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Abstract

Small and micro-scale energy harvesting is an essential and viable option for the powering of portable and maintenance

free electronic devices, wireless sensor nodes, and similar applications. In this regard, piezoelectric harvesters have

presented promising outcomes. This article provides a sequential, comprehensive, and informative survey of potential

well based models and studies related to piezoelectric harvesters (PEH). Piezoelectric materials used for energy

harvesting are discussed briefly, following which a non-dimensional generalized model is derived to set the discussion

on a common platform. Dynamics of various potential well configurations are presented using the generalized model

before discussing specific models and related studies.

The survey is classified into symmetric and asymmetric potential well categories. Under the symmetric head, lumped

and distributed parameter linear models and tuning methods for improving the broadband response are discussed.

Subsequently, studies related to nonlinear mono-stable, bi-stable, and tri-stable potentials showing interwell, multi-

periodic and chaotic oscillations with improved broadband response are discussed. The asymmetric section studies

the influence of asymmetries on the performance of the mono-stable, bi-stable, and tri-stable configurations. Few other

configurations outside the cantilever type PEH were mentioned, realizing the widespread research in this field. Important

observations and future challenges for performance improvement are also discussed.
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1 Introduction

Over the past three decades, the awareness of finite

and depleting nature of fossil fuel sources has motivated

researchers and engineers to join the quest for development

of renewable and sustainable energy sources. In this regard,

every possible attempt for developing a small or a large

scale sustainable energy source holds its own importance.

Nuclear fission and ambient energy are environment friendly

and sustainable sources of energy (Cohen, 1983; Lightfoot

et al., 2006; Twidell and Weir, 2015). Large scale ambient

energy sources producing megawatts (MW) of power such

as solar, wind, tidal and geothermal show a promising

future and technologies are being developed to improve the

efficiency of energy conversion from these sources (Bull,

2001; Ellabban et al., 2014; Zuo and Tang, 2013). On

the other hand, the small scale energy sources producing

milliwatts (mW) and microwatts (µW) of power involve the
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capturing wasted or byproduct energy. This wasted energy

may exist in the form of light, heat, sound, radio waves,

vibrations, motion, or a combination of these (Sudevalayam

and Kulkarni, 2011; Jabbar et al., 2010; Kazmerski, 2006;

Hande et al., 2007; Cuadras et al., 2010; Stephen, 2006;

Beeby et al., 2007; Shaikh and Zeadally, 2016; Paradiso

and Starner, 2005; Mane et al., 2011). Thermodynamically

speaking, every process involves conversion of energy from

one form to another, during which a part of available

useful input energy is converted into unusable energy or

wasted energy as mentioned above. The fraction of this

wasted energy, if captured, will improve the overall process

efficiency, offering environmental and economic benefits.

Energy harvesting is a process of capturing these small

amount of wasted or byproduct energy, which otherwise

get lost and converting it into useful electrical energy. The

harvested energy can be stored or readily used to power

the electronic devices such as sensors, transmitters, portable

electronics, and nodes in wireless sensor network (Shaikh

and Zeadally, 2016). Currently, the power requirements of

such devices are handled by the batteries. The advancements

in the field of semiconductor manufacturing have resulted

in the miniaturization of electronic devices along with

the improvement in functionality and efficiency in power

consumption. Conversely, the rate of advancement in the

field of battery technology is lower compared to that of

semiconductor advancements (Baker, 2008; Hu and Sun,

2014; Paradiso and Starner, 2005). In recent years, although

the energy density of various types of batteries has improved

substantially (Bruce et al., 2012; Cook-Chennault et al.,

2008), the increased power requirements of the electronic

devices often results in inadequate battery life. Also, for

some applications, it may be difficult to make use of large-

sized batteries due to constraints such as remote locations,

lack of space, infeasibility of recharging or replacement

of batteries, etc. These scenarios highlight the need for

harvesting energy from ambient sources to address the

power requirements of the devices functioning in the

aforementioned conditions.

Various types of ambient energy sources, considering

indoor or outdoor operating conditions, weather dependence,

power density as well as relative advantages and disadvan-

tages are discussed in the literature (Shaikh and Zeadally,

2016; Yildiz, 2009; Chalasani and Conrad, 2008; Beeby

et al., 2006; Kansal et al., 2007; Roundy et al., 2003, 2004).

Among these ambient energy sources, considering the power

density and ease of integration, energy harvesting from the

ambient vibration sources has become a promising research

area. Several sources of vibrations, occurring naturally or

as a byproduct of some other process, were identified by

researchers (Khan, 2016; Roundy et al., 2003; Reilly et al.,

2009). The ambient vibration energy can be harvested using

the method of electromagnetic induction (Williams and

Yates, 1996; Shearwood and Yates, 1997; El-hami et al.,

2001; Glynne-Jones et al., 2004; Beeby et al., 2007; von

Büren and Tröster, 2007; Mann and Sims, 2009; Sardini

and S., 2011; Arroyo et al., 2012; Liu et al., 2013; Khan

et al., 2014; Siddique et al., 2015; Malaji and Ali, 2015,

2017, 2018), electrostatic induction (Tashiro et al., 2000;

Roundy et al., 2002, 2004; Mitcheson et al., 2004; Hoffmann

et al., 2009; Boisseau et al., 2012; Dorzhiev et al., 2015), the

piezoelectric effect (Glynne-Jones et al., 2001; Shenck and

Paradiso, 2001; Roundy and Wright, 2004; Sodano et al.,

2004b; Roundy et al., 2005; Mateu and Moll, 2005; Choi

et al., 2006; Kim et al., 2012, 2015; Dagdeviren et al.,

2016), and magnetostrictive methods (Lafont et al., 2012;

Jafari et al., 2017; Deng and Dapino, 2017). Among these,

vibrational energy harvesters (VEHs) using piezoelectric

materials possess advantages such as higher output energy

density, flexibility of integration with the host system, and

direct conversion of the applied strain into electric energy

without any additional energy input (Roundy et al., 2004,

2005; Marin et al., 2011; Arroyo et al., 2012; Khan, 2016).

The field of vibration energy harvesting is almost three

decades old and numerous designs and configurations

of piezoelectric harvesters have been explored by the

researchers. The authors have carried out an extensive

literature survey, including previously available review

articles and their focus points for the preparation of this

review manuscript. Table 1 provides the focus points of

several key review articles available in this area. As an

outcome of this survey, the focus points of these review

articles were identified as piezoelectric materials for energy

harvesting (Choi et al., 2006; Anton and Sodano, 2007;

Choi et al., 2013; Li et al., 2014; Bowen et al., 2014;

Khan et al., 2016; Khan, 2016; Narita and Fox, 2018; Liu

et al., 2018; Priya et al., 2019), power storage and circuitry

methods (Sodano et al., 2004a; Anton and Sodano, 2007;

Li et al., 2014; Yildirim et al., 2017; Priya et al., 2019;

Ottman et al., 2002), piezoelectric harvester configurations

and mechanisms (Anton and Sodano, 2007; Tang et al.,

2010; Toprak and Tigli, 2014; Li et al., 2014; Khan, 2016;

Shaikh and Zeadally, 2016; Yildirim et al., 2017; Elahi

et al., 2018; Kim et al., 2004; Chen et al., 2012; Wang

et al., 2012; Chen et al., 2007; Massaro et al., 2011),

optimization of physical and geometric variables (Li et al.,

2014; Bowen et al., 2014; Baker et al., 2005), resonance

tuning methods(Tang et al., 2010; Ibrahim and Ali, 2012;

Zhu et al., 2009), sources of ambient vibration (Khan,

2016; Shaikh and Zeadally, 2016; Elahi et al., 2018; Yildiz,

2009), non-resonant methods (Priya et al., 2019; Wei and

Jing, 2017; Daqaq et al., 2014; Tang et al., 2010; Yildirim

et al., 2017; Tran et al., 2018; Jia, 2020), and modeling

and simulation methods (Wei and Jing, 2017). Thus, it

can be seen that numerous studies have been reported

and reviewed, pertaining to the research on the sources

of ambient vibrations, harvester configuration, piezoelectric

materials, electrical circuits, and optimization of harvester

elements. However, reviews presenting a comprehensive

discussion about the modeling methods, solution techniques

and effects of nonlinearities on the harvester performance

are quite few and none of the available review articles have

classified and reviewed the research based on potential wells.

Certainly, there is a necessity of a comprehensive review

at the present time, discussing the effects of nonlinearities,

modeling methods, and corresponding solution techniques.

In this regard, the importance of this review manuscript can

be elaborated as follows.

Prepared using sagej.cls
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Table 1. Description of the focus points of some review articles published since year 2004 on piezoelectric energy harvesters.

Year
Name of the

author(s)

Focus Points

(Legends: ● Present, ❍ Absent.)
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2004
Sodano et al.

(2004a)

- Efficiency of piezoelectric generators. (2 studies)

- Power storage & circuitry methods. (8 studies)

- Wearable / implantable piezoelectric generators. (7 studies)

- Damping induced in the host structure due to harvested

energy. (2 studies)

● ❍ ❍ ❍ ❍ ❍ ❍

2007
Anton and

Sodano (2007)

- Efficiency improvement with piezoelectric materials: Single

crystals, PVDF, piezofibers, MFCs.

- Material arrangements: Unimorph, bimorph and stack type.

- Geometric configurations: Cantilever, plate, cymbal.

- Power storage and circuitry.

- Implantable / wearable, MEMS devices, EH from fluid

flows.

● ●

Bi-stable

(1 study on

axially

compressed

beam with

pin-pin

conditions.)

❍ ❍ ❍ ❍

2010
Tang et al.

(2010)

- Resonance tuning techniques: Mechanical, magnetic and

piezoelectric.

- Multi-modal harvesters: Hybrid configurations, harvester

arrays.

- Frequency up/down conversion methods.

- Nonlinear methods: Mono-stable and bi-stable.

❍ ●

Nonlinear

mono-stable,

bi-stable.

Nonlinear

mono-stable,

bi-stable.

❍ ❍ ❍

2012
Ibrahim and Ali

(2012)

- Frequency tuning methods.

- Manual methods: Mechanical, magnetic and electrical

methods.

- Autonomous tuning methods.

● ● ❍ ❍ ❍ ❍ ❍
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Table 1 Continued from previous page
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Focus Points
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2014
Toprak and Tigli

(2014)

- Geometric configurations: Cantilever, disc type, diaphragm,

cymbal, and plate.

- Macro / Meso, MEMS and Nano scale resonant piezoelec-

tric harvesters.

- Challenges and proposed solutions: Bandwidth, integration

compatibility, and bio-compatibility for implant devices.

● ●

Bi-linear with

mechanical

stoppers,

bi-stable.

❍ ❍ ❍ ❍

2014 Li et al. (2014)

- Geometric configurations: Cantilever, disc type, diaphragm,

cymbal, and plate.

- Piezoelectric materials: Ceramics, polymers, and ceramic-

polymer composites.

- Optimization in PEH: Frequency up/down conversions and

tuning.

- Bandwidth improvement methods: Bi-linear stiffness, strain

stiffening effect, and magnets.

- Electronic circuits for PEH

● ●

Bi-linear, strain

stiffening effect,

bi-stable.

❍ ❍ ❍ ❍

2014
Bowen et al.

(2014)

- Piezoelectric harvesters: Resonant, non-resonant, high

temperature, and compliant harvesters.

- Optimization studies

- Piezo-materials for light harvesting.

- Pyroelectric based harvesters.

● ❍ Bi-stable ❍ ❍ ❍ ❍
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Table 1 Continued from previous page

Year Author’s Name
Focus Points

(Legends: ● Present, ❍ Absent.)
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2014
Daqaq et al.

(2014)

- Influence of nonlinearities on broad-band energy harvest-

ing.

- Frequency response in mono-stable and bi-stable potential

duffing oscillators.

- Harmonic, random and other type of excitations for mono-

stable and bi-stable harvesters.

- Piece-wise linear potential, coupling nonlinearities, and

nonlinearities for low frequency excitations.

● ●

Nonlinear

mono-stable,

bi-stable.

Nonlinear

mono-stable,

bi-stable.

● ❍ ❍

2016 Khan (2016)

- Specifications and applications of commercially available

wireless sensor nodes (WSN).

- Vibration levels (Frequency & Amplitude) of sources:

Bridges, automobiles, and domestic appliances.

- Studies on non-resonant electromagnetic, electrostatic, and

piezoelectric harvesters.

- About piezoelectric harvesters: Piezo-materials used, geo-

metric configurations, power output characteristics. ( <5

studies)

❍ ● ❍ ❍ ❍ ❍ ❍

2016
Shaikh and

Zeadally (2016)

- Energy consumption analysis of widely used WSN

platforms.

- Ambient sources for EH: Radio frequency, solar,

wind/hydro flow, and thermal.

- Mechanical Sources: Vibration, pressure, stress-strain.

- Human motion: Activities and physiological sources.

- About piezoelectric harvesters: Geometric configurations,

power output characteristics. ( <10 studies)

❍ ❍ ❍ ❍ ❍ ❍ ❍
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2016
Khan et al.

(2016)
- Piezoelectric thin films for energy harvesting: PZT, Lead

free, piezo-polymer, and piezo-electroactive papers.
❍ ❍ ❍ ❍ ❍ ❍ ❍

2017
Wei and Jing

(2017)

- Linear and nonlinear harvesters: Electromagnetic, electro-

static, and piezoelectric.

- Efficiency of PEH, other configurations of piezoelectric

harvesters

● ●
Bi-stable,

tri-stable.
❍ ❍ ❍ ❍

2017
Yildirim et al.

(2017)

- Vibration amplification methods.

- Resonance tuning methods: Multi-degree systems, multi-

modal arrays, preloading, extensional mode based, and

magnetic tuning.

- Nonlinear methods: use of magnets, mechanical stoppers,

stochastic loading, and extraction circuits.

● ●

Bi-linear,

nonlinear

mono-stable,

bi-stable,

tri-stable.

❍ ❍ ❍ ❍

2018
Narita and Fox

(2018)

- Characterization of piezoelectric, magnetostrictive, and

magnetoelectric materials.

- Fabrication of piezoelectric harvesters with PZT, PVDF,

and ZnO.

- Fabrication of magnetostrictive harvesters with Terfenol-D

and Galfenol.

- Fabrication of magnetoelectric and composite generators,

pyroelectric harvesters.

● ❍
Nonlinear

mono-stable.
❍ ❍ ❍ ❍
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Year Author’s Name
Focus Points

(Legends: ● Present, ❍ Absent.)

D
is

cu
ss

io
n

o
n

li
n
ea

r
o
r

re
so

n
an

t
P

E
H

D
is

cu
ss

io
n

o
n

re
so

n
an

ce

tu
n
in

g
m

et
h
o
d
s

N
o
n
li

n
ea

r
co

n
fi

g
u
ra

ti
o
n
s

m
en

ti
o
n
ed

o
r

re
p
o
rt

ed

E
x
cl

u
si

v
e

d
is

cu
ss

io
n

o
n

n
o
n
li

n
ea

r
m

et
h
o
d
s

fo
r

b
ro

ad
b
an

d
en

er
g
y

h
ar

v
es

ti
n
g

C
o
m

p
re

h
en

si
v
e

d
is

cu
ss

io
n

u
si

n
g

a
g
en

er
al

iz
ed

m
o
d
el

,

n
u
m

er
ic

al
si

m
u
la

ti
o
n
s,

an
d

re
le

v
an

t
co

n
ce

p
ts

o
f

li
n
ea

r
&

n
o
n
li

n
ea

r
d
y
n
am

ic
s.

D
is

cu
ss

io
n

o
n

m
o
d
el

in
g

ap
p
ro

ac
h
es

an
d

so
lu

ti
o
n

te
ch

n
iq

u
es

D
is

cu
ss

io
n

o
n

as
y
m

m
et

ri
c

p
o
te

n
ti

al
w

el
l

b
as

ed
st

u
d
ie

s

2018
Elahi et al.

(2018)

- Fluid-structure based harvesting mechanisms.

- Human motion / activity based mechanisms.

- Mechanical vibration based harvesters: cantilever, plate,

and local resonance based.

● ●

Nonlinear

mono-stable,

bi-stable.

❍ ❍ ❍ ❍

2018
Tran et al.

(2018)

- Mono-stable and multi-stable methods.

- Stochastic loading, preloading, extensional mode methods.

- Multi-degree of freedom harvesters, multi-modal arrays,

internal resonances of system.

● ●

Nonlinear

mono-stable,

bi-stable,

tri-stable,

quad-stable.

❍ ❍ ❍ ❍

2019
Priya et al.

(2019)

- Advances in piezoelectric materials for EH.

- Nonlinear resonance based configurations, self-tuning

methods, low frequency harvester structures.

- Electrical circuits for impedance matching.

● ●

Nonlinear

mono-stable,

bi-stable

❍ ❍ ❍ ❍

2020 Jia (2020)

- Nonlinear vibration principles and corresponding harvesters

discussed under eight major categories.

- Duffing nonlinearity, bi-stable and multi-stable harvesters,

parametric, autoparametric and stochastic resonance har-

vesters.

- Frequency converters, self-tuning mechanisms, mechanical

stoppers, and non-oscillatory configurations.

● ●

Nonlinear

mono-stable,

bi-stable,

tri-stable.

Nonlinear

mono-stable,

bi-stable,

tri-stable.

❍ ❍ ❍
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2020*
Giri et al. (This

article*)

- Brief discussion on piezoelectric materials for EH.

- Numerical simulations of a generalized model to explain the

relevant concepts of linear and nonlinear dynamics.

- Discussion on symmetric & asymmetric potential well

based models that are essential for the progress of research

on PEHs.

- Symmetric potential well based PEHs: Linear and tuned

models, nonlinear mono-stable, bi-stable, tri-stable, quad-

stable and penta-stable models. Relative advantages and

issues.

- Asymmetric potential well based PEHs: mono-stable, bi-

stable and tri-stable models.

- Other geometric configurations: cantilever, plate, multi-

degree, multi-modal, chiral type, etc.

● ●

Nonlinear

mono-stable,

bi-stable,

tri-stable,

quad-stable,

penta-stable.

Nonlinear

mono-stable,

bi-stable,

tri-stable,

quad-stable,

penta-stable.

● ● ●
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Potential energy function (or potential well) is an aspect

of the utmost importance as it influences the mechanical

and/or electrical design, material selection, and overall

response of any coupled/uncoupled dynamical system. Most

of the system variables used for tuning or optimization of

system’s performance directly influence the potential well

of that system. In case of energy harvesting, potential well

nonlinearities are explored as an effective tool for achieving

broadband frequency response. Presently, researchers are

exploring complex nonlinear configurations (as mentioned

in sections 4 and 5) that include asymmetric, multi-degree,

multi-modal and array type systems. For the performance

assessment of these type of nonlinear configurations, it is

essential to acquire a thorough understanding about the

potential well nonlinearities and its effect on the oscillator

dynamics.

Consequently, periodic and chaotic dynamical behavior

of a nonlinear oscillator certainly affects the electrical

circuitry aspects and the power harvesting efficiency. In

this regard, modeling of potential well nonlinearities using

analytical, semi-analytical and numerical methods is a

crucial aspect, and so is the knowledge about analytical and

numerical solution techniques that are used for simulating

the harvester response under periodic and random excitations.

Thus, in order to explore and design advanced and more

complex nonlinear configurations, one must understand

the development and transition of the nonlinearities from

the linear harvester to most recent asymmetric potential

harvester. This manuscript is exclusively prepared by

considering all the above mentioned crucial aspects as it’s

focus points.

Despite the availability of several review articles

discussing about nonlinearities related to the piezoelectric

harvesters (Priya et al., 2019; Wei and Jing, 2017; Daqaq

et al., 2014; Tang et al., 2010; Yildirim et al., 2017; Tran

et al., 2018; Pellegrini et al., 2013; Harne and Wang, 2013;

Liu et al., 2018), not many reviews are identified (such as

(Daqaq et al., 2014), discussing only up to the bi-stability)

that present a thorough discussion on various multi-stable

potential well configurations, relevant concepts of nonlinear

dynamics and recent advancements related to them. Some

reviews only discuss about a particular type of potential

configuration (e.g., bi-stable) (Pellegrini et al., 2013; Harne

and Wang, 2013; Wei and Jing, 2017). Moreover, recent

developments in this field include the configurations with

asymmetric potential energy function, which have shown

promising results under low intensity excitations. The studies

reported on these asymmetric potential configurations have

not been reviewed till now.

The linear and nonlinear oscillator dynamics and

related studies discussed in this review manuscript are

not only useful for the energy harvesting community,

but can also provide a sound understanding about how

potential wells affect the behavior of any other dynamical

system and application apart from energy harvesting.

Therefore, after a careful study of the literature reported

on piezoelectric harvesters and considering all the above

mentioned necessities, this review article exclusively offers

the following aspects.

• A comprehensive review of several important studies

reported during the past three decades in the field of

piezoelectric vibration energy harvesters.

• While the research in this field is on the verge of

exploring and designing more complex nonlinear con-

figurations, this review article presents a comprehen-

sive review discussing the studies and research, right

from the early linear models to the recent asymmetric

potential well based models, along with the relevant

concepts of linear and nonlinear oscillator dynamics.

• A simple and informative discussion about modeling

approaches, solution methods, and simulation as well

as experimental results of several linear and nonlinear

PEH studies that are essential for the development of

this field is presented.

• This article aims at providing an extensive and

sequential understanding of the research presented in

this field to the readers, on the basis of symmetric as

well as asymmetric potential well configurations.

The discussion in this article is organized under the

following sections. In section 2, we start with a short note

on the piezoelectric materials used for energy harvesting is

presented, following which a brief introduction about the

cantilever type construction of the piezoelectric harvester

is discussed. Subsequently, a generalized nonlinear model

along with a non-dimensionalization procedure is presented.

In section 3, detailed discussions about the dynamic

characteristics, models and relevant studies reported on

various linear and nonlinear PEH configurations that are

based on a symmetric potential function is presented. In

section 4, PEH configurations with asymmetric potential

function are discussed. Several other PEH configurations

similar to the cantilevered case, but not limited to, are briefly

discussed in section 5. Challenging issues concerned with

PEHs and future aspects for improvements are discussed in

section 6. Finally, in section 7, summary and concluding

remarks are presented.

Moreover, it is to be noted that the use of the phrases

‘harvester’, ‘energy harvester’, and ‘piezoelectric energy

harvester’ in this article are to be interpreted as ‘piezoelectric

vibrational energy harvester’ or PEH, unless mentioned

otherwise. Use of the phrase ‘linear or nonlinear system’ is

referred to a system with a linear or nonlinear restoring force.

Also, the phrase ‘low intensity’ or ‘low strength excitation’

is referred to the low frequency and low amplitude external

excitations.

2 The Piezoelectric Energy Harvester

In this article, we mainly focus on a cantilever beam

based configuration which uses piezoelectric material patch

for the transduction of mechanical vibrations into electrical

output. Therefore, for completeness, we briefly present a

short note about the piezoelectric materials, following which

we discuss the construction and subsequent improvements in

this most preferred PEH configuration.

Prepared using sagej.cls
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2.1 A Note on Piezoelectric Materials for

Energy Harvesting Applications

In the late nineteenth century, Curie brothers observed

that some natural crystals such as quartz and Rochelle salt,

produced an electrical output under the action of mechanical

stress. Few years later, they noticed that mechanical strain is

induced in such materials when subjected to an electric input

signal. They named this type of material behavior, exhibiting

the electromechanical coupling, as the piezoelectric effect

and materials exhibiting such a behavior are known as

piezoelectric materials. The former behavior is known as the

direct piezoelectric effect, while the later reciprocal behavior

is known as the converse piezoelectric effect. Piezoelectric

materials have further sub-classes as pyroelectric materials

and ferroelectric materials, which exhibit thermomechanical

coupling and internal residual electric fields, respectively

(Jaffe, 2012; Bowen et al., 2014).

At the microscopic level, a piezoelectric material consists

of randomly oriented electric dipole domains. A single

domain delineates a resultant of several molecular dipoles

oriented in a similar configuration. Since these domains are

randomly oriented, there is no net charge separation across

the entire material. Under the application of external strain,

randomly oriented dipole configurations get disturbed and

are forced to reorient along a single direction causing a net

charge separation in the material. This results in an electric

displacement across the electrodes (Katzir, 2003; Jaffe, 2012;

Zhu and Yang, 2018). Thus, the capability of conversion

of mechanical energy into electrical energy without any

additional energy input during transduction has attracted

many researchers towards this area.

Based on the structure, piezoelectric materials can

be classified as ceramics, single crystals, polymers, and

composites (Yang et al., 2009; Dineva et al., 2014; Li

et al., 2014). Man-made single crystal piezoelectric materials

are similar in structure to quartz, which is a natural

single crystal piezoelectric material. Piezoelectric ceramics

(e.g., Barium titanate, Lead zirconium titanate or PZT) are

synthetic ferroelectric materials with dielectric properties

several times higher than the natural piezoelectric materials.

Piezo-composites are made of two different piezoelectric

ceramics and are also ferroelectric in nature. Piezoelectric

polymers (e.g., Polyvinylidene fluoride or PVDF) are flexible

and can undergo higher strains, but have lower coupling

coefficient (Song et al., 2017). The piezo-ceramics are widely

used in energy harvesting applications, but the brittle nature

restricts their use in large strain and fatigue loading scenarios

(Lee et al., 2005a; Dineva et al., 2014). The studies on

PVDF film with different types of electrodes subjected to

cyclic loading was presented by Lee et al. (2004). It was

observed that with the use of a durable electrode layer, the

piezoelectric structure with PVDF can show an improvement

in the fatigue life. Mohammadi et al. (2002) developed a

composite with piezofibers of different diameters embedded

in an epoxy matrix. His studies suggested that small diameter

fibers and thicker sample plates exhibit a higher piezoelectric

coefficient d33 and the lowest dielectric constant k3, which

leads to a higher output of the system. More studies

on piezofiber composites are reported in the literature by

(Churchill et al., 2003; Sodano et al., 2006; Schönecker et al.,

2006). Macro-fiber-composite (MFC) is a piezo-composite

with piezofibers connected using interdigitated electrodes

(IDE) in an epoxy matrix (Yang et al., 2009). This typical

configuration facilitates the application of electric potential

along the length of the fiber in -33 mode of operation,

showing a higher electromechanical coupling.

