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ABSTRACT

Author: Jinia, Abbas, J. MSNE
Institution: Purdue University
Degree Received: December 2018
Title: Neutron Measurement and Transient Analysis in a Source Driven Subcritical
Assembly for Active Interrogation and Radioisotope Applications
Major Professor: Dr. Robert Bean
Detecting hidden/smuggled special nuclear materials (SNM) is one of the unsolved
problems in the safeguards industry. The biggest challenge is to quantify and track SNM
and prevent the use of these materials for illicit purposes. The goal is to detect smallest
quantity of SNM in large cargo containers, at the ports of entry, in the shortest amount of
measurement time. Currently passive detection techniques, which is based on long-lived
isotopes, are used to detect hidden SNM. This technique is not very reliable, as appropriate
shielding of the SNM can reduce detection signals from these long-lived isotopes.
Accelerator based active interrogation methods are proposed to solve the SNM problem.
Besides SNM, another challenge in the nuclear industry is to meet the demand and supply
of medical radioisotopes, particularly Tc-99m (half-life 6 hours). Mo-99, which decays to
Tc-99m, is one of the fission products found in nuclear reactors. Because of short half-life
of 66 hours, Mo-99 cannot be stockpiled. The shutdown of various research reactors
globally disrupted the supply of Mo-99. Because of the financial and regulatory burden on
the nuclear reactors, accelerator-based systems can be used to produce Mo-99.
With the aim to solve these two major challenges, a preliminary study is done to
understand the neutrons behavior on milliseconds (or shorter) time steps in an accelerator
driven subcritical system. A pulsed external neutron source, i.e. Deuterium-Deuterium
(DD) generator, drives the assembly. Using first principles, the transient equations are
derived and the neutron population at different time stamps is calculated. The Li-6
detector’s response to the neutron population is predicted. Experiments are performed to
compare the predicted behavior with the observed behavior. The model is extended further
to investigate the case of no uranium fuel inside the system. Transient measurements, in
the absence of the uranium fuel, are made and the neutron die-away time is determined.
This die-away time is compared with the predicted time.
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1. INTRODUCTION

Special nuclear material (SNM), primarily enriched uranium and plutonium, is easily
shielded from passive detection systems at ports of entry. This is one of the greatest national
security challenges plaguing countries around the world. An individual could intentionally
smuggle SNM, raising questions to national safeguards and material accountancy
measurements. To overcome this hindrance, official bodies and companies have increased
investments in active interrogation (AI), making AI of SNM a dynamic area of research
and development. Active interrogation may be defined as the “use of ionizing radiation to
induce nuclear reactions that uniquely identify or quantify special nuclear material through
fission or isotopic identification”[1]. Passive detection systems tend to fail in detecting
moderately shielded enriched uranium and plutonium. The capability of ionizing radiation
to penetrate through the attenuating medium makes AI more reliable and trustworthy than
passive detection. Active and passive detection techniques, to interrogate matter, exist in
literature for diverse applications [2]–[5].
According to The Royal Society, “Robust nuclear security requires the prevention of,
detection of, and response to, theft, sabotage, unauthorized access, illegal transfer or other
malicious acts involving nuclear and radiological material and their associated facilities”
[6]. Prevention, detection and response are the key to combat potential threats. Recent
technological advances in electron accelerators and nuclear radiation detectors make active
interrogation systems for detection of shielded SNM technically and economically feasible.
The superconducting electron linear accelerator (linac) can perform standard x-ray
radiography to image cargo for illegal imports in a similar manner as luggage at the airport.
While the radiograph is being collected, the same x-ray beam used to image the cargo will
induce some fission if there is any shielded SNM present. Additional radiation detectors
are used to detect the neutrons and gammas released during fission and subsequent decay
of the fission fragments, thereby giving an unambiguous positive identification of shielded
SNM. Apart from X-ray radiography, portable fast neutron radiography techniques and
neutron imaging techniques currently exist [7], [8].
Subatomic particles or ions are accelerated to high velocities using linac, producing a
beam of accelerated particles. These particles pass through an appropriate converter and
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gets converted to energetic photons/X-rays. These photons obtained from the accelerated
particles in the linac, can be used to produce neutrons through photonuclear reactions with
suitable targets. The produced neutron actively interrogates any SNM present in the cargo
container. The detection of prompt and delayed γ-rays, and prompt and delayed neutrons
during the fission process play a vital role in the AI process. During AI, the behavior of
neutrons in transient scenarios is crucial in verifying the presence of SNM. These transients
depend on the quantity of SNM (i.e. multiplication factor), type of SNM (i.e. U-235 vs Pu239), and composition of the system (i.e. surrounding moderator, shielding, etc.). Both
prompt and delayed neutrons’ temporal behavior will provide valuable information on the
sample under interrogation.
In medicine, meeting worldwide demand for medical radioisotope production is a
serious dilemma. The most commonly used medical radioisotope is Technetium-99m.
Radiopharmaceuticals containing Tc-99m are used for diagnostic nuclear medical imaging
applications. Tc-99m is one of the very few medical isotopes that can produce high quality
images with low radiation doses to patients. One way to obtain Tc-99m is through the decay
of Molybdenum-99. Mo-99 is produced by fission of uranium in nuclear reactors; however
very few nuclear reactors in the world produce Mo-99. Due to shutdowns of several
reactors and extended outages, the production and supply of Mo-99 is facing global
shortages. This has led to significant efforts to obtain Mo-99 without a nuclear reactor,
which reduces the regulatory burden and financial risk; and without using highly enriched
uranium (HEU), which reduces non-proliferation issues.
A uranium target assembly (UTA) containing low enriched uranium (LEU) driven by
a superconducting electron linac can produce Mo-99 and other life-saving medical
radioisotopes such as Xe-133, and I-131. The system is a light water cooled, pool-type
subcritical assembly consisting of LEU and coupled to an external neutron source based
on a superconducting electron linac and lead-bismuth eutectic (LBE) neutron converter.
To ensure subcriticality of UTA at all times and safe operation of the subcritical assembly,
neutron emission from the core has to be constantly monitored (during steady-state and
transient scenarios). Since a superconducting electron linac is always accompanied by an
intense gamma field, the neutron detectors must monitor neutron flux under an extreme
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gamma environment. Neutron die-away signal detection is key to ensuring that the system
is subcritical, hence, a major merit in nuclear criticality safety over nuclear reactors.
From meeting medical isotope needs to be establishing an active interrogation program,
neutron detection is essential for success. Both AI systems and medical radioisotope
production systems use the same basic idea of causing fission in a subcritical assembly
through photonuclear reactions. Obtaining a strong neutron source for fission requires an
appropriate neutron converter. Typically, neutron intensity less than 1010 n/s is desirable to
obtain decent success in AI and radioisotope programs. The high energy photons produced
by the accelerated particles in the linac can be used to obtain high neutron intensities,
through photonuclear reactions. It was discovered that for a linac with less than 10 MeV
energy, beryllium (Be) and D2O are the favored converters, capable of producing 1011 n/s
[9]. Another promising neutron converter is Li-7, which can produce 60 keV neutrons
through the (p, n) reaction [10]. The protons for this reaction are obtained through a radiofrequency quadrupole linac.
Because neutrons can penetrate through the shielding material, one can use them to
determine elemental composition. Two different approaches to determine elemental
composition from fast neutron radiography already exist [11], [12]: fast neutron/gamma
ray radiography (FNGR) and fast neutron resonance radiography (FNRR). FNRR measures
neutron attenuation at various neutron energies, while FNGR measures the ratio of fast
neutron and γ-ray mass attenuation coefficients. One may actively interrogate SNM by
studying neutron signatures emitted by SNM; however, this requires highly sensitive
neutron detectors which can measure tiny neutron intensities.
A detailed study on the fundamental properties of neutrons emitted by SNM and
various neutron detectors is carried out and available in literature [13]. Neutron detectors
can mainly be classified into two categories: thermal neutron detectors and fast neutron
detectors. The neutron capture reactions that take place in thermal neutron detectors have
a high Q-value, emitting energetic charged particles. These charged particles are helpful
because they have greater energy thereby depositing more energy in the detector. This
presents the opportunity for excellent gamma-ray rejection efficiency, a key requirement
in AI of SNM. In contrast, the direct detection of fast neutron presents an important
technical challenge. Neutrons with 200-300 keV energy range are fast neutrons. The
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capture reaction cross-section value in the MeV energy range is 2 to 3 orders of magnitude
smaller than for the thermal energy range. Despite the technical challenge, several
approaches exist to detect fast neutrons directly. The physics behind the operation of
thermal and fast neutron detectors and their technical challenges are briefly discussed in
chapter 2.
The Li-doped-glass-polymer composite neutron detector is a scintillation detector with
very good neutron-gamma discrimination, particularly at low neutron energies. An AI
system consisting of
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B(d, nγ)12C neutron converter and Li-doped scintillation detector

has been developed [14]. This system detects delayed neutrons to confirm the presence of
SNM. Neutrons were obtained by directing the beam, obtained from the 3 MeV radiofrequency quadrupole (RFQ) accelerator, to a natural boron target (natural boron consisting
of 19.9% 10B and 80.1% 11B was used). Natural uranium and tungsten were used as test
objects for testing this AI system. Two neutron detectors, the EJ-309 liquid scintillator
detector and the custom-built Li-doped scintillating detector, produced the curve (see
figure 1.1 that represents the transient behavior of delayed neutrons for natural uranium).
However, no transient behavior of neutrons was observed in the case of tungsten.

Figure 1.1 Delayed neutrons curve observed after the AI beam incident on (a) natural
uranium and (b) tungsten is turned off for the EJ-309 liquid scintillation detector [14]
Taleyarkhan’s group is developing a portable SNM system to detect 1kg of HEU in
less than two minutes scan time [15]. This AI system consists of a deuterium-deuterium
(DD) source and a tensioned metastable fluid detector (TMFD). The cargo container is
actively interrogated using neutrons from the DD accelerator and a TMFD, either tensioned
centrifugally or acoustically, is used to measure the resulting activity. A TMFD possesses
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a unique capability of eliminating the majority of source DD neutrons when operated in
threshold mode and are also blind to gamma photons. There exists evidence that a TMFD
when tensioned centrifugally is 100% efficient in detecting alpha activity from uranium
isotopes at 100 ppb concentrations [16].
Over the past decade, researchers have investigated various ways to produce Tc-99m.
Tc-99m has a short half-life of 6 hours, one cannot produce Tc-99m directly and ship it to
the hospitals for medical imaging applications. Mo-99 is a longer lived isotope (T1/2 = 66
hours), which decays to Tc-99m, and is therefore used as a source of Tc-99m. Mo-99
production can be either reactor based or accelerator based [17]. Accelerator based
production involves generating Mo-99 from other isotopes of Mo, such as Mo-100, through
the

100

Mo(n, 2n)99Mo reaction, the

100

Mo(p, pn)99Mo reaction, or the

100

Mo(γ, n)99Mo

reaction [18]. The Japan Atomic Energy Agency (JAEA) produced Mo-99, through the
100

Mo(n, 2n)99Mo reaction, by using 14 MeV neutrons from the D(3H, n)4He reaction. [19].

Producing Mo-99 from Mo-100 is not economical because enriched Mo-100 is an
expensive isotope. To obtain inexpensive and high activity Mo-99, researchers are
investigating ways to induce fission of uranium, without a nuclear reactor and use of HEU,
as Mo-99 is one of the fission fragments of uranium. Mo-99, with activity greater than 37
GBq, was obtained by fissioning LEU uranyl sulfate solution with neutrons produced by a
linac [20]. Apart from a Mo-100 target, researchers have obtained Mo-99 by bombarding
a 25 MeV proton beam, obtained from a 30 MeV cyclotron, onto a natural molybdenum
target [21].
With the aim of producing medical radioisotopes without a nuclear reactor and
developing AI techniques for detection of shielded SNM, neutron measurements and
transient analysis in a linac-driven subcritical assembly is carried out in the present study.
Both theoretical and experimental approaches will be used in this study.
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2. RADIATION DETECTION AND MEASUREMENTS

The word radiation is generally used to denote the whole electromagnetic spectrum
and all the atomic and subatomic particles that have been discovered. Radiation is broadly
grouped into ionizing and nonionizing radiation. Ionizing radiation can ionize the atom or
molecule of the medium through which it travels. X-rays, γ-rays, electrons, positrons,
protons, alphas, neutrons, heavy ions and mesons are all included in ionizing radiation. On
the other hand, nonionizing radiation is the electromagnetic radiation with wavelength of
about 10 nm or longer. Radiowaves, microwaves, visible and ultraviolet light are included
in this category of radiation. For radiation detection, it is the ionizing radiation that is of
primary concern, because ionizing radiation results in partial or complete transfer of
radiation energy to electrons.

Interaction of photons with matter
Photons are electromagnetic radiation that travel at the speed of light and they have
zero rest mass energy. The classification of photons is based on their mode of origin. Xrays are photons that are emitted in atomic transition of bound electrons whereas -rays are
the photons that are emitted following a nuclear transition. The term X-ray is generally
used to denote photons with energy < 1 MeV and the term γ-ray is used to denote photons
with energy > 1 MeV. In this text, the terms photon, γ and X-ray will be used
interchangeably.
Usually the ionization and de-excitation of atoms from a higher energy level to a lower
energy level leads to the emission of X-rays. Gamma rays are emitted when the nucleus
de-excites to a lower energy level. Besides ionization and de-excitation processes, photons
are also produced as bremsstrahlung. Bremsstrahlung results from the inelastic collision of
atomic electrons with the nuclei. According to the classical theory, whenever an incident
charged particle is deflected from its original path or experiences change in its velocity, the
charged particle will emit electromagnetic radiation whose amplitude is proportional to the
acceleration. Since any amount of energy, from zero up to total kinetic energy, can be
radiated by the incident charged particle, a continuous X-ray spectrum is obtained.
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Gamma rays may interact with matter through many possible interactions. Nonetheless,
three interactions dominate in radiation measurements: photoelectric effect, Compton
scattering and pair production. All these processes result in complete or partial transfer of
energy of the γ-ray to the electron.
2.1.1

Photoelectric effect

The photoelectric effect is the interaction between an incoming photon and a bound
atomic electron (figure 2.1). The incoming photon is absorbed by an atom, resulting in
complete disappearance of the photon. Energy transfer takes places between the γ-ray and
the bound electron. Because of this interaction, an energetic photoelectron is ejected by the
atom from one of its bound shells. The kinetic energy of the ejected photoelectron is
𝐸𝑒 − = ℎ𝜐 − 𝐸𝑏 … … (𝟐. 𝟏)
where ℎ𝜐 represents the energy of the incoming γ-ray and 𝐸𝑏 is the binding energy of the
photoelectron in its original shell. Along with the photoelectron, the photoelectric effect
creates a positively ionized atom with a vacancy in one of its bound shells. The atom fills
in this vacancy quickly by capturing a free electron from the medium and/or rearranging
electrons within the atom itself.

+

Positive
Ion

Atom

Photon

+ e

Figure 2.1 The photoelectric effect
X-rays or γ-rays with relatively low energy mainly interact with matter through the
photoelectric effect. The probability for photoelectric absorption per atom over all ranges
of gamma energy 𝐸𝛾 and 𝑍 is [22]
𝜏 = 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ∗

𝑍𝑛
… … (𝟐. 𝟐)
𝐸𝛾3

where the exponent n varies between 4 and 5 depending on the value of 𝐸𝛾 . Eq. (2.2) is a
rough approximation in which the probability for photoelectric effect has a severe
dependence on the atomic number Z of the absorber atom. This is the very reason for using
high Z materials, such as lead, in gamma ray shielding.
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2.1.2

Compton scattering

Compton scattering, or the Compton effect is an interaction between the incident γ-ray
and a free electron in the atom. When the energy of the incident photon is comparable to
𝑚 𝑐 2 , the photon momentum cannot be neglected. This incident momentum must be
conserved between the scattered photon and the electron with which the incident -ray
interacts. Unlike photoelectric effect, the photon does not completely disappear after the
Compton scattering. The photon is deflected through an angle θ with respect to its original
direction. Following the Compton scattering, the photon travels with a lower energy and
momentum, as part of its energy is transferred to the electron which then recoils. One must
note that in Compton scattering, the incident photon does not transfer all its energy to the
electron. Figure 2.2 illustrates the Compton scattering event.

