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ABSTRACT
Sego, Timothy J. Ph.D., Purdue University, August 2019. Hybrid Kinetic Monte
Carlo Models of Cellular Processes in Interactive Dynamic Microenvironments. Major Professors: Andres Tovar and Hector Gomez.
Living tissue consists primarily of cells and extracellular matrix. Cells perform
functions, communicate, respire and remodel extracellular matrix. Likewise, diffusive
chemical conditions and extracellular matrix exhibit their own effects on cellular and
intracellular processes, depending on the consistency of the matrix and phenotype
of the cell. These interactions produce the emergent phenomena of tissue function,
repair and morphology. Computational modeling seeks to quantify these processes
for the purposes of fundamental study and predictive capability in various applications, including wound healing, tumor vascularization and biofabrication of living
tissue. Hybrid kinetic Monte Carlo models are well known to be capable of predicting
observed behaviors like cell sorting and spheroid fusion due to differential adhesion
and energy minimization. However, no hybrid model sufficiently provides a formal
treatment of full cell, chemical and matrix interactivity in a dynamic environment,
including heterogeneous matrix conditions, advecting materials, and intracellular processes. In this work, hybrid kinetic Monte Carlo models are developed to describe
full interactivity of cells, soluble signals and insoluble signals in a complex, dynamic
microenvironment at the cellular level. Modeling of intracellular chemical dynamics
and effects on the cellular state is developed as stochastic processes, and cell perform
metabolic and matrix remodeling activities. Computational models of select in vivo
and in vitro phenomena are developed and simulated, showing the ability to simulate new phenomena concerning cell viability, growth dynamics, highly heterogeneous
cellular distributions, and complex tissue structures resulting from phenomena like
intercellular signaling, matrix remodeling, and cell polarity.
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1. INTRODUCTION
The human body consists of living cells and nonliving components. Conversely stated,
the human body, with its various internal systems and external behaviors, emerges
from the interactions of individual cells and nonliving material. From the coordinated
physiological function of organ systems to local maintenance procedures, to even the
developing embryo, no cell operates with any global knowledge of the conditions and
activities of all other cells. Rather, through billions of years of evolutionary trial and
error, incremental progression towards increasing complexity produced a chemical
machine capable of considering even the origin of its own altruistic inclinations [1],
yet consisting of smaller, elementary, mostly oblivious chemical machines. Cells,
like humans, respond to local conditions, and their activities create new conditions.
The sequence of these events that results in an organized structure is called selforganization.
This work is devoted to mathematically investigating the physical mechanisms
involved with these cellular machines and their nonliving partners, as well as the environments that cue their activities and the resulting emergent phenomena. Cells are
treated as individual, homogeneous and autonomous entities without any predefined
set of goals to accomplish, but rather a set of behaviors and responses, which they
exhibit in the presence of their local conditions. Soluble and insoluble nonliving components make up the conditions in which a cell may find itself, and the conditions
that they create. The combined dynamics and interactions of these three are treated
as sufficient to explain the emergent behaviors of tissue self-organization, from the
commencement of a sequence of biological events, to the creation of conditions that
cause future sequences. The result is a set of hybrid mathematical models of these
interactions at the cellular level, the relevant aspects of which are presented in this
chapter.
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1.1

On Tissue Form and Function

1.1.1

Tissue Composition with Cellular Precision

The human body consists of over 200 named cell phenotypes and a vast array of
chemical components, from the very small to the very large. The size and behaviors
of various cell phenotypes are a consequence of gene expression, and so are subject to
genetic control [2]. This can be manipulated by chemical processes within the cell due
to the chemical conditions to which the cell is exposed [3]. Small molecules like oxygen diffuse throughout tissue, and their diffusive quality is exploited by the vascular
system for nutrient delivery and waste removal [4], and by cells to communicate over
extended distances [5] and break down networks of macromolecules [6], collectively
called the extracellular matrix (ECM).
ECM is the supporting structure of living tissue, and is actively produced, remodeled and broken down by cells during processes like the inflamatory response [7]
and remodeling of skeletal tissue [8]. Its chemical consistency can vary significantly
throughout the human body, consisting of large molecules like elastin, fibronectin
and collagen, and so have very low diffusivity. ECM also actively contributes to regulating cellular activity through receptors on the cellular surface, called integrins [9].
Likewise diffusive chemicals affect the behaviors of various cell phenotypes, like the
initiation of cell proliferation and directional guidance of growth factors like vascular
endothelial growth factor (VEGF) during processes like angiogenesis [10] and development of the trachea [11]. As such, the chemical components of tissue at the cellular
level, whether soluble or insoluble, both directly affect cellular processes (and vice
versa), and can be distinguished by the modes by which they evolve, interact with
cells and contribute to tissue function and form. These three are considered in this
work as the fundamental components of tissue formation, function and repair: living
cells, soluble signals, and insoluble signals.

3
1.1.2

Functional Units

Sets of cells and their involved chemicals can be categorized by their emergent
function and form into functional units. These typically involve a thin, dense supporting ECM layer, called a basement membrane, and multiple cell phenotypes. Through
coordinated activities, these produce some emergent, tissue-level function, have a
coherent form, and are formed and maintained through specific mechanisms. Functional units can then perhaps be regarded as the fundamental physiological units
of an organism, in that the function and form of organs and organ systems can be
decomposed at the cellular level into arrays of organized functional units.

Figure 1.1. Schematic representation of a generic salivary gland showing component cell types and theorized stem and progenitor cell locations [12].

For example, the salivary gland consists of a network of branching secretory ducts
that perform the function of producing saliva [12, 13]. These consist of stem cells
and secretory mucous and serous acinar cells anchored to a basement membrane, are
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connected to the central nervous system and equipped with nearby bloods vessels and
supporting epithelial and stromal cells (Figure 1.1). They are formed by the collective
migration mode of branching morphogenesis, and their functional secretory cells are
replenished by the stem cells of the functional unit, which proliferate and differentiate under appropriate environmental cues. Similar demarcations can be made of
many complex system functions, like filtering oxygen intake by the pulmonary lobule,
adaptive immune response by the lymph node [14] and maintenance of vascularity by
the vascular endothelium [15].
A very interesting and insightful example of functional units is the milieu from
which stem cells replenish and renew populations, called the stem cell niche. This
consists of an anatomical compartment that, through various environmental cues,
regulates stem cell behavior and produces and/or replenishes specialized cells according to the particular type stem cell (e.g., neurons from neural stem cells [16]).
Proliferation and differentiation of stem cells are actively regulated by diffusive chemical conditions [3], ECM quality and the anchoring to a basement membrane (Figure
1.2), the failure of which can result in loss of stem cell number or cancer. ECM mechanical properties have been shown to directly affect the fate of mesenchymal stem
cells (MSCs), where growth on semicompliant gels produced the expression of muscle
proteins, and of bone proteins on stiff gels, etc. [17].
These extracellular cues can also be received through systemic signaling by means
of neighboring blood vessels, and the sensitivity to diffusive environmental cues and
metabolic activities of stem cell phenotypes both contribute to the maintenance of
the stem cell niche. This is at least in part due to that the niche is typically deprived
of much oxygen delivery (e.g., kidney papilla, bone marrow), that specialized cells
tend to consume more oxygen, and that many stem cell types tend to proliferate and
differentiate in the prescence of high oxygen concentrations. These has been observed
of neural stem cells (NCSs), induced pluripotent stem cells (iPSCs), oligodendrocyte
progenitor cells [18] and embryonic stem cells [3], to name a few.

5

Figure 1.2. Schematic representation of a normal stem cell niche [17].

1.1.3

Collective Cell Migration

Cells perform coordinated, collective migration through a number of different
modes, and these make up many of the morphological processes of tissue formation
and repair. Collective cell migration has been defined by the three characteristics
of that cells remain physically and functionally connected, multicellular polarity and
organization generate forces to propel the cells, and that (typically) the migrating
collective performs matrix modification along their path, including clearing of existing
matrix or the deposition of a basement membrane [19].
In vascular sprouting of angiogenesis and many forms of cancer invasion, a small
collection of polarized cells, sometimes called tip cells, leads an elongated population
of otherwise inactive cells, sometimes called stalk cells, which perform matrix remodeling as they proceed (Figure 1.3). In the case of vascular sprouting, the combined
efforts of endothelial cells in the stalk and pericytes produce a stabilizing perivascular
basement membrane, the total consequences of which are a newly formed blood ves-
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Figure 1.3. Types and variants of collective cell migration [19].

sel [20]. Tightly-connected epithelial cells are led by multicellular leading rows during
wound healing to migrate in collective sheets, called sheet migration, over provisionally deposited ECM components in wounded tissue, and they deposite a basement
membrane as they progress [9].
Functional units like the salivary gland of Figure 1.1, mammary gland and ureteric
bud form by the mode of branching morphogenesis, where rather than by utilization
of any particular leader phenotype, complex internal reorganization results in complex three-dimensional structures [21]. Other various cell phenotypes have particular
collective modes of migration, like the mass migration of mesenchymal cells towards
a global chemical signal by moving along chemical gradients, or by the relaying on of
received guidance signals [22], or by cell proliferation [5].
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1.1.4

Mechanisms Affecting Cell Motility

Both collective and individual cell migration, though they serve distinct purposes,
are consequences of combined molecular mechanisms [23] causing cell polarization
[24], and can be considered on a spectrum of their relative effects. Intercellular and
cell-matrix contact interfaces with more or less efficient binding of surface adhesion
molecules directly affects the likelihood of maintaining an interface. This has been
proposed to explain the observation that heterotypic aggregates, when mixed, will
rearrange into a sorted configuration [25], called the differential adhesion hypothesis
[26].

Figure 1.4. Conceptual drawing of the spectrum of collective cell
migration. Different morphologies of collective cell migration can be
characterized by their cohesiveness during migration (inversely related
to density), as well as the number of nearest neighbours with which
a cell interacts while moving (i.e. the topological arrangement of
individual cells in the population) [5].
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These adhesion molecules (some of which, again, are integrins) are also the mechanisms by which cells bind to ECM and translocate [27], and the directional motility
of cells along adhesion and insoluble gradients is called haptotaxis. Likewise diffusive
chemical signals can polarize signaling molecules either positively or negatively to
cause directed motility along the gradient of chemical concentration, called chemotaxis. In the positive case, the signal is then called a chemoattractant, and the latter
a chemorepellent [28]. Cells also engage in avoidance behaviors, called contact inhibition, where cell-cell contact exhibits a directional response to prevent future contact
events [5] (Figure 1.4). Lastly (as relevant to the present work), the rigidity of ECM
has a direct effect on directional motility of cells. For exampe, in the case of fibroblasts, a discontinuous boundary in ECM stiffness was easily traversed when moving
from the more compliant side of the boundary, while cellular motility was strongly
inhibited when attempting to perform the same from the stiff region [29].

1.1.5

Cell Polarity

An asymmetric distribution of cellular components can occur spontaneously, or in
response to external stimuli. Cell polarity occurs when this asymmetric distribution
forms intracellular chemical feedback loops that reorient organelles and the cytoskeletal, resulting in directed vesicular trafficking, chemical and ionic gradients, and chemically and functionally distinct surface domains (Figure 1.5). When polarized, distinct
chemical and ionic heterogeneity can be identified across a cell, as can specific domains
of its surface [30]. Phosphoinositides (PIPs) act as substrates for various signaling
pathways at the intracellular leaflet, and can typify the state of polarity in epithelial
and migrating cells. Specifically, an asymmetric distribution of phosphatidylinositol 4,5-bisphosphate (PIP2 ) and phosphatidylinositol (3,4,5)-trisphosphate (PIP3 ) on
the intracellular leaflet of the cell membrane demonstrate polarity in epithelial and
migrating cells: PIP3 is localized on the basolateral and cell-contacting surfaces of
polarized epithelial cells, and on the leading edge of migrating cells [31].

9

Figure 1.5. Features of the polarized epithelial phenotype. (a) A typical vertebrate epithelial cell is shown with components of the polarized
vesicle sorting machinery and the apical junctional complex depicted.
(b - f) Epithelial cells organize into different structures through their
cytoskeleton and through oriented cell division. (b) actin-mediated
constriction of the apical domain causes furrowing; (c) reducing the
size of the lateral membrane produces squamous epithelia; (d) cell
division (indicated by the dashed line) in the plane of the epithelium
expands the sheet; whereas divisions perpendicular to the plane may
generate different cell lineages in the case of stem cells (e), or may
give rise to stratified epithelia (f) [32].

This localization is not without effect concerning the distribution of membrane
proteins, with which these PIPs localize through electrostatic interactions, as well
as the distribution of soluble ions, the gradients of which are formed by their regulation of ion pumps and channels [33]. However, in the polarized cell state, PIPs,
which are able to laterally diffuse about the inner leaflet of the plasma membrane, are
neither inhibited by diffusion barriers [34] nor delivered to their respective locations
in their final forms [35]. Rather, various metabolic pathways to and from the PIPs
by the action of lipid kinases and phosphatases are known [36], making possible a
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combinatorial conversion of lipids according to the local chemical milieu. Of particular interest concerning PIP2 and PIP3 , phosphatase and tensin homolog (PTEN)
hydrolyzes PIP3 into PIP2 , phosphoinositide 3-kinases (PI3Ks) phosphorylate PIP2
into PIP3 , and phospholipase C cleaves PIP2 to form diacylglycerol (DAG) and inositol trisphosphate (IP3 ). PTEN, PI3K, DAG, and IP3 are all critical intracellular
signals associated with, among others, cytoskeletal remodeling [37]. Thus, generally
speaking, lipid and protein signaling, cytoskeletal dynamics, and membrane-bound
protein function are all intimately connected. For polarized epithelial cells, localization of PI3K occurs on the basolateral side of cells, and of PTEN and on the apical
side, whereas PI3K and PTEN localize on the leading and trailing sides of migrating
cells, respectively [32, 38, 39].

1.2

Relevance
Additive manufacturing has contributed significantly to the development of new

surgical and diagnostic aids, personalized medical devices, implants and prostheses.
It now aspires to the direct digital manufacturing of living tissue, organs and body
parts. This can be achieved using 3D bioprinting techniques in which the printing
medium consists of living cells and nonliving biomaterials on supporting structures.
An example of a supporting structure is a needle array or “Kenzan” (Japanese for
needle) on which spheroidal aggregates can be suspended and fused. These methods (scaffold-based and scaffold-free methods) can be employed to construct complex
biological materials with a high degree of control, providing the potential to fabricate material architectures that match those of endogenous tissues and organs. Several 3D bioprinting methods are currently available, including inkjet, extrusion and
stereolithography. Engineering these complex tissues requires an interdisciplinary approach, which combines innovations in material science with biochemistry and cell
and developmental biology by exploring the steps involved in organ development and
morphogenesis. The optimal application and further development of 3D bioprinting
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methods could largely benefit from computational models capable of predicting the
complex behavior of the printed cellular structures on multiple scales in response to
various environmental conditions.
In 3D bioprinting, a digital, numerical control system accurately places biomaterials and living cells with the potential to create tissue, organs and body parts. The
digital printing system can use cell-free biopolymers, cell-seeded microcarriers (i.e., a
bioink) or living cell spheroids. Depending on the bioprinting material, 3D bioprinting is classified into scaffold-based and scaffold-free methods. Scaffold-based methods
involve jetting, extrusion or photopolymerizaion of a liquid bioink containing living
cells, nutrients and an artificial extracellular matrix known as the scaffold [40–42].
Scaffold-free methods consist of the direct placement of living cell spheroids on a
preexisting support structure in a three-dimensional array [43]. An indirect approach
to bioprinting is the fabrication of a porous structure from a cell-free biopolymer.
The cell-free structure allows the introduction of living cells and guides their proliferation towards forming the shape of a desired tissue or organ. By this method,
prevascularization of the structure can be employed to promote the development of a
vasculature in larger, more nutrient-demanding tissue constructs [44]. In all methods,
the successful implementation relies on the complex interactions between biomaterials and living cells of multiple phenotypes. Attempts to predict the complexity of
these interactions have been made using analytic and numerical models described in
subsequent sections.

1.2.1

Scaffold-based Biofabrication

The objective in scaffold-based 3D bioprinting is to produce an artificial ECM
or scaffold that mimics a natural ECM, allowing cellular proliferation, differentiation
and migration and, ultimately, supporting the development, survival and functioning
of the living tissue. Artificial scaffolds are produced with biocompatible polymers that
can be biologically degraded, absorbed and replaced by the natural ECM produced
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by living cells. Biodegradable scaffolds produced from a bioabsorbable polymer have
been investigated and utilized in fabrication of various tissues or organs such as skin,
cornea, cartilage, bladder, and vessels [45].
Polymer hydrogels are the most commonly explored materials for fabricating complex 3D cellular microenvironments, as they can be tuned for ideal degradability,
mechanics and the ability to incorporate biomolecules of interest [46]. Natural hydrogels made from biogenic proteins (collagen, gelatin, fibrin) and polysaccharides
(alginate and hyaluronic acid) are commonly utilized as scaffolds in tissue engineering. However, synthetic alternatives are preferred due to potential immunoreaction
or infection [47]. Synthetic hydrogels are made from synthetic polymers such as
polyethylene glycol (PEG), polyethylene glycol diacrylate (PEGDA), polyethylene
glycol dimethacrylate (PEGDMA), polyvinyl alcohol (PVA), and polylactic coglycolic acid (PLGA). They offer low levels of immunoreaction or infection [48], and can
be jetted, extruded and, in some cases, photopolymerized.
Inkjet bioprinting is droplet-based technology used to create a 3D biological structures by depositing drops of liquid bioink [49]. Similar to the traditional inkjet printers, the inkjet bioprinting computerized system makes use of cartridges mounted on
an positioning system. In this system, biomaterial and one of the living cells can
be loaded into individual cartridges [50]. Extrusion bioprinting usually relies on the
action of a syringe-like mechanism mounted on a positing system. In the syringe-like
mechanism, pneumatic or mechanical pressure is used to extrude the bioink through
a syringe tip or nozzle. Photopolymerization-based bioprinting employs the same
principles of stereolithography. While stereolithography has been traditionally used
as an indirect bioprinting method with the fabrication of cell-free scaffolds, the development of photopolymerizable hydrogels (e.g., PEGDA, PEGDMA) have increased
its potential use in 3D bioprinting [51].
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1.2.2

Scaffold-free Biofabrication

An emerging approach is the creation three-dimensional cellular patterns by use
of cell spheroids. One of the fundamental properties of cells is their propensity to
self-organization. This is essential in all biological processes, from bacterial colony
formation to mammalian embryology, organogenesis and tissue repair [52]. Remarkably, although the molecular constituents are encoded in genetic information, there is
no genetic “blueprint” for their assembling at any dimensional scale [53]. Supramolecular assemblies are emergent structures basically driven by physical principles, such
as energy minimization, operating under entropic constraints. For example, this explains the round shape of cell clusters, from embryos to tumors [54], for this reason
also refered to as cell spheroids. Moreover, if there are no additional barriers (such as
layers of ECM), then when two such spheroids come in contact they fuse into a larger
spheroid [55]. This is possible because cells within the spheroids perform continuous random movements similar to the Brownian motion of molecules within a lipid
droplet [56]. All implications of this similarity hold true for fusing spheroids, such
as surface tension [25], contact angle and “neck” diameter [57]. In addition, energy
minimization obliges different cells with various adhesiveness to assume a layered distribution within the spheroids [25]. This spontaneous process called “cell sorting” is
of fundamental importance in embryogenesis and beyond [58], and is believed to be
due to difference in adhesion energy [26].
These phenomena are now exploited for design of biologically similar constructs
with tissue engineering applications [55, 59], representing the foundation of scaffoldfree biofabrication [60]. In particular, spheroid fusion can be used to introduce structural variety, anatomical relevance and scaling-up during artificial tissue construction [61]. For example, spheroids prepared from cardiomyocytes, endothelial cells
and fibroblasts were fused to make a beating “cardiac patch” for implantation in live
animals [62]. However, these larger-scale constructs often need a precise spheroid
location for fusion, remodeling and ECM secretion. Several technologies have been
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considered, some relying on the incorporation of spheroids in a hydrogel scaffold and
their deployment with a bioprinter [63]. Other scaffold-free methods are often considered preferable due to the difficulty of determining an optimal biomaterial scaffold
that concurrently satisfies the needs of bioprinting and of the embedded cells. Some
of these considerations are mechanic [64] and magnetic [65]. Cell spheroid fusion,
either in dual or in larger constructs, has been modeled using a variety of methods,
including those described in subsequent sections of this chapter.
A sufficiently rapid and accurate method to easily combine cell spheroids and
maintain them for fusion only recently emerged with the invention of a method using a
micro-needle array, called the Kenzan method [66], and subsequent commercialization
of the Regenova robot by Cyfuse Biomedical K.K. company. Because this instrument
performs basically all the operations of a bioprinter, it is called a “Bio 3D Printer”.
In brief, this consists of arranging spheroids in contact with each other in a predesigned 3D pattern, which is loaded into an automated assembly system (Figure
1.6). The spheroid assembly is then maintained to permit spheroid fusion, resulting
in a tissue supraassembly. Using this method, a variety of biological constructs (e.g.,
vascular [66], tracheal [67], ureteral [68]) have been printed.

Figure 1.6. Design and fabrication using scaffold-free biofabrication. Left: Design of a three-dimensional tube-shaped structure on
the workstation of a 3D bioprinter. Right: A scaffold-free vascular
graft is generated from the multicellular spehroids [66].
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1.2.3

Morphology and Viability in Biofabrication Methods

In vitro studies have shown aggregate growth to have the quality of a diffusionlimited system [69–75], though there is much fundamental and quantitative uncertainty regarding the relative effects of various diffusive chemical species on viability
of specific cell phenotypes. The limiting diffusion distance of oxygen in vivo is considered to be approximately 200 microns [76], and oxygen has been suggested to be
the limiting nutrient of aggregate viability, in agreement with in vitro observations of
cerebral organoids [77]. When an aggregate grows beyond some limit, total metabolic
activity generates regions within the aggregate where nutrient delivery is insufficient
to maintain cell viability, a condition called ischemia. Ischemia significantly affects
cell survival and function in compact cellular aggregates [78]. In the case of oxygen deprivation, the state is called hypoxia. For spheroids, extreme ischemic conditions deep
within the aggregate can cause massive cell death, generating a sparsely populated
region commonly referred to as the necrotic core (Figure 1.7). Since the diameter of
spheroids used for Kenzan bioprinting may surpass twice the distance of the accepted
diffusion limit of oxygen, the core of spheroids used in scaffold-free biofabrication
methods are necessarily hypoxic under in vivo conditions.
However, spheroids of MSCs with radii up to 350 microns were observed in vitro to
have neither a necrotic core nor detectable apoptosis, suggesting that MSC ischemic
death is not a function of oxygen [79]. Rather, MSCs improve their viability by adapting their packing density, ECM production and metabolic activities, and MSC death
was suggested to be regulated by some other unknown mechanism. These phenomena are believed to be due to the biochemical conditions created by the interactions
of the environment and the aggregate [71], and by the interactions of the individual
cells within the aggregate, including phenotype-specific and chemically dependent
metabolic activity, ECM production and quality and diffusive chemical signaling [74].
Furthermore, many regions in vivo are known to be highly hypoxic, specifically various stem cell niches [3], the hypoxic condition of which maintains stem cell pluripo-
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Figure 1.7. Raw single planes at the center of medium (left) and
large (right) spheroids shown with orange dashed lines indicating the
boundaries of the outer region. Scale bar: 50 µm [75].

tency [18]. Given the significant complexity of the cellular-level mechanisms that
produce emergent tissue-level phenomena, it is incredibly difficult to precisely predict
the heterogeneous distribution of cells and ECM, as well as its sensitivity to environmental conditions. Cellular chemical sensitivity is currently pursued using in vitro
studies and statistical analysis [80].

1.3

Review of the State of the Art in Computational Modeling
To further the fundamental understanding of biological processes and the capabil-

ities of tissue engineering applications, various models have been proposed to predict
the dynamics of cellular aggregates. These models seek to predict morphological
phenomena like proliferation [81], self-assembly [61, 82] and cell sorting [26, 83], or
application-specific metrics like spheroid fusion [84] or viability [69–73, 85]. Aside
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from analytic descriptions, models in tissue engineering typically fall within one of
four methods: lattice Boltzmann (LB) methods, phase field methods, cellular particle
dynamics (CPD) and kinetic Monte Carlo (KMC) methods.

1.3.1

Tissue-level Modeling

Analytic descriptions of tissue morphogenesis and living systems have been proposed since at least the time of Turing, who proposed self-organization in the form
of reaction-diffusion systems of so-called “morphogens” [86]. Self-organization is interpreted as the emergent pattern or structure from system instabilities created by
the morphogens, which mathematically are reacting, chemical species that diffuse
through some tissue domain. The application of the reaction-diffusion system has
since been investigated for a great many biological phenomena and scenarios at the
cellular and tissue level, including cell sorting of heterotypic populations using well
potential functions [87]. For the ith chemical species ci = ci (x, t) with source term
si = si (x, t, c1 (x, t), c2 (x, t), ...) and diffusivity Di at coordinate xi ∈ x and time t,
these systems can be generally writeen as
∂ci X ∂
=
∂t
∂xj
j



∂ci
Di
+ si .
∂xj

(1.1)

The development of systems like Equation 1.1 has also been performed for biofabrication concerns, specifically towards understanding and predicting construct viability
during maturation. Accomplished work has specifically targeted nutrient delivery
and waste removal during development, whether by environmental perfusion [77] or
induced vasculogenesis [88]. In the former case, analytic descriptions of respiring
cellular aggregates have been recently developed in idealized tissue constructs like
spheres, cylinders and slabs using appropriate choices of coordinate systems and relevant symmetry. Assuming oxygen to be the limiting nutrient, an oxygen source term
is uniformly applied to regions of cellular activity according to cell phenotype and
construct density. For a system of dimension d (e.g., d = 1 for a slab, d = 2 for a
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Figure 1.8. Analytic prediction in literature of growth saturation
in a layered cellular spheroid. Left: A multicompartment spherical
model for cerebral organoids is shown. Right: Graph showing the
average diameter of cerebral organoids over time (± standard deviation). Organoids were able to exceed the maximal diameter predicted
by typical oxygen consumption rates in homogenously dense neural
constructs, but a model of dual layer cell densities in a spherical construct demonstrates a way of achieving an enhanced maximal diameter. A model of diffusion-limited growth was also applied and fitted
to the data, demonstrating that growth follows expected behavior of
a diffusion-limited system [77].

cylinder, d = 3 for a sphere), if c1 is oxygen and x1 is the system coordinate (e.g.,
x1 = linear distance to the slab base, x1 = radial distance from the cylinder axis,
x1 = radial distance from the sphere centroid), the metabolically active system can
be written using appropriate symmetry as
1 ∂
∂c1
= d−1
∂t
x1 ∂x1



xd−1
1 D1

∂c1
∂x1


+ s1 .

(1.2)

Applying boundary conditions that model limited environmental oxygen supply,
in vitro results showed that a cerebral aggregate could grow well-beyond predictions
for a sphere with a uniform internal cellular architecture. However, applying phenotypic layering within the mathematical model permitted the calibration of parameters
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to experimental results (Figure 1.8). This was performed by first showing the theoretical benefit for spheroid viability in a change in configuration from a homogeneous
cellular distribution to a layered configuration with a dense cellular distribution in
a cortical region. By fitting appropriate parameters to in vitro results, the model
then showed that a cultured spheroid follows the description of a diffusion-limited,
metabolically active spherical construct with a layered (albeit still piece-wise homogeneous) cellular distribution. Layering was explained with a priori knowledge of
cellular migratory behaviors, specifically that the neural precursor cells used in vitro
also migrate towards the surface of the sphere to form dense cortical regions both in
vitro and in vivo.
On some scale, living tissue functions like a fluid. For example, the tendency of
cells to sort themselves into distinct regions (i.e., cell sorting) is comparable to the
ordering of phases in microgravity [25]. Likewise, spheroid fusion has been compared
to the merging of liquid drops [57]. Using conservation and minimization of the energy
of a highly viscous fluid, dynamical descriptions have been developed to characterize
the transient behaviors of the fusion process. Here surface tension drives minimization
of the surface area of the fusing construct (i.e., to a sphere), which is geometrically
treated as spherical caps with a circular contact (Figure 1.9). By this paradigm, the
dynamics of a population of cells can be modeled according to the description of fluids
in statistical mechanics.
Specifically, LB methods have emerged as a discretized form of the Boltzmann
equation to simulate the macroscopic dynamics of large populations of microscopic
entities. These methods neglect the interactions of individual cells and instead seek to
efficiently model emergent, higher-level behavior of cellular populations over extended
periods of time. In LB methods, cell populations and the medium in which they are
placed are described by distributions of particles with a particular velocity, which
generally evolve towards some equilibrium state on a discretized domain of varying
connectivity. In this way, a system of cellular aggregates is modeled as a multi-phase
system, where aggregates tend to evolve according to principles like surface tension
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and barycentric velocity. LB methods have been applied to provide insights into the
fusion of homotypic spheroid pairs [89] and complex constructs [90], as well as the
characteristics of multicellular populations [91].

Figure 1.9. Analytic model and prediction in literature of spheroid
fusion. Left: Axial cross section of two uneven fusing aggregates.
Right: Snapshots from the fusion of two uneven human skin fibroblast
aggregates. The solid-line contours represent the theoretical shapes
of the fusing aggregates [57].

