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1

Methodological Details

1.1

Further details on the flagellum dimensions and geometry

The virtual spermatozoon is presented in Supplementary Figure 1, consisting of a rigid head, together with a
cylindrical flagellum of length L = 56µm, based on human sperm (e.g. [1]). However, the mammalian sperm
flagellum tapers, from about 1 micron in cross sectional diameter in its proximal region (Fig 5 in [2]) to a
membrane surrounded axoneme in the distal region. The latter has a diameter slightly larger than, but the
same order as that of the axoneme, which is approximately 180nm [3]. However, previous modelling studies
have demonstrated that changing the flagellar diameter from 0.1-1.1 microns makes essentially no diﬀerence to
modelling predictions with the boundary element method and a prescribed waveform (Fig. 4, [4]). Hence we
work with a representative flagellar diameter from the distal region of the mammalian sperm; for definiteness,
this diameter is taken to be 250nm, giving a virtual flagellum radius of a = 125nm.

1.2

The algebraic definition of the flagellar waveforms used in the main text

As in our previous studies [4, 5], we introduce three reference frames to describe the flagellum and its motion:
the inertial (laboratory) frame {ξ}, the body-fixed frame {ξ′ }, and the flagellum frame {ξ ′′ } (Supplementary
Fig. 1). In addition, we further denote e′i , i ∈ {1, 2, 3}, as the basis vectors associated with the body fixed
frame coordinates ξi′ . In particular, note that the origin of the body fixed frame is at the sperm head-flagellum
junction, with e′3 directed along the positive ξ3′ axis, which points away from the body fixed frame origin along
the sperm head axis of symmetry, as illustrated in Supplementary Fig. 1.
We proceed to consider five types of waveform: non-hyperactivated planar and helical beating, together with
hyperactivated beat patterns in low and high viscosity media, distinguishing the beat patterns observed in simple
viscoelastic media such as methylcellulose solution [6] and cumulus [7]. The flagellar waveform ξ ′′ = (ξ1′′ , ξ2′′ , ξ3′′ )
is parameterized via
[
]
ξ1′′ (ξ3′′ , t) = α A(−ξ3′′ )B + C cos(kξ3′′ + ωt)
[
]
ξ2′′ (ξ3′′ , t) = A(−ξ3′′ )B + C [Q + sin(kξ3′′ + ωt)] ,
(S1)
with the coordinate ξ3′′ (s, t)(< 0) implicitly determined as a function of arc length s ∈ [0, L],
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Table 1: Reference parameters for the five beat patterns shown in Fig. 1(b). The parameters dictating the
non-dimensional scales are given by (i) ω0 /[2π] = 20Hz, a typical flagellum frequency [10] (ii) L = 56µm, a
typical human sperm flagellum length [9] and (iii) µ0 = 0.001Pa·s, essentially the viscosity of water; these are
consistent with the definitions in Table 1 of the main text.
Parameter
Beat type

α
A

beat chirality parameter
beat amplitude

Beat I
Planar
(nonhyperactivated)
0
0.2 [9]

B

envelope parameter

1

1

1

C/L

envelope parameter

0

0

0

beat asymmetry parameter
wavenumber

0
3π [9]

0
3π[9]

1
1.43π [13]

beat frequency
viscosity
PRIMARY SOURCES

1[1]
1
[6, 8]

1 [1]
1
[6, 8]

0.5 [10]
1
[11]

Q
kL
ω/ω0
µ/µ0

Interpretation
Flagellar waveform

Beat II
Helical
(nonhyperactivated)
0.2 [9]
0.2 [9]

Beat III
Hyperactivated
(low
viscosity)
0
0.4 [13]

Beat IV
Hyperactivated
(high
viscosity)
0
0.15 (this
study)
4
(this
study)
0
0
8π (this
study)
0.2 [1]
4000 [6]
[6]

Beat V
Hyperactivated
(in
cumulus)
0
-0.15 (this
study)
1
0.1(this
study)
1
2π (this
study)
0.3 [12]
100 [12]
[7]