Figure 2.2 The Compton scattering [23]
Using the conservation laws for momentum and energy, the energy of the scattered
photon and the recoil electron, in terms of scattering angle 𝜃, is
𝐸𝛾
… … (𝟐. 𝟑𝒂)
(1 − 𝑐𝑜𝑠𝜃)𝐸𝛾
1+
𝑚𝑐 2
(1 − 𝑐𝑜𝑠𝜃)𝐸𝛾
𝑚𝑐 2
𝑇=
∗ 𝐸𝛾 … … (𝟐. 𝟑𝒃)
(1 − 𝑐𝑜𝑠𝜃)𝐸𝛾
1+
𝑚𝑐 2
𝐸𝛾′ =

where 𝑚𝑐 2 represents the rest mass energy of the electron. The probability of Compton
scattering is directly proportional to the number of electrons available as scattering targets
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in the atom. Thus, this probability is linearly proportional to the atomic number Z of the
material.
2.1.3

Pair production

Pair production is the interaction of an incident γ-ray that takes place in the Coulomb
field of the nucleus. When the incident photon energy is above 1.02 MeV, interaction
through pair production is energetically possible. In this interaction, the incident photon
completely disappears and reappears again as positron-negatron pair whose total energy is
simply equal to the incident photon energy.
ℎ𝜐 = (𝑇− + 𝑚𝑐 2 ) + (𝑇+ + 𝑚𝑐 2 ) … … (𝟐. 𝟒)
where 𝑇− and 𝑇+ are the kinetic energies of the electron and positron respectively and 𝑚𝑐 2
= 0.511 MeV, rest mass energy of the electrons. Following the pair production process,
two annihilation photons are produced, as secondary products of this interaction, due to
annihilation of positrons in the absorbing medium.
The expression for the probability of pair production is complicated. The exact
expression for total pair production cross-section per nucleus can be found in [24]. This
probability is found to be directly proportional to the square of the absorber atomic number
Z.
The dependence of photon energy and absorber atomic number Z leading to
photoelectric effect, Compton scattering, and pair production is illustrated in figure 2.3. A
photon with relatively low energy (hυ) will interact through photoelectric effect. Pair
production is the primary mode of interaction only for high photon energy (hυ). Compton
scattering dominates in the entire range of intermediate hυ, for all Z.
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Figure 2.3 Relative importance of the three major types of γ-ray interaction. The
lines show the values of Z and hυ for which the two neighboring effects are just
equal [24].
2.1.4

Attenuation of Photons

To be able to detect -rays, the photon needs to travel through the matter without any
kind of interaction. The probability of a photon crossing an absorber of thickness x, is
simply equal to the product of the probabilities of survival for each particular type of
interaction. The probability of a photon crossing a given absorber without interaction
through photoelectric effect is 𝑒 −𝜏𝑥 , where τ is the cross-section for photoelectric effect.
Similarly the probability of gamma ray photon surviving Compton scattering and pair
production is 𝑒 −𝜎𝑥 and 𝑒 −𝜅𝑥 respectively, with σ and κ being the cross-sections for
Compton scattering and pair production, respectively. Thus, a collimated beam of γ-rays
with initial intensity 𝐼𝑝0 , crossing an absorber thickness x, will have residual intensity 𝐼𝑝
equal to
𝐼𝑝 = 𝐼𝑝0 𝑒 −𝜏𝑥 𝑒 −𝜎𝑥 𝑒 −𝜅𝑥
= 𝐼𝑝0 𝑒 −(𝜏+𝜎+𝜅)𝑥
= 𝐼𝑝0 𝑒 −𝜇𝑥 … … (𝟐. 𝟓)
where 𝜇 = 𝜏 + 𝜎 + 𝜅 is called the total linear attenuation coefficient of γ-ray photons.
Based on this probability, the average distance travelled by a γ-ray photon between two
successive interactions is
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∞

𝜆𝑝 =

∫0 𝑥𝑒 −𝜇𝑥 𝑑𝑥
∞
∫0 𝑒 −𝜇𝑥

𝑑𝑥

=

1
… … (𝟐. 𝟔)
𝜇

where 𝜆 is called mean free path and it is simply the inverse of the linear attenuation
coefficient.
The linear attenuation coefficient is highly dependent on the density (ρ) of the material
and therefore, the mass attenuation coefficient is used for all practical purposes, and is
defined as
𝑀𝑎𝑠𝑠 𝑎𝑡𝑡𝑒𝑛𝑢𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 =

𝜇
… … (𝟐. 𝟕𝒂)
𝜌

For a compound or mixture, the mass attenuation coefficient is simply given as,
𝜇
𝜇
( ) = ∑ 𝑤𝑖 ( ) … … (𝟐. 𝟕𝒃)
𝜌 𝑐
𝜌 𝑖
𝑖

where 𝑤𝑖 is the weight fraction of element 𝑖 in the compound or mixture. Using eq. (2.7),
eq. (2.5) can be rewritten as,
𝐼𝑝 = 𝐼𝑝0 𝑒

𝜇
−(𝜌 )𝜌𝑥

… … (𝟐. 𝟖)

where 𝜌𝑥 is called the mass thickness of the absorber and determines the degree of
attenuation.

Interaction of neutrons with matter
Neutrons are neutral particles present in the nucleus of an atom. Since neutrons have
no charge, they cannot interact in matter through Coulomb forces. The interaction of
neutrons with matter occurs through nuclear forces. When a neutron interacts with matter,
either the neutron totally disappears and is replaced by secondary radiation, or it scatters,
or it gets absorbed.
The secondary radiation produced by neutron interactions are mainly heavy charged
particles. These charged particles are the consequences of the neutron induced nuclear
reactions. Besides neutron induced nuclear reactions, various neutron collision events also
produce charged particles. The charged particles arising from neutron collision are the
nuclei of the absorbing material itself which have gained energy during the collision event.
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Most neutron detectors make use of this underlying idea of converting neutrons into some
charged particle, which can then be detected directly.
Neutrons can also be detected through the radiative capture (n, ) reaction. The
radiative capture reaction results in complete absorption of the incident neutron and leads
to the formation of a compound nucleus. The compound nucleus then decays to its ground
state by emitting one or more -rays. Neutrons can be detected indirectly by detecting these
emitted -rays. This neutron interaction is highly probable in most materials and plays an
important role in the attenuation and shielding of neutrons.
This section will discuss the interaction of neutrons with matter. Based on the energy
of the incoming neutron, the neutrons are classified as either slow/thermal neutrons and
fast neutrons.
2.2.1

Interaction of slow/thermal neutron

Various neutron induced nuclear interactions and elastic scattering are the
predominant interactions of slow/thermal neutrons. Because very little and or no energy is
transferred to the nucleus in elastic scattering of slow neutrons, slow neutron detectors are
not based on this type of interaction. The best possible way to detect thermal neutrons is
through neutron induced nuclear reactions which can create secondary radiation of
sufficient energy to be detected directly. For these nuclear reactions to be energetically
possible, the Q-value of the neutron induced nuclear reaction should be positive, because
incoming neutron energy is very low. Reactions such as radiative capture (n, γ), (n, α), (n,
p) and (n, fission) are well suited for slow neutron detection.
2.2.2

Interaction of fast neutrons

The probabilities for neutron interaction decreases swiftly with increasing neutron
energies. Inelastic scattering gains significance in the detection of fast neutrons, because
neutrons can transfer a considerable amount of energy in one collision event, resulting in
the slowing down of the neutrons. In an inelastic collision, part of the neutron’s kinetic
energy is transferred to the nucleus of the medium as an excitation energy. The secondary
charged particle in this case is the excited nucleus, commonly referred to as the recoil
nucleus. The excited nucleus de-excites to the ground state by emitting one or more
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inelastic γ-rays. Inelastic scattering of neutrons and subsequent inelastic γ-rays play a vital
role in the detection of fast neutrons. The presence of inelastic γ-rays constitutes a serious
complication in the fast neutron detection, as the distinction of inelastic γ-rays from other
γ-rays (other γ-rays may come from cosmic radiation or (n, γ) reactions) becomes difficult.
Since a fast neutron have energy greater than 1 keV, it can transfer enough energy to a
nucleus to cause the nucleus to become a heavy, charged particle. This heavy charged
particle can be detected directly, since it will cause ionization of atomic molecules as it
passes through the medium.
2.2.3

Attenuation of neutrons

Just like photons, neutrons also attenuate as they pass through an absorber material.
The probability that a neutron will pass through the absorber material is equal to the product
of the probabilities of survival for absorption and scattering interactions. A
monodirectional beam of neutrons having initial intensity 𝐼𝑛0 , crossing an absorbing
medium of thickness 𝑥, will have residual intensity 𝐼𝑛 equal to
𝐼𝑛 = 𝐼𝑛0 𝑒 −𝛴𝑎 𝑥 𝑒 −𝛴𝑠 𝑥
= 𝐼𝑛0 𝑒 −(𝛴𝑎 +𝛴𝑠 )𝑥
= 𝐼𝑛0 𝑒 −𝛴𝑡𝑥 … … (𝟐. 𝟗)
where 𝛴𝑡 = 𝛴𝑎 + 𝛴𝑠 is the total macroscopic cross-section and it greatly depends on
neutron energy. The average distance travelled by a neutron between two successive
interactions/collisions, called mean free path, is equal to
∞

𝜆𝑛 = ∫ 𝑥𝛴𝑡 𝑒 −𝛴𝑡𝑥 𝑑𝑥 =
0

1
… … (𝟐. 𝟏𝟎)
𝛴𝑡

where 𝛴𝑡 𝑒 −𝛴𝑡 𝑥 𝑑𝑥 is the probability that a neutron will have its first collision in 𝑑𝑥 in the
neighborhood of 𝑥.

Current and Pulse modes of operation
Radiation detectors are operated either in current mode or pulse mode. In pulse mode
operation (figure 2.4), the detector’s output is typically connected to an RC circuit
(preamplifier) which preserves information on the amplitude and timing of individual
events. Pulse amplitude carries important information regarding the charge generated by a
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particular radiation interaction in the detector. Every pulse will have different amplitude.
Variation in the amplitude is either due to fluctuations in detector response to radiation or
to the amount of energy deposited in the detector. In pulse mode operation, the dead time
of the detector can result in loss of true event information because it occurred too quickly
following the previous event. This may overwhelm the electronics setup of the detector.
In current mode operation (figure 2.5), a current measuring device is connected to the
output of the detector. In this mode of operation, information about individual events is not
preserved. The output of the current meter is the averaged dc current, over many
interactions, produced in the detector. Radiation detectors operating in current mode are
usually capable of withstanding high gamma doses/neutron fluxes. Because in current
mode, the electrical signals from individual interactions are averaged together, the detector
is not affected by dead time.

Figure 2.4 Typical block diagram for detectors operating in pulse mode

Figure 2.5 Typical block diagram for detectors operating in current mode

Radiation detectors
The various gamma detectors that will be used in this study are an HPGe detector, an
ionization chamber and a NaI scintillation detector. A He-3 rem ball, a Li-6 detector and a
compensated ionization chamber (CIC) are the different neutron detectors that be used to
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detect delayed neutron intensities at different time stamps. These radiation detectors will
be discussed briefly in this section. Note that this section does not intend to give detailed
information about the operation of various gamma and neutron detectors. In depth
explanation can be found in references [22], [25].
2.4.1

NaI scintillation detector

The NaI detector is an inorganic scintillation detector that can perform gamma ray
spectroscopy. Scintillators are the materials that fluoresce when ionizing radiation interacts
with them. Usually the light produced by scintillating crystals is very weak and hence it
must be amplified. A photomultiplier tube amplifies the weak signal from the scintillating
crystal and produces a strong pulse at its output.
NaI crystals possess excellent light yield, which makes it the best inorganic
scintillating material for many applications. The hygroscopic nature of NaI crystal requires
the crystal to be canned in an air tight container for normal use. Large detector volume,
high density, and high atomic number make NaI a good gamma detector with decent
efficiency. The NaI scintillation detector is operated in pulse mode and has typical decay
time of the order of 230 ns.
2.4.2

Ionization chamber

The ionization chamber is the simplest gas-filled gamma detector. The operation of an
ion chamber is based on the ionization of gas molecules. Gamma rays interact with the gas
molecules through one of the many interactions discussed in section 2.1, resulting in the
formation of an ion pair: free electron and positive ion. Through the application of
appropriate electric field, these ion pairs are collected, which constitutes an electric signal.
The total number of ion pairs created in the ionization chamber is directly proportional to
the amount of energy deposited in the chamber. Ionization chamber can either be operated
in current mode or pulse mode. For most applications ion chambers are operated in current
mode.
2.4.3

HPGe detector

A high purity germanium detector (HPGe) is a semiconductor detector, having very
good energy resolution. These detectors can resolve energy of the incident radiation out of
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a polyenergetic energy spectrum. The ability to operate in vacuum, a linear relationship
between pulse height and particle energy, insensitivity to magnetic fields and a fast pulse
rise time are some other properties of semiconductor that makes HPGe detectors superior
than the ion chamber and the NaI scintillation detector for high energy spectroscopy.
The function of a semiconductor detector is similar to the ionization chamber. In the
ion chamber, an electric signal is produced by ionization of gas molecules and in the
semiconductor detector, the electric signal is produced by the movement of electrons and
holes across the p-n junction. For radiation detection applications, the p-n junction is to be
connected in reverse bias. The incident radiation deposits energy into the detector, resulting
in the formation of electron-hole pairs. By applying a suitable electric field, electrons and
holes are collected and with appropriate electronics setup, a pulse, produced by these
collected charges, is recorded.
The HPGe detector needs to be cooled by liquid nitrogen when in use. This cooling is
required, because germanium has a relatively narrow energy gap, and at room temperature
or higher temperature a leakage current due to thermally generated charge carriers induce
very strong noise in the electronics setup. This noise can destroy the energy efficiency of
the detector.
2.4.4

Compensated ionization chamber

A compensated ionization chamber (CIC) is a B-lined ionization chamber operating
in current mode. The CIC consist of two chambers: one is a 10B-lined ion chamber and the
second is a similar unlined chamber. Figure 2.6 shows a schematic of a typical CIC.
Incoming neutrons interact with 10B in the B-lined chamber resulting in 2.31 MeV and 2.79
MeV charged particles. This interaction of boron with neutrons is as follows:
10

𝐵 + 𝑛 = 7𝐿𝑖 + 𝛼 + 2.31𝑀𝑒𝑉 + 𝛾(0.48𝑀𝑒𝑉) (94%)
10

𝐵 + 𝑛 = 7𝐿𝑖 + 𝛼 + 2.79𝑀𝑒𝑉 (6%)

7

𝐿𝑖 and 𝛼 are heavy charged particles. Heavy charged particles interact with matter

through Coulomb forces. When Li and α comes in contact with chamber gas atoms, they
instantaneously interact with gas atom electrons, causing ionization of gas atoms. On
applying appropriate external bias voltage, the ion pairs are collected. These charges
constitute current Inγ. Any other gamma photons, besides those resulting from (n, γ)
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reaction, incident on this B-lined chamber, will also contribute to Inγ. Thus, total current
produced in B-lined chamber is the sum of currents induced by neutrons and gammas. To
compensate for gammas, there is a second chamber which is identical to the B-lined
chamber, in terms of active volume, structural material and response to gamma flux, but
without a

10

B lining. This chamber is blind to neutrons and only responds to gammas.

Current from the unlined chamber only reflects gamma interactions. By taking the
difference between the two currents, a signal can be obtained that is purely from neutron
reactions.

10

B-lined
ion
chamber

Identical
unlined
chamber

Inγ

Iγ
Current
difference

Signal out
Inγ – Iγ

Figure 2.6 Schematic of B10 CIC [22]

2.4.5

Li-6 detector

The Li-6 detector is a thermal neutron detector based on the following (n, α) reaction.
6
3𝐿𝑖

+ 𝑛 = 𝛼 + 31𝐻𝑒 + 4.78𝑀𝑒𝑉

The cross-section value for this (n, α) reaction, at 0.025 eV neutron energy, is about 940
barns. In this type of neutron detector, Li-6 is usually surrounded by polyethylene to
moderate fast neutrons to thermal energy levels. The heavy charged particles, 3𝐻𝑒 and 𝛼,
interact with the gas atoms as they pass through the gaseous medium, resulting in ionization
of atomic electrons. Unlike the CIC, the Li-6 detector is operated in pulse mode.

