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Abstract
Delay line oscillators based on photonic components, offer the potential for realization of phase noise levels
up to 3 orders of magnitude lower than achievable by conventional microwave sources. The quality factor
of such oscillators is proportional to the delay. Fibre optic based delay lines can realize the large delay
required for high quality factor low phase noise systems whilst simultaneously achieving insertion loss
levels that can be compensated for with available microwave and photonic amplification technologies.
Multi-mode operation is an artefact of the delay line oscillator and introduces instability into phase locked
control loops as a result of the multiplicity of available locking signals. An optoelectronic oscillator (OEO)
with large delay under proportional and proportional integral control by a phase-locked loop (PLL) is
modelled; providing the first report of the location of all of the infinity of poles of the system function. The
first experimental observations of giant phase modulation oscillation of a free OEO and spontaneous phase
modulated oscillation of a PLL-OEO are also reported and explained. Nevertheless, the analysis and
experimental observations, including a prototype 10 GHz PLL-OEO phase noise spectral density
achieving −80 𝑑𝐵𝑐⁄𝐻𝑧 at 10 𝐻𝑧 and −145 𝑑𝐵𝑐⁄𝐻𝑧 at 10 𝑘𝐻𝑧, demonstrate that stable phase lock
operation and optimum phase noise performance is achievable provided full account of the multimode
operation of the basic oscillator is taken in the phase lock analysis.
I.
Introduction
The random fluctuations of an oscillator limit the precision of time and frequency measurements on which
scientific and technological endeavours rely. The noise and long-term stability of the system oscillator /
clock is of major importance in applications such as optical and wireless communications, high-speed
digital electronics, radar, and astronomy. With ever-increasing clock frequencies being used in digital
systems the requirement for compact high performance clock sources will continue. The development of
such a source would have major impact, for example, on radar sensitivity through improved clutter
rejection; on the generation of mm waves for 5G wireless and research into sources of THz radiation.

Among a variety of means using photonics to generate microwaves, the optoelectronic oscillator (OEO) is
the most suited to practical deployment. Reference [1] provides a review of the large literature that has
arisen following the introduction in 1996 of the OEO [2]. Lasers and OEOs are examples of time delay
oscillators. The laser generates optical carriers using a cavity containing the sustaining amplifier. The OEO
generates microwave carriers using an RF photonic link consisting of laser; optical intensity modulator;
optical fibre; photo-receiver; RF amplifier and bandpass filter, which drives the modulator; closing the loop
and sustaining oscillation. The virtue of time delay oscillators is the large delay achievable relative to the
oscillation period. The low loss of optical fibre (0.2 dB/km) permits delay line lengths of ~10 km offering
exceptional OEO phase noise performance. However, the frequency interval between adjacent oscillator
modes becomes very small (20 kHz for 10 km), and filtering is needed for mode selection and side-mode
suppression.
Whereas quartz crystal system reference oscillators, even when multiplied to microwave frequencies, offer
superior phase noise at close to carrier offset frequencies, the OEO offers superior phase noise performance
at offset frequencies further out from the carrier. It remains a requirement to phase lock the OEO to the
system reference to reduce the close in phase noise and provide long-term stability while engineering the
phase locked loop (PLL) to take advantage of the superior phase noise of a free OEO at higher offset
frequencies.

1

A variety of architectures and approaches to locking an OEO to a system reference have been disclosed in
the literature [3-8]. In most cases, the PLL is combined with injection locking; either external-injection
locking of the OEO to the reference carrier [6] or self-injection locking of the OEO to a delayed replica of
the oscillation [7, 8]. The latter category encompasses dual loop OEO [5] and more generally multi-loop
OEOs as a large self-injection level special case. The theoretical models disclosed to describe these
architectural variations, in respect of injection locking, reduce to the differential equations of Adler (weak
injection) [9] or Paciorek (strong injection) [10], and, in respect of the PLL reduce to the classical model in
which the voltage controlled oscillator (VCO) is treated as an integrator. It is established that injection
locking has an equivalent representation as a type-I PLL [11], i.e. a proportional controller so these
architectures may be viewed from the perspective of self-referenced phase locked loops which has been
applied to the study of self-injection locked electronic oscillators and a short loop OEO [3]. In all cases the
VCO is treated as a single mode oscillator (i.e. a phase integrator). Most often no account is taken of the
delay albeit [3] accounts for the delays of the loops in the discriminator that provides the self-referencing
and [5] use a second order Padé approximation to model an input delay to the integrator model of the VCO.
The multimode operation and long delay is fundamental to the neuromorphic application of a broadband
OEO as a reservoir computer [12, 13] but this paper is concerned with the OEO as a source of pristine RF
carriers.
A single-loop OEO under proportional and proportional integral control by a PLL is modelled taking full
account of the delay; providing the first report of the location of all of the infinity of poles of the system
function. This provides a well characterised basic subsystem from which more complex architectures may
be considered to be composed, either as nested control loops or as coupled oscillators. The theoretical
considerations are supported by experimental observations. The first observation is reported of an OEO
exhibiting a giant phase modulation mode related to the FM mode regime of a mode-locked laser but
without the pulse mode-locked regime. The giant phase modulation is a manifestation of a modulation
instability of a PLL-OEO system which is described by the analysis and observed experimentally.
Nevertheless, the analysis and experimental observations presented demonstrate that stable phase lock
operation and optimum phase noise performance is achievable if the presence of multimode operation of
the basic oscillator is accounted for in the phase lock analysis.
This paper is organized as follows. In section II the complete system model of a PLL-OEO is formulated.
In section III all the poles in the complex plane of the system function describing a free OEO are located.
Section IV reports the observation of giant phase modulation of an OEO oscillation is reported and
explained theoretically. Section V reports the observation of spontaneous phase oscillation of a PLL-OEO.
Section VI describes the location of all the poles of a PLL-OEO system under proportionate and
proportional integral control laying the ground for a description of the origins of the weak modulation
instability in Section VII on the active loop filter. Section VIII reports the experimental demonstration of a
stable PLL-OEO with near optimal phase noise spectral density. Finally, Section IX concludes the paper
with a summary and discussion of the main findings.
II.

