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A. S-matrix Theory

The Analytic S-Matrix (12) begins with the rather arch sentence, “One of the most important

discoveries in elementary particle physics has been that of the complex plane.” The analyticity

of two-particle scattering amplitudes in energy, treated as a complex variable, had been used

for some decades to derive dispersion relations, expressing the amplitude as an integral of its

imaginary part, under suitable assumptions. However, just before David began research at the

beginning of the 1960s, Stanley Mandelstam (1959) showed how the scattering amplitudes for

any number of particles could be considered as analytic functions of the invariants formed from

the momenta of the particles. He demonstrated that the amplitudes had singularities, poles and

branch cuts, whose presence could be seen as following directly from the interrelation of analyticity

and unitarity, and that the perturbation series in a quantum field theory could be reconstructed

from these requirements.

Building on Mandelstam’s ideas, Geoffrey Chew formulated the bootstrap hypothesis, that is the

proposition that the requirements of analyticity (reflecting causality) and unitarity (seemingly

essential for the probabilistic interpretation of quantum theory), together with some asymptotic

assumptions at high energy, determine the scattering amplitudes, i.e. the S-matrix, uniquely. For

Chew’s most zealous followers, the bootstrap hypothesis became almost an article of faith, and

Chew was a charismatic evangelist for it himself. For others, including Mandelstam as well as

Olive, it remained a hypothesis that merited exploration.

David’s first contributions in this area (2–4,6) were concerned relations between analytic contin-

uations, discontinuities, and unitarity. At first, he worked within the context of quantum field

theory, progressing in (6) to discuss the possibility of derivations within an S-matrix theory, whose

structure he had begun to explore in An exploration of S-matrix theory (5). In The Analytic S

Matrix (1966), published at the same time as (12), but without the hyphen, Chew gave his fullest

account of his philosophy. He cited David’s work (5), as the most ambitious attempt to provide

an axiomatic treatment of the programme, summarizing his treatment and employing the ‘bubble’

notation that David had developed and which became standard in the subject.

David built on earlier work of Stapp (1962) and, particularly, that of Gunson (1965), which was

available as a preprint in 1963. The main ingredient that had to be included as a starting point,

in addition to analyticity and unitarity, was connectedness structure, taken to be a consequence

of the assumed short-range nature of the fundamental forces. For the simplest case of two-to-two

scattering, a+ b→ a+ b, with momenta pa, pb in the initial state and p′a, p
′
b in the final state, the

statement of connectedness in ‘bubble’ notation is

..S.
a .
b

. a.
b

. a.
b

. a.
b

. a.
b

. a.
b [1]
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where the lefthand side denotes the S-matrix element ⟨p′a, p′b|S|pa, pb⟩ and, on the righthand side,

the first term denotes ⟨p′a, p′b|pa, pb⟩, essentially the product of delta functions between initial and

final three-momenta for each of the two particles a and b, and, up to normalization factors, the

second term equals iδ4(pa + pb − p′a − p′b)A. Here A is the ‘connected’ part of the scattering

amplitude, a function of the invariants s = (pa + pb)
2 and t = (pa − p′a)

2, which is assumed to be

as analytic as possible, consistent with the requirements of unitarity,

Unitarity for the S-matrix, S, takes the form SS† = 1, which in ‘bubble’ notation reads

..S. S† [2]

where the lines joining indicating integration over momenta and the particle labels have been

omitted. So, substituting for S from [1],

. [3]

where the second term on the lefthand side is the hermitian conjugate of the first. In (2), within

the context of quantum field theory, David had argued that this hermitian conjugate, the ‘minus’

amplitude, is the analytic continuation of the first term in [3], the ‘plus’ amplitude, through the

unphysical region below s = (ma +mb)
2, the two-particle normal threshold, more generally than

had previously been established. [Here ma,mb denote the masses of a, b, and so on.] In (5), he

produced a more general argument for the validity of this property, known as hermitian analyticity,

within the context of S-matrix theory. [See also (12), p. 223.] For s real just below this threshold

and for suitable real t, the ‘plus’ and ‘minus’ amplitudes are equal and real, and so [3] holds with

the expression on the righthand side replaced by zero.

Above the two-particle threshold, [3] gives an expression for the discontinuity across a cut, with

the ‘plus’ and ‘minus’ amplitudes being the boundary values of a single analytic function from

different sides of the cut. If, at higher energy, it becomes possible to produce a particle, c, i.e.

a+ b→ a+ b+ c, an extra term appears in the unitarity equation, which takes the form

. [4]

in ‘bubble’ notation. The threshold at which this process becomes possible corresponds to another

branch point at s = (ma + mb + mc)
2, and [4] gives the total discontinuity across the two cuts

along the real axis. And so, as and when new processes become possible at higher energies, the

appearance of corresponding additional terms in the unitarity equations implies a sequence of

branch point singularities, termed normal thresholds.

The unitarity equations can also imply the presence of poles, as well as cuts, in the physical

region, i.e. for real, physical values of the momenta. At suitable values of momenta, the unitarity

equation for three-to-three scattering, a+ b+ c→ a+ b+ c, the unitarity equation contains a term
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which corresponds to a δ(q2 −m2
b) discontinuity in the amplitude, where q = pa + pb − p′a, where

pa, pb denote incoming momenta, and p′a an outgoing momentum, for the appropriate particles.

David argued that this implies that the amplitude, viewed as an analytic function, has a pole at

q2 = m2
b .

..
a

.b .

c

.
a

. b.

c

. ∼.
b

.

c

.

c

.

a

.

a

. b. at q2 = m2
b , [6]

where the middle line on the right hand side denotes a factor of (q2 − m2
b)

−1, rather than a

δ-function.

The unitarity equation for the a+ b+ c → a+ b+ c scattering amplitude also contains the term

(a) shown in [7]. If the pole in [6] is inserted in this term, the structure corresponding to the term

(b) in [7] is obtained [(11);(12), pp. 206, 266–278].

