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Representation Learning
Chong Wu1 , Student Member, IEEE, Zhenan Feng1 , Jiangbin Zheng2 , Houwang Zhang2 , Student
Member, IEEE, Jiawang Cao2 , Hong Yan, Fellow, IEEE
Abstract—We present a novel graph convolutional method called star topology convolution (STC). This method makes graph
convolution more similar to conventional convolutional neural networks (CNNs) in Euclidean feature space. Unlike most existing
spectral convolutional methods, this method learns subgraphs which have a star topology rather than a fixed graph. It has fewer
parameters in its convolutional filter and is inductive so that it is more flexible and can be applied to large and evolving graphs. As for
CNNs in Euclidean feature space, the convolutional filter is localized and maintains a good weight sharing property. By introducing
deep layers, the method can learn global features like a CNN. To validate the method, STC was compared to state-of-the-art spectral
convolutional and spatial convolutional methods in a supervised learning setting on three benchmark datasets: Cora, Citeseer and
Pubmed. The experimental results show that STC outperforms the other methods. STC was also applied to protein identification tasks
and outperformed traditional and advanced protein identification methods.
Index Terms—Convolutional Neural Network, Graph Representation Learning, Inductive Spectral Convolution, Protein Identification,
Star Topology.
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I NTRODUCTION

C

ONVOLUTIONAL neural networks (CNNs) have been
successfully used to solve problems which have a
Euclidean feature space [1], such as image classification
[2], and machine translation [3]. However most problems,
such as 3D meshes, social networks, telecommunication
networks, biological networks or brain connectomes, have
a non-Euclidean nature [4], which creates a challenge when
introducing CNNs to solve these problems [1]. Data in
the form of a graph is a typical non-Euclidean problem.
There are three major problems in generalizing CNNs to
graphs: (1) the numbers of directly connected neighbors for
different nodes usually differ [5]; (2) the feature dimensions
for different nodes may also differ; (3) the edges may have
features and their feature dimensions may differ.
To solve these problems, two broad categories of methods have been proposed: (1) spatial convolutional methods;
(2) spectral convolutional methods.
Spatial convolutional methods define the convolution
on the spatial domain, such as the nodes and edges to
provide a flexible framework [1]. For each node, the convolution is an aggregation over all the nodes located in its
neighborhood [6]. The main challenge of spatial methods
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is how to define a convolutional kernel/aggregator which
can handle neighborhoods with different sizes while at the
same time maintaining the weight sharing property of a
CNN [1]. Finding appropriate neighborhoods is also elusive
[1] and spatial methods don’t have a strict mathematical
explanation.
Graph sample and aggregate (GraphSage) [6], a nodebased spatial convolutional method, learns node embeddings rather than graph embeddings so that it can be
applied to large graphs or evolving graphs. Graph attention
network (GAT) adopts a self-attention mechanism to learn
the weighting function [7]. Dual-primal graph convolutional
network (DPGCN) [8] generalizes GAT by using convolutions on nodes and edges to achieve a better performance
compared to GAT. Mixture model CNN (MoNet) uses a
weighted average of multiple weighting functions defined
over the neighborhood of a node as the spatial convolution
to provide a general framework for designing spatial convolutional methods [9]. Graphs with generative adversarial
nets (GraphSGAN) [10] facilitates generalization of generative adversarial nets (GANs) to graph through low-density
areas by generating fake samples between subgraphs to
improve the performance of semi-supervised learning on
graphs.
Spectral convolutional methods define the convolution
based on the graph Fourier transform [11] to transfer signals
from the spatial domain to the spectral domain and do
convolution on the spectral domain which can be explained
mathematically and maintains the weight sharing property
of CNNs. Some spectral methods have been successfully
applied to the context of node classification. Spectral convolutional neural network (Spectral CNN) [12] introduces
the graph Fourier transform directly and proposes spectral
convolution of graph signals. It can use non-spatially localized filters, but the number of parameters of the filter
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that have to be learned is large, potentially causing a severe
computational load [4]. Chebyshev network (ChebyNet)
[13] restricts the kernel of Spectral CNN to a polynomial
expansion. Graph convolutional network (GCN) [14] is
a simplification of ChebyNet to make spectral methods
spectrum-free, reduce the computational cost of the eigen
decomposition of the graph Laplacian matrix and is able
to get spatially localized filters [1]. Graph wavelet neural
network (GWNN) introduces the graph wavelet transform
to replace the Fourier basis of Spectral CNN with graph
wavelet basis and is able to achieve spatially and spectrally
localized filters while maintaining a good computational
performance.
These spectral convolutional methods are all transductive and learn the graph embedding using a fixed graph.
In real applications, situations which require graph convolutional methods to be able to generate embeddings for
unseen nodes or even entirely new graphs or subgraphs will
be encountered [6]. Transductive methods have difficulties
in facilitating generalization across graphs with the same
form of features but different numbers of nodes [6]. Spectral
methods have a high memory requirement, which makes
application to large graphs difficult.
To solve the problems of spectral convolutional methods, inductive node-based spectral convolutional methods
with a good computational performance and low memory
requirements are necessary. All graphs are composed of
subgraphs with a star topology, as Figures 1 & 2 show. A star
topology has several advantages in its eigen decomposition,
as its eigenvalues are all equal except for the first and last
elements. This means that their Laplacian matrices, even
of different sizes, will have some common eigenvectors,
although they may be spanned to a certain degree. These
properties allow the design of a flexible convolutional filter
which can maintain weight sharing for subgraphs of different sizes and structures. With a flexible filter the spectral
convolution over a subgraph with a star topology can be
defined. Then, a star topology convolution (STC) can be
introduced for graph representation learning to perform
the spectral convolution on these subgraphs to obtain the
spectral node embeddings. These can be aggregated to the
central nodes of these subgraphs. Hence, this method can
achieve localized filters in both the spectral and spatial
domains. The computational complexity and memory requirements are largely reduced compared to conventional
spectral methods. As this method is inductive, it can be
applied to large or evolving graphs. The convolutional
process of this method is very similar to that in the CNNs
commonly used in image science. The contributions of this
paper can be summarized as follows,
1.
2.