The piezoelectric material can be used in two operational

or coupling modes, -33 and -31 as shown in Figure 1. The

most convenient direction to polarize a piezoelectric patch is

normal to the plane of the patch. By convention, the direction

3 is considered as polarization direction. In -33 mode, stress

is applied along the poling direction 3 as shown in Figure 1a

(e.g., compression or tension applied on the planar surface of

a piezoceramic block), while in -31 mode, stress is applied

along direction 1, perpendicular to the poling direction as

shown in Figure 1b (e.g., axial or bending stresses in a

cantilever beam). For a piezoelectric material, the value of

strain coefficient d33 in the -33 mode is always higher than

the value of strain coefficient d31 in the -31 mode (Baker

et al., 2005; Leo, 2007; Anton and Sodano, 2007). Hence,

for a given force, the -33 mode produces more output than

the -31 mode. Despite the larger value of strain coefficient

d33, the transducer subjected to bending stresses in the -31

mode is more commonly used. This is because the transducer

stack in the -33 mode has more stiffness and hence, lower

strains are induced in it compared to the transducer operating

in the -31 mode (Anton and Sodano, 2007). Also, the natural

frequency of the transducer in -31 mode is lower than that in

the -33 mode, which is advantageous for a PEH subjected to

low frequency and low amplitude ambient excitations (Yang

et al., 2005; Baker et al., 2005; Roundy et al., 2003). Further,

the use of interdigitated electrodes in a transducer subjected

to bending conditions as shown in Figure 1c, has facilitated

the application of an electric field in the fiber direction. This

arrangement essentially makes the transducer operate in the

-33 mode producing high power output (e.g., MFC P1-type)

(Schönecker et al., 2006; Sodano et al., 2006).

{T } =
[
cE

]
{S} − [e] {E} (1a)

{D} = [e] {S} −
[
εS

]
{E} (1b)

The mechanical and electrical behaviors of the piezoelec-

tric element are mostly modeled using the linear constitutive

relations given by Eqs.(1a-1b) (Leo, 2007), where, {T } is the

stress vector, {D} is the electric displacement vector, {S} is

the strain vector, {E} is the electric field vector,
[
CE

]
is

the elastic coefficient matrix, [e] is the piezoelectric strain

constant matrix and
[
εS

]
is the matrix of dielectric constants.

Here, Eq.(1a) describes the converse piezoelectric effect and

direct piezoelectric effect is described by Eq.(1b). Based on

-31 or -33 mode of operation, corresponding forms of these

equations are used for modeling of the piezoelectric element.

2.2 Cantilever Beam Configuration of PEH

The simplest form of a PEH configuration is a cantilever

beam geometry, considering the ease of fabrication, lower

value of flexural fundamental frequency, and ease of

integration with a host structure undergoing vibrations. This

configuration also provides higher average strain for the

applied input excitation (Roundy et al., 2003; Roundy and

Prepared using sagej.cls
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Figure 1. (Color online) Pictorial description of the common operating modes of a piezoelectric transducer is presented here. (a)

-33 operating mode of a piezoceramic block under compressive load. (b) -31 operating mode of a piezoelectric transducer under

axial load or bending (transverse) load. (c) Use of interdigitated electrodes to achieve -33 operating conditions in a piezoelectric

transducer subjected to axial or bending (transverse) loads. The electrodes and piezoelectric materials are shown in the yellow and

magenta colors, respectively. The substrate material is shown in the green color.

Wright, 2004). A general cantilever type of PEH consists

of a cantilevered elastic host structure with the piezoelectric

material patch(es) bonded on either one side (unimorph) or

on both sides (bimorph) of the host structure. A tip mass

or proof mass is added at the free end of the cantilever to

lower the fundamental frequency and improve the dynamic

flexibility of the structure (Yi et al., 2002; Toprak and

Tigli, 2014). The base of the cantilever is attached to an

ambient mechanical vibration source, which causes the entire

configuration to oscillate. The strains induced into the host

structure due to its deflection are then transferred to the

piezoelectric element, which in turn generates electrical

output as a result of the direct piezoelectric effect (Jaffe,

2012; Zhu and Yang, 2018; Leo, 2007). This piezo-elastic

configuration possesses an elastic potential associated with

the linear stiffness and gives maximum electrical output only

when excited harmonically near its fundamental resonant

mode.

In order to harvest maximum possible electrical output

at different excitation frequencies using such a resonant

oscillator, various resonance tuning methods are reported in

the literature (Tang et al., 2010). A tuning method alters

the natural frequency of the host structure and helps it to

harvest energy at various excitation frequencies. Such a

tuned harvester is essentially a resonant harvester and not a

broadband harvester by its own characteristics. A broadband

harvester is capable of scavenging energy over a range of

excitation frequencies without any tuning mechanism.

N

S N

S

NS

Rigid
Frame

Base Magnets

Electrical
Load

Resistance

Tip Magnet

Elastic Beam
Substrate

Piezoelectric Material
Patch(es) in Bimorph
Configuration

External
Excitations

Figure 2. Schematic representation of a piezoelectric energy

harvester, consisting of a magneto-elastic oscillator with a tip

mass and the base magnets. Under the action of base

excitation applied to the rigid frame, the strain induced in the

piezoelectric elements due to the oscillations is converted into

the electrical energy output.

Among many other approaches, a simple yet innovative

approach to improve the broadband response of an oscillator

is to introduce the nonlinear stiffness using magnets.

Traditionally, in this method, one or more permanent
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CP RP RL

I=
dt

dQ

Piezoelectric transducer

External

Load

Figure 3. Equivalent electrical circuit for piezoelectric element.

magnets (known as base magnets) are fixed on the frame as

shown in Figure 2, in the vicinity of the tip of the cantilever

with a preset spacing. Another permanent magnet is then

attached to the tip of the cantilever, which interacts with the

base magnets and introduces the magnetic restoring forces

causing the nonlinear stiffness. This arrangement represents

the Duffing oscillator and is based on the dimensionless

form of the Duffing equation (Kovacic and Brennan, 2011;

Guckenheimer and Holmes, 1983). Moon and Holmes (1979)

were the first to investigate this type of magneto-elastic

configuration with two symmetrically located base magnets

and a ferroelastic cantilever beam. This magneto-elastic

oscillator is popularly also known as the Moon beam

model and it exhibits strange attractor motions (Holmes and

Moon, 1983). This nonlinear dynamical system was further

extensively studied by Holmes (1979). The Moon beam

structure bonded with piezoelectric unimorph or bimorph

patches was firstly introduced by Erturk et al. (2009) for

harvesting applications and is known as the piezo-magneto-

elastic harvester configuration. The bimorph arrangement

of the piezoelectric patches can be used in serial and

parallel connection modes and Erturk and Inman (2009) have

extensively analyzed these connection modes.

2.3 A Generalized Model for the Piezoelectric

Energy Harvester

Before we discuss some important linear and nonlinear

PEH models, it will be useful for a reader to get familiarized

with a generalized PEH model. The generalized model

presented here consists of basic electromechanical equations

and it is possible to represent various linear and nonlinear

PEH models reported in the literature using this generalized

model. In general, a PEH is comprised of a mechanical

oscillator (magneto-elastic structure) coupled to an energy

harvesting electrical circuit through a piezoelectric element,

forming an electromechanical coupling. Figure 3 shows a

simple equivalent electrical circuit for a PEH configuration

(Yang and Tang, 2009; Elvin and Elvin, 2009). Such

a linear or nonlinear dynamical system, possessing an

interaction between mechanical and electrical domains,

can be represented using the general form of coupled

electromechanical equations of motion as given by Eqs.(2a-

2b). Various forms of Eqs.(2a-2b) representing single degree-

of-freedom (SDOF), Multi degree-of-freedom (MDOF), and

continuous systems are reported in the literature.

Meqẍ+ Ceq ẋ+
dŨ(x)

dx
− Θ̃(x)Ṽ = −γẍb (2a)

Cp
˙̃
V +

Ṽ

RL

+ Θ̃(x)ẋ = 0 (2b)

where, an overdot (˙) represents derivative with respect to

time t; x represents relative displacement of mass of the

system; Meq denotes the equivalent mass of the system,

which represents the mass of substrate material, piezoelectric

element, and tip mass; Ceq denotes the equivalent damping

coefficient, which represents structural as well as electrical

damping; Θ̃ represents the electromechanical coupling

coefficient; Ṽ represents the voltage generated; γ represents

mass of the system subjected to base acceleration ẍb; Cp

represents capacitance of the piezoelectric material; RL

represents the equivalent load resistance. Ũ(x) denotes the

total potential energy function of the system, which may

consist of elastic, magnetic, gravitational or any other scalar

potential functions. With the assumption of a conservative

system, generalized restoring force expression can be

derived from the scalar potential function denoted by Ũ(x).
Therefore, the nonlinear restoring force representing up to

five equilibrium positions of the system can be expressed in

a polynomial form as follows.

F̃non =
−dŨ(x)

dx

= P1x+ P2x
2 + P3x

3 + P4x
4 + P5x

5 (3)

where, P1 = mω2
n is the linear stiffness coefficient and P2

to P5 represent nonlinear stiffness coefficients of the system.

The Ũ(x) considered here is capable of representing both

symmetric and asymmetric potential well configurations, as

it is composed of the terms with both even and odd power of

the relative displacement x. This facilitates us to model and

analyze various linear and nonlinear multi-stable potential

well configurations, including the asymmetric cases. The

generalized model is quite useful in reviewing various

potential well configurations throughout this article. Also,

it is to be noted that it may not be always possible to

represent the potential of a system using a polynomial

function (e.g., simple pendulum). However, a fairly close

polynomial approximation of the actual potential function

can be obtained.

The electromechanical equations given by Eqs.(2a-2b)

describe the PEH configuration in terms various physical

quantities. These equations are further non-dimensionalized

to study the general effect of the system and external

variables, the relative influence of the variables, and

to generalize the results. The following dimensionless

quantities are introduced for non-dimensionalization of the

electromechanical equations.

τ = tωn, u(τ) =
x(t)

Lb

, u̇ =
ẋ

Lbωn

,

ü =
ẍ

Lbω2
n

, Θ =
Θ̃2

mω2
nCp

, f =
−γẍb
mω2

nLb

,

V =
Ṽ Cp

Θ̃Lb

, V̇ =
˙̃
V Cp

Θ̃Lbωn

, λ =
1

CpRLωn

.

where, τ is the dimensionless time, ωn is the linearized

natural frequency of the system (and 1/ωn is the
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characteristic time scale), u is the dimensionless tip

displacement of the cantilever beam in transverse direction,

Lb is the characteristic length scale, Θ is the dimensionless

piezoelectric coupling constant, V is the dimensionless

voltage, λ is the ratio of the time period of mechanical

system to the time constant of the electrical circuit, f is

the dimensionless excitation force. Using these quantities,

the dimensionless form of the electromechanical equations

considering harmonic excitation can be written as follows.

ü+ 2ζu̇+ Fnl −ΘV = f cos(Ωτ) (4a)

V̇ + λV + u̇ = 0 (4b)

Here, Ω = ω/ωn, Fnl represents the dimensionless nonlinear

force and is given as follows.

Fnl = K1u+K2u
2 +K3u

3 +K4u
4 +K5u

5 (5)

in which K1 to K5 are given as,

K1 = 1, K2 =
P2Lb

P1

, K3 =
P3L

2

b

P1

,

K4 =
P4L

3

b

P1

, K5 =
P5L

4

b

P1

.

Using the dimensionless form of the electromechanical equa-

tions given by Eqs.(4a-4b), one can analyze configurations

with different scales and compare the relative performance.

The effect of variation of several physical variables on the

performance of the system, can be realized by studying the

effect of variation of single dimensionless variable formed

using these physical variables. In the next section, we have

discussed several linear and nonlinear PEH models, which

are based on either generalized electromechanical equations

given by Eqs.(2a-2b) or its dimensionless form given by

Eqs.(4a-4b).

The journey of advancements in the field of vibration

energy harvesters started with linear models. These models

were also applicable for other transduction methods.

With increasing awareness about the limitations of linear

harvesters, nonlinearities in stiffness and damping were

exercised. The nonlinearities in the transduction mechanism

(e.g., nonlinear piezoelectric constitutive relations) are

also studied by researchers and were found to be

less effective for the transducers having small thickness.

Next, the piezoelectric vibration energy harvester received

more attention, considering its higher effectiveness over

other transduction mechanisms. Meanwhile, various models

uncovering crucial aspects of the PEH were reported

with experimental verification. In recent years, symmetric

and asymmetric nonlinear, multi-stable configurations are

realized to offer better performance under low intensity

excitations. All these advancements in the field of

piezoelectric energy harvesting are discussed in the

following subsections.

3 Energy Harvesters with Symmetric

Potential Well Configuration

In the past three decades, numerous models describing the

physical behavior of the vibration based energy harvesters
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Figure 4. (Color online) Commonly studied linear and nonlinear

symmetric potential wells and pictorial representation of the

corresponding piezo-magneto-elastic oscillator configurations,

showing the stable equilibrium positions, namely, mono-stable,

bi-stable, and tri-stable cases. Colored dots in the potential well

diagram refers to the stable equilibrium positions of the

oscillator.

are presented. A vibration based energy harvesting system

may possess symmetric or asymmetric potential function

Ũ(x), as discussed in the previous section. Most commonly,

the potential function Ũ(x) is considered to be symmetric

about the trivial equilibrium position x = 0. This means

that the dynamical behavior of the system on either sides

of the trivial equilibrium position is exactly similar. For

a system having the symmetric potential well, Ũ(x) is

represented by only even powered terms of x. Based

on the nature of the restoring force, the harvesters with

symmetric potential function are further classified as linear

and nonlinear harvesters. A linear harvester model possesses

a linear restoring force of the form F̃lin = P1x and a

quadratic potential function of the form Ũlin(x) =
1

2
P1x

2.

Ũlin(x) has only one stable equilibrium position at x = 0, as

shown in Figure 4 with a continuous line in the orange color.

Therefore, such a potential well configuration is also known

as the linear mono-stable configuration.

On the other hand, a symmetric potential nonlinear

harvester with up to five equilibrium positions, can possess

the nonlinear restoring force of the form F̃sym = P1x+
P3x

3 + P5x
5 and a nonlinear potential function of the

form Ũsym(x) = 1

2
P1x

2 + 1

4
P3x

4 + 1

6
P5x

6. In general, a

nonlinear system may have a single-stable equilibrium

position (i.e. mono-stable) or multiple stable and unstable

equilibrium positions. A bi-stable potential has three

equilibrium positions, out of which two are stable and the one

at trivial position is unstable in nature. A tri-stable potential

has five equilibrium positions, out of which three are stable
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and remaining two are unstable in nature. Figure 4 shows

commonly studied linear and nonlinear symmetric potential

well configurations discussed above and the corresponding

oscillator configurations. Apart from this, nonlinear potential

configurations with more than five equilibrium positions are

also reported in the literature (Kim and Seok, 2014; Zhou

et al., 2017).

Now that we have formally introduced the linear and

nonlinear harvesters with the symmetric potential well

configurations, we present a brief discussion on the dynamic

behavior, models, and studies reported in the literature that

are based on these potential well configurations in the

following subsections.

3.1 Linear or Resonance Based Harvester

Models

3.1.1 Dynamic Behavior of the Linear Harvesters

As mentioned in above discussion, a harvester with linear

restoring force and quadratic potential function is known

as the linear mono-stable harvester. The quadratic potential

function of the linear harvester can be represented by Eq.(6)

in the dimensionless form. A dimensionless parameter q,

where q > 0, is introduced to facilitate the stiffening or

relaxing of the linear stiffness and corresponding quadratic

potential functions of the system are shown in Figure 5a.

Steady-state, non-dimensional response amplitude (ū) of the

linear harvester shows a peak response (ūmax) at resonance,

i.e. when Ω = 1 (see Figure 5b). Also, a narrow frequency

bandwidth (dΩ) is observed at half-power points (Rao,

2011), which are usually considered at an amplitude of

ūmax/
√
2. Thus, for the linear harvester, large amplitude

oscillations that are required to produce sufficiently higher

strains and electrical output from the harvester, exist over a

very narrow bandwidth. Consequently, the linear harvester

shows a satisfactory energy harvesting performance only

when excited near resonant conditions.

Ulin(u) =
1

2
qK1u

2 (6)

In order to improve the off-resonance performance of

the linear harvester, resonance tuning of the harvester can

be exercised. This is achieved by modifying (stiffening or

relaxing) the stiffness of the harvester, using the parameter

q as mentioned above. For 0 < q < 1, detuning of the

resonance frequency is observed and for q > 1 resonance

frequency increases as the stiffness of the system increases.

The effect of such a tuning method under same forcing

conditions on the frequency response of the linear harvester

can be realized through Figure 5c. As the stiffness of the

system relaxes, the resonance peak shifts towards the lower

frequencies (Ω < 1) and the response amplitude increases.

Conversely, increasing the stiffness of the system causes

the resonance peak to shift toward the higher frequencies

(Ω > 1) and the response amplitude decreases. Thus, the

natural frequency of the linear harvester can be tuned so

as to match with the excitation frequency and improve its

performance. The phase-portrait diagram of the tuned linear

harvesters in (u, u̇) space is presented in Figure 5d, where all

the cases of the tuned harvesters are excited at Ω = 0.5 under

similar forcing conditions. It can be observed that the orbit

of oscillations of the harvester under steady state conditions,

which is also known as the limit cycle (Nayfeh and Mook,

2004), decreases as the stiffness of the system increases with

the parameter q.

By observing the frequency responses and the phase-

portrait diagram of the tuned harvesters depicted in Figure 5c

and 5d, respectively, it may seem that, relaxing the stiffness

of the system is more suitable choice as it improves the

response amplitude than increasing the stiffness. However,

it should be noticed that the frequency bandwidth (dΩ) of

such a harvester decreases as the resonance peak becomes

more pronounced. Therefore, the resonance tuning approach

may not be suitable in case of the excitations having a wide

range of frequencies. In the following text, we present a brief

discussion on the linear harvester models that are reported in

the literature.

3.1.2 Models and Studies related to Linear Harvester

A simple single degree-of-freedom (SDOF), lumped-

mass dissipative model is shown in Figure 6. This

model is applicable for piezoelectric, electromagnetic, and

electrostatic transduction mechanisms (Williams and Yates,

1996). This model is described by Eq.(7), in which x(t)
and xb(t) represent displacement of the mass and the

base, respectively. The model assumes linear behavior for

damping and stiffness of the system. The energy converted

into electrical energy is equal to the power absorbed due

to electrical damping and the maximum output power is

obtained at resonant condition. This model predicts fairly

close results for some electromagnetic harvesters, but needs

to be modified for electrostatic and piezoelectric type

harvesters. Also, in order to incorporate the interaction of

the mechanical and electrical systems, the model needs

improvements. Further variations of this model are presented

along with the modifications to account for the electrical and

few other parameters in (White et al., 2001).

mẍ+ (dm + de)ẋ + kx = −mẍb (7)

Analysis and simulations of this SDOF dissipative model

highlighted several key aspects. In order to lower the

natural frequency of the system and bring it closer to the

ambient excitation frequencies, it was needed to lower the

stiffness and increase the mass of the system. Also, damping

should be lowered and optimized to improve the quality

factor of the system (Roundy et al., 2003). Considering

these requirements the cantilevered structure with proof

mass and piezoelectric patch turned out to be the most

suitable configuration. The modeling of the cantilevered

configuration involves combined modeling of the mechanical

structure and the piezoelectric element. Based on the -31

or -33 mode of operation, the mechanical and electrical

behaviors of the piezoelectric element are modeled using

linear constitutive relations in 1-D form, as given by Eqs.(1a-

1b).

Considering the piezoelectric element represented by an

equivalent circuit as shown in Figure 3 and a cantilever

structure as a SDOF structure subjected to base excitation,

coupled electromechanical equations are reported by Roundy

et al. (2003). The linear model presented by them is similar
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Figure 5. (Color online) (a) Non-dimensional (ND) potential energy function Ulin(u) of the linear harvester and the effect of tuning

parameter q on it. The bold curve in orange color refers to the linear harvester without any tuning (q = 1). The solid green circle at

u = 0 represents the only stable equilibrium position. (b) The steady-state frequency response of the linear harvester (q = 1),

showing the peak amplitude ūmax and the frequency bandwidth dΩ. (c) The effect of the resonance tuning with the parameter q on

the frequency response of the linear harvester. (d) The phase-portrait diagram in (u, u̇) space showing the orbits of oscillations of

the tuned harvesters excited with frequency Ω = 0.5 under similar forcing conditions and ζ = 0.04.

m

dm+de K

x(t)

Support
xb(t)

Figure 6. Schematic of a simple single degree-of-freedom

dissipative model presented in (Williams and Yates, 1996).

to the one presented by Williams and Yates (1996) in

many ways, except that it was described using three state-

space variables due to presence of electrical equation. Using

a similar approach, Roundy and Wright (2004) derived

the electromechanical equations for resistive and capacitive

loads considering the -31 mode of operation. In their lumped-

mass model, the tip mass was considered as a point load,

acting through the center of mass. The rotary inertia of

the tip mass was also neglected primarily due to lower

influence on the fundamental vibration mode. Using this

model, the cantilevered design with PZT-5H was optimized,

which was later validated through experiments. Another

lumped-mass model was presented by Dutoit et al. (2005)

considering -33 mode of operation. In this model, the mass

of the piezoelectric element was also considered along with

the tip mass. An analysis was presented for optimizing the

power output using open circuit (OC) and closed circuit (CC)

conditions for the piezoelectric element, the study showed

existance of two optimal frequencies, the resonance and the

anti-resonance frequency, for the system (Du Toit, 2005).

The linear SDOF models discussed above represented the

cantilevered configuration as a lumped parameter spring-

mass-damper model, which simplifies the modeling of

electromechanical equations. The results of such SDOF

models closely imitate the actual behavior of the harvesters,

but only near to the fundamental vibration mode. Erturk

and Inman (2008b) reported that the SDOF models

with the harmonic base excitation may produce highly

inaccurate results for both the transverse and the longitudinal

vibrations of the cantilevered beam and bar structures. These
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inaccuracies are observed for certain values of the ratio of

the tip mass to the beam/bar mass. In order to account for

these inaccuracies, some correction factors are introduced to

improve the performance of such models.

Piezoelectric
Layer

Elastic
Substrate
Material

EI(z), m(z), Lz=0 z=L

x

z

Load (LR)

Figure 7. Schematic of a distributed parameter model.

Further improvements over lumped parameter models

were achieved through a distributed parameter model, which

considers the effect of mass distribution over the entire length

of piezoelectric patch and the cantilever beam. In this regard,

a cantilevered structure bonded with a piezoelectric patch

in the unimorph configuration and without any tip mass is

shown in Figure 7. The piezoelectric patch covers the entire

length of the cantilever beam and the electrical output from

the patch is connected to a resistive load. This arrangement

represents a distributed parameter system and was modeled

using the Euler-Bernoulli beam theory (EBT) in (Eggborn,

2003; Chen et al., 2006). The governing equation for the

transverse deflection of a beam using the EBT is given by

Eq.(8), as follows.

∂2

∂z2

[
EI(z)

∂2x(z, t)

∂z2

]
+m(z)

∂2x(z, t)

∂t2
= f̃(z, t) (8)

x(z, t) =
k∑

i=1

ψi(z)ri(t) = ψ(z)r(t) (9)

Where, EI(z) represents flexural rigidity, m(z) represents

mass per unit length, f̃(z, t) represents external distributed

load acting on the beam and w(z, t) represents transverse

displacement. Sodano et al. (2003, 2004b) presented an

approximate distributed parameter model based on the

Rayleigh-Ritz approximation given by Eq.(9), in which ψ(z)
is the vector of assumed mode shape functions and r(t) is

the temporal coordinate vector, with k terms. The model

was derived using the variational principles and the response

of the model for the first few modes was verified with

the experimental response under the harmonic excitation.

A similar modeling approach, without considering the tip

mass, was followed by Du Toit (2005) that uses the EBT

for representing the axial strain in the beam in terms of

the displacement of the neutral axis and the distance from

the neutral axis. This model was further validated through

experiments in (DuToit and Wardle, 2007). Subsequently,

the distributed parameter models that consider the tip mass

effect were proposed. These models were based on the

known mode shapes of the cantilever structure (Inman, 2017;

Rao, 2011) and modal analysis (Du Toit, 2005; To, 1982;

Oguamanam, 2003; Rama Bhat and Wagner, 1976). An

approach which considers the fundamental vibration mode

and the effect of the tip mass was presented by Lu et al.

(2003) for MEMS applications.

An analytical method based on the EBT and considering

the tip mass was presented by Erturk and Inman (2008a),

in which the closed form solutions using the displacement

influence functions for the transverse base displacement

and small base rotation of the beam were reported. In

their method, the internal strain rate damping and external

air damping were represented separately to obtain better

accuracy. Further, Elvin and Elvin (2009) have shown that

the solution obtained by the Rayleigh-Ritz converges to

the exact solution given in (Erturk and Inman, 2008b),

when sufficient number of modes are considered. The

closed form solutions using distributed parameter approach

for piezoelectric bimorph cantilever in series and parallel

arrangement were presented by Erturk and Inman (2009).