18
2.4.6

He-3 rem ball

The He-3 rem ball is another thermal neutron detector that consists of a He-3
proportional counter surrounded by a sphere of polyethylene. Neutrons are detected
through the following (n, p) reaction:
3
2𝐻𝑒

+ 𝑛 = 31𝐻 + 𝑝 + 0.765 𝑀𝑒𝑉

The thermal neutron cross-section value for this reaction is about 5330 barns, significantly
higher than that for the boron and lithium reactions. He-3 counters can be operated at much
higher pressures with adequate gas multiplication behavior and are therefore preferred for
those applications in which maximum detection efficiency is required.
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3. EXPERIMENTAL EQUIPTMENT AND SETUP

Uranium Target Assembly
A pool type subcritical assembly, Uranium Target Assembly (UTA-1), has been
developed, designed and constructed at Niowave Inc. headquarters in Lansing, Michigan.
This assembly is used to perform the transient analysis of neutrons and measurements for
active interrogation and radioisotope applications. Natural uranium and low enriched
uranium (LEU) is used to fuel UTA-1. The assembly can be driven by an external neutron
source. The UTA-1 is a standard 55 gallon stainless steel tank filled with light water which
is used as a moderator, coolant and a shield for neutrons. Natural uranium and LEU targets
are inserted into the fuel rods which are supported by an aluminum grid plate in the
assembly. Provisions are made to insert various diagnostic tools into the assembly and
extract volatile gases which build up during operations. Figure 3.1 shows a pictorial view
of the UTA-1 subcritical assembly.

Fuel rods

Cf-252
port

DD generator
port
Al grid
plate

Figure 3.1 UTA-1 with Cf-252 port and DD generator port (left), 3D diagram of UTA-1
subcritical assembly (right)
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3.1.1

UTA-1 design parameters and initial fuel loading

The UTA-1 has a total of 60 fuel rods, made from 6061 Al, of which 37 are loaded
with LEU and 23 are loaded with natural uranium. The LEU is enriched to 6.4%. The LEU
is in the form of UO2 while the natural uranium is in metallic form. Eight pellets of LEU
and two slugs of natural uranium are loaded into the fuel rods. The LEU pellets and the
slugs of natural uranium result in around 100 mm active fuel height. The diameter of the
LEU pellet is 8.19 mm while the diameter of the natural uranium pellet is 12.1 mm. The
diameter of the LEU fuel rod is 7/16” while the diameter of the natural uranium fuel rod is
5/8”. Figure 3.2 shows a typical fuel rod in the UTA-1 assembly.

688.4 mm

100 mm

164.1 mm

Figure 3.2 Fuel rod in UTA-1 assembly
The UTA-1 design parameters were calculated using MCNP6. The assembly is a
deeply subcritical system with an effective multiplication factor of 𝑘𝑒𝑓𝑓 = 0.412. The
UTA-1 can operate at a fission power of up to 24 milliWatts. Table 3.1 summarizes the
important design parameters for UTA-1.
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Table 3.1 UTA-1 Design Parameters
Parameters
keff for UTA-1
Cladding type

Values
0.412
6061 Al

Fuel Rod (x37)
U enrichment (wt%)
6.4
Chemical Form
UO2
Pellet Mass (g)
7
Pellets per Rod
8
Natural Uranium Rod (x22)
235
U enrichment (wt%)
0.71 (natural)
Chemical Form
U (metal)
Slug Mass (g)
100
Slugs per Rod
2
Natural Uranium Radiochemistry Rod (x1)
235
U enrichment (wt%)
0.71 (natural)
Chemical Form
U (metal)
Pellet Mass (g)
20
Pellets per Rod
5
Slug mass (g)
100
Slugs per Rod
1
235

DD Generator Port

Cf-252 Port

Figure 3.3 Cutaway of UTA-1 system with Cf-252 port and DD generator port. Uranium
pellets are marked in green.
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Silverside Li-6 neutron detector
A Li-6 neutron detector, developed by Silverside Detectors Inc., Cambridge,
Massachusetts, is used to measure the neutron counts. The neutrons are detected in a thin,
thermal neutron detection module, called Base Unit chamber. The base units are integrated
into support frames, with a moderating material at the surface, for optimized neutron
sensitivity. The base unit chamber is a Li-6 proportional chamber, in which neutrons enter
after multiple collisions with the moderating material near the chamber surface. High
density polyethylene is used as a moderating material. Alpha and He-3 particles created by
the reaction between incident neutrons and Li-6 foil deposit energy in the chamber causing
ionization in the gas medium. The ionized electrons are attracted to an array of wires biased
at high voltage, constituting an electric signal. This electric signal is amplified and
processed into neutron count rate data. Figure 3.4 shows a two base unit Li-6 detector.
The gamma absolute rejection ratio in the presence of neutrons (GARRn), for a two
base unit Li-6 detector, is 1.015 in the presence of a 10 mR/hr gamma field and 1.008 in
the presence of a 20 mR/hr gamma field. The Li-6 detector has a neutron detection
efficiency of 1.87 cps/ng (moderated Cf-252 neutrons) and 1.27 cps/ng (bare Cf-252
neutrons) [26]. A built-in software, Silverside View, gives a plot of count rate versus time.
The detector can distinguish neutrons and gammas, based on what is called Time-overThreshold. The Time-over-Threshold (TOT) is the amount of time the event pulse is above
a voltage threshold; it is related to the pulse height. A typical single base unit histogram of
counts versus TOT is shown in figure 3.5. Clearly, signals below 12 microseconds are
gamma signals and all the signals above 12 microseconds come from neutron interactions.
A neutron event deposits more energy in the gas medium than a gamma ray. Consequently,
a neutron event causes more ionization of the gas molecules. This results in greater pulse
amplitude at the output of the detector. So the detector will take longer time to recover
from the last neutron event signal before it processes the new signal. In other words, the
neutron event pulse amplitude will be greater than the set threshold amplitude for a longer
period of time (as opposed to gamma pulse amplitude, which is always less than the neutron
event pulse amplitude).
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Table 3.2 Specifications of Silverside Li-6 Detector
Dimensions

47.6” x 13.2” x 6.9”

Operating voltage

1050 volts

Battery operation time
High voltage

Up to 12 hours

Detector Efficiency

1.87 cps/ng (moderated CF-252
neutrons)
1.27 cps/ng (bare Cf-252 neutrons)

GARRn

1.015 (at 10 mR/hr gamma field)
1.008 (at 20 mR/hr gamma field)

Pulse height spectroscopy
software

Silverside View

Figure 3.4 Two Base Units Li-6 Detector
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Figure 3.5 Histogram of counts versus TOT in a single chamber detector
DD neutron generator
The UTA-1 can be driven by external neutron sources such as a Cf-252 neutron source,
a neutron generator, or a superconducting electron linac coupled to a photoneutron
converter. Neutrons are continuously emitted from radioactive sources, thereby emitting
radioactivity at all times. However, in neutron generators, like deuterium-deuterium (DD)
or linac with photoneutron converter, there is no further emission of radioactivity
(neutrons/gammas) when the generator is turned off. Thus, for the preliminary transient
analysis of neutrons, DD generator is coupled to the UTA-1 assembly. 2.5 MeV neutrons
are obtained from the generator through the DD fusion reaction.
2

𝐻 + 2 𝐻 = 𝑛+3 𝐻𝑒 + 3.266𝑀𝑒𝑉, 𝐸𝑛 = 2.5 𝑀𝑒𝑉
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Figure 3.6 Starfire nGen-300 DD neutron generator
A neutron generator produces neutrons through a fusion reaction by accelerating
charged particles onto a target. In a DD generator, targets are usually made of metal
hydrides, which increases the density of hydrogen in the target. A typical DD neutron
generator consists of a source to generate positive ions which are then accelerated, using
diode structure, to a hydride target containing either deuterium, tritium or a mixture of the
two. The positive ions are generated using a cold cathode, or Penning, ion source. This ion
source is a hollow cylindrical anode, with cathode plates at each end of the anode, usually
connected to ground. A magnetic field is applied coaxially within the ion source using an
external magnet.
On introducing deuterium gas into the anode, ionization of the gas occurs due to the
electric field produced between the anode and cathodes. The orientation of electric and
magnetic fields creates electron confinement in this plasma. This forces the electrons to
oscillate back and forth in helical trajectories. Secondary electrons may be created due to
the loss of some low energy electrons which strike the anode. However, most of the
electrons remain trapped and ionize more gas molecules to sustain the plasma. The ions
are not similarly trapped, and when they strike the cathodes, they also release secondary
electrons, which enter the plasma and help sustain it. Ions, however, can escape the
chamber into the acceleration section of the tube through a hole at the center of one of the
cathodes, called the exit cathode.
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In this experiment, a Starfire nGen-300 DD neutron generator is used. The
specifications of the DD neutron generator is given in table 3.3.
Table 3.3 Starfire nGen-300 Specifications
Neutron Output
Time-averaged yield
Pulsed DD Neutron
Energy
Ion Source Type
Pulse Rate
Pulse Width
Pulse Rise/Fall time
Nominal Duty Factor
Max Neutron Flux
Operating voltage
Power Requirements
Neutron Source
Dimension
Neutron Source
Weight
Supporting Hardware
Dimension
Supporting Hardware
Weight
Integrated cooling
w/cowling Dimensions
Battery Operation
Time

107 n/sec
2.5 MeV
ECR-coupled plasma
Single shot to 200 kHz
5-1000 µsec
<5 µsec
4-10%
>2x107 n/cm2*s during pulse
Power and Operations
150 kV
400 W
System Information
3” OD x 19.6” L (7.6 cm OD x 46 cm L); without
shroud
11 lbs, 9 oz.
6.25” W x 10” H x 15.75” L (31 cm W x 31 cm H x
31 cm L)
29 lbs, 6 oz. + 5.5lb battery
3.5” OD x 22” long
45 min (at 4% duty factor); 30 min (at 10% duty
factor)

Experimental setup
Besides UTA-1, the DD neutron generator and the Li-6 detector, other equipment such
as an HPGe detector, a NaI scintillation detector and a He-3 rem ball are part of the
experimental setup. An HPGe detector and NaI scintillation detector are used for gamma
ray spectroscopy while the He-3 rem ball is used for neutron dose measurements.
Appropriate electronics such as the pre-amplifiers, amplifiers, oscilloscope, high voltage
supplies and multi-channel analyzer (MCA) are used to support the HPGe and NaI
detectors. A picture of the experimental setup is shown in figure 3.7.

27

Figure 3.7 Experimental setup for the transient analysis of neutrons in UTA-1.
Table 3.4 List of equipment’s
Equipment

Make/Model

Uranium Target Assembly
Li-6 neutron detector
DD neutron generator
HPGe gamma-ray detector
NaI scintillation detector

Niowave Inc./UTA-1
Silverside Detectors Inc.
Starfire/nGen-300
Ortec/GEM 10-70
Amptek Inc./76BR76(3M-HV-E3X5)
Ludlum Inc./2241-4
Tektronix/TDS 3014B
Ortec/659
Ortec/572
Ortec/928 MCB

He-3 rem ball
Oscilloscope
High voltage supply
Amplifier
Multi-channel analyzer (MCA)
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4. NEUTRON BEHAVIOR IN THE UTA-1+DD SYSTEM

The transient analysis of neutrons has application in the field of active interrogation
(AI) for the detection of SNM and medical radioisotope production. Using a DD neutron
source, transient analysis of neutrons is carried out to examine the neutron detector
behavior at different time stamps in the UTA-1 assembly. For AI applications, one needs
to scan the cargo container in the smallest possible time interval. With the Li-6 neutron
detector, the smallest possible time interval can be achieved when the neutron count rate is
recorded on microsecond/millisecond timescales. The neutron balance equations, derived
from first principles, are used to model the neutron die-away over time. Differential DieAway Analysis (DDAA) is one of the techniques used for detecting SNM such as U-235
and Pu-239. DDAA models exist in the literature and researchers have studied neutron dieaway signals in different scenarios [27]–[30]. The present analysis examines the neutron
population at different time stamps and the corresponding Li-6 count rate. Since UTA-1 is
a subcritical assembly, we expect the neutron population to die-away over time. Further,
we assess the neutron die-away for the non-fueled UTA-1+DD system, which replicates a
cargo container with no SNM.

The behavior of the neutron population
To understand the behavior of the neutron population in the UTA-1+DD system, we
look closely into the experimental setup (figure 3.7). Source neutrons produced by the DD
generator are born in the center of the UTA barrel. These source neutrons cause fission in
the fuel rods and produce additional fission neutrons. The DD source, natural uranium, and
LEU fuel rods constitute the center region of the entire UTA-1+DD system. This region is
surrounded by a moderator, i.e. H2O. The center region and the moderator can be
homogenized to obtain region I. Region I is then surrounded by a reflector/absorber, in this
case concrete blocks. The concrete blocks constitute the outer region II of the setup. The
Li-6 detector is placed in region II. An overview of the simplified two region UTA-1+DD
setup is shown in figure 4.1.
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Concrete acts as a neutron moderator and reflector. The 2.5 MeV neutrons from the
DD generator and the fission neutrons are produced at the center of the UTA barrel. These
neutrons quickly slow down to thermal energies due to the presence of the moderator. A
fraction of these neutrons leaks out of the assembly. The neutrons that leak out of the
assembly travel isotropically in all directions and are subject to various scattering events
outside the UTA barrel. These scattering events now occur in a new medium i.e. region II.
There is a finite probability for the scattered neutrons to reach the Li-6 detector and be
recorded as a count. In other words, the die-away of the neutron population will depend on
the region in which the Li-6 detector is placed.
We start with the general balance equation to understand the spatial and time behavior
of neutrons in the UTA-1+DD system. The neutrons are assumed to be monoenergetic and
the cross-section values are assumed to be constant (i.e. 1-group, homogenized system). In
such a system, the neutron population, which is a combined function of space and time,
can be separated in its time and space dependence as follows.
𝜙(𝑟, 𝑡) = 𝜑(𝑟) ∗ 𝜓(𝑡) … … (4.1)
where 𝜙(𝑟, 𝑡) = space and time dependent neutron flux,
𝜑(𝑟) = space dependent neutron flux, and
𝜓(𝑡) = time dependent neutron flux.

