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This document provides supplementary information to "3D computer-generated holography
by non-convex optimization," https://doi.org/10.1364/optica.4.001306. Included are additional
results and implementation details for our Non-convex Optimization for VOlumetric CGH
(NOVO-CGH) algorithm. Further details of the experimental setups and algorithm
implementations are given. In addition, we provide examples of several other custom cost
functions tailored to specific applications, derive their gradients and demonstrate their
performance improvement over existing algorithms. One addresses the situation of variableintensity (grayscale) 3D intensity targets and another demonstrates a cost function tailored to
two-photon microscopy.
https://doi.org/10.6084/m9.figshare.5405335

1. EXPERIMENTAL SETUP DETAILS
A. Multi-plane display setup

Our multi-plane display 3D Computer Generated Holography (3D CGH) experiments use the setup shown in Fig. S1a.
A Liquid Crystal On Silicon (LCOS) Spatial Light Modulator
(SLM) (Hamamatsu X13138-01, pixel size p=12.5µm, SLM length,
l=15.9mm, and width, h=12.8mm) is illuminated by a collimated
beam from a 4.5mW laser diode (wavelength λ = 532nm). A
rotating diffuser before beam expansion reduces speckle noise
while maintaining spatial coherence. Polarization is adjusted
with a half-wave plate to maximize diffraction efficiency of the
SLM. A telescope lens ( f = 200mm) is placed in 2 f system configuration after the SLM. To measure the 3D volumetric intensity
generated, 2D images are captured at varying depth planes while
moving a camera sensor axially within the target volume.
B. Two-photon holography setup

Two-photon holography experiments were done using the setup
shown in Fig. S1b. This setup is similar to that in Fig. S1a, except
that it uses a femtosecond infrared (IR) laser (Fidelity HP 18W,
λ = 1040nm) and a different SLM model (Hamamatsu X10468-

07, p=20.0µm, l=16.0mm, h=12.0mm). In addition, a microscope
(MOM, Sutter instruments, 20× objective and 200mm tube lens)
demagnifies the 3D accessible volume to match the size scale of
neurons. Instead of measuring intensity directly, we measure
fluorescence induced by two-photon excitation via a calibration
slide (Ts-36 TAMIYA fluorescent red sprayed on a glass slide)
with an inverted microscope that filters out IR light.
C. Analysis of accessible volume

The theoretically accessible volume for 3D CGH systems can
be computed by considering the maximal angle of the first
diffracted order (one wavelength phase shift over the size of
one pixel). With pixel size p, SLM width h, SLM height l, focal
length of the telescope lens f , and wavelength λ, (assuming h is
the shorter side) the lateral field-of-view in the image plane is:
λf
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p
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and the axial field of view is:
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Fig. S1. Detailed experimental setups. (a) Our multi-plane display experiments use a collimated laser beam, despeckled with a
rotating diffuser, incident on a Spatial Light Modulator (SLM) that is in the Fourier plane of a 2 f system. Within the accessible
volume (dashed black line), a CMOS camera sensor on a mechanical stage records the intensity profile I ( x, y) at many depths,
z. (b) Our two-photon holography experiments use a similar setup, but with femtosecond IR laser illumination and a secondary
demagnification. We measure 3D fluorescence induced by two-photon excitation via a calibration slide that is moved axially.

Our multi-plane display setup has an accessible volume of
∆ xy =8.15mm laterally and ∆z =133mm axially. The two-photon
accessible volume will have lateral and axial size reduced by
factors of M and M2 =400, respectively, giving ∆ xy =520µm and
∆z =432µm at the sample.
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D. Analysis of resolution

Spatial resolution is determined by considering the smallest
(diffraction-limited) features that can be synthesized by the SLM.
The lateral resolution is thus given by:
λf
λf
, and Ry =
,
(S3)
h
l
and the axial resolution is:
λf2
Rz = 2 .
(S4)
h
The volume and resolution determine the number of voxels:
∆2xy ∆z
h2 l
NV =
(S5)
= 3.
R x Ry Rz
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Letting Nx = h/p and Ny = l/p denote the number of pixels
along each axis of the SLM, we find :
NV = Nx2 Ny .