..(a) . (b) [7]

Related terms are generated by other terms in the unitarity equation and together they imply a

cut in (s, t)-plane with discontinuity given by

. [8]

just as in perturbative quantum field theory (QFT). In a series of three papers (15–17) with

his student, Michael Bloxham, and John Polkinghorne, David was able to extend this approach

to show that for physical values of the momenta, unitarity requires scattering amplitudes to be

singular on the arcs of curves where Landau (1959) had determined that singularities occur for

Feynman diagrams in QFT, and that the discontinuities associated with these singularities are

given by the rules obtained for perturbative QFT by Cutkosky (1960).

Building on ideas of Gunson (later published in Gunson (1965); see p. 847), David also showed

how similar arguments based on analyticity and unitarity imply the existence of antiparticles, and

may allow the proof of crossing symmetry and the TCP theorem (5,12), as well as implying the
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standard connection between spin and statistics (8) [i.e. that integral spin particles are bosons and

half-odd-integral ones are fermions]. However, these results depend on the existence of suitable

paths for analytic continuation and a knowledge of the singularity structure of the S-matrix outside

the physical region and for complex values of the momenta.

Reviewing the state of S-matrix theory nearly a decade after he ceased working on it, David

reiterated his belief that “Properties involving analyticity well away from [the physical region]

should surely not be postulated but rather deduced from more fundamental principles involving

the physical region.” The developments of the early 1960s, in which David had played a leading

role, had shown how one might hope to re-establish the main achievements of Axiomatic QFT (see

Streater and Wightman 1964) within the (arguably) more general framework of S-matrix theory,

but, as David put it, “Although the general features of the physical region were appreciated, a

detailed, precise and comprehensive mathematical treatment was lacking.”(48) Later approaches

to providing such a mathematical treatment for discussing the S-matrix near the physical region

were developed by Sato (1975) and by Iagolnitzer (1981), but no progress on establishing a rigorous

analysis of non-physical region singularity structure has been made.

B. Fermions and the GSO Projection

At early in 1971, Pierre Ramond proposed a description of free fermions in dual models (Ramond

1971) in a sort of generalization of the Dirac equation. This was quickly extended by André Neveu

and John Schwarz who gave expressions for dual model amplitudes involving a single Ramond

fermion interacting with a sequence of mesons (Neveu & Schwarz 1971). When he arrived at

CERN some months later to take up his staff appointment, David began working with Edward

Corrigan on a programme to construct a complete consistent theory of dual fermions and mesons

working within the operator formalism.

The operator formalism of the original bosonic dual model of Veneziano, the space of states is

created by bosonic oscillators, aµn, where µ runs over the dimensions of space-time and n runs

over the integers. Neveu and Schwarz enlarged this using anti-commuting fermionic oscillators,

bµr , where r runs over half odd integers, in addition to the aµn, to create a space of space-time

boson states, while the Ramond states, which are space-time fermions, are created by fermionic

oscillators, dµn, where n runs over the integers, in addition to the aµn. These oscillators satisfy the

commutation and anti-commutation relations,

[aµm, a
ν
n] = mδm,−nη

µν , {bµr , bνs} = δr,−sη
µν , {dµm, dνn} = δm,−n, η

µν , [9]

where ηµν is the space-time metric, and aµ†m = aµ−m, b
µ†
r = bµ−r, d

µ†
n = dµ−n.

The Neveu-Schwarz states are created by the action of the oscillators aµm, b
µ
r , on a vacuum state |0⟩

that is annihilated by the operators aµm,m > 0, and bµr , r > 0. The Fock space created in this way

has a natural scalar product which is not positive because the space-time metric ηµν is not. The
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consistency of a dual model, such as the original Veneziano model or the Ramond-Neveu-Schwarz

model, requires that the physical states that couple in amplitudes belong to a positive definite

subspace defined by an infinite set of gauge conditions, i.e. that there are no ‘ghost’ physical

states.

The first step in constructing a complete dual theory of fermions and bosons was to rewrite the

amplitudes of Neveu and Schwarz in a dual form corresponding to a boson annihilating into a

fermion pair. In essence, this required the construction of a ‘fermion emission vertex’, an operator

describing the process by which a fermion changes into a boson by the emission of a fermion.

Such a construction had been found by Thorn (1971) and by Schwarz (1971). Corrigan and Olive

(28) gave this a more elegant and manageable formulation, making the action of the vertex on the

gauge conditions more transparent. A prime objective was the calculation of the amplitude for

fermion-fermion scattering by combining a fermion emission vertex and its conjugate.

The defining properties of this vertex operator, Wχ(z), as formulated by Corrigan and Olive, are

that it maps boson (or meson) states into fermion states in such a way that it intertwines between

a Neveu-Schwarz field, Hµ(y) =
∑
bµr y

−r and a Ramond field, Γµ(y) =
∑
dµn y

−n, according to an

equation of the form,

Wχ(z)
Hµ(y)
√
y

= λ
Γµ(y − z)√

y − z
Wχ(z), [10]

where λ is a suitable constant, and that it creates the fermion state, |χ⟩, from the boson vacuum,

|0⟩: Wχ(z)|0⟩ = ezL−1 |χ⟩.

Whereas the vertices describing the emission of bosons essentially commute with the gauge condi-

tions that eliminate ghost states, the behaviour of the fermion emission vertex is more complicated.

It converts an infinite linear combination of gauge conditions in the boson sector into an infinite

combination in the fermion sector. It did not immediately follow that ghost states would not

couple in the four-point fermion amplitude.

Working with Lars Brink, David saw that it was necessary to introduce a projection operator

onto the space of physical states to secure this (30). As a preparation, Brink and Olive looked at

the algebraically related problem of calculating the one loop contribution in the original bosonic

theory, giving a precise derivation (31) of the results earlier proposed heuristically by Lovelace

(1971), that had first suggested that the space-time in bosonic string theory needed to be 26 for

consistency. Next, with Claudio Rebbi and Joël Scherk, they worked out exactly how the gauge

conditions related to the fermion emission vertex, under the requirement that the lowest fermion

mass m = 0 and the dimension of space-time D = 10, and found that the calculation of the

four-point fermion amplitude was surprising similar to the one loop calculation.