Similar studies were reported which include the dynamic

stiffness approach, the analytical modal mass method,

influence of the beam shape and size, and influence of the

physical size as well as position of the tip mass center

(Bonello and Rafique, 2011; Lin et al., 2007; Kim et al.,

2010; Goldschmidtboeing and Woias, 2008; Hu et al., 2007a;

Wang and Meng, 2013).

Mass
x(t)

Support

xb(t)

Piezoceramic RL L

(a)

Mass
x(t)

Support

xb(t)

Piezoceramic RL

(b)

Figure 8. Schematics of the stack type lumped mass PEH

configuration (a) with an inductor connected in parallel with the

load resistance and (b) the configuration without an inductor.

Adapted from (Adhikari et al., 2009).

A lumped mass model for a stack type piezoelectric

energy harvesting circuit configurations with and without an

inductor, as shown in Figures 8a and 8b, respectively, was

presented in (Adhikari et al., 2009). The non-dimensional

electromechanical equations are derived for the circuit

configurations with and without an inductor. The base

excitation xb(t) was assumed as Gaussian broadband white

noise. Using linear random vibration theory (Papoulis

and Pillai, 2002), the expressions for the mean power

output E[P ] for both the configurations were derived. It

was observed from the expressions that the E[P ] was

directly proportional to the dimensionless time constant

α, dimensionless coupling coefficient κ2, and inversely

proportional to the damping ratio ζ. Additionally, for the

case with an inductor, E[P̃ ] was found to be directly

proportional to the ratio of mechanical and electrical natural

frequencies, denoted by β. Thus, the work presented in

(Adhikari et al., 2009) described the procedure to quantify

the average power output from the harvester that is subjected

to random Gaussian noise excitation and also provided a

framework for simulating non-Gaussian random excitations.

Several studies are reported on the performance of harvester

subjected to deterministic (Dutoit et al., 2005; Sodano et al.,
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(a) (b) (c)

Figure 9. (a) Variation of the mean power as a function of standard deviation of the natural frequency (σω) and the normalized

frequency (Ω). (b) Effect of variation of the standard deviation of the natural frequency (σω) and the damping coefficient (σζ) on the

mean harvested power normalized by the maximum deterministic power. (c) Dependence of the standard deviation of the

normalized harvested power on the standard deviation of the natural frequency (σω) and the standard deviation of the

dimensionless coupling coefficient (σκ). For all results, ωn = 670.5 rad-s−1, α = 0.8649 was considered. Reproduced from (Ali

et al., 2010) with permission. © IOP Publishing. All rights reserved.

2004b; Erturk and Inman, 2008b) and random excitations

(Adhikari et al., 2009; Soliman et al., 2008).

In the above mentioned studies, the mechanical param-

eters such as the mass, natural frequency (or stiffness),

damping, and coupling coefficient of the system were con-

sidered to be exactly known. Only the external excitation

was considered to be a random process. However, in reality,

the variations in these mechanical parameters are plausible

and it can affect the performance of the harvester. The vari-

ability in these system parameters may exist due to error in

estimation of natural frequency and damping characteristics,

error due to modelling approximations (e.g., lumped mass

model instead of distributed parameter model), variability

introduced due to manufacturing and assembly processes,

variability introduced due to operating conditions and pro-

longed use, and many more.

In regard to the above said notion, Ali et al. (2010)

presented a semi-analytical approach as well as Monte Carlo

Simulations (MCS), for studying performance of the linear

harvesters by considering up to 20% uncertainty in the

system parameters. A stack type lumped mass piezoelectric

harvester model without an inductor was considered in their

work. The mass of the system was assumed to be known

exactly, whereas the variations in the stiffness, damping,

and coupling coefficient were modeled as random variables.

The electromechanical equations were presented in which

the natural frequency ωn, and the damping coefficient ζ
were considered as the random variables. The expression

for the mean harvested power E[P ] was derived, which

involved double integral for the two random variables

mentioned above. Similar expression considering additional

uncertainty in the coupling coefficient would need a solution

of a triple integral. Since closed form solutions of these

expressions were difficult to obtain, the numerical results

using MCS were presented. The results of the simulations

under harmonic excitation by considering uncertainty only

in ωn with Gaussian random process with unit mean and

standard deviation of σω are shown in Figure 9a. It was

observed that the maximum mean power decreased by

more than 75% as variability in the natural frequency was

increased to 20%. When the uncertainties in both ωn and

ζ were considered together, the variations in ζ didn’t affect

the mean power considerably, as evident from Figure 9b.

Instead, a slight increase in the mean power was noticed as

σζ was increased. Similarly, the variations in the coupling

coefficient affected the standard deviation of power only for

low values of σω , as observed from Figure 9c. Thus, it was

realized that the variability in the natural frequency has a

pronounced effect compared to the variability in the damping

and coupling coefficients.
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Figure 10. Effect of tuning methods on the potential function of

the system. Frequency tuning of the harvester can change the

linear potential function of the system into nonlinear

mono-stable or bi-stable potential function.

Major limitations of these harvester designs are the

lack of tunability, poor off-resonance and low frequency

excitation response. For an exemplary energy harvester, it

should overcome these limitations without compromising

on the scale, simplicity of design, and harvested energy

density. The most dominant drawback of the linear resonant

harvester is the narrow frequency bandwidth over which

the average power is harvested. Many researchers have

presented various frequency tuning methods to improve the

effective bandwidth of the linear PEH. Tuning methods

may also introduce nonlinear stiffness into the harvester.

The resonance frequency tuning can be achieved using

mechanical methods (Leland and Wright, 2006; Eichhorn
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et al., 2008; Hu et al., 2007b; Morris et al., 2008; Loverich

et al., 2008; Wu et al., 2008; Shahruz, 2006), magnetic

methods (Challa et al., 2008; Reissman et al., 2009; Zhu

et al., 2008), and piezoelectric methods (Wu et al., 2006;

Peters et al., 2009; Roundy and Zhang, 2005). It was

shown that, using the mechanical methods, up to 98%

frequency tuning in the range of 50–230 (Hz) is achievable.

Also, using magnetic and piezoelectric methods, a tunability

of 37% and 30% was achieved, respectively. Soliman

et al. (2009) developed a piecewise-linear oscillator for

the electromagnetic harvester. Their architecture included

a mechanical stopper due to which the stiffness of the

system increases after certain amount of deflection. These

and several other methods for resonance frequency tuning

were reviewed in (Zhu et al., 2009; Tang et al., 2010;

Ibrahim and Ali, 2012). The effect of tuning methods on the

potential well of the system can be visualized from Figure

10. Tuning of a linear harvester may introduce hardening or

softening nonlinearities depending on the tuning approach

used. Accordingly, a hardening or softening nonlinear mono-

stable potential may govern the response of the harvester.

Moreover, some tuning methods may also impart the bi-

stability to the systems potential as shown in Figure 10.

3.2 Exploiting Nonlinearities to Improve the

Frequency Bandwidth

In the previous subsection, we discussed about few

linear harvester models along with their limitations. Various

resonance tuning methods were suggested to overcome

these limitations to some extent. However, a tuned

harvester is essentially a resonant harvester and it doesn’t

offer broadband frequency-response. While studying the

resonance tuning using the magnetic methods (Challa et al.,

2008; Zhu et al., 2008), it was observed that the introduction

of nonlinear stiffness improved the broadband response of

the harvester. Broadly, nonlinear stiffness can be considered

to emanate from the geometric nonlinearity of the structure

(Friswell et al., 2012), nonlinearities in the piezoelectric

behavior (Stanton et al., 2010a; Triplett and Quinn, 2009),

and nonlinearities caused by the nonlinear restoring forces

(Loverich et al., 2008; Erturk et al., 2009). A harvester with

nonlinear stiffness may possess a potential well represented

as nonlinear mono-stable, bi-stable, or tri-stable, as described

in Figure 4. A good review discussing about eight major

types of nonlinear vibration energy harvesting approaches

was recently presented by Jia (2020). Various nonlinear

vibration principles such as Duffing nonlinearity, bi-stability,

parametric and stochastic resonances were explained along

with the application specific guidance in their review article.

The following text briefly describes about how a nonlinear

potential assists in improving the broadband frequency

bandwidth of a harvester.

The PEH should undergo large deflections as admitted

by the elastic limit to induce higher strains and harvest

maximum energy. The multi-stable potential configurations

such as bi-stable, tri-stable, etc., can undergo large

displacement oscillations. The oscillations about non-zero

equilibrium positions, known as the intrawell oscillations,

induce strains with non-zero mean value, which may

improve the electrical output to some extent. However,

in order to further enhance the harvested output, the

oscillations between the stable equilibrium positions, known

as the interwell oscillations, are desired. These interwell

oscillation can be observed in case of the multi-stable

potential wells when excited with sufficiently high external

excitation. Therefore, a harvester with nonlinear stiffness

posses inherent dynamic characteristics that may result in

large displacement oscillations, boosting the energy output

compared to the linear harvester. Moreover, oscillations

about different stable equilibrium positions have different

natural frequencies, which means that the intrawell,

interwell, and mixed oscillations occur over a range of

frequencies. Now, as we know how a nonlinear potential

aids in increasing the frequency bandwidth of the PEH,

we discuss each of the nonlinear configurations mentioned

above in the following subsections.

3.3 Nonlinear Mono-stable Configurations

3.3.1 Dynamic Behavior of Nonlinear Mono-stable

Configurations

A nonlinear mono-stable potential can be expressed

by Eq.(10) in the dimensionless form and corresponding

nonlinear restoring force can be expressed as Fnlm = K1u+
K3u

3. Here, subscript nlm stands for nonlinear mono-

stable, K1 = 1 represents the linear stiffness coefficient

and K3 represents the cubic nonlinearity coefficient. The

nonlinearity introduced by K3 is of a hardening nature for

K3 > 0 and of a softening nature for K3 < 0. This effect of

the cubic nonlinearity coefficient K3 on the potential well

is illustrated in Figure 11a. In either cases, the nonlinear

potential has a single stable equilibrium position at u = 0,

marked by a solid green circle. However, for a softening case,

two more unstable equilibrium positions, called as saddle

points, appear on the either sides of the stable equilibrium

position. These saddle points are marked by the hollow red

circles in Figure 11a.

Unlm(u) =
1

2
K1u

2 +
1

4
K3u

4 (10)

The phase-portrait diagram, without external forcing and

ζ = 0.04, for a softening type of nonlinear mono-stable

potential configuration (K3 = −1), is shown in Figure 11b.

It can be verified that the stable equilibrium position, marked

by a solid green circle at u = 0, is a stable spiral and the

two unstable equilibrium positions, marked by the hollow red

circles, are saddle points (Strogatz, 1994). The stable (yellow

and cyan colored arrowheads) and unstable (orange, green,

and dark gray colored arrowheads) manifolds of both the

saddle points are obtained using the backward and forward

integration in time, respectively. The basins of attraction,

which are shown in the green, blue, and yellow colors,

correspond to the stable spiral, left saddle, and right saddle

points, respectively. The trajectories whose initial conditions

fall into the green colored basin have bounded solutions

that will reach the stable fixed point. On the other hand,

the trajectories whose initial conditions fall into the blue or

yellow colored basins, i.e. the basins of the saddle points,

have unbounded solutions that will go further away with

in time. The phase-portrait diagrams of the linear (K3 =
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Figure 11. (Color online) (a) Non-dimensional (ND) potential wells of the hardening and softening type of nonlinear mono-stable

configurations along with the linear configuration. The solid green circle at u = 0 represents the only stable equilibrium position and

the hollow red circles represent the saddle points of the softening type of potential well. (b) The phase-portrait diagram for a

softening type (K3 = −1) of nonlinear mono-stable potential well in (u, u̇) space, showing the stable spiral, left, and right saddle

points. The corresponding basins of attraction are shown in the green, blue and yellow colors.(c) The steady-state frequency

response curves corresponding to the potential wells shown in Figure 11a, depict the skew of the resonance peak and non-unique

solution branches. The stable solution branches are drawn by the solid lines and the unstable solution branch is drawn by a dashed

line.

0) and the hardening type (K3 > 0) nonlinear mono-stable

harvesters shall depict only a stable spiral at u = 0 and all

the trajectories will have bounded solutions that will reach

the stable fixed point.

The frequency-response curves corresponding to the

nonlinear mono-stable potential wells, shown in Figure 11a,

are presented in Figure 11c. As an effect of hardening or

softening nonlinearities, the resonance peak skews towards

right or left, respectively, in comparison with the frequency-

response of the linear harvester with K3 = 0. This skew is

responsible for the widening of the frequency bandwidth

and the presence of non-unique solution branches for

certain range of excitation frequencies. As observed from

Figure 11c, a nonlinear mono-stable oscillator may have

either one or three solution branches over the range of

excitation frequencies. Out of the three solution branches,

the largest and smallest amplitude solution branches are

stable (represented by a solid line) and are known as

the resonant and non-resonant branches, respectively. The

middle solution branch is unstable (represented by a dashed

line). The frequencies at which the unstable solution

branch collides with the large and small amplitude stable

solution branches are known as the jump-down and jump-

up frequencies, respectively, and they also represent the

saddle-node bifurcation points (Nayfeh and Balachandran,

2004). The response characteristic of the nonlinear mono-

stable harvester are obtained for the excitations near primary

resonance (Ω ≈ 1). For a nonlinear potential with a cubic

nonlinearity, the subharmonic (Ω ≈ 3) and superharmonic

(Ω ≈ 1/3) resonances, which are also called as the secondary

resonances, also exist (Kovacic and Brennan, 2011).

When an oscillator is subjected to quasi-statically

increasing excitation frequency, its response follows the

resonant solution branch up to the jump-down frequency (the

higher saddle-node bifurcation point), at which the response

amplitude jumps down to the non-resonant solution branch.

Similarly, in case of the quasi-statically decreasing excitation

frequency, the response amplitude follows the non-resonant

branch up to the jump-up frequency (the lower saddle-node

bifurcation point), at which the response amplitude jumps up
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(a) (b)

Figure 12. (Color online) The numerical responses of the forward and reverse frequency sweep simulations (shown in blue and

green colors, respectively) for (a) the hardening (K3 = 5) and (b) the softening (K3 = −1) type of nonlinear mono-stable

configurations with (K1 = 1). The stable and unstable analytical frequency-response is superimposed over the numerical response.

The frequency-response of the linear harvester (K3 = 0) is plotted for comparing the amplitudes of the skewed resonance peaks in

the hardening and softening cases.

to the resonant solution branch. This behavior is illustrated

in Figure 11c. The numerical responses of the forward

and reverse frequency sweep simulations for a hardening

(K3 = 5) and softening (K3 = −1) type nonlinear mono-

stable configurations are presented in Figures 12a and

12b, respectively. For all these simulations, values of non-

dimensional forcing f = 0.0459, frequency sweep rate of

0.005 Hz/s, and damping ζ = 0.04 were considered. Also,

analytical frequency-response showing stable and unstable

branches are superimposed over the numerical response for

comparison purpose in Figure 12a and 12b. The analytical

response of the linear harvester is shown to impart the sense

of the decrease and increase in the amplitude of the skewed

peak in the hardening and softening cases, respectively

(Brennan et al., 2008). In the following text, we discuss

several models and studies related to the nonlinear mono-

stable configurations.

3.3.2 Models and Studies based on Nonlinear Mono-

stable Configurations

A commonly studied method to widen the frequency

bandwidth of the PEH is introducing nonlinear stiffness

using the permanent magnets in various arrangements. The

method is easy and does not require major reconfiguration

of the linear PEH. The effect of such nonlinearity on the

system’s performance was studied by several researchers

(Mann and Sims, 2009; Ramlan et al., 2010; Quinn et al.,

2011; Daqaq et al., 2014). Burrow and Clare (2007)

designed an electromagnetic energy harvester that uses

optimal magnetic material with varying reluctance and

magnetic force over the displacement range. Thus, the

varying reluctance forces combined with restoring forces

of the cantilever beam results in nonlinear compliance

characteristics (Burrow et al., 2008).

Quinn et al. (2007) presented numerical investigations

about the capability of energy harvester with an attachment,

based on essentially nonlinear elements. The arrangement,

shown in Figure 13a, comprised of a linear mechanical

oscillator with an essential cubic nonlinear attachment

(denoted by g(z, ż)) is known as Nonlinear Energy Sink

(NES) and it can passively engage in resonance with

multiple modes of the host system for a wide range

of excitation frequencies (Vakakis et al., 2003; Lee

et al., 2005b). Numerical response of such a system

was obtained under harmonic and band-limited excitation.

Under direct excitation, as depicted in Figure 13b, the

performance with the essential nonlinearity exceeded that

of the linear harvester by orders of magnitude for low

frequency excitation. However, the response of the nonlinear

harvester was observed to degrade beyond resonance as the

forcing amplitude was increased. For random band-limited

excitation, it was observed that the power generated by the

nonlinear oscillator exceeded the linear harvester by several

orders of magnitudes (refer Figure 7a in (Quinn et al., 2007)).

When the attachment was excited at a tuned frequency that

was lower than the natural frequency of the host system, the

performance of the linear and nonlinear harvester was found

comparable.

Mann and Sims (2009) designed a device in which the

magnetic restoring forces were used to levitate an oscillating

magnet at the center. A mathematical model was derived

considering the harmonic base excitation that resembled to

the Duffing type equation and the frequency response was

obtained using the method of multiple scales (Nayfeh and

Mook, 2004). The response of the system showed large

oscillations caused by nonlinear restoring forces over a

wide frequency range. Also, maximum power was generated

at a frequency away from the linear resonance frequency.

However, introduction of a hardening nonlinearity causes

widening of bandwidth in one direction only. Stanton et al.

(2009) presented a cantilevered harvester structure with a

tip magnet mass and another fixed magnet was attached

to the frame, with a possibility of bi-directional tuning of

resonance. This device was suitable for harvesting energy

from the excitation with slowly varying frequencies. In

their device, it was possible to tune the nonlinear magnetic
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Figure 13. (a) Schematic of an energy harvester with linear mechanical oscillator (ms) coupled with an attachment (ma), having

electrical damping (Ce) and nonlinear stiffness (Ka = K3). (b) The average power harvested by linear (dashed line) and nonlinear

attachment (solid line) under harmonic base excitation. Adapted from (Quinn et al., 2007).

interaction around the tip mass so as to impart hardening

or softening nonlinearity. It was observed that the increase

in the frequency bandwidth for the hardening response was

lesser than the softening response.

Barton et al. (2010) used electromagnetic transduction

mechanism with the high magnetic permeability materials.

This resulted in an improved coupling between mechanical

and electrical domains leading to better energy extraction.

The model was studied under pure harmonic and a narrow

band Gaussian white noise excitation. The model simulations

and experiments revealed the wide-band characteristics of

the harvester under pure harmonic and a narrow band

Gaussian white noise excitation. It was possible to further

increase the bandwidth using the varying resistive load. Also,

the presence of superharmonic resonances, another benefit of

such a nonlinear system, was observed as shown in Figure 14.

Figure 14. Occurrence of superharmonic resonances for

electromagnetic energy harvester with varying electrical loads.

Harvester response amplitude is shown at resonance peak in

multiple of excitation amplitude above each peak. Reproduced

from (Barton et al., 2010), Copyright © 2010, with permission

from AMSE.

Masana and Daqaq (2011a) proposed an axially loaded

beam harvester subjected to transverse excitation as

shown in Figure 15a. An electromechanical model was

developed using the EBT and incorporating nonlinear

strain-displacement relations. The governing equations were

derived using the Hamilton’s principle, considering the work

(a)

(b)

Figure 15. (Color online) (a) Representation of an axially

loaded beam harvester under transverse excitation. (b) Tuning

of first natural frequency with varying axial load. Reproduced

from (Masana and Daqaq, 2011a), Copyright © 2011, with

permission from AMSE.

done by non-conservative forces, namely, transverse external

excitation f(t), mechanical damping forces, external axial

force P , and in dissipating electrical energy into the resistive

load R. For simplification, terms such as longitudinal inertia,

flexural rigidity, and coupling terms that have negligible

influence compared with the axial rigidity, were neglected

and single-mode approximation was used. Only pre-buckling

configuration, i.e. without exceeding critical buckling load,

was considered to avoid debonding and depolarization of the

piezoelectric patch due higher stresses. Using the method

of multiple scales, the analytical expressions for the steady-

state response amplitude, the voltage drop across a resistive

load, and the output power were obtained. The tunability
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of harvester with varying axial load is shown in Figure

15b. It was concluded that the nonlinearity caused by the

application of axial load improves the frequency bandwidth

by enhancing the electromechanical coupling and also

facilitates the tuning effects.

Further, considering the fact that the ambient vibrations

can be multi-directional, Daqaq et al. (2009) presented

a lumped parameter nonlinear model for parametrically

excited cantilever beam with piezoelectric harvesting

circuit. Using multiple scales method, the authors obtained

approximate analytical expressions for the steady-state

beam deflection, voltage drop, and output power. Also, the

effects of the electromechanical coupling coefficient θ, load

resistance R, and excitation amplitude F on the output

power were studied. Unlike in the case of directly excited

cantilever beam, where the beam oscillates even for the small

excitation amplitudes, parametrically excited beam oscillates

only when the forcing exceeds a critical forcing Fcr. This is

because the non-trivial solution for the response amplitude

exists only for certain range of excitation amplitudes and

frequencies. It was observed that the range of detuning

parameter σ, which represents the nearness to the resonance

frequency, decreases as the coupling coefficient θ increases.

Thus, a critical value of coupling coefficient was identified.

Parametric excitation through external forcing, also

known as heteroparametric excitation, required a threshold

acceleration level to activate parametric resonance, thus

making it inconvenient for practical harvesting applications.

In this regard, Jia et al. (2012) have extensively investigated

the ways to overcome the initiation threshold amplitude

using various design approaches (Jia et al., 2013) and passive

techniques (Jia et al., 2014). Further, a multi-DOF compound

resonator exhibiting autoparametric resonance was explored

by Jia and Seshia (2014); Jia et al. (2018) for amplification

of low amplitude excitations and was found more useful as it

lowered the initiation threshold.

The nonlinear harvester configurations discussed above

are based on the mono-stable Duffing oscillator equation

with hardening or softening characteristics. Daqaq (2010)

studied the response of such uni-modal Duffing type har-

vesters under white Gaussian and colored random excitations.

An electromagnetic harvester with nonlinear restoring force

Fnl = x+ βx3, with β > 0 as the stiffness nonlinearity

coefficient, was considered. Analytical expressions were

presented for the expected value of the mean square velocity,

mean square current, and the expected value of power under

Gaussian white excitations. The mean output power was

unaffected by the variations in stiffness nonlinearity, but, it

was affected by the electromechanical coupling coefficient,

excitation spectral density, and effective damping of the

system. Thus, to improve the mean output power, it was

suggested to explore other types of nonlinearities such as

nonlinearities that depend on velocity, displacement and

velocity together (i.e. damping type nonlinearities), and iner-

tia nonlinearities.

Subsequently, approximate expressions using Van Kam-

pen expansion (Rodrı́guez and Kampen, 1976) were pre-

sented to obtain the response of the harvester under colored

or narrow-band excitations. It was realized from Figure 16a

that for large value of excitation bandwidth γ, as that of white

noise excitations, when excitation’s center frequency was

equal to the natural frequency of the harvester (ωc = ωn), the

mean square velocity and hence the power output were not

influenced by the variations in the nonlinearity (represented

by β). However, the output power decreased as nonlinearity

was increased for smaller bandwidths. Thus, for the colored

excitations, nonlinearity reduces the performance of the

harvester for ωc = ωn and best performance was achieved by

the linear case with β = 0. Moreover, it can be noted from

Figure 16b, that the performance of the harvester increases

with ωc for a constant value of the nonlinearity coefficient

β. Tuning of the harvester above their natural frequencies

with hardening type stiffness nonlinearities improved the

performance. However, compared to the linear harvester

with β = 0 and ωc = ωn, the maximum value of the power

obtained for the nonlinear harvester with β = 0.5 and β = 1
at optimal ωc was found to be 5.5 and 7.5 times lower,

respectively. Thus, it was concluded that, the stiffness type

of nonlinearities reduce the performance of the harvester

subjected to colored excitations with different bandwidths

and excitation’s center frequencies.

As realized while discussing the dynamic behavior of

the nonlinear mono-stable harvesters, there exist two stable

and one unstable solution branches over certain range of

excitation frequencies. Out of the two stable solutions, the

large amplitude or resonant branch of solutions produces

higher power output. However, in practical conditions the

ambient excitations being purely random in nature seldom

attain the large amplitude solution, unless the excitations

have sufficiently high amplitude. Although, several studies

regarding the response of nonlinear harvesters under random

excitations have confirmed the enhancement in the frequency

bandwidth, the mean power produced was relatively lower

than that of the linear harvesters and nonlinear harvesters

under harmonic excitation (Quinn et al., 2007; Mann and

Sims, 2009; Stanton et al., 2009; Barton et al., 2010; Daqaq,

2010). The reason for such an inferior performance of the

nonlinear harvester can be attributed to the inability of the

device to attain and sustain the large amplitude solution.