Algorithm S1. Sequential Gerchberg-Saxton (GS) algorithm

(S6)

The aspect ratio of the accessible volume can be adjusted
by changing the telescope lens focal length ( f = 200mm), and
spatial resolution overall could be improved by using a larger
SLM (with more pixels), within the limits imposed by the numerical aperture (NA). The total number of voxels, NV , is larger
than the number of pixels on the SLM, Nx × Ny . Consequently,
any custom 3D intensity distribution that satisfies the spatial
resolution criteria is most likely infeasible.
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The global GS algorithm is summarized in Algorithm S2. At each
plane, the amplitude is replaced with the desired amplitude,
then the resulting complex-fields are back-propagated to the
SLM plane where the average of all their phase distributions
makes up the new hologram estimate.

Algorithm S2. Global Gerchberg-Saxton algorithm
1:
2:
4:
5:

A. Sequential Gerchberg-Saxton algorithm
The sequential Gerchberg-Saxton (GS) algorithm used in this
work, also known as the ping-pong algorithm, is summarized in
Algorithm S1. We define φn as the estimated solution for phase
φ after the nth iteration. Z is the set of z coordinates for the depth
planes, and the projection function, PV,z , is:

(

PV,z E( x, y) =

exp(i arg[ E( x, y)]), if V ( x, y, z) = 1
0,
otherwise.
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φn ← arg[ E]
return φn

B. Global Gerchberg-Saxton algorithm
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2. ITERATIVE ALGORITHMS

procedure S EQUENTIAL GS(V)
φ0 ← superposition(V ) . Initialized by superposition
n←0
while n < maxiter do
n ← n+1
E ← exp(iφn−1 )
. Impose the constraint at P1
for z ∈ Z do
E ← Tz T f E
E ← PV,z E
. Impose the constraint at P3
E ← T f−1 Tz−1 E

procedure G LOBAL GS(V)
φ0 ← superposition(V )
n←0
while n < maxiter do
n ← n+1
E ← exp(iφn−1 )
for z ∈ Z do
Ez ← Tz T f E
Ez ← PV,z Ez
Ez ← T f−1 Tz−1 Ez

. Initialized by superposition

. Impose constraints at P1

φn ← arg[∑z Ez ] . Impose other constraints together.
return φn
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Fig. S2. Binary NOVO-CGH with dark regions of interest (ROI). Our cost function enforces selected bright and dark voxels,
while leaving intensity in other voxels flexible. (a) The target 3D intensity is a stack of 9 letters (A to I) distributed uniformly in
depth, with A,C,E,G,I being bright voxels, B,D,F,H being dark voxels, and other regions (in black) having unspecified target intensity. (b) Resulting intensity at each depth plane for holograms computed with other algorithms and NOVO-CGH with dark ROI
(by adding a penalty V − in the dark voxels. (c) Average intensity at designed bright (V + > 0) and dark (V − > 0) voxels shows
significant attenuation of dark voxels with our algorithm. (d) Average intensity within the letter patterns at each depth level shows
enhanced contrast between dark and bright voxels with our new NOVO-CGH algorithm.

3. NOVO-CGH WITH BRIGHT, DARK AND UNSPECIFIED
REGIONS OF INTEREST
In this section, we describe a variant of our binary NOVO-CGH
algorithm that allows users to specify regions that should be either bright, dark or unspecified. By introducing regions with no
intensity constraints, we allow more flexibility for the algorithm
to find a suitable solution. Neural photostimulation applications
may benefit from this variant of NOVO-CGH, since one often
seeks to stimulate specific neurons (bright regions) while avoiding inadvertent stimulation of other neurons (dark regions) and
the intensity in regions where there are no tagged neurons is
unimportant. Or, in photolithography, one may desire to focus
light towards specific 3D locations within the sensitive volume,
while avoiding illumination outside the volume of the object
being manufactured. Inadvertent curing of photoresist in unspecified regions away from the object may be acceptable if it
leads to floating debris that can be easily eliminated.
To set up the new custom cost function for this situation, we
start by letting V + represent the bright voxels of the target 3D
+ = 1 for positions
intensity distribution, as in Eq. 5; hence, Vx,y,z
+ = 0 elsewhere. Then, we
x, y, z where light is desired, and Vx,y,z
introduce a second penalty function, V − , representing the voxels