The parameter sets associated with the flagellar waveforms are summarized in Supplementary Table 1 and
snapshots of these flagellar shapes are shown in Fig. 2(b) of the main text, taken from the numerical simulation
described below.
In particular, for beat forms I and II which are non-hyperactivated planar and helical beats respectively, the
primary reference sources are Dresdner et al. [8] and Suarez et al. [6], with further derived parameters chosen
to ensure a matching with observed waveforms given by Smith et al. [9]. Analogous remarks apply for beat
patterns III, IV, V, which respectively correspond to hyperactivation in a low viscosity medium, a simple high
viscosity medium such as methylcellulose solution and the matrix of the Cumulus-Oophorus-Cell, or cumulus
for short. The primary data for the waveforms is taken from several studies [6, 7, 10, 11, 12], together with
derived parameters from Curtis et al. [13] and further derived parameters in this study to ensure the virtual
waveforms closely match the observed ones.
In addition, the mapping between the flagellar frame and the body fixed frame is required below; it is determined
by the constraint that there is no flagellar bending at the head-flagellar junction, as observed in mammalian
sperm (e.g. [1]). Hence the constraint can be written as
ξ′′ |s=0 = ξ′ |s=0 ,

dξ ′′ /ds|s=0 = −e′3 ,

(S3)

where e′3 is the unit body fixed basis vector directed along the positive ξ3′ axis, pointing away from the headflagellum junction along the sperm head axis of symmetry and ξ ′ , ξ′′ are the flagellum centreline locations
relative to the body fixed and flagellar frames respectively.
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Figure 1: A snapshot of the numerical simulation for a swimming spermatozoon in the vicinity of a rigid wall,
with the laboratory reference frame {ξ} and the body-fixed frame {ξ′ } shown.

1.3
1.3.1

The numerical solution of the equations for the motion of the sperm.
Mesh generation.

The model human sperm head is a deformed ellipsoid of dimension 1.1µm × 2.8µm × 4.5µm, as used in our
previous studies [4, 5]. Its mesh is generated by applying the mapping detailed in Ishimoto and Gaﬀney [4] to
an ellipsoid generated by stretching a meshing of a sphere. In turn, the latter is formed by Ndiv = 2 divisions
of a spherical surface in the BEMLIB library meshing subroutines accompanying Pozrikidis’ text [14].
The flagellum is interpolated by a hexagonal tube with hemispherical caps, as implemented in our previous
studies [4, 5]. The centreline of the flagellum is discretized and each position is provided in the flagellar frame
via the waveform given by equations (S1) and (S2), and the circular cross section of the flagellum is generated
by the normal and the binormal vectors for a given point at the centreline. In addition, the flagellum is mapped
into the body fixed frame so that the head and the flagellum are connected with the axis of symmetry of the
head parallel to the tangent of the proximal flagellum, as summarised by equations (S3). However, in practice,
the flagellum is given a separation from the sperm head of 0.005L in the tangential direction for numerical
convenience; this completes the definition of the cell mesh in its body-fixed reference frame and there is a total
of N = 494 mesh points for the whole cell.

1.3.2

Numerical solution via the boundary element method.

We assume the sperm cell is swimming in a Newtonian fluid, and thus the low Reynolds number flow around
the spermatozoon is governed by the Stokes equations, which are numerically solved via the boundary element
method. With the assumption that the cell does not change its volume, which is implicit in the above meshing,
the flow velocity can be obtained by the single-layer boundary integral, via [15]
∫
1
Gji (x, x′ )qj (x′ ) dSx′ ,
(S4)
ui (x) = −
8πµ S
for i, j ∈ {1, 2, 3}, with S denoting the cell surface, including both the head and the flagellum. The unknown
vector q denotes the diﬀerence of the internal and external traction, q = fhyd − fint , and µ is the viscosity. The
3

