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ABSTRACT

Hopper systems of different shapes and sizes are widely used in bulk solids industries to
store and further process the particulate material. Poor hopper design causes variety of problems
and results in wastage of resources. This dissertation investigates the applicability of finite element
method (FEM) based continuum modeling in predicting flow characteristics of particulate
materials discharging through hopper system. Throughout the years, FEM has been implemented
to simulate the shear failure of particulate materials such as sand, glass beads, and pharmaceutical
powders. The FEM framework is based on the underlying constitutive model. Different
constitutive models are available in the literature to govern the behavior of particulate materials.
These models differ in their complexity, ease of implementation, and have specific strengths and
limitations. This work thoroughly investigates the elasto-plastic constitutive models available in
the commercial software Abaqus in the context of hopper flow of particulate materials.
The thesis consists of three major parts, first part deals with FEM modeling of cohesionless
particulate materials and corresponding verification of the hopper flow characteristics through
comparison to analytical theories and empirical correlations. The second part presents quantitative
comparison of FEM predicted flow characteristics to experimental results for Ottawa sand
discharging through concentric and eccentric bins. Particle image velocimetry (PIV) experiments
are conducted on a laboratory-scale bin to quantify different flow characteristics. The last part
deals with cohesive particulate materials and presents a novel FEM approach for predicting the
critical hopper outlet opening to ensure uninterrupted discharge of the stored material.
This thesis concludes that the FEM modeling based on simple elasto-plastic constitutive
model proves useful in predicting different hopper flow characteristics of particulate materials.
The accuracy of FEM modeling depends on detailed material characterization and corresponding
implementation in Abaqus. Some modifications need to be made in the elasto-plastic constitutive
models to accurately represent the bulk material behavior. The ideas presented in this thesis can
be applied to FEM modeling of other processing equipment such as the rotating drum, screwfeeder, rotating blender/mixer etc.
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1. INTRODUCTION

1.1

Hoppers

Particulate material is one of the most common raw materials used in all industries. Almost
75% of all raw material feedstock used in processing industries such as pharmaceutical,
agricultural, chemical, food, building material, biotechnology, metallurgy is in the form of
particulate material [1]. These industries use hoppers of different shapes and sizes in processing
cycles to store and gravitationally transfer the raw particulate material.
Hoppers are also known as silos or bins or bunkers. Hopper flow of particulate materials has
been a topic of research for many years. Jenike’s [2] seminal work in 1961 laid the foundation of
this topic. In his work, Jenike developed some guidelines to avoid poor and inefficient design of
hopper systems. The performance of hoppers can have a major impact on product quality and
efficient use of resources. In most cases, uniform mass flow rate of the discharging particulate
material is desired. But hoppers often experience common problems, such as plugging, arching,
ratholing, and flooding, which can cause uneven flow of discharging particulate material [3].
Poorly designed hoppers often collapse due to excessive wall stresses. These problems ultimately
results in prolonged plant start-up times [4], increased maintenance costs, and extra labor. Even
after start-up, approximately 40% of the capacity of these plants is wasted [1]. Such unreliable
behavior can be avoided through the use of predictive models, which can also help in designing a
robust hopper, therefore, increasing efficiency and economic viability of the plant.

1.2

Types of Predictive Models

At a broad level, there are four types of predictive hopper flow models available in the
literature. Discrete Element Method (DEM) modeling, continuum analytical theories, empirical
correlations, and continuum computational models. This section provides an overview of the
definitions, advantages, and disadvantages of these predictive methods. The continuum analytical
theories and empirical correlations are available for conical as well as wedge-shaped hoppers. In
this thesis, the focus is on wedge-shaped hopper with rectangular outlet.
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1.2.1

Discrete Element Method (DEM) Modeling
In DEM, material is represented by an assembly of particles. According to the original

definition by Cundall and Strack [5], DEM is a method that allows finite displacement and rotation
of discrete bodies, particles can detach completely, and subsequent contacts are automatically
recognized. As each particle is simulated separately, DEM is capable of observing particle-level
phenomena. DEM has been applied by several researchers for different systems such as hopper
discharge, rotating drums [6], tumbling mills [7], and rock failure [8], albeit on small scale.
There are various particle contact models which differ in terms of the logic used for
detection and revision of contacts, methods used to solve the governing equations (explicit or
implicit) [9]. Most commercially available DEM software use an explicit time integration scheme
with a small time step.
This small time step imposes a limitation on the number of particles that can be simulated
in a reasonable time. Additionally, it is difficult to model particles with complex shapes [7]. Most
often, these complex particles are represented using simplified models such as the multisphere
model [10], which gives a poor representation of real particles. Complex shapes also increase the
computational costs by two to three times, and in some cases even by 10 times [6,7]. Parallelization
using high performance clusters (HPCs) and graphical processing units (GPUs) is often used to
make these simulations faster. It would take a long time for DEM to be able to simulate same
number of particles as in a real industrial system.
Since DEM deals with individual particles, only micro-level properties can be specified;
bulk material behavior depends on these micro-level properties. Particle contact models need
accurate input parameters to be used as a reliable predictive tool. These input parameters include
particle and contact properties such as density, Young's modulus, coefficients of static and rolling
friction, coefficient of restitution. A major hurdle in implementing DEM is the time it takes to
obtain these input parameters. Hitherto, there is no standardized procedure to obtain these
parameters. Therefore, sometimes parameters are assumed without proper justification [11] and
results are rarely validated against experiments [12], which means simulation results are typically
used to predict qualitative behavior.
Clearly DEM has significant limitations for modeling particulate systems of industrial
significance. Although these limitations might be overcome in near future with the development
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of computational infrastructure, DEM is just not capable of accurately simulating large number of
small-scale particles with complex shapes at this point in time.
Most of the time, industrial engineers are more interested in macroscopic behavior of bulk
material rather than what is happening at the particle-level, since the bulk material behavior will
have a major impact on final product quality and plant efficiency. Such bulk material behavior can
be modeled through continuum analytical or computational models. Continuum models use bulk
material properties as input parameters, which are easier to measure using standardized
experiments as compared to measuring particle-level properties required for DEM analysis.

1.2.2

Continuum Analytical Theories
In early years, many researchers [13–16] focused on deriving approximate analytical

expressions for hopper wall stresses, velocity profiles, and mass discharge rate. A number of steady
state continuum theories based on the assumption of an incompressible bulk material (constant
bulk density, 𝜌𝑏) are available for hopper flow [16]. These theories use bulk material properties,
wall friction, and hopper geometry as input parameters. Analytical expressions are derived by
starting from a force balance analysis on a differential element to form a governing equation that
is integrated throughout the hopper based on certain boundary conditions. Some simplifying
assumptions need to be made to facilitate integration of the governing equation.
The assumptions, shape of the differential element, boundary conditions, and consideration
of dynamic equilibrium varies with each theory. For detailed information on the theories and
derivation of final analytical equations please refer to Jenike [2], Nedderman [16], Schulze [3],
and Enstad [15]. Table 1.1 compares different theories, underlying assumptions, and results that
can be obtained.
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Table 1.1. Comparison of steady state continuum theories
Continuum
Assumptions
theory
− Mean principal stress is proportional to radial distance
Jenike [2]
from hopper apex.
− Principal stresses act in vertical and horizontal directions.
− Uniform stresses along horizontal cross-section at a given
Walker [14] height.
− Material velocity is inversely proportional to height from
hopper apex.
− Principal stresses act along radial (r) and circumferential
directions (θ) with respect to cylindrical coordinate
system placed at hopper apex.
Hour-glass
− Uniform stresses along radial cross-section at a given
[16]
radius.
− Material velocity is inversely proportional to radius from
hopper apex.
− Uniform principal stresses act on a radial surface with
Enstad [15]
specified radius R ≠ r.
− Velocity is inversely proportional to R.

Results obtained
− Discharging
stresses near outlet.

− Filling and
discharging
stresses and
velocity
distribution
through hopper.
− Mass discharge
rate.

All of these analytical theories assume that the particulate material deforms plastically
while flowing through the hopper. Under significant loading, the elasto-plastic particulate material
yields and undergoes irreversible plastic deformation as shown in Figure 1.1.

Figure 1.1. Elasto-plastic material under loading.
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This plastic deformation occurs when the stresses inside the material meet a yielding
criterion. This criterion is known as the yield surface. It is well known that the particulate material
fails when shear stresses on any internal plane reach a critical value. The Mohr-Coulomb [17] yield
surface is the simplest criterion to determine these critical stress states,
σ = τ tan 𝜙 + 𝑐,

(1.1)

Where, τ is the shear stress, σ is the normal stress, 𝜙 is the internal friction angle of the
bulk material, and 𝑐 is the cohesion. The Mohr-Coulomb yield surface simply states that if the
shear stress on a plane exceeds the normal stress multiplied by a friction coefficient plus some
inherent cohesion, the material will yield. This criterion is based on the concept of frictional force
acting on the contact surface between two bodies (Figure 1.2a). Whereas, cohesion may be viewed
as a minimum shear stress required to move the surfaces relative to each other (Figure 1.2b).
Particulate materials consisting dry particles without any interparticle attractive forces, have zero
cohesion (𝑐 = 0), these materials are known as cohesionless particulate materials. Dry sand,
collection of dry glass beads are examples of cohesionless materials. Due to interparticle attractive
forces resulting from mechanisms like liquid bridging and electrostatic charge, particulate
materials can have non-zero cohesion, these are known as the cohesive particulate materials.

Figure 1.2. (a) Two bodies in frictional contact (b) Mohr-Coulomb yield surface.
Researchers have further modified the theories mentioned in Table 1.1 to make the
assumptions more realistic. For example, Walker's theory has been modified by Walters to include
a stress distribution factor [18]. While in some cases the velocity profiles and wall stresses
predicted by such analytical expressions match well with experimental results, analytical mass
discharge rate is significantly over-predicted [16].
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Apart from theories based on the Mohr-Coulomb plasticity criterion, expression for
velocity profiles can also be obtained from kinematic model. The kinematic model is based on a
type of diffusion equation,
𝜕v
𝜕𝑦

𝜕2 v

= −𝐷 𝜕 𝑥2 .

(1.2)

Here, v is the vertical velocity component, 𝑦 is the vertical co-ordinate, 𝑥 is the distance
from hopper centerline, and 𝐷 is the constant of proportionality known as the ‘diffusion length’.
For which a similarity solution exists [19] in terms of the centerline velocity v𝑐𝑒𝑛𝑡𝑒𝑟𝑙𝑖𝑛𝑒 at that
height 𝑦 = ℎ,
2

v(𝑥, 𝑦) = vcenterline (𝑦 = ℎ)𝑒 −𝑥

/4𝐷𝑦

.

(1.3)

The velocity profile given by the kinematic model has been shown to work well for
qualitative representation of the experimental velocity profile [19,20].

1.2.3

Empirical Correlations
There are multiple empirical correlations available for predicting the mass discharge rate

of cohesionless particulate materials. Beverloo [21] came up with fist such correlation to predict
the mass discharge rate through flat bottomed hoppers,
𝑚̇ 𝐵𝑒𝑣𝑒𝑟𝑙𝑜𝑜 =

4𝐶
𝜋

𝜌𝑖 𝐴∗ √𝑔𝐷𝐻∗ ,

(1.4)

Here, 𝐴∗ is the modified hopper outlet area,
𝐴∗ = (𝑏 − 𝑘𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 )(𝑙 − 𝑘𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 ),

(1.5)

Where, 𝑏 and 𝑙 is the width and length of the rectangular outlet respectively. Constant 𝑘 has value
of 1.5 for spherical particles [16]. And the modified hydraulic diameter 𝐷𝐻∗ is determined as,
𝐷𝐻∗ =

2(𝑏−𝑘 𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 )(𝑙 −𝑘𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 )
(𝑏+𝑙 −2𝑘 𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 )

,

(1.6)

This correlation was later modified by Rose and Tanaka [22] for converging hoppers and
has a dependence on the hopper half angle (𝜃),
𝑚̇ 𝑅𝑜𝑠𝑒 𝑇𝑎𝑛𝑎𝑘𝑎 = 𝑚̇ 𝐵𝑒𝑣𝑒𝑟𝑙𝑜𝑜 (tan 𝜃)−0.35 .

(1.7)

These mass discharge rate correlations have been further modified based on new
experiments or computational simulations. Although, these correlations accurately depict the
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dependence of mass discharge rate on hopper outlet opening, some adjustments need to be made
in the coefficients to obtain a quantitative agreement with experimental data.
Similarly, McLean’s [23] empirical correlation is available for the minimum hopper outlet
width required to ensure uninterrupted discharge of cohesive particulate materials,
𝐵𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 𝑓𝑐 (1 + 0.005𝜃)/𝜌𝑔,

(1.8)

Where, 𝜃 is the hopper half angle in degrees. This correlation has been shown to be
overconservative by multiple experiments [24]. It should be noted that above mentioned
correlations are for wedge-shaped hoppers as the focus of this thesis is predominantly on wedgeshaped hoppers.

1.2.4

Continuum Computational Models
With the development of computational infrastructure, continuum computational modeling

became popular, which employed computational methods such as non-linear FEM (finite element
method), FDM (finite difference method) and BEM (boundary element method). The simplifying
assumptions necessary for deriving analytical expressions are not needed in computational
modeling. Although, choosing a good computational model for given material and system is a
difficult task, what makes numerical continuum modeling attractive is the significantly lower
computational cost compared to discrete element modeling (DEM).
Particulate flow can be categorized in three different regimes at a broad level [25]. Rapid
flow is caused mainly by particles colliding with each other. For such gas-like flow, approach
based on kinetic theory of gases is most suitable. On the other extreme is solid -like flow, where
particles remain in contact because of the internal friction which causes them to flow together.
This flow-regime can be modeled through finite element method (FEM) based on modifications
of classic plasticity theories. Sometimes, flow is driven by both particle collisions and internal
friction, this regime is identified as transitional or fluid-like flow. Plasticity models can't model
this behavior reasonably well. Therefore, frictional viscosity models which make use of equations
from fluid mechanics have been recently proposed to govern such flows [25]. In these models, the
pressure term in the momentum equation is related to microscopic properties such as inter-particle
friction.
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Mostly, quasi-static solid-like flow prevails in industrial hoppers, especially mass flow
hoppers. Although, in a region just above hopper outlet, particles may get detached and plasticity
theories will not be valid, this region is usually small. Therefore, in this thesis the focus is on
various plasticity models available in the literature and their applicability through FEM in the case
of hopper discharge flow.

Finite Element Method (FEM) Modeling
In continuum finite element method (FEM), particulate material is assumed as a single
continuous body representing a collection of particles. This continuous material is discretized into
multiple mesh elements. The behavior of each mesh element is governed by an underlying
constitutive model. There is a plethora of such constitutive models, differing in their complexity,
ease of implementation, and applicability to different materials. These constitutive models require
material properties as input parameters which can be obtained from well-established experiments
such as a uniaxial compression test, triaxial test, and shear test.
Similar to the analytical theories, particulate material is modelled as an elasto-plastic
material in FEM. If material stresses lie inside the yield surface, only elastic deformation occurs.
Once stresses reach the yield surface, material deforms plastically. The amount and direction of
plastic deformation is governed by a plastic potential surface and a flow rule. The flow rule
indicates how the plastic deformation is related to the plastic potential surface [26].
Based on how the flow rule is formulated, plasticity models are further classified as
deformation theory of plasticity, which relate plastic strains to the plastic potential, and
incremental theory of plasticity, where plastic strain rates are related to the plastic potential. It was
observed that deformation theory of plasticity is not physically appealing and does not lead to
meaningful results [27]. Hence, further developments were made in incremental theory of
plasticity, where strain rates need to be integrated accurately to obtain final plastic strains.
There are a variety of elasto-plastic constitutive models available in the FEM framework.
This thesis focuses on the elasto-plastic models of commercial FEM software Abaqus.
Applicability of simple elasto-plastic models like the Mohr-Coulomb model in modeling hopper
flow of particulate materials is explored in depth.
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1.3

Organization of Thesis

The goal of this thesis is to investigate applicability of simple elasto-plastic constitutive
models in finite element framework to simulate flow of particulate materials through hoppers.
Chapter 2 outlines the available literature related to FEM hopper studies of cohesionless as well
as cohesive particulate materials and presents specific objectives of this thesis. Chapter 3 describes
different elasto-plastic models and their implementation in Abaqus. Chapter 4 demonstrates
effectiveness of FEM in simulating hopper flow of cohesionless particulate materials. This chapter
presents comparison with different analytical theories and empirical correlations which serves as
a verification tool for the FEM results.
Chapter 5 provides a thorough one-to-one quantitative comparison of different hopper flow
characteristics between FEM simulations of cohesionless dry sand and particle image velocimetry
(PIV) experiments conducted on laboratory-scale hopper. Flexibility of FEM is demonstrated by
presenting quantitative comparison for concentric as well as eccentric hopper.
Chapter 6 shows the applicability of FEM in modeling hopper flow of cohesive particulate
materials by predicting the critical hopper outlet width. Comparison with experimental results are
presented which show that FEM provides the best prediction of critical outlet width compared to
theoretical or empirical estimates.
Summary of results and contributions of this thesis are presented in conclusions chapter 7.
Finally, chapter 8 outlines the limitations of presented FEM modeling and recommendations for
future work based on these limitations.
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2. LITERATURE ON FEM MODELING OF HOPPER FLOWS

2.1

Hopper Flow of Cohesionless Particulate Material

Some particulate materials like dry sand and glass beads do not have any attractive
interparticle forces. The Mohr-Coulomb yield surface of these materials has the y-intercept of zero;
therefore, they are known as the cohesionless particulate materials. The steady state continuum
analytical theories mentioned in previous chapter are valid for cohesionless particulate materials.
Single Mohr-Coulomb yield surface can represent cohesionless particulate materials as opposed
to family of yield surfaces required for cohesive particulate materials.
Many finite element method (FEM) studies exploring hopper flow of particulate materials
are available in the literature [28–48]. These studies differ in terms of the shape and size of the
hopper under consideration, complexity of the underlying constitutive model, implemented FEM
analysis techniques, and investigated hopper flow characteristics. While some studies are
concerned with the cohesive arching phenomenon [30,40,48], the majority of these studies focus
on the filling or discharging hopper wall stress profiles. The stress profiles are obtained for conical
and wedge-shaped symmetric hoppers as well as eccentric hopper systems [28,29,33–36,42–
45,47]. Verification of the FEM wall stress profiles is achieved via comparisons to the approximate
analytical theories of Janssen, Walker, and Enstad.
Few FEM studies investigate other hopper flow characteristics such as the velocity profiles
[38,46] and mass discharge rates (MDRs) [37–39]. Böhrnsen et al. [46] implemented a hypoplastic
model for a wedge-shaped hopper using a plane-strain FEM model and made quantitative
comparisons to experimental velocity profiles. Their experimental setup consisted of a large-scale
hopper with an outlet velocity controlled by a conveyor belt. The velocity profile was obtained
along three horizontal paths at different heights from the outlet and compared with FEM results.
The FEM analysis overpredicted the velocity profile at smaller heights, but underpredicted the
velocity profiles at larger heights. Zheng and Yu [38] implemented an Eulerian FEM analysis
technique using Abaqus [49] and simulated the discharge of particulate material through a conical
hopper. The material was represented using the in-built Mohr-Coulomb elasto-plastic constitutive
model of Abaqus without additional modifications. The dimensionless average discharge velocity
profile obtained for one hopper was qualitatively compared with experiments conducted by
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Cleaver and Nedderman [50] on a different hopper. The internal friction angle in the model was
adjusted within the range of experimentally measured values to give a better match with
experimental velocity profiles.
Wang et al. [37] implemented an Arbitrary Lagrangian-Eulerian (ALE) analysis technique
within Abaqus and simulated the discharge of a generic particulate material through a w edgeshaped hopper using a linear Drucker-Prager constitutive model. The FEM MDR was shown to
match well with the extended Beverloo correlation, i.e., the Beverloo correlation with the
modification made by Rose and Tanaka [22]. A similar verification of the hopper MDR was
completed by Zheng and Yu [38] in their work. Zheng et al. [39] investigated the effects of
different model parameters on the FEM predicted hopper MDR and proposed modifications to the
Beverloo correlation.
There are many experimental studies [19,20,46,51–54] available in the literature for different
hopper geometries, for different discharge conditions, and for different particulate materials;
however, a major hurdle in using these experimental data for direct comparisons to FEM
predictions is that the experimental studies rarely report the parameters needed for the FEM
constitutive model.
Based on the literature review of FEM hopper studies of cohesionless particulate material, it
is clear that there is a need for thorough one-to-one quantitative comparison of FEM predicted
hopper flow characteristics to experimental ones.

