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A Hilbert Space Interpretation of the Power Theory
Roberto Garcia-Rochin

Abstract—The definition of the reactive power in nonsinusoidal conditions has been a controversial topic since the
experiment published by C. P. Steinmetz in 1892. Where among
Electrical Engineers there is no consensus on how to compute the
reactive power in non-sinusoidal conditions. Therefore, in this
paper it is used the mathematical concept of a Hilbert space,
namely the L2 and `2 spaces, and the Least effort problem to
obtain the definition of the generalized reactive power. Then,
the obtained definition of the generalized reactive power is
compared against some of the main power theories. Finally, it is
used that definition to study the relation between the Tellegen’s
theorem with the Least effort problem and a novel application
is presented.
Index Terms—Hilbert spaces, Power measurement, Reactive
power, Vectors, Functional analysis, Optimization.

I. I NTRODUCTION

I

N 1892 C.P. Steinmetz published an experiment of a singlephase Alternating Current (AC) electric arc, that showed
a non-sinusoidal behaviour of the voltages and currents. In
that experiment, he computed the apparent and active power
of the non-sinusoidal load, and even though the current and
voltage were in phase, the apparent power was bigger than the
active power. That result had as a consequence the question,
Does a phase shift occur in an AC arc? [1]. This pitfall of
the Classical power theory lead to the development of several
theories attempting to fully understand that phenomena. In
1927, C. Budeanu attempted to describe this phenomena by
using the complex Lagrange’s identity to compute the reactive
power generated in non-sinusoidal conditions for a singlephase circuit [2]. Budeanu’s power theory was developed
in the so called frequency domain, because it is using the
harmonic components of the voltages and currents to compute
the powers of the signals. In 1931, S. Fryze obtained the
current that generates no reactive power for a single-phase
circuit, by using the Cauchy-Schwarz inequality [3]. Because
Fryze used the voltages and currents as a function of time,
this theory is called to be in the time domain. The similarity
between these two theories is that they are computed over
the whole period of the signals, thus they do not give an
instantaneous result. To cope with that, H. Akagi et. al.
developed the instantaneous power theory [4], that is used
to compensate for the reactive power in three phase systems
under balanced sinusoidal conditions [5]. These three theories
attempted to compute the reactive power. However, they did
not give a meaning to that quantity. But in 1985, the Institute of
Electrical Circuit Theory and Engineering defined the reactive
power problem as an optimization problem with constrains [6].
Where the objective function is the Root Mean Squared (RMS)
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value of the current and the constrain is to keep the active
power as a constant. By solving this optimization problem it is
obtained the current that generates no reactive power described
by Fryze [6].
These four theories described above are the basis for most of
the developed power theories, since they rely on computations
in the frequency domain [7]–[10], time domain [11], [12] or
as an instantaneous computation [13], [14].
The lack of consensus among Electrical Engineers on the
meaning and how to compute the reactive power lead to
the IEEE Std. 1459-2000 [15]. That standard attempted to
unify the definition of the reactive power among the Electrical
Engineers [15]. But due to more debates, the standard was
changed in 2010 [16].
The debate on the definition of the reactive power continues
up to these days. Where none of the theories given above fully
describe the puzzle of the power theory, due to the lack of a
proper mathematical framework.
In this work, it is used the concept of a real Hilbert space as
the mathematical framework to give a generalized definition of
the reactive power. A similar framework has been used before
to describe the reactive power problem [17], [18]. In [17], the
authors used the geometrical properties of a finite dimensional
vectors space to derive a definition of the reactive power, here
it is used an infinite dimensional vector space. In [18], they
used the notion of projections in a Hilbert space to derive the
reactive power, but they did not made a difference between
real and complex Hilbert spaces. The difference between this
work and [18] is that here we begin solely with the definition
of a real Hilbert space and its geometrical properties, and
from that it is constructed the definition of the generalized
reactive power. With this new definition, the reactive power
is interpreted as a geometrical property of the real Hilbert
space, and the computations done in AC circuits are extended
to switched Direct Current (DC) circuits.
This paper is organized as follows. The mathematical preliminaries are given in Section II. In Section III, it is derived
the definition of the generalized reactive power, and with that
definition it is obtained the reactive power for a multiphase
system. Section IV gives a comparison of some power theories
with the derived definition of the reactive power. A criticism of
the application of the Tellegen’s theorem in AC systems using
complex Hilbert spaces is presented in Section V. Finally, an
example is given in Section VI, and the conclusions are drawn
in Section VII.
II. H ILBERT SPACES
The Hilbert space K can be seen as the generalization of
the Euclidean space, but the number of vectors that are needed
to span the space can be infinite [19]–[21]. The linear space
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K is equipped with an operation called inner product [19]–
[21]. That operation is defined between two vectors x̂, ŷ ∈ K
as the ordered pair hx̂, ŷi, where the result is a scalar [19]–
[21]. The result of that inner product will define if K is a real
or a complex Hilbert space. With the definition of the inner
product, it is induced the norm of the vector x̂ by (1) [21],
kx̂k =

p

hx̂, x̂i.

x̂0 =

(2)

From (2) it is said that the vectors x̂ and ŷ are orthogonal
if hx̂, ŷi = 0 [20], [21]. Also, the Cauchy-Schwarz inequality
(3) is a property of this space,
hx̂, ŷi ≤ kx̂kkŷk.

