Supplementary 2
1

Robustness of estimates for f and D with respect
to smoothing and missing time points

To estimate f and D we use B-spline smoothing of the empirical K̂i (r) step functions to
produce smoothed functional data to use in fitting functional linear models. As such,
determining the smoothness of the smoothed focal K functions is required to proceed
with analysis. In the analysis of simulations we noted that estimates for D are
dependent on the smoothness of the focal K functions used. In contrast, estimates for f
are typically very robust to changes in the smoothness of these functions.
For instance, we present the estimates for f and D obtained for time-invariant
chemotaxis simulations using different levels of smoothness. We use 1000 agents, 200
time steps, with β = 40 and σ = 30 as in the main manuscript. Estimates obtained
using 100 B-splines and smoothing parameters of 102.5 , 100 , and 10−5 respectively are
presented in Supplementary 2 Figure 1. For all estimates we use 20 splines and
smoothing parameters of 10 for f and D. We note that for all choices, the estimates for
f are extremely stable. In comparison, we note that the estimate for D is less than the
true D function for all r values when the smoothing parameter is small, i.e. 10−5 . This
effect on estimated D functions is consistent across different replicates of the simulation.
We find that the dependence of D on the smoothness of focal K functions is
particularly pronounced in the context in which time points are skipped, i.e. missed.
Specifically, we investigated the robustness of estimates with respect to temporal
resolution. That is we investigated the robustness of estimates when a specific number
of intervening time points from a given simulation are skipped, such that the available
time points for analysis represent a fraction of all time steps from a given simulation.
This situation reflects experimental data, in which observation times are potentially
relatively far apart.
We consider simulations of time-invariant chemotaxis for 1000 agents over 1000 time
steps using β = 2.5 and σ = 30. We reduce β such that over the increased number of
time steps the increase in the focal K functions over the duration of the simulation is
relatively small. Results are produced using every 25th time point from the simulation,
such that the remaining data consists of 40 time steps available for analysis. For all
estimates we use 20 splines and smoothing parameters of 10−1 for f and D. Results
produced using relatively smooth focal K functions, obtained using 40 splines and a
smoothing parameter 105 , are provided in Supplementary 2 Figure 2. We can see that
the estimates for f and D perform well for this level of smoothing. In contrast, results
produced using less smooth focal K functions, obtained using 40 splines and a
smoothing parameter of 1 are provided in Supplementary 2 Figure 3. We can see that
whilst the estimate for f remains similar to that in Supplementary 2 Figure 2, the
estimate for D is significantly smaller for all r values. We also note, that the 95%
confidence interval for D narrows as smoothing decreases.
The finding that estimates for D become small when the amount of smoothing of
focal K functions decreases is likely secondary to the fact that, as outlined in
Supplementary 1, we estimate λ(r, t) and λ0 (r, t) using the first and second derivative of
the smoothed focal K functions. We find that whilst the estimated λ̂i (r) functions are
relatively stable with respect to the degree of smoothing used, the variability of
estimated λ̂0i (r) functions appears to be highly dependent on the degree of smoothness.
In contrast, the variability of estimated γ̂i (r) functions is only minimally decreased by
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Supplementary 2 Figure 1. Estimates fˆ(r) and D̂(r) (black lines) obtained for
time-invariant chemotaxis simulations (1000 agents, 200 time steps, β = 40 and σ = 30)
using 100 splines and different values of the smoothing parameter for smoothing K̂i (r)
functions: (a) estimate for f using smoothing parameter 102.5 , (b) estimate for f using
smoothing parameter 100 , (c) estimate for f using smoothing parameter 10−5 , (d)
estimate for D using smoothing parameter 102.5 , (e) estimate for D using smoothing
parameter 100 , (f) estimate for D using smoothing parameter 10−5 . Dotted black lines
give the 95% confidence intervals for these estimates, red solid lines give the true f and
D functions, and blue lines give 0. Estimates for additional replicates using different
initial positions are given by solid grey and dashed grey lines.
increased smoothing. See for instance panels (b)-(d) of Supplementary 2 Figures 2 and
3. The discrepancy between the effect of smoothing on λ̂0i (r) and γ̂i (r) functions
appears to be responsible for the noted changes in estimates for D.
The fact that this finding is accentuated when temporal resolution is reduced (i.e.
there are more missed time points), we suggest, is likely due to the finding that reduced
temporal resolution reduces the variability of estimated γ̂i (r) functions. This is
highlighted in Supplementary 2 Figure 4, which demonstrates the γ̂i (r) functions for the
simulation analysed in Supplementary 2 Figures 2 and 3 for the following situations:
first, when no time steps are skipped, and second, when 25 time points are skipped.
Results are compared for the different smoothing parameters considered in
Supplementary 2 Figures 2 and 3. We include only the γ̂i (r) functions from the first 40
time steps for the case with no skipped time points, such that the number of functions
is the same in each panel. We note that for both smoothing parameters the variability
of the γ̂i (r) functions is greater for higher temporal resolution than for lower resolution
(i.e. it is greater when no time points are skipped than when time points are skipped).
We also note that the variability of γ̂i (r) is slightly reduced when the smoothing
parameter is increased, as might be expected. We suggest that this difference in the
variability of γ̂i (r) with respect to temporal resolution is due to the fact that over a
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Supplementary 2 Figure 2. Results for a time-invariant chemotaxis simulation
using 1000 agents over 1000 time steps, β = 2.5 and σ = 30, using every 25th time point.
Focal K functions smoothed using 40 splines and smoothing parameter 105 : (a) K̂i (r);
(b) λ̂i (r); (c) λ̂0i (r); (d) γ̂i (r); (e) fˆ(r); and (f) D̂(r). The estimates fˆ(r) and D̂(r) are
given by solid black lines, with the dotted black lines giving the 95% confidence
intervals for these estimates, the red solid lines giving the true f (r) and D(r) functions,
and the blue lines giving 0.
single time step there is the capacity for significant variability in the empirical focal K
functions with respect to r due to the random movements of agents over one time step.
In contrast, over 25 time steps, for example, these fluctuations will average out, with
the variability of the resulting estimate for ∂K
∂t being reduced.
As a result, we suggest using relatively smooth focal K functions when analysing
data. However, comparison of the smoothed focal K functions should be performed to
ensure that these are not oversmoothed, and reflect the underlying variability of the
unsmoothed step focal K functions. We also suggest that comparing the empirical λ̂0i (r)
and γ̂i (r) functions is useful in determining the most appropriate smoothing parameter
to use, as we find that similar smoothness for these functional time series is a useful
indicator that an appropriate level of smoothness has been used. In addition, we suggest
that considering different degrees of smoothness and the impact on estimates for D
when performing analysis.