Sebald et al. (2011b) suggested a method called Fast Burst

Perturbation (FBP) to facilitate the displacement jump from

the small amplitude solution to the large amplitude solution,

using external adapted excitation comprised of the pulses of

voltage or current. A dimensionless lumped parameter model

was presented with three independent variables, namely,

mechanical quality factor, electromechanical coupling,

and electrical loading reduced time constant. Harmonic

balance method (HBM) was used to solve the coupled

electromechanical model and obtain the frequency response

of the harvester. The frequency response curves for a

nonlinear harvester under varying electrical loading are

shown in Figure 17a. It was observed that, except for

open and close circuit conditions with extreme values

of electrical loading, the jump occurs at low frequencies

for non-extreme values of electrical loading due to high

value of electromechanical coupling k2. For low values

of the electromechanical coupling factor, the displacement

amplitude b0 was observed to be independent of the

electrical loading. The maximum normalized output power

Pmax norm, corresponding to an optimum value of electrical
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(a) (b)

Figure 16. Effect of nonlinearity coefficient β on the mean square velocity for (a) different values of excitation bandwidth γ when

ωc = ωn = 1 and for (b) different values of excitation center frequency ωc when γ = 1. Reprinted from (Daqaq, 2010), Copyright ©

2010, with permission from Elsevier.

(a) (b)

Figure 17. (a) Frequency response showing displacement amplitude (b0) normalized with excitation amplitude (a0) with model

parameters a0 = 0.1, and k2 = 20%. The results of various electrical loading cases ranging from γ = 0.01 to 100 are represented by

different curves. (b) The variation of the maximum normalized output power Pmax norm with frequency for excitation levels

a0 = 10−3, 10−2, 10−1 and k2 = 5%. Reproduced from (Sebald et al., 2011b) with permission. © IOP Publishing. All rights

reserved.

loading, was observed to be independent of the excitation

amplitude a0, as can be seen in Figure 17b. Similarly, the

Pmax norm converged to a constant value for large values

of the coupling factor k2, indicating the limit of maximum

power that can be harvested. Thus, similar power output

as that of the linear case, but with the increased frequency

bandwidth was achieved in this study.

The harmonic balance solution provided information

about the two stable solutions at a given frequency, but how

to attain these solution was unclear. Using the sweep this

was addressed. When excited with a sine excitation in the

tri-valued solution region, the FBP was applied to cause the

steady-state solution jump from a lower solution state to a

higher solution state. It was noted that there exists a limiting

value of frequency above which no increase in the FBP

amplitude produces the jump to a higher solution. Further,

it was shown that the FBP can also be applied through

electrical voltage on the piezoelectric element. The energy

spent during the electrical voltage burst could be recovered

back after few oscillations of higher state solution. It was

shown that the FBP aids in attaining the large amplitude

solution, but the jump phenomenon was not assured every

time and the events of switching back to the lower solution

state were also observed as the time progressed. Moreover,

energy gain was lower for the broadband noise signal

compared to the colored noise signal, suggesting that the

FBP technique was most suited for the narrow-band or

colored noise excitation with moderate amplitude of the FBP.

In (Sebald et al., 2011a), authors presented an extended

model considering the nonlinear losses along with exper-

imental results. Experiments with the harmonic excitation

with 1g amplitude have shown that the linear harvester

produced the maximum power of 2.2 mW with a half-power

bandwidth of 1.4%. Conversely, the nonlinear harvester reg-

istered a maximum power of 0.92 mW with a half-power

bandwidth of 7.75%. Further, the performance of linear

harvester was better than the nonlinear harvester in the region

where the application of the FBP was not possible. However,
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the nonlinear harvester was found more suitable due to its

wide-band characteristics for the narrow-band noise as well

as the harmonic excitation along with the FBP method.

A comparison among the modeling approaches, such as

the nonlinear distributed parameter model using Galerkin

discretization, classical mode shapes, lumped parameter

model, and the experiments was presented by Abdelkefi

and Barsallo (2014). Now, as we have gone thorough

various studies and realized about several characteristics of

the nonlinear mono-stable configuration, we discuss further

about the nonlinear restoring forces causing the bi-stability.

3.4 Bi-stable Potential Well Configuration

3.4.1 Dynamic Behavior of Bi-stable Potential Well

Configuration

A bi-stable potential well configuration can be expressed

in the dimensionless form by Eq.(11) with a nonlinear

restoring force of the form Fbi = −K1u+K3u
3. Here,

the negative linear stiffness coefficient (K1 < 0) imparts a

softening behavior near u = 0, which is countered by the

cubic nonlinearity coefficient (K3) of a hardening nature for

larger values of u. The resulting potential well configuration

has two wells that are separated by a potential barrier B0 =
K1

2/4K3, as shown in Figure 18a. Such a potential function

has three equilibrium positions, an unstable equilibrium

position (a saddle point) at u = u0 = 0 along with the two

stable equilibrium positions at u = u1,2 = ±
√
K1/K3, and

therefore known as the bi-stable potential well configuration.

As illustrated in Figure 18a, for K1 = −1, as the cubic

nonlinearity coefficientK3 increases, the potential barrierB0

and the distance between two stable equilibriaW0 decreases,

creating shallower potential wells.

Ubi(u) = −1

2
K1u

2 +
1

4
K3u

4 + C0 (11)

The phase-portrait diagram, without external forcing and

ζ = 0.04, for a bi-stable potential configuration with K1 =
−1 and K3 = 1, is shown in Figure 18b. It can be verified

that the stable equilibrium positions, marked by the solid

green circles at u = u1,2 = ±1, are the stable spirals and

an unstable equilibrium position, marked by a hollow red

circle at u = u0 = 0, is a saddle point. The stable (yellow

and cyan colored arrowheads) and unstable (orange and

green colored arrowheads) manifolds of the saddle point are

obtained using the backward and forward integration in time,

respectively. The basins of attraction, which are shown in

the green and peach colors, correspond to the left and right

stable spirals, respectively. Unlike the case of softening type

of nonlinear mono-stable potential as shown in Figure 11b,

all the trajectories with an initial condition in (u, u̇) space

have bounded solutions that will reach either of the stable

fixed points forward in time.

An oscillator with a bi-stable potential well (hereafter

called as the bi-stable oscillator) may exhibit intrawell, or

interwell (or cross-well), or a blend of both the oscillations,

depending on the strength of the external excitation. Under

the low strength excitation, the intrawell oscillations (IW)

with a softening type of frequency response are observed

due to the negative linear stiffness coefficient K1 (Kovacic

and Brennan, 2011; Stanton et al., 2012). As the excitation

strength increases sufficiently to overcome the potential

barrier B0, both the intrawell (IW) and interwell (CW)

oscillations can be observed. Such a nonlinear oscillator

with a bi-stable potential exhibits variety of phenomenons

related to the nonlinear dynamics. Based on the frequency

and amplitude of the external excitation, both the intrawell

and interwell oscillations may follow periodic, chaotic or

co-existing attractor solutions (Nayfeh and Balachandran,

2004). Such an enriched nonlinear dynamical behavior of

the bi-stable oscillator can be visualized through Figure

19, in which the non-dimensional numerical frequency and

amplitude sweep responses of the bi-stable oscillator with

K1 = −1 and K3 = 1 are presented.

The numerical forward and reverse frequency sweep

responses of the bi-stable oscillator, under the harmonic

excitation with an amplitude A = 35 m/s2, is shown in

Figures 19a and 19b, respectively. In the low excitation

frequency region (Ω ≈ 0 to 0.8), both the forward and

reverse sweep responses exhibit chaotic (CH) and period-

1 interwell (1P CW) oscillations. This is followed by a

hardening type of large-orbit period-1 interwell oscillations

(1P CW) up to Ω ≈ 1.3. In the frequency region Ω ≈ 1.3
to 2.3, in addition to the large-orbit period-1 interwell (1P

CW) oscillations, the period-5 interwell (5P CW), chaotic

(CH), and period-1 intrawell (1P IW) oscillations co-exist.

In the frequency region Ω ≈ 2.3 to 3.25, the period-3

interwell oscillations (3P CW) are observed during the

forward frequency sweep simulation, whereas the period-2

intrawell (2P IW) oscillations are observed after a period

doubling bifurcation (pd), during the reverse frequency

sweep simulation.

The numerical forward and reverse amplitude sweep

responses of the bi-stable oscillator, under the harmonic

excitation with the forcing frequency of ω = 6 Hz, is

shown in Figures 19c and 19d, respectively. The forward

amplitude sweep response shows the mixed periodic and

chaotic intrawell oscillations (Mixed IW) and a period

doubling (pd) bifurcation at A ≈ 31 m/s2. This response

is followed by the chaotic (CH) oscillations in the region

A ≈ 35 to 40 m/s2. Similarly, the reverse amplitude sweep

response shows the chaotic (CH), period-2 intrawell (2P IW)

and the mixed intrawell (Mixed IW) oscillations. Finally,

it is to be noted that the numerical sweep responses are

presented here so as to provide a glimpse of the vivid

and enriched nonlinear dynamical behavior of the bi-stable

oscillator under various excitation scenarios. Now, in the

following text, several models and studies related to the bi-

stable potential configuration are discussed.

3.4.2 Models and Studies based on Bi-stable Potential

Well Configuration

The class of nonlinear harvesters based on the bi-stable

Duffing oscillator equation has been explored widely in

the literature. We begin the discussion with a piezoelectric

inverted pendulum model with a tip magnet (Cottone et al.,

2009). The ground vibration force was imitated by a

magnetic excitation produced by two small magnets attached

near to the base of the pendulum. An external magnet, having

opposite polarity as that of the tip magnet, was fixed on
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Figure 18. (Color Online) (a) The effect of the cubic nonlinearity coefficient K3 on the potential barrier B0 and the distance

between two stable equilibria W0, for K1 = −1 is illustrated here. The stable and unstable equilibrium positions are marked by the

solid green circles and a hollow red circle, respectively. (b) The phase-portrait diagram for a bi-stable potential case with K1 = −1
and K3 = 1 in (u, u̇) space, showing the two stable spirals at u = ±1 and a saddle point at u = 0. The basins of attraction of the

two stable fixed points are shown in the green and peach colors.

the frame just opposing the tip magnet with a certain gap

distance ∆. It was shown that the dynamic behavior of the

system was affected by the distance ∆. When the distance

∆ was more than a critical distance ∆c (i.e. ∆ > ∆c), the

system possessed a mono-stable potential with only one

equilibrium point at trivial position. For ∆ < ∆c, two new

symmetric equilibrium positions were observed as shown in

Figure 20a, transforming the mono-stable potential into a

bi-stable potential at ∆c. A pronounced barrier between the

two symmetric wells of the bi-stable potential was observed

for ∆ values smaller than ∆c (i.e. ∆ << ∆c). When the

system was subjected to the Gaussian random excitation, the

barrier confined the quasi-linear oscillations of the pendulum

within one of the wells and the performance of the harvester

was comparable to a linear harvester. For the values of

∆ near to ∆c, but lower than ∆c, the RMS displacement

Xrms attained its maximum value as shown in Figure 20b.

In this condition, the pendulum showed highly nonlinear

behavior with noise assisted interwell jumps, causing the

large amplitude displacements. Thus, it was realized that

the bi-stable potential can significantly improve energy

harvesting performance of the oscillator.

Ũ(x) = −1

2
ax2 +

1

4
bx4 (12a)

bM =
a2

4D log τp
(12b)

However, Gammaitoni et al. (2009) shown that the

analysis presented in (Cottone et al., 2009) is a special

case of a more general behavior. The improvement in the

performance of the nonlinear oscillators is not only peculiar

to the bi-stable potential case, but also applicable for the case

of the nonlinear mono-stable or other multi-stable potential

configurations. In their model, a quartic bi-stable potential

Ũ(x) was considered for analysis, as given by Eq.(12a), in

which a and b are linear and nonlinear stiffness coefficients,

respectively. The potential Ũ(x) becomes mono-stable and

bi-stable for a ≤ 0 and a > 0, respectively. The system was

subjected to the random forcing with Gaussian distribution,

having zero mean and unitary standard deviation. It was

observed that the maximum value of the RMS voltage

(Vrms) was recorded in the bi-stable region with a > 0,

instead of the mono-stable region with a ≤ 0. In the bi-

stable region, the oscillator motion was comprised of the

intrawell (IW) and interwell (CW) oscillations as reported in

(Cottone et al., 2009). The average rate of large amplitude

random crossings during the interwell oscillations, which

is also known as the Kramer’s rate (Kramers, 1940), is

proportional to exp (−∆U/D). Here, D = σ2τ represents

the noise intensity and τ is the time constant. The value

of b for maximizing the Vrms for a given noise intensity

was given by Eq.(12b). Thus, with a fixed value of b =
bM , the maximum of Xrms and Vrms were functions of

a only with a > 0. Also, in order to verify whether the

bi-stability condition was the only necessary condition for

such a performance improvement, a mono-stable potential

function of the form Ũ(x) = ax2n was considered with a >
0 and n = 1, 2, .... It was observed that, for the values of a
greater than a threshold value ath, the nonlinear mono-stable

potential exhibited improved performance than the linear

mono-stable case. Thus, it was concluded that the benefits of

the nonlinearity are not only limited to the bi-stable systems,

but also are applicable to the nonlinear mono-stable systems

with carefully selected nonlinearity coefficients.

The research discussed above and few other studies

(Shahruz, 2008; Mann and Owens, 2010; Tang et al.,

2012) have shown that, implementing nonlinear potential

to improve the broadband characteristic of a harvester

over frequency tuning methods is sensible and effective.

Continuing further exploration in this regard, Erturk et al.

(2009) used a well known magneto-elastic oscillator

configuration, the Moon and Holmes beam (Moon and

Holmes, 1979). Such a bi-stable configuration has a sixth

order magneto-elastic potential and it exhibits strange

attractor motion. A lumped parameter, Duffing type

electromechanical equation similar to Eq.(4) was considered.
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Figure 19. (Color Online) (a, b) The non-dimensional numerical forward and reverse frequency sweep responses of the bi-stable

oscillator under the harmonic excitation with an amplitude level of A = 35 m/s2. Here, nP and CH implies the period-n and chaotic

oscillations, respectively. The intrawell and interwell oscillations are denoted by IW and CW, respectively. A period doubling

bifurcation point is denoted by ‘pd’. (c, d) The non-dimensional numerical forward and reverse amplitude sweep responses of the

bi-stable oscillator under the harmonic excitation with a forcing frequency of ω = 6 Hz. In (c), the magnified inset view depicts the

mixed periodic and chaotic intrawell oscillations (Mixed IW). In (d), the magnified inset view depicts the period-2 intrawell (2P IW)

oscillations in between the chaotic (CH) oscillations. In all figures, the orange and yellow colored dots belong to the stroboscopic

bifurcation map of the numerical forward and reverse sweep responses, respectively.

(a) (b)

Figure 20. (a) Variation of potential function U(x) of the inverted pendulum for different values of the gap distance ∆. (b) Variation

of the RMS displacement Xrms of the oscillator with the distance ∆ for three different levels of the standard deviation of the

externally applied noise excitation σ. Reprinted figures with permission from (Cottone et al., 2009), Copyright © 2009 by the

American Physical Society. https://doi.org/10.1103/PhysRevLett.102.080601
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The nonlinear restoring force corresponding to the bi-stable

potential was given as Fnl = − 1

2
u(1− u2), which ensured a

unit value for the linearized dimensionless natural frequency

of the intrawell oscillations about the two stable equilibrium

positions. The numerical voltage response showed the

chaotic oscillations, which later transformed into the large

amplitude periodic interwell oscillations as a result of the

increment in the forcing amplitude or by an impulse imparted

with a nonzero velocity initial condition. This observation

revealed that a system under low strength external excitations

and having chaotic motion can be pushed into the large

amplitude periodic orbit by applying a small impulse

condition.

Subsequently, the broadband frequency response of the

piezo-elastic structure (without the base magnets), with

a linear mono-stable potential, was compared with the

response of the piezo-magneto-elastic structure with a bi-

stable potential function. Both the configurations were

studied under the similar base excitation amplitude of 0.35g
and the frequencies ranging from 4.5−8 Hz. It was observed

that (see Figure 21), for the frequencies lower than 10.6

Hz (the post-buckled natural frequency of the bi-stable

case), the RMS voltage output of the piezo-magneto-elastic

configuration was up to three times higher than that of

the piezo-elastic configuration. On the contrary, the piezo-

elastic configuration showed higher RMS voltage output

only near its resonance frequency of 7.4 Hz. Thus, an

order of higher power output was harvested using the piezo-

magneto-elastic structure over a wider frequency range.

Additionally, in (Erturk and Inman, 2011) a brief discussion

on other transduction mechanisms, namely, electrostatic,

electromagnetic, and magnetostrictive, based on the bi-stable

magneto-elastic structure was presented.

Figure 21. (a) Input excitation in the form of RMS acceleration

of 0.35 g applied at various frequency values. (b) RMS voltage

output from the harvesters under open-circuit condition, for

various excitation frequency values. Reproduced from (Erturk

et al., 2009), with the permission of AIP Publishing.

A distributed parameter model based on the EBT for a

discontinuously laminated piezoelectric cantilever beam was

presented by Stanton et al. (2010b). The cantilever beam

was attached with a tip magnet mass, opposite to which a

permanent magnet was fixed to the frame. As the distance s

between the tip magnet and the fixed magnet was varied, the

linear potential of the device was transformed into a bi-stable

potential, as a result of the saddle-node bifurcation (Nayfeh

and Balachandran, 2004; Strogatz, 1994). A discretization

strategy that involved superpositioning of the beam mode

shapes was used to model the cantilever beam whose partial

length was laminated. The piezoelectric bimorph laminates

covering the partial length of the beam were connected

in series connection modes (Koplow et al., 2006; Stanton

and Mann, 2010). The superpositioned mode shape was

then substituted in the energy formulation to obtain the

Lagrangian functional (Hagood et al., 1990; Wang and Cross,

1999), following which coupled electromechanical equations

were derived using the Euler-Lagrange conditions (Lanczos,

2012), considering the dynamics of the first mode shape only.

Subsequently, using the forward and reverse frequency

sweep (0−20 Hz) and amplitude sweep (0− 30 m/s2)

simulations, as discussed in section 3.4.1, various nonlinear

dynamical characteristics of the bi-stable harvester such as

periodic, multi-periodic, chaotic and co-existing attractor

motions were illustrated thoroughly. The methods of

mechanical and electrical impulses were suggested to

achieve the transition from the chaotic or low amplitude

periodic attractor to the high amplitude periodic attractor for

improved power harvesting. For large number of periods,

the average power over one forcing period was given by

Eq.(13). Here, k denoted the number of periods and T =
2π/Ω denoted an oscillation period. Eq.(13) was solved for

sufficient number of periods to achieve the convergence to

the average value of the power. It was observed that the

average power harvested in chaotic motion was more than

that harvested in periodic motion, as shown in Figure 22a.

P̂ =
1

kT

∫ kT

0

V (t)

RL

dt (13)

The effect of varying separation distance s on the

nonlinear response of harvester was also reported. When

the fixed magnet was pushed towards the tip magnet, the

voltage response was observed to be superior over a range

of separation distances, compared to the case in which the

fixed magnet was drawn away from the tip magnet. Further,

symmetry breaking bifurcations were identified using the

experiments, instead of the perfect pitchfork bifurcations

as shown in Figure 22b. The experimental imperfections

were attributed for this deviation, which included small

magnet misalignment, dipole model assumption, and other

uncontrollable errors.

Next, Masana and Daqaq (2011b) presented a relative

performance study on the mono-stable and bi-stable potential

configurations of a axially loaded beam harvester (similar

to the one used in (Masana and Daqaq, 2011a)), subjected

to harmonic excitations. The system has a mono-stable

potential in the pre-buckling configurations and a bi-stable

potential in the post-buckling configurations. When both

the configurations were tuned at the primary resonance

frequency of f0 = 65 Hz (i.e. relatively deeper potential

wells as shown in Figure 23b), the bi-stable harvester

performed better only when the excitations were sufficiently

large to cause the interwell oscillations. Although, the bi-

stable design exhibited large amplitude chaotic and periodic
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(a) (b)

Figure 22. (a) Plot explaining the method of convergence to the average power value over the number of periods N . The flat line

represents the convergence of the period-5 oscillation and the wavy line represents the convergence of the chaotic oscillations. (b)

The occurrence of symmetry breaking bifurcation with distance s as the bifurcation parameter. Stable and unstable theoretical

solutions are represented by solid and dashed lines, respectively. Experimental equilibrium positions are represented by hollow

circles. Reprinted from (Stanton et al., 2010b), Copyright © 2010, with permission from Elsevier.

Figure 23. Plot of the potential energy function of the axially loaded beam harvester for the frequencies (a) f0=45 Hz and (b)

f0=65 Hz. The bi-stable and mono-stable cases are represented by the solid (black) line and the dashed (orange) line, respectively.

The solid (black) circles represent the stable equilibrium positions of the bi-stable potential well. Reprinted from (Masana and

Daqaq, 2011b), Copyright © 2011, with permission from Elsevier.

response for a certain range of excitation frequencies, in

overall sense, the performance of the mono-stable harvester

was found to be consistent with the periodic motion.

However, when both the designs were tuned at f0 = 45
Hz (i.e. shallow potential wells as shown in Figure 23a),

the interwell oscillations were observed for the bi-stable

harvester even with the lower excitation levels. Still, the

performance of both the configurations were comparable due

to the similarities in the shape of the potential functions.

Due to the presence of secondary (sub/super harmonic)

resonances, the bi-stable design performed better in the

vicinity of these resonances. For higher excitation levels,

the bi-stable design exhibited a combination of the chaotic,

periodic, and multi-periodic responses in the presence of

primary and secondary resonances, and hence outperformed

the mono-stable harvester. Therefore, it was concluded that

the mono-stable and bi-stable designs with shallow potential

wells are suitable for the low strength excitation levels. On

the other hand, the bi-stable design with deeper and widely

separated wells is preferred under high excitation amplitude

levels with lower frequencies.

McInnes et al. (2008) proposed a nonlinear harvester

model based on the stochastic resonance phenomenon, in

order to enhance the performance of a bi-stable harvester.

The stochastic resonance is observed, when a weak periodic

input signal is assisted by some noise signal, enhancing

the output signal of the system. External excitation should

have sufficient strength to overcome the potential barrier, so

that the interwell oscillations take place to generate more

energy. The probability of the crossings of the potential

barrier for a randomly excited system is determined by the

Kramer’s rate (rk) (Kramers, 1940). For a system subjected

to a noise excitation, if the height of the potential barrier

can be controlled using a weak periodic signal, such that the

average time (1/rk) of the noise driven interwell transitions

synchronizes with the half period of the periodic signal, the

interwell transitions would occur frequently, leading to the

stochastic resonance. Thus, the noise input actually enhances

the weak periodic forcing and the output signal of the system
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(a) (b)

Figure 24. (a) A clamped-clamped beam model in the post-buckled condition was represented by a single DOF beam model with a

single lumped mass and the spring-damper system. The distance A− A
′

was controlled using the periodic frequency ω. (b)

Variation of the bi-stable potential well of the system due to the weak periodic forcing at different time instances. The model

parameters are µ = 1 and forcing amplitude η = 0.7. Reprinted from (McInnes et al., 2008), Copyright © 2008, with permission

from Elsevier.

(a) (b) (c)

Figure 25. Response of a tuned system ω = 1.2, showing the stochastic resonance with the forcing amplitude of (a) η = 0.7, (b)

η = 0. (c) Plots of the energy output from the system with η = 0.7 and η = 0 are indicated by the solid and dashed lines,

respectively. Reprinted from (McInnes et al., 2008), Copyright © 2008, with permission from Elsevier.

is amplified. Of course, the net input provided to the system

has increased, but there is a significant improvement in the

harvested power output of the system. A thorough discussion

on the stochastic resonance with several applications can be

found in (Gammaitoni et al., 1998).

The model presented by McInnes et al. (2008) consisted

of a beam clamped at both the ends in the post-buckled

conditions (see Figure 24a), resulting in a system with a

bi-stable potential. The weak periodic axial forcing caused

the compression and relaxation of the beam, leading to the

controlled variation of the potential barrier height. This beam

was then excited with a noise excitation Q(t) = f(X(t)),
causing the stochastic resonance. The time dependent bi-

stable potential U(u, t) of the beam was given by Eq.(14), in

which u represented the dimensionless position coordinate,

µ was used as a measure of the compressive load, η and

ω represented the amplitude and the frequency of the weak

periodic forcing, respectively. Figure 24b shows the plot of

U(u, t) at various time instances. The noise excitation Q(t)

emulated the noise signal from a single cylinder engine,

which was composed of several harmonics summed along

with a strong white noise component, having zero mean and

unit variance.

U(ξ, t) = −1

2
µ(1− ηcos(ωt))u2 +

1

4
u4 (14)

The Kramer’s rate can be used to determine the

periodic forcing frequency which is required to instigate

the stochastic resonance phenomenon. When subjected to

a noise excitation, the response of such a tuned system

(with ω=1.2, η=0.7, and µ=1) exhibiting the stochastic

resonance is shown in Figure 25a. The system exhibits

poor performance in the absence of the periodic forcing

(η = 0) (and hence the stochastic resonance), as shown in

Figure 25b. Figure 25c shows the comparison of the net

energy output of the system with and without the periodic

forcing. Thus, the benefits of the stochastic resonance to

enhance the performance of a bi-stable energy harvester were

demonstrated with a simple conceptual model.
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(a) (b)

Figure 26. (a) Schematic representation of the ferromagnetic cantilever beam having the magnetic interaction with a fixed

permanent magnet. The resultant attractive force at the cantilever tip has components FAv and FAh along the transverse and axial

direction of the beam, respectively. (b) Variation of the component forces FAv and FAh with the transverse tip displacement x,

when simulated using COMSOL®Multiphysics software. The magnetic induction field B experienced at the tip of the cantilever is

shown in the inset. Reprinted from (Ferrari et al., 2011), Copyright © 2011, with permission from Elsevier.