2.2

Hopper Flow of Cohesive Particulate Material

Unlike cohesionless particulate materials, there are non-zero attractive forces acting between
particles of cohesive particulate materials. These attractive forces occur due to the phenomenon of
liquid bridging, electrostatic charge, or Van der Waals forces. At the bulk macroscopic level, these
attractive forces result in the Mohr-Coulomb yield surface with non-zero y-intercept known as
cohesion (𝑐). This cohesion value is often a function of applied stress for most cohesive materials.
Hence, cohesive particulate materials are represented through a family of Mohr-Coulomb yield
surfaces depending on the stress level.
Major problem with cohesive particulate materials stored in a hopper is the phenomenon of
cohesive arching which stops the material from discharging. If the hopper outlet is smaller than a
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critical value, particles can form a bridge near the outlet due to the interparticle attractive forces.
This cohesive bridge hinders the smooth discharge of stored material.
Multiple approaches have been proposed to predict this critical outlet opening to prevent
formation of a cohesive arch. In 1961, Jenike [2] presented pioneering work for designing
industrial-scale hopper systems. These design guidelines are widely used in various bulk solid
industries today. One aspect of these guidelines is the hopper minimum outlet width to ensure
reliable flow of cohesive bulk solids. Although the critical outlet width predicted by Jenike works
well to avoid cohesive bridging at the outlet, multiple experiments reported in the literature suggest
that the Jenike estimate of the critical outlet width is conservative [24,55,56]. Indeed, the
experimentally-observed critical outlet width can be half of the Jenike prediction [24]. Enstad [15]
presented an analytical theory aimed at reducing this overdesign. He demonstrated a significant
reduction in the overdesign when the critical outlet width predicted using his approach was
compared against the experiments of Eckhoff and Leversen [24]. Jenike’s design guidelines are
more commonly used compared to Enstad’s analysis due to easy-to-use design charts and the
availability of correlations resulting in a quick outlet width estimate.
Early FEM modeling studies concerned with predicting critical outlet width involved static
analysis with controlled release of the stored material either by incremental reduction in opposing
forces applied at the outlet [28] or by incremental deactivation of zero displacement boundary
conditions at outlet nodes [40]. Kamath and Puri [40] demonstrated success in predicting the
critical outlet width using FEM for wheat flour. However, in addition to being a static-controlled
analysis, the elastic modulus of the material was obtained from one hopper experiment such that
the FEM arch matched with the experimental arch. A second hopper experiment with the same
material was then used to validate the model. Ooi et al. [48] provided a detailed FEM analysis for
how the filling stresses vary near the hopper outlet using elastic, Mohr-Coulomb, and Cam Clay
constitutive models. They also reported the stress variations with respect to the wall friction and
angle made by the assumed circular arch with the hopper wall. The FEM wall pressures were
shown to match well with the analytical theory of Walker [14]. Although, no experimental
comparison of the critical outlet width was reported, Jenike’s theory was concluded to give a
conservative prediction. Keppler [30] presented a different approach using elastic FEM to visualize
the arch formed by deleting elements under tension and elements where the elastically-determined
major principal stress exceeds a critical value measured from a biaxial test. The shape of the
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resulting arch was parabolic. Quantitative experimental validation of this work is not available in
the literature.
Based on the literature survey on FEM modeling of cohesive particulate materials, there is
a need to investigate applicability of FEM in predicting the critical hopper outlet opening by
performing quantitative comparison to experimental data.

2.3

Thesis Goals and Objectives

The goal of this dissertation is to assess the applicability of continuum FEM modeling based
on simple elasto-plastic constitutive models in predicting hopper flow characteristics of
cohesionless and cohesive particulate materials.
The specific objectives of the thesis are enumerated here:
1. Develop FEM computational models to simulate hopper discharge of cohesionless
material based on elasto-plastic models of Abaqus to obtain steady state flow
characteristics.
2. Compare flow characteristics of wedge-shaped hopper obtained through the MohrCoulomb and the linear Drucker-Prager elasto-plastic models.
3. Verify flow characteristics predicted by FEM through comparison to analytical
theories/empirical correlations for simplified hopper geometry.
4. Perform parametric study to investigate effect of model parameters on the flow
characteristics and on agreement with analytical theories.
5. Design and build a laboratory-scale hopper for quantitative validation of FEM results.
6. Perform particle image velocimetry (PIV) experiments and image analysis on
discharging cohesionless material to obtain different flow characteristics.
7. Obtain flow characteristics, such as the velocity profiles, mass discharge rate (MDR),
duration of steady MDR (TSS ), and free surface profiles from the experiments.
8. Show quantitative comparison of flow characteristics for concentric and eccentric
hoppers to assess flexibility of FEM.
9. Simulate behavior of cohesive particulate materials and predict the critical outlet width
(COW) of wedge-shaped hopper to ensure uninterrupted discharge.
10. Compare FEM predicted COW with theoretical estimates of Jenike and Enstad, and with
correlation of McLean.
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11. Investigate effect of filled material height, hopper angle, and model parameters on the
COW estimate.
12. Compare the FEM COW to experimental results available in literature to assess
applicability of FEM based on simple elasto-plastic constitutive model in simulating
cohesive particulate material.
It is expected that this thesis will further clarify the strengths and limitations of the FEM
approach based on relatively simple elasto-plastic constitutive models and necessary modifications
that need to be made to obtain reasonable hopper flow characteristics.
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3. ELASTO-PLASTIC CONSTITUTIVE MODELS

As mentioned before, FEM is based on the assumption of continuum material. This
continuum material is discretized into several small mesh elements. The behavior of these mesh
elements in terms of stresses and strains is governed by the underlying constitutive model. For
modeling particulate materials, elasto-plastic constitutive models prove useful. This chapter
provides detailed information on the different elasto-plastic models and corresponding
implementation in the context of commercial FEM software Abaqus.

3.1
3.1.1

Elasto-Plastic Models of Abaqus

The Mohr-Coulomb Model
As mentioned before, Mohr-Coulomb yield surface is often used as a first approximation

to govern real material behavior. Many advanced plasticity models are modifications of the MohrCoulomb yield surface.
The Mohr-Coulomb yield surface presented in Figure 1.2b can be represented in terms of
principal stresses (σ1 , σ2 , σ3 ) as,
σ1 − σ3 σ1 + σ3
+
sin 𝜙 − 𝑐 cos 𝜙 = 0,
2
2

(3.1)

For a three dimensional case, there will be six such equations [26] depending on relative
magnitudes of σ1 , σ2 , and σ3 . When plotted in the principal stress-space, this results in a yield
surface having a cross-section of an irregular hexagon (Figure 3.1a). If the material stresses lie
inside this yield surface, material will undergo reversible elastic deformation. However, if the
stresses lie on this yield surface, irreversible plastic deformation will occur. Stresses outside this
yield surface are not allowed. The plane of cross-section (Figure 3.1b) is known as the deviatoric
plane ( σ1 = σ2 = σ3 ). This cross-section reduces to Figure 3.1c under plane stress (σ3 = 0)
conditions.
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Figure 3.1. Mohr-Coulomb yield surface in (a) 3D space [57] (b) deviatoric plane [49] (c) plane
stress condition (σ3 = 0) [58].
Isotropic materials fail in the same way in all directions. For these materials, it is useful to
represent the yield surface in terms of stress invariants, which do not depend on the rotation of
coordinate system. Figure 3.2 shows the representation of the Mohr-coulomb yield surface in the
𝑞 (Mises equivalent stress) − 𝑝 (pressure) plane. Here, Θ is another invariant known as the
deviatoric polar angle and varies between 0o to 60o. Detailed expressions of these terms can be
found in Abaqus theory guide [49].

Figure 3.2. The Mohr-Coulomb criterion in 𝑞 − 𝑝 plane [49].
The yield surface only provides stress states at which the material will start to yield
plastically. Certain assumptions need to be made to determine the components of plastic
deformation after yielding. Note that such a ‘yield surface’ can also be represented in strain rate
space, but since plastic strains outside this ‘yield surface’ are allowed, this surface is known as a
‘flow or plastic potential surface’. The resulting strain rates are indicated by an arrow normal to
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this plastic potential surface. The length of such an arrow depends on the scalar plastic multiplier
‘λ̇’. As explained later, ‘λ’ can be determined using the condition that stresses will remain on the
yield surface as material continues to deform plastically. This condition is known as the
consistency condition. Similarly, the plastic potential surface can be represented in terms of
invariants (volumetric strain rate (𝜀̇ ) in place of 𝑝 and equivalent shear strain rate (γ̇) in place
𝑣𝑜𝑙

of 𝑞) (Figure 3.3). This surface depends on parameter 𝜓, known as the dilation angle. The dilation
angle controls volumetric deformation of the material. It is a measure of plastic volume strain
compared to shear strain [59].

Figure 3.3. The plastic potential surface in the γ̇ − 𝜀̇𝑣𝑜𝑙 plane.
3.1.2

The Drucker-Prager Model
It can be observed that a difficulty arises when stress states lie on the corners of the Mohr-

Coulomb yield surface, as a normal direction is not clearly defined at such corners. Although this
issue is handled by commercial FEM software like Abaqus, it proves computationally expensive.
Therefore, Drucker and Prager [60], suggested a smooth yield surface approximating the original
Mohr-Coulomb yield surface. This linear yield surface in 𝑞 − 𝑝 plane now depends on different
internal friction angle ‘𝛽’ and cohesion ‘𝑑’ (Figure 3.4a) which are related to the corresponding
Mohr-Coulomb parameters. In 3D space, this yield surface can be represented by a smooth cone
(Figure 3.4b).
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Figure 3.4. The Drucker-Prager yield surface in (a) 𝑞 − 𝑝 plane (b) 3D space [57] (c) deviatoric
plane [49] (d) plane stress condition (σ3 = 0) [58].
3.1.3

Conversion of Model Parameters
Parameters of the Mohr-Coulomb model can be obtained directly through bulk material

tests such as the Schulze ring shear cell test. Hence, when applying the Drucker-Prager model, it
is important to convert the Mohr-Coulomb parameters. This can be done by as many as four ways
as shown in Figure 3.5. In chapter 4, wedge-shaped hopper is modeled as a plane strain system.
Parameters obtained through the matching plane strain response [49] (Figure 3.5c) are most
appropriate and as shown in next chapter, leads to equivalent results as that of the Mohr-Coulomb
model. The corresponding conversion equations are,
tan 𝛽 = √3 sin 𝜙 & 𝑑 = 𝑐 cos 𝜙,

(3.2)

Figure 3.5. Conversion of parameters by matching, (a) outer vertices [58] (b) inner vertices [58]
(c) plane strain response [49] and (d) triaxial test response [49].
It should be noted that the Drucker-Prager model parameters can also be obtained directly
from uniaxial and diametrical compression tests [61,62].
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3.1.4

Non-Associative Flow Rule
Early attempts were made using associated plasticity models, where the plastic potential

surface is the same as the yield surface (𝜓 = 𝜙). Associated plasticity is based on Drucker's
postulate for stable materials [26]. It was observed that this model produced unrealistically large
volume increase (dilation) in the particulate material as compared to experimental results. Many
real materials do not follow Drucker's postulate of associated plasticity. Hence, to control this
excessive dilation, further modifications were suggested, such as use of non-associated plasticity
and addition of a cap at the end of the yield surface [63].
In non-associative plasticity, the plastic potential surface is different than the yield surface
implying 𝜓 ≠ 𝜙 (Figure 3.6). A dilation angle of zero degrees results in isochoric plastic
deformation. For many particulate materials such as sands, the dilation angle is non-zero during
initial shear deformation and is much smaller than the corresponding internal friction angle (𝜓 <
𝜙).

Figure 3.6. Non-associative plastic potential.
3.1.5

The Drucker-Prager Cap Model
Drucker [63], introduced another way to control this excessive dilation, which is to add an

elliptical cap at the end of the linear plastic potential surface. Material yielding on the cap will
undergo contraction and material yielding on the linear failure surface will dilate (Figure 3.7).
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Figure 3.7. The Drucker-Prager Cap yield surface in (a) the 𝑞 − 𝑝 plane and (b) 3D space [57].

Drucker also introduced the concept of work/strain hardening where the position of the cap
changes with the amount of plastic deformation. Similar type of hardening can also be applied to
the Mohr-Coulomb and the linear Drucker-Prager models by changing model parameters with
plastic deformation. As opposed to an elastic-perfectly plastic material, this type of elastichardening plastic material has different yield surfaces based on the plastic deformation.
The plastic potential surface of the DPC model in Abaqus is elliptic even in the linear
failure region (Figure 3.8). Although this DPC model has been proven to be quite useful for
particulate material under high stress situations such as powder compaction [61,64], this model
gives unrealistic results for hopper flow of cohesionless particulate materials. Material near the
free surfaces undergoes significant dilation due to the large dilation angle at low stresses caused
by the elliptic plastic potential surface.

Figure 3.8. Drucker-Prager Cap model of Abaqus.
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3.2

FEM Implementation

Continuum modeling of a particulate material in a FEM framework is based on three sets of
governing equations [27]. All material points inside the mesh need to satisfy the equilibrium
equation, i.e., Newton's first law of motion is satisfied by each material point of the mesh. Abaqus
uses the following dynamic equilibrium equation,
𝑴𝒖̈ = (𝑭 − 𝑰).

(3.3)

Here, 𝑴 is the nodal mass matrix and 𝒖̈ is the acceleration vector caused by the external
forces (𝑭) resulting from body forces and load boundary conditions, and the internal forces (𝑰)
resulting from stresses developed inside the mesh element and contact forces.
Contact forces are generated due to interaction between the nodes of the material and faces
of the hopper wall. In this thesis, coulomb type frictional interaction is used and Abaqus
implements this frictional interaction through the use of a penalty contact algorithm, which
determines the magnitude of the contact force based on node-to-face penetrations at the previous
time step (𝑥) and a penalty stiffness (𝑠),
𝐹𝑐𝑜𝑛𝑡𝑎𝑐𝑡 = 𝑠 ∗ 𝑥.

(3.4)

The second set of equations come from the requirement of geometric compatibility between
displacements and strains. In Abaqus, strains 𝜺 can be determined as the spatial gradient of the
displacement vector, 𝒖,
1 ∂𝒖

∂𝒖 𝑇

𝛆 = 2 (∂𝒙 + [ ∂𝒙] ).