(6)

Where the constants β1 , β2 , . . . , βk are obtained by solving
the system of equations (7), known as the Gram equations
[20],

(1)

This operation defines the notion of the length of the vector
x̂. Another quantity that is defined when K is a real Hilbert
space, is the angle φ between the two vectors x̂, ŷ ∈ K [20],
[21],
hx̂, ŷi
.
kx̂kkŷk

βp ŷp .

p=1



cos φ =

k
X

(3)

Where this inequality becomes an equality if x = αy or
if one of the vectors is the zero vector [20], [21]. Another
important property is that it is defined a notion of a projection
of one vector onto another [20], [21].
In this work, it will be defined the Least-effort problem
for a real Hilbert space. Then, the quantities defined above
(1)-(3), along with the term needed to convert the CauchySchwarz inequality into an equality and a basis to span the
linear space are given for the real Ln2R [a, b] space. After that,
it is used the notion of isomorphism and complexification of
Hilbert spaces to generate the real `12R , complex L12C [a, b] and
complex `12C spaces from Ln2R [a, b]. These Hilbert spaces were
chosen because they can describe periodic functions.

hŷ1 , ŷ1 i
hŷ1 , ŷ2 i

 ..
 .
hŷ1 , ŷk i

hŷ2 , ŷ1 i
hŷ2 , ŷ2 i
..
.

...
...
..
.

hŷ2 , ŷk i . . .

   
c1
β1
hŷk , ŷ1 i
β2  c2 
hŷk , ŷ2 i
   
..   ..  =  ..  . (7)
.  .   . 
hŷk , ŷk i

ck

βk

The proof of Theorem 1 is given in [21, p. 66]. Because that
proof is important to understand the reactive power problem,
it is described here. Looking at (5), it can be seen that the
constrains define hyperplanes in H. Thus, their intersection
result in the hyperplane V. In order to find the minimizing
vector x̂0 we must obtain an orthogonal vector to V. Since
the subspace M is orthogonal to the hyperplane V. The
minimizing vector x̂0 is a linear combination of the vectors
describing M, as we can see in (6). Finally, it is obtained
the intersection between M and V with the substitution of
(6) into (5), leading to the Gram equations (7). A geometrical
interpretation of the proof of Theorem 1 in the R3 space with
two hyperplanes as constrains is depicted in Fig. 1.
V
,
hx̂

hx̂, ŷ1 i = c1

ŷ

i=
2

c2

x

A. Least Effort Problem

minimize
x̂∈H

kx̂k2 ,
(4)

subject to hx̂, ŷp i = cp ∈ R p = 1, . . . , k.
The solution of this norm minimization problem is achieved
by following Theorem 1 [21, p. 65].
Theorem 1: Let the set of linearly independent vectors
ŷ1 , ŷ2 , . . . , ŷk ∈ H span a subspace M ⊂ H. Therefore,
among all vectors x̂ ∈ H that satisfy,
hx̂, ŷp i = cp

p = 1, . . . , k.

(5)

And letting x̂0 be the minimum norm vector of x̂. Then,

0

ŷ2

M

ŷ1
x̂ 0

The Least effort problem, is an optimization problem that
looks for the minimum norm of the vector x̂ ∈ H, subject to constrains given by inner products with the vectors
ŷ1 , ŷ2 , . . . , ŷk ∈ H [20]. In this work the Least effort problem
is defined as an abstract variational problem in a real Hilbert
space H. This was done because we want to use the notion
of an angle defined in (2). Then, this optimization problem is
given as,

Fig. 1. Geometrical interpretation of the proof of Theorem 1 [20].

The Least-effort problem (4) was constrained to be for real
Hilbert spaces. Thus, in this work it is given the definition
of the real Ln2R [a, b] space, and from that function space
other Hilbert spaces used by Electrical Engineers will be
constructed.
B. Real Ln2R [a, b] space
This real Hilbert space is used to describe the voltages and
currents in a polyphase system with real-valued functions. The
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elements of Ln2R [a, b] are the set of all real vector valued
functions of dimension n, that are square integrable in the
finite interval [a, b]. Therefore, X(t) ∈ Ln2R [a, b] holds if (8)
is true [22],
Z

1
Here, f is the fundamental frequency defined by f = b−a
,
k is the harmonic number, a0 is the constant offset, the
variables ak and bk are the amplitudes of the sines and cosines
respectively, and since the offset is given in a0 then, b0 = 0.

b

X(t)> X(t)dt < ∞,
>
X(t) = x1 (t) x2 (t) x3 (t) . . . xn (t) .

(8)

a

C. Isomorphism between Hilbert spaces

The inner product of this Hilbert space is defined as follows
[22],
Z b
1
hX(t), Y(t)i ,
X(t)> Y(t)dt.
(9)
b−a a
Where the vector Y(t) also belongs to the Ln2R [a, b] space.
From (9), it is obtained the induced norm of X(t).
s
Z b
1
X(t)> X(t)dt.
(10)
kX(t)k ,
b−a a
With the definitions of the inner product (9) and the norm
(10) for Ln2R [a, b], it is obtained the Cauchy-Schwarz inequality (3). Where this inequality becomes an equality if it is added
the term,
n Z bZ b
n X
X
1
(yr (t)xs (τ ) − ys (τ )xr (t))2 dtdτ.
2(b − a)2 r=1 s=1 a a
(11)
The term (11) is obtained by adding a correction term to
the Cauchy-Schwarz inequality, and following the procedure
described in [23, p. 38]. The definition of the term (11) is
important because it is a measure of how X(t) and Y(t) are
not proportional to each other, and also it measures the defect
in the Cauchy-Schwarz inequality [23]. Thus, the equality for
the Ln2R [a, b] space is,
 1 Z b
2
X(t)> Y(t)dt
b−a a
n Z bZ b
n X
X
1
+
(yr (t)xs (τ )
2(b − a)2 r =1 s =1 a a

=

1
(b − a)2

Z
a

b
 Z
>
X(t) X(t)dt

− ys (τ )xr (t))2 dtdτ
b

Y(t)> Y(t)dt .

The function space described before is written in the time
domain, and we would like to also be able to analyze the
functions in the frequency domain by obtaining the same
results as in the Ln2R [a, b] space. To accomplish that, it is used
the isomorphism between Hilbert spaces. This mathematical
concept tells us that two Hilbert spaces are essentially the
same if there is a one to one relation between the elements of
the Hilbert spaces. The last statement is captured in Theorem
2.
e both real or both
Theorem 2: Two Hilbert spaces H and H,
complex, are isomorphic if and only if they have the same
dimension [24].
From Theorem 2, it is constructed the Hilbert space used
to represent functions in the frequency domain. For exposition
purposes our attention is restricted to the isomorphism of the
L12R [a, b] space.