Using these results, Olive and Scherk (35) were able to calculate that the effect of projecting

onto the physical states satisfying the gauge conditions was to introduce a factor 1/∆(x) into

the integral expression for the four-point fermion amplitude. The function ∆(x) was defined as

an infinite determinant which was not readily evaluated. After John Schwarz and Cheng-Chin

Wu (1974) using a computer calculation to propose ∆(x) = (1 − x)
1
4 , a result that was proved
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analytically soon after by Corrigan, Goddard, Olive and Russell Smith (36). Meanwhile, Stanley

Mandelstam (1973) had obtained the same result very efficiently using his mastery of the light-cone

formulation of string theory.

The conclusion of the calculation of the four fermion amplitude not only in the s channel, where,

by construction, the poles correspond to the propagation of physical states, but also in the t

channel, where the poles correspond to the same spectrum. Before the calculation, it was not

certain not that the amplitude would be meromorphic: conceivably it could have had cuts in the

t channel. There was however a subtle discrepancy, which proved to be an unappreciated clue to

a deeper structure: the parity of the boson states was changed between the s and t channels, so

that if the lowest mass state in the s channel, a tachyon, is a pseudo-scalar, the lowest mass state

in the t channel is a scalar tachyon.

The structure of the four fermion amplitude gave much encouragement that a consistent Ramond-

Neveu-Schwarz model could be constructed, but the parity doubling was puzzling. By 1974,

it had been realized by various people that it was possible to make a projection, consistent with

interactions, that would remove something like half the states including the tachyon in the bosonic

sector, and leave a massless chiral fermion as the lowest state in the fermionic sector. In 1974, the

focus of David’s interest shifted towards the study of monopoles in gauge theories, but in 1976 he

was drawn back to dual fermion theories for what proved to be a very seminal interlude.

In the summer of 1975, David began thinking about the behaviour of spinors in different dimen-

sions. A spinor in even dimension D of space-time in general has 2D/2 components. This can

be halved by imposing either of two conditions; that the spinor be Weyl (chiral) or that it be

Majorana (real). These conditions are incompatible unless D = 2 (mod 8). David was struck

by the fact that D = 10, the dimension appropriate for the Ramond-Neveu-Schwarz model, is

the smallest non-trivial dimension in which there are Majorana-Weyl spinors. Such spinors have

210/2−2 = 8 components.

In 1976, Joël Scherk, who had returned to the École Normale Supérieure in Paris, and Fernando

Gliozzi, who was visiting, had begun studying the multiplicity of the states at various mass levels

in the Ramond-Neveu-Schwarz model. They noticed, first by manual calculation, there was a

remarkable coincidence between the number of states at a given mass level in the bosonic sector

and the same level in the fermionic sector, provided that they could impose both Weyl and

Majorana conditions. Such a projection would also eliminate the problem with parity doubling

that had surfaced in the four fermion amplitude.

Soon they discovered that there was an identity in the literature, proved by Jacobi in 1829,

1

2w
1
2

 ∞∏
m=1

(
1 + wm− 1

2

1− wm

)8

−
∞∏
m=1

(
1− wm− 1

2

1− wm

)8
 = 8

∞∏
m=1

(
1 + wm

1− wm

)8

, [11]

that guarantees equal numbers of bosons and fermions at each mass level. The coefficient of wn on

the left hand side of this relation gives the number of bosonic states at the n-th mass level (above
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m = 0) and the right hand side does the same for the fermionic sector, provided that the spinors

are subject to two conditions. From the beginning, two-dimensional supersymmetry, on the world

sheet of the string, had been at the heart of the structure of the Ramond-Neveu-Schwarz model,

but the equality of the numbers of bosons at each mass level strongly suggested that the theory

was also supersymmetric in space-time, and this was subsequently shown to be the case.

When Joël Scherk visited CERN, to give a talk on developments in supergravity, he told David

of these results and David explained to Joël that the space-time dimension being 10 plays an

essential role in being able to impose both Majorana and Weyl conditions, necessary for the factor

8 in [11]. Because of the importance of this insight, Joël invited David to join the collaboration,

and the projection has become known as the Gliozzi-Scherk-Olive, or GSO, projection (44,45),

and the theory it defined is what has become known as superstring theory. For the first time,

there was a perturbatively unitary, tachyon free, space-time supersymmetric dual theory.

C. Monopoles and Duality

In one of the most breathtakingly original contributions he made in the early years of Quantum

Mechanics, Paul Dirac (1931) showed that the consistency of quantum mechanics for a system

involving both electric charges, q, and magnetic charges, g, requires that each pair of such charges

satisfy
qg

4πℏ
=
n

2
, n an integer. [12]

This relation implies that the striking conclusion that the existence of a single magnetic charge

requires the existence of a smallest electric charge, q0, with any other electric charge being an

integral multiple of q0, and, similarly, that there is a smallest magnetic charge, g0, of which any

other magnetic charge must be an integral multiple.

Dirac was discussing point charges, singularities in the electromagnetic field, but, the mid 1970s,

in nearly simultaneous papers, ’t Hooft (1974) and Polyakov (1974) showed that extended objects

with magnetic charge can occur as smooth classical solutions in certain familiar gauge field theories.

They considered an SO(3) gauge theory with an adjoint representation (i.e. triplet real) scalar

field ϕ, whose self-interactions are described by the Higgs potential,

V (ϕ) =
1

4
λ(ϕ2 − a2)2. [13]

In the lowest energy state ϕ = ϕ0, constant, a value on the surface M of minima of V , which is

the sphere ϕ2 = 1. All such choices of ϕ0 are gauge-equivalent and each choice corresponds to a

spontaneous breaking of the gauge group down to U(1), which can be identified with the gauge

group of electromagnetism.

’t Hooft and Polyakov showed that the classical field equations of this SU(2) Higgs model have

a smooth spherically symmetric solution under simultaneous rotations in ordinary space and the
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three-dimensional space in which the Higgs field ϕ lives. This implies making a particular identifi-

cation between directions in these spaces; with this, ϕ is everywhere radial, vanishing at the origin.

Asymptotically, ϕ(r) ∼ ar̂, and its U(1) little group is identified with the electromagnetic gauge

group. The corresponding component of the gauge field strength gives the electromagnetic field,

which, for the ’tHooft-Polyakov solution is a purely magnetic field, B ∼ (1/er2)r̂ asymptotically,

where e is the gauge coupling constant; this is the field of a magnetic monopole of strength,

g =
4π

e
. [14]

In the quantized SU(2) gauge theory, the electric charges q are multiples of 1
2
ℏe and so such charges

satisfy the Dirac quantization condition [12] with the magnetic charge g given by [14].