(3.5)

The third set of equations bridges the gap between stresses and strains with a specified stressstrain relationship. This relationship is the underlying constitutive model. As mentioned earlier,
the elasto-plastic constitutive models are considered in this work.
Elasto-plastic modeling starts from the assumption of additive strain rates,
𝛆̇ = 𝛆̇ 𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + 𝛆̇ 𝑝𝑙𝑎𝑠𝑡𝑖𝑐

(3.6)

The total strains or strain rates can be divided into elastic and plastic components that are
independent of each other. Rice [65], showed that such a division of strains/strain rates is
applicable if corresponding elastic strains are relatively small. The elastic part is governed by the
Hooke’s theory of linear elasticity,
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𝝈 = 𝑫∗𝛆

(3.7)

Here, 𝑫 is the fourth order elasticity tensor expressed in terms of the modulus of elasticity
𝐸 and Poisson’s ratio ν. There exists a one-to-one relationship between elastic stresses and strains.
In Abaqus/Explicit, plastic strains are determined iteratively. Total strains are known from
a kinematic estimate of the previous time step, plastic strains are guessed, and then elastic strains
are obtained through the additive strain rate formula (Eq. (3.6)). After obtaining elastic strains,
Hooke's law of elasticity is used to get stresses. This process is repeated iteratively until the yield
surface and plastic potential surface conditions are satisfied. The final set of equations contain the
plastic multiplier 𝜆. For the overall structure of calculating plastic deformation, the reader may
refer to [26,66], and for detailed derivation of these equations, refer to [49].
Abaqus uses another scalar known as the equivalent plastic strain, (ε𝑝𝑙𝑎𝑠𝑡𝑖𝑐 =
2 𝑝𝑙𝑎𝑠𝑡𝑖𝑐 𝑝𝑙𝑎𝑠𝑡𝑖𝑐
ε𝑖𝑗
)
3

√ ε𝑖𝑗

in place of 𝜆 to determine the magnitude of plastic deformation. The

relationship between ε𝑝𝑙𝑎𝑠𝑡𝑖𝑐 and 𝜆 varies depending upon the plasticity model under
consideration.
For the Mohr-Coulomb model in Abaqus, it is observed that an exact 0o dilation angle
cannot be specified and the minimum value allowed is 0.1o. This restriction is due to the definition
of plastic potential,
εplastic ∂G
=
,
g ∂σij

(3.8)

∂G
εplastic
= 𝑓(tan 𝜓 ) ⇒ λ =
,
∂σij
𝑓(tan 𝜓)

(3.9)

εplastic
ij
where,
g = σij :

It can be observed that for the Mohr-Coulomb model, the dilation angle (𝜓) is in the
denominator of the plastic multiplier 𝜆 . Therefore, (𝜓 = 0o ) is not allowed as it will give an
indeterminate value of 𝜆. A non-zero 𝜓 implies that the bulk material will keep dilating forever
with time as (ε𝑝𝑙𝑎𝑠𝑡𝑖𝑐
= λ tan 𝜓) [66] and the corresponding density will keep reducing. Although
𝑣𝑜𝑙
this effect is insignificant in short term hopper simulations, it is observed that the bulk density
reduces to unrealistic values if simulations are run for a very long time.
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3.3

Strengths and Limitations

Finite element modeling based on the simple elasto-plastic constitutive models has the
advantages of easy implementation, being computationally inexpensive, use of standardized tests
to obtain input parameters, and can produce quick results. The phenomenon of material
hardening/softening with respect to shear deformation can be implemented through minor
modifications. Behavior of particulate materials in different large-scale systems can be simulated
based on the same elasto-plastic model.
The accuracy of such FEM modeling depends on the extent of the experimentally measured
bulk material properties. Bulk material properties for a range of stress levels including near-zero
stresses are required to obtain accurate hopper flow characteristics. This aspect can be perceived
as a limitation, because material property measurement at near-zero stresses is difficult if not
impossible.
For the Mohr-Coulomb and the linear Drucker-Prager models, material can dilate but it
cannot contract. Implying that the density of material is the same throughout the hopper after
filling. In reality, some variation in the bulk density can be expected with respect to the height
from the hopper outlet. These models are not appropriate for simulating highly compressible
particulate materials.
As mentioned before, the Drucker-Prager Cap model can simulate material compression, but
the elliptical plastic potential surface makes it difficult to control the material dilation at near-zero
stresses. The DPC model was found to produce unrealistic dilation near the free surface of the
cohesionless particulate material discharging through hopper.
Another limitation of FEM analysis presented in this thesis is related to the phenomenon of
localization of shear zones. Shear zones are the thin flow regions which develop between two
material layers as one layer moves relative to another. It is observed that such shear zones localize,
i.e., reduce in thickness with increasing shear deformation [3]. These shear zones are also observed
in hopper flow experiments [67]. Formation of shear zones is important as they cause regions of
material to start moving suddenly which results in quasi-static oscillations in hopper pressure and
material bulk density [3]. Furthermore, these shear zones vary in thickness depending upon the
hopper wall roughness, particle size, density, shape, and microscopic properties. It is reported that
shear zones are formed in internal bulk material and along the hopper walls. Resulting pulsations
in wall pressure can cause silo problems commonly known as silo honking/music/quaking. As
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these shear zones are directly dependent on microscopic properties of the particles, the FEM
modeling presented in this work is unable to capture this phenomenon.
There are regularization techniques available in literature that control the thickness of shear
zones formed in FEM. Regularization techniques modify the constitutive model to include a
characteristic length related to microscopic particle level properties. Two such techniques: micropolar continuum [68] and non-local methods [69] are discussed next.
A micro-polar elasto-plastic model includes another degree of freedom known as Cosserat
rotation, which is independent of displacement of the given mesh element. This rotation is now
defined in terms of mean particle diameter and corresponding stress definitions are also modified
to include couple stresses and dependence on mean particle diameter. Due to the presence of the
mean particle diameter, this model can capture variations in hopper flow characteristics as particle
size changes, but this model is complex and not straightforward to implement.
Non-local technique makes use of averaging over a region so that stress state of a given mesh
element is now dependent on stresses of neighboring mesh elements. The averaging length is
obtained through experimental measurement of the shear zone thickness, which defeats the
predictive ability of non-local methods. This technique is particularly useful is eliminating the
mesh dependency observed in the thickness of shear zones formed in FEM based on simple elastoplastic models.
In present work, without any regularization technique, the thickness of shear zones or region
of yielding mesh elements does depend on the mesh density. Hence, the hopper flow characteristics
also exhibit slight dependence on the mesh density. The effect of mesh density is shown in multiple
sections of this thesis to demonstrate convergence of obtained results. But it is acknowledged that
the phenomenon related to shear zones cannot be captured by present analysis. While, complex
models such as the micro-polar elasto-plastic and non-local elasto-plastic models may be able to
predict the dependence of particle properties on bulk behavior and capture real thickness of the
localized shear zones, these models are not easy to implement and require additional input
parameters.

3.4

Other Elasto-Plastic Models

Apart from conventional plasticity models defined by a yield surface, plastic potential
surface, and flow rule some researchers have also introduced models which do not have a direct
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specification of the yield surface [70]. These models assume a non-linear relationship between the
current state of stresses and plastic strain rates. Moreover, a yield surface and a plastic potential
surface are often implied inherently in such models. Hypoplastic models are alternatives to the
traditional elasto-plastic models, but they are much more complex to implement and not directly
available in standard commercialized numerical software.
Some materials show increased strength with time due to a time consolidation effect. The
class of plasticity models dealing with time effect on material strength are known as viscoplastic
constitutive models. More complex models, which aim to incorporate anisotropic behavior of real
materials can also be found in literature [12]. These models make use of fabric tensors, which store
different material properties depending upon the direction and material microstructure. Again,
these complex models are difficult to implement in standard software as they require building a
user-defined material with desired properties.
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4. HOPPER FLOW OF COHESIONLESS PARTICULATE MATERIALS

A generic cohesionless particulate material discharging from a wedge-shaped hopper system
is simulated in this chapter. Arbitrary values are chosen for the Mohr-Coulomb yield surface and
the wedge-shaped hopper is assumed to be a plane-strain system. Corresponding FEM results are
compared with analytical theories for verification purposes and effect of model parameters on this
comparison is explored.

4.1

Simulation Domain

Figure 4.1a shows the simulation domain for a representative 2D converging hopper
geometry. Half of the hopper is simulated, assuming symmetry along the hopper centerline.
Similar symmetry boundary conditions are used on the front and back surfaces so as to represent
the middle section of the original hopper which is assumed to have a long length along the 𝑧
direction (Figure 4.1b). Because of these boundary conditions, this hopper system essentially
reduces to a plane strain (ε𝑧𝑧 = 0) system. According to Jenike [71], a plane strain assumption
can be made for hoppers with outlet length greater than three times the outlet width.
The hopper side walls are rigid bodies whose motion is governed by the assigned reference
point. Coulomb type frictional interaction exists between the inner surface of the rigid wall and
outer surface of the hopper material. Although the simulation procedure is explained for a
converging hopper in this section, bin-hopper or flat-bottomed silo systems can also be setup in a
similar way.
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Figure 4.1. Converging hopper (a) Simulation domain. (b) Physical system.
Overall simulation consists of two dynamic steps with explicit time integration scheme.
During the first step, the outlet is closed, and material settles as gravity body force is applied
smoothly. Such smooth application of the gravity force gets rid of transients associated with
instantaneous force application. During the second step, the outlet is opened by deactivating the
zero normal velocity boundary condition, and material is allowed to reach a steady state. The
duration of the first step is such that the kinetic energy of the static material reaches zero near the
end, whereas the duration of second step is large enough to observe a steady state velocity profile
during discharge. The actual simulation duration depends on the material properties.

4.2

Analysis Technique

Hopper simulations can be performed with three different analysis techniques within
Abaqus. Lagrangian analysis is suitable for situations where material remains static. Since mesh
nodes are fixed to the material, significant deformation causes mesh elements to distort, thus
reducing the quality of the mesh and reliability of the results [38]. Eulerian analysis is suitable for
hopper discharge simulations as in this technique the mesh elements are fixed in space and do not
deform even as the material flows through the mesh. Abaqus uses ‘Lagrangian-plus-remap’ first
order advection technique to momentarily deform the mesh and remap corresponding state
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variables to the original undeformed mesh. With the aid of the Eulerian Void Fraction (EVF)
variable, it is also possible to visualize the material free surface in Abaqus. In an Arbitrary
Lagrangian-Eulerian (ALE) analysis, nodes at the hopper outlet remain fixed in space and the
material can flow out of the outlet. Mesh nodes above the outlet move independently of the
discharging material and the domain is re-meshed to minimize element distortion. The number of
elements remain the same even as the volume of the material above the outlet keeps reducing.
Although ALE can model the initial stage of the hopper discharge process [37], it is observed that
this method fails in later stage as elements get too distorted. These techniques are summarized in
Table 4.1 and corresponding mesh element distortions are compared in Figure 4.2 for plane strain
hopper.

Table 4.1. Comparison of Abaqus analysis techniques
Analysis
technique

Definition

Pros

Cons

Lagrangian

− Mesh nodes are
fixed to the material.
− Elements deform
with flowing
material

−
−
−
−

Eulerian

− Mesh nodes are
− No element distortions
fixed in space
− New material can enter
− Elements do not
the domain
deform with flowing
material

ALE

− Domain re-meshing − Robust kinematic contact − Fails for extreme
as material moves to − Parallelization not
distortions
minimize distortions
possible
− Very slow speed

Fast speed
− Large element
distortions
Robust kinematic contact
− New material cannot
2D or 3D domain
enter the domain
Explicit or Implicit time
integration
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− Slow speed
− Penalty contact
algorithm prone to
excessive penetration
− 3D domain with Explicit
time integration only

Figure 4.2. Mesh distortion using (a) Lagrangian, (b) Eulerian, and (c) ALE analysis technique
for plane strain hopper.
The Eulerian analysis technique is implemented in this chapter. Caution must be used as it
has been observed that the penalty contact algorithm, for contact between the material and wall, is
not robust for this analysis technique. The penalty contact algorithm is based on penetration of
material nodes into the rigid wall surface. If the wall is placed such that it cuts through Eulerian
mesh elements, tracking the material interface becomes difficult resulting in dubious contact forces
and, therefore, a questionable flow profile. It is observed that for better implementation of contact
forces, wall should be placed along element edges.
A material inflow boundary condition is used on the top material surface (Figure 4.1a) to
prolong the steady state discharge duration. It is observed that in absence of a material inflow
boundary condition, the outlet center-node velocity remains steady for some period before
gradually reducing to zero as the material approaches the end of the discharge process. Figure 4.3
shows a comparison of the hopper outlet center-node velocity for a free top surface and for a
continuous material inflow boundary condition. Hence, to obtain steady state results, a material
inflow boundary condition is implemented.
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Figure 4.3. Top surface boundary condition comparison.
4.3

Material Properties and Hopper Dimensions

Generic cohesionless particulate material with properties similar to soda-lime glass beads is
used in this chapter. Corresponding material parameters and dimensions of the plane strain
converging hopper system are listed in Table 4.2.

Table 4.2. Material properties and dimensions of the hopper
Property
Bulk density, 𝜌𝑏
Elasticity modulus, 𝐸
Poisson’s ratio, 𝜈

Value
1600 kg/m3
10 MPa
0.2

Internal friction angle, 𝜙
Wall friction angle, 𝜙𝑤
Dilation angle, 𝜓
Hopper half angle, 𝜃

20o
5o
15o to 0o
30o

Hopper outlet width, 𝑏
Hopper height, 𝐻

25 cm
3m

The material is represented through the Mohr-Coulomb elasto-plastic constitutive model so
that one-to-one comparison to continuum theories can be made. The dilation angle is reduced
linearly to capture the phenomenon of shear deformation at constant volume. After significant
shearing, particulate materials stop dilating and further deformation occurs at constant volume
[16,66]. This behavior is observed in tri-axial tests as well as experiments performed on flatbottom bins [31]. Therefore, the dilation angle needs to be set to zero after a certain amount of
deformation at which the bulk material reaches a constant volume. This effect is implemented by
linearly decreasing the dilation angle from an initial value, 𝜓𝑖 to 0o as the solid fraction of bulk
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material decreases from an initial value of η𝑖 to constant-volume value of η𝑐𝑣 , as shown in Figure
4.4.

Figure 4.4. Variation of dilation angle (𝜓) with solid fraction (𝜂).
For the generic cohesionless particulate material containing spherical particles, the initial
and constant-volume solid fraction values are determined based on the assumed particle packing
structure. It is assumed that initially densely packed particles have a packing fraction (ηi) of 0.64
(corresponding to random close packing of spheres) and after some deformation the dilation stops
when particles rearrange themselves in a cubic lattice formation, which corresponds to a solid
fraction (ηcv ) of 𝜋/6. The critical volumetric strain at which material deforms with a constant
volume can be obtained by the logarithmic strain measure,
ηi
εvol = ln
≈ 0.2,
ηcv

(4.1)

This dependence of dilation angle on material volumetric strain is implemented through use
of a field variable and the VUSDFLD subroutine of Abaqus. The dilation angle is varied linearly
with respect to the field variable which is set to be equal to the volumetric strain. Table 4.3 gives
values of the assigned field variable and corresponding dilation angles. The subroutine determines
the volumetric strain in current time step, then interpolates the dilation angle for that volumetric
strain. For field variable (volumetric strain) values greater than 0.2, the dilation angle is 0o.
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Table 4.3. Field variable assignment
Dilation angle
15o
0o

Field variable = Volumetric strain
0
0.2

Material dilation is usually associated with softening for cohesionless materials [59]. This
material softening can be implemented in a similar way where the internal friction angle is also
linearly reduced with respect to the volumetric strain. Such softening is implemented in the chapter
5 when quantitative comparison is made with experimental results, but is ignored in present chapter
as the steady state approximate analytical theories are based on the assumption of constant internal
friction angle.

4.4

Post Processing

By default, output variables such as velocity and stress can be viewed throughout the
simulation domain with respect to the global co-ordinate system in Abaqus. Figure 4.5 shows an
example of contour and symbol plots for the velocity output variable.

Figure 4.5. Example velocity profile, (a) contour plot and (b) symbol plot.

For comparison with steady state theories, output variables along desired paths are obtained.
For example, to visualize the vertical velocity distribution along the hopper outlet, a line path is
created from the outlet center to the wall (Figure 4.6) and the velocity component V2 (along the
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direction of gravity) is obtained at various points along this path. Similarly, the wall normal stress
is obtained on points of the line path drawn near the wall (Figure 4.6) after transforming the stress
components from the global co-ordinate system (Global CSYS) to the wall co-ordinate system
(Wall CSYS) (Figure 4.6). A Python script is utilized to construct such paths and transform stresses
for desired time steps. For calculating mass discharge rate, density data is also obtained for points
on the outlet path along with velocity data. The mass discharge rate is then calculated by summing
all local mass discharge rates between two sequential points on the outlet path.

Figure 4.6. Line paths along (a) hopper outlet, (b) hopper wall.
4.5

Results and Discussion

This section starts with mesh convergence analysis and then details various characteristics
obtained for a converged simulation. The equivalence between results obtained through the MohrCoulomb model and the Drucker-Prager model is demonstrated. Various simulation characteristics
are compared with steady state approximate analytical theories. A parametric study is also
performed to show how flow characteristics vary with different model parameters.

4.5.1

Convergence Analysis
Mesh and time step convergence is performed in this section. Figure 4.7a shows the

velocity distribution across the hopper outlet in steady state. It can be observed that as the number
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of elements is increased, the outlet velocity distribution converges. Figure 4.7b shows the
convergence of discharging wall normal stress results. Therefore, it is concluded that around 3,000
elements are enough to get converged results for this geometry.

Figure 4.7. Convergence of (a) outlet velocity distribution and (b) wall normal stress.
Similarly, time step convergence analysis is also performed for this geometry as the
simulations are based on an explicit time integration scheme. It is concluded that the default time
step determined by Abaqus is small enough to get stable converged results. Abaqus uses material
elastic properties to determine the stable time increment needed for dynamic analyses.
Determination of this time step is based on the time required for a dilatational wave to cross the
element of minimum size [49].
∆𝑡 = 𝐿 𝑚𝑖𝑛 /𝑐𝑑.

(4.2)

where,
𝑐𝑑 = √𝐸𝜌 ((

4.5.2

1−𝜈
).
1+𝜈) ( 1−2𝜈 )

(4.3)

Initial Height Independence
For a hopper geometry with a given outlet width, it has been observed that if the material

height is large enough, then a further increase in material height does not affect the hopper velocity
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profile significantly. Figure 4.8 shows the variation of outlet center-node velocity with material
height. It is decided to fix the hopper material height at which

Δ𝑉𝑜𝑢𝑡𝑙𝑒𝑡
Δ𝐻

≈ 1%.

Figure 4.8. Height independence of (a) outlet center node velocity, (b) centerline velocity
distribution.
As seen from Figure 4.9a, even if the magnitude of the peak wall normal stress increases
with material height, the overall trend remains the same. The normalized stress profiles
(normalization with respect to the peak value) collapse onto each other (Figure 4.9b).

Figure 4.9. (a) Actual and (b) normalized wall normal stress distribution for increasing material
height.
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4.5.3

Equivalence of the Mohr-Coulomb and Drucker-Prager Model
FEM results are obtained based on the Drucker-Prager model after converting the Mohr-

Coulomb parameters using Eq. (3.2). Figure 4.10 shows the equivalence between these two models
in terms of the filling and discharging wall normal stresses.