The fluid analogue has also been furthered by applying phase field methods at both
the cellular level and a mesoscale. In phase field methods a phase value is assigned in
the domain of a cellular aggregate, which is treated as an incompressible fluid with
a velocity field. For a homotypic population, a binary phase system is developped
using conservation laws of mass and momentum, where the phase variable represents
the volume fraction of cells. Potential functions describe various interactions, and
these are solved by minimization of a free energy functional using variational calculus. Boundedness is enforced using double-well potential functions, ensuring that
the simulated phases remain within specified, representative phase values. This appoarch has been developped at the cellular level, where collective cell migration has
been modeled by characterizing individual cells as interacting phases [92]. At the
mesoscale, cellular populations have been treated as phases that interacts with an environmental matrix phase, which reproduced spheroid fusion into a larger spheroid,
as well as a sheet, tubular construct and vascular branch [55].
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1.3.2

Cellular-level Modeling

On a smaller scale, CPD methods model cells as point-like particles, called cellular
particles (CPs), in a continuous domain, or as consisting of a collection of CPs (Figure
1.10). CPs are modeled to obey classic descriptions of motion with the introduction of
stochastic processes in some overdamped Langevin equation [93]. As such, modeling
motility can be applied on a cellular basis by phenotype. The Langevin equation of
a system of CPs is constructed as a system of differential equations that consists of
a summation of potential energy expressions, and is therefore a lattice-free method.
These potential energy expressions model the influence of intercellular, environmental
and, for cells consisting of multiple CPs, intracellular interactions. CPD methods
have been applied to the modeling of aggregate fusion (Figure 1.10) [57, 84, 94] and
cell-sorting of multicellular systems [95].

Figure 1.10. Snapshots from the start and end of CPD simulations of
tube formation through the fusion of (top row) stacked rings, formed
by six identical spherical cellular aggregates and (bottom row) six
identical cylindrical cellular aggregates. The cylinder at the middle
of a tube is a cell inert support unit that preserves the shape and size
of the lumen [84].
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On a still smaller scale, KMC methods [96] model cells as occupying points in a
discretized lattice and evolving according to simple, stochastic rules. Unlike cellular
automaton approaches [97], KMC methods employ stochastic, serial (Monte Carlo)
updating schemes of discrete cellular agents according to simple rules that consider
their current state, and that of their neighborhood. By this, KMC methods reflect the
simplicity of cellular automata, providing greater feasibility to capture the immense
complexity of biological processes at multiple scales, while providing the necessary
refinement to reproduce more complex biological phenomena [98]. The modeling
description of cellular dynamics is type-specific and uniformly applied to all cells of
a particular type. In this way, KMC methods closely resemble an agent-based model
(though certain aspects of LB and CPD methods accomplish the same). The rules
that govern the evolution of the cellular system generally enforce a tendency of the
system to some lower energy state, where events that increase the system energy
still may occur, but with a decreasing probability proportional to the increase in
system energy. The likelihood of events is then considered at randomly selected sites,
which produces characteristics like Brownian motion [56]. The dynamics of cellular
activity then takes the form of the occupancy of lattice sites being traded among
cells in the population, or by the medium in which they are situated, which has been
successful at predicting cell-sorting [58,95,99] and fusion of aggregates [61,94,95,100].
A very popular KMC method in literature is of much interest to the present work, the
implementation of which is most popularly used in the software Compucell3D [53].

1.3.3

The Cellular Potts Model

The Cellular Potts model (CPM) is a large-Q Potts model1 that treats cells as
occupying a set of sites in a discrete domain, called the lattice, and stochastically
exchanging occupancy according to energy minimization [99]. In the CPM, every cell
is assigned a unique identification number, and each is one of a set of phenotypes
1

See Chapter 2 for an in-depth mathematical treatment.
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(Figure 1.11). CPM modeling characteristics are described by phenotype, and every
cell of a phenotype is assigned the same attributes such that two cells of the same phenotype are only distinguishable by identification number. The territorial exchanges
of the lattice by the cells are actually the accepted subset of randomly selected simulation events, called copy attempts. For each copy attempt, a lattice site is randomly
selected, called the source site, as is one of its nearest neighbor sites, called the target
site. The CPM considers the likelihood that the identification number at the target
site becomes the identification number at the source site.

Figure 1.11. Discrete, two-dimensional CPM lattice. The medium is
labeled with 0. The cells are labeled with unique numbers (1, 2, 3, and
4). The two different cell types are shaded light and dark gray [101].

Just as the selection of the site of a copy attempt is a stochastic process, so too
is its acceptance or rejection. Acceptance and rejection are dictated by a transition
rule that expresses the probability of the occurrence of the copy attempt, which
is influenced by an effective energy of the cellular population. The transition rule
dictates that if the copy attempt, at most, does not increase the effective energy,
then the copy attempt is accepted. If the copy attempt does increase the effective
energy, then the probability of occurrence decreases, and continues to decrease with
increasing additional virtual energy due to the copy attempt (Figure 1.12).
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Figure 1.12. Two-dimensional simulation demonstrating the MCS
algorithm. The medium is depicted in white. The two different cell
types are shaded light and dark gray [101].

The CPM has many characteristics of a traditional cellular automaton (CA). Like
the CA, the CPM consists of a lattice of states, and the states evolve according to a
transition rule that considers neighboring states. But contrarily to the CA, where the
transition rule is applied globally and simultaneously, the copy attempts in the CPM
occur at randomly selected lattice sites, and are not simultaneously considered. For
example, say some two copy attempts are to be accomplished in a simulation while
modeling a volumetric constraint, and both happen to involve a particular cell. If
the first copy attempt is accepted, then the volume of the cell changes, which then
may affect the probability of the occurrence of the second copy attempt. And so
a given set of copy attempts can only be computed independently if each attempt
is sufficiently far from all other attempts, which, for a finite domain and sufficient
events to produce emergence, is never the case. In this way the CPM has many of
the dynamic characteristics of a CA, but is, in principle, a Monte Carlo method.
Specifically, the CPM is a kinetic Monte Carlo method (since changes in state occur
in a probabilistic manner), and of the class of Potts models (the identification number
is the Potts model spin state).
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In the spirit of both CA and the general Monte Carlo method, the virtual time
unit of the CPM is called a Monte Carlo step (MCS), and is typically demarcated
as the accomplishing of a number of randomly selected copy attempts equal to the
number of sites in the lattice. So, similarly to the simultaneous application of a
transition rule at all lattice sites in the CA, in one MCS every lattice site has equal
probability of being selected once as a source site and once as a target site in a copy
attempt. However, it should be noted that the demarcation of a MCS with respect
to the number of copy attempts is arbitrary, and has no intrinsic relationship with
physical time [95].
The effective energy is a modeling description that is universally applied to the
cells, but how the cells affect the effective energy is contextual. Among an arbitrarily complex set of other agent-based modeling attributes, a CPM phenotype is
necessarily modeled with attributes that dictate how the phenotype influences the
effective energy. The relationship between the cells and the effective energy is subject
of subsequent elaboration but, for the present case, cells generally obey the rule of
reducing the system energy, and occasionally they disobey. The CPM then models
random microscopic activity such that, given the occurrence of a sufficient number of
microscopic events, emergent phenomena occur due to some lower macroscopic energy
state.
Various effective energy expressions are utilized to characterize phenomena like
spatial occupancy, cell shape and intercellular adhesion, and the probability of one
agent replacing another at a site is calculated by a Boltzmann acceptance function of
those effective energy expressions. To then model a particular behavior is to generate
a corresponding effective energy expression such that the behavior tends to minimize
the system energy, whether by the activities of a single cell (e.g., size) or an aggregate
(e.g., cell sorting by differential adhesion).
For example, consider a cellular population in a lattice where all cells are assigned individual modeling parameters according to their phenotype. Likewise all
extracellular sites, called “the medium,” are also assigned a uniform set of modeling
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parameters. If parameters are selected such that intercellular adhesion energy is less
than adhesion energy between the cells and the medium, then the cells will orient
into a configuration such that the cell-medium interface is minimized (i.e., a sphere).
If the cells then consist of two phenotypes, then intercellular adhesion parameters
may be selected such that a differential adhesion scheme produces a lowest energy
state when the aggregate is layered [99] by phenotype, or like a checkerboard [102].
In this way, the fluid-like analogues of surface tension and phase ordering emerge
from energy minimization, and this has been shown to successfully reproduce sorted,
spherical aggregates with increasingly complex adhesion models [58] (Figure 1.13).

Figure 1.13. Snapshots of the cell-lattice configurations for cellsorting. The boundary-energy hierarchy drives NonCondensing (light
grey) cells to surround Condensing (dark grey) cells. The white background denotes surrounding Medium [53]

In conclusion, consider the virtual cell of the CPM as an abstract agent. Agents
in the CPM interact, take particular shapes and perform particular functions, but so
do living cell aggregates, and organs, and organelles. One may construct a simulation
that produces an agent with the phenotype of a certain living cell, and then perhaps
another with agents resembling the proteins within that living cell, and then another
with agents that act like a population of that living cell. The mathematical framework
of the CPM is ambiguous in this context (and powerfully so) in that only the tendency
of the random events associated with each agent is described. That is, the agents of
a CPM simulation are assigned physical meaning by their emergent attributes, which
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may be a product of, or contribute to, the intra-agent interactions of some other
agent on some other scale. Furthermore, insights about the cellular mechanisms
that produce and affect emergent biological events and properties can be gained by
computational experiments that reproduce them, even to the effects of a single present
(or absent) cell.

1.3.4

Hybridization of the Cellular Potts Model

The CPM can be extended to modeling in a continuous domain, where every
lattice point has a corresponding physical coordinate and every MCS has a corresponding physical time. The simultaneous updating of the lattice and solutions to
differential equations in the corresponding continuous domain is readily accessible
since, in numerical applications, differential equations can be discretized and solved
on a grid, whether by the Finite Difference Method, Finite Element Method or otherwise. In this case, the grid is simply designed such that numerical solutions are
calculated at every point corresponding to a site within the lattice of the CPM. For
transient behavior, the progression from one MCS to the next can then be interpreted
in discretized continuous systems as explicit time integration. By relating the lattice
of the CPM to continuous fields, the CPM can be extended to modeling the effects of
discrete cells on their environment, and vice versa, like the consumption of nutrients,
cell signaling, chemotaxis and changes in cell state (e.g., death, Figure 1.14). Having
established causality between the discrete dynamics of the CPM and some continuous
dynamical system(s), the total system is then hybrid.
While seemingly simple, hybridization introduces an additional complexity to the
application of CPM modeling. This is because hybridization necessarily introduces
a notion of temporal dimension to the CPM, which, as mentioned before, has only
inferred dimensionality per se. Correlating physical and virtual time has been made
by simulating a morphological phenomenon and comparing the required simulation
steps to the measured physical time of observation. Using some of the aforementioned
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Figure 1.14. Hypoxic cell death in a randomly distributed cell population [101].

methods, spheroid fusion has been simulated and compared to in vitro results to
determine this time correlation. This calculation is performed by recording the time
to accomplish fusion in vitro, and then dividing that time by the number of simulation
steps to accomplish fusion in silico. Those correlations were calculated as 5.184
s/step for an LB method simulation [90], 36 s/step for a CPD simulation and 1.6
×10−5 s/MCS for a similar KMC simulation [95]. In all cases, these correlations
are significantly affected by selection of modeling parameters (even to not producing
fusion), as well as the physical parameters of the observation (e.g., cell type and
number, medium composition). For the case of emergent phenomena that require a
hybrid treatment (e.g., angiogenesis), the relationship between physical and virtual
times becomes more difficult with increasing mechanisms of interest and decreasing
feasibility of detailed empirical measurement.
Work has been performed to apply the hybrid CPM to the modeling of more complex biological phenomena. Hybrid treatments of cellular systems based on the CPM
have been formulated using continuous descriptions of diffusive species for the mod-
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eling of chemotaxis, which have been used to reproduce morphological observations
like the fruiting Dictyostelium discoideum [103] and the growing bud of the chick
limb [104]. Modeling and experiments have also provided insights into the viability of vascular tumors during angiogenesis [54] and cellular constructs in controlled
environments during scaffold-free biofabrication phenomena [105]. The inclusion of
cell elongation [106] and contact-inhibited chemotaxis [107] have been applied to the
study of the formation of sprouting vascular networks. Finite element modeling has
also been used to study the some effects of ECM mechanics on the collective migratory
behavior of endothelial cells [108].

1.3.5

Modeling Growth Dynamics

The growth of cell spheroids and tumors exhibits similar behaviors to ontogenetic
growth of various animals [109,110], where growth is regulated by competition for nutrient availability provided by environmental conditions. Without some intervention,
the core of the spheroid experiences an ischemic condition, which leads to a change
in spheroid behavior, depending on the cell type of the spheroid. The specificity
of aggregate growth to cell phenotype and environmental conditions is probably no
more evident than in cancer progression, where in vivo rates of tumor growth can
drastically vary, with potential doubling times on scales as small as a few days to as
large as months, depending on the cancer type [111]. A number of classical growth
models have been developed to study these considerations and predict aggregate behaviors. These models neglect structural heterogeneity and the effects of individual
cells, represent total growth as being determined by dynamic relationships between
spheroid size, growth rate, and environmental conditions, and have been successfully fitted to growth data of specific cell phenotypes [71, 112]. Though it has been
argued that spheroid growth could follow a “universal” law of this class, where the
same mathematical expression, when properly scaled, can describe the growth of solid
spheroids [110], no known classical model can successfully predict growth of all phe-
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notypes [113]. To this effect, some classical growth models, namely the Bertalanffy,
Gompertz, and Logistic models, were recently generalized as submodels of a general
form, called the Unified Richards model, where each of the three submodels can be
identified by a single shape parameter of the general form [114]. The Unified Richards
model presents a form by which growth data of interest for various cell type can be
consistently compared, including maximum relative growth rate, times at maximum
growth rate, relative size at maximum growth rate, and initial size [115].
While the classical models, including the recently developed Unified Richards
model, can provide insights into meaningful biological inquiries and medical considerations in certain scenarios (e.g., for drug discovery) their general usefulness in biomedical applications is limited. Growth data from mammography screenings showed that
in vivo tumor growth can be unbounded, potentially compromising the applicability
of many classical models like the Gompertz and Logistic models for diagnosis [116].
This has been further demonstrated when observing metastasis in mice, where complex mathematical systems, rather than classical growth models, are required to predict the behaviors of aggressive cancer cell types [117]. Furthermore, tumors of high
eccentricity are more likely to have aggressive characteristics, demonstrating the significance of shape changes when predicting growth [118], which classical models do not
consider. Predictions using limited availability of screening data showed inconsistent
reliability among classical models, where breast and liver cancers exhibited exponential growth, while two neurological cancers (neurinoma and meningioma) followed
predictions like those of the Bertalanffy model [119].
As such, mathematical modeling and simulation of aggregate growth have recently
shifted attention towards understanding growth dynamics as a complex process [120].
In this paradigm, aggregate behavior emerges from the interactions of multiple underlying cellular and subcellular mechanisms. Modeling work now places emphasis
on cellular level and multiscale approaches [121], which can capture the effects of
intracellular processes and cell motility using computational methods [122]. Most
closely to classical models, analytic descriptions of chemical systems and dynamic

31
cell populations have been developed, with varying degrees of complex interactions
and predictive capabilities. Analytic models of oxygen diffusion-limited growth could
be calibrated to growth data of cerebral organoids when a necrotic core and aggregate shape were assumed [77]. Modeling nutrient diffusion and cell motility as a
system of partial differential equations enabled the testing of classical growth models
against imaging data of cancer metastasis in mice, and demonstrated the necessity
for modeling dynamic aggregate shape [117].
The hybrid CPM has been employed to study a number of factors affecting growth
dynamics of aggregates. Simulations of avascular tumors using the CPM and while
assuming (but not simulating) a single diffusive nutrient produced expected characteristics of diffusion-limited growth curves, including early exponential, later linear,
and final asymptotic growth, [124]. Simulation of multiple chemical species regulating cell proliferation and viability produced growth curves that could be fitted with
a Gompertz equation (Figure 1.15 [123]). In vivo scenarios have been constructed in
virtual tissue models to study factors effecting cancer behavior and invasiveness, including environmental fiber density and orientation of the extracellular matrix [125],
the Wnt distribution of the colorectable crypt [126], and interactions with a local vasculature [127]. More generally, individual cellular mechanisms have been simulated to
study their effects on emergent behavior, including mechanisms affecting aggregate
interface morphology and the origin of global shape changes during growth [128],
regulation of cell proliferation during growth by cell compressibility and contact inhibition [129], and space-limited mitosis and resulting Logistic model behavior during monolayer growth [130]. However, no computational method has explained the
seemingly selective reliability of the classical growth models when modeling diffusionlimited multicellular aggregate growth.
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Figure 1.15. The growth curves of spheroid with 0.28 mM O2 and 16.5
mM glucose in the medium: (a) the number of cells and (b) the volume
of spheroid in time. The solid diamonds and squares are experimental
data for EMt6/Ro; open circles are simulation results. The solid
lines are the best fit with a Gompertz function to the experimental
data [123].

1.3.6

Discrete and Hybrid Models of the ECM with the CPM

The inclusion of modeling a non-diffusing matrix with the CPM has been explored
to various degrees of complexity, whether by discrete rules or a hybridization. Hybrid simulations that combine finite-element solids models of ECM with CPM models
of cells can model the effects of mechanical feedback by the ECM on the collective
migratory behavior of endothelial cells [108]. Increasing ECM degradation rates at
locations next to and co-occupied by cells can model continuous degradation of ECM
by proteolytic enzymes secreted by malignant cancer cells invading a basement membrane [131]. Modeling endothelial-cell secretion of diffusive MMPs, which degrade
ECM, produces branching similar to angiogenesis [132]. Models of the preferential
attachment of mesenchymal cells to their own deposited fibronectin field can produce
complex spot-stripe patterns without diffusive chemoattractants [133].

33
Some extensions of the CPM have introduced basic notions of volume exclusion by
representing extracellular non-diffusing materials as a collection of generalized cells
each representing a portion of the material. The extracellular material thus occupies
the same lattice as cells in the simulation and ECM inherits the volume exclusion
properties of all (generalized) cell agents. Scianna and Preziosi extended the CPM by
representing cells as ensembles of subdomains or subagents, allowing the simulation
of elementary structural/barrier functions of, and signaling events associated with,
an extracellular material [134]. In the model of Scianna and Preziosi, the presence
of an immutable collagen site induces cells to secrete MMP and the secreted MMP
degrades the collagen into a general, traversable medium.

Figure 1.16. CPM extension in literature modeling spheriod development in a heterogeneous ECM. Spheroid development at 14 days
allowing (left) matrix dissolution 50% of the time, (middle) matrix
deposition 50% of the time, and (bottom) both matrix dissolution
and deposition 50% of the time [125].

Several proposed extensions of the basic CPM transition rules allow cells to modify
the composition of material fields. In their study of tumor growth in a matrix of
collagen fibers of varying composition and orientation, Rubenstein permitted cells
to modify extracellular materials represented as a field of discrete states in sites
adjacent to the cell surface [125]. They found that tumor invasiveness depended
on the initial ECM composition and the rates of ECM deposition and degradation
(Figure 1.16). Szabó and colleagues developed simulations in which invasive migratory
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cells can create space and remove durable ECM at overtaken sites and showed that
their algorithm produces results that closely resemble continuum descriptions using
stochastic partial differential equations [135]. Both approaches use discrete ECM
states, allowing for the creation or destruction of ECM, but they do not permit
continuous spatial and/or temporal changes in ECM distributions, or the modeling
of the displacement of ECM components by moving cells. As such, they do not model
chemical heterogeneity of ECM in a site, continuous transient chemical processes, or
advection of materials due to cell motility.

1.3.7

Modeling Cell Polarity

Intracellular signaling networks, the reaction kinetics of which are often considered
in silico using quantitative or logic modeling [136], are often coupled with reaction
diffusion modeling of soluble signals within individual cells. Spatiotemporal models of
intracellular chemical distributions can then be simulated for a prescribed cell shape
using software platforms like Virtual Cell [137–139], which has been used to study
reaction kinetics associated with cell polarity in neuroblastoma cells [140]. Similar
simulations of a finer resolution have been developed using particle-based methods
[141] and molecular dynamics [142] for studying the effects of membrane-bound and
cytosolic signaling molecules on emergent pattern formation at a static section of a
cell membrane.
Other approaches have incorporated dynamic cell shape for the simulation of cell
signaling and polarity in multicellular aggregates. Methods like vertex models have
been employed while assuming homogeneous intracellular chemical conditions to simulate tube branching, with intercellular signaling of a simple activator-inhibitor model
of the Turing type [143]. Agent-based hybrid approaches continue to be developed,
in part due to their type-specific modeling and cell-centered paradigm. Lattice-free
hybrid methods have treated cells as particles subject to vectorial forces, including
those for mechanical, chemotactic, cell persistence, and random effects, for modeling
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vasculogenesis while assuming fixed cell type and arrangement [144]. Software platforms like NFsim apply coarse-grained modeling of molecular dynamics and reaction
kinetics to spatiotemporal, rule-based dynamics, for the efficient testing of signaling
models associated with collective cell behaviors like immune response [145]. Explicit
simulation of diffusive and membrane-bound signaling molecules has also been incorporated into lattice-based hybrid approaches while considering both reaction kinetics
and dynamic cell shape, for the modeling of phenomena like receptor-mediated cell
adhesion in multicellular aggregates [146].
With further developments using the CPM, convergent extensions were reported
to emerge simulations when cell adhesion was recast as anisotropic and a function of
cell shape [147]. Assuming the expression of shape-specific adhesion binding sites, the
original CPM effective energy for modeling adhesion in this model also considered the
magnitude and orientation of cell elongation, and the relative orientation of contacting
sites with respect to elongation, by measuring the inertia tensor of cells. While
the origin of shape-dependent anisotropic adhesion in this model was not explicitly
modeled, its significance was demonstrated by modeling cells that aggregated into
planar morphologies.
Another modeling extension considers CPM cells as having a single vector property
centered at its centroid that represents is assumed to represent a polarized state [148].
With appropriate modifications to the CPM transition rule, the polarity vector in
this model updates stochasticaly and gives CPM cells the ability to exhibit persistent
motion. While the exact nature of the polarity vector is not well understood, it has
been utilized in the study of adhesion in multicellular sprouts (Figure 1.17 [149]),
differentiation during vascularization [150], cancer migration in microtracks [134],
and, when also considering cells that can separate and create extracellular space,
invasiveness of cellular aggregates into fibrous extracellular matrix [135].
On the other hand, intracellular chemical conditions in the CPM have been explicitly simulated with model developments representing cytoskeletal dynamics [151].
This model has demonstrated the significance of the PIPs when testing a model
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Figure 1.17. Modeling polarity with the CPM by introducing a cell
polarity vector. Top left: In the elementary step depicted (blue arrow)
the site index σ (a) at lattice site a is copied to site b, resulting in the
expansion of cell i = σ (a). The probability of the a → b step depends
on both its location and direction. The direction b − a is projected
onto the normalized polarity vector of the cell, pσ(a) . The width of
the leading edge is 2ψ radians, measured from the cells center of mass
(x, blue dot) and polarity vector direction pσ(a) . As the elementary
step considered is at site a, the angle between a − x and pσ(a) is φ.
Top right: Leader cells are unable to sustain cell recruitment to the
sprout from the initial aggregate by cell-cell adhesion alone. Bottom:
Leader-cell initiated sprouting behavior in a system with preferential
attraction to elongated cells. [149].

system of cell polarity in single migrating cells [152], though the computationally
expensive resolution required to model even one cell inhibits modeling multicellular aggregates. One other CPM modeling approach instead treated polarized cells
as subcellular compartments that are subject to the same rule-based dynamics as
traditional CPM cells [153]. Like in the CPM, where cells are assigned modeling
parameters based on their type, subcellular compartments constituting a cell in this
model include the cytoplasm, vesicles, vacuoles, and apical and basolateral surface
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domains, which were utilized to study the interactive effects of repulsion at apical
interfaces and vacuolation. However, how to relate the subcellular dynamics of this
model to specific model systems of cell polarity is currently unclear.

1.4

Research Objectives
The objective of this work is to develop cellular-level hybrid kinetic Monte Carlo

models of the interactive cellular, matrix and molecular mechanisms of dynamic living tissue with cellular resolution. Model developments are intended for quantitative study of emergent collective cell migration behaviors and tissue formation and
function by in silico testing of biological and developmental hypotheses. As such,
development is congruently pursued with software implementation, and model features and performed computational experiments are motivated by the potential for in
silico reconstruction of dynamic microenvironments from limited measurability and
inference from in vivo and in vitro observations.
The models describe these mechanisms on the basis of individual cells according to
their current state, including cell phenotype and local environmental and intracellular conditions. Model features are developed to describe the effects of environmental
conditions on cellular behaviors, and the consequential effects of cellular behaviors on
environmental conditions. Environmental conditions are treated as consisting of interacting soluble and insoluble cellular signals, both of which interact with the cellular
population, and both of which can be specific to a particular cellular population and
microenvironment. These interactions are described through continuum modeling of
diffusive transport while considering cellular metabolism and intercellular signaling,
through discrete, deterministic and stochastic transition rules, and through nonlinear
stochastic dynamics.
Discrete model dynamics are derived to embed the Cellular Potts model as a limited case of a more robust mathematical structure, due to its known ability to recreate
specific morphological phenomena, as well as the vast array of modeling extensions
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accomplished in previous works. Phenotypic model responses to local conditions are
devised based on probabilistic arguments and cast as stochastic processes that determine the future state of each cell. These model responses are developed to incorporate
the influence of chemical conditions within the cells, as well as surrounding matrix
conditions, and both are specific to the phenotype of the cell. Stochastic dynamics
are derived through coarse-grained modeling of intracellular chemical conditions so
that the CPM method can be applied to the modeling of cell polarity in the context
of multicellular systems and dynamic microenvironments, and in a computationally
efficient and physically meaningful way.
Model development seeks to show that emergent collective behaviors and tissuelevel phenomena are consequences of a finite set of quantifiable cellular, matrix and
chemical mechanisms, to show that the relative effects of each of those mechanisms
determine emergent collective behavior, and to relate those relative effects to tissuelevel observables whenever possible [5]. To this end, the performed computational
experiments except those of entirely demonstrative intent are specifically aimed at
reproducing in vitro observations and in vivo biological events with the persistent
hypothesis that for a given physical biological event, there is a corresponding set of
mechanism modeling parameters that can reproduce it in silico. All software and
simulations are developed in Matlab (The MathWorks, Inc., Natick, Massachusetts,
USA).
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2. MODELING CHEMICAL INTERACTIVITY INSIDE AND OUT
2.1

Introduction
The building blocks of biofabrication [154] are either individual cells combined

with a supporting matrix (called “scaffolds” [155]) or, for increased efficacy, preformed clusters of cells [59]. This second approach is indispensable in the scaffoldfree methods of biofabrication, where no external materials are used. The goal of
producing bio-similar constructs can be attained by using mechanic (such as molding
[156]), magnetic [65], or other means. In this case, the constructs solely depend on
the extracellular matrix produced by the cells before and during their assembling.
Because of biophysical [25] and biological [59] reasons, the clusters usually attain
a spherical shape, thus being named cell spheroids. The bio-assembling process is
driven by fusion of these spheroids, powered by the same mechanisms which lead to
their formation in the first place [59].
Several models of spheroid formation and fusion have been proposed, most of
which attempt to describe these phenomena at the tissue level [55, 90] or cellular
level [95, 102]. However, these methods took into consideration neither intracellular (e.g., metabolism, apoptosis) nor extracellular (e.g., chemotactic) interactions
between spheroids and their environment, which depend on continuous, diffusive processes.
In this chapter the model is developed to incorporate both cellular level (discrete)
and molecular level (continuous) phenomena. The model is thus a hybrid treatment
of cellular and environmental interactions via soluble signals, and is applied to the
basic steps in scaffold-free biofabrication. This is accomplished by relating physical
characteristics and intracellular processes to the CPM, the discrete, lattice-based
KMC model discussed in Chapter 1, which is known to reproduce dynamical tissue
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properties and morphological phenomena by considering events at the cellular level.
As such, model developments begin in this chapter and continue through to Chapter
6 with consistent mathematical notation.
Materiality is accomplished by treatment of the discrete domain similarly to the
discretization of continuous domains in common numerical methods like the finite
volume and the finite element methods. To this end, the hybridization developed
here treats cells as having physical attributes like nominal spatial occupancy and
metabolic rates, and the domain as having physical dimensions, chemical species
and diffusive characteristics. These phsyical characteristics are mapped onto the
discrete domain, and conversely the effects of the population in the discrete domain
are mapped onto expressions of mass transport in the continuous domain as reactiondiffusion systems [87]. Metabolic activities, chemical conditions and corresponding
cellular responses are then simulated during morphological phenomena in scaffold-free
biofabrication scenarios, like cell death due to the formation of hypoxic regions in an
insufficiently oxygenated spheroid.

2.2

Hybrid Modeling of Interactivity by Diffusive Transport
The model consists of a regular, discretized d−dimensional lattice L of a medium

populated by cells. For both the medium and all cells, henceforth collectively referred
to as agents, each ith agent is initialized with a unique identification integer σi ∈ I ⊂
N such that those lattice sites occupied by the ith agent are denoted σ(r, k) = σi ,
where r ∈ L, k ∈ N is the virtual time and σ : L → I. L is mapped to a physical,
continuous domain P by a modeling coefficient α : L → P such that x = αr ∈ P
is a physical coordinate corresponding to the discrete coordinate r. Every agent is
modeled with a set of modeling descriptors according to its type τi = τ (σi ) ∈ T ⊂ N,
where two cells of the same type are modeled identically and the medium is always
simulated with an integer values of zero for cell identification and type.