Moderato H2O

DD source neutrons
surrounded by fuel
rods

Li-6 Detector

Concrete blocks

Figure 4.1 Simplified two region UTA-1+DD system.
The general balance equations in region I and region II can be written as follows:
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[𝑅𝑎𝑡𝑒 𝑜𝑓 𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 # 𝑛𝑒𝑢𝑡𝑟𝑜𝑛𝑠 𝑖𝑛 𝑉]
= [𝑅𝑎𝑡𝑒 𝑜𝑓 𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑒𝑢𝑡𝑟𝑜𝑛𝑠 𝑖𝑛 𝑉]
− [𝑅𝑎𝑡𝑒 𝑜𝑓 𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑒𝑢𝑡𝑟𝑜𝑛𝑠 𝑖𝑛 𝑉]
− [𝑅𝑎𝑡𝑒 𝑜𝑓 𝑙𝑒𝑎𝑘𝑎𝑔𝑒 𝑜𝑓 𝑛𝑒𝑢𝑡𝑟𝑜𝑛𝑠 𝑓𝑟𝑜𝑚 𝑉] … … (4.2)
In region I, we have
1 𝑑𝜙1 (𝑟, 𝑡)
∫
𝑑𝑉1
𝑣̅
𝑑𝑡
𝑉1

= ∫ 𝜈𝑝 Σ𝑓 𝜙1 (𝑟, 𝑡)𝑑𝑉1 + ∫ ∑ 𝜆𝑘 𝑐𝑘 (𝑟, 𝑡)𝑑𝑉1 + ∫ ⃗⃗⃗⃗
𝐽2− (𝑅1 , 𝑡)𝑑𝐴2
𝑉1

𝑉1

𝑘

− ∫ ⃗⃗⃗⃗
𝐽1+ (𝑅1 , 𝑡)𝑑𝐴1 − ∫ Σ𝑎1 𝜙1 (𝑟, 𝑡)𝑑𝑉1 ,
𝐴1

𝐴2

0 ≤ 𝑟 ≤ 𝑅1 … … (4.3𝑎)

𝑉1

and in region II, we have
1 𝑑𝜙2 (𝑟, 𝑡)
∫
𝑑𝑉2 = ∫ ⃗⃗⃗⃗
𝐽1+ (𝑅1 , 𝑡)𝑑𝐴1 − ∫ ⃗⃗⃗⃗
𝐽2+ (𝑅2 , 𝑡)𝑑𝐴2 − ∫ Σ𝑎2 𝜙2 (𝑟, 𝑡)𝑑𝑉2 ,
𝑣̅
𝑑𝑡
𝑉2

𝐴1

𝐴2

𝑉2

𝑅1 ≤ 𝑟 ≤ 𝑅2 … … (4.3𝑏)
where 𝜙𝑖 (𝑟, 𝑡) = neutron flux in region i,
⃗⃗⃗⃗
𝐽𝑖± = partial neutron current in region i,
Σ𝑓 = thermal fission cross-section,
Σ𝑎𝑖 = thermal absorption cross-section of region i,
𝜈𝑝 = prompt neutron yield,
𝜆𝑘 = decay constant in kth delay group,
𝑐𝑘 = kth precursor concentration,
𝑉𝑖 = volume of region i,
𝐴𝑖 = area of region i,
𝑣̅ = average neutron velocity,
𝑅1 = radius of region I, and
𝑅2 = radius of region II from the center.
The source terms in region I are the neutrons that diffuse partially from region II to region
I at the interface, fission prompt neutrons and fission delayed neutrons. The last two terms
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on the RHS of eq. (4.3a) represents the losses of neutrons in region I. These losses are due
to the partial diffusion of neutrons from region I to region II and the absorption of neutrons
in region I. Since there is no external source or fissile material present in region II, the only
source of neutrons in region II is the neutrons leaking out of region I. The two loss terms
in region II i.e. absorption and leakage are represented in eq. (4.3b).
4.1.1

Spatial distribution of neutrons

The spatial and time dependent neutron flux is solved separately. As all of the DD
source neutrons are produced at the center of the UTA assembly, we assume a point source
of neutrons in region I and no neutron source in region II. The spatial distribution of
neutrons can be represented by the diffusion equation in the two regions.
1 𝑑 2 𝑑
1
[𝑟
𝜑1 (𝑟)] − 2 (1 − 𝑘 )𝜑1 (𝑟) = 0,
2
𝑟 𝑑𝑟
𝑑𝑟
𝐿1
1 𝑑 2 𝑑
1
(𝑟)]
[𝑟
𝜑
−
𝜑 (𝑟) = 0,
2
𝑟 2 𝑑𝑟
𝑑𝑟
𝐿22 2

0 < 𝑟 ≤ 𝑅1 … … (4.4𝑎)
𝑅1 < 𝑟 ≤ 𝑅2 … … (4.4𝑏)

where 𝑘 = k-value of UTA-1+DD system,
𝐿21 = 𝐷1 /Σ𝑎1 = diffusion length in region I,
𝐿22 = 𝐷2 /Σ𝑎2 = diffusion length in region II,
𝐷𝑖 = diffusion coefficient in region i,
Σ𝑎𝑖 = macroscopic absorption cross-section in region I,
𝑅1 = radius of region I, and
𝑅2 = radius of region II from the center.
The solutions to eq. (4.4a) and eq. (4.4b) are exponentials and can be written as follows:
𝜑1 (𝑟) =

𝐴1
𝐴2
√(1 − 𝑘 ) ∗ 𝑟
√(1 − 𝑘 ) ∗ 𝑟
exp (
) + exp (−
),
𝑟
𝐿1
𝑟
𝐿1

0<𝑟

≤ 𝑅1 … … … (4.5𝑎)
𝜑2 (𝑟) =

𝐴3
𝑟
𝐴4
𝑟
exp ( ) + exp (− ),
𝑟
𝐿2
𝑟
𝐿2

𝑅1 ≤ 𝑟 ≤ 𝑅2 … … … (4.5𝑏)

where the constants 𝐴1 , 𝐴2 , 𝐴3 and 𝐴4 are evaluated using the boundary and the interface
conditions. Considering the extrapolated distance, these conditions are given as follows:
lim 4𝜋𝑟 2 [−𝐷1

𝑟→0

𝑑
𝜑 (𝑟)] = 𝑆 … … … (4.6𝑎)
𝑑𝑟 1
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𝜑1 (𝑟)𝑅1 = 𝜑2 (𝑟)𝑅1 … … … (4.6𝑏)
𝐷1 [

𝑑
𝑑
𝜑1 (𝑟)] = 𝐷2 [ 𝜑2 (𝑟)] … … … (4.6𝑐)
𝑑𝑟
𝑑𝑟
𝑅1
𝑅1

𝜑2 (𝑅2 + (0.71 ∗ 3 ∗ 𝐷2 )) = 0 … … … (4.6𝑑)
where 𝑆 = DD source neutron intensity.
The four constants were evaluated symbolically using Wolfram Mathematica and the
simplified expression for 𝜑1 (𝑟) and 𝜑2 (𝑟) were obtained (see Appendix A).
4.1.2

Time behavior of neutron population

Region I is a multiplying medium with an external source and region II is a nonmultiplying medium. The neutron transients in region I and region II will be governed by
two separate sets of equations. The point kinetics model is used to study transients in region
I. In region II, the neutron population will simply increase/decrease exponentially. The
transient equations derived in this section show the behavior of the neutron population
when the external source is turned off.
The point kinetic equations predict total neutron flux level at any given instant of time
by considering the prompt neutrons and the six delayed neutron groups. When the neutron
source is turned off, the point kinetics model shows that there is a sudden decrease in the
population of prompt neutrons. This decrease is caused due to absorption, leakage, and a
reduction in fission rate. This drop may look instantaneous but in reality the prompt
neutrons stay for some period of time (couple hundreds of microseconds to milliseconds)
before their population drops to low levels. The decay of prompt neutrons is exponential,
and they greatly affect the neutron population at the detector on millisecond timescales.
At the time of shutdown, the delayed neutron population does not decrease as rapidly
as the prompt neutron population. This is primarily due to the continuous 𝛽− decay of the
fission products, which leads to the production of delayed neutrons. The amount of fission
products present in the assembly depends on the power at which the assembly was
operating. The generation rate of the delayed neutrons changes slowly on the second time
scales, but on the microsecond time scales this rate may not change slowly. Both prompt
and delayed neutrons exist at the time of shut down and therefore it is necessary to consider
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both prompt and delayed neutrons in predicting neutron count rates on millisecond time
scales.
The total neutron current can be expressed as the sum of two partial currents as follows
[31]:
𝐽(𝑟, 𝑡) = ⃗⃗⃗⃗
𝐽+ (𝑟, 𝑡) − ⃗⃗⃗⃗
𝐽− (𝑟, 𝑡) … … (4.7𝑎)
1
1
⃗⃗⃗⃗
𝐽± (𝑟) = 𝜙(𝑟, 𝑡). 𝑢̂ ± 𝐽(𝑟) … … (4.7𝑏)
4
2
𝐽(𝑟, 𝑡) = −𝐷𝜓(𝑡)∇𝜑(𝑟) … … (4.7𝑐)
where 𝑢̂ is a unit vector. Using eq. (4.7b) and eq. (4.7c), the partial currents in eq. (4.3a)
and eq. (4.3b) can be rewritten as follows:
∫ ⃗⃗⃗⃗
𝐽1+ (𝑅1 , 𝑡)𝑑𝐴1 = ∫ ∇. ⃗⃗⃗⃗
𝐽1+ (𝑅1 , 𝑡)𝑑𝑉1
𝐴1

𝑉1

1
1
̃1 (𝑡)𝜑
̃1 (𝑡)∇𝜑
= ∫ ∇. ( 𝜓
̃(𝑅
̂ − 𝐷1 𝜓
̃(𝑟)|
1 1 ). 𝑢
1
𝑅1 ) 𝑑𝑉1
4
2
𝑉1

=−

1
̃1 (𝑡)∇2 𝜑
∫ 𝐷1 𝜓
̃(𝑟)|
1
𝑅1 𝑑𝑉1
2
𝑉1

=−

1
̃2 (𝑡)∇2 𝜑
∫ 𝐷2 𝜓
̃(𝑟)|
2
𝑅1 𝑑𝑉2 … … (4.8𝑎)
2
𝑉2

Similarly,
∫ ⃗⃗⃗⃗
𝐽2− (𝑅1 , 𝑡)𝑑𝐴2 =
𝐴2

1
̃2 (𝑡)∇2 𝜑
∫ 𝐷2 𝜓
̃(𝑟)|
2
𝑅1 𝑑𝑉2
2
𝑉2

=

1
̃1 (𝑡)∇2 𝜑
∫ 𝐷1 𝜓
̃(𝑟)|
1
𝑅1 𝑑𝑉1 … … (4.8𝑏)
2
𝑉1

∫ ⃗⃗⃗⃗
𝐽2+ (𝑅2 , 𝑡)𝑑𝐴2 = −
𝐴2

1
̃2 (𝑡)∇2 𝜑
∫ 𝐷2 𝜓
̃(𝑟)|
2
𝑅2 𝑑𝑉2 … … (4.8𝑐)
2
𝑉2

where 𝜑̃𝑖 (𝑟) = space dependent neutron flux in region i, and
̃𝑖 (𝑡) = time dependent neutron flux in region i.
𝜓
Using eq. (4.8a) and eq. (4.8b), eq. (4.3a) can be rewritten as
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1 𝑑𝜙1 (𝑟, 𝑡)
∫
𝑑𝑉1
𝑣̅
𝑑𝑡
𝑉1

= ∫ 𝜈𝑝 Σ𝑓 𝜙1 (𝑟, 𝑡)𝑑𝑉1 + ∫ ∑ 𝜆𝑘 𝑐𝑘 (𝑟, 𝑡) +
𝑉1

+

𝑉1

𝑘

1
̃1 (𝑡)∇2 𝜑
∫ 𝐷1 𝜓
̃(𝑟)|
1
𝑅1 𝑑𝑉1
2
𝑉1

1
̃1 (𝑡)∇2 𝜑
∫ 𝐷1 𝜓
̃(𝑟)|
1
𝑅1 𝑑𝑉1 − ∫ Σ𝑎1 𝜙1 (𝑟, 𝑡)𝑑𝑉1 … … (4.9)
2
𝑉1

𝑉1

Since eq. (4.9) is true for any volume, we can write,
𝜑1 (𝑟) 𝑑𝜓1 (𝑡)
= 𝐷1 𝜓1 (𝑡)∇2 𝜑1 (𝑟)|𝑅1 + 𝜑1 (𝑟)(𝜈𝑝 Σ𝑓 − Σ𝑎1 )𝜓1 (𝑡)
𝑣̅
𝑑𝑡
+ ∑ 𝜆𝑘 𝐶𝑘 (𝑟, 𝑡) … … (4.10𝑎)
𝑘

where
𝑑𝐶𝑘 (𝑟, 𝑡) 𝛽𝑘
= 𝜙1 (𝑟, 𝑡) − 𝜆𝑘 𝐶𝑘 (𝑟, 𝑡) … … (4.10𝑏)
𝑑𝑡
Λ
where 𝐶𝑘 = kth precursor concentration integrated over the volume,
𝜑(𝑟) = volume integrated spatial distribution of neutrons, and
𝜓(𝑡) = volume integrated temporal distribution of neutrons.
Similarly, eq. (4.3b) can be written as
𝜑2 (𝑟) 𝑑𝜓2 (𝑡) 1
= 𝐷2 𝜓2 (𝑡)∇2 𝜑2 (𝑟)|𝑅2 − 𝜑2 (𝑟)Σ𝑎2 𝜓2 (𝑡)
𝑣̅
𝑑𝑡
2
1
− 𝐷2 𝜓2 (𝑡)∇2 𝜑2 (𝑟)|𝑅1 … … (4.10𝑐)
2
Since at 𝑟 = 0, the external DD neutron source is placed, the neutron transients in
region I at 𝑟 = 0 can be described by point kinetics equations, i.e. eq. (4.10) reduces to the
point kinetics equation.
𝑑𝜓1 (𝑡) 𝑆(𝑡) (𝜌 − 𝛽)
=
+
𝜓1 (𝑡) + ∑ 𝜆𝑘 𝐶𝑘 (𝑡) … … (4.11𝑎)
𝑑𝑡
Λ
Λ
𝑘

𝑑𝐶𝑘 (𝑡) 𝛽𝑘
= 𝜓1 (𝑡) − 𝜆𝑘 𝐶𝑘 (𝑡) … … (4.11𝑏)
𝑑𝑡
Λ
where 𝑆 = external neutron source,
𝜌=

1
𝑘

=

Σ𝑎1 +𝐷1 𝐵2
𝜈Σ𝑓

= reactivity,
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𝜈 = total fission neutron yield,
𝐵2 = geometric buckling,
𝛽𝑖 = delayed neutron fraction for ith group, and
Λ=

1
𝑣̅𝜈Σ𝑓

= neutron generation time

and the neutron transients in region II at any distance r is given as,
𝜑2 (𝑟) 𝑑𝜓2 (𝑡) 1
= 𝐷2 𝜓2 (𝑡)∇2 𝜑2 (𝑟)|𝑅2 − 𝜑2 (𝑟)Σ𝑎2 𝜓2 (𝑡)
𝑣̅
𝑑𝑡
2
1
− 𝐷2 𝜓2 (𝑡)∇2 𝜑2 (𝑟)|𝑅1 … … (4.11𝑐)
2
Eq. (4.11) describes the time behavior of neutrons in region I and region II.

Non-fueled UTA-1+DD system
In the absence of the uranium fuel, region I gets further simplified. Now region I
consists of only the moderator and the external neutron source. Because there is no
fissionable material present in region I, the need to homogenize region I is eliminated.
Therefore, the parameters such as diffusion length and the diffusion coefficient in region I
are now that of the moderator. Both region I and region II are non-multiplying mediums.
To predict the time behavior of the neutron population, we use the similar approach as
before to set up the spatial and time distribution of the neutron population. The spatial
distribution of the neutron population, in the case of no uranium, is described by the same
set of equations, as in the case of uranium fuel (eq. (4.4)), but with 𝑘 = 0
1 𝑑 2 𝑑
1
(𝑟)]
[𝑟
𝜑
−
𝜑 (𝑟) = 0,
1
𝑟 2 𝑑𝑟
𝑑𝑟
𝐿21 1

0 < 𝑟 ≤ 𝑅1 … … (4.12𝑎)

1 𝑑 2 𝑑
1
[𝑟
𝜑2 (𝑟)] − 2 𝜑2 (𝑟) = 0,
2
𝑟 𝑑𝑟
𝑑𝑟
𝐿2

𝑅1 ≤ 𝑟 ≤ 𝑅2 … … (4.12𝑏)

The solution to eq. (4.12) is given as
𝑎1
𝑟
𝑎2
𝑟
𝜑1 (𝑟) = exp ( ) + exp (− ) ,
𝑟
𝐿1
𝑟
𝐿1
𝑎3
𝑟
𝑎4
𝑟
𝜑2 (𝑟) = exp ( ) + exp (− ) ,
𝑟
𝐿2
𝑟
𝐿2

0 < 𝑟 ≤ 𝑅1 … … (4.13𝑎)
𝑅1 ≤ 𝑟 ≤ 𝑅2 … … (4.13𝑏)

where the constants 𝑎𝑖 are evaluated using the same boundary conditions described in eq.
(4.6).
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The zero multiplication of the neutrons in region I and region II will result in the
exponential decay of the neutron flux over time, when the external source is turned off.
Depending on the detector’s location, i.e. region I versus region II, neutron counts will dieaway with the corresponding characteristics times. For simplicity we assume that when the
external neutron source is turned ON, the neutrons immediately distribute themselves
spatially. Therefore, the space dependent neutron flux will provide the initial value at the
detector’s location for transient analysis. The die-away of the neutrons in region I and
region II is given by
𝑛1 (𝑡) = 𝑛01 ∗ exp (−