To understand the ’t Hooft-Polyakov monopole more deeply, David began to investigate whether

similar solutions in gauge theories might provide theories of particles, such as hadrons, working

with Edward Corrigan, David Fairlie and Jean Nuyts (40). They sought generalizations of it by

looking for solutions to an SU(3) Higgs model that were spherically symmetric in an appropriate

sense. In the case of SU(3), for a generic quartic (and so renormalizable) Higgs potential, V , the

gauge group acts transitively on the vacuum manifold, M, of minima of V , and the unbroken

symmetry group, the little group of the Higgs field, ϕ, is SU(2) × U(1)/Z2, and we can again

identify the U(1) factor with electromagnetism.

The mapping between ordinary space and the space of the Higgs field, in the case of the ’t Hooft-

Polyakov monopole, determines an isomorphism between SU(2), the covering group of the group of

spatial rotations SO(3), and the SU(2) gauge group. For other gauge groups, such as SU(3), given

a homomorphism of SU(2) into the gauge group, spherical symmetry can be defined as invariance

under the simultaneous applications of rotations and the corresponding gauge transformations

under the homomorphism. If ti, i = 1, 2, 3, are the images of a standard basis for the generators of

SU(2) in the Lie algebra of the gauge group, spherical symmetry corresponds to invariance under

transformations generated by −ir ∧∇+ t.

David and his collaborators noted that there are two essentially distinct homomorphisms of SU(2)

into SU(3), that is ones not related by SU(3) gauge transformation: (i) one in which the image is

SU(2); and (ii) another in which the image is SO(3). They found spherically symmetric solutions,

possessing U(1) magnetic charge, for each of these cases, but, while in case (ii) the Dirac condition

[12] was satisfied, for case (i) there were solutions for which the condition had to be relaxed to

allow n to be half-integral. These solutions evaded the original Dirac condition by having a long

range magnetic type SU(2) gauge field, not part of the context of Dirac’s original argument.

In his next contribution, with Edward Corrigan (42), David derived a generalization of the Dirac

condition which encompassed such cases. They considered a theory with gauge group G sponta-

neously broken, e.g. by an adjoint representation Higgs field, to a subgroup H = K × U(1)/Z,

where Z = K ∩ U(1) is discrete; K can be identified with a ‘colour’ gauge group and U(1) with

electromagnetism. They showed that, for any smooth solution, the magnetic charge g associated
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with the U(1) factor satisfies the generalized Dirac condition,

exp(igQ) ∈ K , [15]

where Q is the electric charge operator, which generates the U(1). If k, the element of K defined

by [15], equals 1, then this condition is equivalent to the original Dirac condition [12] and this is

the case for G = SU(2), where K is trivial. For G = SU(3), in case (ii) k = 1, but in case (i)

k ̸= 1, which is why the condition [12] can be violated in this case. Corrigan and Olive noted that,

if k ̸= 1, the generalized condition [15] implies that [12] holds for the electric charges of colour

singlet particles, establishing a link between colour and fractional electric charges.

For spherically symmetric monopole solutions, David showed (43) that the image, in the Lie

algebra of G, of the generator of rotations about the radial direction r̂ · t = −gQ + κ, where κ

is a generator of K. The condition [14] follows again from this relation because the eigenvalues

of r̂ · t are half integral. Spherical symmetry implies that r̂ · t is a generator of the little group,

H, of ϕ(r) and so h(s) = exp(4πisr̂ · t), 0 ≤ s ≤ 1, defines a closed loop in H and an element of

the homotopy group, Π1(H), which David show equalled the topological invariant or ‘topological

quantum number’ (although it is a classical concept), which had earlier been associated with the

solution (Tyupkin et al. 1975, Monastyrskĭi & Perelomov 1975). The asymptotic limit of the

Higgs field, ϕ∞(r̂) = limr→∞ ϕ(rr̂), defines a map S2 → M ∼= G/H, and so an element of the

homotopy group Π2(G/H), which is isomorphic to Π1(H) (assuming G to be simply connected).

David showed that the element of Π1(H) associated with the solution in this way corresponds to

the loop h.

Seeking to deepen our understanding of magnetic monopoles in gauge theories, working with Peter

Goddard and Jean Nuyts (GNO), David next investigated (46) the general case of a theory with

a compact gauge group G, spontaneously broken to an exact gauge group H ⊂ G by a Higgs field,

ϕ, in an arbitrary representation. They considered monopole solutions, that is solutions for which

the spatial components of the gauge field strength Gαβ, expressed as a generator of H, the little

group of ϕ∞(r̂), the asymptotic value of ϕ(r) in the radial direction,

Gij(r) ∼
ϵijkrk
r3

G(r̂) , as r → ∞ , 1 ≤ i, j, k ≤ 3 . [16]

Generalizing [12] and [15], they established that

exp(ieG) = 1 , [17]

where G = G(r̂), and that the loop h(s) = exp(iseG), 0 ≤ s ≤ 1, determines the topological

invariant associated with the solution as an element of Π1(H). Taking a maximal set of commuting

generators of H, T a, 1 ≤ a ≤ m, where m is the rank of H, i.e. a basis for a Cartan subalgebra

of H, G will be equivalent, under an H gauge transformation, to a linear combination, G = gaT
a,

of the {T a}. G is the generalized magnetic charge of the solution, and GNO called g = (ga) its

magnetic weights.
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The simultaneous eigenvalues q = (qa) of ℏeT a, 1 ≤ a ≤ m, in representations of H, are the gener-

alized electric charges of quanta fields, transforming under those representations. The quantization

condition [17] can be re-expressed in the form

q · g
4πℏ

=
n

2
, n an integer, [18]

more closely paralleling [12]. The possible values of q are points of the lattice ℏeΛH , where ΛH
is the weight lattice of the group H, implying that g ∈ (2π/e)ΛH

∗, where ΛH
∗ is the lattice dual

to ΛH . The weight lattice, ΛH̃ , of weights of the simply connected group, H̃, with the same Lie

algebra as H, consists of those λ for which 2α · λ/α2 is an integer for every root α of H. This

condition is satisfied by the roots themselves, and thus ΛR ⊂ ΛH ⊂ ΛH̃ , where ΛR is the root

lattice of H, the lattice generated by its roots, α. If H is a simple group all of whose roots have

the same length (i.e. H is simply-laced), we can normalize so that α2 = 2 for each root, and then

ΛR ⊂ ΛH
∗ ⊂ ΛH̃ . Thus ΛH

∗ is the weight lattice of some group, H∨ say, called the dual of H,

with the same Lie algebra as H but a different global structure in general, e.g. SU(2)∨ = SO(3)

and conversely. The relationship between a group and its dual is reflexive: (H∨)∨ = H.