Figure 4.10. Equivalence of the Mohr-Coulomb and Drucker-Prager models in terms of (a)
filling and (b) discharging wall normal stress.
Figure 4.11 shows the equivalence in terms of the outlet velocity distribution and the mass
discharge rate. Note that in very long simulations, the mass discharge rate predicted from the
Mohr-Coulomb model will be smaller than that of the Drucker-Prager model, as the minimum
dilation angle allowed in the Mohr-Coulomb model is 0.1o, which causes the bulk density near the
hopper outlet to keep reducing with time.
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Figure 4.11. Equivalence of the Mohr-Coulomb and Drucker-Prager models in terms of (a) outlet
velocity distribution and (b) mass discharge rate variation.
4.5.4

Wall Normal Stress Comparison to Analytical Theory
Since numerous experiments [20,37,46] indicate that experimentally measured wall

stresses match closely with the modified Walker's theory, the FEM wall normal stress results are
compared with this theory. Figure 4.12 shows the filling and discharging wall normal stress
comparison with the modified walker's theory for material properties and hopper geometry in
Table 4.2.

Figure 4.12. (a) Filling and (b) discharging wall normal stress compared to modified Walker’s
theory.
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4.5.5

Velocity Comparison to Kinematic Model
The experimental velocity profile has been found to be qualitatively agree with the profile

predicted by a kinematic model for a 2D converging hopper geometry [19,20]. Therefore, the
vertical velocity component of the FEM simulations is compared to the kinematic model. This
model is presented in chapter 1. The final equation is reproduced here,
2

𝑣(𝑥, 𝑦) = 𝑣centerline (𝑦 = ℎ)𝑒 −𝑥

/4𝐷𝑦

.

(4.4)

Figure 4.13 shows the velocity comparison at different heights for the converging hopper
geometry of Table 4.2. The FEM velocity profiles compare well to the kinematic model. The
magnitude of diffusion length 𝐷 is observed to increase with height similar to the experimental
observations [19].

Figure 4.13. Simulation velocity profile comparison with the kinematic model.
4.5.6

Mass Discharge Rate Comparison to Correlations
The dilation angle has been observed to affect the hopper mass discharge rate significantly.

Figure 4.14 shows the comparison of the average density at the hopper outlet and mass discharge
rate for two cases. Comparison is shown when a constant dilation angle of 10o is used and when
a linear reduction in the dilation angle is implemented. Use of constant non-zero dilation angle
results in unrealistic continuous reduction of the mass discharge rate. Whereas, linearly reduced
dilation angle agrees with experimental observations of steady mass discharge rate during hopper
discharge of cohesionless particulate materials.
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Figure 4.14. Effect of dilation angle on (a) average density at outlet and (b) mass discharge rate.
As mentioned in chapter 1, Beverloo [21] proposed a correlation for steady mass discharge
rate (Eq. (1.4)). This empirical correlation was found to agree well with experimental mass
discharge rate data for the case of flat-bottomed bin [16]. Rose and Tanaka [22], modified this
correlation to include dependence on hopper half angle (Eq. (1.7)). This modified correlation can
be represented as,
𝑚̇ 𝑅𝑜𝑠𝑒 𝑇𝑎𝑛𝑎𝑘𝑎 ∝ 𝑏3/2 (tan 𝜃 )−0.35 .

(4.5)

It can be observed from Figure 4.15 that FEM mass discharge rate shows similar
dependence on hopper outlet width and hopper half angle, thus conforming experimental
observations.

Figure 4.15. FEM hopper mass discharge rate dependence on (a) outlet width and (b) hopper half
angle.
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4.5.7

Hopper Flow Mode Comparison to Jenike's Chart
Flow of particulate material through the hopper is characterized as a mass flow, if all of

the material from the hopper starts discharging simultaneously without any stagnant zones. On the
other hand, if there is some stagnant material along the hopper walls and material near hopper
centerline discharges much faster than the material near wall, this flow is characterized as funnel
flow. Jenike's chart [2] (Figure 4.16) is often used to predict the hopper flow mode. This chart
indicates that hopper flow mode can change if either the hopper half angle, material internal
friction angle, or wall friction angle is changed. Original Jenike's chart was based on the existence
of the radial stress field as a criterion for mass flow mode [16]. Funnel flow occurs if there are no
solutions to the governing equations of radial stress theory. Afterwards, this chart was modified
based on experimental investigations [3].

Figure 4.16. Jenike’s chart for wedge shaped hopper.
For FEM hopper flow analyzed here, the mass flow index criterion is used to distinguish
between hopper flow modes. Mass flow index is a ratio of average material velocity along hopper
wall to average material velocity along hopper centerline, 𝑀𝐹𝐼 =

̅̅̅̅̅̅̅̅
𝑉𝑤𝑎𝑙𝑙
.
̅̅̅
𝑉
o

If the mass flow index is

greater than 0.3, the flow is characterized as mass flow and funnel flow will occur if the mass flow
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index is less than 0.3. Ketterhagen et al. [72] used this criterion for DEM based hopper flow
simulations and demonstrated good agreement with Jenike’s chart. Distinction based on the mass
flow index criterion is made for four FEM simulations on Jenike's chart as shown in Figure 4.16.
These four points demonstrate the capability of FEM analysis to predict hopper flow mode, as each
of the three parameters influencing the hopper flow mode are varied while keeping other two
parameters constant. It can be observed from Table 4.4 that FEM flow mode prediction based on
the mass flow index criterion agrees well with Jenike's chart.

Table 4.4. Hopper flow mode prediction based on the mass flow index criterion
Point on
Chart
1
2
3
4
4.5.8

MFI

Flow Mode

0.556
0.173
0.613
0.027

Mass
Funnel
Mass
Funnel

Parametric Studies
Parametric studies are performed in this section to better understand the effects of elasto-

plastic model parameters on the hopper flow characteristics. In total four parameters are examined:
material elasticity modulus (𝐸), internal friction angle (𝜙), wall friction angle (𝜙𝑤 ), and constant
volume solid fraction (𝜂𝑐𝑣 ). These parameters are varied from a base case for which the internal
friction angle (𝜙) is 25o and wall friction angle (𝜙𝑤 ) is 15o. All other properties are the same as
in Table 4.2. The corresponding effects on wall normal stresses, velocity profile, and mass flow
rate are investigated.

Effect of Elasticity Modulus
Experiments report a sharp peak in the wall normal stress as material suddenly starts
discharging through the hopper system [20,46]. Similar sharp peak is observed in the FEM
simulations. Figure 4.17a shows the temporal variation of wall normal stress for a mesh element
located in the middle portion of the hopper (Figure 4.17b). This sharp peak and subsequent
oscillations are expected in FEM based on the explicit time integration scheme. The force
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equilibrium equation is not exactly satisfied in an explicit scheme and therefore the stresses
oscillate. For a stable explicit scheme, it is expected that the oscillations damp out and equilibrium
is eventually achieved.

Figure 4.17. Simulation wall normal stress peak.

It should be noted that with decreasing elasticity modulus, the default stable time increment
of Abaqus increases and it takes longer for the oscillations to damp out (Figure 4.18). If the
elasticity modulus value is too small, required settling time for the material filling stage is longer
because the oscillations take longer time to damp out completely (Figure 4.18). Similar oscillations
are also observed in experiments, but they damp out rapidly. Ideally, the elasticity modulus value
measured from an uniaxial confined loading/unloading experiment on the bulk particulate material
should be used [62].

Figure 4.18. Effect of decreasing elasticity modulus.
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Effect of Internal Friction Angle
Although the magnitude of the hopper outlet velocity decreases with an increasing internal
friction angle, the overall profile remains the same as observed from a comparison of outlet
velocity distribution (Figure 4.19a). With increasing internal friction angle, the position of the peak
wall normal stress shifts higher up the hopper as seen from simulation results (Figure 4.19b).

Figure 4.19. Effect of increasing internal friction angle on (a) outlet velocity and (b) normalized
wall normal stress.
Since, the solid fraction at which the dilation angle goes to zero does not change, the
corresponding bulk density near the hopper outlet is the same as the base case, which causes the
steady mass discharge rate to decrease (Figure 4.20).

Figure 4.20. Mass discharge rate variation with internal friction angle.
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Effect of Wall Friction Angle
It can be observed from Figure 4.21 that with increasing wall friction angle, wall normal
stress peak shifts towards the top of the hopper and symmetry around this peak reduces. Increasing
wall friction angle causes increase in the wall shear stress which essentially slows the material near
it, causing increase in the concavity of velocity profile as observed in Figure 4.22. Increasing
concavity in outlet velocity distribution reduces the average outlet velocity thus the mass discharge
rate decreases (Figure 4.23).

Figure 4.21. Wall normal stress for increasing wall friction angle.

Figure 4.22. Velocity profile for increasing wall friction angle.
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Figure 4.23. Mass discharge rate variation with wall friction angle.
Effect of Constant Volume Solid Fraction
Varying constant volume solid fraction for which the dilation angle reduces to zero,
changes the bulk density near the hopper outlet. Increasing constant volume solid fraction has no
effect on the outlet velocity distribution but has some effect on the diffusion of velocity through
the hopper. If constant volume solid fraction is large, material near the hopper outlet reaches
constant volume state quickly and material in upper section of the hopper starts moving. Thus,
causing more diffusion of velocity profile. Whereas, for small values of constant volume solid
fraction, material near the hopper outlet can dilate for a longer time before material in the upper
hopper section starts moving (Figure 4.24).

Figure 4.24. Velocity profile for increasing constant volume solid fraction.
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5. QUANTITATIVE COMPARISON OF HOPPER FLOW
CHARACTERISTICS

Based on the literature review on FEM hopper studies of cohesionless particulate materials
presented in chapter 2, it is clear that there is a need to conduct a thorough quantitative validation
study of different FEM hopper flow characteristics.
The present work aims to provide a one-to-one quantitative comparison of FEM and
experimental flow characteristics for same bin geometry. This work is inspired by the experiments
of Maiti et al. [53], where particle image velocimetry (PIV) was used to measure the velocity
profiles of sand discharging through quasi two-dimensional, flat-bottomed bins with centered
(concentric) and off-center (eccentric) exits. A detailed comparison to Maiti et al.’s work was not
possible due to unavailability of some of the model parameters as well as some concern regarding
the influence of sand particles sticking to the bin walls. Therefore, PIV experiments on similar
laboratory-scale bins were conducted in the present work. After measuring Mohr-Coulomb
constitutive law material properties, an Eulerian FEM analysis, implemented in Abaqus/Explicit,
was implemented to simulate the complete discharge process. A quantitative comparison of four
different hopper flow characteristics: the velocity profiles, the MDR, the duration of steady MDR
(TSS ), and the free surface profile contours are presented. Comparisons are made for concentric as
well as eccentric bins to thoroughly assess the accuracy of the Mohr-Coulomb FEM model.

5.1

Bin Design and Experimental Setup

The present experimental setup is inspired by the work of Maiti et al. [53], but with slight
modifications. The geometry consisted of a quasi two-dimensional, flat bottomed-bin with an exit
that could be positioned at different locations at the base of the bin (Figure 5.1). In order to reduce
the tendency of particles sticking to the hopper walls due to electrostatic effects, which has the
potential of interfering with PIV measurements, the bin walls were made of tempered glass.
Detailed views and dimensions of the hopper are shown in Figure 5.1b. The size and position of
the hopper outlet could be adjusted by changing the position of two bottom sliders. Although the
width of the outlet opening could be varied, it was kept fixed at 11.8 mm throughout this work.
The exit location was either at the center of the bin (the concentric case) or all the way to one side
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(the eccentric case). Figure 5.2 shows the images captured by the high-speed camera at an instant
during the discharge process for the concentric (Figure 5.2a) and eccentric (Figure 5.2b) bins.
The particulate material used in the experiment was ASTM C778 standard 20-30 sand with
a mean particle diameter (dparticle ) of 710 μm [73,74]. The bulk material properties required for
the implemented FEM constitutive model along with the sand-glass wall friction coefficient are
discussed in Section 5.3.
A weighing scale was placed directly below the bin outlet to collect the discharged sand and,
thus, measure the mass discharge rate (MDR). A high-speed camera (Photron Fastcam) was used
to record the discharging flow through the front glass wall of the bin. Details of the camera and
PIV settings are provided in Section 5.2. Black curtains were used to remove reflections on the
glass walls that could adversely affect the PIV measurements. The velocity and free surface
profiles were obtained from the camera recordings and PIV analysis while the MDR and the
duration of steady MDR (TSS ) were determined based on the weighing-scale data. Unless specified,
the term “velocity profile” refers specifically to the vertical component of velocity (𝑣) for the
particles near the front bin wall. These velocity profiles were obtained along horizontal paths at
various heights from the bin outlet.

Bin
Sand

High speed
camera
Weighing
scale
(a)

(b)

Figure 5.1. (a) Schematics of the experimental setup. (b) Detailed bin views and dimensions (not
to scale).

63

(a)

(b)

Figure 5.2. Images during discharge for (a) concentric and (b) eccentric bin.
After assembling the bin and closing the outlet, sand was poured into the bin from the top
opening through a small funnel. While filling, it was ensured that the material free surface
remained approximately horizontal. After achieving a desired initial material height of about 200
mm, both the outlet stopper was removed and the high-speed camera recording was started at
approximately the same time. The weighing scale was set to output the weight of its contents at 1
s intervals.

5.2

High Speed Camera and PIV Settings

The high-speed camera was positioned such that the complete bin length was captured by
the camera’s square field of view with the maximum possible resolution setting of 1024 X 1024
px. Hence, the spatial resolution of the captured images was 0.168 mm/px or 4.3 px/dparticle .
The camera frame rate was chosen such that the PIV random error observed in extracted velocity
profiles was minimized. Table 5.1 shows the frame rates used to obtain the velocity profiles. The
camera shutter speed of 1/6000 s was found to be good enough to avoid motion blur. The aperture
opening and camera focus was adjusted to capture the 2D flow of sand particles in the vicinity of
the front bin wall.
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Table 5.1. Camera frame rate used in the experiments
Height from outlet
≤ 10 mm
> 10 mm

Frame rate
Concentric bin
Eccentric bin
250 FPS
500 FPS
125 FPS
250 FPS

Particle Image Velocimetry (PIV) has been implemented by many researchers to capture the
flow of granular materials [19,46,75]. Based on the guidelines provided by Sarno et al. [76] for
granular PIV (g-PIV) experiments, the open source MATLAB program PIVLab [77] was used in
this work to extract the velocity profiles from the camera recordings. The window deformation
technique of PIVLab is useful for capturing the shear deformation of dense granular flows and
minimizing gradient bias errors. The multi-pass interrogation window (IW) feature can be used to
achieve a desired spatial refinement while avoiding loss-of-pairs errors. For detailed explanation
of these PIV techniques, please refer to Sarno et al. [76] and PIVLab [77].
Based on the work of Sarno et al. [78] for the case of a chute flow of Ottawa sand, it was
determined that the natural contrast of the sand due to its sub-grain structure was good enough for
capturing the velocity profiles through PIV analysis and additional colored particles were
unnecessary. Sarno et al. [76] concluded that for g-PIV applications, a nine point window
deformation algorithm with bilinear interpolation, 50% overlap of IW, quadruple IW pass
technique, and 2 X 3 sub-pixel Gaussian interpolation produces accurate results. A smaller number
of IW passes may underestimate the velocity magnitude. The IW size for the first pass was given
by,
𝐼𝑊1 ≥ 𝑀𝑎𝑥 (4𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 , 4𝑢 𝑚𝑎𝑥 ),

(5.1)

where 𝑢 𝑚𝑎𝑥 is the maximum displacement expected during the discharge. The parameter 𝑢 𝑚𝑎𝑥
for the current work was determined as,
𝑢 𝑚𝑎𝑥 = (𝑀𝐷𝑅⁄(𝜌𝑜𝑢𝑡𝑙𝑒𝑡 𝐴𝑜𝑢𝑡𝑙𝑒𝑡 ))∆𝑡,

(5.2)

Here, the mass discharge rate was obtained through weighing scale data and 𝜌𝑜𝑢𝑡𝑙𝑒𝑡 was the
material bulk density near the outlet, which was assumed to be ~1387 kg/m3 based on the
constant-volume cubic lattice packing of spherical particles. The quantity ∆𝑡 was obtained from
the frame rate of the video recording.
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According to Sarno et al. [76], the IW size for the last pass should be less than or equal to
𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 . In the present work, due to low resolution of the obtained images (resulting from the
requirement to capture the complete bin length), the size of the fourth IW pass is small in terms of
the number of pixels. It was observed that for such a small IW size, PIVLab generates unrealistic
non-zero velocities for stagnant material. Therefore, a maximum of three IW passes are used in
this work. Table 5.2 shows the IW size of each pass.