System analysis

The behaviour of a phase locked loop (PLL) is accurately captured by a dynamical system model with the
phase of the voltage controlled oscillator as state variable. An orthodox voltage-controlled oscillator (VCO)
is modelled as a perfect integrator characterized by its tuning sensitivity 𝐾𝑉𝐶𝑂 (𝐻𝑧/𝑉). The phase sensitive
detector (PSD) may be based on a balanced mixer or other approximation to a four-quadrant multiplier,
which provides an approximately sinusoidal response with 2𝜋 period. An alternative implementation based
on sequential phase detector combined with a charge pump provides a linear response over an interval of
(−2𝜋, 2𝜋) outside of which the response saturates. In either case, the PSD is characterised by its sensitivity
𝐾𝑉𝐶𝑂 (𝑉/𝑟𝑎𝑑) to small phase differences. The loop filter is modelled by a linear system of differential
equations which is expressed equivalently but more conveniently by the system function in the Laplace
transform domain. Indeed subject to linearization, the closed loop system function of the complete PLL
may be derived and its poles (and zeros) located. Since the number of poles is small, it is a relatively simple
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design matter to place all the poles in the left-hand half-plane of the Laplace transform domain to ensure
stability.
An optoelectronic oscillator (OEO) may be tuned by inserting a voltage controlled phase shifter within the
oscillating path (see Figure 4). The path contains an optical fibre coil of substantial length (~5𝑘𝑚) and
hence long delay (~25 𝜇𝑠). The OEO oscillation essentially accumulates a phase shift step on each round
trip which results in a staircase approximation of the linear ramp in oscillator phase provided by an orthodox
VCO. The difference between the staircase and the ramp is a sawtooth with period equal to the round trip
time. The Fourier series of this sawtooth reveals the excitation of adjacent side-modes of the main
oscillation mode by the initial step. The staircase step is smoothed on each round trip and the side-modes
progressively suppressed by the RF bandpass filter placed within the loop precisely to promote single mode
oscillation. However, the passband of the RF filter is large (~3 MHz) compared to the frequency interval
between adjacent side-mode modes (~ 40 𝑘𝐻𝑧) and many hundreds of round trips are necessary before the
smoothing is effective. The OEO is an example of a time delay oscillator and its behaviour as a voltage
controlled oscillator differs substantially from an orthodox VCO.
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Figure 1 Phase model of a phase locked optoelectronic oscillator system. The phase locked loop form a
negative feedback loop composed of the phase sensitive detector (PSD), loop filter, and optoelectronic
oscillator (OEO). The PSD is depicted by the signed summation block on the left that measures the phase
error 𝜙𝑖𝑛 − 𝜙𝑜𝑢𝑡 .. The loop filter is depicted by a block labelled by its system function 𝐹. The OEO is
depicted by the contents the dashed box that form a positive feedback loop. The rectangle represents the
action of the time delay 𝜏𝐷 and the RF filter in the Laplace transform domain. 𝐻 is the baseband
equivalent system function of the RF bandpass filter. The summation block represents a phase shifter that
introduces a single pass phase shift equal to the tuning control 𝜙1
Systems with time delays such an OEO are challenging to control [14]. Their stability analysis is
complicated by a system function possessing an infinite number of poles. In practice, one can only locate a
finite number of these poles and consequently, while a controller may be designed to place the finite number
known poles in the left-hand half-plane of the Laplace transform domain, one rarely can be certain that the
same controller has not shifted one or more of the remaining infinity of poles into the right-hand half-plane,
thereby leading to instability. However, with careful analysis of a PLL-OEO system, stable phase lock in
the presence of an infinite number of poles has been demonstrated to be achievable.
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With the aid of the Leeson model of the oscillator [15], the complete system is modelled as a linear time
invariant system with phase as state variable. The oscillation frequency is varied by an adjustable phase
shifter within the oscillating path. It is convenient to take the signal input to the phase sensitive detector
from the output coupler of the oscillator, which leads to the configuration illustrated schematically by
Figure 1. The multiscale analysis method applied herein takes advantage of three distinct timescales:
𝜏𝐹 ≫ 𝜏𝐷 ≫ 𝜏𝑅
Equation 1
where the time constants 𝜏𝐹 , 𝜏𝐷 , 𝜏𝑅 are characteristic of the loop filter; the oscillator time delay; and the RF
bandpass filter. The ordering of the parameters is consistent with practical application where the orders of
magnitude are 𝜏𝐹 ~𝒪(102 ) , 𝜏𝐷 ~𝒪(100 ) , 𝜏𝑅 ~𝒪(10−2 ).
The complete system function is:
𝐾=

