (t1) ρB] , (S4)

respectively, and

B (t) = ∑
k

(
gkbke−iωkt + g∗k b†

k eiωkt
)

. (S5)

Equation (S3) is difficult to solve directly, due to the time-ordered
integral. An effective method for this problem was developed
[1–3] by solving a set of hierarchy equations. When we consider
the bath modes are initially in a vacuum state ⊗k|0〉k and the
coupling spectrum is Lorentz type

J (ω) =
1

2π

γλ2

(ω−ω0)
2 + λ2

, (S6)

then the time-correlation function (S4) becomes

C (t2 − t1) =
1
2

γλ exp [− (λ + iω0) |t2 − t1|] , (S7)
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which is an exponential form that we need to use for the hierar-
chy equations.

To derive the hierarchy equation in a convenient form, we
further write the real and imaginary parts of the time-correlation
function (S7) as [4]

CR (t) =
2

∑
k=1

γλ

4
e−νkt, CI (t) =

2

∑
k=1

(−1)k γλ

4i
e−νkt, (S8)

where νk = λ + (−1)kiω0. Then, following procedures shown
in [1–4], the hierarchy equations of the qubits are obtained as

∂

∂t
$~n (t) = −

(
iH×S +~n ·~ν

)
$~n (t)− i

2

∑
k=1

V×$~n+~ek
(t)

− i
γλ

4

2

∑
k=1

nk

[
V× + (−1)k V◦

]
$~n−~ek

(t) , (S9)

where the subscript ~n = (n1, n2) is a two-dimensional in-
dex, with integer numbers n1(2) ≥ 0, and ρS (t) ≡ $(0,0) (t).
The vectors ~e1 = (1, 0), ~e2 = (0, 1), and ~ν = (ν1, ν2) =
(λ− iω0, λ + iω0). We emphasize that $~n (t) with ~n 6= (0, 0)
are auxiliary operators introduced only for the sake of comput-
ing, they are not density matrices, and are all set to be zero at
t = 0. The hierarchy equations are a set of linear differential
equations, and can be solved by using the Runge-Kutta method.

For numerical computations, the hierarchy equation (S9)
must be truncated for large enough~n. We can increase the hier-
archy order~n until the results of ρS(t) converge. The terminator
of the hierarchy equation is

∂

∂t
$~N (t) = −

(
iH×S + ~N ·~ν

)
$~n (t)

− i
γλ

4

2

∑
k=1

nk

[
V× + (−1)k V◦

]
$~N−~ek

(t) ,

(S10)

where we dropped the deeper auxiliary operators $~N+~ek
. The

numerical results in this paper were all tested and converged,
and the density matrix ρS(t) is positive.
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