Table 5.2. Interrogation window (IW) size for each pass
Interrogation window pass
First

Interrogation window size
20 𝑋 20 px or 4.5 X 4.5 𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒

Second

12 𝑋 12 px or 2.7 X 2.7 𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒

8 𝑋 8 px or 1.6 X 1.6 𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒
Third
4 𝑋 4 px or 1 X 1 𝑑𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒
Fourth*
* Fourth pass generates unrealistic velocities due to a small IW size.
It was observed that the velocity profiles obtained through the triple IW pass technique
contained significant PIV noise. This noise was due to using an IW size that was too small, in
terms of pixels, in the third pass, which increased the random errors associated with the PIV
analysis [79]. Hence, the double IW pass technique was used subsequently in this work.
It was observed that at a given height from the outlet, the velocity profile remained steady
for some period of time before changing as the free surface approached that height. Figure 5.3
shows the velocity profiles obtained along two horizontal paths at two different heights for both
bins at 1 s intervals, the origin of the x-coordinate is located at the outlet center. It can be observed
that for the concentric bin, the velocity profile at H = 10 mm remains similar from 1 to 7 s of
discharge whereas at H = 70 mm, the velocity profile is similar only for 2 and 3 s. Similarly, for
an eccentric bin, the velocity profile remains steady from 1 to 4 s at H = 10 mm but at H = 70 mm,
the velocity profile is similar only for 1 and 2 s after the discharge. Therefore, the steady state
velocity profiles are calculated by averaging over the observed steady sate period at each height.
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Figure 5.3. Time variation of velocity profiles for (a) concentric and (b) eccentric bins at
different heights (H) above the bin outlet.
The accuracy of the obtained steady state PIV velocity profiles was analyzed by calculating
the average flowing density at that height by,
𝐴𝑣𝑒𝑟𝑎𝑔𝑒

𝜌𝐹𝑙𝑜𝑤

= (𝑚̇ ⁄(Σv∆𝑥𝑊)),

(5.3)

where, the summation is done over all the data points along that height and ∆𝑥 is the uniform
spacing between these data points. The parameter 𝑊 is the hopper width in the z direction (Figure
𝐴𝑣𝑒𝑟𝑎𝑔𝑒
5.1a). It was observed that 𝜌𝐹𝑙𝑜𝑤
for all H > 10 mm was less than the initial filling density, as
𝐴𝑣𝑒𝑟𝑎𝑔𝑒
expected. However, at H = 10 mm, 𝜌𝐹𝑙𝑜𝑤
was larger than the initial filling density, implying

that the velocity magnitude at H = 10 mm was underpredicted. To obtain more accurate velocity
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profiles at H = 10 mm, experiments were conducted with the camera capturing only half of the bin
length to increase the image resolution (0.033 mm/px or 8.6 px/dparticle ). The velocity profiles
from these higher resolution images were then obtained by using three IW passes. As seen from
Figure 5.4, the velocity profiles produced by the low resolution images are underpredicted at H =
10 mm, but are reasonably accurate at larger heights for the concentric bin. In contrast, the low
resolution images produced accurate velocity profiles even at H = 10 mm for the eccentric bin,
mostly due to the larger frame rate used to record the eccentric bin discharge.
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Figure 5.4. Effect of image resolution on the velocity profiles for (a) concentric and (b) eccentric
bins.
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5.3

FEM Simulation Setup

Similar to previous FEM hopper studies [38,39,41], this work implemented the Eulerian
analysis technique of Abaqus/6.14-6 [49] to avoid excessive distortion of mesh elements during
the discharge process. Figure 5.5 shows the simulation setup using a coarse mesh for concentric
(Figure 5.5a) and eccentric bins (Figure 5.5b). An Eulerian material outflow boundary condition
at the bin outlet and a void inflow boundary condition at the bin top surface ensured that material
discharged freely through the outlet and no new material entered the simulation domain. Only onequarter of the concentric bin was simulated by assigning appropriate symmetry boundary
conditions as shown in Figure 5.5a. Half of the eccentric bin was simulated as shown in Figure
5.5b. The bin side and front walls were modeled as rigid bodies and a Coulomb frictional
interaction exists between the Eulerian material and the wall surfaces. Dimensions of the FEM bin
and initial material height were the same as the experimental trials.

(a)

(b)

Figure 5.5. Eulerian FEM simulation setup for (a) concentric and (b) eccentric bins.
The Eulerian simulation domain is meshed with eight node 3D hexahedral Eulerian elements
(EC3D8R) with reduced integration technique and hour glass control to avoid volumetric locking
[49]. The side and front bin walls are discretized with four node rigid quadrilateral (R3D4) mesh
elements.
The material is modeled using the Mohr-Coulomb elasto-plastic constitutive model without
regularization techniques. The usefulness of simple elasto-plastic constitutive models such as the
69

Mohr-Coulomb and the linear Drucker-Prager model in predicting hopper discharge flow
characteristics has been demonstrated in previous FEM hopper studies [37–39,41] and chapter 4.
The Mohr-Coulomb model was implemented in the present work to assess the applicability of such
a simple constitutive model by performing one-to-one quantitative comparisons of different hopper
flow characteristics.
The initial bulk density (𝜌𝑖 ) of the material after filling was calculated by pouring a known
mass of sand into the assembled hopper and measuring the filled material height. Based on 15
different trials, the mean 𝜌𝑖 and corresponding 95% confidence interval was 1806.4 ± 8.5 kg/m3 .
Therefore, in the FEM simulations, a 𝜌𝑖 of 1800 kg/m3 was assumed as shown in Table 5.3. The
resulting initial packing fraction (𝜂𝑖 ) of 0.68 was larger than the 0.64 value usually associated with
the random close packing of hard spheres. This larger filled bulk density is thought to be due to
the pouring procedure and the slight polydispersity of the sand particles.
The value of Poisson’s ratio was assumed to be 0.3 based on properties reported for similar
sand material [80]. The elasticity modulus was measured based on the initial unloading behavior
of the bulk sand material measured through a uniaxial confined loading and unloading test. This
procedure has been employed previously for bulk particulate materials [62]. It has been previously
demonstrated that these elasticity properties have a negligible effect on FEM flow simulations [41].

Table 5.3. Parameter values used in the FEM simulations. The “NDNS” case refers to a no
dilation, no softening model and the “DS” case refers to a model with dilation and softening.

Experimentally
measured
properties

Assumed
properties

Parameter
Initial bulk density, 𝜌𝑖
Elasticity modulus, 𝐸
Constant-volume internal friction angle, 𝜙𝑐𝑣
Wall friction angle, 𝜙𝑤
Poisson’s ratio, 𝜐
Maximum dilation angle, 𝜓𝑚𝑎 𝑥
Peak internal friction angle, 𝜙𝑝𝑒𝑎𝑘
Constant volume bulk density, 𝜌𝑐𝑣

FEM NDNS
FEM DS
1800 kg/m3
8 MPa
34o
7o
0.3
o
0
15o
−
46o
−
1387 kg/m3

The constant-volume internal friction angle ( 𝜙𝑐𝑣 ) and wall friction angle ( 𝜙𝑤 ) were
measured using a Schulze annular ring shear test. The measured constant-volume internal friction
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angle (𝜙𝑐𝑣 ) value is consistent with values reported elsewhere in the literature for cohesionless
sand [81–84].
It is well known that during shearing, a dense sample of cohesionless sand goes through a
peak shear strength before eventually reaching the critical shear strength for a given normal stress.
This critical strength of the sand is represented by the constant-volume internal friction angle (𝜙𝑐𝑣 ).
According to Bolton [59], the 𝜙𝑐𝑣 value is independent of the stress level or initial density of the
sample and, therefore, is constant for a given sand. However, the peak shear strength (𝜙𝑝𝑒𝑎𝑘 ) is
dependent on the maximum rate of dilation represented by, 𝜓𝑚𝑎𝑥 during shearing. The 𝜓𝑚𝑎𝑥 value
varies based on how dense a given sample is. For Ottawa sand, it can be as large as 15o [85].
For sand filled inside the bin, the stress varies with height. Hence, it can be speculated that
the initial packing fraction, and therefore 𝜓𝑚𝑎𝑥 , is also a function of height. As it is difficult to
quantify the initial packing fraction of the filled sand, two extreme cases: a no dilation/no softening
(NDNS) case and a with dilation and softening (DS) case, are considered in the present work. In
the former case, the filled sand is assumed to already be in the constant-volume state with 𝜓𝑚𝑎𝑥 =
0o. For this unrealistic case of no dilation, there is no change in the bulk density. There is no
material softening and the internal friction angle remains constant throughout the discharge.
In the DS case, the filled sand is assumed to be in a dense state and has 𝜓𝑚𝑎𝑥 = 15o. This
dilation causes material softening, where the internal friction angle reduces from an initial peak
value (𝜙𝑝𝑒𝑎𝑘 ) to a constant-volume value (𝜙𝑐𝑣 ). The peak internal friction angle is determined
based on the empirical equation of Bolton [59] for quartz sand,
𝜙𝑝𝑒𝑎𝑘 = 𝜙𝑐𝑣 + 0.8 ∗ 𝜓𝑚𝑎𝑥 = 46o,

(5.4)

Although this equation is strictly valid for a plane strain system, it is a reasonable estimate for sand
filled inside the present bin geometry due to the small wall friction and predominantly 2D flow
observed in the camera recordings.
During discharge, this dense sand will dilate to a constant volume bulk density (𝜌𝑐𝑣 ), which
is function of the discharging stress magnitude. Since this constant volume bulk density (𝜌𝑐𝑣 ) is
difficult to measure for the near-zero stresses expected near the bin outlet and the free surface, an
assumption is made based on the loose cubic lattice packing structure of flowing particles, resulting
in 𝜌𝑐𝑣 ≈ 1387 kg/m3. It is expected that the experimental flow characteristics will lie between
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𝐸𝑥𝑝
these two extreme cases, depending on the magnitude of experimental dilation ( 𝜌𝑐𝑣
) and

corresponding softening.
The material dilation and softening for the DS case is implemented through a user-defined
field variable that is set to be equal to the volumetric strain (Figure 5.6). Both the internal friction
angle and dilation angle were assumed to decrease linearly with the volumetric strain from their
initial peak values to the constant-volume values. The critical volumetric strain for which the
material is assumed to reach a constant-volume state is calculated through Eq. (4.1) based on initial
(𝜂𝑖 ) and constant-volume (𝜂𝑐𝑣 ) solid fractions.

(a)

(b)

Figure 5.6. Material dilation and softening through a linear reduction of (a) dilation angle and (b)
internal friction angle with respect to the volumetric strain.
This linear reduction in the dilation and internal friction angles is an approximation to the
actual nonlinear material softening observed in triaxial test experiments [66]. Similar linear
material softening with respect to the shear strain was used previously by Anastasopoulos et al.
[86] for finite element analysis of fault rupture propagation through sand .
Two dynamic simulation steps with explicit time integration scheme were used to simulate
filling and discharging of the bin. During the filling step, a gravity body force was applied
smoothly to the material. The material had a constant bulk density of 1800 kg/m3 at the end of
the filling step. In the second step, the outlet was opened and material was allowed to flow out of
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the Eulerian domain. During this discharge, the dense material dilated and softened until the
critical volumetric strain was reached.

5.4

Mesh Convergence Analysis

The effect of mesh density on the velocity profiles was investigated for each FEM simulation.
An example of the mesh convergence analysis is shown in Figure 5.7a for the FEM NDNS case.
It was concluded that a mesh density based on 10 cubical elements along the bin outlet (resulting
in a total of approximately 150,000 elements for the eccentric bin) produced converged velocity
profiles for both bins. The region of yielding mesh elements at a given time step for an eccentric
bin is also shown in Figure 5.7b for different mesh densities. It can be observed that this region is
dependent on the mesh density due to the absence of a regularization technique. However, the
effect on the velocity profile is negligible.
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Figure 5.7. Effect of mesh density on (a) velocity profile obtained along a vertical path through
the outlet center and (b) the region of yielding mesh elements at 1 s after opening the outlet.

5.5

Quantitative Comparison of Flow Characteristics

Discharge flow characteristics obtained from the experiments are compared with the
converged FEM DS and NDNS simulations. Specifically, the steady state velocity profiles, the
MDR and TSS , and the free surface profiles during discharge are compared for both bins. At least
three experimental trials were performed with approximately the same initial material fill height
of 200 mm to demonstrate the reproducibility of the experimental data.

74

5.5.1

Velocity Profiles
Similar to Maiti et al.’s [81] work, the velocity profile comparisons are made for the

vertical component of velocity obtained along a horizontal path at a given height from the bin
outlet. Time averaging similar to the experimental velocity profiles is also performed for the FEM
simulations. It should be noted that the FEM velocity profiles are obtained from mesh elements in
the vicinity of the front wall, since the 2D PIV analysis conducted in this work reports velocities
of particles in contact with the front wall.
Figure 5.8 shows a quantitative comparison of the steady state velocity profiles. It can be
observed that for both bins the differences between FEM NDNS and DS velocity profiles are
negligible, especially at H = 10 mm. The peak velocity magnitude of these two cases is similar,
while some difference is observed in the spread of the velocity profiles (length of the flowing
region at given height). A larger spread is observed for the NDNS case due to a larger region of
yielding mesh elements, while a smaller spread is observed for the DS case due to narrower region
of yielding mesh elements. This narrow region of yielding mesh elements is a direct consequence
of the implemented material softening.
As demonstrated previously, for the low resolution images the experimental peak velocity
magnitude is slightly underpredicted at H = 10 mm for the concentric bin. Regardless, the FEM
simulations for both NDNS and DS overpredict the velocity profile near the outlet resulting in a
larger volumetric flow rate through the outlet, 𝑄̇𝐹𝐸𝑀 > 𝑄̇𝐸𝑥𝑝 .
Overall, the velocity profiles from both FEM cases exhibit similar trends as that of the
experimental velocity profiles in terms of the decreasing magnitude of the peak velocity and
increasing spread observed with increasing height from the outlet. These observations along with
the overprediction of velocity near the bin outlet are consistent with results from the hypoplastic
model simulations of Böhrnsen et al. [46]. The current model agreement is better at larger heights
from the outlet, implying that the FEM peak velocity magnitude reduces at a faster rate with
increasing distance from the outlet.
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Figure 5.8. Comparison of steady state velocity profiles for (a) concentric and (b) eccentric bins
at different heights (H) from the outlet. Black solid, dotted, and dashed lines denote three
different experimental trials.
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5.5.2

Mass Discharger Rate (MDR) and Duration of Steady MDR (𝐓𝐒𝐒 )
Figure 5.9a and b show the data obtained from the weighing scale placed directly below

the bin outlet. It can be observed that the variation of cumulative mass with respect to time shows
the same linear trend in all trials.
To determine the experimental MDR and the duration of steady MDR (TSS ), the average
cumulative mass from the three trials was calculated at each time instance. Based on this average
cumulative mass variation, the instantaneous MDR was calculated from 1 s onwards. A sudden
change (greater than 10%) in the instantaneous MDR was observed at the beginning of the plateau
region (refer to Figure 5.9). The time instance just before this sudden change was used to determine
the TSS value. The experimental MDR was then determined by performing a linear regression on
the data points from all three trials up to the TSS time instance.
Similar to the observations reported by Maiti et al. [54], the MDR through eccentric bin is
larger than the concentric bin. One of the reasons for this MDR difference could be due to the fact
that while discharging through the eccentric bin, particles interact with the right side wall in Figure
5.2b, which has a wall friction angle of 7o. However, for a concentric bin, particles on the left and
right side of the bin centerline interact with each other, with an internal friction angle of 34o. Due
to the smaller resistance faced by particles sliding against the right-side wall in the eccentric bin,
the eccentric MDR is larger than the concentric one. An eccentric bin simulation was performed
in which the right-side wall had a wall friction angle of 34o and, indeed, the mass discharge rate
decreased significantly when compared to the 7o wall friction angle case.
Figure 5.9c and d show the comparison of the FEM MDRs to those from the experiments.
The FEM MDR is calculated based on the product of the vertical component of velocity, the bulk
density, and the cross-sectional area of the mesh elements in the vicinity of the outlet. The FEM
MDR reaches a steady value rapidly after opening the outlet and remains steady for some time.
Unlike the velocity profiles, there is a significant difference in the NDNS and DS MDRs due to
significantly different bulk densities near the outlet.
It should be noted that the initial bulk density value has a major impact on the MDR of the
FEM NDNS case. Although not shown here, if the initial bulk density of 1600 kg/m3 reported by
the Schulze ring shear cell is used, the MDR predicted by the FEM NDNS case is smaller; however,
it is still larger than the experimental MDR. The MDR of the FEM DS case is independent of the
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initial bulk density as the flowing bulk density near the bin outlet depends on the assumed particle
arrangement in the constant volume state, which is independent of the initial bulk density.

1200
y = 114.4x - 11
R² = 0.9987

1000
800

Trial 1

600

Trial 2
400

Trial 3

200

Cumulative Mass (g)

Cumulative Mass (g)

1200

1000

0

y = 149.6x + 2
R² = 0.992

800
600

Trial 1

400

Trial 2
Trial 3

200
0

0

2

4
6
8 10
Discharge Time (s)

12

14

0

2

(a)

4
6
8
Discharge Time (s)

10

(b)

160

200

140
150

MDR (g/s)

MDR (g/s)

120

100
80

Experiment

60

FEM DS

40

Beverloo

20

FEM NDNS

100
Experiment
FEM DS
FEM NDNS

50

0

0
0

2

4
6
8
Discharge Time (s)

10

0

(c)

1

2
3
4
5
Discharge Time (s)

6

7

(d)

Figure 5.9. Weighing scale data from the experiments (cumulative mass collected on the scale as
a function of time) for (a) concentric and (b) eccentric bins. Mass discharge rate comparisons for
(c) concentric (the Beverloo MDR overlaps experimental MDR) and (d) eccentric bins.
For both bins, the FEM DS MDR is closer to the experimental MDR. This observation
𝐸𝑥𝑝
𝐹𝐸𝑀 𝐷𝑆
combined with the previous observation that 𝑄̇𝐹𝐸𝑀 𝐷𝑆 > 𝑄̇ 𝐸𝑥𝑝 implies that 𝜌𝑂𝑢𝑡𝑙𝑒𝑡
< 𝜌𝑂𝑢𝑡𝑙𝑒𝑡
.

Thus, the magnitude of the experimental dilation is smaller than the one assumed in the FEM DS
𝐸𝑥𝑝
𝐹𝐸𝑀 𝐷𝑆
case (𝜌𝑐𝑣
> 𝜌𝑐𝑣
).
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For the concentric bin, comparison is also made to the MDR given by Beverloo’s
correlation presented in chapter 1, Eq. (1.4) to Eq. (1.6).
According to Nedderman [16], the coefficient 𝐶 in Eq. (1.4) can take values between 0.58
to 0.64. It was observed that good agreement is obtained when 𝐶 = 0.64. The larger value of 𝐶
implies that the magnitude of experimental dilation is small.
The TSS for the FEM cases was obtained by locating the sudden change in the instantaneous
MDR obtained at 0.5 s intervals, as was discussed previously. The comparisons of the TSS values
follow the same trend as those of the MDR comparisons, as shown in Table 5.4. For both bins, the
TSS of DS simulations are closer to the experimental measurements.

Table 5.4. Comparison of TSS values.
Bin
Experiment FEM DS
Concentric
~9 s
~8.5 s
Eccentric
~5 s
~5.5 s

5.5.3

FEM NDNS
~6.5 s
~4 s

Free Surface Profiles
The FEM free surface profile depends significantly on the material dilation and

corresponding softening as shown in Figure 5.10. There are two features associated with the FEM
free surface profile evolution. The first is the contour of the free surface. For the FEM NDNS case
the free surface is convex while for the DS case the free surface is linear or slightly concave. This
shape is a consequence of a having a smaller region of yielding mesh elements for the FEM DS
case than for the NDNS case.
The second free surface feature is the height of the free surface at a given time instance,
which is observed to be governed by the material dilation. For the FEM DS case, the free surface
height is larger since the material in the upper bin region moves only after the material near the
outlet has reached its critical volumetric strain. Due to dilation of the material near the outlet, there
is some delay in the movement of the material in the upper bin region. In contrast, for the FEM
NDNS case the material in the upper bin region starts to deform at the same time as the material
near the outlet.
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The FEM free surface profiles shown in Figure 5.10 are observed to remain similar until
the end of the discharge. The significant difference in the free surface profiles highlights the
importance of material dilation and associated softening.