The cantilever type of the bi-stable harvesters discussed

above make use of the base magnets and a tip magnet to

introduce the nonlinear stiffness into the system. Sometimes,

use of a tip magnet in the MEMS devices present challenges

during the design of the devices. Ferrari et al. (2011)

proposed a bi-stable harvester model as shown in Figure

26a, which uses a ferromagnetic cantilever beam and a single

base magnet, producing the magnetic interaction. The beam

was screen printed with a low curing temperature PZT on

both the surfaces, forming a bimorph configuration. Figure

26b shows FE simulation results for the dependence of

the horizontal and the vertical components of the attractive

force on the transverse tip displacement. It was shown that

the transverse tip displacement was caused mainly due to

the vertical component of the attractive force. Furthermore,

the transition of the potential of the system from a mono-

stable to a bi-stable state was realized as the distance d
was varied. The simulations based on a sine sweep have

revealed the existence of the nonlinear resonance peak that

was skewed towards the lower frequencies, indicating the

softening behavior. The system was also subjected to a white

noise excitation, for which the frequency bandwidth was

centered at a frequency lower than the natural frequency

of the harvester. The results of sine sweep simulations and

the experiments under white noise excitation indicated a

drastic increase in the RMS voltage output under the bi-

stable potential case.

The bi-stable piezo-magneto-elastic beam presented by

Erturk et al. (2009) (see Figure 2) was further studied by

Litak et al. (2010). They considered the Gaussian white noise

excitation with a zero mean signal. During the simulations

using Runge–Kutta–Maruyama method (Naess and Moe,

2000), the increase in the value of the standard deviation

of the excitation σf up to a certain value also increased the

standard deviation of the displacement σx. It was suggested

that, since the harvester system under the random excitations

shows a better performance for a certain range of the variance

(σ2

f ) of the input excitation, the design of the system must

be tailored so as to operate under the stochastic resonance

conditions.

Next, a theoretical analysis of the piezo-magneto-elastic

system under the random excitation was presented by Ali

et al. (2011). The analysis of such a nonlinear system

under random excitation for obtaining the probability density

function (PDF) of the output power involves solving of

the Fokker-Planck (FP) equation (Jazwinski, 2007; Daqaq,

2011). However, Ali et al. (2011) presented an equivalent

linear model that was based on the stochastic linearization

approach (Roberts and Spanos, 2003; Nigam, 1983). The

results of the numerical analysis under white noise excitation

showed that, there exists a cut-off value for the standard

deviation of excitation σf , below which the system portrays

a poor performance. This cut-off value was observed to have

an inverse relation with the dimensionless time constant. The

numerical results of the equivalent linear model were verified

by comparing with the numerical results of the nonlinear

model presented in (Litak et al., 2010).

Friswell et al. (2012) proposed a piezo-elastic inverted

cantilever beam configuration with a tip mass as shown

in Figure 27a, to study the energy harvesting possibilities

from the structures exhibiting large displacement oscillations

and low natural frequency. The electromechanical equations

were derived considering geometric nonlinearity, polar

inertia of the tip mass for both the unimorph and bimorph

configurations. Figure 27b depicts the transition of the single

stable equilibrium position of a mono-stable potential into

the three equilibrium positions (two stable and one unstable)

of the bi-stable potential, as the tip mass was varied. Also,

the variation of the linearized natural frequency of the

system with the tip mass was studied as shown in Figure

27c, from which the critical buckling mass was found to

be 10 grams. The nonlinear characteristics of the inverted

beam-mass system in post-buckled (bi-stable) state were then

exploited using the numerical sweep simulations with sweep

parameters such as the excitation amplitude, frequency, tip

mass, and the load resistance. The common features of a

bi-stable case such as the periodic, multi-periodic, chaotic,

and co-existing solutions were observed and verified with

the experiments as well. Almost twice the improvement

in the frequency bandwidth for the bi-stable state was
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(a) (b) (c)

Figure 27. (a) Schematic representation of the inverted beam harvester with a tip mass Mt. (b) Bifurcation diagram showing the

variation of the equilibrium position(s) with the tip mass Mt as a bifurcation parameter. The unstable equilibrium positions are

represented by the dashed line. (c) The variation in the corresponding natural frequency of the stable equilibrium positions with the

tip mass Mt (Friswell et al., 2012).

observed. However, in post-buckled state, the improved

power output was observed only under sufficiently high

excitation parameters, promoting the interwell transitions.

A relative comparison between linear mono-stable (piezo-

elastic) and bi-stable (piezo-magneto-elastic) harvester

configurations (Erturk and Inman, 2011) under the stochastic

random excitation was presented by Zhao and Erturk (2013).

Both the configurations were excited with δ-correlated

Gaussian white noise and the numerical response was

obtained by using the Runge-Kutta scheme as discussed

in (Zhao and Erturk, 2012). Under low excitation levels,

both configurations exhibited linear random vibrations and

the mono-stable harvester outperformed the bi-stable one

in producing the optimal power output. Similarly, under

the high excitation levels, the mono-stable configuration

again generated higher power output than the bi-stable case,

despite of the frequent interwell oscillations of the later.

This behavior was attributed to the fact that the bi-stable

case has confined and bounded response as compared to

the dynamically flexible response of the linear mono-stable

response. Under the moderate excitation levels that are

just enough to ensure the crossing of bi-stable potential

barrier, it was observed that the bi-stable system has larger

displacement and voltage response than the mono-stable one

as an effect of the stochastic resonance. This observation was

consistent with the results reported in (Adhikari et al., 2009;

Litak et al., 2010; Ali et al., 2010). Thus, it was concluded

that a prior knowledge of the noise excitation characteristics

is necessary for justifying the use of a bi-stable harvester,

as it performs well only under certain excitation conditions.

Otherwise, the mono-stable harvester shall be preferred for

the case of random excitation with unknown characteristics.

Another comparative study was presented by Daqaq

(2012), in which the response of the nonlinear mono-

stable and bi-stable harvesters was compared with the

linear harvester, under the Gaussian white noise excitation

by solving the Fokker–Plank–Kolmogorov (FPK) equations

(Jazwinski, 2007). The three cases of the harvesters

considered in that study were modeled by the potential

function U(x) = 1

2
(1 − r)x2 + 1

4
δx4, as shown in Figure

28a. Here, r and δ represented the tuning parameter for

the linear stiffness coefficient and the coefficient of the

cubic nonlinearity, respectively. The results of the study

showed that (see Figure 28b), for a mono-stable harvester

with both the open and closed circuit conditions, the mean

square voltage varied inversely with the nonlinearity δ for

any value of the tuning parameter r. The average power

output from the harvester also followed an inverse relation

with the nonlinearity δ (see Figure 28c). Moreover, the

optimum value of the load resistance (Ropt ∝ 1/αopt, α
is time constant) corresponding to the maximum value of

average power was found to be decreasing as the nonlinearity

δ was increased.

The simulation results (see Figure 28d) for the bi-stable

case (open circuit condition) revealed that, there exists an

optimal value of the nonlinearity δopt corresponding to the

maximum value of mean square velocity. The height of

the potential barrier hb (see Figure 28e) and the separation

distance between the wells x0 decreases as the nonlinearity δ
was increased. However, for large values of the time constant

ratio α = 10 (i.e. the closed circuit condition), no significant

influence of the nonlinearity was observed on the output

voltage, for both the mono-stable and bi-stable harvesters. It

was concluded that the nonlinear mono-stable harvester can

never outperform the linear mono-stable case in terms of the

output voltage produced, but the bi-stable harvester designed

with the δopt can perform better than the linear harvester.

However, since a optimal bi-stable potential with δopt was

found to be sensitive to the noise intensity, the performance

of the bi-stable harvester may deteriorate under the noise

excitation with unknown and variable characteristics. This

observation was similar to the one mentioned in the (Zhao

and Erturk, 2013) regarding the bi-stable harvester.

Kumar et al. (2014) derived the FP equations for

the bi-stable Duffing oscillator (piezo-magneto-elastic

configuration) subjected to the Gaussian white noise
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(a) (b) (c)

(d) (e)

Figure 28. (a) Potential functions associated with the three cases of the harvesters considered in (Daqaq, 2012). δ and r are the

cubic nonlinearity coefficient and the linear stiffness tuning parameter, respectively. Here, δ = 0 and r < 1 represents the linear

mono-stable case, δ > 0 and r ≤ 1 represents the nonlinear mono-stable case and δ > 0 and r > 1 represents the bi-stable case.

(b) The effect of variation of δ on the mean square voltage
〈

V 2
〉

, for various values of r and α = 0.05 representing the open-circuit

condition. (c) The effect of variation of the time constant ratio α on the average power 〈P 〉 for various values of δ and r = 0. The

optimum value of the time constant ratio αopt is marked by the hollow circles. (d) The effect of variation of δ on the mean square

voltage
〈

V 2
〉

of a bi-stable case with r = 1.1 and α = 0.05, for various values of the noise intensity σ. (e) A parametric plot

showing the variation of the potential barrier height hb with the separation distance between the wells x0, for few discrete values of

δ and 1 < r ≤ 2. Reprinted by permission from Springer Nature, Nonlinear Dynamics (Daqaq, 2012), Copyright © 2012.

excitation. These equations were solved to obtain the joint

and marginal PDFs of the response and voltage, using the

FE method that involves the Galerkin Projection approach.

The effect of the white noise intensity σ on the mean square

response
〈
x2

〉
as well as the mean square voltage

〈
V 2

〉
was

studied and a direct relation was observed between them.

Also, a steep increase was observed in the
〈
V 2

〉
beyond

a threshold value of the σ, which was attributed to the

merging of the peaks in the displacement PDFs, indicating

the increase in the probability of the interwell transitions.

The coupling coefficient was observed to have a direct effect

on the
〈
V 2

〉
. The optimum values of the linear and nonlinear

stiffness coefficients were recorded corresponding to the

maximum value of
〈
V 2

〉
. These optimum values vary with

the noise intensity. Hence, it was concluded that, with the

appropriate combination of the system parameters and the

excitation level, effective energy harvesting can be ensured

from the bi-stable harvesters.

Similar to the case of nonlinear mono-stable potential

harvesters, as discussed in section 3.3 of the manuscript,

multi-potential harvesters also exhibit superharmonic and

subharmonic solutions. If frequency of the response of an

oscillator is an integer multiple (n) or integer sub-multiple

(1/n) of the excitation frequency, then that response pertains

to a superharmonic or subharmonic solution, respectively.

For a multi-stable harvester, both intrawell (low orbit)

and interwell (high orbit) superharmonic and subharmonic

solutions may exist Kovacic and Brennan (2011). In Figure

19, these solutions are represented by period-n (nP) solutions.

Of these, interwell (high orbit) subharmonic solutions are

particularly useful as they extend the broadband frequency

response of the harvester.

In this regard, Huguet et al. (2019) investigated

subharmonic solutions of a bi-stable harvester and reported

stability robustness criterion for these solutions. The

bi-stable harvester configuration consisted a buckled

beam and a piezoelectric stack type converter. An

analytical model based on the harmonic balance method

(HBM) was presented to identify low and high orbit

harmonic 1 (period-1 or primary resonances) as well

as subharmonic-n (period-n) solutions. The subharmonic

solutions were then characterized based on their stability

against small disturbances as stable and unstable solutions.

Stable high orbit subharmonic solutions were further

scrutinized as robust, if they sustain an experimentally

determined threshold magnitude of the large disturbance.

Numerically obtained frequency spectra has revealed that

the subharmonic high orbits of odd order (e.g. 1, 3 and

5), of the mass displacement exhibit only odd harmonics

of fundamental frequency, while both even and odd

harmonics of fundamental frequency were observed for the

subharmonic high orbits of the even order.

In order to experimentally attain various subharmonic

solutions predicted by HBM, square wave pulses of

voltage were applied to the piezoelectric converter to

disturb the current steady state and to jump on other

steady states, including the subharmonic states. Using

this, the analytical model was verified with experimental

observations and was further used to propose optimization
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guidelines. It was further observed that increasing the

mass predominantly increases the mean harvested power as

compared to the increments in the stiffness and buckling

level. Conversely, increasing the stiffness predominantly

increases the broadband response (by approx. +25 Hz),

especially for subharmonic-3 solution, as compared to the

increments in the mass and buckling level. Interestingly, it

was suggested to optimize the buckling level such that there

are no co-existing harmonic-1 and subharmonic-3 high orbit

solutions, so as to avoid jump to a lower amplitude solution.

Thus, it was concluded that, by using the optimization

guidelines, a bi-stable harvester can be improved and made

more suitable for the excitation sources with fluctuating

frequencies.

Further exploring the work of Friswell et al. (2012), the

bi-stable harvester with an inverted cantilever beam and a

tip mass, as shown in Figure 27(a), was investigated for the

multiple solutions by Syta et al. (2016). Using numerical

simulations, four types of attractor solutions, namely, period-

1 intrawell, period-3 crosswell subharmonic, chaotic, and

period-1 high orbit harmonic solution, were studied for

their power output and basins of attractions. As expected,

interwell harmonic, chaotic, and subharmonic solutions, in

the descending order, produced better average harvested

power than the period-1 interwell attractors. The period-1

harmonic attractor has largest basin of attraction, followed by

the chaotic and period-3 subharmonic attractors. The Wada

patterns were observed that are formed by complex mixtures

of the basins of attractions of the three large orbit attractors.

With the increments in the tip mass, basin of attraction

for chaotic attractor increases by forming a fractal border

with the basin of period-1 harmonic attractor. Another study

exploiting the usefulness of the superharmonic solutions

of order 2 to improve the energy harvesting performance

from low frequency excitations was presented by Masana

and Daqaq (2012). In their investigation, an axially loaded

bi-stable harvester exhibiting large orbit periodic, chaotic,

and coexisting solutions close to half of primary resonance

frequency was demonstrated.

Use of cantilever beam arrangement with a tip magnet

mass for harvesting energy from rotational or angular motion

of an automobile tyre was demonstrated by Zhang et al.

(2018). In such an arrangement, the periodic forcing was

achieved by the tangential component of the gravitational

force acting on the tip mass. The mono-stable or bi-

stable nature of the potential well for this arrangement was

determined by the position of a radially movable permanent

magnet mass, which was mounted opposite to the tip

magnet. The initial bi-stable potential well transforms into

a mono-stable potential well as the external magnet radially

moves away from the tip magnet under the influence of

the centrifugal force, which increases with the rotational

frequency of the tyre. The harmonic balance solutions for

both these potential well configurations were exercised to

find the low and high orbit stable as well as unstable solutions

as a function of rotational frequency. It was shown that the

high orbit solution for the bi-stable case sustained up to

40 rad/s rotational frequency (or up to the driving speed of

approx. 40 km/h) for a specific optimized offset distance

3.6 cm of the movable magnet mass. Also, for the same set

of parameters, the transformation of bi-stable potential well

into mono-stable potential well occurred at the rotational

frequency of 31.6 rad/s. As the rotational frequency increases

the initial high orbit oscillations of the bi-stable system

stabilized onto the high orbit solution of the transformed

mono-stable system over a longer frequency bandwidth.

Here, the optimized offset distance ensured a stronger initial

bi-stability, which in turn imparted a higher amplitude of

the periodic excitation force, causing the system to hop onto

the high orbit solution. Thus, a marked improvement in the

harvesting efficiency was achieved with the assistance of the

centrifugal force in sustaining and stabilizing the high orbit

oscillations over a larger rotational frequency bandwidth.

Figure 29. A schematic of the piezoelectric cantilever beam

mounted on an automobile tyre for harvesting energy from

rotational motion. Reproduced from (Zhang et al., 2018), with

the permission of AIP Publishing.

On the other hand, an inverted cantilever configuration

with a proof mass directed radially inwards and utilizing

centripetal acceleration induced gravity to impart bi-stability

was proposed by Horne et al. (2018). Time dependent forcing

caused by centripetal acceleration modulated the bi-stable

potential well, allowing hopping between the wells. With the

higher rotational speeds, stronger bi-stability with deeper and

wider potential wells emerges, resulting in higher response

amplitudes. However, after a threshold value of centripetal

acceleration, response amplitude declined as the barrier

modulation was not sufficient to cause the hopping between

the wells.

The research on the bi-stable harvesters discussed above

and few other studies (Panyam et al., 2014; Firoozy et al.,

2017) describe about the nonlinear characteristics (Panyam

et al., 2014), various modeling and solution approaches

(Panyam et al., 2014; Stanton et al., 2012), and the response

under periodic and random excitations. Several researchers

have tried to further enhance the performance of the bi-

stable harvesters by various means. Some of these studies

are briefly discussed in the following sub-subsection.

3.4.3 Improving the Performance of the Bi-stable

Harvesters

In terms of the power output, although a bi-stable

configuration performs well only under some specific

excitation scenarios, the broadband frequency response is
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something which is highly assured in case of the bi-

stable harvesters. In this regard, Zhou et al. (2013) studied

the effect of the orientation of the base magnets, on the

broadband frequency characteristics of a distributed mass bi-

stable harvester model, using rotatable base magnets. The

model simulations and experimental results with the magnet

angles (α, magnet rotation angle with horizontal in this

study), α = 0◦, 30◦, 60◦ and 90◦ were presented. In these

simulations, the nonlinear magnetic force was modeled by

fitting a polynomial correlation on the measured data of the

magnetic force at the tip of the cantilever beam, using a

sensitive dynamometer. It was reported that the frequency

bandwidth which was 4− 15.5 Hz for α = 0◦, increases to

4− 22 Hz for the magnet angles up to α = 90◦. However,

a careful observation of the results reveals that, only the

up-sweep jump frequency has shifted towards the higher

frequency values, as a result of the increased hardening

behavior as the magnet angle changes from α = 0◦ to α =
90◦. The effective increase in the frequency bandwidth was

imperceptible, perhaps negative, considering the frequency

at which the voltage starts to build up during the up-sweep

simulations. Also, the maximum amplitude of the voltage

was observed to diminish consistently from 43.2 V for α =
0◦ to about 30 V for α = 90◦. Thus, the rotatable magnet

arrangement essentially exhibits a tuning approach for the

harvester, resulting in the upward shift of the jump frequency

without any additional space requirements for the operation.

The bimorph cantilever beam arrangement with rotatable

magnets, as presented in (Zhou et al., 2013), was further

thoroughly investigated by Jung et al. (2015). In the work,

electromechanical equations based on the EBT, Kelvin-

Voigt damping model, and linear piezoelectric constitutive

relations were derived using the variational principles. The

magnetic forces and moments at the cantilever tip were

explicitly modeled using the approach described in (Tsui

et al., 1972; Zheng and Zeng, 2004). The bifurcation analysis

with the magnet angle as a bifurcation parameter, has showed

that the system attains mono-stable, bi-stable, and even tri-

stable states. The numerical frequency responses of all the

three states were then obtained using the HBM. It was shown

that a mono-stable potential can be transformed into a tri-

stable or a bi-stable state by mere changing the magnet angle,

undergoing the large amplitude interwell oscillations under

the appropriate input excitation conditions.

As mentioned earlier, the bi-stable and tri-stable energy

harvesters (BEH and TEH) exhibit the high and low

amplitude co-existing solutions, which can be attained by

different initial conditions with same intensity of excitation.

However, the high amplitude solution is unattainable under

a low intensity excitation, since the excitation strength is

insufficient to overcome the potential barrier. In such cases,

high amplitude solutions can be achieved by applying an

initial condition with nonzero velocity (Erturk and Inman,

2011; Sebald et al., 2011a). Using this concept, Zhou

et al. (2015) reported an impact based method, comprising

a projectile mechanism as depicted in Figure 30a, to

attain a high amplitude solution. The simulations were

performed at several frequencies to identify the initial

velocity conditions that would achieve the high amplitude

solution. It was observed that as the excitation frequency was

increased, the number of such initial conditions decreased

rapidly, realizing that the impact based method is most

effective at low excitation frequencies. The simulations and

experiments were performed on both the BEH and TEH

configurations under excitation levels of 0.35g and 0.27g and

it was confirmed that the impact based method significantly

improves the frequency bandwidth over which the high

amplitude oscillations prevail, resulting in the high voltage

output.

The performance of a bi-stable design solely depends on

the interwell oscillations, whose probability of occurrence

is less for the low intensity excitations. In such cases,

only the intrawell oscillations are observed. To enhance

the performance of a bi-stable harvesters under the low

intensity excitations, Gao et al. (2014) discussed a bi-

stable configuration as shown in Figure 30c, having the

base or external magnets with an elastic support. The

elastic support system possessed two conjugate excitation

dependent potential functions, one for cantilever beam and

another for the external magnet with the elastic support.

Such an arrangement enhanced the probability of the

interwell transition even for the low intensity excitations.

Further, Leng et al. (2015) presented an improved version

of this model, in which the nonlinear magnetic potential

was derived using the vector differentiation approach. The

response of the system under the filtered Gaussian noise

and pink noise (Halley and Kunin, 1999) was numerically

simulated, experimentally verified, and the improvements in

the harvesting performance were discussed. The benefits of

such an arrangement with the two coupled cantilever beams

were also reported by Lin et al. (2010).

An interesting approach to enhance the performance

of a bi-stable harvester, an adaptive bi-stability, was

discussed by Hosseinloo and Turitsyn (2015). A lumped

parameter model was presented in their work, which uses

an adaptive potential function governed by the buy-low-sell-

high (BLSH) strategy. The BLSH logic allows the interwell

transitions (by controlling barrier height) only when the

extreme excitation levels are identified, otherwise it ensures

intrawell motions only. The barrier height of a bi-stable

potential function was controlled with an electromagnet

as shown in Figure 30b. The numerical simulations were

performed, considering equal maximum displacement of

the linear mono-stable, conventional bi-stable, and adaptive

bi-stable designs subjected to the harmonic and walking

motion excitations. It was observed that the adaptive bi-

stable design with BLSH logic exhibits better performance

and robustness against the parameter variations under the

low frequency harmonic and random excitations. Another

study based on the adaptive bi-stable potential with the

PVDF as a transduction material was reported by Shan

et al. (2018). In their work, the adaptive bi-stability was

achieved using a second cantilever beam with a tip magnet,

which acts as a spring, hence the name spring assisted bi-

stable energy harvester (SABEH) was suggested. Although

the performance of the SABEH was realized to be better

than the conventional bi-stable harvester with the optimal

spring stiffness, there was no significant improvement in the

frequency bandwidth of the SABEH.
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Figure 30. (a) Illustration of the impact based method that was used to attain the high amplitude solutions. Reproduced from (Zhou

et al., 2015), with the permission of AIP Publishing. (b) The adaptive bi-stable harvester configuration with an electromagnet acting

as a base magnet. Adapted from (Hosseinloo and Turitsyn, 2015). (c) Schematic representation of the elastic support harvester.

Reproduced from (Gao et al., 2014) with permission. © IOP Publishing. All rights reserved. (d) The schematic diagram of the

improved bi-stable energy harvester (IBEH) with an additional magnet. Reprinted from (Lan and Qin, 2017), Copyright © 2017, with

permission from Elsevier.

Lan and Qin (2017) discussed an improved bi-stable

energy harvester (IBEH) model as shown in Figure 30d,

to enhance the performance of a bi-stable design under

random excitation. This study was motivated by the fact

that, increasing the amplitude of the interwell oscillations by

widening the distance between the two potential wells also

increases the height of the potential barrier between the two

wells. The increased barrier height reduces the probability

of the interwell transitions. Therefore, a third base magnet

was introduced in between the two fixed base magnets at

the trivial position. This arrangement decreased the height of

the potential barrier and also maintained a constant desired

distance between the two potential wells. The potential

energy function of the IBEH was derived with the dipole

model assumption. The response of the IBEH model under

the Gaussian white noise excitation was obtained by the

Monte Carlo method and Runge-Kutta method. It was shown

that the IBEH indeed performs better than the conventional

BEH for low excitation intensities. Also, there existed an

optimum size of the middle base magnet corresponding to

an excitation level, which maximizes the output of the IBEH.

Finally, it was proposed that the IBEH design can also

perform better than the tri-stable energy harvester (TEH)

under the low intensity random excitation.

Therefore, it can be realized that the bi-stable energy

harvester configuration has been extensively explored by

the researchers. A review of the bi-stable harvesters

discussing some conceptual designs, modeling methods, and

measurement of effectiveness was presented by Pellegrini

et al. (2013). Another review describing the analytical and

experimental studies, solution techniques, and the challenges

in further development of the bi-stable harvesters was

presented by Harne and Wang (2013). Now, in the following

subsection, the tri-stable and the quad-stable harvester

configurations are discussed in brief, highlighting their

important characteristics, advantages and limitations.
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3.5 Tri-stable and Quad-stable Potential Well

Configuration

3.5.1 Dynamic Behavior of Tri-stable Potential Well

Configuration

A tri-stable potential well configuration can be expressed

in the dimensionless form by Eq.(15a) and corresponding

nonlinear restoring force can be expressed as Ftri = K1u−
K3u

3 +K5u
5. Here, K5 denotes the quintic nonlinearity

coefficient, in addition to the linear (K1) and cubic

nonlinearity (K3) coefficients discussed earlier. Out of

these, the linear (K1 > 0) and quintic nonlinearity (K5 >
0) coefficients impart a hardening behavior, whereas the

cubic nonlinearity coefficient (K3 < 0) induces a softening

behavior into the potential function Utri(u). This potential

function has three potential wells with five equilibrium

positions provided the condition K3
2 − 4K1K5 ≥ 0 is

satisfied. Three out of the five equilibrium positions, namely,

u0 and u1,2 as given in Eqs.(15b-15c), are stable in nature,

whereas the remaining two unstable equilibrium positions

(saddle points) are given by u3,4 in Eq.(15d). Therefore, such

a potential function is known as the tri-stable potential well

configuration and is presented in the Figure 31a, showing

the stable and unstable equilibrium positions along with the

two potential barriers B1 and B2. In Figure 31a, the tri-

stable potential function is constructed in such a way that its

outermost stable equilibrium positions (i.e. u1,2) are similar

to the bi-stable potential case studied in section 3.4.1. Also,

the heights of the potential barriers are equal (B1 = B2),

which means the three potential wells have equal depths

as well. Under these conditions, it can be realized that

the potential barriers of the tri-stable case (B1 & B2) are

significantly smaller than the potential barrier of the bi-stable

case (B0), which results in the increased probability of the

interwell oscillations for the tri-stable potential case.