𝐹𝐺
1 + 𝐹𝐺
Equation 2

where 𝐹 is the loop filter system function; and 𝐺 is the system function of a Leeson model of a time-delay
oscillator given by:
1
𝐺(𝑠) =
1 − 𝐻(𝑠) exp(−𝜏𝐷 𝑠)
Equation 3
where 𝜏𝐷 is the delay and 𝐻 is the baseband equivalent transfer function of a bandpass filter that promotes
single-mode oscillation; a single-pole model characterised by the time constant 𝜏𝑅 is used for simplicity:
𝐻(𝑠) =

1
1 + 𝜏𝑅 𝑠
Equation 4

Substitution of Equation 4 and Equation 3 into Equation 2 gives the overall system function of the phaselocked loop:
𝐹(𝑠)
𝐾(𝑠) =
1
1 + 𝐹(𝑠) −
exp(−𝜏𝐷 𝑠)
1 + 𝜏𝑅 𝑠
Equation 5
III.

Free optoelectronic oscillator system pole location

Initially consider the controlled optoelectronic oscillator shown within the red dashed box in Fig. 1.
Substituting Equation 4 into Equation 3 gives free-oscillator system function:
𝐺(𝑠) =

1
1
1 − 1 + 𝑠𝜏 exp(−𝑠𝜏𝐷 )
𝑅

Equation 6
The poles are located at the roots of the characteristic equation:
𝜒(𝑠) = 1 + 𝑠𝜏𝑅 − exp(−𝑠𝜏𝐷 )
Equation 7
The equation for the roots 𝜒(𝑠) = 0 may be recast into an equation:
(𝜌 + 𝜏𝐷 𝑠) exp(𝜌 + 𝜏𝐷 𝑠) = 𝜌 exp(𝜌) ; 𝜌 = 𝜏𝐷 ⁄𝜏𝑅
Equation 8
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that has same form as the definition of the Lambert 𝑤 function1 [16]:
𝑤(𝑧) exp(𝑤(𝑧)) = 𝑧
Equation 9
Hence:

𝑠𝑘 𝜏𝐷 = 𝑤𝑘 (𝜌 exp(𝜌)) − 𝜌

; 𝑘∈ℤ
Equation 10

where the integer 𝑘 indexes the countable infinity of branches of the multivalued Lambert 𝑤 function. The
Lambert 𝑤 function organises its solutions by increasing negative real part with increasing magnitude of
the branch index. It is therefore only necessary to examine the 𝑘 = 0 branch to determine the stability of
the system.

Figure 2 A comparison of the predicted location of the poles of the characteristic function of a free time
delay oscillator and the asymptotic curve defined by Equation 13
Expressed in terms of the real 𝜎 and imaginary 𝑖𝜔 parts of the Laplace transform variable 𝑠 the equation
𝜒(𝑠) = 0 separates into two coupled real equations:
1
𝜏𝐷 𝜎 = − ln((1 + 𝜏𝐷 𝜎⁄𝜌)2 + (𝜏𝐷 𝜔⁄𝜌)2 )
2
𝜏𝐷 𝜔 = 2𝜋𝑘 −

tan−1 (𝜏𝑅 𝜔⁄(1 + 𝜏𝑅 𝜎))

Equation 11
; 𝑘∈ℤ
Equation 12

Equation 11 implicitly defines a continuous curve parameterised by 𝜏𝑅 𝜔 on which the poles must lie in the
complex plane and Equation 12 implicitly discretizes the curve into a countably infinity of samples at which
1

The Lambert w function is a Matlab supplied function.
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the poles are located. These equations define a contractive mapping which may be iterated as an alternative
to the evaluation of the Lambert 𝑤 function.
For 𝜌 ≫ 1 the poles approach an explicitly defined curve:
1
𝜏𝐷 𝜎(𝜏𝑅 𝜔) = − ln(1 + (𝜏𝑅 𝜔)2 )
2
Equation 13
which provides an excellent fit to the distribution of the poles for practical values of the 𝜌 parameter (see
Figure 2) and provides an upper bound to their real part. Such curves are of great utility in establishing
necessary conditions for stability of controlled time delay oscillator systems without explicit solution in
terms of elementary or special functions [17].