D. Real `12R space
The real `12R space is composed of the real sequences
(ak , bk )∞
k=0 . From the element in the first row of the linear
combination (13), it can be seen that there is a one to one
map between the coefficients of the L12R [a, b] space and the
sequences that define `12R . Because of this one to one map,
`12R is called the coordinate form of L12R [a, b], and these two
Hilbert spaces are isomorphic [19]. Thus, to obtain the inner
product (9), norm (10) and the term (11) for the `12R space,
we use the functions belonging to L12R [a, b],

a

(12)
Finally, the functions used to form the basis of Ln2R [a, b]
∞
are given in the set {cos(2πf kt)}∞
k=0 ∪ {sin(2πf kt)}k=0 .
n
Then, every element of L2R [a, b] is described by the linear
combination,

x(t) =
y(t) =



∞
P



 k=0(ak1 cos(2πf kt) + bk1 sin(2πf kt)) 
 ∞

P



(a
cos(2πf
kt)
+
b
sin(2πf
kt))
k2

 k=0 k2
X(t) = 
 . (13)


..


.
∞

P

(akn cos(2πf kt) + bkn sin(2πf kt))
k=0

∞
X

(ak cos(2πf kt) + bk sin(2πf kt)),

k=0
∞
X

(ck cos(2πf kt) + dk sin(2πf kt)).

(14)
(15)

k=0

Where the constants f , k, ak , bk , ck and dk have the same
meaning as in (13).
Therefore, by using the linear combinations (14) and (15) in
the L12R [a, b] definition of the integrals (9)-(11), it is obtained,
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Z b
∞
1
1X
x(t)y(t)dt = a0 c0 +
(ak ck + bk dk ),
b−a a
2
k=1
v
s
u
Z b
∞
u
1X 2
1
2
x(t) dt = ta20 +
(ak + b2k ),
b−a a
2
k=1
2 Z bZ b
f
(y(t)x(τ ) − y(τ )x(t))2 dtdτ = Q− + Q∼ ,
2 a a
∞
1X
Q− =
((c0 ak − a0 ck )2 + (c0 bk − a0 dk )2 ),
2

(16)

(17)

(18)
(19)

k=1

∞

hx̂+j ŷ, ŵ+j ẑiHC , hx̂, ŵiH +hŷ, ẑiH +j(hx̂, ẑiH −hŷ, ŵiH ).
(24)
Note that with the definition of the inner product (24), the
induced norm in HC is given by [25],
kx̂ + j ŷk2HC = kx̂ − j ŷk2HC = kx̂k2H + kŷk2H .

(25)

And the relation between the inner product of H and HC is
given by the real part of the inner product of the complexified
Hilbert space,

∞

1 XX 2
(A + B 2 + 2C 2 ),
Q∼ =
8
p=1

hx̂, ŷiH = Rehx̂, ŷiHC .

(20)

k=1

A = ap ck − ak cp ,
B = bp dk − bk dp ,
C = ak dp − ck bp .
From the equations that define the inner product (16), norm
(17) and the term that measures the defect in the CauchySchwarz inequality (18) in the `12R space, it can be constructed
an equality equivalent to (12) for `12R . Another piece of
information that can be obtain from (18) is that it is composed
of a term Q− that is just present if there is a constant bias in
x(t) and y(t), and a term Q∼ depends on the amplitudes of
the sines and cosines describing the functions x(t) and y(t).
The results presented in this section are valid for the `12R
space, but they can be generalized to the real `n2R space that
is isomorphic to Ln2R [a, b], following the same steps that were
used to derive (16)-(20).

(26)

With Definition 1, we are able to construct the complexification of L12R [a, b] by pairing its basis functions. Thus, the complexified basis functions are given by the set {cos(2πf kt) +
j sin(2πf kt)}∞
k=0 . Where the complex sum of the sine and
cosine is equal to the complex exponential. And as defined
in (23) the numbers multiplying the basis in the linear combinations of this complexified space are complex. Therefore,
it will be used the complex L12C [a, b] space to study the
complexification of L12R [a, b].
F. Complex L12C [a, b] space
In this complex Hilbert space, a complex function x(t)
belonging to L12C [a, b] must satisfy the square integrable
condition (27) [19], [21],
b

Z

x(t)x(t)dt < ∞.

(27)

a

E. Complexification of Hilbert spaces
Until here, we have presented the results for the real
Ln2R [a, b] and `12R spaces, but Electrical Engineers tend to
use complex numbers to represent sinusoidal functions in the
frequency domain, that they call phasors. Nevertheless, from
Theorem 2 it is not possible to obtain a complex Hilbert space,
such as it was done before to obtain `12R . Because it is stated
in Theorem 2 that both Hilbert spaces must be complex or
real. Thus, we will give the definition of the complexification
of a real Hilbert space [25], in order to be able to study the
phasorial representation of oscillatory functions.
Definition 1: Suppose that H is a real Hilbert space. Then,
its complexification HC is defined as,
HC , {x + jy | x, y ∈ H}.

(21)

The addition and multiplication on the complexified space
HC are defined by (22) and (23), respectively,
(x̂ + j ŷ) + (ŵ + j ẑ) = (x̂ + ŵ) + j(ŷ + ẑ),

(22)

(a + jb)(x̂ + j ŷ) = (ax̂ − bŷ) + j(aŷ + bx̂).

(23)

Where ŵ, x̂, ŷ, ẑ ∈ H and a, b ∈ R.
Finally, the inner product of the complexified Hilbert space
HC is defined as [25],

Here the inner product is defined as (28) [19], [21], where
y(t) ∈ L12C [a, b],
1
hx(t), y(t)i ,
b−a

Z

b

x(t)y(t)dt.