𝑡
) … … (4.14𝑎)
𝜏1

𝑛2 (𝑡) = 𝑛02 ∗ exp (−

𝑡
) … . . (4.15𝑏)
𝜏2

where 𝑛𝑖 (𝑡) = neutron population in region i at time 𝑡,
𝑛0𝑖 = initial neutron population in region i, and
𝜏𝑖 = die-away time in region i.
The neutron die-away (also called mean lifetime) is defined as the time between the
birth of the neutron and its loss due to absorption or leakage. This mean lifetime, 𝜏, is
composed of two major components, a mean moderation time 𝜏𝑚𝑜𝑑 , and a mean diffusion
time 𝜏𝑑𝑖𝑓𝑓 . The mean diffusion time is defined as the “average time that a neutron spends
in an infinite system before it is captured” and the mean moderation time is the “time
required for neutrons to slow down to the cutoff of the moderation region at about 1
eV”[23].
𝜏 = 𝜏𝑚𝑜𝑑 + 𝜏𝑑𝑖𝑓𝑓
=

2
1
+
… … (4.16)
𝜉Σ𝑠 𝑣𝑚 Σ𝑎 (𝐸0 )𝑣0

where 𝜉 = average change in lethargy per collision,
𝑣𝑚 = neutron velocity corresponding to moderation energy 1 eV,
𝑣0 = neutron velocity corresponding to thermal energy 0.0253 eV,
Σ𝑠 = scattering cross-section of the medium, and
Σ𝑎 (𝐸0 ) = absorption cross-section of the medium at 0.0253 eV.
The neutron die-away time given by eq. (4.16) is for an infinite medium. Thus, for a finite
system, the mean lifetime of the neutron is less than 𝜏.
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5. SOLUTION TO THE NEUTRON TRANSIENT EQUATIONS

In the previous chapter, the general neutron transient equations, for a simplified two
region problem, are obtained using first principles. The space and time dependent neutron
population is assumed to be separable to simplify the problem. The balance equations
obtained in region I and region II account for the diffusion of neutrons across the two
regions, the production of neutrons from fission and the DD generator in region I and the
losses due to leakage. Using eq. (4.5), the spatial distribution of the neutron population is
obtained. This predicts the initial neutron population at the center of region I and at the
detector’s location in region II. Applying this initial condition to eq. (4.11), we study the
transient behavior of neutrons in the two regions. The solution to the transient equations
are obtained numerically using finite backward Euler differences.
𝑑Ψi Ψ𝑖 − Ψ𝑖−1
=
… … (5.1)
𝑑𝑡
Δ𝑡
where Δ𝑡 = time interval between two time stamps.
The DD generator used to produce source neutrons is pulsed with a frequency of 100
Hz and 2% duty cycle. This yields a characteristic pulse of 10 milliseconds (0.2
milliseconds with neutron source ON and 9.8 milliseconds with neutron source OFF).
Therefore, in the transient equations, the external neutron source is turned ON for 0.2
milliseconds and turned OFF for 9.8 milliseconds.

Neutron transient in region I
Since at 𝑟 = 0, all the DD source neutrons are born, we first study the time behavior
of neutrons at the center of region I. This behavior is described by the point kinetics
equations, i.e. eq. (4.11a) and eq. (4.11b). Rewriting these equations, we have
𝑑𝜓1 (𝑡) 𝑆(𝑡) (𝜌 − 𝛽)
=
+
𝜓1 (𝑡) + ∑ 𝜆𝑘 𝐶𝑘 … … (4.11𝑎)
𝑑𝑡
Λ
Λ
𝑘

𝑑𝐶𝑘 (𝑡) 𝛽𝑘
= 𝜓1 (𝑡) − 𝜆𝑘 𝐶𝑘 (𝑡) … … (4.11𝑏)
𝑑𝑡
Λ
Eq. (4.11a) and eq. (4.11b) can be written in a matrix form as follows:
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𝑑𝛹
= 𝐴Ψ + 𝑆 … … (5.2)
𝑑𝑡
𝜓1 (𝑡)
𝐶1 (𝑡)
𝐶2 (𝑡)
where Ψ = 𝐶3 (𝑡) ,
𝐶4 (𝑡)
𝐶5 (𝑡)
[ 𝐶6 (𝑡) ]
(𝜌 − 𝛽)/Λ
𝛽1 /Λ
𝛽2 /Λ
𝛽3 /Λ
𝐴=
𝛽4 /Λ
𝛽5 /Λ
[ 𝛽6 /Λ

𝜆1
−𝜆1
0
0
0
0
0

𝜆2
0
−𝜆2
0
0
0
0

𝜆3
0
0
−𝜆3
0
0
0

𝜆4
0
0
0
−𝜆4
0
0

𝜆5
0
0
0
0
−𝜆5
0

𝜆6
0
0
0 and
0
0
−𝜆6 ]

𝑆/Λ
0
0
𝑆= 0
0
0
[ 0 ]
In general, using eq. (5.1) and eq. (5.2), the neutron population at any given time stamp
can be written as
𝑑Ψ𝑛 Ψ𝑛 − Ψ𝑛−1
=
= 𝐴Ψ𝑛 + 𝑆
𝑑𝑡
Δ𝑡
∴ Ψ𝑛 − Ψ𝑛−1 = Δ𝑡 ∗ 𝐴 ∗ Ψ𝑛 + Δ𝑡 ∗ 𝑆
∴ Ψ𝑛−1 + (Δ𝑡 ∗ 𝐴 − 𝐼)Ψ𝑛 = −Δ𝑡 ∗ 𝑆 … … (5.3)
where 𝐼 is a (7 x 7) unit matrix. We assume that the fuel inside the UTA-1 assembly is
fresh fuel, i.e. there are zero fission neutrons present in the fuel. Neglecting the spontaneous
fission of U-235 and U-238 in the fresh fuel, the initial conditions required to solve eq.
(5.2) are as follows:
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𝜓(𝑡 = 0)
0
𝐶1 (𝑡 = 0)
0
𝐶2 (𝑡 = 0)
0
Ψ0 = 𝐶3 (𝑡 = 0) = 0 … … (5.4)
0
𝐶4 (𝑡 = 0)
0
𝐶5 (𝑡 = 0)
[0]
[𝐶6 (𝑡 = 0)]
The solution to eq. (5.2), using Euler backward difference is
1
1
0
⋮
⋮
⋮
[0

0
0
𝑝
⋱
⋮
⋮
0

0
𝑝
1
⋮
⋮
⋮
0

0
0
0
⋱
⋱
⋮
0

0
0
0
0
⋱
⋱
0

0
0
0
0
0
⋱
1

Ψ10
0
0
𝑆 ∗ (−Δ𝑡)
Ψ11
0
0
Ψ12
𝑆 ∗ (−Δ𝑡)
… … (5.5)
0 ∗ ⋮ =
⋮
⋮
⋮
0
⋮
⋮
0
𝑝] [Ψ1𝑛 ] [ 𝑆 ∗ (−Δ𝑡)]

where 𝑝 = (Δ𝑡 ∗ 𝐴 − 𝐼). Eq. (5.5) is of the form 𝑃 ∗ Ψ = 𝑆𝑒𝑥𝑡 . Each Ψ1𝑛 in the matrix Ψ
is a (7 x 1) column matrix. This makes the size of the matrix Ψ (7n x 1). The size of the
matrix 𝐴 is (7 x 7). Thus, each element in matrix 𝑃 is a (7 x 7) matrix, resulting in a (7n x
7n) matrix 𝑃. Similarly, the size of the matrix 𝑆𝑒𝑥𝑡 is (7n x 1), since 𝑆 is a (7x1) column
matrix. Eq. (5.6) can then be used to obtain the neutron population at different time stamps,
in region I.
Ψ = 𝐼𝑛𝑣𝑒𝑟𝑠𝑒(𝑃) ∗ 𝑆𝑒𝑥𝑡 … … … (5.6)
Table 5.1 Weighted delayed neutron fractions

Delayed
neutron Group
1

Delayed neutron
fractions
U-235
U-238
0.00021

0.0002

Weighted
Fractions
0.0002093

2

0.00141

0.0022

0.0014653

3

0.00127

0.0025

0.0013561

4

0.00255

0.0061

0.0027985

5

0.00074

0.0035

0.0009332

6

0.00027

0.0012

0.0003351
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Table 5.2 Design parameters of UTA-1+DD system
DD source neutron intensity
keff of UTA-1+DD system
(determined using MCNP)
Multiplication factor, M [1/(1-keff)]
Neutron emission rate from the system
[(Source intensity) – (Source intensity * M)]

2.50x107 n/sec
0.412
1.70
1.75x107 n/sec

Spontaneous fission (SF) of U-238

230.4 n/sec

Total neutron yield for U-235

2.44 n/fission

Total neutron yield for U-238

2.82 n/fission

Total Fission Rate

7.11x106 fission/sec

U-235 fission rate

6.62x106 fission/sec

U-238 fission rate

4.98x105 fission/sec

U-238 total fission rate
(including SF of U-238)
Neutron generation lifetime (Λ)

4.98x105 fission/sec
2.01x10-4 sec

Since the fuel in the UTA-1 assembly is a combination of U-235 and U-238, the
delayed neutron fraction 𝛽𝑖 is weighted to obtain a single value for each delayed neutron
group. The weighting is done using eq. (5.7). Calculations using MCNP have determined
that in UTA-1, 93% of the fissions take place in U-235 and 7% of the fissions take place
in U-238. Table 5.1 provides the weighted delayed neutron fraction for each group of
delayed neutrons and table 5.2 summarizes the important design parameters of the UTA1+DD system.
𝛽𝑖 = ∑ 𝑃𝑗 ∗ 𝛽𝑖𝑗 … … … (5.7)
𝑗

where 𝑃𝑗 = fraction of power generated by jth isotope, and
𝛽𝑖𝑗 = Delayed neutron fraction of ith delayed group for jth isotope.
To obtain the precursor decay constants, we average the U-235 and U-238 precursor
decay constants in the six delayed groups. This can be done because the isotope dependence
of the decay constant is not very pronounced. Most of them differ only within their
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statistical errors (see table 5.3). It can be clearly seen that the decay constants of U-238,
Pu-239 and Pu-240 are comparable with those of U-235.
Table 5.3 Precursor decay constants in six delayed groups for various isotopes [32]
Delay
Group
1
2
3
4
5
6

1
2
3
4
5
6

Pu-239

Pu-240

0.0129±0.0002
0.0311±0.0005
0.134±0.003
0.331±0.012
1.26±0.12
3.21±0.26

0.0129±0.0004
0.0313±0.0005
0.135±0.011
0.333±0.031
1.36±0.21
4.04±0.78

U-238

U-235

0.0132±0.0003
0.0321±0.0006
0.139±0.005
0.358±0.014
1.41±0.07
4.02±0.21

0.0127±0.0002
0.0317±0.0008
0.115±0.003
0.311±0.008
1.40±0.081
3.87±0.37

Averaged U-235 &
U-238
0.01295
0.0319
0.127
0.3345
1.405
3.945

MATLAB is used to solve the point kinetics equations represented in eq. (5.5). The
neutron and precursors populations are assumed to be zero at time 𝑡 = 0. The build up of
the neutron and precursors population over time are considered in determining the total
neutron population at different time stamps.
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Figure 5.1 Neutron transient at 𝑟 = 0 in region I, using point kinetics.
Neutron transients in Region II
Before we use eq. (4.11c) to evaluate the neutron population at different time stamps
in region II, we obtain the initial neutron population at the detector’s location in region II.
The spatial distribution of neutrons described by eq. (4.4) predicts this initial condition.
5.2.1

Solution to the space dependent neutron flux

Before using eq. (4.5) to obtain the spatial distribution of the neutron population, the
diffusion parameters in region I and region II are calculated. In the simplified two region
problem, region I is a homogenized region of fuel and moderator. Thus, the cross-section
values and the diffusion length in region I are homogenized. The homogenized
macroscopic cross-sections can be obtained as
𝛴𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑖𝑧𝑒𝑑 =

𝜁=

𝑉
𝛴𝐹 + 𝛴𝑀 ( 𝑉𝑀 ) 𝜁
𝐹

𝑉
1 + ( 𝑀) 𝜁
𝑉𝐹
𝜙𝑀
… … (5.9)
𝜙𝐹

where 𝛴𝐹 = macroscopic cross-section of fuel,

… … (5.8)
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𝛴𝑀 = macroscopic cross-section of moderator,
𝑉𝑀 = volume of the moderator, and
𝑉𝐹 = volume of the fuel.
The factor, 𝜁, is the thermal disadvantage factor and it is defined as the ratio of the average
flux in the moderator to that in the fuel. For a very small assembly, like UTA-1, this thermal
disadvantage factor is close to unity and hence it can be neglected. In a homogeneous
mixture of fuel and moderator, the homogenized diffusion coefficient, 𝐷𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑖𝑧𝑒𝑑 , is
essentially the diffusion coefficient for the moderator. This is because the concentration of
the fuel in the moderator is small. Therefore, the homogenized diffusion length in region I
is obtained as
𝐿2𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑖𝑧𝑒𝑑 =

𝐷𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑖𝑧𝑒𝑑
𝐷𝑚𝑜𝑑𝑒𝑟𝑎𝑡𝑜𝑟
=
… … (5.10)
Σ𝑎𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑖𝑧𝑒𝑑 Σ𝑎𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑖𝑧𝑒𝑑

where Σ𝑎𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑖𝑧𝑒𝑑 is the homogenized macroscopic absorption cross-section. To obtain
the cross-sections and diffusion parameters in region II, ordinary 2.300 g/cm3 concrete
(NIST) is used. The composition of concrete, ordinary (NIST), is specified in a report from
the Pacific Northwest National Laboratory, Richland (see table 5.4). Table 5.5 summarizes
all the diffusion parameters required to obtain the spatial distribution of neutrons. A plot
of the spatial distribution of neutrons in region I and region II is shown in figure 5.2.
Table 5.4 Composition of ordinary concrete (NIST) [33]
Elements
H
C
O
Mg
Al
Si
Na
K
Ca
Fe
Concrete

Weight
Fraction
0.0221
0.002484
0.57493
0.001266
0.019953
0.304627
0.015208
0.010045
0.042951
0.006435

Atomic mass, A
(amu)
1.00797
12.011
15.9994
24.305
26.98154
28.0855
39.0983
39.0983
40.08
55.847
21.4435818
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Table 5.5 Calculated diffusion parameters in region I and region II
Homogenized fuel and moderator region, region I
Radius (𝑹𝟏 )

28 cm

Diffusion coefficient (𝑫𝟏 )

0.142 cm

Absorption cross-section

0.068795 cm-1

Diffusion length (𝑳𝟐𝟏 )

2.0641 cm2

2.300 g/cm3 concrete, region II
Radius (𝑹𝟐 )

38 cm

Atomic mass (𝑨𝒄𝒐𝒏𝒄𝒓𝒆𝒕𝒆 )

21.444 amu

Scattering cross-section 𝚺𝒔(𝒄𝒐𝒏𝒄𝒓𝒆𝒕𝒆)

0.33596 cm-1

𝝁=

𝟐
𝟑 ∗ 𝑨𝒄𝒐𝒏𝒄𝒓𝒆𝒕𝒆

0.0311

Diffusion coefficient (𝑫𝟐 =
𝟏
𝟑𝚺𝒔(𝒄𝒐𝒏𝒄𝒓𝒆𝒕𝒆)

)
(𝟏−𝝁)

1.024 cm

Absorption cross-section

0.00693 cm-1

Diffusion length (𝑳𝟐𝟐 )

147.794 cm2

Figure 5.2 Spatial distribution of neutrons in region I and region II
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5.2.2

Solution to the transient equation in region II

Once the initial condition is set, we can obtain the solution to eq. (4.11c). This equation
is also solved numerically. Because it is assumed that the neutrons immediately distribute
themselves spatially when the DD generator is turned ON, the neutron population at any
distance 𝑟 in region II remains constant for the entire ON period. When the external source
is turned OFF, the die-away of the neutron population over time is governed by eq. (4.11c).
Using Euler’s backward difference, we can rewrite eq. (4.11c) in matrix form as follows:
0
0
𝑞
⋱
⋮
⋮
0

1 0
1 𝑞
0 1
⋮ ⋮
⋮ ⋮
⋮ ⋮
[0 0

0
0
0
⋱
⋱
⋮
0

…
…
…
…
⋱
⋱
0

…
…
…
…
…
⋱
1

Ψ20
0
𝐼𝑛𝑡
Ψ21
0
0
0
0
Ψ22
0 ∗ ⋮ = ⋮ … … (5.11)
⋮
⋮
0
⋮
⋮
0
𝑞 ] [Ψ2𝑛 ] [ 0 ]

where 𝐼𝑛𝑡 = initial neutron population at any distance 𝑟 in region II, and
1

𝑞 = Δ𝑡 ∗ 𝑣̅ ∗ (

2𝜑(𝑟)

𝐷2 ∇2 𝜑2 (𝑟)|𝑅2 −

1
2𝜑(𝑟)

𝐷2 ∇2 𝜑2 (𝑟)|𝑅1 − Σ𝑎2 ) − 1.