Figure 3 Simulated transfer function of an optoelectronic voltage controlled oscillator relative to an
orthodox voltage-controlled oscillator with equivalent static gain-in a neighbourhood of the first
resonance.
IV.
Giant phase modulation
The controlled optoelectronic oscillator shares with an orthodox voltage-controlled oscillator a pole at the
origin representing a perfect integrator; it also exhibits an additional countable infinity of complex
conjugate pairs of poles in the left-hand half-plane close to the imaginary axis representing resonances at
frequencies 𝜔𝑚 close to multiples of the reciprocal of the loop delay:
𝜔𝑚 𝜏𝐷 = 2𝑘𝜋

𝑘∈ℤ
Equation 14

A single-pass intra-loop phase shift that is modulated is amplified by a modulation-frequency-dependent
gain 𝐺 given for an OEO by Equation 6 and for an orthodox VCO with equivalent quasi-static tuning
sensitivity by:
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𝐺(𝑠) ⟶ 1⁄𝑠𝜏𝐷

; 𝑠⟶0
Equation 15

Consequently, the system function 𝑅(𝑠) of the controlled optoelectronic oscillator relative to an orthodox
voltage-controlled oscillator is given by:
𝑠𝜏𝐷
𝑅(𝑠) =
1 − (1⁄(1 + 𝑠𝜏𝑅 )) exp(−𝑠𝜏𝐷 )
Equation 16
The precise resonant frequency is slightly detuned by the phase contributed by the RF-bandpass filter from
the value predicted by Equation 14. Substitution of Equation 14 with a small detuning into Equation 16
and adjusting the detuning to obtain a real denominator provides an estimate of the magnitude of the
resonant peaks:
1 𝜏𝐷 2 1
𝑅 → ( ) 2 = 28650 (89 𝑑𝐵) 𝑘 = 1
𝜋 𝜏𝑅 𝑘
Equation 17
This value is confirmed by a plot of the relative transfer function shown in Figure 3 which shows the first
resonance reaching 89 𝑑𝐵 in relative magnitude. Before neglecting resonances of such magnitude one must
be confident that nevertheless their impact on system behaviour is insignificant.

Figure 4 Schematic diagram of the proposed experimental setup. LD, Laser diode; MZM, MachZehnder modulator; SMF, Single mode fiber; PD, Photodiode; EA, Electrical amplifier; PS, Phase
shifter; EBPF, Electrical bandpass filter; EC, Electrical coupler; ESA, Electrical spectrum
analyzer; RF LO, Radio frequency local oscillator.
To confirm these resonances experimentally, a small voltage modulation is applied to a voltage controlled
RF phase shifter inserted within the OEO loop. The experimental arrangement is shown schematically in
Figure 4. A resonator made for another application having quality factor of around ∿2700 is used as the
electrical bandpass filter (EBPF). A distributed feedback (DFB) laser having an output power of 80 mW
with an operating wavelength near ∿1550.12 nm is used as the optical source. The Analog Devices
HMC931 phase shifter (PS) is used in the demonstration. The electrical amplifiers are off-the-shelf power
amplifiers having a gain of 16 𝑑𝐵. Three similar electrical amplifiers were used in the loop to compensate
the extra insertion losses caused by EBPF (∿10 𝑑𝐵) and PS (∿4 𝑑𝐵).
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Figure 5 Measured electrical spectrum for (a) free run OEO and; (b-d) with small injection of sinusoid
close to the mode spacing. A resolution bandwidth of 100 Hz is used for all the measurement. A span
of 200 kHz is used for (a-c); whereas a span of 3 MHz is used for (d).
Figure 5 (a) shows the measured electrical spectrum of the OEO without any applied modulation. The spurs
are separated from the oscillation frequency by the inverse of delay produced by a 5 km optical fibre coil.
A sinusoidal voltage with 40 kHz frequency and -50 dBm power is applied to the phase shifter (PS) to
introduce intra-loop phase modulation. Figure 5(b) shows the resulting measured electrical spectrum of the
RF output of the OEO. It shows that with modulation the side modes (spurs) gain considerable power in
comparison to the spectrum without any injected phase modulation (Figure 5(a)). At modulation
frequencies close to resonance (∿40.38 kHz), the outcome is giant phase modulation of the carrier
confirming the prediction of Equation 17. The giant phase modulation generates a large number of side
modes at harmonics of the modulation frequency of similar magnitude (Figure 5(c)) extending over a broad
band (Figure 5(d)) comparable to the−3 𝑑𝐵 bandwidth of the electrical bandpass filter.
V.