(28)

a

The induced norm by (28) is given as,
s
Z b
1
|x(t)|2 dt.
kx(t)k ,
b−a a

(29)

The term that measures the defect in the Cauchy-Schwarz
inequality is given by,
1
2(b − a)2

Z

b

b

Z

a

|x(t)y(τ ) − x(τ )y(t)|2 dtdτ.

(30)

a

Therefore, the equality for the L12C [a, b] space is given in
(31),
1
b−a
+

Z
a

b

2

x(t)y(t)dt
Z bZ b

1
2(b − a)2
=

a


1
(b − a)2

Z
a

|x(t)y(τ ) − x(τ )y(t)|2 dtdτ

a
b

 Z b

|x(t)|2 dt
|y(t)|2 dt
a

(31)
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All elements of the L12C [a, b] space can be written as the
linear combination,

x(t) =

∞
X

Xk ej2πf kt .

(32)

k=0

Where f is the fundamental frequency, k is the harmonic
number and Xk is a complex number.
In order to achieve the same previous results (16)-(20), in
the complexification of L12R [a, b], we need to properly select
the values of Xk . This is done by following the complexification of real functions used by Electrical Engineers,
q

a2k

b2k

+

jφ j2πf kt

cos(2πf kt + φ) 7→ |Xk |e e

.

X0 = a0 ,
1
Xk = √ (ak − jbk ) k = 1, . . . , ∞.
2

1
b−a

b

Z

x(t)2 dt =

a

∞
X

|Xk |2 < ∞.

(39)

k=0

To obtain the relations between L12C [a, b] and `12C , we use
the complex functions,
∞
X

(33)
y(t) =

Xk ej2πf kt ,

(40)

Yk ej2πf kt .

(41)

k=0
∞
X
k=0

Thus, by using the linear combinations (40) and (41) in the
L12C [a, b] definition of the integrals (28)-(30), it is obtained the
relation between inner products,
1
b−a

(34)
(35)

Then, with the relations (34)-(35), it is obtained the equality
of the norms (17) and (29),
s

The last Hilbert space that will be described here is the `12C
space, that is the coordinate form of the L12C [a, b] space [19].
The elements belonging to this space are called phasors by
Electrical Engineers. This space is composed with the complex
sequences (Xk )∞
k=0 , that satisfy (39) [19],

x(t) =

From the map (33) done by Electrical Engineers, the relation
between the complex numbers Xk and the real numbers ak , bk
that denote the amplitudes of the sines and cosines in L12R [a, b]
is given by,

s

G. Complex `12C space

b

Z

x(t)y(t)dt =
a

∞
X

Xk Y k .

(42)

k=0

The equality of the norms,
v
s
u∞
Z b
uX
1
|x(t)|2 dt = t |Xk |2 .
b−a a

(43)

k=0

1
b−a

b

Z

|x(t)|2 dt.

(36)

a

And the relation between the terms that measure the defect
in the Cauchy-Schawz inequality,

The equality of the inner products (16) and (28),
1
b−a

Z

b

x(t)y(t)dt = Re
a

 1
b−a

Z

b

1
2(b − a)2

x(t)y(t)dt .

Z

b

b

Z

a

|x(t)y(τ ) − x(τ )y(t)|2 dtdτ

a
∞

(37)

=

a

∞

2
1 XX
Xk Yp − Xp Yk . (44)
2
p=0
k=0

And the equality of the terms that measure the defect in the
Cauchy-Schwarz inequality, given in (18), (28) and (30),

1
2(b − a)2

Z

b

Z

From the relations (42)-(44), it is represented the equation
(31) in the `12C space. Where this equation is called the
complex Lagrange’s identity (45) [23],

b

(y(t)x(τ ) − y(τ )x(t))2 dtdτ
a
a
Z bZ b
1
=
|x(t)y(τ ) − x(τ )y(t)|2 dtdτ
2(b − a)2 a a

 1 Z b
2
x(t)y(t)dt
+ Im
. (38)
b−a a

Here, it was constructed the complexification of L12R [a, b].
That is composed of complex functions in the time domain, but
this is not the concept of phasors used by Electrical Engineers.
Therefore, to construct a complex Hilbert space that allows
us to study the phasorial representation of the functions, we
will use Theorem 2 to construct the complex `12C space from
L12C [a, b].

|

∞
X
k=0

∞

Xk Yk |2 +

∞

1 XX
Xk Yp − Xp Yk
2
p=0

2

k=0

=

∞
X

|Xk |2

k=0

∞
X

|Yk |2 .

(45)

k=0

When the Lagrange’s identity (45) is composed just by X1
and Y1 , it is called the Fibonnaci-Brahmagupta equation [23].
In this section were given four different Hilbert spaces that
provide different ways to represent functions. And by properly
selecting the relations of the coefficients in the complex Hilbert
spaces achieve the same results, even if the Hilbert spaces are
not isomorphic. The theory given here serves as the basis to
derive the generalized definition of the reactive power.
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III. T HE GENERALIZED REACTIVE POWER
In Section II-A, it was given the Least effort problem
defined in a real Hilbert space H. Here, it will be used
that problem with one constrain to obtain the generalized
reactive power QH in H. Then, this general result for real
Hilbert spaces will be used to obtain the reactive power of a
multiphase system described by the Ln2R [0, T ] space.

to obtain the definition of the generalized reactive power QH .
To do that, we rely on the proof of Theorem 1, that is briefly
described in Section II-A, and for this problem it is depicted
in Fig. 2.

V

A. Derivation of the generalized reactive power using the
Least-effort problem

minimize

kîk2 ,

î∈H

(46)

subject to

PH = hî, v̂i.

Here, î and v̂ are the current and voltage of a circuit
element represented in H, and PH is the average electrical
power transfer of that circuit element, represented by the inner
product in H.
In order to solve for the minimum norm current î0 , the
results presented in Section II-A are used. Firstly, we need to
look for the basis of the subspace M. By the definition of the
constrain in (46), this basis is defined by the vector v̂. Then,
by Theorem 1, î0 is a linear combination of the M basis, and
it is written as,
î0 = βH v̂.