41
The modeling of diffusive species in P is performed by solving a coupled set
of parabolic differential equations. For the ith chemical species with concentration
ci = ci (x, t), diffusivity Di and source field si = si (x, t),
∂ci X ∂
=
∂t
∂xj
j



∂ci
Di
+ si ,
∂xj

(2.1)

where xi ∈ x is along the ith dimension of P, si maps metabolic activity, chemical
reactions and other considerations in L and P onto the rate of the ith chemical
species and t = βk is the physical time related to simulation step k by the modeling
coefficient β. The system is solved using a second-order central difference scheme
of P, forward Euler explicit integration of time and prescribed boundary conditions.
For the present work, a single species of concentration C with a prescribed boundary
value C0 was used for all simulations.1
Phenotypic responses are modeled according to the following premise. Intracellular biochemical processes leading to the cellular events of cell splitting, death and
differentiation can be initiated by chemical conditions within the cell, as appropriate
to its phenotype. Cells consume and secrete various chemicals through metabolic
processes or otherwise, and so environmental and intracellular chemical conditions
cannot be treated as independent of the cell. Initiation of these events by diffusive
chemicals is a transient and highly stochastic function of intracellular chemical conditions and the phenotype of the cell. The function is unknown, and assume that it is
sufficiently complex to be immeasurable. However, if a homotypic aggregate of cells
is placed in controlled environmental conditions, then observing cellular responses
within the aggregate is equivalent to randomly sampling the unknown function of
the phenotype. If the aggregate is sufficiently small to not significantly alter their
own chemical conditions, then observing cellular responses is equivalent to randomly
sampling the unknown function in the neighborhood of the chemical conditions of
the environment. For a set of chemical conditions and a small aggregate, count the
1

See Chapter 4 for demonstrations of multiple species, coupled reaction-diffusion systems and utilization of both Dirichlet and Neumann boundary conditions.
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number of cellular responses for a set interval of time. The number of total responses
and non-responses is then a sample, and the ratio of responses to the number of cells
is the mean response of the sample for the interval of time. For a chemical of interest, randomly select a new value for the chemical within the set of environmental
conditions and collect another sample. Repeat the entire process a sufficient number of times, and by the central limit theorem, the distribution of the sample means
will tend towards a normal distribution. Normalizing the distribution by the interval
of time yields a conditional probability rate as a normal distribution of the varied
chemical for the phenotype of the samples.
As such, the phenotypic responses of cell proliferation, differentiation and death
are modeled as stochastic functions of the mean concentration field c̄σj i (t) in the
physical subdomain P σi = {x ∈ P : σ(α−1 x, β −1 t) = σi } of cell σi (i.e., P σi = αLσi ),
c̄σj i

1
=
kP σi k

ˆ
cj dV.

(2.2)

P σi

The probability of a phenotypic response τi → τjτi due to the jth chemical species is
then considered once every time step for each cell according to a normal distribution,

τi

Pr τi → τj

= βpτji exp −



c̄σj i − cτji
γjτi

2 !
,

(2.3)

where the probability rate pτji , standard deviation γjτi and target cτji are modeling
coefficients for the cell type τi . All stochastic type changes are implemented by the
following general routine: 1. calculate the probability of the occurrence of the type
change; 2. draw a uniformly distributed random variable in [0, 1]; and 3. the type
change occurs if the random variable is less than or equal to the probability, otherwise
the type is unchanged.
In the case of cell splitting and death, for every τ there is a corresponding proliferating and dead τ -type, and for differentiation, τ is simply set to the phenotype
label of the differentiated phenotype. For cell splitting, the cell is divided along its
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minor axis after having achieved its new spatial constraint, from which a new agent
is initialized and added to the simulation, and after which the original cell is returned
to its original type and restricted from splitting for a specified amount of time.2 For
cell death, all metabolic activity of the dead cell type is disabled. In the present work,
dead cells were modeled with a 75% reduction in spatial constraint.
Cell motility is simulated by considering a set of randomly selected copy attempts,
called the MCS, where one MCS signifies having accomplished a number of copy
attempts equal to the number of lattice sites. For each copy attempt in a MCS, a
source site rs ∈ L and target site rt ∈ N 1 (rs ) in the von Neumann neighborhood
of range one N 1 ⊂ L of the source site are both randomly selected. For MCS k,
if the copy attempt is accepted then, at virtual time k 0 > k after the copy attempt
(i.e., k < k 0 ≤ k + 1), σ(rt , k 0 ) = σ(rs , k). The probability of each copy attempt is
considered as the stochastic rule




∆H
Pr σ(r , k ) = σ(r , k) = exp − max 0, ∗
,
H
t

0

s

(2.4)

where ∆H is the change in the system effective energy H due to the copy attempt and
H∗ ∈ R+ is the intrinsic random motility. In this way, copy attempts are accepted
such that the system energy tends to decrease, where the likelihood of an increase in
energy is inversely proportional to the magnitude of the increase (Algorithm 2.1).
The system effective energy H consists of various independent effective energies
Hi that pertain to the modeling of various cellular phenomena,
H=

X

Hi .

i
2

See Chapter 4 for a demonstration of these features.

(2.5)
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for latticeAttempt = 1 to kLk do
(Get the next copy attempt site information)
rs = drawASource(L) ;
rt = drawATarget(rs ) ;
(Get the identification and type labels)
σ s = L (rs ) ;
σ t = L (rt ) ;
τ s = T (σ s ) ;
τ t = T (σ t ) ;
(Calculate the
due to the volumetric
h energy contribution
i constraint)



s
s
s
s
s
2
2
∆Hv = λτv
χ Lσ + 1 − v τ
− χ Lσ − v τ
;
h
i


t
t 2
t
t
t 2
;
∆Hv = ∆Hv − λτv χ Lσ − 1 − v τ − χ Lσ − v τ
(Calculate the energy contribution
 due to adhesion)
P
a
∆H = ri ∈N (rt ) 1 − δσs ,σ(ri ,k) Jτ s ,τ (σ(ri ,k)) ;

P
∆Ha = ∆Ha − ri ∈N (rt ) 1 − δσt ,σ(ri ,k) Jτ t ,τ (σ(ri ,k)) ;
(Calculate
energy contribution due to chemicals)
P the
c
τ s ,i
∆H = i λc ci (αrt , βk) ;
P t
∆Hc = ∆Hc − i λτc ,i ci (αrt , βk) ;
(Calculate the probability of occurrence of the copy attempt)
∆H = ∆Hv + ∆Ha + ∆Hc ;
;
P r = exp − max 0, ∆H
H∗
(Check for occurrence of the copy attempt and implement if accepted)
if rand() ≤ P r then
L (rt ) = L (rs ) ;
end
end
Algorithm 2.1: Monte Carlo Step of Copy Attempts. Adapted from [101].

A spatial constraint v τ ∈ R+ is imposed on each cell by the effective energy
Hv such that, for a lattice site volume/area χ, the space χ kLσi k of the subdomain
Lσi = {r ∈ L : σ(r, k) = σi } occupied by cell σi tends toward v τi , satisfying
Hv =

X

λτvi (kLσi k − v τi )2 ,

(2.6)

σi

where the spatial Lagrange multiplier λτv ∈ R+ is a modeling coefficient for the cell
type τ and the medium has no spatial constraint (i.e.,λ0v = 0).
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Contact energy is modeled at each agent-agent interface by the effective energy
Ha ,
Ha =

X X
r


1 − δσ(r,k),σ(ri ,k) Jτ (σ(r,k)),τ (σ(ri ,k)) ,

(2.7)

ri ∈N (r)

where N (r) ⊂ L is the neighborhood of r, δp,q is the Kronecker-delta and the contact
energy Jτ,τ 0 = Jτ 0 ,τ ∈ R+ between the agent types τ and τ 0 is a modeling coefficient
of the two types. For all simulations N was a Moore neighborhood of range one.
Modeling of chemotaxis is performed by the effective energy Hc ,
Hc =

XX
r

λτc (σ(r,k)),i ci (αr, βk) ,

(2.8)

i

where the chemotactic Lagrange multiplier λτ,i
c ∈ R is a modeling coefficient for the
cell type τ in response to the ith chemical species. For all simulations that did not
consider chemotaxis, Equation 2.5 was then H = Hv + Ha , and for simulations that
considered chemotaxis, H = Hv + Ha + Hc .

2.3

Computational Experiments in Scaffold-Free Biofabrication Scenarios
Simulations were performed to demonstrate various emergent phenomena of the

model described in Section 2.2. All cell types were assumed to have the same spatial
constraint and Lagrange multipliers, and cell types were modeled as human iPSCs
and iPSC-derived neurons [77]. Unless otherwise specified, the modeling coefficients
of Table 2.1 were used for all relevant simulations. The discretization length was
selected such that for an initial square cell geometry, a seven-by-seven square in the
lattice is approximately equal to the spatial constraint of the cell. This was chosen
because spheroids in all simulations were initialized with square-shaped cells, and because initializing cells nearer to their spatial constraint reduces initialization artifacts
like immediate spheroid expansion or contraction. Coarser resolutions (e.g., to produce a four-by-four square cell) demonstrated simulation artifacts in both the discrete
and continuous domains, particularly concerning convergence of diffusion solutions,
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while a resolution to produce an eight-by-eight square cell presented excessive computational cost without contributing any noticeable additional accuracy. The time
correlation was arbitrarily chosen to produce demonstrative results of the hybridization. The medium is shown as blue, iPSCs as yellow and neurons as brown. iPSCs
and neurons were assigned the agent-type integer values one and two and oxygen
consumption rates s1 and s2 , respectively.
Table 2.1. Simulation modeling coefficients used for all simulations
of biofabrication scenarois (unless otherwise specified). Adapted from
[105].
Coefficient
Intrinsic random motility
Spatial constraint [157]
Discretization length
Time correlation
Diffusion coefficient [77]
Spatial Lagrange multiplier

Symbol
H∗
vτ
α
β
D
λτv
J0,0
J0,1
J0,2
Contact energy coefficients [99]
J1,1
J1,2
J2,2
s1
Consumption rates (mol/cell/s) [77] 2
s

2.3.1

Value
10
43.5 µm2
942 nm
0.1 s/MCS
2,500 µm2
1
0
16
16
6
11
14
−1.8 × 10−18
−7.7 × 10−16

Cell Sorting

First, implementation was verified to capture cell sorting [58] and spheroids fusion [158]. Together, these features are needed to validate implementation in comparison with other current approaches using similar methods [95, 159]. Spheroid
cross-sections were then initialized with varying ratio of high-adhesion iPSCs to lowadhesion neurons and simulated to a sorted configuration.
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Figure 2.1. Simulation of cell sorting process within spheroids. Spontaneous cell layering in a binary cell-type spheroid (iPSCs are yellow and neurons are brown), based on the strength of their interaction, for various cellular proportions. Note the isolated inner region
(“island”) of low-adhesion cells for the greater proportions of highadhesion cells [105].

Indeed, phenotypic layering readily emerged in spheroids composed of two cell
types with different intercellular adhesiveness (Figure 2.1). This result is consistent
with empirical observations [25] and with computational modeling predictions [83].
For all cell proportions, a perimeter of low-adhesion cells emerged by the end of
simulation, the formation of which was observed to begin with those low-adhesion cells
initialized nearest to the perimeter. Clusters of low-adhesion cells aggregated very
early throughout each spheroid and combined by random motion. The perimeter was
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further populated by those aggregates of low-adhesion cells that happened to come
into contact with the perimeter, since no mechanisms besides differential adhesion
were considered to direct cell motility. This explains the observed final configuration
of some spheroids with isolated aggregates (“islands”) of low-adhesion cells: a lower
concentration of low-adhesion cells increases the likelihood of their aggregates at the
core to be surrounded by a region of high-adhesion cells. Escape of cells from such
islands is contingent of a number of factors beyond the scope of the present study.
Validation of the model implementation for three-dimensional simulations was also
performed in a three-dimensional simulation of cell sorting using the same modeling
parameters, discretization length of 1.2 µm and an approximately equal number of
each cell type (Figure 2.2).

Figure 2.2. Cell sorting in a 3D version of the model. A. 3D view
of a mixed spheroid (cell proportions were 1:1), at the beginning of
simulation. B. 3D view of the final configuration at the end of simulation (55,000 MCS). C. Cross-sectional view of the initial, randomly
populated configuration in the XY-plane. D. Cross-sectional view of
the final, sorted configuration in the XY-plane [105].
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2.3.2

Spheroid Fusion

Figure 2.3. Modeling of spheroid fusion. A. Simulation of spheroids
fusion with concurrent cell sorting (iPSCs are yellow and neurons are
brown). B. How the aspect ratio and neck dimeter were defined. C.
Tracking spheroid fusion by measuring neck diameter and aspect ratio
vs. virtual time [105].

The phenomenon of spheroid fusion [61] was then reproduced, both with homotypic spheroids (not shown), or using heterotypic spheroids of varying cellular proportions (Figure 2.3). In this case, interference of spheroid fusion with cell sorting
was also analyzed (Figure 2.3A). This occurs as the emerging, single spheroid ex-
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pands, which creates a greater distance from the perimeter for isolated, low-adhesion
aggregates near the emerging core. In practice, this may highlight occult structural
inhomogeneity within fusing spheroids [160]. Quantification of fusion was performed
by tracking the aspect ratio of the construct, which was calculated as the ratio of
the neck diameter [57] along the vertical dimension to the major diameter along the
horizontal dimension (Figure 2.3B). From this, cell composition was also found to
have a sizable effect on the rate of fusion, which increases with the proportion of
stronger interacting cells (Figure 2.3C). This is readily explained by the effects of
adhesion properties at the cellular level, where from more high-adhesion intercellular
interactions emerges a macroscopic increase in the rate of fusion.

2.3.3

Spheroid Wound Healing

Related to spheroids formation, and driven by the same mechanism, is the eventual closure of any defects (“holes”) in the spheroids. This self-healing is particularly
relevant for the Kenzan method of 3D biofabrication, where the spheroids are temporarily held in microneedles as supports for their fusion and post-printing maturation [160]. After extraction from the needles, hollow cylindrical holes of a needles size
are left in the spheroids, which were shown to be quickly resorbed [66]. This has been
assumed to happen due to the same energy minimization process [161] and, in the
absence of cell division, with similar kinetics to cluster rounding and spheroid fusion.
Thus, for prediction and optimization purposes this process was also modeled in 150micrometer diameter spheroids (Figure 2.4). Closure of a round defect was simulated
as dependent on the strength of intercellular adhesions by varying the binary cellular
composition (Figure 2.4A). Increasing the proportion of cells with higher adhesiveness generally leads to a faster hole closure, which was calculated as the initial hole
area divided by the simulation time required for closure (Figure 2.4B). A linear curve
was also well fit to the area of the hole vs. virtual time for one trial of each cellular
composition (Figure 2.4C). Results showed extreme rates for homogeneous spheroids,
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Figure 2.4.
Defect self-healing in heterogeneous spheroids. A.
Spheroid configuration immediately after hole closure (same color
code as in Figure 2.3). Note the decrease in time to closure with
increasing ratios of high-adhesion cells. B. Kinetics of hole closure as
dependent on cell composition. C. Mean hole closure rate calculated
from all trials of each cell concentration. Error bars demonstrate the
variance in each set of trials [105].

where the fastest closure rate occurred for high-adhesion cells, and the lowest for
low-adhesion cells. Closure rates for intermediate cellular compositions decrease with
increasing concentration of low-adhesion cell in a nonlinear manner.
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2.3.4

Oxygen Diffusion

Figure 2.5.
Oxygen redistribution during spheroid fusion under
steady-state conditions. A. Fusion of 50 micron-diameter spheroids for
different initial cell distributions, with cells of identical adhesive but
different metabolic properties (C0 = 0.02 mM, J1,1 = J1,2 = J2,2 = 6).
Besides diffusion, cell mixing also contribute to oxygen concertation
uniformization across the fused structure. B. Oxygen concentrations
during fusion of heterogeneous, 150 micron-diameter cell spheroids
(C0 = 0.22 mM). Note the development of greater oxygen depletion
in the emerging fused structure [105].

The main purpose for applying chemical interactivity to spheroids was to exploit
well-known observations in vitro of spheroid viability while developing chemical interactivity in the model between cells and the environment. To begin with, the diffusion
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and consumption of oxygen was implemented within spheroids made from iPSCs and
neurons, similarly to McMurtrey [77]. Unlike this previous work, the presently developed hybrid model permits the study of spheroid metabolism due to individual cell
consumption while also taking into consideration intra-spheroid cell mobility. Then,
the hybrid model was applied to spheroids of various size, number and cellular consistency while considering cell survival.
First, cells with identical intercellular interactions were analyzed, but with different rates of oxygen consumption, under steady-state conditions (Figure 2.5A). When
the cell population in each of two fusing spheroids was randomly distributed, the distribution of oxygen was approximately symmetrical, whereas uniformly distributed
initial populations exhibited noticable asymmetric characteristics. As expected, each
fusion simulation produced a single, randomly distributed spheroid with indistinguishable oxygen distributions. Partial fusion of two spheroids of 250 micrometers
in diameter was then simulated while considering differential adhesion (Figure 2.5B).
Results showed the development of greater oxygen depletion at the fusion interface
of the spheroids as fusion occurred, demonstrating that cells at the core of the resulting fused structure experience more severe hypoxia. Concentration values in the
emergent, single spheroid were observed to be qualitatively consistent with both theoretical predictions and measured values in vitro [77, 79, 81]. Therefore, the present
model development is expected to produce reliable predictions about the environmental effects of metabolic activities in the simulation space, with particular relevance
concerning the development of hypoxic regions during morphological phenomena like
spheroid fusion.

2.3.5

Coupled Oxygenation and Hypoxic Death

Meaningful results were also obtained after coupling oxygenation of spheroid and
cellular respiration with cell survival (Figure 2.6). A uniform, solid spheroid of neurons was initiated with a diameter of 150 microns and simulated in a 0.16 mM envi-
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ronmental oxygen. Cell death was implemented as described in Section 2.2 using the
probability distribution for cell death shown in Figure 2.6C from Equation 2.3 (βpτi
= 0.1, γiτ = 0.045 mM).
In this experiment, two temporal ranges of the same simulation were examined:
one is the early development of the concentration gradient and onset of hypoxia,
and the other is the long-term effects after severe depletion of oxygen. In the early

Figure 2.6. Simulation of cell survival kinetics in a 150 microndiameter spheroid as dependent on O2 concentration (C0 = 0.16mM).
A. Progressive hypoxia and mild cell loss developing as an effect of
spheroid metabolism (living neurons are brown, dead neurons are
green). B. In the insert, interaction of living cell population (blue)
and minimum value of oxygen distribution (orange). Note the decreasing rate of cell death and recovery of oxygen in the main figure.
C. Dependence of cell death probability per MCS on oxygen concentration [105].
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phase, the reduction of available oxygen was naturally associated with cell loss and
the development of a transient necrotic core (Figure 2.6A), consistently with in vitro
results [69, 71]. However, in the last phase with massive cell death there was a rebounding of oxygenation (Figure 2.6B), due to both decreased total cell consumption
and to spheroid shrinkage (given that the size of dying cells was set to decrease with
50%). This was observed in the notable lack of a concentration gradient at the center
of the domain with further development of the necrotic core, which measured consistently with in vitro works that demonstrate the interactions of diffusive nutrients
and cell viability in spheroidal aggregates [79, 81].

2.3.6

Impact of Hypoxia on Cell Survival in Biofabricated Constructs

Equally relevant for biofabrication is to know the impact of size and shape of a
construct and corresponding metabolism on hypoxia-related cell survival. These were
simulated by comparing the oxygen distribution and related cell death in one, two
and four fusing spheroids (each of an initial diameter of 50 micrometers, Figure 2.7).
The probability of cell death was modeled with the curve in Figure 2.6C. Cell death
was found to be proportional to initial construct size (Figure 2.7A, C), and that cell
death can be mitigated by increasing environmental oxygen (Figure 2.7B, C).

2.4

Discussion
The computer experiments performed here demonstrate the capabilities of the

model to reproduce the essential features and behaviors of cellular aggregates for
application in scaffold-free biofabrication. While similar to other methods developed for comparable purposes [95,159], this model couples diffusive species with both
cellular metabolic processes and stochastic, chemically-dependent responses like cell
death [162]. These processes were shown to be relevant both for homotypic and
heterotypic aggregates, and for single and fusing aggregates.
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Figure 2.7. Impact of hypoxia on cell survival of various constructs.
A. Construct initial and final configurations for three concentration
boundary values (living neurons are brown, dead neurons are green.
52% of the cellular domain shown). Cell death was modeled with
the curve in Figure 2.6C. B. Steady-state concentration field of initial configuration for all trials. C. Dependence of cell survival on
constructs initial size (number of cells) and on ambient oxygen concentration. Note the rescuing effect of environmental oxygen on cell
survival, explaining the benefit of fresh medium perfusion in Kenzan
technology [105].

The model was applied to the some fundamental steps of the Kenzan bioprinting method, where spheroids are pierced, suspended on microneedles and placed in
contact for fusion into a 3D construct. Upon removing a spheroid from a Kenzan
the remaining hole must close, the process of which was simulated and, as expected,
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found to occur at a rate that depends on the cellular consistency of the spheroid.
Particularly, the rate of close was found to increase with increasing population of
high-adhesion cells (w.r.t. low adhesion cells) in a nonlinear manner, where aggregates with all high-adhesion and low-adhesion cells closed their wounds the fastest
and slowest, respectively. Future work simulating cellular compositions along with in
vitro results could be performed to confirm this observation and determine the extent
to which cell sorting and intercellular adhesion affect hole closure.
Inspired by analytic modeling and simulation of diffusion-limited cerebral organoids [77], continuous diffusion modeling and metabolic consumption was coupled to
cell responses like proliferation and survival to capture the global effects of local
chemical conditions, and vice versa. Under significant hypoxic cell death, oxygen
levels were predicted to rebound due to fewer living, respiring cells, consistently with
experimental observations [163].
In application to scaffold-free biofabrication, this phenomenon is particularly relevant to the fusion of larger cell constructs where, neglecting a perfusive network
(whether pre-placed, printed or induced), oxygenation of inner cellular regions becomes increasingly difficult. However, results demonstrated significant control of
oxygenation by means of environmental conditions, strongly suggesting the potential for utilizing supraphysiological nutrient delivery for biofabrication of increasingly
demanding metabolic constructs [164]. More generally, enhanced modeling capabilities concerning cellular responses to various environmental conditions may permit
guidance of events in biofabrication methods through real-time feedback and precisely timed environmental control (e.g., when and where to induce proliferation or
inhibit differentiation). Since the model is well-equipped to also handle Neumann
boundary conditions, future applications could readily perform simulations of controlled perfusion environments and other application-specific simulations.
Concerning the potential for the model to address important issues and questions
in biofabrication, the model is well-suited for further development to capture increasingly complex cellular and aggregate behaviors, which is accomplished in Chapters 3,
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4, and 5. As an example, further study of the effects of spheroid piercing is expected
to show that the wound benefits cell survival by providing an additional, internal
oxygenating interface. Accomplishing successful modeling of living-nonliving material interaction, computational experiments could be performed to study potential
innovations in biofabrication like the oxygenation of spheroids suspended on a porous
microneedle, which would presumably be an inhibitively costly physical experiment.
This sort of additional complexity is also relevant to other phenomena in scaffoldfree biofabrication like spheroid fusion, where interactions between a spheroid and its
suspending microneedle may present non-negligible effects on the efficiency of fusion
with a neighboring spheroid, depending on many relevant factors (e.g., cell type(s)
and surface roughness and treatment).
The model is also well-prepared for the incorporation of other metabolites (e.g.,
glucose and lactate) and their interactivity concerning metabolism, cell signaling and
cell migration [71, 72, 79]. These can be implemented by a set of coupled expressions
of the form of Equation 2.3 while simultaneously simulating proliferation, differentiation and death, for the purpose of modeling induction and morphological processes
according to in vivo and in vitro observations. This is particularly relevant since, having computationally reproduced experimental observations, necessary environmental
and cellular conditions may be more precisely determined for the fabrication of increasingly complex tissue.
One interesting opportunity is the relating of virtual time in the KMC methods
to physical time. While virtual time in the model has no apparent intrinsic correlation with physical time, the introduction of diffusive species necessarily introduces
an association with physical time. This is perhaps less relevant when considering cellular activities that occur much more slowly than molecular diffusion [165], in which
case the activities in the discrete domain correspond to a steady-state solution in
the continuous domain. But for biological systems in which cellular and molecular
dynamics occur at comparable rates, or for faster cellular dynamics, the correlation of
virtual and physical times becomes relevant, and a notion of pattern-forming systems
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becomes apparent [87, 166]. The correlation has been made in KMC methods with
respect to the emergent phenomena of a particular system [95], with respect to some
particular characteristic of a present phenotype [54, 107], with respect to the characteristics of random motion produced by modeling parameters [167] and, as in the
present case, as an assumption according to the mechanisms of interest [103]. Probably most intriguing in this respect is the potential to reconcile the various effective
energy expressions with effective energy (or otherwise) mechanics such that hybrid
system energy describes physical energy and a MCS necessarily represents an amount
of physical time. Indeed, comparable remarks and observations from computational
experiments have been made [168]. Having accomplished a time correlation, modeling of chemically-dependent cell proliferation, differentiation and death may then be
pursued according to experimental observations.

2.5

Conclusions
Cellular level hybrid modeling of spheroids presents significant potential for quan-

titative study of interactive metabolic processes and cell viability, as well as for optimization in scaffold-free biofabrication. The discrete CPM well describes cellular
mobility in spheroid fusion during scaffold-free biofabrication, as well as other relevant aggregate behaviors like wound healing and cell sorting. Modeling metabolism
and environmental conditions shows how metabolic activities may significantly affect
the outcome of biofabrication processes, and morphological processes in general. Intuitively, oxygen distributions were proportionally affected by construct size, though
other factors were shown to have non-negligible and sometimes counter-intuitive effects. Cell constructs may significantly benefit from hyperoxic conditions, which may
increase the efficiency of biofabrication processes and make feasible more metabolically demanding cell spheroids for fusion. Developmental control in biofabrication
methods by environmental conditions is inferred.
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3. UNIFICATION OF AGGREGATE GROWTH MODELS BY
EMERGENCE FROM CELLULAR AND INTRACELLULAR
MECHANISMS
3.1

Introduction
Among the aforementioned contributions towards understanding growth dynam-

ics (Section 1.3.5), there remains a sufficient explanation of the seemingly selective
reliability of the classical growth models when modeling diffusion-limited multicellular aggregate growth. Plainly stated, why do some classical models work well for
aggregate growth of some cell types, and other models for other types? A hybrid
CPM is well suited to interrogate this phenomenon for several reasons: (1) it permits
global shape changes, (2) it allows modeling according cell phenotype specificity, (3)
it supports the simulation of an arbitrary number of diffusive chemical species, (4)
it considers volume exclusion, and (5) it permits analysis of cellular and intracellular
mechanisms that are directly relatable to other modeling works and developed virtual
tissue simulations. A sufficient explanation of the disagreement among the classical
models using a robust framework like a hybrid CPM would provide a better understanding of the responsible mechanisms, as well as enhanced modeling and predictive
capabilities. Better simulation environments could then be constructed concerning
the interactions of diffusive chemicals and cell viability, for medical applications like
developing scalable production of tumor spheroids for drug discovery [169] and computational tools to aid cancer prognosis using patient-specific imaging [170], to the
development and application of bioreactors in biofabrication [171, 172].
In this work the hybrid CPM developed in Chapter 2 was employed to explain
the disagreement among the classical models of diffusion-limited growth in silico as
emergent behaviors from the same multiscale model system. This was accomplished
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using the representation of the intracellular processes associated with cell proliferation and death as stochastic functions of internal chemical conditions using Gaussian
distributions for a single diffusive nutrient provided by the environment (Equation
2.3). Emergence of classical growth models was demonstrated by fitting the Unified
Richards model to two-dimensional simulation results, where also the Bertalanffy,
Gompertz, and Logistic growth models were tested. Parameter variations of the
intracellular model were performed to better understand how an emergent growth
curve may behave more or less like a particular classical growth model, and shape
analysis demonstrated the necessity of considering shape changes when simulating
multicellular aggregate growth.

3.2

Models and Methods of Growth Dynamics
Cellular dynamics is simulated using the hybrid CPM described in Chapter 2 for

a regular, two-dimensional lattice of cells in a medium. All simulations in this work
are performed for a single, theoretical phenotype of nominal diameter 20 microns.
Interface coefficients are selected such that the aggregate tended to stay round (Table
3.1). The modeling of diffusive oxygen is performed using the methods described in
Chapter 2 and a prescribed boundary condition that all medium cites remain at an
environmental concentration of 0.2 mM [77, 123]. A sufficiently high, but otherwise
arbitrary, value was selected for the time correlation β such that transient effects
of cell motility were negligible. The phenotypic responses of proliferation and death
are modeled using Equation 2.3. For every τ there is a corresponding dead τ -type,
where metabolic activity ceases and a spatial constraint of zero is assigned. For cell
splitting, a cell is divided along its minor axis, from which a new agent is initialized
and added to the simulation.
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Table 3.1. Simulation parameters of all simulations of emergent
growth dynamics using the hybrid CPM.
Parameter
Intrinsic random motility
Spatial constraint
Discretization length
Time correlation
Diffusion coefficient [77]
Spatial Lagrange multiplier
Contact coefficients
Consumption rate [77]
Environmental oxygen [77]

Symbol
H∗
v τi
α
β
D
λτvi
J0,0
J0,1
J1,1
s

Value
10
314 µm2
2.96 µm
0.1 s/MCS
2,500 µm2
2
0
6
12
-0.5 fmol/cell/s
0.2 mM

Aggregate area was measured in intervals of 1k MCS (denoted “kMC”) and fitted
to the Unified-Richards (or U-Richards) model form [114, 115],

W (k) = A 1 +

W0
A

1−S

1

! 1−S
Gk
− 1 exp − S
,
S 1−S

!