that should remain dark. The magnitude of V − represents how
important it is to enforce darkness at that location. In all other
−
regions, Vx,y,z
= 0. Voxels should not be bright and dark at
+ V − = 0. At voxels where
the same time, hence ∀ x, y, z, Vx,y,z
x,y,z
− =V + =0, neither brightness nor darkness are specified, so
Vx,y,z
x,y,z
no cost is generated. The cost function, L, thus becomes:
L ( I ( φ ), V + , V − ) =

∑

x,y,z
+ =1
Vx,y,z

L2 ( Ix,y,z ) +

∑

x,y,z
− >0
Vx,y,z

−
Vx,y,z
L1 ( Ix,y,z ),

(S8)

which simplifies to:
L ( I ( φ ), V + , V − ) =
h
i
+
−
L2 ( Ix,y,z ) + Vx,y,z
L1 ( Ix,y,z ) .
∑ Vx,y,z

(S9)

x,y,z

Any customized cost functions can be used with NOVO-CGH
as long as the gradient ∂L
∂I can be computed. For this case, the

4

In matrix form, after 3D quantization,

gradient is computed analytically as:
∂L
=
∂I

∑


Ix,y,z − h +

x,y,z
+ =1
Vx,y,z
Ix,y,z <h

∑

x,y,z
− >0
Vx,y,z
Ix,y,z >l


−
Vx,y,z
Ix,y,z − l .

V+

B. Euclidean cost function

Defining
and
independently enables the user to relax
constraints in locations where precise control is not necessary,
and allows the optimization algorithm to explore a broader set
of possible solutions to find the best approximate solution for
infeasible intensity distributions.
Simulation results are shown in Figure S2. We consider letter
patterns stacked from A to I, with 5mm separation distance. We
seek to illuminate the letters A,C,E,G and I (bright voxels) while
trying to keep illumination within letters B,D,F and H (dark
voxels) to a minimum (see Fig. S2a). Previous algorithms and
the conventional implementation of NOVO-CGH assume that
intensity should be kept to a minimum anywhere in the volumeof-interest except within specified bright voxels (V + > 0). With
interleaved dark and bright voxels, voxels where we wish to enforce darkness are in the pathway of photons illuminating bright
voxels and therefore receive significant inadvertent illumination.
By introducing an additional penalty, V − = 10, specifically for
the dark voxels, we can maintain adequate illumination within
the desired targets while forcing light to propagate around the
areas we wish to keep dark (see Fig. S2b). Quantitatively, we
compare the intensity distribution within bright and dark voxels
(Fig. S2c) and show that NOVO-CGH improves contrast. We also
compute the average intensity in each letter pattern (Fig. S2d) to
demonstrate better uniformity of dark areas with this variation
of NOVO-CGH.

For variable intensity targets with an Euclidean cost function,
we keep the definition of V + and consider the cost function:

x,y,z
+ >0
Vx,y,z

A. Thresholded multi-part cost function

Let I (φ) represent a simulated intensity distribution. The cost
function, L, given by:
!
Ix,y,z
+
L ( I ( φ ), V ) = ∑ L2
,
+
(S12)
Vx,y,z
x,y,z
+ >0
Vx,y,z

results in an associated gradient:

∑

+
Vx,y,z

+
γ0 Ix,y,z − Vx,y,z

2

.