(47)

To obtain βH , we need to substitude (47) in the constrain
defined in (46). This substitution constructs the Gram equation
defined in (7), and with that we can solve for βH ,
βH

PH
PH
=
.
=
hv̂, v̂i
kv̂k2

(48)

Here, βH will be called the generalized Fryze conductace.
Where this conductance defines the relation between î0 and v̂,
î0 =

PH
v̂.
kv̂k2

(49)

Equation (49) solves for the minimum norm current that
achieves the same average power transfer described in (46).
Where the only passive elements that can achieve (49) are
linear resistors. Other passive circuit elements must have
compensation circuits to attain (49).
Once that we solve the minimization problem (46). It is
studied the geometrical properties of the real Hilbert space H

v̂

î

ˆi 0
ˆi −

The Least effort problem used in this work is the generalization of the minimization problem approach that was developed
in the Institute of Electrical Circuit Theory and Engineering in
1985 [6]. Where this abstract variational problem is looking
for the current that achieves the minimum norm defined in a
real Hilbert space H and the same average electrical power
transfer. Since the average transmission of power is defined
by an inner product in H, then this is the constrain in the
problem. The reason why this problem was defined in a real
Hilbert spaces is because we want to have the notion of the
angle (2) between two functions in H. Thus, the Least effort
problem is written as follows,

M

θ

ˆi 0

0

Fig. 2. Geometrical interpretation of the power triangle.

Here, θ is the notion of an angle between the two functions
î, v̂ ∈ H, and the hyperplane V is the intersection of the
constrains in (46). Since in (46) there is just one constrain,
the hyperplane V is defined just by PH = hî, v̂i. From Fig. 2,
we derive the relations between the norms of the minimizing
current î0 , orthogonal current î − î0 and the current of the
circuit element î, where these relations are given as (50)-(51),
kî0 k

= kîk cos(θ),

(50)

kî − î0 k

= kîk sin(θ).

(51)

Where cos(θ) is the generalized power factor.
Since the minimizing current î0 and the orthogonal current
î − î0 are orthogonal to each other, we can add them in
quadrature and obtain the norm of î (52),
kîk2 = kî0 k2 + kî − î0 k2 .

(52)

Equation (52) tells us that the orthogonal current î − î0
affects the ampacity of the electrical network the circuit
element is connected to. Thus, the norm of this vector shall
be as low as possible. The minimization of î − î0 can just be
done if we know its direction and norm in H. Therefore, a
current with opposite direction and the same norm shall be
applied to compensate for î − î0 , and attain î0 .
Another way to write the quadrature equation (52), is by
multiplying by the squared norm of the circuit element voltage
v̂,
kv̂k2 kîk2 = kv̂k2 kî0 k2 + kv̂k2 kî − î0 k2 .

(53)

The equation (53) is the relation describing the generalized
power triangle. The terms in (53) are rewritten by substituting
equations (50)-(51) in (53),
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2

2

2

2

2

2

2

2

kv̂k kîk = kv̂k kîk cos (θ) + kv̂k kîk sin (θ).

minimize
n

(54)

I(t)∈L2 [0,T ]

The terms in (54) will be called the generalized apparent
SH (55), active PH (56) and reactive QH (57) powers.
SH = kv̂kkîk,

(55)

PH = kv̂kkîk cos(θ),

(56)

QH = kv̂kkîk sin(θ).

(57)

If we do not add QH (57) to (54), take the square root at
both sides and recall (2). It is obtained the Cauchy-Schwarz
inequality,
hî, v̂i ≤ kv̂kkîk.

(58)

Thus, the generalized power triangle is a property of the
real Hilbert space used to represent the voltages and currents,
and it gives another approach to attain the minimizing current
î0 , if î − î0 is known.

The result derived in Section III-A will be used here to
obtain the reactive power for a multiphase system. A graphical
representation of how the voltages and currents are measured
in these systems is depicted in Fig. 3.

v1 (t)
v2 (t)

i2 (t)

v3 (t)

i3 (t)

Load

..
.

vn (t)

in (t)

...
g

Where vk (t) is the kth function representing the voltage
with respect to ground, and ik (t) is the kth the function that
captures line current. Afterwards, we gather together these
voltages and currents into the real-valued vector functions
(59)-(60),

I(t) = i1 (t) i2 (t) i3 (t) . . .

I(t)> I(t)dt,

0

(61)

T

Z

>

I(t) V(t)dt.
0

Here, T is the period of the fundamental frequency, I(t) and
V(t) represent the currents and voltages of the load depicted
in Fig. 3, where the average electrical power transfer for
Ln2R [0, T ] is represented as P .
The current I(t)0 that minimizes (61) is obtained by following the procedure used to get (49). The minimum current
for Ln2R [0, T ] is given by,
I(t)0 =

P
1
T

RT
0

V(t)> V(t)dt

V(t).

(62)

Once the minimum current I(t)0 is obtained, we use the
generalized power triangle depicted in Fig. 2 to obtain the
apparent power S (63) by using (55) and the norm definition
in (10),
s

1
T

Z
0

T

s
V(t)> V(t)dt

1
T

Z

T

I(t)> I(t)dt.

(63)

0

The active P power (64) is obtained by using the general
definition of the active power (56) and the definition of the
inner product in Ln2R [0, T ] (9),
Z
1 T
P =
I(t)> V(t)dt.
(64)
T 0

(65)

Fig. 3. Interconnection between a load and a power supply.

V(t) = v1 (t) v2 (t) v3 (t) . . .