If H is not simply-laced, ΛH
∗ is still the weight lattice of some group H∨, the dual of H, but

now it is a group with roots α∨ = 2α/α2, where α is a root of H, and its algebra may not be

isomorphic to that of H. The simple Lie algebras that are not simply-laced are the series Bn and

Cn, corresponding to, e.g., the groups SO(2n + 1) and Sp(n), respectively, and the exceptional

algebras G2 and F4. For the groups with Lie algebras G2 and F4, the dual groups have the same

Lie algebra, but different global structure. However, the dual of a group with Lie algebra Bn is

one with Lie algebra Cn, and vice versa.

Thus, GNO showed that, while the generalized electric charges are, up to a factor, the weights

of the exact symmetry group, H, the generalized magnetic charges of the extended monopole

solutions are, up to a factor, weights of the dual group H∨. They suggested that these solutions

should form multiplets of H∨ and that this group should be an exact symmetry group of the theory

as well as H. Further, they speculated that the the dual relationship between the generalized

magnetic charges, g, associated with the topological characteristics of the monopole solution and

the group H∨, on the one hand, and the generalized electric charges, q, associated with the quanta

of the basic fields of the theory and the group H, on the other, was analogous to that between

the solitons and the quanta of the basic boson field in the two-dimensional sine-Gordon theory.

GNO noted that the sine-Gordon theory had been shown to be equivalent to the massive Thirring

model at the quantum level, with the solitons, which are extended solutions in the former boson

theory, corresponding to the quanta of the basic fermion field in the Thirring model (Coleman

1975, Mandelstam 1975), ideas that go back to the work of T. H. R. Skyrme (Skyrme 1961, and

references therein). In this correspondence, the topologically conserved soliton number in the

sine-Gordon theory corresponds to a conserved Noether charge associated with a U(1) symmetry

of the Thirring model. But this exact equivalence of different theories is intrinsically quantum

mechanical and so any such equivalence between dual theories, interchanging electric and magnetic
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charges, is beyond the basically classical analysis of GNO (46). However, they speculated that the

monopoles of the original theory might correspond to particles in a fundamental representation of

H∨ in a dual formulation; in his next investigations, David was led instead to a more elegant and

profound conjecture.

David was determined to explore further what he acknowledged were highly speculative proposi-

tions, that H monopoles behave as irreducible representations of H∨, and that the theory has a H∨

gauge symmetry. Working with Claus Montonen (47), he looked for evidence for the conjectures

in the simplest monopole theory, that studied by ’t Hooft and Polyakov, in which the gauge group

G = SO(3) is spontaneously broken to H = SO(2) ∼= U(1) by the choice of a particular vacuum

value for ϕ minimizing the Higgs potential [13]. The mass, MM , of the monopole solutions in this

theory is of the form,

MM =
4πa

e
f(λ/e2), [19]

where f(λ/e2) → 1 as λ→ 0 and following Prasad and Sommerfield (1975), Montonen and Olive

considered the limiting value, λ = 0, in which the potential vanishes but the asymptotic condition

ϕ2 → a2 is maintained at spatial infinity. Then, from [14], MM = ag, which is of exactly the

same form as the formula for the massive of the massive spin 1 particles, W±, generated by

the Higgs mechanism, namely MW = aeℏ = aq. Bogomolnyi (1976) showed that, for general λ,

MM ≥ ag, so that the monopole mass reaches its lower bound at λ = 0, which is now known as

the Bogomolnyi-Prasad-Sommerfield (BPS) limit.

Montonen and Olive conjectured that there should be dual equivalent versions of this theory,

described by Lagrangians of the same form. Under this duality correspondence, electric and mag-

netic properties interchange, the massive ‘gauge’ particles, W±, exchange rôles with monopole

solutions, and topological and Noether quantum numbers are interchanged. In addition to the

symmetry between the mass formulae MW = aq and MM = ag, they noted that further circum-

stantial evidence for the duality conjecture was provided by Manton’s calculation of the classical

magnetic force between monopoles as g2/4πr2, symmetric with the electric case (Manton 1977).

Because [14] implies that as e becomes small, g becomes large, this Montonen-Olive duality pro-

vides a (conjectured) equivalence between theories at strong and weak coupling. It was the first

example of what became known as S-duality, which make a central concept in quantum field theory

and string theory from the mid 1990s onwards.

Notwithstanding the suggestive evidence in favour of the extremely bold Montonen-Olive conjec-

ture, there were significant potential obstacles to its validity: Why should the symmetry between

the formulae for the masses of monopoles and massive gauge particles survive renormalization?

Why should the monopole have spin 1 quantum mechanically? Answers to these two questions

came quickly. With Edward Witten, David showed that in suitable N = 2 supersymmetric theo-

ries, the presence of monopole solutions results in the existence of central terms that modify the

supersymmetry algebra, with the mass formulae following as a consequence of the algebra (50).

Then Hugh Osborn (1979) observed that in N = 4 supersymmetric gauge theory, with sponta-
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neous symmetry breaking, the monopole states would have spin 1 like the massive gauge particles,

making it the most suitable theory for realizing the Montonen-Olive duality conjecture. Fifteen

years later, Nathan Seiberg and Edward Witten (1994a,b) found a form of S-duality that worked

in N = 2 supersymmetric theories.