Utri(u) =
1

2
K1u

2 − 1

4
K3u

4 +
1

6
K5u

6 + C0. (15a)

u0 = 0, (15b)

u1,2 = ±

√
−K3 +

√
K3

2 − 4K1K5

2K5

, (15c)

u3,4 = ±

√
−K3 −

√
K3

2 − 4K1K5

2K5

. (15d)

Figure 31b shows the three types of the tri-stable potential

functions based on the relative height of the potential barriers

B1 and B2. For the type 1 case with B1 > B2, the central

potential well is deeper than the two outermost potential

wells. Conversely, for the type 3 case with B1 < B2, the

two outermost potential wells are deeper than the central

potential well. For the type 2 case withB1 = B2, all the three

potential wells have equal depth. The dynamic characteristics

of these three types of tri-stable potential cases have been

explored by several researchers and are discussed in the next

subsection.

The phase-portrait diagram, without external forcing and

ζ = 0.04, for a tri-stable potential configuration shown in

Figure 31a with K1 = 1, K3 = −4 and K5 = 3, is plotted

in Figure 31c. Once again, it can be verified that the

stable equilibrium positions, marked by the solid green

circles at u = u0 and u = u1,2 (see Eqs.(15b-15c)), are the

stable spirals and the unstable equilibrium positions, marked

by the hollow red circles at u = u3,4 (see Eq.(15d)), are

the saddle points. The stable manifold (yellow, cyan, blue

and red colored arrowheads) and the unstable manifold

(orange, magenta, green and gray colored arrowheads) of

the saddle points are obtained using the backward and

forward integration in time, respectively. The basins of

attraction, which are shown in the green, blue and peach

colors, correspond to the left, center and right stable spirals,

respectively. Similar to the case of a bi-stable potential as

shown in Figure 18b, all the trajectories with an initial

condition in (u, u̇) space have bounded solutions that will

reach one of the three stable fixed points.

Similar to a bi-stable oscillator, an oscillator with a

tri-stable potential well (hereafter called as the tri-stable

oscillator) may exhibit intrawell, or interwell (or cross-

well), or a blend of both the oscillations, depending on the

strength of the external excitation. Both the intrawell and

interwell oscillations may follow periodic, chaotic or co-

existing attractor solutions. However, a tri-stable oscillator

offers more probability of the interwell oscillations even

under the low strength excitation, when compared to the bi-

stable one due to its smaller potential barriers. Figure 32

presents the comparison of the non-dimensional forward and

reverse numerical frequency sweep responses of the bi-stable

and tri-stable potential configurations as shown in Figure 31a,

under the harmonic excitation with an amplitude level of

A = 15 m/s2. The forward and reverse sweep responses of

the tri-stable oscillator confirmed the periodic, chaotic, and

mixed interwell as well as intrawell oscillations as mentioned

earlier. As observed from Figure 32, at low and moderate

frequencies (Ω ≈ 0.2 to 2), the tri-stable oscillator undergoes

large amplitude periodic and chaotic oscillations, compared

to the bi-stable one which mostly exhibits the intrawell

oscillations. Hence, a tri-stable harvester is preferred in case

of low frequency and low amplitude excitation over the bi-

stable ones. Now, in the following text, several models and

studies related to the tri-stable potential configuration are

discussed.

3.5.2 Models and Studies based on Tri-stable and Quad-

stable Configurations

An energy harvester having a triple well potential function

is formally identified as the tri-stable energy harvester

(TEH). The tri-stability (refer Figure 4) in the magnetic

potential function arises as a result of the variation in

horizontal spacing (dh) between the two fixed base magnets

(Kumar et al., 2015), vertical gap (dv) between the tip

magnet and base magnets (Kim and Seok, 2014), or magnet

angle (α) with respect to the horizontal (Jung et al.,

2015). Moon and Holmes (1979) reported the existence

of such a tri-stable potential in case of magneto-elastic

cantilever beam oscillator. A TEH configuration has three

relatively shallower potential wells compared to a BEH

configuration for the similar displacement limits (see figure

31a), which promote the interwell transitions resulting in

a higher energy output. Zhou et al. (2014a) presented a
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Figure 31. (Color Online) (a) A comparison between the tri-stable and bi-stable potential functions with equal outermost stable

equilibrium positions (i.e u1,2 = ±1), showing the relative height of the potential barriers B0, B1 & B2. The stable and unstable

equilibrium positions are marked by the solid green circles and the hollow red circles, respectively. (b) The type 1 (B1 > B2), type 2

(B1 = B2), and type 3 (B1 < B2) cases of the commonly studied tri-stable potential functions alongwith their stable and unstable

equilibrium positions. (c) The phase-portrait diagram for a type 2 tri-stable potential function as shown in Figure 31a, depicting the

three stable spirals at u0 and u1,2 along with the two unstable saddle points at u3,4. The basins of attraction of the three stable fixed

points are shown in the green, blue and peach colors.

distributed parameter, single-mode approximation model

with a tri-stable configuration, in which the nonlinear

restoring force was measured by an electronic dynamometer

and represented using a fifth order polynomial fit. A tri-stable

and a bi-stable configurations having similar displacement

limits were realized by appropriately choosing the values

of dh, dv and α. Numerical forward frequency sweep

simulations and experimental tests were conducted for both

the configurations with PZT-5A bimorph, for a frequency

range of 1− 20 Hz and the excitation amplitudes of 4

m/s2 and 5.85 m/s2. The results showed that under the

low intensity excitation, unlike the BEH model, which was

unable to cross the potential barrier, the TEH configuration

exhibited the high amplitude interwell oscillations over a

relatively larger frequency bandwidth. Also, when the BEH

model was tested with the excitation that has sufficient

strength to overcome the potential barrier, the voltage output

and the frequency bandwidth for the TEH model was

observed to be higher than the BEH model. The fixed

frequency excitation simulations revealed that the TEH

model possesses larger frequency bandwidth of interwell

oscillations than the BEH model.

Subsequently, similar studies with numerical reverse fre-

quency sweep simulations and experiments were presented

by the same authors in (Zhou et al., 2014b). In that study,

the nonlinear restoring forces were modeled using a ninth

order polynomial fit. The results of the numerical simulations

and experiments with the increasing excitation amplitudes

of revealed that unlike the mono-stable and the bi-stable

harvesters, the amplitude of oscillations and the frequency

bandwidth of the TEH increased only up to a certain level as

the excitation amplitude was increased. This characteristic of

the TEH prevents the harvester structure, including the piezo-

electric element, from detrimental and excessive oscillation

amplitudes.

Kim and Seok (2015) proposed a distributed parameter

piezoelectric bimorph model of the TEH, similar to the one

presented in (Jung et al., 2015), and explored its dynamical

characteristics. The nonlinear magnetic force and the torque
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Figure 32. (Color Online) The non-dimensional numerical forward and reverse frequency sweep responses of (a) the bi-stable and

(b) the tri-stable potential configurations shown in Figure 31a, under the harmonic excitation with an amplitude level of A = 15 m/s2.

The tri-stable oscillator exhibits interwell oscillations at low as well as moderate frequencies (Ω ≈ 0.2 to 2), whereas the bi-stable

oscillator mostly performs the intrawell oscillations. Here, nP and CH implies the period-n and chaotic oscillations, respectively. The

intrawell and interwell oscillations are denoted by IW and CW, respectively. The mixed periodic and chaotic intrawell/interwell

oscillations are denoted by ‘Mixed IW/CW’. Superharmonic resonance is denoted by ‘SUPHR’. Orange and yellow colored dots

belong to the stroboscopic bifurcation map of the numerical forward and reverse sweep responses, respectively.

(a) (b)

(c)

Figure 33. (Color Online) (a) Bifurcation analysis showing stable (solid blue line) and unstable (dotted red line) equilibrium

solutions for dh = 11 mm. (b) The bifurcation set diagram in (dv, dh) space, showing the regions of mono-stable (I), bi-stable (II)

and tri-stable (III) solutions. (c) Non-dimensional plots of the potential functions for various values of dv, corresponding to the

bifurcation diagram shown in Figure 33a. Reprinted from (Kim and Seok, 2015), Copyright © 2015, with permission from Elsevier.

exerted on the cantilever tip was modeled with the point-

dipole approximation (Yung et al., 1998), using the position

vectors of the external base magnets, which in turn depends

on the geometrical parameters dh and dv (refer Figure 4).

Here, in order to capture the tri-stable behavior accurately,

the nonlinear part of the magnetic force and torque were

calculated by subtracting the linear part from the total

part, rather than using the truncated Taylor’s expansion. As

discussed earlier, in case of the harvester configurations

with a single external base magnet (Cottone et al., 2009;

Gammaitoni et al., 2009; Stanton et al., 2010b), a bi-stable

state materializes as the distance dv was decreased, following

a supercritical pitchfork (PF) bifurcation. However, in case

of the configuration with two external base magnets, in

addition to the supercritical PF bifurcation (at point PF1

or DPF in Figure 33a), giving rise to a bi-stable state,
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a subcritical PF bifurcation occurs (at point PF2) as the

distance dv was further reduced, resulting in the emergence

of a tri-stable state. Corresponding variation of the potential

energy function for different values of dv is shown in Figure

33c. At degenerate point DPF in Figure 33a, co-dimension

two PF bifurcation and nucleation of the saddle-node (SN)

solution branch was observed, as depicted in Figure 33b

showing a bifurcation set diagram. Further, bi-stable, tri-

stable configurations having equal distance between the

outermost potential wells and a linear case were compared.

Since the potential barriers of the tri-stable case are

considerably shallower than the bi-stable case, the interwell

motion in the tri-stable and bi-stable cases occurred under the

excitation amplitude of 0.35g and 0.6g, respectively. Also,

the frequency bandwidth of the interwell motion for the

tri-stable case was noticeably larger than the bi-stable case.

Therefore, the observations presented in (Zhou et al., 2014a;

Kim and Seok, 2015) support the discussion presented in

section 3.5.1 by confirming that, for the similar displacement

limits, a tri-stable system exhibits better performance under

the low strength excitation compared to a linear and bi-stable

systems.

Moreover, the results of the preliminary simulations

highlighted the fact that, the low strength excitation

performance of a tri-stable case having equal depth for all

potential wells (i.e. type 2 case with B1 = B2 in Figure 31b)

was realized to be better than the tri-stable systems having

nonuniform depth of central and outermost potential wells

(i.e. type 1 & type 3 cases in Figure 31b). This important

observation was further extensively studied and verified by

numerical and experimental simulations by Kim et al. (2016).

They presented a dimensionless electromechanical model of

a multi-stable energy harvester (MEH), which considers the

inertia effects and geometric nonlinearity that influences the

coupling behavior. Also, the magnetic restoring force was

modeled by a fifth order polynomial fit and the point-dipole

assumption. The non-dimensional restoring force expression

for the MEH system was given by Eq.(16), in which γ1,

γ3 and γ3 are nonlinear spring constants that depend on

the distances dv and dh. The multi-stability conditions were

realized as shown in Figure 34a, by defining two bifurcation

parameters as α = 1− γ1 and µ = γ3/
√
4γ5.

FR = −x(1− γ1 + γ3x
2 + γ5x

4) (16)

In the MEH model, the potential function Ũ(x) of a tri-

stable system having equal depth for all the three potential

wells, has zero value at all the stable centers (Ũ(xc) =
0), which leads to the condition α = 3

4
µ2 for µ < 0. This

condition is represented by a dotted red line TU in Figure

34a, which belongs to the tri-stable cases of type 2 having

equal depth for all the three potential wells. The tri-stable

region to the left and right side of the TU line represents the

tri-stable cases of type 1 (B1 > B2) and type 3 (B1 > B2),

respectively, as shown in Figure 31b of section 3.5.1. The

potential energy functions for the tri-stable cases of type 1, 2

and 3 are depicted by plots F, E and D, respectively, in Figure

34b. Also, the plots A, B and C represent the bi-stable cases

with decreasing µ value and having equal depth for both the

potential wells. All the plots A to F lie on a isoline that

represents a constant sum of the depths of all the potential

wells.

The frequency response of the tri-stable cases of type

1 to 3 along with the bi-stable case having equal sum of

potential well depths, under the constant excitation of 0.21g
amplitude was obtained. It showed the superior performance

of the type 2 case (see Figure 34c) over all the other cases

mentioned. As the value of µ was decreased along the TU

line, the overall width (i.e the distance between the two stable

centers of the outermost wells) and the depth of the potential

well increased. This improvement in the overall width of

the potential well enhances the power output as a result of

the increased amplitude of the interwell oscillations. On the

other hand, the increased depth of the potential wells would

reduce the probability of the interwell transitions. Therefore,

it was necessary to find out the most effective type 2 tri-stable

case out of the many cases represented by TU line, under

the low amplitude excitation. For this purpose, numerical

simulations and experiments with the low intensity harmonic

excitation were performed on the type 2 tri-stable cases

represented by TU1, TU2 and, TU3 in Figure 34d, with

decreasing µ value. Near the DPF point, the rate of increase

of the potential well depth was realized to be lower than the

rate of increase of the overall width of the well. Therefore,

the type 2 tri-stable cases nearer to the point DPF (such

as TU1), exhibited better performance than the other type

2 cases, under low amplitude excitation of 0.12g. However,

it should be noted that the observations and conclusions

presented in this study were based on the assumption that,

the system was already brought up to the high amplitude

interwell solution by some initial perturbation.

Similar study to investigate the effect of potential well

depths on the harvesting performance of a TEH was

presented by Cao et al. (2015b). The three cases of the TEH

discussed and shown earlier in Figure 34b were subjected

to the harmonic excitation with 0.12g, 0.25g and, 0.36g
amplitudes and frequency range of 0.01− 25 Hz. The

numerical and experimental simulation results confirmed

that, indeed the type 2 tri-stable case with shallow and equal

depths for all the potential wells can perform better under

the low amplitude and low frequency excitation, producing

higher output in comparison with the type 1 and 3 tri-stable

cases. Also, by noticing the poor performance of the type

3 case under low strength excitation, the importance of

mindful design of the harvester based on the awareness of

the excitation characteristics was emphasized.

Haitao et al. (2015) studied the response of a TEH

in comparison with a BEH having similar displacement

limits, with numerical and experimental simulations under

harmonic and stochastic excitations. An electromechanical

distributed parameter model was presented, in which

the magnetic restoring force was modeled following the

approach discussed in (Stanton et al., 2009). The tri-stable

and bi-stable configurations of similar displacement limits

were realized by adjusting the distances dh and dv. The

results under the harmonic excitation, once again, showed the

superior performance of the TEH over the BEH with similar

conclusions as presented in (Zhou et al., 2014a; Kim and

Seok, 2015; Jung et al., 2015). In case of stochastic excitation

with Gaussian white noise characteristics, the variation of
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(a) (b)

(c) (d)

Figure 34. (a) Bifurcation set diagram with (µ, α) space showing mono-stable (R1), bi-stable (R2) and tri-stable (R3) regions. (b)

The tri-stable cases of type 1,2, and 3 are represented by plots F, E, and D, respectively. Plots A, B, and C represents the bi-stable

cases for decreasing µ value. All the plots (A-F) have equal maximum potential well depth. (c) Response of the type 1 to 3 tri-stable

cases and the bi-stable case having equal depth, under harmonic excitation. (d) The variation of the overall potential well width (in

mm) and depth (in mJ) with µ. Reproduced from (Kim et al., 2016), with the permission of AIP Publishing.

signal to noise ratio (σx/σf ) with the excitation intensity

σf exhibited the presence of marked peaks, as a result

of the coherence resonance conditions (Gang et al., 1993),

causing regular interwell transitions. The occurrence of the

coherence resonance for the TEH and BEH were registered

at the excitation intensities of σf = 0.03 and σf = 0.07,

respectively. Therefore, for the low intensity excitations of

periodic and random nature, the tri-stable case performed

better than the bi-stable case.

Another nonlinear electromechanical model used to

characterize the multi-stable equilibrium states of the

cantilever type piezo-magneto-elastic energy harvester was

presented by Kumar et al. (2015). The magnetic potential of

the system was modeled using the concept of magnetic field

with cylindrical symmetry, as observed in the case of finite

solenoid (Ranz, 2006; Derby and Olbert, 2010; Tam and

Holmes, 2014), instead of the point-dipole approach which

was commonly used for modeling the magnetic restoring

force. This approach was motivated by noticing the irrational

nature of the point-dipole assumption, considering the finite

physical size of the external base and tip magnets. Following

this approach, the resultant magnetic field as a function of

the tip displacement was expressed by Taylor’s expansion

with terms up to sixth order. The expansion coefficients

were functions of the system parameters such as the field

strength of the base (Bs) and tip (Bt) magnets, the sizes

of the base and tip magnets, as well as the distances

dh and dv . Finally, the magnetic potential of the system

(Πm) was written as a sixth order polynomial, in which

the expression for its coefficients were obtained using a

symbolic computation software. Further, characterization

of the multi-stable configurations, namely, the mono-stable

(both softening and hardening characteristics) and the bi-

stable, and the tri-stable case was presented and depicted

in the bifurcation set diagram, as shown in Figure 35 with

(Bt, d) space. Here, d = 2dh.

Using the similar approach for modeling of the magnetic

potential, Kumar et al. (2017) further studied the nonlinear

dynamical aspects of the magneto-elastic oscillator (Tam and

Holmes, 2014). With the help of the bifurcation set diagrams

in (dv, d) and (Bs, d) space, multi-stable positions were

characterized. The response of these configurations under the

harmonic excitation with varying amplitude was discussed

and the presence of periodic, chaotic, and unbounded
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Figure 35. The bifurcation set diagram in (Bt, d) space

showing different multi-stable configuration regions, where

d = 2dh. Reprinted by permission from Springer Nature, The

European Physical Journal - Special Topics (Kumar et al.,

2015), Copyright © 2015.

solutions in the bi-stable and the tri-stable configurations

were depicted thorough the poincaré map and bifurcation

diagrams. With the help of phase portrait plots for the mono-

stable softening, bi-stable, and tri-stable configurations, the

basins of attraction of the stable equilibrium points, the

heteroclinic tangles (causing unbounded solutions in the

mono-stable softening case) and the homoclinic tangles

(leading to the chaos in the bi-stable and tri-stable case)

were illustrated (Nayfeh and Balachandran, 2004). The

model results were then verified through the experiments.

In summary, authors in (Kumar et al., 2017) attempted to

reveal the complex nature of the magnetic interaction with

the sixth order magnetic potential and its effects on the

dynamical characteristics of the magneto-elastic oscillator

were demonstrated.

The effects of variations of the system parameters as

well as the external parameters on the dynamical behavior

such as amplitude and phase of the response displacement

(r, φ) and the response voltage (V, ψ) of a TEH under

harmonic excitation were presented by Zhou et al. (2016).

Theoretical studies using the HBM solutions have shown

the presence of single and multi-solution (both intrawell and

interwell) regions as the excitation amplitude was varied.

The threshold response amplitude to attain a higher solution

increased as the excitation frequency was increased, in case

of the intrawell solutions. The damping coefficient ξ was

noticed to affect the response, both r and V , inversely.

The response displacement r was noted to have direct and

inverse variations with the capacitance Cp and the coupling

coefficient θ, respectively. However, it was realized that

the maximum value of the response voltage V exists for

an optimal choice of Cp and θ. Thus, the choice of the

optimal Cp, θ, and ξ govern the chances of occurrence of

the interwell solution under specific excitation conditions,

leading to a higher output from the TEH system.

Further, the effect of change in equilibrium positions

on the performance of a TEH was studied by modeling

three TEH configurations having different x1 and x2 (the

unstable and stable equilibrium position after the trivial

one) values as shown in Figure 36a. The results of the

numerical sweep simulations for the TEH cases with the

smallest (a type 2 case) and largest (a case with deepest

potential wells) x1 and x2 values possessed the largest

and smallest frequency bandwidths, respectively, over which

the high amplitude interwell solution existed for any initial

condition. Also, under the trivial initial condition and fixed

excitation frequency simulations, the threshold amplitude

at which the jump to the high amplitude solution occurs

was found to be lowest and highest for the former and

later cases, respectively, as shown in Figure 36b. In another

instance, a thorough study aimed at characterizing the

effective energy harvesting bandwidth and to asses the effect

of the system parameter variation on performance of the TEH

was presented by Panyam and Daqaq (2017).

Multiple attractor solutions of a type 2 tri-stable potential

well harvester were studied and experimentally verified

by Zhou et al. (2018a). In their investigation, numerical

amplitude sweep simulations were used to identify various

periodic and chaotic attractor solutions, and the excitation

amplitudes over which these solutions exist. Thus, period-

1 intrawell, period-1 crosswell, period-3 crosswell, period-

2 crosswell, chaotic, and period-1 mixed interwell and

crosswell response solutions were identified and some

interesting observations were made using phase portraits,

poincaré maps, and Fourier spectra. Indeed, the presence

of 1/2nd or 1/3rd subharmonics in the Fourier spectra

was responsible for the period-2 or period-3 solutions,

respectively. Moreover, multi-harmonic components of the

subharmonic-n as well as the presence of 3rd and higher

(super) harmonic components modulated the period-n

response of the oscillator, which is evident from the oval

shaped dots in the poincaré maps. The presence of only

superharmonic components (3rd and higher) causes period-

1 intrawell, crosswell, and mixed intrawell plus crosswell

responses. On the other hand, the presence of both sub

and super harmonic components lead toward period-n or

multi-periodic responses based on the relative strength of

the subharmonic and superharmonic components. Thus,

subharmonic solutions and their multi-harmonic components

form the basis for the chaotic, period-n, and multi-periodic

responses of the oscillator.

In order to improve the broadband frequency response

and harvesting efficiency, many researchers have proposed

configurational modifications, directly affecting the multi-

stable potential of the harvester. These designs were often

analyzed for their performance by connecting with the

purely resistive electrical loads. Unconventionally, Yan

et al. (2018) investigated the performance of a tri-stable

harvester having a resistor-inductor (RL) resonant circuit

connected in series with the piezoelectric element. Thus,

instead of a first order ODE, the electrical equation was

modeled as a coupled second order ODE. Using numerical

frequency sweep simulations, influence of the frequency

ratio (ωe/ω) of the RL circuit (ωe) and mechanical excitation

(ω) frequencies was demonstrated. For a given frequency

ratio (ωe/ω), while the displacement of the TEH with

the pure resistor circuit and RL circuit was similar, the

voltage amplitude for the TEH with RL circuit was higher
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(a) (b)

Figure 36. (a) Three cases of the TEH potential functions with various values of the equilibrium positions. (b) Response voltage

(V ) variation with the excitation amplitude (A) at the fixed frequency ω = 2π, showing the threshold amplitude required for the jump

to reach the high amplitude interwell solution with trivial initial conditions. Reprinted from (Zhou et al., 2016), Copyright © 2016, with

permission from Elsevier.

than the former one. The voltage amplitude of the TEH

with RL circuit drastically improved (more than 20 times)

when the frequency ratio (ωe/ω) is around and less than

1. Depending on the electrical damping and the frequency

ratio, the TEH exhibited period-n, chaotic and multi-periodic

responses. In summary, such a resonant RL circuit with the

optimized ranges for the electrical damping and frequency

ratio can provide promising outcomes without requiring any

configurational modifications.

A multi-stable energy harvester (MEH) model capable

of characterizing up to five stable equilibrium positions

by appropriately adjusting the distances dv and dh was

proposed by Kim and Seok (2014). In their MEH model,

a soft magnetic material (HyMu80) was used at the tip

of the cantilever bimorph, considering its low coercievity

and hysteresis along with the high magnetic susceptibility,

which enhances the magnetic interaction at the tip. The

magnetization of the soft magnetic material was modeled

using the linear or saturated magnetization model (Abbott

et al., 2007), after which the resultant magnetic force and

moment at the tip were modeled using a similar process

as described in (Jung et al., 2015). Figure 37a shows the

bifurcation set diagram in (dv , dh) space, describing various

stability regions and the bifurcation points. The two paths

A and B in Figure 37a describe the sequential transitions

from the bi-stable to tri-stable region followed by another

transition into the quad-stable region (for path B only).

Figure 37b depicts the transition of a mono-stable potential

case into a tri-stable potential case, which is followed by

another transition into a quad-stable potential case, as dv is

varied for a fixed value of dh = 8.4 mm. Similarly, Figure

37c describes the formation of the penta-stable potential case,

as dv is varied for a fixed value of dh = 21.5 mm.

It was inferred that the shallow and wide (dish like)

nature of the tri-stable case may enhance the interwell

oscillations under the low intensity excitation, whereas,

due to the presence of deep outermost potential wells, the

quad-stable and penta-stable potential cases might require

high intensity excitation to exhibit the interwell oscillations.