integral kernel, Gij is the Stokeslet in the absence of external domain boundaries, and the Blakelet [16] in the
presence of an infinite plane wall. The kernel for a flow external to a no-slip sphere is also known and is given
explicitly by Higdon [17].
The fluid velocity on the left-hand side of the boundary integral relation, u(x) is the same as the cell surface
velocity, by the no-slip condition, and is relative to the inertial (laboratory) frame. It can be constructed from
the velocity, U , and the angular velocity, Ω, relating the inertial frame and the body-fixed frame, together with
the deformation velocity of the flagellum, ũ. The latter, relative to the flagellar frame, can be obtained from the
waveform given by equations (S1) and (S2), but one must map this velocity to the inertial frame. The location
and orientation of the body fixed frame relative to the inertial frame is known from the initial conditions at the
first timestep and otherwise from the results of the previous timestep. Thus, finally, one requires the relation
between the flagellar frame and the body fixed frame, which can be constructed from the above-mentioned
head-flagellum junction conditions. Recall these are
ξ ′′ |s=0 = ξ′ |s=0 ,

dξ′′ /ds|s=0 = −e′3 ,

where s is flagellum arclength, with s = 0 corresponding to the head-flagellum junction and ξ ′ , ξ ′′ are the
flagellum centreline locations relative to the body fixed and flagellar frames respectively, while e′3 is a unit body
fixed basis vector directed along the positive ξ3′ axis. Hence one can construct u(x) at any point on the cell
surface, and thus equation (S4) constitutes an integral equation for q.
These boundary integral equations are also supplemented with the force and torque balance equations
∫
F =
[q(x′ ) + fwall (x′ ) + fad (x′ )] dSx′ = 0
S
∫
T = (x′ − X0 ) × [q(x′ ) + fwall (x′ ) + fad (x′ )] dSx′ = 0,

(S5)
(S6)

S

where X0 is the location of the head-flagellum junction. While the torque is therefore not relative to the origin
of an inertial frame, the absence of a net force on the swimmer due to the absence of inertia entails one can
resolve torques about any point without loss of generality.
Thus (S4), (S5) and (S6) form a closed linear system of 3N + 6 scalar equations, where N is the number of
mesh points for the discretization of the cell surface. The 3N + 6 scalar unknowns are the linear and angular
velocities, U and Ω together with the vector surface tractions q(x) at the N mesh points, all of which can
thus be numerically obtained at each time step using an LU decomposition. Noting that the body fixed frame
is defined such that head-flagellum junction is at its origin and the sperm head is fixed in this frame, one
can thus time march the location of head flagellum junction and orientation of the sperm head at each-step
and thus also time march the body fixed frame. In turn, this provides enough information to reconstruct the
flagellar location in the inertial frame at each timestep. This time-marching is implemented via the Heun timestepping method, with timestep ∆t/T = 1/800, where T = 2π/ω is the beat period. Further details on the
simulation computation can also be found in previous work [15], with additional model validation presented in
the supplementary material of Ishimoto and Gaﬀney [18].
Note that for a sperm clamped to a substrate, such that it is fixed at a point on the substrate and does not
rotate relative to this point, which represents adherence with a suﬃciently large binding strength, the boundary
element algorithm is marginally diﬀerent. In particular, with the origin of the body fixed frame redefined to
be the point of contact and a suitable redefinition of the body fixed frame orientation, the linear and angular
velocity between the laboratory and the body-fixed frames, U , and Ω, are both zero. Hence, the N traction
vectors q can be determined by the single layer equation (S4). Thus, in turn, the hydrodynamic traction, fhyd ,
for such a cell can also be determined, without recourse to the global linear and angular momentum balance for
the whole cell.
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1.3.3

Computation of the mechanical power output

We define the mechanical power output of the cell by P =
traction is obtained from the traction diﬀerence via [19]
1
1
nk (x) pv
fhyd,i (x) = − qi (x) +
2
8π

∫
S

∫

fhyd (x′ ) · u(x′ ) dSx′ , where the hydrodynamic
Tijk (x, x′ )qj (x) dSx′ .

