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MATHEMATICAL APPENDICES 

Sex-averaged costs of directional selection 

Assuming multivariate Gaussian fitness surface for each sex, and multivariate normal trait 

distributions, the mean fitness in the jth sex is given by: 

 𝑊" ∝ exp −
1
2
𝐱𝒋,𝐒𝒋𝐱𝒋  (S1) 

[33,65], where xj is the vector of deviations of each trait from its optimum (𝐱𝒋 = 𝐳𝒋 − 𝛉𝒋, 

where 𝐳𝒋 is a column vector of trait means and 𝛉𝒋 is a corresponding vector of trait optima), 

and Sj quantifies the strength of stabilising and correlational selection on the set of traits. The 

lag load in the jth sex is: 

 
𝐿" =

𝑊𝐳𝒋2𝛉𝒋 −𝑊"
𝑊𝐳𝒋2𝛉𝒋

= 1 − exp −
1
2
𝐱𝒋,𝐒𝒋𝐱𝒋 ≈

1
2
𝐱𝒋,𝐒𝒋𝐱𝒋 

(S2). 

The final approximation, which we use below, is appropriate under weak stabilising 

selection. Note, however, that simulations in Figure 1 are based on iterations of the exact 

expression for the lag load. 

From eq. (S2), the sum of female and male lag loads is: 

 𝐿4 + 𝐿6 =
1
2
𝐱𝒇,𝐒𝒇𝐱𝒇 +

1
2
𝐱𝒎,𝐒𝒎𝐱𝒎 =

1
2
𝐱𝒎𝒇,𝐒𝒎𝒇𝐱𝒎𝒇 (S3), 

where 𝐱𝒎𝒇 =
𝐱𝒇
𝐱𝒎 , and 𝐒𝒎𝒇 =

𝐒𝒇 0
0 𝐒𝒎

. Following standard quantitative genetics theory 

for the evolutionary dynamics of female and male trait means (i.e., eq. (1) of Lande [8]), and 

by analogy to eq. (9) of Chevin [33], the evolutionary trajectories of the displacements 

between trait means and optima of each sex are given by: 

 𝐱𝒎𝒇,𝒕 = exp −𝐆𝒎𝒇𝐒𝒎𝒇𝑡 𝐱𝒎𝒇,𝟎 (S4), 
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where t represents the number of generations since the onset of selection to the female and 

male optima, and 𝐆𝒎𝒇 =
𝟏
𝟐

𝐆𝒇 𝐁
𝐁𝑻 𝐆𝒎

. Substituting eq. (S4) into eq. (S3) yields the sum of 

female and male lag loads at generation t. The cumulative lag load (i.e., the cost of selection 

for the full course of adaptation) is obtained by integrating over the time interval of evolution 

of each sex to its optimum: 

 
𝐶4 + 𝐶6 =

1
2
𝐱𝒎𝒇,𝟎, exp −𝐆𝒎𝒇𝐒𝒎𝒇𝑡

, 𝐒𝒎𝒇 exp −𝐆𝒎𝒇𝐒𝒎𝒇𝑡 𝑑𝑡
E

F

𝐱𝒎𝒇,𝟎

=
1
4
𝐱𝒎𝒇,𝟎,𝐆𝒎𝒇H𝟏 𝐱𝒎𝒇,𝟎 

(S5), 

which leads to eq. (4) within the main text (cf. eq. (B8) of Chevin [33]). 

 

The baseline, sex-averaged cost of selection for sexual dimorphism in a single trait 

For the case of a single trait, with female and male additive genetic variances of Gf and Gm 

(respectively), and assuming an ancestral state of sexual monomorphism (𝑧F,4 = 𝑧F,6 = 𝑧F), 

the sex-averaged cost of selection (from eq. (S5)) is: 

 
𝐶 =

𝐶4 + 𝐶6
2

=
𝜃6 − 𝜃4

K 𝐺 + 𝑟64 𝐺4𝐺6
8𝐺4𝐺6 1 − 𝑟64K

+
𝑧F − 𝜃 𝜃6 − 𝜃4 𝐺6 − 𝐺4 + 2 𝑧F − 𝜃 K 𝐺 − 𝑟64 𝐺4𝐺6

4𝐺4𝐺6 1 − 𝑟64K
 

(S6), 

where 𝜃 = O
K
𝜃4 + 𝜃6  and 𝐺 = O

K
𝐺4 + 𝐺6 . The baseline cost of sexual dimorphism 

corresponds to minimum of 𝐶 with respect to the initial condition (𝑧F). The initial condition 

that minimises the cost is: 
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𝑧F =

𝜃6𝐺4 + 𝜃4𝐺6 − 2𝜃𝑟64 𝐺4𝐺6
𝐺4 + 𝐺6 − 2𝑟64 𝐺4𝐺6

 
(S7), 

Substituting eq. (S7) into (S6) and simplifying yields eq. (6) in the main text.  