(a)

(b)

Figure 5.10. FEM free surface and velocity profiles for (a) concentric and (b) eccentric bins t =
2.5 s after opening the outlet.
Images extracted from the experiments’ camera recordings (similar to the images shown
in Figure 5.2) were processed in MATLAB to obtain the free surface profile evolution during the
discharge process. These images were first converted to binary images and the height of the free
surface along the length of the bin was calculated through image analysis. Due to the camera’s
limited field of view, only part of the free surface profiles were captured during the early portion
of the discharge process.
The experimental and FEM free surface profiles are compared at different time instances
during the discharging process as shown in Figure 5.11. As expected, the free surface height given
by the FEM DS simulations is larger than the height given by the NDNS simulations for both bins.
The shape of the free surface predicted by the FEM DS simulations agree well with the
experimental free surface.
Similar to the conclusions derived from the MDR comparisons, it can be concluded that
𝐸𝑥𝑝
the actual material dilation must be smaller than the one assumed in the FEM DS case, i.e., 𝜌𝑐𝑣
>
𝐹𝐸𝑀 𝐷𝑆
𝜌𝑐𝑣
. It should be noted that another source of the mismatch in free surface height includes a

slight delay from opening of the bin outlet and starting the camera recording.
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Figure 5.11. Free surface profile comparisons at various discharge stages for (a) concentric and
(b) eccentric bins. Black solid, dotted, and dashed lines indicate three experimental trials. These
three black lines overlap in many of the plots.
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The free surface profile of the eccentric bin experiment features two distinct linear
segments in left and right parts of the bin, with the left part exhibiting a larger slope than the right
part as shown in Figure 5.11b (3 s and 6 s). This two-segment free surface profile can also be seen
in Figure 5.2b as well as in the images reported by Maiti et al. [81]. Approximate calculations of
these two linear segments showed that the left part had a slope close to 45o (close to the peak
internal friction angle) while the right part had a slope of 34o (close to the constant-volume
internal friction angle), supporting the fact that the material strength is dependent on the degree of
deformation. Material softens as it flows down from the left to the right part of the eccentric bin.
A similar two-segment free surface profile was observed in the concentric bin experiments near
the end of the discharge process, albeit to a smaller extent.
The comparison of the free surface shape for both bins indicate that the FEM DS
simulations are more accurate than the NDNS simulations. The apparent mismatch between the
DS predictions and the experiments is thought to be due to a smaller dilation in the real material
than what is assumed in FEM DS case.
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6. HOPPER FLOW OF COHESIVE PARTICULATE MATERIALS

This chapter aims to demonstrate effectiveness of FEM in modeling cohesive particulate
materials. An approach to predict the critical outlet width of wedge-shaped hopper is presented
using FEM and the Mohr-Coulomb elasto-plastic model. This approach incorporates dynamic
discharge of the stored material under gravity and a variable material unconfined yield strength
(𝑓𝑐) based on the consolidation stresses (𝜎1 ). A clear flow/no-flow boundary is observed, which is
compared with the theories of Jenike and Enstad as well as McLean’s correlation. The influence
of different simulation parameters on the predicted critical outlet width and agreement between
FEM and these theories are also investigated. Finally, the validity of the FEM results is shown
through comparisons with the experimental results reported by Eckhoff and Leversen [15,24].

6.1

Theoretical Critical Outlet Opening

Jenike [2] provided an analysis for determining the stress profiles developed inside a hopper.
His approach assumes that for a particulate material in a passive stress state, the mean stresses (𝜎)
inside the hopper are proportional to the radial distance from the hopper apex (𝑟). During steady
flow of cohesive materials, the stresses are assumed to lie on the effective yield locus (EYL) of
the material as opposed to the incipient yield locus (IYL). The EYL passes through the shear stressnormal stress origin and is tangent to the Mohr’s circles passing through the end points of all the
IYL (Figure 6.1). The radial stress assumption is assumed valid inside the converging hopper
section and these radial stresses are independent of stresses applied by material in the silo portion
of the hopper, which has vertical walls.
To determine the critical outlet width, Jenike assumed that once the steady flow of a cohesive
material is stopped, the material consolidates under stresses determined from the radial stress
theory. The unconfined yield strength (𝑓𝑐) of the material under these consolidation stresses can
be determined from the material’s flow function. Although the flow function of a real material
may exhibit some curvature at low stresses, the flow function in the present work is assumed to be
a linear function of the consolidation stress, 𝜎1 , similar to the Enstad’s theory,
𝑓𝑐 = 𝑓𝑐0 + 𝑘𝜎1 .
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(6.1)

Here 𝑘 is the flow function slope and 𝑓𝑐0 is the unconfined yield strength at zero consolidation
stress. Linear flow functions are exhibited by many pharmaceutical powders at high consolidation
stresses [87]. It is often observed that for many materials, the internal friction angle (𝜙) does not
change significantly with consolidation stress [62,87]. Therefore, it is assumed to be constant in
the present work. Enstad demonstrated that under the assumption of a constant internal friction
angle (𝜙) and linear flow function, the EYL passing through the origin cannot have a fixed
effective angle of internal friction (𝛿). Enstad proposed a modified EYL that does not pass through
origin, but still has a fixed effective angle of internal friction (𝛿𝑚𝑜𝑑 ) as shown in Figure 6.1.
Furthermore, the modified effective angle of internal friction (𝛿𝑚𝑜𝑑 ) can be determined from
values of the internal friction angle (𝜙) and flow function slope (𝑘),
𝑠𝑖𝑛 𝛿𝑚𝑜𝑑 =

2 𝑠𝑖𝑛 𝜙 + 𝑘(1 − 𝑠𝑖𝑛 𝜙)
.
2 − 𝑘 (1 − 𝑠𝑖𝑛 𝜙)

(6.2)

If an arch forms after opening the outlet, the material is now in an incipient failure state and
stresses are given by the IYL. In Jenike’s theory, the critical outlet width can be found using the
unconfined yield strength (𝑓𝑐) of the material in the vicinity of the hopper outlet and a force balance
in the vertical direction. Neglecting the stresses applied by the material above a thin layer near the
outlet, Jenike obtains the major principal stress due to the weight of the material, ̅̅̅,
𝜎1
𝜎1 = 𝜌𝑔𝐵/ sin(2𝛽),
̅̅̅

(6.3)

where 𝐵 is the outlet width, 𝛽 is the angle between the major principal stress direction and the
normal to the wall, 𝜌 is the material bulk density at the outlet, and 𝑔 is the acceleration due to
gravity. The angle 𝛽 depends on the wall friction angle (𝜙𝑤 ) and hopper half angle from the
vertical (𝜃) [16]. The flow/no-flow criterion is determined through a comparison of ̅̅̅
𝜎1 and the
corresponding unconfined yield strength (𝑓𝑐). The critical outlet width is then given by,
𝐵𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =

𝑓𝑐 sin(2𝛽)
.
𝜌𝑔
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(6.4)

Figure 6.1. Jenike’s effective yield locus and Enstad’s modified EYL. Also shown in the figure
are the incipient yield locus (IYL), the internal friction angle (𝜙), the effective angle of internal
friction (𝛿), the modified effective angle of internal friction (𝛿𝑚𝑜𝑑 ), and cohesion (𝑐).
Based on Jenike’s work, McLean [23] generated a correlation for the critical outlet width,
𝐵𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 𝑓𝑐 (1 + 0.005𝜃)/𝜌𝑔,

(6.5)

where 𝜃 (the hopper half angle measured from the vertical) is in degrees. This correlation is often
used as an alternative to the design charts provided by Jenike [16]. Since both Eq. (6.4) and Eq.
(6.5) are based on Jenike’s work, distinction between these two equations is made by terming Eq.
(6.4) as “Jenike” and Eq. (6.5) as “McLean” in subsequent sections.
It should be kept in mind that the basis of Jenike’s flow/no-flow criterion is comparing the
unconfined yield strength (𝑓𝑐) to the major principal stresses produced due to the weight of the
material inside a thin material layer (𝜎
̅̅̅)
1 near the hopper outlet. Since the stresses applied by the
material above this thin layer are neglected, the critical outlet width calculated through this
criterion does not depend on the material height above the outlet. The conservative nature of the
critical outlet width estimate obtained from the Jenike’s theory is now evident.
Enstad [15] proposed another theory to reduce the conservative nature of Jenike’s critical
outlet width estimate. His theory assumes that a cohesive arch has a circular arc shape with its
center-point lying on the hopper centerline. The angle made by this circular arc with the wall
normal depends the wall friction angle (𝜙𝑤 ) and the hopper half angle (𝜃). Furthermore, it is
assumed that inside the converging hopper section, the major principal stresses act tangentially to
such circular arcs and are of constant magnitude. Through a vertical force balance on a differential
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element enclosed by two circular arcs at a radial distance 𝑟 from hopper apex, Enstad arrived at
the following differential equation in terms of the minor principal stress for the material under
incipient failure (𝜎
̅̅̅),
2
𝑟

𝑑𝜎
̅̅̅̅
2
𝑑𝑟

𝑟 𝑋

− 𝑋𝑏̅̅̅
𝜎2 = −𝜌𝑔𝑌𝑏 𝑟 + 𝑍𝑏 (𝑅 ) + 𝑍0 ,

(6.6)

where 𝑋𝑏 , 𝑌𝑏 , 𝑍𝑏 , 𝑋 and 𝑍0 depend on the material properties and hopper geometry. For the
complete expressions of these variables, refer to Enstad [15]. The parameter 𝑅 is the radial distance
from hopper apex to the material’s upper free surface.
Using the minor stress boundary condition at the top surface (𝜎
̅̅̅2 (𝑟 = 𝑅)), the solution to
this differential equation is,
𝑟 𝑋

𝑟 𝑋𝑏

̅̅̅
𝜎2 (𝑟) = 𝑎 (𝑅 ) + 𝑏 (𝑅 )

𝑟

+ 𝑐 (𝑅 ) + 𝑑.

(6.7)

Here, variables 𝑎, 𝑏, 𝑐, and 𝑑 are functions of the variables defined previously [15].
To obtain the critical outlet width 𝐵𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙, an iterative procedure can be used to find 𝑟𝑜𝑢𝑡𝑙𝑒𝑡
such that the minor stress at the outlet is zero. Unlike Jenike’s theory, the critical outlet width now
depends on the material height through the parameter 𝑅. The unconfined yield strength (𝑓𝑐) is
obtained similarly, assuming that the material consolidates under a passive state of stresses. Based
on the modified EYL, these consolidation stresses are given by,
𝜎 (𝑟) =

𝜌𝑔𝑌𝑟
𝜌𝑔𝑌𝑅 𝑟 𝑋
)( ) .
+ (𝜎𝑅 −
𝑋−1
𝑋 −1 𝑅

(6.8)

The major difference in Jenike’s and Enstad’s theories is in the dependence of the critical
outlet width on the material height. Figure 6.2 shows the variation of the critical outlet width with
material height for the two theories and McLean’s correlation for the parameters listed in Table
6.1. The material top surface is assumed to be a free surface (𝜎2 (𝑟 = 𝑅) = 0). The modified
effective angle of internal friction (𝛿𝑚𝑜𝑑 ) is obtained from Eq. (6.2). The cohesion (𝑐) is related to
the unconfined yield strength (𝑓𝑐) by,
𝑓𝑐 = 2𝑐 cos 𝜙 ⁄(1 − sin 𝜙).

(6.9)

The cohesion at zero consolidation stress (𝑐0 ) is reported in Table 6.1. Case A parameters
represent a pharmaceutical powder [87], whereas Case B represents a hypothetical material with
smaller internal friction angle (𝜙) (corresponding to clay material), larger cohesion, and ideal
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frictionless walls. These cases are chosen for comparison because they show negligible and
significant deviations between the theories, respectively. The dependence on material height in the
Enstad’s critical outlet width estimate is negligible for Case A, but is significant for Case B. It was
observed that for other reasonable values of parameters, the height dependence of Enstad’s
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Figure 6.2. Comparison of critical outlet widths. (a) Using the parameters listed for Case A in
Table 6.1. (b) Using the parameters listed for Case B in Table 6.1. If the outlet width is smaller
than the predicted critical outlet width, then no flow occurs. If the outlet width is larger than the
predicted critical value, then flow does occur.
For Case B, both Enstad’s and Jenike’s theories predict that the material will flow for an
outlet width of 60 cm, but the McLean correlation predicts no flow. For a hopper with an outlet
width of 30 cm, Jenike’s theory and the McLean correlation predict no flow while Enstad’s theory
predicts flow as long as the material height is greater than about 1 m.
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Table 6.1. Parameters for two cases exhibiting, respectively, negligible and significant
dependence of critical outlet width on material height.
Parameter

Case A

Case B

Bulk density, 𝜌

400 kg/m3

Hopper half angle from the vertical, 𝜃

30o

Internal friction angle, 𝜙
Wall friction angle, 𝜙𝑤

40o
20o

20o
0o

Slope of the flow function, 𝑘

0.2

0

Cohesion at zero consolidation stress, 𝑐0

350 Pa

800 Pa

Although not explored here, other theories [14,88,89] follow a similar approach as that of
Enstad, but the assumed shape of the arch differs (circular, parabolic [14,88], folded plate [89]). It
is expected that the results from these theories would show a similar dependence on the material
height as that predicted by Enstad’s theory.
Certainly, the analytical work of Jenike, Enstad, and others has been instrumental in the
design of hopper systems; however, the models have limitations. To make the models tractable for
simple calculations, simplifying assumptions must be made, such as two-dimensional hopper
geometries, constant material properties, and ignoring the effect of the material above t he hopper
outlet. Continuum-based computational models of hopper systems, as described in the following
section, can be used to predict performance in situations not amenable to analytical calculation.

6.2

FEM Simulation Setup

The finite element simulations developed here use the Lagrangian approach in the
commercial Abaqus/6.14-6 software [49]. A symmetric wedge-shaped hopper is modeled using a
2D plane strain assumption in order to compare against the Jenike and Enstad theories and the
McLean correlation. According to Jenike [71], a plane strain assumption can be made for hoppers
with outlet length greater than three times the outlet width. The initial simulation domain is shown
in Figure 6.3a. The geometry consists of a converging hopper section, but no silo part with vertical
walls. It is assumed that any arch formed will have a circular arc profile with its center at the
hopper apex. This pre-defined arch shape is necessary in the current FEM implementation since
fracture of the continuum material does not occur and, thus, natural evolution of the arch, if it
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exists, cannot occur. After opening the outlet, if material flow does occur, elements near the outlet
will deform extensively. If no flow occurs, only small element deformations appear. The FEM
model also cannot be used to determine if an arch forms after some period of discharge, again due
to the lack of a fracture model in the current simulations. The use of a pre-defined arch shape is
also used in the analyses by Jenike and Enstad.
Note that this arch profile differs from the arch profile assumed in Enstad’s theory where the
arch center-point does not coincide the hopper apex but instead depends on the hopper wall angle
and the major principal stress direction. The impact of the center location is discussed in more
detail in the Section 6.5. To improve computational speed, only half of the hopper is modeled, and
a symmetry boundary condition is used along the centerline. Four node plane strain quadrilateral
elements (CPE4R) are used to discretize the bulk material and the hopper wall is represented as a
rigid body. The use of reduced integration elements with one integration point and hour glass
control prevent locking in plane strain elements. The default element settings of Abaqus are
sufficient to avoid volume or shear locking [49]. A rigid plate having circular shape similar to the
hopper outlet is also used to simulate closing and opening of the outlet.
The particulate powder is modeled using Abaqus’s Mohr-Coulomb elasto-plastic model.
Previous researchers [37,38,41] have demonstrated the effectiveness of the Mohr-Coulomb model
for hopper systems. For detailed information on implementation of this model, please refer to
Abaqus [49], and Liu et al. [41]. Other material constitutive models could also be implemented in
FEM, such as the Drucker-Prager Cap [61,62], Cam Clay [48], non-local hypoplastic models [31],
or non-local granular rheology models [90]; however, the Mohr Coulomb model is used here, in
part, because the widely-used Jenike design guidelines and Enstad’s theory are based on this model.
As is demonstrated in the Section 6.5, the Mohr-Coulomb model produces good outlet width
predictions when compared against experimental results.
Three dynamic simulation steps with explicit time integration are used. In the first step the
hopper outlet is closed by assigning a contact interaction between the rigid outlet plate and material
nodes near the outlet. Gravity is then applied with a smooth step function. A smooth application
of gravity ensures that transients associated with material settling are negligible. Similar to the
layer-by-layer filling method used in previous FEM studies [37,40], this approach generates an
active state of stress where the major principal stresses are oriented vertically at the hopper
centerline. In Jenike’s or Enstad’s theories, it is assumed that the material consolidates in a passive
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state during filling, where the major principal stress is oriented horizontally at the hopper centerline.
Nedderman [16] reports that inside the converging hopper section, a passive state of stresses
prevails as material gets compressed circumferentially and expands radially. This assumption is
reasonable because in experiments the material often slides along the hopper wall during filling
and gets compressed with the addition of more material above it. As demonstrated by Guo et al.
[56], a passive state of filling also prevails during application of a surcharge pressure on t he top
surface of the material.
To achieve a passive state during filling in FEM, the material was allowed to slide down the
hopper wall a small distance before opening the outlet. This state was achieved by sliding the rigid
outlet plate radially towards the hopper apex by a small distance. A comparison of the resulting
stress fields showed that the final stresses remain similar irrespective of the sliding distance as
long as the sliding process is performed slowly. In the third step, the hopper outlet is opened by
deactivating the contact interaction between the material and the outlet plate and the flow/no-flow
condition of the material is observed.
The material does not dilate in the present work since it is assumed that the material has
reached its constant-volume/residual state under the passive state of consolidation stresses, which
occurs when the outlet is closed after initial partial discharge of the material. Hence, the residual
values of the internal friction angle and wall friction angle are used. The dependence of mobilized
parameters on the initial void ratio or initial bulk density is neglected as the corresponding peak
values are a function of initial void ratio, but the residual values remain almost constant [62,91].
Incorporating the parameter dependence on plastic strain may be necessary, however, for the
prediction of critical outlet width under an active state of consolidation stresses in which the
material near the hopper outlet has not yet reached its constant-volume/residual state.
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Figure 6.3. (a) FEM computational domain and (b) Lagrangian mesh deformation indicating flow.
It should be noted that the concept of the EYL is not needed for the FEM model. The material
consolidates under stresses developed during the sliding step prior to opening of the hopper outlet.
The material’s unconfined yield strength (𝑓𝑐) is determined through the use of a subroutine that
interpolates the cohesion parameter (𝑐) of the Mohr-Coulomb constitutive model based on the
major principal stress developed at the end of the sliding step for each mesh element. The cohesion
parameter (𝑐) is dependent on the consolidation stresses until the sliding step only. After opening
the outlet, the material is in an incipient state of failure. Any further softening of the material that
may occur during steady discharging flow is irrelevant for determining the critical outlet width.
As mentioned previously, the internal friction angle (𝜙) of the material is assumed to be
constant, but this assumption could be relaxed in the model so that the internal friction angle (𝜙)
is a function of the consolidation stresses (𝜎1 ), but as reported previously, only slight variations
are usually observed in the residual internal friction angle values [62,91]. Although the elasticity
modulus (𝐸) and Poisson’s ratio (𝜐) do not affect the critical outlet width significantly (Section
6.4), values representing a generic pharmaceutical powder are used with 𝐸 = 10 MPa and 𝜐 = 0.2
[38,62,92]. Abaqus has the capability of varying all of the material properties and wall friction
angle based on the consolidation stresses, which would likely improve the accuracy of the model.
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The model parameter values can be dependent on various factors such as the particle size
distribution, particle shape, and moisture content. Therefore, characterization of the material under
the same conditions found in the hopper system is essential for accurate predictions.
The hopper has a small radius of the outlet (𝑟𝑜𝑢𝑡𝑙𝑒𝑡 ) initially. If the material is observed to
not flow when the contact interaction with the outlet plate is removed, the radius of the outlet is
then increased by 2 cm in a new simulation. Thus the critical outlet radius is determined to within
2 cm in current work, implying that the critical outlet width (𝐵𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙) is determined to within
(4 cm) sin 𝜃 (refer to Figure 6.3a). One example of flow and no-flow mesh deformations is shown
in Figure 6.3. Using the parameters of Case B in Table 6.1, it is observed that for an outlet radius
of 22 cm the mesh structure remains similar to the initial computational domain after the outlet
plate is removed. However, for the outlet radius of 24 cm, material flows as soon as the outlet is
opened. The abrupt change in mesh deformation gives the flow/no-flow boundary for this case.
The critical outlet width is expected to lie in between these adjacent flow and no flow outlet widths.
In all cases it is observed that for the smaller value of the flow/no-flow outlet width interval, the
material completely stops moving within 1 s after opening the outlet width. Whatever sliding that
may have occurred in this 1 s period is less than one half of the mesh element length. Comparing
this small sliding with the large continuous deformation observed for the outlet width given by the
larger value of the flow/no-flow interval, it can be safely concluded that the critical outlet width
lies somewhere within this interval.
For each case, FEM can provide two estimates corresponding to the active (no sliding of the
outlet plate) and passive (sliding of the outlet plate) states of filling stresses. These two estimates
are the same for 𝑘 = 0 as in Case B, but the difference between them increases as 𝑘 increases.
Only the passive state estimate is reported in the present work since in most experiments material
slides along the hopper walls during filling, thus consolidating under a passive state of stress.