3.

4.

This is the first attempt to use star topology subgraph
in graph representation learning.
This is an inductive node-based spectral convolutional method which has good flexibility and can be
applied to large or evolving graphs.
Based on the good properties of a star topology, this
method has a good computational performance with
high memory efficiency.
This is a graph convolutional method that is more
similar to conventional CNNs than most existing

2

5.

spectral convolutional methods.
The method provides a framework for the design of
inductive spectral convolutional methods.

The rest of this paper is organized as follows. In Section
2, the background of spectral convolution for graphs is
introduced and inductive spectral convolution is defined.
The properties of graphs with a star topology are presented
and star topology convolution with a node dropout strategy
to improve the robustness of the method is introduced. The
complexity of this method is discussed. In Section 3, the
baselines, experimental settings, benchmarks, and experimental results are presented. In Section 4, the conclusions
from the study are given.

2
2.1

M ETHODS
Preliminary

Given an undirected graph G = {V, E, A}, where V =
(V1 , V2 , . . . , Vn ) is a node set (|V| = n), E is an edge
set, and A is an adjacency matrix (A[i,j] = A[j,i] ), its
graph Laplacian matrix
L can be defined as L = D − A,
P
where D = diag( i6=j A[i,j] ) is a degree matrix, and L is
a symmetric positive-semidefinite matrix. L has an eigen
decomposition as follows,
L = U ΛU T ,

(1)

where, U = (u1 , u2 , . . . , un ) are the eigenvectors which are
orthonormal and Λ = diag(λ1 , λ2 , . . . , λn ) is the diagonal
matrix of the corresponding eigenvalues which are real and
non-negative and can be interpreted as the frequencies of
the graph. These eigenvectors compose the basis of feature
space in the spectral domain.
2.2

Spectral convolution

For a signal F = (F 1 , F 2 , . . . , F n ) on the nodes of graph G,
its graph Fourier transform is defined as follows,
F̂ = U T F ,

(2)

Given another signal g, the convolution of g and F can be
defined as follows,
F ? g = Ugθ U T F ,

(3)

where, gθ is the Fourier transform of g. Equation (3) is the
spectral convolution which is similar to the convolution
theorem defined in Euclidean feature space and signal gθ
can be regarded as the convolution filter which provides a
set of kernel functions.
2.3