Spontaneous phase oscillation

When locking an optoelectronic oscillator to a system frequency reference, the optoelectronic oscillator is
substituted for the voltage-controlled oscillator of a phase-locked loop. The traditional approach to the
design of a phase-locked loop accounts for the action of a voltage-controlled oscillator as an integrator; a
constant voltage results in a change of frequency corresponding to a constant rate of change of phase. The
pole at the origin of the system function described by Equation 6 accounts for the same behaviour of an
optoelectronic oscillator equipped with a voltage controlled intra-loop phase-shifter; a constant applied
voltage induces a constant single-pass phase shift that is continuously accumulated each round-trip, yielding
a change in oscillator frequency. However, the near singular resonances in the modulation transfer function
of the optoelectronic oscillator are a source of instability and spontaneous phase-modulated oscillation may
be observed on closing the phase locked loop (see Section VII).
To understand the system as a phase oscillator requires a model of the gain saturation process. In the case
of a type-II PLL, the sequential phase detector and charge pump combination has a linear phase error range
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of (−2𝜋, 2𝜋). Beyond this range its output saturates to an upper or lower limit which results in the output
of the active loop filter loop increasing or decreasing until it in turn saturates to pull the oscillation frequency
of the voltage-controlled oscillator in the correct direction over the acquisition range until phase lock. The
voltage controlled phase-shift ϕ1 is also limited to a finite interval but a range exceeding (−𝜋, 𝜋) provides
sufficient tuning to capture adjacent RF oscillation modes but ensures that the phase-sensitive detector is
the saturation mechanism.
In the case of co-sinusoidal modulation with Δ𝜑 peak single-pass phase amplitude
ϕ1 (𝑡) = Δ𝜙 cos(𝜔𝑚 𝑡)
Equation 18
under conditions where all significant sidebands of the oscillation fall well within the passband of the RFbandpass filter, the Leeson model predicts a phase modulated oscillation known as a Bessel super-mode
with envelope given by:
𝑢(𝑡) = exp[𝑖(ω0 𝑡 + 𝜇 cos(𝜔𝑚 𝑡 + 𝜉))] = exp(𝑖ω0 𝑡)

∑

𝐽𝑛 (𝜇) exp(𝑖𝑛(𝜔𝑚 𝑡 + 𝜉))

𝑛=−∞,∞

Equation 19
where 𝜇 = |𝐺(𝑖𝜔𝑚 )|Δφ is the magnitude and 𝜉 the phase of the excursion of the oscillation phase, Δ𝜑 is
the peak intra-loop phase modulation and the expression on the right-hand side follows from the JacobiAnger expansion.
A more sophisticated Floquet analysis of the dynamical system describing the full complex amplitude of a
laser with intra-cavity phase modulation [18] predicts a solution identical to Equation 19 except at near
zero detuning where a pulsed mode-locked solution emerges. Close to zero detuning the peak phase
excursion of the phase modulated oscillation can become so great that the sidebands of the Bessel super
mode reach the edge of the RF-selection filter passband which results in dissipation of their energy. The
gain control mechanism of the oscillator responds by increasing the gain. The gain is homogenous so
sidebands close to the carrier thereby see more gain than loss and the sidebands further away from the
carrier see more loss than gain. This imbalance is sustained by the nearest-neighbour self-injection by the
sidebands generated by the intra-loop phase modulation that couples the modes together providing a
mechanism for the diffusion of power from the inner most sidebands to the outermost sidebands. Under
these conditions a laser, which is another example of a time-delay oscillator, enters a the pulsed modelocked oscillation regime generating a pulse train envelop with a repetition interval equal to the cavity round
trip-time and with width of the order of the reciprocal of the gain bandwidth. However, in the case of a laser
the saturation mechanism is the depletion of an energy reservoir: a narrow width pulse can benefit from the
full energy stored in the reservoir over a round trip time. In the case of an OEO, the saturation mechanism
is fast amplitude clipping: the energy available for a pulse therefore decreases as the pulse width narrows.
The difference between the gain saturation mechanisms may explain why pulsed mode-locking of the OEO
has not been observed in the experiments.
These observations demonstrate that the multitude of oscillation modes of an OEO render phase-locking to
a system reference susceptible to instability. Hence, careful design of the loop filter is required to avoid
instability while maintaining enough design freedom to achieve other goals such as robust locking dynamics
and low phase-noise.
VI.

Proportional integral control

The system function described by Equation 5 has poles located at the roots of the characteristic function:
𝜒(𝑠) = 𝜏𝐼 𝑠(1 + 𝜏𝑅 𝑠)(1 + 𝐹(𝑠)) − 𝜏𝐼 𝑠 exp(−𝜏𝐷 𝑠)
Equation 20
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Simple proportional control corresponds to setting 𝐹 = 𝜅. Following the method of section III, the Lambert
equation for the roots is then:
(𝜌 + 𝜏𝐷 𝑠) exp(𝜌 + 𝜏𝐷 𝑠) = 𝜌 exp(𝜌)⁄(1 + 𝜅)
Equation 21
which implies:

𝑠𝑘 𝜏𝐷 = 𝑤𝑘 (𝜌 exp(𝜌 − log(1 + 𝜅))) − 𝜌
Equation 22

Equation 22 demonstrates that for 𝜌 ≫ |log(1 + 𝜅)| the proportional control displaces the poles further
into the left half-plane substantially by the same amount ~ − 𝜅 for small proportional gain |𝜅| ≪ 1 (see
Figure 6).