S

Here, n is the unit outward normal of the cell surface and “pv” denotes the principal value integral. The
rank-three tensor Tijk is the stress Green function, given by Tijk (x, x′ ) = −6ri rj rk /|r|5 with ri = xi − x′i for
a cell swimming in a free space, with known analogous expressions in the presence of a wall or a sphere [19].
The principal value integral in the computation of the power output is determined with contributions from the
mesh element containing the singularity defined to be zero, yielding an approximation that is asymptotically
accurate in the reciprocal of the number of mesh elements [15] and the computational results are shown in Fig.
3 of the main text.

1.4

Force calculation for a clamped sperm beating in a linear viscoelastic medium

The linear viscoelastic Maxwell model, which is a good representation of methylcellulose solution rheology [1],
is characterised by the constitutive relation
Lτ := λ

∂τ
+ τ = µγ̇,
∂t

where τ is the deviatoric stress, γ̇ is the rate of strain, µ is the viscosity and λ is the elastic relaxation time.
Note also that this reduces to the Newtonian constitutive relation as the relaxation time λ tends to zero and
that τ Stokes = Lτ where τ Stokes is the deviatoric stress for Newtonian flow.
Linear momentum balance yields ∇ · σ = 0, where
σ = −p1 + τ
is the stress tensor so that one has ∇Lp = µ∆u, together with the incompressibility constraint ∇ · u = 0.
Combined with no-slip boundary for u on the surface of a microswimmer and decay of the velocity field at
spatial infinity, one has the solution for the viscoelastic flow associated with a clamped microswimmer in terms
of the analogous Stokes flow solution is given by
u = uStokes ,

p = L−1 pStokes ,

(S7)

where the superscript ‘Stokes’ denotes the Newtonian, Stokes equation, solution. One should note that equation
(S7) does not hold for a free swimmer subject to external forces as the non-Newtonian constitutive relation
enters into the form of the total force and moment balance for the cell and thus the viscoelastic and Newtonian
predictions for the velocity and angular velocity of the cell motion diﬀer. Hence we only proceed to consider
the forces imposed on the substrate by a clamped sperm with its flagellum beating in a viscoelastic medium,
with a non-trivial elastic relaxation time.
The region external to the cell is defined by Ω(t) and its boundary ∂Ω(t) is given by the union of S, the surface of
the cell, together with ∂Ω∗ , which is the time-independent boundary consisting of the wall and the far boundary
at spatial infinity. The force exerted by a spermatozoon clamped to a wall and beating in a linear viscoelastic
Maxwell fluid is given by
∫
∫
FV E =
σ · n dS =
L−1 (−pStokes 1 + τ Stokes ) · ndS,
S

S
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where n is the outward unit normal to the surface. Using the equations of motion and Gauss’ integral theorem,
the time derivative of the force is given by
(∫
) ∫
∫
∂
∂
∂σ
FV E =
σ · n dS −
∇ · σ dS =
· n dS
∂t
∂t
Ω(t)
∂Ω∗ ∂t
∂Ω∗
∫
∫
∫
∂σ
∂σ
∂σ
=
· n dS +
∇·
dV =
· n dS.
∂t
S ∂t
Ω(t)
S ∂t
We therefore have the relations,
∫
∫
(
)
LFV E =
Lσ · n dS =
LL−1 −pStokes 1 + τ Stokes · n dS = FStokes ,
S

(S8)

S

where FStokes corresponds to the force exerted on the wall by the spermatozoon if it was clamped to a wall
and beating in a Newtonian fluid, and thus can be determined from the boundary element simulations. Hence,
integrating equation (S8) with respect to time gives the force exerted by a spermatozoon clamped to a wall and
beating in a linear viscoelastic Maxwell fluid via
∫ t
1 −(t−t′ )/λ
FV E = FStokes (0)e−t/λ +
e
FStokes (t′ ) dt′ ,
λ
0
which completes the derivation of equation (2.5) in the main text.