T

For the definition of the reactive power Q (65) in Ln2R [0, T ],
we need to use the result stating that the apparent (63) and
active (64) powers construct the Cauchy-Schwarz inequality
(58). Then, by using equality (12), we can see that the term
related to Q is given by (11). Thus, by rewriting (11) using
V(t) and I(t), it is obtained,
v
u
n X
n Z T Z T
u 1 X
Q=t 2
(vr (t)is (τ ) − vs (τ )ir (t))2 dtdτ .
2T r=1 s=1 0 0

i1 (t)

Power
Supply

Z

1
P =
T

subject to

S=
B. Reactive power of multiphase systems

1
T

vn (t)

>

,
>
in (t) .

The “powers” defined here (63)-(65) satisfy the equation
S 2 = P 2 + Q2 , and describe the power triangle in Ln2R [0, T ].
Thus, these “powers” are just a geometrical property of the
Ln2R [0, T ] space.
Finally, the same methodology followed in this section can
be used to derive the value describing the reactive power in
another real Hilbert space. And if we want to use a complex
Hilbert space, we can do it by the proper complexification of
a real Hilbert space as defined in Section II-E.

(59)
(60)

From the definition of how the voltages and currents are
represented (59)-(60), the real Ln2R [0, T ] space is used to
express the Least effort problem (46). Using the definitions
for the inner product (9) and norm (10) for Ln2R [0, T ]. The
problem is defined as,

IV. C OMPARISON WITH OTHER POWER THEORIES
The derivation of the generalized reactive power QH given
in Section III will be used here to prove that the Classical
power theory, Fryze’s power theory and the Instantaneous
power theory capture just particular cases of the whole reactive
power problem. Also, it will be explained why the Budeanu’s
power theory does not capture the power phenomena.
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A. Classical power theory

C. Instantaneous power theory

This theory was the first one used to describe the reactive
power. The idea of this theory is to threat the power of
a sinusoidal signal as an average value of over period of
the measured signal T . Since the measured quantities are
sinusoidal and the models used are Linear Time Invariant
(LTI), we use phasors to represent the sinusoidal voltage (66)
and current (67),

This power theory is used to deal with rapidly changing
loads, and it is based on the Clarke and Park transformations of
the voltages and currents in a balanced three phase system [4],
[13]. To obtain the relation between this power theory and the
Least-effort problem, we will use the fundamental component
of L32R [0, T ] space basis (13), to express the voltages (71) and
currents (72),

1
(66)
Vc = √ (v1C − jv1S ),
2
1
Ic = √ (i1C − ji1S ).
(67)
2
Here, Vc and Ic represent a sinusoidal voltage and current
expressed in the `12C space. According to the complexification
of the sinusoidal amplitudes (35) the values v1C , v1S , i1C and
i1S are the cosine and sine amplitudes of the sinusoidal signal
representing the voltages and currents in a real Hilbert space.
With the complex quantities defined in (66)-(67), it is
obtained the classical apparent power Sc ,
Sc = Vc Ic =

1
1
(v1C i1C + v1S i1S ) +j (v1C i1S − v1S i1C ) .
2
2
|
{z
}
|
{z
}
Pc

Qc

(68)
Where Pc is the classical active power and Qc is the
classical reactive power. By taking the complex modulus to
(68), we obtain the following equality,
|Sc |2 = Pc2 + Q2c .

(69)

Where the equality (69) represents the power triangle in
the Classical power theory. Since Vc , Ic ∈ `12C the equation
(69) is the Fibonnaci-Brahmagupta equation or the complex
Lagrange’s identity just with the fundamental component (45).
Thus, the Classical power theory is solving for the Least-effort
problem under sinusoidal conditions in the `12C space.


  √
v1 (t)
√ 2Vins cos(ωt)2
v2 (t) =  2Vins cos(ωt − π) ,
3
√
v3 (t)
2Vins cos(ωt + 23 π)


  √
i1 (t)
√ 2Iins cos(ωt 2− θi )
i2 (t) =  2Iins cos(ωt − π − θi ) .
3
√
i3 (t)
2Iins cos(ωt + 32 π − θi )


(71)

(72)

Here v1 (t), v2 (t), v3 (t), i1 (t), i2 (t), i3 (t) are the phase
voltages and line currents, respectively. The angular frequency
is given by ω, θi is the phase difference between the voltages
and currents, and the RMS values of the voltages and currents
with respect to ground are given by Vins and Iins .
Since the voltages (71) and currents (72) were assumed
to be sinusoidal and balanced, they describe circles in a
plane perpendicular to the vector (1, 1, 1)> . Thus, it is more
convenient to do the whole computations on that plane.
1) The p−q theory: This instantaneous power theory uses a
fixed reference frame in the plane perpendicular to (1, 1, 1)> ,
where the voltages (71) and currents (72) are transformed
using the power invariant Clarke transformation to,


 √

vα (t)
3Vins cos(ωt)
√
Vαβ (t) =
=
,
vβ (t)
3Vins sin(ωt)

 √

i (t)
3I cos(ωt − θi )
Iαβ (t) = α
= √ ins
.
iβ (t)
3Iins sin(ωt − θi )

(73)
(74)

The instantaneous active and reactive powers are defined as,

B. Fryze’s power theory
Fryze developed his theory using the Cauchy-Schwarz inequality [3]. Where he obtained the particular case of the
generalized Fryze conductance (48) for the L12R [0, T ] space,
but he did not give a physical interpretation of the problem.
To obtain Fryze’s results, we just need to solve the Leasteffort problem in the L12R [0, T ] space. Where we obtain the
following expression for the Fryze’s current i1 (t)0 ,

i1 (t)0 =

PF
v1 (t) =
kv1 (t)k2

1
T

RT

v1 (t)i1 (t)dt
v1 (t).
RT
2 dt
v
(t)
1
0

0
1
T

(70)

Here, i1 (t) and v1 (t) are the current and voltage of the
circuit element under study, and the average electrical power
transfer is given by PF .
Therefore, the Fryze’s current (70) is just a particular case
of the solution for the Least-effort problem (46), when the
space used to represent the voltages and currents of a circuit
is the L12R [0, T ] space.

pαβ = Vαβ (t)> Iαβ (t) = vα (t)iα (t) + vβ (t)iβ (t),

(75)

qαβ = Vαβ (t) × Iαβ (t) = vα (t)iβ (t) − vβ (t)iα (t).