Figure 6. The predicted location of the poles of the characteristic function of a proportionally controlled
time delay oscillator in the phased locked loop configuration. All poles have been displaced further along
the negative real axis substantially by the proportional gain. The injection locked configuration is not
shown as it is substantially the same at low gains.
Proportional control may be provided by a physical PLL or by injection locking. The damping provided by
proportional control is highly effective in suppressing all the free-oscillator resonances. The oscillator
oscillates but its phase is rigidly locked to the reference carrier. However, the rigidity is disadvantageous.
In the case of an external system reference, the phase noise of the reference typically exceeds the phase
noise of the free optoelectronic oscillator at all but the closest offset frequencies. In the case of selfreferenced phase locking or self-injection locking, the phase noise of the multi-loop oscillator is degraded
at best to a single loop OEO with a fibre length equal to the arithmetic average of the multiple loops.
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To provide desirable system properties, such as extended lock-in range, zero steady-state error, and
reduction of phase noise and suppression of spurious resonances, the characteristic function at the longest
time scale should approach the quadratic equation:
𝜒(𝑠) ⟶ (𝜏𝐹 𝑠)2 + 2𝜉(𝜏𝐹 𝑠) + 1 ; 𝑠𝜏𝐹 ~𝒪(1)
Equation 23
which describes a simple harmonic oscillator with a damping factor 𝜉 and a natural frequency 𝜔0 defined
by:
𝜔0 𝜏𝐹 = 1
Equation 24
Since:
𝜒(𝑠) ⟶ 𝜏𝐼 𝑠𝐹(𝑠) + 𝜏𝐼 𝜏𝐷 𝑠 2 ; 𝑠𝜏𝐹 ~𝒪(1)
Equation 25
it follows that:
1
𝐹(𝑠) ⟶ 𝜅 +
; 𝑠𝜏𝐹 ~𝒪(1) 𝜏𝐹 = √𝜏𝐼 𝜏𝐷 𝜉 = (1⁄2)𝜅√𝜏𝐼 ⁄𝜏𝐷
𝜏𝐼 𝑠
Equation 26
which corresponds to the transfer function of a proportional integral controller. The system reference offers
lower phase noise than the free oscillator only at offset frequencies below a cross-over frequency above
which the free oscillator offers lower phase noise. It is therefore desirable choose the natural frequency so
that roll-off of the transfer function has commenced by the crossover frequency.
There are two system poles near or on the real axis at locations close to the roots of Equation 23:
𝜏𝐹 𝑠 = −𝜉 ± √𝜉 2 − 1
Equation 27
Underdamping corresponds to 𝜉 < 1 and a complex conjugate pair of pole locations. Overdamping
corresponds to 𝜉 > 1 and two real poles on the negative real axis. Excellent transient performance is offered
by 𝜉 = 1⁄√2. The remaining poles are close to the locations predicted for proportional control by Equation
22 for all 𝑘 ≠ 0.
VII.
Active loop filter
The placement of the inner poles near the origin necessary for the stability of the phase locked loop
established in the preceding section is not a sufficient condition for stability. The method relies on the other
poles remaining close to their free-oscillator location. However, if the bandpass filter is neglected, the poles
of the free-oscillator all lie on the imaginary axis. In the presence of the bandpass filter all these poles
except the pole at the origin enter the left half-plane. However, the displacement of the poles representing
oscillation modes that fall within the passband of the bandpass filter is slight. The introduction into the
characteristic equation of the loop-filter transfer function of higher order than two is desirable for the
purpose of phase noise spectrum optimisation. The resulting perturbation to the outer poles may be weak
but it can be sufficient to displace poles close to the imaginary axis into the right half-plane resulting in a
weakly unstable system.
The locations of the poles of the system transfer function defined by Equation 5 satisfy:
𝜏𝐷 𝜎 = − ln(|𝑄(𝑠)|)
Equation 28
𝜏𝐷 𝜔 = 2𝑘𝜋 − arg(𝑄(𝑠))
Equation 29
where:

𝑄 = (1 + 𝐹)⁄𝐻
Equation 30
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Applying the ansatz:

|𝜎(𝜔)| ≪ |𝜔| ⟹ 𝐹(𝑠) ⟶ 𝜅

; |𝜏𝐷 𝜔| ≥ 𝒪(1)
Equation 31

yields:

𝜏𝐷 𝜎 ⟶ −(1⁄2) ln(1 + 𝜅) − (1⁄2)ln((1 + 𝜏𝑅 𝜎)2 + (𝜏𝑅 𝜔)2 )
Equation 32

For large delay 𝜏𝐷 ≫ 𝜏𝑅 the outer system poles approach the asymptotic curve that describes a
proportionally controlled oscillator:
𝜏𝐷 𝜎(𝜏𝑅 𝜔) = −(1⁄2) log(1 + 𝜅) − (1⁄2)log(1 + (𝜏𝑅 𝜔)2 )
Equation 33
The asymptote provides an upper bound to the distribution of the outer poles and is an excellent fit to the
distribution of the poles for practical values of the parameters. The curve is entirely confined within the left
half-plane, which is sufficient condition for stability provided the inner poles are similarly confined.