2

Model robustness

In this section we briefly consider whether the modelling conclusions are specific to fine tuning many aspects of
the virtual sperm model, including the head geometry, the flagellar length, the beat pattern frequency and also
the binding parameters.

2.1

Scalings

Firstly, note that the non-dimensional model represents a three-parameter family of dimensional models, and
hence parameter changes can be often incorporated into changes between the scalings relating the dimensional
and non-dimensional models.
Thus, consider a diﬀerent sperm with an order one change in its flagellar length, for instance hamster sperm
are significantly longer than human sperm [20]. This simply changes the lengthscale and forcescale used to map
between the dimensional and non-dimensional model: predicted trajectories are unchanged. With the flagellum
of unit length in the non-dimensional model, one thus has an order one change in the size of the sperm head.
However, the modelling demonstrates a lack of qualitative sensitivity to sperm head, as indicated below (and
also by comparison with the point-head sperm of Simons et. al. [21]). Furthermore, force ratios comparing
sperm before and after hyperactivation or the presence of cumulus, are unchanged as only scalings have been
altered.
Hence, since the conclusions are all qualitative and comparative in that they do not rely on quantitative details
but on trends and comparisons between virtual sperm in diﬀerent scenarios, this highlights that there is a lack
of sensitivity in the modelling conclusions for changes in the lengthscale of the sperm. Analogous remarks
hold for the timescale and forcescale of the virtual sperm and thus many of the parameters in Table 1 of the
Supplementary Material. In the next section, we proceed to consider model sensitivity to changes in the sperm
head and binding parameters which are not readily incorporated into the dimensional scalings.
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Figure 2: The long-time behaviour of sperm is presented for the beat patterns I (planar), II (helical) and III
(low-viscosity hyperactivated) given a spectrum of bond strengths, with the regions between the diﬀerent final
sperm behaviours highlighted by a transition in colour. These transitions of colour indicate that the long time
behaviour changes somewhere within this region, noting that only a discrete number of bond strengths have
been simulated. (a) This gives the long time behaviour for the virtual sperm simulated with parameters from
Table 1 of the main text and waveform parameters from Supplementary Table 1 above. It is the same as plot
5(d) in the main text and reproduced here for ease of reference. (b) The head geometry of the virtual sperm is
changed to that of a sphere with the same volume as the representative human sperm head used in the main
text simulations. (c) The virtual sperm is that of the main text but the lengthscale of bond release is almost
doubled to Rof f = 0.021L with all other parameters unchanged. Note that the qualitative features of the long
time behaviour are not changed by these alterations in sperm head geometry or bond release length, though
the reduced contact area with a spherical head entails transitions occur for stronger bonds while, in contrast,
the larger lengthscale of bond release entails transitions at weaker bond strengths.

2.2

Long time behaviour for sperm in the presence of longer range adhesive bonds
or with a spherical head

Supplementary Fig. 2 presents the long time behaviour for sperm encountering an adhesive substrate for two
diﬀerent sperm head geometries and a range of binding parameter values. In particular, plot(a) reproduces Fig.
5(d) of the main text for ease of reference, which corresponds to simulations with the planar, helical and the
low-viscosity hyperactivated beat patterns, corresponding to waveforms I, II, III of main text Fig. 2(b) using
the scales from Table 1 of the main text and the waveform parameters of Supplementary Table 1 above.
In contrast, plot (b) of Supplementary Fig. 2 has the same parameter values and waveforms, but the sperm
head is now a sphere with the same volume of the representative human sperm head used in the main text; thus
the head radius is approximately 1.21µm. The final sperm behaviour is still qualitatively the same, despite the
change in geometry, though the transitions between diﬀerent surface behaviours occur at larger bond strengths
due to a decrease in the head-substrate contact area with a spherical geometry, as the head orients to present
its flattened side to the substrate when the representative human sperm head geometry of the main text is used.
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Figure 3: Predicted sperm trajectories in the presence of a weakly adhesive sphere of radius R = 10L, which
is representative of a human egg radius. The trajectories start of the left and the sperm possesses the nonhyperactivated planar beat pattern depicted by waveform I of Fig. 2(b) in the main text, with the bond strength
given by K = 103 . All other scales are given by Table 1 of the main text, with planar waveform parameters for
beat pattern I given in Supplementary Table 1 above