Inductive spectral convolution

To apply spectral convolution to large or evolving graphs,
we need to introduce an inductive version which can learn
the local and global structural properties of each node. Inductive methods focus on obtaining inductive node embedding, rather than whole graph embedding, which provides
good flexibility. Hence, the inductive spectral convolution
can be defined as a node-based subgraph spectral convolution as follows,
X
F Vi ? g =
W Vj F̂ [Vj ,:] ,
(4)
{Vi ,Vj }∈E
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where, W is a flexible filter for subgraphs with different
topologies. The key to this work is to find a universal W to
make Equation (4) hold.

eigenvalues of 1 in Gn using the vector rotation formula as
follows,

2.4

where, R is an identical rotation matrix. Hence, these eigenvectors can be regarded as equivalent and are suitable to be
the universal basis for different scales of subgraphs.
Referring to Equation (3), we can find that the first row
of gθ U T corresponds to the first row of the new feature
matrix gθ U T F and also to the first row of F. The first row
of F corresponds to the central node as L shows. Since we
want to obtain the neighboring information of the central
node, the first row of F can be padded to zero. The last
eigenvalue is zero which means that the last eigenvector is
the least important. We can manually add a artificial node to
the original subgraph, then we get a new L ∈ R(n+2)∗(n+2) .
We can pad a zero row under the last row of F as zero rows
in F won’t affect the non-zero rows so that any number of
zero rows in F can be added if needed. Then, we can design
the flexible filter for {1, 2, . . . , k}-dim (k can be any non-zero
positive integer) star topology subgraphs as follows,

Properties of a star topology

W is related to the topology of the subgraphs. A good W
should maintain the weight sharing property, at the same
time, provide different kernels for different structures [15].
We need to find a common structure, lying in different
subgraphs, which should be identical or, at least, symmetric
to help us design filters as in a conventional CNN. We find
that star topology graphs with different sizes n have an
elegant symmetry in their structure and Laplacian matrix,
as Figures 1 & 2 show. We also find that all graphs can be
regarded as a composition of subgraphs with a star topology
as Figure 2 shows. Then the eigen decomposition of an ndim star topology (n neighboring nodes and one central
node, n ≥ 1) can use a universal formulation as follows,


n −1 · · · −1
−1 1
···
0


T
L= .
.
..  = U ΛU ,
.
..
..
 ..
. 
−1 0 · · ·
1
(5)


n + 1 0 ··· 0
 0
1 · · · 0


U = (u1 , u2 , . . . , un+1 ), Λ =  .
.. . .
.,
 ..
. .. 
.
0
0 ··· 0
where, all elements on the diagonal of Λ are 1 except the
first and last elements, which means that all eigen vectors
have the same weight, except the first and last ones. The
largest eigenvalue corresponds to the central node and its
connections. All of the value 1 eigenvalues correspond to
neighboring nodes and their connections. Since the rank
of L ∈ R(n+1)∗(n+1) is n, the last eigenvalue is 0. The
eigenvalues in Equation (5) can be obtained as follows.
By modifying Equation (5), we can have,
LU = ΛU ,

(6)

LU = ΛIU ,

(7)

U Gm [2:m] = RU Gn [p] , p = randperm([2 : n], m − 1), (10)

W (k) = U [2:k+1,:] Θ,

θ1
0

Θ=.
 ..
0

0
θ2
..
.

···
···
..
.


0
0

..  ,
.

0

···

θk

(11)

(12)

where, Θ is a diagonal matrix which has k learnable parameters. The filter can provide different kernels on different
star topology subgraphs and its weight sharing property is
shown in Figure 3.
2.5

Star topology convolution

Using the properties of a star topology subgraph, we can
get the spectral convolution defined on that star topology.
The update function for the (l + 1)th layer’s neighboring
information can be defined as follows,
!
p
X
l+1
l
T l
h
=σ
W x,z U y
,
N
N
[{Vj }∈R Vi ,x]
[{Vj }∈R Vi ,z]
(13)
x=1

(z = 1, 2, . . . , q), {Vi , Vj } ∈ E,
(ΛI − L)U = 0,

(8)

where, I is an identical matrix. According to the theorem
of linear system of equations, Equation (8) having non-zero
solutions is equivalent to det(ΛI − L) = 0. Using Gaussian
elimination on det(ΛI − L) = 0, we can have,