Using MATLAB, eq. (5.11) is solved for a fixed 𝑟. Figure 5.3 shows the transient behavior
of neutrons in region II.

Figure 5.3 Neutron transient in region II
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The solution to the transient equations in region I and region II provides a better
understanding of the behavior of neutron population over time. Since the detector is placed
far away from the center of the UTA-1 barrel, not many neutron events will be recorded
per DD generator pulse. If the generator is operated for a sufficiently long period of time,
an averaged transient behavior can be measured. This averaged transient behavior can be
compared with the predicted model. One can be more precise in the predicted model by
averaging out the predicted transient behavior. A detailed explanation on the averaging of
the neutron transient behavior is given section 6.1.
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6. MEASURED TRANSIENT BEHAVIOR OF NEUTRONS

The predicted transient behavior of neutrons is verified experimentally. The
experimental data provides an understanding as to how far the predicted model is from the
reality. The experiment is performed at Niowave Inc. facility in Lansing, Michigan.
Various measurements are taken to study the temporal behavior of neutrons inside the
UTA-1+DD system. All these measurements are made using the Silverside Li-6 neutron
detector. The entire experiment is comprised of three parts. The first part includes
background measurements. The second part of the experiment consists of UTA-1+DD
system with a k-value of 0.412 and the third part consists of UTA-1+DD system without
the uranium fuel. The raw data obtained from the Li-6 detector is then analyzed using a
post processing utility code.

UTA-1+DD system with 𝒌 = 𝟎. 𝟒𝟏𝟐
An R&D pulsed DD generator, nGen 300, from Starfire Industries is used to perform
transient measurements in the UTA-1+DD system. The UTA barrel is filled with the
uranium fuel and light water and the entire UTA-1+DD system has a k-value of 0.412. The
external neutron source is operating at 100.003655 Hz frequency with an accelerating
voltage of 80 kV for one run and 120 kV for another. Transient measurements for each
accelerating voltages are performed. The generator yields a characteristics pulse with 9.9
milliseconds period (0.2 milliseconds ON and 9.7 milliseconds OFF). At 80 kV, the DD
generator produces 6.8 ∗ 105 neutrons/second and at 120 kV 2.0 ∗ 106 neutrons/second.
Robert Stubbers from Starfire industries pointed out that this R&D device operates at
reduced intensity than that specified in table 3.3.
The Li-6 detector provides output in list mode. Every event recorded by the detector
has the electronic module ID, time (in microseconds and seconds), and the pulse height
channel number. Silverside recommends to set the lower level discriminator (LLD) to
channel 230, to eliminate the gamma events. Therefore, in the raw data, events with pulse
height less than 230 are ignored. The raw data in the Li-6 detector is recorded using a
Quaesta NPM3100E neuchrometer module.
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Figure 6.1 Screenshot of the Li-6 panel raw data .csv file using Quaesta NPM3100E
neuchrometer.
A binning algorithm is developed to analyze the raw data. Initially the bin width is set
to 1 second and a plot of counts per bin versus time is generated, figure 6.2. This plot
clearly shows that the count rate, when the DD source is operating at 120 kV, is higher
than the count rate of 80 kV DD accelerating voltage. Both 120 kV and 80 kV have counts
much higher than the background counts, demonstrating the multiplication of neutrons in
the system. However figure 6.2 does not provide any information about the individual
pulses and the general transient behavior of neutrons in the UTA-1+DD system. Therefore,
the bin size is reduced to 10 microseconds and an average measured pulse is plotted. Since
the neutron pulsing from the DD generator is periodic, we decide to mathematically
average the counts and obtain an average measured pulse. Every transient pulse is not
identical. This is because of the buildup of the delayed neutron precursors. The initial
pulses, starting from a fresh fuel loading, do not see the effect of delayed neutron precursors.
Over time, the precursors concentration builds up resulting in higher count rate. Therefore,
this mathematical averaging results in an asymptote region which is higher than the original
background. The asymptote region is clearly seen in figure 6.3. The average pulse provides
useful information about the rate at which neutrons decay in the UTA-1+DD system when
the DD generator is turned off.
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Figure 6.2 Plot of count rate versus time with bin width set to 1 second.
With bin width set to 10 microseconds, a 9.99 milliseconds pulse will occupy 999 bins.
This implies that the first pulse will occupy bins from 1 to 999, the second pulse will occupy
bins from 1000 to 1998 and so on. The counts in the bins 1, 1000, 1999, 2998 ….. are
averaged to obtain the counts in the first bin of the averaged pulse. Similarly, the counts in
the bins 2, 1001, 2000, 2999 …. are averaged to obtain the counts in the second bin of the
averaged pulse. This averaging method is repeated to obtain counts in each bin of the
averaged pulse. Figure 6.3 shows an average measured pulse for 80 kV and 120 kV
accelerating voltage.
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Figure 6.3 Average measured pulse from the DD generator.
6.1.1

Comparison with the predicted model

The neutron transient shown in figure 5.3 cannot be directly compared with the
experimental data. Since figure 6.3 is an averaged pulse, the predicted pulse must also be
averaged. The neutron population is calculated from time 𝑡 = 0 to time 𝑡 =
1800 𝑠𝑒𝑐𝑜𝑛𝑑𝑠. With 100 Hz frequency, 180,000 pulses will be produced in 1800 seconds.
At the completion of the pulse, the delayed neutron precursors produce additional fission
neutrons. Before the start of the next pulse, there are already some neutrons (coming from
the delayed precursors) present in the system. Therefore, when the next pulse arrives, there
is a new elevated external source term, which is DD source neutrons plus the neutrons
produced by the delayed neutron precursor concentration from the preceding pulse. In the
predicted behavior, the number of neutrons produced by the delayed precursors are
obtained by multiplying the delayed precursor concentration, at the end of each pulse, with
their corresponding decay constant (eq. (6.1)).
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6

𝑆𝑑𝑒𝑙𝑎𝑦𝑒𝑑 = ∑ 𝐶𝑖 𝜆𝑖 … … (6.1)
𝑖=1

where 𝑆𝑑𝑒𝑙𝑎𝑦𝑒𝑑 = number of neutrons produced by delayed precursors,
𝐶𝑖 = ith group precursor concentration at the end of the pulse, and
𝜆𝑖 = decay constant in ith delay group.
Since the detector is placed in region II, the measured average pulse is compared with
the predicted average pulse in region II. Figure 6.4 shows a normalized plot to compare the
average predicted pulse with the average measured pulse. To account for the measured
background in figure 6.4 a ratio of average background counts to the peak counts (120 kV)
is computed. This factor is then multiplied with the normalized background.
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Figure 6.4 Comparison of average measured 120 kV pulse with the region II average
predicted pulse (background is not accounted for in this average predicted pulse).
From figure 6.4 the predicted neutron population decays much faster than the
measured neutron population. This is because of the simplifications and the assumptions
made while solving the transient equations. The transient equations were solved with the
homogenization of the fuel and the moderator. However, in reality, the mixture of the fuel
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and moderator is not 100% homogeneous. Further the predicted model assumed ordinary
2.300 g/cm3 (NIST) concrete in region II. The blocks used in the experimental setup are
cinder blocks. Having known the exact composition of the blocks used in the experimental
setup, the predictions could be closer to the reality. Also, the predicted model uses thermal
cross-section values in the transient equations. This affects the calculated decay of the
neutron population as a thermal neutron is more likely to be absorbed than a fast neutron.
The real system is far more complex than the simplified two region problem shown in
figure 4.1. When calculating the neutron population at different time stamps, it is assumed
that the new neutron source, coming from the delayed neutron precursors, at the start of
each pulse is a point source. This assumption is not necessarily quite true because neutrons
from the delayed precursors may not be born at the center of the region I. These neutrons
can be released from their precursors anywhere in region I making the delayed source a
distributed neutron source. Therefore, at the beginning of each pulse there is an external
point neutron source and a distributed source. Analytically solving a two region problem
with a point source and a distributed source is very complex.

Asymptote

Figure 6.5 The 10 minutes warm-up of the DD generator saturates the delayed
neutron precursors in region I, resulting in an asymptote.
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The 10 milliseconds period of the DD generator pulse is faster than the half-life of the
shortest-lived delayed precursor (~0.2 seconds). However, when pulsed at this fast rate for
a sufficiently long period of time, all the delayed precursors will attain saturation in region
I. This saturation of the delayed neutron precursors will be like a steady-state behavior of
a typical power reactor. A power reactor operates at steady-state until shut down. At the
time of shutdown, there is a prompt drop in the neutron flux, which occurs almost instantly
(on second time scales) of the reactivity change, followed by the decay of delayed
precursors. Similarly, on saturating the delayed precursors before the transient
measurement, an asymptote would be established in region I (refer figure 6.5). This
asymptote imitates steady-state behavior and is expected to be significantly higher than the
measured background.
The neutrons produced by the saturated delayed precursors in region I will
continuously diffuse into region II and result in an asymptote in region II (due to the
saturation in region I). Therefore, when the DD generator is turned OFF, the count rate on
the Li-6 detector is expected to drop until it reaches the asymptote. The asymptote is seen
in the average measured pulse. However, the predicted region II pulse shown in figure 6.4
does not reflect this asymptote. The predicted neutron population is continuously dropping
even when the delayed precursors in region I have saturated. This is due to the decoupling
of the region I and region II neutron fluxes in the transient equations (eq. 4.11). The
decoupling does not correctly account for the diffusion of neutrons from the delayed
precursors across the two regions, resulting in the continuous drop of calculated neutron
population in region II. The assumptions and the boundary/interface conditions used to
solve the space and time dependent neutron balance equations resulted in this decoupling.
An average predicted pulse is obtained, in the same way as region II, for the neutron
population in region I. This predicted average pulse in region I is compared with the
measured average pulse (figure 6.6). The asymptote due to the saturation of the delayed
precursors is clearly seen in the region I predicted average pulse. This gives confidence
that the transient equations developed for region I are correctly accounting for the neutrons
from the delayed precursors.
Once the delayed precursors have saturated in region I, the neutron population in
region II will simply follow the neutron population in region I. It is also seen from figure
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6.4 and figure 6.6 that when the DD generator is turned off, the decay rate in region I is
faster than the decay rate in region II. When the neutron population in region I decays much
faster than the neutron population in region II, the die-away of the neutron population will
be dominated by the slower decay rate of region II. Therefore, the Li-6 detector’s response
will follow region II until the saturation of the delayed precursors in region I and then
follow region I (figure 6.7).
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Figure 6.6 Comparison of average measured 120 kV pulse with the region I average
predicted pulse (background is not accounted for in this average predicted pulse).
A more detailed explanation for the exact time window in which the detector’s
response will follow region II is given in chapter 7.
Also, before the Li-6 detector was turned on to record the counts, the DD neutron
generator was warmed up for a long period of time. This was done intentionally to produce
a significant concentration of delayed precursors. Partially, it was also done to obtain
maximum source neutrons from the DD generator. The warming up of the DD generator
caused initial fissions in the uranium fuel which resulted in the production of the fission
neutrons and the delayed neutron precursors. This constituted a new baseline, much above
the measured background, before the detector was turned on for transient measurements.
The new baseline is the consequence of the fission neutrons and the decay of delayed
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precursors. The predicted detector’s response shown in figure 6.7 accounts for this
warming up of the DD generator.
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Figure 6.7 Comparison of average measured 120 kV pulse with the expected predicted
behavior.
6.1.2

Error calculations

The measured raw data is subject to error analysis to find the uncertainty in the average
measured pulse. Since neutron measurements are random events, Poisson statistics is
applied to find the uncertainty in each bin. The method of weighted least squares [34] is
used, as the uncertainty in each bin is different. We assume that there is negligible
uncertainty in the time measurements i.e. error in time 𝑡𝑖 is negligible. Figure 6.8 is the
measured average pulse with error bars. The error bars extend one standard deviation on
each side of the measured count rate, and the line is the least-squares best fit. The best fit
line is given by the following equation:
𝑦 = 𝑃 + 𝑄𝑡 … … (6.2)
where 𝑦𝑖 = natural log of counts in each bin of the average measured pulse,
𝑡𝑖 = time stamp,
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∑ 𝑤𝑖 𝑡𝑖2 ∑ 𝑤𝑖 𝑦𝑖 −∑ 𝑤𝑖 𝑡𝑖 ∑ 𝑤𝑖 𝑡𝑖 𝑦𝑖

𝑃=
𝑄=

∑ 𝑤𝑖 ∑ 𝑤𝑖 𝑡𝑖2 −(∑ 𝑤𝑖 𝑡𝑖 )2

∑ 𝑤𝑖 ∑ 𝑤𝑖 𝑡𝑖 𝑦𝑖 −∑ 𝑤𝑖 𝑡𝑖 ∑ 𝑤𝑖 𝑦𝑖

𝑤𝑖 =

∑ 𝑤𝑖 ∑ 𝑤𝑖 𝑡𝑖2 −(∑ 𝑤𝑖 𝑡𝑖 )2

1
𝜎𝑖2

,

,

, and

𝜎𝑖 = error in 𝑦𝑖 .
The best fit line provides information about the rate at which the neutrons are dying away
in the UTA-1+DD system. Table 6.1 lists the die-away times for the case of 80 kV
accelerating voltage and 120 kV accelerating voltage.
Table 6.1 Measured neutron die-away times
DD generator operation
120 kV operating voltage
with 2% duty cycle (2.0E+06
UTA-1+DD system
with uranium fuel

n/sec peak intensity)
80 kV operating voltage
with 2% duty cycle (6.5E+04
n/sec peak intensity)

Measured
520.461±0.346
microseconds

452.294±1.235
microseconds
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Figure 6.8 Average measured pulse with error bars
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UTA-1+DD system without uranium fuel
The transient measurement is repeated with no uranium fuel loaded into the UTA
barrel. The experimental setup is the same as in the case of uranium fuel. In this set of
measurements, the DD generator is operating at 120 kV accelerating voltage, 100 Hz
frequency and 6% duty cycle. This yielded a characteristic pulse with a 10 millisecond
period (0.6 milliseconds with source ON and 9.4 milliseconds with source OFF). A
measured average pulse is plotted in a similar fashion as described in section 6.1. The
uncertainties in the experimental data is determined and a best fit line is plotted. The inverse
of the slope of this best fit line specifies the neutron die-away time in the case of no uranium
fuel. Figure 6.9 shows the average measured pulse for the case of no uranium fuel in the
UTA-1+DD system.