(3.1)

where A is the upper asymptote of the curve, W0 = W (0), G is the growth rate and
S is a shape parameter. Note that the Bertalanffy, Gompertz and Logistic models
can all be derived by S = 2/3, S → 1 and S = 2, respectively. In the case of the
Gompertz model, Equation 3.1 takes the form

lim W (k) = A

S→1

W0
A

exp(−eGk)
.

(3.2)

For all experimental fits, results were fitted by normalizing simulation time to the
interval [0, 1], and fitted growth rates were scaled to units of 100 kMCSs−1 . Results
were fitted to the Unified Richards, Bertalanffy, Gompertz and Logistic models.
To generalize the effects of various intracellular response profiles for proliferation
and death, the probability rate and standard deviation in Equation 2.3 were cast in
terms of specified concentration response widths and population multipliers according
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to exponential growth. Response width wj is measured as the absolute difference in
target and cutoff concentrations cτji and cjτi ,o , respectively, of the jth response. For
each jth response, the corresponding probability rate pτji was calculated according to
a population multiplier nj with respect to 10k MCSs, where for N (k) cells at virtual
time k, population multiplier n and rate p, a general form was employed,
n (k) =

N (k)
= (1 + p)k .
N (0)

(3.3)

A probability rate pτji ,o at the cutoff concentration was set to occur with a probability
of once in one million MCSs. Then for cutoff concentration cjτi ,o and corresponding
probability rate pτji ,o , all profiles of interest where calculated according to parameterizations of Equation 2.3 using Equation 3.3,
−1

pτji = n10,000
j

− 1,

wj
.
γjτi = q
ln pτji − ln pjτi ,o

(3.4)
(3.5)

Variations in the intracellular modeling coefficients were considered for both proliferation and death with respect to an initial total profile, labeled “Control” (Table
3.2). Variations were performed for the target concentration of proliferation, and the
response width and rate of both proliferation and death. Control was selected such
that, for the experimental setup of five initial cells, aggregate growth converged to a
final size that could be contained within a square domain of 600-micron width, and
well before 100k MCSs. To simplify computational experiments, all variations were
selected to reduce aggregate final size. All profiles were simulated until a U-Richards
fit well captured aggregate final size, and for at least 100k MCSs. Profiles were named
according to their corresponding variation. They are, Decrease, for a decrease in proliferation rate; Shift, for an upward shift in proliferation target; Shrink, for a decrease
in proliferation response width; Increase, for an increase in death rate; and Expand,
for an increase in death response width (Figure 3.1). Two sets of these variations were
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performed and fit to Equation 3.1. The first set was plotted to show the effects of
individual intracellular parameters on emergent growth curves, while emergent coefficients from the Control profile and two variations of an intracellular coefficients were
tested for linearity. All curve fitting and data and shape analysis were performed in
Matlab (The MathWorks, Inc., Natick, Massachusetts, USA). Simulations consisting
of 100k MCSs typically required approximately 12 hours to complete. Measurements
of eccentricity were made using Matlab Image Processing Toolbox.
Table 3.2. Parameters of all simulated intracellular model profiles in
simulations of emergent growth dynamics. Variations from Control
are italicized.
Proliferation
Death
Target Width
Target
Profile
(µM)
(µM) Multiplier (µM)
Control
200
100
6
0
Decrease 1 200
100
4
0
Shift 1
210
100
6
0
Shrink 1
200
80
6
0
Increase 1 200
100
6
0
Expand 1 200
100
6
0
Decrease 2 200
100
2
0
Shift 2
205
100
6
0
Shrink 2
200
90
6
0
Increase 2 200
100
6
0
Expand 2 200
100
6
0

3.3

Width
(µM)
50
50
50
50
50
100
50
50
50
50
75

Multiplier
6
6
6
6
8
6
6
6
6
7
6

Computational Experiments of Emergent Growth Dynamics

3.3.1

Reliability of Fits to Growth Curves

Three trials of the Control and Decrease 1 parameter sets were simulated and fitted to the U-Richards model, to interrogate the variation of growth dynamics metrics
for a given intracellular parameter set (Figure 3.2). Trials using the Control parameter set were simualted for 100 kMCSs, while trails for the Decrease 1 parameter set
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Figure 3.1. Summary of growth dynamics simulation and analysis.
A: Discrete domain of cells (left) and corresponding continuous domain of oxygen (right). B: detected aggregate domain (blue) and best
fit ellipse (green). C: Intracellular model profiles for the first set of
variations. Red and green curves correspond to probability rates of
cell death and proliferation, respectively, as a function of the mean
oxygen concentration.

were simulated for 150 kMCSs to ensure a steady-state final size. All six trials were
observed to well fit the U-Richards model, though growth dynamics metrics did show
some variation among the trials of each intracellular parameter set when fitted to a
U-Richards model with an initial cell number of five. This is likely due to a nonnegligible degree of variation presented by sampling the probability of proliferation
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Figure 3.2. Growth dynamics and saturation in silico. Top: Cellular configuration (top) and corresponding oxygen field (bottom) for
a trial using the Control intracellular profile at various simulation
times. Bottom: Results from three trials using Control and Decrease
profiles, with fits using the Unified-Richards model. Lower/upper fits
calculated as rightmost/leftmost curves considering all fitted parameter means and three standard deviations. Inset shows early results.

for only five cells at a time, which, though approximately constant due to minimial
oxygen gradients generated by so few cells, can exhibit significant variations in the
amount of time required to observe a significant number of proliferative events. However, analysis of results showed that this effect could be mitigated by adjusting the
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simulation time at which the U-Richards model considers a result to be an initial
measurement (i.e., the parameter W0 of Equation 3.1) while still considering significant aggregate growth. In the present case, an initial measurement of 15 cells was
found to generate very similar growth dynamics metrics among each trial of both
parameter sets (at kMCS 8, 11, and 7 for Control trials, and at kMCS 9, 8, and 9 for
Decrease 1 trials). Because of this, an adjusted simulation time was calculated from
the first observed result with 15 cells and used for fitting results to all growth models
of interest.
Having accounted for initial effects, simulation results for trials using each parameter set were noticeably similar when measured by adjusted simulation time.
Among U-Richards fits for trials of each parameter set, the mean and standard
deviation of U-Richards coefficients were calculated, and all standard deviations
were less than 13% of their respective mean (Control: A = 123.1 ± 0.7472 µm2 ,
W0 = 5.143 ± 0.7472 µm2 , G = 2.687 ± 0.05094 / 100 kMCSs, S = 1.393 ± 0.03815;
Decrease 1: A = 119.8 ± 0.8452 µm2 , W0 = 4.758 ± 0.3434 µm2 , G = 2.127 ± 0.03741
/ 100 kMCSs, S = 1.504±0.08467). U-Richards curves were generated and compared
to simulation results, where the mean U-Richards coefficients generated curves that
matched very well with results, and rightmost and leftmost curves were generated
from coefficients three standard deviations greater than and less than their respective means. By inspection, these rightmost and leftmost curves enclosed nearly all
deviations of simulation results from their respective mean U-Richards curves, which
were observed to occur most significantly before an adjusted simulation time of 20
kMCs. Given the similarity of measured U-Richards coefficients among all trials of
each parameter set and neglecting significant aggregate shape changes, results for individual trials are then likely representative of the emergent dynamics of a parameter
set, despite all of the underlying stochasticity.
For both parameter sets, the mean shape parameter S implied no traditional
growth model, but was instead well between the Gompertz (i.e., S → 1) and Logistic (i.e., S = 2) growth models. Results from the Control set were closer to a
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Gompertz model curve than those of Decrease 1, the mean shape parameter of which
was approximately equidistant from those of the Gompertz and Logistic models. The
decrease in proliferation rate from the Control set to Decrease 1 did not significantly
decrease the upper asymptotic aggregate size (2.702% decrease in mean U-Richards
upper asymptote), while the effect was clearly observed by a 20.83% decrease in the
fitted U-Richards growth rate. The results then imply that, using the intracellular
model, a decrease in the probability rate of proliferation alone more significantly decreases the rate at which an aggregate will reach its final size, rather than its final size
per se. This is perhaps most interesting when considering that the tested decrease in
proliferation rate constitutes a 33% decrease in population at nominal oxygen values
and 10 kMCSs according to exponential growth (by Equation 3.4), and yet only a
mean decrease in final aggregate size of less than 3%, and a 3.693% decrease among
the extrema (Table 3.3).
Table 3.3. Fit coefficients of fitted emergent growth curves to the
Unified Richards growth model (Equation 3.1) for all intracellular
response profiles, according to Table 3.2. ± values indicate 95% confidence interval half-widths.
Trial

Control

Decrease 1
Expand 1
Increase 1
Shrink 1
Shift 1
Decrease 2
Expand 2
Increase 2
Shrink 2
Shift 2

Upper
asymptote
A (mm2 )
0.1222±0.001195
0.1234±0.001371
0.1236±0.001030
0.1195±0.0009811
0.1207±0.0007499
0.1191±0.0004992
0.1111±0.0007707
0.1206±0.001385
0.1177±0.0005813
0.1154±0.0008110
0.1116±0.0005863
0.1170±0.0009594
0.1225±0.001329
0.1174±0.0009199
0.1221±0.0004837

Initial
area W0
(µm2 )
5,093
5,766
4,569
4,543
4,578
5,154
4,447
5,067
4,648
4,744
5,163
5,425
4,866
4,578
4,630

Growth
rate G
(100 kMCSs)−1
2.703±0.1046
2.630±0.1075
2.728±0.09293
2.095±0.08017
2.119±0.06377
2.168±0.04557
2.913±0.08141
2.484±0.1061
2.262±0.05806
1.713±0.04079
1.107±0.02593
2.817±0.1014
2.562±0.1018
2.065±0.07872
2.325±0.04654

Shape
parameter S
1.394±0.1143
1.354±0.1245
1.430±0.09631
1.421±0.1137
1.501±0.09068
1.591±0.06837
1.269±0.08180
1.422±0.1238
1.523±0.08008
1.063±0.06899
1.730±0.07835
1.687±0.1190
1.410±0.1116
1.555±0.1171
1.409±0.06052

Initial
time
(kMCSs)
8
11
7
9
8
9
9
7
6
8
16
9
11
6
9
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Table 3.4. Coefficient of determination of fitted growth models of interest.
Trial
Control

Decrease 1
Expand 1
Increase 1
Shrink 1
Shift 1
Decrease 2
Expand 2
Increase 2
Shrink 2
Shift 2

3.3.2

Unified Richards
0.9947
0.9942
0.9961
0.9915
0.9949
0.9976
0.9969
0.9940
0.9962
0.9959
0.9955
0.9961
0.9953
0.9920
0.9976

Bertalanffy
0.9830
0.9848
0.9828
0.9782
0.9798
0.9798
0.9883
0.9830
0.9803
0.9920
0.9765
0.9766
0.9840
0.9750
0.9846

Gompertz
0.9915
0.9918
0.9922
0.9876
0.9899
0.9909
0.9953
0.9907
0.9908
0.9958
0.9872
0.9879
0.9921
0.9859
0.9940

Logistic
0.9896
0.9889
0.9917
0.9868
0.9918
0.9956
0.9891
0.9899
0.9934
0.9817
0.9948
0.9950
0.9909
0.9895
0.9930

Variations in Intracellular Parameters

The remaining first set of variations in intracellular parameters was then simulated
and fitted to the U-Richards model for all aforementioned variations of interest (Figure
3.3). For comparison of the effects of variations in individual intracellular parameters,
the trial with the best fit to the U-Richards model was selected from each set of trials
(Trial 3 from Figure 3.2 for both Control and Decrease, with R2 values of 0.9961 and
0.9976, respectively, Table 3.3). Growth model fits of results from various intracellular
parameters were henceforth compared to this selected Control trial. Like Decrease
1, the intracellular parameters for Shift 1 and Shrink 1 were also simulated to 150
kMCS, while the simulation for the Decrease 1 parameters reached its final size at
nearly the same simulation time as that of the Control parameters, and as such was
simulated for 100 kMCSs.
For all simulated intracellular parameter sets in this first set of variations, the
worst coefficient of determination R2 for a U-Richards model fit was 0.9940 (Increase
1). Upper asymptote was marginally affected by an increase in death rate (Increase 1,
2.459% decrease in A), and most affected by an expansion of the death response width
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Figure 3.3. Resulting growth dynamics for the first set of variations
in individual intracellular parameters. Top: Resulting configurations
at MCS 100k (top) and corresponding oxygen field (bottom). Oxygen contours are scaled the same as in Figure 3.2. Bottom: Total
aggregate area data (left, dots) and fits (right, lines) vs. adjusted
stimulation time using the Unified-Richards model. Shown results
and fits for Control and Decrease are per trials with best coefficient
of determination.

(Expand 1, 10.17% decrease in A), while an upward shift in proliferation target most
significantly decreased the fitted U-Richards growth rate (Shift 1, 37.20% decrease in
G). Marginal decrease in upper asymptote for Decrease 1 could at least be partially
explained by an observed eccentricity in aggregate shape at 100 kMCSs, which was
also observed in results for Shift 1 at 100 kMCSs, since fewer cells in the interior of the
aggregate are exposed to hypoxic conditions (consider if the morphology were instead
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a plane). Interestingly, an expansion of the death response width slightly increased the
fitted U-Richards growth rate (Expand 1, 6.799% increase in G), which was likely at
least partially a consequence of the stochasticity of the system, since the U-Richards
fit R2 was 0.9969. The U-Richards shape parameter was nearly unaffected for an
increase in death rate (Decrease 1, 0.5673% decrease in S) and marginally affected
by a decrease in proliferation response width (Shrink 1, 6.541% increase in S), while
a shift towards a Gompertz growth model was observed for an expansion of the death
response width (Expand 1, 11.25% decrease in S). Probably most significantly from
these simulation results, a positive shift in proliferation response nearly produced
results that fit a U-Richards model (Shift 1, 25.68% decrease in S, R2 = 0.9959) with
a shape parameter 95% confidence interval (S = 1.063 ± 0.06899) containing the limit
for which the fit is that of the Gompertz growth model.

3.3.3

Test for Linearity

To test the predictability of U-Richards growth model parameters with respect to
intracellular model paremeters, a second set of variations was simulated and fitted to
the U-Richards growth model, according to Table 3.2. For all intracellular parameters except Decrease 2, a linear variation of parameters was designed by selecting
each second variation as the midpoint between the corresponding Control parameter
and that of the first set of variations (e.g., the expansion of death response width
from Control in Expand 2 is half of that of Expand 1). For Decrease 2, the first
variation in proliferation rate was designed to be the midpoint, since final aggregate
size did not significantly decrease from that of the Control set and final shape did not
exhibit significant eccentricity. While final aggregate size from Increase 1 also did not
significantly decrease from that of the Control set, it exhibited significant eccentricity,
and so Increase 2 was designed as a midpoint. According to this scheme, variations
are henceforth referred to as midpoint and endpoint variations (Figure 3.4).
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Figure 3.4. Test for linearity experiment in emergent growth dynamics. 95% confidence intervals shown as dashed lines. Horizontal axes
annotate Control as “0”, and “1” and “2” as midpoint and endpoint
variations with respect to intracellular model parameters of interest
according to Table 3.2.

For all simulated intracellular parameter sets in this second set of variations, the
worst coefficient of determination R2 for a U-Richards model fit was 0.9920 (Shrink
2). The fitted U-Richards model upper asymptote behaved fairly predictably for
all variations, where all upper asymptotes resulting from midpoint variations were
less than that of the Control set, and greater than those of corresponding endpoint
variations. The response of upper asymptote to a linear increase in death response
width was remarkably linear (linear fit R2 of 0.9986), while all other responses were
not especially linear, with linear fit R2 values less than 0.9836 (Increase linear R2 =
0.9835, and Decrease linear R2 = 0.9807). Likewise, a linear variation in death
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response width also demonstrated a nearly perfect linear response in U-Richards
model growth rate (linear fit R2 of 0.9995), with all other linear fit R2 values less
than 0.9697. However, the linear variations death response width exhibited a notably
nonlinear response in U-Richards shape parameter, where the midpoint result was
much greater than those of Control and endpoint. This contrasts with a strong linear
response for a linear variation in proliferation rate, which fit to a line with R2 = 0.9983
(all other linear R2 values less than 0.5867).

3.3.4

Analysis of Fits and Shape

The second set of simulated variations also produced the two greatest fitted URichards shape parameters (Decrease 2 S = 1.730, and Expand 2 S = 1.687), which
was closest to a Logistic growth model. Considering Decrease 2 as producing the
most Logistic model-like results and, as previously discussed, Shift 1 as producing
the most Gompertz model-like results, simulation results then produced U-Richards
model shape parameters that were as near 13.50% to a Logistic growth model, and
6.300% to a Gompertz growth model, by using different parameters of the same
intracellular model (Figure 3.5).
This was also demonstrated by fitting the Bertalanffy, Gompertz, and Logistic
growth models to all simulation results, the coefficients of determination of which
showed the same observation (Table 3.4): results from the Shift 1 parameters best
fit the Gompertz model among the three (R2 = 0.9920, 0.9958, 0.9817, respectively),
results from the Decrease 2 parameters best fit the Logistic model among the three
(R2 = 0.9765, 0.9872, 0.9948, respectively), and results from the Control parameters
produced a U-Richards shape parameter near the midpoint of those of the Gompertz
and Logistic growth models (R2 = 0.9828, 0.9922, 0.9917, respectively). Of course, in
the case of the Control parameters, the Gompertz and Logistic models both would be
considered useful by these measures of their fits to results. This, however, is besides
the point in that they are both submodels of the U-Richards model, which showed

74

Figure 3.5. Fit comparison showing emergent Gompertz and nearest
Logistic equations. Shape parameter S shown for each fit using the
Unified-Richards model.

an even better measure of being able to fit to results (R2 = 0.9961), and in that both
submodels may or may not emerge from the intracellular model of the present work
(Equation 2.3), depending on the responsiveness of the particular cell phenotype to
local chemical conditions.
To interrogate the possible causes and effects on growth dynamics of aggregate
shape, the eccentricity of aggregate configurations for the Control parameter set and
all midpoint and endpoint variations was measured every 1 kMC using a best fit ellipse (as demonstrated in Figure 3.1B), beginning with MCS 1k (Figure 3.6). The
distribution of eccentricity during simulation was approximated by calculating a normalized histogram of all eccentricity measurements with bin intervals of 0.1. The
effects of eccentricity on final size was characterized by calculating the mean and
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standard deviation of eccentricity for the final 25 kMCs of simulation time. By these
measures, aggregates with a consistently eccentric final shape could be identified by
measurements with a high mean eccentricity and a low standard deviation, while
inconsistent eccentricity could be identified by measurements with a high standard
deviation of eccentricity. For the present case, a low eccentricity standard deviation
was in the range of 0.02 to 0.04. The mean of all mean measurements of eccentricity
of all trials was 0.3875, and the mean of all standard deviations was 0.1081.
The peak of most eccentricity distributions was near 0.4, while only three measurements were as low as near 0.1 (endpoint variations for Shift, Shrink, and Increase),
and two measurements were as high as near 0.8 (midpoint variations for Shrink and
Increase). With the except of variations for Expand, upward shifts in eccentricity distribution were observed for all parameter variations, and especially for the midpoint
decrease in proliferation response width and endpoint increase in death rate. For the
case of variations in proliferation response width, the increase in eccentricity for the
midpoint variation demonstrated a degree of randomness with which an aggregate can
become eccentric, which particularly occurred during the asymptotic stage of aggregate growth. This seems to reflect an increase in the corresponding fitted U-Richards
upper asymptote (Figure 3.4), where the midpoint variation deviated upward from a
linear fit. Eccentricity during the same stage of growth was observed to increase with
increasing death rate, probably then mitigating some of the effects of the variation
on fitted U-Richards upper asymptote. No observed behavior from shape analysis
explained the seemingly erratic behavior of the fitted U-Richards shape parameter
for variations in proliferation response target and width, suggesting that the fitted
shape parameter and growth rate exhibit some coupled response with respect to these
intracellular model parameters that could not be detected with the method of this
work.
Variations for Expand instead produced remarkably similar distributions of eccentricity over all simulation results, both of which were similar to that from the Control
parameter set, but slightly less dispersed. This helps to explain the slight increase in
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Figure 3.6. Eccentricity of fitted ellipses for results from all intracellular parameter variations. A: Eccentricity for the midpoint (left)
and endpoint (right) parameter variations at simulation time (top)
and distribution during simulation (bottom). B: mean measurements
(solid lines) plus or minus three standard deviations (dashed lines)
of the last 25 kMCSs of simulation for Control (“0”), midpoint (“1”)
and endpoint (“2”) variations.
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U-Richard growth rate for increases in death response width (Figure 3.4), in that the
more consistently eccentric shape of the aggregate during simulation increased the
perimeter where proliferation occurs. Considering this and that all simulated parameters produced aggregates with appreciable eccentricity, the necessity of considering
aggregate shape changes when modeling diffusion-limited growth is clear. Similarly,
the near linear behavior of the corresponding U-Richards fitted upper asymptote can
be explained by that the mean of their measured eccentricity during the final 25k
MCSs was nearly the same as that of the Control parameter set, and that none of
the three parameter sets during this simulation period generated a particularly low
eccentricity standard deviation (i.e., their final shapes were statistically similar).

3.3.5

Quantitative Analysis of Constituent Dynamics of Growth

While more advanced methods are required in future work to better understand
the relationships between intracellular model parameters, aggregate shape changes,
and emergent U-Richards shape parameter and growth rate, a quantitative method
was devised to show how the intracellular model parameters and aggregate shape
affect final size. This was accomplished by calculating a “probability area” of the
responses of proliferation and death, which is the area within the aggregate weighted
by its corresponding probability (Equation 2.3). For the jth response, the jth probability area Aj was calculated by integrating this characterization over an aggregate
domain A,

ˆ
βpτji exp −

Aj =
A



c − cτji
γjτi

2 !
dA,

(3.6)

where a final size can be expected to occur when the probability area of proliferation
is equal to that of death (i.e., when total cell proliferation is equal to total cell death).
Analysis using Equation 3.6 clearly showed the effects of intracellular parameters
and aggregate eccentricity on final aggregate size, as well as on the emergent growth
dynamics of the simulated system, in general (Figure 3.7). For all simulated parameter
sets, an approximately constant probability area of proliferation was calculated for
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an aggregate size less than 0.05 mm2 , while the measured probability area of death,
after an initial, nonlinear increase, behaved as if linearly proportional to aggregate
area. Furthermore, the mean magnitude of the probability area of proliferation for
aggregate sizes greater 0.05 mm2 linearly decreased with decreasing proliferation rate
(linear R2 = 1) and proliferation response width (linear R2 = 0.9992), and with
increasing proliferation response target (linear R2 = 0.9986). Variations in death
response parameters generally resulted in a leftward shift of the resulting line for
probability area of death when plotted against aggregate area.

Figure 3.7. Probability-weighted areas (µm2 , vertical) vs. total aggregate area (mm2 , horizontal). Note the constant proliferation and
rightward shift in death for trials with prolonged eccentricity (Figure
3.6).
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The measured constant probability area of proliferation predicts that, in a spheroid
of appreciable size, the volume containing proliferating cells is approximately constant (consistently with experimental observations [173]) and, without inhibition of
aggregate growth, the emergent growth curve is a straight line (consistently with
assumptions used in similar modeling approaches [124, 127]). This stands in stark
disagreement with traditional formulations of growth models, where proliferation is
often considered to be proportional to aggregate surface area (where proliferation
occurs [113]). In the present case, simulation results show that the model may not directly support this assumption in any appreciable way, given that the measured high
eccentricity for later results from the midpoint variation in proliferation response
width was not demonstrated in the measured probability area for proliferation.
However, this theoretical assumption of some traditional growth models may be
supported by simulation results, but in a rather indirect way. Like the midpoint variation in proliferation response width, the endpoint variation in death rate demonstrated
a consistently high eccentricity in the later stage of simulation. For the case of the
proliferation response width, measured probability area for the response of death was
expected been unchanged among these variations, since the probability distribution of
death was unchanged. And yet, for the variation with notable late eccentricity, there
was also a notable upward shift in measured probability area of death, meaning that
the intersection of the probability areas of proliferation and death shifted upwards.
For the case of increasing death rate, one would expect a continued upward shift
in probability area of death, but this upward shift was not present for the endpoint
variation, which was also highly eccentric. This can be readily explained by that the
minimum distance within a spheroidal aggregate to an oxygenating interface generally decreases with increasing aggregate eccentricity. But with increasing eccentricity,
the surface area of the aggregate also increases, and so some dynamic relationship
between aggregate size and surface area is supported by the model. However, the
model presented here redirects the emphasis on the relationships between the underlying (cellular and subcellular) mechanisms of the aggregate and the resultant
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emergent aggregate behaviors and properties, rather than on the relationships between the emergent behaviors and properties per se, which may lack a requisite level
of information due to the underlying complexity. The measured linear response of
final aggregate size to a linear variation in proliferation response width may perhaps
then be a consequence of the eccentricity during simulation of the midpoint variation
causing an upward deviation from an otherwise nonlinear response, and this should
be investigated in future work with far more simulations using greater technological
resources.
Considering all aforementioned observations from analysis, the qualitative effects
of the parameters of the intracellular response model on emergent growth dynamics
as described by the Unified Richards model, though perhaps obvious from the model
formulation but not readily apparent from simulation results, were deduced for final
size and growth rate (Figure 3.8). The model predicts that aggregate growth rate
and final size increase with increasing rate at which a cell phenotype proliferates in
response to sufficient oxygen, with increasing range over which a phenotype considers
oxygen concentrations to be sufficient for proliferation, and with the nearness of local
oxygen to sufficient phenotype-specific levels for proliferation. Likewise, aggregate
final size (but not growth rate) is predicted to decrease with increasing rate at which
a phenotype responds to hypoxic conditions, and with increasing range over which a
phenotype considers oxygen to be insufficient.

3.4

Discussion
Probably most obviously (and also most frustratingly), a description of the effects

of the intracellular model parameters on emergent U-Richards shape parameter could
not be inferred from analysis of simulation results. This is relevant since the primary
goal of this work was to elucidate the discrepancy between the growth models of
interest (i.e., Bertalanffy, Gompertz, and Logistic) for various cell phenotypes by
means of the intracellular model, and the U-Richards shape parameter is clearly the

81

Figure 3.8. Total measured aggregate area (mm2 , vertical) vs. simulation time (kMCS, horizontal), by intracellular model parameter
variation. Trajectory of dashed lines indicates inferred response of
emergent curve to individual intracellular parameters from analysis.

means by which each model can be identified. While the cause of their discrepancy
could be considered as demonstrated by the present models and method (at least
for the Gompertz and Logistic models, see Figure 3.5), an understanding of how the
various phenotype parameters affects the tendency of an aggregate to behave like a
particular growth model would be particularly insightful (and also useful). This is
especially true when considering that the work presented here considered an oxygendriven system, without the additional complexity of multiple nutrients (e.g., glucose),
inhibitors (e.g., lactate), and extracellular matrix consistency (as in [74]). Of course,
the intracellular model has a natural extension to a multivariate form of the Guassian
distribution to accommodate coupled responses to multiple chemicals species.
The lack of growth inhibitors in the present work is probably responsible for no
simulation producing a growth curve resembling the Bertalanffy model, where growth
begins to slow much sooner than in the Gompertz model. In this case, a cell phe-
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notype model would include the secretion of a growth inhibitor (either in hypoxic
conditions, like lactate, or when dying, like lysis), causing the inhibition proliferation
by cells in distant, well oxygenated conditions. Such a model likely requires simulating
aggregates with sizes that span multiple orders of magnitude before these effects can
be readily quantified, the overall computational cost of which may require high performance computing technologies and advanced parallelization of the present model
and methods. This is also the case when scaling the present model and methods to
three-dimensional simulations, which is relevant because of both increased diffusion
and the possibility of eccentric aggregate shape when considering a third spatial dimension. Since results demonstrated that the onset of eccentricity is stochastic (at
least to some degree), a complete understanding of how phenotype-specific behaviors
affects the onset of aggregate eccentricity (and thus aggregate growth) requires both
a three-dimensional simulation framework, and many trials thereof for a particular
intracellular model parameter set.