David continued to study the characteristics of monopole solutions to gauge theories, motivated

in large part by his duality conjecture. With Peter Goddard, he studied theories in a gauge group

G is broken by an adjoint representation Higgs field to an exact symmetry gauge group, H, whose

structure is locally of the form U(1)×K (60). They found that a necessary and sufficient condition

for K to be semi-simple is that the vacuum value of the Higgs field be on the same orbit of G

as a fundamental weight, and they gave prescriptions for determining K, and for calculating the

basic units of electric and magnetic charge, from the Dynkin diagram of G. They also showed

that the global structure of H = (U(1) ×K)/Z, where Z is a cyclic group whose order can also

be calculated from the Dynkin diagram.

Next (61), they considered such theories in the BPS limit, analysing the charges of potentially

stable magnetic monopoles. They showed that they have a structure consistent with their inter-

pretation as heavy gauge particles of an overall symmetry group, G∨, dual to G, providing further

circumstantial evidence for the some form of Montonen-Olive duality.

D. Toda Theories

David Olive continued his studies of solutions to gauge theories with symmetry broken by a

Higgs field in the adjoint representation, working with Nikos Ganoulis and Peter Goddard (65),

investigating static stable solutions to the field equations in the BPS limit that are spherically

symmetric in a suitable sense. Andrej Leznov and Mikhail Saveliev (1980) had shown that they

could be constructed from solutions to a spatial version of the so-called Toda molecule equations,

d2θi
dr2

= exp

(
R∑
j=1

Kijθj

)
, [20]

where Kij = 2αi ·αj/α
2
j is the Cartan matrix of G, αi, 1 ≤ i ≤ R, being a basis of simple roots.

The equations [20] are integrable and Ganoulis, Goddard and Olive showed how to determine the

constants of integration so as to ensure regularity at the origin, thus obtaining solutions for any

simple group G in terms of its root system. This work marked the beginning of David’s fascination

with Toda systems, which he kept coming back to, resulting in a series of contributions over the

following fifteen years.

Toda’s work (1967) was motivated by the numerical studies of Fermi, Pasta and Ulam (1955)

of the behaviour of a system of particles joined by springs exerting forces nonlinear in their

extensions. Toda made the important observation that if the polynomial forces considered by

Fermi et al. were replaced by exponential ones, a one-dimensional lattice comprising an infinite
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number of such particles could be solved analytically instead of numerically. It was found that

this integrability extended to finite systems of particles, labelled by the simple roots of finite-

dimensional Lie algebras, as in [20], replacing d2θi/dr
2 by −d2θi/dt2 (Kostant, 1979), and also to

corresponding systems of nonlinear relativistic wave equations, i.e. Toda field theories, replacing

d2θi/dr
2 by d2θi/dr

2 − d2θi/dt
2 in [20]. There are also infinite lattice systems similarly related to

the simple root systems of Kac-Moody algebras (Mikhailov, Olshanetsky and Perelomov 1981).

With Neil Turok (70), David showed how the symmetries of the Dynkin diagram of a simple Lie

algebra led to new integrable systems of equations, which are reductions of the Toda molecule

equations associated with the algebra, obtained by identifying variables related by the symmetry.

Then, turning to the Toda lattice field theories associated with Kac-Moody algebras, termed affine

Toda field theory, Olive and Turok systematically constructed an infinite number of commuting

local conserved quantities, which could be used as Hamiltonians to define evolution in associated

times (75, 86).

David returned to the study of Toda theories in the 1990s, following work by others on exact

S-matrices for two-dimensional integrable quantum field theories, starting with the sine-Gordon

quantum field theory, which is actually the simplest of the Toda field theories, being based on

the group SU(2). A key feature of the sine-Gordon theory is that classically it possesses soliton

solutions, including soliton-anti-soliton bound states, known as breather solutions. These persist

in the quantum field theory, becoming a finite discrete set of states whose number depends on

the coupling constant. David’s approach was to seek to use general Lie algebraic techniques,

which he was familiar with from his work on magnetic monopoles and on conformal field theory,

to provide unified and deeper understandings of mass spectra and couplings in affine Toda field

theories (100, 101), in particular the rule describing three-point couplings discovered by Patrick

Dorey (1991). Given David’s background, it was natural for him to apply these insights to the

conjectured S-matrix of the quantum field theory.

Typically the soliton solutions are complex rather than real, and so might seem uninteresting

physically. However, with Turok and David’s student, Jonathan Underwood (102, 103), he showed

that the solutions have real energy and momentum, equal to the sum of contributions of the

individual solitons. They further showed that the number of species of soliton equalled the rank

of the Lie group with which it was associated and their masses were given in terms of its algebraic

structure, and used a vertex operator formalism for constructing soliton solutions (105). With

Saveliev and Underwood (104), and also with his students Andreas Fring, Peter Johnson, and

Marco Kneipp (108, 110), David used vertex operators to study solitons and their scattering

further, calculating time delays and showing that the process should be interpreted as transmission

slowed down by attractive forces rather than reflection. No doubt one of the attractions of the

study of affine Toda field theories for David was that aspects of them bore some resemblance

to Yang-Mills-Higgs theories in four dimensions, with their monopole solutions analogous to the

solitons of the Toda theories, and the mass spectrum of the solitons being equal to the mass

spectrum of the dual theory based on the dual affine Lie algebra, but with the inverse coupling

constant, recalling Montonen-Olive duality in gauge theories.
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E. Algebras, Lattices and Strings

Having become aware of the profound connections that had been discovered between the vertex

operators developed in dual models and string theory, on the one hand, and representations of

Kac-Moody algebras, on the other (Frenkel & Kac 1980, Segal 1981), about 1980 David began,

with Peter Goddard, to explore the possible role of these algebras in physics, and in string theory

in particular. A further motivation was a proof by Graeme Segal (1980) of the Jacobi identity

using a fermion-boson equivalence, the isomorphism between the space of states for a single boson

field defined on a circle and that for a pair of fermion fields. The role of integral lattices (i.e. ones

such that the scalar product between any two points is an integer) in these constructions provided

links with concepts David had introduced in the theory of magnetic monopoles.