Figure 6.9 Average measured pulse for no uranium fuel case with error bars
The Li-6 detector is placed in region II. Therefore, the die-away of the neutron
population will be determined by the diffusion parameters in region II. For 2.300 g/cm3
(NIST) concrete, the mean lifetime of the neutron in an infinite medium, according to eq.
(4.16), is calculated as 661 microseconds (table 6.3). Since concrete is a mixture of
elements, the average lethargy change is given by eq. (6.3).
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𝜉̅ =

1
(𝑖)
∑ ξi Σ𝑠 … … (6.3)
Σ𝑠
𝑖

where 𝜉 ̅ = average lethargy change in a mixture of elements,
Σ𝑠 = total macroscopic scattering cross-section,
𝜉𝑖 = average lethargy change in ith element of the mixture, and
Σ𝑠 = macroscopic scattering cross-section in ith element of the mixture.
The measured neutron die-away time is 668 microseconds. Since the predicted dieaway is for an infinite medium, the measured die-away time should be less than the
predicted value. However, the measured time is slightly greater than the predicted value.
This is due to the fact that the concrete blocks used in the experimental setup are not NIST
concrete.
Table 6.2 list the predicted and the measured neutron die-away times for the case of
no uranium fuel loaded into the UTA-1+DD system.
Table 6.2 Predicted and measured die-away time for the case of no uranium fuel.
DD generator
operation
UTA-1+DD

With 6% duty cycle

system with no

(2.50E+07 n/sec peak

uranium fuel

intensity)

Predicted

Measured

661
microseconds
(infinite
medium)

668.605±0.772
microseconds

Table 6.3 Neutron die-away time in 2.300 g/cm3 (NIST) concrete

Elements

Weight Fraction

H
C
O
Mg
Al
Si
Na
K
Ca
Fe

0.0221
0.002484
0.57493
0.001266
0.019953
0.304627
0.015208
0.010045
0.042951
0.006435

Total

9.90E-01

Absorption
cross-section
(barns)
0.3326
0.0035
0.00019
0.063
0.231
0.171
0.53
2.1
0.43
2.56

Scattering
Atomic mass
cross-section
A (amu)
(barns)
82.02
5.551
4.232
3.71
1.503
2.167
3.28
1.96
2.83
11.62

1.00797
12.011
15.9994
24.305
26.98154
28.0855
39.0983
39.0983
40.08
55.847

No of atoms N i
in concrete
1.43E+21
1.60E+20
3.71E+22
8.18E+19
1.29E+21
1.97E+22
9.82E+20
6.49E+20
2.77E+21
4.16E+20

2.14E+01

Diffusion Time (sec)
Moderation Time (sec)
Die-away Time (microsec)

Macroscopic
Scattering

Macroscopic
Absorption

α
-

-1

cross-section (cm )

cross-section (cm

(A-1)2 /(A+1)2

1

4.75E-04
5.62E-07
7.06E-06
5.15E-06
2.98E-04
3.37E-03
5.21E-04
1.36E-03
1.19E-03
1.06E-03

)
1.17E-01
8.91E-04
1.57E-01
3.03E-04
1.94E-03
4.26E-02
3.22E-03
1.27E-03
7.85E-03
4.83E-03

6.93E-03

3.36E-01

1.58E-05
7.16E-01
7.79E-01
8.48E-01
8.62E-01
8.67E-01
9.03E-01
9.03E-01
9.05E-01
9.31E-01

Average
lethargy
change
1.00E+00
1.58E-01
1.20E-01
8.01E-02
7.23E-02
6.96E-02
5.03E-02
5.03E-02
4.91E-02
3.54E-02
4.15E-01

6.56E-04
5.18432E-06
6.61E+02
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The model developed to predict the transient behavior of neutrons in the UTA-1+DD
system agrees to quite an extent with the observed transient behavior. In the case of fuel
loaded UTA-1+DD system, the model predicts that the neutron population will rise and
then drop to an asymptote region. The predicted rate at which the neutron population is
decaying is much faster than the measured rate. This difference is partially to do with the
choice of material in region II of the simplified two region problem (figure 4.1). The model
also suggests that the neutron population will reach an asymptote. The asymptote region
acts as a “background” for the predicted count rate. The warming up of the DD generator
for a long period of time, prior to transient measurement, determines this asymptote. If
there is fissionable material present in the system, then the warming up of the generator
will result in an asymptote much higher than the measured background and this effect is
seen in the experimental measurements. However, in the case of no uranium fuel, the model
predicts that the neutron population will die-away with a characteristic die-away time. The
neutron population will continue to drop until it reaches the measured background levels.
The dying away of the neutrons over time is determined by the absorption and scattering
cross-sections of the region in which the detector is placed. This predicted behavior of
neutrons in absence of uranium fuel is well reflected in the experimental data. The
developed model is not aiming to provide the exact count rate that the detector will record
during transient measurements. It is aiming to understand the trends and the behavior of
neutrons in a system which is subject to transient measurements in the presence and
absence of fissionable material.
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7. EXTENSION OF THE MODEL TO DIFFERENT K-VALUES

The transient model developed for a simplified two region problem provides a general
understanding on the behavior of neutrons. It is learnt that the developed model has
limitations because of the nature by which the transient equations are solved. These
limitations are mainly because of the assumptions made to simplify the transient equations.
The model works very well in predicting the neutron population, for varying k-values, on
microseconds/milliseconds time stamps in region I. However, the model tends to become
less accurate in region II with increasing k-values. It is realized that the developed model
provides useful information about the neutron transients in region II, only when the neutron
population in region I decays much faster than the neutron population in region II.

Region I (10 mins ON and 10 mins OFF)
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Figure 7.1 Neutron transients for different k-values in region I with external source ON
for 10 mins and OFF for 10 mins.
Further investigations are made to find the exact window in which the assumptions of
the developed model retain their validity in region I and region II. To find this exact
window, a simple case is considered in which the external neutron source, i.e. DD generator,
is continuously ON for 10 minutes and then turned OFF to study the die-away of the
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neutron population. In 10 minutes ON, the neutron population in region I will attain steadystate. Also, the delayed neutron precursors, produced as a result of the fission reaction, will
saturate in this ON period. The figure 7.1 and 7.2 represent the neutron behavior in region
I and region II with external source ON for 10 minutes and OFF for 10 minutes.
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Figure 7.2 Neutron transients for different k-values in region II with external source ON
for 10 mins and OFF for 10 mins.
From figure 7.2, no matter what the k-value of the system is, the calculated neutron
population in region II drops by the same order of magnitude. Intuitively, we know that
this is not true because the neutrons that leak from region I act as a source to region II. This
leakage of neutrons from region I increases with increasing k-value of the system, thereby
resulting in an increased source term in region II. Currently, the developed model assumes
that during the ON period of the pulsed DD generator, the neutron population attains
steady-state and immediately distributes itself throughout region I and region II. The spatial
distribution of the neutrons in the simplified two region problem provides the initial value,
at the detector’s location in region II, to the transient equation, eq. (4.11c). On obtaining
this initial value, the neutron behavior in region II is described by the eq. (4.11c). This
particular transient equation in region II is not accounting for the continuous diffusion of
additional fission neutrons, produced by the delayed precursors, from region I into region
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II, completely decoupling region II neutron flux from the region I neutron flux. This
decoupling is the consequence of the use of boundary/interface conditions to simplify the
solution to the transient equations. Therefore, with increasing k-value, only the initial
condition is changing in region II and the transient behavior remains unchanged. Note that
in figure 7.2, when the neutron population drops below 10-13 magnitude, the numerical
solution falls apart. Anything below this threshold magnitude is simply numerical error and
no useful information about the neutron flux is obtained.
To determine the exact window in which the decay rate in region I is much faster than
the decay rate in region II, the die-away of the neutron population within 4 milliseconds of
external source cutoff is observed. Figures 7.3 and 7.4 show the decay of the calculated
neutron population in region I and II, up to 4 milliseconds after the external source is turned
OFF.
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Figure 7.3 Die-away of the neutron population in region I, 4 milliseconds after cutoff (10
mins ON)
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Figure 7.4 Die-away of the neutron population in region II, 4 milliseconds after cutoff (10
mins ON)
In region I, when the external neutron source is turned OFF, there is a prompt drop
followed by the slow decay of the delayed neutron precursors, figure 7.3. It is seen that the
decay rate in region I is significantly decreasing with increasing k-value. At low k-values,
i.e. up to 𝑘~0.5, the prompt drop of the neutron population is very fast followed by an
asymptote region. This asymptote region is because of the neutrons produced by the
delayed neutron precursors. With increasing k-value, this asymptote region elevates
indicating the lift of the delayed precursor concentration. Also, the leveling of the neutron
population to the asymptote region shifts to the right of the graph (figure 7.3) with
increasing k-value. This right shift is indicating whether the transient behavior is being
dominated by the prompt neutron drop or by the long-term transients due to the delayed
precursors. When the subcritical multiplication is approaching criticality, the rate at which
neutron population decays in region I is significantly slower. This is to be expected since
at higher k-values, the neutrons will multiply rapidly due to increased fission rate.
Increased fission rate will result in increased delayed precursor concentration, producing
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additional fission neutrons. Therefore, when 𝑘 = 0.990, it is seen from figure 7.3 that the
neutron population hardly undergoes any transients and levels off very quickly on a
milliseconds timescale when the external neutron source is turned OFF. If the longest-lived
precursor concentration is saturated in region I, for low k-values, the prompt neutron drop
occurs in less than 2 milliseconds after cutoff followed by a very slow decay of the neutron
population from the delayed precursors. For high k-values, the effect of the delayed
precursors is not seen within 4 milliseconds of cutoff because of the slow prompt neutron
drop. Thus, it can be inferred from figure 7.3 that in the case of low k-values of the system,
the decay of the neutron population is very slow after the prompt drop. However, in the
case of high k-values, the prompt drop takes longer on the millisecond time steps.
In the cases when the decay rate in region I is higher (or the same) than the decay rate
in region II, the transient behavior in region II will follow region I. Therefore, in general,
the Li-6 detector’s response will heavily depend on the decay rates in region I and region
II. The detector will follow region II when region I decays much faster than region II and
follow region I otherwise. The slope of the curves in figure 7.3 and 7.4 determines the
decay rate in region I and II respectively. To determine the time at which the Li-6 detector’s
response will follow region II, the slope of the curve, in figure 7.3, at every 𝑖𝑡ℎ time step
is computed with respect to (𝑖 − 1)𝑡ℎ time step (eq. (7.1)).
(𝑆𝑙𝑜𝑝𝑒)𝑖 =

𝑁𝑖 − 𝑁𝑖−1
… … (7.1)
𝑡𝑖 − 𝑡𝑖−1

where 𝑁𝑖 = Neutron population at 𝑖𝑡ℎ time step, and
𝑁𝑖−1 = Neutron population at (𝑖 − 1)𝑡ℎ time step.
This slope changes significantly at every time step during the prompt neutron drop. When
the decay of the neutron population is dominated by the decay of delayed neutron
precursors, the slope changes by small amounts at every time step. The switching from
significant slope change to small slope change in region I determines the time step at which
the Li-6 detector’s response will stop following region II. With increase in the k-value of
the system, the switching of the detector’s response will happen early on milliseconds time
scales. For high subcritical multiplications of the system, the detector will always follow
the decay rate of region I as region I is decaying much slower than region II. The expected
detector’s response for low and high k-value is shown in figure 7.5.
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Figure 7.5 Expected correct behavior of neutrons in region II for k = 0.300 and k = 0.990
(Dotted line indicates that neutron behavior in region II will follow neutron behavior
in region I at that time step (currently the model does not take that into account))
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8. CONCLUSIONS AND INFERENCES

The transient analysis of neutrons performed using UTA-1 and a pulsed DD neutron
generator is a preliminary test done to understand the neutron behavior in the subcritical
uranium assembly. On comparing uranium and no uranium measurements, we can
conclude that on turning ON the DD source beam, the following effects are seen:
1) In the first five milliseconds, the neutron population rises and then decays. In this
time, the decay is mainly dominated by the diffusion parameters in region II i.e.
the region in which the detector is placed.
2) After 5 milliseconds, if no uranium fuel is present, the neutron population will
continue to decay exponentially until the count rate drops to background level.
3) However, in the presence of the fuel, the additional fission neutrons from the
delayed neutron precursors will result in a new baseline. This baseline will
continue to produce counts on the detector and establish an asymptote region.
The developed model is capable of understanding the neutron behavior on
microsecond time stamps in the UTA-1+DD system. For low k-values, the model can
predict the Li-6 detector’s response in this time stamps. At high subcritical multiplication,
the predictions are not very accurate. Knowing the exact composition of the material in
region II, the model can determine the rate at which neutron count rate will drop to
asymptote/background levels. If the detector is placed in region I, than the model can also
provide information about the k-value of the system. The measured transient behavior
shows that for 𝑘 = 0.412, not many neutrons are produced from the delayed precursors
(figure 6.5), which is to be expected with low subcritical multiplication and low external
neutron source.
For active interrogation applications, this understanding of the simplified two region
system provides useful information about the operating parameters of the accelerator based
SNM detection techniques. The UTA-1+DD system is just a preliminary study to
understand the behavior of fission and source neutrons after cutoff. This preliminary study
provides a basis to distinguish the presence and absence of SNM in real life cargo scanning.
Let’s consider the case in which the cargo container under inspection contains SNM. In
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this case, when the external neutron source, prior to transient analysis, is pulsed for a
sufficiently long period of time, the delayed precursors will buildup and attain saturation.
This saturation will slow down the decay rate of the neutron population inside the cargo
container. Now the detector, which is placed outside the cargo container (i.e. region II),
will follow the transient behavior in region I (region I is the cargo container). When subject
to transient analysis after cutoff, the neutron population will decay and level off at the
asymptote, which is the consequence of the delayed precursors producing additional fission
neutrons. In the case of no SNM inside the container, the initial pulsing of the external
accelerator will not establish any asymptote level. In this case, the neutron population
inside the cargo container will decay at a faster rate (region I decays faster than region II).
Therefore, the neutron population at the detector’s location will continue to fall to
background levels at a rate determined by region II.
The amount of SNM present is proportional to the subcritical multiplication. Since the
die-away of the neutron population is observed on microsecond/millisecond time stamps,
information on the prompt neutron drop is present in the collected data. From the point
kinetics model, eq. (4.11a) and eq. (4.11b), the prompt neutron drop is determined by three
parameters, i.e. reactivity 𝜌, total delayed neutron fraction 𝛽 and neutron generation time
Λ.
𝑝𝑟𝑜𝑚𝑝𝑡 𝑛𝑒𝑢𝑡𝑟𝑜𝑛 𝑗𝑢𝑚𝑝 =

𝜌−𝛽
Λ

The reactivity 𝜌 is directly linked to the subcritical multiplication. The leveling of the
neutron population to the asymptote region is related to the buildup of the delayed
precursor concentration. This built up of the precursor concentration depends on the
delayed neutron fraction, 𝛽. For different SNM, 𝛽 is different. If additional information
about the type of isotope present in the cargo container could be obtained, one can
determine the delayed neutron fraction and thereby calculate the k-value.
The UTA-1 can further be used to produce medical radioisotopes such as Tc-99m by
producing Mo-99. The k-value of the assembly can be raised to 0.99 to obtain full-fledged
production of Mo-99 and other important isotopes. A photoneutron converter, such as leadbismuth eutectic (LBE), connected to the electron linac can be used to obtain source
neutrons to drive the assembly for isotope production applications. For radioisotope
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applications, ensuring subcriticality of the target assembly is very important for safe
operations of the system. Knowing the exact k-value of the system is always beneficial.
Using the die-away of the neutron population after cutoff, the k-value at which the system
is operating can be determined from the prompt neutron drop. This could help in deciding
the operating conditions of the accelerator driven target assembly. From figure 7.3, clearly
for low k-values of the target assembly, the prompt drop occurs in the first 5 milliseconds
after cutoff. This implies that the exact k-value could be determined within 5 to 10
milliseconds of cutoff. For high k-values, the long term transient, figure 7.1, will provide
information on the subcritical multiplication.
The entire setup, i.e. superconducting electron linac and photoneutron converter is
capable of producing high intensity source neutrons (of the order of 1015 n/sec). This can
provide a testbed for material irradiation studies. The UTA-1 being a subcritical uranium
assembly and not being a commercial power reactor, its cost of building and operations is
reduced. Further the use of LEU and not HEU reduces the regulatory burden and the nonproliferation issues.
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9. PROPOSED FUTURE WORK