3.5

Conclusion
In this work a computational method was developed and employed to demonstrate

that differing models of growth dynamics emerge from a phenotype-specific, statistical description of intracellular processes in response to local chemical conditions.
This was accomplished by representing the subcellular mechanisms responsible for
cell proliferation and death in response to local oxygen conditions as Gaussian probability distributions, which were incorporated into a hybrid Cellular Potts Model, simulated for diffusion-limited aggregate growth in idealized environmental conditions, and
analyzed according to the Unified-Richards model generalization of popular growth
models. System stochasticity and reliability of fits using the Unified-Richards model
were interrogated by simulating multiple trials of select sets of model parameters,
and model parameters describing phenotype-specific behaviors were varied to better
understand and characterize their effects on the emergent dynamics of aggregates.
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Analysis of simulation morphologies showed the significance of potential aggregate
shape changes concerning characterization and prediction of aggregate growth dynamics. Analysis of internal aggregate conditions showed that the intracellular model
well predicts experimental observations concerning regions of cell proliferation within
aggregates, which have been assumed in comparable computational approaches. Evidence was provided to explain assumed dynamic relationships employed in traditional
mathematical formulations describing aggregate growth.
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4. PREDICTING MORPHOGENESIS DUE TO EXTRACELLULAR
MATRIX REMODELING AND INDUCTION
4.1

Introduction
Discrete and hybrid extensions of the CPM to include the concept of continuous

density fields have allowed the simulation of increasingly complex biological phenomena. However, accurate simulations of tubulogenesis [10], maintenance of stem cell
niches [3,17], coordinated remodeling of skeletal tissue [174–176], heterogeneity within
homotypic spheroids [75], collective cell migration [19,20], cancer progression [17] and
biofabrication [73,79] all require a realistic description of direct and indirect (through
secretion of diffusive chemicals) remodeling of ECM by cells that the CPM currently
lacks. Hybrid virtual-tissue methods include additional fields describing the spatiotemporal distribution of diffusive species or non-diffusive materials, which can be
used to describe ECM. Cells must be able to respond to local fields, both internally
(e.g., through apoptosis) and externally (e.g., through chemotaxis), and to change the
local diffusive and non-diffusive fields in their extracellular environment. Depending
on their phenotype, cells may need to create extracellular space with specific properties. Crucially, cells and advecting materials need mechanisms to enforce advection,
mass conservation and volume exclusion between cells and advecting materials, which
most hybrid extensions of the CPM lack.
While hybrid CPM models of diffusive chemicals have been quite successful, the
fundamental methodology, in which the fields and discrete cell agents are separate
mathematical objects occupying the same space, does not include volume exclusion
and advection—while cells can affect a field and vice versa through the specification
of interaction rules, cell movements do not automatically affect fields. E.g., when
cells move, they do not automatically carry fields with them or displace the fields.
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Furthermore, the complex feedback between cells and their surrounding ECM has
proved particularly challenging to model. A number of discrete rules and hybrid formulations have attempted to simulate the remodeling of non-diffusing ECM (Section
1.3). These models, however, are largely restricted to cells crawling on top of an ECM
or have a limited description of cells remodeling the environment in which they are
embedded. Combining CPM models with full finite element solids models or finite
volume models of solids and fluids could solve this problem, but its practical implementation presents multiple problems, including high simulation complexity and
execution times and the lack of consistent approaches for the description of immersed
boundaries.
While the variety of CPM simulations testifies to their capability and elegant,
intuitive simplicity, simulating many emergent natural and engineered tissue-level
phenomena requires extending the CPM with additional subcellular and tissue-level
mechanisms [177]. In particular, modeling with the CPM requires accurate but simple
descriptions of the cell-ECM interactions critical to tissue-level behaviors like adhesion and chemical signaling specific to matrix consistency and cell phenotype, matrix
structural function, and transient, continuous matrix remodeling while accounting for
volume exclusion and displacement by cell motion.
In the succeeding section the model continues from Chapter 2 with a derivative
treatment of the discrete domain to describe the dynamic interactions among cells,
ECM and diffusible chemicals, which extends, rather than replaces, prior CPM approaches. The chapter begins with the description of the discrete domain from the
CPM within which cells go about their activities. Matrix components are then introduced to also occupy space with that domain, and discrete and continuous dynamics
are developed to allow cells, ECM and diffusible chemicals to interact. Dynamics
within the discrete domain are defined and an effective energy is derived in order to
model cell compressibility, contact mechanics, chemical signaling and matrix durability. Consequential theoretical considerations are then discussed with supporting
examples concerning combined mechanisms that, while developing the model, were
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observed to produce some of the aforementioned cellular behaviors of interest. A series
of biomedically significant use-cases are then presented to illustrate the capabilities of
the new methods describing interactions between cells and materials, beginning with
the familiar example of cell sorting (Section 2.3.1) and working up to some relatively
complex developmental examples.

4.2

Generalization of the CPM Formulation to Describe Extracellular
Materials
Directly continuing with the formalism described in Section 2.2, multiple ECM

materials are described in space using a lattice where each material component has
a unique identification integer mi ∈ M, and each lattice site has a material quantity
qi ∈ Q = [0, 1]kMk , where qi is the quantity of the ith matrix component mi . Like cells
and their τ -specific phenotype models, matrix components are also modeled according
to component-specific modeling parameters. Just as a lattice site r ∈ L occupied by
the ith cell at virtual time k is written as σ(r, k) = σi , q : L → Q maps each lattice site
to the amount of material at that lattice site. If cells exclude a material component,
then the amount of that component inside a cell (at a lattice site occupied by a cell
agent) is zero. In this way, the 2-tuple φ(r, k) = (σ, q) describes the heterogeneous
consistency of a lattice site and Φ = σ(L, k) × q(L, k) is the configuration of the
discrete system at virtual time k (Figure 4.1).

4.2.1

Dynamics of Space Making Cells and Advecting Materials

For the same randomly selected source site rs ∈ L and randomly selected neighboring target site rt ∈ N 1 (rs ) ⊂ L, the change in system effective energy ∆H due to
the configuration φ(rt , k 0 ) = φe at the next virtual time k 0 is calculated using the same,
similar and/or novel effective energy expressions as described in Section 2.2. Here φe
is called the configuration attempt of source and target agents σ(rs , k) and σ(rt , k),
respectively. Similarly to Equation 2.4, the configuration attempt occurs with a prob-
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Figure 4.1. Example simulation configuration with extracellular materials. Left: cells are initialized in a spheroidal configuration with
two cell phenotypes (light gray and dark gray) surrounded by two
matrix components (m1 quantities shown as blue, and m2 quantities
shown as red). Right: exploded view, showing individual layers of the
example configuration. Adapted from [101].

ability as a Boltzmann acceptance function B : Φ → (0, 1] and proportionally to the
intrinsic random motility H∗ of the system,
e

t

0

e

B (Φ, φ ) = Pr φ(r , k ) = φ







∆H
= exp − max 0, ∗
H


.

(4.1)

Energy calculations are then made per current and possible future configurations,
including all changes in associated extracellular materials. The passage of time is the
same as the CPM, where one MCS designates having randomly selected a number of
neighborhoods equal to the number of lattice sites. The model employs two possible
configuration attempts for each randomly selected pair of source and target sites
(Figure 4.2).
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Figure 4.2. Possible discrete dynamics with the CPM and proposed
generalization. The current configuration and corresponding numerical values describe a detailed view from Figure 4.1, where the light
and dark gray cell types are τ =1 and τ =2, respectively, the blue matrix m1 has quantity q1 , and the red matrix quantity m2 has quantity
q2 . Cells of type τ =1 and τ =2 have remodeling quantities of all m1
and m2 , respectively. A: possible dynamics at cell-material interfaces,
where a cellular site overtakes an extracellular site (top) or vice versa
(bottom), the latter of which produces an extracellular site with material both from the neighborhood of the target site and the remodeling
quantity of the target cell. B: possible dynamics at cell-cell interfaces,
where a cellular site overtakes a cellular site (left) or a cellular site
creates extracellular space filled with a remodeling quantity (right).

The first configuration attempt is the copy attempt of Chapter 2, which occurs
with probability C. In the case of the copy attempt, a corresponding quantity q c is
considered such that the copy attempt may be written as


C = B Φ, σ(rs , k), q c .

(4.2)
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Modification of matrix quantity at a target site during a copy attempt is treated
according to the local conditions of the neighborhood matrix and the source and
target agents. Let MT ⊆ M be the subset of transferable media, the matrix components that can be transferred during a configuration attempt, let N T (r, k) =

ri ∈ N 1 (r) : qmj (ri , k) > 0 ∧ mj ∈ MT be the first-order neighborhood sites containing at least one transferable matrix component and let q τ : T → Q be a τ -type
remodeling quantity (Figure 4.3A). When the source agent is a medium, q c is the
mean of all transferable matrix components in the target first-order neighborhood
plus the remodeling quantity of the target phenotype, and when the target agent is
a medium, q c = {0}kMk (Figure 4.2A, Figure 4.3B). For the ith component qic ∈ q c ,
this can be compactly written using the Iverson bracket [·]



T
s
t
mi ∈ M [σ(r , k) = 0]
qiτ (σ(r ,k)) +
qic (rs , rt , k) =
T
t
1 + kN (r , k)k

1

as


X

qi (r, k) .

(4.3)

r∈N T (rt ,k)

Copy attempts involving the overtaking of a lattice site by an extracellular site (i.e.,
σ(rs , k) = 0) then cause a sort of diffusive effect of matrix components in the neighborhood of the target site due to cellular agent motion. Likewise the target cellular
agent σ(rt , k) 6= 0 also leaves behind some quantity according to its τ -type descriptor
t

q τ (σ(r ,k)) . In this way, the modification of nearby matrix not only occurs due to the
presence of a cell, but also specifically to the type of the cell (e.g., contrast tip and
stalk cell remodeling in vascular sprouting).
If a copy attempt is rejected, a second configuration attempt is considered in the
case of cellular source and target agents, called the secretion attempt, which occurs
with probability S. The secretion attempt is the configuration attempt where the
cellular target agent separates from its cellular source neighbor, sacrifices occupation
of the lattice site and leaves it as an extracellular site filled with its remodeling
quantity (Figure 4.2B, Figure 4.3C). The secretion attempt occurs according to the
same kinetics as the copy attempt but permits matrix-related processes at intercellular
1

I.e., [x] = 1 when x is true, and 0 when x is false.
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Figure 4.3. Demonstration of select ECM model features. A: Red
and green type 2 and type 3 cells have remodeling quantities of all
dark red and dark green matrix components m2 and m3 , respectively.
B: Blue, type 1 cells with remodeling quantity of all dark blue matrix
component m1 when m2 is transferable and m3 is nontransferable,
leaving continuous and discontinuous ECM transitions, respectively.
C: an initially solid aggregate of blue and red cells becomes porous by
the secretion attempt. D: Obstacle-mediated chemotaxis when m2 is
highly durable. E: When m3 induces differentiation of red cells into
green, a differentiation wave propagates through a population of red
cells.

interfaces and independently of nearby matrix sites (Algorithm 4.1), thereby giving
cells the ability to create extracellular space,

 s
 s
 
τ (σ(rt ,k))
t
t
S = σ(r , k)σ(r , k) 6= 0 σ(r , k) 6= σ(r , k) B Φ, (0, q
) .

(4.4)
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for latticeAttempt = 1 to kLk do
[rs , rt ] = drawASourceAndTarget(L) ;
(Get next site information)
(Get the identification and type labels and ECM information)
σ s = L (rs ); σ t = L (rt ) ;
τs = T (σ s ); τ t = T (σ t ) ;
q N = Q (N (rt )) ;
(set of neighborhood quantities)
τ
q = getRemodelingQuantity(τ t ) ;
q T = getTransferable(Q (N 1 (rt ))) ;
(set of transferable quantities)
(Calculate the ECM remodeling quantity for the copy attempt)
if σ s = 0 then

q c = mean
qT , qτ ;
else
 T

q c = zeros size
q , qτ
;
end
(Check occurrence of copy attempt
if accepted)
 Nand cimplement

s
t
∆H = energyDifferential τ , τ ,  q
,q ;
then
if rand() ≤ exp − max 0, ∆H
H∗
L (rt ) = σ s ;
Q (rt ) = q c ;
Next latticeAttempt ;
else if σ s = 0 then
Next latticeAttempt ;
end
(Set up secretion attempt and check
 N forτ its occurrence)
t
∆H = energyDifferential 0, τ , q
,q ;
∆H
then
if rand() ≤ exp − max 0, H∗
L (rt ) = 0 ;
Q (rt ) = q τ ;
end
end
Algorithm 4.1: Pseudocode of lattice attempts during one MCS. For each randomly selected lattice source site and randomly selected neighborhood target site,
calculations for effective energy and attempt probability are first calculated for a
copy attempt while considering the neighborhood ECM consistency. If the copy
attempt is rejected and the source site is not extracellular, then the secretion
attempt is considered using the same set of calculations.

Changes in the medium caused exclusively by extracellular mechanisms occur
globally and deterministically at the conclusion of each MCS according to chemical
conditions of each site and its local ECM conditions (Figure 4.4). For the ith matrix
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component at lattice site r, let µci,j describe its interactivity with the jth chemical
species, and let µni,j describe its interactivity with the jth matrix component at the
nth site rn ∈ {r} ∪ N 1 (r) at either r or in its first-order neighborhood. Then just
before MCS k + 1,
qi (r, k + 1) =

X
j

µci,j cj (αr, βk) +

X
j

X
rn

µni,j qj (rn , k).

(4.5)

∈{r}∪N 1 (r)

In general, µni,j may be a coefficient, a function of one or multiple sites and components
or merely zero, depending on the considered mechanisms and relative timescale of the
matrix component and cellular dynamics. In general, each describes reactions among
the extracellular materials, as well as their transport due to phenomena besides cell
motility. As a simple example not considered in the present work, Equation 4.5
permits the implementation of diffusive matrix components by appropriate selection
of µni,j according to a second-order finite difference scheme.
As described in Section 2.2, modeling of multiple diffusive species in the continuous
domain P is performed by solving a coupled set of parabolic partial differential equations of the form of Equation 2.1. For cases in the present work, si is employed while
assuming homogeneous diffusion to consider metabolic activity, intracellular signaling and matrix-chemical-cellular interactivity like the delivery of oxygen by blood and
the secretion of growth factors and chemoattractants in hypoxic regions. It should
also be noted that, while not presently considered, Φ and si may be used to consider
more advanced transport phenomena like the formulation of a material derivative of
species concentration ci for the modeling of mass transport by bulk flow, or like the
modeling of heterogeneous diffusion, within an evolving medium.
Along with the chemically-dependent phenotypic responses described in Section
2.2, responses to matrix components are now considered here.

Accordingly, let

τi → τjτi denote a change in phenotype caused by cj or mj at the conclusion of
MCS k, which, again, occurs just before MCS k + 1. While chemical component cj
induces a phenotype change by Equation 2.3 in the cellular domain Lσi of agent σi ,
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Figure 4.4. Demonstration of full interactivity between cells, diffusive chemicals and extracellular materials. A: A green cell is given
the property of secreting a diffusing chemical c1 . B: In the same simulation of obstacle-mediated chemotaxis as in Figure 4.3D, the cell
unimpededly moves across the domain if c1 degrades the durable, red
matrix into the blue matrix. Meanwhile the blue matrix converts
the green matrix into blue (for demonstration). C: distribution of c1 .
Inset shows values of contours, in arbitrary units. D: diagram of interactions. Dashed lines indicate catalysis. Color labels are the same
as in Figure 4.3.

matrix component mj induces a phenotype change proportionally to its quantity at
the surface ∂Lσi of σi and a discrete probability rate ρτji ≥ 0 (Figure 4.3E),
X

Pr τi → τjτi = ρτji

X

r∈∂Lσi rn ∈N 1 (r)

qj (rn , k).

(4.6)
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The present work considers apoptotic and proliferative responses. For every phenotype there is a corresponding dead type, for every phenotype that can proliferate there
is a corresponding proliferative type, and each of these has also its own phenotypic
modeling parameters.

4.2.2

Effective Energy Expressions Including Extracellular Materials

The present work considers the three effective energy expressions described in
Section 2.2 with necessary updates, as well as one novel mechanism readily presented
by the introduction of a heterogeneous medium. Specifically, these are spatial occupancy by the spatial effective energy Hv of Equation 2.6, differential adhesion by a
modified adhesion effective energy Ha (from Equation 2.7), chemical attraction by
the chemical effective energy Hc of Equation 2.8 and matrix durability by a novel
barrier effective energy Hb . Then for the present work, H of Equation 2.5 generally

consists of the effective energies Hi ∈ Hv , Ha , Hc , Hb , subject to consideration or
neglect of chemical and barrier energy. For effective energies Hv and Hc , the additional formalism here presents no necessary modification, and so they are relevant as
previously described.
Along with intercellular adhesion energy Ji,j = Jj,i of the ith and jth phenotypes, let Ki,j be cell-matrix adhesion energy of the ith phenotype and jth matrix
component. For neighborhood N (r) of r ∈ L, Ha is modified from Equation 2.7
to also consider matrix quantity in the neighborhood of the configuration attempt,
permitting the modeling of haptotaxis,
"
Ha =

X X
r

ri ∈N (r)

#


1 − δσ(r,k),σ(ri ,k) Jτ (σ(r,k)),τ (σ(ri ,k)) +

X
j

qj (ri , k)Kτ (σ(r,k)),j . (4.7)
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Figure 4.5. In silico cell sorting in a binary spheroid while simulating ECM secretion. Tightly-connected cells (type 1, red) and looselyconnected cells (type 2, green) secrete an ECM component (component 1, dark red) and spontaneously sort in an arbitrary matrix (component 2, blue). Adhesion coefficients taken from Table 2.1, where the
added ECM has lower adhesion energy with both types than does an
interface between types 1 and 2: J1,1 = 4, K1,1 = K2,1 = 8, J1,2 =
11, J2,2 = 14, K1,2 = K2,2 = 16. Note that a thin layer of ECM accumulates along the perimeter of the aggregate. Loosely-connected
cells often place ECM between each other, making them more motile,
while tightly-connected cells are more densely distributed and secrete
ECM at phenotype interfaces. As observed in previous work, a phenotypic “island” forms that, by continued motility, will inevitably join
the outer layer.

Additionally, to include matrix durability, let λib ≥ 0 be a barrier Lagrange multiplier for the ith matrix component mi . Then component mi resists surrendering
extracellular sites by the barrier effective energy Hb (Figure 4.3D),
Hb =

XX
r

λib max {0, qi (r, k) − qi (r, k 0 )} .

(4.8)

i

An extracellular site containing component mi then becomes increasingly difficult to
overtake by a cellular agent with increasing λib .
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4.2.3

Heterogeneous Media Dynamics

Aside from the aforementioned dynamics concerning the medium, the introduction
of a heterogeneous medium presents a great number of potential variations in both the
discrete and continuous dynamics of the hybrid model. This is true for both cell-ECM
interactions and extracellular dynamics, the latter of which do not occur in a model of
a homogeneous medium. Necessary variations are relevant for modeling applications
concerning the conditions of many particular microenvironments, some immediately
accessible cases of which are considered in the present work. These variations can be
thought of as a particularization of the expressions and forms presented here. As an
example, when neglecting matrix heterogeneity (i.e., Q = {0, 1}) and the secretion
attempt, one finds exactly that homogeneous, hybrid CPM of Chapter 2, which is
then embedded within the model presented here.
As suggested by Equation 4.5 and also by the designation of transferable media
in Equation 4.3, there is a notion of classes of matrix components that may be defined by the effect of various cellular activities on their consistency. In the case of
transferable media, the consistency of a lattice site changes due to the repositioning
of a cell and the consistency and quality of the matrix near the cell, while the extracellular dynamics defined by Equation 4.5 consider chemical and matrix conditions
that emerge from cellular activities, whether directly or indirectly, whether locally,
globally or distantly. The dynamics of various matrix components are defined with
respect to the conditions of a microenvironment and the dynamics of the cellular
agents within that microenvironment, where the consistency of the various matrix
components changes by cellular activities, by matrix mechanisms, by a combination
of both or not at all. As an example, consider an invasive phenotype attempting to
traverse a fully-formed basement membrane. The basement membrane may be modeled as non-transferable and with a barrier Lagrange multiplier in Equation 4.8, so to
capture its relative permanence and the difficulty to which the invasive species finds
its penetration. To mitigate this difficulty, the phenotype secretes a chemical that by

97
Equation 4.5 degrades the quantity of the basement membrane. Having sufficiently
reduced the quantity of the basement membrane at some location, the phenotype
can proceed with its invasion. For the present work, a simple case is considered to
simulate blood in a capillary, where blood immediately occupies all neighboring extracellular sites including those vacated by cells in a lattice attempt and originates
from a specified capillary boundary.
The introduction of a heterogeneous medium also presents the potential for adaptive continuum modeling of chemomechanical conditions. Consider the case of bone
remodeling, which is strongly hypothesized to adapt in response to mechanical stimulus [8]. Neglecting the specific mechanisms, cells remove old bone and form new bone
according to typically experienced mechanical stress. As the bone changes so too
does the mechanical stress, and so there is a multiscale feedback mechanism between
macroscopic mechanical loading and microscopic remodeling. Bone density at the
tissue level is mapped to mechanical stiffness for the purpose of numerical simulation
under specific loading conditions [178], but the same can be performed at the cellular
level, given a cellular level description of bone. For the present work, simple cases are
considered for oxygenation of tissue, where oxygen is simulated as having an adaptive
boundary condition such that all extracellular sites of a specified matrix consistency
and connectivity to a domain boundary have also a specified environmental oxygen
concentration.
Lastly, the remodeling quantity of a phenotype may be cast as a function of
local conditions of a cell and its surroundings. Consider the case of cooperative
formation of a perivascular basement membrane by endothelial cells and pericytes
during angiogenesis [179]. In this case, secretion of the basement membrane may be
made possible through the secretion attempt and cast as a function that necessitates a
contact interface between an endothelial cell and pericyte. Another example, which is
considered in the present work, is the case of hypoxia, where the remodeling quantity
of a phenotype is a function of local chemical conditions. In the case of a living cell,
its remodeling quantity may be cast as transitioning from one matrix consistency to
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another, depending on local oxygen. Given a unique description of adhesion energies
for the two matrix consistencies, there is then a corresponding effect of oxygen levels
on the cellular distribution, whether living or dead, homotypic or heterotypic. Of
course, one of these two matrix consistencies could also be the full remodeling quantity
of the dead cell state, modeled to represent the debris of a disintegrating cells, and
be highly repulsive to most phenotypes but attractive to, say, a phagocyte.

4.3

Consequential Mechanistic Considerations
Of immediate interest is the consequential effects of a heterogeneous medium on

differential adhesion and chemotactic response to produce complex emergent tissue.
In the case of a homogeneous medium and adhesive cells, minimization of adhesion
energy produces a spheroidal aggregate by minimization of the cell-medium interface. The addition of matrix modification and chemotaxis by autocrine and paracrine
signaling has been shown to mimic endothelial behavior, depending on the relative
effects and timescale of adhesion and chemotaxis [107, 132, 166]. The introduction
here of the secretion attempt, when coupled with matrix remodeling and negative
chemotaxis by intercellular signaling, permits the emergence of hollow and porous
cellular structures.
Consider Equations 2.8 and 4.7 for a phenotype secreting a negative chemoattractant that decays at extracellular sites. As the concentration of the chemoattractant
increases, the chemical effective energy Hc for a cell increases. If no chemical energy
is assigned to extracellular sites (i.e., λ0,i
c = 0), then for any matrix quantity there is
some concentration such that Hc will be greater for the cell than the adhesion energy
Ha after having forfeited a lattice site. If given the opportunity, then the cell will
retreat from the site. If the retreat occurs on the boundary of an aggregate in some
arbitrary matrix component AM, then the retreat will produce a mixture of AM and
a remodeling quantity RM of the cell. But if the retreat occurs within a cellular
aggregate, then by the secretion attempt the retreat produces an extracellular site
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fully-filled with RM. If the adhesion energy between RM and the cells in the aggregate
is less than the adhesion energy between the AM and the cells, then by minimization
of total energy, the opportunity arises for a cellular shell. This assumes that the
aggregate maintains an external boundary with a matrix component of a higher adhesion energy, which the cells themselves do not secrete. But if by Equation 4.5 AM
and RM somehow diffuse or interact and AM is provided by the microenvironment,
then the aggregate external interface with AM can be maintained.

Figure 4.6. Combined adhesion and intercellular signaling produces
notably different morphologies with ECM secretion and a variation of
one parameter. Top: Without the section attempt, combined adhesion and secretion of a short-lived chemoattractant produces cellular
strands (matrix dynamics shown, but kinetics were neglected). Middle: When given the ability to secrete an ECM (dark red), cells tend
to form cavities for the same negative chemotactic response when the
adhesion energy with the ECM is less than the arbitrary matrix (blue)
but greater than the intercellular adhesion energy. Bottom: By then
reducing the adhesion energy with the ECM to just below that of
intercellular interfaces, the aggregate become porous.

100
In the same sense, if the adhesion energy between two homotypic cells is nearly
the same as with their own remodeling quantity, then far from an interface with AM
of a high adhesion energy and under the same chemotactic conditions, the cells are
more likely to create small, uniformly dispersed regions of their remodeling quantity
(Figure 4.6, bottom). In this case, the increase in Ha is far less than the creation of
extracellular sites to reduce Hc . The same logic follows for cases where the adhesion
energy between two homotypic cells is much less than with their RM, which is much
less than their adhesion energy with AM : at some concentration of the chemoattractant they form an internal cavity by Hc filled with RM, after which Ha dictates that
they strongly minimize both their internal and external matrix interfaces (Figure 4.6,
middle).

4.4

Computational Experiments of Select Complex Phenomena
Simulations were performed on a 2D lattice with up to two phenotypes, three

chemical species and three matrix components, all of which are labeled per simulation.
All simulations were performed with an intrinsic random motility equal to ten (Table
4.1). A spatial Lagrange multiplier of two and nominal diameter of twenty microns
was used for all simulated cells. The dead cell type was modeled with parameter
changes of a zero spatial constraint, no chemical activity or chemotactic sensitivity.
Unless otherwise stated, all matrix components were transferable and static. All
simulations employ a general, environmental matrix component, which is referred
to as the “arbitrary matrix.” A grid discretization of 2.95 microns was used for
all simulations so that a nominal cell occupied approximately 36 lattice sites when
initialized as a square. A sufficiently large time constant was used (0.1 s/MCS) so that
chemical diffusion occurred much faster than cellular activities, for the purposes of
simplification and investigation of the relative effects of cellular and matrix dynamics
per phenomenon of interest.
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Table 4.1. Modeling parameters for all in silico experiments of Chapter 4.
Modeling parameter
Symbol
Intrinsic random motility
H∗
Spatial constraint
vτ
Spatial Lagrange multiplier λτv
Discretization length
α
Time correlation
β
Diffusion coefficient [77]
D

Value
10
314 µm2
2
2.96 µm
0.1 s/MCS
2,500 µm2 /s

Diffusivity was assumed to be homogeneous and the same for all simulated chemical species (diffusivity of 2,500 µm2 /s [77]). Consumption, secretion and reactivity
of chemical species were modeled with constant coefficients, where short-lived species
had a constant decay rate over all extracellular sites [106], and consumption or secretion rates for a cell were modeled as a constant cellular rate uniformly applied over
the entire domain of the cell. Diffusion systems were initialized under steady-state
conditions for the initial lattice configuration. For all simulations that used autocrine
and paracrine signaling, the signaling chemical field is labeled “regulatory.” All simulations that considered intercellular signaling used a cellular secretion rate of one
fmole per second.
For the transition of proliferative and apoptotic states, the continuous probability
rate and standard deviation in Equation 2.3 were cast in terms of virtual doubling
times and half-lives for specified target and cutoff concentrations, where the rate at
the cutoff concentration was set to occur with a probability of once in one million
MCSs. So, for example, the population of phenotype may be said to nominally double
over a period of 1k MCSs at a concentration of 1 mM with a cutoff concentration of 0,
which is to mean that the continuous probability rate and standard deviation for its
proliferative transition probability were calculated according to these values, and with
a probability of once in one million MCSs at the cutoff concentration. Proliferative
and apoptotic transition probabilities were also modeled as saturated outside of the
range of the target and cutoff concentrations.
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4.4.1

Wound Healing

To first demonstrate the potential usefulness of modeling matrix dynamics and
remodeling, a scratch assay was simulated for a proliferating, homotypic population
in a square domain of approximate dimension 500 microns, and with a wound of
approximately half the width of the domain. Adhesion and matrix dynamics parameters were swept until the cells migrated into the wound through persistent, single-cell
migration without chemotaxis and long before wound closure by proliferation. As
such, cell proliferation was assigned a constant rate so to double in 5k MCSs. The
wound was initially filled with an arbitrary matrix of label 1, and the cells secreted a
cellular matrix component (i.e., their remodeling quantity) with label 2. To simulate
the wounding and recovery of a previously well-developed tissue, cells were initialized
as occupying approximately 80% of the domain outside of the wound and fully immersed in their cellular matrix component, and simulated until the cells proliferated
beyond 80% coverage of the entire domain (Figure 4.7).
Persistent, single-cell migration was observed to emerge by the coupled mechanisms of 1. differential adhesion, where the cells were slightly less adhesive to the
cellular matrix compared to the arbitrary matrix, and the cells were least adhesive to
each other; and 2. the reactive decay of the cellular matrix back into the arbitrary
matrix, where all extracellular sites were constrained to a total quantity equal to one.
Figure 4.7 shows results of simulating these mechanisms using the modeling parameters J1,1 = 10, K1,1 = 4, K1,2 = 6 and µn2,1 = −500−1 MCS−1 for all neighborhood
sites rn 6= r. Cells did indeed individually migrate into the wound well before closure
(Figure 4.7A), which has been experimentally observed for a number of cell phenotypes under various conditions and treatments, including fibroblasts [180], prostate
cancer cells [181] and endothelial cells [182].
Results were compared to theoretical wound healing by proliferation alone, where
the percent closure of the initial wound was calculated by multiplying the nominal area
of the cell phenotype by the predicted number of cells for the simulated proliferation
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Figure 4.7. Simulation of wound invasion by proliferation and singlecell migration during the scratch assay. A: Discrete domain with cells
(red) that secrete a cellular matrix (dark red) and a wound filled with
an arbitrary matrix (blue). Note that cells invade the wound long
before proliferation repopulates the domain. B: Number of cells (blue)
and percent wound closure (red) vs. virtual time during experiment
(dots) and for theoretical calculations by proliferation alone for the
same initial population (dashes). C: Cell centroid signed horizontal
distance to the wound centerline (i.e., “scratch coordinate”) for initial
and final configurations (7k MCSs), with final cell ages. Centroids of
older cells are blue, and younger are yellow. Red line shows no net
displacement with respect to the wound.
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rate and initial population (317 initial cells, Figure 4.7B). In this case, wound healing
begins when the total area of all cells is greater than the initial area of the wound.
The signed distance of each cell to the centerline of the initial wound, a scratch
coordinate, was also measured and recorded. Measurements were taken in intervals
of 100 MCSs and recorded for each cell in its initial and final configurations. The
MCS at which each cell was first detected was also recorded, so to compare its relative
age and overall displacement with respect to the wound (Figure 4.7C).
Compared to proliferation alone, total wound coverage by this migratory behavior
is predicted to act comparably but begin much sooner. This was perhaps due to the
additional cell motility of cellular diffusion at the tissue level, which was caused by
disruptions of the matrix condition and is evident in Figure 4.7C. In the case of wound
closure by proliferation alone, no cells originating from one side of the wound would
be found on the opposite side of the wound, since wound closure did not yet complete.
Rather, many old cells in the experiment were found to have traversed well beyond
the centerline of the wound, and this resembles diffusive transport, rather than bulk
transport. However, calculation of the mean initial and final distances to the wound
centerline for all initial cells showed a strong, linear correlation. Writing the final
distance as a linear function of the initial distance, the left-hand side was correlated
with slope of 1.79, intercept of -205 microns and R2 value of 1.00, and the righthand side with slope of 1.78, intercept of -232 microns and R2 value of 0.99. This
correlation implies bulk transport at the tissue level, indicating a combined cellular
transport of collective and single-cell migration [21].