Figure 7 Displacement of the poles responsible for modulational instability. A single term all pass filter
with a half-delay time constant is used as the loop-filter.
In the example given, it is significant that arg(𝐹) ⟶ 0 outside the neighbourhood of the origin. The phase
of 𝐹 plays a crucial role in Equation 28 via the term:
log(|𝑄|2 ) = log(1 + |𝐹|2 + 2|𝐹| cos(arg(𝐹))) − log(|𝐻|2 )
Equation 34
Stability is only guaranteed if the cosine is positive. In practice additional poles are inserted into the transfer
function of the loop filter for a variety of reasons not least of which is shaping of the phase-noise spectral
density. The system reference has lower phase noise than the free oscillator in a range of low offset
frequencies. It is therefore desirable that the loop filter rolls-off rapidly at higher frequencies where free-
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oscillator provides superior performance. A single pole low-pass filter operating above its passband
contributes a -20 dB/decade magnitude roll-off and a phase lag approaching − 𝜋⁄2. The loop filter in the
prototype phase-locked OEO investigated in this study introduces three such additional poles so outside the
neighbourhood of the origin the cosine term approaches −1 albeit accompanied by a much reduced value
of |𝐹|. Consequently log(|1 + 𝐹|2 ) = log((1 − |𝐹|)2 )~ − 2|𝐹|. A modulation instability at a side mode
resonance (typically the first) is almost guaranteed. There is a modulation instability for any non-zero
proportional gain if the bandpass filter is not present. Only the band pass filter provides slight damping and
hence a finite proportional gain range for stability.
Figure 7 provides the predicted locations of the poles for a proportionally controlled oscillator with a single
term all-pass loop filter. The example is contrived but it illustrates well the general behaviour of the pole
displacements responsible for modulational instability.
𝐶28

𝐼

𝑅21

𝑅19

𝐶25

−

CP

𝐶17

+2.5

𝑅14

𝑉𝑇𝑈𝑁𝐸

+
𝐶5

Figure 8 Active loop filter as used in a phase locked loop evaluation board.
𝑅19
𝑅21
𝑅14

33 𝑘Ω
33 𝑘Ω
1.8 𝑘Ω

𝐼𝐶𝑃 = 2.5 𝑚𝐴
𝜏𝑅 = 80 𝑛𝑠

𝐶17
𝐶25
𝐶28
𝐶5

470 𝑝𝐹
47 𝑛𝐹
1 𝑛𝐹
4.7 𝑛𝐹
𝐾𝑉𝐶𝑂 = 4 𝑘𝐻𝑧/𝑉
𝜏𝐷 = 25 𝜇𝑠 (5 𝑘𝑚)

Table 1 First scenario loop filter component
values and system parameters.

𝑅19
𝑅21
𝑅14

22 𝑘Ω
22 𝑘Ω
2.2 𝑘Ω

𝐼𝐶𝑃 = 2.5 𝑚𝐴
𝜏𝑅 = 80 𝑛𝑠

𝐶17
2.2 𝑛𝐹
𝐶25
220 𝑛𝐹
𝐶28
3.3 𝑛𝐹
𝐶5
4.7 𝑛𝐹
𝐾𝑉𝐶𝑂 = 4 𝑘𝐻𝑧/𝑉
𝜏𝐷 = 25 𝜇𝑠 (5 𝑘𝑚)

Table 2 Second scenario loop filter component
values and system parameters.

Figure 8 illustrates the active filter as used in a phase-locked loop evaluation board. The active filter system
function of the is:
1
2𝜋𝐾𝑉𝐶𝑂 𝜏𝐷 ⋅
𝑁
(1 + 𝑠𝑅21 𝐶25 )
1
1
1
⋅
⋅
⋅
𝐶
𝐶
(1 + 𝑠𝑅14 𝐶5 )
(𝐶
) (1 + 𝑠𝑅19 𝐶17 )
25 28
(1 + 𝑠𝑅21
) 𝑠𝑅19 25 + 𝐶28
(𝐶25 + 𝐶28 )
𝐼𝐶𝑃 𝑅19
⋅(
)
2𝜋
𝐹(𝑠) =

Equation 35
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Two examples of component values and other pertinent system parameters are given in Table 1 and Table
2. The component values listed were provided by filter design software with a charge pump current setting
of 𝐼𝐶𝑃 = 2.5 𝑚𝐴 and a static voltage controlled oscillator gain setting of 𝜅𝑉𝐶𝑂 = 4 𝑘𝐻𝑧/𝑉 as measured
experimentally. The optoelectronic oscillator operated at 10 GHz. The system reference was provided by a
100 MHz RF source Consequently, the PLL used a 𝑁 = 100 frequency divider which has the effect of
reducing the loop gain by the same factor.