In Charlottesville in 1983, Goddard and Olive wrote an account synthesizing some of what they

had learned and found out, under the title, Algebras, Lattices and Strings (72). They used dual

model vertex operators to provide a unified construction of finite dimensional Lie algebras, affine

Kac-Moody algebras, Lorentzian algebras and fermionic extensions of these algebras. Given an

integral lattice, Λ, they associated to each point, r ∈ Λ, of squared length 2, the operator er = crAr,

where Ar is the contour integral about the origin of the dual model (or string) vertex operator,

V (r, z), for emitting a ‘tachyon’,

Ar =
1

2πi

∮
V (r, z)

dz

z
, [21]

and cr is a function of momentum such that crcs = (−1)r·scscr. They considered the Lie algebra,

gΛ, generated by these er under commutation. If Λ contains points of squared length 1, gΛ may

be extended into a superalgebra by including operators associated with those points, which quite

naturally satisfy anti-commutation relations.

If the scalar product on Λ is positive definite, gΛ is a compact finite-dimensional Lie algebra, with

a basis comprising the Ar, with r ∈ Λ and r2 = 2, together with the momenta. If the scalar

product is positive semi-definite, gΛ is an affine Kac-Moody algebra, which includes the contour

integrals of vertex operators for emitting ‘photons’, associated with points k ∈ Λ with k2 = 0, as

well as momenta. If the scalar product is indefinite, gΛ involves the vertex operators associated

with other dual model states.

In the context of string theory, if Λ were a lattice of momenta of physical states, discrete because

the corresponding spatial dimensions were compactified, gΛ would map the physical state space

into itself, i.e. the physical states would fall into representations of gΛ. Motivated in a general way

by the ideas of electromagnetic duality that he had pioneered in gauge theories, where generalized

electric and magnetic charges correspond to points of dual lattices, David formed the intuition

that the cases where Λ is self-dual might be particularly interesting. Further, to concentrate on

the bosonic case, Goddard and Olive considered the case where Λ is even, i.e. all the squared

lengths of all its points are even, as well as self-dual.
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The requirement of Λ being both even and self-dual is quite restrictive; for Λ ⊂ Rm,n, it is

necessary that m − n be a multiple of 8. Thus, in the Euclidean case, the smallest possibilities

for the dimension of Λ are 8, 18, 24, and these are the only dimensions relevant to bosonic string

theory, for which the space-time dimension is bounded by 26. Goddard and Olive noted that

the only such lattice with dimΛ = 8 is the root lattice of E8, for dimΛ = 16 there are two

possibilities: the root lattice of E8 × E8 and a sublattice of the weight lattice of the Lie algebra

of SO(32) (corresponding to the weight lattice of the group Spin(32)/Z2), while for dimΛ = 24

there are 24 possibilities.

Applied to the quantum motion of a relativistic string, moving in a space some of whose dimensions

are compactified to form a torus by identifying points of space related by displacements forming

an even self-dual lattice (the length scale being set by the characteristic length of the string), gΛ
generates a gauge symmetry. For a closed string, the symmetry would be gΛ ⊕ gΛ. To avoid this,

Gross, Harvey, Martinec and Rohm (1985) found it was necessary to treat left and right moving

waves on the closed string differently, so that, somewhat bizarrely, only those moving in one

direction had motion in these compactified directions. The model they constructed, the heterotic

string, enabled them to realize in string theory either of the gauge groups, E8×E8 or Spin(32)/Z2,

for which Green and Schwarz (1984) had found anomaly cancellations for supersymmetric gauge

theories coupled to gravity.

Rather than pursue these applications of Kac-Moody algebras, David returned to investigations

of the equivalence of descriptions of two-dimensional quantum field theories in terms of either

boson fields or fermion fields. Edward Witten (1984) had extended the known results on the

equivalence in two dimensions between a single boson field and a pair of fermion fields to an

equivalence between certain nonlinear boson theories and certain free fermion theories. Specifically,

he demonstrated an equivalence between a nonlinear σ model, with a field g taking values in the

group SO(N), and a theory with N free fermion fields ψi, 1 ≤ i ≤ N.

To obtain suitable equations of motion for g, Witten needed to include a Wess-Zumino term

in the σ-model Lagrangian, defining what is now known as the Wess-Zumino-Witten (WZW)

theory, so that these then become ∂+(g
−1∂−g) = ∂−(∂+gg

−1) = 0, where ∂± denote the partial

derivatives with respect to x± = x± t, implying that ∂+gg
−1 and g−1∂−g depend only on x+ and

x−, respectively. Imposing periodic boundary conditions, identifying x with x+L, and expanding

∂+gg
−1 in powers of z = e2πix

+/L and a basis, {ta}, for the Lie algebra of SO(N), the canonical

commutation relations imply that, with suitable normalizations, its components, T an , satisfy the

Kac-Moody algebra,

[T am, T
b
n] = ifabcT

c
m+n + kmδabδm,−n, [22]

where k is an integer determined by the coefficient of the Wess-Zumino term, and fabc are structure

constants for SO(N). Witten observed that a representation same algebra was provided by

T an → i

2

∑
r

ψirM
a
ijψ

j
n−r [23]
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where the Ma are the representation matrices for the defining representation of the Lie algebra

of SO(N) and ψir are the modes of the free fermion fields labelled by half odd integers r (for

convenience taken to be odd under x → x+ L). The Kac-Moody algebra [22] with k = 1 follows

from the canonical anti-commutation relations, {ψir, ψjs} = δr,−sδ
ij. Witten observed that [22]

has only a few positive energy unitary representations for k = 1, so that the isomorphism of the

Kac-Moody algebras in the two theories effectively guarantees their equivalence in this case.

The requirements of positive energy, i.e. that the spectrum of L0 be non-negative, and unitary

require k in [22] to be a positive integer. (In the case of the affine Kac-Moody algebra ĝ associated

with a general compact simple Lie algebra g, the condition is that x = 2k/φ2 should be a positive

integer, called the level of the representation.) For SO(N) WZW theories with k > 1, Witten

proposed taking k copies of the N fermion theory, but, as David surmised might be the case, the

equivalence is then no longer exact: there is more in the fermion theory than that WZW model.