4.4.2

Vascular Sprouting

Vascularization of tissue during development, maintenance and repair occurs by
sprouting angiogenesis, which is the sprouting of new vessels from existing vessels
REF. This occurs by the secretion of various chemicals from hypoxic tissue, which
induces differentiation and proliferation in a nearby vessel to form a so-called “tip-
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stalk” configuration. In the tip-stalk configuration, a single tip cell (TC) leads the
sprouting of proliferating endothelial cells (ECs) by the combined mechanisms of
adhesion and chemical signaling, both intercellular and environmental. The TC is
attracted to the environmental signals, while ECs are chemotactically insensitive but
proliferate in response to the environmental signals, and maintain their phenotype
by notch signaling from the TC. This generates a pulling effect on the proliferating
sprout by the TC along gradients of the environmental signals, where combined ECM
remodeling by the ECs and pericytes constructs a basement membrane that stabilizes
the stalk. Upon connecting with another sprout, a new vascular flow path is formed
[5, 9, 19–21].
From these observations, a mechanistic model was devised to produce the tip-stalk
mode of collective cell migration as being driven by tissue maintenance in a simplified
vascular scenario. A two-dimensional cross-section of half of an artery was constructed
consisting of two cell layers containing a phenotype mimicking vascular endothelial
cells (ECs, type 1) and one tip cell (TC, type 2) at a basement membrane (BM,
component 2) that lined the artery. The artery was filled with blood (CF, component
1) and surrounded by an arbitrary matrix (AM, component 3). CF was simulated
to mimic the spreading of a fluid from the domain boundary contained in the artery
(i.e., the arterial domain boundary) by instantaneously and fully occupying all simply
connected extracellular sites to the arterial domain boundary, and by considering it
as such after each configuration attempt (as opposed to each MCS). To mimic a fully
formed basement membrane, BM was modeled as highly durable (barrier Lagrange
multiplier of 1,000), non-transferable and initialized with thickness 11.9 microns (four
sites) and an empty hole equal to five initial cell diameters. Since stromal cells were
neglected, matrix remodeling was neglected and all remodeling quantities were set to
AM.
To simulate the microenvironment of a hypoxic region, oxygen was simulated as a
constant value of 0.2 mM [77] at the adjacent domain boundaries and in all extracellular sites containing CF, and with no flux normal to the boundary opposite of the
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artery. Both cell types consumed oxygen at the rate of bovine vascular endothelial
cells (28 amol/cell/s [77]), and all AM sites consumed oxygen at a rate of 30 µM/s.
The secretion of the various growth factors driving angiogenesis was simplified to a
single chemical species, labeled “hypoxia,” which was consumed by cells at a rate
of 25 amol/cell/s, and secreted by AM sites as a linear function of oxygen at values
below 75 µM, and at a rate of 0.1 mM/s without any oxygen. The hypoxia signal was
modeled with 0 concentration at the arterial boundary and no normal flux otherwise.
To capture the tip-stalk configuration, ECs were modeled with no chemotactic sensitivity to the hypoxia signal, while the tip cell was modeled with a chemical Lagrange
multiplier equal to -100 mM−1 . ECs were modeled with a doubling time of 5k MCSs
at 0.1 mM hypoxia signal concentration and cutoff of 0. For intercellular signaling,
a repulsive regulatory signal was secreted by both phenotypes (chemical Lagrange
multiplier 50 mM−1 ), decayed in all extracellular sites at a rate of 0.5 mM/s, and was
simulated with no flux normal to all boundaries except the arterial boundary. For the
arterial boundary, a symmetry condition for the artery was employed by imposing an
inward flux condition equal to the secretion of one EC layer just across the arterial
boundary.
Adhesion between the ECs and the TC were modeled as tightly-connected (J1,1 =
J1,2 = 4), ECs as strongly attracted to BM (K1,2 = 0), and preferring CF (K1,1 = 8) to
AM (K1,3 = 16). The TC was modeled to be most likely found not in contact with BM
and on the external side of the endothelial layer w.r.t. the artery (K2,1 = K2,2 = 16,
K2,3 = 12). This configuration results in an adhesion relationships that, by differential
adhesion alone, produces an endothelial layer with ECs anchored to BM and the TC
on the external side of the layer: K1,2 < J1,1 = J1,2 < K1,1 < K2,3 < K1,3 = K2,2 =
K2,3 .
Cells quickly invaded the hole in the basement membrane during simulation, and
by MCS 1k formed a protrusion past the arterial wall (Figure 4.8A). By MCS 2k
a dense sprout tip and stalk-like structure filled with oxygenating blood emerged,
which the TC pulled towards a strongly hypoxic region (Figure 4.8B). Throughout
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Figure 4.8. Simulation of a forming vascular sprout at a degraded
arterial wall while modeling the tip-stalk cellular configuration. A:
Discrete domain with two layers of endothelial cells (ECs, red) and
a tip cell (TC, green) along a basement membrane (BM, dark green)
separating blood (CF, dark red) and an arbitrary matrix (AM, dark
blue) during vascular sprouting for 4k MCSs. B: Oxygen (top) is
consumed by cells and AM and delivered by blood. An environmental
signal (middle) is secreted by AM proportionally to the degree of
hypoxia. ECs maintain layers by intercellular signaling of a regulatory
chemical (bottom). C: Diagram of the cellular and matrix interactions
in vascular sprouting.

simulation the stalk maintained a thickness of one to two cells, where new cells in
the tip, stalk and artery reorganized by intercellular signaling to maintain this nearly
uniform thickness. By MCS 4k the sprout traversed over half the domain and ECs at
the base began to cling to the outer surface of the basement membrane.
As the sprout continued forward, greater oxygen delivery by the sprout caused the
hypoxic signal to subside (Figure 4.9B), though proliferation was observed to continue
within the artery throughout the entire simulation (Figure 4.9A, C). Despite decreas-
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ing a decreasing environmental gradient, outgrowth of the sprout was not observed
to slow during simulation, implying that outgrowth is due to both TC guidance and
EC proliferation and organization. Further sprout outgrowth and oxygenation of AM
would then reduce secretion of the environmental signal, eventually ending proliferation of ECs upon sufficient oxygenation of the simulation domain (Figure 4.8C).

Figure 4.9. Select measurements of in silico vascular sprouting. A:
Horizontal coordinate of cells born during simulation (blue) and tip
cell (red) vs. virtual time, measured from the inner surface of the
basement membrane. B: Minimum oxygen in the simulation domain
(blue) and maximum hypoxia signal in the simulation domain (red)
and along the inner surface of the basement membrane (yellow) vs.
simulation time. C: Coordinate location of cells born during simulation (solid circles) and TC path (line), where simulation time is
shown as blue to yellow for initial to final times. Vertical coordinate
was measured from the horizontal centerline of the domain.

The stalk was observed to emerge from the combined mechanisms of differential
adhesion, chemotactic response to the regulatory signal and the chemical conditions
of the microenvironment: 1. repulsion by the regulatory signal caused ECs to tend
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towards lower concentration values, particularly from the base and tip of the sprout;
2. low adhesion energy between ECs and BM caused ECs to cling to the basement
membrane, both within the artery and at the base of the sprout; 3. lower EC adhesion energy with CF than AM permitted greater motility on the arterial side of
the sprout and caused external rigidity and a diametric contraction of the sprout; 4.
greater chemical energy inside the sprout caused a counteracting outward diametric
expansion of the sprout and forward (unguided) propulsion of the tip. Failed experiments showed that a lack of excessive chemical energy inside the sprout prevents
opening of the stalk and forward motion of the tip, likely due to differential EC adhesion with CF and AM. In this mode, a single layer of ECs extended from the initial
protrusion. Likewise excessive EC-CF adhesion energy prevented sprout opening due
to excessive internal rigidity, while insufficient EC-AM adhesion energy generated
an unstable sprout due to insufficient external rigidity. Probably most significantly,
conditions required modeling the chemical effects of the arterial wall just across the
domain arterial boundary, where otherwise ECs would not migrate from the artery
into the stalk. This implies a fractal quality of the mechanistic model [183], which
can be clearly seen in Figure 4.8B: a vascular sprout with greater internal regulatory
concentrations emerges from an existing artery with greater internal regulatory concentrations. Upon completion of a basement membrane about the sprout, the fractal
pattern would be complete.
Of course, the size and cellular and chemical consistency of the emerging artery is
subject to a number of factors, some presently considered and many others neglected.
Of those not considered in this work, of particular interest is basement membrane
remodeling (e.g., formation, degradation, arteriogenesis), the relative location of hypoxic regions w.r.t. a sprout origin, splitting of the sprout into still smaller sprouts or
its merging with another of some other origin, and all of these in a three-dimensional
setting. For the case of coordinated basement membrane formation, pericytes could
significantly affect the final diameter of the final artery by pushing or pulling during formation of the basement membrane, which would have consequential affects on

110
cellular thickness within the new artery (by altering the resulting internal regulatory
concentration). For the case of relative locations of the sprout origin and hypoxic
region, mapping of the trajectory of the sprout (as in Figure 4.9C) while varying the
origin of hypoxic signaling could perhaps be used for calibration and refinement of
the model, especially concerning the inclusion of TC selection and notch signaling,
basement membrane remodeling and fluid effects like pressure, shear stresses and
convective transport phenomena. Many aspects of the case of merging sprouts are
currently unclear, particularly concerning the mutual repulsion of two sprouts by the
regulatory signal, as well as the respective trajectory of two sprouts upon contact.
For example, arterial and venous sprouts may merge nearly “head-on” due to environmental signaling, TC guidance and EC proliferation, while in another case one
arterial sprout tip may collide with another arterial sprout. In general, the model
should be calibrated and refined such that the same parameters can produce a stable
vascular network in a variety of scenarios due to sprout outgrowth and “collisions”
across a tissue region exhibiting chemical signaling for demand for oxygenation (or
otherwise e.g., lymphangiogenesis).

4.4.3

Branching Morphogenesis

Unlike the tip-stalk mode of collective cell migration, mammary ducts develop by
branching morphogenesis of terminal end buds (TEBs) from existing ducts [9, 19, 20]
without any distinction between cells that lead or follow. Rather, a TEB consists
of luminal epithelial cells in its bud tip, which are stabilized by loosely connected
myoepithelial cells secreting a basement membrane. Sprouting then occurs by the
pushing of the epithelial cells and stabilizing by the myoepithelial cells, rather than
the pulling and guidance by a leading tip cell.
A mechanistic model was developed and modeling parameters were found to be
able to mimic these particular morphological behaviors during proliferation of a selfstabilizing aggregate of two cells types in an arbitrary matrix AM (component 3). In
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particular, luminal epithelial cells (ECs, type 1) and stabilizing myoepithelial cells
(SCs, type 2) were simulated in an environmental chemical signal (1 mM boundary
value) that induced proliferation of ECs (doubling time of 2k MCSs at 0.1 mM, cutoff
of 0) and slightly attracted both cell types (chemical Lagrange multiplier -10 mM−1 ).
ECs were capable of apoptosis for environmental signal parameters half-life of 774
MCSs at 0 M, 0.1 mM cutoff, and SCs for environmental signal parameters half-life
of 558 MCSs at 0 M, 0.1 mM cutoff.
ECs secreted a matrix component EM (component 1), which induced proliferation
of SCs (ρ21 = 1/1000 MCS−1 , resting time of 100 MCSs) secreting a basement membrane BM (component 2) of barrier Lagrange multiplier 8. Both cell types consumed
the environmental signal at a rate of 0.1 fmole/cell/s, and secreted a repulsive regulatory signal of chemotactic Lagrange multiplier 75 mM−1 , decay rate of 2 mM/s at all
extracellular sites and boundary condition of no normal flux at all domain boundaries.
ECs were modeled as tightly-connected (J1,1 = 4), SCs as loosely connected (J2,2
= 7), and an EC-SC interface such that phenotypic layering would likely occur (J1,2
= 6). Each cell type preferred their own matrix quantity to the others or to AM,
and SCs had more adhesiveness to AM than did ECs (K1,1 = K2,2 = 8, K2,3 = 12,
K1,2 = K2,1 = K1,3 = 16). This results in the differential adhesion relationship,
J1,1 < J1,2 < J2,2 < K1,1 = K2,2 < K2,3 < K1,3 = K1,2 = K2,1 such that, by
differential adhesion alone, the lowest one-dimensional energy configuration involving
all types and components is that of an ordering EM, EC, SC, BM, AM (as opposed
to AM, EM, EC, SC, BM, since K2,3 < K1,3 ).
A small, initial aggregate of nine ECs and twelve SCs proliferating in an AM
was simulated for 8k MCSs (Figure 4.10A). At MCS 2k, the aggregate elongated
and created an internal cavity filled EM and cortical layer of BM, and a gap formed
between SCs. At MCS 4k, the cavity expanded along the aggregate and ECs pushed
through the gap in the SC layer, creating a first branch. ECs exploited the gap
enough that by MCS 6k, ECs divided the cavity in half, permitting them to form
more branches. Three distinct branches formed by MCS 7k, and by MCS 8k more
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Figure 4.10. Mechanistic model and simulation of induction processes
producing fractal branching morphogenesis. A: Discrete domain with
a proliferating aggregate of epithelial cells (ECs, red) and stabilizing cells (SCs, green) in an arbitrary matrix (AM, dark blue) and
a chemoattractant environmental signal. ECs proliferate in response
to the environmental signal, while SCs proliferate in response to endothelial matrix (EM, dark red) deposited by ECs; SCs secrete a dense
basement membrane (BM, dark green). Both cell types consume the
environmental signal and secrete a localized, chemorepellent regulatory signal. Note how existing branches divide and form new, similar
branches. B: Environmental (top) and regulatory (bottom) signals at
MCS 8k. C: Diagram of the induction processes involving ECM in
branching morphogenesis.
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cavities were internally traversed, enabling future branches to form. Soon after MCS
8k, a branch reached the domain boundary, and at which time the simulation was
concluded.
Supply of the environmental signal was found to be sufficient to produce saturated
proliferation and no cell death by significantly exceeding total aggregate consumption
throughout development (Figure 4.10B). For the simulated chemical parameters, EC
layers with a thickness of two cell diameters were observed to be relatively inactive,
while EC layers of increasing thickness exhibited significantly more cellular motility.
Internally, ECs in regions of thicker layering were found to tend towards lesser
thickness (due to intercellular signaling), resulting in a global tendency to form cellular layers of uniform thickness. Externally, ECs near an interface with SCs pushed
through the SC perimeter and, upon contacting the BM, withdrew and deposited
some EM (due to differential adhesion). In regions where these events occurred relatively infrequently, nearby SCs proliferated in response to the deposited EM and
restored the perimeter of exposed ECs (Figure 4.10C). In regions of sufficiently accumulated ECs, external ECs migrated through the SC layer and BM and into the AM
despite differential adhesion and BM durability. The dependency of this phenomenon
on local EC aggregation strongly implies the pushing effect of branching morphogenesis, where accumulated ECs attempt to form a thinner layer wherever they can, are
repelled by signaling from adjacent layers and, having excessively accumulated, penetrate the lagging SCs and their containing BM. This is in contrast to branching only
driven by chemotaxis, whether by positive chemotaxis by the environmental signal
or negative by the regulatory signal. In the former case, branches would have only
followed gradients in the environmental signal. In the latter case, branches would
have grown directly outward from the aggregate.
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4.4.4

The Spheroid Revisited: Porosity and Viability

Homotypic spheroids have been observed to have highly heterogeneous internal
topologies and a dense cortical layer [75] even without significant cell death [79]. Prolonged exposure to insufficient nutrient delivery produces hypoxic regions deep within
aggregates [70], causing massive apoptosis and a necrotic core, the development of
which depends also on aggregate size and cellular consistency [73, 81]. Furthermore,
growth saturation of spheroids has been observed in vitro [71] and partially explained
in silico as the equilibration of oxygen delivery and cellular respiration, where excessive consumption results in hypoxic conditions and corresponding apoptosis until
oxygen levels return to sufficient levels [105].
To examine the effects of porous cellular distributions and the necrotic core on
spheroid viability in vitro, a mechanistic model was devised based on these observations to produce a heterogeneous internal topology and necrotic core in an oversized,
homotypic spheroid. A cross-section of a spheroid consisting of living cells (LCs) in a
nutrient-rich medium was initialized with a diameter of approximately 400 microns.
Simulations were performed while considering and neglecting the devised model, the
former of which is called the “porous” model, and the latter of which is called the
“solid” model.
The spheroid was simulated in an arbitrary matrix (AM, component 3), and LCs
secreted an extracellular matrix component (EM, component 1) at sufficient oxygen
levels and a linearly increasing concentration of a cellular debris component (CD,
component 2) with increasing hypoxia (0% CD at 0.05 mM oxygen, 25% at 0 M).
To simulate lysis, the remodeling quantity of a dead cell was all CD. To simulate a
controlled environment, oxygen was 0.2 mM at all extracellular sites fully containing
AM, and the cells consumed oxygen at a rate of 0.1 fmole/cell/s. Oxygen-induced
proliferation in LCs (doubling time of 10k MCSs at 0.2 mM, cutoff of 0.1 mM) and
hypoxia-induced cell death (half-life of 774 MCSs at 0 M, 0.05 mM cutoff).
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To capture the effects of hypoxia on cell porosity, intercellular adhesion energy
(J1,1 = 6) was slightly greater than adhesion energy between LCs and EM (K1,1 = 4)
and significantly less than adhesion energy between LCs and CD (K1,2 = 20). In
the presence of a secreted regulatory signal (chemical Lagrange multiplier 25 mM−1 ,
decay rate of 4 mM/s at all extracellular sites, no flux normal to all boundaries), LCs
in sufficient oxygen then tended to spread out and place EM between each other. To
generate a spheroidal shape, high adhesion energy between LCs and AM was used
(K1,3 = 12), as well as a reactive decay of EM into AM (µn1,2 = −1000−1 MCS−1 for
all neighborhood sites rn 6= r) and constraint that all extracellular sites contain a
total quantity equal to one.
Massive cell death was observed in both models throughout the inner aggregate region after initialization, due to insufficient oxygenation from the environment (Figure
4.11A). Insufficient oxygen delivery was made apparent by decreasing oxygen levels
with increasing distance from the spheroid outer surface, where a significant region
of the spheroid initially received no oxygen. The effects of hypoxia on living cells
became apparent within 100 MCSs, where massive cell death caused rapid shrinkage
of the construct in the solid model.
In the porous model, hypoxic effects were apparent in both the early emergence
of a necrotic core and the distribution of cells during spheroid shrinkage, where in
hypoxic regions cells were more sparsely distributed and large cavities formed due to
the presence of cellular debris (Figure 4.11C). The emergence of a necrotic core was
clearly observed by MCS 500, which consisted of regions of total cellular debris (where
cells had died), regions of varying mixtures of extracellular matrix and cellular debris,
and some surviving cells. Effects of the necrotic core on oxygenation were apparent
in that the oxygen gradient in the porous model subsided as development of the core
progressed, producing a seemingly flat oxygen distribution in the inner regions of the
construct [79]. This is significantly different than observations of the solid model,
where construct shrinkage continued for 10k MCSs, producing an oblong shape and
continued oxygen gradient across the entire depth of the construct.
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Figure 4.11. Impact of hypoxia and the necrotic core on cell survival
of a proliferating construct in a nutrient-rich medium. A: Discrete
domain and oxygen using the porous and solid models for an initially
solid spheroid of living cells (LCs, red) in an oxygenating arbitrary
matrix (AM, dark blue). LCs secrete an extracellular matrix (EM,
dark red) at sufficient oxygen levels and cellular debris (CD, dark
green) with increasing hypoxia. Dying cells secrete only CD. B: Living
cells (blue), total splits (red) and deaths (green) vs. simulation time,
as well as total aggregate area (purple), for the porous (solid) and solid
(dash) models. C: Mechanistic model and dependence of secreted
matrix components and probabilities of a type change on oxygen,
where red is splitting and green is death. Probabilities shown for a
doubling time and five half-lives equal to 10k MCs at ambient and no
oxygen, respectively.
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Compared to the solid model, the porous model produced a spheroid that better
maintained its circularity and total size despite massive cell death (Figure 4.11B).
Cellular distribution using the porous model was observed to emerge from the mechanisms of 1. secreted matrix components within the aggregate, where differential
adhesion caused cells to be more uniformly distributed in less hypoxic regions; 2.
negative chemotaxis by the regulatory signal, which caused an overall expansion of
the region of living cells into the necrotic core and environment; 3. proliferation
near the external surface of the spheroid, which replenished the population from cell
death; 4. hypoxic cell death in the core that developed the necrotic core of high adhesion energy, which counteracted inward expansion of living cells into the core; and
5. decay of the extracellular matrix at the external surface of the spheroid, which
counteracted outward expansion of living cells into the environment and caused a
thick cortical layer.
A possible method for producing a necrotic core with the solid model would be
to model dead cells as have a nonzero spatial constraint, and to employ a proper
selection of adhesion energy coefficients to produce a sorted configuration [102] of
living and dead cells. While the present work neglected the long-term effects of dead
cells per se, a refined characterization of the spheroid, and of cell death in general,
would resemble something like a combination of the porous and solid models, whether
considering growth saturation and oncosis in biofabrication, or coordinated apoptosis
in tissue development. For the former case, cell death presently considered probably
more so resembles apoptotic death than oncosis [184]. However, the distinction was
assumed here as negligible w.r.t. to the timescale of morphological events, for the
purpose of simplification.
While initially the rate of cell death was approximately the same using both
models, recovery from initial insufficient oxygen occurred much faster using the porous
model than the solid model. This was observed by the counting the total number of
cells that died during simulation, where rapid death using the solid model discontinued
after approximately 2k MCSs, and using the porous model after approximately 1k
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MCSs. The total number of cells that survived initialization was measured to be
significantly greater when considering the necrotic core (respectively, 56 and 57 cell
deaths at MCS 1k and 2k using the porous model, 86 and 140 cell deaths at MCS
1k and 2k using the solid model), and the rate of cell death was also much less after
recovery (69 and 254 cell deaths at MCS 10k using the porous and solid models,
respectively). The same was observed of cell proliferation, demonstrating that the
solid model produces much more population turnover.
In general, the porous model produced a more viable spheroid for the same environmental conditions, where after recovery construct growth occurred throughout
simulation. Comparing this to a slight decline in living population using the solid
model, results suggest that porosity and the necrotic core improve aggregate viability, likely by maintaining a greater interface with the oxygenating environment.
Concerning computational modeling in biofabrication, this strongly suggests that the
heterogeneous internal topology of spheroids (and populations, in general) is nonnegligible concerning viability, environmental control, etc. The same is likely true
concerning spheroid fusion, and both of these should be the subject of future in vitro
and computational studies.
Relating observations of the rates of cell proliferation and death to resulting
spheroid shapes, results imply that an oblong spheroid may be due to faster total population turnover w.r.t. motility. This is because the oblong shape is advantageous for
oxygenation by reducing the distance from the inner region to an oxygenating external
surface, while high adhesion with the medium obliges circularity as a counteracting
mechanism. Likewise aggregate porosity permits increased motility to accomplish circularity but, as previously mentioned, also benefits viability by maintaining a greater
diffusive interface with the medium. Considering also that greater eccentricity and
lesser motility have been observed in larger spheroids [75], the effects of proliferation
and death are then predicted to have a greater effect on spheroid shape w.r.t. cell
number than does motility.
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Figure 4.12. Select measurements of in silico cultured spheroid considering and neglecting heterogeneous inner topology. A: Measured
probability of cell splitting (red) and death (green) during simulation
for the porous (top) and solid (bottom) models, normalized w.r.t.
their rate coefficients and physical time. Insert shows color intensity
of the ith response equal to (βpτi )−1 . B: Minimum oxygen in the domain (blue) and percent proliferative (red) and hypoxic (green) cells
vs. virtual time for the porous (solid) and solid (dash) models. Cells
were counted by their mean oxygen concentration. C: Total aggregate area and minimum oxygen in the domain vs. number of living
cells for the porous (blue and red, respectively) and solid (green and
purple, respectively) models. Minimum oxygen was always found in
a cell using both models.

The probability distribution of each cellular response was calculated in all cellular
domains, normalized w.r.t. the physical time correlation and its respective probability
rate and visualized (Figure 4.12A). By inspection, distributions of the initial spheroid
strongly imply the previously described aggregate of proliferating cortical layer, quiescent interior and necrotic core. Admittedly, parameters for the theoretical LC and

120
spheroid size were calibrated to produce exactly this distribution for the simulated
environmental conditions and cellular spatial constraint: environmental oxygen was
taken from literature to simulate in vitro conditions [77], the spatial constraint was
used for continuity among the present simulations, and spheroid size and probability
rates were selected to produce observable results in the simulated 10k MCSs using
both models.
Each model produced significantly different final probability distributions. For the
porous model, strong initial cellular responses subsided into a more subtle spheroid
response, where cell splitting was barely observable at the perimeter and death was undetectable. In the solid model, the characteristics of the initial distributions were still
apparent (i.e., higher cellular turnover), with a stronger proliferative response. Counting cells with oxygen in the proliferative and hypoxic ranges (Figure 4.12B) showed
that cells in the porous spheroid experienced increasingly hypoxic and marginally decreasingly proliferative conditions after recovery, while percent hypoxic conditions in
the solid spheroid remained the same and percent proliferative conditions marginally
increased. These are evident in measured minimum oxygen values in the domain,
where oxygen recovery after initial cell death was observed to be greater in the porous
spheroid but trending towards lower values as the spheroid began to grow, and to remain in the same range in the solid spheroid. Results then suggest that internal
heterogeneities make the spheroid more efficient with oxygenation w.r.t. the living
cell population, as well as decreasingly sensitive to changes in total occupied space
(Figure 4.12C).

4.4.5

Relevance to Biofabrication

Tissue engineering through biofabrication seeks to exploit the biocomplexity and
self-organization of cells in order to fabricate functional tissue and organs in vitro.
Successful biofabrication would enable the construction of replacement of tissue and
organs [185], drug discovery [186], and in vitro study of processes in developmental
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biology [187]. While biofabrication of blood vessels, cartilage and epithelial structures
is possible, neither scaffold-dependent biofabrication (which embeds cells in an artificial ECM), nor scaffold-free biofabrication (which assembles cells into cell spheroids
and fuses them) have succeeded in fabricating complex three-dimensional functional
vascularized tissues or organs [188]. However, progress in biofabrication is rapid, like
the recent successful application of scaffold-free biofabrication using cardiomyocytes,
endothelial cells and fibroblasts to build a beating cardiac patch with a microvascular
network [62].
Effective computer simulation of biofabrication would permit understanding its
limitations and successes and to design and engineer tissues. An effective simulation would be able to explain the observation that in spheroids of breast cancer cells
severe hypoxia causes massive cell death and the formation of a necrotic core [75],
while spheroids of mesenchymal stem cells adjust their packing density, ECM production and metabolic activity to prevent cell death [79], and to explain the highly
heterogeneous internal architecture of the resulting spheroids. Effective simulations of
biofabrication must predict tissue shape changes [189], nutrient delivery during maturation [64, 172] and the drivers and consequences of stem cell differentiation [190],
and enable the optimal design of complex ECM like bone scaffolds for in vivo tissue
engineering applications [191].