This increase in bond strength before transition is particularly noticeable for switching between surface cycling
and adherence for the helical beater, as the bonds tend to be more stretched and thus easier to break during
the spherical head movement on the substrate, in comparison with a flattened head, oriented flat side down.
Supplementary Fig. 2(c) shows the results for the virtual sperm used in the main text but now with an increase
in the adhesion bond breaking lengthscale, which is now given by Rof f = 0.021L and is nearly twice as large as
the value used in the main text; all other parameters are unchanged. Once more, the long time sperm behaviour
is qualitatively the same, though transitions between diﬀerent behaviours occur at lower bond strengths due to
the increased range of the bonding.
More generally, these results emphasise that the qualitative features of predicted sperm behaviour near an
adhesive substrate are not sensitive to fine scale details of head geometry or bond parameters, though these
do impact on the local interaction of the sperm and substrate and thus alter the quantitative predictions for
thresholds that induce changes in the virtual sperm behaviour.

3

Swimming trajectories in the presence of an adhesive sphere

In Supplementary Fig. 3 two trajectories are determined for a sperm swimming into a weakly adhesive sphere
(K = 103 ) for the planar beat pattern, waveform I of Fig. 2(b) in the main text, and starting from the locations
(x, y, z) = (−10L, 0, 5L) and (−10L, 0, 8L) with the sperm head directed along the positive x axis. The sphere
is centred at the origin and has radius 10L, where L = 56µm is the flagellum length so that 10L is a typical
human egg radius. All other scales are given by Table 1 of the main text, with planar waveform parameters,
beat pattern I, from Supplementary Table 1 above. For both cases, the sperm escapes from the sphere, and thus
is eﬀectively scattered, though the local dynamics is only negligibly dependent on the sphere surface curvature
and this has been observed more generally, justifying the neglect of egg surface curvature when considering
sperm adhesive dynamics near substrates representing the zona pellucida in the main text. Nonetheless, when
the binding is suﬃciently weak that the cell does not adhere to the sphere, the subsequent cell behaviour with
swimming in the proximity of the surface is associated with a weaker cell-surface interaction due to the surface
curvature, which significantly reduces the duration the sperm swims close to the egg compared to flat substrate
with the same adhesion binding strength.
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Movie captions

Supplementary Movie 1:
Simulation movie of sperm swimming for the non-hyperactivated planar waveform, beat pattern I of Fig 2(b)
in the main text. The bond strength is K = 105 , and stable cell adhesion is achieved.

Supplementary Movie 2:
Simulation movie of sperm swimming for the non-hyperactivated helical waveform, beat pattern II of Fig 2(b)
in the main text. The bond strength is K = 105 , and the cycling motion across the substrate while the sperm
is still bound can be observed.

Supplementary Movie 3:
Simulation movie of sperm swimming with beat pattern III of Fig 2(b) in the main text, a hyperactivated
asymmetric waveform. The bond strength is K = 5 × 104 , and the cell finally detaches from the wall.
Supplementary Movie 4:
Simulation movie of the hyperactivated swimming in a high viscosity medium with beat pattern IV of main
text Fig. 2(b). The bond strength is K = 1 × 107 , and the cell stably adheres to the wall.
Supplementary Movie 5:
Simulation movie of hyperactivated swimming within a highly viscous medium for beat pattern V of main text
Fig 2(b), which is observed in cumulus. The bond strength is K = 3 × 107 , and the cell stably adheres to the
wall.
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