(λ − n − 1)(λ − 1)n−1 λ = 0,

(9)

the solutions of Equation (9) are Λ.
Eigenvectors U = (u1 , u2 , . . . , un+1 ) are orthonormal.
We can find that different size star topology graphs have
common parts in their eigenvectors for which the corresponding eigenvalue is 1. For an m-dim star topology graph
Gm and an n-dim star topology graph Gn , where m ≤ n, the
eigenvectors corresponding to eigenvalues of 1 in Gm can
be expressed by any m − 1 eigenvectors with corresponding

where, y l
is the output of the lth layer, σ denotes
N
[{Vj }∈R Vi ,x]
a nonlinear activation function, Vi is the central node, and
NVi is the size of the neighborhood of Vi . We use the detaching method [1] to reduce the computational complexity
of hl+1
. Differently from GWNN, we first perform
NV
[{Vj }∈R

i ,x]

spectral convolution as follows,

hl+1
= σ W l UT yl
NV
[{Vj }∈R

i ,x]


NV
i ,x]

[{Vj }∈R

,

(14)

(x = 1, 2, . . . , p).
The information on the neighbors obtained from the spectral
convolution will be aggregated to the central node using
feature transformation as follows,
 



l+1
l+1
l
yVi = σ cat y[Vi ,:] , mean h
S , (15)
NV
[{Vj }∈R

i ,:]
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Fig. 1. The structural similarity of graphs with a star topology. The red node is the central node.

Common
structure

Fig. 2. Subgraphs with a star topology exist in different graphs. The red node is the central node.

Non-zero
value

Zero value

Conv

A flexible filter 𝑾 with a size 9 ∗ 9

Weight for
central node

Conv

Graph 𝐺

Weight for
neighboring node

Conv

Conv

Conv

Weight for
manual node

Fig. 3. A toy example showing the weight sharing property of the filter on subgraphs with different star topologies. The kernels provided by the filter
differ by subgraph. The red node is the central node and the yellow nodes are neighboring nodes to be aggregated.
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l
where, y[V
is the feature vector of the output of lth layer of
i ,:]
the central node Vi , cat() denotes a concatenation function,
and S ∈ R2p∗q is a scaling parameter matrix for feature
transformation. For the minibatch training setting, the batch
normalization of h of all nodes in the minibatch is done first.
Then the Equation (15) obtains the output y .
Figure 4 shows the comparison of a two-layer conventional CNN and a two-layer STC. The formulation of the
two-layer STC is as follows,

1st layer : yV1 i =



ReLU cat F [Vi ,:] , mean h1
[{V
2nd layer : yV2 i =



1
ReLU cat y[V
, mean h2[{V
i ,:]


NV
i
j }∈R

NV
i
j }∈R

2p∗q

,:]


,:]


S1 ,
(16)

S2 ,

2q∗d

where, S1 ∈ R
and S2 ∈ R
are two scaling parameter
matrices for feature transformation, p, q , and d are the
dimensions of the embeddings. STC divides the convolution process of a conventional CNN into two cascading
steps: (1) spatial search; (2) spectral convolution. Spatial
search is used to find spatially localized areas. Hence, our
method can directly achieve spatially localized filters. Like
the conventional CNN, our method can also aggregate
global information through the introduction of deep layers.
After the spatial search, our method conducts a spectral
convolution on the subgraphs obtained. In a conventional
CNN, the shape of different areas selected by a window
function/kernel is usually the same. Take a 3*3 kernel for
example, the different areas selected are all square and
have the same size (9 pixels). In the graph, star topology
subgraphs also have symmetry in their spatial structures
which allows STC to do a similar convolution process as in
a conventional CNN. If a new filter is used to replace the
W here, a new inductive spectral convolutional method can
be designed. Hence, our method provides a framework to
design inductive spectral convolutional methods.
2.6