4.5

Conclusion
The work presented here embeds and extends the CPM to model and simulate

tissue dynamics at the cellular level with matrix remodeling. The mathematical
structure includes the objects of distinct, autonomous cells situated in a dynamic
extracellular matrix and chemical milieu, and provides the means by which each of
these three may interact. These interactions include the ability of cells to modify
their surrounding environment, and of the environment to influence the internal and
external behaviors of cells. Model descriptors are cast according to cell phenotype,
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chemical species and matrix component, the last of which includes the quality of
durability, making possible the emergence of tissue structure. Thus, the basic notions
of tissue function, formation and repair are all represented, if only primitively at
present, as is the very nature of self-organization in living tissue: cells respond to
their present conditions, they create new conditions, and so on, towards higher levels
of organization. The work presented here develops not only a representation of the
aforementioned mechanisms of tissue dynamics at the cellular scale (living cells, and
nonliving soluble and insoluble signals), but also one to which numerous previous
CPM developments and applications can be readily introduced.
Computational experiments were performed to test the usefulness of the model to
devise in silico experiments of increasingly complex collective behaviors. These additional complexities include introducing matrix remodeling to well-known emergent
behaviors like cell sorting, or the ability to create space within homotypic aggregates,
whether oxygenated or ischemic. While spontaneous cell sorting is well-known to
be reproducible in heterotypic aggregates by modeling differential adhesion between
phenotypes, differential adhesion with a dynamic matrix also showed notable differences in motility. The characteristics of this parameter space, which have already
been quantified for a static matrix [99], must then be extended accordingly.
Usefulness of the model was demonstrated by producing prototype simulations
of commonly observed biological events in vivo and in vitro (i.e., wound healing,
vascular sprouting, branching morphogenesis, and formation of a necrotic core) from
relatively simple qualitative, mechanistic models of the interactions between cells and
environmental signals (e.g., Figure 4.8C). Each of these events was reproduced during
testing of the model by posing a qualitative, mechanistic model of involved interactions, and then performing simple variation of model parameters. Upon exhaustion of
the parameter space without emergence of an event of interest, the mechanistic model
was refined, and this processes was repeated until the results presented here were obtained. Of course, each event of interest is much more complicated than the level of
detail pursued here, but these details are outside of the scope of the present work and
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subjects of future work using both the methods developed here, previously accomplished extensions to the CPM in the literature, and future developments. What was
accomplished concerning these events during model testing, however, is well aligned
with utilizing the CPM method to model biological phenomena in that insights were
gained by observations of their emergence from a simplified representation. Among
others previously discussed, these insights include observations of the tissue-level,
convective-like motion of cells during wound healing, the fractal nature and surface
conditions of angiogenesis, and the possible benefit of a necrotic core to spheroidal
aggregate viability. This method of hypothesis testing using the developments presented here is then well suited for future investigation of the mechanisms of emergent,
tissue-level events and modes of collective cell migration, specifically concerning ECM
remodeling, environmental cues and the roles and interactions of various involved cell
phenotypes.
The simulation framework also provides the opportunity for a great number of future developments, particularly concerning the hybrid mathematical representation of
tissue. The allocation of space occupied distinctly by either cells or the ECM permits
the modeling of continuous systems with dynamic boundary conditions. This was
shown in simulation of vascular sprouting, where blood, wherever it was, contained
a fixed concentration of oxygen. While this is probably the simplest possible demonstration of a dynamic boundary condition, the mathematical framework is still proven
to support the study of such systems that are driven by (or drive) environmental cues
like mechanical stress, chemical conditions or fluid mechanics. As such, future developments should include the incorporation of continuous systems like solid and fluid
mechanics by modeling approaches like homogenization of ECM components and flow
in porous media. These developments should also include extending the modeling of
intracellular responses to environmental cues. Of immediate interest is the extension
to coupled chemosensitivity, which has been observed in vitro [71], in the modeling of
cell phenotypes. As the model used here from Chapter 2 uses a normal distribution,
there is then a natural extension to the multivariate normal distribution. Combining
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this future work with the developments presented here, a much more representative
model of the spheroid and tumor, alike, becomes possible, where the combined effects
of multiple chemicals, aggregate porosity, the necrotic core, specific cell populations
and ECM conditions are all permissible for study, to whatever end of the application.
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5. COARSE-GRAINED MODELING OF CELL POLARITY
5.1

Introduction
How the molecular and subcellular components described in Section 1.1.5 work

to establish and maintain cell polarity is still poorly understood, in part due to the
possibility of redundant and multipart signaling [192], the vast number of possibly
involved biochemicals, and limited understanding of lipid bilayer dynamics. Current
understanding is even more lacking in the context of emergent, tissue-level behaviors,
in that cell polarity is intrinsically related to collective behavior and emergent function
(e.g., in tubulogenesis [193]); likewise intercellular and cell-matrix interactions help to
guide and maintain cell polarity (e.g., (E)-cadherin in polarized epithelial cells, and
integrins in migrating cells [31]). Computational modeling and simulation presents
the capability to test hypotheses derived from observation of cell polarity, and in
physically-meaningful terms [194]. As in computer-aided engineering design, virtual
experiments of biological systems can be inexpensively constructed and performed to
design and test model systems in terms of spatiotemporal mechanisms. Cell polarity,
being both fundamental to cell and tissue function, and also immensely complicated,
is increasingly investigated using various computational approaches.
Computational modeling and simulation of morphogenesis with the CPM while
considering cell polarity require methods that are both physically meaningful and
computationally efficient. In this work, the aforementioned notion of CPM cells
having a polarity vector (in Section 1.3.7) is developed and extended by deriving a
nonlinear stochastic dynamical system of vectors representing the state of polarity in
each cell. This is accomplished by homogenization of a nonlinear, intracellular reaction diffusion system of general form, which gives physical meaning to a CPM polarity
vector. New CPM effective energy expressions are then presented for two-dimensional
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simulations that relate cell shape and local adhesion binding to the state of polarity, as an attempt to generalize previous works on cell elongation and anisotropic
adhesion. Model parameters are then presented for simple morphologies of general
interest concerning cell organization and the state of polarity using a simplified polarity system, demonstrating squamous-like and columnar-like epithelial arrangement.
The usefulness of the model to simulate and analyze new in vivo scenarios is then
tested for the cases of emergent stratification in epithelial layers and tubulogenesis.

5.2

Models and Methods of Cell Polarity
Cellular and intracellular dynamics are developed using the embedded hybrid

CPM developed in Chapter 4 for a regular lattice L of cells in a uniform medium.
Hybridization is such that discrete coordinates r ∈ L are mapped to physical coordinates xi ∈ x = αr ∈ P in a physical, continuous domain P ⊆ Rd with the mapping
α : L → P. Simulation time k in the discrete domain (i.e., the MCS) is mapped to a
physical time t = βk ∈ R+ with the mapping β = dt. The system effective energy H
of Equation 2.5 consists of a summation of effective energies that model a cell volume
constraint and adhesion at cell-cell and cell-medium interfaces, as well as two new
effective energies,
H=

X

λτvi (kLσi k − v τi )2 + . . .

σi

+

X X

(5.1)


S

D

1 − δσ(r,k)σ(y,k) Jτ (σ(r,k)),τ (σ(y,k)) + H + H .

r∈L y∈N (r)

Here the spatial Lagrange multiplier λτv ∈ R+ decreases the likelihood of deviations
from a spatial constraint with increasing value, N (xi ) ⊂ L is the neighborhood
of xi , and δpq is the Kronecker-delta. The medium has no spatial constraint (i.e.,
λ0v = 0). The effective energy expressions HS and HD are described in succeeding
developments to relate cell elongation and surface domain adhesion, respectively, to
the representation of polarity in each cell.
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5.2.1

Development of the Coarse-Grained Polarity Model

Rather than accounting for the spatiotemporal details of individual chemical
species within each simulated cell, many aspects of which the CPM does not support, the idea of cells possessing a vectorial property that affects their behavior is
here extended to representing the magnitude and orientation of intracellular chemical
consistency. In the spirit of the stochastic dynamics of the CPM and its homogeneous
cells, an arbitrary number of intracellular chemical species in each cell is represented

by a cell having a set of polarity vectors Pij at its centroid. The physical interpretation of each polarity vector is that it represents the magnitude and orientation
of the gradient of some corresponding intracellular chemical species, weighted by the
shape of the cell. Derivations were performed such that the jth polarity vector Pij
evolves according to the general nonlinear stochastic differential vector equation,
 X jk
dPij (t) = Fi Pi1 (t) , Pi2 (t) , . . . , Pij (t) , . . . , Pim (t) +
ai + δdBi .

(5.2)

k

Here Fi is a function describing the reaction kinetics of the polarity vectors inside of
the cell, δ ∈ R+ is the amplification of Brownian motion Bi , and ajk
i describes the
effects of signals on the jth polarity vector by the kth site xki on the surface of a cell
in the physical domain with respect to its centroid x̄i ,
 j 1

j
k
2
m
ajk
i (t) = xi − x̄i a Pi (t) , Pi (t) , . . . , Pi (t) , . . . , Pi (t) .

(5.3)

With this form, surface signals are then defined such that their effects occur with
both a magnitude and direction with respect to the centroid of the cell, where the
polarity vectors are placed.
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Each jth polarity vector Pij is derived as a representation of the gradient of some
jth intracellular chemical species cj that is assumed to evolve according to a reaction
diffusion equation in a homogeneous medium with reaction term C j ,

∂t cj (x, t) = Dj ∂i2 cj (x, t) + C j c1 (x, t) , c2 (x, t) , . . . , cj (x, t) , . . . , cm (x, t) . (5.4)
To relate the polarity vector at the cellular level to the molecular dynamics at the
subcellular level, let Qji be a homogenization of the gradient of cj over the domain X
of the cell. Using implied summation of subscript indices,
Qji

1
(t) =
kX k

ˆ
∂i cj (x, t) dV.

(5.5)

X

Employing the Divergence Theorem while assuming that subcellular dynamics occur
much faster than cellular dynamics, the rate of Qji can be written as an integral over
the surface ∂X of the cell with outward facing normal vector Ni ,
dQji
1
(t) =
dt
kX k

ˆ
Ni (x) ∂t cj (x, t) dS.

(5.6)

∂X

Substitution of Equation 5.4 into Equation 5.6 then yields an accounting of diffusion
and all reaction kinetics over the surface of the cell, in which one could apply constraints on the chemical distribution like no flux normal to the boundary, or some
prescribed normal flux due to an external stimulus. In this case, one can assume
that a function κj contains all expressions involving all chemical species, while some
function ξ j describes the independent effects of external stimuli, and that both have
been scaled by the volume of the cell,
dQji
(t) =
dt

ˆ

Ni (x) ξ j (x, t) + . . .
(5.7)

∂X
j

1

2

j

m

+ κ c (x, t) , c (x, t) , . . . , c (x, t) , . . . , c (x, t)



dS.
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Then by some discretization and linearization of Equation 5.7, the details of which
are of no particular interest to the present work,
X
X jk j

dQji
(t) =
Ni (x) Rj (x, t) +
Aij Qi , Qki Qkj + δηi (t) ,
dt
x∈∂X
k

(5.8)

where the first two summations correspond to the two terms of the surface integral in
Equation 5.7, respectively, with unknown functions Rj and Ajk
ij , and ηi is noise due
to the linearization with amplification δ ∈ R+ . Writing Equation 5.8 in differential
form with Brownian noise Bi ,
!
X

dQji (t) =

Ni (x) Rj (x, t) +

x∈∂X

X

Ajk
ij


Qji , Qki Qkj

dt + δdBi .

(5.9)

k

While Equation 5.9 is of the desired form of Equation 5.2, it lacks any information
about the shape of the cell over which each gradient is approximated, as well as about
the diffusive nature of the represented chemical. It is then insufficient because, in the
very least, a change in cell shape should cause its own change in a representation of
the intracellular state. Furthermore, for the sake of uniqueness, equal measurements
of two polarity vectors, each representing its own diffusive intracellular chemical, and
each representing identical chemical distributions over the same cell shape, should
only be equal if their diffusive properties are the same. For these reasons, each
polarity vector Pij is scaled by the diffusion coefficient of the species Dj and inertia
tensor Iik of the cell body, and so defined as the average rate of molecules passing
through orthogonal (but arbitrarily defined) planes at the centroid of the cell,
Pij = Dj Iik Qjk ,

(5.10)

where for the case of a discretized body on a regular lattice [147],
Iij =

X
xk ∈X

((xk − x̄k ) (xk − x̄k ) δij − (xi − x̄i ) (xj − x̄j )) .

(5.11)
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 −1

k
l
kl
k
l
Then for the substitution Akl
ij Qm , Qm Ijn → Ain Pm , Pm in Equation 5.9, the
differential of Equation 5.10 yields the final form for Equation 5.2,
"
−1 j
dPij = Imn
Pn dIim + Dj Iim

X

Nm (x) Rj (x, t) + . . .

x∈∂X

!
+

X

#

(5.12)

j
k
Ajk
mn Pi , Pi Pn dt + δdBm .


k

k

Equation 5.12 specifies changes in each polarity vector due to changes in cell shape
(by the the first term), signals at the cell surface (by the second term), reaction
kinetics within the cell (by the third term), and randomness (by the fourth term).
Given that the cellular dynamics of the CPM permit multiple shape changes before the
advancement of simulation time, it is necessary to designate when in simulation each
mechanism affects a polarity vector. As in the scheme typically employed in hybrid
CPM formulations [105], signaling, reaction kinetics, and randomness are globally
implemented at the conclusion of each MCS, while shape changes are calculated for
every copy attempt. Effective energy expressions affecting the probability of a copy
attempt (by Equation 2.4) are calculated according to this scheme. It should be
noted that Equation 5.12 cannot produce the polarity vector typically used in CPM
extensions [148], since the typical form only modeled the effects of displacement of
the centroid of the cell, and not a change in the total cell shape.
The inertia tensor and centroid of each cell can then be updated as necessary
using differentials to reduce computational cost, rather than repeatedly performing
redundant calculations. Let x̄ki , Iijk , and X k be the centroid, inertia tensor, and domain
of the kth cell for a copy attempt target coordinate yi , where k = s for the source
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cell, and k = t for the target cell. Changes in centroid coordinates are calculated for
a volume or area change χ due to an accepted copy attempt with the forms,
yi − x̄si
=
,
χ + kX s k
yi − x̄ti
dx̄ti =
,
χ − kX t k

dx̄si

(5.13)
(5.14)

and changes in the inertia tensors are calculated with the forms,

kX s k 
s
s
s
s
(y
−
x̄
)
(y
−
x̄
)
δ
−
(y
−
x̄
)
y
−
x̄
,
k
k
ij
i
j
k
k
i
j
χ + kX s k




kX t k 
t
t
t
t
y
−
x̄
y
−
x̄
δ
−
y
−
x̄
y
−
x̄
.
dIijt =
k
k
ij
i
j
k
k
i
j
χ − kX t k
dIijs =

5.2.2

(5.15)
(5.16)

Relating Polarity and the CPM

As mentioned in the presentation of Equation 5.1, two additional effective energy
expressions are devised to relate the effects of the intracellular polarity state to the
cellular dynamics of the CPM. Furthermore, surface signaling affecting the state of
polarity, as made possible by the functions Rj in Equation 5.12, can be readily connected to the CPM in terms of the configuration in the CPM lattice L. These all
are defined using intracellular measurements of the relative position of each site with
respect to the centroid, and also its relative orientation with respect to the state of
polarity, of its occupying cell (if any).
σ(xi )

Let x̄i

be the centroid of cell σ at xi , let zi (x, t) be the relative position vector

of xi with respect to its occupying cell, and let T (x) be a positive ramp function,
σ (α−1 x,β −1 t)

zi (x, t) = xi − x̄i
T (x) =

1
(x + |x|) .
2

,

(5.17)
(5.18)

A surface sites of a cell is modeled to express surface signals proportionally to the
orientation of its relative position vector with respect to each polarity vector. This

132
measurement is made by calculating the scalar product of its relative position vector
and a polarity vector, with a minimum of zero (using Equation 5.18). The expression
of surface signals is then treated as a source term for polarity vectors in neighboring
sites of adjacent cells. Signaling by the kth polarity vector affecting the jth polarity
vector in a neighboring cell is accomplished in this work using a coefficient ujk and
performing a summation over the neighborhood of each site in the lattice,
X

X

y∈N (α−1 x)

m

Rj (x, t) =
σ(

)6=σ(

y,β −1 t

 
ujm T zi (αy, t) Pim σ y, β −1 t , t .

(5.19)

)

α−1 x,β −1 t

By this same treatment of polarity affecting surface signaling, the same type of
calculation of polarity vectors at surface sites is performed to model the effects of
the state of polarity on cell adhesion. In this case, adhesion binding at a site is
also dependent on the relative position of contacting sites and their orientation to
their respective polarity vectors, using an effective energy term HD (as in Equation
5.1). For two contacting sites expressing surface signals due to the jth and kth
polarity vectors, the adhesion energy increases proportionally to a Lagrange multiplier
kj
j
λjk
D = λD , and proportionally to a Lagrange multipliers µi at cell-medium interfaces

with the ith quantity qi in the medium (Chapter 4),
"
HD =

X

X

X

r∈L

y∈N (r)
σ(y,k)6=σ(r,k)

j


T zi (αy, βk) Pij (σ (y, k) , βk) µji qi (r, k) + . . .


+ T zi (αr, βk) Pij (σ (r, k) , βk) µji qi (y, k) + . . .

(5.20)

!#
+

X

λjk
DT

zi (αy, βk) Pik


(σ (y, k) , βk)

.

k

Here the first term models polarity-dependent adhesion between matrix component
quantities at an extracellular sites and all cellular interfaces expressing polarized
identity in its neighborhood, the second term models polarity-dependent adhesion
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between cellular interfaces expressing polarized identity at a site and all matrix component quantities in extracellular sites in its neighborhood, and the third term models
polarity-dependent adhesion between cellular interfaces expressing polarized identity
at a site and all cellular interfaces expressing polarized identity in its neighborhood.
Elongation of cells due to the state of polarity is introduced by devising an effective energy term HS (as in Equation 5.1). This expression is formulated as being
proportional to the angle between the relative position of each surface site and each
polarity vector, and to a Lagrange multiplier λjS . Cells tend to elongate along the jth
polarity vector when λjS > 0, and orthogonally to Pij when λjS < 0,
HS =

XX
r∈L

λjS θj (r, k) ,

(5.21)

j

where θj (r, k) is the angle between the relative position of r and the jth polarity
vector, restricted to a span of one half revolution centered about Pij ,

j

θ (r, k) =



cos−1

zi (αr,βk)Pij (σ(r,k),βk)
kzi (αr,βk)kkPij (σ(r,k),βk)k


0

5.2.3

− π2 ≤ θj (r, k) ≤

π
2

.

(5.22)

otherwise

Simulation Details

To test the usefulness of the developed polarity model to produce new emergent
behaviors associated with planar cell polarity in the CPM, a simplified model system
of two polarity vectors was devised to represent apical and basal identities [153]
inside each cell (Figure 5.1). Each polarity vector did not correspond to any specific
intracellular chemical species, but rather to a particular polar identity (e.g., as a
basal identity, rather than as PI3K), so to evaluate the capability to develop new CPM
model simulations using the developed model of cell polarity with minimal complexity.
Each polarity vector was modeled to self-regulate their magnitude to values less than
unity, and mutual antagonism between the two vectors was modeled as that the
magnitude and direction of each polarity vector acts as a negative vector source term
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of its counterpart. Using Equation 5.12, these characteristics were implemented with
the compact form,
Akl
ij

Pmk , Pml







= ψ1 min



1
− 1, 0 δkl − ψ2 (1 − δkl ) δij .
kPmk k

(5.23)

CPM simulations for three test cases were developed using the simplified model
system of polarity while considering the new polarity-associated adhesion, elongation,
and intercellular communication. First, five cells were initialized in a strand, and parameters of the polarity model were identified that produce known epithelial-like
morphologies and intracellular conditions. Second, a cross-section of an epithelial
layer was simulated at a basal lamina along the bottom of the lattice that directs
cell polarity, and model parameters were varied to produce emergent stratification
of squamous and columnar epithelia. Third, tubulogenesis in initially solid aggregates was simulated by placing cells in a medium that directs cell polarity, and the
effects of model parameters were characterized by varying parameters associated with
anisotropic adhesion and cell elongation. In the stratification simulations, the basal
lamina acted as a source term for the basal vector. In the tubulogenesis simulations,
extracellular sites acted as a source term for the basal vector, while an emergent
lumen was modeled as having no signal for either polarity vector. Environment signals were simulated by adding positive values to the expression for the intercellular
signaling field of the basal vector (i.e., to R2 from Equation 5.19) at all applicable
sites. For all simulations, copy attempts that resulted in a cell occupying two or more
disconnected spaces were rejected.
For all simulations the neighborhood N of adhesion calculations was a (range
one) Moore neighborhood. All simulations were performed with homogeneous cell
populations of a theoretical phenotype τi = 1 with a nominal diameter 20 microns, and
discretization of the lattice was such that, when initialized as a square of area equal to
its area constraint, each cell occupied 36 sites (Table 5.1). Apical and basal identity
were assigned to polarity vectors Pi1 and Pi2 , respectively. Since the simulated polarity
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Figure 5.1. Model system of cell polarity and simulation scenarios
for stratified epithelia and tubulogenesis in silico. A binary system of
two vectors represent the gradients of chemical distributions associated with apical (dark red) and basal (dark green) domains inside of
each cell (left). The binary system was simulated for the scenarios of
epithelial stratification and tubulogenesis. The model of stratification
places a layer of cells at a basal lamina that induces the basal vector
in adjacent cells (middle). The tubulogenesis model places cells in a
medium that induces the basal vector at interfaces with extracellular
sites not inside an emergent lumen (right).

vectors were qualitative in nature, a simulation time step of one second and diffusion
coefficients equal to one were used for all simulations. Adhesion coefficients (i.e.,
J1,0 and J1,1 ) were selected per simulation, as were coefficients determining polaritydependent adhesion for apical and basal surface domain sites with the medium (i.e., µ11
12
22
and µ21 ), and with neighboring surface domain sites (i.e., λ11
D , λD , and λD ). Activation

and inhibition of polarity vectors were modeled with coefficients u11 , u12 , u21 , and u22 ,
where self-activation was not considered for either polarity vector (i.e., u11 = u22 = 0
for all simulations). Elongation was considered in all simulations with equal affect by
the two polarity vectors (i.e., λ1S = λ1S ). The self-limiting and antagonism coefficients
ψ1 and ψ2 , respectively, from Equation 5.23 were initially calibrated and held constant
for all simulations (Table 5.2).
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Table 5.1. Hybrid CPM parameters for simulations using the developed polarity model. Morphology sets 1, 2, 3, and 4 correspond to
the results labeled “CPM”, “Squamous parallel”, “Columnar orthogonal”, and “Columnar parallel”, respectively, in Figure 5.2.
Description
Lattice discretization (µm)
Time differential (s)
Intrinsic random motility
Spatial constraint (µm2 )
Spatial Lagrange multiplier
Adhesion, cell-medium
Adhesion, cell-cell

5.3

Symbol
n/a
dt
H∗
v1
λ1v
J1,0
J1,1

Morphology set
1
2
3
4
2.96 2.96 2.96 2.96
1
1
1
1
3
3
3
3
314 314 314 314
2
2
2
2
10
10
10
5
5
10
5
12

Stratification
2.96
1
2
314
2
10
5

Tubulogenesis
2.96
1
2
314
2
10
5

Computational Experiments of Emergent Behaviors Involving Cell
Polarity

5.3.1

Self-Organization of Polarized Cells in Planar Morphologies

New interactions introduced by the polarity model were first tested by simulating
five cells arranged in a line until they reach their resulting morphologies (Figure 5.2).
Four parameter sets were simulated for 1k MCSs, where the first used only the CPM
for comparison, and all sets simulating polarity neglected noise and were initialized
with polarity vectors of magnitude equal to one. No environmental guidance of the
polarity vectors was simulated. In the CPM test simulation, polarity vectors were not
simulated. As is typical of CPM applications, adhesion parameter values were selected
such that the cell-cell adhesion coefficient was less than that of cell-medium. By
minimization of effective energy, cells aggregated into a circular shape in simulation.
In the second test, called “Squamous parallel”, parameters were sought such that,
for an initial state of polarity where the apical and basal vectors point upwards and
downwards, respectively, cells aggregate in a line parallel to the orientation of the
polarized state, elongate orthogonally to it (like squamous epithelial cells), and maintain the orientation of their polarized state. This was accomplished in a departure
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Table 5.2. Model parameters for simulations using the developed
polarity model and simplified binary polarity system. Morphology
sets are labeled as in Table 5.1.
Description
Noise amplification
Diffusion
coefficients (m2 /s)
Environment basal
source (mol/µm/s)
Apical activation by
apical (mol/µm2 /s)
Apical activation by
basal (mol/µm2 /s)
Basal activation by
apical (mol/µm2 /s)
Basal activation by
basal (mol/µm2 /s)
Adhesion, domainmedium (s/mol/µm)
Adhesion,
domain-domain
(s/mol/µm)2
Elongation by apical
Elongation by basal
Self-limiter
coefficient (M/µm/s)
Antagonism
coefficient (cm-4 )

Symbol
δ

Morphology set
1 2
3
4
0 0
0
0

Stratification
0

Tubulogenesis
0.01

D1 , D2

1

1

1

1

1

1

n/a

0

0

0

0

1

1

u11

0

0

0

0

0

0

u12

0

0.05

0.01

0.1

0

0.05

u21

0

0.05

0.01

0.1

0.1

0.05

u21
µ11
µ21
λ11
D
λ12
D
λ22
D
λ1S
λ2S

0
0
0
0
0
0
0
0

0
1
1
0
-0.015
0
-5
-5

0
1
1
0
0
0
20
20

0
0.5
0.5
0
0
0
30
30

0
0
0
0.1
0.05
0.1
varies
varies

0
0
0
varies
0.05
0.1
varies
varies

ψ1

0

1

1

1

1

1

ψ2

0

0.1

0.1

0.1

0.1

0.1

from typical CPM applications, where instead cell-cell and cell-medium adhesion parameters were equal such that aggregation was due to mechanisms provided by the
polarity model. In this way, surface sites not of particularly apical or basal identity
have no preference concerning contact with cells or the medium, while differential
adhesion at those sites of one identity or the other can be accomplished with respect
to the state of polarity. For differential adhesion, the sought morphology was accomplished with a negative adhesion coefficient at interfaces between apical and basal
domains, and a positive adhesion coefficient for interfaces between the medium and
either polarity domain. The differential adhesion scheme for the sought morphology
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Figure 5.2. Morphology tests using model developments for a simplified, binary polarity system and five cells. Simulating an initial strand
(top) of five unpolarized cells using the CPM produces an approximately circular aggregate cross-section, due to minimization of cellmedium adhesion effective energy (far left). Introducing an initially
polarized, but otherwise unconstrained, intracellular state and proper
selection of model parameters permits emergent multiscale configurations like squamous epithelial cells that aggregate along their polarized state (left center), like columnar epithelial cells that aggregate
orthogonally to their polarized state (right center), or like columnar
epithelial cells that aggregate along their polarized state (far right).

then implies preferential attachment between apical and basal surface domains, which
bind least to the medium. The orientation of the state of polarity was maintained
throughout the cells by intracellular mutual antagonism of the two polarity vectors,
and by intercellular communication at cell contacts, where each cell surface site of
one identity induced the other identity in contacting surface sites of neighboring cells.
Elongation orthogonally to the orientation of the state of polarity was accomplished
by appropriate selection of a negative Lagrange multiplier for elongation with respect
to both polarity vectors.
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In the third test, called “Columnar orthogonal”, parameters were sought such
that, for an initial state of polarity where apical and basal vectors point rightwards
and leftwards, respectively, cells aggregate in a line orthogonal to the orientation
of the polarized state, elongate in parallel to it (like columnar epithelial cells), and
maintain the orientation of their polarized state. This was accomplished using the
same adhesion parameters as the first CPM test, and without any adhesion effects
from polarity on cell-cell interfaces. Rather, the same adhesion effects from polarity
at interfaces between the medium and cell surface sites of a polarized identity as in
the second test (i.e., Squamous parallel, where adhesion energy increases at those
interfaces) were found to produce the sought morphology. The differential adhesion
scheme of the sought morphology then implies preferential attachment of unpolarized
cell surfaces. The orientation of the polarized state was maintained with the same
scheme as the second test, but with a significantly reduced magnitude, implying that
the orientation was more so maintained by intracellular reaction kinetics, rather than
by intercellular signaling. Elongation along the orientation of polarity was accomplished by appropriate selection of a positive Lagrange multiplier for elongation with
respect to both polarity vectors.
In the four test, called “Columnar parallel”, parameters were sought such that,
for an initial state of polarity where the apical and basal vectors point upwards and
downwards, respectively, cells aggregate in a line parallel to the orientation of the
polarized state, elongate in parallel to it (like columnar epithelial cells), and maintain
the orientation of their polarized state. Like the second test, CPM adhesion parameters that accomplished the sought morphology were significantly different from
typical applications, where in this case cells, without influence from polarity, strongly
attached to the medium, rather than to each other. Like the third test, adhesion
coefficients with respect to the state of polarity were set such that effective energy
increased at interfaces between the medium and cell surface sites of a polarized identity. The differential adhesion scheme of the sought morphology then implies strong
binding between cells only at polarized interfaces, and between the medium and un-
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polarized cell surface sites. Like the third test, elongation along the orientation of
polarity was accomplished by appropriate selection of a positive Lagrange multiplier
for elongation for both polarity vectors. Like the second and third tests, surface sites
of one identity induces the other identity in contacting surface sites of neighboring
cells. The magnitude of the signals were significantly greater than the previous two
tests, likely because of the reduction in cell-cell interfaces encouraged by elongation
along the polarity vectors.