These inferences were indeed found true when verified

with the numerical simulations with harmonic frequency

and amplitude sweep excitation. Also, the low amplitude

excitation performance of the quad-stable case, which

exhibited two different levels of the interwell solution, was

found better than the bi-stable case. However, in terms

of the response amplitude and frequency bandwidth, the

tri-stable case under low excitation outperformed all other

configurations. The penta-stable potential case has a small

size (width ≈ 2 mm) of potential well at the trivial

equilibrium point, which has negligible influence and hence

its dynamical behavior resembles to that of a quad-stable

case. However, the larger distance between two potential

wells that are adjacent to the trivial position increases the

amplitude of the local interwell oscillations, as compared to

the quad-stable case.

Recently, Zhou et al. (2017) presented a quad-stable

energy harvester (QEH) model as shown in Figure 38a, in

which three external base magnets were used to achieve

the quad-stable potential function. The magnetic potential

energy UmnD between nth external magnet and the tip

magnet D was obtained using the approach described in

(Leng et al., 2015). The performance of this quad-stable

model was compared against a bi-stable model described in

(Stanton et al., 2009). Several BEH and QEH models with

equal gap distance between the tip magnet and the central

external magnet (i.e. equal dv distance) were presented, to

examine the relative shape of the potential wells. It was

observed that the potential wells of the QEH models were

shallower than the BEH models, based on which the authors

predicted a better low excitation intensity performance of

the QEH model than the BEH model. The phase-portrait

diagrams with the Poincaré points were obtained through the

numerical simulations of the QEH model under the harmonic

excitation, which revealed the existence of the periodic and

chaotic attractors. With experiments, it was shown that the

response amplitude and the bandwidth of the QEH model

was substantially greater than the BEH model under the

similar excitation scenarios.

Subsequently, in (Zhou et al., 2018b), the relative

performance of the BEH and QEH models was explored

under the random Gaussian white noise excitation. The quad-

stable potential configurations with innermost two wells
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Figure 37. (a) The bifurcation set diagram in (dv, dh) space showing various multi-stable regions and bifurcation points. The

formation of (b) the quad-stable potential case as the distance dv is varied, for dh = 8.4 mm, and (c) the penta-stable potential

case as the distance dv is varied, for dh = 21.5 mm. Reprinted from (Kim and Seok, 2014), Copyright © 2014, with permission from

Elsevier.

having largest depth (type 1), all wells with equal depth (type

2), and outermost two wells with largest depth (type 3) were

modeled as shown in Figure 38b. Once again, it was realized

that the quad-stable case having equal depth for all the

potential wells (i.e type 2 case) exhibits better performance

than the other two cases. Also, when compared with the

BEH model, the QEH model attains the high amplitude

solution at a lower excitation intensity and sustains it over

a wider range of the excitation intensities. Thus, the benefits

of the QEH model over the BEH model were demonstrated,

using numerical and experimental studies under the similar

external and system parameters.

In summary, the studies discussed in this section presented

the models, numerical simulations, and experiments on the

tri-stable and the quad-stable potential configurations in

comparison with the bi-stable configurations. The simulation

and experimental results confirmed the superior performance

of the TEH system, in terms of its interwell response

and the frequency bandwidth due to its shallower potential

wells, compared to the BEH system. Also, among the three

different types of the TEH configurations as discussed in

section 3.5.1, the performance of the type 2 TEH case having

equal depth for all the three potential wells was found better

than other two cases. Similar observations were also reported

for the QEH model. These observations highlighted the

importance of the thoughtful design of the potential wells

of the multi-stable harvester systems.

4 Energy Harvesters with Asymmetric

Potential Well Configuration

The studies on various linear and nonlinear vibration

energy harvesters discussed till now highlighted the fact

that the nature of system’s potential energy function plays

a vital role in its dynamical behavior. The potential energy

functions of all the configurations, from mono-stable to

penta-stable, discussed till this point are symmetric about the

trivial equilibrium position. A symmetric potential function

has mirrored intrawell dynamical behavior on the either

sides of the trivial equilibrium position. However, it is also
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(a) (b)

Figure 38. (Color online) (a) The schematic of the QEH configuration showing three external base magnets. (b) The formation of

various QEH potential configurations as distance dv was varied, for dh = 20 mm. The potential functions with dv =28, 23 and 21

mm represent type 1 (cyan), type 2 (green) and type 3 (black) QEH models, respectively. Reprinted from (Zhou et al., 2018b),

Copyright © 2018, with permission from Elsevier.

possible for a system to possess an asymmetric potential

function. The asymmetries in the potential function may be

inherent or can be introduced intentionally. For example, in

the case of simply supported buckled-beam type harvester

asymmetries in the potential energy function of the system

may arise due to the transverse mechanical or magnetic loads,

flaws in the structure, additional lumped masses, asymmetric

magnetic field, and unimorph configurations. In recent times,

researchers have started to investigate the effect of such

asymmetries on the dynamical characteristics of the system.

Few studies reported in this regard are briefly discussed in

the following text.

He and Daqaq (2014) investigated the influence of

the asymmetries on the potential function for the mono-

stable and bi-stable cases subjected to Gaussian white

random excitation. A quartic potential function, previously

investigated by Halvorsen (2013) in this regard, was

considered with a quadratic nonlinearity term that introduces

the asymmetry in the potential function. Thus, in the

dimensionless form the potential of system U(x) and the

nonlinear restoring force Fnon = x+ λx2 + δx3 was only

dependent on the quadratic nonlinearity coefficient λ and the

cubic nonlinearity coefficient δ. Using these two coefficients,

linear mono-stable (λ = 0, δ = 0), nonlinear symmetric

mono-stable (λ = 0, δ > 0), asymmetric mono-stable (0 <
λ < 2

√
δ, δ > 0), symmetric bi-stable (λ = 3

√
δ/2, δ > 0),

and asymmetric bi-stable ( For any λ ≥ 2
√
δ except λ =

3
√
δ/2, δ > 0) configurations were modeled as shown in the

Figures 39a and 39b. Also, it was noticed that the variation

in δ has decreased the depth and width of the potential well.

Further in (He and Daqaq, 2014), approximate expressions

were presented using the statistical linearization method to

calculate the average values of the response of an asymmetric

mono-stable case under various noise intensities. It was

observed that the average harvested power 〈P 〉 increases as

the asymmetry increases with λ, as shown in Figure 39c.

Also, for an adequately large value of λ, the performance of

the asymmetric mono-stable case was realized to be better

than the linear mono-stable case. Unlike the mono-stable

case, the bi-stable case does not render the response PDF

with Gaussian characteristics. Hence, the response PDF for

the bi-stable case was obtained by solving the governing

FPK equations numerically using the FE method. The results

showed that, at low excitation intensities (S0 = 0.01), the

value of 〈P 〉 increases with the δ until an optimum was

reached, after which it decreases with the further increase

in the δ. This is due to the fact that the increased value of

the δ produces shallower and narrow potential wells, which

in turn promotes the interwell transitions up to a certain

optimum value. Beyond this value, the RMS displacement

decreases, causing a reduction in the output power. Also, it

was realized that the performance of the symmetric bi-stable

case was superior than the asymmetric mono-stable case with

the highest asymmetry (λ = 2
√
δ) and other asymmetric

bi-stable potential cases shown in Figure 39d. A bi-stable

case with the large asymmetry (λ =
√
5δ) produces lowest

power output for small δ values. However, for moderate

excitation intensities and high δ values, its performance is

comparable with the symmetric bi-stable case. Interestingly,

under the high excitation intensity (S0 = 0.5), all the

performance curves depict exactly similar trend, suggesting

the insignificance of the asymmetries. In a nutshell, the

presence of the asymmetries improves the performance

of the mono-stable case and conversely, deteriorates the

power output of the bi-stable case under the low excitation

intensities.

Wang et al. (2018a) proposed a method to enhance

the performance of the asymmetric BEH subjected to the

excitations from the human walking motion. During walking

motion lower limb of a leg swings over certain angle, called

the bias angle φ. It was shown that, for an optimum value of

bias angle φopt, the asymmetry introduced by the quadratic

term was nullified by the equivalent gravity force p. However,

the value of φopt enhances the output only over a narrow
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Figure 39. (Color online) (a, b) Formation of the nonlinear mono-stable, asymmetric mono-stable, symmetric bi-stable, and

asymmetric bi-stable potential wells as the quadratic nonlinearity coefficient λ is varied, for the cubic nonlinearity coefficient δ = 1.

(c) Effect of the variation of δ on the average value of power 〈P 〉, for different values of the λ. Numerical integration solutions are

represented by the markers. (d) Variation of the normalized average power 〈P 〉 /S0 with the δ for different values of the λ.

Reprinted from (He and Daqaq, 2014), Copyright © 2014, with permission from Elsevier.

range of excitation parameters and hence, this approach may

not be effective in case of the excitation having moderate and

large kurtosis characteristics.

The size of the potential barrier determines the probability

of interwell oscillations. It is desirable to have a potential

function with a larger width and smaller potential barrier, in

order to relish the benefits of the nonlinearity. In this regard,

the advantages of the asymmetric mono-stable potential well

were further explored and reported by Kumar et al. (2018).

The experimental studies were performed on the linear

mono-stable, asymmetric mono-stable, and the symmetric

bi-stable harvester configurations, as shown in Figure 40a

and subjected to the band-limited white noise. It was

shown that, for the excitation levels as low as 0.005 g2/Hz,

the asymmetric mono-stable case depicts large amplitude

response, producing almost 20 times more power output

than the symmetric bi-stable case, which fails to exhibit the

interwell oscillations at these excitation levels. Moreover, the

bi-stable case needs an excitation intensity of 0.02 g2/Hz

to produce similar power as that of the asymmetric mono-

stable case. Figure 40b shows the superior performance of

the asymmetric mono-stable harvester over the linear and the

symmetric bi-stable case (indicated by solid lines), especially

at the lower excitation intensities. Also, it was shown that

the asymmetric mono-stable case outperforms all other cases

considered under different load resistance conditions.

Interestingly, the comparison of the maximum strain

level (ǫmax) induced in the transducer element was

presented (dashed lines in Figure 40b) for these harvester

configurations, which is a crucial, but generally overlooked

aspect concerning the life expectancy of the piezoelectric

transducer. The second raw moment (E[ǫ2max]), which is

equivalent to the variance of a variable, was used as a

metric to quantify the maximum strain level induced. It was

found that the maximum strain level induced in case of

the asymmetric mono-stable harvester was equivalent to the

linear case, despite producing a higher power output under

various excitation intensities. Conversely, the maximum

strain level induced in case of the bi-stable harvester were

several times higher than the linear and the asymmetric

mono-stable harvester. Thus, two crucial benefits of the

asymmetric mono-stable case over the symmetric bi-

stable case were highlighted, namely, better harvesting

performance under low intensity random excitation and low
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(a) (b)

Figure 40. (a) Three different potential functions of the linear, symmetric bi-stable, and asymmetric mono-stable case considered

for experimental studies. (b) Experimental results of the harvested power output (solid lines) and the induced strain level (dashed

lines) for the three cases under various discrete values of excitation intensities. Reproduced from (Kumar et al., 2018), with the

permission of AIP Publishing.

strain levels induced in the piezoelectric transducer element,

promising better life expectancy.

The influence of the potential function asymmetries for

a TEH was studied by Zhou and Zuo (2018). Using the

harmonic balance solutions, the dynamical characteristics

such as amplitude and phase of the response displacement

(r, φ) and the response voltage (V, ψ), as a function of

the excitation frequency and amplitude were presented

along with the stability analysis. Various asymmetric TEH

configurations with different values for the highest potential

barrier were designed and their frequency and amplitude

responses were studied, theoretically. It was observed that the

case with the highest potential barrier has largest interwell

response amplitude and the shortest frequency bandwidth

for interwell response. Also, it requires the highest threshold

amplitude of the excitation to attain this interwell solution.

Additionally, it was shown that the relative size of the other

barriers also affects the performance of the asymmetric

harvester. When compared with the symmetric potential

TEH cases, it was observed that the symmetric potential

case, having the same size for all the barriers (a type 2

case), outperformed all other cases under the low intensity

excitation. However, it was shown that, for the equal sum

of the sizes of all the potential barriers, the asymmetric

arrangement of the potential barriers can attain interwell

solution at the lower excitation levels than the symmetric

arrangement. Further, it was suggested to arrange the

positions of the two unstable equilibrium positions closer to

the trivial equilibrium position, leading to a reduction in the

barrier sizes, in order to enhance the low intensity excitation

performance of the asymmetric tri-stable harvester.

In another instance, an application of stochastic resonance

in a bi-stable harvester for improved and optimized energy

harvesting was demonstrated by Zheng et al. (2014). In

addition to the usual piezoelectric cantilever, tip magnet and

an opposing fixed magnet arrangement, a non-contacting

electromagnetic periodic actuator (see Figure 41) was used

for the weak periodic excitation that modulates the potential

barrier height, and thereby asymmetrically see-sawing the

Figure 41. Schematic arrangement of the bi-stable harvester

used by Zheng et al. (2014) showing non-contacting periodic

actuator interacting with the magnet attached on the cantilever

beam. Reprinted from (Zheng et al., 2014), Copyright © 2014,

with permission from Elsevier.

twin potential wells. This time dependent modulation of

the potential well improves the probability of interwell

transitions. Under certain conditions, this weak periodic

input synchronizes with the applied ambient excitations,

leading to the manifestation of the stochastic resonance

phenomenon. Stochastic resonance frequency was predicted

analytically using Kramer’s rate and was verified through

discrete frequency sweep experiments. However, for larger

ambient noise levels compared to the potential barrier height,

the predictions using Kramer’s rate doesn’t withhold and it

was suggested to follow the boundary crossing problems for

the analyses of such cases. Using numerical simulations, the

optimal levels of the periodic and ambient excitations were

studied to find the most effective synchronizations of the

stochastic and deterministic time scales for the occurrence

of the stochastic resonance. Despite the improvement in the

average harvested power as a result of stochastic resonance

conditions, the significant improvement is observed only

near the stochastic resonance frequency. This is due to

the fact that system consumes more power through the

periodic actuator than it generates through the piezoelectric

patches. Thus, implementation of the stochastic resonance

mechanism in a bi-stable harvesters subjected to low level

ambient noise excitations is beneficial, provided the weak
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periodic excitation can be tuned exactly around the optimal

synchronization conditions of both the input excitations.

In case of the symmetric bi-stable potential systems

investigated above for the stochastic resonance conditions,

the potential wells are asymmetric when subjected to

the external excitations. The asymmetry in the potential

function is induced due to the periodic excitation component

that modulates the potential barrier height. In this review

article, such cases of asymmetries are termed as dynamic

asymmetries as they exist only during dynamic conditions.

Therefore, such systems possess time varying asymmetric

bi-stable potential wells during operation even though they

have symmetric potential wells at rest (i.e. in the absence

of external excitation). Here, we would like to clarify that

the phrase ‘asymmetric potential system / harvester’ means

a system / harvester possessing asymmetries in the potential

function at rest, as it is meant conventionally.

In above context, the effect of asymmetric bi-stable

potential on achieving the stochastic resonance conditions

was theoretically investigated by Li (2002). It was observed

that the asymmetries weaken the occurrence of stochastic

resonance phenomenon in bi-stable systems. Mono-stable

systems didn’t show any stochastic resonance behaviour

unless a multiplicative noise excitation component was

present along-with the additive noise component. Similar

observation confirming the loss of signal to noise ratio in

an asymmetric bi-stable Kramer’s oscillator, excited with the

white noise and a rectangular periodic signal was made by

Gerashchenko (2003).

Another application of stochastic resonance phenomenon

for harvesting energy from rotational motion of an

automobile tyre was studied by Zhang et al. (2015).

Harmonic excitation arising from the gravitational force

acting on the tip mass induced a time varying asymmetric

bi-stable potential. Road noise excitation ranging from 0 to

1 kHz and angular tyre rotation velocity of 98 rad/s was

found suitable for the occurrence of the stochastic resonance.

Similar study with a tip mass positioned at the center of

rotation, in order to avoid the centrifugal force effects on

stiffness was explored in (Zhang et al., 2016b). Further,

improved broadband response by combining stochastic

resonance, which is effective at low speeds, with high orbit

solutions attained at high rotational speeds was demonstrated

by Zhang et al. (2020).

A clamped-clamped beam (CCB) in the bi-stable

configuration, which was induced by pre-stressing with

an axial load, and a vertical piezoelectric cantilever beam

attached at the mid-span of the CCB was investigated by Jia

and Seshia (2013) under the combined application of direct

and parametric excitations. The CCB, which was subjected

to the parametric excitation at its supports, amplifies the

parametric excitation imparted to the piezoelectric cantilever

and assists in attaining parametric resonance conditions. As

a result, an improved power output was observed as this two

DOF arrangement responded over the range of frequencies

between the parametric resonances of the CCB and the

cantilever beam. With the increase in the bi-stability of the

arrangement achieved with a higher pre-stress, the power

output improved further. However, the threshold amount of

energy required to trigger the parametric resonances also

increased with the bi-stability due to the higher potential

barrier. In order to further improve the power output under

bi-stable conditions with low strength excitations, another

horizontal piezoelectric cantilever was fixed, orthogonal to

both the CCB and the vertical cantilever, at the midspan

of the CCB. Further, the rigid supports of the pre-stressed

CCB were replaced by spring supports, which caused

modulation of potential barrier as the supports vibrated.

Such a time varying potential barrier, exhibited dynamic

asymmetry of potential well which promoted the interwell

oscillations at low excitation levels. In summary, despite of

the low energy density, this bi-stable multi-DOF system with

time varying asymmetric potential well, showing direct and

parametric resonances of various resonators over the range

of frequencies, was demonstrated as a viable option for the

energy harvesting.

While working on the idea of harvesting energy from

human walking and running motion, Cao et al. (2015a)

realized that as the entire bi-stable harvester assembly is

subjected to the sway motion as shown in Figure 42,

the gravitational force acting on the tip mass changes its

direction. This resulted into a time varying bi-stable potential

wells that are highly asymmetric in shape and for larger

sway angles (β), even mono-stable potential can be attained.

One cycle of human leg sway motion during walking or

running covers larger positive (clockwise) sway angle and

small portion of negative sway angle, leading to a strong

asymmetry in the potential function. It was observed from

the experiments that the human walking motion provides

very low frequency excitation (below 2 Hz), which is not

ideal for the linear and the symmetric bi-stable harvesters.

However, for the case of time varying asymmetric bi-stable

potential harvester, in one cycle of sway motion of the

leg, each of the two potential wells alternatively became

deeper and shallower than the other one. This behaviour

greatly promoted the interwell transitions even under very

low frequency excitations and hence, higher power outputs

were observed. Interestingly, formation of a virtual dynamic

equilibrium position between the potential well equilibria

was observed as the oscillation orbits were distributed around

a center between the two potential wells. This observation

implies that the asymmetric time varying bi-stable potential

minimizes the influence of the potential barrier and improves

the capability of interwell oscillations. Moreover, the

swaying motion not only provides the input excitation energy,

but also modulates the asymmetric bi-stable potential with

time, unlike for the case of stochastic resonance where the

potential barrier height is modulated by a small periodic

excitation component, which consumes additional input

energy. Therefore, even though the asymmetries are known

to hamper the performance of the bi-stable harvester (He

and Daqaq, 2014), this investigation carried out by Cao

et al. (2015a) under most realistic human walking excitation

conditions, suggested that the inclusion of time varying

aspect to the asymmetric bi-stable potential is a promising

approach to greatly improve the performance under low

frequency excitations without any additional expense of

energy.

Another asymmetric potential bi-stable harvester was

investigated for low and high energy periodic, and chaotic
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Figure 42. Zero, positive and negative sway angles (β) of the bi-stable system during human walking motion. Reproduced from

(Cao et al., 2015a), with the permission of AIP Publishing.

solutions using numerical simulations as well as experiments

by Wang et al. (2018b). The influence of degree of

asymmetry on the power output was studied by varying

the coefficient of quadratic nonlinear stiffness term and

by analysing the corresponding basins of attractions. At

low excitation levels, most of the initial conditions end

up on the low energy branch in the deeper potential

well of the asymmetric potential function and high energy

orbit solutions can be achieved only with higher excitation

levels. Probability of attaining a high orbit solution is more

when an initial condition from shallower potential well is

chosen. For the initial conditions from the deeper potential

well, high orbit solutions were attained only for the initial

conditions with higher velocities. The presence of intrawell

superharmonic solutions was verified during the experiments

when an initial condition from the deeper well was chosen.

However, higher power outputs resulting from interwell

period-1 solutions were recorded for the initial conditions

from the shallower potential wells. With the increasing

degree of asymmetry, it became difficult to attain the high

orbit solution unless the excitation strength was increased.

Therefore, as the choice of initial conditions govern the

attainment of high orbit solutions under low level excitations,

potential well asymmetries caused a negative impact on the

performance of the bi-stable harvester.

Having confirmed the fact that the asymmetries hinder

the performance of a bi-stable harvester, a performance

enhancement method to counter the asymmetries was

discussed by Wang et al. (2018c). Gaining the motivation

from their investigation on harvesting energy from swinging

motion of the human lower-limb (Cao et al., 2015a), it

was suggested to compensate the degree of asymmetry by

tilting the whole setup through a bias angle (φ), similar

to the tilt angle (β) as shown in Figure 42, and thereby

adjusting the influence of the gravitational force on the

cantilever beam assembly. Thus, the restoring force of

the original asymmetric bi-stable system is countered by

the gravitational force p sinφ. However, experimentally it

was verified that the limiting increments in the bias angle

(φ) towards both clockwise and anti-clockwise direction

resulted into the mono-stable potential configurations. The

optimum bias angle (φ) to counter a particular degree

of asymmetry was found analytically by equating the net

restoring forces at the stable equilibria of the two potential

wells. The performances of the two asymmetric bi-stable

harvesters, with and without applying the bias angle (φ),

having an asymmetric degree β = 0.25 (in this study, β
doesn’t resemble the tilt angle) were compared and the

effectiveness of this approach was confirmed. The range of

optimum bias angle (φ), over which the asymmetric harvester

showed performance improvement, became narrower and

moved to higher values as the asymmetric degree β was

increased. Individual increments in the excitation amplitude

and frequency also reduced the range of optimum bias angle

(φ) along with the increments in the asymmetric degree β,

which was also verified through experiments. Furthermore,

the range of optimum bias angle (φ) was distributed unevenly

around the optimum value, having a larger spread towards

deeper potential well with the negative values of bias angle

(φ). In summary, an effective approach and guidelines to

reduce or counter the negative impact of naturally arising

asymmetries on the performance of the bi-stable harvesters

were demonstrated without requiring any additional energy

input to do so.

An asymmetric tri-stable piezoelectric cantilever beam

setup attached to an automobile tyre, similar to the one

used by Zhang et al. (2018), for harvesting energy from

low frequency rotational motion was presented by Mei

et al. (2019). A theoretical model considering the effect

of rotational motion was proposed in circular co-ordinate

system, which then was reduced for analyzing performance

at constant rotational speeds and ignoring the base excitation

motion from the road surface. At constant rotational speeds

the periodic excitation was achieved using the components of

the gravitational forces acting on the tip mass. A type 1 case

of symmetric tri-stable potential with deeper central potential

well, as explained in Figure 30(b) of the manuscript, was

compared with an asymmetric tri-stable potential case with

relatively shallower potential wells. These two symmetric

and asymmetric TEH configurations were then studied for

discrete and sweep frequency experimental tests ranging

from 60 to 540 rpm (i.e. 1 to 9 Hz). At low excitation

speeds of 60 rpm, the asymmetric TEH was able to attain

interwell motion, firstly between the two adjacent potential

wells, and then among all the three potential wells as

the excitation speed was further increased to 140 rpm.

Conversely, the symmetric TEH performed only intrawell

motion in the deeper central well and couldn’t attain any
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interwell solutions till 140 rpm. At a speed of 300 rpm, both

the TEHs exhibited global interwell motion. However, at

higher speeds both the configurations performed intra well

motion under the increasing influence of the centrifugal force

acting at the tip mass. Similar observations were recorded

during the sweep frequency experiments and the asymmetric

TEH produced higher peak voltage and average power over

the excitation range compared to the symmetric TEH case.

Therefore, the investigation concluded that the asymmetric

potential cases with relatively shallower potential wells than

the deepest well of the symmetric configurations are more

effective for low rotational speeds.

In summary, the studies reported regarding the asymmetric

potential harvesters suggest that the asymmetries bring

the improvements in the harvesting performance of the

mono-stable harvesters, whereas, the performance of the

asymmetric bi-stable case is lower than the symmetric

bi-stable case, under the low intensity excitations. At

higher excitation levels, the influence of the asymmetries

deteriorates. For the multi-stable potential configurations (i.e.

bi-stable, tri-stable and so on), the symmetric configurations

having equal sizes for all the potential barriers mark the best

performances, compared to the configurations with unequal

sizes for the different potential barriers of a potential well.

However, for the equal sum of the sizes of the potential

barriers, an asymmetric arrangement has a lower threshold

amplitude at which interwell oscillations occur, than the

symmetric arrangement of the barriers.

5 Other Configurations of the Piezoelectric

Energy Harvester

The linear and nonlinear configurations discussed in

sections 3 and 4 are mostly based on the cantilever

beam type piezo-magneto-elastic structure. Many different

types of configurations and designs of the VEH have

been explored by researchers, considering a few important

benefits of these structures under certain type of excitation

scenarios. In this section, we briefly discuss about several

such VEH configurations, in order to create the awareness,

acknowledge their contribution to the field of vibration

energy harvesting, and for the sake of completeness.