Node dropout

Since the size of the filter is fixed, a simple way to confirm
the filter size is to just assign it as N + 2, where N is the
maximum number of connections of a node in the graph.
Inspired by the dropout strategy [16], we propose a node
based dropout strategy, called node dropout, to improve the
robustness of our method. For a node Vi which has NVi
directly connected neighbors in its neighboring information
aggregation process, when NVi > k , only k neighbors will
be randomly selected in each training iteration as follows,
l
y[:,x]
= y[lp,x] ,

p = randperm({Vj } ∈ RNVi , k), {Vi , Vj } ∈ E,

(17)

where, p is the mask, the size of which is determined by the
size of the filter. For nodes with NVi ≤ k , all neighboring
information will be selected, and these nodes can be considered as nodes that do not have enough information. Hence,
it is necessary to take advantage of all their information.
Through controlling the size of the filter, our method can
achieve a good robustness. The effect of the size of filter and
how to select it will be discussed in the ablation study in
subsection 3.3.

2.7

Complexity analysis

Since we use the detaching method proposed by [1] to further reduce the complexity, the computational complexity of
STC depends on the filter size and the size of scaling matrix.
The computational complexity of the (l + 1)th layer is p ∗ q
+ k , where p ∗ q is the size of scaling matrix and k is the
size of the filter. k is much smaller than p ∗ q , and, in our
experiment, k is set to ≤ 30 and p ∗ q ≥ 9 ∗ 9. Compared
to other spectral convolutional methods like Spectral CNN
[12] (with a complexity of p ∗ q ∗ N , where N is the number
of nodes) and GWNN [1] (with a complexity of p ∗ q + N ),
the complexity of our method is much smaller and is able
to be used in large or evolving graphs. For the memory
requirement, our method is an inductive node-based convolutional method and it learns node embeddings instead
of a whole graph embedding, hence, it doesn’t need to store
information on the whole graph in each layer and just needs
to allocate the memory for the filter and the information on
the central node and its neighbors.

3
3.1

E XPERIMENTS AND RESULTS
Experiment settings

To validate our method, we compared STC with several state-of-the-art spectral convolutional methods: Spectral
CNN [12], GCN [14], Spectral CNN detaching and GWNN
[1], and spatial convolutional methods: GraphSage [6] and
MoNet [9] in a supervised learning setting on three benchmark datasets: Cora [17], Citeseer [17], and Pubmed [17].
All methods used their default settings in all experiments in
this paper. The depth of all methods is kept the same: a twolayer encoder with a fully connected layer as the decoder
is used for all experiments in this paper. The embedding
dimensions of the two layers of the encoder for all methods
are kept the same as shown in Table 1. The optimizer for STC
is stochastic gradient descent (SGD) and the initial learning
rate is set to 0.7 for all experiments in this paper. The number
of epochs of all methods is kept the same: 200.
We introduce STC in an essential protein identification
task and compare STC with several state-of-the-art essential
protein identification methods: deep neural network based
method (DNN) [18], support vector machine (SVM) [18],
Adaboost [18], decision tree [18], random forest [18], multiobjective optimization based method (IMAMOBH) [19],
degree centrality (DC) [20], betweeness centrality (BC) [21],
closeness centrality [22], eigenvector centrality [23], edge
clustering coefficient centrality (NC) [24], and local average
connectivity-based method (LAC) [25]. Essential protein
identification can be seen as a binary node classification
task [19]. The PPI network dataset of Saccharomyces cerevisiae (Yeast) was downloaded from the DIP database [26]
updated to Oct.10, 2010. There are 4541 proteins and 22091
interactions, without self and repeated interactions, in this
dataset. We selected Yeast because its PPI data and gene
essentiality data are the most complete and reliable among
various species. The essential protein dataset is selected
from MIPS [27], SGD [28], DEG [29], and SGDP [30], [31].
There are 1285 essential proteins in this dataset, 1036 of
which are in the PPI network. We take these 1036 proteins as essential proteins while the other 3505 proteins are
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1. Use Equation (14) to obtain ℎ +
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2. Use Equation (15) to obtain 𝑦#+%
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with 11 nodes
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neighbors of the center node
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𝑵
[{#! }∈𝐑 𝑽𝒊 ,:]
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Use spatial search to find some neighbors, the depth of neural network determine the order of neighbors used in the convolution, here is an example of two-layer model of STC, hence only the
first and the second order of neighbors are selected.