David thought that exact equivalence would entail not only the isomorphism of the Kac-Moody

algebras possessed by the two theories, but also this should extend to an equivalence of the energy-

momentum tensors in the boson and fermion theories. Working in the general context of the WZW

theory for a simple Lie group, G, with an N -dimensional real representation, M in [23], Goddard

and Olive (74) sought to determine whether the energy-momentum tensors of the WZW theory

and the N fermion theory were necessarily identical, and, if not, what conditions would ensure

that they were equal.

The conformal symmetry of each of these theories means that the modes of the energy momentum

tensor satisfy the Virasoro algebra,

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1)δm,−n , [24]

with Ln = Lg
n, c = cg, where

cg =
2k dim g

2k +Qg
=

x dim g

x+ hg
, [25]

for the WZW theory, and Ln = Lψn , c = cψ = 1
2
N for the fermion theory, where

Lg
n =

1

2k +Qφ

∑
m

o
o
T a−mT

a
n+m

o
o
, Lψn =

1

2

∑
r

: rbj−rb
j
n+r : . [26]

[Here o
o
and : denote normal ordering with respect to the modes T am and bir, respectively, and Q

g

is the quadratic Casimir operator for the adjoint representation of g, and hg = Qg/φ2, the dual

Coxeter of g.] For the affine algebra ĝ to be the same for the two theories, we need k = 1
2
κ, where

Ma
ijM

b
ij = κ δab.

If the two energy-momentum tensors are equal, it is necessary that cg = cψ. Goddard and Olive

found that this is typically not the case, and, further, that the difference Kn = Lψn − Lg
n itself

satisfies a Virasoro algebra, commuting with Lg
m, i.e. [24] holds for Ln = Kn and c = cψ − cg.
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The requirement that the Virasoro algebra representations provided by Lψn and Lg
n are unitarity

and positive energy implies that Kn has the same property and so that cg ≤ cψ. If cg = cψ, Kn

vanishes because the Virasoro algebra does not have any non-vanishing positive energy unitary

representations with c = 0. Thus cg = cψ provides a condition for the identity of the energy-

momentum tensors and the equivalence of the theories that is both necessary and sufficient.

The cases where cK = cψ − cg > 0 also proved to be of great interest. The positive energy unitary

representations of the Virasoro algebra [24] are labelled by two parameters, c and the lowest

eigenvalue of L0, h, say. Some months before Goddard and Olive had begun their study of WZW

models, Friedan, Qiu and Shenker (FQS) had shown that, for such representations, either c ≥ 1

or c belongs to an infinite discrete sequence,

c = 1− 6

(m+ 2)(m+ 3)
, m = 0, 1, . . . , [27]

for each value of which there are 1
2
(m + 1)(m + 2) possible values of h (Friedan et al. 1984).

At that time, it was known whether any of these discrete series representations exist, apart from

c = 0, the trivial representation, and c = 1
2
, which corresponds to a single fermion field; the rest,

with c = 7
10
, 4

5
, 6

7
, . . . , were unknown. In most cases either cK = 0 or cK ≥ 1, but Goddard and

Olive found that takingMa to be the 7-dimensional representation of G = SO(3) gave the cK = 7
10

representation of the Virasoro algebra, with all the associated 6 values of h.

It turns out that the other values of c in the discrete series [27], those with m ≥ 4, can not be

obtained in this way and a more general approach is needed. This was found by Goddard, Kent

and Olive (GKO) who changed the context from the free fermion representation of the affine al-

gebra associated with so(N) to that a positive energy unitary representation of the affine algebra,

ĝ, associated with compact simple Lie algebra, g′, and a subalgebra g ⊂ g′. The representation of

ĝ′ provides a representation of ĝ, whose level x is determined by the level y of the representation

of ĝ′. (We obtain the previous construction by taking g′ = so(n).) We may define a Virasoro rep-

resentation Lg′
n associated to the representation of ĝ′ in the same way the Virasoro representation

Lg
n is associated to the representation of ĝ by [26]. Now Kn = Lg′

n −Lg
n commutes with the whole

of ĝ and so with Lg
n. It follows that Kn provides a representation of the Virasoro algebra with

central charge,

cK = cg
′ − cg =

y dim g′

y + hg′
− x dim g

x+ hg
. [28]

This construction, which has become known as the coset (or GKO) construction (76), extends

straightforwardly to cases where g′ or g are not simple (in which cases the various the level is

defined for each summand). All of the values in the series [27], and all the associated values of h,

can be obtained in this way, e.g. by taking g′ = sp(m + 1), x = 1, g = sp(m) ⊕ sp(1), for both of

which the level is also 1 (81).

Given a conformal field theory (CFT) associated with the affine Kac-Moody algebra ĝ′, and g ⊂ g′,

the coset construction defines a CFT associated with g′/g, on the subspace of states annihilated
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by the positive modes of ĝ, with Virasoro algebra Kn. If cK = 0, this is trivial, and the CFT

associated with ĝ is said to be conformally embedded in that associated with ĝ′. The coset

construction has provided one if the principal ways of constructing interesting examples of CFTs

in applications.

David returned to the investigation of the condition under which the energy-momentum tensors of

a WZW theory for the group G, with an N -dimensional real representation, M , and an N fermion

theory are equal, from which the coset construction arose as a by-product, and, with Peter Goddard

and Werner Nahm, he found an elegant geometric interpretation, which enabled the classification

of the cases where it is satisfied (78). The condition for the vanishing of Kn = Lψn − Lg
n is

Ma
ijM

a
kl +Ma

ikM
a
lj +Ma

ilM
a
jk = 0 . [29]

They observed that this is the condition that g can be extended by an N -dimensional space, s, to

give a Lie algebra, g′ = g⊕ s, which is a symmetric space, i.e. [g, g] ⊂ g, [g, s] ⊂ s, [s, s] ⊂ g, with

the action of g on s providing the representation M . Using {si} to denote an orthonormal basis

for s, for g′ = g ⊕ s to be a symmetric space, the communication relations must have the form,

[ta, tb] = ifabct
c , [ta, si] = iMa

ijsj , [si, sj] = iMa
ijt

a . [30]

Given that g is a Lie algebra with representation M the condition for these to be consistent is

the Jacobi identity for si, sj, sk, which is just [29]. Symmetric spaces have been classified and so

provide a list of the instances in which Lg
n = Lψn .
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