(a) Table 1 parameters
(b) Table 2 parameters
Figure 9 Open loop Bode plots for a PLL-OEO
The component values for both scenarios provided a stable PLL-VCO with substantial phase and gain
margins ~ 80° & 25 𝑑𝐵. Figure 9 provides a Bode plot for the PLL-OEO for the two scenarios over a range
of offset frequencies up to 10 𝑘𝐻𝑧 which superficially indicates stable operation with similar phase and
gain margins until one inspects a small neighborhood of the first side-mode resonance at ~40 𝑘𝐻𝑧 shown
in Figure 10 where the phase lag passess through −180°. For the first scenario parameters the loop gain
exceeds unity by up to ~10 𝑑𝐵 ensuring instability. The second scenario parameters reduce the loop gain
at the first side-mode resonance below ~ − 9 𝑑𝐵 suppressing the instability.

(a) Table 1 parameters
(b) Table 2 parameters
Figure 10 Open loop Bode plots for a PLL-OEO about the first side-mode resonance
The respective predicted outer pole locations of the complete system are illustrated by Figure 11 and Figure
12. For the first scenario modulation instability is observed experimentally for a charge pump current of
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800 𝜇𝐴 or greater. For the second scenario modulation instability is not observed experimentally for charge
pump current up to 2.5 𝑚𝐴.

Figure 11 Phase locked oscillator outer system pole locations first scenario. Modulational instability
arises due to the small positive real part of the poles associated to the first adjacent side modes.

Figure 12 Phase locked oscillator outer system pole locations second scenario. All poles locations have a
negative real part albeit slight. Modulational instability is suppressed.
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The loop-filter design freedom that is required to achieve performance objectives other than stability such
as an engineered phase noise spectrum is seriously curtailed by modulation instability. The restoration of
design freedom requires methods of suppressing the spurious resonances that do not re-introduce system
reference phase noise. The possibilities include self-injection / self-phase locking, which involve more than
one loop, and/or low-noise methods of reducing RF filter bandwidth, which is a challenge.
VIII.

Experimental demonstration

Off the shelf components are used to demonstrate the phase locking of a single loop optoelectronic
oscillator. Figure 13 shows a schematic diagram of the experimental arrangement.

Figure 13 Schematic diagram of the experimental setup for phase locking; PLL, Phase lock loop; FD,
Frequency divider; SSA, Signal source analyzer; Ref. LO, Reference local oscillator.

Figure 14 Measured phase noise of the OEO. 100 correlations is used for the measurement.
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Analog Devices HMC703 is used as the PLL in this experiment. A Keysight N5166B CXG RF Vector
signal generator is used to provide a 100 MHz carrier with power of 6 dBm as reference input. The OEO
operates at 10 GHz which is above the 8GHz input frequency limit of the HMC703 is 8 GHz, consequently
a ÷ 2 frequency divider is used before the PLL to bring the signal frequency into the operating range of the
PLL. A Keysight signal source analyzer (SSA) E5052B is used to measure the phase noise spectrum of the
generated OEO. Figure 14 shows the measured phase noise of the OEO without (Free run OEO) and with
PLL locking (PLL locked OEO). 100 correlations is used for the measurement. A phase noise of -141
dBc/Hz @ 10 kHz offset is attained for a carrier frequency of 10.045 GHz. With the increase in correlation
to 1000, the phase noise of the OEO improved to -145 dBc/Hz @ 10 kHz offset, however the measurement
time thereby becomes prolonged. The spurs at 1 MHz and harmonics are caused by the laser frequency
dither is applied to mitigate phase noise due to double Rayleigh scattering (DRS) [19]. The phase locked
spectrum also shows that the bandwidth of the active loop filter needs to be reduced further to align the
locked OEO with the free run OEO outside the loop filter bandwidth. Nevertheless, a detail method of phase
locking of an OEO is demonstrated here. If required the frequency drift compensation can be enlarged
further using the method presented in [20].
IX.

Conclusion

This paper reports findings of a study of an optoelectronic oscillator OEO with large delay under
proportional and proportional integral control by a phase-locked loop (PLL). The study is the first to fully
account for the OEO delay in responding to a tuning stimulus including the location of all of the countable
infinity of poles of the system function. This provides a well characterised basic subsystem from which
more complex architectures may be considered to be composed, either as nested control loops or as coupled
oscillators. The theoretical considerations are supported by experimental observations. The first observation
is reported of an OEO exhibiting a giant phase modulation oscillation that is related to the FM mode regime
of a mode-locked laser but without the pulse mode regime. The giant phase modulation is a manifestation
of a modulation instability of a PLL-OEO system which is described by the analysis and observed
experimentally. Nevertheless, the analysis and experimental observations, including a prototype 10 GHz
PLL-OEO phase noise spectral density achieving −80 𝑑𝐵𝑐⁄𝐻𝑧 at at 10 𝐻𝑧 and −145 𝑑𝐵𝑐⁄𝐻𝑧 at 10 𝑘𝐻𝑧
demonstrate that stable phase lock operation and near optimum phase noise performance is achievable
provided full account of the multimode operation of the basic oscillator is taken in the phase lock analysis.
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