(S16)

γ0 is a coefficient that adjusts the source intensity to best fit the
requested normalized intensity pattern defined by V + :



γ0 = argmin
γ >0 

∑

x,y,z
+ >0
Vx,y,z




2 
+
.
γIx,y,z − Vx,y,z


(S17)

Since the quantity to minimize is differentiable, we find:

γ0 =

∑

x,y,z
+ >0
Vx,y,z

+
Ix,y,z Vx,y,z



∑

x,y,z
+ >0
Vx,y,z

2
Ix,y,z
.

(S18)

The gradient becomes:

∂ γ0 Ix,y,z
∂L
( I (φ), V + ) = 2γ0
×
∂I
∂I



Beyond binary intensity targets, here we consider the case of
variable intensity target patterns. We redefine V + , a positive,
+ ∈ [0, 1]) that represents the desired
normalized variable (Vx,y,z
3D intensity distribution. We note that as in the previous implementation, it is possible to only enforce intensity constraints in a
subset of voxels within the accessible volume to enhance feasibility. We consider below two cases of possible cost functions,
thresholded multi-part and Euclidean.

x,y,z
+ >0
Vx,y,z
+ <h
Ix,y,z /Vx,y,z



∑

L ( I ( φ ), V + ) =

4. NOVO-CGH WITH VARIABLE INTENSITY

Ix,y,z

(S15)

(S11)

V−

∂L
=
∂I

(S14)

where (I/V + ) is a matrix defined by,
(
+
+
Ii,j /Vi,j
, if Vi,j
>0
+
( I/V )i,j =
0,
otherwise.

In matrix form, after 3D quantization,
∂L
=2( I − h)T diag[ I < h]diag[V + ]+
∂I
2( I − l ) T diag[ I > l ]diag[V − ].

∂L
=2( I/V + − h)T diag[ I/V + < h],
∂I

(S10)

!

−h .
(S13)





∑

x,y,z
+ >0
Vx,y,z


γ0 Ix,y,z −

∑

x,y,z

(S19)

+ 
Vx,y,z
,

with

∂ γ0 Ix,y,z
= γ0 +
∂I


+
− 2γ0 Ix,y,z
∑ Vx,y,z
x,y,z
+ >0
Vx,y,z

∑

x,y,z
+ >0
Vx,y,z

2
Ix,y,z
.

(S20)

Simulation results are shown in Fig. S3 and Media 2 for an
infeasible target intensity pattern consisting of three planes,
each with a dense image. We define V + accordingly and
compute holograms using previous algorithms as well as our
NOVO-CGH algorithm with thresholded multi-part cost function (Eq. S12), and with an Euclidean cost function (Eq. S16).
Simulated 3D intensity results (Fig. S3d) show that the superposition algorithm fails to provide a reasonable reconstruction,
while sequential and global GS give a decent result. NOVOCGH gives the best quality, with high-frequency features (e.g.
whiskers) being generated with better fidelity.

5

Fig. S3. NOVO-CGH with variable intensity. (a) A dense volume intensity target distribution, V + , made of three images spaced

axially by 1mm. We compute holograms using previous algorithms and variable intensity NOVO-CGH, either with thresholded
multi-part (NOVO-CGH1 , Eq. S12) or with Euclidean (NOVO-CGH2 , Eq. S16) cost functions. For each method, we compute (b) the
accuracy and (c) the Euclidean distance between the hologram and the desired intensity distribution, V + . Statistical data shown
are for n=6 simulations obtained by re-ordering the masks axially. Quantitative results, as well as (d) reconstructed images at each
image plane show that NOVO-CGH outperforms other methods.
To quantify simulation performance, we define the accuracy
of the reconstruction I for a target volume intensity V + as:
α( I, V + ) = p

h I, V + i
,
h I, I ihV + , V + i

(S21)

and simulate six different situations by re-ordering the images
across depth levels. Results (Fig. S3b) show that our method
enhances accuracy. We also compute averaged image reconstruction error, e=1-α( I, V + ), giving e=0.34 for superposition,
e=0.31 for sequential GS, e=0.14 for global GS, e=0.12 for NOVOCGH1 with thresholded multi-part cost function, and e=0.08 for
NOVO-CGH2 with Euclidean cost function.
Finally, we find the Euclidean distance between the created
and target intensity patterns (Fig. S3c). NOVO-CGH also outperforms existing algorithms in this metric, particularly when
we use Euclidean distance as a cost function for NOVO-CGH.