2

Robustness of estimates for f and D with respect
to agent density and time steps

We here compare estimates for f and D obtained for simulations of time-invariant
chemotaxis using different parameters to indicate robustness of estimates.
We first compare results for time-invariant chemotaxis simulations using 10 agents
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Supplementary 2 Figure 3. Results for a time-invariant chemotaxis simulation
using 1000 agents over 1000 time steps, β = 2.5 and σ = 30, using every 25th time point.
Focal K functions smoothed using 40 splines and smoothing parameter 100 : (a) K̂i (r);
(b) λ̂i (r); (c) λ̂0i (r); (d) γ̂i (r); (e) fˆ(r); and (f) D̂(r). The estimates fˆ(r) and D̂(r) are
given by solid black lines, with the dotted black lines giving the 95% confidence
intervals for these estimates, the red solid lines giving the true f (r) and D(r) functions,
and the blue lines giving 0.
and 200 time steps, with β = 40 and σ = 30 as in the main manuscript, see
Supplementary 2 Figure 5. We use 40 splines and smoothing parameter 1 to smooth the
focal K functions, and 20 splines and smoothing parameters of 10−1 for f and D. We
find that even having only 10 agents produces relatively accurate estimates for f and D.
We next compare results for reduced numbers of agents and reduced number of time
steps. We compare estimates for 200 agents using 10 time steps, and 10 agents using 50
time steps, see Supplementary 2 Figure 6. We employ 40 splines and a smoothing
parameter of 1 to smooth the focal K functions, and use 20 splines and smoothing
parameters of 1 and 10−1 for 200 agents and 10 agents respectively for f and D. We
observe that for these combinations of parameters that the estimates for f and D in
general perform well, though we note that the estimate for D obtained using 10 agents
and 50 time steps is inaccurate around r = 20, and note that this appears to be related
to the fact that for no time points in the simulation does any agent occur at r ≤ 20.
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Supplementary 2 Figure 4. γ̂i (r) functions for a simulation of time-invariant
chemotaxis using 1000 agents over 1000 time steps, β = 2.5 and σ = 30, comparing
temporal resolution and smoothing parameter: (a) γ̂i (r) for first 40 time steps, no
missed time steps, smoothing parameter 105 , (b) γ̂i (r), every 25th time step, smoothing
parameter 105 , (c) γ̂i (r) for first 40 time steps, no missed time steps, smoothing
parameter 100 , (d) γ̂i (r), every 25th time step, smoothing parameter 100 .

Supplementary 2 Figure 5. Robustness of estimates with respect to number of
agents: (a) K̂i (r); (b) fˆ(r); and (c) D̂(r) functions for a simulation of time-invariant
chemotaxis using 10 agents, 200 time steps, β = 40 and σ = 30, with the dotted black
lines giving the 95% confidence intervals for estimates, the red solid lines giving the true
f (r) and D(r) functions, and the blue lines giving 0. Estimates for fˆ(r) and D̂(r)
associated with two additional replicates using different initial positions are given as
solid and dashed grey lines.
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Supplementary 2 Figure 6. Robustness of estimates with respect to numbers of
agents and time points: (a) K̂i (r); (b) fˆ(r); and (c) D̂(r) functions for a simulation of
time-invariant chemotaxis using 200 agents, 10 time steps, β = 40 and σ = 30, with the
dotted black lines giving the 95% confidence intervals for estimates, the red solid lines
giving the true f (r) and D(r) functions, and the blue lines giving 0. Estimates for fˆ(r)
and D̂(r) associated with a second additional replicate using different initial positions
are given as solid grey lines. Similarly, (d) K̂i (r); (e) fˆ(r); and (f) D̂(r) functions for a
simulation of time-invariant chemotaxis using 10 agents, 50 time steps, β = 40 and
σ = 30.
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