Star topology convolution
Fig. 4. Comparison of a conventional CNN and a star topology convolution (STC).

considered as non-essential ones. The gene expression data
used as the feature matrix was from GEO [32], and sampled
36 time points during successive Yeast metabolic cycles.
Table 1 shows the statistics of four datasets. The minibatch
size for the four datasets used by STC: 100 (Cora), 100
(Citeseer), 512 (Pubmed), and 200 (Protein). The division of
training/validation/test set is according to [33]. The Potein
dataset including PPI network, labels, and features used in
this paper is available in supplemental material.
Our method has a hyper-parameter: the size of the filter.
In the comparison with baseline methods, we set the size of
the filter of the first layer as: 12 for Cora, 9 for Citeseer, 12
for Pubmed, and 30 for Protein. And the size of the filter
of the second layer is set to: 8 for Cora, 9 for Citeseer, 27
for Pubmed, and 30 for Protein. To validate the effect of this
hyper-parameter on the performance of STC, we introduced
an ablation study.
All experiments except the ablation study were conducted on a personal computer with Ubuntu OS 16.04.5
LTS, Intel(R) Xeon(R) E5-2603 v4 1.70GHz 12-Core CPU, 64
GB RAM, CUDA version 10.0.130, torch version 1.5.1, and 4
NVIDIA GeForce RTX 2080Ti GPUs. The ablation study was
run on a personal computer with Windows OS 10 Home,
AMD Ryzen 5 3600 3.59 Ghz 6-Core CPU, 16 GB RAM,
CUDA version 10.2, torch version 1.5.0, and one NVIDIA
GeForce GTX 1660 Super GPU.

3.2

Performance analysis

Table 2 shows the accuracy obtained by all graph convolutional methods on the three most commonly used benchmark datasets. Our method achieves the highest accuracy
on Cora and Pubmed. For Citeseer, the performance of our
method is just inferior to GCN. Table 3 shows the comparison of our method with some state-of-the-art essential
protein identification methods. Our method significantly
outperforms these methods, particularly the advanced essential protein identification methods like DNN, LAC, and
IMAMOBH. GraphSage has an accuracy only slightly lower
than our method in this dataset.
3.3

Ablation study of hyper-parameter

To validate the effect of the size of the filter on the performance of STC, we set different sizes of the filter in the first
layer and kept the size of the filter in the second layer to that
used in the prediction model and tested on the Cora dataset.
Figure 5 shows the accuracy obtained by our prediction
model with different filter sizes in its first layer. Accuracy
improved with increasing filter size to a peak value and then
reduced. When the filter size is too small, there is insufficient
information to train a good model. When the filter size
is too large, redundant information will be introduced to
the trained model, causing overfitting and leading to a
degradation in performance by the model. Figure 6 shows
the average batch time obtained by our prediction model
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TABLE 1
The statistics of four benchmark datasets.

Nodes
Edges
Classes
Features
Embeddings (Output of the input layer)
Embeddings (Output of the hidden layer)
Traing set
Test set
Validation set

Citeseer
3327
4732
6
3703
128
128
1827
1000
500

Cora
2708
5429
7
1433
128
128
1208
1000
500

Pubmed
19717
44338
3
500
128
128
18217
1000
500

Protein
4541
22091
2
36
9
9
3041
1000
500

TABLE 2
Validation results of all methods on three citation datasets.
Methods
Ours
GraphSage
MoNet
Spectral CNN
GCN
Spectral CNN detaching
GWNN

Citeseer
0.7280
0.7020
0.6910
0.6840
0.7410
0.6320
0.7020

TABLE 3
Comparison of the accuracy of identification of essential proteins
between our and state-of-the-art methods.
Protein
0.7789
0.7740
0.7280
0.6381
0.7310
0.6476
0.7517
0.7507
0.7555
0.6405
0.6748
0.6650
0.7033
0.7139
0.7151
0.7336
0.7194
0.7563
0.7469

0.875
0.87

In this paper, we presented a novel graph convolutional
method, called star topology convolution (STC), which is
an inductive spectral convolutional method. It learns node
embedding on subgraphs within a star topology. In validation experiments, our method outperformed state-of-theart graph convolutional methods. In the identification of
essential proteins, our method also outperformed state-ofthe-art essential protein identification methods.
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