(76)

Using the definition of the voltages (73) and currents (73)
in (75)-(76) we obtain,
pαβ = 3Vins Iins cos(θi ),

(77)

qαβ = −3Vins Iins sin(θi ).

(78)

The results obtained in (77)-(78) are just like the one
presented for the generalized power triangle (56)-(57). Where
the difference is in the sign of the instantaneous power theory
(78), but the absolute value of (57) represents the scaled
distance to the minimum norm current for a three phase system
under balanced conditions. Thus, for the balanced sinusoidal
operation condition [5], the p − q theory is solving for the
Least-effort problem in the L32R [0, T ] space.
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2) The synchronous reference frame theory: This is a
modification of the p−q theory. It is based on a transformation
that is moving along the voltage vector (71). That reference
frame transformation is done with the Park transformation
[13]. The voltages (71) and currents (72) in this new basis
are given by,
  √

vd
3Vins
Vdq (t) =
=
,
vq
0

  √
i
√3Iins cos(θi ) .
Idq (t) = d =
iq
− 3Iins sin(θi )

(79)
(80)

The instantaneous active and reactive power are defines as,
pSRF = Vdq (t)> Idq (t) = vd id + vq iq ,

(81)

qSRF = Vdq (t) × Idq (t) = vd iq − vq id .

(82)

Now, substituting the d − q voltages (79) and currents (80)
into (81) and (82), the following results are obtained,
pSRF = 3Vins Iins cos(θi ),

(83)

qSRF = −3Vins Iins sin(θi ).

(84)

Just as it happened in the p − q theory, the synchronous
reference frame theory is solving for the Least-effort problem
assuming that the system is balanced and three phase.
D. Budeanu’s power theory
This theory was the first attempt to explain the phenomena
described by C. P. Steinmetz [1] in 1892. It uses the `12C space
to define the single phase voltages and currents under nonsinusoidal conditions. Where Budeanu defined the active PB ,
reactive QB , apparent SB , and distortion DB powers [2]. The
definition of these powers are given in (85)-(88),

PB ,
QB ,

∞
X

|VBk ||IBk | cos(θvk − θik ),

k=1
∞
X

|VBk ||IBk | sin(θvk − θik ),

(85)
(86)

k=1

v
u∞
∞
X
uX
SB , t |VBk |2
|IBk |2 ,
k=1

DB ,

(87)

k=1

q
2 − P 2 − Q2 .
SB
B
B

(88)

Here, k is the harmonic number, |VBk | and |IBk | are the
complex norms of each voltage and current harmonics, φvk is
the phase angle of the voltage of the kth harmonic, φik is the
phase angle of the current of the kth harmonic.
To understand the meaning of the powers defined by
Budeanu, we need to express the phasors representing the
voltages and currents into its real and imaginary components,
VBk = |VBk | cos(θvk ) + j|VBk | sin(θvk ),

(89)

IBk = |IBk | cos(θik ) + j|IBk | sin(θik ).

(90)

Now, using the inner product defined for the `12C space (42),
we obtain the following relation for the active and reactive
powers defined by Budeanu,
∞
X

VBk IBk = PB + jQB

(91)

k=1

From (26) and (38) we know that the active power defined
by Budeanu PB characterizes the average power transmission,
and the reactive power QB is part of the term that measures
the non proportionality of the voltages and currents. In fact,
QB defines the defect that is compensated by linear passive
components [2].
Since PB and QB are related with the inner product in the
`12C space (91), and the apparent power SB is the multiplication
of the voltage and current norms in the `12C space (87). The
distortion power defined by Budeanu (88) is defined according
to the complex Lagrange’s identity (45) as follows,
v
u X
∞
2
u1 ∞ X
VBp IBk − VBk IBp .
DB = t
2
p=1

(92)

k=1

Budeanu’s power theory uses the complex Lagrange’s identity to define the powers to be compensated QB and DB . The
problem with this theory is that the direction in `12C of the
current to be compensated is not defined. Thus, we know from
the complex Lagrange’s identity the norm of the current that
needs to be compensated but we do not know which current.
Therefore, it is an incomplete characterization of the Least
effort problem in the `12C space.
V. R ELATION BETWEEN THE T ELLEGEN ’ S THEOREM AND
THE POWER THEORY

One of the most powerful theorems in network theory is
the one proved by B. Tellegen in 1952 [26]. This theorem
states that the sum of the product of the voltage and current
in every branch is zero. Where the only conditions imposed to
the network is that it must follow the Kirchhoff voltage and
current laws. The interpretation of this theorem is the one of
the conservation of energy in a general network.
In [26], B. Tellegen proved that his theorem also holds
for the phasorial representation of sinusoidal voltages and
currents. Where he used the inner product in the `12C space
to prove that the complex “powers” of a load and a power
supply are equal.
Here, we will demostrate that the imaginary part of the
complex “powers” is in fact not a power, but rather a measure
of a defect in the optimality condition for the generalized
reactive power problem (46). To do this, it will be used the
circuit depicted in Fig. 4, where the voltage v(t) and current
i(t) are represented in the complex L12C [0, T ] space, that is
isomorphic to the `12C space used by B. Tellegen.
As depicted in Fig. 4, the circuit has just a power supply
and a circuit load. Here we will follow B. Tellegen’s approach
by studying just the inner product in L12C [0, T ] of the voltage
and current for the circuit load. That calculation is given in,

10

i(t)
+
v(t)
−

Power
Supply

Single-phase
Load

Fig. 4. Single-phase circuit represented in the L12C [0, T ] space.

1
T

Z

T

v(t)i(t)dt.