Marinkovic and Koser (2009) presented a mechanical

platform called as smart sand, which consisted of four

thin fixed-fixed beams, supporting the proof mass of the

platform. The configuration induces the optimal strain

over a large surface area of these thin beams during its

operation. The strains are converted into an electrical output

using the piezoelectric transducer. The device was shown

to exhibit 160− 400 Hz of operating bandwidth under

the non-resonant conditions. Similar device with a doubly

clamped MEMS resonator configuration was presented by

Hajati and Kim (2011), in which non-linear bending and

stretching strains induced in a stiffened, Duffing type spring-

like structure helps in achieving ultra-wide bandwidth of

operation. A two degree-of-freedom (DOF) double cantilever

type PEH device (See Figure 43a) capable of harvesting

energy, from both the translational and rotational modes was

discussed by Kim et al. (2011). Further, Wu et al. (2014)

explored this concept of 2-DOF harvesters by introducing

magnetic nonlinearity. Gu and Livermore (2010) discussed

the application of passive self-tuning cantilever type of

PEH device subjected to the vibrations during rotational

motion. Zhu and Zu (2013) explored the possibilities of

performance enhancement of a buckled-beam type VEH

configuration. In the study, the mid-point magnetic force was

introduced to achieve the snap-through oscillations under

the low strength excitation. An interesting configuration as

shown in Figure 43b, capable of harvesting energy, from

all the three orthogonal directions and exhibiting broadband

response was proposed by Su and Zu (2013). Xu and

Tang (2015) presented a cantilever-pendulum arrangement as

shown in Figure 43c. The arrangement exhibited a coupling

between the three dimensional motion of the pendulum

and the resonant vibrations of the beam, realizing energy

harvesting by multi-directional excitations under certain

choice of parameters. Next, Cui et al. (2015) explored the

energy harvesting capabilities of a multi-beam structure

coated with the thin PZT films.

Inspired by the fact that 2-D beam shapes show better

performance than the 1-D beams of equal surface area

under low level excitation, Sharpes et al. (2015) presented

the comparative analysis and experimental studies for a

zigzag beam, against the two other designs of 2-D beam

structure. Karami and Inman (2012) explored the feasibility

of powering pacemakers with the linear and nonlinear PEH

devices, using vibrations from the heartbeat motion, in

order to avoid the surgical operations to replace the battery

of the pacemaker. Fan et al. (2015) proposed a design,

comprising of four piezo-magneto-elastic structures along

with a ferromagnetic ball, in order to harvest the energy from

the mechanical motions in various directions. Li et al. (2016)

presented a dual resonant cantilevered structure that involves

two cantilever beams, facing in opposite directions to harvest

energy from the low frequency random vibrations. Zhang

et al. (2016a) analyzed the energy harvesting capabilities of

a single-crystal piezoelectric element cantilevered structure

with the static, quasi-static, and dynamic models, that would

be applicable to different scenarios. An interdigital structure

as shown in Figure 43d, with multiple cantilevers arranged

on a flexible frame for energy harvesting applications was

presented by Li et al. (2015). Another 2-DOF piezo-magneto-

elastic structure (see Figure 44a) with an auxiliary cantilever

arrangement, causing proportionate resonant conditions for

both the beams was studied by Xiong et al. (2016).

Use of the multi-stable composite laminate, possessing

potential well asymmetry, for broadband energy harvesting

was demonstrated by Arrieta et al. (2010, 2013). Interest-

ingly, in these multi-stable composite plates, multi-stability

and potential well customization are elastically imparted

with anisotropic strains instead of using the magnetic restor-

ing force. Such an approach of inducing nonlinearities

in the system’s potential simplifies the harvester design,

eliminating the use of magnets and other attachments. In

(Arrieta et al., 2010), a bi-stable composite plate fixed at

its center showing two resonant modes for each stable state

was harmonically excited and both periodic and chaotic

broadband response was illustrated. Similar response was

also observed in the cantilevered bi-stable composite, which

utilizes large strains induced near the clamped root and a
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(a) (b)

(c) (d)

Figure 43. (a) Schematic and conceptual design of a 2-DOF double cantilever PEH model. (b) Conceptual design of a

tri-directional PEH proposed by. (c) Schematic of a multi-directional piezoelectric harvester system with cantilever-pendulum

arrangement. (d) A triple beam piezoelectric harvester interdigital structure arranged on a flexible frame and its equivalent

mechanical model for low frequency applications. Figures 43 (a), (b), and (c) are reproduced from (Kim et al., 2011; Su and Zu,

2013; Xu and Tang, 2015), respectively, with the permission of AIP Publishing and Figure 43 (d) reproduced from (Li et al., 2015);

licensed under a Creative Commons Attribution (CC BY) license.

shunting circuit to maximize harvested power (Arrieta et al.,

2013). Thus, a simple and efficient harvesting arrangement

can be obtained by tailoring the laminate design, so as to span

the four resonant modes over a sufficiently wide frequency

range. However, a fatigue life assessment of such a multi-

stable composite laminate is essential, owing to the brittle

nature of composite material. A multi-modal cantilevered

structure that can respond to specific resonant frequencies

was developed by Ou et al. (2012). In their work, a bimorph

PZT cantilever beam with two end masses was modeled

using energy principles and solved using modal analysis

procedure. In order to achieve the broadband response, the

two resonant frequencies and corresponding mode shapes

estimates obtained using the analytical model can be used to

design an array of multi-modal harvesters tuned at different

frequencies spanning over a wide frequency range.

Subsequently, the hybrid energy harvesters with combined

piezoelectric and electromagnetic transduction capabilities

were discussed in (Xu et al., 2016; Rajarathinam and

Ali, 2018a,b). A twin bifurcate shape cantilever beam

structure for MEMS energy harvesting application was

presented by Luo et al. (2016). A compressive-mode

VEH with the magnetic stoppers used to enhance the

effectiveness over a wide range of the frequencies was

explored by Zou et al. (2017), as shown in Figure 44b.

Energy harvesting capabilities and dynamical performance

of a L-shaped, internally resonant cantilever type structure

was investigated by Chen et al. (2016). A piezo-elastic

structure as shown in Figure 44c with three folded beams in

chiral type arrangement, exhibiting complementary natural

modes under specific boundary conditions was discussed

by He and Jiang (2017). Another hybrid energy harvester

using a nonlinear polymer spring with the electromagnetic

and triboelectric transduction mechanism was discussed by

Gupta et al. (2017). A review of various configurations apart

from the conventional cantilever configuration, operating

under continuous and intermittent sources of vibrations was

presented by Ahmed et al. (2017).

In summary, it can be realized that variety of configu-

rations and designs with multiple transduction modes have

been explored by researchers. The studies mentioned above

in this regard do not form an exhaustive list of the configu-

rations. This highlights the growing diversity in the research

field of vibrational energy harvesting. The relative compari-

son of these configurations is not the subject of this article

and also it may not be justified, considering the differences

in the operating environment of these designs.
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(a)

(b)

(c)

Figure 44. (a) Conceptual design of a 2-DOF

piezo-magneto-elastic structure with an auxiliary cantilever

arrangement. (b) A compressive-mode VEH model with

magnetic stoppers to limit the excess displacement of the

oscillator. (c) Conceptual design of a multi-mode PEH with

chiral type structure for low frequency excitation. Figures 44 (a),

(b), and (c) are reproduced from (Xiong et al., 2016; Zou et al.,

2017; He and Jiang, 2017), respectively, with the permission of

AIP Publishing.

6 Challenging Aspects for Future

Improvements

The field of piezoelectric vibrational energy harvesting

has been well-explored by the researchers. As a result,

numerous performance improvements have been realized

when compared to the initial linear harvester models. For

example, the frequency bandwidth for energy harvesting

of certain PEH configurations has increased several orders

compared to their linear counterparts. However, there are

several issues that concern the performance of the nonlinear

PEHs. These issues are briefly discussed in the following

text.

Nature of the external excitation. An energy harvester

can perform most effectively if it is designed and

tuned (customized) based on the prior knowledge of the

external or ambient excitation characteristics. However, in

many scenarios, the prior knowledge about the excitation

characteristics is seldom available. Also, a customized

design of the harvester may not be useful in all (i.e. periodic,

random or stochastic) excitation scenarios. On the other

hand, a non-customized design may perform well for certain

range of excitation only and exhibit poor performance for

the rest of the excitation range. In case of the low intensity

excitation, only the harvesters with shallower potential wells

may perform better and hence, a well-thought design of the

energy harvester is absolutely essential.

Non-uniqueness of the solutions. Multiple solutions may

exist over various excitation amplitude and frequency pairs.

In many cases, multiple solutions, multi-period solutions,

aperiodic, and chaotic solutions may exists, depending on the

harmonic or random nature of the excitation conditions. Such

a multi-solution nature presents difficulties in estimating and

quantifying the real time performance of the harvester.

Small potential well widths of the multi-stable potential

configurations. It was realized that the multi-stable

configurations such as the bi-stable and tri-stable cases with

uniform potential well depth (Kim and Seok, 2015; Cao

et al., 2015b; Kim et al., 2016) and quad-stable and penta-

stable cases (Kim and Seok, 2014) may perform better under

low intensity excitation. However, the width of the local

potential well for these multi-stable configurations is very

small (≈ 5 to 10 mm) in reality, due to which it is difficult

to accurately realize their positions during experiments.

Such small widths of the potential wells may not influence

the performance of the harvester, significantly. Therefore,

such an experimental infeasibility puts limitations on the

usefulness of the multi-stable configurations having three

and more stable equilibrium positions.

Material life perspective. While exploring the benefits

of the nonlinearity in the field of piezoelectric energy

harvesting, a crucial but often overlooked aspect is the life

expectancy of the piezoelectric elements used. For a long

time, the researchers in this field have emphasized on the

development and improvement of the nonlinear models with

multi-stable equilibrium positions. In these models, apart

from the trivial stable equilibrium position, oscillations about

the non-trivial stable equilibrium positions are also involved.

While the maximum displacement amplitude of the interwell

oscillations was reported by researchers, the strain levels

induced in the piezoelectric element due to these oscillations

were almost never reported (except in (Upadrashta et al.,

2015; Upadrashta and Yang, 2016; Kumar et al., 2018)).

Thus, the discussion is absent in literature regarding the

number of strain cycles sustained and the corresponding

fatigue life of the piezoelectric element. Hence, even

though certain nonlinear model proposing improvements

is presented, its practical usefulness and effectiveness is

inconclusive without the assessment of the strain levels

induced and corresponding fatigue life of the piezoelectric
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element. Recently, Kumar et al. (2018) presented such an

assessment of strain levels induced in the piezoelectric

element and discussed the relative benefits of the asymmetric

mono-stable configuration.

Design and realization of the asymmetric potential

configuration harvester. Recently, nonlinear harvesters

with the asymmetric potential function were theoretically

explored by the researchers. It was noticed that, low

threshold amplitude of the excitation was required for

some specifically designed asymmetric configurations to

attain the high displacement solutions. The benefits of

the asymmetric mono-stable harvester were also discussed.

However, realizing experiments with these asymmetric

configurations is a challenging task. Hence, ways to

accurately construct the desired asymmetric configuration

need to be explored.

Product realization opportunities. In the past two decades,

ample research and development efforts have been reported

in the area of nonlinear vibrational energy harvesting using

the piezoelectric transduction methods. However, most of

the times, there is only qualitative agreement between

the experimental results and the analytical or numerical

results of the different models. Due to many inherent and

some external sources of variability, quantitative agreement

between the results of the simulation and experiments is

a major challenge. This is one of the major issue which

affects the transformation of the research outcomes from this

field into the tangible micro-scale energy harvesting products.

Hence, efforts are required to transform the research and

development outcomes into realization of the small-scale

energy harvesting products.

In summary, the advancements in terms of improved

analytical or numerical models and corresponding experi-

mental validations has helped us understand this nonlinear

dynamical system of vibration energy harvester in a better

way. However, in order to transform these research outcomes

into useful product applications, attention is required towards

certain essential aspects such as fatigue life of the materials

used, design and realization of the asymmetric potential

configurations, qualitative as well as quantitative validation

of model and experimental results.

7 Summary and Conclusions

In recent years, the awareness of the finite and depleting

fossil fuel energy sources has motivated the researchers,

scientists, and engineers to explore and develop the

alternative and sustainable sources. In this regard, energy

harvesting from small and micro-scale energy sources hold

their own importance, especially, when it comes to powering

of small electronic devices, nodes in the wireless sensor

networks, and similar types of sensors as well as transducers,

considering the portability and maintenance-free powering

requirements. Among the various ambient energy sources,

ambient vibrations have presented promising outcomes. In

this article, an attempt is made to provide a sequential,

comprehensive, and informative discussion about various

models and studies, which are essential for the evolution

of the field of piezoelectric energy harvesting. However, the

discussion in this article is not limited to only piezoelectric

vibration energy harvesters. For the preparation of this

article, more than 200 research papers were studied and

many essential models were reproduced for the sound

understanding of the topic. The discussion is focused at the

potential wells for the PEH and corresponding oscillator

dynamics. The topics such as electrical circuitry used,

quantification of power output, assessment of the accuracy

of the modeling approaches are not discussed explicitly in

this article.

In order to create a sound understanding about various

studies discussed in this article and for better interpretation

of the results, it is useful to go through the basic

mathematical models and their modifications. A generalized

model with electromechanical equations, governing the

dynamics of the mechanical and electrical domains is

presented in this article to set the discussion on a common

platform. The electromechanical equations are capable of

describing both the symmetric and asymmetric potential

configurations, having up to five equilibrium positions.

The electromechanical equations are also presented in

the dimensionless form to facilitate the analysis and

comparison among different harvester configurations. The

models and studies reported on various piezoelectric energy

harvesting configurations are discussed under two categories,

namely, symmetric and asymmetric potential configurations.

The discussion on the symmetric potential configurations

included the linear and nonlinear configurations, having

up to seven equilibrium positions (i.e. up to quad-stable

configuration), following which, the configurations having

an asymmetric potential function and up to five equilibrium

positions (i.e. up to tri-stable configuration) are discussed.

The potential wells and their dynamical characteristics are

presented before discussing the models and studies related

to them. Table 2 highlights the symmetric and asymmetric

potential well based classification of the studies discussed

in this review manuscript. The advantages and limitations of

each classification are also discussed.

At first, resonance based or linear models which assumed

linear stiffness and linear damping terms along with linear

piezoelectric constitutive relations are discussed. The initial

discussion on the linear models described few 1-D lumped

mass models, following which the distributed parameter

models were discussed. The studies on the linear models

highlighted the drawback of the narrow frequency bandwidth

available for effective energy harvesting. Several tuning

methods were proposed in the literature to improve the

broadband response of the linear models. Few of these

methods and articles reviewing the tuning methods are

briefly mentioned. Next, use of various nonlinearities for

the performance improvement of a VEH is discussed,

following which studies on the nonlinear mono-stable

configurations with hardening and softening characteristics

are reviewed. Subsequently, studies reported on the bi-

stable configurations, offering several benefits such as large

amplitude interwell oscillations, multi-period and chaotic

solutions, and improved broadband response are discussed.

However, presence of the potential barrier at the trivial

equilibrium position limits the performance of the bi-

stable configurations under the low intensity excitations.

Moreover, few studies comparing the performance of the
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Table 2. Classification of the symmetric and asymmetric potential configurations of the PEHs discussed in this review article.

Type of

Piezoelectric

Harvester Model

Author’s Name Year Advantages Limitations

Linear harvester:

Lumped

parameter

- Highest power output when excited

near resonance conditions.

- Simple construction.

- Similar forward and reverse

excitations characteristics.

- Poor off-resonance performance.

- Narrow frequency bandwidth.

- Lack of self-tunability, manual

tuning required.

- Tunability over wide range is not

possible.

- Sufficient damping mechanism is

needed to limit high amplitude

oscillations while operating near

resonance.

- Poor performance under random

excitations.

Williams and Yates (1996) 1996

White et al. (2001) 2001

Roundy et al. (2003) 2003

Roundy and Wright (2004) 2004

Dutoit et al. (2005) 2005

Du Toit (2005) 2005

DuToit and Wardle (2007) 2007

Adhikari et al. (2009) 2009

Ali et al. (2010) 2010

Linear harvester:

Distributed

parameter

Rama Bhat and Wagner (1976) 1976

To (1982) 1982

Eggborn (2003) 2003

Sodano et al. (2003) 2003

Oguamanam (2003) 2003

Lu et al. (2003) 2003

Sodano et al. (2004b) 2004

Du Toit (2005) 2005

Chen et al. (2006) 2006

Lin et al. (2007) 2007

Hu et al. (2007a) 2007

Erturk and Inman (2008a) 2008

Erturk and Inman (2008b) 2008

Goldschmidtboeing and Woias

(2008)
2008

Elvin and Elvin (2009) 2009

Erturk and Inman (2009) 2009

Kim et al. (2010) 2010

Bonello and Rafique (2011) 2011

Wang and Meng (2013) 2013

Tuned linear

harvester:

Mechanical

tuning

Leland and Wright (2006) 2006

Shahruz (2006) 2006

Hu et al. (2007b) 2007

Eichhorn et al. (2008) 2008

Morris et al. (2008) 2008

Loverich et al. (2008) 2008

Wu et al. (2008) 2008

Soliman et al. (2008) 2008

Soliman et al. (2009) 2009

Tuned linear

harvester:

Magnetic tuning

Challa et al. (2008) 2008

Zhu et al. (2008) 2008

Reissman et al. (2009) 2009

Tuned linear

Harvester:

Electric tuning

Roundy and Zhang (2005) 2005

Wu et al. (2006) 2006

Peters et al. (2009) 2009
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Table 2 continued from previous page

Type of

Piezoelectric

Harvester Model

Author’s Name Year Advantages Limitations

Nonlinear

mono-stable

potential harvester

- Better broadband frequency

response compared to the linear

mono-stable counterpart.

- No need of any manual tuning

mechanism.

- Average power harvested is better

than the linear counterpart under

random excitations.

- There can be two stable solutions at

a single excitation frequency.

- Only periodic response is obtained

under periodic excitation, which

improves the harvesting efficiency.

- Different forward and reverse

excitation characteristics, hysteretic

frequency response.

- Additional energy input required to

jump from a low amplitude solution

to a high amplitude solution.

- Average power harvested is lower

than the linear harvester subjected

to harmonic excitations near its

resonance conditions.

- Modifications in harvester

configuration are needed to

accommodate the mechanism

imparting the nonlinear stiffness.

Quinn et al. (2007) 2007

Burrow and Clare (2007) 2007

Burrow et al. (2008) 2008

Mann and Sims (2009) 2009

Stanton et al. (2009) 2009

Daqaq et al. (2009) 2009

Ramlan et al. (2010) 2010

Barton et al. (2010) 2010

Daqaq (2010) 2010

Quinn et al. (2011) 2011

Masana and Daqaq (2011a) 2011

Sebald et al. (2011b) 2011

Sebald et al. (2011a) 2011

Abdelkefi and Barsallo (2014) 2014

Jia et al. (2013) 2013

Jia et al. (2014) 2014

Jia and Seshia (2014) 2014

Bi-stable potential

harvester - Improved wideband frequency

response than the linear harvester.

- Large amplitude interwell

oscillations enhance the power

harvesting.

- Presence of sub/super harmonic

resonances assist in improving

output.

- Response can be periodic,

multi-periodic or chaotic.

- Stochastic resonance assists in

performance improvement under

random excitations that are just

enough to overcome potential

barrier.

- At low strength excitations,

presence of potential barrier

between the two wells offers

resistance for large amplitude

oscillations.

- Appropriately designed electrical

circuit is essential to improve the

power harvesting efficiency under

chaotic and multi-periodic response.

- Output from only intrawell

oscillations is lower than the linear

counterpart.

- Potential well bounds for the

interwell oscillations are smaller

than the bounds of a linear harvester

under similar energy input.

- Performs well only when excitation

has sufficient strength to overcome

the potential barrier.

McInnes et al. (2008) 2008

Cottone et al. (2009) 2009

Gammaitoni et al. (2009) 2009

Erturk et al. (2009) 2009

Mann and Owens (2010) 2010

Stanton et al. (2010b) 2010

Litak et al. (2010) 2010

Erturk and Inman (2011) 2011

Masana and Daqaq (2011b) 2011

Ferrari et al. (2011) 2011

Masana and Daqaq (2012) 2012

Ali et al. (2011) 2011

Friswell et al. (2012) 2012

Daqaq (2012) 2012

Zhao and Erturk (2013) 2013

Kumar et al. (2014) 2014

Panyam et al. (2014) 2014

Syta et al. (2016) 2016

Firoozy et al. (2017) 2017

Zhang et al. (2018) 2018

Horne et al. (2018) 2018

Huguet et al. (2019) 2019

Improvements in

the bi-stable

potential harvester

Lin et al. (2010) 2010

Zhou et al. (2013) 2013

Gao et al. (2014) 2014

Jung et al. (2015) 2015

Zhou et al. (2015) 2015

Leng et al. (2015) 2015

Hosseinloo and Turitsyn

(2015)
2015

Lan and Qin (2017) 2017

Shan et al. (2018) 2018
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Table 2 continued from previous page

Type of

Piezoelectric

Harvester Model

Author’s Name Year Advantages Limitations

Tri-stable

potential harvester

- Improved wideband frequency

response than the mono-stable and

bi-stable harvesters.

- Better harvesting performance

under low strength excitations due

to smaller potential barriers as

compared with the bi-stable case.

- Shallower potential wells promotes

interwell oscillations under both

harmonic and random excitations.

- Harvester structure is prevented

from the excessive amplitudes of

oscillations due to particular shape

of potential well and its bounds.

- Precise control over the size and

shape of the potential wells is

difficult during experiments.

- Widths of the potential wells are

very small (5 to 10 mm), which

affects precise experimentation,

unless harvester structure is

sufficiently large in size.

Kim and Seok (2014) 2014

Zhou et al. (2014a) 2014

Zhou et al. (2014b) 2014

Kumar et al. (2015) 2015

Kim and Seok (2015) 2015

Cao et al. (2015b) 2015

Haitao et al. (2015) 2015

Kim et al. (2016) 2016

Zhou et al. (2016) 2016

Kumar et al. (2017) 2017

Panyam and Daqaq (2017) 2017

Zhou et al. (2018a) 2018

Yan et al. (2018) 2018

Quad-stable &

penta-stable

potential harvester

- More numbers of relatively small

potential barriers further improve

the low strength excitation

performance.

- The influence of small sized (width

and depth) potential wells may not

be substantial.

- Precise control over the size and

shape of the potential wells is

difficult during experiments.

Kim and Seok (2014) 2014

Zhou et al. (2017) 2017

Zhou et al. (2018b) 2018

Asymmetric

potential harvester

- Shallow and wide nature of the

asymmetric mono-stable potential

offers better performance than the

symmetric mono-stable potential.

- For asymmetric mono-stable

potential case, lower strain levels

are induced in the transduction

element as compared to the

bi-stable case, improving its life

expectancy.

- For asymmetric tri-stable potential

case, asymmetries assist in

achieving interwell solution at the

lower excitation levels than the

symmetric arrangement.

- Asymmetries improve the

performance of the mono-stable

case, however they cause reduction

in performance for the bi-stable

case.

- Constructing an asymmetric

potential well of desired size and

shape is practically difficult.

- No experimental studies on the

asymmetric bi-stable and tri-stable

cases are reported.

Li (2002) 2002

Gerashchenko (2003) 2003

Jia and Seshia (2013) 2013

He and Daqaq (2014) 2014

Zheng et al. (2014) 2014

Cao et al. (2015a) 2015

Zhang et al. (2015) 2015

Zhang et al. (2016b) 2016

Wang et al. (2018a) 2018

Wang et al. (2018b) 2018

Wang et al. (2018c) 2018

Kumar et al. (2018) 2018

Zhou and Zuo (2018) 2018

Mei et al. (2019) 2019
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mono-stable and bi-stable configurations were reviewed

and it was noticed that the mono-stable design exhibited

better performance in terms of the power output under

fairly wide excitation scenarios, compared to the bi-stable

design. However, the broadband response of the bi-stable

case was better than the mono-stable case. Subsequently,

several bi-stable designs describing some modifications and

attachments in order to further enhance the low intensity

excitation performance of a bi-stable design were also

discussed.

Studies on the tri-stable configurations have revealed that

the low intensity excitation performance of the tri-stable case

was better than the bi-stable case. The TEH configuration

has two relatively shallower wells as compared to the BEH

configuration for equal displacement limits. The presence

of the smaller potential barriers in the TEH configuration

increase the probability of the interwell transitions, which

improves its low strength excitation performance. Also, it

was realized that the TEH design having equal depth for all

the three potential wells can attain high amplitude response

solution at the lower excitation amplitudes than the other

cases discussed in this article. The studies reported on the

characterization of the multi-stable states up to the penta-

stable configuration are also reviewed and the important

observations are presented.

Furthermore, studies reported on the influence of

asymmetries on the mono-stable and bi-stable configurations

were reviewed and it was inferred that the mono-stable

configurations are benefited due to the existence of the

asymmetries, whereas the performance of the bi-stable case

deteriorates in the presence of asymmetries. Additionally,

the studies have shown that the asymmetric mono-stable

harvester depicts better performance and lower strain levels

are induced in the transducer element, compared to the

symmetric bi-stable and the linear case. The research

presented on the performance of the asymmetric tri-stable

case under low intensity excitation was also discussed

towards the end.

Finally, few configurations of the PEH other than the

cantilever type were briefly mentioned, in order to realize

the widespread of the field of piezoelectric energy harvesting.

The challenging issues to be addressed in near future for

the performance improvement of the PEH are discussed at

the end. In this regard, it was emphasized that the practical

effectiveness of a model proposing the improvements over

previous models is inconclusive without the fatigue life

assessment of the piezoelectric element used in that model.

This assessment is utmost essential when it comes to the

transformation of the potential research outcomes from

this field into the tangible micro-scale energy harvesting

products.
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