5.3.2

Stratification

Simulations of the cross-section of an epithelial layer were performed for 75 unpolarized cells initially arranged in 5 layers (Figure 5.3). Cell-cell and cell-medium
adhesion parameters were the same as the test simulation using the CPM. Adhesion
parameters for cell surface sites of a polarized identity were such that, for an interface involving at least one domain, apical-medium and basal-medium were zero, and
apical-apical and basal-basal were equal and twice that of apical-basal. This differential adhesion scheme encouraged cells to generally arrange in an organized manner
with respect to their polarity, where two polarized cells would tend towards a configuration where their polarity vectors were aligned. Intercellular signaling was designed
to propagate the directional guidance provided by the basal lamina at the base of
the cell layer, which, by activation of basal identity along the bottom of the domain,
made basal vectors in the bottom row of cells tend downwards. By intracellular reaction kinetics, this same row then also had apical vectors tending upwards, and so
intercellular signaling parameters are such that cell surface sites of apical identity
induce basal identity in contacting sites of neighboring cells, and are otherwise set to
zero.
The described parameters were calibrated such that, while neglecting elongation
and without any external guidance besides that of the basal lamina, polarity vectors
of all cells tended to remain vertical, with upward and downward apical and basal
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Figure 5.3. Configurations from simulations of cross-sections of stratified epithelia driven by polarity signaling while varying cell elongation
with respect to the orientation and magnitude of the polarized state.
An unpolarized aggregate was initialized as consisting of square cells
and simulated for 2k MCSs (left to right) for elongation Lagrange
multipliers (λ1S and λ2S , vertical), where λ1S = λ2S .

vectors, respectively, for 2k MCSs. Next, a range for the elongation Lagrange multiplier with respect to the polarity vectors was established over which cells elongated
orthogonally to the generally vertical orientation of the polarity vectors (like squamous epithelial cells at the minimum, λ1S = λ2S = −5), and also along the polarity
vectors (like columnar epithelial cells at the maximum, λ1S = λ2S = 15). Two additional elongation Lagrange multipliers were then also simulated (λ1S = λ2S = 5 and
10), to observe the effects of the elongation mechanism by varying its corresponding
parameter at intervals of five. Mean measurements of the absolute orientation of
polarity vectors and cell shape were made, where the absolute angle between apical
and basal vectors was measured with respect to upward and downward unit vertical
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vectors, respectively, and the minimum absolute angle of the semimajor axis of each
inertia tensor was measured with respect to the vertical axis. Mean eccentricity of cell
shape was also measured, with the form for inertia tensor eigenvalues e1 ≤ e2 [147],
r
e1
1− .
e2

(5.24)

All cell measurements were made at intervals of 10 MCSs in all cells except those along
the basal lamina, since that boundary guided the state of polarity and interfered with
the shape of those cells.
Without elongation, polarity vectors were well organized over the entire simulation, with basal identity on the basal side of the cells, and apical on the side (Figure
5.4). This was consistently observed for all simulations with a nonnegative elongation
Lagrange multiplier, where the mean absolute orientation of polarity vectors in the
last 500 MCSs for these simulations was always less than 18deg. This was not the
case for the simulation with a negative elongation Lagrange multiplier, the mean absolute orientation of polarity of which significantly varied and was much greater than
zero. Calculated as the mean over the last 500 MCSs, the mean absolute orientation
of the polarity vectors for elongation Lagrange multipliers -5, 0, 5, 10, and 15, were
29.6 ± 29.9◦ , 16.0 ± 13.5◦ , 9.50 ± 8.07◦ , 9.17 ± 7.27◦ , and 14.2 ± 9.81◦ , respectively.
The lack of uniformity of polarity vectors in the case of a negative elongation Lagrange multiplier was likely due to a combination of the effects of the shape of cells,
and of their organization within the layer. These cells were significantly eccentric
and elongated orthogonally to their polarity vectors, as expected. However, while
the mean absolute orientation of their shape was closer to the horizontal axis than
the vertical axis, some cells were elongated even vertically. This was likely due to
the inherited persistence of the polarity vectors when oriented along the semiminor
axis of a highly eccentric cell shape (by Equation 5.12). In this case, relaying by
intercellular signaling of the directional guidance provided by the basal lamina was
insufficient to overcome the state of polarity in cells in their elongated shape and ori-
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entation, leaving differential adhesion as the primary mechanism of self-organization.
This is supported by simulations with positive elongation Lagrange multipliers, where
for the maximum simulated value cells were nearly as eccentric as for the minimum,
but their polarity vectors and elongated shape both tended towards a vertical orientation. With these two results in mind, one can expect that if a cell happens into
a state of misaligned polarity vectors, elongation along the polarity vectors more so
permits their correction by a consistent directional cue, while elongation orthogonal
to the polarity vectors makes their state much more difficult to correct. From these
observations, simulations then suggest that, neglecting signaling by diffusive signals,
directional guidance requires greater intercellular communication at contact interfaces
when organizing polarized squamous cells than polarized columnar cells.
Interestingly, cells exhibited more eccentricity without any effects of polarity on
elongation compared to some effects. The selected adhesion scheme caused anisotropic
differential adhesion such that cells with an elongation Lagrange multiplier of 5 were
less eccentric on average than those with no elongation Lagrange multiplier. For
both parameters, orientation of cell shape varied significantly, while further increases
in elongation Lagrange multiplier caused eccentricity to again increase, and cells to
decidedly orient their shape vertically. This further demonstrates the interactive effects of multiple mechanisms related to cell polarity on final cell shape in multicellular
aggregates, even for the highly simplified polarity system of two vectors used in this
work. As in real cells, the model produces virtual cells that preferentially attach and
expand or contract at each surface location, depending on the local intracellular state
and its resulting effects.

5.3.3

Tubulogenesis

Simulations of the cross-section of initially unpolarized solid aggregates were performed for in silico tubulogenesis. Simulations were first performed for small aggregates of five cells for 5k MCSs, and then for larger aggregates of 21 cells for 10k
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Figure 5.4. Quantitative analysis of global behavior in simulated
stratified epithelia while varying cell elongation with respect to the
orientation and magnitude of the polarized state. The mean (solid
lines) and standard deviation (dashed lines are mean ± standard deviation) of the absolute orientation of all simulated cell polarity (top)
and shape (middle) with respect to the horizontal axis and their eccentricity (bottom) were calculated at intervals of 10 MCSs for 2k MCSs
while varying cell elongation (horizontal, λ1S and λ2S ), where λ1S = λ2S .
Polarity orientation was calculated as the angle between the upward
or downward unit vertical vector and apical or basal polarity vector,
respectively. Cell orientation was calculated as the minimum angle
between the domain vertical axis and semimajor axis of the inertia
tensor of a cell area. Cell eccentricity was calculated from the eigenvalues of the inertia tensor of a cell.

MCSs. Many of the parameters from the simulations of stratified epithelia are used,
including adhesion for cell-cell, cell-medium, apical-basal, and basal-basal interfaces,
and an environmental basal signal at all extracellular sites not contained in an emergent lumen. However, intercellular signaling is such that cell surface sites of apical
identity induce basal identity in contacting sites of neighboring cells, and vice versa,
both of which were determined to be required to generate a lumen in preliminary
simulations.
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The mechanisms of tubulogenesis in this model targeted in vivo “cord hollowing” [195], and were treated in the following way: (1) directional guidance of polarity
by the medium encourages outward basal-pointing identity and, through intracellular
reaction kinetics, inward-pointing apical identity, (2) sufficiently high apical-apical
adhesion energy causes separation of apical contact interfaces and creation of extracellular space within the aggregate [153], and (3) low adhesion energy at cell-cell
interfaces without polar identity maintains a stable tubular cross-section. Since in
nature tubes form from cells elongated both along (e.g., in the ventral furrow of
drosophila) and orthogonally to (e.g., in capillaries) the perimeter, simulations were
performed while varying the magnitude and orientation of elongation with respect to
polarity by using the same variation as in simulations of stratified epithelia. Variations were also performed in apical-apical adhesion, to characterize the space of the
two model parameters concerning emergent morphology, for the range of 1x to 5x
that of simulations of stratified epithelia (Figure 5.5).
Resulting configurations at 5k MCSs clearly demonstrated a trend of tubulogenesis
in the parameter space of elongation and apical-apical adhesion energy. For insufficiently high apical-apical adhesion, apical identity did orient inward, but lacked a
sufficient CPM effective energy to cause separation of apical cell surfaces and the cre2
ation of extracellular space. These parameter sets (i.e., for λ11
D ≤ 0.125 (s/mol/µm) )

resulted in aggregates remaining solid and, for all nonnegative elongation Lagrange
multipliers, with radially oriented polarity states. With this same apical-apical adhesion coefficient, cells with a negative elongation Lagrange multiplier instead created a
perimeter of four elongated cells enclosing one cell, despite that the enclosed cell was
also polarized. This was also the case when the apical-apical adhesion coefficient was
doubled, while all cells with a nonnegative elongation Lagrange multiplier created a
lumen and stable tubular cross-section. An additional increase of the same magnitude in apical-apical adhesion induced a partially formed tubular cross-section with
the negative elongation Lagrange multiplier, while cells with greater elongation Lagrange multipliers were unstable, producing tubular cross-sections that ripped. This
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Figure 5.5. Configurations at 5k MCSs from simulations of tubulogenesis driven by polarity signaling in small, initially solid aggregate
cross-sections of varying model parameters. Emergent tubulogensis
was observed for combinations of elongation with respect to the orientation and magnitude of the polarized state (λ1S and λ2S , horizontal),
and adhesion strength between apical surface domains (λ11
D , vertical).
Other combinations produced consistently solid aggregates (top right)
and tube tearing (bottom right), depending on the interactive effects
of cell elongation and domain-specific intercellular adhesion.

same trend continued to the maximum simulated apical-apical adhesion, where the
negative elongation Lagrange multiplier produced a fully formed, stable tubular crosssection, while emergent tubular cross-sections from more positive elongation Lagrange
multipliers were unstable and ripped.
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The observed interactive effects between elongation and apical-apical adhesion
on tubulogenesis were mostly consistent among all simulated parameter variations
(Figure 5.6). Partially formed tubular cross-sections were observed for multiple simulations using the negative elongation Lagrange multiplier, though completed tubes
emerged for sporadically distributed apical-apical adhesion coefficients. This implies
that aggregates that formed partial tubes by MCS 5k simply required more simulation time. The same is probably so for one tubular cross-section that successfully
completed with high apical-apical adhesion and elongation Lagrange multiplier (i.e.,
2
1
2
λ11
D = 0.3125 (s/mol/µ) , λS = λS = 10), which likely required more time to tear.

Assuming that both of these are true, one can define a subspace for which stable tubular cross-sections emerge from initially solid, unpolarized aggregates, with
respect to cell elongation and apical-apical adhesion, the boundaries of which can be
defined by upper and lower curves, as demonstrated in Figure 5.6. Below the lower
boundary, insufficient preferential detachment at contacting apical surface domains
(by CPM apical-apical adhesion effective energy) inhibits cell separation, space making, and thus the event of cord hollowing. Above the upper boundary, apical surface
domains are too inclined to detach, resulting in detachment of cells at the forming
perimeter and ripping of the tubular cross-section. The lower boundary of the tubeforming space decreases with increasing elongation along the direction of polarity up
a point when cells are so elongated that their shape lacks sufficient reinforcement of
the polarized state, as described in Section 5.3.2. This phenomenon likely defines
the upper boundary of the tube-forming space, in that for increasing tendency of
apical surface domains to separate, cells require a shape that increasingly makes their
polarized state persist to form a stable tube.
This characterization was then tested for larger aggregates of 21 cells, for 10k
MCSs, and with an apical-apical adhesion coefficient of 0.250 (s/mol/µm)2 ), This adhesion coefficient was selected since five cells with all elongation Lagrange multipliers
formed a complete, stable tube by MCS 5k, except for a value of -5. In the case of
21 cells, cells with the negative elongation Lagrange multiplier did create cavities,
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Figure 5.6. Phase diagram of tubulogenesis in small, initially solid
aggregate cross-sections for variations in polarity model coefficients
of interest. Solid lines show fitted polynomial curves demarcating the
approximate boundaries where tubulogenesis was observed to consistently occur in the space of elongation Lagrange multipliers (λ1S and
λ2S , horizontal) and apical-apical adhesion coefficient (λ11
D , vertical),
where λ1S = λ2S . Trials that formed a completed tubular cross-section
within 5k MCSs and without tearing (blue “o”) defined the subdomain
of tubulogensis, where a tube was considered “complete” if each cell
had at least one contact interface with both an inner and outer simply connected extracellular space. Partial tubes (green “+”), where
an inner extracellular space formed, were considered as in the subdomain of tubulogensis that merely required more time. Failed trials
(red “x”) either formed no inner extracellular space (bottom region)
or ripped (top right region).

though they were unstable and repeatedly collapsed (Figure 5.7). On the other hand,
cells with high elongation Lagrange multipliers (10 and 15) formed a complete, stable
tubular cross-section before the end of simulation, like their aggregates of five cells,
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while intermediate values (0 and 5) only formed partially completed. These, however,
likely only required more simulation time, since tubular cross-sections for elongation
Lagrange multipliers of 10 and 15 completed at MCS 6k and 4.6k, respectively.

Figure 5.7. Configurations from simulations of tubulogenesis driven
by polarity signaling in initially solid aggregate cross-sections of larger
size and varying elongation. All simulation parameters were the same
as in Figure 5.5, for apical-apical adhesion coefficient λ11
D = 0.250
2
(s/mol/µm) .

The formation of unstable cavities by cells with negative elongation Lagrange multiplier, and also the increasing rate by which cells completed tubular cross-sections
with increasing elongation Lagrange multiplier, both further support aforementioned
observations about the relationship between shape and organized polarity in multicel-
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lular aggregates. That 21 cells with negative elongation Lagrange multiplier managed
to create any space at all compared to aggregates of five cells is likely due to chance,
in that, with directional guidance by the external medium, an increasing number of
cells increases the probability of finding two elongated cells with contacting apical
domains. Their inability to create a stable lumen, however, is likely due to the persistence of their polarity vectors caused by the relative orientation of their elongated
shape, as described in Section 5.3.2. With this persistence, direction guidance by the
medium was insufficient to generate an organized, radially oriented state of polarity
in the aggregate within the allotted simulation time, while cells that elongated along
their polarity vectors, and thus with polarity vectors that could be more easily corrected by directional guidance, formed stable tubular cross-sections. This also further
supports the explanation for the upper boundary of the state space shown in Figure
5.6, where cells are believed to have insufficiently persistent polarity vectors for the
given direction guidance and model parameters, making them too volatile for the
tubular morphology.
Of course, the exact mechanisms involved in tubulogenesis are far more complicated than those simulated in the present work, and are still poorly understood.
Potential future developments of the model system demonstrated here could incorporate associated mechanisms like apical electrostatic repulsion, system-level lumenal
hydrostatic pressure [195], or lateral transport along the perimeter of the tube [31],
depending on the application of interest. What has been demonstrated in the present
work is that, like in comparable work on modeling endothelial cells [106], cell elongation affects the collective behaviors of polarized cells in planar and tubular morphologies, even to permitting or prohibiting the organization of cell polarity and tissue-level
morphology.
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5.4

Discussion
All aspects of the developed model are general concerning spatial dimensionality,

and so it can be applied in its current form to two- and three-dimensional applications.
However, the model currently lacks a description of the effects of explicit soluble,
diffusive chemicals, which are typical of many hybrid CPM applications. Future
work should continue development to incorporate this missing mechanism, though it
is currently unclear how to approach this work without co-development of a better
description of CPM surfaces.
Given the immense amount of complexity introduced by considering phenomena
in the plasma membrane (as previously described concerning the PIPs), diffusive
signals were neglected and model developments were only performed for discrete CPM
objects (i.e., cells and the medium). Having accomplished this, it seems likely that
many critical aspects of epithelial organization and function (or dysfunction) could
then be recreated in silico, including active transport and the transitions to and from
the epithelial and mesenchymal phenotypes. To this end, better representations of
intracellular reaction kinetics should be developed than those presented in this work,
which were highly simplified and only a qualitative of polarized identity.
These developments should target physical biomolecules (e.g., PTEN, PI3K) and
associated models of signaling pathways, and could perhaps be accomplished using
complimentary approaches that model explicit reaction diffusion systems (e.g., Virtual
Cell ) or cell polarity from image analysis of experimental results (e.g., PolNet [196]).
What is perhaps most promising is the opportunity to develop and calibrate the
dynamics of the coarse-grained model presented here using more detailed computational approaches, for better simulations of multicellular systems and morphology
that require cell polarity. Were this the case, the model presented here could then
serve as a means to translate the immensely intricate details of subcellular spatiotemporal chemical systems into meaningful and feasible CPM simulations of emergent,
cellular-level tissue dynamics.
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5.5

Conclusion
By homogenization of a general, nonlinear reaction diffusion system, linearization

and scaling by chemical properties and cell shape, this work developed a coarsegrained stochastic model of the state of polarity in CPM cells that accounts for cell
shape changes, surface signaling, intracellular reaction kinetics, and randomness. The
model then presents a new approach to representing directional information within
CPM cells that is both physically meaningful and testable, and yet well within the
paradigm of CPM modeling to be both relatable to other CPM works and computationally feasible for multicellular simulations. This was demonstrated by designing
effective energy expressions relating the state of polarity at each cell surface site
to contact conditions and expansion or contraction for the enhanced modeling of
anisotropic adhesion and cell elongation, which were tested in simulations of multicellular aggregates.
Model parameter sets for anisotropic adhesion, elongation and intercellular signaling were identified for a simplified intracellular polarity system that produce cells
that arrange both themselves and their polarity in common morphologies with distinct
cell shape and organized polarity. These parameter sets were then further developed
while incorporating directional guidance by environmental signals to produce both
stratification of epithelial layers and tubulogenesis in silico, parameter variations of
which showed the significant effects of cell shape on the organization of cell polarity
and emergent morphology.
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6. CONCLUSIONS AND OUTLOOK
In this work hybrid KMC models of cellular level tissue dynamics were developed
to describe multicellular aggregates in dynamics microenvironments. This was performed by constructing stochastic hybrid models based on the CPM formulation with
consistent mathematical notation throughout to describe the interactions between
cells, soluble chemicals, and insoluble materials, while representing intracellular conditions using stochastic transition rules and nonlinear dynamical vector systems. Models were constructed with the a priori demand that they accommodate the inherent
complexity of biological applications, in that they are generalized by cell phenotype,
chemical species, and extracellular material. As such, at each stage of development,
models were evaluated by constructing multiple simulation scenarios, rather than
targeting a single event or behavior, to show their general usage. The developed simulations can then be refined in future work, with necessary model developments, for
the quantitative study of the various in vivo and in vitro phenomena in silico.

6.1

Summary and Conclusions
The hybrid CPM was presented with model developments of metabolic processes

in Chapter 2 using a reaction-diffusion system and the intracellular processes of cell
death, differentiation, and proliferation as stochastic processes using the normal distribution. Implementation in 2D and 3D was tested and verified by simulating spheroid
fusion with binary aggregates of iPSCs and neurons of varying ratio, which showed
an increasing likelihood of isolated low-adhesion cellular aggregates with increasing
ratio of high-adhesion cells. Biofabrication scenarios were then constructed in silico and simulated, including fusion and wound healing of heterotypic spheroids, and
environmental considerations associated with hypoxia. Fusion and wound healing
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results were presented and analyzed in terms that can be physically measured (i.e.,
neck diameter, aspect ratio, and hole cross-sectional area), for comparison and calibration with experimental results. In the case of wound healing, the model predicts
that wound closure is linear, while variation in ratio of high- to low-adhesion cells
predicted that high-adhesion cells increase the rate of wound closure.
Fusion was then simulated while considering respiring cells, showing how the onset of hypoxia may occur for initially sufficiently oxygenated spheroids after fusion.
These considerations were also evaluated for an initially oversized aggregate of neurons while simulating cell death, showing the interactive effects of the aggregate and
environment by measuring the minimum oxygen concentration in the simulation domain. This measurement recovered to normoxic values with increasing number of
dead cells, implying a rebounding of oxygenation due to a decrease in oxygen consumption and the potential for environmental control. To further this notion, fusion
of small aggregates was simulated in varying environmental oxygen concentrations,
which showed that cell death was proportional to aggregate size and inversely proportional to environmenta oxygen levels.
In Chapter 3, growth and viability in cellular aggregates were further pursued
to explain the disagreement between classical models of aggregate growth. This was
accomplished by simulating the growth dynamics of five initial cells using the framework described in Chapter 2 while considering cell proliferation and death in solid,
homotypic aggregates. Results were fitted to the Bertalanffy, Gompertz, and Logistic
classical models of growth, and to their generalization, the Unified-Richards model.
Fits of the Unified-Richards model to simulation results of growth showed that
each classical model may be best suited for a particular cell phenotype or not at
all, depending on the responsiveness of the phenotype to its local oxygen conditions
and (stochastic) occurrence of aggregate shape changes. This was shown by simulating variations in all model parameters of cell proliferation and death and examining
the corresponding classical and generalized classical model fits, all of which were
somewhere between Gompertz- and Logistic-type curves. In the extreme cases, fits
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using the Unified Richards model showed emergent curves that were almost exactly
the Gompertz model, and equally Gompertz- and Logistic-like. Given that these all
emerged from the same model framework, results showed that the focus of the study of
aggregate growth should be on the constituent cellular and intracellular mechanisms,
rather than any global feature or characteristic.
In Chapter 4, the framework of Chapter 2 was extended to embed the CPM for
the modeling of dynamic insoluble materials and space making. Model developments
included the ability of cells to make space at intercellular contact interfaces and
remodel local ECM according to their phenotype, and ECM properties like durability
and chemical feedback on intracellular processes. Dynamics associated with the ECM
included advection of materials due to cell motility and volume exclusion, and reaction
kinetics were described between ECM components, as well as with soluble chemical
species. Simulations were performed to demonstrate new considerations introduced
by the model developments, including cell sorting with ECM remodeling and cellular
aggregates with differential internal architectures.
Prototypical simulations were then devised for four in vivo and in vitro scenarios of interest. A wound healing assay was simulated to reproduce the behaviors
of fibroblasts, where cells performed a sparsely distributed invasion of the wound
with a measurable, convective-like quality. A model simulation of early angiogenesis
at the boundary of an existing capillary wall was devised, where vascular sprouting occurred due to environmental signals secreted by a hypoxic tissue according to
tip-stalk collective migration. This was accomplished by coupling the state of the
cellular population, ECM distribution, and diffusive chemical species, leading to a
fully interactive cellular population and dynamic microenvironment. Branching morphogenesis was reproduced in silico from a small initial aggregate, where differential
adhesion between two cell types and three matrix components, ECM rigidity, and
intercellular signaling produced the patterning of cavernous branches in the presence
of a growth factor provided by the environment. Finally, an oversized aggregate was
again simulated (as in Chapter 2) but while also modeling lysis and the effects of
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insufficient oxygen on matrix deposition, producing the well known feature of the
necrotic core. Evaluation of the effects of an inner region without many cells showed
that the necrotic core may present an advantage to viability for the aggregate by
increasing the oxygenating interface between cells and the environment.
In Chapter 5, cell polarity was introduced to the CPM by coarse-grained modeling
of intracellular chemical species. This was accomplished by homogenization of a
system of nonlinear reaction-diffusion equations inside a cellular domain, which was
linearized and discretized to generate a nonlinear stochastic dynamical system of
vector equations representing the intracellular chemical state. This system was then
related to the CPM paradigm with corresponding effective energy expressions for cell
elongation and anisotropic differential adhesion, and signaling mechanisms associated
with intercellular signaling and matrix feedback were devised for simulation of polarity
in multicellular populations with environmental guidance.
Having derived the mathematical system from a physical basis, the model provides physical meaning to the polarity vector commonly used with the CPM, giving
it a testable and measurable quality. A simple system was then devised to represent
apical and basal identity in each cell, which was simulated for demonstration and
reconstruction of in vivo events. Intercellular signaling and anisotropic differential
adhesion between polar identities and intercellular and matrix interfaces were sufficient to describe the self-organization of two-dimensional planar aggregates and the
state of polarity in each cell, even without environmental guidance. Stratified epithelia were simulated while considering environmental guidance provided by a basal
lamina, and variation of model parameter for cell elongation showed how the model
can reconstruct columnar and squamous epithelial layers. Tubulogenesis was reconstructed for small and large aggregates subject to environmental guidance, and the
effects of cell shape and anisotropic differential adhesion on tubular cross-sections
were analyzed. Both scenarios demonstrated the effects of cell shape on transmission of environmental guidance, where elongation orthogonal to the polarized state is
predicted to require stronger guidance.
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6.2

Recommendations for Future Research
There remains an immense (if not overwhelming) lack of predictive capability

concerning the development and state of healthy and diseased tissues. This is true
both in terms of the biophysical nature of individual cells, the various environments
in which they are found (both in vivo and in vitro), and their codevelopment. Thus,
the selection of the CPM upon which this work was constructed, as well as the nature
of the work itself, in that they are robust, broadly applied, and capable to support
future developments modeling new biophysical phenomena.
Model simulations of viability in scaffold-free biofabrication (Chapter 2) could significantly benefit from the incorporation of developments in Chapter 4 on the ECM
and space making, and vice versa. Scaffold-free biofabrication presents the unique
ability to study the dynamics of precisely placed spheroids in highly-controlled environmental conditions, making it a strong candidate to test and calibrate model
developments concerning ECM production and cellular distributions during fusion.
Likewise, model developments performed here on the interactions between environmental conditions and cell viability present the ability to better fabricate larger, more
complicated tissue supraconstructs by testing fabrication methodologies in silico. Future work should foster this codevelopment of theory and application, with a special
emphasis on furthering the understanding of the role of individual cellular and environmental mechanisms on overall supraconstruct viability and shape. Some specific
examples of developmental events include the onset of the necrotic core during, and
also its effects on, spheroid fusion, the role of individual phenotypes on stabilizing
spheroidal aggregates (e.g., the role of fibroblasts in cardiac spheroids [62]), and the
long-term stability of spheroid contact interfaces with inert surfaces like the microneedles of the Kenzan method.
Like the biofabrication simulations, the modeling of emergent growth dynamics in
Chapter 3 could significantly benefit from the incorporation of developments on the
ECM and space making. As shown in Chapter 4, the necrotic core had significant
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effects on the final size of spheroidal aggregates compared to solid spheroids. These
effects will certainly be present in fitted curves to simulations of aggregate growth,
though how the fitted curves would be effected is difficult to predict. Of course, the
final size of an aggregate can be readily hypothesized to be greater when considering
the necrotic core per se, though its effects on the measured growth rate and shape
parameter of the Unified Richards model are unclear and should be studied in future
computational experiments.
Furthermore, the addition of the necrotic core to simulations of growth dynamics should be accompanied by developments concerning intercellular signaling and
multiple nutrients to capture the essence of Freyer’s mechanistic model of growth
dynamics and saturation [71, 74]. While the case considered in Chapter 3, like other
works [77], considered oxygen as the driving diffusive chemical, there is also glucose,
lactate and the like to consider, and these can be pursued by extending the developed intracellular model response to a multivariate normal distribution. As discussed
in Chapter 3, the inclusion of growth inhibitors secreted by hypoxic inner regions
of aggregates are hypothesized to generate Bertalanffy-like growth curves, and this
should be shown in future modeling and simulation developments. To whatever end,
development should be performed with the persistent consideration to accommodate
that, when hypoxic, some cell types make necrotic cores [75], and some types reduce
their packing density [79].
In future work, model developments of ECM distributions should extend the formulation developed here to allow the hybrid simulation of mechanics during development. As previously discussed in Chapter 1, hybrid modeling of stress and strain
with the CPM has been pursued to show the role of mechanical feedback on cell behaviors, but these have been limited to mechanics of some underlying substrate [108].
Having now accomplished a notion of ECM heterogeneity, CPM cells now have the
ability to interact with a dynamic, heterogeneous substrate in silico, and this presents
a variety of novel theoretical considerations to pursue. For example, homogenization
techniques could be incorporated to solve the mechanical state of the ECM per sim-
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ulation step, though the developments in Chapter 4 consider neither directionality
of the ECM (e.g., orientation of fibers), nor long-distance advection of materials according to ECM consistency (e.g., dragging of fibers). How to accomplish these is
currently under development.
Finally, model developments of cell polarity require the inclusion of diffusive chemicals affecting the state of polarity, and vice versa. This consideration was neglected
in the present work due to the current lack of mathematical structure in the CPM
supporting cell surfaces, which are so fundamentally related to diffusive signals and
cell polarity (as described in Chapter 1) as to be reserved for future work. Future
work should give CPM cells a surface description, for the modeling of surface receptors, ions pumps and the like, which should then be related to the description of cell
polarity developed in Chapter 5. Like the model of cell polarity, a coarse-grained or
statistical approach could be employed that describes the density of surface objects
(e.g., ion pumps and channels) according to surface location, environmental conditions, and the state of polarity. This description will necessarily require modeling
surface diffusion according to surface object, which may or may not be able to undergo lateral diffusion, depending on the object and the state of all nearby surface
objects [34]. Having accomplished these developments, activate transport can then
be modeled by, for example, specifying a normal flux at a surface site of a cell as a
function of the surface components at that particular surface site.
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2. T.J. Sego, J.A. Glazier, A. Tovar. A Hybrid Kinetic Monte Carlo Method to
Predict Extracellular Matrix Remodeling and Induction Processes in Biology and
Biofabrication, 3rd Annual Engineering and Technology Leadership Symposium,
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Indianapolis, Indiana, Apr 8, 2016.
RESEARCH MENTORING
Indiana University-Purdue University Indianapolis
Undergraduate Students
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