of the light intensity. For two-photon applications, it is relevant
to optimize the hologram computation by directly specifying the
desired two-photon absorption distribution in 3D, rather than
the intensity, so we write the cost function in terms of I 2 :
L ( I ( φ ), V + , V − ) =



x,y,z
+ >0
Vx,y,z

2
+
γ12 Ix,y,z
− Vx,y,z

2

,

(S22)

+ represents the desired two-photon absorption distriwhere Vx,y,z
bution. One can also include in the model a locally or globallydefined constraint enforcing darkness, V − , as previously. The
scaling coefficient γ1 ensures the source intensity best matches
the desired two-photon response, V + , and is given by:





2
2
+

,
γ1 = argmin
γ2 Ix,y,z
− Vx,y,z
(S23)
γ >0  ∑

x,y,z
+ >0
Vx,y,z

5. NOVO-CGH FOR TWO-PHOTON HOLOGRAPHY
Two-photon absorption is a nonlinear process in which light of
a different color is emitted after two photons are simultaneously
absorbed by a material. Signal is proportional to the the square

∑

γ12

=

∑

x,y,z
+ >0
Vx,y,z

+
Vx,y,z



∑

x,y,z
+ >0
Vx,y,z

2
Ix,y,z
.

(S24)
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Fig. S4. NOVO-CGH for two-photon holography. Using a target two-photon absorption pattern, V + , made of 4 stacked letters

√
separated by a 1mm distance, we compute holograms with previous algorithms (using a target intensity given by V + ) and with
our two-photon NOVO-CGH2 with Euclidean cost function. (a) 3D intensity results for this situation. (b) The simulation was repeated 15 times with randomized order of the letters, and we plot accuracy of the two photon response as well as (c) the Euclidean
distance between the result and the target two-photon absorption V + . NOVO-CGH outperforms existing methods for two-photon
holography, and further benefits from selecting a cost function that directly optimizes for I 2 .
The gradient is:
∂L
( I ( φ ), V + ) =
∂I

∂(γ12 I 2 )
∂I


2




∑

x,y,z
+ >0
Vx,y,z

∑

γ02 I 2 −

x,y,z


+ 
Vx,y,z
,

(S25)

with,
∂(γ12 I 2 )
∂(γ1 )
2
= 2γ12 Ix,y,z + 2Ix,y,z
γ1
,
∂I
∂I
∂L
( I (φ), V + ) = 4Ix,y,z γ12 ×
∂I


1 + Ix,y,z


∑


Ix,y,z

x,y,z
+ >0
Vx,y,z

x,y,z
+ >0
Vx,y,z






(S26)
α( I 2 , V + ) = p



∑


2
×
Ix,y,z


(S27)



∑

x,y,z
+ >0
Vx,y,z

2
γ12 Ix,y,z
−

∑

x,y,z

separated by a 1mm distance along the optical axis. Since twophoton absorption is proportional to the square of the intensity,
the traditional approach for two-photon holography suggests
to solve this problem
by computing a hologram for a target in√
tensity given by V + , or with the Euclidean implementation of
NOVO-CGH, using Eq. S16 (Fig. S4a, top row). Here, Eq. S22
enables us to directly optimize the hologram for the desired
two-photon absorption, yielding more accurate solutions V +
(Fig. S4a).
We quantify performance by considering the accuracy of the
two-photon absorption distribution given by:


+ 
Vx,y,z
.

Two-photon simulation results are shown in Fig. S4. We
consider the 3D CGH problem for a target 3D two-photon absorption distribution, V + , made of four stacked letters A,B,C,D,

h I2, V+ i
.
h I 2 , I 2 ihV + , V + i

(S28)

Simulation results are shown in Fig. S4b, with statistical data
from n =15 random permutations of the letter image targets.
We also compute the Euclidean distance between I 2 and V +
(Fig. S4c). Simulation results show that NOVO-CGH better
synthesizes two-photon holographic illumination patterns than
other algorithms, and also yields even better solutions when
considering a more task-appropriate cost function that directly
attempts to match the square of the intensity to the desired
two-photon absorption pattern.