 

The minimum cost for selection in females 

For a single trait with equal genetic variance and equal stabilising selection in each sex, as 

stated in the main text (i.e., 𝑆 = 𝑆4 = 𝑆6 and 𝐺 = 𝐺4 = 𝐺6), we can obtain general solutions 

for the individual costs of directional selection expressed by females (Cf) and the costs 

expressed by males (Cm). Following Lande (1980), the rate of change of female and male 

means of a trait are described by the following pair of equations: 

 𝑑𝑧4
𝑑𝑡

=
1
2
𝐺𝑆 𝜃4 − 𝑧4 + 𝑟64𝐺𝑆 𝜃6 − 𝑧6  

(S8a), 

and 

 𝑑𝑧6
𝑑𝑡

=
1
2
𝐺𝑆 𝜃6 − 𝑧6 + 𝑟64𝐺𝑆 𝜃4 − 𝑧4  

(S8b), 

which assume that fitness surfaces are Gaussian (as above; see eq. (S1)).  

Let 𝑧QRS =
O
K
𝑧4 − 𝑧6  represent the average of sex-specific trait means, 𝑧TU =

𝑧6 − 𝑧4  represent the degree of sexual dimorphism between the sexes, and 𝜃 =

O
K
𝜃4 + 𝜃6  represent the sex-averaged optimum of the trait. The female and male trait means 

at t generations after the onset of directional selection to the optima will be 𝑧4,V = 𝑧QRS,V −

𝑧TU,V/2 and 𝑧6,V = 𝑧QRS,V + 𝑧TU,V/2, where: 

 
𝑧QRS,V = 𝑧QRS,F − 𝜃 exp −

𝐺𝑆 1 + 𝑟64
2

𝑡 + 𝜃 
(S9a), 

and 
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𝑧TU,V = 𝑧TU,F − 𝜃6 − 𝜃4 exp −

𝐺𝑆 1 − 𝑟64
2

𝑡 + 𝜃6 − 𝜃4  
(S9b) 

[21].  

Assuming that the population is initially sexually monomorphic for the trait, and 

using eqs. (S2) and (S9a-S9b) as representative of the sex-specific genetic loads and sex-

specific trait dynamics at time t, then the cumulative cost of directional selection in females 

is: 

 
𝐶4 ≈

𝑆 𝜃4 − 𝑧4,V
K

2
𝑑𝑡

E

F

=
𝑧F − 𝜃 K + 𝜃6 − 𝜃4 𝑧F − 𝜃 1 + 𝑟64

2𝐺 1 + 𝑟64
+

𝜃4 − 𝜃6
K

8𝐺 1 − 𝑟64
 

(S10), 

And the cumulative cost of directional selection in males is: 

 
𝐶6 ≈

𝑆 𝜃6 − 𝑧6,V
K

2
𝑑𝑡

E

F

=
𝑧F − 𝜃 K − 𝜃6 − 𝜃4 𝑧F − 𝜃 1 + 𝑟64

2𝐺 1 + 𝑟64
+

𝜃4 − 𝜃6
K

8𝐺 1 − 𝑟64
 

(S11). 

Note that eq. (5) of the main is equal to the average of eqs. (S10) and (S11) when G = Gf = 

Gm. The minimum of Cf with respect to 𝑧F corresponds to eq. (7) in the main text.  
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SUPPLEMENTARY FIGURES 

 

Figure S1. Relation between sexual dimorphism index (SDI) and cross-sex genetic 

correlation (rmf). Results are shown for the entire dataset, with morphological traits in black 

(n = 157) and non-morphological traits in red (n = 39). 

 

 

Figure S2. Relation between sexual dimorphism index (SDI) and mean-squared evolvability 

of sexual dimorphism (ISD). Results are shown for the entire dataset, with morphological 

traits in black (n = 157) and non-morphological traits in red (n = 39). 
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Figure S3. The minimum cost for females (Cf (min), based on eq. (7) in the main text). Costs of 

evolving sexual dimorphism, as calculated from point estimates of quantitative genetics 

parameters: rmf, Gf, Gm, 𝑧6 and 𝑧4. Results are shown for the entire dataset (n = 196 traits), 

morphological traits (n = 157), and non-morphological traits (n = 39). 

 

 

Figure S4. A comparison between the sex-averaged cost of sexual dimorphism (𝐶XY, based 

on eq. (6) in the main text) and the minimum cost for females (Cf (min), based on eq. (7) in the 

main text). Costs of evolving sexual dimorphism, as calculated from point estimates of 

quantitative genetics parameters: rmf, Gf, Gm, 𝑧6 and 𝑧4. Morphological traits are in black (n = 

157) and non-morphological traits are in red (n = 39).  
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Figure S5. Association between cross-sex genetic correlations (rmf) and costs of evolving 

sexual dimorphism (𝐶XY, based on eq. (6)). Morphological traits are in black (n = 157) and 

non-morphological traits are in red (n = 39). Costs of evolving sexual dimorphism, as 

calculated from point estimates of quantitative genetics parameters: rmf, Gf, Gm, 𝑧6 and 𝑧4. 

 

 

Figure S6. Sexual dimorphism (SDI) and costs of evolving sexual dimorphism (𝐶XY, based 

on eq. (6)). Morphological traits are in black (n = 157) and non-morphological traits are in 

red (n = 39). Costs of evolving sexual dimorphism, as calculated from point estimates of 

quantitative genetics parameters: rmf, Gf, Gm, 𝑧6 and 𝑧4.  
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