6.3

Mesh Convergence Analysis

Mesh convergence analysis is performed for each case to ensure that the adjacent flow and
no flow outlet widths do not change significantly Figure 6.4 shows the mesh convergence analysis
for Case B parameters and a material height of 2 m. As mentioned before, the radius of the outlet
was increased in steps of 2 cm to observe the flow/no-flow boundary and the corresponding outlet
width intervals are reported in the figure. It can be observed that the outlet width interval remains
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the same for more than 30 elements along the hopper outlet width. Therefore, 30 mesh elements
along the outlet of circular arc shape (total of ~7000 elements to model all of the material) are
chosen for this particular case. Similar convergence analyses were performed for each case. Time
step analysis demonstrated that the default time step determined by Abaqus produces converged

Critical outlet width, Bcritical (m)

critical outlet width results.
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Number of elements along outlet

Figure 6.4. Mesh convergence analysis for parameters corresponding to Case B in Table 6.1 and
a material height of 2 m.
It is interesting to note that, although refining of the mesh increases the oscillations observed
in the stress profiles, the effect on the FEM predicted flow/no-flow interval is negligible. It is
observed that with mesh refinement the thickness of the shear zones decreases significantly as
shown in Figure 6.5.
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Figure 6.5. (a) Stress profile and (b) shear zones using a very fine mesh (120 elements along the
outlet). Parameters for Case B are used in these simulations. These results should be compared to
those of Figure 6.7a.
6.4

Elastic Property Independence

The elastic properties of particulate materials have little effect on the critical outlet width
estimate as observed in Figure 6.6. The elastic modulus and Poisson’s ratio are varied while the
other parameters use the values for Case A of Table 6.1. It is observed that both the elastic modulus
and Poisson’s ratio have negligible impact on the FEM predicted flow/no-flow outlet width
interval.
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Figure 6.6. Effect of (a) Elastic modulus and (b) Poisson’s ratio on the FEM predicted flow/noflow interval.
6.5
6.5.1

Results and Discussion

Comparison of Stress Profile
Verification of the stresses developed when the material is in incipient failure is provided

in Figure 6.7a for a material height of 2 m. Parameters corresponding to Case B are used for this
stress comparison. Immediately after opening the outlet for an outlet width of 24 cm, the stresses
along elements close to the wall are obtained. For this outlet width the material flows. The stresses
from Enstad’s theory are obtained using the same parameters used in the FEM simulation. A good
match is observed for both the major and minor principal stresses near the hopper outlet. The major
principal stresses from the FEM model deviate from Enstad’s theory near the top surface as the
material does not yield in this region (the blue region in Figure 6.7b). The oscillations observed in
the FEM stress profile are due to yielding (red in Figure 6.7b) and non-yielding (blue in Figure
6.7b) consecutive elements along the plotted path. Although not shown here, a similar comparison
of stresses along the elements near the hopper centerline showed excellent agreement between the
FEM results and Enstad’s theory.
In current analysis, a regularization technique to control the thickness of shear zones (zones
of yielding mesh elements) is not used; hence, the thickness of the shear zones observed depends
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on the mesh density. This phenomenon affects the oscillations observed in the stress profile, but
its effect on the FEM predicted flow/no-flow interval is negligible as presented in section 6.3.
Direct comparison to experimental stress profiles was not possible mostly due to the unavailability
of such stress profiles along with complete material characterization data. However, widely-used
silo design standards are based on the approximate analytical theories (Walker, Enstad, Jenike).
Therefore, the comparison is made against stress profile predicted by Enstad’s theory.
It is observed that for Case A, Jenike’s radial stress assumption matches the Enstad and
FEM predictions near the hopper outlet, but increasingly deviate as the upper material free surface
is approached. This deviation reflects the fact that Jenike’s approach neglects the upper free surface.
This particular limitation of the radial stress theory is also acknowledged by Jenike. For Case B,
due to the small value of the internal friction angle (𝜙) and ideal frictionless wall, the influence of
the upper material free surface is significant as is apparent from the value of the exponent ‘𝑋’ in
second term of Eq. (6.8) (𝑋 ≈ 7 for Case A and 𝑋 ≈ 1 for Case B). The smaller value of 𝑋 in Case
B results in much smaller consolidation stresses predicted through the Enstad’s theory and FEM
predictions than Jenike’s radial stress theory, even near the hopper outlet.
It is observed that the stress comparison between the FEM model and Enstad’s theory
worsens with increasing wall friction because the theoretical assumption used by Enstad of
constant principal stresses along the circular arcs throughout the converging hopper section
becomes increasingly inaccurate, as the distance from the outlet increases. In the FEM simulations,
mesh elements are observed to yield in localized, smaller regions resulting in significant variation
of the principal stresses along the circular arcs of Enstad’s theory. Additionally, the number of
yielding mesh elements are also observed to decrease with increasing wall friction along the
hopper wall. Stress comparisons for a case of 20o wall friction angle with corresponding shear
zones are shown in Figure 6.7c and Figure 6.7d. Note that the outlet width is approximately 58 cm
for this case. Due to the lack of experimental data in the literature (with corresponding material
characterization), it is unclear which stress profile is more accurate.
This comparison demonstrates that the FEM simulations using a Mohr-Coulomb elastoplasticity model compares favorably to Enstad’s theory for predicting the internal stress state of a
cohesive bulk solid. The FEM model also shows where the Enstad and Jenike assumptions become
inaccurate.
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Figure 6.7. (a) Comparison of FEM principal stresses to Enstad’s theory for Case B. (b)
Corresponding yielding (red) and non-yielding (blue) elements in the FEM model. (c) Stress
comparison for a wall friction angle of 20o and (d) Corresponding yielding and non-yielding
elements.
6.5.2

Comparison of Critical Outlet Width
Figure 6.8 shows the comparison of the critical outlet width predicted by the FEM model

to the Jenike and Enstad theories and the McLean correlation. Recall that because the radius of the
outlet (𝑟𝑜𝑢𝑡𝑙𝑒𝑡 ) is increased in increments of 2 cm in the FEM model, the critical outlet width
(𝐵𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙) is only known to within a (4 cm) sin 𝜃 range. Similar to the theories, the FEM results
show insignificant dependence on the material height for Case A. However, for Case B the FEM
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results demonstrate significant material height dependence similar to the Enstad’s theory.
Additionally, the FEM results are closer to the Enstad’s theory than Jenike’s theory for this case.
An important ramification of this observed dependence on material height for Case B is
that, if the outlet width is not large enough, some material can flow through the hopper before the
flow stops because the critical outlet width increases with decreasing material height. To ensure
that the material is discharging continuously for a given outlet width, a continuous material inflow
would need to be ensured at the top surface of the hopper. Alternately, to ensure that all of the
material discharges from a hopper with no in-flow, the largest critical outlet width prediction for
any material height should be used. The prediction from McLean would provide the most
conservative estimate, followed by Enstad, Jenike, and then the FEM prediction for the present
analysis. Obviously, the choice of which prediction to use depends on the application and risk
assessment.
For Case A, the FEM results show deviations from Enstad’s theory mainly due to three
reasons. The first reason for the mismatch is the difference in shape of the assumed material arch.
As mentioned previously, in the FEM approach, the center-point of the material arch lies at the
hopper apex while the center-point of Enstad’s outlet does not lie on the hopper apex. A set of
FEM simulations were also performed using the arch profile given by Enstad as shown in Figure
6.8a. Some difference is expected in the predicted critical outlet widths due to different arch shapes
as the consolidation stresses near the outlet change. As expected, using Enstad’s arch shape in the
FEM model results in increased critical outlet widths that are much closer to Enstad’s theory.
Enstad’s theory also assumes that all of the material inside the hopper is yielding and the principal
stresses along the circular arcs are of constant magnitude throughout the hopper. The FEM results
show deviations from both of these assumptions. As a result of localized yielding of mesh elements,
the principal stresses do not follow the Enstad trend as the distance from the outlet increases. One
conclusion from this analysis is that the critical outlet width can be a strong function of the material
arch shape.
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Figure 6.8. Comparison of critical outlet widths (a) using parameters of Case A in Table 6.1 and
(b) using parameters of Case B in Table 6.1. The green line denotes the Jenike estimate, the red
line denotes the Enstad estimate, and the black line denotes the McLean estimate. The black and
the blue data points are from FEM simulations corresponding to locating the arch center at the
apex (black) and using the same arch as Enstad (blue).
6.5.3

Parametric Study
To understand how each parameter affects the critical outlet width and the agreement

between FEM and theoretical estimates, a parametric study is performed by varying one parameter
of Case A, while keeping the other parameters constant for a material height of 2 m (Figure 6.9).
Instead of using the radial stress theory to obtain the consolidation stresses for the Jenike and
McLean estimates, the first radial term of Eq. (6.8) was used. It was observed that the Jenike radial
factor does not vary significantly from Enstad’s radial factor.
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Figure 6.9. Effects of (a) hopper half angle from the vertical, (b) wall friction angle, (c) internal
friction angle, and (d) slope of the linearized flow function on the critical outlet width. Only one
of the parameters is varied while keeping others constant, with the baseline parameters given in
Table 6.1 for Case A. The green line denotes the Jenike estimate, the red line denotes the Enstad
estimate, and the black line denotes the McLean estimate. The FEM predictions are given by the
data points.
To analyze the effect of the hopper half angle from the vertical (𝜃) on the critical outlet
width, the height of the material along the centerline was kept the same for different values of the
angle. As seen in Figure 6.9a, the critical outlet width increases with increasing hopper half angle
similar to Enstad’s theory. This trend is expected since the lift forces from the hopper walls
increase with increasing hopper half angle according to the Enstad theory. The variation of critical
outlet width shows a sinusoidal trend as expected. The Jenike and McLean estimates differ
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significantly from the Enstad and FEM results. This is because the Jenike and McLean estimates
are appropriate for mass flow hoppers (where the radial stress field assumption is valid), with
increasing hopper half angle the flow mode transitions towards funnel flow.
Increasing the wall friction angle (𝜙𝑤 ) increases the lift forces from the hopper walls, thus
increasing the critical outlet width (Figure 6.9b). For both FEM and Enstad’s theory, the critical
outlet width remains similar from 𝜙𝑤 = 20o to 30o. Enstad assumed that the angle made by the
arch abutments with the normal to the hopper wall is such that the arch gets the maximum lift from
the walls. In Jenike’s theory no such assumption was made and, therefore, the critical outlet width
decreases after a certain value of the wall friction angle. The observed FEM results support the
assumption of maximum lift made in Enstad’s theory.
According to the Enstad and Jenike theories, the critical outlet width should increase as the
internal friction angle (𝜙) increases. This behavior is expected since the unconfined yield strength
(𝑓𝑐) increases with increasing internal friction angle (𝜙) for fixed cohesion (𝑐). As observed from
Figure 6.9c, the FEM results follow this trend for 𝜙 < 40o, but the FEM critical outlet width
decreases for internal friction angles approximately greater than 𝜙 = 40o. The primary reason
behind this deviation from Enstad’s theory is thought to be due to localized yielding of mesh
elements in FEM. This localization separates a region of non-yielding material near the upper
corner of the hopper from the material near hopper outlet, resulting in a large principal stress
variation along the circular arcs, especially away from the hopper outlet, which is different from
Enstad’s assumption.
As the slope of the flow function (𝑘) increases, the material’s unconfined yield strength (𝑓𝑐)
increases for similar consolidation stresses, as expected (Figure 6.9d). Therefore, a larger outlet
width is needed to overcome this increased unconfined yield strength. The FEM critical outlet
width follows the non-linear increasing trend similar to the theories, but large deviations occur at
larger values of the flow function slope (𝑘) with the FEM estimates being smaller than the
theoretical ones. Although not explored here, an increasing critical outlet width can be expected
with increasing cohesion at zero consolidation stress (𝑐0 ).

6.5.4

Comparison to Experiments of Eckhoff and Leversen
The critical outlet widths predicted by the previously presented theories and the FEM

model are compared against the wedge-shaped hopper experiments performed by Eckhoff and
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Leversen [24]. The experimental hopper setup (Figure 6.10a) had an adjustable hopper half angle
and outlet width. Two experiments were conducted for fine polymer powder and fine SiC powder.
The measured material properties are given in Table 6.2. For the original experimental
measurements of the powder properties, refer to Eckhoff and Leversen [24] and Eckhoff et al. [93].
These properties are also reported by Enstad [15]. Elastic properties were not mentioned in Eckhoff
and Leversen’s work, but since their effect on the critical outlet width is negligible (based on
parametric study results not presented here; similar findings of elasticity modulus and Poisson’s
ratio having negligible effect on material segregation have been reported by Liu et al. [41]).,
arbitrary but reasonable properties were chosen.

Table 6.2. Experimental parameters measured by Eckhoff and Leversen [24].
Parameter

Polymer Powder

SiC Powder

𝑜

16𝑜

Hopper half angle from vertical, 𝜃

14.5

Internal friction angle, 𝜙
Wall friction angle, 𝜙𝑤

34𝑜
26𝑜

28.6𝑜
33.3𝑜

Slope of the flow function, 𝑘

0.62

0.47

Cohesion at zero consolidation stress, 𝑐0

519 Pa

175 Pa
3

Bulk density, 𝜌

900 kg/m3

440 kg/m

Elasticity modulus, 𝐸*

10 MPa

Poisson’s ratio, 𝜈*

0.2

* Not reported by Eckhoff and Leversen. Reasonable, but arbitrary values
are assumed.
FEM simulations were performed on the 2D computational domains shown in Figure 6.10b
and Figure 6.10c. According to the FEM simulations, for the case of the fine polymer powder, the
material flows for an outlet width of 18.5 cm and does not flow for an outlet width of 18 cm. For
the fine SiC powder, the material flows for an outlet width of 9.4 cm and does not flow for an
outlet width of 8.8 cm. Table 6.3 compares the critical outlet width estimates from the Jenike and
Enstad theories, McLean’s correlation, and the FEM model. The theoretical estimates differ from
similar ones reported by Enstad [15] as the modified EYL is used in the present work as opposed
to the conventional EYL used by Enstad. It is most likely that the experimental observation was
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made for a passive state of filling as the hopper walls were slid upwards to observe flow/no-flow
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Figure 6.10. (a) Experimental setup of Eckhoff and Leversen [24]. FEM computational domains
for (b) fine polymer particles and (c) SiC powder. The hopper width was not reported in [24].
The FEM model gives an excellent prediction for the fine polymer powder whereas the
error is relatively large for the fine SiC powder. Based on Enstad’s discussion, this over-prediction
of the critical outlet width for fine SiC powder is thought to be due to the linear extrapolation of
the material’s flow function near the low stress region. Small unconfined yield strengths at low
stresses are observed by Schulze and Wittmaier [94] for highly dispersed dry powder, by Johanson
[95] for plastic pellets, and by Swize et al. [96] for pharmaceutical powders. To investigate if this
is the cause behind the over-prediction, an arbitrary bilinear flow function, shown in Figure 6.11,
is implemented in the FEM model. This simple modification is a simple approximation to account
for the non-linearity in the flow function at small consolidation stresses since the actual flow
function data is unavailable. This bilinear flow function has half the unconfined yield strength at
𝐵𝑖𝑙𝑖𝑛𝑒𝑎𝑟
𝐿𝑖𝑛𝑒𝑎𝑟
zero consolidation stress compared to the original linear flow function (𝑓𝑐0
= 0.5𝑓𝑐0
).