(93)

by iL and iR . Finally, the voltage at the resistance load is
given by vR .
Since the voltages and currents vR , vs , is (t), iL and iR
are real-valued functions, we will use the L12R [0, Tpwm ] space.
Where Tpwm is the time period of the Pulse Width Modulator
(PWM).
To model the Buck converter depicted in Fig. 5. It is used
the average model in steady state [27]. Thus, the model is
given by,

0

Since (93) is the inner product of L12C [0, T ] that is the
complexification of L12R [0, T ], we can not say that (93) is
power because L12C [0, T ] and L12R [0, T ] are not isomorphic
[25]. Therefore, just the real part of (93) has the meaning of
power, according to (26) and (37), and the imaginary part of
(93) is a part of the measure of a defect in the optimality
condition for the generalized reactive power problem (46),
according to (38). Thus, Tellegen’s theorem does not capture
the reactive power problem in the complex L12C [0, T ] or `12C
spaces, unless the voltages and currents are purely sinusoidal,
that is the Classical power theory case (Section IV-A).
As a consequence of the explanation given above, the
reactive power is not conserved in the sense of Tellegen,
unless it is the purely sinusoidal case. This happens because
the measures of the defect in the Cauchy-Schwarz inequality
given in (44) are zero in the purely sinusoidal case, thus the
only term left in the right hand side of (38) is the square of
imaginary part of (93).

Dvs = vR ,

(94)

iL = iR .

(95)

Where D ∈ [0, 1] is the duty cycle of the PWM, and the
voltage and current values vs , vR , iL and iR are constant over
the time interval t ∈ [0, Tpwm ].
With the current equation (95), it is obtained the power
supply current is (t), and it is depicted in Fig. 6.
is (t)
iL

S1

t

S2
DTpwm

0

Tpwm

Fig. 6. Supplied current is (t).

VI. C IRCUIT EXAMPLE
In previous articles, the authors have described how harmonics and unbalance in AC circuits produce reactive power
[9], [17]. And it is commonly accepted that reactive power
does not exist in DC circuits. Thus, using the definition of
the generalized reactive power given in Section III, it will be
demonstrated that it is possible to have reactive power in a
switched DC circuit.

PSB = vs iL D,
√
SSB = vs iL D.

A. Buck converter
The Buck converter is a switched DC-DC converter that
reduces the output voltage with respect to its input voltage
[27]. The topology of this converter is depicted in Fig. 5.
iL
L
is (t)
S1
S2
+ v
- s

In Fig. 6, we can see that the current is (t) is not proportional
to the constant voltage vS . Thus, from (49) we know that is (t)
is not optimal in the sense of the Least effort problem (46). To
further verify this, it is used the Cauchy-Schwarz inequality
(58), where the inner product PSB and the multiplication of
the norms SSB of vS and is (t) are given by,

C

R

iR
+
vR
-

Fig. 5. Buck converter topology.

In Fig. 5, S1 and S2 represent the possible switching states
of the circuit. The constant DC voltage from the supply is
given by vs , and its current by is (t). The values of the
inductance, capacitance and resistance are given by L, C and
R, respectively. The inductor and resistor currents are given

(96)
(97)

Here, the inner product PSB is the generalized active power,
and the multiplication of the norms SSB is the generalized
apparent power.
Thus, by writing the Cauchy-Schwarz inequality for the
power supply of the Buck converter PSB ≤ SSB , and
eliminating vs and iL . It is obtained the duty cycle inequality,
D≤

√
D.

(98)

The duty cycle inequality (98) is true for the whole domain
of D. The relation (98) is turned into an equality at the points
where the Buck converter is not behaving as a switching circuit
D ∈ {0} ∪ {1}, and it is a strict inequality when the converter
is acting as a switching circuit D ∈ (0, 1).
Therefore, when D ∈ (0, 1), the current at the power supply
is (t) is not optimal in the sense of the Least effort problem
(46). This means that the term that measures the defect in the
Cauchy-Schwarz inequality (18) in the L12R [0, Tpwm ] space is
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not zero, and from (57), this term is the generalized reactive
power.
VII. C ONCLUSION
In this work, it was obtained the definition of the generalized
reactive power by using a Least effort problem in a real Hilbert
space. It allowed us to prove that the power theory is just
a geometrical property of a real Hilbert space, and that the
reactive power is a scaled distance to an optimal current.
Where if we do not know the direction of the current to
be compensated, knowing the value of the reactive power is
useless in the non-sinusoidal case. Thus, if we compensate for
the current orthogonal to the voltage, we attain an optimum,
liberating ampacity in the network and transmitting the same
average power.
After that, we compared the power theory developed here
against some other power theories. Where it was demonstrated
that some of them capture the phenomena just in particular
cases, and that the Budeanu’s power theory is incomplete,
because we do not know the direction of the current orthogonal
to the voltage.
Then, with the definition of the complexification of a real
Hilbert space, we revisited a computation done by B. Tellegen
in a sinusoidal AC system. Where he used phasors to compute
the power triangle of the load. Here, we proved that the
imaginary part of the inner product in the complexification
of the real Hilbert space can not be interpreted as a power.
Because it belongs to the term that is measuring the defect in
the Cauchy-Schwarz inequality. Thus, the reactive power shall
not be interpreted as a power but rather as a measurement
of the defect in the Cauchy-Schwarz inequality. Other thing
that we obtained from here, is that the reactive power is
not conserved in the sense of Tellegen, unless the system is
working in the purely sinusoidal case.
Simultaneously, we used the power theory developed here
to extend the computations to switched DC circuits. This is
done because DC signals also belong to the real Hilbert spaces
given in this work.
Finally, with the theory given here, we can answer the
question given by C. P. Steinmetz in 1892, that began one of
the biggest puzzles in Electrical Engineering: does a phase
shift occur in an AC arc? The answer is no, there is no
phase shift. But since the current and the voltage from the
AC electric arc do not have a scalar relation given by (49),
we will obtain that the active power is lower than the apparent
power PH < SH . Thus, the angle that was thought as a phase
shift by the Classical power theory is interpreted now as the
angle between two vectors belonging to a real Hilbert space.
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