Starting from the first principles, transient equations are developed in a simplified two
region problem. Certain assumptions and simplifications are made to obtain solutions to
these equations. These simplifications impose limitations on the developed model. The
limitations can be minimized by developing a three region (or multi region) system instead
of two region. In a three-region system, region I could be comprised of the fuel and external
neutron source, region II could be comprised of the moderator and region III could be the
reflector/absorber. This eliminates the need to homogenize the fuel and all of the moderator,
more closely representing the real system. The homogenization of the fuel and moderator
drastically affects the diffusion parameters and cross-section values, thereby affecting the
modeled transient behavior.
In region II, it is assumed that when the pulsed DD generator is turned ON, the
neutrons appear instantaneously at the detector’s location. This assumption is not quite true
because of the neutron flight time. A neutron will take a finite amount of time to travel
from the point where it is born to the detector’s location in region II. When operating in
microseconds/milliseconds time stamps, it is worthwhile to study the effect of neutron
flight time on the transient behavior. The current model assumes constant neutron flux at
the detector’s location during the pulse ON period. Since the rise of the neutron flux is
exponential in region I, according to the point kinetics model, the neutron flux in region II
will also rise exponentially. The neutron time of flight should be able to account for this
exponential increase at the detector’s location. Considering the neutron flight time in the
predicted model, one could closely couple the fluctuations in the neutron populations in
region I with region II (fluctuations are due to subcritical multiplication and fission
reactions).
Further investigation is required to study the effect of pulsing the external neutron
source at different frequencies and duty cycles. The model does good job in predicting the
transient behavior of neutrons in region I. Pulsing the external neutron source at different
frequencies and duty cycles will help in understanding the time required to saturate the
precursor concentration in region I. With this information one can decide on how long the
external source will have to be pulsed so that the decay rate is region I becomes slower
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Figure 9.1 Effect of running the DD generator at different duty cycles on the neutron
transient behavior in region I (for k = 0.300 and k = 0.990)
than the decay rate in region II. Under such circumstances, the two region model
reduces to a single region model, as the neutron population in region II at different time
stamps will be some constant times the neutron population in region I at that time stamp.
This constant can be determined using the spatial distribution of the neutron population.
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For high and low subcritical multiplication of the system, the effect of 10% and 50% duty
cycle on the neutron transients in shown in figure 9.1. Clearly the built up of the delayed
neutron precursors is significantly affected by the duty cycle of the DD generator. In the
case of high k-value, the prompt drop takes longer on millisecond time scales. Therefore,
during the pulse OFF time, the decay of the neutron population is mainly dominated by the
prompt neutrons.
Additional analysis is needed to couple the neutron flux in region I and region II. This
coupling of the flux into the transient equations will accurately account for the built up of
the delayed precursors concentration in region II. Currently the solution to the transient
equations are obtained assuming separability of variables. Solving the equations without
separating the variables could result in better predictions.
It will be valuable in using the known composition of the reflector/moderator in the
experimental setup. This will result in the exact diffusion values in the developed model.
Finally, additional measurements with varying k-values will provide benchmarking data
and a better understanding of the neutron transient behavior.
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APPENDIX A. WOLFRAM MATHEMATICA SYNTAX TO
EVALUATE THE SPATIAL DISTRIBUTION OF NEUTRONS

A Wolfram Mathematica code is developed to solve the spatial distribution of neutrons in
the simplified two region problem. The syntax requires homogenized diffusion coefficient
of neutrons in region I 𝐷1 , homogenized macroscopic absorption cross-section of neutrons
in region I Σ𝑎1 , macroscopic scattering cross-section in region II Σ𝑠2 , macroscopic
absorption cross-section in region II Σ𝑎2 , region II mass in amu 𝐴 and the k-value of the
UTA-1+DD system as inputs. The output of the code is the simplified expression for the
neutron flux in region I and region II in terms of the external neutron source strength.
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APPENDIX B. MATLAB SYNTAX TO SOLVE TRANSIENT
EQUATIONS IN REGION I AND II

A MATLAB code is developed to solve the transient equations in region I and region II.
We use point kinetics to evaluate the transient behavior of neutrons at 𝑟 = 0 in region I
and the transient behavior of neutrons in region II is given by eq. 4.11c. The external
neutron source is a pulsed neutron source. At the completion of the pulse, the delayed
neutron precursors produce additional fission neutrons. Before the start of the next pulse,
there are already some neutrons (coming from the delayed precursors) present in the system.
Therefore, when the next pulse arrives, there is a new elevated external source term, which
is, DD source neutrons plus the neutrons produced by the delayed neutron precursor
concentration from the preceding pulse. This built-up of the external source term due to
delayed neutron precursors is accounted for in the transient calculations.
A. Input parameters
function
[t,ton,non,dton,toff,noff,dtoff,tcycle,number,t_concrete,ton_concrete,n
on_concrete,dton_concrete,toff_concrete,noff_concrete,dtoff_concrete,tc
ycle_concrete,number_concrete,S,L,B,rho,l1,l2,l3,l4,l5,l6,B1,B2,B3,B4,B
5,B6,SigmaS2,A_concrete,D2,SigmaA2,v_average] = InputParameters()
%%% Input Parameters %%%
%%% Region I %%%
t=0.01; %%% operation time in seconds %%%
ton=0.0002; %%% source on time in seconds %%%
non=50; %%% mesh points for source on time %%%
dton=ton/non;
toff=0.0098; %%% source off time in seconds %%%
noff=50; %%% mesh points for source off time %%%
dtoff=toff/noff;
tcycle=ton+toff;
number=t/tcycle;
S=1e+8; %%% external neutron source %%%
L=2.01e-04;
B=7.144e-03;
rho=-1.427;
l1=0.01295;
l2=0.0319;
l3=0.127;
l4=0.3345;
l5=1.405;
l6=3.945;
B1=0.0002093;
B2=0.0014653;
B3=0.0013561;
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B4=0.0027985;
B5=0.0009332;
B6=0.0003351;
%%% Region II %%%
t_concrete = 0.01; %%% operation time in seconds %%%
ton_concrete = 0.0002; %%% source on time in seconds %%%
non_concrete = 50; %%% mesh points for source on time %%%
dton_concrete = ton_concrete/non_concrete;
toff_concrete = 0.0098; %%% source off time in seconds %%%
noff_concrete = 50; %%% mesh points for source off time %%%
dtoff_concrete = toff_concrete/noff_concrete;
tcycle_concrete = ton_concrete+toff_concrete;
number_concrete = t_concrete/tcycle_concrete;
SigmaS2 = 0.33596429; %%% Macroscopic scattering cross-section in
concrete (cm^-1) %%%
A_concrete = 21.4435818; %%% Atomic mass of concrete (amu) %%%
D2 = 1/(3*SigmaS2*(1-(2/(3*A_concrete)))); %%% Diffusion coefficient of
neutrons in concrete (cm) %%%
SigmaA2 = 0.006928606; %%% Macroscopic absorption cross-section in
concrete (cm^-1) %%%
v_average = 247232.44; %%% Average neutron velocity at 20 degree
celsius %%%

B. Main Syntax
close all
clear all
clc
syms n(t) C1(t) C2(t) C3(t) C4(t) C5(t) C6(t)
[t,ton,non,dton,toff,noff,dtoff,tcycle,number,t_concrete,ton_concrete,n
on_concrete,dton_concrete,toff_concrete,noff_concrete,dtoff_concrete,tc
ycle_concrete,number_concrete,S,L,B,rho,l1,l2,l3,l4,l5,l6,B1,B2,B3,B4,B
5,B6,SigmaS2,A_concrete,D2,SigmaA2,v_average] = InputParameters();
%%% Defining the matrices and setting the ODE %%%
%%% Matrix Psi %%%
%Psi = [n(t); C1(t); C2(t); C3(t); C4(t); C5(t); C6(t)];
%%% Matrix A %%%
a = [(rho-B)/L l1 l2; B1/L -l1 0; B2/L 0 -l2];
b = [l3 l4 l5; 0 0 0; 0 0 0];
c = [l6; 0; 0];
d = [B3/L 0 0; B4/L 0 0; B5/L 0 0];
e = [-l3 0 0; 0 -l4 0; 0 0 -l5];
f = transpose([0 0 0]);
g = [B6/L 0 0 0 0 0 -l6];
A = [a b c; d e f; g];
%%% Initial Condition %%%
I = zeros(7,1);
stependtime = 0; %%% Defining the end time of the zeroth step to be
zero%%%
stependtime_concrete = 0; %%% Defining the end time of the zeroth step
to be zero%%%
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NewS = S; %%%Initial source term for the spatial ditribution of
neutrons %%%
Psinew = [];
timenew = [];
PsinewConcrete = [];
timenew_concrete = [];
for i = 1:number
[AA,SpatialNeutronPopulation,I_concrete] =
ConcreteNeutronTransient(NewS,D2,SigmaA2);
[Psi_concrete,I_concrete,timeon_concrete,SP] =
ConcretePulseOn(ton_concrete,non_concrete,dton_concrete,SpatialNeutronP
opulation,I_concrete,stependtime_concrete);
Temp_concrete = Psi_concrete;
Temptime_concrete = timeon_concrete;
PsinewConcrete = vertcat(PsinewConcrete,Temp_concrete);
timenew_concrete = vertcat(timenew_concrete,Temptime_concrete);
sizetimenew_concrete = size(timenew_concrete,1);
stependtime_concrete = timenew_concrete(sizetimenew_concrete);
[Psi_concrete,I_concrete,timeoff_concrete] =
ConcretePulseOff(toff_concrete,noff_concrete,dtoff_concrete,SpatialNeut
ronPopulation,I_concrete,stependtime_concrete,v_average,AA);
Temp_concrete = Psi_concrete;
Temptime_concrete = timeoff_concrete;
PsinewConcrete = vertcat(PsinewConcrete,Temp_concrete);
timenew_concrete = vertcat(timenew_concrete,Temptime_concrete);
sizetimenew_concrete = size(timenew_concrete,1);
stependtime_concrete = timenew_concrete(sizetimenew_concrete);
[Psi,I,timeon] =
PulseOn(ton,non,dton,S,L,B,rho,l1,l2,l3,l4,l5,l6,B1,B2,B3,B4,B5,B6,a,b,
c,d,e,f,g,A,I,stependtime);
Temp = Psi;
Temptime = timeon;
Psinew = vertcat(Psinew,Temp);
timenew = vertcat(timenew,Temptime);
sizetimenew = size(timenew,1);
stependtime = timenew(sizetimenew);
[Psi,I,timeoff] =
PulseOff(toff,noff,dtoff,S,L,B,rho,l1,l2,l3,l4,l5,l6,B1,B2,B3,B4,B5,B6,
a,b,c,d,e,f,g,A,I,stependtime);
Temp = Psi;
Temptime = timeoff;
Psinew = vertcat(Psinew,Temp);
timenew = vertcat(timenew,Temptime);
sizetimenew = size(timenew,1);
stependtime = timenew(sizetimenew);
DelayedSource = (I(2,1)*l1) + (I(3,1)*l2) + (I(4,1)*l3) +
(I(5,1)*l4) + (I(6,1)*l5) + (I(7,1)*l6);
NewS = S + DelayedSource;
%%% New source term with delayed
neutrons for the spatial distribtuion of neutrons %%%
end
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m = size(Psinew,1)/7;
neutrons = zeros(m,1);
for i=0:m-1
neutrons(i+1) = Psinew(((7*i)+1),1);
end

plot(timenew,neutrons,'r')
set(gca, 'YScale', 'log')
title('Neutron Transient at r = 0 in region I')
xlabel('Time (seconds)')
ylabel('neutron population at time t, n(t)')
grid on
grid minor
figure;
plot(timenew_concrete,PsinewConcrete,'b')
set(gca, 'YScale', 'log')
title('Neutron Transient at detectors location in region II')
xlabel('Time (seconds)')
ylabel('neutron population at time t, n(t)')
grid on
grid minor
save PsinewConcrete.mat
%%% To obtain the average predicted pulse %%%
Total = zeros(100,1);
for i = 1:100
Total(i) = Total(i) + PsinewConcrete(i);
end
for j = 1:(number-1)
for i =1:100
Total(i) = Total(i) + PsinewConcrete(100*j + i);
end
end
Average = Total/number;
for i = 1:100
time(i,1) = timenew_concrete(i);
end
save Average.mat

C. Pulse ON in region I
function [Psi,I,timeon] =
PulseOn(ton,non,dton,S,L,B,rho,l1,l2,l3,l4,l5,l6,B1,B2,B3,B4,B5,B6,a,b,
c,d,e,f,g,A,I,stependtime)

%%% Setting time axis %%%
timeon = zeros(non,1);
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for i = 1:non
timeon(i) = stependtime + dton*(i);
end

%%% Defining the external source and the initial condition %%%
S = (-dton)*[S/L; 0; 0; 0; 0; 0; 0];
for i = 1:non
if i == 1
T = I;
elseif i==2
T = vertcat(T,S);
else
T = vertcat(T,S);
end
end
Sext=T;

%%% Setting the ODE d(Psi)/dt = (A*Psi)+Sext using backward Euler
difference %%%
A1 = eye(7); %%%7x7 identity matrix%%%
A2 = (A*dton)-A1;
for i = 1:non-1
if i == 1
M = [A1 A2 zeros(7,7*(non-2))];
else
t = [zeros(7,7*(i-1)) A1 A2 zeros(7,7*(non-2-i+1))];
M = [M;t];
end
end
N = [A1 zeros(7,7*(non-1))];
P = [N; M];

%%% Solving for Psi %%%
Psi = (P)\(Sext);
%%% Setting initial condition for next calculations %%%%
sizePsi = size(Psi,1);
for k=1:7
I(k) = Psi(sizePsi-7+k);
end
end

D. Pulse OFF in region II
function [Psi,I,timeoff] =
PulseOff(toff,noff,dtoff,S,L,B,rho,l1,l2,l3,l4,l5,l6,B1,B2,B3,B4,B5,B6,
a,b,c,d,e,f,g,A,I,stependtime)
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%%% Setting time axis %%%
timeoff = zeros(noff,1);
for i = 1:noff
timeoff(i) = stependtime + dtoff*(i);
end

%%% Defining initial condition %%%
II = zeros(7*noff,1);
for j = 1:7
II(j) = I(j);
end

%%% Setting the ODE d(Psi)/dt = (A*Psi)+Sext using backward Euler
difference %%%
A1 = eye(7); %%%7x7 identity matrix%%%
A2 = (A*dtoff)-A1;
for i = 1:noff-1
if i == 1
M = [A1 A2 zeros(7,7*(noff-2))];
else
t = [zeros(7,7*(i-1)) A1 A2 zeros(7,7*(noff-2-i+1))];
M = [M;t];
end
end
N = [A1 zeros(7,7*(noff-1))];
P = [N; M];
%%% Solving for Psi %%%
Psi = inv(P)*II;
%%% Setting initial condition for next calculations %%%%
sizePsi = size(Psi,1);
for k=1:7
I(k) = Psi(sizePsi-7+k);
end
end

E. Initial conditions for transient calculations in region II
function [AA,SpatialNeutronPopulation,I_concrete] =
ConcreteNeutronTransient(NewS,D2,SigmaA2)

SpatialNeutronPopulation = 2.86307 * 10^-9 * NewS;
aa = 1.65354 * 10^-11 * NewS; %%% (Del)^2 Phi[r] evaluated at R2 %%%
bb = 7.66889 * 10^-11 * NewS; %%% (Del)^2 Phi[r] evaluated at R1 %%%
AA = (((D2*aa)/(2*SpatialNeutronPopulation)) ((D2*bb)/(2*SpatialNeutronPopulation)) - SigmaA2);
%%% Initial Conditions %%%
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I_concrete = SpatialNeutronPopulation;
End

F. Pulse ON in region II
function [Psi_concrete,I_concrete,timeon_concrete,SP] =
ConcretePulseOn(ton_concrete,non_concrete,dton_concrete,SpatialNeutronP
opulation,I_concrete,stependtime_concrete)
%%% Setting time axis %%%
timeon_concrete = zeros(non_concrete,1);
for i = 1:non_concrete
timeon_concrete(i) = stependtime_concrete + dton_concrete*(i);
end
%%% Pulse On %%%
for i = 1:size(timeon_concrete,1)
if timeon_concrete(i) == 0
Psi_concrete(i,1) = 0;
else
Psi_concrete(i,1) = I_concrete;
end
end
%%% Setting initial condition for next calculations %%%
sizePsi = size(Psi_concrete,1);
I_concrete = Psi_concrete(sizePsi);
SP = timeon_concrete(size(timeon_concrete,1));
end

G. Pulse OFF in region II
function [Psi_concrete,I_concrete,timeoff_concrete] =
ConcretePulseOff(toff_concrete,noff_concrete,dtoff_concrete,SpatialNeut
ronPopulation,I_concrete,stependtime_concrete,v_average,AA)
%%% Setting time axis %%%
timeoff_concrete = zeros(noff_concrete,1);
for i = 1:noff_concrete
timeoff_concrete(i) = stependtime_concrete + dtoff_concrete*(i);
end
%%% Defining initial condition %%%
II = [I_concrete;zeros((noff_concrete-1),1)];
%%% Pulse off %%%
for i = 1:(noff_concrete-1)
if i == 1;
TempAA = [1 ((dtoff_concrete*v_average*AA)-1)
zeros(1,noff_concrete-2)];
else
T = [zeros(1,(i-1)) 1 ((dtoff_concrete*v_average*AA)-1)
zeros(1,(noff_concrete-2-i+1))];
TempAA = [TempAA;T];
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end
end
N = [1 zeros(1,(noff_concrete-1))];
AAA = [N;TempAA];
%%% Setting for Psi %%%
Psi_concrete = pinv(AAA)*II;
end
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