The bilinear flow function merges with the linear flow function at the intersection point of 𝑓𝑐 = 𝜎1
line and the linear flow function. It should be noted that this bilinear flow function reduces the
unconfined yield strength of the material near the hopper outlet where the consolidation stresses
are smaller than ~1000 Pa, but material above and near the hopper transition remains unaffected.
The reduced unconfined yield strength of the material near the hopper outlet results in a much
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better prediction of the critical outlet width as seen in Table 6.3. Depending on the availability of
flow function measurements at small stresses, a more accurate non-linear flow function could also
be implemented in FEM. A prediction of the critical outlet width based on a non-linear flow
function would not be possible for the analytical models presented here, giving added advantage

Unconfined yield strength, f c (Pa)

to the FEM approach.

1,200
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1,000
800
600
400

Linear flow function

200

Bilinear flow function

0
0

500
1,000 1,500 2,000
Consolidation stress, σ1 (Pa)

Figure 6.11. Modified flow function for the fine SiC powder.
The improved critical outlet width prediction based on the bilinear flow function
emphasizes the importance of detailed material characterization, especially at the small
consolidation stresses observed near the hopper outlet.
The FEM model provides the least error in the critical outlet width, by a considerable
margin, when compared to the theoretical estimates for both experiments. These results
demonstrate that the FEM/Mohr-Coulomb material model provides better predictions of the
critical hopper outlet width than the commonly-used theories. One downside of the FEM model is
that it takes approximately 30 min to set up a simulation and approximately 30 min to run a single
case on a desktop PC. Predictions using the theoretical approaches can be made in a fraction of a
second.
Comparisons to additional published experimental data has proved difficult due to the lack
of material Mohr-Coulomb characterization data along with critical outlet width measurements.
An attempt was made to predict the critical outlet width measured by Guo et al. [56]; however, the
predictions were found to be inaccurate, particularly at large surcharge stresses, due to the inability
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of the Mohr-Coulomb model to capture the densification of the compressible iron ore material
used in Guo et al.’s experiments. Thus, the model presented in the current work is more appropriate
for use with materials that may be reasonably approximated as incompressible.

Table 6.3. Comparisons of the critical outlet width predictions to the experiment.

Fine
Polymer

SiC
powder

𝐵𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙
(cm)

Experiment

McLean

Jenike

Enstad

FEM
(Linear
flow
function)

20

35

28

30

[18.5, 18]

75.6

37.6

49.8

[-7.4, -9.9]

12

10.2

10.4

[9.4, 8.8]

139.5

104.4

120.2

%
deviation
𝐵𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙
(cm)
%
deviation

5
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FEM
(Bilinear
flow
function)

[6.1, 5.5]

[87.4, 76.4] [21.3, 10.3]

7. CONCLUSIONS

The objectives set in chapter 2 have been achieved in chapter 4, 5, and 6. Conclusions drawn
from these three chapters, hopper flow of cohesionless materials, quantitative comparison of
hopper flow characteristics with experiments, and hopper flow of cohesive particulate materials
are compiled here.

7.1

Summary of Results

In chapter 4, FEM based on elasto-plastic constitutive model is implemented to predict
various flow characteristics of plane strain converging hopper system. Three different elastoplastic models of Abaqus, the Mohr-Coulomb, Drucker-Prager, and Drucker-Prager Cap model
are compared. It is concluded that the Drucker-Prager Cap model produces excessive dilation
under low stresses encountered near the material free surface due to its elliptic plastic potential
surface. Therefore, this model is incapable of providing realistic hopper flow behavior of
cohesionless particulate materials.
After converting the Mohr-Coulomb material parameters through conversion equations
appropriate for plane strain system, the linear Drucker-Prager model produced equivalent results
in terms of the filling and discharging wall normal stress, outlet velocity profile, and mass
discharge rate.
Following conclusions are drawn from comparison to the analytical theories and to the mass
discharge rate (MDR) correlations, and from the parametric studies:
•

Both filling and discharging wall normal stresses of FEM simulations agree well with
modified Walker's theory.

•

For properly chosen value of ‘diffusion length’ FEM velocity profile agrees with
prediction of the kinematic model. Earlier observations [19] about increase in the value
of diffusion length with hopper height are confirmed from FEM observations.

•

The dilation angle significantly affects the FEM mass discharge rate. Fixed non-zero
dilation angle results in continuously decreasing MDR, while linear reduction in the
dilation angle produces steady MDR.
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•

FEM mass discharge rate results confirm the dependence on hopper outlet width (𝑏3/2 )
as well as hopper half angle ((tan 𝜃 )0.35 ) suggested by the empirical mass discharge rate
correlation of Rose and Tanaka [22].

•

Hopper flow mode prediction based on the application of mass flow index criterion
agrees well with Jenike's chart [2].

•

FEM simulations demonstrate experimentally observed ‘stress peak’ as material
suddenly starts discharging. It is observed that oscillations created by such stress peak
damp out quickly for large values of elasticity modulus, whereas, for decreasing values
of elasticity modulus, it takes longer for the oscillations to damp out due to larger value
of the stable time increment.

•

It is observed that with increasing internal friction angle as well as the wall friction angle,
the peak wall normal stress shifts higher up the hopper and the mass discharge rate
decreases.

•

Constant volume solid fraction does not affect the outlet velocity distribution but has a
small effect on diffusion of velocity through the hopper.

•

All of the above observations suggest that FEM analysis is capable of predicting some
hopper flow characteristics such as wall normal stress, velocity profile, mass discharge
rate, and hopper flow mode. In addition, such analysis can provide particulate material
behavior under situations where continuum analytical theories fail short. For example,
FEM analysis can be used for simulations of transient systems with complex geometry,
where continuum theories are bound to fail.

Good agreement obtained between the FEM simulations and continuum analytical theories
increase the confidence in capability of FEM. To analyze if the FEM flow characteristics
quantitatively agree with experimental results, comparison is made with particle image
velocimetry (PIV) experiments conducted on Ottawa 20-30 sand discharging through a laboratoryscale bin in chapter 5.
The velocity profiles, mass discharge rate, duration of steady MDR (TSS ), and free surface
profiles predicted by FEM simulations with and without material softening and dilation are
compared with experiments. To assess the flexibility of the FEM, both concentric and eccentric
bins are simulated, and corresponding one-to-one comparison is performed. Two FEM cases are
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investigated, with material dilation and associated softening (FEM DS) and without material
dilation or softening (FEM NDNS).
Following conclusions are drawn from this comparison:
•

There is a negligible difference in the velocity profiles obtained from ‘FEM DS’ and
‘FEM NDNS’ simulations.

•

Both cases produce velocity profiles with peak velocity magnitude larger than the
experimental one at a height of 10 mm from the outlet. Implying that the FEM volumetric
𝐸𝑥𝑝
𝐹𝐸𝑀
flow rate through the outlet is larger than the experimental one (𝑄̇𝑂𝑢𝑡𝑙𝑒𝑡
> 𝑄̇𝑂𝑢𝑡𝑙𝑒𝑡
).

•

Velocity profile agreement is better at larger heights from the outlet, for e.g. at H = 40
mm and H = 70 mm. Implying that the FEM velocity magnitude decreases at a faster rate
with increasing height when compared to the experimental velocity profiles.

•

FEM velocity profiles exhibit similar trends as experiments in terms of decreasing peak
velocity magnitude and increasing ‘spread’ (width of flowing zone) with increasing
height.

•

There is a large difference in the mass discharge rate of FEM DS and FEM NDNS case
as expected due to the difference in the material bulk density near the outlet. FEM DS
mass discharge rate is smaller than FEM NDNS and is closer to the experimental data
for both concentric and eccentric bins. Implying that the experimental bulk density near
𝐸𝑥𝑝
𝐹𝐸𝑀 𝐷𝑆
outlet is larger than the one assumed in FEM DS case (𝜌𝑂𝑢𝑡𝑙𝑒𝑡
> 𝜌𝑂𝑢𝑡𝑙𝑒𝑡
).

•

The duration of steady MDR (TSS ) follows trends similar to the MDR comparison with
TSS of FEM DS being closer to the experiment than the TSS of FEM NDNS.

•

The shape of the experimental free surface is linear in concentric bin and is bi-linear for
eccentric bin.

•

The two features of the free surface profile, the shape and height are significantly
different between FEM DS and FEM NDNS cases.

•

The FEM NDNS case produces convex free surface profiles for both bins, while FEM
DS case is capable of reproducing the linear free surface observed in concentric bin and
the bi-linear concave profile observed in the eccentric bin.

•

The height of the free surface predicted by the FEM NDNS case is smaller than the
experimental free surface due to the absence of material dilation. The height of the FEM
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DS case is larger than the experimental free surface due to larger dilation than the
𝐸𝑥𝑝
𝐹𝐸𝑀 𝐷𝑆
experimental one (𝜌𝑐𝑣
> 𝜌𝑐𝑣
).

•

Overall, FEM DS case is more realistic but experimental dilation is smaller than the one
assumed in this case. Consistent results obtained for concentric and eccentric bins
demonstrate the flexibility of FEM modeling.

In chapter 6, hopper flow of cohesive particulate materials is simulated through FEM
modeling using the Mohr-Coulomb constitutive model. FEM based on the Lagrangian analysis
technique is capable of predicting the critical outlet width (COW) for cohesive bridging.
Comparison of FEM predicted COW is made with theoretical estimates of Jenike and Enstad as
well as empirical correlation of McLean. Parametric study is performed to understand the effect
of material properties and hopper geometry on the COW. Comparison to experimental results
available in literature is also done to assess accuracy of FEM predicted COW.
Following conclusions are drawn from the FEM modeling of cohesive particulate materials:
•

Jenike’s COW estimate and McLean’s empirical correlation do not take into account the
effect of initial material height. FEM COW does depend on the initial material height
and is observed to agree well with Enstad’s theoretical COW.

•

The initial material height dependence is significant for material like cohesive clay stored
in a hopper with idealized frictionless wall. But the COW for cohesive pharmaceutical
powders stored in the hopper exhibit negligible dependence on initial material height.

•

Parametric studies show that the FEM results follow trends similar to that of Enstad’s
theory, but significant deviations occur at large values of the internal friction angle and
the flow function slope, where Enstad’s assumptions become increasingly inaccurate.
These deviations are due to yielding of the mesh elements in localized regions that result
in significant variation in the principal stresses along the circular arcs of Enstad’s theory.

•

The FEM and Enstad predictions can also differ due to differences in the assumed shape
of the material arch. In most cases the COW predicted with the FEM model is smaller
than the theoretical estimates of Enstad and Jenike.

•

Comparisons to the two experiments of Eckhoff and Leversen demonstrate that the FEM
model provides a much better estimate of the COW than the theoretical predictions. The
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FEM model provides an accurate prediction (between 7 to 10%) for the fine polymer
powder used by Eckhoff and Leversen.
•

For the SiC powder there is a significant error (error between 76 to 87%). The cause for
this large discrepancy is thought to be due to the linearized extrapolation of the flow
function at small consolidation stresses.

•

Using a modified bilinear flow function results in much better prediction with an error
between 10 and 21%. The more accurate prediction using a bilinear flow function for
SiC powder highlights the importance of obtaining material characterization data at
small consolidation stresses observed near the hopper outlet. The FEM predictions are
better than the theoretical models, which have errors greater than 104%.

•

The FEM based on the Mohr-Coulomb model is unable to accurately predict the COW
of compressible iron ore material at large surcharge loads in the experiments by Guo et
al. [56]. The poor predictions are presumed to be due to the inability of the MohrCoulomb model to capture material densification.

7.2

Thesis Contributions

The analysis and quantitative comparison presented in this thesis serves to demonstrate the
effectiveness of FEM based on simple elasto-plastic model to predict hopper flow of particulate
materials. The major advantages of FEM are the smaller computational times, applicability to
large-scale industrial hopper systems, and requirement of only the bulk material properties for the
constitutive model implementation. FEM based simulations of granular materials can be used to
simulate complex hopper systems or other processing equipment. The accuracy of these
simulations depends on a detailed material characterization and corresponding implementation in
Abaqus.
Some work presented in this thesis is indeed inspired from similar studies available in the
literature, but there are a few significant contributions that serve as filling the gaps in the literature
and further improving the FEM modeling approach.
Most of the work presented in chapter 4 is similar to the analysis presented by Zheng and
Yu [38] for the case of conical hopper. An important improvement is made in terms of the effect
of dilation angle on hopper mass discharge rate. The linear reduction in the dilation angle based
on the assumption of particle packing structure during filling and discharging does affect the mass
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discharge rate significantly. This dilation angle variation results in steady mass discharge rate
similar to the experimental observations.
The one-to-one quantitative comparison presented in chapter 5 is unique and provides a
thorough investigation of the hopper flow characteristics predicted through FEM based on a simple
Mohr-Coulomb model. The effect of the material dilation and associated softening on the mass
discharge rate and free surface profile highlights the necessity to modify the in-built constitutive
models of Abaqus to obtain realistic hopper flow characteristics.
The FEM modeling of cohesive particulate materials provided in chapter 6 is different from
prior FEM hopper modeling studies, as the current model incorporates dynamic discharge of the
stored material under gravity and a variable material unconfined yield strength based on the
consolidation stresses. Using this approach, a clear flow/no-flow boundary is observed when the
outlet width is changed by a small magnitude. The good agreement obtained between FEM COW
and experiments of Eckhoff and Leversen show the capability of FEM approach and also the need
to modify the linear flow function to non-linear one for some materials.
The contributions of this thesis can be summarized in terms of the one-to-one quantitative
comparison presented for cohesionless materials by conducting experiments on laboratory-scale
hoppers. Demonstrated flexibility of the Eulerian FEM analysis technique in modeling concentric
and eccentric hopper. Development of a novel approach based on the Lagrangian FEM analysis to
predict the critical hopper outlet width for cohesive particulate materials. An important
contribution is also made in terms of the necessary modification in the simple elasto-plastic models
to obtain realistic hopper flow characteristics.
It is important to note the drawbacks associated with such simple constitutive model which
include inability to model the material compression during filling that significantly affects the
FEM predicted mass discharge rate, inability of capturing localization of shear zones and therefore
a slight mesh dependence of flow characteristics. These limitations and few ideas to improve the
FEM approach are presented in the next chapter.
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8. RECOMMENDATIONS FOR FUTURE WORK

Although FEM modeling presented in this work is useful in predicting some of the hopper
flow characteristics of particulate materials, there are still some challenges. These challenges and
recommendations for future work based on them are presented next.
In terms of elasto-plastic models, one limitation of the Mohr-Coulomb model of Abaqus is
that the minimum value allowed for the dilation angle is 0.1o. This does not make a significant
difference for short term simulations, but for long term simulations, such as rotating drum, this
non-zero dilation angle causes continuous reduction in the material bulk density. It is worthwhile
to investigate if this issue can be resolved and exact 0o dilation angle can be achieved.
In both Mohr-Coulomb and linear Drucker-Prager models, the material can dilate but it
cannot compress, implying that the bulk density of the material can only decrease. This limitation
is important in case of compressible particulate materials. It is expected that the bulk density of
the material will be distributed when it is filled inside the hopper. Assuming active filling, the
material near the closed outlet will have a larger bulk density which will then reduce with height
as the free surface is approached. Although the Drucker Prager Cap model can simulate
compression of the particulate material, its elliptic plastic potential causes unrealistic dilation at
low stresses observed near the free surface.
One way to better represent the density distribution after filling step is to start with an initial
condition where the bulk density is already distributed, then model the material dilation during
discharge with Mohr-Coulomb or linear Drucker Prager models. For this approach to work, the
experimental bulk density distribution of the filled material needs to be known a priori.
Another way to model both the compression during filling and dilation during discharge is
to simulate the filling procedure with the Drucker Prager Cap model and import all of the state
variables into a new simulation which is based on Mohr Coulomb or linear Drucker Prager model.
An attempt made in this direction showed that importing most of the state variables is possible
when linear Drucker Prager model is implemented in second simulation. It is worthwhile to further
investigate this approach.
Quantitative comparison of flat-bottomed concentric and eccentric hopper is made in this
thesis. Similar comparison for converging concentric and eccentric hoppers where the hopper
angle is varied can also be made to further assess the FEM approach. It is observed that the FEM
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approach overpredicts the velocity magnitude near the hopper outlet and the velocity reduces at a
faster rate with height compared to the experimental velocity profile. The cause behind this
phenomenon and corresponding improvement in the FEM modeling can be further investigated.
The FEM model presented for cohesive particulate materials in chapter 6 was based on the
assumption of passive state of filling stresses. It is worthwhile to further explore applicability of
similar approach for active state of filling stresses and for complex hoppers. Experiments can be
done on complex hoppers to obtain the critical outlet opening for different cohesive particulate
materials.
A limitation of this approach is that it cannot predict the material arch shape, which can be
irregularly-shaped and dependent on the filling method, or examine phenomena such as the
intermittent breakage and formation of arches in the initial stages of outlet opening or the
protrusion of material before arch collapse [55,56]. One possible way of simulating the natural
formation of a cohesive arch is to delete excessively deforming elements, as originally proposed
by Keppler [30]. This technique should be further explored.
It is observed that the stress profile of cohesive particulate materials depends significantly
on the mesh density. With mesh refinement, more oscillations are observed in the stress profile.
These oscillations are due to thinner shear zones. Improvements could be made to control the
thickness of these shear zones with a regularization technique.
Lastly, it is important to emphasize the need for published experimental hopper performance
results with corresponding material characterization data in order to test the validity of
computational models. The experiments can be performed on large-sale and complex industrial
hopper systems.
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